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Lay summary

In several scientific disciplines, it is common to encounter systems which change in
various ways over time. For example, in finance, modelling the behaviour of an asset
in time can be used to reduce the risk of a set of investments of a pension, or in
numerical weather prediction, modelling the impact of newly observed data on broader
weather patterns can help to more accurately predict rain. This type of modelling is
broadly known as time series analysis, and forms the backbone of many quantitative
fields, such as econometrics, statistical ecology, signal processing, numerical weather
prediction, and many more.

In order to utilise time series techniques to tackle a problem, we must first design
or choose a model for the system we are investigating. It is common that we are
interested in modelling a phenomena that we do not directly observe. For example, in
finance, we are often interested in modelling the volatility of an asset, but only observe
its price, or in ecology, we may be interested in the population of a species in an area,
but observe only how many are seen on camera each day. This complication requires
us to model the relationship between the quantity we are interested and the quantity
that we observe. We can do this using a class of models called state-space models.
State-space models allow us to model the unobserved underlying state as related to
an observed noisy observation. As we model the relationship between the unobserved
and observed components, as well as the noise present in both, we can obtain a very
good representation of several real-life systems utilising these techniques.

In this thesis, we focus on state-space models. In order to utilise a state-space
model to recover state estimates for a given series of observations, we must know
both the form of the state-space model, and the parameters of the model. These
parameters can be known from a baseline, which is common in epidemiology, or
derived from an understanding of the system, such as is common in numerical weather
prediction. However, if no such parameters are apparent, then we must estimate the
model parameters from the data we have on the system. We focus on estimating the
model parameters in such a way that they exhibit sparsity, which occurs when many
of the parameter values are zero. Sparsity makes the model more interpretable, and
allows the model parameters to be interpreted as representing the connectivity of the
system. Estimating the connectivity of the state space is very useful, as it allows for
inference as to what parts of the state impact others. For example, in ecology, we
may jointly estimate the population of two species, and infer that a large population
in one species drives down the population in the other species.

We present several techniques relating to sparse modelling of the driving parameters

in state space models, and also present a method for estimating the state in a general
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state-space model where only the observation dynamics are known. We also present
methods for estimating state-space models when the form of the underlying model is
not known. We show that the proposed methods perform well in a variety of scenarios,

and can be broadly applied to several types of models.
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Abstract

State-space models are a flexible framework for modelling sequential data in the
presence of noise or incomplete observations, within which we model a system via a
hidden state process and a related observation process. These processes are described
via a pair of distributions encoding the state dynamics and the observation process,
with the distribution of the current state depending only on the previous state, and the
distribution of the current observation depending only on the current state. In general,
the parameters of these distributions are unknown, and are challenging to estimate,
with conventional estimation schemes failing due to the temporal dependence of the
time series, and the resultant concentration of the likelihood function. In this work
we present several methods to estimate the parameters of state-space models, as well
as some methods for estimating the form of the model itself when this is unknown.
In particular, we focus on methods that admit interpretable estimates via promoting

sparsity in the parameters, thereby shrinking many parameter values to zero.

In the first contributing chapter of this work, Chapter 3, we propose a method
to obtain sparse Bayesian estimates of the transition matrix of a linear-Gaussian state-
space model by utilising reversible jump Markov chain Monte Carlo. We discuss the
construction of the reversible jump kernel, and how to interpret the sampled sparsity
in terms of a Bayesian causality. We demonstrate our method on several synthetic
datasets, where we have the ground truth of causality, and on real-world weather data

where we do not, comparing the performance to the existing state-of-the-art.

In Chapter 4, we propose a method to promote graphical clusters in the transition
parameters of a linear-Gaussian state-space model by utilising a sparsity promoting
estimation scheme in conjunction with a dynamically adaptive penalty. We design
a general framework to construct state clustering methods within state-space models,
and then construct a representative method as a case of this general framework,
wherein we apply ideas from network analysis to design an iteratively applied cluster
promoting penalty function. We test our method on a series of synthetic datasets,

and compare the performance to the existing state of the art.

In Chapter 5, we propose a method to construct a polynomial representation of a

v



general state-space model, whereby we learn a sparse approximation of the transition
function from a basis of polynomial terms. This allows us to infer the connectivity of
the hidden states, thereby providing insight into the unknown underlying dynamics.

In the final main chapter, Chapter 6, we propose a method to approximate the
intractable optimal proposal of a particle filter utilising a shallow neural network which
parametrises a Gaussian mixture distribution. We compare this proposal to several
standard proposals, and extend the work to simultaneous estimation of the transition
and proposal distributions.

Finally, we provide some concluding remarks on the techniques developed, and

present a number of potential avenues for future research.
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Chapter 1
Introduction

In many scientific disciplines, it is required to study a system that evolves in time. Data
collected from such systems is known as time series data, and the processing of this data
is the focus of the discipline known as time series analysis [1]. Within this discipline,
there are several ways to model time series data, such as graphically [2], autoregressively
[3], or via black-box machine learning techniques [4]. Another method is state-space
modelling, where the system is modelled as having an unobserved noisy latent state that
evolves in time, and which is related to the observed series of noisy observations [5, 6].
This latent process is typically such that it encodes the variable that we are interested
in modelling. For example, in numerical weather prediction, we may observe the wind
using various instruments, but these instruments have error, and measure the wind
through a process, not directly [7]. Another example is in finance, where we can often
obtain the price of an asset, but do not directly observe its volatility, which is of interest
for risk forecasting [8]. State-space models are commonly used in many areas, and

hence methods for improving their efficiency and applicability are widely applicable.

In order to perform filtering in state-space models, the model must be fully spec-
ified with all parameters being known [5]. However, in practice, this is often not the
case, and typically some model parameters are unknown. Therefore, we estimate
the parameters, and in some cases the model form, from the available data [1]. This
results in a difficult parameter estimation problem with a complicated and concen-
trated likelihood structure. Parameter estimation is a much more difficult task than
performing filtering on the same models, and is in general more computationally
expensive, as most parameter estimation algorithms perform filtering as part of their
estimation [5, 9, 10]. In particular, estimating the parameters of a linear-Gaussian
state space model, in many ways the simplest continuous state-space model, in all
but the simplest cases requires multiple evaluations of the filtering equations to obtain

the likelihood, which is far more expensive compared to evaluating the likelihood of



a typical statistical model [5, 10, 11]. Even more difficult, in the general setting it is
not possible to evaluate the likelihood exactly, and we require approximations such as
the extended Kalman filter or the particle filter. These methods are more expensive
than the Kalman filter, and yield only an approximate likelihood, making parameter
estimation even more challenging [5, 12, 9]. Fortunately, there exist several methods
for performing estimation in state-space models, with techniques based on Markov
chain Monte Carlo (MCMC) [10, 13] and expectation maximisation (EM) [5, 11] being
commonly used methodological frameworks for parameter estimation in state-space
models. However, in general, methods developed within these frameworks do not take
into account the structure of the underlying parameters; this is a trade-off for their
generic applicability. For a state-space model this structure is very informative, and

therefore we should, if possible, incorporate it into the design of our estimation scheme.

In real-world systems, where each latent state dimension has a physical interpreta-
tion, the system dynamics are often capable of being represented by sparse interacting
subsystems [14]. Furthermore, this between-step connectivity of the latent states can
be represented as a graph, with edges implying that the source Granger-causes the
destination [15, 16]. This graphical interpretation of parameter sparsity is particularly
powerful, as, in addition to providing an easy to understand representation of the un-
derlying dynamics, it allows us to potentially partition the state-space into interacting
subsystems that can be studied in isolation [16]. In addition, if a state-space model
can be represented by a graphical model where the underlying graph is made up of
disconnected components, we can potentially parallelise the evaluation of the filtering
equations, thereby reducing the cost of recovering the state in large and expensive
to evaluate systems. As we generally wish to recover estimates that encapsulate the
true behaviour of a system, whatever scheme we use to estimate the parameters of a

state-space model should be able to exhibit this sparsity in the recovered estimates [16].

In this thesis we introduce several parameter estimation methods for both linear-
Gaussian state-space models and general state space models. These methods aim at
discovering latent structure in the modelled series, and cover a range of point-based
and distributional approaches. The capability to recover sparse graphical models is a
core feature of most of the methods we propose in this thesis, such as those proposed
in Chapters 3, 4, and 5. However, if we are not interested in recovering the underlying
structure, and instead are interested in only the state, then we can utilise additional
methods such as that proposed in Chapter 6, which improve state recovery at the

expense of model interpretability.



Chapter 2: Background on State-Space Models and Parameter Estimation

In this chapter, we provide background information on existing methods for parameter
estimation in state-space models, including such methods as importance sampling and
particle Markov chain Monte Carlo (MCMC).

Chapter 3: Sparse Bayesian Estimation of Transition Parameters in Linear-

Gaussian State-Space Models

We proceed to develop a fully Bayesian method for estimating the transition matrix
of a linear-Gaussian state-space model (LGSSM) such that the recovered transition
matrix exhibits true sparsity in each sample. This stands in contrast to standard
sparsity promoting schemes, that when applied within a Bayesian sampling framework
do not yield exact zeros. We achieve this using a reversible jump MCMC sampler,
with a novel jump proposal over the sparsity, which is interpreted as a model space.
We demonstrate the performance of this method on several synthetic experiments,

and apply it to real-world data.

Chapter 4: Cluster Discovery in Linear-Gaussian State-Space Models via

Iterative Constraints

In this chapter, we propose a framework for estimating the transition matrix of a
linear-Gaussian state-space model such that the estimate exhibits a clustered struc-
ture. Our framework can utilise several method for promoting cluster structure, such
as betweenness centrality or minimum cuts. We evaluate the performance of this
method compared to existing sparse parameter estimation methods for LGSSMs, and
demonstrate a superior performance when the underlying model exhibits a clustered

structure, and comparable performance when it does not.

Chapter 5: Approximate Learning of General State-Space Models via a
Sparse Polynomial Library

In this chapter, we develop a method for estimating the state transition kernel of a
non-linear state-space model utilising a polynomial approximation, in such a manner as
to yield a sparse connectivity graph. First, we develop the polynomial approximation,
and show that several popular dynamical systems can be exactly recovered within
the implied basis. Next, we outline a method for estimating the parameters of this
approximation utilising a sparsity-promoting gradient scheme. Then, we develop a
variant of our method to automatically combat likelihood degeneration. Finally, we

compare our method with a polynomial maximum likelihood scheme, and show that



our proposed sparsity promoting method yields better results in both recovering the

underlying structure, and recovering the true value of the driving parameters.

Chapter 6: Neural Transition Kernels and Proposal Distributions for
Particle Filtering

This chapter proposes a method to jointly estimate the transition kernel and optimal
proposal distribution of a general state-space model. We do this using a neural network
to learn the mean and variance functionals of the components of two Gaussian mixture
distributions, which then serve as the transition kernel and state proposal distribution.
We evaluate the performance of this method against several existing improved proposal

schemes.

Chapter 7: Conclusion

This chapter contains our concluding remarks, and presents several avenues for further

research and extension of proposed methods.



Chapter 2

Background on State-Space

Models and Parameter Estimation

In many scientific disciplines, we require to model time variable systems. For example,
in biology it is common to model the response to a course of treatment, in mathemat-
ical finance it is typical to model the price of a security, and in ecology the goal is
often to model the population dynamics of some species. This type of data is collected
sequentially in time, and is referred to as time series data. We can use time series
data to build a model for the underlying system from which the data was gathered,
with this model then being used to perform inference, such as forecasting the future
values of the system based on the observed values, determining the most important
factors in the evolution of the system, or probabilistically recovering the state of the
series given a related series of observations [1].

Furthermore, we often require to estimate the parameters of these models, as
they are not known beforehand. Parameter estimation is a very common problem in
statistics, and therefore has many possible methods with which it can be addressed [17].
First, we will address parameter estimation in a general setting. Then, we will introduce
the state-space model, for which standard parameter estimation schemes often fail [5].

Finally, we will give some methods for parameter estimation within state-space models.

2.1 Parameter estimation

In statistical inference, we often estimate the parameters of a model, as they are
generally not known. Such parameter estimation in many ways forms the core of
statistics, and thus there are many ways by which to proceed. Commonly, parameter
estimation schemes are tailored to take advantage of the specific structure of the model

for which they are designed. This is the case for the schemes discussed in Section 2.3,



however here we will discuss some more generic schemes which we build off to create

more specific schemes.

2.1.1 Monte Carlo parameter estimation methods

In standard statistical inference, Monte Carlo methods are commonly used to estimate
distributions and expectations via sets of samples. These methods are particularly
useful when dealing with complex distributions where direct analytical solutions are
not feasible.

We can estimate p(6) using the set of K independent samples {6} |, with

0.~ p(0) using the following empirical approximation:

5(6)= 2> 50.(6), 1)

where dg, (0) is the Dirac delta function centred at 6y and evaluated at 6. To approx-
imate the expectation of a function f(€) with respect to p(0), we can use the Monte

Carlo estimator .

E,(/(6)) = [ £O1(6)10= 1> 1(60). 22

k=1
This estimator is unbiased, consistent, and converges to the true value of E,(f(6)) at
arate of O(%) [18].

Methods of sampling p(8) directly are often specific to a distribution, but a uni-
versally applicable method for distributions that admit an inverse CDF F~!(8)is the
probability inverse transform, whereby samples u; ~U(0,1) are transformed to samples
from p(@) by O =F""(uy,) ~p(6).

However, directly sampling from p(8) is often not feasible. In such cases, indirect
sampling methods can be employed. One approach involves transforming samples
drawn from a proposal distribution ¢(@) and modifying them utilising a series of
weights so that they are valid samples from the target distribution p(@). This requires
only evaluating the density of the target distribution up to proportionality. This
approach is known as importance sampling [18].

Another approach is to construct a Markov chain with the target distribution p(6)
as the stationary distribution, and generate samples from that Markov chain. This
also typically requires only the density of the target distribution up to proportionality,
but more advanced methods can require the gradient of the target density as well.
This method of generating samples is known as Markov chain Monte Carlo (MCMC),

and forms the basis for modern Bayesian statistical computing [19]. Note that other
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methods such as variational inference [20] can be used to generate sample, but are

excluded here as they are not relevant to this thesis.

Importance Sampling

Importance sampling is a technique by which we can evaluate expectations of a complex
target distribution p(@) using samples from a simpler proposal distribution ¢(@) via
a weighted average of the samples [18]. In order to perform importance sampling,
supp(p) C supp(q), where supp denotes the support [18]. First, note that we can
construct a Monte Carlo estimate to ¢(8) by sampling K samples 6y, for k=1,.... K
from ¢(0)

00)=> 00, (6). (23)

Therefore, we can construct an approximation to p(8) by

K

p(6) :é%q(e) ~ %;%agk ®). (2.4)

We denote by w(0)= % the importance weight, and thereby obtain the importance
estimator to p(@), given by

(0)= %Zw(e)(sgk ). (2.5)

This estimator requires the target distribution to be known exactly, which is often

not the case.

If we can evaluate the target density p(@) only up to some constant of proportion-

ality, where p(8) = %, with p(@) being a function we can evaluate, we can then

construct the self-normalised importance sampling estimate to p(), given by,

where w(0) is now 1—%. We can rewrite the estimator p(0)(0) using normalised weights,

q
given by w(0) = %, as
K
P(0)=> _(61)0s,(6), (2.7)
k=1



and approximate expectations of functions of the state using

K
E,(f(6))~)_w(6:)f(8)). (2:8)
k=1
Importance sampling can be efficient and fast to sample, however it is generally difficult
to design the proposal distribution ¢ to yield accurate results [21].

When estimating the posterior parameter distribution p(8|y1.1), importance sam-
pling is generally not directly useful, as the distribution of probability mass in the
parameter distribution is generally very different from that of standard closed form
distributions, and therefore the resulting importance samples are of low quality. Fur-
thermore, the high cost of evaluating the density of p(8|yi.r) is such that more
expensive methods, such as MCMC, can be used to obtain a superior effective sample
size per second for this purpose.

Multiple importance sampling. In order to use importance sampling, we must
choose a proposal distribution. This is generally a difficult task, as in order for the
effective sample size to consistently be high, the ratio of the densities of the target and
the proposal should be close to 1. However, this presents an issue, as we require a distri-
bution that globally approximates the target distribution to construct such a proposal.

In the case that we do not have such a distribution, we can use multiple distribu-
tions to leverage local knowledge to create a proposal. Multiple importance sampling
(MIS) involves selecting a set of N component distributions, 1»={q,g2,...,qn }, which
together form the proposal distribution. This makes designing the proposal simpler, as
each component distribution can capture local behaviour, with their combination better
representing the global behaviour of the target distribution than any single component.

Note that multiple importance sampling is not, in general, equivalent to using a
mixture distribution as the proposal distribution, with there being many distinct and
valid schemes for generating samples from an MIS proposal [22]. One way is to then
uniformly sample a distribution ¢; by drawing j from a categorical distribution such
that j~Cat([1,...,N],[N~',..,N7]), and then sample 6 ~g;.

Furthermore, there are many valid ways to compute the weight w of a sample

from an MIS scheme. Two typical ways are

or

w= )
N7125:1Qn(0)

These weighting functions both result in valid estimators, and are independent of the
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index sampling method. Note that other weighting functions can be used, and that
the proposal distribution set can be weighted such that some distributions are sampled
more frequently than others [22].

Adaptive importance sampling. In many cases, the target distribution is largely
unknown beforehand, and therefore it is not possible to design a proposal This can
occur if, for example, the distribution results from a model with unknown parameters.
To counteract this, we can adapt the importance distribution to the target distribution
by learning the parameters of the proposal distribution that best represent the target
distribution. This is known as adaptive importance sampling (AIS).

In general, AIS proceeds by iteratively sampling the proposal, then updating the
proposal parameters. Mathematically, this involves initialising N proposal distribu-
tions Yo =1{q¢,.0:0¢s0:-0dn.o > With ¢;; parametrising the jth distribution at the ith
iteration. At the ith iteration, we have 1; ={qg, ,,qg,,q¢x. }- We then sample K
samples from each proposal distribution, yielding {eg’“j} for k=1,..,.K,n=1,...,N.

We then compute the importance weight for each sample, with w,(fz) being the weight
(k)

for 00"

Finally, we update the parameters {¢,;}2_; — {Pn.it1} ;.

An overview of various AIS methods is provided in [23].

Markov chain Monte Carlo

Markov chain Monte Carlo (MCMC) allows us to sample from a distribution p(0)
given that we can evaluate it up to a constant of proportionality. In order to sample
p(0), MCMC constructs a Markov chain with p(@) as its limiting distribution. We
then generate samples from this Markov chain, and utilise the samples as we would
samples from the distribution of interest. Typically an initial fraction of samples are
discarded in order to allow the chain to converge to its limiting distribution. The
limiting distribution of a Markov chain is determined by its transition kernel, which
we denote by 7(0,0"). There are several methods to construct a transition kernel such
that the resulting chain admits the target distribution as the limiting distribution. We
will present a standard method, Metropolis-Hastings, from which many methods can
be developed, such as Hamiltonian Monte Carlo (also known as Hybrid Monte Carlo)
[24] and Reversible Jump MCMC [25].

The Metropolis-Hastings algorithm. The Metropolis-Hastings algorithm is method
to construct a transition kernel for a desired distribution [26]. This method uses an
accept-reject step to correct samples from a proposal distribution to samples of the
target distribution. Denote the target distribution by p(z) =p(0)/ [p(6)d6, where
we can evaluate p(@) but not p(@). Furthermore, denote our proposal distribution by

q(0'|@), where the value of the new value is conditional on the current value of the
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chain. We can then construct the Metropolis-Hastings transition kernel by
T(60,0)=c(0',0)q(¢'0), (2.9)

where the Metropolis acceptance probability a(€’,0) is given by

o (4010 ()
o(0.0)=min( 55515 ) 210

We note that
p®) _p(0)/[p(6)0 _p(®)
p(0) p(0)/[p(0)d6 p(0)’

and therefore we do not need to know the normalising constant of p(@). We can now

(2.11)

construct the Metropolis-Hastings algorithm, which we give in Alg. 1.

Algorithm 1 Metropolis-Hastings Markov chain Monte Carlo

1: Input: Proposal distribution ¢(6’|@), number of samples K, initial value 6.

2: Output: Samples {6;}1 | from a Markov chain with limiting distribution p(@).
3: for k=1,....K do

4: Draw 6 ~q(0'|0;_1).

5 Draw u~U(0,1).

6: if u<a(6,05_1) then
T Set 0;,:=0'.

8 else

9 Set 0;,:=0;,_.

10: end if

11: end for

Metropolis-Hastings MCMC, given in Alg. 1, gives us a method to sample from
p(0) given that we have a proposal distribution ¢(8), however we do not know how
to construct q(€'|0x_1). One method used in Bayesian modelling, where p() is the
posterior distribution of some parameter, is to sample from the prior distribution. This
can be efficient when the prior is highly informative, but often uninformative or diffuse
priors are selected, or the data differs significantly from the prior, and therefore prior
sampling is ineffective. We can mitigate this by utilising previous values of the sample
chain to inform the distribution of new samples. A simple method implementing this
is random walk Metropolis-Hastings (RWMH).

RWMH proposes samples from a distribution informed by the current value of the
chain. An example of this is ¢(0'|0) =N (0,X), where X is some selected covariance
matrix. Furthermore, it is common that the distribution chosen is symmetrical, that

is ¢(0'|0)=q(0]0'), as is the case with the Gaussian given above. This simplifies the
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Metropolis acceptance probability to

(00 —min [ 1(016) P(O)

@8 <q<0'|e> »(6) ’1) (212)
=min p(9)
= (p(@) ,1), (2.13)

which, if ¢ is such that the density is expensive to evaluate, can save significant
computational time. It is clear that the design of the proposal distribution ¢(6'|6) is
critical to the performance of a Metropolis-Hastings sampler. Generally, we want a
proposal distribution that leads to good mixing, which occurs when the Markov chain
rapidly converges to the desired distribution and has low auto-correlation between
samples, and therefore explore the sample space well. We can always get a high
acceptance probability using RWMH by setting the proposal ¢(8'|@) such that the bulk
of the density occurs in a small region around 8, however this will converge extremely
slowly and will not explore the sample space efficiently. Conversely, a proposal with a
very diffuse density will also not explore the sample space, as the acceptance probability
will be very low, and so the proposed samples will rarely be accepted. A rule of thumb
for RWMH is to target an acceptance rate of 0.234 [27], although the conditions for
this to be truly optimal are often not satisfied. We utilise RWMH alongside a model
sampling scheme to design a sparsity promoting parameter estimation scheme for the

transition matrix of a linear-Gaussian state-space model in chapter 3.

2.1.2 Optimisation-based pointwise estimators

An alternative approach to estimating a parameter of interest is finding the value that
optimises a specific function, often referred to as a loss function. This approach does
not generally yield distributional estimates, and therefore does not natively propagate
uncertainty, as is the case with MCMC and importance sampling. However, often
these approaches are either computationally infeasible due to the cost of evaluating the
target density, or there is no method to design a usable proposal or sampling scheme.
In these cases, it is typical to use a pointwise estimator optimising some criterion.

Perhaps the most common example of such an estimator is the Maximum likelihood
estimator (MLE). When estimating the parameter @ given the data yi.r, the MLE,
denoted éMLE, is obtained by maximising the likelihood of the data

éMLE = argznax p(Y1;T|9 )7

where p(y;.7|0) represents the likelihood of the data. This estimator does not incor-
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porate prior information, and so can be used when there is either no prior information
or when an improper diffuse prior is chosen. In this thesis we typically use it as a
benchmark.

A similar estimator to the MLE is the maximum-a-posteriori (MAP) estimator.
Instead of maximising the data likelihood, the MAP estimator maximises the posterior

density of the parameter, hence:
Oviap= argmax p(0)p(y1.r6),

where p(0) is the prior distribution associated with 8. The MAP estimator allows us
to incorporate prior beliefs about the parameter’s value and structure through p(8).
Notably, many penalty schemes can be interpreted as optimising parameters under
a prior distribution [28, 29]. Sparse estimation schemes can often be interpreted as
computing a MAP under a prior, where the prior in some way promotes sparsity in
the estimated parameters Oriap [16]. One well known sparsity promoting prior is the
Laplace prior, which the the Bayesian equivalent of the frequentist LASSO [28, 29|, and

which is equivalent to penalising by the L1 norm of @ when performing optimisation.

2.2 State-space models

One framework for analysing time series data is state-space models (SSMs). SSMs
model the evolution of a latent state in time, which we do not observe. Instead, we
obtain a series of related noisy observations. A SSM is hence completely defined by
a state transition process an observation process, and an initial distribution for the

hidden state [5].

The general state-space model, in absence of control inputs, is given by

X~ (X |xi-1;0), (2.14)

ye~p(yelx:0),

where t =1,...,T denotes discrete time, x, € RV is the state of the system at time
t, y: €RMv is the observation at time ¢, p(x;|x;_1;0) is the conditional density of the
state x; given x;_1, p(y:|x¢;0) is the conditional density of the observation y, given
the hidden state x;, and 0 is a set of parameters. The initial value of the state is
distributed as xg~p(x¢|@). The state sequence {X;}+>o is hidden, whilst the related
sequence of {y;}>1 is observed.

We are often interested in inferring p(x;|y1.), the so-called filtering distribution,

or p(x¢|y1.r), the smoothing distribution. The filtering distribution infers x; using
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only observations collected until time ¢, whereas the smoothing distribution infers x;
using all observations including those collected after time ¢ [5]. Consequently, filtering
is suitable for online, real-time use, whereas smoothing can only be used offline, after

all data has been gathered.
From Eq. (2.14), we observe that

1. the state transition process is Markov, i.e. the state at time ¢, x;, depends only

on the state at time t—1, x;_1
2. the state transition process is not informed by the observation process

3. the observation y; depends only on the current state x;, and not on previous

values of the observation or state.

Note that the latent state x; and the observation y; can be in discrete or continuous

space.

2.2.1 Linear-Gaussian state-space models and the Kalman
filter

The linear-Gaussian state-space model (LGSSM) is a special case of the general state-
space model, and is a particularly useful case, as it admits both an efficient closed-form
solution to the filtering problem, and can represent many real-world problems [5]. The

LGSSM, in absence of control inputs, is given by

X¢=Ax 1 +qy, (2.15)
y:=Hx;+ry,

for t € {1,...,T}, where x; € R™ is the hidden state with associated observation
y: € RM at time ¢, A € RV=*N= is the state transition matrix, H € RNz is the
observation matrix, q; ~AN(0,Q) is the state noise, and r, ~N(0,R) is the observation
noise, with NV (u,X) denoting the normal distribution with mean g and covariance

3. The state prior is xg~N (p,X0), with gy and Xg known.

For the LGSSM, we can obtain the optimal solution to the filtering equations by
the Kalman filter [30], given by Alg. 2.
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Algorithm 2 Kalman Filter
Input: Parameters A, Q,H,R, 1,2, observations y.r.

Output: Filtered state means and covariances { e, 3 }7_;.
for te{l,...T} do
Prediction step:
e=Ap;
3= AY AT+Q
Update step:
v,=Hp,
V=Yt~V
S,;=HXH'+R
K,=3,HTS;!
= +Kvy
¥, =3 —K,SK]

end for

Note that the likelihood of the observation series is given by

p(y1rl) prt|y1t 1,0), (2.16)

where

P(yelyre—1,0) =N (141,Sy), (2.17)

with v,,S; as Alg. 2. In the LGSSM, the 0 parameter can inform the value of any
(or all) of A HR,Q,%, and . For example, if a method were inferring both the

transition matrix and the state noise covariance matrix, we would have 8={A Q}.

2.2.2 Particle filtering

The general state-space model can be described by Eq. (2.14). Filtering methods aim
at estimating the hidden state at time ¢, denoted x;, typically utilising the posterior
density function of the state conditional on the observations up to time ¢, denoted y;.;.
Particle filters approximate this density, p(x;|y1.;;0), using a set of K Monte Carlo
samples (particles) and their associated (normalised) weights, {xl’“},wY"% 1. The

posterior density can then be approximated by

p(x:|y1:0) Zw§ 5 09 (2.18)
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with functions of the state having their expectation approximated by

Z-"“ x\M). (2.19)

A commonly used particle filtering method is the sequential importance resampling
algorithm [31, 32], given in Alg. 3. At every time-step ¢, the K particles and normalised
weights, {xf%,@f%},f:l, are calculated. First, we perform the resampling step (line
7), which generates K samples, sampling xt(li)l, k=1,...,K, with probability wfi)l. The
resampling step is vital to avoid the degeneracy of the filter by ensuring the diversity
in the particle set and obtaining a more accurate approximation to the posterior
distribution, p(x;|y1.;0). Next, K particles xgk), k=1,..,K, are drawn from the
proposal distribution 7(x¢|x;—1,y+;0) (line 10). This is analogous to the prediction step
of the Kalman filter, although it potentially utilises observation information, which
is not the case in the Kalman filter. Finally, we incorporate the observation y, and
the system dynamics, both of which are utilised when computing the particle weights,
given by wfk), k=1,..,K, in line 12, and the normalised weights (line 13). These
weights, in conjunction with the particles, form an importance sampling approximation
to the filtering distribution p(x;|y1.7;0), where the sample xgk) has weight wg’”. This

step is analogous to the update step of the Kalman filter.

Algorithm 3 Sequential importance resampling (SIR) particle filter

1: Input: Observations yi.7, parameters 6

2: Output: Hidden state estimates x;.7, particle weights wy.7
3: Draw xék)wp(xo|0), for k=1,.. . K

4 Set W =1/K, for k=1,...K

5. for t=1,..., T and k=1,...,.K do

6: Resampling step:

7 Sample agk) ~ Categorical (w;_1)

8 Set Wi, =1/K

9 Prediction step:

10: Sample x( )
11: Update step:

( )
(Xt|Xt< 1 7Yt;0)
(k)
(),

x(k). x(k) x )
12: Compute wt(k):p(yt‘ e)pé t >|> t—1 ) )

r(xPx, ! ) yt;e>

13: Compute w," =w® /Zi:l {0
14: end for

In order to utilise the particle filter, one must determine the proposal distribution,
as this is not a component of the state-space model for which estimation is being

performed. The proposal distribution is particularly tricky to design, as it is unique
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to the particle filter, with the other two distributions being exactly as in the definition
of the state-space model (Eq. (2.14)). In some cases an optimal proposal distribution
can be derived analytically, such as in the LGSSM where p(x¢|x;_1,y;) can be derived
using the properties of the multivariate Gaussian distribution, however in the general
case the proposal distribution weighs computational complexity against statistical
performance. One such proposal distribution is the bootstrap proposal [32], where
the particles are sampled from the state transition distribution. This is both simple,
and results in an analytic simplification of the weighting term, which allows both
faster computation and for the bootstrap proposal to be applied in situations where
the transition dynamics can be sampled, but do not admit a density, e.g., when the
transition is derived from a general SDE. However, the bootstrap proposal is often
not very statistically efficient. Proposals can be designed to utilise the observation
information, such as in the auxiliary particle filter [12, 33]. However, these schemes
are generally more expensive per iteration, as they require evaluating more densities.

Finally, note that the particle filter, just as the Kalman filter, requires the param-
eters of the state-space model to be known in order to be evaluated, which is not in
general the case. We will now discuss several methods for learning parameters in the

state-space model.

2.3 Parameter estimation in state-space models

As in practice the parameters of a SSM are in general unknown, we often require to
estimate the @ parameters of a state-space model before we can perform filtering. We
will now describe several approaches to estimating the unknown parameter @, allowing

us to infer the hidden state of the system via the filtering equations.

2.3.1 Posterior distributions and parameter densities in state-

space models

To infer the model parameters, we target the posterior distribution of the parameter,
given by
p(Bly1.7) xp(0)p(y1.710), (2.20)

with p(@) the prior distribution of 6, and where we can compute p(y,.7|0) via

T

p(y1710) =] [p(velyrs-1.6), (2.21)

t=1

16



with p(y1[y1.0,0) :=p(y:1|6), and
p(Ytb’l:t1;0):/p(yt‘xtae)p(xt‘YLt179)dxt> (2-22)

which obeys the recursion

p(lyie1,0) / P 1.0)p(1lyre 1.0)dx: 1,

p(}’t |Xt79)p(xt |Y1:t—1 ,9)
X |y:,0) = .
p( t|Yt ) P(Ytb’lzt—lae)

(2.23)

Note that Eq. (2.23) are simply the Bayesian filtering equations, with the first line
giving the prediction step, and the second line the update step [5].
Further, note that, given the output of the the particle filter (Alg. 3), we can

estimate the posterior density of the observation series by the importance estimate

p(8ly1.1) < p(O)p(y1:710) ~p(Blyrr) =p(0)] | <%Zw§k)> . (2.24)

t=1 k=1

There are many methods to estimate parameters @ given its posterior density
function p(8yy.r). We can broadly classify these parameter estimation methods as
point estimation methods and distributional methods. Point estimation methods
provide a single estimate that is, in some defined way, the optimal value. An example
of a point estimation method is the maximum-a-posteriori (MAP) estimator, that
defines the optimal value of 8 as the one that maximises the posterior density p(0|y1.r).
The method proposed in this work yields a MAP estimator.

In the case of a linear-Gaussian state-space model, we have simple iterative methods
for the MLE of each parameter [5], and efficient methods for obtaining the MAP
estimator for sparsity promoting priors for the transition matrix [16] and the state
covariance matrix [34]. Distributional methods estimate the posterior distribution of
the parameter, with common methods being importance sampling [18], Markov chain
Monte Carlo [10], and variational inference [20]. For the linear-Gaussian state-space
model, we can utilise reversible jump Markov chain Monte Carlo to obtain an estimate
of the distribution of sparsity [35], however no similar method exists for the general
state-space model. Our proposed method in this work is a point estimation method.

For general SSMs, the posterior density of the parameter 8, necessary to compute
the posterior and hence to design a procedure to maximise it, cannot be obtained in
closed form. We can estimate it using the particle filter, by the Monte Carlo estimate
given in Eq. (2.24). where wlgk) and ﬂ)@l are the weights of the particle filter in Alg. 3
[5, Chapter 12]. Note that the weights are dependent on the parameter 8 through
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their computation in Alg. 3. Using these weights, we construct an estimate of the log

posterior density by
log(p(8|y1.r)) =log(p (9))+log( (y1:7(0)) +e,

(2.25)
~log(p +Zlog <Zw(k)wt(k)1>

where ¢ comes from the proportionality in Eq. (2.24), and we note that if resampling
occurred at time t—1, which is always the case if following Alg. 3, we have w,_1 =1/K.
Note that in practice, log-weights are used for numerical stability, and we compute

Zk 1wt w usmg a logsumexp reparametrisation.

2.3.2 Parameter optimisation

In the linear-Gaussian state-space model, we can evaluate p(y;.7|@) and its gradients
exactly for all parameters of the model [5]. Therefore, we can use first order gradient
optimisation schemes to obtain point estimates of the model parameters. Note that
if improper flat priors are used, then closed form solutions for conditional MLEs exist
for all parameters of the LGSSM. Several efficient parameter estimation schemes for

the linear-Gaussian state-space model are presented in [11] utilising the EM algorithm.

However, in the general state-space model when using the particle filter, p(y1.r|0)
must be stochastically approximated through importance weights, and therefore both
does not admit gradients, and is a noisy estimate. Therefore gradient-based optimi-
sation schemes cannot be directly applied, and most gradient-free methods assume
properties of the optimised function that are violated due to the stochastic nature
of the estimated posterior density. Furthermore, the posterior density of a general
state-space model is typically more complex than that of a linear-Gaussian state-space
model, and therefore it is more difficult to perform parameter estimation regardless

of the stochasticity of the density estimate.

However, recent advances in particle filtering have introduced schemes that allow
gradient propagation through particle filters [36, 37]. These developments have ex-
panded the range of optimisation techniques available for general state-space models.
In particular, gradient methods such as Adam [38] can be used, which are robust to
noisy density estimates by construction, as they are designed for use in deep learning,

where batched learning, and hence stochastic losses and gradients, is standard.

18



2.3.3 Sparse parameter estimation

When fitting and designing statistical models, the presence of sparsity in parameters is
often desirable, as it reduces the number of relevant variables thus easing interpretation
and simplifying inference. Furthermore, real systems are often made up of several
interacting dense blocks that, when taken as a whole, exhibit complex dynamics
[14]. Sparse estimation methods allow for this structure to be recovered, resulting in
estimates that can reflect the structure of the underlying system. Sparsity is ubiqui-
tous within signal processing, with signal decomposition into a sparse combination
of components being very common [39, 40, 41], which can be parameterised via model
parameters. Furthermore, within signal processing, there exist a number of existing
sparse Bayesian methods, such as [42, 43, 44, 45], although these do not operate within

the paradigm of state-space modelling.

There are several approaches to estimate model parameters such that sparsity is
promoted. One approach may be to construct many models with unique combinations
of sparse and dense elements, fit all of these models, and then select the best model
according to some criteria (see [46, 47, 48] for examples). This approach is conceptually
sound, but computationally expensive for even a small number of parameters p, as 2P
models would need to be fitted in order to obtain density estimates, or other goodness-
of-fit metrics. Another approach is to estimate the model parameters under a sparsity
inducing penalty, with the classic example of such a penalty being the LASSO [28, 29].
This approach, commonly called regularisation, allows for only one model to be fitted
rather than many, but increases the computational complexity of fitting the model. This
single regularised estimate is, in most cases, more expensive to compute than fitting a
non-regularised estimate as required by the previous approach, but this cost is typically
far less than the cumulative cost of all required estimates in the previous approach.
Regularisation is a common way to obtain sparse estimates, and can be extended to

Bayesian modelling and estimation in the form of sparsity inducing priors [29, 49].

In LGSSMs, a sparse estimate of the transition matrix A can be interpreted as
the adjacency matrix of a weighed directed graph G, with the nodes being the state
elements, and the edges the corresponding elements of A [50, 16]. We illustrate this
with an example in Fig. 2.1.

The graph G thus encodes the linear, between-step relationships of state elements.
Under this graphical interpretation, A;; being non-zero implies that knowledge of the
jth element of the state improves the prediction of the ith value. The presence of an
edge from node j to node i implies a Granger-causal relationship between the state
elements, as knowledge of the past values of the jth element at time ¢ improves the

prediction of the ith element at time ¢+1, implying a Granger-causal relationship [51].
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Figure 2.1: Example of a weighted directed graph associated with matrix. The edge
thickness corresponds to the magnitude of the weight.

This interpretation can be extended to general state-space models. In this case, A is
a binary matrix, with A;; =1 if the transition kernel for state 7 has a dependence on state
j, and 0 otherwise. We then construct the graph G from A, however, the graph is not
weighted. This construction still implies state j Granger-causes state ¢ if A;;=1, how-
ever there is no way to compare the magnitude of the effect without further information,

as the interaction term may be more significant in some regions of the state than others.

2.3.4 Particle MCMC

In the general state-space model, we cannot evaluate the parameter posterior p(8|yy.r)
exactly using the particle filter. Instead, we rely on a stochastic estimate of the
posterior, given by Eq. (2.24). It has been shown [10] that, under weak assumptions,
the particle filter estimate of the parameter posterior density can be used to construct
an MCMC proposal with which the Markov chain converges to the true parameter
posterior. Several particle MCMC methods have been proposed, with one such method

being particle marginal Metropolis-Hastings (PMMH).

Algorithm 4 Particle marginal Metropolis-Hastings

1: Input: Proposal distribution ¢(6’|@), number of samples K, initial value 8y, observations
y1.1, prior distribution p(0).

2: Output: K Samples from p(8ly1.r) {6} ;.

3: for k=1,....K do

4: Draw 6" ~q(€'|0;_1).

5: Obtain p(y1.7|0’) via a particle filter and Eq. (2.24).
6: Draw u~U(0,1).

T i usmin (GG NG ) then

8: Set 6),:=0'.

9: else

10: Set 6, :=0;,_.

11: end if

12: end for

PMMH, described in Alg. 4, is a Metropolis-Hastings algorithm utilising the

stochastic estimate of the parameter posterior density given by the particle filter. The
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Markov chain resulting from this algorithm has the desired stationary distribution of
p(O@lyr.r) [10].

PMMH is described as marginal due to the densities in line 5 of Alg. 4 being a
marginal density, as we marginalise the dependence on the particles {ng%}le, hence
reducing the dimension of the sampling.

The efficiency of PMMH, as with all Metropolis-based MCMC schemes, hinges
on the choice of proposal distribution ¢(€'|0x_1). In state-space models, which can
be very difficult to design owing to the sequential dependency of the hidden state. It
is common in practice to utilise the random walk proposal detailed in Section 2.1.1,
where, for a Gaussian random walk, 8" ~ N(6;_1,X) for some selected covariance
matrix Y. If 8 contains matrices, these are transformed to vectors.

Particle MCMC is computationally expensive, as each iteration requires a complete
run of the particle filter, with a sufficiently larger number of particles K to yield
an accurate estimate of the parameter posterior p(@|y.r). This gives a relatively
expensive algorithm, however there are several advantages to using particle MCMC.

Firstly, as with regular MCMC, we obtain samples of the posterior distribution
of the parameter 8, and can therefore estimate arbitrary functions of the parameter
with uncertainty quantification. Second, the method works on models of many forms,
and does not require gradient information, which is not readily available through
the standard particle filter. Finally, the method is well tested, and is typically the
baseline against which general parameter estimation methods are compared against
when applied to general state-space models. Note that, in linear-Gaussian state-space
models, we do not need to perform particle MCMC, and instead can perform MCMC
utilising the parameter density recovered from the Kalman filter, not requiring a

particle approximation of the posterior density.
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Chapter 3

Sparse Bayesian Estimation
of Transition Parameters in

Linear-(GGaussian State-Space Models

This chapter is based on the papers [52, 35].

3.1 Introduction

When estimating the parameters of a state-space model, it is crucial that the estimates
reflect the structure of the underlying system. For instance, in real-world systems, the
underlying dynamics are often composed of simple units, with each unit interacting
with only a subset of the overall system, but when observed together these units
exhibit complex behaviour [14]. This structure can be recovered by promoting sparsity
in the parameter estimates. In addition to better representing the underlying system,
sparse parameter estimates have several other advantages. By promoting sparsity
uninformative terms are removed from the inference, thereby reducing the dimension
of the parameter space, improving model interpretability. Furthermore, parameter
sparsity allows us to infer the connectivity of the state space [50], which is useful in
several applications, such as biology [53, 54|, social networks [55], and neuroscience [56].
In state-space models the sparsity structure can be represented as a directed graph,
with the nodes signifying the state variables, and edges signifying between connections
between variables. In the LGSSM specifically, this graph can be represented by an
adjacency matrix with identical sparsity to the transition matrix.

In this chapter, we propose a novel method for sampling the posterior distribution
of the transition matrix of a linear-Gaussian state-space model in a fully Bayesian

manner, whilst also obtaining true sparsity. Standard methods for sampling a con-
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tinuous distribution do not allow for true sparsity, as the sampling probability of
any given value is zero, and hence a true zero is almost never sampled. However, by
interpreting sparsity constraints as encoding different models, we can utilise reversible
jump Markov chain Monte Carlo (RJMCMC) to simultaneously sample the model
space (and therefore the sparsity structure) and the parameter space (the values of
the elements of the transition matrix). We design both specific transition kernels
and parameter rejuvenation schemes, so the algorithm can efficiently explore both
the parameter space, and the sparsity of the parameter in a hierarchical fashion.
As RJIMCMC is itself a modified Metropolis-Hastings method, the solid theoretical
guarantees of both precursors are inherited by our proposed algorithm, such as the
asymptotic correctness of distribution of both model and parameter [25].

Our method outperforms state-of-the-art methods for sparse parameter estimation
in linear-Gaussian state-space models in several numerical experiments. We test our
method in a synthetic example with dimension up to 144 in the parameter space. In

2! models are to be explored (i.e., the number of different

this example, a total of
sparsity levels). Then, we run a numerical example with real data of time series
measuring daily temperature. The novel probabilistic graphical interpretation allows
recovery of a probabilistic (Granger) causal graph, showcasing the large impact that
this novel approach can have in relevant applications of science and engineering. The
model transition kernels used by our method are designed to allow the exploitation of
sparse structures that are common in many applications, which reduces the computa-
tional complexity of the resulting (sparse) models once the transition matrix has been
estimated (see for instance [14]). Our method retains strong theoretical guarantees,
inherited from the underlying Metropolis-Hastings method, thanks to careful design
of the transitions kernels, e.g., keeping the convergence properties of the algorithm.
Extending our methodology to parameters other than the transition matrix is readily
possible. In particular, we make explicit both a model and parameter proposal for
extension to the state covariance parameter Q.

Contributions. The main contributions of this chapter are summarised as follows:

e The proposed algorithm is the first method to estimate probabilistically the
state transition matrix in LGSSMs (i.e, treating A as a random variable rather
than a fixed unknown) under sparsity constraints. This is achieved by taking
A to be a random variable, and sampling the posterior distribution p(A|y.7)
under a unique interpretation of sparsity as a model. This new capability allows
for powerful inference to be performed with enhanced interpretability in this
relevant model, e.g., the construction of a probabilistic Granger causal network

mapping the state space, which was not possible before.
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e The proposed method is the first method to quantify the uncertainty associated
with the occurrence of sparsity in SSMs, e.g., in the probability of sparsity
occurring in a given element of the transition matrix. This capability is unique

among parameter estimation techniques in this field.

e Our method proposes an interpretation of sparsity as a model, allowing the
use of RIMCMC for sparsity detection in state-space modelling. This is the
first RIMCMC method to have been applied to sparsity recovery in state-space
models, probably because RIMCMC methods require careful design of several
parts of the algorithm, especially for high dimensional parameter spaces as is

the case for the matrix valued parameters of the LGSSM.

Structure. In Section 3.2 we present the components of the problem and present some
of the underlying algorithms, as well as the notation we will use. Section 3.4 presents
the method, with further elucidation in Section 3.5. We present several challenging
numerical experiments in Section 3.6, showcasing the performance of our method,
and comparing to a recent method with similar goals. We provide some concluding

remarks in Section 3.7.

3.2 Background

3.2.1 Considered state-space model

In this chapter we consider the additive linear-Gaussian state-space model (LGSSM),
given by
x;=Ax; 1+q, (3.1)
yi=Hx;+ry,
for t=1,....T, where x; €R™= is the hidden state with associated observation y, € R
at time t, A €RN=*Ne ig the state transition matrix, H€R "= is the observation
matrix, q; ~N(0,Q) is the state noise, and r;~AN(0,R) is the observation noise. The
state prior is xo ~ N (Xo,Py), with X and Py known. We assume that the model
parameters remain fixed.

A common task in state-space modelling is the estimation of the series of p(x|y1.)
for te{1,...,T}, also known as the filtering distributions. In the case of the LGSSM,
these distributions are obtained exactly via the Kalman filter equations [5, 30]. The
linear-Gaussian assumption is not overly restrictive, as many systems can be ap-
proximated via linearisation, and for continuous problems Gaussian noises are very

COIMIMOI1L.
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3.2.2 Reversible jump Markov chain Monte Carlo

Reversible jump Markov chain Monte Carlo (RJMCMC) was proposed as a method
for Bayesian model selection [25], and has since seen use in fields such as ecology [57],
Gaussian mixture modelling [58], and hidden Markov modelling [59]. RIMCMC has
even been applied within the realm of signal processing, with some relevant references
being [60, 61, 62]. However, RIMCMC has not been applied to the estimation the

sparsity of model parameters within signal processing.

RJMCMC is an extension of the Metropolis-Hastings algorithm that allows for
the sampling of a discrete model space, and thus the inclusion of many models
within a single sampling chain. RJMCMC is a hierarchical sampler, with an upper
layer sampling the models, and a lower layer sampling the posterior distribution of
the parameters within the model. This hierarchy allows the use of standard MCMC
methods for the lower layer, with the difficulty coming in designing the upper layer [58].

RJMCMC traverses the model space via transition kernels between pairs of models,
with the jumps occurring probabilistically. This lends the model space an interpretation
as a directed graph, with nodes representing the models and edges representing the
jumps between models. Let O be the parameter space associated with model M@,
and 8% € ©) an associated realisation of the model parameters. Denote by ;; the
probability of jumping from model M@ to MUW. Note that 7, ; is zero if and only
if 7;; is zero. Let M be the current model, and M® be a candidate model. In
order to construct a Markov kernel for the transition between models, a symmetry
constraint is imposed, i.e., if it is possible to jump from M® to M@ it must also
be possible to jump from M® to M [63]. In general however, the dimension of
the parameter spaces is not equal, hence it is not possible to construct an invertible
mapping between them, violating the required symmetry. Reversible jump MCMC
addresses this by introducing a dimension matching condition [25]; the spaces @)

and ©@ are augmented with simulated draws from selected distributions such that
(9(2)7U2) =T1,2(9(1),U1)7 4l N91,2('), U2N92,1(')7

where T 5 is a differentiable bijection, and g; ;(-) are known distributions.

The parameter mappings and stochastic draws change the equilibrium distribution
of the chain, which means that sampling will not be asymptotically correct. This is
counteracted by modifying the acceptance ratio; in the case of jumping from model

M® to model M® | the acceptance ratio is given by

92,1 (u2) @pz(G(Q’)
91,2(U1) T1,2 p1(0(1>)’

(12) _ ’ (9T172(0(1),u1) (3.2)

I(0W uy)
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where p;(0®) is the density associated with model M@ evaluated at 8®. The proposal
(M®@, 6?) is accepted with probability min(a(?),1), and is otherwise rejected. On
rejection, the previous value of the chain is kept, (M), M),

In this way, given data y, RJIMCMC samples the joint posterior p(8, M|y) o
p(M|x)p(@|M.y). However, in the case where only 6 is of interest, following standard
Monte Carlo rules, we can discard the samples of M to obtain p(8|y) [63].

Reversible jump MCMC incorporates many models into a single chain, so it is
simple to compare or average models. However, the parameter mappings and model
jump probabilities must be well designed. Poor selection of these parameters will
typically lead to poor mixing in the model space [25, 63]. Our method explores only
a single overall model, which simplifies the mappings. We impose a pairwise structure

on the model space, simplifying the jumps significantly.

3.2.3 Parameter definitions and notation

In order to use RIMCMC to explore sparsity in the transition matrix of a linear-
Gaussian state-space model, we must first construct a set of candidate sub-models
of the LGSSM that exhibit various sparsity levels.

Denote by M, the model selected by the algorithm at iteration n. This model is
uniquely defined by the associated set of indices of dense elements in A, which we denote
M,,. Note that there are thus 2% models in our model space, precluding parallel evalu-
ation for even small N,. It is therefore not possible to use methods such as Bayes factors
or marginal likelihood to compare models, as is standard in Bayesian model selection in
state-space models [46, 48], as the computational cost is infeasible, due to these requir-
ing all models to be evaluated in order to be compared. The number of elements of M,,,
denoted by D,,=|M,,], is the number of dense elements at iteration n, and therefore the
number of non-zero elements of A,,. Denote by S, = N2— D, the number of sparse ele-
ments at iteration n. If the true value of a parameter is known, then it will be presented
without subscript or superscript. We denote by a superscript ¢ the complement to a
set, and note that M¢ denotes the set of indices of elements sparse in A at iteration n.

Each model has an associated parameter space, which we denote by ©,,. As the

parameter space of a sparse parameter is {0}, we therefore have

R, (iy)e M,
@n: H O(i,j),na e(i,j),n: (33)

0<i,j<Ng {0}, otherwise,

where 6 ), is the support for (A,);;. In the Bayesian paradigm, we can interpret

the sparsity of model M,, as a prior constraint induced by p(A|M,,), under which the
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elements indexed by M are always of value 0, and the elements indexed by M,,
are distributed as p(A). This is equivalent to fixing the value of the elements of A
indexed by M to 0, as in Eq. (3.3).

We denote the k x k identity matrix by Idy, and the k-vector with all elements equal
to 1 by 1x. We denote by - any unspecified parameters of a function or distribution.
For example, z~¢g(-) means that the parameters of the distribution g are unspecified,

typically as they are irrelevant to the discussion.

3.3 Model specification

We first specify the model that we impose. We define the marginal model prior p(M)
as being proportional to 1 for all models; this could be set such that a desired level
of sparsity is promoted. Note that setting p(M) as this implies that each element is
sparse or dense with probability 0.5.

Next, we define the prior of the entire transition matrix conditional on a given

model as
p(Aij)7 (iuj)€M7
P(Ay| M)~ _ (3-4)
o, otherwise,
with Jy denoting a point mass at 0. This yields p(A|M) when constructing the matrix
distribution p(A;;|M) V1<i,j <N,. This leaves us to choose p(A4;;), which we set to
be a Laplace distribution centred at 0 with scale o.

By substituting A into Eq. (2.21) we obtain

T
p(yl:T|A7M> :p(yl ‘A7M)Hp(y-i|y1:ifl7A7M)7 (35>
i=1
and can hence evaluate p(A|M)p(y1.7|A,M), allowing us to sample from p(A,M|y1.1).
From this we can construct our posterior p(A, M |y1.r) < p(M)p(A|M)p(y1.r|A,M),

which we now propose a method to sample.

3.4 The SpaRJ algorithm

We now present the SpaRJ algorithm, a novel RJIMCMC method to obtain sparse
samples from the posterior distribution p(A|y1.7) of the transition matrix of an LGSSM.
We present our method in Algorithm 5 for estimating the transition matrix A, although
the algorithm can be adapted to estimating any unknown parameter of the LGSSM.
Our method samples the joint posterior p(A,M |y1.7) xp(M)p(A|M)p(y1.r|A,M) by
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first sampling M’ from p(M |y1.r), then sampling A’ from p(A|M’ y1.r) conditional
on M’, and then jointly accepting or rejecting the proposed values. However, as we
are only interested in the posterior of the transition matrix p(Aly;.r), we marginalise
by discarding the samples of M when performing inference [63].

In order to apply our method, we must provide the values of all known parameters
of the LGSSM, (used when evaluating the Kalman filter), and initial values for the
unknown parameters A and M. We initialise the model sampling by setting M, to
the fully dense model. The initial value Ay can be selected in a number of ways,
such as randomly or via optimisation [63]. We obtain the initial log-likelihood, [y, by
running a Kalman filter with the chosen initial value Ay, giving lo=log(p(y1.r|Ao))-
We define a conditional prior p(A|M) on the transition matrix, as Section 3.3. The
prior distribution incorporates our prior knowledge as to the value of the transition
matrix A, and can be used to promote sparsity. However, it is not required in order
to recover sparse samples, and can be chosen to be uninformative or diffuse.

The method iterates N times, each iteration yielding a single sample, outputting /N
samples, {A,,}Y_,. While adapting the number of iterations is possible, e.g. by follow-
ing [64], we present with fixed N so as to provide a simpler algorithm. Note that, at
each iteration we start in model M,,_;, with transition matrix A,,_;, and log-likelihood
of l,_1(A,M.,y.7). Each iteration is split into three steps: model proposal (Step 1),
parameter proposal (Step 2), and accept-reject (Step 3). We note that the model is not
fixed, and is sampled at each iteration, allowing for evidence-based recovery of sparsity.
Step 1: Propose M'. At iteration n, we retain the previous model M,,_; with
probability (w.p.) m, and hence setting M’ = M, . If a model jump occurs, we set
the proposed model M’ to be sparser than M,,_; w.p. m_;, and denser otherwise. To
create a model that is sparser, we select a number of dense elements to then make
sparse. To create a denser model, we select a number of sparse elements to make dense.
The number of elements to change, k, is drawn from a truncated Poisson distribution
(see Appendix 3.8.2) with rate parameter Ajump € [0,1), with this range required in
order to bias the jump to models close to the previous model. This distribution is
chosen as it exhibits the required property of an easily scaled support, needed as the
maximal jump distance changes with the current model. Note that this distribution
does not form a prior over the model space, but instead is used to generate jump
kernels, which are then used to explore the model space. The model space prior
p(M) is discussed in Section 3.3, and is by default diffuse, i.e. p(M) = 2" VM,
The truncated Poisson distribution is simple to sample, as it is a special case of the
categorical distribution. The elements to change are then selected uniformly. The
proposed model M’ is always strictly denser than, strictly sparser than, or identical

to M,,_, following the construction of model jumps in Section 3.5.1.

29



Step 2: Propose A’. If the proposed model M’ differs from the previous model
M,,_1, then the parameters 6,_; are mapped to 8’ via a modified identity mapping,
which we discuss in Section 3.5.2. This mapping is augmented with stochastic draws
if the dimension of the parameter space increases, and has elements removed if the
dimension decreases. This mapping has identity Jacobian matrix, and is thus absent
from the acceptance ratio.

If the proposed model M’ is the same as the previous model M,,_;, then A’ is
sampled from the conditional posterior p(A|M’). To achieve this, we use a random
walk Metropolis-Hastings (RWMH) sampler. The RWMH sampler requires a single
run of the Kalman filter per iteration, which is the most computationally expensive
component of the algorithm. This single run follows from the joint accept-reject
decision in Step 3, which allows us to ignore the accept-reject step of a RWMH sampler
that jointly assesses all proposals, as in the case of SpaRJ. We cover the parameter
proposal process further in Section 3.5.2. Note that any sampler can be used, even
a non-MCMC method, with RWMH chosen for simplicity, computational speed, and
to give a baseline statistical performance.

Step 3: Metropolis accept-reject. Once the model and parameter values have been
proposed, a Metropolis-Hastings acceptance step is performed. We run a Kalman filter
with A’ to calculate the log-likelihood of the proposal, I'(A,M,y1.r)=log(p(y1.r|A’)).

Prior knowledge is included via a function of the prior probability densities, denoted
A, which encodes both our prior knowledge of the parameter values and of the model
(hence the sparsity). A wide range of prior distributions p(A|M) can be used, with

our preference being the Laplace distribution, with the associated A given by
AAG L AN = (Al —JA]) (3.6)

after combining all p(A;;|M) to yield p(A|M), which is known to promote sparsity in
Bayesian inference [29]. Note that the sparsity in our samples does not come from
the choice of parameter prior, but from the model jump scheme, and therefore any
suitable prior could be applied to the elements of A, such as a Gaussian distribution
or a t distribution. If we denote by p(A|M) our conditional prior on the transition
matrix, then A(A,,_1,A’)=log(p(A’))—log(p(A,_1)).

When defining the model space in Section 3.2.3, we note that each model is uniquely
determined by the sparsity structure it imposes, with this structure being present in
all samples of A generated from this model. We can therefore assess the model against
our prior knowledge solely based on the sample structure, without a separate prior on
the model space. An example of such a function is the Ly-norm, which penalises the

number of non-zero elements, a property determined entirely by the model that can
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be assessed via the samples. The log-acceptance ratio of the proposed values A’ and
M’ is given by log(a,(A,M,y1.1))=U(A,M,y1.7) =l 1(A,M,y1.7)+ A, _|+c, where
c(A,M,y1.r) is given in Appendix 3.8.3. The model and parameter proposals are jointly
accepted with probability a,.(A,M,y,.7), and are otherwise rejected. If the proposals
are accepted, then we set M,,:= M’ A, :=A’ and [,,(A,M,y1.7) :=U(A,M,y1.7).
Otherwise, we set M,,:=M,,_1, A,,:=A, 1, and [,(A,M,y1.7) =1, 1(A,M.,y1.1).

Algorithm 5 SpaRJ algorithm
Input: YI:TyA(]ag(')770777—17N7A('>'7)‘)>P07Q7R7H75<0
Output: Set of N samples {A,,,l,(A,M,y1.7),M,}\_,
Initialisation
Initialise M, as fully dense
Evaluate filtering equations, obtaining ly:=log(p(y1.r|Aq,Mp))
for n=1,....N do
Set c(A,M,y,.1):=0.
Step 1: Propose model (Section 3.5.1)
Run Algorithm 6 to propose M’
Step 2: Propose A’ (Section 3.5.2)
Run Algorithm 7 to propose A’ and compute ¢(A,M,y1.7)
Step 3: MH accept-reject (Section 3.5.3)
Evaluate Kalman filter with A:=A’'
Set I'(A,M.y1.r) :=log(p(y1|A))
Compute log(a,(A,M,y1.7)):=U'(A,M,y1.7)— b1 (A, M,y1.7)+A(A,_1, A" X))+

Accept w.p. min(a,(A,M,y1.7),1)
if Accept then
Set M,:=M', A,,:=A", 1,(A,M.,y1.r):=log(p(yr.r|A",M"))
else
Set M, ::MnflaAn ::Anflyln(AaMaylzT) ::lnfl(AaMaylzT)
end if
end for

3.5 Algorithm design

We now detail the three steps of Algorithm 5 as presented in Section 3.4. This section
is structured to follow the steps of the algorithm for clarity and reproducibility.

3.5.1 Step 1: Model sampling

In order to explore potential sparsity of A using RIMCMC, we design a model jumping

scheme that exploits the structure inherent to the model space.
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Algorithm 6 Model proposal routine

Input: Mn—lyﬂ-—h)\jump
Output: M’ {I;}%
Step 1: Determine jump
Retain w.p. m
if Retain then
Set M':=M, _,
else
Step 1.1: Determine jump direction
if |/M,,_1|=0 then
Jump denser
else if [M,,_;|=N? then
Jump sparser
else
Jump sparser w.p. m_q, else jump denser
end if
Step 1.2: Perform jump
if Jump sparser then (Step 1.2s)
Draw k~TPoi(Ajump,1,Dn) (See App. 3.8.2)
Select k elements {I;}¥_, of M,
Set M’ such that M'=M,,_\{L;}},
else Jump denser (Step 1.2d)
Draw k~TPoi(Ajump,1,5,) (See App. 3.8.2)
Select k elements {I;}¥_, of MS_,
Set M’ such that M'=M,,_U{L}¥,
end if
end if

Model jumping scheme (steps 1.1 and 1.2 in Alg. 6)

At each iteration, the algorithm proposes to jump models with probability (w.p.)
1—mp, as in Step 1 of Algorithm 6. If the algorithm proposes a model jump, then
the proposed model M’ will be sparser than M,,_; w.p. m_1, and denser than M,,_;

otherwise. If no model jump is proposed, then M'=M,, ;.

There are thus three distinct outcomes of the model jumping step: retention of
the previous model, proposing to jump to a sparser model, or proposing to jump
to to a denser model. Note that in some cases it is not possible to jump in both
directions, and hence if the jumping scheme proposes a model jump, the jump direction
is deterministic. This changes the model jump probability, with the results detailed in
Appendix 3.8.3.
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Algorithm 7 Parameter proposal routine

Input: A, ,9(-),M'{L}}_c
Output: A',c(A,M,y1.r)
Step 2: Determine jump
if Retain then
Step 2.1: Sample posterior
Sample A’ from the conditional prior, p(A|M’y1.1).
else
Step 2.2: Map parameters
if Jump sparser then (Step 2.2s)
Set aj, equal to the value of A,,_; at index [; for i=1,... k.
Set A’:=A,,_; with elements {I;}¥_, set to 0.
Set (A, M.y1.r) =31 log(g(ar,)).
else (Step 2.2d)
Draw wy,...,ur~g(-).
Set A’:=A,,_; with elements {I;}}_; set to u.
Set (A, M,y1.r):=—3"r_log(g(us)).
end if
Modify ¢(A,M,y1.r) as per Appendix 3.8.3.
end if

Model space adjacency (steps 1.2s and 1.2d in Alg. 6)

Given the jump direction from Step 1.1, we denote by k£ the number of elements that
are to be made sparse or dense. We draw &k~ TPoi(Ajump,1,m,) (see Appendix 3.8.2),
where m,, is the maximum jump distance in the chosen direction, equal to S, if
jumping denser, and D, if jumping sparser. The rate Ajymp should be chosen with
Ajump € [0,1) to prefer jumps to closely related models. We find experimentally that
Ajump = 0.1 gives good results, and note that A\jump =0 is equivalent to a scheme in
which the sparsity can change by one element only. Due to the small size of the space
in Ajump @ grid search would also be possible. The resulting model jump probabilities
are asymmetric, with the modification to the acceptance ratio given in Appendix 3.8.3.

In order to provide a set of candidate models for M’, we impose an adja-
cency condition. We say model M® is densely k-adjacent to model M® if both
IMI\M®P| =K and | MEN\MD| =0, and sparsely k-adjacent if both [ME\MD| =k
and |[MI\M®P|=0. In other words, if the model MY differs in k elements from
M@ in a given direction only, then it is k-adjacent in that direction; if the model
MO differs from M® in both the sparse and dense directions, e.g. two elements are
sparser and one element is denser, then it is not adjacent to M®. Note that, if M)
is sparsely k-adjacent to M@, then M® is densely k-adjacent to M1, satisfying the
reversibility condition of RJIMCMC. With this adjacency condition, for a given £ and

jump direction, the proposed M’ is uniformly selected from the models k-adjacent to
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M,,_1 in the given direction. Note that, given Ajymp >0, it is theoretically possible to
reach any model in a maximum of two jumps: one to the maximally sparse model
and one jump denser to the desired model.

It is possible to extend this proposal technique to jumping in both direction
simultaneously, rather than requiring combinations of birth-death moves to achieve
the result. This is omitted for simplicity. The natural solution to this is evaluating
each jump with an accept-reject step, which effectively recovers the current scheme.
It is also possible to propose M’ as a randomly selected list of indices with length
D, effectively shuffling the sparse elements around. This could potentially allow for
more robust exploration of the posterior, but these moves would be very unlikely to be
accepted. We therefore believe our proposal method to be a good compromise between

simplicity and robustness, with good performance as evidenced by Section 3.6.

Choice of parameters for model jumps

The value of the hyper-parameters my and 7_; affects the acceptance rate of the
proposed models and parameter values. It is known that an acceptance rate close to
0.234 is optimal for a random walk Metropolis-Hastings sampler [65], and works well
as a rule of thumb for RIMCMC algorithms [66]. We aim to have our within-model
samples accepted at close to this rate, and thus must not propose to change model too
often. This is because model changes can significantly alter the conditional posterior
p(A|M’), often leading to a low acceptance probability. We recommend using a model
retention probability of my=~0.8. We find this gives enough iterations per model to
average close to the optimal acceptance rate, whilst also proposing to jump models
relatively frequently, allowing for exploration of sparsity. We recommend setting
m_1 =0.5, making the model proposal process symmetric, although 7_; can reflect
prior knowledge of the sparsity of A, with larger 7_; indicating a preference for sparsity.
The algorithm is relatively insensitive to the value of my and 7_;, allowing for these
parameters to be chosen easily. However, my and 7_; can be tuned during the burn-in
period, with the objective of reaching a given acceptance rate. We find that using
a value of 0.5 works well for both parameters, due to the structure of the model space

and restricted parameter space of stable LGSSMs

3.5.2 Step 2: Parameter sampling and mapping

Since our method applies MCMC to sample the posterior distribution p(Aly.7), we
must define a parameter proposal routine. Once a model has been proposed, the
algorithm proposes a parameter value, A’ which is constrained to the parameter space

of M’. The process by which we generate the parameter proposal depends on whether
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or not the proposed model M’ is the same as the previous model M,,_. If M'=M,,_,
the conditional posterior of the transition matrix, p(A|y1.7,M’), is sampled. Otherwise,

the parameter value is mapped to the parameter space of M.

Sampling A under a given model (Step 2.1)

To generate the parameter proposal A’, we sample from p(A|M’)y,.7). We propose
to sample from this distribution using a random walk Metropolis-Hastings (RWMH)
sampler. For the walk distribution, we use a Laplace distribution for each element of
A, with all steps element-wise distributed i.i.d. Laplace(0,0), with o discussed below.

We can thus view our parameter proposal as drawing from

Laplace((Anfl)ij 70)7 (Zaj) € Mla

(A")ij~ (3.7)

o, otherwise.

The Laplace distribution is selected, primarily due to its relationship with our pro-
posed prior distribution for A, itself a Laplace distribution [29]. In addition, the
mass concentration of the Laplace distribution means that the walk will primarily
propose values close to the previous value, increasing the acceptance rate, but can
also propose values that are further from the accepted value, improving the mixing
of the sample chain. The value of ¢ is chosen to give a within-model acceptance rate
near the optimal rate of 0.234 [65], with 0 =0.1 consistently yielding rates close to
this. A grid search suffices to select the value of this parameter as, for stable systems,

the space of feasible values is small (0 <1 is recommended).

Completion distributions (steps 2.2s, 2.2d)

In our algorithm, when a model jump occurs the dimension of the parameter space al-
ways changes. For example, jumping to a sparser model is equivalent in the parameters
space to discarding parameters and decreasing the dimension of the parameter space.
However, if jumping to a denser model, hence increasing the dimension of the param-
eter space, we require a method to assign a value to the new parameter. RIMCMC
accomplishes this by augmenting the parameter mapping from model M® to MU) with
draws from a completion distribution g; ;(-), defined for each possible model jump [25].

Rather than defining a distribution for every pair of models, we exploit the
numerical properties of sparsity to define a global completion distribution g(-). In our
samples, sparse elements take the value zero. In order to propose parameters close
to the previous parameters, we draw the value of newly dense elements such that the

value is close to zero. In order to accomplish this, we choose a Laplace(0,0.) as the
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global completion distribution ¢(-). The o, parameter is subject to choice, and for
stable systems we find that o.~0.1 performs well, although the parameter could be
tuned during the burn-in period. A simple grid search suffices to select the value of this
parameter as the method is robust to parameter specification via the accept-reject step
[63]. For stable systems, the search space for this parameter is small, approximately
(0,0.5], so a grid search is most efficient in terms of computational cost. If the prior
is chosen as per the recommendations in Section 3.5.3, then we can interpret this

renewal process as drawing the values for newly dense elements from the prior.

Mapping between parameter spaces (steps 2.2s, 2.2d)

In order to jump models, we must be able to map between the parameter spaces
of the previous model and the proposal. This is, in general, a difficult task [25, 63],
but is eased in our case as the models we are sampling are specific cases of the same
model, and thus the parameters are the same between models. We therefore use
an augmented identity mapping to preserve the interpretation of parameter values

between models. Written in terms of A, this mapping is given by

(An—l)ij7 if Aij is unchanged,
(A)ij =1 wy, if A;; becomes dense, (3.8)

0, if A;; becomes sparse,

with w;; 11.d. g(-). In order to obtain the Jacobian required to evaluate Eq. (3.2), the
transformation must be written as applied to the parameter space, giving
(Anfl)g‘lil)a (ZJ) E-/\/lnfl mM’>

(A= o
uijv (Zaj) GM \Mn—l-

(3.9)

As sparse elements are, by construction, not in the parameter space, they are not
present in the transformation, and are taken to be zero in A’ by definition. The
Jacobian of the parameter mapping given by Eq. (3.9) is a D’ x D’ identity matrix,

and hence the Jacobian determinant term in Eq. (3.2) is constant and equal to one.

3.5.3 Step 3: MH accept-reject

In this section, we discuss the MH acceptance ratio, and how this relates to the model

space. We then discuss the implications of sparsity in the samples.
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Modified acceptance ratio

The modified Metropolis-Hastings acceptance ratio for our method is given by

g(un) 71-n,nfl p(A,)p<y1T‘A/)
g(un71> Tn—1,n p(Anfl)p<y1:T‘An71>

ap (A My )" b = (3.10)
The first term is a correction for detailed balance, required due to the stochastic
completion of the parameter mappings. The second term is analogous to the mod-
ification required when using an asymmetric proposal in RWMH, but relating to the
model space. The last term of the expression is the standard symmetric Metropolis
acceptance ratio. Note that the Jacobian term from Eq. (3.2) is equal to one in our

case, and is therefore omitted.

Probabilistic Granger causality

In LGSSMs, an element z; of the state space Granger-causes element z; if knowledge
of z; at time ¢ improves the prediction of x; at time t+1. We can therefore derive prob-
abilistic Granger-causal relationships from our samples of the transition matrix, as the
sampler assesses the proposals using their likelihood, which is equivalent to assessing
their predictive capabilities. These probabilistic Granger-causal relationships are pow-
erful, as they allow the probability of a relationship between variables to be quantified.

Note that Aj; being zero in the transition matrix does not necessarily mean
independence of the state elements, but directed conditional independence on the scale
of one time step. This conditional independence means that z; does not Granger-cause
x;, however z; may indirectly affect z; through another variable over multiple time

steps.

3.5.4 Extending SpaRJ to other parameters

Our method can be used to obtain sparse estimates of any of the parameters of the
LGSSM, although some modifications are required to extend the formulation given
above (for the transition matrix). Extending our method to the matrix H requires
only for the parameter and model proposal to be changed to reflect the size of H.
Extending the method to covariance matrices requires the proposal value to be
constrained such that the resulting matrix is positive semi-definite. If the method
does not jump models, remaining in model M;_1, a possible proposal distribution for

the state covariance proposal Q' is

Q' ~Wishart(Q;—1/p.p), (3.11)
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where p is larger than N, with p> 30N, working well experimentally. This proposal
has expectation close to Q;_1, and is positive semi-definite. Note that this distribution
is not applied to Q if estimating only A, e.g., in Section 3.4 or in other subsections
of Section 3.5, and applies only to the extension to sampling the covariance parameter.
We enforce the sparsity structure of Q;_; in Q', by setting elements sparse under M; 4
to 0 after sampling but before the accept-reject step, replacing Step 2.1 in Algorithm 7,
where the model does not change.

The model proposal step (Step 2.2 in Algorithm 7) would also need to be modified,
with the diagonal being dense at all times, and enforcing indices (4,7) and (j,i) to
have the same sparsity. The model space is therefore reduced, and model adjacency
is assessed via only the upper triangular. This modification to the model proposal
process completes the alterations required to use our method to sparsely sample the
state covariance matrix. Note that the covariance parameters cannot be interpreted
as encoding state connections, and therefore cannot be interpreted graphically in the

same way as in the transition matrix.

3.6 Numerical study

We now present the results of three sets of simulation studies to evaluate our method,
showcasing the performance of SpaRJ in several scenarios. The section is divided
into three synthetic data experiments and one real data problem. First, we evaluate
the method with isotropic covariance matrices over variable N, and T. Next, we
investigate the effect of known and unknown anisotropic state covariance Q over
variable IV, and \. The third experiment explores the effect of the true level of sparsity
D in the transition matrix on the quality of inference. We then use real data to
recover geographical relationships from global temperature data. Finally, we explore
the convergence characteristics of the method and check guarantees.

For the synthetic experiments, we generate observations following Eq. (3.1), with
N, =N,, H=1dy,, and take Xo =1y, and T'= 100 unless stated otherwise. The
state covariance matrix Q is specified per study. We generate transition matrices and
synthetic data for N, € {3,6,12}. Whilst this may seem limited in dimension, this
equates to performing inference in 9,36, and 144 dimensional spaces, as each element of
the transition matrix is an independent parameter. Furthermore, we sample the model
space, which is of size 2%, e.g. 2! when N, =12. In all experiments, we run SpaRJ for
N =15000 iterations, discarding the first 5000 as burn-in. The matrix Ag is generated
using an EM scheme, initialised at a random element-wise standard normal matrix. We

set mp=0.8 and 7_; =0.5 in all cases. The LASSO penalty is used, with A chosen per
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experiment. We use a truncated Poisson distribution for the jump size, with Ajymp=0.1.

We contrast our proposed method method with GraphEM [50, 16], an algorithm
with similar goals based on proximal optimisation. In addition, we compare with the
conditional Granger causality (CGC) method of [54] and the DAG-based method
(DAGMA) of [67]. These methods do not exploit the state-space model structure,
and are trained only on the observations y;.7. We note that there are not other
RIJMCMC-based methods that are applicable to this problem. We therefore compare
with a reference MCMC implementation that does not exploit sparsity, and is hence
dense in all elements of the estimate. This is equivalent to running our method, but
with p(M) =0 except for the M corresponding to the fully dense A matrix, hence
effectively removing Step 1 in Algorithm 5 and Section 3.4. We compare the metrics of
RMSE, precision, recall, specificity (true negative rate), and F1 score, with an element
being sparse encoded as a positive, and dense as a negative.

We use these metrics, which are associated with classification rather than regression,
as our method outputs truly sparse samples, and therefore allows for parameters to
be classified as sparse or dense without thresholding on their numerical value, or
using confidence/credible intervals. We take an element to be sparse under SpaR.J
by majority vote of the samples. =~ We average the metrics over 100 independent
runs of each algorithm. The average time taken runs to complete is given, with the
runs being performed in parallel on an 8 core processor. No special effort was put
into optimising any single method, and all methods that use the Kalman filter utilise
the same implementation thereof. Note that the DAGMA implementation is GPU
accelerated, whereas all other methods utilise only the CPU. RMSE for SpaRJ and for
the reference MCMC is calculated with respect to the mean of post-burnin samples for
each chain. Note the RMSE is computed relative to A, not the sequence of underlying
hidden states as is often the case. RMSE is not meaningful for CGC, as it estimates
only connectivity. We generate our A matrices by drawing the dense elements from a
standard normal, and then divide A by the magnitude of its maximal singular value

to give a stable system.

3.6.1 Synthetic data validation
Isotropic covariances Q and R

We test the performance of the method with isotropic covariance matrices Q and R.
Dimension 3 matrix. We generate A for dimension N, =3 with sparsity in one
element per row and one element per column. We set Q=R =1dy,,P =10"%Idy,,
and A\=1=exp(0).

Dimension 6 block diagonal matrix. We generate A for dimension N, =6 as a
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block diagonal matrix with 2x 2 blocks. We set Q=R =10"2Idy,, P=10"%Idy,,
and A\=exp(—1)~0.367.

Dimension 12 block diagonal matrix. We generate A for dimension N, =12 as
a block diagonal matrix with 2x 2 blocks. We set Q=R=10"*1dy,, P=10"%Idy,,
and A=exp(—1)~0.367.

Table 3.1: Results for systems with known isotropic state covariance Q, alongside
average time per run.

| N, | method | RMSE | spec. | recall | prec. | F1 [ Time (s) |

3 || GraphEM | 0.099 | 0.86 | 0.98 | 0.79 | 0.88 | 0.043
SpaRJ 0.092 | 0.98 | 0.99 | 0.99 | 0.99 0.68

CGC - 0.85 | 0.95 | 0.87 | 0.92 0.32
DAGMA | 049 | 0.17 | 0.67 | 0.29 | 0.40 0.25
MCMC 0.103 1 0 - 0 0.65

6 || GraphEM | 0.103 | 0.83 | 0.90 | 0.91 | 0.91 0.22
SpaRJ 0.094 | 0.88 | 0.96 | 0.94 | 0.95 3.2

CGC - 0.87 | 093 | 091 | 0.90 1.6
DAGMA | 027 | 0.17 | 096 | 0.69 | 0.87 0.62
MCMC 0.114 1 0 - 0 3.3

12 || GraphEM | 0.090 | 0.85 | 0.77 | 0.96 | 0.85 0.93
SpaRJ 0.071 | 0.83 | 0.89 | 0.91 | 0.90 14.5

CGC - 0.80 | 0.67 | 0.75 | 0.71 6.5
DAGMA | 0.16 | 0.25 | 0.98 | 0.86 | 0.92 1.0
MCMC 0.107 1 0 - 0 14.4

Table 3.1 evidences a good performance from SpaR.J, exhibiting the capability to
extract the sparsity structure in all examples. Furthermore, point estimates resulting
from SpaRJ are consistently closer to the true value than those from comparable
methods, as evidenced by the lower RMSE. Note that in all cases the DAG based
method recovered overly sparse graphs, as evidenced by the poor specificity scores.
We further note that DAGMA is designed to recover acyclic graphs, with all graphs

here being cyclical, further degrading performance.

In order to test the relationship between the recovered values and the number of
observations 7', we now demonstrate our method for different values of 7"€[10,150]
using the same 3% 3 system as previously. In Figure 3.1, we show averaged metrics
over 100 independent runs for SpaRJ and GraphEM. We see that the longer the series
the better the overall performance, with SpaRJ giving a better overall performance
than GraphEM.
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Figure 3.1: Sparsity metrics for variable series length 7" for a 3 x 3 system with known
isotropic state covariance. Shaded regions denote 95% HPDIs (highest posterior
density intervals), markers denote means. The dotted line indicates the mean
performance of GraphEM.

The change in the quality of inference with the times series length T illustrated in
Figure 3.1 is typical for parameter estimation methods in state-space modelling, as a

longer series gives more statistical information with which to perform inference.

Known anisotropic state covariance Q

We now generate synthetic data using a less favourable regime, under an anisotropic
state covariance Q. In order to do this, we note that all nxn covariance matrices

can be expressed in the form
> =G Diag(ey,ea,....n)G, (3.12)

where G is an orthogonal matrix, and ej are the eigenvalues of 3, with e; >ep>-->
en>0.

To generate a covariance matrix, we first generate an orthogonal matrix G following
the algorithm of [68]. We then draw e; ~ U(0.5,1.5), and sort in descending order.
Finally, we obtain ¥ via evaluation of Eq. (3.12). In this way, we generate a random
positive definite matrix, with all elements non-zero.

To allow direct comparison with the previous results, we use the same set of model
parameters as before, except we randomly generate the covariance Q for each system
as above.

In Table 3.2 see that there is only a small apparent difference in performance

between isotropic covariance and non-isotropic state covariances, providing that the
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Table 3.2: Results for systems with known anisotropic state covariance Q, alongside
average time per run.

| N, || method | RMSE | spec. | recall | prec. | F1 | Time (s) |
3 || GraphEM | 0.093 | 098 | 0.85 | 0.97 | 0.88 | 0.052
SpaRJ 0.087 | 0.98 | 0.99 | 0.98 | 0.99 0.67

CGC - 0.72 | 093 | 043 | 0.59 0.32
DAGMA | 061 | 0.17 | 0.33 | 0.17 | 0.22 0.25
MCMC 0.107 1 0 - 0 0.68

6 || GraphEM | 0.09 | 0.99 | 0.48 | 0.98 | 0.63 0.24
SpaRJ 0.07 | 0.88 | 0.90 | 0.94 | 0.92 3.3

CGC - 0.63 | 0.65 | 0.32 | 0.45 1.7
DAGMA | 026 | 0.25 | 0.96 | 0.71 | 0.82 0.62
MCMC 0.09 1 0 - 0 3.3

12 || GraphEM | 0.097 | 0.98 | 0.30 | 0.99 | 0.46 0.95
SpaRJ 0.082 | 095 | 0.83 | 0.99 | 0.90 14.4

CGC - 0.75 | 0.57 | 043 | 0.49 6.5
DAGMA | 0.16 | 0.25 | 0.97 | 0.86 | 0.91 1.0
MCMC 0.099 1 0 - 0 14.4

covariance is known. This is expected, as a known covariance would not affect the
estimation of the value of the state transition matrix. However, when estimating
sparsity, the anisotropic nature of the state covariance does have an effect. This is
due to the value of the state elements affecting each other in more than one way, as is
the case in the isotropic covariance case. There is thus a small drop in metrics in all
cases due to this additional source of error. We note that whilst DAGMA may seem
to perform well due to the high F1 scores, it does this by recovering an overly sparse
graph as indicated by the low specificity. For example, only 9 elements are recovered
as dense in the 12 dimensional system, out of a true 24 dense elements, which does
not well represent the underlying system.

We now perform a sensitivity analysis, in which we vary the strength of the prior
by varying A, and observe the effect on the results. We will perform this analysis on
the N, =12 system with a known anisotropic covariance. The results of this analysis
are presented in Table 3.3. We see that the results are not dependent on the prior
parameter, meaning that the parameter can be chosen without excess computation or

prior knowledge required.

Estimated unknown anisotropic covariance

In many scenarios, the true value of the state covariance Q is unknown, and must
be estimated. As we wish to assess the performance of our method in this scenario,

we use the same true state covariance as Section 3.6.1, but input an estimated state
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Table 3.3: Results for variable penalty in the N, = 12 known anisotropic system,
alongside average time per run.

’ A H RMSE ‘ spec. ‘ recall ‘ prec. ‘ F1 ‘ Time (s) ‘
exp(—1) 0.082 | 0.95 | 0.83 | 0.99 | 0.90 14.2
exp(0) 0.085 | 0.95 | 0.83 | 0.98 | 0.90 14.1
exp(1) || 0.081 | 0.94 | 083 | 0.99 | 080 | 143

exp(—1.5) || 0.083 | 0.93 | 0.82 | 0.99 | 0.90 14.3
exp(—2) || 0.081 | 0.94 | 0.82 | 0.99 | 089 | 14.2

0 0.082 | 094 | 0.82 | 0.99 | 0.90 14.2

covariance. However, as both A and Q are now unknown, we must estimate both
parameters in order to obtain an estimate for Q. We therefore iteratively estimate
A and Q using their analytic maximisers, and input the resulting estimate for Q into
the tested methods. The estimated A resulting from this initialisation is discarded,

and is not used in our method, nor in any other method.

Table 3.4: Results for systems with estimated anisotropic state covariance Q, alongside
average time per run.

| N, || method | RMSE | spec. | recall | prec. | F1 | Time (s) |
3 || GraphEM | 0.123 | 0.75 | 0.72 | 0.62 | 0.65 0.05
SpaRJ 0.099 | 0.87 | 0.98 | 0.80 | 0.89 0.64

CGC - 0.72 | 0.93 | 043 | 0.59 0.32
DAGMA | 0.61 0.17 | 0.33 | 0.17 | 0.22 0.25
MCMC 0.127 1 0 - 0 0.68

6 || GraphEM | 0.097 | 0.68 | 0.38 | 0.70 | 0.49 0.21
SpaRJ 0.078 | 0.75 | 0.53 | 0.81 | 0.63 3.2
CGC - 063 | 065 | 0.32 | 0.45 1.7
DAGMA | 026 | 0.25 | 0.96 | 0.71 | 0.82 0.62
MCMC 0.152 1 0 - 0 3.9
12 || GraphEM | 0.102 | 0.76 | 0.34 | 0.88 | 0.49 0.92
SpaRJ 0.074 | 0.60 | 0.53 | 0.88 | 0.65 14.7
CGC - 0.75 | 0.57 | 0.43 | 0.49 6.5
DAGMA | 0.16 | 0.25 | 0.97 | 0.86 | 0.91 1.0
MCMC 0.124 1 0 - 0 15.0

We see in Table 3.4 that our method performs well under these challenging condi-
tions, consistently outperforming existing methods. Note that the CGC and DAGMA
metrics are unchanged from the previous section, as these methods do not require
estimates of Q. The deterioration of metrics is expected in this experiment, as we
are inferring both the value of Q and the value of A from the same data, with the
estimation of A being conditional on the estimated value of Q. However, the sparsity

structures of the estimates are better than comparable methods, and the parameter
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value is still well estimated, as evidenced by the RMSE value.

Variable levels of sparsity

We now explore the performance of our method under variable levels of sparsity. To
facilitate direct comparison, all other parameters of the state-space model remain the
same between sparsity levels, as well as the matrix from which A is generated. This
experiment is performed on a 4 x4 transition matrix, with Q=R =1Id,, P=10"%Id,,
T=50, and A\=0.5.
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Figure 3.2: Sparsity metrics over variable sparsity in a 4 x4 system. Shaded regions
denote 95% HPDIs, markers denote means. The dotted line indicates the mean
performance of GraphEM.

Note that, in systems with many dense elements, the effect of each element can
be emulated by changing the values of a number of other elements, making sparsity
recovery difficult in these cases. Our algorithm performs well in general, consistently
outperforming other methods in this case.

We observe from Figure 3.2 that both methods generally perform better as the
number of sparse elements increases. This is due to sharper likelihood changes occurring
when sparsity changes when assessing these models. For particularly dense transition
matrices, GraphEM outperforms SpaR.J, due to the model proposal step of SpaR.J
requiring more transitions to walk the larger space. This could be remedied with a
prior encoding more information for these sampling regimes. For example, a penalty
relating to the number of sparse elements could be incorporated into the prior. This
ease of encoding prior preference in the model space is a strength of SpaRJ, and is not
possible in comparable methods. Furthermore, SpaRJ can be assisted by GraphEM

via the provision of a sparse initial value A, which will greatly speed convergence.
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We have not done this for any of the numerical experiments, but in practice we

recommended doing so.

3.6.2 Application to global temperature data

We now apply our method to real data. We use the average daily temperature of
324 cities from 1995 to 2021, curated by the United States Environmental Protection
Agency [69]. We subset the data to the cities of London (GB), Paris (FR), Rome
(IT), Melbourne (AU), Houston (US), and Rio de Janeiro (BR) in 2010. We subset
to a single year to avoid missing data.

We set the parameters as follows: 7_; =0.5,m=0.8,A=0.5, and A\jymp=0.2. We
estimate Q using the EM scheme detailed in Section 3.6.1, and set H=1Idg,R=0.5Idg
as per the data specification. The results for GraphEM are given graphically in
Figure 3.3a, while Figure 3.3b displays the results for SpaRJ. In Figure 3.3, edge
thickness for GraphEM is proportional to the number of times an edge appears in 100
independent runs, whereas for SpaRJ edge thickness is proportional to the number

of post-burnin samples from 100 chains with the edge present.
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(a) Graph recovered via GraphEM.

(b) Graph recovered via SpaR.J.

Figure 3.3: Graphs of state relationships recovered from temperature data using
both GraphEM and SpaRJ. Self-self edges are omitted for clarity, but present in all
instances (i.e., the elements in the diagonal of A are different from zero).

It is well known that weather phenomena are highly non-linear, and are driven
by both local and global factors. Not all driving factors are recorded in the data,
therefore making it a challenging task to extract statistically causal relationships
between locations. For example, neither barometric pressure nor rainfall are utilised,
which would assist with localisation [7].

We see that the geographical relationships between the cities are well recovered

by SpaRJ. We see that the European cities form one cluster, Melbourne is separate,
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and Rio weakly affects Houston in Figure 3.3b.

Second, note that there exists no ground truth to compare against in this prob-
lem. GraphEM recovers the graph given in Figure 3.3a, which does not reflect the
geographical positioning of the cities, as there are connections across large distances
which is not physically reasonable. In addition, this graph cannot be interpreted
probabilistically, as is possible with SpaRJ. On the other hand, GraphEM is generally
faster compared to SpaRJ.

The SpaRJ estimate, presented in Figure 3.3b, offers the capacity for additional
inference. For instance, in Figure 3.3a, all edges recovered by GraphEM are of a
similar thickness, indicating that they are recovered by many independent runs of
the algorithm. This is a desirable characteristic of GraphEM, as it is indicative of
good convergence, although it does not admit a probabilistic interpretation of state
connectivity.

SpaRJ recovers the edges probabilistically, which is made apparent in Figure 3.3b
by the variable edge thicknesses. In SpaRJ, the number of post-burnin samples in
which a given edge is present gives an estimate of the probability that this edge is
present. This is of particular interest when inferring potential causal relationships,
as in this example. This property follows from the broader capacity of SpaRJ to
provide Monte Carlo uncertainty quantification. For example, a credible interval for
the probability of an edge being present can easily be obtained via bootstrapping
with the output of SpaRJ, which is not possible with GraphEM, as it is designed to
converge to a point.

We used a value of A=1.2 in GraphEM for this estimation. However, increasing A
would make the self-self edges disappear (i.e., zeros would appear in the diagonal of A
before edges among cities would be removed). Comparing the results in Figure 3.3,
we see that the output from SpaRJ is more feasible when accounting for geophysical
properties. It is not reasonable for the weather of cities to affect each other across very
large distances and oceans over a daily timescale, and the parameter estimate should
reflect this. This spatial isolation is present in the SpaRJ estimate in Figure 3.3b, but
is absent from the GraphEM result in Figure 3.3a.

3.6.3 Assessing convergence

As our method is a MCMC method, it is not desirable to converge in a point-wise
sense, however it is desirable to converge in distribution to the target distribution.
However, we cannot use standard metrics such as R [17] to assess convergence, as
these assume that the same parameters are being estimated at all times, which is

not the case in our method. In the literature there are specific methods to assess
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convergence for RIMCMC algorithms, with proposed methods [70] breaking down
for large model spaces with few visited models (as is the case here). However, due to
the tight linking between the model space and the parameter space, we can assess
convergence via a combination of model metrics and parameter statistics [63].

In order to properly assess convergence, we must take into account both the model
space and parameter space, and assess convergence in both. As our model space is
closely linked to the values in the parameter space, we are able to assess convergence

by jointly observing parameter and model metrics.
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Figure 3.4: Progression of sample metrics in the 12 x 12 estimated state covariance
model. The red line indicates the end of the burn-in period. Shaded regions are 95%
HPDIs. Black line indicates the mean.

We track both the spectral norm of the sampled A,, (parameter metric) and the
number of sparse elements (model metric), and plot them in Figure 3.4. We observe
that convergence in both the parameter space and the model space occur quickly, and
that convergence seems to occur before the burn-in period ends. This is the case for
all examples, with the exemplar system being the slowest to converge. It is possible to
decrease the time to convergence in several ways, such as better estimates of the model
parameters. However, parameters such as mg and 7_; will also alter the speed of conver-
gence, although the manner in which they do so is dependent on the true dynamics. We

note that convergence speed is faster for lower dimensional A, and conversely is slower
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for larger A. This is due to a larger A matrix having more variables to estimate, and
hence requiring sampling from a higher dimensional space. Furthermore, the sampler
converges faster for longer series lengths. Experimentally, sparser models benefit from
a larger m_1, whereas denser models benefit from a smaller 7_;. Increasing 7y increases
convergence speed in the parameter space, but decreases convergence speed in the model
space. Convergence could also be improved by using a gradient-based sampler for the
parameter posterior, as the gradient is available in closed form [5]. We find that the in-
crease in computational cost and the reduction in modularity is not worth the increased
speed of convergence. Finally, note that our method inherits the convergence guarantees
of RWMH and RJIMCMC, and therefore for a finite dimensional parameter space we are

guaranteed to converge to the target sampling distribution given sufficient iterations.

3.7 Conclusion

In this chapter we have proposed the SpaRJ algorithm, a novel Bayesian method
for recovering sparse estimates of the transition matrix of a linear-Gaussian state-
space model. In addition, SpaRJ provides Bayesian uncertainty quantification of
Granger causality between state elements, following from the interpretation of the
transition matrix as representing information flow within an LGSSM. The method,
built on reversible jump Markov chain Monte Carlo, has strong theoretical guarantees,
displays performance exceeding state-of-the-art methods in both challenging synthetic
experiments and when operating on real-world data, and exhibits great potential for

extension.

3.7.1 Identifiability issues

We note that when running the method with the uniform prior over the models, we
observe that in Figure 3.4 the method recovers approximately 72 sparse elements on
average. This indicates that the posterior distribution over the model space essentially
reduces to the prior in this example, with the prior in this case being that each
element is independently dense (or sparse) with probability 0.5. Therefore, S is a
priori distributed Binomial(144,0.5), having mean 72 and standard deviation 6. The
use of the Laplace prior on the elements of A further exacerbates this problem, as we
expect the magnitude of elements of A to be relatively small given that the system
is stable. In order to remedy this, one could potentially use a different prior for the

dense elements of p(A|M), which would place little probability mass near zero.
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3.7.2 Sampling in the case of the uniform model prior

In the case that every model is a priori equally likely, we note that RJIMCMC is
not required in order to generate samples from our posterior. This is possible as the
marginal prior

p(A) = p(AIM=m)p(M =m) (3.13)

can easily be evaluated as it is the product of equally weighted mixtures of a Laplace
distribution and point masses at zero. As p(y1.7]A,M)=p(y1.r|A) in this model, can

evaluate

p(Alyrr) xp(A)p(y1r|A) (3.14)

up to a normalising constant.

We can therefore generate samples from the posterior distribution p(Alyy.r) using
a standard Metropolis Hastings algorithm which proposes to update each element
of A by sampling an equal weighted mixture of a Laplace distribution and a point
mass at zero. However, for a more general p(M) which encodes more complex prior
beliefs, it may not be simple to integrate out the model prior, and therefore such a

simplification might not be made.
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3.8 Appendix items for Chapter 3

3.8.1 Guidance for choice of parameters

Table 3.5: Hints for choosing parameter values

Parameter Hint Recommended value(s)
A Increase to promote sparsity € [exp(—2),exp(2)]
Njummp Decrease to increase acceptance rate €[0,0.5),~0.2,
o Increase to increase acceptance rate €[0.75,0.99],~0.8
m_q Increase to promote sparsity €[0.4,0.6],~0.5
0,0, Decrease to increase acceptance rate €[0.05,0.15),~0.1

3.8.2 Truncated Poisson distribution

Denote the Poisson distribution with rate A that is left-truncated at a and right-
truncated at b by TPoi(\,a,b). This distribution has support n € NN [a,b], and

probability mass function of

b Are?

nl

Ame=?
TPOi(?’L;)\,CL,b) = ?, with Z=
‘!

(3.15)

n=a

3.8.3 Correction terms

In order to maintain detailed balance in the sampling chain, we must account for the
unequal model transition probabilities, which is done via a correction term. These

terms arise from the RIMCMC acceptance probability,

ZI(A7May1:T) Tn+ln g(un)
(A M.,y17) Tnnt1 §(Unt1)

aTn,n—H (en 7un)

S| (3.16)

in which 7,41,/ n41 s the ratio of the probability of the reverse jump to that of the
forward jump. All other terms in the acceptance ratio are calculated in Algorithm 5,
with the Jacobian term ignored as per Section 3.5.2.

As we are using log likelihoods and log acceptance ratios, we compute our correction
on the log scale. For a given jump distance J in either the sparse or dense direction, we
denote this log correction term c¢; ;(A, M.,y .7), with j=s when jumping sparser, and

j=d when jumping denser. This term is equal to the log(m,41.,/Tn 1) term in the
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acceptance ratio in Step 3 of Algorithm 5. The calculations for both sparser jumps and
denser jumps proceed similarly, thus we detail only the derivation for sparser jumps.

The forward jump is a jump sparser, which occurs with probability 7_;. When
jumping sparser we truncate the jump distribution at D,,. When using the truncated
Poisson distribution, the probability of drawing a given jump length J given that the

jump is in the sparse direction is TPoi(.J;\,1,D,,). Given J, the probability of choosing a

Dy,

i )_1. Multiplying these terms we obtain

given set of elements in the forward jump is (
T =1_1 TPoi(J;\1,D,,) J! (D, —J)(D,!) "

The reverse jump is a jump denser, which occurs with probability 1 —m_;. When
jumping sparser, we truncate the jump distribution at S, +.J. Given these choices, the
probability of drawing a given J for the jump distance is TPoi(J;\,1,5,+.J). Given
J, the probability of choosing a given set of elements in the reverse jump is (S "}LJ)A.

Multiplying these terms we obtain
Toni1n=(1—m_1)TPoi(J;\, 1,8, +J) J1S, | (Sp+J)! .

From which we obtain the acceptance ratio

Tt (1=m_1)TPoI(J3\,1,5,+J) S, Dy,!
Tnn+1 Bl W_lTPOI(‘]’)‘v]-an)(Sn+J)'(Dn—J)' ’

Writing r:=(1—n_;)(7_;)~" we then have

TPoi(J;\, 1,5, +J)S,! D!

S AaMu : = . 9 3]_7
XD (AM Y1) =1 T T D (St (D) (3.17)
with the corresponding term for the denser jump being
1 TPoi(J;\1,D,+J)S,\D,,!
eXp(Cd,J(A;MJl:T)) — ( ) (318)

7 TPoi(J;A\1,5,) (D + (S, —J)!”

In the case of jumping to and from maximal density (MD) and maximal sparsity (MS)

further adjustment is required. In these cases we replace r following Table 3.6.

Table 3.6: r terms for edge cases.

Jump || to MS | to MD | from MS | from MS
r (ro) ™ 1=7my | (mo)™ | 1—7,
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Chapter 4

Learning Partitions
of Linear-Gaussian State-Space

Models via Iterative Constraints

4.1 Introduction

In this chapter, we focus on the linear Gaussian state-space model, in which the between-
step model dynamics are encoded by a transition matrix. This matrix can be interpreted
as a graph encoding the connectivity of the between-step transition of the state space
[16, 50]. Furthermore, it is known that real world dynamical systems are often made up
of interacting subsystems [14], and therefore will exhibit clusters in the transition graph.
These clusters are groups of state dimensions, in which within group connections are
common, and between group connections are infrequent. The transition graph can be
estimated using sparse estimation techniques such as [16, 35, 71], however whilst these
methods promote sparsity in the estimate, they do not promote the desired cluster
structure. In particular, we note that the method previously developed in Chapter 3
promotes sparsity without regard for a cluster structure. This method both extends and
specifies that presented in Chapter 3, as we develop a general methodological framework
by which to promote a more realistic sparse structure, but we develop this framework for
pointwise estimates only, whereas the method in Chapter 3 yields distributional sparsity.

In this chapter, we develop the iterative graphical clustering for linear Gaussian
state-space models (IGC-LGSSM) framework, a generic framework for performing
clustering on the transition matrix of a LGSSM. This framework iteratively incorpo-
rates structural information into parameter estimation via a conditioning step, thereby
promoting clustering in the sense explained above. As our framework promotes

clustering, it therefore also promotes sparsity in the transition matrix.
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These sparse clustered estimates have several advantages, in addition to typically
better representing the model dynamics [14, 16, 35]. One such advantage is that
quality of inference is typically improved, as promoting sparsity results in an implicit
reduction in the dimension of the parameter space [28]. Furthermore, sparsity in
state-space model parameter estimates allows us to infer the connectivity of the state
dimensions, via interpreting the connectivity of the parameter estimates as in graphical
models [72]. In doing so, we make the underlying system more interpretable, and
allow for further inference to be carried out.

We exemplify our framework with a fully described algorithm within the new
framework, itself a novel clustering method for estimating the between-step transi-
tion matrix of a LGSSM, and compare against existing state of the art methods for
sparse parameter estimation in LGSSMs. Our method can be applied to estimate
the transition matrix in models where the Kalman filter is applicable. Furthermore,
by promoting separate clusters in the state space, Kalman filtering equations can be

parallelised, thus decreasing the cost of future inference of the hidden states.

Contribution. The main contributions of this chapter are summarised as follows:

e We propose a new method to recover common structures exhibited by real-world
systems by promoting clusters in the estimated transition matrix, resulting in

a physically interpretable estimate of the system dynamics.

e The proposed framework is extensible, and can utilise several schemes for cluster

recovery, such as edge betweenness centrality or minimum cut.

e Our method outperforms state of the art methods for structure recovery in

LGSSMs, demonstrated by our numerical experiments.

4.2 Background

4.2.1 Notation

Denote by G(V,E, W) a weighed directed graph with vertices V', edges E, and weights
W, with weight W (s,d) the weight of the edge with source s and destination d, with
this edge denoted (s,d). We denote by |G| the cardinality of the graph G, given by the
number of vertices in the graph [V|. We define the adjacency matrix A of the weighed
directed graph G as the matrix such that Ay is the weight associated with the edge
(s,d), and is zero if that edge is not present. This index ordering is typical when

utilising graphs in dynamical systems. We denote by Id,, the nxn identity matrix.
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4.2.2 State-space modelling and filtering

In this chapter, we consider the additive linear-Gaussian state-space model (LGSSM),
given by

x;=Ax; 1 +qy,

(4.1)

y:=Hx;+ry,
for t=1,...,T, where x, €R™= is the hidden state at time ¢, y, € R"v is the observation
at time ¢, A € RY=*Nz s the between-step state transition matrix, H€R*Ne maps
the hidden state to the observations, q; ~A(0,Q) is a realisation of the state noise, and

r;~N(0,R) is a realisation of the observation noise. The prior for is x¢ is N (Xq,Po),

where the hyper-parameters Xy and Py are typically assumed known [5].

4.2.3 Graphical clustering

In network analysis, it is common to partition graphs into clusters for further analysis
[73, 74]. In order to recover clusters it is commonly assumed that that clusters are
densely connected within the cluster, with few connections between clusters. Several
method exist to recover these structures, with two commonly used methods being
the Highly Connected Sub-graphs (HCS) algorithm [73], which utilises minimum cuts,
and the Girvan-Newman algorithm [74], which utilises the edge betweenness centrality

(EBC).

Minimum cut

A graph cut is a set of edges which partitions a graph into two disjoint subsets. We de-
fine the cost of a cut as equal to the sum of the weights of the edges of the cut. Therefore,
the minimum cut of the weighted directed graph G is the cut with minimum cost.
HCS partitions a graph into clusters by iteratively performing minimum cuts on G
and the resulting disconnected sub-graphs. This proceeds until all sub-graphs G; CG

|Gl
2 )

nectivity A(G) is the minimum number of edges that must be removed to disconnect G.

each have either a single vertex, or have edge connectivity \(G;) > where edge con-

Edge betweenness centrality

The edge betweenness centrality (EBC) of the edge (s,d) is given by the fraction of
minimum paths between all vertices of G that contain (s,d). We expect that edges
between clusters will have a larger EBC than edges within a cluster, as shortest paths
between nodes in separate clusters will traverse these edges. By iteratively computing
the EBC, and removing the edge(s) with the highest EBC, we can recover clusters.

This algorithm was proposed in [74], and stops when all edges have been removed.
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A simple extension of this algorithm is to impose a stopping criteria, such as in [73],

reducing the amount of computation required.

4.3 TIterative re-estimation under graphical sparsity

constraints

We now propose a methodological framework for estimating the transition matrix A of
a LGSSM whilst promoting a cluster structure in the resulting estimate. We achieve
this via a sparsity promoting estimating scheme with iteratively learnt constraints
on the implied connectivity graph to recover the cluster structure. Furthermore, we
present our framework in a generic manner, allowing for different estimation schemes

and cluster recovery methods to be utilised.

4.3.1 Proposed framework algorithm

Algorithm 8 IGC-LGSSM framework algorithm

1: Input: Series of observations yj.p, initial transition matrix Ay, LGSSM parameters

H,Q,R x,Py, maximum number of iterations N, stopping condition S(-).
Output: Series of estimates {A;}, best estimate A.
Construct Go(Vo,FEo,Wy) with adjacency matrix Aj.
Initialise i:=0, Co={}.
while |E;|>1 and i< N and not S(-) do
Increment ¢ such that i:=:+1.
Determine edges R;:= {(ng)dgm))}%;l to remove from G;_.
Set C;:=C;_1UR;.
Obtain A;, the estimate of A with C; constrained to equal zero. Note that this will require

evaluating the Kalman filtering equations.
10: Construct G;(V;,E;,W;) as the graph with adjacency matrix A,.
11: end while
12: Set I:=i the number of iterations performed.
13: Determine which best estimate A to output.
14: Output {A;}/_, and A.

In Alg. 8, we describe our framework, iterative graphical clustering for linear Gaussian
state-space models (IGC-LGSSM), which estimates the transition matrix A of a
LGSSM such that the resulting estimate exhibits a clustered structure.

As input to out method, (line 1), we take values of the model parameters except
A an initial estimate A(, a maximum number of iterations N, and if desired, an early

stopping criterion S(-), which we discuss in Sec. 4.3.4.
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Our algorithm returns (line 2) the sequence of estimates {A;}._;, as well as a
single, best, estimate A, (see Sec. 4.3.5 for discussion).

We then construct the graph Gy(Vp,Ep,Wy) with adjacency matrix equal to the
provided Ag (line 3), as well as initialise our iteration counter ¢ to zero and the initial
set of constrained sparse edges Cj to the empty set (line 4). We then iterate (line 5)

until either
e there are one or fewer edges remaining in the estimated graph (|E;|>1), or
e the maximum number of iterations is reached (i <N), or
e the early stopping criterion is met (not S(-)).

At the 7th iteration, we perform the following steps. First, we determine the
additional set of edges R; that we will constrain to be sparse at this iteration (line
7), which we discuss in Sec. 4.3.2. We then combine these new constraints with our
existing set of constraints C;_; by setting C; =C;_;UR; (line 8). Next, we estimate
the transition matrix A, constraining the edges contained in C; to be sparse (line 9),
denoting the result A;, with the method by which estimation is performed detailed in
Sec. 4.3.3. Note that this is by far the most expensive step of the method, and requires
evaluating the Kalman filter and RTS smoother several times, as per [16]. Finally for
each iteration, we construct the graph G;(V;,E;,W;) with adjacency matrix A; (line 10).

After we finish iterating, we denote the number of iterations by I (line 12). Then,
we determine the best estimate A of A from {A;}L, (line 13), which we discuss in
Sec. 4.3.5. Finally, we return both the sequence of estimates {A;}L_;, as well as the

~

best estimate A (line 14).

4.3.2 Learning cluster-inspired constraints

We promote cluster recovery through iteratively constraining elements that violate the
cluster structure. We propose a pair of schemes for iteratively imposing constraints
which promote a cluster structure; one scheme based on minimum cuts, and another
scheme based on EBC. Each scheme utilises methods from different disciplines, with
minimum cuts coming from cluster analysis, and EBC heralding from community
detection. Algorithm 8 changes only in line 7 when changing the constraining scheme,
with all other steps remaining the same. At iteration ¢, we have the estimated transition
matrix A;_;, which is the adjacency matrix for the weighted directed graph G;_;.

Further, we have constrained that the edges C;={(s.,d.)}. are not present in G;_;.
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Minimum cut clustering

We separate G;_; into its weakly connected components { K i(f)l}nNil, where NV, is the
number of weakly connected components, and we define a weakly connected (di)graph
as a graph where it is possible to reach any node from any other node by traversing edges
in any direction (i.e. not necessarily the direction in which the edges point). Denote
by Re={(5n,dy)}", the N, edges removed by the minimum cut of the sub-graph
Ki(f)l. Next, we estimate A; in parallel, with the pth parallel branch imposing that the
elements of A; corresponding to R,UC; are zero, denoting the resulting estimate by
AEP ). We then set A, to the Al@ ) with the highest likelihood, and set Cj11 =C;UR;.

EBC clustering

For each edge (s,d) of G;_1, we compute the EBC, which we denote by EBC(s,d).
We find all edges (s,d) such that (s,d) = argmin, , EBC(s,d), denoting this set by
{(s\9,d)}% . We denote the edge(s) removed by {(s™ d"™ WM where M, is
the number of edges removed. Finally, we estimate the transition matrix whilst
constraining edges C;,1=C;U <UZ:1{(5§€m),d,gm)) %ﬁl) constrained to equal 0, which

we denote by A,.

4.3.3 Estimating the transition matrix under constraints

In this chapter, we require to estimate the transition matrix under constraints. The
constraints that we wish to apply are that specific elements of A are fixed to be
zero, which is equivalent to imposing cuts on the graph with A as adjacency matrix.
Specifically, if at iteration i we remove edges {(s;,d;)};, we require that the elements
Ag

that are not explicitly constrained to be sparse, as this will accelerate inference by

s =0 Vi. Furthermore, it is desirable for the estimate to be sparse in elements
reducing the number of iterations required.

In this chapter, we use GraphEM [16], which utilises the proximal operator of the
L1 norm to promote sparsity within the estimate for A. However, this method does
not natively admit constraints, but we can impose that A;; =0 for any 1<4,j <N, by
modifying the update step [16, Alg. 4], such that we set the values of the constrained
elements to 0, and then perform estimation updates only on the elements corresponding

to unconstrained elements of the transition matrix.

4.3.4 Online stopping condition

We utilise an early stopping criterion to reduce the computational cost of our method.

This condition is designed to balance the cost of exploring the parameter space by
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performing more iterations, with the potential improvements from performing more
iterations. Experimentally, we observe that, when performing iteration with increasing
numbers of constraints, the likelihood of the estimate at each iteration, which encodes
the capability of the estimate to recover the observed behaviour, is generally lower
than at the preceding iteration, owing to the use of a maximisation scheme when

performing estimation.

Therefore, we propose as our stopping criteria to cease estimation once the like-
lihood of the estimate decreases below a given threshold. This is implemented via the

stopping condition S(-), which is set to be

S()=S(A;) = true p(y1r|As) <ap(yir|Ao), (12)

false otherwise,

where 0 <a <1 is a hyper-parameter. Note that this assumes the initial value Ay is
an estimate of A, not a random value. The likelihood can be cheaply obtained via the
Kalman filter, which we already evaluate when estimating A, so this method add very
little overhead to each iteration, and drastically decreases the cost overall, as estimates

that would never be used due to poor explanatory capability are not calculated.

4.3.5 Offline estimate selection

We propose two methods for selecting an estimate from the set of recovered estimates.
The first method is designed explicitly to balance interpretability and representative
power, whereas the second allows an interpretation of our scheme as optimising a

heuristic aiming to minimise some other cost.

In the first instance, balancing interpretability against the recovery of dynamics,
we aim to recover the estimate that has the most constraints before the likelihood
begins to be significantly adversely impacted. We can recover this point by fitting
a smoothing spline s(i) to the likelihood function I(i) =p(y1.r|A;), and finding the

(integral) value 4 such that the second derivative is minimised, i.e.,

A=A, i=argmin(s"(i)), €N, (4.3)

i
The second scheme comes about if we choose the estimate that minimises a cost
function. An appropriate cost would be one that is intractable to directly optimise,
such as an L0 penalised loss, as many costs with smooth convex penalties can be

directly optimised by our chosen estimation scheme [16, 34]. For example, we as we
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wish to obtain a sparse model, we may wish to minimise

S(A)=A[|Al[o—log(p(y1r|A)), (4.4)

where a larger A gives a preference for higher sparsity.

Note that, when A = 1, minimising Eq. (4.4) is equivalent to minimising the
Akaike information criterion (AIC), thereby lending our estimation scheme a similar
interpretation to automatic regression using AIC as the selection mechanism; however,
in our case, the set of terms is fixed, and we impose constraints rather than adding
in new terms to a regression, thereby making the scheme more principled than typical
automatic regression methods. If this scheme is used, our scheme becomes a cost
heuristic optimiser, where we optimise a heuristic (given by [16, Eq. (31)]) under sev-
eral conditions (in this case, the iterative constraints), and select the estimate which

minimises our cost function.

4.4 Numerical study

Experimental setup. In order to demonstrate our method, we generate observations
following Eq. (4.1), with N,=N,=8 R=Py=Q=H=Idy,, Xo=1x, and a series
length of T'=100. We generate A to be a block diagonal matrix, with 2 x 2 blocks of i.i.d.
Uniform(0,1) elements, which we normalise so as to have absolute maximal singular
value of 1, yielding a stable system. The resulting graph of state relationships is given in
Fig. 4.1a. We will compare IGC-LGSSM (Alg. 8) with GraphEM [16], a recent method
that provides sparse estimates of the transition matrix in a LGSSM. We compare both
methods to a dense maximum likelihood (ML) method as a baseline [5, Chapter 13] [11].
We utilise the minimum cut method outlined in Section 4.3.2 to determine which
elements of A to constrain at each iteration, noting that in our testing both methods
proposed in Section 4.3.2 performed comparably. We set our stopping condition as
Section 4.3.4, with a=0.9. We set A as the penalty for GraphEM, with \ selected via
coordinate descent targeting F'1 on a separate system used only for this purpose. We
utilise GraphEM as the estimation method for IGC-LGSSM, with the same \ utilised
as the penalty parameter. The initial value Ay for GraphEM and IGC-LGSSM is the
ML estimate; Ag for ML is an element-wise normally distributed matrix.
Initial demonstration. We present the ground truth connectivity in Fig. 4.1a. We
see in Fig. 4.1b that GraphEM recovers false edges in addition to the true edges.
Furthermore, increasing the penalty parameter A causes GraphEM to remove true
edges before falsely recovered edges, as seen in Fig. 4.1c. Our method recovers the

state relationships in their entirety with no false connections, as seen in Fig. 4.1d.
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Figure 4.1: True and estimated graphs. Edge thickness is proportional to the
magnitude of the elements, with arrows denoting direction. The size of nodes is
proportional to their degree. Blue denotes an estimated edge that exists in the true
graph, and red denotes an estimated edge that does not exist in the true graph.

Variable state dimension. We now compare the performance of GraphEM and
IGC-LGSSM applied to a number of systems. The true transition matrix in all systems
is a block diagonal composed of 2 x 2 blocks, with the blocks generated as before,
resulting in matrices with many sparse elements. All other parameters are set as
previously, except the number of time-steps 7', which we now set to T'= 250, with
N, =N, varied per experiment.

We compare the metrics of specificity (spec.), precision (prec.), recall, and F1
score when assessing sparsity. We denote an edge being present as positive and no
edge as negative for these calculations. We also compute the root mean square error
(RMSE) of the estimates for each method. Performance metrics are averaged over 100
independently initialised runs. We present the results of these experiments in Table 4.1.
We see that IGC-LGSSM generally outperforms GraphEM in terms of edge detection
and in recovering the graph structure, especially on combined metrics such as F'1 score.
In particular, GraphEM recovers many dense edges as sparse, which IGC-LGSSM

avoids, as these edges are required to represent the dynamics in the absence of the
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Table 4.1
Metrics of GraphEM and IGC-LGSSM over variable state dimension.

[Nz [ method [RMSE |spec.|recall |prec.| F1 |

8 GraphEM 0.08 | 0.97| 0.73 | 0.97 | 0.83
IGC-LGSSM | 0.07 |0.97| 0.97 | 0.99 |0.99
ML 0.10 - - - -
16 || GraphEM 0.14 |{0.98]| 0.69 | 0.96 | 0.81
IGC-LGSSM | 0.12 | 0.97 | 0.95 | 0.97 | 0.95
ML 0.16 - - - -
36 || GraphEM 0.20 [0.97| 0.65 {0.96 | 0.79
IGC-LGSSM | 0.17 | 0.96 | 0.90 | 0.95 |0.92
ML 0.25 - -
124|| GraphEM 0.23 [0.96| 0.57 |0.98 | 0.71
IGC-LGSSM | 0.20 | 0.96 | 0.89 | 0.94 |0.92
ML 0.34 - - - -

incorrectly initially recovered inter-cluster edges. Furthermore, IGC-LGSSM has better
RMSE scores than GraphEM, with both methods consistently beating the maximum
likelihood baseline. On inspection of the estimates, this improvement in RMSE is also

due to the superior recovery of dense elements.

We also test IGC-LGSSM for variable noise magnitude Q for N, = 36, which
is displayed in Table 4.2. We see that IGC-LGSSM yields better estimates than
GraphEM over all tested covariances. We see that IGC-LGSSM generally recovers
dense elements more reliably than GraphEM, which is apparent from the recall metric

being consistently higher.

Table 4.2
Metrics of GraphEM and IGC-LGSSM over variable noise covariance.

’ Q H method \RMSE\spec.\recall\prec.\ Fl\

0.1Idss || GraphEM 0.15 | 0.98 | 0.78 |0.97| 0.85
IGC-LGSSM | 0.13 |0.98 | 0.93 | 0.96 | 0.95
ML 0.18 - - - -
Idse GraphEM 0.20 [0.97| 0.65 |0.96 | 0.79
IGC-LGSSM | 0.17 | 0.96 | 0.90 | 0.95 |0.92
ML 0.25 - - -
1.5Id3¢ || GraphEM 0.26 | 0.95 | 0.62 |0.96 | 0.80
IGC-LGSSM | 0.21 | 0.92 | 0.90 | 0.95 | 0.92
ML 0.32 - - - -
2Idsg GraphEM 0.32 {0.94| 0.58 | 0.94 | 0.73
IGC-LGSSM | 0.25 | 0.89 | 0.85 | 0.95 | 0.88
ML 0.36 - - - -
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4.5 Conclusion

In this chapter, we have proposed the IGC-LGSSM framework, a novel methodology
that combines a graphical interpretation of the state-space dynamics with a robust
and extensible clustering method to promote a clustered structure when estimating the
transition matrix of a linear-Gaussian state-space model. Our method is interpretable
by design, and exhibits superior performance to the existing state-of-the-art for sparse
parameter estimation in LGSSMs. Furthermore, due to the modular design of our
method allowing the use of any parameter estimation scheme for the transition matrix,
so long as element-wise sparsity constraints can be applied, our method will benefit

from any future research in the field.
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Chapter 5

Approximate
Learning of Transition Dynamics

in (General State-Space Models

This chapter is based on the papers [75, 76].

5.1 Introduction

In practice many systems are non linear, and thus the methods of Chapters 3 and 4 are
approximations at best. Therefore, we develop a method for sparse parameter estima-
tion in non-linear state-space models, using the particle filter for state recovery rather
than the Kalman filter, thereby allowing the methodology to be applied more generally.

The general state-space model does not have a form imposed as in the linear-
Gaussian state-space model, and in order to perform filtering of a state-space model
utilising the particle filter, we must know the form of the transition and observations
models, and the value of all parameters therein. However, in practice, it is common
for the parameters to be unknown, and therefore require estimation. Furthermore, in
many cases, the form of the model is not known, and therefore we must impose or
learn a form before we can estimate anything. In the case of dynamical systems where
we observe the state directly, methods such as SINDy [77] can be used to estimate the
system dynamics in the case they are unknown. However, these methods cannot be
utilised for incompletely observed noisy dynamics, as is the case in state-space models.

Estimating the parameters of a general non-linear SSM is a difficult task, even when
the model is known. One challenge is that the exact likelihood is usually intractable for
general non-linear models, and we must use a stochastic estimate utilising the particle

weights of the particle filter. When using this estimate, a further problem is that we
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cannot efficiently compute gradients of the likelihood, and hence we cannot easily
compute the maximum likelihood estimator, nor utilise standard modern sampling
schemes such as Hamiltonian Monte Carlo. However, thanks to the recent advent
of differentiable particle filters [36, 78, 79], it recently became possible to obtain the
gradient of the estimated likelihood of model parameters with respect to the parameter
values, and hence became much simpler to fit parameters of non-linear state-space
models using, e.g., maximum likelihood, assuming the form of the model is known.

In the unknown model case, we can make use of several simplifying assumptions
to design a model form that well approximates a large family of models. In dynamical
systems, many phenomena occur with rates proportional to a polynomial function
of the state dimensions. For example, in population modelling, birth-immigration-
death-emigration models are often used, within which the dynamics of the rates are
dependent on 2nd degree polynomials of the state-space. Furthermore, the well known
Lorenz 63 [80] and Lorenz 96 [81] models both have rates of change described by 2nd
degree polynomials, and are known to be highly chaotic systems of equations. We can
therefore see that polynomial systems can describe complex phenomena, and hence
a crucial problem is to learn the coefficients of a polynomial approximation to the
transition function of a NLSSM.

Contribution. In this chapter, we propose GraphGrad, a method to model and learn
the transition distribution of a non-linear SSM via a polynomial approximation of the

state.

e The proposed approximation can represent a rich class of systems, as many
dynamical systems are described by a series of differential equations that are
polynomial functions of the states. The resulting systems are interpretable, with
the interactions between variables having interpretation similar to the rate terms

in a dynamical system.

e Our method uses a differentiable particle filter, allowing us to use a first order
optimisation scheme to perform parameter estimation, improving robustness
whilst decreasing computation time. Furthermore, we promote sparse systems by
the use of a proximity update, thereby increasing interpretability, and improving

stability compared to naive subgradient updates of a penalised loss.

e GraphGrad is unsupervised, as we optimise the (penalised) parameter log pos-
terior density, and therefore do not require knowledge of the underlying hidden

state to be trained.

e GraphGrad is fast and efficient to evaluate, and provides excellent performance
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in challenging scenarios, even when the underlying system is not of polynomial

form, i.e., under model mismatch.

5.2 Background

5.2.1 Considered state-space model

In this chapter, we consider a general SSM, described by

Xt Np(xt’thl;H%

(5.1)
yie~p(yi|x:;0),

where t=1,...,T denotes discrete time, x; €R"= is the state of the system at time ¢,
y: €R™ is the observation at time ¢, p(x|x;_1;0) is the density of the hidden state x;,
given the previous state x;_1, p(y:|x;;0) is the density of the observation y, given the
hidden state x;, and @ is a set of model parameters. The initial value of the hidden
state is distributed xo~p(xXo|@). The state sequence xq.r is typically hidden, whilst
the related sequence of observations yi.7 is known.

Filtering methods aim at estimating the hidden state at time ¢, typically utilising
the posterior density function of the state conditional on the observations up to time ¢,
denoted p(x;|y1.4;0). Particle filters approximate p(x;|y.;0) using a set of K Monte
Carlo samples, called particles, and their associated weights, collectively denoted by

{x. T,_gk% w1~ The posterior density can then be approximated by

Xt|Y1t7 Zwt )5 NOL (5-2)

Algorithm 9 Sequential importance resampling (SIR) particle filter

Input: Observations y.7, parameters 6
Output: Hidden state estimates x;.7, particle weights wy.1
Draw Xék) ~p(x0|@), for k=1,...K
Set W) =1/K, for k=1,....K
for t=1,..,.T and k=1,....K do
Sample agk) ~ Categorical(wW;_1 ).

Set @ﬁk)lzl/K. ( ( ))
k

Dom(xlxy ) L yef)-

(«")
(k) _ pelxis0)p0x x, 3 756)

Sample X(

©

Compute w; 3]

7r(x<k)|x 1 75ye;0)
—(k 7

10: Compute W ( )—wt /2:z L ()

11: end for
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A commonly used particle filtering method is the sequential importance resampling
algorithm, given in Alg. 3. We reproduce this in Alg. 9, with minor modifications
for ease of reference. At every time-step ¢, the K particles and normalised weights,
{xﬁ’“},w% K |, are calculated. First, we perform the resampling step (line 6), which
generates K samples, sampling Xﬁ)l, k=1,...,K, with probability @Eli)l. The resam-
pling step is vital to avoid the degeneracy of the filter, i.e., to ensure diversity in the
particle set and obtain more accurate approximations of the posterior distribution,
p(X¢|y1.4;0). Next, K particles X,gk), k=1,....K, are drawn from the proposal distri-
bution m(x¢|x:-1,y+0) (line 8). Finally, we incorporate the observation y;, which is
done via the particle weights, given by wt(k), k=1,...,K, in line 9, and the normalised

weights (line 10).

5.2.2 Parameter estimation in state-space models

In many problems of interest, the parameter @ is not known, and must be estimated.
The posterior distribution of @ in the SSM can be factorised as p(0|y1.r) < p(0)p(y1.7|0),
where 6 is the parameter of interest, p(@) is the prior distribution of the parameter

0, and p(y1.7|0) is given by

p(y17(0) :Hp(Yt‘YLt—l;g)a (5.3)

t=1

where p(y1|y1.0;0) :==p(y1|0) [5]. The prior distribution p(@) encodes our pre-existing
beliefs as to the value and structure of the parameter 8, and can be used for regu-
larisation, e.g., by the Lasso [28].

There are many methods to estimate parameters @ given its posterior density
function p(8y1.r). We can broadly classify these parameter estimation methods as
point estimation methods and distributional methods. Point estimation methods
provide a single estimate that is, in some defined way, the optimal value. An example
of a point estimation method is the maximum-a-posteriori (MAP) estimator, that
defines the optimal value of 8 as the one that maximises the posterior density p(0|y1.r).
The method proposed in this chapter yields a MAP estimator.

In the case of a linear-Gaussian SSM, we have closed form methods for the MAP
estimator assuming a diffuse prior [5], and efficient methods for obtaining the MAP
estimator for sparsity promoting priors [16]. Distributional methods estimate the
posterior distribution of the parameter, with common methods being importance
sampling [18], Markov chain Monte Carlo [10], and variational inference [20]. For the
linear-Gaussian SSM, we can utilise reversible jump Markov chain Monte Carlo to

obtain an estimate of the distribution of sparsity [35], however no similar method exists
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for the general SSM. Our proposed method in this chapter is a point estimation method.

For general SSMs, the posterior density of the parameter @, necessary to compute
the posterior and hence to design a procedure to maximise it, cannot be obtained in
closed form. Let I/t(k) :wt(k)@yi)l be the adjusted importance weight. We can estimate

the parameter likelihood using the particle filter via the Monte Carlo estimate

pyirl0)=] | (Z&) : (5.4)

t=1

from which we obtain an estimate of the posterior density of our parameter

p(9|Y1:T) OCP(G)P(YLT\G),

T (K 5.5
zpw)H( uﬁ’“’), 9
k=1

where v and m@l are the weights of the particle filter as in Alg. 9 [5, Chapter 12].
Note that the weights are dependent on the parameter 8 through their computation

in Alg. 9. Further, we construct an estimate of the log posterior density by
log(p(0]y1:7))+c=log(p(0))+log(p(y1.r|6)),

~log(p(9))+ > log (ZVW) ,

(5.6)

where the constant ¢ results from the proportionality in Eq. (5.5), and we note that if
resampling occurred at time ¢—1, which is always the case if following Alg. 9, we have

E@l =1/K, and hence I/t(k) :wgk) due to the weights being normalised. Note that, in

practice, log-weights are used for numerical stability, and we compute Zlewﬁk)wi’?l

using a logsumexp reparametrisation.

5.2.3 Differentiable particle filter

The outputs of the particle filter, as given in Alg. 9, namely {xglf:)p,wgf%}le, are not
differentiable with respect to @ [79], because of the resampling step on line 6. The
resampling step requires sampling a multinomial distribution. Sampling a multinomial
distribution is not differentiable, as an infinitesimal change in the input probabilities
can lead to a discrete change in the output sample value [79].

Differentiable particle filters (DPFs) are recently introduced tools that modify the
resampling step of the SIR particle filter to be differentiable, and therefore lead to
a particle filtering algorithm that is differentiable with respect to @ [78, 37, 79, 82].
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Algorithm 10 Stop-gradient differentiable particle filter (DPF) [79]

Input: Observations yi.7, parameters 6
Output: Hidden state estimates xy.7, particle weights wq.7
Draw xék) ~p(x0]0), for k=1,... K
Set W) =1/K, for k=1,... K
for t=1,..,T and k=1,....K do
Sample a£k> ~ Categorical (L (w;—1)).
—k) _ 1 —a o —a
Set Wy =7 Wty /(W)

() "
Sample x;"’ ~7(x¢|x;_ 1 7, y:0).

*®

(k)
(k).e (k) (af ).9
9: Compute wt(k):p(yt\xt 0)p(xy %,y 7 ).

)
ey L ys0)
10: Compute @§’“) :w§‘)/z,’lew§k).

11: end for

where _L(x) is the stop gradient operator as defined in [79], which yields x when evaluated, but always has a gradient
of 0.

There exist a number of DPF methods, based on various techniques for making the
resampling step differentiable. These range from weight retention in soft resampling
[36], to optimal transport [78]. An overview of the DPF and its interplay with deep
learning methods can be found in [37], which motivates our choice of differentiable
particle filter, and our usage of stochastic gradient descent methods.

In this chapter, we built upon the DPF approach from [79], which utilises a stop gra-
dient operator to make the resampling step differentiable. We summarise this method
in Alg. 10. This algorithm yields gradient estimates with minimal computational
overhead, and does not modify the behaviour of the forward pass of the particle filter.

In Alg. 10, at each time-step ¢, we first sample the previous particle set, sampling
agk), k=1,...,K, with probability w; ; (line 6). The value of agk) determines the ancestry
of the k-th particle at time ¢. Note that we apply a stop gradient operator to the
weights in the sampling method, and therefore do not attempt to propagate gradients
through sampling a discrete distribution. We then set the weights of all K particles
to 1/K whilst preserving gradient information in the weights by dividing the weights
by themselves, applying a stop-gradient operation to the divisor, and then multiplying
by the constant 1/K (line 7). The rest of the DPF proceeds as Alg. 9, described in
Sec. 5.2.1, with the particle sampling, weighting, and normalisation steps unmodified.

The DPF is particularly useful when estimating parameters, as we can compute
the gradients of functions of the posterior density and of the particle trajectories, and
therefore compute parameters optimising a chosen loss function. In particular, we
typically use likelihood-based losses when performing inference where the hidden state
is unknown in the training data, and trajectory-based losses when the sequence of
hidden states is known for the training data. Examples of likelihood-based losses are

the negative log-likelihood and the ELBO, as well as the (negative) posterior density.
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The mean-square error of the inferred state is a typical trajectory-based loss. Note
that the trajectory of the hidden states depends on the weights, and therefore the
weights must be differentiable even if the loss function is based only on the trajectory.

Given a loss function based on the weights and/or particles of a differentiable
particle filter, we can compute the minimiser using a gradient-based optimisation
scheme. This is efficient, especially compared to the gradient-free methods previously
required, and is more robust to the stochasticity of the likelihood and state estimates,

as many gradient schemes are designed with noisy gradients in mind [38, 83].

5.2.4 Notation

We here present our notation, used throughout the chapter. We denote by A.; the
i-th column vector of matrix A, and by A;. the i-th row vector of matrix A. We
denote by Id,, the nxn identity matrix.

We denote by 1.onq(z) the binary indicator function, which returns 1 when z
satisfies cond, and 0 otherwise. We denote by sgn(x) = 1so(z) — L<o(z) the sign
function. We denote by abs(z) the absolute value function. All three functions can
be applied element-wise to a matrix or vector.

We denote by Ny the natural numbers including 0, and by N the natural numbers
excluding 0.

We denote by count(a,b) the number of times the item a occurs in the list b, and
by cwr(S,r) the set of all length r combinations of the elements of the set S with
replacement, up to reordering. For example, we have count(1,[1,2,2,3,1]) =2 and
cwr({a,b,c},2)={la,al,[a,b],[a,c],[b,b],[b,c],[c,c] }

We denote by L(z) the stop-gradient operator applied to x, with properties as
defined in [79].

5.3 Sparse estimation of non-linear SSMs

This section presents our main contribution, a novel approach for modelling and
learning the state transition distribution of a general SSM utilising a polynomial ap-
proximant. Several dynamical systems can be exactly represented as polynomials, such
as the chaotic Lorenz 63 and 96 systems [80, 81] or the Rabinovich-Fabrikant system
[84], the Lotka-Volterra model and many of its extensions [85], many compartmental
epidemiological models [86], and several ODEs resulting from PDE discretisations
(such as from the Brusselator model [87] and Oregonator model [88]). These systems

with different properties and dynamics can all be represented exactly by a polynomial
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model, demonstrating the wide array of systems that a polynomial approximation can
exactly capture.

Our approach builds a polynomial approximation to the transition distribution,

RNQ:XM

parametrised by C e , a matrix of real numbers encoding polynomial coefficients,

to be learnt, and D €NJ"*M a fixed (i.e., known) integer matrix of monomial degrees
associated with C.

The positive integer d denotes the fixed maximum degree of our polynomial approx-

e

No other model parameters are assumed unknown, hence 0 is equal in our case to C,

imation. The number of monomials of degree d in N, variables is M :Zizo(

and, in particular, p(x|x;_1;0) =p(x¢|x;_1;C). For example, in the additive zero-mean

Gaussian noise case, we have
x; ~p(xe[x;-1,C) =N (f(x:-1,C;D),%,), (5.7)

where ¥, is the covariance of the state noise distribution, and, for every x =
(21,29, 2N, ] T ERNe
M Na
f(x,C;D) :Z (C,j HmlD”) . (5.8)
j=1 i=1
is our considered polynomial approximation. The degree matrix D is constructed from
the number of hidden states IV, and the maximum degree d, and is a static parameter.
The remainder of this section is structured as follows. Our polynomial model
is thoroughly described in Section 5.3.1. We then design an approach to learn the
coefficient matrix C using a MAP estimator under a sparsity inducing penalty. We next
discuss in Section 5.3.2 the graphical interpretation of C and the key role of sparsity.
We then use the Lorenz 63 dynamical system as a pedagogical example to better
illustrate the usefulness of our model, in Section 5.3.3. We move to the presentation
of our approach to estimate C, starting from the problem definition in Section 5.3.4,
a single batch algorithm S-GraphGrad in Section 5.3.5, and a practical mini-batch

implementation, leading to our final algorithm B-GraphGrad, in Section 5.3.6.

5.3.1 Constructing a polynomial approximant

In order to learn a polynomial approximation to the state transition distribution, let
us first define the learnt and static parameters of our polynomials. A polynomial is
the result of summing a number of monomials, and hence can be constructed as a
sum of estimated monomial terms. The degree of a monomial is given by the sum
of the powers of its constituent terms, with a polynomial having degree equal to the

maximum degree of its constituent monomials. In our model, we assume a fixed
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maximum degree d €N for our polynomial approximation.
Once d is set, we construct all length N, sequences of positive integers that sum

to n<d,neNy, resulting in

M:i(”;rviv :1> (5.9)

unique sequences. This simple procedure allows us to generate the powers of all
monomial terms in a polynomial of degree d, that we store in an N, x M matrix,
denoted D, with the term D;; corresponding to the power of state dimension ¢ in
the j-th monomial term. The polynomial expression is then defined by matrix C,
following Eq. (5.8). The ordering of the monomials is arbitrary but must be consistent,
as it implies the order of the columns of C and D.

In our construction, d must be a non-zero natural number, as we construct
polynomials from positive integer powers of the state components. However, the
method could easily be extended to utilise rational powers of the state, of the form
1/p, peN. For example, one could construct an approximant utilising square root terms
with maximal polynomial degree d simply by constructing polynomials up to degree
2d, and then substituting in the square root term. More generally, approximants
of maximal degree d using terms of power 1/p could be utilised by constructing
polynomials up to degree pd, and then dividing D by p. We choose to focus here on
the integer power polynomials for notational simplicity, ease of implementation, and

the capability to be interpreted in a similar fashion to Taylor approximants.

Generating the degree matrix

We will now specify the construction of D, the degree matrix. As before, D is such
that D; ; is the power of state dimension ¢ in the j-th monomial term. For example, if
N, =3, and, for some je{1,...,M}, D.;=[0,1,2], then the value of the j-th monomial
term when evaluating the transition of the i-th state dimension is C; j2%2323, where
C;j is a learnt coefficient. The degree matrix D is static, and hence the same for every
state, meaning that all states fit a polynomial of the same maximum degree.

Our method for construction the degree matrix D is given in Alg. 11, where ‘count’
and ‘cwr’ are defined in Sec. 5.2.4. Alg. 11 takes the union of all possible combinations
with replacement of the set {1,2,...,N, } of length less than or equal to d, denoting
by Q the resulting set. We then construct D by setting each entry D; ; equal to the
number of times ¢ occurs in the j-th element of Q, for i€{1,...,N,} and j€{1,....M}.

We observe that |Q|=M. Note that the set Q has no inherent ordering, but we

access it by index. We must therefore impose an ordering on the set Q. One such
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Algorithm 11 Generating the degree matrix D

1: Input: State size IV, maximal degree d.
2: Output: Matrix D €RM*M of monomial degrees.

d
3: Compute Q= J cwr([1,2,...,N,],9)
6=0
4: D, j=count(i,Q;) Vie{l,....N;}, je{1,....M}.

ordering is lexicographical ordering. To apply this ordering, we first count how many
times each number appears in an element of Q. We then order these elements by the
number of times 1 appears, and in case of equality comparing the number of times
2 appears, and so on until NV,. Note that the ordering of the degree matrix does not
change the properties of the algorithm. In this chapter, for interpretability, we sort
monomials in ascending order by degree, then sorting by lexicographical order as a
tiebreaker within degree, as this aligns closely with how the degree matrix is generated

in Alg. 11, by iterating over degrees.

Initialising the coefficient matrix and evaluating the polynomial

Now that D is constructed, to evaluate the resulting polynomial for each state dimen-
sion, we require C, encoding the coefficients of each monomial term in every state
dimension. These coefficients are our object of inference, and therefore should be
stored in a manner admitting efficient evaluation of the polynomial.

We have M monomials for each of the N, state dimensions, and therefore we
propose to store the monomial coefficients in an N, x M matrix C, where C; ; cor-
responds to the coefficient of the j-th monomial when computing state . This gives
us a total of N,-M :NIZZ:O (”TV]: jzl) parameters to estimate.

Following usual broadcasting rules, given x, D, and C, we can now evaluate the
value of our polynomial at any x € R* by Eq. (5.8). Note that Hf\ﬁlej is scalar,
with C.,jnﬁ\flx?i’j being the vector C. ; multiplied by the scalar Hf&le)” . In effect,
vaz“”lx?i’j evaluates the j-th monomial term with coefficient 1, and this calculation is
reused for every state dimension, with C.ﬁjnﬁv:”le)i’j applying the coefficients, which
are unique to each state dimension. Once the model is initialised, our goal is to learn
the coefficient matrix C, since this matrix, in conjunction with the known fixed degree
matrix D, defines the transition density p(x¢|x;—1;0) =p(x¢|x;—1;C) in Eq. (5.1), where

0 is the set of learnt parameters, in our case C.

5.3.2 A graphical interpretation of matrices C and D

Within time series modelling, we can often interpret the driving parameters of a sparse

model as a graph encoding the connectivity of the system [16, 35, 71, 89, 90, 34]. This
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is the case here as well, where we observe that, for (a,b) €{1,...,N,}?, state dimension
b affects state dimension a in our estimated dynamics if (abs(C)D"),;#0, where we
note that abs(C)D" is an N, x N, matrix.

We can interpret this in terms of Granger causality, where we see that including
information from state b improves the knowledge on state a, and therefore we say that
state b Granger-causes state a if (abs(C)D"), ;0.

We are therefore able to construct a directed graph encoding the network topology
of our estimated system from the matrices C and D. This graph has adjacency matrix
A, defined by A=1_4(abs(C)D")€{0,1}=*N= where we have an edge from node
b to node a if A, =1, and no edge if A,;,=0. If this graph is not fully connected,
or equivalently if there exist (a,b) € {1,...,N,}* such that Agp=Ap, =0, then some
state dimensions do not directly interact in our estimated system. Note that this
graph represents the connectivity of the state space within the system dynamics, and
therefore it is distinct from graphical SSMs that perform state estimation over graphs,
such as [91]. However, the interpretation of the above graph as encoding relationships
between state dimensions is the same as that in methods that estimate the state as
a graph, or methods that infer network structure as a graph [92].

M
=0

We can also interpret our system as a collection of M graphs, {G;} where
the j-th graph G; has adjacency matrix abs(C.,j)DTj. Each G; can be interpreted as
encoding the connectivity resulting from the j-th monomial. A sparsity promoting
prior on C also promotes sparsity in these graphs. We can therefore interpret our
method of estimating C as estimating multiple interacting sparse graphical models,
one for each of the underlying monomials. We can then recover the overall connectivity
graph by taking a union of the graphs encoding the connectivity of the individual
monomials. These graphs can be constructed for more general forms of model, such as
those discussed in Sec. 5.4.4, thereby generalising the sparse graphical interpretation

to parametric non-linear model discovery methods.

Once estimated, these graphs can be utilised in a variety of ways. For example, it
is possible that the system could be broken down into sparsely interacting sub-systems,
which is a common structure for real-world systems [14], or, if possible, used to separate
the system dynamics into non-interacting systems that can be filtered in parallel,
assuming the observation model also allows them to be separated. The graph estimate
can also be used to determine the most influential state dimensions, as the nodes
relating to these will have a higher out degree than nodes relating to dimensions
that affect fewer other dimensions. These examples are not exhaustive, and many
potential uses of this graph interpretation are system specific, for example, estimating

the network structure of a power grid if observations are related to such a system.
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5.3.3 An example: Lorenz 63

We present here a worked example utilising the Lorenz 63 model. The Lorenz 63

model [80] is a popular chaotic oscillator model, with a discrete time variant given by,

Ty =x14-1+ A0 (Tor—1 —T14-1)) +V1s,

IQ,t = xQ,t—l + At(ml,t—l (p - I-?),t—l) - $27t_1) + 'U27t7 (510)

X3y =2Tg41+ AU X1 412241 — BTas—1)+ sy,

Vi =X+ Ty,

where At is the time elapsed between observations, v ~N(0,%,) the state noise term,
and r; ~N(0,%,) the observation noise term, and (,p,0 are real scalar parameters,
often taken as f=8/3, 0 =10, p=28. The initial condition X, is arbitrary, so long

as it is non-zero, and is often taken to be [1,0,0].

We can see that the transition state system in Eq. (5.10) is described by a degree

d=2 polynomial in N, =3 variables. Therefore, using our notations, we have

Q={[1,1],[1,2],[1,3],[1],[2,2],[2,3],[21,3,3], [3], ]}

under lexicographical ordering, and

Q={[,[1],[2],(3,[1,1],[1,2],[1,3],[2,2],[2,3],[3,3]}

under lexicographical-in-degree ordering. From the lexicographical-in-degree ordering,

the resulting degree matrix D is

0100211000
D={0010010210
0001001012

Given the above degree matrix D, we can extract from Eq. (5.10) the true coefficient

matrix C,
0 1—cAt oAt 0 00 0 00O

C=10 pAt 1-At 0 00 —At000|,
0 O 0 1-BAt0At 0 000

which, notably, is sparse with 23 elements out of 30 equal to zero. We can verify that
inputting the above C and D into Eq. (5.7) and Eq. (5.8) yields the system given in
Eq. (5.10). Furthermore, we construct the adjacency matrix A =1_(abs(C)D") from

the above C and D matrices, yielding the adjacency matrix and associated directed
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graph given in Fig. 5.1.

110 o
A=|11 1}, s
111

°3

Figure 5.1: Graph and adjacency matrix encoding the connectivity of the Lorenz
63 system.

In this example, the coefficient matrix C is sparse, while the adjacency matrix A
gives a highly connected graph. Imposing a sparse C at the estimation stage therefore
gives more information than the adjacency matrix A, as we also obtain estimates of

the type of interactions that occur between the hidden states.

5.3.4 Parameter estimation

We now move to the learning procedure, for the unknown parameter 8 :=C € RNe*M
This is done via a MAP approach, that is by minimising the negative posterior log
density /g, given by

lr(Cly11,A) =L(Cly17)+AR(C), (5.11)

where
U(Cly1r)=—log(p(y1:r|C)), (5.12)
is the negative log-likelihood of C, and AR(C) is a sparsity promoting penalty term

acting on C, with penalty weight A\>0. Hence, we aim to compute

C= argmin (5(Clyy.r.\). (5.13)

CeRNaxM
We propose to adopt the L1 penalty to promote sparsity, given by
M N,
(VCeRY M) R(C)=|C;:==> > |Ci;l- (5.14)

j=1i=1

We propose to solve Eq. (5.13), using a first-order optimisation scheme, combining
a gradient step on the log-likelihood, and a proximity step over AR. We will now
describe the gradient step, and then describe the proximity step.

Estimating the parameter likelihood and its gradient

In order to resolve Eq. (5.13) using a first order optimisation scheme, we require to

evaluate the negative log-likelihood and its first derivative with respect to C, given
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the observation series and the SSM. We propose to estimate the likelihood through
Eq. (5.4), where we have 8:=C, our parameter of interest. We then transform this
quantity to the negative log-likelihood through negating the logarithm of the resulting
estimate. For stability reasons, in practice, log-weights are used, and the log-likelihood
is thus computed directly. The obtained estimate of the log-likelihood depends on the
particle weights, which, in the standard SIR particle filter of Alg. 9, are subject to

a non-differentiable resampling step.

Thankfully, we can utilise the DPF approach discussed in Sec. 5.2.3, to obtain
an estimate of the negative log-likelihood with respect to our parameter C, and the
gradient of the negative log-likelihood with respect to C. The DPF yields a stochastic
estimate of the gradient, which we can use to perform gradient based minimisation of
the negative log-likelihood. In order to be robust to gradient noise, we propose to rely
on first-order updates from the deep learning literature, where stochastic gradients are
common due to stochastic input batches. In our experiments, we utilise the Novograd
optimiser [83, 93] to compute our gradient updates for the negative log-likelihood, as

it is robust to gradient outliers [93].

We denote the result of the gradient update utilising the negative log-likelihood

at iteration s,

C,=update, (Cs_1,VE(y17|Cs-1)), (5.15)
where update, (A, V{(y1.r|B)) is a step of a given minimisation scheme with learning
rate n applied to A with gradient of the negative log-likelihood obtained from running

the particle filter with parameter B and observations y.7.

Proximal update on the penalty term

Given that we can estimate the negative log-likelihood ¢(y;.7|C) and its gradient
V{(y1.7|C), we now need to account for the penalty term AR(C). Note that the L1
penalty is not differentiable when a coordinate is 0, hence it cannot be optimised using
standard gradient descent if we aim to recover sparse estimates. It is however convex,
and particularly well suited to the use of a proximity operator update [94], that can

be understood as an implicit subgradient step.

The proximity operator update, for the L1 penalty, reads as a simple soft thresh-

olding, so that our resulting scheme; combining both steps, is

65:updaten(Cs,l,Vﬂ(y1:T|CS,1)), (5.16)
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where the soft-thresholding operator,
Ta(z) =max(|z| —a,0)-sgn(z),

is applied element-wise. The above algorithm belongs to the class of stochastic proximal
gradient methods, the convergence of which is well studied, for instance in [95, 96].
Note that automatic differentiation can also be used when applying the L1 penalty,
as the L1 penalty admits a subgradient [97, 98]. However, the proximal operator
update is more computationally efficient, and more stable. The proximal operator is
also more versatile, as it allows using other penalties such as low rank, or L0 penalty,

which cannot be applied by the subgradient method [99].

5.3.5 S-GraphGrad algorithm

We have now all the elements for solving (5.13). We first start with a full batch
implementation, in Alg. 12, which we call S-GraphGrad, and which operates on the

entire series of observations at once.

Algorithm 12 Series GraphGrad algorithm (S-GraphGrad)

1: Input: Series of observations yi.7, number of steps S, penalty parameter A\, NV=*M degree

matrix D, initial coefficient value C, learning rate 7.

2: Output: Sparse RV**M matrix C of polynomial coefficients.

3. for s=1,...,5 do

4: Run Alg. 10 with p(x¢|x;—1;Cs—1,D) and observations y1.7.

5: Estimate £(y1.7/Cs—1) and V{(y1.7|Cs—1) via Eq. (5.4) and backpropagation.
6: Set és :updaten(CS_l,Vﬁ(yl:ﬂcs_l)).

T: Set Cs=T,.2(Cs).

8: end for

9: Output C=Cg.

S-GraphGrad description

S-GraphGrad takes as input the series of observations yy.r, the number of steps .9,
the penalty parameter A, the Név «*M degree matrix D, the initial coefficient value Cj,
and the learning rate 7, producing as output a sparse RN=*M matrix C of polynomial
coefficients. S-GraphGrad iterates for S steps, with the s-th step proceeding as follows.

First, we run a differentiable particle filter with the estimate of the coefficients
from the previous step Cs_; with observations y;.7 (line 4). When running the filter,
we assume that we either know or have suitable estimates of the observation model
p(y¢|%:) and the proposal distribution 7(x;|x;—1,y:), as well as the state noise. For

example, if the noise is additive and Gaussian, we have Eq. (5.7), and would require
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a suitable estimate of 3J,. Other noises can be accounted for, such as multiplicative
Gaussian, assuming a definition of how the estimated polynomial model and the noise
interact to compute p(x;|x;-1;C,D).

While running the filter, we process the weights to obtain an estimate of the
likelihood of the parameter C,_; using Eq. (5.4), and use automatic differentiation
to obtain an estimate of V/(y;.7|C*™!) (line 5). We then apply a gradient-based
update step, on the negative log-likelihood, of a given minimisation scheme update
with learning rate n to C,_1, yielding 68. Namely, the gradients V{(y,.7|Cs_1) are
those of the negative log-likelihood, as we are aiming to maximise the log posterior
density (equivalent to the penalised log-likelihood), and hence we minimise the negative
log-likelihood using the minimisation scheme update (line 6).

We then apply the proximal update at és, yielding Cj, the estimated coefficient
matrix at step s (line 7). In the case of the L1 penalty the proximity operator is the soft

thresholding operator, depending on the learning rate of n and a penalty parameter of \.

Combating likelihood degeneracy

In practice, using S-GraphGrad is hampered by likelihood degeneracy, which causes
the likelihood estimate of Eq. (5.4) to evaluate numerically as zero due to the limited
precision of floating point arithmetic. This could result in the gradient vanishing, and
hence numerical failure of the scheme.

A typical way to combat this is by using log weights, different floating point
representations, or gradient scaling, but these do not address the core problem, which
is that the likelihood becomes more concentrated the longer the observations series
is. We will now discuss this phenomenon, and how we mitigate it.

For observation series longer than a few elements, the likelihood function, given
in Eq. (5.4), when evaluated with parameters that do not yield dynamics close to
the true dynamics, is numerically 0. Numerical zeros are a limitation of computer
arithmetic, and in this case result from the multiplication of the very low likelihoods
that occur in an unadapted filter to yield a result that is numerically zero. Note that,
if operating on a log scale, we instead obtain —oo rather than 0, but the root cause
is the same. Note that even when the dynamics are perfectly known we still observe
this phenomenon, and here we aim to mitigate the effect of unadapted parameters,
not the fundamental issue of likelihood accumulation in particle filters.

There are several standard ways to mitigate the effects of likelihood concentration
within SSMs, such as variance inflation, where we increase the magnitude of the state
and observation covariances to decrease likelihood concentration, or simply running

the particle filter with a larger number of particles. However, both of these methods
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break down as the length of the observation series increases, as they do not address

the underlying issue of the parameters not being adapted to the observed data.

The likelihood degenerating causes the gradients of the log-likelihood to explode,
and hence makes it impossible to perform gradient-based inference. We can address
this issue by running our method multiple times, first to fit a coarse estimate, and then
refining this estimate over several subsequent iterations. We fit this coarse estimate
using only the first few observations, and then gradually introduce more observa-
tions, refining our estimate and mitigating likelihood degeneracy due to unadapted

parameters.

5.3.6 B-GraphGrad algorithm

We end this section by presenting B-GraphGrad, our final method for estimating
the dynamics of a general non-linear SSM via a polynomial approximation. This
method builds upon that described Alg. 12 (S-GraphGrad) in Sec. 5.3.5, proposing a
sequentially-batched implementation of the method, utilising an observation batching

strategy to mitigate likelihood concentration issues.

The proposed method is doubly iterative: we iterate over telescoping batches of
observations, within which we iteratively estimate the coefficients of our polynomial
approximation. We create B batches of observations by y® =Yui.pr/p) for b=1,...B.
Note that these batches are of increasing size, with y® C y®*\ for b =1,..., B.
Within each batch of observations, we perform S runs of Alg. 12 (S-GraphGrad). We
perform batching to avoid numerical errors, as the first sampled trajectories, with
parameters close the the initial random initialisation, will likely have an extremely
small log-likelihood, which compounds numerical errors when computing the weights
in Alg. 10 [31]. Note that, in the case that the true system can represented as a
polynomial, few batches may be needed. Indeed, in the case of the Lorenz 63 oscillator,
we require only a batch of 10 observations to initialise the coefficients, and can then
proceed with estimation on series of lengths exceeding 1000. However, in general the
true system is not polynomial, so we proceed with fixed-size batches for simplicity and
robustness. We present the method in Alg. 13 (B-GraphGrad), and describe it below.
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Algorithm 13 Batched GraphGrad algorithm (B-GraphGrad)

1: Input: Series of observations yi.7, number of batches B, steps per batch S, penalty parameter

A, learning rate n, maximal degree d, hidden state size IN,.

2: Output: Sparse RV+*M matrix C of polynomial coefficients.

3: Construct D by running Alg. 11.

4: Randomly initialise Co € RV+=*M element-wise by sampling a ¢/(—1,1) distribution.

5: for b=1,...,B do

6: Set y(® =Y1:[bT/B]-

T Run Alg. 12 (S-GraphGrad) with observations y®, number of steps S, penalty parameter
A, degree matrix D, initial coefficient value Cy,_1, and learning rate 7, setting C;, to the output.

8: end for

9: Output C:=Cp

B-GraphGrad description

As stated in Sec. 5.3.6, B-GraphGrad builds upon S-GraphGrad, implementing obser-
vation batching to mitigate likelihood generation for unadapted models. In particular,
B-GraphGrad runs for B iterations, with the b-th iteration running S-GraphGrad with
S iterations on the observation series y®) =Y1.r/B) €Y. This allows us to ‘warm
up’ the coefficient parameter C, so that when we are performing estimation on the
entire series we do not encounter issues due to likelihood concentration. We avoid these
issues by learning C first on small series, which have relatively dispersed likelihoods
due to their length. By learning an initial estimate of the transition dynamics on the
initial batches, we have a better model when we come to estimating C on the longer

series that can display likelihood issues when the model is not adapted.

B-GraphGrad proceeds as follows. First, we construct the degree matrix D given
the selected maximum degree d and hidden state dimension N,. D is constructed
following Alg. 11 described in Sec. 5.3.1. We note that D is a static parameter, and is
not learnt through our training. We then generate an initial value for C, denoted C,.
We can choose this value randomly, as we avoid likelihood related issues through our
batching procedure. In Alg. 13 (B-GraphGrad) we draw C element-wise by sampling
a uniform U (—1,1) distribution, however in principle any real valued distribution could
be used, such as a standard normal distribution. After initialising C, we generate
the B observation batches. We then iterate over the B batches of observations. For
batch b, we run Alg. 12 (S-GraphGrad) with the parameter estimate from the previous
batch, C,_;, and label the resulting updated parameter by C,. The B-th batch is
the final batch and trains using the entire series of observations, outputting the final

value Cp, which is learnt so as to optimise our objective function Eq. (5.13).
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5.4 Discussion

We now discuss our algorithm, B-GraphGrad, as given in Alg. 13, and provide some

potential extensions and modifications to particular systems.

5.4.1 GraphGrad prerequisites

In order to apply GraphGrad, we must either know or have estimates of the obser-
vation model and its noise process, and must know the form of the state noise. The
observation model are typically assumed known in dynamical systems, such as by
the intrinsic properties of the sensors used, or are estimated from previous studies.
We require that the likelihood of the observation is differentiable with respect to C,
as otherwise we cannot apply the differentiable particle filter. If we use a proposal
distribution m(x¢|x;—1,yt) 7# p(x¢|X—1) = p(x¢|%¢-1;C,D), then we must be able to
sample from this distribution differentiably with respect with C, and it must admit
a differentiable likelihood with respect with C.

Furthermore, we assume that the state noise is such that we can sample it in a differ-
entiable manner. An example of such a noise is the Gaussian distribution, from which
we can generate sample differentiably with regard to the distribution parameters using
the reparametrisation trick [100]. Many distributions can be sampled differentiably with
regard to their parameters using similar tricks, such as the multivariate t distribution

(with known degrees of freedom), which could be used if heavier tails are required.

5.4.2 Computational cost

B-GraphGrad, as given in Alg. 13, requires SB evaluations of the particle filter to
obtain the negative log-likelihood and its gradient. The particle filter is of time
complexity O(KT), and therefore our method is of complexity O(SBKT). Indeed,
we evaluate the particle filter SB times, and obtain the gradients via reverse-mode
automatic differentiation, which is of the same time complexity as the function we
differentiate. Note that we neglect here the complexity cost of sampling distributions
and evaluating the likelihoods in the particle filter, as these vary from model to model,
and occur the same number of times across filter runs.

The cost of evaluating the polynomial in Eq. (5.8) is small, and of complexity
O(MN?). We note that the polynomial evaluation can be efficiently parallelised as D
is fixed, so it is possible to evaluate the polynomial by performing an associative scan
over evaluating the monomials. That is, we can evaluate the a:fi’j terms in parallel,

and then evaluate their product and sum in parallel. Furthermore, the vector-scalar
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element product is typically automatically abstracted to an SIMD operation, speeding

evaluation up by a factor of N,.

Finally, we note that the computation of the particle filter and its gradient can
be accelerated by observing that the computations in the differentiable particle filter
depend on the previous state only through the particles and the weights. Under this
restriction, we can implement the particle filter as a scan-with-carry. Therefore, it is
possible to construct the computational graph of the particle filter, and therefore of
its gradient, from the computational graph of the scanned function, yielding a much

smaller graph than from the entire filter [97].

5.4.3 Exploiting parallelisation to decrease runtime

B-GraphGrad, if implemented following Alg. 13, is a sequential algorithm. Sequential
operation is required as the estimate at each step depends on the estimate at the
previous step. However, we can use parallel computing to reduce the elapsed time

of the computation by computing fewer batches.

In particular, the batching proposed in B-GraphGrad is very conservative, in that
the batch size increases by the same increment in all instances. In practice, as the
approximand uses few parameters, with each parameter having a distinct effect, we
rapidly adapt to the system within the first few batches.

We hence propose a more efficient procedure. We initialise P independent coef-

P
p=1>

of observations. Then, we check if there exists a subset of the P coefficient matrices

ficient matrices, {C® and learn each independently in parallel for B; batches
such that the coefficient matrices are close in value, for example by attempting to find
C eRNeXM gych that ||C—C®) || <e Vpe{l,...,P} for some matrix norm ||-|| and e >0.
If this matrix exists, then this indicates that the coefficient matrices have adapted to
the system. We then cease batching, and learn on the entire series of observations using
the coefficient matrices in our subset, aggregating after finishing optimisation, e.g., via
an element-wise mean. If the subset cannot be constructed, we continue learning for
another batch of observations, and then recheck the above condition, stopping when

either we exhaust the set of observations or the subset of matrices can be constructed.

This batching method can take advantage of parallel processing by performing
optimisation on each independent parameter in parallel, with the subset construction
and matrix calculations being cheap in comparison. This accelerates our inference by
reducing the number of batches that need to be constructed, therefore reducing the

run time of the algorithm.
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5.4.4 Interpretation as a library regression method

Our method, at its core, fits a series of polynomial functions aiming to recover the
transition kernel of a SSM. Therefore, B-GraphGrad can be interpreted as performing
function library regression, similar to SINAY [77], with the function library comprising
all polynomials in N, variables of degree less than or equal to d, and fitted performed
simultaneously for each state dimension.

Given this interpretation, it is possible to expand the library of terms to include
additional terms, such as trigonometric or exponential terms. These terms would allow
for an even larger class of systems to be exactly represented by our model, but come at
the downside of requiring additional machinery to evaluate, whereas polynomial terms
admit a simple vectorised expression in Eq. (5.8). However, non-polynomial terms
should be evaluated as separate expressions, and then combined with the polynomial
terms after computation. For example, if the system is defined in terms of angles,
trigonometric terms could be included, or functions of the differences between states

could be included for systems involving potentials.

5.5 Numerical study

We here present our experimental results, to illustrate and discuss the performance
of our proposed approach. We are interested in the recovery of the underlying model
in dynamical systems described by polynomial ordinary differential equations (ODEs),
namely the Lorenz 63 (Sec. 5.5.2) and Lorenz 96 (Sec. 5.5.3) oscillators, and estimating
a non-polynomial system, the Kuramoto oscillator (Sec. 5.5.4). In each case, we use an
Euler discretisation to build a discretised form for the model, and we map it with our
problem formulation where the goal is to recover an estimate of a ground truth matrix C.

We implement the proposed B-GraphGrad algorithm, and compare it against
the fitting of a polynomial of the same degree using a maximum likelihood scheme,
which we denote pMLE, for polynomial maximum likelihood estimator. This scheme
is identical to our B-GraphGrad scheme, except that we remove the proximal steps.
pMLE fits a fully dense model, so in its case we present only RMSE, as the sparsity

metrics are predetermined (i.e., no sparsity is recovered).

5.5.1 Experimental setup

For our numerical experiments, we use the following settings, unless stated otherwise.
We use the Novograd optimisation scheme [83, 93], for update in Alg. 12 line 6, with

a fixed learning rate of n=1073. We split our observation series into B batches such
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that B=[T/10], therefore giving a batch size increment of approximately 10. We
use K =100 particles in our particle filter in Alg. 10. T denotes the length of the
observation series. For a given polynomial degree d, we construct the degree matrix
D following Sec. 5.3.1.

Performance assessment is performed using several quantitative metrics, either
based on the recovery of the sparse support of C (in terms of specificity, precision, recall,
and F1 score), or of its entries (in terms of root mean square error, RMSE). We define an
element of C as numerically zero if it is lower than 107¢ in absolute value, as this is ap-
proximately the precision of single precision floating point arithmetic. Perfect recovery
of positive and negative values is indicated by 1.0 in all sparsity metrics, and 0.0 RMSE.

We choose the penalty parameter A for a system with state dimension N, and
maximal degree d by tuning it on a synthetic system. This system is not used to
generate the data for fitting, and is only used to tune X. This system is such that it has
the same NNV, dimension state and a maximal degree of d as the model we are fitting. We
generate the C matrix of this system such that it is 75% sparse, with the dense elements
drawn from U(—N,,N,), and then scaled such that the maximal singular value of C is
1. We discretise this system using an Euler discretisation with a timestep At equal to
the timestep of the system we aim to estimate, adding zero mean Gaussian noise terms
v and r to the state and observations respectively, with ¥, =3, =AtIdy,. We then
optimise \ via setting A= 10!, with  chosen to maximise the accuracy of the estimated C

of this system using B-GraphGrad, via 10 iterations of bisection over the interval [—5,2].

5.5.2 Lorenz 63 model

We start our experiments, with the Lorenz 63 system [80], which we transform into an

NLSSM using an Euler discretisation with a timestep of At =0.025, yielding the system

$1’t+1 = -Tl,t + At(o‘(l’g,t — xl,t)) +V Atvl,t—i—l,
Topp1 = Loy +AUT14(p—T34) — Toy) +V Alvg 11, (5.17)
X341 = T3+ AU (X1 4304 — Pr3s) + VAU 111,

with the observation model p(y:|x:) =N (x:,%,). Hence, N, =N,=3. We choose X,
such that xq is equal to 1 in the first element, and 0 elsewhere. We set ¥, =X, =0%1ds,
with 0 =1 unless stated otherwise. Note that we present the true C and D matrices
for this system in Sec. 5.3.3 We use p=28,0 =10,5=28/3, as these parameters are
known to result in a chaotic system, and we set to=0. Our particle filter is initialised
with p(xg) =N (xo,Id3).

We average the results, for our method GraphGrad, and pMLE, a scheme that
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fits the same coefficient matrix C but does not promote sparsity, on 150 independent
realisations of the specified dynamical system. Hereafter we present our results, on
three scenarios, namely assuming maximum degree d=2 or 3, and varying the series

length, then considering a varying noise amplitude.

Varying series length, maximum degree d=2

Table 5.1
Lorenz 63: Average recovery metrics for variable
series length for 150 independent systems. Maximum polynomial degree d=2.

] method | T [[RMSE (10~?) [ spec. [recall | prec. [ F1 |

B-GraphGrad [ 25 1.6 0.90 [ 0.92 [ 0.96 [0.94
pMLE | 25 2.4 - - - -
B-GraphGrad | 50 1.0 0.98 | 0.97 [ 0.98 [0.98
pMLE | 50 1.6 - - - -
B-GraphGrad | 100 0.4 1.00 | 1.00 | 1.00 [1.00
pMLE | 100 0.8 - - - -
B-GraphGrad | 200 0.2 1.00 | 1.00 | 1.00 [1.00
pMLE | 200 0.3 - - - -
103
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Figure 5.2: Comparison of B-GraphGrad with pMLE over variable series length on
the Lorenz 63 oscillator, with maximum polynomial degree d =2. Markers denote
mean performance, with the ribbons being symmetric 95% intervals.

Table 5.2
Lorenz 63: Median runtime relative to 7'=25 for variable
series length for 150 independent systems. Maximum polynomial degree d=2.

’ method\ T H Relative runtime‘

B-GraphGrad | 25 1

B-GraphGrad | 50 3.86
B-GraphGrad | 100 15.64
B-GraphGrad | 200 62.25

Table 5.1 presents the results for learning over a range of series lengths T" with
a maximal degree of d=2. In this case, estimating C requires learning 30 parameters.

Here, we assumed the knowledge of the correct degree of the underlying system, so
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these results serve to provide a baseline for the performance of our method in the
scenario where the degree is known. We note that, for many dynamical systems, a
default degree of 2 is a sensible modelling choice, as this type of interaction in the
rate is very common in many systems, such as in chemical and biological networks,
population modelling, and meteorological systems. We observe that the performance
of our method improves as the number of observations 7" increases, indicating that
our method well incorporates information from new observations. Furthermore, we
see that, even for a small number of observations, our method recovers the system
connectivity well, even if the RMSE is not as good for low values of T". This is due to
changes in the system connectivity and the presence or absence of system terms having
a large effect, and thus being relatively easy to infer compared the the specific value
of the terms, the effects of which are obscured by the noise inherent to the system.
Overall, we observe excellent performance, with good recovery of all parameters at
all tested series lengths. We see that pMLE does not perform well, mostly because
it recovers a fully dense system, and therefore yields matrix C with many non-zero
parameters that are, in truth, zero. Hence, the RMSE is poor, as the value of the
truly non-zero parameters is affected by the value of the falsely non-zero parameters.

From the results given in Table 5.2, we see that our runtime seems to scale quadrat-
ically in T". This follows from the linear complexity of the particle filter in T', and the
number of batches B also scaling linearly in 7" as per the experimental setup. Each
batch runs a particle filter of a fixed length, with each batch running a longer filter
than the previous, and therefore the algorithm runtime scales quadratically with 7.
However, one can use the batching method presented in the introduction of Sec. 5.3.6
to remove the quadratic scaling by fixing the number of batches, in which case the

runtime scales linearly in 7.

Varying series length and maximum degree d=3

Table 5.3
Lorenz 63 average recovery metrics for
variable series length for 150 independent systems. Maximum allowed degree d=3.

] method | T [[RMSE (10~®) [ spec. [ recall | prec. [ F1 |

B-GraphGrad | 25 2.0 0.84 ] 0.90 [ 0.92 [0.91
pMLE | 25 2.8 - - - -
B-GraphGrad | 50 15 0.96 | 0.95 | 0.97 | 0.96
pMLE | 50 2.0 - == -
B-GraphGrad | 100 0.7 0.97 | 0.98 | 0.97 [0.97
pMLE | 100 1.3 - -l - -
B-GraphGrad | 200 0.4 1.00 | 1.00 | 1.00 | .00
pMLE | 200 1.0 - - - -
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Figure 5.3: Comparison of B-GraphGrad with pMLE over variable series length on
the Lorenz 63 oscillator, with maximum polynomial degree d=3. Markers denote
mean performance, with the ribbons being symmetric 95% intervals.

Table 5.3 presents the results of our GraphGrad method over a range of series lengths
T with maximal degree of 3. In this case estimating C requires estimating 60 parameters.
A degree of 3 is greater than the true degree of the system, which, as we recall, is not
in general known beforehand. Systems with a degree of 3 are uncommon, however it is
possible to approximate non-polynomial systems, with higher degree allowing better ap-
proximation of the dynamics. For example, the Kuramoto oscillator [101] can be well ap-
proximated via a centralised Taylor approximation, which our method can learn directly.

We observe that the performance of our method improves as the number of observa-
tions increases, indicating that our method well incorporates information from new ob-
servations, and does not over fit given the over specification of the model relative to the
system we are learning. We note a decrease in performance relative to Table 5.1 where
the degree is that of the underlying system, however the results improve as 7" increases.

Furthermore, we note that the change in RMSE is more severe than the changes
in sparsity metrics, as a small number of degree 3 terms are fit, where in reality they
should be zero. As RMSE is computed only on terms recovered as non-zero, these
contribution of these deviations is large relative to that of the degree 2 terms. We
see that our method performs well, with the sparsity metrics being close to those of
the d =2 system. The RMSE is inferior to the d =2 system, but still significantly

outperforms the comparable polynomial MLE.

Variable noise magnitude

In Table 5.4, we present the results of our method over a range of noise magnitudes
o2, now fixing the number of observations to 7'=>50. We remind that the results from
Tables 5.1 and 5.3, were obtained using o>=1. We observe that our method performs
well for all tested values of o2, especially in sparsity metrics. As expected, the recovery
quality degrades as the signal to noise ratio decreases when we increase o2. We note
that a large o2 affects both the system and the observation, so increasing it has a

particularly pronounced effect.
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Table 5.4
Lorenz 63: Average recovery metrics for variable noise
magnitude for 150 independent systems. Maximum polynomial degree d=2. T'=50.

’ method | o [[RMSE (10~%) [ spec. [ recall | prec. | F1 |

B-GraphGrad [ 0.01 0.09 1.00 | 1.00 | 1.00 [1.00

pMLE | 0.01 0.3 - - - -

B-GraphGrad | 0.1 0.3 1.00 | 1.00 | 1.00 | 1.00

pMLE | 0.1 0.6 - - - -

B-GraphGrad | 1 1.0 0.98 ] 0.97 [ 0.98[0.98

pMLE| 1 1.6 - - -] -

B-GraphGrad| 5 1.8 0.90 | 0.85 | 0.87 [0.86

pMLE| 5 2.3 - - -] -
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Figure 5.4: Comparison of B-GraphGrad with pMLE over variable noise magnitude
on the Lorenz 63 oscillator, with maximum polynomial degree d=2. Markers denote
mean performance, with the ribbons being symmetric 95% intervals.

Likelihood degeneracy

In Sec. 5.3.5, we discussed the effect of likelihood concentration on parameter estima-
tion in the particle filter. We demonstrate this phenomenon below, giving the mean
number of timesteps before the likelihood becomes numerically zero for a stochastic

variant of the Lorenz 63 model, given by Eq. (5.10).

Table 5.5
Average number of timesteps/observations
(At=0.025) before likelihood degeneracy with a random C matrix for the
Lorenz 63 model (d=2) over 200 independent systems initialised at random points.

number of particles K 5110 | 20 | 50 | 100 | 250 | 500 | 1000
timesteps before degeneracy ||7.812.2|15.7|23.8|35.3|57.5|76.8|111.3

It is clear from Table 5.5 that increasing the number of particles does combat the
likelihood degeneracy, though it does not solve it, with computational cost increasing
significantly for small gains. It is for this reason that we do not display the results of
S-GraphGrad, instead displaying only B-GraphGrad, as S-GraphGrad fails to converge

using single precision arithmetic due to these likelihood issues.
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Varying maximal degree d

The required number of parameters to estimate increases as d increases, and
therefore the computational cost increases as well. In the Lorenz 63 oscillator we have
N, =3, and therefore for d=2, the true degree of the system, we have to estimate
30 parameters; 10 parameters per state dimension. For d = 3 this increases to 60
parameters, which is 20 parameters per state dimension. We present in Table 5.6
the cost of running B-GraphGrad with different d parameters relative to the cost of
running with d=2. All parameters are set per Sec. 5.5.2, except d, which we vary. We
present the results in Table 5.6.

Table 5.6

Lorenz 63: Average relative runtime of B-GraphGrad
when run with different values of d. Runtime is presented relative to d=2.

maximum polynomial degree d|| 1 | 2 | 3 4 5 6
average relative runtime 0.41]1.0(1.98|3.46 | 5.52 |8.27
relative number of parameters || 0.4 1.0 2.0 | 3.5 | 5.6 | 84

From Table 5.6, we observe that the runtime of our method scales as the number of
rows in C, or equivalently, the runtime grows as the number of elements of C increase.
For example, there are 84 monomials in 3 variables of of degree d <6, and we observe
that running our method with d=6 takes 8.27 times longer than with d=2 (which has
10 monomials). The runtime foe larger values of d is slightly lower than expected, due
to constant computational overhead introduced in other areas of the implementation.
This overhead makes up proportionally more of the runtime for smaller values of d,
therefore resulting in smaller relative runtimes for larger values of d. Finally, we note
that this experiment was performed without parallelising the evaluation of Eq. (5.8)
or its gradients. When parallelisation is enabled, the relative runtime is limited by
computational resources, and in the presence of unlimited resources the runtimes are
approximately equal. However, the total number of operations performed will scale

similarly to as before.

Prox update compared to subgradient update

B-GraphGrad uses the proximal operator of the L1 norm to apply a sparsity promoting
penalty, following Sec. 5.3.4. However, as noted, we can also use subgradient methods
to minimise our cost function including the L1 penalty. Using standard convex analysis
definition, a subgradient of the L1 norm at an element x (i.e., an element of the
subdifferential of .1 function, at z), is a vector of same dimension than x, with entries
equal to sgn(z), using the convention sgn(0) =0. Note that, numerically, we never

encountered exactly zero entries when running the subgradient descent method, and
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that the subgradient of the L1 norm at 0~ (resp. 0") entry is taken as —1 (resp. +1).
We use the same learning rate of =107 as in the proximal version, and the same
(B,S) parameters for the number of inner/outer iterations. The computational cost
differences within each step are negligible, however the proximal method is overall
more efficient, as the proximal version appears to converge faster.

We test both the subgradient approach and the proximal approach on the same
system as Sec. 5.5.2. We present both the average absolute value of elements where the

ground truth is 0, and the RMSE of the estimate. Parameters are set per Sec. 5.5.2.

Table 5.7
Lorenz 63: Average absolute value of elements of C where
ground truth is 0 over 150 independent systems. Maximum polynomial degree d=2.

| method [ T [[Recall[RMSE (10~%) |

B-GraphGrad (prox) | 25 || 0.92 1.6
B-GraphGrad (subgrad) | 25 || 0.76 2.0
B-GraphGrad (prox) | 50 || 0.97 1.0
B-GraphGrad (subgrad) | 50 || 0.80 14
B-GraphGrad (prox) {100 || 1.00 0.4
B-GraphGrad (subgrad) [ 100 || 0.91 0.6
B-GraphGrad (prox) {200 || 1.00 0.2
B-GraphGrad (subgrad) | 200 || 0.93 0.4

The proximal operator method is more efficient per iteration, in particular, we
obtain estimates closer to the ground truth in the same number of iterations as the
subgradient method. Further, as the methods have negligible difference in computa-
tional cost, this illustrates the superiority of the proximal over the subgradient method

for this problem.

5.5.3 Lorenz 96 model

The Lorenz 63 system, while well studied and challenging to estimate, is only 3
dimensional. In order to test the applicability of our method to higher dimensional
chaotic systems, we test on the Lorenz 96 system [81], which we transform into a

NLSSM using an Euler discretisation, yielding the system

digt1 =Tic14(Tip14—Tioy) — T+ F,
Tigr = Tig+At-dipp1 +V ALV, (5.18)
Yitr1 =Tipp1+VALT; 111,

for i ={1,...,N, }, with v, ~N(0,%,),r; ~N(0,%,), where . =zy,, _1.=2Zn,1,
and z_s. =xy,—2. For this experiment we choose N, =N, =20. Therefore, in the

case of d=2, estimating C requires estimating 4620 parameters, and the case of d=3
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estimating C requires estimating 35420 parameters. We choose a forcing constant of
F'=8, which is known known to result in a chaotic system. The connectivity graph of
this system, constructed following Sec. 5.3.2, is given in Figure 5.5, where we observe
that state i is affected by states i—2,i—1,i, and i+1, with index boundaries such that
state N,-k-+1 is equivalent to state ¢ for any k€Z.

~216°17013 - 9161741
L $15 019 215 €19
914 ez 214 Y620
A |\ ~A \)
1 ol s o
A . A \
#12 i“o‘z - pl2 '\"]2
A Y } /
el SNINS SR v
) s N\ /13
//' A \ W A
oil\O 24 ‘.\71\0 /'.4
\.\g\ e ‘{ \.\‘\9\ A .
*8=<e7 %6 *B=e7 %6

Figure 5.5: Graph encoding the connectivity of the Lorenz 96 system for N, =20. The
left plot represents the true connectivity of the system under the graphical perspective
described in Section 5.3.2. The right plot represents the connectivity retrieved by
the B-GraphGrad algorithm. The links in blue correspond to connections where
the monomial is also correctly identified. The links in red correspond to connections
where the monomial is incorrectly identified. In this example, the node connectivity
was perfectly retrieved by B-GraphGrad, however in 6 out of the 80 links, the link
was found but with an incorrect monomial (e.g., the self loop of node 16 was identified
as quadratic while it should be a linear term).

We set 3, =3, =0%Idy,, with 0 =1 unless stated otherwise. We discretise this
system with a timestep of At=0.025. We choose t, =0, and fix x such that x; is
equal to 1 in the first element, and 0 elsewhere. Our particle filter is initialised with
p(x0) =N (x0,Idy, ). We note that the system is of polynomial form, and therefore

can be exactly recovered by our model, assuming d equal or larger than two.

We see that in both cases of d=2 and d =3, B-GraphGrad performs well, out-
performing pMLE by a considerable margin. We see no significant deterioration of
performance in B-GraphGrad in this setting, noting that we are estimating 4620

parameters in the d=2 case, and 35420 parameters in the d=3 case.
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Table 5.8
Lorenz 96: Average recovery metrics for variable
series length for 150 independent systems. Maximum polynomial degree d=2.

’ method | T' [[RMSE (10~?) [ spec. | recall | prec. | F1 |

B-GraphGrad | 25 1.8 0.92 | 0.93 | 0.93 |0.93
pMLE | 25 2.6 - - - -
B-GraphGrad | 50 1.4 0.96 | 0.95 | 0.94 |0.95
pMLE | 50 2.0 - - - -
B-GraphGrad | 100 0.8 0.99 | 0.97 | 0.98 | 0.98
pMLE | 100 1.3 - - - -
B-GraphGrad | 200 0.3 1.00 | 1.00 | 1.00 | 1.00
pMLE | 200 0.8 - - - -
10-3

RMSE
O N o
e .
/

25 50 100 200
Series length

] B-GraphGrad —o— pMLE ‘

Figure 5.6: Comparison of B-GraphGrad with pMLE over variable series length on
the Lorenz 96 oscillator, with maximum polynomial degree d =2. Markers denote
mean performance, with the ribbons being symmetric 95% intervals.

Table 5.9
Lorenz 96: Average recovery metrics for variable
series length for 150 independent systems. Maximum polynomial degree d=3.

’ method | T [[RMSE (10~?) [ spec. | recall | prec. | F1 |

B-GraphGrad | 25 2.4 0.80 | 0.92 [0.73 [0.82
pMLE | 25 0.32 -] -] -
B-GraphGrad | 50 2.0 0.89 | 0.96 | 0.86 | 0.91
pMLE | 50 2.5 -] - -
B-GraphGrad | 100 1.1 0.95 | 0.98 | 0.96 |0.97
pMLE | 100 2.2 -] -] -
B-GraphGrad | 200 05 1.00 | 1.00 | 1.00 | 1.00
pMLE | 200 1.6 -] - -

5.5.4 Kuramoto oscillator

The Kuramoto oscillator [101] is a mathematical model that describes the behaviour of

a system of phase-coupled oscillators. The model is described, for all € {1,...,N,}, by

Ao _ <+N1%Ksin(¢»—¢) (5.19)
dt ;i T [ 0)s .

o=1

where ¢; € R denotes the phase of the i-th oscillator, and K € R is the coupling

constant between oscillators. However, this does not restrict ¢, which will, in general,
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Figure 5.7: Comparison of B-GraphGrad with pMLE over variable series length on
the Lorenz 96 oscillator, with maximum polynomial degree d=3. Markers denote
mean performance, with the ribbons being symmetric 95% intervals.

diverge to oo as t— 0o. To address this, we transform Eq. (5.19) by introducing
derived parameters R and 1) such that

Nz
Rexp(v/—1¢)= NJIZeXp(\/—_lngO),
o=1 (520)
(Vie{l,...N,}) % =1n;+KRsin(v—¢;),

which restricts ¢ € [—m,7]™=. This is done purely for computational reasons, and does
not affect the properties of the system or interpretation of ¢ in any way. We transform

Eq. (5.20) into a NLSSM using an Euler discretisation, yielding

Ny
Rexp(v/—11) :NQIZeXp(\/—_lIO,t),
o=1

di,t+1 :7]Z+KRSIH(¢—ZL‘Z), (521)
L1 =Tig+Atd; 1 +V ALY, 144,
Vi1 =Tipr1+ VAT 141,

for i € {1,...,N, },where x denotes the phases in the discretised system to ease com-
parison with the rest of the work. We choose N, = 20, and K = 0.8. We set
¥, =3,=0%Idy,, with 0=0.1. We discretise this model with a timestep of At=0.05.
We sample n; ~N(0.5,0.5%) and x;o~U(—m,7) Vie{1,..,N,}. Our particle filter is
initialised with p(xg) =N (x0,0.2Idgg). We run the system until ¢=10, and then begin

collecting observations.

We note that this model cannot be represented exactly as a polynomial, and there-
fore the classification metrics used to illustrate sparsity recovery do not make sense.
Therefore, we only present a normalised RMSE metric, where we compare the relative

error in recovering the hidden state. nRMSE is given by nRMSE(xgsr, X710 ,Xar) =

RMSE(xgsT,XaT)

RVSE ey marr) where xggr is the sequence of means recovered by an estimator, X7y,
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is the sequence of means recovered by a particle filter running with the true model, and
Xqr is the sequence of states we generate when creating our synthetic data. Therefore,
nRMSE =1 indicates identical performance in terms of state recovery between the
true model and an approximation.

We compare the performance of GraphGrad against the pMLE as above, but also
against the true model, where we estimate the parameters using maximum likelihood,
which we denote by TrueMLE. TrueMLE is an oracle algorithm, and serves as a
baseline for the case there the form of the model is known. TrueMLE assumes the
form the model in Eq. (5.21) is known, and estimates the 7 and K parameters using

maximum likelihood.
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Figure 5.8: Comparison of B-GraphGrad with pMLE and TrueMLE over variable
series length on the Kuramoto oscillator. Quantities are divided by the RMSE of
a filter utilising the true model. Markers denote mean performance, with the ribbons
being symmetric 95% intervals.

We see in Figure 5.8 that TrueMLE gives the best results, which is expected
given that it is an oracle algorithm with respect to the form of the dynamics, whilst
B-GraphGrad estimates both the form of the dynamics and the parameters thereof.
Within these methods, GraphGrad performs significantly better than the polynomial
MLE, and on average has only 20% greater RMSE than state recovery with the true
model and known parameters, whilst also assuming no knowledge of the underlying

dynamics.

5.6 Conclusion

In this chapter, we have proposed GraphGrad, a method for fitting a sparse polynomial
approximation to the transition function of a general SSM. GraphGrad utilises a differ-
entiable particle filter to learn a polynomial parametrisation of a general SSM using gra-
dient methods, from which we infer the connectivity of the state. GraphGrad promotes
sparsity using a proximal operator, which is computationally efficient and stable. Our
method is memory efficient, requiring only to keep track of a few parameters. Moreover,

it is expressive, as many well known systems can be exactly represented by polynomial
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rates. Our method can utilise long observation series without vanishing gradients as
we utilise observation batching to mitigate likelihood degeneracy. The method displays
strong performance inferring the connectivity of a chaotic system, and keeps performing

well when the true system cannot be exactly represented by the approximation.
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Chapter 6

Neural
Transition Kernels and Proposal

Distributions for Particle Filtering

This chapter is based on the papers [102, 103].

6.1 Introduction

In previous chapters, we made relatively strong assumptions on the form of the
state-space model. In particular, in Chapters 3 and 4 we assumed the system is
linear-Gaussian, and in Chapter 5 we assumed that the transition dynamics could be
represented in polynomial form. This is not in general the case, and therefore we propose
a method that is suitable for state estimation in a general unknown model setting.
However, we lose much of the interpretability of the sparse model approaches developed
in Chapters 3, 4, and 5, as well as increasing the cost of evaluation and fitting. This
trades off against the very general applicability of the methods proposed in this chapter,
which can be utilised to learn any state-space model that evolves in continuous space.

In particle filters (PFs), we must evaluate the density of the distribution of the
state given the previous state, known as the transition kernel. If the form of the
transition kernel is known, with only the parameters unknown, then several methods
exist to estimate the system parameters, and hence estimate the transition kernel [5,
Chapter 12]. Furthermore, learning parameters in the PF has been greatly eased with
the advances in differentiable particle filters (DPFs) [78, 79, 37, 82|, which allow the
use of gradient-based optimisation methods for parameter estimation.

Differentiable particle filters (DPFs) modify the resampling step of the PF to

be differentiable, and therefore, when combined with differentiable transition and
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observation densities, makes the overall particle filter differentiable. There exist a
number of differentiable particle filters, which utilise many different methods for
making the resampling step differentiable, such as soft resampling [36], stop-gradient
operators [79], or optimal transport schemes [78].

If the form of the transition kernel is unknown, current methods require one to be
assumed. In practice, it is often the case that the transition kernel has unknown form,
such as when the underlying dynamics are not known. In these cases, it is required to
perform filtering without prior knowledge of the transition kernel, and therefore the form
and parameters of the transition kernel must be estimated. In addition to the transition
kernel, in the PF we must provide a proposal distribution to generate Monte Carlo
samples. The diversity of the samples, which is critically important to the method’s
ability to represent the system, is heavily dependent on the proposal distribution.

One approach to choosing the proposal distribution is to use the bootstrap particle
filter (BPF) [32], which uses the state transition kernel as the proposal. However, the
bootstrap proposal does not incorporate the observation, and therefore does not utilise
all available information at each time step. Not using observation information can cause
significant issues, for example, if the state transition is a very diffuse distribution but the
observation is very informative, few, if any, particles will have high posterior probability,
and therefore the effective sample size will be very low. Several methods incorporate
the observation in their proposal distribution, such as the auxiliary particle filter (APF)
[12, 104, 105, 33|, which adjusts the particle weights based on both the transition
dynamics and the likelihood of the new observation. Deep learning methods have also
been used within the sequential Monte Carlo (SMC) and PF framework to learn the
proposal distribution, such as neural adaptive SMC [106] and the variational SMC [107].

Contribution. In this chapter, we propose StateMixNN, a method to approximate
the transition kernel and proposal distribution of a particle filter using a pair of
adaptive Gaussian mixtures. StateMixNN improves upon methods that learn only the
transition dynamics, as we also estimate the optimal proposal density, and therefore
incorporate more information in our estimates than would otherwise be possible.
StateMixNN learns the mean and covariance parameters of the components of a
multivariate Gaussian mixture as the output of a dense neural network. By estimating
both the transition and proposal distributions, we can estimate the hidden state from
an observation series given only the observation model, which cannot be estimated
here for identifiability reasons. This approximation allows us to estimate distributions
resulting from complex models, becoming more expressive as the number of mixture

components increases.

In order to train the neural networks, we utilise the DPF framework of [79], allowing
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gradient propagation through the resampling step of the particle filter, and there-
fore the use of gradient-based optimisation schemes. StateMixNN is semi-supervised
since it trains targeting the observation log-likelihood, which requires the sequence

of observations, but does not require the underlying hidden states.

6.2 Problem statement and background

6.2.1 Considered state-space model

In this chapter, we consider state-space models of the form

X Nf(xt‘thﬁe(f))a

(6.1)
YtNg(Yt|Xt;0(g))7

where t € {1,...,T} denotes discrete time, x; € R% is the state of the system at time
t, y. €R% is the observation associated with x,, 89 and ) are sets of parameters
relating to the observation and state dynamics respectively, and the distributions f
and ¢ encode the transition and observation model respectively.

In terms of densities, f(x;|x,_1;0) is the conditional density of the state x; given
x;_1, and g(y,|x;;0'9) is the conditional density of the observation y, given the hidden
state x;. The initial value of the state, X, is distributed as xo ~ p(x0|@®). The hidden
state sequence xy.r is not observed, while the related sequence of observations yi.7

is observed.

6.2.2 Particle filtering

We reproduce the SIR particle filter of Alg. 3 in Alg. 14, with minor adjustments for
clarity in explaining our method. In this method, at time step ¢, we compute a set of
particles and associated importance weights via the following steps. First, we draw K
ancestor indices {agk)}le, (line 4), which is equivalent to resampling the particle set

K times with replacement, with the probability of drawing particle x,@l equal to its

weight wﬁf)l. Resampling is important to avoid weight degeneracy in the filter, as it
helps to avoid the weights becoming concentrated in a diminutive subset of the sampled
particles. However, resampling results in path degeneracy [108], where all particles will
eventually share a common ancestor trajectory. Path degeneracy does not impact the
properties of the filter at each time step however, so is considered far less damaging than

weight degeneracy. Next, we draw K particles {xl(fk)},i(:1 from the proposal distribution
o0
m(xx, 5 7,y;0™) (line 6). Then, we compute the importance weights {wik)}ff: 1
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(line 7), which takes into account the transition kernel and the current observation.

Finally, we normalise the weights to sum up to 1, obtaining {@Ek)}kK:l (line 8).

Algorithm 14 Sequential importance resampling (SIR)

1: Draw X(()k) ~p(x0|0%), for kel,....K.
2: Set @ék)zl/K, for kel,... K.
3: for tel,....Tand k€1,...,.K do

4: Sample ) ~ Categorical(w;_1).
5: Set lNl)gk) = %

(k)
6: Sample ng) NT('(Xt’XS_; yi:0).

o)
(k) _ g(yt\xﬁk’;e(”)f(xﬁ’“)|xt(_§ );9<f))

7: Compute w; ~ = )
a
7y y0)

8: Compute o) Zwt(k)/ Zililwwgi)-
9: end for

Given the sequential importance resampling (SIR) algorithm, it is apparent that
the choice of proposal distribution 7(x;[x,_1,y:;0™) is critical to the success of the
estimation; the particles should be concentrated in regions of the state space with high

probability mass. There exist several methods to choose the proposal distribution.

One such method is the BPF [32], where the proposal distribution is set equal
to the transition kernel of the state-space model (SSM), with 7(x;|x;_1,y:;0™) =
f(x¢|x;-1;0%)). Such an approach is simple, and results in less computation due to can-
cellation in line 7 of Alg. 14, resulting in wik) = g(ytlxgk) :019)) for the bootstrap particle
filter. However, the BPF does not incorporate the observation y, in the proposal distri-
bution, and therefore omits potentially important information. For example, if the tran-
sition kernel is far more diffuse than the observation distribution, then the observation

contains a lot of information relative to the previous state, which the BPF does not use.

The optimal proposal distribution incorporates the observation at the current time
step t, i.e., T(x[x,—1,y,0"™) =p(x;[x;_1,y:). In general distribution is intractable or
unknown. Methods such as the APF and its derivatives [12, 33, 104, 105] incorporate

the observation information via a pre-weighting step.

[109, 110] propose several methods to learn the proposal distribution in a general
setting, such as modelling it as a Gaussian distribution with mean and covariance
output by a neural network, or utilising normalising flows. These methods learn a
distinct network for each time step, and therefore do not generalise outside of a single

series of observations.

102



6.2.3 Differentiable particle filters

following The particle filter as given in Alg. 14 contains non-differentiable operations
using the weights and particle values, and hence is not differentiable with respect to
the model parameters 84,0 or 89, from the two sampling steps (lines 6 and 4).
The proposal sampling step (line 6) can often be rewritten to be differentiable with
respect to the parameters ) and ™ using distribution specific reparametrisations,
such as the reparametrisation trick for Gaussian distributions' [100].

The resampling step (line 4) remains, which requires sampling a categorical or
multinomial distribution, depending on implementation. Sampling either of these
distributions is a non differentiable operation, as infinitesimal changes in the weights
result in discrete changes in the sampled indices [111]. A heuristic reasoning for this
non-differentiability can be made by noting that a~ Categorical(p) can be sampled
by drawing u~ Uniform(0,1), and then setting a=maxN s.t.zgzlpn <u. If we have
Zi:;lpn =u for some I, then an infinitesimal increase in py by any e>0, will result
in a discrete change in a from N to N+1. Therefore, sampling Categorical(p) is not
differentiable with respect to p.

Due to resampling not being differentiable, any function of the weights is non-
differentiable, with one such function being the likelihood ¢(y;.7|@), which is a common
target function for parameter estimation in particle filtering. Note that the particle
trajectories are also functions of the weights, so functions of trajectories are also
non-differentiable if using Alg. 14.

Differentiable particle filtering (DPF) modifies the resampling step to achieve
differentiability. Therefore, when combined with a differentiable transition step, the
overall particle filter is differentiable [78, 37, 79, 82]. There exist several DPF methods,
each utilising a different method to make the resampling step differentiable. In this
chapter, we use the stop-gradient DPF of [79], which we present in Alg. 15. The
stop-gradient DPF yields gradient estimates of a given loss function with minimal
computational overhead [79]. This method achieves differentiability using two steps.
First, the stop-gradient operator is applied to the weights when sampling particle
ancestry in line 3, and thereby we do not require to compute gradients through
the discrete sampling. However, gradient information is then propagated through
a transformation of the weights in line 4. Therefore, we can take gradients of filter
outputs, such as the particle trajectories and the particle weights, with respect to the

filter inputs. An overview of differentiable particle filter methods is given in [37], and

!The Gaussian distribution AN (g, ¥) can be sampled differentiably by noting that
X ~ N(u,X) ~ p+ Le, where ¥ = LL”, and € ~ N(0,1), and taking gradients of this
transformation accordingly, noting that e is independent of the parameters of the initial distribution,
and is therefore a constant for the purposes of the derivative.
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a detailed treatment of the specific filter we use is given in [79)].

Algorithm 15 Stop-gradient differentiable particle filter (DPF') [79]
1: Draw xék) Np(xo\e(p)), for ke€l,...,K. State Set Eék) =1/K, for k=1,...K

2: for tel,...T and k€1,...,.K do

(k)

3: Sample a; * ~ Categorical(_L(w;_1)).

t

(k) (k)
4 Setw) = %wf ' >/J_(wt< ' )).

o
5: Sample xgk) ~7(xelx, g 7 ye0™).

(k)
). g(0) (7). )
6: Compute wgk)_g(yt‘x g){((k))xt—l 07

(| \xtf yi:6(™)
7. Compute wt —wt /Zl_

8: end for

where _L(x) is the stop gradient operator as defined in [79], which yields x when evaluated, but always has a gradient
of 0.

We can use differentiable particle filters to estimate the gradient of the log-
likelihood, and therefore apply gradient methods to estimate unknown parameters
of our state-space model. However, as the log-likelihood is estimated, we will also
have noise in gradients thereof, and therefore the parameter estimation scheme must
be robust to noisy gradients. Noisy gradients are common in deep learning, as it is
typical to compute the gradient of a stochastically selected subset of the training data,
which results in gradient noise due to sampling. Several optimisation methods have
been proposed for use in deep learning, with a common feature being robustness to
stochastic gradients. We can utilise these methods when estimating parameters using
differentiable particle filters, with schemes such as ADAM [38], RADAM [112], and
Novograd [93, 83] all being applicable to this problem.

6.3 Proposed algorithm

We propose StateMixNN, a method to learn the transition and proposal distribution of
a generic state-space model. We approximate the transition kernel and the proposal dis-

tribution by a pair of multivariate Gaussian mixtures parametrised by neural networks.

By combining learnt estimates of both the transition kernel and the proposal
distribution, we can learn a generic state-space model conditional only on knowledge
of the observation model. Note that we discuss and justify several of the choices
made here, such as the use of Gaussian mixtures, equal mixture weights, and diagonal

covariances, in Section 6.4.
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6.3.1 Parametrising the Gaussian mixture

StateMixNN learns the transition kernel conditional on only the previous state value,
thus preserving the Markovianity of the SSM. We approximate f(x;|x,_1;0)) by
an equally weighted multivariate Gaussian mixture of Sy components with diagonal

covariances

Fxelxe-1:09):= (SD) Y folxilxi-1:0Y), (6.2)

with s€{1.,...,Sf}, where 0Y) are the parameters of the state neural network, and f,
is given by
folaxe1:60) =N (1 (1), 2 (31-1)). (6.3)

StateMixNN learns the proposal distribution conditioned on the previous state
value and the current observation, as is the case for the intractable optimal proposal
distribution. We parametrise 7(x¢[x,_1,y+;0™) as an equally weighted mixture of S,

multivariate Gaussian distributions with diagonal covariances

Sr
W(Xt‘thl Q’t%e(ﬁ)) = (S(ﬂ))flzﬂs (Xt ’thh}’t;e(ﬂ))? (6-4)

s=1

with s€{1,...,S,}, where 8 are the parameters of the proposal neural network, and

s is given by
Ws(xt|xt—17Yt;9(7r)) :N(Mgﬁ) (Xt—17Yt>7Eg7r) (Xt—hYt))' (6.5)

Mixtures of multivariate Gaussians can represent a wide range of possible distri-
butions, offering flexibility and expressiveness that is beneficial for modelling complex

systems [23].

6.3.2 Network architecture and learning

For real data, the transition kernel of a state-space model is, in general, unknown. By
estimating the transition kernel, we can utilise the state-space model framework to
perform estimation in an unknown model scenario. Furthermore, the optimal proposal
distribution is separate from the state-space model, and is in general intractable.
Using a proposal distribution that approximates the optimal proposal distribution
will improve the performance of the particle filter by way of making the sampling
more efficient, thereby yielding more accurate estimates of state quantities by way of
increased effective sample size.

The transition kernel can be approximated utilising neural networks, which are
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efficient to evaluate, and can approximate any general continuous function (in the
infinite width/depth limit) due to the universal approximation theorem. Small neural
networks are simple to fit via gradient descent, and easy to implement due to the
proliferation of deep learning frameworks. In this chapter we restrict ourselves to
multilayer perceptrons, however the method could be extended to other forms of

network.

Our method learns the mean functions p()(-), u™(-) and the covariance functions
N(+), £™(.) for the transition and proposal distributions using a pair of dense neural
networks. We denote these networks by NN (x,_1:0()) for the network associated
with the transition kernel and by NN (x,_;,y;:0™) for the network associated with
the proposal distribution. We denote by NN(-:6) a general dense neural network from

which the proposal and transition networks are parametrised.

The transition network takes as input only the previous particle value, therefore
preserving the Markovianity assumption of the SSM, which is often violated when using
neural networks [4, 113, 114, 115]. The general dense network NN(-;0) is comprised
of L layers, with

NN(zo;0) =z, z1=p(Ayz_1+by), (6.6)

where A; and b; are the weight matrix and bias vector of the [th layer, p; is the
non-linear activation function of the /th layer, and z; is the output of the /th layer for
lel,...,L. Therefore, 0={A;,b;,...,A,b.} are the learned parameters for a network.

o=l

For the proposal network the initial value z x; 1,y;|T is the concatenation of

the previous state x;_; and the current observation y;. Thus, zgr) has dimension
d(()ﬂ) =dy+d,. For the state network the initial value zéf ) =x;_1 is the previous state

x;—1. Thus, z(()f ) has dimension d(()f ) =d,.

For both networks, the dimension of the output
7; = [“(1)T,C(1)T,".7”(S)T7C(5')T]T (6.7)

is dy,:=25d,, as for each of the mixture components of both distributions, we require

a d,-dimensional mean vector u™ and a d,-dimensional covariance scale vector c™.

In both cases, we construct a Gaussian mixture distribution from a neural network
NN(+) by

s
GM(NN(+0)) =) S~ "N (u®.C), (6.8)
s=1
where S is the number of mixture components, with u® c®, s € 1,....S extracted

from z;, by indexing per Eq. (6.7), where we discard the components of @ that are

not relevant to NN, and C®) =diag(c®)2. For example, when constructing f, we use
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GM(NNW ([0 9™])), discarding 8™ as it is not used in NN, We make use of
this property in Alg. 18.
The learned parameters for our neural networks are the weights A; and the biases
b;, with [€1,...,L. The number of layers L, the dimension of each layer d;,l€1.....L,
and the activation functions p;,l €1,...,L are fixed as part of the network architecture.
We lea:fn separate networks for the transition and proposal distributions, denoted

by NN and NN™ respectively. Therefore, when learning the transition kernel we es-

timate @) ::{A1 , lf),...,A(Lf()f), L(f>} and estimate (™) : —{A(7r b; ﬂ) A(LTZ b W)}
when learning the proposal distribution.

To train the networks we train to maximise the estimated log-likelihood, given by

€(0|Y1:T) OCi (ilog (wt(k)>> 7 (6.9)

where wgk) and 17)7@1 are the unnormalised and normalised weights of the PF in Alg. 14,

and we assume a uniform flat improper prior p(0) <1 [5, Chapter 12]. Note that
the weights are dependent on the parameters 84,09 and 8™, as the weights are
computed using densities dependent on these parameters.

In our case, we assume that the observation model ¢ is known, and hence we
omit the dependence on 8. The log-likelihood is maximised when all weights are
equal, a desirable property as it reduces weight degeneracy over time [5]. Furthermore,
maximising the log-likelihood does not require knowledge of the true value of the

hidden state, which is often unavailable, requiring only the observation series.

6.3.3 StateMixNN algorithm

Algorithm 16 StateMixNN algorithm StateMixNN(B,J,A,y NN NN(™)
1: Input: Number of batches B, steps per batch J, number of iterations A,

observations y, transition network NN proposal network NN

Initialise O(W) {Aﬁ”),bﬁ oo A 227) ,bZZ)
Initialise 0 {Aif),bﬁ )> 7ALf()f> va(f>}

Set O(f CondltlonalUpdate(B 7,6 1,0( {,y) using Alg. 17
for acl,...A do
Set 6" := ConditionalUpdate(B ,J,O((l@lﬂ((ji)l ,y) using Alg. 17.
Set 6% := ConditionalUpdate(B ,J,Oéf_)l,&(f),y) using Alg. 17.
end for

return OE{), OEZ)
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StateMixNN is described in Alg. 16. We first describe the overall algorithm, given in
Alg. 16, and proceed to describe the subordinate algorithms, Alg. 17 and Alg. 18 in turn.

In Alg. 16, we begin by initialising the network parameters (lines 2 and 3 of Alg. 16).
It is not crucial how these parameters are initialised, but we note that our software imple-
mentation utilises element wise random uniform initialisations for A; and by, with values
in the range ++/d;, following [116]. We then learn an initial value for the transition ker-
nel (line 4 of Alg. 16) by optimising the network parameters of the transition kernel in a
bootstrap particle filter, wherein the transition and proposal distributions are the same.

We then perform A alternating conditional updates. We optimise each of 8¢) and
0™ conditional on the other, similar to a coordinate descent method. At iteration
a, we first optimise the proposal distribution parameters OL(f), conditional on the
value of the transition kernel parameters Ht(lf_)l. We then optimise the transition kernel

parameters O(Sf ) conditional on the value of the proposal distribution parameters 0,(1”).

Algorithm 17 Conditional update algorithm ConditionalUpdate(B,J,0¢,0atic,y)

1: Input: Number of batches B, steps per batch J, initial parameters 6y, static
parameters Og.tic, observations y.
Initialise 6y j:=6y.
for bel,....B do
Set y :=y1.pu1/5]-
Set 05,0 = 91,71”].
for je1,....J do
Set 6y, ;:=UpdateStep(6y ;_1,0satic,y?) using Alg. 18.
end for
end for
return 0 ;.

—
&

We now describe the conditional update, given in Alg. 17. The conditional update
algorithm takes an initial value of the parameters of the distribution of interest 6,
and the parameters of the distribution we are conditioning on @g;.. We split the
observation series y;.7 into B batches, with the 6-th batch given by y(b) =Y1.[57/B]-
Note that this construction implies y") C y® C ... CyB-D C yB). We construct
these telescoping batches of observations to avoid likelihood issues stemming from
unadapted parameters, since the first sampled trajectories often have an extremely
small log-likelihood, which causes numerical errors when computing the weights in
Alg. 14, leaving to the gradients of the log-likelihood exploding [31, 79].

We iterate over each of the b batches, and for each batch perform J opti-
misation steps. For the j-th optimisation step of batch b, we run Alg. 18 with
Orcarn = 0b.j—1,0static = Ostatic and observations y = y® = yi.wr/B)- Note that Alg. 17

runs the particle filter a total of JB times, once for each of the J steps taken in each
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of the B batches. As we perform 2 runs of Alg. 17 in each of the A iterative steps
of Alg. 16, we run the particle filter a total of 2AB.J times in total.

Algorithm 18 Update step UpdateStep(Gearn,Ostatic,y)

1: Input: Parameters to learn @e..,, static parameters @i observations y.

2: Set f(Xt’thl) :gM(NN(f) (thl;[elearnaestatic]))-

3: 71-(X1€|Xt—1ayt) :gM (NN(N) (Xt—layt;[elearnpestatic]»-

4: Run a particle filter (Alg. 15) with transition kernel f, proposal distribution ,
and observations y.

5. Obtain €(Opeqrn) and VI(Beam) from the particle filter via Eq. (6.9) and
autodifferentiation.

6: Obtain 6,,; by applying a gradient based update to O¢ar, With gradients VI(Ojearm )-

7. return 0,,.

Finally, we describe a single step of the inner update algorithm, given by Alg. 18. In
each step, we construct the transition kernel (line 2 of Alg. 18) and proposal distribution
(line 3 of Alg. 18) corresponding to the parameters at that step. We construct each
distribution using Eq. (6.8), and thereby discard the parameters not relevant to a
given network. In particular, NN(')(-;[Oleamﬁstatic]) takes as arguments both the static
parameter, and the parameter we are learning when constructing both distributions.
However, each distribution takes either the static parameter, or the parameter we are
learning, and we discard the unused parameter for the purposes of constructing that
distribution. For example, when learning the the transition kernel f, NN takes both
Brearn, corresponding to OY) and Oy, corresponding to 8™ in line 2 of Alg. 18, but
discards Ogatic as Ogatic parametrises the proposal distribution 7 when learning f.

After constructing the transition kernel f and the proposal distribution 7, we run
a particle filter with these distributions (line 4 of Alg. 18), using the observations y,
which may be a subset of the overall series of observations. From the particle filter we
obtain an estimate of the log-likelihood of the parameter Geam, denoted by £(Bearn),
and an estimate of the gradient of the log-likelihood with respect to Qcam, denoted
by V{(Bcarn) (line 5). We then utilise a gradient update scheme, such as ADAM [3§]
or Novograd [93, 83], to apply a gradient update to the parameter Gcarm, and output
the result of this update to be used within line 7 of Alg. 17.

6.3.4 Discussion

Our method approximates the transition and proposal distributions by multivariate
Gaussian mixture distributions. These mixtures are capable of representing complex
unknown distributions, and are in many situations both more interpretable and more

reliable than methods common in machine learning literature such as normalising
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flows [109, 110, 117, 118]. Furthermore, in the context of particle filters, normalising
flows have been observed to be susceptible to overfitting, in addition to being less
intuitive and harder to train [110, 109].

We note that the particle weights w; depend on the samples x.;, which are drawn
from the proposal distribution that we are learning. Furthermore, the computation
of the weights requires evaluating the density of the transition kernel. Therefore, we
require a way to propagate gradients through particle resampling and sampling the pro-
posal mixture distribution. We use the stop-gradient differentiable particle filter of [79],
given in Alg. 15, to propagate gradients through the resampling step of the particle filter.
By including resampling in the training using this method we improve the convergence
characteristics of StateMixNN, and allow our method to be utilised to learn complex

systems, as weight degeneracy is addressed in training via the resampling step [36, 37].

In order to sample the multivariate Gaussian mixture distributions f and 7, we
draw the component from a categorical distribution, and then sample the associated
multivariate Gaussian distribution. We reparametrise the categorical distribution using
the Gumbel-Softmax reparametrisation [119], thereby allowing gradient propagation
through the categorical sampling. However, it is equally valid to use a stop-gradient sam-
pling for the categorical distribution, which is computationally more efficient. We can
propagate gradients through sampling a multivariate Gaussian using the reparametri-
sation trick [100], where we externalise the randomness to a input of an affine
transformation, which, crucially, is independent ) and 8™, and therefore has zero
gradient with respect to our learned parameters. The above, in combination with the
differentiable particle filter method of [79], allow us to compute the gradient of Eq. (6.9)
with respect to our parameters %) = {Agp),b?’),...,A(p) b tpe{mf}, and therefore

L®) 1)
train the proposal and transition networks using a gradient scheme, such as [38; 112].

6.4 Discussion about the StateMixNN framework

We now discuss some characteristics of Alg. 16, and explain several of the choices we
have made. First, we discuss the reasoning for using the multivariate Gaussian mixture
distribution for our approximating distributions. Then, we justify the restriction to
diagonal covariance and equal mixture weights. Third, we justify the alternating
estimation scheme of Alg.16. Finally, we discuss how we combat the phenomena of

likelihood degeneracy and concentration in our method.
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6.4.1 Choice of a Gaussian mixture distribution for 7 and f,

and extensions

In this chapter, we propose (in Eq. (6.8)) to use a multivariate Gaussian mixture distri-
bution to approximate the optimal proposal distribution and the state transition kernel.
The Gaussian mixture is able to approximate a wide range of distributions, whilst
retaining computational speed. Furthermore, Gaussian mixtures are interpretable,
and are easier to understand and infer from than approximating distributions such
as normalising flows [120].

Most deep learning frameworks have fast, differentiable implementations of the
Gaussian distribution, and typically will have the capability to combine distributions
resulting in a mixture distribution. Using standard methods such as these allows for
rapid, optimised implementation of our method in a given differentiable program-
ming framework, for example PyTorch [98] and JAX [97], which both have standard
constructs which can be used to construct efficient multivariate Gaussian mixtures.

We note that our method can be trivially extended to mixture distributions for
which the components can be parametrised by their location and scale parameters,
with an example of such an extension being a mixture of multivariate t distributions
with a fixed degree of freedom v. To do so, we would replace the N'(u®),C®)) mixands
in Eq. (6.8) with #,(u®),C®), noting that v is fixed. Using the t distribution may
capture tail behaviour better; however, the t distribution is more expensive both to
sample from and to evaluate the density of. For example, the density of the multivariate
t distribution requires evaluating the I' function, whereas the density for the Gaussian

distribution requires only exponentiation and standard linear algebra operations.

6.4.2 Restriction to diagonal covariance and equal weights in

the approximating mixture

In Section 6.3.2 we present our method, restricting the covariance of mixture compo-
nents, C®), to a diagonal form, and the mixture weights to be uniformly equal to S~
in Eq. (6.8). We present our reasoning for these restrictions below.

Covariances As we estimate both the state and proposal distributions f and 7, we
infer complex dependencies between state dimensions in the interaction between the
distributions, and therefore do not need to estimate full covariance matrices. We
assume the form of the covariance matrices in order to reduce the number of parameters
required; we can parametrise a /N dimensional distribution by 2N parameters, whereas
estimating the full covariance matrix would require N+ N(N+1)/2 parameters, N

for the mean pu(), and N(N+1)/2 for the covariance C®), as covariance matrices are
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positive semi-definite and are therefore symmetric. Furthermore, increasing the number
of estimated parameters also increases the required dimension of the output of each
network, z;, and therefore increases the dimension of the hidden layers parameters,
A; and by, [ €1,...,L, required to obtain a comparable estimation power, drastically

increasing the number of network parameters that must be learnt at each step.

A diagonal covariance also allows for a efficient implementation of the multivariate
Gaussian distribution. In general, evaluating the likelihood of a multivariate Gaussian
in the covariance form requires performing either a matrix inverse, or utilising the
Cholesky of the covariance and performing a (triangular) solve and a vector norm.
However, if we know that the covariance C® is diagonal, we can simply invert the

diagonal element-wise, as C) ™ =diag(1/c®) for diagonal C*).

Mixture weights In Eq. (6.8) we impose that the mixture weights are uniformly
equal to S7!, where S is the number of mixture components. We can loosen this
restriction and learn the mixture weights, but this is a difficult task. Much of this
difficulty comes from the fact that changes in the log-likelihood can now be brought
about by changing either the component parameters p® and C®, or the mixture

weights, which we denote here by m(®).

For each mixture component, the mean parameter p(*) and the covariance parame-
ter C®) are vector valued and matrix valued, although we restrict the covariance to be
diagonal as Eq. (6.8). The mean and covariance of each component are thus determined
by 2d,, values; however, the mixture weight m(®) is a single value, which has a far larger
impact on the likelihood than any single element of the mean or covariance. Therefore,
the gradient of the log-likelihood, computed via Eq. (6.9) with backpropagation, with
respect to the network parameters 8 and ), will be primarily attributable to the
effect these parameters have on the mixture weight, which will result in convergence
issues as only the mixture weights will meaningfully change between iterations. Iden-
tifiability would also be a problem, as changes in the likelihood could be attributed

to changes in either the mean/covariance, or changes to the mixture weights.

The parameters would thus be significantly more difficult to train, and the method
given in Alg. 16 would not be sufficient. A potential solution would be to introduce
two more networks, each outputting only the mixture weights for the transition and
proposal distributions respectively, and then to train these networks as part of the
iterative step of Alg. 17, thereby training 4 networks in an alternating scheme. For
the sake of brevity, and for the clarity of this chapter, we utilise the equal weighted
mixture, which we note can well approximate arbitrarily weighted mixtures with a

sufficiently large number of components.
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6.4.3 Use of an alternating scheme when estimating network

parameters

In order to learn the network parameters ) and 8, Alg. 16 uses an alternating
scheme to learn each parameter conditional on the value of the other. Learning one
parameter conditional on the other stabilises inference, as the parameters heavily
influence each other given that the proposal and transition interact in the weighting
step of Alg. 15. Learning in such a manner may lead to identifiability issues, as any
change in the weights or particles, and hence in the log-likelihood, can be attributed
to either a change in the transition kernel, or a change in the proposal distribution.
Furthermore, changes in one distribution should be reflected by changes in the other

distribution, as both are tightly linked in interpretation and usage within the filter.

However, if we were to update networks NN and NN(™ simultaneously, i.e., we
replace Alg. 17 with a gradient update of both ) and ™ at the same time, we cannot
attribute changes in the likelihood to a specific network, nor can we update each network
conditional on the changes made to the other network. In addition, learning both
networks at the same time can lead to divergence, as each network may change in such
a way that they yield numerically incompatible distributions; in such distributions the
transition kernel has near zero probability mass where the proposal has large probability

mass, thereby leading to numerically zero weights when computed in line 6 of Alg. 15.

In Alg. 16 we learn each distribution conditional on the other, and therefore do
not suffer from an identifiability problem, as any changes are attributable only to
the learned distribution. Further, we learn the effects the changes made to each
distribution have on the other, hence stabilising the learning, as the distributions do
not adapt at the same time. Alternating between learning and conditioning on each
distribution allows the distribution to adapt to each other, and mitigates the potential

problem of distributions diverging in density.

The order of the alternating scheme does not matter asymptotically, and we obtain
nearly identical results when we learn ) in each and then learn 8™ in each iteration,
instead of learning 8™ and then 8Y), however, more iterations of the scheme are
required. As we initialise @) using an estimate based on the bootstrap particle filter,
learning @™ first in the first iteration, we have a better value for 8™ when we learn
0'%) conditional on @™ . This improves the convergence of the algorithm, and reduces
the number of iterations required as both parameters are initially learnt conditioned

on reasonable estimates of the other parameter.
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6.4.4 Combating likelihood degeneracy when estimating pa-

rameters using the particle filter

Our method learns ) and ™) by maximising the estimated log likelihood, £([@") 8(™]),
using an alternating scheme. We estimate the log-likelihood using Eq. (6.9), which,
in turn, uses the particle weights w,gk), t=1,..T, k=1,.., K, from all iterations of
the filter. Therefore, the success of our method hinges on the accurate and stable
computation of these weights, which is a challenge in particle filtering, as the weight

) can be very close to zero. One way to numerically stabilise

wgk) of a given particle ng
weight computations is to use log weights [5]. Implementing log weights is a simple
change, as we need only rewrite the weight calculation in line 6 of Alg. 15 to use log
likelihoods, and rewrite the normalisation to remain on the log scale.

We define logsumexp([z1,22,...,xx]) :=log (Zgzlexp(:vn» .2 Note that

(k)
(k)e(g) (k) (at >0(f)
10g<w§k)):10g g(ydlx; s )f(g)xt Ix; | 7:0Y) |

W(Xt|xt—tl 7Yt;9(7r))

a§k> agk)
=log (g (yAXEk) ;9(9)>) +log (f <X§k) ‘Xt(—l ) ;O(f)) ) —log (7T (thxt(—l ) 7yt;0(ﬂ)> ) .

(6.10)
By writing pgk) = ﬂ;@lwlgk), and noting that log (p,@) =log (&7@1) +log (wt(k)> , we have
(k)
) pgk) exp (log (pt ) )
Wy

Dol S exp <10g (pik)»

o (51) -t (1) - S (1)) )

K
=log (pgk)) —logsumexp < [log (pgk)ﬂ k:1) ,

=log <7]§§f)1) +log (wgk)> —logsumexp < [log (ﬂ)@& +log (wt(k))] :( 1) ,

(6.11)

and can construct the log-likelihood estimator following Eq. (6.9) directly using the log
weights. The use of log weights significantly improves numerical stability; nevertheless,
it does not address the issue of likelihood concentration, nor does it mitigate the

problem of learning parameters with initial value having very low likelihood.

2The logsumexp can be additionally stabilised by observing that logsumexp([z,])_;) =
max([x,])Y_; ) +logsumexp([z,, —max([z,,]_;)]A_;), which helps to avoid numerical overflow when
evaluating logsumexp. Note that this modification is typically already present in pre-existing

implementations of logsumexp such as those present in [98, 97].
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State-space models in general suffer from likelihood concentration, where ¢(8|yy.7),
which we estimate by Eq. (6.9), becomes increasingly concentrated around a single value
of @ as T' increases. Likelihood concentration thereby results in vanishingly small likeli-
hoods for parameter values that are not well adapted to the system, leading to the gra-
dient of the parameter values being numerically zero, and the parameter is hence unable
to be learnt, without careful initialisation near a value with high likelihood. The issue is
therefore that we must choose an initial parameter that has high likelihood, but we as-
sume we do not know the parameter beforehand; these statements contradict each other.

We address likelihood concentration, and hence the problem of learning parameters
under random initialisation, using observation batching. We infer our parameters,
0) and ™ in Alg. 18 using B increasingly large batches y®, b€ {1,... B}, of the
observation series, where y) Cy® C...CyB=D CyB) choosing y¥) :=y. Warming
up the 8Y) and 8™ parameters before learning on the entire series mitigates the effect
of likelihood concentration for unadapted parameters, and, when combined with log
weights, allows our method to be used on long observation series for complex problems.

We initially learn our parameters, 8) and 8 on a small subset, y!, of the
observation series y. Thereby, we obtain a relatively diffuse parameter likelihood
function compared to that obtained with a longer observation series. Therefore, we
can initialise the parameters of the neural networks, A;, by, [€1,...,L, randomly, as
the likelihood and its gradient will not be numerically zero for unadapted parame-
ters, due to the relatively diffuse parameter likelihood function. Further, under the
above method, our estimated f and 7 distributions incorporate information from the
observation series y in sequence, adapting to one batch of observations y® before
taking in more. Sequentially incorporating observation information into our estimation
prevents behaviour where the start and end of the series are well represented by the
learnt parameters, but the middle is not; this is a common problem when using neural

networks to learn between-step dynamics in time series models [121, 122, 123].

6.5 Numerical study

We will now illustrate the performance of our proposed method on two systems. First,
we will test our method on a non-linear polynomial system: the Lorenz 96 chaotic
oscillator. We will then apply our method to a non-linear non-polynomial system:
the Kuramoto oscillator. In both instances we compare our method to the Improved
APF [33] and the bootstrap particle filter (BPF) [32], as well as StateMixNN [102],
which uses similar techniques but learns only the proposal distribution. The Improved

APF utilises measurement information to improve the proposal distribution in a
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pre-weighting step, aiming to improve the characteristics of the proposal distribution.
Note that all of the methods that we compare against require more information than
StateMixNN, as the transition kernel must be known. Finally, we note that all methods
are run using the same differentiable particle filter, given in Alg. 15, which does not

modify the forward pass behaviour of the SIR particle filter.

6.5.1 Lorenz 96 model

We consider a stochastic version of the Lorenz 96 model [81], a dynamical system
known to exhibit chaotic behaviour. We insert additive noise terms to obtain a
stochastic system to use for testing, and discretise using the Euler-Maruyama scheme,

resulting in the system

Tipp1 =Tig+ AT 14 (Tig10—Tiog) —Tig+F)+V A0 141,

(6.12)
Yitr1 =Tipr1+ VAL 141,

for i € {1,....d,} and t € {0,..., T}, where we define x_; := z4,_1,70 := x4,, and
Tq,+1:=21, v;~N(0,3,), r:~N(0,%,), and F is a forcing constant; we use F'=8.

We set At=0.05 in Eq. (6.12). Unless explicitly stated otherwise, we choose the
dimension of the system as d, =d, =20, and set 3, =0.25Id,, and X, =0.11d,;,. We
initialise the hidden state at xy such that z; =1, with all other elements equal to
0. We assess the proposed method in terms of relative improvement in mean square
error (MSE), showing the accuracy of the method as a fraction of the MSE obtained
with the BPF [32]. The relative improvement in MSE is given by

MSEmethod

~~ —method 6.13
MSEbaseline ’ ( )

Rlmse =

where MSE, cthoq is the MSE of the method we are testing, and MSEyseline is the
MSE of our baseline method in the same task. The MSE compares the weighted mean
of the samples (the estimated state) with the true underlying hidden state. For this
model metric, lower is better, as it indicates a lower MSE than the baseline. We use
the bootstrap particle filter as our baseline method in all instances. Note that the
MSE is not the optimisation target of our method.

We compare our method with the Improved APF [33], to illustrate the performance
of a standard improved proposal utilising observation information. Note that there
do exist other methods that utilise observation information to attempt to improve the
proposal, such as the Gaussian particle filter [124] and the auxiliary particle filter [12],
however of those tested the Improved APF performed best on our problem set. Further,
we compare our method to PropMixNN [102], the method from which StateMixNN
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is extended, which we fix at S=6 components, and use the parameters given in the
originating chapter. Note that the Improved APF, the BPF, and PropMixNN, all
require the state transition model to be known, and therefore cannot be applied to a
general system as StateMixNN can. We note that all methods tested are implemented
using the same stop-gradient DPF [79] used by StateMixNN, however, no parameters
are learned for the Improved APF and the BPF. We compute the MSE for 200

independent runs of the filter, and plot the mean and symmetric 95% intervals.

We test the proposed method using a variable number of mixture components,
with S€{1,6,10}. All variants utilise the same network architecture, with 3 layers of
output sizes dy =128,dy =256,d3 =25d,, for both networks. For the activation function
o in Eq. (6.6), we set py.o(z) =relu(r) =max(0,x), and p3(z)=x, with this applying
to both the proposal and transition networks. We train StateMixNN using the ADAM
optimiser [38], using a fixed learning rate of 3-1073, and setting the parameters of
Alg. 16 to B=[T/5],J =50,A=20. We train the method using a series of observations
distinct from those on which we test StateMixNN; however, all series are instances

of the Lorenz 96 system.

Variable number of particles. We test StateMixNN for a variable number of
particles K, with K € {30,50,100,200}. We use a fixed series length T'=100. We
present the results in Fig. 6.1, which shows that StateMixNN outperforms the BPF
for all given values of K, obtaining at most 0.9 times the MSE of the BPF, and
typically less than 0.75 the MSE. StateMixNN with S=10 components suffers with
few particles, performing worse than the other parametrisations of StateMixNN, as
few samples are taken from each component, therefore the gradient estimates are less
reliable, as the gradients relating to each component are dependent on only a few
evaluations. In the case of S=6 there are more evaluations of each component than
in the case of S =10, which allows for sufficient information to learn the transition
dynamics. Our method outperforms the Improved APF at all tested numbers of

particles, by an increasingly large margin as the number of particles increases.
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Figure 6.1: Comparison of StateMixNN with the BPF, Improved APF, and
PropMixNN over variable numbers of particles. The lines denote mean performance,
with bands denoting symmetric 95% intervals.

Variable series length. Next, we test StateMixNN with a variable series length 7',
with T € {30,60,100,200,500}. In this case we fix the number of particles K = 100.
We show in Fig. 6.2 that the proposed method obtains lower values of MSE than the
BPF and Improved APF for all given values of T. The S =10 component method
slightly outperforms the S=6 component method, which significantly outperforms

the S=1 component method.
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Figure 6.2: Comparison of StateMixNN with the BPF, Improved APF, and
PropMixNN over variable series length. The lines denote mean performance, with
bands denoting symmetric 95% intervals.

Variable state noise. We now test StateMixNN for a variable state noise 3, = 0>Idyy,
with ¢2€{0.05,0.1,0.25,0.5,1}. In this case, we fix the number of particles K'=100
and the series length 7'=100. Fig. 6.3 shows that StateMixNN is superior to the
BPF for all given values of 2. The improvement in accuracy is lesser for small noise
variances, as small perturbations give a concentrated distribution of the state values at
the next time step. However, the performance improves for larger values of o2. This
is due to the chaotic behaviour of the system, which leads to multimodal distributions
for the next state, as the state follows one of several diverging paths. The mixture in

the proposed method captures this behaviour, with components representing different
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modes, thereby outperforming both the BPF and the Improved APF.
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Figure 6.3: Comparison of StateMixNN with the BPF, Improved APF, and
PropMixNN over variable state noise magnitude. The lines denote mean performance,
with bands denoting symmetric 95% intervals.

Variable system dimension. Finally, we test StateMixNN over variable state and
observation dimension d, =d,,, with d, €{5,10,20,40,60}. We fix the number of particles
K =100, and the series length T'=100. Fig. 6.4 shows that StateMixNN is superior
to the BPF for all given values of d,. We observe that the margin of out-performance
decreases as the state dimension increases, but seems to stabilise after d, =40. This is
due to the static number of iterations used in training, as the state-space is easier to
learn for smaller d,., and therefore requires fewer iterations to achieve the same level
of performance. We observe that StateMixNN performs well at all tested values of d,
and does not rapidly deteriorate in performance when increasing d, without changing
the training regime. Furthermore, the filters with a larger number of components in
the learned distributions outperform those with a smaller number of components at

all times, displaying the mixture distributions ability to approximate complex systems.
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Figure 6.4: Comparison of StateMixNN with the BPF, Improved APF, and
PropMixNN over variable system dimension. The lines denote mean performance,
with bands denoting symmetric 95% intervals.
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6.5.2 Kuramoto oscillator

The Kuramoto oscillator [101] is a mathematical model that describes the behavior

of a system of d, phase-coupled oscillators. The model is described by

d
do; N

T +d, 1;08111(@ —6;), (6.14)
where 6; denotes the phase of the ith oscillator, and C'€R is the coupling constant
between oscillators. This does not restrict @ however, which will, in general, diverge to
an infinity as t—oo. To address this, we transform Eq. (6.14) by introducing derived

parameters R€R' and ¢ € [—n,7] such that

Rexp(vV—1¢)=d, 1i:exp(\/—_wj) :

do; .
% =w;+CRsin(¢—6;),

(6.15)

which restricts 8 € [—m,7]%. We insert additive Gaussian noise to Eq. (6.15), and

discretise using the Euler-Maruyama scheme, yielding the NLSSM

dy
Rexpl(v/716) =" exp(v/ Ty,
j=1

(6.16)
Tig+1 :$17t+At(wl—|—CRSIH(¢—£L‘1))+ V At'vi,tJrla

Yitr1 =Tipr1+ VAL 141,

for i€ {1,...,d,}. We choose d, =20, and C'=0.8. We set X, =021d,,,%, =02Id,,,
with ¢,=0.1,0,=0.005 unless stated otherwise, which tests the performance of our
method in the case that the observation is much more informative than the state,
where the standard BPF is known to suffer. We discretise this model with a time step
of At=0.05. We sample w; ~N(0.5,0.5?), and x; o~ U(—m,7). We run the system

until =10, and then begin collecting observations.

Variable series length. We test StateMixNN with a variable series length 7', with
T €{30,60,100,200,500} on the Kuramoto oscillator In this case we fix the number
of particles K =100. We show in Fig. 6.5 that the proposed method obtains lower
values of MSE than the BPF and Improved APF for all given values of T. The
S'=10 component method outperforms the S=6 component method, which in turn

outperforms the S=1 component method.
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Figure 6.5: Comparison of StateMixNN with the BPF, Improved APF, and
PropMixNN over variable series length on the Kuramoto oscillator. The lines denote
mean performance, with bands denoting symmetric 95% intervals.

Variable number of particles. We test StateMixNN for a variable number of par-
ticles K, with K €{30,50,100,200}. We use a fixed series length 7'=100. We present
the results in Fig. 6.6, which shows that StateMixNN outperforms the BPF and
Improved APF for all given values of K. StateMixNN with S =10 components suffers
with few particles, performing worse than the other parametrisations of StateMixNN,
as few samples are taken from each component, therefore the gradient estimates are

more dispersed in the S=10 case, making training less reliable.
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Figure 6.6: Comparison of StateMixNN with the BPF, Improved APF, and
PropMixNN over variable number of particles on the Kuramoto oscillator. The lines
denote mean performance, with bands denoting symmetric 95% intervals.

Variable state noise. We now test StateMixNN on the Kuramoto oscillator with
variable state noise X, =c2Idy,, with o, € {0.025,0.05,0.1,0.25,0.5}. In this case, we
fix the number of particles K =100 and the series length T'=100.

We observe in Fig. 6.7 that the performance remains consistent over state noise
magnitudes when compared to the performance of the bootstrap particle filter. We
observe an apparent decrease in performance for very low state noise magnitude for all
tested methods, which is explained by the bootstrap particle filter performing better

the closer o, is to o,.
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Figure 6.7: Comparison of StateMixNN with the BPF, Improved APF, and
PropMixNN over variable state noise magnitude. The lines denote mean performance,
with bands denoting symmetric 95% intervals.

Variable system dimension. Finally, we test StateMixNN over variable state and
observation dimension d, = d,,, with d, € {5,10,20,40,60}. We fix the number of
particles K =100, and the series length T'=100. We present the results in Fig. 6.8.

We observe that StateMixNN is superior to the BPF for all given values of d,. Fur-
thermore, the margin of out-performance is approximately constant after d, =20, with
StateMixNN outperforming standard methods by a larger margin for smaller values
of d,. This is likely due both to a smaller number of parameters being learnt, and less
complex transition and proposal distributions being required due to the reduced dimen-
sionality of the problem. We observe that StateMixNN performs well at all tested values
of d,., and does not rapidly deteriorate in performance when increasing d, without chang-
ing the training regime. Furthermore, the filters with a larger number of components
in the learned distributions outperform those with a smaller number of components at

all times, displaying the mixture distributions ability to approximate complex systems.
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Figure 6.8: Comparison of StateMixNN with the BPF, Improved APF, and
PropMixNN over variable system dimension. The lines denote mean performance,
with bands denoting symmetric 95% intervals.

122



6.6 Conclusion

This chapter proposes a novel method, called StateMixNN, which simultaneously
learns the transition and proposal distributions of a particle filter. We utilise a pair of
multivariate Gaussian mixture distributions to approximate the transition and proposal
distributions, with the means and covariances of the mixands given by the output of
a dense neural network. StateMixNN uses a standard neural network architecture to
produce its results, and could potentially be extended or modified to use a different
architecture, such as a graph neural network to estimate state connectivity, or a
recurrent neural network for non-Markovian systems.

We present numerical results for a stochastic Lorenz 96 model, which has highly
chaotic behaviour, and for the Kuramoto oscillator, which has a restricted state-space
and cannot be expressed using polynomial terms. We observe that our method
outperforms the bootstrap particle filter, a standard method, as well as the improved
auxiliary particle filter, a state-of-the-art method for improving the proposal distri-
bution, both of which require more information about the underlying system than
StateMixNN. Furthermore, our method here performs similarly to PropMixNN, a
method that uses a similar neural proposal, but requires the state model to be known.
The proposed method does not require knowledge of the hidden state, as we optimise
the observation likelihood, which requires only the observations to be known. The
ability of StateMixNN to operate without knowledge of the hidden state dynamics
makes it particularly well-suited for real-world applications where the underlying model

is unknown.
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Chapter 7

Conclusions and future work

7.1 Conclusion and contributions

In this thesis, we have proposed several methods which share the theme of parameter
estimation in linear and non-linear state-space models, and proposes a method to
address the challenge of proposal design in particle filtering.

First, in Chapter 3, we proposed a method to perform fully Bayesian inference
of the sparsity structure of the transition matrix of a linear-Gaussian state-space
model. The method we propose has strong theoretical guarantees, and provides a
reliable and efficient technique for obtaining sparse samples of the parameter posterior.
Our method utilises reversible jump Markov chain Monte Carlo, in conjunction with
a novel model space construction, to jointly sample the sparsity structure and the
parameter value of the state transition matrix. We showed that it has excellent
numerical characteristics, and compares favourably to state-of-the-art techniques for
sparse parameter estimation in LGSSMs.

Next, in Chapter 4, we developed an algorithm that promotes sparse clusters in
the transition matrix of a linear-Gaussian state-space model. The method proposed is
extensible, and inherits the guarantees of the estimation subroutine used. By iteratively
imposing cluster promoting constraints, our method recovers the cluster structure
present in many real-world systems, whilst leveraging existing estimation techniques to
perform parameter estimation. We have shown that the proposed method outperforms
existing estimation schemes for structure recovery in sparse clustered systems, yielding
superior parameter estimates that exhibit the correct clustered structure.

Then, in Chapter 5, we proposed a methodology for estimating the transition kernel
of a general state-space model when the form of the transition kernel is unspecified.
Our method estimates the transition kernel using a sparse polynomial basis, which we

encode as a pair of matrices representing the degree and coefficient of the polynomial
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terms. We estimate the coefficient matrix under a sparsity promoting penalty, which
we apply using the proximity operator, resulting in a scheme that is more efficient than
standard gradient descent, and which can be extended to use other convex penalties
without the requirement for (sub)differentiability. We demonstrate that our method is
capable of recovering the transition model in several well known polynomial systems,
and furthermore, can well estimate the transition kernel in non-polynomial systems.
Finally, in Chapter 6, we proposed an algorithm for jointly estimating the transition
kernel and the optimal proposal distribution for a general state-space model within
a particle filtering framework. This method allows for filtering to be performed within
a general class of models, where the hidden state dynamics are unknown, but the
observation dynamics are assumed known. We show that our method yields superior
recovery of the hidden state sequence compared to several improved proposals, whilst

requiring less information to be known about the system.

7.2 Potential future work and extensions

We now discuss several potential extensions to the work proposed in this thesis, and

sketch initial ideas for their exploration.

7.2.1 Fully Bayesian estimation of a sparse transition kernel

in general state-space models

Given the fully Bayesian sparsity recovery for linear-Gaussian state-space models
proposed in Chapter 3, one might wish to apply the same methodology to general
state-space models following the polynomial approach proposed in Chapter 5. However,
the concentration of the likelihood function, coupled with the high dimension of the
parameter space, make a direct extension of SPaRJ unlikely to succeed, as the MCMC
scheme utilised will be inefficient at exploring the parameter space. Instead, we can use
the differentiable particle filter to design a Hamiltonian Monte Carlo styled proposal
for the parameter sampling, and utilise a similar model jump kernel as in Chapter
3 to select polynomial basis terms in the model sampling.

However, due to the increased dimension of the parameter space, as well as the re-
quirement to run a particle filter several times to generate each sample, which is required
due to the leapfrog steps in HMC, the method would be orders of magnitude more ex-
pensive than GraphGrad, as many samples will be required to explore the model space,
with each sample being relatively expensive to generate. Therefore much of the design of
such a method would therefore be in reducing the computational cost. An initial avenue

for exploration regarding designing better model jump kernels would be to take inspira-
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tion from methods such as [125], automatically tuning a runtime-accuracy trade-off in

the intermediate runs of the particle filter, or by parallel exploration of model moves.

7.2.2 Extended sparse library regression

In Chapter 5, we noted that our method could be interpreted as a library regression,
similar to [77]. This naturally poses an extension to our proposed method: what if we
extend the library of terms outside of polynomials. We chose the polynomial basis for
three reasons. First, the polynomial basis can be thought of similarly to the Taylor
expansion, which is well known, and works well for smoothly changing functions close
to the point of expansion. Second, a polynomial in a known number of variables can
be easily written as a matrix expression, and therefore quickly and efficiently evaluated
as a vectorised expression, with the coefficients stored in a statically-sized format that
easily admits the use of automatic differentiation. Third, the polynomial expansion
is rather objective, and does not require terms to be included and excluded based on
opinion, such as in many library regression methods.

Extending GraphGrad to a library regression is conceptually relatively simple;
estimate an additional library term in addition to the existing polynomial basis. For
example, non-polynomial terms could be separated into their own matrices, and
therefore could be evaluated separately from the polynomial terms. However, this
approach is limited by the requirement to specify the term library and interactions
therein beforehand; incorporating binary interactions between terms, such as ratios

of polynomial terms, would require a prohibitively large library.

7.2.3 Symbolic regression for transition terms

A potential further extension of Chapter 5, beyond a fixed library of terms estimated
simultaneously, is to estimate the form of the transition kernel via symbolic regression.
This would involve estimating the term currently approximated by a polynomial as
the output of a symbolic regression. The symbolic search method of [126] could be
utilised to perform symbolic regression, with a modification to the objective such that
the method aims to minimise the negative log-likelihood of the estimated parameters,
rather than the RMSE as is common in symbolic regression.

This would improve over a method that estimates all terms simultaneously in
several ways. Firstly, the terms would be better estimated, as there is more statistical
information available per coefficient estimated. Second, the model is more interpretable,
as terms are explicitly included or excluded, rather than potentially set to a almost-

but-not-quite zero value in estimation. This also eases the requirement for sparsity
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promoting parameter estimation by estimating sparsity via an auxiliary process, similar
to that in Chapter 3. Finally, this would allow for binary functions (e.g. products
and ratios of polynomial terms) of arbitrary terms to be more easily incorporated, as
these would not need to be explicitly encoded in the learnable parameters, but instead

dynamically learnt through the symbolic search.

7.2.4 Concluding remarks

In this thesis, we have proposed several modelling approaches that allow for the esti-
mation of state-space model parameters whilst promoting sparsity, thereby improving
the interpretability of the resulting model. We have also proposed two methods for
the automatic estimation of the transition kernel in a general state-space model, with
one method being a sparse parametric approach, and one method being a dense deep
learning approach.

Furthermore, the methods we have proposed here have several immediately ap-
parent avenues for extension, both in broadening their scope and in improving their
efficiency. It is likely that parameter estimation in state-space models will be an area
of active research going forward, and as interpretable models give explainable results,

we believe that the methods proposed here will be useful to future research.
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