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INTRODUCTION

The idea that the observed masses of elementary particles may
be regarded as being generated totally by the interactions to which
the particles are subject, is, in terms of practical description, a
relatively recent one. Coupled with the observation that the world
is, loosely speaking, approximately symmetric, as indieated by the
mass differences of particles, such an idea would suggest the
possibility that dynamiecs may, itself, be the mechanism whereby
the symmetry is broken. Such is the underlying thought behind the
recent interest in what has come to be termed '"the snontaneous
breakdown of symmetry", characterised by non-symmetrical solutions
to symmetric field equations.

The central ideas, as presented by Goldstonel, and Nambu and
Jona-Lasiniog, stem almost completely from the solution of the
superconductor problem given by Bardeen, Coouper and Schrieffers,

L

and its subsequent refinements by Bogoliubov, Tolmacev and Shirkov™,
Valatin5, Nambue, and others, the main inspiration of these pre-
liminary investigations having been the close formal analogy exist-—
ing between the 'superconducting' electron, which possesses an
energy gap in its spectrum by virtue of the breakdown of simple gauge
symmetry:<and the relativistic Dirac electron, having a mass gap
derivable from the breakdown of chiral symmetry. These, and sub-
sequent attempt37 to account for mass splittings by assuming the

spontaneous breakdown of internal symmetries, have been handicapped

by the apparently general prediction, via a theorem due to Goldstonel,

X More correctly, both the energy gap and symmetry breakdown arise as
a consequence of the dynamics,
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that any theory admitting solutions of the type associated with the
spontaneous breakdown of symmetry must contain massless bosons in
the spectrum., The local conservation law of current, derived from
the original symmetry, plays the essential role in establishing the
theorem, for which various formal proofs have been givena_ll. Since,
by observation no such boson excitations could be accounted for,
recent interest tends to have been centred on ways and means of
removing them from such theories, with reference to simple models.
In this respect, the theory of superconductivity has played a major
part, in view of the proven absence of such corresponding excitations
in that contextla; the lons-range Coulomb force has proved to be
the agent responsible for their non-appearanc613’1h. The immediate
generalisation of this effect in relativistic theory auggest315'16’17
the conclusion that when gauge invariance of the second kind on

local symmetry, necessitating the introduction of a long range force
in the form of a gauge field, is combined with the spontaneous break-
down of global symmetry, then neither the Goldstone particles nor

the anticipated massless vector particles appear, they are replaced
by massive vector particles. This conforms with the contention of
Schwingar18 that gauge invariance need not imply massless vector
particles.

The main object of this thesis is to consider the question of
the Goldstone Theorem, and its domain of applicability, both in
non-relativistic and relativistic quantum field theory.

To this end, the first chapter is of an introduectory nature,
the emphasis being on outlining the main ideas relating to spontaneous
symmetry breskdown, while at the same time surveying the recent

literature on the subjeect. In Sections (1.1) and (1.2), using the
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scalar field doublet model of Goldstone as our basic example, we
indicate how the notion of vacuum degeneracy appears as a more
general possibility in field theory, and demonstrate its connection
with inequivalent representations of the field operator algebra,
Analogous arguments for fermion systems are mentioned. Still
arguing from Goldstone's model, in (1.3), we indicate the likelihood
of such solutions from a classical basis, and then proceed to show
the apparent equivalence between the presence of massless particles
and the assumption of vacuum degeneracy by the formally exact
arguments of Goldstone, Salam, Weinberg, and others. Objections to
these arguments are mentioncd. In (1l.4), the fact that supercon=-
ductivity, as a non-relativistic field theory, runs counter to these
arguments is discussed, and the reasons, suggested by Lange, and
others, are given. Finally, in (1.5) and (1.6), the work of
Guralnik, Hagen, and Kibble, Higgs, and others, indicating how the
theorem can be invalidated by extending Goldstone's model, is
described.

The remaining chapters deal witl topies relating to the models
deseribed in Chapter I.

In Chapter II, it is shown how the quasi-particle spectrum of
the Goldstone Model may be derived by a formal argument based on the
Lehmann-Kallen representation, the results so obtained being
equivalent to those obtained by other well-known methods. The
difficulty of drawing any conclusion about the validity, or otherwise,
of Goldstone's Theorem, from this viewpoint, is indicated.

The content of Chapter III concerns the distinction to be
drawn between manifest Lorentz covariance and non-covariance as

they are related to the validity of Goldstone's Theorem., It is
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demonstrated how the extension of global to loeal invariance in
Goldstone~type models leads to the inapplicability of the theorem,
on account of the necessarily non-covariant description then
demanded for consistency.

In Chapter IV, the connection between the Hartree-Fock method
in the theory of superconductivity, and the appearance or non-
appearance of Goldstone excitations is discussed.

Finally, in Chapter V, the spontaneous breakdown of chiral
symmetry in the context of electrodynamics is considered.
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CHAP A
PRELIMINARY SURVEY

In this chapter we undertake to review some of the current
literature relating to the ideas of spontaneously broken symmetry,
gauge invariance, and mass, and the connections whiech have been
deduced between them. Before proceeding, however, it may be relevant
to dwell a little on the motivation behind the recent interest in
these topics.

The most satisfactory application of quantum field theory to
_elementary particle processes, has been that to ordinary electro-
dynamics, the interaction between electrons and photons. The
relative success of this theory seems to be built upon two fortunate
occurrences, viz. the all but exact specification of the form of
the interaction Lagrangian, and also the convenient apparent applica=-
bility of perturbation theory. The former is based on a principle of
gauge invariance, which has its origin in two verifiable facts:
there exists a conservation law of electric charge, and the photon
is massless. The latter, although the existence of thes perturbation
series has not been proved, may be viewed as a consequence of the
smallness of the coupling constant, and the mathematical procedures
(e.g. renormalization) involved are accepted, if only because the
correct results (in particular, the Lamb Shift) can be extracted.

We note that the field theory employed in quantum electrodynamics
is phenomenological only to the extent that the 'bare' masses of
the interacting fields are inserted.

Accepting that the use of gquantum field theory must have some
validity, even if obscure, in the domain of electrodynamics, we
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compare the situation in the region of strong interactions. The
difficulty with any perturbation theoretic framework presents

itself immediately, for the coupling constants are known to be

large, notwithstanding the question of the existence of the
perturbation series. Further, the strongly interacting particles are
regarded as deviating from unitary symmetry, this being exhibited
through the observed mass differences. To account for this deviation
would in the usual theory mean having to define specifically the form
of interaction believed to be responsible. The difficulties
associated with perturbation theory would follow any satisfactory
statement of how the symmetry is broken.

However, in the strong (and weak) interactions there do exist
conservation laws, and many authorslg have been led to consider how
it might be possible to view the interaction of these particles
through a gauge principle, similar to that appearing in electro-
dynamicazo. But the required massiveness of the vector particles
produces the main barrier to such an aspproach. The demand for gauge
invariance of the second kind sccms to necessitate the introduction
of massless vector fields, the presence of any bare mass term in the
Lagrangian function will destroy the invariance, and with it the
required conservatioﬂ law, Thus, if we take the comparison with
electrodynamics seriously, we would have to reconcile the massive-
less of the vector particles with the existence of a conservation
law, as well as accounting for the mass splitting in the multiplets.
This is the basic motivation in asking about the connections between
gauge invariance, mass, and broken symmetry.

A conservetion law in a field theory arises if the Lagrangian
funcetion, or equivalently the field equations, is invariant under

an internal symmetry group of transformations, the conserved quantity
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being a generator of the transformations. The question which has
been asked recently is whether one can have such a conserved current,
when it is known that the symmetry of the physical particles must be
broken. The emphasis on the term 'physical' is important, for the
field equations do not in themselves constitute physies, but rather
the solutions of the field equations characterized by the spectrum
of states built on the vacuum or ground state determine the physical
situation. Thus, in an alternative form, the question is: can one
have solutions of symmetrical field equations, which do not poesess
the same symmetry, and if so, have they any physical significance?
Because of the general lack of mathematical rigour inherent in
present Iield theory arguments, the answers to these questions must
be conjectural to some degree, but there do exist physical meny-
partiecle systems, in particular the superconductor, described by
non-relativistie field theory, which appear to be necessarily des-
cribed by such solutions. PFurthermore, the fact that they happen

to be non=perturbative in the coupling parameters is, perhaps, a

reason, in itself, warranting investigation.

1.1 Vacuum Degeneracy

The symmetries of elementary particle physics fall roughly into
two categories, those connected with space~time related to the
dynamics, and the internal symmetries, deseribed by continuous
symmetry groups. It is in the latter category that interest has
centred so far as spontaneous symmetry breakdown ls concerned,

although attempts have heen made to include the Lorentz group in

such considerations?l, e ghall restriect ourselves here to a

discussion of the implications of spontaneous breakdown as they
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appear in the simplest of models.,

The models which serve as the source of the current investi=-
gations are due to the work of Namhu and Jona-Lasinio who consider
the self-interacting fermion system, and Goldstone who, in addition,
considers the boson case. Both models, commonly réferred to in the
literature as 'superconductor' models, are invariant under continuous
symmetry groups, respectively the Y 5=group and the U(1l) gauge group.
Because the latter has a direct classieal analogy, exploited by
Goldstone himself, and others, we shall discuss this first with a
view to defining in the quantum theory the nature of the symmetry
breakdown.

The simplest non-trivial continuous symmetry group describing
the interaction of spinless. Hermitian scalarif*elds is U(1).

If #(x) is a complex scalar field, where

¥

g.-.-i-,-;;(,slnﬁg) ; ﬁ=-32‘-,;(dl-i:52)

(dl, 52) being a Hermitian scalar doublet. Then we may describe
the interaction of the real fields under U(1l) invariance by the

general Lagrangian
L - ubmobe - V(#'¢)
2 —F Cud)F) - VL Beb) P (1)

where V(%(ﬂlz + 522)) represents the interaction and possibly

contains a bare mass term. The related field equations are

a¢:e - V,[Ef(#’"fg:)} $.x) = 0
(2)
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In the actual model considered by Goldstone,

V, @9 - - X%+ g %)

2
Ay uz being understood as coupling constants.

" #ne theory is invariant under the (global) transformations:

A =
By » P = 'eqd‘;ééf) 3 Be(x) > &) - 'ej'(“’)?fj @

s C Sina
/_{‘{/(x)z cf;.fd?:', e , E’v(g)_ i ) (3)

~Sima (osa

and so by the Noether Theorem, we have a microscopically conserved

current

, 14 .
B Jh O = o Tihld s aRIET
;'ﬂ(x) : o -« [93’? () (0 ~ v ACS) eLar (Ar)] (L)

Applying the divergence theorem (assuming for the moment its
application to be valid) yields the globally conserved quantity
(charge)

a e o 3 o) : '
AR, = [ do‘u (x) = fd z 3(x) (H\J&#Lr\dint ofcr) (5)
o
which generates the original field transformation
-1

B,(x) > 8,'(x) = UAi(x) U™ = Ry4(a) B4(x) (6)

where U 1s a unitary operator, given by
=-ial®

U = e .

This is the usual argument leading to Noether's Theorem, and is
normally taken to be independent of V, the interaction. If we
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compare terms of first order in o in equation (6), then we find

the commutation rule
i [F, ﬁi(x)] = T34 B3(x) (7)

and, using equations (L) and (5), we find consistency with the
usual boson equal=time commutation relations
Cvieo, i) = 50w [0, 40 2oy,

We point out that the equations of motion, the Noether Theorem,
and the canonical commutation relations, all may be viewed as a
consequence of the Generalised Action Principle. In any normal
theory, we would expect that all may be consistent. However, it
may be untrue, in certain circumstances, that the generator F
is independent of Xy * This is a dynamical assumption which depends
ultimately on V. In fact it turns out that the occurrence of
vacuum degeneracy must be accompanied by a failure of the global law.

We now invoke the umual axioms of field theory. The solutions

of the equations of motion (2) may be characterised by the complete
set of states |p)>, labelled by the 4-momentum, with a normalisable

vacuum state (p = 0). In any normal theory, we would regard the

vacuun to be unique, so that

ulo> = |o>

up to a phase factor, in which case F is a good quantum number,ﬂaH}iﬁ:O,
with the vacuum and the other excited states as eigenstates.

Now, we suppose that the solutions do not obey the symmetry
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of the field equations. This implies a restriection on V, of course.

We may express the existence of such anomalous solutions by

v lo, 0> = lo,ad (9)

where | 0, a) differs from [0 by something other than a trivial
phase factor. We say that the vécuum is degenerate with respect to

the symmetry group, in this case U(l), taking up a chosen direction
in icharge-spaee'. Mathematically, in general, it transforms accord-
ing to a non-trivial representation of the group.

We shall now show how this degeneracy can account for a mass
difference between the particles described by the fields (4, $5).
The spectral function (’Oilﬁ(x)‘d(x'), 0) , for the complex field,
can, by virtue of (9) be writtenf-

<olgx) g(x)] o D = <o, alé(x) #(x*) | o, G>e-21c':,

If the vacuum were invariant, then we would have to conclude that
this spectral function were zero, which would, in turn, imply the
equality of < 0lgy(x) #y(x*)] 0> ana < olgy(x) p(x*)10). Thus,
the existence of a degenerate vacuum implies the inequality of these
functions in a particular gauge (a = 0), and hence the inequality of
the associated spectral weight functions, if one accepts that (4., £5)
are the physical fields. That they need not be the physical fields
can be inferred by applying the same argument to the one~point funetion
<<d(x):% » Which could be a non-vanishing constant in the event that
the vacuum was degenerate, but translationally invarianff (It should
be noted that the occurrence of vacuum degeneracy would be indicated

by the non-vanishing of the expectation value of any product of field

overatorst.of the form 4, 62 (morn odd))
X T Note 1: if <0,a|¢(x)¢(x*)|0,0> is independent of & then (6 =2 L a8 <0|¢(x)¢ (x*)] 0> = 0,

t order symmetry breaking: <¢> £ 0, <¢¢> £ O etc, 2nd order symmetry breaking: <¢> = 0, <¢¢> £ 0 e
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Thus, in terms of the usual formulation of field theories
through the n-point functions, the anomalous solution may be defined
generally by the non-vanishing of the one=point functioh. We could
thus redefine the complex field by one whose vacuum expectation value

vanished.

Ax) = (=) + A(x) (10)

and so also for the real and imaginary components. What we call the
iphysical gauge'@éay, @ = 0) may be fixed by having either <ﬂdlg or

( 152>. non=-zero, as we see from the relation

(Boodury « <92 NN RE 1 D RS A AD
F(2KEICHY X0 X )y )

=
the imaginary part being required to vanish. We take ( ﬁzkﬁ 0.
Thus, the condition we obtain on the 2-point funetion is

)X, )3 - <Habo) Hafr ) = <A> K O

which, by itself, does not say that the propagators cannot be equal,
but certainly envisages the possibility.

If such a solution exists, it necessarily follows by taking the
vacuum expectation value of equation (7), *that the vacuum cannot be
an eigenstate of the generator, F. We recall equation (9), in whiech
the unitary transformation generated by F had the effect of
'rotating' the vacuum. In fact it can be shown that F 1is undefined,
the vacuum being, as it were, able to mop up 'charge'. Further, we
might expect a formal time-dependence in F, because of the linear
(physical) field dependenqg possessed by the current.

Wote: L[F), HI - ;fi;:% [dx e [%) #6021 4 o

% Ve assume there is no further spontaneous breakdown of the
discrete symmetry Y>> -X .
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The scalar model of Goldstone provides the simplest non-=trivial
example of the spontaneous symmetry breakdown we have just discussed.
Without yet discussing the why and the wherefore of the vacuum
degeneracy, we have indicated the likely consequences of it, in
particular, the strong likelihood of 'mass-splitting'. These
simple considerations can be generalised to 0N and other continuous
groups.

In the case of self-interacting fermion systems, the situation
is not quite so simple. Nambu and Jona=Lasinio considered a theory
invariant unde:x both the ordinary and T5-gauge transformations.
Being a single field model, there is not the same interpretation
as in the scalar model (essentially a 2-field problem). However,
if one thinks of the model in terms of primary (6r quasi-particle)
and secondary (or collective) exeitations, as in the many-body
problem, then one effeciively has a masse-difference between the
associated particles, if one assumes the interaction is capehle of
maintaining vacuum degeneracy. The requirement of broken symmetry
should be placed on Hullinear products of fermion operators, rather
than on that of the single operator. This, alternatively, means a
condition on the field propagator, It has been pointed out that the
degeneracy condition should be imposed on objects which can be said
to be observables, automatically valid in the boson case.

The argument of Nambu and Jona-Lasinio and others is based on
analogy with the B.C.S. model of supercondutivity = hence the
terminology 'superconductor' solution. In that case, the quasi-
particle excitations are regarded as a coherent mixture of particle-
hole pairs around the Fermi-level, where there exists a strong virtual

phonon coupling. In momentum space, the wave functions satisfy the
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the Bogoliubov-Valatin Relations:
+
Ep¥p = & Vpp + DV
+ +
EpVop = =ep Y p, + O ¥py

where EP is the quasi-particle energy, &, effcctively the free-

P

particle e?%fgy, and O is the symmetry=breaking parameter, related
sltale
to the ground/éxpectation value ¢(¢;(x) w;(x))o + The eigenvalues

give

EP . 3 [eg + 132] s

which shows that there is an energy gap 2 A, determined self-
consistently, separating the states below the Fermi-Surface from
those above. The resemblance to the Dirae Theory of the electron

is self-evident. There, there is a 'mass gap', 2m, separating

the infinite sea of negative energy states from the physical positive

energy states. FPurther the Dirac equation can be decomposed in terms

of its eigenstates of chirality, analagous to the Bogoliubov equations
By = owp ¥y + mip

By = =(owp)¥y, + miy
Ya
whence : EP = - [.Pa + m? ] .

Hence, in analogy with B.,C.S., if one considers an interactlion between,
say, massless fermions, which is capable of possessing non—75-symmetr1e
solutions, then one is led to a mechanism for mass generation in the
quasi-particle spectrum.

It should be emphasised that the existence of this type of

degeneracy of the vacuum implies degeneracy of all states built upon



-15=

the vacuum, in which case the breakdown of symmetry may be described
by the more general condition on the field operator (or product of
field operators) that its expectation value with respect to the
state | P> is non-vanishing.

Finally,we note that inherently within relativistic quantum
field theory there already exists the possibility of vacuum degeneracy
in an exact aensezz, although it seems to menifest itself in only
the most trivial cases, namely that of the massless field, satisfying
the field equation (correeponding to (2) above)

U.ﬂs=00

Such a system is invariant under the trivial continuous symmetry,
the field translation g(x) > #(x) + C so that, in an obvious
notation, the connection between vacuum degeneracy and the existence

of a non-vanishing field expectation value can be established. thus.:

Coscidlx)lo,c) s © &

The field equation simultaneously embodies the microscopic
conservation law, the current being Cd“ﬁ « The associated generator
of the translation is therefore C.I d?g °4 , and, using the
canonical equal=-time commutation relations in the form (8), we
achieve consistency provided the quantity ‘f d?; o°6 is independent
of time (as would normally be implied by the field cquation). A
similar argument can be applied to the more realistic example of the
free electromagnetic field, once again pertaining to the massless
case.

It in fact turns out that it is no mere coincidence that massless

particles should be singled out when vacuum degeneracy is involved.
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These trivially exact examples do nothing more than obey what is
known as the Goldstone Theorem, which essentially predicts the

presence of massless particles within the execitation spectra of
any system which undergoes spontaneous breakdown of symmetry, in

the manner desceribed above,

1.2 e iubov-~Valatin Tr tio

Having defined what we mean in this context by symmetry-
breaking, it is useful to relate the definition to the representa=
tions of the operator algebra of the ficlds. Such considerations
2L

apply to both fermion23 and boson systems ', but our main interest
here will be in the model of Goldstone.
The decomposition (corresponding to the particular gauge

choice < 4, = 0, <% 0)
ﬁl(x) = Xl(x) ¥ .dg(x) - (ﬁg(x)>° “"Xa(x)

may be viewed as a general representation of the canonical commuta=
tion relations, <fﬁé(x)>6 requiring to be determined in order to
fix the physical representation, If we consider the system to be
confined to a volume ¢ , then the most general plane-wave repre-

sentation of the fields is

. rk.x v : Y
b Ay + @4 fid et p it )

where<’ﬁ}%, Uﬁ are parameters to be found.

(Ehe particular case
<g> - o Uk - (awe) % We T £ 4m
o )

(alt+)

corresponds to the usual representation for the Klein-Gordon field
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with a; = a§ » Say, and associated ground state (j?), such

that ay I¥> =0 :)

This form may be understood to be built up as follows. The
first term, being C -no, obviously cannot alter the commutation
rules. The second term arises through the unitary Bogoliubov-

Transformation, performed on the usual creation and annihilation

v wnt

operators (g
oy & Cosh B ar 3 @  Pe Sinh O a

1'% w7
:7( : e Fsh 94 d(. +  @SA 9-('” Qg

and also preserves the commutation rules, i.e,
: s rs v Xk =
The associated unitary transformations are.
-, V2 q ’/2 “
r
’654;(1-}" Qi - S (}") Vra;(o

v-f

where _(‘%-"‘)Vz(fa:-ﬁ’arv
G = €

“/;. Gz Qr%d s A Oy ag + € p‘fﬂd{ bx 4

/

L
- *
126 (¢ Falal- ¢ d’c a.‘, 2

G« e

The combination of these transformations (generaliscd Bogoliubov=-
Valatin trensformation) with associated operator Gy, Gy, yields

the desired form, with

Uy = [?n@)‘{(c‘a.%e(.-e"ﬁs/nz&) ;y Re (%) = <A



The 'new' creation and annihilation operators now are

associated with the ground states

18, (9> GIFY ; 19,06, GIVS ; /8,(6,91) 44 /7

and, on forming the matrix elements

- 2w | Y]*
CEIE ) <+ €
o ,Q[en)*j‘/dgf ‘t_%f cosk O
¥/ 8,69 €
we observe they vanish in the limit of infinite volume. Furthermore,

we can show that
<3 wp0(80/p, >0 i o7e, ¥re Aiu

as KX > oo. The effect of the transformations Gy and Gos
separately or combined, is to render the vacuum states orthogonal
in the limit of infinite volume. What we originally regarded as
unitary operators are in fact improperly unitary, since their
expectation values, in any representation, are zero. The repre-
sentations are said to be inequivalent.

The physical representation meaning a specification of 4
and € is still to be derived. This may be done by demanding,
in the infinite volume limit, that the Hamiltonian be of the
diagonal form gg Ey afk %rk 2“. However, even after this has
been done, there‘remains an inequivalence, due to the vacuunm
degeneracy, and as such is of mathematical significance only.

We had, from the last section, that

Wa) [0, 0> = [0,a> .

In the above, because for £ = g', the orthogonality still persists,

we may write



€0, alo, g2

]
=
[y
b
a
i
™

(11)

and so U(a) 4is improperly unitary, with the implication that the
‘generator' F cannot be well-defined.

Exactly the same arguments hold in the theory of Nambu and
Jona-Lisinio, and any other fermion model, relativistic or non-
relativistic, in which the symmetry is broken by assuming non-
vanishing expectation values for bilinear products of fermion
fields. In these cases, the existence of the inequivalent repre-
sentation is intimately connected with the Hartree-Fock variational
calculation, in which one starts from a trial ground state vector,
whose form manifestly lacks the symmetry of the Hamiltonian, and
is always a variate of the B.C.S. state vector. It was shown, by
Bogoliubov>> that in the infinite volume limit, the Hartree-Fock
treatment is exact. Thus, the inequivalent representations appear
to be a relevant facet of the problem of describing broken symmetry
theories.

Without as yet introducing any detailed discussion of dynamies,
we have indicated how the assumption of broken symmetry, defined
through vacuum degeneracy, points to the existence of inequivalent
representations in the theory. The usual symmetric situation
(<{#3= 0) is but a special case within this framework. Whether
or not we actually have such representations in a particular model

must be a question of detailed dynamies.
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1.3 The corem Goldstone

Originally a conjecture based on formal arguments, but now
proved to general satisfaction, the theorem makes an assertion of
an exact nature agbout the spectrum of states in any theory suffering
gpontaneous breakdown of symmetry (defined by a Lie groub).

That 4% should provide an exact result of field theory, has been
the main reason for the interest aroused.

The statement of the theorem is as follows.

Given a Lorentz Invariant interaeting field system, symmetric
under a continuous Lie Group of Transformations, such that
spontaneous breakdown of the internal symmetry occurs, then there
must exist excitations, corresponding to zero mass, within the
associated spectrun.

We shall see later that it is important to restriet the state-
ment to continuous Lie Groups, as well as to manifestly Lorentz
covariant theories. The Goldstone Model, governed by the inter-
action Lagrangian P%- s falls into this category, and was first
discussed by Goldstone from a classical viewpoint. We may regard
v(’é(di + A’g)), the interaction Lagrangian as a 'quasi-potential’,

Yo 4 so that the 'equilibrium' solution
is given by the vanishing of V' ,
say (dg. ﬁg) or by rotation, (O, dg).
¢ The quartic model obviously fatisfies
e /h\ L D4 Fesizs, Witk (53)2 - %E‘ ]
\ Also, the 'stability' requirement,

\ ; V" > 0, 1s, in that case, satisfied,
' so that this solution is the physically

il “;}- acceptable one. The corresponding
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field equations for small amplitude first order displacements from
'equilibrium' take the form

g+ = o (0-@°v)r, = o ,

so that the degree of freedom associated with '"rotation' is massless,
while that assoeiated with the vadial oscillations acquires mass.
The absolute necessity of having a massless mode, in this approxi-
mation, is seen to be dictated by the original symmetry requirement
imposed. For, by Noether's Theorem, the microscopic current is, to
first order, ;ju(x) = - ,62 Ou/‘\' 1 and conservation yields just the
above massless equation for %;.

This classical argument, it is argued, should serve as a
relisble guide to the quantum field situation, since we are here
dealing with a boson system which possesses a classical limit. The
results, therefore, should, at least, correspond to the gquasi=-
particle approximation of the quantum theory.

In attempting to set the argument on a quantum footing,
Goldstdne, Salam and Weinberg study the 2-point spectral function

( [7}} ™, &6 ]>o s, and render what can be termed a formally
exact proof of the theorem which, as we shall see, depends ultimately
on the manifest Lorentz covariance of the theory. By translational

invariance, we may define the Fourier Transform as follows

k) = -1 /a‘*x oIEX ([3#(x), #,(0) 1>,

where, because of current conservation,

k, (k) = 0 . (12)
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Also, from equation (8), the sum rule

dx
f (2:) £° (kg» k) = <A (13)

must be satisfied for all k .
Now, if we demand manifest Lorentz covariance, as we might
reasonably expect to do in a Lorentz Invariant theory, then the

most general form for (k) is

) = & [e(x) Py(x?) + Pb(kz)J '

where the functions Pl(ka), Pz(kz) are defined in terms of the

intermediate states |ka>>,
kt [e(ko} Pl(kz) + P2(k2)] = é:( ol3*(0) kXklg;(0) 10> = hecs

The imposition of miecroscopic conservation immediately gives, for

all kM
12 2 2 ] 5
e(k,) P,(x%) +2,(x°) ] = O

where Pl(k2) and Pz(kz) must either contain singularities at
k® = 0, or venish there identically. That is, they must contain

contributions of the form
»,(x%) = ¢, 8P), =, =0, 3P)

where 01, 02 are constants which may or may not vanish. However,
substitution in the sum rule shows that while no restriction need
be applied to Cy, Cl has to be given by
Cl = <ﬂ2>0
(2x)"
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and so if the asymmetrical solution exists, then there must
definitely be a 3—fmnction singularity at k2 = Oy which we can
only conclude comes from the presence of massless particles in the
intermediate states which go to make up the Fourier representation.

Other formal proofs of the theorem have been offered by
Bludman and Klein, Jona-~Lasinio, and Domokos and Suranyl. These
authors employ the functional formulation of field theory, and
their conclusions concern the actual propagator of the ﬁl-mode,
rather than the above spceetral function. All agree that the inverse
momentum=space Green's Function must be zero, in the limit of
vanishing l-momentum, or when combined with Lorentz invariance,
that there is a pole singularity at p2 = 0, which in turn implies
the presence of massless particles, as before.

Arguments against the result have been voiced, in the main by
advocates of the use of the Bogzoliubov=Valatin Transformation in the
context of Goldstone's Mode123’ 2“. These, however, have suffered
from the problem of divergences, and since they appear in an
approximation procedure, it would seem better to question the
procedure, rather than the above formally exact arguments.

Of course, it should be stated that these 'proofs' are
essentially non-rigorous, in that they envisage a decomposition
of the particular spectral functions which may, in fact, not be
meaningful., For example, in the proof of Goldstone, Salam and
Weinberg, the decomposition takes place in terms of matrix elements
of the type <o l F I Ps> » Which, on account of what has been said
earlier, might be expected to lack definitionfﬁ If, however, the
disﬁ&ncy_parta do not have a meaning, then 1t is believed that the

lim
QL o

3

Note: <11|F\x2> = J ’x <11|J°|12> may exist for many states

'11>l |h2>i
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actual spectral function does. Furthermore, the coneclusion that

if the Green's Function inverse has a zero for zero L-momentum, then
it describes the propagation of massless particles, is not really
proved, For, as pointed out by SahwingeraG. a possible representa-
tion of the propagator having the correct properties is

[t T Bty - G - (K “Z‘fij )]

where u2 > 0 and A(ma) > 0. Thus, for a zero mass particle, it
is not oq}y necessary to require G'l(o) = 0, but also to show
[ Alw® dm®  1is finite.

Provided, then, we are willing to ignore this lack of rigour,
we may conclude the validity of the theoremn.

One further important point should be noted, namely, that the
formal arguments are not explicitly dependent on the interaction,
as was the case in the classical argument., Thus, while we say that
(52}, # 0, we have no positive indication of how this is brought
about. We must rely on analogy with the classical treatment.

The only massless particles known to exist are the photon,
@nd the gravitonzland possibly the ncutrino. The validity of this
theorem would therefore seem to cast extreme doubt on the feasibllity
of accounting for observed mass-differences (in SU(3) for example)
between particles by such a mechanism as spontaneous symmetry break-
down, unless there exists a way of removing the massless quanta
without simultaneously destroying the ability of the theorem to

predict the presence of particles.
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1.4 The Non-Relativistic Case

It was this apparent lack of dependence on the interaction
which has prompted various authors to gquestion the general validity
of Goldstone's Conjecture, By relaxing the requirement of Lorentz
Invariance, the resulting non-relativistic system so described
could well be regarded as a model for a superconducting fermion
system, or superfluid boson system. Thus, the theorem would have
us believe that the excitation spectra in such systems contain
Goldstone modes, i.e. modes whose dispersion law w(k), is such
that the frequency vanishes in the long wavelength limit. But in

the real superconductor, for example, by which we mean one in which

e
the long=-range Coulomb force is taken ihto account, no such excitations

exist, although, in the event that the Coulomb force is neglected,
they do indeed appear.

Let us re-write the spectral function in the nore appropriate
form for a discussion of aspects connected with the non-relativistic

cases.

@l [THw, #60)l D« & AT ol bs><ls |, (0> e ks bex)
- Jotk T LT ks By (10> T s

Col [T, .69] 10> - ﬁ%ﬁ AT (1, w5 (DI CE, W (F) B, ()] 0> S w-wi )€
= €. L,
where f(J) now is interpreted as the ground state, rather than as

the physical vacuum state, and 8§ refers to the various branches

of the spectrum. The Fourier representation is then expressed

rkslr-x")
Jec

rks i)
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where

Fe) -

(cn) ¥

5 { ol TAO ks )l bl (@105 (45 1)
Ky

<ol b (9 k, cs(R)SCk csl®)] THa)fo> T (w* 4% 1)) Jf

The continuity equation (12), and sum rule (13), hold as before
with.u/’d3§ Jo(x) being interpreted as the particle number operator.
The former relation can be written in the more convenient none-

relativistic form

b h(6, k) - é-__//ﬁ/.é) = 0

so that, provided g(ko, k) is non-singular as k -3 O, we have
tf; Alek) - gy k)

on using the sum=-rule. Comparing with the decomposition above,

we conclude that there must exist a branch of the spectrum for which
w(Q0) = 0, and the theorem apparently comes through in fact, quite
indepéndently of the interaction potential.

Klein and Lee(27), in an effort to avoid this blatant contra-
diction with the explicit calculations of Anderson, amongst others,
who shows that the plasmon mode which would correspond to that of
Goldstone were it not for the existence of the Coulomb potential,
postulate the existence of a 'spurious' ground state, an essentially
non=relativistic construct, by requiring the presence of an
additional term, C 5(3)(5) 5(ko), in the quantity £/ (k). This
term, it is argued, is then sufficient to guarantee the consistency
of the argument of Goldstone, Salam and Weinberg, without necessarlly
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having Goldstone Bosons, provided C is non-zero. But, as is

pointed out by Kibble(es)

» such a term is, in fact, excluded by the
sum-rule relation(ls), in which obviously no explicit k dependence
can appear.

The answer to the gquestion of how the superconductor manages
to escape the Goldstone phenomenon must clearly be an important
consideration in determining the general validity, or otherwise,
of the theorem. The solution has been put forward by Guralnik, Hagen and
Kibble in the relativistic context, and by Lange for non-relativistic
systems. Both cases turn out to be very closely connected, as we
shall see, For the moment, though, we shall proceed with the non-
relativistic case, as it is instrumentsl in leading to the proper
relativistic result.

If we take the results of the explicit caleculation of the
collective modes in superconductivity, viz., that they oscillate
at the plasma frequency wp(g) where wp(g) # 0, then we would
expect k}:g rb(kb, k) to be modified thus:

~éd;1 7[‘;[40,-4) s C}a—(&) + (‘i‘iﬂg‘)‘fdp) 7"(} J/‘é&"‘dp)
L0

whereupon it would no longer be essential that C; be non-vanishing,
since the sum=-rule may now be maintained by requiring Co » 03 to be
non-zero, Assuming, then, that C, venishes, we find Cp, Oz = 2% B3

The Fourier Transform of the sum-rule now gives

" , ) y wr s (X~ x3)
Sk CLTbo, 0]y« [th G foled) e

g <dy JerulnT il
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showing an explicit xo-dependence. We note that for equal-~times,
X, = x'o, we retrieve the expected relation, so that the appearance
of this time~dependence does not at all contradiet the equal time
canonical commutation rules.

Thus, while the microscopic conservation law, a consequence
of the symmetry, would continue to be wvalid, the global law would
have to break down if the theorem were not to hold., This is
equivalent to saying that I(ko. k) becomes singular in the
limit that Xk vanishes, for only then will the surface term make
a contribution in the integrated form of the continuity equation, as
it will have to if the above time-dependence is to occur™.

The connection between the breakdown of the global conservation
law and the presence of long-range forces, has been neatly illustrated
in an exactly soluble bilinear model discussed by Kibbleza'

Consider the non-relativistic model of a self-interacting field

ﬁ(;,.xo) deseribed by the Hamiltonian
e 2 f (16 OF0)] + F fak &y o v TY)
with V(x - y) effectively playing the role of an instantaneous

potential, The associated equations of motion are

[H, 7] SIRE) s P E®
(H) é{x)] = 4 %(") - [(.fl.'(x) 4 fof;_f V(I-}’)'R(y)]

the first of which is identified as a microscopic conservation law,

"

& consequence of the invariance of the system under the simple field

translation

g(x) 2> £(x) + ¢, x(x) > =(x).

» Since, wven without the explici} inelusion of Coulomb forces, the
global law for the operator /'%‘é Jo (x) may be expected to break
of de

down in addition to its lack finition, the terms 'global
conservation', as_used here, agg%ies o_the spectral function
<[JD (x), élzx'gl.% rather t I, x).
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The conserved current is thus

jl-i(x) = (=-x(x), V4(x)),

- _’I ) ¢ ﬁ 7 ¢ X/

h
0

Lo, el -

Xo
allow us to deduce that
gy [t 6], o < 1
- O"*p

From the equations of motion, we deduce the wave equation for 4:
2
Q¢ + [k Va-x) FF6y o
1f '?kg) is the Fourier Transform of the potential, then the spectrunm

for the model is glven by
wo(k) = k(1 + V(&)).

and we can therefore write the spectral functions

Ty, )y = Jatk T Sedwl) ALE)

Tém, gy -
[Pe0, 4]

Using the equal=-time C-rules, and the equations of motion, we can

Jate e (k) Slke-wi) Atk
St M (1) ol wd) Al o)

now deduce the results
¢ 2
é --f—.;‘e (/49) (?/4‘"‘#-‘;)

flek): ~ & <Te o, poly = £

Ltk k)« ~ Jat & <[T00, g - Vho) S 1)

We see that ;(ko, k) is singular in Xk, when w(0) # 0, and



that this renders -/Ad3§'<[ho(x), ﬁ(x')]:% time-  dependent,
oscillating at the frequency ®w(0) as expected. More importantly
the limiting case in which ®(Q) is non-vanishing, is when
v(k) u:(gf)'l. i.e. the long-range Coulomb force.

So, we have a simple example of a system possessing a degenerate
vacuum, | 0, C D, which nevertheless, because of the dynamies, does
not deseribe Goldstone bosons. (As in the case of the free massless
particles already discussed, it is not necessary actually to have the
expectation value of g non-zero, so that there is no new parameter
actually present in this model).

The crucial result of this section is that when long-range
forces are present in a system which undergoes spontaneous breakdown
of symmetry, the assumption of global conservation is not permissible,
in which case the Goldstone Theorem fails to be applieable., This is
just the situation in superconductivity, as was shown by Lange.
Interpreted physically, it means that if* we distort the phase parameter
specifying the ground state so that it acquires a space dependence,
then, provided the forces are of short (meaning finite) range, no
energy will be required, and so the existence of oscillations of
vanishing frequency is assured, under the action of long-range forces,
however, even a small disturbance must produce an effect at a great
distance, so that a finite amount of energy is necessary, hence the
energy of the resulting oscillations is pushed by a wavelength
independent amount. In other words, no matter how large a surface
in the system we take, there will always be a flux oscillating
through it.



1.5 [The Extension to Local Invarisnce

In the non-relativistic case, we have concluded that the
theorem will not be applicable when, as a result of the dynamies,
global conservation of ([F, ﬁ])o cannot be inferred. The same
will certainly be true in the relativistic context, only the
relevant dynamics remains to be specified.

According to Gilbertzg, unheppy with the original suggestion
by Klein and Lee that the existence of a spurious vacuum state
would serve as an %escape hatech' from the theorem, the most general form
of f*(x) incorporating a spurion contribution is necessarily non=-
relativistic. Retaining a pseudo-covariant formulation by intro-
ducing the special time=-like vector B - (0, 1), we write it

as

S1) ~ KR () + HCR ki) & 2 G

Since the continuity equation must be satisfied, a more appropriate

form, allowing for the possibility of Goldstone bosons, is

A% - &y (k;0:4) ) + [k (n k) - R3] g, (1n-4) # ", 60

As already pointed out, because it violates the sum rule, the last
term in fact must be excluded, so that the point of writing in this
form seems lost. Paradoxically, it is the introduction of this non=-
manifestly covariant deseription which provides the link-up between
the relativistic and non-relativistic cases. For, as pointed out by

Higgsso, the one situation in which loss of manifest covariance is
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palatable in a Lorentz invariant theory occurs whenever the system

possesses gauge invariance (of the second kind). But, of course,
there is an intimate connection linking gauge invariance with the
presence of long range forces, the carrier of the long-range force
in a relativistic field theory is the vector gauge field.

The relevant generalisation of the model Lagrangian, is ohtained

by demanding invariance under the extended transformation

-ie
Alx) » &4(%) 4(x)
necessitating the introduction of the vector gauge field Au(x),

transforming simultaneously as

A“_(x) > “‘u(") - o a(x)

through the prescription au - au - ieAu(x) « This is known as
the condition of minimal electromagnetic coupling of the conserved
current to the electromagnetic field, and e defines the coupling

constant. Thus, the Lagrangian describes a form of scalar electro-

dynamics.
"‘v(“) : Lgl) v e ;’«F{- 5 By A" -‘,jeziaﬂ’“;a(-;{‘- —j’fw/:/”’
with associated equations of motion
qé¢: - V’{é(?’f:‘ﬁf)j & +oe 7,;0}-4 (95-/4/) Jve?'%/'ﬂ =0
A7 T LTRR T I p PRI R R

The canonical quantisation rules are, as before,

L 60, 4 ar)]%%, s dPxx) L [ (xu]%__r, £ 0

0
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. ~(3
fnl‘ (.x); ¢J( (xr)Jxo:X/ % e dJ )(_X-,_\f’) ) [¢‘ ’(x) ) %‘C‘-’)]Xo‘/\’(; =i

o

with the momentum density given by
[ v - % 95.(*) ~€ Ao ) 5‘:@

Using them, we can deduce the relation
-0 /a/a,:. LTV, $:.60] = Ty &0

or
3 ﬁ/:f [j“’@)} "% (x’)]xo oyt * (i & G

We now postulate that the quartiec interaction is capable of

maintaining vacuum degeneracy, as before. Sinece the system is still

invariant under the usual global trensformation, #£ - ﬁéia', we

choose, as before

(ﬁ].)o = O, (52>° % O 3

so that the speetral function < [J*(x), 8, (x* )]% has to be consistent
with the condition

1[d3.:.=.<’_/3°(x). ﬁl(x')])o " S

and, in particular

1[:13; <L), g, (x* )] 2 = (B, -

: Xo:Xx §
Now, however, the required spectral function may be derived
through the second equation of motion from the more fundamental
funetion <[Au(x). ﬁl(x')] )o , Whose Fourier Transform will possess

the general form above, and it turns out that there can be no



-3 2

contributions from the term associated with Goldstone bosonsBo,

although the consistency condition can still be met.

The situation is best summed up by the generalised classiecal
argument due to Higgsls. Assuming that the self-interaction of
the scalar field, V(A*B), is still dominant in defining the
stability of the system, then the equilibrium solution may be

assumed to be
$,° = o, 6,° £ 0, 4° = o

and, for small amplitude deviations, the equations of motion assume

the form
a% - e ﬁg al-l At = 0
g - vt (52)2 33 = 0
av I‘“v = e ﬁg o ﬂ/{ - ea(dg)z Ap' .

Defining the gauge transformed field

yields

o v

" _32(53)2 BI.I.. G[.LV é au.BV A OVB“’ .

QA = V“(ﬁg)z A2 « 0 3

The former is the Proca field equation for a massive spin 1 vector

field, while the latter describes a massive scalar meson. The §,-
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mode has thus ceased to exist as a physical entity, being now
nothing more than an 'invisible' gauge function in the theory. What
were the Goldstone bosons possessing 1 degree of freedom, appear to
have combined with the photon field, possessing two degrees of
freedom, to form the massive Proca field, possessing three degrees
of freedom.

Arguments have been advanced by Guralnik, Hagen and Kibblels,
and by Englert andBreut17 to substantiate the claim, that the
classical result holds good in the quantum theory. The first named
collaborators consider an approximation to the field equations, which
essentially boils down to the zero-order approximation; they establish
the violation of global conscrvation as the essential cause of the
inapplicability of the theorem. On the other hand, Englert and

Brout, work in terms of Feynman diagrams and in an approximation

corresponding to zero order, obtain the result of Higgs.

1.6 Gauge Invariance and Ze I

There would appear to be something of a contradiction between
the results mentioned in the last section, and the conventionally

held view that for a non-trivial model gauge invariance implies the

presence of zero-mass vector particles. As pointed out by Schwingerla,

the relation between gauge invariance and mass is one which cannot
be entirely divorced from the dynamics of the system, and it is
argued that all that can be safely deduced from the imposition of

gauge invariance is the absence of any term donating a bare mass
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to the associated vector field. The above extension of the Goldstone

model can be regarded as exemplifying the contention that the
existence of massless vector fields (in a necessarily interacting
world) cannot be guaranteed simply by demanding gauge invariance
of the second kind.

Consider the unordered Green's Function associated with the

vector field

Ul A6, < oty ot Bl fote 0te) (6 g, ()€

,é(.r-x J

where Guv(k) is some gauge dependent factor present in any theory
admitting gauge invariance. Normally, we would expect the exact

result, B(mz) = 7 3(m2) - c(mz) and this is certainly formally

provable in the case where Guv(k) takes a manifestly covariant form

In that case there always exist redundant modes (associated with
longitudinal photons) associated with the electromagnetic field,
which have no physical content. To ensure the absence of such
modes, requires a manifestly non-covariant formulation, while the
overall Lorentz Invariance of the theory is really maintalined.

The radiation gauge is defined by the transversality condition

VnA = 0 .

The canonical variauvles being the transverse components of A ,

/p’/'?') SR (x-x")
s, okt i [ CHER) nc

©o~4Xo

with the field equations

EA = J [ P2 A b T
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We note the relations.
Ol LAy, AlGn]led = © ;
() d"' ?”3) (o _g_u_;_'
Col LA, ATlos « [ 86 [k S(~Iom g

=
In order that the commutation rules and field equations may be

satisfied, we require the sum rule

fdm‘?B(me) e 1
[}

B(mz) being positive definite.
Through the field equations, the same spectral function, B(ma),
which determines the vacuum expectation values of the fields, also

determines those of the currents. In perticular,
(o] . 5 y
CATOT 0 « [atui b [ele, o g U0 S0

80 that the vacuum fluctuations determine the behaviour of B(mz)

everywhere except at zZero-mass. If we write

B(mg) = B, S(ma) + Bl(mz)

then, through the sum rule
@
2 2
1—Bo+fdel(m)
(o}

the case of no interactions corresponds to B1 = 0, Bo = 1, while
as the coupling builds up, BQ reduces in value from unity. It is
asked whether the coupling can be such that By in fact, wvanishes,
while B, Dpossesses a massive contribution.

An exactly soluble one-dimensional model of electrodynamics

exhibiting this very result has been put forward by Schwinger, and
€3)
® [‘Foi(x). “3(0)]-;=o == §1j@)3(x) = [aoAi(x) - 8,A,(x), "‘J(Oﬂxo-o
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subsequently discussed by Bro 31. One important fact to emerge fronm

their calculations was the failure of the global conservation of charge.
This is, perhaps, a general result of requiring the dynamics of a
gauge invariant theory to allow for a massive mode. For, according

to And.eraon.l3

» supercgnductivity is a non-relativistic example
agreeing with Schwinger's conjecture, and as has been indicated,
the violation of the global law there is absolutely necessary.
Intended as a confirmation of Schwinger's idea, Bouleware and
GiIbert32 investigate the general theory of a system involving
vector fields, possessing a non-vanishing bare mass. The gauge

invariant case can be realised as the limit in which the bare mass

vanishes, they find that a ncessary condition for this limit to be
well-defined is that we must decompose so that the radiation modes
are selected out. Thus, a non-manifestly covariant description is
necessary, if we choose to view the problem in this way. They furthepr
conclude that the appearance or non-appearance of photons cannot be
stated in advance, and proceed to illustrate by way of an exactly
soluble bilinear model, which, in fact, is the approximation of the
extension of Goldstone's model discussed by CGuralnik, Hagen and Kibble.
One of their conclusions was that a solution could only be found in
the radiation gauge if consistency of the canonical quantisation rules
was to be mainteined, and this clearly agrees with the result of
Boulware and Gilbert's argument.

In conclusion, then, the hape of Andepson, namely that there
can occur an effective 'ecancellation' of the massless vector modes
usually originating in gauge invariance, and those expected by

Goléstone's theorem, seems Jjustified, ai least in the zero-order

approximation considered so far.



CHAPTER 11
ON_THE QUASI+PARTICLE SOLUTION OF GOLDSTONE'S MODEL

The quartic coupling between charged boson fields, which is
the essential element in the model of Goldstone, has been known
for some time in quantum field theory in a rather different con=-
text. 1In scalar electrodynamics, such a term enters in order to
cancel all divergences from the M8ller Scattering, The coupling
constant being necessarily chosen infinite. This is in addition
to the usual terms required for mass and charge renormalisation.

In the present consideration, however, such a term is supposed to
represent a definite interaction, and as such is quite distinct
from any consierations of renormalisation, although, of course,
the question of the well=definedness of any computation one might
make within perturbation theory is inevitably bound up with the
problem of renormalisation.

From the classical argument, which one might believe contains
all the essential ingredients, one should expect to find in the
quantum analogue, one deduces the important fact that the solution
sought after is not obtainable by conventional perturbation theory,
renormalisation difficulties apart. It therefore seems reasonable,
in the first instance, to look at the problem in a quite general way
outside perturbation theory, with a view to extracting any relevant
information.

Kamafuchi and Umezawa, and Marxgu

amongst others, in this
respect have utllised the noneperturbative Hartree-Fock method

drawn from the many-body problem, which essentially consists of
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applying the Bogoliubov~Valatin Transformation, and minimising
the ground state energy to determine the parameters (& and <g£,3).
(See Chapter I, Section 2.). It is the purpose of this chapter
to show that the quasi-particle spectrum, so obtained, can be
derived by a more direct, albeit formal, method.

In any usual field theory, ‘T we add to Lorentz Invariance
the further assumptions of the spectral conditions, i.e. the
existence of a unique, normalisable vacuum, and positive energy
states with time-like momenta, and that the physical states span
a Hilbert space possessing a Hermitian scalar product so that they
have positive norm, then we may assume the existence of the
Lehmann-Kallen representation for the two-point functions of
the theory. The argument is quite genersl.

In this example, it might seem that the condition of a
unique vacuum is not appropriate, in view of the assumed degeneracye.
Nevertheless it could be argued that once we have chosen to work in
a particular representation, inequivalent to all others, then this
condition will be satisfied, and we need not have any qualms about
using the usual procedure, This will be the attitude adopted here.

e Two=Point Functions

The intermediate states in any gauge will satisfy the com=-

pleteness condition.

/0,01 + 4'27 [ks ;) <ks & [ ‘ 3

and it follows that the functions can be expressed
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<o, &l (o) G600 03 - <o, (o< b oy 0,4 3 4 [9::;2 P iy ) fx )
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where

« <]
Ly (&) =g(-o0/¢:- (0] ks, ks, 2) B ()] 0,5
47y’ - 5;?;)3 / A%k (k) Tpwd) e’ %%
Choosing the physiecal gauge

corresponding to a = 0, gives

] % ! - 2 I 1
<o/¢i & &y xn 10 <N i f/c-/,.,zﬁj., (1) D) P fr-x 1Y
In terms of what we call the physical fields, defined by
gy =06 + Xy

we have
HOREY  fon py (Y AP boxif)

where it is presupposed that in the gauge o = 0, the off-diagonal

terms vanish, i.e.
: 2 ,
Py (#?) ~ Py (Y 9
(where the summation convention does not operate. We note that
this last assumption is dependent on the faet that in this gauge
the theory remains invariant under the discrete transformation
1Y} 2 '12} and no spontaneous breakdown of this 'residual'

symmetry is contemplated. Thus the transformation which takes us
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from <O,&/P( BG4 o  <0,0/ e é, ()]0, 03 also

takes f g';y to the diagonal matrix #;4 . (If the 'residuall
symmetry were also broken, then £ i3 would possess off-diagonal
elements. ) The fﬁ(i)(mz) are the weight functions assoeciated
with the physiccl particles, and will therefore generally assume
the form

(3)
Fiy) < 2, TOC-pin) + Tyl

where 17, 1is the exact renormalised mass associated with the
ﬁi“field, and 0‘(1)(m ) takes account of the many-particle states.
In any other gauge, (a # 0), the weight functions would be appro-
priate linear combinations of thesc (produced simply by rotation).
Further, the commutation and time-ordered functions are defined

as usual

CCHmbenly <L xe,x60]3 %:*«‘ﬁ;/«@ Ao’ [+
T (2’((*) Ay (XV)),, : éfﬂ?ﬁ;{mz)d_,_- (k- "f2d?)

It is easily seen that the weight functions, as usual, must

satisfy the normalisation conditions

[t oy (w7
el

N

in accord with canonical quantisation.

gl #6073
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Some mal Relations

With the aid of the above representation, and the field
equations of Goldstone's model, one can deduce certain formally
exact relations in the same way by which one establishes the
connection between the bare mass and the renormalised mass in
in the more usual type of theory.

We take the field equations in the form

Oé6 + 2°Fw - 4p* Feb)Bel) $epy - ©
(1)

In any theory of interacting fields it is necessary to ensure
that a relation such as this between field operators is defined.
This can be carried out by introducing some particular ordering
prescription, and for the usual type of theory this suffices. Here,
however, things are complicated by the appearance of the parameter
( ﬁ2>° s, and so for the time being we impose no definition, with
the implication that any relations we might obtain are sure to
involve divergences.,

We have the commutation relation
CCit, 4601y ool o) A e tnc)

Applying the d'Alembertian operator,
L2 + 4 b Fifo, &6 - [d"‘zﬁj'(w )’ (- "Jua?)

We note that for equal times the relation is identically satisfied.
Now, %taking the time derivative, and then imposing equal times, we
find, on using the result
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XY=Xo

that

' 2 ? 2 2 . 2
f olrilf () = (22 Y B b0} )y + EM K om0
o

involving the quantities
¢ < ;‘L Xx7)
CHbX 1) = [apy(m) Jal Oks) Slsn &P

wvhich diverge, as expected, for x = x'.

80, we have the two relations connecting f£,, £, and <4,2

v % go .
ﬁp’ 2/ 7 () Cs 227 4(/“2<%?>‘S * 4M %/Meﬁ*/mz)ﬂ (,)[0/1-494 /-;”%"’E}/H%(oh}
(¢

Ao P
L 2 2 2 T [+ 2 [’
ﬁwzﬁ,(m"j’ixz ~ 22 A IRCBY, H fop ﬁ“‘ Lol YofueD s Q/ﬁmk(ﬁ,ﬁj,{,&
(o)
Further, taking the expectation value of the equation of motion

RNy - 4 BB B (5)
se. ,(,.)Z(ﬁ')o " 4/2{/1r(<-¢e-)a /%)[(éf%/%) ((é'-%f ;K)Jg%
AR A S AN E AL PRI A < H A )
RNCED, ALY FAHAL FXEAHAY  AHHY F

with the condition (,61>o = 0, (,62)0 £ 0. We find

AN GPCIAY S A HAD F IS HEY Ftqy)

and @ = (fhn 2/;2)
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Thus, by virtue of solely the equations of motion, and the assumption

of canonical commutation relations, we arrive at relations which

involve the 'unknowns', the Feiy () and S s

In particular, we may define any satisfactory approximation as
one which satisfies all the appropriate relations, viz. (2) and (3)

and the normalisation conditions

fonipy ot + - 23 4G 4O N Sip 02 Yoy
2
P D

[ndn - 23 Y gt ) 1) ¢ gyt i 0 oy

RAEY « 44’ <A, [<#! # f/n‘/ﬁ/m‘),s _s/g/-m‘)jd%ﬁn"’)wﬂ?(fkl D)
Q= (/72 A« 1’1)
2 T T < i ..
é:;«/a(ﬁ/ 6/;3’% A} = f s
N

In the quasi-particle approximation, we obtain equations for

the unknowns, whiceh are theoretically enough to provide a solution.

We take

foz (%) < 0"/'“(,2-’7'&;) 5 [9!/1.‘2) 2 (g‘ﬁﬁz"”ti)

which must automatically satisfy the normalisation relations. 1In

that case the ordinary product is that appropriate to the free case.

KA (0~ [ Fryus G DPeoxpe) < D lrexlpn) 5
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This particular choice for the weight funetions implies that
the A~ fields satisfy free field equations, and may therefore be

decomposed in terms of creation and annihilation operators, thus
| ~ Y VW ry0- kX " ik .
A - N4 e%’r(.?&/_,{) "(otf e’ ,a(; /.e f--!’)

where

and o« ; / oy = ©
The original field operators ﬁz(x) are expressible likewise in
terms only of m,, < ﬁi>° where these have still to be determined.
As a result of this decomposition, it must follow that all
vacuum expectation values of an odd number of the physiecal field
operators must vanish, in which case the myy “1 are determined

completely by the relations

wl s <2 4 <E] L, 4l P sl )4 14D T o))

g AN 1 pl AP ) 4 A o)

B3 {3 4P -4l (AP frnl) 130 0p )] f < 0

Since

A% (efm?  * (.27;)3/‘;'{4 (2w)”

is without cut-off divergent, these relations are relatively meaning=-
less as they stand, but they do serve to illustrate the possibility
of the existence of anomalous solutions. The possibility that

& 52)0 = 0 has the effect of rendering the equations for my, My
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symmetrical so that the result m; =my, = m is implied; n will
satisfy, in that case

w? s -2 £ 642 QP fofnid) -
On the other hand, if <6,), # 0, then after re-arrangement of
(5) we obtain the relations

.‘“f : é’ﬂz [d(")/o/mg) ‘__d(f}(o/wf)j

wi oo GO <A (7)
A GBS 4 4 D P opul) 4 14 A (oful)

We have now effectively selected out the '"non-perturbative
part'! of the solution, We observe from (7) that the elassical
expression for m, is obtained as anticipated, but that for m,
(#ero, by the eclassical argument) is not. No confirmation of the
Goldstone result is evident in the argument, because no ordering
procedure in the equation of motion (1), from whiech we started,
has been applied. Had we applied normal ordering in the usual
way, i.e. by demanding that all bilinear products of free fields
of the type nﬁ'z; are written explieitly with all annihilation
operators on the right and all ereation operators on the left so
that A(H/ 0/’“«?) is effectively neglected, then the classical
result would appear. The difficulty with this proposition is that
this ordering is applied gfter. the quasi-particle approximation
has been made. Vhat we would more reasonably require would be to
rid ourselves of the divergences at the root, viz. by giving an
appropriate definition to the field equation (1), that is, in effect,
the produet of operators at coineident points,

However, the Goldstone Theorem claims the existence of the
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Zero-mass JE - boson as an exact result for the interacting model,

independently of renormalisation and ordering prescriptions,
, 2 (3
/€. A ()= © ) Pj (%) : Z{I) d—["‘fe) 7‘0}/""!':)

It seems therefore that this approximation scheme, on its own,
while showing some degree of conformity with the results of the
classical argument, cannot have much relevance now Wwith regard
to drawing a conclusion about the theorem. To discuss the
theorem would now require a treatment of the residual interactions
between the quasi-particles Jjust derived. The use of perturbation
theory, based on the modified equivalent Lagrangian(zu), would
then be the only technique at our disposal, and this would
necessarily involve us in the problem of renormalisation.

We cany perhaps, draw some qualitative conclusions from the
guasi-particle solution. In agreement with the classical case,
the question of whether <'#,), # O or not, depends on the signs

of the coupling constants l2, uz. From our final equations (7),

it is clear that if m12, m22 are to be positive, then 12, u2

P +)
had better be positive also, and more precisely 4> © F4% (o/0)

ahoold 4 be that A <34%(olo) , then the symmetrical
situation described by (6) will prevail. Wwithout cut-off, of
course, these expressions are not defined, but they would tend

to indicate, qualitatively at least, the important role played by
the couplings in deciding which solutions are appropriate. e
note that with normal ordering (implying A% = 0), the classiecal
requirements on the couplings (viz. that they are both pesitive)

are reproduced.



CHAPTER III
ON_THE EXTENSION TO GOLDSTONE'S MODEL

In this chapter we shall discuss the extension of Goldstone's
model which has the effect of rendering the theorem inapplicable.
Such extensions must always possess the simple invariance property
of the original model, and the particular significance of gauge
invariance of the second kind, in this context, we have noted in
Chapter I (Section 1.5).

We consider first the use of perturbation theory in the model,
having first decomposed in terms of the physical fields, i.e. those
whose vacuum expectation values vanish., Thus, there enters the
Lagrangian the unknown parameter ¢ é)o which should be determined
self-consistently. In order to be quite general, we allow the vector
field to possess a bare mass My which we shall ultimately allow
to vanish., Under the assumption that the theory is perturbative in
the coupling of the vector to the scalar fields, as opposed to the
self=-coupling of the scalar fields, we consider the lowest order
effects. In particular, the spectral function ([bu(x),‘dl(x'17%, -
is 'ecalculated' in the limit of zero coupling and zero mass m,
with a view to demonstrating the connection between the existence
of the Goldstone Boson and the Lorentz covariance of the model,

We then proceed to consider the interaction effects to lowest order,
in order to observe the mechanism by which the Goldstone boson

'disappears’'.
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The Mode

The system to be investigated is described by the following

Lagrangian,
Lb) s Lo t A0 P L)

where

e G <~ L (QuBIFG) - VI (Fr BIf
56 F G §Iml 88"
&6y - e Ty g BX - st b B B

admitting only the global symmetry: ﬁi - Rij(“) ﬁj.

(1)

It desceribes the interaction of scalar fields, already inter-
acting symmetrically with themselves, with a vector field of bare
mass m,, through couplings of the electromagnetic type. Indeed,

if we permit m to vanish, the system effectively describes a

(o)
variation on scalar electrodynamics, with

=3 -
m, - 0, G,y Fy B, A,

and the Lagrangian possesses local invariance

) ,{f/.- Ze()$ (v ; A,“ 6) > Aubd -€ el

The related field equations are

0460 ~ V! {4 @903 #6) - (T 8) - 4. 0'¢, -0
& ¢ ) +ml B /)= T = e 2’4 T Ty d - B4 4. )
T )= €54 - 8700 g-6r b ()

oo © 4 B 45, 60
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In the 1limit of vanishing coupling constant, e, the system more
or less reduces to that of self-interacting scalar fields, which
we shall demand is of the type envisaged by Goldstone, so that,
associated with the Lagrangian jG(x), there will be solutions
such that

<£1>° - 0 ’ (.‘2)0 # 0 L
We shall further assume that the effect of the interaction Lagrangian

< 1(x), whether m, is zero or not, does not affect the existence
of such a possibility; <g,), will be changed, only to the extent
that it carries a dependence on the coupling, e, &and on the mass,

m. s if it exists.,

Use of Perturbation Theory:

Let us decompose the fields ﬁi(x) in terms of the physical
components A~ i(Jtc), through the relations

g,(x) = ¥, (x), £r(X) =<By% + A=)

so that

(71("))0 = 0, <12(X)>o = 0 .,

On inserting these relations into L (x) (or & G(x), alone,
for that matter), we would obtain a rather complicated expression
involving, as well as the inserted coupling constants (and masses),
the additional unknown quantity <, . At least, theoretically,
the requirement that<{X 2(::))0 = 0 could then be looked upon as

supplying us with the self-consistent equation for < ,62)0, within
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the approach of perturbation theory. The trouble lies in the fact
that the equation is not only a polynomial of infinite degree, but
also, in any case, must be undefined unless some appropriate renor-
malisation technique can be formulated to remove the divergent
contributions which will inevitably appear in the coefficients of
the series. Thus, while the use of perturbation theory seems no
less justifiable than usual once the decomposition has been made,
its usefulness in the context, vis. that of evaluating‘(ﬁé% ’
would seem to be doubtful in view of the general intractability
entailed. On the other hand, if we are prepared to forego an
explicit evaluation of the quantity < ﬁ2>o , assuming that it, in
fact, exists, then we can perhaps hope, through perturbation
theory, to discuss the modification to the basic self-interacting
system, a?pG(x), which the coupling to the vector field might be
expected to bring about. The appropriate interaction Lagrangian

K36) - € § (KEY +H) W ~H I 38, = £ & CuB X (43 )

we now view as a perturbation to the unperturbed system, deseribed

by ,?'G(x). In assuming that perturbation theory is here applicable,
we must presume that all relevant quantities, understood to be

derived from,J‘G(x). achieve an analytic dependence on the coupling
€y 50 that the 1limit e + 0 1is defined. We have no reason to
believe otherwise, although we should note that our ability to

give rigorous meaning to the statement ultimately depends on whether
the theory can be made well-defined or not. The conventional view

of derivative coupling theories, involving massive vector mesons, of
which the above is an example, has been that they must lack definition,

they are not renormalised in the usual sense, Even if m, vanishes
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in this case, it turns out that the assumed non-vanishing of <352>°
is instrumental in leaving the situation unchanged, as might be
inferred from the presence of an effective mass term %e2~(£23? AHAP,
in &5 (x).

Setting aside the problem of renormalisation, we now briefly
indicate the formulation of the perturbation theory, which we expect
to be basically little different from that encountered in ordinary
scalar elactrodynamics(33).

The interaction Hamiltonian density, derivable by the usual
operation from.Z'l(x), is not appropriate in establishing a
covariant equation of motion, from which the interaction series can
be deduced. This is s0 because the derivative terms make it non-
invariant. In order that the equation of motion, the Tomonaga-Schwinger

Equation, e
e IV@)D : e IFe)

where [ ¥@)> represents the state of the system, and <J any
space~like surface, be soluble, the integrability condition

r 2 g ] I/Fw@): o

o Fo(x?)

or alternatively

[ Hi (x), H’_(x') ]

il
o

must be satisfied, the Hamiltonian density, Hl(x), to be used
in this case, has to depend explicitly on the surface < (x):
otherwise the integrability condition will not be satisfied. We

must choose

#) = Her - & Fl) kb Mt ) A%y A
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where ‘qﬁz) is the normal to ¢ at x. The specific case of the
flat space=like surface for ¢ gives us the equation of motion as
usual in terms of derivatives with respect to time; it then
follows that the interaction picture can be defined as usual, with
the S=-operator defined by

5 e o fot @)

The evaluation of any matrix element now automatically involves
the disappearance of n_ 2 from the scene, as can usually be proved to
all orders(ju). This happens because of the effect of the derivative
terms on the T-ordering operator; thus, the covariance is apparent,
and permits the rule whereby the effect of the time derivatives on
the time-ordering symbol may be neglected, along with the surface
dependent term of Hl’ so that nu need never appear expliecitly.
However, to be quite sure that this is so, here, we shall retain
such terms in whatever approximation we might employ.

Written out in full, the interaction Hamiltonian density we

require is

Y6 - e {-(<hy +:) 0%t +4 I7%  Ba

-t fats (<h t 1 )f BB SO (30 ) B8

The Geuge Factors (for m, = 0)

In the case for which m_ vanishes, the unordered two-point

(6]
function associated with the gauge field is generally
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P~ -]

(Au(x) A (o)>ie) & £m23(m2) alhe 8, (X) 6(x,) o(k24n?2)e 1EX

where the symmetric factor guv(k) must be of a form consistent with
the invariance of the theory under gauge transformations of the

second kind.

The general properties of § may be deduced from the requirement

of canonical quantisation

(e .
< [Py (x)s A‘.,(o>]x>g ; = -ig y06(3) (x)
«

leading to unit normalisation of B(mz), and the requirement that the
current spectral funetion < Ju(x), J,(0) >(e) must be Lorentsz

o)
covariant, and of such a form that it satisfies the local conserva=-

tion law. Defining the idempotent quantity

Giiv (€)= G~ s Logte (e

and using the current field relation in (2), we take the restriction

on q in the form

¢ ¢ ¢ = g~

implying thet ¢°¢ and @¢" 1like ¢", must be idempotent, i.e.
2
(6"¢)°> = o , (8¢")® = gg" .
It follows, without inconsisteney, that qm (k) itself may be

chosen to bz idempotent.

For a covariant gauge
Gur k)= 2 G, + Al Rpky

the imposition of idempotency leads to the well-known gauges of

Feynman and Landau.
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However, an egually possible description may be given in terms

»

of a non-covariant gauge, typified by the radiation gauge operator

5t g, - Lanrhn)on bt

£+ (n-k)
where n, is the special time-like unit vector. (Q, 1), which
we note is not idempotent, although QRQL is so. This pseudo-
covariant form for gR is equivalent to the relations given in
(1.6) of Chapter I.

Usually, if the radiation gauge is used, then although
manifest covariance is losty the calculation of physical guan=
tities should show no difference in the final analysis, It may
be sald that the freedom offered by gauge invariance allows for
the description of a Lorentz invariant theory, in a manifestly
non-covariant way,

We note the other properties of ¢

Girl0 -G (- § (0 Gl ; $5'G G

The Unperturbed Propagatorss

The unperturbed propagators which will occur in the Dysone
Wick perturbation expansion of any matrix element, will be those
appropriate to the Lagrangian density, bG - Bv s defined by (1),

As those assoclated with BG are unknown, we describe them



generally in Lehmann form

(T: (2’:'(") 2_’,(\”))% - /o.d*‘-?fy{w?) AF é—x’fm?)

with _ % / s &(x-x)
024 14
dp i) - 1)t Tz

and p?j'diagonal, and normalised to unity, while that associlated

with the free vector bosons is

T (BemwB@)y < LK erw i ket
~s3
with ;Mo(é)' . 2ok LA
Lay " Yoyl YEOW -

In the case for which m, vanishes, the vector field B (x)
becomes the gauge field Au(x), and g (k, 0) 1is undefined, as
a result of the onset of gauge invariance, Then, the vector field

propagator becanes gauge=-dependent, taking the form

Pk (‘f"f’)

<T (A,,(x) Ay("))% 3 %:'é)* ﬁﬂv&) kz-{f'z

with gﬂv(k) possibly being given by gL, gF, or gR, as given
above,

We note that these will be the only non-vanishing two=-point
functions formed from the fields and corresponding to ZG +‘HV'
The other possibility (T.(Bu(x) SYi(x')>o will vanish in this
case, as for any free field theory.

Also we shall have cause to consider the two-point spectral
functions involving the current, 3“, assoclated with the Goldstone-

type model



with the normalisations -
o0
2
) s 0
/d’maﬁ (Y : (é% J vo/’a/m bl
(/]

The Goldstone Theorem tells us that Pl(n? ) = < 52% 6(11?)
and this we expect to be deducible from the problem described by
(1), in the limit " e = O .

The Speetral Punction (fBu(x), ﬁl(x').7>°

In any normal theory with a derivative coupling of this type
Labilinear in scalar fields, the function < (Bu(x) ﬁl(x'))>°
would be taken to be zero, as for the non~interacting case. Here,
however, because of the presence of terms in the Hamiltonian (3)
effectively linear in the scalar fields v d s this funetion will
not vanish,

Before resorting to perturbation theory, let us consider the
commutator [Bu(x), ﬁl(x')] « We recall that in the GSW 'proof’
of Goldstone's Theorem, our interest centred on the function
<[Ju(x), ,61(.7:' )J)c, which in this case may be related to
<[Bu(x), ﬁl(x')J% through the equations of motion. We have the

operator relation from (2)

(349 = Juv 2%) [B0, #00] + ng [8. &), & ()]
[ Lo, #6c0] (1)
“elgip, 0] € L8604 (0]
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Thus, a knowledge of the function ((_B (x), ﬁl(x' )J>( e) gives us
(LJ (x)s #,(x") ]>(e , through

{,é«;v '(,Z«y f«?fmj)} {[B"w, ‘?‘;«&')]2(0) N ([J;! o, 9‘,{::')_7%@

and the former could be obtained within some periturbation theoretic
approximation scheme to determine K T. (Bu(:x:) ﬁl(x_‘»ge).

Further, we mey look upon the Goldstone Model as the 'situation'
surviving in the limit as the coupling e goes to zero. Thus, the
spectral function for the Goldstone Model may be expressed

<[;.((X), %0”)]/3 : o" )f& 69:: (3 74 )j([gv/-f), d,(x'J]%M)

PE
(5)

The only stipulation we have made in writing the above expressions

is the assumption

1im [ oXe) = | 0)°

e 20
that the effeect of the interaction on the vacuum appropriate to
Goldstone's Model is perturbative in the coupling (e). Thus, any
enquiry coneerning the vector function [:Tu(x), ﬁl(x')] >o or that
appropriate to Goldstone's Model can be translated into the more
pra ctical investigation of the two-point function <ﬁiu(x), ﬁl(x' )J >°.
which, in turn, may be obtained via perturbation theory from

L
<{ra (8, (x) £y(x'))>,

We now proceed to discuss the limit as e > 0 .
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The limit e —> 0 3 The Goldstone Limit.

This limit is interesting, because it serves not only to

establish the Goldstone Boson, but to exhibit the connection with
manifest covariance, which, of course, the Goldstone Model must
pPosSsess,

We make use of the expreasion(s)

Lo, Sl - if: 2y - O i), KB, er]Y

Because of the presence of the factor %, and because of our basic
assumption that the presence of the vector field has a perturbative
effect, which at this point we may argue is manifested in< ,6250(8)
as a series expansion in e, we need only consider those contrie-
butions explicitly of first order in e .

We see, from the interaction Hamiltonian, that we must have

< (B /qu,/r'))g(e) . e /Q"")’ ST (Bu6) B, 0]y (T (7Y 613,

to first order in e, in terms of momentumespace variasbles we
find
e y(x-x7)
€

<t (Gelp #69)3 eﬁ”«?ﬁm?} o”% g " %
©

)
@n)* /a) [ (kg,,.(é_,é—y (ézf e }-('E'}
(6)

In the case in which n, ® 0, the corresponding expression for

the above contribution must be gauge dependent (through Gp.?\)’

ik« 5 Sl o/ % 47
T (Al ~ e fanipons [, Guato o o

(7)

e ,'&(X-A")
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We may obtain the commutation function from the time-ordered
counterpart by the well=known prescription. We have two poles in
the upper and lower half-planes
(for the variable k ), and
depending on the sign of the

x x
time interval X, = Xy the integral
x x O
is defined by choosing a contour
enveloping one or other of the
half-planes., Thus, for X, = ¥,> O,
L&

the fuuction is F("')(xx'),
obtained by eclosing the contour in the lower half planes

sh3md)  slkDud) ] kexy
mp dmﬁ.ﬁ-&)ﬁ/é ﬁ/,(/dé 6'(«’;,){ vl ey e

+)
Fv( nx'):

while, for Xy = xo' < 03 1%t 1 F(')(xx'), closing it in the
upper half-plane

) G5l ) S MY ) ks
[l - P du,o(m)ﬁ%; % £°0k,) i oo aea“,lzf

It then follows that the commutator can be expressed

¥
([, AR = MWt - ()
a /"("')*(nl) " F(-)(nt)

Thus, our final expression explicitly to first order in e 1is

((8 /x) é(x-ﬂ)/e) '/"" f/mzﬂmb%/?fé C/i/";,e)é"g/@)[ dhonl) Jﬂ*h«)}] k)

Xym®  HAm]

(8)
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When m, is zero, we have similarly

d-ff) Opé# Y Jk(x-X")
((A0,4 6113 - (2»}3 "«f’/w %4 GRSl ) ( [é‘“‘j( (r-x

(9)

In either case, the operator qu?t(k) satisfies the property

#

gaE) = g, (&)

which we have used above.

A 1(5 2, Bzg +m2g )
e-=20

o=y
must yield, in both cases, the spectral function
([Eju(x), £y (x* )_7% associated with the Goldstone model, by (5),

Application of the differential operator

Considering the case m, #Z O first, we find

L, ¢69/)

3 0 R+ Y) ke
(2!{)3/‘;’?"»)"4(14{'9//%{#/6 /& + /09/“’;§ (k),é"gao)fﬂ’zﬁw’* );‘( m}e kbexy

which must reduce to

(L) b, - (_?';'73 ol f, ) ﬁ%éﬂ €(6,) i) %
(10)
= / Mmzﬁ(mz) ok 4 Ix(ai)

We now require to impose broken symmetry in the form

ﬂ/{r (I, 7)) ¥ o

Substitution of (10) then yields the condition on the weight function

P]_(ma)
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00
fo an® Pl(mz) cos m(x, = xo') £ 0

The whole argument for m, # 0 is covariant as we observe;
provided we assume f 6.3; < [ c‘(J:), ﬁ(x'ﬂ) is time-independent.,
However, we note that in taking the limit e >0 in this case,

we have fome from a situation in which there is a conserved current

Ju- -, Bu to one where it is J « In the expression for

(Eju(x), ﬁl(x')}% in terms of((_ﬁn(x), ﬁl(x')]>o , we do not
see the immediate mieroconservation of :ju(x).

On the other hand, if R, = 0 to start with, then by gauge
invariance J (x) is conserved microscopically, and thus

.‘]“(x) is also. Applying ;6_;‘0 e(a 0 = & 62) 6
(A, (x)s #y(x")[D, we £ina

< [}‘f‘(x) 4 6913

v 7 V% d‘/{'imz) S(r-x")
g )3 o/ m /}ﬁ‘f?[@’%/é/z ﬂ/ﬁ)f’.ﬂ)k"f{éo) fi.{m'; D ;? €

Now, in any covariant gauge (such as Landau or Feynman)

Gall) = AEY 5y 4 %l6D h

We observe that [ jp‘(x), ;61(:!)]8 appears to vanish automatically

in general, signifying inconsistency with the broken symmetry
condition., It thus appears, if we are to achieve consistency,

that the gauge must be chosen to be non-covariant. Choosing radiation

gauge, we find

CL7,60,%60] 3
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i.e. the Fourier Transform has the manifestly non=covariant form

(" (nx) - n”') %(n, k) where g’(n,k) LJ‘%{&") &) i.&‘}}p( 2y

2e(R) | Yyt

This particular form, we recall from Section 1.5 was one of the

possible terms allowed for simply on the basis of conservation of

current in the case where a loss of covariance was contemplated(ag'so).
It has been shown, in fact, that this would be the only term

te survive in the case where o gauge field was presentfo) But the

deduction that the non-appearance of the term proportional to

kué(kz) has the effect of ridding us of the Goldstone Boson,

does not stand in the present case (mo, e >0). In fact, forming

the space integral of the time component, we find

¢ /éi <[Fot, 1693 = Zé:;zzﬁ/vq?) Car (Xo-X5)
(12)

as for the case n, # 0.

We note that this result is consistent with the equal time
commutation relations for any pl(ma) normalised to gg’:ﬁ‘ﬁ(ugz (2{%
This is apparently as far as we can go without more detailed
calculation.

Closer inspection of the case m, = 0 , however, shows that only
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when _Pl(mz) oe 3(m2) can the theory be manifestly Lorentz
covariant, as it, in fact, has to be (otherwise the model would
depend on the limit e ~» 0). This can be deduced quite simply

if we demand the following condition

(ki - wih2] fknk) o &5 EED

e

that is

k (k%)

k, k
2

and k

o<
2
o< ko &(k7)

from which we see that it is conmsistent only for k, =/k/ and

80 E(kz) o< 5(k2) ;3 thus only for massless particles will such a
non-covariant form be in fact covariant. This could not have been
ascertained from the case my # O, since there was no question of
Lorentz covariance being violated there. PFurther, when massless

particles are present, it automatically follows that

[dsz([.;jo(x), ,dl(x')]>° is independent of time. This, however,
is not to say that the 'operator! / d3;:_ 3°(x) is time-independent,
although the fact that it is undefined really forbids any discussion
of time-dependence.

By virtue of the microscopic conservation law, we would
normally assume the global conservation law of 'charge'. But we
point out that this is not a foregone conclusion, and should really
be derived as a consequence of the theory. In the models under
discussion, when we take e ® 0, we would believe that the global
law for the 'operator' is violated, although the presence of massless
particles prevents the same statement being applied to commutators
involving the 'charge'.

To conclude then, in regarding the Goldstone model as the
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limiting case of zero electromagnetic interaction, we are forced
into an apparantly non-covariant description, the Fourier Transform
of the spectral function <0/ [;j”‘(x), dl(x')] [0 being of the

form
[k”(n.k) - ¢ k2] g'(n.k, k?)

a possible form allowed by microscopic current conservation. Other
possible terms cku 5(k2), Cy n, 3(h)(k) which would allow us
to infer directly the presence of massless particles or a spurion
vacuum state, are absent. Nevertheless, we have shown that the
GSW result is contained in this expression, since 1ﬁn4k, k2)
depends on the boson propagator, and in such a way that it is
equivalent to the usual manifestly covariant form. Thus one can
view the Goldstone Boson as a necessity in preserving the

manifest Lorentz Covariance of the theory in the first instance.

anifest Covariance as an Essentia s8 % i stone's Theorem:

For the sake of clarity we now state the theorem as it concerns
relativistic theories in general, and indicate the main points of the
argument in the order which we think most logical.

Any Lorentz invariant field theory whose solutions are associated
with a spontaneous breakdown of some continuous internal symmetry,
and for which there can be no other but a manifestly covariant
description, must describe masslecss particles, This must imply
the space integral of the time-coyponent of any two point spectral
function involving the miero-conserved current in such a theory,
is time-independent.

Tet fu(x) be a vector two-point funcetion which is micro-
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scopically conserved, auf“(x) = 0 and such that fd3§ £ (x)
is non-zero. A suitable example of fu(x) is the function
(LJu(x), Al(o)]g in the usual notation.

Manifest Lorentz Covariance would imply the general form
a7
PRCIE / o ) Opd (/%)
()

and applying the micro-conservation law:

2, 2 ¢ i
g’,‘//’ﬁr) : [:m pla’y 04 /) o
: /dm’p/m?) w4 ) : o
% ef§3¥
ol pm) m %k S SA(en) o
° e
where w]‘?{‘ = k% + m°.

Integrating over all space, we find

Qo
[dm?ﬁ/—m‘) Wttn (Mrp) = 0

and differentiating with respect to x., and imposing the equal

0
time condition Xy = 0,
@
/ am° p(mz) (ma)N = 0, for N > O
o
or
00 oo
/O an® pn®) @' = ([ an®p@a®)) &y (=120
®
implying P(mz) = ( f dm'zp(m'z)) é(mz) "
)
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This is enough to guarantee the time-independence of
20

®
Jd-s; fo(_x_, xo) =[d3§ ﬁ:‘tm2 P(m2) aOA(x m2) = /dm2 P(mz)cos m X,
o (o)
working from the spectral funetion € C Jee (), & )] 3 = )g‘ 9]
the appropriate order of events is that Lorentz invariance
implies that fd:’g £, (Zs xo) is time-independent, whieh in turn
implies a Goldstone Boson, this fact was first pointed out by

(16) (14)

Guralnik, Hagen, Kibble and Lange

The Quasi-Particle Approximation of the Extended Model.

Through the use of perturbation theory, we would hope,
for example to determine the appropriate two-point functions for
the full interactinggystem. The Dyson Equations for the fields,

in momentum space, are

A7) - A;; w+ 4% 5%, a7 (p)
D) = Dty + O T “wr O, w
A% () - f% (T (t2 b o))y € P

D‘/{ch) 5 /d‘;\’ T (4ﬁ()r)//v(0))% R



vhepe 7 (P) " 7, [P) are the respective proper self-energy and
polarisation operators and Zlo and D, are the propagators for the
Goldstone Model and the free vector field. Any particular approximate
choice of 2 or /7 will enable the corrected propagators to be
determined up to that approximation. Thus, although S or &?

may be taken to be first order in the coupling, the propagators

will always have a more complicated dependence on the coupling
through these relations.

Having established the existence of the Goldstone Boson as a
requirement of Lorentz Invariance in the limit e - 0, we are in
a position to make use of this result to calculate at least some of
the properties of the fully interacting model.

It has been understood in the past that in a gauge invariant
theory, such as scalar electrodynamics, the self-energy contri-
butions arising in a perturbation treatment of the electromagnetic
field cannot alter the mass of the photon. In other words, the
photon remains a photon to all orders, provided gauge invariance
is maintained., However, it has been shown that this cannot be
guaranteéd generally; for in order to obtain a well-defined theory
in the limit of zero bare mass of an interacting vector meson theory,
one should reduce to a non-covariant description, in whiech case the
usual srguments would no longer be valid(32).

In the present model, because of the assumption of spontaneous
breakdown of symmetry, there will occur additional contributions to
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those expected in ordinary scalar electrodynamics. To the second

order in the explicit electromagnetic coupling these may be re-
presented by the Feynman diagrams associated with the polarisation

tensor, as suggested by Englert and Brout(17)

= =<4 @

-
.
hl
T e ot "
i

where the unperturbed system is effectively the Goldstone Model, for
which we know one of the propagators, and the electromagnetic field.
Thus, the polarisation tensor, in this approximation is

ﬁ’a?}) : -se’ <?§%f‘[!}36; E&léiéalz

the surface dependent terms of the same order cancelling out.

In terms of the Landau Gauge photon propagator
AT, , Ao
77 %) ~ -/ ez(p&): ¢ (%)

In the second contribution, it is accepted that the Goldstone boson,

now taken as uncoupled, has zero mass, pg'= S(ma). We note that

the polarisation tensor in this approximation has the form required

by gauge invariasnce, and is covariant.
e may now construct the corrected photon propagator via the

Dyson Equation
Dun®) = Dy (6) + gy (&) [TV O, (x)

Dﬁv(k) being that propagator associated with the Lagrangian for

the free electromagnetic field. We may assume ng is given by
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' _L
Dol ~Gu®detty Ll - i
and, because of the property,

Gal) 870 5,00 - Gl

where Gul(k) may be radiation, Landau or Feynman Gauge operators,

we have a solution

j/,,, (¢) < <t f/;,, *) 4
where
s k. = / &S k)
A ). - rET: PR e gy A
or :
AK) -

&1 €< ie

Thus the photon would appear to have acquired a mass in this
approximation, consistent with that expected from classical arguments.
We observe that the calculation is gauge independent, as we would
expect. In a higher approximation, of course, /7- would generally
contain the bare photon propagators, and would thus generally become
gauge dependent, The usefulness of the present approximation lies

in its connection with the quasi-particle gpproximation.

The connected propagator for the 'photon' is thus

” i /
Gty >~ G g

This, of course, is not the form associated with a free vector meson,
being non=covariant as it is. The point of interest, at present,
is the appearance of a pole at a non-zero value,

)
To compare with the argument of Schwinger s We note that
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in radiation gauge, the unordered products < Au(x) A (x')>,

are given by
O

’ 2 dle-x')
A AW = (s o’ Bl [ Guytl) 7 s Blks) ¢’
[2]
and by virtue of the field equations, we find the gauge independent
quaiitity involving the current
a
? [
T a0y phfo ¥ EM Bl ok, £3,,) EUI) B lho)e

rklx-x1)

Thus, the vacuum fluctuations of the currents determine the weight
funetion B(mz), except at n® = O,
In our case, it is obvious that the present approximation

corresponds to the quasie-particle weight function
B(nz) = 5(m2 - ez(ﬁzfj

so that
2 ,é fx-x”
CRWRGry - CH LA ik -hy,) T EH]) 066) 0

(@n)?

In this approximation, it appears that Schwinger's contention that

it is primarily a dynamical question whether B(ma) contains a zero
mass pole or not, is borne out. The extended CGoldstone Model appears
to have the ingredients leadin;;the required dynamics such that no
zero mass pole appears.

We now calculate, in the same approximation, the other relevant
spectral functions of the model.

We have already had cause to consider the function ([ _T’f";g} # (*')-7)0
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< [-J“(x), ﬁl(x')]% in order to arguc the existence of the
Goldstone Boson for the limit e > 0. There, for the sake of con=-
sistency with canonical commutation relations, we were forced to
introduce a non-covariant gauge description, although the subsequent

conclusion that the massless boson in fact was necessary to preserve

manifest covariance saved the situation.

In the present case, the same argument can be gpplied, but
this time the quasi-particle approximation above suggests that in
general we must use a non-covariant gauge in order to avoid in-
consistency. Associating the weight function B(m°) with the
vector field, we may write down the expression corresponding to the
graph associated with the time—ordered product

)
--__4'
_-..-.l.]

-...-._,“j

+-
i —e wﬂ\'\——-——ml—'-‘

e
P

/ i S

2 1 2 .
= Gk | S)p e
CTA), 8, 6213 - (ﬁf mf@/ Lk 6, , o8 B U0 oa* e

which is virtually identical to the expression (9) obtained previously
prior to taking the limit e » 0., Effectively <£2}f B(ma) replaces
.pl(m?), and there is a massless contribution from the Goldstone

Boson, which before came from the unperturbed photon field. Here,
however, the indications are that B(mz) = 5(m? - e2~(52§?).
Application of (auav - &, 62) gives (I}u(x). ﬁl(x' )J >°, and
taking the space integral of the time component, as before, we

mast get

P JATR  dp]y - <43 [t B oo 167 3 f
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which we can only do if we use radiation gauge. We note the equal
time commutation relations are obeyed as before.

In general, outside any approximation scheme, a non-covariant
gauge is esuential. For, from equation (4) (for m, = 0), the
broken symmetry requirement

/dz’z [3,(x)s By(x*)]3 # O

can never be maintained, in perturbation theory at least if a
covariant gauge is employed. This fact alone might lead us to
suspect the absence bf both a massless vector particle, and
scalar particle(32).

The approximate calculation of the time-ordered product
(T.(Au(x) ﬁl(x')>° consistent with that carried out for the
photon propagator must be carried out in radiation gauge.

Diagrammatically, it is

T

22—

gimilarly, for the boson propagator € ™ 'l’l(x) zi(x' ))) o ‘the
appropriate approximation to choose is

‘-"r
L}

O /77, B—

S

with the wvalue /

,(leei(e )j_".r’f

2 2
( [+ JEQZiijig) A &) ) A (%)

after some calculation. Thus, the boson field described by the
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field function 2/1 has acquired a mass in the same approximation
as the 'photon' does.

e s O B SR
(?—- @:ﬁ)zﬁr})% r (2[/" (/'f' ézf' (ﬂ‘é)z éi e-z(a)a?—/é

Thus, we have, in this quasi-particle approximation, expressed all
the relevant propagation functions, and we may derive from them

the commutation functions

ke (x-x0)
(LA, ATy /y% Co ) sth) AT T Y
/‘é("'-k’)
- 27y aU R oy skhei e
[ A® %00 e(¢>/(;w3 2’12?7; = *
i h (x-x7)
¢ % (1K) éjkﬁe%égv e’
CHW@AETy - Lk oo

as obtained by Higgs(BS).
These three relations may be combined so as to eliminate the special
time-like vector nu, in the following way.

Defining the vector field Bu(x) through the relation

Bul) » A0 - I X1 (0

SL* ?
e<g>,
which appeared in the first order classical context in (1.5) of

Chapter I, we find the covariant commutator functioﬁ

<<g> S i
CB@, Gty . [ath, G 020e) SlEr D) 20

independent of nu.

associated with the free Proca spin 1 massive field.

and immediately recognisable as the propagator
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We conclude that, under the effect of the scalar field self=-
coupling, what was the massless gauge field, comprising two states
of polarisation, has combined with what was the massless Goldstone
boson, to form a massive Proca field, with three polarisation states.
This effect was snticipated in the small amplitude elassical model‘l3),
In order to obtain it here we were forced into radiation gauge, a
requirement which has no real analogue in that classical argument.

Further, from above we have in this approximation

CJE (LB, 4 60TS = B osfechbori)]

which is now time-dependent, as opposed to the Goldstone case,

in which the masslessness of the particle ensures the time=-
independente of this quantity. (In this case, it is apparent that
the 'operator' jﬂd%g Jo(x) must be time=-dependent, )

Some Classic onside ions of c c

In order to try to understand the mechanism which renders
the GSW argument inapplicable whenever a gauge field is present,
let us consider the old guestion of extending the simple gauge
invariance to that of the second kind in the context of the classical
Goldstone Model, in the form

ol) « ~ (HBHME) - V(#%8)

The demand for invariance under the extended transformation

L. ~i~ ()
A{()¢(x) ; ¢‘(\') 5¢‘Q)e

implies the minimal prescription

A » e
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where All must simultaneously transform as

+ 0 "
s "R n
At this stage Au(x) need not be an independent field, and

in fact there already exists a candidate for AIJ in terms of the
scalar fields g4, in the form of the longitudinal term

Y
10 g &) .
19, log (%)
Thus, a possible formal extension of the model, without requiring

the presence of an independent vector field, would be described
by the Lagrangian

sty - - [ farestls () o)l (0-t0s(8) 4] - V™)

However, a closer investigation reveals that the consequences of

the apparent gauge invariance here are trivial. The current associated
must vanish identically. In fact, through the transformation

§ 2 - ¢¢¢ » one can see that the model really desceribes the
single component field § .

Lh) - —(uB)NE) -V (E)
Thus, the demand for gauge invariance of the second kind without
the introduction of an independent vector field is equivalent to
eliminating one of the field components, in fact, that whiech would
be associated with the Goldstone particle. In so doing, we have
also lost the continuous symmetry of the model. If <g£3# 0O
the symmetry @ 2 -®  is spontaneously broken. Therefore, this
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possible extension is trivial, although it does indicate a method
of eliminating the Goldstone Boson.

The point made by Nembu'36) that the addition of the coupling
gd, ¢ to Ly(x) eliminates the Goldstone mode to first order
in the fields, provided g = -:;h—-. is therefore seen to be
but a special case of the aboveaﬁd > general prescription.  There,
in first order, as here exactly, the current, conserved on account
of the global symmetry, vanishes,

The non=trivial generalisation of this method occurs whenever
we introduce a vector gauge field, Au(x)(15). We write Au in
such a way that it may be expressed in terms of a part which
possesses all the gauge variation, and a part which is invariant

Au(x) = Bu(x) - ef 9, log (fv) .

This equation may alternatively be viewed as the definition of a
gauge invariant field, Bu(x). Expressed in terms of Bu.
the Lagrangian becomes

o { g -ie 8o 2 Ay () I s re b 4 (B)] [
- { V(%) + ffﬁv/r/?}

which is gauge invariant as required.
In this case, making the transformation @'2 = ,d'!if

g JaDR) ¢ VE) r L8 E L
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and we now effectively are describing the interaction of singlet
particles with the vector field Bu. What would have been the
Goldstone particles no longer exist as physical fields, being
absorbed in the vector field of the problem.

Thus, it is apparent that the mechanism which rids us of the
Goldstone particles (at least in this classical context) can be
incorporated at the very start, and in an exact sense, through

the field transformation
B (x) A (x) o, 108 (4)°
2= Ll ; .
p X u'\® e n 08 \gv

To first order in the field amplitudes, Bu(x) is the form
used previously in the quasi-particle approximation, or in the
classical small amplitude theory.

To what extent we actually have a theory with gauge invariance
of the second kind is now not quite apparent. What we have succeeded
in doing is to construct a model, possessing a conserved current
(here Bué'? 2) in which the gauge invariance is concealed so that
we may not talk of invariance at all. The question 4s to whether
(Bo% or < Q;‘ 0 still remains a dynamical problem, but not now
connected with broken continuous symmetry as previously defined,
since the question of 'infinite' vacuum degeneracy does not enter,
if we start from the new Lagrangian. The broken symmetﬁy is the
diserete transformation $>-&

A final remark may be in order concerning the connection
between gauge invarisnce and the necessity of having vector fields
possessing bare mass zero. It would appear that, provided B

0
is still defined in terms of Au and # as above, we may add on a
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2

!
termﬁémo Bn B* to the above Lagrangian, without in any way

destroying the 'hidden' gauge invariance of the theory. The con=-

2 _u
o B

Written in terms of the fields Au # the Lagrangian has the form

served current will then be enhanced by an amount mn

classically
0 - = (VoY) - VER) - AN EY

'2.-“’ Ae (85014 - borg¥) - | ﬁypﬂv -_31,,,;?4“ A

-0 L‘f’&"gg’éﬂ#’} Mo (86 Boug?|Worg~0048"

ge (¢7¢)?

which is formally gauge invariant, although there appears the
o also appears as a
coupling parameter). We coneclude that there is a loophole in the

bare mass term m°2 A, A", (Of course, m

usual argument which implies zero bare mass in a gauge invariant

theory. Certain additional types of interactions can be introduced so that
the requirement of gauge invariance can accommodate vector fields

possessing finite bare mass,

Conclusions

The classical considerations of the final section indicate
the mechanism behind the disappearance of the Goldstone boson.
By introduecing the field dependent gauge transformation, the
global continuous symmetry of the ‘i is observed to be spurious,
reducing in fact to the discrete reflection invariance of (éf_ﬁi)%.
which along with the vector field Bu, becomes a physical mode of
the problem. The Goldstone boson has been transformed away, as

has been the original continuous symmetry. Quantisation of the

resulting Lagrangian would now not at all be expected to involve
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Goldstone particles in the associated spectrum.

The sign that something of the sort happens in a direct
quantisation of the theory involving the variables AB' 51 is
given by the apparent necessity to use the physical non-covariant
gauge (e.g. radiation gauge), since, for this model, (as described
by (1) for m, = 0), any covariant gauge is inconsistent. It has
recently been argued by Kibble that a consistent covariant gauge
formalism is possible using the extended operator formalism of
Schwinger, but this would demand the introduction of a subsidiary
field, and alter the problem sufficiently for the arguments given
to be inapplicable. In the radiation gauge, we have shown that the
classical approximation may be obtained by a procedure of selective
summation of diagrams, as suggested by Englert and Brout, the result
being summed up in (13), the commutator for a free Proca field.

Finally, we note that should the vector field possess any
bare mass whatever (mo # 0), the accompanying necessity for
manifest Lorentz Covariance dictates the presence of the Goldstone

boson.
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CHAPTER IV

ON THE NONe TIVISTIC CASE

We have discussed briefly, in Chapter I, how the theory of
Superconductivity, as proposed by B.C.S., and refined by B.T.S.,
Valatin, and others, has in the main been responsible for much of
the interest for broken symmetry solutions in quantum field theory
in general. To the extent that the Goldstone Theorem does not
apply in this case, the superconductor model offers the clue to the
domain of applicability of the theorem.

The main physical properties of any many-particle system, of
which a superconductor may be considered an example, are governed
by the spectra of quasi-particle and collective excitations, the
derivation of which, one may consider to be the essential problem.
The techniques of quantum field theory have proved invaluable in
this respect, the two central methods employed being perturbation
theoretiec, and the Hartree-Fock Variational Principle, in which one
postulates the form of the ground state vector. In the case of
superconductivity the direct use of the former is forbidden, and
the theory largely relies on what has been termed a generalisation
of the Hartree-Fock procedure, yielding effectively a non-perturbative
result. Explicit calculations based on this method give the results
which have formed the argument against the general applicability
of the theorem. The collective mode which one would expect to be
'massless' by the theorem, turns out to be massive (the plasmon).

Turning now to the general arguments associated with the

theorem, we have so far been careful to emphasise that these are



independent of the forces involved. It would therefore secem
desirable, in the light of the explicit calculations, to arrive
at an argument, relating to the theorem in the same spirit as
that of G.S.W., but which incorporated the forcesd expliecitly.
Then, perhaps, one might be able to see more clearly the con=-
nection between the forces and the collective mode spectrum.

In this chapter, we outline the generalised Hartree-~Fock
Method in the theory of Superconductivity. Drawing on general
arguments advanced by Goldstone and Baker, Johnson and Lee in
the relativistiec context, (and employing the more appropriate
(for the present purpose) formulation of Nambu and Gorkov) we
demonstrate the equivalence between the usual Hartree-Fock
procedure, incorporating the Bogoliubov Transformation explicitly;
and another version which is more easily related to the Goldstone
question, culminating in an interpretation of the well known
energy gap equation as a homogeneous Bethe=Salpeter equation
associated with zero momentum-energy. The forces thus appear
explicitly in the argument. With this interpretation it is more
immediately apparent that no statement of the sort conjectured by
Goldstone for relativistic theories can be forthcoming.

line of € tree=- e e

The many-fermion problem is generally described by the
Lagrangian function

77 ' ¢l
Sy LTk 1yt ity ) -2 [y 6 W30 Y60 ()
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(1)



where the fermion creation and annihilation fields satisfy the usual
anti-commutation relations

{4, V,g(wf%:x; . 06%%yy {‘%#)}1/;3(!(9{0:*’3:0

a3

The forces acting between every pair of fermions of the system are
represented by the two-body potential function V(x - x'); for
simplicity they are here assumed to be instantaneous, The actual
agency producing the interaction in a superconductor, in most
cases, is the lattice of ions in the metal, the problem being then
ultimately viewed in terms of the interaction of a phonon field
with the electron field.

As a quantum field problem, without the assumption of
spontaneous breakdown, we may regard the task of solving it as

reducing to a determination of the N-particle propagator

« SOIT LK, 6t Gy 4, I VL, 60— AT, Gty )1 05

| 8> being the translationally invariant ground state vector.

In practice, we are usually only interested in the cases N = 1,2,

the single, and two-particle propagators. A knowledge of these allows
us to infer the excitation spectra for the system,

The requirement that the system be superfluid, however, forces
upon us the necessity to invoke the Cooper pairing hypothesis, now
more or less an experimental fact. In the ground state of a super-
fluid fermion system, particles are correlated in pairs of equal
and opposite spin and equal and opposite momenta. The pathematical

representation of this statement is taken to be
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implying the degeneracy of the ground state with respect to simple
gauge transformations.
To take account of this condition, B.C.S8. chose a trial

ground state vector in the form:

/83 - P//-[Cofq, s s Opafyal, )/0d

which may be written more suggestively as

/0> = UfoS : e f’épdp(éﬂf’q’é‘4”z¢*) /0>

8ps 9 a;; being respectively annihilation, creation operators
for electrons of spin s, momentum p.
This leads automatically to the linear Bogoliubov-Valatin

relations, defined through the unitary transformations

- ~/
$ 2 Qo s Waul

such that S?b /9) —
S

Minimisation of the ground state expertaﬁu}ml value of the
Hamiltonian with respect to the parameter ek after linearisation
leads to the familiar energy gap equation, and the quasi-particle
approximation. (See, for example, reference 5).

Further, allowing the pairs to possess a net non=zero momentum
leads to the collective spectrum.

The direct use of this approach, however, conceals the relation



~8ly=

of the approximation to the Goldstone problem,

The DU~ ROV rmalism and Spontaneous S t akdo

In order to facilitate the application of the more conventional
mathematical apparatus of quantum field theory. Nambu and Gorkov
have reformulated the problem in a way which brings out the
underlying matrix structure of the theory.

Introducing the two-component field operators defined by

AT Ty« (Fla) %(n)
- (e ) , L)

we observe that the Lagrangian function may be expressed (up to
an infinite quantity) as

- Zf—i{.‘(’if - (FP-FF) *ﬁfﬂ Pl ¥ Vﬂr-wf?x% ¥

We note that the anti-commutation relations are preserved

Fuey He} o L B Ged

kg

The problem is still one of interacting Fermi fields.
It is interesting to note that the hermitian bilinear constructs

defined in terms of the Nambu-Gorkov fields

. Flw o Fto

and satisfying the 'angular momentum' commutation rules
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in fact, for the choice ijh = 312, give us, on taking the ground
state expectation value, the spectral function of central importance

in the argument og G.S.W., namely 8| [Jo(x) ; ,dl(x)] ). Under cer-
tain conditions their argument would imply the existence of intermediate
states whose energy vanishes in the long wavelength limit. We recall
from Section (4) of Chapter I, and Chapter III, that these conditions
have not been explicitly formulated in terms of the forces, (although
we have good evidence that the long-range force must be excluded).

For convenience, we now restate the relevant points.

The Genera =-Relativistic Statement

Given any function £, (x, x,) , such that
(a) fb(;,o) o¢ 5(3)(5) , and (b) f‘dég(fo(g, xo) is independent
of x_,, lhen the Fourier Transform fo(g:_, ko) is such that
(at) fako £ (k, k,) is independent of k, and (b') £,(2,R )oc (ko )
(a') follows directly from (a), as (b') does from (b), both indepen=-
dently. The proofs are straight forward and quite independent of any
local conservation law which in the relativistic case, we have seen
implies (b).

It is apparent that (b) must be relaxed if f£,(Q, k,) 1is to
have a singularity at a non-zero value of ko'

The application of this general statement to the present
problem is obvious, with £, (Z, X,) = i<O([T (x), $,(0)] &> .
(However, it might be worth noting that the statements
(2) > (a'), (b) = (b') are of interest in field theory
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generally (outside consideration of spontaneous symmetry break—
down in quantum field theory) where one has a global conservation
law.

For exzmple in the classical field problem of the guantum
mechenics of & single particle, we may take £ (x, xo) to be the
probability density required to satisfy (b), in which case (b')
mist follow. Vhether in fact (b) is satisfied must depend on
the potential to whiech the particle is subject.)

A form satisfying (a), (a'), (b)), (R') is

£ (%) o ﬁ:g,ef‘f.é-r%fw

where W, = 0, indicating the presence of a Goldstone
excitation.
Thus the forces responsible for a Goldstone excitation, also

must be sueh that <0|[J°(x), ﬁl(x)]l @) is time=independent.

The Green Punctions:

An immediate advantage of the present formalism, is that the
assumption of the breakdown of the gauge symmetry possessed by
the Lagrangian, ¥ > G P , Mmay be expressed completely
as a condition on the associated single-particle propagator,

defined as the matrix

Gplew) - <O (Yt P 62)10

If the interaction is 'switched off', i.e. if V = 0, then

we effectively have the 'free' propagator, whose Fourier Transform

is
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& 2 o s po‘z * & A%,‘
9 () - (Pol - T /2/5.«) pz R (,sz)’-

]

o

where energies are measured from the Fermi level.
If the ground state is degenerate, then the off-diagonal
elements, which would otherwise vanish, now exist. Since

is generally expressible in the form

3
Gp )~ 5 Gelxyoy (00 :1)

(=0

The broken symmetry condition may be conveniently stated as

£, ¢t ¢ o
(2)
It is now our concern to attempt to show how this assumption
is related if at all to the collective spectrum. We might expect
to be able to make a statement referring to the two particle

propagator

G, ve (t5es wixl): C}OITLE, 60T o) B 0ty P i)} 163

= sisten tion:

As in any field theory problem, the exact single=particle
propagator may be related to the 'free' propagator through the
Dyson=Schwinger Equations
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or in momentum=space

gle) -  Gop) + Gop) SP) ¢ B

While in a normal theory, with no spontaneous breakdown, this
equation may be interpreted directly in terms of diagrammatic
perturbation theory, even when spontaneous breakdown does exist
there is no logical objection to its use. éz?(P) is the self-
energy operator associated with the exact propagator, and the
relation may be regarded as either a definition for G in terms
of Zf s Or vice versa. Its form is suggested by that of the
Tield equations derived from the Lagrangian.

For brevity, we use the notation, in coordinate space

}f-f S 7 Y02 G

where it is understood that factors multiplied together incorporate
an integration over the continuous space-time variables as well as
summation over the discrete 'pseudo-spin' labels.
Regarded in an exact sense, the self-energy operator is a
functional of the single-particle propagator, so that given
4;7(?2) the Dyson Equation would then serve to determine G,
Of course, we cannot know < (G) in any exact sense, and even

if we could, our ability to solve the resulting equation for G

would be in question.



However, from this general viewpoint, it is possible to
extract some useful points which are connected with the consistency
of the theory, and must be taken into account in any gpproximation
procedure which might be employed.

Whereas in a theory in which spontaneous breakdown does not

occur, under a gauge transformation the propagator transforms as

—r T3

g g e TgeT Ly

in the present case, because of the condition (2), this cannot be

S0

103. G' # G,

However, by virtue of the symmetry in the theory, we may express

the transformed Dyson Equation in the two forms

¢ G 1% T’
?,: Go * 5’/‘,2’(&?&'

and so deduce that
2,//9): J’{&V ) e/'a@é‘f/¢/e-1k@ . jfer'xﬁﬁe-/«dy
(3)

This may be regarded as nothing more than a statement that the
.
theory is symmetrical under the gauge transformation s L I Sk o
We may formally expand both sides of (3), in terms of powers

of the parameter a. The left hand side is
/o)

Ol B T CTw, ST (o, PO 5
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while the right hand side takes the form

‘Z/?[ef'd"};t-;‘.({i) - Z/ /; o w%, %f_:’)“[a}' 9_](‘"})

Z(ef}/‘ﬁge-r@) :5%7 2’ ('f‘-d (5,6 (w)S' /.f-g/) 574

involving the functional derivatives of 34 (@)

We need, in fact, only concern ourselves with the first order

terms, which when equated give

_ - Sre)
[a,508)] = (9, €] f;i,

Written out in full, this relation means

5 [.ry)
[05 »2 (WJ(/@ - ﬁ%"'r (o, 95 V)],ﬂ

4_9;},, (50

the summation convention on the disecrete labels being operative.
Now, from the Dyson Equation it is possible to relate
) 2@2/ to (3, by taking it in the form
)

-7 o
G * § *®Z
and taking the commutator with g 39 we get
-7
05, BF - £5.97

v [a 6] - $[%.97%

We thus find, on substitution, the relation

[o, 97 $/[%,.97 ﬁ?@)f

(L)



or written out in non-abbreviated form

[or §0m] + [yiatya bt gy [5,(50)] % ¢ 67%)

This relation, formally exact, must be satisfied in general.
The specific (in fact, very specific) case when the ground state
is non-degenerate, i.e. when [Has, G;7= 0, is automatically
a possibility, for then the relation is identically satisfied.
However, we might argue that the existence of this case would
depend eventually on the dynamics, and from a purely mathematical
point of wview should not be conjectured, but derived. The
assunption that l;;B, G] does not vanish is seen, in fact to be
the relaxation of what is Usually a severe restriction.

Finally, it must be stated that there is nothing in this
relation which is not already present in the Dyson Equation, which
alone has been used to obtain it. Any approximation used to
determine G from the Dyson Equation (as carried out by Nambu)
will automatically ensure that (4) is satisfied.

The Fnergy Gap Fquation:

We now show that within a certain well-known formulation
of the Hartree-Fock approximation, the relation (4) may be inter-

preted as the energy gap equation.
Ty
Defining the Fourier Transform of the quantity gggzg;)

through the relation

$Zp (7)) ﬁ«‘fkd%d% {A%/M;me

TG (50

/ﬂé’ﬁ byl £1) e P (xLy) # 9IE ?)f



the momentum=-space form of the relation is

[}3.§>sz; g jzpiﬁg/QW? (a3, 9ﬁilaf,igw;¢u 4%fiCb’§%ﬁ P

Following Nambu, we approximate '251 (x'y') by the second-order
perturbation theoretic expression, linear in the propagator,

already containing the self=-consistent selfeenergy given diagram-

matically by ,“—“ V'-\\ GD

H Y i
(We neglect the tadpole contribution) ;; G 'yr !
Thus

¥ g - I3
DT Glyy . 7 V() 0bay) O Yy i3
p

from which we derive the functional derivative

-.a_ 1) & [ d—-r}'_ ’ d-dQJ‘ &55("){9!}'):7(”()'12/)
Jé’ﬂ (&) 5:.;3 toy? / l/(_r—_y) (*6-Yo) % Na G«

/ %
g /-? )/(_xf-yy d‘(xof‘yof) d}-{ 1%/’/55/4)/,!}-)6 (')'-'}'}C{';.éﬁ

We conclude that in this spproximation

¢l
L k) - Py Vip-g
o G tie) =57 (p-%2)
and is independent of the variable k. In other words, we have
chosen I such that

-

-/‘43‘;’/( (/9, g, k) - {?g’dﬂ # f;0)

The consistency relation, in this approximation, now is of the

form
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Because of the symmetry, we may assume that G(P) can be expressed
CP) c Gi1FGin &g

since by rotation in the 'pseudo-spin' space, it is always possible
to get to the more general form. Alternatively, the inverse has

the form

G L Get B 4 Gon

giving

69]- %0"3 4 Gz‘rz
G2 - (Gi+ @)

g -

With this choice, we observe that

2
[5,907 =~ GTigvah

If we now make the following identification

Golp): o Gis) - €R)  Gap) AR

/

suggested by the transition to the '"free' fermion case

?
AmR) 3 o ER) > €(p) < Fln

we find that AR must ve given by



4(
4 (F) - /ﬂ”'f Wp-¢) 2 -z[) 2
Zo ~ (€ av*ad/?g)

and carrying out the qoﬁintegration, we have

4(¢)
2o/ + 4%y

Ie)~ ~JoF vie-s)

which is the well-known energy gap equation. We might note that
e(P) is given by the Dyson Equation, which also yields the gap
equation. From the expression for the propagator, we see that

the poles give the quasi-particle energies at

E)- 2of Ep + 4P

measured from the Fermi surface.

Thus, the quasi-particle approximation of B.C.S. is seen to
arise directly from equation (4). In other words, inherent in
the original variational Hartree-=Fock procedure, and its more field
theoretic refinements, there is the assumption that a non=trivial

solution of the equation

.%-6, A : S lP /a'*"f f?y, (¢) .;,;,% 4.4:0) Gpo 1P)

exists.

Sy ")
Meaning of SGEY)

6‘&7 (x'y’)
The quantity I & £ - &4 (£1)




=95~

5]y

%
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through which we have obtained the Hartree-Fock approximation,
has been used in the relativistic context, and in many-body
theory by Baynga)ﬁb shall endeavour in this section to describe
its significance, although it is essentially no different than
in the relativistic domain.

Here, we follow the argument of Baker, Johnson and Lee,
outlining the main points as applied to the present case. Through
the medium of an additional interaction of the Fermi field JF (x),
with a classical (spinor) external source A(x)

o). Flaw + V0 FW

it is possible to obtain some quite general relations, which are
obtained by allowing A(x) ultimately to vanish. For consistency,
the sources are restricted so that the following anticommutation

rules are satisfied

0, ang: FA, V0F- {am FHIF - o

etec,

If, for the Lagrangian density < (x) =+ X ,(x), the associated
propagators are G(x x'; A), then by the procedure of functional
differentiation we may obtain G(x x'; A) from the S-matrix as
follows.,

Since the ground state expectation value of the Sematrix is

given by



96~

LX(A): <6/T{'e f-/&ﬁkf’ﬁ)f/6> 5 (@/..C/@} 5 <.S‘>

We have
F<SD .
- (OT (¥Fws)/e
I ATk (Feas)/s
sl ol 5KSD

& SOIT (¥ T1)SNES - i)
(5)

<SS Al <

Further

2
SGEVIN L Gy g0a) - G Py, )
sA) A=)

where COnyaly) o 0 <T (FsBhy FI)Fle)S

; SIOr)
EN () Aty

/R.

¢ Cnyixy) « 6 xy) 671v) %0

; (5a)
s Flyixly)

In the limit A(x) - 0, the sbove expressions reduce to the
appropriate Green's Functions for the given problem,

Now regarding £ (x) as describing the unperturbed system
the single particle Green's Function given by (5) may be
decomposed in terms of disconnected diagrams, not cancelled by the

ground to ground contribution to the S-matrix.



We may write

sy ¢/ + 5 A 9E)
(6)

where G'(A) may be defined by a Dyson type equation

G'0): G + % TG

457(1) is the self-energy associated with the fully interacting
system, but exeluding the contributions mentioned above, and already
taken acecount of in (6).

Using (5), (5a) and (6), we can now derive the following

relation for F

- S H—ﬁg’#ﬁ

(7)

- the inhomogeneous Bethe-Salpeter Equation for the two-particle
amplitude.
thér
Thus 4 represents the interaction kernel for the two-
particle amplitude (G(a) or F).
The coordinate and momentum space versions of the Bethe-

Salpeter Equation are, respectively

’

Dy, xly)) o Clox) Gy f/f;c/?q'.f’c/?' COH) T (£, S )X F 1%l y)

F prik) o Slp-4&) Glprik) S(P-5) - ,%%‘f)/f'i’r] (1.5 &) 7G5:%) Glptix)

F(pagk) being defined similarly to I(psk)
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Statement of 'Goldstone's Theorem' involving the Forces:

The collective modes of the system are described by the two
particle amplitude F(p,q; k), the excitation frequencies being
given by that value of k, = W(p,q; k) at which F is singular.
Near the point of singularity we may therefore assume the forms

Giogie) . SPKE 0K
(AIRIE
Ko~ W (&)
Using translational invariance of the intermediate collective states

of momentum k. :
It follows from (7) tnat wnen Xk, = W(k), there exists a

solution to the homogeneous Bethe-Salpeter Equations

fp0: Y- fiy Tpe s Ear) §(p-4m)

The assumption of spontaneous symmetry breakdowéiéquivalent
to the statement that there exists a solution, viz. [33. G(Pi}
to the homogeneous Bethe-Salpeter equation, for k = O, The
question of the Goldstone Theorem is thus equivalent to asking
for the conditions under which this fact implies the statement
w(g) = O,

In the Hartree~Fock approximation, if, for a given potential,
solutions of the energy gsp equation exist, corresponding to the
existence of the homogeneous Bethe-Salpeter equation for zero
nomentum-energy, then what further condtions (over and above that
which allows a solution of the gap equation) should be placed on
the potential so that the collective mode energy vanishes for
zero wave number?

While it is true that if the two-particle amplitude has a

pole at W s where w, = 0, then there exists a solution of



=99~

the homogeneous Bethe=Salpeter equation for k = 0, the converse
is not necessarily true, the conditions necessary for the
converse to be true would supply the important corollary to

the theorem,

From the known results, we suapect that a long-range
contribution in the potential is sufficient to invalidate the
converse. This, we believe, should be provable by a detailed
investigation of both the Bethe-Salpeter equations in the
Hartree~Fock approximation. Recently, it has been shown by
Lange, for the example of the ferromagnet,( of which the super
conductor may be regaerded as the continuous limit) that shorte-

range forces, at least, lead to Goldstone=-type spin waves,
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CHAPTER V

' ELECTRODYNAMICS' AND CHIRAL SYMMETRY BREAKDOWN

Introduction

The possibility that field theoretic models supposedly
describing elementary particle processes, may possess solutions
of the type associated with spontaneously broken internal sym=
metries, has led many authors to conjecture that such solutions
might account for the approximate symmetries actually observed.
Thus, for example, while the interactions of the hadrons may be
viewed, in the first place, as possessing the full SU(3) sym-
metry, the dynamies is such as to render physical particles of

equal mass(so' 11).

Such a view, however, must be subject to

the Goldstone Theorem, and so, unless one can account for the
consequent massless particles, must be unacceptable., Even if one
were prepared to incorporate gauge field effects through the
extension of the internal symmetry, in which case, from Chapter
III, we might expect at least some of the Goldstone particles to
be 'accommodated', the difficulties of making sense out of the
resulting 'multiplet' structure would remain.

Another context in which the possibility has been contemplated
is in that of the high energy interactions of the leptons, or the
electrodynamics of electrons and muona(ho’ hl). It is argued that
the electron and muon are almost identical in all respects
(meaning essentially their scattering properties), except their
masses, such that the problem might plausibly be considered as an

ideal candidate for description in terms of spontaneously broken
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symmetry, the symmetries involved being the chiral gauge and
the'isospin'SU(2) groups. The large electron-muon mass dif-
ference is to be viewed as a dynamical consequence of the
electromagnetic interaction of initially massless fermions
(heutrinoé). Authors advocating this viewpoint and the related
view that ordinary electrodynamics may be deseribed as the
interaction of neutrinos with the electromagnetie field
(implying chiral symmetry breakdown), have allowed themselves
the relative luxury of ignoring the accompanying Goldstone
bosons, in the hope that an argument which will eradicate
them, may emerge.

We might do well to point out, at this stage, the error

in the coneclusion that since a long-range force (viz. the
electromagnetic field) is in evidence the massless particles
'disappear'. For, while the essential broken symmetry in the
theory related to the chiral gauge group (and emphatically not
to the ordinary gauge group, as was the case in the argument
of Chapter III), the electromagnetic field is coupled to that
current which is conserved by virtue of ordinary gauge in-
variance of the second kind.

A recent report has claimed that(h3), in the event that
the chiral symmetry is broken, there is an accompanying
invalidation of the local conservation law of the chiral
current to the extent that, in an approximstion scheme established
for the ordinary electrodynamics caae(hz), the matrix elements
of the divergence of the relevant currents are non-vanishing.

The result is absolutely dependent on the use of the Schwinger(uu)
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limiting procedure applied to bilinear products of fermion operators
at coineident points. Were this result correct in an exact sense,
then the Goldstone Theorem, dependent as it is on the mierocon-
servation of the current associated with the broken symmetry, could
not be applied.

In this chapter, we argue that, apart from the obvious diffi-
culty in understanding what one means by manifest symmetry without
an accompanying local conservation law, we are forced by general
considerations of gauge invariance and consistency to adopt a
more general definition of the current as the limit of a product
of fermion operators at spatially separated points, but incorpor-
ating a dependence on the electromagnetic field. Through such a
definition, the current operator should be conserved identically,
in which case there could be no escape from the consequences of

Goldstone's Theorem.

Models involving Chiral Symmetry Breakdown

As we have already mentioned in Chapter I, Section 1, the
massive fermion may be viewed in terms of the chirality invariant
interactions of 'neutrinos'. In the Nambu-Heisenberg model(Q),
for example, a quartiec interaction of the form
[F=)0, W& J[ T wx)] wmere ¥ = vrg or ¥ is
chosen, and spontaneous breakdown assumed. However, another more
physically relevant mechanism which could possibly support such
solutions has been conjectured recently(hl’h2'37), namely the
electromagnetic field.

The problem, so far as we will be concerned, is the interaction
of a one-component fermion field of zero bare mass with the electro-

magnetic field, minimal coupling being the essential requirement.
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The field equations take the form

gx(a/‘ -re A% ) ¥6) - o

v v 1
2 Fl% = 3, (04 R)) e Tl ey (1)

where Jg_m(x) is the e=-m current (coupled to AM(x)), formally
1 ¥(x) -ru'f(f\’ ), with ¥ (x) satisfying the usual anti-

commutation relations

{“?d(*)) 'Pﬁf&o‘e\'c’-ké : {(3)(:’“!9 ’ {:E(X)‘}E’édf*o-‘kg va

“p
Z 2
FE, F(oh ., i ¥ 5Vrxn o i85 %) (2)

These field equations (1), in addition to the usual space=-
time invariances (such as proper Lorentz Transformations), possess
invariance under the following gauge transformations

(i) gauge transformation of the second kind

Foy > T P . A ) > Al b€ Suctto

which includes the simple gauge group U(1 ) (o constant). The
associatedmieroconserved current is Jg_m(x), the conservation
law being incorporated in the field equation.
(1ii) The chiral gauge group

¥y » e P% P

P F )X 56

with an expected conserved current, formally
In the last case, we use the term ''expected' to take account

of any dublety there may be about the existence of a conserved

current, and the term 'formally' because of the inherent lack of

definition involved in expressing a product of field operators



-104~

at coincident points. Certainly, from formal consideration of
the Action Principle and Noether's Theorem, we would anticipate
such a locally conserved current, although the precise definition
we have still to give.

For later reference, we might note that the electronrmuon
problem may also be described by (1) and (2), provided 3F(x) is
interpreted as a two-component operator ( Yelx) f%JQ. In that
case, in addition to the symmetries (i) and (ii), we have
invariance under

(1i1) internal SU(2) symmetries

T > 2T ¥ ()
with an expected conserved current, formally iif(x)Tug'jp (x) 3

(iv) chiral-isospin symmetry
F(x) - o8I ¥ (5)

with an expected conserved current, formally 1?(::) ‘ru1'5‘g_"f(x)-
Thether ?(x) is one or two component, we assume that
there is a breakdown of chiral symmetry, indiecating that the
fermion field 'i:(x) acquires mass due to the interaction. If
j?'(x) is two component, then a further breakdown of SU(2)
symmetry must be assumed if the masses associated with the
individual components (electron-muon) are to be different.

Unless otherwise stated, we take ¥(x) to be a one-

component field, so that the broken symmetry assumed is
chirality alone (ecasc ii) and the statement of this can best be
made as a condition on the Fourier transform, S(°), of the

fermion propagator < T (¥(x) W(.v))o , or the unordered function.
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By relativistic invariance, we have the general form

S - 1569 + VPSS EY (34)

and here we demand Sl(pz) # 0 emphatieally, indicating that the
vacuum is degenerate with respect to the chiral group parameter B.

More compactly

{reo s7HR)} £ 0 ; (3B)

Similarly for the unordered functions.

Goldstone's Theorem

In the preceding chapter, we have discussed the relation of
spontaneous breakdown of symmetry to the existence of CGoldstone
particles in contexts not immediately related to the present case.
However, the arguments applied there may be easily adopted for
this case, the statement of broken symmetry now involving the
vacuum expectation value of hlinear products of fermion operators
(as in superconductivity theory).

If Ju5(x) is the chiral current, then, on using the equal-

time commutator

- f ~
L[4l (o, Lo ¥ (eg% A 1f¢"@) Sor 4 %-2) -}fé)‘}g’éﬁ,g; §5%-y)

i {X x f 2 7 (3)
(¥ %09, %) ¥ f*"}-é%_.é; - WA 69,9 G8) 1Yy &L, d%y)

(L)
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we find, for equal times (suppressing the Dirac indices)

i Jak (CTos (o, ¥OOFIS - $o IR}

which is non-zero by the condition (3B).

It thus follows, applying the argument of GSW (See Chapter I,
Section 3) to the spectral function < l3p5(x), ¥(y) -\I;(z)]% s that,
provided that Ju5(x) is conserved, and a Lorentz covariant
deseription possible, then f 6.3_:5 <@’05(x), ¥(y) -lll'(z)_bo is
xo-independent and so Goldstone particles must be present.

Another argument whieh makes obvious the absolute dependence
of the theorem on local current conservation involves the time-
ordered counterpart of([JuS(x); ¥(y) W(z)])o , for which a Ward
Identity may be written down(u5).

We have
oM LT { s @ H0r) % @0
R A A R e R TV AT T

#STI ) (o5, ¥a (U §Y 6 (ro-20)
and on using (2), we find the identity
AT A Jus ) %al0) ¥ (052
(T P as) Yoy P (3 # Tty Ve @) 7, 2575, ¢ Piee)

-L {f T (%o %)y §Dper)
(54)
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Defining the Fourier Transform

- Yoo % (Y- 1 7(v-x)
(T (s @y - JZESD Nus (rp)e

we obtain, in momentum space

92 “Nes ¢f¢,y= -f@)g.-?s._r”w?)fﬁqydﬂ'&e‘r'@:‘?)Xﬂ'P&(z.qu(q) - ’Z/z‘})%
(58)

Thus, as q, = 0, provided 5J‘Ju5(x) = 0, equation (5B) tells
us on using (3) that I«u5(p+q,p) develops a singulaprity at q = O,
which we take to indicate that Goldstone particles are present.

(We note, in passing, that a similar argument may be apnlied
in the Nambu formalism in superconductivity theory, although the
existence there of such a singularity does not imply a 'massless'
state, on account of the presence of the long-range force. While,
here, it is true that the e-m field is involved, we are not dealing
with the e-m current,

In relativistic theories in general, we may conclude ihat the
existence of a zero momentum=energy singularity in any spectral
funetion involving the current associated with the symmetry which
is broken, indicates the presence of zero mass particles, unless
that current derives from local symmetry, in which case the
accompanying gauge fields invalidate one of the assumptions of
Goldstone's Theorem, namely that the theory may be formulated
directly in a manifestly covariant way. The assumption of
spontaneous breakdown of chiral symmetry would not appear to
forbid a covariant description, so that our interpretation would

be valid.)
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From equation (4), it is seen that, in order not to have
zero maes particles in a covariant theory, not only must local
current conservation be relaxed, but also, the following identity

must be satisfied

S, Spf - /c'f‘f,ydfe € "’6("")<r[aﬂ./f,,_r/a) ¥(v) ;Z'/zy)%

or in coordinate space form, from (54),

T s 0@y - Slrnk 7Py - % Sh2) 39 6r)

which would appear to be a fairly strong restriction, even if we

could accept that O”Jus(x) was non=-vanishing.

Current Definitions

Generally, in any problem involving the interaction of Fermi
fields in the form of a coupling of a bilinear Fermi current Ju(x)
(which need not be conserved) to a boson field, care must be taken

(hG). In particular, accord-

in the way these currents are defined
ing to Schwingar.(uu) the following current-current commutation

relation must be satisfied

- ) 503
[76, (], ~ -x o 86 (6)

where X 1is some non-vanishing constant operator.
We may see this in the present case by considering the photon

spectral function
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s kx
A6, Ae)] ) - ofeind B6cY forte Guoll) <tke) (ESm)
(7)

where guv(k) specifies the gauge, as in Chapter III and
)
/‘: AmB® = 1 by canonical quantisation. Applying the

equations of motion in (1) to (7), and noting the property of
g v (K)
L L .
$“ ¢ ¢+ &

ag stated in Chapter III, we arrive at the speetral function
(-]
[T2n0d, Tlrccod] - Ef««?ﬁ 74 Fur - 2,079%) fucy* A (1)

(8)

from which we may deduce that

- n * 2 3 2 2
([T2n®, Tne)] 3 = - [ty 2008 B 0]

ao
i iy . ’ Cw (3
d J;-M (w3, J;“(o)i-] o% : -fa‘».?g/.,ua)ﬂ‘z ¢ T(*)
o (v}
We thus see that (6) is reproduced provided we identify

SR s / ot® Blau?)

and vanishes only if B(n?) vanishes, or is exactly proportional
to a/m%}, which would in turn imply the vanishing of the current
operator (i.e. effectively there could be no coupling to the

e-m field).

Thus, in the present case, it is obvious that the formal
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definition of the e-m current iV(x) Yuw(x) would, on using (2),
give k = 0, which would be inconsistent with a non-vanishing
interaction. This has been discussed generally by Boulware and
Deser(hs), who further argue that the current need not be conserved
in order to draw such a eonclusion. Also Okubo(u7) has shown that
we must require (6) for any current.

These results lead us to define such currents generally as
the symmetric limit of the bilinear Fermi product at space
separated points, such that the commutation rule (6) is realised

in terms of matrix elements. For, taking the current as

g (x) = Lt 17 (x+¢) [} ¥(x) (94)
g ~0

where L may be L if 1 i.e« J may be
( " v Y, OF Y,y for example, i.e. J may

e-m or chiral) we find for vacuum expectation values, from (4)

CE T FO b ]y = Face (<l T2 /") G- FacewoFin) ot

and with 2 = gy + g,

I, Fr O Y] 3+ Face kestor¥Fisse)3 I 40 Cler-<)- IVe 1§

T, A I NS « =~ bace &I Fee3 1) €V 4 -y
(98)

and if the limit g < O 1is taken symmetrically (i.e. same in all

direetions), this is equal to the form (6), with, on average

"y - -j’ Frace ((‘1‘(’712(}’*.‘) /7*/ €& (= g as & - 0)

as required. This necessity ror symmetric averaging was first
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suggested by Schwinger, for the electric current in particular.
We see however that it may be invoked to Justify the use of (6)

generally. Using the general spectral form
WLy - S "’(—g):f ;«f [e 6 rhpms 7o J a4t
0
and the properties of the Dirac matrices
{Yu? Yv( - aguv $ {Yu’ 75} = .9 Y5 = YoY1Y2V3

we may obtain <Ky explieitly in terms of the weight functions

Pl

A useful formal device by means of which this may be achieved
is the 'smearing function' £(x), in terms of which the current
may be expressed

Lt V(e & Hne)

£20 (9¢)

with

Yo~ Jdi flrxt ) YR

Since the anticommutation relations (2) must be satisfied in
the 1limit that g - 0, we observe that a convenient candidate
for f(x,e) would be any symmetric funcetion which approaches the

-3 "k? 4
Dirac O-funetion in that limit. The Gaussian form (F"’G) e *

would be an obvious choice(hs).

While such a device is sufficient to ensure the presence of
the 'Schwinger term', the question of overall consistency must still
be considered. It has been shown, on general grounds that a
dependence on the field to whiech the given current couples must

be built in to the definition of the current. We may see the
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necessity for this in the present case by deriving from (7)
_ E-m -
the commutation functions <[ Ju @, Avﬁ”].?,and 4 [J/:' @, fa /o)b,

We find, using the non-covariant radiation gauge

(-4
2 A [ v £y (1-k) 2 %
([ﬁﬁ(x),/ﬁbg% ._(Jé},ou"'ﬁ(m%uﬁ%g(y/@ £ (n.e)zje(é")d-(k‘w%(
(10)
~r v o d:‘z 2y 2 v “%7) etk, J‘(éﬁ 2y ikx
[T o, FTTY Gy ot Gt fk (1% 3K )T -

the latter being gauge independent (i.e. identical to that obtained
using a covariant gauge.

While from (10) we see that, in radiation gauge

& “ f. Jt
(IS0, A D -0 ; ([T 6, A 5 o0 (114)

*ozo =0
(but not so in a covariant gauge)
on the other hand, from (11), we deduce that in a general gauge

2 )

([J;’-m ()r)’ FO((OJJ)O = O
Yo2p

%o

([J;:h (», Fw.fo)] >o - d; /d.ng(ﬂzjmz o (3)(5) (118)
X0 J %

We conclude that if, as we require, ([J;fhfﬁ ) J;.:,. fo?] > 1is to
be non=-zero, then an explicit e-m field dependence musgo';; contained
in the definition of J*;_m(x). In particular, the dependence is
essential in the space components, although the time component does

not require it (i.e. it may possess it without any noticeable effect).
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An appropriate condition, as implied by the field equation

6VF“v = Jg_m, which should be imposed in determining the form
of the dependence, is that the expression prior to taking the
(46)

limit should be gauge invariant. The form given by Johnson
for the case in which Au(x) is an external field, satisfies our

requirements

e- €~ / .‘.Lfr[- 0)
I & < T 6e: 1 X e ] e e-/ ¥ex)

€ > €30

od

in that the result (11B) may be obtained, //dmgB(mz)m2 being
(*4
the divergent. This form (12) should be automatically conserved,

as is demanded by the field equations (1).

Forming 0 Jz—m(x)’_‘ we have 5 /r:;}_ A (5*0)
3,«:7 :u xE) - 7 ‘3" ”‘{x*f) e %€ : Eew
; _¢(xf§) 7~ e re/ oF A(Ex) 2 WX)”‘
€ , 1/21544(?aa
i e ¥F (/e)ﬁf. WAt n)e ° 7
and using (1) xeg

- £4
ewn(?; €): 1 Y (¢ €) I 6“94[-/?/ZH69 f/?ﬁ(%LZE" /{'d’ 1Qu9
S re £
)‘(.ia’f‘f) (ff) ‘/G/.Gt 4/4"'(_{,\;,): /d; ( %”..‘[(

XFE ; . : )
??‘r](f.:.‘ 6’,§) i /.(f'(’) #(’“‘g)ﬂ.!/d-‘s' 4:‘ (f,xo) e N 1‘(‘*)

which is manifestly gauge invariant, as required.

More compactly

X¢€

Ttoe) 20 3] ey [ ak £ lEn)
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We note that in carrying oat the above differentiation
no attention need be paid to order, since for equal times we
assume the fields involved commute.

We now turn our attention to the chiral current, 3“5(x).
In order to establish the necessity of a field dependence, in
similar fashion to the above, we clearly cannot use the same
argument direectly, since there is no coupling of this current

to the field Au(x) (and so no field equation directly con-

necting with Ap).
However, we would anticipate such a field dependence on
the following grounds of consistency. Through (4), we may

deduce from (9B), analogously to the e-m current case

[T50 FOREH],, ~ Fece (V00 0% 5 7 e

— - ; (3)

I T, VX ?}V(r)] < ~{Face (’W"/‘S‘(yff) r ‘)}) €:%5 (r-y)
TR RN

For vacuum expectation values the right-~hand side vanishes

when the trace is taken (using the spectral form for < ¥ %,

and the properties of the y-matrices), but will not do so for

general matrix elements. Using (1), we must therefore conclude

[ oF; (0, Jas (9] ¥ 0

Yo:1Xxg

- [- FOI. (<) ’ ‘]2'5' (*')]xog,\-’ to.

o

If we assume a 'smeared' current in the first instamce, then

it must be such as to include a dependence on the e-m field.
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Thus we conclude that what we do with one current (by way of
definition) we do to the other also, i.e. to demand gauge
invariance (and chiral invariance) prior to taking the limit
to coincident points, in which case we would define Ju5(x)

as X+E
ce @A (¥30)

Feslo o E [ Hlre) Lo e A (x)

€20
¥ (14)
In a general notation, where /Tl may be YM or TuY5’
we may combine both currents (13) and (1L4) in the single
expression Yrg&
~ ‘e/ d’ir,'/ft'(s:*")
L g ;¥m) ], e * 173
(15)
(with 1limit g - O understood)
satisfying
x££
§ M : :
T “ly€) - (re) T (ne) /‘_‘”‘e‘. b (£,%0) (16)

We now compare (9A) and (15), and note the general procedure
for dealing with bilinear products of fermion operators at
coincident points, when there is a coupling to the e-m field,

namely, perform the gauge transformation

¥6) > Fw e s/ ok A (£

This will always ensure a manifestly gauge invariant current,
bilinear in the fields, and eliminate inconsistencies associated

with equal time commuiation rules, provided at least we work in

radiation gauge.
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For the purpose of calculational ease, it is useful to recast
(15) and (16) in terms of a smearing funetion f in a similar way
to that mentioned in the field independent definition (9A).

We define (limit g -» 0 understood)

-z;(ﬁﬁv : 12(%39 {L 7[035)

where e [ adé A (5x)
¥lne) - ﬁi"’f(z-!‘Q e he

so that /N o
7 ‘ rdf} i'(_; Xo 1
To)e 7 Jh i ey )y Fo [ ¥ € (a7)

"

and " . [aEA (S %)
e o e At

LTH6,) < 1 (1) fr3 el Sossf lrr) | Crbuc o) Ve [Ty @ e f,l 83>

- oc Mg i

With the above general definition, since the e-m current is to be
conserved in the limit g -» O, then we must also expect the chiral
current to be likewise conserved. We would antiecipate that the
result of any calculation, in some consistent approximation, of the
matrix elements of the current Ju given by (17) would be inde~-
pendent of Fh. However, this has to be explicitly verified, in
view of the fact, established by Maris and Jacob(hs), in a con-
sistent approximation scheme (which we shall in fact utilise) that
while the 'non field-dependent' electromagnetic current vanishes
as required, the '"non field-dependent' chiral current does not.

It is not obvious, at this stage, that the same may not be true

for the field dependent definition.
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The Single Particle Approximation

We now consider a lowest order approximation (in electro=-
magnetic coupling) of the matrix elementsgipla”Ju (x) Iq),
where | p) ,/q) are single particle fermion states (satisfying
p2 = -m2, q2 = - m2), and Ju(x) is given by (17) (in limit
g 0).

The assumption of chiral symmetry breakdown gives rise to the
propagator, whose inverse is of the form (3A), which is satisfied
by that for a free particle of mass m .

s p) = iy.p+m (19)

As has been suggested by Baker, Johnson and Willey(u2), this
may be considered as a quasi-particle solution to (1), corresponding
to a certain class of diagrams in perturbation theory. They argue
that their procedure is divergence free,

We shall assume that (19) is an acceptable approximation to
the true propagator, and now proceed to take account of the residual
interaction of these quasi particles with Au(x), which we shall
take to be explicitly perturbative; the approximation we-shall
consider will be that which is explicitly of lowest order in the
coupling (corressponding implicitly to a summation over infinitely
many fermion self-energy diagrams. )

We have, using (18)

Gl¥, @I = HPUE g0 (0)1g)
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<Pl T (0 f>

xrr

(P )x re /2;3‘;44:(;;*&)/ /Q>

:'é dgy;”fé”f)/é‘"f (P/ d e (§ ?p)y(k‘) pﬂh,{(xv e X

X%:X6: Xo

(20)

Introducing the S-matrix in the form

- /e  faty va

where the interaction Hamiltonian density is
_ 4 f““‘. ﬂ
iHy) - (1) Jo ) A7

and, making the usual transition to the interaction picture,
we find from (20), to lowest order (in e):

pl 2L () gy, o
(&) JaiE S I érvﬁ’sr (p// o8, T { i B ) A6 T g 0d () 00 A, &)}/f)

=X¢,U\'¢, B =]

(21)

The introduction of the time-ordering symbol, acting overall
in (21), does not lead to any ambiguity, since only space-like
separations are invelved in the original expression (20).

Purther, it should be noted that we have not 'smeared' the
electromagnetic current appearing in Hl' assuming it to be un-
necessary for the present purpose.

We find, on carrying out the appropriate contractions, that
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A_df: <P/T{F,,,‘ (£3) ¥ (60 THAG f fe>

§* TR : N
:/‘ c/,-//“)r e-z/x *’fyiz(p)ﬁf_(’(x‘>'))’ ulz) <7_/&H.(§;,‘,}A"(y})>p
X' (22)

"[;a’ff/ﬂy e B o) Y S fr-x) [T wly) 7 (A,, ) /;,'/f:g))),

An appropriate graphical representation which we might associate

with this lowest order approximation would be

}e ﬂ )P Y rﬂ-
TR A A A Ao

y x’ X
Y fr

[ 45 T (Rt Am)

v ;’/ﬂ“l\
& x/ x” Y
9 ’t-' "I"' '
\’ ‘y x‘z x* y_‘_______”__,______k
x/
K A - f €T (B Bre) A(0)S
r x! l" y !

Going into momentum space through the Fourier Transformation

defined by
~ oY% x
S oy SE) €’
7 7
Zsw (T (EmA)y - 2 Fowe™

where 8S(k) is the fermion propagator given by (19), and Fuiv(k)

may be derived from the photon propagator associated with (7), viz.
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In any gauge (and we are required to use radiation gauge) we find
e A
P, (0 - (& Yo = B %av) 7y

(which is gauge independent),

Thus, in lowest order, (22) may be rewritten

(b bl T3 Eur Gy 769 40 § J> e1)*

i) [at, e Stk TSl 7Y e K K () e T e
< gff ‘ox/ v 4 : ”
’ a‘ﬂo)/gi b e '? ﬁﬁe 7Y Stp4) /7"‘@-:*?;%@“, e PR yry
ap [at e»x'/’.xvﬁ'?x’/dqé X 7%«'»'(‘() ﬂﬂf/f‘%’) rver'é (ﬂfb‘r”-a/f)
(o]
o % " : ’ "f‘ A‘” %
f&W)/a’f o ""”’ﬁ% Xl Fein(€) VS (pk) [ e a0 )
(o]

J . 7 = ” o ) . ¥
»Q—(ﬁ)‘[d{ G"p!’ff?f/a/% X; )/%”'V(é) }/):r/P_é) /7/‘ & "é (rf "r'}(((f)

Z
. L kS E)
ca@f € PN x! Hy 0 TS (1) D e £476 uitg)
e

on choosing the linear paths £~ XEE, ¥
Hence the total contribution to (22) from all terms explieitly

of lowest order in the coupling is

s A _ S 3!',( / (x o
j G PIT ¢ ()40 I 460310
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Ir

[r!dsﬁ- PIT § by E3) F () TFH@r } lg> Cen

. o) [t ftext Rty & TS o) 7 e gy
4{‘;@)[24‘ ﬁ/%& Xl Fle) € gx’ > Stp-k) /7 e "/““"")’*"Z/g
- tfdo)'o/qur ﬁrﬁé X/ %ﬂ«v (<) ¢ "'(’é"ojﬂa"’yf//né) [ e’ [7*0*,::(?)

z ‘ tr : -~ r
~~é@[‘”ﬁ"f xl k) e P [T lpk) 1P et (TN, L

5 (23)
o
Using the result
~ s -3
L A5 fak xflye
we thus obtain, on substituting (23) into (20),
| N AAON
i z - ~ " ~ e %
S [t G fath TR ) Sl (st t-L) TS 8 )
o
z -~ e -~ ~
- [t G ok [F7:2) o (e-k8)- J19) fo okt D) ¥ U100 T sty
o (Zn.
(2h)
The required matrix elements depend on derivatives of the
smearing functions, in this gpproximation, With the smearing
- function of Gaussian form
: o ~ 0¥
" £ @t

so that X

. L) - (‘.z'{Pz') (‘afﬂéz)

we now require to investigate the g - dependence of (24), for small .
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Rewriting (24) in the form

</ 0y T¥(e) led - f};,_‘)b‘;f;(ﬁ) ;y[/;f) w(¢) (268)

where

dior - S [F (b0t FFSGR) 7 () XS Yot )1 St
(26B)

with, on using (25)

Fotoiins - [ [F1e0) (k0 -f R f: (1566-8)f

7 S ~ ~— ~
Eeik) - (fed /dc‘ [F (o) f(6b-£) (41-1) - fl)f (2 et-b)fg, 1ot /
(]
we note the following identities

X5 Yen (PO : ~ Hsbg) fﬁ/% e k) )/-v{);) f&-,éffﬂ_;fdy (%)

Henot) s = Hoppg - %f% Ptk 7E s, Sk it
(27)

Here, 1’5 and He_m are the matrix quantities appropriate to
1L

the respective choices e o YHYE” and f_'“‘ = Y,

We further obtain from (27)

2450y [Her9), 5] 7 ﬁ%ﬁ?ff’r?f'é) TE5,S (-0 7 0 b )55 AN o

(28A)

O {75 Hewtons} « [k [Fbeik) V55, SGqu)f RN 5, A3 [t

(28B)
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We would now require to determine A/e_m(P:Q) as g - 0, and hence
7y5(P,Q) likewise; the procedure for doing so we now indicate.

From (26B) and (26C), we may deduce the expression

ﬁ% Fr(pigik) PFSlow) V7 v (8)
z "‘f/bafz ff’)f/ j‘/ e - LE }f G?
= (".5'€7/df g T e ﬁ’%fz“t‘/%_)e viees I %

_fl ) r2f EX,

7z
6%} :
(".5,52)/4'(‘ e fFra %/‘f{ S;(‘-éff} 4e) e
fed

where

£k 7)< (KEp) fith i (O [/ S(7-)T”

L(4E 1) = (4 cbti) ok Fpi©) TS (0.£) 7
(29)

Making the respective changes of wvariable

’ 27 - [.("{.f) 7
.!1 2 [(é e ﬁﬁngﬁg éé 7 f% 3 Zfé.ﬂfﬂjf.f/7§5

in the two contributions
[tk £ (pik) PESLR) T Sy 0 S
- (-4€) /a:':‘ o Tet - BRI < / UL Af)/ 53(/#’73’_"/
0

4

?€ _ .a P ( 30)
2 2/ £ C * 4’/?;1 .;/é[' £ ) ‘“1) /éjfé-/){/

from which we observe that the dependence we require to find is now

concentrated in the functions .skl, o
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Carrying out the konintegration in (29), to determine
f’a(g,t; psqa) (a = 1,2) (taking a contour enveloping the lower
half-plane, and containing within 1t poles at k= [k|=ie, k. -
q, * ,V[EE*:-QYE—:_;gj - ie ), we could then determine the limit
as & > 0 of (30) by expending the integrands in each term. The

use of a Taylor expansion of f& will be Jus tified on the grounds
that each coefficient of & 1is defined (by virtue of the expon-
ential factor e-'k'2 in the integrand associated with the k'-
integration,)
Rather than go through the rather heavy algebra involved in
carrying this through directly for both the e=m and chiral
currents, we shall anticipate that, by Lorentz invariance and e-m

current conservation, 7[ e—m( p,q) takes the form where o and B

are constants

2
Y (pe) = «x2(p-2) + B(p-2Y
C-m : (31)
in the limit g < 0. (From the form (26B), note that we can
* deduce immediately that ,B-‘ 2‘% Vf-.~.}= 0). Were it not to turn out

- so, then we would have to conclude the inconsistency of the approxi-
mation scheme considered. The limiting procedure and the approxi-
mation scheme chosen are seen to be inextricably linked through the

¢ requirement of e=-m current conservation.

It then follows from (28B) that
//é[. /‘-; /P;?;ﬁ) 7(((),]} _ F(%P;A) ),V?ﬂf‘] ,y(é) o
(3-€)F m* (P#£) +m*
j (324)

. while (28A) gives
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i (B 1ik) ey, f/e,p,k/ %
9%6@{) T Jd)’/ﬁ{)r -?W/ZY‘%[(? &)Y ? reo+ (/b“()a‘{'kf {(/ S pury ¥

(32B)
On using the anti-commmutation relations {“{u, Yv} = 29‘;;}’
and the relation
B = (S bugs) 3
we may deduce from (324) and (32B) the expressions (33)
Hlnt): oI (P02 % (/:(;e,k) Fr% o (6
(A)
' " " ’C/fp :é) 7 :
(B)
F(p k) y
' ] /o -2 ﬁ/% il G A Aol N Y
httigs AFEANE ARJER e T .
5 P2 k) 24
. ar(p- “Im f Y L = \
Hwt) - ° s € (oK) 5w A . (D)

However, from (26B), we require

p = L (pqik) s y (PR v 16 1y .
%—u(ﬂfﬁ) : fﬁ;?‘é Z o ﬂ{/‘f ‘é))/ 2f g 2 “ r(ﬁé)r/%w/é}

(5-£) Fm? (p~#)*fm

(344)
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which may be re-expressed

. F(Pf?fk) ¥ # _ R (9Pi€) " v
He., P2) /dﬁf (? s & PP WL 7T Fieiy (k)
(34B)

since from (31),
%..ut (pf?) = lf/g..m_ (?ub)

Now, since

YEYlR) Y = RYNE0k)~ TEY V- G,) = 3(9-00"- Y (4-k) FHT?

we may obtain the two alternative expressions

/;,% ﬁ{p’ﬂk}ﬁ'ﬂr&“ft))”j ,/") g /% F(P?ﬂ") {k, g+ -?f‘ré-g(r‘é" )‘/j

ﬂ;?é)ﬂu‘
S FBUR) [ by, 2y, ey,
(35)

where we have used the results

y . i 4 p: ’ } L = --l—--—r{p? ‘(’} 3)6'

pl ;é " .
The other quantity ﬁ % ('—c‘%z?—) PEE-O" Huiy®  ppearing in

(34) is obtained from (35) simply by interchanging p and q. Thus,
we have from (34)

i ; LGk & -
Tem b7/ /;/%(fk)m £: 7 p-2)

FGek) - F Gpik)| [ (36)
ﬁ% k) (pIFrec ]( ik ¥ L

/”k KE BUK) ke _ Y FGpik) kp

(? R (p-#V+m> R
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We note that this form allows us to infer the value of a, Dby

equating the coefficlients of the y-matrices: we obtain

; ok S [EReik) Empk)] Kk
a(&%—fe)z ‘/&k F(P? ) ‘é (/Do g) %{" (ffk)';“‘ll (p_,dz_,m: k2

G-k) ¥
(374)
and
Hg o B k) & il £69) F@p: k)]
7 ﬁu’(‘?b?n £ ( )t /d"[@é)’f»ﬁ (04 )Vse? {
i %;ﬁ [ z(ﬂf*’k} f ¢ . £ G pik) kp ]
F-4)#m (4)Fm? k: (378)

Some Integrals and Determination of o

We observe that there is quite a bit of information in (37)
about the various integrals involved. However, our immediate aim
is to determine a, and we may best do this using (A), which demands

that we evaluate integrals of the type

4 QUK bfie)
ﬁ 2 (-M)’m e

Using (26C), we have immediately on carrying out the parametric

t=-integration
2 - 22
o Mom, [ -(BYEVG, _Pb-L )l « hprof € ] Fl&)
I- ?ﬁgi i(e ./;%1(61 ) ) Y G-%)¥m* k2
g ol fd"k e—fé- (,o+f)fc‘? /(&) o (&) |
€30 [(§~k)uniTR? [(9-k)3riTk?
T = I,_ + Iz
f [,(‘{e i), flek) } , ﬁsé -k @mﬁf%{/ﬁé%@g) , Fley
k(€5 1ok OK)  b(2.4- %K) éao c@Eeqeu i) K494

Wge = @8 )£
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on carrying out the ko-integration. In both the cases of interest,
viz. (k) =1 and f(k) = Ky»

but will not appear in (37A); we assume cancellation of these

the eontribution I1 is divergent,

divergences. We are then left with the calculation of the limit

: “4 -$E-LprRIFE, [ L1k G ruen) Flek) ]
L ﬁj k e {;fmkcf%ﬂéé*,‘?k) K(2 K- % k) 2

({3)3/’"3’54’2 Fl,%rvee) 4 SO
& § Aok (2 hthi-24)  R(P4- k) |,

£-Cu’eppeg)
For =1, we find
[ / ] e
$ — - -(_)13,, o (€%
4 -4 4 -k 25 k
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while for f = ko "
7, * Wek { ] EF &
* L~ = LI o9
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It follows that

L o SRR 2k
% = /d J G-+ w2 k2

which is divergent.

Thus, we appear to have verified the assumed Lorentz covariance
(31); at least our result indicates no inconsisteney so far. To be

completely sure, we would have to obtain the same value for a from
equation (37B), but the integrals invelved there are a bit more

difficult to handle than the above. The method summed up in equation
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(30) might conceivably offer a way of obtaining (31) directly,
although one would have to go to higher orders of ¢ in order to

deduce the limit.

Concluding Remarks

Forming the matrix elements of 33D,

PO Ts@ ey - (’%g’f 7t @’iﬁ"%‘f’ £ dwnate
which does not vanish, contrary to what might have been expected,
Wnile this result is in agreement with that of Maris et al., for a
non-field dependent current definition, we might have thought that
the definition we have taken would have led to conservation. If
our result is accepted we would be required to put 6“Ju5 (x) # 0,
so that from (5B) the Goldstone Theorem would not come through, i.e.
/\u (p+q, p) would not possess a singularity at q = 0, indicating
the absence of massless bosons. This agrees with a recent report
by Johnson, in which he points out that in the exactly soluble
one-dimensional case of QED with zero bare mass (Thirring's Model),
there also with the gauge invariant definition of the current, the
chiral current is net locally conserved. In that case, however,
as has been pointed out by Hagen, there is ambiguity in the model,
to the extent that the solution discussed by Johnson is one only
of a family of possible solutions, and it turns out to be possible
to have a solution with chiral current conservation.

That it turns out not to be so here is pleasing in that the
claim that it might be possible to have symmetry without local

conservation and therefore symmetry breakdown without Goldstone

Boson still stands.
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However, it is also true that the following basic objections
to this possibility still stand.

(1) Accepting that the current definitions (17) and (18) are the
appropriate ones to choose, ard the single particle approximation
scheme employed is valid, even then it may be necessary to include
several factors which we have ignored. TFor example, the ¢-m
current appearing in the interaction JuAu was not 'smeared',

when perhaps it should have been.

(2) The approximation scheme itself and the current definition
may not be consistent with each other. For example, it is conceivable
that a more 'consistent' gauge invariant definition could be found,
(i.e. one which conserved the chiral current in this approximation).
(3) TForgetting about (1) and (2) and aceepting the result, the
need to revise our view of the Noether Theorem would arise. Since
it is connected closely to the Action Prineciple, it would be diffi-
cult to contemplate a generalisation consistent with the usual re-
quirements.

Finally, it should be possible to generalise the above arguments
to the electron-muon problem, with an additional spontaneous break-
down of'isospinfsymmetry (mg £ mm), and we might expect to see the
same lack of loecal conservation in that case also in the single

particle approximation.
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General Conclusion

We have been concerned in this thesis with the attempt to
account for mass differences in elementary particle physies by
the mechanism of spontaneous symmetry breakdown. The main
stumbling block to such an approach has been the Goldstone
Theorem, which asserts that in such theories zero mass bosons
must always be present.

From our considerations, there would appear to be only
two possible means of escape from the theoremj; namely,

(a) the coupling of long-range gauge fields to the locally
conserved current associated with the spontaneously broken
symmetry, or (b) the breakdown of the loecal conservation law.

It would seem from Chapters III and V that while (a)
definitely results in the inapplicability of the theorem, there
is dubicty about the occurrence of (b). In the context of
electrodynamies at least, the question would appear to be open.

Thus (a) seems, at present, to be the only one definite way
of removing the unwanted particles. Only then do we have the
relative freedom of a non-manifestly covariant description
which appears to be the single condition allowing escape from

the theorem.
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