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Abstract

Systems out of equilibrium with their environment are ubiquitous in nature.

Of particular relevance to biological applications are models in which each

microscopic component spontaneously generates its own motion. Known col-

lectively as active matter, such models are natural effective descriptions of many

biological systems, from subcellular motors to flocks of birds. One would like

to understand such phenomena using the tools of statistical mechanics, yet the

inherent nonequilibrium setting means that the most powerful classical results

of that field cannot be applied. This circumstance has fuelled interest in

exactly solvable models of active matter. The aim in studying such models is

twofold. Firstly, as exactly solvable model are often minimal, it makes them

good candidates as generic coarse-grained descriptions of real-world processes.

Secondly, even if the model in question does not correspond directly to some

situation realizable in experiment, its exact solution may suggest some general

principles, which could also apply to more complex phenomena.

A typical tool to investigate the properties of a large system is to study the

behaviour of a probe particle placed in such an environment. In this context,

cases of interest are both an active particle in a passive environment or an

active particle in an active environment. One model that has attracted much

attention in this regard is the asymmetric simple exclusion process (ASEP),

which is a prototypical minimal model of driven diffusive transport. In this

thesis, I consider two variations of the ASEP on a ring geometry. The first is a

system of symmetrically diffusing particles with one totally asymmetric (driven)

defect particle. The second is a system of partially asymmetric particles, with

one defect that may overtake the other particles. I analyze the steady states of

these systems using two exact methods: the matrix product ansatz, and, for the

second model the Bethe ansatz. This allows me to derive the exact density profiles

and mean currents for these models, and, for the second model, the diffusion
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constant. Moreover, I use the Yang-Baxter formalism to study the general class

of two-species partially asymmetric processes with overtaking. This allows me

to determine conditions under which such models can be solved using the Bethe

ansatz.
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Lay summary

Statistical mechanics is a field of physics that deals with large, complicated

systems that consist of many small components. Many systems in biology fit

this description at different levels, from sub-cellular motors to cells to organisms.

Traditionally, the approach taken by physicists to study statistical mechanics has

been to assume that the individual components behave like little balls that obey

Newton’s laws of motion. The rules for each individual particle are simple, but

the challenge is to figure out how they combine to produce effects on a large

scale. Although this approach works well for gases and crystals, it has some

major issues when applied to biological systems. One of the core reasons for this

is that Newton’s laws work the same way forwards and backwards in time. If one

were to watch a movie of two billiard balls colliding and flying apart, it would

be hard to say whether the movie was played forwards or backwards. However,

the world of biology is full of processes in which there is an obvious temporal

direction. Unfortunately, the physics of such irreversible processes is relatively

undeveloped. We are not yet at the stage where we can simulate a lion on our

computer at the cellular level. To get to that point, we must first understand

much simpler processes.

In this thesis I study two very simple irreversible models. They consist of hard

balls hopping on a one-dimensional line with a preference to hop in one direction.

Although this might seem much too simple for real biological systems, it is a

relatively good description of certain microscopic processes happening inside our

cells every second. I study these models using advanced mathematical techniques,

which gives some insight about how their motion at the microscopic scale manifest

in complex large scale behaviour.
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Chapter 1

Background

1.1 Introduction

One of the most remarkable achievements of classical physics was the formulation

of a general theory of equilibrium thermodynamics. Indeed, Einstein famously

said of it, “It is the only physical theory of universal content, which I am

convinced, that within the framework of applicability of its basic concepts will

never be overthrown” [5]. Yet, despite much effort over the last decades, a similar

general theory for systems far from equilibrium is still lacking.

A particularly important class of nonequilibrium processes are ones which are

driven by some internal or external source and may thus be sustained in

nonequilibrium steady states [6]. Such processes are abundant in the natural

world, particularly in the realm of biology. However, to describe nonequilibrium

steady states poses a formidable challenge. Even calculating something as

fundamental as the probabilities of different states may be nontrivial, as one

cannot utilise the standard Gibbs-Boltzmann measure of equilibrium statistical

mechanics.

One of the most fruitful avenues of research in addressing these issues has been

the study of minimal, low-dimensional models of nonequilibrium processes [7].

These models are often inspired by the motion of micro-organisms or biological

molecular motors. Although the full mechanical and chemical context of such

processes may be very complicated, much insight can be gained by taking a

coarse-grained view. The moving object is represented as a point particle that
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performs random hopping motion according to some simple dynamical rules. The

philosophy behind this approach is that this extremely simplified model may be

able to capture the qualitatively most important features of the motion of the

process, and yet be simple enough to allow one to derive exact mathematical

results, without having to rely on a pre-existing framework, such as the Gibbs-

Boltzmann formalism.

Perhaps the most studied model of this type is the totally asymmetric simple

exclusion process (TASEP) [7], which has been called the “Ising model of

nonequilibrium statistical mechanics”. It was initially inspired by the motion

of ribosomes during RNA synthesis but has since then been used to model a wide

range of processes, including DNA transcription and traffic flow. It consists of

particles hopping randomly on a lattice in one direction with a hard-core exclusion

interaction. Its intrinsic simplicity has lead to a multitude of exact results

being obtained in the mathematical and physical literature. Furthermore, many

generalisations have been considered, such as processes with partially asymmetric

hopping and processes with multiple particle species.

In obtaining exact results pertaining to the steady-state properties of asymmetric

exclusion processes, two powerful techniques have been especially successful. The

first is the matrix product formalism [8]. This approach allows one to find the

exact steady-state measures of many variants of asymmetric exclusion processes.

It involves representing the state of the process as a product of non-commuting

matrices that satisfy certain relations. If such matrices are found, this approach

in principle allows one to compute any spatial correlation function.

The second is the Bethe ansatz [9]. This is in essence a technique for diagonalising

certain linear operators. It was first introduced to study quantum spin chains

but has since then found application in many other problems, including the

time evolution of some asymmetric exclusion processes. A particularly useful

corollary of this is that the Bethe ansatz may be used to calculate the exact

current statistics in certain exclusion processes in the long time limit [10].

The results presented in this thesis will involve the application of the matrix

product formalism and the Bethe ansatz to certain interesting special cases of

asymmetric exclusion processes.

While the one-species TASEP, partially asymmetric SEP (PASEP) and symmet-

ric SEP (SSEP) are all reasonably well understood, exact results for multi-species

problems have mostly been restricted to certain special cases. As a simple limiting
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case, one can consider a process with a single particle of one species. It may then

be interpreted as a defect particle. Studying processes with defect particles thus

allows one to build an understanding of the behaviour of multi-species processes.

Defect particles also allow one to study the response of the process they are

embedded in to external perturbations. One may essentially view the defect

particle as a controlled probe that is inserted into the underlying process. It is

then interesting to see how the presence of the defect will affect the system at a

macroscopic level. The case of a defect in a TASEP is relatively well understood

[11, 12]. In this thesis we will instead investigate how driven defects affect the

steady states of symmetric and partially asymmetric processes.

An important issue that arises with exact methods, such as the Bethe ansatz and

the matrix product formalism, is the extent of their applicability. It is known in

the literature that for exact methods to work for certain problems, a particular

choice of parameters may be required. Thus even if a one-species model is solvable

with a given method, the addition of a defect particle may make it intractable.

In the context of the matrix product formalism, the solvability of two-species

models has been studied in the literature. Yet for the Bethe ansatz, there is not

a clear answer to which two-species models are solvable. The second main goal

of this thesis is to address this issue.

In chapter 3, we study a single asymmetric particle in a bath of symmetrically

diffusing particles using the matrix product formalism. This is an interesting

setup to explore the question of the minimal ingredients required to drive a system

out of equilibrium.

A natural generalisation one might consider is a system of partially asymmetric

particles with a single defect particle that hops with different rates and may

overtake other particles. Again, it is interesting to investigate whether a

single particle can have macroscopic effects on the steady state (in this case

nonequilibrium) of the system. In chapter 4, we use the matrix product formalism

to analyse a special case of this general problem, in which the defect particle

overtakes the other particles with its usual hopping rates.

In chapter 5, we take a general view of two-species partially asymmetric exclusion

processes with overtaking and address the question of what conditions on the

model parameters are required to ensure that they may be treated using the

Bethe ansatz.

3



Finally, in chapter 6, we return to the model introduced in 4 and analyse it using

the Bethe ansatz.

In total, this thesis investigates the effects of driven defect particles on the

steady states of passive and driven lattice gases by means of exact mathematical

methods. It also addresses the limits of applicability of the matrix product

formalism and the Bethe ansatz in stochastic processes. This adds to the

catalogue of exact results for nonequilibrium steady states.

1.1.1 Chapter outline

In the rest of this chapter, we discuss some background material that is necessary

for an understanding of the remainder of this thesis. We begin by briefly outlining

the traditional approach to statistical mechanics in section 1.2, which deals with

steady states of the equilibrium type. Although this approach will not be used in

the remainder of this thesis, it serves as a point of reference for comparison and

contrast with the methods used for nonequilibrium systems. In section 1.3, we

introduce the mathematical setting in which we will work in this thesis, namely

continuous time Markov processes. We explain why this is a relevant framework

for biological applications and outline a few basic results, which will be important

in the later chapters. In section 1.4, we give a brief introduction to large deviation

theory. Although we will not require anything beyond the most basic results in

this thesis, we will see that the language of this field is a natural one for statistical

mechanics, both in and out of equilibrium. In section 1.5, we introduce the key

model, which will serve as the starting point of the models considered in this

thesis: the asymmetric simple exclusion process. We define the model precisely

and analyse the mean-field theory of this model to give some intuition for its

phenomenology.

1.2 Equilibrium statistical mechanics

We now provide a brief overview of the traditional approach to statistical

mechanics. Although these methods will not be used in the remainder of

this thesis, they are included for two main reasons. The first reason is that

understanding the limitations of these methods is important to motivate the

methods that will be used. The second reason is that a lot of our subsequent
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calculations will be informed by an understanding of these traditional methods.

Indeed, although these methods are not applicable verbatim, we will see that they

contain certain specific features that will reappear in subsequent calculations. We

will highlight these features as they come up.

1.2.1 The meaning of equilibrium

Classical statistical mechanics describes steady states of systems in equilibrium.

By equilibrium, one is to understand the condition of detailed balance, i.e. the

vanishing of net fluxes between any two states (see also section 1.3.8). This is

actually a very strong restriction and it is the reason why classical statistical

mechanics is not applicable to the systems we will study in this thesis. The

assumption of equilibrium is typically justified on the grounds of microscopic

reversibility. As the dynamics of, say, molecules in a gas, are assumed to be

time-reversible (as is typical for systems governed by Hamiltonian dynamics), it

can be shown that the resulting steady state must be of the equilibrium type (see

section1.3.8).

This also tells us how one breaks equilibrium; namely by making dynamics

irreversible at a microscopic level. This can be achieved at a global level, in

which case the system is called driven, or at the level of individual particles, in

which case the system is called active. However, we remark that this distinction

is not always clear-cut.

1.2.2 Microcanonical ensemble

For now, we consider systems in equilibrium. In this case, one can use the classic

Gibbs-Boltzmann formalism (see any standard textbook on statistical physics,

for instance [13–15]).

We consider some system with a state space X. This could be, for instance, the

set of spin configurations in an Ising-type model, the set of positions and momenta

of a classical gas, or the Hilbert space of a quantum system. The individual states

x ∈ X are called microstates. On a macroscopic scale, one observes not individual

microstates x, but rather some coarse observables Y (x), where we take Y to be

an operator on X. By calling Y “coarse”, we mean that there are generally

many states x that give the same value of the observable Y (x). Systems that
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are sufficiently large are typically found in states in which the values of all coarse

observables that correspond to conserved quantities of the underlying dynamics

have some constant mean value. We call such states macrostates, where a given

macrostate is characterised by the values of all relevant macroscopic observables.

We will use the notation Xy to denote the macrostate in which the mean value

of some specified observable is Y (x) = y.

The simplest case to consider is a closed system or microcanonical ensemble. This

is a set of conditions under which all macroscopic variables (e.g. total energy E,

particle number N , volume V ) are held fixed. Under these circumstances, as we

are not able to distinguish any state from any other using the coarse variables, the

probability of all microstates may be taken to be the same. Then the statistical

weight of any macrostate Xy is simply |Xy|.

We note that this typically scales exponentially with particle number N . As an

example, for a set of N spin-1/2 spins, the total number of available states is

2N . This exponential scaling of probabilities with respect to a large parameter

actually means that one can incorporate this ensemble in a broader framework

called large deviation theory, which does not rely on an assumption of equilibrium

(see section1.4).

The exponential scaling motivates us to define the celebrated Boltzmann entropy,

Sy = log |Xy|, (1.1)

so that S ∼ N (note that we have chosen units in which kB = 1). The entropy

is an easier object to handle than the probability directly. By simple statistics

it then follows that the most likely macrostate is the one which maximises the

entropy Sy. Moreover, the probabilities of all states other than the most likely

one will be suppressed exponentially, which means that we can really take the

maximal entropy state as the only state the system is found in. This is essentially

the second law of thermodynamics.

1.2.3 Canonical ensemble

In most situations, one encounters systems that are not closed but in thermal

contact with their environment. This means that at least energy may be

exchanged between the system and its environment. The set of conditions
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under which all macroscopic variables are held fixed but energy is allowed to

be exchanged is called the canonical ensemble.

Then the equilibrium configuration is found by maximising the total entropy of

the system and its environment while varying how energy is distributed between

them. This may be expressed as,

d

dE
[Ssys(E) + Senv(Etot − E)]E=Eeq = 0. (1.2)

We may take the environment to be much larger than the system, in which case

Etot ≫ E. Then the second term can be approximated as

d

dE
[Senv(Etot − E)]E=Eeq ≈ − dSenv(E)

dE

∣∣∣∣
E=Etot

= −β. (1.3)

This is evidently a property of the environment, ignorant of what system it is

in thermal contact with. We may then express the condition for equilibrium in

terms of only the system as a minimisation of a potential defined as follows,

βF = βE − Ssys, (1.4)

where β is taken to be a parameter. Systems with the same value of β will

be in thermal equilibrium. For systems with different values of β, energy will

typically flow from the system with the lower value of β to the one with the higher,

until equilibrium is reached. Thus β may be identified with inverse temperature

β = 1/T .

The potential F is called the Helmholtz free energy. Free energy minimisation for

open systems is the equivalent of the principle of entropy maximisation for closed

systems. The relation (1.4) between S and F is known as a Legendre transform.

We will see how Legendre transforms appear naturally in large deviation theory

in section1.4.

To determine the probabilities of individual states in the canonical ensemble, we

may again consider the system and environment together as a closed system.

Then from (1.1), the probability of some state Xy is given by

P (Xy) ∝ eSsys(Ey)+Senv(Etot−Ey). (1.5)

Again, the environment may be taken to be much larger than the system, so
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Senv ≫ Ssys. We then Taylor expand the environment entropy,

Senv(Etot − Ey) = Senv(Etot) − Eyβ + . . . , (1.6)

where we have used the definition (1.3). The first term does not depend on the

state Y , so it may be ignored. We thus obtain,

P (Xy) =
e−βEy

Z
, (1.7)

where Z is a normalisation called a partition function defined as

Z =
∑
x∈X

e−βEx . (1.8)

The expression (1.7) is known as the canonical or Gibbs-Boltzmann measure and

it is the foundation of equilibrium statistical mechanics. It can be shown that

the free energy F and the partition function Z are related as

−βF = logZ. (1.9)

We will present an elegant proof of this in section1.4. Note that it is reminiscent

of (1.1).

It is remarkable that the expression for probabilities of states (1.7) can be

written down so easily for any system in equilibrium. This is especially

striking when juxtaposed with the calculations necessary to derive probabilities

in nonequilibrium steady states, which will be presented in the next chapter.

1.2.4 Multiple conserved quantities

The Gibbs-Boltzmann measure (1.7) has a particularly simple form thanks to

the hidden assumption that energy is the only relevant conserved quantity in the

underlying dynamics. It is relatively straightforward to generalise to a situation

with more conserved quantities. Supposing we have several conserved quantities

Ei, then we can write the simply by introducing a “temperature” (conjugate

variable) βi for each conserved quantity,

P (x) =
exp[−

∑
i βiEi(x)]

Z
. (1.10)
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A common example of such a construction is the grand canonical ensemble.

There, particle number is included as an explicitly conserved quantity and the

relevant conjugate variable is βµ, where µ is the chemical potential.

Typical systems considered in classical thermodynamics tend to involve few

conserved quantities, such as energy E, particle number N and volume V .

However, one also encounters systems in which the number of conserved quantities

is very large, which changes the thermodynamics considerably. Such systems

are described using so-called generalised Gibbs ensembles [16, 17]. The idea

of generalised Gibbs ensembles is particularly important for integrable systems,

as these have a number of conserved quantities that scale with the number of

particles.

We mention generalised Gibbs ensembles here for reference, but they will not

be used in this thesis. Although we will consider systems that are integrable in

some sense, they will not possess any physically meaningful conserved quantities

except particle number.

1.3 Continuous time Markov jump processes

We now turn from a consideration of steady states to dynamics. Specifically, in

this section we give an introduction to continuous time Markov jump processes,

which will be the mathematical setting in this thesis. As this is somewhat different

from the formalisms used in other domains of physics, we begin by motivating why

this is a relevant approach to take, particularly if one is interested in describing

biological phenomena. As with equilibrium statistical mechanics, the field of

Markov processes is quite old, so there is an abundance of introductory literature,

for instance [18–20].

1.3.1 A motivating example

Consider the following example. To fulfil various biological functions, our cells

are constantly producing proteins in a collection of processes known as gene

expression. As part of this procedure, information has to be read off from a
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RNA polymerase
DNA

Copied RNA

Figure 1.1 Schematic illustration of DNA transcription.

relevant piece of DNA to ensure the correct protein is produced 1. This process is

known as DNA transcription. It begins with a particle called an RNA polymerase

(RNAP) attaching to a strand of DNA. The RNAP then begins to move along

the strand, one base pair at a time, creating a copy of one half of the DNA. This

is depicted in figure 1.1. The motion of the RNAP looks like a series of discrete

steps of a fixed size [22]. Motion of a similar type has also proposed as a model

for other molecular motors, such as kinesins and myosins [23–27].

This type of motion is fundamentally different from that of the constituents

of a typical inanimate system, such as the molecules in a gas. It makes little

sense to attempt to describe it using a Hamiltonian, since such fundamental

concepts as momentum are ill-defined. Although one assumes that if one went

down to a sufficiently small level, taking into accounts all the physical and

chemical interactions, the underlying equations of motion would ultimately be

time reversible and deterministic, such a description would provide little insight

into the actual observed nature of this motion. Rather, what we observe is that

the motion has the following properties: (i) it consists of discrete jumps, (ii)

it occurs at random time intervals, (iii) it stops as soon as a jump has been

performed (i.e. there is no inertia), (iv) the jumps can occur spontaneously,

1Indeed, this is stated in the so-called central dogma of molecular biology: “DNA makes
RNA, RNA makes protein” [21].
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without any external input.

Evidently, rather than using the framework of classical mechanics, it is better to

model this as a stochastic process that jumps at random intervals between a set of

discrete states. The simplest case assumption to make is that the times between

jumps are exponentially distributed and that the probability of the subsequent

state depends only on the current state (i.e. the system has no memory of past

states). With these assumptions, this process falls into the class of continuous

time Markov jump processes.

Remark on irreversibility We briefly comment on an apparent paradox that

the astute reader may have noticed in the previous section. Namely, we claimed

that the microscopic dynamics of the system in question are time-reversible, and

yet the coarse-grained stochastic model generally is not. This is essentially the

famous Loschmidt paradox, which may be stated as: “how can time-irreversible

macroscopic laws be obtained from time-reversible microscopic ones?”

This is a very old and subtle question, which lies at the foundations of almost

all statistical mechanics. Remarkably, there is still work being published to this

day with new insights on this topic, for instance [28]. Here, we only provide a

heuristic argument, which is sufficient for the purposes of this thesis.

The key point is that time-reversibility only holds for closed systems, i.e.

situations in which external forces may be neglected. However, most systems

are very far from this idealised scenario. Rather, they are constantly interacting

with a highly complex environment. The environment is in fact generally so

complex, that there is no hope of describing its exact microstate. Instead, one

must resort to a statistical description in terms of some ensemble of states. Then

the information of any effects the system has on the environment is lost, or in

other words, entropy increases as a result of their interaction. Hence, in this

framework, irreversibility of coarse-grained models emerges from our inability to

precisely know the full microstate of the environment (really the whole universe)

at any given time.

1.3.2 Types of Markov processes

Although they will not be examined in this thesis, we also mention other

types of Markov processes, which are relevant for other situations. In total,
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Markov processes are usually divided into four types, consisting of the possible

combinations of continuous or discrete time steps, and a continuous or discrete

state space. Discrete time steps can be relevant if the process evolves over some

regular intervals of time, for instance if a new state is picked once a day, or if one

is modelling a population that evolves in discrete generations.

A continuous state space is evidently natural for diffusion-like process. However,

it can also be the case that a discrete description is better, even if the underlying

state space is continuous. For instance the state space of a protein can be

described by the possible values of the dihedral angles between each consecutive

amino acid component. However, in practice, a protein spends much of its

time in a small region of this space, corresponding to some folded or unfolded

configuration, before transitioning quickly to another region, corresponding to a

different configuration. It is thus better to take a coarse-grained description, in

which each configuration is represented by a discrete state, with discontinuous

jumps between these states [29].

1.3.3 Mathematical definition

We now define the continuous time Markov jump process more precisely. We

denote the state of the system at as Xt. The easiest example is to think of

this as the position of a diffusing particle. For more complicated cases, like

multi-particle systems, it is to be interpreted as the configuration of the whole

system. Markovian (memoryless) continuous time evolution means that the

system remains in state X for a random time τ , which is distributed exponentially

with some rate r(X),

τ ∼ Exp(r(X)), (1.11)

before jumping to a new state X ′. This can also be interpreted as while the

system is in state X, in each infinitesimal time interval dt, it has a probability of

r(X)dt to leave that state. We denote the probability of choosing the state X ′

by p(X,X ′). These are assumed to depend only on the current state, X, and not

on the history of the evolution of the process.

The assumptions we have made are quite strong, as they presuppose that there

is no temporal correlations in the times between jumps or the probability of

jumping between certain states. The justification for using it is that it greatly
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simplifies the mathematical formalism and often produces results that agree with

experimental data. Thus it is assumed by default, unless there is a good reason

not to.

A common physical justification for these assumptions is the separation in time

scales between microscopic and mesoscopic degrees of freedom [19, 30]. Taking

the classic example of a Brownian colloid in a fluid, the velocity of the colloid is

much smaller than the velocity of the fluid molecules. The fluid molecules can

therefore essentially be assumed to thermalise instantaneously around the colloid,

so the states of the fluid the colloid interacts with are effectively taken randomly

from a canonical measure.

1.3.4 Master equation

With this definition, the whole dynamics can be described by the set of rates at

which the system transitions from a state X to another state X ′. We denote this

as

k(X,X ′) = r(X)p(X,X ′). (1.12)

Thus k(X,X ′) may also be seen as the rate per unit time at which the system

transitions from state X to X ′. Note that this implies the key property∑
X′ ̸=X

k(X,X ′) = r(X). (1.13)

Then the evolution of the probability of being in state X at time t is given by

the master equation

dPt(X)

dt
=
∑
X′ ̸=X

[−k(X,X ′)Pt(X) + k(X ′, X)Pt(X
′)]. (1.14)

The first term in the sum corresponds to the flux of probability out of X into X ′

and the second term corresponds to the flux into X from X ′.

We can write (1.14) in vector form by combining the transition rates into a matrix,

dPt(X)

dt
=
∑
X′

M(X,X ′)Pt(X
′), (1.15)
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where M is a matrix, defined as

M(X,X ′) =

k(X ′, X), X ′ ̸= X

−r(X), X ′ = X
. (1.16)

M is interchangeably called a transition rate matrix, a Markov operator 2 or

Liouville operator. From (1.13), we have the fundamental property of transition

rate matrices, namely that their columns sum to 0,∑
X′

M(X ′, X) =
∑
X′ ̸=X

k(X,X ′) − r(X) = 0. (1.17)

This implies the conservation of total probability. To see this, we sum the right

hand side of (1.15) over all X to obtain,

∑
X

∑
X′

M(X,X ′)Pt(X
′) =

∑
X′

(∑
X

M(X,X ′)

)
Pt(X

′) = 0. (1.18)

We remark that (1.15) has mathematically the same form as the Schrödinger

equation with the replacement M → (iℏ)−1Ĥ. The main difference is that the

Schrödinger equation describes the evolution of complex amplitudes, while the

master equation describes the evolution of probabilities. Thus, unitary time

evolution in the Schrödinger equation instead becomes probability-preserving

time evolution in the master equation.

1.3.5 Spectral analysis

We can arrange the probabilities of all states at time t in a single vector Pt. Then

the solution of the master equation (1.15) can be formally written as

Pt = eMtP0, (1.19)

with some initial condition P0 and where the exponential is to be understood as

the matrix exponential,

eA =
∞∑
n=0

An

n!
. (1.20)

2This term is sometimes reserved for the discrete time case.
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Using the eigendecomposition of M, one can write this more explicitly as

Pt =
∑
i

eλitΨ
(R)
i (Ψ

(L)
i ·P0), (1.21)

where λi, Ψ
(R)
i , Ψ

(L)
i are the eigenvalues of M and the corresponding right and

left eigenvectors. We remark that the eigenvectors Ψ
(R)
i , Ψ

(L)
i are generally not

vectors of probabilities themselves.

From (1.21), it is evident that the spectrum of M is key for understanding the

dynamics of probabilities evolving according to the master equation. At long

times, modes corresponding to the right eigenvectors Ψ
(R)
i will grow, maintain

a constant magnitude or decay, depending on whether ℜ(λi) is positive, 0 or

negative respectively. Actually, it can be shown using the Perron-Frobenius

theorem that for all eigenvalues of a transition rate matrix we have ℜ(λi) ≤ 0 [19].

Indeed, it is intuitively obvious from the interpretation of M as the generator

of the evolution of a probability distribution, that as probability cannot grow

indefinitely, there cannot be eigenvalues with positive real part. This means that

all modes will generally decay with, perhaps, some transient oscillation, except

those for which ℜ(λi) = 0.

1.3.6 Steady states

The eigenvectors of the 0 eigenvalues evidently play an important role. It is easy

to see that there is always at least one 0 eigenvalue: the columns of M add to

0, so the row vector with all entries equal to 1 is always a left eigenvector with

eigenvalue 0.

From the master equation (1.15), we see that the right eigenvectors of the 0

eigenvalues represent stationary configurations of the system. They satisfy the

so-called global balance condition,∑
X′ ̸=X

[−k(X,X ′)P∞(X) + k(X ′, X)P∞(X ′)] = 0. (1.22)

Although this is always true for steady states of Markov processes, it is usually

too general to be useful. We will show in section1.3.8 that for equilibrium steady

states, a much stronger condition called detailed balance is satisfied. Generally,

even for nonequilibrium steady states, one generally looks for some sort of local
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balance condition.

As the right eigenvectors of zero eigenvalues represent steady-state distributions,

one must be able to write them as valid probability vectors (i.e. with only non-

negative entries that sum to 1). Conversely, it can be shown that for all right

eigenvectors with non-zero eigenvalues, the sum of their entries is 0. This is

another manifestation of the conservation of total probability.

1.3.7 Ergodicity

In general, it is possible that the 0 eigenvalue is degenerate. For example, this is

the case if there are multiple absorbing states (i.e. states out of which all rates are

0). An important special case, however, is when there is only one eigenvalue with

0 real part. Then any initial condition will eventually converge to the eigenvector

of the 0 eigenvalue. Markov processes for which this is true are called ergodic.

A corollary is that for an ergodic process, if a trajectory is sampled over a

long enough time, the empirical measure will eventually converge to the unique

stationary eigenvector. This corresponds to the classic notion of ergodicity:

averaging over a trajectory should produce the same result as averaging over

an ensemble. However, we point out that the definition via Markov processes is

more general, as the ergodic hypothesis comes out as a corollary.

1.3.8 Detailed balance

Given an ergodic Markov process, a natural question is whether its steady state

is of the equilibrium or nonequilibrium type. The answer to this is that a steady

state can be called equilibrium if and only if it satisfies detailed balance. This is

defined as the condition that the net probability fluxes between any two states

should vanish in the steady state. If we denote the steady state probabilities as

P∞, this is expressed mathematically as

k(X,X ′)P∞(X) = k(X ′, X)P∞(X ′), ∀ X,X ′. (1.23)
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To see why this is equivalent to thermodynamic equilibrium, recall the Arrhenius

equation for the activation rate of a thermodynamic process,

k = Ae−βδE, (1.24)

where k is the rate, A is a constant and δE is the activation energy or potential

barrier separating the initial and final states. Now consider two states with

energies E1, E2. We take E1 > E2 and let δE be the height of a barrier to be

crossed going from state 1 to state 2. Then going from state 2 to state 1, the

barrier heights is E1 −E2 + δE. According to Arrhenius’s law, the ratio of rates

of going in either direction will be given by,

k2→1

k1→2

=
Ae−β(E1−E2+δE)

Ae−βδE
= e−β(E1−E2). (1.25)

At the same time, according to Gibbs-Boltzmann theory, the ratio of probabilities,

given by the canonical measure, of finding the system in those states is

P (1)

P (2)
=
Z−1e−βE1

Z−1e−βE2
= e−β(E1−E2). (1.26)

Hence we have k2→1/k1→2 = P (1)/P (2), which is the definition (1.23).

Kolmogorov’s criterion

Detailed balance may alternatively be defined by the so-called Kolmogorov’s

criterion [30]. It states that for detailed balance to hold, the product of rates

for any closed cycle X1 → X2 → · · · → XN → X1 must equal the product of

rates of the reverse cycle X1 → XN → · · · → X2 → X1,

k(X1, X2) . . . k(XN , X1) = k(X1, XN) . . . k(X2, X1). (1.27)

This definition has the advantage that it does not require the construction of the

steady state and thus diagonalisation of M, though we remark that enumerating

all closed cycles in a large state space can be a harder task than simply calculating

the steady state.
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We can see that (1.23) implies Kolmogorov’s criterion as follows,

k(X1, X2) . . . k(XN , X1)

k(X1, XN) . . . k(X2, X1)
=

k(X1, X2)

k(X2, X1)

k(X2, X3)

k(X3, X2)
. . .

k(XN−1, XN)

k(XN , XN−1)

k(XN , X1)

k(X1, XN)

=
P (X2)

P (X1)

P (X3)

P (X2)
. . .

P (XN)

P (XN−1)

P (X1)

P (XN)
= 1. (1.28)

The inverse implication can also be shown but it is omitted here as it is more

involved.

The contrapositive of Kolmogorov’s criterion states that if detailed balance is

broken, there must be some cycles of states which carry net currents. Indeed,

currents are used both as signatures and characteristic macroscopic descriptors

of nonequilibrium steady states [30].

1.4 Large deviation theory

One of the key goals of nonequilibrium statistical mechanics is to understand

which general laws or principles that are well-established in the equilibrium

context can be extended to nonequilibrium. In pursuit of this goal, one of the

most useful frameworks that has emerged is large deviation theory [31].

The basis of large deviation theory is the observation that many distributions

found in statistical physics attain an exponential form in some asymptotic limit.

Consider some random variable XN , which depends on the parameter N , and

we are interested in the large N limit. In statistical mechanics, the role of N is

usually played by particle number or time. A typical case is for XN to be an

extensive variable, so that ⟨XN⟩ ∼ N . For example, one would expect such a

scaling if XN is the sum of contributions from N components. We will assume

this is the case for simplicity, though this is not necessary for the theory. Then

in the large N limit, it is often found that the distribution of XN takes the form,

PN

(
XN

N
= x

)
∼ e−NI(x), N → ∞, (1.29)

where I(x) is a function (that does not depend on the parameter N) that dictates

the rate at which probabilities decay as N is made large. For this reason, it is

called the rate function. More rigorously, PN(x) is said to satisfy a large deviation
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principle with rate function I(x) if the following limit exists:

lim
N→∞

− logPN(x)

N
= I(x). (1.30)

We see from (1.29) that as N becomes large, the probabilities of most values x

will become exponentially suppressed and PN(x) will become dominated by the

maxima of I(x).

This can be seen as a generalisation of the law of large numbers and the central

limit theorem. Essentially, the central limit theorem is what one obtains if one

expands a rate function I(x) as a Taylor series up to quadratic order, giving a

Gaussian distribution. The rate function I(x) provides information not only on

how the the distribution PN(x) behaves close to its mean, but also how it behaves

for large deviations from the mean |XN − ⟨XN⟩| ∼ O(N) 3.

Example: Poisson process

As a familiar example, we consider a Poisson process with rate α. This is defined

as a sequence of events, where the time between one event and the next is a

random variable taken from an exponential distribution with rate α. Suppose

this process has been going on for some time t, up to which time there have been

Y (t) events. The probability that the number of events Y (t) equals some value k

is given by the Poisson distribution with parameter αt. We wish to investigate the

behaviour of Pt(Y (t)/t = v) in the limit t → ∞. From the Poisson distribution,

we have the exact form,

Pt

(
Y (t)

t
= v

)
=

(αt)vt

(vt)!
e−αt = exp [−αt+ vt log(αt) − log((vt)!)] . (1.31)

Then using the Stirling approximation, log((vt)!) ≈ (vt) log(vt)−vt, after a little

simplification, we obtain

Pt

(
Y (t)

t
= v

)
≈ exp [−t(α− v + v log v − v logα)] . (1.32)

3This is why this field is called large deviation theory.
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Figure 1.2 Rate function for Poisson process (1.33), for α = 1. The
quadratic approximation (i.e. the Taylor series expansion of the
rate function up to second order around the minimum) and the
exact values of −1/t logPt(v) (for t = 10) are also shown. The
quadratic approximation and the exact rate function agree close to
the minimum (at v = 1 here), but for large deviations, the exact rate
function gives a much better estimate. Note that there is a roughly
constant difference between the rate function and the exact finite t
values due to sub-exponentially scaling prefactors in the latter.

Hence we see that the Poisson distribution satisfies a large deviation principle

with rate function

I(v) = α− v + v log v − v logα. (1.33)

This is illustrated in figure 1.2.

1.4.1 Scaled cumulant generating function

One of the most important results from large deviation theory is the relationship

between the rate function and the scaled cumulant generating function. This is

expressed mathematically in the Gärtner-Ellis theorem [32, 33]. The importance

of this result comes from the fact that it provides a fairly general method for

computing rate functions. Indeed, other than for certain simple cases, direct

computation of the rate function, as was done in the previous section, is very
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challenging.

We first consider the moment generating function ⟨eγXN ⟩, where γ is a variable

conjugate to XN . Note that by definition, we can calculate moments of XN by

taking formal derivatives of the moment generating function at γ = 0,

⟨Xn
N⟩ =

dn⟨eγXN ⟩
dγn

∣∣∣∣
γ=0

. (1.34)

Suppose XN takes values in some domain Ω. Then using the exponential form

(1.29), we have

⟨eγXN ⟩ ≈
∫
Ω

eN [γx−I(x)]dx. (1.35)

As N is assumed to be large, this integral will be dominated by the values close

to the maximum of γx− I(x). We may thus use the saddle point approximation

[34] to write,

⟨eγXN ⟩ ≈ max
x∈Ω

{eN [γx−I(x)]}. (1.36)

Defining the scaled cumulant generating function of XN ,

λN(γ) =
log⟨eγXN ⟩

N
, (1.37)

we see that it will satisfy the limit

λ(γ) = lim
N→∞

λN(γ) = max
x∈Ω

{γx− I(x)}. (1.38)

Thus in the asymptotic limit N → ∞, the rate function I(x) and the scaled

cumulant generating function λ(γ) are related by a Legendre transform. The

formal statement of this fact is given by the Gärtner-Ellis theorem. For practical

purposes, as is sufficient from the point of view of physics, it asserts that if

the scaled cumulant generating function λN(γ) converges to some differentiable

function λ(γ) in the limit N → ∞, then the underlying distribution satisfies a

large deviation principle, with a rate function given by the (inverse) Legendre

transform,

I(x) = max
γ

{γx− λ(γ)}. (1.39)

Therefore, one way to compute a rate function I(x) is to first find the scaled
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cumulant generating function λ(γ) and perform a Legendre transform. The latter

is often easier than calculating I(x) directly.

Example: Skellam process

As an example to illustrate this approach, we consider the difference of two

Poisson random variables. This is known as a Skellam process [35]. It arises

naturally in diffusion on a lattice as the net displacement of a particle performing

biased diffusion.

Specifically, consider a particle on an infinite lattice hopping to the right with

rate α and to the left with rate β. Let YR(t) and YL(t) be the number of hops it

has performed to the right and left respectively up to time t. Each of those are

distributed according to Poisson distributions with means αt and βt respectively.

However, now we are interested in the statistics of the net displacement, which

is given by Y (t) = YR(t) − YL(t).

One approach would be to write out the probability explicitly. The probability

that Y (t) = vt is given by the probability that YR(t) = vt + k and YL(t) = k,

where k can be any non-negative integer. This gives,

Pt

(
Y (t)

t
= v

)
=

∞∑
k=0

(αt)k+vt

(k + vt)!
e−αt (βt)

k

k!
e−βt. (1.40)

Then to derive the rate function, one would have to perform this summation

and extract the asymptotics. The Skellam distribution can actually be written

in terms of modified Bessel functions, but as we will show now, the Gärtner-Ellis

theorem allows a much simpler approach.

To apply the Gärtner-Ellis theorem, we use the result that the cumulant

generating function of two independent random variables is the sum of the

cumulant generating functions of the variables. Then firstly, to obtain the

cumulant generating function of a Poisson process, we use (1.33) and (1.38).

From I ′(vmax) = γ, we find that the maximal value of v is given by,

vmax = αeγ. (1.41)
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Then the scaled cumulant generating function of YR is given by,

λR(γ) = α(eγ − 1). (1.42)

Similarly, we see that the scaled cumulant generating function of the variable

−YL is given by,

λL(γ) = β(e−γ − 1). (1.43)

Then adding (1.42) and (1.43), we get that the scaled cumulant generating

function of a Skellam process with rates α, β can be written as,

λ(γ) = (1 − e−γ)(αeγ − β). (1.44)

Now to find the rate function, we need to perform a Legendre transform with

respect to γ. The maximal value of γ, defined by λ′(γmax) = v, is given by

eγmax =
v +

√
v2 + 4αβ

2α
. (1.45)

The equation for eγmax is actually quadratic and contains another root but this

can be discounted as it is negative. Using this, after a little algebra, it is found,

I(v) = v log

(
v +

√
v2 + 4αβ

2α

)
+ α + β −

√
v2 + 4αβ. (1.46)

This is shown in figure 1.3. Thus we were able to obtain the rate function using

just some basic algebra. In many cases, the Gärtner-Ellis theorem is the only

tractable way to calculate the rate function.

1.4.2 Example: equilibrium statistical mechanics

We now show how equilibrium statistical mechanics can be expressed in the

language of large deviation theory. Specifically, we will see that entropy plays the

role of a rate function and the Legendre transform corresponds moving between

different ensembles. A detailed overview is given in [36].

In a microcanonical ensembles, all microstates are assumed to be equiprobable.

Then the probability of a macrostate y is proportional to the number of

microstates which verify it, |Xy|. This can be written in terms of the Boltzmann
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Figure 1.3 Rate function for Skellam process (1.46), for α = 2, β = 1. The
quadratic approximation (i.e. the Taylor series expansion of the
rate function up to second order around the minimum) and the
exact values of −1/t logPt(v) (for t = 10) are also shown. The
quadratic approximation and the exact rate function agree close to
the minimum (at v = 1 here), but for large deviations, the exact rate
function gives a much better estimate. Note that there is a roughly
constant difference between the rate function and the exact finite t
values due to sub-exponentially scaling prefactors in the latter.
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entropy S, (1.1), where we have chosen units in which kB = 1,

P (y) ∝ |Xy| = eS(y). (1.47)

Entropy is an extensive quantity, meaning it scales as S ∼ N , where N is the

number of particles in the system. Hence, in the thermodynamic limit, the

microcanonical measure naturally follows a large deviation principle,

P (y) ∼ eNs(y), (1.48)

in which the rate function is the negative reduced entropy I(y) = −S(y)/N .

Now we may define the generating function of energy with some conjugate

parameter −β,

Z = ⟨e−βE⟩ =

∫
dE

|XE|
|X|

e−βE. (1.49)

We have suggestively named it Z, as it can be identified with the canonical

partition function. Then using the saddle point approximation, we obtain

N−1 logZ ≈ min
ϵ
{βϵ− s(ϵ)}, (1.50)

where ϵ = E/N is the energy per particle. The expression on the right hand side

can be identified with the reduced free energy, βf = βF/N , which proves the

relation (1.9). We see that the reduced free energy and entropy are related by

Legendre transforms,

βf(β) = min
ϵ
{βϵ− s(ϵ)}, s(ϵ) = min

β
{βϵ− βf(β)}. (1.51)

The min appears instead of the max, because entropy is defined with the opposite

sign compared to the rate function.

Large deviation theory thus provides a different perspective on equilibrium

statistical mechanics. Namely, the free energy plays the role of a scaled cumulant

generating function and temperature enters merely as a variable conjugate to

energy. This is a valuable insight as such relations are more general than the

equilibrium setting and we will see similar structures appear in nonequilibrium

problems.
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1.4.3 Large deviation theory in nonequilibrium statistical

physics

Importantly, large deviation theory has also been applied in nonequilibrium

statistical mechanics. One often finds that measures follow a large deviation

principle, with either particle number N or time t acting as the large parameter.

We have already seen that the displacement statistics of a particle undergoing

biased diffusion satisfy a large deviation principle, where the large parameter

is time. The same is true of the collective displacement of many interacting

particles, which will be studied in chapter 6.

A widely studied example of large deviation-type relations in nonequilibrium

systems are fluctuation relations. Consider some time-averaged observable At =

t−1
∫

dt′A(t′). Then a fluctuation theorem is established if one can prove a relation

of the form,

P (Aτ = a)

P (Aτ = −a)
∼ etI(a), (1.52)

for some rate function I(a). Such results are particularly interesting from the

point of view of nonequilibrium physics as they provide a direct way to analyse

the degree of irreversibility of processes. Fluctuation theorems have been proved

for such observables as entropy production rate [37, 38] and work [39]. See [40]

for a general review.

The examples described above are actually quite simple applications of large

deviation theory, as we are examining the statistics of a single scalar observable.

However, one could in principle also examine the whole dynamic measure of

a stochastic process. This requires to generalise the framework we have shown

essentially to make it describe vectors or tensors of observables (such as the vector

of densities on each lattice site in a lattice model), rather than a single observable.

This is known as large deviation theory at level 2 and has found much application

in the field of nonequilibrium systems.

For instance, it has been shown that trajectories of stochastic PDEs satisfy large

deviation principles in the weak noise limit [41, 42]. Similarly, large deviation

theory has been used to to study stochastic lattice gas models (these models will

be discussed more in section1.5) [43–45].
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Another application of large deviation theory for trajectories of nonequilibrium

systems that has seen remarkable success is that of macroscopic fluctuation theory

[46]. This will be discussed more in section1.5.6.

1.5 Asymmetric simple exclusion processes

We turn to a specific class of Markov jump processes that will be the focus

of the remainder of this thesis. One of the most extensively studied models

of driven diffusive motion is the one-dimensional asymmetric simple exclusion

process (ASEP). This is a minimal model of single file diffusion in a one-

dimensional or quasi-one-dimensional environment. Due to the minimalist nature

of its definition, it naturally lends itself as a starting point for modelling a large

variety of systems. It was first introduced to model the aforementioned hopping

of various molecular motors (see section1.3.1) [47–49], but has since also been

used as an effective model for colloids in a narrow channel [50, 51] and cars on a

street [52–55]. Some general reviews are [7, 8]

1.5.1 Model definition

The system we wish to model consists of a number of components (RNAPs,

colloids, cars) that are moving effectively in one dimension with a preferential

direction of motion and a hardcore exclusion interaction. We will model these

components as particles hopping on a lattice. To model the asymmetry of the

hopping, we give the particles different hopping rates to the right and to the left.

By rescaling time, we may set the right hopping rate to 1. The left hopping rate

takes some value x. We will take x < 1 throughout this thesis without loss of

generality.

To enforce hardcore exclusion, when a particle attempts a hop onto a site that is

already occupied, this hop is rejected. Thus the maximum occupation of all sites

is 1. This is illustrated in figure 1.4. We also introduce the following notation,

which will be much used hereafter. We represent empty sites (holes) by 0 and

particles by 1. Then we can represent the process we just described by

10
1

⇄
x

01 . (1.53)
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1x

Figure 1.4 Illustration of asymmetric simple exclusion process with hopping rate
1 to the right and x to the left.

1.5.2 Boundary conditions

Next, we need to examine what types of boundary conditions we might wish to

consider for modelling different physical scenarios. This makes a big difference

both to the phenomenology one observes and to what kinds of methods may be

used to obtain exact results.

Periodic boundary conditions

Perhaps the simplest boundary conditions to examine are periodic ones. One

simply restricts the lattice to some finite number of sites L and equates site 1

with L + 1. In other words, the process is set on a ring. The evolution of this

process is described by a master equation with a finite-dimensional transition

rate matrix, which reaches a nonequilibrium steady state. Arguably periodic

boundary conditions are not as relevant in nature as open boundary conditions.

However, they help us to understand the behaviour of the process, as they can

make the problem easier to solve exactly. All the problems we examine in this

thesis will use periodic boundary conditions.

Infinite lattice

If we are modelling cars on a very long street, one might consider the process on

an infinite lattice. This choice of boundary conditions has been used a lot in the

literature, particularly on the mathematical side (for instance [56–59]). As the

system is infinite, this process is described by an infinite transition rate matrix

and does not reach a steady state, unless the initial conditions already constitute

an invariant measure. Evidently then for this process, one needs to also make a

judicious choice of initial conditions.
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Although one might be tempted to interpret this as a limiting case of the periodic

boundary conditions in the limit L→ ∞, the order of taking the system size and

time to infinity makes a difference. Indeed, as we have already noted, the process

on a ring typically reaches a steady state, whereas the process on the infinite

lattice does not.

Open boundary conditions

Lastly, one might choose open boundary conditions. This means that the process

is set on a finite lattice with L sites. Moreover, one imposes special rates on the

first and last sites. Typically, one injects particle to site 1 with some rate a and

removes particles from site L with some rate b. Indeed, this is the natural choice

of boundary conditions for modelling RNAP hopping, as this takes place on a

finite segment with some entry and exit rates.

This process is again described by a finite transition rate matrix and reaches a

nonequilibrium steady state. However, the state space of this process is bigger

than that of one on a periodic lattice of the same size, as open boundary conditions

allow for the particle number to vary.

The open boundary problem has a long history in the physics and mathematics

literature (for instance [60–64]). One important aspect to note is that the choice

of entry and exit rates makes a big difference on whether the problem can be

solved exactly using certain methods.

1.5.3 Two-species problems

A simple way to generalise the basic ASEP is to consider two different types of

particles. The most general way to do this is to give the second species completely

independent hopping rates p and q and to allow particles of different species to

overtake each other with some rates α and β. This process can be represented as

10
1

⇄
x

01 ; 20
p

⇄
q

02 ; 12
α

⇄
β

21 , (1.54)

where 0 and 1 denote holes and particles of species 1, as before, and we have

introduced 2 to denote particles of species 2. There has been much literature

devoted to special cases of this process. We now describe a few of the most
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studied ones.

Second-class particle

One of the earliest and most studied special cases is that of a “second-class”

particle. This is obtained by setting p = α = 1 and q = β = x, giving,

10
1

⇄
x

01 ; 20
1

⇄
x

02 ; 12
1

⇄
x

21 . (1.55)

This means that the species 2 particles move with the same rates as species 1

particles. However, species 1 particles essentially do not differentiate between

species 2 particles and holes. Because of this, they can be seen as having priority

in the dynamics, which is why they are called “first-class”, with the species 2

particles being “second-class”.

This setup has been studied widely, particularly in the case when there is only one

second-class particle [65–69]. Because the first-class particles do not distinguish

between second-class particles and holes, their motion is unaffected. However,

the motion of second-class particles depends on the local density of first-class

particles. It turns out that this property means that second-class particles can

be used to track the discontinuities in first-class particle density profiles. In fact,

they were first introduced in the literature precisely for this purpose.

No overtaking

Another case that is appropriate for certain situations (such as cars on a street)

is to forbid overtaking by setting α = β = 0. We will examine such a model in

chapter 3.

It is important to note that in this case, the sequence of particle species cannot

change. Therefore this generally becomes a problem with quenched disorder.

More than two species

One may generalise these processes in the obvious way to an arbitrary number

of species, although the calculations become more involved at each step.

Nevertheless, there has been some very fruitful research, particularly on the
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generalised second-class particle model. One considers N species, with each

species k having priority over all species k + 1, k + 2, . . . , N . This has been

studied for instance in [70, 71]. Although this construct may seem somewhat

artificial, it turns out to be particularly amenable to exact methods, which will

be discussed in chapter 2.

Another choice one might make is to consider a fully disordered ASEP, where each

particle i has distinct hopping rates pi, qi. This has been examined for instance

in [72–74]. We will present some exact results on this problem in chapter 2.

1.5.4 Mean-field theory of single-species ASEP

We now analyse the single-species ASEP more closely, as it will serve as the basis

of all the models we will consider in this thesis. Let ηi(t) be a variable that is

equal to 1 if site i is occupied and 0 if it is empty at time t. Then its average,

⟨ηi(t)⟩, can be interpreted as the probability that site i is occupied at time t or

the mean density at site i at time t. We can write its evolution as,

d⟨ηi⟩
dt

= −⟨ηi(1 − ηi+1)⟩ − x⟨(1 − ηi−1)ηi⟩ + ⟨ηi−1(1 − ηi)⟩

+x⟨(1 − ηi)ηi+1⟩, (1.56)

where the argument t is suppressed. We interpret this equation as follows. The

first two terms on the right hand site are the probability loss terms. The site i can

become empty only if it is currently occupied. Then it becomes empty with rate

1 if site i+ 1 is empty and with rate x if site i− 1 is empty. Similarly, the other

two terms represent the probability gain, which occurs with the corresponding

rates if the site i is currently empty and either site i+ 1 or i− 1 are occupied.

We note that to solve this equation of motion exactly, we first need to calculate

the time evolution of the correlation functions ⟨ηi−1ηi⟩ and ⟨ηiηi+1⟩. Writing

down the equations of motion for those, we obtain equations involving three point

correlations, and, continuing this pattern, a hierarchy of evolution equations up

to correlations of all sites in the system 4. Thus it seems that we have not reduced

the complexity of the problem, as to solve it, we still have to solve the full global

dynamics. Fortunately, as the ASEP is a very simple model, there exist powerful

exact methods for analysing the problem, particularly in the steady state. These

4A similar structure occurs in kinetic theory, where it is known as the BBGKY hierarchy.
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will be discussed in chapter 2. Alternatively, one might truncate the hierarchy

at some point to obtain an approximate result. This is most commonly done at

first order, yielding a simple mean-field theory. Specifically, this is obtained by

setting ⟨ηi−1ηi⟩ = ⟨ηi−1⟩⟨ηi⟩.

The latter equation can be understood as a first order approximation scheme in

which the covariance of the occupations of different sites is taken to be small,

⟨ηi−1ηi⟩c = ⟨ηi−1ηi⟩ − ⟨ηi−1⟩⟨ηi⟩ ≪ ⟨ηi−1⟩⟨ηi⟩. (1.57)

Thus, this is a good approximation if the fluctuations of neighbouring sites are

effectively independent (though the fluctuations of a site still in general depend

on the mean occupation of its neighbour).

The usual way to proceed is to take the continuum limit (an alternative approach,

in which the lattice is kept discrete, is presented in appendix 1.A). We define

y = i/L and we wish to take the limit L → ∞. The idea is to assume that the

density field η(y, t) = ⟨ηLy⟩ varies slowly with y, so we can approximate it by its

Taylor series,

⟨ηi±1⟩ ≈ η(y, t) ± L−1∇η(y, t) +
L−2

2
∇2η(y, t) +O(L−3). (1.58)

Then to leading order in L−1, (1.56) becomes,

∂η(y, t)

∂t
= −L−1(1 − x)∇[η(y, t)(1 − η(y, t))] +

1

2
L−2(1 + x)∇2η(y, t). (1.59)

This has the form of a conservation law,

∂η(y, t)

∂t
= −∇ · J, (1.60)

with the current given by

J(η) = L−1(1 − x)η(1 − η) − 1

2
L−2(1 + x)∇η. (1.61)

This is an important expression as the steady states will be characterised by

a constant current. Recalling Kolmogorov’s criterion (see section1.3.4), we

see that a currentless (J = 0) steady state implies detailed balance, whereas

nonequilibrium steady states are characterised by a non-vanishing current (J ̸=
0).
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We now have to separate three different cases, depending on the strength of the

asymmetry, 1 − x. These are (i) the symmetric case, x = 1, (ii) the (strongly)

asymmetric case, 1 − x = O(1), and (iii) the weakly asymmetric case, |1 − x| =

O(L−1) 5.

In each case we must rescale time, i.e. set t = Lατ for some α, to ensure that the

left- and right-hand sides of (1.59) are of the same order in the inverse system size

expansion. In the cases considered here, we will use either the ballistic timescale,

α = 1, or the diffusive timescale, α = 2.

Furthermore, we can obtain the steady-state density profiles by setting the time

derivative to 0. Then integrating once with respect to y, we generate a constant

of integration, which correspond to the mean steady-state current J (this can be

seen from (1.60)).

No asymmetry: x = 1. In the symmetric case, x = 1, the first term in (1.59)

vanishes. Then taking the diffusive timescale, t = L2τ , we have,

∂η(y, τ)

∂τ
= ∇2η(y, τ). (1.62)

This is simply the diffusion equation with unit diffusion coefficient. It makes

sense intuitively that as the particles are performing simple diffusion on a lattice,

one obtains a diffusion equation on a large scale.

However, this should not be confused with the behaviour of individual particles.

It can be shown, for instance, that the mean square displacement of a single

tagged particle in this process grows as ⟨x2⟩ ∼ t1/2, rather than the standard

Brownian behaviour ⟨x2⟩ ∼ t [75]. This is because the no-overtaking restriction

slows down diffusion.

Note that if we simply chose to reinterpret collision events as overtaking events

by swapping particle labels, this model would become a model of freely diffusing

particles. The continuum description is ignorant of this choice, as it only models

the mean density at a particular site and does not keep track of particle indexing.

Therefore it makes sense that it gives the same theory for free and single-file

diffusion.

5Confusingly, the term “weakly asymmetric” is sometimes used to describe the limit |1−x| =
O(L−1/2), which has also received attention in the literature. Our terminology here is consistent
with for instance [45].
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Setting ∂η(y, τ)/∂τ = 0 and integrating once with respect to y, we readily obtain

steady-state density profiles of the linear type,

ηsym(y) = η0 − Jy, (1.63)

where η0 is a constant. This is the familiar linear temperature profile in a one-

dimensional conductor with two ends being held at different fixed temperatures.

Whether or not we have detailed balance, J = 0, depends on the boundary

conditions.

Strong asymmetry: 1 − x = O(1). In the case of strong asymmetry, 1 − x =

O(1), the second term in (1.59) is subdominant. Then we choose the ballistic

timescale, t = Lτ , which gives,

∂η(y, τ)

∂τ
= −(1 − x)∇[η(y, τ)(1 − η(y, τ))]. (1.64)

This is the inviscid Burgers’ equation. It is a prototypical equation for one-

dimensional fluid flow.

We can interpret (1.64) as a collection of small patches with densities η,

propagating with group velocities, vg. These patches are known as kinematic

waves. The group velocity vg of a kinematic wave with density η is given by,

vg(η) =
∂J(η)

∂η
= (1 − x)(1 − 2η). (1.65)

In particular, this means that low density waves travel faster than high density

waves. Then if we start with an initial condition in which there is a higher

density region ahead of some low density region, the waves from the low density

region will catch up and begin to pile up behind the high density region. This

phenomenon is known as shock formation. Formally, the PDE (1.64) breaks down

at this point, as η(y, τ) develops a discontinuity at the location of the shock, and

one needs to consider higher order spatial derivatives to resolve it. However, the

original underlying particle model is always well-defined. Hence, exact solutions

to the ASEP provide an avenue for studying the microscopic structures of shocks.

It is interesting to observe that at the mean-field level, there is no difference

between the totally and partially asymmetric cases, as setting x = 0 does not

change the structure of the equation (1.64). However, as we will see in chapter 2,
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exact solutions of totally and partially asymmetric cases are remarkably different,

with the partially asymmetric case typically being considerably more complex.

Setting ∂η(y, τ)/∂τ = 0, we obtain uniform steady-state density profiles ηa(y) =

ηa, with the current-density relation

J = (1 − x)ηa(1 − ηa). (1.66)

Thus, one typically obtains uniform density profiles.

However, we note that as this is quadratic, one has two different densities with

the same mean current,

η±a =
1 ±

√
1 − 4J/(1 − x)

2
. (1.67)

Then (1.64) permits shocks in the steady state with a low density region η−a

followed by a high density region η+a .

Weak asymmetry: |1 − x| = O(L−1). The final case we can consider is that of

weak asymmetry. We let x = 1 − L−1δ, where δ = O(1). Then we choose the

diffusive timescale, t = L2τ , in which case (1.59) becomes,

∂η(y, τ)

∂τ
= −δ∇[η(y, τ)(1 − η(y, τ))] + ∇2η(y, τ). (1.68)

This is the viscous Burgers’ equation. It has a form similar to (1.64), with an

extra diffusive term. The diffusive term helps to regulate the shocks, which means

that this equation does not develop discontinuities, unlike (1.64).

Physically, we can interpret this as follows. When a shock begins to form, there is

a competition between convection, which favours shock formation, and diffusion,

which smooths out non-uniform profiles. In the inviscid Burgers’ equation (1.64),

the convection acts on a much faster timescale than diffusion, so diffusion cannot

stop the shock from forming. On the other hand, in the viscous case (1.68),

convection has been slowed down to the same timescale as diffusion, so a balance

between the two effects can be reached.

Setting ∂η(y, τ)/∂τ = 0, we obtain,

∇ηwa(y) = δηwa(y)(1 − ηwa(y)) − J. (1.69)
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This is the most involved case. Firstly, similarly to the case with finite asymmetry,

we define the two densities,

η±wa =
1 ± j

2
, (1.70)

where

j =
√

1 − 4J/δ. (1.71)

This allows us to write (1.69) as

η′wa(y) = −δ(ηwa(y) − η+wa)(ηwa(y) − η−wa). (1.72)

This is a simple first order ODE. Solving it using partial fractions, we obtain the

implicit solution ∣∣∣∣ηwa(y) − η+wa

ηwa(y) − η−wa

∣∣∣∣ = e−δj(y−y0), (1.73)

where y0 is a constant coming from the integration. The constants J , y0 must be

fixed by the boundary conditions.

The solution behaves differently depending on whether ηwa(y) is within the

interval [η−wa, η
+
wa] or outside it. From (1.72), we see that the profile ηwa(y) cannot

cross those densities, as its gradient becomes 0 when it approaches them.

Then if η−wa < ηwa(y) < η+wa, we obtain solutions of the form,

ηwa(y) =
1

2

[
1 + j tanh

(
δj

2
(y − y0)

)]
. (1.74)

This is a continuous profile that interpolates between two densities η−wa at y →
−∞ and η+wa at y → +∞, with the crossover centered at y0 and a crossover length

of 2/(δj). We see that in the strong asymmetry limit, δ → ∞, the crossover length

becomes smaller, so the profile becomes sharper, approaching a discontinuous

shock.

If ηwa(y) is outside the interval [η−wa, η
+
wa], we have profiles of the form

ηwa(y) =
1

2

[
1 + j coth

(
δj

2
(y − y0)

)]
. (1.75)

This is a mostly uniform profile with a divergence at y = y0. The boundary

36



conditions must ensure that y0 is outside the physically relevant domain of y.

1.5.5 Truncations beyond mean-field theory

It is in principle also possible to keep two-point correlation functions and instead

truncate the evolution equation hierarchy at some higher order. Such an approach

has been employed for instance in [76, 77]. However, while standard mean-

field theory has a clear physical interpretation as a sort of “molecular chaos”

assumption, truncations at higher orders become progressively harder to justify on

physical grounds and generally require more microscopic analysis to be validated.

Moreover, as the complexity of the problem grows with each added equation, one

must decide whether such a complication is worth the effort, particularly as the

result will still not be exact.

1.5.6 Macroscopic fluctuation theory

To go beyond the mean-field theory, one general approach that has seen

remarkable success is macroscopic fluctuation theory 6 (see [78] for the original

work and [46] for a review). We briefly comment on it, although we do not go

into detail as it will not be used in this thesis. Macroscopic fluctuation theory

allows one to derive the large deviations (see section1.4) for the joint current-

density distributions of certain processes on a hydrodynamic scale. From this,

it is possible to compute fluctuations of macroscopic observables and also solve

conditioned problems, like the optimal density profile to achieve a specific current.

The equations obtained from macroscopic fluctuation theory are generally quite

complicated and solving them is a nontrivial task. There has been recent progress

on solving them for certain systems using the classic inverse scattering transform

[79–81].

A key assumption in standard macroscopic fluctuation theory is the diffusive

timescale t = L−2τ . This means that it can be used for the symmetric and

weakly asymmetric case, but the cases of finite and total asymmetry are excluded.

However there has been some very recent progress on developing a macroscopic

fluctuation theory to systems with ballistic scaling [82].

6This choice of name unfortunately gives it the same acronym as mean-field theory, which
can cause some confusion.
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Figure 1.5 Mapping from exclusion process to fluctuating surface. Particles
correspond to a surface gradient of +1 and empty sites to a gradient
of −1. The surface can alternatively be interpreted as a polymer in
a random medium.

1.5.7 Connections to other problems

Apart from its relevance to biological and other applications, the ASEP is also

interesting due to its connection to numerous other problems in statistical physics.

We mention some of the most notable ones.

Surface growth models

Consider the following mapping. Taking an ASEP in some configuration, we draw

a line parallel to the lattice from left to right. The line is comprised of connected

segments. When we have an empty site, the corresponding line segment is taken

to be diagonally downwards, whereas when we have a site containing a particle,

the corresponding line segment is taken to be diagonally upwards. This is shown

in figure 1.5. Interpreting this line as a boundary between two phases of some

substance, the dynamics of the ASEP generate the fluctuating dynamics of the

interface.

This is described by the Edwards-Wilkinson equation (noisy diffusion equation)

in the symmetric case (x = 1) and the KPZ equation in the asymmetric case

[83, 84]. The KPZ equation is one of the most studied equations in statistical

physics. It is a nonlinear, stochastic PDE, which makes it very difficult to analyse.

The mapping to the ASEP provides one of the few avenues for obtaining exact

results for it.
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Directed polymers in random media

Consider carrying out the same mapping to a line as above. Rather than

interpreting the line as a surface between two phases, we can interpret it as a

polymer (see figure 1.5). The stochasticity is to be interpreted as a random

medium, where each location has a different potential. The statistical physics of

such a polymer in a random medium is one of the most widely studied problems

in the field of disordered systems [85–87].

Spin chains

A more direct connection exists between ASEPs and certain quantum spin chains.

This is due to the fact that the Hamiltonians of spin chains and the Markov

operators of ASEPs are both naturally expressed as sums of tensor products

of operators on a 2 × 2 state space [88, 89]. Markov operators can essentially

be interpreted as Hamiltonians in imaginary time. Specifically, the symmetric

exclusion process corresponds to an XXX spin chain [90], whereas the ASEP

corresponds to an XXZ spin chain [91, 92]. The two problems are therefore in

some sense equivalent.

However, considering both perspectives can provide insight that only one model

might not. For instance, the ASEP picture naturally motivates questions such

as the statistics of particle displacement, which has no obvious analogue in the

spin chain picture. Moreover, many parameter choices in the ASEP result in

non-Hermitian Hamiltonians.

1.6 Summary

We have introduced several fundamental topics, which will serve as the foundation

of the material discussed in this thesis. We began with a brief overview of

equilibrium statistical mechanics, which will not be used, but which serves as

a guiding framework for how we will attempt to understand nonequilibrium

systems. Then we discussed the framework of continuous time Markov jump

processes and a particularly important such process, the ASEP. We also gave

an introduction to large deviation theory, which serves as a unifying framework

for equilibrium and nonequilibrium statistical mechanics and will be used in our
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study of ASEPs.

1.6.1 Outline of remainder of thesis

The remainder of this thesis is structured as follows. In chapter 2, we explain

three methods for obtaining exact results for the steady states of ASEPs, namely

the mapping to the zero-range process (ZRP), the matrix product formalism and

the Bethe ansatz. Chapters 3–6 then involve application of these methods to

various interesting special cases of two-species ASEPs on a ring.

In chapter 3, we analyse a symmetric exclusion process with a single asymmetric

defect particle. We obtain its exact steady-state measure using the ZRP mapping

and the matrix product formalism.

In chapter 4, we study a partially asymmetric process with a single defect particle

that may overtake the normal particles. We analyse the general case using mean-

field theory and find an unusual matrix product ansatz that allows us to solve

the steady state for a special choice of parameters.

In chapter 5, we consider a general class of two-species processes with overtaking

and investigate which choices of hopping rates ensure that the model is solvable

using the Bethe ansatz.

In chapter 6, we return to the model we studied in 4 and analyse it using the

Bethe ansatz, which allows us to calculate the fluctuations of the current of normal

particles.

1.A ASEP mean-field steady-state density profile

via homographic maps

In examining the steady state in the ASEP, an interesting alternative to taking

the continuum limit is to exploit the algebraic structure of the evolution equation

(1.56). This approach has the benefit that it can be used even for small system

sizes. However, the solution is more algebraically cumbersome and less physically

intuitive than the solution obtained in the continuum limit, which means that it

is rarely used, except for a few instances, such as [60, 93].
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Setting the time derivative in (1.56) to 0, we obtain,

⟨ηi(1 − ηi+1)⟩ − x⟨(1 − ηi)ηi+1⟩ = J = const. (1.76)

This is simply the statement that the current across each bond i → (i + 1)

must be constant in the steady state. Then taking the mean-field approximation

⟨ηiηi+1⟩ = ⟨ηi⟩⟨ηi+1⟩, we can reformulate this as a recursion relation for the mean

densities,

⟨ηi+1⟩ =
⟨ηi⟩ − J

(1 − x)⟨ηi⟩ + x
. (1.77)

The structure of this recursion relation — a fraction of two linear functions —

is called a homographic map. We can obtain an explicit solution for the density

profile ⟨ηi⟩ as follows. First, we introduce the change of variable

⟨ηi⟩ =
V ui +W

Xui + Y
, (1.78)

where V , W , X, Y are some constants, to be fixed. The inverse transform is

given by,

ui = −Y ⟨ηi⟩ −W

X⟨ηi⟩ − V
. (1.79)

By a suitable choice of the constants V , W , X, Y , we can make the recursion for

the transformed variables ui take a simple form. Initially, we have,

ui+1 = −Y ⟨ηi+1⟩ −W

X⟨ηi+1⟩ − V
(1.80)

= −(Y −W (1 − x))⟨ηi⟩ − (Y J +Wx)

(X − V (1 − x))⟨ηi⟩ − (XJ + V x)
(1.81)

= −Aui −B

Cui −D
, (1.82)

where

A = V (Y −W (1 − x)) −X(Y J +Wx) (1.83a)

B = W (Y −W (1 − x)) − Y (Y J +Wx) (1.83b)

C = V (X − V (1 − x)) −X(XJ + V x) (1.83c)

D = W (X − V (1 − x)) − Y (XJ + V x). (1.83d)
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We can now choose V , W , X, Y in such a way that B = C = 0. This can be

achieved by requiring,

(1 − x)WY − (1 − x)W 2 − JY 2 = 0 (1.84a)

(1 − x)XV − (1 − x)V 2 − JX2 = 0. (1.84b)

Then setting X = Y = −1, we obtain the following equations for V , W ,

J/(1 − x) +W +W 2 = 0 (1.85a)

J/(1 − x) + V + V 2 = 0. (1.85b)

This is solved by,

V, W = Z± =
−1 ± j

2
, (1.86)

where

j =
√

1 − 4J/(1 − x). (1.87)

Note that, say for a PASEP with periodic boundaries, the current-density relation

is,

J = (1 − x)ρ(1 − ρ), (1.88)

where ρ ∈ [0, 1] is the mean density. This attains its minimal value of J = 0 at

ρ = 0 and ρ = 1, and its maximal value of J = (1 − x)/4 at ρ = 1/2. Thus we

expect j ∈ [0, 1].

As we have chosen X = Y , choosing the same value Z± for V , W would make

the transformation (1.78) singular. Instead, we choose V = Z+, W = Z−.

Then the recursion for ui becomes simply a geometric sequence,

ui+1 =
A

D
ui =

(
A

D

)i

u1. (1.89)

With the choices X = Y = −1, V = Z+, W = Z−, we have

ui+1 =

(
j−
j+

)i

u1, (1.90)
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where

j± = 1 + x± (1 − x)j. (1.91)

From (1.90), the corresponding density profile ⟨ηi⟩ can then be obtained by

substituting into (1.78), which gives

⟨ηi+1⟩ = −Z+ui+1 + Z−

ui+1 + 1
(1.92)

= −Z+(j−/j+)iu1 + Z−

(j−/j+)iu1 + 1
(1.93)

=
1

2

[
1 − j

u1j
i
− − ji+

u1ji− + ji+

]
. (1.94)

Then ⟨η1⟩ and j have to be fixed using the boundary conditions.

It is an interesting mathematical exercise to derive the mean-field steady-state

density profile in this way, without taking the continuum limit, and seemingly

wholly divorced from any analysis of PDEs. However, the solution obtained

this way is somewhat impractical, as the complexity of the expressions obtained

blows up geometrically. In particular, if one is studying a system on a ring with

a fixed total number of particles, the imposition of this global constraint results

in a polynomial equation of very high degree for j. However, we note that this

approach has the obvious advantage over the continuum limit if one is considering

small system sizes.

This exercise contains an important general lesson regarding mean-field theory:

although writing down a mean-field theory is much more straightforward than

using exact methods, the resulting equations can still be quite complicated, or

even intractable.
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Chapter 2

Methods

2.1 Introduction

In this chapter, we introduce the approaches we will use to exactly analyse

steady states and dynamical properties of simple exclusion processes (SEPs)

(see section 1.5). We demonstrate how these methods work on simple cases.

These demonstrations are based on established literature in the field, though the

presentation has been modified in places. This is done partly to retrospectively

simplify some of these calculations and partly to bring the notation in line with

the rest of this thesis.

In section 2.2, we introduce another transport model: the zero-range process

(ZRP). In section 2.2.2, we show how its steady state can be solved exactly using

a product measure. Although this solution is interesting in its own right, the main

point of interest this model presents in this thesis is that SEPs can be mapped

to it, which is shown in section 2.2.3. This provides a simple method for finding

exact steady states of SEPs.

In section 2.3, we introduce the matrix product formalism. This is a generalisation

of (scalar) product measures. It is somewhat more formal in nature than the

approach using the ZRP mapping, but makes the calculation of local observables

more intuitive. We give a general proof of validity of matrix product measures

for SEPs in section 2.3.2. In section 2.3.3, we focus on a particularly simple and

important class of matrix product measures and present a way of checking whether

a particular model falls within this class. In section 2.3.5, we give examples of
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calculations of physical observables for SEPs using the matrix product formalism.

In section 2.4, we introduce the coordinate Bethe ansatz. This is a method to

diagonalise certain linear operators, including the Markov operator that generates

the time evolution of some SEPs. It is particularly well suited for studying the

long-time statistics of particle motion. In section 2.4.1, we give an informal

explanation of the method, to provide some intuition. In section 2.4.2, we

demonstrate more precisely how this works on the simple case of a totally

asymmetric SEP (TASEP) on a ring. In section 2.4.3, we modify the calculations

from the previous section to allow for direct computation of the scaled cumulant

generating function of the total particle displacement at long times. In section

2.4.4, we demonstrate how to extract explicit expressions from the formal solution

obtained in the previous section.

2.2 Zero-range process

In this section, we introduce the zero-range process (ZRP). This is a model of

particles hopping on discrete sites, similar to the SEP (see section 1.5). However,

unlike the SEP, there is no limit on site occupancy. A remarkable property of

ZRPs (particularly in the context of nonequilibrium models) is that there is a

general exact solution for their steady states in the form of a product measure.

This section is laid out as follows. In section 2.2.2, we demonstrate the product

measure solution for the steady state. In section 2.2.3, we introduce a mapping

between ZRPs and SEPs, which will allow us to obtain exact solutions for the

steady states of certain SEPs. Calculations in this section will be demonstrated

on a heterogeneous, totally asymmetric ZRP on a ring, which will be shown

to correspond to a disordered TASEP. This section mainly follows the reviews

[94, 95].

2.2.1 Model definition

The ZRP is a mass transport model in which indistinguishable particles hop on a

graph with no constraint on the number of particles that can occupy any one site.

In general, one can consider this process on graphs with arbitrary topologies and

boundary conditions. We will focus on the case of a one-dimensional chain with
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i i+1i-1

ui+1(2)ui(3)

Figure 2.1 Illustration of heterogeneous totally asymmetric zero-range process
in one dimension.

periodic boundary conditions (a ring), as this is the topology that is relevant for

SEPs on a ring (see section 2.2.3). The zero-range condition signifies that the rate

at which particles hop out of a site can only depend on the occupation number of

that site. Hence, the particles can be said to have an interaction with zero range.

Consider an M site ring. We denote the site occupation numbers by ni, where

i = 1, 2, . . . ,M , is the site index. Then the zero-range condition means that the

rate ui at which particles leave site i is a function of only ni, i.e. ui(n1, . . . , nM) =

ui(ni). An illustration is given in in Figure 2.1. Note that by labelling rates with

the site index, we are allowing different hopping rates on different sites, which

makes this a heterogeneous ZRP. We will see in section 2.2.3 that this corresponds

to a multi-species SEP. The homogeneous case, ui(n) = uj(n) for all i, j, has also

been studied extensively, though it will not be relevant for the models considered

in this thesis.

In general, we may allow particles from site i to jump to any other site j with

some rate ui,j, depending on the topology of the graph (where
∑

j ui,j = ui). For

processes on a ring, we have ui,j = 0 for all j except j = i± 1.
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2.2.2 Product measure solution of the steady state

An important property of ZRPs is that their steady states are solved exactly by

a product measure. We demonstrate this with a simple example.

Consider a ZRP on a one-dimensional periodic lattice with M sites and N

particles. We take the hopping to be unidirectional, with the direction of hopping

going to the left, i.e. ui,j = δj,i−1ui. As will be seen in section 2.2.3, this choice

of hopping direction gives the natural direction of hopping (to the right) in the

corresponding ASEP.

A configuration is given by the occupation numbers of all sites, {n1, n2, . . . , nM}.

Then the product measure structure of the steady state means that the probability

of observing some configuration in the steady state can be written as a product

of local weights, fi(ni), each of which depend only on the state of one site,

P ({n1, . . . , nM}) = Z−1
M,N

M∏
i=1

fi(ni), (2.1)

where ZM,N is a normalisation. Taking this as an ansatz, we now verify that this

solution works. This will also allow us to fix the weights fi in terms of the system

parameters.

Recall that we have defined the rate at which particles hop from site i to i − 1

as ui(ni). In the steady state, we have the global balance condition, coming from

the master equation (see section 1.3.4),

M∑
i=1

θ(ni)ui(ni)P ({. . . , ni, ni+1, . . . }) =

M∑
i=1

θ(ni)ui+1(ni+1)P ({. . . , ni − 1, ni+1 + 1, . . . }), (2.2)

where we have used the Heaviside theta θ, defined as

θ(n) =

0, n ≤ 0

1, n > 0
, (2.3)

and the indices i are to be understood mod M . Now we plug in the ansatz (2.1).
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To obtain a solution, we assume the local balance condition,

ui(ni)fi(ni)fi+1(ni+1) = ui+1(ni+1)fi(ni − 1)fi+1(ni+1 + 1). (2.4)

Dividing by fi(ni − 1)fi+1(ni+1), we obtain

ui(ni)
fi(ni)

fi(ni − 1)
= ui+1(ni+1)

fi+1(ni+1 + 1)

fi+1(ni+1)
= const. (2.5)

Evidently this can be repeated for all i and all values of ni. The weights fi(0)

can be set to unity without loss of generality. This then implies that

fi(ni) =

ni∏
k=1

[ui(k)]−1. (2.6)

Therefore the full probability of a configuration is

P ({n1, . . . , nM}) = Z−1
M,N

M∏
i=1

ni∏
k=1

[ui(k)]−1, (2.7)

where the normalisation ZM,N is given by,

ZM,N =
∑

{n1,...,nM}

M∏
i=1

ni∏
k=1

[ui(k)]−1δ∑M
i=1 ni,N

. (2.8)

This is an explicit expression for the normalisation, which is already a remarkable

result, as this is a nonequilibrium model, so we could not write down a partition

function a priori. However, it is unwieldy due to the global particle number

constraint. We can deal with this by expressing the normalisation as a complex

contour integral using the generating function trick (see section 2.B). This gives,

ZM,N =

∮
dz

2πi
z−(N+1)

M∏
i=1

∞∑
ni=0

zni∏ni

k=1 ui(k)
, (2.9)

where the contour of integration is a small circle around the origin in the complex

plane. Although this expression may still seem intractable, in many cases the form

of ui is simple enough to allow the sum to be simplified.
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} }}
Figure 2.2 Mapping between simple exclusion process (top) and zero-range

process (bottom).

2.2.3 Mapping to simple exclusion process

Although the ZRP is interesting as a mass transfer model in its own right, for the

scope of this thesis, its main purpose is to allow us to construct exact steady-state

measures for SEPs. This is done by mapping a given SEP to a corresponding

ZRP. Then we can find the steady-state measure of the ZRP using the method

outlined in the previous section and translate it to the corresponding SEP. We

demonstrate the mapping for a disordered TASEP.

Consider a TASEP on a periodic lattice with L sites, M particles and N = L−M
empty sites. Here we examine the fully disordered case, with each hopping to

the right with a distinct rate pi. The fully disordered case has been considered

for instance in [72, 74]. Note that this general case contains various interesting

subcases, such as multi-species processes and processes with a defect particle.

We map this to a ZRP with M sites and N particles by associating the i-th SEP

particle to the i-th ZRP site. We let the occupation number of the i-th ZRP site,

ni, be equal to the number of empty sites to the right of the i-th SEP particle.

This is illustrated in Figure 2.2 When the i-th SEP particle hops forward, this

transfers one empty site from being to the right of the i-th particle to being to

the right of the (i− 1)-th particle. This corresponds to a hop of a ZRP particle

from the i-th to the (i− 1)-th site. Thus the ZRP hopping rates are given by,

ui(ni) = pi. (2.10)

49



In particular, they are independent of the occupation number. We remark that,

as the ZRP particles correspond to holes in the SEP, the currents in the two

systems flow in opposite directions, which is why we defined the ZRP to flow to

the left.

Steady-state measure

From (2.6) and (2.10), we see that weight functions then have a simple geometric

form,

fi(ni) = p−ni
i . (2.11)

Then from (2.9), we have the normalisation,

ZL,M =

∮
dz

2πi
z−(N+1)

M∏
i=1

∞∑
ni=0

zni

pni
=

∮
dz

2πi
z−(N+1)

M∏
i=1

1

1 − z/pi
. (2.12)

As the weights in this case have a very simple form, we can simplify this a bit

further. We can evaluate the integral by using the result that a contour integral of

a meromorphic function equals minus the sum of the residues of the poles outside

the contour. Here, the poles outside the contour are at z = pi for i = 1, . . . ,M .

Assuming for simplicity that pi ̸= pj for all i ̸= j, we have,

ZL,M = (−)M+1

M∑
i=1

Res

(
z−(N+1)

M∏
j=1

pj
z − pj

, z = pi

)
(2.13)

= (−)M+1

M∑
i=1

p
−(N+1)
i

∏
j ̸=i

pj
pi − pj

. (2.14)

Thus we have obtained an expression for the exact steady-state measure of a

fully heterogeneous TASEP as a finite sum, though we remark that this does

not necessarily make the computation of all physical observables trivial. There is

generally still the combinatorial challenge of enumerating the configurations that

correspond to some particular value of that observable.
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Mean velocity

One result that does follow easily is the mean velocity of the particles. Note

that due to the fact that there is no overtaking, all particles have the same mean

velocity, so it does not matter which particle we consider. Consider some particle

k. Its steady-state velocity is given by,

⟨vk⟩ = pkP (nk ≥ 1). (2.15)

To calculate the probability P (nk ≥ 1), we need to sum the weights of all

configurations in which the condition nk ≥ 1 is satisfied. This is given by an

expression similar to (2.12) but with the lower limit of the sum over nk being 1

(the lower limits of the sums of all ni for i ̸= k remain 0). Then using the identity∑∞
n=1 z

n = z/(1 − z) and recalling L = M +N , we obtain,

⟨vk⟩ =
ZL−1,M

ZL,M

. (2.16)

As expected, the result is independent of which particle k we chose. We remark

that the form of this expression resembles a derivative of logZL,M . This suggests

that for SEPs, currents may play a similar role to free energies in equilibrium

systems.

We can obtain an exact finite-size result by plugging in (2.14). This, however, does

not have a particularly insightful form. For a large system size (L→ ∞), we see

from (2.14) that, as each term in the summation is weighted by p
−(N+1)
i , where

N → ∞, the normalisation ZL,M is dominated by the term with the smallest

hopping rate,

p∗ = min
i
pi. (2.17)

Then we see from (2.14) that in (2.16), the only difference between the dominant

term in the numerator and denominator is a factor of p∗, which gives,

⟨vk⟩ ≈ p∗, (2.18)

for k = 1, . . . ,M . The interpretation of this result is clear. As overtaking is not

allowed, all particles eventually form a traffic jam behind the slowest particle and

move at its speed.
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Mean number of holes in front of a particle

Another result that follows easily is the mean number of holes in front of an

arbitrary particle k, ⟨nk⟩. This corresponds to the mean occupation of site k in

the ZRP. We take k = 1 without loss of generality. The mean number of holes to

the right of this particle is given by

⟨n1⟩ =
∞∑
n=0

nP (n1 = n). (2.19)

Note that it somewhat simplifies calculations not to terminate the sum explicitly

at n = N . We can do this safely with the convention P (n1 = n) = 0 for n > N .

Then to obtain an explicit expression for the probability P (n1 = n), we need

to assign the local weight f1(n) = p−n
1 (2.11) to site 1 for n = 0, 1, 2, . . . . The

remainder of the system may have any configuration with N − n holes. We can

enumerate these with a “partition function” similar to (2.12), but with i = 1

omitted in the product and the number of holes being N −n. In total, this gives,

⟨n1⟩ = Z−1
L,M

∞∑
n=0

np−n
1

∮
dz

2πi
z−(N+1−n)

M∏
i=2

1

1 − z/pi
. (2.20)

Using the variation on the geometric sum

∞∑
n=0

nxn =
x

(1 − x)2
, (2.21)

we can write

⟨n1⟩ = Z−1
L,M

∮
dz

2πi
z−(N+1) z/p1

(1 − z/p1)2

M∏
i=2

1

1 − z/pi
. (2.22)

We now evaluate this by switching to the residues outside the contour, similar

to (2.14). The only difference is that now the pole at z = p1 is of degree 2. We
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obtain,

⟨n1⟩ = Z−1
L,M(−)M

M∑
i=1

Res

(
z−N p1

(z − p1)2

M∏
j=2

pj
z − pj

, z = pi

)
(2.23)

= Z−1
L,M(−)M+1

[
p−N
1

(
M∏
j=2

pj
p1 − pj

)(
N +

M∑
k=2

p1
p1 − pk

)

−
M∑
i=2

p−N
i

1

pi − p1

∏
j ̸=i

pj
pi − pj

]
. (2.24)

Now the asymptotic behaviour is very different depending on whether p1 is the

smallest rate, p∗, or not. If it is, then this expression and the normalisation ZL,M

are dominated by the first term (with weight p−N
1 ). Then approximating

ZL,M ≈ (−)M+1p
−(N+1)
1

M∏
j=2

pj
p1 − pj

(2.25a)

⟨n1⟩ ≈ Z−1
L,M(−)M+1p−N

1

(
M∏
j=2

pj
p1 − pj

)(
N +

M∑
k=2

p1
p1 − pk

)
, (2.25b)

gives after some simplification

⟨n1⟩ ≈ N −
M∑
k=2

1

(pk/p1) − 1
. (2.26)

This reinforces the picture we described in the previous section: if i = 1 is the

slowest particle, the space in front of it is occupied by a macroscopic (i.e. O(N))

number of holes. In the ZRP picture, this means that site 1 contains a macroscopic

number of particles, or in other words, the system undergoes condensation.

On the other hand, if p1 is not the smallest weight, the sums are instead dominated

by one of the other terms with the weight p∗. Using a similar approximation to

the p1 dominant case for ZL,M and ⟨n1⟩ gives,

⟨n1⟩ ≈
1

(p1/p∗) − 1
, (2.27)

which is a microscopic value (≪ N).

Condensation in ZRPs has been studied extensively (e.g. [72, 74, 96, 97]).

We remark that condensation can also occur in a ZRP with no disorder, but
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with occupation dependent hopping rates u(n), though the mechanism by which

condensation occurs is different in that case [94].

Two-point function

We now demonstrate how the solution of the SEP steady state using the ZRP

mapping can be used to compute two-point functions in the SEP. Although

this approach for computing two-point functions has been used in literature (for

instance in [50]), we consider the matrix product approach better for this task,

which will be discussed in section 2.3.5. Thus, this is included purely for the

purpose of demonstration. In this subsection we consider the homogeneous case

pi = p for all i for simplicity, though we will see that even this calculation is quite

cumbersome using the ZRP approach.

We pick one particle in the SEP, say particle 1, and label the site on which it is

currently located as site 1. Then we wish to compute the probability that site i

is also occupied, i.e. ⟨η1ηi⟩. To obtain this, we need to sum the probabilities that

any one of the particles 2, 3, . . . ,M is on site i. Note that particle k being on site

i means that
∑k−1

k′=1 nk′ = i− k. Then for the remainder of the system, we must

enumerate all possibilities that are consistent with
∑M

k′=k nk′ = N − (i − k). In

total, this gives,

⟨η1ηi⟩ = Z−1
L,M

M∑
k=2

Zi−1,k−1ZL−i+1,M−k+1 (2.28)

= Z−1
L,M

M∑
k=2

∮
dz

2πi
z−(i−k+1)

(
1

1 − z/p

)k−1

×
∮

dw

2πi
w−(N−i+k+1)

(
1

1 − w/p

)M−k+1

(2.29)

Note that we can safely extend the upper limit of the sum to ∞, as for k > M

the w integral has no simple pole at w = 0 and so vanishes. Then performing the

k sum, we obtain, after some simplification,

⟨η1ηi⟩ = Z−1
L,M

∮
dz

2πi
z−(i−1)

∮
dw

2πi
w−(N−i+2)

(
1

1 − w/p

)M−1
1

w − z
. (2.30)

We can now evaluate the z integral by taking the negative of the residue outside
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the contour (at z = w). This gives,

⟨η1ηi⟩ = Z−1
L,M

∮
dw

2πi
w−(N+1)

(
1

1 − w/p

)M−1

=
ZL−1,M−1

ZL,M

. (2.31)

For the homogeneous case, the partition functions are readily evaluated using the

negative binomial expansion [98] to give,

ZL,M =

(
L− 1

M − 1

)
p−(L−M), (2.32)

which leads to

⟨η1ηi⟩ =
M − 1

L− 1
. (2.33)

This result was to be expected as the homogeneous TASEP has a uniform

measure. Yet this calculation shows that to answer even such a simple question

is quite cumbersome using the ZRP mapping: we had to evaluate a sum and two

complex contour integrals.

Disordered PASEP

Extending the results from section 2.2.2, we now consider a disordered PASEP.

This has been considered for instance in [72, 99]. We again have an L-site ring

with M particles, but now particle i can hop to the right with rate pi and to the

left with rate qi. This evidently maps to a partially asymmetric ZRP, so we have

to generalise the solution from section 2.2.2. Note that there is a slight mismatch

between indices in the SEP and ZRP. Particle i in the SEP hopping to the right

corresponds to a particle hopping from site i to site i−1 in the ZRP, but particle

i in the SEP hopping to the left corresponds to a particle hopping from site i− 1

to site i in the ZRP. Therefore in the ZRP, site i has hopping rates pi to the left,

but qi+1 to the right.
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The global balance condition (2.2) now becomes,

M∑
i=1

θ(ni)(pi + qi+1)P ({. . . , ni−1, ni, ni+1, . . . }) =

M∑
i=1

θ(ni)[pi+1P ({. . . , ni−1, ni − 1, ni+1 + 1, . . . })

+qiP ({. . . ni−1 + 1, ni − 1, ni+1, . . . })]. (2.34)

Making an ansatz of the product type, this yields the local balance condition

(pi + qi+1)fi−1(ni−1)fi(ni)fi+1(ni+1) =

pi+1fi−1(ni−1)fi(ni − 1)fi+1(ni+1 + 1)

+qifi−1(ni−1 + 1)fi(ni − 1)fi+1(ni+1). (2.35)

Dividing by fi−1(ni−1)fi(ni − 1)fi+1(ni+1) gives,

(pi + qi+1)
fi(ni)

fi(ni − 1)
= pi+1

fi+1(ni+1 + 1)

fi+1(ni+1)
+ qi

fi−1(ni−1 + 1)

fi−1(ni−1)
. (2.36)

This is solved by a geometric ansatz [94],

fi(ni) = gni
i , (2.37)

where now gi are not simply the rates but some other constants, which are to be

determined by solving the equations

(pi + qi+1)gi = pi+1gi+1 + qigi−1. (2.38)

To solve this, we first note that we can rearrange this equation to read,

pi+1gi+1 − qi+1gi = pigi − qigi−1 = const. (2.39)

We can set this to 1 without loss of generality. Note that this implies that the

velocity of particle k can be written in the same form as in the totally asymmetric

case,

⟨vk⟩ =
(pigi − qigi−1)ZL−1,M

ZL,M

=
ZL−1,M

ZL,M

. (2.40)
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To solve for the weights gi, we may proceed as follows. Iterating (2.39), we obtain,

gi =
1

pi
(1 + qigi−1) (2.41)

gi =
1

pi

(
1 +

qi
pi−1

(1 + qi−1gi−2)

)
(2.42)

...

gi =
1

pi

(
1 +

qi
pi−1

(
1 +

qi−1

pi−2

(
1 + . . .

qi+2

pi+1

(1 + qi+1gi)

)))
. (2.43)

The last term (containing gi) is thus multiplied by all qj and divided by all pj.

Bringing it to the other side of the equation and solving for gi gives

gi =
1

pi

1 + qi
pi−1

(
1 + qi−1

pi−2
(1 + . . . )

)
1 − q1q2...qM

p1p2...pM

, (2.44)

where the nested terms terminate at qi+2/pi+1. Using this, we can explicitly

construct the steady-state measure for the disordered PASEP, which would have

required much more work using the matrix product approach or the Bethe ansatz.

Yet these weights are very complicated and practically unusable for explicit

calculations. In particular, they are significantly more complicated than the

weights in the totally asymmetric case (2.11). There, the weights for each particle

depended only on the hopping rate of that particle, pi, whereas in the partially

asymmetric case all weights depend on all hopping rates. We will see similar

phenomena in the matrix product approach and the Bethe ansatz as well. We

conclude that partially asymmetric systems are generally much harder to deal

with exactly than totally asymmetric ones.

2.3 Matrix product states

We now introduce another method to obtain exact steady-state measures for

exclusion processes: the matrix product ansatz. This approach has the advantage

that it provides a naturally local description of the SEP steady state, which

makes it easy to write down expressions for local observables, like local mean

densities and two-point functions. It can also be used for open boundary

problems and models with overtaking, where the ZRP mapping fails, although

requiring a simple matrix product structure may impose some restrictions on
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model parameters. The precise meaning of “simple structure” and the associated

restrictions will be explained in section 2.3.3.

The idea of what would eventually become matrix product states has its roots

in work on the ground state correlation functions in certain 1D quantum models

[100, 101]. In the context of stochastic processes, the matrix product approach

was first used in [61]. There, it was used to solve a one-species open boundary

TASEP, though it has since then also been used for numerous other problems on

a ring, including a TASEP on a ring [102], models with a “second-class” particle

[68], models with a slow defect particle and overtaking [11], and multi-species

problems [103]. We note that for one-species processes on a ring, the steady-state

measure is always uniform, which makes the matrix product structure trivial

[104], so we will consider two-species processes in examples in this section. This

section mainly follows the review [8].

We first motivate the matrix product formalism and give the matrix product

measure as an ansatz for the steady state of a two-species SEP. Then, in section

2.3.2, we give a proof of the validity of the matrix product ansatz, provided a

certain condition holds. In section 2.3.3, we consider an important special case

of this condition and derive a set of relations in terms of the model parameters

that must be satisfied in order for a given SEP to have a solution that lies within

this special case. Finally, in section 2.3.5, we give some examples of calculations

of local observables for a SEP using the matrix product formalism.

2.3.1 Statement of the matrix product ansatz

Our motivation for using the matrix product approach is that we wish to obtain

a description for the steady state of a SEP that is local. In general, the simplest

local measures are of the (scalar) product type, as we saw in section 2.2.2.

However, that solution was local in the ZRP picture, but became non-local in

the SEP picture. We could make a scalar product measure ansatz for a SEP, but

in most cases this is insufficient. It turns out that we can still obtain a measure

of the product type, provided we allow the weights to be matrices, rather than

scalars.

Let us consider a two-species exclusion process on a periodic lattice with L sites

We denote the configuration of the system as {τ1, . . . , τL}, where we use the

notation τi = 0, 1, 2 for empty sites and particles of species 1 and 2 respectively.
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Then we postulate that there exist matrices X0, X1, X2 such that the weight of

that configuration is given by

P ({τ1, . . . , τL}) = Z−1
L,Mtr(Xτ1 . . . XτL), (2.45)

where ZL,M is a normalisation. The use of the trace reflects the rotational

symmetry implied by the periodic boundary conditions. For open boundary

conditions, one would generally need to multiply the matrix product by some

row and column vector from the left and right respectively.

2.3.2 Proof of validity

We present a general proof of validity of the matrix product ansatz for two-species

exclusion processes on a ring, which was given in [105]. This proof relies on the

condition (2.48), which is valid for most known solutions of the matrix product

type, though we will see a case in which this condition does not seem to hold and

the proof needs to be modified in chapter 4.

Let us denote rates of processes as wττ ′ = k(ττ ′ → τ ′τ). The global balance

condition (see section 1.3.4) reads

d

dt
P ({τ1, . . . , τL}) =

L∑
i=0

[
−wτiτi+1

P ({. . . , τi, τi+1, . . . })

+wτi+1τiP ({. . . , τi+1, τi, . . . })
]

= 0, (2.46)

where the indices i are to be understood mod L. Plugging in the ansatz (2.45),

we obtain,

L∑
i=0

[
wτiτi+1

tr(. . . XτiXτi+1
. . . ) − wτi+1τitr(. . . Xτi+1

Xτi . . . )
]

= 0. (2.47)

For the most general known proof of the validity of the matrix product ansatz,

we require that there exist auxiliary matrices X̃τ , X̃τ ′ , such that the following

relations hold for all τ , τ ′,

wττ ′XτXτ ′ − wτ ′τXτ ′Xτ = XτX̃τ ′ − X̃τXτ ′ . (2.48)
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From this, the proof is straightforward. The left-hand side of (2.47) becomes

L∑
i=0

[
tr(. . . XτiX̃τi+1

. . . ) − tr(. . . X̃τiXτi+1
. . . )

]
, (2.49)

which vanishes in a telescoping fashion on carrying out the summation. This

completes the proof.

2.3.3 Scalar matrix reduction relations

The requirement that there exist auxiliary matrices X̃τ satisfying (2.48) allows in

principle any two-species process. However, without further simplifications, this

can be too cumbersome for explicit calculations.

A particularly useful special case, which turns out to be sufficient for many

important examples, is when the auxiliary matrices X̃τ are scalars, xτ . This

special case was analysed exhaustively in [106]. The relations (2.48) become

wττ ′XτXτ ′ − wτ ′τXτ ′Xτ = xτ ′Xτ − xτXτ ′ . (2.50)

These are called matrix reduction relations because they convert terms involving

two matrices into terms with just one matrix. Using these relations, one can

systematically reduce products of L matrices to smaller ones, which can be

evaluated more easily. This is demonstrated in section 2.3.5. Such algebraic

relations also allow one to find explicit representations for the matrices Xτ in

certain cases [61, 63, 107, 108], although we will not use them in this thesis.

Now, given some two-species exclusion process, one would like to be able to tell

quickly whether a scalar set of matrix product relations exists. There is a simple

consistency check one can perform, without having to construct the matrices

explicitly [106]. It is derived as follows.

A necessary condition for a set of matrices with scalars x0, x1, x2 to form a

consistent description of the steady state is that reductions carried out in any

order give the same result. Then we could, for instance, take the state {021}
and using the relations (2.50) relate it to the state {120} in two different ways:

{021} → {012} → {102} → {120} and {021} → {201} → {210} → {120}.
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Equating the terms produced by these sequences gives,

x1w02(w12 − w21 − w10 + w01)X0X2 + x2w01(w12 − w21 + w20 − w02)X0X2

+x0w21(w20 − w02 − w10 + w01)X2X1 + x1x2(w12 − w21 + w20 − w10)X0

+x1x0(w21 − w02)X2 + x2x0(w10 − w12 − w20 + w02)X1 = 0.(2.51)

Then requiring the prefactor of each term to vanish gives,

x1w02(w12 − w21 − w10 + w01) = 0, (2.52a)

x2w01(w12 − w21 + w20 − w02) = 0, (2.52b)

x0w21(w20 − w02 − w10 + w01) = 0, (2.52c)

x1x2(w12 − w21 + w20 − w10) = 0, (2.52d)

x1x0(w21 − w02) = 0, (2.52e)

x2x0(w10 − w12 − w20 + w02) = 0. (2.52f)

This can be used to generate a full classification of two-species exclusion processes

that can be solved using a matrix product with simple reduction relations. This

classification is given in [106]. We do not reproduce it here as most models

contained therein will not be discussed in this thesis. Instead, we demonstrate

how one might use these restrictions on a simple example of two species with no

overtaking.

Consider a system in which particles of species 1 and 2 are both totally

asymmetric with hopping rates 1 and α, and no overtaking. We can represent

this as follows,

10
1→ 01 ; 20

α→ 02.

With our choice of rates, we have w01 = w01 = w12 = w21 = 0, w10 = 1 and

w20 = α. Then (2.52a), (2.52b), (2.52c) and (2.52e) are automatically satisfied.

To satisfy (2.52d) and (2.52f), we must either set x2 = 0 or x1 = x0 = 0. If

we try the latter option, we discover that X1X0 = 0. This cannot be true, as it

would make most weights vanish. Instead, we set x2 = 0. Actually, the absence

of overtaking, also requires x1 = 0, which can be seen by considering (2.50) with

τ = 1, τ ′ = 2. Then x0 remains a free parameters. It is convenient to choose

x0 = 1. Putting this into (2.50), we obtain

X1X0 = X1, X2X0 = α−1X2. (2.53)
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2.3.4 Normalisation

One advantage of the matrix product formulation is that it makes it intuitive to

write down local correlation functions. For this, it is convenient to introduce the

following matrix,

C(z1, z2) = X0 + z1X1 + z2X2, (2.54)

where z1, z2 are dummy variables, which can also be interpreted as the fugacities

of particles of species 1 and 2 respectively. We can use this matrix to denote

a site whose occupancy we wish to leave unrestricted, which makes it easy to

enumerate system configurations. For instance, we can write a “nonequilibrium

partition function” (normalisation), which enumerates the weights of all allowed

configurations as follows,

ZL,M1,M2 = {zM1
1 zM2

2 }tr(C(z1, z2)
L), (2.55)

where M1, M2 are the number of particles of species 1 and 2 respectively, and the

notation {zk} denotes that we must take the coefficient of zk in the power series

that follows. We can rewrite this as a complex contour integral using Cauchy’s

residue theorem, similar to the generating function trick 2.B,

ZL,M1,M2 =

∮
dz1
2πi

∮
dz2
2πi

tr(C(z1, z2)
L)

zM1+1
1 zM2+1

2

, (2.56)

where the contours of integration are, again, small circles around z1 = 0 and

z2 = 0 respectively. To proceed, one needs to simplify this using the matrix

reduction relations. How specifically this works must be dealt with on a case-

by-case basis, as different reduction relations will generally require very different

approaches.

We give a demonstration on a simple case. Consider, again, the TASEP with a

defect and no overtaking, as in section 2.3.3, but now with only a single particle

of species 2 (i.e. M2 = 1). Due to translational invariance of the steady state, we

can fix the single species 2 particle to be on site 1 and set z2 = 0 for the remainder

of the system. In this reference frame, the position of the defect particle is always

on site 1 and the remaining particles move on sites 2, . . . , L. When the defect

hops, we keep its position as site 1 and instead move all other particles in the
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opposite direction by one site. Then we have

ZL,M1,1 =

∮
dz1
2πi

tr(X2C(z1, 0)L−1)

zM1+1
1

. (2.57)

Applying the reduction relations (2.53), we have,

X2C(z1, 0) = X2(X0 + z1X1) = α−1X2 + z1X2X1. (2.58)

This gives,

ZL,M1,1 = α−1ZL−1,M1,1 +

∮
dz1
2πi

tr(X2X1C(z1, 0)L−2)

zM1
1

. (2.59)

Now note that the reduction relations (2.53) imply

X1C(z1, 0)L−2 = (1 + z1X1)
L−2X1. (2.60)

Then we evaluate the contour integral by expanding the binomial and reading off

the coefficient of zM1−1
1 . Hence, we obtain,

ZL,M1,1 = α−1ZL−1,M1,1 +

(
L− 2

M1 − 1

)
tr(X2X

M1
1 ). (2.61)

We can now repeat this step to similarly express ZL−1,M1,1 in terms of ZL−2,M1,1.

This can be continued until we reach ZM1−1,M1,1, which vanishes, as all terms

in the integrand have a factor of zk with k ≤ −2. All terms produced by this

expansion will have a factor of tr(X2X
M1
1 ), which we may set to unity without

loss of generality. This then allows us to obtain

ZL,M1,1 =

L−M1−1∑
j=0

(
L− 2 − j

M1 − 1

)
α−j. (2.62)

2.3.5 Correlation functions

Now we can write n-point functions simply by putting matrices representing

particles of the desired species on the desired location and Cs elsewhere. For

instance, the two-point function ⟨δτi,1δτi+k,1⟩ can be written as,

⟨δτi,1δτi+k,1⟩ =
{zM1−2

1 zM2
2 }tr(X1C

k−1X1C
L−k−1)

{zM1
1 zM2

2 }tr(CL)
. (2.63)
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Although we have an exact formal solution, obtaining an explicit expression may

not be trivial. Generally, if one has matrix reduction relations, (2.50), one will

try to use them to re-express the numerator in a form similar to a normalisation

and then obtain a finite-size expression for or extract the asymptotic behaviour

of the normalisation.

Again, consider the TASEP with a single slow defect. We again use the reference

frame in which the defect is always on site 1. The easiest two-point function

to examine is the probability that site i to the right of the species 2 particle is

occupied. This is given by,

⟨ηi⟩L,M1,1 = Z−1
L,M1,1

∮
dz

2πi

tr(X2C
i−1X1C

L−1−i)

zM1
. (2.64)

Using a similar procedure to the calculation of ZL,M1,1, we can express this as,

⟨ηi⟩L,M1,1 = Z−1
L,M1,1

[(
L− 1 − i

M1 − 1

)
α−(i−1) +

i−2∑
j=0

(
L− 3 − j

M1 − 2

)
α−j

]
. (2.65)

It can actually be shown via asymptotic analysis that in the limit L → ∞, with

ρ = M/L held fixed that there is a phase transition at α = (1 − ρ). For α above

this value, the density profile is uniform. For α below this value, the density

profile becomes a shock with a region of density (1 − α) behind the defect and a

region of density 0 in front of it. This is illustrated in figure 2.3.

2.3.6 Fluxes

Another result one obtains immediately are net fluxes of a given process through

a bond. Taking a process with scalar reduction relations, consider, for instance,

the net rate of the process 10 → 01, Φ10, at some location in the system. Then

using the matrix product formulation, its expectation can be written as

⟨Φ10⟩ =
w10{zM1−1

1 zM2
2 }tr(X1X0C

L−2) − w01{zM1−1
1 zM2

2 }tr(X0X1C
L−2)

ZL,M1,M2

. (2.66)

Using the reduction relations (2.50), we can write this as

⟨Φ10⟩ =
x0{zM1−1

1 zM2
2 }tr(X1C

L−2) − x1{zM1−1
1 zM2

2 }tr(X0C
L−2)

ZL,M1,M2

. (2.67)

64



α=2

α=1

α=0.2

0 10 20 30 40 50
0.0

0.2

0.4

0.6

0.8

1.0

i

〈η
i〉

Figure 2.3 Density profile as given by (2.65). The parameters used were L = 50,
M = 25. At this mean density, ρ = 0.5, in the infinite system size
limit, the system experiences a phase transition at α = 0.5. It can
be seen that for α > 0.5, the profile is mostly uniform, whereas for
α < 0.5, it becomes a shock.

Now we note that the two terms in the numerator are related to the mean densities

of 1s and 0s in systems with parameters {L−1,M1,M2} and {L−1,M1−1,M2}
respectively,

⟨δτi,1⟩L−1,M1,M2 =
{zM1−1

1 zM2
2 }tr(X1C

L−2)

ZL−1,M1,M2

=
M1

L− 1
(2.68a)

⟨δτi,0⟩L−1,M1−1,M2 =
{zM1−1

1 zM2
2 }tr(X0C

L−2)

ZL−1,M1−1,M2

=
L−M1 −M2

L− 1
, (2.68b)

where the rightmost expressions follow from the translational invariance of the

system. This allows us to write

⟨Φ10⟩ = x0
M1

L− 1

ZL−1,M1,M2

ZL,M1,M2

− x1
L−M1 −M2

L− 1

ZL−1,M1−1,M2

ZL,M1,M2

. (2.69)

Similar to section 2.2.3, we obtain expressions that resemble derivatives of the

logarithm of a normalisation.
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2.4 Bethe ansatz

We now present the last technique that we will use to perform exact calculations

in steady states of asymmetric exclusion processes: the Bethe ansatz. At its

core, this is a method for diagonalising certain linear operators. In principle,

the Bethe ansatz allows one to calculate the steady-state measure. However, we

will see that the nature of the solution obtained is not particularly convenient

for this. Instead, through a generating function construction, it will allow us to

calculate the scaled cumulant generating functions of particle displacement, with

time serving as the large parameter. We also mention that the Bethe ansatz has

been used in another way in the context of the ASEP, namely to calculate the

gap between the eigenvalues with the largest and second-largest real part of the

Markov operator. This has been done for instance for the TASEP on a ring [91],

the PASEP on a ring [92], the TASEP with open boundaries [109, 110] and the

PASEP with open boundaries [111]. However, in this thesis we will only use it to

investigate the large deviations of particle displacement statistics. This section

mainly follows [10].

The Bethe ansatz was first introduced to exactly diagonalise the quantum

Heisenberg spin chain Hamiltonian [9]. It has since been realised that the same

ansatz also works for many other linear operators, including the Hamiltonians of

one-dimensional quantum gases [112, 113], transfer matrices of two-dimensional

classical equilibrium lattice models [114, 115] and the Markov operators of

exclusion processes [90, 91, 116]. The mathematical reason this approach works

in the latter case is that Markov operators of exclusion processes can be written as

tensor products of local operators that represent the rates of processes involving

two sites. These can be expressed in terms of Pauli matrices, which are used

to express Hamiltonians of quantum spin chains. Thus the two problems are

algebraically very similar.

2.4.1 Heuristic explanation

An intuitive, physical way to think about the Bethe ansatz is that it describes

systems in which particles in some sense behave mostly as free particles, with

two-body collisions that change the internal state of the system but preserve the

values of momenta. Suppose we are considering a system with M particles and
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denote the state of the system by their positions, {x1, . . . , xM}. We may then

write an ansatz for an eigenstate of the time evolution operator consisting of

plane waves for each particle,

ψ(x1, . . . , xM) ∼
M∏
i=1

zxi
i , (2.70)

where we have used the notation zi = eiki . The variables zi are called Bethe roots

and ki Bethe momenta. The latter are more commonly used in the quantum

context, but the former are more common in the exclusion process context, so we

will use that notation in this thesis.

According to our assumption, after scattering, the only change that can occur

is that the momenta ki become permuted among the particles and there is

some phase change. Thus for a general state, we include the possibility of all

permutations of ki with some unknown amplitudes,

ψ(x1, . . . , xM) =
∑
σ

Aσ

M∏
i=1

zxi

σ(i), (2.71)

where the notation σ indicates all permutations of the integers i = 1, . . . ,M .

This is the basic form of the Bethe ansatz. If the Bethe ansatz diagonalises the

linear operator, M, one is able to express its eigenvalues as purely a function of

the Bethe roots,

Mψ(x1, . . . , xM) = λ(z1, . . . , zM)ψ(x1, . . . , xM). (2.72)

The Bethe ansatz method proceeds as follows. By examining the effect of the

operator M on a vector of the form (2.71), one is able to obtain a set of equations,

called Bethe equations, for the Bethe roots zi. Then, solving the Bethe equations,

one finds the Bethe roots and thus the spectrum of M.

We remark that even once this is obtained, the form of the eigenvectors

themselves, as given by (2.71), is quite complicated, as it involves a sum over

M ! permutations.

67



2.4.2 Bethe ansatz solution for TASEP

We now demonstrate how the Bethe ansatz works in practice by deriving the

Bethe equations for a simple case: the totally asymmetric simple exclusion process

(TASEP) on a ring. This solution was first fully presented in [91] (though the

applicability of the Bethe ansatz on this model was already pointed out in [90,

116]).

We consider an L-site ring with M particles hopping with unit rate. As before,

we denote the state of the system by the positions of the particles, {x1, . . . , xM}.

Then we can write the master equation (see section 1.3.4) in the following form,

d

dt
Pt(x1, . . . , xM) =

M∑
i=1

[−Pt(. . . xi . . . ) + Pt(. . . xi − 1 . . . )], (2.73a)

Pt(1, x2, . . . , xM) = Pt(x2, . . . , xM , L+ 1). (2.73b)

The first equation contains the evolution of the system in configurations in which

no two particles are on adjacent sites. This can be thought of as the time evolution

of a system of free particles. It must be supplemented with a restriction that

enforces the exclusion rule. How exactly this manifests will be shown shortly.

The second equation imposes periodic boundary conditions.

Assuming that a state vector ψ of the Bethe ansatz form (2.71) is an eigenstate of

the master equation (2.72) for some eigenvalue λ, the master equation becomes,

λ = −M +
M∑
i=1

z−1
i , (2.74a)

A...ji... = −1 − zj
1 − zi

A...ij..., i, j = 1, . . . ,M (2.74b)

Ai...j = A...jiz
L
i , i = 1, . . . ,M. (2.74c)

The first equation expresses the eigenvalue in terms of the Bethe roots.

Importantly, note that it is given solely in terms of the Bethe roots and does

not include the amplitudes. It may be easily derived by assuming that the

configuration of the system is such that no two particles are on adjacent sites.

The second equation essentially ensures that this expression is also valid for

configurations in which there are two particles on adjacent sites, given that the

exclusion rule must be obeyed. It is derived as follows. In order for (2.74a) to be
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valid in configurations in which, for instance xi+1 = xi + 1, we must have for all

pairs of indices j, k,

(−2 + z−1
j + z−1

k )[A...jk...z
xi
j z

xi+1
k + A...kj...z

xi
k z

xi+1
j ]

= −[A...jk...z
xi
j z

xi+1
k + A...kj...z

xi
k z

xi+1
j ]

+[A...jk...z
xi−1
j zxi+1

k + A...kj...z
xi−1
k zxi+1

j ]. (2.75)

Simplifying and rearranging this yields (2.74b). These relations effectively

incorporate the exclusion interaction into the ansatz and are therefore sometimes

called collision relations.

An alternative, “quick and dirty” way to derive these relations is to say that one

requires the ansatz to formally satisfy the eigenvalue problem,

λ(z1, . . . , zM)ψ(x1, . . . , xM) =
M∑
i=1

[−ψ(. . . xi . . . ) + ψ(. . . xi − 1 . . . )], (2.76)

in all configurations, even when two particles are on adjacent sites. For this to

be consistent with the simple exclusion rule, one requires the cancellation of all

terms corresponding to “forbidden” processes, for instance for xi+1 = xi + 1,

−ψ(. . . xi, xi + 1 . . . ) + ψ(. . . xi, xi . . . ) = 0, (2.77)

although, of course, the terms involved in this equation are not physically

meaningful. Putting in the ansatz (2.71), and requiring for the cancellation to

hold for any pair of indices, one obtains (2.74b).

The third equation incorporates the periodic boundary conditions.

As the eigenvalue is expressed solely in terms of the Bethe roots, we seek to

combine these equations in such a way that the amplitudes are eliminated and

we are left with a self-consistent set of equations for the Bethe roots. Applying

(2.74b) to the right-hand side of (2.74c) M − 1 times to permute the index i to

the first position, we obtain

Ai...j = (−)M−1zLi

(∏
k ̸=i

1 − zk
1 − zi

)
Ai...j. (2.78)

Cancelling the amplitudes on either side and inserting the harmless term −(1 −
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zi)/(1 − zi) = −1, we obtain the Bethe equation,

(1 − zi)
M = CzLi , (2.79)

where C is a constant,

C = (−)M
M∏
j=1

(1 − zj). (2.80)

This is a polynomial equation for zi of degree L. One needs to solve it and choose

M roots, which can be plugged into (2.74a) to obtain
(
L
M

)
eigenvalues. This is

reassuring, as that is the dimension of the state space of this system.

Note that the Bethe equation (2.79) contains the constant C, which in turn

depends on the Bethe roots through (2.80). It can be fixed using the global

periodicity condition, which comes from the fact that moving the whole system

around the ring once should not change the state. To express this algebraically,

one can apply (2.74c) M times (once for each index) and cancel the amplitudes

to obtain,

zL1 . . . z
L
M = 1. (2.81)

Thus the product of all Bethe roots must equal some L-th root of unity, e2πik/L,

for k = 0, 1, 2, . . . , L− 1. The choice of root of unity is analogous to choosing the

total momentum of a quantum system (recall that zi = eiki). Choosing different

roots of unity will give different eigenvalues. In particular, for the “ground state”

eigenvalue, one must choose the “zero momentum” root, 1.

2.4.3 Bethe ansatz solution for large deviation function of

TASEP current

In principle, the Bethe ansatz may allow for a full computation of all eigenvalues

and eigenvectors of a linear operator (although there are some known cases in

which the Bethe ansatz does not allow one to construct all eigenvectors, for

instance [117]). However, in practice it can be very difficult to extract explicit

expressions for physical observables, even if the Bethe equations are given. In

the context of exclusion processes, an approach that has proved very fruitful is

to consider a deformation of the Markov operator. One is able to obtain the
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long time particle displacement statistics by evaluating just one eigenvalue. This

approach was first used for the TASEP in [10]. It has since then also been

used for other versions of ASEPs, including TASEPs with slow defect particles

and overtaking [12, 118], PASEPs on a ring [119, 120] and PASEPs with open

boundaries [121].

This construction relies on the fact that the particle displacement at long times

satisfies a large deviation principle (see section 1.4) with time acting as the

large parameter. The result is an expression for the scaled cumulant generating

function of particle displacement. As this is related to the rate function by a

Legendre transform (see section 1.5.4), it is commonly referred to as the rate

function in this context. We demonstrate this approach on the TASEP on a ring.

First, recall the master equation, which we can write as,

dPt(C)

dt
=
∑
C′

M(C, C ′)Pt(C ′), (2.82)

where we have used the shorthand C to denote the configuration of the system.

Let Y (t) be a variable that counts the total number of jumps of all particles up

to time t. To track its evolution, we write down the master equation for the joint

probability distribution of Y (t) with the configuration of the system, Pt(C, Y ).

To obtain the evolution of this joint probability distribution, it is convenient to

split the Markov operator into parts as follows,

M = M0 + M1, (2.83)

where M1(C, C ′) = k(C ′, C) and M0(C, C ′) = −δC,C′
∑

C′′ ̸=C k(C, C ′′). To clarify the

purpose of this partition, we note that subspaces of states with the same value

of Y are closed under application of M0, whereas M1 connects the subspace of

states with Y − 1 to that of Y . Then we can write the evolution equation of the

joint probability distribution as

dPt(C, Y )

dt
=
∑
C′

[M0(C, C ′)Pt(C ′, Y ) + M1(C, C ′)Pt(C ′, Y − 1)]. (2.84)

Now we define the generating function of Y (t),

Ft(C, γ) =
∞∑

Y=0

eγY Pt(C, Y ). (2.85)

71



Note that marginalising it over configurations gives the moment generating

function of Y (t),

⟨eγY (t)⟩ =
∑
C

Ft(C, γ). (2.86)

Multiplying the master equation of the joint probability distribution by eγY and

summing over Y , we obtain the evolution equation for the generating function,

dFt(C, γ)

dt
=
∑
C′

[M0(C, C ′) + eγM1(C, C ′)]Ft(C ′, γ). (2.87)

This has the same form as a master equation, but the Markov operator has been

“deformed” by the parameter γ. This new time evolution operator,

Mγ = M0 + eγM1, (2.88)

is called the deformed Markov operator. Note that in the limit γ → 0, we recover

the original (undeformed) Markov operator.

In the long time limit, Ft(C, γ) is dominated by the eigenvector corresponding to

the largest eigenvalue of Mγ, which we denote λ(γ) (this is the only eigenvalue

which will be important in the following, so this notation should not cause

ambiguity). Denoting this eigenvector as F∞(C, γ), we have,

Ft(C, γ) ∼ eλ(γ)tF∞(C, γ), as t→ ∞. (2.89)

Note that λ(γ) is the eigenvalue that converges to the unique 0 eigenvalue of the

undeformed Markov operator in the limit γ → 0.

From (2.86), it follows that,

λ(γ) = lim
t→∞

log⟨eγY (t)⟩
t

. (2.90)

This means that the eigenvalue λ(γ) can be identified with the scaled cumulant

generating function of Y (t) in the limit t → ∞. Then, for instance, we can
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express the mean steady-state current and diffusion constant as

J = lim
t→∞

⟨Y (t)⟩
t

=
dλ(γ)

dγ

∣∣∣∣
γ=0

(2.91a)

∆ = lim
t→∞

⟨Y (t)2⟩ − ⟨Y (t)⟩2

t
=

d2λ(γ)

dγ2

∣∣∣∣
γ=0

. (2.91b)

We can now use the Bethe ansatz to diagonalise the deformed Markov operator

Mγ, find its largest eigenvalue and thus obtain the exact long time particle

displacement statistics.

The procedure to obtain the Bethe equations is identical with that in the previous

section, with the only difference being that it is convenient to modify the ansatz

in the following way,

ψ(x1, . . . , xM) =

(
M∏
i=1

eγxi

)∑
σ

Aσ

M∏
i=1

zxi

σ(i). (2.92)

Then the equations (2.74a) and (2.74b) are identical and (2.74c) takes the form,

Ai...j = eLγA...jiz
L
i , i = 1, . . . ,M. (2.93)

Then (2.81) becomes

eMLγzL1 . . . z
L
M = 1. (2.94)

As noted in the previous section, to obtain the “ground state” eigenvalue, we

must choose the zero momentum root. This gives,

eMγ

M∏
i=1

zi = 1. (2.95)

Repeating the steps from the previous section to derive the Bethe equation, we

obtain an equation of the same form as (2.79), with the only difference that the

constant C is now given by,

C = (−)MeLγ
M∏
j=1

(1 − zj). (2.96)

The Bethe equation is to be used together with (2.95) to solve for the Bethe roots
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zi. Once this is done, one needs to put them into (2.74a) to find λ(γ).

2.4.4 Computation of cumulants

Although the task at hand is clear, it is still a nontrivial exercise to perform

it, as one needs to solve a polynomial equation of a large degree with an

unknown constant C. We also note that solving explicitly for all Bethe roots

zi would be overkill, as the expressions for the eigenvalue (2.74a) only involves

certain symmetric combinations of them. A particularly elegant way to handle

this problem is using a functional method. This approach also highlights the

connection to the more difficult partially asymmetric case, which will be discussed

in chapter 5.

Before we proceed with the functional approach, we observe that in the limit

γ → 0, the solution of the Bethe equation (2.79) and the “zero momentum”

condition (2.95) is given by zi = 1 for all i. As we slowly increase γ, the roots will

evidently remain close to 1, with some distance that depends on γ. In particular,

from (2.96) we see that this implies that C → 0 as γ → 0. Indeed, it turns

out that C = O(γ) and it will turn out to be convenient to build perturbative

expansions using C, rather than γ as the perturbative parameter.

To reformulate the problem as a functional problem, we first introduce the slight

change of variable

yi = 1 − zi. (2.97)

Although in this case, this is mostly cosmetic, a generalisation of such a

transformation will be crucial in the PASEP case (which will be discussed in

chapter 5).

In terms of this new variable, the Bethe equation (2.79) becomes

(1 − yi)
LC = yMi , (2.98)

the “zero momentum” condition (2.95) becomes

eMγ

M∏
i=1

(1 − yi) = 1, (2.99)
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and the equation for the rate function λ (2.74a) becomes,

λ = −M +
M∑
i=1

1

1 − yi
. (2.100)

A key role is played by the function

h(y) =
(1 − y)L

yM
. (2.101)

Indeed, from (2.98), we see that the Bethe roots yi = 1 − zi are solutions of the

equation

h(y)C = 1. (2.102)

Now recall that the Bethe roots zi are located close to z = 1. This means

that after the change of variable, yi are close to y = 0. Then we can exploit

Cauchy’s residue theorem to evaluate an arbitrary test function f at the Bethe

roots. Specifically, if we take some function f that is analytic at y = 0, we have

the identity,

∮
Γ

dy

2πi
f(y)

Ch′(y)

Ch(y) − 1
= −Mf(0) +

M∑
k=1

f(yi), (2.103)

where Γ is a small circle around the origin. The proof is a simple exercise in

complex analysis. The intuition behind this identity is that by taking a contour

around y = 0, we capture the Bethe roots, which are simple poles of 1/(Ch(y)−1)

that lie close to y = 0.

Integrating (2.103) by parts, we obtain,

−Mf(0) +
M∑
k=1

f(yi) = −
∮
Γ

dy

2πi
f ′(y) log[1 − Ch(y)]. (2.104)

Then expanding the log in powers of C (recall that C = O(γ), so this expansion

is justified in the γ → 0 limit), we finally obtain the following useful recipe,

−Mf(0) +
M∑
k=1

f(yi) =
∞∑
n=1

Cn

n

∮
Γ

dy

2πi
f ′(y)[h(y)]n. (2.105)
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We now apply this to (2.99) with f(y) = log(1 − y) and to (2.100) with f(y) =

1/(1 − y) to obtain,

γ =
∞∑
n=1

Cnγ(n), λ(γ) =
∞∑
n=1

Cnλ(n), (2.106)

where

γ(n) = M−1 1

n

∮
Γ

dy

2πi

(1 − y)Ln−1

yMn
(2.107a)

λ(n) =
1

n

∮
Γ

dy

2πi

(1 − y)Ln−2

yMn
. (2.107b)

From this, one has to eliminate C between the two series order by order to obtain

the cumulants. Inverting the γ expansion in (2.106) to second order, we have

C =
γ

γ(1)
+
γ(2)

γ(1)

(
γ

γ(1)

)2

+ . . . (2.108)

We can use this to rewrite the expansion of λ in powers of C (2.106) as an

expansion in powers of γ instead. Using (2.91a) and (2.91b), we obtain to second

order,

J =
λ(1)

γ(1)
, ∆ = 2

λ(2)γ(1) − λ(1)γ(2)

(γ(1))3
. (2.109)

Finite-size expressions

One way to proceed is to identify the integrands in (2.107a) and (2.107b) as the

generating functions of the binomial coefficients, giving

γ(n) = (−)Mn−1 (Ln− 1)!

(Mn)!(Ln−Mn)!
(2.110a)

λ(n) = (−)Mn−1 M(Ln− 2)!

(Mn)!(Ln−Mn− 1)!
(2.110b)

This can be used to obtain exact finite-size expression.

For the current we obtain,

J =
M(L− 2)!(L−M)!

(L− 1)!(L−M − 1)!
=
M(L−M)

L− 1
. (2.111)
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Similarly, for the diffusion constant we obtain,

∆ = −2M

(2L−2)!
(2M)!(2L−2M−1)!

(L−1)!
(M)!(L−M)!

− (L−2)!
(M)!(L−M−1)!

(2L−1)!
(2M)!(2L−2M)!(

(L−1)!
(M)!(L−M)!

)3
=

M(M !)2((L−M)!)2(2L− 3)!

(2M)!((L− 1)!)2(2L− 2M − 1)!
(2.112)

Asymptotic expressions

We can also extract the asymptotic behaviour in the large system size limit L→
∞, with the mean density ρ = M/L fixed using the saddle point method (see

2.A). Taking, say, the integral in (2.107a), we can write it as,∮
Γ

dy

2πi

1

1 − y
exp[Ln(log(1 − y) − ρ log y)]. (2.113)

This has a saddle point at ysp = −ρ/(1 − ρ). By inspection, it is evident that

the integrals in (2.107b) will have the same saddle point, with the only difference

being the prefactors. Using the standard expressions for saddle point integration

(including the first correction for ∆), we obtain to leading order,

J ≈ Lρ(1 − ρ), ∆ ≈ L3/2

√
π

2
[ρ(1 − ρ)]3/2. (2.114)

2.5 Summary

In this chapter, we have introduced three methods for performing exact calcu-

lations in steady states of SEPs. We will use these methods in the remaining

chapters to study various special cases of two-species ASEPs. Specifically, we

will use the ZRP mapping in chapter 3, the matrix product ansatz in chapters 3

and 4, and the Bethe ansatz in chapters 5 and 6.

A natural question is which methods are appropriate for a given problem and

what the respective advantages and disadvantages are.

Mapping to a ZRP has the advantage over the other techniques in that it is easy

to write down without any heavy mathematical machinery. However, when other

methods are available, it is not generally preferable, as the measure is local in the
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ZRP picture, rather than the SEP picture. This can make calculations of local

observables unintuitive and unnecessarily involved.

There are also two important situations in which the ZRP mapping fails. The

first is when the particle number can vary, such as in open boundary problems.

The mapping evidently does not work as it would require the number of sites

in the ZRP to change. Although this excludes a large and important class of

models, this drawback will not be of major concern in this thesis, as we will only

discuss particle-conserving models with periodic boundary conditions.

The other situation is when overtaking is allowed. Here, the mapping fails as it

would require the the interchange of sites in the ZRP. If in the SEP, particle i

with a hopping rate p1 overtakes particle i+ 1 with a hopping rate p2, we would

need to change the rates at which particles hop from site i + 1 to i in the ZRP

from p2 to p1. This precludes us from using the ZRP mapping for the model we

will consider in chapters 4 and 6.

The matrix product approach involves, on the other hand, involves more formal

manipulations, but can, at least in principle, be used for any two-species ASEP.

However, in practice, one would like to make use of scalar matrix reduction

relations, which somewhat limits the set of applicable models. The matrix

product ansatz is more convenient than the ZRP mapping for calculating two-

point functions (and higher order correlations) but less tractable than the Bethe

ansatz for calculating current statistics beyond the mean.

The Bethe ansatz in principle constructs the steady-state measure but is primarily

useful for calculating particle displacement statistics beyond the mean. The

question of which two-species ASEPs are solvable using the Bethe ansatz (i.e.

are integrable) is a complex one and will be addressed in chapter 5.

Another interesting question is the relation between solvability using the matrix

product ansatz and the Bethe ansatz. In a few cases, it has been shown that the

matrix product solution can be derived from the Bethe ansatz solution, if it exists

[122–124]. However, whether such a construction is possible in general remains

an open problem.

78



2.A Saddle point method

We will often need to extract the asymptotic behaviour of an integral of the form

I =

∫
γ

dz A(z)eLϕ(z), (2.115)

where A(z) and ϕ(z) are functions, γ is the contour of integration and L is some

large parameter. This can often be done using the saddle point method (see, for

instance [34]).

We wish to find the asymptotic behaviour of I as we take L→ ∞. To do this we

exploit the property that the contours of integration for integrals in the complex

plane can generally be deformed arbitrarily, provided the end-points remain fixed

and one does not cross any singularities. For instance if the contour is closed (as

will be the case for all the integrals we consider in this thesis), then I can be

evaluated using the residue theorem as,

I = 2πi
∑
j

Res(A(z)eLϕ(z), zj), (2.116)

where zj are the poles of the integrand inside the contour γ. Evidently, only the

topology of γ relative to the location of the poles of the integrand is important.

Examining the form of the integrand, one sees that in the limit L → ∞, it will

generally be dominated by the values close to locations z∗ at which

ϕ′(z∗) = 0. (2.117)

These points z∗ are known as saddle points. The strategy to obtain the asymptotic

behaviour of I is then to deform the original contour γ to pass through the saddle

points z∗ and Taylor expand around z∗. For simplicity, we consider the case of a

unique saddle point and let w = z − z∗. Then we have,

I =

∫
γ

dz [A(z∗) + wA′(z∗) + . . . ] exp

(
Lϕ(z∗) + L

w2

2
ϕ′′(z∗) + . . .

)
. (2.118)

Then as a first approximation, one may take,

I = A(z∗)e
Lϕ(z∗)

∫
γ

dz eL
w2

2
ϕ′′(z∗). (2.119)
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As the parts of the integral away from the saddle point z∗ are suppressed

exponentially, one may approximate this as a complete Gaussian integral. In

doing this, one subtlety is that one needs to choose the correct direction of

integration, which ensures that ϕ′′(z∗) < 0 as one crosses the saddle point. This

may introduce an overall phase eiφ to the integral for some φ ∈ [0, 2π), though

this will not be a cause of major concern in this thesis. Overall, the leading order

approximation is

I ≈ eiφ

√
2π

L|ϕ′′(z∗)|
A(z∗)e

Lϕ(z∗). (2.120)

We may extend this intuition to systematically add finite-size corrections in orders

of L−1 by keeping more terms in the Taylor series expansion. Specifically, in doing

this we Taylor expand the exponential as follows,

eLϕ(z∗)+Lw2

2
ϕ′′(z∗) exp

(
L
w3

6
ϕ′′′(z∗) + L

w4

24
ϕ′′′′(z∗) . . .

)
≈ eLϕ(z∗)+Lw2

2
ϕ′′(z∗)

[
1 + L

w3

6
ϕ′′′(z∗) + L

w4

24
ϕ′′′′(z∗) + . . .

+
1

2

(
L
w3

6
ϕ′′′(z∗)

)2

+ . . .

]
(2.121)

This needs to be multiplied by the Taylor series expansion of A(z),

A(z) = A(z∗)

[
1 + w

A′(z∗)

A(z∗)
+
w2

2

A′′(z∗)

A(z∗)
+ . . .

]
. (2.122)

This generates many terms. To understand which terms are relevant at a given

order in the expansion in L−1, we need to consider the general Gaussian integral

formula,

∫ ∞

−∞
dz zne−az2 =

0, n odd
√
π
(
− ∂

∂a

)n/2
a−1/2, n even

. (2.123)
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Up to n = 6, we have, ∫ ∞

−∞
dz e−az2 =

√
πa−1/2 (2.124a)∫ ∞

−∞
dz z2e−az2 =

√
π

2
a−3/2 (2.124b)∫ ∞

−∞
dz z4e−az2 =

3
√
π

4
a−5/2 (2.124c)∫ ∞

−∞
dz z6e−az2 =

15
√
π

8
a−7/2. (2.124d)

Thus for each term, one must carefully count the positive powers of L coming

from the Taylor expansion (2.121) and the negative powers of L coming from the

Gaussian integration. Overall, we find that there are four terms that contribute

to the first correction term, which gives,

I ≈ eiφ

√
2π

L|ϕ′′|
AeLϕ

[
1 +

1

L

(
A′ϕ′′′

2A(ϕ′′)2
− A′′

2Aϕ′′ +
ϕ′′′′

8(ϕ′′)2

− 5(ϕ′′′)2

24(ϕ′′)3

)
+O(L−2)

]
z=z∗

. (2.125)

2.B Generating function approach to problems

with a global constraint

When analysing problems with a global constraint, it is often convenient to

introduce a formal parameter that effectively relaxes the constraint from a hard

to a soft one. This relaxation makes it significantly easier to write down global

statistics. Eventually, one has to fix the parameter that controls the softness of

the constraint, which is achieved through complex contour integration.

In equilibrium statistical mechanics, this corresponds to solving a problem in a

canonical ensemble by going through a fictitious grand canonical ensemble (see

9.1 in [14]). In that context, this approach is sometimes called the Darwin-Fowler

method. However, we will keep the terminology in this section general to highlight

that none of the features of this result are exclusive to equilibrium systems.
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2.B.1 Problem statement

We consider a stochastic system with L components, each of which has a state

described by mi ∈ Z for i ∈ {1, . . . , L}. Suppose that the states of each

component are in some sense independent but we have the global constraint

L∑
i=1

mi = M. (2.126)

As a simple example, one can consider an ideal gas of noninteracting, indistin-

guishable particles with L energy levels and M particles.

Then suppose we can write the probability of a state m = {m1, . . . ,mL} as

P (m) = ZL,M

L∏
i=1

fi(mi), (2.127)

where fi are some weight functions (which can be different for each component

i) and ZL,M is a normalisation. For a noninteracting particle system, these are

given by fi(mi) = e−βϵimi , where ϵi is the energy of one particle in energy level i.

The normalisation ZL,M generally allows us to get a handle on the measure P (m).

It is given by,

ZL,M =
∑
m

L∏
i=1

fi(mi)δ∑L
i=1 mi,M

, (2.128)

where the summation is carried out independently over all values of m1, . . . ,mL,

with the constraint (2.126) being enforced by the Kronecker delta. The

normalisation can be identified with the partition function in the equilibrium

setting. In the nonequilibrium setting, the physical significance is less clear,

although it can still be a useful object.

There are two sources of difficulty in working with the expression (2.128). Firstly,

it contains an L-fold sum to account for all possible states. Secondly, the

global constraint means that all L components are effectively interacting in some

nontrivial manner. The generating function approach allows us to deal with these

issues.
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2.B.2 Solution

First, we define a counting variable, z, whose power we will use to keep track

of the sum
∑L

i=1mi. In the equilibrium setting, it can be identified with the

fugacity, z = eβµ, where, as usual β is the inverse temperature β = (kBT )−1

and µ is the chemical potential. Then we define the generating function of ZL,M

(grand canonical partition function) as follows,

ZL(z) =
∞∑

M=0

ZL,Mz
M . (2.129)

We can view this object as the normalisation of a more general probability

distribution, in which we allow the parameter M to take any value 0, 1, 2, . . . ,

with probability proportional to zM . In this more general process, the global

constraint has been softened, as any value of M is in principle allowed, just with

a penalty, zM . Now, another valid way to enumerate all configurations is to allow

each component i to take any value mi, provided we attach to it the weight zmi .

In other words, we can write

ZL(z) =
L∏
i=1

∞∑
mi=0

fi(mi)z
mi . (2.130)

This is generally a much simpler object to handle than ZL,M , as it only involves

one product and sum, with no global constraint.

Then to recover the original normalisation, we need to ensure that we pick only

the terms in which the power of z is precisely M . This can be done using Cauchy’s

residue theorem. We multiply by z−(M+1), which means that the term with zM

in ZL(z) will now have a simple pole at z = 0. This allows us to extract its

coefficient by performing a complex contour integral along a small circle around

the origin in the complex plane. Thus, we obtain the following expression for the

original (canonical) normalisation,

ZL,M =

∮
dz

2πi

ZL(z)

zM+1
. (2.131)

One might now wish to evaluate the integral to obtain an exact explicit expression

for ZL,M , or extract asymptotics in the limit L → ∞, M → ∞ with ρ = M/L

fixed.
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Asymptotic behaviour

The expression (2.131) is convenient for extracting large system size asymptotics.

A typical limit is L→ ∞, M → ∞, with ρ = M/L fixed. Then we can write

ZL(z)

zM
= exp[Lϕ(z)], (2.132)

where

ϕ(z) = L−1

L∑
i=1

log

(
∞∑

mi=0

fi(mi)z
mi

)
− ρ log z. (2.133)

Then ϕ(z) typically becomes independent of L and the asymptotic behaviour of

the integral can be derived using the saddle point method, with a saddle point

at ϕ′(zsp) = 0. This gives the following expression

ZL,M ≈ (2πL|ϕ′′(zsp)|)−1/2z−1
sp exp[Lϕ(zsp)]. (2.134)
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Chapter 3

Driven tracer in a passive lattice gas

3.1 Introduction

In this chapter, we examine a simple exclusion process on a ring, in which a

single totally asymmetric particle drives an otherwise symmetric bath out of

equilibrium. Part of the work presented in this chapter has been published in [1].

3.1.1 Background

An interesting generalisation of the asymmetric simple exclusion process 1.5 is

to consider a single asymmetric particle in a bath of symmetrically diffusing

particles. This can be seen as a minimal model of a driven or active tracer

particle in a narrow channel [50]. The symmetric bath represents the (passive)

fluid in the channel. The tracer particle is being pushed in one direction with

some external driving. See figure 3.1 for a visual aide.

The driving could be achieved, for example, with a uniform electric field if the

tracer is charged but the bath is neutral. Alternatively, the tracer could be pushed

with a high-precision device like optical tweezers. Yet another option is that it

could generate the motion itself using an artificial or biological motor.

Such a setup is a natural probe to investigate the response of the fluid to a

small perturbation in the form of the tracer. This method of investigation is

known as microrheology [125]. By tracking the motion of the tracer, either
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Figure 3.1 Schematic illustration of driven tracer in a narrow channel.

due to thermal fluctuations or some applied force, one aims to measure some

characteristic properties of the fluid, such as viscosity or hydrodynamic resistance.

This is particularly interesting for complex fluids, where response to an external

force is generally not described by simple linear stress-strain relations.

We also remark that complex fluids and the motion of small particles through

them are ubiquitous in biological systems [126]. Hence an understanding of these

processes is crucial for biological applications. The setting of a narrow channel

can be found in living matter, for instance in capillary blood vessels.

Lastly, the problem is interesting from the point of view of fundamental

nonequilibrium physics. It is not immediately obvious whether this minimal

source of activity is enough to drive the whole system out of equilibrium at a

macroscopic level or whether the system will relax to a mostly equilibrium-like

state with maybe some local perturbations near the driven tracer. We shall see,

for the simple model we consider in this chapter, that the former is the case.

3.1.2 Overview of past literature

The first time a model of an asymmetric particle in a system of symmetric

particles was examined was in [127]. There, it was included in a survey of various

driven exclusion processes to investigate in which case an Einstein-type relation

could be said to hold. The Einstein relation relates the mobility µ (ratio of driving

force to terminal drift velocity µ = v/F ) to the diffusion constant ∆ of a particle

in a fluid,

µ = β∆, (3.1)
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with the standard inverse temperature β = (kBT )−1. For an asymmetrically

hopping particle, the asymmetry can be interpreted as resulting from a driving

by a uniform external force F , which can be related to the ratio of forward and

backward hopping probabilities,

Pfwd/Pbckwd = e−2βFa, (3.2)

where a is the lattice spacing. Thus an Einstein relation holds if

v

∆
= −(2a)−1 log

Pfwd

Pbckwd

. (3.3)

We remark that this line of inquiry relies on a specific interpretation of the

model, namely that the driving is caused by a deterministic external force and

the fluctuations are thermal. Yet, the model itself is more general and can equally

describe an active (rather than driven) particle, and the origin of the fluctuations

could be a noisy driving force.

Subsequently, this type of system was studied extensively by Oshanin et al. [76,

128–136]. In their initial work, they considered an infinite system with some

mean density of symmetrically diffusing particles and an infinitely fast defect

particle. They showed that the mean displacement of an infinitely fast tracer

grows as t1/2, as it builds up a growing blockage of environment particles in front

of itself, which impedes its motion [128]. The calculation was done in a continuum

limit by assuming independence of the tracer and bath particle positions, which

essentially amounts to a mean-field theory. Using a similar approach, this result

was extended to the case of a partially asymmetric tracer, again with the t1/2

scaling [129]. The fact that this result is the same for an infinitely fast and

partially asymmetric tracer is a consequence of the fact that without overtaking,

the system will always be limited by the speed of the slowest component. Here,

it is the diffusion of the high density blockage in front of the defect. What this

means is that as long as the defect has some nonzero velocity, its drift speed at

long times will be governed by the diffusion of the bath particles in the blockage

and the specific parameters of the defect will not be important.

Further, in [76, 130, 131] calculations were done on a system in which bath

particles are allowed to spontaneously be created and annihilated with some fixed

rates. One difficulty in analysing the infinite system is that it does not settle into

a steady state, since the blockage in front of the defect grows indefinitely. For

a physical realisation, one might consider this as an effective model of a channel
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in which the fluid particles can adsorb and desorb from the channel, which is

assumed to be in contact with a large bath. This setup has the advantage that

even in an infinite system, a steady state is reached, as the maximal size of the

blockage is limited by the desorption rate. The calculations were extended beyond

the simplest mean-field approximation using a third-order decoupling scheme.

This means that instead of assuming that two-point functions can be written as

products of one-point functions, one retains two-point functions, but assumes that

three-point functions can be written in terms of two-point functions. Using this

approach, a finite steady-state drift velocity was found for the defect. It was also

confirmed that it creates a finite blockage in front of itself and a depletion zone

behind itself, which have an exponential shape with finite characteristic lengths.

Another way to simplify the problem is to take a high density limit (1−ρ≪ 1) for

the bath particles. This simplifies the calculations, as one can solve for the motion

of holes (empty sites), which can be assumed to behave essentially independently.

This was examined in [132], where detailed statistics of the defect displacement

were calculated. In [136], this was considered with multiple tracers and it was

shown that they exhibit bath-mediated entrainment and cooperation effects.

A first exact solution to the periodic case with a partially asymmetric tracer was

presented in [50]. This was done using the mapping to the zero-range process (see

section 2.2). The density profile was found to be exponential, with a characteristic

length on the scale of the system size, and the steady state velocity was found to

diminish as the inverse system size.

Lastly, we mention that some related problems have received attention in the

literature as well. For instance, the random average process is a continuous space

version of the simple exclusion process. Instead of hopping on a lattice, particles

hop on a real line, with jump sizes determined by the distance to the nearest

particle. It has been shown that the displacement of an asymmetric tracer in a

symmetric bath grows as t1/2, similarly to the lattice case [137].

3.1.3 Chapter summary

In this chapter we will focus on a system of symmetrically diffusing particles with

a single totally asymmetric defect particle and no overtaking on a ring geometry.

We will construct the exact nonequilibrium steady state in two different ways:

first by mapping the process to the zero-range process in section 3.4, and then
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by using a matrix product ansatz in section 3.5. We will use these results to

calculate the mean steady-state current and the density profile in the reference

frame of the defect.

We will then extend these results in two directions in section 3.6. First, we

generalise to a system with multiple totally asymmetric defects. In this case, we

will see that the system essentially factorises into subsystems with one defect,

each of which behaves like an isolated one defect system. The densities in the

subsystems are regulated by the condition that the mean drifts of all subsystems

have to be equal.

The second generalisation we consider is to a system with a single partially

asymmetric defect. This generalisation was first solved by Ayyer in [138]. We

show that a similar, though slightly more complicated matrix product ansatz

works in this case, allowing us to reproduce the results for the mean current and

density profile.

We emphasise that for the case of a totally asymmetric tracer, an exact solution

for the steady state measure, as well as expressions for the density profile were

already presented in [50]. Also, a solution for the partially asymmetric case was

obtained in [138]. These two works used a mapping to a ZRP and combinatorial

analysis respectively. The novel results presented in this chapter are then: (i) the

previously known results are re-derived using a matrix product approach (using

a known matrix algebra) and (ii) the case of multiple totally asymmetric tracers

is solved exactly.

3.2 Model definition

We consider a one-dimensional lattice with periodic boundary conditions (i.e. a

ring) with L + 1 sites. On it, we place M particles, which we will call normal

particles. These particles perform normal diffusion. That means that after an

exponential waiting time, with some fixed rate, they attempt to perform a hop,

with equal probability of hopping left and right. We set the left and right hopping

rates to unity without loss of generality. The particles interact via hard-core

repulsion (also known as simple exclusion), which means that whenever a particle

attempts a hop onto a site that is already occupied, the hop is forbidden.

A system of only symmetrically hopping particles is in equilibrium. This follows
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11 1a

Figure 3.2 Illustration of symmetric exclusion process with a totally asymmetric
defect particle. The defect is shown in black and the normal particles
in white.

from the fact that the transition rates between any two states is equal to the

transition rate of the inverse process, W (X → X ′) = W (X ′ → X). Hence it is

easy to see that Kolmogorov’s criterion (see section 1.3.8) is satisfied.

To move the system away from equilibrium, we place on the lattice one additional

particle, which we call the defect. The defect only hops to the right, with a rate α

(in units of the hopping rates of the normal particles) and also obeys the simple

exclusion rule with respect to the normal particles. We denote the number of

empty sites by N = L−M and the mean environment density by ρ = M/L.

The dynamics of the system can be summarised as follows, where we use 0, 1, 2

to denote empty sites, normal particles and the defect respectively,

10
1

⇄
1

01 ; 20
α→ 02.

See figure 3.2 for an illustration.

The defect is inherently far from equilibrium as it is driven. However, it is not

entirely obvious a priori whether this is sufficient to drive the whole system out

of equilibrium or whether the effect of the defect will only be microscopic.

To investigate this, one would like to analyse the steady-state density profile.

Due to the periodicity of the system, the time-averaged density profile in the

“laboratory frame” is always uniform. One can gain more insight by choosing

the frame of reference in which the defect is always on site 0 and the normal

particles diffuse on the sites 1, . . . , L. The hops of the defect (to the right) in this

frame of reference become hops of all normal particles simultaneously to the left.

Although this global jump might seem like a complication, it is easier to handle

than a changing position of the defect.

Taking the local density view à la section 1.5.4 we can write an evolution equation
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for the occupation of site i (relative to the defect), similar to (1.56),

d⟨ηi⟩
dt

= ⟨ηi−1(1 − ηi)⟩ + ⟨ηi+1(1 − ηi)⟩ − ⟨ηi(1 − ηi−1)⟩ − ⟨ηi(1 − ηi+1)⟩

+α⟨(1 − η1)(1 − ηi)ηi+1⟩ − α⟨(1 − η1)ηi(1 − ηi+1)⟩. (3.4)

The first four terms represent the diffusion of the normal particles. The last

two terms represent the flow of probability into and out of site i due to hops by

the defect. We can lose probability if the defect hops (for which site 1 must be

empty), site i is occupied and site i+1 is not; and gain probability in the converse

case. The evolution equation (3.4) simplifies to

d⟨ηi⟩
dt

= ⟨ηi−1⟩ − 2⟨ηi⟩ + ⟨ηi+1⟩ + α⟨(1 − η1)(ηi+1 − ηi)⟩. (3.5)

To complete the problem, we also have the boundary cases i = 1, L. After

simplifying, these are

d⟨η1⟩
dt

= ⟨η2⟩ − ⟨η1⟩ + α⟨(1 − η1)η2⟩, (3.6a)

d⟨ηL⟩
dt

= ⟨ηL−1⟩ − ⟨ηL⟩ − α⟨(1 − η1)ηL⟩. (3.6b)

Thus the evolution equations for the one-point function ⟨ηi⟩ involve two-point

functions ⟨ηiηj⟩, which are, moreover, non-local. One approach at this point is

to make a mean-field assumption. Later, we will turn to exact methods.

3.3 Mean-field theory

We take the mean-field approximation ⟨ηiηj⟩ = ⟨ηi⟩⟨ηj⟩ and go to the continuum

limit, y = k/L (see section 1.5 for more detail). We apply this procedure to

the equations for the density profile (3.5), (3.6a) and (3.6b). In doing this,

we need to take the diffusive time scaling t = L2τ . Due to the boundary

conditions in the present case, we need to be more careful in analysing these

equations. In particular, it quickly becomes apparent that in order to balance

terms appropriately, one needs to take

η(0, τ) = 1 − δ(τ)

L
, (3.7)
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where δ(τ) = O(1) is some function. This is a sign of a separation of timescales.

Physically we can understand it as follows. As the defect moves forward, it will

eventually collide with a normal particle. As it cannot move backwards, it will

be stuck in this configuration until the normal particle diffuses away. Thus the

defect will almost always see a particle directly in front of itself. Substituting

(3.7), the boundary conditions (3.6a) and (3.6b) become,

−∂δ(τ)

∂τ
= L(αδ(τ) + ∇η(0, τ)) (3.8a)

∂η(1, τ)

∂τ
= −L(αδ(τ)η(1, τ) + ∇η(1, τ)) (3.8b)

Note the appearance of L on the right hand side. This means that the two

quantities δ(τ), η(1, τ) evolve on a faster timescale than the bulk density profile

η(y, τ) for y ∈ (0, 1). The density profile close to the defect (y → 0 and y → 1)

equilibrates on a ballistic timescale, whereas the rest of the profile relaxes on a

diffusive timescale. This means that for any finite τ (and L→ ∞), we may take

the boundary conditions to be,

αδ(τ) + ∇η(0, τ) = 0 (3.9a)

αδ(τ)η(1, τ) + ∇η(1, τ) = 0. (3.9b)

The bulk equation (3.5) becomes,

∂η(y, τ)

∂τ
= ∇2η(y, τ) + αδ(τ)∇η(y, τ). (3.10)

We also need to enforce the global particle number constraint,∫ 1

0

dy η(y, τ) = ρ. (3.11)

3.3.1 Steady-state solution

We now derive the steady-state solution of the mean-field equation (3.10),

together with the boundary conditions (3.9a), (3.9b) and the constraint (3.11).

Note that the unknowns in this problem are both the density field η(y) and the

constant δ. Setting the time derivative to 0 and integrating (3.10) once, we obtain

∇η(y) + αδη = B, (3.12)
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where B is a constant of integration. This is now a first order ODE, which can

be solved using the integrating factor method. Using the integrating factor eαδy,

we obtain the general solution,

η(y) =
B

αδ
+ Ce−αδy, (3.13)

where C is another constant of integration. Then using the conditions (3.7) and

(3.9a), we find,

C = 1, B = −αδ
2

L
. (3.14)

This yields the solution,

η(y) = e−αδy − δ

L
. (3.15)

Now we plug this solution into (3.11) to obtain an equation for δ. Actually it

turns out to be more convenient to express this in terms of ζ = αρδ. Then (3.11)

becomes,

ζ = 1 − e−ζ/ρ. (3.16)

This can be solved (for instance numerically) for ζ. Note that it depends only on

the mean density ρ. The density profile is then,

η(y) = e−ζy/ρ − ζ

αρL
. (3.17)

From this we may also deduce the mean drift velocity of the defect ⟨v⟩ (and

therefore all particles, as there is no overtaking in this system). This is given

simply by the hopping rate of the defect, α, multiplied by the probability that

site 1 is empty, (1 − η(0)). This gives,

⟨v⟩ =
ζ

ρL
. (3.18)

Interestingly, this is independent of α. We will return to the discussion of this

once we have presented the exact solution.
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Figure 3.3 Mapping between simple exclusion process (top) and zero-range
process (bottom). The defect in the exclusion process is shown in
black and the normal particles in white. The rates in the zero-
range process are shown to emphasise that they do not depend on
the occupations of other sites. Note that the zero-range process is
inhomogeneous, as the rates on the sites corresponding to the empty
spaces in front of and behind the defect (shown in white) are different
from the rates of other sites.

3.4 Solution by mapping to zero-range process

We now turn to exact methods. One way to obtain an exact solution for the

steady state is by mapping it to a zero-range process (ZRP), as explained in

section 2.2. To carry out the mapping, we first assign to each particle in the

exclusion process a site in the ZRP, in order. The zeroth ZRP site corresponds to

the defect, the first site corresponds to the first normal particle and so on. Then,

we put as many particles on each ZRP site, as there are empty sites in front of

the corresponding particle in the exclusion process. Note that the hopping rates

in the ZRP will be constant (with the sites corresponding to the spaces next to

the defect particle having different, but still constant rates). This justifies calling

it a ZRP, as the escape rates from a given site do not depend on the occupation

of any other site. See figure 3.3 for an illustration.

Thus we obtain a lattice with M + 1 sites and N particles, where, as a reminder,

M and N are respectively the numbers of environment particles and empty sites

in the exclusion process. A configuration of a state in the ZRP is given by the

occupation of each site {n0, n1, . . . , nM}, where
∑M

i=0 ni = N .
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3.4.1 Determination of weight functions

The advantage of reformulating the problem in terms of the ZRP is that it is

known that the steady state of a ZRP has a factorised form. This means that

the probability of a given configuration is

P ({n0, . . . , nM}) = Z−1
L,M

M∏
i=0

fi(ni), (3.19)

where fi(ni) are weight functions for i = 0, 1, . . . ,M , and ZL,M is the

normalisation,

ZL,M =
∑
{n}

M∏
i=0

fi(ni)δ∑M
i=0 ni,N

. (3.20)

Taking (3.19) as an ansatz, we now use the steady-state form of the evolution

equations to determine the weight functions. The local balance condition gives

us the equations

fi−1(ni−1 + 1)fi(ni − 1)fi+1(ni+1) + fi−1(ni−1)fi(ni − 1)fi+1(ni+1 + 1)

= 2fi−1(ni−1)fi(ni)fi+1(ni+1), i = 1, . . . ,M − 1, (3.21a)

fM(nM)f0(n0 − 1)f1(n1 + 1) = (1 + α)fM(nM)f0(n0)f1(n1), (3.21b)

αfM−1(nM−1)fM(nM − 1)f0(n0 + 1) + fM−1(nM−1 + 1)fM(nM − 1)f0(n0)

= fM−1(nM−1)fM(nM)f0(n0). (3.21c)

As before, these equations come from requiring the positive and negative

probability fluxes of a state with occupation ni on site i to balance. The

first equation describes this balance in the bulk, and the second and third for

transitions involving the defect particle.

This system of equations a bit more complicated than the case considered in

section 2.2. It is solved by a geometric ansatz [94],

fi(ni) = gni
i , (3.22)
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for some constants gi. Plugging this in, we get

gi =
gi−1 + gi+1

2
, i = 1, . . . ,M − 1, (3.23a)

g0 =
g1

1 + α
, (3.23b)

gM = αg0 + gM−1. (3.23c)

This system of equations is underdetermined with one degree of freedom. This

allows us to set g0 = 1. Then it is easily seen that the full solution is given by

gi = 1 + αi, i = 0, . . . ,M. (3.24)

Putting this solution into (3.19), we see that the probabilities are given by,

P ({n0, . . . , nM}) = Z−1
L,M

M∏
i=0

(1 + iα)ni . (3.25)

3.4.2 Steady-state measure

We now analyse the normalisation ZL,M in more detail. We will see in section 3.5

that it plays a crucial role in the calculation of the steady-state density profile

and velocity. From (3.25), we see that,

ZL,M =
∑
{n}

M∏
i=0

(1 + iα)niδ∑M
i=0 ni,N

. (3.26)

This normalisation resembles a partition function, as one might write down in

an equilibrium problem. However, it is important to draw a distinction, as this

object was not written down starting from a Hamiltonian. Without an explicit

solution, we would not have known how to construct this a priori. However,

it has some features similar to partition functions: it is the normalisation of a

steady state measure and we will be able to derive correlation functions from it.

Although we now formally have an exact solution for the steady state, the

normalisation is not very tractable, as it has the global constraint
∑M

i=0 ni = N ,

where, again, N is the number of empty sites in the exclusion process. We use

the generating function approach from section 2.B to deal with this. This allows
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us to write

ZL,M =

∮
dz

2πi
z−(N+1)

M∏
i=0

1

1 − (1 + iα)z
, (3.27)

where the contour of integration is a small circle around the origin and we have

used the geometric sum

∞∑
ni=0

((1 + iα)z)ni =
1

1 − (1 + iα)z
. (3.28)

We remark that even with an exact expression for the steady state probabilities, it

is a nontrivial task to compute physical observables. For instance, to calculate the

probability that site i is occupied, we would need to sum over all configurations

of the system in which this is realised. This was done, for instance, in [50], but

the resulting expression is quite complicated, with two contour integrals. We

will show in section 3.5 that the matrix product formulation is better suited for

addressing this question, as it makes it both more intuitive to write down formal

expressions for expectations of local observables and gives expressions involving

only a single contour integral.

3.4.3 Finite-size expression

Evaluating the residue of the pole at the origin is quite cumbersome. However, we

can obtain an exact solution by using the result that a complex contour integral

can also be evaluated by taking the residues of the poles outside the contour

(including, potentially, a pole at infinity). In the case at hand, there is no pole at

infinity, so we only need to consider the poles at z = (1 + iα)−1 for i = 0, . . . ,M .

Switching to the residues of the poles outside the contour also introduces a global

minus sign. Evaluating the residues of (3.27) at those poles gives

ZL,M = −
M∑
i=0

Res

(
z−(N+1)

M∏
j=0

1

1 − (1 + jα)z
, (1 − iα)−1

)
(3.29)

=
M∑
i=0

(1 + iα)N
M∏

j=0,j ̸=i

1

1 − (1 + jα)(1 + iα)−1
(3.30)

=
M∑
i=0

(1 + iα)L

αM

M∏
j=0,j ̸=i

1

i− j
. (3.31)
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The product can be written as

M∏
j=0,j ̸=i

1

i− j
=

(−)M−i

M !

(
M

i

)
. (3.32)

Then expanding the binomial term (1 + iα)L and simplifying, we get

ZL,M =
L∑

j=0

αj−M

M !

(
L

j

) M∑
i=0

(−)M−i

(
M

i

)
ij. (3.33)

We can write this compactly by using the following identity for Stirling numbers

of the second kind 1, {
j

M

}
=

1

M !

M∑
i=0

(−)M−i

(
M

i

)
ij. (3.34)

This gives us the final result

ZL,M =
L−M∑
j=0

(
L

M + j

){
M + j

M

}
αj. (3.35)

Thus we have obtained an expression for the normalisation as a finite sum of

binomial coefficients, Stirling numbers and the defect parameter α. This can be

readily evaluated numerically to obtain exact finite-size results. In section 3.5, we

will show that physical observables like the density profile and the steady-state

velocity can be expressed purely in terms of the normalisation.

3.4.4 Asymptotic behaviour

We now consider the limit L → ∞, M → ∞ with ρ = M/L fixed. Then we can

rewrite the integral in (3.27) as

ZL,M =

∮
dz

2πiz
exp

{
−L

[
L−1

M∑
i=0

log(1 − (1 + iα)z) + (1 − ρ) log z

]}
. (3.36)

1These are defined as the number of ways to partition a set of j objects into M nonempty
groups.
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It is helpful to rescale the variable of integration by letting

z =
ζ

Mα
. (3.37)

Then, approximating the sum as an integral by setting i = Lρu, we get to leading

order in L,

L−1

M∑
i=0

log(1 − (1 + iα)z) ≈ ρ

1∫
0

log(1 − uζ)du+ o(L0) (3.38)

≈ −ρ+ ρ

(
1 − 1

ζ

)
log(1 − ζ) + o(L0). (3.39)

Then the normalisation becomes,

ZL,M = (Mα)NeM
∮

dζ

2πiζ
e−Lϕ(ζ), (3.40)

where

ϕ(ζ) = ρ

(
1 − 1

ζ

)
log(1 − ζ) + (1 − ρ) log ζ. (3.41)

Note that ϕ does not depend on L, which justifies the definition of ζ (3.37).

The contour integral is dominated by a saddle point, which is defined by the

condition ϕ′(ζsp) = 0. Solving this, we get the following transcendental equation

for the location of the saddle point

ζsp = 1 − e−ζsp/ρ. (3.42)

The solution to this can be written using the Lambert W function,

ζsp = 1 + ρW0(−e−1/ρ/ρ), (3.43)

where the subscript 0 indicates that we must take the principal branch. This is

plotted as a function of ρ in Figure 3.4. Then to leading order in the saddle point

expansion, we can write,

ZL,M ≈ A exp {−L [(1 − ρ) log ζsp − ζsp]} [1 +O(L−1)], (3.44)
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Figure 3.4 Location of saddle point, ζsp, as defined in (3.42), against mean
density, ρ.

where

A =

[
2πL

(
1

1 − ζsp
− 1

ρ

)]−1/2(
Mα

e

)N

. (3.45)

However, it turns out that for the physical observables, like the mean steady-state

velocity, only the location of the saddle point is important.

3.5 Solution by matrix product ansatz

We now approach the same problem using the matrix product formalism (see

section 2.3). This involves more somewhat formal manipulations but lends itself

quite naturally to calculating local physical observables, such as the occupation

probability of a given site.

Specifically, we consider some configuration of the system {τ0, τ1, τ2, . . . }, where

we now use the notation τi = 0, 1, 2 for empty sites, normal particles and

defects respectively. Then there exist matrices X0, X1, X2 (representing empty

sites, normal particles and the defect respectively) such that the weight of that
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configuration is given by

P ({τ0, τ1, τ2, . . . }) = Z−1
L,Mtr(Xτ0Xτ1Xτ2 . . . ), (3.46)

where ZL,M is a normalisation. The use of the trace reflects the periodic boundary

conditions.

For the system we are considering, the matrix product ansatz generates the

correct steady state if the matrices satisfy the algebraic relations,

X1X0 −X0X1 = αX1, (3.47a)

X2X0 = X2. (3.47b)

A general proof of the validity of the matrix product ansatz is given in section

2.3.2. To obtain the relations (3.47a) and (3.47b) from the general case, we use

equations (2.52a–2.52f) with the parameters w01 = w10 = 1, w20 = α, w02 = 0

and w12 = w21 = 0. Then we see that all the relations are satisfied if we set

x1 = x2 = 0, x0 = α.

We note that the algebra (3.47a), (3.47b) is one of the known two-species algebras

with scalar reduction relations [106]. However, it has not been used before to

perform calculations of physical observables.

The matrix product solution presented here is valid for any number of defects,

but we leave that to section 3.6.1. For the remainder of this section, we restrict

ourselves to the case of a single defect, which we place on site 0 without loss of

generality.

As a consistency check, we can verify that the matrix product solution defined

by (3.47a–3.47b) produces the same configuration probabilities as the mapping

to the zero-range process (3.25). First, we note that from (3.47a), we have,

X1X0 = (α +X0)X1. (3.48)

Using this repeatedly on X i
1X0 for some integer i, we obtain the helpful relation,

X i
1X0 = (iα +X0)X

i
1. (3.49)

Then taking some general configuration with ni empty sites in front of particle i,
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and using (3.47b), we obtain,

X2X
n0
0 X1X

n1
0 X1X

n2
0 . . . = X2X1X

n1
0 X1X

n2
0 . . . (3.50)

= (1 + α)n1X2X
2
1X

n2
0 . . . (3.51)

...

=

(
M∏
i=0

(1 + iα)ni

)
X2X

M
1 . (3.52)

Taking the trace, this gives the same weight as (3.19), up to the constant factor

tr(X2X
M
1 ), which can be set to unity without loss of generality.

To obtain the normalisation, we can use a technique similar to the generating

function trick from section 2.B but with matrix, rather than scalar weights. We

introduce the matrix

C = X1 + zX0, (3.53)

where z is a dummy variable that counts empty sites, which can also be

interpreted as a fugacity for empty sites. Then the normalisation can be written

as

ZL,M = {zN}tr(X2C
L), (3.54)

where, again, the notation {zN} indicates that we take the coefficient of zN in

the expression that follows and N is the number of empty sites in the exclusion

process.

3.5.1 Mean current

Before calculating the full density profile, it is helpful to calculate the occupation

probability of site 1. By writing it as one minus the probability that site 1 is

empty and using (3.47b), we get the expression,

⟨η1⟩L,M = 1 − {zN}tr(X2zX0C
L−1)

ZL,M

= 1 − ZL−1,M

ZL,M

. (3.55)

This immediately gives us the mean velocity of the defect, which is simply the

hopping rate of the defect, α, multiplied by the probability that site 1 is empty.
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Using the exact finite-size expression for ZL,M (3.35), we obtain,

⟨v⟩L,M = α
ZL−1,M

ZL,M

=

∑L−1−M
j=0

(
L−1
M+j

){M + j

M

}
αj+1

∑L−M
j=0

(
L

M+j

){M + j

M

}
αj

, (3.56)

where, again,

{
a

b

}
denotes a Stirling number of the second kind. As there is

no overtaking in the system, this will also equal the mean drift of the normal

particles.

To obtain the asymptotic limit, recall that we have already analysed the

asymptotic behaviour of the normalisation ZL,M in section 3.4. It is helpful to

consider the form of the normalisation (3.27). The only difference between ZL−1,M

and ZL,M is a factor of z, which will not change the location of the saddle point

(3.42). Then at the leading order level in the saddle point, the ratio ZL−1,M/ZL,M

will simply be z evaluated at the saddle point, giving

⟨v⟩L,M ≈ ζsp
M

+O(L−2). (3.57)

We remark that the mean velocity is diminished by L−1, so it vanishes in the

thermodynamic limit. It is also interesting to note that this expression does not

depend on the defect hopping parameter α, as ζsp is defined purely in terms

of ρ, (3.42). This means that for any finite defect velocity, the mean drift will

determined solely by the diffusion rate and density of normal particles. Note that

this expression is the same as the one obtained from mean-field theory, (3.18).

3.5.2 Density profile

The probability that site i is occupied can be written using the matrix product

description as

⟨ηi⟩L,M =
{zN}tr(X2C

i−1X1C
L−i)

ZL,M

. (3.58)

We note that from (3.47a) and (3.53), we have,

CX1 = X1(C − αz), (3.59)
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which gives

⟨ηi⟩L,M =
{zN}tr(X2X1(C − αz)i−1CL−i)

ZL,M

. (3.60)

Expanding the binomial term, this can be written as

⟨ηi⟩L,M =
i−1∑
j=0

(
i− 1

j

)
(−α)j

{zN−j}tr(X2X1C
L−1−j)

ZL,M

. (3.61)

Now we note that the term in the numerator can be related to the mean density

of site 1 in a system of size L− j,

⟨ηi⟩L,M =
i−1∑
j=0

(
i− 1

j

)
(−α)j

ZL−j,M

ZL,M

⟨η1⟩L−j,M . (3.62)

Then using the result (3.55), we obtain,

⟨ηi⟩L,M =
i−1∑
j=0

(
i− 1

j

)
(−α)j

ZL−j,M − ZL−1−j,M

ZL,M

. (3.63)

Using the exact finite-size result (3.35), we can write this explicitly in the form,

⟨ηi⟩L,M = Z−1
L,M

i−1∑
j=0

L−M−j∑
k=0

(−)j
((

i− 1

j − 1

)
+ α

(
i− 1

j

))

×
(
L− j

M + k

){
M + k

M

}
αk+j−1. (3.64)

This expression can be used to obtain the exact density profile for small system

sizes.

To gain more physical intuition, we now proceed to extract the asymptotic

behaviour. Rewriting the partition functions in (3.63) as integrals, we can perform

the summation over j to obtain

⟨ηi⟩L,M = Z−1
L,M

∮
dz

2πi

(1 − αz)i−1

zN+1
(1 − z)ZM(z). (3.65)

Then introducing the same scaling variable as in (3.37), ζ = Mαz, we see that

(1 − αz)i−1 = exp

[
(i− 1) log

(
1 − ζ

Lρ

)]
≈ exp

(
−ζ
ρ

i− 1

L

)
. (3.66)
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Figure 3.5 Density profile as a function of y = i/L for mean density ρ = 0.2,
as given by (3.67) and as obtained from Monte Carlo simulations.
Simulations were performed with α = 2 and with a system size L =
200. Excellent agreement is seen between theory and simulations.

Defining y = i/L, we see that this new term in the exponential is −ξy/ρ = O(1),

which is subdominant compared to Lϕ(ζ). Note that i = {1, . . . , L} means

y ∈ (0, 1]. Hence the location of the saddle point (3.42) remains unchanged.

Then letting η(y) = ⟨ηLy⟩, we obtain to leading order in the saddle point,

η(y) ≈ exp

(
−ζsp
ρ
y

)
+O(L−1). (3.67)

Again, this expression is the same as the one obtained using mean-field theory,

(3.17). It is an exponential decay with a characteristic length ξ = ρ/ζsp. Note

that it remains finite in the thermodynamic limit. The density profile is plotted

as a function of y in figure 3.5.

The normal particles create a jam in front of the defect. The fact that the

characteristic length is of the same scale as the system size means that the density

profile is nonuniform at a macroscopic level. This is interesting, as the system has

a macroscopic sign of nonequilibrium behaviour despite being driven by a single

particle.
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Figure 3.6 Illustration of process with k = 2 defects (black), L+k = 10+2 sites,
M1 = 2 normal particles (white) in front of defect 1, and M2 = 3
normal particles in front of defect 2.

3.6 Extensions

3.6.1 Multiple defects

We can generalise the results from the previous section relatively straightfor-

wardly to the case of multiple totally asymmetric defects. Suppose we have

k defects, each hopping with rate α on a ring of L + k sites with M1, . . . ,Mk

normal particles between them, with
∑k

i=1Mi = M . An illustration is given in

figure 3.6

The number of normal particles between the defects is fixed, as there is no

overtaking allowed. However, the number of empty sites between each defect

can vary. Therefore the mean densities in the regions between the defects are not

constant.

Let us denote the number of empty sites in front of particle j in the block in front

of defect i by ni,j. Moreover we denote
∑Mi

j=0 ni,j = Ni and
∑k

i=1Ni = N . Using

the matrix product ansatz with matrices defined by the algebra (3.47a)–(3.47b),
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we see that the weight of a configuration is given by

P ({n1,0, . . . , n1,M1 ;n2,0, . . . , n2,M2 ; . . . ;nk,0, . . . , nk,Mk
})

= Z−1
L,M1,...,Mk

tr(X2X
n1,0

0 X1X
n1,1

0 . . . X2X
nk,0

0 X1X
nk,1

0 . . . ) (3.68)

= Z−1
L,M1,...,Mk

(
k∏

i=1

Mi∏
j=0

(1 − jα)ni,j

)
tr(X2X

M1
1 . . . X2X

Mk
1 ). (3.69)

As before, the constant term tr(X2X
M1
1 . . . X2X

Mk
1 ) can be set to unity without

loss of generality. The weights of configurations factorise around the defects.

Thus, we can interpret the subsystems with one defect effectively as independent,

except for the interaction through the constraint that they all share a common

pool of empty sites. We can write the total partition function of the whole system

as a sum of products of partition functions of subsystems with a single defect,

ZL,M1,...,Mk
=
∑
{Ni}

k∏
i=1

ZMi+Ni,Mi
δ∑k

i=1 Ni,N
. (3.70)

Evidently this is another case for the generating function trick from section 2.B.

Similarly to (3.27), we can write

ZL,M1,...,Mk
=

∮
dz

2πi
z−(N+1)

k∏
i=0

Mi∏
j=0

1

1 − (1 + jα)z
. (3.71)

Then repeating steps similar to those in section 3.4.4 (using the same scaling

variable ζ = Mαz as in (3.37)), we can write this in the form

ZL,M1,...,Mk
= (Mα)NeM

∮
dζ

2πiζ
eLϕ(ζ) (3.72a)

ϕ(ζ) = −ρ
k∑

i=1

mi

(
1 − 1

miζ

)
log(1 −miζ) − (1 − ρ) log ζ, (3.72b)

where we have introduced the fractions of normal particles in each one-defect

subsystem,

mi = Mi/M, (3.73)

and ρ = M/L is the mean density of the whole system. Then the saddle point
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equation (obtained from setting ϕ′(ζ) = 0 in (3.72b)) has the form,

k∏
i=1

(1 −miζsp) = e−ζsp/ρ, (3.74)

which can be solved numerically for specific choices of mi.

Then it is not hard to see that the mean speeds of the defects are given by,

⟨vi⟩L,M1,...,Mk
≈ ζi
Mi

=
ζsp
M
, (3.75)

where ζi = miζsp. This can be interpreted as a statement of the necessary

condition that in the steady state all defects have the same velocity. Conversely,

we can see that this allows us to determine how many empty sites each one-defect

subsystem will have on average. Namely, the densities of each subsystem must

be adjusted such that all their velocities are equal.

The subsystems effectively behave like small versions of one-defect systems

with fugacities ζi = miζsp. The steady-state measure is dominated by the

configuration with the most likely distribution of empty sites between subsystems,

{N∗
1 , . . . , N

∗
k}. Then the normalisation (3.70) becomes,

ZL,M1,...,Mk
≈

k∏
i=1

ZMi+N∗
i ,Mi

. (3.76)

The values N∗
i are determined by first using (3.74) to solve for ζsp. This gives a

value for ζi = miζsp. Then inverting the one-defect saddle point equation (3.42),

we obtain the expression for the mean density in the steady-state of the i-th

subsystem ρi,

ρi = − ζi
log(1 − ζi)

. (3.77)

Then N∗
i is given simply by N∗

i = (1 − ρi)Mi/ρi.

From this, it follows, for instance, that, similarly to the one defect case, the

density profile in each subsystem is an exponential decay, with ⟨ηi,1⟩ ≈ 1−O(L−1)

for i = 1, . . . , k; and a characteristic length ξi = miρ/ζi. An example for k = 2 is

shown in figure 3.7.
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Figure 3.7 Density profile for system with two defects as predicted by theory
and as obtained from Monte Carlo simulations. Parameters used
were α = 2, ρ = 0.8, m1 = 0.7, m2 = 0.3. Monte Carlo simulations
were performed for a system size of L = 500. Good agreement is seen
between theory and simulations. The density profiles are exponential
decays. However, with the chosen parameters, the decay lengths are
relatively long compared to the system size, which makes it hard to
distinguish from linear profiles by eye.
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Optimal partition of normal particles by defects

It is interesting to investigate the following question: given a fixed total number

of normal particles, M , what partition by k defects, {M1, . . . ,Mk}, will produce

the optimal current? Essentially, we wish to optimise ζsp, defined implicitly by

(3.74), subject to the constraint
∑k

i=1mi = 1. We can use the method of Lagrange

multipliers. We have the Lagrangian function

L(m;λ) = ζsp(m) − λ

(
k∑

i=1

mi − 1

)
, (3.78)

where m = {m1, . . . ,mk} and λ is the Lagrange multiplier. Then setting the

partial derivatives to 0 (using implicit differentiation of (3.74) with respect to

each mi), we obtain

ζspρ

1 −mi(ζsp + ρ)
− λ = 0. (3.79)

This can be solved to give the optimal value of mi, which will not depend on i.

Hence the optimal partition is the one in which m1 = · · · = mk = 1/k.

Putting mi = 1/k for all i in (3.74), we can see that the equation takes the same

form as the one-defect equation (3.42) but with the replacement ζsp → ζsp/k.

Then the mean velocity, which is proportional to ζsp, will be k times that of a

one-defect system of the same total size and mean density.

The ratio of velocities for a two-defect system to that of a one-defect system of

the same size and density is plotted in figure 3.8. We can see that the mean

velocity equals that of a single defect system in the limits m1 → 0, m1 → 1 but

is maximal (double the velocity of a one-defect system of the same size and total

mean density) when m1 = 1/2.

These results can be understood intuitively as follows. In the extreme case that

there are no particles between two defects, the defect in front will eventually

create a jam in front of itself and slow down. Then the defect behind it will

always be right behind it, as it cannot overtake. Thus the two defects essentially

behave in the same way as a single defect (that occupies two sites).

In the opposite limit, it makes sense intuitively that k defects should produce a

current close to k times the current produced by one defect. The fact that the

current cannot exceed this value is a manifestation of the fact that this system has
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Figure 3.8 Ratio of steady-state velocity of defect in a two-defect system (as
given by (3.75), with ζsp defined by (3.74)) to that in a one-defect
system of the same size, L, and mean density, ρ, plotted against
fraction of particles in front of defect 1, m1, for various densities.
Regardless of mean density, the ratio converges to 1 in the limits
m1 → 0 and m1 → 1, and attains its maximal value of 2 for m1 =
0.5.

no pushing or overtaking. This means that the total current will always be limited

by the speed of the slowest component. We can use this fact by treating each

subsystem as independent and then choosing the velocity of the whole system

to be the velocity of the slowest subsystem. As velocity is inversely related to

system size (3.57), one can increase the speed of any one subsystem by putting

fewer particles in it. However, this will come at the expense of putting more

particles in the other subsystems, which will slow the system down overall. Hence

the optimal distribution is to distribute the particles evenly. Again, recalling that

velocity is inversely related to system size, this means that the velocity of this

configuration will be k times that of a system with one tracer, as each subsystem

is 1/k the size of the whole system.

3.6.2 Partially asymmetric tracer

Another way we can generalise the model is by again considering one defect but

letting it be partially asymmetric. In other words, we let it hop to the right with

rate α and to the left with some other rate, β, provided the target site is empty.
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The dynamics can be summarised as follows,

10
1

⇄
1

01 ; 20
α

⇄
β

02.

Defining

q = β/α, (3.80)

we can solve this case using the matrix product ansatz

X1X0 −X0X1 = αX1, (3.81a)

X2X0 − qX0X2 = X2. (3.81b)

This can, again, be attained from the general case, as explained in section 2.3.3.

We have w10 = w01 = 1, w20 = α and w12 = w21 = 0, as before, but now w02 = β.

It is easy to check that the same choice of scalar auxiliaries, x1 = x2 = 0, x0 = α

is sufficient to satisfy the consistency relations (2.52a)–(2.52f).

Again, we emphasise that the algebra (3.81a), (3.81b) falls under one of the known

cases of matrix algebras with scalar reduction relations [106]. However, it has not

previously been used to compute physical observables.

We can obtain the weights using a procedure similar to that in section 3.5, though

it is a bit heavier algebraically. From (3.81a), we have,

X1X0 = (X0 + α)X1 (3.82)

X i
1X0 = (X0 + iα)X i

1. (3.83)

And similarly from (3.81b),

X2X0 = (qX0 + 1)X2. (3.84)

This allows us to write the weight of a general configuration as,

tr(X2X
n0
0 X1X

n1
0 . . . ) = tr

[(
M∏
i=0

(qX0 + 1 + iα)ni

)
X2X

M
1

]
. (3.85)

Now we would like to relate these weights to the weight of some reference state.

To do this, we consider a state with exactly one empty site. By commuting the

X0 the whole way around the system, we see that the weight of this state must
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satisfy

tr(X2X
M
1 X0) = tr(X2X

M
1 (qX0 + 1 +Mα)). (3.86)

This allows us to establish a relation between the weight of this state and a state

with no empty sites,

tr(X2X
M
1 X0) =

1 +Mα

1 − q
tr(X2X

M
1 ). (3.87)

Thus we can finally write the weight of an arbitrary configuration as

tr(X2X
n0
0 X1X

n1
0 . . . ) =

(
M∏
i=0

(
q

1 +Mα

1 − q
+ 1 + iα

)ni

)
tr(X2X

M
1 ). (3.88)

Then, as in section 3.5, we define the matrix

C = X1 + zX0, (3.89)

though note that now X0 and X1 are defined by (3.81a) and (3.81b). Moreover,

we define the normalisation as

ZL,M = {zN}tr(X2C
L). (3.90)

Then, similarly to (3.27), we can again use the generating function trick from

section 2.B to write the normalisation in integral form,

ZL,M =

∮
dz

2πiz
exp

{
−

M∑
i=0

log

[
1 −

(
q

1 +Mα

1 − q
+ 1 + iα

)
z

]
−N log z

}
.(3.91)

In this case, it is convenient to use the scaling variable

ζ =
Mα

1 − q
z. (3.92)

We again approximate the sum with an integral. After some algebra, we obtain,

ZL,M =

(
Mα

1 − q

)N

eM
∮

dζ

2πiζ
eLϕ(ζ) (3.93a)

ϕ(ζ) = ρ

(
1 − ζ

(1 − q)ζ
log(1 − ζ) − 1 − qζ

(1 − q)ζ
log(1 − qζ)

)
− (1 − ρ) log ζ.(3.93b)
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Figure 3.9 Location of the saddle point, ζsp, (as defined by (3.94)) against mean
density, ρ, for a partially asymmetric defect with various asymmetry
ratios, q = β/α. In the limit q → 0, the curve for a totally
asymmetric defect is reproduced. In the limit q → 1, the curve
approaches the line 1− ρ.

Then the saddle point equation (obtained from setting ϕ′(ζ) = 0 in (3.88)) has

the form,

1 − ζsp
1 − qζsp

= e−(1−q)ζsp/ρ. (3.94)

The numerical solution for various values of q is plotted in figure 3.9.

The expression for the mean velocity takes a similar form to the totally

asymmetric case, though note that we now also need to subtract the backwards

hopping rate. Using (3.81b), we obtain,

⟨v⟩L,M =
{zN−1}[αtr(X2X0C

L−1) − βtr(X0X2C
L−1)]

ZL,M

= α
ZL−1,M

ZL,M

. (3.95)

Hence at first order in the saddle point, we again have an expression similar to

(3.57),

⟨v⟩L,M ≈ (1 − q)
ζsp
M

+O(L−2), (3.96)

except now the location of the saddle point is defined by (3.94).
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Deriving the density profile is somewhat harder in this case. We can repeat

the calculations from the totally asymmetric defect case up to (3.62). At this

point it is harder to proceed, as there is no easy way to obtain a nice expression

for the density at site 1, ⟨η1⟩L−j,M . To get an approximate result (which will

be seen to be correct in the asymptotic limit), we make the assumption that

⟨η1⟩L−j,M ≈ ⟨η1⟩L,M . This is certainly a bad approximation for large j, but the

ratio of partition functions ZL−j,M/ZL,M ensures that those terms are diminished

by a factor of M−j, so the error is of subleading order. Then, proceeding similarly

to the totally asymmetric defect case, we obtain the expression,

⟨ηi⟩L,M ≈ ⟨η1⟩L,M exp

(
−(1 − q)

ζsp
ρ

i− 1

L

)
. (3.97)

Similarly to the totally asymmetric defect case, this is an exponential decay with

a characteristic length ξ = Lρ/(ζsp(1 − q)). However, now the density in front of

the defect is not close to 1 but instead takes some finite value. To determine it,

we note that the relation (3.81b) implies the boundary condition

(1 − ⟨η1⟩L,M) − q(1 − ⟨ηL⟩L,M) = α
ZL−1,M

ZL,M

. (3.98)

This allows us to obtain the result

⟨η1⟩L,M ≈ 1 − q

1 − q exp(−(1 − q)ζsp/ρ)
= 1 − qζsp, (3.99)

which together with (3.97) gives the full density profile. This is shown in Figure

3.10.

We can verify that this reproduces the expected results in the limits q → 0 and

q → 1. In the limit q → 0, the defect becomes totally asymmetric. Then the

saddle point equation (3.94) becomes identical to (3.42) and ⟨η1⟩L,M ≈ 1, which

is consistent with the results from section 3.5.

In the limit q → 1, the defect becomes symmetric and is therefore simply a tracked

normal particle. We thus expect a flat density profile by symmetry. Indeed, the

characteristic length of the profile diverges as (1−q)−1, which is consistent with a

flat profile. Expanding to leading order in (1−q), the saddle point equation (3.94)

becomes ζsp = 1−ρ. Then the density at site 1 becomes ⟨η1⟩L,M = 1−(1−ρ) = ρ,

which is also consistent with a flat profile.
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Figure 3.10 Density profiles as given by (3.97) and as obtained from Monte
Carlo simulations with mean density ρ = 0.2 for different defect
asymmetry ratios, q. The system size used in simulations was L =
200. For q → 0, the profile converges to the totally asymmetric
result. For q → 1, the profile becomes flat.

3.7 Summary

In this chapter, we examined a symmetric simple exclusion process on a ring

with a single driven tracer particle. We analysed it using mean-field theory and

also constructed exact steady-state measures using a mapping to the zero-range

process 3.4 and the matrix product formalism 3.5. This allowed us to calculate

the steady-state tracer velocity 3.5.1 and density profile 3.5.2. We found that the

tracer velocity (3.57) scales as L−1 in the large system size limit, which is typical

of a driven system with diffusive scaling. At the same time, the density profile

(3.67) is non-uniform on the scale of the system size, with a characteristic length

ξ ∼ L. This shows that even a single particle can be enough to drive a system

out of equilibrium on a macroscopic scale.

For the system considered in this chapter, the mean-field expressions for the

density profile (3.17) and the tracer velocity (3.18) agree with the exact

expressions in the asymptotic limit L → ∞, (3.67) and (3.57) respectively.

However, the exact approaches using the ZRP mapping and the matrix product

ansatz also give the full steady-state measure. In chapter 4, we will examine a
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system in which mean-field theory yields incorrect expressions for lengthscales,

even in the asymptotic limit.

We then generalised the system in two ways. The first way was to consider

k totally asymmetric tracers 3.6.1. We showed that the steady-state measure

for the k-defect system factorises into k measures for subsystems containing one

defect, each of which is the same as the one-defect measure (3.70). This allowed

us to use the measure from the one-defect case to analyse the k-defect case. We

found that the steady-state velocity (3.75) depends on how the normal particles

are distributed between the one-defect subsystems. The slowest configuration is

when defects are all beside each other, in which case the system has the same

velocity as a one-defect system. The fastest configuration is when the particles are

distributed evenly between the defects, in which case one observes a cooperation

effect and the velocity increases up to k times the velocity of a one-defect system

of the same total system size and mean density.

The second generalisation we considered was to take a partially asymmetric

defect 3.6.2. We were able to construct the steady-state measure (3.88) for

this case, again using the matrix product formalism. Similarly to the totally

asymmetric case, we found the steady-state velocity (3.96) and density profile

(3.97). We showed how these results converge to the totally asymmetric tracer

and symmetric tracer cases in the corresponding limits. We again found that the

velocity scales with system size as L−1. The density profile is also non-uniform

with a characteristic length ξ ∼ L. The main difference is that in the totally

asymmetric defect case, the density on the first site in front of the defect is close

to 1, whereas in the partially asymmetric defect case, it has a finite value (3.99).

It is interesting to note that in all three cases we examined, the steady-state

velocity is given at leading order by an expression of the form

⟨v⟩L,M ≈ αzsp, (3.100)

where zsp is the location of the saddle point of a contour integral. The only

difference between these cases is the location of the saddle point zsp, which we

summarise in table 3.1.

We remark that there is a substantial jump in complexity of the measure from

the totally asymmetric tracer case (3.25) to the partially asymmetric tracer case

(3.88). In particular, the weights in the latter case depend on the number of
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One TA tracer Many TA tracers One PA tracer
Scaling z = ζ/(Mα) z = ζ/(Mα) z = (1 − q)ζ/(Mα)

Saddle point 1 − ζsp = e−ζsp/ρ
k∏

i=1

(1 −miζsp) = e−ζsp/ρ 1−ζsp
1−qζsp

= e−(1−q)ζsp/ρ

Table 3.1 Locations of saddle points for one totally asymmetric tracer, many
totally asymmetric tracers and one partially asymmetric tracer.

normal particles M , whereas in the totally asymmetric case, even when we have

multiple tracers, the weights only depend on their position relative to one defect.

This is similar to what we saw in section 2.2.3. In totally asymmetric systems,

components are in some sense independent, whereas in partially asymmetric

systems, there emerges a sort of global interaction, with each local weight

depending on all system parameters, as seen in (2.44). This increase in complexity

has implications for how far we can extend the approach presented in this chapter.

Although we could in principle use a similar matrix product ansatz to obtain a

formal solution for the multiple partially asymmetric tracer case, it would be

much more difficult to extract physically meaningful results.

In the remainder of this thesis, we will deal with partially asymmetric exclusion

processes. This means that the driving is global, rather than coming from a single

particle. Correspondingly, we will see ballistically, rather than diffusively scaling

currents. The asymmetry of the normal particles adds an extra parameter to the

model, which means that we can expect richer behaviour.
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Chapter 4

Driven defect particle with priority

in a driven lattice gas

4.1 Introduction

In the previous chapter, we studied a symmetrically diffusing gas with a driven

defect particle. In this chapter, we turn to the more general case of a partially

asymmetric gas with a defect particle that hops at a different rate and may

overtake the gas particles. Part of the work presented in this chapter has been

published in [2].

4.1.1 Background

As was discussed in section 1.5.3, the most general two species problem has 6

independent rates (one of which may be set to 1 by choosing appropriate time

units),

10
1

⇄
x

01 ; 20
p

⇄
q

02 ; 12
α

⇄
β

21 . (4.1)

In the literature, much attention has been given to certain special cases.

One such case is that of a TASEP with a defect particle that hops with a different

rate and may be overtaken by normal particles (for instance [11, 12, 118]). In our

notation, this corresponds to setting x = q = β = 0. This is essentially the most
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general totally asymmetric case.

For partially asymmetric models, three classes of models have mainly been

considered. These are:

(i) Models with no overtaking, α = β = 0 (see section 2.2.3),

(ii) “Second-class” particle models, p = α = 1, q = β = x [68, 71, 103],

(iii) Models of the type studied by Evans et al. [139, 140] and later Arndt et

al. [141, 142] and others [53, 143]. The most general version of this class

requires q = β = 0 (see [53]).

We note that this list does not include models which satisfy all of the following

conditions simultaneously: (a) both species are partially asymmetric, (b) the

species have different hopping rates and (c) overtaking is allowed.

In this chapter, we examine a model that satisfies all these conditions. We

make the simplifying assumption that the rate at which one of the species

overtakes the other is the same as its usual hopping rates, α = p, β = q. This

simplifying assumption does not violate the conditions listed above. Also, with

this assumption, one species may be seen as having priority in the dynamics over

the other. Such hierarchical models (such as (ii)) tend to be amenable to exact

methods.

As a further simplification, we take only one particle of one of the species. We

make the somewhat unusual choice to take the particle with priority to be the

defect. As a particle with lower priority does not affect the dynamics of the bath

it is in, if we made the defect have lower priority, the bath would behave as a

regular PASEP. Such “second-class” particle problems have been studied much

in the literature. The idea with those systems is to use the second-class particle

as a probe into the behaviour of a single-species PASEP. On the other hand, if we

choose the defect to have higher priority, it will disrupt the local density of bath

particles, thus creating the possibility of some novel collective phenomena. Thus

this choice is more interesting from the point of view of one of the main goals of

this thesis, namely to investigate the effects of defect particles on nonequilibrium

steady states.

120



4.2 Model definition

We consider an (L+1)-site ring with M+1 particles. We define the mean density

as ρ = M/L, as usual. M particles are “normal” partially asymmetric particles

that hop to the right with rate 1 and to the left with rate x. We will take x ≤ 1

without loss of generality. The last particle is a partially asymmetric defect that

hops to the right with rate p and to the left with rate q. The normal particles

obey the simple exclusion rule: when they attempt a hop onto a site that is

already occupied by another normal particle or the defect, the hop is not allowed.

The defect, on the other hand, is taken to have priority in the dynamics. When

it attempts a hop onto a site that is occupied by a normal particle, the hop is

allowed and the defect overtakes the normal particle.

Denoting empty sites, the defect and normal particles by 0, 1, 2 respectively, the

dynamics can be summarised as follows,

10
p

⇄
q

01 ; 20
1

⇄
x

02 ; 12
p

⇄
q

21. (4.2)

Note that we have changed the notation from (4.1), with the defect now being

denoted by 1 and the normal particles by 2. This is because the defect particle has

priority in the dynamics, so it makes more sense to call it a “first-class” particle,

with the normal particles being “second-class”.

Note also that the defect overtakes normal particles with the same rates as it hops

on an empty lattice. In other words, the defect does not distinguish between

particles and empty sites. This means that the motion of the defect will be

simply that of a free particle executing biased diffusion with hopping rates p, q.

While the motion of the defect is trivial, it disrupts the local density of normal

particles. The effect of this on the steady state of the normal particles is not

obvious a priori, and indeed we will see in the remainder of this chapter that it

generates surprisingly rich behaviour.

4.3 Mean-field theory

We first analyse the steady state of this system using mean-field theory. Although

we will present an exact solution in section 4.4, the mean-field theory allows us
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to build intuition. It also allows us to address a broader problem, as we will need

to impose an extra condition on the defect parameters p, q to be able to write

down an exact solution.

4.3.1 Hydrodynamics

We wish to obtain the steady-state density profile using mean-field theory. In a

similar manner to chapter 3, this is most naturally done in the reference frame

of the defect. Thus we take the defect always to be on site 0 and the remaining

M particles on sites 1, . . . , L. We define ηi as a random variable that is equal to

1 if site i is occupied and 0 if it is empty.

The equations of motion for ⟨ηi⟩ are given as follows, for i = 2, . . . , L− 1:

d⟨ηi⟩
dt

= −⟨ηi(1 − ηi+1)⟩ − x⟨(1 − ηi−1)ηi⟩ + ⟨ηi−1(1 − ηi)⟩ + x⟨(1 − ηi)ηi+1⟩

−p⟨ηi⟩ − q⟨ηi⟩ + p⟨ηi+1⟩ + q⟨ηi−1⟩, (4.3a)

and for the boundary terms i = 1, L:

d⟨η1⟩
dt

= −⟨η1(1 − η2)⟩ + x⟨(1 − η1)η2⟩ − p⟨η1⟩ − q⟨η1⟩

+p⟨η2⟩ + q⟨ηL⟩ (4.3b)

d⟨ηL⟩
dt

= −x⟨(1 − ηL−1)ηL⟩ + ⟨ηL−1(1 − ηL)⟩ − p⟨ηL⟩ − q⟨ηL⟩

+p⟨η1⟩ + q⟨ηL−1⟩. (4.3c)

We now take the continuum limit by setting y = i/L and letting L → ∞ (with

mean density ρ = M/L fixed). Then we need to expand each local density in

gradients,

⟨ηi⟩ = η(y, t) (4.4a)

⟨ηi±1⟩ = η(y, t) ± 1

L
∇η(y, t) +

1

2L2
∇2η(y, t) +O(L−3). (4.4b)

As this is a case of finite asymmetry, we must take the ballistic scaling for time,

τ = Lτ (see section 1.5). Putting this into (4.3a), we obtain,

∂η(y, τ)

∂τ
= v′∇η(y, τ) − v∇[η(y, τ)(1 − η(y, τ))] +D∇2η(y, τ), (4.5)
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where we have introduced

v = 1 − x, v′ = p− q, D =
1 + x+ p+ q

2L
. (4.6)

Strictly speaking, the term with D is subdominant as it is of order L−1 compared

to the other terms, unless we take the weak asymmetry limit, v ∼ O(L−1),

v′ ∼ O(L−1). We keep it here as it allows us to write a mean-field prediction for

the microscopic structure of the shock, though we will see that this gives incorrect

scaling for the characteristic shock width.

Setting the D term to 0, equation (4.5) becomes similar to the inviscid Burgers’

equation 1.64, which one typically obtains for homogeneous PASEPs (see section

1.5). However, here we have an additional constant current term v′∇η(y), due to

the fact that we are essentially in a Galileo-boosted frame.

To complete the problem, we expand similarly the boundary conditions (4.3b),

(4.3c), to obtain,

∂η(0, τ)

∂τ
= L[−vη(0, τ)(1 − η(0, τ)) − qη(0, τ) + qη(1, τ)]

+

(
p+

1 + x

2

)
∇η(0, τ) − v

2
∇[η(0, τ)(1 − η(0, τ))] (4.7a)

∂η(1, τ)

∂τ
= L[vη(1, τ)(1 − η(1, τ)) − pη(1, τ) + pη(0, τ)]

−
(
q +

1 + x

2

)
∇η(1, τ) − v

2
∇[η(1, τ)(1 − η(1, τ))]. (4.7b)

The mismatch of powers of L is indicative of a separation of timescales. The

density profile very close to the defect reaches its steady-state form on a super-

ballistic timescale, such that the following relation holds for any finite τ > 0,

−vη(0, τ)(1 − η(0, τ)) − qη(0, τ) + qη(1, τ) = 0 (4.8a)

vη(1, τ)(1 − η(1, τ)) − pη(1, τ) + pη(0, τ) = 0. (4.8b)
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4.3.2 Steady state

We wish to calculate the steady-state density profile η(y). To do this, we set the

time derivative in (4.5) to 0. Then integrating once with respect to y, we obtain

vη(y)(1 − η(y)) − v′η(y) = J ′ = const. (4.9)

We use J ′ here to denote the current in the reference frame of the defect. It is

related to J , the current in the “lab frame”, by,

J = J ′ + ρv′. (4.10)

The boundary conditions (4.8a), (4.8b) become,

J ′ = −(pη(0) − qη(1)). (4.11)

Actually, we will later see that this definition for the current in the reference

frame of the defect also holds at the exact level (see appendix 4.B). Indeed, as

this expression only involves one-point functions and not two-point functions, the

mean-field assumption does not enter here.

Then equation (4.9) suggests that we obtain uniform density profiles, as it does

not involve any spatial derivatives. However, as it is quadratic in η, the same

constant J ′ permits two different densities given by,

ρ± =
v − v′ ±

√
(v − v′)2 − 4vJ ′

2v
. (4.12)

At this point, it is helpful to reintroduce the constant D ∼ L−1, as defined in

(4.6). With this, the equation for the steady-state density profile becomes,

D∇η(y) = −v(η(y) − ρ−)(η(y) − ρ+). (4.13)

From this, we see that η(y) = ρ± are fixed points in the sense that we necessarily

have ∇η(y) = 0 there.

We can solve this equation using an approach similar to the one used to solve the

weakly asymmetric simple exclusion process in section 1.5. We obtain solutions

124



of the form

η(y) =
v − v′

2v

[
1 + jf

(
v − v′

2D
j(y − y0)

)]
, (4.14)

where

f =

tanh, ρ− < ρ < ρ+

coth, otherwise
, (4.15)

j =

√
1 − 4

vJ ′

(v − v′)2
, (4.16)

and y0 is a constant of integration.

It is not entirely straightforward to obtain an explicit solution from this. The

constants J ′, y0 have to be fixed by the boundary condition (4.11) and the global

density constraint,
∫ 1

0
dy η(y) = ρ. Then one has to verify that the choice of f

was consistent by putting J ′ into (4.12) and checking that ρ lies in the correct

range. Overall, this approach is not very practical.

However, the form of this solution allows us to obtain an intuitive understanding

of the types of density profiles and the phase diagram. In the coth case, y0 must

be fixed outside the range [0, 1], as otherwise there would be a divergence in the

density profile. Away from y0, the profile is essentially an exponential decay to

ρ+ or ρ− with a decay length ξ = 2Dj/(v − v′) ∼ L−1. The profile is therefore

almost uniform, with an exponentially small structure near y = 0 if y0 < 0, or

near y = 1 if y0 > 1. We call these profiles right-localised (LR) and left-localised

(LL) respectively. The mean-field prediction for the scaling of the decay length is

correct, although its the precise value will be shown not to agree with the exact

result.

In the tanh case, we have a profile that interpolates between the densities ρ− and

ρ+, with a crossover at y0 with a characteristic length ξ = 2Dj/(v − v′). Note

that as D ∼ L−1, this crossover becomes a shock discontinuity in the continuum

limit. From the exact solution, we will see that this scaling is incorrect and the

width of the shocks in fact scales as L−1/2.

The three types of profiles (left-localised, right-localised and shock) are shown

schematically in figure 4.1.

Using this as a guide, we can analyse the density profiles more closely. Specifically,
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Figure 4.1 Schematic representation of the three types of steady-state density
profiles predicted by mean-field theory.

we assume the shape of the profile (uniform for coth or shock for tanh) and then

using the conditions (4.9), (4.11), (4.12), we can find the ranges of parameters in

which these assumptions are valid, thereby determining the phase diagram.

Localised profiles

First, consider the profiles of the coth form. These profiles are mostly uniform,

η(y) = ρ. (4.17)

The current (4.9) is given by,

J ′ = vρ(1 − ρ) + v′ρ. (4.18)

Then we have the fixed points (4.12),

ρ+ = ρ, ρ− = 1 − ρ− v′

v
. (4.19)

Hence we must choose the solutions that decay to ρ+.

Now if y0 > 1, then there is a slight deviation from η(y) = ρ close to y = 1, while

η(0) = ρ. Conversely, if y0 < 1, then η(1) = ρ and there is a slight deviation close
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to y = 0.

Right-localised phase. First, we consider the localised case when η(1) = ρ.

This means that η(0) ̸= ρ, so there is a small localised structure to the right of

the defect (hence we call this the right-localised phase). From (4.11), we obtain,

η(0) = ρ− v

p
ρ(1 − ρ), η(1) = ρ. (4.20)

For this solution to be self-consistent, we must have η(0) > ρ−. This gives the

consistency requirement,

ρ > ρ1 =
v − 2p+

√
v2 + 4pq

2v
. (4.21)

Left-localised phase. The analysis of the other localised phase proceeds

similarly. We take η(0) = ρ, which means that η(1) ̸= ρ, so there is a small

localised structure to the left of the defect (hence we call this the left-localised

case). From (4.11), we obtain,

η(0) = ρ, η(1) = ρ+
v

q
ρ(1 − ρ). (4.22)

For this solution to be self-consistent, we must have η(1) < ρ−. This gives the

consistency requirement,

ρ < ρ2 =
v + 2q −

√
v2 + 4pq

2v
. (4.23)

Shock profile

Now consider the profiles of the tanh form. These profiles have two bulk densities,

η(y) =

ρ−, y < y0

ρ+, y > y0
, (4.24)

where the crossover location y0 is fixed by the global density restriction,

ρ−y0 + ρ+(1 − y0) = ρ. (4.25)

127



This case is a little more tricky because the profile is not uniform, so we cannot

immediately write down the current J ′. We know that the two densities ρ± have

the same current J ′, so from (4.9), we must have,

ρ+ + ρ− = 1 − v′

v
, ρ+ρ− =

J ′

v
. (4.26)

Also from the boundary condition (4.11), we have

J ′ = −pρ− + qρ+. (4.27)

We can solve this system of equations to obtain,

ρ+ = ρ1 =
v − 2p+

√
v2 + 4pq

2v
(4.28)

ρ− = ρ2 =
v + 2q −

√
v2 + 4pq

2v
(4.29)

J ′ =
−vv′ − 4pq + (p+ q)

√
v2 + 4pq

2v
. (4.30)

Interestingly, note that in this phase ρ+, ρ− and J ′ do not depend on the global

mean density ρ. The mean density ρ only affects the location of the shock front,

y0.

To obtain the self-consistency condition, we note that for y0 to have a solution in

y ∈ [0, 1], we must have,

ρ2 < ρ < ρ1. (4.31)

This is consistent with the regimes of validity of the localised phases, (4.21),

(4.23). From these three inequalities we thus obtain the phase diagram. This is

shown in figure 4.2.

We can introduce a weaker condition that helps to understand the mechanism

behind the shock formation. Note that a necessary requirement for the shock

phase to make sense, is that ρ2 < ρ1, which can equivalently be expressed as,

|v′| < |v|. (4.32)

This shows that the shock is caused by a the speed of the defect being in a

“Goldilocks” zone: not too fast and not too slow. Specifically, v′ must be small

enough that the normal particles must try to overtake the defect, i.e. v′ < v. At
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Figure 4.2 Phase diagram as predicted by mean-field theory ( (4.21), (4.23),

(4.31)) with p and ρ as control parameters. The other parameters
used were x = 0 (all); and q = 0 (top left), q = 0.5 (top right),
q = 1 (bottom left), q = 2 (bottom right). The phases are labelled
right-localised (LR), left-localised (LL) and shock (S).

the same time, if q is too large, the normal particles will overtake the defect too

quickly and a shock will not form. This means that we must have −v < −v′.

The latter inequality can also be understood by thinking about the motion of

holes. Note that holes in the system move with a mean drift velocity −v. A

shock profile with densities ρ1, ρ2 for particles means an “anti-shock” profile with

densities (1 − ρ1), (1 − ρ2) for holes. As a shock for particles can only occur if

v′ < v, equivalently a shock for holes can only occur if −v′ > −v. As a shock for

either species implies a shock for the other, both conditions must be satisfied for

a shock to form.

4.4 Matrix product solution

We now present an exact solution for the steady state of a special case of the

model discussed in the previous section. The matrix product solution presented
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here is valid provided the following condition holds,

pq = x. (4.33)

This means that the product of the hopping rates of the defect equals that of

the normal particles. Whether or not the solution can be generalised to the case

when this relation does not hold remains an open problem.

It is convenient to relabel the defect parameters using a single parameter, α.

Specifically, we let

p = α, q = x/α. (4.34)

The change of notation p → α will help us differentiate results for the general

case from the special case.

Initially, we may try to look for a matrix product solution with usual scalar

matrix product relations. Recall the consistency relations (2.52a–2.52f). In that

notation, we have w10 = w12 = α, w01 = w21 = x/α, w20 = 1, w02. Then only

relation (2.52b) is automatically satisfied. To satisfy all the conditions without

any further restrictions on the parameters, we must therefore set at least x0 =

x2 = 0. However, this implies the matrix reduction relation

X2X0 − xX0X2 = 0. (4.35)

This is too restrictive and cannot be used to describe the actual steady state of

this model.

To see this, note that given any configuration, we can use this relation to move all

X2 to the left and all X0 to the left, only introducing some factors of x. We can

check whether this is sufficient by calculating the steady-state measure for a small

system exactly. For instance, taking L = 4, M = 2, we find using Mathematica,

P ({12200}) = Z−1
4,2(α4 + xα3 + x2α2 + x2α + x2) (4.36a)

P ({12020}) = Z−1
4,2(α4 + xα3 + xα2 + x2α + x2) (4.36b)

P ({10220}) = Z−1
4,2(α4 + α3 + xα2 + x2α + x2) (4.36c)

P ({12002}) = Z−1
4,2(α4 + xα3 + xα2 + xα + x2) (4.36d)

P ({10202}) = Z−1
4,2(α4 + α3 + xα2 + xα + x2) (4.36e)

P ({10022}) = Z−1
4,2(α4 + α3 + α2 + xα + x2), (4.36f)
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with the normalisation,

Z4,2 = 6α4 + 3xα3 + 3α3 + xα2 + 4xα2 + x2α2 + 3xα + 3x2α + 6x2. (4.36g)

Evidently the weights of different states differ by more than just factors of x.

Although we cannot construct matrices with the usual matrix reduction relations,

the structure of the solution for small system sizes is simple enough to allow us

to guess matrices that will generate the required weights. These are given by,

X1 =

(
0 1

0 1

)
, X2 =

(
α 0

α x

)
, X0 =

(
α 0

α 1

)
. (4.37)

4.4.1 Proof of validity

The matrices (4.37) do not satisfy the typical scalar reduction relations. In fact,

it is not even obvious whether there exist auxiliary matrices X̃0, X̃1, X̃2, to

complete the standard proof (see section 2.3). We therefore reconstruct the proof

explicitly.

To satisfy the global balance condition (see section 1.3), we must have,

L∑
i=0

[wτi,τi+1
tr(. . . XτiXτi+1

. . . ) − wτi+1,τitr(. . . Xτi+1
Xτi . . . )] = 0. (4.38)

We examine separately the cases when one of τi, τi+1 is equal to 1 (the defect)

and when neither of them is 1.

Defect not involved. First, we consider τi = 2, τi+1 = 0. Actually, for this

case, a scalar-type reduction relation holds,

X2X0 − xX0X2 = x0X2 − x2X0, (4.39)

with

x0 = α− x, x2 = x(α− 1). (4.40)

Then the argument for the cancellation of these terms follows in the same way

as the regular case (see section 2.3.2).
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Defect involved. Now, we consider τi = 1 and τi+1 = 0 or 2. Then we have

αX1Xτ − (x/α)XτX1 = xτX1 − Yτ , (4.41)

where

Y0 =

(
−α2 0

−α2 x/α

)
, Y2 =

(
−α2 0

−α2 x2/α

)
. (4.42)

The term xτX1 cancels with the adjacent terms telescopically, as usual.

To see how the terms with Yτ cancel, we consider the terms preceding this one as

well (i.e. all terms coming from the sequence XτX1Xτ ′). We have,

−xτX1Xτ ′ + YτXτ ′ −XτYτ ′ +Xτ (xτ ′X1). (4.43)

The two outer terms will cancel with the preceding and following terms in the

sequence (not included here) as usual, so we do not need to worry about them.

For the two inner terms, it is readily checked by explicit calculation that

YτXτ ′ −XτYτ ′ =



 0 0

x+ α2 0

 , τ = 0

 0 0

x(x+ α2) 0

 , τ = 2

. (4.44)

In particular, the only nonzero entry is on the bottom left. Furthermore, it is

easily checked that as X0, X2 are lower triangular, they preserve this property on

multiplication by them (i.e. the only nonzero entry will remain the bottom left

one), (
0 0

a 0

)(
b 0

c d

)
=

(
0 0

ac 0

)
. (4.45)

As there is only one defect, the only other matrices in the product will be X0 and

X2. Hence the matrix product representing the whole state will be traceless.

This completes the proof that the matrices (4.37) are indeed a solution of the

global balance equation (4.38).
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4.4.2 Remarks on matrix product solution

Before using the matrix product solution presented in this section, we make some

remarks on the solution, particularly in relation to other matrix product solutions.

The first remark we make is that it is very unusual for the matrices to have a finite-

dimensional representation. Typically, deformed algebras require an infinite-

dimensional representation (see [8]). Two-dimensional representations have been

found for certain special cases, such as a PASEP on an infinite lattice with finely

tuned bulk densities [144] and a TASEP with a parallel time-updating scheme

[145]. Yet, two-dimensional representations are still uncommon. The fact that

we have a simple explicit representation will allow us to perform calculations,

despite the fact that the typical simplifications using matrix reduction relations

cannot be performed.

Secondly, it can be checked, again by solving exactly some small examples, that

the solution presented here is only valid for the case of exactly one defect. Indeed,

in the proof of the validity of the solution, we made explicit use of the fact

that there was only one matrix X1 in the product. It is possible that some

generalisation of the presented solution can solve the multiple defect case, though

this remains an open problem.

Thirdly, one might wonder, having obtained this solution, whether it is possible to

write a similar solution for the case with general p, q. Unfortunately, it seems that

the approach presented here cannot be easily extended to that case. Solving some

small systems exactly, one can see that the weights of the measure in the general

case are much more complicated than in the special case (4.33). It is therefore

not as straightforward to simply write down matrices which would generate those

weights. This suggests that there may be no matrix product solution for the

general case or, if it exists, it must have a significantly more complex structure.

Interestingly, in chapter 5, we will see that the case with independent p, q is also

not solvable using the most general known form of the nested coordinate Bethe

ansatz, whereas the case with p = α, q = x/α is (for one defect). However, we

hasten to reiterate that a link between models solvable by the matrix product

approach and those solvable by the Bethe ansatz has not yet been rigorously

established in the general case.

Rather than looking to solve the specific generalisations mentioned above (general

133



p, q and many defect particles), it would be interesting to explore generally

whether the novel cancellation scheme presented in section 4.4.1 might uncover

a new class of matrix product solutions. All previously known solutions have

relied on the exact “telescoping” cancellation of terms, whereas the solution

presented here shows that it is possible to have a non-vanishing, but nevertheless

traceless, matrix product. This in principle leaves the door open for a wide range

of new matrix product solutions and it would be interesting for future research

to investigate this possibility in generality.

Finally, as the solution we have presented here takes the form of 2×2 matrices, it

is of interest to investigate whether this solution can be interpreted as a transfer

matrix of a classical Ising spin chain. We discuss this in appendix 4.A.

4.5 Normalisation

As in chapter 3, we first examine the “nonequilibrium partition function” or

normalisation ZL,M . This is defined as

ZL,M = {zM}tr(X1C
L), (4.46)

where

C = X0 + zX2 =

(
λ1 0

λ1 λ2

)
, (4.47)

and

λ1 = α(1 + z), λ2 = 1 + xz. (4.48)

It is then straightforward to obtain a general expression for CL. Doing the

computation explicitly for L = 1, 2, 3, we postulate the following general form,

Ck =

(
λk1 0

λ1
λk
1−λk

2

λ1−λ2
λk2

)
, (4.49)
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Indeed, this is readily proved by induction,

Ck+1 =

(
λk1 0

λ1
λk
1−λk

2

λ1−λ2
λk2

)(
λ1 0

λ1 λ2

)
=

(
λk+1
1 0

λ1
λk+1
1 −λk+1

2

λ1−λ2
λk+1
2

)
. (4.50)

Then using the generating function trick (see section 2.B), the normalisation

(4.46) becomes,

ZL,M =

∮
dz

2πi
z−(M+1)

L∑
l=0

λL−l
1 λl2. (4.51)

4.5.1 Finite-size expression

To obtain an explicit finite-size expression, we substitute the definitions of λ1 and

λ2 into (4.51). Then expanding them using the binomial theorem gives,

ZL,M =

∮
dz

2πi

L∑
l=0

L−l∑
k=0

(
L− l

k

)
αL−l

l∑
m=0

(
l

m

)
xmzk+m−M−1. (4.52)

Evaluating the residues gives the following result after some simplification,

ZL,M =
L∑
l=0

l∑
m=0

(
L− l

M −m

)(
l

m

)
αL−lxm. (4.53)

It is interesting to compare this to the result from the previous chapter, (3.35).

On one hand, this expression is more complicated, as it involves a double sum and

two parameters. On the other hand, it involves only simple combinatorial objects

(binomial coefficients), whereas the previous result involved the somewhat more

exotic Stirling numbers.

4.5.2 Asymptotic behaviour

To extract the asymptotic behaviour in the limit L → ∞, with ρ = M/L held

fixed, we approximate the sum in (4.51) by an integral by letting w = l/L. Then

the normalisation can be written as,

ZL,M ≈
∮

dz

2πiz
L

1∫
0

dw eLϕ(z,w), (4.54)
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where

ϕ(z, w) = (1 − w) log(α(1 + z)) + w log(1 + xz) − ρ log z. (4.55)

It is easiest to analyse this by first evaluating the z integral at the saddle point

z∗. This is given implicitly as the solution of the equation

∂

∂z
ϕ(z, w)

∣∣∣∣
z=z∗

=
1 − w

1 + z∗
+

xw

1 + xz∗
− ρ

z∗
= 0. (4.56)

Then at leading order in the saddle point approximation, we have,

ZL,M ≈ L

1∫
0

dw A(w)

[
eLφ(w)

z∗(w)
+O(L−1)

]
, (4.57)

where

φ(w) = ϕ(z∗(w), w) (4.58)

A(w) = [−2πL∂2zϕ(z, w)|z=z∗(w)]
−1/2. (4.59)

Now the asymptotic behaviour of the w integral is determined by the function φ.

The function φ has a maximum w∗ at

φ′(w)|w=w∗ = 0. (4.60)

Actually this equation is equivalent to

∂

∂w
ϕ(z, w)

∣∣∣∣
z=z∗(w∗),w=w∗

= log(α(1 + z∗(w∗))) − log(1 + xz∗(w∗)) = 0, (4.61)

as ∂zϕ(z, w)|z=z∗ = 0 by assumption. This is easily solved for z∗(w∗), which can

be plugged back in to (4.56) to give,

z∗(w∗) = −α− 1

α− x
, w∗ =

α((α− 1) + (1 − x)ρ)

(α− 1)(α− x)
. (4.62)

Hence φ has a unique turning point, w∗. After some tedious but straightforward

algebra, we obtain,

φ′′(w∗) = − (α− 1)2(α− x)2

α((α2 − x)(1 − x)ρ+ x(α− 1)2)
. (4.63)
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It can be checked (for instance numerically) that φ′′(w∗) < 0 for any choice of

parameters α, x (which are assumed to lie in the ranges α > 0, 0 < x < 1).

Therefore φ has a maximum at w∗.

So if w∗ < 0, then φ is monotonically decreasing on the interval [0, 1]. Similarly, it

is monotonically increasing if w∗ > 1. Finally, if w∗ ∈ (0, 1), then the maximum

of φ on (0, 1) is at w = w∗. Depending on which of these cases we fall into,

the w integral in (4.57) will be dominated by wdom = 0, 1 or w∗ respectively.

Substituting the value for w∗ from (4.62) into these inequalities, we get the

following phase diagram in terms of ρ, x and α,
ρ > ρ1 ⇒ wdom = 1

ρ2 < ρ < ρ1 ⇒ wdom = w∗

ρ < ρ2 ⇒ wdom = 0

, (4.64)

where the critical densities ρ1 and ρ2 are given by

ρ1 =
1 − α

1 − x
, ρ2 =

1 − α−1

1 − x−1
. (4.65)

Note that these definitions of ρ1, ρ2 agree with those used in the mean-field

analysis (4.21), (4.23) if one sets p → α, q → x/α in the latter. We will show

in the following section that these phases correspond to the left-localised, shock

and right-localised density profiles respectively.

First, let us consider the cases when the normalisation is dominated by one of

the boundary values, wdom = 0 or wdom = 1. From (4.56), we have

z∗(0) =
ρ

1 − ρ
, z∗(1) =

ρ

x(1 − ρ)
. (4.66)

In the wdom = 0 case, we can approximate

ZL,M ≈ LA(0)
eLφ(0)

z∗(0)

1∫
0

dw
[
eLφ

′(0)w +O(L−1)
]

(4.67)

≈ −A(0)(φ′(0))−1 eLφ(0)

z∗(0)
+O(L−1). (4.68)
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Similarly, in the wdom = 1 case, we have,

ZL,M ≈ LA(1)
eLφ(1)

z∗(1)

1∫
0

dw
[
eLφ

′(1)(w−1) +O(L−1)
]

(4.69)

≈ A(1)(φ′(1))−1 eLφ(1)

z∗(1)
+O(L−1). (4.70)

Finally, in the wdom = w∗ case, we have,

ZL,M ≈ LA(w∗)
eLφ(w∗)

z∗(w∗)

1∫
0

dw
[
e

1
2
Lφ′′(w∗)(w−w∗)2 +O(L−1)

]
(4.71)

≈ LA(w∗)

√
2π

−Lφ′′(w∗)

eLφ(w∗)

z∗(w∗)
+O(L−1). (4.72)

4.6 Density profiles and currents

Using the calculations in the previous section as a guide, we can now calculate

the steady-state density profiles and currents.

4.6.1 Density profiles

We define the density at site i to the right of the defect as

⟨ηi⟩ =
{zM}tr(X1C

i−1(zX2)C
L−i)

ZL,M

. (4.73)

Using the general expression for Ck, (4.49), we can express this as,

⟨ηi⟩ = Z−1
L,M

∮
dz

2πi
z−M

[
α

i−1∑
l=0

λL−1−l
1 λl2 + x

L∑
l=i

λL−l
1 λl−1

2

]
. (4.74)

To obtain an exact finite-size expression, we follow a similar approach to the

normalisation. Substituting the expressions for λ1 and λ2, expanding and
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evaluating the residues yields,

⟨ηi⟩ = Z−1
L,M

[(
i−1∑
l=0

+
x

α

L−1∑
l=i−1

)
l∑

m=0

(
L− 1 − l

M − 1 −m

)(
l

m

)
αL−lxm

]
. (4.75)

To get the asymptotic behaviour, we approximate the sums in (4.74) as integrals

with w = l/L and y = i/L. Letting η(y) = ⟨ηLy⟩, as usual, we obtain,

η(y) ≈ Z−1
L,M

∮
dz

2πi

 α

λ1
L

y∫
0

dw +
x

λ2
L

1∫
y

dw

 exp[Lϕ(z, w)], (4.76)

where ϕ(z, w) is as defined in (4.55). Again, evaluating the z integrals first, we

obtain

η(y) ≈ Z−1
L,M

L y∫
0

dw
1

1 + z∗(w)
+ L

1∫
y

dw
x

1 + xz∗(w)

A(w)

×[eLφ(w) +O(L−1)]. (4.77)

We can evaluate this in each phase.

Right-localised phase

For wdom = 0, we have,

η(y) ≈ z∗(0)

1 + z∗(0)
(1 − eLφ

′(0)y) +
xz∗(0)

1 + xz∗(0)
(eLφ

′(0)y − 0) +O(L−1)

≈ ρ− ρ(1 − ρ)(1 − x)

1 − ρ+ xρ
e−y/ξR , (4.78)

where

ξR = −[Lφ′(0)]−1 = −[L log(α(1 − ρ+ xρ)−1)]−1. (4.79)

This is the right-localised phase, as the profile is mostly uniform with a small

localised structure immediately to the right of the defect with a decay length ξR.

It has the scaling ξR ∼ L−1. This profile is shown in figure 4.3.
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Left-localised phase

For wdom = 1, we have

η(y) ≈ z∗(1)

1 + z∗(1)
(e−Lφ′(1)(1−y) − 0) +

xz∗(1)

1 + xz∗(1)
(1 − e−Lφ′(1)(1−y)) +O(L−1)

≈ ρ+
ρ(1 − ρ)(1 − x)

x(1 − ρ+ x−1ρ)
e−(1−y)/ξL , (4.80)

where

ξL = [Lφ′(1)]−1 = [L log(α(1 − ρ+ x−1ρ))]−1. (4.81)

This is the left-localised phase, as the profile is mostly uniform with a small

localised structure immediately to the left of the defect with a decay length ξL.

It has the scaling ξL ∼ L−1. This profile is shown in figure 4.3.

Shock phase

For wdom = w∗, we have

η(y) ≈

 z∗(w∗)

1 + z∗(w∗)

y∫
0

dw +
xz∗(w∗)

1 + xz∗(w∗)

1∫
y

dw

 [e
1
2
Lφ′′(w∗)(w−w∗)2 +O(L−1)]

≈ ρ1 + ρ2
2

+
ρ1 − ρ2

2
erf[(y − w∗)/ξS] +O(L−1), (4.82)

where

ξS = [−Lφ′′(w∗)/2]−1/2, (4.83)

and φ′′(w∗) is given in (4.63). This is the shock phase, as we have a profile that

interpolates between two densities, ρ1 and ρ2, with a front width given by ξS. It

has the scaling ξS ∼ L−1/2. This profile is shown in figure 4.3.

Note that the two bulk densities ρ1, ρ2 do not depend on the global mean density,

ρ. Instead, the global density constraint is fixed by the location of the shock front,

y = w∗. Indeed, from (4.62) and (4.65), it is easily verified that w∗, ρ1 and ρ2

satisfy the consistency relation

(1 − w∗)ρ1 + w∗ρ2 = ρ. (4.84)
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Figure 4.3 Density profiles as given by (4.78), (4.80), (4.82), and as obtained
from Monte Carlo simulations. Parameters used were L = 200, x =
0.2, α = 0.5. The densities used were ρ = 0.1 (top left, left-localised
phase), ρ = 0.4 (top right, shock phase), and ρ = 0.8 (bottom, right-
localised phase). Excellent agreement is seen between theory and
simulations.
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We can compare the exact results for the density profiles to the mean-field

prediction. The mean-field theory correctly predicts the phase diagram and

qualitatively captures the density profiles (localised and shock shapes). Also, in

the localised phases, it predicts the correct scaling for the decay lengths, ξ ∼ L−1.

However, the specific expressions for the decay lengths in terms of the system

parameters are incorrect. In particular, the exact expressions for the decay

lengths in the localised phases diverge as one approaches the critical densities,

whereas the lengths predicted by the mean-field theory remain finite. Moreover,

in the shock phase, the mean-field theory gives an incorrect functional form (tanh,

rather than erf) and gives the wrong front width, even at the level of the scaling

(ξS ∼ L−1, rather than ξS ∼ L−1/2).

4.6.2 Currents

The fastest way to obtain the current is as follows. As the defect does not

distinguish between particles and holes, it simply moves with a mean velocity v′.

Then the rate at which it overtakes particles must equal the negative current of

normal particles in the reference frame of the defect,

J ′ = −(α⟨η1⟩ − (x/α)⟨ηL⟩). (4.85)

Indeed, this is precisely the boundary condition (4.11) which we derived in the

mean-field context. As this expression only involves one-point functions, it makes

sense that mean-field theory is exact here.

We remark that one might alternatively define the current as the net average

hopping rates by normal particles across all bonds. This is given by the following

expression,

J =
1

L

L−1∑
i=1

[⟨ηi(1 − ηi+1)⟩ − x⟨(1 − ηi)ηi+1⟩]. (4.86)

Actually, the two definitions (4.85) and (4.86) are related exactly by the Galilean

boost (4.10), though this is not immediately obvious. We give a proof in appendix

4.B.

To obtain a the exact finite-size expression for the current, we simply substitute
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(4.75) into (4.85), which gives,

J ′ = −Z−1
L,M

[(
L− 1

M − 1

)
(αL+1 − (x/α)xM) + (α− 1)xZL−1,M−1

]
. (4.87)

Note that this is not simply a ratio of normalisations, as is typical in ASEPs. We

can trace the cause of this back to the lack of scalar matrix reduction relations.

Writing (4.85) using matrices gives

J ′ = −ZL,M [α{zM}tr(X1(zX2)C
L−1) − (x/α){zM}tr(zX2X1C

L−1)]. (4.88)

Now as the difference αX1X2 − (x/α)X2X1 is not given by a typical scalar

reduction relation (see (4.41)), we are left with a term that does not have the

same form as a normalisation ZL,M .

To obtain asymptotic expressions for the current, we substitute the asymptotic

expressions for the densities η(0), η(1) into (4.85). The expressions are

particularly simple if we transform to the “lab” frame using the Galilean boost

(4.10). Then we have,

J ≈


vρ(1 − ρ), localised

ρv′ + x(1−α)2

α(1−x)
, shock

. (4.89)

These expressions actually agree with the mean-field predictions, (4.18) and (4.30)

if one sets p → α, q → x/α in the latter. Current is plotted against density in

figure 4.4.

The expression for the current in the localised phases is the same as for a pure

(defectless) PASEP. Indeed, this is not surprising, as the effect of the defect on

the density profile is localised, so one would not expect a global effect on the

current.

In the shock phase, the defect throttles the current, restricting the current to

below a certain value. This is clearly seen in 4.4. We remark that apart from

the boost contribution ρv′, the current has no density dependence in the shock

phase.
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Figure 4.4 Current plotted against density, as given by (4.89) and as obtained
from Monte Carlo simulations. Parameters used were x = 0.2, α =
0.5. Simulations were carried out with a system size L = 1000. Good
agreement is seen between theory and simulations.

4.7 Special cases

Having obtained the exact result, we can now see how we recover familiar special

cases by taking specific limits.

4.7.1 Symmetric environment

The first limit we consider is to make the environment symmetric by taking x = 1.

In this case, the normalisation (4.53) can be simplified. The m summation can

be performed using the following binomial identity,

l∑
m=0

(
L− l

M −m

)(
l

m

)
=

(
L

M

)
. (4.90)

Then the normalisation becomes,

ZL,M =

(
L

M

)
αL+1 − 1

α− 1
. (4.91)
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We can similarly simplify the density profile (4.75) and we obtain,

⟨ηi⟩ = M/L, (4.92)

so we always have a uniform density profile. Hence the current vanishes and there

are no phase transitions.

It is perhaps somewhat surprising that the density profile is uniform at an exact

level. This is in stark contrast to the model we examined in chapter 3, where

there were macroscopically non-uniform density profiles. There has been some

recent interest in phase transitions in systems of symmetrically diffusing particles

with a single driven particle and overtaking [146], so this result has important

implications for this problem.

4.7.2 Totally asymmetric process

Another limit we can consider is the totally asymmetric case x = 0. In this

case, both the normal particles and the defect can only hop to the right. The

normalisation (4.53) simplifies to

ZL,M =
L∑
l=0

(
L− l

M

)
αL−l. (4.93)

Similarly the density profile becomes,

⟨ηi⟩ = Z−1
L,M

i−1∑
l=0

(
L− 1 − l

M − 1

)
αL−l. (4.94)

From the asymptotics, we see that the right-localised phase vanishes. The phase

transition between the left-localised phase and the shock phase occur on the line

ρ = 1 − α. The currents in the two phases are JL ≈ ρ(1 − ρ) and JS ≈ αρ.

This is a bit simpler to understand than the partially asymmetric case. The

normal particles execute a TASEP, which has a current ρ(1 − ρ). If the defect

moves slower than the mean drift velocity of a normal particle, (1 − ρ), then it

creates a jam and all particles move at its speed, α. Note that ρ2 = 0, which

indicates that there is a large completely empty region in front of the defect in

the shock phase.
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This limit is very similar to the example we examined in section 2.3, though there

are some slight differences in the exact expressions due to the fact that there, the

defect was not allowed to overtake the normal particles.

4.7.3 “First-class” limit

The final limit we can consider is to make the defect a typical “first-class” particle.

This is done by setting α = 1. Then the defect moves at the same velocity as the

normal particles. This is the inverse of the much-studied “second-class” particle

problem [68].

The normalisation can again be simplified using a binomial identity, namely,

L∑
l=m

(
L− l

M −m

)(
l

m

)
=

(
L+ 1

M + 1

)
. (4.95)

The normalisation then becomes,

ZL,M =

(
L+ 1

M + 1

)
1 − xL+1

1 − x
. (4.96)

Unfortunately, the density profile cannot be simplified with the binomial identity

and we have

⟨ηi⟩ = Z−1
L,M

[(
i−1∑
l=0

+x
L−1∑
l=i−1

)
l∑

m=0

(
L− 1 − l

M − 1 −m

)(
l

m

)
xm

]
. (4.97)

Similarly to the symmetric environment limit, the phase transitions disappear.

In this case, the system is always in the right-localised phase.

It is interesting that we have produced here a finite-dimensional matrix product

solution for this problem that does not satisfy matrix reduction relations, when

there is also known to exist an infinite dimensional representation, which satisfies

matrix reduction relations (see [68]).
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4.8 Summary

In this chapter, we examined a partially asymmetric driven lattice gas with a

defect particle that hops with different rates to the normal particles and has

priority in the dynamics. We presented a general mean-field analysis, as well as

an exact solution using a matrix product ansatz, which is valid provided condition

(4.33) is satisfied.

We showed that the steady state density profile may take one of three forms

depending on the system parameters: right-localised, left-localised and shock.

We derived the phase diagram and computed the exact and asymptotic forms of

the density profiles and currents in all phases.

It is interesting to compare this nonequilibrium phase transition to those

encountered in equilibrium systems. One may view the right-localised phase as a

high density phase and the left-localised phase as a low density phase, with the

shock phase representing a region of phase coexistence between the two phases.

This suggests an analogy with an equilibrium liquid-gas phase transition. The

role of the free energy is here played by the current in the reference frame of

the defect, J ′, which must be matched between the two phases. The current is

continuous at the phase transition, with its first derivative being discontinuous,

which is consistent with a first order transition. Interestingly, the lengthscales

ξR and ξL as given by (4.79) and (4.81) respectively also diverge as the phase

transition is approached.

Recall that in section 2.3.6, we showed that for systems solvable by a matrix

product ansatz, fluxes may typically be expressed as ratios of normalisations.

This is another point of similarity between currents in nonequilibrium systems

and free energies in equilibrium systems. However, in the case we studied in this

chapter, the matrices did not satisfy algebraic relations, so the current is not

expressed as a simple ration of normalisations. It is interesting that it still seems

to play a role similar to a free energy despite this.
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4.A Interpretation as transfer matrices in an Ising

spin chain

The matrix product solution (4.37) involves products of 2 × 2 matrices. This is

reminiscent of the familiar transfer matrix solution for the one-dimensional Ising

spin chain (see for instance [147]). As a reminder, this model is defined as a set

of spins σi, each of which can be in one of two states, σi = ±1, with nearest

neighbour interactions. For the purpose of the comparison here, we consider a

finite chain. In the absence of an external field, the Hamiltonian is given by,

H({σi}) =
L−1∑
i=1

U(σi, σi+1) + a(σ1) + b(σL), (4.98)

where U(σ, σ′) is the pairwise interaction and a, b represent the boundary

conditions. Typically, one chooses U(σ, σ′) = −uσσ′ for some constant u but

we will leave it general. The canonical partition function (see section 1.2) is

given by,

Z =
∑
{σi}

exp

(
−β

L−1∑
i=1

U(σi, σi+1) − βa(σ1) − βb(σL)

)
. (4.99)

The transfer matrix solution is obtained as follows. We can write all possible

values of the weight e−βU(σ,σ′) in a matrix T (called the transfer matrix) in which

columns correspond to values of σ and rows correspond to values of σ′. As σ, σ′

can each take two values (±1), we get the 2 × 2 matrix,

T =

(
e−βU(−1,−1) e−βU(−1,+1)

e−βU(+1,−1) e−βU(+1,+1)

)
. (4.100)

Then the partition function can be obtained simply by multiplying the transfer

matrices with σ = σi, σ
′ = σi+1 for i = 1, 2, . . . , L − 1 and imposing the

appropriate boundary conditions by using the vectors

⟨V | =
(

e−βa(−1), e−βa(+1)
)
, |W ⟩ =

(
e−βb(−1)

e−βb(+1)

)
. (4.101)

Then the partition function is given by,

Z = ⟨V |TL|W ⟩. (4.102)
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Now we note that in the matrix product solution (4.37), the matrix X1 can be

written as,

X1 =

(
1

1

)(
0, 1

)
. (4.103)

For simplicity, we consider the grand-canonical version of the normalisation (i.e.

leaving the parameter z unfixed). This is given by,

ZL,M =
(

0, 1
)
CL

(
1

1

)
, (4.104)

where C is given by (4.47). Comparing directly with (4.100) and (4.101), we see

that this matrix product solution is equivalent to a transfer matrix solution of an

Ising spin chain with

U(−1,−1) = U(+1,−1) = β−1 log λ1 (4.105a)

U(+1,+1) = β−1 log λ2 (4.105b)

U(−1,+1) = ∞ (4.105c)

a(−1) = ∞ (4.105d)

a(+1) = b(−1) = b(+1) = 0. (4.105e)

This is a somewhat unusual Hamiltonian as the pairwise interactions are

anisotropic (i.e. U(σ, σ′) ̸= U(σ′, σ)). The boundary conditions essentially mean

that the left boundary forces σ1 = +1, while the right boundary allows σL = ±1

with equal probability. In the bulk of the chain, starting from the left end, we

expect a string of +1s. Then, at some point a flip occurs and some spin takes the

value −1. Once this has occurred, the infinite U(−1,+1) component means that

the remaining spins will all be −1. Thus the whole configuration can essentially

be described by a single variable, namely the location i at which the flip occurs.

Then the energy of a configuration with the flip occurring at i is given by

H(i) = β−1[i log λ2 + (L− i) log λ1]. (4.106)

Thus the model parameters x, α and the “fugacity” z control the weights λ1, λ2

and determine where the flip is likely to occur.

The picture of the string of +1s followed by an irreversible flip to −1s is somewhat

reminiscent of the shock density profile in the lattice gas interpretation, where
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we have a region with bulk density ρ2, followed by a region with bulk density

ρ1. It is interesting that similar phenomenology can be reproduced in both

pictures, despite the fact that one is an equilibrium spin chain and the other

a nonequilibrium lattice gas.

4.B Proof of equivalence of definitions of current

In this appendix, we prove that the definitions of the current (4.85) and (4.86) are

equivalent up to the Galilean boost (4.10). We start with the following relation,

which is reminiscent of a discrete continuity equations,

jk + (x/α)dk = jk+1 + αdk+1, (4.107)

where

jk = Z−1
L,M [{zM}tr(X1C

k−1X2X0C
L−k−1)

−x{zM}tr(X1C
k−1X0X2C

L−k−1)] (4.108)

dk = ⟨ηk⟩ − ⟨ηk+1⟩. (4.109)

The relations (4.107) hold for k = 1, . . . , L− 2. Close to the defect, we have,

jL−1 + (x/α)dL−1 = α(⟨ηL⟩ − ⟨η1⟩) (4.110)

(x/α)(⟨ηL⟩ − ⟨η1⟩) = j1 + αd1. (4.111)

To prove (4.107), it is sufficient to check that

X2X0C − xX0X2C + (x/α)X2CC − αCX2C = CX2X0 − xCX0X2

+(x/α)CX2C − αCCX2, (4.112)

which can be done explicitly by substituting X0, X2, C.

Now we multiply (4.107) by k and (4.110) by L − 1 and add them together to

obtain,

L−1∑
k=1

k[jk + (x/α)dk] =
L−1∑
k=2

(k − 1)[jk + αdk] + (L− 1)α(⟨ηL⟩ − ⟨η1⟩). (4.113)
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We can rearrange this to give,

L−1∑
k=1

jk =
L−1∑
k=1

[(k − 1)α− k(x/α)]dk + (L− 1)α(⟨ηL⟩ − ⟨η1⟩). (4.114)

The sum on the left hand side equals (4.86) up to a factor of L, so we just need to

simplify the right hand side. In the sum on the right hand side, after substituting

the definition of dk (4.109), there will be some telescopic cancellation, after which

we are left with,

L−1∑
k=1

jk = −(x/α)⟨η1⟩ + (α− (x/α))
L−1∑
k=2

⟨ηk⟩ − [(L− 2)α− (L− 1)(x/α)]⟨ηL⟩

+(L− 1)α(⟨ηL⟩ − ⟨η1⟩). (4.115)

After some manipulation, we can rewrite it as,

L−1∑
k=1

jk = (α− (x/α))
L∑

k=1

⟨ηk⟩ + L((x/α)⟨ηL⟩ − α⟨η1⟩). (4.116)

Now note that the sum on the right hand side is simply the total number of

normal particles, M . Then dividing by L, this becomes the Galilean boost,

J = ρv′ + J ′, (4.117)

with J given by (4.86) and J ′ given by (4.85), as required.
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Chapter 5

Integrability of two-species driven

lattice gases

5.1 Introduction

So far in this thesis, we have used the mapping to the zero-range process and the

matrix product ansatz (see section 2.2 and 2.3 respectively) to obtain exact steady

states for exclusion processes. In this chapter, we take a step back to consider

more generally what makes certain problems solvable using a given method.

This question is particularly important for exact methods, such as the matrix

product formalism and the Bethe ansatz. In contrast, with approximate methods,

such as mean field theory, it is understood that the solution will contain some

error. They are therefore often used without a rigorous proof of their correctness.

This has the advantage that they can be used in almost any context, with the

understanding that the solution will be an approximation. However, if a method

is to produce an exact solution, one naturally requires strict validity. Thus,

although exact methods are very powerful, they also tend to have a more limited

range of applicability.

For the matrix product formalism, we have already seen in section 2.3.2 that

requiring simple matrix reduction relations to exist may impose some restrictions

on the model parameters. Also, in chapter 4, we saw that the presented matrix

product solution was valid only provided the parameters satisfied a certain

condition.
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In this chapter, we turn to similar considerations for the Bethe ansatz (see section

2.4). The literature on this subject is extensive. Indeed, a whole field has

developed dedicated to analysing which systems are solvable using the Bethe

ansatz (are integrable) [148]. One of the most powerful tools in assessing whether

a given model is integrable is the Yang-Baxter equation [148]. This is a set

of consistency relations that must be satisfied in order for the Bethe ansatz to

form a valid description of the dynamics of a given system. It has been shown

that certain specific two-species asymmetric exclusion processes satisfy the Yang-

Baxter equations [71, 118, 149] and a set of sufficient conditions on the model

parameters has been proposed [150]. Yet, a clear definitive answer to which two-

species models on a ring are integrable is lacking. In this chapter, we add to

this effort by using the Yang-Baxter equations to systematically obtain a list of

integrable models, which we conjecture to be exhaustive.

We comment that the Yang-Baxter equations are typically derived by using an

algebraic Bethe ansatz. Here, we instead use a coordinate Bethe ansatz, as this

is conceptually simpler and it is common in the literature concerning exclusion

processes. Specifically, to study two-species exclusion processes, we will need to

make use of a nested coordinate Bethe ansatz. The nested Bethe ansatz is a

generalisation of the simple Bethe ansatz introduced in section 2.4. Its origins go

back to the works of Baxter [115, 151] and Yang [152], though our treatment will

follow mostly [71, 149].

We will only consider exclusion processes on a ring. Open boundary conditions

introduce more parameters and therefore the question of integrability becomes

more involved. We will not concern ourselves with this, as there is sufficient

complexity to be found in processes on a ring for our purposes.

Actually an investigation of the range of three-state Hamiltonians solvable using

a nested coordinate Bethe ansatz was previously carried out in [153, 154]. In

particular, two-species exclusion processes can be mapped to a subclass of models

considered in [154], so the results presented in this chapter have some overlap with

that work. However, importantly, the ansatz used in those works was less general

than the one used here, so some solvable models were not recovered. We will

comment on this further once the ansatz is introduced.

Finally, we mention that recently an algebraic, differential approach was used to

derive the Yang-Baxter equations and therefore classify all integrable (n + 1) ×
(2n+1) vertex models for n = 1, 2, . . . [155]. In particular, 15-vertex models (i.e.
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n = 2) can be mapped to two-species exclusion processes, so the results of [155]

may have relevance in this context.

5.2 Bethe ansatz solution of two-species PASEP

5.2.1 Model definition

We consider the general two-species PASEP problem on a ring. This is defined

by the following rates, where 0, 1, 2 denote holes, particles of type 1 and particles

of type 2 respectively, as usual,

10
1

⇄
x

01 ; 20
p

⇄
q

02 ; 12
β12

⇄
β21

21 . (5.1)

Note that we have set the rate of the process 10 → 01 to 1, which may always

be done by a redefinition of units of time. The rates x, p, q, β12 and β21 are at

this point left unconstrained. We may define this to be on an L-site ring with M1

particles of species 1 and M2 particles of species 2, with M1 + M2 = M , though

this will not be important in this chapter. The main point of considering systems

on a ring is that we will not have to deal with the integrability of the boundary

conditions.

5.2.2 Eigenvalue problem

The time evolution of this problem is given by a master equation (see section

1.3.4),

dPt(C)

dt
=
∑
C′

M(C, C ′)Pt(C ′), (5.2)

where C denotes the configuration of the system, Pt(C) denotes the probability of

configuration C at time t and M is the transition rate matrix.

We denote configurations by C = {Q1, . . . , QM ;x1, . . . , xM}, where Qi is the

species (1 or 2) of particle i and xi is its position. We can write the eigenvalue-

eigenvector problem in a form similar to the TASEP (see section 2.4.2), though

we will have more terms to account for the partial asymmetry and two species of
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particles. The bulk equation is given by,

λψQ1...QM (x1, . . . , xM) = −[M1(1 + x) +M2(p+ q)]ψQ1...QM (x1, . . . , xM)

+
M∑
i=1

[pQi
ψQ1...QM (. . . , xi − 1, . . . ) + qQi

ψQ1...QM (. . . , xi + 1, . . . )], (5.3)

where

pQ =

1, Q = 1

p, Q = 2
, qQ =

x, Q = 1

q, Q = 2
. (5.4)

The collision equations read,

−(pQ + qQ)ψ...QQ...(. . . , xi, xi + 1, . . . ) + pQψ
...QQ...(. . . , xi, xi, . . . )

+qQψ
...QQ...(. . . , xi + 1, xi + 1, . . . ) = 0, (5.5a)

for collisions involving particles of the same species and

−(pQ + qQ′)ψ...QQ′...(. . . , xi, xi + 1, . . . ) + pQ′ψ...QQ′...(. . . , xi, xi, . . . )

+qQψ
...QQ′...(. . . , xi + 1, xi + 1, . . . ) = −βQQ′ψ...QQ′...(. . . , xi, xi + 1, . . . )

+βQ′Qψ
...Q′Q...(. . . , xi, xi + 1, . . . ), (5.5b)

for collisions involving particles of different species.

Note that unlike the simple TASEP example we examined in section 2.4, these

equations have a nested structure. The state space consists of blocks with

a fixed species order {Q1, . . . , QM}. The collision equations (5.5b) introduce

mixing between blocks. The idea of the nested Bethe ansatz is then to write a

(simple) Bethe ansatz solution for each sector with a fixed species order. One then

constructs the total trial eigenstate by a linear combination of all permutations

of species order, similarly to how the standard Bethe ansatz is constructed as a

linear combination of permutations of plane waves. It is in this sense that the

ansatz is “nested”.

Finally, to complete the problem, we implement the periodic boundary conditions

through the requirement,

ψQ1Q2...(1, x2, . . . ) = ψQ2...Q1(x2, . . . , L+ 1), (5.6)
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although we will not use it in this chapter.

5.2.3 Deformed eigenvalue problem

For the aims of this thesis, the main purpose of the Bethe ansatz is to compute the

large deviations of particle current. To this end, we reformulate the eigenvalue-

eigenvector problem from the previous section for the generating function of the

particle displacements, as was demonstrated in section 2.4.3. Although this is

not obvious a priori, the integrability of the models we consider in this chapter

is not affected by this deformation, so it makes sense to examine only the more

general deformed case.

As we have two species of particles, we need to consider three random variables,

Y1(t), Y2(t) and Y12(t). The Yi(t) for i = 1, 2 are defined as the number of processes

i0 → 0i minus the number of processes 0i→ i0 that have occurred up to time t.

The Y12(t) is correspondingly defined as the number of processes 12 → 21 minus

the number of processes 21 → 12 that have occurred up to time t. Then we

define the joint distribution of the three variables with some configuration C as

Pt(C;Y1, Y2, Y12). From (5.2), its evolution equation is given by,

d

dt
Pt(C;Y1, Y2, Y12) =

∑
C′

M0(C, C ′)Pt(C ′;Y1, Y2, Y12)

+
∑
C′

∑
i=1,2,12

[Mi,+Pt(C ′; . . . Yi − 1 . . . )

+Mi,−Pt(C ′; . . . Yi + 1 . . . )], (5.7)

where we have split the transition rate matrix M such that M0 contains the

diagonal terms and Mi,+(−) contain the off-diagonal terms corresponding to the

rates of processes which increase (decrease) Yi(t) by 1.

We now define the joint moment generating function for the three variables,

Ft(C; γ1, γ2, γ12) =
∞∑

Y1=−∞

∞∑
Y2=−∞

∞∑
Y12=−∞

eγ1Y1+γ2Y2+γ12Y12Pt(C;Y1, Y2, Y12). (5.8)

From (5.7), its evolution is given by,

d

dt
Ft(C; γ1, γ2, γ12) =

∑
C′

Mγ(C, C ′)Ft(C ′; γ1, γ2, γ12), (5.9)

156



where the deformed transition rate matrix is given by

Mγ = M0 +
∑

i=1,2,12

[eγiMi,+ + e−γiMi,−]. (5.10)

Whence we obtain the eigenvalue-eigenvector problem for the deformed operator

Mγ,

λψQ1...QM (x1, . . . , xM) = −[M1(1 + x) +M2(p+ q)]ψQ1...QM (x1, . . . , xM)

+
M∑
i=1

[eγQipQi
ψQ1...QM (. . . , xi − 1, . . . ) + e−γQiqQi

ψQ1...QM (. . . , xi + 1, . . . )],(5.11)

Analogously, the collision equations read,

−(pQ + qQ)ψ...QQ...(. . . , xi, xi + 1, . . . ) + eγQpQψ
...QQ...(. . . , xi, xi, . . . )

+e−γQqQψ
...QQ...(. . . , xi + 1, xi + 1, . . . ) = 0, (5.12a)

for collisions involving particles of the same species and

−(pQ + qQ′)ψ...QQ′...(. . . , xi, xi + 1, . . . ) + eγQ′pQ′ψ...QQ′...(. . . , xi, xi, . . . )

+e−γQqQψ
...QQ′...(. . . , xi + 1, xi + 1, . . . ) = −βQQ′ψ...QQ′...(. . . , xi, xi + 1, . . . )

+eγQ′QβQ′Qψ
...Q′Q...(. . . , xi, xi + 1, . . . ), (5.12b)

for collisions involving particles of different species, where γ21 is to be interpreted

as −γ12.

The boundary condition (5.6) remains unchanged.

5.2.4 Bethe ansatz solution

We now present a (nested) coordinate Bethe ansatz solution to the deformed

eigenvalue-eigenvector problem defined by the bulk equation (5.11) together with

the collision equations (5.12a)–(5.12b) and the boundary condition (5.6). A

general form for the coordinate Bethe ansatz is known provided the parameters

satisfy the condition

pq = x. (5.13)
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This is the same condition as the one we required for the existence of a matrix

product solution in chapter 4. It is interesting that it appears seemingly

independently in this context. Although the precise nature of the link between the

existence of a matrix product solution and a Bethe ansatz solution is not known,

it has been shown in certain cases that the Bethe ansatz may be formulated as

a matrix product state [156, 157]. It would thus be interesting to investigate

whether a similar construction could be carried out in the present case, which

could explain the simultaneous appearance of condition (5.13) in both contexts.

The condition (5.13) means that we are not able to analyse models of the type

studied by Arndt et al (see e.g. [141, 142]). However, these are thought to be

non-integrable [158], so we do not consider this a major issue.

As in chapter 4, we introduce the parameter α such that

p = α, q = x/α. (5.14)

Then the problem is solved by the following ansatz,

ψQ1...QM (x1, . . . , xM) =

(
M∏
i=1

(eγQipQi
)xi

)∑
σ

AQ1...QM
σ

M∏
i=1

zxi

σ(i), (5.15)

where σ indicates the permutations of the indices {1, . . . ,M}, A are (undeter-

mined) amplitudes and z are (undetermined) Bethe roots. If condition (5.13)

is not satisfied, one may still write down a trial function of the form (5.15).

However, it can then be verified that this function does not generally diagonalise

the Markov operator.

Plugging this ansatz into the bulk equation (5.11), we can verify that the problem

is diagonalised and we obtain the following expression for the eigenvalue,

λ(γ1, γ2, γ3) = −[M1(1 + x) +M2(α + x/α)] +
M∑
i=1

(z−1
i + xzi). (5.16)

Plugging the ansatz (5.15) into the collision equations (5.12a)–(5.12b), we obtain
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the following relations between amplitudes,

[wij − (1 + x)zj]A
...11...
...ij... + [wij − (1 + x)zi]A

...11...

...ji... = 0 (5.17a)

[wij − (α + x/α)zj]A
...22...
...ij... + [wij − (α + x/α)zi]A

...22...

...ij... = 0 (5.17b)[
(wij − k1zj)A

...12...

...ij... − eγ̄α−1β21zjA
...21...
...ij...

]
+[(wij − k1zi)A

...12...

...ji... − eγ̄α−1β21ziA
...21...
...ji... ] = 0 (5.17c)[

(wij − k2zj)A
...21...
...ij... − e−γ̄αβ12zjA

...12...

...ij...

]
+[(wij − k2zi)A

...21...

...ji... − e−γ̄αβ12ziA
...12...
...ji... ] = 0, (5.17d)

where we have introduced the notation,

wij = 1 + xzizj (5.18)

k1 = 1 + x/α− β12, k2 = α + x− β21 (5.19)

γ̄ = γ1 − γ2 − γ12. (5.20)

The relations (5.17a)–(5.17d) can be rewritten compactly by introducing the

amplitude vector notation,

A⃗...ij... =
(
A...11...

...ij... , A...12...
...ij... , A...21...

...ij... , A...22...
...ij...

)T
. (5.21)

In this notation, we can write,

[wij14×4 − ziH]A⃗...ij... + [wij14×4 − zjH]A⃗...ji... = 0, (5.22)

where

H =


1 + x 0 0 0

0 k1 eγ̄α−1β21 0

0 e−γ̄αβ12 k2 0

0 0 0 α + x/α

 . (5.23)

By inverting the matrix in front of one of the amplitude vectors, we can write

(5.22) as,

A⃗...ji... = −[wij14×4 − zjH]−1[wij14×4 − ziH]A⃗...ij..., (5.24)

where [•]−1 denotes the matrix inverse. Note that (5.24) has a similar form to

the simple TASEP case we examined in section 2.4. The difference here is that

the amplitudes have been lifted from scalars to vectors.
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From (5.22), we can obtain explicit relations between the components A...Q1Q2...
...ij...

and A...Q1Q2...
...ji... . We define the 4 × 4 matrix

S(zi, zj) = −[wij14×4 − zjH]−1[wij14×4 − ziH]. (5.25)

Writing out (5.24) in component form, we obtain relations of the form

A...Q1Q2...
...ji... =

∑
Q′

1,Q
′
2=1,2

SQ1Q2

Q′
1Q

′
2
(zi, zj)A

...Q′
1Q

′
2...

...ij... , (5.26)

where the entries SQ1Q2

Q′
1Q

′
2
(zi, zj) of S(zi, zj) are called form factors. Although there

are in principle 16 form factors (corresponding to Q1, Q2, Q
′
1, Q

′
2 = 1, 2), many of

them vanish due to species conservation. The explicit expressions for the non-zero

form factors are

S11
11(zi, zj) = −wij − (1 + x)zj

wij − (1 + x)zi
(5.27a)

S22
22(zi, zj) = −wij − (α + x/α)zj

wij − (α + x/α)zi
(5.27b)

S12
12(zi, zj) = −D−1

ij [(wij − k2zi)(wij − k1zj) − β12β21zizj] (5.27c)

S21
21(zi, zj) = −D−1

ij [(wij − k1zi)(wij − k2zj) − β12β21zizj] (5.27d)

S12
21(zi, zj) = −D−1

ij wije
γ̄α−1β21(zi − zj) (5.27e)

S21
12(zi, zj) = −D−1

ij wije
−γ̄αβ12(zi − zj), (5.27f)

where

Dij = (wij − k1zi)(wij − k2zi) − β12β21z
2
i . (5.28)

Note that Dij ̸= Dji. For clarity, we write out the matrix S(zi, zj) explicitly,

S(zi, zj) =


S11
11(zi, zj) 0 0 0

0 S12
12(zi, zj) S12

21(zi, zj) 0

0 S21
12(zi, zj) S21

21(zi, zj) 0

0 0 0 S22
22(zi, zj)

 . (5.29)
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5.3 Yang-Baxter equations

5.3.1 Derivation of Yang-Baxter equations

It is generally not easy to know whether a given model is integrable or not.

One approach to answering this question that has become popular follows the

formalism of Yang and Baxter [148]. The main idea is that if a model is integrable

(i.e. the Bethe ansatz description is valid), then the form factors must satisfy a

certain set of nontrivial consistency relations called the Yang-Baxter equations.

We remark that this is a necessary but not sufficient condition. It might be

possible, for instance, that the Bethe ansatz is valid but does not generate all

eigenvectors of the linear operator of interest. It has been proven rigorously

only in certain cases that vectors of the Bethe ansatz type are general enough to

generate all eigenvectors [159–161] or how they may be extended to generate all

eigenvectors [162, 163]. We will not concern ourselves with this difficulty, as our

motivations for using the Bethe ansatz are purely practical and we only need one

eigenvector to achieve our goal. If our calculations match numerical simulation,

we will assume that the solution is valid.

The Yang-Baxter equations are derived as follows. The relations (5.22) relate the

amplitude vectors A⃗...ij... and A⃗...ji..., which has the effect of permuting any two

adjacent indices. In order for this operation to be consistent, any two ways of

permuting a sequence of indices that produces the same final sequence must give

the same relation between the corresponding amplitudes. The simplest nontrivial

example of this statement is seen by considering a string of three indices, {ijk}.

To represent permutations of two indices with the third index not involved, we

introduce the following notation,

A⃗...ikj... = (12×2 ⊗ S(zj, zk))A⃗...ijk.... (5.30)

Now consider the following case. We can transform {ijk} into {kji} through

two different sequences of nearest-neighbour index swaps: (i) {ijk} → {jik} →
{jki} → {kji}, and (ii) {ijk} → {ikj} → {kij} → {kji}. Equating the results

obtained from these two sequences gives the following equation,

(S(zj, zk) ⊗ 12×2)(12×2 ⊗ S(zi, zk))(S(zi, zj) ⊗ 12×2) =

(12×2 ⊗ S(zi, zj))(S(zi, zk) ⊗ 12×2)(12×2 ⊗ S(zj, zk)). (5.31)
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This is the famed Yang-Baxter equation. For the models we are considering here,

it is an 8×8 matrix equation, though, importantly, it consists of 4 disjoint blocks

due to species conservation. The blocks correspond to situations with different

numbers of particles of each species among the three particles involved in the

collisions. We therefore have two 1×1 blocks, corresponding to 111 and 222, and

two 3 × 3 blocks corresponding to 112 and 122.

The latter decomposition into blocks is particularly important for stochastic

particle models with species conservation. We will see that we can find a

combination of parameters for which the Yang-Baxter equations hold in the 111,

222 and 112 blocks but not the 122 block. This means that the Bethe ansatz can

be used to solve a system with exactly one particle of species 2 (and an arbitrary

number of particles of species 1) but not systems with an arbitrary number of

particles of species 2. These kinds of partial “solutions” of the Yang-Baxter

equations have not received much attention in the literature, as one typical seeks

solutions that satisfy all blocks. In the context of spin chains, such solutions are

arguably less physically significant, as the blocks correspond to different total

magnetisation.

5.3.2 Analysis of Yang-Baxter equations

By plugging in the explicit forms of the form factors (5.27a)–(5.27f) into (5.31), we

can investigate which restrictions on the model parameters x, α, β12, β21 ensure

that the Yang-Baxter equations are satisfied. The 111 and 222 blocks are actually

satisfied automatically, so for the remainder of this section we concern ourselves

only with the 112 and 122 blocks. These correspond to the matrix entries (r, s)

with r, s ∈ {2, 3, 5} and {4, 6, 7} respectively.

Manipulating the expressions explicitly becomes algebraically very cumbersome.

It is best performed with the aid of a symbolic programming language such as

Mathematica. Even so, the calculations can be hard to manage. We propose

the following procedure. First, we bring both matrices in (5.31) to one side of

the equation and combine the terms in each entry into single fractions (this can

be done using the Together function in Mathematica). Now note that the form

factors are rational functions of zi, zj, zk. Then to ensure identical equality, the

coefficients of all terms of the form zνii z
νj
j z

νk
k for νi, νj, νk ∈ Z in the numerators

of all entries must vanish. Examining each coefficient of each entry is evidently

very laborious. Fortunately, it turns out that via judicious choices of coefficients,
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we can perform only a few checks and obtain strict enough restrictions to satisfy

the Yang-Baxter equations fully (at least in certain blocks). This can be done in

many ways. We outline one approach now.

We begin with the observation that the numerators of all entries are multiples of

(zi − zj)(zj − zk)(zk − zi). Therefore, we always divide by this first for simplicity.

This will be assumed to have been done in all following expressions. Setting

zi = zj = zk = 0 (i.e. looking at the constant term) in the (3, 2) and (6, 7) entries

gives respectively,

α4β12(β12β21 − x), eγ̄α4β21(β12β21 − x). (5.32)

We will be ignoring options that require α = 0 as this makes our ansatz (5.15)

singular. Therefore we have two options: (a) set β12β21 = x, or (b) set β12 =

β21 = 0.

Case (a): β12β21 = x

We may define a parameter β such that,

β12 = β, β21 = x/β. (5.33)

Then setting zi = zj = zk = 0 in the (2, 3) entry we have

eγ̄αxβ−2(α− 1)(x+ β)(x− αβ). (5.34)

We then have three options: (i) set x = 0, (ii) set α = 1, (iii) set β = x/α.

(i) Setting x = 0 (note that this also implies β21=0) is sufficient to satisfy all

Yang-Baxter equations. We call this solution 1.

(ii) We set α = 1. Then we may consider the coefficient of z0i zjzk in the (2, 2)

entry. This is given by,

x(1 + x)(1 − β)(x− β). (5.35)
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Setting x = 0 reverts to case (i), which gives solution 1. The other options we

have is to set β = 1 or β = x. Actually these two are equivalent up to relabelling

of species. Doing this is sufficient to satisfy all Yang-Baxter equations. We call

this solution 2.

(iii) We set β = x/α. This is sufficient to satisfy the Yang-Baxter equations in

the 112 block. We call this solution 3.

We may inquire what further restrictions are needed to satisfy the Yang-Baxter

equations in the 122 block as well. To this end, we may set zj = zk = 0, zi = 1

in the numerator of the (6, 7) entry, which becomes,

eγ̄α3x(α2 + x)(α− 1)(α− x). (5.36)

Choosing x = 0 gives solution 1, while α = 1 and α = x give solution 2. So

setting β = x/α does not give any additional solutions unless we restrict ourselves

to block 112.

Case (b): β12 = β21 = 0

Setting zi = zj = zk = 0 in the (2, 2) entry, we obtain

α2x2(α− 1). (5.37)

Setting α = 1 gives a one-species PASEP. Setting x = 0 gives a special case of

solution 1 with β = 0. Therefore the case β12 = β21 = 0 does not produce any

additional solutions.

We summarise the procedure for obtaining solutions which we have outlined in

figure 5.1.

5.3.3 Solutions of Yang-Baxter equations

In the previous section, we obtained three distinct classes of solutions. For the

sake of conciseness, we do not count separately one-species solutions and solutions

that are equivalent to the presented ones up to a relabelling of species.

We remark that all solutions can be derived from case (a), which involves the
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(3,2) and (6,7) entries

(2,3) entry

S 1

x = 0

(2,2) entry

S 2

β12 = 1 or x

S 1

x = 0

α = 1

block 112 solved

S 3

M2 = 1

(6,7) entry

S 1

x = 0

S 2

α = 1 or x

solve block 122

β12 = α

β21 = x/β12

(2,2) entry

1-species PASEP

α = 1

S 1 (with β12 = 0)

x = 0

β12 = β21 = 0

Figure 5.1 Representation of the procedure to obtain solutions to the Yang-
Baxter equations. Solutions are outlined with thick boundaries. S
stands for solution. See section 5.3.2 for coefficients to examine in
the listed entries.

restriction β12β21 = x. This is equivalent to the condition (5.13) under a

relabelling of species. It is interesting that the former condition was derived

as a requirement from the Yang-Baxter equations, rather than from the form of

the coordinate Bethe ansatz. This supports the claim that these conditions are

necessary for integrability.

Solution 1: Two-species TASEP

The first solution involves the restrictions

x = β21 = 0. (5.38)

This corresponds to the process

10
1→ 01 ; 20

α→ 02 ; 12
β12→ 21 . (5.39)

This is a TASEP with two species of particles that move at different rates 1,

α, with one species overtaking the other with a rate β12. This model has been

studied much in the literature. In particular, its Yang-Baxter integrability was
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proved using an algebraic Bethe ansatz approach [118, 150].

Solution 2: PASEP with first- and second-class particles

The second solution involves the restrictions

α = β12 = 1, β21 = x. (5.40)

This corresponds to the process

10
1

⇄
x

01 ; 20
1

⇄
x

02 ; 12
1

⇄
x

21 . (5.41)

This is a PASEP with two species of particles that move with the same rates.

Species 1 particles may also overtake species 2 particles with their usual hopping

rates, essentially treating them as if they were holes. This class of models has

also been studied much in the literature, where the species 2 particles are usually

referred to as “second-class”, due to their reduced priority in the dynamics

compared to species 1 particles. In fact, in [71] the integrability of a somewhat

broader class of models was shown, namely the extension of this model to an

arbitrary number of species and with particles of arbitrary size.

Solution 3: PASEP with a single first-class defect particle

The third solution involves the restrictions

β12 = x/α, β21 = α. (5.42)

This corresponds to the process

10
1

⇄
x

01 ; 20
α

⇄
x/α

02 ; 21
α

⇄
x/α

12 . (5.43)

Furthermore, the Yang-Baxter equations are only solved in the 112 block, which

we may express as the restriction

M2 = 1. (5.44)

This is the model that was examined in chapter 4. It is a PASEP with a single

defect particle that hops with different rates to the normal particles. The defect
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Model Parameter restrictions Free parameters
TASEP with defect species x = q = β12 = 0 β12 ,M1, M2

Second-class PASEP p = β12 = 1, q = β21 = x x, M1, M2

PASEP with one defect p = β21 = α, q = β12 = x/α, M1 = 1 x, α, M1

Table 5.1 All Bethe ansatz integrable sub-classes of the two-species partially
asymmetric exclusion process with overtaking on a ring. The particle
numbers M1, M2 are included as free parameters to highlight that M2

is fixed in the third case.

particle may overtake the normal particles with its usual hopping rates, meaning

that it has priority in the dynamics. It is therefore arguably more natural to label

it as a 1 and the normal particles as 2. This was the notation used in chapter

4 and we will revert to it in chapter 6. To our knowledge, this model has not

received much attention in the literature. It is the only known integrable partially

asymmetric model with particles hopping at different rates. The restriction

on particle number (5.44) is also peculiar, probably due to the fact that it is

uncommon to look at such “partial” solutions to the Yang-Baxter equations (i.e.

models that satisfy certain blocks of the Yang-Baxter equations but not others).

5.4 Summary

We used a nested coordinate Bethe ansatz to obtain solutions for the eigenvalue

problems corresponding to the conditioned time-evolution of a broad class of

two-species exclusion processes on a ring. By verifying for which cases the Yang-

Baxter equations hold, we obtained a list of integrable two-species exclusion

processes on a ring. This is summarised in table 5.1.

Out of the three classes of models found, the third has not yet been studied in

the context of the Bethe ansatz. This is actually the model whose steady state

was already solved in chapter 4 using the matrix product approach. In the next

chapter, we continue our analysis of this model, and in particular its current

fluctuations in the long time limit, using the Bethe ansatz solution presented in

this chapter.
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Chapter 6

Current fluctuations of a driven

lattice gas with a driven defect

particle with priority

6.1 Introduction

In the previous chapter, we proposed a classification of integrable two-species

partially asymmetric exclusion processes. Of these, two have been solved using

the Bethe ansatz, whereas the third one has not. In fact, this is the same model

whose steady state we solved using a matrix product approach in chapter 4.

In this chapter, we derive the Bethe equations for this model and use them to

calculate the current statistics up to second order in a perturbative expansion.

This allows us to reproduce the mean current, which was already calculated in

chapter 4, and calculate the diffusion constant. The work presented in this chapter

has been published in [3] and [4].

The Bethe equations we will derive and then analyse in this chapter have a

more complicated structure than those for the simple TASEP case, which we

examined in section 2.4.2. This will require us to use a more refined mathematical

approach. Namely, we reformulate the usual (algebraic) Bethe equations for the

Bethe roots as a functional equation for a single function that contains the same

information as the Bethe roots. Physical observables may then be expressed

in closed form in terms of this function, which is to be found by solving the
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(functional) Bethe equations perturbatively. A similar functional reformulation

of the Bethe equations has been used for the pure PASEP [164].

Functional methods in the context of the Bethe ansatz actually go back to

Baxter’s original solution of the eight vertex model [151]. This approach, known

as the functional Bethe ansatz, was later developed further and applied to a

range of integrable problems, including spin chains [165–167] and also ASEPs

[168]. However, we do not use the full technical machinery of the functional

Bethe ansatz, as our problem is readily diagonalised using a coordinate Bethe

ansatz. Rather, we simply convert the Bethe equations into a functional form to

make them easier to solve.

In the literature, calculations of current fluctuations have been performed for the

pure TASEP [10], the TASEP with defect particles [12, 118] and the pure PASEP

[119, 164, 169]. The Bethe equations for the PASEP with a second-class species

are known [170, 171], although we remark that the current fluctuations have not

yet been calculated for that case. Thus, in accordance with the list of integrable

systems we presented in chapter 5, the calculations performed in this chapter

represent the last integrable case among two-species processes on a ring.

6.1.1 Schematic overview of calculations

As the calculations presented in this chapter are quite involved and somewhat

formal, we provide a schematic overview for reference. This should allow the

reader to keep track of the main goals at each stage in the calculations.

1. Coordinate Bethe ansatz. In section 6.3, we diagonalise the deformed

Markov operator using the coordinate Bethe ansatz introduced in chapter

5. The Bethe equations are then derived using a procedure similar to the

one used for the TASEP in section 2.4. However, in this case, the Bethe

equations involve as many unknown constants as the number of lattice

sites, so a more sophisticated approach than the one used for the TASEP

is required.

2. Polynomial formulation. The first key idea is that instead of dealing with

each constant individually, one combines them all by making them the

coefficients of a polynomial. This is done in section 6.4.1. The polynomial

is defined in such a way that the Bethe roots are its zeros. This polynomial
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thus contains the same information as the Bethe roots. The Bethe equations

then take the form of a functional equation for this polynomial and another,

unknown polynomial.

3. Going “beyond the equator”. Although the polynomial formulation of the

Bethe equation is a significant simplification, for the problem at hand it

is still somewhat cumbersome to deal with because one must solve for two

unknown polynomials. However, importantly, these two polynomials are not

independent. Their relation can be exploited to produce another equivalent

form of the Bethe equation, in terms of another polynomial. This is done

in section 6.4.2. In the literature, this form of the Bethe equation is known

as the Bethe equation “beyond the equator”, as the two different Bethe

equations encode the relations of the Bethe ansatz solutions above and

below half-filling of the lattice.

4. One function formulation. In section 6.4.3, we use the results from the

previous two steps, to combine the polynomials of the two Bethe equations

into a single function. The Bethe equation then becomes a functional

equation for this single unknown function. This is the form of the Bethe

equation that we use for practical calculations.

5. Perturbation theory. In the remainder of the chapter, we solve the one-

function formulation of the Bethe equation in perturbation theory to

calculate particle displacement statistics.

6.2 Problem statement

6.2.1 Model definition

Before we derive the Bethe equations, we recall the precise definition of the model

we will be considering in this chapter. The process takes place on a ring, whose

total number of sites we take to be L + 1. On the ring are M normal particles,

which hop to the right and left with rates 1 and x, and one defect particle, which

hops to the right and left with rates α and x/α. The defect is also allowed

to overtake normal particles with its usual hopping rates. Thus, it does not

distinguish between normal particles and holes. We can summarise the dynamics
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of this process as follows,

10
α

⇄
x/α

01 ; 20
1

⇄
x

02 ; 12
α

⇄
x/α

21 , (6.1)

where we denote empty sites by 0, the defect by 1 and normal particles by 2.

Note that we have reverted to the notation of chapter 4, which is different from

the notation in chapter 5, where the labels 1 and 2 were swapped. We do this

because in this model, the defect has priority in the dynamics over the normal

particles. Therefore, it makes more sense to call it a “first-class” particle, with

the normal particles being “second-class”.

6.2.2 Large deviation function of particle displacement

We now recall the formulation of the long time current statistics problem, which

was already derived in chapter 5. The central objects we are interested in are

random variables that count the number of hops of a given type. We define

Y1(t) as the variable that counts the processes 10 → 01 minus the reverse

processes, Y2(t) as the variable that counts the processes 20 → 02 minus the

reverse processes, and finally Y12(t) as the variable that counts the processes

12 → 21 minus the reverse processes, all up to time t. Strictly speaking, these

variables should be conditioned on some initial condition. However, as the process

we are considering is ergodic and we will be taking the long time limit, we may

neglect this.

We define the joint moment generating function of Y1(t), Y2(t), Y12(t),

Ft(C; γ1, γ2, γ12) =
∞∑

Y1=−∞

∞∑
Y2=−∞

∞∑
Y12=−∞

eγ1Y1+γ2Y2+γ12Y12Pt(C;Y1, Y2, Y12), (6.2)

where C denotes the configuration of the system (i.e. the positions of all particles)

and Pt(C;Y1, Y2, Y12) denotes the joint probability of observing configuration C,

together with Yi(t) = Yi for i = 1, 2, 12. The evolution of Ft is given by a deformed

master equation,

d

dt
Ft(C; γ1, γ2, γ12) =

∑
C′

Mγ(C, C ′)Ft(C ′; γ1, γ2, γ12). (6.3)

For the purpose of analysing particle current statistics, we actually do not need
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to consider the general joint moment generating function. Instead, we will focus

on the two key cases: (i) the motion of the defect (γ1 = γ12, γ2 = 0) and (ii)

the motion of the normal particles (γ1 = γ12 = 0). It makes sense to introduce

notation with a single conjugate parameter,

γi = aiγ, (6.4)

where ai are constants. We may set a1 = a12 = 1 and a2 = 0 to track the motion

of the defect, or a2 = 1 and a1 = a12 = 0 to track the motion of the normal

particles.

We note that as there is only one particle of species 1, we do not need to keep

track of the order of species when specifying a configuration. Instead, it is easier

to always choose the particle labelling in such a way that the defect is the first

particle. We therefore denote configurations by {x0, x1, . . . , xM}, where x0 is the

position of the defect and xi for i = 1, . . . ,M are the positions of the normal

particles. The eigenvalue-eigenvector problem for the deformed transition rate

matrix Mγ is then given by the equation

λ(γ)ψ(x0, . . . , xM) = −[M(1 + x) + (α + x/α)]ψ(x0, . . . , xM)

+eγ1αψ(x0 − 1, . . . ) + e−γ1(x/α)ψ(x0 + 1, . . . )

+
M∑
i=1

[eγ2ψ(. . . , xi − 1, . . . ) + e−γ2xψ(. . . , xi + 1, . . . )], (6.5)

together with the collision equations

−(1 + x)ψ(. . . , xi, xi + 1, . . . ) + eγ2ψ(. . . , xi, xi, . . . )

+e−γ2xψ(. . . , xi + 1, xi + 1, . . . ) = 0, (6.6a)

for i = 1, . . . ,M − 1, and for i = 0,M ,

−xψ(x0, x0 + 1, . . . ) + eγ2ψ(x0, x0, . . . ) + e−γ1(x/α)ψ(x0 + 1, x0 + 1, . . . )

= e−γ12(x/α)ψ(x0 + 1, . . . , x0 + L+ 1) (6.6b)

−ψ(x0, . . . , x0 + L) + xe−γ2ψ(x0, . . . , x0 + L+ 1) + eγ1αψ(x0 − 1, . . . , x0 + L)

= eγ12αψ(x0 − 1, x0, . . . ), (6.6c)

where we have used the periodic boundary condition (5.6) to ensure that the

position of the defect is always the first argument.
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Now the key observation is that the particle displacements Yi(t) satisfy a large

deviation principle in the long time limit (see section 1.4 and section 2.4),

⟨exp[γ1Y1(t) + γ2Y2(t) + γ12Y12(t)]⟩ ∼ eµ(γ1,γ2,γ12)t, as t→ ∞, (6.7)

where µ(γ1, γ2, γ12) is the joint scaled cumulant generating function of Yi(t) for

i = 1, 2, 12. Now as the left hand side of this expression is simply Ft marginalised

over configurations C, the evolution equation (6.3) implies that µ(γ1, γ2, γ12) can

be identified with the eigenvalue λ(γ) of the deformed transition rate matrix Mγ

with the largest real part. Henceforth, whenever we write λ(γ), we shall refer

exclusively to this eigenvalue.

Note that the problem defined by (6.5)–(6.6c) can be used to obtain multiple

eigenvalues. To ensure that the eigenvalue we find is the correct one, we must

check that it satisfies

λ(0) = 0. (6.8)

This is because it must converge to the unique 0 eigenvalue of the undeformed

transition rate matrix. In fact, this can be ensured by requiring that the

corresponding eigenvector satisfies the condition

ψ(x0 + 1, . . . , xM + 1) = 1. (6.9)

See section 2.4 for an explanation of why this is sufficient. Note that this

essentially means that this eigenvector is translationally invariant. We shall refer

to this as the periodicity condition.

Once λ(γ) is found, rewriting (6.7), we have

λ(γ) = lim
t→∞

log⟨exp[γ(a1Y1(t) + a2Y2(t) + a12Y12(t))]⟩
t

. (6.10)

Thus it allows us to calculate the cumulants of Yi(t) in the long time limit. For

instance setting a2 = 1 and a1 = a12 = 0, we have

dλ(γ)

dγ

∣∣∣∣
γ=0

= J = lim
t→∞

⟨Y2(t)⟩
t

(6.11a)

d2λ(γ)

dγ2

∣∣∣∣
γ=0

= ∆ = lim
t→∞

Var(Y2(t))

t
. (6.11b)
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We will use these expressions as the definitions of the mean current J and diffusion

constant ∆ of the normal particles.

Note that the definition of the current J is slightly different from the one used in

chapter 4. There, current was defined as the net flow of particles across a given

bond, whereas here it is defined as the net total displacement of all particles.

Therefore the current from the matrix product definition JMP is related to the

current from the Bethe ansatz definition JBA as

JBA = LJMP . (6.12)

6.3 Bethe ansatz solution

6.3.1 Bethe ansatz

As in chapter 5, we solve the eigenvalue problem using a simple form of the nested

coordinate Bethe ansatz,

ψ(x0, . . . , xM) = (αeγ1)x0

(
M∏
i=1

eγ2xi

)∑
σ

Aσ

M∏
i=0

zxi

σ(i), (6.13)

where σ indicates the permutations of {0, . . . ,M}. Note that we have simplified

the notation from chapter 5 by dropping the species order dependence, AQ0...QM
σ →

Aσ. This can be done without ambiguity as the defect is taken to be particle 0,

so the order is fixed to be {Q0, . . . , QM} = {1, 2, 2, . . . , 2}.

Plugging the ansatz (6.13) into (6.5), we obtain,

λ(γ) = −[M(1 + x) + α + x/α] +
M∑
i=0

[z−1
i + xzi]. (6.14)

The periodicity condition (6.9) is then expressed as

αeγ1+Mγ2

M∏
i=0

zi = 1. (6.15)

From this, we see that in the undeformed limit (γ → 0), all Bethe roots zi converge

to 1, except for one root, which converges to α−1. Without loss of generality, we
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may say

γ → 0 ⇒

z0 → α−1

zi → 1, i ≥ 1
. (6.16)

Given this, it is easy to see from (6.14) that λ(0, 0, 0) = 0, as required.

6.3.2 Derivation of Bethe equations

Plugging the ansatz (6.13) into (6.6a)–(6.6c), we obtain,

A...ji... = SijA...ij... (6.17a)[
(wij − xzj)Aij... − eγ̄(eγ2zj)

L+1xziAi...j

]
+
[
(wij − xzi)Aji... − eγ̄(eγ2zi)

L+1xzjAj...i

]
= 0 (6.17b)[

(wij − zi)(e
γ2zj)

L+1Ai...j − e−γ̄zjAij...

]
+
[
(wij − zj)(e

γ2zi)
L+1Aj...i − e−γ̄ziAji...

]
= 0, (6.17c)

where, we have introduced the shorthand notation,

Sij = −wij − (1 + x)zj
wij − (1 + x)zi

(6.18)

wij = 1 + xzizj (6.19)

γ̄ = γ1 − γ2 − γ12. (6.20)

Now, similarly to the procedure in section 2.4, the task is to eliminate the

amplitudes A to obtain a closed equation for just the Bethe roots z. We apply

(6.17a) M − 1 times to (6.17b) and (6.17c) to transform Ai...j → Aij... and

Aj...i → Aji.... This gives

[(wij − xzj) + xziSijEj]Aij... + [(wij − xzi) + xzjSjiEi]Aji... = 0 (6.21a)

[−(wij − zi)SijEj − zj]Aij... + [−(wij − zj)SjiEi − zi]Aji... = 0, (6.21b)

where

Ei = eγ̄(eγ2zi)
L+1

M∏
k=0

Sik. (6.22)
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Now as we cannot have vanishing amplitudes, the simultaneous equations (6.21a)

and (6.21b) must be degenerate. This means that

[(wij − xzj) + xziSijEj] [−(wij − zj)SjiEi − zi]

− [(wij − xzi) + xzjSjiEi] [−(wij − zi)SijEj − zj] = 0. (6.23)

Multiplying this out and simplifying a few expressions gives,

[wij − (1 + x)zi]Ei − [wij − (1 + x)zi]Ej + (zj − zi)(1 + xEiEj) = 0. (6.24)

At this point it makes it easier to introduce the change of variable,

yi =
1 − zi

1 − xzi
, (6.25)

which has the inverse transformation

zi =
1 − yi

1 − xyi
. (6.26)

Note that in terms of yi, the term Ei becomes

Ei = eγ̄(eγ2zi)
L+1

M∏
k=0

xyi − yk
yi − xyk

. (6.27)

Also, in terms of yi, equation (6.24) becomes,

(xyj − yi)Ei − (xyi − yj)Ej + (yj − yi)(1 + xEiEj) = 0. (6.28)

This can now be factorised as follows,

yj(1 + Ej)(1 + xEi) − yi(1 + Ei)(1 + xEj) = 0. (6.29)

This implies the Bethe equations

yi
1 + Ei

1 + xEi

= B, (6.30)

where B is a constant. Rewriting this to isolate Ei and using the explicit form

(6.27), we finally get the following form for the Bethe equations,

eγ̄
(

eγ2
1 − yi

1 − xyi

)L+1 M∏
k=0

xyi − yk
yi − xyk

= − B − yi
Bx− yi

. (6.31)
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6.3.3 Auxiliary equations

To complete the formulation of the problem, we now also explicitly write the

auxiliary equations that are needed to form a closed system of equations. First

of all, we note that the periodicity condition (6.9), together with the form of the

ansatz (6.13) implies

αeγ1+Mγ2

M∏
i=0

1 − yi
1 − xyi

= 1. (6.32)

Secondly, we need to fix the constant B. We can do this by multiplying (6.31)

for all i, which gives

e(M+1)γ̄

(
M∏
i=0

eγ2
1 − yi

1 − xyi

)L+1 M∏
k=0

M∏
i=0

xyi − yk
yi − xyk

= (−)M+1

M∏
i=0

B − yi
Bx− yi

. (6.33)

On the left hand side, the term with the power L + 1 can be simplified using

the periodicity condition (6.15). In the double product, for all pairs i ̸= k, there

will be a corresponding factor with the indices swapped. Taking both factors

together, we have

xyi − yk
yi − xyk

xyk − yi
yk − xyi

= 1. (6.34)

The remaining factors are ones with k = i, which simplify to −1. As there are

M + 1 such factors in total, this will cancel with the (−)M+1 on the right hand

side. Then we are left with,

M∏
i=0

B − yi
Bx− yi

= α−(L+1)e−(M+1)γ12−(L−M)(γ1−γ2). (6.35)

Finally, with a little algebra we can rewrite the eigenvalue (6.14) in terms of yi

as follows,

λ(γ) = 1 + x− α− x/α + (1 − x)
M∑
i=0

[
1

1 − yi
− 1

1 − xyi

]
. (6.36)

The equations (6.31), (6.15) and (6.35) now form a complete set of equations for

the Bethe roots yi. Once these are solved, one may calculate the eigenvalue λ(γ)

through (6.36). However, this system of equations has quite a complex structure.

177



It is a set of polynomial equations of degree L+M + 3, in which the coefficients

themselves are functions of the roots, and it contains the undetermined constant

B, which is also a function of the roots. This is significantly more complex than

the Bethe equations for the TASEP case, which we examined in section 2.4. To

deal with this problem, we reformulate it as a functional equation. We shall

proceed to this in section 6.4.

6.3.4 Undeformed limit

For completeness, we also state explicitly the undeformed limit, γ1, γ2, γ12 → 0.

From (6.16), we have that the Bethe roots yi take the values,y0 → y
(0)
0 = α−1

α−x

yi → 0, i ≥ 1
. (6.37)

Using this, we then also obtain from (6.35),

B → B(0) =
α− 1

α− x

αL+1 − xM

αL+1 − xM+1
. (6.38)

6.4 Functional reformulation of Bethe ansatz

We wish to reformulate the Bethe equations (6.31) in such a way that we will

not need to solve for each root yi individually. This approach is an extension

of the functional formulation that was introduced in section 2.4 but it is more

involved as we need to incorporate a more complex structure. These calculations

are guided by the approach developed for the pure PASEP case [164], which was

inspired by the functional Bethe ansatz.

6.4.1 Polynomial formulation

First, we define the single-variable polynomial Q(T ) as

Q(T ) =
M∏
k=0

(T − yk). (6.39)
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By construction, all Bethe roots yi are roots of Q(T ). Then the Bethe equation

(6.31) can be expressed as

Γh(T )Q(xT ) + xMh(xT )Q(T/x) = 0, (6.40)

where

Γ = eγ1+Lγ2−γ12 (6.41)

h(T ) = (1 − T )L+1(Bx− T ). (6.42)

However, note that this is polynomial equation of degree L+M + 3, whereas we

expect only M + 1 Bethe roots. This means that the left hand side is divisible

by Q(T ) as a polynomial. In other words, there exists some polynomial R(T ) of

degree L+ 2 such that

R(T )Q(T ) = Γh(T )Q(xT ) + xMh(xT )Q(T/x). (6.43)

This is now a functional equation for Q(T ). Note that Q(T ) actually contains all

the same information as the Bethe roots yi. Therefore solving (6.43) for Q(T ) is

equivalent to solving (6.31) for yi.

Auxiliary equations

We can complete the reformulation of the problem in terms of Q(T ) as follows.

The periodicity condition (6.32) becomes,

αeγ1+Mγ2
Q(1)

xM+1Q(x−1)
= 1. (6.44)

The B-fixing equation (6.35) becomes,

Q(B)

Q(Bx)
= α−(L+1)e−(M+1)γ12−(L−M)(γ1−γ2). (6.45)

We can also express λ(γ) in terms of Q(T ) as,

λ(γ) = 1 + x− α− x/α + (1 − x)

(
Q′(1)

Q(1)
− Q′(x−1)

xQ(x−1)

)
. (6.46)
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6.4.2 Going “beyond the equator”

The polynomial formulation (6.43) is an improvement over (6.31). However, it is

still somewhat cumbersome as it involves an additional polynomial R(T ), which

we do not require for λ(γ) but which it is still necessary to calculate to find

Q(T ). We proceed to modify the polynomial formulation of the Bethe equation

in a procedure that is sometimes called going “beyond the equator” [172]. This

will eventually lead to us being able to express the equations in terms of a single

function, for which we can then solve directly.

To obtain the “beyond the equator” formulation, we first divide (6.43) by

Q(T )Q(xT )Q(T/x),

R(T )

Q(xT )Q(T/x)
= Γ

h(T )

Q(T )Q(T/x)
+ xM

h(xT )

Q(T )Q(xT )
. (6.47)

By the rules of polynomial division, we can write

h(T )

Q(T )Q(T/x)
=

U(T )

Q(T/x)
+
V (T )

Q(T )
+W (T ), (6.48)

where U(T ) and V (T ) are polynomials of degree at most M and W (T ) is a

polynomial of degree at most L− 2M . Using this decomposition of h(T ), we can

write (6.47) as

R(T )

Q(xT )Q(T/x)
= Γ

(
U(T )

Q(T/x)
+
V (T )

Q(T )
+W (T )

)
+xM

(
U(xT )

Q(T )
+
V (xT )

Q(xT )
+W (xT )

)
. (6.49)

Now crucially, we observe that, as Q(xT ) and Q(T/x) generically do not share

any roots with Q(T ), there are only two terms in this equation that have poles

at the roots of Q(T ). Both of them have polynomials of degree at most M in the

numerator, whereas Q(T ) is of degree M + 1. The only way this can be satisfied

identically is if

ΓV (T ) + xMU(xT ) = 0. (6.50)

We thus have found a relation between U(T ) and V (T ). Using this to eliminate
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V (T ) in (6.48), we obtain

h(T )

Q(T )Q(T/x)
=

U(T )

Q(T/x)
− Γ−1xM

U(xT )

Q(T )
+W (T ). (6.51)

Now as W (T ) is a polynomial, we can always write it as

W (T ) = Γ−1xMW̃ (T ) − W̃ (T/x), (6.52)

where W̃ (T ) is simply the polynomial with the coefficients wk of W (T ) rescaled

by [Γx−M − x−k]−1. Then we can write

h(T ) = [U(T ) − W̃ (T/x)Q(T/x)]Q(T )

−Γ−1xM [U(xT ) − W̃ (T )Q(T )]Q(T/x). (6.53)

We now define the polynomial

P (T ) = 2C[U(xT ) − W̃ (T )Q(T )], (6.54)

where C is a constant. We will later see that it is convenient to choose

C =
1 − Γ−1xM

2Bx
y0Q(0). (6.55)

Note that this implies

P (0) = −y0. (6.56)

Then we obtain the Bethe equation beyond the equator

2Ch(T ) = P (T/x)Q(T ) − Γ−1xMP (T )Q(T/x), (6.57)

where h(T ) is defined by (6.42).

Undeformed limit

For future calculations, at this point it is helpful to consider the undeformed limit

of (6.57). From the behaviour of the Bethe roots (6.37), we see that Q(T ) will

behave as

Q(T ) → Q(0)(T ) = TM(T − y
(0)
0 ). (6.58)
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Then in (6.57), we see that the right hand side is proportional to TM but the left

hand side is proportional to (1− T )L+1. Given that P (T ) is a polynomial, this is

incompatible unless

C → C(0) = 0. (6.59)

Then we see by inspection that

P (T ) → P (0)(T ) = T − y
(0)
0 . (6.60)

It might seem strange that P (0)(T ) is a polynomial of degree 1, when we expect

P (T ) to be a polynomial of degree L −M + 1. In fact, this indicates that the

coefficients of the higher powers in P (T ) are of higher order in γ.

6.4.3 One function reformulation

Currently, the Bethe equation (6.57) is expressed in terms of two unknown

functions, P (T ) and Q(T ). We can re-express it as an equation for a single

function using the following procedure.

Firstly, we note that from (6.58) and remembering the form of Q(T ), (6.39), we

can write Q(T ) as follows,

Q(T ) = TM(T − y0)(1 + q(T )), (6.61)

where q(T ) is a polynomial in negative powers of T that is of order γ.

Similarly, P (T ) must have one root ȳ0 close to y
(0)
0 , although note that ȳ0 ̸= y0,

as otherwise the right hand side of (6.57) would have y0 as a root, whereas the

left hand side would not. The remaining roots of P (T ) must diverge as γ → 0,

which corresponds to the vanishing of the coefficients. It is helpful to introduce

the rational function

p(T ) =
P (T )

T − y0
− 1. (6.62)

This function is analytic except for a simple pole at T = y0. Also, by the definition

of C (6.55), it has the property p(0) = 0. Moreover, from (6.60), we see that we
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must have p(T ) = O(γ). Rearranging this definition, we have

P (T ) = (T − y0)(1 + p(T )). (6.63)

With this in mind, we now divide (6.57) by TM(T − y0)(T/x− y0), which yields,

2Ch̃(T ) = (1 + p(T/x))(1 + q(T )) − Γ−1(1 + p(T ))(1 + q(T/x)), (6.64)

where

h̃(T ) =
(1 − T )L+1(Bx− T )

TM(T − y0)(T/x− y0)
. (6.65)

We now introduce the two functions

w(T ) =
1

2
[log(1 + q(T )) − log(1 + q(T/x)) − log(1 + p(T ))

+ log(1 + p(T/x)) + log Γ] (6.66)

w̃(T ) =
1

2
[log(1 + q(T )) + log(1 + q(T/x)) + log(1 + p(T ))

+ log(1 + p(T/x)) − log Γ]. (6.67)

Using these, we see that (6.64) becomes

2Ch̃(T ) = ew̃(T )+w(T ) − ew̃(T )−w(T ). (6.68)

This can be rewritten as

w(T ) = arcsinh
(
Ch̃(T )e−w̃(T )

)
. (6.69)

Now to make this an equation for just one function, we need to establish a relation

between w(T ) and w̃(T ). We can do this by introducing a linear operator X that

acts on power series in T as follows. Given a power series u(T ) =
∑

k ukT
k, we

define

X[u](T ) = u(T ) + 2
∞∑

k=−∞

x|k|

1 − x|k|
ukT

k, (6.70)

with the convention

x|0|

1 − x|0|
= −1. (6.71)

183



The key property of this operator is that due to the absolute value in the

exponent, it acts differently on series with only negative and only positive powers.

Specifically, if u−(T ) is a series with only negative powers, we have

X[u−](T ) −X[u−](T/x) = u−(T ) − u−(T/x)

+2
−1∑

k=−∞

(
x−k

1 − x−k
− x−2k

1 − x−k

)
u−k T

k

= u−(T ) − u−(T/x) + 2
−1∑

k=−∞

u−k x
−kT k

= u−(T ) + u−(T/x). (6.72)

On the other hand, if u+(T ) is a series with only positive powers, we have,

X[u+](T ) −X[u+](T/x) = u+(T ) − u+(T/x)

+2
∞∑
k=1

(
xk

1 − xk
− 1

1 − xk

)
u+k T

k

= u+(T ) − u+(T/x) − 2
∞∑
k=1

u+k T
k

= −u+(T ) − u+(T/x). (6.73)

Now consider the definitions (6.66) and (6.67). As p(T ) = O(γ) and q(T ) = O(γ),

we can expand the logs in powers of p and q. Now q(T ) is a polynomial in negative

powers of T . On the other hand, p(T ) is analytic at T = 0 with p(0) = 0, meaning

that its power series expansion at T = 0 will have only positive powers of T .

Hence, if we apply X to w(T ), we get,

X[w(T )] =
1

2

∞∑
n=1

(−)n

n
[X[qn](T ) −X[qn](T/x) −X[pn](T ) +X[pn](T/x)]

+
1

2
X[log Γ] (6.74)

=
1

2

[
∞∑
n=1

(−)n

n
[qn(T ) + qn(T/x) + pn(T ) + pn(T/x)] − log Γ

]
(6.75)

= w̃(T ). (6.76)

Then we can finally write a Bethe equation in terms of a single function, w(T )

as follows,

w(T ) = arcsinh
(
Ch̃(T )e−X[w](T )

)
. (6.77)
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Auxiliary equations

To complete the one function formulation, we would like to write the auxiliary

equations (6.44) and (6.45), as well as the eigenvalue λ in terms of w(T ). Note

that those equations are given in terms of Q(T ). To isolate the correct component

of w(T ), it is useful to consider a linear operator P defined as follows,

P [w](T ) = 2

∮ ′ w(T ′)

T − T ′ , (6.78)

where the contour of integration is a small circle around the origin and we have

suppressed a factor of dT ′/(2πi). Similarly to the argument relating w(T ) to

w̃(T ) through the X operator, we need to expand the logarithms in w(T ) (see

the definition (6.66)) in powers of p and q. Performing this expansion in (6.78),

we see that, as p is analytic at T = 0, the terms containing p will not contribute.

Similarly, the constant term (1/2) log Γ does not contribute. Then we have

P [w](T ) =

∮ ′ log(1 + q(T ′)) − log(1 + q(T ′/x))

T − T ′ . (6.79)

This integral can be evaluated using the residue theorem. Specifically, a complex

contour integral can be evaluated as −2πi times the residues of the poles of the

integrand outside the contour. As q is a (finite) polynomial in negative powers

of T , the only pole outside the contour is the simple pole at T ′ = T . Thus we

obtain the important identity

P [w](T ) = log(1 + q(T )) − log(1 + q(T/x)). (6.80)

Strictly speaking, we have only shown this to hold provided we expand the

logarithms up to a finite number of powers of q. However, this is sufficient for

our purposes.

Periodicity condition. Now consider the periodicity condition (6.44). Note that

Q(1) = (1 − y0)(1 + q(1)), xMQ(x−1) = (1 − xy0)(1 + q(x−1)). (6.81)

Then we obtain,

αeγ1+Mγ2
1 − y0

1 − xy0
exp[log(1 + q(1)) − log(1 + q(x−1))] = 1. (6.82)
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We now use (6.80) and rearrange the equation to solve for y0. This yields,

y0 =
αeδ − 1

αeδ − x
, (6.83)

where

δ = γ1 +Mγ2 + P [w](1). (6.84)

B-fixing condition. Similarly, consider the B-fixing equation (6.45). This can

be written as,

(B − y0)

xM(Bx− y0)
exp[log(1 + q(B)) − log(1 + q(Bx))]

= α−(L+1)e−(M+1)γ12−(L−M)(γ1−γ2). (6.85)

Using (6.80) and solving for B yields,

B = y0
αL+1eδB − xM

αL+1eδB − xM+1
, (6.86)

where

δB = (M + 1)γ12 − (L−M)(γ1 − γ2) − P [w](Bx). (6.87)

Note that this is self-referential, as B is expressed in terms of δB, which is in

turn defined in terms of B. However we will see that this equation allows us to

compute B order by order in perturbation theory.

Normalisation. Actually, in this formulation, we need an additional equation.

This essentially comes from the fact that we need to fix the constant C. As C

multiplied the whole Bethe equation (6.57), this can be seen as a normalisation

condition. We can obtain this by examining the form of w(T ), (6.66). As p has

an expansion in only positive powers of T and q has an expansion in only negative

powers of T at T = 0, the only contribution to the constant term (the coefficient

of T 0) will be (1/2) log Γ. Hence by the residue theorem, we have the equality∮
w(T )

T
=

1

2
log Γ, (6.88)

where Γ is given by (6.41).
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Eigenvalue. Finally, we express the eigenvalue λ(γ) in terms of w(T ). From

(6.46), we have,

λ(γ) = 1 + x− α− x/α + (1 − x)
d

dT
[logQ(T ) − logQ(T/x)]

∣∣∣∣
T=1

(6.89)

= 1 + x− α− x/α + (1 − x)
d

dT
log

T − y0
T − xy0

∣∣∣∣
T=1

+ (1 − x)
d

dT
[log(1 + q(T )) − log(1 + q(T/x))]

∣∣∣∣
T=1

. (6.90)

Then using (6.80) and (6.83), we can write this as,

λ(γ) = (1 − e−δ)(αeδ − x/α) + (1 − x)
d

dT
P [w](T )

∣∣∣∣
T=1

, (6.91)

where δ is as defined in (6.84).

We now have a complete formulation of the large deviation problem of the particle

current. Specifically, one needs to solve the functional equation (6.77) for w(T )

(together with the auxiliary equations (6.83), (6.86) and (6.88)) and then use

(6.91) to compute the scaled cumulant generating function λ(γ). In the next two

sections, we perform this for the two cases we mentioned in section 6.2.2, namely

the motion of the defect and the motion of the normal particles. In the former

case, we will see that the calculation becomes trivial and we recover the expected

result. In the latter case, we will have to perform the calculations in perturbation

theory, which we will carry out up to second order.

6.5 Defect particle current statistics

We now turn to the computation of the current statistics of the defect. Actually,

from the definition of the dynamical rules, it is clear that the defect simply

performs biased diffusion with rates α and x/α, as it does not distinguish between

particles and holes. Therefore, even without doing any calculations, it should be

obvious that its displacement will follow a Skellam distribution (i.e. the difference

of two Poissonian random variables) with parameters α and x/α. Thus this

calculation is merely a proof of validity of the Bethe ansatz approach.

Setting a1 = a12 = 1 and a2 = 1 and recalling the definition of Γ (6.41), we see
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that (6.88) becomes ∮
w(T )

T
= 0. (6.92)

From the Bethe equation (6.77), we see that this can only hold if we have

identically w(T ) = 0.

Then (6.84) becomes,

δ = γ, (6.93)

and consequently,

λ(γ) = (1 − e−γ)(αeγ − x/α). (6.94)

This is precisely the cumulant generating function of a Skellam distribution (see

section 1.4), as expected. The cumulants are given by

dnλ(γ)

dγn

∣∣∣∣
γ=0

=

α− x/α, n odd

α + x/α, n even
. (6.95)

6.6 Normal particle current statistics

To calculate the current of the normal particles, we set a1 = a12 = 0 and

a2 = 0. In this case, we must proceed perturbatively. Although nominally,

the small parameter is γ, it turns out to be more convenient to expand in terms

of the constant C. Note that from (6.59), we have C = O(γ), so this choice of

perturbative parameter is justified.

For an arbitrary object Ξ, we denote by Ξ(k) the coefficient of Ck in its expansion

in powers of C. One important consequence of this change of perturbative

parameter is how the relation between λ and γ is expressed. Expanding both, we

have,

λ = Cλ(1) + C2λ(2) + . . . (6.96)

γ = Cγ(1) + C2γ(2) + . . . . (6.97)
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Inverting the expansion of γ order by order, we obtain

C = γ(γ(1))−1 − γ2
γ(2)

(γ(1))3
+ . . . . (6.98)

Then we can express λ as follows,

λ = γ
λ(1)

γ(1)
+ γ2

λ(2)γ(1) − λ(1)γ(2)

(γ(1))3
+ . . . . (6.99)

Then recalling the definitions of the mean current and diffusion constant (6.11a),

(6.11b), we have

J =
λ(1)

γ(1)
, ∆ = 2

λ(2)γ(1) − λ(1)γ(2)

(γ(1))3
. (6.100)

6.6.1 Perturbation theory

We now need to expand w(T ), y0 and B in powers of C. We show these expansions

only up to the order that we need to calculate the diffusion constant.

The Bethe equation (6.77) becomes

w(0)(T ) + Cw(1)(T ) + C2w(2)(T ) + · · · = Ch̃(0)(T )e−X[w(0)](T )

+C2[h̃(1)(T ) − h̃(0)(T )X[w(1)](T )]e−X[w(0)](T ) + . . . . (6.101)

From this, we read off,

w(0)(T ) = 0 (6.102a)

w(1)(T ) = h̃(0)(T ) (6.102b)

w(2)(T ) = h̃(1)(T ) − h̃(0)(T )X[h̃(0)](T ). (6.102c)

Note that from (6.42), h̃(0) is simply

h̃(0)(T ) =
(1 − T )L+1(B(0)x− T )

TM(T − y
(0)
0 )(T/x− y

(0)
0 )

, (6.103)

where the values for y
(0)
0 and B

(0)
0 are easily found and will be given shortly. On

the other hand, w(2) depends on h̃(1). To fully determine h̃(1), we need to know

y
(1)
0 and B(1), which must be computed from a perturbative expansion of (6.83)
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and (6.86). Evidently this procedure becomes algebraically quite involved, so it

is wise to proceed systematically.

Expanding (6.88), we obtain

γ(0) = 0 (6.104a)

γ(1) =
2

L

∮
w(1)(T )

T
(6.104b)

γ(2) =
2

L

∮
w(2)(T )

T
. (6.104c)

Expanding (6.83) and (6.84), we obtain

y
(0)
0 =

α− 1

α− x
(6.105a)

y
(1)
0 =

(1 − x)α

(α− x)2
δ(1), (6.105b)

and

δ(0) = 0 (6.106a)

δ(1) = 2

∮
g(T )

w(1)(T )

T
(6.106b)

δ(2) = 2

∮
g(T )

w(2)(T )

T
, (6.106c)

where

g(T ) = ρ+
T

1 − T
. (6.107)

Expanding (6.86) and (6.87), we obtain,

B(0) =
α− 1

α− x

αL+1 − xM

αL+1 − xM+1
(6.108a)

B(1) =
B(0)

y
(0)
0

y
(1)
0 + y

(0)
0

(1 − x)xMαL+1

(αL+1 − xM+1)2
δ
(1)
B , (6.108b)

and

δ
(0)
B = 0 (6.109a)

δ
(1)
B = −2

∮
gB(T )

w(1)(T )

T
, (6.109b)

190



where

gB(T ) = 1 − ρ+
T

B(0)x− T
. (6.110)

Finally, expanding (6.91), we obtain,

λ(0) = 0 (6.111a)

λ(1) = (α− x/α)δ(1) − 2(1 − x)

∮
w(1)(T )

(1 − T )2
(6.111b)

λ(2) = (α− x/α)δ(2) +
α + x/α

2
(δ(1))2 − 2(1 − x)

∮
w(2)(T )

(1 − T )2
. (6.111c)

6.6.2 Current

To calculate the current from (6.100), we need to determine λ(1) and γ(1). From

(6.104b), (6.102b) and (6.65), we have

γ(1) =
2

L
ZL,M , (6.112)

where ZL,M is the integral

ZL,M =

∮
(1 − T )L+1(B(0)x− T )

TM+1(T − y
(0)
0 )(T/x− y

(0)
0 )

. (6.113)

Explicit computation of integrals

As ZL,M and other similar integrals will appear consistently throughout our

calculations, it is instructive to evaluate it explicitly. This can be done as follows.

We first expand the binomial in the numerator, giving,

ZL,M =

∮
1

(T − y
(0)
0 )(T/x− y

(0)
0 )

×
L+1∑
n=0

(−)n
(
L+ 1

n

)
(B(0)xT n−M−1 − T n−M). (6.114)
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Note that only terms with negative powers of T contribute, as the other terms

do not have a residue at T = 0. Hence we can truncate the sum, giving,

ZL,M =

∮
1

(T − y
(0)
0 )(T/x− y

(0)
0 )

(6.115)

×

[
M∑
n=0

(−)n
(
L+ 1

n

)
B(0)xT n−M−1 −

M−1∑
n=0

(−)n
(
L+ 1

n

)
T n−M

]
.

It is easiest to evaluate these integrals using the residues of the poles outside the

contour, which are the two simple poles at T = y
(0)
0 and T = xy

(0)
0 (note that

if we had not truncated the sums, we would have had further poles at infinity).

This gives,

ZL,M = − x

(1 − x)y
(0)
0

[
M∑
n=0

(−)n
(
L+ 1

n

)
B(0)x(1 − xn−M−1)(y

(0)
0 )n−M−1

−
M−1∑
n=0

(−)n
(
L+ 1

n

)
(1 − xn−M)(y

(0)
0 )n−M

]
. (6.116)

We can extend the upper limit of the second sum to M , as this spurious term will

vanish anyway as 1 − xM−M = 0. Then we can combine the two sums, giving,

ZL,M = − x

(1 − x)y
(0)
0

[
M∑
n=0

(−)n
(
L+ 1

n

)

×

(
B(0)

y
(0)
0

(x− xn−M) − (1 − xn−M)

)
(y

(0)
0 )n−M

]
. (6.117)

Using (6.108a), we can simplify this to give the final expression,

ZL,M =
x

y
(0)
0

M∑
n=0

(−)n
(
L+ 1

n

)
αL+1 − xn

αL+1 − xM+1
(y

(0)
0 )n−M . (6.118)

Finite-size expression for current

From (6.111b) and (6.106b), we can express λ(1) as,

λ(1) = 2

∮ [
(α− x/α)

(
ρ+

T

1 − T

)
− (1 − x)T

(1 − T )2

]
w(1)(T )

T
. (6.119)
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Then from (6.100), the current is given by

J

L
= ρ(α− x/α) + Z−1

L,M

∮
f(T )

w(1)(T )

T
, (6.120)

where

f(T ) =
T

1 − T

(
α− x/α− 1 − x

1 − T

)
. (6.121)

Evaluating this integral similarly to the calculation of ZL,M , we obtain the

following exact expression,

J

L
= ρ(α− x/α)

+

∑M−1
n=0 (−)n

[
(α− x/α)

(
L
n

)
− (1 − x)

(
L−1
n

)]
(αL+1 − xn+1)(y

(0)
0 )n+1∑M

n=0(−)n
(
L+1
n

)
(αL+1 − xn)(y

(0)
0 )n

. (6.122)

This is alternative expression for the current to the one obtained in chapter 4

using the matrix product formalism. There, the exact expression of the current,

as given in (4.87), is

JMP = ρ(α− x/α)

−[Z
(MP )
L,M ]−1

[(
L− 1

M − 1

)
(αL+1 − (x/α)xM) + (α− 1)xZ

(MP )
L−1,M−1

]
(6.123a)

Z
(MP )
L,M =

L∑
l=0

l∑
m=0

(
L− l

M −m

)(
l

m

)
αL−lxm. (6.123b)

Importantly, recall (6.12). The two expressions (6.122) and (6.123a) can be

checked to produce the same result numerically. In particular, choosing rational

numbers for all parameters allows one to perform the comparison exactly, without

any machine precision error, in a symbolic programming language such as

Mathematica. In this regard, one can convince oneself that the two expressions

agree. An explicit analytic proof of identical equality remains an open problem.

We remark that the expression obtained through the Bethe ansatz is simpler than

the one obtained through the matrix product formalism, as it only involves single

sums, whereas the latter contains double sums.

193



Asymptotic behaviour of current

To gain a physical understanding of the result (6.122), it is helpful to extract

its asymptotic behaviour in the limit L → ∞, with ρ held fixed. Consider the

expression (6.120). Evidently the key to understanding the asymptotic behaviour

is the object ZL,M . We can rewrite (6.113) as

ZL,M =

∮
A(T )eLϕ(T ), (6.124)

where

A(T ) =
(1 − T )(B(0)x− T )

T (T − y
(0)
0 )(T/x− y

(0)
0 )

(6.125)

ϕ(T ) = log(1 − T ) − ρ log(T ). (6.126)

In this form, it is clear that the integral ZL,M has a saddle point at T∗, defined

by ϕ′(T∗) = 0. Solving this equation, we find,

T∗ = − ρ

1 − ρ
. (6.127)

However, ZL,M is not necessarily dominated by the saddle point, as A(T ) also

has the two poles at T = y
(0)
0 and T = xy

(0)
0 . We can proceed as follows.

The original contour is a small circle around the origin. Regardless of where

the poles are located in relation to the saddle point, we deform the contour to

pass through the saddle point. Then if the poles are located between the origin

and the saddle point, we subtract their residues. This contribution will actually

generally dominate over the saddle point. If the poles are not located between

the origin and the saddle point, they do not come into play and the integral is

simply dominated by the saddle point.

From (6.105a) we can determine the ranges of values in which the poles are located

inside or outside the contour. We find that there are two critical densities,

ρ1 =
1 − α

1 − x
, ρ2 =

1 − α−1

1 − x−1
. (6.128)
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The location of the poles is as follows,
ρ > ρ1, both poles outside

ρ2 < ρ < ρ1, xy
(0)
0 inside, y

(0)
0 outside

ρ < ρ2, both poles inside

. (6.129)

It is important to observe that the sum of the residues of the two poles, which is

given by

x(1 − y
(0)
0 )L+1(B(0)x− y

(0)
0 )

(1 − x)y
(0)
0 (y

(0)
0 )M+1

− x2(1 − xy
(0)
0 )L+1(B(0) − y

(0)
0 )

(1 − x)y
(0)
0 (xy

(0)
0 )M+1

, (6.130)

vanishes exactly (this can be verified using (6.105a) and (6.108a)). Thus when

both poles are inside the contour, the integral is actually also dominated by the

saddle point. It can be verified that this precise cancellation of the residues also

occurs in the integral
∮

(dT/(2πi))f(T )h̃(0)(T )/T , which occurs in (6.120).

Therefore overall, we have that when both poles are inside or outside the contour,

the integral is dominated by the saddle point. When the pole xy
(0)
0 is inside the

contour and y
(0)
0 is outside, then the integral is dominated by the pole at xy

(0)
0 .

Note that this matches exactly with the phase diagram we derived in chapter 4.

The localised phases correspond to the integral being dominated by the saddle

point and the shock phase corresponds to the integral being dominated by the

pole at xy
(0)
0 .

Using this, we can deduce the asymptotic behaviour of J from (6.120), which is

given by,

J

L
≈

ρ(α− x/α) + f(T∗), ρ2 < ρ < ρ1

ρ(α− x/α) + f(xy
(0)
0 ), else

, (6.131)

with corrections of order O(L−1). Evaluating these expressions, we obtain

J

L
≈

(1 − x)ρ(1 − ρ), ρ2 < ρ < ρ1

ρ(α− x/α) + x(α−1)2

α(α−x)2
, else

, (6.132)

in agreement with the result from chapter 4.
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6.6.3 Diffusion constant

Finite-size expression for diffusion constant

We now proceed to the calculation of the diffusion constant. Using (6.111c) and

(6.106c), λ(2) becomes,

λ(2) =
α + x/α

2
(δ(1))2 + 2

∮
[(α− x/α)ρ+ f(T )]

w(2)(T )

T
. (6.133)

Then also using (6.104c), we have

λ(2)γ(1) − λ(1)γ(2) = L−1(α + x/α)(δ(1))2
∮
w(1)(T )

T

+
4

L

∮
[(α− x/α)ρ+ f(T )]

w(2)(T )

T

∮
w(1)(T )

T

− 4

L

∮
[(α− x/α)ρ+ f(T )]

w(1)(T )

T

∮
w(2)(T )

T
.(6.134)

The terms proportional to (α−x/α)ρ will cancel. Then we obtain for the diffusion

constant from (6.100),

∆

L2
= Z−3

L,M

[∮
f(T )

w(2)(T )

T

∮
w(1)(T )

T
−
∮
f(T )

w(1)(T )

T

∮
w(2)(T )

T

]
+Z−2

L,M(α + xα)

(∮
g(T )

w(1)(T )

T

)2

. (6.135)

Now using (6.102c), we can write this out w(2) a bit more explicitly as,

w(2)(T ) = h̃(0)(T )

[
B(1)x

B(0)x− T
+ y

(1)
0

(
1

T − y
(0)
0

+
1

T/x− y
(0)
0

)]
−[h̃(0)(T )]2 + 2h̃(0)(T )K[h̃(0)](T ) (6.136)

where

K[u](T ) =

∮ ′ u(T ′)

T ′

∞∑
k=−∞

x|k|

1 − x|k|

(
T

T ′

)k

. (6.137)
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Then using (6.108b), and (6.105b), we can write this as

w(2)(T ) = h̃(0)(T )

[
y
(0)
0

B(0)x− T

(1 − x)xM+1αL+1

(αL+1 − xM+1)2
δ
(1)
B + f2(T )

(1 − x)α

(α− x)2
δ(1)

]
−[h̃(0)(T )]2 + 2h̃(0)(T )K[h̃(0)](T ), (6.138)

where

f2(T ) =
1

T − y
(0)
0

+
1

T/x− y
(0)
0

+
B(0)x/y

(0)
0

B(0)x− T
. (6.139)

Plugging this into (6.135) and using (6.106b) and (6.109b), the resulting

expression for ∆ is very big, so we split it into parts

∆

L2
= I1 + I2 + I3 + I4 + I5, (6.140)

where

I1 = −Z−3
L,M

2(1 − x)xM+1αL+1y
(0)
0

(αL+1 − xM+1)2

∮
gB
h̃(0)

T

[∮
f

B(0)x− T

h̃(0)

T

∮
h̃(0)

T

−
∮
f
h̃(0)

T

∮
1

B(0)x− T

h̃(0)

T

]
(6.141a)

I2 = Z−3
L,M

2(1 − x)α

(α− x)2

∮
g
h̃(0)

T

[∮
ff2

h̃(0)

T

∮
h̃(0)

T

−
∮
f
h̃(0)

T

∮
f2
h̃(0)

T

]
(6.141b)

I3 = −Z−3
L,M

[∮
f

[h̃(0)]2

T

∮
h̃(0)

T
−
∮
f
h̃(0)

T

∮
[h̃(0)]2

T

]
(6.141c)

I4 = −Z−3
L,M2

[∮
f
h̃(0)K[h̃(0)]

T

∮
h̃(0)

T
−
∮
f
h̃(0)

T

∮
h̃(0)K[h̃(0)]

T

]
(6.141d)

I5 = Z−2
L,M(α + x/α)

(∮
g
h̃(0)

T

)2

, (6.141e)

where f is defined in (6.121), g is defined in (6.107), gB is defined in (6.110),

f2 is defined in (6.139), h̃(0) is given in (6.103), K is defined in (6.137), y
(0)
0 is

given in (6.105a), B(0) is given in (6.108a), ZL,M is given in (6.118), and we have

suppressed the arguments (T ) of all functions for compactness. This expression

for the diffusion constant is plotted numerically in figure 6.1.
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Figure 6.1 Diffusion constant against density from theory ( (6.140) for finite-
size values, and (6.147) and (6.151) for asymptotic values) and as
obtained from Monte Carlo simulations. The parameters used were
x = 0.01, α = 0.1, L = 40 (left), and x = 0.1, α = 0.5, L = 60
(right). The asymptotic analysis predicts phase transitions at ρ ≈
0.1, ρ ≈ 0.9 (left) and ρ ≈ 0.1, ρ ≈ 0.5 (right). Excellent agreement
is seen between simulations and finite-size theoretical predictions.
There is good agreement between finite-size and asymptotic values
deep in each phase, but there are noticeable deviations near the phase
transitions for the given system sizes.

Although this expression for the diffusion constant is quite cumbersome, it has two

positive aspects. Firstly, it is completely explicit. One just needs to implement

all the integrals numerically on a computer and one can evaluate this exactly.

Secondly, we will see that only few of the parts Ii contribute to the asymptotic

behaviour.

Asymptotic analysis

We now turn to the asymptotic behaviour of the diffusion constant ∆, as given by

(6.140). We will rely on similar analysis of integrals as we considered in section

6.6.2. The integrals still have a unique saddle point at T = −ρ/(1− ρ) and poles

at T = y
(0)
0 and T = xy

(0)
0 . However, the justification for picking the relevant

terms in each phase is more complicated than in the asymptotic analysis of ZL,M .

We deduce the terms that contribute at leading order in each phase guided by

extensive numerical analysis, Monte Carlo simulations, as well as comparison to

known results in similar systems (for instance the TASEP with a defect particle).

All these lines of reasoning suggest the scaling ∆ ∼ L3/2 in the localised phases

and ∆ ∼ L2 in the shock phase.

The analysis is complicated by the fact that in some integrals that occur in the

full expression for ∆, such as
∮
gh̃(0)/T , the residues of the two poles do not
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cancel exactly. This seems to suggest that these terms have super-dominant

contributions in the phase when both poles are inside the contour. Actually,

these spurious terms cancel exactly with contributions from other terms in the

full expression for ∆. However, to see the full cancellation, all terms must be taken

into account. Although we do not have a rigorous analytic proof of the mechanism

of this cancellation, our argument is supported by extensive numerical verification

as well as agreement of the final results with Monte Carlo simulations.

The conclusion of this analysis is that the terms I1 and I4 do not contribute in

any phase, the terms I2 and I5 contribute only in the shock phase, and the term

I3 contributes in both phases.

Asymptotic behaviour in localised phases

In the localised phase, only term I3 contributes to the asymptotic behaviour and

it is to be evaluated using the saddle point approximation. This means that we

can write,

∆S

L2
≈ −Z−3

L,M

[∮
f

[h̃(0)]2

T

∮
h̃(0)

T
−
∮
f
h̃(0)

T

∮
[h̃(0)]2

T

]
. (6.142)

Then using (6.124), we can write this as,

∆S

L2
≈ −

(∮
AeLϕ

)−3 [∮
fTA2e2Lϕ

∮
AeLϕ −

∮
fAeLϕ

∮
TA2e2Lϕ

]
.(6.143)

The first order saddle point approximations of the integrals in the numerator

cancel, so we need to consider the first correction (see 2.A). We give the general

formula using ZL,M for illustration (where it is important to recall the suppressed

factor of (2π)−1),∮
AeLϕ ≈ (−2πLϕ′′)

−1/2
AeLϕ

[
1 +

1

L

(
− A′′

2Aϕ′′ +
ϕ′′′′

8(ϕ′′)2

+
A′ϕ′′′

2A(ϕ′′)2
− 5(ϕ′′′)2

24(ϕ′′)3

)
+O(L−2)

]
, (6.144)

where all expressions are to be evaluated at the saddle point. Now examining

the form of the integrals in (6.143), one eventually sees that the terms coming

from the correction that only involve derivatives of ϕ will cancel exactly. Hence
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we only have remaining,

∆S

L2
≈ −

(
−πϕ

′′

L

)1/2
fT

4ϕ′′

[
−(fTA2)′′

fTA2
+

(fTA2)′ϕ′′′

ftA2ϕ′′ − 2
A′′

A
+ 2

A′ϕ′′′

Aϕ′′

+2
(fA)′′

fA
− 2

(fA)′ϕ′′′

2fAϕ′′ +
(TA2)′′

TA2
− (TA2)′ϕ′′′

TA2ϕ′′

]
. (6.145)

Simplifying this, we obtain,

∆S

L2
≈

(
−πϕ

′′

L

)1/2
T

4ϕ′′

(
f ′′ − 2

f ′

T
− f ′ϕ

′′′

ϕ′′

)
. (6.146)

Now using (6.121), (6.126) and (6.127) yields the expression,

∆S ≈ L3/2

√
π

2
(1 − x)[ρ(1 − ρ)]3/2. (6.147)

This is shown in figure 6.1.

Asymptotic behaviour in shock phase

In the shock phase, the terms I2, I3 and I5 all contribute to the leading order

asymptotic expression and they are to be evaluated using the residue at the pole

at T = xy
(0)
0 . In these calculations, it is helpful to define

h̄(T ) = (T − xy
(0)
0 )h̃(T ), f̄2(T ) = (T − xy

(0)
0 )f2(T ). (6.148)

It is also important to remember that the poles are initially always outside the

contour, so the residues should be multiplied by −1. This did not matter in

the first order calculations, as there the minus signs always cancelled between

the numerator and denominator. Here, however, this introduces an extra minus

sign for I3 as there are three integrals in the denominator but only two in the
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numerator. Then we have,

ZL,M ≈ h̄(xy
(0)
0 )

xy
(0)
0

(6.149a)

I2 ≈ Z−3
L,M

2(1 − x)α

(α− x)2
gh̄

T

[(
ff̄2h̄

T

)′
h̄

T
− f

h̄

T

(
f̄2h̄

T

)′
]
T=xy

(0)
0

(6.149b)

I3 ≈ Z−3
L,M

[(
fh̄2

T

)′
h̄

T
− fh̄

T

(
h̄2

T

)′
]
T=xy

(0)
0

(6.149c)

I5 ≈ Z−2
L,M(α + x/α)

(
gh̄

T

)2

T=xy
(0)
0

. (6.149d)

Simplifying this, we obtain

∆S

L2
≈

[
2(1 − x)α

(α− x)2
gf̄2f

′ + Tf ′ + (α + x/α)g2
]
T=xy

(0)
0

. (6.150)

Now using (6.121), (6.107) and (6.139), we can write this as

∆S ≈ L2(ρ1 − ρ2)
2[α(1 − w∗)

2 + (x/α)w2
∗], (6.151)

where w∗ is the location of the shock front, defined by (4.62). This is shown in

figure 6.1.

Convergence to asymptotic results

We comment briefly on the convergence of the finite-size expression for ∆, (6.140),

to the asymptotic expressions, (6.147) and (6.151). As shown in figure 6.1, the

agreement between finite-size and asymptotic expressions is generally good deep

in each phase, but there are some deviations near the phase transitions. This

is expected, as finite-size effects are typically strongest near phase transitions.

Moreover, in the present case this is exacerbated by the fact that there is a

discontinuity at the phase transition due to the different scaling regimes (∆ ∼
L3/2 in the localised phases but ∆ ∼ L2 in the shock phase). However, on

increasing the system size, it can be seen that the finite-size values converge to

the asymptotic ones. This is shown in figure 6.2.
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Figure 6.2 Diffusion constant against density for various system sizes.
Parameters used were x = 0.1, α = 0.5. Asymptotic analysis
predicts phase transitions at ρ ≈ 0.1 and ρ ≈ 0.5. Convergence
to asymptotic results can be seen for increasing L.

6.6.4 Physical interpretation of results

Having derived the asymptotic behaviour of the current fluctuations, (6.147)

and (6.151), we now aim to understand these expressions using simple physical

intuition.

The expression in the localised phases (6.147) is actually the same as one would

obtain for a regular PASEP (without a defect). This continues the trend that we

saw with the current: in the localised phases, the defect has only a microscopic

effect on the system, so it does not affect the large scale behaviour. Thus higher

order cumulants in the localised phases are expected to follow regular PASEP

statistics.

The expression in the shock phase (6.151) looks a bit more involved, but it can

be understood intuitively together with the expression for the current, (6.132).

In particular, we note that we may write the current in the shock phase in the

form

JS ≈ L(ρ1 − ρ2)[α(1 − w∗) + (x/α)w∗]. (6.152)

These expressions suggest the following interpretation. Recall that the mean

density profile in the shock phase comprises a low density region with density
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x/α α

w* 1 – w*
ρ1 – ρ2

Figure 6.3 Schematic illustration of how fluctuations are generated in the shock
phase. The defect is shown in red and the density field of normal
particles is shown in blue.

ρ2 over the region of length w∗ in front of the defect, and a high density region

with density ρ1 over a region of length (1 − w∗) behind the defect. Now at a

mean-field level, we may treat the density field as continuous. Then when the

defect hops forward, it creates a “hole” of density ρ2 behind itself 1. This “hole”

must travel backwards a distance L(1 − w∗) to restore the stationary profile.

Similarly, when the defect hops backwards, it creates a “particle” of density ρ1 in

front of itself, which must travel forward a distance Lw∗ to restore the stationary

profile. Thus we may see the current of normal particles as a combination of two

independent processes, which create currents of size L(ρ1 − ρ2)(1−w∗) with rate

α and L(ρ1 − ρ2)w∗ with rate x/α. This is illustrated in figure 6.3.

Then using the additive property for cumulants of independent random variables,

this suggests the following form for the cumulants in the shock phase,

lim
t→∞

⟨Y n
2 ⟩c
t

≈ Ln(ρ1 − ρ2)
n[α(1 − w∗)

n + (x/α)wn
∗ ]. (6.153)

As we have shown, the expressions for the first two cumulants, (6.152) and (6.151),

agree with this. It would be of interest to investigate whether this holds for higher

order statistics, though this remains an open problem.

6.7 Summary

In this chapter, we used a coordinate Bethe ansatz to study the long time limit

of current fluctuations in a partially asymmetric exclusion process on a ring

1We call this a hole as it is a region of lower density ρ2 in an environment of higher density
ρ1.
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with a defect particle. Using a functional reformulation of the Bethe equations,

we calculated the mean and variance of the current exactly both for finite-size

systems and in the asymptotic limit L→ ∞ with mean density ρ held fixed. This

complements the calculation of the mean current and steady-state density profile

in chapter 4, which was done using a matrix product ansatz.

It is interesting to observe that the diffusion constant exhibited different

dependence on system size in the localised and shock phases, scaling as ∆ ∼ L3/2

in the localised phases and ∆ ∼ L2 in the shock phase. This is in contrast to the

current, which was continuous across the phase transition (with a discontinuity in

the first derivative). The two different scaling regimes can be understood through

the physical picture explained in section 6.6.4. Curiously, if the conjecture for

the asymptotic behaviour presented in section 6.6.4 is true, the third cumulant

would again scale in the same way (∼ L3) in both phases, although it would be

negative in the localised phases and positive in the shock phase.

It would be a good result to extend the calculations presented in this chapter

to arbitrary order in perturbation theory, especially as this would allow one to

calculate the full large deviation function of particle displacement. Calculations to

arbitrary orders have been performed for the one-species TASEP [10], the TASEP

with a defect particle [12] and the one-species PASEP [164]. However, for the

model considered in this chapter, this endeavour would be quite challenging. Even

the calculations for the one-species PASEP to arbitrary order involved some quite

complicated combinatorial objects. Moreover, the second-order calculations done

in this chapter were already significantly more complex than those for the one-

species PASEP. This makes the extension of the calculations to arbitrary order a

very formidable task, unless a simpler alternative approach is found.

We emphasise that this is the first time that the Bethe ansatz was used to

calculate the particle displacement statistics for a partially asymmetric system in

which particles move with different rates. As such, it required us to build on the

techniques that have been developed for the two-species TASEP [12, 118] and the

one-species PASEP [119, 164].
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Chapter 7

Conclusion

7.1 Summary of results

In this thesis, we presented novel results on four research projects involving simple

exclusion processes on a ring. We give a brief summary of the results in each.

7.1.1 Driven tracer in a passive lattice gas

In chapter 3, we studied a symmetric process with a single totally asymmetric

defect particle. We obtained the exact steady-state measure using the mapping

to the zero-range process and the matrix product ansatz. This allowed us to

compute the density profile and mean current. In the large system size limit, it

was found that these quantities were predicted correctly by mean-field theory.

However, the exact approaches also allowed us to produce finite-size expressions,

which the simple continuum mean-field approach did not.

Furthermore, we extended the calculations of steady-state measures to the case

of multiple totally asymmetric defect particles and a single partially asymmetric

defect particle. We found that with multiple totally asymmetric defects, the

system essentially behaves as a sequence of independent subsystems with one

defect. The density of each subsystem is set such that the mean drift velocities of

all subsystems are equal. With a single partially asymmetric defect, the current

and density profile were modified by an additional parameter given by the ratio

of the defect’s forward and backward hopping rates.
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The phenomenology of the system studied in this chapter was quite simple,

which makes it a good candidate to understand the minimal ingredients of

a nonequilibrium steady state. One can see that the steady state is of the

nonequilibrium type by the presence of a nonzero current, which breaks detailed

balance. At the microscopic level, the particles possess a net drift velocity with

the scaling ⟨v⟩ ∼ L−1, which is a characteristic of the diffusive time scale. One

also observes that the steady-state density profile is non-uniform on the scale of

the system size, which is another consequence of the driving by the defect. This

is significant as it shows that a nonequilbrium steady state can be generated even

if the system is driven by a single particle.

7.1.2 Driven defect particle with priority in a driven lattice

gas

In chapter 4, we studied a partially asymmetric process with a defect particle

that could overtake normal particles with its usual hopping rates. For a special

choice of the defect hopping rates, the steady state could be solved exactly using

an unusual matrix product ansatz. This revealed a phase diagram with three

distinct types of density profiles: left-localised, right-localised and shock. In the

localised profiles, the defect only disrupted the normal particle density locally.

In the shock phase, on the other hand, the defect throttled the normal particle

current and created two regions with different bulk densities.

The exact solution showed that the mean current was continuous, but its first

derivative was discontinuous at the points of phase transition. This supports

the view that currents in nonequilibrium systems may play a similar role to free

energies in equilibrium systems. Indeed, the phase transitions in this system

may be compared to the first-order liquid-gas transition, with the left- and right-

localised phases representing low and high density phases and the shock phase

being a region of phase coexistence. At the same time, in the exclusion process,

we also saw diverging length scales at the phase transitions.

Unlike the system studied in chapter 3, in this chapter we saw mean-field theory

giving quantitatively incorrect predictions. In particular, in the shock phase,

mean-field theory predicted an incorrect scaling for the width of the shock profile.

The matrix product solution presented in this chapter had some very unusual

features. The matrices had dimension 2 × 2, whereas typically matrix product
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solutions involve infinite-dimensional matrices. Despite the fact that the matrices

were only 2 × 2, they were able to capture a phase transition in the system.

Moreover, they did not satisfy typical tilted algebraic relations with scalar

auxiliaries. This meant that this matrix product solution fell outside the standard

classification of two-species models on a ring solvable by a matrix product ansatz.

7.1.3 Integrability of two-species driven lattice gases

In chapter 5, we studied a broad class of two-species exclusion processes with

overtaking. Starting from a generalised, nested coordinate Bethe ansatz, we used

the Yang-Baxter formalism to determine which models in this class could be

solved with this ansatz. Three classes of solvable models were thus found: (i)

a two-species TASEP, (ii) a PASEP with a “second-class” species and (iii) a

PASEP with a single generalised “first-class” particle.

Of these three classes, (i) and (ii) had received much attention in the literature,

but (iii) had received comparatively little. In fact, this was the same model

that we studied in chapter 4. The fact that it had not received much attention

in literature related to matrix product states can be explained by the fact that

the matrix product solution has an unusual form and is not derived from typical

scalar reduction relations. From the point of view of Bethe ansatz integrability,

this model is also unusual as it satisfies the Yang-Baxter equations only if exactly

one particle of species 1 is present.

7.1.4 Current fluctuations of a driven lattice gas with a

driven defect particle with priority

In chapter 6, we studied the long-time current fluctuations of the model defined

in chapter 4. Using a coordinate Bethe ansatz, the large deviation function of

particle displacement was expressed implicitly in terms of the solution of the

Bethe equations. These were solved up to second order in perturbation theory

using a functional approach, yielding the mean current and diffusion constant.

The expression for the mean current was found to agree numerically with the

one obtained using the matrix product approach. The diffusion constant was

shown to obey different scaling in the localised and shock phases. The different

behaviours was explained by an intuitive physical picture. In the localised
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phases, the system behaved essentially as a pure PASEP. In the shock phase,

the current was controlled by hops of the defect, which creates density wavelets.

The corresponding fluctuations therefore scale with the system size.

7.2 Discussion

We began this thesis with a general consideration of exactly solvable models of

nonequilibrium systems. It is now worth examining the implications that the

results we have presented have in this regard.

One recurring theme in this thesis has been the limits of applicability of exact

methods. It is universally understood that integrability is a fragile property and

generally requires fine-tuning of parameters. Indeed, we saw in chapter 5 that

among two-species partially asymmetric processes, there is a very limited set of

models that are solvable via the Bethe ansatz. In fact, two out of the three cases

had already been solved in the literature, even before any classification had been

carried out. Similarly, we saw in chapter 4 that the exact solution through the

matrix ansatz was only valid provided the model parameters satisfied a specific

condition and there was only one defect particle.

However, we also saw evidence against an overly cautious perspective on the

limits of applicability of exact methods. The matrix product solution presented

in 4 did not fit into the usual classification scheme. Also, the Bethe ansatz

solution presented in 6 only satisfied the Yang-Baxter equations in a specific block,

meaning that a very strict classification might categorise it as non-integrable.

These observations point to the symptom that general surveys of exactly solvable

systems are always limited by the specific solutions known at the time. For

instance, the classification of models solvable by a matrix product ansatz assumes

a deformed matrix algebra with scalar auxiliaries. Also, the analysis of integrable

systems in chapter 5 relied on a particular form of the coordinate Bethe ansatz. In

an algebraic Bethe ansatz approach, one might instead postulate a form for the R-

matrices and then determine which models they describe. This still requires one

to know what a “reasonable” form for an R-matrix is based on known examples,

which may not give an exhaustive list of solvable models.

This feature of exactly solvable systems leaves room for progress if a new way

to simplify the problem is found. For instance, the matrix product solution in
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chapter 4 was simple enough to perform explicit calculations even in the absence

of the traditional scalar matrix reduction mechanism. This suggests an alternative

approach to matrix product states and may open an avenue for a new class of

matrix product measures.

It should also be noted that exactly solvable models are important beyond the

specific fine-tuned parameter regimes in which they are applicable. For instance,

the one-species TASEP and PASEP are both exactly solvable and the results

obtained in studying them help to build intuition for more complex cases, which

may themselves not be exactly solvable. In this thesis we saw, for instance, in

chapter 4 that the model was exactly solvable for a special choice of parameters.

However, in the mean-field analysis, that choice of parameters did not correspond

to a singular limit. It is therefore reasonable to believe that the results obtained

for that case are also relevant for the general case.

Another major theme of this thesis has been the effect of defects on lattice gases.

In chapter 3, nonequilibrium behaviour was achieved by adding a single driven

particle to a bath of passive particles. In chapter 4, a defect in a partially

asymmetric system created a rich phase diagram.

It is interesting to consider this from the point of view of system control using

defects. In the model in chapter 3, although the totally asymmetric defect had

an effect on the steady state on a macroscopic level, the density profile and mean

current did not depend on the hopping rate of the defect. On the other hand,

with a partially asymmetric defect, the mean current and density profile could be

controlled through the ratio of the defect’s forward and backward hopping rates.

In the system considered in chapter 4, the defect did not have macroscopic effects

in the localised phases, but affected the system on a global level in the shock

phase. For this to be achieved, the parameters had to be tuned to the shock

phase. Interestingly, in the shock phase, the bulk densities of the density profile

depended only on microscopic parameters, namely the hopping rates of the defect

and the normal particles, whereas the global mean density only entered via the

location of the shock front.

We remark that the fact that a defect can have a macroscopic effect on a system

is a characteristic feature of nonequilibrium systems. For equilibrium systems,

one would expect a local perturbation to have only localised effects, unless the

system is critical.
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7.3 Outlook

To build on the main results of this thesis, it would be of interest to explore further

the integrability of multi-species exclusion processes. One avenue to explore is to

consider processes with three or more species. Certain special cases are known

to be integrable, such as the partially asymmetric multi-species process in which

all particles have equal hopping rates [71]. It remains to be seen whether general

criteria for integrability may be formulated. Also, it would be interesting to

investigate the integrability of processes with two or more species with open

boundary conditions. This would require the algebraic Bethe ansatz approach,

as the coordinate ansatz only works for processes with a fixed particle number.

The other direction in which the results of this thesis could be generalised

is to consider different choices of parameters for defects in symmetric and

partially asymmetric processes. For instance, in symmetric processes, defects

with overtaking have recently been considered [146], but such models have yet

only been investigated with mean field theory. Exact solutions are still lacking.

We also mention that with the recent progress in exact solutions for macroscopic

fluctuation theory [79–81], it would be interesting to see whether it could be used

to gain a deeper understanding of the models considered in this thesis.
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[30] Täuber U C 2014 Critical dynamics: a field theory approach to equilibrium
and non-equilibrium scaling behavior (Cambridge University Press)

[31] Touchette H 2009 Physics Reports 478 1–69
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[96] Großkinsky S, Schütz G M and Spohn H 2003 Journal of statistical physics
113 389–410
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