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Abstract

In this thesis, we will discuss the Cauchy problem for some nonlinear dispersive PDEs with
additive space-time white noise forcing. We will focus on two different models: the stochastic
nonlinear beam equation (SNLB) with power nonlinearity posed on the three dimensional torus,
and the stochastic nonlinear wave equation with cubic nonlinearity in two dimensions, posed
both on the torus and on the Euclidean space (SNLW).

For (SNLB), we will present a joint work with R. Mosincat, O. Pocovnicu and Y. Wang [16],
which settles local well-posedness for every nonlinearity of the type |u[P~!u, and global well-
posedness for p < 11/3. In the case p = 3, we also consider a damped version of the equation,
for which we can show invariance of the Gibbs measure. Moreover, we describe the long time-
behaviour of the flow, by showing unique ergodicity of the Gibbs measure, and convergence to
equilibrium for smooth initial data ([23]).

In the case of (SNLW) with cubic nonlinearity, we consider a renormalised version of the
equation, which was introduced by M. Gubinelli, H. Koch and T. Oh. In their work, they
established local well-posedness on the two-dimensional torus. We show global existence for
these solutions (joint with M. Gubinelli, H. Koch and T. Oh, [I0]), and local and global well-
posedeness for the same equation posed on the two-dimensional Euclidean space ([22]).
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Lay summary

In this thesis, we study some nonlinear dispersive equations, subject to random forcing. Dis-
persive equations appear ubiquitously in various branches of physics and engineering such as
quantum mechanics, nonlinear optics, plasma physics, water waves, and atmospheric sciences.

An important example of these dispersive equations is the wave equation, which models
many kinds of waves, such as electromagnetic waves, sound waves, and also the recently discov-
ered gravitational waves. In this work, we consider a few of these models, and we consider the
way in which the random forcing affects them. From the real world point of view, we introduce
this random forcing to model all the microscopic “hidden variables” and “disturbances” in the
system, such as the random movement of the air molecules in the case of sound waves.

Even when the amount of randomness is very small, these problems turned out to be sub-
stantially more difficult than the ones without randomness, and the techniques to tackle them
are very recent, and some of them have been developed only in recent years. In particular,
this thesis explores the almost uncharted territory of the long time behaviour, which roughly
consists in answering the question “what happens to the system after we wait a long time?”
In one of the models, we manage to give an almost complete answer (for the first time in this
setting), which essentially consists in “the randomness wins, and the information about what
was of the system at the beginning is completely scrambled”.
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Chapter 1

Introduction

During my PhD studies, my primary research area has been the study of stochastic dispersive
dynamics, i.e. the study of disperisve partial differential equations (PDEs) that depend on
some random/stochastic objects. A typical examples can be the Cauchy problem stochastic
wave equation with additive noise

OPu+ Au+ |ulPtu =€, (1.0.1)
(u, ut)lt:() = (uoﬂul) o
where £ = £(t, x) is some stochastic forcing.

Dispersive PDEs appear ubiquitously in various branches of physics and engineering such as
quantum mechanics, nonlinear optics, plasma physics, water waves, and atmospheric sciences.
From the modelling point of view, adding randomness to these model is very natural, since
they incorporate the uncertainties of the “real world”. More specifically, a random initial data
would represent the uncertainty in the measurement of the initial condition of our model, while
the stochastic forcing models the unpredictable perturbations coming from outside sources. In
particular, terms such as £ are very common in models coming from statistical mechanics, as
they represent the effect that a heat bath has on the model.

In many of these models, we can assume that the noise £ is isotropic in space and time (i.e.
it is uniform both in space and time), and that its values are independent in every point of
space and time. Hence the so-called space-time white noise plays a crucial role. This is the
only distribution-valued Gaussian random variable & such that

ElE(t, 2)¢(s, )] = 0(t — 5)d6(x —y),

or, more rigorously,

E[{f,Orz, (9:€p2 1= (F: 9012 - (1.0.2)

In the following ¢ will always denote this particular stochastic object, which is extremely rough.
In particular, the space-time white noise on Ry x R? satisfies (glossing over the precise definition

of these spaces) £ € C, %766’; e for every € > 0, and it can never be represented as a function.

In this thesis, we study stochastic dispersive PDEs of the like of , with a particular
focus on the long time behaviour of solutions to these equations.

The ultimate goal is trying to shorten a bit the gap in knowledge with stochastic parabolic
PDEs. This kind of pursuit seats nicely in the middle of several fields, as it involves tools
coming from probability and harmonic analysis, as well as more general PDE techniques.

The main analytical challenges in dealing with these equation come from the roughness of
the space-time white noise. Indeed, many physical problems present unexpected complication.
Two important examples of these models are given by the Kardar-Parisi-Zhang equation (KPZ)

Oth — 02h = 0,h* — 00 + &, (KPZ)

which is (conjectured to be) the field theory of many surface growth models and the limiting



behaviour of many particle systems; and the Stochastic Quantisation Equation (SQE)
O — Au+u® — oo -u=E¢, (SQE)

which provides a dynamical construction of the quantum field theory ®3. The presence of
these (apparently) nonsensical co-s in the formulation of the equations is closely related to the
roughness of the forcing £, and it is rigorously removed by renormalising the equations.

In the last decade, there have been tremendous developments in the study of singular
parabolic PDEs. In 2011, M. Hairer proved local well posedness for (KPZ) ([I1]), and later
on developed the general theory of regularity structure ([12]), which deals with a large class of
singular stochastic parabolic PDEs. His work earned him the Fields Medal in 2014.

In 2012, an alternative theory to deal with these stochastic parabolic PDEs has been devel-
oped by Gubinelli-Imkeller-Perkowski [7], via the use of paracontrolled distribution.

There have been also many developments in the study of the long time behaviour of these
singular SPDEs, with global well posedness results (e.g. [15] for 3d (SQE) on the torus), and
also the much more precise information about unique ergodicity and convergence to equilibrium
(e.g. [26] for (SQE) on the 2d torus), which gives a complete statistical description of the long
time behaviour of the dynamics starting from any initial data.

On the other end, the available results in the dispersive setting are much further behind.
As the only examples of singular dispersive equations, the only results I am aware of (which
are not part of this thesis) are [8] 9] 20].

In this thesis, we consider two dispersive models. The first of them is non-singular one,
given by the stochastic beam equation on the three dimensional torus

gy + A%+ |ulP " u = €,

which will be the main focus of Chapter 2, The second one is given by the renormalised wave
equation in two spatial dimensions, introduced in [8], which instead will be the main focus of
Chapter 3.

Uy + A2u 4+ u — 300 =&,

1.1 Stochastic nonlinear beam equations

In Chapter 2, we consider in parallel the Cauchy problem for the defocusing stochastic nonlinear
beam equation (SNLB) on T3

Uy + A%u A+ [ulPlu = ¢ (1.1.1)
(ug, Opu)|i=0 = (ug,u1) € H® := H® x H*"2, o
and the cubic stochastic beam equation with damping (SDNLB),
utt+ut+u+A2u+u3:§ (112)
(ug, Opu)|i=0 = (uo,u1) € H* -

It is convenient to write both equations in first order formulation, by considering u := (u, uy).

We obtain
t A% 0 luP~tu &)’ (SNLB)

S
ufs—o = ug € H*,

du = (_1 E A2 _11> u- (1?3) - (2) : (SDNLB)

ll|t:0 =ugy € H®.

and



1.1.1 Equation without damping
In the study of (SNLBJ), our goal is to prove the following:

Theorem 1.1.1. Let ug € H?, let p < % For every 0 < T < +ool, the eqzation (ISNLBJ)
admits a unique solution u =V +v, where ¥ = (¢,1,) is a C([0;T);C2~ x C~2~(T3))-valued
random variable, and v € C([0,T]; H?). Moreover, this solution satisfies, for some a, 3,7 > 0,

[Vl S 1+ ollse + 1900,y (113

For the local well posedness part of the statement, it is possible to treat the equation for every
p, and lower the regularity of the initial data. However, this is the best global well-posedness
result available. We refer to the paper [16] for the precise statement.

On T3, the term ¢ is very rough, with it being a random distribution such that ¢ €
C~3~H-3~. To deal with , we carry on a perturbative analysis, and write the so-
lution as u = v+ ¥, where ¥, is the solution to the linear equation 97 + A?W¥ = ¢. This is the
so-called Da Prato - Debussche trick. We will show in Chapter 2 that ¥ € Cy(C2~ x C~27),
and this will let us prove local well posedness for the equation for v via a Banach fixed point
argument.

We show global well-posedeness by proving a probabilistic a priori estimate. If one considers
the equation without noise, it enjoys conservation of the energy

1 1 1

This allows to easily prove global well posedness in H? in the energy-subcritical regime, by a
simple iteration of local well posedness.

This strategy has clear issues for the equation . First of all, because of presence of
the stochastic forcing term &, one can check that the energy E(u) is not formally conserved.
Moreover, since one can write u = v + ¥, and ¥ ¢ H?2, one has that E(u)(t) = +oo for every
t > 0. Therefore, we bound E(v) instead. This method was introduced by N. Burg-N. Tzvetkov
[2] in the context of cubic nonlinear wave equation with random initial data. We follow this
approach to show global well posedness for 7 setting up a Gronwall estimate for E(v).
When one considers 9, E(v), the worst term in the expansion is given by

p—2
p [ a2 (11.4)

This can be bounded using Holder’s inequality by the first and last term of the energy, together

with (&) € C,C%(T?), and we obtain (1.1.4]) <, E%+§%, which is enough to close the Gronwall
argument for p < 3.

For 3 <p< 13—1, we adapt the strategy introduced by T. Oh-O. Pocovnicu in [I9] for the

study of nonlinear wave equation with random initial data. We rely on integration by parts

t t
/0 p/T3 wglulP M = /T3 [u|P~ ()b (t) —/O 5 P~ udy

and on the fact that 8,0 (¢) € C,C~2(T?). We can then estimate H|u|p_1uHW1%+ by interpo-
lating between ||u|| ;72 and [|u| 41, which in turn can be both bounded using the energy. This
allows to conclude the Gronwall - type argument for p < %

1.1.2 Equation with damping: invariant measure and unique ergod-
icity
We consider now the equation (SDNLBJ|). From a formal computation, we expect the measure

1 1 1 1 1
dp(u,u)“ = ”Eexp ( ~ 1 /u4 ~5 /u2 ~35 /(Au)2> exp ( — §/th> “dudug”,  (1.1.5)



)

to be invariant, where “dudu;” is the non-existent Lebesgue measure on an infinite dimensional
vector space (of functions). Heuristically, we expect invariance for this measure by splitting

(SDNLB) into
o (%)= 0 IN\fu) (0
Nuy )~ \=1=-A2 0/ \u ud )’

1.
which is a Hamiltonian PDE in the variables u, u; with Hamiltonian

=2 fat ] fured foors ] [

and so by Liouville’s theorem it should preserve the Gibbs measure
exp ( — H(u, ut)> “duduy” = p,

and

o) == D) () ()

which is the Ornstein - Uhlenbeck process in the variable u;, and so it preserves the spatial
white noise )
exp ( —3 /uf) “dug”,

and any measure written in the form F(u)“du” X exp ( -3 uf) “duy”

From a rigorous point of view, we define the measure ([1.1.5)) to be given by

p = %exp ( — i/u‘l)du(u), (1.1.6)

where dp is the law of any Gaussian random variable X with covariance operator given by
14+A2 0\ '
E[(F, X) 1. (g.X) 2] = <( . 1) g (1.1.7)
L2

and Z is given by [exp ( - i Ik u4)du(u)7 so to make p into a probability measure. Notice
that formally, by using the formula for the density of a Gaussian given its covariance matrix,

we have
1 1 1 1
dp(u) = — eXp - f/uz - - /(Au)2 - = /uf)dudut7

dp(u) = —exp _7/ / —7/ /ut>dudut

where Zy, Z; are renormalisation constants. Therefore, up to a renormalisation constant, p is
formally given by (1.1.5)), and by the previous heuristic, we expect it to be invariant for the
flow of (SDNLB). In [23], Indeed, in Chapter 2, we prove

Theorem 1.1.2. The measure p is invariant for the flow ®:(-;€) of (SDNLB|), in the sense
that for every function F' measurable and bounded,

[ B (@ (0,5 )ldptu0) = [ Fluodpua) for every ¢ > 0

Moreover, there exists a Banach space X® C H® which contains the Sobolev Space H?, such
that for every 0 < a < %, p(X*) =1, and p is the only invariant measure for the flow of

(SDNLB) on X©.



To my knowledge, this is the first ergodicity result for a stochastic dispersive PDE with
additive white-noise forcing.

Notice that in order to have invariance of the measure p for the flow of , the space
X on which we define the flow has to be big enough, in such a way that p(X*) = 1. We will
define the appropriate space in Chapter 2, but here we notice that this implies that X has to
contain functions belonging to the space C 3 \7—[%.

As in the case of (SNLBJ), we write the solution u to (SDNLB)) as u = S(¢t)ug + 1.(&) + v,

where 1:(€) solves the linear equation

o (2= (0 D) ()

and we carry on a similar analysis to the one for (SNLBJ) to show local and global well posedness.
A difference with the previous argument that is worth pointing out is that we consider the
modified energy

E(v) ::%/vf+%/02+%/(Av)2+i/v4+é/(v+vt)2, (1.1.8)

so we can make full use of the damping and show a uniform in time estimate for ||v||,,». Once
one has global well-posedness, invariance of p follows from an approximation argument with a
finite-dimensional system of ODEs and an application of the Fokker-Plank equation.

Proving ergodicity and uniqueness of the measure requires some new ideas. One might be
tempted to follow the strategy adopted by H.-Weber and P. Tsatsoulis in [26] for the Stochastic
Quantisation Equation on T? and more in general by M. Hairer and J. Mattingly in [13], and
show the strong Feller property for the flow, i.e.

Definition 1.1.3 (Strong Feller). Let Y be a topological space, and let A be a o - algebra
on Y. Let ®:(;¢) : Y — Y be a stochastic flow on Y. We say that ®; has the strong Feller
property if, for every F': Y — R bounded and A-measurable, and for every ¢ > 0, the function
ug — E[F(P¢(ug; §))] is a continuous map in ug.

However, since the linear propagator S(¢) does not have any smoothing property (it is
actually invertible in the space H?® for every s € R), we will prove that the flow of
does not satisfy the Strong Feller Property in the X* topology. In order to recover it, we change
the topology of X into the one induced by the distance

d(uo, 111) = min(HuO — u1HH2 s 1)

This way, we can prove the strong Feller property in this stronger topology. The price to pay
is that in this new topology, the space X® becomes not separable and with infinitely many
connected components, so we have to rebuild a few ingredients of the standard theory, since we
cannot borrow the usual results in probability theory.

Combining this strong Feller property with a control problem for 1(£), we have that for
every two different invariant measures p1, ps for the flow of s.t. p1 L po, then there
exists a Borel set § s.t.

p1(S+H?*) =1,p2(S +H?) = 0. (1.1.9)

In order to obtain a contradiction from here, we consider the algebraic projection 7 : X —
X/H2

Since the flow can be split in ®(ug, £)(t) = S(t)ug + 1(€)(t) + v, with v € H?, and S(t) is a
linear operator that maps H?2 into itself, one has that

m(®4(uo,§)) = w(S(H)uo) + 7(1:(£))

actually defines a flow on the space X /H?2, which is the projection of the flow for the linear
equation. It is easy to see that the measure p defined in is ergodic for the flow of the
linear equation, and ergodicity passes to the quotient, so the push-forward measure myp will be
ergodic for the the projected flow 7(®;(ug,&)). Together with , this implies that if p is
invariant and that if myp < myp, then p = p.



We then conclude the argument by showing that every invariant measure p satisfies myp <
myp. This essentially follows by the fact that

(@i (w0, &) = m(S(t)uo + 1:(§)),

and S(t)ug + 1:(€) converges in law to u as t — oo. However, since the space X/H? does not
have any sensible topology, the map 7 is not continuous in any meaningful way, so one has to be
careful in how to take limits in the argument. The uniformity in time of the energy estimates
is crucial in this part.

1.2 Stochastic nonlinear wave equation
Consider the Cauchy problem for the nonlinear wave equation, posed on T? or R?:
Ut + Au + u3 = f (SNLWO)

In the works of Albeverio, Haba, Oberguggenberger, and Russo [211 [T} (17, (18], similar stochastic
wave equations with a general nonlinearity have been considered, and they have shown that the
solutions to have to be distributions. Moreover, they pointed out the phenomenon of
triviality: if u. is a solution to with £ substituted by a suitable regularisation &, — &,
and u. — u as a distribution, then u satisfies a linear wave equation.

In order to get nontrivial solutions for a nonlinear wave equation, renormalisation is neces-
sary. In [8], M. Gubinelli, H. Koch and T. Oh introduce a time-dependent Wick Renormalisa-
tion, and show local well posedness for the equation

{uttAu+u3oo~u§, (00 SNIW)
w-

(uyue)|t=0 = g € H® := H® x H*" ',

for s > i. In Chapter 3, we will analyse this equation give a meaning to the equation, and show
global existence of solutions, both on the torus T2 and the euclidean space R?. More specifically,
after giving a suitable meaning to the equation (oo-SNLW)|), we will prove the following

Theorem 1.2.1. Let M =T? or R?, and let s > 2. Then the equation (oo-SNLW)) is globally
well posed in H; (M) := Hf (M) x Hl‘z;l(M). More precisely, for every ug € Hi, ., and every

0 < T < +o0, there exists a unique solution of (oo-SNLW|) u = ¢ + v, where ¢ is a random
variable belonging to the space C(R; CY-(M)), and (v, 0yv) € C([~T,T); Hi,.(M)).

loc loc

This result has been proven for M = T2 in [10], and for M = R? in [22].

1.2.1 Global well posedness on T?

Proceeding similarly to the case of (SNLB)|), we write the solution u = ¥ + v, where v satisfies
the linear wave equation 92¢ + Ay = £. Analogously to the (SNLBJ) case, we consider the

energy functional
1 1 1
E(u)zi/uf+§/|Vu|2+Z/u4,

which is conserved by solutions to the deterministic nonlinear wave equations. However, as
pointed out in [§], for every ¢ > 0, even for very smooth initial data, we have that v(t) € H!~
but v ¢ H!, so it is impossible to get any meaningful estimate for the energy E(v).

In order to overcome the issue, we make use of the I-method introduced by J. Colliander -
M. Keel - G. Staffilani - H. Takaoka - T. Tao (see e.g. [3]). We define the smoothing operator
I associated to the Fourier multiplier

1 for [n] < N

my\n) = 1-s
(n) (%) for |n| > 3N,



and we estimate the functional E(Iyv) via a Gronwall-type argument. By taking time deriva-
tives of this functional, one obtains

O E(Inyv) = (commutators) +/ Inv(Inv)2Ine + (better terms).
T2

The presence of commutator terms (e.g. [ Inv[(Inv)?—In(v?)]) is typical of the I-method, and
follows from the fact that the deterministic non linear wave does not conserve the functional
E(Iyu). We estimate the commutator terms using Fourier analytic techniques. The main
problem in applying a standard I-method argument comes from the extra term, which appears
because of the presence of the random forcing.

Indeed, a naive estimate that exploits the smoothing properties of the operator Iy gives
S5z Inve(Inv) Ity S NI E. However, such an estimate, mixed in with the commutator terms,
cannot rule out finite time blowup of the solution v.

To overcome this issue, we need to use the (sharp) probabilistic bound [[In¥||j1esx S log N.
This allows us to show that 9; F(Iv(t))) < Elog N aslong as E < NP. By choosing N = N (ug)
appropriately, this allows to show existence of solutions to up to a random time 7 2> 1
independent from the initial data ug. We conclude the argument by iterating this process,
changing the value of N at every step, thus showing existence up to time k7 after k steps.

As far as [ am aware, this is the first application of the I-method that requires to change N
in a time-dependent way in order to get the global well posedness result.

1.2.2 Global well posedness in R?

The main difference between the situation on the torus and the one on the euclidean space is
that we do not have a local-well posedness result available. Indeed, if we try to adapt the proof
of [§] in this setting, the following happens. Given the initial data uy (or even for uy = 0), we
write the equation solved by v = u—1), and try to set up a Banach fixed point argument in some
Banach space Y C CyH;, .. Moreover, we can try to exploit the finite speed of propagation, and
solve the equation on bounded space-time regions. This can be carried forward, and on a ball
B(zg, R) of center zg and radius R,

ol 1

[ P

However, it can be shown that sup,, Hll/)l :HC*E(B) = 400 almost surely (for every [), so

T =T([uolly: (s -

inf Tmo,R =0
xoER?

for every R > 0. Therefore, this argument cannot construct local solutions to (joo-SNLW]|) on
space-time regions of the form R? x [0,¢), i.e. it cannot show local well posedness.

Hence, we follow a different strategy. We take a smooth cutoff function py such that px| =1
on the ball {|z| < N}, and consider the equation for vy = (vy, (vn):) (omitting the subscript
N)

{UttAv+v3+3v2p1/1+3vp:7,/)2:+p:1/)3:— (12.1)
V|t:0 = pUg.
We will discuss this equation more in detail in Chapter 3. For now, we just point out that for
p = 1, this equation formally coincides with the one for v = u — 1. Global well posedness for
(I:2:1) can be shown in a similar fashion to Theorem [I.2.1]

We then take a sequence vy such that p, — 1. Tailoring the sequence of cutoffs py
appropriately and making use of finite speed of propagation, we will show that vy is definitely
constant on every space-time box K x [—T,T], so we can define

v:= lim vy
N —o0 ’

which will belong to Hj,.. Moreover, u = v +1 will be a global-in-time solution to (oo-SNLWJ),

IThe precise meaning of the terms :1)': will be given in Chapter 3.



and by finite speed of propagation again, we can show that every solution @ of (oo-SNLW|) must
satisfy & = u on its domain, hence we get uniqueness of solutions.



Chapter 2

Stochastic beam equation

2.1 Mild formulation

2.1.1 Stochastic beam equation without damping

Consider the linear beam equation with forcing f = (]{) and initial data ug = (ZO),
t 1

u) 0 -1\ [(u f
()= () () ()
By variation of constants, the solution to this equation is given by
t
u=S(t)ug + / S(t—tHE)dt, (2.1.1)
0

where S(t) is the operator formally defined as

. sin(tA)
St) = (Z)Zl(ltl(At)A) cos(AtA)> (2.12)

with the understanding that

sin(t0) (2.1.3)
0
By the formula (SNLBY), since we formally have f = — (|u”01u) + <2) , we expect the solution

of (SNLB)) to satisfy the Duhamel formulation

u=S(t)up + /Ot St —t") (58,)> dt’ — /Ot S(t—1t) (|u|p?u(t,)) dt’. (2.1.4)

We call the term

W(t) = /Ot S(t— ) (E(%) at’ (2.1.5)

stochastic convolution. Notice that S(t) maps the space H® := H*x H*~2 into itself for every s,
and that 9FS(t) maps H® into H*~**. Therefore, ¥ is well defined as a space-time distribution,
through the formula

+o00
<\IJ, f> = </t/ WQS(t — t/)*f(t)dt, 1t’>0€> ) s (216)

which holds for every test function f, where 75 is the projection on the second component. We
will explore more quantitative estimates about ¥ in the next section.



Moreover, instead of considering solutions to (2.1.4)), it is more convenient to write (2.1.4))

as u = V¥ + v, and look for solutions of the equation for v = ;}} , namely
t

i , 0 )
v = S(t)ug —/0 St—1t) (|w+v|P—1(w+v)(t’)> a'. (2.1.7)

Therefore, in the following, we call u solution of (SNLB)) if v := u — ¥ solves (2.1.7)).

2.1.2 Stochastic beam equation with damping

As for the case without damping, we consider the linear damped beam equation with forcing

f= f and initial data ug = to )
ft u1

d) (e DO e

By variation of constants, the solution to this equation is given by
t
u=S5(t)up +/ S(t—tHEt)dt, (2.1.9)
0
where S(t) is the operator formally defined as

sin (tw/%—i-A?) sin (t\/%—i-A?)

) sin (t\/%+A2)
—(1/% + A2 — 47%) sin (t,/% +A2> cos (tq/% —I—A2) ——— T
(2.1.10)
We note that this operator maps distributions to distributions, and for every « € R, it maps
the Sobolev space H® := H* x H*~? into itself, with the estimate ||S(t)ule S e7s a0,
and as in the case without damping, 9FS(t) maps H® to H*~*F.
By the formula , we expect the solution of to satisfy the Duhamel formu-

B S(t)uo + /0 =1 () o - /0 =0 (1a(ey) 4 -

From the previous discussion about S(t), we have that

1(6) = /OtS(t ) (58,)> dt’ (2.1.12)

is a well defined space-time distribution, in the same way as . In the following, when it
is not ambiguous, we may omit the argument £ (i.e. T, := 14(£)).

Moreover, it is convenient to consider T,(-) as an operator on the appropriate class of space-
time distributions, defined by the formula

1(h) := /Ot S(t—1t) (hg,)> dt’ (2.1.13)

whenever h is a test function, and its appropriate extension for more general distributions.
Also in this case, instead of looking directly for solutions to , it is more convenient
to look at the equation for one of the terms in . Since in this case we want to be able
to deal with random initial data as well, it is more convenient to isolate the contribution of ug
as well as the one of 1,. In particular, looking at (2.1.11)), we write u = S(t)ug + 1,(£) + v, so

3 1
cos(t Z+A2)+§

10



v = <U> satisfies
(%7

t ) 0 I
v _/0 St=£) ((S(t')uo + 1006 + U(t/))3) d’, (2.1.14)

where we abused of notation and wrote S(t)ug + 1,(§) instead of its projection to the first
component. Therefore, we call u solution of if v i= u— S(t)ug — (&) satisfies
. Since we aim to study a flow for u which is defined for both smooth initial data and
almost every initial data according to the measure p, it is important to keep track of the space
to which the solution u is expected to belong. It turns out that a good space is

X :={ueHS(t)u e C([0, +00); €), [|S(t)ullye S5},

t
[l xo = supes [[S(t)ullza
t>0

for0 < a< % Here €% := C* x C®~2. As it is defined, the space X might not be separable,
which is a helpful hypothesis for some measure theoretical considerations in the following. In
order to solve this issue, we will actually denote by X the closure of trigonometric polynomials
in the X norm. Since we have, for o/ > a,

o

lu— Prullya SN Jull o

~

we have that for every o/ > «, if ||ul| yor < 400, then u € X«.
Lemma 2.1.1. X¢ is a Banach space.

Proof. ||| o is clearly a norm, so we just need to show completeness. Let u, be a Cauchy
sequence in X%. By definition, for every ¢, S(t)u, is a Cauchy sequence in €%, so there exists
a limit S(t)u, — u(t) in €*. Moreover, S(t) is a bounded operator in H*, so one has that

u(t) =¢* —lim S(t)u, = H* — lim S(H)u, = S(t)(H* — limu,,) = S(¢)u(0).
Lastly,
lim [y, — | o = limsup e [S(t)un — SE0) e

= limsuplim es [[S(t)u, = S(#)tmllope ,
< lim lim sup es [|S(t)un — S(t)um|lope
= lim lim es St — S(E)tml|xa

=0.

O

Since the operator S(t) is not bounded on €%, the space X* might appear mysterious. However,
in the next sections, we will see that the term T;(£) belongs to X<, as well as almost every initial
data according to p, i.e. p(X®) = 1. Moreover, we have the following embedding for smooth
functions:

Lemma 2.1.2. For every 0 < a < %, we have H? C X®. Moreover, the identity id : H? — X©
is a compact operator.

Proof. Let u € H?. By Sobolev embeddings,
[1S(t)ullga S 1Sl S e [lullye

and given s > 0, we have

lim [|S(£)u — S(s)ull e < limsup |S()u — S(s)ull,z =0,
t—s t—ss

11



hence u € X“.

Now let u,, be a bounded sequence in H2. By compactness of Sobolev embeddings, up
to subsequences, u, — u in €% and u, — u weakly in H® for every s < 2. Therefore,
S(t)u, — S(t)u weakly in H?® for every ¢t > 0.

By a diagonal argument, up to subsequences, we have that S(t)u, is a converging sequence
in €“ for every t € QT, so by coherence of the limits, S(t)u,, — S(t)u in €* for every ¢t € Q™.

By the property
0 -1
os =, Lye )50

we have that ||S(t)u — S(s)ull,. < [t —s|[|[ull;e14-. Therefore, by taking e such that o +4e +
3 < 2, by the Sobolev embedding H*~%¢ < €', we have that S(t)u, — S(t)u in € for every
t > 0 and uniformly on compact sets. Finally, for every T we have

T
8

e= [|1S(thun = S(t)ullge Se¥ sup [[S(s)un = S(s)ullge + €57 sup [un e -

s€[0,T]

For T >> 1 big enough and n > 1 (depending on T'), we can make the right hand side arbitrarily
small. Therefore, we get ||u,, — u|| yo — 0 as n — oo, so id is compact. O

However, the space X is strictly bigger than #2, and it contains functions at regularity
exactly a. Indeed, we have

Lemma 2.1.3. For every oy > o > 0, there exists ug € X< such that ug ¢ H*'.

Proof. Suppose by contradiction that X* C H*'. By the closed graph theorem, this implies
that

[allgger < llull e (2.1.15)

For n € Z3, consider u,, := (e O' ) By definition of S(t),

sin (t\/%+\7l|4)

dtnl*

Q
Q
195}
~/~
~
Y
+
El
=~
—
+
N[—=

sin (t,/g+|n\4>
Vitinl*

It is easy to check that [|S(t)u,[pa ~ €72 (n)%, s0
(

Wl oger ~ (n)®*. By (2.1.15)), this implies (n)® <

n-x

S(t)uyl xo ~ (n)*. On the other hand,
1 contradiction. O

[
n)
2.2 Stochastic convolution and invariant measure

2.2.1 Stochastic beam equation without damping

(0N = [ f R ear
vo= () - <f5?:os<<t5t'>m£<t'>dt' | 220

Consider

Proposition 2.2.1. Let a < % Then, almost surely:
U € Cy(Ry; W™ (T3) x Wa=20(T3)). (2.2.2)

Proof. This will follow from Proposition (A.3.2)), once we check the hypotheses both for ¢ and
Yy for s = 2 — 6§, s = —4 respectively and § = 6(§) > 0, and 0 < § < % — «. We have that
¥(0) =0, so (A.3.4) and (A.3.5) are automatically satisfied. For a test function ¢, we have for
s <t,

12



E[ () — v(s), ) |?

[ (508 o) e, o

_ /3 sin((t —t')A) —sin((s — t')A) n /t sin((t —t')A)
0 L2(T3) s

A A
siai—148 |2 2
Ss|le—siFal | |+ 1t - slligl -

2
< slt = s’ I ¢ll-cas -

=E

2

¢ Y

L2(T3)

where we used respectively the universal property of white noise (1.0.2]) and the inequality

|sin(aX) —sin(bA)| < 217"]a — b|" A" for every 0 <7 < 1, A > 0. Hence, (A.3.4) is satisfied with

s=2—-0,0= g.
Similarly,

E[ (¢ (t) — e(s), ¢) |2

2

=E /0lt {cos((t —t")A)gp, E()dt) — /0S (cos((s — t') A, E(t')dt)

- / eos((t — #)A) — cos((s — ) A b ar + / Jeos((t — #)A)]rs)

a8 12 2
Ss|le—siflalfe| | +1t— sl
2
S slt = sI° 16370

where we used again (1.0.2)) and the inequality |cos(aX) — cos(bA)| < 217"]a — b|" A" for every
0<n<1,\>0. Hence, (A.3.4) is satisfied also in this case with s = =4, § = 2.

2

Moreover, (A.3.5) is satisfied in both cases since (¢¥(t) — ¥(s), @) and (Y (t) — Yi(s), @) are
Gaussians, and for every real-valued Gaussian g, E|g|? = (p— 1)!!E(|g|2)§ if p is an even integer.
Interpolating between consecutive even integers, we get E|g|? < (p — 1)2E(|g|?)% for a general

p > 2. Notice that this also a special case of (A.2.4)). O

2.2.2 Stochastic convolution for the beam equation with damping

Recall the formula for the stochastic convolution,
! 0
1:(€) ::/0 S(t—t) (g(t’)) dt’,
as in .

Proposition 2.2.2. For every a < %,

El1:(&) 1% < +oo.

Moreover, 1,(€) € C(]0, +00); €%) almost surely.

Proof. As in Proposition [2.2.1] the proof follows by applying Proposition[A.3.2]to both compo-
nents of 1,(§). It is easy to check that 19(§) = 0, so we just need to check (A.3.6) and (A.3.7)).

13



Let 0 <s<t,and let f = (J{) be a test function. We have that
t

2

B (1:(6) = (@) 1) P = E| [ {mas(e— ) e, - | (maS(s — ) B E(W) 1

s t

= [ lra(ste =) = S — )t + [ ImSE-t)El 223
0 s

< sft = s (1 F—asas + 1illas) + 1t = s + 15e032)

< 1= s (s + 1 Fol),

where we used the universal property of white noise (1.0.2) in the second equality, and the
formula (2.1.10) and the inequality |sin(a)) — sin(bA)],|cos(aX) — cos(bX)| < 2177|a — b|7A"
for every 0 < n < 1, A > 0. Moreover, since g = (14(§) — 15(&),f) is Gaussian, we have that
Elg|? < (p —1)2E(]g|?)%. Therefore,
Ell (ma1e(6) = m175(€), £ PT S 1t = sl (1f 172420,
E[| (m11:(6) = m115(€), ) P] < (p = D EE[| (m11:(€) = mTs(€), /) )5,

so (A.3.6) and (A.3.7)) are satisfied for s =2 — 20, § = %, and we have

m1:(§) € C([0,4+00); Céf%fg).
Similarly,

Ell (m210(6) — maTo(€), ) 1] S 1t = s (11f 25 )s
El| (m21:(€) = m215(6), f2) IP] < (p = 1)2E[| (m21e(€) — m214(6), f) 7],

so (A:3.6) and (A-3.7) are satisfied for s = —26, = £, and we have

m11:(§) € C([0,4+00); 0—2—25_8).

Proposition 2.2.3. For every t > 0, ||1.(§)]| ya < 400 a.s.. More precisely,

sup Hegs(s)rt(f)H(ga < 400 a.s.
>0
for every a < %

Proof. Let us first fix T > 1, and take s1,s0 € [T — 1,T],s1 < so. Let f = (J{) be a test
t
function. Proceeding similarly to ([2.2.3), we have that

E[| (S(s2)1:(6) — S(s1)1e(€). £) ]
/ (maS(t +s1—t")"£,E(t)) 2 — / (m2S(t + 52 —t')"£, (1)) 12
0 0

2
=E

t
wp2
— / Ima(S(t+ 51— ) — St + 52— )"
0
_T
S e % s — 8ol (|| | 3rmzrs + [ fell2s),
Moreover, by (2.2.3)),

E[[ (S(T = 1)1(€), £) [] = E[| (Te(€), S(T' = 1)"f) [’
S (ImuS(T = 1) E | 7y-2vas + 128 (T — 1) 3726)

14



_T 2 2
S e 2 g—2ves + [ fillfy2e)

Therefore, proceeding in the same way as in Proposition [2:2.2] we get that

9y

S(S)Tt(g) ECS([T - 17T};Cg(¥),

and by the moment bound in Proposition for p big enough we have

1 _T
E[”S(S)Tt(f)||1();S([T71,T];(ga)}p Se 7,
hence . .
P(I[S(s)1e(&)] Co(T-1,T)g) > € °)S€e
Since this is summable for T" € N, by Borel-Cantelli we have that
. N
limsupes [[S(s)1 (&)l o, (v1,n6) S 1,
NeN

and since S(s)1,(§) € Cs([0, +00); €), we have that

N
sup ¥ [1S(5)1(O)lle (1) < o0
NeN

hence [|1:(&)]| yo < +00. O

2.2.3 Invariant measure

By the formula (1.1.6)), we want to define the (candidate) invariant measure p as a measure
which is absolutely continuous with respect to u, such that its Radon-Nikodym derivative with

respect to p (given by (1.1.7))) is given by
d 1 1
P i)

In order to make sense of this definition, we need the function exp ( - i f u4) to belong to the
space L'(p). If u € L*(T?) p-a.s., this is automatic, since if this is the case 0 < [u* < 400
p-a.s., hence exp ( - ifu‘i) € L*>(p) C L' (p).

Since one has X C L* for every a > 0, the property u € L*(T?) follows from the following

1

Proposition 2.2.4. Let X be a random variable with law p. Then for every 0 < a < 3,

IX]| ya < +00 a.s..

Proof. This proof is very similar to the one of Proposition Let T>1,and let T —1 <

s <t<T. By (L.1.7) and (2.1.10)), for a test function f = Jj: ,
t

E[(S(T - DX, f) |* = E[(X, $(T = 1)*f) |*
SImS(T = 1)t -2 + w2 S(T — 1)°£|7

_T
S e E (1 fll5r-zras + el 75 )

and
E[{(S(t) — S(s)X, ) [> = E[ (X, (S(t) — S(5))"f) |?
S Imi(S(t) — S(5)) 75— + [m2(S(t) — S(5)) £
S e E |t — s (I fIl3-ras + | fellFas )-

Therefore, the hypotheses of Proposition (A.3.2)) are satisfied for 715 (¢)X and m2.5(¢)X, respec-
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tively with s =2 — 46,0 = g, and s = —46, 0 = g. Therefore, by choosing 0 < 4§ < % —a,
St)X € C([T - 1,T};27),

with the moment bound

E[IS ()X, (tr—1, 775607 S e %
Hence we have
PUIS() Xl (11 7p50m) > € %) Se T,
and by Borel-Cantelli
limsupe ™ [[S(s)X|le. v_1.np0) < L
NeN
SO N
sup es [S()Xlle, ((v-1.n)56%) <+
almost surely. Therefore, X € X“. O

2.3 Local in time theory and blowup conditions

This section is dedicated to showing local existence (and uniqueness) of solutions of and
(2.1.14), and describe under which conditions a blowup for solutions of these equations might
occur. Given the similarity of two equations, we can present a unified proof. Consider the
auxiliary equation

t
_ _ 4! O !
v(t) = F(t) \ St —1t) (|G(t’) o) PG + v(t’))) dt’. (2.3.1)
This corresponds to (2.1.7)) when we make the choice F(t) = S(t)ug, G(t) = ¥, and in the case
p = 3, it corresponds to (2.1.14)) if we choose F(t) = 0, G(t) = m1(S(t)ug + :(£)). Notice that

the meaning of S(-) differs for the two equations, but we will just use the property that S(¢) is
a uniformly bounded operator from H? to #2.

Remark 2.3.1. Suppose that v solves (2.3.1) in some interval I = [tg,to + 7]. Let t; € I.
Then we have, for every t > tq,

i ) 0 ,
v =F@O) - | St-t) (G(t') L o(t)PG) + v(t'») dt
0

=F(t)— S(t—t) <|G(t/) Fo) UG + v(t’))) ar

to

! ) 0 )
- / St=t) <|G<t'> o)) + v<t'>>) at’,

t , 0 !
= ()= () +vin) = [ sa=) (6 + o2 4 o)

which is an equation in the same form as (2.3.1)), with ¢; instead of tg, and F(t) — F(¢t1) +v(t1)
instead of F(t) (G stays the same).

Remark 2.3.2. Let p > 1. By the fundamental theorem of calculus,
1
2P~ — |y~ y = plz — y) / ly+s(z—y)lPlds S (e~ P e -yl (23.2)
0
Proposition 2.3.3. Let p > 1, 0 < a < 3, and suppose that F € Cy([to,to + 1];H?),
G € Cy([to,to + 1];6%), and that S(t) is a bounded operator from H? to H?2, uniformly

int. Then ([2.3.1) is locally well posed in H%. More precisely, there exists T > 0 such that there
exists a unique v € Cy([to,to + T); H?) which solves (2.3.1) Vto <t <ty +T. Moreover, T can
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be chosen as function
T = T( ||F||Ct([to,to+1];7‘lg) 5 ||G||Ct([to,to+l];<!a”“) ,Slzp HS(t)H’}—P—)'HQ )

which is nondecreasing in each of its argument.

We also have the following continuity property of the solution v in the arguments F,G and
S. Suppose that F,, — F in Ci([to, to+1]; H?), Gn — G in Ci([to, to+1];€*), and S, (t) — S(t)
strongly for every t. Let

To = T(sup [ Fullcy o to+11:02) » S NGl (g to 4 116) » SUPSUP (S (Bl gz 02 ). (2:33)

Let v,, be the solution with data F,,G, and S,, and let v be the solution with data F,G,S.
Then we have

M [[v = valle, (1,10 +10)522) = 0-

Proof. Let R = |[Fllc,(g.to+1]:#2)- We want to show that there exists 7' monotone in its
argument such that for every 7 with

T < TR 1Glley (1, to 1)) »SUP 1S 32 2) < 1,

the map

e s 0 :
F(V) = FF,G,S(V) T F(t) / S(t t ) <|G(t/) + ’U(t')|p_1(G(t') + U(t/))) dt

to

is a contraction in the set
E = {v e Cy([to, to + 71 : H?) : [Vl (tto.t0 1 r1702) < B+ 1}

Existence and uniqueness then follow by Banach contraction mapping theorem, and a straight-
forward application of Remark to show uniqueness up to time

T( ||FHCt([t0,t0+1];7-L2) ) “G||Ct([t07to+1];<ga) asgp ”S(t)”?-ﬂ_ﬂ{? )

We have that, for t < 7 < T < 1, for some constants Cy, by the hypotheses on F,G, S and
Sobolev embeddings,

IT(V) ()l

0
< I leveoto ey + T oup ISl ez up H (16 st 601 4000 ‘
Il oty * T3P S0 e e sup [ GEE) + o#) PG + ()]

H2

S Wl ooy + 277 TSRS )2y sup(IGIZ, + llollZy)
< ||FHCt([t0,t0+1];H2) + ClTS‘ip 1Sl 4222 (HG||ZC)'t([tO7tO+1];S§a) + ||”H%([t07T,tO+T];H2))

< Flley o to+ 1202y + CLTSUP [S(B)ll22 302 IGIE, (0. t0+ 17550y T (R+ 1))
(2.3.4)
and proceeding similarly, by (2.3.2]),

IT(v)(#) = T(wW) ()32

< Tsup 1S ()l 32— 342 sup

0
‘ (IG(t’) +o)PTHGE) +o(t) = GE) + wE)PHEE) + w(t’))> ’ 2
= Tsup [|S ()l 902 sup [IGE) +vE)PHGE) +o(t) = G(t') + wt)PTHGE) + w(t)]| -

-1 —1 -1
< CiTswp 1S 342902 Sgp(llGllip + iz +llwllz ) o —wllz,
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< CoT s SOl s G ooy + Il ynny + 1)
X |lv = wll oo -1t0113:02)
. CgTsttlp 1S322 UGG (1o 0411560 T 2B+ VP IV = Wl o000 4 17282 -
(2.3.5)

Therefore, if
. P !
7 = min {1, (C 50 (0 s (16, g0y + (B 1))
1 1
§<C2 sgp [S(t )”7—1247{2 (HG” tO,t0+1] ) +2(R+1)77 1)) }’

by (2.3.4), we get that ' maps S to S, and by (2.3.5)), I has Lipschitz constant < %, hence I' is
a contraction. Moreover, it is easy to see that this definition of T' is monotone in its arguments.

We know move to the continuity part of the statement. We first notice that by the first
part of the statement, the solutions v,,v are well defined in the interval, and by choosing
R = sup,, sup,, [ Fullc, 10,10+ 1]:22) for every n, I'r, c,.s, is a contraction on E with Lipschitz

constant % with 7 = Tj. The same holds for I'r ¢ 5. Therefore, recalling that v,, is the unique
fixed point for I'r, a,..s,

nyn,

v — Vn”ct ([to,to+To];H2) <2|lr,,Gn,5. (V) = V||Ct([t9,t0+T0];H2)

=2|T'r,.c..5.(V) = Tra.s (V) e, (1o, t0+T0):22) -
so it is enough to show that for every v € Cy([to, to + To); H?),

T E 6,80 (V) = TrGs (Ve 0 tormoginy = 0

as n — 0o. We have that

ITF..G.5. (V) = Tra,s(v) HC,,([to,to+To];H2)

S NFn = Flle, (jto,t0+11:12)
0

* /” ) (|Gn<t/> o) PN (Gal#) + v(t')))

) 0
SO @) + o)) + v<t’>>> ’

<P - F‘|Ct([t07t0+1]§H2)

to+70o
+ /t
0

Sp(t—t

dt’
’HZ

, 0
Sult = 1) (|Gn<t/> ()P (Galt) + W)))

/ O l
= Salt —t) <|G(t'> +o)PHGE) +o(t)) ’ o
to+To , 0
+ /to Sn(t —t ) (|G’(t’) + v(t’)\pfl(G(t') + v(t’)))
/ O /
—S(t 1) (IG(t’) +o()PTHGE) + v(t’))> ’ e v

< ”Fn - FHCt,([to,to—i-l];H2)
to+To

+ supsup 190 ()] 242242 /t [1Ga () + o) PH(Gn (') +o(t'))

n 0
=G + o) PHGE) + o(t)]] . At

to+To

o
to

! ! 0 /
(Sn(t —t") =St 1)) <|G(t’)+v(t’)|p1( G(t) + o )H’H2

([to,to+1];H2)
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+ sup sup 1Sn () 342 302
n

—1 —1
X (S‘jlp ||Gn||zé,,([to,to+1];<ga) + ||V\|g,,([to,t0+To];H2)) G - G"H(Jt([to,to+l];<€a)

¥ / 06 =1 =56 (160) 1 o) + o) |

We have that the first term is converging to 0 by our hypothesis on F,, — F, and the second
is converging to 0 by the hypothesis on G,, — G. The third term is converging to 0 by domi-
nated convergence (by |||G(t') + v(t')[P~1(G(t') + v(t’))HLz), once we notice that the integrand
is pointwise converging to 0 due to the strong convergence of S, to S for every ¢. O

Corollary 2.3.4 (Blowup condition for (SNLB)). For N > 0, consider the auziliary equation

' , 0 ,
v () = PyS(t)ug —/O S(t— )Py (PW + ol Py + UN)(t,)> A (2.3.6)

Let T > 0, and suppose that for N big enough, ([2.3.6) admits a solution vy € Cy([0,T); H?),
and that
limj\fup ||VN||Ct([0j];H2) < M. (2.3.7)

Then [2.1.7) admits a (unique) solution v € Cy([0,T]; H?), which satisfies
||V||Ct([07f];7_[2) < M. (2.3.8)
Moreover, |[v = v |lc,o7)mz) = 0 as N = oo,

Proof. Since ug € H? and S(t) is uniformly bounded in H?2, we have that Py S(t)ug — S(t)ug
in C4([0,T + 1]; H?). Similarly, given 0 < a < 1, by we have that ¢ € C([0,T +1];C")
for every a < o’ < %, and so Pyt — 1 in Cy([0, T + 1]; C*). Moreover, since Py — id strongly
as operators in H2, S(t) — S(t) Py strongly. Define

T :=T(M + 2sup | Py S(t)uoll o, o, 71302y T 1,5uP [ Pn ¥l o 7 1),5600) - SUP sup 1285 (O)ll3e23¢2 )-
n n n ot

We have that T, < Ty defined in (2.3.3)), therefore by Proposition ([2.3.3)), there exists a unique
solution to (SNLB) in Cy([0, T.J; H?) and limn [|[v = v [l ¢, (0,72 1:22) = O- In particular, we have
IVlle, (o,.)m2) < M. Define

Jv € ([0, 7]; H?) solution of ([2.1.7),
T* :=sup { 7 |3vn € Ci([0,7];H?) solution of (2:3.6) for every N big enough,

and li]{]n v =vnlle,ormz) =0-

In order to conclude the proof, it is enough to show that 7" > T. By the previous discussion,
we know that T* > T,. Suppose by contradiction that 7% <T. Let t; :=T* — % By Remark

v solves

va(t) = PNS(t)uO—PNS(tl)uo—i—vN(tl)—/t S(t—t)Py (PW . UN|p,1?PNw . UN)(t,)) a,

and v solves

t ) 0
i S(t - t) (WJ _|_,UN‘p71(1/) +’UN)(t/)>

Since t; < T*, by definition of T* one has that vy (t1) — v(t1) in H?2. Recall that we already
shown convergence of PyS(t)ug and Py1). Therefore, by definition of T}, by Proposition m

v(t) = S(t)ug — S(t1)ug + v(t1) — dt'.
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we obtain that vy, v admit a unique solution in Cy([t1,t; + T]; H?) and
lil{fn v — VNHCt([tl,tl-i-T*];HQ) =0.

Since the same convergence holds in [0, 1] and t1+T = T*—&—% > T, we obtain a contradiction.
O

Corollary 2.3.5 (Blowup condition for (SDNLB))). For N > 0, consider the auziliary equation

' , 0 ,
va(t) = —/O S(t— )Py ((m(PNTt/(g) 4 PoS(tan) +UN(t,))3> ar. (2.3.9)

Let T > 0, and suppose that for N big enough, ([2.3.6) admits a solution vy € Cy([0,T); H?),
and that
1imNsup IVl o) < M- (2.3.10)

Then [2.1.14)) admits a (unique) solution v € Cy([0,T); H?), which satisfies
IVlle, o7z < M- (2.3.11)

Moreover, ||v = vn| ¢, o7 m2) = 0 as N — occ.

Proof. The proof is extremely similar to the one of Corollary By Proposition and
the definition of the space X*, we have that 71 (PnT¢ (&) + Py St )ug) — m (T(£) + S(t)uo)
in Cy([0, +00); C*') for every 0 < o/ < a. Moreover, PyS(t) — S(t) strongly as operators in
H?2. Hence, we define

T, o= T(M +1,sup [y (Pt (€) + PuS(t)0) o 7sasser - 5P sup [ PS03 e ).

and we conclude exactly as in Corollary 2.3:4] O

2.4 Global well posedenss and long-time estimates

2.4.1 Stochastic beam equation without damping

Proposition 2.4.1. Let ug € H?, let p < 1?1, and let v be the solution of (2.1.7) with initial

data ug. Then there exists a = «a(p),B = B(p),y = v(p) > 0 such that we have, for every
0<t<T, 5

[V ()l S 1+ ||u0||%2 + ||¢||C([O,T];H2) +t7 (2.4.1)
Proof. By Proposition [2.3.4] it is enough to show the analogous statement for a solution v of

(2.3.6]). For ease of notation, we omit the subscript N in the following, and just write v. From
the formula (2.3.6)) and the fact that

0 -1

is a bounded operator in H?2, we obtain that v(t) is Fréchet differentiable as a H2-valued
function. We consider the energy functional

E(v) = %/(Av)z + % /vf - I%/W“. (2.4.2)

Notice that, by the Sobolev embedding H? — L°°, Hv(t)||3_t2 S1+E(v)S1+ Hv(t)||§’{'g1
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Therefore, it is enough to show (2.4.1)) for the functional E. By ([2.3.6]), we obtain
WEV) = / v (070 + AP + [vP~ 1)
v (2.4.3)
= / vt(|v|p_lv — v+ Ppr_l(v + PNw)).
T3

First, we treat the case 1 < p < 3. By Cauchy-Schwartz inequality, and (2.3.2]), and using that
2p —2 < p+1, we have for every t < T,

QEN() < (/T u§>
S (/T vf) (/T [P (o272 + |PNw|2p‘2)>
< ||PN7/’||L°°([0,T]xT3) (/Ts "Ut2> (/U|p+1>

1 2p—2
S IPN Ol e oyre) E(v()) (1 352) (2.4.4)

2

[N

(/I’s (lv + Pxy[P~ (v + Pyy) — U|p_1v)2>

1
2

By Gronwall inequality, we obtain

2p+2

E(v(1)) £ (BV(O0) + [ Pidll e o 1y ) 7 (2.45)

for all ¢ € [0, ], and recalling E(v(0)) S 1+ [luo(t)|[25", @24:1) follows.
Next, assume 3 < p < % By Taylor’s reminder theorem, we have

v+ Pyyp [P~ (v + Pyp) — [o]P 1o = plo[P L Py

+ /01 @w + OPntp[P73 (v + 0PNtp) (1 — 0)* Pyyp?df.  (2.4.6)

Therefore, from we have
hE(v) = —p /T ol Py - 22D /0 1 /T (o + 0PNV 0 + 0Pyw)) (1~ ) PyvPdads
=1 +/01119d0. (2.4.7)

We first estimate the term Ily. By Holder’s inequality, we have, independently of 6 € [0, 1],

I < ( /, d) (Pwa)nif [ o + PNwt)nigp)

Therefore, noticing that 2(p — 2) < p+ 1, we have for some 0 < § = 6(p) < 1 and some b > 0,
by Young’s inequality

2

1
/ Mpd) S 1+ E70(v(t) + | Paol|) - (2.4.8)
o 2

Now we turn to term 1. Since pvi|v[P~ = 8;(v[v[P™!), integrating by parts we have

t ¢ t
/ Idt’:/ \v|p_1vPN¢dx’ —/ / |v|P~ o ( Pyapy ) dadt!
0 T3 0 0o JTs

21



[ oo P e - /T Je(0) P o (0) P (0)d /0 /T ol o(Py) e

t
< (Il + WOz + CollPxvlzh = [ [ b toPwisdsar
(2.4.9)

for any n > 0. By Proposition we have Py, € Cy([0,T); C~2°°).
From the formula of the functlonal E given by [2:4.2), we have that |[v],. < E?, and

ol psr S E¥. Therefore, by Gagliardo-Nirenberg, for every 0 < so < 2, and

~

I R A
=53t 2)p+1’

S0.14(1_%0 1 . .
we have vl soe S E 2+(1=3)57 = E4. Hence, by Kato-Ponce’s mequaht for 1 =
1
—|— p+1, as long as = <1,

-1

1 1,p-1
UHWS,T rSEq ||v||I[),P+1 <Eq p+ =E".

Sl

| [oP~ (2.4.10)

The condition p c01n(:1des with the condition 1 < 1 for some choice of sy = so(p) > 3.

Therefore, from (2.4.9) and (2.4.10) m, we get

t t
1
/0 Ldt" S n(E(v(t) + E(v(0))) + Cy IIPNwIILooqo,T]XTs+IIPNthc([o,T];W—som)/O E(v(t))dt’
(2.4.11)

Therefore, putting (2.4.7), (2.4.8), (2.4.11) together, and integrating in time, we get

(1= )(E (1) ~ E&(0) S / (14 B0 (v(t)) + | Pyt )t + 20E(0)

t
1
+ Co |1 PNl oo o,y 572y + HPN'(/}tHC([O,T];C*Sva)/O E(v(t')) dt'.

(2.4.12)
If we choose n = %, by Gronwall we get (2.4.1)) also in this case. O

2.4.2 Stochastic beam equation with damping

In order to make full use of the damping, we consider the modified energy

1 1 1 1 1
—E/vf+5/1)2—&—5/(Av)2+1/v4+§/(v+vt)2
Proposition 2.4.2. For every 0 < a < %, there exists ¢ > 0 such that for every solution vy

of @33), we have
> 4 ' —c(t—t") .
BN (®) Sa (1+ ol Fe + [Tl + / e |ty | 5o at').

Together with Corollary this implies that

Corollary 2.4.3. Let 0 < a < % Given uy € X, there exists a solution v of (2.1.14) in the
space Cy([0, +00); H?) such that

t
2 g 4 —e(t—t' g
V5 Sa (14 Iuollfe + 1T +/0 ety 5 at') (2.4.13)

and for every T < 400,
lv — VN”C([O,T];?—F) — 0 a.s..

see for instance [6]
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For the remainder of this subsection, we write v instead of vy for the solution of (2.3.9).

Remark 2.4.4. Any solution v in C([0,T*); H?) of (2.3.9) actually belongs to C1([0,T*); ).

Indeed, for any t < T < T,

ST sup [[(V)* Pa(S(t)uo +1() + )%
0<t<T

STN® sup [[(S(H)ug 4 1(€) +v)?|| . < +oo,
0<t<T

H2

where we just used that [|(V)® Px||;2_ ;2. S N*. Similarly,

s " , 0 ,
™ / Pn(0.5( =1)) ((S(t/)uo+7(§)+v)3> d

Hs T s 0
Y <(S(t)uO + Py1() + o))’
ST sup [[(V)* Py(S(t)uo +1(€) +v)° .

0<t<T

<TN?® sup H(S(t)uo—I—T(ﬁ)—i—v)‘n’HL2 < 400,

0<t<T

10 ()]

where we used that ||0;S(t)]|52_50 < 1.

HO

Actually, proceeding in this way, we can show that v € C°([0,T*); ), but we never need

more than C? in the following.

Lemma 2.4.5. If v solves (2.3.9)), then

WE(V)=— %(3/U?+/U2+/(A1})2+/’U4)
[
=3 [ o (1) + S(t)uo)
= [+ J0)SOw3NAE) + S(eyun)® + (1) + SO’
=5 [ + st
+ [+ JoIPay(o+ 1) + S(tuo)®

Proof. By Remark E(v) is differentiable, and moreover v satisfies

o (Z) - (1 +0A2 _11> <5t> - <PN<v+ Tt(g +S<t)uo>3> '

(2.4.14)
(2.4.15)
(2.4.16)
(2.4.17)
(2.4.18)

(2.4.19)

Therefore, by exchanging time derivatives with integrals and using the equation, we have that

OE(V)

:/vt(vtt + v+ A%+ 0?)

1 1 1
+§8t</1]2+/1)t2>+1/U?+Z/UU”
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_ / o+ / 0i(6® — Py (v + 1(6) + S(t)uo)?)
+é@t(/v2+/vt2>+%/vt2

-l / - / o2t / (Av)? + / oPn (v 4+ 1(6) + S(t)uo)*)
_/vf +/vt(v3 — (v T:(8) + S(t)up)?)

+ /vtP>N(v +1:(8) + S(t)up)?)
+16t /v2+/vt2 +1/vt2
—go([) =3 ([o+ faor+ [owr @+ sou))

+i/vP>N(v+Tt(§)+S(t)uo) .

s 1 /Ut /v N / (Av)? / (0 +14(6) + S(t)uo)°
+8t(§/v?)
n / (08 — (04 14(€) + S(E)uo)?)

+ [+ JoPan (o4 1) + Sl

and the claimed identity follows from expanding the cubes. O

Lemma 2.4.6. If v solves (2.3.9)), then
@.4.19) = 0.

Proof. If v solves (2.3.9)), then we can write v in the form v = Pyw for some w, therefore
P, nv = 0. Therefore,

= [+ o) Poto 10 + Sl

= [ Patwt JoIPon (o4 T€) + SEuo) =

O

Lemma 2.4.7. If v solves (2.3.9)), then for every 0 < a < %

3 1
2417 < E5([luollxa + [Te()llga)? + B2 (Juoll xa + [Te(€)llga)?
Proof. By Holder, we have that
1
/(vt + 7v)3v(1 () + S(t)uo)? S (vl gz + llvell g2 ) ol pa [|(1e(€) + S(D)wo)?|| s
s by noticing that [|v, 2 S E¥, ol S EY, ol < B, and [|(1(6) + S(uo)?|| . <

1(T(€) + S(Huo) ¢ S (a0l xa + ITe(€)llga)?, we have that

[+ Jorsu(t + St S B ol o + 11

24



Proceeding similarly,

[0+ 301 + SO S ol + el ) | 16) + 5B’

S EF(|Juo]l xa + [11:(6) l4a)?.

O

Lemma 2.4.8. If v solves , then for every 0 < a < %,

BET8) < B (ol o + 110 ll50)?
Proof. By Hélder,
BATR) < IlvllFa 1510+ 1)l pa S BT (1ol o + [1:(6) ).

O

Lemma 2.4.9. If v solves (2.3.9)), then

@4.106) = —at( / V(1) + S(t)uo)) + / V39,(1,(€) + S(t)uo), (2.4.20)

and for every 0 < a < %,

/vsat(ft(f) +8(t)uo) S B 5 (uollxa + [11(6) g )-

Proof. (2.4.20) follows just from Leibnitz rule. In order to prove the estimate, notice that
0]l o S E%, and ||[v]| g S E 3. Therefore, by Holder and fractional Leibnitz respectively,

~

Therefore, by interpolation (Gagliardo - Nirenberg), if % =(1-9)+%-3=1-2, then

||7)3||W2—a,p < EO=$)+%% = F1-§ . Hence

/v?’@t(ft(i) +8(t0) < [0 2 10:(1(6) + S(t)uo) a2,

P iamen 1106 + SE 0ot
SEF (Juoll o + 176 llgpe)-

O

Proof of Proposition[2.4.3. Let F(v) := E(v) — & [v} + [v*(1:(¢) + S(t)up). By Hélder and
Young’s inequalities,

| [ 000 + 50w < el 7€) + S(euo)

< EF (1Ol ca + 1m0l o)

1 27
< ZE + Z(H’t(ﬁ)“ca + Jlugl xa)*.
Therefore,
5 27
F= B+ —(M©llee + ol xo)*, (2.4.21)
27
E<2F+ o ((©)llon + [aol xo)*. (2.4.22)
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Using Lemma [2.4.5| and (2.4.20)), we have that

6tF:—i(3/vf+/v2+/(Av)2+/v4)

4 / BO,(1L(€) + S(tuy)

= [+ JolBe(©) + SEun)® + (1) + SO’

+ [0t 0Py (v + 1) + S(Bu0)”

Therefore, using Lemma [2:4.9] Lemma [2:4.7] Lemma [2:4.8] Lemma [2:4.6] Young’s inequality
and (2.4.21]), for some constant C' (that can change line by line) we have

1
O F < — §E
+ B (Juoll o + 1€ llga)
+ B ([[uoll o + 1766 lliga)? + E2 (0]l xa + [11:(6)
1 1
< _ = z
< 2E+ 4E

o)

+ Cl(moll o + 1Te(&)llig) ™ + (ol o + T (E)llg)® + (ol xa + [1:(&)lle)]

1 s :
<1 o(1+ molE. + IO )

2

27 4 > >
< - 3F+ E(”Tt(g)"ca + [Juofl xa) +C(1 + [Juol %o + HTt(f)”cga)

2 s s
<= 2r o+ wolfe + @ ).

Therefore, by Gronwall, if ¢ := %, for some other constant C' we have

8 t ’ 8
Piv(0) <o)+ (1t li + [ o0 Ito(@)l ar).
0

Hence, using (2.4.22)) and (2.4.21)),

E(v(t))
SEE () + (ITe(©)ll oo + o]l xa)*

3 t Ce(t—t 8
Se F(v(0)) + 1+ [uol 5o +/O e T (@) llga At + 1Tl on + ol ka

< —ct 4 2 4 ! —c(t—t') 2oy

e (luollke) + 1+ ol o + TG + [ &) It O
5 4 ' —c(t—t") & a4

<t [l Fo + 1% + / ) 1,65, .

O

2.5 Invariance of the measure for the stochastic beam
equation with damping

The goal of this section is showing that the flow of (SDNLB) is a stochastic flow which satisfies
the semigroup property, and proceed to prove that the measure p is invariant for the flow of
(SDNLBJ). Recall that, by the discussion in subsection [2.1.2] if ug € X, the flow of (SDNLB))
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at time ¢ with initial data ug is defined as
Py (u; &) = S(t)uo + 14(€) + v(uo, &), (25.1)
where v solves (2.1.14).

Proposition 2.5.1. The map ® satisfies the semigroup property, i.e. for every F' measurable
and bounded,

E[F(®145(10;§))] = E[F(Ps(Pe(u0;81):€2))],
where &1,& are two independent copies of space-time white noise (defined in (1.0.2))).
Proof. Notice that

Dy (ug; 1), &2)

5)®¢(uo;&1) + 15(&2) + v(Pr(uo;61), 625 8)

t+s)ug + S(s)1:(&1) + S(s)v(uo, &15t) + Ts(€2) + v(Pi(uo; 1), &2 8)

t+s)ug + S(s)1(&1) + 15(&2) + S(s)v(uo, &1;5t) + v(Pi(uo; 1), €25 8)- (2.5.2)

Let & defined by

S
S
S

@, (
(
(
(

(€.0) = (Lucir,0) + (Losiba(- — 1), 0).
It is easy to see that é satisfies (1.0.2)), so it is a copy of space-time white noise. Moreover,

S(s)T( 15(&2)

= S(s / S(t—t) <§1(()t,)) dt’ + /050 S(sg—t) (5225,)) da¢
/ S(t+so—t1) (gﬁt’)) dt’ + /HSU S(t+so—1t) (gg(t’o t)) ar’

t+so 0
= t+sg—t
i stern =0 (gn) >

—Ters (©): (2.5.3)

Lastly, define

(t ) _ V(“Oagl;tO) if to < t,
R S(to — t)v(ug, &15t) + v(Py(ug; &1), Easto — t)  if tg > t.

For ty < t, w solves

w(to) = v(ug, &15t0)

0 !
/ Stto = #) ( (t")ug + T (1) + v(uo, €15 t/))B) «

0 /
~ o St =1) ((S(t/)UOJFTt/(é)+w(t’))3) dt’, (2.5.4)

and for ty > t,

w(to) = S(to — t)v(ug, &13t) + v(Pi(ug; &1), &25t0 — 1)

tH( / St-) ( uo+rt0<f> w(t’))?’) dt')

to—t 0 /
‘/ S(to—t—1)) ((sw)@t(uo;&l) +1u(&) +v<<1>t(uo;£1>,£z;t’>>3> «

/ St =) ( uo+u0<e>+w<t'>>3> 4
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! 0 !
- / Slto =) ((S(t' )y (u0;£2) + Te(62) + v(cpt(uo;&),@;t'»i”) dt

¢ . 0 !
—/0 S(to —t') ((S(t')uo + 106 + w(t/))3> @
B to S(to _ t/)

t
0

8 ( (St —t)S(H)ug + St — 1)1 (51)+5(t'*t)'u(u07§1;t/)+7t7t’(~’§2)+U(¢t(uo§5l)7§2§t/))3) @
0 ,
/ Slto ¥ < (S(t')uo + 1 (6) +w<t’>>3) a

0 /

_ ¢ S( ) ((S(t’)uo + Tt’ (é) + w(t’))S) de¢
to / 0 |
= 0 S(tO —1 ) ((S(t’)uo + Tt’(g) + w(t/))3> dt R

where we used (2.5.3). Putting (2.5.4) and (2.5.5) together, we have that

(2.5.5)

w(to) = v(ug, & to)-
By (2.5.2) and (2.5.3), this implies that
u( D1 (0361, &2) = Prs (w03 ),
and so for every F' measurable and bounded, E[F(®;ys(ug;€))] = E[F(Ps(P¢(ug;&1);€2))]-

O
Proposition 2.5.2. Consider the flow given by
O (ug; €) := S(t)ug + 14(&) + vv (up; &), (2.5.6)
where vy solves (2.3.9). Then the measure
1 1
dpx(w) = - exp( 5 / (PNu)4)dp(u) (2.5.7)

is invariant for the flow ® (€), where Zy = [exp ( -1 (PNu)4)du(u) (so that pN is a

probability measure).

Proof. Let X be a random variable with law p, independent from £. Invariance of (2.5.7)) is
equivalent to showing that

for every F' : X® — R continuous. Let M > N. By definition of X¢, we have that
limasoo [[u — Pyrufl yo = 0 for every u € X, o/ > . Therefore, by Proposition

Proposition and (2.3.9)), one has that for every ¢t > 0,
Jim (@ (PyX; Pr) = @V (X8| o = 0.

Therefore, by dominated convergence, it is enough to prove that

E[F(LPN(PMX Pr€)) exp ( -4 /(PNmX) )} = E[F(PNX) exp ( - i/(wlPNX)“)]
(2.5.8)
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By (2.5.6), it is easy to check that Y = (Y, ;)T := & (-; Pys&) solves the SDE

o= ((1 : A?) 11) Yo <(PNOY)3> i (\@?WM) ’

where dW)y, := Py is a space-time white noise on the finite dimensional space given by the
image of the map Pp;. Therefore, if we show that the measure p defined on the rank of Py,

~ 1 1 1 1
dp(u) = exp ( ~1 /(PNu)4 ~3 / lu|? — 5 / |Aul? — 5 / |ut|2)dudut,

is invariant for the flow Y, we get (2.5.8). Since Y solves an SDE with smooth coefficeints, this
is true if and only if p solves the Fokker-Planck equation

(ot () (@] o
— div {( (_(1 2 A2) _11> (;Lt) - <£3> )} P, up)

= dim ({PMut})f)(u, ug)
= (2M +1)°p(u, uy), (2.5.9)

(- (—(12&) —11> (’Zg) - <1?3> ) Vit w)
ol (Lot 2) ()~ ()]

:(/(PNu)3PNut + /uut + /Azuut +/ut(—(1 + A?)u — uy + PN(PNU)3)>5(UvUt)

= ([ ) ot ).

and

We have that

A, plu, ur)
= tr (d2,p(u, u)

~—

(]

d2p~(u7 ut) 0 ’ 0
hy hy
sis of {Pyrus}
2
(— /h? + (/ Utht) )ﬁ(u, ut),
{h+}orthonormal

= (_ (2M +1)° +/u?)ﬁ(u,ut),

{h¢}orthonormal ba:

(]

o

asis of {Parut}

so (2.5) is satisfied. O
Corollary 2.5.3. The measure p is invariant by the flow of (SDNLB)).

Proof. By Corollary one has that for every ¢t > 0 and every ug € X¢, ®N(up;¢) —
Di(up; &) in X* a.s.. Let F: X* — R be continuous and bounded. By dominated convergence
and Proposition we have

[ E[Fe@uien]asuo) = [ E[P@iuoen]es (-1 [w0)*)dntu)
= lim E[F((Div(uo;g)))} exp ( - i/(PNﬂluo)‘l)d,u(uo)

N —o0
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N—o00

/F(uo) exp ( — i/(wluo)‘l)du(uo)

= /F(uo)dp(uo)-

= lim [ F(ug)exp ( - i/(PNwluo)‘L)du(uo)

O

2.6 Ergodicity for stochastic beam equation with damping

In this section, we proceed to show unique ergodicity for the flow ®;(ug;¢) of (SDNLBJ). We
recall that, as discussed in Section 2.1, the flow is naturally split as ®;(ug; &) = 1:(€)+S(t)ug+v,
where v = v(uy, £;t) solves (2.1.14).

As discussed in the introduction, the flow of does mot satisfy the strong Feller
property, so more “standard” techniques are not applicable. Indeed, by taking a set Fy C X®
of full measure for 14(£), we can see that

P(®:(0;€) € By + H?) =P(1 +v(0,&t) € By +HY) =P(N, € B, +HY) =1.

Taking 0 < a < a3 < %, let Wy € X\ H*, whose existence is guaranteed by Lemma m
We have that S(t)dy ¢ 7—["‘1E| for every t, and so for every A # 0,

P(®(Nt, £)(t) € Ey +H?) = P(1,(€) + AS(t)uy € E; + H?).

By taking E; C H*, (as allowed by Proposition, we have that this probability is bounded
from above by
P(1:(&) + AS(t)uo € H™) = P(S(t)up € H) = 0.

Therefore, the function
U(u) := E[1{p, 122} (P(0,£)(1))]

satisfies ¥(0) = 1 and ¥(Aup) = 0 for A\ # 0, therefore is not continuous in 0. With the same
argument, we can see that ¥(H?) = {1} and ¥(X*\ H*) = {0}, and since both sets are dense
in X% we have that ¥ is not continuous anywhere.

2.6.1 Restricted strong Feller property and irreducibility of the flow

In this subsection, we try to recover some weaker version of the strong Feller property for the
flow ®@. The end result will be to prove the following lemma, which will be crucial for the proof
of ergodicity:

Lemma 2.6.1. Let vy, vy be two invariant measures for the flow of (SDNLB)) such that vy L vs.
Then there exists some V C X such that v1(V) =1 and vo(V + H?) = 0.

In order to prove this, it is convenient to introduce the space X* = X® equipped with the
distance
d(ug,u1) = [lup — w42 A 1.

While X? is a complete metric space and a vector space, it does not satisfy many of the usual
hypotheses on ambient spaces: it is not a topological vector space, it is disconnected, and it
is not separable. Moreover, the sigma-algebra % of the Borel sets on X<, which is also the
sigma-algebra we equip X' with, does not coincide with the Borel sigma-algebra of X% - £ is
strictly smallerﬂ However, in this topology, we can prove the strong Feller property.

2Since S(t) in invertible in H1.
3Take up € X\ H2, and let E C R be not Borel. Then it is easy to see that Fug := {\ug|\ € E} is not in
A, but it is closed in X“.
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Proposition 2.6.2 (Restricted strong Feller property). The flow ® of (SDNLB)) defined on
X has the strong Feller property, i.e. for every t > 0, the function

PG(u) := E[G(®(u,£)(1))]
is continuous as a function X* — R for every G : X* — R measurable and bounded.

Before being able to prove this Proposition, we need the following (completely deterministic)
lemma, which will take the role of support theorem for &.

Lemma 2.6.3. For every t > 0, there exists a bounded operator T, : H? — L?([0,t]; L?) such
that for every w € H2,

W= /ot S(t— ) ((Ttvg)(t,)) &' = 1,(Tyw).

Proof. This lemma is equivalent to proving that the operator 1, : L2([0,t]; L?) — H? has a
right inverse. Since H? and L?([0,t]; L?) are both Hilbert spaces, we have that ; has a right
inverse if and only if 1} has a left inverse. In Hilbert spaces, this is equivalent to the estimate
Wiy S ”r:W”LQ([O,t];Lz)' We have that

(17w)(s) = mS(t — s)*w,

where 79 is the projection on the second component. Therefore,

t
1wl o) = / Im2S(s) w2

For convenience of notation, define L := /2 + A2, and redefine w||? = ([ |Lw|?) Y} In this
space, we have that

e2m38(s)*w = Lsin(sL)v + (COS(SL) - Sin(SL))vt.

2L

Therefore, if A, := /3 + |n|*, by Parseval
, t
il o~ X [

An sin(sAp)@(n) + (cos(s)\n) - M)ﬂ)\t(n)rds.
nezs

2,

Since by Parseval (w2 = |[An®@]|;2 and |Jwy|| 2 = ||W]|,2, the lemma is proven if we manage
to prove that the quadratic form on R?

By (z,y) = [

satisfies B,, > ¢, id, with ¢, > ¢ > 0 for every n € Z3. We have that B, > 0, since the
integrand cannot be identically 0 for (z,y) # (0,0) (if the integrand is 0, by evaluating it in
s =0 we get y = 0, from which evaluating in almost any other s we get x = 0). Therefore, it
is enough to prove that ¢, — ¢ > 0 as |n| = +00. As |n| = +00, A, = +00 as well, so

)

sin(sAp)x + (cos(sAn) —

)

¢
lim/ sin(s\,)? =
" Jo

N+ DN+

¢
lim/ cos(shn)? = =,
™ Jo

lim sin(sAy,)

=0
n 2\, ’

41t is easy to see that it is equivalent to the usual norm JIVT + A2w|?
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t
lim | sin(sA,)cos(sA,) = 0.
n 0
Hence, B,, — % 1d and so ¢, — 3 L>0. ]

Proof of Proposition[2.6.3. We recall the decomposition ®(u,&)(t) = S(t)u+ 1(£) + v(u,&;t).
For h € Lf@, adapted to the natural filtration induced by &, let

e e (~ 5 [ 100N + [ 400, ).

Let Cy > 1, E := {&]||1:(¢ )||C(0t] oy S C1}, and T} as in Lemma Let ug € X* . By
Corollary [2.4.3] H, as long as £ € F and 02 is big enough (depending on ug, C4), then
3
max([V(, & )| oo 1SE 0+ 10 () + 0lb 0u.22)) < Co

in a neighbourhood of uy. For convenience of notation, we denote

(Tev(w, &) (t) = —(m (St )u+10(€)) +v)*.

Because of (2.1.14), v satisfies v(¢) = %,(7;v), and by the continuity of the flow in the initial
data, T;v is continuous in ug. Moreover, in this way 7;v will always be adapted to the natural
filtration induced by &.

By Girsanov’s theorem ([4, Theorem 1]), we have that

E[G(2(u,§)(1))]
= E[leep-G(2(u,§)(1))] + E[leerG(S()u + 1:(E) + v(u, &1))]
= E[leep-G(®2(u,§)(1)] + E[leceG(S(t)u+1:(§ + Tev(u, §;1)))]
= E[lecp-G(®(w,§)(1))] + E[lecmrv G(S(H)u+ 1:(£)E(Tev(u, & 1))

Notice that Novikov condition ((2.1) in (4, Theorem 1]) is satisfied automatically by the esti-
mate [|7;v(u,&;t)|,2 < Co, which holds true on {§ € E}ﬂ Let vo € H2, with ||vo| < Cs.

E[G(®:(u+vo,8))]

= E[l&eErG((I’t(u‘F VO;&))]
+E[leceG(SE)u+ 1 (§+T.S(t)vo + Tev(u+ vo, &5 1)))]

= E[lgeEcG( (u +vo, ¢ )(t))]
+E[Lpr1,5(tvor i G(S (D) u + 1(E)E(TS(t)vo + Tiv)].

Up to changing v outside of F, we can assume ||v(u,&;t)|,,2 < Co. Therefore, we have (using
Girsanov again)

[E[G(®:(u+ vo,£))] — E[G(24(u, §))]|
< Gl e (2P(€ € E¥) + ElL(s 70 E (Tev(, 1)
+ Ell(s4+m50)vorTiv)E(TiS(t)vo + Tev)]
+E[E(Tiv(w,&1)) = E(TS(0)ve + Tev((u+vo), &)
= Gl (4P(E € E°) + E|ETS(H)vo + Tov(u+ vo, 1) — E(Tiv(u), 1))

Notice that, by Burkholder-Davis-Gundy inequality, for A in the form h = T;S(¢t)w + Ty v, with
both ||v]|;2 < Cs and ||wl|y. < Cs,

Elexp(p (h,€) 2 ) Zp €)1 1]

k>0

5to define a global adapted process that is equal to Tzv on {¢ € E} and bounded by Ca everywhere, we can
for instance stop 7T;v when its norm reaches Co
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k3 k k
<1+ e (mstwls +ENTIL: )
k1

<14 U (W) [ lge + W (CoELITevIEs 12,
< U(Co).

where W1, Uy, ¥ are monotone analytic functions with infinite radius of convergence. With the
same computation, we get

El(exp(p (h,€) 1z ) = 1)"] < Wa,n(Co)(IWllye + ElITevII7: 12) Snes ElIAIT: 12

Therefore, by continuity of the flow of (SDNLB) in the initial data, for |[vol/,. < 1, we have
that

E[E(T,S(t)vo + Tev(u +vo, &) — E(Tiv(u), & 1)
—€[exp (S ITv DI, + (Tv(u60).6),; )

< (exp (= SUTS@Wvo+ Toviutvo, 603~ ITv(w &), )
+(TiS(tvo + Tiv(u+vo, &) = Tov(w &1),€) ;) —1)]

—€[exp (S ITv0 GO+ (Tv(u60,6),; )
x (e (= SUTS@Evo + Tovlut vo, &0l — ITv(m & 0l2, ) ~1)
< exp ((TS(1)vo + Tov(u+ vo, &:1) — Tov(w, &1).6), )
+oxp ((TiS()ve + Tov(u+vo,&1) — Tv(w,60),€) ;) ~1))]
< [Eew (260,65 )]

<[(E(exp (~ SUTS @O0+ Tevin+vo, 6013, — ITv(w &0l ) ~1))

[

X (Eexp (4 (TS(t)vo + Tev(u+vo, &) = Tev(w, &51),6) 1z ))

W=

}

+ (E(exp ( (TyS(t)vo + Tev(u + vo, & t) — ﬁv(u,f;t)@)L?m ) _ 1>2)
/SCQ [E ||TtS(t)VO + 7;V(ll + Vo, E? t) - 7;V(ll, 51 t)”ifz]%a

which is converging to 0 as ||vgl|;,2 — 0 because of dominated convergence. Therefore,

limsup [E[G(®(u+ vo,£))] — E[G(P4(u, ))]|

llvollz2—0

< limsup |G|~ (4P(§ € E€) + E’S(TtS(t)vo + Tev(u+ v, &3 t)) — 5(7§V(u),§;t)’)

[lvoll 42 —0

=4 (|G| L~ P(& € EY).
Since the left-hand-side does not depend on C7, we can send C; — oo, and we obtain that

|E[G((I)t(u + Vo, E))] - E[G((I)t(u’ E))H = 07

1
llvollzz—0
ie. E[G(®(u,§)(t))] is continuous in u in the X* topology. O

While the topology of X* does not allow to extend many common consequences of the strong
Feller property, we still have the following generalisation of the disjoint supports property.
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Corollary 2.6.4. Let vy L v be two invariant measures for the flow of (SDNLBY|). Then there
exists a measurable open set Vo C X such that v1(Vp) =1 and v2(Vy) = 0.

Proof. Let S; C X be a measurable set with v1(S1) = 1, 12(51) = 0. Consider the function
V() = E[ls, ((u, §)(1))]-

By the Proposition ¥ : X“ — R is continuous. By invariance of v;, ¥ =1 vy-a.s. and
U = 0 vp-a.s.. Let Vp:={¥ > %} We have that Vy C X is open by continuity of ¥, it is
measurable since ¥ is measurable,

ri(Vo) >2mnm({¥=1}) =1

and
va(Vo) < va({¥ # 0}) = 0.

O

Lemma 2.6.5 (Irreducibility). Suppose that v is invariant for the flow of (SDNLB)), and let
E C X“ such that v(E) = 0. Then for every w € H2, v(E +w) = 0.

Proof. Since X is a Polish space, by inner regularity of v it is enough to prove the statement
when E is compact. Take C1 < 400, and let F' := {[|T.({)[|¢(jo,g.%+) < C1}- Proceeding in a
similar way to Proposition we have that by the compactness of E, the boundedness of
1.(€) and Proposition Tyv satisfies Novikov’s condition on {{ € F'} and

0= v(E) = /E[lE(S(t)u F1,(6) + v])dv(u)
> [ELROLE(SOu -+ 1) + V)l (w)
— [ Elrar (@Le(SEu + 1O Tiv)ldv(w).
Since £ > 0 P x v—a.s., this implies that 1y 7v(€)15(S(t)u+1(€)) = 0 Pxv—as.. By sending

Cy — oo, by monotone convergence we obtain that 15(S(t)u+ 1:(£)) =0 P x v—a.s..
Let w € H2. Then, proceeding similarly,

[ L@ LS+ 1u(6) + vldv(w)
- / E[Lr(6)Lu (S + 1(€) + v — w)ldv(w)
- / E[Lrs 7ty (€)15(S(E)u + L(€))E(Tov — Trw)]du(w) = 0,

since the integrand is 0 P x v—a.s.. By taking C'y — oo, by monotone convergence we get

0= / E[L s w (S + 14(6) +V)]dv(w)
=v(E +w).
O

Proof of Lemma|2.6.1. Let v1 1 vy be two invariant measures, let V' = V[ be the set given
by Corollary d let {wW, }nen be a countable dense subset of H2. We have that, by
definition, v1 (V') = 1 and v5(V) = 0. By Lemma[2.6.5] v2(V +w,,) = 0 for every w,,. Therefore,
va(U,,(V + w,)) = 0. Moreover, since V is open in X*, we have that |, (V 4+ w,) =V + H%
Therefore, vo(V + H?) = 0. O

34



2.6.2 Projected flow

In this subsection, we will bootstrap ergodicity of the measure p from ergodicity of the flow of

the linear equation
o (%) = _ 0 -1 wy 0
N )~ \1+A2 1 )\ NOIYE

The measure g defined in (1.1.7) is invariant for the flow of this equation (which can be seen
as a special case of Proposition for N = —1). Let L(t)u be the flow of (2.6.2), i.e.

L(t)u:= S(t)u+ 1,(9).

Lemma 2.6.6. The measure i is the only invariant measure for (2.6.2). Moreover, for every
ug € X9, the law of L(t)ug is weakly converging to p as t — oo.

Proof. Let ug,u; € X<, and let F': X® — R be a Lipschitz function. We have that

[E[F(L(t)uo) — F(L(t)m)]| = [E[F(S(t)uo + 1e(&)) — F(S(t)ur + 1(€))]]
< E[min(Lip(F) [[S(t)uo — S(t)us | ya , [|F] o )]
< min(e” 5 Lip(F) [[uo = w1l o s | Pl )

Therefore by invariance of u, we have that
ELP(L(tuo)] — [ Fun)dutun)| = | [ (ELF(L(E)u0) ~ EIF(E ()] duu)
< [ min(e F Lip(F) o — w1 ),

which is converging to 0 by dominated convergence. Since Lipschitz functions are dense in
the set of continuous functions, this implies that the law of L(¢)ug is weakly converging to p.
Similarly, if v is another invariant measure,

’/F(uo)dy(uo)—/F(u1)du(u1)‘
= | [ EF @) ~ ErEou)avtu)du)
<[] min(e Lin(F) o = il 1Pl o)),

which is converging to 0 by dominated convergence. Since the left hand side does not depend
on ¢, one gets that [ F(ug)dr(ug) — [ F(uy)dpu(uy) for every F Lipschitz, so p = v. O

Consider the (algebraic) projection m : X — X /H2. While the quotient space does not
have a sensible topology, we can define the quotient sigma-algebra,

A:={F C X“/H*st. 7~ (F) C X* Borel},

which makes the map m measurable. While this will not be relevant in the following, we can
see that A is relatively rich: if £ C X is closed and B is the closed unit ball in H?2, since B
is compact in X%, E + nB is closed for every n, so F + H? = U,, £ + nB is Borel. Therefore,
m(E) € A.

Since S(t) maps H? into itself, is it easy to see that if m(u) = m(v), then m(L(t)u) =
w(L(t)v). Therefore, m(L(t)u) is a function of 7(u), and we define

L) (u) := 7(L(t)u).

Moreover, if ®;(u; &) = S(t)u+1:(£)+v(u,&;t) is the flow of (SDNLBJ), where v solves (2.1.14)),

since v belongs to H?, we have that

m(@(u;€)) =m(S()u+ 1:(§) + v(u, &) =m(S(t)u + 1:()) =7 (L(t)u) = L(t)7(u).
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Therefore, also 7(P¢(u;€)) is a function of 7(u), and moreover

m(@:(u;€)) = L(t)m(u), (2.6.1)

so the projections of the flows for ) and (| m ) coincide.
Proposition 2.6.7. The measure Wﬁ(u) is ergodic for L(t) : X*/H? — X*/H>.

Proof. If G : X*/H? — R is a bounded measurable function, then by invariance of y,
[ EGE @) mnte) = [ EGET )t
*/[QMM)DMM)

=/mmme
SO myu is invariant.

Let now G be a function such that E[G(L(t)z)] = G(z) for myu-a.e. x € X*/H> Then
E[G o m(LHW)|E[G(r(L(t)w))] = E[G(L(t)7(w))] = G(r(u)).

Since p is ergodic (by Proposition [2.6.6)), this implies that G o 7 is p-a.s. constant. Therefore,
G is myp-a.s. constant, so myu is ergodic. O

Proposition 2.6.8. Let v be an invariant measure for the flow of (SDNLB) such that myv <
myp. Then v = dﬂ

Proof. Suppose by contradiction that v # p. Let

N T
S
P xR

Since p, v are invariant, it is easy to see that pi1, p2 are both invariant probabilitiesﬂ Moreover,
p1 L p2,and p; K p+v, 50 Typ; L myp + My KL T
Proceeding as for (2.6.2)), and using (2.6.1)), we have

/Ewawmemm:/tm@mﬂmmmm>
—/am<@msmme>

/G u))dp;(u)
~ [ Gayimp;(a)

therefore myp; is invariant for L(t). Moreover, since myp; < myu, by invariance of myp; and
ergodicity of myu, we must have myp; = myu. Let now V' be the set given by Lemma ie.
p1(V) =1, p2(V +H?) = 0. We have

0=po(V+H?) = mpa(n(V +H?)) = mu(n(V + H?))

6Notice that since p < p, then T K T fd-
7Just use the characterisation

fF >0, / F(z)dos () = sup / Gw)do(x).

0<G<F
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=mp1(n(V +H?) = pr(V+H?) > pr(V) =1,
contradiction. O

Corollary 2.6.9. The measure p is ergodic for the flow ®4(-,€) : X* — X% of (SDNLB]).

Proof. Let v < p, v invariant. We have that myv < myp < myp. Hence, by Proposition [2.6.8]
v = p. Therefore, p is ergodic. O

We conclude this section by proving unique ergodicity for the measure p. This will be the
only part of this argument for which we require the good long-time estimates for the flow given
by (up to this point, whenever we used Corollary we needed just the qualitative
result of global existence and time-dependent bounds on the growth of the solution).

In particular, we will prove the following version of Birkhoff’s theorem for this process,
which in particular implies Theorem [T.1.2]

Proposition 2.6.10. Let ®,(u;€&) be the flow of (SDNLB)). For every ug € X%, we have that
pr — p as t — oo, where py is defined by

/F(u)dpt(u) = %/0 E[F(®y(ug,&))]dt’.

Proof. Consider the usual decomposition

®¢(uo, &) = S(t)uo + 14(§) + v(uo, &3 1),

where v solves (2.1.14). We have that the law p; of S(t)ug+1,(§) = L(uo) is tight in X, since
from Proposition ue — p as t — co. Moreover, by this tightness, the estimate
and the compactness of the embedding H? < X, we have that also the law of v is tight.
Therefore, the law of ®(ug, £)(+) is tight, so also the sequence p; is. Hence it is enough to prove
that every weak limit point p of p; satisfies p = p. Notice that, by definition, p is invariant.
Let ¢, = oo be a sequence such that p;, — p. Consider the random variable

Vi = (S(t)ag + 1(£), v(uo, &) € X x X

By the same argument, the law Y; is tight in X* x X< (with compact sets of the form K. x
{Wl w2 < Cc}). Therefore, if we define vy by

/F(ul,ug)dl/t(ul,ug) - %/OIE[F(Y,E)]dt,

the family will be tight, with the same compact sets. Hence, up to subsequences, vy, — v, with
v concentrated on X x H2. Define the maps &, 7, m : X x X* — X% by

mo (2, y) =Y.
Since 6(Y;) = ®(uo, &)(t), then Sy = p. Moreover, since m1(Y;) = S(t)ug + T, we have that

(m1)ge = pe, so (m1)yv = p. Recall the projection 7 : X — X*/H2 On X x H?, we have
that m 0 & = 7 o m;. Therefore, since v is concentrated on X< x H?,

mp = mGyr = Wﬁ(m)ﬁy = Ty/d.

Hence, by Proposition (2.6.8)), we get p = p. O

Remark 2.6.11. If we could improve Proposition [2:6.7] to unique ergodicity for the measure
myu, we would automatically improve the result of Corollary to unique ergodicity, without
using at all the long time estimates for the growth of v. Indeed, if we knew that the measure 7y
was uniquely ergodic, then for every invariant measure v, w3 = myu will follow automatically
from invariance, and we could apply Proposition to show v = p.
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Chapter 3

Stochastic Wave Equation

3.1 Renormalisation and meaning of the equation

In this chapter, we consider the equation (joo-SNLW]),

{utt—Au+u3—oo-u:§,

oo-SNLW
(uvut)|t:O =Ug € HS = H® x 13’8717 ( )

The renormalisation that we apply in (oo-SNLW)) is better described as follows. Recall that £
is defined to be a distribution-valued random variable such that for every test function ¢, (¢, &)
is a Gaussian random variable with mean 0 and variance

Ell (¢,€) ] = |9l - (3.1.1)

Ignoring the term with co in (oo-SNLW|), we consider a perturbative expansion u = v + 1,

where
P sin((t —t)|V])

¥ =
o IV

&(that’ (3.1.2)

solves the linear wave equation
Ve = A + &
Formally, the term v would then solve the equation

vy — Av = —(p +v)? = =3 — 3¢ — 3yw? — 03

However, because of the roughness of ¢, it can be shown that the terms 13, 1> do not make
sense as space-time distributions. Therefore, we introduce the Wick renormalisation

% = — E[|y)?],
P =3 — 3E[|y)?]Y,

and define v = u — 1 to solve the equation

(3.1.3)

vy — Av = — p3: =3 p?: 02 — v — 03
0(0,) = up € Hy (R?), (3.1.4)
v(0,-) = w1 € HyH(R?).
While both terms on the right hand side of (3.1.3) diverge (for both definitions), it is actually
possible to give a meaning to the renormalised terms : 92 :,: 3 : by first taking a smooth
approximation of the noise £ and then taking a limit in the space W >, This will be achieved
in the next section.
Denoting (formally) :u?: = u® — 3E[|¢)|*]u, solving the equation (3.1.4]) for v corresponds to
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solving the equation
up = Au— 1w +€,

ullo, ) = uo € Hp,. (SNLW)
’U,t(to, ) =ui € Hlsozl

for u. Since E[|¢|?] = +oo for every ¢t > 0, by inserting this into (oo-SNLW]) we obtain the
formula (0o-SNLWJ). This kind of renormalisation is exactly the same that appears in [§] for
the cubic wave equation on the torus.

As in the case for beam equation, we need to define the meaning of solutions to (jloo-SNLW]).
SNIW) in the

As we already discussed, we write u = ¥ 4+ v, and we say that u is a solution of (
interval I if v € C(I;H;,.) solves the mild formulation of (3.1.4),

sin((t —10)|V])
v !

(f 3 () — 3 1% ()o(t) — 3y (t) — v?’(t’))dt/. (3.1.5)

v(t) = cos(t(—to(|V])uo +

Usin((t —t')|V])
At

3.2 Stochastic convolution and Wick powers

In this section, we will explore the regularity of the function ¢ and the define and study the
objects : 1! :. We provide a unified argument for both cases, which is also more suitable for
generalisations for manifolds different from T2, R2, or wave equations associated with operators
different from the standard Laplacian. See [20] for a situation in which this has be done for the
Laplace-Beltrami operator on a compact manifold.

Lemma 3.2.1. Let f, g be test functions, and let 0 < s < t. Then

‘ sin(s|V|) cos(t|V])
(8005((t—8)|V|)— N )fa9>

// Ksi(z —y)f(z)g(y)dzdy = (Ksi * f,9)

(0. 1) ha) = (e
(3.2.1)

where K4 € LP for every p < +o00. Moreover, K, € L? is a continuous function of s,t.
Moreover, if s,t € R, similar formulas hold, with

Kisp g if s-t20,[s] <[],
Ksit =1 K5 ifs-t>0,[s] > |t], (3.2.2)
0 if s-t<O.

Proof. By the definition of ¢ (3.1.2)), and the universal property of white noise (1.0.2]), we have

awa»ﬁ<w@»m——E[f<aﬂx“““t‘ﬂ”va>dﬂ[f<aﬂx“n“5‘ﬂ”vwg>dﬂ

V| V|
/s = 0)Y))  sin((s — V) \
“A < NN 9>“
/ sin((t — )|V sin((s - )] .,
-/ VP jar.g).

from which we obtain the first equality in (3.2.1]) after integration. With the same computation,
we can show ((3.2.2)). By this equality, the Fourier transform of K, is given by

-

KS,t(ﬁ)

sin(le) o)y (32)

(seostt = )leh) - ===

!
21¢J

so for every 1 < ¢ < 2, I?; is in L9 (and the map is continuous in ¢, s). Hence, by Hausdorff-
Young’s inequality, K+ € L7 and it is continuous in t,s. O
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Lemma 3.2.2. Let p, be the heat kernel. Define 1, := 1 % p,, and let

:1/)71': = ,(/}7'7
2= 2 — ), (3.2.4)
3= g — 3E[2],.

Then for every test function f,g,
EGub: () f, b (s)g) = 1! //(Ks,t *pryr) (@ = ) f(2)g(y)dady. (3.2.5)

Proof. By (3.2.1)) and a simple application of Proposition [A.3.1] we have that (s),(t) € C~¢
almost surely. Hence, ¥ (s),1.(t) are smooth functions, and satisfy

// F(@)g(W)E (5, 2)r (1, y)dady = E (r, £) (rr, g)

E<w7f*p‘r> <’L/}ug*p'r’>
= <Ks,t *f*]?ng*Pr/>
= <Ks,t * Prgr * /s g>

- // (s # pran) (& — ) f (2)g(y)dady.

Therefore, E¢, (s, )¢, (t,y) = (K5t * pryr)(x —y) for almost every z,y. Hence we have, using
the fundamental property of Wick products (A.2.2))

E (b f) (vl g) //f L (s,2) s (1 y)dady
— [ @9t} (€0 (5,21, ) oy
— [ et = 1 @)at) o

O

Proposition 3.2.3. Let 1 <[ < 3. For every t, the sequence 1. : (t) is Cauchy in the space
LP(P; C2) for every p < +o0, so it converges to a unique limit :p': (t). Moreover,

E (ol (0)f, 9" ( —l'// o) (@ — ) f(z)g(y)dzdy, (3.2.6)

and ' (t) admits a version which belongs to C(R; Cpy2) almost surely.

Proof. We have that :9L: (0) = 0. Moreover, for 7,7' > 0, s < t, by the formula (3.2.5), if f is
supported on a ball B,

E(Cor: ()= v (1)), f)]
= l'/ Kt t *pzr - Q(Ktt * Prdgr! ) + (Kt,t *p27')l] (x —y)f(x)f(y)dedy
~ ( H Ky, *p2T) - (Kt,t * Dryrt) HLq(B) + H(Kt,t *pr+r/)l - (Kt,t *p27')lHLq(B)) ||f||2Lq' .

By Lemma and (3.2.3) (or by (3.2.3) and Hausdorff-Young inequality), K; ¢ * ps — Ky 4
in LP as 6 — 0. Therefore,

2

||(Kt,t *pQT)l - (Kt,t *pf-s-f’)lHLq(B) + ||(Kt,t *pT+T/)l - (Kt,t *pzﬂ)lHLq(B) — 0,

so (A.3.1)) holds. Moreover, by (A.2.4]), we have (A.3.2]). Therefore, by Proposition we
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have that for p big enough,

lim El[:el: ( =0.

7,7’ =0

P
f¢lT/3 (t)HC*E(B)
By the same limiting procedure, we get (3.2.6). Finally, for a test function f,

El (:ots ()= :¢t: (s), f) P
—v/.mt 2K, + KL) (@ — y)f (@) (y)dady
-1 2
~ ( HKM - s7t||qu + ||Ks7t - Ks,SHqu ) ( ||Kt,t||qu + HKS,t”qu + ||Ks,s||qu ) ||f||Lq’ .
By Lemma K € LY for every q < +o0. Moreover, by (3.2.3)),

(sin(¢[€]) — sin(s|¢])) COS(tIEI))‘
2[¢|

‘f/(t\t(f) K 5)‘ _ '|£1|2(t—scos((t—3)|f) -

_ Y’
ctos (=9
ISR 4
Therefore, by Hausdorff-Young, if 0 < 6 < 1 satisfies (2 — 0)(1 + lq%l) > 1, we have that
|1 Kt — K tHqu(B) < (t — s)?. Therefore, by Proposition for every ¢ < 400, € > 0, we
have :¢':€ C(R; O,

loc

) Since ¢, ¢ are arbitrary, we get :¢':€ C(R; C}.5). O

Lemma 3.2.4. Let m : R — R be a smooth even function such that m(\) =1 for |\| <1, and
m(A) = 55 for |\ > 3. Consider the operator I := m(|V|/N). For every ball B, and every
p > 2, we have the estimate

i 1 11 1
(ENIN G0 )" < p?IBIFEE (log V)3 (3.2.7)

Moreover, for every smooth p with compact support, the same estimate holds

=
M\H

b 1
(EllInpell7a])? Sp p2t2 (log N)2. (3.2.8)
Proof. From the formulas (3.2.1)), (3.2.3),

[|IN’(/J(£L‘0 / Ktt X — )[N(Swo( )IN(SQUO( )dl’dy

~/Eﬁ@m(m)df
S/kéfm(§>d£

3N 1 +oo 5 1
y/ 444¢/ N L qe
o (g 3N |€[2+2

1
< t(logz\wmﬁ) <tlogN,

where the integrals become sums on £ € Z2 for the case of the torus T2.

Hence, by (A.2.4),
= ( / [Intp (o) |d330>

([ Elnvoteorian)

'd\»—\

(ENENY T 0 5)])
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Proceeding similarly, we have that

2

EHINp'l/)(l'O)F] ~ /[?t\,t(g) ‘/m(|£n> [)(77) i(§—n)- Iodn df

K § m(E=nD) . \ inmon |

= | Kual8 m(N> el Pe o dn| de

Integration by parts < /Ktt m (5) w . lelww <xi>4d§

1 . 2

Sp W/Kt,t(g)m <|§[|) dé
1

<

N <9UO>4tlogN,

SO

P

D=

(ENInpv|L,)* < p} ( / (E|INP1P(9U0)2)5da:0)

1
1 p
Sp p% (/ deo) t%(logN)%
0

3.3 Local in time theory
3.3.1 SNLW on the torus

In this subsection, we will prove the following, which establishes local well posedness for the

equation (oo-SNLW)|) posed on the torus.

Pr0p051t10n 3.3.1. Let 1 > s > 2, and let u = (ug,u1)” € H*(T?). Consider the equation
(3:1.5), starting with initial data (v (to),vt(to))T =ug. There exists a stopping time

2e) (3.3.1)

T =TE[9" e, 11004130 ) J1=1.23: [[10]

such that T > 0 a.s., T is nonincreasing in its variables, and such that the equation (3.1.5)) has
a unique solution v = (v,dw)T in the space C([to — T, to + T]; H?).

Remark 3.3.2. Since the condition given by the global argument is s > %, we keep the
argument simple and just show this result for s > % However, with more refined techniques,
it is possible to show a similar result for s > 1, as it is shown in [§].

42



Proof. This proposition will follow by a Banach fixed point argument. Consider the map

Ty, v := cos((t — )| V|)uo + Sm((|V|)|V|)

Jj=0

(3.3.2)

defined on functions v € Cy([tg — T, to + T]; H®), for some 0 < T' < 1. We want to show that
for every R > 2 |lug|;., there exists some (random) 7" > 0 such that I'y, is a contraction on
the ball B(0, R) C Cy([to — T, to + T1; H®).

By the Sobolev embedding H® < H3 — WO+6= < 16 and s — 1 < 0, we have that

to+T || 3 3\ . '
Cartlle < ol + [ (3ot w3 ar
to—T =0 J B
Hs—1
2073\ ,
< ol + 27 ([ s + 3 () 197 4%l

7=0

< 3 2 5 (3.3.3)
< agllygs + 2T( ||v||Lt°°L6 + Z HU||LooW0+,6— H”f/ :HL?’W;’*'“*)
7=0

:w37j5||L§°W,S*=6+)

2
S lwollyee + 27 ( ol 7 o0 s +, IIUHLooH,s.
j H

< ol + T (0l - + (1 + anctHs) w3 673 0, 0100 )

By Proposition ||:1/)j:||Ct([t0_17t0+1];co_) is finite a.s., so given n > 0, for

T = To(lrgja%(SH:z/Jj <1,

:HCt([tg—l,t0+1];C°*))

we have T H:wj < n. Therefore, for T < Ty, we have that

:HCt([tO*LtoJrl];COf)
”Fuov”Hs S, R+ 2TR3 + (1 + R2)777

so if we choose 7 < ﬁ and T < T1(R) as well, we get that Iy, maps B(0, R) into itself.
Proceeding similarly, we have that

2 2
ITuv = Tagoll S T( 10 = wll,gro Ul e + 0l )

+ v — w”ctHs (1+ HUHQHS + Hw”ctﬂs)]n:l?); ||51/)j:HL;X’VVS*’G+ )
S o = wllg, e (R*T + (14 R)m).
Therefore, taking T" <« %, and 7 as before, we have that I'y, is a contraption on B(0,R) C

CyH*®. Therefore, there exists a unique solution to (3.1.5)) in the interval [[to — T\, to + T with
v € CyH?®. We just need to show that this solution satisfies 9;v € C,H*"'. This solution

satisfies I'y,v = v, so proceeding as in (3.3.3)
[0ev ()| =
= 10¢(Tuov) ()] e

t 3
= —|V|sin((t—t0)|V|)uo+cos((t—t0))u1+/ cos((t —t')|V]) Z( )vg 30| dt
to

Jj=0 Hs—1
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< OISR (3 i Ly /
S Mol s + lluall e + S0 )? P dt

=T |50\ Ho-1

3 2 -
S llaollyys + T( lvlle, me + QX+ lvlle, gs) 121?%(3 H:W :Hct([tO*l,to“rl];CO*))

< +00.
O

Proposition 3.3.3 (Blowup condition for (SNLW)). Let s > %, let ug € H®, and let v €
C((=T*,T*); H*) be a solution of (3.1.5) with Opv € C((=T*,T*); H*~1). Suppose that T* <
+00, and that the solution v cannot be extended to any interval of the form (—T* — e, T* +¢€).

Then
lim sup |[v(t)]| = = 400, or
t—T*

limsup [|0sv(t)]| aer = +00,  or

t—=T*

3.34
limsup [|v(t)]| s = +00, or ( )
t——T*

lim sup [|0,v(t) || fys—1 = +00.
t——T*
Proof. Suppose that (3.3.4)) is not satisfied, i.e. all the limsup-s are finite. We want to show
that we can extend v to an interval of the form (—T* — ¢, T* +¢).

Call M the maximum of the limsup-s in (3.3.4)), and let

To =T({]| 1! :HCt([—T*,T*];C—E}lzl’Q’g’ 2M)).

Let to = T* — L. By Proposition we can build a solution of (3.1.5) in the interval
[to—To,to+To] = [T* — %TO7 T + %TO]7 hence we can extend v to the interval (—=T7*,T* + %TO).
Similarly, by choosing ty = fT*Jr%TO, we can extend v to the interval (=T f%TO, T*Jr%To). O

3.3.2 SNLW on R?

In this section, we tackle the local in time theory for the equation posed on RZ.

As opposed for the case of the torus, a Banach fixed point argument on some (appropriately

crafted) Banach space does not seem to be available. Indeed, the law of the term ¢ is space

invariant, and because of finite speed of propagation, the values of ¢ are independent on far

away space-time regionsﬂ Therefore for every time t, we expect 1 to have peaks of arbitrary

height, which is an obstruction to closing a fixed point argument (since ¢ could push v to have

arbitrarily high norm on arbitrary short time, somewhere in space). To overcame these issues,
we consider the auxiliary equation

. t . ’

u(t) = cos((t — to)|V|)uo + Wul +/ W

t

2
3\ .
x [ v®+ <,)Ujp:z/)3_J: ,  (LSNLW)

where p is a smooth, compactly supported function. Notice that, formally, v satisfies

v — Av + 02 4+ 302 pp 4 3vp 2 +p 3= 0,
v(to, ) = up(x) O (to, ) = up ().
IFrom the formula (3.2.3) and a simple application of Paley-Weiner’s theorem, we have that the covariance

kernel K, is supported in the ball B(0, |t|+|s|) C R?. Hence, %(t)|5(xo,ry) and ¥(5)| B(y,R,) are independent
as long as |zo — yo| > Ro + R1 + [t| + |s]

(3.3.5)
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and )
v+ Z (?T>vjp 3T = (v 4+ )3
i=0 M

whenever p = 1. The effect of the cutoff function p is essentially making the forcing terms
p 11377 : bounded, so we can perform a similar analysis to the one for (SNLW) on the torus.
Indeed, we have the following

Proposition 3.3.4. Let 1 > s > g, and let u = (ug,u1)T € H*. Consider the equation

(LSNLW), starting with initial data (v(to),vi(to))T = ug. There exists a stopping time
_ YA
T =T ey 1t 1,004 1150 uppoy Fi=1.285 100ll3) (3.3.6)

such that T > 0 a.s.,T is nonincreasing in its variables, and such that the equation (3.1.5) has
a unique solution v = (v, dyv)T in the space C([ty — T, to + T); H?).

Proof. This proof is essentially the same as the one for the torus case. We consider

Ty,v := cos((t — )| V])uo + Sm((V)ND

sin((t — t')|V]) ,
+/toV| +Z<>1ﬂp P | dt,

and our goal is to show that for short T, Ty, is a contraction on the ball B(0, R) C C([to —
T,to+T]; H®), for R > 2||ug||4..
By the Sobolev embedding H® — H3 < WOH6= 5 [6 and s — 1 < 0, we have that

(3.3.7)

to+T 2
Fale < ol + [ | (24 3 ( Jorpsr )| ar
to—T

Jj= Hs—1

< ol + 27 ) e +z () 14 )

2

3 , .
S llaollys + 27 ||”||L°°L6 + . HUHJLOOWO%G— ||p g j:HLmW"**6+
j t t x
7=0

2

S ol +20 (Wl + 3 ( ) WolE e

P :¢3_j:HL§°W£*'G+)

< HuOHHq + T( ”’UHCtHS + (1 + HU”CtHS) Igafg H '(/) HCt([tgfl,tOJrl];CO*(supp(p))) )
(3.3.8)
Recall that ||:47:| c, is finite almost surely, by Proposition There-

fore, given i > 0, for

([to—1,t0+1];C%= (supp(p)))

_ cahJ .
T =To( max, 197l 120 -1, 0-411:00- (sppiony) € L

we have T' H:Qj)j'

'||Ct([to—1,to+1];co_(supp(p))) < n. Therefore, for T < T, we have that

ITuovll e S R+ 2TR* + (1+ R?)n,

so if we choose n < 77 and T < T1(R) as well, we get that I'y, maps B(0, R) into itself.

1+R
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Proceeding similarly, we have that

2 2
ICut = Tl e S T (N0 = wle, g (el o+ l0ll r.)

o = wlle, e U+ Ille, e+ Mol ) ma flo || o yo-or ) (3.3.9)
< v = wllg, e (R*T + (1 + R)n).

Therefore, taking T < -z, and 7 as before, we have that I'y, is a contraption on B(0, R) C
C.H*. As in Proposition we just need to show that this solution satisfies ;v € C, H*~ 1.
This solution solves I'y,v = v, so proceeding as in (3.3.8)
[0ev ()| s
= [0t (Tuev) (D) o1

= || —IVIsin((t = t0)[V])uo + cos((t — to))m

+/tcos((t—t’)|V|) i(j)vj It

to

j:0 Hs—1
to+T 2 3 ) )
] PP A | E 1 () By |
to— =0

Hs—l

3 2 1
S HLIOH?lg + T( ||UHC¢H5 + (1 + ||U||CtHS) 121?%(3 ||p :wj :||Ct([t071,t0+1];C0’)>

< +00.

O

Proposition 3.3.5 (Blowup condition for (SNLW])). Let s > 2, let ug € H*, and let v €
C((=T*,T*); H*) be a solution of (LSNLW) with Opv € C((=T*,T*); H*='). Suppose that
T < +Ho0, and that the solution v cannot be extended to any interval of the form

(=T* —e,T* +¢). Then

limsup [|v(t)]| s = +00, or

limsup || 0¢v(t)|| o1 = +00, or
t—T*

3.3.10

limsup [|v(t)]| s = +00, or ( )
t——T*

lim sup [|0pv(t) || jys—1 = +00.
t——T*

Proof. Suppose that (3.3.10|) is not satisfied, i.e. all the lim sup-s are finite. We want to show
that we can extend v to an interval of the form (—T* — ¢, T* +¢).
Call M the maximum of the lim sup-s in (3.3.10]), and let

_ Lol
To = T[4 e, (o1 1.0+ suppo =123 2M0);
where T is defined in (3.3.6)). Let to =T — % By Proposition we can build a solution
of (LSNLW)) in the interval [to — To,to + To) = [T* — %TO7 T + %TO , hence we can extend v to
the interval (—7*,T* + 3Tp). Similarly, by choosing ty = —T* 4+ 1T, we can extend v to the
interval (—1* — 1Ty, T* + 11T5). O
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3.4 Global in time theory

3.4.1 Global estimates
In this section, we show that both (SNLW]) posed on T? and the auxiliary equation (LSNLW)

admit solutions which can be extended for infinite times. More precisely, we will prove the
following

Proposition 3.4.1. Let s > 2, and let ug € H*(T?). Then there exists a function

_1
F(t) = F(Sa HUOH’HS ’{H:/l/]l:||C([_t7t];c—€)}l:172,35 {(IOgN) 2 ||INw||LIDgN}p22;t)7

which is finite almost surely, such that any solution v to (3.1.5) posed on T? with v = (v,v;)T €
H3(T?) satisfies
V()3 < F(D). (3.4.1)

Similarly, if s > % and uy € H*(R?), there exists a function

_1
F(t) = F(s, oo {10 0" |y ooy Himtzi {108 N3 Ly (00) | o i),
which is finite almost surely, such that any solution v to (LSNLW)) posed on R? with v =
(v,v:)T € H*(R?) satisfies

[V (@)l < F(2)-

Together with Proposition this settles the global well posedness result in the case of
the torus T2, i.e. it proves Theorem in the case M = T2, The case M = R? requires more
ingredients, and the proof will be completed in the next subsection.

As for section 2, we present a unified approach, which is hopefully suitable to extensions
to even more general situationsﬂ For this, it is convenient to notice that the formulation of

(CSNLW) on R?
— cos((t o S(E—t)[V]) [ sin((t = #)[V])
u(t) = cos((t — to)|V|)uo + = m / =

0
2 g\ ‘
X v3+z<,)vjp:w3_3: ,
=0 M

formally coincides with the formulation of , when we take p = 1 (which is a compactly
supported smooth function on the torus). Therefore, we can carry over all the computations
and estimates for , as long as we check at the same time that every result holds on T?
as well. As a byproduct, this argument will show global existence of solutions for the equation
(LSNLW)) posed on T2, where p is any smooth function (and in particular, for p = 0, to the
deterministic defocusing wave equatimﬁ).

As discussed in the introduction, we consider the energy F(w), computed on some function

w = (w,w;)"
1 2 1 2 1 2 1 4
E(w) := 3 | wi + 5w + 3 |Vw|* + 1] (3.4.2)

Clearly, one has that HWHip < E(w). In order to exploit some kind of “almost conservation”

~

of the functional E for solution of (LSNLW]), we consider a smooth Fourier multiplier m such

that
)1 for €] <1,
e = {|§|<ls> for |¢] > 3.

By the Mikhlin-H6rmander theorem, this multiplier corresponds to a bounded operator with
bounded inverse from W7P(R?) to Wot1=5P(R?) for every 1 < p < 400, and every o € R.

2Even if we will use the Fourier transform in a more crucial way compared to Section 2.

3the best known threshold for the deterministic case is s > %, in [25].
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Consider mpy(€) := m(§/N), and let Iy be the associated operator. By scaling, for every
0 <6 <1- s, one has the estimates

1N fllwosse S N Fllwon (3.4.3)
”fHWvP S HINf||WU+1—s,p . (3.4.4)

on the Sobolev spaces defined in R?, and by transference, the same estimates hold for the T2
Sobolev spaces.

From (3.4.3),(3.4.4), one has that, for fixed N, [|-||,. is equivalent to |[Iy-||;,:. Therefore,
by the blowup conditions (3.3.4]) and (3.3.10]), in order to show existence of solutions up to time
T, it is enough to show that for some NN,

sup ||(Inv, Inve)||3 < +o0. (3.4.5)
|s|<T

As already discussed, taking v = (v,v;)7, E(Ixv) controls |[Inv] 1, so (and more
precisely, Proposition is implied by a priori estimates on the functional F(Inyv). In the
remaining of this subscetion, we will abuse of notation and omit the subscript N when is not
important in the analysis, writing I instead of Iy. Similarly, we will write F instead of E(InV),
and E(s) instead of E(Inxv(s)). Moreover, in oder to maintain the same notation, we will write
integrals in the Fourier variable, even if in the case of the torus, they are actually sums on the
lattice Z2.

Lemma 3.4.2.

OE(Iv)
= =3 [ Tu(vPren) (3.4.6)
- 3/IvtIvI(p p?) — /Ivtl(p ) (3.4.7)
+ /Ivt [((Tv)® = I(v*)) + 3((Iv)*I(py) — I(v*py)) (3.4.8)
+3((Iv)I(p ) — I(vp :9°))]
+ /IvtIv. (3.4.9)

Proof. We will show this proposition by a formal computation using (3.3.5)). This computation
can be made rigorous by noticing that since v € H® s > %, from the formula (LSNLW)), one

has that (3.3.5) is satisfied in distribution. We omit this part of the argument.
By (3:33),

O E(Iv, Iv)

:/Ivt<1vtt—IAv+(Iv)3+Iv)
:/I’ut<f](v3+31)2pw+3fup % 4p 3 )+ (Iv)3+1v>.

The lemma follows by adding and subtracting the terms 3(Iv)2I(py) and 3(Iv)I(p :¢?:). O

We will now proceed to estimate the various terms of the time derivative of E(Iv, Iv;), with
the goal of applying a Gronwall argument. The terms , , are relatively harmless.
Estimating the commutator terms in is the core of the I-method, and will take most
of this section. However, from a technical point of view, the hardest term to estimate will be
, which is also be the main culprit for the estimate on the growth of E in Propositionm
not being explicit. This term is also what makes necessary to iterate the I-method, changing
N at every step.
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Lemma 3.4.3.
(13.4.9) < E(Iv, Ivy). (3.4.10)

Proof. By Hélder,
B < |2vel2 ol 2 < B(Iv, Tvy).

]
Lemma 3.4.4. For every 0 <y <1 —s,
BAD S N (EY o yymra + B 00|y, ) (3.4.11)
Proof. By Hélder and (3.4.3),
73/114]1)](,0 ap? ) f/lvtf(p q)3:)
S vell g 1ol pa [[ 1o =9 [| o + ot 2 ([ 100 :9%2)]|
S NY(BF o %] yoa + B o074 ).
O
Lemma 3.4.5. Let k < 3. Then
[(T0)" = I(W*)|| o S NTOFO=D 1|k, (3.4.12)

Proof. Let vgy = fl£\<N/3 0(€)e’®, and let V>N = U= U<y
Since 1<y (§) # 0 only if || < N/3, by definition of I we have that [v<y = v<y. Similarly,

z;;(f) # 0 only if || < kN/3, so I(U<N) = ’U<N Therefore,

(T0)* = I(o*)
=(I(ven +vsn ) I((v<n +vzN) ")

(U<N+I U>N ) ((U<N+’U>N k)

k k—1—1 I k—l-1
=v<y — ’U<N —I—Z ) (Tv>n v<N(Iv> ) I(U>NU<N’U>N ))
1=

S5 (1) (o1~ et )

Therefore, (3.4.12)) follows if we prove that for every | < k — 1,

ozl (Toz =7 S NTHO rof (3.4.13)
and .
HI (v vk yol 1)‘ L SN (3.4.14)

Let £ := 1 — 5. By Sobolev embeddings, we have that ||fHL% Sl gi-<- By Holder, we have

(k—1)e (k—1)e
Il (—omneyr S Il ||f|| = S IAE Hf||H1 .
L\2 z

Therefore, again by Holder, we have:

)k—l—l’

!
H(I’UZN)USN(IUZN Lo
ki1

S ozl (4o ey Hoswllz |
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[Tl

(E—1)e
S N0 ||fv||H1 EHIvHHl ANl

S Nk HIUHHH :

< llroznll 2 HIU>NHH1 :

Proceeding similarly and using (3.4.4)), we have

[F@znokat )|, S | ozavkaetd ™)
SN0 ol
SN (1=ke) ||IU||H1

L2

O
Lemma 3.4.6. For every v >0, 0 < § < 1, there exist p(y) > 1,n(y) > 0 such that
1L Lg) = 1(fg)ll 2 Svs N s 191w =nen 1w = 0000 (3.4.15)
Proof. As in the proof of Lemma [3.4.5] let us define
usw= [ e
lel<M/2
and u>py = u — u<yy. Writing f = fiN% JerN% and g = g<y + g>n, we have that
(Lf)(Ig) —1(fg)
= (IfNN%)(IggN) -1 (fNN%ggN> Wy
+ (171 ) (Tg2n) =1 (F_y292v) ()
+ (I fNN%) (Ig) (111
—1(f19) (V)
We have that
e [ =0, since If<N2 = foyt> 19<n = g<n by definition of I, and (f<N%g5N)A(§) #0

only for [¢] < (N + N2)/2 < N,so I (f<N%95N> = f_y19<n as well.

e ||| 2 can be written as supyy ,—1 Jgz b - (IT). Calling f<N% = a, g>ny = b, expanding

IT in Fourier series and using Plancherel, we have to estimate

// 1 a(§1)b(&2) (mN(fl)mN(EQ) —mn (&1 + 52))3(51 + &2)d&1dés.
E1<N?2/3,62>N/3

Using the fact that where a(&1) # 0, m(&1) = 1 and that, by the mean value theorem,
Im (&1 + &) — m(&r)] Ss N17%|€1||€2] 2 F#, we have that

h - (II)

R2

- . a(E0)b(E) (m(E)mn(€2) — miv(Es +82) ) h(6a + E:)derdes
E1<N?2/2,65>N/2

< NO-s a(&) ||bEI] |65 s
N¢ //51<N2/2 QN2 RGN |£2|2_S_5 ‘h(gl + 52)’ d€1dés
—(32-%9) a(é1)
3 2 ] h déd
o //51<N§/2,52>N/2 |&1]3+9 |§2|‘5 ‘ §1+€2)‘ §1d&
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a(ér) b(&2)|

_(1=5_3
50

< 2 - h
|§1|S+6 1 |£2|6 2 L2
_(1=5_3
S N8 £l g s 1l
< y—(52-%9) ]

therefore |[I1]| . < N 11— gl s

e By Holder, Sobolev embeddings and ((3.4.3)),

(L PRUY TSNy I 17 P

1-5
2 HfHHlfS ||Ig||W3a,5*1

Ss N©
1—3
Se N7 fll s

g“Wﬂs,é*l

e By duality (like for II), self-adjointness of I, fractional Leibnitz inequality, Sobolev em-
beddings and (3.4.3]), we have

/h-(IV)

= - [hi(s,,19)
— - [ 11,10
Sl LTSN (Y [ [
S (1T P
SLOTINREY Y
< Nll-anss 1) gos | £y a |
S NPNTEOE gl o e | By |
S L I7] e
50 [1TVI| 2 S N3 gl —assm 11l gras-
Therefore, by choosing & such that v =46, n = § and p = § !, we have (3.4.15)). O

Lemma 3.4.7. Let k < 2. For every v > 0, there exist p(y) > 1,n(y) > 0 such that

1640352 ) = (10T (p s )
1—k(l—s
55”\/ N~ (2 )+’Y ||IU||§11 ||p :’(/Jg_k:||W*'rl(w),lmwfn(w)w(w) . (3416)

Proof. We have that
||I(vkp :w?’*k: ) — (v kI(p :1/)37’“: )HL2
S e 7F ) =1 (M) I(p 0 )| )

+ [ (10*) = (1)) 1o 07|

e By Sobolev embeddings and fractional Leibnitz, we have that

L2’

[ P T R 1 O

k
LS ol
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Therefore, by (3.4.15)),

Mz S NT

~

T el

3=k
p 1’Z} 'HW*U(’Y)JQW*’I(’Y%P(’Y) .

From (3.4.4)), we have that ||v|| 7. S [[Tv|g: 5 so
_1-k(l-—s) k _
”I”L2 5(1—8)17 N 2 A HIUHHl H:QZJS k:HW—n(’v),p(’v) .
e From Holder, (3.4.12)) and Sobolev embeddings, we have

Il 1) = (10)"

LG )]
oo NTOFOD 1| B (1100 975 ) || pms

Sos NTOFODNSY Lo [lp 5 g -

Choosing § small enough, we have that 1 — k(1 — s) — 45 > w — 7, so the main
contribution comes from II. We get (3.4.16)) by taking 7' = 49, p(y’) = max(p(7),d~ 1),
n(v") = max(n(y), ), and then renaming v = 7’.

O

Lemma 3.4.8. There exists ¢ > 0 such that for every 0 < n < %,

T
/ BA6)(s)ds <r <|Tto|+ / EHC”) 1]l (3.4.17)
to t,x

Proof. Let 0 < 6 < 1. Since we have
1ol S B2

7o« < ET,

by Gagliardo- Nlremberg we have || I v|| . < olew . Therefore, by Sobolev inequality, we have

that HIU”Lm < B, and the 1mphc1t constant is uniform in € as long as 0 < 0 < O < 1.
Take 6 = 4n. Therefore, by Holder,
< / |
to

T 1 1
< | E*Ei(E

to

T
S [ E Il

1-n
(/ E1+n ) ||I¢HL2;1

El "> 11|

T (Iv)* I

’7

T2

+4
) Ty

-1 .
7
Lm,t

Therefore, choosing ¢ = max, co, 1] n~! (H—" — 1), we have

1-n

T T

//Ivt(fv)th Sr /1+E1+cn 1], -1,
tg JT2 to La.e

which gives (3.4.17]). O
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Lemma 3.4.9. Let T > 0. For every |t — to| < T, for every 0 <n < é, we have that

E(t) — E(to)
t
SomT <1+/t E1+C”) \|I¢||L?;1 (3.4.18)
; 0
+ [ N~(U=30=9)p2 (3.4.19)
to
2 t 71,k(175)+7 Et1 3_k
+ 3 [ NTTEET s e (3.4.20)
k=0"to
¢ y 3 2 1 3
+ N (B 1o 0%l o + B llo 0% ) (3.4.21)
0
t
+ / E(s)ds, (3.4.22)
to

where c is the one given by Lemma[5.4.8 and n(v), p(7) are the ones given by Lemma[3.4.7
Proof. By Lemma [3.4.2

E(t) — E(ty) = t B-46)(s) + B-AT(s) + B-4Z)(s) + (B-49)(s)ds.

We have that
e From (.417), [ BA0)(s)ds < BA1),

o From (3411), [, @A) (s)ds < (B421),

e From (3.4.12) for the fist term and (3.4.16)) for the second and third term respectively,
and Holder inequality, [, (B48)(s)ds < B-419) + (3.4.20)

e From (.410), [, BA9(s)ds < B-422).

O

Lemma 3.4.10. Let T > 0, and let

||INP7/’||LlogN([_T T]xR2)
A(N) := : . 4.2
() N (3.4.23)
For v >0, let M, A be such that

m]?X ||5P7/134c :HLtoo([J‘r,T];W—<max<nk<w>,v)>,max(pk<w),2>) =M, (3-4-24)
A(N) <A, (3.4.25)

and suppose that M, A are finite. Then, for v = ~(s) small enough, « <1—-3(1—3), 0 < 8 < «,
there exists T = 7(s, M, A, a—f3) such that if E(tg) < N8/2, |to| < T, N > Ny = No(s, T, M, \),
then E(t) < N¢ for every t such that |t| < T and |t —to| < 7.

Proof. By Lemma as long as E < N?%, since a < 1 —3(1 — s), for N big enough we

have that (3.4.19) + (3.4.20) < 1+ ftf E. Similarly, from Young’s inequality, for some universal
constant C, we have

T
(3.4.21)) g/ E(s)ds + CN*Y M*,
to
Choosing = (log N)~! in (3.4.18)) we get

T T
B413) < A(N) logN<1 +/ E1+C<1°%N>”(s)ds) < AlogN(l n em/ E(s)ds).
to

to
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Therefore, as long as E(t) < N¢, for N big enough (depending on s, T, M, A),

E(t)
T
< E(to) + C(s,7, T)AlogN(l + E(s)ds)
to
T T
+1+ [ E(s)ds+CNYM*+C [ E(s)ds
to to

IN

1
iNﬁ + C(s,7,T)Alog N + CN* M*

T
+ (1 +C+C(s,v,T)Alog N) / E(s)ds.
to

T
NP +C'(s,7,T,AN)logN [ E(s)ds. (3.4.26)

to

IA

Let T = max{s : tg < s < T,E(s) < N°}, t = min{s : ty > s > —T,E(s) < N®}. Then the
lemma is proven if we show that if  # T, then [t — to| > 7(s,v,T, A) and similarly if £ # —T,
then |t — to| > 7(s,7,T,A). For t <t < ¥, by definition, (3.4.26) holds, so by Gronwall

E(t) < NPexp (|t —to|C'(s,7,T,A)log N). (3.4.27)

Suppose that ¢ # T. Then one must have E(t) = N®. Therefore, by (3.4.27), [t — to] > 7 :=

% The same holds for ¢, and the lemma is proven. O

Proof of Proposition[3.4.1l Let € > 0, T >0, let 2(1 —s) < B <a <1—3(1—s), and let v

as in Lemma [3.4.10, Moreover, let M as in (3.4.24) and A := supycn A(N). Notice that by
Proposition [3.2.3] M is finite almost surely, while by Chebishev and Lemma [3.2.4]

PAN) > Ag) < EANT] /T <o<p>t>sz7

log N 2
AOOg T AG

which is summable in N for A2 > e¢2C(p)T. Hence, by Borel-Cantelli,

limsup A(N) < e2C(p)T,
N

so A < +o0.

For this choice of M, A, v, «, 3, let Ny and 7 be the ones given by Lemma [3.4.10] and
take (uo,ql) € H5. Define a sequence Nj of integers recursively. Take N; such that N; >
max(Ny, N) and

2(1—s 2 4
NYUT oy w) s+ lluollfy. < VY.

By Sobolev embeddings, (3.4.3) and (3.4.4),

E((IN1U(0)7IN1U15(O))T) = E((IN1u07[N1u1)T)
S Iy, Iny w50+ 1, ol 74
< 2(1—s) 2 4
ISPA [ (w0, w55 + [y wo | s

2(1— 2 4
< NP (o w36 + Nuoll e s

(3.4.28)

so we will have E(In,v(0)) < %Nlﬁ, therefore by Lemma [3.4.10[ one has that
Iv®)l3. S E(In,v) < N fort <T,0<t <,

and similarly backwards in time.
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Then take Niy1 > N such that

NN + N2 < NP (3.4.29)
If one has )
E(Iy,v(£(k—1)7)) < 51\75 if (k—1)r<T, (3.4.30)

by Lemma [3:4.10}

2
”V”LOC([(k—l)r,min(kT,T)];”HS)

(k—1)7<t'<min(kT,T)
and similarly backwards in time. Therefore, we get Propostion [3.4.1| with
t
F(t)=Ng with T =t k= {J (3.4.32)
T

as long as we show ([3.4.30). Proceeding inductively, we know (3.4.30f) for N7, and proceeding
as in (|3.4.28)),

E((In,,,v(£kT), In,vi(£kT))T)
< N2 | (), v (k7)) e + lo(2£k7) [
< NPT B((Ivo(kr), v (£k7)T) + E((Inv(£k7), v(£k7))T)?

2(1—s « «
SNk;Srl )Nk+NI? <<Nl§+1a

so E(I,,,v(£kr)) < N}, | and we have (3.4.30). O

3.4.2 Independence from the cutoff and global well-posedeness for the
equation on R?

In this subsection, we prove that on appropriate space-time regions, the solution to (LSNLW))
does not depend on the particular choice of the cutoff p, and proceed to prove global well

posedness for (SNLW]) posed on R2.

Proposition 3.4.11 (Finite speed of propagation for (SNLW)). Let R, T > 0, zo € R?, t; € R.
Let uy,us be solutions to (SNLW)) on B(zg, R) for a time T, in the sense that uj|3(m07R) =
Ul Bao,R) + VilB@o,R)s (V. 0pv)) € C[to — T'to + T Hi,o), s > 3, and

’Uj(t)|B(zO,R) = (cos((t —t0)|V])v;(to) + W

t sin ((t—=t)V))
+/t N

at’l}j (to)

(Y + ;)3 (t’)dt’) (3.4.33)

0 B(xzo,R)

for every |t —to| < T. Suppose moreover that v1(tg) = va(to), Orv1(to) = Orva(to) on B(zo, R).
Then v1(t)|B(zo, R—|t—to]) = V2(D)| B(ao,R—|t—t0]) for every [t —to| <T'.

Proof. Without loss of generality, assume that {9 = 0, 9 = 0. Let D; = Br_ ;. Recalling that
the kernels of cos(s|V]), w are distributions supported in By, from (3.4.33)) we have that

dt'.

4/

t /

sin ((t —t)|V

vy —ve|p, = / —(( v )IVI) ( (v1 — v2)(3 9% : +3¢(vy + va) + vi + v3 +v1v2)>
0

Proceeding as in (3.3.9)), we obtain that

[v1(t) = v2(Dl g7,
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t
2 2
SR /0 o1 = vl e (pyy X+ ville = r,rps e (BR)) T 102le (= o) He (BR)))

x 121?%(3 HP :wjiHL%WS—,M )

therefore by Gronwall,
||y () — U2(t)||HS(Dt) < C(R,v1,v2, 1%?2(3 HP IW¢HL%W£<6+) [[v1(0) — UQ(O)HHS(BR) =0.

O

This version of finite speed of propagation immediately implies some kind of consistency for
solutions of (LSNLW) with different cutoff functions:

Corollary 3.4.12. Let T > 0, let to = 0, and let p1, pa be two cutoff functions such that
p1(x) = pa(x) = 1 for every x € Bor. Let s > %. Let (ug,u1) € Hi ., and let vi,vy be
respectively the solutions to (LSNLWY|) with cutoff function p1 and ps and initial data respectively

(pruo, pru1) and (paug, paur). Then vi(t, z) = va(t, z) for every |z|,|t| < T.

Proof of Theoremfor M = R2. Let p, be a cutoff function such that p,(z) = 1 for every
|z| < n. Let (up,u1) € Hj ., and let v, be the solution of with cutoff functions
pr, and initial data (p,ug, pru1). By Proposition Im (and Proposition , we will have
(Un, Ovn)T € C(R;H*). By Corollary [3.4.12]

v:= lim v,
n—-+oo

is well defined, and we have that U|[—T,T]><BR = vrpvrll _T.T)xBr- Lherefore the theorem is
proven if we show that every solution @ = ¢ + 0 of (SNLW)) with v € C([-T,T); H{ ) satisfies

o(t) = v(t) for every t <T. Let ¢ € C°((—T,T) x R?) be a test function. Let n € N be such
that supp(¢) C [-n,n] x B,. By Proposition [3.4.11] we have that

@‘[—n,n]xBn = Un|[—n,n]><Bn = v|[—n,n]><Bn'

Therefore, (0, ¢) = (v, @), so U = v as space-time distributions. Since they both belong to the
space C([-T,T); H{.), the equality must hold in the space C([-T,T]; H.) as well, and so
0(t) = v(t) for every t < T. O
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Appendix A

Appendix

A.1 Notation

Throughout the thesis, we use the following notation/symbols:

A<B

denotes that there exists a constant C such that A < C'B. If the constant depends on
some parameter p, and we want to highlight this dependence, we will write

A5, B.
Similarly,
A~ B

denotes that there exits constants C7,Cs such that C1A < B < (C3A. In most cases,
however, we will use the notation only in the situation in which there exists a constant C'
such that A = CB.

() = (1+2%)°

If A € R, we will use A+ as a placeholder for a number B > A which can be chosen
arbitrarily close to A. Similarly, A— will be a placeholder for a number B < A which can
be chosen arbitrarily close to A.

Given a function f on M = T¢ R?,
1 £ i€z
Puf(e) = o feesec,
T J[-N,N

where the integral is actually a sum over Z¢ if M = T¢. This can be seen as composition
of the Hilbert transform in every of the d variables of R? or T, so it satisfies

1PN fll o < C 1 fll

for every 1 < p < +00. We will also denote
Ponf=f—Pnf.

If M =T? R? « € R, the notation C*(M) denotes the Besov space BS, . The precise
definition and many properties can be found (for instance) in [5, Definition 2.2.1]. Here
we just point out that for 0 < « < 1, they coincide with the spaces of the usual Hoélder
continuous functions, and that they satisfy the same Sobolev embeddings as the usual
Holder spaces.
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e For s e R, 1 < p < +oo, WP will denote the Sobolev space
W= = {fI(V)" fll» < +oo}.
e H° denotes the L? based Sobolev space

H* = {f[I(V)" fll > < +oo}.

e In Chapter 2 and 3, we will sometimes refer to the spaces €%, # %P, H*. In Chapter 2,
we denote

L LN Coe—277/s,p = WP x Ws—2,p7rHs — HS % HS_2.
In Chapter 3,

cgazcoz Oa 1 Wsp WstWs 1,p HS Hsfl.
e If X is a Banach space, C; X will denote continuous functions in the variable ¢ with values
in X. If we want to be more specific about the domain I of the variable ¢, we will write

C(I; X). Similarly, for n integer, C™(I; X) will denote functions from I to X which admits
continuous Fréchet derivatives in the variable t up to order n.

A.2 Wiener chaos decomposition and hypercontractivity

Consider the Hermite polynomials generating function

F(t,z;0) = el*—27°t" Z;? (A.2.1)

For simplicity, let F'(t,z) := F(t,x;1), and let Hp(x) := Hy(x;1). Fix d € N. Consider the
Hilbert space L2(RY, y), where dyig := (27)~ 2 exp(—|z|2/2). Then Hermite polynomials satisfy

/I‘I}C dMl( )_ k!ékm,

for all k&, m € N. Therefore, by scaling,
/Hk z;0)Hy (50)dpn () = kYo |FSpm. (A.2.2)

Define the homogeneous Wiener chaos of order £ to be an element of the form H?Zl Hy, (),
where k = k1 4+ - - - 4+ kq. Denote by Hjy, the closure of homogeneous Wiener chaoses of order k
in L2(R%, uug). Then, by L*(R%, jugq) = ®;l:1 L?(R, p1), we have the Ito-Wiener decomposition

RY, ) @Hk

Consider the operator L := —(A —z-V) (the Ornstein-Uhlenbeck operator). Then any element
in Hy, is an eigenvector of L with eigenvalue k, so EBZOZO H}, is the spectral decomposition of L?
associated to L.

Moreover, we have the following hypercontractivity result for the Ornstein-Uhlenbeck semigroup
U(t) := e 'L, due to Nelson [24].

Lemma A.2.1. Let ¢ > 1 and p > q. Then, for every u € LY(R%, pg) and t > %log(%), we
have

HU(t)uHLp(Rd’,Ld) < HUHLG(Rd,ud)' (A.2.3)
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Notice that the constant of the inequality in (A.2.3) (i.e. 1) and the range of p,¢q,t do not
depend on the dimension d. As a consequence, the following holds.

Lemma A.2.2. Let F € Hy. Then, for p > 2, we have
k
HFHLT’(Rd,Md) S (p - 1) 2 ||F||L2(Rd,ud) (A24)
This estimate follows simply by applying (A.2.3) to F, putting ¢ = 2, t = %log(p — 1), and

recalling that F' is an eigenvector of U(t) with eigenvalue e~**. As a further consequence, we
obtain the following lemma.

Lemma A.2.3. Fiz k € N and some coefficients c(n1,...,n;). Given d € N, let {g,}¢_; be a
sequence of Gaussian random variables, such that (gn)n is o Gaussian vector. Define Sy by

Sk(: Z C(TL1, cee ank>gn1 ©Ongs
(k. d)

where T'(k,d) is defined by
T(k,d) = {(n1,...,nk) € {&1,...,£d}*}.

Then, for p > 2, we have

N

(EISKIP)* < VE+ 10— D)% (E]|Sk]?) 2. (A.2.5)

A.3 Kolmogorov continuity theorems

Proposition A.3.1. Let M = T* x R™F and let X be a distribution-valued random variable
such that for every test function ¢ supported in a ball B of radius 1,

Ell (X, 0) ") < A% |I8ll%-. , (A3.1)
E[l (X, ) [P] < CRE[| (X, ¢) |*]%. (A.3.2)

Then, for every compact K, and for every € > 0, we have that X € C’S*%’E(K) almost surely.
Moreover, if X is supported in a single ball B, one has for every p > %d,

(X7, ¢ )7 S AsCy. (A.3.3)

Proof. Since K is compact, we can cover it with finitely many balls B; with centre x; and
radius 1, and let p; be a partition of unity subordinated to B;. By triangle inequality, it is

enough to prove that p; X € C*~%~¢. Since this function is compactly supported in a ball of
radius 1, we can see it as a function over R?. Without loss of generality, assume that xz; = 0.

Let Y = p;X. We have that Yy (x) := p; X * pn(z) = (X, pjon(x —)), so by (A.3.1) and
(33,

E[[Yn ()] < ABCY llpjon (@ = . = ARCY lpi (@ = Jonllg -« S ABCE lon -+ (5(a,1)) -

Since pn(y) = N%(Ny), and ¢ is a Schwartz function, we have that for every M > 1,

d_g N%—s
lenllzr-+ B,y = N2 lellg-+Bveny) S (@)™
Therefore, for p > Qs—d, by Sobolev embeddings,
p _ s—4_¢ P
Y17,y s, = Elsup V47 [V |
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p
< ABCE.

Moreover, if X is supported on a single ball, we can repeat this proof with p; = 1, and we

obtain (|A.3.3). O

Proposition A.3.2. Let M = TF x R¥™* and let X be a distribution-valued random variable
on Ry x M. Suppose that for every T > 0, and for every ball B of radius 1, there exist 0 < 6 < 1
and constants Ag, Cp such that for every test function ¢ : M — R supported in B and for every
0<s<t<T,

E[[(X(0), ) 1] < A% [6]13-. , (A.3.4)

E[| (X(0), ) |!] < C,E[| (X, ) [*]%, (A.3.5)
E[[(X(t) — X(5),0) [*] < A3t — s [ l|%-. . (A.3.6)
E[| (X (1) — X(s),0) "] < CLE[| (X, ¢)|*)%. (A.3.7)

Then for every compact K C M, and every € > 0, we have that X € C([0,T]; C*~27¢(K))
almost surely. Moreover, if X is supported in a singe ball, we have for every p > %

P E<
(BUXE gy oty S A (A35)

o(lo,T

Proof. As in the proof of Proposition we cover K with balls B; of radius 1 and consider a
partition of unity p; subordinated to this covering. It is enough to show the result for Y; := p; X.
By Proposition we have that

(0|17 p <
E[llY;(0)] Cs,%,E(M)} < A, Gy
E[l|Y;(t) = Y;(s)II” |7 < |t —s|?Ap,Cy.

o =% (m)

for p > 24, By [14, Theorem 1.4.1], this implies that Y € C?~([0,T]; C*~2~¢(M)) for every
0 >0, and that

(e MJ)’l? <, Ap. (A.39)

c?=5([0,T);C

so in particular Y € C’([O,T];CS’E’E(M)). Repeating the argument with ¥ = X, we get
A33) 0

Proposition A.3.3. Let M = TF x R4, and let X be a distribution-valued random variable
such that there exists 1 < ¢’ < +oo such that for every test function ¢ supported in a ball B of
radius 1,

E[l (X, 6) ] < A% ||9]|7 | (A.3.10)
E[| (X, ¢) "] < CPE[| (X, ¢) . (A.3.11)

Then, for every compact K, and for every e > 0, we have that X € 07775( ) almost surely,
where ria q— = 1. Moreover, if X is supported in a single ball B, one has for every p > %d

E[IIXH’;,%,E]% S ApCy. (A.3.12)

Proof. The proof is extremely similar to the one of Proposition We take a compact K,
and cover it with finitely many balls B; with centre x; and radius 1. Let p; be a partition of
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unity subordinated to B;. By triangle inequality, it is enough to prove that p; X € ca e,
Since this function is compactly supported in a ball of radius 1, we can see it as a function over
RY. Without loss of generality, we can assume assume that z; = 0. Let Y = p; X. We have

that Y (2) = p; X * o (@) = (X, pyon (@ — -)), s0 by (A34) and (A3.5),

E[lYn ()] < ABCY llpson (@ = )0 = ABCY lpj(@ = Yol S ABCEIen T e ey -

Since on(y) = Nip(Ny), and ¢ is a Schwartz function, we have that for every M > 1,

d
a N
lonllpe By =N Nelna (Bveny) S R

By Sobolev embeddings, for p > 25—‘1,

q

_d_
EIVIY oo oy = Bl N7 Wil o 7

SE|S NI v,
N

£ 1
< ARCPY T NTPE /
b2 ()"

P op
< Ancer.

Moreover, if X is supported on a single ball, we can repeat this proof with p; = 1, and we

obtain (A.3.12)). O

Proposition A.3.4. Let M = TF x R¥* and let X be a distribution-valued random variable
on Ry x M. Suppose that for every T > 0, and for every ball B of radius 1, there exist0 < 0 < 1
and constants Ag, Cp such that for every test function ¢ : M — R supported in B and for every
0<s<t<T,

A.3.13
A.3.14
A.3.15

A.3.16

E[| (X(0),6) 2] < A% [|9][7.0 .
E[| (X(0),6) "] < C,E[| (X, ¢) |5,
< A%t — 5|2 ||gll .

(
(
| (
) 1] < GEN (X, 9) [°]%. (

)
)
)
)

Then for every compact K C M, and every € > 0, we have that X € C’([O,T];C“%*E(K))
almost surely. Moreover, if X is supported in a singe ball, we have for every p > %

P
E[|X|” <, Ap. A.3.17
(B0 o)) S s (A7)

Proof. As in the proof of Proposition we cover K with balls B; of radius 1 and consider a
partition of unity p; subordinated to this covering. It is enough to show the result for Y; := p; X.
By Proposition [A23:3] we have that

E[[Y;(0)||” vy <A C
(115 ( )Ilc,g,E(M)} < Ap, G,

E[||Y: (1) — Yi(s)|[? v <|t—sl?Ap C,.
[1Y;(t) g(s)llc,g,g(M)] Slt—s|°Ap,C,

for p > 2¢. By [14, Theorem 1.4.1], this implies that ¥ € Ce"s([O,T];C’_%_E(M)) for every

6 > 0, and that

ElfY|” "<, Ap. A3.18
(B, sd) s (A3.15)

Q.
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so in particular Y € C([O,T];C“%*E(M)). Repeating the argument with ¥ = X, we get

(E3.17) O
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