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Abstract

In this thesis, we investigate convergence problems for some nonlinear dispersive and parabolic
PDEs in the singular stochastic setting. In the first part of the thesis, we study the so-called
Smoluchowski-Kramers approximation on convergence of stochastic nonlinear wave equations
(SNLW) to stochastic nonlinear heat equations (SNLH), with a polynomial nonlinearity. In
particular, we prove that, in the over-damped regime, solutions of SNLW converge to those of
the corresponding SNLH. This convergence is established for deterministic initial data. In the
second part of the work, we study the inviscid limit for the stochastic complex Ginzburg-Landau
equation (SCGL) with the cubic nonlinearity. We prove that, for Gaussian free field initial data,
the solution of SCGL converges to that of the cubic nonlinear Schrédinger equation.
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Lay summary

In this thesis, we study three equations: the wave, heat and Schrédinger equations. These
models appear ubiquitously in various branches of physics and engineering such as quantum
mechanics, quantum field theory, nonlinear optics, plasma physics, thermodynamics, financial
mathematics and atmospheric sciences. It is therefore essential to rigorously understand the
qualitative and quantitative properties of solutions to these equations which are very different
in nature. Broadly speaking, the solutions to the wave and Schrodinger equations spread out
(disperse) in space, while the solutions to the heat equation converge to a spatially uniform
equilibrium over long times.

In this work, we furthermore consider the wave, heat and Schrédinger equations perturbed
by a random forcing. From the real-world perspective, such random perturbations model some
uncertainty in our knowledge of a system’s initial state, due to deficiencies in storing data, or
there are random perturbations from outside sources which alter the behaviour of the system
itself, such as thermal noise.

In this “random” setting, these systems have been studied independently from one another.
In particular, distinct sets of mathematical tools and techniques have been developed to solve
these equations, but, so far, their connections remain poorly understood. This thesis aims
at filling this gap by developing a unified framework to study the random wave, heat and
Schrédinger equations at the same time.
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Chapter 1

Introduction

thesis is concerned with the study of singular stochastic partial differential equations (PDEs),
i.e. the study of PDEs that depend on some random stochastic objects. Let k € 2N 4+ 1 and
d > 2 be integers. The models of interest in this thesis are related to the complex-valued
®F T _measure, as explained below. The &%+ -measure on T? = (R/27Z)? is the Gibbs measure
formally given by

1

dp(u) = Z; " exp < RS

|u|k+1dx) dp(w). (1.1)

Here, Zj; is a normalization factor making p a probability measure and p is the massive Gaussian
free field with covariance operator (1 — A)~! which can be formally written as

1 1
dp(u) = Z L exp ( - 7/ |Vul*dz + 7/ \u|2dx)du, (1.2)
2 Td 2 Td

where Z is a normalization factor and du is the non-existent Lebesgue measure on the space
of distributions D’(T¢). More rigorously, y is defined as the law of the random variable ¢ such
that

$(x) =Y %em-z, (1.3)

nezad

where {g, } neze is a family of i.i.d. standard complex Gaussian variables. A simple computation
shows that in dimension two and above (i.e. d > 2), ¢ is merely a distribution and hence, the
measure p is supported on the space of distributions on the torus. Thus, there is a non-trivial
obstacle in making sense of the measure p as the nonlinearity |u|**! is a priori ill-defined. We
also only expect to be able to construct the measure p (1.1) in the “subcritical/critical cases”
where p is “dominated” by the Gaussian measure p. By scaling considerations, this gives the
following admissibility range for the parameters (d, k):
d d—2
> =
k+1~ 2
The Gibbs measure (1.1) is an important object of study in constructive Euclidean quan-
tum field theory and, despite the difficulties mentioned in the above, has been successfully
constructed in the 70’s in the subcritical case ﬁil > %: in dimensions two and three; see
[52, 69, 29]. On the other hand, in the critical case (d,k) = (4,3), Aizenman and Duminil-
Copin [1] proved that the (real-valued version of) ®}-measure cannot be constructed in any
meaningful way.
We associate to p the energy functional (Hamiltonian) H given by

1 1 1
H(u) = 5 /Ez ‘VU‘Zdl‘ + 5 /VT2 |U|2d$ + m T \u|k+1da:. (14)



In the complex-valued setting, the measure p (1.1) is formally invariant by several dynamics on
T

1. the hyperbolic <I>§"'1—1110d(317 which is given by the stochastic damped nonlinear wave
equation:!

528152%,7 + 8tua,'y =(v+i)(A - 1)“6,7 —(v+ i)|u6ﬁ|k71u5,7 + /276, (SdNLWa,'y)

for e > 0 and v > 0.

2. the parabolic <I>§+1-model, which is given by the stochastic complex nonlinear Ginzburg-
Landau equation:

Ay = (7 + i) (A = Dy — (7 + i)y [F 7y + /29, (SCGL,)

for v > 0.

3. the dispersive <I>§+1—mode1, which is given by the deterministic nonlinear Schrodinger
equation:

Opu = i(A — 1)u — ilulfu, (NLS)

Here, &(x,t) denotes (Gaussian) space-time white noise on T x R defined on a probability space
(Q,P) and with the space-time covariance (formally) given by

E[E(l’l,tl)g(l'g,tg)] = (5(%1 - $2)(§(t1 - tQ). (15)

In the quantum field theory community, the dynamical <I>’d€+1-models SANLW, ., and SCGL,
were introduced in order to study properties of the CIDSH—measure. The idea of studying the
measure (1.1) through these equations is known as stochastic quantization and was streamlined
by Parisi and Wu [64] in the context of heat equations; see also [65]. On the other hand, the
study of NLS with Gibbs measure initial data (i.e. initial data sampled from the Gibbs measure
(1.1)). was originally motivated by statistical mechanics and was initiated by Lebowitz, Rose,
and Speer [40].

At the linear level (|uc~|*"lu.., = 0), the solution W, ., to the stochastic linear damped
wave equation is the so-called stochastic convolution, satisfying

5283“’6,"{ + 81&“6,'\/ = (7 + Z)(A - 1)“6,7 + v 2757

One can show that for any € > 0, U, ,(t) € H~2T1=9(T9)\ H=2+1(T4), § > 0, almost surely.
Hence, in the two and three-dimensional setting, the stochastic convolution ¥, . is only a
distribution, not a function. Similar issues arise in the study of SCGL, and NLS with Gibbsian
data. For these reasons, SANLW,, SCGL, and NLS are called singular PDEs. In view of the a
priori roughness roughness of the solutions to the equations SANLW, .,, SCGL, and NLS, their
study is a very challenging problem which has motivated the rapid development of the fields:
that of singular stochastic PDFEs and that of random dispersive PDEs.

The field of singular stochastic PDEs originated from the seminal work of Da Prato and
Debussche [22] where they proved well-posedness for the two-dimensional parabolic ¢§+1—
model, k¥ € 2N + 1, with Gibbsian data. Recently, there was a spectacular development in
the parabolic setting, led by Hairer, who introduced the theory of regularity structures, and
proved well-posedness for the three-dimensional parabolic ®3-model in [34]. Subsequently, Gu-
binelli, Imkeller, and Perkowski [30] developed the theory of paracontrolled distributions to
study stochastic parabolic PDEs.

On the other hand, the field of random dispersive equations started from Bourgain’s break-
through work [7] on the two-dimensional dispersive ®3-model with Gibbs measure initial data;

1Strictly speaking, the <I>Z+1—measure has to be coupled with (up to some rescaling) the white noise measure
on T% on the coordinate d;u. However, for convenience, we omit these technicalities in this discussion.



with later developments by Burq and Tzvetkov [10, 11], and Colliander and Oh [17] in the mid
2000’s. Recently, we have seen rapid progress in the resolution of the well-posedness issue for
the hyperbolic @g*l—models as techniques and ideas where imported from the study of singular
PDEs. In [32], Gubinelli, Koch and Oh successfully implemented the paracontrolled approach
to the study of the three-dimensional stochastic quadratic nonlinear wave equation. This de-
velopment led to the very recent impressive resolution of the three-dimensional cubic nonlinear
wave equation, with Gibbs measure initial data, by Bringmann, Deng, Nahmod, and Yue [9].
As for the study of random Schrodinger equations, Deng, Nahmod and Yue introduced the
theory of random averanging operators and proved global well-posedness for the super-cubic
dispersive <I>]2“+1—models, k > 5, with Gibbs measure initial data. Later, by introducing the
theory of random tensors, a refinement of the random averaging operators, they were also able
to prove well-posedness for the dispersive <I>§_ §—mode12; see [25].

Unfortunately, there has been little interaction between these two communities. The main
objective of this thesis is to link the fields of singular stochastic parabolic PDEs and random
dispersive PDEs through the viewpoint of convergence problems.

When ¢ = 0, SANLW, ,, formally corresponds to SCGL.,; while for v = 0, SCGL, corre-
sponds to NLS. Hence, we expect the solution of SANLW, ., to converge to the solution of SCGL,
as € — 0, which in turn should converge to the solution of NLS as v — 0. The first convergence
(from the solution of SANLW, , to that of SCGL,) is referred to as the Smoluchowski-Kramers
approximation (or non-relativistic limit) and has been studied extensively in various contexts
[12, 13, 14, 15, 16, 18, 19, 20, 28]. The second convergence issue; namely from the solution of
SCGL, to that of NLS (as v — 0) is called the inviscid limit and has been studied in either the
deterministic (i.e. £ =0) or smooth noise settings [4, 43, 54, 75, 38, 68].

In this thesis, we study the Smoluchowski-Kramers approximation and the inviscid limit in
the current singular setting of the equations SANLW, ., SCGL, and NLS on the two-dimensional
torus T2. In particular, we settle in Chapter 2 and Chapter 3 below, the question of convergence
of ®3-models, as illustrated below.

hyperbolic ®3-model
207ty + Optiey = (7 + ) (A = Ve y — (7 4 0)|te 5 *te 4 + v/27€

e—0 é

parabolic ®3-model
Bruy = (v + (A = Duy — (7 + 1) [uy[Puy + /27€

v —0 é

dispersive ®3-model
O = i(A — Du — ilu*u

1.1 Smoluchowski-Kramers approximation

In this section, we study the convergence of the solution of SANLW, . to the solution of SCGL,

in the real-valued setting in dimension two. Namely, we consider the following stochastic

damped nonlinear wave equation on T?

20%2u. + Opue + (1 — A)ue +ulf =

eOue + e + (1= Ajue fus =& o2y g (1.6)
(u57 atu8)|t:0 = (¢07 ¢1)7

In the above, € € (0,1], k > 2 is an integer and £ denotes a real-valued (Gaussian) space-time
white noise on T? x R.

As discussed in the above, we aim to show that u. converges to the solution u of the
stochastic quantization equation:

2Namely, the cubic nonlinear Schrédinger equation with the Gaussian free field initial data with covariance
operator (1 — A)~1-9,



{at“ TA-Butut =& LR, (1.7)

u|t:O = ¢07
as ¢ — 0.

Let us first discuss informally why the Smoluchowski-Kramers approximation occurs. Con-
sider the following homogeneous linear damped wave equation:

e20%u. + Oyue + (1 — A)u. =0 (1.8)
(Usa 8tu6)|t:0 = (¢Oa ¢1) ’
By taking the spatial Fourier transform, we have
207t (n) + 9 (n) + (n)*u:(n) = 0 (1.9)

for n € Z2. The roots of the characteristic polynomial e2A? + A + (n)? = 0 are given by

—14 /1 —4(n)2e?
At(n) = = n)%e? (1.10)

Note that we have AF(n) € R if and only if (n) < (2¢)7'. In the low frequency regime
(n) < (2¢)™1, the solution to (1.9) with

(@=(n), By (n))]1=0 = (Go(n), b1 (n)) (1.11)
is given by
fn,t) =7 coshO ()l + ¢ = B (LG 4 i)
where A:(n) is defined by
1 — 4(n)2e?
Ae(n) = % (1.13)

In the high frequency regime (n) > (2¢)~!, the solution to (1.9) with initial data (1.11) is given
by

- R - —psin(Ge(n)t) (1~ -
) = ¢ cos(C () + ¢ 32 TEET (%ﬁmm+@m0, (1.14)
where (.(n) is defined by
¢(n) = 4<n2>z§2 -1 (1.15)

Let P% and PYeh be the sharp projections onto the (spatial) frequencies
{neZ?:(n) < (2¢)"'} and {n € Z? : (n) > (2¢) '}, respectively, defined by

PlVf = F 1 (1ycoo-1f(n)  and  PMENF = FN(L00 001 f(n)). (1.16)

Then, define the operator Se(t) and D.(t) by setting

and
D.(t) = e 22 S.(t). (1.18)



Remark 1.1.1. At this point, the operator D is only defined for € € I such that

I:= (O,oo)\{ﬁ :n € Z°}. (1.19)

However, we show in Lemma 2.1.5 that the map € € I — D, can be extended to (0,00). In
what follows, since we are interested in the behaviour of the solutions to (1.6) near € = 0, we
will consider that all quantities are defined for ¢ € [0, 1].

From (1.12) and (1.14), we see that the solution u. to (1.8) is given by
ue(t) = 0D (t)po + De(t) (e >0 + 61). (1.20)

Furthermore, by the Duhamel principle, the solution u. to the following nonhomogeneous linear
damped wave equation:

e20?u. + Opue + (1 — Ayu. = F
1.21
{<u57atus>|t_o = (60, n). (L2
is given by
t
uc(t) = ;D (t)po + De(t) (e 2o + 1) + / e 2D (t —t"F(t)dt' (1.22)
0

From (1.10) with a Taylor expansion, we have

_ —2(n)* — _(n)2 )42 —(n)2
AZ (n) = —2(n)? —3 —00

1— /1 — 4(n)%e2

in the regime (n) = o(¢~2) as & — 0, namely in the regime

1 —4(n)2e2 =1 —2(n)?e? + O({(n)*e*) (1.24)
as € — 0. Let x be a smooth non-negative function such that y =1 on {x € R: |z] < 1} and
supp(x) C {x € R: |z| < 2}. Fix N € R and let P<x be the sharp projection onto (spatial)
frequencies {n € Z? : (n) < N} defined by

Ponf = fﬁl@(mgzvf(”))a (1.25)

At a formal level, we have

AT (V) AZ(V)E

< T T e P_ 4o — B(OP_ 4,
1 6Aj(v)t
ODOP -0 = (<1 = 4<v>252) 2 (1.26)
A (V)t
+ (1 + = i<v>2€2> - 9 )P§5—5+9
— 0
for any 0 < § < 1, where
Py(t) = A=D1, (1.27)



See Lemma 2.1.7 for a rigorous justification of (1.26).

Remark 1.1.2. By looking more carefully into the kernels involved, one can prove that the
convergence (1.26) occurs in the regime (n) = o(¢~!). Namely, the convergence in (1.26) is
valid with P<E_%+9 replaced by P<.-1+0; see Lemma 2.1.7

Remark 1.1.3. Note that (the proof of) Lemma 2.1.7 shows in particular that
P 110 (5*2D5 — Po) and P<.-1+00;D. - viewed as operators from H*(T?) to itself for any
s € R - both converge to zero as € — 0 only pointwisely in time. In order to get a uniform-in-
time convergence, i.e. in L ([0, T]; H*(T?)) for any T > 0 and s € R, one must work with the
operator P<€,%+9 (5_2DE + BtDE) which enjoys some extra cancellation. See Lemma 2.1.7 and

Corollary 2.1.8.

Therefore, we see that u. in (1.21) formally converges to

u(t) = Py(t)¢o +/0 Py(t —tYF(t")at, (1.28)

satisfying the nonhomogeneous linear heat equation:

{atu+ 1-Au=F (1.29)

Ult—0 = ¢o.

Thus, we expect that the solution to (1.6) converges to the solution of the stochastic quantization
equation (1.7) as e — 0.

1.1.1 Results and outline of the proof

For any € > 0, we introduce the stochastic convolutions by
t
U, = / 2D (t —t")dW (1), (1.30)
0

Uy = /1t Py(t —t")dw (t'). (1.31)

where W denotes a cylindrical Wiener process on L?(T?), defined on some probability space
(@, P):

W(t):= Y Bn(t)en (1.32)

n€ez?

and { By, } nez> is defined by B, (t) = (£, 10,4 €n)e,t- Here, (-, ), + denotes the duality pairing on
T? x R. As a result, we see that {B,, },ez2 is a family of mutually independent complex-valued®
Brownian motions constructed so that B_,, = B, n € Z2. By convention, we normalized B,,
such that Var(B,(t)) =t.

The solutions u. and u to (1.6) and (1.7), respectively, are merely distributions, not func-
tions. We first analyze the equations at the linear level.

Given € € [0,1] and N € N, we define the truncated stochastic convolution ¥, y = P<nU,,
solving the truncated linear stochastic wave equation/heat equation (for ¢ = 0):

207V N + Ve N + (1= AV v = Popg, (1.33)

with the zero initial data. Here, P<y is as in (1.25). Then, ¥, y is represented by the following
formula:

‘IIE,N - /t EiQDE(t_t/)d(PSNW)(t/)v (134)
0

3In particular, B is a standard real-valued Brownian motion.



where W is as in (1.32). For each fixed ¢ € (0,1], z € T? and ¢t > 0, we see from (1.34) and
(1.15) that U, n(z,t) is a mean-zero real-valued Gaussian random variable with variance

e T " [sin(G(n)E—1)]*
e (t) B B[ y(x,1)?] = Co(t) + g; /0 { ) dt

1.35
671<<<7L>§N ( )

~ log N

for some constant C' = C.(t) and N > ! and (. as in (1.15). Note that the implicit constant
in (1.35) depends on € and t. We point out that the variance o, n(t) is time-dependent. For
any t > 0, we see that o. y(t) — 0o as N — oo, which can be used to show that {¥. n(t)}nen
is almost surely unbounded in W9 (T?) for any 1 < p < co. Similar comments apply to ¥q x
and its variance oo n.

For notational convenience, we denote by u.—¢ the solutions to (1.7) and view it as the
solution to (1.6) with ¢ = 0. For N € N and ¢ € [0,1], let u.n denote the solution to
(1.6) where the rough noise ¢ is replaced by the regularized noise P<y§. Proceeding with the
following decomposition of u. n the solution to (1.6) ([45, 7, 22]):

Ue,N = Ug,N + \IIE,N- (136)
This decomposition leads to
"k
e207ve N + Opve N + (1 — A)ve n + Z (€> \Ilﬁ’Nvije =0. (1.37)
£=0

Due to the deficiency of regularity of V. y, the power \I/?N, £ > 2, does not converge to any
limit as N — oo. This is where we introduce the Wick renormalization. Namely, we replace
\Iff; ~ by its Wick ordered counterpart:

W () Hy (W (2, 1); 00 n(8)), (1.38)

where Hy(x;0) is the Hermite polynomial of degree ¢ with variance parameter o. See Ap-
pendix A.2. Then, for each ¢ € N, the Wick power :\I/ﬁ, N © converges to a limit, denoted by
Wt in C([0,T); W=9°°(T?)) for any € > 0, o > 0, and T' > 0, almost surely; see Proposition
2.1.10 below.

These renormalizations give rise to the renormalized version of (1.6):

k
k
2020+ O + (1= Moy + 3 () s o =0, (1.39)
=0

for € € [0, 1]. By taking a limit as N — 0o, we then obtain the limiting equations:

k
k
207v + O + (1= Avo + > (€> Wl bt =0, (1.40)
£=0
Given the almost-sure space-time regularity of the Wick powers : W¢: ¢ = 1,... k, standard

deterministic analysis using the product estimates (Lemma A.1.1) yield local well-posedness of
(1.39) and (1.40), for each fixed ¢ € [0, 1].

Recalling the decomposition (1.36), this argument also shows that the solution u. n =
U, N + ve N, With v. n solving (1.39), to the renormalized equation with the regularized noise
P<n§

626211571\[ + atu&]\r +(1- A)UE7N+ :ulg,N =Pon€ (1.41)

where the renormalized nonlinearity :u” \ : is interpreted as



k
k _
N T
£=0

converge almost surely to the stochastic process u. = ¥, + v, where v, satisfies (1.40). It is in
this sense that we say that the following renormalized versions of equations (1.6) and (1.7):

£202u. + Opue + (1 — A)uc+ :ub: =¢, (1.42)
O+ (1 — Aut ub: =¢, (1.43)

are locally well-posed for € € (0,1] (and for initial data of suitable regularity).
We can now state the main results of the chapter. Firstly, we show the following lo-

cal existence and Schmoluchowski-Kramers approximation for polynomial nonlinearities. Let
H5(T?) := H*(T?) x H*~Y(T?) for any s € R.

Theorem 1.1.4. Fiz an integer k > 2 and let (¢po, 1) € H*(T?) for s > gﬁ—:g Then, the
following holds:

(i) (uniform local well-posedness) There exists an almost surely postive time T = T(w) such that
for each € € (0,1], there exists a solution u. to (1.42) with initial data (¢o, P1) and a solution
u to (1.43) with initial data ¢o which belong to the class C([0,T]; H=°(T?)), for any o > 0.

(ii) (convergence) Moreover, u. converges almost surely to the solution u in C'([0,T]; H(T?))
as € — 0.

Remark 1.1.5. We emphasize here that the convergence result in Theorem 1.1.4 means that
there exists a set Q¢ C Q (where (2, P) is the underlying probability space on which the noise
¢ is defined) such that P(£2) = 1 and

|ug’ —ugllcrms — 0,

for any w € Qg as ¢ — 0 and with T and s as in Theorem 1.1.4. This is in sharp contrast with
the literature where such convergence results are obtained only up to a subsequence. See for
instance [13, 28].

The proof of Theorem 1.1.4 follows from two ingredients: the study of the stochastic objects
(1.38) as functions in the variable (g,t) by using a bi-parameter version of the Kolmogorov
continuity criterions and a fixed point argument for v. the solution to (1.40) in a space of
continuous functions of the variable (g,t). The convergence of u. to u.—o = u is then a direct
consequence of the continuity at € = 0 of the map € — v.. See the discussion in Subsection
2.2.1 for more details.

We note that Fukuizumi, Hoshino and Inui independently studied in [28] the convergence
of (1.6) to (1.7) as € — 0 for Gibbsian data (1.1). They proved a global in-time convergence
similar to Theorem 1.1.4, but only according to the discrete sequence £(j) = % —0,7€eN.

In the non-singular case with a polynomial nonlinearity (for instance (1.6) with a colored
noise in space or in one space dimension), the result of last theorem can be extended to arbitrary
large time intervals since the solutions are known to be global. See for instance [12, 13]. In our
singular setting however, the convergence of Theorem 1.1.4 cannot be established over longer
times because of a lack of a global well-posedness theory for (1.42) and k > 3 (the solutions are
known to be global-in-time for k& = 3; see Remark 1.1.7 below). Since the solution u to (1.43) is
known to exist globally in time by an argument of Mourrat and Weber [50] (see also [72]), we
can show asymptotic large time well-posedness for (1.42) (for e > 0). More precisely, since u.
gets closer to ug as ¢ = 0, we can extend the existence time and the convergence of our local
solutions u. over larger times as ¢ — 0. This is the purpose of the following theorem.

Theorem 1.1.6. Let k > 2 be an integer. Fix a (deterministic) target time T > 0. Let
(o, 01) € H*(T?) for s > glz—:g There exists an almost surely positive random wvariable
g0 = €o(w) such that for each e € [0,&0] the solutions u. and u to (1.42) and (1.43), respectively,
constructed in Theorem 1.1.4 exist up to time T.

Furthermore, {uc}.c(0,-) converges to ug in C([0,T]; H=7(T?)) as e — 0, for any o > 0.



We conclude this section with a few remarks.

Remark 1.1.7. Fix s > 3. In [33], the authors proved that (1.42) for k = 3 and ¢ = 1
is globally well-posed in H*(T?). By modifying their argument, one can show global well-
posedness in H*(T?) for e € (0, 1]. Since the stochastic quantization equation (1.43) is globally
well-posed in H*(T?) as well; see [50, 72], the Smoluchowski-Kramers approximation proved in
Theorem 1.1.4 holds globally in time, i.e. in C’([O,T];H*"(Tz)), o >0, for any T > 0 in the
cubic case k = 3.

Remark 1.1.8. The solutions constructed in Theorems 1.1.4 and 1.1.6 are unique in classes
of the form W, + C([0,7]; H'=7(T?)) for any € € [0, ] for some appropriate g € [0,1], T > 0
and o > 0.

1.2 Inviscid limit

In the present chapter, we address the question of the inviscid limit in the singular setting for
the equations SCGL, and NLS with Gibbs measure initial data ®3 (1.1).
We first aim at defining the ®3-measure rigorously. Recall the measure p is given by

= Law(9). (1.44)
Let N € N and define the truncated renormalized interaction potential Ry as follows:

1
Ry (u) = _Z/TQ (P<nul?: d. (1.45)

Then, we define the truncated renormalized probability measure py by
pn = Zy"exp (Rn (u))dp(u) (1.46)

It turns out that the above definition of the measure py (1.46) leads to a meaningful object
in the sense that py admits a well-defined limit as N — oo. Justifying this procedure is the
purpose of the next result.

Proposition 1.2.1. Let Ry(u) and py be as in (1.45) and (1.46), respectively. Then, the
following holds:

(i) The truncated renormalized interaction potentials { Ry (u)}nen form a Cauchy sequence in
LP(u) for any finite p > 1; thus converging to some random variable R(u) € LP(u).

(ii) Given any finite p > 1, there exists Cp, > 0 such that

Ry (u)
5 [y < Co

Moreover, we have

lim eftv(W) — oRw) in LP(u). (1.47)

N—o0

As a consequence, the truncated renormalized Gibbs measure pn converge, in the sense of (1.47)
to the renormalized Gibbs measure p given by

dp(u) = Z7elf Wy, (1.48)
Furthermore, the resulting Gibbs measure p is equivalent to the Gaussian measure L.

We now describe here the renormalization procedure that we carry out to make sense of
both the dynamics SCGL, and NLS. Fix N € N and consider the truncated Hamiltonian Hy (u)
associated to py given by



Hy(u) = %/T P <y Vul2dz + % /T |P<nul?dz + i /T (P<yult: do. (1.49)
Here, :|P<nul?: denotes the following Wick renormalization:* and P<y is as in (1.25).
(Ponul* 2 Poyul* — doy[Poyul® + 202, (1.50)
with
on = E[|[P<noll72], (1.51)
where ¢ is as in (1.3). In particular, we have
don (u) 1= 23 (e ) duyy (w) @ da™™ (),

where dupy denotes the Lebesgue measure on the space of Fourier modes corresponding to the
indices {n : (n) < N} and du>" is the push-forward of the measure p under the map Id —P<y.
Let us introduce the following Wick renormalized truncated models induced by H:

8tu%N = (’y + Z)(A — 1)U%N — (’y + i)PSN((|P§NU'y7N|2 — 2UN)P§NU7,N) + v/ 27€, (1.52)

for v € (0,1] and
8tuN = Z(A - 1)’LLN - Z'PSN((|P§N'U,N‘2 - QO'N)PSN’U,N), (153)

with initial data ¢ (1.75).

In [22] and [7], Da Prato-Debussche and Bourgain respectively proved the almost sure
convergence of u,,y and uy to some processes u, and u in C([0,T]; H*~(T?)) for an almost
surely positive time 7" > 0. We formally write that u. and u solve the equations

Oty = (v + 1) (A = Duy — (7 +8) ((Juy[* = 200)uy) + /27€, (1.54)
for v € (0,1] and
dpu=i(A — D)u —i((|Ju* — 200)u), (1.55)

with initial data sampled from py (1.46). The equations (1.54) and (1.55) constitute the Wick
renormalized counterparts of the models SCGL,, and NLS.

1.2.1 Results

We now state the precise version of our main result regarding the inviscid limit.

Theorem 1.2.2. The following holds:

(i) (global well-posedness and invariance) The renormalized equations (1.54), for any v € (0, 1],
and (1.55) are almost surely globally well-posed with respect to the Gibbs measure p (1.48).

More precisely, for each v € [0,1], there exists a non-trivial stochastic process
uy € C(Ry; HO7(T?)) such that, the solution u, n (resp. uy for v = 0) to the truncated
dynamics (1.52) (resp. (1.53)) converges to u, in C(Ry;H°(T?))® as N — oo in p @ P-
probability. Moreover, the law of u,(t) is given by the renormalized Gibbs measure p for each
t>0.

(ii) (convergence) Let uy and u be the solutions to (1.54) and (1.55) respectively, constructed
in (i). Then, uy converges to u in C'(Ry; HO™(T?)) as v — 0 in p @ P-probability.

The main novelty in Theorem 1.2.2 is the convergence (ii). To the best of the author’s
knowledge, Theorem 1.2.2 (ii) is the first instance of a convergence result of the solution of the
Ginzburg-Landau equation to that of the nonlinear Schrodinger equation in a singular setting.

4Note the difference, in the current complex-valued setting with (1.38).
5endowed with the compact-open topology.
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From an analytical perspective, the difficulty in proving Theorem 1.2.2 comes from the
lack of smoothing under the Schrodinger flow (1.55), whereas the heat flow (1.54) essentially
gains two derivatives. As such, the well-posedness issue for (1.55) is a much harder problem to
consider than that for (1.54) with v > 0. Thus, it is natural to choose a space appropriate for
the study of NLS (1.55) as a common space where to compare the solutions of (1.54) and (1.55).
In what follows, we consider the Fourier restriction norm method (introduced by Bourgain [5]
in the context of NLS) utilizing X **-spaces (defined in Definition 3.1.1 below) adapted to the
Schrédinger flow. However, it turns out that these spaces are not well suited for the study of
the parabolic equation (1.54) for small 0 < v < 1, which causes issues in our analysis. We
elaborate further on this point at the end of Subsection 1.2.2.

Remark 1.2.3. We note that the convergence (ii) in Theorem 1.2.2 above is only a convergence
in probability as v — 0, as opposed to the almost sure convergence stated in Theorem 1.1.4.
This is essentially because we further replace the “gauged noise” at the level of the gauged
version of the equation (1.52) by the usual space-time white noise . We then implement a
pathwise approach to this modified equation. See Remark 1.2.8 below for further explanations
on this point.

Remark 1.2.4. It would be of interest to study the inviscid limit proved in Theorem 1.2.2
for higher order nonlinearities, i.e; & € 2N + 1 with £ > 5 in SCGL, and NLS. With the
corresponding Gibbs measure measure initial data, well-posedness for the heat model SCGL,
was proved by Da Prato and Debussche [22], while well-posedness for NLS was established only
recently by Deng, Nahmod, and Yue [24] in a breakthrough work. In order to achieve this recent
result, they introduced the theory of random averaging operators. We plan to show the inviscid
limit for these models by adapting the random averaging operators theory to parabolic (and
stochastic) setting. However, in view of the issue discussed in Remark 1.2.9 below, achieving
this convergence might require using the random tensor theory [25], a further extension of the
theory of random averaging operators.

1.2.2 Outline of the proof

Here, we outline the proof of Theorem 1.2.2. We fix N € N. We introduce the following gauge
transformation:

G (u) = "N Wy, (1.56)

with
t
Vi () () = 2/ ([ IPexult)Pde —on)dt € R, t >0, (1.57)
0 T2

for any some smooth u € S(T? x R). Note that the functional Vi (u) does not depend on the
spatial variable z € T? and that Vy(u) = Vn(Gn(u)). The gauged variables u, x°® are then
given by

Uy N = G (uy,n), (1.58)

for any v € [0,1]. Here, u, n is the solution to (1.52) with initial data given by ¢ ~ p. The
function u,,n then solves the following gauged equation:

Aty y = (7 +0)(A = Dy v = Py (([P<nvtuy,v]? = 208) Pty )

1.59
— iPSN‘Tt(PSNu%N) =+ \/ 2’)/}:%]\,, ( )

with initial data ¢ ~ p and for any v € [0, 1]. Here, X7V denotes the gauged noise given by

6Here, and throughout this chapter, a quantity indexed by v = 0 will always refer to the Schrédinger model.
For instance, u,—o,n is the solution to (1.53).
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XN = eV n)g, (1.60)

and 91 denotes the PDE renormalized cubic nonlinearity defined by

N(u) = (|u|2 - 2/ \u|2dx)u. (1.61)
'H‘Z
We can then further decompose the nonlinearity 91 into
N(u) = N(u) — R(u), (1.62)

where N and R are (with a slight abuse of notation) the nonlinearities N (u, u, u) and R(u, u, u)
associated to the trilinear forms defined by

fw(./\f(ul,uz,u3))(n,t): Z u1(ny, t)uz(ne, t)us(ns, t), (1.63)

ni,n2,n3
na#ni,n3

and
Fo(R(ur,uz,u3))(n,t) = ui(n, t)uz(n, t)uz(n, t), (1.64)

respectively. We further discuss in Remark 1.2.7 the necessity of introducing the gauge trans-
formation (1.56).

A natural strategy to obtain the convergence of the solution ., the solution of (1.54), to
u, the solution of (1.55) is to
(1) solve the gauge equation (1.59). Namely, prove the convergence of u, n to u, as N — oo,
(ii) show the inviscid limit on the gauged side. Namely, the convergence of u, to u,—g asy — 0,

(ii) invert the gauge transformation (1.58).

It turns out that (i) is hard to achieve in view of the dependence in N of the noise X7"V; see
Remark 1.2.8 below. Hence, there is no identifiable pathwise limit N — oo of u, x and we
cannot pass to the limit at the level of the gauged equation (1.52).

In order to circumvent this issue we fix a function v € (0,1] — N(y) € N such that
N(v) = oo as v — 0 to be chosen later and we write

U= Uy = (U= Uy N(y)) + (Uy,N(y) — uy) =2 L(7) +1(7).
We divide our argument into two steps.

e Step 1: I(y) — 0 as v — 0. We effectively treat (i) and (ii) at the same time. Let us note
that the gauged noise X7V has the same law as & and is independent of ¢ ~ p; see Proposition
3.1.8. Hence, for each v € (0, 1], the solution wu, n( (¢, XN to (1.59) with initial data
¢ ~ p has the same law as u, n(,)(#, &), the solution to

8tu%N = (’Y + Z)(A — ]-)u'y,N — VPSN((|P§Nu'y,N|2 — 2UN)P§Nu'y)

. (1.65)
— ZPSN(ﬂ(PgNU»y,N) + \/ﬂga

with initial data ¢ ~ p and where N = N(v). In Section 3.2, we study (1.65) by a pathwise
approach” and prove the convergence of u, n (¢, &) to some limit w,—o(¢) as y — 0 and N — oo
in C([0,1]; H¢(T?)), € > 0. This shows that, by conditioning on {¢ = ¢,}, for some fixed
¢. € Supp(p) we should formally have that

“Law|g—p, (11,5 () (6, X NON)) — ug(0,)7, (1.66)

"In Step 1 and Step 2, the analysis is not done at the level of the variables Uy, N O Uy N but rather at the
level of the “nonlinear remainders” (see Section 3.2). We however omit these technicalities in this discussion.
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as v — 0. Since up(¢y) is a constant (in £), the convergence in law (1.66) can be upgraded to a
convergence in probability with respect to the law of £&. We then prove the convergence of the
gauge transform (iii) which leads to the desired goal: I(y) — 0.

e Step 2: II(y) — 0 as v — 0. We analyze the difference I[(y) = u, n(y) — uy by using
heat analysis and by implementing Bourgain’s invariant measure argument [6, 7] to obtain a
(probabilistic) bound on () with an explicit dependence in v and N (). Namely, we prove

[y = vy v leomze) S exp(y~“)N(7) 77, (1.67)

with high p ® P-probability for some large C' > 0. In (1.67), the diverging factor exp(y~¢) is
due to the use of parabolic smoothing effects (in our local theory) which get weaker as v — 0.
Hence, upon choosing N(7) ~ exp(y~4), for A > 0 large enough, we deduce that T(y) — 0.
Let us also note here that this step relies heavily on Bourgain’s invariant measure argument
in the sense that a naive local-in-time version of the convergence (1.67) fails as the local time

existence T’y for u.,, verifies Ty — 0 as v — 0. See Remark 1.2.10 below for more details.

Remark 1.2.5. In Step 1, we implement rigorously the “conditioning” (1.66) by constructing
the relevant stochastic objects on full p ® P-probability sets that “locally look like products of
sets of full p-probability and P-probability”; i.e. sets of the form

Qo = U {¢*} X QE((b*)a

DL EQy

such that p(24) = 1 and P(Q¢(¢4)) = 1 for each ¢, € Qy; see Section 3.4. (Note that we check
in Lemma 3.4.1 that such a set ) is measurable.) The convergence (1.66) then follows from
working with any fixed ¢, € Q4; see Section 3.2.

We now discuss the analysis of (1.65) in Step 1 above as the analysis of (1.65) is, from
an analytical perspective, the most challenging part of the proof of Theorem 1.2.2. We first
introduce some notations. Let W denote a cylindrical Wiener process on L?(T?):

W(t) = Y Bn(t)e™” (1.68)

nez?

and { By, }nez2 is defined by B, (t) = (£, Ljo.4)-€n)x,t. Here, (-, ), + denotes the duality pairing on
T? x R. As a result, we see that {B,, },cz> is a family of mutually independent complex-valued
Brownian motions adapted to the filtration {F;};>0. By convention, we normalized B,, such
that Var(B,(t)) = t.

For v € [0,1], we define the operator S, by

S (t, 1) = eOIHFNA=D (4 47y € R2, (1.69)
We also set S, (t) = S,(t,t) for t € R. Next, we define the following Duhamel operators:

I(F)(t) = Ig, (1) /0 (=t — V) + s (1) /O Sttt — )P
(1.70)

To(F)(t) :/0 So(t —t')F(t')dt'.

Remark 1.2.6. The above definition of the Duhamel integral (1.70) also appeared in [48, 49].
This naturally extends the “usual” Duhamel integral defined by

t
TY(F)(t) = 1e, (1) /0 OB B () gy

to the whole real line.
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Let v € [0,1]. We denote by ¥, the stochastic convolution

U (t) = \/ﬂ/ot S, (t—tdw (t'), (1.71)
that is, the solution of the linear equation
0.y = (v +1)(A = D, + /€.
For N € N, we also denote by ¥, n the truncated stochastic convolution
v, vy =Pcn¥,, (1.72)

and we denote by T, and 1, n the stochastic processes defined by

T (t) = Sy ()¢ + U, (), (1.73)
T%N(t) = PSNT,Y(LL) = S,Y(t)(ﬁ]v + \I/%N, (174)

for t > 0, where
on =P<no, (1.75)

with ¢ is sampled from p (1.48). A standard computation shows that {(v,t) — T, n(t)} Nen
belongs to C ([0, 1] x [0,T]; W0°°(T?)), uniformly in N € N, almost surely for any T’ > 0; see
Lemma 3.4.3. We further introduce the following Wick renormalized powers:

AN = 1 N]? —on,
|;,N| [Ty 2 N (1.76)
:H%N‘ T%NIZ (H’y,N‘ —QO'N)T%N,

where o is defined as
oN = EUT%N(t,x)F] ~ log N,

and is independent of (t,7,7) € Ry x T? x [0,1]. The regularities of the stochastic objects
(1.76) is also studied in Lemma 3.4.3.

Fix N € Nand v € [0,1]. Let u, x be the solution to (1.65). We proceed with the following
first order expansion ([45, 7, 22]):

Uy ny =0y 8+ 1y = (08 + Ty n) +Ponly, (L.77)
where Py ny = Id —P<y. We see that the dynamics of the truncated renormalized equation
(1.59) decouples into the linear dynamics for the high frequency part given by P~ NTfyv and the

nonlinear dynamics for the low frequency part of P<yuy n:

OP<nuy N = (7 +9)(A = 1Duy N
—7P<n ((|P§Nu'y,N|2 - 2UN)P§N%,N)
— Py N(uyn) + /276,

Then, the nonlinear remainder v, y = P<yu, y — 1, n satisfies the following integral equation:

0y N = —7P§NGX\,}}\C{1{(U%N) - inNGE,IJ)VE(U’y,N)a (1.78)

with the zero initial data and where the nonlinear expressions GXV}\C,I‘ and 65]?\,1“3 are given by
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SR (0) = T, (o + T.xvl? = 20m) (0 + 1,.8))
=T, (IofPo+ : |y 2T v 4220 4+ (,n)2 0 (1.79)
+ QTV’N|U‘2 + T%N 02>,
and by (2.34), we have that

SR (0) =Z,M(Ty,n + )
=ZI,N(o) + ,N(1y,n)
+2Z,N (1 n,0,0) + TN (0,1, n,0) (1.80)
+2Z,N (0,1 N, Ty ) + TN (Tyv, 0, T )
— I, R(T,n + ),
respectively.
In view of the ill-posedness of NLS below L?(T?) [55, 37], we have to place v, n in H®(T?)

for some s > 0 and uniformly in N € N. We achieve this by solving a fixed point argument for
v, n; see Proposition 3.2.2.

The terms in (1.79) will be estimated in the following way: we first construct the stochas-
tic objects T, n, : [T, n]? Tz’N and : |1, y|?T, N i in the relevant topologies; and we then
exploit the gain of derivatives of the linear operator yZ, (see Proposition 3.1.14) coming from

parabolic smoothing and the product estimates in Appendix A.1 to obtain acceptable bounds

for 763‘7/}\‘}1‘(0% ~) and prove a fixed point argument.

The terms in (1.80) fall into four categories:
(i) a purely deterministic term: Z,N (vy,n),

(ii) a stochastic term:
Y., .n =I,(vyn) with ¥, x == N(1,.n), (1.81)
(iii) two random matrix terms:

M’ly,N e d IWN(U, T%N, T%N),

(1.82)
M,Q\/)N 0= I,Y/\/'(T%N,U, T%N>,
and two bilinear random operator terms:
Ty (u,0) = ZN(1, N,u,0),
v (9) = LN (1, 0) (1.83)

Tin: (u,0) — N (u, 15, 0),

(iv) a resonant term Z,R (T, n + 0).

All these terms will be considered in Fourier restriction spaces (see Definition 3.1.1). The
terms (i) and (iv) are dealt with by using deterministic analysis. In particular, (i) is bounded by
using a slight modification of Bourgain’s trilinear estimate [5]; see Lemma 3.1.4 in Section 3.1.3.
The stochastic terms (ii) and (iii) are estimated in the following way: we first represent them
using multiple stochastic integrals, see Appendix A.2.2, and we then use counting arguments (see
Section 3.3) combined with the random tensor estimate of Deng, Nahmod, and Yue [25] adapted
to our stochastic setting (see Appendix A.4) to close the relevant estimates. Furthermore, we
construct the aforementioned terms in spaces of functions that are continuous in v € [0,1] by
using the standard Kolmogorov continuity criterion.

After completing this program, standard PDE analysis proves the convergence of v, n to
some non-trivial stochastic process v, for each v € [0,1] as N — oo and allows us to achieve
Step 1 above.

Let us now describe the main difficulty in establishing bounds for the objects (ii) and
(iii). The key observation is that at the level of the heat Duhamel operators Z,, the dissipative
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smoothing effects come after a time integration. This smoothing mechanism is needed to handle
the roughness in space of the noise £&. However, in the X *’-spaces analysis, time integration is
also used to benefit from multilinear dispersive smoothing effects. Thus, within the framework
of X*®-spaces, there is a tradeoff, at the level of the heat model (1.54), between parabolic and
multilinear dispersive smoothing effects: they cannot be used simultaneously. We overcome
this difficulty by combining both parabolic and dispersive analysis. However, in the weakly
dissipative limit v — 0, this results in a loss of derivatives for the remainder v,; see Remark
1.2.9 below.

We finish this section by stating a few remarks

Remark 1.2.7 (Wick renormalization for NLS). Let us now consider the Wick renormalized
equations (1.52) and (1.53) and describe the main obstruction in proving the convergence in
Theorem 1.2.2 (ii) by studying these equations directly (i.e. without introducing the gauge
transformation (1.56) and the gauged variable u, n (1.58)).

We proceed with the first oder expansion of uy,n =1, + vy, n, where 1, is as in (1.73) and
vy, N satisfies the following equation:

vyN = —(7+ i)Iw< NPy N Hoy N PN
+2: NP vy 1y v (1.84)

+ 2T%N|’U%N|2 + T%N U'Qy,N)'

The stochastic terms appearing in (1.84) are as in (1.74) and (1.76) and where Z, is as in (1.70).

We would like to solve a fixed point problem at the level of v, n. Since the two-dimensional
cubic Schrodinger equation is ill-posed below L?(T?) [55, 37] and is “embedded” in (1.84), we
wish to prove that v, n belongs to some space of positive regularity H (T?2), for some & > 0,
uniformly in the parameter N € N and for every 7 € [0, 1]. This would imply, in particular that
Io( to.nPTon ) belongs to H?(T?), uniformly in N € N. We decompose : ITo.n|*To.n @ into
two components:

I Gna s _ i —natns)w—i(m)?~(n2)*+ (n3)”
T Mon: (2,t) = _ImYnaIns  i(na—natng)w—i({n1)?—(n2)?+(ns)*)t 1.85
forPlons (0= 2. i) -
na7#ni,ng
(nj)<N

w2 0 ) B e
1)SN

(n2)<N

=: Vo (z,t) + 10N (2, 1),

where Wy n is as in (1.81). In Lemma 3.4.4 below, we prove that the stochastic term
Yon =To (Wo,n) belongs to C([0, 1];H%’(T2)). This 1-derivative gain is known as multi-
linear smoothing: by exploiting the interaction of random waves through counting estimates,
we can prove a %—derivatives gain on Vo y. See also [32, 24, 25, 8, 63, 73] for examples of
multilinear smoothing in other contexts.

The second term T(()T])V however verifies T(()T])V = Cnlo,n, where Cl is the almost surely converg-

2_
ing sequence (as N — oo) given by Cy = 2 Z<n2>§N %. Hence, in view of the regularity

of To,n € C([0,1]; H~(T?)\ L*(T?)), we also have Zy(To,5) € C([0,1]; H*~(T?) \ L*(T?))® and
it is not possible to close the fixed point argument (1.84) for vy x and consequently to study
the convergence problem v — 0 at the level of the variables vy y (1.84).

Note that the term Tg 3\, comes from the resonant interactions ns € {ny,n2} in (1.85). The

gauge transform (1.56) premsely removes these “bad interactions” from the Schrédinger part of
the nonlinearity, making the problem (1.59) amenable to PDE analysis.

8Note that there is no multilinear smoothing at the level of linear objects.
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Remark 1.2.8. It would be of interest to develop a pathwise approach to analyze (1.59). This
would require to study the convergence (in N) of stochastic object constructed from the noise
X7" and that have the form {Ayn(X""™)}yen. However, the main obstacle in doing so comes
from the dependence of the gauged noise X7V in the parameter N itself. Thus obtaining any
difference estimate of the form Ay (X7VM) — Ax(X7N), N > M, for these objects is difficult
since it involves two correlated space-time white noises.

Remark 1.2.9. Let us discuss the bounds available for the remainders v.,, v € [0, 1], in (1.78).
In the parabolic setting, by a variant of Proposition 3.2.1 in Section 3.2 below, we have that

fosllew i S 1,

for some small time T', > 0 depending on 7. At the level of NLS (1.53), Bourgain’s argument
[7] gives the bound

||UO||CTHI%7 < o0,

for some 0 < T < 1. However, surprisingly, because of the issues described in the above, our
argument only gives the following uniform (in 7) bound for the remainder v, (at the level of
the gauged equation (1.65)):

< 00,

su o
p 1ol

1
y€[0,1 Hy

for some 0 < T < 1.7 Hence, there appears to be a %—derivative loss for the nonlinear remainders
v, in the limit v — 0. This is due to the issue mentioned above: in order to study v, in the
limit v — 0, we need to combine dissipative and dispersive smoothing effects at the same time
by exploiting the (limited budget of) integration in time under the Duhamel integral (1.70)

which leads to an effective derivative loss for v, in the limit v — 0.

Remark 1.2.10. By a naive application of Proposition 3.2.1, we basically have that
luy = wy Nl oo mzsy S N2 (1.86)

with high p ® P-probability and for some small € > 0 and § > 0. Here the time T, ~ A9,
61 > 0, and in particular T, — 0 as v — 0. In Section 3.2, we crucially rely on Bourgain’s
invariant measure argument to upgrade (1.86) to longer (and independent of 7) time intervals
(i.e. effectively upagrade (1.86) to (1.67)).

Remark 1.2.11. We point out that the Fourier restriction norm method had already been
applied to heat models in the literature. For instance, in [46, 48, 49], Molinet, Pilod, and
Vento used X*°-type spaces to study the well-posedness issue for dispersive perturbations of
the Burgers’ equation in various contexts. They however do not address the question of the
inviscid limit.

1.3 Notations

Before proceeding further, we recall here, for readers’ convenience, the notations that are used
throughout this thesis.

e Fourier transforms. Let f € §'(T?), g € S'(R) and u € §'(T? x R). We define the Fourier
transforms F, F: and F,+ through the following formulas:

9The fact the vy € H%_(TIQ) does not directly come from [7] (where it is proved that vy € H*(T?) for some
small s > 0) but follows however from the arguments in Section 3.4.
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Filo)0) = = [ e Moo (1.87)

1 .
—i(n-x+tX) ( t)d dt
e u\xr i
(2m)? /szm 7

for (n,\) € Z* x R. When there is no confusion, we simple use % to denote the spatial,
temporal or space-time Fourier transform of u € §'(T? x R). In what follows, we will omit the
non-essential dependence in~the factor 27 in our estimates for convenience.

We also denote by @ or F(u) the twisted space-time Fourier transform of u € §’(T? x R) by

Fur(u)(A,n) =

u(n,\) = Fypu(u)(n, A — (n)?). (1.88)

e Frequency projections. In addition to the projectors Phish Plow and P<x defined in
(1.16) and (1.25) respectively, we also define PX%:¢ and Phish-¢ by

PO f = F N (L iny<(140)-(2¢) 1 f(n)),

highd ¢ _ (1.89)
P. f—]:( (n)y>(146)-( 1f(n))

for some 0 < 6 < 1, which is chosen to be much smaller than other fixed (i.e. not &) parameters.
For a number N € Z, we denote by Py the (sharp) projection onto the set {n € Z? : (n) ~
N}. Namely, we have

Pyf(z)= > fln)e™, (1.90)

(n)y~N

for any N € N. For any set Q C Z* we denote by Pg the Fourier projection onto Q. Also,
recall, for N € N the projections P<y (1.90). We also denote by Ps n the sharp Fourier
projection onto the set {n € Z? : (n) > N}. Note that with our notations, we have

P>>N= E Py
N’'>N

e Basic functions spaces. For s € R, the space H*(T?) denotes the usual L?(T?)-
based Sobolev space and we define H*(T?) by H*(T?) := H*(T?) x H*~}(T?). We also use
shortcut notations such as LY HS and C. pH; (for functions of the form f = f(e,¢,z)) for
L*>([0,T]; H*(T?)) and C([0,1] x [0, T]; H*(T?)) respectively, etc.

Let s € R and p > 1. We introduce the Fourier-Lebesgue space FL*P?(T?) given by the
norm

1l Fzer = () F ()l

e Probabilistic setting and notations. In this Chapter 2, we work on a filtered probabil-
ity space (Q,P, A, {Fi}+>0) and assume that € which is rich enough so as to encode all the
probabilistic information necessary for our purposes, i.e. the noise £ (1.5).

In Chapter 3, we work on the filtered probability spaces (H~(T?) x Q,p @ P, A, {F; }+>0)
or (H71(T?) x Q,p @ P, A, {F;}+>0), where p and u are the measures (1.44) and (1.48). We
assume that the Brownian motions {B,,},cz: and {B;;'},cz> defined in (1.68) and (A.1) in
Appendix A.2.2, respectively, are adapted to the filtration {F;};>0. By a standard procedure,
we may assume that the probability space (H1(T?) x Q, p @ P, A, {F;}+>0) (and (H~(T?) x
QuaP, A {F}i>0)) is complete so that every null set is measurable (i.e. belongs to A).

Given a random variable X defined on 2, we write Law(X) for its law. Given a measure p,
we also write X ~ p if p = Law(X).

e Symbols. We write A < B to denote an estimate of the form A < C'B. Similarly, we write
A~ B todenote A S Band B < A and use A < B when we have A < ¢B for small ¢ > 0.
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We may write A <y B for A < CB with C' = C(#) if we want to emphasize the dependence of
the implicit constant on some parameter 6.

For a complex number z we sometimes use the notations z! and z~! for z and z respectively.
Given a set P, we denote by |P| its cardinality. Given two positive numbers a and b, we denote
by a Vb and a A b the minimum and maximum, respectively, of a and b.
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Chapter 2

Smoluchowski-Kramers
approximation for singular wave
equations

The following chapter is organized as follows. In Section 2.1, we study the convergence of the
linear flows and Duhamel integrals defined in (2.2), (2.1) below. In Section 2.2, we turn our
attention to the polynomial model (1.42) and present proofs of Theorems 1.1.4 and 1.1.6.

2.1 Convergence of the deterministic and stochastic ob-
jects

In this section, we study the convergence as ¢ — 0 and prove bounds for various deterministic
and stochastic objects depending on € > 0. This is needed to prove Theorems 1.1.4 and 1.1.6.
More precisely, we first study the deterministic linear objects (2.1) and (2.2) defined below and
we then proceed with the construction of the Wick powers (1.38) uniformly in € € [0,1] and
N e N.

2.1.1 Linear flows and Duhamel operators
We introduce the following Duhamel operators for € > 0:
t
T.(F)(t) :/ 2D (t —t')F(t')at

0 (2.1)
Io(F)(t) = ; Pyt —t)F(t')dt',

for a space-time function F' and t € R, with Py and D, as in (1.27) and (1.18).

In this section, we study the convergence of the linear flow (1.20) and the Duhamel operator
(2.1).

Let P. be the linear operator associated to the homogeneous linear solution (1.8). For two
distributions ¢q, ¢1, we have

Po(t)(do, d1) := (¢72 4+ 8)D=(t)po + D ()1, (2.2)
for t > 0. Hereafter, we identify the operator Py with (P, 0) defined by
(Po,0) (o, ¢1)(t) == Po(t)do,

for t > 0.
The main result of this section is the following proposition which provides bounds for both
P. and 7.
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Proposition 2.1.1. Let s € R and T > 0. For any € € [0, 1], we have the following bounds:

sup [Pz (¢0, o1)llormg S [l(do, ¢1)lles

c€[0,1]
N (2.3)
sup || Ze(F)llopmy S T21F || poe s
£€[0,1] T
for any smooth functions ¢o, p1 and F'. Moreover, for any 0 < 6 < 1, we have
o
[(Pz = Po)(¢0, ¢1)llormy S €2 (G0, 91)ll3z+e, 2.0

I(Ze = To)(F)lorms S THe |l oe oo

for any smooth functions ¢g, 1 and F.

We deduce from Proposition 2.1.1, the following bounds on the operators {P:}.¢[o,1) and
{Z:}ceqo,1), viewed as continuous objects in ¢ € [0, 1].

Corollary 2.1.2. Let s € R, T >0 and 6 > 0. We have the following bounds:

1P-(8) (60, 1)llc. iz S 110, d1)llaes (2.5)
IZ-t) (F (e, Dllcerms ST F o, pars (2.6)

for any smooth ¢g, p1 and F.

Remark 2.1.3. Note that if we replace the C([0,1] x [0,T]; H*(T?)) norms in the left-hand
side by C/((0,1] x [0, T]; H*(T?)), then we obtain inequalities without the #-derivative losses in
the right-hand side.

Remark 2.1.4. By combining using the bounds in Proposition 2.1.1 it is easy to prove the
convergence of the solution of the nonhomegeneous linear damped wave equation (1.21) to
that of linear heat equation (1.29) as ¢ — 0, provided the forcing term F' is smooth enough.
This makes the formal derivation of the Smoluchowski-Kramers approximation in Section 1.1
rigorous.

We prove several useful lemmas first and postpone the proof of Proposition 2.1.1 and Corol-
lary 2.1.2 to the end of the section.
Let {D.(n,t)},czz be the symbol associated to the multiplier D, (¢) defined in (1.18). We

define n € R? — D_(n,t) its natural extension to R? given by

——t_ sinh(\. . _
s [N i) < 20 g
1) =9 e sin(E if (n) > (2e)7" 27
Ce(m) N

where 7+ A.(n) and 1 — (.(n) are the obvious extensions to R? of the functions A. and (.
defined in (1.13) and (1.15), respectively.

From (2.7), (1.13) and (1.15), it might seem that (¢,t,7) — D.(n,t) is ill-defined on the
hypersurface {(z,7) € (0,00) x R? : ¢ = Tln)} We however prove in the next lemma that

(e, t,m) — ﬁe(n,t) can actually be extended to a smooth function on (0,00) x Ry x R? and
provide a control on its derivatives in € and 7.
For an integer p > 1 and a multi-index o € {1,2}?, we denote by |a| = p its length.

Lemma 2.1.5. Recall the definition of the set I in (1.19). The function (,t,n) € I xRy xR?

7/7\5(77, t) can be extended to a C°° function on (0,00) x Ry x R2. Moreover, we have the following
bound:

||

|67?,D6(777t)| 5 eiﬁtla‘ﬁ_lg_‘al Z(l + \t5_177|p)(]1<n)§(2a)—1 et)\g(n) + ]]-(n)>(25)—1) (28)
p=1

10-D-(n, 1) S (n)?, (2.9)
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for any € € (0,00), n € R%, t > 0 and multi-index c.

Proof. Note that from (2.7) 1/)\5(777 t) can be written as a power series:

£2i+1

D.(n.t) = e 22 Z m((4€4)_1 - 5_2<Tl>2)j = e 32 S (n,1). (2.10)

This immediately shows that, (e,t,n) — Z/D\E(r],t) can be extended to a smooth function on
(0,00) x Ry x R2. Indeed, the partial derivatives with respect to either ¢, ¢t and 1 or a mix

thereof exist and are continuous by standard results on power series. Here, é:(n, t) is denotes
the extension to R? of the symbol of the multiplier S.(t) defined in (1.17).

Let us first show (2.8). Note that from (2.10), we can rewrite gz(n,t) as

S.(n,t) = tges(t"n), neR?, (2.11)

with ge¢(n) == >_,50 (2J+1)' (t2(4e*)~1 — 272 — |n|?)7 for n € R%2. We can write the derivative
81‘; ge,+ as a finite linear combination of functions of the form

Qp(n) Z (2J+1§"(j—p)' (t2(4g4)71 272 |n|2)j*p’

where @, € R[ni,n2] (with n = (71,72)) is a polynomial of degree at most p for some integer
1 < p < |a|. Hence, we have

|0}y 9=, (n) Z L+ [nfP)[o®) (£ (4e) 71 = 272 — [n)?)] (2.12)
where ¢ is defined by

$(x) = ; ﬁ (2.13)

for € R and ¢(®) denotes the pth derivative of ¢.
We claim the following bound on the derivatives of ¢:

6@ (2)] Sp Lazo V™ + Laco, (2.14)

for any p > 0. Note that we have the explicit formula ¢(z) = % for x < 0. By induction,

it is easy to see that for each p > 0, ¢(P) can be written as a finite linear combination of terms
of the form

gy c08(v/—T) + by sin(v/—x)
Wamle

where k() is a positive integer and Gy, by are real numbers. We directly deduce the bound
|p®) (z)| < 1, for any < —1 and p > 0. Besides, for 2 € R, we have

) (o _ (j +p)! ;
o () _;j!(2j+2p+ 1)!"7]'

Hence, |¢®)(z)| < 1 for |x| < 1. Furthermore, for # > 0, we have

(j +p)! j 1 N
———1’ < 7-73'] <e I;
;ﬂ(2j+2p+1>! Z “ (2))!
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where we used the inequality

(J +p)!(25)!
J'2j+2p+ 1) —

for j,p > 0. This shows (2.14). We now can estimate the derivative (’90‘5 (n,t) using (2.11),
(2.12), (2.14), and (1.13):

2l

|3a HURIIBS tlette ‘“'Z (14 [te” 77|p)( n)<(2e)~1 et )+]l< >>(2e)*1)'

p=1

Combined with (2.10), the above shows (2.8).
Let us now prove (2.9). From (2.10) and the product rule, it suffices to prove that the terms

e_ﬁﬁai(n,t) and S_Qe_ﬁgz(n,t), for n € R? and t > 0, verify the bound (2.9). We only
prove the former since the bound on 8_26725%55(77, t) follows from similar considerations. By
(2.11), we have

0-S-(n,t) = (=~ +2e73()?) 2 ¢/ (2 (4h) ! — 122 ()?),
with ¢ as in (2.13). Note that by the inequality v/1 — 2 <1 — 5 for 0 <z <1, we get
emmez (Mt < o= ()7t (2.15)
for (n) < (2e)~1. Thus, from (2.14) and (2.15), we deduce

e 2719.8. ()| SeP(n)? - t?e” 22 (Xt Liy<e-1 +1) Se®(n)?,

where we used the inequality e=¥ < y~! for y > 0. This proves (2.9). O

In the next lemma, we prove bounds on ﬁs(n, t) (1.18) (and its time derivative) which are
uniform in € > 0. By Plancherel’s identity, this will be sufficient to obtain uniform bounds as
(2.3) (at least for € > 0).

Lemma 2.1.6. Fiz 0 < 0 < 1. We have the following bounds:

o~ —0t(n)? f < (14 6)(2e)1
2 Dant) S () < (1+9)(2) (2.16)
e 22e 1 (n) otherwise ,

—0t(n)*  for (n) < (1+6)(2e)"

0D wm><{it (2.17)

e 22 otherwise ,

with implicit constants independent of € > 0 and t > 0.

We infer from (2.16) and (2.17) that both sfzi(mt) and th/)\s(n,t) behave like the heat
propagator Py in the low-frequency regime (n) < e~!. However, in the high-frequency regime
(n) > &1, they essentially behave like (a scaled version of) the damped propagator D.—1(n,t)
(or its time derivative).

Proof. By the smoothness of the map (e,¢,7) — 55(77,15) discussed in Lemma 2.1.5 above, it
suffices to prove (2.16) and (2.17) with (n) # (2¢)~!, which we assume in the remaining of the
proof.

We first prove (2.16). Fix t > 0 and £ > 0. By (1.13) and (1.17), we have

e e sinh(A.(n)t)
2D, (n, 1) = e 2e~ 5z SNAT)
€ (n,t) =¢" "¢ )

(2.18)
in the regime (n) < (2¢)~!. Note that from (2.15), we have
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e a7 sinh(tA:(n)) < e (m*t, (2.19)

>p e~ 2 for (n) < (1—0)(2¢)~1, we then obtain

~

for (n) < (2¢)~!. By using the inequality \.(n)
by (2.19) and (2.18)

e2|D.(n, )] < et (2.20)

for (n) < (1 —6)(2¢)~L.
We now estimate e 2D, (n,t) for (1 —0)(2e)~! < (n) < (2¢)7L.
e Case 1: A\ (n)t <1. In this regime, by using the bounds |sinh(z)| < |z| for 0 < 2 < 1 and
e ¥ <yt for y >0 and (2.18) with (n) < (2¢)71, we get
e2|Do(n,t)] S et e 5m

2.21
< (2:21)

e Case 2: A\ (n)t > 1. In this case, we note that we have /1 —2 < 1 —06(1 + &) for
1-60<2x<1and0< 60 <1 which implies

e~ (1-0)55 sinh(Ae(n)t) < 67975(”)2, (2.22)

for (1 —0)(2¢)™* < (n) < (2¢)~!. Using (2.18), (2.22) and the inequality e=¥ < y~! for y > 0,
we then get

e De(n, )| S &% e 0T e

2.23
o (223)
Hence, from (2.21) and (2.23) we deduce
e72|D.(n,1)| < e 0’ (2.24)
for (1 —0)(2e)~! < (n) < (2¢)~%.
For (n) > (2¢)~!, we have from (1.17) with (1.15) and (1.18):
—_2 _g —_t_ Sln(CE(n)t)
e “D.(n,t) = “e 2T ———-=, 2.25
o) ) (229
By using the inequalities [sin(z)| < |#| for # € Rand e7¥ <y~ ! for y > 0, (2.25) and (n) ~ 31z,
we have
—2 I~ _92 __t_
e % De(n,t)| S et e 22
D) -

< e 1T < e~ 10(m)?,
for (2¢)71 < (n) < (1+6)(2¢)7 1

For (n) > (1 —IjH) -(2¢)71, we have (.(n) =g e~ 1(n). Thus, we get the following bound from
from (2.25),

e2|Dz(n, )| S e 2e M (n) ! (2.27)

Collecting (2.20), (2.24), (2.26) and (2.27) yields (2.16)
We now prove (2.17). Note that from (2.18) and (2.25), we have

—~ 1 —~ t —
0D (n,t) = —@Ds(n, t)+ e 2:20.5:(n, t) (2.28)

where {3’;(71, t)}nezz is the Fourier symbol associated to S¢(t) defined in (1.17).
By (2.16), it suffices to estimate the contribution of e_ze%atSE(n,t). By (1.17), we have
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—
€

O Se(n,t) = COSh()\E(TL)t)]].<n><(2€)71 + cos((s(n)t)]l<n>>(2€)71. (2.29)

Hence, by (2.15), we get

. /-\ 7t(n)2 if < (2 —1
e~ 32 9,5 (n,t) < {e_tz if () < (2¢) (2.30)
e 2 otherwise,
which concludes the proof of (2.17). O

In the next lemma, we study the behavior near € = 0 of the symbols ﬁg(m t).
Lemma 2.1.7. Fiz 0 < 0 < 1. The following estimates hold:
|e72Do(n,t) — MM |1 pycerie S €737 4 2o 507 (2.31)

and

2

(72 + 00D, ) — e Ly cmrio S Mo 2 (2.32)
for any t > 0.
Proof. Fix t > 0 and (n) < e 1*%. From (2.18) with (1.13), we write

_ . e)\g(n)t _ 6_/\5 (n)t
€D, (n,t) = e 22 = I1-1. (2.33)
1 —4e%(n)?

Since A:(n) is non-negative, we have
0 S ez (2.34)

Furthermore, we get, using (1.10), the inequality AT (n) + (n)? < 0, the asymptotic expansion
of AX(n) in (1.23), the mean value theorem with the inequality e=¥ <y~ for y > 0, we deduce

1 + n + n —i(n 2
———— 1)61\5( | 4 |(6A5( It _ p=t(n) )l
1 —4e2(n) (2.35)
S 62967t<n)2 +t<n>45267t<”>2 2

—t({n)?
[T—e ™7 < |(

< 82067%«”’) .

~

Putting (2.33), (2.34) and (2.35) together gives (2.31).
We now prove (2.32). By using (2.18), (1.10), (1.13) and (2.28), we write

(6724 0,)D.(n,t) = P-(n,t) + Re(n, t), (2.36)
with
AL ()t

Pe(n,t) i= ————

V1 —4(n)2e?

1 61\: (n)t 1 el (n)t
Re(n,t) :=(1— +(1—
(1) ( 1-— 4<n>252) 2 ( 1-— 4<n>262> 2

By arguing as in (2.21), we find

P.(n,t) — e MW7 < e2em 37

Re(n,t)| < g2t

Thus, (2.32) follows from (2.36) and (2.37).
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We deduce from Lemma 2.1.6 and Lemma 2.1.7 and Lemma A.1.2 the following operator
bounds. In particular, we prove in (i) and (ii) below that the operator D. behaves like the

heat linear flow on low frequencies (n) < 517 and like the wave linear flow on high frequencies

1 ~ 2g2
(n) 2 5¢2-

Lemma 2.1.8. Fiz 0 < § < 1. Recall the definitions of P°% and Pheh in (1.89). The
following inequalities hold:

(1) (parabolic smoothing) Let e, f € R with & > 8 and t > 0. We have

a—

||€72P150W’0D5(t)f”H;’ St = ([P7S

for any smooth function f and with an implicit constant independent of € > 0 and t > 0.
(ii) (wave smoothing) Let s € R, v € {0,1} and t > 0. We have

[P 0D, (1) ||y S € 07t | ],

~

for any smooth function f and with an implicit constant independent of € > 0 and t > 0.
(i) Let se R, 0 <~y <1 andt>0. We have

IDe(®) fllms S €N fll gz

for any smooth function f and with an implicit constant independent of € > 0 and t > 0.
(iv) Let s € R. We have,

O Y Fy P

)

for any smooth function f.

(v) Let a, B € R with a > 8, and t > 0. We have:

a—

B
7 | fll e

[P<evio((e72 + 0)De(t) — Po()) |l o S 204

for any smooth function f and with an implicit constant independent of € >0 and 0 <t <T.

Proof. Ttems (i), (iv) and (v) are direct consequences of (2.16), (2.17) and (2.32), respectively
(along with Lemma A.1.2). We now look at (ii). If v = 0, then (ii) comes directly from (2.16).
If v = 1, then from (2.16), we have

_ H __t_
[e72PEEID () f|] yp S €37 HIF gy
S e 0Tt E || f]| e,

where we used the inequality e=¥ <y~ 2 for y > 0. This proves (i) for v = 1. From (i) and (ii)
with v = 0, and by interpolation, (iii) follows from the bound

ID=(t) fllez < el fll gz (2.38)
which we now prove. From (i), (1.89) and the restriction (n) < e 1, we get

[P D (1) fllry < 2P fllars
S ellfll gz (2.39)

Furthermore, from (2.16) with (1.89), we have

IPEEOD (1) fll sy S e 3 e | fll o
S el fll e 240

Hence, combining (2.39) and (2.40) gives (2.38). O
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Remark 2.1.9. From (2.17), we actually get the following stronger bounds for «, 3, s € R with
a> G

a—

_a=8

[P0, (t) fllue St™77 £ e
: ot

|PYEO,D(t) fllms < € 2 || £l s

for any e,¢ > 0 and smooth function f.

We are now ready to prove Proposition 2.1.1.

Proof of Proposition 2.1.1. Let s € R and T' > 0 and fix smooth functions ¢g and ¢;. We first
prove (2.3). By Lemma A.1.2, Py (1.27) cleary satisfies the bound

[Po(o, d1)llLse s S (05 @1) [l - (2.41)
Hence, it suffices to prove
sup || Pe(¢o, 1)l ms S [1(Po, 1) |2z - (2.42)
e€(0,1]

By (2.2), Lemma 2.1.8 (i), (ii), (iii) and (iv) with (1.89), we have
sup [[(e7* + 00)D=(t)poll Lz mrs S lldollms
€€(0,1]

sup [|De(t)¢1llrgems S ellprll s
e€(0,1]

(2.43)

The continuity in time of P.(¢g, ¢1) for some fixed ¢ > 0 and (¢o, 1) € H*(T?) follows from
the dominated convergence theorem and (2.43). Combining (2.43) and (2.2) gives (2.42). This
concludes the proof of the first part of (2.3).

By (2.1), Minkowski’s inequality and Lemma 2.1.8 (i) and (ii), we obtain the following
estimate for € > 0:

T
|1 Ze(F)llLgms < / €2 DL (8) F ()| o dt
) (2.44)

T
_1 1
S | Pl s S THF s

The same inequality holds for € = 0. The continuity in time of Z.(F) (e € [0, 1]) follows from
a similar computation. This finishes the proof of (2.3).

The estimate on P. — Py in (2.4) follows from Lemma 2.1.8 (v), Lemma A.1.2 and similar
arguments along with the bound ||f*1(]?]l<n>>571+9)||H; < €%Hf||Hi+e for any 6 > 0 small
enough. Similarly, the estimate on Z. — Zj in (2.4) follows from (2.31) in Lemma 2.1.7.

O

Proof of Corollary 2.1.2. The continuity of the map ¢ € (0,1] — P. is deduced from the

smoothness of the map (g,t) — ﬁ(nﬁ) for each n € Z? (by Lemma 2.1.5) and the domi-
nated convergence theorem. The continuity at € = 0 of € — P. follows from (2.4). Hence,
(2.117) follows from the above and Proposition 2.1.1. The bound (2.118) follows from similar
considerations. O

2.1.2 Wick powers of the stochastic convolution

In this subsection, we construct the Wick powers (1.38).

Proposition 2.1.10. Let £ € N. Fiz any finite p,q > 1, T > 0 and 0 > 0. Then, the following
holds:
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(i) Let € € [0,1]. The sequence {: \I/gN ‘}nen defined in (1.38) is a Cauchy sequence in
LP (Q; Le([0,T7; W“”‘X’(Tz))) and thus converges, as N — 0o, to a limiting stochastic process
in LP(Q; L9([0, T]; W=7°°(T?))), denoted by : Vt:.

(ii) The sequence {(g,t) +: \IJQN :}nen also converges to the process (g,t) ~: Wi @ in
LP (€ L9([0,1] x [0,T); W=°°(T?))) and almost surely in C([0,1] x [0,T]; W=7°(T?)) as
N — oo.

In [31] and [22], the processes {: W! y :}nen were constructed for ¢ = 1 and e = 0, re-
spectively. The main novelty in Proposition 2.1.10 lies in (ii), where the stochastic process
(g,t) +>: W' is constructed as a continuous function of both ¢ and ¢ by using the bi-parameter
Kolmogorov continuity criterion (Lemma A.2.3). This implies in particular the convergence of
Ul to :\Iléz along the continuous parameter ¢ — 0.

Proof. Fix £ € N, and o > 0. Our first goal is to bound the variance:

E[((V)"7 ! y(t): (2)°] S 1, (2.45)

~

uniformly in N € N, ¢t >0, € € [0,1], and z € T?.
Fix NeN, t >0, (z,y) € (T?)? and ¢ € (0, 1] (the case € = 0 in (2.45) follows from similar
arguments). By (1.34), (1.38) and Lemma A.2.2, we have,

1
E]E[ :\Ilﬁ’N(tx): :\Dg,N(t,y): ] = E[\IJ&N(tx)\I/E,N(t,y)}Z

Applying the Bessel potentials (V;)~7 and (V)7 and then setting = y, we see from the
previous computation that in order to bound the left-hand-side of (2.45), we need to bound
terms of the form

S it P Fi(na,t) - Fo(ng t), (2.46)
nl’...’n£€Z2
(nj)SN
where we write for 1 < j < ¢ and n € Z2,
Fj(n,t) = E[(F(¥c n)(n,1))?].
Hence, by (1.34) and (2.16), we get

Fj(n,t) < | Lj0,0(t)e™*De(n, )lI75,

(2.47)
(n)~?

S
S
for n € Z2. This gives
‘
(246) S DY (mA-An) T )2 S0
TLl,---,’rLgEZz j=1
(n;)SN

and shows (2.45).
Let r > % and finite p,q > 1 with p > ¢,r. By Sobolev’s and Minkowski’s inequalities and
Lemma A.2.1 along with (2.45), we have

ol . Sl
e ”LP(Q)L%WJ”’” SPey: ”LP(Q)LQTW;%”
< H||<V>_% :‘I’éNi ||LP(Q)HLqTL;

¢ (2.48)
= o Z
Sp? ||H<V> EEH DSNe: ||L2(Q)|’LqTL;

1 ¢
STap:z ,ST,p,Z 1.
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Using the inclusion LP2(Q2) C LP1(Q) for p; < pa, we obtain a similar bound for any finite
p>1. Let p > 1 be finite and M > N. By similar arguments, we also get

I :\IIQN: - :\IJ?M: | N7, (2.49)

|LP(Q)L§W;“’°° N
for some small v > 0. The bound (2.49) shows that {: \Ilﬁ,N :}n>1 is a Cauchy sequence in
LP(Q;L‘?([O,T];W*"’OO(']I‘Q))), for any p,q > 1 and ¢ > 0. Thus, it converges to some limit
denoted by : W¥:. This shows the first part of the statement, i.e. item (i).

Before proceeding with the proof of (ii), we note that by arguing as in (2.48) and (2.49),
we can construct a process (g,t) +—: U’ : (,t) as the limit of the sequence of stochastic ob-
jects {(g,t) = WE v }n>1 in LP(€; L2([0,1] x [0, T]; W=°°(T?))). Furthermore, this con-
struction is coherent with that of {: W% :}.c(o1) in the sense that : U*: (g,t) = : ¥L: (¢) in
LP (€ L2([0,1] x [0, T); W=2°°(T?))). This can indeed be observed by using the dominated
convergence theorem and the uniformity of the bound (2.49) in e € [0,1]. This ensures that
the process that we are going to construct below indeed corresponds to {: W’ ‘Yeepo,1y- Fur-
thermore, by arguing as in (the proof of) [59, Proposition 3.2], one can prove by using the
Borel-Cantelli lemma that the convergence of {(e,t) +—>:\I/£7N a1 to (g,t) =W (g,t) holds
in L*([0,1] x [0,T]; W~2°°(T?))), almost surely.

We now prove (ii) and investigate the continuity in (g,¢) of our stochastic objects. Let
hi,hy € R. We define the operators du, p,, 6, and & by

Oy ha X (g,1) = X (e + ha,t + ho) — X(e,1)
b X(e,t) = X (e + hi,t) — X(e,1) (2.50)
57, X(e,t) = X(e,t + ha) — X (e, 1),

Fix e € [0,1] and ¢t € [0,T]. Let hy,he € R such that e + hy € [0,1] and ¢ + ha > 0. Let
¢ e N, o >0. We aim to show the bound

E[((V) %0 Ve n(t,): (2))°] S ll(ha, 2|13, (2.51)

for some v > 0 and uniformly in all parameters. In (2.51), || - |2 denotes the Euclidean norm
on R?.

Let (z,y) € (T?)%. We only treat the case (¢, + hy) € (0,1] as the case e =0 or e+ h; =0
follows from similar considerations. Expanding the expression

%E[éhhh :\I!éN(t,x): Ohy hs :\Ilg,N(t, Y): ] (2.52)
yields
(2:52) = (E[@esn, n (t+ b2y @) Ve v (E+ b, 1))
—E[W. Nt @) Pein, N(t+ ho,y)] Z)
+ (]E (W n(t2) ey (ty)] (2.53)
~E[We i, v (L ha,2) W (ty)])
= I+
We have

L= E[6h, 1, e n(t, 2)Vern, n(t+ ho,y)]
-1 _
Xy (E (Weiny v+ ho,2)Weyn, n(t+ ho,y)]’ (2.54)
j=0

L
E[We v (t, 2) Wepn, (£ + D2 )] 7).
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A similar expression holds for II. Thus, by reasoning as before, in order to estimate
E[((V)76hy ns :\IléN(t, ): (x))z] we are led to bound sums of the form

Z (i 4+ +n)"2G1(n1) - Ge(n), (2.55)
nl,-u,n[EZz
(nj)SN

with Gj = Gj(n;,t,e,h1,he) (1 <j <¥). We have

G1(n.t, 2,1, h2) = B[ F (G, Ve (0, ) F (Wt (0,1 0))] s
. . 2.56
Gj(’l’L,t,E, hla h2) = E[f(\llg(lj)’]\{(n7 t(lj)))f(\llg(z”’]v(nvtéj)>):|? 2 S ] S ev

where (s(l),egj), (J)) € {e,e + hi}? and (W), t(J) t(j)) € {t,t + ha}3 for 2 < j < £. As before,
we have

Gj(”at7€7 h17h2) 5 <n>_27 (257)

for 2 < j < £, uniformly in all parameters. Denoting by (-, )72 the canonical inner product on
L?(R), we have

Gy (TL, t,e, hi, hQ) = <5h17h2 (5722/)\6(”7 t— t/))v Il[O,min(t,t(l))] (tl)(s(l))izDs(l) (n7 t(l) - t,)>L2,
= <6%L1 (5_26\6(77/7 t+hy — tl))v IL[O,min(t,t(l))] (t/)(E(l))_ZZZE(na t(l) - t/)>L2
t/

+ (7262, De(n,t — '), Lo mingr,s0 () (€M) Doy (n, tD 1))
t/
I+ V. (2.58)

We now estimate the terms I and IV. By (2.16) we have
], V] < {n) . (2.59)

Let us assume that h; > 0 for convenience. By (2.16), (2.9) and the mean value theorem, we
also have the following crude bound:

[ < (3h, (™) De(m.t+ b = 1), Lo mineacy (1) (€) Do (n. 1D = 1)
+ (%05, ( e(n,t+ha — 1)), Lo minge,e0)] (t/)(f(l))_2ia(na ¢t — t')>sz,
S e [De(n, )|z, - [[ (€M) 2Dty (0, ¥) Mz,
+e7 ]l sup  9De(n, )|z - (€M) P Do (m )]
eo€(e,et+h1)

< hie™"(n)? (2.60)

The bound (2.60) blows up when € > 0 is much smaller than other parameters and we now
obtain a bound which is acceptable for small values of e. We note that

5h (672D (n, ') = (e + h1) *Deyny (n, t') — e VW) 4 (e — 72D _(n,1')).
Hence, by using (2.31), we have
M| Sp e + (e 4+ h)?, (2.61)
for (n) < min (e7'%% (e + hy)71?) = (e + hy) "' P, We claim that we have

] < (R () =27, (2.62)
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for some 1 > 0 and some small 0 < 75 < o. We may assume hie "’ > h;’ for 0 < v < 1,

11—~y
for otherwise, interpolating (2.59) and (2.60) gives (2.62). We then have ¢ < hy7 . If (n) <
(e +hy)7 11 we have

20(1-)

(2.61)<h, © . (2.63)

Interpolating (2.63) with (2.59) then yields (2.62). Otherwise (n) > (¢ + hy)~'*? and hence

A=) (1_
(2:59) S ()7 (e + ) 070 S () 20n T Y,

for 0 < v <« ¢. This concludes the proof of (2.62).
We now estimate IV. By using (2.17), we have

V] < [hole™2. (2.64)
Since we can write
e7282. D (n,t") = (e 72D (n,t' + ha) — e—(t'+h2)<n>2)
+ (67t'<n>2 _ 5725::(771,75/)) (2.65)
(e OO _ ot
we have, from (2.31), (2.65) and the mean value theorem, the bound
V] S &%+ |hal, (2.66)

for (n) < e71*% Combining (2.59), (2.64) and (2.66) and arguing as in the estimate of the
term IlI, we deduce

V| < [ha ™ (n) =27 (2.67)

for some 7; > 0 and some small 0 < 75 < 0.
Thus, we deduce from (2.58), (2.62) and (2.67), the estimate

|G1(n» t,e,ha, h2)| S ”(hlv h2)||g <n>—2+'y7 (2'68)

for 0 < v <« 0. Hence, (2.51) follows from (2.55) with (2.56), (2.57) and (2.68).

Arguing as in the computations leading to (2.48) and (2.49), we deduce that for ¢ € N,
M > N, finite p,q > 1, ¢ € [0,1], t € [0,T] and hq,hs € R such that € + hy € [0,1] and
t + hy € [0, 77, the following bound holds:

1812 P2 N = (Dl Logywi oo Spoe [I(ha h2)]13,

¢ ¢ < -y v (2.69)
0ny s C Ve Nt = W2 ar ) (Ol Lo @ywmoe Spie N7 (e, h2)l3,

for v > 0 small enough.

Fix n € Z2. Given the smoothness of (g,t) 7/)\5(71, t'), the following integration by parts
formula holds almost-surely:

t t
/ 72D (n,t')dB,(t') = e *D.(n,t) B, (t) — / £720,D.(n,t")B,,(t')at'. (2.70)
0 0

for any t > 0 and where the Brownian motion B, is as in (1.32). Hence, we infer from
(2.70), (1.34) and Lemma 2.1.5 that for each N € N, the map (¢,t) — ¥,y belongs to
C’((O7 1] x [O,T};H;X’); whence so does (e,t) +: \Ilﬁ’N: by (1.38). Thus, by applying Lemma
A.2.3 on (0,1] x [0,T], we have the following bounds:
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SL

.l .
S e oo @)oo, o m1ws 7<)
) (2.71)
sup sup N7 W y:— W
NeNM>N

A
e M* ||LP(Q)C((0,1]x[o,T];W;””) Sl

Note that with the notation of Appendix A.2.2', we can write :\IJQN =1 [fN] for some function
fnv = fv(ng, -+ ,ng). We then localize fy as follows:

¢
I =In T Ly, -

j=1

for dyadic numbers N, = (Ny,---,Ny) € (2V)*. By arguing as in the proof leading to (2.71),
we can then obtain the following estimates:
N, -5
;‘é%”lé [fn ]HLP(Q)C((O,I]X[O,T];W;"’w) S max(N,)™%,
(2.72)

* N, -5
sup sup NV Le[fn*] = Le[far [l oo yoo.0] x 0. mpwi ooy S max(N,) ~°.
NeNM>N

Hence, by using (2.72) and the reductions to frequency localized estimates described in Section
3.4 and Section A.3, we can insert the suprema inside the norms in (2.71). This proves the
existence of a set 2 of full P-probability such that on 2y, we have

.l .
Sup e oo o mwe =) S 1
(2.73)
sup sup N7|| :\I'ﬁ)N: — :\I'ﬁ)M: ||C((071]X[0’T];W;a,w) <1.

NeNM>N

We now verify the continuity at ¢ = 0 of our stochastic objects. Fix N € N. By following
the proof of (2.51), we can show

E[((V)7782, (-0 y(t): —Uh v (D)(2)7] S 7 R,

for each fixed € € (0,1], t € [0,7] and hy € R such that ¢t + hy € [0,T] and some 0 < 7,0 < 1.
From the usual Kolmogorov continuity criterion, we then obtain the bound

H sup 77| :\IISN: — :\Ilg,N: \|CTW;a,ocHLP(Q) Sp 1L (2.74)
e€(0,1]

for any p > 1. Hence, by (2.74) and Chebyshev’s inequality, we get a set of full measure Qy
such that

I :\Ifﬁ’N: — :\IIS’N: ||CTW$_U,oo <év, (2.75)

for any ¢ € (0,1], on Qx. We define €1 to be the full probability set

Q1 :=Q¢N ﬂ Qn.
NeN

Hence, by (2.75), we get that for each N € N, : W{ : is continuous at € = 0 on ;. We thus
deduce from (2.73) that

R
10yl e S 1 -
I :\I/éM: — :\Ilﬁ’N: HCE’TW;g,oo <N,
on O and for each M > N. This shows that the sequence {: \Ilﬁ,N :}nen is almost surely a

Cauchy sequence in C’([O, 1] x [0,T7; W“”DO(TQ)).

Tadapted to the current real-valued setting.
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By uniqueness of the almost sure limit in L?([0,1] x [0, T]; W~2°°(T?))), o > 0, this limit
is equal to the map (g, 1) +: WL(t):. O

2.2 Proofs of Theorems 1.1.4 and 1.1.6

2.2.1 Local theory

In this subection, we prove Theorem 1.1.4. Fix an integer k > 2. First, we consider the following

enhanced equation on functions of the variables (z,e,1t):

2020+ v+ (1 - A b0 ()2t =0

0+ O+ (1= Ao+ Ty () 2 (r,6,8) €T2 x [0,1] x Ry,  (2.77)
(v, Lex00¢v))|t=0 = (b0, Le>0¢1),

for given initial data (¢o, ¢1) and a source (21, ..., =) with the understanding that E¢ = 1.

Here, we present a local well-posedness argument for (2.77) based on Sobolev’s inequality
as in [33]. More precisely, we prove in Proposition 2.2.1 below, the existence of a solution
v = v(e,t) to (2.77) which belongs to C([0,1] x [0,T]; H*(T?)), for some x > 0. Note that,
for each fixed ¢ € [0,1], v. = v(e,-) solves (1.40). By using the convergence of the stochastic
objects in Proposition 2.1.10, the proof of Theorem 1.1.4 essentially reduces to proving that
ve converges to v.—g as € — 0. However, by construction, this immediately follows from the
continuity of € — v(g,-) at € = 0. Hence, the convergence in Theorem 1.1.4 is a consequence of
the existence of the solution v to (2.77). We postpone the proof of Theorem 1.1.4 to the end of
this section.

Given § >0, T > 0, and k > 2 define X5%(T?) = X2(T?) by

XA(T?) == (C([0,1] x [0, T]; W0>=(T2)))**,

and set i
1Ellxg = 2 1Zilloqo,yxozriws):
j=1
for 2 = (21,Zs,...,Z%) € X%(T?). In what follows, we use the shorthand notation X?(T?) for
XP(T?).

We have the following local well-posedness result for (2.77).

Proposition 2.2.1. Fiz an integer k > 2 and § < 2(167171) Let 0 < 0 < §. Then, the equation

(2.77) is unconditionally locally well-posed in H'~° x X?(T2). More precisely, given an enhanced
data set:

(¢o, $1,E) € HIO(T?) x X9(T?), (2.78)

with 8 = (E1,Es,...,Z), there exist T = T(||(do, d1)ll32-5, IEllx-) € (0,1] and a unique
solution v = v(e, t) to (2.77) in the class

C([0,1] x [0, T); H'~°(T?)). (2.79)

In particular, the uniqueness of v holds in the entire class (A.17). Furthermore, the solution
map

(¢, ¢1,8) € H'7°(T?) x X(T?) = v € C([0,1] x [0, T]; H'~*(T?))
is locally Lipschitz continuous.

Proof. By writing (2.77) in the Duhamel formulation, we have
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def

v(e, t) =T(v)(e, 1) = Pe(t)(¢o, ¢1)

L (2.80)
- § Is(t) = ( vt) ”U( 7t)kie
£=0 (£> ( " ) )

where the map I' = I's depends on the enhanced data set 2 in (2.89) and P. and Z. are as in
(2.2), (2.1). Fix 0 < T < 1. We have from Corollary 2.1.2,

1P=(t) (b0, P1)llc, -2 S NI(Do, P1)llgq2-5 (2.81)

We first treat the case £ = 0. From Corollary 2.1.2 and Sobolev’s inequality (twice), we
obtain
IZe®) (Mg, prz-s S T, prrzs ST 20 STHIF
e, z €, x CE,TLI+ Ce,TL:L1'+6 (2 82)
Lok
S T= HU||C£,TH:[1_'75’

provided that
1
<o < ——.
0sos 1

For 1 < ¢ < k — 1, it follows from Corollary 2.1.2, Lemma A.1.1 (i) and (ii), and Sobolev’s
inequality that

- k_ Lo g
HIe(t)(:N’k z)HcE,TH;*‘s STQHZEUk ZHCE,TH;‘s

1 —= S k—
STV B, 2 00 e e

: (2.83)

Lz 5, | |k—¢t
S THENwo (V) 015 o

1= )
< THE e o]

e Hy
provided that
1
Lastly, again from Corollary 2.1.2, we have
- 1 1=
1Ze(O)Er)llc, prr-s STZEkl o, puzs < T2IE[ 0. (2.85)

Putting (2.80), (2.81), (2.82), (2.83) and (2.85) together, we have

1 —_ k
IT@)ll e, pr-s < Crll(@o, 1)llga-s + CoT= (L+ |El|xe) (L + [0l pprs)

as long as (2.84) is satisfied.
By similar arguments, the following difference estimate holds:

1 —_ k—1
T (v1) — F(W)HCETH;*& < CoTz vy — UQHCE,THT‘S (1 + ||='||X9) (1 + HU”CE,THQ*‘S) )

as long as (2.84) is satisfied. Therefore, by choosing T = T'(|[(¢o, ¢1)[3;1-5, [Ell xe) > 0 suffi-

ciently small, we conclude that T is a contraction in the ball Bg C C([0,1] x [0,T]; H'=°(T?))
of radius R = 2C1||(¢o, ¢1)”Hi’5 + 1. At this point, the uniqueness holds only in the ball Bg
but by a standard continuity argument, we can extend the uniqueness to hold in the entire
C([0,1] x [0, T]; H*~°(T?)). The regularity of the map (¢o, ¢1,E) € H' 72 (T?) x X?(T?) — v €
C([0,1] x [0,T); H*~%(T?)) is easily obtained through similar estimates. We omit details. [

We now prove Theorem 1.1.4. We recall that, with a slight abuse of notations, wave equa-
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tions for which € = 0 are viewed as heat equations.

Proof of Theorem 1.1.4. Fix k > 2 and (¢q, ¢1) € H*(T?) for 3’;:3 <s<l. Let0<f<1—s.

e Step 1: Construction of solutions. Let E = (¥.,: ¥2:,--- ,: ¥¥:) (o 1. On the full
probability set Qg constructed in Proposition 2.1.10, we have that Zx,Z € X%(T?) for any
N eNand Ey — E in X%(T?) as N — oo.

By Proposition 2.2.1 we get, for each N € N, a function vy = vy (e, t) (resp. v = v(e,T))
which belongs to C([0,1] x [0,T]; H*(T?)) for some almost surely positive time 0 < 7' < 1
(which is uniform in N € N since supycy [|En|lxye < 00) and that solves (2.77) with data
given by Eyn (resp. E). Furthermore, by the continuity of the map (¢, ¢1,Z2) — v proved in
Proposition 2.2.1, we deduce that vy converges to v in C([0,T]; H*(T?)) as N — oo on Q.

For any ¢ € [0,1] and N € N, define v. y = vn(e,-) and ve = v(e,-). By construction,
ve N (resp. v) solves (1.39) (resp. (1.40)) with initial data (¢o, Lc>0¢1)? and belongs to
C([0,T); H*(T?)). For ¢ € [0,1] and N € N, let us y = V. y + v.n. Then, u. y is the
solution to (1.41) with initial data (@g, Lesop1). Then, by the above and Proposition 2.1.10,
ue ny converges to the process u. := V. + v, in C([0,T]; H=°(T?)), 0 > 0, as N — oo on .

e Step 2: Convergence. By the continuity of the map € — v. and Proposition 2.1.10, we
have that u. converges to uc—g in C([0,T]; H=7(T?)), 0 > 0, as ¢ — 0 on Q. This concludes
the proof of Theorem 1.1.4. O

2.2.2 Asymptotic global well-posedness

The purpose of this section is to prove Theorem 1.1.6. We recall the following global well-
posedness result from [50] adapted to our notations. See also [72, Proposition 6.1].

Lemma 2.2.2. Fiz k > 2. Let 0 < s < 1 and ¢g € H*(T?). Let v = v(e,t) be the solution
to (2.80) with data given by (¢o, ¢1,Z) = (dg, p1, Ve,: U2 1 -0 1 Wk Deelo,1) constructed in
Theorem 1.1.4. Then, the function vg = v(0,-) exists globally in time. Moreover, for any fixed
T > 0, we have vy € C([0,T]; H*(T?)).

In order to prove Theorem 1.1.6, we have to extend the existence time of the solution
{ve}ee(0,e0) tO (2.77) restricted to the range (0, o], for some fixed & > 0 to be chosen later. The
main idea to achieve this goal is to combine two ingredients: the global existence of vg provided
by Lemma 2.2.2 and the fact that vy approximates (locally-in-time) ve for € € (0,e0] if £ is
small enough. Hence, for any fixed target time 7' > 0, we hope to use the quantity |lvo|lc,us,
0 < s < 1, as an a priori bound on the growth in time of the relevant Sobolev norm of v,
e € (0,&0]. To do so, we have to iterate the local well-posedness argument of Proposition 2.2.1
starting from a small time 7" > 0 and solve the following fixed point problem:

v (t) =(e72 4 0))De ()0 (T) + D.(t)Oyv-(T)

> ()

Solving (2.86) requires having a bound on d;v.(T). However, by taking the time-derivative of

/t e72D.(t —t) (EZ(E, #) Ua(t/)k_e)dt/, t € [T, +00). (2.86)
T

(2.80) it is easy to see that the expression for 0;v.(T) contains a term of the form 5_41/)\5(T)¢0
which cannot be bounded uniformly in € > 0 in any Sobolev space. Thus, we have no uniform
in € > 0 control over the H*(T?) norm of v. in Proposition 2.2.1.3

Fortunately, it turns out that the term D, (t)0;v.(T") in (2.86) can be bounded uniformly in
e > 0. It order to capture this effect, we introduce the space V., (T?) defined in (2.88) below
which is a modification of the spaces #*(T?) suitable for the convergence setting at hand.

In what follows, we first state a well-posedness result for an appropriate variation of (2.77).
Namely, for fixed g € (0, 1], we consider the following problem:

2Here and in what follows, with a slight abouse of notation, we understand (¢o, le>0¢1) as (¢o, ¢1) for e > 0
and as ¢g for € = 0.

3This issue is a feature of the convergence problem at hand as the study (i.e. for any fized € > 0) is usually
carried out in the Sobolev spaces (H°(T?))4cR; see for instance [31].
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Y
{528,?v +ov+(1—Aw+>, o (}) Eev* =0 (r.e.8) €T x (0.20] x Ry, (287)

(v, 0v)) =0 = (0 (), P1(e)),

for given initial data e — (¢o(€), ¢1(¢)) and a source (Z1,...,Ey) with the understanding that
EO =1.
Given € € (0,1] and s € R, we define the space V5 (T?) by the norm*

1(@0; ¢1)llve, = lldo(€)llcy((0,e0itrz) + 1D (E)b1()llcy((0,00) xR 512) - (2.88)

Proposition 2.2.3. Fix an integer k > 2, g9 € (0,1] and 6 < ﬁ Let 0 < 0 < §. Then,

the equation (2.87) is unconditionally locally well-posed in Vsl(;‘s(TQ) x X9(T?). More precisely,
given an enhanced data set:

(¢03¢173) € Vel(jé(Tz) 2 XO(T2)7 (289)
with 2 = (51,22,...,2) and any time Ty € (0,1), there exist a time
T(Il(¢o, d1)lly1-s, IEllxe) € (0,1], independent of €9, and a unique solution ¥ := (v, )

to (2.87) with initial data (¢o, d1) at time Ty in the class
O[T, T} VL (12)). (2.90)

In particular, the uniqueness of U holds in the entire class (2.90). Furthermore, the solution
map

(0, 61, E) € VI7O(T?) x X%(T?) = v € O([Tp, T]; V2, °(T?))

is locally Lipschitz continuous.

Proof. Fix ¢y € (0,1]. For simplicity, we assume that Top = 0. The integral formulation of
(2.87) reads

F=T(v) = G;EZD (2.91)
where
T1(v)(e,t) = (672 + ) De(t)po(e) + De(t)hr (e)
k
-3 (o Ee v, -
=0
and
To(v)(e,t) = (672 + 01)0D:(t)po(e) + D (t) 1 (€)
(2.93)

k t
-3 (IZ)/O 720, D (t —t")(Ey(e, t)v(e, t') e Hat'.

£=0

We fix T' > 0. By arguing as in the proof of Proposition 2.2.1, we obtain the following
bound on I'; (v):

1 —_ k
100 oo o coprri—) S 10,80 yis +TF (1 + [Bllao) (1 + el opyns) s (2:94)

for any v € C([0,T]; VL°(T?)).

4Here, for a metric space X and a Banach space and (Y, || - ||), we denote by Cy(X,Y") the Banach space of
bounded and continuous fonctions endowed with the norm || f||po :=sup,cx ||f ()]

36



We now turn our attention to I's. Namely, by (2.88), we have to esti-
mate (t,e,t1) — De(t1)l2(v)(g,t) in C([0,T] x (0,e0] x Ry;H'™(T?)) for any v in
o0, 7) Vio (1)

Let v in C([0,T]; V1°(T?)). We now obtain bounds on || De(t1)I 2(v)(e,t)|| 15 that are
uniform in (e,t,¢1) € (0,&0] x [0,T] x Ry. We fix (e,¢,t1) € (0,20] x [0,T] x R;4. By Lemma
2.1.8 (iv) and the fact that D, and 0;D. commute, we have

D (t1)0:De(t)p1.(e) | 2 < [ Pe(t1)d1(e)l 25 < [[(D0, P1)llyz-s- (2.95)

We have
[D-t0) [ & 20D.(0— ) Ele otert )t
0

t
< [e7?De(ta) / P 00,D.(t — 1) (Za(e, t')o(e,t) )t || s
(2.96)
+ ||D€(t1)/ e PPEMO,D(t — ') (Zu(e, t)v(e, ) ) dt || s = T+
o :

By Remark 2.1.9 and Lemma 2.1.8 (i) and (ii) and by arguing as in the proof of Proposition
2.2.1, we have

1< H/ P00, D, (t — ') (E4(e, t)o(e, ) )t | 1 s
5 T2 H:‘Z(E’t )U(E7t )k Z”C([O,T]X(O,EO];H;&) (297)

STH(+ Ellag) (14 [0l pyare)

Similarly, using Remark 2.1.9 along with Lemma 2.1.8 (iii), we get

—1||/ PhxghaafD( _t)( (e, t) (g,t/)k_é)dtlHH;s

t
e _ 2.98
~€ 1/0 e dt! (e, )0 ) ooy 0,0k %) (2.98)

Se(1+1Elg) (1 + ol gpas) "

Hence, from (2.96), (2.97) and (2.98), we have

HDe(tl)/o €720 D:(t — t') (e, )v(e, ) )t || ;o5

S (1 1BlLag) (1 + 1ol o)

(2.99)

We also have from Lemma 2.1.8 (i), (ii) and (iii),
ID.(t)e 20D (Oull g+ < 10D: Ol s < N@ond0)llyss.  (2100)

At last, we look at the term D.(t1)0?D.(t)¢o. By differentiating (2.29) and by combining
Lemma 2.1.8 (i), (ii) and (2.30), we get
1D (£1)D= ()0 -5 S &= D=(t2)D=(t)boll a5 + e D= (t1)e™ 2% 3, (#) ol 2
+1De(t1)e 27 37 S () ol 12—
S N0l ga-s + D= (V)™ 32 97 S (t) ol -5 (2.101)

By (2.16) and (1.17) and by analyzing the symbols @;(n,tl)e_ﬁafi(n,t), n € 72, we easily
obtain the following bound:
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D= (t1)e™ 22 075 () boll g5 < ol g2 (2102)
Hence, from (2.101) and (2.102), we have
1D (t1)07 De (t) ol gr2-3 < (b0, $1)llyp—s- (2.103)

Combining (2.95), (2.99), (2.100) and (2.102) yields
1 _ k
IDe(t)T2(0) (e )l 25 S (G0, d1)lyazs + T2 (14 [Ellag) (1 + vl pyrs)™s  (2.104)
uniformly in (g,¢,t1) € (0,e0] x [0,T] x Ry. By (2.104), the dominated convergence theorem
and since the map (e,t) € [0,£0] x [0,T] = (do(e), ¢1(e), {Ee(e, t) }1<e<k, v(g,t)) is continuous

and the map (e,t) — D.(t) is smooth (Lemma 2.1.5), we deduce the estimate

D= (t0)T2(0) (& )01 000

1 _ & (2.105)
S (0,60 lya-s + T2 (14 [Ellag) (1 + 0l gpyrs)
Hence, by (2.94) and (2.105), we get
1 = k
Il epyi-s S Mo, @1)llypsto + T2 (L4 [E]lao) (1 + [0l gppa-s) (2.106)

for any v € C([0,7T); VL °(T?)). This proves that I' maps balls of C([0,T]; VL °(T?)) into
themselves. We obtain a difference estimate along the same lines. The remaining of the proof
follows as in the proof of Proposition 2.2.1. O

In the next lemma, we analyze the behavior near ¢ = 0 of the (first coordinate of the) solu-
tions to (2.87) on some (possibly large) time interval [0,7], T > 0, constructed in Proposition
2.2.3. Namely, we prove that they converge to vy given by Lemma 2.2.2.

Lemma 2.2.4 (long time approximation). Fiz an integer k > 2 and % < s < 1. Fix
g0 € (0,1] and let 0 < 6 < 1 — 5. Consider the data (¢g,¢1) € H*T9(T?) (and hence
e € (0,e0] = (G0, Les001) € VET?) and E = (21,5, ..., Zx) € XL(T?).

Let T > 0 and assume that there exists a solution v to (2.87) on (0,g0] x [0,T] such that
v e C((0,e0) x [0,T); H*(T?))

with data ¢ € (0,e0] — (o, Lesod1) and E = (Ue,:W2: oo 2 W) i € XA(T?).  Let
v € C([0,T]; H*(T?)) be the solution to (2.77) on {0} x [0,T] given by Lemma 2.2.2.

Then, there exists a constant K = K(||vo|cy ms, |v||c((0’€0]x[07T];H:+a)) >0 and v > 0 such
that )

oo, ) — volles s < K max (7, [E() ~ ZO) gy ovyons (G0, 1) lpzro)-  (2:107)
for any € € (0,&¢].

Proof. We follow an argument in [57, 58]; by adding an exponential weight to the local well-
posedness norm, one is able to globalize directly a bound that only holds locally in time in the
original norm. For 7' > 0 and let A > 0 to be chosen later, we define the norm | - ||s, , on
C((0.7), H*(T?)) by

def || _
[vllsyr = e vlloymg (2.108)
Note that we have the inequalities
[Vllsxr < Wllorm: < e vllsy .- (2.109)

Fix € € (0,g0]. Note that v = v(g,-) and wvg verify (2.80) (with e = 0 for vg). By (2.109), we
have
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HU(Eﬂ ) - UOHS)\,T < H(PE - PO)(¢0; ¢1)||SA7T (2110)
e
3 () 12t ole ) = ToEel0. )l
=0

S (P = Po)(do, o1)llerms + Jnax (T = To) (Be(e, -Yole, )F ) | op s
= . Nt _ = N k=L
+Or£?§xk|\lo(ue(s, Yo, -) Z0(0, )0 ) 9, 0
= 1+1+1L (2.111)

By (2.4), we get

o
IS e2[(¢o, 61350 (2.112)

We also have from (2.4) and computations similar to those in the proof of Proposition 2.2.1,

the following bounds:

T2e2||Zele, Jole, )| oo
C((0,e0] [0, T} HZ™") (2.113)

T

1 6 —
Fed (14 IE ) (L + 1ol ooms e ooy

We now estimate the term II in the case ¢ = 0 for convenience. From Lemma A.1.2 and
proceeding as in (2.82), we have

t
IZo(v(e, )" = v5) sy = |l / e MRt — 1) (e (v(e, )" —vo(t)))dt | e
0

t
< sup / e M=t — 1) 72dt - e (u(e, 1)F — vo(8)F) ] oy gy
0<t<T Jo P

1 _ _
S Tl ) = volls, - (1 + lvoller )™ (1 + vl e.eol xlo,71m))

By similar arguments, we get the bound
0 —_ _ 1
I S0 €2 + [1E(€) = E(0)] 0wz oyor + \ﬁllv(& ) = vollsyr- (2.114)

Thus, combining (2.111), (2.112), (2.113) and (2.114), we deduce the existence of
K = K(”UOHCTH;v |U||C((O,sg]X[O,T];H;JFG)) > 0 such that

9 _ —_ K
[0, = wllsnr < Kef +18E) ~EOlcywsner + ellve —wollsy,e (2115

This leads to

[n

2 o
loe, ) — vollsy 2 < 2K max (5, () — EO)lgs (y-oy0): (2.116)
upon choosing A = (2K (g9, T))?. We hence deduce (2.107) from the second inequality in (2.109)
and (2.116).
O

We now prove Theorem 1.1.6.

Proof of Theorem 1.1.6. Fix k > 2. For convenience, we only prove Theorem 1.1.6 for
T = 1. Let (¢o,¢1) € H(T?) with 2=3 < s < 1. Let 0 < § < 1 —s We
first fix a set of full P-probability ¢ such that on €, the following conditions hold: (i)
E=(U,:02: ... Tk Deefo,1] € X%(T?2) (by Proposition 2.1.10) and (ii) vy € C([O, 1]; HS(TQ))
the solution to (2.77) on {0} x [0, 1], with data given by (¢g,Z), given by Lemma 2.2.2. For
the remaining of the proof, we work on €y without any mention to it.
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We fix ¢g = 1. Consider the problem (2.87) with data ¢ € (0,&0] — (¢o, Leso¢1,E(e)) €
Vit x X%, By Proposition 2.2.3, there exists a solution v*® € C/([0, To]; V3 (T?)) to (2.87) on

(0, 0] x [0, To], Tp > 0, with data e € (0, 0] = (o, Le>0¢1,E(€)) € V2, x X%, By Lemma 2.2.4
and the assumptions (i) and (ii), we have

v leo,en)x o0, 10)s) < llvollor_ s + 1, (2.117)

for 1 > 0 small enough. Denote by v the solution to (2.87) on (0,e1] x [0, Tp] with the same
data. Then, we have v®! (e, ) = v®°(e, ) for € € (0,e1]. Hence, by arguing as in the proof of
Proposition 2.2.3, we have

[0 leqo,ove,) = 0™ o move,)
—_ k
S 1o, d)llre + (L4 1€l xe) (1 + llvolloroymrs) (2.118)

We can now apply the local well-posedness statement of Proposition 2.2.3 to extend v*!
to a larger time interval [Ty, Ti| whose size Ty — Ty only depends on the (fixed) constants
l(¢0, &1) 125, [IEllxe and |lvollcr_,ms. Thus, iterating this argument allows us to reach the
target time T = 1 and provides &, > 0 such that v** € C([0,T]; Vs (T?)) solves (2.87) on
(0,e4] x [0,1] with data € € (0,e4] — (¢0, Les0¢1,2(€)). By Proposition 2.2.4, we obtain that
v+ (g,-) converges to vg on [0,1] as ¢ — 0. Together with Proposition 2.1.10, we have that
V. — Vin C’([O, 1]; H"’(']I‘Q)), o > 0 as e — 0. This proves the convergence of u. = ¥, + v, to
ug = Vo +vg in C([0,1]; H~7(T?)), 0 > 0 as € — 0. O
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Chapter 3

Inviscid limit for the stochastic
complex Ginzburg-Landau
equation

3.1 Analytic and probabilistic preliminaries

3.1.1 Fourier restriction norm and Strichartz estimates

In this chapter, we will work with the Fourier restriction norm method introduced by Bourgain
[5]. Recall the definition of the twisted space-time Fourier transform @ (1.88) of a function w.

Definition 3.1.1. Let (s,b) € R% We define the X** space as the completion of S(T? x R)
under the norm

||UHXS=’J(’I[‘2 xR) = ||<n>s<>‘>bﬂ(nvA)Hé%Li(szR)' (3.1)
Given an interval J C R, we define the local-in-time version X*°(J) as a restriction norm:
[ullxs () = inf{[Jv]| xsp(r2xmr) 2 0|5 = u} (32)
When J = [0, 7], we set X3:" = X*0(.J).
Let us note that for all s € R and b > 1, we have X** — C(R; H*(T?)).

Remark 3.1.2. X*? spaces are usually defined with the modulation variable (A + |n|?) rather
than (A + (n)?) as in (1.88) and (3.1). This however does not modify any estimates since these
two norms are equivalent.

The following lemma is the so-called L*-Strichartz estimate and was proved by Bourgain [5].

Lemma 3.1.3. Let Q be a spatial frequency ball (not necessarily centered at the origin). Then
we have the bound

IPqul|Lacr2xqo,y S QI l[ull yo.1 5
for any e > 0.

By interpolating the bound of Lemma 3.1.3 and the following inequality (obtained by Sobolev’s
inequality in space followed by Minkowski’s inequality and Sobolev’s inequality in time),

1
IPQullLacr2xjo,1)) S Q12 llull o5 (3.3)

gives the next trilinear estimate, which is a slight variation of Bourgain’s trilinear estimate [5].
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Lemma 3.1.4. Let s >0,0<T <1, and 0 <e < 1. Let N be as in (1.63). We have

||N(U1, UQ, u3) ||X;,—%+€ S oI'réaé'}g{ ||u0'(l) HX’-;,%—E ||u0'(2) ||X;00€,%—6 ||UU(3)||X;,%—E' (34)

Here, S5 denotes the group of permutations on {1,2,3}.

Proof. In view of the identities (1.61) and (2.34) and the fact that (3.4) with A replaced by
either the multilinearities

(/ uﬂ@dx)u;; or R(ui,usz,us)
Tz

is easy to obtain, it suffices to prove the following estimate

lnizusll ..y e S max ol g @l ey lto@ll oy o 35)
T T T T

Fix T > 0. For simplicity, we denote by w1, us and uz some extensions of uy, us and ug
onto R which agree with uy, us and uz on [0,7]. Then, by definition of the restricted norms
(3.2), (3.6) follows from the bound

10,1 () urizus| o 14e S max o)l oot - @)l r00e,3 - 1o@)ll o3 (3.6)
By duality, (3.6) is a consequence of the bound

/ Ljo,1)(H)uraus - v
RxT?2

S max fluowll o g - [to@ll o0 3 -« Mo@ oy l10ll oy -

(3.7)

Let us denote by n1, no and ng, the respective frequencies of uq, us and ug, respectively. We
may assume that |n1| > |n2| > |ns|. Hence, (3.7) follows from the bounds

/R 1 Lio,1)()Ps nyu1 Py, uaP nyus - v
X

(3.8)
-6
< Ny Hul HXsyéfs ||u2||X1005,%—5 HUBHXO*%*E HU||X7&%75
for any dyadic numbers Ny > N3 > 1 and some small 6§ > 0, and
J AR TR orn M
T (3.9)

S Nyl ooy luzll rooe 3 — usl o]l

1 1
XO’§75 st,éfs

for any dyadic numbers N7 > Ny > N3 > 1 with N; ~ N5 and some small 6 > 0.
We first prove (3.9). By Holder’s inequality, Lemma 2.45, (3.3), interpolation and the fact
that the spatial frequency n of v verifies n = n; — ng + ng3, we have that

/ ) 1[0’1] (t)PNlulmPNSUS - v
RxT

< Py uallpacre o, P Ny u2 || Lacrz x j0,17) 1P vs usl| 4 (r2 x [0, 1) P < vy 0l L2 (T2 0,17
N N1105||PN1U1||X5,%—5 P v, ua|

< N{ON; %P v ua |

o IPngusll o1 IIP<nvll g

Xs‘%—s||PN2U2HX0,%—E||PN3’U'3HX0,%75 ”PgNl’UHst,%fE?

which proves (3.9) since Ny ~ Ns.

We now prove (3.8). Let {A}aen be a finitely overlapping family of (countable) balls of
radius ~ Ny which covers the set {£ € R? : [¢] > Ny}. Then, since the spatial frequency n of v
verifies n = ny — no + ng, we have
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/ . Lio,1)())Psnyur Py, ua P vgug - v
o (3.10)

Z/ 21[0 (0PN, Paur Py, usP vy us - Proaw,
Aes VRXT

where 10A denotes the ball that has the same center as A, but with a radius dilated by a factor
10. Thus, by (3.10), Holder inequality, Lemma 2.45, (3.3), interpolation and Cauchy-Schwarz’s
inequality (in A), we have that

/ ) ]].[071] (t)P>>N2’lL1PN2UQPN3U3 %
RxT

<> IPaw [l a2 o, P No 2|l 2 (r2 xo,17) [P v s | 2 (2 x 0,17 P r0A | £ (22 ¢ [0,1))

AeB
< N Z IPavall oy Papull o3 IPNusll o - IProavll oy
AeB
SNZIOE”PAulHXS,%faZz %HPN2u2”X0,%7E||PN3U’3||XO,%76||P10A/U” - 77522
< Nyl oy Nl oy Mssll oy 0l oy os
which is acceptable. O

Remark 3.1.5. As opposed to Bourgain’s trilinear estimate [5], we only require our inputs
to be in a space of the form X*? for & € R and b < % This is because, in some cases, the
stochastic convolution ¥, (1.71) will be such an input. As Brownian motion is (5 — 5) Holder
in time for any € > 0, U., can only be placed in X** for & < 0 and b < %; see Lemma 3.4.3.

Next, we obtain some control on X*®’-norms on a large time interval depending on the
corresponding X **-norms on smaller time intervals, for b = % See for instance [8] for a similar
statelement when b # %

Lemma 3.1.6. Let K € N and {J,}1<n<k be a sequence of time subintervals of [0,1] such
that Jp, N Jpi1 # O for each 1 <h < K — 1. Fiz s € R. Then, we have the following bound:

K

lell .- 3 (UK, Jn) S 1<hSR-1 log (|70 N Jnga| ™) - leell ot 5, (3.11)
h=1

Proof. For the sake of concreteness, we prove (3.11) in the case K = 2, J; = [0,20] and
Jo = [6,36] for some 0 < § < 1. Let @; and uy be two elements in X*°(T? x R) such that
u; = won [0,26] and Uy = u on [§, 36]. Furthermore, let x1 and x2 be two smooth and compactly
supported functions such that 1 =1 on [0,2], x2 = 1 on [§,36] on [1,3] and x; + x2 = 1 on
[1,2]. We now define @ by

U= x§t1 + X3Uz. (3.12)

Here, x5 := x(3) for a Schwartz function x : R — R. Note that u = v on [0,30] = J; U Jo.
Hence, (3.11) follows from (3.12), the defintion of X**-norms and the following estimate:

sl g S T80l ey (3.13)
for any v € X2 (T2 x R). It is easy to see that (3.13) follows from

Ixs fl al Sx log(6~ M1 £l g} (3.14)

for any f € H2(R). We have
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afllyp = I [ KO0 Fa . (3.15)

where K(A\ A1) =6 (A 2R(6(A = A1)

e Case 1: |A| < |A1]. The bound (3.14) (without the log-loss) follows from (3.15) and Young’s
inequality along with [[6x(6-)[ 1 < 1.

e Case 2: |\ > [A1]. If 6] — A1| > |A — A1|2, then we have that |K (X, A1) < (A—A;)~10 and
(3.14) (without the log-loss) follows again from Young’s inequality. Otherwise, we have

M| < A=A <072

Thus, in that case by applying Young’s inequality and the Cauchy-Schwarz inequality, we have

~

| [ KOADF Ay S 1226 - g2 TN
S nigs-2f W)l < log(6™ ) f 2.
This concludes the proof. O
We now introduce the space of multilinear operators used in Subsection 3.4.2 (Section 3.4).

Definition 3.1.7. Given Banach spaces Ay, As and Az we use L(Aq1; Ag) and B(A; x Ag, A3)
to denote the space of bounded linear and bilinear operators from Ay to Az and Ay X As to As,
respectively. We also define the spaces

covsbube = () L(X001([0,1)); X*22([0, 1]))
0<T<1

(3.16)
Brosietei= [} L(XP ([0, 1% X (0, 1))
0<T<1
for any s1,s2,b1,b2 € R; endowed with the norms
M| 2o 20102 = OSUP ”MHL(XSlvbl([O,T});XSvaZ([O,T]))
<T<1

(3.17)

1T W g zniin 2= S92 Tl cxceson oayy2xe2m2 o1

respectively and for some small 6 > 0.

3.1.2 On the gauged noise

In this subsection, we fix v € (0,1] and N € N and study the law of the noise X7~ = X7V (¢, &)
(1.60). We note that we have X7 = @207 where 207" is the process given by the equation

AN — VN (s ) g, (3.18)

Here, Vi is given by (1.57), u., n is the solution to (1.52) with initial data given by ¢ ~ p with
p as in (1.48) and W is the cylindrical Wiener process (1.68). Hence, we may write 207V as

W =y BpNeinr, (3.19)

nez?
where BV is given by
d%;{b’N = BiVN(u’Y’N)dBTU n e ZQ’

with B, as in (1.68).

The main goal of this subsection is to prove the following proposition.
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Proposition 3.1.8. Fizy € (0,1] and N € N. Let ¢ be a random variable variable distributed
according to the renormalized Gibbs measure p (1.48). Then, the noise XN (¢,€) (1.60) is a
space-time white noise independent from ¢.

The proposition easily follows from the following lemma.

Lemma 3.1.9. Fiz v € (0,1] and N € N. Let ¢, € D'(T?) be any distribution. The noise
XVN (¢4, €) is a space-time white noise. Here, XN (¢,,€) is as in (3.18), but where u, n is
the solution to (1.52) with initial data ¢y.

Proof of Proposition 5.1.8. Fix F € C,(D'(T?) x D'(R x T?); C).! By Lemma 3.1.9, we have

E[F (6.2 (6,6))] = E[E[F (6,57"(6.9))|¢]]

(3.20)
=E[E[F(2.¢)|4]] =E[F(6.6)].

Hence, Law (¢, X"V (¢,€)) = Law(¢,£) = Law(¢) ® Law(¢) = Law(¢) ® Law(X"Y), by the
independence properties of ¢ and &. O

The rest of the subsection is devoted to the proof of Lemma 3.1.9. We first recall some
notations from Stochastic Analysis; see [41]. Given two complex-valued stochastic processes
{X:}+ and {Y;}+, we define their quadratic covariation [X, Y] as the process

n

(X, Y], = n%fﬂo;l (Xe, — Xt ) (Vi = Y4, ). (3.21)

The sum in (3.21) runs over partitions P ={0 =1ty <t; < --- <t, =t}, n €N, of [0,¢] whose
mesh size? ||P|| tends to 0.

We have the following characterization of multivariate complex-valued Brownian motions.

Lemma 3.1.10. Fir an integer d > 1. Let X = (X',---  X?) be an adapted process with
continuous sample paths defined on a filtered probability space (Q,P,{Fi}i>0). The following
are equivalent:

(i) X is a d-dimensional complez-valued Brownian motion.

(ii) The processes X1,--- , X are continuous local martingales and [X*, X7] = 1;_; -t for every
i?j € {17 7d}

Proof. The proof is a straightforward adaptation of the proof of [41, Theorem 5.2] to the current
complex-valued setting. O

Lemma 3.1.11. Fiz v € (0,1] and N € N. Let ¢, € D'(T?) be any distribution. Let
{BYN (¢, ) bneze be as in (3.19). Then, for each M € N, the process {B1N (¢y,€) : |n| < M}
is a (2M + 1)-dimensional complez-valued Brownian motion. Here, {B1N (¢y, &) nezz is as in
(3.18) and (3.19), but where u, n is the solution to (1.52) with initial data ¢,.

Note that by Lemma 3.2.7 below, the function u, y exists globally in time.
Proof. This is a direct consequence of Ito’s formula. O

By passing to the limit M — oo, Lemma 3.1.11 shows that 9"V (¢,, &) is a cylindrical
Wiener process on L?(T?) and hence proves Proposition 3.1.8.

IHere, Cy,(X;C) denotes the space of continuous and bounded functions from the topological space X to C.
2That is, the largest distance between two consecutive elements in P.
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3.1.3 Linear estimates

The aim of this subsection is to provide estimates on the linear operators S, and Z, defined in
(1.69) and (1.70), respectively.

We first state the following linear homogeneous estimate.

Lemma 3.1.12. Fiz 0 <T <1 and s,b € R. We have the following bounds:

155 () fll s S 11 1oz (3.22)

and
155 ()l cse S D72 - I1f L ggronas (3.23)
150(6) Il s S 11F 1oz (3.24)

for any v € (0,1].

Proof. The bound (3.22) follows immediately from the bound |e(’Y|t‘+“)<”>2| < 1 for any
t € [0, T] and the dominated convergence theorem. The estimate (3.24) is standard and can be
found in [70]. Lastly, the proof of (3.23) can essentially be found in [47, Proposition 2.1]. O

The following lemma shows that we can gain a small time power at the expense of derivatives
in time; see [25, Proposition 2.7] for a proof.

Lemma 3.1.13. Let s € R. Fiz ¢ a Schwartz function and 0 < T < 1. Then we have
lo(t/Tyullxs0n < TP [ull xo0

for any by > by > L and u € X5 such that u(0) = 0.
The next proposition gives bounds on the Duhamel operator Z, v € [0, 1] (1.70).

Proposition 3.1.14. Let s € R. Fiz 0 < &,6 < 1 with ¢ < 6% and 0 < T < 1. Then, we have
the bounds

IZE)| nie SIF oy, (3.25)
X X
T T

17 e S 1El g v, (3.26)
T

for any v € [0, 1].

The bound (3.25) is the natural generalization of the standard nonhomogeneous estimate in
X*_spaces (see for instance [70]) to the setting of our convergence problem for which we need
to prove bounds uniformly in the parameter v € [0, 1], while (3.26) captures the parabolic
smoothing effects of Z, (1.70) in X*’-spaces. In particular, (3.26) is crucial in the proof of
Lemma 3.4.13 and in handling the nonlinear term GX‘,’}\?I‘ (1.79) uniformly in vy € (0, 1].

We recall the following technical lemma.

Lemma 3.1.15. Let 0 < o, 8 such that o+ 8 > 1. Fiz p € R. Then, we have

/ d\ _ 1
R (A= NP8~ ()

with
a+p8—-1, if <1
a, if B >1,
for any e > 0.
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The next two lemmas essentially reduce the proof of Proposition 3.1.14 to proving bounds
on kernels of certain integral operators.

Lemma 3.1.16. Let T be a linear integral operator with integral kernel K defined on the
(time-) frequency side by

TEW = [ FK O

such that the kernel K satisfies the following estimate:

1 1 1
K|S —~(——+———); 3.27
KOS g (o o) (327
for any (\, ) € R2. Then, the following bound holds:

ITE) e S NE N s (3.28)

forany0§6’<%,0§b§1withb+b’§1.

Proof. Fix b and b’ as in the above. Let T be the linear integral operator with kernel given (on
the time-Fourier side) by

/

WY1 |
Rowm = =05 (5 + o)

— KA\ ) + K2(\, ).

Let us note that H~* — H? bounds for T follow from L? — L? bounds for T, which we prove
now. B B

Next, denote by T' and T? the linear integral operators whose kernels are given (on the
time-Fourier side) by K' and K2 respectively. To conclude the proof, it thus suffices to prove
the following bounds:

1T (F)|| 2 < IF e, (3.29)
IT2(F)| 2 S IF L= (3.30)

From the Cauchy-Schwarz inequality and Plancherel’s identity , we have

1T F)|,e S 1K)z IIF e

(3.31)
S 1 FllL2

This proves (3.29). We now bound ||T2||,2_,z2. We further decompose the kernel K2 in the
following way:
Kao(A, 1) = Ko (A ) L a <) + K2 ) Ljaps )
= K»<(\,p) + K> (X, p).
Let us again _denote by T2< and T%> the associated operators.  From the bound
K>>(\ 1) < KM\ ), we deduce, as in (3.31), that T>> is bounded from L to L3. Next,

regarding 7%=, by Plancherel’s identity, Young’s inequality and the condition [A\| < ||, we
have

T2 5 || [ = 0= )2 P

L%

SF|ze
L2 ’

<| / 0= )2 F ()l

which proves (3.30) and concludes the proof. O
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Lemma 3.1.17. Let {T,}acr, be a family of linear integral operators with integral kernels

{Ka}aer, defined on the (time-)frequency side by
TN = [ POk,
We assume that the kernels {K,}qcr, satisfy the following bounds:

[Ka(X 1) S +

L1 @ )
v ™ (o oo e )
for any (\,p) € R?, a € Ry and

Ky 1) = Ky O\, )] S a2 — s,

for any (\, 1) € R? and (a1, a2) € (R)2. Then, the following bounds hold:
(i) Let 0 < b< % and 0 <V < L. Then, we have

r_1
|1 Ta(F) e S (@) =2 ||l v

for any e >0 and a € R,..
(i) Let 0 < b < &. Then, we have

_1
ITa(F)llze < (@) 2 || e,

for anye >0 and a € Ry.
(iii) Let 0 < ¥V < % and 0 < b <1 withb+ b < 1. Then, we have

1Ta(F) e S (@1 F | -7

for any a € Ry
(iv) Let (a1,az2) € (Ry)?. Then, we have

1(Tar = Tar)(E) -+ S laz — aa| |[Fl[ a1,

for any (ar, az) € (R)2.
(v) Fiz any &,8 > 0 with € < 6. Then, we have
ITu(E) 34 S (a) 2P
ITa(F) e S (@) 240 P 2o,
(Tay = Ta)) ()], 3oe S laz = aa* ||

H—%+§7

Hoz

for any (a,a1,az) € (R4)3.

(3.32)

(3.33)

Proof. The bound (iv) follows from (3.33) and the Cauchy-Schwarz inequality. Note that we

have

(a+ip) > max((n), (a)).

(3.34)

Hence, (iii) is a consequence of (3.34), (3.32) and Lemma 3.1.16. Moreover, (v) follows by

interpolating (i), (ii), (iii) and (iv).

We now prove (i). Let 0 < b,b’ < 2. From (3.32), we have the following decomposition:

< W R

b b’
W 1B S Sy T @i
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Let Tal and fg be the linear operators with kernels K L and K 2 respectively. As in the proof
of Lemma 3.1.16, proving (i) reduces to establishing similar L? — L? bounds for 7.} and T2.
Let us first consider T}. We have

7 N2 () ()™
K2 = AigggggggfdAd <t/1444444447d . 3.35
| aHLiLﬁ /}R2 <a—|—i,u>2<)\>2 S g 1+a?+ p2 K ( )

If |a] <1, then we have (3.35) < 1. Otherwise, by using a change of variable, we get

S

(3.35) <
|al

<CW>2b, 20’ —1 1 2 —1
/Rizdﬂﬁ |a RWCWS (a) .

S+1l+4p

Hence, we have

Hflumﬁm S <a>bl_%’ (3.36)

by Cauchy-Schwarz inequality.

In bounding 772, we may assume the additional condition |A| < |u| as in the proof of Lemma
3.1.16. By using Plancherel’s indentity, (3.34), and the condition 0 < b,0’ < % along with
Young’s inequality, we have

. 1<) -
1T, 5 || | st F

[ RS ol
R ()N —p)

Lty ~
| RS P o

for any € > 0. Note that under the assumption b < %, we have

L3

< <a>b+b/—1+s

~

(3.37)

2
L>\

S <a>b+b'—1+s

/_
g ST P,

1
b+b/—1—|—€<b'—§
for € > 0 small enough. Hence, by (3.37), we have

HfQHL?a]ﬂ S <a>b/7% (3.38)
Combining (3.36) and (3.38) proves (i). Lastly, from (3.32) and (3.34), we get
(a)=2t= /1 1
Ka )‘v/J“ 5 T 1o \ 7w + ),
) <u>5+5<<A> <A—-u>)

for any € > 0 and a € R;. Making use of the above inequality and arguing as in the proof of
Lemma 3.1.16 yields (ii).

O

We now prove Proposition 3.1.14.

Proof of Proposition 3.1.14. We only prove (3.25) as (3.26) follows from similar arguments. Fix
0<T<1land0<e¢,d<1withe? <6.
Let ¢ = ¢(t) be a smooth function such that ¢ =1 on [—1,1] and ¢ = 0 on [—2,2]. Let

o1 ) .
FeX; 2T and fix G, an extension of F' to R, such that G| 7] = Fjjo,r]. Then, ¢Z,(G) is
an extension of ¢Z,(F) to R which agrees with ¢Z.(F) on [0,T]. From (1.70), we get

—_~

GG = [ Gl ) (. A

with

49



LIt () it _ =yt (n)?

K (n) = [ e i t

Note that we have

T2 (E)] e < NPT (@) e = || ()" [N T (G) 5,

(3.39)

Thus, (3.25) follows from appropriate bounds on |‘<)\>bg0§,y\(';‘)(n7)\)||L2 with n € Z? fixed.
A

From Lemma 3.1.17, it suffices to obtain appropriate bounds on K., (n, A, ). Using integration
by parts, we get

;min 1 ! (v(n)*) (y(n)?)
(v{n)? +ip) (()\) + A=) (N2 + D — )2 ) (3.40)

for any « € [0,1]. Furthermore, by the mean value theorem, we have
|K72(n7/\’ﬂ) - K’Yl (n,/\,,u)| 5 |72 _71‘<n>27 (341)

for any (71, 72) € [0, 1]?. The conditions (3.40), (3.41) correspond to (3.32) and (3.33) in Lemma
3.1.17. Hence, from Lemma 3.1.17 (iv), we deduce

(K (n, A )| S

N2, (@) M S ([~ H 0G0, ), (3.42)

ez
i > .

H()\>2+E (@Ivz — ‘PIW)(G)(”7)‘)HL§ < min (1, [v2 — 1[5 (n) 25) H< +6G (n, p HL2 (3.43)

Thus, by combining (3.39) and (3.42), we get (3.25) by definition of the X%’b—restriction norm.

O

As a consequence of Lemma 3.1.12, Proposition 3.1.14 and the dominated convergence
theorem, we deduce the following result.

Lemma 3.1.18. Fiz s € R, 0 <e < 1 and T > 0. Let ¢ € H*(T?) and F € X*27<([0,T]).
Then, we have the following convergences:

[0Sy — SO)¢||CTHS — 0,
I(Z, IO)FH . —0,

as vy — 0.

3.1.4 Resonant estimates

The aim of this subsection is to prove a deterministic estimates to handle the resonant nonlin-
earity R (1.64).
Lemma 3.1.19. Let s >0 and T > 0. We have the following estimate:

||R(U1, Uz,

u3)HcTH; S Unélsfi ”ua(l)HCTH;S||ua(2)||CT]-'L§’°°HUU(S)”CT]-'L?OO'

Here, S3 is the group of permutations on {1,2,3}.

Proof. Fix s > 0. By Holder’s inequality, we have

IR(ur, wz, ws)llcr e = ||| @, )@ n)as ()] o
< min [|(n) @@ (6 )]| L

X [[{n) "o (2) (£, ) | Lgo e 1 ()T (3) (8, 1) [ L e
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This concludes the proof.

3.2 Proof of Theorem 1.2.2

In this section, we present the proof of Theorem 1.2.2. We provide in 3.2.1 two abstract
local-in-time well-posedness arguments. In subsection 3.2.2 below, we discuss globalization and
convergence considerations and then proceed with the proof of Theorem 1.2.2.

3.2.1 Local theory

Here, we prove two local well-posedness results for the nonlinear remainders corresponding to
the problems (1.52) and (1.65), respectively. See (3.61) and (3.62) below. Throughout this
subsection, we introduce the enhanced data set X and X given by

X= (1,12 12 0P, (3.44)

X = (1,12 P 121 ME, M2, T, T2, (3.45)
where, we have
ey — I, is a distribution-valued family of functions belonging to the space

C([0,1] x [0, 1] W22 (T2) 0 FL'=°(T2)) N C([0, 1]; X ~>2°([0,1])),

o v 2y Ti and v +—:|1,|21, : are distribution-valued families of functions belonging
to C([0,1] x [0, 1]; W=5(T2)),

o v \h is a distribution-valued family of function belonging to C([0, 1]; X#2+9([0, 1])),

e the family of operators v — M? and v — M2 belong to the class C(0, 1];£S’5’%*%+5)
defined in (3.16),

e the family of operators v — 7:/1 and v +— Tf belong to the class C([O, 1];3573*%’%+5)
defined in (3.16),

for some parameters 0 < s < 1,0 < & = d(s) < 1. Let Y* and Z° be the sets

25 = c([0,1; w0 (12))". (3.46)
and
Ve = (C([0,1; W5°(T2) 0 FL'~%>(T?)) n X ~%37%([0,1]))*
x C([0,1); W=5>(T%))® x X*3%9([0,1]) (3.47)
% (ﬁs,s,%,%-‘rts)Q % (Bs,s,%,%+5)27

With this notation, and the assumption on the regularity of the stochastic terms above, we
have X € C([0,1]; 2°) and X € C([0,1]; V?).

Given X and X as in (3.44) and (3.45), we define the multilinear expressions Gy ik = &g/ick
and GFPE = GEPE by

SWick(p) = Iy<|n|2n+ IR 2120 (D20 4 212 +Tu?), (3.48)

and

GPPE(v) = ZN(0) + Z,R (1 + ) + 7 + 2M* (0) + M?(0) + 27 (v,0) + T2(v,0),  (3.49)
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where the nonlinearities /' and R are as in (1.63) and (1.64), respectively.

Let u, v and u, y be the solutions to (1.52) and (1.65), respectively. Then the nonlinear
remainders vy y = 1y —uy n and v,y =1, y — u,y n essentially solve equations of the form

vy =S, (t)o — (v + i)Gink(vw% (z,t) € T> X Ry, (3.50)
and
vy =9, (t)p — y&Y ¥(v,y) — i P (v,), (,t) € T* x Ry, (3.51)

respectively. (See (3.61) and (3.62) for the precise equations that v, x and v, y solve.)

Next, we study the well-posedness issue for (3.50) and (3.51). We first deal with the problem
(3.50) by relying on parabolic smoothing effects (i.e. the gain of derivatives of Z,, (1.70)).
Proposition 3.2.1. Fiz v € (0,1] and let 0 < § < 1. Then the equation (3.50) with initial
data ¢ € H*(T?) has a unique solution in C([0,T]; H'(T?)) for some positive time 0 < T < 1

such that T ~ (1+~~% X5l (jo,1);20) + ||¢||Hé)702, Jor some 01,0, > 0. Here, GYik = gWick
is as in (3.48).

Furthermore, the data-to-solution map (¢, X) — v (¢, X) is locally Lipschitz-continuous and
we have the bound

oy (&, X)llormz < Clidl 2

for some absolute constant C' > 0.

Proof. The proof easily follows from the estimate (3.69) and by the product estimates in Lemma
3.4.10 with Sobolev’s inequality as in Proposition 2.2.1. We omit details. O

We now consider the well-posedness issue for (3.51). In view of (3.23) in Lemma 3.1.12, the
linear flow S, (t) is well-behaved in X*? for b = . We hence study (3.51) in X*2. To this end,
we introduce for each T > 0, the space Y*([0,T]) given by

v*((0,7]) == C ([0, T]; H(T?)) 0 X*2 ([0, T)),
endowed with norm

[[ul

vi = lullorms + lull oy

Proposition 3.2.2. Fizy € [0,1] and let 0 < s < %, 0 < § = §(s) < 1. Then, the equation
(3.51) with initial data ¢ € H*(T?), has a unique solution in the set Y*([0,T]) for a positive

time 0 <T <1 with T ~ (1 + Xl e o179 + ||¢HH;)_97 for some small § > 0. Here, GWick
and GTPE are as in (3.48) and (3.49), respectively.

Furthermore, the data-to-solution map (¢,X) — v.,(¢,X) is locally Lipschitz continuous and
we have the bound

104(0: X) vz < Cliollars

for some absolute constant C' > 0.

Proof. Let I' = I'x be the mapping defined by
x(b) = ¢ — &V (v) — i&"P"(v), (3.52)

By the contraction mapping principle, it suffices to show that I' is a contraction from a ball
B Cc Y*(]0,T]) onto itself, for some time T > 0.

We now give a priori bounds on I'.
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e Estimates on WG,YWiCk. Let us, for instance, detail the bound of vZ, (Tw\v|2). By Lemma
3.1.13, Proposition 3.1.14, the embedding X2+ ([0,T]) — C([0,T]; H*(T?)), the regularity
assumption on T, Lemma A.1.1 (ii) and (i), Sobolev’s inequality and Lemma 3.1.3, we have

IV (10 [y S TPt 10PNl pro-s

s
Y7~

ST ol llog -5

ST ogw-so- 0P lcpwsss
ST legw-s 0P llc, s
ST ey oo 90 gopans
0
ST oo ol

as long as 6 > 0 is chosen sufficiently small and for small § > 0. By Lemma 3.1.13 and (the
proof of) Lemma 3.1.4, we also have that

VT, (Jo[?0) ||y, ST

ve ST ooy

6
STl
XT

STl

3
Y-

The other estimates follow from similar arguments. We hence obtain the following bound:

&Y @)y, £ T7(1+ [Klleqoasan)” (1 + 1o

va)- (3.53)

e Estimates on 6§DE. These are direct consequences of Lemma 3.1.12, Proposition 3.1.14,
Lemma 3.1.4, Lemma 3.1.19, and the regularity assumption on X. We obtain the bound

16575 )]

3
ve S T (1 + Xl co,1:9))” (1 + |lv|

Vi) (3.54)
Combining (3.52), (3.53) and (3.54) with Lemma 3.1.12 gives
3
IT(0)[lv; < Crllllms + CoT7 (1 + [Xlleoagve))” (1 + [0]3;2)-

for some absolute constant C7,Cy > 0. We obtain difference estimates in a similar fashion and
omit details. O

3.2.2 Globalization in time and convergence

Here, we present our convergence argument and prove Theorem 1.2.2.2 We first introduce some
notations. Let s < + and 0 < § = d(s) < 1. For each (v, N) € [0,1] x N, we define Ay = A, v,
XN = X%N and XN :X%N by

Ay n () = N~ l1220.)22 — oN, (3.55)
Xy = (Tyvs c[Ton 2 12 as c T P lon e ), (3.56)

and
Xy = (T%Na :|T%N|2:v T'2y,N7 1|T%N|2TV,NH \VW,N» M'ly,Na M'zy,Nv 7:,1,N» 7;2,N)7 (3.57)

By Lemma 3.4.5, Lemma 3.4.3, Lemma 3.4.4, Proposition 3.4.6 and Proposition 3.4.10, Ay,
Xy and Xy converge to some limits denoted by As, Xo and X, such that

3Note that for convenience, we only prove Theorem 1.2.2 on [0, 1], i.e. for T'= 1 in Theorem 1.2.2 (ii).
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X%oo - (T'Yv :|T’Y‘2:7 T?yv :|T’Y‘2T’Y: )7 (358)
and

X0 = (T o[ 20 120 21, Y, M, M2 T, T2, (3.59)

oy
in C’([O, 1% R), C’([O, 1], Z“S) and C([O, 1], yS) p @ P-almost surely, respectively. Furthermore,
the following tail estimates hold:

1@ P(|Xnlleoagzs > M) S exp(—cMP),

, (3.60)
1@ P(IXN |l oy > M) S exp(—eM?),

for any M > 1 and some constants ¢, 5 > 0.
We also fix a function v € [0,1] — N(v) € N to be chosen later and further assume that
N(y) = +o0 as v — 0.

Remark 3.2.3. In Section 3.4, we do not prove the tail estimates (3.60) but they follow from
the proofs of these results. See also Remark 3.4.9 in Subsection 3.4.3.

For each N € NU {oo}, we let S)/'* = &I and S[PF = 6xPF as in (3.48) and (3.49).
We consider the equations*

vyN = —(y +)P<NSY K (0 ) (,8) € T2 x Ry, (3.61)
and
by N = —’}/PSNGX}\C}((U%N) — Z'PSNGE}?VE(UW,N)’ (CL‘,t) S T2 x R_;,_, (362)

The equations (3.62) and (3.61) correspond to the equations for the nonlinear remainders at
the level of the problems (1.52) and (1.65), respectively. Namely, we have the decompositions

Uy, N =Ty + 04N, (3.63)
uyn =1y + 04N,

for each v € [0,1] and N € N. Here, u, v and u, y solve (1.52) and (1.65), respectively.
We first study the convergence of u, n, v > 0 to its limit u, as N — oo (see Proposition

3.2.4 below) and obtain a probabilistic estimate on the difference u,, —u, y which is explicit in
the parameters v and N.

Proposition 3.2.4. Fiz v € (0,1] and N € N. Then, the solution u, N to (1.52) be-
longs to C’([O, 1];H‘5(T2)), for 6 > 0, p ® P-almost surely and there exists a process
uy € C([0,1]; H=(T?)) such that u, N converges to u, in C([0,1]; H=9(T?)) as N — oo in
p ® P-probability. Furthermore, we have the following tail estimate:

p @ P(|luy — Uy, Nl oo,1), 5 %) > €)

(3.64)
Sexp(— ey log(sNOZ)B) +eIN"2 fonoo(1),

for any e > 0. Here, ¢,01,61,8 > 0 are absolute constants and the Landau symbol on_oo(1) is
uniform in all parameters.

In the next lemma, we globalize the solution v, n to (3.61) by utilizing Bourgain’s invariant
measure argument.

Lemma 3.2.5. Fiz v € (0,1] and N € N. Recall the definition of the truncated measure py
(1.46). Then, the solution vy N to (3.61) belongs to C([0,1]; H'(T?)) pn @ P-almost surely and
there exists a process vy € C([0,1]; H'(T?)) which solves (3.61) (with N = co) such that vy, N
converges to v, in C’([O, 1];H*5(T2)) as N = oo in p ® P-probability. Furthermore, we have
the following tail estimates:

4With the convention Py =1d when N = oo.
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pn @ P([[og,n lloqo,m) > 74 M) < exp (—eMP), (3.65)
and
PR P(vaHC([O,l];H;) > 'y_AM) < exp ( — CM’B), (3.66)

for any M > 1. Here, ¢, 3, A > 0 are absolute parameters.

Remark 3.2.6. Note that in view of Proposition 1.2.1 and (3.65), we have
p @ P([lvynllcqoym1) > YAM) < exp (= eM”) + onooo(1).
for any M > 1.

Before moving to the proof to the proof of Lemma 3.2.5, we show a pathwise globalization
result for the solutionsto (1.52) for a fixed value of N € N.

Lemma 3.2.7. Fiz v € (0,1] and N € N. Let ¢, € D'(T?) be any distribution and let
Uy, N be the solution to (1.52) with initial data ¢.. Then, u, n exists globally in time and
Poyuyn € L™ (R+;L2(']I‘2)). Furthermore, there exists some absolute constant C' > 0 such
that we have

|| ”PSNU’Y,N(t) HL% HLloO(]p) /Sdh 770<t>CNCa (3'67)

for any t > 0.

Remark 3.2.8. In the case v = 0 (i.e. the Schrédinger equation (1.53)), the statement of
Lemma 3.2.7 is also true (without any loss in 7 on the right hand-side of (3.67)) and is a
simple consequence of the conservation of the LZ-norm under the Schrédinger flow, Bernstein’s
inequality and (for instance) the standard H?(T?)-local theory for the Wick renormalized NLS
(1.53).

Proof. Let us note that for every (v,N) € [0,1] x N, P yu,, n solves a linear equation and is
hence globally well-posed. We prove that u, y = P<yu, v exists globally in time along with
the estimate (3.67). We proceed with a first order expansion @y, n = 1 v (dx, &) + vy, N, Where
Ty N (@x,§) is as in (1.74) (but with ¢y replaced by P<n¢,) and v, n solves the equation

Oy, v — (v +i)(A = vy N
=—-(v+ i)PSN< P oy, v 2oy, v + 21 [P oy v (3.68)
+ 1N 2 NN P+ TN U?y,N)'

There stochastic objects appearing in (3.68) are as in (1.76) (with ¢ replaced by P<noy).
By invoking the bound e™" <y 779 for any » > 0 and # > 0, we deduce the following
estimate:

t t
H/ O A-D Pyl gy _ H/ e—(w+i)(t—t’)<n>2<n>5ﬁ(t/’n)dt/
0 LF H; 0

Lye

(3.69)

e
0

S 7_9T1_0HFHL§9H;’.’29'

Lgee2

for any T > 0, s € R and 0 < § < 1. Hence by (3.69) and standard deterministic estimates
(see Lemma A.1.1), it is easy to prove that the equation (3.68) is locally well-posed in L?(T?).
Hence, v, v exists globally in time as long as we have an a priori control of [[v, n(t)z2 for
t > 0. We rely on an energy method as in [66, Section 5] and [61] (in the context of stochastic
wave equations). Let £, be the energy functional defined by
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1 t
£, (W)(t) = §/T2 |v|2—|—fy/0 /T ()| dt dz, > 0. (3.70)

‘We have

d

GE O =Re [ 0w, ty [ o wito)ide (3.71)
T2 T2

Besides, by (3.68) and integration by parts and noting that P<yvy y = v, n, we have
Re/ atU%N’U%N
T2
= *7/ V03 51% + [03,3* + oy, v [* + Re (v + i)/ Ay [vy. 5705 5 (3.72)
T2 T2
+ Re (’)/ + ’L) / ‘l-B-y’N |U,Y7N|2U%N + C»y)N |U’Y,N|2 + D%N”U%N2 + E»Y’N’U%N,
T2

where A, n, B, n and C, n are given by linear combinations of the stochastic objects in (3.68).
Then, by Young’s inequality, we have

| [ vl Pon | € ol s e

i

for some absolute constant C' > 0. Similarly, we have

_ Y _
| [ Bov oo < gl + Cv Byl (3.74)
- 100 2 2
i _
| [ Cow oy xP| < sllosvlits + 077 0C, e (3.75)
T2
. Y _
| [ Do o] < sl iy + 070D (3.76)
T2
_ Y _ 4
| [ Brmm| < sllonlit + Cr Bl (377)
T2 ’ -

Hence, by putting together (3.71), (3.72), (3.73), (3.74), (3.75), (3.76), (3.77) and integrating
over the time variable, we deduce

&) < Pl + [ o)
<Pl + 5 [ vl + O F e, By v, o Dy )
< HPSN¢*||2L§ + %5’7(’0%1\7) + C'Y_loF(A%Nv B%Nv C%N’ D%N)-
where
F(Ay N, Byn, Oy Ny Dy vy By ) = 1A N |21 0,420y + 1Bron 21 (0,6752.00)
+ ||C ,N||2L1([0,t];Lg°) + ||D%NH%1([O,1&];L$) + ”E ,NH%l([o,t];Lg)
Thus, we have

Ey(vy N)(t) SIP<neullis + 77 F(Ay N, Byn, Oy, Dy, By ). (3.78)

for any ¢t > 0. By (1.76), the spatial Fourier supports of A, n, By n, Cyn and D, y are
included in a box B centered at the origin and of size ~ N. Let ¢ : R? — R be a smooth radial
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function whose Fourier support is included in 108 and such that @ = 1 on B. By Bernstein’s
inequality, we have

12y nllLee = ll9ZynllLee S N[ Zy nllz2,
for Z%N € {A%N,B%N,C%N,D%N}. By (378), this yields

Ey(vy,N)(t) < ’7710N10(”A%Nuil([o,t];L%) + HB’Y»N”il([O,t];Li) + ||CmN||2L1([o,t];Lg)
+ 1D 811 0,0:22) + 1B w71 0.:22)) + IP<vxlZ2 (3.79)
=y TONYG N+ [Panda|l:

By arguing as in the proof of Lemma 3.4.3 below, we deduce that the left hand-side of (3.79) is
finite for any ¢t > 0 P-almost surely. This proves that v, x (and therefore u, n) exists globally
in time. Furthermore, by (3.70) and (3.79), we also have

H”U%N(t)”Li HLloO(p) 5 ’7710N10||G%N + ||P§N¢*||%§ HLloo(P)
Se. 7N,

by arguing as in the proof of Lemma 3.4.3. Moreover, in view of the decomposition
Uy, N = 14,8 (0x, &) + vy~ and Bernstein’s inequality (inserting a smooth cutoff as in the above),
this proves (3.67). O

We recall the following invariance result. See [22, 66, 72] for a proof.

Lemma 3.2.9. Let v € [0,1] and N € N. Recall that by Lemma 3.2.7 and Remark 3.2.8, the
solution uy n(Px, &) to (1.52) is globally well-posed in time for any initial data ¢.. Let ¢ ~ p,
where p is the truncated renormalized Gibbs measure (1.46). Then, for each timet > 0, the law

of uy,n (¢, €)(t) is given by pn.

Proof of Lemma 3.2.5. Fix v € (0,1] and N € N. Let us recall that, by Lemma 3.2.7 the
solution u, n to (1.52) with initial data ¢ and forcing £ exists globally in time. We adapt an ar-
gument in [27]. By the flow property of the map t € Ry — u, n(¢,£)(t) and the decomposition
Uy, N = 1y + vy, 5 (3.63), we have

Oy N (6, 6) (B + t2) = Sy (t2) (V4.8 (0, €)(t1)) + vy v (Uy N (D, €)(t1), E(t1 + 1)) ) (2).  (3.80)

for any t1,t2 > 0. Let £ > 1 be an integer to be chosen later. By (3.80) and (3.22) in Lemma
3.1.12, we have the following bound:

[V, 5 (0, )|l Lo ([0,1; 212

h h
<k- sup ||v7,N(U»y,N(¢,§)(E)7€(*+

0<h<k—1 k

(3.81)
)) HLw([o,k—l];H;)

For each 0 < h < M —1, let I, n(h) be the set given by

h

1y () = { o (6.0 € (1

€05+ N i orsmsy S 1)

By Lemma 3.2.9 and the fact that u, v (¢, )( ) and f(% +- ) are independent from each other®,
3

3
we have that vy, (uy,n (0, f)( ), € (% +-)) and vy N (¢, &) are equal in law (with ¢ ~ py).
L, n(h

Hence, by letting I, y := ﬂ0<h<k 1 Iy n(h), we have

pN @P(IS ) < k- py @P(L,n(0)%). (3.82)

Besides, by Proposition 3.2.1 and Proposition 1.2.1 with (3.60), we have that

5This comes from the fact that ¢ — u., n(t) is adapted to the filtration {F;} and that £(¢ + ) is independent
from {]:t/}t’gt‘
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pn @ P(L, n(0)°) < py @ P(T(Xy) < k1)
S v OP(IXNllcqoyze) > 77E") Sexp (— ey k™). (3.83)

Hence (3.65) follows from (3.81), the definition of the sets {I, n(h)}o<h<m—1 and I, ny along
with (3.82) and (3.83) and by picking k ~ y~¢M for some constant C' >> 1 and M > 1.

The tail estimate (3.66) then follows from Proposition 1.2.1 and an approximation argument;
see [27] for details. O

We now prove Proposition 3.2.4.

Proof of Proposition 3.2.4. For v € (0,1], N € NU {oo} and M > 1, we define the set Q, y by
QyN(M) = {”v%NHC([O,l];H;) < ’V_AM}.

Fix v € (0,1] and N € N. Then, we claim that on Q. y(M) N Qy o (M), we have

vy — vy, Nl (o,1):1) < exp (C’Y_glMgQ) (”X*r — Xy nllzs + Xy = X%N||336)7 (3.84)

for some constants ¢, 01,02 > 0. We prove (3.84) by a Gronwall-type argument. By (3.48),
(3.61) and (3.69), Lemma 3.1.12 and Proposition 3.1.14, we have®
loy = vy, lleqo,n:m)

_3,1 2
<Oyt ([IXy = Xy vz + 11Xy = Xy nl12s) (14 vy leqo,ay + 1vy.n lleqo,o:mr))
_3,1 2

+Cy it oy — vy wlleqoay (1 + vylleqon:ay + vy v lloqonm)
(3.85)

for any 0 <t <1 and some absolute constant C' > 0. Hence, if 7 := %C’*ify?’*gAM’s so that
Cy=175(1 42y AM)? < 1, we have (by (3.85))

2

HUV - U'y,N”C([O,T];H;) < (”X'y - XW,N”ZJ + ”X’y - X%N”%S) (1 + 77AM) (3.86)

on Q. (M) Ny oo (M). Similarly, by (3.48), (3.61) and (3.69), Lemma 3.1.12 and Proposition
3.1.14, we have

[y = vy N lleqrgsm)
_3 1
<y (1) = vy N (T2 + Cy 72 (= 7)oy — vy Nl (ra;m2)
2
X (1+ [oylcgrgsmy + oy o a) (3.87)
+ Oy (=) (X = Xy lze + 1Ky — X, w1 3s)
2
< (L + oy llograsmy + vy vl my)
on Q, n(M)NQy o(M), for any 7 < ¢t < 1. Hence, by (3.86), (3.87) and the definition of Ty,

we get

_ 2
HU’Y - U%NHC([T,QT];H;) < 3(||X7 - X%N”Z“ + ||Xv - X%N‘@é) (1 +7 AM) .

By iterating this argument ~ % times, we hence obtain
T

el _ 2
oy = vy v logo.emy < 257 - (IXy = Xq xlzs + 1%, — Xy v ]126) (L4974 M)°,

for some ¢ > 0. This proves (3.84) by possibly adjusting the constant ¢ in the above.
By (the proof of) Lemma 3.4.3, we have

HHX’Y - X%NHZ‘S HL2(p®]P’) S N_éla

n the estimate below, we discar e frequency projection P« in (1. as taking it into account on
6In the estimate bel di d the f y jection P< in (1.79 taking it i t only
brings out a harmless additive factor ~ N~ for some small #; > 0 (by giving away a bit of spatial derivatives).
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for some d; > 0. Hence, by Chebyshev’s inequality, we have the tail estimate:
p@P([Xy — Xy nllzs > M) S N7 M2 (3.88)

for any M > 1. Let Fy x be the event Fy x = {||X, — X, n]zs < N5 }. Then, by (3.84),
the estimate

5
[0y = vy, v lleqoaymy < exp (ey P M%) - N~ (3.89)

holds on Q4 n(M) N Qy oo (M) N Fy N.
Thus, by (3.89), (3.88), (3.65) and (3.66) in Lemma 3.2.5 and Remark 3.2.6, we deduce that

_0 0 _a
P®P(|\Uv — vy Nlleqo,m) > exp (ey” M) - N 10)
<pRP(Q N (M)) + p @ P(Qy00(M)°) + p @ P(FS y)
Sexp(— cMﬁ) + ON—oo(1). (3.90)

Finally, let u, := 1, +v,. Then, by Lemma 3.2.7, u, n belongs to C([O, 1];H’5(’]I‘2)) p @ P-
almost surely. Furthermore, in view of the decomposition u, ny = 1, + v,y along with (3.88)
and (3.90), we have

p &P ([luy — uy N leog;m:5) > e)
e 13
<p@P(INy = Tnllooass) > 5) +9® P(HUV — vy nlemunn > 5)

< e 2N 4 exp ( — c'yel 10g(5N92)/3) + oNSoo(1).

for any € > 0 and some absolute constants c1, ¢, 01,61, 5 > 0. This proves (3.64) and that u., n
converges to u, in C([0,1]; H°(T?)) as N — oo in p ® P-probability. O

Next, we deal with the globalization and convergence issues on the gauged side, i.e. for
(1.59). We first globalize by making use of Bourgain’s invariant measure argument the solution
to (3.62) for v = 0. Our argument follows the proof of Lemma 3.2.5, but is slightly more
involved since one needs to proceed with care when combining X $:3-bounds on different time
intervals (Lemma 3.1.6).

Lemma 3.2.10. Fiz N € N. Recall the definition of the truncated measure py (1.46). Then,
the solution v v to (3.62) belongs to Y*(]0,1]) pn @ P-almost surely and there exists a process
v € Y*([0,1]) which solves (3.62) (with N = 00) such that vo n converges to vy in Y*([0,1])
as N — 0o in p ® P-probability. Furthermore, we have the following tail estimates:

pn @ P(Jloo,nlly=(jo17) > M?1log M) Sexp(— CMB), (3.91)
and

p @ P(|lvo]

Y=([0,1]) > M2 log M) S exXp ( - C]Wﬁ)7 (3.92)
for any M > 1. Here, ¢, > 0 are absolute parameters.

Proof. Let us recall that, by Remark 3.2.8 the solution up, n to (1.53) with initial data ¢ exists
globally in time. We also recall the definition of A n in (3.55). By the flow property of the
map t € Ry > ugn(¢)(t), the equality up y = 2408 (@) *q v (1.58), the conservation of

the L2-norm under the Schrédinger flow (1.53) (so that Ag n(¢) = Ao,n (uo,n(¢)(t1)) for any
t1 > 0), and the decomposition ug v = To,x + vo,n = So(t)¢ + v, N, We have

0o, (8)(t1 + t2) = So(ta) (bon (¢)(t1)) + e~ ANy (ug v (t1)) (£2). (3.93)

for any t1,t2 > 0. Hence, by (3.93), (3.60), Lemma 3.2.9 and by arguing as in the proof Lemma
3.2.5, we get for any M > 1,
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o0~ (D)l c(o,13;m5) < M, (3.94)

on a set Iy such that py @ P(I§) < exp(—cM?).
Moreover, by Lemma 3.1.6, we have

0.8 O -3 g0
M—-1 M—2

10500 (3 100 (O oy g sy + O 008D o i sy ) (395)
h=1 h=1

— .4+ b
Now, fix 1 < h < M — 1. Note that [vo.n (@)l oy scr)) = 00 (@) + 40 et o0

Hence, by Lemma 3.1.12 and applying (3.93) iteratively, we obtain

h/
< . _
oo N (D)l o3 1 nayy S M S 100,85 (o,n (@) (7)) 1y 0, 1) (3.96)
Similarly, we have
1+20
< . - -
”UOJV(QS)”Xs’%([liah,S;]@h]) ~ M Oghs”gg\)/I—Q ||007N (UO,N(¢)( 2M )) HYS([O,%]) (3'97)

Thus, by (3.60), (3.95), (3.96), (3.97), Lemma 3.2.9 and by arguing as in the proof of Lemma
3.2.5, we have

00,5 ()] < M?log(M), (3.98)

X*3([0,1))

on a set Jy such that py @P(JS) < exp(—cMP?). Together with (3.94), the bound (3.98) proves
(3.91). The estimate (3.92) then follows from Proposition 3.2.2, a standard approximation
argument and Proposition 1.2.1. We omit details. O

Lastly, we state a long time approximation result for the sequence {U’Y’N(’Y)}’YG(OJ]‘
Lemma 3.2.11. We assume that the following convergence holds:
1Xo,00 Ly + [IXq n(pllye < C, (3.99)
for all v € (0,1] and for some constant C > 0, and
XKoo = X ol — 0, (3.100)

as v — 0 and that v, the solution to (3.62) (with N = oo) belongs to Y*([0,1]). Namely, we
have

looly1 (j0,17) < C, (3.101)

Then, there exists vo > 0 such that the solution v., n () belongs to Y*1([0,1]), for any 0 < sy < s
and all v € (0,79]. Furthermore, the following convergence holds:

lo0 = 05 N lvs1 0,1 — 0, (3.102)

as v — 0.

We first prove a large time approximation result and then proceed with the proof of Lemma
3.2.11.

Lemma 3.2.12. Fiz 0 <T <1 and~y € (0,1]. Let us assume that (3.99), (3.100) and (3.101)
hold, that vo and v, n(+) both belong to Y*([0,T7), for each v € (0,70], and that there exists a
constant C1 > 0 such that
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< 0. (3.103)

for every v € (0,70]. Then, the following convergence holds:

||Uo — U%N(,Y)| Y=1([0,T]) — 0, (3.104)

as v — 0 and for any 0 < s1 < s

Proof. Let us first note that by a variant of Lemma 3.2.7, v, n() belongs to Y*([0, 1]) for each
€ (0,1]. Let 7 > 0 to be chosen later. By (3.62), (3.49) and (3.48), we have

oo — U%N(W)| YS!

= [[i66 2 (00) = iP<n () S5 (04,8 (n) = P <v ()Y Ny (05,3 ly1
< (1A =P en()Sp e (00) Iy + MP<ni) S NGy (04,50 Iy (3.105)
+[(Zo = Z,)(Joo[*00) ly21 + 1Z5(J00|*00 = [05 5 (1) [*01, 8 () ly:22 (3.106)

2
+ Z (”M vo) T, N(»y)(t’%N("/))”Yfl + Vo - \V%N(’Y)HYTSI

j=1 (3.107)
1175 (00, 00) = T2 o (03,8 010yt )-
By the estimates in Proposition 3.2.2, we have for some small 6; > 0,
S81—S8 3 3
(3.105) S N(7)™~%( y<)" (1 +lIvolly:))
3 3
+ 701 (1 + ||X%N(w)||25) (1 + ||UV»N(7)||YE)
= 0y-0(1). (3.108)
Similarly, by Lemma 3.1.18, Lemma 3.1.4 and Proposition 3.1.14, we have that
2
(3106) < 0«,%1(1) + C()TGHUO — U%N(,Y)Hyjl (1 + ”UOHYTSI + ”U%N(’Y)”Y{—Sl)
2
S 07%1(1) + CO (1 + C + Cl) TGHUO - U'y,N(’y)l Y 1 (3109)

for some absolute constant Cy > 0. At last, by the definition of the stochastic objects, we have

(3.107) < [ Xo,00 — X, ys( 3,:1)
+ COTGHUO — Oy Ny, %N('v)”ys(HUO”Yfl + ”U%N('Y)HYF)
< 0’Y—>0(1) + COO(O + Cl)THHUO — Yy N() HYTSl . (3110)

We fix 7 = (10Co(1 + Co +C1)2) ", Then, by (3.108), (3.109) and (3.110), we have

[00 = 0 N(y) Iy = 0y—0(1).

By repeating this argument ~ 7~! times on a family of non-disjoint time intervals (so as to
be able to apply Lemma 3.1.6), we obtain (3.104). O

We now prove Lemma 3.2.11 by a “bootstrap” argument.

Proof of Lemma 3.2.11. By Proposition 3.2.2 and (3.99), the condition (3.103) in Lemma 3.2.12
holds on some small time interval [0,7] with T ~ C~% and 7y = 0. Hence, by (3.104) and
(3.101), there exists 41 > 0 such that

o5 8 llyer oy < C+1,

for all v € (0,71] and where s; > 0 is slightly smaller than s. We may then apply Proposition
3.2.2 again for each v € (0,7] and get
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5.8 Iy 0.277) < 2(C + 1),

for all v € (0,71]. Iterating the last argument ~ T~! times allows us to obtain the bound
(3.103) (with C; = C'+1 and s replaced by a slightly smaller exponent s’) on [0, 1]. Hence, the
convergence (3.102) then follows from Lemma 3.2.12. O

We now put together the result of the section and prove Theorem 1.2.2.

Proof of Theorem 1.2.2. Let An, Xy and Xy be as in (3.55), (3.58) and (3.59). By the
results of Section 3.4, we have that {v+— (A, n,X, ~, X, ~n)}nen is a Cauchy sequence in
C([0,1];C([0,1;R) x 279 x Y*) on a “bundle” Qg of the form

Q= |J {0} x (), (3.111)

¢*€Q¢

with p(Qg) = 1 and P(Q¢(¢,)) = 1 for each ¢, € Q4. Moreover, denoting as in the above, by
v Ay oo, v X, o and v — X,  and the respective limits of the sequences {y — A, v }nen,
{v— X, nv}ven and {y — X, y}nen, we have

;%%NHHA%OO(@, ) = Ay N (D lleqoapr) S 1 (3.112)

sup [1X,n (6, )l coagyve) + sup N?|X, oo (d, ) — Xy N (0s )l eqoa100) S 1, (3.113)
NeN NeN

on Q¢(py), for each ¢, € Q4. Here, 6 > 0 is a small absolute number.” Note that by Fubini’s
theorem, we have that p ® P(g) = 1.

In what follows, for the sake of readability, we write u? y(¢,§) and u, n (¢, X7N) for the re-
spective solutions to (1.65) and (1.59) with initial data ¢. Subsequently, we denote by o2 n(0,6)
the nonlinear remainder in the first order expansion (3.63) so that uy y =1, v + v 5. Note
that with this notation, we have uf = ug,n-

e Step 1: convergence on the gauge side. We aim to prove that u, y(,) converges to ug as
v — 0in C([0,1]; H~°(T?)) in p@P-probability. Let vy be the solution to (3.62) (with N = o0).
By Lemma 3.2.10, we have that |[vgl|y=(o,1)) < oo on a set Q;ﬁ of full p-probability. Since the
intersection of sets of the form (3.111) is also a set of the form (3.111), we may assume that
Qy = Q.

Fix ¢, € Q4. Next, we note that by (3.113) and by the continuity of v — X,  at v =0,
we have

HXO,OO(QI)*) - X’y,N('y)((bh ')HyS
S 1Xo,00 (D4) =Xy 00 (D5 )l we 4 K o0 (D45 ) = XKy N(5) (@) |ye (3.114)
S X000 (¢4) = X 00 () lys + N(7) ™" — 0,

as v — 0, on Q¢(¢,). Hence, by (3.114) and (3.113), the conditions (3.99), (3.100) and (3.101)
in Lemma 3.2.11 are satisfied. Thus, we have

[00(Ax) = 0% N () (Dxs Mlyer 0,17y — 0, (3.115)

as v — 0, on Q¢(¢,) and for some s; > 0 which is slightly smaller than s. Hence by (3.63),
(3.114) and (3.115), we deduce that

[uo(6+) = 15wy (D oo,y 25 — O (3.116)

as v — 0, on Q¢ ().

Since the map & — 1, n(1)(¢«, &) is mesurable and Law(§) = Law(X7N()) by Propo-
sition 3.1.8. We have that Law (1, n(,)(¢x, X"V () = Law( (¢x,€)) as elements of
C([0,1], H=°(T?)) and, by (3.116), we have that

*
Uy N ()

"Technically, the bounds (3.112) and (3.113) were not shown in Section 3.4 but they follow from the proofs
of the aforementioned results.
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Law (4, v (1) (¢4, X7V D)) — Law(ug(¢4))  in C([0, 1], H°(T?)), (3.117)

as v — 0. Since ug(¢y) is a constant (in £), the convergence in law (3.117) can be actually be
upgraded to a convergence in probability. Thus, in view of the independence of ¢ and X7N(7)
(Proposition 3.1.8), Fubini’s theorem and the fact that p(€24) = 1, we deduce that 1w, y(-)
converges to ug in C([0,1]; H°(T?)) in p ® P-probability.

e Step 2: convergence of the gauge transform. We now consider the gauge transform
GN(y)(ty () (1.56). By (1.56) and (1.58), we have |u,, n| = |1, n], so that

On(uy,n) = Gn(uyn), (3.118)

for any N € N.

We fix ¢, € Q4 and work on Q¢(¢s). For each N € N, we have ug y = uf 5. Since the
L2-norm is conserved by the flow of (1.65) with v =0 (i.e. the PDE renormalized Schrédinger
equation), we have Vi (ug n) = 249 n. We denote by Goo(ug) the limit

Goo(up) 1= e?o.e — lim Gn(ugn) = lim VN (to.N) oy [0,1]. (3.119)
N— 00 N—00
We aim to prove that G () (ty,n(y)) ' converges to Goo(ug)™' as v — 0 in C([0,1];R)
in p ® P-probability. Let (v,N) € [0,1] x N. In view of (3.55) and the decomposition
wy n =Ty~ + 05y (3.63), we have

Vv (13 v)(t)
T Ny
t t
A () + 19 s + /0 /T T /O /T oo ydfdr. (3120)

Hence, by (3.119), (3.120) and Step 1, we have
Goo (ug) = €'Voe(10), (3.121)

with
t . t 7
Vio (10) (£) = Ao.oo () + [[05]12 2 + / / 1o DFdt da + / Tomoidtdr,  (3.122)
e o Jr2 o Jr2

on [0,1]. By (3.112) and arguing as in the proof of the estimate (3.114), we get

14y N (y) = Ao,colloqo,) — 0, (3.123)

as v — 0. Thus, by (3.120), (3.121), (3.122), the mean value theorem, duality, Step 1, (3.115),
(3.114) and (3.123), we have

= ||eiVN(w)(u;,N) _ eiVOO(UO)HC([O,l];]R)

19N () (W) N () = Goo (o)l c(o,115%)
S Ay NGy = Avsslleqor) + 1195 vy = 95llezqo,;z2) (193, v ez qo,15522) + 1961 22(0,1352))
+ 1N — T0700||L2([0,1];H;5)(Hn;,N(’y)”LQ([O,l];Hg) + HDS,OOHLQ([O,I];H;’,)) — 0,
as v — 0.
Finally, by arguing as in Step 1, this shows that the complex exponential G (.)(u,, N(,y))’l
converges t0 Goo (uo) ™" in C([0,1];R) as v — 0 in p @ P-probability. By (3.118), this proves the
convergence

GN () (g () ™" = Gooluo) ™ in C([0,1];R),

as v — 0, in p ® P-probability, as desired.
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e Step 3: full convergence. Let v € (0,1]. By Proposition 3.2.4, Step 1, Step 2 and
Lemma 3.4.3, we can construct the distributions v, := 1, + v, and v = Goo(ug) "1ug in
c(o,1; H _5(T2)) p @ P-almost surely. Note that u, and u are interpreted as the solutions to
(1.54) and (1.55) with initial data ¢ ~ p. We have

P& IP’(Ilu = Uyl o115 %) > 5)

€ €
<p® P(”“ — Uy, N(v) HC([O,l];H;“) > 5) +r® P(H“v — Uy,N(v) HC([O,l];H;J) > 5) (3.124)
=: 1(y) +1(y).

for any € > 0.

We first prove that I(y) — 0 as v — 0. Fix € > 0. By (1.58), we have

1(7) = p@P(llu = wy i loon=s) > )
_ _ €
sp ®P<||QN(V)(U%N(“/)) ' = Goo(u0) 1HC([O,1];]R) Nuolle o, m76) > 5)
€
tr® IP)(”u%N(v) - uOHC([O,l];H;‘S) > 5)
=: A(y) + B(»). (3.125)

By Step 1, we have that B(y) — 0 as v — 0. Fix x > 0 and denote by E(y, k) the event
E(y,k) = {HQN('Y)(“%N(w)r1 - goo(UO)ilHC([o,u;R) > "‘}'
Then we have
—1 1 €
A <p® P({HgN(fy)(U»Y,N('y)) — Goo(uo) HC([OJ];R) Nuoll e o, 13: 15y > 5} NE(y, n)c)

— _ 9
+ p®P({HgN('Y)(U“y7N('y)) 1_ goo(uo) 1”0([0’1];]1%) . HuOHC([O,l];H;S) > 5} n E(’y’,‘{))

e
Sp@P(HuOHCTH;a > %> +p@P(E(7, k). (3.126)
As k — 0, we have
e
p&P([ltoll o) > 5) — # O B(lvolloo sy = %) =0, (3.127)

by Step 1. Furthermore, by Step 2, p @ P(E(y, %)) — 0 as v — 0. Thus, we deduce by the last
observation and (3.126) that

9
limsup A(y) < ®P( u o8y > *)7
nSup () < p@P(lluollcqo,uy;mse) > 5

and hence, by (3.127), A(y) — 0, as v — 0. By (3.125), this shows that I(y) — 0 as vy — 0.
Next, by (3.64) in Proposition 3.2.4, we have

0(7) = p @ P(|luy — u%N(’Y)”C([O,l];H;‘s) >e)

(3.128)
< exp ( — ey log(aN(v)QQ)ﬂ) + 25_2]\7(’)/)_251 + 0y-0(1).

Hence, by picking N(v) = exp(y~*) for some large constant A > 0, we have, by (3.128), that
I(y) — 0 as v — 0. By (3.124), this proves that

P& P(Hu = Uyl o,1,m2%) > 5) —0

as v — 0 and for any € > 0. This finishes the proof of Theorem 1.2.2 O
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3.3 Counting estimates

We state here several counting estimates which are used in the construction of the stochastic
objects in Section 3.4.

Let {(z,t1), (v, t2), (2,13)} be a set consisting of integers (x,y, z) € (Z?)? together with some
signs (11, t2,t3) € {£1}3. We say that (x,y) is a pairing if z = y and 11 = —9, and similarly
for (y, z), etc. With an abuse of notations, given an affine integral equation of the form

11T+ Loy + 3z = d,

we say that, for instance, that (z,y) is are paired if x = y and ¢; = —15.

The following lemma is from [25] but similar counting arguments are already discussed in
the work of Bourgain [7].

Lemma 3.3.1. Given dyadic numbers N1 = Ny = N3, let (11,t9,t3) € {£1}3 be signs and
consider the set S given by

S ={(x,y,2) € (Z*)3 : 11z + 1oy + 132 = d, 11(x)? + 12(y)? + 13(2)? = a,
‘xfa‘ §N17|y7b| §N2,|ch| S/N?)}
We assume that there is no pairing in S. Then, the following bound holds:
S| < Nyt Ns,

for any 6 > 0 and uniformly in (a,b,c,d, o) € (Z*)°.

Proof. See [25, Lemma 4.3] O

Let us now define the following phase function:
K(71) := (n)? = (n1)? + (ng)? — (n3)?, (3.129)

with the vectorial notation 7 = (n,ny,n2,n3) € Z* We use in the remainder of this section
the notations of Appendix A.4. Given a tensor h = hpnyngns, We define the norm

[A][1 := max (Hh”n%mmnsv ||h||n1%nnznsv ”h”nnz%mnga ”thngﬁmm)' (3.130)

and

The following tensor estimates will be useful when handling the random matrix terms in
Lemma 3.4.7. In dealing with the different stochastic objects we will need counting estimates
that take into account the scenario when the phase k(i) (3.129) is fixed and dispersionless
estimates (i.e. when there is no condition on x(7)).

Lemma 3.3.2 (Tensor bounds I). Fiz (n,1,n.3,n+3) € Z> and (N1, Na,N3) € N3. Let
h = hpnin,ns be the tensor given by

3
hnn1n2n3 = ln:n17n2+n3 H ]1<nj7n*’j>~Nj (3131)

n2#ni,n3 j=1

We also define, for m € Z, the tensor h™ = hl, (z)—m with k = k(n) as in (3.129).
(i) The following bound on h holds:

HhHl S NmaxNmed

uniformly in (n, 1,n.3,n43) € Z>.

(ii) The following bound on h™ holds:
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0
sup ™|y S N/ Nz,
meZ

for any 6 > 0, and uniformly in (n. 1,ns3,n43) € Z3.
(iii) If N1 2 min(Na, N3), then we have the following improvements:

||h||1 < Nm'}x min(Ng, Ng)

sup B[l S N3 min(Na, Na)?,

for any 6 > 0, and uniformly in (n.1,n.3,n43) € Z>.

Proof. We only prove (ii) as (i) follows from simpler arguments. By Schur’s test and Lemma
3.3.1, we have

||hm||n_ml”2n3 < sup [{n:n=mny —ng+ns; ne #ng,nsl (3.132)

ni,n2,n3

X sup|{(n1,n2,n3) :n =ny —ng + ng; Ny £ ny,ng and k(7)) = m}

N1+9Nmm, (3.133)

med

for any 6 > 0. Note that we have used (3.132) < 1 since n is uniquely determined as long as
(n1,n2,n3) are fixed.
Similarly and since the only bound available in general for n is (n) < Npyax, we have

< NMON (3.134)

||hmHn1—>nn2n3 ~ 4 ¥Ymax
Applying again Schur’s test, we get
||hm||,m2_>mn3 < bup {(n1,n3) : n =ny —ng + ns; ng # ny,n3 and (7)) = m}| (3.135)
n,n

x sup [{(n,ng2) : n =ny —na + n3; ng #ny,n3 and k() = m}|. (3.136)
ni,n3

Note that for n = ny — no + ng3, we have

k(7) = [n|* = [na|* + |na|* — Ins]? = 2(ny — n1,ne — ng)

3.137
=2(n —ng,ny —n3) = 2(n — ng,n — ny), ( )
where (-, ) is the usual inner product on R? . This leads to the following formulas:
2 — o2
m(ﬁ):—Q‘nl—n+n2‘ Z‘n 2712‘
i . (3.138)
:—2‘712— 1 3‘ 2‘ 1 3‘

Hence, if n and ng are fixed then we deduce from (3.138) that ny belongs to a circle of ra-
dius at most ~ Npax, which leads to the bound (3.135) < for any # > 0. Similarly,
(3.136) < NZ ., for any 6 > 0. This yields

max?

max7

B 71y S Ninas (3.139)

for any 6 > 0.
At last, we estimate
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Hhmemsﬁnm2 < sup |{(n1,n2) : n =n1 — ng + ng; ne # ni,n3 and k(i) = m}| (3.140)
n,n3

x sup [{(n,ng) :n =mny —ng+ng; na #ni,n3 and k(7)) =m}| (3.141)
n1,mo

By (3.137), we deduce that if n and ng are fixed, then n; and ns both belongs to lines. Thus,
(3.140) < min(Ny, N3). Similarly, (3.141) < N3. This proves

B 7 sy S Nimax Nomed- (3.142)

The estimate (ii) follows from (3.133), (3.134), (3.139), and (3.142). The bounds (iii) follow
from similar arguments. O

Let || - |2 be the norm given by

Hh||2 ‘= Inax (”th—mlnznsa Hh”nm—mzns)- (3-143)
We next state a counting estimate used to handle the bilinear operators in Subsection 3.4.3

Lemma 3.3.3 (Tensor bounds I). Fiz (n.1,n43,n43) € Z> and (N1,N2,N3) € N3, Let
h = hpnyinon, as in (3.131). We also define, for m € Z, the tensor h™ = hl,z)—n, with
k= k(n) as in (3.129).

(i) The following bound on h holds:

Hh||2 5 NumaxNmin,

uniformly in (n.1,n.3,n4,3) € Z>.

(ii) The following bound on h™ holds:

1 1
sup ™|z S Niax N2,

min
mEZ

for any 6 > 0, and uniformly in (n.1,n3,nx3) € Z3.

Proof. We only prove (ii) as (i) follows from simpler arguments. By Schur’s test, we have

IA™ 13 ninans S Noved Nanin- (3.144)
for any 6 > 0 as in the proof of Lemma 3.3.2. Similarly, in view of (3.140) and (3.141) in the
proof of Lemma 3.3.2, we have

||hm||fm1_m2n3 < sup [{(n2,n3) : n=ny —ng + ns; ng # ny,n3 and (7)) = m}

n,ni

x sup [{(n,n1):n =mny —ny + ns; ng # ni,n3 and k(7)) = m}|
n2,n3

S min(Ng, Ng) X Nl. (3145)

O

3.4 Regularities of the stochastic terms

In this section, we establish the almost-sure convergence (in the parameter N € N) for the
stochastic objects introduced in Subsection 1.2.2 in relevant topologies. These stochastic terms
are measurable functions in the independent random variables ¢ ~ p with p as in (1.48) and
the space-time white noise &.

In order to upgrade the convergence in probability described in Subsection 3.2.2, we wish
to construct the stochastic terms on a “bundle” g of the form
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Q= [J {6} x %00, (3.146)

¢*EQ¢

where p(Q4) =1 and P(Q¢(44)) = 1, for each ¢, € Qp. We first check in the lemma below that
this construction is valid, i.e. that a set of the form (3.146) is indeed measurable.

Lemma 3.4.1. Let Qs C H'(T?) be a measurable set of full p-measure. For each ¢, €
let Qe(Py) C Q be a measurable set of full P-measure. Then, the set Qy defined in (3.146) is a
measurable set.

Proof. It suffices to prove that f is a null set. We have

Q= [ ({e:) x Qle0)

¢*€Q¢

= [ (HE T\ {o) x QU (HHT?) x Q\ Qe(6x) U (HHT?) \ {du) x 2\ Qe(6))

DL EQy
C (H U (T?)\ Qy x Q) U (HH(T?) x Q\ Qe(¢?)) U (H1(T?) x Q\ Qe(62)) =:

where ¢? is any fixed element in Q. Note that { is a measurable set and that p @ P(Q1) = 0.
This finishes the proof. O

It is then easy to see by using the Fubini theorem that p ® P(2g) = 1. We further explain
how to achieve the construction of the set (3.146) in what follows.

Remark 3.4.2. Let us emphasize the fact that almost-sure convergence of stochastic objects
on a set of the form (3.146) is in constrast with the literature, where the stochastic objects are
usually constructed on a set g of full p ® P-probability, which cannot be, a priori, written as
a set of the form (3.146); see for instance [22, 31, 32, 63, 33, 24, 25].

We first reduce the convergence of the stochastic terms defined in Subsection 1.2.2. Let
{An}nen be a sequence of stochastic objects of interest which are either distribution-valued or
operator-valued. We aim to prove that Ay = An(¢, &) converges in a Banach space (X, | - ||)
and on a set of the form (3.146) of full p ® P-probability.

We assume that the two following estimates hold:

| 500 141100, o 1 (3.147)
I sup sup NJ[Ax = AN 1o op) So 1 (3.148)

for any p > 1 and some § > 0. Then, by Chebyshev’s inequality, Proposition 1.2.1 and Fubini’s
theorem, we have

§
p(mas ([l 50 1431 ooy | 52 sup NlLAse = Anl ) > 2)
< max (H SUP N eN ANl Hip(p@ﬂp)’ H SUPnNeN SUPApr> N NaHAM - ANHHI;p(p@p))

S 0
Sp AT

for any A > 0. Hence, there exists a set €, with p(4) = 1 such that for each ¢, € Q,, there
exists a positive constant C(p, ¢,) < oo such that

H E}é% AN (¢, )l HLP(]P’) < C(p, dx)s

5 (3.149)
|| Sup sup N ||AM(¢*7 ) - AN(¢*; )H HLP(]P) < C(p7 ¢*)
NeNM>N
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uniformly in positive integers N and M with N > M. We highlight here that the constant
C(p, @) is uniform in the parameters N and M. This is why we need to have the suprema
inside the LP(y @ P)-norms in the bounds (3.147) and (3.148).

The P-almost sure convergence of { An (¢x, ) }nen in (X, ||-]]) then follows immediately from
(3.149). This finishes the construction of a set {2y as in (3.146) such that {Anx}nyen converge
in (X, | -]]) on Q.

In practice, the bounds (3.147) and (3.148) follow from certain estimates on appropriate
frequency localized versions of Apy; see Lemma A.3.1 in Section A.3 below.

3.4.1 Basic stochastic terms

The purpose of this subsection is to construct the “simple” distribution-valued stochastic objects
that appear in the expressions (1.79) and (1.80).
Lemma 3.4.3. Let b < % and § > 0.

(i) (linear objects.)  The sequence {y — 1, n}nen (
C([0,1] x [0, 1]; W—22°(T?) n FL'=%°°(T?)) N C([0, 1]; X~
(3.146). In particular, denoting by v +— 1, the limit, we have

1.74) is a Cauchy sequence in
([0,1])) on a set of the form

v 1, € C([0,1] x [0, 1; W=2°°(T?) 0 FL'>(T?)) N C ([0, 1]; X ~>*([0,1])),

p ® P-almost surely.

(ii) (nonlinear objects.) Let {y — B, n}nen be either the sequence {v —: |1, N|? :}Nen or
{v =% NP1 N tnven defined in (1.76), or {y — Ti,N}NEN' Then, {y — By N}NenN 15 a
Cauchy sequence in C([0,1] x [0,1]; W=°(T?)) on a set of the form (3.146). In particular,
denoting by v — B, the limit, we have

v+ By € C([0,1] x [0, 1]; W ~2°°(T?)),

p ® P-almost surely.

Proof. The proof of the above is similar to that of Proposition 2.1.10 and makes use of the
bi-parameter Kolmogorov continuity criterion Lemma A.2.3 and the reductions discussed at
the beginning of Section 3.4 and Lemma A.3.1 in Section A.3. We omit details. O

We next construct the stochastic term \Vﬁ/ as the limit of the sequence (1.81) as N — oo.

Lemma 3.4.4. For any 0 < s < 1 and 0 < § = §(s) < 1, the sequence {y — V., n}nen

defined in (1.81) is a Cauchy sequence in C([0,1]; Xs2H9(]o, 1])) on a set of the form (3.146).
In particular, denoting by ~v — \V'y the limit, we have

=7, e (0,1 X2 +((0,1]),

p ® P-almost surely.

Proof. By Proposition 3.1.14, it suffices to show that {y — ¥, n}nen is a Cauchy sequence in
c (o, 1]; X2+ ([0, 1])), on a set of the form (3.146) for &y > 0. Let v € [0,1] and N € N.
From (A.6), we have

L1o,1)%, N (n, 1) = I3[Ry ). (3.150)
with
3 ; 2 .
hy (21, 22, 23) = Tio,1) (t)Ln=n;—no+ns H (e*(’YJrl)t(nj) ]l(n])gN) j
naF#ni,ng i=1
(3.151)

X

J

Ve (m)2 Lj
(ﬂcj:—l]l[o,l](tj) + ¢, =11 4 (t5)y/2ye D) ) 7

3
=1
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with z; = (n;,t;,(;) and ¢; = 1 if j is odd and —1 otherwise. In what follows, we will often
omit the dependence of the quantities in the variables (zj) j=1,2,3 to ease our notations.
We can further write h, ; as a sum of terms of the form

3
. N2 Ls
2, (st ng, e, ms, ts) = Lio 1) () Lnmny—natng | [ (67O 1y <)

naFNLNE

1 )
x TT (10, (t)v/27e0 005 )]'HW’

JEA jEB

where A and B form a partition of {1, 2,3} such that (; =1 for j € A and (; = —1 for j € B.
Then, by using Lemma A.2.5, we compute the twisted space-time Fourier transform (1.88) of
(3.150)

LoyWyn(mA) = Y Islhyna], (3.152)
AC{1,2,3}
where
1
hAn A = ln= ni— n2+n3/ e_t(i(/\_ﬁ(ﬁ))—i_’Yﬂo(ﬁ))dt
n2#n1,n3  Jtpan(A)
1 () 3 (3.153)
i)t ()2 \ b 0,1](¢;
X H (m6(7+ Yt {n;) ) . H % . H ]]-[O,T](tj)a
JEA jEB J j=1
with
k() == (n)? = (n1)® + (n2)? — (ns) (3.154)
Bo(n) := (n1)* + (n2)* + (na)?, '
and
maX( ) - {t -7 € A} (3155)

We now localize the variables n; to the regions (n;) ~ N; for dyadics N; > 1 (j =1,2,3). Let
N, = (Ny, N27N3) and denote by h /\ the contribution of (n;) ~ N; to hA
will denote by \I/',Y’N the contrlbutlon of (nj) ~ Nj to ¥, n.

As discussed at the beginning of Section 3.4, we first aim to show the following frequency
localized estimate:

S Similarly, we

H]l[ovl]W’JY\T}VHLp(H@P)Xb *2+50 gp:}Nr;a)u (3156)

for any dyadics N, = (N1, N2, N3), uniformly in (N,~) € N x [0, 1], and for some 6 > 0. Here,
Nmax = max(Ny, Na, N3). By Lemma A.2.1, (3.156) follows from the bound

||]]'[0 1] ’YN||L2(M®]P)X5*§+50 ~ Nmaexv (3157)

with the same parameters.
By (3.152), and Lemma A.2.4 (iii), we have

—_~

N, N
L0, Wl L2 (o) =0 = || 1(n) IL[0 W N (1 A) ez 2 HL2(#®P)
b T AN,
= ACI?%)Q(,S} it 022 A5 5 3]s 3 ||L2(M®P) (3.158)
b TAN,
< Jnax H<>\> Isym((m)* i e | 12

for any b € R. Hence, from (3.158) and (3.152) with (3.153), we have the crude bound:
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||1[0,1]\T’iv,§v||L2(u®P)X°v° < N
uniformly in (N,v) € N x [0,1]. Thus, by interpolation, (3.157) follows from the estimate
< N0

H]l[o 1] ’YNHLQ HRP) X ——751 ~ *VYmax> (3159)

uniformly in (N,v) € N x [0,1], and for some small # > 0 and small 6; > 0. Next,

by Holder’s inequality (using —1 — §; < —21) and (3.158), (3.159) reduces to estimating

| Sym({n >Sh,’;‘év>\) . Hence, by Jensen’s inequality (A.3), (3.151), and relabelling, we
only have to show e

spAN <N 3.160

ACI?la,'};ﬁ} H<n> R 21,22,23 ~ max ( )

uniformly in (N,7) € N x [0, 1] and for some small 6 > 0.

We now evaluate the t-integration in (the frequency localized version of) (3.153). We have

1
—t(i(A=r(7)+7Bo(R)) gy . ST+t (n)? )4
| e [T (v2re )

max(A) jEA
—(I1=tmax(A))(I(A—r(n n
— (27) B e tmex (D EO=w(m) +y80(m) 17 € ( ()T 4750 () (3.161)
i(A = &(7)) + B0 (7)
X H (e('y+i)tj<nj>2)‘ﬂ
JjeEA

We note that by the definition of ¢,.x(A) (3.155), the following bound holds:

e_tmax(A)(i()\_’i(ﬁ))"‘%ﬁo(ﬁ)) . H ( ('Y‘H)tj (ng> _’Y(tmaX(A) t])(”]>2

(3.162)
JjEA JGA
Further, by the mean value theorem, we have
1 — ¢~ (I=tmax (A) (i(A=K(R))+7Bo (7)) < 1
O A + ()|~ GO A() + 15o(m) (5,163

< 11
~ s

)

N

(Nmax(4))

where nmax(A) is the maximum over the set {n; : j € A}. Similarly, we define nmeq(A) and
Nimin (A) as the second largest and smallest elements in the set {n; : j € A}, respectively. Thus,
combining (3.161), (3.162) and (3.163) yields

1
‘/ e—t(i()\_ﬁ(ﬁ))-i_’YBO(ﬁ))dt . H (me(7+i)tj(nj>2)bj

tmax (A) ]EA

(3.164)

< - [ e -t
A= r(0)2 7% nmax(A)) 54

(NI

Fix A C {1,2,3}. By (the frequency localized version of) (3.153) and (3.164), we get
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3
S Tnnanans (1) [ | Ly,

|| <n>ShA SN
t1 ta,t3 naF#ni,nsg

Y1 A

JjEB
x| H o~ (bmax (A)=t;)( J>2]1[0T HL@ ",
7oA (3.165)
< 1= n;ﬁ n2+n3 H l(n,)NN H
n27ni,n3 jEB
14l 1

X

A= #(1)) - (Pmax ()2~ A (Mnea) (rnin)2

3
S, ]]-n=n1—n2+n3 <n>2s H

na#ny,n3 j=1

Linj)~n; . 1
(nj)*  (A=n(n)))’

From (3.165), we then deduce the following bound:
S A N*

<n>2s
h>> 1
acqizs) I6r° 2 s L2 1 ™ n:m;erng D — k(7)) (11)2 (12)2 (132 (3.166)

na2#ni,ng
(nj)~N; <N

2s 1 X
D D ONEITREITmE /R V(N = k()

nez? n=ni—nz+ns
na2#ni,ng
(nj)~N; <N

2s 1
5 n§2<n> n:n1;2+n3 <n1>2<n2>2<n3>2,{(ﬁ)1+26

no#ni,ng
(n;)~N; <N

1
Z 1+25 Z Z W

neZ nez? n=ni—nz+ns
n2#n1,n3

(nj)~N; <N
k(n)=k

1
Ssup d o (m)* DT g (3.167)
S men T, ()% (n2)%(n3)
na#ny,n3
(nj)~N;<N
k(n)=k

Let us assume Ny > Ny > N3 as the proof is similar in other cases. From Lemma 3.3.1 and by
noting that |n| < Npax, we then have

3.167) < N2 (NyNyN3) 2NZsup 1
3

max
KEL pyy=n—n+nao

n2#£ni,n3
(nj)~N;<N
k(n)=k

< N2 (NyNo) 2N TENy S TONZ e (3.168)

max

for any € > 0. This proves (3.160) with s < 1.
We now aim to prove the following bound:

N ||H101] 'yM \Tf )||XS*§+50||LP(M®[P)NP Nmax’

uniformly in integers M > N, v € [0,1] and for all dyadics N, = (N1, N2, N3) and all p > 1
and some small § > 0. Note that \I/,JYV M \I/fx %y reads as (the frequency localized versions of)
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(3.150) and (3.151) with the additional condition max((ni), (ng), (n3)) > N. Hence, by Lemma
A.2.1 and by arguing as before, it suffices to prove the estimate

sup 1L, (¥ s = V) o 3050 | 2 ey S Noase (3.169)
~v€[0,1

for some small 8 > 0 and for any dyadic numbers N, = (N1, No, N3) (as, necessarily Nyax = N
so that we can gain a small power of N from the right-hand-side of (3.169)). The proof of the
bound (3.169) follows as that of (3.157).
Lastly, we aim at proving the bound:
0 N N, N N
N HH]I[O,l]((\V,ﬂ,M _\V“/z,N) - (\V’h,M —'\VM’N))”Xsﬁ%MOHLP(M@P) (3 170)
5 p2 ]\/vmax(’y2 - 71)9’

for all p > 1, any integers M > N, (v1,72) € [0,1]? and for all dyadics N, = (N1, No, N3) and
some small § > 0. By interpolation with (3.169), (3.170) follows from

3

N 3 _
]%%%H”Jl[(),l]( v2,N \V'yh )HXs,f%Jr%HLp(H@P) spz(ryQ _71> Nmax’ (3171)

for (v1,72) € [0,1]? and for all p > 1 and all dyadics N, = (Ny, N2, N3) and some small 6 > 0.
We now prove (3.171). Let (y1,72) € (0,1]*> and v € [0,1]. From (3.151) and the mean
value theorem, we have

Y2 — |
Yy <pn2 _dmml
| 72nt 'ylnt| xmax(fyl’f)/z)%
N, 1
|h'y n,t hO,n,t rg Niax’yz .
Hence, by interpolation, we obtain
|h'];2*,” t h’])X*, I%lax|’72 -7 ‘05 (3172)

for any (y1,72) € [0,1)? and for some small § > 0. Making again use of Lemma A.2.4 (iii) with
(3.172)

110,11 (w2 o N \T’% Nrzuep)xso = [V N — \Vf]y\i*,N”%2(;¢®P)L2([0,1];H;)
S I n) (1 [hwm,t - h’Ylv";t] HL?(u@P)HLZ([o,u;Q)
SN2 =l (3.173)
for some small # > 0. Hence, interpolating (3.173) and (3.157) gives (3.171).

Finally, by applying the usual Kolmogorov’s continuity criterion (see for instance [3]), we
obtain the following bounds:

N, _
sup HH]I[O,I]\V%NHC o400 | Lo (uom) S P2 Nt
sup sup N?|[[[Lj01005, — w2, XS"*%*“OHLP(M@P) pENZO

NeNM>N

for all p > 1 and some small § > 0. These bounds correspond to (A.11) and (3.149) above and
arguing as in the beginning of Section (3.4) finishes the proof of the result. O

At last, we state a lemma that is crucial in handling the behavior in v — 0 of the gauge
transform (1.57).

Lemma 3.4.5. Fory € [0,1] and N € N, let 1, n be as in (1.73) and let A, n be as in (3.55).
Then, for any T > 0, the sequence {Ay n}nen is a Cauchy sequence in C([O, 1] x [0, 1];R) on
a set of the form (3.146). In particular, denoting the limit by v — A, we have

v A, € C([0,1] x [0,1];R),
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p @ P-almost surely.

Proof. We only prove the following bound:

<43, (3.174)

sup sup 11T, N||L2 HTO,NH%gw

2
NeN0<t< L2

The rest of the proof follows from that of Proposition 2.1.10, Lemma A.2.1 and the bi-parameter

Kolmogorov continuity criterion A.2.3.
Let 0 <t <T and N € N. By using the decomposition (1.73), we have

2
(I 122 = tolZe )

= (/t/ (|S'y(t/)¢N|2 — |So(t/)¢1\/|2)dxdt+/0t /TQ ‘\IJ%N(x,t/)Fdxdt/ (3.175)

/ ~/]I‘2 (bN\I”Y N(SL’ t) + S ( /)(bN\I/%N(.T,t/))d.’Edﬁ/)Q, (3176)

When computing the square in (3.175) and (3.176), the cross-terms between (3.175) and (3.176)
have a null expectation in view of the independence of ¢ with ¥, x. Hence, we have

2
E(IInl3s, — Towl2: )

=E /t/ (1S, on|* = |So(t')¢1v|2)dxdt)2 +E(/Ot /TFZ |\II’Y,N(-r,t/)|2dl‘dt/>2

HE / /m Ny N (2, t) + S, (t )¢N‘I/7,N($,t/))dxdt/>2 (3.177)

t
+ QE A /’]I‘Z (lS’Y(t/)(bNP — |So(t/)¢]\]|2)d!1}dt/ X /0 /Tz |\D77N(m7t/)|2d$dt/)

=I1+T+1L

By Plancherel’s formula, Lemma A.2.7, Lemma A.2.4, (1.69) and (1.71), we have

t ot —29t(n1)® _ 1) (e=27t(n2)? _ 1
s 3 [ ( e gu,Plgul
o Jo

(n1)?(na)?
+E Z / /dtldtzquw (n1,01))*[ %5~ (na, 1) |
(n1),(n2)<N
e—zfm<n> _1)(6—2%2(@ _ )
22 //dtldt2 ) (3.178)
_2'yt1(n1) _ 1)( —27ta(n2)? 1)
7 / / iy (3.179)
mg% <N (n1)*(n2)?

Similarly, by independence, we have

/ / ) on Ty n (@, t) + 55 (F )</>N\11%N(x7t’))dxdt')2
-

=E Y // ()00 ()T n(n1, 1) - Sy (t2) b (n2) Ty (2, t2)dtydts

(n1),(n2)<N

—y(t1+t2)(n)? —Alta—t1|(n)? _ o=(t2+t1)(n)?
/ / < e c 3 (3.180)
)2 (n)2

At last, by independence, we have
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M= 2E(/0t /T (185 () |2 — |So(t’)¢N\2)dxdt’) x E(/Ot /T |\1/%N(:c,t')|2dxdt)
B topt (6*2%1(”1)2 _ 1) (6*27152(”2)2 _ 1) B
R 2< ><Z /0 /0 (n1)2(ns)? = ~(8.179).

ny),(n2) <M

By combining the above with the bound (obtained via the mean value theorem),

(3.178), (3.179) < 47, (3.181)

we immediately deduce (3.174).

3.4.2 Linear random operators

In this section, we deal with the linear random operators® M! and M2 defined in (1.82). In
particular, we prove the following proposition.

Proposition 3.4.6. Let 0 < s < 1,0 < §=6(s) < 1. Then, the sequences {y > M Ynen
and {y = M2 yInen defined in (1.82) are Cauchy sequences in the class C([o, 1];[:3787%’%‘*“5)
on a set of the form (3.146). In particular, denoting the respective limits by v M}v and
v = M%, we have

(7 M,y = M2) € ([0, 1); L35 3:550)2,
p @ P-almost surely.

We now introduce the following trilinear forms:
./\/'1,>(u’ v, w) = Z N(P>>N2vN3u, PNQU, PNBIU)
N2,N3

NZZ (u,v,w) = Z N (P, u, Py vn, v, Py,w),
N1,N3

(3.182)

In (3.182), the summations are over dyadic numbers Ny, N3, N3 > 1. Similarly, we denote by
N7<_ the trilinear form

NT<(u,v,w) := N (u, v, w) — NP (u, v, w), (3.183)
for 1 < j < 2. We then decompose the random operators as follows

1 . 1,> 1,<
M N—.M%N+M%N

v
(3.184)
2, 2,
M2y = MET + MO,
with
MLT v) = LN v, N, TN
'y,N() Yy ( Vs Vs ) (3.185)

M) = N 1),

for t € {<,>}.
Proposition 3.4.6 is a direct consequence of the following two lemmas.

Lemma 3.4.7. Let 0 < s < 3, 0 < § = 6(s) < 1. Then, the sequences {M’ly:?V}NGN and

{Mi’j\/}NeN defined in (1.82) are Cauchy sequences in the class C ([0, 1];1:5’8’%’%""5) on a set

8Such operators are also called random matrices in the literature on random dispersive equations; see for
instance [7, 24, 25, 63, 9]
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of the form (3.146). In particular, denoting the respective limits by vy — /\/l,ly’> and vy — M,zy’>,
we have

(M7, M37) € O([0, 1) £33 19)°,

p ® P-almost surely.

Lemma 3.4.8. Let 0 < s < %, 0 < & = 6(s). Then, the sequences {M}Y:TV}NGN and
{M?Y’jv}NeN defined in (1.82) are Cauchy sequences in the class C(]0, 1];£S’S’%’%+5) on a set
of the form (3.146). In particular, denoting the respective limits by v — ./\/l,ly’< and y /\/l,zy,

we have
ss.l 1ig\2
(M7 M5Z) € C(0,2); £ 370)
p ® P-almost surely.

We first start with the proof of Lemma 3.4.7.

Proof of Lemma 3.4.7. We focus on the operator {Z,N> (-, 1, n, 1, n)}Nen since the case j =
2 is similar; namely, we fix j = 1. By Proposition 3.1.14, (3.184), and (3.185) it suffices to
prove that {N1>(-, 1, n,1,.~)}nen is a Cauchy sequence in C([O, 1];£3’S’%’*%+51) for some
small 61 > 0. (We only prove the relevant uniform in N € N bound as convergence follow these
and considerations as in Lemma 3.4.4.)

By definition of the X:SF’b norms, and (3.17) and the reductions at the beginning Section 3.4
and Section A.3, it suffices to prove

sup || Ljo,1) ()N (P> npvns v Py Ty v, Py Ty o) || 1.5, S (NoV N3)™%  (3.186)

1

L

Joll . 1<t Oy X7 2
X2

on a set of the form (3.146) and for some small dy > 0, uniformly in N € N, and for dyadic
numbers Ny, N3.

Let us fix N € N, v € [0,1], some dyadic numbers Ny, N3, and v € X*2. Let {A}rem
be a finitely overlapping family of (countable) balls of radius ~ N3 V N3 which covers the set
{€ € R? : |¢] > N2V N3}. By orthogonality and the fact that sets of the form (3.146) are stable
under intersections, we deduce that (3.186) follows from the bound:

sup || 10,1 ()N (PaPsnvyvn, v, Py by v, P Ty ) |

s,—145,
ol . 1<t Cy X772
o

! (3.187)
S (N2 V N3) ™%,

on a set of the form (3.146) and uniformly in A € B. Next, we observe that by the Kolmogorov
continuity criterion (in the variable ) and by proving and difference estimate that gains a small
power of the difference of two +’s as in (3.171), the bound (3.187) essentially follows from the
following estimate:

sup | H H]]-[O,l] (t)N(PAP>>N2VN3v, Py, 1N, PNsT'y,N)H

s, L s, 148,

Lr(ueP) (3,188)
< (Ng v N3)~%,

for p > 1, uniformly in A € B, and N € N. Namely, we dropped the dependence of 7 in the
CVX‘S’_%""Sl—norm in (3.187). In the remainder of the proof, we show (3.188).

Fix v € [0,1], N € N, A € B and two dyadic numbers N, and N3. In what follows, we will
omit the dependence of the objects in v and N for convenience. Let us note however that the
bounds we obtain are uniform in these parameters. Let N, = (A, Na, N3). Applying Lemma
A.2.7 gives
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]]-[0,1] (t)N(PAP>>N2\/N3Ua PN2 T%N’ PN3T77N)(n7 t)
5 \ 3.189
:/du Z Pav(ng, w)ls [hﬁ,n%t], ( )
R 1’7,1622
N,

where h, ", = h,lyl*’n’#’t(zQ7 z3) (with z; = (n;,t;,(;), for 2 < j < 3, is given by

3
Y
hr]yl*,n,u,t(z%zii) = elt(ﬂ n1) )1[0»1] (t)]lnleA]l("l)>>N2VN3 H IL(nj>"’Nj
j=2 (3.190)
X 1n1*n2+n3:n]1n27én1,n3 ft X ﬁ(z% 2’3),
(na),(n3)<N
with f; as in (A.5). We may then write hvj:ff,n,u,t as a sum of terms of the form

3

D)1 O Ly enLingy s Npv s H Liny~N;
=2

A,N,
hh

(72, 23) = e (it (n)? —k(n))+v61
M1,M [y ’

Ljo,1)(t;5)
X Iny—nytng=nln,#£n ,ng —_—
w200

X H (\/ﬁe(vﬂ)t:‘("ﬂﬁ[o»” (tj)) E
JEA
(3.191)

where A and B form a partition of {2,3} such that (; =1for je€ Aand (; =—1for j € B. In
the above, x(72) is as in (3.154) and tax(A4) and B1(72) are defined by

tmax(A) = max{tj ] c A}
B1(7) := (na)? + (n3)?. (3.192)

Similarly, we define nmin(A) = min{n; : j € A} and nmax(A) = max{n; : j € A}.
Taking the twisted space-time Fourier transform in (3.189) and applying Lemma A.2.5 gives

j':<]1[0,1] (lf)./\/‘(PAI)>>]\[2\/]\[3’U7 PN2 T%N, 1:)]\]3 T%N) (n, )\)

= Z d,LL Z ﬁ;\;}(nhM)HA’N* (n17n7u, )\)7 (3193)
Ac{1,2} R ni€Z?
where HANx = I, [Ei]\;*u/\}, and Eﬁf\f;ux = ﬁﬁl’ﬁtu)\(z% z3) is given by
~ —B1(A) _ p—tmax(A)®1 (R) 3
A,N, e e
Py (22, 23) = 1 (1) Lyealing)y>NaviNg H Liny~n;
=2
L1jo,1)(t5)
X ]]-nl—n2+n3:’ﬂ]]-n275n1,"3 : H —o1 (3194)
(n2),(n3)<N jeB <nj>
X H ( /276(7+i)tj<nj>2]]_[071](tj))Lj,
JEA
with
D1 (n) :=i(A — p— k(n)) +y51(R). (3.195)

We now address the proof of (3.188) with —% + 91 replaced by —% — 41 (arguing by interpo-
lation with the trivial X% estimate as in Lemma 3.4.4). Similarly, by interpolation with the
trilinear estimate in Lemma 3.1.4, we may assume that the input v belongs to X5zt By the
Minkowski and Cauchy-Schwarz inequalities (in p), we estimate
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sup H ]]-[0,1] (t)N(PAP>>N2\/N3Ua PN2 T’y,Na PN3 T’y,N) ||

loll . gsy <1

s,—L -5
X272 | Lo ()

< | W [ 3T ProCiom i HAY (X
NAgalg} [lv]] SIE)M g1||<n> 2 R s ZQ 2v(70, 1, 1) (n1,m, o )H[iLi LP(u®P)
x5 3101 ni1€Z
< H AN (), s A 7 3.196
S A [ TR PR R 10
with
SjA,N* (nlvnapﬂ)‘) = <n>s<n1>—sHA,N* (n17n7M7)\)'
Hence, (3.188) reduces to the bound
AN -4
(e, n, s, A S (N2 V N3)~%, 3.197
s, 500 5 0 W ey S P2 N (190
for p > 1, and some small 6y > 0. From (3.194), we have
HAN (n1,m, 1 A) = Lo [0 (02, n3) o, e (22, 23)] (3.198)
with
3
bﬁzﬁ* (Tlg, Tl3) = ]ln1€A]l<n1)>>N2\/N3 H ]l<n]-)~Nj ]17’Z1f>nz+7>743<:]\7]1n276n1,n3
i=2 ranimar= (3.199)
S —S 1
x (n)*(n) " [T 7=
iep ()
and
*q>1(ﬁ) — *tmaX(A)Cpl(ﬁ)
A — (& (&
fm,n,nl,u,)\(z25z3) . (I)l(ﬁ)
3 5 (3.200)
% H Lio,1(t5) - H (, /276(7+i)tj(nj)2) ;
j=1 JEA
We then have from (3.192), (3.195) and the mean value theorem
7<I’1(ﬁ) — 7tmaX(A)q>l(ﬁ) *'thax(A)Bl(ﬁ)
¢ c ¢ _ (3.201)
Py () (@1(n))
Hence, putting together (3.200) and (3.201) yields (as in (3.165))
7E 1
A S o min (1L, ———) = d,(4 3.202
”fm,n,nl,p,,/\ |L,?2‘t3([0,1]2) ~ <(I)1(ﬁ>> min ,’}/%’I‘(A) ’)’( )a ( )
where
14 T 1a-
r(d) = 228 4 2A=0)  2AsB) L g (3.203)

(nmin(4)) — (n3) (n2)

Note that the factor (nmin(A)) in (3.203) comes from the case where nyax(A) and tpax(A)
correspond to the same index (say Mmax(A) = ng and tmax(A) = to, for instance). In other
cases, (nmin(4)) may be replaced by the better factor (nmax(A4)).

Let £4N+ = gAN. e the tensor (which also depends on x and \) defined by

nninansg
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3

A,N, _
’Snn]nzn;; - ]]-7?1€A]]-<n1>>>N2\/N3 H ]]-(nJ)NN ]]-nl no+nz= n]]-ng;énl,ng,

n n3g)<N
i=2 e (3.204)
X Il n]
jEB

From Lemma A.4.2, (3.198) and (3.202), we have

(3.197) < p(Na V N3)® max  sup [|[€47|, (3.205)
AC{2,3} y xeR

for any € > 0, and with || - [|; as in (3.130). Thus, to obtain (3.197), it suffices to show
14N |y S A1 (N2 v N3) =7, (3.206)

for any A C {2,3}, v € [0,1], some small § > 0, and uniformly in (u, \) € R2. In the rest of the
proof we hence prove (3.206).

We divide our analysis into three cases: (i) A = {2,3} and B =0, (ii) A = {2} and B = {3}
or A= {3} and A= {2}, and (iii) A =0 and B = {2,3}.

e Case (i): A={2,3} and B = 0. In this case, we have

2 . 1
d,({2,3}) = ——< min (1, —)
7 <(I)1(’I’L)> ’Y%<nm1n({2a3})>
We obtain several bounds depending on the size of d.({2,3}). Namely, by (3.192) and (3.195),
we have the following three bounds:

1

RCEX P ——— (3.207)
! (nmax({2,3}))?
d,({2,3}) < ik (3.208)
[ O e )><nmin({273})>’ '
d,({2,3)) < v (3.209)
T (nmax(12,31))2 (nin ({2, 31)) '
Plugging (3.207) into (3.204) gives, by Lemma 3.3.2 (i),
[ £123EN 1 < (Ny v N3)2Na N3 = (N2 V N3) ™! (N2 A N3). (3.210)
Next, we have the following decomposition:
3N < ([N 10y <vavyol ) (3.211)
+ HS{ZS}’N*]]-(/\—u—n(ﬁ)>>(N2VN3)10 Hl (3212)
By Lemma 3.3.2 (i), (3.204) and (3.208), we have
(3.212) < 42 (Ny V N3)"'O(Ny A N3) "' NoNsg < 42 (Ny V N3) 2. (3.213)

Furthermore, we may estimate (3.211) by fixing the value of the phase function k(7). More
precisely, we have from Lemma 3.3.2 (ii), along with (3.204) and (3.208),

1 1
(3.211) S 72 > mHSA’{Q’?’}h(m:mHl
(A—p— mgne(%\fz\/]\’s)m

S % log (14 Na v N) sup [[£4P )|,
meZ

<% (N2 V N3)2H0(Ny A N3) 72, (3.214)

~
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for any 6 > 0. Hence, (3.213) and (3.214) yield
S5 |1 S 73 (N> v N3) 7 (Np A Na) 2,

for any 6 > 0.
Lastly, from (3.209), (3.204) and Lemma 3.3.2 (i), we have

1E3N |y S 973 (N v Ny)
Finally, interpolating (3.210), (3.215), and (3.216) gives
183Ny S o (N v N3) ™7,

for some small 6 > 0; which is acceptable in view of (3.206).

(3.215)

(3.216)

e Case (ii): A= {2} and B = {3} or A = {3} and B = {2}. We assume A = {2} and B = {3}

as the other case is similar. In this case, we have

S min _r .
D = gy ()

As in case (i), we hence have the bounds

Nl

I PR e sy g

dy({2})) S ———
((na) v (n3))

(3.217)
(3.218)

(3.219)

From (3.217) with (3.204), and arguing as in the case (3.208) to fix values of the phase x(71),

we have by Lemma 3.3.2 (ii),
1€l < N2(Np v N3) 20 (Ny A N33
< (Ny v Ny)EH0N; 3,

for any 6 > 0.
Similarly, we have from (3.204), (3.218), and Lemma 3.3.2 (ii),

1 1 _1
L2V < 2 (No v N3) 2 HON, 2.

for any 6 > 0.
Lastly, by (3.204), (3.219) and Lemma 3.3.2 (i),

1IN < T E (N v NG) Y,

Interpolating (3.220), (3.221), and (3.222) gives (3.206) in this case.
e Case (iii): A =0 and B = {2,3}. In this case, we have

1 1
(@1(n)) ~ A= p = K(n))

Hence, from the above, (3.204), we have by arguing as in (3.208),

dv(m =

||£®’N*||1 < N;lNgl(NQ VN3)%+9(N2 A NB)%»

(3.220)

(3.221)

(3.222)

(3.223)

for any 6 > 0, which is acceptable in view of (3.206). This concludes the proof of (3.186). O
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Remark 3.4.9. Note that technically, the proof of Lemma 3.4.7 in the above does not provide
the tail estimates (3.60) since we used a (pathwise) orthogonality argument in going from (3.186)
to (3.187). It is however possible to recover the desired LP(u®P) by proving a variant of Lemma
A.4.2 adapted to the current “high x low x low — high” setting; see [25, Proposition 4.15].

We now prove Lemma 3.4.8.

Proof of Lemma 3.4.8. We focus on the operator {y — Z,LN<(-,1, x, 1, ~)} ven since the case
j = 2 is similar; namely, we fix j = 1. By Proposition 3 1.14, (3.184), and (3. 185) it suffices
to prove that {y — NV<(, 1, v, 15 N)}nven is a Cauchy sequence in C([0,1]; L% 513~ 2+51) for
some small §; > 0. (We only prove the relevant uniform in N € N bound as convergence follow
these and considerations as in Lemma 3.4.4.)

By arguing as in Lemma 3.4.7 and by using the reductions at the beginning of Section 3.4
and Section A.3, it suffices to prove the following bound

SN (3.224)

max’

Sup]HH]]'[Ol N(Pva PNzT’vaPNsT’yN)H
0,1

LOX53, X535+ LP(u@P) ™

for some small §y > 0, uniformly in N € N, and for dyadic numbers Ny, No, N3. Here, Nypax =
HlaX(Nl, NQ, Ng)
We now prove (3.224) with —3 + 1 replaced by —3 — §; arguing as in Lemma 3.4.4). We

also assume that the input v belongs to X2+ by mterpolatlon with the trilinear estimate
in Lemma 3.1.4. Let us fix dyadic numbers Ny, No, N3 and let N, = (Ny, No, N3). By similar
considerations as in (the proof of) Lemma 3.4.7 and Lemma A.4.2,

sup || Lo (DN (Pryo, Pty n, Py Ton) |

s,—1_s
X727 Lp( ®P)
<1 1
1ol o goon = (3.225)
< pN; g4
<pN{,, max  sup
max X S AeRll 1,
for any e > 0, and with || - [[; as in (3.130), and where £4-N+ = g4 N.  “is the tensor (which

also depends on p and A) given by

3
Qﬁnjyam = <n>s<n1>_s H ]l<n]>~N Tny—notns=nlny#n,,ns

. 2 <N
ks (), (ns) < (3.226)
x H
]EB

with d,(A) as in (3.202), (3.203), and (3.195). Thus, to obtain (3.224), it suffices to show

124Ny S AN, (3.227)
for any A C {2,3}, v € [0,1], some small # > 0, and uniformly in (u, \) € R2. We assume that
N; <« Ny A N3 (hence, Nypax = No V N3) for now and divide our analysis into three cases: (i)
A={2,3} and B=10, (ii) A= {2} and B = {3} or A= {3} and A = {2}, and (iii) A =0 and
B=1{2,3}.

e Case (i): A={2,3} and B = 0. In this case, we have

min (1

~ 1
@1(n)) ( m)

dy({2,3}) =

As in the proof of Lemma 3.4.7, we obtain by using the different bounds on d-(A) (3.207),
(3.208) and (3.209), along with Lemma 3.3.2 (i) and (ii),
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€23, < N73(Ny v N3)* 1 (Ny A Ns), (3.228)
123, S A3 NT*(Ng v Na)*F 39 (Ny A Ny) 3, (3.229)
| 8B S 47 ENTS (N2 v Ng) (3:230)

for any 6 > 0. By interpolation with (3.229), (3.227) follows from the bound
€401 < (N2 v N3)~7, (3.231)

for some small 6 > 0; which we now prove. Fix any 0 < 6y < 1. By (3.230), if the following
bound holds

YE(N2 V N3) TS (N2 Vv Ng)
then (3.231) holds. Otherwise, we have
72 < (Np V N3)*~ 10, (3.232)
Plugging (3.232) into (3.229) gives
(3.229) < N *(Ny V N3)25~2T0+00 (Ny A N3) 73, (3.233)
We now note that if we have
(N2 V N3)*~1(Na A N3) S (N2 v Ng)~%,
then (3.231) holds. Otherwise, we have
(N2 A N3) 2 (Ny v Nsg)' =%, (3.234)
Putting (3.234) into (3.233) yields
(3.229) < Ny *(Ny V Ng) 38~ 1H0+200, (3.235)

Hence by choosing s < 2 and 6,6, > 0 small enough, (3.200) ensures that (3.231) holds.

e Case (ii): A= {2} and B = {3} or A = {3} and B = {2}. We assume A = {2} and B = {3}
as the other case is similar. In this case, we have

= min 71 .
2D = gy ™ ()

As in the proof of Lemma 3.4.7, we obtain by using the different bounds on d(A), (3.226),
(3.217), (3.218) and (3.219), along with Lemma 3.3.2 (i) and (ii),

Nl

Il S Nt (N2 v Ny N R, (3.236)
1S S AE N7 (N, v Ng) 30N, 2, (3.237)
122 SyTENTS (N2 Vv N3)* L, (3.238)

As before, by interpolation with (3.237), it suffices to prove
1£@, < N2, (3.239)
for some small § > 0. Fix any 0 < 0y < 1. If we have
77E(Na V N3)* ™1 < (Na v N3) ™%, (3.240)

Plugging (3.240) into (3.237) gives
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(3.237) < NT*(Na v Ny)25 340N 2, (3.241)
Thus, from (3.241), we can conclude that (3.239) holds under the condition s < 1.
e Case (iii): A =0 and B = {2,3}. In this case, we have

1 1

SO = @) S B a— s

Hence, from the above, (3.226), we have by arguing as in (3.208),

188 S Ny *N3 NG (N> v N3)* T30 (Np A Na) 3
< NT*(Na V N3)*"3F0(Ny A Ny) 7=
for any 6 > 0, which is acceptable in view of (3.227). This proves (3.227) for N1 2 N3 A Ns.

The case N1 2 Ny A N3 is a direct consequence of the above computations for the case
N; < N3 A N3 and Lemma 3.3.2 (iii) (since if Ny 2 Nz A N3, we can exploit the extra Ny °-

factor to obtain better estimates). This concludes the proof of (3.224). O
3.4.3 Bilinear random operators

The purpose of this subsection is to treat the bilinear random operator terms 7'71 and 7;2 in
(1.83).

Proposition 3.4.10. Fiz 0 < s < 1 and 0 < § = §(s) < 1. Let j € {1,2}. The sequence
{7 nYNen defined in (1.83) is a Cauchy sequence in the class C([o, 1];15’3"9’%’%‘*‘5) on a set of
the form (3.146). In particular, denoting the respective limits by 7;3', we have
j s,8,1 1
T! e C([0,1); 8522 10),
p Q P-almost surely.
Let j € {1,2}. By (1.74), we can decompose 7;3;N as

T = TIS + 79 (3.242)
with
T74 (u,0) == TN (W, v, u, v) (3.243)
TN (w,0) i= LN (S, ()N, u,v) |

We reduce the proof of Proposition 3.4.10 to the construction of the sequence of operators
{T;ﬁ}NeN and {ﬁ,’ﬁ}NeN in appropriate spaces.

Proposition 3.4.11. Fiz 0 < s < 2 and 0 < § = §(s) < 1. Let j € {1,2}. The sequence
{Tyj”ﬁ}]\/eN defined in (3.243) is a Cauchy sequence in the class C ([0, 1];65757%*%+5) on a set of
the form (3.146). In particular, denoting the respective limits by 7:{79, we have

T2 e C([0,1]; B3 +0).
p ® P-almost surely.

Proposition 3.4.12. Fiz 0 < s < 3 and 0 < § = §(s) < 1. Let j € {1,2}. The sequence

{7;{’]6\?}1\;61\; defined in (3.243) is a Cauchy sequence in the class C ([0, 1];35757%’%*'5) on a set of
the form (3.146). In particular, denoting the respective limits by 7;3759, we have

TI® e ([0, 1]; B 2310,

p ® P-almost surely.
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In what follows, we prove Proposition 3.4.11 as Proposition 3.4.12 follows from similar (and
in fact simpler) arguments. To this end, we further decompose Tjﬁ? j € {1,2}. First, we
introduce the following frequency localized multilinear forms:

N17e7>(u7v7w) = Z N(PNIU,PNZU7 PN%w)’
Ni3>N5V N3 (3.244)
NZE> (4, v, w) = Z N(Pn,u, Py,v, Pr,w),
N2>>N1VN3
and
NPO< (v, w) 1= N (u, v, w) — NP (u, 0, w), (3.245)
for j € {1,2}. We now introduce the operators
7T =NV, N, u,0),
SN (w0) =T, (Vs u,0) (3.246)

7—2,@1'( u, ):I,YNQ’G’T(U7 \II’Y,Nav)7

for T € {<,>}.
With these notations, Proposition 3.4.11 follows from the two next lemmas.

Lemma 3.4.13. Fiz s >0 and 0 < § = d(s) < 1. Let j € {1,2}. The sequence {TfﬁK}NeN

defined in (3.246) is a Cauchy sequence in the class C([O, 1];83’5’%’%”) on a set of the form
(3.146). In particular, denoting the respective limits by 7'7j>9’<, we have

’7;]]9,< c C([O, 1];85’8’%’%+5).
p ® P-almost surely.

Lemma 3.4.14. Fiz 0 < s < 1 and 0 < § = §(s) < 1. Let j € {1,2}. The sequence
{7'] N Yven defined in (3.246) is a Cauchy sequence in the class C ([0, 1]; B> 5’2*2”) on a set

of the form (3.146). In particular, denoting the respective limits by TVJ > we have
1 1L 1.5
TI9 € O([0,1); B> 22 F7).
p @ P-almost surely.

The rest of this subsection is devoted to the proof of Lemmas 3.4.13 and 3.4.14.

Proof of Lemma 3.4.13. We focus on the case j = 1, ie. on the operator
{Z, NV <(¥, N, )} Nen since the case j = 2 is similar; namely, we fix j = 1. By Propo-
sition 3.1.14, (3.245), (3.246), and it suffices to prove that {N1S<(¥, y,-, )} nen is a Cauchy
sequence in C’([O, 1]; BS’S’%’*%J””) for some small §; > 0. (We only prove the relevant uniform
in N € N bound as convergence follow these and considerations as in Lemma 3.4.4.)

By arguing as in Lemma 3.4.7 and by using the reductions at the beginning of Section 3.4
and Section A.3, it suffices to prove the following frequency localized estimate:

s,—14s
X272 e (ugp)

Sup Sup H ul sup “ |]]-[0 1] N(PN1\IJ’)/,N7PN2U7PN3U)H
;1 (3.247)

~€[0,1] NEN

x5

ol

Nl= =

S (N2 v N3) ™%,

for some small §y > 0, and for dyadic numbers N1, Na, N3, with N1 < Ny V N3. Let us note

~

that by Lemma 3.1.4, if No A N3 2 Nl“"’7 then (3.247) follows directly by transferring some
derivatives from ¥, ny to u and v if needed. Hence, in the remainder of the proof, we assume

1
that No A N3 < N{ and prove (3.247) in that case.
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Let (y,N) € [0,1] x N and N, Ny, N3 be dyadic numbers. Let us assume that we have

1
Ny > N3 and hence we have N3 < N . We also write N, = (N1, N3, N3). Next, by further
decomposing u into balls of radius ~ Ny (as in the proof of Lemma 3.4.7) if need be, we may
assume that Ny ~ Ni. By (A.6), we have

fx(]l[()’l](t)N(PNl\Il%N?PNzu,PN3v))(n,t) :/ dpodps

(3.248)
x> ti(ng, p2)0(ng, ws) Iy (A st
ng,n3€Z2
with
, N
h,?nfnwwﬁ 7’L1,t1 \/ v In= nzl n’fllz:sn3]]-(n1><N H ]]-(nJ)NN
. (3.249)
« e~ tli(=p2tpst(n1)? —(n2)?+(ns)?)+v(n1)?)
. 2
x ef1(yFi)(n1) 1[071] (t)1[07t] (tl).
Taking the Fourier transform with Lemma A.2.5 gives
Fas(LoaON Py W ot Pyg0)) (1. 0) = | disads
R
(3.250)
X Z (nzﬂlu’Q) (’I’L37ﬂ3)I |:h7?n2n3p,2,u3t:|
no,n3€Z2
with
TO,<,Ny /9
hnn'2n3ﬂ2,u3>\ nlatl ]]-n ngéén?Q'r—:;nSl(nl YN H ]]-(nj)NN
(3.251)
6743‘2(77,) _ e*th>2(’n) : ) 5
1(y+9)(n1)” 1 ).
x () e 0,1)(t1)
In the above, we denoted by ®5(7), the phase function
Da(m) 1= i\ — iz — iy — () +y(n1)?, (3.25)
where £(n) is as in (3.129). By the mean value theorem, we have
7@2(’71) _ 7251@2(13) 7t1¢'1(’ﬁ)
‘ = <t (3.253)
Py (n) (®2(n))

We may replace —3 + 01 replaced by —3 — 1 in (3.247) (arguing as in Lemma 3.4.4) and
we may assume that the inputs v and v belong to X5zt By similar considerations as in (the
proof of) Lemma 3.4.7, we have

sup Lo (ON PN, ¥y N, Pryu, Pagv)|| o1
H [l - l+51 <1 H [ ]( ) ( 157,40 2™ 3 )HX 361 L (u®P)
1ol sy sy <1 (3.254)
. —S~@7<7N*
A,le,];EeR < H || 'fl2> <TL3> hnn2n3u2u3)\”€%~>lizn3 HLP(/J,@)IP’)’

Furthermore, applying Lemma A.4.2 gives

*(n3) " hinsiapalnomans |
nnangpepz A= N2N3 (| Lp (LQP) (3 255)

[[11{r)* (na)~
< p(Na V N3)? 59N ||,
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for any # > 0, and uniformly in \, jp, u3 € R, where h& <N+ = f)%ﬁfﬁgﬁg_ (which also depends
on A\, pa, u3) denotes the tensor

3 S
\/2
O, <Ny ey —notma 1 1, . <TL> . Y )
Dy mans =ni—na+ng Lin)<N I | (n;)~N; () () (@a(n))

na#ny,ng i=1

(3.256)

with || - ||2 as in (3.143). From (3.251), (3.252), (3.253), and Lemma 3.3.3 (i) and (ii) (fixing
the values of (1) as in Lemma 3.4.8), we obtain the bounds

1§y < ,Yf%(NQN?))*SN;—lN& (3.257)
652 Il < 73 (NN~ N N, (3.258)
for any 6 > 0. Interpolating (3.257) and (3.258) gives
(3.255) S py’ Ny,
for some small § > 0. This concludes the proof. O

Next, we deal with the proof of Lemma 3.4.14. It turns out that a straightforward adaptation
of the proof of Lemma 3.4.13 fails: for some range of frequencies, the bounds corresponding to
(3.257) and (3.258) are not sufficient to close the relevant estimates. In order to overcome this
issue, we use directly use the heat smoothing coming from the Duhamel operator Z,, v > 0, in
Lemma 3.1.16 (3.26), along with the spatial integrability of the stochastic convolution ¥, y;
see Remark 3.4.15 below.

Proof of Lemma 5.4.14. We focus on the operator {Z N> (¥, n,-,-)}nen since the case
j = 2 is similar; namely, we fix j = 1. By Lemma 3.1.13, (3.244), (3.246), and it suffices to
prove that {Z,N (¥, n,-, )} nen is a Cauchy sequence in B#2:210 and without the T?-factor
gain in the B2 2 %norm (3.17) for some small § > . (We only prove the relevant uniform
in N € N bound as convergence follow these and considerations as in Lemma 3.4.4.)

By arguing as in Lemma 3.4.7 and by using the reductions at the beginning of Section 3.4
it is enough to prove the following frequency localized

< pN;y%  (3.259
Lo (u®P) ~ PV ( )

sup L ||I’Y (1[071] (t)N(PJ\h Yy N, Py, PNsv)) ||X5f%+5

1

1 <
xs’§+51
<

;L =
x$ 310

for some small dg, 61 > 0, uniformly in N € N and v € [0, 1], and for dyadic numbers Ny, N3, N3,
with Ny > Ny, Nj.

Next, fix 0 < n < 1. Let Ny, No, N3 be dyadic numbers, and write N, = (N1, Na, N3). If we
have No A N3 2 N1%+77. Then, by using Proposition 3.1.14 and Lemma 3.1.4, we obtain (3.259)
by observing the inequality N7 < (NaN3)*~197. (Hence, u and v can absorb the derivatives
coming from ¥, x.)

1
Thus, in the following, we assume the condition N A N3 < N S By using Proposition
3.1.14 and arguing as in the proof of Lemma 3.4.13, we have

sup HIW(Jl[O,H(t)N(PNIxIJ%N,PNzu,PNgu))HXS,%M

Lr(pu®P
edia <1 ( )

ol s 345, <1 (3.260)

< sup pNY[[597 Ny,
>\7M2,M3

uniformly in v € [0,1] and N € N, where >N+ = p&->% - (which also depends on A, pig, 113)
denotes the tensor
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3
o,> N, __
hnnlngﬁg - 1n:n17n2+n3]1<n1)§1v H ]]-<nj)~Nj '

na#ni,na

(3.261)

j=1

with || - |l2 as in (3.143) and ®5(72) as in (3.252). From (3.261), and Lemma 3.3.3 (i) and (ii)
(fixing the values of k(72) as in Lemma 3.4.8), we obtain the bounds

1597 2 77 5 (NoNa) * N}~ (N2 A Na), (3.:262)

1557l S 7% (N2 Na) "Ny 2 (N A N2, (3.263)

for any 6 > 0. Unfortunately, in the regime NoA N3 = ¢N{? T for some 0 < ¢ < 1, interpolating
(3.262) and (3.263) does not suffice to obtain acceptable bounds on (3.260).

Instead, we rely on the derivative gain from the Duhamel operator Z,, for v > 0 in Proposition

3.1.14. Let us fix v > 0 and u, v with ||u||XS’%+51 <1and ||v|\XSY%+51 < 1. We have with (3.26)
in Proposition 3.1.14, the following estimate:

||I'y (]1[0,1] (t)N(PNl \I’%Nv PN2U'a PNgv)) ||XS,%+5

S ’Yﬁé% ||N(PN1 Uy ns Pryu, P, v) ||L§([0,1])H;*1+2‘5

Sy ERNTTHR N (P, W v, P, u, P o) |2 o.ag:2): (3.264)
where we used N7 > Ny, N3. Furthermore, we have
‘/—"a: (./\/'(PN1 \I/%N7 PNZU, PNSU)) (n, t)
= Z PNI\I/%N(nl,t)PNzu(ng,t)PN3U(n3,t)
n=ni—nz+ng
n2#ni,ng
= > Py, n(n,t)Puu(ng, t)Py,v(ns,t)
n=ni—nz+ns
— :PN1 \IJ%N(’H, t) Z PNzu(ng, t)PN3U(TL2, t)
no €72
=1-1 (3.265)

Note that in the last computation, we have removed the condition ny # n; under the assumption
N; > N», N3. Given the fact that I = F, (PNI\I/%NPNZU PNgv) (n,t), we obtain by using
Holder and Cauchy-Schwarz inequalities along with Lemma 3.1.3, the following bound:

Tz 0,1:22) S 1PN W e 0,11, 20) P A w P | a0 122
S P8, Oy Nl o 0,1, 259) P N el 20,11 xw2) 1PN 0| i g 17002
S N10||PN1\IJV’N”L”([OJ];W;S’OO)||PN2UHCWX9’%+51 1P| o gva,

S Nle(NQN3)7S+0||¢’7,N||Loo([071};wm—9>00)7 (3266)

for small # > 0. Similarly, by Cauchy-Schwarz inequality, we have

W22 0..22) S WP, W leon ey sup | 32 Pautna, 6P 0(ns, 1)
) RQEZ2

S YV N oo o.17,2229) P Nl s (10,11,22) 1P vy 0 e 0,1, £2)
N Nle(NQNS)_S”\I/’Y:NHL“’([OJ],H;Q)HPNzuHXS,%-Hh ||PN31)||XS,%+51
5 NIQ(NQN?))_S||\II’Y,NHL00([071],H;9)7 (3267)

for small # > 0. Note that we used the continuous embedding CrH?® — X371 in the above.
Collecting (3.264), (3.265), (3.266), and (3.267) gives (with 0 < T < 1)
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sup HIfy(]]-[O,l](t)N(Pqul'y,NaPN2U7PN3U))H

xS 3o <1
Hv”XS,%Jrgl <1

1
— 145 nrs—1+426+40
SN (

s, 146
Co X2 | Lo (uep)

N2N3)_3+6 H ||\IJ%NHL00([0,1],H;9) HLP(#®]P’)

< 7—%+5N15*”25+9(N2N3)_5+9p. (3.268)

Hence, interpolating (3.268) and (3.260) with (3.263) gives (3.259) and concludes the proof. [

Remark 3.4.15. Let us note that (3.268) improves on (3.262) since it essentially saves one
derivative in the smallest frequency Na A Nj.
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Appendix A

Appendix

A.1 Deterministic estimates
We recall the following product estimates. See [31] for a proof.

Lemma A.1.1. Let 0 < s <1.

(1) Suppose that 1 < p;,q;,r < o0, p% + q%_ = %, j=1,2. Then, we have

I Dl S (17 1em 107 gl o2y + 1T Fll o e gl e )

(ii) Suppose that 1 < p,q,r < 0o satisfy the condition: % + % < % + 5. Then, we have

(V)= (f9)]

L7(T2) S H<V>_sfHLP(T2)H<V>SQHLQ(T2)'

Note that while Lemma A.1.1 (ii) was shown only for % + % = 14 % in [31], the general
case % + % < 14 £ follows from the inclusion L™ (T?) C L"2(T?) for ry > rs.

We record the following elementary result on the regularizing effect of the heat semi-group
in Sobolev spaces whose proof is a simple consequence of Plancherel’s identity.

Lemma A.1.2. Let a, € R with a > 8 and t > 0. We have

_a=B
1Po() fllzre(rzy St2 1 flgs(r)s

where Py is as in (1.27).

Proof. By Plancherel’s identity, we have the following bound:

1Py () £l e 2y = [[{n) e F(n) |2
ST () (n)? fn)

_a=8
ez =t 2 [|fllas ),

where we used the bound e™* < =5 for any x > 0. O

A.2 Stochastic tools

In this appendix, we recall some basic tools from probability theory and Euclidean quantum
field theory ([39, 53, 67, 69]) and construct the multiple stochastic integrals used throughout
this thesis.
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A.2.1 Wiener chaoses and bi-parameter Kolmogorov continuity cri-
terion

We now state several useful probabilistic estimates used in this thesis. This subsection is written
in the real-valued setting but the adaptation to the complex-valued setting, relevant to Chapter
(3), is straighforward.

First, recall the Hermite polynomials Hy(z;0) defined through the generating function:

142 .tk
F(t,z;0) & eto—20t" = ZEH]{:(.I';O').
k=0 "

For readers’ convenience, we write out the first few Hermite polynomials:
Ho(z;0) =1, Hy(z;0) =2, Hy(z;o0)=212*—0, Hs(z;0)=21—30x.

Note that the Hermite polynomials verify the following standard identity:

K
Hy(z+yio) =Y 2" ‘Hy(y;o
=0

Next, we recall the Wiener chaos estimate. Let (H, B,u) be an abstract Wiener space.
Namely, p is a Gaussian measure on a separable Banach space B with H C B as its Cameron-
Martin space. Given a complete orthonormal system {e;};en C B* of H* = H, we define a
polynomial chaos of order k£ to be an element of the form H;’;l Hy, ({z,e;)), where z € B,
k; # 0 for only finitely many j’s, k = Z;il kj, Hy, is the Hermite polynomial of degree k;,
and (-,-) = p{, )p~ denotes the B-B* duality pairing. We then denote the closure of the
span of polynomial chaoses of order k& under L?(B, u) by Hy. The elements in H;, are called
homogeneous Wiener chaoses of order k. We also set

k
Har = EPH,
j=0

for k € N.

Let L = A — 2 -V be the Ornstein-Uhlenbeck operator.! Then, it is known that any
element in Hj is an eigenfunction of L with eigenvalue —k. Then, as a consequence of the
hypercontractivity of the Ornstein-Uhlenbeck semigroup U(t) = e’ due to Nelson [52], we
have the following Wiener chaos estimate [69, Theorem 1.22]. See also [71, Proposition 2.4].

Lemma A.2.1. Let k € N. Then, we have

k
[X1[rr@) < (= 1)2 [ X120
for any p>2 and any X € H<y,.
We recall the following property of Wick products; see [69, Theorem 1.3] for a proof.

Lemma A.2.2. Let f and g be Gaussian random variables with variances oy and o4. Then,
we have

E[Hi(f;07) Hm(g; 0,)] = Skmk!{E[fg]}".

We now state a two-dimensional version of the usual Kolmogorov continuity criterion for
readers’ convenience. Before doing so, let us recall that given an index set T', we say that a
stochastic process {X;}iter is a modification of another process {X;}ier (both defined on the
same probability space (2,P)) if for any ¢ € T', we have

P(X; = X;) = L.

1For simplicity, we write the definition of the Ornstein-Uhlenbeck operator L when B = R¢.
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Lemma A.2.3 (bi-parameter Kolmogorov continuity criterion). Let I x J be two intervals of
R. Let {X(g,t)}c,tyerxs be a stochastic process defined on a probability space (2, P) and taking
values in a complete metric space (E,d). Assume that there exist real numbers g, > 0 and
A > 0 such that

E[d(X(&l,tl),X(€2,t2))q] S A”(El — 52,t1 — t2)||§+a,

for any (e1,e2) € I? and (t1,t2) € J* and where || - ||2 denotes the canonical Buclidean norm
on R2. Then, there exists a modification X of X whose sample paths are Holder continuous on
I x J with exponent § for any 0 < = §(a, q). Namely, we have

d(X“(e1,t1), X¥(e2,12)) Sw A7||(e1 — €2,t1 — t2)|13,

for some v > 0 and for any w € Qq, where Qo C Q is a full P-probability set. Furthermore, we
have the following tail estimate:

<d(Xw(€17t1),Xw(82,t2>)
AV||(e1 — €2, t1 — t2)I3

> M) <M

The proof of Lemma A.2.3 follows from a slight modification of the argument in the proof of
[2, Theorem 2.1]. See [3] for the proof of the tail estimate.

A.2.2 Multiple stochastic integrals

In this section, we go over the basic definitions and properties of multiple stochastic integrals.
See [53] and also [8, Section 4] for further discussion.
Let A be the measure on Z := Z? x Ry x {—1,1} defined by

d\ = dndtdc,

where dn and d( are the counting measures on Z? and {—1,1}. Given k € N, we set A\, = ®l;:1 A
and L2(Z%) = L?((Z? x Ry x {=1,1})* Ap).

Recall that {B,},czz is an i.i.d. family of complex Brownian motions defined in (1.68).
Let {B,'},cz2 be an ii.d. family of standard complex Brownian motions, independent from
{Bn}nezz and which verifies

_ ! —1 s
g = / B (s) (A1)

for any n € Z? with {gn}nezz as in (1.3).
Given a function f € L?(Z*), we can adapt the discussion in [53, Section 1.1] (in particular,
[53, Example 1.1.2]) to the complex-valued setting and define the multiple stochastic integral

T[] by

Ik[f] = Z /0 Z f(nl,tl,...,’I’Lk,tk)ngll(tl)...ngi(tk).

k
ni,...,n, L2 [0,00) Ci,Cpe{—1,1}

Let f € L2(Z*) be a function. We define its symmetrization Sym(f) by

Sym(f)(z1,...,28) = % Z F(Zo(1ys s Zo(k)), (A.2)

o€Sk

where z; = (nj,t;,(;) and Si denotes the symmetric group on {1,...,k}. Note that by Jensen’s
equality, we have

1
ISy (e ) < 5 3 1 oy 2o (A3)

o€Sk
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for any p > 1. We say that f is symmetric if Sym(f) = f. We now recall some basic properties
of multiple stochastic integrals.

Lemma A.2.4. Let k,{ € N. The following statements hold for any f € L*(Z*) and
g € L*(Z%):

() I, : L*(Z*) — Hi € L*(Q) is a linear operator, where Hj, denotes the kth Wiener chaos
defined in Subsection 3.1.2.%

(if) Tk [Sym(f)] = Ii[f].

(iii) Ito isometry:

B[Rlf) - Tlol | = Luwe k! [ Syn( )Sym(g) .

(Z2xRx{—1,1})k

(iv) Furthermore, suppose that f is symmetric. Then, we have

oo pty thk—1
L=k > S et GdBS () 1),

ny, €22 ¢,y Ce€{—1,1}

where the iterated integral on the right-hand side is understood as an iterated Ito integral.

We state a version of Fubini’s theorem for multiple stochastic integrals that is convenient
for our purpose. See, for example, [63, Lemma B.2] for a proof and [23, Theorem 4.33] for a
general version of the stochastic Fubini theorem.

Lemma A.2.5. Letk > 1. Given finite T > 0, let f € L2((Z*>x [0, T] x {—1,1})k x [0, T], d\x ®
dt), (In particular, we assume that the temporal support (for the variables tq, ..., tk,t) of f is
contained in [0, T|**1 for any (n1, i, .., nk, Ck).) Then, we have

/0 "Ll ol = I, [ / : f(nt)dt} (A4)

in L*(Q).

We conclude this section by stating the product formula (Lemma A.2.7). Before doing so,
we first recall the contraction of two functions.

Definition A.2.6. Let k,¢ € N. Given an integer 0 < r < min(k, 1), we define the contraction
f ®, g of r indices of f € L?(Z*) and g € L?(Z*) by

(f ®7’g)(21a-~~72k+672r): Z Z f(zl,...7zk,r,a17...,ar)

mi,..., m.,.€Z? RY t1,-.t;€{—1,1}
X g(zk—‘rl—?"a ceey RE4H0—2r, A1yt 7057’)d51 T dsT‘;
where o; = (my,s;,¢;) and &; = (m;, sj,¢;). For convenience, we may simply write ® instead
of Xo-

Note that even if f and g are symmetric, their contraction f®, g is not symmetric in general.
We now state the product formula. See [53, Proposition 1.1.3].

Lemma A.2.7 (product formula). Let k,£ € N with k > (. Let f € L*>(Z*) and g € L*(Z*) be
symmetric functions. Then, we have

Ie[f] - Telg] = é“(f) (f)fmezr[f ®r g]-

and

Ii[f] - Lelg] = k1o [f @ g].

2Strictly speaking, Hj is a space of real-valued random variables, but we mean here that the real and
imaginary parts of I, have Hj as a target space.
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Let ft = ft(nlvt/7C) and In,t = gn,t(zlvz%z?)) (fOI' zZj = (njatjaCj)a 1 S J S 3) be the
functions defined by

e~ (yHi)E(n’)?
L0 = Tr (O Te=1Lpon () —7 75—
fol Q) = T, (1) (Te= 1 Do 1y (®) ) (A.5)

+ vV 27le=11p0,q (t’)e_”*“(t_t/”””?)

and

gn,t(zla 22, 23) = ]ln:nlf’ﬂ2+n3 ft X ﬁ ®0 ft(zla 22, 23)7
na#ni,ng

Then, from Lemma A.2.7, (1.71), (1.73), and (1.81), we have the formulae

]:ﬁ(T’Y)(’rL?t) =1 []ln:n’ft]
]'—x(\'f/,y)(’fl,t) =1 [gn,t]

A.3 Construction of stochastic objects: reduction to fre-
quency localized estimates

In this section, we demonstrate how to construct stochastic objects by proving some frequency
localized estimates (on the truncated versions) thereof. Let {An}nen be a sequence of stochas-
tic objects of interest which are either distribution-valued or operator-valued and defined on a
probability space (2,P). We aim to prove the following estimates:

sup [[ANI] 7 pion Sp 1, A7
I 500 14x1ll 0 0y S5 (A7)
[ sup sup N°||Axr — ANl o) Sp 1 (A.8)
NeNM>N
for any p > 1. Here, || - || is a norm on a Banach space X.

In this work, we need the strong bounds (A.7) and (A.8) to prove the convergence of the
stochastic objects {An } nven on sets of the form (3.146) in Chapter 3 (Section 3.4). In particular,
this argument differs from the usual construction relying on estimates similar to (A.7) and
(A.8) (but with the suprema outside the LP(2)-norms) and the Borel-Cantelli lemma; see [59,
Proposition 3.2].

Next, we show how to derive (A.7) and (A.8) from “simpler” frequency localized estimates;
see Lemma A.3.1 below. In the current setting, Ay can be written (with the notations of
Appendix A.2.2) as:

Ay = Ii[fn],
for some k € N and where fy € L?(Z*) is given by
k
fn=g- H Liny<ns
j=1
for some g € L*(Z%).
Let N, = (Ny, ..., Ni) be a vector of dyadic numbers. We introduce the following frequency

localized objects:

A%* = Ik[fg*h

where
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k
Int=1In- H Linjymn; - (A.9)

=1
By construction, we have

Ay = Z AR (A.10)

N*e(2N)k

We prove the following result.

Lemma A.3.1. We consider a sequence as in the above such that (A.9) and (A.10) hold. Let
us assume that the following bounds are satisfied:

su AN <, max(N,)~°, All
Ne% HH N ” |LP(Q) ~p ( ) ( )
sup sup NO[[[|457 — AN (]|, ) Sp max(N.) 0, (A12)

NeNM>N

for some § >0, any p > 1 and any dyadic numbers N, = (Ny,..., Ng).
Then, the bounds (A.7) and (A.8) hold.

Proof. We argue that (A.11) implies (A.7). Fix N, = (N1,..., Ni) € (2Y)*. For N > max(N,),
we can freely replace the frequency localizations 1(,,y<n in (A.9) by 1(n )<10.max(n,)s i€

J

= IZ\OITmax(N*)' This leads to
N* pa— N*
AN = I [fl()~max(N*)}7
and hence, Sup ys.max(n, ) AN = ||Af6*,max(N*) || Thus, by (A.10) and Minkowski’s inequality,
we have

H J%%%”ANHHLP(Q)

< (I sup JAN M ey + 1 sup ANy )

N*gN)k N<max(N,) L@ 7T N s max(v,) L2 ()
N, N,

N Z (H”AN I ‘éq(1§N§10~max(N*))Lp(Q) + ”AlO-max(N*)”Lp(Q))

N*G(QN)I"

s 3 (max(zv*)%—umax(zv*)fﬁ)51,

N*E(QN)’“

provided that ¢ > % and p > ¢.> This proves (A.7). By similar arguments, the bound (A.8)
can be deduced from (A.12). O

A.4 Random tensors
In this section, we provide the basic definition and some lemmas on (random) tensors from [25,
8]. See [25, Sections 2 and 4] and [8, Section 4] for further discussion.

Definition A.4.1. Let A be a finite index set. We denote by n4 the tuple (n; : j € A). A

tensor h = h,,, is a function: (Z?)?* — C with the input variables n4. Note that the tensor h

may also depend on w € €. The support of a tensor h is the set of ny such that h,, # 0.
Given a finite index set A, let (B, C) be a partition of A. We define the norms || - ||, and

|| . ||7lB%’ch by )
2
Il = il = (X nal?)
na

3The same bound then holds for every p > 1 in view of the nestedness of the spaces (LP(2))1<p<oo
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and
2
101 ene =500 { 30 [ St 1

nc np

s, =1}, (A13)

where we used the short-hand notation ), for ane(ZQ) 2 for a finite index set Z. Note that,

by duality, we have ||h|ny—ne = [|Allne—np = [llng—ne for any tensor h = h,,,. If B= @ or
C = o, then we have ||h|lng—ne = [Pllna-
For example, when A = {1,2}, the norm ||A|,,—n, denotes the usual operator norm

||h||g%l_)gi2 for an infinite dimensional matrix operator {fn,n, }n, n,ezs. By bounding the ma-
trix operator norm by the Hilbert-Schmidt norm (= the Frobenius norm), we have

[hllez, ez < llAllez (A.14)

ni,ng

Let (B, C) be a partition of A. Then, by duality, we can write (A.13) as

lls e ZS“P{\ S s ustno| < £z, = llallez, :1},

np,nc

from which we obtain

sup |hn,| = sup |hngne| < ||Pllng—ne- (A.15)
na

np,nc

Next, we state the following random matrix estimate. This lemma is essentially the content
of Propositions 2.8 and 4.14 in [25]; see also Proposition 4.50 in [8].

Let A be a finite index set. We set z4 = (ka,ta,Ca) for (ka,ta,Ca) € (Z)A xRAx{-1,1}4
and write f,, = f(z4) = f(na,ta,Ca).
Lemma A.4.2. Let A be a finite index set with k = |A| > 1. Let h = hpen, be a tensor such

that nj € Z2 for each j € A and (b,c) € (Z*)? for some integer d > 2. Given N > 1, assume
that

supph C {|b = b.|,|c — cil, [nj — nj.| SN for each j € A}, (A.16)

2

or some (a4, by, (nj,)ica) € (Z*)? x (Z*>)*. Given a (deterministic) tensor hyen, € €2
2:%7] A ben g

define the tensor H = Hy. by
Hbc - [k [hbansz] (A17)

for f €62 (Z*)* L7, (RY) x 2,({=1,1})), where I}, denotes the multiple stochastic integral
defined in Appendix A.2.2. Then, for any 0 > 0, we have

L AN
el ooy 25N (i [t 2, o) (A9
where the mazimum is taken over all partitions (B, C) of A.
Proof. The proof is a slight modification of the proof of [63, Lemma C.3]. O
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