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‘_’f‘fif_’- SOME THEOREMS IN THE TENSOR CALCULUS

By H. 8. Rusk.

[Received 17 July, 1929.—Read 14 November, 1929.]

[ Extracted from the Proceedings of the London Mathematical Society, Ser. 2, Vol. 31, Part 3.]

Notation and definitions.

1. Let (2!, 2% ..., 2") he generalized coordinates in a p-dimensional
Tuclidean manifold® speeified by the metrie

ds* = g,,dx" da, (1)

due regard being had for the summaltion convention.

Tor brevity, we denote the point whose coordinates are (+', 27 ..., a")
by (x?).

Tet P, (%), be a variable point and @, (¢9), be a fixed point of the space.
We exclude from our disenssion points P, () which are singular, e.g. points
at which any of the functions ¢,, become infinite. We shall eall @ the
base-point of the manifold.

Let Q denote the square of the geodesic distance from () to P. Thus
we define 2 by the relation

VQ = LP ds, 2)

the integral being taken along the are of the geodesic (assumed unique)
from @) to P.

Then it is evident from the definition that € is a scalar function of
al, 2% ..., 2, and it is a well known fact that it satisfies the partial differ-
ential equation

g Q,Q, = 404, (3)
where (2, 2, are covariant derivatives of (2. This is indeed easily proved
by the methods of the Caleulus of Variations.

We notice that when the coordinates are rectangular Cartesian, we have

ds* = (da"P+(da?P+ ... F(da)?,

* Ie. one for which the Riemann tensor is everywhere zero,
t See, e.g., Hadamard, Lectures on Cauchy's problem (1923), 90, § 59.
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8o that g,, = d (where d) = 0 or 1 according as u ¥ » or u =) and the
function {2 is simply
Q= Z @—¢)Y = Z &#r—g")a"—q). (4)
y=1 i
It is the properties of the function {2, defined by equation (2), that we pro-
pose to investigate.

9. Traeorem. The scalar Q satisfies the partial diffevential equations
Qnr = Q'gpri {5)
where Q,, 15 the second covariant derivative of €2,

In other words, the fundamental tensor g, is, in a Euclidean space,
the second covariant derivative of the sealar 3€2; which statement is really
meaningless, since we cannot form covariant derivatives without an «
priori knowledge of the value of ¢,,*.

By way of proof, we demonstrate the truth of the theorem for two
particular cases, and infer its general truth from the tensor character of
equation (5). That the theorem does in fact hold for all Enclidean spaces
may, however, easily be proved by a transference to normal coordinates.

Consider then the case in which the coordinates are rectangular
Cartesian. Since the Christoffel symbols are then all zero, we have simply
20

“ T ot oz

Q = 24" {by equation (4)!

- L = 2
Again, if the metric is given by

ds® = dr*4+1*d6°+? sin® 6d¢*
(p=38, al=r, =0, ®=¢),

then Ju=1, gu=1% gyuy=1r"si0"0, g.=0 (W),
and the only non-vanishing Christoffel symbols are
(22, 1} =—», {88, 1} = —rsin?6, {88, 2! = —sinfcosb,
{12, 2} = {21, 2} = {18, 8} = (81, 8} =—,
-

128, 8; = {82, 8} = cot 0,

* 1 owe this remark to Dr, E, T, Copson.
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Also, the square of the geodesic distance between the points (r, 6, ¢) and
(a, «, ) is given by

Q = P+ a®—2ar [cos 0 cos «+sin 6 sin « cos(p—0B)! .

‘Substituting these values in the formula

. e a0 ; e
= =—— —{my, a} —
woT Oprogy VAV A1 Fa

we ab once get (), = 2 = 2¢y;, Oy = 2% = 2¢,,, and so on.
CoroLLaRry. In equation (5), raising the suffic v, we get
QL = 295 = 26, (6)
and, putting v = u (and swmming),

0 = 2. (7

Taylor's series; invariant form,
3. We can now establish the following theorem :—

Let V(") be any sealar which possesses covariant derivatives
Vi, Vaw Vaws ooy i@ given region B of the continuwm, and let V(q") be
its value at the point (g in B.  Then, if (o be also in B and Q be the
square of the geodesic distance between (q') and (&),

PV, , POV, QOO
zﬁ Wuf"’ fﬁf Fi ®)

Vigh = V(zH—

where QN Q% .., are contravariant derivatives of Q, and where the sun-
mation convention is observed throughout.

We remark that, althongh we shall not concern ourselves with ques-
tions of rigour, the series on the right-hand side is assumed to be either
terminating, convergent, or to possess a suitable “remainder after »
terms.”

To prove the theorem, we observe that the series certainly repre-
sents some scalar funetion of 2!, 2% ..., 2%, say I. Iorming the first
covariant dervivative ¢0F/da* by term-by-term covariant differentiation
(which we assume legitimate), it at once becomes clear that ¢F/cu* = 0 ;
provided that we utilize equation (6) and remember that covariant differ-
entiations are commutative in a Kuclidean space. Hence it follows that #
is independent of the s, and is unaltered if in the series it represents we
put () =(g"). We at once get

F=V(g),

.
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gince a consideration of the Cartesian ease renders evident the fact that
the first contravariant derivative of € is zero when (¢)) = (¢). And this
proves the theorem.

We notice that when the coordinates are orthogonal Cartesian, we
have, by equation (4),

= 2(@*—q"), (9)

while Vi, Vi, ..., are simply ¢Vjoz*, *V/ca6a®, .... Substitution in
equation (8) gives

g

Vigh = V(.r‘)—lw*" s > ("~ g5 Yt ls g —i) s s

; TR
2."1, ! oz* o’

which is the classical Taylor's theorem.
The theorem may readily be verified to give a btrue result in a few
simple cases ; for example, the case in which
ds* = d)*+2d6%, Q= P 4a®—2ar cos (0 —uw),

and V = r*—9k» cos O+ 12

Homogeneous tensors.

4. Let Tgg-% be a tensor with r contravariant and s covariant
suftixes, which we denote briefly by T4  In the following the word
“tensor’ is taken fo include scalars as a particular case.

Then we deline T% to be a homogeneous tensor of degree n with
respeet to the base-point (¢°) if it satisfies the partial differential equations

— L3 :
W15, = 2nT%, (10)

where Q" = g (2Q/deM) and T'g, is the first covariant derivative of T
We notice from equation (9) that in the orthogonal Cartesian ease,
with the base-point (¢°) taken at the origin, equation (10) reduces to

% Bl .L. 1:: ‘?lf
p=1  O*

so that each component of the tensor is homogencous in the ordinary
sense.

Tasorsy 1. If Ty is a homogeneous tensor of degree n, then
QeOr s = op(@n—2) T4, (11)

the suffices ., v denoting covariant or contravariant difjierentiations.
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For Qe Ty, = Q- Tp),— P Qe TG,
(O Tg ), — 3 QY T,
= Q. onT5 —20"T5,, by equations (10) and (3),

= 20(2n—2) T%, by equation (10).
Proceeding thus, we could prove that

QuiQrz | Opr = 2n(2n—2)...(2n—2r+2) T},

B.M-u il

which, in the orthogonal Cartesian case, reduces to Euler's theorem on
homogeneaus funetions, namely,

(st Ly ;!,) T3 = n(i—1)...00—r41)
the base-point being taken at the origin.
Tueorem IL.  The first covariant derivative T, of a homogeneous
tensor T§ of degree n is a homogeneous tensor of degree n—1.

For sinee, in a Buclidean space, covariant differentiations are commutba-

tive, we have
O T, = OF Ty = (T, — U T3,

(2n1%),—2d5 T3, by equations (10) and (6),
=2n—1T%,

Il

and the theorem follows from the definition.

Additional theorems on homogencous tensors.

The following theorems result at once from the definition.

A If Ts, Ug are two homogencous tensors of the same kind, both of
degree n, then Ty Ug is homogeneous of degree n.

B. If Ty is a homogeneous tensor of degree n, and Vi a homogencous
tensor of degree m, then the product TgVy is a homogeneous tensor of
degree (m—+n). |

C. Q is itself a homogeneous scalar of degree 2. For, by equation (3),
Q*Q = 200, where n = 2.}

D. The fundamental tensors g,,, g** are homogeneous of degree zero.

From A, B, and D it thevefore follows that the operations of raising
and lowering suflixes, and of * contraction”, may be performed without
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altering the homogeneity or degree of a homogeneous tensor. Ior these
operations really consist of multiplications (by the fundamental tensor),
and ol summations of like tensors.

An application to the solution of a set of partial differential equations.

Let A denote the operation of forming the second covariant derivative
of a tensor, of raising the second suffix, and contracting. Thus

AT; = " Th = T

Let A% A% ... denote repetitions of this operation.
Then, if P =Pk 5 be a tensor which satisfies the partial differ-
ential equations
Ady = 0, (12)
we have the theorem :

A solution of the partial differential equations (12) is given by

8= 20@n—+p—4) " 2.4.@n+p—4H2n+p—6)
1 ] )
(_1)arr.€]mA,,,_ i\TE :| l
+53 L 2m).CnFp—1). .. CnFp—2m—2) Fo |, (18)

where F, B Q" . denote the 2ud, 3rd, ..., m-th, ... powers of €,
and Ng is a homogencous tensor of degree n of the seme kind as Py The
series on the right-hand side is assumed to be either terminating or con-
vergent.

The theorem is capable of immediate proof by direct substitution of
the series in equation (12), term-by-termn differentiation being assumed
legitimate. We omit the proof on account of its length, but remark that
the theorem is an obvious generalization of one due to I2. W, Hobson on
the solution of Laplace’s equation®.

In conclusion, we note that if p =4, and P; is a four-vector ¢,, we
obtain a solution of the electromagnetic equations A¢, = 0 in the Theory
of Relativity!, provided that the tensor N§ be so chosen that we have in
addition ¢"*"¢,, = 0.

¥ Proc. London Math. Soc. (1), 24 (1892), 55, 66.
b Kddington, Malhemaiical theory of velativiiy (1924), § T4.

e
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PaEe'f' 2. TAYLOR'S THEOREM IN THE TENSOR CALCULTS

By H. 8. Ruse,

Received 2 Deecember, 1929, —Read 12 December, 1929.]

[ Extracted from the Proceedings of the London Mathematical Sociefy, Ser. 2, Vol. 32, Part 2.]

In a previous paper! an invariant formula was found which expressed
the value of a sealar at any point of a Iuclidean space in terms of its
value at another point: the formula being, in fact, a tensor form of
Taylor's series.  We propose now to extend the theorem so that it shall
he applicable to tensors in the most general Riemannian space. In so
doing we have oceasion to employ the normal coordinates of Lipschitz],
for which, incidentally, an explicit definition is obfained in place of the
implicit definition usually given.

1. Notation.
The summation convention is observed throughout. Tiet
(2 = (2%, 2% ..., 2"

he generalized coordinates in a Riemannian space of 2 dimensions
characterized by the metrie

ds® = g, dz* dz". (1)

Let (2') and (Z) be two non-singular points of the space. To avoid an un-
duly complicated notation, we sometimes employ z', 2% ..., 2" as variables
(current coordinates), and sometimes as the coordinates of a fixed point,
1t will be seen that no ambiguity results.

The components of any tensor 7% will, of course, be functions of the
variables (') ; their value at (') will be denoted by 7% .

{ Proc. London Math. Soc., 31 (1930), 225, (Pafuan | of oo Chaplin).
I An account of these is given by Veblen, ** Invaviants of quadratic differential forms’’,
Camb, Math. Tracts, No, 24 (1927), Ch, 6,
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9. Normal coordinates.

It has been shown' that the equations of the geodesics which pass
through the point (') may be written in the form

Q’.‘.‘- e f?q‘—%_ﬂ-f.ﬂ'"— %i y-;'\“ I"_'{A a* I3.2_ é' _Y:'.\m' a’\ a* a}vs.']_ .
=19 ..,n), (2

where s denotes the length measured from (z%) to (") of the are of the

i

geodesic; where vy, ¥i,. ... are the values at (@) of certain functions of
the Christoffel symbols and their derivatives; and where the parameters
a' specify the geodesic under consideration. In fact,
. I.’?.’Ef [
al = —=, (3)
ds
the right-hand side being the value at (&) of de'/ds for the geodesic in
question.
If now we introduce the normal coordinates (y') defined by the
equation

T . ol
o=y — ; Yhe y*y-‘ ~ 3 y’\m.y‘\ R
(i=1,2, ....,m), {)

then the equations of the geodesies passing through the point ('), which
is the origin of the new coordinates (y%), are simply

¥t =a’s. (5)
From (4) it at once follows that
a.’!':‘i o v

the suffix 0 implying (as always hereafter) evaluation at the point () =0
[t.e. at the point (z)], and J; being equal to zero or unity according as
T3] or 7 =j.

3. The function €.

Let © denote one halt] of the square of the geodesic distance between
the points (¥') and (z%). Thus Q is a scalar defined by the equation

@)} = | ds, @)

t Veblen, loc. cif., §2.
T The function here denoted by o is one half of that denoted by 0 in the earlier paper
referred to above,

e
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the integral being taken along the arc of the geodesic from (Z') to (z).
That is,

Q=14 (7 )

)
where s is as defined above.

It should be noticed that Q is a funection of both the #* and the z'.
Thus, for the three-dimensional Euclidean case, with rectangular Cartesian
coordinates &', 2% «*, we have

ds® = (a4 (da?+ (da??, (8)

and 0 = 3@ —2P+ =224 P =197 . (9

To find the derivatives of Q) with respect to the &' and the %', consider
the variation of the integral in (7) obtained by integrating along a neigh-
bouring geodesic with end-points (2'-+dz’), (&'4dz). We gett, after
integrating by parts,

o dat . . o it
= ue Gy 97— Ton g

the integral vanishing since the integrand is zero along a geodesie.
Hence, using equation (3), we get

._{_H._ SO — da
a‘rg (2'--‘) = y,uu' d“i L] (10)
0 s -
and , 55 (200 = —g,, a" (11)
It follows at once from equations (5), (7 ), and (11), that
dQ _
Bl /N ¢ 9
oz e yr : (1 "‘)
. P of) o)
As is customary, we shall write €, resspect.n-'ely for 5 and ¢ et

Further, we shall denofe -}— by (), and g™ @, And later we

= 20 a*Q
shall use Q% to represent 7 0 —, and O, to represen i
» I q pa o ) prese g g maox;n

t Cf. Eddington, Mathematical theory of relativaly (1924), § 28,

7
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In other words, we shall use simple suffixes to denote covariant and con-
travariant differentiations with respect to the z', and bracketed suffixes to
denote what may analogously be called “covariant and contravariant
differentiations " with respect to the z'.
Multiplying both sides of equation (12) by —g' (and summing for o),
we geb
g = =00 (13)

We thus have the result: The normal coordinates (y') may be obtained
as functions of the original coordinates (" by the contravariant differ-
entiation of the scalar Q with respect to the '

This gives an explicit formula for the normal coordinabes, in place of
the implicit definition (4).

4. Taylor's theorem.

Consider first an arbitrary covariant vector 7, each of whose com-
ponents is a function of the z'.

Transtorm to the normal coordinates (), and let *7°, denote the vector
in the transformed system. Then, by the ordinary transformation law for
tensors,

*Ty =55 I (14)
3 s r".'.:ﬂ e
Further, Ly = Fn_::’ L2
and hence, by (18), To= —S"* T ®5)

where fhe repetition of the suffix A implies a summation in spite of the
fact that in one case the suffix is bracketed.
The point (z') is now the origin (y') = 0. Hence, by (6) and (14),

Pl e =

Il
__50:
%

i.e., = B (16)

Now each component of the veetor *7', is a function of the y'. Hence,
by the ordinary Taylor’s theorem, assuming the necessary conditions of
convergence to be satisfied,

; ; 1 o*T 1 W ' .
*1" — *1" ) T e ( - x') sy B (h k2 f’_) r
p = P.u'i‘l!:‘} 5 u‘l‘.‘z!f)’ 3 oy oyP u+“” (17)

I3
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“'14 1 ’7'.-‘2*’
But the derivatbives ( 1,‘) (f' J”_n)

oy \cyt Pl o'
are equal to the vn.lue,h at (z') of the
of the vector T,.

Substituting in (17), and using equations (13) and (16), we geb

evaluated at the y-origin

affine extensions "t 1", ., T s -

*1, = Ty 17 Q0T ot oy QOOOT,, o 2 QOOPQO T, ..,

a, B, v, ... being summation suffixes.
Henee, by (15),

T, = —O® [T,\u % QO T, -+ ;1 Q@D T, .. :| (18)

which is a tensor formula expressing the vector 7, at (&) in terms of its
value at ().
Interchanging the &’s and the z’s,

Ty == |:3'",\— ]l QT i- = Q’”f‘h ap— :l (19

which gives the value of 7', at (x') in terms of its value at (#').  And this
18 the formula which we sought to establish.

Multiplying hoth sides of (19) by ¢, and summing for p, we get for
the contravariant veetor 1" the equation]

n= Q| e 0T gy T ., (20)

r

)

since 7" Q4 Ty = 7%, and so on.

A similar result holds for a tensor of any rank. It was purely for the
suke of simplicity that a vector was chosen for the purpose of establishing
the formula. By an exactly similar method, therefore, the following
general theorem may be proved :

Let T, be a mixved tensor of rank r+s (p denoting the group of suffizes
PiDa- prand g the group gy qe... qs).  Then, if the series on the right is
convergent,

1

Tp= (17" 1199 11 e [ 18— 0T ot 55 0T .. | @D

where N, u denote respectively the groups of mﬁmes A Ageia gy e s e

1 The m-th affine extension of u tensor is equal to its m-th covariant derivative plus
certain terms involving the Riemann tensor ; Veblen, loc. cil., §5, ef seq.

I In this equation, 1%, .5 stands for g*<T, .s not (g** 1), .5, these being in general differ-
cub. A similar remark applies to formula (21).

19
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In particular, for an arbitrary scalar T, the theorem becomes I
T = Te o Q0T s Q0 OP T, g s QRO gy (22) |
. ]II" Y@ 2| = ws Lyag 3! = =" Loy afy (L]

a result obtained for the special case of a Euclidean space in the earlier
paper mentioned above. i

5. Conclusion. i

Tt is interesting to notice that the generalizations of ordinary partial a
derivatives which appear in the above theorem are not covariant deri- i
vatives but affine extensions; these generalizations being the same when g
the Riemann tensor is everywhere zero (i.c., when the space is Euclidean). |

The formula (21) contains the classical Taylor's theorem as o par- i]'
ticular case. For, if the space is Euclidean and the coordinates rectangular
Cartesian, we have [by equations (8) and (9) if we take three dimensions
only]

o = Oy = —&,

glu — }n’

and it 1s immediately evident that (21) reduces to the ordinary Taylor's
theorem applied separately to each component of the tensor.

In practice the actual calculation of the function € usunally leads to |
algebra which rapidly becomes intractable. It is therefore difficult to give i
examples of the application of the theorems of this paper. But it may be
remarked that the theorem of § 3 is readily illustrated in the case of the
Euclidean metrie

ds? = dr*+12de* W= r, 2 =0),
for which, of course,
Q=3 rP+P—2Tcos(@—0)}.

|
|
And it is easily shown that the formula (19) reduces to a simple II
identity if applied to the vector whose components are T; = r—cos 6,
Ty =rsinfl. All covariant derivatives of this vector of orders higher
than the first are zero.
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Chapter I, NORMAL COVARIANT DERIVATIVES }
P,_\Pe'\’* 2) : f
|
|

By H. S. Rusk.

[Received 26 May, 1930.—Read 19 June, 1930.]

[ Frtracted from the Proceedings of the London Mathematical Society, Ser, 2, Vol. 83, Part 1].

1. Introduction.

i
L
i

The geometry associated with the analysis appearing in the present
paper is Riemannian. The problem attacked is that of finding a natural
tensor generalization of the partial derivative of the elementary differential
calculus.  The generalization arrived at occupies a position midway
between the ordinary covariant derivative (upon which Iievi-Civita based
his theory of parallelism) and that which arises from the more recent
theories of teleparallelism. For it actually reduces in certain special cases il
to the ordinary covariant derivative, and yet can be used to define
teleparallelism,

The next paragraph contains an outline of the theory of normal
coordinates (upon which the ideas of this paper are based). In §§3, 4, 5
the new covariant derivative is defined and its properties investigated.
In §§6, 7 appears the consequent theory of parallelism, while the last
paragraph contains an extension to general Riemannian space of the idea
of homogeneous tensors introduced for the case of a FEuclidean space in
a previous papert.

Finally, it should be stated that the chief disadvantage of the present
theory is that it gives a special importance to a particular point of space,
namely the origin of normal coordinates.

2. Preliminary definitions.
Consider a Riemannian space of n dimensions specified by the metric:

ds* = g,,dz* dz". (1)

t Proc. London Math. Soc. (2), 31 (1930), 225, (Pofun | of this Chajlin).

+

i The summation convention is adopted throughout,
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Let @)= (@, 7% ..., ") be a fixed point of the space, which we shall
call the base point. Then, as is well known, the differential equations of
the geodesics are

a2 dr® daf
e ! el 2
ds? +iaB, u; ds ds @
The solution of these equations which is such that (2') = @) and
dz'lds = a' when s =0 ist

: ; 3 [ ;
R ol OO
= Z'+ta's— g1 Gk @ §s——cadas—..., (3

! 31!
where cjj, ¢}, ... are certain determinate constants.

In other words, equations (3) are those of the geodesics passing
through the point (%), any particular geodesic being specified by the
values chosen for the arbitrary constants a’. s is the length of the arc
of the geodesic measured from (z to (x%).

If then we introduce new variables (y%) defined by the relations

T
& SF A = Gl Y s (4)

the equations of the geodesics through ('), which is the origin () = 0
of the new variables. become simply

P=dls, ()

The coordinates (y') are said to be normal. The components of a
tensor in these normal coordinates will be denoted by the affixing of an
asterisk. Thus, for example,

or® oxf

oo = By By 0

From the definition of a’ we get, by (1),
Fuataf =1

the superposed bar indicating (as always hereafter) evaluation at the point
("), that is, at () = 0.
Hence, from (5),
= Gu Y. (6)

t Veblen, ““‘Invariants of quadratic differential forms ", Camb. Matlematical Tract,
No. 24 (1927), 84. Our notation differs slightly from that of Veblen.
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Thus, defining the sealar Q to he one-hall of the square ol the geodesie
distance between the points (7)) and (%) in the a-coordinate system, and
between the origin and the point (5% in the y system, we have

Q= 399" y" (7)

It should be noticed that the g, are functions of the z' only.
From the definition it is evident that  is a function of both the .r
and z'; now if has been proved elsewheret that

0
I =9 ?j—;

i

Following the notation of the paper referred to, 0Q/cr* will be denoted
by Qu, and g™ Qu by Q0. Unbracketed suffixes will be used to denote
covariant differentiations with respect to the (z). Thus

Y= —Q0 (8)
dy’ 0o : .
Hence L= T O, sy (n
oa! o’ d :
Again, from (7), we vel
o€} o
= — {fupl
{.yu l'.' )!

that is

= gl (10)

sincet Full” = St
Raising the suffix p in (10), we get at once
W= gk (11)
This equation differs from (8) in that it gives a relation between the '
and the components in normal coordinates of the contravariant vector %,

whereas (8) defines the y' as functions of the @'s.
Finally, if the coordinates z* are transformed by the arbitrary rvelations

et = af(x'™), (12)

then the normal coordinates (y™) corresponding fo the new variables

+ Proe. London Math. Soc. (2), 32 (1831), 87T. ( PCL%,Q. 1% a.ﬂ,-m,g) :
i Veblen, loc. ¢if., 96 (14.8).
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o'* are connected with the () by the linear relations!

P L
i — (o ; 18
y (—,I) N (18)
the suffix 0 indicating cvaluation at the common ¥ origin, that is
ab (-E".J.

3. Naormnal covarianl derivalives.

In any given coordinate system (z/), let the functions I'}, be defined
by the relations

oyt

%
™ — oz
g ] b r
By ot oz’

(14)

where the (y*) are the corresponding normal coordinates defined by either
of the equations (4), (8). To find the law of transformation of these
functions. change the coordinates to another system ('), letting (y")
be the corresponding normal coordinates having the sume origin as the
(). Then

T ;E‘_,Hla (_;Hr f;‘m"’)
(?‘y' oxf Oz

_oa™ daf f';}-") e (F}x") dyT ox?
P oy \oie'*/) g ox'™ L\ dx"/ § Oz o' ]’

—

by (13). Remembering that (z'*/dz7), 1s a constant so far as differentia-
tion with respect to 2'* is concerned, we quickly get

~ ~ ~ ~ ¢
A — ¢ ' dur ozt I +r;m"‘ o> zf (15)
= =7 % 5 T T
i dz? oz’ dx'* "' oxP ox'™dx"

From this it at once follows that, il 7% be an arbitrary contravariant
vector, then
__ o

H . fﬂj;t:“

/A0

A
+ e, I* (16)
is a tensor].

This we shall call the normal covarviant derivative of the veetor T
with () as base point. And in general the normal covariant derivative

T Veblen, loe. cit., 86 (3. 5).
I Veblen, foc. cit., ch. 3, §§10, 11,

™
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of any tensor T will be defined to be
Thihss,, = = -I~l"\l /il ) e T o Sl T (17)

The normal covariant derivative of a scalar is defined to be the ordinary
partial derivative of the scalar.

1t should be noticed that, by (14), it follows at once that I'), is in
general symmetrical in pand v; 1.e.

R (18)

To find an explicit formula for the functions T" in terms of the x's, we
notice that, since
oyt .
=4

i — A
oyt oat B

&, being the Kronecker symbol, it follows that

rJ v ¢ ’}f . . - G J.j'\
53 (r:ofzw!;or of =L in the Jacobian ’q_._;’_.
(&) oxr )
By (3, f’%-; = (=] ()

= (—)"J, say,

where | O | denotes the determinant of the (5,

ot v
Hence i —.J !X (cofactor of Q7 in J),

so that, by (9) and (14),
RO

] B = = J ' X (cofactor of £ in T)X T (19)

And since Q can be caleulated for a given mefrie directly from the
differential equations (2), this gives an explicit formula for the [Vs in terms
of the a's.

4. Turorey 1. In the y coordinate system the normal covariant
derivative of a tensor is the ordinary partial derivative.

For, by the law of transformation (15),

RN oA T
o= ay Y gra 02 Yt
L= e e et
W oy o dx P Qyt dwtow
__ oz oyt oy ™
AT '?,Uu :—-'; {_‘“ {iy+ s

whence Yy =0, (20)
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; (16) S (21)
Hence, h-‘f (16), L = F:_f)'u s

and so for any tensort.
Turoresm 11, The “normal Riemann tensor’, defined to be
ool i
f f']_ sk l"I it Al i Tk i
b} — i o
1 ’,:M T _5_?3-’- - x},‘- + Lk M—‘l,;r FM.-,
is everywchere identically zevo! .
Tor, by (20}, it at once follows that
*L',jrﬁ.-f —_ U,
and this, being a tensor equation, must be true in all systems of
coordinates. Hence
3 = 0. (22)

From this it follows that 7%, ., = 1".,., and =0 for any tensor.

Tueonem L. In a flat space 5, = {pv, A},

By a “flat” space is meant one for which the ordinary Riemann
tensor, namely
,_E‘. rn — . {7, I .| [ 1 oy
'h.-"*"" —-—-?"Hﬂ, L'._('.r"l' |.}I!| (h + |J’7‘a l]:’| }b‘?: by — 'IJ'{: bfib}‘/’ b
is everywhere identically zero.
For in o flat space the normal coordinates are orvdinary Cartesian
coordinates (not necessarily rectangular). Hence * {pv, A} =0. It
o ; ; oT% 4 =
follows that if 7™ is an arbitravy vector and 1% = = + - ar, u: T, then
i '

ot
= o~

| ay:a
= H
This is a tensor formula, so
T = 1, (23)

The theorem follows on account of the arbitrariness of T*.

T Tt is worth remarking that the ordinary covariant derivative 77 = o7 fors + {ag, ,\} i
possesses the property that *17 = o* 1" ay» at the ovigin »' = 0, but this equation, unlike (20),
is nog in general true at all points of space.

{ That By is indeed a tensor follows from Veblen, loe. eif., 41, where a proof appears for
the case of any sct of functions lf}'k, symmetrical in the lower sullixes, which satisfy the law of
transtormation (15).
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In a flat space, therefore, the normal covariant derivative is the
drdinary covariant derivative, and the functions ['}, are independent of
the base point (zY). 1In a general Riemannian space, however, the I''s
are functions of the 7 as well as of the »*  Hence the base point is of
special importance in the present theory, a different set of I's being
obtained by a different choice of hase point.

3. The normal covariant devivalives of the fundamental tensor and of
the sealar €.

Sinee, in general, ¥ ¢,./cy* 5= 0 unless the *¢,, are constants (which
is the case only when the space is flat), it follows that

Jurin F 0 (24)
in general.  Similarly

9" 5= 0. (25)
But since *yl = 47}, we have o%gh/dy* = 0, whence

Jua = 0. (26)

In forming normal covariant derivatives we may therefore treat the
mixed tensor g* as u constant, hut not the covariant and contravariant
tensors ¢,.. "

Now consider the sealar . By (11),

o (e .
whence Lo i gl
{"",I " ”

From this we deduce at once that

O, = g* (27)
where L o gk % (28)
Again, by (10},
:'*gzu T iy ;“x‘gnl
P O o v
= #y, A FON /A
- ;“J‘ = {",yl'
by (11). Hence Qv = G+ 9000 (29)

q—?
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If the space is flat, this becomes

Quy = G

where €, is the ordinary second covariant derivative of €. This result
was found in a previous papert.

6. Parallelism.

Let T* be any contravariant vector. Then we shall say that 7" has
been carried by normal parallel transport over the displacement (dr”)
if the increment in 7™ is given by

dT" = —TI%s T*dx". (30)

The conditions of integrability of these equations are Bjm =0, which
are satisfied (§4, Theorem II). Tiquations (30) therefore define a tele-
parallelism. In fact, by (14) and (30),

- ~ 5
o™ | ox* o'y~

oxf T oy~ Ow*dxP

:{‘u [

Multiplying by dy/de* (and summing for p) we get

oy’ oT* | Py°

0c" 0xP T Dwrozt L T O
or {‘ts [‘(—’f— rz'"] = 0;
whence %r T* = constant,
or, by (9), Q@ T = eonstant. (31)

T'hese are therefore the integrated equations of parallel transport.
T1 tl f tl tegrated equat fy lel t port

7. The autoparallels.

Putting 7" = da*/ds I (30), we get the differential equations of the
autoparallels, nanely

9, A
et o wap d® dn®

R i P (32)

ds? ® s ds

t Proc. London Math. Soc. (2), 31 (1930), 225. (Pa.cyz, 10 ahwe)
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In normal coordinates (y%) these are

ey
ds® —

which on integration give
= b ats, (33)

where the b and «* are arbitrary constants. In particular, the auto-
parallels through the base point arve given by

¥ =a"s,

and thus, by (5), coincide with the geodesics through that point. Buf in
general the autoparallels not passing through the base point will not
coincide with the geodesics.

Substituting from (8) in (33}, we get

QW = —(b4-a*y),

which are thus the equations of the autoparallels in the @ coordinates, that
is, the solutions ol equations (32).

8. Homogencous tensors.

We now extend to general Riemannian space the idea of homogeneous
tensors outlined in the case of a flat space in the paper quoted above (§ 5)

Consider an arbitrary tensor 7T, which, without loss of generality,
we may take to be of the second rank only. We shall call T a
h.om,oggneou.g Lensor of degree e, with respeet to the base 'pf)fﬂi- (.?), if
it satisfies the differential equations

O e = mTp, (34)

where O is defined by equation (28).
A homogencous scalar V of degree m is similarly defined to be one
satisfying the equation
LV, =mV. (85)
In the y coordinates (34) becomes, Ly (11) and (21),
1 0% T

A £
;@ = m¥ J‘E, (SG)

i

8o that each component of the tensor is homogeneous in the ordinary
sense.
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TurporeM A, If 7% is homogenecous of degree wm, its first normal
covariant devivative is homogencous of degree m—1.

For, by (36),

Pl a* e
G e g 37
Y o (m—1) 5 (37)
from which we deduce at onece that
= =1 T3 (38)

which proves the theorem.

TuroreM B. Euler's general theorem on homogeneous functions.
Multiplying (37) by y* and summing for v, we get, using (36),
5 o T,g

yy oy m(m—1) *7T,

which gives QT4 = m(m—1) T5.

Proceeding in this way we could obtain the tensor form of Buler's general
theorem on hemogeneous [unetions, namely

QMO O i o = mm—1) ... (m—r-41) Ta.

Turores C. T'he sealar £ is ilself homogencous of degree 2.
For, as is well known, Q satisfies the differential equationt
Q) = 20

" diky
and the theorem follows from the definition (35).
TueoreEM D. If Tg, Ui are tiwo homogeneous tensors of degree m
of the same kind, so also is T+ Us.
This results at once from the definition (34).
Teeorem 15, If 7%, Hy are homogencous tensors of degree m an:d
m! respectively, then the product T3 Hy is homogencous of degree wm—-m'.
For it is casily proved that
(T3HD 0 = Tho Hit ToH'
= (m-+m") T3 H,.

1 This is indeed an immediate consequence of equations (7), (10), and (11).

. '——J-!
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TraroreM F. The fundamental tensors g,,, ¢ are in general not
homogeneous.

This is obvious, since it is not in general true that there exists a
constant m such that

~ -
0*g.. oFghr
A bl G * o A
Y pp = M O Y

. i Rty
= =m .
P g

In the case when the space is flat we have. however,

Ot - ¥ge
o T T oy

since all the *g¢’s are constants. Hence in a flat space the g,, and g**
are homogeneous of degree zero, as was found in the earlier paper quoted
above.

TaEorEM G. The operation of contracting a covariant with a con-
travariant tensor-suffix may be performed without affecting the degree
or homogeneity of a homogencous tensor.

This is an immediate consequence of the fact that a ‘‘contraction’
is a summation.

TrarorEM H. The operations of raising and lowering the suffizes
of a tensor may be performed without altering the degree or homogeneity
of the tensor only in the case when the space is flat.

For these operations consist of multiplying the tensor by g,, or g*
and confracting. And the lack of homogeneity of the latter tensors except
in the case of flat space is proved above.







AN ABSOLUTE PARTIAL DIFFERENTIAL
CALCULUS
By H. S. RUSE
[Received 31 May 1931]

1. Introduction

Ix the Absolute Differential Caleulus® of Riecei and Levi-Civita,
a tensor is a set of functions, obeying certain laws of trans-
formation, of a single set of variables. The present paper outlines
a theory of tensor-functions of fwo independent sets of variables. In
a certain sense the ordinary tensor theory is analogous to the ele-
mentary differential caleulus of functions of a single variable, while
the following work is comparable with the theory of the partial
differentiation of functions of two independent variables. It is true
that the formation of a covariant derivative in the Absolute Dif-
ferential Calculus involves partial differentiation with respect to each
one of the given set of variables, but it is the peculiar nature of the
subject that the process is thought of as a single operation and is
usually symbolized by the addition of one subscript to the operand,
just as the derivative of a function f(z) in the elementary calculus is
often represented by the same symbol with an added accent: that
is, by ['(x).

Now although on the one hand the suffix notation for covariant
derivatives is adhered to in this paper, yet. on the other, there are
two kinds of subscripts (bracketed and unbracketed), corresponding
to covariant differentiation with respect to one or other of the two
given sets of variables. This necessity of introducing two notations
is, from the point of view here adopted, analogous to the similar
need in the elementary differential calculus, in which the partial
derivatives of a function f(x,%) of two independent variables are
often represented by f.(x,y) and f, (2, y).

It was these considerations which led to the choice of the title of
this paper.

There is no theoretical reason why the ideas presented below should
not be extended to tensor-functions of any number of sets of inde-
pendent variables, instead of two only. There is, however, a practical
reason, for such an extension would involve algebra of an unsatis-

* This is referred to below as ‘the ordinary tensor theory’.

|
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factorily elaborate character. The notation and terminology of this
paper, based as they are on those of the ordinary tensor theory, are
already complicated enough without further generalization.

The subject is treated from an analytical standpoint, although § 5
contains references to geometry. The earlier paragraphs are devoted
mainly to definitions, which in themselves contain the essence of the
paper. In the concluding paragraph appear a few remarks concerning
the general aspect of the theory.

2. Preliminary definitions

Let (at)= (21, 2%....2") and (&)= (#,72,...,#") be two sets of
independent variables. Tt may be stated at once that Greek suffixes
will always refer to the x's (and will therefore take the values
1, 2...., n) and Latin to the &’s, taking the values 1, 2...., m.

Suppose that we have n independent functions Ju(@) of the (a#),
but not of the (&), and m independent functions ¢,(&7) of the (&), but
not of the (). We can then define two new sets of variables
(@) = (@, 2., 2"™) and (&'7) = (&', &2,..., ') by the equations

't =f,(a"), (p=1,2.....,n), (1)
and T = (), (i=1,2,...,m). (2)
Now let 7*# denote the array
Tlfh ?"1(2] i i ] Tlfni}
TE: 1 T:’.{:Z\ B . . T'Z(m'n
j“nfl!. !_'!;‘n{:!‘l : : ET"N(-JN)

where T, T2 - are each functions, mn in number, of both the
(@) and the (&7).
Further, let
(i) T be a set of mn functions of the (x'#) and (¥');
(ii) "T*® be a set of mn functions of the (*) and (#7);
(iii) “7"rP be a set of mn functions of the (z'#) and (&'7).
Then, if these sets of functions are related by the equations

7w =" ey (= 1,2, m), 3)
da* i 2ya0; M),
&P
oty — 9 T muia) S
T o Tr (Ju‘—l;-;-u,??), (—]:)
VR — 61,_1“ Q'ETI(.’:) p= ]? 2?____?13 (5)
ot p=12..,n)

%)
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the repetitions of the suffixes x and @ implying summations from
1 to n and from 1 to m respectively, we shall say that Tr® are the
components of a conlravariant double-vector in the systems (z#) and
(%), and that it has components 7"+ in the systems (x'#) and (%),
components "Tw») in the systems (z#) and (&), and components
"T'H) in the systems (a'#) and (&7); or alternatively, T will be
called a contravariant x-vector and a contravariant T-vector.®

From this definition it is evident that, if the (&) are kept constant,
then Tr® Tw®  Trm are i contravariant vectors in the sense of
the ordinary tensor theory. A similar remark applies if the (v*) are
kept constant and the (&7) allowed to vary. The indices p and p are
therefore ordinary tensor-suffixes, u belonging to the a’s and p to the
#'s. For greater clearness the tensor-suffixes belonging to the &'s will
be placed in brackets in addition to being written in Latin characters.

More generally, a set of m"™+*nf+o functions Tﬂ‘i’:;'\#?f{}‘”ff;: ; of the
x’s and &’s will be said to constitute a double-tensor if they transform
according to the laws:

o Ao o N a0 -
1 Trﬂl,\g,,,_l‘_.,fplpg,,.p,] _or A [k A2 oX A 0.1'8‘ (lfi‘ f-l_ﬁa_' 0 gt Pyeeoy)
T e M) T gy Gaos " gpce ga'i gaie " ga'ke © PrbeBolti- )
for a transformation of the (x#) to the (2'#) with the (&') unaltered;

=t ol F
v ¥ ox™ 0 A Apla sy

o=t o =F
I '] M Aaliny paap, O m gx' P
* prypatlgha. by

fypeefaliy g fr &f“i; ki

é.
Cextr gr'm T o'

for a transformation of the (&’) to the (&'") with the (x#) unaltered;
II_I. :Tu\l...)uyij);.,.p,:

IS e Tl
o™ ox'™ gabr  gafr oF'm  PE M oM s

et il - i ) ol 01 (gt
Pt axte fa'm T Glee Em T gpte GEm T gptas ProBalbuby
for a simultaneous transformation of the (x#) and of the (7). When

) v erlint o Aoy ot F
greater explicitness is required, T)r-200%r will be described as
a mixved x-tensor of rank p-+o and a mived T-tensor of rank r--s.

In particular, if a set of functions of the (2#) and of the (¥#) behave
like scalars for transformations of one of the sets of variables, and
like the components of a vector or tensor for transformations of the
other set, they will be described as forming a scalar-vector or scalar-

* More briefly, a double-vector is a set of functions of the x's and ¥'s which
transforms according to (3) for transformations of the 's with the @'s un-
altered, according to (4) when the @'s are transformed but not the 's, and
according to (5) for a simultaneous transformation of both sets of variables.

§ T
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tensor as the case may be. Thus, for example, a set of n functions
T, transforming according to the laws

7= P {(#) unaltersd

p= g T [(#) unaltered],

r T " o

T,= ?# [ (@*) unaltered],
. oz y :

T, =~ T, [simultaneous transformation],
LV :

are the components of a scalar-vector, or, more explicitly, of a co-
variant x-vector and an T-scalar

Similarly, a contravariant z-vector and a covariant &-tensor such
as T, will sometimes be called a wvector-tensor; and so on.

An accent placed after a functional symbol will always, as above,
denote the system obtained by transforming from the (a#) to the
(x'#) with the (#') unaltered; one placed before the symbol will indicate
a transformation from the (i) to the (&'") with the (a#) unaltered;
and one before and one after will represent the system obtained by
a simultaneous transformation of both sets of variables.

It should not be necessary to show that the definitions given
above are self-consistent, or that the transformation-laws possess the
reciprocal and transitive properties, for the proofs would be very
similar to the corresponding theory in the ordinary tensor calculus.
Moreover, it is evident that sums of like double-tensors are double-
tensors of the same kind, that products of double-tensors are
double-tensors, and so on. Obvious properties of this kind will be
assumed without comment in the subsequent paragraphs.

3. Scalar-connexions
A scalar-connexion is defined to be a set of functions of the 2's and
Z's which behave like scalars for transformations of one set of
variables and like the components of an affine connexion for trans-
formations of the other set.
For example, let I}, be a set of #3 functions of both sets of variables

pmy
which transform according to the laws:

g g GaB eav Lo oA gEe 1
B g pa'i g BT g aalken’ | .
TA — A ] (6)
e T b I
' "|!A o "‘i’A |
I 'u.v_l v J

* From the point of view of the ordinary tensor theory there ave of course
n of these sealars, namely, T, Theoo T,
3695.2 a

'3"7'

—
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for transformations of the variables of the types indicated by the
accents. Then the I'), are the components of a scalar-connexion, or,
as we shall sometimes say, of an a-connexion and I-scalar.

Similarly, a set of m? functions L2, such that

G / vl
Ly =1 )
PR g - - |
vpy _ OXP OX0 0F° . 8FP OFE | (7)
4 8 T peipps o Wty s
U gge pgxta g T pxe oxaeET |
PTt T
pr' - Lqi' J

constitute, by definition, an x-scalar and an F-connexion.

4. Covariant derivatives
Let 7% be a double-tensor of the type indicated by the suffixes.
For the sake of simplicity a double-tensor possessing only one contra-
variant and one covariant suffix of each kind is considered, the
formulae being easily generalized to double-tensors of any rank.

Let T}, be a given a-connexion and &-scalar, and L%, a given

'll.l‘

a-scalar and @-connexion. Then the double-tensors defined by

£ L

ET;u‘p] _— CT':,,.,::J.' 1“;_1 !Pat,m_ ‘r:: T,urm (H)
wghd = Sod + aAt wig T vAt alg)

ST
and et — C.Ti’”ﬁ Ly eted __ [a i) ((])
o il T o T HarL wig) T Hartovia) '

will be called respectively the covariant x-derivative of T1 with respect
to the scalar-connexion 1, and the covariant &-derivative of THE with
respect lo the scalar-connexion LY., That T#1y and TP ) ave in fact
double-tensors of the types indicated by their suffixes follows easily
from the definitions of the preceding paragraphs.

It will be observed that the definitions (8) and (9) are exactly
similar to those of covariant derivatives in the ordinary tensor theory,
so that there will be no difficulty in writing down the formulae for
double-tensors of any rank. It may, however, be remarked that one
of the covariant derivatives of a scalar-vector or scalar-tensor is the
set of ordinary partial derivatives. Thus, for example. the covariant

derivatives of the scalar-vector 7' are given by the formulae

ee
— o il [ a
1 LA a0 ! ]'—‘L\(\T :
ele

T —
1 ) E.F" :

="e 28
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Second-order covariant derivatives of double-tensors.

In order to avoid the introduction of unnecessarily complicated
formulae we mnow consider simply a contravariant double-vector
Tw, The results obtained can easily be generalized to more com-
plicated cases.

By definition,

oTwe)
T.Uv(p), 1= 2 4 1"5'/\5{‘&(;;),

()
Poe) 5 , = G’I;m Ay 1—1# T.S(.U) It _1"!9 Trw) o

2T r) o) oI eTHm)
—_ LT A Tialp) 1 1"#- SN
avear TN ggo T gpo ot
Teel )
+1%, T, 7o) —18, ¥ D — D4 DygToon,
Interchanging A. ¢ and subtracting.* we have
Tr@ | e = Pk P2 38 T g (10)
4 Rl Bl
where phy =" oo LT TR DT 11
r M= e aa a— 1 (11)
and SR = W8, —T8). (12)

Pty and 3B are a-tensors as in the ordinary tensor-theory.t Since
I"‘:;,, is an Z-scalar, they are also #-scalars. P#,, may be called the
scalar-tensor of curvature formed from 1";‘“ and Zﬁg the scalar-tensor of
torsion formed from T,

Similarly
T, gy = TP 35 = Ry THO— 28, THD, (13)
where RY = pii:" eifr + L. L, — Ly, L2, (14)
and 8¢, = }(L&—L%) (15)

# It iz assumed that the components of THP are continuous functions of
both sets of variables for the ranges of values considered, so that
PP [paopad = 2R [erdene,
+ See. for example. Eisenhart. Non-Riemannian Geomelry (American Math,
Soc. Colloquium Publications, vol, viii, 1927), p. 7, (+.2).
oz
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are scalar-tensors which may be called respectively the scalar-tensors
of curvature and torsion formed from LD,

These formulae, which of course are exactly similar to those of the
ordinary tensor theory, give the permutation rules for successive
covariant a-derivatives and Z-derivatives.

Consider now the covariant Z-derivative of T+® ,. We have

CT‘;A{’:J) Y
T#U?)’ i) = + L2 T.u(ul' A
- FR ) CTw Echfp)"L 5 e i) |
T egugal T e\ gga UM g
i
_1|_I" L'”, radery L ;!'m,m(lr_\\ (IG)
ox?
by definition.
Similarly,
S2 7l ) & Tula) £l
Tew), s = o*Twp L L 6w g #_\(I_”.j_'-
shhy IAC]_"‘ iy é_l‘& oy E:.Fq i
4 Lp T4, Trode) L T:Lf”'(‘r‘”f (17)
aq g
Subtracting,
i1
Tp.(_n‘l — Pt = rtt). ch(p) CL‘”! Tp.{nl (18)

ot

Hence, covariant x-derivatives are not in general permutable with
covariant F-derivatives. In the particular case when I'# is indepen-
dent* of the (&) and LZ, of the (x#), the right-hand side is zero and
the covariant derivatives are permutable.

5. Geometrical considerations

The present paragraph contains remarks of a general character
concerning the geometrical aspect of the analysis outlined above, and
should give some indication of the kind of ideas to which the present
theory leads.

Let g, and g, be two distinet symmetrical{ scalar-tensors of the
types indicated by the suffixes. Let (g**), (7¢?) be the matrices
respectively reciprocal to (¢,,), (§,,»). Then 1%, is easily proved (as in
the ordinary tensor theory) that the elements g, g% are the com-
ponents of symmetrical contravariant scalar-tensors.

* In a case such as this we shall say that the ["s are ar-connexions and

r-constants, and that the L's are ¥-connexions and r-constants.
T i.e. such that Yup = G and Fm = Fiani-
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Suppose now that (x#) and (&) are systems of coordinates in the
Riemannian spaces whose metrics are respectively specified by

ds® = g, darda”, (A)
d5* = i, AT, (B)
the former therefore being of n dimensions and the latter of m.

Since g, is an a-tensor and an F-scalar, it follows in general that
(A) will not determine a definite Riemannian space unless the (')
are kept constant; it is only when the g,, are actually independent
of the (&’) (i.e. are #-constants) that v does not depend on the
particular set of values possessed by the (#7). Similarly, (B) will in
general determine a definite Riemannian space only when the (a*)
are kept constant. In other words, to each point of a Riemannian
space (B) corresponds a Riemannian space (A), and vice versa. The
formulae (A) and (B) thus really specify two multiply-infinite sets of
Riemannian spaces.

Any double-tensor, T#® for example, will belong to both sets. In
a space (A) it will be a set of m contravariant vectors 7wV, T2
Trom and in a space (B) a set of n contravariant vectors 77w,
e, .., T),

A special case may be of interest. Suppose that n =m and that
the g,, are #-constants, so that (A) determines a single Riemannian
space. Further, let the §,, be the functions obtained from the g,,
by replacing a', a*..... a" respectively by &', #2...., @. Then (A) and
(B) define the same space and (a#), (t¥) are the coordinates of two
points of it, any double-tensor being a set of functions of the two
sets of coordinates. For example, the length s of the arc of the
geodesic joining the points (x#) and (i#) is a double-scalar; the
derivatives os/oxt, és/ex? are scalar-vectors; the derivative ¢%s/éarcir
a double-vector, and so on.*

Return now to the general case when m and n are not necessarily
equal and g,,, §,, are distinct scalar-tensors. The Christoffel symbols

VI P
EDYTN = lgva | _ZAx | “dpe CdAp ! 19
D= W otk S | (19)
— 1700 Fwa | e ) ;
(pe, 7y =3\ 2+ — e | (20)

* Some properties of the function ) = }s* have been investigated in earlier
papers. See, in particular, Proe. London Math. Soe., 32 (1931), 87, in which
derivatives of ) with respect to both sets of variables are employed. Itwas the
consideration of these derivatives which led to the ideas of the present paper.
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are then scalar-connexions, and could be made the basis of a theory
of covariant differentiation. Examples of another type of scalar-
connexion are given below.

Double-ennuples.

As above. let As® — g”vdlrp,‘d;vv (A")

ds? = g, davdi (B%)

characterize two infinite sets of Riemannian spaces, Jw and g,
being scalar-tensors.* For the purpose of this section it is necessary
to suppose that m = n (so that repeated Latin suffixes sum from 1 to
n as well as Greek), but it is not now being assumed that | . and
Jipg are derivable from one another by an interchange of the x’s
and &'s, though that may happen in particular cases.

Let A he a contravariant double-vector belonging to these spaces,

and write P
P (
AP for g, A*P)

A_u(_n) for g_u.cx g?“m],\-:ni(r} . (21)
My for @
Let the double-vector be such that
7 .m.f'r)‘m'mhm"’ =gt (22)
which. in view of the assumed symmetry of g,,, is equivalent to
imposing {n(n+1) conditions on the n? components A, a legitimate
proceeding. since n? > dn(n+1) if n > 1.
Multiplying (22) by ¢,, and summing for v, we get, in the notation

of (21) AL )l{gj et ag, (_)3)

(L2}
where 8¢ is Kronecker’'s symbol. The matrices (At
reciprocal to one another, so it follows that

ML AP = 8P, (24)

i} i

(A4") are therefore

If both sides of this equation are multiplied by 7% (and a summation
performed for ¢), the resulting equation may be written
g;whp(”)‘vm} = ArP), (25)
a formula analogous to (22).
If for the moment the (') are kept fixed, it follows from (24) that
each of the n a-vectors M, M,...., A%, is orthogonal (in the sense
of the ordinary tensor theory) to all but one of the n x-vectors

¥ I v and g may, in particular cases, be respectively T-constants and
a-constants, so that (A’) and (B’) may sometimes define unique spaces.

A5
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AR@ AR, MM Similarly, (23) shows that, the s being constant,
each of the F-vectors M is orthogonal to all but one of the #-vectors
}‘,u(f,"'

A double-vector A which satisfies equations (22), and hence
also (25), will be said to constitute a reciprocally orthogonal double-
ennuple.™*

Such a double-ennuple can be used to define what may be called
the scalar-tensors of rotation, namely,

Y par) — /\P(?J) "‘)‘rfﬂ)‘{ " (26)
and Vuve = t’\p(;,): PAEAL, (27)
5 ; ()
where )tp( Dy = qp W {P’V a}}nm(m
A
and Aty = —E*LT(-’ ) —{pq. Wy

the Christoffel symbols being defined by (19) and (20). The name
given to y,,, and y,,, is of course chosen on account of their simi-
larity in Ricei’s coeflicients of rotation in the ordinary tensor theory .,
to which indeed they reduce in certain particular cases. That they
are actually scalar-tensors follows easily from the definitions.

It is worth noticing that. unlike Ricci’s coefficients of rotation,
Vipgry a0d v, are not in general skew-symmetric in the first two
suffixes. That is to say, the statements

}’“l J'M,H'}+?(q_nr) #0 (28)
and YiveTYouo 7 0 . (29)
are true except in special cases. For it follows easily from (24) that

A}L(.‘:)hﬁﬂ = -(J?[ )
and hence, by differentiating covariantly with respect to the a’s and
the Christoffel symbols {Au, v},

}‘,ufp) VA{f£}+)‘P(}))Aft;} g J{pq) v
where, of course, §,,, is the first covariant a-derivative &g ,,/éx” of

* It should be noticed that, the @'s being fixed, the n w-vectors Al | Ap()
do not in general constitute an orthogonal ennuple in the strict sense. for that
would require P\!-‘("})\;f’ = &), which is not true. A similar remark is applicable,
if the @’s are kept fixed and A#'? is regarded as an T-ennuple. Tt is for this
reason that the word reciprocal is introduced into the definition.

T Levi-Civita, Absolute Differential Caleulus (Blackie, 1927), p. 271
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the scalar-tensor §,,. Multiplying both sides of the last equation
by A%, and summing for v, we get
Y Yipgy '}"(r“:r! = .{}lﬂrﬂ,v}':;'l‘ (30)
Similarly, VuwoVoua = g.fw;(fﬂ}‘:;ﬂ’ (31)
so that the truth of (28) and (29) is established.

Lastly, it may be noted that the sets of functions defined by

As, = A«‘,"_ (32)
and Ly =XY L‘ (33)

constitute scalar-connexions of the types indicated by the suffixes.
This is easily shown to be true by direct transformation of the ’s
and &'s. For example,

Ao e 8’)11‘;” g 0 B ( mda, 5 OF° DE'C n\r“
v " ) E:;:v— wlei-(” eV l i exe 1{1!6.?:” g G.T.'"

since the derivatives 8&'?/éi¢ are independent of the (x+). But

oxb ex'e

—_— =3
ox® oze o
whence it follows at once that
Ae, = _\f“

and Ac,is therefore an f-scalar. By a similar method it can be shown
that 1t is also an a-connexion,* and that LZ, is a scalar-connexion.

Other scalar-connexions of a similar character are those defined by

I =em) Ny, (34)
g
and HP = @) )t"‘(“’) (35)
ox"
” 2 0 oA
Since ?I:S!) — @1” Jt!zby\,u )_ J(ab} +g(ab)v Iu. g
we gCt Ffw == ‘lpv-rg(nh.’ VA‘N)‘G(”" (36)
Similarly, HY\ = L}+9q8 VAL (37)

6. Conclusion
The remark of § 1 concerning the extension of the foregoing theory
to tensor-functions of more than two sets of variables may now con-
* (f. Eisenhart, op. cit., p. 48, (158.6).
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veniently be referred to. A double-tensor requires two kinds of
suffixes: a triple-tensor (a tensor-function of three sets of variables)
would require three kinds, and so on. It is therefore obvious that
a radical alteration in notation, if not in terminology, would be
required if such a generalized theory were not to be submerged by
the weight of its own symbolism.

In § 3 scalar-connexions are defined. It might be asked whether
there would be any advantage in defining such concepts as those of
‘double-connexions’ (sets of functions behaving like affine-connexions
for transformations of both sets of variables), of ‘tensor-connexions’,
or of other hybrids of the same sort. The answer appears to be in
the negative; for the covariant derivative of a double-tensor, formed
with respect to a double-connexion (or a tensor-connexion) would
not in general be a double-tensor.

The work contained in this paper has been presented as a generaliza-
tion of the Absolute Differential Calculus of Ricei and Levi-Civita.
From another point of view* it can be regarded as a particular case
of the same Calculus. Suppose. for example, that T, is a covariant
double-vector, the components being functions of the n variables
(z#) and of the m variables (7). Write £, £2...., é" respectively for
L O Y L S W Ll (o N L T B R
foral, 2 .. p and ENFL EA2 LR fop BT 88, BT Then the
laws of transformation of 7'y, give

e

; o> &g -
T)A(M c:f:ﬂ r§ e § 7’ (38)

where it is understood that Greek indices sum from 1 to » and Latin
from n+4-1 to n-+m, and where T}, ., is taken to mean what has
hitherto been denoted by 7).

Now if this restriction on the summations did not exist, and if
&L £%,.., Enm o could be functions of all the £”s (instead of the first n
of the £'s being functions of the first n only of the s, and the last
m of the £&'s functions of the last m only of the £"’s), then (38) would
give the ordinary law of transformation of the tensor 7)., of the
second rank whose components are functions of the n--m variables
EL g2 éntm So a double-vector Ty, can be regarded as an ordinary
tensor of the second rank, specialized by the fact that the variables

* The remarks in the remainder of this paragraph are due to Professor

T. Levi-Civita, to whom T owe my best thanks for his kind interest in this
paper.

i
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202 AN ABSOLUTE PARTIAL DIFFERENTIAL CALCULUS
are divided into two separate groups of n and m respectively. A
similar remark applies to any double-tensor.

This dividing of the variables into two groups is not unfamiliar,
for it is commonly done when the four-dimensional space-time of
Relativity is partitioned into ‘space’ and ‘time’. Suspending now
the summation convention. let

b
ds*= 3 g,, dorda? (39)

=)
specify the metric of space-time. the 7, being functions of the four
coordinates 2%, al, a2, 3. Suppose that a° is known, intuitively or
otherwise, to be identifiable with the time f. and that (2. 2% 2%) are
a given set of spatial coordinates. Then (39) may be written
ds? = V32 2di i w, dakt— i t,y darda”, (40)
=1 p
where* V2= goo» W= Gops Qv = — v (psv=1,2,3).
For transformations of the spatial coordinates (2, 22 2%) only. with
t unaltered, 172 behaves like a sealar. the e, like the three components
of a covariant vector. and the «, like the nine components of a sym-
metric covariant tensor of the second rank. And, if it were possible
to attach a physical meaning to transformations of £ only (#1. 22, 2?
remaining unaltered). 1 would behave for such transformations like
a covariant tensor of the second rank, having of course only one
component sinece there is only one variable #; while w,, w,, w; would
each behave like covariant vectors, and the «,, like scalars. So,
having thus partitioned space-time into space and time, I'? and «,,
are scalar-tensors, and w, a double-vector according to the definitions
of this paper, one of the two sets of variables being. in this special
case, the single varlablc L.

{Je&wa/t&wtvt M/&\LMM./L —76, veas -’Lq/tLM.
:d\a.n ’(:E\IL Wﬂ/(:ﬂ&wLa/tt{A v(a.d/{ ek 48 e
in e W fc/kp\,f«./{}:n_ . Lo, A-cu..{l}\j e
}A.;.?\.ILL'\, v{‘ aotuch thae @é\_a,\.{l\ Py c.m,f\ﬂudjﬂ
hod anlinded br develoh the werk futha,
_.;\,m;,m .,,;f»“i.r;m} Ao bhe gremcliy o the
Quk - A//fm.u_d (y( =1 \.LLW\O\.}\-)'L.L&L-»\ gl & Al
avhole A fxa«{/um roud A t:ng 'fuuu, »Czu.u
wfpraned one by AW Tucho "0 %anm,ﬁt&uo(

covarcant (,{J,]L#W»mtg " (Bnmals of Math.,

(msf)z.tﬂ) Mwn? e mNJ fwviuo& itum tim_

#* The notation is borrowed from Levi-Civita, op. cit., p. 338.
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CHAPTER ¥, Paper .

On the “elementary” solution of Laplace’s Equation
By H. 8. Rusg, Edinburgh University.
(Recewwed 5th June 1930. Read Tih June 1930.)

§1. Introduction.

Hadamard defines' the ¢ elementary solution” of the general
linear partial differential equation of the second order, namely

F(u)= En A a?_u_ < ﬁ B; o + Cu=0, (1)
5 k=1 ox; 02, i=1 ox;
(4, B;, € being functions of the n variables ay, a4, .., «,, which may
be regarded as coordinates in a space of n dimensions), to be one of
those solutions which are infinite to as low an order as possible at a
given point and on every bicharacteristic through that point.? He
then proceeds to find formulae for the elementary solution of equa-
tion (1), his result being as follows:
Let (H;) be the matrix reciprocal to (A4;), and consider the
Riemannian space whose metric is specified by

ds? = ‘._.l H; dx; d,. (2)

Let I' denote the square of the geodesic distance between the point
(z;) and a fixed point (¢;) of this space. Then if » be odd, the elemen-
tary solution of (1) is given by

u=0"22U, + U, T+ U, T+ ...+ U7+ ....],
where

Uy=kexp| — LZIS (F(D) — CT — 2m}ds |,

k being a certain constant, s =4/, the integral being taken along
the arc of the geodesic from (¢;) to (z;). The functions U, (r > 0) are
then determined by the recurrence-formula

Ug

Uy=— — "0
(4r —2n +4) 5"

J-SST_IP U d.
——— ) 3.
o Uo ( ?-I) y

1 Lectwres on Oavchy's Problem in Linear Partial Diffevential Equations (Yale, 1923),
p. 70, et seq.

2The solutions satisfying this condition differ only in the values of avbitrary
constants, the elementary solution being obtained by choosing these according to a
certain rule. For the purpose of this paper it suffices to say that the elementary
solution is the one which reduces to w=1/r, where 7= / {( - @)* +(y—7)° + (= - )2},
when the differential equation (1) is of the particular form v2 V=0,

v.-\/_]

)



136 H. S. Ruse

A similar formula holds when n is even, but involves a term
in log T.

The object of the present paper is to establish a formula for the

elementary solution for the particular case in which equation (1) is

the tensor generalisation, with respect to the metric (2), of the
ordinary Laplace’s equation. The result obtained lacks the generality
of Hadamard’s, but may be of interest on account of its comparative
simplicity and because a single formula holds whether n is odd
or even.

§2. Laplace’s Equation in Tensor Form.
Let
ds* =g,, da* da, (w; v=1, 2, .., n), (3)
define the metric! of a general Riemannian space of n dimensions.
If V be any scalar and V,, its second covariant derivative, wiz.

2V

o

o

— {ur @} oo,

oz Dzt

then the partial differential equation of which we seek the elementary
solution is

g Vo e 1l (4)
(When n = 3 and ds* = da® + dy® 4 dz?, this reduces to the ordinary
Laplace’s Equation v = 0).

Let Q be one half the square of the geodesic distance? between
the point (') = (2!, 2% .., 2") and the fixed point (&) = (&', &°, .., &").
Thus

Q=1}s (5)
where s is the length of the arc of the geodesic joining (2f) and ().

Q is a function of the a’s and of the #’s. We shall write Q, for
0Q/0a*, Q for 0Q /0, Q, for 0°Q [0z 03". Further, g,,, ¢*
will be used respectively to denote the values at (&) of g,,, g**, while 7
will represent the value at this point of the determinant ¢ =|| g,,1|.

1The summation convention is adopted throughout. The notation of the
succeeding paragraphs will differ to some extent from that of Hadamard, in order
that it should be brought into conformity with the notation now usual in the Tensor
Caleulus.

2 Thus if in §1 (¢;) is taken at (£ ), we have 2=1T.

=



Ox THE ** ELEMENTARY ’ SOLUTION OF Larrace’s Equatiox 137

Let J denote the determinant || Q,, [[.,'E Then we shall prove the
following theorem:

The elementary solution of the partial differential equation gV, = 0
s given by
veal L B, (6)
g'g s
where A, B are suitable constants, and the integral is taken along an arc
of the geodesic joining (&) to ().

It should be remarked that (#') must not itself be a point of
the arc of integration, for if it were the integral would in general be
divergent. TFurther, the constant B must be so chosen that the
solution is unaltered by an interchange of the the 2 with the #, The
actual value given to 4 is not of fundamental importance.

§3. Proof of the theorem of §2.

It is a known fact that by transferring to a normal coordinate-
system (y'), the equations of any geodesic through (‘) can be put in
the form?

y = a's, (7
where the constants o’ are the values at (&') (which is the origin of the
normal coordinates) of da'/ds for the geodesic in question. Thus

,d#F

o=, 8)

@= (8)
Components of tensors corresponding to the y-coordinate-system will
be denoted by the affixing of an asterisk. For example, *Q, will
denote the vector 0L /oy

By (3) and (8), §.,a"a*=1. DMultiplying by }s* and using (5),
we get

Q=3g.yv9" (9)
0Q -
Hence 8?* = Guwl¥
that is, ¥ =YY (10)
since? Tt =%y

1 The 4 are the normal varviables of Lipschitz: Hadamard, loe. cit., p. 87. A full
account of them is given by Veblen, Invariants of Quadialic Differential Forms
(Cambridge Tract no. 24, 1927), ch. VL

2 Veblen, loc. cit., ch. VI (14.8).

% &k’ Mu-ad- ,\‘.3-2- ma.\_m CL\—«H_.E {j‘\-&-‘ -'#JL“—'{-‘EML:VL Cv'u‘\/t- T 4.:6 <3
Y it s «Vh.,(, ' = ] OM) _edRedesc o )
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Raising the suffix p in (10),

¥QE = g
Hence
o (e
W= It v
oy
= & + *{av, p} y*.
Contracting,
*ngn—’_ﬁy a a{log Q)
rl) by (T)’

*Q”=1L+1s—(log *q). (11)
Again, it has been shown? that
Y = — g Qay, (12)
the repetition of « implying a summation.
By (5), *¥Q» = s *s», and it quickly follows from (10), (9) and (5),

that
*g, ¥gn = 1, (13)

And it further follows from (11) and (13) that

n—1
&

*3“

3 (log *q). (14)

We are now in a position to solve the partia,l differential equation (4).
Transferring to normal coordinates, the equation becomes

— A (;V} "
" gy T el = L22)
oV 4V os av
A N L
Buk oy~ ds oy o Ts
o A %g *g ?V | o*s, dT/
ooy " Tds? £ a}_ ds
Substituting in (15), we get
2V av
*SF *8”‘ t_i _i_ # .u. J_' o 0
and hence, by (13) and (14),
&2V I:n -1 :I dV
g -+ -+ é—— (log *g) | ——= 0.

ds

! This equation is essentially the same as Hadamard’s, loe. ¢it., p. 91 (37).

n?a.%ﬁ. 8 tq,m,twn 3,
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Multiplying by the integrating factor *gts"-!, we quickly get the
solution

r-’=sti ﬁ 3 B, (16)

*gv} gh—1

K, B being arbitrary constants.

Now *g* is a scalar density, hence
1 0 ()

2(y)
- /38, a7)
by a well-known property of Jacobians.
But
o) _ | oy
d (a) o

Il

]| = g'm Ql*fu) il by (12)’
= (=17 Qwll
:(_ 1)::5‘}' (18)

Substituting from (17) and (18) in (16), and putting 4 for the
arbitrary constant (— 1)* K ¢¥, we get

v=a| L L 15
ggt -

the result stated; §* is of course a constant, being a function of the &
only. Since we have made no supposition regarding =, the solution
holds whether n be odd or even.

§4. Aphbicalion.

R vample of the ke W.M ey
fe of ottt Coinaielon ha Ave = eliwmpnaional
.;-f\,hmcu’{ a,f\,oocn m{;@a fmj

ds® = AB 4 st d¢t, (t9)

’F"""“"{:“-"L‘- 3II=') 311=ML19} 3!1"C.]zu=0!?
n 22 I 12 l 2y : (10)
3 1§ T Eier §10

W L YWY y AV -
sbF Shy i ke T, =0, @)
e aqpane of Ale geodeale diadamee belisen
the ;WQ (9,4;_) P (é‘, $) Aa «J-é cownae Ahe

R e i i
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CHAPTER IV, Paper 2.

Generalised Solutions of Laplace's Equation
By H. 8. Rusg, Edinburgh University.
(Received 30th November 1930. Read 5th December 1930.)

The present paper contains solutions of the tensor generalisation
of Laplace’s Equation. The results obtained are summarised in the
two theorems enunciated in §1. They apply only to the case when
the Riemannian space forming the background of the theory is flat.
In the concluding paragraph a special case is considered, and it is
shown that the present theory is closely connected with Whittaker’s
well known general solution of the ordinary Laplace’s Equation.!

§1. INTRODUCTION.
Let,
ds* =g, da* da” (1.1)

define the metric of an n-dimensional Euclidean space; that is, one
for which the Riemann-Christoffel tensor is everywhere zero. Let
Q be one half of the square of the geodesic distance between the two
points () and (&) of this space,? so that Q is a scalar function of the
two sets of variables (2'), (¥). Let further the coordinates (@) be
each functions of a variable 7. Then Q is a function of 2!, 2% .., 2",
and 7, and we shall later define = as a function of the ' by means of
the equation
Q=0. (1.2)
Greek suffixes will be used to denote covariant differentiations
with respect to the a', with = kept constant, the only exception to
this rule being that the suffix ~ will denote ordinary partial differenti-
ations with respect to 7. Thus, for example,

Q. = 20Q/ex, 0, = 80y,
a2 Q aQ % Q
Gy, K 28 o B
w e WU Ge=aes L (1.3)
20 00, 2Q
Q_ i R S, = —_—
= maw g = o

1 Whittaker and Watson, ** Modern Analysis™ (1920), §18.3.

* Some properties of this function have been investigated in earlier papers, particu-
larly (i) Proc. London Math. Soc., 31 (1930), 225 ; (ii) ibid., 32 (1931), 87. These will
be referred to as papers 1 and 2 respectively a'& Choflin IT . '
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and so on. It must be emphasised that in these definitions the
partial differentiations with respect to the a' are strict, that is, they
treat = as a constant as well as the other 2’s. The summation
convention does not of course hold for the suffix 7.

For convenience the Christoffel symbol {Au, v} will be denoted by
I'y,. Further, the evaluation at (&) of any function of the 2% will be

indicated by the superposing of a bar on the functional symbol.
The partial differential equation of which solutions are sought is

(&7 L VY _ o

f.-')l = ga\p. i il
A {Ex“ et A e J

The following are the theorems proved.

‘TamoreEM I. If the functions & (1) are chosen to satisfy the differential
equations

-« dav dzv
o — == 0 ]..“
" odr dr ’ ( )
di! i - di‘-a dj'ﬂ 2
= T @ =0 S

then, for all values of n, a solution of the partial differential equation
V3 = 0 is given by
= f(Q,), (1.7)

where, after differentiating,! T is expressed as a function of 2!, 2%, .., a" by
means of the equation Q = 0, and where f(Q,) is an arbitrary Sfunction
of Q..

That the equations (1.5) and (1.6) are compatible is well known.?

TaeorEM II. A solution of the equation VY = 0 is given by

V = ¢ (7)/Qin-2, (1.8)

where ¢ (7) is an arbitrary function of =, and T is expressed as a function
of the x’s by means of the equation Q =0. If the number n of the

180 /o7 is in general a function of + as well as of the »’s, so + must be eliminated in
order that the solution should be expressed as a function of the s only.

2 See, for example, Veblen, ‘‘Invariants of (Quadratic Differential Forms” Camb.)
Math. Tract. No. 24) (1927), 95.

A
|‘
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variables is equal to 2 or 4 there is mo limitation on the choice of the
functions @ (7); but if n has any other value, these functions must satisfy
the conditions (1.5) and (1.6).

§2. PRELIMINARY FORMULAE.
It is well known that Q satisfies® the partial differential equation

A Q,=2Q, (2.1)
where Q' =g=Q,.

Moreover, it is shown elsewhere? that, the space being flat,

Qu = G- (2.2)
Furthermore, since we have put
Q=0 (2.3)

it follows, by differentiating partially with respect to 2*, that
O+ Q.7 =0,

where 7, = 07/02*. Hence

= —0/Q.. (2.4)
Differentiating (2.1) twice in succession with respect to =, we get
Q-n\ QA - QT’ (2-5}
-l'rﬁ\ o 5 QTR Q?— = gzrr‘ (2'6)
From (2.2), raising the suffix v and contracting,
Q= n, (2.7)
and the differentiation of this equation with respect to = gives
Qu =0 (2.8)
By (2.1), (2.3), (2.4), it follows that
= 0. (2.9)
O\ Q
By (2.4) A=an=—o[(@) + &) =]

= Q:E (Qi Q‘\ - QT QR - QT Qn\ TA + er QJ\ TA):
whence, by (2.4), (2.5), (2.7) and (2.9),
= —(n—2)Q;L (2.10)

‘A

1 This in fact follows at once from equations (1) and (10) of paper 2, Chafpdin ITC § ‘H‘ 15 and 17

2 Paper 1, §2, where £ denotes twice the function here represented by Q.

-
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Lastly, it follows from (2.2), by interchanging the z’s and the
@'s, that

eaos | mage I @11
Bt 9 _ 50 %
CT cx* or
20 ¢ Q d'zr *Q) da= dif
and 3 e e e I el
o> oz d+* ei® e3P dr dr
and therefore, by (2.11),
- da* div o Q/d?ae = da* dz*
Q.=g, — — st (el GRNNUN 5l Rl ccuith %32
Ak L =g ez <d7"’ L dr d7> ( )

§3. Proor or TurEorem I

We now show, by direct substitution, that any function of
Q,, say
U=1(Q), (3.1)

is a solution of the equation
V=0 (3.2)
provided that the conditions (1.5) and (1.6) are satisfied.

For
Ua\ = JN (Qr) (th + Q‘rr T?\)l (3'3)

and
Uy =1"(Q) (Qa + Qe 1) (2 + Q.. )
F Q) Q1+ 2Qm + Qo P + Q7))
= () (Qa @+ 20, O 1) + F(Q) (Q2 + 20, P + Q. 7),
using equation (2.9).
By (2.4), (2.5), (2.6), (2.8) and (2.10), it quickly follows that
U= —f"(Q) (Qa @ + Q) =071 (Q) 2Qa @ + (n—2) Q). (3.4)
By (2.12), if the functions @ (7) satisfy the relations
- dz* dz"

R 3.5
Fur dr dr % (3.5)
d* & = di* dzP
ol e T ) .6
d-+2 i F:'; dr dr 0 (2.6)
then Q.. =0, (3.7)
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Differentiating with respect to a?,

er.\ =+ Qﬂ.’ TR = 0)
and therefore
QTT:\ QJ\ = 0) (3.8)

since Q* 7, = 0 by (2.4) and (2.9).
By (3.4), (3.7), (3.8) it follows that
Uk=0

provided that the conditions (3.5) and (3.6) are satisfied. This

concludes the proof of Theorem 1.

§4. Proor or Trrorzm II.
The next problem is to show that, if
V=g ()@, (&1
where ¢ (7) is an arbitrary function of =, then V satisfies the equation
J'A=0. It will be shown that the restrictions (3.5) and (3.6) must
still be imposed except when n =2 or n = 4.
Consider first the function W defined by

W = Qi (4.2)
Putting f(Q,) = Q19 in (3.3) and (3.4),

Wy=—3(n—2) Q- (Q, + Q. 7)), (4.3)

W=1%(n—2)(n—4) QI (Q. — Q. Q. (4.4)

Hence, if n = 2 or n = 4, we have

W) =0 (4.5)
without any restrictions being placed on the choice of the functions
@' (r). But, if n has neither of these values, it follows as in the
previous paragraph that we shall still have

Wy=0 (4.5)*

provided that the &' (r) satisfy the relations

- da* div

—_— — = 0, 4. g
I Gr & 8}
pL=1TS A [ i 73
e | 5, dit dz 0. (4.7)

iz tle o g
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Now consider the function V defined by
V=Wo(), (4.8)
where ¢ (7) is any function of . Covariant differentiation gives
Va= Wyd (1) + Wnd' (),
A= W (7) + 2W,72¢" (7) + Wry 7 ¢" (7) + W) ¢ (7)
= ¢ (7) CW, 7 + W),
by (4.5), (4.5)% and (2.9).
Equation (4.8) therefore gives a solution of 1} = 0 provided that
Wyt + Wak=0.

But by (4.3), (4.2) and (2.10), the left-hand side of this equation is
equal to
—(n=2) Q" QP+ Qe ) — (0 —2) QP

which is zero in virtue of equations (2.4), (2.5) and (2.9), for all values
of n. We deduce finally, therefore, that

V=d(r) Q-2

is a solution of V* =0 provided that, when »n has a value other than

2 or 4, the choice of the functions 2’ (r) is restricted by the equations
(4.6) and (4.7).

When n = 2 this theorem is the tensor generalisation of the
well-known fact that any function of z -+ iy is a solution of the
eV v

= T oy

equation = 0. When n =4 it gives a generalisation of

a solution, due to Conway, of the classical Wave-equation of mathe-
matical physies.?

§5. CoNNECTION WITH WHITTAKER'S SOLUTION OF
LaPrACE’S EQUATION.

Apply Theorem I to the case when n =3 and the metric is
given by

ds* =dat +dy’ +d2*; (2 =2, 2=y, o*=2).

1 See Bateman, *‘ Electrical and Optical Wave Motion ™ (1915), 115,

bl
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The equation to be solved is then the ordinary Laplace’s Equation

a2V 5% 52 17 _
I E 328 P b (5.1)
ox? oy* oz*

Also, of course,
2Q=(@2—2+({y —§°*+ (z— 2~ (5.2)

The restrictions (4.6) and (4.7) placed on the choice of %, 7, Z as
functions of 7 reduce in this case to

(f-i)Jf (%)W“ (;if.)= 0, (5.3)
il :§;= =§:=§j- (5.4)

The most general solutions of (5.3) and (5.4) are

]

=a 4 AT cosu ]
=b+4 Mrsinu (5.5)
=c¢+4 A7 J

IS T |

where i=+v —1 and a, b, ¢, A, w are arbitrary constants. Take

a=b=c¢==0 and A= — 1. Substituting from (5.5) in (5.2), we have
2Q = 9?4 27 (1z cosu -+ 2y sin u 4 z2),

where = a4y 4 27,

and hence Q. =2 cosu -+ iy sinu + z.

A solution of equation (5.1) is therefore, by Theorem I,

V = f(ix cosu + iy sinu + z, u), (5.6)

where f is an arbitrary function and « an arbitrary constant.!
It follows therefore that

jf(ia: cos u + iy sinu + z, u) du (5.7)

is also a solution of (5.1), provided that the limits of integration
are such that differentiation under the integral sign is permissible.

1S8ince u is an arbitrary constant, the function f of the two arguments
iw cosu + ty sinw + = and u, is (regarded as a function of , 1, =), an arbitrary function
of the former argument only ; that is, of 60 /¢r only.

L e

[ -}
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Whittaker has shown! that the most general solution of Laplace’s
Equation is of this form.

An application of Theorem II to the same special case leads
ultimately to the conclusion that the integral

[ . (m, cos u + iy SIn U + 2 ) -tc) du (5.8)

r =
gives a solution of (5.1), ¢ being an arbitrary function of its
arguments. It is however a well known fact that if a function

x (2, y, 2) satisfies Laplace’s Equation, so also does = X(i: Y, i,)
- .

E T
The solution (5.8) is therefore deducible from (5.7).

1 Whittaker and Watson, loe. cit.

(3




(HAPTER IV, Paper 3.
THE POTENTTAL OF AN ELECTRON IN A SPACE-
TIME OF CONSTANT CURVATURE*

By H. 8. RUSE
[Received 14 May 1930]

§ 1. Introduction

THE present paper contains a solution of the equations of electro-
magnetism as they existed before the introduction of Einstein’s
Unified Field-Theory. ¥

Let X,, denote the electromagnetic six-vector in a space-time
specified by

ds? = gmdxﬂd:c", (n,v=0,1,2 3).

Then it is well known that Maxwell's equations may be reduced

to the simple form

F e B (L1)
(end ot
and Xy — Ji, (1.2)

where ¢, is the electromagnetic potential-vector, J# is the charge-
and-current vector, and X#» is the divergence of X+,

Substituting from (1.1) in (1.2), we are quickly led to the familiar

equations
0P i — (B0),+ G s = T, (L3)
where (7§ denotes the gravitational tensor, and all suffixes not other-
wise defined denote covariant or contravariant differentiations.
It is usual to impose the conventional divergence-condition ¢ = 0;
but this we shall replace by the condition
¢¥ = constant. (1.4)
At a point of space-time where there are no electrons, J, = 0, and
equations (1.3) reduce, in virtue of (1.4), to
0B dngtGip = 0. (1.5)
We propose to solve the partial differential equations (1.4) and
(1.5), expressing the solution in tensor form, for the case of an
electron in a space-time of constant curvature A'. For this purpose
we ignore the distortion of the metric due to the gravitational effect

The term ‘electron’ is used in this paper in a purcly conventional sense,
and is defined to mean an ideal point charge.

4U{M.¢J«CJ e e cuse .
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of the electron itself, this effect being in general small.* By so doing
we are enabled to regard the components of the fundamental tensor
Juv s given functions of the co-ordinates, so that we have a deter-
minate set of partial differential equations to solve.

The solution of these equations for an electron in a flat space-time
(i.e. a space-time in which the Riemann-Christoffel Tensor is every-
where zero) has already been found,t the result being enunciated as
follows:

‘Let an electron e be moving in any manner, and let = be its
proper-time at the point where its world-line intersects the null-cone
of any point P. Then the electromagnetic potential-vector at P, due
to the electron e, is

e
?‘!)p = -C gﬂrayqr':

where oy
and where the subseripts p, ¢, 7, [, m on the right-hand side represent
covariant differentiations.’

It is shown that, when space-time is Galilean, the formulae (1.6)
give the classical formulae for the scalar and vector-potential of a
moving electron. By an application to special cases, it can, however,
be shown that they do not give a solution of the equations (1.4) and
(1.5) when the Riemann-Christoffel Tensor is not everywhere zero.

The formula which we seek to establish for a space-time of con-
stant curvature may be regarded as a generalization of (1.6); but, as
we shall show, it is in fact much simpler, and gives as a special case
a new formula for the potential of an eleetron in a flat space-time,
which ig. however, directly transformable into (1.6).

Before proceeding to establish the theorem (§ 3) which forms the
main subject-matter of this paper, it is necessary to prove a theorem
in the Tensor Calculus.

(1.6)

= 1
=3 Tj‘) 'Illg ”TM:-‘

§ 2. Theorem
Let (29 2, a2, ..., 2"71) be generalized co-ordinates in an n-dimen-
sional space of constant curvature K whose metric is given by
ds? = g, datda’, (e, v=0,1,....,n—1).

Then if B

s ov D€ the Riemann-Christoffel Tensor, we shall have

Ij.up, o = K(!{;F&U gpv‘—g'i.cv gpa)!

* B, T. Whittaker, Proc. Roy. Sec., A, 116 (1927), 720, § 1.
F Ibid. 120 (1928), 1
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and hence also . - :
Guo=9""B,,, o = —(n—1)Kg,,. (2.1)

Let (#° &, ..., #*-1) be a fixed point of the space, and (2% 27, ..., 2""1)

a variable point. Let s denote the length of the arc of the geodesic

(assumed unique) joining these points. so that s is a function of the 2.
Let @ denote the scalar

Q = cos(K!s). (2

18]
(8]
—

Then we shall prove that
Q satisfies the partial differential equations
Q. QF = K(1—@?), (2.3)

and Qm,= —Kg;w Q. (o =0;1,2, 00 ;0—1), (2.4)
where the suffixes on the left-hand side denote covariant or contra-
variant differentiations, and where (as always) repeated suffixes
imply summations.

The proof of (2.3) is simple if we quote the well-known theorem
that the arc s of a geodesic satisfies the partial differential equation

SPLSP = 1. (2.5)
For since s = KN—*arccos (),
we have s, =—K*.(1—-0%)*.Q,

with a similar formula for s
Substitution in (2.5) immediately gives (2.3).
For the proof of (2.4) we take as the canonical form of the metric
of a space of constant curvature that defined by
ds? = — K Ya)~2[(da®)2+ (dat)2+. . .+ (dan—1)3). (2.6)

By a real or imaginary transformation, the metrics of all such spaces
can be reduced to this form.
Suspending temporarily the summation-convention, we have
gy.,u. - ]J."K‘(xl))?? g;,w =0,
g = — K (a0)2, gt =10, (u£v; p,v="0,1,...,0—1).
The only non-vanishing Christoffel symbols are
{00, 0} = —1/a%; {up, 0} = 1/a%; {Op, p} = {p0. p} = —1/a®,
(r=12,...,n—1, but p=0).
Substituting in the equations of the geodesics, namely,
2k daxdaf

ds? asals

ds ds

£6.
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(the summation-convention being now restored), and integrating, we
get ultimately the formula

. f n—1 I -
s= K-tare e(}s[ 1 (@02 (5924 > (:a:#-—:EF)Q}J /2.1:'33;0]
p=1

for the geodesic distance between the points (27) and (&7).
Hence for this metric,
1 R - N
Q= am{@P+@)+ 3 (ar—ar)3. (2.7)

1]

It is now a matter of straightforward differentiation and substitution
to prove that

o Q a0 .
Qv = P —{ur, o} e —Kg,,Q
for T ) [N O S

And since this is a relation between tensors, it must be true for
all spaces derivable from (2.6) by point-transformations. i.e. for all
spaces of constant curvature K.

§ 3. Solution of the partial differential equations of
electromagnetism
Consider now a space-time of constant curvature A whose metric
is specified by
ds? =g, dorda?, (w,v=0,1,2,3), (3.1)
a¥ being the “time’ co-ordinate.
Let the null-cone of the point (27) cut the world-line of an electron
e in the point (¥); so that, in the language of the older physics, the
electron was at the point (F', #%, &) at the time &° when radiation
left it to arrive at the point (2, a2, 2%) at time af.
Suppose the motion of the electron to be given. Then we shall
know &1, #2, &3 as functions of the ‘time’ 2°, say
F=f&), (r=1,23). (3.2)
Let 7 be the proper-time of the electron at the point (#7): then since
dr* = g, dirdz”,
Juv being the value of g,, at (), we have, on substituting from (3.2),
d7? = (di°)? x a function of 0.
Integration of this equation gives #° as a function of 7. and hence.
by (3.2), &', #%, @ are also given as functions of 7; thus
=&z}, (r=0,1,2,3). (3.3)
Let s(a'; ) be the geodesic distance between the points (27) and (&%).
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Then, regarding the & as current co-ordinates, the equation of the
null-cone of (x') is

st )= 0,
Since this passes through (#%), we have
s(zt; )y = 0.
Hence cos{Kis(a?; %)} =1,
that is, Q=1, (3.4)

@ being the function defined in § 2. This equation, combined with
(3.3), expresses 7 as a function of 2%, a1, 22, a3.

It should be noticed (i) that @ is a function of the ' and of the
&y (ii) that in virtue of (3.3) it is therefore a function of the 2f
and of 7.

We shall now show how to prove the following theorem :

The potential of the electron e (whose motion is specified) is given by

& Q) & &
‘?SH - ? ok I:]Og<((7)1 ’ (%2)

where (1) ¢ is a constant ; (11) the partial differentiation with respect to
at treals T as a constant, i.c. ignores the fact that = is given as a function
of the a7 by the equation (3.4); (iit) = 1is eliminated after the performance
of the differentiations by means of (3.4).

Our justification for deseribing this as the potential of an electron
is that in the particular case when K = 0 and the co-ordinates are
Galilean. (3.5) reduces to the classical formula for the potential of
a moving electron.

Before indicating the general proof of the theorem, it will perhaps
be as well to apply the formula to a particular case.

Consider an electron at rest* in the space-time specified by

9 2 2 1 2 1 a2 2
ds? = (14-pa) -[d!-—— —(da?+-dy ~—i—(i’z~)} 3
o2
(2= 2t = xt =yt =2),
i being a constant. This is a space-time of constant curvature.

Since the electron is at rest,
T==g=2; (3.6)

hence = {1 ~:—'u:t,"')—2{di£— = (d;fzm[-d'g}z+d:§2)]

# A certain confusion of language arises on account of the admixture of
the ideas of the older physics with those of the newer.

b3
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and we may therefore take P (3.7)

For this space [cf. (2.7)].
Q = ${(1+4pa)(14-p )} N+ pa)2 (1 pE)2—
—p2eX(t—1)—(y—g)—(—2)}]

= [ 21 e —)2 22
2(1_’_”:{.)[( +P’1) I ru“ lr ('l T) y z }_]9
by (3.6) and (3.7).
cQ
Hence = = p2c(l—r)/(14-pa),

and therefore

e ti G s
=22l g(o@)]-ep,m . 6o)

‘#2:‘}53:0- (3A10)
Now 7 is obtained as a function of (x, y. z) by the equation @ = 1;
this gives
¥24- 2422 = c3(t—7)?,
and thus Tr=i—r/c, where 72 = a2 y%-}-22
Substituting in (3.8). we get

bo = —e/r, $1 = ep/c(l4-px), $s=0, $3=0.
It is a matter of straightforward algebra to show that this is indeed
a solution of equations (1.4) and (1.5) for this particular metric.
It will be seen that the constant ¢ has the dimensions of a velocity,
and can (in the case considered) be interpreted as that of light.

§4. Proof of the theorem
A complete proof of the theorem of the last paragraph cannot be
given on account of its length: but the following should serve to
indicate the method adopted.
Ignoring the multiplicative constant —e/e, we have to show that
the vector defined by

& oQ
=i 1 bl 4.1
Pu E:L'P[ o8 (aT )] LS
satisfies the partial differential equations

§Bbap G b =0, (4.2)
H — constant. (4.3)
P
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This may be done by direct substitution of (4.1) in the last two
equations, making use of the results of § 2, namely,

Q,Q = K(1—@2), (4.4)
and Q.= —Kg,, Q. (4.5)
A certain confusion may arise on account of the fact that @ is

a function of both the 2/ and of 7, where 7 itself is a function of the
2" defined by the equation 0—1. (4.6)

Covariant differentiations of @ with respect to the ' which treat
= as a constant will be denoted by the simple addition of suffixes.
Thus Q

o (v constant).

Q_

Q?' (243

(‘ovariant differentiations which treat = as a function of the @7 defined
by (4.6) will be indicated by the bracketing”of the corresponding
suffix ; thus

@
- not constant
Q(#) 6’:{7# ( )
Q) T
Hence Q”ﬂ Q#'i‘ 8? —
= Qut+ Qi (4.7)

where the suffix 7 denotes partial differentiation with respect to =
With this notation we have to show that the vector ¢, defined by

9‘!);1 —_— QT'(L.-;QT! (4.8)
2 52
where @, = ,{ Q,) = ,( ,Q . satisfies the equations
crttor  orToat
g ﬁ(ﬁp[ﬁ)(s} + G 9'!)5 =0 ('L'g)
and 9"}y (a) = constant. (4.10)

Equations (4.4), (4.5), (4.6) remain unaltered.
Differentiating (4.4) twice with respect to =, we get

Q-rp.Q'u = _}{QQTT (-LI].)
Q@+ Q. QF = —KQQ . —KQZ. (4.12)

In (4.11) use is made of the fact that @ Q¢ = Q*@,,. Differen-
tiating (4.5) with respect to 7, we have

@rpy = — K0, @ (4.13)

70
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Also, differentiating (4.6) with respect to a*, we have
Q(_u.) = UJ
and hence, by (4.7), T = —Q,/Q; (4.14)
Finally, on raising the suffix v in (4.13) and contracting,
QL= —4KQ,. (4.15)
: @

Now 95”(“): qsﬁm"i' _e_‘é.t_c-r&

- (QT’;."{QT)C(_}_(Q'rp:'rlQ‘r)f"-a:' b)’ (4‘8)-
= Q; I(Q‘rﬁ&-}— QTT.U.TO‘.)_ Q:‘z(eru,Q'ra+ QT.U,QTTTQ)‘
On multiplying by ¢g#%, summing for u and «, and using (4.14),
P = Q1 QL — Q@ Q4 Q. 08)+ Q550 0 Q,.
Using (4.15), (4.12), and (4.11) we at once get
9'““‘25;;(«} = — 3K = constant,
so that ¢,, thus defined, satisfies (4.10).

By a similar process, using (2.1) (with »n ==4). and remembering
that we may put @ = 1 after all differentiations have been performed,
it can be shown that the expression given for ¢, also satisfies (4.9).
The work is lengthy, but straightforward if the distinction between
bracketed and unbracketed suffixes is borne in mind.

§5. The case K=10
We now deduce a formula which is valid for a flat space-time,
i.e. a space-time of zero curvature.
Let P be the scalar defined by the equation

P=(1—Q)/K (5.1) ;
= 2sin?(1Kls)}/K. i
Then lim P = 1s |
K—0
=Q, (5.2)

where Q denotes one-half the square of the geodesic distance (in a flat
space) between the points (x') and (T7).

By (5.1), Q=1—-KP, (5.3)
and substitution in (4.4) and (4.5) shows that P satisfies the equations
P Pr=2P—KP? (5.4)

P,,=¢,,(1—KP). (5.5)
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Making A -0, and assuming that
lim (P = —( lim P,
K Cxt ot \ g

we find that the scalar Q as above defined satisfies the partial
differential equations™®

Q,0r =20, (5.6)
QM = Gy (5.7)
Furthermore, (4.6) becomes
Q=0. (5.8)
Also, substituting from (5.3) in (3.5), and proceeding to the limit,
= lim[—eP, /cP
b K---u[ wlePsl
in the notation of § 4.
Hence, for a flat space,
P = —eQ,,[cQ),,
which may be written
e ¢ Q) &
_ — - —_— . . -9
P c oxk I:log or (2:2)

With the help of (5.6), (5.7), (5.8), this formula can be transformed
divectly into (1.6). It has the advantage of being considerably
simpler than (1.6). since its application involves only simple partial
differentiations instead of an elaborate series of covariant differentia-
tions.

Although we have deduced (5.9) by a limiting process from (3.5),
it can nevertheless be established independently by a method similar
to that used in proving (3.5).

Application.
Apply (5.9) to the case in which the co-ordinates are Galilean, that
is, when the metric is given by ,'

ds? = di2— é(dx“rdy‘i%-dﬁ)- !

Then, of course,

0 = 4 (I Fle—BP -T2 |

* These equations are established independently in C hapl':e'r' IT ,'PdPer 4
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5
Hence
eQ eQadt N oQ dz n eQdy  eQdz
ot _TE;{; or dr | of dr oz dr
= —(t—1)ro+ (,—2{(-’1’-*:9)1’1—}' (y—vet(z—2)vs}
=, say.
where v = ] vy = e vy = 4y Vg = He
"Ude Tt de P de P i
Hence, by (5.9),
do=—=  (logh) =2 (5.10)

cat
with similar expressions for ¢,, ¢,, ¢,.
Now r is given as a function of z, y, = by the equation Q= 0,
which gives the familiar relation
t=1—7jc,
vt 7= (@—&)*+(y—§)*+(—2)*

Hence = ~—|: Vo— —{(’t—? +(y—7vat(2 “”)‘e}]

e

.. . dx
Substituting in (5.10), and writing v, = ?: T’ etc., we get
0

dy=—¢/[F— Hw—Dp,+ D, + =2

with similar expressions for ¢,, ¢,, ¢,. This is the classical formula
for the potential of an electron which was moving with the velocity
(v . v.) at the point (Z, 7, Z) at time 7, the radiation then emitted
arriving at (x, ¥, z) at time ¢.

73



CHAPTER W , Paper 4.
GENERALIZED SOLUTIONS OF SOME OF THE
PARTIAL DIFFERENTIAL EQUATIONS OF
MATHEMATICAL PHYSICS

By H. S. RUSE (Edinburgh)
[Received 15 October 1931]

TuE present paper contains an expression in tensor form of some
theorems due to A. R. Forsyth* concerning solutions of the partial
differential equation

VEV 2V = 0, (1)
g . 7l % . .
where V2 is the Laplacian operator — --— --...-- _ _ in n variables,
oxy oxs oy,
1 2 n

and « is a constant. The theorems are given in § 2. Equation (1)
includes a number of equations important in mathematical physics;
for example, if n =4, « = 0 and ¢iv— 1 is written for a,, the classical
wave-equation is obtained.

§ 1 contains some general remarks about the ideas underlying the
subsequent work; §§ 3 and 4 contain the generalizations of Forsyth’s
theorems, §§ 5 and 6 being devoted to proofs.

1. Tensor differential equations

The absolute differential caleulus of Ricei and Levi-Civita has
proved a powerful instrument in the development of a number of
branches of pure mathematics, a fact which suggests the desirability
of developing an ‘absolute integral calculus’. This idea leads one
to inquire whether it is possible to define a unique operation inverse
to that of covariant differentiation. The answer is fairly obviously
in the negative. since an attempt to define such an operation leads
almost immediately to the necessity of solving partial differential
equations.

The most fruitful way of beginning the development of an absolute
integral calculus would therefore seem to be to study tensor dif-
ferential equations and their solutions. Perhaps the simplest of such
differential equations are those involving the tensor generalization
of the Laplacian operator V2, the easiest method of finding solutions

* Messenger of Math., 27 (1897), 99.

0.
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being to express in tensor form solutions already known for the non-
tensorized equation. This is in effect the method adopted below.

The method has, however, certain serious limitations. The expres-
sion of formulae in tensor form implies the introduction of an asso-
ciated riemannian geometry, and therefore the selection of an
appropriate metric. As a rule it is necessary in the first place to
choose the metric of a flat space, further investigation being required
to show whether the solutions obtained are valid in a non-flat space.
This investigation is often a matter of no little difficulty. Indeed, in
the case of the theorems of the present paper, it has been possible
to obtain results only for flat spaces and for spaces of constant
curvature.

The difficulty arises in this way. In the differential equation
V3V +®V = 0 the variables are assumed to be rectangular cartesian,
the associated metric being therefore defined by

ds? = dai-dai+... - da.

Now rectangular cartesian coordinates are a special case of the so-
called normal coordinates of general riemannian geometry. But if
ds* = g, datda” defines the metric of a general riemannian space, then
the Riemann-Veblen normal coordinates (y*) (which in a flat space
are cartesian. though in general non-rectangular) are defined as
functions of the coordinates (z#) by the equation®

Yt = —.fi*“’?—. ;

ax?

where € is one-half of the square of the geodesic distance between
a fixed point (##) and the variable point (x#), and §* is the value of
gt at (7). Consequently any generalization to tensors of a solution
of the given partial differential equation will almost inevitably in-
volve the derivatives of the function Q) thus defined. Now in the case
of a flat space this function possesses certain very simple properties,
similar ones being enjoyedf in a space of constant curvature K by
the function @ = cos(2KQ):. But no such simple properties appear
to exist in the case of a general riemannian space, and hence arises
the difficulty of obtaining completely generalized solutions of the
differential equations.

¥ Page 19, Eqpakion (13),
T Chafpir W | Pafuen 3 (Page 6y ot scg,.)

T T
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2. Forsyth’s theorems
The principal results of the paper quoted above may be sum-
marized as follows:
Let p,. py...., p, denote n arbitrary functions of a variable u, subject
to the single condition
PitpiEpi =0, (2:1)
and let » be determined as a function of n independent variables
2y, Xy..... i, by the equation
AU =2y Py Pat o2, P (2.2)
where « is any constant. Let also
1 :3"12'];‘_%_'.1":’.1”;_;_"'-'_'T.'r 1“;!? (2‘3)
0= p®+plt+.. i (2.4)
the accents denoting differentiation with respect to u. Then

I. If f(u) is an arbitrary function of u,

V= flu) (2.5)
is a solution of the partial differential equation
V2V = 0, (2.6)
n s
where, as above. V? is the Laplacian operator ? ol
' : Lo dat

1

I1. If ¢(u) and H(u) are arbitrary functions of u, then

= () L\p(“m) !‘b p(-—iﬁ) (2.7)
a—mn 0
is a solution of the equation
V2V 4T =0, (2.8)

When « = 0 it follows that, if y(«) is an arbitrary function of u,
then 1= y(u)(e¢—n)~! is a solution of V2J = 0, and since this equa-
tion is linear it follows by I that V = f(u)+x(u)(e—nx)~t is also a
solution. A remark similar to this applies to the formulae obtained
below, which are a generalization of T and II.

The truth of the above theorems. the proofs of which are remark-
ably simple in view of their great generality. will be assumed in the
following paragraphs.

3695.3 C

7



18 H. S. RUSE
3. Tensor formulae for a flat space
Let ds* = g, dwtda (3.1)

define the metric of an n-dimensional flat (euclidean) space.* Then
the partial differential equation of which solutions are sought is

gVt =10, (3.2)
f.2].' "l'l'
) b é
where Viv= o — v, o} — .
cxtox? da™

T

Equation (3.2) is a scalar equation, since T'm,
derivative of the scalar V.

Let (##) = (¥, #2,...,&") be any given fixed point of the space and
let Q. as above, represent one-half of the square of the geodesic
digtance between (#*) and a variable point (v#), go that Q is a func-
tion of the 2’s and of the #'s. Let ¢ be the value at (#4) of the
contravariant tensor g, and write QW for grnee€d/or.

Now suppose that p.,, = [pay Py Pon) denotet n arbitrary func-
tions of a variable ». subject to the single condition

is the second covariant

7o iy = 0, (3.3)
(there being a summation with respect to p and v), and let u be
determined as a scalar function of the » independent variables
xi) by the equati
(xt) by the equation an = —Q@p, (3.4)
where @ is any constant. Let also

0= —Qp, (3.5)
and 0% = GHPl Ploys (3.6)
the accents denoting, as always hereafter. differentiation with respect
to u.

Then the following theorems are true:

Turorem A. If f(u) is an arbitrary function of u. then

V= f) (3.7)
is «a solulion of the partial differential equation
gV, = 0. (3.8)

#* No assumption is being made as to the definiteness or mdefiniteness of
the quadratic form in (3.1).

T The sulfixes are written in brackets to indicate that they are not ordinary
tensor-suflixes.
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TueoreM B. If ¢(u) and §(u) are arbitrary functions of u, then
V= (ﬁ(’.‘.‘} (‘_x])(f;’“?) I t/.s(?r) GX]‘J(—{;K??) (3.9)
a—m .y a— %
s a solution of the partial differential equation
y“"]"}w—é— 2V = 0. (3.10)

The proof is simple if it is observed that all the equations involved,
namely (3.3) to (3.10), are scalar relations. Hence, if the theorems
are true for any one system of coordinates, they will be true for all
sets derivable from them by point-transformations. Hence. since the
space is flat, it is necessary to demonstrate the truth of the theorems
only for the case when the fundamental quadratic form is

ds? = (dat)? - (da®)2+ ... (da")?. (3.11)
For this Gor =g =G =" =11 p=v} (3.12)
=0if p 4 v.r
and Q = Y (' —a 2+ (2 —32)2 .. (2" —E)E], (3.13)
whence Q) = GregO) (GF* (p="1,2s:im)
= 6Q)/ean by (3.12)

= — (at—3TH) by (3.13).
So (3.3). (3.4). (3.5). and (3.6) become respectively

Phy Pyt Pl =0 (3.14)

= (@ —T)pg+ @2 —E) Pt @ —FNpy  (3.15)
= @ =)y @2 @)ply ot @ —E)pG,  (3.16)
02 = p3 4Pt (3.17)

and the partial differential equations (3.8) and (3.10) reduce to
V21 = 0 and V2" +«?1" = 0 respectively.

By 1 and 11 of § 2 the truth of theorems A and B is now obvious.
The fact that the differences a'—#!, a?— &2, ete.. appear in (3.15) and
(3.16), instead of simply the a1, 22,... in (2.2) and (2.3), is of no con-
sequence since the &'s are constants and the replacement of the a’s
by the differences x—& amounts therefore to a mere change of origin.

4. Corresponding theorems for spaces of constant curvature
Let now ds* = g, datda” (4.1)
define the metric of a space of constant positive or negative curvature
K. The equation to be solved is still formally the same, namely,
gr*V,,+ K2V =0, (4.2)
c2
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though no point-transformation will now reduce this to the form
V2V iV = 0.

Let s be the geodesic distance between a fixed point () and the
variable point (x#), and let

Q) = cos(K's). (4.3)

It will be convenient to employ this function @ rather than the
function Q = 1s? used in the case of a flat space.

As before, let p,, (x=1,2.....n) be n functions of a parameter u,
subject to the condition

gpv_?}(;;)p(:') =0. (4‘4)
Define u as a scalar function of the variables (x#) by the equation
Q¥p= 0, (4.5)
where QW = GoBsQ/axh.
Bquation (4.5) replaces equation (3.4) of the previous section. Let
alen n=Qpiy, (4.6)
and 0% =GPl Pl (4.7)

Then the theorems to be proved are as follows:
TrreoreM C. A solution of the partial differential equation
gV, =0 (4.8)
is V = f(uw), (4.9)
where f(u) is an arbitrary function of w.
TurorEyM D. A solution of the partial differential equation
gV, 412V =0 (4.10)
8 V=d(u)H(a,b;c;€), (4.11)
where ¢(u) is an arbitrary function of w, and H(a,b;c;€) is any con-
vergent solulion of the hypergeomelric equation

d*H . dH . ;
5(1_5)@ +{e—(a+b+1)¢} 02 —abH =0 (4.12)
e which
a=n—1+{(n—1)2+ 42K -1}}]
b=4n—1—{(n—1)2-+4eK-1}1] |, (4.13)

c=3 =m0k

5. Proof of Theorem C

In the following work ordinarvy subscripts will denote covariant
differentiations with respect to the variables (w#), while bracketed

AL
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suffixes not otherwise defined will represent covariant differentiations
with respect to the #'s. which. though the coordinates of a fixed
point, may be regarded as parameters which enter into the discussion.
Moreover, the operations of raising and lowering suffixes will be
resorted to freely. but it must be remembered that the raising of an
ordinary suffix implies contracted multiplication by the coefficients
g™, while the raising of a bracketed suffix denotes similar multiplica-
tion by the constants g%, Dummy suffixes will sometimes be changed
without comment. Since the 2’s and &@’s are entirely independent of
one another. bracketed suffixes representing covariant differentia-
tions may be permuted with unbracketed. As an illustration of these
remarks the following should suffice:

Q.ﬁ = EQ/ a’lﬁh, Q’\ = g}"u Qpr Qi,\l = @) &T, Q{A] — -(J-'AF (‘)[ﬂ"

@), denotes the second covariant derivative of ¢ with respect to
the a's,

) = 8Q /68— M. Q... where the Christoffel symbol is

(N (B W (a0 ;
evaluated at (). and

Qxw= Qun= *Q/ox oz,

We first observe, then. that ¢ satisfies the identical relations®

Q'Q = K(1—@2), (5.1)
Qu = —Kg,,Q, (5.2)
whence, raising the suffix v and contracting,
Q= —nKQ. (5.3)
Differentiating (5.1) with respect to #* and raising the suffix («),
0 = —KQQ©, (54

since @@ = Q. Differentiating again (covariantly) with re-
spect to ## and raising the suffix,
QLA - PP = — KQUQB - KQQ®. (5.5)
Since @ by its definition is unchanged when the x's and &'s are
interchanged, it follows from (5.2) that
Qg = —KJop@Q-
s0, raising the suffixes,

QB = — Kg*BQ, (5.6)
whence QB = — KG*hQ;y. (5.7)

* Quart. J. of Math. (Oxford), 1 (1930), 148. (P“'ﬂ" b6 GL,&MJ
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Substituting from (5.6) and (5.7) in (5.5), we deduce that
PPN = KGO\ — K QP K2j*AQ?,

whence, by (5.1),

Q',i‘){t)(’m — K28 K QQ®), (5.8)
Again, differentiating (5.3) with respect to #* and raising the suffix,
Q“’"ﬁ = —nKQw, (5.9)

We are now in a position to begin the proof of Theorem €. Dif-
ferentiating the given relation (4.4) with respect to u,

F* Pl Py = 0. (5.10)
We now show that the scalar » defined by (4.5) satisfies the relation
wyut = 0. (5.11)

For, differentiating (4.5) with respect to a*,

Qpiatirt QP = 0.

SO wyn = — @D (5.12)
where 7 is defined by (4.6). Hence

= — @B, (5.13)
whence ' n® = QPGP g

= K25°Bp oy pip— K QVQPpiy pig),
by (5.8). The first term on the right vanishes on account of the
condition (4.4) imposed on the arbitrary functions p,, and the second
in virtue of (4.5). Hence the truth of (5.11) is established if we
assume, as we must, that the functions p,,, are chosen so that » = 0.
The next problem is to show that
ud =0, (5.14)

A My, the suffixes as usual denoting covariant dif-

where uy =g’
ferentiations.

Differentiating (5.12) covariantly with respect to a#, raising the
suffix and contracting,

win -+t = — QN piy— @ P
= nKQWpy+ GXQP iy pgm
by (5.9) and (5.13). By (4.5) the first term on the right is zero, and
by (5.8).
Q‘.\”Q(BMPQ}P{B}_ I"EE(J_'Q’BP:’“:P{,BJ_-K Q['m(\)‘ﬁji“r(mpim =0 (5.15)

by (5.10) and (+.5).

3



ON PARTIAL DIFFERENTIAL TQUATIONS 23
So wn+uynt = 0. (5.16)

But, by (4.6). i " 5
. by (4.6), g = QEAp 4 Qpl . (5.17)

Hence. using (5.11).
= Q@ i, — — QAP i g, by (5.12),
and this vanishes by (5.15). Hence
ﬂ)l‘q’\: 0, (5.18)

whence u} = 0 by (5.16).

The proof of Theorem C is now immediate. For if T = f(u) is an
arbitrary function of «, then

Wy =1 (w)uy, V3 = f"(upd-+f (w)ynruy = 0,

by (5.11) and (5.14). That is, I’ satisfies the partial differential
equation g“FT’}.F —0.
6. Proof of Theorem D

The equation to be solved is

Vi4-i2V = 0. (6.1)
The scalar u is defined as a function of the a’s by
Qpy =0, (6.2)
where 7Bp P = 0; (6.3)
whence, as above, 7*Bply g = 0. (6.4)
Differentiating the last equation with respect to u, we obtain
7Pplopp = —§**pimpip=—0% (6.5)
where 6 is the function introduced above in (4.7). Also, we have
already defined ; 5
already definec 1= Q. (6.6)

For the purpose of the discussion it is assumed that the arbitrary
functions p, are so chosen that neither of the quantities £, 5 is zero.
Now assume V = f(u,n)

as a solution of (6.1), where f is a function of u and 7 to be deter-
mined. Differentiating with respect to 2!,

V= fun+Fym
where the suffixes v and 7 denote partial differentiations of f with
respect to w and 7 respectively. Differentiating the last equation
covariantly with respect to a#, raising the suffix and contracting,

A AL Of A A
I i — fuuﬂa\ﬂ”\ +fu”‘z\":’_ '?‘.funuﬂn}' ‘Ffm;a;"h\’I _:—fnn)\’

2.
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50 by (5.11), (5.14), and (5.18).

]; ljmﬂr‘n.r\ 'i"'fnni' (67)
Now multiplying (5.17) by 7, and using (5.18),

= @M Pl
But by (5.17),

‘rh = Q“&J}J{ﬁ -1 Qﬁp[ﬁ}u\ (68)
80 ,? = JiulﬁQtﬁi Play P:,S; Q(\}.J;\Qf,&}p;ﬂ PEBJ""‘A
= QMMQ:ﬁJI)ra)f’{B: Qf“”\Q‘B’Qi”’P:m23{"3;1?:?)71'1= by (5.12),
= Q(“}"Qtﬁ}{ﬁfoc; Pg— @Vl P:B)P(”y)’?_'},
by a change of dummy suffixes in the second term. Putting in the

value of Q(“’)‘fo’ obtained from (5.8), multiplying out and using
(6.2), (6.3), (6.4), (6.5), and (6.6). we get
7 = K20°— K72 (6.9)
It is now necessary to evaluate #{. Differentiating (6.8) covariantly
with respect to a#, raising the suftix and contracting,
"?A_ QBn }:”g -+ )Q‘ﬁ‘pﬁ wr - QB! (U ——Q'ﬁ’j;tﬁ u\
= —nKQPpig+ ")Q,{QJMBF"' )
by (5.9), (5.11), and (5.14). Inserting the value of #* obtained from
(5. 13} and using (5.8). we get
B=—n I&Q(‘B)Prﬁ:_ 2K ff BP(a)Ptﬁ:"? 14+ 2K QQPy PPy
= —nKn+2K%0%) (6.10)
by (6.6), (6.5), and (6.2). Hence, substituting from (6.9) and
(6.10) in (6.7) we deduce that
A= (K202 — K3, .+ (2K~ 1—nKn)f,. (6.11)
Hence, if "= f(u,n) satisfies the partial differential equation
(6.1), f must satisfy the partial differential equation

2 K202
(K22 — qu’) f (““’ K )f k2f = 0. (6.12)
L
Putting for convenience
Ke2=h2,  2K-1=), (6.13)

this becomes j f
(h*— ) + (%2 m?z) LA = 0.
Since only derivatwea w:t-h respect to 7 appear in this equation,
u may be treated as a constant in integrating it. Noticing that A is
independent of 5, introduce the new variable & defined by
=", (6.14)

33
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and (6.12) reduces to

a8 (8 mlN\of A, 6.15
a8 et =0 (6.15)

Writing this in the form
(1 —-5)%j—-,"r.-—((f——b.—l}._f}%_abfz 0, (6.16)
so that c=13 a-+b-+1=Lnt1), ab = —I\% (6.17)
it is evident that [=du)H(a,b;c;€). (6.18)

where ¢(u) is an arbitrary function of », and H is any convergent
solution of the hypergeometric equation. Putting the values of A, %
given by (6.13) in (6.14) and (6.17), and solving the latter for a and
b, the truth of Theorem D becomes obvious.

7. Conclusion
In Theorem D consider in particular the solution
V= (u)F(a,bie:€) (7.1)
where F' is the hypergeometric function, convergent when &| < 1.
Make K — 0, so that the space tends to a flat space. By (+.3),
) = cos(Kis),
hence QK- = —sin(Ks)s WK~ - —gs® = — Q) (7.2)
since by definition Q = 1s%. So dividing (6.2) by K, the relation
defining « as a function of the 2’s becomes
Qdp =0, (7.3)
which is the same as (3.4) with ¢ = 0. Moreover, it is a matter of
mere algebra to show that
F(a,b;c:€) — (8/xn)sin(xkn/8), (7.4)
where n now has the meaning it had in § 3, namely, n = —Q®p(.
So, since 0/ is a function of « only, it may be absorbed into the
arbitrary function ¢(u), and the solution (7.1) thus tends to
V = d(u)y~'sin(xnd 1), (7.5)
which is obviously in agreement with Theorem B.
Similarly, it can be shown that the complementary solution
V=d)é)"Fla—c+1,b0—c+1;2—c;€) (7.6)

tends to the form V = y(u)n=1 cos(xnf-1), (7.7)

where y(u) is arbitrary.
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VI.—On the Definition of Spatial Distance in General Relativity.
By H. S. Ruse, B.A.(Oxon.).

(LS. received October 15, 1931, Read November 2, 1931.)

IN a recent paper,* Professor K. T. Whittaker discussed the problem of
defining, in a general riemannian space-time, the concept of spatial
distance between material particles. It is the object of this paper to give

an alternative definition, and to compare the new formula with that of
Whittaker.

§ 1. WHITTAKER'S DEFINITION OF SPATIAL DISTANCE.

It is pointed out in the above-mentioned paper that if an observer O in
a general riemannian space-time makes an assertion regarding the distance
from himself of a particle S, he is really stating a relation between the
world-point of S at the instant when light left it, and his own world-point
at the instant when the light arrives. In other words, he is giving a
relation between two world-points which lie on the same null geodesic.
It is indeed obvious that, if O is to measure the “ distance ” between him-
self and a distant point S, he must be able to see S; that is, O and S must
lie on the world-line of a light-pulse, which is a null geodesiec.

Now astronomers sometimes determine the distance of a star from the
earth by finding the square root of the ratio of its absolute brightness to
its apparent brightness. The geometrical statement of this fact consti-
tutes Whittaker's definition of spatial distance, which may be expressed
as follows :—

The spatial distance between a star S and an observer O (on the same
null geodesic) is proportional to the square root of the two-dimensional
cross-section made by a thin pencil of null geodesics, with vertex S and
passing near O, on the instantaneous three-dimensional space of the
observer.t

The definition is further particularised by requiring that when O and
S are near one another the “ spatial distance” shall reduce to the element
of length at O of the instantaneous three-dimensional space.

* Proc. Roy. Soc., A, 133 (1931), 93.

+ The instantaneous three-dimensional space of the observer consists of those world-
points in his immediate neighbourhood which he regards as simultaneous. Geometrically,

it is a small portion near O of the hypersurface formed by the geodesics through O which
are perpendicular at this point to the observer’s world-line.

35



56

184 - H. S. Ruse,

It is shown that an application of this general definition to the space-
time of constant curvature —1/R? specified by
ds? _du® —da® —dy® = d* | (udu - zde - ydy — 2dz)?

Ly .. -

BT 14algy? e -t (L+a? g 422 —uf)t

leads to the following conclusion :
The spatial distance between a star whose world-coordinates are
(w, x, y, z) and an observer whose world-line is the geodesic x=7, y=7,

z=7Z where 7, 4, 2 are constants, is

‘ R si
(1.2) .
cos (o +p)
where
1+ @4y + 22 }
=arceost, TSI 0«
E {(1+x‘-’+y=+z‘3)i(l +at+ g+ 220 Dspen)
and
i w ) ( ™ 'rr)
o=are siny ——— % —SZo<-
\AFa2+ 2+ 2R/ 357535

the radicals being taken positively. Substitution of these values of p and
g in (1.2) gives

R(1 + Se2)H{ S — 2)? + 3(y7 - 72)°) ¢
(1 +Zaz)(l — u® + 302t — u{Z(w — &) + Z(y7 — §2)*} ¥
the summations in each case being for z, y, z; so, for example, Zz* denotes
2P 420

(1.3) . . A=

§ 2. SpaTIAL DISTANCE IN GALILEAN SPACE-TIME.

In restricted relativity, if an observer O is at the point (7, 7, 2) with
respect to a galilean frame of reference relative to which he is at rest, then
his distance from a star at the point (z, ¥, 2) is f
21 . .. L A={(z—@+ -7+ (-2
Suppose that his measurement of the distance is made at time 7, and that
the light from the star which reaches him at this instant left it at time ¢.

Then, as is well known,
@2) . .=t {e- Dt -9 =D
the velocity of light being unity.

In geometrical language the above statements may be expressed as
follows. If
(2.3) . ; : : ds® = di® — da? — dy® — d=*
defines the metric of space-time, and if the world-line of the observer O is
the geodesic z=7, y=14j, z=3, where 7, 7, Z are constants, then the spatial
distance between a star S at the world-point (¢, z, v, z) and the observer is
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given by (2.1). If at the instant of making the observation the world-
coordinates of the observer are (7,7, 7, ), then the relation between them
and the world-coordinates of the star is given by equating to zero the
geodesic distance (interval) s between (I, 7, 7, ) and (¢, =, y, 2), thus
expressing the fact that the two points lie on the same null geodesic. But
@4H - . E==iP- (-2 - (y-9)- (-2}

so s=0 gives

(2.5) . c t=t= (-2 (y -9+ (-2

The negative sign must be chosen since we are dealing with rays of light
from the star to the observer (so that i>£), and not vice versa.

Any definition of spatial distance in a general riemannian space-time
must reduce to (2.1) when applied to the above particular case, which will
be referred to as the “fundamental galilean case.”

It may be remarked that the corresponding formula for an observer
who is moving relative to the given system of reference may be obtained
from the above by applying an appropriate Lorentz transformation.

§ 3. A DEFINITION OF SPATIAL DISTANCE.
Let

@1 . . ... dst=g, do da’

define the metric of space-time in terms of a coordinate system
(0, &', 22, a*) selected by an observer O.

It will be assumed that the quadratic form on the right-hand side of
(3.1) is indefinite and of signature —2; that is, that it can be reduced
by a real point-transformation z*=a#(£") to the form

(AdE0) — (M) — (\ydE%)* — (A dE%)%,
where the \'s arve real functions of the £s. It will be seen that this
assumption involves no real loss of generality. It will be convenient to
use the symbol ¢, defined by
@2 . . . . {2211 $Z?13}
Let the world-coordinates of the star S be (2*)=(2° 2%, 2% #°), and those
of the observer be ()= (7% &, 7%, #°). Then, if Q denote one-half of the
square of the geodesic distance between (2¢) and (@*), the fact that these
two points lie on a null geodesic may be expressed by the equation
G3) . . . . . . @=0

Let ~ be the proper-time of the observer at the point (##). That is,
let + be the length of the arc of his world-line (a geodesic) measured from

87
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some given fixed point on it to the point (7). Then each of the &'s is a
function of +, say

G4 . . .. ae=a(n),  (51=0,1,23)
while by (3.1),
(3.5) . o " . . drs = _fj,-rm, olm (E.:'!",

where J,, is the value of g,, at (7). Moreover, since in a space of four
dimensions «? geodesics pass through any point, equations (3.4) will
involve three given constants which may be eliminated, so that = is
expressible as a function of 2° 2, 72, 73,

Let
dir

(3 [;:} & s s i v = d‘i“

(P*:O) 11 21 3)

be the contravariant components of the unit vector in the direction of the
tangent at (@) to the world-line of O. That Jr is a unit vector follows
from (3.5), which gives

G - . Gulmk=l

It must be observed that the f* are each functions of =, and therefore of
o, 7 i, 0B

It will now be shown that the observer can set up a system of reference
with his world-point (##) as origin such that

(i) the “coordinate-axes” are geodesics which are mutually perpen-
dicular at (i), one of these axes being his own world-line ;

(i1) the corresponding coordinate-system * (4%)= (5% »', % #°) is such
that the four-dimensional distance (interval) from the origin to
the point (%) is [(1)2— ()= (2= ()2

(iii) in terms of the new coordinates the equations of the geodesics
(and in particular of the null geodesics) through the observer’s
world-point are linear.

This system of coordinates is the nearest approximation to a galilean
system that can be obtained in his curved space; in faet, in the case when
space-time is flat, (»°, »', 4%, »°) are nothing other than the galilean co-
ordinate-system (%, @, ¥, z), with respect to which the observer’s world-line
is #=0, y=0, z=0. Now in the galilean case the four-dimensional
distance of (¢, @, y, 2) from the origin (0, 0, 0, 0) is (£*—a*— > —2z)}, and
the spatial distance is (2®442+2%t It will therefore be argued that a
reasonable definition of spatial distance in the more general case is

* The #'s are in fact a particular set of Riemann normal coordinatez, Systems of this
type have recently been employed by T. Y. Thomas, Proe. Nat. dcad. Sex., 16 (1930), 761.
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{(M*+ 2P+ (%)%, and it is shown that, in terms of the original co-
ordinates (), this formula can be expressed in a very simple form.

Moreover, since the null geodesic joining the world-point of the
observer to that of the star has linear equations in the new coordinate-
system, it is a straight line relative to this system. The formula for
spatial distance determined by this method will therefore be one which
allows the observer to assume that a light-signal received from the star
travels in a straight line.

But this is precisely the principal assumption made when astronomers
determine the distance from the earth of the nearer celestial objects by
parallax-measurements,® a fact which suggests, though does not prove,
that the new definition may provide a general formula for spatial
distance as determined by the measurement of parallaxes.

Suppose then that the observer selects at his world-point () a set of
four mutually orthogonal real directions, the unit contravariant vectors in
these directions being i, [/Ji*, ,i*, Jh*, the lower index specifying the
vector, the upper being an orvdinary tensor-suffix. The superposed bars
indicate that each of the sixteen A's is a function of the #*. These vectors
will be denoted by the single symbol i*, where the lower (Latin) index
specifies the vector and the upper (Greek) index the component of the
vector. Repeated Greek suffixes will indicate, as above, summations from
0 to 3, but repeated Latin indices will not indicate summations unless
preceded by the symbol X.

Suppose that the observer selects these directions so that
(3.8) . ; SR ‘ . gle=1e,

while /%, Jh#, Ji* have any values consistent with the orthogonality con-
dition. Let

(B9 . .. =G

That ,* are unit mutually orthogonal vectors may be expressed in
the form

(3.10) . . . Jr=eg 8y  (a,0=0,1,2,3)

where e, is defined by (3.2) and §,=0 or 1 according as a=+b or a=0.
Moreover, it is easily shown + that

3
GBIy . . o s i 2t ol =g
a={

Now let (y*)=(y" y% y% ¥*) be the Riemann-Veblen normal coordin-

#* Eddington, Mathematicul Theory of Relativity (1924), 163.
+ See, for example, Eisenhart, Riemannion Geometry (1926), ch. iii, (29.3).
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188 H. S. Ruse,

ates * having (7*) as origin. These are defined as functions of the original
coordinates (2*) by the equation +

312) . . . gr= e (20,1, 2, 8)

where Q, as above, represents one-half of the square of the geodesic dis-
tance between (i) and (2*). For the moment Q is not zero, since the
x* are being employed as current coordinates instead of as the world-
coordinates of the star.

In the fundamental galilean case,

0= J(t- D - (-3~ (y - (- DY,
=1, =g2="=—1, gw=0ifufr, 50
Y= —30/pl=t-1

and similarly yl=2 -3, y*=9—j, ¥*=2—7. Hence in this case the transference
to normal coordinates reduces to a mere change of origin withont rotation.

Expressed in terms of the new variables, the equations of any geodesic
through (#+) are of the form
(G13) . . . . ge=ars,  (u=0,1,2,3)
where s is the length of its arc from the origin (y*)=0 to the point (y*),
and the constants a* determine the direction of the geodesic. In fact

dyr (d.w)

B 5 w3 & w=m={T2)
dae
ds

where (‘%—%) is the value at (i) of
: 0

particular, the observer’s world-line has the equations
(3.15) . : : . yr=lkrs, (p=0,1, 2, 3)

for the geodesic in question. In

It should be noticed that, in terms of the new coordinates, the equations
(3.13) of the geodesics through () are linear.

By (3.14), ) el
Y O A=y, R;)n d?)o

\
=1 by (3.1).

So, multiplying by s* and using (3.13), we deduce that the square of the

four-dimensional distance from the observer of a star whose normal world-

coordinates are (y*) is given by

(3.16) . : 7 ; ; L= Yty

# Veblen, Invariants of Quadratic Dyfferential Forms (Camb. Math. Tract No. 24, 1927),
ch, vi.

+ Ruse, Proc. London Math. Soc., 32 (1931), 90. ('Pagy— g, &V,._w(:m. 13, albroe ) -

9%



Definition of Spatial Distance in Ceneral Relativity. 189

Now transform to the coordinates (5%) = (5%, #', »% #°) defined by
317 . . .. =gy (a=0,1,2,3)
In terms of these the equations of the geodesies remain linear, and the
observer’s world-line (3.15) has the equations
7= -::’".'1 hon 85 (=0, 1, 2, 3)
or, using (3.8),
= nzi;p n;.-:,# 3,
whence, by (3.10),
nt=e, 8“0 8.
So, putting =0, 1, 2, 3, the four equations of the observer’s world-line
are
(3.18) . 2 . og=s, =0, 52 =0, ¥ =10,
His world-line is therefore the “j;‘-axis of coordinates,” just as in the
fundamental galilean case, with the observer’s world-point as origin, the
t-axis is the world-line of the observer. Since the observer recognises the
direction of his world-line as the time-direction,® it follows that he will
regard ', o 5 as spatial coordinates. Now

3
(?!0)2 o (,}1)2 i (.qﬂ)? - (7}:;)'2 - 230 (.qa)ﬁ
=0

3
= Zea a’;‘# a}i'v ¥y by (317)

=0
=gu y* ¥ by (3.11)
it by (3.16)

So, in terms of the coordinates (3%), the square of the four-dimensional
interval between the star and the observer is '
(319) . .. =l R R

As stated above, in the galilean case in which the observer is at the
world-point (0, 0,0, 0) and the star at (¢, x, y, z), the square of the interval is

fJQ — :?/2 L

and the “spatial distance” ¢ from the star to the observer is defined by
=0+ g+ 2

So, in the more general case we define the spatial distance § by the

equation

(320) . . .. @RGP

¥ Tt is necessary to assume that he measures time by a clock in his possession, so that
the physical time is identical with his proper-time =,

q/ |
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Hence

)
B = D (4 ()"

=1
= — 5’2-—;—(1;”}: 1'}}-’ f%‘.g)
We can now use the fact that the star and the observer lie on the same
null geodesic, so that s=0. Hence ¢ =(5")* and therefore
(3.21) . . . .. d=—y
the negative sign being chosen since in the fundamental galilean case
Bw=t—iand <l So
d= =l y» by (3.17)
= = £ Y by (3.9) and (3.8)
by (3.12)

R .
= Gy G £ F5a

since §,, 7** is equal to the Kronecker symbol ¢".
Hence, by (3.6),

(B:32) . . . . . . E=l0E

Since ) is a funection of the world-coordinates (2#) of the star and of
the world-coordinates (7) of the observer, it is, by (3.4), a function of the
x* and of the observer’s proper-time +. So, by (3.22),

o 082
8= =

We can therefore finally frame the following definition of spatial dis-
tance in a general riemannian space-time :

The spatial distance between « star at the world-point (x*) and un
observer at the world-point (x#), these points being on the some null
geodesic, is
B3 . « . . & . =12
ar
where (1) Q is one-half the square of the interval between (x*) and (%+);

(ii) -+ 8 the proper-time of the observer at (x*):

(iii) one of the variables may be eliminated, ufter perforining itle
differentiation required by (3.23), by means of the equation
Q=0.

It must be remembered that in solving the equation Q=0 for one of
the variables, the sign of the radical which in general appears must be
determined from the consideration that the light travels from and not fo
the star.
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In the fundamental galilean case,
de? =di? — du? — dyy® — 22,
the star is at (¢, z, , z) and the observer at (4, 7, 7, Z) where &, j, Z are constants ; so
dr?=dit? — dz? — dif* — dz2

—=di*

and we may therefore take r=17. Then

20 (f =T = (0 —F) — (y—§)* = (e — 2
=(t=1y = (=3~ (Y- 9P - (- 2)?

Hence
&=00/or
=—(t—7).
The equation Q=0 gives
t—r= (0= B+ (-G + (- D)4,
and we cheose the negative sign since r=i>1,
Hence
B={(c=DF+ (= (=P

§ 4. ComprarisoN witH WHITTAKER'S FORMULA.

We now apply the formula of the last section to the de Sitter world,

whose metric in Beltrami’s coordinates is given by (1.1), namely
ds®  du? - da? - dy? — dz? (ﬂdﬂ ada — ydy — zdz)?
(41) - ’ RET 1+3:2+3'/2+22—u3 (1+22 492+ —u?)? "
Suppose the star to be at (u, «, ¥, z) and the observer at (z, #, 4, =
where #, i,  are constants* and @ is a function of the observer’s
proper-time +. Then+

L
bt

(4.2) . . 20 = R*arg cosh Q)2
where

o 1+ &@ + yif + 75 — ud _

R e otk o L1 SR S/ R T L
So

8 =0cQfer
_ R? arg cosh Q 8Q di
TR =1) od dr

lim arg cosh Q

The equation Q=0 gives Q=1. Since | (Q’ ])i =1, we get

200 dii
(4.3) . . . . . Le=R 5

* ©=7F, y=7, x="xare then the eqnatmne of a geodesie, since the equations of geodesics in
this space are all of the form w=au+b, y=au+l, z=a"u+1", where the «’s and b’s are
constants.

+ Whittaker, loc. ¢it., equation (4).
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Now by (4.1),

dr? _ dii® 3 wdin®
R 1+ 4gt+22—a2 (1+22 42+ 22 —a?)

whence
do_11+7+P+2 -
dr 1L (1 +72 4 242t
Also
ol i1 +an 4y 422y — u(l + 324 2432

d_

o0 (a4 92422 =) (1 4 a2 4 2 4+ 22 — )T
Substituting in (4.3) we get
b_ a(l + Sk - u(l + 3i®)
R (1+3a?)¥(1 —n2 + Zat}(1 — a2 + St
the summations being for @, %, 2. From this # (say) may be eliminated
by means of the equation Q =1, which gives

(4.4)

u(l + ) + (1w Sa?H 3o — )2+ 32 -

I 4 Zr®

(45) . . a=

Now compare this formula for ¢ with the formula for Whittaker’s
spatial distance A. Referring to (1.3), it is easily seen by the use of (4.5) that

(6) . . . ?= u(l + Zee) - (1 + 3a®)

2 (1 +Sa?)H(1 - @ + SE(1 — ud 4 S

A comparison of (4.4) and (4.6) shows that in this special case the
formula for A may be obtained from that of § by interchanging the
observer’s and the star’s world-coordinates, and altering the sign.

In terms of the quantities p and o appearing in (1-2), equation (4.5)
may be written

(4.7) . . . . L= (143 sin (o +p),
and it is easily shown that
(48) 85=Sin p.

B coser

This may be compared with (1.2), namely

A sinp
R cos(o+p)

§ 5. SPATIAL DISTANCE IN THE DE SITTER WORLD WHEN THE MEeTRIC
IS GIVEN IN THE STANDARD For.

The more usual form of the metric of the de Sitter world is

Gl .. d32=(1 - *;;)dzﬂ- l_d’_]- Y262 - 72 sin? 612,
- RE

o |

X78
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This is derivable from the form (4.1) by putting *

#=2(R* - 22~ gin 4 cos ¢ sech (¢/R)
(5.2) . . Jy= 7(R% = »%)~k sin 0 sin ¢ sech (7/R)

z=7(R? - 12)~k cos fsech (/1)

w= tanh (¢/IR).

If (¢, 7, 0, ¢) are the world-coordinates of the star, then of course they
are connected with the original coordinates (@, .7, 7, Z) by relations eorre-
sponding to (5.2): in fact

5.3) . ‘ ' {';:‘:: #(R? — #2)~* sin 6 cos ¢ sech (I/R)
Using this, it is easily shown by substitution in (4.2) that
(5.4) . . . . . 20=R(arg cosh Q)?
where
253 F2\% fis? 3 - i o -
Q= (1 —i%) (l = ;_{2) co:shT +%{cos€cos 0 +sin fsin 6 cos (b — $) },

the star being at the world-point (7, », 6, ¢).

Suppose that the observer is “at rest” at the spatial origin; that is,
suppose that 7=0, an assumption consistent with the requirement that
the observer's world-line shall be a geodesic. By (5'1) his proper-time + is
then given by

drt=de?
so we may take
(5.5) . . . . . . =1
Hence
(5.6) t):(}—?&)&coshﬂ—T
. ' ' ) ) T R? B
Now
3 =20/0r
SR%Q/or
as above ; so by (56),
(5.7) . By ; 5= R(l o ;{‘3) sinh T_}_{_f

Making use of the fact that Q =1, which gives
=1 g2\t
oosh T3 =(1- 55)
and therefore

sinh 7= tﬁﬂ(l - i)_i
R R R/

we at once get
(5.8) . i 5 # o : d=19n

* Whittaker, loc. eit., 96, and Hddington, Mathematical Theory of Relativity (1924), 161.
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Hence:

The coordinale r measwres spatial distance from the (spatial) origin
according to the definition of this paper.

It is interesting to compare this with Eddington’s remark that “in so
far as the distances of celestial objects are determined by parallaxes or

parallactic motions, the coordinate » will agree with their accepted
distances.” *

To find the formula for A corresponding to (5.8), it is necessary to sub-
stitute from (5.2) and (5.3) in (1.3). Since we are assuming =0, we get
by (5.3) !

(#=g=2=0
R )

SO’ by (1‘3)!

R(1 + 23-‘%*(2;}’2)’}
(1 — u2 4 S — q(Sat)¥

Substituting from (5.2), we get

R (R +# tanh (1‘;]’)}
T (R2— 22\ R - » tanh (¢/R)

This therefore is Whittaker’s formula for the spatial distance of a star
from the origin in the de Sitter world.
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