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Lay summary

It is well-known that a vast amount of natural, scientific, and technological phe-
nomena in mathematical terms are modeled by problems involving partial differ-
ential operators. The systems which are being studied, in many cases have an
intrinsic structure, the simplest of which being a certain pattern repeating itself
periodically. One then naturally thinks about the given pattern as a building
block of the entire system, and having the way they are arranged (say period-
ically) one can expect to get an information about the behavior of the entire
system at larger scales. In other words, we are interested in a passage from micro
to macro scales. These type of problems are being addressed by the theory of ho-
mogenization. To have a simple example in mind for such a situation, think about
composites, which have different individual materials as their building blocks. At
larger (macro) scales the composite looks homogeneous, and characteristics of
the individual components are somewhat dissolved into each other by that deter-
mining the behavior of the composite, while at microscopic level one may spot
properties of each component separately.

The thesis is focused on periodic homogenization of Dirichlet problem for el-
liptic operators in divergence form. These type of boundary value problems are
involved in material physics, in particular in linear elasticity and thermics. In
the first part of the thesis we develop a Fourier-analytic framework that enables
us to handle a class of homogenization problems admitting integral representa-
tions of solutions. As one particular outcome of our methods, we were able to
establish for the first time homogenization of Dirichlet boundary value problem
in its optimal form with respect to the speed of convergence. In the second part
of the thesis we study boundary layer phenomenon associated with the Dirich-
let problem. When microscopic scale of the system is too small, solutions to
boundary value problems show strong concentration near the boundaries. This
is called boundary layer phenomenon and is perhaps the most serious obstacle in
the study of homogenization problems considered here. In this regard we study
two main issues. First, we analyze how regularly the effect of the boundary layers
is changing along the boundary, and show that there is a certain regular pattern
for media that have layered structure. Second, we examine how fast the effect of
boundary layers is evolving when we approach the boundaries. Here by a novel
construction we establish that it may take arbitrarily large time for the effect of
boundary layers to regularize.
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Abstract

The thesis studies homogenization of Dirichlet boundary value problems for di-
vergence type elliptic operators, and the associated boundary layer issues. This
type of problems for operators with periodically oscillating coefficients, and fixed
boundary data are by now a classical topic largely due to the celebrated work by
Avellaneda and Lin from late 80’s. The case when the operator and the Dirichlet
boundary data exhibit periodic oscillations simultaneously was a longstanding
open problem, and a progress in this direction has been achieved only very re-
cently, in 2012, by Gérard-Varet and Masmoudi who proved a homogenization
result for the simultaneously oscillating case with an algebraic rate of convergence
in L2

Aimed at understanding the homogenization process of oscillating boundary
data, in the first part of the thesis we introduce and develop Fourier-analytic
ideas into the study of homogenization of Dirichlet boundary value problems for
elliptic operators in divergence form. In smooth and bounded domains, for fixed
operator and periodically oscillating boundary data we prove pointwise, as well
as LP convergence results the homogenization problem. We then investigate the
optimality (sharpness) of our L? upper bounds. Next, for the above mentioned
simultaneously oscillating problem studied by Gérard-Varet and Masmoudi, we
establish optimal L? bounds for homogenization in some class of operators.

For domains with non smooth boundary, we study similar boundary value
homogenization problems for scalar equations set in convex polygonal domains.
In the vein of smooth boundaries, here as well for problems with fixed operator
and oscillating Dirichlet data we prove pointwise, and LP convergence results, and
study the optimality of our LP bounds. Although the statements are somewhat
similar with the smooth setting, challenges for this case are completely different
due to a radical change in the geometry of the domain.

The second part of the work is concerned with the analysis of boundary layers
arising in periodic homogenization. A key difficulty toward the homogenization
of Dirichlet problem for elliptic systems in divergence form with periodically os-
cillating coefficients and boundary condition lies in identification of the limiting
Dirichlet data corresponding to the effective problem. This question has been ad-
dressed in the aforementioned work by Gérard-Varet and Masmoudi on the way of
proving their main homogenization result. Despite the progress in this direction,
some very basic questions remain unanswered, for instance the regularity of this
effective data on the boundary. This issue is directly linked with the up to the
boundary regularity of homogenized solutions, but perhaps more importantly has
a potential to cast light on the homogenization process. We initiate the study of

xi



this regularity problem, and prove certain Lipschitz continuity result. The work
also comprises a study on asymptotic behavior of solutions to boundary layer
systems set in halfspaces. By a new construction we show that depending on the
normal direction of the hyperplane, convergence of the solutions toward their tails
far away from the boundaries can be arbitrarily slow. This last result, combined
with the previous studies gives an almost complete picture of the situation.
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Notation

Here we list some notation and conventions that are commonly used throughout
the text. Notation, specific for a particular chapter or section, will be introduced
as needed.

e (Constants) We denote by ¢, C, Cy, Cs,... generic positive constants that
may vary from formula to formula. These constants are allowed to depend
on problem-related ingredients, however they are independent of varying
parameters of the problem (if any) under consideration. We write = < y
if there are absolute constants a,b > 0 such that az < y < by. Likewise,
we let x <; y if there is a constant as > 0, depending on parameter § and
otherwise considered absolute, for which x < asy. We may also drop the
parameter ¢ in the last notation, meaning that we have a similar inequality
with an absolute constant.

e (Matrices) For a positive integer n we denote by M, (R) the set of n x n
matrices with real entries. Similarly O, (R) denotes the set of n x n real
orthogonal matrices. For a matrix M having dimensions n x p, n,p € N
by M (or M" | if t is in use, and vice versa) we will denote the transposed
matrix of M.

e (Some special subsets of R?) Throughout the text, d € N stands for
the dimension of the Euclidean space R%. By a domain in R we mean
open and connected subset of R?. For a domain D C R? we denote by
dD its boundary. A hypersurface in R? is a (d — 1)-dimensional embedded
submanifold of R,

B,(z) and B(z,r) both denote an open ball of radius r > 0 centered at
r € R

RQ? is the set of all vectors of R? that are scalar multiples of vectors
with all components being rational numbers. We refer to elements of the
complement of RQ? as irrational vectors (or irrational directions if they
have length one).

S¢ denotes the unit sphere of R+,
T? is the unit torus of R?, i.e. the quotient space R?/Z? where Z? is the

integer lattice.

e (Measures and norms on R?) For a vector z € R? by |z| we denote its
standard Euclidean norm. If a confusion may arise, we use ||-|| to denote the
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norm of z. In R% we will be working with the standard Lebesgue measure,
and on smooth hypersurfaces S C R? by default the surface measure would
be the usual one, i.e. induced by the Lebesgue measure of R?. For a subset
E C RY, we may write voly(E) or voly_1(E) if we wish to emphasize the
dimensionality of the measure under the consideration.

e (Functional spaces) Let D C R? be a domain. For 1 < p < oo, and
N € N we let LP(D;R") be the standard Lebesgue space of R¥-valued
functions. We may drop RY from the notation, if the dimension of the
set of values is clear from the context. For k € N by C*(D) we denote
the space of k times continuously differentiable functions defined on D. If
0 < a < 1 then C*%(D) is the subset of C*(D) where the all k-th order
derivatives are a-Holder continuous on D. By C*°(D) we denote the space
of infinitely differentiable functions, and by C°°(T?)-the space of infinitely
differentiable Z?-periodic functions. In the text for k € N, and 1 < p < oo,
W*P(D) denotes the standard Sobolev space with smoothness index k and
integrability index p. When p = 2 we set H* := W*2 and we let HY be
the subspace of H* consisting of trace 0 elements.

The same convention of adding or dropping R" as we have mentioned for
LP applies to all the functional spaces defined above.

e (Miscellaneous) By V we denote the gradient operator, and by dz*, 9,
or 0, we denote the differentiation in z; coordinate.

Throughout the text, if not stated otherwise, we adopt the convention that

summation is taken over repeated indices (Finstein summation convention). For
example, writing a;;b,; will mean ; @ijbp;.
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Chapter 1

Introduction

The objective of the present chapter is twofold. First, it gives the reader a general
idea of homogenization, and then glimpses into the mathematical theory behind
that. Next, it discusses the class of problems addressed by the thesis along with
some motivation and background. The chapter ends by giving an outline of our
main results.

1.1 The idea of homogenization: a prelude

A plethora of phenomena across science and technology are modeled by bound-
ary value problems involving partial differential operators. In many cases systems
under the consideration carry some structure, such as periodicity, almost peri-
odicity, or stationary ergodicity. If, for example, in a presence of the periodic
structure the size of the period is very small compared to the size of a region
where the study is being conducted, then the problem can be seen as an attempt
to determine macroscopic characteristics of the system from the information on
microscopic scales. If the size of a period is too small, then applying numerical
analysis directly is practically out of reach, since then a typical mesh must have
size even smaller than the period, which would result in enormous computational
costs. This raises a need for mathematical tools that would address the passage
from microscopic to macroscopic, bringing us to the realm of the mathematical
theory of homogenization. In brief this theory develops tools for asymptotic anal-
ysis of problems that naturally have widely varying descriptive scales. As we will
see below problems of these type are ubiquitous in nature and technology.

Let us consider few examples to put the discussion on a more palpable grounds.
Perhaps one of the most illuminating and easily described scenarios where the
concept of homogenization appears in a natural way, is the construction of com-
posite materials. Assume we have some given number of components of which we
wish to create a composite. Let 2 be the fixed domain which is to be occupied by
the final material, and for simplicity let us assume that ) is the unit square in R2.
Suppose our goal is to create a uniform mixture out of the given ingredients. This
will mean that if we take a small piece of 2 it should have the same proportion
of ingredients as the entire 2 itself. To achieve this one may take some N € N
and partition € into N? equal squares. Next we put the original ingredients in



a certain configuration into one of the smaller squares and then copy the same
structure into the rest of the squares of our partition. If N is large enough this
construction will to some extent resemble the uniformity criteria we were aiming
at. Also if we let € := 1/N then the material will have a periodic structure with
periodicity € by our construction. We thus have € > 0 as some quantifier of the
mixing process, and taking ¢ — 0 will result in ideal mix of components. We have
that our intermediate composites, determined by ¢, have heterogeneity at scale
e, but if € is small enough the material will be seen as somewhat homogeneous
at unit scales if we zoom out. The problem here is to understand the properties
of the mixture, i.e. the final homogeneous material, given the information on
individual components and the structure of the material (e.g. periodicity in this
case). Now, if € > 0 is small but stays above a certain threshold, say we do not
reach the molecular level, then the intermediate composites can be characterized
by equations of continuum mechanics. This will bring us to the study of certain
PDE problems posed in domain €2, and with an operator depending on €. As our
ultimate goal we will be concerned with the asymptotics of solutions as ¢ — 0.

Of course the range of applications of the theory of homogenization goes
far beyond the studies of composites. To illustrate the wide range of spectrum
covered by the theory we briefly list without further details some small selection
of areas where the theory is used.

The next example is borrowed from the recent book by Chechkin, Piatnitski,
and Shamaev [20]. Consider the movement of a small satellite of Earth; it orbits
Earth, and by the same time is moving rapidly around its center of mass. Apart
from the gravity of Earth the satellite is also subject to some number of weak
forces, such as the magnetic field of the planet, or the pressure of light, etc. For
any small time interval the cumulative effect of these forces is negligible, however
these effects can slowly evolve to something considerable given a sufficiently large
time span. We thus have two very different descriptive scales of the dynamics of
the satellite. On one hand it is the rapid movement of the object around itself,
on the other hand we have a very slowly evolving process that can affect the first
movement. Due to a disparity in the scales we again need an asymptotic analysis,
which is being covered by the theory of homogenization.

Another nice example, considered in [51], comes from the problem of sound
propagation through a liquid populated sparsely by bubbles. Here the sparsity
assumption is incorporated in a fact that the bubble spacing is much greater
than the radius of bubbles, and the aim is to find an effective equation for the
propagation of sound which has wavelength much larger than the bubble spacing.

In his book [8] G. Allaire discusses applications of homogenization theory to
shape optimization problems. These include, for example, problems of finding the
optimal shape of a domain that would be of maximal conductivity, given some
loading conditions.

Continuing on the theme of applications, let us mention a recent thesis [19]
which develops a macroscopic model of low complexity for the ventilation pro-
cess of the human lung, where the ventilation is seen as air transport through
porous medium, and the mathematical apparatus is based on the concept of two-
scale convergence in homogenization. Finally we refer to [24] for applications



of homogenization theory in ocean-atmospheric science, and to [58] for plasma
physics.

Due to the broad range of applications the theory has developed a variety
of ideas and techniques, and currently has a very rich and diverse mathematical
theory. To outline a typical setup of homogenization problems, let us get back to
the search of the procedure addressing the passage from micro to macro scale. As
we have discussed, given some structure, heterogeneous materials can be regarded
as homogeneous at large scales. In other words making the size of heterogeneity
smaller and smaller while preserving the structure in which they are arranged
(say periodicity), amounts to smoothing effects at larger scales, and the problem
is then to describe these final states. To fix the ideas, assume the macroscopic
scale has unit length, and microscopic structure has length scale ¢ > 0, where
¢ is much smaller than 1. Then properties of the microstructure will determine
the effective properties of the macro scale through some differential equation or
system of equations. Suppose the model is given by

Acu(z) = f(x),  weD,

where A, models the microstructure at scale ¢ in domain D, and wu is subject
to some boundary conditions. Now, for each ¢ we let u. be the solution to
the aforementioned problem from some functional space H (which is very much
problem dependent). The following list represents some typical issues addressed
by the theory of homogenization.

e Does the limit of u. exist in some given topology?

e Assume the answer to the first question is positive, and let ug be the limit
in question. Then, does it solve some differential operator?

e Here as well, suppose that the answer to the first question is positive, and
let ug be the limit. Then is it possible to derive some effective estimates on
the rate of convergence of u. toward ug ?

Let us finally mention that arguably the first appearance of ideas involving
homogenization dates back to the work [50] from 1881 by J.C. Maxwell, where
he studied effective conductivity of media with small concentrations of randomly
arranged inclusions. Though the theory has been in development since then,
the term “homogenization” was introduced much later, in 1974 by I. Babuska
[14]. A long list of prominent mathematicians largely contributed to the theory,
including E. De Giorgi, J.L. Lions, P.L. Lions, L. Caffarelli, P. Souganidis, and
there is now a vast literature on the subject. Due to a limited space we have no
chance to list even the portion of it, so our selection is slightly arbitrary. We refer
to monographs [15], [16], [20], [23], and [43], survey articles [17], [26], and papers
[18], [25], [37], and [49] for some nice and diverse mathematics.
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1.1.1 An important example

To give the reader a flavor of the mathematical idea of homogenization let us con-
sider the following simple, yet nontrivial example. The analysis to be presented is
very well known, and can be found in practically any monograph on the subject,
see for example [16].

Assume we are given a bounded interval = (zg,z1) C R, and f € L*(Q). Let
also a(z) be 1-periodic, bounded, measurable function such that a(x) > ag > 0
almost everywhere in R. For € > 0 set a°(x) := a(z/e) and consider the following
problem

— (a°(z)ul(z)) = f(z) inQ, where u. € Hy(Q). (1.1)

This problem models stationary heat conduction in composite material whose
microscopic properties vary rapidly. Here a° represents the thermal conductivity
of the material, and €2 is the domain occupied by the material. The size of 2
defines the macroscopic length-scale of the problem, whereas € shows the size of
heterogeneity of the material. The goal is to freed the problem from e¢.

For u,v € H'(2) define

Clearly a® : H'(Q)x H'(Q) — R is a bounded and coercive bilinear form by means
of which one may write the variational formulation of (1.1) in the following way:

find u. € H}(Q) satisfying a°(u.,v) = (f,v), Yv € HL (), (1.2)

where (f,v) := [, fvdz. Observe that in view of Lax-Milgram’s lemma the prob-
lem (1.2) admits a unique solution u., for any € > 0. Here we will be interested
in the limit behavior of u. as ¢ — 0, and determination of the homogenized
(effective) operator.

By coercivity and Holder’s inequality we have

aol[ul|lze < af (ue, ue) < ||f[[z2luel|ze.

From this, and Poincaré inequality we obtain

[wel a1 2) < Cllf]l 29, (1.3)

where the constant C' is independent of € and f. Since we have a bounded se-
quence in reflexive Banach space we may extract a subsequence, still denoted by
u., weakly converging to some ug € Hj(€2). On the other hand, a(x) being 1-
periodic, implies that a® converges weak™* to fol a(x)dz := M(a) in L>*(Q). Given
these, one may guess that the homogenized equation should read M(a) fQ ugv'dx =
(f,v), for all v € H}(2), however, in general this is not the case!

To find the correct homogenized equation we proceed as follows. Set &° :=
a‘ul, and observe that due to (1.3) we have ||£%]|2 < C||f]|z2. On the other hand
—(&%) = f, therefore ||€%|| 1 < C||f]||z2- Tt follows that there exists a subsequence

4



of £, still relabeled as £°, weakly converging to some element £° € H(2). By
Rellich’s theorem the identity mapping compactly embeds H'(Q) into L*(Q),
from which we get &5 — €Y strongly in L*(€2). Tt follows that

1
as ()

£€—-M <1> 50, weakly in LQ(Q).
a

On the other hand we have weak convergence of derivatives of u. to derivative of
up, hence by the uniqueness of weak limit, from the last expression we obtain

This equality, and the definitions of £, and £° imply

d 1 duo . f
de \M (L) de )
which is the homogenized equation for the limit uy € Hy (£2).
Finally, observe that since the homogenized operator is independent of the

weakly converging subsequence of u., we get weak convergence in H' of u. to ug
without extracting a subsequence.

1.2 The class of problems we study

The thesis is mainly concerned with homogenization of boundary value problems
for divergence type elliptic operators. To motivate the problem, and fix some
ideas let us start by introducing the method of two-scale expansion, a classical
tool in mathematical theory of homogenization.

Assume we have a bounded domain D C R? (d > 2), N € N is fixed, along
with a family of measurable functions A = A% (z) € My(R), r € R?, indexed
by 1 < a, < d and with values in the set of matrices My (R). For each € > 0
we let L, be a differential operator, where the i-th component of its action on a
vector function u = (uy, ..., uy) is defined as follows

(Low)i(z) = — <V-A (g) vu) (z) = —0,. [A;;.f’ <E> axﬁuj} L (14)

1 <i < N. We impose the following conditions:

e (Ellipticity) there exists a constant A\ > 0 such that for any = € R? and
any & = (£*) € R™ one has

1
MG < AT (€] < (€0 (15)

e (Periodicity) A is Z%-periodic, i.e. A(z + h) = A(z), for all z € R, and
any h € Z.



For a fixed f € L?(D;RY) consider the following problem

X

—V~A< )Vua(x):f(x), reD and u® =0, x € dD. (1.6)

3

By Lax-Milgram’s lemma for each ¢ > 0 we have a unique weak solution
u® € Hi(D;RY) to (1.6). Then, standard energy estimates give ||uf||y1(p) <
C||fllz2(py, with C' independent of ¢ > 0. This shows that we may extract a
subsequence from u® weakly converging in H'(D) and hence strongly in L*(D).
The aim is to describe the possible limits (we do not know a priori if there is
only one weak limit as ¢ — 0), along with some error estimates for convergence;
in short we are interested in homogenization of problem (1.6). For that, we will
invoke one of the classical methods, namely two-scale expansion of solutions, the
main idea of which is to attribute the effects that come from rapid oscillations to
a new, independent variable. To illustrate the method, we will mostly follow the
exposition of [16], [7], and [54].

1.2.1 The homogenized operator and some error estimates

Assume the solution u° to (1.6) adimts the following expansion
uf(x) = u’ (m, z) + eu' <:U, E) + &%u? (x, z) + ..., (1.7)
£ € €

where for each k = 0, 1, ... the profile u*(x, ) is Z%periodic in y-variable. We do
not specify any modes of convergence for the expansion, since for now it is formal,
and is only used to guess a reasonable approximation for u°. Looking ahead let
us fix here that the initial terms of (1.7) will be justified in due course.

We will treat € D and y € R? as two independent variables, keeping in mind
that y represents the oscillatory variable z/e, and thus for a function ¢(z,y)
the following differentiation rule will take place Vo(z,z/e) = V,é(x,z/e) +
eV, ¢(z,x/e). With this separation of scales we get a decomposition of the
original operator into

Lo=e2Lo+e 101+ Lo, (1.8)

where

£JO = _vy ’ A(y>vya
Ll = _vy : A(y>vx - V:): : A<y>vy>

Next, plugging expansion (1.7) into (1.6) and identifying powers of £ on both
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sides of the equation, leads to the following cascade of equalities

L()UO = 0,
Lou' + Liu’ =0,
LQU2 + Llul + LQUO = f, (19)

LQU3 + £;1U2 + LQUI = 07

where one can easily compute the solutions to systems involved in (1.9). Recall
that the periodic y-variable lives on T¢, and we solve each of systems in (1.9) in
y, treating  as a parameter. With this in mind, we see from the first line of (1.9)
that «°(z,y) is independent of y, and hence! u°(z,y) = u’(x). Consequently,
from the second system in (1.9) we obtain that u'(z,y) = x*(y)0,,u’(z) + ' (z),
where ¥ = x?(y) € My(R), 1 < 3 < d is the family of solutions to the following
cell problem

v, . B(y) = B, A*° ¢
{ Vy AWV X (y) = 9, A7, ye T, (1.10)

Jra X2 (y)dy = 0.

Using the information we have for u° and !, and writing down the compati-
bility condition for the third equation in (1.9), which in this case will be that the
average of the source term over the unit cell of periodicity of us(x,-) equals 0, we
obtain that u® must solve the following problem

—~V - AV (z)=f, €D and uw’ =0, x € 0D, (1.11)

where A° = A%*8 € My(R) is a constant coefficient tensor determined by

APl = y A% (y)dy + 5 A% )0y, X" (y)dy. (1.12)
In the form of (1.11) we have obtained the homogenized system corresponding
to (1.6). We will call the operator in (1.11) homogenized operator corresponding
to the family of operators {L.}.~o, and will refer to A° as homogenized coefficients.
It can be shown that A is elliptic in the sense formulated above.

Recall that the expansion in (1.7) was formal, and now we proceed to justifi-
cation of its initial terms, showing that u® actually converges to u°. Getting back
to (1.9), from the third equality we have

u*(2,y) = ()0, Ouyu’ (1) — X*(y)0all' (x) + 0(w),

where © = 0%°(y) € My(R) is the family of solutions to another cell problem

1Let us emphasize that at this stage ©® can be any function in z, since it is nothing but
the additive constant that emerges when solving the first line of (1.9) in y. We will get more
precise information on u°, when dealing with the next order approximations in (1.7).
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given by

—Vy - A(y)vy@aﬁ(y) = B — fqrd B*fdy, y € T¢, (1.13)
f']rd @aﬁd?/ =0, ‘
where
B._ poB _ Aa76y7X5 _ ayw(AWXﬂ)-
Set

ré(z) = w(x) — u0(z) — ex ( ) Vi(z) — £20 (g) V20 (2),
and let us choose u'(z) = %?(x) = 0. As we have remarked for u°, these constants
in y play no role, as long as we are concerned with initial terms of the expansion
n (1.7), however in order to deal with higher order terms, they must be taken
into consideration. To proceed we will assume that u°; solving (1.11) is from the
class H*(D).
From the construction above, we easily see that r° satisfies

(f) Vre(x) = f(x), xeD (1.14)
’f’()—g()’ z € dD, '

where HfaHHl(D) < C€||u0||H4(D); and HgaHHl/z(ﬁD) < 081/2||u0||H4(D)~2 With
these bounds at hand, one can see by energy considerations that ||r||g1(p) <
Ce'2|[u°| ga(p). We are thus lead to

Hu —u —5)(( ) vu® < |||l g (py + €2 (f)-VZuO <
H'(D) € H(D)
051/2||U0||H4(D), (115)
which in its turn implies
|[uf — || 2(py < CY?[|u°|| gra (.- (1.16)

Estimates obtained in (1.15) and (1.16) illustrate that the first two terms in
formal expansion (1.7) are indeed valid!

In conclusion, let us remark that for problems with oscillating operator, and
fixed source term, and boundary data, there is a well established theory largely

2The trace space H*(0D), where 0 < s < 1, is equipped with the norm (see [28])

1/2
u\xr
fullsr o) = (mnim //' Lo <x>do<y>) .

From here, one can easily derive that |[u(-/€)||g1/2(op) = O(e~1/?), for € > 0, which we do
for ¢g¢ defined above. Let us also note, that trace spaces are defined under some regularity
assumptions on the boundary, however, for our purposes we may assume that everything is
sufficiently smooth.



stemming from the series of works by Avellaneda and Lin from late 80’s. In
the seminal paper [12] they introduced compactness methods from calculus of
variations into the theory of homogenization, which in particular allowed them
to prove the following result. Assume for £ > 0, u® solves

Lot =0in D and u® =g on 9D,

then for the solution u° of the homogenized operator and with the same prescribed
Dirichlet data g, one has

|Ju® — U0||L°°(D) < Cge, (1.17)

where the constant C, depends on some smoothness norm of g. This result,
which is the concern of Theorem 5 of [12], is established under some regularity
conditions on the problem-related ingredients.

Some important advances in this direction have been achieved very recently.
In particular Kenig, Lin, and Shen [44] proved homogenization results for Green’s
and Poisson’s kernels of the oscillating operator. On other direction, uniform Lip-
schitz estimates of Avellaneda-Lin on solutions to e-problems have been extended
to include the case of almost-periodic coefficients by Armstrong and Shen in [10].

1.2.2 Emergence of boundary layers and related issues

The reader may have noticed that the error estimate obtained in (1.15) is not
really the one that is anticipated from expansion (1.7) at first glance, since if the
first two terms of (1.7) provide a correct approximation to u°, it may seem natural
to expect an error estimate of order € in H'(D). Surprisingly, the e'/2-loss in (1.7)
is generally inevitable, for the reason that the Dirichlet data of u® does not agree
with that of the approximation. Recall that u'(z,z/¢) = x(z/¢) - Vu(x), where
Y is Z%periodic. This means that u' has rapid oscillations along the boundary of
D, forcing u® to concentrate in the neighborhood of 0D. Moreover, since 9D in
general has no alignment with the lattice Z¢, one can not expect these oscillations
to have any periodic structure. This effect of strong concentration of solutions in
the vicinity of the boundaries is referred to as boundary layer phenomenon, and
is a cause of serious mathematical difficulties. The following quote is from the
preface of the classical book [16] by Bensoussan-Lions-Papanicolaou.

“Of particular importance is the analysis of the behavior of solutions near the
boundaries and, possibly, any associated boundary layers. Relatively little seems
to be known about this problem.”

As another way to emphasize the effect of boundary layers, we bring into
attention a result due to Allaire and Amar [7], Theorem 2.3, which states that if
Dy is compactly inside D, then under some regularity conditions on coefficients
A and boundary of D, one has

X

uf (x) — u’(x) — eu' <a:, g) ‘ ‘HI(DO) < Ck,
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where C depends on Dy, but is independent of €. This estimate, which should
be compared with (1.15), shows that indeed oscillations near the boundaries are
filtered out inside the domain.

To handle the boundary layers in general, the obvious thing to try is to in-
troduce some new profiles (correctors) into expansion (1.7) that will adjust the
Dirichlet data of the approximation. To this end we consider a modified expansion
into two-scales as follows

x x x
uf (r) = u’ (:U, —) +e [ul (a:, —) + ull,f(x)} +¢2 [uz (x, —> + uzf(x)] +..., (1.18)
€ € €
where we have the same notation as in (1.7) and the newly introduced terms
satisfy

VAR V@ =0 eeD o
ufl’a(x) = —u¥ (z,%), x € 0D, '
for k = 1,2,... . Here ‘bl’ in the index stands for boundary layers. It can be

observed from (1.18) and (1.19) that each u.° is designed to kill the trace of
the corresponding u* on the boundary ensuring by this a homogenous Dirichlet
condition for the approximations. To see that this idea can actually improve the

approximation, we as before consider the error term r°(z) := w®(z) — u®(x) —
eu'(z,x/e) — euy” (), which now has homogeneous Dirichlet condition on dD.
Then, using the equations in (1.9), and noticing that L.r® = —eLu® + Lou?, one

can easily derive that under the the assumption u° € H?(D) we have
s (z) — u’(z) — eu' (2, x/e) — €ullf(:1:)HH1(D) < Ce. (1.20)

Let us also note that the last estimate combined with

: 1, _
HU;[EHHI(D) < CHublEHHl/Q(aD) < Ce '

implies (1.15) under milder regularity on u". We also refer to [55] for refined error
estimates with more effective usage of the regularity assumption on u°.

Summarizing the observations made above, we highlight two points here.

e For better understanding of problems with oscillating operator and fixed
data, one is naturally lead to the study of problems with simultaneously
oscillating operator and boundary data.

e Any type of improvement in error estimates on account of boundary layer
correctors remain useless, as long as one can not homogenize systems of
type (1.19).

At first sight one may have an impression that problems of type (1.19) should
not be too far away from those with fixed data. However, the main technique
that was available to address problems with oscillating operator and fixed data,
namely the compactness methods of Avellaneda and Lin, had as its starting point
a priori bounds in H! of solutions to e-problem. These bounds are clearly not
available for problems having oscillating boundary conditions, and thus compact-
ness methods break down at the very first step. The case with simultaneously
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oscillating operator and boundary data was a longstanding open problem, and
a breakthrough in this direction came in 2012, when D. Gérard-Varet and N.
Masmoudi [34] proved homogenization result for problems like (1.19) in smooth
and strictly convex domains. More precisely, if we consider

Loaf(x)=0in D and u(x) =g (x, g) in 0D, (1.21)

where g(z,-) is Zperiodic, then there exists a fixed g* € L°>°(dD) such that if
u® satisfies Lou® = 0 in D and has Dirichlet data g*, then

d—1
||’LL‘E — u0||L2(D) < Caf‘:a, Ya € (O, Bd——|—5) .

The result is proved under strict convexity of D, the standard periodicity condi-
tions on A, and smoothness of A, 0D, and g. The following quote from the same
work [34] regards the exponent of convergence.

“The value (d — 1)/(3d + 5) in the theorem comes from the optimization of
several small parameters and hence is not sharp. Finding the sharp rate seems a
very interesting open problem.”

We will address this question later in the thesis. An idea that was introduced
in [33], and developed in [34] by the same authors, was to approximate the solution
to (1.21) near the boundary of D by functions admitting separation of scales in
the spirit of two-scale expansion discussed above. More precisely, we fix x¢ € 0D,
and assume that D lies locally on one side of its tangent plane, i.e. we let
D cC {r eR': (x—m) n > 0} in a neighborhood of zy. Then, in this
neighborhood one tries to approximate the solution u® to problem (1.21) by a
function of the form v (a:, f) Heuristically, plugging such a v into (1.21) and
using expansion of L. as in (1.8) we obtain that v should solve

~Vy AW)Vyleoy) =0, yon> =2, (1.22)
'U(l'(),y) :g('xO)y)v y-n= 0‘5 ’

Note that here x is only a parameter, and essentially we have a problem of
the form
{—Vy -A(y)Vyo(y) =0, y-n>a, (1.23)

v(y) = vo(y), y-n=a,

where a € R, and v, is smooth and Z9periodic. We will refer to systems of
the form (1.23) as boundary layer systems. Regarding this we first need to
understand the well-posedness of the these systems, and next, recalling that y was
representing the oscillatory variable x /e, we should study the asymptotics of the
solutions far away from the boundary of the corresponding halfspace. Let us also
remark that in a passage from (1.22) to (1.23) by fixing a we slightly abused the
notation, dropping the dependence on the position of the halfspace that comes
through zy/e. As we will see in a moment, for a certain class of directions n, the
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asymptotics of solutions to (1.23) depends only on 7, and is independent of the
position of the halfspace, hence fixing a is indeed a valid step.

It was proved in [33] that boundary layer systems are well-posed in the class
of quasi-periodic functions. The next step, namely the asymptotics of solutions
as y - n — 0o, was studied initially by Gérard-Varet and Masmoudi in [33], and
with more detailed analysis by the same authors in [34], and by Prange in [54]. It
is proved that under certain Diophantine condition on the normal n (see Section
1.2.3 below, or Chapter 4 for this condition) the solution to (1.23) converges, as
y-n — 00, to a constant vector field which is called a boundary layer tail,
and this constant field depends upon the normal n only and is independent of a.
As one can observe from the aforementioned work of Prange, the components of
this constant field should be seen as certain ergodic constants that capture the
averaging properties of the problem. Having this information at hand, at the
end one is trying to glue the all approximations by boundary layer systems to
obtain an approximation in the vicinity of the boundary for the original problem
(1.21). For the analysis strict convexity of the domain plays an important role.
It first assures that almost all boundary points of the domain possess a normal
satisfying the Diophantine criteria mentioned above, and secondly, convexity puts
the domain on one side of its tangent planes, and hence makes the approximation
argument by boundary layer systems viable. As a rough summary of the idea
discussed above, one may see the argument from [34] as an approximation of
the original domain by polygonal domains from outside that have some suitable
normal directions for their bounding faces. Then, one tries to transfer the problem
from the original domain to the approximating polygon, where only finitely many
correctors (approximants) should be considered, namely one for each face. Let
us emphasize that this is an ultra-simplified sketch and the detailed analysis is in
fact extremely involved.

From what we have discussed so far, a picture of the verge of our understanding
regarding periodic homogenization of Dirichlet problem for elliptic operators in
divergence form by 2012 was as follows.

(1) (Fixed data, oscillating coefficients) We have a well establish theory
around the compactness methods of Avellaneda and Lin, and a problem is
reasonably well understood.

(2) (Simultaneously oscillating coefficients and boundary data) The
only general result here, due to Gérard-Varet and Masmoudi, proves a ho-
mogenization result with an algebraic rate of convergence.

It is not known what is the optimal rate of convergence. Also, there is no
reqularity theory for the homogenized boundary data, and hence no results
on up to the boundary reqularity for the homogenized solutions.

(3) (Fixed operator, and oscillating boundary data) A result due to Lee
and Shahgholian [46] shows homogenization in this case, but without any
error estimates. It should be emphasized that the simultaneously oscillating
case does not cover this one, since there we do not have dependence of the
coefficients on slow variable, and the only intersection of these two cases is
that of the constant coefficient operators.
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Here we do not have any method that proves homogenization with a rate of
convergence.

(4) (Boundary layer systems) Understanding these systems, as was dis-
cussed above, is one of the key steps toward homogenization of simultane-
ously oscillating case, and the analysis has been initiated by Gérard-Varet
and Masmoudi first in [33], and later in greater details in [34]. Both papers
study these systems under the Diophantine condition on the normal direc-
tion. In particular, the papers establish convergence toward boundary layer
tails faster than any polynomial rate, where the rate is with respect to the
distance of the point from the boundary of the corresponding hyperplane.
Let us stress that having effective statements on the speed of convergence
is vital for establishing error estimates for the underlying homogenization
problem. A refinement in this aspect came with a work of Prange [54], which
freed the analysis from the Diophantine condition, and proved convergence
of solutions toward their boundary layer tails for all irrational directions,
however without any speed of convergence in this generality. The work [54]
also demonstrates that for irrational directions, which are non Diophantine,
convergence toward boundary layer tail can be slower than any power rate.

Here we do not know if the boundary layer tails vary reqularly with respect
to the normal directions. This is another key step for homogenization pro-
cedure of the simultaneously oscillating case, as well as for the regqularity
problem of the homogenized solutions. Also, it is not known if the normal
15 irrational and non Diophantine, is it possible to go beyond power rates
in slow-convergence counterexamples, for instance can we have convergence
slower than a logarithmic speed? Nothing is known concerning the slow-
convergence phenomenon for variable coefficient operators.

The objective of the thesis is to present the developments, a part of which has
been achieved in [3]-[6], which were meant to address the problems highlighted
in (2), (3), and (4). In some of the cases we will give an almost complete answer,
while for some, in spite of a non trivial progress, our understanding is still partial.
In the next section we are going discuss our main results in details.

1.2.3 Outline of the main results

The results of the current work are clustered into two groups, homogenization of
boundary value problems, and analysis of boundary layer phenomenon. We will
start with the first group of results.

Boundary value homogenization

As we have discussed above there was virtually neither a steady method nor a
general tool to address the problems of boundary value homogenization. Aiming
at understanding the circle of problems around boundary layers’ analysis and
boundary value homogenization, in a series of papers [4]-[6], in collaboration
with Henrik Shahgholian, and Per Sjolin we introduced and developed Fourier-
analytic framework for homogenization of boundary value problems in periodic
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setting. This in particular enabled us to handle the case of fixed operator and
oscillating boundary data, as well as to apply our method to some particular
class of operators exhibiting simultaneous oscillations in coefficients and boundary
data.

We now proceed to formulations. Let D C R? (d > 2) be a bounded domain,
Az) = (AZ’B(SU)) be RV**®_yalued function defined on R%, where 1 < a, § < d,
1 <i,7 <N with N € N, and fix some ¢ : 0D x T — RV, that is we assume
g(z,-) is Z%periodic for any x € dD. Now for small ¢ > 0 we consider the
following Dirichlet problem

— V- A(x)Vu(x) =01in D and u(z) =g (x, g) on 0D. (1.24)

The operator in (1.24) defines an elliptic system containing N equations; more
precisely the i-th component of the operator is defined as

._ _ 0 af auj
(Lu); == (=V - (AVu)(x)); = e {Aij 8#3} (x),
where u = (uy,...,uy), 1 < i < N and N represents the number of equations
in the system. We assume that A and g are sufficiently smooth, and that A is
elliptic in the sense of (1.5) discussed in the beginning of the Chapter.
For each & > 0 we let u. € W12(D;R”Y) be the unique solution to (1.24). The
existence and uniqueness in the class W?(D;R") are standard and follow from

Lax-Milgram lemma. The goal is to investigate the behavior of u. as ¢ — 0. To
this end we let ug € W2(D;RY) be the solution to

Lug(x) =0 in D and uo(x) = g(x) on 9D, (1.25)

where for © € 0D we have set g(z) = [ g(z,y)dy.

Smooth boundaries. In the following theorem we collect our main results for
boundary value homogenization in smooth domains.

Theorem A (Boundary value homogenization in smooth domains). Let
u: and ug be as above. In addition to ellipticity and smoothness assumptions made
on A and g, assume as well that D is strictly convexr and has smooth boundary.

Then
(a) (Pointwise estimates; Theorem 2.2.1) For each k > d—1 there exists
a constant C,, such that
c(d=1)/2
d()"

where d(z) is the distance of x from the boundary of D.

|ue(2) — uo(x)| < Cr min {1, } Va € D,

(b) (LP-estimates; Theorem 2.3.1) Forany 1 < p < oo there is a constant
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C, such that

gt/ d=2,
lue — wollLop) < Cp § (el me))?, d=3,
gl/p, d > 4.

(¢c) (Optimality; Theorem 2.3.2) Tuke N =1 and let the boundary data
g depend only on its oscillating variable. Then for each 1 < p < oo there
exists a constant C,, such that

|[ue — UOHLP(D) > Cpgl/pHg - ?HLO@(W)-

We next discuss the problem of the simultaneously oscillating case. For e > 0
let L. be the periodically oscillating operator defined by (1.4) and let Ly be the
corresponding homogenized operator. Let us emphasize that now we assume that
the coefficient tensor A is Z?-periodic. By L we denote the formal adjoint to
L., that is the coefficient tensor of LF is Afia. Following Kenig-Lin-Shen [44] set
PF(z) = 2,(0,...,1,0,...) € RN, with 1 in the k-th position, where 1 <~ < d and
1 <k < N. Our next result, which is the subject of Theorem 2.3.3 of Chapter 2,
proves homogenization of elliptic systems with optimal error estimate, however
for some class of operators only.

Theorem B (Homogenization of elliptic systems in smooth domains).
Assume d > 3, and let the smoothness, ellipticity, periodicity assumptions be in
force, and assume also that D 1is strictly convex. For each € > 0 let u. be the
solution to the following problem

Loue(z) =0, x € D and us(x) =g <x, g) , x €0D.

]fL:(Pf) =0in D foralll1 <k < N,1<~<d, and e > 0 then there exists
a fixed boundary data g* depending on operator, domain and boundary data g so
that if ug s the solution to the homogenized problem

Loug(z) =0, z € D and up(z) = g*(x), x € 9D,

then
||ue — uo|| Loy < Cple(In(1/2))?]M7.

We note that the condition on the operator L. involving projections Pf can
be simplified and formulated in terms of coefficients A only, without any e-
dependence. To avoid repetition we will skip this reduction here, and will refer
to Chapter 2 for the details.

Polygonal domains. For non smooth boundaries we study the problem for
bounded convex polygonal domains. We call a domain D C R? (d > 2) polygonal
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if it is bounded by some finite number of halfspaces. This is precisely in analogy
with the usual polygon on R? but now in any dimensions. The operator L is
defined as in (1.24), however we only consider the case of scalar equations, i.e. we
set N = 1. The usual ellipticity assumption on A, and periodicity requirement
of g remain in force. We will impose some conditions regarding the boundary
of D. For that we introduce the notion of a Diophantine vector which is a
nonzero element ¥ € R? such that for some parameters x > 0 and ¢ > 0 we
have |v - m| > c||m||=" for any lattice point m € Z?\ {0}. As will be shown in
Chapter 3 for a suitable choice of parameters this condition is satisfied for almost
all vectors.

Concerning the polygon D we will assume that it is convex, and the normal
vector for each flat piece of its boundary is Diophantine. We also let a,, > 0 be
such that 7/(1 + ) is the largest angle between any two adjacent faces (flat
pieces) of the boundary of D. For € > 0 we let u. be the solution to (1.24) (recall
that now N = 1), and let ug solve (1.25). In the next statement we collect our
main results concerning homogenization in polygonal domains.

Theorem C (Boundary value homogenization in polygonal domains).
Keeping the notation and assumptions concerning the polygonal setting, we have:

(a) (Pointwise estimates; Theorem 3.1.1) Ifa, > 1 set § =1, otherwise,
let 0 < B < ay be any number. Then for each &6 > 0 small there exists a
constant Cs such that

d—1

P d—148
|U6(CL’) - U0(5L’>| S 05 (W) Vo € D,

where d(x) denotes the distance of x to the boundary of D.

(b) (LP-estimates; Theorem 3.1.2) Define v := %. Then for

each 1 < p < 00, and § > 0 there exists a constant C,s such that

lue = ol o) < Cpge™™ 07",
(¢c) (Optimality; Theorem 3.1.3) Assume in addition that the boundary
data g depends on its oscillating variable only. Then for each 1 < p < oo

there ezists a constant C, such that
|[ue = wol|Lr(p) 2 Cpgl/pHg = Gl| oo (Ta)-
The results of Theorems A, B, and C are obtained in collaboration with

Henrik Shahgholian, and Per Sjolin. In particular Pointwise estimates of Theorem
A have appeared in our paper

[4] Aleksanyan, H., Shahgholian, H., Sjolin, P.: Applications of Fourier anal-

ysis in homogenization of Dirichlet problem I. Pointwise estimates. Journal of
Differential Equations, 254(6), 2626-2637 (2013).
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The results on LP-convergence and Optimality of Theorem A, Theorem B, as
well as an example showing optimality in dimension 2 and for p = 1 included in
Chapter 2, are all part of our paper

[5] Aleksanyan, H., Shahgholian, H., Sjolin, P.: Applications of Fourier anal-
ysis in homogenization of Dirichlet problem. LP estimates. Archive for Rational
Mechanics and Analysis (ARMA), 215(1), 65-87 (2015)

Statements of Theorem C are contained in our paper

[6] Aleksanyan, H., Shahgholian, H., Sjolin, P.: Applications of Fourier anal-
ysis i homogenization of Dirichlet problem III. Polygonal domains. Journal of
Fourier Analysis and Applications 20(3), 524-546 (2014)

The detailed arguments are given in Chapter 2 for smooth domains, and in
Chapter 3 for polygonal domains. We just remark that at some places in the
text the arguments may appear slightly different from those contained originally
in our papers [4]-[6]. The reason for this is twofold. First, whenever it was
possible we tried to give a unified approach for pointwise and LP estimates. In
particular, for pointwise bounds, and for the setting of polygonal domains we
allowed the boundary data to have dependence on slow variable as well. This
addition does not require any new ideas, and is handled exactly as in the case of
only oscillating variable. However we chose to do so, in order to have uniformity
in the formulations of our statements concerning pointwise and L” estimates. The
second reason is that at few places the arguments and discussions are a bit more
elaborated in order to make it more transparent for the interested reader.

The contribution. The results presented above provide full or partial answers
to problems formulated in items (2) and (3) at the end of the previous section.
In particular, Optimality statement of Theorem A shows that in general one can
not have homogenization with an algebraic rate of convergence larger than 1/p
in LP. Also, Theorem C illustrates that indeed the rate 1/p can be achieved for
some class of operators. Moreover, Theorem C provides an alternative and more
direct way of proving the homogenization result by Gérard-Varet and Masmoudi
and establishes the statement in its best possible form with respect to the speed
of convergence.

On the other direction Theorems A and C give a complete answer for homog-
enization of boundary value problems with optimal error estimates. Furthermore,
methods developed here are of independent interest, and have a potential to be
used for homogenization problems admitting integral representations. We will
not attempt to explore the limits of these methods in the text, but to point out
one particular application we refer to our paper [5] for a treatment of Neumann
problem with the methods developed here.

A word on strategies of proofs. The main strategy of proofs of convergence
results in Theorems A and C is to start with the integral representation of solu-
tions via Poisson’s kernel, and then expand the boundary data into Fourier series
with respect to its periodic (oscillating) variable. We are then lead to the study of
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oscillatory integrals with singular weights (singularity here is due to the Poisson
kernel), and it is here that the geometry of the domain comes into play. First, it
determines the regularity properties of the kernel. While for smooth boundaries
this regularity is not an issue, it is a challenge in the case of polygonal domains
in view of the corner points on the boundary and needs a delicate care. Once we
have an understanding of the regularity of the representation kernel, we next use
the decay properties of Fourier transform of the surface carried measure of the
boundary. This appears naturally from the expansion of the boundary data, and
its decay is again determined by the geometry of the domain, such as convexity,
or Diophantine property of the normal vectors in polygonal case. At the end
we get two competing quantities in the averaging process, namely the singularity
of the fundamental kernel versus cancellations in the integral due to oscillations
of the boundary data which are quantified in terms of Fourier transform of the
surface measure. One then makes a careful trade-off between these two quantities
assuring homogenization at the end.

For the Optimality statements we first show that solutions to e-problem con-
centrate in a strip of width comparable to £ near the boundary of our domain
D. Then we show that the boundary of D scaled by a factor of 1/¢ if considered
modulo the lattice Z¢ foliates the unit cell of periodicity of the boundary data in
somewhat uniform fashion as ¢ — 0. This gives an information on distribution
of boundary values of solutions to e-problems, using which we show that on a
fixed portion of the aforementioned strip solutions stay uniformly away from the
homogenized limit. Integrating on this subset only, leads to the desired lower
bound.

Regarding Theorem B it should be noted that the strategy of proof of Theorem
A is not applicable since now the Poisson kernel depends on the parameter € > 0
as well, and hence we do not have uniform bounds on its order of singularity
which was necessary to run the procedure from the setting of a fixed operator.
To overcome this, we use a recent result due to Kenig, Lin, and Shen [44] where
they prove a homogenization result for the family of Poisson kernels corresponding
to the oscillating operator. By [44] one may compare the Poisson kernel of the
e-problem with that of the homogenized operator, by this effectively reducing the
problem with oscillating coefficients to fixed one, however changing the original
boundary data in a rather drastic way. This reduction to fixed operator, combined
with the structural assumption on the operator made in the formulation of our
Theorem B makes it possible to apply our methods for fixed operator here as
well.

A localization principle. Let us conclude this part with some further re-
marks about the methods developed here. The reader may wonder why we study
smooth convex domains and polygonal domains only. In fact, as will be seen
in a moment, these two are important prototype geometries for developing our
techniques. Regarding this in Chapter 2 we discuss possible ways to relax the
convexity assumption. By our methods we can still prove homogenization for do-
mains with smooth boundaries where at each boundary point at least one of the
principal curvatures is nonzero. Nonetheless, the LP-estimates will be worse than
in strictly convex case. Next, as will be seen in Chapters 2 and 3 our analysis
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has local nature on the boundary. This as a consequence enables one to combine
different types of geometric conditions where the boundary value homogenization
takes place. In particular we may allow a completely flat piece on the smooth
boundary of a domain (not necessarily convex), provided its normal vector is from
the Diophantine class, and on the non-flat part we have at least one non-vanishing
principal curvature.

However, it should be noted that the smoothness of the boundary is essential
for our arguments, and at this stage we do not have a way to reduce the regularity
requirements from the boundary.

Analysis of boundary layer phenomenon

Here we discuss the second set of results contained in the thesis. We will study
two problems: first, concerning the regularity of the boundary data corresponding
to homogenized elliptic system, and second, the convergence speed of solutions
to boundary layer systems toward their tails.

Recall that from the analysis by Gérard-Varet and Masmoudi we know that
for a strictly convex domain D the simultaneously oscillating problem (1.21) dis-
cussed above can be homogenized with some fixed boundary data ¢* € L>(9D).
Assuming that all the problem-related ingredients are smooth, we can not even
conclude whether this data g* has to be regular, say continuous at least at one
point on the boundary! The last remark shows how scarce is our understanding
of the issue. In our paper [3] we adopted this regularity problem, but before
presenting the setup, let us briefly review some prior knowledge we had on the
matter.

For a unit vector n € S*! denote by P, the operator of orthogonal projection
on the hyperplane orthogonal to n. Fix some [ > 0 satisfying (d — 1)l > 1, and
for k > 0 define

A, = {n eSS |P,L(&)] > kl¢|™ for all € € Z4\ {0}}.

Elements of A, are called Diophantine vectors®. It follows from the analysis of
[34] that ¢* is Lipschitz continuous on the subset of 9D where the normal lies in
A,., and Lipschitz norm can be bounded by a constant multiple of k2. From the
strict convexity and smoothness of D one can conclude that as k — 0 almost any
boundary point falls into some A,;, as well as one may show that the complement
of each A,, while a set of small surface measure on dD, is everywhere dense
and is an open subset of dD. Since the Lipschitz constant blows-up as we cover

3Note that it is now the second time we are introducing the notion of a Diophantine vector,
where the first appearance was for the polygonal domains. The reader can easily see that in
fact these two formulations are essentially the same, where the first one does not let the normal
n to get closer to orthogonal directions of lattice points, while this new one keeps the normal
direction away from directions of lattice points. But a nice fact about the lattice Z¢ is that with
each non zero ¢ € Z% it contains an element ¢* € Z% with equivalent norm (constants depending
on dimension d only) and orthogonal to . Hence looking for lattice directions or orthogonal
directions to lattice points is the same, and is a matter of a suitable choice of parameters in
two definitions of Diophantine condition. However, we do not merge these two conditions into
one, since we will use both of the formulations in their own way later in the text.
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the boundary we can not conclude continuity of ¢* even at a single point on the
boundary.

Why one would need to study this problem? Of course this is a very interest-
ing and challenging mathematical problem on its own right, but there are some
outside motivating factors as well, a straightforward one of them being that the
regularity of g* governs up to the boundary regularity of the homogenized solu-
tions. But perhaps more interestingly, the regularity of ¢g* carries an important
information concerning the whole homogenization procedure pursued in [34]. The
essential difficulty in homogenization of the simultaneously oscillating case, as we
have seen in the previous section, are the boundary layers where solutions have
very strong concentration of practically no traceable structure. To analyze the
boundary layers one fixes a boundary point and in the neighborhood of that point
tries to approximate the boundary layer corrector by a function admitting scale
separation. After scaling, the averaging problem is transformed from the small
neighborhood near the boundary to a halfspace having normal direction as the
original point on the boundary. Then the homogenization of the corrector es-
sentially corresponds to the asymptotics of the corresponding halfspace problem
away from the boundary. As it is shown in [34] the solution to halfspace problem
for Diophantine normals converges to some constant, the boundary layer tail, by
means of which one then constructs the homogenized data ¢g*. From [34] and a
later work of Prange [54] we see that the averaging process is somehow encoded
in these ergodic constants, and that the regularity of ¢g* is closely tied with the
regularity of these constants with respect to normal field of the boundary.

Here we will study this problem for layered media, i.e. for operators that are
independent of one of the coordinates. Namely, in addition to the smoothness
and periodicity of the coefficient tensor A we also assume that A is independent
of the direction ¢4 = (0,...,0,1) € R% Regarding the domain D we assume it is
bounded, strictly convex and has smooth boundary. For x € 9D by n(x) we will
denote the unit normal vector to dD. The following is our main result concerning
the regularity of the homogenized boundary data.

Theorem D (Regularity of the homogenization boundary data). Under
the notation and assumptions made above we have:

(a) (Theorem 4.1.1) for any k > 0 the boundary data g* is Lipschitz con-
tinuous on
{x € 0D : n(x) ¢ RQ? and |n(z) - eq| > k}.
(b) (Corollary 4.1.2) g* can be extended continuously on
{x € 9D : n(x)- eq # 0}.

The details are given in Chapter 4. Theorem D have appeared in our preprint

[3] Aleksanyan, H.: Regularity of boundary data in periodic homogenization of
elliptic systems in layered media. arXiv:1409.7344 [math.AP] (2014)
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Let us also note that although homogenization problems involving layered
media have been studied in the literature and have independent interest (see e.g.
[53]), in our case the structural restriction on the operator is rather technical and
is due to our proof. However, we will outline a program, which should lead to a
proper understanding of the regularity issues around ¢*. The results in Theorem
D should be seen as the initial steps toward completion of the program.

We finally describe the last problem we study in this thesis. For scalar a €
R, unit vector n € S%!, and smooth and Z9periodic function vy consider the
boundary layer problem for scalar equations. Namely we let v be the solution to

{—vy - A(y)Vyu(y) =0, y-n>a, (1.26)

v(y) = w(y), y-n=a.

By a solution here we mean in a sense of [34], a variational solution possessing
some energy estimates. The details will be made more precise in Chapter 4. As we
have discussed above, boundary layer systems play a key role in homogenization
theory for simultaneously oscillating case and it is of primary importance to
understand the speed of convergence of solutions toward their tails in order to
prove error estimates for homogenization. Let us fix that here when referring
to the speed of convergence we mean with respect to y - n. Interestingly, this
convergence is linked to some number-theoretic properties of the normal n, which
in their turn determine the position of the halfplane y - n = a with respect to the
microstructure which is the lattice Z¢.

When n € RQ? the analysis is classical. For example, one may consult a well-
known paper by Moskow and Vogelius [52] where they show that convergence
toward boundary layer tail holds with exponential speed, however this tail may
depend on a, i.e. the position of the halfspace. When n is Diophantine, and
hence irrational, Gérard-Varet and Masmoudi [33] proved convergence faster than
any polynomial rate. Later, Prange [54] proved convergence for any irrational
direction, however without any effective bounds on the speed of convergence. He
also proved that if the normal is irrational and non Diophantine then for Laplace
operator, and in dimension 2, one may have convergence slower than any power
rate. In case when n is irrational, the boundary layer tail is independent of a.

Our main concern here is to close this spectrum of dependence of the speed of
convergence on the properties of the normal. Clearly one only needs to consider
the case of non Diophantine irrational normals. We will study (1.26) under some
condition on the coefficients, namely we assume that

thereis 1<~y <d satisfying 0,47 =0. (1.27)

The main result in this direction is the following.

Theorem E (Arbitrarily slow convergence). Let R > 0 be fixed, and
take any continuous, one-to-one function g : [0,00) — (0,00) decreasing to 0 at
infinity. Then there exists a unit vector n ¢ RQ?, a smooth function vy : T — R,
and a sequence {\;}72, of positive numbers growing to infinity, such that if v
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solves (1.26) under the condition (1.27), and with n and vy as specified here, then
forany k=1,2,..., and all y € O, N B(0, R) one has

[o(y" + Aen) — 0™ =2 g(Ai),
where the constant v™>° is the corresponding boundary layer tail.

Theorem E is proved in Section 4.4 of Chapter 4. Ibid, for the Laplace oper-
ator we investigate to which extent our examples of slow convergence are typical.
Regarding this we construct a probability measure on C°°(T?) with respect to
which almost any initial boundary data leads to a slow convergence example.
This probability measure, while somewhat tailored for our purposes, suggests
anyway that in a simple case of the Laplace operator, the slow convergence phe-
nomenon is a genuine property of the normal direction rather than the initial
boundary data.

Our Theorem E shows in particular that one can not hope to obtain boundary
value homogenization results with uniform error estimates relying merely on the
smoothness of the boundary of the domain. The results of Chapter 4 answer in
full or partially the problems outlined in (2) and (4) at the end of the previous
section.
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Chapter 2

Homogenization in smooth
domains

In this chapter we study homogenization of Dirichlet boundary value problem for
elliptic systems in divergence form. For the problems with fixed operator and
oscillating boundary data we prove pointwise as well as LP convergence results
for the homogenization process. Next, we study optimality (sharpness) of our L?
bounds. For the problem with simultaneously oscillating coefficients and bound-
ary data we prove homogenization results for a class of operators. In our analysis
the Gaussian curvature of the boundary of the domain plays a crucial role.

The main results of this chapter are obtained in collaboration with Henrik
Shahgholian, and Per Sj6lin, and have appeared in our papers [4] and [5].

2.1 Introduction

The chapter is mainly concerned with the study of asymptotic behavior of solu-
tions to elliptic systems in divergence form

- V- (A(x)Vu(x)) =0, x € D (2.1)

set in a bounded domain D C R (d > 2) and with oscillating Dirichlet data
x
u(z) =g <[L‘, —> , x € 0D. (2.2)
£

As is usual € > 0 here is a small parameter, A(z) = (Af‘]ﬁ(x)) is RV *®_yalued
function defined on R, where 1 < o, 3 < d, 1 <4, < N, and g(z,y) is RV-
valued function defined on 9D x T?. Using the summation convention for repeated
indices the i-th component of the operator in (2.1) is defined as

(L) = (-7 - (AVu) (&) = —5 {Agﬁ%} (2), (2.3)
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where u = (uy,...,uy) and 1 < i < N. Along with (2.1)-(2.2), let us also
introduce the corresponding homogenized problem, which reads

-V (A(x)Vu(x)) =0, x € D and u(z) =g(x), € 0D, (2.4)

where g(z) = [.9(z,y)dy. For each ¢ > 0 let u. be the solution to Dirichlet
problem (2.1)-(2.2), and let ug be the solution to (2.4). Under certain assumptions
on domain, operator, and boundary data involved in the problem we will prove
convergence results for u. to ug as € — 0. In particular in Section 2.2 we will
prove pointwise convergence of u., while Section 2.3 will be concerned with the
study of LP bounds and their optimality.

Along with the case of fixed operator, we will also consider the situation when
both the operator and the boundary data exhibit oscillations at the same scale.
For this case let us introduce the family of operators {L.}.~o, where the i-th
component of L. is defined as follows

(Lou)i = —(V - Ax/e)Vu); = — aia [A;;ﬁ () %(@} . (25)

where u = (uyg,...,uy) and 1 <7 < N. In Section 2.3 we will show on a particular
class of operators, how to obtain optimal LP convergence for Dirichlet problem
corresponding to L. and oscillating boundary data as in (2.2).

2.1.1 Assumptions and basic preliminaries

We will study the Dirichlet problem (2.1)-(2.2), as well as that corresponding to
oscillating operator (2.5) under the following hypotheses.

(i) (Periodicity) The boundary vector-valued function g is Z%periodic with
respect to its second variable, i.e.

g(z,y+h)=g(x,y), Vo € D, Yy € R, Vh € Z°.

When working with operator (2.5), we assume that the coefficient tensor A
is Z-periodic.

(ii) (Ellipticity) We assume that the coefficient tensor A is strongly elliptic,
that is there exists a constant ¢ > 0 such that

Gl SAT @G < eTG&, Yo R VE R
(iii) (Convexity) Domain D is a strictly convex.

(iv) (Smoothness) We suppose that the all components of the coefficient tensor
A, the boundary of D, and the boundary data ¢ in both variables are
sufficiently smooth.

For the family {L.}.~o we let Ly be the homogenized (effective) operator in
the standard sense of the theory (see Section 1.2.1 for the construction). Let
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us now recall some of the very few known results concerning homogenization
problems that are directly related to those studied in this chapter. First, if we
consider homogenization of Dirichlet problem for operator L. defined by (2.5)
and with fixed (non-oscillating) Dirichlet data on the boundary, then as we have
mentioned in the introduction, due to the classical work by M. Avellaneda and
F. Lin [12] from late 80’s this case is well understood. In particular, if we let .
be the solution to e-problem and uy be the solution of the homogenized problem,
then under some mild conditions on the operator, domain, and boundary data,
it is proved in [12], Theorem 5, that ||u. — wg||rL=~(p)y < Ce, where the constant
depend on some smoothness norm of g that blows-up if we let g to be e-periodic.

Handling the homogenization with simultaneously oscillating operator and
Dirichlet data was a longstanding open problem, and a step forward has been
done only very recently in 2012 by D. Gérard-Varet and N. Masmoudi in [34].
The following is their main result from [34].

Theorem 2.1.1. (Gérard-Varet and Masmoudi [34], Theorem 1.1) Under the
notation and assumptions (i)-(iv) formulated above, let u. be the solution to

L.ou(z) =04in D and u(r) =g (x, £> on 0D.
€

Then there ezists g* € L>(0D) such that if ug solves
Loug(z) =0 in D and uo(z) = g*(x) on 0D,

then

||U€_U0||L2(D) S Oai?a VO&G (O,sdd—_‘_l&_)) .

It should be stressed that the setting of Theorem 2.1.1 is very different form
that of [12] considered by Avellaneda and Lin. The main point of the difference
is that having fixed boundary data one gets a priori boundedness of the family
{uc}eso in HY(D), where u. is the solution for the operator L. and attains fixed
boundary values on dD. Then one can use compactness ideas to study the limit
behavior of u.. In contrast to the latter case, in the setting of Theorem 2.1.1
the family {u.}.o is not necessarily bounded in H'(D) due to rapid oscillations
on the boundary, which makes the problem with oscillating boundary data much
harder. Recalling some highlights of our discussion from the introductory chap-
ter, we remark that a heuristic reason for mathematical difficulties here is that
oscillations of the boundary data force solutions u. to concentrate near the bound-
aries. However, since the boundary of the domain intersects the microstructure,
which in this case is Z%, in a non-periodic manner, it is very hard to trace back
the nature of concentration of solutions in vicinity of the boundaries.

We also note that being an interesting mathematical problem on its own right,
a proper understanding of the simultaneously oscillating case will lead to a refined
estimates for the case with oscillating operator and fixed boundary data, which
can be achieved through the standard two-scale expansions of solutions (see [34],
Section 5). This fact can be considered as one particular motivation for studying
problems with oscillating Dirichlet data.
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Finally, let us mention that when the operator is fixed and only the boundary
data is oscillating, a convergence result was proved in [46] for some general class
of domains, however, without any speed of convergence. In contrast to [46], here
we will aim at quantitative results, putting the geometry of the boundary in a
central place in our analysis.

More on assumptions. Before going into details, let us comment on some
of the assumptions above. The starting point for our analysis will be integral
representation of solutions, where the integrals are taken over the boundary of
the domain. As will be seen from the analysis below we will work locally on
the boundary, and what we will really need for our localized analysis is a piece
of boundary with non-vanishing Gaussian curvature. To define the Gaussian
curvature at xg € 0D, we may assume after translation and rotation of the
coordinate system of R?, that x( is transformed into the origin and the tangent
plane to the hypersurface 9D at the origin is given by x4 = 0. In a neighborhood
of zero we can represent our surface 9D by a graph z4 = ¢(x1,...,24_1), Where
¢ is smooth and ¢(0) = V¢(0) = 0, and our domain D lies locally above this
graph, i.e. inside the domain we have x4 > ¢(x1,...,z4_1). Then, the eigenvalues
of the following matrix (which is called the Hessian)

52:)

are called the principal curvatures of 0D at xy and their product is called the
Gaussian curvature®. So, for our analysis it will be enough to assume that Gaus-
sian curvature is nonzero everywhere. However, since we need this condition
everywhere on the boundary, and the boundary is assumed to be smooth, these
force D to be strictly convex. Let us formulate and prove this fact here?.

d—1

,j=1

Claim 2.1.2. Assume D C R? (d > 2) is a bounded domain with smooth bound-
ary, and suppose that the Gaussian curvature of 0D is nowhere vanishing. Then
all the principal curvatures of 0D are everywhere positive, and D is strictly con-
ver.

Proof. We call D weakly locally convex at xq € 0D if there exists a halfspace
H with 2o € OH, and r > 0 such that B(zo,7) N D C H. Since in our case D
is smooth, the formulated local convexity condition means that D stays locally
on one side of its tangent plane at zy,. Moreover, still relying on smoothness
of the domain it is easy to see that local convexity of D at xg is equivalent to
the fact that the all principal curvatures of 0D at xzy are positive. Let us first
show that D is locally convex at least at one point. Note, that geometrically the

Tt should be remarked that implicitly we have fixed an orientation on D, when saying that
the domain lies above the graph. First of all, the fact that the boundary of D is orientable is
not given & priori, however it is well known that codimension 1 smooth hypersurface in R? is
orientable, see e.g. [56] for a short proof when the surface is smooth. Also observe, that our
choice of orientation on 0D implies that the normal to the boundary is pointing inwards the
domain.

2We believe that this fact is classical and should be very well known. However, since we
could not find a concise reference for it, we decided to present the proof here.
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obvious candidate for that point is the “farthermost” point on the boundary. To
find it, we let B be the ball of the smallest radius containing D, which exists
in view of the boundedness of D. Due to the choice of B its boundary must
touch 0D at some point, assume at o € dD. Since D and 0B are smooth, it
follows that the tangent plane to the boundary of B at z( is the tangent plane
for 0D as well, but as D C B, we get that D must stay on one side of this plane.
We get that D is locally convex at xy and hence all its principal curvatures are
positive at xg. Due to the assumption of non-vanishing curvature, we get that the
principal curvatures must stay positive everywhere, and hence D is locally convex
everywhere. Now the passage from local to global follows by Tietze-Nakajima’s
theorem (see [63], Theorem 4.4), which states that if domain D is weakly locally
convex, then it is convex. The claim is proved. O]

The statement of Claim 2.1.2 is the reason as why we have chosen to state As-
sumption (iii) in its current form, rather than in terms of the curvature. However
it is useful to keep in mind that what we really need is the curvature condition
rather than convexity, since as will be seen from the analysis below, one may allow
some of the principal curvatures to vanish and still get a quantitative homoge-
nization result but with slower speed. This may enable one to include domains
such as torus, or a “smooth” cylinder (see e.g. Corollary 2.2.8 and Theorem
2.2.9), which are now ruled out by the strict convexity assumption.

As regards the last assumption (iv), we remark that there we need g to be
smooth with respect its first variable, which lives on 0D only. By smoothness here
we understand differentiability with respect to local coordinate charts. Namely,
assume we have some f : 0D — R, and let o € 9D be fixed. The surface 9D
is locally a graph, so after translating and permuting the coordinate system we
may assume that in some neighborhood M of zg, 0D is given by {(z',¥(z')) :
|z'| < a}, where 2’ = (z1,...,24-1), @ > 0 is small and v is a smooth function
in a neighborhood of 0 € R*!. Thus zy = (0,4(0)), and for x € M we have
f(z) = f(a',9(2")) := h(z"). Then when referring to differentiability (derivatives)
of f at xy we have in mind those of h at 0.

Let us also note that under the ellipticity and smoothness assumptions, the
questions of existence, uniqueness and regularity of solutions to (2.1)-(2.2) are
classical (see e.g. [35], Theorem 3.39 and Theorem 5.21).

2.1.2 Green and Poisson

Throughout the text we will need the notions of Green and Poisson kernels which
will be used for integral representations of solutions. The Green’s kernel in domain
D for the operator L defined by (2.3) is an RY*N_valued function defined on
D x D\ {(x,y) € Dx D: x =y} such that for any f € L*(D;RY) the function

ulz) = / G, y) f(y)dy

D
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is the unique solution of
Lu= fin D and u=0on dD.

Under the ellipticity assumption (ii) and smoothness assumption (iv) for the
domain and the operator, existence and uniqueness of the matrix G is proved in
[29], along with the following basic properties.

(a) For any y € D, G(-,y) solves the following system
—V. - Ax)V,G(z,y) =6(x —y)Ixy in D and G(z,y) =0 for x € 9D,

in a variational sense, where ¢ is Dirac delta function and Iy is the N x N
identity matrix.

(b) Set G*(z,y) := G (y, z), then G* is the Green’s kernel for the formal adjoint
to L, i.e. a divergence type operator with coefficient tensor equal to Aff‘.

(¢) For any multi-index m € Z% we have
0™G (x,y)| < Cnlz — y[2= ™ for d + |m| > 2, (2.6)

and
for d = 2.

G(x,y)| < Clo
|Gz, )| S

Observe that due to condition (b), we have that G vanishes on the boundary
with respect to both variables. We also get that (2.6) holds true for derivatives
with respect to y as well.

Now using the Green’s matrix we introduce the Poisson’s kernel. For y € 9D
we denote by n(y) = (n®(y))%_, the unit exterior normal to D at y. Then the
Poisson kernel P(x,y) = (P¥(x,y)).Y,—, is defined through

P(z,y) = n®(y) A’ (y)0,,GM (2, y).

If w solves Lu =0 1in D and u = g on dD, then it can be represented in terms of
the Poisson integral as follows u(x) = [, P(x,y)g(y)do(y).

The next result provides the main estimates on P that we are going to use.
Its proof relies on the Green’s matrix estimate and the scheme from [12].

Lemma 2.1.3. Assume the ellipticity and smoothness conditions of Section 2.1.1,
and let P be the Poisson kernel for the operator L defined in D. Then

d
|P(z,y)| < Cﬁ, Ve e D, Yy e oD, (2.7)

where d(x) is the distance of x from the boundary of D, and

0" P(z,y)| < Crlz —y[' =™ vz e D, vyeoD. (2.8)
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Proof. Let us first observe that the estimates on derivatives of P follow trivially
from (2.6), the symmetry property of Green’s matrix (c) formulated above, com-
bined with smoothness of the coefficients A, and domain D. Let us also stress
that derivatives are understood with respect to convention made at the end of
Section 2.1.1.

We now proceed to the proof of the estimate with distance. First consider the
case when d > 3, and let G(x,y) be the corresponding Green’s kernel. We now
show that for z,y € D with x # y one has

d(x)

< (Ui ———FW—.
|G(m,y)| = C|J} _ y|d_1

(2.9)
By (2.6) we have |G (z,y)| < Clz —y[*™?, hence (2.9) is trivial if d(z) > 5|z —y,
thus we will assume that d(z) < i{z—y|. Now fix T € D such that d(z) = |z —=|.
Since GG vanishes on the boundary of D with respect to both variables, using the
mean value theorem and estimate (2.6) for G* we get

Gla,y)| = |Glay) — G(E,y)| < V.G y)lla — 7| < c# (2.10)

Here, for estimating the derivative of G we used symmetry relation (b) above.
Since d(z) < z|z — y|, and 7 lies on the segment connecting = and Z, by the
triangle inequality we have

~ ~ 2
T =yl 2|z =yl =lo =T 2|z —yl = |z =7 = S|z — 4],
which combined with (2.10) implies (2.9).

Now fix g, yo and let 7 := |z — yo| > 0. Consider G(z) := G(x, 7z + x) in
a scaled and shifted domain D, := r~1(D — z). We have that G is a solution to
the adjoint operator in D, N (B(0,3)\ B(0,1/3)), hence in view of the smoothness
of the coefficients, from the elliptic regularity estimates (see [1]-[2]) we obtain

IV.G(2)] = |7V, Gz, 72 + 20)| < C||é||LW(DTH(B(O,B)\B(OJ/S)))a

for all z € D, N (B(0,2) \ B(0,1/2)). The last inequality combined with (2.9)
implies

d(x
1V, G0, )] < O—220) @

|20 — Yo
Now the estimate (2.7) follows from the last inequality and the definition of the
Poisson kernel.

(2.11)

It is left to prove the Lemma for dimension two, which can be done as in
Lemma 21 of [12]. For the reader’s convenience we sketch the proof. The point is
to reduce the analysis to 3-dimensional case by adding a “dummy” variable to the
plane. Namely, we consider D = D x S', where S is the unit circle in R? and is
identified with the interval [0, 1). We have that D is 3-dimensional manifold with
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smooth boundary®. In a similar vein consider the operator L:=0+ g—;, and let
é(x, t;y,s), and ﬁ(x, t;y, s) be correspondingly Green’s and Poisson’s kernels for
Lin D. Due to locality of elliptic estimates we still get the estimates for Green’s
kernel for D and using similar arguments as for d > 3 we get

d(zx)
o= o + (t— P

|P(x,t;y,s)] < C

where we have used that d(z) = d((z,t)). It is clear from the definition of £ and

D that
11
://thy, )dsdt,
0 0

and hence using the estimate for P we obtain

1 1 o0
s |
P < dsdt < ds <
o< [ [ mps i < | ey v
0 0 0
C’d(x)Q/ 1 - ds <C d(x)Q.
o=yl S [+ (/]2 =y 1o~y |z —yl
The Lemma is proved. O]

The next result, which is a corollary to Lemma 2.1.3 will be used later on to
establish uniform bounds on solutions to Dirichlet problem (2.1)-(2.2).

Lemma 2.1.4. Retain the ellipticity and smoothness assumptions of Section
2.1.1, and let P be the Poisson kernel for L in domain D. Then

/|P(:v,y)|da(y) <C, VzeD. (2.12)

Proof. Fix z € D. Without loss of generality we will assume that d(x) = |z|,
and that the tangent plane to D at 0 is {x € R? : x4, = 0}, since otherwise
we may bring x and 9D to these positions by translation and rotation of the
coordinate system. Since d(x) = |z| it is not hard to see that x is orthogonal to
the tangent plane of 9D at 0. Next, in view of the smoothness of the domain
there exists a smooth function ¢ : R¥~! — R so that for some 0 < § < 1 small,
which can be chosen independently of x due to compactness, we have

oD N B(0,9) ={(v,¢¥)) : ly| <106} N B(0,0),

where ¥ = (y1,...,y4_1). Also, it is clear that p(0) = Vp(0) = 0, from which we
get that ¢(y')| < Cly'|?, where [y'| <4 .

3In fact D is a solid torus with base D.
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It follows from the estimate of Lemma 2.1.3 that in order to prove the current
Lemma it is enough to show that

[z — ||
dDNB(0,5)

where the constant C' is independent of x. Now, making a change of variables in
the last integral we get

do(y) dy’
/ |x—y|d§0/ FENRE T (2.13)

aDNB(0,6) WES

From orthogonality of x to {x € RY: 24 = 0} and the mentioned properties
of ¢ we have

1
[ = e WNP = 27 +1y1° + 25 = 2xap(y) + 9° () 2 [ + 51,

if |z| and 6 > 0 are sufficiently small. Using the last inequality from (2.13), and
integrating in the spherical coordinates we get

o
/
/ dy </ / &<
T W eI~ <|x|2+|y\ i ~ |x|2+t2 e
0

ly'|<é ly'|<é

6
/ 1 ; d
= arctan —.
e PR

Since d(x) = |z| the last expression completes the proof. O

An important consequence which follows trivially from the last lemma and
the Poisson representation of solutions to Dirichlet problem is the following.

Corollary 2.1.5. Let u be a solution to Dirichlet problem (2.1)-(2.2). Then

HUHLOO(D) < CHQHLw(anRd)7 (2-14)

where C' is independent of the boundary data g.

It should be noted that since we are working with systems of equations the
maximum principle is not available anymore. This is the reason as why the bound
n (2.14) is non trivial and needs some care.

2.2 Pointwise estimates

For each € > 0 we let u. be the solution to (2.1)-(2.2), and let ug be the solution
to homogenized problem (2.4). The main task of the current section is to prove
the following results.
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Theorem 2.2.1. (Pointwise convergence) Let assumptions 2.1.1 be in force.
Then, for each k > d — 1 there exists a constant C\, such that

S(d-1)/2
d()"

where d(x) denotes the distance of x from the boundary of D. The constant C,
depends on domain, operator and dimension of the space.

(&) — ()] < Ci mm{l, } VoD,

Corollary 2.2.2. For each 1 < p < oo and each K < 1/(2p) there exists a
constant C,. such that
e = wollzo o) < Ce™

The main idea of the proof is to use integral representation of solutions, and
expand the boundary data into Fourier series with respect to its oscillating vari-
able. This reduces the analysis to a study of oscillatory integrals with singular
weights over the surface of the domain.

2.2.1 Preliminary tools

Let us recall some standard notation for multi-indices that we are going to use.
If o = (aq,...,aq) € Z% and z = (21, ..., z4) € R? then we set x® := 2" - ... - 27
Also, if we treat a € Z? as a multi-index, then we denote |a| := |a;| + ... + |yl

Lemma 2.2.3. There exists a constant ¢ > 0 depending on dimension d only

such that
> m* = dm] P,

ani
a1+...+ad:k

where k € N and m € Z°.

Proof. For z # 0 consider the function

1
f(;[;) = W Z |x1|2a1 e |xd|2ad’

aEZi,loA:kz

which is continuous and positive function on the unit sphere of R?, hence we
have ¢ := minj, =1 f(z) > 0. The statement now follows from the fact that
f(tx) = f(zx) for any t > 0. O

Lemma 2.2.4. Let f € C¥(T?) and B € R. Ifk+ 3 > d/2, then

1/2

ZH |ﬁ|Cm ) < Chyp Z 1D FI172 zay ;
m;éO

o€l |al=k
where ¢p(f) == [ga f(x)e™?™™dx is the m-th Fourier coefficient of f.
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Proof. Let m € Z%\ {0} be fixed, and pick a multi-index a € Z% satisfying
|a] < k. Then integration by parts leads to (2mim)®c,,(f) = cm(D*(f)), where
we are interpreting 0° as 1. Since D*(f) € L*(T¢) by Parseval we have

YooY ImteNHP<C Y (IDI (2.15)

m#£0 a1+...+aq=k ai+...+ag=k

Now using Lemma 2.2.3 and Holder’s inequality we get

1/2
Sl oS (s 5 ) -

m##0 m##0 al+...+aqg=k

1/2
CY - |lem(h ( o P \md|2ad) ([ |~¢+9 <

m=#0 a1 +...+aqg=k

1/2 1/2
c(z 5 \mamcmw) (z|rmu-2<k+ﬂ>) |

m#0 a1 +...4+aq=k m70

The second factor is finite due to condition k + 5 > d/2 of the lemma. The
conclusion now follows from (2.15). O

The following result is a direct consequence of the last lemma and will be used
later on.

Corollary 2.2.5. Let 7 € R, Q be a compact subset of R, and a function
flx,y) : Q@ x T — C be periodic in its second variable. Suppose that for all
o € Z4 with |a| < k, D f(x,y) exists and is continuous on Q x T%. Then

Z M < Ok-l—T,f: Vo € Qa

mezd
m#0
provided k + 7 > d/2, where ¢, (f;x) is the m-th Fourier coefficient of f(z,-).

Lemma 2.2.6. Assume 1 : R? — R have all its derivatives up to second order
which are continuous in a ball B(0,r), for some r > 0, and assume the matrix

(ajjng)d (0) := D*(0)

ij=1
has full rank. Then there exist constants a > 0, ¢1, and ¢y such that
ale —y| < [VY(z) = Vo) < ez —yl,  Vr,y € B(0,a).

The constants depend on dimension, eigenvalues of D*)(0), modulus of continu-
ity, and upper bound of the second order derivatives of 1.

Proof. The right-hand side inequality is a direct consequence of the boundedness
of second derivatives, together with mean value theorem, we thus proceed to
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the proof of the first inequality. For an orthogonal matrix M € My(R) define
g(z) = ¥(Mx). Then it is easy to see that Vg(z) = MTVy(Mz), and that
D%g(z) = MTD?*y(Mx)M, where D? denotes the Hessian matrix. We now fix
M so that D?g(0) is diagonal, this choice is nonempty since a symmetric matrix
can be diagonalized by orthogonal transformation. Also, we choose a > 0 small
enough so that D?g is uniformly diagonally dominant in B(0,a), i.e. for some
constant ¢ > 0 one has

d
D2g(x)| — > 10%g(x)| > ¢, Ve B(0,a), VI<i<d. (2.16)
i=1, i#£j

Clearly a can be chosen depending on the modulus of continuity of second order
derivatives of 1. We now prove the lower bound for g. Using the equivalence of
norms in R? and mean value theorem we have

Vg(z) = Vg(y)| = CZ |0ig(x) — Dig(y)| = CZ V(9ig(1:)) - (z =),

where 7; is a point on the segment connecting x and y. Fix 1 < ¢ < d so that
|z; — yi| > c|z — y|, then by the last inequality and (2.16) we have

IVg(z) = Vg(y)| = CIV(0ig(ri)) - (x —y)| >
( 79(7:) |_Z| :9(7i ) |z — yi| = Clz =yl
i#]

for all z,y € B(0,a). From here, using the orthogonality of M and definition of
g we have

Vip(z) — Vi (y)| = [MT(Vip(z) — Vib(y))| =
IVg(M"z) = Vg(MTy)| > c|M "z — M"y| = ¢z —y].

The proof is now complete. O

We now carry on to the formulation and proof of the main lemma of this
section. Fix nonzero £ = (£,...,&;) € R (d > 2), set & = (&1,...,&4-1), and let
ap and p be small positive numbers. Assume that for a function ¢ : R~ — R
we have ¢ € C*(B(0,b)), |D*(2)| < C.,, for each a € Z4 " and 2’ € B(0,b),

d—1
and that the matrix (%) (0') := D%*)(0') is invertible.
9% ) i j=1

Assume further u : R*! — R satisfies u € C*(B(0, ag)), supp(u) C B(0, 2ay),
and |Du(2)| < C,, for each a € Z4" and any 2’ € B(0, ay).

2mix

For z € R we will set exp(z) :=e

Lemma 2.2.7. Under the assumptions and notation above for (d—1)-dimensional
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integral
Jd= / exp[¢ -2 + fdéw(pz')]u(z')dz’

|Z/|<a0

one has

] < Clple]) =172,

Dependence of the constant C' on u is bounded by supremum norms of some finite
number of derivatives of u, and the highest order of derivatives is independent of
the function u.

Proof. Set A(1/,na) = (¢, p€a) with X = (|¢'* + p*¢)"/? and ['|> + 15 = L.
Clearly Ay = & and Ang = p€&y. Note that since A > (p?[€'|? + p?€2)/2 = p|¢], it
is enough to prove that

19| < CA4=D/2, (2.17)

Denote F(2') :=1n'-2 +77d/%w(pz’). Clearly VF(2") =17/ +ndivw(pz’), and with
this notation we have

d= / exp[\F'(2")]u(z")dz'.

|z/|<ao

Case 1. V¢(0) =0 and d = 2.

For |ng| < ¢1, where ¢; is a small constant, we have |F'(2’)| > ¢; > 0. Here
we can invoke integration by parts in J, and using the fact that the derivatives
of u are bounded get an estimate |J| < CA™ where M > 0 is large, and hence
also (2.17) for d = 2.

If |na| > 1 we get |F"(2")| > ¢o > 0 since F"(2') = ngp"(pz') and ¢”(0) # 0.
We therefore can apply van der Corput’s Lemma (see [59], p. 334) and obtain
the estimate |J| < CA~Y/2,

Case 2. V¢(0) =0 and d > 2.

As in two-dimensional case let us first assume that |ny| < ¢; for some small
constant ¢; > 0. Then using the relation |1'|> + 3 = 1 we integrate by parts in
J and get |J| < OAX™™ where M > 0 is large, and (2.17) follows.

We now study the case when |ng| > ¢;. Setting Q,(2') = —%Vzﬂ(pz’), we
obtain

VFE) = (L4 29 ) = (1 - Q1)

hence 2’ is a critical point of F' if and only if Q,(2') = 1’77—; Observe that since
the Hessian matrix of ¢ at 2z’ = 0 has full rank, it follows by Lemma 2.2.6 that
the mapping 2’ — @Q,(%) is one-to-one close to the origin for every small p > 0.
Denoting

! 77/ / ]‘ !
2') = — -z + =Y(pz),
1) = T ()
we have .

1 /
V() = % +SVU(p) = % —Q,(2),

and D?f(2') = D*)(pz'), where D? denotes the Hessian matrix. As F(2/) =
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naf(z') we get
i= [ expbvs(lu)az
|2/ |<ag

where supp(u) C B(0, 2ag). Since the determinant of the Hessian matrix of ¢ is
nonzero at 2’ = 0, by Lemma 2.2.6 there exist constants R > 0 and C; > 0 such
that for any 2/, 2’ € B(0, R) one has

1 / / / / / /
= 1 = Z1 £ [Q,(a") - Qul)] < Cila’ = 2, (2.18)

Clearly we may also assume that |D%f(z')] > ¢ > 0 for 2’ € B(0, R). It follows
from (2.18) that

1
2 = < VI - VIE < Gl - 2
and using the fact that Vi (0) = 0 we obtain

1Q,(2)] < C1l], (2.19)

for each 2/, 2" € B(0, R). One can see that there exists a neighborhood M of 0
such that if 2/ € M then there exists 2’ € B(0,1R) with* Q,(2') = 2’. Here the

constants R, (7, and the neighborhood M are independent of 1 and p. Then
choose ag so that B(0, ag) C B(0, 1R) and B(0,2C1a0) C M.

First assume that ”—; > 2C4ay. Using (2.19) we have
A A
VN =| L = @) 2 || 10 2 20100 - i) 2

201&0 - Clao = Clao, |Z,| S agp.

Hence we can integrate by parts in J and obtain the inequality (2.17). We then
7| < 2Cya0. In this case L € M and there exists 2z, € B(0, iR)

7
such that Q,(z)) = ;’—;, that is z{ is a critical point for f. We have V f(z) = 0
and therefore

assume that

1
a|z/ — 25l < |V (2] < Cyl2' — 2| for 2 € B(0, R).

4A direct way to see the existence of the neighborhood M is to attribute it to the principle
of invariance of domain, which states that an image of an open set in R? under injective and
continuous map into R¢ is open. However this is a deep result, and a typical proof would touch
upon algebraic topology by using Brouwer’s fixed point theorem. In our particular case the
claim (the existence of M) can be proven directly along the lines of Lemma 2.2.6. We have
that Jacobian of @), at 0, which is the Hessian of f at 0, is invertible. We then diagonalize it
by a rigid motion of the ambient space, and see that in a small neighborhood of zero, the i-th
component of (), behaves like scaling in the i-direction of R4 foralli=1,2,...,d — 1. The
size of the scaling will be determined by eigenvalues of the Hessian of f at 0. This observation
implies the existence of M independent of parameters 1 and p.
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Now we can use Theorem 7.7.5 from [41] to obtain the estimate (2.17), and thus
completing the proof when 1(0) = Vi (0) = 0.
Case 3. Vy(0) # 0.

In this case we set 11(2') 1= ¥(2') — Vip(0) - 2/, so that 11(0) = Vih1(0) = 0.
Further, for

HE) =€ - + 6o,

we have

H()=¢ 2 + gd%wl (p2') + pV(0) - ) =

§ -2+ EVip(0) - 2 + &%@Z’l (p2') = (£ + &V(0)) - 2" + &1%@/}1 (p?).

Next setting
{v’ = &+ &V(0),
Vg = &4
or
{5' = — vV (0),
§a = Va,

with ¢|¢] < |v| < C|¢], we shall obtain
/ / / 1 /
H(Z)=v"2z —I—vd;gbl(pz ).
Since V)1 (0) = 0 we arrive at

3] < Clplol) ™17 < C(plel) =072,

which completes the proof of the main estimate of the Lemma.
Finally, the remark on dependence of C' on u follows from the proof presented
above, and is due to integration by parts. The proof of the Lemma is complete.
O

The astute reader could have observed from the proof of the last lemma,
that one may relax the invertibility condition of the Hessian of ¢ at the origin,
requiring it to have nonzero rank only, while still getting a decay estimate for the
integral J in consideration. However, if the Hessian does not have full rank, one
will get a worse upper bound for the integral. To keep the proof of Lemma 2.2.7
relatively less technical and in order not to diverge a lot from our paper [4], we
will formulate the mentioned observation below in a separate statement.

Corollary 2.2.8. Retain the notation of Lemma 2.2.7 and let all its assumptions
be in force, except only instead of invertibility of the matriz D*(0') we assume
that it has rank k, where 1 < k < d — 1. Then, for the integral § one has

3] < Cplel) ™2,

with the same remark about the dependence of the constant C' on the function u
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as in Lemma 2.2.7.

Proof. We will use the proof of Lemma 2.2.7, and clearly it is enough to check
the validity of the Case 2 of the proof above. Since D?*i(0) is a symmetric
matrix, we may diagonalize it by orthogonal transformation. Thus we fix a matrix
M € O4_1(R* 1) such that M7 D%*)(0')M is diagonal and has its first k entries on
diagonal being nonzero. Then, instead of working in R%~! we work in R¥ x R?=1-*
treating the last d—1—k coordinates as parameters. We set R? 3 2/ := (2”;2") €
R x R?1=* For »” we have the all conditions of Lemma 2.2.7 to run the proof
of Case 2 up to inequality (2.19), since there we do not have V"¢(0”; 2") = 0" in
general. But we still have [Q,(0”; 2”)| < C|2"| in view of the fact that 1/(0) = 0.
The bound on @), is enough to proceed the proof. We note that it is easy to
see that the all estimates can be done independently from the last d — 1 — k
coordinates. The proof of the corollary is complete. O

Finally, let us remark, that the situation discussed in Corollary 2.2.8 will ap-
pear if we allow the domain D to have some of its principal curvatures vanishing.
This will allow us to enlarge the class of domains where one has quantitative ho-
mogenization results. In fact, it will be enough for us to have a domain where at
each point of its boundary there is at least one non-vanishing principal curvature.
For example torus, or cylindrical-type domains will be included in that class.

2.2.2 Proofs of the main results

Proof of Theorem 2.2.1 (Pointwise convergence). Fix r > 0 and cover
9D by the following family of balls B = {B(z,+r) : z € dD}. By the covering
lemma of Vitali we extract a finite collection of disjoint balls

1
-r): j=1,2,..,. M} CB

BO = {B(Zj, 5

M

such that 9D C |J B(zj,r). We now fix a function ¢ € C§°(R?) such that
j=1

0 < ¢ <1 everywhere, ¢(x) = 0 for |x| > 2 and ¢(x) = 1 for |z| < 1. Next, we

set @, (z) == ¢(z/r) and for j =1,2,..., M we let ¢, ;(x) := ¢, (x — z;). We thus
-1

M

get supp(p,.;) C Bj := B(z;,2r), for 1 <j < M and set ¢, := (Z gonn) Drj-
n=1

By the definition of ¢; we have that it is defined on a neighborhood of 9D,

M
is supported in B; and also ) ¢; = 1 on 0D. Moreover, it follows form the

7=1
definition of ; that for any a € Z% there exists a constant C,, depending on «
and ¢, but independent of r such that

|Dpj(x)| < Cr7l, ze B, (2.20)

Let us also observe that for each point x € 0D if M, is the number of balls
having center at some z;, radius 7 and containing x, then M, < 10%. Indeed, for
x € 0D fixed we have that B(z,2r) contains all these balls, from which using
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the disjointness property of the family By we obtain M, (r/5)¢ < (2r)¢, and the
estimate on M, follows.

We start by fixing a small number a > 0. Take z € D and for some constant
co > 0let 0 < p < ¢od(z), where d(z) is the distance of x from 0D. Then take
r = ap, and thus the support of ; which is the ball B; has radius 2ap. By (2.20)

we have 1 )
|Dag0j(l')| < Ca = OQW’ T € Bj.

- ap)
For e > 0 and y € 9D set ¢-(y) := g(y,y/e) and recall that g(z) = [ g(z,y)dy.
Td

By Poisson’s representation we have

ue(w) —up(z) = / P(x,y)[g:-(y) — 9(y)] (Z %(y)> do(y) =

oD

Z / P(x,y)[g:(y) — 9(¥)]wi(y)do(y),

where I'; = 0D N B;. We now analyze each piece of I'; separately. After a
permutation and shift of the coordinate system, we may assume that for some
constant b > 0 and smooth real-valued function ¢ defined on |2’/| < b, where
2 = (21, ..., z4—1) and satisfying ¢ (0) = 0, I'; is represented by the following
graph

Dy = {(z, () : 2] < 10ap} N B,

where B; is a ball in R? with radius 2ap and centered at some point of I';. We may

also assume that supp ¢; C Bj, |D*y(2")| < C,, and |det(8fjaﬁj)i;1(z/)| >¢>0

for |2'| < b, where constant ¢, is independent of 2’ and I';. The last condition is
due to strict convexity of the domain.

For y) € T; fixed we have

[ Pl - swles0)doty) - ke, @2
where
Li(z) =1 := / |z — y D" Pa, y)[9-(y) — TW)]e; (y)do(y).

L

Due to the representation of I'; we have
L= [ ey ) - 9 ) X

02, 0(Z) (1 + [Vap(2)[}) V2.
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Setting 2’ = py’ we get

L=t [ o=y Ple o o)l — 3oy o)

ly’|<10a

wilpy W (py ) (1 + [V (py)*) Pdy .

Set ag := 10a. Since the boundary data g is Z?-periodic and smooth in its second
variable, we have g(z,y) = Y. cn(z)exp(m -y), for x € 9D and y € R?, where

meZd
¢m(x) is the m-th Fourier coefficient of g(x,-). From here we get

l9: = Gy, () =D emlpy s (py) exp | (m! - y’)g + %w(py’)] :
m7#0

Plugging this expansion into I; we obtain

Li=p"Y" [z =y Pla, (g, 0 (py'))em(py's (py')) X

m7§0\y’|<a0

0i(py 0 (p2")) (1 + [V (py)*) ! *exp [(m’ : y’)g + %d}(py’)} =

Py / exp [(m’ : y’)g + %Wﬂy’)} U (Y)Y,

m;éO‘ Z'|<ao

where we have set

wem(y') = & =y D1 Pl (py', 00y ) )em(py s 0 (py')) %
%‘(P?/? ¢(py’) (1+ |v¢<py1)|2)1/g.

Now observe that due to the choice of p, estimate (2.8) for the Poisson kernel
and smoothness of 9, ¢;, and the boundary data g, for any o € Zi we have
| DUy 1 (Y')| < Co for all |2'| < ag, where C,,, is independent of x. Moreover
we have

Ca,m Sa ||Cm||L°°(3D) + Z ||Dﬁcm||L°°(8D)a (2-22)
181<|a
where ¢, () = [a 9(z,y)e*™™¥dy, and m € Z%\ {0}. Denoting £ = (pm)/e =
((pm) /e, (pma)/e) == (£, &) € R x R we obtain

Li=p"") / expl§’ -y + %Qb(py’)]uw,m(y’)dy’ =pt Y Yiasm),

m#O‘y,KaO m##0

where J;(x;m) denotes the m-th integral in the sum. By Lemma 2.2.7 we have

C(d C(d _ 1
19;(z;m)| < Ch(pl€])~@D/2 = €, p~ @Dl 1)/2HmH(T)/2. (2.23)
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Moreover, by the same Lemma 2.2.7 and (2.22) we have that each C,, can be
bounded by some fixed (independent of m) set of derivatives of ¢,,(x). From this
observation, and Corollary 2.2.5 we get that

s 1ol
mlJe-072 = >

m#0

and thus by (2.23) we get |I;| < Ce@~Y/2. From here, getting back to (2.21) we
obtain

[ Pals.t) - 50l 0)doty)| < C— etV

|z — yO]t
L)

In view of definition of I'; we have voly_1(T';) < p® !, from which and the last
inequality we obtain

M
_ 1
hM@~M@KCN”ﬂZEtJWES

_ volg_1( 12 —(d— do(y)
Celd=/2 ;=(d=1) Z e d 1 < Celt1/2 (1) )<
u—yu v =]
oD
_ 1 |$—y|‘5 1)z, —(a-1)_ L
Celd- 1)/2 (d—1) / do < Oeld=1/2 j=(d=1) _~

where § > 0 is any small number. Also note that I';-s are not necessarily pairwise
disjoint, nevertheless the sum above is controlled by the corresponding surface
integral, due to the fact noted in the beginning of the proof, that for any y € 0D
the number of j-s for which y € T'; is bounded by 10%. Now we take p = cod(x)
where ¢y > 0 is a small constant, and get

1

W’ iL'GD,

lus(x) — up(x)| < Celd-1/2

where 0 > 0 is arbitrarily small. This estimate, in combination with uniform
bound for u. and ug due to Corollary 2.1.5 completes the proof of the Theorem.
O

Proof of Corollary 2.2.2. Let us first consider the case when p = 1. Fix some
0 > 0 small, then by Theorem 2.2.1 we have

el/2 1
||U£ — u0||L1(D / 1dt + / (d— 1)/2t1—d—6dt S
0 el/2

£1/2 4 (d=1)/2,.1/2(2-d~5) < c1/2-6/2.

41



The case for 1 < p < oo follows by interpolating between p = 1 and p = oco. We
get

e — uol|r(py < [Jue — uoHlL/fED)HuE — uoulL;l(/Dp) < Ce(/2=9/p,

completing the proof. n

Let us now close this section with a few remarks. First, in the light of Corollary
2.2.8 we get the next result as a direct implication of the proof of Theorem 2.2.1.

Theorem 2.2.9. Retain the assumptions (i), (ii) and (iv) of Section 2.1.1, and
assume that there exists an integer 1 < m < d — 1 such that for any x € 0D at
least m of the principal curvatures of 0D are non-vanishing at x.

Under these assumptions, for € > 0 let u. be the solution to (2.1)-(2.2) and
let ug be the solution of (2.4). Then we have the following results.

(a) For each k > m there exists a constant C,, such that
o . 8’m/2

— < 1 —

0.(0) = o) < Comin {1, 2

where d(x) denotes the distance of x from the boundary of D.

}, Ve e D,

(b) For each 1 < p < 0o and each k < 1/(2p) there exists a constant C, such
that
|Jue — uol|ze(py < Cre”.

Proof. We only need to prove (a), since part (b) follows from (a) as in Corollary
2.2.2. To obtain (a) observe that having at least 1 < m < d — 1 non-vanishing
curvatures at x € D amounts to requiring the Hessian of the graph representing
0D near z, to have rank at least m. Now we run the proof of Theorem 2.2.1, and
for (2.23) we apply Corollary 2.2.8 instead of Lemma 2.2.7. The rest follows by
obvious modifications. O

The next observation concerns the question of optimality of convergence rate
obtained in Theorem 2.1.1. This natural problem was raised in [34] (see Remark
3, after Theorem 1.1 in [34]). Let us now consider the case of constant coefficient
operators, then the settings of Theorem 2.1.1 and our Theorem 2.2.1 become
identical. When p = 2 Theorem 2.1.1 gives |lus — ug|| < Che® for any a <
(d —1)/(3d + 5), while by Corollary 2.2.2 the upper bound for the exponent «
can be replaced by 1/4. We have 1/4 > (d — 1)/(3d + 5) if and only if d < 8,
getting an improvement in the rate of convergence in dimensions up to 8, while
in dimensions larger than 9, the rate provided by Theorem 2.1.1 is better. This
shows that the convergence exponent of Theorem 2.1.1 is not optimal in general!
However, neither is 1/4 given by Corollary 2.2.2 for L? convergence.

At this stage, we are left out with the question of finding the optimal rate of
convergence for homogenization, which we will address in the next section.

Let us also stress that convexity of the domain appears in Theorem 2.1.1 and
in our Theorem 2.2.1, however the usage of this condition is completely different
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in these two cases. As we discussed in the introductory chapter, strict convexity
for Theorem 2.1.1 is needed in order to guarantee that almost all points of the
boundary have normal directions with a certain Diophantine property. Also,
convexity was used to put the domain on one side of its supporting planes in order
to make the approximation argument with boundary layer correctors workable.

In our case we only use strict convexity to get everywhere non vanishing
Gaussian curvature, and in view of Theorem 2.2.9 convexity can be essentially
relaxed while still ensuring homogenization with error estimates. This last remark
enables one to incorporate large class of domains with smooth boundaries where
boundary value homogenization holds. We also refer the reader to discussions on
localization principle made in Section 1.2.3 of the first chapter.

2.3 LP estimates

This section is devoted to the study of LP convergence results for solutions to
problem (2.1)-(2.2). We keep the same notation as before, and for ¢ > 0 we
let u. be the solution (2.1)-(2.2) and let ug be the solution of the corresponding
homogenized problem (2.4). We now state the main results of this section, where
as before we will assume that assumptions 2.1.1 hold true.

Theorem 2.3.1. (LP-convergence) Let u. and ug be as above. Then, for all
1 < p < oo one has

g/, d=2,
HUE - UOHLP(D) < CP (8‘ lng‘)l/p’ d=3 )
el/p, d>4.

The heuristic reason for getting better convergence rates in Theorem 2.3.1
compared to Corollary 2.2.2 lies in the following. If we let x € D to stay compactly
inside D, we have a very fast convergence of u. toward ug by Theorem 2.2.1. But
as we let x approach the boundary, we have to deal with the singularity that arises
from the Poisson’s kernel. To handle this, we trade-off some speed that comes
from the averaging process of the boundary data to balance the singularity. But
since we are working on the surface which is (d — 1)-dimensional, the integrability
threshold for singularities of the form |z|~ (which is that of the Poisson kernel),
with a > 0 and z near 0, is d—1. However, if we could instead work in the domain
D, we could have a larger allowance for integrable singularity, that can potentially
lead to a lesser loss from the averaging process of the oscillating boundary data.
We will implement this idea in the proof of Theorem 2.3.1.

Next, we study the question of optimality of the LP convergence rate provided
by Theorem 2.3.1. For simplicity we will consider the case of scalar equations
rather than systems, and will assume that the boundary data g has no slow
dependence, that is ¢ : T¢ — C, and § = de g(y)dy.
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Theorem 2.3.2. (Optimality) Let N = 1, and g be as above. Then for each
1 < p < oo there exists a constant C,, independent of e, such that

l|ue — UOHLP(D) > Cp51/pH9 - ?HLOO(W)-

Theorems 2.3.1-2.3.2 imply that the convergence rate of homogenization of the
Dirichlet problem with fixed operator and oscillating boundary data is optimal
when d > 4.

The next result concerns the setting of Theorem 2.1.1, i.e. when both the
coefficients and the boundary data exhibit oscillations simultaneously. Thus we
are working with the operator L., and L, is the corresponding homogenized
operator both defined in the beginning of the current Chapter. Let us also recall
that when working with £, we assume that coefficient tensor A is Z?periodic.

Following [44] we set Pf(x) = 2,(0,...,1,0,...), with 1 in the k-th position,
where 1 <y <dand 1<k < N. We also let L to be the formal adjoint to L.,
that is the matrix of coefficients of L7 is Aff‘.

Theorem 2.3.3. (Homogenization of elliptic systems) Assume d > 3, and for
each € > 0 let u. be the solution to the following problem

Lou(x)=0, x€D and u(x) =g <x, g) , v €0D. (2.24)

]fL:(Pf) =0imD foralll1 <k < N,1<~v<d, and € > 0 then there exists
a fized boundary data g* depending on operator, domain and boundary data g so
that if ug s the solution to the homogenized problem

Loug(z) =0, z € D and up(z) = g*(x), x € 9D, (2.25)

then
||ue. — uO||LP(D) < Op[E(ln(l/E))Q]l/p-

The restriction on the operator in the last theorem may be interpreted in
different ways. First, let us reformulate it without e, for which we observe from
the definition of L¥ and P! that

oAy
e 0o

0=LPF) = 0 [Aﬂa G)@ (z)

T e |7 \e) 9B

(g) Vi € D, Ve > 0.

(2.26)
If £ > 0 is small enough, the domain (1/¢)D will contain a lattice cube, hence in
view of periodicity of A the condition (2.26) is equivalent to

AT
%T]Z(x) =0, VreRe

Now set vy ;(7) = (AL, AJD)(z), where 2 € R and 1 < k,i < N, 1<~ <d.
We obtain that condition (2.26) of Theorem 2.3.3 is equivalent to

Vovi(z)=0, VoeR, 1<ki<N 1<y<d
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Note that for scalar equations (N = 1) the last condition simply means that
the rows of the coefficient matrix A considered as vector fields in R? must be
divergence free. On the other hand, this reformulation demonstrates that the cell
problem for adjoint operator has only trivial solution.

Another interpretation of the mentioned condition of Theorem 2.3.3, that
might be interesting, is through harmonic coordinates (see [27] for more details
on harmonic coordinates, and in particular their usage in inverse homogenization
problems). For each Pf let F¥_ be the solution to

L:(Ffe) =0in D and Ff = Pf on 0D.

Then {F}} are called harmonic coordinates associated to operator L. In this
terms the structural condition requires all harmonic coordinates to be linear.

2.3.1 Proofs of convergence results

Proof of Theorem 2.3.1. We divide the proof into some steps.
Step 1. Reduction to local graphs. Let z € 9D, and r > 0 be small. Then
there exists an orthogonal transformation R such that

(R(OD = 2)) N B(0,r) = {(y,¥(y)) : |y'| <10r} N B(0,7), (2.27)
where v = (Y1, ..., ¥a_1), ¥(0) = V(0) = 0 and
Hessy(0) = diag(aq, ..., aq—1) € My_1(R)

with 0 < c<a; <as < .. <ay_1 < C, where the lower bound ¢ is due to strict
convexity of D. We also have |D*y| < C,, and

Kily'| < VY (y)| < Kaly|, (2.28)

where K7 and K5 do not depend on z. Now choose § > 0 so small that

(a) 6 < 1555 and K16 < 1,

(b) (2.28) holds for || < 4%2(5,

2 . . 2 a; )
(©) [y | < v for # # 5 amd |8 — | < 555 for | < 1005 when j =
1,2, .d —1,

(d) |n'| < K36 implies that there exists a unique |y'| < ¢ so that Vi (y') = n'.

We remark that ¢ is a constant that does not depend on z. We have 9D C

M
LgDB(z, $L0) where L = %, hence 0D C kUIB(zk, $ L) for some z', .., zM €
ze =

M

OD. Set By := B(z",LJ), and take a smooth partition of unity > ¢, = 1 on
k=1

0D, where supp(px) C By. Recall that g(x) is the average of g on the unit torus

with respect to its periodic variable, also denote g.(z) := g(x,x/¢).
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We have

us(r) = uo(z) = Z/P(%y) [9:(v) = 9W)en(y)doy) =Y Li(x),
k=147, k=1

where

Iy(z) = I}, = / P(x,y)[9:(y) — 3(y)]or(y)do(y).

oD

Step 2. Reduction to volume integrals. Set z = y — 2", then
I, = / P(x, 2" 4+ 2)[g. — 9](z* + 2)or(2" + 2)do(2).
(BDﬂBk)fzk

We have (0D N By) — 2% = (0D — 2¥) N B(0, L§). By setting y = Rz we obtain

I, = / P(z, 2" + R7')[g. — 7](z" + R ') or(2F + R71y)do (y).
R(OD—2")NB(0,L5)

By (2.27) and condition (a) of Step 1 we may assume that
R(OD — 2¥) N B(0,Ls) = {(y,%(y)) : |y/| <1006} N B(0, LJ),
and hence

Iy = / Plz, 25 + Ry 0 (y)]lge — 91" + Ry, o (y)))

ly'|<Lé

or(2 + R, 0 ()) (L + Vo)) Pdy'

Step 3. Reduction to oscillatory integrals. Since g is Z%periodic in its
second variable and is sufficiently smooth, we have

g9(x,y) = > cm(x)exp(m - y),

meZd

g:(z) = Z Cm(x)exp (? : :U) ,

meza

and hence

where for m € Z¢ we let ¢, : 0D — C" be the m-th Fourier coefficient of g(z, -).
Using this and orthogonality of R we have

l9: = 91" + RNy v(y))) =

> (et + 8 v enp (2 e [, (0]« 229

m7#0
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where (-,-) denotes the usual scalar product in R% By setting n := Rm and
n = |n|(n/,ng) with [(n’,ng)| =1 from (2.29) we obtain

l9: = (" + R7Y w(y)) =
D el + R 0y )exp (£ ) expIAF ()

m7#0

where
F(y') =n"-y +nab(y/),
and A := |n|/e = |m|/e due to orthogonality of R. Next, by setting

i(y) = (2" + R7UY, 0y (L + [V (y)H)Y2,

and

Lijm = / en (2" + Ry () P, 2"+ R0 (y) @iy Jexp[AF (y)]dy

ly'|<Ld

we obtain

|1 < Z e

m7#0

Step 4. Decay of I;. We split the study of decay of the integrals I} ,,, into two
cases.

Case 1. |n/| > K10/2.

We have VF(y') = n'+naVi(y'). Then [n}| > K16/2d for some 1 < j < d—1,
hence by (2.28) on supp(®) we have

OF

OF | _ Kb K6 K Kb K6
y;

210 g > 2 grs = 210 s 10 2.
= o4 Uy 2L0 =2 =7 2 (2.30)

Now integrating by parts in I, in the j-th coordinate twice, by virtue of (2.30)
and Lemma 2.1.3, for all z € D we conclude

Gou | 4 | || F + R0 w)

o= = R D)

|Cm| +
i <ox [ |

ly'|I<LS

dy'. (2.31)

Recall that d(z) is the distance of # € D from the boundary of D, and set
D.={zeD: d(z)>c}. (2.32)
Now observe that

1 dw ’I“d_l C
< W o [T =% e
/ z — 2k — 5R—1(y/’¢(y/))‘d+1dx =C / ]+ = C/ rd+1dr - (2.33)
D,

fwl>e :
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Combining this and (2.31) we obtain

/'Ikm<x>|dl' < ON 2t / |:|Cm| + ‘% +
Dc

‘ d%c,,
2
y;

L | o vt ar
ly'|<Lé !

Now taking into account the smoothness properties of g and applying Corollary
2.2.5 to g and to its derivatives to sum up ¢, and its derivatives, from the last
estimate we obtain

Z [ Ikm L.y < Ce. (2.34)

m#0

Case 2. |n/| < K;6/2.

Since 0 > 0 is small and |(n’,ng)| = 1 we have |n4| > 1/2 and hence

By (d) there exists a unique 3 with |y/| < 6 and Vo) (y') = —Z—;. Clearly VF(y') =
0, and using (c) we arrive at

0 (8}7’)‘ 0?1 199
a5 )| = a3 2 5770
0y; \ 0y, y; 2100
From the latter by mean value theorem we get
oF ~ 99
L 4|2 gmlsl, bl <5

where s is scalar and €/ is the j-th unit vector of R*'. By (c) for i # j we have
o ()|~ P
9y; \ Oy, 9y 0y,

> ¢z, (2.35)

a1

< )
— 1000d

from which we obtain

N
82j 4 :

for 2/ € C; and y 4 2’ € supp(®;) where

Ci={eR": || >

/
/ 2N, 1,2,d— 1.

1
2v/d—1
Clearly the cones C; cover R*!. For j =1,2,...,d — 1 there exists w; supported

48



in C;, smooth away from the origin and homogeneous of degree 0 such that®
d—1
ij(z’) =1, V2" #£0.

Jj=1

Now fix a nonnegative function h € C*(R%"!) such that h(y’) = 0 for || > 2 and
h(y') =1 for |y/| < 1. Setting ¢/ =3/ + 2’ and 2* := 2 + R~y + 2/, w(y + 2'))
we obtain

T — / em(2 )Pz, )0 ( + 2 )expAF (7 + /)| d2.

ly/+2'|<Ls

Set
Ly = / h(e 22 Ve (27) Pz, 2°)Br(y + 2 )expAF(y + 2')]d2,
ly/+2'|< L8
and
B = / (1= h(= 22 )) e (2%) P2, 2%) By (Y + 2 )exp[AF (Y + 2')]d2,
ly/+2'|< LS

so that I, = I}, + I7 .. It follows from Lemma 2.1.3 that

dx
/’P(fﬁ,y)!dﬂf < C/W <,
D. D:

uniformly with respect to y € 9D and € > 0, which together with the smoothness
condition on g and Corollary 2.2.5 gives

Z/Ifé,m(xﬂdx <C) / e (2%)|d2’ < Cel@=D/2,

m¢0D5 m¢0|z’\§2€1/2

d-1
2 _ 2,
For the second part we have I}, = > I} where
i=1

k,m

5, = [ )0 = b2 en() Pla 20T + 2 )expNF (G -+ 2))dz.

5To see the existence of wj-s, let §; := C; N S92, where j = 1,2,...,d — 1. Then fix some
smooth partition of unity, say {Tj}?;%, subordinate to these intersections. Restrict 7; onto §;
and extend it to R¢~1 \ {0} as homogeneous of degree zero. Call this extension w.
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Now integrating by parts with respect to z; in [ ,f]m twice we obtain

[Tom(@)] < OA72

/

Observe that since w; is homogeneous of degree 0, for each j = 1,2,...,d — 1
and small |2’| we have

dz (2.36)

9 0 / —1/2 1 * *
oz {g%ia—%[aipwj<z )(1 = h(z722))em(2%) P(x, 2 )@k]}

<(J1

0’“%-
0 T T

! k=12, ..
82]’?(Z) T

Using this, (2.35), (2.36), Lemma 2.1.3, and applying Corollary 2.2.5 we obtain

6
D @) <0 Ay(w),
k=1

m#0

where

A (z) = / ! L g

|Z/|4|x_z*|d71 ?
81/2§\z’\§0

Ay(z) = 712 ! L

/
|z/\3 ]a: _ Z*|d—1d'z’
51/2S|Z/|S251/2

1 1 ,
N
el/2<||<C

Ay(z) =1 / ! ! dz'

’Z/|2|x_z*|d71 ’

51/2§|Z"§281/2

As(z) =12 / L1

|Z/|2 |.’E—Z*|d ’
51/2S|2/|S251/2

1 1 ,
A6<x) = / |z’|2|x—z*|d+1dz'

el/2<||<C

Let us note that z* depends on z’, however we have z* € 9D. Having this in
mind, an easy calculation shows that

6 5_3/27 d= 27
/ZAk(:c)d:c <C(elllne|, d=3,
D. k=1 e~ d>

— Y

where we used Fubini’s theorem to change the volume and surface integrations.
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Using this we obtain

gl/?, d=2,
/|12J Jdx < C S e|lng|, d=3,
m#Op,_ g, d>4

Combining together the estimates for I ] and I? X fn, and using (2.34) we arrive at

gl/?, d=2,
/|[k(1’)|d1’ <CRellngl, d=3, (2.37)
D. g, >

Step 5. L? estimates. By virtue of Corollary 2.1.5 we have sup ||u. —uo|| < (p) <
e>0
oo and hence

/ ue(z) — () |dz < Ce, (2.39)
D\D.

which combined with (2.37) gives the claim when p = 1.
Now for 1 < p < oo using the boundedness of u. — uy we obtain

/|u€—u0|pdx§C’/|u€—u0|dx:C'||u5—u0||L1(D),

hence
1
e = wo| ooy < Cllue — uoll1 (2.39)

Theorem is proved. O

Simultaneously oscillating case

We now proceed to the proof of LP estimates when both the operator and the
boundary data are oscillating. For the proof we will use a result due to Kenig-
Lin-Shen [44] to reduce the setting of rapidly oscillating operators to the fixed
operator with oscillating Dirichlet condition, where our method can be applied.
We start with some preliminaries.

For y € 0D set n(y) (n1(y), ...,na(y)) to be the unit outward normal to 9D
at the point y. Let A ,1<a,8<d 1<i,j <N be the (constant) coefficient
matrix of the homogenlzed operator Lo, and set h(y) = (hi;(y))nxn to be the
inverse matrix of (A\aﬁna(y)ng(y)) NxN, Wwhere y € 0D. Recall that the operator
Ly is elliptic in a sense of Section 2.1.1 (see [16]) hence h(y) is correctly defined.
Recall also that P,f(x) =z,(0,...,1,0,...) € RN with 1 in the k-th position, where
1<~v<d, 1<k<N,and L} is the formal adjoint to L., that is the matrix of

coefficients of L} is A]’Qf. We now let ®2% = (®:1F, ..., ®:F) be the solution of
* g okk - *k o k
Li0 (v) =0, v €D and o7 (v) = Pj(z), v € dD. (2.40)
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For e > 0 and y € 0D set

SB00) = hal) PR} 1) malwno )4 /). (241

Also set g.(x) = g(z,z/e), where x € dD. We are now ready to formulate the
result we will use from [44].

Theorem 2.3.4. (Kenig, Lin, and Shen [44], Theorem 3.9) Let d > 3 and as-
sumptions (i)-(iv) of Section 2.1.1 hold. Let also L.(u.) = 0 in D and u. = g.
on 0D. Then for any 1 < p < oo one has

e = ve| oy < Cle(Infe™ M + 2)°}/7||gc|| Loon),

where Lo(v:) = 0 in D and v. = w.g. on 0D, with w. defined by (2.41), and M
15 the diameter of D.

We remark that this theorem is proved under some mild regularity conditions
on the operator, domain and boundary data.

Proof of Theorem 2.3.3. Under the condition of the theorem on has L*(P}) =
0 in D from which we get that @:"“7 = ka where 1 <~y <dand 1<k < N. Using
this and (2.41) we get

W (y) = hae (), () (Y)na(y)ns(y) A (y/e) =
har(Y)na(W)ns(y) Anl (y/e),  (2.42)

where the last equality is due to the fact that n(y)n(y) = [n(y)|> =1 for all y €
0D. We now proceed to identification of the homogenized boundary data ¢g*(z).
Recall that since we are working with the family L., the coefficient matrix A is
now assumed to be Z?-periodic. Set cm(AZf ) to be the m-th Fourier coefficient of
Agjﬁ . For the boundary vector-valued function g(z, y) let g; be its j-th component,
1 <7 < N, and set ¢,(g;;x) to be the m-th Fourier coefficient of the function
gj(z,-), where z € 0D.

Now observe that by virtue of Theorem 2.3.4 to get the homogenization of
problem (2.24) it is enough to homogenize v.. Using (2.42) and Fourier expansion
of A and g(x,-) for the boundary data of v. we get

ve(y) = we ()9 (y) = haw()na(Y)ns () ALS (v/2)g; (v, y/e) =
hie(@)na(Y)ns(y) Y em(A)eom(gs:y)+

haWnaWnay) Y- en(AR)en(gziv)exp [£-(m+m)]. (243)
o

Due to the smoothness conditions on A and g their Fourier series converge abso-
lutely, hence rearrangements in (2.43) are correct. Set gf(y) to be the first term
in the right hand side of (2.43), we claim that the homogenized boundary data is
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g*(z) = (g7 (x))X,. To see this define uy as the solution to the following problem
Loug(x) =0, x € D and up(z) = g*(x), © € OD.

By the smoothness of the domain, operator and boundary data, the definition of
ve and ug, it follows from the proof of Theorem 2.3.1 that

(e[Inel)/?, d=3,
gl/p, d > 4.

|ve = uo||zr(py < Cp {

This in combination with Theorem 2.3.4 finishes the proof of our Theorem 2.3.3
with homogenized boundary data ¢g* defined explicitly in terms of operator, do-
main and boundary data g. O

Remark 2.3.5. Observe that the homogenized boundary data g* computed in the
proof of Theorem 2.3.3 is smooth on the boundary, and depends non-trivially on
the all problem-related ingredients. This is the first example of homogenization
problem with non constant operator such that the boundary data corresponding to
the limiting problem is regular. For general operators the reqularity issue of g*
will be addressed in Chapter /.

2.3.2 Optimality of upper bounds

Throughout this section instead of systems we will consider equations, so the
operator L is considered only in the case N = 1. The main idea of the proof of
Theorem 2.3.2 is to show that solutions to e-problem concentrate in a strip of
width £ near the boundary of D, and to prove that the portion of this strip where
we have concentration is bounded from below independently of e.

We start with a simple lemma.

Lemma 2.3.6. (Concentration near the boundary) Let u be the solution to the
Dirichlet problem for the operator L in the domain D with boundary data g :
R — C which is Lipschitz with constant Lip(g).

Then there exist constants Cy, Cy depending on dimension, domain, operator,
but independent of g, so that for any x € D, £ € 0D, and small enough 6 > 0
one has

. 1
[u(z) = g(OI < CraLip(9) + S l1gllees
provided |x — & < Cy0.

Proof. By the Poisson representation we have

u(z) = /P(x,y)g(y)da(y% r€D.

oD

Fix £ € 0D and x € D. If |x —¢| < 0/2, and |£ — y| > § where y € 0D,
then clearly |z — y| > ¢/2. Using this, Lemma 2.1.4, the distance estimate of
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Lemma 2.1.3, and the fact that the Poisson kernel has integral equal to one over
the boundary of D, we obtain

fu() — g(€)] = / P y)g(y) — 9(E)ldoty)| <

/ P, 9)llg(y) — 9(©)ldoly) + / Pz, y)llg(y) — g(©)ldoly) <
ly—¢|<d ly—¢&|>6
: do(y)
CBLipo) + ) g o @4

where the constant C' is determined by the Poisson kernel. The last integral is
estimated in a similar way as we proved Lemma 2.1.4, and uniformly with respect

to x we obtain do(y) .
o\y

< (-.

/ Irc‘—yl”’_c<S

ly—§|1>46

It is left to take = so that |z — &| < C2d, where C is a sufficiently small constant
independent of x € D, £ € 0D and g, hence the claim. n

The next Lemma is essentially the Weyl’s equidistribution theorem, in our
case concerning equidistribution of scaled surfaces modulo Z¢.

Definition 2.3.1. For z,y € R? we say that they are equal modulo Z%, and write
r =y (mod Z%) if v —y € Z°.

If z € R% by  mod Z¢ we denote the unique point v in the unit torus of R?
which is equal to  modulo one.

Lemma 2.3.7. (Equidistribution of scaled surfaces) Suppose D C R? (d > 2)
is strictly conver, and 0D = T' is smooth. Then for any Riemann integrable
function g : T* — R one has

/g(x)dx = lim ;/g()\y)da(y). (2.45)

A—00 UOld,1 (F)
Td

Proof. We first prove the Lemma for smooth functions. Suppose g € C*°(R?)
and is Z%periodic. Then

g(x) = Y cmexp(m-x), weT

mezZd

where the series converges absolutely due to smoothness of g. Plugging this
expansion into (2.45) we see that it is enough to prove that

ay = Z cm/exp(x\m ~y)do(y)

m##0
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converges to 0, as A — oo. Denote by d(§) the Fourier transform of the surface
measure o. Since I' is smooth and has non-vanishing Gaussian curvature, we have
the following well-known estimate (see [59], chapter VIII, Theorem 1)

F©) < Clel~ V2 e R\ {0}

Using this estimate we obtain

x| < Jenl[F(Am)| < CA=@D/2 3 leml

@Dz
= 2= lmll

The last sum converges due to smoothness of g, and thus we get the claim for
smooth functions.

Now if g is a characteristic function of some rectangle in the unit torus, then
it is easy to see that there exist a sequence of smooth functions f,, and F,,
n=1,2,... so that

L foe) < 90) < Fala),  a€RY,
2. lim [[F,(x) — fo(z)]ldz =0,

n—>oon

from which it follows that (2.45) holds true for characteristic functions of rectan-
gles. Clearly it will hold true also for their linear combinations, i.e. step-functions.
Now observe that when ¢ is Riemann integrable function, then the same point-
wise bounds from above and below hold true by means of step-functions, hence
the statement O

Applying Lemma 2.3.7 to characteristic functions we obtain the following
result.

Corollary 2.3.8. Let I' be as above, and A C T? be a ball. Then

: d
1(A) = Tim volg—1{y € T': Ay mod Z¢ € A}’
A—00 ’UOld_l(F)

where p denotes the Lebesque measure in RY.

Now we are ready to complete the proof of Theorem 2.3.2.

Proof of Theorem 2.3.2. Without loss of generality we may assume that the
boundary data g has mean value 0, and hence uy = 0.
By the Poisson representation we have

zuwszmwmwww@, reD. (2.46)
oD

If g = 0, then we are done, otherwise set E := {z € T : |g(z)] > 3||gl«}-
Clearly E is an open set, and by passing to a subset of positive measure, we may
assume that F is a ball.
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Due to Corollary 2.3.8 there exists a constant ¢y > 0 so that for all ¢ > 0
small enough one has

1
volg—1(0D)

1 1
volg_1{y € 0D : |g-(y)| > §Hg||oo} > §N(E)~

Now fix y € 0D, so that |g-(y)| > 1/2]||¢||, and apply Lemma 2.3.6 with

_ Lo lgllee 1 ellglle
8C, Lip(g.)  8C4 Lip(g)

We obtain
ue(®) — ge(y)| < llglloc/4, if z € D, and |z —y| < Cé, (2.47)

where the constant C' is independent of €. Since |g-(y)| > ||g]l/2 on a fixed
portion of the boundary for all small enough ¢ > 0, inequality (2.47) implies
that on a fixed portion of the strip B, := {x € D : d(z) < Ce} one has
luc()| > [|g]|0o/4, where x € B..

Now for 1 < p < oo taking the LP norm of u. only on that strip we obtain
|ue| Loy > Ce'/P||g||co, which proves the theorem. O

We conclude here that Theorem 2.3.2 gives sharp bounds on convergence
rate of the homogenization process in dimensions 4 and higher, and sharp up to
logarithmic correction in dimension 3.

Two dimensional case

The aim of this section is to study optimality of the LP convergence rate for
boundary homogenization established in Section 2.3. In contrast to higher di-
mensions, the statement of generic optimality fails in dimension two as we will
illustrate on some examples below.

The case of p = 1. Here we show on a particular example that L' convergence
rate in dimension two provided by Theorem 2.3.1 can not be improved in general.
Let B be the unit disc in R?, and set g(x1, z2) = €*™*2. We have that g is periodic
with respect to Z? and has mean value 0 over its unit cell of periodicity. For A > 1
large consider the following problem

Auy(x) =0in B and  uy(z) = g(Az) on 0B. (2.48)

In order to estimate uy on B we are going to use the method of stationary
phase (see e.g. [59], Chapter VIII). For |z| < 1 and |y| = 1 let P(x,y) be the
Poisson kernel for the Laplace operator in B. We then let ny := (0, £1) be north
and south poles of the disc, and fix some small open neighborhoods of n. on
the unit circle denoting correspondingly by A.. Now let functions ¢, ¢ and
1 — (¢4 +1_) be a smooth partition of unity of the unit circle subordinate to A
and A_. For the sake of our example it is enough to consider u, only at the points
|z| < 1/2 where we have that for any y, P(-,y) is a smooth function with bounded
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derivatives. Representing u, by the Poisson integral, we see from the definition
of g that the only critical points of the phase function of the exponential are n4,
hence by the principle of the non-stationary phase (see [59], p. 341, Prop. 4) we
get

un(z) = / P, )b+ (1)g(Ag)do(y) + / P, y)b- (y)g()doly) + O(2),

ly|=1 ly|=1

where the constants are uniform for || < 1/2. In each of the integrals above,
the phase function of the exponential in g has non-degenerate critical point at
the corresponding pole, thus using the principle of the stationary phase (see [59],
Chapter VIII, Prop. 3) uniformly for |z| < 1/2 we obtain®

ur(@) = OA"V2[P(2, 0, )e2™ — Pz, n_)e 2"\ 4 O(A/2).

To see that the two terms in the brackets do not cancel, it is enough to restrict
rto{r e B: |x| <1/2, 1/4 < x5 < 1/2}, since P(z,y) = C(1 — |z]*)/|z — y|>.
Considering u, on the mentioned subset only, we obtain |[uy|[r1z) > CA71/2
showing that the convergence rate given by Theorem 2.3.1 is sharp in general for
p=1and d=2.

The case of p = 2. Here we study the case of optimality of L2-convergence
rate in dimension two. We will consider the same problem as for p = 1, however
for notational convention we will change the periodicity of the boundary data
from Z? to 2nZ?, namely for A > 1 we let uy be the solution to (2.48), where

g(z1,9) = €2,
Claim 2.3.9. Let uy be as above. Then ||uy]|z2py < CA™Y/3(In A)V/2.

Let us remark that by Theorem 2.3.1 we have ||uy||z2(p) < CA~Y%, while

Theorem 2.3.2 gives asymptotic lower bound of A=%/2. Thus, this example shows
that convergence rate of A™'/4 is not generically optimal.

Proof. As before let P(z,y) be the Poisson kernel for Laplacian in the unit ball,
where |z| < 1 and |y| = 1. We have the following expansion (see [13], p. 99)

P(re®, ) = Zr‘”'ein(t-f)) where 0 <r < 1 and t,6 € [0, 27].

ne”

6Here we use the following fact for the constants appearing in the stationary phase analysis.
b
For oscillatory integral of the form [ @) (z)dx, let o be the unique point in (a,b) where

a

¢’ (x9) = 0, and assume that ¢”(xg) # 0. Also, let ) be a smooth cut-off function. Then the
constant of the principal term in the asymptotic expansion of the integral with respect to A

equals
1/2
2m iAe(@o)
<—i<p”(a:0)> e 11)(550)»

where the principal branch of a complex root function is fixed along negative half-axis. This
fact can be seen from the analysis of [59], Chapter VIII, Prop. 3.
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Then representing u, by Poisson integral and making a change of variable we

obtain
Z |n|/ n(t—0) zAsm@dH Z In| zntJ

neZ nel

27
where for n € Z, J,(A) := [ e/Asiné-nm0)qg is the Bessel function of order n. Due

0
to orthogonality of exponentials, from the last expression we obtain

|lur(z ||L2 //TUA re)uy Te’t)dtdr =
12

™

//T|n|+|m|+1 i(n— mtdtd § : |J | | 249)
n
0

n mEZ 0

2
We have that J,(\) = [ e*@df where p(f) = sinf — 26. Since ¢"() =

0
—siné and ¢”(0) = —cos@ we can partition [0, 27| into some finite number of
subintervals so that in each of them either |¢”(0)| > ¢y or |¢"'(0)| > co where
cp > 0 is some absolute constant. Hence by van der Corput estimate (see [59],
Chapter VIII, Prop. 2) we obtain

[, (\)] < CAY3 (2.50)

uniformly” in n € Z and X > 1. On the other hand for n # 0 integrating by parts
we have

2T 2T
1 o . A . o
In(A) = — /e”\smgdema = — /ema cos fesn0dp. (2.51)
—in n
0 0

Using (2.50) and (2.51) in (2.49) we obtain

/\2
sl oy = 32+ 32 SA° Z—n2<l+|n|>5

In|<A2  |n|>A2 |n|<)\2 [n|>A2

A2\ + )\2()\2) <A 3,

completing the proof. O

As these examples show the two dimensional case is somewhat different, and
possibly needs a specified approach.

"We note that for n fixed, we can replace 1/3 by 1/2, however for uniform estimates in n
and A the exponent 1/3 here is the best possible as can be shown for A = n (see [59], p. 357).
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2.4 Finale

We end this chapter with a few remarks and problems.

L? convergence of the simultaneously oscillating case. The structural
condition imposed on the coefficients in Theorem 2.3.3 is due to our proof and
it is a very interesting problem to see if one can remove it at the same time
preserving the optimal speed of convergence for the homogenization process. To
achieve it one would most probably need to develop some new ideas and tools.
Let us finally stress that the exponent for L? convergence can not go beyond 1/p
as Theorem 2.3.2 shows, and it seems natural that in dimensions greater than
two indeed 1/p should serve as the optimal exponent governing the algebraic rate
of convergence for homogenization.

Pointwise bounds for the oscillating problem. It is also a very interesting
problem to study pointwise convergence in the spirit of Theorem 2.2.1 of u. toward
up where u. solves the oscillating problem (2.24) and ug is the solution to the
corresponding homogenized problem (2.25). Note that the methods of Theorem
2.2.1 will not apply in this situation, since one does not have appropriate bounds
on the Poisson kernel corresponding to oscillating problem.

Change of the microstructure. Observe that when dealing with boundary
value homogenization we have assumed that the boundary data is Z¢-periodic.
While this rigidity assumption is necessary for our arguments to proceed, we
may as well change the microstructure from Z? to any other co-compact lattice
of R% and consider periodicity with respect to that structure. More precisely
take any collection of linearly independent vectors vy, ...,v4 € R? and set G :=
0Z + ... + v4Z. Clearly (G,+) as a discrete subgroup of (R%, +) is isomorphic
to Z%, and by co-compactness here we mean that the fundamental domain of the
quotient R?/G has finite volume. Then one can in the same way as for Z¢ consider
periodicity with respect to G. Again, in a similar fashion we will get expansion
into series but now with respect to the dual lattice of G, which is defined as the
set of all vectors v* € R? such that v -v* € Z for any v € G (see [47] for the
introduced notions concerning lattices). The entire analysis of boundary value
homogenization considered in this chapter will work in like manner as for Z<.

An interesting situation comes into view if we allow the microstructure to
vary independently. For this we may restrict ourselves to the set of unimodular
lattices, i.e. full rank lattices having co-volume equal to one. The space of
unimodular lattices of R? can be identified with the homogeneous space X :=
SL(Z,d)/SL(R, d), where SL stands for the special linear group. The space X
comes equipped with a natural Haar measure (see e.g. [60] for the definition of this
measure and its Iwasawa decomposition in particular) and it is very interesting
to understand what would be the probabilistic analogues of the homogenization
results contained in this chapter if the microstructure is sampled at random from
X according to its Haar measure.

When Fourier analysis meets compactness methods. In the problem with
both oscillating coefficients and boundary data we consider oscillations on the
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same scale €. Assume now the coefficients oscillate at scale €%, and the boundary
data at scale ¢°, for some «, 3 > 0. It seems interesting to understanding what is
the true complexity of the problem with respect to scales. As some preliminary
analysis shows if we let 3 > «, meaning that the boundary data oscillates faster
than the coefficients, then the process of boundary data homogenization domi-
nates, and essentially by Fourier analysis methods, as developed in this chapter,
one may show that the homogenized problem has the usual constant coefficient
operator, and boundary data equal to the average of the original data with re-
spect to its periodic variable. For the range # < «, i.e. the operator oscillates
faster than the boundary data, we may show similar results basically by com-
pactness methods if 3 < a 4 k for some properly chosen 0 < k < 1, however we
do not know if we may let xk = 0. These remarks manifest that there is a range of
oscillations covered by Fourier analysis and there is one covered by compactness
methods. Tt is interesting to see when they both break down. Certainly they do
at the same scale, i.e. a = 3, but is it the only case?

A decomposition argument. Keeping the standard notation and assump-
tions introduced in Section 2.1.1, for the simultaneously oscillating problem let
us consider the following class of operators. For fixed a > 0 we say that the coef-
ficient tensor A is from the class A, if the problem with the oscillating operator
—V - A(-/e)V, and any oscillating boundary data g(-,-/¢) admits homogenization
in L?(D) with the rate of convergence at least €*. By Theorem 2.1.1 of Gérard-
Varet and Masmoudi we know that for any o < (d — 1)/(3d + 5) the class A,
contains all smooth and periodic coefficients A. By our Theorem 2.3.3 we have
that in dimensions greater than two, for any o < 1/2 the class A, is non empty,
and by our Theorem 2.3.2 we have that A, is empty for any a > 1/2. What is
interesting to understanding here is whether the classes A, have additive struc-
ture, i.e. if A, B € A,, can we claim that A+ B € A, ? Understanding this
will pave a way to use decomposition arguments for handling the simultaneously
oscillating case.
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Chapter 3

Flat geometries

The chapter is devoted to the study of homogenization of Dirichlet boundary value
problems for divergence type elliptic equations set in bounded convex polygonal
domains. In the spirit of Chapter 2, for problems with fixed operator and os-
cillating Dirichlet data we prove pointwise, as well as LP convergence results for
the homogenization process. Along with upper LP bounds, we also study lower
bounds for LP convergence. It should be stressed that due to a radical change
in the geometry of the domain, the current setting is very different from that
considered in the previous chapter for smooth domains. While the starting point
is the same, namely, the representation of solutions via Poisson’s kernel, the main
difficulties in this case lie in a proper understanding of the regularity issues of the
representation kernels. Let us finally note that our methods here work for scalar
equations only, since at several places the maximum principle plays an essential
role.

The main results presented here are from our paper [6] which is joint with
Henrik Shahgholian, and Per Sjolin.

3.1 Introduction

The objective of this chapter is the study of the asymptotic behavior of solu-
tions to Dirichlet problem set in polygonal domains for divergence type elliptic
equation, and oscillating Dirichlet data. To fix the ideas we let D be a convex
polygonal domain in R? (d > 2), that is D is a bounded convex domain which is
an intersection of some finite number of halfspaces

N
D:ﬂ{fﬂERdi Z"Vj>Cj}, (31)
j=1

where ¢; € R and v; € S™!. Denote by I' the boundary of D. Let also A(y) =
(A (y)), 1 < i,j < d, be an R¥-valued function defined on R?, and g be a
complex-valued function defined on I' x T¢. For a small parameter € > 0 consider

61



the following problem

Lu(z) =0, in D, (3.2)
u-(z) = g(z,z/e), onl,
where using the summation convention of repeated indices the operator L is
defined as
tu e — 2 a5 2 )| = -V - [A() V() (3.3)
Oy Oz, B ' '

For (3.2) we consider the corresponding homogenized problem

(3.4)

{Luo(x) =0, in D,
up(z) =g(x), onT,

where g(z) = [ g(z,y)dy. In this chapter we will prove convergence results for
Td

solutions u. of the problem (3.2) toward uy as ¢ — 0. Recall that in the previous
chapter we had a similar problem, but with the assumption that boundary of the
domain was somewhat “curved” in all directions. This chapter studies the other
extreme, where the boundaries are completely flat, which as we will see below,
sets the problem into a qualitatively different framework. We also note that the
homogenization of the Dirichlet problem for elliptic systems in divergence form set
in convex polygonal domains with periodically oscillating operator, zero Dirichlet
data, and fixed source term is studied by Gérard-Varet and Masmoudi in [33]. The
main goal of [33] is to analyze higher order two-scale approximations to solutions,
which is carried out under certain Diophantine condition on the normal vectors of
the bounding hyperplanes of the domain, and restrictive regularity assumptions
on initial terms in the two-scale expansion. We refer the interested reader to [33]
for the details.

3.1.1 Standing Assumptions

We make the following assumptions:

(i) (Periodicity) The boundary data g is Z?-periodic with respect to its second
variable, i.e.

g(x,y + h) = g(z,y), Yoz € 0D, Vr € R?, Vh € Z°.

(ii) (Ellipticity) There exists a constant ¢ > 0 such that

c&i& < AY(2)&&5 < 71&&, Vo € R?, V¢ € RY

(iii) (Convexity and normal directions) D is convex and for any bounding hy-
perplane of D its normal vector is Diophantine in a sense of Definition 3.1.1
below.
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(iv) For the convex polygonal domain D choose «, > 0 so that 7/(1 + «.) be
the maximal angle between any two adjacent faces of D.

(v) (Smoothness) The boundary value g and all elements of A are sufficiently
smooth.

3.1.2 The Main results

The following are the main results of this chapter.

Theorem 3.1.1. (Pointwise convergence) Retain the standing assumptions in
Section 3.1.1, and if a, > 1 set 8 =1, otherwise, let 0 < 3 < a, be any number.
Then for each 6 > 0 small there exists a constant C depending on 0, 3, D, L,
but independent of € > 0, such that for all x € D one has

ue() — wo()| < C (ﬁ)

where d(x) denotes the distance of x to the boundary of D.
Keeping the notation of Theorem 3.1.1 set

 (d—1)min{l,a,}
T A1y min{l, o, } (3:5)

Using the pointwise estimate we will get the following result.

Theorem 3.1.2. (LP convergence) Retain the standing assumptions in Section
3.1.1. Then for each 1 < p < 00, and § > 0 there exists a constant C' depending
onp, D, L, but independent of ¢ > 0 such that

e — ol | ooy < CE™0I2,
where v is defined by (3.5).

Theorem 3.1.3. (Optimality) Keeping the same conditions and notation of The-
orem 3.1.1, assume in addition that the boundary data g depends only on its os-
cillating variable. Then for each 1 < p < oo there exists a constant C' depending
onp, D, L, but independent of €, such that

1 _
|[ue — uol|Lr(py > Ce?||g — G| poo(Ta)-

Remark 3.1.4. Observe that Theorem 3.1.3 shows that for larger exponents p
the LP convergence rate is close to optimal independently of the structure of the
domain. This fact for all 1 < p < o0 is due to concentration of solutions near
the boundary of the domain. However for smaller values of p there are some
limitations in the speed of convergence in Theorem 3.1.2 due to the largest angle
of the polygon. We do not know if this convergence rate is optimal as well.
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The reader may notice that the formulation of the problem and the main
results presented here are visually very similar to those of Chapter 2. However,
there are some crucial differences from the smooth setting. First of all it is the
geometry of the boundary. Here we do not have smoothness, moreover, at the
points where the boundary is smooth, it is flat, and hence has vanishing principal
curvatures. This means that the methods of the previous chapter, that were
heavily using the fact that the boundary was non-flat, break down immediately.
However, here it is still the geometry of the boundary that will determine the
asymptotic properties of the solutions to e-problems. Namely, in this flat setting
the averaging is due to the Diophantine condition on the normal directions of
bounding hyperplanes, which puts the domain into a special position with respect
to the microstructure, which is the lattice Z¢. The second main difference that
arises here in comparison to the smooth case, concerns the regularity issues of
the fundamental solutions of the operators. The problem is of course due to the
lack of regularity of the boundary of the domain.

Let us now formulate the mentioned condition on the normal directions of
bounding hyperplanes, and prove that almost all directions satisfy our condition.

Definition 3.1.1. (Diophantine vector) We call a vector v = (vy,...,v4) € R?
Diophantine with parameters 0 < 7(v) < oo and ¢ > 0, and write v € DC(1,¢),

if

C

lm - v| > —HmHT(V)

)

for all m = (my,...,mq) € Z%\ {0}, where m - v is the usual scalar product.

The next result shows that almost any direction is Diophantine for suitable pa-
rameters.

Lemma 3.1.5. For 7 > d — 1 the set |J DC(7,c) has full measure in each ball
c>0
of R,

Proof. The claim is clearly true for d = 1, so we will assume that d > 2. We
fix 7 >d—1, R > 0 and show that the complement of the set of Diophantine
vectors in B(0, R) form a set of measure 0. For N € N, and m € Z¢\ {0} set

1 1
Em,N = {«T c Rd : |m1x1 + ... +mdxd| < ——T} ,
N [|ml||

and let Ey := |J E, n. Clearly the vector z € R? is not Diophantine with
mezZd\{0}
parameter 7 if and only if z € (| Ey. Since Exy D Enyq, for N = 1,2, ..., it is
N=1
enough to show that voly(Ex N B(0,R)) — 0, as N — oo.
Observe that E,, y is a strip bounded by two parallel hyperplanes with nor-

mals m, and thus the size of the strip, which is the distance between these hyper-

planes, is equal to QW%W From this we get that the volume of £, x inside
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the ball satisfies

11 1
volg(Emn N B(0,R)) < CR¥™'—— — .
[|ml[ N [[m]|”

(3.6)

Since 7 > d—1 we have that 3 a1y ||| |=(+7) < O,. Using this and summing
(3.6) over all nonzero m € Z¢ we obtain that

Rdfl

’UOld(ENﬂB(O, R)) S O’T N ’

and the claim follows. O]

Before delving into the proofs let us point out some remarks regarding the
condition on the normal directions. The reader may wonder what happens when
the normals are not Diophantine. Here we should distinguish between two cases,
namely rational directions, and irrational non Diophantine directions.

With rational directions one can not guarantee a unique limit for solutions
u. as ¢ — 0. Examples where the limit will depend on a subsequence are not
hard to construct using for instance Lemma 3.2.1 and the Poisson representation
of solutions. We also refer the reader to Lee-Shahgholian [46] for more detailed
discussions on the possible scenarios of the limits of subsequences, and also to
Moskow-Vogelius [52], and Allaire-Amar [7] for some interesting consequences of
the rationality assumption in other situations.

The case of irrational non Diophantine normals will lead to homogenization
practically by the same approach as presented here, with the same homogenized
limit as considered above, however, without any effective estimates on the speed
of convergence. Moreover, one may construct directions, which if set as normals
of the bounding hyperplanes, will lead to convergence slower than any given speed
in advance. For this type of constructions we refer the reader to Section 4.4 of
the next chapter.

Let us finally give some rough intuition around the situation rational versus
irrationl. The setup described below is not quite identical to our case, but is
very similar, and can hopefully give more insights into the problem. Assume we
have a face of D with normal v € S%~!. Then we are essentially dealing with a
distribution of the boundary data g on a hyperplane with normal . Note that the
scaling by 1/ will produce parallel hyperplanes all orthogonal to v, but for now
let us keep the position of the hyperplane fixed. Due to periodicity we should
consider the hyperplane modulo Z?, which will produce some subset E C T¢
Clearly we will “see” g on E only, and if we require averaging to the same value
independently of the subsequence of €, this means that translating hyperplanes in
the direction of v should produce the same set E' up to measure 0. This is indeed
the case for irrational v since then E equals T up to measure 0, or equivalently
slices of the hyperplane foliate almost entirely the cell of periodicity of g.

On the other hand for v € RQ? our set E will capture a subtorus of T¢, and
thus translations in the direction of v will each produce different subtori. So
each translation will capture a different piece of information on the distribution
of g and hence different subsequences will lead to different averaging properties
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resulting in a non uniqueness of the limit. In other words for rational direction v
the translation flow on the unit torus in the direction of v is not ergodic, hence
the system loses averaging properties. In a similar vein the Diophantine property
of the normal should be seen as a way to quantify the ergodicity.

3.2 Proofs

The aim of this section is to present the proofs of the main results formulated
above. The proofs are based on a series of preliminary tools which we will collect
and classify into subsections.

3.2.1 Exploiting the geometry of the boundary

The following statements are primarily based on the geometry of D.

Lemma 3.2.1. Let m € Z¢ be nonzero, and assume that my # 0, for some
1 <k <d. For avector v = (v,vs,....,vq) € DC(7,¢) consider Il = {x € R?:
v-x=c, x; €la;b;],7=1,2,...,d,5 # k}, and for A > 1 set

Iy = /eQﬂi’\m'yda(y).

II

Then for all X > 1 one has
[95] < OA@D |||,
where the constant C' depends on v and dimension d only.

Proof. Without loss of generality we will assume that k& = d, that is my #
0. Since v is Diophantine, all its components are nonzero. In the domain of
integration we have v y; + ... + Vg_1Ya—1 + Vaya = ¢, hence

c 1
Yg = — — _(Vlyl + VaYs + ...+ l/d_lyd—l)a
Vg Vq

and substituting this in the integral we obtain

a-1 %
. vj
I\ = Cl_[l/exp |:27TZ)\ (mj — de_;) y]} dy;. (3.7)
=1

From the Diophantine condition and the fact that my # 0 we have

1 C, 1

= —|\m;vg — mqV;| > ——
el T e 2 e

(3.8)

m; — mg—=

Vj
Vg

for all j = 1,2,...,d — 1. We now compute each of the integrals in (3.7), and
applying (3.8) we get the desired estimate, finishing the proof. O]
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We now introduce some notation that will be used in the sequel. Let D be
given as in (3.1). We say that II C 0D is a ((d — 1)-dimensional) face of the
polygon D if for some 1 < k < N one has

N
N={zcR:py-z=c}N ﬂ {reR: v; x> ¢}, (3.9)
J=1,j#k

i.e., IT is just one of the flat portions of dD. For a given face II, and a number
p > 0 consider a strip of width p near the (d — 2)-dimensional boundary of II,
and denote it by

II, = {y € I : dist(y, OI1) < p}. (3.10)

For 1 < k < d set m, to be the projection operator in the k-th direction,
namely
() = (21, .., Tp—1, 0, Tpy1, ..., q), where z € R%

Lemma 3.2.2. Let D be a polygon as defined in (3.1), and 1 C {x e R : v-x =
c} be a face of D. Fiz 1 < k < d, then for any small number p > 0 there
exist a finite number of measurable sets I'; C 11, j = 1,2,..., M with disjoint
(d — 1)-dimensional interiors, and a measurable set E C Il such that

(i) E C Il.p, for some constant ¢y depending on II and dimension d, but
independent of p,

M
(i) I\ £ = YTy, and m(L') is a (d — 1)-dimensional cube of side length p
j=1

with vertices in the lattice mp(pZ2), for j =1,2,..., M.

(iii) forj =1,2,..., M one hasvoly_1(T;) =< p®~', and diam(T';) =< p, where con-
stants in the equivalence depend on 11 and dimension d, but are independent
of p.

Proof. We first construct the projections of the required sets in the projection
of II, and then lift it up to II. To have a control on the lifted sets we need some
control on the projection 7y, for which we will use the following two inequalities,
namely for any z,y € II one has

||
=l =yl < |lme(@) — @) < ||z —yll, (3.11)

]

where v = (v, ..., v4) is the unit outward normal vector of II. The second inequal-

ity is obvious, for the first one observe that if x € Il then z;, = £ — i > vy,

vk ik
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from which we get

o —yll* =D (2 — )+ Vi% (Z vi(wi — yz)) = |lmi(2) — me(y) |+

itk 1#k
2
1
5 (Sotn-m) <l -miol s 53T
ko Nk koitk itk
1
||Wk($)—ﬂk(y)|!2+\|ﬂk(f€)—Wk(y)HQEZVf’

k itk

and the first inequality in (3.11) follows. Note that the first inequality shows that
7 II — mi(I1) is a bijection.

Now consider the projection 7(IT), and let € = {€;})1, be a maximal family
of lattice cubes of size p and vertices from 74 (pZ?), such that €; C m(I). Set 8§ =
{z € mp(Il) : dist(z, Omp(11)) < 24/d — 1p}-a strip near the (d — 2)-dimensional
boundary of m(II). Since the diameter of each (d — 1)-dimensional cube of size
pis Vd — 1p, it is clear that the set m;(II) \ 8 is entirely covered by the family
of cubes €. Now set Ey := m;(II) \ |J C;, which is the part not covered by the

eee
cubes, it follows that Ey C 8.

We define E = 7' (Ey), and ['; = 7} '(€;), for j = 1,2,..., M. Using the fact
that 7y is a bijection from II to m(II), and the mentioned properties of Ey, and
the family of cubes @, the assertions (i) — (iii) follow immediately from double
inequality (3.11). The proof is now complete. H

3.2.2 Properties of the Poisson kernel

Here we shall prove some basic estimates for Green’s function and Poisson’s kernel
for the operator L, defined by (3.3), in bounded convex polygonal domains. Our
starting point will be to fix the domain D and the operator L, as defined in
Section 3.1, along with the corresponding Green’s function G(z,y) defined on
D x D\ {(x,z) : « € D}. Also, recall that by I" we denote the boundary of D.
Next, for € D and y € T" we denote by P(z,y) the Poisson kernel corresponding
to operator L in D. It is proved in Lemma 2 of [11], in a more general setting
(namely for domains, satisfying uniform exterior sphere condition), that for all
x € D, one has
o dw)

|P($,y)| S m, Y a.e. in F, (3].2)

where the y null set is independent of z. We remark that the estimate (3.12)
from [11] is proved in the case when the matrix A is periodic. However, a careful
inspection of the proof from [11] shows that (3.12) continues to hold for non-
periodic operators defined on the entire space R? with some mild smoothness
condition on the coefficients of the operator. To be more detailed, in [11], the
authors consider the operator with e-periodically oscillating coefficients, and aim
at obtaining uniform estimates on the Poisson kernel(s) independent of the oscil-
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lations. For that a certain variant of boundary gradient estimates is used (Lemma
5 of [11]), and this is where one needs periodicity assumption, in order to gain
uniform control over vast oscillations of the operator. The idea is that high os-
cillations of the coefficients basically amount to a lack of smoothness, but on the
other hand enable one to compare the oscillating operator with the homogenized
one, which has constant coefficients. This is why one needs periodicity in [11]
to be able to control the entire family of operators. Since in our case we have a
bounded domain with fixed, however not necessarily periodic operator, the proof
of Lemma 2 of [11] goes through without basically any changes.

The next Lemma will be used to control the contribution of a small piece of
the boundary in the integral representation of solutions to (3.2).

Lemma 3.2.3. Let p > 0 be a small number, x € D be fived with d(x) > 2p, and
let II be one of the faces of D. Then, there exists a constant C', independent of x
and p such that
P
P d <C—.
[ 1P@lacty) < o5

I,

Proof. If d = 2 then II is a segment, and II, is a union of two segments of size
p. It follows from (3.12) that

We now consider the case d > 3. After a rotation of the coordinates we may
assume that II is contained in the plane {x; = 0}. Note that the boundary of
IT is a subset of (d — 2)-dimensional boundary of D, that is its edges. We let
Ly, ..., Ly to be the flat portions of OII, i.e. the edges of the polygon D that form
the (d — 2)-dimensional boundary of II. Next, we consider strips of size p near
each L;, namely for i =1,2,..., M we set

8; ={y = (w1, - ¥a-1,0) € Il : dist(y, L;) < p}.

M
It is clear that II, = () 8;, from which we have
i=1

[1P@wldot) <3 [ 1P@.ldoty).
I, =1,

We now set & to be one of the §;-s, and L to be the corresponding edge. It
is enough to prove the estimate of the Lemma for 8. After a rotation we may
assume that L lies in (d — 2)-dimensional subspace {y4—1 = yq = 0}, from which
we get that

S C {y = (yl:y% "'7yd—170) € Rd_l : |yd—1| S P} (313)
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For x € D we denote by xy; the orthogonal projection of & onto the hyperplane

containing I1. It is clear that d(z) < |z—xy| = |z4|, where x, is the last coordinate
of x. Using this, the estimate (3.12) for the Poisson kernel and (3.13) we get
do(y)
Plealiot < | g
8/| lio®) < Ol | [y G g
C dy
|z4]7 1 5 - 1 d2 =
st geroct [ (222 g (o]
[ya—11<p ¢ ¢
: T~ Y : B dz
(settlng zi = oy 1<i<d 1) C / —(1 Ry <
22(21,...,Zd,1)€Rd71
P P
C— < (C——=
|za| = d(2)
The proof of the lemma is complete. O]

We now turn on to the proof of a certain Holder regularity for the Poisson ker-
nel, for which we will first prove some general estimates for nonnegative solutions
to the operator L in polygonal domains.

By I'* we denote the “singular” boundary of D, i.e. the set of all points
of T' that belong to more than one face of D. Let us fix a boundary point
z € I, and let II; and Il; be any two supporting hyperplanes of D at z. Choose
a > 0 so that the angle between these two planes, i.e. arccos(vy - o) equals
7/(1 4+ «), where v; denotes the outward unit normal to II;. Then obviously a
rotated and translated version of the function Im(z; + iz2)'™® will be harmonic
in the convex cylindrical cone generated by the two bounding halfspaces of D
whose boundaries are II; and II; correspondingly. Let us note that here a cone
with vertez at 0 (say) is a domain € C R? such that for any = € € the ray (“open”
half-line) starting from the origin and passing through z lies in €, and R? \ C is
required to be nonempty. It is well known that positive harmonic functions in
cone-like domains (with zero boundary values) behave as r* where X is the first
eigenvalue to the Laplace-Beltrami operator of surface which is the intersection
of the cone with the unit sphere (see e.g. [9]). This fact can be used along
with freezing coefficient techniques to show similar behavior for the solutions to
variable coefficients elliptic equations. We now formalize this discussion in the
next lemma', variations of which can be found in [45], and [9].

For the given convex polygonal domain D let xy € I'* be fixed. Choose o > 0
so that /(1 + «) be the maximal angle between any two supporting planes of D
at the point z.

'For the interested reader, it is instructive to consider the function f(z) = Imz'** in the
complex plane, where a > 0.

70



Lemma 3.2.4. With the above notation, consider any nonnegative solution h to
Lh =0 in DN By(xg) with zero boundary data on By(zo) NOD, and nonnegative
values on D N OBy (xg). Then for any [ < « there exists a constant ¢y depending
on (3, and independent of solution h and point xy such that

0 < h(x) < cogM |z — zo|*™7, YV x € DN Bi(x),

where M = sup h.
Bi(xzo)ND

Proof. The proof is based on scaling and Phragmén-Lindelof type argument.
After a translation of the coordinate system we may assume that o = 0. Next,
if A is the matrix of the operator £, then the matrix $(A(0) + A(0)7) is positive
definite and is symmetric, hence by a composition of orthogonal transformation
and scaling we may bring it to a scalar multiple of an identity matrix. Thus,
doing a linear change of variables in the operator, we will still get a divergence
form operator, but with matrix of coefficients having its symmetric component as
a scalar multiple of Laplacian at the origin. Since the orthogonal transformation
and scaling will transform D to a new polygonal domain with the same angles
between its faces as the original one, without loss of generality we will assume
that 1(A(0) + A(0)") is the identity matrix.

Let II; = {x € RY: z-v; = 0}, i = 1,2 be two supporting planes to D at the
origin, so that the angle between II; and I, is 7/(1 + ). Set D, = {z € R4 :
x-v; >0, i = 1,2}, then clearly D C D,. Now, for any v € (3, @) we denote by
D, a convex region containing D,, bounded by two hyperplanes passing through
the origin and forming an angle equal to 7/(1++). Let us finally set H., to be the
positive barrier function supported in D.,, which is a rotation of Im(z +izy)'*7.
Clearly for some constant C' > 0 we have

sup H,(z) = CR"™. (3.14)

BrND,

To simplify the notation, we will set h to be 0 outside D, where h is any
solution considered in the formulation of the lemma. With this preliminary setup
the claim of the lemma is equivalent to existence of constant ¢y, independent of
h, such that

sup h < coMr'P vr € (0,1] where M = sup h. (3.15)
B, By

Assume (3.15) fails, then there are sequences ¢; /" 0o, r; N\, 0, and solutions h;
to our equation such that

sup hj = ch]-rjl-w, (3.16)
T
and
suphj < ¢; M vr € (rj, 1], (3.17)
where M; = supp, hj, and j = 1,2, ... . To see this, we proceed by induction. For

j =1 take ¢; = 2, then since (3.15) is false, there exists a solution hy such that
supg hy > c1 Myr' P for some 0 < r < 1. We now choose 7, to be the largest of
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these numbers r and get that (3.16)-(3.17) is satisfied when j = 1. To pass from
J to j + 1 we choose cj1; > ¢; + 1 satisfying cjﬂryl»w > 2, then the argument
goes as in the case j = 1. It easily follows from our construction that r; — 0.

We next consider the scaled version of our problem, namely for each j = 1,2, ...
we set

~ hj(r;x)
hi(x) = —~L1 21 x| <1/r;.
)= L el s U
In view of (3.16)-(3.17) we get
~ 1
1<suph; <R VI<R< . (3.18)
Br Tj
Furthermore, ﬁj satisfies the scaled equation Qjﬁj = 0 in the scaled domain

+(By N D), and with zero boundary data on --(dD N By). Here the matrix

of coeflicients of L; is given by A;(x) := A(r;x), where A is the matrix of the
original operator. By Arzela-Ascoli theorem we may extract a locally uniformly
converging subsequence from h;, labeled again as h;, such that?

hj — ho and Lj — Lo,

where L is divergence type operator with constant coefficient matrix equal to
A(0). Also, by convergence of operators above, we mean locally uniform conver-

gence of the corresponding coefficients. Clearly we have LOTLO = 0 in the cone
Dy =52, (DN By). Since 5(A(0) + A(0)7) is the identity matrix, we get that

ho is harmonic in Dy. Moreover by (3.18) we also have

1< sup hg < RY™, VR>1. (3.19)
BrNDg

The blow-up cone Dy has vertex at the origin, and its boundary consists of k£ flat
pieces, for some positive integer k, where each piece lies on some bounding hyper-
plane of the original domain D. Note that Dy may be cylindrical (i.e. translation
invariant) in some directions. In this case we want to reduce the dimension by
showing that the function hg is independent of the cylindrical directions. It should
be remarked that such a reduction is needed only because of our barrier argument
to follow; the argument does not work with cylindrical domains, and needs the
cone to have only one vertex. One may see this as asking for the intersection of
the cone and the unit sphere to be compactly inside the upper hemisphere after
rotation if necessary.

To this end we claim that positive harmonic functions in cones (with vertex
at the origin) with zero Dirichlet data on the boundary of the cone must be
homogeneous of some fixed positive degree if the cone is NT A-domain (non-
tangentially accessible). This is proved in Theorem 1 of [45], and since Lipschitz
domains are NT'A, we get the claim for Dy (for the definition of NT'A-domain

2By elliptic regularity we may bound the gradient of %j by its supremum norm, which, by
(3.18) is locally bounded, uniformly for the whole sequence. This is the reason one can use
Arzela-Ascoli here.
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and the fact that Lipschitz domains are NT A see [42], Section 3). Next, we
show that solution hg is independent of the cylindrical directions. For simplicity,
and without loss of generality assume that Dy is cylindrical with respect to the
last coordinate. Set eg = (0,...,0,1) € R? then for any a > 0 we have that
hy(z) := ho(z+aeq) is also a positive harmonic function in Dy with zero Dirichlet
data on the boundary, and hence is homogeneous of the same degree as hg, say
p > 0. Now for any A > 0 we get

Nl (2) = hi(A\x) = ho(Aa + aeq) = g (:1: + %ed> ,

hence ho(z + aeq) = ho(z + Seq) — ho(z), as A — oo. Thus hg is independent of
the cylindrical directions. In particular, there will be no loss of generality, if we
assume that our cone Dy has the origin as the only vertex. On the other hand,
this means that up to rotation, we may assume that the intersection of the unit
sphere with Dy lies compactly inside the convex cone D, introduced above. Note
that this is only possible if there is no line passing through the origin (which is
a vertex of D) and lies entirely on the boundary of Dy. This was the reason we
ruled out translation invariant directions (i.e. lines on the boundaries). We thus
have

dB1(0) N Dy C dB1(0) N D, C dB,(0) N D, (3.20)

Let us now take the two-dimensional barrier H, in the convex (cylindrical) cone
D, introduced in (3.14). Now choose § > 0 such that 4 ¢ < 7. Define a new
function Hff := R7°H,,, and observe that by (3.20) there is a ¢y > 0 such that
H.(z) > ¢ over the set dB1(0) N Dy (e.g., by Harnack’s inequality). From this
we infer that for R sufficiently large

inf H’(z) =R inf H(z)>cR™ >R > sup h.
DoNOBR v DonoB1 i DoNOBR

Hence by the maximum principle (both functions are harmonic) we conclude that
H f/ > ﬁg in the truncated cone DyNBg. In particular as R becomes large we arrive
at 1 < supp, ho < supg, H: < R°supp, H, < 1/2 (say). This is a contradiction
and we conclude that our claim (3.15) must be true®. The proof of the lemma is
complete.

O

Using Lemma 3.2.4 we establish gradient bounds in the next result.

Lemma 3.2.5. Let D, and h be as in Lemma 3.2.4. Then, for any (8 < « there

3To emphasize once more the usage of the fact, that our cone has a unique vertex, we point
out an alternative, rather a brute force way of constructing barriers that control the growth of
ho. Namely, if one does not rotate Dy to a position that (3.20) is satisfied, we could just consider
all possible pairs of bounding hyperplanes of Dy at the origin, and as a barrier function take
the sum of all two-dimensional barriers corresponding to the pairs of bounding hyperplanes.
Then one could finalize in a similar fashion. Note that in this case as well, we need to cover
all possible directions of the growth of hg which is only possible if we do not have translation
invariant directions in our cone.
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exists a constant ¢y depending on (3, so that
|Vh(z)| < coMd,(z)°, Vo € DN Bya(wo),

where M = sup h(x), and d.(x) is the distance from x to I'*-the singular
DﬂBl(xo)

boundary of D.

Proof. We translate the origin of the coordinate system to zy, and we will
normalize solutions by their supremum norm, hence assuming that all solutions
are bounded by 1. The proof of the lemma proceeds by contradiction. Assume
the claim is false, then there exists a sequence of solutions h;, and a sequence of
points w; € D N By /3 such that we have

Vhj(x;)| > jdu(z;)” (3.21)

For each j fix y; € I'* so that |z; — y;| = d.(z;) := d;. We have that
B(y,,1/4) C DN By thus applying Lemma 3.2.4 for h; and y; we obtain

|hj(x)] < cole — yj|1+’6, Vz € B(y;,1/4). (3.22)

For the scaled solutions

hj(djl’"i‘l’j) . 1
(z) = \GT L) D, = —(D -,
vi() d;|Vhj(z;)| e d; (D= j),

we have
Lv;=01in D; and |Vv;(0)] =1,
where L; is the scaled operator. According to (3.22) and (3.21) we get

< oldiz+ @ — g

S 18
]dj

C
0 <wvj(x) < = if |z] <2,
J

where we have used the fact that d; — 0. Now observe that B;/, N dD; has no
points on singular boundaries, and hence is either empty or consists of a piece of
hyperplane. From here by elliptic regularity we have

C
1 =|Vv;(0)] < C sup vj(z) < ——0 as j — oo.
BaND; J

The latter leads to a contradiction, and completes the proof of the lemma. O

We are now ready to formulate and prove our main regularity estimate for
the Poisson kernel.

Lemma 3.2.6. Retain the hypothesis of the Standing Assumptions in Section
3.1.1, and if a, > 1 set B =1, otherwise, let 0 < 3 < a, be any number. Fix any
0>0,x €D, and y1,y2 € LI\ T, where I is a face of D, and |y; — y2| < cod(x),
where ¢y is a small, universal constant. Then, there exists a constant C' depending
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on (3, and d, and independent of x,vy,,ys such that

|yl - y2|ﬁ

|P(z,y1) — P(x,y2)| < C|m — gy |41

where § can be taken arbitrarily small positive nonzero number in dimension two,
and zero in dimensions greater than two.

Proof. Let G(x,y) be the Green’s kernel for the operator L defined by (3.3)
in domain D. Then the corresponding Poisson kernel has the form P(x,y) =
n(y)TA(y)V,G(z,y) where x € D and y € T where n(y) is the outward unit
normal of I" at y. We will study the regularity properties of the Green’s function,
which together with smoothness of A will imply the result. We will need the
following estimates on the Green’s function of L,

log —<- d=
G(z,y)| < C 2=yl ’ 3.23
|G (2, y)] {\x—y\z—d i3 (3.23)

for all (z,y) € D x D, with « # y, where for d = 2 the estimate is proved in [29],
and for d > 3 in [38]. Now fix any z¢ € D, such that |y; — yo| < cod(xg), and set
R = |zg —y1|, Dr = (D — x0), and let Gg(-,-) be the Green’s function for the
scaled domain and the scaled operator. It is clear that Gr(w, z) = R?G(Rw +
xg, Rz+xy), for w, z € Dg, where in the exponent of R, d comes from the volume
scaling, and 2 is due to the scaling of the operator. Consider hg(z) := Gg(0, 2)
in the set Dg := D N (B4(0) \ B1,4(0)). Then hp is a solution to our PDE in
this set and zero on 9Dy \ (8B4(0) U 0B1/4(0)). We claim that

hr € CYP(Dg N (Bs(0) \ Byy2(0))) (3.24)

with uniform norm bounded by a constant multiple of the supremum norm of
hgr on the set Dg. In the sequel, when proving (3.24) we will keep in mind the
mentioned relation of constants with the supremum norm of hg.

We first show that (3.24) implies the desired estimate of the lemma. Let
y1,y2 € I\ T, and z¢p € D be as in the formulation, then we have |y; — 35| <
cod(zo), and n(y;) = n(yz). On the other hand if we let z; :== R™'(y; — o),
i = 1,2 then by the choice of y; and o, we get 2; € Dr N (B3(0) \ B1/2(0)). Also
observe that from the definition of hr we have

V.hr(z) = R™'V,G(v0,y), where y = Rz + xy. (3.25)

Using (3.25), and smoothness of A, from the Poisson representation we obtain

| P(@0,y1) — P(x0,y2)| < [n(y1)" [Ay1) — A2)] VG (o, y) |+
n(y1)" A(y2) [V, G (20, 31) = VG (o, yo)]| <
VA e @y y1 = 92l Vy G (20, y1)| + [[Al] L () Vy G (20, y1) — VG0, 51)] Sa
Rz — 2||V.hp(2)| + RV hp(21) — V.ohr(2)).
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Now we invoke (3.24), which combined with (3.23), and the choice of z; leads to
the estimate of the Lemma. We just remark that in dimension two we may trade-
off the logarithmic singularity in the supremum norm of hg by slightly increasing
the power in the denominator of the estimate in the Lemma by means of the small
parameter ¢ introduced in the formulation, while in dimensions greater than two,
the supremum norm of hg is uniformly bounded away from the origin.

In what follows we prove (3.24). Observe that due to Schauder estimates we
locally have

hr € CYP(Dr N (B3(0) \ By2(0))). (3.26)

It remains to show that when approaching the boundary of ﬁR the norm does
not blow-up. From boundary regularity for elliptic equations, we also know that
solutions are smooth at regular boundaries (see e.g. Theorem 6.19 in [36]). In
particular in our case we have (at least) C? regularity for hg on the flat bound-
aries, 0Dpg \ 0*Dg, where 0* D denotes the set of all points of the boundary of
Dpg that belong to more than one face of Dg, i.e. the corner points. Again the
norm may blow up when approaching the corners 0* Dg. Since we can approach
the corner points both tangentially and non-tangentially, we may consider two
cases for z; — 0" Dp:

(i) non-tangential to the boundary, (ii) tangential to the boundary.
Case (i). Consider two points z; (i = 1,2), with the property that

dist(z;, 0Dg) > codist(z;, 0" Dg),

for some ¢y > 0, i.e. they approach 0*Dpg non-tangentially. Clearly we may
assume that dist(z;, 0Dg) < ¢y/4, i = 1,2 since away from the boundaries we
have at least C? regularity. Now let zF € 9* Dy be so that |z;—z| = dist(z;, 0* D)
for i = 1,2. Observe that due to the properties of z; we have z; € B(z7,1/4) for
i=1,2.

Assume first that |27 — 29| > (1/4)dist(21,0*Dg). Then, we apply 3.2.5 for
B(zf,1), i =1,2 and obtain

[Vhi(z1) = Vhe(z2)| < [Vhr(z1)| + [Vhe(z2)| <
C’mzll>2<dlst (2:,0"Dg) < Clzy — 29| .
Next, if |21 — 2| < (1/3)dist(21, 0" D) then we scale hg at z; with the distance

to the corner hg(y) = hp(z + diy)/di?, where dy = |z, — 27|. Again, due to the
properties of z; we have z; € B(z], 1/2), ¢ = 1,2 and thus Lemma 3.2.4 applied
in B(z},1) leads to uniform bound for hg in By(0). Since in B1/2(0) we have
no corner points but only smooth boundary, the elliptic regularity implies that
hR is uniformly C?, say, independently of z;. But then the C'¥ norm of hp is
uniformly bounded, hence with y, := (22 — 21)/d1 € By/3(0) we get

Vha(z1) = Vhn(2)| = di[Vhr(0) = Vhg(y)| < Cdi|p]’ = Clz — =",
Case (ii). It is left to cover the tangential regions near the flat boundaries.
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Here we start by taking any point zo on the flat boundary and consider the half
ball B (z) which is inside the domain Dpg. For simplicity assume that the flat
portion of the boundary, with z on it, is part of the hyperplane {x; = 0}, such
that Bf = {z4 > 0} N Bs(20). Now we let s denote the largest real number such

that Bj.(zo) C Dg. Obviously 8" Dg N B (z) = 0, and
cos > dist(zg, 0" Dpg) (3.27)

for some ¢y > 0, due to Lipschitz character of the domain. We may also assume
that s is sufficiently small, i.e. zy is in a vicinity of corner points, since otherwise
we have regularity for smooth boundaries. Invoking Lemma 3.2.4 and using (3.27)
we have that for 2 € B{ (0) the function v,(z) := hgr(sz + 29)/s'*” satisfies the
bound

(dist(sz 4 20, 8*Dg))"™”
0< v,(2) < C Slow <
(dist(zg, 8 Dg) + s)' 7
gl+8

C < Cco+ 1)

which is uniformly bounded in B; (0). Hence classical Schauder estimates can be
applied to conclude uniform C8-estimates for v, in B;L/Q(O), ie.

||hR||01,ﬂ(Bj/2(zO)) = ||Us||017ﬂ(31+/2(z0)) < Co.

This in particular means that the C*? norm of hp is uniformly bounded up
to any flat boundary point, which is the desired result.
The proof of the lemma is now complete. O

3.2.3 Proving the Theorems
Pointwise estimates

Proof of Theorem 3.1.1. By the Poisson representation we have

() — () = / P, 9)\g:(y) — 5(y))do(y) =

r

> [ Plelors) ~ 5o ),

Jj=1
J

hence it is enough to study the integrals over one particular face. Let II be one of
the faces of II with Diophantine normal vector v € DC(,¢). Since g is smooth
and Z?-periodic we have

o) = 2 eml@)etm™,

meZzZd
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where ¢, () is the m-th Fourier coefficient of g(z, -), and the order of smoothness
of g assures that the series converges absolutely. Define J; = {m € Z% : m; # 0}
and for k =2,3,....dset Iy = {m € Z% :my, # 0} \ (JyU...UJx_1). We get

/P(w,y)[ga(y) -9y Z > / z,y)en(y)e’s " Vdo(y).

I k= lmeJkH

We fix x € D, 1 < k < d, and a small parameter 0 < p < cd(z), where the
constant ¢ will be chosen from (3.28) below. Applying Lemma 3.2.2 we get a set
E C I, and a family {T'/}}Z, with properties (i) — (i) of the Lemma, and let ¢
be the constant from part (z). Since E C II,, from Lemma 3.2.3 we get

/|P x,y)|do(y ( 7 for x € D with d(x) > 2¢op. (3.28)

Now for j = 1,2,..., M fix some y; € I', then outside E' we have

27

/ P(z,y)cm(y)e s

M\E

"do(y) =

M
27

3 / P(a,y)en(y) — Pl yy)em(yy)le =™ Vdo (y) +

J=1

Estimate of A}, Since diam(T}) < Cd(z), for any y € I'} from Lemma 3.2.6,
estimate (3.12), and smoothness of g we obtain

|P(z,y)em(y) — Pz, y;)em(y;)| <
|lem|[Loe @ | P(2, y) — Pz, y;)| + [P(2, yj)llem(y) — em(yi)| S

ly — i’ d(z)
[lemll 2 +|Vemll o ——mly — 4] S
W —y,|15707 Wla —yyla” >

| — y; |10/

where we have set C,, = ||cm||zeqn + ||Vem||reay. In view of |y — y;| <
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diam(T"}) < Cp, the last estimate implies

ly — vil
AR @) < € § :/ 7 — y; |4 1+6+5/2d0(3/) N
p

volg_1(
ﬁ+6 Z |z —y, |d 1 5/27 (3.29)

where 6 > 0 is any small number. The sum in (3.29) is bounded, up to multipli-
cation by some constant depending on 6 > 0, by the integral f IId—l)“/Q’ and

hence is uniformly bounded with respect to x. We conclude that

B
(1) _r

Estimate of A{Y. Observe that my, # 0, and m(['Y) is a (d — 1)-dimensional
rectangle with sides parallel to the coordinate axes, hence we may apply Lemma
3.2.1, and using the fact that voly_1(I')) < p?~' we get

d—1
/ e E MU (y)| < CetY|m]|@DW) < ¢ (f) voly—1 (1) |Jm|| =17,
p

Using this for A we obtain
e d—1
AD (@) < © (;) 1l 47 S [P, ) e () 0lar (T%) €

J
e d—1
(;) Il Ve, (3.31)

where due to estimate (3.12) we have a uniform in 2 bound over the sum with

the Poisson kernel through its surface integral. Combining the estimates for A
and A?, for the integral on II'\ E we get

/ P, 9)g:(y) — Fldo ()| s

\E

ZZ@( = (i)d_lumnwf) Ss

k=1 meJy
pﬁ c d—1
(= 3.32
d@mﬁ(p) - (332)

where the convergence of series involving Fourier coefficients is due to the smooth-
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ness of g and Corollary 2.2.5. Since § < 1 clearly the estimate (3.28) is better
than (3.32), thus we have

3 e d—1
|u4x>—zm@»|saazgﬁ;g+»(;) , (3.33)

for all x € D satisfying d(z) > 2¢op. Equalizing the estimates we obtain

(¢] d—1
p £ d—1 B+
— = = = p=¢cd 18 (g)d-1+8
()7 (J g )

Comparing this with d(z) > 2¢op, we get that (3.33) holds true if d(x) > Ce dii(?,
where C' is some absolute constant, thus we conclude that

() — uo(z)| < Cs (d(;—;’”) o .

When d(z) < Ce 715 the estimate of the theorem follows by the uniform bound
lus(2) — uo(x)| < C||g||poe(rey Which is due to the maximum principle. Theorem
is proved. 0

LP estimates

Proof of Theorem 3.1.2. For § > 0 set k = -%=L.. By Theorem 3.1.1 we

d—1+8"
have
gPr
Set py = ﬁ—ln, and fix 1 < p < pg. Then for & > 0 small enough we have

p(B + )k = pBr + dpr < 1. This, together with (3.34) implies that
|ue — uo|| Loy < O™, 1 < p < po. (3.35)

Now fix pg < r < oo, and let 1 < p < py. Using the uniform boundedness of
|us — wo|, and estimate (3.35) we obtain

/r

1
D
e = wollzroy = | [ Jae = ol Plue = ol | < Clluc = wollfy, < O,
D

Take p = pg — 9, where § > 0 is small enough. Since pyGk = 1, from the last
estimate we get

_s 8k
|[ue — uol|zr(py < Cef™ = 07 = Cer01
where §; = ﬂ%;. Combining this with (3.35), for 1 < p < oo we get

min{Bk,L}—
||’LL6 — U0||Lp(D) S Ce s ’p} 6. (336)
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Thus, if 5 = 1, then we are done, otherwise, we have a, < 1, and (3.36) holds
true for each 0 < 8 < a,, and § > 0. Observe that for all d > 2 we have

0 < auk— Pk <a,— 0, where 0 < < o, < 1.

Using this, for each 6 > 0 we choose 0 < < «, such that a, — § < §/2, and
from (3.36) we get

||u5 — UOHLP(D) < CSmin{’y’%}fgéj

completing the proof of the theorem. O

Optimality

Proof of Theorem 3.1.3. First recall that here we only consider boundary
data that depend on the periodic variable only. For the proof we will follow the
same strategy as in the proof of Theorem 2.3.2 for the smooth case. The only part
that needs to be modified in this setting is Lemma 2.3.7, which proves certain
type of equidistribution result for the family A\I' mod Z¢, as A\ — oo, where for
r € R4 and (z mod Z%) denotes the unique point y € T? satisfying » — y € Z%.
On the other hand, the proof of Lemma 2.3.7 is based on the following fact: for
any smooth function g : T¢ — C one has

/g(x)dx = lim ;/g(/\y)da(y). (3.37)

A—00 ’UOld_l (F)
Td

So, to complete the proof of the current theorem, we need to prove (3.37), which
is now due to the Diophantine property imposed on the normals of the faces of
D. Observe that since the linear combinations of exponentials e, (y) := e*™™¥,
m € Z%, y € T? are dense in the uniform metric in the space of smooth functions
on T4, it is enough to prove (3.37) for each e,,, m € Z%. When m = 0 then (3.37)
is trivial, now fix some nonzero m € Z%. We need to show that the limit in (3.37)
is 0, which is enough to establish on each face of D. Let II be a face of D with a
normal vector v € DC(7,¢). The proof will be complete once we show that

Iy = /em()\y)da(y) — 0, as A — oo. (3.38)

II

Since m € Z? is nonzero, then my, # 0 for some 1 < k < d. Take any § > 0
small and apply Lemma 3.2.2 for k£ and §. We will get a partition of Il into a set
E, and a finite family of sets {I';}1, with properties (i) — (iii) of Lemma 3.2.2.
It is easy to see from the definition of sets Il; that vols—1(Il5) < C90, and since
E C 1., for some absolute constant ¢y, we have voly_1(E) < Cd. We then use
the properties of the partition and applying Lemma 3.2.1 on each of the I';’s we
get

M
ENES /+Z/ < O+ O~V ||m| |47 M < €,
j:l FJ

E
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provided A is large enough. Since 6 > 0 is arbitrarily small, the last expression
shows (3.38), and hence completes the proof of the theorem. ]
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Chapter 4

Analysis of boundary layers

The main purpose of the present chapter is to analyze the boundary layers arising
in periodic homogenization. One of the primary difficulties toward the homog-
enization of Dirichlet problem for elliptic systems in divergence form with peri-
odically oscillating coefficients and boundary condition, lies in determination of
the limiting Dirichlet data corresponding to the effective problem. This question
has been addressed only very recently in [34], where it was shown in particu-
lar, that this limiting data depends on all ingredients involved in the problem,
nevertheless without constructive characterization of the dependence. A more
refined description in this direction has been obtained later in [54]. However,
some very basic issues remain unhandled. For example, it is not known whether
the boundary data corresponding to the effective problem may develop singu-
larities at the end of the homogenization process, if one starts with a problem
with all the ingredients being smooth. Understanding this issue can shed a new
light into the homogenization process, and one direct consequence would be up
to the boundary regularity of homogenized solutions. In the first part of this
chapter we initiate the study of this regularity problem, and prove certain Lips-
chitz continuity result. The second part of the chapter deals with boundary layer
systems set in halfspaces, and studies asymptotic behavior of solutions far away
from the boundaries. These are systems, that arise in the analysis of boundary
layer correctors. By a new construction, here we show that depending on the
normal direction of the hyperplane, convergence of the solutions toward constant
vector fields away from the boundaries can be arbitrarily slow. This last result,
combined with the previous studies from [33], [34], and [54] gives almost complete
understanding of dependence of convergence speed of boundary layer correctors
toward their tails, from the position of the corresponding hyperplane with respect
to the microstructure.

The first part of this chapter concerning the regularity problem, is from our
preprint [3]. The problem of slow convergence of boundary layer tails, which is the
subject of study of Section 4.4, has originated from discussions with Christophe
Prange, to whom we express our gratitude.
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4.1 Introduction to the regularity problem

For a bounded domain D C R? (d > 2) consider the following problem

V. (A (g) vu) (£)=0, xeD, (4.1)
with oscillating Dirichlet data

u(z) =g (x, g) , x € 0D. (4.2)

Here, as usual € > 0 is a small parameter, A(x) = (AZ/B(LE)) is RN**%_yvalued
function defined on R, where 1 < o, 3 < d, 1 <4, < N, and g(z,y) is RV-
valued function defined on 9D x RY. The operator in (4.1) is defined as

Ouy

=[5 () ] 0= o 1 (0) 2]

where u = (uy, ...,uy) and 1 < i < N. For the family of operators {L.}.~¢ we let
Lo be the homogenized (effective) operator in the standard sense of the theory
of homogenization (see Section 1.2.1 in the Introduction to the thesis).

4.1.1 Assumptions

We start by formulating the hypotheses under which the problem (4.1)-(4.2) will
be studied. Note that the homogenization problem considered here has already
appeared in Chapter 2, and the assumptions (H1)-(H4) below are exactly the same
under which we undertook the study of the problem before. For the purpose of
this chapter we are going to add another assumption into the list, namely (H5)
below, by that getting the following complete account of hypotheses.

(H1) (Periodicity) The coefficient tensor A and the boundary data ¢ in its second
(oscillating) variable are Z%-periodic, that is Vy € R, Vh € Z% and Va € 0D
one has

Ay +h) = Ay), g(x,y+h) =g(x,y).

(H2) (Ellipticity) Coefficients are uniformly elliptic and bounded, that is there
exist constants A, A > 0 such that

NGEL < A ()68 < AELEL, Yz e RY VE e RUY.
(H3) (Convexity) We assume that D is strictly convex.

(H4) (Smoothness) We suppose that the boundary data g in both variables, the
all elements of A, and 0D are sufficiently smooth.

(H5) (Layered medium structure) We will assume that the coefficient tensor A is
independent of the direction eq = (0,...,0,1) € R9,
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The last hypothesis (H5), which will also be discussed in Section 4.3.3, models
the so-called laminates, i.e. when the media has layered structure. The reader
may consult to [53] for some results on homogenization in layered media. We also
note that the direction ey is of no particular importance, but is rather fixed to
simplify the notation. The whole point is that we require A to be independent of
some rational direction, i.e. instead of (H5) one may assume that there exists a
nonzero vector v € Q¢ such that A(x +tv) = A(z) for any z € R? and any ¢t € R.
Then there exists a rotation and scaling of the coordinate system by an invertible
matrix with rational entries, such that the new operator in still uniformly elliptic,
is independent of e4 and is periodic with respect to lattice kZ¢ with k € N possibly
large. The entire analysis presented here remains valid in this case too. To avoid
repetition, we refer the reader to Section 4.3.3 for a similar treatment concerning
change of variables.

4.1.2 Preliminary discussions and the main result

We now proceed to description of the regularity problem considered in this chap-
ter. Denote by ¢* : 0D — R¥ the Dirichlet data of the homogenized problem
corresponding to (4.1)-(4.2). Existence of ¢g* from the class L>(0D) under hy-
potheses (H1)-(H4) is due to Theorem 2.1.1. We also refer the reader to Theorem
2.3.3 for a particular class of problems (4.1)-(4.2), when this data can be com-
puted explicitly (see formula (2.43) in the proof of Theorem 2.3.3), and proven
to be smooth on the boundary of D. However, even in the case of the restric-
tive structural assumption considered in Theorem 2.3.3, one can observe that
g* is somehow subject to strong correlations between different ingredients of the
problem, including the operator, boundary normal field, as well as the original
boundary data. The main purpose we have here is the study of regularity of g*
in general.

Let us start by recalling some known facts from [34] concerning ¢g*. For a
unit vector n € S%°! set P,. to be the operator of orthogonal projection on the
hyperplane orthogonal to n. Fix [ > 0 so that (d — 1)l > 1 and for k > 0 set

Ao ={n e ST |P,(&)] > k|| for all € € Z4\ {0}}. (4.3)

It is shown in [34] that o(S%1\ A,) < Ck?!, where o denotes the Lebesgue
measure on the unit sphere of R%. Now, for x € 9D let n(z) be the unit inward
normal at z and for k > 0 set 0D, = {x € ID : n(z) € A,}. With some little
extra work one can show from the analysis of [34] that ¢* is Lipschitz continuous
on 0D, with Lipschitz constant bounded by C'x~2. However one can see that the
complement A¢ = S\ A, while a set of small measure, is everywhere dense
and is an open subset of the unit sphere!. Let us illustrate this simple fact here,
essentially following [34], and then discuss some consequences of this fact.

To start with, fix n € S !, k > 0 and assume that n ¢ A,. This means that
for some nonzero £ € Z? we have |P,.(£)| < k[¢|7!, and in view of the linearity

IHere the sphere has a topology inherited from R<.
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of the projection we get

[P (€/1€D)] < rilg] 0D (4.4)

Geometrically this condition means that n stays inside a spherical neighborhood
of ££/|€| of radius some constant times x|&|~(+1). More precisely, set & = £/|€|,
and complete the unit vector &; by &,..., & to form an orthonormal basis in R
Then for some scalars ny,...,ng we have n = n1&; + ... +ng€y. Since Pes (n) is the
orthogonal projection of n on a subspace orthogonal to & we obtain Pt (n) =
N9y + ... + naéa and hence [Per(n)| = (1 — n?)Y/2. By symmetry considerations
we get
[Poc (€)] = [P ()] = (1 = n)'? = (5 + ...+ n) "2

From the last expression and (4.4) we conclude that

A= |J {lno,na) € RN (nf 44+ 02 < klg 7YY, (45)
£\ {0}

which implies

J(‘AZ) < Okt Z ‘fyf(dfl)(lJrl) < C'/Qd717 (46)
gezi\{o}

where convergence of the series is due to the fact that [(d — 1) > 1. Now observe
that (4.5) shows that A¢ is an open set on the unit sphere, containing all rational
directions, implying in particular that A¢ is dense on S*"!. On the other hand
the strict convexity and smoothness of D implies that 9D is diffeomorphic to
S9! through its normal field?, from which we conclude that 0D, has essentially
the same structure as A, had on the unit sphere, i.e. 9D \ 0D, is open and is
dense in 0D. This fact prevents one to extend g* continuously on any given open
subset of the boundary of D relying on the Lipschitz continuity of g*, since the
Lipschitz constant blows-up as k — 0.

For a given domain D with smooth boundary, let 0D;.. be the subset of 9D
where the unit normal field has irrational direction, that is for x € 9D we let
x € ODy, if and only if n(z) ¢ RQ?. For xk > 0 set

0D, + ={x € ODiy : (n(2))a >k} and 0D, _ = {x € ODi, : (n(2))a < —K},

2This is a standard fact, but since we could not find a reference, for the readers’ convenience
we sketch an argument here. To see the claim, let N : 9D — S?~! be the Gauss map, i.e. at each
point x € 9D it assigns the normal vector as its value. As the domain is strictly convex, the
Hessian of the graph, representing the surface, has full rank for any x € 9D (see the discussion
preceding Claim 2.1.2). From here one can see that the Jacobian of N has nonzero determinant,
hence by the inverse function theorem the Gauss map is locally a diffeomorphism. The latter
shows that the image of D under N is open in S¢~!. On the other hand since dD is compact
we have that N(9D) is compact in S¢~! and thus is closed. The sphere is connected, and we
conclude that N(0D) = S?!. Finally, the strict convexity of the domain trivially implies that
N is one-to-one, since otherwise one would get two different tangent planes of 9D having the
same normal, violating the condition that D must lie strictly on one side of its support planes.
It now follows that the Gauss map is a diffeomorphism between 9D and S?~!.
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also denote
0Dy ={x € 0D : (n(x))q =0}.

Here the subscript d means the last coordinate of the vector. Since as we saw 0D
is diffeomorphic to S“! we have that 9D, has surface measure 0. The following
is our main theorem concerning the regularity problem introduced above.

Theorem 4.1.1. (The Main result) Under the conditions (H1)-(H5) above,
for any 0 < k < 1 the boundary data g* is Lipschitz continuous on 0D, . and
0D, _.

An immediate consequence of this result is the following.

Corollary 4.1.2. Under the conditions and notation of Theorem 4.1.1, g* can
be extended continuously on 0D \ 0Dy.

Proof. In view of Theorem 4.1.1, g* is uniformly continuous on dD,,+ UdD,, _
for any k > 0. Taking x to 0 implies the result. [l

We end this section with a few remarks and a brief review. First, it should be
noted that while problems with operators of the form (H5) have been considered
in the literature, in our case this new restriction is rather technical and allows at
some points for our argument to go through. However, on the positive side, most
of the arguments of the current chapter do not need hypotheses (H5). Moreover,
building upon the previous works [34] and [54], the chapter sets up a program,
which if completed, will lead to a sufficiently well understanding of the regularity
issues considered above. The results here can be seen as initial steps toward the
completion of the aforementioned program.

Around the theme of regularity. Let us also mention a very few existing
results in the literature that to a certain extent relate to our regularity problem.
Keeping the operator as in (4.1), instead of Dirichlet data, one may consider
Neumann boundary condition, prescribing the co-normal derivative of solutions;
that is to say instead of (4.2) we set

n(x) - <A <E> Vu) (r) =g (x, g) : x € 0D,

where n(z) is the unit inward normal. In this case if 9D does not have flat pieces,
or has finitely many with each flat portion of 9D having normal direction not
included in RQ?, then the homogenized boundary condition is as follows

n(z) - (A°Vu®)(x) = g(z), xr € 0D,

where A° denotes the constant coefficient tensor of the homogenized operator,
u’ is the solution to the homogenized problem, and §(z) := [, g(z,y)dy. This
result is classical, and the details can be found in [16]. We see that here there is
no problem of regularity of the homogenized boundary data.

The nonlinear version of this problem has been studied by Choi, and Kim [21].
Specifically, they consider homogenization problem for fully nonlinear uniformly
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elliptic PDE in a bounded domain with periodically oscillating normal derivative
on the boundary. In particular, they show that in case the homogenized operator
is rotation-invariant, the homogenized boundary data is continuous with respect
to normal directions. If the operator is homogeneous a similar result was proved
by Choi, Kim, and Lee [22].

The case of Dirichlet data, for fully nonlinear non divergence form operators
has been studied by Feldman in [31], and very recently by Feldman, and Kim in
[32]. The continuity of the homogenized boundary data on the set of irrational
directions is established in [31]. Continuing in this direction the recent work [32]
shows that if the homogenized operator is rotation-invariant then the homoge-
nized boundary data is Holder continuous for strictly convex domains, while if the
condition on rotation-invariance fails, the homogenized data can be discontinuous
at every point of the boundary where the normal direction is rational.

4.2 Boundary layer systems and construction of
homogenized data g*

We first fix some notation, that will be used in the sequel. For a unit normal
n € S¥! and scalar a € R set Q,, = {x € R?: z-n > a}, where - is the usual
dot product in R¢. For a = 0 denote €, := Q0.

For a smooth and Z%periodic function vy, unit vector n € R?, and scalar
a € R consider the following problem

{—v : ;4 YVoly) =0, y€ Qna, (4.7)

U(?J) Vo (y)a Yy e aQn,a'

We will refer to problems of the form (4.7) as boundary layer systems. As we
have discussed in Section 1.2.2, these systems play a central role in homogeniza-
tion of problem (4.1)-(4.2). Concerning (4.7) we will need the following result.

Theorem 4.2.1. (Prange [54], Theorem 1.2) Assume n ¢ RQ?. Then

1. there exists a unique solution v € C*°(§y, o) N L>®(y4) of (4.7) such that

Vo[l Lo (fyn>ty) — 0, ast — oo,

J 10001 gyt <

2. and a boundary layer tail v € RY independent of a so that for y € Q.
v(y) — v, asy-n — oo,

and convergence is locally uniformly in tangential variable.
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Now, following [34] and [54] we describe the construction of the homogenized
boundary data. First, consider the case when boundary data g in (4.2) can be
factored into independent components depending on x and y. Namely, assume
that there exist a smooth vy defined on T¢ with values in My (R) and some smooth
go defined on dD and with values in RY so that g(x,y) = vo(y)go(z). Next,
take any = € 0Dy, and for n(z) consider the boundary layer system (4.7) with
boundary data vy. Then let v*°(z) be the constant field® provided by Theorem
4.2.1. Finally, set

9" (x) == v®(n(x))go(x), 2 € Dy

The general case proceeds by approximation. Using periodicity of ¢ in y and its
smoothness we have the following expansion

9@, y) = > em(@)e™ ™ =3 " gu(x,y),

meZd meZd

where the series converge uniformly and absolutely. Here g¢,,(x,y) is factored,
since ¢,, € RY and we may identify the exponential e*™¥ with e?™™¥ ]y, where
In € My(R) is the identity matrix. We let vS? be the constant field corresponding
to the m-th exponential. Then, it is shown in [34] that the homogenized boundary
data for ¢ is given by

g (@) =D em@uy(n(@) = gn(x), o€ 0Dy (4.8)

meZa meZ4

We refer the reader to [34], Section 4.2 for the details. What we see from here is
the fact that the regularity of ¢* depends on the regularity of v> with respect to
the normal directions. To analyze this dependence we will use a formula for v*>°
computed in [54]. For its introduction we need some preliminaries.

Recall that A* is the coefficient tensor for the transposed operator, i.e. (A*)Z-o‘jﬁ =

A?f‘. Next, for all 1 < < d we let v*7 € My(R) be the solution (in the sense of
Theorem 4.2.1) to the following system

—Vg ’ A*(@/)ng*"y(gj) = 07 g € Qm (4 9)
v*ﬁ(@ = _X*ﬁ(ﬂ)a g € aan
where x*7 € My(R) is the solution of the following cell problem
=V, - A @)Vyx(y) = 0,, A%, ye T
J x> (y)dy = 0. (4.10)
Td

To proceed, we need the notion of quasi-periodicity. By Cy(R?) denote the
Banach algebra of complex-valued continuous and bounded functions on R?, with

3Note that technically Theorem 4.2.1 is formulated for the case when the boundary data is
an N-dimensional vector, while here we need an N x N matrix. Clearly this is not an issue,
since one may treat each column of the matrix separately, as is mentioned e.g. in [34].
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the norm || f||¢,re) = sup [f(z)].
z€R4

Definition 4.2.1. We say that a function f € Cy(R?) is quasi-periodic, if the set
of shifts {f(- + a)}aecra is precompact in Cy(R?).

The set of all quasi-periodic functions forms a closed subalgebra of Cy(R%).
The next lemma provides a certain analogue of a mean-value for quasi-periodic
functions®.

Lemma 4.2.2. (Subin [61], Theorem S.3) Let f : R — R be quasi-periodic.
Then there exists a scalar M(f) such that for any p € L*(R?) one has

/ o) FOw)dy — M(f) / S)dy, a5 A — oo,

R4 R4

The following formula for v*°(n) defined by Theorem 4.2.1 is due to Prange (see
[54], formula (6.4)). Keeping the notation of Theorem 4.2.1 and Lemma 4.2.2 we
have

v™(n) = /GyaGO(n,y)da(y) X {M{Aﬁa(y)vo(y)ng}—i-

0Qn

M {3y, () (y)A” 7(y)vo(’y)%} +
M{f)y Nt (y) AP (y) n”/} (4.11)

Here G is the Green’s kernel corresponding to the homogenized constant coeffi-
cient operator —V - A°V in domain €,. Also, the averages M(+) are understood
for restrictions of functions on the hyperplane €2,,, that is one may apply Lemma
4.2.2 after rotating the hyperplane 99, to R%~t x {0}. We finish this section by
establishing a uniform bound on the constant field of Theorem 4.2.1 in terms of
the corresponding boundary data.

Lemma 4.2.3. Keeping the assumptions and notation of Theorem 4.2.1, for a
unit vector n ¢ RQ? and boundary data vy let v™° be the corresponding constant
field. Then there exists a constant C such that [v>°| < C||vg|| pee (4.

Proof. The proof relies on an integral representation of solutions to (4.7). Since
v> is independent of the scalar a in (4.7) we will assume that a = 0. By [54]
Section 3.2, for the solution of (4.7) we have

o(y) = / Py, Duo@do(@.  y e

o197

4To see the analogy with the ordinary mean-value of a function and the one given by Lemma
4.2.2, we note that quasi-periodic functions can be identified with continuous functions defined
on Bohr compactification of R?. Then the mean-value in a sense of Lemma 4.2.2 agrees with
the ordinary mean-value but with respect to the Haar measure of the compactification of R?.
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where P is the Poisson kernel corresponding to (4.7) and satisfies the following
estimate (see [34], Lemma 2.5)

y-n
Py, )| <02 412
Pl = OF =3 (4.12)
for alld > 2, y € Q,, and y € 99,,. Using (4.12) we obtain

y-n
[0(y)] < Cllvollimeza / o ()

y-n=0

Now take any orthogonal matrix M € O4(R) such that n = Me,y, and make
a change of variables in the last integral by y = Mz and y = MZz. Due to
orthogonality of M, for y € Q, we have y -n = z- M'n = 2 - e; = 23 > 0 from
which it follows that

dz
(1)) < Cllnll=ena | o =

zq=0

CHUOHLOO(W) / dz

Zd_ ~ 21—21 2 Zd—1—Zd—1 2 v
Z4=0 <T> + ...+ (T) +1
Setting 7; := (2; — Z;)/24, i = 1,2, ...,d — 1 in the last integral, we obtain

dr
19| < Cllwllimesy [ s < Cllllzmcen,

Rd—1

finishing the proof. O

4.3 Stability of averages along hyperplanes

In this section we prove some stability results with respect to normal directions,
for certain averages involved in formula (4.11).

4.3.1 Averages of periodic functions

We start with a particular case of Lemma 4.2.2, which is of special importance
to us.

Lemma 4.3.1. Assume f : R? — R is Z%-periodic, n ¢ RQ? is a unit vector
and M € O4(R) is an orthogonal matrixz satisfying Meg = n. Then for g(2') =
f(M(2',0)), where 2’ € R™! one has

M(g) = [ fla)de.
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Proof. Observe that ¢ is quasi-periodic, hence by Lemma 4.2.2 we have the
existence of M(g). Due to periodicity and smoothness of f we have

9(=) = FM(,0)) = 3 a( e mhME0),

kezd

where ¢, (f) is the k-th Fourier coefficient of f. To compute M(g), we fix some
@ € C(RI), set ¢p(2)) = k- M(2',0) for k € Z4\ {0} and let

Je(N) = / o(2"e TR gy A> 1

Rd-1

It follows from the definition of the matrix M that M = [N|n|, where N is
d x (d — 1) matrix. It is easy to see that V'¢y(z') = N'k, for all 2/ € R"! where
V' is the gradient in R?"!, but since M is orthogonal we have

k| = [M'k| = [(N'E,n - k)| = [(V'¢u(2),n - k)],

hence if V/¢y(2') = 0' € R it follows that |n - k| = |k|, which implies that
n € RQ?, thus leading to a contradiction. We conclude that V'¢y(2') # 0/, hence
by the principle of the non-stationary phase (see e.g. [59], p. 341, Prop. 4) we
get that lim Jx(\) = 0, for any nonzero k € Z%. This shows that

[ 190187~ () [ e)ar as -,

Rd-1 Ra-1

hence the claim. O

An important consequence of the previous Lemma is the independence of the
first two averages involved in the formula (4.11) from the normal n. Namely,
since A, vy, and x*7 are all Z%periodic, from Lemma 4.3.1 we get

M{A™ (y)vo(y)ng} = M{AP (y)vo(y) }np = co(A%vo)ng,  (4.13)
and
M{ay ( )Am( n«,} M{ay ) (y) ABW }nv
co[(x* O‘) Amvo]nv, (4.14)

where we take n ¢ RQ?, and cy(f) denotes the 0-th Fourier coefficient of Z9-
periodic function f, i.e. the average over the cell of periodicity. It is very impor-
tant to note that at this stage we are not able to apply Lemma 4.3.1 to the last
average in (4.11) since v*? is generally not Z%periodic. This fact gives rise to
serious mathematical difficulties.
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4.3.2 Stability of Green’s averages

Here we study the regularity with respect to normals of the integrals involving
Green’s kernel in formula (4.11). For a coefficient tensor A and a halfspace
Q C RY, the Green’s kernel G = G(y,y) € My(R) corresponding to the operator
—V - A(y)V in domain € is a matrix function satisfying the following elliptic
system

(4.15)

G(y>@ = 07 Yy e 8Q,
for any y € 0, where 4 is the Dirac distribution and Iy € My(R) is the identity
matrix. To have a quick reference to this situation, we will say that G corre-
sponds to the pair (A, Q). The existence and uniqueness of Green’s kernels for
elliptic systems in halfspaces is proved in [40], Theorem 5.4 for d > 3, and in
dimension two in [30], Theorem 2.21. Moreover, if A* is the coefficient tensor for
the transposed operator, and G* is the corresponding Green’s kernel, then one
has the following symmetry relation

Gy, 1) =G @), 47 E . (4.16)

{—vy AWV,G(y,§) =6y —PIn, yEQ,

Let BY be a constant coefficient elliptic matrix and G°(z,z) be the Green’s
kernel corresponding to the pair (B R%). Fix a unit vector n € S%°!, along
with a matrix M € O4(R) satisfying Mey; = n. For y,y € Q, set G"(y,y) =
G°(M'y, M'y), we now find a system of equations that is satisfied by the matrix
G".

Clearly, for any y € 99, we have M'y € OR% and hence G"(y,y) = 0, so we
get a homogeneous boundary conditions for G™ on €, for any y € ,,. To get the
system for G", let us rewrite the system in the definition of the Green’s kernel in
(4.15). Let G° = GY; € My(R), then according to (4.15) for all 1 <i,j < N, we
have

—0..(B)"0.,G0,(2,.7)) = (2 — 2)0w,  z€RYL, (4.17)

where d;;. is the Kronecker delta. For fixed 1 < 4,7 < N denote B?j = ij’aﬁ €
My(R), then by this notation (4.17) becomes

—V. - BVG(2,2) = 0(z — 2)bin.
Now, fix y € €2, then for any 1 < a < d we have
Oy G (y,7) = 0., G (M'y, M) mar + ... 4 0.,GR;(M'y, M'g)maq,
and hence V,G}.(y,y) = MV.G);(M'y, M'y), from which we obtain
V- BoV,Gli(y,y) = V. - M'B),MV.G).(2,2), (4.18)
where 2 = M'y and z = M'y. Observe that by non-degeneracy of M we have

d(z—2)=0(M"(y—7y)) = 6(y — ), which in combination with (4.18) implies the
following.
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Claim 4.3.2. Let n € R? be a unit vector and M € Og(R) be such that Meg = n.
If G°"(2,2) is the Green’s kernel for the pair (M*B'M,R%), then G"(y,y) =
GO (Mty, M'y) is the Green’s kernel for the pair (B° Q,), where M*B°M s
understood in accordance with (4.18).

We now let G™(y, ) be the Green’s kernel for the pair (A° Q,), where A° is
the homogenized tensor corresponding to A(y). For 1 < a < d, set

9°(0) = [ 856”0, o). (4.19)

ol
which is precisely the term involved in the formula (4.11). Our goal is to study the
regularity of J* as a function from the unit sphere S~ to My (R). Let G%"(z,2)

be the Green’s kernel for the pair (M*A°M,R%), then by Claim 4.3.2 and the
computations preceding that we have

agaG?k(n, y) = 851G?}€n(6d, Mt@j)mal + ...+ 8;(16‘?;6”(651, Mt@/)mad.

Using this we make a change of variables in (4.19) by the formula y = Mz, where
z € Ri. Since G%" has homogeneous boundary conditions with respect to both
variables, we get that all tangential derivatives in the last expression vanish. Also,
since Mey = n it follows that m,q = n, for any 1 < a < d. We thus get

I%(n) = ng, / 0z,G""(eq, 2)do (Z). (4.20)
R4
The following bound is proved in [34], Lemma 2.5

ngd

G*"(z,7)| < C

~ . d
PT z# Zin RY, (4.21)

where C' is independent of n. From the last estimate we have |VzG%"(e4, 2)| <
Cleq— 2|74, for all Z € ORYZ, and hence the integral in (4.20) is absolutely conver-
gent, and is uniformly bounded with respect to n. We are now ready to formulate
and prove the main result of this section.

Lemma 4.3.3. For any 1 < a < d the function J*(n) is Lipschitz continuous
function from the unit sphere S*=! to the set of matrices My (R).

Proof. Since we have a uniform bound with respect to n on the integral in the
definition of J*, it is enough to show that the function

i) = [ 05,60 (ea D)o )
OR%
is Lipschitz. For k = 1,2 fix n¥ € S, along with orthogonal matrices M €

O4(R) such that Myey = n*. Next, denote A* = M}A°M,,, and let G*(z,2) be
the Green’s kernel corresponding to the pair (Ak,Ri). It is clear that we may
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choose matrices M), varying smoothly with n*, hence we will assume that they
are chosen so that |A' — A% < C|n' — n?|.

For any 0 < p < 1 there exists a constant C' depending on p, such that

(Za)"
leq — 2|22

|G (eq, 2) — G*(eq, 2)| < C|n* — n?| ea#ZinRL. (4.22)

This estimate follows from the proof of Lemma 6.3 of [54]. By symmetry property
(4.16) we have

V(G")(eq, 2) = V(GF*)(Z, eq), k =1,2. (4.23)
Fix 29 € OR%, and for r > 0 denote D(z,r) := R% N B(zp,7), T'(20,7) := {24 =

0} N B(zp,7), and set G(z) := G**(z,eq4) — G**(2, eq4). From the definition of the
Green’s kernel we obtain

{—v CAYVG(2) = V- (AY — A29VG(2,eq), 2 € D(20,1/4), (.24

G(z) =0, z € I'(29,1/4),

Since G** is a Green’s kernel corresponding to constant coefficient operator we
have (see [57], V.4.2, Satz 3)

. 1
\8§G2’ (Z7 ed)‘ S C|Z——ed|d’ €d 7é Z € Ri (425)

By boundary gradient estimates of Avellaneda and Lin (see [12], Lemma 20)
for any 0 > 0 we get

VG| (D(z0,1/8)) S5 |G| Lo (Dz0,1/2))F
|V - (Ab* = A2 ) VG (., ea)l|La+s(D(z0,1/0))-

Using (4.22) with p = 3/4, the fact that the coefficients are constant and (4.25),
from the last inequality we have

O I

IV(G"*(2, eq) — GQ’*(Z,6d))||Loo(D(z0,1/8)) S

. (4.26
~oleq — 2|42 |eg — 2| (4.26)

By continuity the last estimate holds up to the boundary. Combining (4.26) with
(4.16) we obtain
n' —n?|

leq — 24172

V3Gt (eq,2) — V3G*(eq,2)| < C Z € 0R?, (4.27)

which completes the proof of the Lemma, since the function |eq — Z|7(41/2) is
integrable on the boundary of Ri. O]

Remark 4.3.4. Let us note that the Lemma is tmmediate in the case of scalar
equations. To see this, fit n € S, and M € Oy4(R) such that Meq = n. Now,
if GO is the Green’s kernel for to the pair (M'A°M,R%), then the corresponding
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Poisson kernel is the following

Po"(2,2) = —ely(M"A°M)V:G*"(2,2) = —(Mey)' A°(Mey)05,G*" (2, 2) =
—n'A"n0;,G""(2,2), (4.28)

where z € Ri and zZ € 8Ri. The claim of the Lemma can be easily deduced from
(4.28), ellipticity of A° and the fact that P°"(eq, %) has integral equal to one over
the boundary of Rﬁlr. However, this simple idea is not working for systems, since
the coupling between the coefficients and the Green’s matrix does not allow one
to control individual entries of the Green’s matriz from the information on the
Poisson’s kernel.

4.3.3 Boundary layers with exponential decay and the
main result

The objective of this section is to study the dependence of solutions to (4.9) on
the normal field under the additional assumption (H5) of Section 4.1.1. The extra
condition (H5) concerning layered structure allows us to transform the problem
(4.9) to the standard halfspace Ri while keeping the periodicity of the operator
and that of the boundary data. With this extra information we construct a
solution with a certain exponential decay and periodicity properties and then
show that it actually coincides with the solution to (4.9) given by Theorem 4.2.1.
This idea of exploiting layered structure of the problem is motivated by [53], from
where we also take some ideas for the proofs of our Lemmas 4.3.5 and 4.3.7 below.
Combining the preliminary results of this section, with stability statements
proved in Section 4.3 we will give the proof our main result, Theorem 4.1.1.

Change of variables

Let y € RY and L = —V,, - A*(y)V, be the operator involved in the boundary
layer system (4.9). For z € R? set y = Tz, where T' € My(R) and has nonzero
determinant. For 1 < 7,7 < N let A;-kj be the d x d matrix formed from the
(i,7)-th entries of the matrices A**%. Then by a direct computation we see that
the operator L in the new variable z can be written as L = -V, - B(Tz)V,,
where correspondingly

Bij(Tx) =T Af(Tx)(T) (4.29)

for all 1 <i,57 < N. To keep track of the ellipticity constant of the new operator
we take a family of vectors € = £* € RN, set w; = (&, ...,&4)! where 1 <i < N
and compute

BiPeler = wiBijw; = wiT AT ) wy = (T wi]' A (T ) w; >

min min

N
)\AZ (T wi| |2 > Aao2 (T Hwi - wi = Ao, (T7HE™ - €%, (4.30)
=1
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where A, is the ellipticity constant of the original operator and o, (71) is the
least singular value of the matrix 7!, that is the square root of the smallest
eigenvalue of T-1(T71)%.

From a general halfspace to upper halfspace

In this section we make an extensive use of the spaces V, which are defined in
the Appendix. Consider the problem (4.9) and let T € My(R) be so that T
maps bijectively the standard upper halfspace to €2,. Transformations with the
mentioned properties exist in abundance, later on we will make a specific choice
for such T'. We then set y = Tz, where x € Ri and make a change of variables
in (4.9) transforming it to the following problem
_ d
{—V . B(Tz)Vw(z) =0, zeRL, (431
w(x) = wy(x), x € ORY,

where B is given as in Section 4.3.3, w(z) = v*7(Tx) and wy(x) = —x™"(Tx).
The ellipticity of B follows by (4.30). Due to condition (H5) on A, from (4.10)
we see that x*7, i.e. solutions to cell problem, enjoy the same property as A,
that is x*(y) is independent of y4. Given this, it is easy to see that if the matrix
T has the form T' = [Z|v]" where Z is (d — 1) X d matrix with integer entries and
v € R? is arbitrary, then both B and wy in (4.31) are Z%-periodic.

To a given unit vector n = (ny, ...,ng) we attach such a matrix 7', which will
be denoted by T,,. As we will see later, for the purpose of the main result there
is no loss of generality if we restrict ourselves to the case when ny > 0, thus this
will be assumed in the sequel unless specified otherwise. We set

1 0 .. 0
T,=| . . . . |eM®), (4.32)
0o .. 1 0
—m Mo
ng ng

then it is clear that a linear transformation associated with 7}, is a bijection from
R¢ to Q,. It is also clear that

1 0 0

= . . . (4.33)
0 .. 1 0
Mmoo e
ng ng

is the inverse of T,,. We now need to estimate the smallest singular value of T},
so that to keep track of the ellipticity constant in (4.30). For this we will use
the notation and result of Section A.0.4. We have det(7),;!) = 1 and using the
fact that |n| = 1 we obtain Tmin(Tgl)/Hg:ﬁz‘(T{l) = ng. Now by virtue of (A.1)
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it follows that

d—1 (d—1)/2
Omin(T 1) > (T) ng. (4.34)

With this choice of 7T}, both the operator and the boundary data in (4.31) are
Z%periodic. Hence, due to Corollary A.0.17 we get that the following problem

{—V -B(Txz)Vw(z) =0, xze€G: =Y xRy, (4.35)

w(z’,0) = we(z',0), ¥ eY = (0,141
admits a unique solution in the space V,(G), for each 0 < 7 < mﬁ\sﬁ’ where \p
is the ellipticity constant of B. Since all the data are smooth in (4.35) it follows
by the standard elliptic regularity for weak solutions that w € C*(G) (see e.g.
[35], Corollary 4.12). Also, the solution is smooth at smooth boundaries (see
e.g. [35], Theorem 5.21), so we get that w is smooth up to flat boundaries of G.
Using the periodicity of the operator and that of the boundary data, we extend
w to the entire halfspace R%, by this getting a smooth solution w to (4.31) such
that w(-, x) is Z¢ -periodic for each x4 > 0 and with the mentioned exponential
decay condition in the cells (Y’ 4+ m/) x R, for all m’ € Z3~1. We now need to

show that the solution w obtained in this way coincides with the one given by
Theorem 4.2.1.

Lemma 4.3.5. Let w be as above. Then it satisfies the following two properties

(a) ||Vw||L°°(Rd—1x[t,oo)) — 0, ast — oo,
(b) f va('at)HQoo(Rd_l)dt < 0Q.
0

Proof. We will fix some 7 > 0 so that w € V.. For y € G and r > 0 let K(y,r)
be the closed cube centered at y and side length r. Assume K (y,2r) C R‘i, then

in view of the standard Schauder estimates for W2 solutions to elliptic systems
(see [35], Theorem 5.19) we have

||Vw||Loo(K(y7T)) S C||VU}||L2(K(%2T)). (436)

Now, let us fix some r > 0 and modify (4.36) slightly. Set K'(y,r) to be the
(d — 1)-dimensional cube which is a projection of K(y,r) onto R4t x {0}. We
have
ya+2r
IVl T2 (y2n) = / / Vw(?, zg)[Pdz'dzq <

K'(y,2r) ya—2r
Ya+2r

e 2TYd / /]eTZde(z’,zd)|2dz’dzd§C(r)e_QTdewH%/T(G), (4.37)

K'(y,2r) ya—2r

where we have used the periodicity of w to get a bound in V,(G) norm. From
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(4.37) and (4.36) we obtain
IVwl[poe g,y < Cr)e ™ [wllv: 6y, (4.38)

Both assertions of the lemma follow directly from (4.38). O

Corollary 4.3.6. Let v be the solution to (4.35) given by the Theorem 4.2.1, and
let w be the solution of the same problem (4.35) such that w € V,(G) for some
7>0. Then v = w.

Proof. The proof proceeds by comparing variational solution with the one ob-
tained by Poisson’s representation, using duality arguments. The details follow
the lines of the proof of Theorem 3.5 of [54], using the estimates (a) and (b) of
Lemma 4.3.5. O

What we gain from Lemma 4.3.5 is that solutions to problem (4.9) enjoy the
exponential decay condition, and the periodicity property that comes from the
definition of V; spaces. Note that by definition the solution to (4.9) is a matrix
function, but clearly we can treat each column separately.

Let n € S%! be fixed, such that ng > & > 0, and let 7}, be the matrix defined
by (4.32). For 1 < < d fixed let v}>" be the solution to (4.9) in the space ©,,. We
write n in the definition of solutions to (4.9) to emphasize their dependence on the
normals. From the argument above we have that v} (y) = vV (T,z) = w,(z), for
xr € R‘fr, where w,, solves the corresponding problem (4.35). By construction we
have that w, is smooth in ]R‘i up to the boundary, and w, (-, r,4) is Z* -periodic
for any x4 > 0. We thus have the following expansion

wn(x) - wn(x/a Id) - Z Cry (TL; xd)e%rim’m’ - Z Cm(n; xd)e%rimm’
m/€Z4-1 meZ4i—1x{0}
(4.39)
where z4 > 0, 2/ € R¥™ and ¢n(ny2q) = [rus wa(2,z4)e”>™™*da’.  Since
x =T,y for y € Q,, from (4.39) we have

v (y) = wa (T 'y) = Z Cm (n; u) emimy. (4.40)
meZa—1x{0}

where we used that m - T, 'y = m - y which is due to construction of T, and the
fact that my = 0. In view of (4.40), for 1 < a < d we obtain

N ‘n n : Tim: «
o= [ () e () 2w, | i i)
mezd—1x{oy b @ d d

Now, we choose M € O4(R) such that Me; = n, and make a change of variables
in the last expression by the formula y = Mz, with z € Ri. On the boundary of
Q,, we have

ge(M(2',0)) = Z [@c;n(n; 0) + 27rz'moécm(n;0)} e2mm-ME0) - (4.41)
mezi—ix{op L'
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It follows from (4.41) that we can apply Lemma 4.3.1 for the last average in
the formula (4.11). Moreover, given the smoothness of A, vy and v* in (4.11),
the regularity of the average with respect to n would follow from regularity of
coefficients in (4.41) with respect to normal field. More precisely we need to show
that for irrational directions v and p one has the following bound

sup | |em(v30) = e 0)| + |cf, (v50) — e (13 0) ]| < Clv — pal.
meZa—1x{0}

The latter, when restricted to a certain set of normals, follows immediately from
the definition of the coefficients ¢, and the next lemma.

Lemma 4.3.7. Let § > 0 be small and v, u € S*' be such that vy, g > 5. Let
v, and v;, be the solutions to (4.9) for unit vectors v and p correspondingly, and
define w, and w, to be the corresponding solutions for the system (4.35). Then
there exists a constant Cs such that

s = wll gy + 190 = )|y < Colv = .

Proof. We first transform the boundary layer problems (4.9) to R%. Let T, and
T, be the transformation matrices as defined by (4.32), we have w, (z) = v}(T,x)
and w,(z) = v}(T,x) where x € R{. Throughout this lemma we will set G =
T4 x Ry. For z € R denote u(z) := w,(z) — w,(z) and

F(2) = (B,(T,2) — Bu(T,))Vw,(2) = (B,(z) - B,(2))Vu,(a),

where the last equality comes from (4.32) and hypothesis (H5) of Section 4.1.1.
Observe that u(-, z4), as well as F (-, z4) are Z% 1-periodic for any x4 > 0 and u
solves the following problem

(4.42)

—V B, (x)Vu(z) =V - F(z), ze€RY,
u(x’,0) =0, r € RiL,

Also note that due to the construction we have u € V,(G) for some 7 > 0
which will be specified below, hence we may apply estimate (A.8) of Theorem
A.0.16 to get
|||y, (graxvy < gHemdF(x)HL?(G;RdXN)

HGETED = g, = 27]|Byl e

where in (4.43) we are following notation of Theorem A.0.16. By (4.29) we have

(4.43)

1By(x) = Bu(2)]]oo <
CllAN (1T oo + 1T lo)IT = Ty oo < Cslv — pl. (4.44)

It follows by (4.30) and (4.29) that
|1Blloe < Cl|A|ld0™>  and  Ap, > CA4d°, (4.45)

which implies that 7 = mé‘l is a valid choice in (4.43), thus we will keep in
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mind that we have a uniform control over 7 in terms of the threshold §. With
this choice of 7 combining (4.45) with (4.43) and (4.44) we get that

lullveey < Cslv =l X [[wpllv. ) (4.46)

Clearly (4.45) holds with p replaced by v. By (A.10) and definition of w, we
have

wpllvz @y < CslIX* |y < Cs. (4.47)
By Schauder estimates we have (see [35], Theorem 5.19)

[Vul|zoe ) So [IVUllzxg,en) + [[Fllcoe xy,2m) (4.48)
where 0 < 0 < 1, and K(y,2r) C G. As in (4.37) we obtain
IVull 2k 2y < Csre” ™ [ullv, () (4.49)
Next, using the definition of F' we have
1F o (ky2m) < ||Bu(x) = Bu(z)llcoe ik yaIVwulloor kyam.  (4.50)

By a similar argument as above, the first product is bounded by Cs|v — p|, while
the second one can be controlled by its L? norm on a slightly larger cube, and
hence is handled as in (4.38). We end up with

1Flcowr (k2m) < Cslv — ple”™ |lwyllv. (@)
From this, together with (4.48), (4.49) and (4.47) we obtain

IVullz= oty < Cse™™ly = pl. (451)

The Schauder estimates discussed above are valid at smooth boundaries too
(see [35], Theorem 5.21), thus estimate (4.51) holds when the cube K(y,r) is
replaced by K(y,r) NG near the base of G. Since u has homogeneous boundary
conditions on the base of G, by (4.51) we have

va
o)l < [ 19u(y' ldt < Coly — . (4.52
0
By (4.51) and (4.52) the proof of the lemma is complete. O

Getting back to the constant field v>°(n) : S™! — RY  we know by (4.13),
(4.14) and Lemma 4.3.3 that all the terms in representation (4.11) are Lipschitz
continuous on subset of S%! of irrational directions, except possibly the last
average involving boundary layers v*. However, the hypothesis (H5) with Lemma
4.3.7 guarantees Lipschitz continuity of the average involving v* for normals n
satisfying |ng| > 0 > 0 for some §. Keeping the notation of the last Lemma and
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Theorem 4.2.1, we conclude the following
(0= () = 0* ()| < Cslv — pl, (4.53)

for any v, u € S9! satisfying |vyl, [ua| > 0 > 0. We are now ready to prove the
main theorem.

Proof of Theorem 4.1.1 (The main result). We will use the notation of
Section 4.2. Fix xk > 0, then for any z,y € 0D, 4 by (4.8) we have

97 (@) =g W) < ) gi(x) — g(w)] <
D lem(@)] x g (n(@) = vy (n) + Y o ()] X [em(z) = em(y)] =:

S+ Dy (4.54)

Since g(z,y) is a smooth function in both variables, then for any nonzero m € Z?
and k € N for the Fourier coefficient we have

e ()| < Cyilm| ™, for all z € D, (4.55)

where the constant can be bounded by supremum norm of derivatives of ¢ of
order k (see Corollary 2.2.5). By (4.53), combined with the construction of g*
and smoothness of the domain we have

o (n(x)) = v (n(y))| < Cilr =y,

Using (4.55) we get that 3 < Ci|x — y|. For 35, by the smoothness of g and
Lemma 4.2.3, we have

[om (n(2))] X |em(z) = em(y)] < Cl = y| X [[Venl| L= @)

We remark that since ¢, and g(-,y) are only defined on the boundary of D,
their derivatives should be understood by means of local coordinate charts of the
boundary. Given the boundedness and smoothness of the domain, and smooth-
ness of g, it is clear that the estimate (4.55) holds for the derivatives of g with
respect to z, hence from the last inequality we get ¥y < Clz — y|, which in
combination with the bound for 3, implies that |¢*(x) — ¢*(y)| < Cklx — y|.
Obviously, the same argument works for 0D, _. Theorem is proved.

Remark 4.3.8. An explicit upper bound for the Lipschitz constant of g* on sets
0D, 1+ can be determined from the proof of Lemma 4.5.7 and Theorem j.1.1.
However, this constant blows up at a rather high rate, as k tends to 0, and hence
is of mo practical use as compared with the Lipschitz constant for g* obtained in
[34] on the Diophantine sets A, where the blow-up rate is k2. What we gain

here, as compared with [3]], is that the set where we have Lipschitz continuity is
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very reqular on the boundary of the domain, allowing us to extend g* continuously
on the boundary away from some lower dimensional set.

Epilogue

Let us finally turn to some discussion about the hypotheses (H5) and regularity of
g* in general. To get more intuition as why (H5) comes as a handy tool here, we
need to recall from [34] the construction of solutions to boundary layer systems
of the form (4.7).

Keeping the notation of problem (4.7), fix some matrix M € O4(R) such that
Mey; = n. This matrix is of course not unique, and is in fact defined modulo
the group Oy4_1(R), however for our purposes this non-uniqueness is not an issue.
Then in system (4.7) we make a change of variables by setting y = Mz and
transforming it to

0(2) = vo(Mz), =, (4.56)

{—VZ -B(M2)V.,0(z) =0, 24> a,
where v(z) = v(Mz) and the (7, j)-th component of B is defined as
My(R) > (B{Y) 5y == By; = M'A;; M.

By the definition of M we have M = [N|n], where N € Mgy (qa—1)(R). Then the
solution to (4.56) is being sought of the form

0(z) = V(N2 24), where V(- t)is Z%periodic for any ¢t > a,

and z = (7', zg) € R¥! x R. This leads to the following system

T T
(N Ve - B(6 + tn) N" Ve V(0,t) =0, t>a,
8t 8t

V(0,t) = v9(0 + an), t=a.

(4.57)

The authors of [34] then show that the system in (4.57) has a smooth solution V'
in the infinite cylinder T¢ x [a, o) satisfying certain energy estimates. Moreover,
if V solves (4.57), then v(z) = V(NZ/, z4) gives a solution to (4.56).

Now observe that one of the terms which is involved in representation formula
(4.11), namely v™*, solves the system (4.9) which is exactly a system of type
considered above, and its solution is understood in terms of the reduced problem
on the infinite cylinder T? x [a, 00) described in (4.57). Our assumption (H5)
on layered structures comes into help when analyzing the contribution of v* in
the limiting boundary data ¢*. In particular as our analysis shows, this extra
condition allows us to work on cylinder with the base T?"!, one dimension less
than in general. This fact lets us to some extent fell into the setting when
the normal to the bounding hyperplane in boundary layer systems has rational
direction. This in turn opens up a possibility of deploying a different method
for constructing solutions to systems of the (4.7), which lets us to gain some
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extra control. However, we believe that the methods developed in this chapter,
in combination with previous works [12], [33], [34], and [54] should lead to a
complete understanding of the regularity problem for ¢g* initiated here. Moreover,
as some preliminary analysis shows, a sufficient regularity of ¢* may also have
some positive effects on the speed of convergence of the homogenization problem
for (4.1)-(4.2).

We will now leave off the discussion on this positive note, and will implement
several ideas that stem out from here in the future work.

4.4 Convergence speed of boundary layers to-
ward constant fields

We have seen in the previous chapter, as well as in the introductory part of
this work, that boundary layer systems of the form (4.7) play a key role in the
analysis of Dirichlet problem (4.1)-(4.2). Moreover, as the analysis of [34] shows
the convergence speed of these solutions to their corresponding constant fields far
away from the boundaries is intimately tied up with the speed of convergence of
homogenization process of the Dirichlet problem just mentioned. Let us briefly
review the problem and our current knowledge about it. Keeping the notation of
Section 4.2 we consider the following system

o(y) = (), y € O (4.58)

-V A(y)vv(y) - Oa Yy e Qn,m
=

where vy : R* — RY is Z%periodic and smooth, n € S ! and for scalar a € R
we have set Q,, = {x € R?: z-n > a}. The existence and uniqueness of
smooth solutions to (4.58) satisfying some energy estimates is established in [33],
Proposition 2. The main question here is the analysis of asymptotic behavior of
these solutions far away from the boundary of €2, ,. Interestingly this problem is
linked with certain number-theoretic properties of the normal n.

Rational directions. If n € RQ? then it is well-known (see e.g. [7], Lemma
4.4) that there exists a smooth (variational) solution v to (4.58), which is unique
given some decay conditions on the gradient, and such that there is a constant
vector v®* for which v(y) — v**> exponentially fast as y - n — oo, and con-
vergence is uniform with respect to tangential directions. Although having these
nice convergence properties, the drawback of the rational directions is that the
constant field may depend on a, i.e. translating the hyperplane in the direction
of n can lead to different limits at infinity.

Diophantine directions. These are directions n that for some x > 0 fall
into the class A, introduced in (4.3). Clearly elements of A, are non rational
directions. This case has been studied only recently in [33], where it was proved
(ibid, Propositions 4 and 5) that there exists a smooth (variational) solution
v to (4.58) which is unique, given some growth conditions, and such that for
some constant vector v> one has v(y) — v> as y-n — oo. Moreover, the
convergence is locally uniform with respect tangential directions, and is faster
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than any polynomial rate in y - n. We point out that the effective constant v>°
(the boundary layer tail) depends on the direction n only, and is independent of
a in contrast to the rational case.

Non rational directions in general. Note that not all irrational direc-
tions are Diophantine, thus the previous two cases do not cover S*!. In a recent
work [54], it was proved that (4.58) has a smooth variational solution satisfying
certain growth conditions, for which one has convergence toward its boundary
layer tail far away from the boundaries (see Theorem 4.2.1 for the precise state-
ment). However, the result of [54] does not provide any estimates on the rate of
convergence given this generality on the normals. It does however show that for
irrational directions which are non Diophantine (meaning they fail to satisfy (4.3)
for any parameters k and [ involved in the definition), one may have convergence
slower than any power rate in y - n. More precisely, for a smooth and Z?periodic
function vy : T¢ — R consider the following boundary value problem

Av=01in Q, v = vy on 08, (4.59)

where 0, = {x € R?: x-n > 0}. In (4.59) we consider scalar equations, and
not systems, i.e. N = 1. Clearly, this problem is of type (4.58) with matrix of
coefficients equal to d x d-identity matrix. Then, [54] gives the following partial
answer.

Theorem 4.4.1. (Prange [54], Theorem 1.3) Let d = 2, and normal n ¢ RQ?
be any non-Diophantine direction. Then for any l > 0, any R > 0 there exists a
smooth function vy : T* — R and a sequence t, / oo such that if v solves (4.59)
with boundary data vy, then for any k = 1,2,... and all y' € 0Q, N B(0, R) we
have

[0(y + ten) —v>| = 7,

where the constant v*>° is the corresponding boundary layer tail.

The main advantage of considering Laplace operator in Theorem 4.4.1 is that
one has more or less an explicit form of the solution v. The proof proceeds by
constructing vy with Fourier spectrum supported in the subset of Z? on which
the normal n fails to satisfy the Diophantine condition. Then choosing coef-
ficients with appropriate decay condition combined with the special structure
of the support of vy, and the explicit form of the solution, immediately leads
to the conclusion. We stress that Theorem 4.4.1 works for any irrational, non-
Diophantine direction, however, it leaves out the question, whether one can go
beyond algebraic rates of convergence, and perhaps more intriguing, it does not
give any clue for the case of variable coefficient operators.

Motivated by these results, and the importance of boundary layer systems in
homogenization problems considered here, the main purpose of this section is to
analyze in details the case of irrational, non Diophantine directions. Most notably,
we will provide a new method of constructing solutions with slowly converging
tails, which will enable us to show that the convergence speed can be slower than
any given speed in advance.
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Organization. The rest of the section is organized as follows. In Section 4.4.1
we study the slow convergence phenomenon for Laplace operator, and give a
relatively self-contained treatment. Next, in Section 4.4.2, still for the Laplace
operator, we discuss to which extent our examples for slow convergence are generic
(typical) based on a probabilistic standpoint. In the last part, Section 4.4.3 we
consider the problem for variable coefficient operators. The main result of Section
4.4.3 covers the case of Laplacian as a particular case, however, the proof there
is based on a different idea, and is technically more involved.

4.4.1 Convergence can be arbitrarily slow

The main aim of this section is to prove the following result.

Theorem 4.4.2. Let R > 0 be fized, and take any continuous, one-to-one func-
tion g : [0,00) — (0,00) decreasing to 0 at infinity. Then there exists a unit
vector n ¢ RQ?, a smooth function vy : T* — R, and a sequence {tx}3, of
positive numbers growing to infinity, such that if v solves (4.59) with n and vy as
specified here, then for any k = 1,2, ..., and all y' € 09, N B(0, R) one has

lo(y" + tin) — v™| = g(tr),
where the constant v*>° is the corresponding boundary layer tail.

The result shows that there is no lower bound for the speed of convergence
on the set of irrational directions, in other words convergence can be in fact
arbitrarily slow! This case is in strong contrast with the case of Diophantine
normals, where one has convergence faster than any power rate. Also note that
in Theorem 4.4.2 we have fixed the position of the halfspace €2,,, but since we are
working with irrational directions, the boundary layer tail depends on the normal
only, i.e. it does not change if we translate €2,, keeping it orthogonal to n. Thus
there is no loss of generality in fixing the halfspace through 0.

The proof of Theorem 4.4.2 is based on a series of observations and preliminary
statements. We will use the connection of problem (4.59) with the corresponding
problem (4.57) set on a cylinder T? x [0, 00). For that fix an orthogonal matrix
M € My(R) such that Me; = n, clearly M is of the form M = [N|n], where N
is a matrix of size d x (d — 1). The corresponding problem (4.57) for (4.59) reads

2

NTV,
V(,t)=0, t>0,0¢cT,
o, | VO (4.60)
V(0,0)=w(6),  6eT,

where as before V (-, t) is Z%-periodic for all ¢+ > 0, and the action of the operator
on V should be understood as (N7Vy,d;) - (NTVy,0,)V. As we have seen in
Section 4.3.3, the unique solution v of (4.59) (in a sense of Theorem 4.2.1) is
given by

v(y) = v(Mz) = V(N2 z4), where y = Mz with y € Q, and z € R, (4.61)
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In the case of Laplace operator, the solution V' of (4.60) can be computed
explicitly. It is easy to see that this solution is given by

V(O0,8) = > ce(ug)e 2N dltg2mict, (4.62)

¢ezd

where c¢¢(vp) is the &-th Fourier coefficient of vg. In view of (4.62) it is clear the
boundary layer tail equals ¢(vg). We will first establish a slow convergence result
for V, and then using that, will prove the main result, Theorem 4.4.2. Note, that
by (4.62) and Parseval’s identity we have

V(0. 1) = co(vo)||Foe(ray > [V (0,8) = covo)|[72gay =
Z |c§(v0)|26_4”|NT5|t = 8(t;v9), t > 0. (4.63)
gez\{0}
Theorem 4.4.3. For any continuous, one-to-one function g : [0,00) — (0, 00)

decreasing to 0 at infinity, there exists a unit vector n ¢ RQ?, a smooth function
vy : TY = R, and a sequence of positive numbers t, / 0o, k= 1,2, ... such that

S(tk;’l}o) 2 g(tk), k= 1,2, vy

where 8 is defined by (4.63).

As we can observe from (4.63) convergence properties depend on the quantity
INT¢|, thus we will start with the following result.

Lemma 4.4.4. Given any continuous, one-to-one function w : [0,00) — (0, 00)
decreasing to 0 at infinity, there exists a unit vector n ¢ RQ?, and an infinite set

A C 74\ {0} such that
INTEl<w(lel),  VEEA,
where N is d X (d — 1) matriz such that the matriz M = [N|n| is orthogonal and

satisfies Meg = n.

Proof. Set €M) :=¢; = (1,0,...,0) € R? and let I'; € S*"! be a neighborhood of
¢W centered at € and with diameter less than w?(|€M])/(10[¢M|?). Due to the
density of rational directions there exists a nonzero £ € Z¢ such that |[¢?)] > 2

and @ W 2(1))
g § . w([€
<y~ | = 4o < g
Using the same idea, we then inductively construct a sequence £ € Z2\ {0}
such that we have k < [¢®)] < |¢*+D)| "and for unit vectors ry, = % we have
W (1€M))
0< |Tk_|_1 - Tk| S W (464)

for k =1,2,.... Tt is clear by (4.64) that the sequence 7}, is convergent, and we let
n to be its limit, which is obviously a unit vector. We claim that n ¢ RQ?, which
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is due to fast convergence of the sequence® {r;}. Indeed, assume it is rational,
but since n has length one, it is easy to see that there exists some & € Z¢ such
that n = & /|&|. By monotonicity of |¢®)| and w, along with (4.64) we get

o
(n-e))? — (rr-e)? <2n-e; —rp-e1] <2n— 1] < 22|Tj+1 —rj| <
=k

y5o ) 20 1 ()

1€@D2 = 9 10k |€R)|2
2 BT = 9 10 ¢
By rationality of n we have n -e; = §—§|, with pg € 7Z, and for r, we have
rE el = \EIZ_E)I for some py € Z. Hence, from the last inequality we get

20 1
<=

S GRS

pole™? = piléol?

Since the left hand side is an integer less than one by absolute value, it must be
0. From here we conclude that the sequence |ry - e1] is constant. By our notation

this implies
Pr | Pk+l
BRIEC

k=12, .., (4.65)

where pj, is an integer, representing the first coordinate of €. Now, if we have
equality in the last expression with minus sign, we get

;>Im T e [ l'el_rk'€1|:M
10F[¢®[2 = T -

which implies that p, = 0, and hence py; is 0 as well by (4.65). We thus see that
(4.65) in either case of the signs, forces equality within the first components of 7
and r,,1. But in this case the same argument with e; replaced by the remaining
vectors of the standard basis of R, would lead to equality for all corresponding
components of r, and 7,1 contradicting the fact that ry # ry,q. This completes
the proof that n is not a rational direction.

We now set A = {£®) . k =1,2,...}, and proceed to the proof of the claimed
estimate of the lemma. By orthogonality of M for any & € A we have

€17 = [MTE] = [NTEP + [n - €7,

from which we obtain

INTE[ = (6 — [n- €2 < 20éP (1 - ’"K'f') | (4.66)

5This is in analogy with a standard fact in Diophantine approximation theory, that the sum
of a very fast converging series of rationals is irrational.

108



Now choose k € N such that £ = %), We get
(k) w. | €Y 5 CIR s
En=EWon=¢® 2 b Y (g =) | = KP4 W (=),
€3]
j=k j=k
Hence by (4.64) we have

€9 _ 1)
g n—f<kr|<Z|£ le—%'—z'f SRR S5l

We thus get

€| _ (%)
ISR I IS
From here, getting back to (4.66) we obtain

-

INTE? < w?(I€)).
The proof of the lemma is now complete. O

The following remark will be used later on when proving Lemma 4.4.13.

Remark 4.4.5. One may easily observe from the proof that given any T > 1 it
is possible to construct A such that for any &,mn € A if |£] < |n| then T|&| < |n],
meaning that A is T-lacunar.

We now give a proof of Theorem 4.4.3 based on the previous lemma.
Proof of Theorem 4.4.3. Define w(t) : [1,00) — Ry as follows

1

w(t) = Ty () t>1
Here g~! stands for the inverse function of g, which exists since ¢ is assumed
to be one-to-one. Moreover, without loss of generality we will assume that w is
well-defined for ¢ > 1, since otherwise we will just replace the lower bound of ¢
by a sufficiently large number. It is easy to see from the definition of w(t) that
it is decreasing to 0, as t — 0o, and that it is one-to-one. We now apply Lemma
4.4.4 for this choice of w, and let n be the normal, and A be the index set given
by Lemma 4.4.4. We define vy € C°°(T?) as follows. First arrange elements
of A in increasing order of their norms, i.e. we let A = {€®) . &k = 1,2, ..},
where [€®)] < |€*+D| for k = 1,2,... . Observe that |&| > k for all k € N,
due to the construction of Lemma 4.4.4. Next, if £ € A is the k-th element
of A according to the mentioned arrangement, set ci¢(vg) = |£]7, otherwise, if
+& ¢ A let ce(vg) = 0. The sequence of coefficients defined in this way gives a
smooth function vy, since the coefficients decay faster than any polynomial rate.
Furthermore, since c_¢ = ¢¢ € R, vy is a real-valued function. By (4.63) we get

2 4| NT (k)
. _ | NTE |t
S(t;vg) = g |€(k)’2ke :
k=1
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For each k € N, choose t; from the condition that
1
glte) = =[EW172F k=12, (4.67)
e

By construction we have t; " co. To prove that S(tx;vo) > g(x) it is enough to
show that e47IN"€®lte|c()|=2k > (1) while for this one it is enough to prove
that

€*4Trw(|€(k)\)tk|£(k)|*2k > g(tr), (4.68)

since |N*¢®| < w(|€®|). We now use (4.67) and definition of w, by which (4.68)
is equivalent to

1
1> 4w (|€W )ty = drw(E€W))g ™! (‘|€<k>\‘2k> -
e
1 (L w2k
47T47rg—1 (%|§(k)|—2\§<k)|) 9 (e‘f | .
But the last expression is equivalent to

(1 _ole(k) (1 _
o7 (M) 2 g (L),

which holds true, since [¢#)| > k and ¢! is decreasing.
Theorem is proved.

]

Remark 4.4.6. It is clear from the proof of Theorem 4.4.3 that given any 6 > 0
in advance, we may drop some finite number of initial terms from A C Z2, the
Fourier spectrum of vo, ensuring that |[NTE| <6 for all € € A.

Remark 4.4.7. Normals, with the property as discussed in Theorem /.4.3, are
dense on the unit sphere, however with measure zero. The latter is due to the fact
that on the set of Diophantine vectors, which is of full measure, the convergence
15 faster than any polynomial rate. It is also clear that any prescribed uniform
lower bound on the sequence |NTE| for nonzero & € Z%, would transform to a
certain upper bound on the speed of convergence of V' to its tail.

The following question that is not covered by our analysis, seems to be in-
teresting, namely, is it possible to get S(t;vg) = g(t) for all t > 1 rather than
on a discrete sequence ¢ This will most probably require deeper understanding of
approximation properties of a normal n by rational directions.

Remark 4.4.8. Although in the formulation of Theorem 4.4.3 along with the
normal n we also choose the boundary data vy, we wish to stress that the slow
convergence phenomena is essentially a property of direction n and is almost
independent of the choice of vyg. To be more precise, once we have chosen the index
set A, we could have let vy to have spectrum outside A as well, since that would
only increase the L? norm in consideration, increasing by that the lower bound of
S. Effectively, all we need here is to have vy with coefficients not extremely small
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on A, which is in some sense a typical event. A peculiar manifestation of this
typicality phenomena will be discussed in Section 4.4.2.

We now proceed to the proof of our main result of this section.

Proof of Theorem 4.4.2. Let a unit vector n ¢ RQ?, a Z?-periodic function
g, and a sequence of positive numbers {t;}7°; be obtained by applying Theorem
4.4.3 for the function g given in Theorem 4.4.2. Also let V' be defined by (4.62)
for this choice of vy. As we have seen in (4.61) the unique solution v to problem
(4.59) is given by v(y) = V(NZ', z4), where as usual y € Q,,, and z = Mz with
M = [N|n] € O4(R). By orthogonality of M we have

y-n:Mz-n:z~MTn:z-ed:zd.

Thus if we let y = ¢/ + (y - n)n, with ¢’ € 9Q,,, then Nz’ = ¢/ for the tangential
component. We now need to derive some bounds on the new tangential variable
z'. Observe that N has rank d — 1, hence some of its d — 1 rows are linearly
independent. Set N’ to be a (d — 1) x (d — 1) matrix formed by these d — 1 rows
of N. From the overdetermined linear system Nz’ =y’ we have N'z’ = ¢, where
y”" € R ! is the corresponding part of 3. Using the assumption that |y'| < R,

we get the following bound
2| = |(N")"'y"| < enlyl < enR. (4.69)

Now if A C Z¢ is the Fourier spectrum of vy, by Remark 4.4.6 we may assume
that |[NT¢| < 1/(8eyR), for any ¢ € A, from which and (4.69) one has

€. N2/| = |NT¢. 2| < cnR= <.

8CNR 8

The last expression shows that cos(27€ - N2/) > +/2/2 for all £ € A and any 2/
satisfying (4.69). By construction of Theorem 4.4.3, A is symmetric with respect
to the origin, c¢(vg) = c_¢(vp) for any & € A, and all nonzero coefficients of V' are
positive and less than one. Hence for any y' € 09, N B(0, R) we get

U(y’ + (y . n)n) — V(NZ/, Zd) _ ZCg(Uo)G_ZW‘NT£|2d627ri£'NZ/ _
£eA

T 1
205(1)0)6’2””\[ fd cos(2mE - N2') > —=8(zq;v0), (4.70)
= V2

where § is defined by (4.63). Finally, recall that y - n = 24, and hence in the
last inequality restricting z4 to the sequence {t;}32,, and using the estimate of
Theorem 4.4.3 we complete the proof of the current theorem. n

It follows from the proof of Theorem 4.4.2 that we may have local uniformity
for slow convergence with respect to tangential directions. By this we mean that
the sequence on which the convergence is slow, once chosen for the modulus of
continuity g, can be used for any R. However, in this case one should start at a
very large index (depending on R) in the sequence.

111



4.4.2 How typical are examples of slow convergence?

This section develops the discussion of Remark 4.4.8, and tries to address the
question in the title. In particular, we wish to emphasize that in a setting of
Theorem 4.4.3 once we have constructed the normal n corresponding to the given
speed of decrease g(t), then practically any choice of the boundary data vy would
result to solutions with slowly converging tails. In this regard we will need some
notion of “rare” and “typical” on the space C°°(T%), where vy lives. Clearly,
one may have different measurements here such as through Baire categories, in
terms of probability, or through subspaces. In this section, we will follow a
probabilistic approach, which will to some extent clarify the point of Remark
4.4.8. In particular, we will show that once the normal is constructed as in
Theorem 4.4.3, then one can have a way of sampling boundary data from C*°(T¢)
that will almost surely result in slow convergence.

We start by construction of a probability measure on the space of C°°(T?),
which is somewhat tailored to fit the construction of Theorem 4.4.3. To proceed
first observe that a smooth periodic function is uniquely determined by the se-
quence of its Fourier coefficients, hence we may construct a probability measure
on the space of sequences indexed by Z¢ which are Fourier coefficients of smooth
periodic functions. For the purpose of our problem, we may without loss of gen-
erality consider only the subspace of C°°(T?) consisting of functions with mean
value 0, since the 0-th coefficient will correspond to boundary layer tail, which is
not involved in (4.63). Set

C™ = {(ce)eezarpoy : C¢ ER, c_¢ =c¢, and lim [¢]*|ce| = 0 for any k > 0}.

§[—o0

It is clear that for any (c¢) € €%, the function v(0) = . cee?™&0 defines
a smooth and Z?periodic function with mean value 0. Also, due to condition
c_¢ = c¢¢ we get a real-valued function®. On the other hand the sequence of
coefficients of any smooth and Z?periodic function with mean value 0 is from
C>°, thus we get a natural correspondence between elements of C> and functions
we are interested in”.

The idea now is to have a way to generate a random element of C>°, and
hence an element of C*(T?). The structure of € hints that we may choose each
component of the element of C> separately and then combine our choices to get
an element of . Now, for all nonzero ¢ € Z¢ we choose a family of probability
density functions {p,} satisfying the following properties:

(1) each pe : R — R, is even and smooth,

SObserve that if v is smooth and has expansion v(#) = dezd cee?™€0 where 0 € T4, then
v is real-valued if and only if c_¢ = ¢, for all £ € Z%. Since in C* we choose coefficients to
be real, we need to impose the symmetry condition c_¢ = c¢ to get a real-valued function. Of
course this will not cover entirely the space C'*° (']I‘d)7 however it is not essential for our purposes,
since one may easily modify the analysis, to allow complex coeflicients. To keep the discussion
more conceptual and less technical, we restrict ourselves to the case of real coefficients only.

"It should be noted that the set Z? does not have a natural ordering, thus we might enumerate
sequences in €% in various ways. However, due to absolute convergence of Fourier series of
smooth functions, these rearrangements does not affect the sum.
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(2) for any & we have [ pe(t)dt = |£]71¢]]

N

3 > | pe(t)dt < oo.

§#0¢>10[¢| -8l

The second condition shows that it is unlikely that £-th coefficient is extremely
small. This is in some sense natural, since for any fixed £ € Z¢ the set of functions
from C*(T?) that have its £-th coefficient equal to 0, forms a proper subspace.
The third one is imposed to get an element of C> at the end, since we need a
decay of coefficients faster than any polynomial rate. The reason for the sum in
(3) to be finite, is that it implies through Borel-Cantelli argument that chances
of infinitely many of the coefficients being larger than 10[¢|7¢l are zero, ensuring
the desired decay of coefficients. We remark that this condition can of course be
relaxed, say one can have a very slowly varying (but growing to infinity) powers
of |£]71, but still keep the condition involving the sum.

For £ € Z%\ {0} we let P¢ be a probability measure on R with density function
pe as above, and consider the probability space X = (R, B, P¢), where B is the
family of Borel sets on R. Here X, will be the sampling space for the £-th Fourier
coefficient. We also keep in mind that the spaces X¢ and X_, are identified, due
to the symmetry condition in the definition of €°°, thus if ¢, is chosen, we let c_¢
be the same. Next, we consider the product space

X = (RZd\{O}>ga ]P)) = H X&a
¢ez\{o}

where F is the natural product o-algebra, and P is the product probability mea-
sure generated from Pe-s. We think of an element of X as a sequence of Fourier
coefficients of a periodic function on T?. The first thing we need to check, is that
almost surely we get a smooth function sampling by the measure P.

Claim 4.4.9. Consider the set of all smooth random functions
By i=1{c = (ce)eczarjoy € X : s.t. if v(0) = Z cee®™ 0 then v € C®(T%)},
£ez\{0}

then Ey is P-measurable and P(Ey) = 1.

Proof. We will show that the complement of F, is a set of measure 0 in X. For
nonzero & € Z¢ define

Ee ={cc €R: |ce| < 10J¢|7 K3,

it is clear that Er € B. Observe that if ¢ € X \ E, then necessarily infinitely
many components of ¢ belong to the complement of their corresponding Ek,
since if each, except possible finite number of components of ¢ are from the
corresponding E, then summing them up as in £, we will get a smooth function
due to very fast decay of the coefficients. Let us enumerate Z¢\ {0} = {¢®) :
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k € N}, then we have

> 10]¢™ N (4.71)

X\ Eyx C lizn Sup(R\Eg(m) = ﬂ U{Cé‘(n) eR: |C£(n)

k=1n=k

We note that each individual set on the right hand side of (4.71) should be
identified with its pullback by projections to the product space X, and hence
is measurable in X. By this convention since we have a countable number of
measurable sets in (4.71), we get that the right hand side of (4.71) is P-measurable
and hence so is X \ F. as a subset of a measurable set. It is left to show that
P(X \ Ex) = 0, but this follows by (4.71), the property (3) of densities pe and
Borel-Cantelli lemma.

The proof is now complete. O]

At this stage we know that almost surely the elements of X generate smooth,
real-valued functions on T¢. What we need now is to estimate the probability that
a randomly constructed smooth function will have a slow converging boundary
layer tail. We let g be as in Lemma 4.4.4, and assume n is the normal, and
A C Z% is the index set constructed in Lemma 4.4.4 corresponding to ¢. It easily
follows from the construction of Lemma 4.4.4 and proof of Theorem 4.4.3 that
if v € C=(T%) has the property that |cg(v)| > [£|71¥l for infinitely many (not
necessarily all) £ € A, then the solution to boundary layer system generated by v
as boundary data, converges to its tail slower than g. We thus need to consider
the following event

Egow = {¢ = (ce)eczaryoy € X © Jee| > €| 7181, Ve € Ay, for some infinte Ag C A}.

It is clear that if ¢ € Fy,,, then the boundary data which has coefficient sequence
c, satisfies Theorem 4.4.3 for the normal n, in other words generates a slowly
converging tail. We have the following result.

Lemma 4.4.10. The set Eqo, has full P measure.

Proof. Observe that the complement of F, ., consists of all sequences hav-
ing all elements, except possibly finite number of them, less than [£|~l for the
corresponding &. Now let A = {¢®) . k=1,2,...}, and for k = 1,2, ... set

Eliow = {€ = (ce)ecznjoy € X+ [ee| < [¢]7, ve € A\ {¢W, ..., M)

That each EY__ is measurable can be argued along the lines of the proof of

Claim 4.4.9. Now observe that
X \ Eslow - U Ejlowu
k=1

from which we have that Eg,, is measurable. The sets Eflow are increasing,
however each of them has measure 0 due to condition (1) of the probability

densities p¢. The proof is now complete. O]
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What we obtain from the analysis above, is the existence of somewhat nice
probability measures with respect to which almost all smooth functions, when
chosen as boundary data in the context of Theorem 4.4.3, generate solutions
which converge slowly far away from the boundaries. This probabilistic view-
point, although artificial on its own, suggests anyway that the slow convergence
phenomena is a genuine property of the direction, and is essentially independent
of the choice of the boundary data.

4.4.3 The case of variable coefficients

In Section 4.4.1 we have discussed the slow convergence phenomenon for Laplace
operator. Our argument used in a crucial way the existence of explicit forms
for the solutions to boundary layer systems (see (4.62)). However, for variable
coefficient case one does not possess explicit representation for the solutions,
which necessitates a rather different approach. The main aim of this section is
to show that the slow converge of boundary layer tail also holds with variable
coefficient operators, albeit we will need some extra structural condition on the
coefficients.

Keeping the notation of the current chapter, consider the following boundary
layer problem for scalar equation

-V-A = Q
v(y) = vo(y), y € 0.
The structural restriction we impose on A is as follows:
there exists 1 <~ <d such that 9, , A7 =0. (4.73)

Observe, that this condition, which in particular covers the case of constant coef-
ficient operators, have also appeared in a stronger form in Section 2.3 concerning
LP-estimates for homogenization of the simultaneously oscillating problem. The
following is the main result of the current section.

Theorem 4.4.11. Let g : [0,00) — (0,00) be continuous, one-to-one function,
decreasing to 0 at infinity, and let R > 0 be fixed. Then, there exists a unit vector
n ¢ RQ?, a smooth function vy : T* — R, and a sequence of positive numbers
{132, growing to infinity, such that if v solves (4.72) under condition (4.73)
on A, and with n and vy as specified here, then for any k = 1,2,... and any
y € 09, N B(0, R) one has

(Y + Aen) = v = g(A),
where v*>° is the corresponding boundary layer tail.

As will be seen from the proof of this theorem, the result remains valid under
slightly weaker requirement on A, however, that condition is more technical to
state. Also, it is clear that Theorem 4.4.11 is much stronger than Theorem 4.4.2
proved above. Nonetheless the proofs of these two results use different ideas, and

115



Theorem 4.4.2 is relatively more self-contained and more transparent. This is the
reason we have separated these two cases. The proof of Theorem 4.4.11 uses the
representation formula (4.11) for boundary layer tails and constructs directions
along which the averaging of integrable functions is arbitrarily slow. We start
with some preliminary setup.

Recall that by A* we denote the coefficient matrix of the transposed operator,
ie. A"P = AP~ for 1 < v < d, we let x*7 be the solution to the cell-problem
(4.10) for the transposed operator, and by v*7 we denote the solution to the

boundary layer system for the triple (coefficients, domain, boundary data) given
by (A*, Q,, —x*™7) as was defined in (4.9).

For a unit vector n ¢ RQ?, and a smooth function vy let v be the solution to
(4.72). Set A :=y-n for y € Q,, and let M € Oy4(R) be so that Mey; = n. Then
for any 0 < k < 1/(2d) we have

v(y) = D20 G"™(n, M2) x | AP AM2)ng+

OR%
APY(AM z) (8, X (AM 2) + 9, v"*(AM 2)) ny | vo(AM 2)do (2)+
O(\™"), (4.74)

where G™ is the Green’s kernel for the pair (A%, Q,,), 02 5 denotes differentiation
with respect to the §-th coordinate of the second variable of G", and the error
term O(A™") is locally uniform in tangential variable ¢y := y — (y - n)n. The
asymptotic formula (4.74) is proved in Prange [54] Section 6, for systems of
equations. Here, since we are working with scalar equations, we have a slightly
simpler form of it. Note that taking the limit as A goes to infinity, implies the
formula for the boundary layer tail discussed in (4.11).

We are going to switch from the differentiation in y to z-variable. Since
y = Mz, it is easy to see that V, = MV,. Set x"*(z) := x"*(Mz), and
v¥(z) == v**(Mz). On the boundary of R, for each 1 < a < d, we have
X *+v*® = 0 by the definition, hence taking into account the connection between
y and z variables, and the fact that M has n as its last column, we obtain

Oys (X7 +0"7)(y) =m0z, (0 + V) (2).

Next, we handle G™ as we did in (4.20) of Section 4.3.2, namely, if 92, > y = Mz,
with z € OR? then

0y G (N, y) = 02.aG" (0, M 2) = n,0,,G""(eq4, 2), (4.75)

where G%" is the Green’s kernel for the pair (M7TA°M,R?%). Applying these
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observations in (4.74) we obtain

v(y) = / 9.,G""(eq, (#/,0)) x {Aﬁo‘()\]\/[(z’,()))nan@ + APT(AM(Z,0)) x

nang (0:,x“(A(#,0)) + 0.,v**(\(z',0))) ”v} X vo(AM (2',0))dz"+

/a G (eq, (#,0)) x nT AAM(Z',0))nx

[1 + 16 (02X " (M2, 0)) + 0., v (A7, 0)))] X vog(AM(2',0))dz" + O(N\™").
(4.76)

In the next statement we collect the necessary information concerning the
Green’s kernel involved in (4.76).

Lemma 4.4.12. For a vector n € S¥1 let GO be as in (4.76). Then

(i) the value z — 0,,G""(eq, z), where z € ORL, is independent of the matriz
M € O4(R).

(i) 8.,G""(eq, (,0)) € L'R*) and [pa 1 0.,G""(eq, (2',0))dz" # 0.

(iii) There exists an absolute constant C' such that for any v € S¥~1 one has

/ 10,6 (ea, (2,0)) — 0.,G% (eq, (/,0))|d=' < Cln — v/
Rd—-1

Proof. By our notation, G%"(z, z) is the Green’s kernel for the pair (M7 A°M,R%),
hence there is an implicit dependence on M. Fix some 1 < o < d so that n, # 0.
Then using (4.75) for this particular « implies (i).

The first assertion of (ii) is due to (4.21). For the second statement we will
argue as in Remark 4.3.4. Set P%"(z,2) to be the Poisson kernel for the pair
(MTAM,R%). Then for z € RY we have

Po"(2,2) = —el (MTA"M)V:G""(2,7)
—(Med)TAO(MGd)agdGo’n(Z, 2’)
= —nT A"nd;,G""(2, 2).

Since [, oRd P%"(eq,2)dz = 1, the last expression, combined with the ellipticity of
+

A completes the proof of the second claim of (i). Finally, (iii) follows by (4.27).
The proof of the lemma is complete. ]

We now turn to the discussion of the core of averaging process of (4.76), which

is of type discussed in Lemma 4.3.1. Our next result is the key step towards the
proof of the main result of this section.
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Lemma 4.4.13. Let = C R*, k € N, be a compact set, and assume we are given
a family of functions F = {F;}ic=, with the following properties:

(a) for any F € F we have F € L'(R*™1') and [, F(zx)dz # 0,

(b) there is a universal constant C such that for any i,j € = we have

[ IF@) - Bl < cli- .
Rd-1

Let also g(t) : [0,00) — (0,00) be continuous one-to-one function decreasing to 0
ast — oo. Then, there exists a unit vector n ¢ RQ?, an unbounded, and strictly
increasing sequence of positive numbers {\}32, with the following properties:

for any F € F there is a function vy € C*(T?) such that for any M € Oy4(R)
satisfying Megs = n one has

/ F(z)vg(MNeM (2,0))dz — co(vo) / F(z)dz| > g(\g), k=1,2,....

d—1 Rd-1

Remark 4.4.14. The lemma shows that the direction, and the sequence along
which convergence is slow can be chosen uniformly for the entire family F. More-
over, as will be seen from the proof of the Lemma for any F and G from F the
corresponding functions vy(F') and vo(G) have identical Fourier spectra, and the
corresponding Fourier coefficients of these two functions are equal up to the sign.

Also, it will be clear from the proof and Remark 4.4.7 that normals satisfying
Lemma 4.4.13 are everywhere dense on S*1.

Let us also note that the index set = can be any compact set in any topological
space, and not necessarily from some R¥; also dimensions k and d are independent
of each other.

Proof of Lemma 4.4.13. For ' € F let Jr be the absolute value of the
integral of F over R4, and set 7 := }gng Jp. Tt follows from conditions (a) and
S

(b) of the current lemma that the function i — Jg, is positive and continuous on
=, and since Z is compact, we get that 7 > 0. We now show that

sup / |F(z)|dz — 0 as A — oo0. (4.77)
Feg|1|>A

Fix some € > 0, by compactness of = and condition (b) of the Lemma there is
a finite $-net in &, that is a set of functions Fi,...,F}, from & such that for any
F € F there is 1 < j < k. satisfying

(4.78)

N | ™

[ 1B@) - Pla)ids <

We now choose Ay > 0 large enough so that for any A > Ay and all 1 < j < k.
one has f|x|>A |F;(z)|dx < /2. This, combined with (4.78) and the triangle
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inequality implies (4.77). It is now easy to see that by (4.77) and the fact that
To > 0 we may choose Ay > 0 large such that

1
/ F(z)dz| > 2 / |F(z)|dz + 531:, (4.79)
z|<Ao |z|>Ao
for any F' € F. For this choice of Ay, we denote ep := m flx\SAo F(x)dx|,
where F' € F. In a similar vein as we did above, using that 7y > 0, (4.77), and
condition (b) we easily see that

0<egg:= }Iégép <1 (4.80)

We now fix some small constant dy > 0 such that
| cos(t) — 1] < ep/4 for any ¢t € R with |t| < do. (4.81)

Assume that n € S¥1 and let M € O4(R) be so that Me; = n. We then have
M = [N|n| where N is the matrix formed from the first (d — 1)-columns of M.
Observe that for any £ € Z¢ and any x € R*! we have £ - M(z,0) = 2T NT¢.
Therefore if for some A > 0 we have 27 AAg|NT€| < &y then (4.79) and (4.81)

imply

/ F(x)cos[2m A - M (x,0)]dz| > / F(x)dz|—
d—1 z|<Ag
/ |F(2)| x | cos[2mAzt NT€] — 1|dx — / |F(z)|dx > ng’ (4.82)
lz[<Ag |z|>Ao
for any F' € F. Now define
o 1
- 27TAO g_l (%Tgl) ’

tt

w(t) :

t>1,

where ¢! stands for the inverse function of g. Obviously w is one-to-one, con-

tinuous, and decreasing to 0 as t — oco. It is also clear that w is well-defined for
large enough ¢, thus without loss of generality we will assume that w is defined
for all t > 1. Applying Lemma 4.4.4 for w we obtain A C Z?, and a unit vector
n ¢ RQ? such that if M € Oy4(R) is any matrix satisfying Mey = n, we get

INTEl <w(lE]),  VEEA,

where d X (d — 1) matrix N is formed from the first (d — 1)-columns of M. We
arrange elements of A in increasing order of their norms, thus A = {£® : k =
1,2,...}, where by construction we have k < [¢®)]| < |¢*+D] for any k > 1.
Moreover, according to Remark 4.4.5 we may also assume that for any k£ € N we
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have
€8] < pl¢® D), (4.83)

where 0 < p < 1 satisfies

0 3
2sup ||F - < =Tp. 4.84
Felg” ||L1(Rd N1_ 0 8 0 ( )

Set
)\ . —1 3 1 k
k=g gTOW s = ]., 2, SO (485)

It is clear that Ay is unbounded and is strictly increasing. Note that n, and the
sequence {\;} are uniform for the entire family F. We proceed to construction of
the function vy € C*°(T?) for the given F' € F, for which it is enough to construct
the sequence of Fourier coefficients of vy, which we will denote by {ce¢(vo)}eeza-

Let F' € F be fixed. For £ € Z% if we have £ € A then set c¢(vo) = c_¢(vg) =
ex(F)|€]7%, where k € N is the index of £ in A according to the increasing rear-
rangement made above, and e, (F') € {—1,1} which will be chosen below. It is
important to note that this sign is the same for ¢ and c_¢. Otherwise, if £ ¢ A
we let ce(vg) = 0. It is clear that the sequence {c¢} decays faster than any poly-
nomial rate in |¢|, hence vy is smooth. Also, since c¢(vy) = c_¢(vg) for any € € Z¢
we have that vy is real-valued. Observe that co(vg) = 0 by construction, and
expanding vy into Fourier series we get

2€m / T A+T
F(x)ug(AM (x,0)) F(x)cos (2nAaT NTe™) da =
/Rdl ( ) O( Z ‘f(m ’m Rd—1 ( ) ( )

28k(F)
GG Ik(A) + 21 (A) + Xa(A),  (4.86)
where k > 1, Jp(A) = [pa 1 F(z) cos(2rAz" NTEW))dz, $1(X) contains the part

of sum where m < k: and 22()\) respectlvely sums over the range m > k. Note
that in view of our construction the sums ¥;(\), i = 1,2 are real-valued for any
A. By the definition of )y, the fact that |¢*)| > k and that g is decreasing we
easily see that 2w\, Ag| NTER)| < &y for any k, hence applying (4.82) we obtain

2 3 1
ka(/\k” > ZJFW- (4.87)

On the other hand, by (4.83) and (4.84) we easily get

o0

2] < 2 ey 3

m=k-+1

1 _3 1
g = 3TEMF

(4.88)

for any A > 1. We now estimate the contribution of the range m < k. The
triangle inequality implies

2

e )| 2

2
Y1(Ak) + ij()\k)

+ [0 -
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hence at least one of the terms in Lh.s. of the last inequality is not less than half
of the r.h.s., and we choose the sign ¢, so that to get the largest term from the
Lh.s. of the above inequality. This choice of &5, combined with estimates (4.87)
and (4.88), and the definition of A\, given by (4.85) imply

2e(F) 3 1 3 1

REIE Ie(Ak) + E1(Ak) + Za(Ae)| 2 §3F|£(k)‘k > §70—|£(k)‘k =g(M\e), (4.89)
for any kK = 1,2, ... . The statement of the Lemma obviously follows from the last
inequality and (4.86). The proof is complete. ]

We are now ready to prove the main result of this section, which will easily
follow from the representation (4.76) and Lemmas 4.4.12 and 4.4.13.

Proof of Theorem 4.4.11. Without loss of generality we will assume that
tg(t) — oo as t — oo. The reason for this is to have slower speed of decay than
the error term involved in (4.76).

Recall that for n € S¥1 we let G%"(-,-) be the Green’s kernel for the pair
(MTAM,R%), where as is customary M € Oq(R) satisfying Mey = n. Consider
the family of functions F := {F, },cse-1, where we set F,(x) := 9;G%"(eq, (7,0))
for x € R, Again, there is an implicit dependence of F, on M, however, as
Lemma 4.4.12 (i) shows, each function F}, is in fact independent of the choice of
M. Next, by Lemma 4.4.12 we have that F satisfies conditions (a) and (b) of
Lemma 4.4.13.

Now let 1 < v < d be fixed from (4.73). We thus get x*? = 0 from the
definition of the cell-problem (4.10), and hence for the corresponding boundary
layer corrector, by (4.9) we have® v*7 = 0 for any n € S*!. For any 1 < a < d,
and any n € S%!, v*® solves a uniformly elliptic PDE in €, with boundary
data x**, hence standard elliptic regularity implies that there is a constant C
independent of n, such that |V,v*%(y)| < Cp for any y € 0§2,, and all 1 < a <d.
From this, and the fact that v*7 = 0 it follows that there exists an open subset
of the sphere S, C S%! such that for any n € S, and any M € Oy(R) with
Meg = n, one has

1+ na[0:,x"*(A(Z',0)) + 0.,v"*(A\(z',0))] | > (4.90)

DN | —

where 2z’ € R4 and A > 0. Concretely, we choose S, so that any n € S, has its
~v-th component sufficiently close to 1.

Recall that solutions to boundary layer problems are constructed via the re-
duced boundary layer systems of form (4.57), hence we have

v (y) = v (Mz) = vo(2) = V(N2 2y) (4.91)

8Tt should be noted that v*®, the boundary layer corrector, depend on normal direction n
through halfspace €2,,, for all 1 < a < d. However, for the ease of notation we do not incorporate
this dependence into the definition of v**. Whenever this dependence will play some role, we
will make an appropriate comment on that.
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where V¢ solves the corresponding problem (4.57). In particular we have that
each V(- t) is Z%-periodic for any t > 0, and is smooth with respect to all
variables. Here as well, one should take into account the subtlety, that V<,
and hence also v*®, implicitly depend on the matrix M. To keep track of this
dependence we take any two matrices My = [Ng|n|, M = [N|n] € O4(R), and in
the next diagram we collect the corresponding solutions that these two matrices
generate.

Y = Myz = M=z

v (y) = v (Myz) = v (Mz2) (4.92)
I I

Vi (NoZ', Za) = vi®(2) = v*(z2) =V*NZ, z).

It is clear from the first row that z; = Z4, and hence Ny2' = N;z'. For n € S*!
consider the function

Uo(y) =1+ n.(n-Vyx*(y) + 0.V (y,0)),  yeR?,

where V is fixed from (4.92). Clearly, ¥,, € C*°(T?). Recall that when switching
from y to z we had V, = MV, which implies 0., = n - V, giving the relation
between normal derivatives. Now, if y € 0€),,, we get

VS (NZ',0) = 0V (NoZ',0) = 0z, vy “(Z/,0) = n - V, 0 %(y). (4.93)

From here, the definition of ¥, and (4.90), let us show that for any #rrational
n € S, one has
W, (y)] >1/2 for all y € R% (4.94)

The small nuance, that (4.94) needs the normal to be irrational as compared with
(4.90) lies in the fact that (4.90) holds on the boundary of €2,,, while here we need
the entire space R?. To see (4.94), observe that for y = N2/ with 2/ € R¢!
the lower bound we need is due to (4.90) and (4.93). Now, if the normal n is
irrational, then {Nz' : 2’ € R%71} is everywhere dense in T¢, which is the unit
cell of periodicity of W,,, hence the continuity of W¥,, completes the proof of (4.94).

We now apply Lemma 4.4.13 for the family & and decreasing function g, and
let v ¢ RQ? be the unit vector and {A\;}2, be the increasing sequence given
by the Lemma. By Remark 4.4.14 we may assume that v € S,, hence for v we
have (4.94). Next, for a function F,(x) let 7y € C*(T?) be the function given by
Lemma 4.4.13 for which

[ B@mM e 0 - @) [ R 2 g0, (@99
Rd-1 Rd—1
where ¢(vp) is the 0-th Fourier coefficient, and k£ = 1,2,... . Ellipticity of A

implies that nT A(y)n > co|n|* = co for any y € RY with absolute constant
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¢o > 0, hence taking into account (4.94) we define

1 1

UO(?J) = VTA(y)V \I’l,(y)%jo(y% y € RY, (4'96)

and get vy € C>(T?).

Finally, we claim that v, {\;}32,, and vy defined by (4.96) satisfy the Theorem.
Indeed by (4.76) we have that the solution to boundary layer problem with these
parameters has the form

/8 G (eq, (2/,0))To(AM (,0))dz" + O(X™F),

hence (4.95) completes the proof of the Theorem. ]

Let us conclude with a comment on the condition (4.73) concerning the co-
efficients. As we saw, the proof of the main Theorem of this section proceeds
by preparing a stage for applying Lemma 4.4.13. In this lemma we know how
to construct the function vy € C*(T?) that slows down the averaging for a
fixed family of functions. However in the proof of Theorem 4.4.11 the averag-
ing process comes with extra terms, namely we have an averaging of the form
Jga—r F(@)wo(AM (,0))vo(AM (z, O))dx where wy € C>(T9) is fixed, and we are
allowed to choose vy. The advantage of (4.73) is that it allows this extra term
wo to preserve its sign, hence incorporating 1/wq into vy we recover the case of
wo = 1. In more abstract terms, we have some subset of C*°(T9) as a subset of
suitable vg-s, and we want to see if the principal ideal generated by wgy has an in-
tersection with this subset. When wy preserves the sign, this ideal coincides with
the entire space C*(T?), and we trivially get the claim, while for sign-changing
wo our method seems to be not working. It is very interesting to understanding
this problem in general.
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Appendix A

Some tools concerning boundary
layers

A.0.4 The least singular value

For a matrix A € M4(C) let r;(A) be the Euclidean norm of its i-th row, ¢;(A)

be the Euclidean norm of its i-th column, and set ry,(A) = hi! igdr,-(A) and

Cmin(A) = 112121 ¢;(A). Also let oy (A) be the smallest singular value of A. Then
the following estimate holds true (see [39], Theorem 1)

4y ) ranl)
e (11 ) i min . (AL
Umm( )— ( d > ’det ’maX{nglci(A>’ nglTi(A)} ( )

A.0.5 Tartar’s Lemma and existence of boundary layers

Here we discuss the problem of existence of boundary layers with exponential
decay. The analysis is due to L. Tartar and is based on the following Lemma.

Lemma A.0.15. (see [62] Lemma 18.1, also [48] Lemma 10.1) Assume V' and W
are Banach spaces, a(-,-) is a continuous bilinear form on V.x W, M :V — W
15 a bounded linear operator which is onto and such that there exists a constant
a > 0 satisfying

a(v, Mv) > a||v||v, Vv e V. (A.2)

Then for any L € W* there exists a unique element v € V' satisfying
a(v,w) = L(w), Yw e W. (A.3)
Moreover one has the following estimate

|| L]y

lollv < ==
«

M{]op. (A.4)

We now apply Lemma A.0.15 to the study of boundary layers with exponential
decay. Let Y’ be an open parallelepiped in R, f = f;, and F' = F®, where
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t=1,2,..., N and o = 1,2, ...,d. For unknown vector function v = u; consider
the following problem

—V-AW)Vuly) = f =V -F(y), nG=Y" xRy,
u(y',0) =0, y ey, (A.5)
u(*, Ya), is Y’-periodic for any y, > 0,

where the system of equations is understood as follows

0 ou,; oFY
03/@ ( 1) (y) 83/[3 (y)) fZ aya ) ? » = )

We assume that there exists 79 > 0 such that
v f(y) € L*(G;RY) and ¥ [F(y) € L*(G;R™N), (A.6)

and
F(-,y4) is Y'-periodic for any y4 > 0. (A.7)

The existence of solutions to (A.5) with exponential decay is given in the
following result.

Theorem A.0.16. (see [62] Chapter 18, and [48] Theorem 10.1) Assume (A.6),
(A.7) and that the coefficient matriz in (A.5) is bounded and is uniformly elliptic
with ellipticity constant Ay > 0. Then for any 0 < v < min{~y, Q\Ii\ﬁ} there

exists a unique solution u to system (A.5) satisfying e¥4Vu(y) € L*(G). More
precisely, for any such v > 0 one has the following estimate

C 1
) S —
¥ Aa — 27||A] ]

|7V ul| 2 (ymaxy €74 fl| 2(rmy + 1€ F || p2(Graxy)],

(A.8)

where the constant C' depends on dimension and Y.
Let us first prove the following useful corollary we get from the Theorem.

Corollary A.0.17. Let g = g; be smooth and periodic vector function defined on
Y'. Then the following problem

—V - A(y)Vu(y) =0, in G=Y' x|0,00),

u(y',0) = g(y), y ey (A.9)
u(+, Ya), is Y'-periodic for any yq > 0,

has a unique solution u = u; such that €¥1Vu € L*(G;RPN) for any 0 < vy <
—2”?4?'00. Moreover, the solution u satisfies the following estimate

C Al
Y Aa — 27]|4] |

||€7deUHL2(G;Rde) S ||g||H1(Y’;RN)' (A]_O)

Proof. Take any nonnegative, compactly supported smooth function ¢(y4), such
that ¢ = 1 near y; = 0. Set g(y) = ¢(ya)9(v/), for y = (v, ya) € G. Since g has
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compact support in the direction of e; we have that e%eVyg € L%(G;R>N), for
any v > 0. Now let u be the unique solution to the problem (A.5) with the right
hand side V- A(y)Vg. Defining u = u+g we get a solution to (A.9). The estimate
(A.10) follows easily from the corresponding estimate of Theorem A.0.16. O

Remark A.0.18. The formulation of Theorem A.0.16 is slightly more general
than the original one as given e.g. in [48] or [62]. Namely, here it is stated for
elliptic systems rather than scalar equations, and involves detailed estimates of
V., norms of solutions. The proof however, follows the lines of the original proof,
making necessary changes to deal with systems of equations, and keeping track of
the norms of the quantities involved in norm estimate of the Theorem. For the
sake of exposition, here we present the complete proof of Theorem A.0.16.

Proof of Theorem A.0.16. The proof is based on Tartar’s Lemma and for
that we start with some preliminary set up. Denote V(Y') = H! (Y”), that is

per
the set of all functions from H'(Y’) with equal traces on opposite faces of Y.

Next, set

V,={v: ve L (Ry;V(Y"), e Vo(y) € L*(G) and v(y’,0) = 0}.

loc

It is easy to see that V, is a Hilbert space with scalar product defined as

0], = / T u(y) - Voly)dy.
G

We also define Vy, = {v € V: ey € L*(G)} and note that V; is also a Hilbert
space with scalar product defined by

i, 00y = [t 0] + / ey )o(y)dy.
G

To deal with systems of equations for N € N we consider the direct sum of Hilbert
spaces V, and V4. Namely, we set

Vi=vVie..eV, ad  Vi=VW,0..0V, (A.11)
N N tir

with the scalar product defined in a standard way, that is as a sum of scalar
products of corresponding components. Clearly the spaces defined by (A.11) are
Hilbert.

For u € V. and v € V¥ we then define the bilinear form

a/@% 8(62"/9dvi)

a,(u,v) = /aij ———dy
0 Yo
2 Yp Y
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and the functional

Fv) = /e27ydfividy+/Ff‘

G G

a<€27yd Ui) dy,
Ya

It is clear that a, is bounded on \/7N X Voj\fy Next, an easy computation using
Holder’s inequality implies that F is a bounded linear functional on Voj\f/ for any
0 < v <, with the following bound on its norm

Hﬂ’(v&fy < C[Hew‘ime(G;RN) + Hew‘iFHLQ(G;RdXN)], (A.12)

with C' = 1 + 2vy. Then the weak formulation of (A.5) reads: there exists a
unique u € V.V such that a,(u,v) = F(v), for all v € V. Hence the Theorem
will be proven if we can apply Lemma A.0.15. For this we need to construct the
operator M of the Lemma.

For a given u € VVN set
u(yq) = L "yq)dy
yd) - |Y/| U(y 7yd) Y,
Yl

and define u = w;, where u; : Ry — R, by the following problem

du;
dt

We then define Mu = u — u and prove that M satisfies Lemma A.0.15. Set
E.(t) = 2ye ®'I;5 for ¢ € R, and extend () as zero function for ¢ < 0. Then
it is easy to see that u;(t) = (E, xw;)(t), t > 0 solves (A.13), hence we have

+ 2vu; = 2yw;, fort >0 and u;(0) =0, i=1,2,...,N. (A.13)

Mu=u— L, xu.

Step 1. We prove that M € L(VV; Vi) and is onto. Due to the definition of
M it is enough to verify the claim for each component of M. Fix u = u; € VWN )
then by Poincare’s inequality! we have

i) = wi(®)]|2vry < e(d)|[Vyuil |2y,
By definition of V,, and using the last inequality we get
€7 (ui — @) ||2() < e(d)|uillv, (A.14)
Let 0 denote Dirac delta operator at 0. By definition of M we have

1Since we apply Poincare’s inequality for a cube of fixed length the constant can be chosen
to be dimension dependent only.
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On the other hand we have

d
EEﬂy—l—nyEﬂY 276,
hence we get
1 dE 1 du;
Mu; = u; — T + ——2 % = u; — T + —Fy % —. A.15
U =u u+2’ydt*u u u+27 Sl ( )

du;

Since u; € V it is easy to see that |[e7 L5 || 129 o) < |[Y/[V2[Jwil|v,. Fix 1 <i < N
and set 2i = g(t), we now show that e”t(E x g)(t) € L*(G). Tt is easy to see
that e”t(E,y x g)(t) = E, x g(t) where

E,(t)=e"E,(t) and g(t) = e"g(t).

Using the Young’s inequality for convolutions and the estimate for L? norm of g
obtained above we get

17 (B % 9)(0)l|z20.00) < 1By % G(0)lz2(0.00) < |1 E5 211122
=2[9llz> < 20V il v,

This implies that
1€ (B 9) ()]l r2iy < 21Y7[[luillv, (A.16)

Applying inequalities (A.14) and (A.16) on (A.15) we arrive at
1
e Mulliae) < 2V llwly, + el (A17)

By the definition of M we have

M . o
OMu; _ ou; budEs *Guz‘
8yo¢ aya 8yd
From here we get
1€V Muil|2(c) < 2(]|willv, + 2[Y [l ). (A.18)

By (A.17) and (A.18) we have that
1
M is bounded from VWN to VOAQ and || M|,y < C’;, (A.19)

where we assume that v < 1 and C' is a constant that depends on |Y’| and
dimension. This gives the blow up rate in v for the operator M.

Step 2. Here we show that M is onto. Again, due to the definition of M we may
argue component-wise. For this, fix v € V,, we want to find u € V, satisfying
u—E, 7 =v. Let Y be the Heaviside function, that is Y'(¢) = 1 for ¢t > 0 and
0 otherwise. Then set u = v+ 27Y xv. It is easy to see that u € V. To see that
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it also satisfies Mu = v we observe that
u=(0+27Y) 7,
and hence
Mu=u—E,xu=v+27Y —E,x (6 +29Y)] 0 =,
since 29Y — E, % (0 +27Y) = 0.

Step 3. We now prove the coercivity assumption involving a and M. Since u
depends on y4 only, from the definition of a, M and relation (A.13) we have

ou; Ou; ou;
a(u, Mu) = /a%ﬁehyda—yga—yady + QV/G?J%QWW@—?J;(W —u;)dy :==Jy + Iy,
G

Using Holder’s inequality and then Poincare’s we get
2] < 29| Allolul -

For J; by ellipticity of A we have that J; > /\A||u||%/N. Combining these two
Y
estimates we obtain

a(u, Mu) > (Aa = 29/ Allso)|ul[7.y, (A.20)

hence for v small enough we may apply Tartar’s Lemma and prove the existence
and uniqueness part. To get the bound (A.8) we apply the corresponding bound
from Tartar’s Lemma using (A.19), (A.20) and (A.12) to bound the quantities
involved in the estimate (A.4).

Theorem is proved. O
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