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Abstract

This dissertation proposes a novel diagnostic technique that utilises two air-gap search-coils
which couple magnetically only under faulty conditions and can detect all the faults occurring
in permanent-magnet machines. Furthermore, an existing search-coil-based method was
expanded for detecting partial demagnetisation. A formula was developed which detects the
frequency spectrum signatures under dynamic eccentricity, again in permanent-magnet ma-
chines. In the second stage, a magnetic field calculation algorithm was developed for the two
basic rotor geometries of permanent-magnet synchronous machines, i.e. surface-mounted
and surface-inset. The dissertation was divided into four parts and seven chapters. The first
part is devoted on talking about the motivation that lead to work on this research subject and
the objectives that this dissertation aims to satisfy. The fundamentals of permanent-magnet
machines are also presented along the machine topologies that are used in this thesis to prove
various methodologies and validate algorithms. In the second part, the diagnostic aspect of
permanent-magnet machines is examined initially by doing a detailed literature review. The
purpose of this comprehensive literature review is to become acquainted with the state-of-
the-art fault diagnostic methods, identify what problems the existing methods cannot solve,
and use the material for inspiration to develop a new diagnostic method. Afterwards, the
review oriented the research towards the direction of air-gap flux monitoring, having single
and double search-coil configurations validated using a Finite-Element Analysis software and
experimental measurements taken by machines operating in a laboratory environment. The
faults studied are partial demagnetisation, inter-turn fault and static-, dynamic- eccentricity.
Lastly, based on the gaps found in the literature review, a method is presented to calculate
the harmonics excited by the dynamic eccentricity fault. The third part of this thesis dealt with
calculating the magnetic field distribution in radial-flux permanent-magnet machines with the
surface, -mounted and -inset magnets. What triggered this research are the possibilities that
come from having the components of the magnetic field distribution for every angle of the
stator and rotor magnetic fields. This technique makes it possible to calculate all operational
parameters that project the machines’ performance. These are the Back-EMF and the types
of torque, cogging, electromagnetic and reluctance. Finite-Element Analysis was used to
validate the analytical subdomain model with great success. The fourth and last part of this
dissertation summarises the conclusions and contributions of this work along with leads for
future work.



Lay Summary

This work proposed a search-coil-based fault detection technique to detect various faults in
permanent-magnet machines. The method consists of two single wired search coils wrapped
around the rotational and stationary parts of the machine. The two search coils have a pitch
such that the voltage on both search coils is zero under healthy conditions. The first search
coil is wrapped around the stationary part of the machine and is open-circuited. The second
search coil is closed-circuited and acts as an auxiliary coil to generate the signal that is
sensed by the search coil placed in the stationary part of the machine and makes it possible to
detect all faults. Every fault leaves a different signature on the stationary search coil, meaning
that the voltage waveform has a different distribution, and the amplitude is associated with
the fault severity. Furthermore, after investigation, it was concluded that without the auxiliary
search coil, only the detection of faults which generate moving flux is possible with respect to
the stationary part of the machine, i.e. reduction of the magnetic field strength of a magnet
and static rotor eccentricity. Other diagnostic methods, such as the one which exploits the
amplitude of harmonic components for detecting rotor faults, create additional harmonics
which depend on the coil number of the stator winding. Under experimental conditions, the
amplitude spectrum of a permanent-magnet machine has a really rich harmonic content,
so by knowing the exact harmonics created by a fault, the condition monitoring process
becomes more reliable. Another part of the work dealt with calculating the magnetic flux
density waveform as a function of machines’ exact dimensions and the characteristics of
the magnetic materials. The major operational parameters of permanent-magnet machines
can be calculated accurately by knowing the magnetic flux density distribution. This analysis
divides the machine’s geometry into different regions, and solves the governing equations
in each subdomain. This work proposes a new way to model the magnetization function,
expressed as a difference between two-step functions. The magnetization function is the input
in the partial differential equation in the magnet region and the general solution is extracted.
Interface conditions between the regions are used to extract the system of equations. Later the
system of equations is written in a matrix format and solved using a mathematical software. By
calculating the magnetic flux density is possible by knowing the coefficients at every point of
every region. Varying the rotor position and calculating the magnetic flux density, lead to the
computation various torque types and voltage waveforms. The created computer algorithm
presents significant advantages with regard the computational time and the variation of the
flexibility in the parameters given as input.
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Chapter 1

Introduction

1.1 The need for monitoring and modelling of PM machines

Permanent-magnet machines machines re-emerged during the last couple of decades with
the development of the rare-earth magnets. Apart from high power density, efficiency and
constant speed over a wide interval of mechanical charging, they offer precise speed and
torque control. As a result, they became an attractive choice for electric traction applications,
as well as generators in renewable energy harvesting applications. Machines used various
applications, like in industries such as car production or oil extraction cannot shut down as
the financial loss becomes too high. On the other hand, some of these faults can cause
fatal accidents in transportation and other safety critical applications. Accounting the energy
produced and consumed by electric machines, losses caused by faults and aged components
constitute a major part of global energy waste. Therefore, the diagnosis of faults at an early
stage is paramount to minimize these losses, prevent unscheduled shutdowns and accidents

(1.

Generally, electric machines are operating in unfavorable environments and harsh operating
conditions so they become susceptible to the appearance of a fault. A fault can be considered
as any defect existing in any component of the machine. Specifically, for permanent-magnet
machines the major components that are susceptible to a fault are the magnets [2], the axis
and the bearings [3] and the stator winding [4]. More specifically, the common reasons that
electric machines tend to fail in industrial environments are [5]:

. operation after the standard lifetime

. operation over the nominal power, voltage and current

. asymmetric supply of voltage

. supply of an unbalanced load

. electrical stress from fast switching inverters or unstable ground

. residual stress from manufacturing (eccentricity)

. mistakes during repairs

. harsh application environment (dust, water leaks, environmental vibration, chemical

contamination, corrosion, high temperature and altitude).
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In renewable energy harvesting applications like offshore wind-farms, it has been reported that
that operations and maintenance costs for offshore wind farms could account for up to 30%
of the energy costs [6]. Generally in all kind of wind turbines, operational and maintenance
costs in the contribution from unforeseen drive train failures and account for up to 25% of the
total increased cost of electricity [7]. The generator is a reliable component of a wind turbine,
but its failure causes long periods and high economic losses, which serves as motivation
for developing condition monitoring methods [7]. Furthermore, in such applications the faults
in the systems are caused not only from the electrical generator but also from the gearbox
between the turbine and the generator [8].

To speak of the statistics of fault occurrences, bearing faults account for between 21% and
95%, respectively, of all failures [9] in electrical machines, and for induction machines of the
size and type used in wind turbines this figure can be higher than 45% [6]. Other statistical
findings report 26% of the occurring faults to be reported as stator related in IEEE-IAS [10],
44% are specifically bearing related and 8% are rotor related. The survey was conducted
for medium voltage 3-phase induction motors. Studies also show that axial-flux permanent-
magnet generators that are used in wind energy suffer mainly from eccentricity and inter-turn
fault [11].

The basic three common occurring faults in permanent-magnet machines and that are also
studied in this thesis, are the eccentricity, inter-turn fault and demagnetization. Below the faults
are briefly described and is explained why their detection in an early stage is meaningful and
necessary for any application that the machine is used.

Eccentricity is the only existing fault in a brand new electric machine that is currently being tol-
erated in a severity up to 10% by the manufacturers [3]. This fault creates additional vibration
and noise in the machine and due to the unbalanced magnetic pull, it can be increased gradu-
ally till the rotor starts touching with the stator [12]. A number of machines having eccentricity
in a production space can increase the noise in the room significantly. Manufacturers suggest
that an air-gap a level of 50% is considered to be a serious problem and that the motor should
be immediately removed from production [13]. The types of eccentricity are the static, dynamic
and their combination, mixed.

Inter-turn fault is a fault occurring on the stator region of electric machines and creates a local
hotspot adding additional stress to the machine, leading to a lower life expectancy [4]. Stator
failures generally are due to electrical, mechanical, thermal and environmental stress acting
on the stator. The dielectric, corona, tracking and transient voltage conditions are some of the
electrical stresses leading to inter-turn short circuit failures [14].
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Demagnetization faults belong to the category of rotor faults and are considered a severe
fault due to its impact in the overall torque of the machine and the additional thermal stress
caused to the winding. The additional thermal stress to the machine is created due to the
higher current demanded for the supply of the load. This fault is usually caused by the stator
armature reaction field, increased temperature and corrosion. However, taking into account
the up to date published surveys, the generator mechanism is not clear, as well as the
demagnetization distribution on the magnets and the growth rate. Speaking of demagnet-
ization generation mechanismes, studies have shown that oxidation and corrosion change the
metallurgical structure of modern permanent-magnets, which leads to irreversible demagnet-
ization. Other factors that can accelerate the demagnetization process can be considered
the heat, humidity, and environments containing chlorides [2]. Lastly graduate aging, and
damaging of the permanent-magnet, such as cracking can also reduce its magnetic flux. Since
permeability of the material is close to air, breakage does not cause unbalanced inductances
in the machine, so it behaves similarly to demagnetization caused by the traditional factors
mentioned above [15].

The faults mentioned above create the following unwanted operational symptoms in perman-
ent magnet and wound rotor synchronous machines which can also be considered [5]:

. unbalanced line currents and air-gap voltages
. higher overall temperature

. noise and axis mechanical vibration

. lower average torque

. lower efficiency - increased losses

. higher THD (Total Harmonic Distortion)

. lower induced voltage

. unbalanced magnetic pull

The above symptoms caused by faults can on the one hand be seen as further motivation
to create additional and more effective condition monitoring methods and on the other hand
as critical data to know when designing a fault detection scheme. According to what was
discussed above, electric machines have a certain lifespan and this can vary according to
the fault that was caused. So the need for monitoring the condition of an electric machine is
without question necessary to avoid dangers in safety for transportation applications and high
financial losses in production.

The design of diagnostic schemes is achieved by using modelling techniques such as math-
ematical methods and simulations such as the Finite-Element Analysis that can predict with
great accuracy quantities under steady and variable state conditions. With Finite-Element
Analysis the impact of a fault in an electric machine can be investigated accurately and
reliably which is the first important step in designing a diagnostic method, since the fault
symptoms can be considered as signatures that the method should be based on. However,
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it is considered a time consuming modelling method, since the machine has to be designed
and the periodicity of the machine cannot be exploited. In order to create a diagnostic method
one has to investigate the impact of a fault on the electric machine and see what kind of
trace is going to leave. So these techniques are considered the cornerstone for creating
the major tools in emulating the behaviour of healthy and faulty machines and are proved
extremely useful in the design process of condition monitoring schemes. Analytical modelling
techniques can be either based on the subdomain model [16] or on magnetic equivalent circuit
[17] method, or even their combination [18]. Their purpose is to provide results quicker by
considering a certain geometry. Analytical models can also model faulty conditions such as
rotor eccentricity [19, 20] and demagnetization [21].

1.2 Problem statement

As discussed above, condition monitoring of permanent-magnet machines is imperative due
to the broad spectrum of applications that these machines found theirselves in. These ma-
chines are prone to fail after a certain number of working hours, so detecting any type of fault
at an early age is imperative for applications which safety or enormous financial loss are in

play.

The existing condition monitoring techniques are limited with respect to the amount of faults
that they can detect [22], as each fault has a different magnetic impact on the machine.
Diagnostic methods which monitor quantities directly measured appear to demand a higher
complexity to extract the feature. Furthermore, they appear to find limitations on the monitoring
of various faults and are more appropriate for monitoring a specific fault. Furthermore, the
latter methods face also the limitation that cannot become generalised easily, due to the
different winding topologies.

To overcome the above limitation, air-gap flux monitoring was introduced as an improvement
of the conventional sensor-less diagnostic methods. This concept can exploit the magnetic
flux in various positions, inside and outside of the machine so it has the ability to take into
account the symptoms of a fault in greater detail [22, 1]. Nevertheless, these methods might
be simpler but at the same time they fail to manage to detect all faults with the minimum
amount of hardware - sensors. The only documented flux-based method that can detect all
faults efficiently is documented in [23], although it requires a number of sensors equal to the
number of coils of the machine. The latter makes the method impossible to implement in
machines used for renewable energy harvesting like wind and wave, due to their high number
of coils.
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1.3 Objectives

The objectives of this work can be summarized below:

. Development of a cost-effective and industrially applied condition monitoring method to
detect all the occurring faults on an early stage and avoid the catastrophic breakdown
of the to be monitored permanent-magnet machine.

. Investigation whether any of the widely used condition monitoring methods that are
currently used on industry can be improved any further. Improving a method can mean
a number of things. For instance, improvement of the fault index sensitivity so that for
the same fault severity to have a higher index. The latter will help on making a method
capable of detecting faults on low severity levels. Another example can be considered if
a method accounts all the manufacturing and operational features of the machine. More
specifically, methods that utilise the amplitude spectrum of a quantity for monitoring and
detection may not take account the number of machine coils, poles or the connection
of the winding. After the investigation, if any method is found that accepts margins for
improvement of any kind, like removing one of its limitations an effort will take place to
enhance the method.

. Development of an analytical model which will provide more autonomy on modelling
faults like the partial demagnetization fault. The main method for analytical modelling
in permanent-magnet machines is the subdomain model which every space of interest
is divided into regions. In every region an analytical solution is obtained and interface
conditions are used to extract an analytical solution for the magneto-static field of each
region.

1.4 Summary and thesis outline
The hereunto dissertation is structured as follows:

Chapter 2 offers an introduction to the basics of permanent-magnet machines and the ma-
chine topologies used in this thesis for diagnostics and modelling. The motivation for creating
this chapter is to provide a smooth transition in regard to the used machines since a variety
of machines was used for authoring the thesis.

Chapter 3 conducts a literature review about the faults that occur during the operation of
permanent-magnet machines and the methods that have been developed for diagnosing
them thus far. The motivation behind this chapter is to understand the impact of each fault
in permanent-magnet machines and the mechanism and limitations of the state-of-the-art
diagnostic methods. This will pave the way to gathering all the knowledge required to create
a new diagnostic method that will be able to overcome the limitation of the current ones.
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Chapter 4 proposes a novel diagnostic method which utilizes internal measurements of the
magnetic flux to detect all faults which is achieved by using two search-coils in the two main
components of a machine - the stationary and the rotational. Initially the chapter extends the
single air-gap search-coil method by showing how to detect the partial demagnetization fault
in permanent-magnet machines and its limitation on detecting static faults like inter-turn fault
and static eccentricity. The limitation of the latter method created the motivation for the devel-
opment of the diagnostic scheme with the magnetically-coupled search-coils. The proposed
method is analysed using Finite-Element Analysis and is validated experimentally using a
direct-drive 3-phase permanent-magnet generator designed for wind energy harvesting.

Chapter 5 conducts an effort to take the MCSA (Motor Current Signature Analysis) method
one step further by correlating the frequencies that increase in amplitude during faulty con-
ditions. MCSA still remains one of the most popular condition monitoring methods used
in the industry due its easy implementation and effectiveness. The motivation behind this
chapter came from the realisation that there is no specific formula that correlates the induced
frequencies on the winding with the number of poles and coils of the machine. Each machine
with different pole and coil combination produces different fault frequencies. This chapter
proposes a method to calculate the latter frequencies under dynamic eccentricity which gives
insight about which fault frequencies will increase in amplitude.

Chapter 6 proposes a two-dimensional analytical model to calculate the magnetic field distri-
bution on the air-gap of permanent-magnet machines with the aid of Heaviside function. This
chapter presents an alternative analytical subdomain model by expressing the magnetization
functions in terms of a Heaviside function difference and inserting them in the partial differen-
tial equations. Piece-wise interface conditions were used to extract the final analytical solution.
The motivation behind this work was to create an analytical model which will provide autonomy
in terms of accounting reduction of the residual flux density in parts of a magnet. Models
developed for surface -mounted and -inset machines. The analytical model was validated
using 2-D Finite-Element Analysis.

Chapter 7 discusses the conclusions and contributions that were extracted by working on this
area. Furthermore, future proposals for the continuation of this work are also proposed.



Chapter 2

Permanent-magnet machines

The aim of this chapter is to present and discuss the permanent-magnet machine topologies
used on this dissertation. The two topologies used and explained on this work are the radial
and axial-flux permanent-magnet machine. The principle of operation, the basic geometry and
properties of the materials are discussed. Finally, the geometries of the machines used are
presented.

2.1 Geometry of rotor and stator

Electric machines are devices which convert energy from mechanical to electrical and vice
versa. The existence of a magnetic field between the stationary and rotational components
accomplishes the energy conversion process. The space between these two components is
called air-gap and is significant. In the case of permanent-magnet machines, the magnets
create the main magnetic field.

Figure 2.1 shows the protogenic three-phase permanent-magnet motor with two magnet
poles, three full-pitched coils and six slots. The rotor is the moving component and contains
the magnets. The rotor can have surface mounted or buried magnets, and then there is the
rotor back-iron and the shaft. The air gap is vital in electro-mechanical conversion process
because it is where the magnetic energy is stored. The stator, the stationary part of the device,
contains slots which contain the carrying current coils. The rest is parted by a ferromagnetic
material, iron of high magnetic permeability. Because copper’s permeability is equal to air’s,
in the positions of the coil-sides or slots, the useful magnetic flux density drops due to the
reluctance increment. The reluctance is proportional to the air-gap length, and the air gap
on the position of the slot becomes much higher. The latter generates electromagnetic noise
which is mainly the cogging torque, which adds up a torque ripple component. To ease this
phenomenon, designing iron tooth-tips will reduce the slotting effect’s influence. These tooth-
tips must be thick enough; otherwise, they will be converted into air for certain rotor positions
due to the saturation effect. Furthermore, they create a slot-opening air gap that cannot be
too small to be able to pass the wire into the slots. However, alternative designs [24] use
slotless stator windings to eliminate the cogging torque signal. Each coil is a phase, in this
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case; nevertheless, the number of coils or slots can vary according to pole number. In this
case, the coils have a full pitch to exploit the whole magnetic flux generated by the magnets.
Fractional pitch coils [25] is a method to shape the Back-EMF (Electro-Motive Force) of a
motor by reducing the saturation harmonics at the cost of reducing the fundamental harmonic
component. When the number of slots per pole per phase is not an integer, the machine has
fractional slots [25], which have advantages in shaping the Back-EMF and reducing cogging
torque.

Tooth-tip

Stator back-iron

Air-gap

North magnet-pole

South magnet-pole

Slot-opening

Full-pitched coil

Figure 2.1: Fundamental 2-Dimensional geometry of a permanent-magnet machine.

By looking at the device from a mechanical point of view, Figure 2.2 presents the two sides
of a permanent-magnet machine. One can see the bearings where the rotor sits, responsible
for providing a low friction motion and keeping the air-gap constant. If the bearings are close
to the leakage magnetic field created by the end winding or the magnets, they can get warm
due to the eddy currents that they are induced on them. The increased temperature of the
bearings will make the lubricant to evaporate faster. The above increases the maintenance
demands and can lead to faults like rotor eccentricity, entailing a reduced lifespan of the
machine [26]. An unaccounted feature for in the 2-dimensional view of the machine is the
end-winding. The end-winding results from the twisted coil heads placing the coil from one
slot to the other. Furthermore, the latter creates a magnetic flux which interferes with the
magnetic flux produced by the permanent-magnets; however, it has a small influence on the
performance of the machine but it distorts the higher harmonic content.
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End-windings Stator - winding Air-gap
7
\ , N\
Shaft Bearings

Magnets

Figure 2.2: Sketch of the two sides of a radial-flux permanent-magnet machine.

2.2 Principle of operation

When we place three coils distributed in space with 120° spatial phase difference and apply
3 sinusoidal shaped voltages with 120° time difference, the stator creates a rotating magnetic
field. The latter entails that if one leaves a ball made of iron inside the stator bore, the ball
will start being attracted by the magnetic field and execute circular motion along the periphery
of the stator. Depending on the pitch of the coils, the number of pole pairs in the stator can
change. For instance, one can observe from Figure 2.3 that the coils of each phase have a
pitch of 180°, equal to the pole pitch. Expressing the quantity with a rotating vector represents
the magnetic flux density of the stator ?5. The magnets also create a magnetic flux density
vector ﬁR. Both magnetic fields rotate at the same speed, entailing the machine to gain the
name ‘synchronous’.

For generator operation, we rotate the rotor with a speed and the magnetic flux along the
coils starts to vary, inducing an EMF voltage in the phase winding. The latter means that the
magnetic flux density vector of the rotor leads one of the stator’s. If the generator does not
have a load, this means that there is not a current in stator coils, so there is not a magnetic
field, and there is no mutual torque in the air gap. The stator winding is fed with a 3-phase
voltage with a constant frequency for motor operation. The above creates a rotating magnetic
field on the air gap in which its rotational speed depends on the frequency of the voltage.
If the rotor is stationary, the stator poles attract or repel the rotor poles not long enough to
produce force, meaning that the motor does not produce torque. In this case, there are two
solutions. The first solution existed for many years and was used before discovering the three-
phase voltage source with a variable frequency, i.e. the voltage inverter. It uses an auxiliary
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motor that connects with the motor shaft and rotates at the same speed as the stator’s rotating
magnetic field. The second solution is to use a 3-phase voltage inverter which will gradually
increase the voltage’s frequency, so the rotor's speed will always be near the speed of the
stator rotating magnetic field. The torque is given by the following equation [27]

- =
Zina = ct - Br x B, 2.1)

where ?md, ct, ?s and ?R are the induced torque in the air-gap, a constant which depends
on the machines’ dimensions, and are the magnetic flux densities created by the magnets and
stator, respectively. The air-gap torque depends on the cross product of the two magnetic flux
density vectors.

Figure 2.3: Sketch of a two-pole permanent-magnet synchronous a) generator and b) motor.

2.3 Types of permanent-machines

Permanent-magnet machines can be categorised concerning their shape, meaning whether
the boundaries of the machine follow cartesian or cylindrical coordinates. Machines with
cylindrical boundaries can be either radial-or axial- flux machines, and those with cartesian
boundaries are linear.

2.3.1 Machines with cylindrical boundaries

As explained above, these machines belong to two categories that determine the direction
of the useful magnetic flux density component. The component is responsible for the energy
conversion process. In radial-flux machines is the radial component and in axial-flux machines
the axial component. With respect to geometry, radial-flux PM machines fall into the categories
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of internal and external rotor machines. The machine in Figure 2.1 is characterised as an
internal rotor machine since the rotor is on its interior part. The latter is the primary design
used in every application, which requires a rotational electric machine, hence considered the
most well-studied. The other category is the machines with the exterior rotor, presented in
Figure 2.4 and is an alternative topology mostly used in-wheel motors for electric traction [28].

Figure 2.4: Sketch of a two-pole permanent-magnet synchronous external rotor machine.

The other type of machine with cylindrical boundaries is the axial-flux permanent-magnet
(AFPM) machine, as illustrated in Figure 2.5. This permanent-magnet machine topology pro-
duces more power for the same volume and weight than the radial-flux permanent-magnet
(RFPM) machine topology. However, the construction of this machine is much more challen-
ging due to the attractive force between the discs. Furthermore, due to the shorter overall
axial length, the ratio of machine diameter to length is high, which increases the probability
of eccentricity [12]. More specifically, the AFPM machine has a smaller volume and less
active material mass for a given power rating than the RFPM machine [29]. In RFPM ma-
chines, the torque is proportional to the square of the diameter times the axial length, and in
AFPM machines is roughly the cube of the diameter [29]. The above-mentioned entails the
power density advantage of axial-flux permanent-magnet machines is lost when the length-to-
diameter ratio increases. Specifically, the power density advantage is lost near the point which
the radius equals twice the length of comparing RFPM machine [29]. A remarkable advantage
of the AFPM machines is that the power rating can be increased by stacking disc machines
on the same shaft. The latter offers the advantage that the radius of the machine can be
decreased by increasing the axial length, which can be useful for applications where there



2.3. Types of permanent-machines 13

are space constraints towards a dimension. As Figure 2.5b illustrates, each coil is a phase
and the three different colours show the three different phases. This winding is overlapping
as phase-coil has a span same as the pole span. Phase A is spanned from 0° till 180° and
its colour is green. Phase B is spanned from 120° till 300° and its colour is light blue. Lastly,
phase C is spannedf from 240° till 60° and of of yellow colour.

a)
Figure 2.5: 2-Dimensional views of a 2 pole - 3 coil permanent-magnet axial-flux permanent-
magnet machine, a) rotor with magnets b) stator with coils and c) axial view of the machine.

)

b) c)

2.3.2 Machines with cartesian boundaries

These machines execute linear motion, so they are quite used in wave energy converters [30].
Figure 2.6 presents a sketch of a linear permanent-magnet machine. The rotor is composed
of the back-iron, and the magnets which move linearly, so the magnetic flux varies along the
coils. However, if the rotor starts moving on the side that departs, the coils will stay outside the
magnetic flux, which will significantly impact the machine. To solve the above problem, a rotor
with a higher length than the stator is used [30]. Furthermore, the latter increases the cost of
the machine due to the increased need for permanent-magnet and ferromagnetic material.

Figure 2.6: 2-Dimensional view of a linear permanent-magnet machine with 2 surface-
mounted magnet poles and 6 slots.
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2.4 Permanent-magnet materials used

This section presents the permanent-magnet materials used in this type of machines. Further-
more, the equations which correlate the magnetic flux density F and magnetic field intensity
ﬁ are displayed. The magnetisation 1\_/1> expresses the magnetic field strength a magnet
possesses if it was a coil carrying a current 1.

The permanent-magnet materials used for machine manufacturing are alnico, ferrite (ceramic),
samarium-cobalt, and neodymium-iron-boron (NdFeB). Ferrite types are popular because
they are not expensive; however, they have low residual flux density which limits them to
low-performance applications. On the other hand, the rare earth types, samarium-cobalt and
Nd-Fe-B offer the highest performance, with the NdFeB taking the first position since they
are cheaper than Samarium-Cobalt. Every magnetic material has a hysteresis loop or a B-
H characteristic. The maximum energy produced by the magnet is defined by the number
(BH ) max, Which is the rectangle on the characteristic with maximum surface. The permanent-
magnet is created by passing a magnetic field into a ferromagnetic material with a large
hysteresis loop and then removing it. The material will have a residual or remanent magnetic
flux density.

To obtain the two points of interest in the magnetic characteristic, i.e. the remanent magnetic
flux density B,.,, and the coercive magnetic field intensity H., two tests are taking place on
the magnet [25]. For the first test, the two dipole edges of the magnet are 'shorted’ using a
ferromagnetic material of infinite permeability. The test converts magnetic field intensity equal
to zero in the boundaries of the magnets. Hence, by measuring the magnetic flux density
with a Gauss meter, the residual magnetic flux density of the magnet is measurable. This
residual magnetic flux density is the maximum the magnet can produce by itself. The second
test is to place the magnet in a medium with approximately zero magnetic permeability. More
specifically, the latter entails that there will be no strong magnetic path since the magnetic
flux lines always aim to follow the minimum reluctance path. This entails that the magnetic
flux density on the boundaries of the magnet vanishes. At this point, the magnitude of the field
intensity across the magnet is equal to the negative of the coercivity or coercive force, denoted
H.. The B-H characteristic of a magnetic material is presented in Figure 2.7 for 20°C. The
relation between the magnetic flux density and magnetic field intensity for NdFeB magnets is
linear. The equation of the line for the 2" quadrant is

B= I'LOIfLrH+Brema (22)

where U, is the slope of the characteristic in the second quadrant. The definition of the
magnetisation of a permanent-magnet is
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M= . (2.3)
Ho
Accounting equations (2.2) and (2.3) the equation that yields is
B = poprH + poM. (2.4)
B(T)A
2nd Quadrant 1st Quadrant
Brem
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Figure 2.7: Magnetic characteristic of a permanent-magnet material with the key points
emphasised.

The permeance coefficient P, expresses the slope of a line drawn from the origin to the
characteristic and is used to define the point of operation. More specifically, it expresses the
equivalent permeance of the magnetic circuit so it depends on the magnet length and the
airgap. For instance, when the magnet operates at the coercivity point, P, is zero and infinite
when the point of operation is at the remanence.
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Rare earth magnets, like NdFeB (Neodymium-Ferrite-Boron) and SC (Samarium-Cobalt) have
a straight demagnetisation line on the second quadrant, and the relative recoil permeability is
slightly higher than unity. Ferrite magnets have a nonlinear demagnetisation characteristic on
the second quadrant at room temperature for low permeance coefficient values [25]. Alnico
magnets were the ones used before the rare earth magnets from the mid-1940s till the end
of the 1960s due to the very high remanent magnet flux density B,.,, [29]. However, Alnico
magnets have nonlinear magnetic characteristics due to the low coercivity, as Figure 2.8
suggests. Therefore, this magnet can easily be magnetised and demagnetised.
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Figure 2.8: Magnetic characteristics for the common PM materials used in machine manu-
facturing [27].

At higher temperatures, the characteristic of the materials starts to shift toward the origin of
the graph. The latter entails that both coercivity and remanence reduce. The reduction of
the coercivity is higher than the remanent magnetic flux density, as the characteristic has
the tendency to create a "knee" point. The effect of temperature on the remanence B,.,, is
approximately linear, and the following equation describes it for a specific temperature T [25]

Brem(T) = Brem(TO) (1 +Ap (T - TO)) ’ (2.5)
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where the reference temperature Ty is usually the room temperature of the permanent-magnet.
Ag is the reversible temperature coefficient. For NdFeB magnet materials, as the temperature
drops, the normal demagnetisation characteristic reduces, as Figure 2.9 presents. When the
temperature increases, the knee point appears in the second quadrant for the temperature T3,
as illustrated in Figure 2.9, making the characteristic nonlinear for a field intensity interval.
The work presented in [26] proposes a method to calculate the operational point of the
characteristic for a permanent-magnet material under operation.

B
/,
. /,\x\{i\
H
T, T, T, knee Mo

Figure 2.9: Variation of the magnetic characteristic with temperature increment [25].

2.5 Description of the machines used in this dissertation

This section presents the permanent-magnet machines that are going to be used in the next
chapters of this dissertation.

2.5.1 Axial-flux generators

The permanent-magnet machines used in this thesis are both of radial- and axial-flux topolo-
gies. The winding types used for most applications are the overlapping and non-overlapping
winding. In Figure 2.10, one can see the side view of an axial-flux PM generator with 24
coils and 32 magnet poles. The axial-flux PM machines used are of the double-rotor single-
stator topology. Designing renewable energy harvesting generators means that the speed
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of the prime mover, i.e. wind turbine, tidal turbine and wave energy converter, is low, so to
accomplish a higher power output the torque has to be increased. The increased torque
entails a physically large and heavy machine since it depends on the radius of the rotor
as it is perpendicular to the force vector distance. In Figure 2.11, one can see the three
discs of the generator. Each phase has eight coils, which are in series or parallel and the
coil-phase sequence alternates per coil. The coil for 8 = 0° belongs to phase A, the caoil
at 8 = 15° belongs to phase B, and the coil at phase C is at 6 = 30°. By using different
colours, we can discriminate the phases from each other. The high number of magnet poles
means that a low speed will produce a high-frequency EMF signal on the stator winding.
So by having a machine which produces a large torque at low speeds and an EMF signal
near the grid frequency means that the machine can be used as a direct drive generator in
renewable energy applications. In a direct drive operation, there is no need for a gearbox,
which entails a system with reduced losses and maintenance costs and noise. Usually, direct
drive machines do not have iron in the stator. Machines without iron core in the stator, have a
lower magnetic flux density due to the higher reluctance in the air-gap. The higher reluctance,
causes lower magnetic flux and in turn, air-gap magnetic flux density. The lower magnetic
flux density causes lower electromagnetic torque. However, the absence of ferromagnetic
material in the stator eliminates the attractive forces. The latter makes the fabrication of very
big machines easier. Another significant advantage of the generators with core-less stators is
the absence of cogging-torque, which adds a torque ripple to the main torque under on-load
operation, causing vibration and noise. Lastly, the core losses, the hysteresis and eddy-current
losses cease to exist, increasing marginally the machine’s efficiency. Figure 2.12 displays the
photograph of the actual axial-flux permanent-magnet generator. The equation that correlates
the speed of the generator with the electrical frequency according to [27] is

120
ng = J: . (2.6)
P
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Figure 2.10: Geometry of the axial-flux PM machine for renewable energy harvesting lateral
side view.
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|

Figure 2.12: Axial-flux PM generator in the laboratory.

Another axial-flux permanent-magnet generator used in this dissertation is the one displayed
in Figure 2.13. This machine has a much lower diameter than the one displayed in Figure 2.10,
and it has a lower number of poles meaning that a gearbox has to be present when connected
with the turbine. However, the machine’s configuration is the same; the stator is coreless and
has the same type of winding. Figure 2.13 demonstrates the number of poles is 12, and the
number of coils is 9, meaning that each phase has three coils. Figure 2.14 displays the photo
of the actual generator.
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Figure 2.13: Low power core-less axial-flux permanent-magnet generator.

Figure 2.14: Low power axial-flux PM generator in the laboratory.

2.5.2 Radial-flux machines

Various radial-flux PM (Permanent-Magnet) machines in this dissertation used for proving
concepts and validating algorithms. Figures 2.15 and 2.16 present two surface-mounted permanent-
magnet generators. Figure 2.15 presents an air-cored radial-flux PM machine with 12 magnet
poles and nine coils, three coils connected in series per phase. This machine is analogous

to the axial-flux PM machine, presented in Figure 2.13. The machine illustrated in Figure

2.16 is of the same topology, with the only difference being that it has a stator core. It has
eight poles and 12 slots, meaning that each phase has four coils connected in series. These

two machines were mostly used to validate diagnostic concepts using FEA (Finite-Element
Analysis).
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Figure 2.16: Radial-flux permanent-magnet generator with stator core.

Figures 2.17 and 2.18 illustrate permanent-magnet synchronous machines with 12 slots and
4 poles, which also have a cored stator. In this stator design, the winding is overlapping,
meaning that the phases couple magnetically. The total magnetic flux passing from a coil
also depends significantly on the magnetic flux of the adjacent coils. Figure 2.17 presents the
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topology with surface-mounted magnet rotor and Figure 2.18, the surface-inset topology. The
main difference between the two topologies comes in the different shapes of the magnetic
flux density waveform. In the machine with surface-mounted magnets, the normal component
of the magnetic flux density reduces with a slower rate, beginning from the edge of the
magnet air-space till the end of the pole pitch. On the contrary, in the machine with surface-
inset magnets, it drops rapidly to zero because there is a highly permeable ferromagnetic
material, i.e. iron. The magnetic field intensity vanishes inside the iron volume, meaning that
the magnetic flux density is also going to be zero. Another significant difference concerning
the major operational parameters of the machine comes with the electromagnetic torque. The
second machine topology has a salient pole rotor, implying that the iron poles of the rotor have
the tendency to align with the rotating magnetic field of the stator.

Figure 2.17: Surface-mounted PM synchronous machine with 12 slots and 4 poles.
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Figure 2.18: Surface-inset PM synchronous machine with 12 slots and 4 poles.



PART I

Diagnostics for permanent-magnet
synchronous machines
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Chapter 3

Literature review on the occurring
faults and state-of-the-art diagnostic
methods for permanent-magnet
synchronous machines

This chapter discusses the current literature in regard to the common faults occurring in
permanent-magnet machines and the state-of-the-art diagnostic methods to detect these.
The reason for investigating initially the faults is to understand their impact on an operating
electric machine and the kind of signature they leave (magnetic, thermal or acoustic). By
studying the existing diagnostic methods will initially offer a clear understanding with regard to
the mechanism of the diagnostic methods and their implementation. Secondly, will be able to
identify the limitations that the existing methods suffer from. Lastly, by knowing the limitations
of the methods in the literature will help in the development on a new method which will
be able to cover the existing limitations. The discrimination of the methods happened with
regard to whether the diagnostic methods provide a monitoring quantity using the aid of
additional sensor devices. The two considered method categories (sensored and sensorless)
are compared with each other and their advantages and drawbacks are discussed with the
goal to choose in which category the proposed method will fall. For clatification purposes the
word diagnosis is referred to finding out what is the exact fault that happened to the machine,
where exactly and what is the severity of the fault. For clarification, the hereunto process
studies a machine that already has a fault in an early stage and not a machine that is healthy,
but there are indications that a fault may happen soon.

25
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3.1 Faults during the operation of PM synchronous machines

The occurring faults in permanent-magnet synchronous machines can be divided into mag-
netic, mechanical and electrical. The main faults are the inter-turn fault, partial demagnet-
isation and static-, dynamic- eccentricity. This section presents the common faults occurring
in permanent-magnet machines, their mechanism and evolvement. Their impact, however, is
translated into a variant magnetic flux on the air gap, which can either be static or dynamic.
This unbalanced flux is considered the key quantity for diagnosis since it is the "signature”
a fault leaves to the operating machine. Another way to distinguish the faults would be to
categorise them depending on where the machine is located. In this case, the inter-turn fault
would be categorised as a "stator" fault, whereas demagnetisation and eccentricity as ‘rotor’
faults. Nevertheless, the categorisation was chosen according to whether the faults create
unbalanced magnetic flux, which moves as the rotor rotates or remains stationary. As it is
going to be explained in the next subsections, the inter-turn and static eccentricity fault fall
into the category of "static faults" and partial demagnetisation and dynamic eccentricity at
"dynamic faults".

3.1.1 Static faults

This subsection discusses the static faults, explains their impact on the operation of the PM
machine and talks about how it affects the machine’s lifespan.

Inter-turn fault

The coils used in electric machines are created by making an insulated loop wire of many
turns. The inter-turn fault is caused by thermal stress of the winding insulation, which can
be caused by operating the machine higher than the rated current. Furthermore, due to the
non-ideal design of the machine, there will be a small unbalance in the three stator currents
amplitudes, which can lead to faster thermal degradation in the coils of the phase with the
slightly higher current. The environmental condition is one of the major reasons this fault may
occur [5]. High humidity also has an impact on the chemical composition of the insulating
material. In high altitudes, the cooling capability of the air reduces, entailing a fast insulation
degradation rate and resulting in a quicker shorting of the first turn. Figure 3.1 plots how
many hours the insulation can survive under a certain temperature. Depending on the type of
insulation, the lifespan varies accordingly. It is clear by inspection of the figure how important
the winding is to be in as low a temperature as possible, as the insulation lifespan decreases
exponentially with the temperature increment.

When one turn shorts in a coil, depending on the way that the turns are distributed, the
neighboring turn is possible to short as well, due to the hotspot created by the fault. However,
it is not clear how much is required for such thing to happen or if it is possible to happen
in all the operating enviroments. Hypothetically, if many turns short and the whole coil ends



3.1. Faults during the operation of PM synchronous machines 27

up being shorted, this can lead to a ground fault, which happens when at least one turn
connects electrically with the stator iron, which in turn connects with the earth and leads to
the catastrophic breakdown of the machine. Figure 3.2 illustrates a coil in the stator core of
a slotted machine, which has a coil with one turn short. The healthy part of the coil is shown
and functions normally, contributing to the energy conversion process. The shorted turn is
an individual circuit inside the rotating magnetic fields; the rotor and the stator. The loop is
stationary with respect to the two rotating magnetic fields; hence there will be an induced
voltage which will depend on the superposition of the two magnetic fields. Because the loop is
closed-circuited, there will be a current called short-circuit current or loop current. This current
is proportional to the

. speed,

. number of shorted turns,

. plane area of the loop,

. impedance of the loop,

. contact resistance between the shorted wire,

. total magnetic flux density penetrating the loop.

The current is not dependent on the loading condition of the machine directly. By loading
condition, is meant the amount of current flowing the phases.
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Figure 3.1: Plot of mean insulation life versus winding temperature for the typical insulation
classes [27].

The current on the loop varies with the position of the two magnetic fields. However, for small
loading conditions, i.e. low 6 torque angle, the current in the loop varies with the position
of the rotor magnetic field. More specifically, according to [27], the peak value occurs when
approximately the magnet’s centre passes from each conductor. Hence the magnetic field
is of sinusoidal form, neglecting the higher order harmonics. Considering what was said
above, the magnetic flux created by the loop will be time or rotor position varying. Because
the loop is stationary in space, the magnetic flux created by the loop will be static. The
inter-turn fault must be detected in the earliest stage possible [31] to avoid the insulation
failure of the machine’s stator winding. There is a lot of ongoing research for developing
condition monitoring methods, and schemes for detecting the inter-turn fault [4]. Concerning
the detection of this fault, except realising that this fault happened to the permanent-magnet
machine, to detect the fault, ideally, the number of shorted turns and the position of the
asymmetry has to be calculated [4]. However, it is necessary to detect the fault at its minimum
severity of 1 turn. To be more specific, what matters most is the current flowing on the loop, as
this is what creates the hotspot. This current causes degradation and depending on how the
turns on the coil are distributed, its severity over time can increase. The objective is always
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to detect the fault at its earliest stage. The magnetic signature of the fault is the time varying
but fixed in space magnetic flux produced by the current carrying conductors of the loop. The
thermal signature of the fault is the increased temperature on the position where the shorted
loop is located.

Healthy part of the coil

/
Tooth

Shorted turn of the coil

Figure 3.2: Sketch of a coil wrapped around a tooth with one turn shorted.

Static eccentricity

Rotor eccentricity is considered the only fault manufacturers tolerate in a brand new electric
machine for a percentage lower than 10% [3]. Manufacturers suggest that an air gap of a
level of 50% is considered to be a serious problem such that the motor should be immediately
removed from production [13]. The fault can also be created by supplying an unbalanced
load. Due to the unbalanced currents in the phases, an attraction force is generated, which
gradually increases with time. When the distribution around the axis of the machine is not
uniform, it is considered another cause of eccentricity. Static eccentricity happens when the
rotor’s rotational axis is displaced from the fictitious axis of the stator. The rotor rotates into
a new axis which has a distance from the stator axis. This entails ending up with an air gap
which is not constant but has one position where it is the minimum length and another where
it has the maximum length. These two positions have 180° spatial difference. The air gap
is divided into two regions; one where the air gap is higher than the air gap in the healthy
condition and one lower. Respectively the reluctance for the corresponding angle intervals will
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be higher and lower compared to the healthy condition. Furthermore, there are also two points
where the air gap stays the same as the one that the healthy state of the machine has. These
two points have 180° spatial difference as well; as a pair, they have 90° difference from the
pair of the other two positions.

What was mentioned above can be realised schematically, using Figure 3.3, in which the two
centres are also presented. In the case of the healthy condition, the rotor centre is identified
with the stator centre. However, in the case of the static eccentricity fault, by inspection, the
rotor centre is shifted towards a constant location, and so the rotor rotates with respect to this
centre. This fault also has a location like the inter-turn fault. The inter-turn fault probably has
a location that coincides with the shorted loop’s position. The location of static eccentricity is
defined as the position where the minimum air gap is located. Hence, this fault is also a static
asymmetry as it does not move with the rotation of the rotor.

One of the major reasons static eccentricity happens in a permanent-magnet machine is
bearings. Usually, the rotational part of an electric machine "sits" in two bearings. According
to Figure 3.4, the bearing is a mechanical device with two rings or races which enclose the
bearing ball [5]. One race is mounted on the rotational component of the machine, and the
other is on the stationary. As one component rotates, the bearing balls rotate around the
stationary race, and the end result is a smooth and perpetual motion. The bearing balls are of
spherical geometry to reduce the friction surface, and there is the lubrication for further friction
reduction. The attractive forces between stator and rotor are applied in the bearings, so under
eccentricity and other faulty conditions, the bearing lifespan reduces when this force becomes
even higher. The bearing fault can cause eccentricity depending on how it can break. Figure
3.5 shows a schematic of a method to manipulate the races of the bearing to implement static
eccentricity in radial-flux PM motors [32].

a

Rotor centre  Stator centre

Stator centre Rotor centre

a) b)

Figure 3.3: Rotor eccentricity schematic a) healthy case, b) static eccentricity.
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Figure 3.4: Typical bearing geometry [5].
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Figure 3.5: Sketch showing implementation of static eccentricity [32].

The static eccentricity factor (SEF) is a measure which expresses how severe the fault is. It is

defined as the ratio of the minimum air-gap over the normal air-gap length. It is a percentage
which expresses how much the air gap varied compared to the initial one. It is calculated

along with the position of the minimum air-gap [33, 12].
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3.1.2 Dynamic faults

This subsection discusses the dynamic faults, explains their impact on the operation of the
permanent-magnet machine and discusses how they affect the machine’s lifespan. For cla-
rification, the term "dynamic" is meant a fault which is a magnetic asymmetry which rotates
around the air gap, and not a faulty condition where the condition of the machine is transient.

Partial demagnetization

Partial demagnetisation is defined as the fault which happens when one of the magnets is
getting demagnetised. Demagnetisation reduces a magnet’s remanent magnetic flux density
B,.n. High temperatures, armature reaction magnetic fields, corrosion due to humidity, small
edge breakages, or cracks [34, 2, 35], are the common causes of demagnetisation. NdFeB
materials have a high coercivity, making demagnetisation by armature reaction fields less
likely. However, these materials are temperature sensitive [2]. Demagnetised motors demand
a higher stator current to produce the same electromagnetic torque since the magnetic flux
density produced by the rotor reduces on average. The same applies to the generator op-
eration when having a constant output. Increased current in the stator winding entails more
thermal stress in the insulation, which eventually leads to the machine’s reduced life span.
This fault creates a moving asymmetry which offers the advantage of easier diagnosis through
the stator winding of the machine. The reason is that the asymmetry created by the fault is
in relative motion with respect to the stationary coils of the stator or any additional winding
placed. The asymmetry induces voltage frequencies which can be used as fault identifiers [2].

Partial demagnetisation occurs when at least one of the magnets of a machine is getting
irreversibly demagnetised. The word "irreversibly" refers to the fact that the residual flux
density of the magnet reduces on a permanent basis. When the temperature of the magnet
increases, the magnetic characteristic starts to move parallel towards the origin, as illustrated
in Figure 2.9. In order for the magnet to be irreversibly demagnetized, the load line has to
intersect with the knee point of the characteristic. The increase in temperature brings the
knee point closer to the load line and makes the magnet easier to become demagnetized.
Figure 3.7 considers that the magnet works under a no-load condition so only the load line
depends only on the permeance of the air-gap. A load can be seen in Figure 3.6 which moves
parallel with respect to the permeance line, keeping its gradient constant.

The following are two main cases that can demagnetise a magnet irreversibly. A strong stator
armature reaction magnetic field will make the load line to depart from the origin and start
shifting towards the left, continuing being parallel to the permeance line, as explained on
[36]. The latter will make the load line to approach the knee point as presented in Figure
3.6. After the armature reaction field ceases to be applied, there will be a new magnetic
characteristic whose orientation will depend on which operating point the field brought the
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characteristic at. In Figure 3.6, one can see an intuitive new characteristic which is demagnet-
ised and passes from the operating point created by the armature reaction field. This new
demagnetised characteristic will be permanent for the magnet. The temperature increase
can shift the demagnetised characteristic to a new one that will intersect with the load line.
Furthermore, the characteristic becomes more nonlinear with the increment of temperature. If
the temperature reaches a certain point, the knee point will shift towards the right. If the knee
point intersects to the load line, the magnet becomes irreversibly demagnetised. The new
demagnetised characteristic will pass from that operating point, as was illustrated in Figure
3.7.

A

New demagnetized B
o \Pe>1
T1>20°C characteristic
Brem
Pc.<1 Brem

Equivalent permeance
line accounting the /

armature reaction field

>
-MoHc ~HoHa MoH

Figure 3.6: Irreversible demagnetization due to a strong armature reaction field in the PM
material.
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Figure 3.7: Irreversible demagnetization due to the increased temperature in the PM material.

Dynamic eccentricity

In dynamic eccentricity, the positions of the maximum and minimum air gap move with the
mechanical speed of the rotor. Figure 3.8 presents the uniform air gap case next to the
dynamic eccentricity case. In this condition, the rotor is displaced just like in the case of
static eccentricity, with the difference that the rotor axis of rotation does not stay stationary but
moves. The axis erases the trajectory of a circular motion, and the centre of this motion is the
stator axis. The latter event entails that the minimum and maximum air gaps are moving with
the rotational speed of the rotor. Dynamic eccentricity generates fractional harmonics on the
stator current of the machine, like the partial demagnetization fault. The latter occurs since
there is relative motion between the stationary conductors of the stator and the asymmetry.
This fault creates also additional harmonic components on the torque, increasing its ripple,
which means more noise radiated from the machine. The fault increases the unbalanced
magnetic pull, which in this case, its maximum value varies with the location of the minimum
air gap. Due to the attractive force between the rotor and the stator the minimum air-gap length
can increase further. Eccentricity does not influence the machine’s output power significantly.
Still, it is a fault that creates noise as there are additional forces acting on the bearings and on
final stage may create friction between the rotor and stator, eventually. Partial demagnetization
and the inter-turn fault have a more substantial impact on the power output of a permanent-
magnet machine. The severity of eccentricity is possible to increase gradually over time once
the first occurrence, and can lead to friction between the rotor and the stator eventually.
Nevertheless, it is not clear the increment rate of the fault severity, for this fault as well. Figure
3.9 shows the sketch of a method to implement dynamic eccentricity by manipulating the
races of the bearing [32].
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Mixed eccentricity

Mixed eccentricity is a more realistic fault case, as a machine always has a small amount of
both eccentricities. The eccentricities originate from the bearing imperfections and dimension
tolerances. This type of eccentricity is the superposition of two faults. The location of the two
eccentricities can be the same or different.

Rotor ovalisation

The machines used for renewable energy generation tend to be very large when there is no
intermediate gearbox. The latter means that the attractive forces in the air-gap become very
high and the rotor ceases to be of circular shape. The axis of rotation stays in place. More
specifically, this fault creates two minimum and two maximum air-gaps and behaves similar to
dynamic eccentricity as it creates unbalanced magnetic flux which moves around the air-gap.
This kind of phenomenon is considered one of the constrains that does not allow to have a
reduced air-gap length when the size of the machine increases.
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Figure 3.8: Rotor eccentricity schematic a) healthy case, b) dynamic eccentricity.
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Figure 3.9: Sketch showing implementation of dynamic eccentricity [32].

3.2 Diagnostic techniques in permanent-magnet machines

This section presents and discusses state-of-the-art diagnostic techniques. The methods are
presented in great detail, and the number of faults that the technique can detect is explained.
Furthermore, the advantages and disadvantages of each method are analysed. Lastly, the
methods are also reviewed on whether they have possibilities to be used under stationary or
non-stationary conditions.

3.2.1 Sensorless diagnostic methods

Condition monitoring of electrical machines involves monitoring signals and extracting fea-
tures from them. A signal, if exploited properly, can offer insight of the health status of the
operating machine. If the machine is faulty, proper signal processing can provide identification
of the fault, the fault severity percentage and the location of the fault in static faults. The
monitored signal is preferred to be online since it is easier to do real-time processing, and
the machine does not have to switch off and slow down production. Offline methods offer the
advantage of more sophisticated tests, like applying voltages in the stator winding for specific
purposes. Offline tests make it possible to disassemble the machine, so it is possible to inspect
its components. By disassembling the machine, during an eccentricity event, by inspecting the
air gap, the occurrence of the fault is easy to validate. If one uses a Gauss-meter, then the
health condition of the magnets can be determined [37]. Methods that require disassembling
the machine are invasive, so it is much harder to be implemented on an industrial scale.
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However, sensors and other devices require installation only once, during manufacturing
ideally, so it is considered an attractive choice for condition monitoring. Several review papers
have been published in the past decade that present the state-of-the-art diagnostic methods
in permanent-magnet synchronous machines [38, 2, 34, 3, 4, 39, 1, 22, 40].

The first and most popular method in condition monitoring is the Motor Current Signature
Analysis or MCSA, which took its name because researchers started applying it to induction
machines which usually work as motors. This method samples the stator current signal while
the motor or generator operates using a current probe and a data acquisition system. Fast
Fourier Transform or FFT using a programming code is applicable by extracting the signal to a
computer as a data column. The result is that the amplitude spectrum of the signal is displayed
on the screen, so the harmonic content of the machine is visible. This method has been
applied chiefly for rotor faults, like partial demagnetisation and dynamic eccentricity. When the
faults mentioned above occur in the machine, they generate new harmonic frequencies in the
stator current of the machine. Various demagnetisation diagnosis methods have been created
[41, 32], as well as for dynamic eccentricity [42]. Partial demagnetisation and static eccentricity
generate similar harmonic patterns in the phase current [43]. Distinguishing the two faults
can be done by monitoring the dynamic behaviour and appearance of the harmonics in the
two faulty conditions. [42] validates what is mentioned above, showing that static eccentricity
generates harmonics due to the saturation effect in the stator region. In [32] amplitude of
the 7" harmonic of the negative sequence current was used to detect static eccentricity and
distinguish it from the other faults. When the stator current becomes high, deep saturation
occurs, so the harmonic components are eliminated since the magnetic permeability of the
stator’s material becomes equal to the vacuum permeability. The same applies to the inter-
turn fault since it is also a static fault, so more sophisticated processing is required for the
signal [44]. In synchronous machines with excitation winding, inter-turn fault induces harmonic
components in the field winding, so by monitoring the current of the winding, the fault is
detectable [45]. However, in permanent-magnet machines there is no access in any quantity
located in the rotor component, so no quantity can be used for monitoring the stator health.
The only accessible component is the stator winding, which complicates the development
of detection methods for static faults. Uniform demagnetisation fault happens when all the
machine magnets demagnetise on the same percentage. However, this type of fault does not
create unbalanced magnetic flux in the air gap, meaning that is not detectable with the Motor
Current Signature Analysis (MCSA) method.

The harmonics generated by partial demagnetization and dynamic eccentricity depend primar-
ily on the pole number of the machine, and their frequencies are

k
ffault: <1:l:(P/2)) fsa (31)
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where frqu; is the frequency of the fault harmonic component, P is the total number of rotor
poles, f; is the electrical frequency of stator current or voltage and k is an odd integer. The
above equation shows that the harmonics generated will be fractional and depend on the
number of poles. However, these frequency components are also winding dependent and,
more specifically, will depend on the type of winding and the number of coils and how these
coils are connected [46, 47]. Furthermore, when the machine has a parallel path winding and
a fault happens, the behaviour changes since currents are flowing between the branches [48].
The first realised gap is that there is no formula correlating the type of winding, the number of
coils and the poles with the frequency of the fault signatures.

Back-EMF for motors and EMF for generators is another signal to which MCSA is applied
because it is noticeable that this signal reveals more harmonics [49] than the phase voltage.
Of course, for this voltage signal to be measured, it is implied that the machine is in an open-
circuit condition, so the test happens offline. Another signal to apply this method is the elec-
tromagnetic torque of the machine, which can be measured using a torque transducer placed
on the machine’s shaft. This signal has a DC component and higher-order harmonics. The
higher order harmonics can be used for eccentricity [50] and demagnetization fault diagnosis
[51].

The work presented in [52] shows that permanent-magnet machines with symmetrical con-
centrated windings connected in series have harmonic sideband components cancelled under
local demagnetisation fault. Furthermore, another method in the literature uses the amplitude
of the zero sequence voltage component or ZSVC (Zero-Sequence-Voltage-Component) to
detect demagnetisation. The ZSVC is the average value of the phase voltage signals and,
under healthy conditions, contains the 3 harmonics and its odd multiples. When a rotor fault
takes place, these harmonics increase in amplitude. The common point in the Y-connected
stator winding of PM machines is not accessible, so the authors used three high resistors
in the Y connection to create a common artificial point. This technique cannot only measure
the ZSVC online, but the ZSVC produced by the modulation technique of the voltage inverter
flows to the resistors. Figure 3.10 displays the experimental wire diagram.

The zero sequence component has also been used for inter-turn fault detection in [53] in PM
machines with Y-connected stator winding. The method uses the fundamental component of
ZSVC as an input to a model, which offers the fault severity and location of the faulty phase
as output. The same method was applied for the machines with A-connected stator windings,
in which, instead, the zero sequence current component or ZSCC is used, and the same
model with the previous method was applied on the same paper [53]. Another technique uses
the normalised ZSVC 15! harmonic slope and correlation coefficient [54]. The 15! harmonic of
the ZSVC is used for fault index extraction. This harmonic is monitored under different speed
and load conditions. Vold-Kalman filtering order tracking or VKF-OT algorithm is applied to
extract the fundamental harmonic of the ZSVC. The two indices used for fault diagnosis are



3.2. Diagnostic techniques in permanent-magnet machines 39

the normalised fundamental component slope of the ZSVC and the correlation coefficient.
The two indices have been extracted to be independent of the speed and load, which makes
this method appropriate for non-stationary conditions. This method is applicable only if there
is accessibility at the neutral point of the machine. However, similar results could be obtained
using an artificially made neutral point like as [53] suggests. The same method using the
VKF-OT algorithm applies to the 3™ harmonic of the stator current [54].

Except for the zero sequence component, other components used for condition monitoring
permanent-magnet machines are the negative sequence component of the stator current.
The inter-turn fault causes unbalanced phase currents, generating a negative sequence cur-
rent as well [55]. The unbalance comes from the turn reduction on the shorted coil, as the
induced voltage reduces. Furthermore, the amplitude’s second order harmonic of the positive
sequence voltage in the d-q reference was also proposed for fault diagnosis purposes of the
inter-turn fault [56]. These voltages contain even harmonics in faulty conditions. Since the
actual voltages were noisy, the control reference voltages were used for monitoring, corres-
ponding to the mean value of the actual voltages over one switching period. For diagnosis, the
2"d harmonic of the positive sequence current is considered, which is proportional to the fault
severity of the inter-turn fault. Another method, which exploits the properties that symmetrical
components offer, is the one presented in [57]. This method monitors the inter-turn fault, the
ratio between negative and positive voltage sequences.
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Figure 3.10: Wire connection of the PM motor with the inverter, the stator windings, and the
resistor network used to generate an artificial neutral point [52].

[51] presents a method to detect the partial demagnetisation fault in PM motors by analysing
the torque. More specifically, the torque ripple increases under demagnetisation fault and the
time delay embedding or TDE method is used for extracting and detecting hidden patterns in
the time series information. By implementing the TDE on the time series of the torque profile,
a 2-dimensional display of the torque series in the phase space is obtained. The rotational
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radius is used as an index for fault severity estimation. As the demagnetisation severity
increases, the radius of the rotation reduces. The disadvantage of this index is that it depends
a lot on the load variations. The latter entails that for reliable monitoring, this fault index has
to be monitored for the same load. The variation of the rotational with the demagnetisation
severity increment can be seen in Figure 3.11
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Figure 3.11: Torque first difference phase-space. Healthy (top), 25% demagnetised (middle)
and fully demagnetised (bottom) of modelled PM motor by 2-D FEA [51].

Demagnetisation fault reduces the attractive force between rotor and stator, and this force
reduction rotates. For the case of static eccentricity, in the region where the air gap is lower
than the healthy condition, the attractive force increases and, on the other side, reduces.
The same applies to the dynamic eccentricity fault, with the only difference being that these
unbalanced magnetic pull rotates with the speed of rotation. Authors of [58] used two force
sensors with 90° spatial phase difference and X and Y components of force distribution
calculated experimentally. Later, the force distribution was plotted as function of the other force
distribution. The healthy and the faulty condition are different under partial demagnetisation
fault, as Figure 3.12 displays.
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Figure 3.12: Trajectory of the measured target point of the motor shaft in the X-Y plane. A
healthy and a partially demagnetised PM motor were measured when running at 1500 r/min
under no-load conditions [58].

The authors of [59] proposed a method to detect partial demagnetisation and dynamic eccent-
ricity. The paper proposes to use the differential inductance of the d-axis as a fault indicator
quantity for the two faults. The index was extracted experimentally using signal injection by an
inverter at standstill conditions. The inverter was injecting both ac and dc fields. Figure 3.13
displays the differential inductance as a function of the d-axis current which varies differently
for each fault. [35], presents a similar method in which signal injection is used again. Still, the
monitoring quantity is now the steady-state waveform of positive peak plus the negative peak
of stator current. More specifically, a square-wave pulsating field is created using the inverter
to apply the voltage. The current depends on the two magnetic field vectors. So four stator
currents were created for four different angles, as it is shown in Figure 3.14. The summation
of the positive plus negative peaks as a function of the pulsating flux vector 6 has a sinusoidal
form, as shown in Figure 3.15. This method can also detect the uniform demagnetisation fault
and the local demagnetisation.
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Figure 3.13: Variation in d-axis differential inductance and its variation, versus d-axis current
curves with PM demagnetization and eccentricity [59].
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Figure 3.14: Stator current waveform; positive and negative stator current peaks at 6 = 0°,
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Figure 3.15: Peak summation pattern for PMs with uniform and local demagnetization [35].



3.2. Diagnostic techniques in permanent-magnet machines 43

The unbalance magnetic pull under eccentricity fault contains different harmonics where 17
and 19" order harmonics have the highest amplitudes [60]. These harmonics are equal to
the number of slots minus 1 and the number of slots plus 1, called slot passing vibration
harmonics. The amplitudes of these harmonics rise with higher severity, meaning they are
appropriate for static and dynamic eccentricity fault diagnosis. These harmonics are the dom-
inant components in the UMP (Unbalanced magnetic pull) vibration signal. Eccentricity fault
also generates side-band components at frequencies with the pattern given in (3.1). The
incremental rate of the amplitude side-band components can distinguish the static from the
dynamic eccentricity.

Other methods use the Park transformation. In many cases, the fault harmonics in the stator
current are shadowed by the fundamental harmonic component since the fault harmonics are
much smaller in amplitude and near the fundamental. Furthermore, sometimes their amplitude
is small enough to make it difficult to distinguish when the noise level is too high. These fault
harmonics have even lower amplitude for low eccentricity fault degrees, so it is harder to
inspect. Several methods were proposed to eliminate the fundamental harmonic effect on
fault harmonics. A method was to use the g-axis current, which is one of the two currents
that yield after the Park transformation and appears to be a good identifier for the mechanical
unbalances [61, 62]. The reason is that using Park’s vector approach or PVA removes the
fundamental component from the amplitude spectrum of the current, and the components are
analysed using Discreet Wavelet Transform or DWT (Discrete Wavelet Transform). Wavelet
transform is a time-frequency signal processing technique to extract fault indicator quantities
under non-stationary speed. In [63] the above-mentioned method was used for eccentricity
fault diagnosis. This method is online, does not need any sensor implementation, and does
not depend on the machine’s parameters. Nevertheless, the method requires two signal pro-
cessing methods, leading to high computational time for index extraction.

The park vector approach is used in sampling the three stator currents in the phase of the
machines. Then the three currents are converted from a three-axis reference frame to a two-
axis reference frame in which its two components, the d- and g-axis current, are vertical. The
equations which correlate the instantaneous phase currents with the d- and g-axis currents
are

ia = /3= bib— /e .
TV . |

. 1.
2l =/ 2le

lq =
The plot of iy versus i, under a healthy permanent-magnet machine is approximately a circle.
However, under faulty conditions becomes an ellipse. In [30], the concept mentioned above
was applied to a machine that has an inter-turn fault and indeed, it became an ellipse. This
method is relatively easy to implement. However, three current probes are required to acquire
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the three currents, which are expensive. In a Y-connected PM machine, since the three
currents in the common point node sum up to zero, knowing two of them makes the third
determination possible. The latter and this can reduce the cost of the equipment needed.
The extended park vector approach is also proposed for inter-turn fault diagnosis in the same
paper. This method monitors the amplitude of specific harmonic on the frequency spectrum
on the PVM (Park vector module) signal, which is defined as

PVM = /i3 +i2. (3.3)

The advantage of this method is that it amplifies the amplitude of the harmonics generated
by the inter-turn more sensitive than using only the stator phase current [64]. The harmonics
generated in the stator current are caused by the saturation effect that the magnetic flux of
the inter-turn fault causes in the stator core, as also explained by [44].
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Figure 3.16: Current variations in i;—i, plane for a PM motor which is healthy and faulty [30].

When the speed of the machine does not stay constant, the signals of the machine cease to
have constant amplitude and frequency. The signal ceases to be periodic, meaning that a fast
Fourier transform can not be applied on the signal anymore. Due to this fact, time-frequency
signal processing techniques were developed that make it feasible to monitor the amplitude of
specific frequencies as the frequency of the signal varies. A long acquisition time is required
for a long period to prevent the "spectral leakage" phenomenon and obtain a high resolution.
However, this increases the probability of supply voltage and torque oscillations [3]. In these
cases, advanced signal processing techniques are required to overcome this challenge [65].

Since the MCSA is not applicable under a transient state, in [66], they converted the MCSA
and made it suitable for a transient operation called TMCSA. However, the method is ap-
plied in induction motors and not permanent-magnet motors. Short-time Fourier transform
is the extended version of the Fast Fourier transform for non-stationary signals [67]. In STFT
(Short-Time Fourier-Transform), the transient signal is divided into several time intervals using
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windows with fixed length and type, and every window is analyzed by Fourier transform. The
latter entails that this technique can’t process all signals efficiently. The type and length of the
window have to be chosen appropriately depending on the signals, which is impossible. To
determine the length of the window, time and frequency resolution drop as a "big" window,
which has a better frequency resolution and a "small" window has a better time resolution
[67]. This method is adequate for applications where the speed of the machine does not vary
suddenly, as the signal will not change fast either.

Nevertheless, STFT cannot solve the problem of analyzing signals with rapid dynamics due
to the fixed window length, which results in high spectral leakage. STFT also tends to hide the
principal fault harmonics of the signal, as the fundamental harmonic contain the most energy.
Several authors started to study multi-resolution signal processing methods. The most com-
mon is the Wavelet Transform or WT (Wavelet Transform), which allows for various time and
frequency resolutions on the time-frequency plane. Like STFT, WT requires the determination
of parameters which are the type of the wavelet function. Fault signatures caused by rotor
faults generated have a low order, so the wavelet function has to be chosen accordingly. There
are two types of WT; continuous WT or CWT (Continuous Wavelet Transform) and discrete
WT or DWT. CWT has a continuous variation in the resolution, which gives sharper results.
DWT extracts proper frequency intervals utilizing high- and low-pass filtering, determined by
the fault components’ order, making the algorithm less time-consuming than CWT [68]. The
work presented in [68] applied the two WT algorithms to the stator current of a PM motor with
partial demagnetization. In [69], CWT was utilized to detect partial demagnetization fault on a
PM motor, using the starting stator current.

Other methods are based on quadratic time-frequency distribution. Linear methods decom-
pose the signal into components; the quadratic forms use energy distributions for distributing
the energy of a signal frequency and time domains [70]. In these methods, the whole signal
obtains energy over every range, so the resolution is much higher. Wigner-Ville distribution
or WVD (Wigner-Ville Distribution) was used to detect dynamic eccentricity in permanent-
magnet motors [71]. Another signal processing technique capable of analyzing the time-
frequency energy of a signal is the Hilbert transform. However, this transform was developed
for application in completely sinusoidal signals, although the non-stationary signals are not.
As a solution, the Hilbert-Huang transform or HHT (Hilbert-Huang Transform) uses empirical-
model-decomposition or EMD, which decomposes the signal into a limited number of pure
oscillating functions called intrinsic mode functions or IMF; hence the transform is applied to
each function. In [72, 73] HHT was applied to the stator current to a partially demagnetized
PM motor operating under variable speed conditions.
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Authors of [74] propose the box-counting method for demagnetization fault diagnosis. Initially,
CWT was used to extract the fault signatures under the non-stationary signal. The features
prepared by CWD are extracted using the box-counting method. This method considers a
threshold, which transforms the components obtained from the CWT matrix into a binary form,
i.e. "1" and "0". The threshold is chosen to compromise computational time and statistical
simplicity. The box-counting method is applied to the binary matrix, and its output is proposed
as a fault index. Figure 3.17 illustrates the square meshing with a length side equal to ¢ that
this algorithm does to the signal. Every iterative process ¢ is divided into two halves and N
number of squares required to cover the signal. The number of required squares has the
following ratio

N(g) o< g7 P (3.4)

where FD is a measure of signal-shape complexity and is used as a fault index. Equation (3.5)
can be written as

logN(e) = —FD-loge +C. (3.5)

Which now, on a logarithmic scale, the relation has become linear. Then linear regression is
applied for calculating FD, and the box-counting is obtained. As the demagnetisation severity
increases, so does FD.
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Figure 3.17: Successive reduction by a factor of half of the grid size € for computing the box-
counting FD [74].
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The authors of [2] compared various signal processing techniques to examine how complex
the algorithms can be in exchange for high resolution. The result was that the quadratic
type transforms using the whole signal for each frequency component, which requires a
high computational complexity for high resolution. HHT showed an acceptable computational
complexity at high resolution. For faults that evolve rapidly, like the inter-turn fault, it is best
to use an algorithm which requires less computational time. Since demagnetisation severity
does not evolve at a fast rate when it occurs, even the computational complex methods are
adequate for monitoring.

The exploitation of physical quantities generated by the machine itself with purpose to detect
faults lead to the development of complicated methods. This happens mainly because the
winding of the machine is not designed in such manner to exploit the unbalanced magnetic
flux created by the faults. Furthermore, the winding configuration acts as a spatial harmonic
filter and reduces the induced harmonic frequencies created by faults. By examining all the
available literature, the realisation came that none of the state-of-the-art methods can detect
all faults. The latter is sensible since having only the quantities of the stator winding is not
enough for monitoring since static faults do not induce a signature on the winding. A con-
sequence of the fact that there is no variable magnetic flux that penetrates through the coils
of the winding when such a fault takes place. This limitation leads to the development of
magnetic flux-based fault diagnosis methods.

3.2.2 Sensor-based diagnostic methods

The two main components of magnetic flux that exist on a permanent-magnet machine are
the main magnetic flux and the magnetic leakage flux. The main flux is responsible for energy
conversion, as it links the coils with the rotor’s magnetic field. The leakage component can be
every type of flux which does not contribute to the energy conversion process. Any magnetic
flux lines created by the magnets the coils and not used for torque production fall in the
category of leakage flux. There is also an amount of flux that radiates outside the machine’s
stator bore, called stray flux.

Magnetic flux-based fault detection techniques using commercial flux sensors [75, 76, 77,
78], or by using a number of search coils with a proper span [12, 33, 23, 79, 80, 81] is a
reliable, low-cost and industrial applied method to extract fault indicator quantities. Their major
advantage is the ability to measure the flux at various points and for specific surfaces in
an electric machine; as a result, making it possible to exploit the consequences of a fault.
Search-coils can be used not only for creating diagnostic techniques but also for real-time
position estimation methods in both PMSMs [82] and Induction Motors [83] since they have
advantages compared to the sensor-less ones.
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Various commercial and hand-made magnetic flux sensors have been developed for creating
fault diagnostic schemes in electric machines. Some selection criteria are size, sensitivity,
cost and ease of implementation. For instance, if the flux sensor is supposed to be placed
externally from the machine, it should have high sensitivity since the magnetic field outside of
the machine is very weak. The latter is a consequence of the high magnetic permeability of
the stator bore. However, there is no size limitation in this case [22]. The opposite applies to
the internal flux sensors.

Hall-effect flux sensors are one of the most popular commercial sensor technologies. These
sensors are based on the Hall effect electric field created along a material’s dimension. This
electric Hall-effect field is generated by applying an electric field on one dimension of a
material and a magnetic field on the perpendicular position in that the current flows. Then
the electrons flow in the direction of the electric field; since they are inside a magnetic field, a
Lorentz force will start to deviate them. The electrons will start moving into the perpendicular
position where the primary current flows, so an electric field will start shaping in that dimen-
sion. This electric field can be easily measured by placing a voltmeter in that direction. This
voltage is on mVolts, meaning that an amplifier is usually needed. These kinds of sensors are
used for fault diagnosis of permanent-magnet machines [76, 77, 78], as well as rotor speed
and position estimation [84, 85].

Magneto-resistors are variable resistors whose resistance value varies with the intensity of
the penetrating magnetic field. More specifically, this sensor is parted by a semiconducting
material, in which the magnetic field changes the direction of the moving charges, translated
as a variation in its resistance. This sensor was used in [86] to detect an inter-turn fault in
induction motors.

Magnetostrictive material is a category of materials that change dimensions with the change of
direction of external magnetic fields. [75] presents a Fibre Bragg Grating or FBG with a highly
volumetric magnetostrictive material. This sensor was employed to detect the demagnetisa-
tion fault. The sensor found applications in bearing health monitoring as well [87]. Materials of
similar philosophy are the piezo-electric materials, which in the presence of a force, produce
an electric field along the dimension that the force was applied. The opposite also applies,
meaning that their dimension changes in the presence of a terminal voltage.

Another type of sensor is flux-gate magnetometers, which are comprised of two sets of coils
wrapped around a highly magnetic permeable core [88]. The one winding is called drive, and
the other sense. Figure 3.18 illustrates the winding described. The drive winding is toroidal,
which means the sense winding is the normal circular coil. The sense winding is placed inside
the drive winding, such that if the winding produces magnetic flux, these lines will penetrate
parallel to the drive winding. A trapezoidal waveform usually generates the drive coil with a
specific frequency. Due to the position of the drive coil, the magnetic flux penetrating the sense
coil is zero. Hence, there is no induced voltage in the sense winding. With the application
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of an external field to the coil, the magnetic flux inside the drive winding will get disturbed,
meaning that the magnetic flux to the sense winding would cease to be zero. At the positions
of the slope regions of the trapezoidal waveform, voltage spikes induce in the sense coil. The
magnitude and direction of the external magnetic field are estimated by processing the sense
coil’s spiked-voltage waveform.
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Figure 3.18: A circle-shaped flux-gate sensor [88].

The last category of flux sensors are the classical search coils. The voltage induced on them
is proportional to the number of turns, the surface, the magnetic flux density and how fast it
varies along the coil’s surface. There are commercial and hand-made search coils to develop
fault diagnostic schemes for electric machines. Search coils on a printed circuit board or PCB
has also been designed for fault diagnosis applications in [89]. Search-coils can come on any
geometry chosen by the designer [90, 31, 91, 92]. Depending on their position, these coils can
either have an iron core or be coreless if the application does not require demand measuring
a weak magnetic field [91]. However, when these kinds of search coils come with an iron core,
the core impacts due to the saturation phenomenon, which occurs for high magnetic field
intensities. The authors of [93] studied the core impact of applying these coils in the condition
monitoring of induction motors. The conclusion was that the cored coils could significantly
improve the amplitude of the induced voltage. The core nonlinearity did not play a determinant
role in the fault diagnosis process.
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By mounting search coils in the stator teeth of a PM motor, a voltage is induced on each
search coil under on-load conditions [23]. This induced voltage is the superposition of two
voltage components. The one produced by the permanent-magnet field and the one from the
armature reaction field. Then, armature and field voltages are filtered using the linear-time-
invariant filter to extract the fundamental component. Calculating the amplitude and the phase
angle of the armature magnetic field fundamental component was made possible. Later,
each tooth’s armature component was displayed in a polar graph. Using this polar graph,
the estimation of the position and severity of the inter-turn fault is possible. Depending on the
fault, the polar plot changes, as shown in Figure 3.20. This method calculates the magnetic
field’s spatial distribution around the machine’s periphery. This method seems capable of
detecting all faults; however, in the case of the eccentricity faults, the two polar graphs have
a similar pattern as the representation is spatial. This method is invasive since it requires the
machine to be disassembled and for the coils to be installed, making it hard to implement in
a high number of machines. Lastly, this method has the advantage that only the fundamental
harmonic of the voltage is employed for fault diagnosis, simplifying the method. A method of
similar philosophy was also applied for induction motors, using not search-coils but hall-effect
voltage sensors [94, 95, 96]. More specifically, the method offers a graphical expression for
the magnetic field as a function of time and space. The authors of [97] followed a similar
approach for detecting the inter-turn fault in brushless dc motors, with the difference that the
induced voltages in the search coils are rectified and converted into dc voltages through a half-
wave rectifier. Reducing any search coil’s fundamental voltage component value translates as
an inter-turn fault occurrence. In [98], high order frequency components around switching
frequency supported that they have higher sensitivity for inter-turn fault monitoring. A similar
approach with [23] was used in [99] for inter-turn fault detection with the difference that the flux
sensors were positioned outside the stator frame of the permanent-magnet machine. Hence,
the sensed magnetic flux was radial stray. The current magnetic flux density ratio over one of
the healthy cases of each sensor, displayed in a polar plot, was used for fault diagnosis.

Figure 3.19: Implementation of search coils in a test machine and FEA model [23].
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Static eccentricity creates two air-gap regions with a higher or lower length than the healthy
state and two points where the air-gap variation is negligible. In [33], two stator mounted
search-coils with 180° difference in space were used to detect static-eccentricity in axial-flux
permanent-magnet machines. If the minimum air gap was close to one search coll, its voltage
was increasing, and the opposite happens for the maximum air gap; hence the estimation of
the fault’s position is possible. However, the conclusion was that if the positions where the air
gap does not change are upon the search coils, the machine continues to look healthy. This
limitation of the method was exceeded using a third coil in [12]. Also, a mathematical model
was developed to estimate the static eccentricity factor and the position of the minimum air
gap. Figure 3.21 illustrates the 3-D FEA model of the machine with the three search coils.
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Figure 3.20: Polar graph for each faulty condition, a) demagnetization of a pole pair, b) inter-
turn fault, c) static and d) dynamic eccentricity [23].
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Figure 3.21: Search coil locations; the search coils are mechanically spaced by 120° and
occupy the upper part of six slots [12].

In the work presented in [79], a search coil was used to detect dynamic eccentricity by
monitoring the peak-to-peak magnitude of the speed normalized voltage in time as the signal
is zero under healthy conditions. The voltage negation comes from the coil span, which
corresponds to an odd number of coils and an even number of poles. Figure 3.22 illustrates
two PM motor design topologies with the search-coil designed appropriately in each case.
In the first case, the PM motor is presented with an internal rotor, and the search coil is
spanned along 3 - 4 pole pitches. In the second case, the PM motor has an external rotor,
and the search coil is spanned at 3 coil - 2 pole pitches. Since the machine is 3-phase,
the current waveform has 120° phase difference in time. The magnetic flux created by the
permanent-magnet field has 180° phase difference. From the above, the result was that for
every rotor position, the magnetic flux induced in the search coil would be zero, and the
voltage would also be induced. The latter results in a zero voltage signal under healthy
conditions, as shown by Figure 3.23a. Hence, when the dynamic eccentricity fault takes place
in the machine, the voltage of the search-coil becomes non-zero as the magnetic flux that
penetrates the search-coil ceases to be zero, as Figure 3.23b suggests. Since the search coll
is stationary with respect to the rotor’s unbalanced magnetic flux, the peak-to-peak value of
the voltage was used as a fault indicator. Since the signal is zero under healthy conditions
and becomes non-zero under faulty conditions, the specific signal varies only with the speed
and the fault severity. So by normalizing the signal over the speed, the signal becomes fault
severity dependent only, as Figure 3.23f displays. The latter means that method is ideal for
machines operating under non-stationary conditions, speed and load. Lastly, this method uses
the signal directly for monitoring, and no further signal processing is required.
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For rotor faults, as was discussed above in the sensor-less condition monitoring methods,
due to the series connections of the phase’s coils, several fault harmonics are cancelled
due to the coil connection. One can consider the latter a disadvantage, as many harmonics
that could help distinguish between faults using the MCSA method vanish, so the method
losses its accuracy. The employment of a flux-sensor offers a solution when monitoring for
demagnetization fault harmonics, according to [100, 101].

Permanent magnet

Stator core

Rasor core

Main windings
Additional windings

Permaneni magnet

Stalof cofc

Rotor core

Main windings
Addnional windings

(5]

Figure 3.22: Additional winding for three-phase PM a) internal rotor motor with eight poles
and 12 slots and b) external rotor motor with 12 poles and nine slots [12].
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Figure 3.23: Speed normalized voltage for a PM motor with 12 slots and 8 poles under a)
healthy, b) 50% dynamic eccentricity condition, c) its spectrum and the d) a transient speed
ramp, the corresponding e) voltage waveform and the one in f) speed normalized form [12].

The authors of [81] proposed an approach to identify rotor faults, using a single search coil
wrapped around one tooth of an interior permanent-magnet motor. The induced voltage in the
search coil for a full mechanical revolution is measured, and then the absolute value of the
signal is calculated. The method extracts the peak values of the signal’s absolute value, which
are related to each magnetic pole. The outcome of the work showed that the peak values
had enough information to distinguish the dynamic faults. The distinguished conditions were
healthy, load defects, partial and uniform demagnetization and dynamic eccentricity. To extract
an indicator quantity independent of the variation of the load, each peak value is normalized
with the average value of all peaks. Figure 3.24 presents the results for the search-coil voltage
under two fault conditions. The signal shows how partial demagnetization is distinguished from
dynamic eccentricity on an experimental scale.
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Figure 3.24: Experimental results for the voltage waveform peaks under a) partial demagnet-
ization and b) dynamic eccentricity [81].

3.2.3 Discussion and limitations found in the state-of-the-art diagnostic meth-
ods

According the above investigation, diagnostic methods based in sensors which measure the
magnetic flux on the air-gap are more efficient than the ones that are placed outside the
machine’s frame, however the machine must be disassembled for their installation. Moreover,
in cases where the sensor is a search-coil, the span can be varied in order to sense only
the magnetic flux which is useful for the detection of a fault. So a search-coil can act as a
filter that can cut out the magnetic flux created during balanced-healthy conditions. The latter
search-coil can generate a search-coil which its induced voltage will not require further signal
processing.

In both category types of methods, quantities acquired from the stationary part of the machine
are available. So, in fault cases, where the magnetic fault signature stays constant on the air-
gap both type of method categories (sensor and sensor-less) unable to offer efficient detection
of the faults. On top of that, for the cases which the quantities generated by the machine
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itself like stator current are used for detection additional limitations come into play. The en
series connections of the coils sums voltage harmonics that have 180° phase difference,
these harmonics are negated and they do not appear in the current. The latter means that
the winding is a spatial filter which becomes an obstacle in the condition monitoring process.
The signal in sensor-less methods is easier to be captured however to extract the feature is
a much more difficult compared to the sensor based methods. In the case of sensor based
based methods the above work showed that to be able to detect all faults, the magnetic flux
has to be measured in as many positions around the air-gap as possible, like in the case
where it is measured as many times as the number of concentrated coils of the machine
[23]. By measuring the air-gap magnetic flux in only one point, only dynamic eccentricity and
partial demagnetization can be detected efficiently [81]. In the case of static faults, like static
eccentricity it was proven in [12] that to account both the fault severity and location, the air-
gap flux has to be measured in three different points with 120° spatial difference. Dynamic
eccentricity was detected in [79] using one search-coil which negates the magnetic flux under
balanced conditions.

After having this discussion, it is visible now that measuring the magnetic flux from stator
is not the solution because for faults that do not cause moving unbalanced magnetic flux,
there is no induced harmonic frequencies as there is no relative motion between the flux and
conductors placed in the stator. This thesis will make an effort to offer a solution to the problem
states above. By finding a way to measure the magnetic flux of the rotor reference frame, it
is expected that the faults which cause unbalanced magnetic flux will become detectable.
However, at the same time, faults creating moving unbalanced magnetic flux cease to be
detectable, since the relative motion of the flux and the conductors ceases to exist. To make
it possible to detect both faults categories, a method to accomplish both flux measurements
simultaneously has to be invented.

Taking into consideration the review that was done above, the unsolved problems that the
existing diagnostic methods cannot solve are the following:

. no formula can correlate the coil-slot and pole number with the harmonic order gener-
ated during a rotor fault, i.e., partial demagnetization and dynamic eccentricity.

. no method can detect all faults with a small amount of hardware which will be online.
There is no method because only quantities monitored from the stator reference frame
are available. The latter entails that there is a need for a method that will be able to
transform the faults that are on the stator reference frame into the rotor reference frame.
By accomplishing the transformation, it will be possible to extract monitoring quantities
proportional to the fault severity. Furthermore, the method is preferred to be as simple
as possible, meaning it is preferred to be able to detect the fault without any further
signal processing. The reason is that signal processing algorithms are not cost efficient
the method loses its simplicity as many other considerations start to add to the process.
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. There is not a solid theory which correlates the harmonics generated under fault condi-
tions with the quantities extracted using a single search coil.



Chapter 4

Diagnostics in permanent-magnet
machines by monitoring the air-gap
flux

This chapter shows how to exploit the air-gap magnetic flux of permanent-magnet machines
to detect all faults. The first part of the chapter extends the method which utilises a pitch-
dependent search coil to detect partial demagnetisation in axial-flux permanent-magnet gen-
erators. The induced voltage on the search-coil for all faults is extracted using simulation
and studied. The conclusion is that this search coil configuration can detect partial demag-
netisation and dynamic eccentricity. However it cannot detect static faults, i.e. inter-turn fault
and static eccentricity. To overcome this limitation, a new novel search-coil configuration is
proposed which uses two search coils, one in the rotor and one in the stator, which couple
magnetically when a fault occurs. The proposed air-gap flux monitoring scheme designed
on a common permanent-magnet machine is presented in Figure 4.1. The span of both
search-coils is equal to the span of odd number of coil pitches and even number of pole
pitches. The latter meas that the induced voltage under balanced conditions in both search-
coils is zero. The search-coil placed in the rotor is shorted and the one in the stator is
open circuited. More specifically, for inter-turn fault and static eccentricity the magnetic flux
generated in the rotor search-coil induces a voltage on the stator search-coil. Without the
closed circuited rotor search-coil the latter type of faults would induce voltage frequencies
on the stator search-coil dependent by the location of the fault. The proposed condition
monitoring method accomplishes to transform the faults that create stationary unbalanced
magnetic flux to faults that create rotating one, making them detectable using For dynamic
eccentricity and partial demagnetization, the stator search-coil only is adequate for detection.
Every fault leaves a unique signature waveform on the proposed monitoring signal and the
amplitude is proportional to the fault severity. This method can detect all types of faults
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in permanent-magnet machines at any speed and load. Furthermore, the proposed fault
detection signal depends only on the fault severity and the rotational speed. Simulation and
experimental results show that the method can evaluate the condition of permanent-magnet
synchronous machines.

Figure 4.1: A permanent-magnet machine with the proposed search-coil scheme installed.

4.1 Detection of partial demagnetisation in AFPM generators us-
ing a search-coil

In this work, the search-coil, which negates the induced voltage under balanced conditions, is
used to detect the partial demagnetisation in air-cored permanent-magnet Axial-Flux generat-
ors. Its principle is to monitor a speed-normalised fault detection signal. This signal depends
only on the demagnetisation severity, as it was extracted using a flux-sensor with a span that
negates the induced voltage under balanced conditions. The generator has been designed for
marine renewable applications working under variable speed conditions rendering PM health
monitoring under nonstantionary conditions imperative. Initially, a mathematical equation for
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the electromotive force (EMF) is derived under partial demagnetisation conditions. The equa-
tion offers the frequency components related to the fault. Furthermore, an analytical model
was also developed that correlates the monitored signal amplitude with the demagnetisation
severity. A 3-D finite-element model of the installed winding in the generator is employed to
verify the proposed method under steady and variable speed conditions. Figure 4.2 illustrates
the wireframe model in an exploded view of the AFPM generator carrying the supplemental

winding.

Figure 4.2: Exploded wireframe model of the analysed AFPM generator with the supple-
mental winding corresponding to a span of 3 coils and 4 pole pitches. 1. Rotor disc, 2. PM, 3.
armature coil, and 4. supplemental winding.

4.1.1 Mathematical derivation of induced EMF due to partial demagnetisation
fault

This section shows how to derive the induced voltage in the search coil under partial demag-
netisation fault with a focus on the harmonics generated on it and how the fault affects the
amplitude of the search coil.

EMF induced in a single coil of the stator winding under balanced conditions

When the rotor of a coreless AFPM generator exhibits concentric motion without any fault on
it, the air-gap length of the machine is constant, no matter the position of the rotor. The air-gap
length of an air-cored double-rotor-single-stator AFPM generator can be considered constant
since there is no stator slotting effect; there is only the saliency effect, but in this analysis, it is
neglected. The air-gap length under healthy conditions is

Sideal = 2hpy +28 + 1y, (4.1)
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where hpy, g and 1, are the permanent-magnet axial thickness, air-gap length and axial
thickness of the stator winding, respectively.The air-gap permeance for a coreless AFPM
generator without partial demagnetisation or any other kind of fault is constant and is equal to

Ho

S — (4.2)
208 4 2g + 1,

Aideal =

where U, and U, are the free space’s permeability and the magnet’s relative recoil permeab-
ility. Nd-Fe-B magnets under low operational temperatures, their B-H characteristic can be
considered approximately linear and also the recoil permeability equal to unity i.e y, ~ 1. The
magneto-motive force (MMF) F developed from the permanent-magnets can be expressed
using Fourier series composition as follows

F(0,1) = Z Fpmvcos (VPO —vast — §y), (4.3)
v=odd

where Fpy v, @y, p, @; and ¢ are the magnitude of the vih MMF PM harmonic, phase angle
of the v MMF PM harmonic, the number of pole pairs, the electrical angular frequency and
time, respectively. The magnetic flux density can be written as a product of the relative air-gap
permeance function of the PM magneto-motive force

B=A-Z. (4.4)

Expanding (4.2) with binomial series and neglecting higher-order terms and then substituting
the final expansion and (4.3) to (4.4) and executing the algebraic calculations it yields

Z Fpm,ycos (VPO — v, — ¢y), (4.5)
V=13

where « is a constant equal to

2

2

Ho 8 by 8 8lw Ly )

o= P SO S LT , (4.6)
2hpy < hpy  2hpy h%M h%M 4h1%M

depending on the generator's geometrical dimensions. To calculate the magnetic flux ®, the
magnetic flux density wave along the middle air gap facing an armature coil is integrated.
Considering an angle element d0 which corresponds to a surface dS on the coil, a magnetic
flux element d® penetrates through it. The magnetic flux of the £ coil can be formulated as
follows

o 271:5
D (1) = (rr)/m(gl)B(G,t)de, 4.7)
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where ¢, r,, r;, and & are the total number of coils of the stator winding, the outer radious of
the magnet, the inner radius of the magnet, and the coil index, respectively. The EMF induced
in the &M coil winding &% (t) can be calculated as the time derivative of the magnetic flux
penetrating through the £™ coil with respect to time as follows

(g% (t) =—N,- a0 (4-8)

where N, is the number of turns in a coil. After substituting (4.5) into (4.7), integrating along the
middle of one of two air gaps, and then differentiating with respect to time, the EMF induced
in the £ armature coil winding of the AFPM generator, under healthy conditions, can be
mathematically illustrated as follows

E(t) = a(ro—rf) Nea, i Fpyy sin (Vpg> sin <Vp£(2§ —1)—vayt — (j)v), (4.9)
v=odd ¢ ¢

where @, is the mechanical speed of the rotor. For a PM generator under balanced conditions,
the induced EMF in the 5”‘ coil distributed symmetrically in space along the periphery of the
stator contains higher harmonic components that distort the fundamental one. Equation (4.9)
expresses that in the éth stator coil will be induced harmonic components with frequencies
v f;. The voltage in the above analysis describes the EMF or no-load voltage because the
magnetic field created by the armature winding has not been considered. The induced voltage
on the supplemental winding can be found by integrating the flux over the surface of the
winding, which is 4 pole pitches, by substituting (4.5) into (4.7) and integrating over four pole
pitches.

EMF Induced in the supplemental winding due to partial demagnetisation

The proper relative air-gap permeance function needs to be extracted to calculate the EMF
under partial demagnetisation. The magnetic flux density wave significantly reduces the spe-
cific pole pitch in this condition. The air-gap is not constant, but we can consider that its
length is increased in that particular magnet pitch as the magnet moves, which means that
this increased air-gap length rotates with the mechanical rotational speed.

In Figure 4.3, the air-gap length and the relative permeance are shown along a circle in the
mid radius of the magnets under healthy and partial demagnetisation conditions. When the
magnet is demagnetised, the air-gap increases with the fault severity. It can be represented
as D = gg, where £>1 is a factor corresponding to the increment and D can be considered
a factor related directly to the fault severity. Moreover, the air-gap permeance in the same
angle-pitch will be reduced by €A since fewer magnetic lines will remain in that area. Utilising
the logic mentioned above, the air gap under partial demagnetisation is both a function of
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space and time

hpm 1 > 2 . (k¢
8demae(0,t) =2—— +2g¢+4+1t,+D| —+ ) —sin <> cos (k6 —kw,t) |, (4.10)

where the last term of the above equation is a constructed pulse wave using Fourier series,
which moves with the mechanical rotational speed ®,, as the demagnetized magnet does.

0y

gA T —>
Zdemag <>
B 4
Aideal Ademag
JEA
0 (m-1)n/p ma/p In 0

Figure 4.3: The air-gap length along the periphery at a mid radius of the PMs and the air-gap
permeance, under healthy and demagnetized conditions.

The relative permeance function under partial demagnetization can be represented as follows

Ho
288 4 2g 41, +D (ﬁ + L g sin (%) cos (k6 — kwrf))

Ademag(0,1) = (4.11)

The above-equation may be further written in the form below

0
Ademag(eat) = 2]/’;1PM'
- L (412)
8 tw D D . km
1+ = — kO — ko, t
< " ty * 2hpy - <4hPMP +,§1 kithpy (217 cos{ )

The above equation has been formulated in such a manner to be expanded using the binomial
Taylor series. After its expansion, the eventual relative permeance function having one pole
pitch demagnetized is

Ademag(0,1) = a4+ B(D) +y(D) - i cos (kO —kw,t), (4.13)
k=1
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where 8, and y are two constants depending on the generator parameters and partial demag-
netization factor and are equal to

B =g (i)

2hpu \2h3,,p  4hpyp  2hpup

Bo (D 28 ity )
D) = e L
7D) 2hpm (hPM hpm  hpm

(4.14)

It should be noted that 3(0) = y(0) = 0. The MMF can be represented using Fourier series
similarly using equation (4.3) with the only difference that the amplitude of every compon-
ent will be different due to the demagnetization. After employing the equation all over (4.4)
again and taking into consideration the equation which connects the rotational speed with the
electrical speed

Wy

w0, = —, (4.15)
p

the air-gap magnetic flux density wave with the fault embedded can be calculated as follows

Bdemag(e t) = (X + ﬁ Z 9;3;,;"3(? cos Vpe Vot — (Dv)
. - 1; odd i . (4.16)
demag .
+v(D) Fpy sin <> cos (VpO — vayt) cos (k@ — —yt >
v:zoddkzl v kmhpy 2p P

After substituting equation (4.16) into (4.7), integrating along the middle air-gap facing three
coils or four-pole pitches, the first term of (4.16) will be cancelled and afterwards, differentiat-
ing with respect time using (4.8), yields

1
gdemag,f (t) = ENC (1’3 7ri2) w’Y(D)

- ema, D . 2w\ . 2n k
Z ng,ngnh Sin <(Vp—k) p) Sin <(Vp—k)p— (V—p> (J)J) . (417)

v=odd k=

2 2 k
+ Z Z ﬁg&m\‘,{gk Toonr sin <(Vp+k) ;) sin <(Vp—i—k) ?ﬂ — <v+ p> a)st>

v=odd k=

The EMF induced in the supplemental winding will have additional time-harmonic components
under a stationary rotational speed, which depends on the pole pair number of the AFPM
generator. These additional harmonic components have amplitudes which are increasing, and
their frequencies are

fdemag: (V:l:k> fSu (418)
p
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where v takes odd values and k integer values, the harmonic frequencies with patterns given
by (4.18) of the voltage on the additional winding, normalized by the speed, can be used as
a fault indicator as these amplitudes depend only on the fault severity, which gives the major
advantage of monitoring for the specific fault under variable speed conditions.

Analytical prediction of the demagnetization severity

In this subsection, the level of demagnetization is calculated theoretically using the geometry
of the supplemental winding. According to [29], in an AFPM machine with two rotor discs, the
main magnetic field lines that induce the armature voltage are between the opposite magnets
in the discs. There are also field lines that flow between the adjacent magnets of each disc,
and these also contribute to the voltage generation. Additionally, there is the PM rotor leakage
field, which contains all the lines which do not penetrate through the stator coils and the stator
leakage field, which does not contribute to the interaction with the main PM rotor field.

When all magnets are healthy, the vector sum of magnetic flux which penetrates through the
search coil is zero, which means that there is no voltage induction. For every arbitrary angle of
the rotating magnetic field, the total magnetic flux crossing through the additional winding will
be zero too. When at least one magnet is demagnetized, the number of the magnetic flux lines
in a single-pole pitch reduces, and as this magnet transits through the search coil, the vector
sum of the magnetic flux ceases to be zero. As a result, an alternating voltage is generated
on the terminals of the search coil. The currents in three coils are in a 120° phase difference,
which means that the magnetic flux of each coil also has the same phase difference; hence
the resultant magnetic flux, which crosses through the supplemental winding, is zero due to
the armature under healthy conditions.

Figure 4.4 illustrates the 2-D view geometry of the additional winding, which occupies 4 pole
pitches and 3 coil pitches along the generator periphery for a specific rotor position. The
magnetic field waveform, which corresponds to each magnet in that arbitrary position, is also
presented. The last permanent magnet on the same figure is demagnetized, and this was
modelled by the reduction of the magnetic field on that specific pitch.

The fundamental harmonic of the flux density wave at a time instant can be written as follows
B(6) = B,sin(p0), (4.19)

where B, is the peak value of the air-gap magnetic flux density. This value depends on the
magnet height, hpyy, air-gap thickness, which in this coreless AFPM generator is given by (4.1)
and from the relative recoil permeability of the PM, u,.

Brem Bg

——2hpy =
Ho Ly oty

Bg Bg
2hpy + —=2g + —=t,,. (4.20)
Ho Ho
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Figure 4.4: The supplemental winding along with the 4 pole and 3 coil pitches and the magnet
flux density wave that corresponds to that rotor angular position.

From (4.20), the peak value of the fundamental component of the magnetic flux density is

equal with
Brem

- $10.50, °
I+, hpy

B, (4.21)
According to Figure 4.4, an angle element on the additional winding occupies a surface
element dS, and through this surface, an element magnetic flux element penetrates from it.
The surface element of one pole pitch is given as follows [102]

as="r.ar (4.22)
P

By substituting into (4.7), (4.19) and integrating into the counterclockwise direction along the
air-gap facing the additional winding when the magnetic flux density wave is in the position of
Figure 4.4, yields the following integral summation

D Yo Yo Yo o
D(0) = (2—2>/ B(e)zlrdr—/ B(O)Zrdr—i—/ B(G)Zrdr—/ B(6) Zrdr.

p p
(4.23)

The magnetic flux is positive when the vector of magnetic flux density has the same direction
as the perpendicular vector of the surface element and negative when their directions are
opposite. By calculating the above definite integral summation and considering 6 = @, due
to the rotor rotation, the fundamental harmonic component of the magnetic flux as a function
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of time on the additional winding is obtained, as follows

®(t)=-D- 81 (r2 —17) Bgsin(ayt). (4.24)
p

When the demagnetized magnet passes region of the sensor, an oscillation is induced with
an amplitude, which is proportional to the demagnetization severity. By employing (4.8) all
over again, for the specific additional winding with Nj,, turns, and applying (4.15), the induced
voltage is estimated as follows

T
Vow (1) = NwDg (r2 —r7) By, cos (@yt). (4.25)

It is worth mentioning that under fault condition, the currents in the 3 coils that the sup-
plemental winding spans, are no longer symmetrical, so the resultant magnetic flux that
penetrates is non-zero. Since the generator does not have a stator core, it is anticipated
that this parasitic effect will not have a strong influence as these generators have a negligible
armature reaction field [29].

Proposed monitoring signal for partial demagnetization detection

In this subsection, we propose a signal for monitoring the detection of partial demagnetization
in AFPM generators. The amplitude of the EMF in a PM generator with a coreless stator is
linearly proportional to the rotational speed. Therefore, we propose a fault detection signal
in which its shape is used as a fault indicator and its peak-to-peak value is used as a fault
severity estimator, as follows

FDs(r) = ") (4.26)

(1)

Under stationary speed conditions, the rotational speed is steady, so it is constant in the above

equation. When the generator rotor has a varying speed carrying one PM demagnetized in
one of its rotors, the signal will remain at the same amplitude due to the speed normalization.
Moreover, the fault under nonstationary speed conditions may be diagnosed using the amp-
litude side-band components of the same signal, which are given by (4.18) normalized by the
rotational speed ®,, using the frequency components with the pattern of (4.17).
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Identification of the partial demagnetization from the static and dynamic axis and an-
gular eccentricity conditions

This section demonstrates the analytical derivation of the expected signals, which will be
induced on the supplemental winding (sensor) if an eccentricity fault occurs. The term angular
eccentricity means the angular rotation of at least one rotor disc around an axis other than
the rotational one [103]. A thorough analysis of the angular and axis eccentricity definition
has been done in [104, 105]. Great care should be given since misalignment usually refers
to the alignment quality between motor and load in radial-flux machines, not the stator and
rotor position. Thus we have avoided using the term misalignment to describe the two types
of eccentricity faults in axial-flux machines. The angular dynamic eccentricity of a rotor is a
condition where the minimum of the air gap rotates with the mechanical speed while the air
gap is unequal around the circumference. Axial eccentricity has the same concept, but the
direction of eccentricity but the parallel displacement of a rotor in relation to the stator now
moves with the mechanical speed. As a result, the voltage on the supplemental winding will
consist of continuous oscillations during the whole mechanical period. On the other hand,
under a static eccentricity fault, the air gap becomes non-uniform. A voltage will be induced in
the sensor coil, which depends on the relative position between the sensor and eccentricity,
but the signal will be without oscillations.

The analytical formulae for the fault detection signal can be developed by substituting the
respective air-gap function for each case in the permeance function. Eventually, the voltage
induced in the supplemental winding under dynamic eccentricity is
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and for static eccentricity, the induced voltage in the supplemental winding is
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From the two above equations, the following conclusions are made. The various faults induce
unique voltage harmonics in the supplemental winding. Meaning that the method can be used
to distinguish the faults with each other. Moreover, (4.17) and (4.27) show that specific voltage
harmonics are induced in the flux sensor and are multiples of the inverse pole pair number.
However, partial demagnetization is an abnormality which is not continuous but happens
only in the vicinity while the faulty magnet crosses the sensor. The latter shows that partial
demagnetization and dynamic eccentricity faults can be detected by monitoring the sensor’s
peak-to-peak value of the speed-normalized voltage. At the same time, it is impossible to
mistake static eccentricity for either partial demagnetization or dynamic eccentricity.

4.1.2 Finite-Element Analysis of the machine with the supplemental winding

Analysis of the partial demagnetization fault and experimental validation of the healthy
model

The AFPM generator and the supplemental winding within its air gap are modelled using a
commercial software package which is based 3-D FEA. Figure 4.5 illustrates the experimental
rig of the AFPM generator, and Figure 4.6 graphs the phase voltage. The blue line is the data
extracted by the FEA model, and the red line is the phase voltage of the actual generator. This
procedure was used to validate the model against the real machine. Figure 4.7 shows the
solid 3-D FEA model of the three-phase AFPM generator in an exploded view to demonstrate
the supplemental winding, which is wound along 3 stator coils. This coil sensor is designed
according to the PM geometry to obtain optimized results. The winding of the generator is non-
overlapping with coil sequence A-B-C. The major specifications of the generator are archived
in Table 4.1.

Figure 4.5: Experimental test rig of the AFPM generator to validate the FE model.
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Figure 4.7: a) Exploded view of the axial-flux PM generator's FEA model with the additional
winding 1) Rotor disc, 2) PM, 3) armature coil of winding, and 4) the supplemental winding
and b) winding layout for the cases where the machine has parallel path winding.

Figure 4.8a displays the no-load axial magnetic field component along a pitch in the middle of
the air gap is plotted for 0-100% demagnetization in incremental steps of 10%. The purpose
was to validate that the reduction in the magnetic flux density is linear as there are two mag-
nets in each pitch and that the additional harmonic components derived in (4.18) do not affect
the degree of reduction. The B — H characteristic remained linear in the second quadrant for
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Table 4.1: Specifications of the Axial-Flux PM Machine

Parameter Value

Apparent power [KVA] 12.52
No-load voltage line-to-line RMS [kV] 3.86

Rotational speed [rpm] 375
Number of coils-c 24

Number of pole-pairs 16

Magnet remanence (20° C) [T] 1.247

Turn number of an armature coll 640
Turn number of the supplemental coil 1
Number of parallel paths 4

Magnet-coil clearance [mm] 3.5
Winding connection Y

Inner/Outer magnet radius - r;, r, [Mm] 300/460
Thickness of the winding - ¢,, [mm] 15

Magnet thickness - hpys [mm] 10

all demagnetization states. In Figure 4.8b, the on-load axial magnetic flux density component
along a circle for 50% partial demagnetization is demonstrated for two rotor positions, which
corresponds to positions where the fault detection signal takes its maximum value. The pur-
pose is to investigate the magnetic field magnitude distortion due to the armature reaction
that the circulating currents create. The parallel path connections appear to create currents
that distort the magnetic flux density wave and cause its value to fluctuate according to the
specific winding configuration. As a result, a mean value for the magnetic field magnitudes
should be employed for the analytical calculation. The demagnetization fault inserted in the
simulation by reducing the slope of the B — H characteristic in the second quadrant.

In Figure 4.9, the fault detection signal during the interval where a magnet crosses the sensor
is plotted for 10 different demagnetization severities in increments of 10%. The peak-to-
peak value increases with the fault severity level, followed by lower peak-to-peak amplitude
increments caused by the magnetic flux generated by the circulating currents flowing in the
parallel paths. Figure 4.10 presents the fault detection signal for 50% and 100% demagnet-
ization when the generator has no parallel paths. The conclusion from the latter is that the
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parallel paths cause additional oscillations in the sensor signal. Figure 2.10 illustrates the
fault detection signal in the time and frequency domain for healthy and two demagnetization
cases for a mechanical period. The dB normalization settled with base 1 [mVsec/rad] and not
with the fundamental harmonic as it is negated due to the supplemental winding topology.
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Figure 4.8: Axial component of a) the no-load magnetic flux density wave for 10 demagnetiz-
ation severities with 10% step reductions and b) on-load magnetic flux density when a magnet
is demagnetized.
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Figure 4.9: Fault detection signal for 0% up to 100% demagnetization severity with increments
of 10% of a PM with 4 parallel paths.
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Figure 4.10: Fault detection signal with no parallel paths for healthy, 50% and 100%
demagnetization of a PM.
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Figure 4.11: Fault detection signal in time (left column) and frequency (right column) domain
under healthy conditions for the 4 parallel path winding configuration.

Under healthy conditions, the signal is approximately zero, as shown in Figure 4.11 (left
graph). A small fluctuation is caused by the armature reaction end-winding leakage field.
Regarding the cases in which a PM was demagnetized for about 40%, as shown in Figure
4.12 and 80%, as Figure 4.13 supports. Oscillations are generated, which depend on only
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the demagnetization level. The amplitude of the oscillations remains constant because the
voltage signal is normalized with speed, and under healthy conditions, the signal approaches
zero. With the rise in demagnetization severity, the magnitude of the peak-to-peak magnitude
of the oscillation increases linearly. Lastly, the amplitude side-bands with the pattern given by
(4.18) are increased with the demagnetization severity, and their alteration is nonlinear and
was theoretically proven by (4.17). In Figure 4.14, the alteration of the normalized peak-to-
peak summation magnitudes for each demagnetization factor is presented. The peak-to-peak
value of the fault detection signal can be used as a fault index for partial demagnetization
detection. The design parameters is obtained by consulting Table 4.1. The air-gap magnetic
flux density is obtained through (4.21), equal to 0.582 [T]. To estimate the fault severities
for the cases of Figure 4.10, in which the machine is under 50% and 100% partial demag-
netization, the peak-to-peak amplitude of the fault detection signal substituted in (4.25) and
the demagnetization percentage D is 45% and 86%, respectively. As a result, extracting the
peak-to-peak value of the sensor output signal over time and considering the basic machine
parameters can lead to the estimation of the fault severity level. As shown earlier, due to
the parallel-path winding configuration, a further deviation is caused by the analytical model
due to the additional oscillations, which slightly reduce the peak-to-peak value of the fault
detection signal. However, the peak-to-peak value can still give a decent approximation for
the fault severity level.
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Figure 4.12: Fault detection signal in time (left column) and frequency (right column) domain
under 40% partial demagnetization for the 4 parallel path winding configuration.
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Figure 4.13: Fault detection signal in time (left column) and frequency (right column) domain
under 80% partial demagnetization for the 4 parallel path winding configuration.
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Figure 4.14: FEA results for the peak-to-peak magnitude of the fault detection signal for
10 demagnetization severities with increments of 10% for the machine with 4 parallel path
winding.

In Figures 4.15, 4.16 and 4.17 the fault detection signal is displayed for healthy 40% and 80%
partial demagnetization in time (left) and time-frequency domain (right) under an acceleration
of 100 [rpm] in 0.9 seconds starting at a speed of 250 [rpm]. Figure 4.15a and 4.15b (left
column) validate that the peak-to-peak amplitudes of the fault detection signal remain steady
under this state. Moreover, the right columns in Figures 4.15, 4.16 and 4.17 (right column)
show that the frequency trajectories of the fault harmonics remain steady as the speed in-
creases, and their magnitudes increase only with the fault severity.
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Figure 4.15: Fault detection signal under a transient rotor speed in time (left) and time-
frequency domain under healthy conditions for the machine with the parallel path winding.
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Figure 4.16: Fault detection signal under a transient rotor speed in time (left) and time-
frequency domain under 40% partial demagnetization for the machine with the parallel path
winding.
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Figure 4.17: Fault detection signal under a transient rotor speed in time (left) and time-
frequency domain under 80% partial demagnetization for the machine with the parallel path
winding.

Figure 4.18: FEA model of the axial-flux generator with the search-coil.
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Figure 4.19: Fault detection signal under healthy condition when the generator rotates at
1000 rpm.

Impact of the other faults on the proposed signal

In this part of the work, the 3-D FEA model of an axial-flux PM generator with specifications for
the axis and angular eccentricity faults is extracted using 3-D FEA in an axial-flux generator
to achieve discrimination with the partial demagnetization fault. In Figure 4.18, the model of
the generator is presented with the air-gap search-coil. Figure 4.19 fault detection signal for
healthy condition, to validate that it is zero. The generator has 9 coils and 12 poles and has
the same type of winding as the initial. In Figure 4.20 the fault detection signal is presented
in the time domain for the cases of a 70% demagnetized model (which is an equivalent of
35%), unbalanced electric load in which the current in one phase is four times higher, 20%
static angular eccentricity, 40% dynamic angular eccentricity, 1 [mm] static axis eccentricity
and 2 mm dynamic axis eccentricity. From the figure, the conclusion is that for each fault, the
signal’s waveform is unique. As a result, all faults can be distinguished except the unbalanced
electric load fault since it does not impact the search coil. Moreover, detecting the dynamic
faults is feasible since the magnetic flux stays unbalanced on the search coil throughout
the mechanical period. The peak-to-peak magnitude can be used as a fault index. Lastly,
the two misalignment faults, axis and angular, induce a similar waveform on the search coil.
Nevertheless, the waveforms are still distinguishable by inspection.
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Figure 4.20: The speed-normalized voltage signal for all fault cases.

4.1.3 Summary and conclusions of the method with the single search-coil

The above work extended the method which utilizes the search-coil that negates the in-
duced voltage detection of permanent-magnet health monitoring of air-cored axial-flux gener-
ators designed for marine energy applications. The peak-to-peak value of the induced speed-
normalized voltage on the supplemental winding can be used as a fault indicator signal as
it depends only on the fault severity. A Short-Time-Fourier-Transform offers also adequate
results detect the fault using the amplitude-frequency components under steady and variable
speed states.

Compared to a single pitch search-coil, the advantage of this method is that the fault can be
detected without any further signal processing since the signal is zero under healthy condi-
tions. Moreover, it can detect low severities since the ripple of the signal is negligible. When
the partial demagnetization fault occurs, an oscillation is induced on the search coil in which
the peak-to-peak value is connected with the demagnetization severity percentage, according
to equation (4.25). Under uniform demagnetization, the total magnetic flux penetrating the coil
is zero, so this technique can only detect a partial demagnetization fault. The single-pitched
search-coil can detect uniform demagnetization since it senses the voltage in each pole pitch.

The dynamic axis and angular eccentricity faults can also be detected, as the fault detection
signal will have a different waveform, and the peak-to-peak value can be used as a fault
indication in this case. This method finds application in machines where an additional coil can
be implemented, where its span will be capable of negating the voltage under load conditions.
The method requires an even number of pole pitches and an odd number of coil pitches within
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the span of the sensor. If the number of pole pitches is not even, the signal under healthy
conditions will not be zero, and the method requires calibration when first implemented. The
method demonstrated in the paper can easily be applied to axial and radial flux PM machines
after careful determination of the sensor span, such that the induced voltage due to the rotor
and stator magnetic fields is negated.

4.2 Diagnostics for PMSMs using two magnetically-coupled search-
coils

This paper presents a new search-coil scheme that makes detecting all faults in Permanent-
Magnet Machines feasible. The idea employs two search coils, one placed in the rotor and one
in the stator, which couple magnetically under faulty conditions. The shape of the waveform is
associated with the type of fault. The amplitude of the monitored sensor is associated with the
severity of the fault. The studied faults are the demagnetisation, inter-turn, angular and axis
misalignment. The proposed scheme applies to both types of machines, radial- and axial-flux.
2-D FEA results for the radial-flux machine and 3-D FEA results for the axial-flux show that the
proposed method is promising for facilitating an experimental layout for condition monitoring
applications.

4.2.1 Presentation of the idea and the occurring Faults in PM Machines
Proposed search-coil scheme

This section explains the search-coil scheme along with the studied faults. Figures 4.21 and
4.22 present two 9 coil 12 pole PM radial- and axial-flux machines with the search-coil scheme
designed on them, in 2-D and 3-D FEA, respectively. The winding is concentrated and non-
overlapping.

Search-coil A is placed in the stator, and search-coil B in the rotor. Both search coils have
the same pitch and occupy the minimum number of odd coil pitches and even poles. Search-
coil A is open-circuited, and Search-Coil B is short-circuited. For the specific machines, the
minimum number of poles is two; for coils is three, and the span of the coils is twice as much
as one of the poles. The latter means that the minimum span must equal 3 coil pitches. This
number of coil pitches corresponds to 4 pole pitches. With this span, the penetrated magnetic
flux on both search coils for every rotor position is zero.
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Figure 4.21: FEA model for a 9 coil 12 pole radial-flux PM machine with the two search-coils.
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Figure 4.22: FEA model for a 9 coil 12 pole axial-flux PM machine with the two search-coils.

The rotor magnetic field changes its polarity every 180° electrical angles, so 4 magnets create
zero net magnetic flux for every rotor position. The same happens for the magnetic flux created
by the stator coils. Each coil current has 120° electrical degrees phase difference; hence for
every rotor position, the induced currents create magnetic flux, which adds up to zero in the
search coils. What is said above entails that under healthy conditions, both induced voltage
on Search-Coil A and current on Search-Coil B are zero. The magnetic flux on the air gap
becomes unbalanced with a fault occurrence. Hence the two search coils start to have induced
voltage on their terminals. It should also be noted that when the machine is healthy, there is
no electromagnetic interference of Search-Coil B in the air gap of the machines.

Faults occurring in PM machines

The faults in permanent-magnet machines are separated into two categories based on whether
they are moving or at a standstill; static and dynamic faults. Static faults are the faults which
do not change position as the rotor position varies. These faults are the static angular and
axis misalignment and the inter-turn fault. The dynamic faults are the partial demagnetisation
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and the dynamic angular and axis-misalignment. In Figures 4.23, and 4.24, the faults of static
axis misalignment and inter-turn fault are illustrated, respectively. In Figures 4.25, and 4.26
the partial demagnetization and dynamic axis misalignment, is presented, respectively. The
air length appears magnified for clarity.

The static axis misalignment fault or static eccentricity, as shown in Figure 4.23, happens
when the rotor axis is displaced, and the centre of rotation is in a new axis which coincides
with the rotor axis. In dynamic axis misalignment, shown in Figure 4.26, the rotor axis is also
displaced, with the only difference being that the centre of rotation is at the beginning of the
axes. If the centre of rotation falls in between, mixed eccentricity happens. In both types of
faults, the magnetic flux for 180° spatial becomes higher compared to healthy conditions, and
in the other 180° becomes lower. For the static fault, this asymmetry is stationary, and for the
dynamic fault, it moves with the rotor speed.

The partial demagnetisation fault, displayed in Figure 4.25, occurs when at least one of the
magnets has reduced residual flux density. The fault can be considered a moving asymmetry
that moves with the rotor speed of rotation. This fault is similar to the dynamic axis misalign-
ment fault, as in both cases, the unbalanced magnetic flux moves with the rotational speed
of the rotor. Lastly, in the inter-turn fault, displayed in Figure 4.24, a closed loop is created
in one of the coils, which is stationary compared to the rotating magnetic field. The closed-
circuited loop leads to a current-carrying loop, in which the current depends on the magnetic
field intensity and the speed of rotation, the impedance and its surface. This current creates
a magnetic flux which is time-varying but fixed in space. This fault also creates a hot spot, so
it is crucial to be detected the earliest possible. For axial-flux machines, the axis and angular
static and dynamic misalignment faults are presented in Figure 4.27a and 4.27b.
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Stationary rotational axis of the rotor

Figure 4.23: 2-D schematic for the radial-flux PM machine with static eccentricity.

<turn short-circuit of a few turns in a coil

Figure 4.24: 2-D schematic for the radial-flux PM machine with inter-turn fault in one of the
stator coils.
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Rotational trajectory of the rotor

Figure 4.26: 2-D schematic for the radial-flux PM machine with dynamic eccentricity.
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4.2.2 Finite-Element-Analysis

This section shows the modelling using simulation and its results. The search coils and the
machine was designed using a commercial software FEA package, Simcenter MagNet, by
Infolytica/Siemens digital industries. Every faulty condition previously discussed has been
modelled and studied. The machine with the designed search coils modelled in a steady and
transient condition using a speed-driven simulation. In the speed-driven simulation, the speed
is coerced to take any value given by the user. The voltage in Search-Coil A and the current
in Search-Coil B are extracted for each fault condition. Two machines were considered; one
is self-designed, and it is the radial-flux version of the air-cored axial-flux generator used in
Figures 2.13 and 2.14. The purpose of this simulation is to make the first attempt to test if it
will provide fault detection signals proportional to the fault severity. In the second stage, the
2-D solid FEA model of a real direct-drive permanent-magnet generator is used to validate
the method for two faults. Partial demagnetisation, which is a dynamic fault and inter-turn
fault, which is a static fault. The last step was to install the search coils in the direct drive
permanent-magnet generator.
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Figure 4.27: Graphical representation of the: a) axis and b) angular misalignment in axial-flux
PM machines emphasising the axis of rotation for static and dynamic eccentricity.

Figure 4.28a presents the 2-D FEA results for partial demagnetisation. Since the magnet
moves with the rotor speed, there is no relative motion between the asymmetry and Search-
Coil B, and as a result, the flux becomes unbalanced only in Search-Coil B. The current in
search-coil B is zero, and the voltage in search-coil A is of sine-wave shape. The voltage
peaks coincide with the position where the demagnetised magnet passes from the coil sides
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of search-coil A. Figure 4.28b presents the results of an inter-turn fault. Since this fault creates
a time-varying magnetic flux fixed in space, this flux starts to penetrate the short-circuited
Search-coil B. With its turn, the magnetic flux created by B starts to penetrate Search-Coil A.
Hence, there is a voltage induced in Search-Coil A that the voltage peaks are equal to the
number of poles. Figure 4.28c presents the results for dynamic axis misalignment.
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Figure 4.28: Frequency normalized voltage and current of the search-coils A and B for a)
0%, 25%, 50% partial demagnetization, b) 0%, 6.25%, 12.5% inter-turn ¢) 0%, 25%, 50%
static axis misalignment and d) 0%, 25%, 50% dynamic axis misalignment for the radial-flux
machine.

Similarly to the demagnetisation condition, this fault creates an asymmetrical air gap that
varies over time, resulting in the category of dynamic faults. Due to the eccentric motion of the
rotor, Search-Coil B starts to sense magnetic flux passing through it due to the unbalanced
stator armature reaction field, and it induces a voltage on Search-Coil A. Due to the rotor
magnets’ unbalanced flux, there is another additional voltage induction on Search-Coil A.
Lastly, Figure 4.28d presents the results for static axis misalignment. The above fault is also a
static fault like the inter-turn fault, so the magnetic flux becomes unbalanced in Search-Coil B,
and the generated magnetic flux induces a voltage in Search-Coil A. The number of voltage
peaks is equal to the number of poles.
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In Figures 4.29 and 4.30, the 3-D FEA results are presented for the equivalent axial-flux PM
machine. Both types of misalignment faults for the static and dynamic cases are presented.
Notably, this method makes distinguishing the two faults for the static and dynamic types feas-
ible. Since the cross-section area of a conductor is inversely proportional to the resistance,
it is preferable to choose a conductor with a big surface in the rotor search coil to create a
low resistance and increase even more the magnetic flux creates when a fault takes place.
The two misalignment faults leave a similar waveform trace on the stator search coil, but the
waveforms can still be distinguished.
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Figure 4.29: Voltage and current of the search-coils A and B for a) 0%, 25%, 50% partial
demagnetization, b) 0% 6.25%, 12.5% inter-turn and c) 0%, 25%, 50% static angular
misalignment for the axial-flux machine.
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Figure 4.30: Voltage and current of the search-coils A and B for a) 0%, 25%, 50% dynamic
angular misalignment, b) 0, 2, 4mm static axis misalignment, and c) 0, 2, 4mm dynamic axis
misalignment.

4.2.3 Experimental and simulation results from a PM generator

This section examines the method’s validity in a three-phase double rotor core-less radial-flux
PM generator. The machine has 24 coils and 32 magnet poles, meaning that in this case, the
search coils can have a span of 180° spatial degrees since the number of coils is an even
multiple of three (3x8). Figure 4.31a presents the solid 2-D FEA model of the PM with the two
search coils designed on the machine. Figure 4.31b shows the winding layout for the case of
the experiment when the machine has partial demagnetization. In all the other cases the coils
of each phase are connected in series. The rotating search coil is wound on the outer surface
of the rotor shorted. The stationary coil is placed on the stator, is open-circuited, and is the
coil whose voltage signal is used for fault detection.

Figure 4.32 presents the actual machine with the search coils installed in on its airgap. The
generator has 8 coils per phase and 4 parallel paths; however, there is access to the terminals
of each coil, so any connection is possible. The search-coil voltage is measured under three
different states. It is worth mentioning that the search-coils were mounted using glue on the
surface of the rotor the stator after alcohol was used to clean the surface. As the machine is
low speed, the centrifugal forces are not that large so there is no need to use more secure
ways to mount the rotor search-coil. Epoxy resin can also be used as a more effective way
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to mount the rotor search-coil. To clarify, the machine supplies a 3-phase symmetric load
resistive load in all conditions. To validate that the search coils were installed correctly, it is
examined if the voltage under balanced-healthy conditions is zero. That is going to be the first
measurement. A negligible voltage ripple is expected due to the end winding leakage
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Figure 4.31: a) Solid 2-D FEA model of the double rotor radial-flux permanent-magnet gen-
erator with the two search-coils installed and b) winding layout for the partial demagnetization
experiment.
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field and the low eccentricity percentage pre-exists in an electric machine. The other two
measurements will cover the cases in which the machine has a static and a dynamic fault.
The second measurement occurs when the machine has one magnet and its iron segment
completely off. In this way, an artificial partial demagnetisation fault is implemented in the
machine. In the above condition, the machine has four parallel paths. Furthermore, the third
measurement is taken when the machine has an inter-turn fault. To create an artificial inter-
turn fault, one of the machine’s coils is shorted using a combination of variable resistors. The
latter creates a difference in the current of that coil, so it has a different value than the other
coils. The loop current equals the current in the phase coils minus the shorted coil current.
Each phase’s coils have to be connected in series for this measurement.

Figure 4.33 presents the experimental test rig, which includes all the measuring equipment.
A 3-phase induction motor drives the permanent-magnet generator, and its speed is adjus-
ted using a 3-phase voltage inverter. A mechanical gearbox is interfered between the two
connected shafts to reduce the speed supplied to the generator. The generator used in the
experiment is for renewable energy applications, and it is of direct drive, meaning that it is
supposed to be coupled directly to the turbine, so it is supposed to work at low speeds. Lastly,
the generator supplies a 3-phase symmetric resistive load.

-
-
-
| &

Rotor Search-Coil Stator Search-Coil

Figure 4.32: Double rotor radial-flux generator with the two search-coils installed.
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The signal voltage signal in the stator search coil is measured using a voltage probe. The
characteristics of the voltage probes are TESTEC TT-LF 312 with 1:1 scaling, attenuation
ratio x1, input impedance 47 pF, bandwidth 15 MHz, rise time 24 nsec, and compensation
range 10-60 pF. The voltage probe is connected to a DAQ (Data Acquisition System) which
uses a laptop computer as a user interface. The DAQ device is PicoScope 4000 series and
model 4824 and the resolution enhancement is set at 16.0 Bits. The resolution enhancement
aids in clearing unwanted noise without any filtering. The speed is measured with a hall effect
speed sensor fed in the DAQ. The electric period of the voltage signal can be measured by
estimating the period of one square-wave pulse. By calculating the inverse of the period, the
frequency is calculated. Using (2.6), one can measure the rotational speed by knowing the
number of poles. The installed Hall-effect speed sensor on the permanent-magnet generator
is presented in the photograph of Figure 4.34.

Variable resistors Current probe

Figure 4.33: Graphical representation of the: a) axis and b) angular misalignment in axial-flux
PM machines emphasising the axis of rotation for static and dynamic eccentricity.
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Figure 4.34: The installed Hall-Effect speed sensor in the permanent-magnet generator.
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Figure 4.35: Experimental results of the stator search-coil voltage for the generator at 100
rpm with 4 parallel paths at a) healthy condition and with b) one magnet off.

Figure 4.35a 4.35b presents the experimental on-load results of the voltage extracted by the
stator search-coil under healthy conditions and having one rotor segment out. Each segment
carries one magnet, so removing a segment will create an artificial partial demagnetisation
fault. As obtained by simulation, under the healthy condition, the search-coil voltage is zero as
there is no penetrating magnetic flux at any of the two search coils. A small ripple caused by
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the very small degree of static and dynamic eccentricity a healthy machine carries due to the
manufacturing imperfections. Furthermore, the end-windings of the stator winding create a
small parasitic magnetic flux which penetrates the search coil and induces a very low voltage
ripple. In the case of a partial demagnetisation fault in the generator, the stator search-coil
voltage has two peaks. Each peak corresponds to the position where the magnet’s centre
passes from each coil side of the stator search coil. Due to the parallel path connection, the
search coil has some additional flux interference, which distorts the main signal. However,
this interference affects the two peaks of the voltage signal significantly, so even in the case
of parallel paths, the method can work properly. The experiment validates also the results of
the previous section, as the rotor search coil is inactive for this fault since there is no relative
motion between the conductors and the magnet field. Due to the circulating currents, a low
unbalanced magnetic flux is expected to penetrate through the rotor search-coil. Nevertheless,
this interference is small compared to the one that the demagnetised magnet causes.

Figure 4.36a, 4.36b and 4.36¢ presents the experimental on-load results of the stator search-
coil voltage obtained when the generator is under healthy and inter-turn fault conditions,
rotating at 10 rpm with no parallel paths. The speed, in this case, could not become very
high since every coil is built-up by 205 turns and there 8 coils in every phase, meaning
that if the speed becomes high the voltage will become very high. The inter-turn fault was
implemented artificially by connecting variable resistors parallel to one of the stator winding
coils. The equivalent resistance of two resistors connected in parallel has a lower value than
the resistor with the minimum value, meaning that the total impedance of the equivalent coil
reduces. Under the same voltage, the stator winding coil will have an increased current flowing
on a closed loop. With this technique, the stator current’s root-mean-square value can change
by varying the resistors’ resistance, leading to different fault severity levels. The inter-turn fault
can be detected by inspection as it creates an oscillatory signal in the voltage of the stator’s
search-coil, which increases as the loop current increases. This machine does not have an
iron stator core, so the sensitivity of the signal is low; however, it's enough to detect the fault.
A conductor of higher diameter can be used on the rotor search-coil to reduce the impedance
of the loop. A lower loop impedance will offer a higher current on the loop of the search-coil
a higher current induced by the fault and create a stronger magnetic flux. The magnetic flux
in relative motion with the stationary stator search-coil will induce a higher voltage. This fault
creates magnetic flux, which corresponds to one coil pitch much smaller than the 180° coil
span that the search coil has, so no magnetic flux is lost. The purpose of this experiment was
to show that the oscillatory voltage signal created on the stator search-coil is proportional to
the loop current, which is shown with great success. As a fault identifier and fault index for both
fault cases, the shape of the waveform and the amplitude of the stator search-coil voltage can
be used. Also, according to Figure 4.36a, the machine has a very low percentage of dynamic
eccentricity as the waveform of the stator search-coil voltage suggests. The magnetic flux
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Figure 4.36: Experimental results of the stator search-coil voltage for the generator at 10 rpm

with no parallel paths under a) healthy and inter-turn fault conditions with b) 10.5 Arms and c)
17.8 Arms loop current.
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created by the dynamic eccentricity fault has a span of 180° which is the same as the pitch of
the search coil. The latter means no magnetic flux is lost due to the short-pitching effect. The
speed of the machine can be obtained using Figure 4.37, which presents the voltage signal
extracted by the Hall-effect speed sensor and is equal to 10.077 rpm.

12
——Steady state
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Figure 4.37: Experimental results of the voltage pulse-wave versus time signal extracted by
the Hall-Effect speed sensor for the steady-state the machine has inter-turn fault.
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Figure 4.38: Experimental results of the a) voltage pulse-wave versus time signal extracted
by the Hall-Effect speed sensor and the corresponding b) speed signal during the start-up
transient.

To examine if the method remains effective under variable speed, the stator search coil voltage
signal was measured while the machine was accelerating. The speed increases from 0 to
29.043 rpm in 4 seconds, as Figure 4.38a, suggests. Figure 4.38b shows the speed during
the captured transient event that Figure 4.38a suggests. The speed was calculated by creating
an algorithm. The algorithm calculates the frequency of each pulse which is the electric
frequency of the generator. Then a new signal is reconstructed which has the same length as
the stator search-coil voltage and the frequency was considered to have have a value which
depended by the slope between two different pulses. Figure 4.39a, 4.39b and 4.39c present
the signal during the start transient under healthy and inter-turn fault conditions with and
without normalisation of the speed-squared. According to Figure 4.39a, the signal increment
is negligible as the machine is healthy. There is a low voltage increase which happens due
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to the low dynamic eccentricity level that the machine carries, and as the speed increases,
so does this unbalanced magnetic flux. Figure 4.39b shows the variation of the amplitude
of the signal as the speed increases. Figure 4.39c proves that the square of the speed is
proportional to the stator search-coil voltage as the amplitude of the signal becomes constant.
In this case the signal depends only the fault severity i.e. the loop current of the inter-turn
fault. The latter happens because the fault is static, so the rotor search-coil rotates with the
mechanical speed in relation to the static magnetic flux. Then the stator search coil senses
the magnetic flux that the rotor search coil broadcasts, and the relative motion between the
two search coils equals the mechanical speed. So the signal depends on the square of the
speed. Furthermore, additional speed transient simulations using 2-D Finite-Element Analysis
were solved under inter-turn fault and partial demagnetisation. The solid model is presented
in Figure 4.31. The speed increases linearly from 5 to 40 rpm in a time interval of 10 seconds.
All the coils are connected in series. The generator supplies a symmetric resistive load of
150Q2/phase. Figure 4.40 presents the waveform of the mechanical speed in rad/sec for the
2-D FEA simulation. The signals studied are the stator search-coil voltage which is the to-be
monitored signal and the rotor search-coil current. The latter cannot be measured, and as
explained above, it acts as an auxiliary coil which produces the magnetic flux, which makes
the detection of static faults possible.
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Figure 4.39: Experimental results of the stator search-coil voltage for the generator during
the start-up transient at a) healthy and with inter-turn fault conditions b) without and c) with
speed-squared normalisation.
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Figure 4.40: Rotor speed waveform versus time for the transient event.

Figure 4.41a presents the stator search-coil voltage signal of the generator under healthy
conditions and the transient speed event. By inspection, the signal remains zero as the speed
increases as the search coils have interfered in an even number of pole pitches and an odd
number of coil pitches. The magnetic flux that penetrates through the stator search-coil is the
magnetic leakage flux of the stator winding, although it is negligible. Figure 4.42b presents
the stator search-coil voltage signal normalised by the square of the mechanical speed. The
signal remains negligible in this case as well. Figure 4.42a illustrates the stator search-coil
voltage of the generator when there are two shorted turns in a coil of the phase winding. The
signal is not zero anymore, and its amplitude increases as the speed do. As discussed above,
the hereunto fault detection signal is proportional to the square of the speed and the current in
the shorted loop. The latter means that the signal becomes constant by normalising the signal
with the square of the mechanical speed. The speed waveform was presented in Figure 4.40,
so by taking the square of this waveform and dividing the voltage signal of Figure 4.42a; a
constant signal yields, which the reader can see in Figure 4.42b. The amplitude of the latter
signal depends only on the number of shorted turns or in other words, the value of the current
in the shorted loop.
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Figure 4.41: a) Stator search-coil voltage of the generator for the studied transient event
under healthy conditions and b) stator search-coil voltage normalised with the square of the
mechanical speed.
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Figure 4.42: a) Stator search-coil voltage of the generator for the studied transient event with
2 turns shorted in the generator’s stator winding and b) stator search-coil voltage normalised
with the square of the mechanical speed.

Figures 4.43a and 4.43b present the rotor search-coil current for the generator under the
same transient event for two cases; when the generator is healthy and when there are two
turns shorted on the winding. In Figure 4.43a, one can see that under healthy conditions,
the current on the closed-circuited rotor search-coil is zero as the speed increases. In Figure
4.43b, there is an oscillation induced in the positions where the coil sides of the search-
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coil pass from the centre of the coil, which contains the shorted turns. Since the magnetic
flux source that the current in the shorted turns produces is fixed in space, there will be an
induced voltage on the rotor search coil because of the relative motion. The current in search-
coil increases proportionally with speed.
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Figure 4.43: Rotor search-coil current of the generator for the studied transient under a)
healthy conditions and b) with 2 turns shorted.

Figure 4.44a demonstrates the stator search-coil voltage at the same transient event as above
when one of the generator’'s magnets is 40% demagnetised. The latter means that the 60% of
the residual flux density that the magnet remains. Since every pole pitch contains two magnets
facing the air gap at the same angle, the magnetic flux density reduction will be slightly less
than 20%. It will be less than 20% because the demagnetised magnet of the inner rotor has
less volume than the one in the outer rotor. One can see that the signal’s amplitude increases
with the speed increment. In the type of dynamic faults, the proposed fault detection signal
is only proportional to speed and not to the square of the speed. The induced voltage peaks
originate from the positions where the demagnetised magnet passes from each coil side of the
stator’s search coil. Figure 4.44b presents the speed normalised signal for the same transient
event. It is visible that the amplitude of the signal remains constant, so in this fault case, the
signal depends only on the fault severity, which is the reduction of a magnet’s residual flux
density. Since the search coil placed in the rotor rotates at the same speed as the rotating
magnetic field created by the magnets, there will be no induced current on the coil, as Figure
4.45 supports.
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Figure 4.44: a) Stator search-coil voltage of the generator for the studied transient event with
40% partial demagnetisation of a magnet and b) stator search-coil voltage normalised with
the mechanical speed.



4.2. Diagnostics for PMSMs using two magnetically-coupled search-coils 106

——20% Partial demagnetisation

25

Rotor Search-Coil Current (A)

=25

I I I I I
0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
Time (msec)

Figure 4.45: Rotor search-coil current of the generator for the studied transient under
approximately 20% partial demagnetisation.

Figure 4.46a presents the stator search-coil voltage during the transient event, while the
generator has 20% dynamic eccentricity. One can see that the signal amplitude and frequency
increases with the speed increment. By normalising the signal with the speed the amplitude
of the signal becomes approximately constant for every value of the speed as Figure 4.46b
suggests. According to Figure 4.47 due to the unbalance magnetic flux produced by the
armature reaction field there is a current on the rotor search-coil. However, the magnetic flux
that this current creates is negligible compared to the unbalanced magnetic flux originating
from the magnets as there is relative motion between conductors and this flux.
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Figure 4.46: a) Stator search-coil voltage of the generator for the studied transient event with
20% dynamic eccentricity and b) stator search-coil voltage normalised with the mechanical
speed.
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Figure 4.47: Rotor search-coil current of the generator for the studied transient under 20%
dynamic eccentricity.

Lastly, static eccentricity under a transient condition is presented. Figure 4.48a presents
the stator search-coil voltage during the transient event whilst the machine has 20% static
eccentricity on the internal rotor. One can see that the amplitude of the signal increases with
the speed increment. Similarly, as done above by normalising the signal with the mechanical
speed of the rotor, the signal has a constant amplitude which depends only the fault severity
percentage. There is an induced current on the rotor search-coil for this fault as well, meaning
that the rotor search-coil creates a magnetic flux that penetrates through the stator search-
coil.

The proposed condition monitoring signal depends only on the speed and fault severity.
The distribution of the stator search-coil voltage signal offers the identification of which fault
occurred. Depending on what fault happened, the signal should be normalised by the mech-
anical rotational speed or its square. After that, the amplitude of the signal becomes constant
as long as the fault severity does not increase. The variation of the signal amplitude will follow
the variation of the fault severity. The above method can detect all faults reliably without any
further signal processing during variable speed and load conditions.
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Figure 4.48: a) Stator search-coil voltage of the generator for the studied transient event
with 20% static eccentricity in the generator’s stator winding and b) stator search-coil voltage
normalised with the mechanical speed.
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Figure 4.49: Rotor search-coil current of the generator for the studied transient under 20%
static eccentricity.

4.2.4 Summary and conclusions of the proposed method

This section proposes a novel diagnostic technique in permanent-magnet machines based
on two search coils, one placed in the rotor and one in the stator. The rotor search coil,
under faulty conditions, carries a current which creates a magnetic flux that penetrates the
stator search coil. Each fault generates a unique waveform in the stator search coil, and
the amplitude is proportional to the fault severity. The proposed methodology converts static
faults into dynamic ones and makes them detectable. This method overcomes the limitation
that the method with the single stator search-coil negates the induced voltage under balanced
conditions faces. Finite-Element Analysis results of air-cored radial- and axial-flux machines
show that the proposed technique can be used to monitor all the faults under steady and
transient operation of permanent-magnet synchronous machines. Experimental results during
partial demagnetisation and inter-turn faults on an air-cored radial-flux permanent-magnet
generator showed that this method can be used to diagnose static and dynamic faults for
stationary and transient conditions. The proposed diagnostic method uses only two single
wired search-coils which makes the method cost efficient and less complex compared to the
methods based on commercial flux sensors. The permanent-magnet machine used to validate
the method experimentally is low speed so the mounting demands for the rotor search-coil
were low. For machines operating in higher speeds the mounting demands are going to
be higher, so the mounting can become a challenge. Lastly, the method does not require
any further signal processing which decreases the cost and increases the applicability even
further.



Chapter 5

Prediction of the
Motor-Current-Signature-Analysis
signatures under rotor faults in
permanent-magnet synchronous
machines

This work proposes an algorithm based on an analytical model which makes it possible
to predict the harmonic fault signatures under dynamic eccentricity in permanent-magnet
synchronous machines with a concentrated non-overlapping winding for any slot-pole com-
bination. The motivation behind this work was that there was no proposed formulae which
offers the harmonics generated by dynamic eccentricity as a function of both the pole-pair and
coil winding number. Currently the literature discusses about the appearance of the fractional
harmonic components related to the pole number. A mathematical equation is derived for the
machines’ EMF under dynamic eccentricity based on the air gap permeance model. Later on,
the terms of this equation are inserted in a Fault Signature Block Binary Array in which the
position of each cell expresses a specific harmonic frequency component. After substituting
the machine’s parameters, the array results in zero and nonzero terms. The positions of the
nonzero terms express the frequency components excited by this particular fault. 3-D FEA
and experimental results of a Permanent-Magnet Axial-Flux Machine are used to validate the
proposed algorithm.
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5.1 Mathematical formulation of the phase-EMF under dynamic
eccentricity

The air gap is constant when a rotor exhibits concentric motion without eccentricity, as il-
lustrated in Figure 5.1a. However, when the eccentric motion the one or both rotor discs
obtain an angle relative to the stator disc, the air gap becomes non-uniform. A minimum and
maximum air-gap length are then created. When the two air-gaps lengths are constant, the
eccentricity fault is static, and no fault-severity-dependent harmonic components are induced
on the winding of air-cored machines [106]. A sketch of static eccentricity on a machine is
demonstrated in Fig. 5.1b. In machines with iron cores, some fault signatures are induced
due to the saturation of the ferromagnetic material in the area where the air-gap length
decreases. Alas, they cease to increase in magnitude when the core enters deep saturation
[107, 42, 108, 43]. Fig. 5.1c presents a dynamic eccentricity sketch. Under this fault condition,
the generated harmonics are proportional to the fault severity level, and fractional harmonic
components with orders related to the pole-pair number are generated in the stator variables’
spectra [42, 32, 109, 79].

Rotor & Stator Axis

Figure 5.1: Sketch of an air-cored Axial-Flux Permanent-Magnet Machine under a) healthy b)
static and c) dynamic eccentricity fault.
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5.1.1 Magnetic field expression under dynamic eccentricity

The permeance function for a dynamic eccentricity condition of an air-cored machine can be
written using [12, 26, 110, 79]

Ho
h M
ﬁ +2g+1t,+ DEF cos (9 - a),t)

ADE(G,Z‘): (51)

where Uo, hpy, Upm, &, 0, @y, t and ¢, are the vacuum magnetic permeability, axial height
of the PM, recoil permeability of the PM, air-gap length, the axial length of the winding, rotor
angular position and rotor mechanical speed, time and winding axial thickness, respectively.
The recoil permeability of the magnet can be considered equal to unity upys = 1. The dynamic
eccentricity factor (DEF) is defined similarly as the static eccentricity factor (SEF’) in [12]. For
a machine with a stator by ferromagnetic core, the axial length of the stator winding will be
divided with the iron permeability, which has a high value, so this term may be neglected. To
ease the calculations, | wrote the relationship which connects the magnets’ axial length with
the winding. For the specific test machine, the PM height is equal to the stator winding axial
length

hpy =1ty (5.2)

Considering (5.2), (5.1) can be written as follows

Ho
Ape(6,1) =
0E(8:7) hpy +2g+1t,+ DEF cos (6 — a)rt)
_1 .
_ Moy 2g +DEFcos(G—cort) (5-3)
~ 3hpy 3hpy 3hpy

and since the below equation is applicable

2¢g  DEFcos (9 - (J),t)
3hpm 3hpy

(5.4)

which stands V¢ > 0 & 6 € [0,27]. As a result, (5.3) can be developed using Taylor-Maclaurin
expansion. By applying

oo

(140" =Y (-1 =1—x+. . +2"— ..., 5] <1, (5.5)
n=0

(5.3) is written up to the 6 order term of the series expansion. So, by applying the expansion,
the permeance function is written as
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Ape(6,t) = a+Bcos(8 — ) +..+1ncos (p(6 —awt)), (5.6)

where «, B3, 7, 6, €, and 1 are constants which depend on the dimensions of the machine
and the dynamic eccentricity factor (DEF). The Magneto-Motive Force (MMF') of the PM has
a square-wave form and can be represented using the Fourier series as a function with only
odd harmonics. The amplitude of each of these harmonics is inversely proportional to its order
as follows

F(0,1) =Y. Fpycos(kpb —kayt) (5.7)
kodd
where @y is the electrical speed of the rotating magnetic field created by the PMs, p is the
number of machines’ pole-pairs, and k is the series index. The space-time varying air-gap
magnetic field can be written according to [26]

B=% A (5.8)
By substituting (5.6) and (5.7) onto (5.8) and by applying the trigonometric identity

1

R (cos (x+y) +cos(x—y)) (5.9)

a qualitative equation for the expression of the air-gap magnetic field under dynamic eccent-
ricity is obtained. Moreover, the electrical speed connects with the mechanical speed with the
following equation

w =2 (5.10)
P

5.1.2 The voltage induced in a tooth-coil under dynamic eccentricity

To calculate the air-gap magnetic flux for the '™ concentrated non-overlapping coil, the mag-
netic flux density is integrated along with a coil pitch as

22
B (1) = 0 / B(0.1)d6 5.11
O="50 [0 B 511

where r; and r, are the internal and external radii of the PMs. By substituting the developed
form of (5.8) onto (5.11) and applying the trigonometric identity

sin sin ! cosx+y sinx_y
x— = — —_—
Y73 2 2

(5.12)
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the magnetic flux is obtained. The induced voltage on the /™ coil, which is proportional to the
number coil turns N, can then be obtained as the partial derivative with respect to time with
the equation

I, (1)

& =—N,
! ot

(5.13)

5.1.3 Voltage induced in the phase of the machine under dynamic eccentricity

The phase voltage time function for the specific generator is equal to

Epn(t) = E1(t) + Eu(t) + & (1) (5.14)

The resulting phase voltage equation is given by

Epn(t) =

20 Z FPM k (sm (kp ) . <sin (kpg —ka)st>

kodd

i (192 -t i (1027 1))
+Bk§dﬂm<sm(<kp— nt). ( (=07~ (k=1 ) o)
(o)) 2 )]
+sin((kp+1)%)- (sin ((kp+ = - (k+;> wst)

sin ()7 = (14 Y o) s (ot 1) 27 - (k1) m>))
b Y prk<sm ((kp-6)" ).<sm (=07 (k-2 ) an)

kodd
sin((p—6) 5 — (k=2 ot ) +sin ( (kp—6) 27 — (5= 8wt
(-0 (ko) s (wp- 5 - (5= )
+sin<kp+6 >'<sin<(kp+6)7sr—<k+;>wst>

e CEER CH R e S CH )

(5.15)
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To explain the derivation of the above equations, the voltage time functions of the coils ob-
tained by (5.13), are added. The tested machine has 9 concentrated, non-overlapping coils.
As it is a 3-phase machine, 3 coils belong to each phase which are in series, thus, to obtain
the phase voltage their instantaneous values should be added. Hence, for /[ =1, =4 and
[ =17. In addition, the first term of (5.15) expresses the voltage under healthy conditions, while
the others generated harmonic components due to the dynamic eccentricity fault.

5.1.4 Definition of the Fault Signature Block Binary Array (FSBBA)

In this sub-section, the Fault Signature Block Binary Array (FSBBA) is defined, along with the
iterative process of the algorithm. Every cell of this array is another array in which the cells
are either zeros or ones. The FSBBA matrix is then defined as

Ap2
A%,
FSBBA= | " (5.16)

N
AP,Z

where N is the number of rows and expresses the terminal value of the odd k in the model,
eg.k=1,3,5 ..., N. A, A%, ..., A}, is the element-arrays of the block matrix. The
matrix A’;z is constructed using the trigonometric terms of (5.15) as a p «2-sized matrix. Each
cell of this matrix contains the summed terms of the phase voltage referred to a specific
frequency signature side-band extracted by (5.15) along with a trigonometric term which

depends on the coil and pole number. It is defined in the following array format

) (5.17)

sy~

where p is the number of pole pairs and each element of the block is given by
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sin ((kp—i)%) {sm((kp—z f—( —é)a)t)

+sin<kp—17” (k ) )—l—sm(kp—z )13z (k—é)a)st),
ifi=j=1lori>j

sin ((kp+ j)2 {sm(kp—ﬂ f—<k—|—f)a)s)

+Sin((kp+1 77”—( ;) s>+Sln<(kp+1)1?7”—(k+}é)wyt>,

(5.18)

kifi:j>10ri<j

By substituting the number of slots and poles in (5.15) the cells of the arrays of the matrix A’;2
negate for specific orders k. More specifically, some negations occur due to the cancellation
caused by the summation of trigonometric terms. Otherwise, it may become zero because of
the trigonometric function, which multiplies the sums. Each position in the array AIE,Z expresses
a specific frequency side-band component.

Specifically, element A%.z expresses the 3" right side-band of the fundamental harmonic
component. The test-méchine is harmonic with order 1.5. The element A;l expresses the
left-hand-side band of the 5" harmonic component. Lastly, the element Ag,1 expresses the
left-hand-side band of the 3™ harmonic, and since the number of rows is equal to the pole-
pair number, the harmonic is the 2,4, which is even. As a result, the cells carrying nonzero
values after the substitution are the harmonics of the phase voltage, which are excited under
the dynamic eccentricity fault.

The Taylor—Maclaurin expansion was developed up to 6™ order because the test machine
has 6 pole pairs. The latter covers the scenario of the slot-pole combination so that only
signatures of even order rise. For instance, in a 12 slot — 4 pole-pair PM machine, the
excited fault signatures will be the 2", 41 6!, 8™ etc. The even harmonics generated are a
consequence of some coil and pole combinations, the signature side-bands being identified
with the even harmonics, which are nonexistent in healthy machines with balanced stator
winding. Considering the above, the expansion must always be developed up to p!" to cover
those scenarios and provide reliable MCSA—based monitoring.

The algorithm computes the F SBBA matrix using the following method, the value N is provided
by the user, which determines the number of iterations to be carried out by the algorithm will
or, differently said, the number of the Al;,z matrices to be determined. The size of A’;z is px2
and in each cell there are s/3 summed terms which define the mathematically proven pattern
in (5.15). The array for the specific test machine is given by (5.19). The binary values of array-
equation (5.19) are calculated using the equations (5.16), (5.17) and (5.18). The block A’;,yz is
in turn, computed by substituting the coil number and the pole-pair number for the specific k-
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iteration. Two nested-repetition loops are then implemented to examine each cell of the block
A’[;z. An if-type condition is used to determine whether an element is zero or nonzero for
each repetition. By applying the algorithm for the 3 — phase 9 coil — 6 pole-pair Axial-Flux
Permanent-Magnet machine, the FSBBA after running the algorithm for N = 3, becomes

0083 O1.16
0066 0133
los  Ops
0033 O1.66
0o.16  O1.83
L OO 12 .
(0285 0316]
0266 0333
FsBBA— | | 125 15| (5.19)
0233 0366

0216 0383
L I 14 i
(0453 0516
0466 0533
Os45 s
0433 Os.66
0416 0s.s3
14 Og

where each element’s position expresses the order of each harmonic. The subscript denotes
the order of the harmonic. The nonzero elements are the fault signatures that will be excited
for the specific machine when the dynamic eccentricity fault occurs.

If the cell is nonzero, it is set to 1, otherwise is set to 0. When the nested loop repetition
terminates, the value of block is assigned on the k™ row of the block vector-matrix FSBBA.
After the N repetitions finish, the FSBBA matrix is computed, and the positions of the cells
of each block are printed on the user interface screen. Using this information, someone may
predict the fault signature frequency side-band components before the MCSA instrumentation
is installed on the machine. In Figure 5.2, the process of the flow-chart is illustrated to show
how the array with the fault signatures is extracted.
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Read N,s.p
AN[p, 2]
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k—k+2

| Calculate FSSBA[K] |

Figure 5.2: Flow-chart of the developed algorithm.

Lastly, since the pattern for a specific machine is revealed, it is feasible to define a fault index
(FI) which increases in magnitude as the fault severity increases. Generally, a F1 should be
approximately proportional and adequately sensitive to the fault severity. Furthermore, even
harmonics are ignored for the monitoring of the test machine. Even harmonics should only
be considered in the fault for the cases when the algorithm does not suggest fractional-pole-
related harmonic components. Both fractional and even harmonic components are presented
on the harmonic index, the even ones only rise due to the asymmetry caused by the dy-
namic eccentricity. The voltage components in the time-domain, which are related to the fault
according to (5.19), are the following
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VDE(I) = ‘70,5 sin (0.50)5t + (])0,5) + V2‘5 sin (2.5(x)sl + ¢2,5) + ‘73,5 sin (3.5(1)st + ¢3,5) (5.20)

where V, and ¢, express the amplitude and phase of the x" harmonic component. A fault
index can be defined, which uses the root-mean-square (RMS) value of (5.20) which is more
sensitive than monitoring each harmonic since the test machine is air-cored. Equation (5.20)
was generated by the ones of the (5.19), so it is about the harmonic components caused by
the fault. As a result, the FI is defined as follows

(IR

According to (5.19) more harmonic signatures can be used, though the amplitude of each

harmonic is inversely proportional to the harmonic order number. Thereby, increasing the
harmonic order decreases the excitation of the fault harmonic. Equation (5.21) is suggested
to monitor the dynamic eccentricity fault under low sensitivity.

5.2 Validation of the algorithm by means of 3-D Finite-Element
Analysis

In this section, the test machine is modelled using 3-D FEA software named Simcenter
MagNet by Siemens digital industries. Axial-flux machines, unlike radial-flux machines, can
only be modelled reliably using 3-D Computer-Aided-Design or CAD, since the scalar and
vector magnetic potentials vary in all directions. Another advantage of the 3-D simulations is
that the stator-end winding fields are accounted for in the field solution. Hence, this modelling
method is considered the most accurate, with the disadvantage that it is time-consuming and
occasionally non-convergent due to the high complexity of the volume mesh grid. In Figure
5.3, the solid model of the machine is illustrated and in Table 5.1 its specifications. Solving
the model using the transient with motion analysis means the phase quantities in the time
domain are obtained. A Fast-Fourier Transform (FFT) algorithm is then used to calculate the
frequency spectra for the stationary signals.
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Table 5.1: Specifications of the Axial-Flux PM Machine

Parameter Value
Apparent power [kVA] 0.5
Number of coils-s 6
Number of pole-pairs 6
Rotational speed [r/min] 500
Magnet remanence (20° C) [T] 1.35
Magnet-coil clearance [mm] 2
Number of turns per phase 48
Wire diameter [mm] 1.18
Winding connection Y
Inner/Outer magnet radius [mm] 40/70

Number of total harmonics used in the algorithm - N 3

Permanent-Magnet
Raotor disc

Figure 5.3: 3-D solid model of the test Axial-Flux Permanent-Magnet Synchronous Machine
designed in FEA-based software.
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In Figures 5.4a, 5.4b and 5.4c the spectra of the test machine are presented for 0%, 20%
and 40% dynamic eccentricity, respectively. The dynamic eccentricity factors for the axial-
flux machine are implemented using the mathematical model developed in [103]. The 3
harmonic is absent from the spectrum because the Y-connected stator winding cancels it. As
the dynamic eccentricity factor (DEF) increases, the side-bands 0.5, 2.5" and 3.5" increase.
The simulation results are consistent with the results produced by the algorithm. The even
harmonic components must be the only harmonics whose magnitude rises when the fault
occurs in order for them to be considered for the condition-monitoring of the machine. In other
cases, even harmonics are unreliable for monitoring rotor faults since they are associated with
various abnormal conditions. Table 5.2 presents the amplitudes of the signatures predicted by
the 3-D FEA. All amplitudes are normalized to the fundamental component. The FI has also
been calculated and displayed on the last row of Table 5.2. The time-step of the simulation
was 0.25 [msec], the total number of nodes was 145.209, edges 448.018, faces 308.778, and
the total number of tetrahedra was 5.920. A high signal length was used for the FFT algorithm.
The latter aims to obtain accurate magnitude estimation of each harmonic. Lastly the signal
was also multiplied by a hamming window.

Table 5.2: Fault Signatures and FI Obtained by 3-D FEA

Harmonic order 0%DE 20%DE  40%DE

0.5 -82.8dB -74.6dB -72.4dB
2.5 -87.5dB -78.7dB -73.7dB
3.5 -93.2dB  -77dB -70dB

FI/Floo,pe 1 3.19 5.44
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Figure 5.4: 3-D FEA results of the phase voltage amplitude-spectrum for the test machine
under 0% (top), 20% (middle), and 40% (bottom) dynamic eccentricity.
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5.3 Validation of the algorithm by means of experimental testing

For experimental validation purposes, a test rig was built along with a layout to vary the
dynamic eccentricity factor for the test machine. The axial-flux PM machine used in this paper
is designed for micro-wind energy harvesting applications for operation under high loads.
Thus, the wire diameter of the coils is high; hence the number of turns is low for the given
coil volume. In Figure 5.5 and 5.6, the experimental layout is illustrated, which consists of an
inverter-fed 3-phase induction motor which is the prime mover of the 3-phase axial-flux PM
generator. A 3-phase, Y-connected resistive load, is fed by the generator. The characteristics
of the voltage probes are TESTEC TT-LF 312 with 1:1 scaling, attenuation ratio x1, input
impedance 47 pF, bandwidth 15 MHz, rise time 24 nsec, and compensation range 10-60 pF.
To sample the data a channel of the data-acquisition system is occupied. This commercial
equipment can also perform automated real-time spectral signal processing for a fixed signal
length. The phase voltage is measured using voltage probes on the terminals of one resistor
with the common point. The sampling frequency for the experiment was chosen at 20 kHz. In
this case, the time-domain signal is sent to the computer, and a Fast-Fourier Transform (FFT)
algorithm on MATLAB is employed to obtain the spectra. Table 5.3 shows the magnitudes of
the algorithm signatures obtained by experimental measurements.

_ Y-Connected 3¢ Resistive Load | 18 (S Data processing|

Induction Motor

I Axial-Flux PM Generator§

19->3¢ V/f Driver]

Figure 5.5: 3-D solid model of the test Axial-Flux Permanent-Magnet Synchronous Machine
designed in FEA-based software.
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xtra washers for dynamic eccentricity implementation

-

Figure 5.6: 3-D solid model of the test Axial-Flux Permanent-Magnet Synchronous Machine
designed in FEA-based software.

In Fig. 5.7a, 5.7b and 5.7c the spectra for 0%, 10% and 20% are presented. By inspection,
under the healthy condition, there are pole-pair-related harmonics, which are caused by inher-
ent asymmetries of the generator. The inverter-fed induction motor also transmits harmonics

through mechanical coupling, but they are high in frequency,
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Figure 5.7: Experimental phase voltage amplitude-spectrum for 0% (top), 10% (middle), and
20% (bottom) dynamic eccentricity for 50 Hz drive and load 8 Q per phase.
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so they do not interact with the signatures. The experiment shows that real-time signal pro-
cessing is necessary as these harmonics are pre-existent in the healthy machine. The aid
of the algorithm is also shown by the pre-existent side-bands of 1 —1/p and 1+ 1/p. An
inspector would easily assume that these harmonics are dynamic eccentricity related and
bring the machine offline to send it to the motor shop for repair, interrupting production. The
important aspect, though, is that the harmonics which are excited as the dynamic eccentricity
factor increases are per the ones obtained by the proposed algorithm and the FSBBA of
(5.19), while the proposed F1 is fault-severity sensitive.

Table 5.3: Fault Signatures and FI Obtained by Experimental Measurements

Harmonic order  0%DE 10%DE  20%DE

0.5 -43.9dB -405dB -35.9dB

2.5 -674dB -65dB -60.7 dB

3.5 -71dB  -73.6dB -71.3dB
FI/Floope 1 1.48 2.51

5.4 Further Discussion and Comments

This section presents the sequence of actions in the form of steps to show how the algorithm
can be utilized for monitoring industrial PM machines. This fault was studied for the case
where the two rotor discs are inclined to the same angle for severity purposes. If the two min-
imum air gaps have 180° degrees phase difference, no harmonic components are induced on
the stator winding since the air gap remains uniform [111]. Most 3-phase inverters are driven
using Sinusoidal-Pulse-Width-Modulation (SPWM), leading to high-frequency harmonics on
the output voltage of the inverter. The latter means that these harmonics do not interfere with
the ones produced by the dynamic eccentricity fault. Also, the slot-harmonics of an induction
motor appear in high frequencies [112] compared to the harmonics induced by dynamic
eccentricity. Receiving into full consideration everything said above, the following steps that
should be done for reliable monitoring.

1. Run the algorithm for a specific permanent-magnet machine and obtain the Fault Sig-
nature Block Binary Array (FSBBA).
2. Install the MCSA instrumentation in the machine and mark the amplitudes of the phase

voltage or current for the healthy machine.

3. Normalize the amplitude-spectrum of the monitored quantity to the fundamental har-
monic component. The latter happens for the case where only the separated harmonic
components are about to be monitored.
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4. Instead of step 3), if the normalization is avoided, then the amplitudes should be con-
verted to [V] or [A], and the FI of (5.19) should be employed with reference to the
Flo%pe-

5. If the harmonic components given by the (FSBBA) start to increase, it means that the
dynamic eccentricity factor (DEF) is also increasing.

6. A machine can tolerate eccentricity until a relatively high degree - up to 50-60%, [13]
especially if it is air-cored since no Unbalanced Magnetic Pull (UMP) is created. As a
result, when the harmonics obtained by the algorithm for the specific machine are the
0.5", 2.5 and 3.5™ or the normalized FI of (5.21) rises above a threshold. The latter
implies that the machine has a high dynamic eccentricity and should be put offline and
sent to the motor shop for inspection and repair if necessary.

5.5 Summary and conclusions of the method

An algorithm is proposed in this paper, which facilitates the prediction of the fault signature
harmonic content in PM machines with concentrated, non-overlapping winding under dynamic
eccentricity for any number of coils and poles. The general eccentricity formula shows that
the generated harmonics are of the pattern (1+k/p)fs. However, this chapter proves that
both coil and pole numbers influence the fault generation mechanism. Furthermore, since the
experimental harmonic spectrum contains many harmonics generated for various reasons,
the proposed algorithm can predict which exact harmonics are generated due to the studied
fault. The harmonic signatures proposed by the algorithm agree with the ones obtained by
3-D FEA and the developed experimental rig. The proposed algorithm increases the reliab-
ility of the MCSA, a popular industry-utilized condition-monitoring method. Furthermore, the
computational time using the proposed algorithm is significantly smaller than the numerical
simulation, which demands the machine to be designed and solved. The work described in
[113], which proposes a formula to extract the harmonic signatures in permanent-magnet
machines under partial demagnetization, showed that the harmonics generated in the two
faults are similar. However, the amplitude variation is completely different in each case, as
in partial demagnetization, even a low fault severity can create harmonic components with

significant amplitude.
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Magnetic field computation in radial-flux
permanent-magnet machines
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Chapter 6

Analytical calculation of magnetic
field distribution in
permanent-magnet machines

6.1 Introduction

This chapter proposes an on-load subdomain model-based magnetic field computation al-
gorithm for the two common permanent-magnet synchronous machine rotor topologies, the
surface-mounted and -the inset. Analytical models offer faster computation of the machines’s
quantities and parameterization for the preliminary process of the machine design. Further-
more, they offer a physical insight on how the dimensions and material properties affect the
distribution of the machine’s signals. Each part of the machine is divided into a region, the
governing partial differential equations are solved, and the magnetic vector potential is used.
The components of the magnetic field distribution can be obtained. The method proposes a
new way of modelling the permanent-magnet excitation using Heaviside functions difference.
The magnetization distribution patterns considered are the radial, parallel and Halbach. The
analytical solution calculates the back-EMF and each type of torque, i.e. cogging, static and
electromagnetic. Finite-Element analysis simulations of 12 slot - 4 pole permanent-magnet
synchronous motors were used to validate the results extracted by the analytical model.

6.1.1 Surface-mounted permanent-magnet machine topology

The building blocks of the magnetic field are the magnetic scalar and vector potentials. Both
physical quantities have similar properties, with the vector potential having the advantage that
it can model a region with current density. The latter happens since the curl of the gradient
of the scalar potential is always zero, so it can never be equal to the current density, i.e.
V x (V@) =0 # J. Another method is to insert the magnetization function in the PDE and

130
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solve it using an analytical technique, as was done in [114] for PM machines with surface-
inset magnets. Furthermore, with knowledge of the magnetic field distribution components for
every position, the cogging-torque, back-emf, and electromagnetic torque can be calculated
[115, 116], stator iron losses [117, 24] and the slot leakage field and inductance [118, 119].

6.1.2 Surface-inset permanent-magnet machine topology

Surface-inset permanent-magnet motor technology has a higher power/torque density than
the topology with the surface-mounted magnets because it has more soft magnetic material
and an additional torque component, i.e., reluctance torque [120]. Reluctance torque is cre-
ated due to the tendency of the protruding iron material in the rotor to align with the stator’s
rotating magnetic field. This type of torque plays a decisive role in designing these kinds of
motors since it significantly deforms the torque-angle delta characteristic significantly [114].

Several models have been developed to calculate the magnetic field distribution and other
quantities on machines with surface-inset permanent-magnets [121, 122, 123, 114, 115, 120,
124, 125, 126, 127], which most of them use Fourier series to model the excitation. The works
mentioned above model surface-mounted permanent-magnet configurations [128, 129, 130,
16, 131, 132, 133, 116, 24, 134, 135] with the only difference that the components of the
magnetic field intensity on the region where there isn’'t magnet material, vanishes. Other more
general methods to evaluate the magnetic field distribution on permanent-magnet machines,
semi- and analytical, are the magnetic equivalent circuit method [136], the concept of the
magnetic charge [137] and conformal mapping [127, 135].

Based on this rotor design, various types of other topologies were developed, like the machine
with spoke-type magnets [138], U-shaped interior magnets [139] and others. The goal was to
increase and shape the magnetic flux density on the air gap for optimal mutual and reluctance
torque production. Another developed technique to shape the air-gap magnetic flux density is
magnet shaping like the sinusoidal-based ones [140].

6.2 Geometry of each topology

The analysis below considers a PM motor with overlapping windings and semi-closed slots
with Q stator slots and P poles. The center angle of the i magnet pole and j" stator slot and
slot-opening is

(i-1)2Z 460, 1<i<P

6, =
(6.1)
0;=(j—1)Z +60, 1<j<Q.

where 0y,, By, P, and Q are the initial angle of the rotor magnets and stator slots, number of
magnet poles and number of stator slots, respectively.
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Figure 6.1: Geometric illustration of a 12 slot - 4 pole surface-mounted permanent-magnet
machine with overlapping winding where each domain is defined.
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Figure 6.2: Geometric illustration of a 12 slot - 4 pole surface-inset permanent-magnet
machine with overlapping winding where each domain is defined.
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Table 6.1: Specifications of the PM Machine

Parameter Value

Bem (T) 1.0

Uy 1.0

J; (A/mm?) 1.0

P 4

0 12

a, 0.8

o (°) 72

B©) 920

7 (%) 3

0 (°) 15

R\/Ry/R3/R4/Rs/R, (mm) 42/50/51/53/65/50.5

,, (rad/sec) 2711500/60

The simplifications made to extract the analytical solution are the following:

. End winding effects are neglected.

. Stator and rotor iron cores are infinitely permeable.

. All components have regular boundaries.

. The vector potential is invariant along the axial direction.

. There is no saturation effect on the iron.

. The whole Region |; has recoil permeability ;.

. All regions have regular boundaries.

. The magnetic characteristic of the permanent-magnets is forced to be linear for the

pre-specified temperature.

According to Figures 6.1 and 6.2, the considered regions are l;, where i = 1,2,.., P for the
i magnet subdomain, Il for the air-gap subdomain, lll; and 1V}, where j = 1,2,..,Q for the
slot-opening and slot subdomains. a, B, v, 0 are the angles of the magnet, pole pitch, slot-
opening and slot, respectively. The radial dimensions are R, R, R3, R4, Rs5, and they express
the radius of the back iron, the magnet, the air-gap, the slot-opening and slot regions. The
middle of the air-gap value is R, = (R2 +R3)/2.
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6.3 Magnetic vector potential, field intensity and flux density

This section offers the closed-form solution for each subdomain and the steps taken to extract
it. In the PMs (Region [;), the normal component of the magnetic flux density is the radial;
hence the magnetic vector potential has only an axial component. In the slots, the current
density is in the axial direction, so the same applies to the magnetic vector potential since it
follows the current direction. The magneto-static Maxwell’s equation, which correlates the curl
of the magnetic field intensity with a current in space, is

VxH=7, (6.2)

where ﬁ and 7 are the magnetic field intensity and current density vector functions, respect-
ively. Furthermore, since the magnetic flux density lines are always closed, the magnetic flux
density vector is a divergence-free function

V.B =0, (6.3)

where the magnetic ? is the magnetic flux density vector function. Since (6.3) applies always,
there is a vector function in which its curl is equal to the magnetic flux density

B-VxAa, (6.4)

_)
where A is the magnetic vector potential function. The magnetic flux density vector has the
following two components in polar coordinates is

B = B,é,+ Boé, (6.5)

where B, and By, are the radial and circumferential component of the magneitic flux density
functions, respectively. Accounting (6.4) and (6.5), it is concluded that the magnetic vector
potential has only an axial component and that each component is equal with

_loA . 0A
T 00 0T T or

In permanent-magnet materials, the magnetic flux density is affected by the way the material

B, (6.6)

is magnetized, so the following equation applies
_>
B = wow H + oM. 6.7)

By substituting (6.4) into (6.7) for the magnetic field intensity, and then substituting the emerged
equation to (6.2) and by applying the following vector calculus identity
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Vx(VxX):V-(V-X)-WX, 6.8)

the first term of the second part of (6.9) can be considered equal to zero since the gradient of
a number is always zero. After the deeds, the final PDE is

VZ-X:—,uour?—uOVxﬁ. (6.9)

Equation (6.9) declares that Laplace’s PDE (Partial Differential Equation) applies in spaces
where there are no excitation terms, i.e. permanent magnets or carrying current conductors.
When at least one source exists, then (6.9) expresses Poisson’s PDE. The magnet region
depends also on the way that material is magnetized. The Laplacian of the magnetic vector
potential can either equal zero or not. Furthermore, in the slots of electrical machines, a
current flows through a direction on a surface, so a current density exists, which makes the
second part of (6.9) nonzero. Considering that the magnetic vector potential has only a z-
component, the magnetization vector function is written as

M(1,0) = M,e, + Mo2q, (6.10)

where M, and My are the radial and circumferential component of the magnetization vector
function. Since the magnetic vector potential function is expressed in polar coordinates and
has only an axial component, the first term of (6.9) is equal to

%A, 10A. 1 9%4,

V2.4, = J00z, 0
“ o2 +r c?;’—i_r2 002

(6.11)
The second term of the second part of (6.9) accounting (6.10) can be written as

— 8M9 1 18M,
VxM=—4+-Myg—— .
x or +r NPT

(6.12)

6.4 Modeling the magnetization distribution patterns

The three basic magnetization patterns used in permanent-magnet machines are radial, par-
allel and Halbach. In radial magnetization, the magnet has a constant magnetization along its
periphery. The latter occurs as all the vectors follow the direction of the radial coordinate. In
parallel magnetization, all the vectors are vertical to the magnet, so the normal component
of the magnetic flux density starts to drop as the vectors move away from the centre of
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the magnet. As the number of magnets in the machine increases, the parallel magnetization
converges to the radial. In Halbach magnetization, the vector is oriented appropriately along
the magnet’s periphery, such that it will be maximum on the centre and zero on the lateral
sides of the magnet.

0=0

oY

b)
6=0

o

T T

c)

Figure 6.3: Magnetization distribution vectors along the periphery of a magnet for the case of
a) radial, b) parallel, and c) Halbach magnetization.

Figure 6.3 illustrates how each magnetization pattern is distributed along the magnet’s peri-
phery. Then the vectors of each magnetization pattern are analyzed into two components,
radial and tangential. The two components of the magnetization function for each distribution
pattern are presented in Figure 6.4. As explained at the beginning of the chapter, the common
ways to model the magnetization function is to substitute its components as a number [141],
or expand the functions using the Fourier series and then substitute it to the PDE [129].
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M, My
A
>0 | >0
o
o
a)
M, Mo

o R S
b) ¢
M, My

Figure 6.4: Functions of the radial and tangential component of the magnetization distribution
for a) radial, b) parallel, and c) Halbach magnetization.

This part of the thesis presents a new way to model the magnetization function using the
aid of Heaviside and delta functions. The idea is that the Heaviside function is employed to
model a single pulse, and by multiplying the pulse by a function, it can be shaped for each
magnetization function.

The magnetization for the interval where there is a magnet is modelled using the difference
between two Heaviside functions. The Heaviside function is defined us

1 for 6>0
H(0) = (6.13)
0 for 6 <O0.
The delta function is defined as
1 for 6 =0
5(0) = (6.14)
0 for 6 #0.

The delta function is a Dirac function, with the only difference the nonzero point is equal with
unity and not infinity. For the two functions, the following equality applies
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dH(0)
de -
The derivative of the Heaviside function is the delta function. The latter happens because, for

5(0) = (6.15)

6 = 0, the value of the Heaviside function changes rapidly to one, so the derivative will be
nonzero at that point, and for the rest of the interval, its constant, so the derivative becomes
zero. According to what was mentioned above, a rectangular pulse can be modelled using the
following function

u,(G)zH(Q—GH—%) —H(O—Gi—%), (6.16)

where u;(0) is a pulse created by Heaviside functions, and if it is differentiated, the result is

v,-(e):(s(e—eﬁ%)—5(9—9,-—%), (6.17)

where v;(0) is the difference between two delta functions. The normal and tangential com-
ponents for radial, parallel and Halbach magnetization are

(71)1.Brem . H
m u;(0), radial

ME(0) = { EBun ¢65(9 — 6))u;(0), parallel (6.18)

-1 ’Brem
DB cos (01,2 (6 — 6;))ui(6), Halbach

and

0, radial
M§(0) = { — CUBewin (9 — 6,)u,(0), parallel (6.19)
_% sin (0,2 (6 — 6;))u;(6), Halbach.

The relation between the angles of Region |; is

2
o= OlpTir
2
p=2 : (6.20)

o= of3
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6.5 Solution of Poisson’s in the magnet region

This section presents the solution of Poisson’s equation for each magnetization excitation
using eigenfunction expansions. By substituting (6.18) and (6.19) into (6.12), then into (6.9)
and also taking into account that there are no conductivity currents i.e. ? = 0, the PDE for
each magnetization distribution case is

7(_1):3’”’” vi(0), radial

o EUBun o5 (6 — 6;)1i(0), parallel
C ) CUE (N E) G (0,7 (6 6:))ui(0)+
+% cos (e, % (6 — 6;))vi(0), Halbach . (6.21)
Ri<r<k

with 0, — % <066+ %, Surface-mounted PM machine

i — 5 <6 <6+ 5, Surface-inset PM machine

The solution of the above PDE (partial differential equation) offers the magnetic vector poten-
tial function in closed form for Region I;, which is the i" magnet pole. This region interfaces
with the air gap, i. e. Region II.

6.5.1 Surface-mounted permanent-magnet machine - Region |;

The normal component of the magnetic field intensity vanishes on the interface between the
pole pitches. The parallel component of the perpendicular unit vector of the magnetic field
intensity is continuous on the interface. According to Figure 6.1, the perpendicular unit vector
on the lateral sides of each pole pitch has the tangential direction, meaning that the continuous
magnetic field intensity component is normal or radial. However, the normal component of the
field intensity is zero on that angle so

H <r, 0; — g) =0 Hf (r, 0; + g) =0. (6.22)

And according to (6.6) and (6.7), (6.22) can be written as

JAl
El)

JAl
El)

=0, (6.23)

6=6— 0=06;+

(Sl
[
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for each magnetization pattern. This happens because u;(6; — 3/2) = H(—B/2+ a/2) —
H(-B/2—a/2)=0-0=0and u;(6;+B/2)=H(B/2+0o/2)—H(B/2—a/2)=1—-1=0.
Hence, the boundary conditions for the PDE are already homogeneous. The latter means no
function is required to add up at the solution. Hence, the eigenfunctions of (6.21) are

: Ir
®{l(9):eos(ﬁ (99i+§)>, 1=1,2,...,L. (6.24)
According to the method of eigenfunction expansions [142, 143], the non-homogeneous terms
for each magnetization pattern of (6.21) are written as an expansion based on the eigenfunc-
tions (6.24) of the corresponding PDE, i.e.

7(_])i3’f'”vi<9), radial

Lo I ﬁ (—1)"B,emcos(6—6,~)v,-(9)7 parallel
1 _ r
Y f;'(r)cos ( B (6 —0i+ 2)) - (—1)"Brem(1—ap§)Si“(%%(e—@i))”i(e)+ - (629

(71)[Br(,mCOS (apé(ﬂfez))vl(ﬂ)

_l’_

, Halbach

By exploiting the orthogonality of the above function, two equations are extracted for the
function fl”'(r) for each magnetization pattern

i B
(e (92 ,(0)d6 (1= 0)
i— 7

Br
—1) rem 6’+E
2t 08 o (F(6-6:+%))ve)do (1> 1)
i B
[(“}3& f:l*; cos (0 — 6,)vi(8)d6 (1 =0)
i~ 7

i 2B
} W[;’jﬁz cos (6 — 6;) cos (% (9—9i+§))vi(9)d9 (=1)
fi(r)= (_1)"3,6,,,(1—0:,,%)
B (

i B
4 B f:’_*g cos (04, Z (6 — 6,))v;(6)d6 (I =0)

)
. ”2
Sl )] f:ﬁ? sin (@, %, (6 — 6;)) cos (%’ (6 -0+ %))ui(e)de—l—

7

2o 19 cos (% (60— 0))cos (4 (66, §) Jw(6)ae (1> 1)
(6.26)

The solution of the PDE, i.e. the vector potential function, is also written with respect to the

eigenfunction expansions
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Ali(r,0) = lioR{f(r) cos <l;; <9 -6+ g) ) . (6.27)

Substituting (6.27) into (6.21) and accounting also (6.11), the following ODE emerges

@Rj(r) | 1dR}(r) _ <m

2
a7 dr Br> R (r) = £;'(r), (6.28)

which is non-homogeneous, can be solved relatively easy by super-positioning the homogen-
eous with the non-homogeneous solution, which can be found with the method of variation of
parameters.

Al +Binr if1=0
L AR A I . .
, L A'rB +Bir B —F/'r ifl > 1, radial, parallel
Rli(r) = e : : ’ , (6:29)
Ay +Bglnr, ifl =0

I in
YF AlrP +Bir 8 —Glir—F'(1-a,%)r, ifl > 1, Halbach

which FII", G{" are calculated using (6.26) for each magnetization pattern distribution and are
equal with

4(_1>[Brem o In o o I :
— e gin (73> sin (%), radial

~

: Y=DBrem o (Ima) i (I a
Fll, _ ﬁ((%)271> sin ( §ﬁ> sm( ;)cos(z), parallel

2(—1)'ByonE}! . (6.30)

[N}

Gl = {Z((II)B -sin (%’%) sin (Z) cos (at, %), Halbach
ﬁ (g

The above equations show that when Iz /8 = 1, the excitation functions are not defined. The
latter happens when P = 2, so the equations must be resolved for this single case alone. The
tangential component of the magnetic field strength on the rotor back iron is zero i.e.

H}(R,,0) =0. (6.31)

By the aid of (6.6), (6.7) and (6.27) the above equation entails to be equal with
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; 0, radial
i dR;
dr

=0

-CoS (ﬁ (9 —6,+ g)) = (=1)Bemsin (6 — 6,)u;(0), parallel

(—=1)'Bremsin (e, 2 (6 — 6;))u;(6), Halbach
(6.32)

By exploiting the orthogonality of the above boundary condition, two initial conditions can be
developed for the ODE (6.28), i.e.

0ifl=0
0if/ > 1, radial
I; 0ifl=0
il = 2(=1) Brem -1 (6.33)
dr S prif [ > 1, parallel
r:R1 ﬁ l
0ifl=0
I; 2
F} ((’,;‘) —1) if 1 > 1,Halbach.

The final magnetic vector potential for each magnetization distribution pattern can be determ-
ined by combining (6.27), (6.29) and (6.33) for each magnetization scenario

L Pir(r,R1) In B
Ali(ro)=Ali + Al ZEBOTU o < <9 -6+ >>+
Z( ) 0 [:21 lP[n:/ﬁ(RZ;R1> [3 2

In
~yk F <r+ BRy (Riys ) , radial

1 i 2(-1 i rem Ii z
L, (Fll’rJrRl (ﬁrFll‘+( S Brenk; (B1)F ) ), parallel

153

,

5 " (6.34)
I[ R B
-y F _O‘pg)ﬂ‘% <(l[§) _O‘pg> () ﬁ)
I
—YE G BR(Riy 5 > , Halbach
- COS <ZZ; <6—9,-+§>).
The scaling functions P;(x,y) and E.(x,y) were proposed by [116, 114] are equal to
X\ /y\?
Pz(xvy) = <> + <7>
y X
(6.35)

men=(5) ()
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The scaling functions have many advantages. The first advantage is that they allow for the
total number of harmonics to be much higher without ending up with an ill-conditioned mat-
rix and add more accuracy to the analytical solution. Another advantage is that when the
interface conditions apply, they isolate each to-be-determined, giving a better intuition about
the construction of matrices for the solution of the system. Finally, in the case of slotting and
slot-opening, they offer a solution when their dimensions are small.

6.5.2 Surface-inset permanent-magnet machine - Region I;

Since the radial component of the magnetic field intensity is continuous on the interface, on
the lateral boundaries of the magnet is zero

H (r, 6, — %) —0 H (r, 6, + %) —0. (6.36)

By the above equation, if the equations that relate to the magnetic vector potential, the
magnetic flux density and field strength are employed, the following two boundaries conditions
for the magnetic vector potential are

(_l)i rem
aAIf [.L() (9 %)
38, | hes(@ulo -y
9:91‘_2 rem
Co e @B e-9) oo
(71)1. rem ’ .
aAIi ,U() (6+%)
el = s (4 (0 9)
e cos (03 )ui (6,4 %)

which (6.37) shows that, unlike for the surface-mounted magnet topology, it is not clear whether
the boundary conditions are homogeneous or not. The u;(8) function for each value of the
boundary conditions in the lateral boundaries is equal to

" <9i—%) —H(—a)—H(0 )=0-0=0

a (6.38)

w (645 ) =H(O") ~H(@) =1-1=0
Generally, the Heaviside function takes the values 0 and 1 at 8 = 0; meaning it is dis-
continuous in mathematical terms. By convention is considered that H(0) = 1/2, meaning
that the boundary conditions of (6.37) become non-homogeneous. In this case, it would be
compulsory to write the vector potential function as a summation of two functions, as it was
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done in [114]; a function that will transform the boundary conditions into homogeneous and a
function to be determined. However, this methodology was not followed since the Heaviside
function approaches the value 0 for 8 = 6; — % from the left and from the right for 6 = 6; + %
for each magnetization pattern. The boundary conditions for the PDE are homogeneous in
each case, and no function is required to be added to the PDE. Hence, the eigenfunctions of
(6.21) are

: [ a
®/() = cos <§ (9—9,-+2)>, I=1,2,....L (6.39)
According to the method of eigenfunction expansions [142, 143], the non-homogeneous terms

for each magnetization pattern of (6.21) are written as an expansion based on the eigenfunc-
tions (6.39) of the corresponding PDE, i.e.

,

CDBreni(®) - ya g
) o . (_1)’B,gmc08(9—9i)"f(9), parallel
I,' _ — U; N = J '
z;)fl (r)cos < o (9 6; + 2>> T ) B0 g )sin(pg (0-8)w(®) o
L C (L)) IO R

The function fll"(r) can be determined using the orthogonality of the functions as

(=1)'Brem 9+2 (e)de (IZO)

ar 6i—
Wfizcos( (0—6:+5))v(0)dd (121)
% 96+a2 cos (6 — 6;)vi(6)d6 (I =0)

2(— 1+2

(
Z(0—6;+5))vi(0)d6 (I1>1)

O B A e
L Jgd sin (0% (60— 6;))ui(6)d6+
+ S cos (o, (6 —6))vi(8)d6 (1 =0)
R o) 11 E i (0, (6 — 60) cos (5 (6~ 61+ §))ui(0)d6-+

r 6,—% n - i)
B 908 cos (0, % (0 ) cos (% (6 6,4 %)) w(0)d0 (1 > 1)
(6.41)

The solution of the PDE, i.e. the vector potential function, is also written to the eigenfunctions
expansion by separating the variables
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. Lo I o
Al(r,0) = I;)Rf'(r) cos (a (9 -6+ 2)) : (6.42)

Substituting (6.42) at (6.21) and accounting also (6.11), the following ODE emerges

d’R}i(r) 1 dR] (r) (=
dr? rodr ar

2
) Ri(r) = f(r), (6.43)

which is non-homogeneous and can be solved easily by summing the homogeneous with
a non-homogeneous solution. Which can be found by utilising the method of variation of
parameters.

Al 4+ Blinr if =0
R () FiAJre + Bl — Fl'r it1 > 1, radial, parallel, (6.44)
1 (r) = g o
Al +Blnrifl=0

Yh Alre 4 Blir—@ —Glir—F' (1—a,Z)r, it I > 1, Halbach

which Fll", Gf" are given for each magnetization pattern distribution and are equal with

a(B(rle;n)(;i) , radial
R = 2y eos (), parale
2 Benky yaipach ' (6.49)
O!( %)2_ ) )
Gl = {2(1)&3721)(; (>1>1) cos (@, %), Halbach
al(2) -

The above equations show that when In/a = 1, the excitation functions are not defined.
However, equality is never true in the specific study because the rotor configuration would
have surface full-pitched magnets, and there wouldn’t be any iron on the lateral sides. The
tangential component of the magnetic field strength on the rotor back iron is zero i.e.

H}(R,,0) =0. (6.46)

Considering the equations which relate to the magnetic vector potential, the magnetic flux
density, field intensity and (6.42), the below equation
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I 0, radial
L de I o i '
IZO dr 1e08 E (9 —0i+ 5) - (_1> Brem sm(@ — 9,')14,-(9)7 parallel
o (—1)'Bremsin (%% (G—Gi))ui(e), Halbach

(6.47)

By exploiting the orthogonality of the above boundary condition, one more initial condition is
developed for the ODE (6.43), which offers one more equation for the constants of the order
[ =0and ! > 1 for each magnetisation distribution i.e.

0ifl=0
0if{ > 1, radial
dR} 0if1=0
= = . (6.48)
r=R, —F'ifl > 1, parallel
0ifl=0
Fl((12)* = 1) it > 1, Halbach.

The final magnetic vector potential function for each magnetization distribution pattern can
be determined by combining (6.42), (6.44) and (6.48) and is the following function for each
magnetization case

i (rRl) Im o
Ali(r,0) = Af + A”f/“cos< 0_04+% >+
Z( ) ; Plzr/a(RZaRl) o ( 2)

~Yi F) (r+ R (B )“) , radial
szll*}I’r, parallel
LR <1—apg>r+%(<%>2—apg> (2)

Yl G r+ %R (Brya ) Halbach

r

-co< (6- 9+O‘))

¢

,,,) (6.49)

[\
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6.6 Solution of Laplace’s and Poisson’s equations in the other
subdomains

,This section gives the analytical expression for the magnetic vector potential for the other
three regions; air-gap, slot-opening and slot. Laplace’s equation is solved in the air gap and
slot opening, and there is no source of magnetisation. Since there will be a current for the slot
subdomain, a current density is created; hence Poisson’s equation yields.

6.6.1 Solution of Laplace’s in the air-gap - Region Il

In the air-gap Laplace’s equation applies

vioal—gdResrshs (6.50)
: 0<6<2rm ’

which is the Dirichlet problem in an annulus. The solution for (6.50) according to [116] is

N
Ry Py(r,R3) Ry P,(r,R)
A[I 0) = AIIf"f’ 311777 0
(r7 ) Z( n n En(R27R3)+ n n En(RS,RZ) COS(I’l )+

N , (6.51)
Z R Pa(rR3) nRs Pu(rRy) .
T T y — ————— | sin(n0)

n=1 n Eﬂ(RZ?R3) n En(R3aR2)
which the scaling functions have been used here as well.
6.6.2 Solution of Laplace’s on the j slot-opening - Region 1
In the slot-opening, Laplace’s equation applies

. R; <r<R
v2oAlli g 7 == (6.52)

0j-§<60<6;+]
The radial component of the magnetic field intensity in the lateral sides of the region since the

iron has an infinite magnetic permeability

o (r’ 6, %/) _o g™ (n 9+ %’) —0 (6.53)

which entails the two homogeneous boundary conditions
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oAt

20

oAt

20

—0. (6.54)
9:9.,'-"-%,

The above boundary conditions lead to the following eigenfunctions

Il oy kw(n o0 Y _
h (9)—cos< : (9 ej+2)>, k=1,2,....K. (6.55)

The solution of (6.52) for the j" slot-opening is given in [116] with the scaling functions
included and is

A (1) — A4 B ¢

K E R - E "R . (6.56)
y <A£”-’ kr/y(, Ra) _Binj kn/y(1R3) ) - cos (kﬂ? <6 _o,+ }’))
k=1 Ekn/y(R3aR4) Ekn/y(R3vR4) Y 2

6.6.3 Solution of Poisson’s on the ji" Slot - Region 1V;
In the i" slot, Poisson’s equation applies
IV R4 <r< RS

V2 ALY = —d; TS s (6.57)
0j—2=0<6j+3

The radial and the tangential component of the magnetic field intensity in the lateral sides and
the end of the slot are, respectively zero

1#W<n@_6>_4)1dw<n@+5>_0
2 2 , (6.58)
Hy"(Rs,0) =0

which lead to the following homogeneous boundary conditions

oALY o 9ALY o
26 6=0,—3 96 0=0,1+3
v 2 72 (6.59)
0A;"’ 0
or e

The first line of boundary conditions (6.59) leads to the following eigenfunctions
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0 (6) = cos (’%’r (e—e,+g)), m=12....M (6.60)

The excitation term of (6.57) is expanded to the above eigenfunctions

mfof,i,vj(r)cos (%ﬂ (9—@—!—%)) = _.uOJj, (6.61)

and by exploiting the orthogonality of the functions, two equations are obtained, i.e.

_ —UgJ;, ifm=0
iy =4 Y (6.62)
0, ifm>1
The solution of (6.57) is expanded using the eigenfunctions
M
1V; 1V mm 1)
AZ J(r,@) :mgORm’(r)COS (5 <9—0J+2>> (663)

By substituting (6.62) to (6.57), the following ODE (Ordinary Differential Equation) is generated

R (r) | 1Ry (1) _ () &Y
or

V.
T m’ (r) = fu’ (1), (6.64)
which is non-homogeneous for m = 0 and homogeneous for m > 1. Equation (6.63) can be

solved similarly using the method of variation of parameters, and the solution of the radial
function is

AV LT (R%lnr— ;)  ifm=0

Iv; mz 1V, _mn

Ry (r) =
%:lAm rs +By'r-s, ifm>1

(6.65)

By substituting (6.63) to the boundary condition written on the second row of (6.58) yields

MRl )
) y ~Cos<n? <9—9j+2>):0, ifm >0 (6.66)
m=0 r —=Rs

By substituting (6.64) to (6.65) the final scaled closed form solution is

AY 4B Inr—pod; %, itm=0

Ry ’
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By substituting (6.66) to (6.63) the final magnetic vector potential function for the j" slot is
1v; v ] 21 r

&, Bor/s(r, R '
ZAQ/’ ORs P/l 5))cos <m (9—9]'—1-6))

=1 muT Eyys(Ra,Rs o

(6.68)

6.7 Interface conditions between each subdomain

The interface conditions are used to determine the coefficients in the closed-form solution.
Between every two regions, a layer or boundary line separates them. The perpendicular to
the surface component of the magnetic flux density is continuous to the interface. The parallel
to the surface component of the magnetic field intensity is continuous on the interface. So
the radial component of the magnetic flux density is continuous between Regions I, and Il,
Il 'and Ill; and IV;. Furthermore, the tangential component of the magnetic field intensity is
continuous between the interface of the regions noted above. Instead of the radial component
of the magnetic flux density, the axial component of the magnetic vector potential function can
be used to ease the calculation of the interface conditions, as according to (6.6), by integration
it ends up in an interface condition between potential functions. The following three equations
prove mathematically that it is equivalent,

B} (R2,0) = B/ (R2,6)

1 oAl 1 0AT 5.69
R, 06 R, 06 ’ (6.69)
}’:Rz r:Rz
Aéi(Rg,G) :AgI(RZae)
B(R3,0) =B, "(R3,6)
1 oAl 1 9AlY .70
R; 06 Ry 06 ’ (6.70)
r=R3 r=R3
111;
AQI(R?MG) :AZ J(R376)
B (Ry,0) = BY (R4, 0)
1oAY 194 .71
R, 06 R4 06 (6.71)
r:R4 r:R4

Al(R;,0) = Al (R3,0)

So the interface continues in terms of potential function between the regions is
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0; — B<p< 0; + é, Surface-mounted PM machine
Al(Ry,0) = A (R,,0) 2o 2 . (6.72)
0; — % <6<+ %, Surface-inset PM machine
i 111; . Y Y
A, (R ,Q)ZAZ (R3,9>,If9j—5§9§9j+§, (6.73)
and
111 v : 0 0
Az 7 (R4,0) =A; ' (R4,0),if0; — 5> <0< 9j+§. (6.74)

In the interface conditions concerning the magnetic field intensity and coupling the magnet
region with the air gap and the slot-opening region with the air gap, there is a varying sign
in the magnet region and the slot region. The latter entails that integration of the whole cycle
has to take place. The interface conditions are

HY(R,,0) if 6; — % <6<6+ g, Surface-mounted PM machine
é 2, I
Hg (R2,0) = 6;— % <6 < 6;+%, Surface-inset PM machine ,
0 elsewhere
(6.75)
11 Héllj(R3,9), ifo,—1<0<6;+%
Hy (Rs,6) = , (6.76)
0 elsewhere
and
v Hé”./(R4,9), if OJ-—%' <0< 9}.4.%’
Ho (R4, 6) = (6.77)

0 elsewhere

In each region, the magnetic field intensity can connect with the magnetic vector potential
using (6.7)
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1 0Al(r,0) 1

H}(r,0) = Lo E1143‘(,», 0)

HY (n0) = — 3A£;<: 0) -
1 6) = ;0 8A";£ ) (6.78)
HY(r.6) = - ;10 aAﬁg(rr,e)

6.8 System of linear equations with the to-be determined coeffi-
cients

This section shows the expansions of the interface conditions and, finally, the system of the
linear equation of each machine topology. The number of equations is equal to the number of
unknown coefficients.

6.8.1 Surface-mounted mounted permanent-magnet machine - Region |;

Interface condition (6.72) offers the following two equations. The development is feasible
due to the exploitation of the orthogonality of the trigonometric functions. The first equation
is developed by integrating (6.72) along the boundaries of the polar angle for the surface-
mounted topology

@+§ @+§
|, AlRe,0)a0 = [ Al (Rs,0)a0, 6.79)
iT 72 ' 9,’—7

which leads to the equation

% (1R Pi(Ry,R3) Ry 2
Ag=Y (Al =2 22 +B’3>R n,i)+
0 ng’l ( "np E,(R2,R3) nB E,(R3,R,) (m,1) 650
N (L B . P
n=1 " I’lB E (Rz,Rg) " nB En(R3,R2) ’

The integrals R(n,i) and S(n,i) are given on the text to come. Equation (6.72) can also offer

6t In B
/ Af(Rg,O)COS( <9 0+ = >>d9:
0% B 2
, (6.81)

/:i;gAg(Rz,G)cosCB <9 9+§>)d9

2



6.8. System of linear equations with the to-be determined coefficients 154

which leads to the following equation for each magnetization distribution pattern

_ 2Ry P(Ro,Rs) | 2Ry 2 _
A=y (AllZ22 ’ ;o pk p————
! Z < nB E,(R2,R3) UG np E,(R3,R>) (L i)+
(

2R 2
Z (CHZRQ Py(R2,R3) +D{,I3> G(l,n,i) =
nB Eu(Ro,R3) " nB En(Rs,R2)

n=1

i
F} <R +50 (& ﬁ), radial 662

17r
F 'Ry — R <ﬁ +M (%) ) , parallel

Iz In

i ((0-mar 2 ((5)-wi)+ (2)")

& (R +BRy (Rl)m> Halbach

The integrals F(I,n,i) and G(I,n,i) are given on the text to come. Boundary condition (6.75)
offers the following two equations by exploiting the orthogonality of functions that the closed
form solution of Region |; has

6+5 1 QAL
Al — /”2 o gy cos (n0)do

2

ok 1 9Al
I _
cl Zl/_ R in(n6)d6

2

: (6.83)

which leads to the following two equations. The first for each magnetization pattern of the
surface-mounted topology is

Ejz/g(Ra,Ry)
All = Al B2 g )+
,2112 BRzur Pir/p(R2,Ry) (md)

li 241
-X X 1:1:“, <1_ (%)ﬁ >F(l,n,i), radial

I
: BrunE, Bl .
-y 121 1L< F (ﬁF +7( ) )(g)ﬁ )F(l,n,l) 7

_Zl 1 reml(n,l,i), para"el

Fli 2 %‘-H .
S Y v (1—%3—((’5) —ap;i) (&) ) Ftmi)
[ﬂ+1 i
- <1—(R1)’3 )F(l,n,i)— P B (1,0, %), Halbach

(6.84)

and the second one is
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I Ejz/p(Ra,Ry)

CII I
12112 BRaty Prryp(Ra,R1)

G(l,n,i)+

I

( I +1
- f_lz%_l,?m(l—(ﬁg)ﬁ )G(l,n,i>, radial
In

[ rem 7+1 .
—Zf_lzh,,it( Fh (ﬁF +<>BE> <%)ﬁ >G(1W)
—ZP -

””’J(n, 1,i), parallel

2 211
a2 ((5) - o2) (1)) Gl

i,

The integrals met above are calculated as follows

e o)

)

(5 (5)-(5(238)-

/:‘h:ﬁ/zcos(e — 6;)cos <l;; <e — 6+ g))w (8)d6 =

) (52) oo (7))

il p3)n(52) e (3)
)

Cos (—(ng) COos <l[7; < (X2+B

( “’+1
l 171'/.1 <1 (% >G(l,”7i) o D Bren (n Ocpa,l), Halbach

(6.85)

(6.86)

(6.88)
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9i+é 2
R(n,i) = /i[; cos (n6)d6 = ZSin <712ﬁ> cos <n9,'+ nzﬁ)

9+5 , 5 ; , (6.89)
- [T 20 ("B gin (ne "B
S(n,i) _/eiﬁ sin(n0)d6 = nsm( 2 >sm <n9,+ 2 )
( 9i+é
F(l,n,i):/ Bzcos(ne)cos (lg’ (9—9i+§>>d9—
nB>((~ )ﬁm( (6+P))—sin(n6))
- oL (nﬁ) , iflm # np
B (cos (n6;) + L sin (nB) cos (n (6;+ B))) , if It = nP
, (6.90)

9i+ﬁ B
G(l,n,i):/e[_ﬁ s1n(n6)cos<ﬁ <9 9+2>>d6:
{ nl32((_1)1cos (n(9;+ﬁ))—cos(n6i)) il 7& ”B

(ix)? (nﬁ)z
B (sin(n6;) + 7 sin (nB) sin (n (6; + B))) , if I = np

%o

,if Ba, = let, Halbach

sin (%4 ) (1 sin () ~

4B
I(n,1,i) = [ cos (nB) sin (6 — 6;)u; (0) dO =

2
—ssin((n+1)§) = gsin((n—1) %)) sin(n6;),ifn # 1
%(Sino(ca) 1) sin(n6;),ifn=1

B

J(n1,0) = [ sin (nB)sin (6 — 6,)u; (8) 6

and

- sin(l”)s1n<ap2+7”%>— 1 sm(?)sin((xp%—%”%),ifﬁap#loc
B
g
2

(6.91)

(6.92)
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( I(nayZ,i) = f:_*f cos (n0)sin (0, % (6 — 6)))u; ()6 =
(”Jr“lm’;; sin(n% + 0, %) — #pa% sin (n§ — Oc,,’%)) sin (n;),if n # way,
g (Si“og"‘) . 1) sin (n6)),if n = mat,
J(n, 0% i) = fee+g§ sin (n0) sin (,Z(6 — 6;))u; (0) 6
— (’“r‘;poz, sin(n§ + o, %) — nﬁ;p% sin (n§ — ocp’zr)> cos (n6;),if na # mwoy,
\ -2 (%—1) cos (n6;),if na = way,

(6.93)

6.8.2 Surface-inset permanent-magnet machine Region |;

For the machine with surface-inset magnets, the equations that connect the air gap with the
magnet region are developed similarly to the surface-mounted magnet machine topology.
Equation (6.72) produces the following two equations

R 2

) > )
T 5\ ——— | R(n,i)+
n=1 "n En(R27R3) " na En(R3aR2) ( ) (6 94)
N J .
Ry P,(R»,R R 2
y (cnfe n(Ro,R3) Lo R S(n.i)
n=1 no EH(R27R3) no En(R37R2)
and
i % [ 2R Py(Ry,R3) 2Rs 2 .
A; :Z A, — ——"—~+B —————— | F(l,n,i)+
n—1 no En(R27R3) no En(R37R2)
N
2R, P,(R2,R3) 2R3 2 .
cU==2"m\a D)  pll=S = )\ G(l,n,i) =
,;( " w0 Ey(Ro,Ry) | " na Ey(Ry,Ra) (1,n,1)
It
Flli <R2+ 0571;1 (I%) a> , radial . (6.95)

Fi"'Rz, parallel

In
A (0-aprr e (97 -az) (1))
In

+Gh (Rz + 2B (&) ) , Halbach

Equation (6.75) produces the following two equations
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Eiz/o(Ro,R
AII ZZ lﬂ:/a( 2 I)F(l,n,i)—l—
i=1/=1 O‘RZlir Pirja(R2,Ry)
Fli s
X T <1 - (%) >F(l,n,i), radial
F —1)'Byem . ’
)y 1z Fn, i) — 2 %I(n,l,z), p;arallel
F 2 s .
e B (1w - (- w) (8)° ) Fan
Ji Z
Z 121 1;;#, <1_ (%) >F(l,n,i)— f:1HTmI (n Olp i), Halbach
(6.96)
and
P L
| Eg/e(Ro,R
Gl =Y YA /a2 G0
S5 " aRepl Pigja(Ro,R1)
i %’-ﬁ-l
-Y X ;ur (1 — (%) >G(l,n,i), radial
1
Z 121 lﬂu G(l n l) {J 1 = ) mm-l(n,l, ), parallel
” 2 4y )
Z IZZ 171'/J, ( (Xp ((%) _ap(x) (%) )G(Zvnal)
Y X m ( > (In,i) =Y 1(_1)7"‘””J(n,apg,i), Halbach
(6.97)

The integrals appearing on the equations (6.94, 6.95, 6.96, 6.97) can be calculated with similar
way, that were calculated in the previous case
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Jg cos (5 (6—6i+))vi(8) =
cos(% (9,—%4—91'4-%)) —COS(EE (6 +5+6,+% ))
cos (0) —cos (Im) =1 —(—1)!
fe’if cos (6 — 6;) cos (2 (6 — 6,+ %)) v (8) =
cos(—%)cos (2 (6;— 4+ 6;+%)) —cos(—%)cos (£ (6;+%+6,+%)) =
(cos (0) —cos (Im))cos (%) = (1= (=1)")cos (%)
f91+(>52 cos (apZ (0 —6;)) cos (2 (0 — 6, + %))v; (0) =
cos (—ap%)cos (£ (6, — %+ 6;+%)) —cos (o, %) cos (£ (6;+ %+ 6+ %))
(cos (0) —cos(ln))cos (%) =(1—(=1)")cos (o, %)
R(n,i) = f;’ 052 cos (n0)do

S(n,i) = fe g s1n(n6 )do

F(l,n,i) :fe g cos(ne)cos(g (6—6,+%))d6

R e

=y sm( ,Z(0—6;))cos (£ (6 — 6, + %)) u; (6)d6, Halbach

(n, 1,i) fj’*az cos (n6) sin (0 — 6,)u; (6) d6
J(n,1,i) = ff_*; sin (n6)sin (6 — 6;)u; (6)d6
1(n,0,% i) = fe,-lj%% cos (n)sin (0, % (6 — 6,)); (0) 4O
J(n, 0% i) = fei"f%% sin (n0) sin (0, % (8 — 6;))u; (6) O

(6.98)

6.9 Equations for the interface between Region Il with lil; and Ili;

with IV

Interface condition (6.76) produces the two following equations [116]

1
Bng

0 r0+7 aAIVJ
/J ’ 8Zr cos (n6)do

Y

0+
DI = / ’ 8A sin(n0)d6

(6.99)



6.9. Equations for the interface between Region Il with llIl; and lll; with 1V;

160

Q = k Pir/v(R3,R . 2
B! :Z Z <Af€”" kn/y(R3,Ra) _Bi”./ )F(k,n,j)—i—
j=lk=1 Vi3 Ekn/y(R37R4) Ekn/y(R37R4)
Y B”’.i
Y, —R(n, j)
j=1 TTR3

and

2 & k Pir/y(R3,R . 2
Dl — Z<A21[, i /y(R3,R4) _ gl ) G(k,n, j)+

Ekﬂ/y(R37R4) ¢ Ek:r/y(R37R4)

R 2 Rs P,(R3,R
W (2 R
=l I’l}’En(RQ,Rg) I’l}’En(Rg,Rz)
> R 2 R3 P,(R3,R
(a2 gmnme
o= ny E,(R2,R3) ny E,(R3,R;)
— B,V In(Rs)
and
. > R 2 Rs P,(R;,R
O (e
= ny E,(R2,R3) ny E,(R3,R»)
> R 2 Rs P,(R;,R
Z( vz g BulRs. 2)>G(k,n,J)
= ny E,(R2,R3) ny E,(R3,R»)

Equation (6.74) produces the two following equations [116]

Alv, _ A111 I Bm, In(Rs)
2Ry (& ? Ponyy(Ra; R
A (D) R s (T cos (1)
m7'L' Emﬂ/},(R4,R ) 20 2
2
4
2

?)

- 5.“0‘]}' <R§ In(R4) —

(6.100)

(6.101)

(6.102)

(6.103)

(6.104)
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and

- 28R4 Pun/5(Ra, R
Bli-y <A£1V-’ 1 Boys (Ra 5)>H(m,k). (6.105)
o] mAY Eyz/y(Ra,Rs)

Lastly, interface condition (6.77) produces the following two equations [116]

m; 61
By = 3toli(Rs ~K3) (6.106)

and

4 . [(mm mmn
A =By sin < 25ﬁ> cos (")

, (6.107)
2 1; Penjy(Ra R3)> 2km
+ = _g" H(m,k
Z( kL Egn/y(R3,Ry)  * Ekn/y( 3,Rs) ) 8YR4 (1, k)
which the integral H(m,k) is equal to
(Himg) = [ cos (< T(o-6+1 0-6,+°))ao=
(m, )—/ej_g cos v i+ =
5) -y
Tcos (%(}/—5)), if mB = ko

The coefficients to be determined areA A AL Bl Il pll Am Bm Am Bm A[V’

n nd

AL The constants Al, Al Al and CII, which couple the constants of the air-gap with the
ones of the magnet region, are calculated using the dependent equations (6.80, 6.82, 6.84,
6.85) for the machine with the surface-mounted magnets and equations (6.94, 6.95, 6.96,
6.97) for the machlne with the surface-inset magnets. The constants B!, D!, Af)”’, Bm A”]
111, AO "and A /. which couple the constants of the air-gap with the ones of the slot-opening
and slot subdomain are (6.100, 6.101, 6.102, 6.103, 6.104, 6.105, 6.106, 6.107). The number

of the unknown coefficients is 12, which is the same as the number of equations. By writing

the above equations in a matrix form in programming software which offers calculations using
array operations, the unknown coefficients can be determined. An algorithm was developed
using the software MATLAB in Appendix B.
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6.10 Air-gap magnetic field calculation

In this section, the analytical solutions for the air-gap magnetic field distribution are compared
with the numerical ones obtained by 2-D FEA. A permanent-magnet motor with the specifica-
tions of Table 6.1 was designed using the commercial software package Simcenter MagNet of
Infologic Design and Siemens. The two components of the air-gap magnetic flux density are
calculated by substituting (6.51) to (6.6). An overlapping winding was considered since this is
the type of winding that corresponds to the optimal pitch factor for the specific number of slots
and poles. The number of triangular elements for each magneto-static solve was 40,780 with
a polynomial order of 4 with a computational time of 10 seconds. In the analytical model for a
number of harmonics equal to 250 for the air gap and half for the magnet, slot-opening and
slot regions, the computational time is 2 seconds which is 5 times less than the FEA model.

6.10.1 No-load flux density distribution

The no-load flux density is the flux density which depends on the magnet shape, its magnet-
isation and the iron boundaries between the rotor and the stator.

Surface-mounted permanent-magnet machine topology

Figure 6.5 illustrates the results of the analytical model and the FEA for the no-load flux
density components of each magnetisation distribution for the air-gap region. The magnets
have a residual flux density, and the current density in each slot is zero. The analytical results
are in excellent agreement with the ones obtained by FEA for all the magnetisation cases.
In the region where the air gap faces the air-space of the magnet region, the magnetic flux
density does not drop to zero suddenly compared to the surface-inset magnet topology, as it
will be inspected in the text to come.
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Figure 6.5: FEA and analytical results of the normal and tangential components of the no-
load flux density for the air-gap region with slotted stator (Q=12) for a), d) radial, parallel b), e)
and c), f) Halbach magnetisation pattern for the machine with surface-mounted magnets.

Surface-inset permanent-magnet machine topology

Figure 6.6 illustrates the results of the analytical model and the FEA for the no-load flux
density components of each magnetisation distribution for the air-gap region. It is visible that
the magnetic flux density components in the angles where there is the iron of infinite magnetic
permeability are zero. The latter happens because the magnetic field intensity vanishes on the
iron. The analytical results are in excellent agreement with the ones obtained by FEA for all
the magnetisation cases. For both cases of magnets, it is evident that in the angles where
there are slots, there is a dip in the radial component of the magnetic flux density.
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Figure 6.6: FEA and analytical results of the normal and tangential components of the no-
load flux density for the air-gap region with slotted stator (Q=12) for a), d) radial, parallel b), e)
and c), f) Halbach magnetisation pattern for the machine with surface-inset magnets.

6.10.2 On-load flux density distribution

The on-load flux density is the flux density which depends not only on the features of the
no-load magnetic flux density but also on the currents in the slots. It is a superposition of
the permanent-magnet field and the armature reaction field. Since the spatial distribution of
the magnetic flux density is studied, an instant of the 3-phase currents waveform is used.
Specifically, the current density in each phase is J, = —1/Sgor, Jp = 1/ (2S50;) and J. =
I/ (2S,,¢), Which corresponds to an instant of the armature reaction field. S, is the area
of one slot. Figures 6.7 and 6.8 present the on-load magnetic flux density distribution for the
surface-mounted and -inset magnet machine topology, respectively.

Surface-mounted permanent-magnet machine topology

Figure 6.7 presents the results for the on-load flux density of each magnetisation pattern for
the surface-mounted permanent-magnet machine. It is evident that the armature reaction field
greatly influences the air-gap magnetic flux density. These results are in adequate agreement
with the numerical ones for this case as well.
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Figure 6.7: FEA and analytical results of the normal and tangential components of the on-
load flux density for the air-gap region with slotted stator (Q=12) for a), d) radial, parallel b),
e) and c), f) Halbach magnetisation pattern for the machine with surface-mounted magnets
(3A/mm?).

Surface-inset permanent-magnet machine topology

Figure 6.8 presents the results for the on-load flux density components when the current dens-
ity of each magnetisation pattern for the surface-inset permanent-magnet machine. These
results are in excellent agreement with the numerical ones for this case as well. In the regions
where the air-gap faces the iron material of the rotor, the air-gap magnetic flux density displays
only the armature reaction field.
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Figure 6.8: FEA and analytical results of the normal and tangential components of the on-load
flux density for the air-gap region with slotted stator (Q=12) for a), d) radial, parallel b), ) and
c), f) Halbach magnetisation pattern for the machine with surface-inset magnets (34 /mm?).

6.11 Torque and Back-EMF calculation

The types of torque and the Back-EMF are considered key parameters for the study of
permanent-magnet machines as they are the nameplate parameters. More specifically, the
mean value of output torque and the line-to-line voltage is two nameplate parameters. The
magnetic flux density for every rotor angle is paramount for calculating these parameters.

6.12 Cogging-torque and Back-EMF

The magnetic flux for the j" slot can be averaged by calculating the surface integral of the slot

region over the geometric slot area

CI)IV 90r —

042
/ / * Al (r,0)rdrde,

which yields that the magnetic flux of each tooth is

(6.109)

slot
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TN 5 1 |
D1 (By,) = LyAy ' + 22220 (R4 (1nRs —2 ) + R2R3 (= —InRy ) + =R ), (6.110)
R R 8 2 8

where Ly and Sy, are the axial length and the area of a slot, respectively. The flux-linkage
matrix

Y, ,
g, | = ph[C][cbl L @y Dyl (6.111)
¥
with winding matrix equal to
1 0 0 -1 0 O 0 -1 0 O
¢c=10 0 1. 0 0 -1 0 0 1 0 0 —1 (6.112)

for overlapping winding. N, is the total number of turns that are connected in series on a
phase. The back-EMF vector emerges with numerical differentiation of the phase flux-linkage
signal i.e.

éoa lI]a

= W,;— 6.113
| =0 60, ¥, ( )
& P,

and amplitude is proportional to the mechanical speed of rotation @,,. To calculate the Back-
EMF distribution, a repetition loop is created, which allows the position of the rotor to vary
as the repetitions go forward. This repetition is embedded inside another repetition which
concerns the magnetic flux produced by each tooth as (6.110) supports. In every repetition,
the constantAgv-" is calculated for the new rotor position, so a magnetic flux value using (6.110)
is obtained every time. Since the Back-EMF is calculated, the current density is zero, so
the second term of (6.110) is zero. Then in the same repetition, the flux-linkage matrix is
calculated using (6.111), which in this case, the winding matrix (6.112) is used to divide the
three phases. The flux linkage also depends proportionally on the total number of turns that
are in series per phase. The latter depends on how many coils connect in series. In this case,
there are two coils per phase connected in series. The Back-EMF is calculated in a per-turn
form for comparison purposes. Also, each slot is considered a full solid conductor, so the
fill factor is considered equal to one. The final Back-EMF is calculated employing (6.113), in
which the flux-linkage waveform is differentiated with respect to the rotor angle.
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The torque is defined as the tangential force created in the air gap between the magnets and
the teeth whilst there isn’t any current source in the slots. It can be calculated using Maxwell
Stress theory and is equal to the following integral for a prespecified rotor position at the
middle of the air-gap

Each torque value is calculated by integrating the product of the components of the air-gap
magnetic flux density in the mid-radius of the air gap. The appropriate air-gap magnetic flux
density components depend on the kind of torque that is to be calculated,. The torque in
analytical form is

LSfRZ 2 1] 1/
TG(GO,):“O/ BU(R,,0)BY(R,,0)d6. (6.114)
0

By calculating the above integral analytically, the following equation was developed in [116]

To (60r) = <Y (WaXo+YaZy), (6.115)

where

Wn —A”& Pn(R€7R3) 731]& Pn(Re,Rz)
" R, En(RZaR3) " R, En(R3aR2)
X, — _CﬁlﬁEn(Re,Rﬁ _puks Ey(Re,R>)
ReEx(Ra,R3) " Re Eu(R3, Ra). (6.116)
Y, = +C,172P,,(R6,R3) D[]iPn(ReaRﬂ
" R. En(R27R3) ! R. En(R37R2)
Z, _AII&En(ReaR3) —B”R3 En(Re,Rz)
" R, En(R27R3) " R, En(R3aR2)

Equation (6.115) offers the torque at a specific point in the air-gap, summing the spatial
harmonics of the air gap. So by varying the rotor angle using a repetition loop, the torque
waveform can be calculated.

Surface-mounted permanent-magnet machine topology

The cogging-torque is the tangential force between the rotor component and the stator teeth.
To calculate the cogging torque, the rotor angle varies, and at each point, the torque is
calculated using (6.115, 6.116) whilst there is no current source in the stator slots. Figure 6.9a,
6.9b and 6.9c present analytical and FEA results of the cogging torque for each magnetisation
pattern for the machine with the surface-mounted magnets. It is visible that the magnetisation
pattern plays a decisive role in the signal. The Halbach magnetisation pattern offers lower
cogging torque. The Halbach magnetisation has the lowest cogging torque. The cogging
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torque is the main noise source in surface-mounted permanent-magnet machines, the only
component that adds ripple to the mutual torque. However, the electromagnetic torque can
have a high torque ripple even when the cogging torque is low. The cogging torque period
depends on the number of slots and poles. More specifically, the number of the repeated
signals is the Least Common Multiple of number slots and poles. So, in this case, the number
of poles is 4, the number of slots is 12, the LCM is 12. The analytical results come in good
agreement with the numerical. The coupling of all slots and poles accounts for the analytical
solution, so there are no approximations.

Figure 6.9d, 6.9e and 6.9f presents the analytical and numerical results of the Back-EMF for
each magnetisation pattern for the machine with the surface-mounted magnets. It is visible
that the magnetisation pattern plays an important role in the shape of the Back-EMF wave-
form. The slotting effect is also noticeable in the Back-EMF waveform. The analytical results
come in good agreement with the numerical.
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Figure 6.9: FEA and analytical results of the cogging torque and back-EMF considering that
the whole slot area is a solid conductor for a), d) radial, b), e) parallel and c), f) Halbach
magnetisation pattern for the machine with surface-mounted magnets.
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Surface-inset permanent-magnet machine topology

Similarly, Figure 6.9a, 6.9b and 6.9c presents the analytical and numerical results of the
cogging torque for each magnetisation pattern for the machine with the surface-inset magnets.
Here the cogging torque for the case of the Halbach magnetisation pattern is even lower in
amplitude compared to the one calculated for the surface-mounted magnet topology. Figure
6.9d, 6.9¢, and 6.9f presents the analytical and numerical results for the Back-EMF waveform.
In the arcs where both sides of the air-gap face infinite permeable iron, the Back-EMF takes

the value zero.
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Figure 6.10: FEA and analytical results of the cogging torque and back-EMF considering that
the whole slot area is a solid conductor for a), d) radial, b), e) parallel and c), f) Halbach
magnetisation pattern for the machine with surface-inset magnets.

6.12.1 Static and electromagnetic torque

Static torque is the torque developed in the air gap when the stator coils carry a constant
current, and each value corresponds to an instance of the 3-phase currents waveform. As
the rotor rotates, the stator magnetic flux density vector stays constant, so the torque angle
varies. This waveform determined the torque capacity of a permanent-magnet motor.

Surface-mounted permanent-magnet machine topology

Figure 6.11a, 6.11b and 6.11c presents the analytical and numerical results for the static
torque of each magnetization pattern for surface-mounted magnet topology. The analytical
with the numerical results are in good agreement.
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The electromagnetic torque is the torque for specified angle delta as the stator creates a
rotating magnetic field as the rotor does, and the two fields create a constant torque angle.
Figure 6.11d, 6.11e and 6.11f present the analytical and numerical results for the electro-
magnetic torque of each magnetization pattern for surface-mounted magnet topology. For the
case of the Halbach magnetisation pattern, the torque ripple is much higher than the other two
patterns. The ripple has to do mostly with the higher order harmonics created by the mutual
torque, as the cogging torque has a low value. The analytical results are also here in good

agreement with the numerical.
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Figure 6.11: FEA and analytical results of the Static and Electromagnetic Torque for a), d)
radial, b), e) parallel, and c), f) Halbach magnetisation pattern for the machine with surface-
mounted magnets (14/mm?).

Surface-inset permanent-magnet machine topology

Figure 6.12a, 6.12b, and 6.12c shows the analytical and numerical results of the static torque
as a function of the angle for each magnetisation distribution for the surface-inset magnet
topology. It can be seen that where the rotor iron is located, the torque falls rapidly to zero.
Figure 6.12d, 6.12e and 6.12f shows the electromagnetic torque of a load for each magnet-
ization pattern of the surface-inset magnet machine. In this case, the Halbach magnetisation
pattern offers the lowest torque ripple. The analytical model results are in excellent agreement

with the numerical results in both cases.
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Figure 6.12: FEA and analytical results of the Static and Electromagnetic Torque for a), d)
radial, b), e) parallel, and c), f) Halbach magnetisation pattern for the machine with surface-
inset magnets (14 /mm?).

6.13 Conclusion

This chapter presents a novel analytical model for calculating the air-gap field distribution in
permanent-magnet motors with surface-mounted and -inset magnets. The model is based on
expressing its pole’s magnetisation distribution using the Heaviside function’s aid and inputting
in the partial differential equations. The three basic magnetisation distribution patterns were
considered, radial, parallel and Halbach. The PDE of magnet regions were solved in great
detail using the method of eigenfunction expansions. The normal and tangential component
of the no-load and on-load magnetic field distribution was computed with great accuracy. The
proposed algorithm is general enough to be used for every number of slots and poles and
accounts for the impact of the adjacent magnets and slots. Furthermore, the cogging-torque,
back-EMF, torque-angle delta characteristic and on-load torque are calculated for each type
of magnetisation pattern. Finite-Element Analysis results of a 12-slot, 4-pole motor were used
to validate the proposed analytical model. This new way of modelling is sufficiently general
to be used in other motor configurations and for the preliminary stages of the motor design
process. Due to the additional reluctance torque component, permanent-magnet machines
with surface-inset magnets produce more torque. The magnetisation pattern played a determ-
inant role even in the motion-generated quantities, i.e. Back-EMF, electromagnetic torque.
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The proposed algorithm is general enough to be used for every number of slots and poles
and accounts for the impact of the adjacent magnets and slots. Lastly, for the machine with
surface-inset magnets, the cogging torque is less when the magnetisation pattern is Halbach.
Consequently, the electromagnetic torque ripple is also less than the surface-mounted mag-
net machine. This algorithm runs five times faster than the current Finite-Element Analysis
software packages without sacrificing accuracy.
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Chapter 7

Conclusions and contributions of the
hereunto dissertation

This chapter summarises the conclusions extracted by working on this dissertation. In the
second stage are stated the contributions made to the field of permanent-magnet synchron-
ous machines. Lastly, the chapter finishes with proposals for the future continuation of this
work.

7.1 Conclusions

The conclusions made are the following:

. Noninvasive fault detection methods monitor features of signals extracted directly from
the machine with the significant advantage that they do not require any additional
sensors leading to more complex methods. These methods, in most cases, are too
complex to be applied in industrial environments.

. The state-of-the-art noninvasive methods can successfully detect partial demagnetisa-
tion and dynamic eccentricity. The faults fall in the category of dynamic faults generally.
The latter occurs as there is relative motion between the unbalanced magnetic flux
occurred by the faults and the conductors of the stator winding. Many works suggested
that a challenging problem is discrimination between these two faults because they
appear to have a similar impact on the operating machine. More specifically, the har-
monics generated by the two faults during the application of the MCSA method are
identical. However, even at low severities, the partial demagnetisation fault creates a
high amplitude in these harmonics. On the contrary, the amplitude of the harmonics
generated by dynamic eccentricity has much lower variation as the severity increases,
especially in coreless machines. Knowing which harmonics to monitor is critical as it is
the only way to monitor the amplitude variation to extract a conclusion about which fault
occurred.
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. An easier way to separate the two rotor faults is the search-coil voltage signature
analysis, as there is no harmonic cancellation due to the stator winding. The partial
demagnetisation fault creates a higher harmonic content in the voltage amplitude spec-
trum of a single coil. However, this method comes with an expense that is intrusive. To
address the latter issue, the method that uses a search-coil that negates the induced
voltage under balanced conditions shows that it can also be utilised to detect partial
demagnetisation faults and separate the two faults without applying further signal pro-
cessing. This method appeared to be also valuable for detecting and distinguishing
the dynamic axis and angular misalignment in axial-flux permanent-magnet machines,
which, to the author’s best knowledge, had never been studied before.

. Static faults like the inter-turn fault and static eccentricity showed that they could not
be adequately detected using features extracted from the stator winding as they do
not create relatively variant magnetic flux in the conductors. However, in cases with
a ferromagnetic stator core, the fault causes saturation in a few rotor positions, so
a low varying magnetic flux is created that can be exploited to create a diagnostic
scheme. In cases with no stator core in the machine, these faults do not create a static
unbalanced magnetic flux, so they cannot be detected with any known conventional
diagnostic methods. The complexity of the signal processing technique did not seem to
help with detecting this category of faults. The problem was solved using two search
coils, one in the rotor to create variant magnetic flux and one in the stator to sense that
flux.

. After a comprehensive literature review, it was concluded that not just detecting but
separating between faults could be a challenging problem. By using state-of-the-art
diagnostic methods with sensors or without, so creating a cost-effective, simple and
easy-to-implement fault detection technique seems imperative. To address this issue,
the method which uses two magnetically coupled search coils is introduced, making it
possible to detect all faults online, using conventional coils that are easy to implement
in the machine. This method is invasive as it uses additional sensors; however, the
effectiveness and simplicity of the method compensate for this drawback. Furthermore,
its simplicity makes the method appropriate for industrial environments.

. The experimental amplitude spectrum of permanent-magnet machines contains a high
number of harmonics, so when a fault happens, it is unclear which harmonics are
generated by the fault. Reports suggest that the order of the harmonics generated by
a faulty condition depends on the number of pole pairs of the machine, which is true.
However, this work showed that there is a strong coil number dependency. Furthermore,
in an experimental environment, the harmonics generated due to a faulty condition exist
in the machine; hence, knowing which harmonics to monitor is essential to monitor their
amplitude early to record their variation over time.
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Commercial software packages utilising the Finite-Element Method to calculate the
quantities of an electric machine demand a significant computational time, especially in
the cases in which the machine demands modelling through a 3-D solver. The develop-
ment of analytical models, which require a low computational time an essential way to
extract features in every case study. When a permanent magnet machine is simulated
using a commercial software package under a faulty condition, the whole geometry of
the machine is demanded, which entails an even more significant computational time.

Regarding the comparison between the surface-mounted and -inset permanent-magnet
machines using the developed analytical model. Surface-inset magnet machines have
better performance characteristics due to the reluctance torque component. The Hal-
bach magnetisation pattern proved more beneficial for the surface-inset magnet ma-
chine as the on-load torque has the lowest torque ripple. The above magnetisation
pattern is appropriate for applications where the machine’s noise and vibration must
be kept to a minimum. Lastly, the Halbach magnetisation pattern creates less cogging
torque for both rotor topologies. The parallel magnetisation is the second best scenario
as long as the pole number of the machine does not increase a lot. The radial magnet-
isation offers a high mean torque but creates a significant vibration and noise due to the
high spatial harmonic content of the magnetic flux density and the high cogging torque.

7.2 Contributions

The main contributions made to the field of electric machines are the following:

Detection of the partial demagnetisation fault in permanent-magnet machines using the
method which uses one search-coil that negates the induced voltage under balanced
conditions. Furthermore, the method was also applied in axial-flux permanent-magnet
machines, showing that it works for the dynamic axis and angular misalignment faults.
A new fault diagnostic technique utilises the magnetic flux involving two search coils to
detect all the faults occurring in permanent-magnet synchronous machines. One in the
rotor and one in the stator, which couple magnetically only when the machine is faulty
and made it possible to detect all faults that are taking place in permanent-magnet
machines. This method contributed by transforming the static faults into dynamic and
created quantities proportional to the fault severity.

An analytical voltage formula that predicts the exact harmonics increasing in amp-
litude when dynamic eccentricity occurs in permanent-magnet machines. The formula
showed that these harmonics depend not only on the pole pair number of the machine
but also on the number of coils that determines which harmonics cancel. The exper-
imental validation showed that knowing the harmonics is imperative due to the high
number of irrelevant harmonic frequencies on machines’ amplitude spectrum.
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A magnetic field computation algorithm based on the subdomain technique which cal-
culated the magnetic flux density, Back-EMF and torque distribution for permanent-
magnet machines with surface-mounted and surface-inset magnets for the three com-
mon magnetisation distribution patterns; radial, parallel and Halbach. The magnetisa-
tion was modelled as a difference of Heaviside functions. The eigenfunction expansions
solution method made it possible to obtain the analytical solution. This work showed
how to extract an analytical solution for the calculation of magnetic field distribution by
exploiting the integral properties of the Heaviside and delta functions.

7.3 Proposals for future work

The future work which can be conducted for the continuation of this work is the following:

The phenomenon of rotor ovalization which is caused by the unbalanced magnetic
pull makes its appearance in very large machines. The impact of this fault is similar
to the dynamic eccentricity fault with the only difference that there are two minimum
and two maximum air-gaps. The proposed air-gap flux monitoring method with the
two magnetically-coupled search-coils was not tested for the discussed phenomenon.
Investigating whether this method is capable of detecting the ovalization effect is worth
investigating in a future work.

Experimental investigation of the proposed air-gap flux diagnostic method with the two
magnetically coupled search-coils in medium and high speed machines. The method
was validated using direct-drive permanent-magnet generators which are physically
large and they run on low speeds. So the centrifugal force on the rotor search-coil
was low, meaning that the mounting demands for the coil were low. By utilising the
method in a high speed machine the mounting demands will increase. The latter entails
the possibility for the need of a more sophisticated mounting method for operating the
machine without danger that the coil being unstuck from the rotor.

The proposed subdomain analytical model can be expanded to account demagnetized
magnets. The way that the model was developed was using an expansion of an ana-
lytical solution in each magnet pole. Furthermore, the model allows to segment the
magnet region into various arcs with different residual flux density values without the
need to consider new region inside the magnet as the classic subdomain model would
demand.



Appendix A

Fault implementation on the
environment of FEA software
package Simcenter Magnet 2-D/3-D

In this Appendix, the way that the faults are implemented using simulation on a PM machine
is presented. The machine that is used is the permanent-magnet synchronous machine with
12 coils and 8 poles of Figure 2.16. The faults presented are the partial demagnetization of a
magnet, the inter-turn fault in a coil of the winding and the two type of eccentricity faults; static
and dynamic.

A.1 Demagnetizing a magnet

To demagnetize a magnet, a new permanent-magnet material is created which is of the same
magnet type as the other ones. Its B-H characteristic is shifted towards the origin so both
the residual magnetic flux density and coercivity are reduced on the same rate. This models
the demagnetization of a permanent-magnet due to the temperature increment. However, as
the temperature increases the characteristic of the magnet NdFeB N42 has the tendency to
become more and more nonlinear as Figure A.1 presents.
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Figure A.1: NdFeB magnetic material characteristic of grade N42 for various temperatures.

A magnet with its magnetic characteristic demagnetized, can be created by clicking to the
Tools tab and choosing the New User Material command, Figure A.2 illustrates the process.

General

Specify the name, the description text, the categories it belongs to, and the display color for the material. Spedfy an

existing material whose properties are used as the defaults.

Name: | Demagnetized Magnet]

Display color: Transparency:

Description:

Categories:

O I 2

Magnet Type

Neodymium iron boron (NdFeB)

Manufacturing Method Sintered

Uniformity of magnetic orientation Anisotropic

Permanent magnet material

Defaults based on:

-~ N40M

N42

N42H
--N42M
--N425H

-~ N40SH
N40UH
N40UHZ

-~ N425HX

View Defaults...

< Back Next >

Finish Cancel

Figure A.2: Creation of a NdFeB N42 magnet.

By clicking next to the above window, the magnetic characteristic at 20° is presented, in forms
of data as Figure A.3 presents.
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Figure A.3: Magnetic characteristic at 20° for the NdFeB N42 magnet.

By entering the B-H data shown on Figure A.3 on a programming software which expresses
the variables in an array format, i.e. MATLAB. The magnetic characteristic can be modified. It
can either follow the lines presented in Figure A.1 or it can be one with a further reduction
of the residual magnetic flux density. After the demagnetized characteristic is modified in
MATLAB it can be substituted for the corresponding temperature and the material can be
created by clicking on the Finish button. The solver by default works at room temperature,
i.e. 20° but the temperature can be changed by clicking to the Extension tab and choosing
Modeling Toolbox as shown in Figure A.4. By choosing System on the Parameters tab after
the window opens the default temperature can be changed. For instance, in this case the
demagnetized characteristic should be defined for operation on the chosen temperature.
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Figure A.4: Window used to change the system temperature.

After the material is created on the Material tab of the Project Bar, the material can be
assigned to one of the magnets.

A.2 Shorting a turn of of a coil

To short the turn of a coil, the coil itself has to be segmented into two components. The first
component will be the one that is the healthy part of the coil and contributed normally into the
circuit a coil with the only difference that has a lower number of turns. The reduction in the
number of turns has to correspond to the reduction of the surface of the coil. The faulty part
of the coil is shorted and except the physical resistance and inductance that the shorted loop
has, an additional resistance is required to model the contact resistance which is basically the
resistance in the point where the insulation collapsed. Figure A.5 presents the two different
coils segmented. The coil with the bigger surface corresponds to the healthy part of the coil
and continues to connect with the other healthy coils and it will have a lower peak value of
voltage due to the reduced number of turns. The shorted coil is also shown on the same
figure. Figure A.6 shows the electric circuit of the fault condition. The phase in which the fault
took place, the healthy coil is connected in series and the faulty coil is shorted with low valued
resistance.
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N

Figure A.5: Creating the geometry of the inter-turn fault.

Figure A.6: Electric circuit of the machine during inter-turn fault conditions.
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A.3 Making the rotor eccentric

In the rotor eccentricity fault, the rotor is displaced towards a direction, which expresses the
position of the minimum air-gap. Whether it will be static or dynamic eccentricity it depends on
the axis of rotation. Generally, to implement eccentricity faults, the model is divided into two
motion components, #Stator and #Rotor. Each component includes the components which
each region owns. The #Stator component has center of rotation the origin point (x,y,z)=(0,0,0)
as Figure A.7 supports. This in both fault conditions stays as is.

#Stator Properties

General Load  Mass  Limits  Positon References Parameters

Close

Figure A.7: Defining the center of the Stator component.

Furthermore, the rotor in both cases becomes displaced into a direction. For instance, this
direction can be the at 6 = 0 as Figure A.8 supports. The mechanical air-gap has a length of
0.5 mm in this case, so by shifting the rotor for 0.25 mm with direction at 8 = 0. This leads to
50% percent of eccentricity.
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Figure A.8: Eccentric rotor with 50% eccentricity fault.

A.3.1 Static eccentricity

In the static eccentricity fault, the rotor axis rotates on a new stationary center different than
the one of the stator. In this case the #Rotor component must have a center of rotation same
as the coordinates of the new center, i.e. (x,y,2)=(0.25,0,0) as Figure A.9 illustrates.
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#Rator Properties

General |oad Mass Limits Posiion References Parameters

Name: | #Rotar |
Source type:  Velocity driven -
Motion type: |Rotary ~

| center: (05,0, milmeters ||
ocs: | 0,0, 1) |

The selections above wil determine the available aptians and haw the values are interpreted in the other property pages.

Close Cancel

Figure A.9: Defining the coordinates of the #Rotor component to simulate static eccentricity.

A.3.2 Dynamic eccentricity

In the dynamic eccentricity fault, the axis of rotation coincides with the one of the stator,
which entails the center of rotation to execute a circular motion. To implement the fault using
the simulation software, the #Rotor component being displaced must have center of rotation
coordinates (x,y,z)=(0,0,0), which coincides with the center of the stator. This entails that the
axis of rotation will execute a circular trajectory.

“Rotor Properties

General load Mass Limits Positon References Parameters

Name: [ #Rotor |
Source type: | Velodty driven >
Motion type: |Rotary -
| conter:[@0.0) milimeters |

aods: | (0,0, 1) |

The selections above will determine the available options and how the values are interpreted in the other property pages.

oK Cancel Apply

Figure A.10: Defining the coordinates of the #Rotor component to simulate dynamic
eccentricity.



Appendix B

Codes on the software MATLAB for
the magnetic field computation
algorithms of Chapter 6

B.1 Main program

The below code is the main function that is used for the calculation of the magnetic field
distribution on the air-gap for two cases. The first case happens when there is not current
in the slots so the magnetic flux density is only influenced by the slotting effect of the stator
bore. In the second case, the stator slots carry currents which since one moment is examined
this can be any instant that the 3-phase currents have. For instance, if one current is on the
positive peak value the other to will be on their half negative values.

tial magnetic flux

7 distribution for an initial angle

no-load and on-load r

ic flux density distribution

tic % measures the computational time of the algorithm for the code that is interpolated by tic toc

clear all;

clc;

P=4;
0=12;
Brem=1.0;

® N U AWwN =

tal number o

©

tal number o

dual flux n each PM

o

y of the PM

mur=1.0; ive permeabili

N

mu0=4xpixle-07;
thetaiO=-1+pi/P;
thetaj0=-0xpi/Q;

N=250; % Number of total harmonics in the air-gap region

um permeability
itial

w

r PM angle

N

N o oo

R1=42x1e-03; % adius of t otor back iron cylinder (m)
R2=50*1e-03;
R3=51*1e-03;
R4=53x1e-03;
R5=65x1e-03;

DN NN =
W N 2O © o

ap=0.8;

n
F

alpha=ap*2+pi/P;

n
3]

beta=alpha/ap;

n
[

gamma=3%pi/180;
delta=15+pi/180;

NS
© ® N

Sslot=(delta/2)* (R5%"2-R4"2);% Area of a slot
I=0%3%185.3540;
Jrms=I/Sslot;

w
o

«
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%Jrms=1%1e06; % Alternative value for the current density value
J=zeros (Q,1); % Initiation of the current density vector
phiO=+0xpi/4; % Initial angle of the armature reaction magnetic field (rad)

% The iteration loop used to assign current density value in each stator slot
for j=3:3:Q

J(J,1)=-Jrms«* (-1) ~ (j+1) *sin (90xpi/180+120%pi/180+phi0) ;
J(j-1,1)=Jrms«* (-1) "~ (j+1) *sin (90xpi/180-120+pi/180+phi0) ;
J(j-2,1)=-Jrms« (-1) ~ (j+1) *sin (90xpi/180+phi0) ;

end

% Here the coefficients of each subdomain are calculated using a function

% The input of the function are the dimensions and the operational characteristics of the machine

% The initial angle of the rotor and stator is also an input in the function

% f is substituted with 6 names, which each name corresponds to the calculation of a magnetic field
distribution

% f -> SurfaceMountedRadial calculates the air-gap magnetic field for the surface-mounted topology under
radial magnetization

% f -> SurfaceMountedParallel calculates the air-gap magnetic field for the surface-mounted topology
under parallel magnetization

% f -> SurfaceMountedHalbach calculates the air-gap magnetic field for the surface-mounted topology under
parallel magnetization

% f -> SurfacelInsetRadial calculates the air-gap magnetic field for the surface-inset topology under
radial magnetization

% f -> SurfacelnsetParallel calculates the air-gap magnetic field for the surface-inset topology under
parallel magnetization

% f -> SurfacelInsetHalbach calculates the air-gap magnetic field for the surface-inset topology under
Halbach magnetization

[A0Ii,AlIi,AnII,BnII,CnII,DnII,A0IIIj,AKIII]j,BkIIIJ,A0IV],AmIV]] =
f(P,Q,Brem, mur, mu0,J, thetaiO, thetajo,R1,R2,R3,R4,R5,ap, alpha,beta, gamma, delta,N);

Re=(R2+R3) /2;
theta=linspace (0,360,1001);

Radius on the middle of the air-gap

o0 o

Polar angle coordinate vector in degrees

Bnormal=zeros (size(theta)); % Normal component of the magnetic field as a function of the angular
coordinate
o

Btangential=zeros(size(theta));% Tangential component of the magnetic field as a function of the angular
coordinate

o

font_size=20; font size of the graph
for n=1:N

Bnormal=Bnormal+ (1l./Re).* ((AnII(n).*R2.*(((Re./R3).”"(n)+(R3./Re).”(n))./((R2/R3)"(n)-(R3/R2)"(n)))

+BnII(n).+R3.%((Re./R2)."(n)+(R2./Re)."(n))./((R3/R2)"(n)-(R2/R3)"(n))) .+ (-sind(n.xtheta)) ...
+(CnII(n).*R2.%(((Re./R3)."(n)+(R3./Re)."(n))./((R2/R3)"(n)-(R3/R2)"(n)))
+DnII(n).*R3.*((Re./R2).”"(n)+(R2./Re)."(n))./ ((R3/R2)"(n)-(R2/R3)"(n))).+cosd(n.xtheta));

Btangential=Btangential-(1l./Re).* ((AnII(n).*R2.x(((Re./R3)."(n)-(R3./Re).”(n))./((R2/R3)"(n)-(R3/R2)"(n)))

+BnII(n).+R3.%((Re./R2)."(n)-(R2./Re)."(n))./((R3/R2)"(n)-(R2/R3)"(n))).+cosd(n.*theta)...
+(CnII(n).*R2.%(((Re./R3)."(n)-(R3./Re)."(n))./((R2/R3)" (n)-(R3/R2)"(n)))
+DnII(n).*R3.%((Re./R2)."(n)-(R2./Re)."(n))./ ((R3/R2)"(n)-(R2/R3)"(n))).*sind(n.*theta));

end

Bnormal=Bnormal'; Converts the horizontal vector into vertical

o0 o

Btangential=Btangential'; Converts the horizontal vector into vertical

subplot (2,1,1)

plot (theta,Bnormal, 'k', 'LineWidth',2); % Command used to plot the normal component of magnetic flux density
legend ({'Normal Component'}, 'Box','off")

x1im ([0 36071)

grid on

set (gcf, 'color', 'white'")

set (gca, 'FontSize', font_size, 'FontName', 'Times New Roman', 'FontWeight', 'bold"')

xlabel ('Angular position (Deg)', 'FontName','Times New Roman', 'FontSize', font_size, 'FontWeight', 'bold"'
ylabel ('Normal component (T)', 'FontName', 'Times New Roman', 'FontSize', font_size, 'FontWeight', 'bold')
%set (gca, 'YTick', [-1:0.5:1], 'YMinorGrid', 'off"

set (gca, "XTick', [0:360/P:360], 'XMinorGrid', 'off")

ax = gca;

ax.GridLineStyle = '--';

ax.GridColor = 'k'; % [R, G, B]
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ax.GridAlpha = 1;

subplot (2,1,2)
plot (theta, Btange:

ntial, 'k', 'LineWidth',2); % Command used to plot the tangential component of magnetic

flux density

legend ({'Tangenti
x1im ([0 3607])
grid on

set (gcf, 'color', '
set (gca, 'FontSize
xlabel ('Angular p
ylabel ('Tangentia
%$set (gca, 'YTick',
set (gca, 'XTick', [
ax = gca;
ax.GridLineStyle
ax.GridColor = 'k
ax.GridAlpha = 1;
max_Bn=max (Bnorma
max_Bt=max (Btange:

toc

al Component'}, 'Box','off")

white')

', font_size, 'FontName', 'Times New Roman', 'FontWeight', 'bold')

osition 'FontName', 'Times New Roman', 'FontSize', font_size, 'FontWeight', 'bold"'

'bold")

(Deg) ',
1 component (T)', 'FontName', 'Times New Roman', 'FontSize', font_size,
[-0.4:0.1:0.4], 'YMinorGrid', 'off")
0:360/P:360], 'XMinorGrid', 'off");

'FontWeight',

‘i % [R, G, B]

1) %
ntial) %

Peak value of the normal component of the magnetic flux density
Peak value of the tangential component of the magnetic flux density

The next code calculates the Back-EMF waveform of a phase for each permanent-magnet

rotor topology and magnetization pattern. To calculate the Back-EMF waveform of a phase,
the equations (6.110, 6.111, 6.112, 6.113) were employed.

® N O RN =
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% Per-turn Back-E

tic % measures th

%clear all;

clc;

pP=4;
0=12;
Brem=1.0;
mur=1.0;

mu0=4+pixle-07;
thetaiO=-1+pi/P;
thetaj0=-0xpi/Q;
N=70;

R1=42%1e-03;
R2=50x1e-03;
R3=51%1e-03;
R4=53x1e-03;
R5=65%1e-03;

ap=0.8;
alpha=ap#2+pi/P;
beta=alpha/ap;
gamma=3%pi/180;
delta=15+pi/180;

Sslot=(delta/2) * (
I=0;
$Jrms=1/Sslot;
$Jrms=0x1e06;
J=zeros (Q,1);
%phi0=-90#pi/180+

% The iteration 1
font_size=20;
T=200;

n=1500;

omega_r=n+2+pi/60
Lst=100+1e-03;

% C is the windin

% Any type of win

MF Calculation (Brem=1.0 Jrms=0)

e computational time of the algorithm for the code that is interpolated by tic toc
% Cleans Workspace in each run

% Cleans Command Window in each run
% Total number of poles
% Total number of slots
each PM

the PM

% Residual flux density ir

of

% Relative permeability

% Vacuum permeability

% Initial rotor PM angle (rad)
% Initial stator slot angle (rad)

% Number of total harmonics in the air-gap region
of the

% Radius rotor back iron cylinder

% Radius of the permanent-magnets

% Radius of the stator core
% Radius of the slot-opening
% Radius of the slot

% Ratio of pole-arc to pole-arc

% Permanent-magnet angle (rad)
% Pole pitch angle (rad)
% Slot opening angle (rad)
% Slot angle (rad)
R5%2-R4"2); % Area of a slot
% Current value chosen for the specified instant (A)
% RMS value of the current density in each slot
% RMS value of the current density in each slot (A/m"2)

% Initiation of the current density vector
454pi/180; B

oop used to assign

Initial angle of the armature reaction magnetic field
slot

(rad)

current density value in each stator

% font size of the graph
% Total number of Back-EMF points along two pole pitches

% Mechanical speed of rotation (RPM)
; % Mechanical speed of rotation (rad/sec)
% Axial length of the machine (m)

g matrix and defines the type of the winding

ding can be used
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44
45
46
47
48
49
50
51
52
53
54
55
56
57

58
59
60
61

62
63
64

65
66
67
68

69
70
!
72
73
74
75
76
7
78
79
80

81
82
83
84
85

86
87
88
89
90
91
92
93
94
95
96
97
98
99

100
101
102
103
104
105
106
107
108
109
110
111

$C=[01-1000 0 ;

% 0 0001-1;

% 001-10 01]; % 6 slots non-overlapping overlapping winding

$CcC=1[1 -1 0 0 0 01 -1 0 0 O H

% 0 0 0 0 1 -1 0 0 0 0 1-1

% 0 0o 1 -1 0 0 o0 0 1-1 0 1; % 12 slots non-overlapping winding

c=11 0o 0 -1 0 0 1 0o 0 -1 0 0 ; % 12 slots concentrated overlapping
0 1 0 0-1 0 0 1 0 0 -1
0o - 0 0 1 0 0 -1 0 0 1 0 1;

$C=1[01 0 0 -1 60 1 0 0 1 0 0 1 0 0 -1 00 1 0 0 1 0 0; % 24 slots
concentrated overlapping

% 0 1 0 o -1 0 0 1 0 0-1 0 0 1 O o -1 0 0 1 0 0-1 0;

% 0 0 1 0 60-1 0 0 1 0 0-1 0 0 1 0 0-1 0 0 1 0 0-1]

Nph=1;

per-turn Back-EMF calculation

Tp=(2*pi) /(P/2);

o

o

Spatial period of Back-EMF

% Number of turns connected in series per phase,

equal with 1 or the

(rad)

% The magnetic flux vector has T rows and Q columns meaning that in the rows the iteration are stored and

in each column defines for which slot is stored
Phi=zeros (T,Q); % Initiation of the
% The magnetic flux-linkage has also the same as the
% The winding matrix C is multiplied with this array
belong on the corresponding phase

slot magnetic flux array

slot magnetic flux array
to convert into zero those columns-slots that do not

Psi_a=zeros (T,Q); % Initiation of the
Psi_b=zeros(T,Q); % Initiation of the
Psi_c=zeros(T,Q); % Initiation of the
% The Back-EMF vector is aparted by the total number
E_a=zeros (T, 1); % Initiation of the
E_b=zeros(T,1); % Initiation of the
E_c=zeros(T,1); % Initiation of the

magnetic flux-linkage array of phase A
magnetic flux-linkage array of phase B
magnetic flux-linkage array of phase C

of iterations as
Back-EMF vector of phase A
Back-EMF vector of phase B

Back-EMF vector of phase C

phi=linspace (0, Tp,T); %

% The vector extends from 0 till

Initiation of the angular coordinate of the Back-EMF vector
180 degrees at 200 points

J=zeros (Q,1); % Initiation of the current density vector which is zero in this case
because the Back-EMF is the voltage on the stator coils when the stator slots do not have current

% t is the index of the repetition
% For each repetition the unknown coefficients are calculated for the specific rotor angle for each slot
for t=1:T

% In each repetition the initial angle of the rotor increases so the Back-EMF is computed for the
pre-specified initial angle thetai

thetaiO=thetai0+Tp/T;

$for j=3:3:Q

J(J,1)=Jrms« (=1) ~ (J+1) xsin ((P/2) »thetai0+90%pi/180-120+pi/180+phi0);

J(3-1,1)=-Jrms« (-1) ~ (j+1) *sin ((P/2) xthetai0+90+pi/180+120+pi/180+phi0) ;
J(3-2,1)=Jrms* (-1) * (j+1) xsin ((P/2) »thetai0+90xpi/180+phi0) ;

o o

o

%end

for j=1:Q

[AOTi,AlTi,AnTI,BnII,CnIT,DnIT,A0IIT3,AKIITS,BKITIT],A0IV], AmIV]] =
f(P,Q,Brem, mur,mu0, J, thetail, thetaj0,R1,R2,R3,R4,R5,ap,alpha,beta, gamma,delta,N);

if (J==1) || (J==4) | | (3==T) || (3==10)

Phi (t, §) =Lst«A0IV] (3, 1) +. ..

(delta*J(j,1)*»mu0xLst/ (2«Sslot)) * (R5%4« (log (R5)-5/8) +R572+R4"2x (1/2-1og (R4) ) +(1/8) xR4"2) ;
Phi (t, §) =Lst+A0IV] (3§, 1)+ (Lst/Sslot) * (mu0*J (3, 1) xdeltaxR5~4«1log (R5) /4—

mu0*J (J,1) rdelta*xR5%2+R4"2x1og (R4) /4-mu0+J (J, 1) xdeltaxR5"4/8+

mu0*J(j,1) xdeltaxR5"2xR472/8-mu0*J (j, 1) xdeltarR5%4/16+mu0+J(j,1) xdeltaxR4"~4/16);

%end
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112 end

113

114 Psi_a(t, :)=NphxC(1l,:).*Phi(t,:); % Filling the magnetic-flux linkage vector of phase A
115 $Psi_b(t, :)=NphxC(2,:).*Phi(t,:); % Filling the magnetic-flux linkage vector of phase B
116 %Psi_c(t, :)=Nph*C(3,:).*Phi(t,:); % Filling the magnetic-flux linkage vector of phase C
117

118 % The below quantity still defines the magnetic flux-linkage of a phase at a mechanical angular speed
119 E_a(t,1l)=omega_rx (Psi_a(t,1l)+Psi_a(t,4)+Psi_a(t,7)+Psi_a(t,10));

120 $E_b(t,1)=omega_r«* (Psi_b(t,3)+Psi_b(t,6)+Psi_b(t,9)+Psi_b(t,12));

121 %E_c(t,1l)=omega_r* (Psi_c(t,2)+Psi_c(t,5)+Psi_c(t,8)+Psi_c(t,11));

122

123  end

124

125 % By differentiating numerically the vectors E_a, E_b and E_c, the Back-EMF of each phase is obtained at

the defined angular speed

126 E_a=gradient (E_a) ./gradient (phi)'; % Back-EMF of phase A

127 $E_b=gradient (E_b) ./gradient (phi) '; % Back-EMF of phase B

128 $E_c=gradient (E_c) ./gradient (phi)'; % Back-EMF of phase C

129

130 theta=linspace(0,360/(P/2),length(phi)); % Angular coordinate of the Back-EMF function
131 %plot (theta,E_a, 'k.', '"MarkerSize',10);

132 plot(theta,E_a,'b', 'LineWidth',2) % Command used to plot the graph of the Back-EMF
133 %hold on

134 s%plot (theta,E_b,'r','LineWwidth',2)

135 S%plot (theta,E_c,'g', 'LineWidth',2)

136  %hold off

137 $%$legend({'Back EMF'}, 'Box', 'off")

138 set(gcf, 'color', 'white')

139 set(gca, 'FontSize', font_size, 'FontName', 'Times New Roman', 'FontWeight', 'bold')

140 xlabel ('Angular position (Deg)', 'FontName', 'Times New Roman', 'FontSize', font_size, 'FontWeight', 'bold'

141 ylabel('Voltage (V)', 'FontName', 'Times New Roman', 'FontSize', font_size, 'FontWeight', 'bold')
142 %$set (gca, 'YTick', [-0.4:0.1:0.4], 'YMinorGrid"', 'off")

143 set(gca, 'XTick', [0:360/P:360], 'XMinorGrid', 'off");

144 ax = gca;

145 ax.GridLineStyle = '—-';

146 ax.GridColor = 'k'; % [R, G, B]

147 ax.GridAlpha = 1;

148  Sylim([-3 31)

149 x1im ([0 360/ (P/2)1])

150 grid on

151 rms(E_a) % RMS value of Back-EMF waveform of phase A
152 max (E_a) % Peak value of Back-EMF waveform of phase A
153

154  toc

The below code was used to calculate the analytical results for the cogging torque. The
equations that were used are (6.114, 6.115, 6.116). For the calculation of cogging torque,
the current in the slots is zero and the rotor has to rotate so also a repetition loop is required
here.

1 % Cogging Torque Calculation (Brem=1.0 Jrms=0)

2

3 tic % measures the computational time of the algorithm for the code that is interpolated by tic toc
4

5 %clear all; % Cleans Workspace in each run

6 clc; % Cleans Command Window in each run

7 p=4; % Total number of poles

8 0=12; % Total number of slots

9 Brem=1.0; % Residual flux density in each PM

10 mur=1.0; % Relative permeability of the PM

11 mulO=4+pixle-07; % Vacuum permeability

12 thetail=-1+pi/P; % Initial rotor PM angle (rad

13 thetajO0=-0+pi/Q; % Initial stator slot angle (rad

14 N=150; % Number of total harmonics in the air-gap region
15

16 R1=42x1e-03;
17  R2=50%1e-03;
18 R3=51%1e-03;
19 R4=53x1e-03;

Radius of the rotor back iron cylinder
Radius of the permanent-magnets

Radius of the stator core

o0 o0 oo oo

Radius of the slot-opening
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20
21
22
23
24
25
2
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68

69
70
71

72

73
74
75
76
77
78
79
80
81
82

R5=65x1e-03;

e

Radius of the slot
ap=0.8; Ratio of pole-arc to pole-arc

alpha=ap*2+pi/P; Permanent-magnet angle

g oo oo

beta=alpha/ap; Pole pitch angle
gamma=3*pi/180;

delta=15%pi/180;

Slot opening angle

Slot angle

Sslot=(delta/2) « (R5"2-R4"2);
I=0;

Jrms=I/Sslot;

J=zeros (Q, 1)

T=200;

o0

Area of a slot

Slot current, equal to zero for this algorithm

RMS value of the current density in each slot

Initiation of the slot current density vector

de oo oe

Number of p

Tem=zeros (N, 1) ; Torque vector which stores the spatial harmonics of the air-gap

de e

Tcog=zeros (size(T)); Cogging torque vector which has T points

Cogging torque period (rad

Tp_cogging=(2+pi)/lcm(Q,P);
$Tp_cogging= (2%pi);
Tp_cogging_deg=360/1lcm(Q,P);

Cogging torque periods in the whole air-gap circumference (rad)

Cogging torque period (deq)

de oo oe

%Tp_cogging_deg=360; Cogging torque periods in the whole air-gap circumference (deg)

phi=linspace (0, Tp_cogging,T); Angular coordinate

Re=(R2+R3) /2;
Lst=100*1e-03;

Mid-radius of the air-gap (m)

de oo

Axial length of the machine (m)

for t=1:T

thetailO=thetai0+Tp_cogging/T; % Variation of the rotor angle for each repetition

[AOIi,AlIi,AnII,BnII,CnII,DnII,AO0IIIj,AKIII]j,BkIIIj,A0IV],AmIV]] =
f(P,Q,Brem, mur, mu0, J, thetai0l, thetajo,R1,R2,R3,R4,R5,ap, alpha,beta, gamma, delta,N);

for n = 1:N

P_e3 = (Re/R3)”n + (R3/Re)”n;
P_e2 = (Re/R2)"n + (R2/Re)"n;
E_e3 = (Re/R3)"n - (R3/Re)"n;
E_e2 = (Re/R2)”"n - (R2/Re)’n;
E_23 = (R2/R3)"n - (R3/R2)"n;
E_32 = (R3/R2)"n - (R2/R3)"n;

Wn=-AnII (n)* (R2/Re)+*P_e3/E_23 - BnII(n)x*(R3/Re)*P_e2/E_32;

Xn=-CnII (n)* (R2/Re)*E_e3/E_23 - DnII(n)* (R3/Re)*E_e2/E_32;

Yn=+CnII (n)* (R2/Re)+P_e3/E_23 + DnII(n)x* (R3/Re)*P_e2/E_32;
( (

Zn=-AnII (n)* (R2/Re)*E_e3/E_23 - BnII(n)*(R3/Re)+*E_e2/E_32;

Tem(n, 1) =(pi*Re”2+Lst/ (mul)) * (Wn*Xn+Yn+2n) ; % Filling of the vector with the spatial harmonic

components for a specific rotor position

end

Tcog(t,1l)=sum(Tem); % All the spatial harmonics are summed so the value of the cogging torque for the
specific rotor position is obtained

end

theta=linspace (0, Tp_cogging_deg, length (phi)); % Angular coordinate of the cogging torque function

plot (theta, Tcog, 'k', 'LineWidth',1.25); % Command used to plot the graph of the cogging torque
x1im ([0 Tp_cogging_deg]);

grid on

rms (Tcog) % RMS value of the cogging torque signal

max (Tcog) % Peak value of the cogging torque signal

toc

The torque - angle delta characteristic is calculated using the same formulae with the only

difference that there is DC current in the slots. The current is chose in such manner to be on

atim
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34
35
36
37
38
39
40
4
42
43
44
45
46
47
48
49

50

51

52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
7

72

% Static total torque Brem= 1,0 T Jrms<>0 and DC

tic % measures the computational time of the algorithm for the code that is interpolated by tic toc

o0

%clear all; Cleans Workspace in each run

clc; % Cleans Command Window in each run
P=4; % Total number of poles

Q=12; % Total number of slots

Brem=1.0; % Residual flux density in each PM
mur=1.0; % Relative permeability of the PM

o

mul0=4xpixle-07;
thetaiO=-1+pi/P;
thetaj0=-0xpi/Q;
N=150;

Vacuum permeability

o

Initial rotor PM angle (rad)

o0

Initial stator slot angle (rad)

o

Number of total harmonics in the air—gap region

oe

R1=42+1e-03;
R2=50x1e-03;
R3=51%1e-03;
R4=53%1e-03;
R5=65%1e-03;

Radius of the rotor back iron cylinder

o0

Radius of the permanent-magnets

o

Radius of the stator core

o

Radius of the slot-opening
Radius of the slot

o

ap=0.8; Ratio of pole-arc to pole-arc

oo oe

alpha=ap#2+pi/P; Permanent-magnet angle (rad)

o

beta=alpha/ap; Pole pitch angle (rad)

o0

gamma=3*pi/180;
delta=15+pi/180;

Slot opening angle (rad)
Slot angle (rad)

o

Re=(R2+R3) /2;
Lst=100%1e-03;

o

Mid-radius of the air-gap (m)

o0

Axial length of the machine (m)

Sslot=(delta/2)  (R5"2-R4"2);
%=5.560620000000000e+02;
$Jrms=I/Sslot;

current)
Jrms=1x1e06;
I=Jdrms=*Sslot;

o

Area of a slot

o

Slot current

o0

RMS value of the current density in each slot (Calculated with known

o

RMS value of the current density in each slot (Predefined)

o

Slot current (calculated with known current density)

o0

J=zeros (Q,1);
phi0=0+pi/2;
T=200;

Initiation of the current density vector
Initial angle of the armature reaction field vector

oo oe

Number of calculated points of the signal

% Filling each slot with a current density value with DC currents
for j=3:3:Q

J(J,1)=Jrms«* (=1) "~ (j+1) *sin (90xpi/180+120*pi/180+phi0) ;
J(j-1,1)=-Jrms« (-1) ~ (j+1) *sin (90xpi/180-120%pi/180+phi0) ;
J(3-2,1)=Jrms* (-1) * (j+1) *sin (90xpi/180+phi0) ;

end

Tstatic=zeros (N, 1); % Initiation of the static toque vector which contains the spatial
air-gap harmonics for a specified rotor position

T_static=zeros(size(T)); % Initiation of the static torque vector which contains the values of

the static torque for each rotor position
Tp_static=2+pi/P;
Tp_static_deg=360/P;
phi=linspace (0, Tp_static_deqg,T); % Angular coordinate of the static torque

Period of the static torque (rad)

oo o

Period of the static torque (rad)

for t=1:T

thetailO=thetaiO+Tp_static/T;

[AOIi,AlIi,AnII,BnII,CnII,DnII,A0IIIj,AKIII]j,BkIIIj,A0IV],AmIV]] =
f(P,Q,Brem, mur,mu0, J, thetaiO, thetajo,R1,R2,R3,R4,R5,ap, alpha,beta, gamma, delta,N);

for n = 1:N

P_e3 = (Re/R3)"n + (R3/Re)"n;
P_e2 = (Re/R2)"n + (R2/Re)’n;
E_e3 = (Re/R3)"n - (R3/Re)"n;

E_e2 = (Re/R2)”n - (R2/Re)’n;

E_23 = (R2/R3)"n - (R3/R2)"n;
E_32 = (R3/R2)"n - (R2/R3)"n;
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73 Wn=-AnII (n
74 Xn=-CnII (n
75 Yn= CnII(n
76 Zn=-AnII (n
77

78 Tstatic(n,1l)=(pi*Re”2+Lst/ (mul)) (Wn*Xn+Yn+2Zn);
79

80 end

81

82 T_static(t,1)=sum(Tstatic);

83

84 end

85

86

87 theta=linspace (0, Tp_static_deg, length(phi));
88 plot(theta,T_static, 'k','Lin
89 xl1im([0 Tp_static_degl);

90 grid on

91  toc

) * (R2/Re) *xP_e3/E_23 - BnII(n)=*(R3/Re)*P_e2/E_32;
)= (R2/Re) »E_e3/E_23 — DnII(n)~*(R3/Re)*E_e2/E_32;
) x (R2/Re) »P_e3/E_23 + DnII(n) = (R3/Re)+*P_e2/E_32;
) * (R2/Re) »E_e3/E_23 - BnII(n)=*(R3/Re)+*E_e2/E_32;

¥ Angular coordinate of the static torque function

Width',1.25); % Command used to plot the graph of the static torque

The electromagnetic torque is calculated in a similar manner as the static torque with the
difference that the slots currents are not constant. They follow sinusoidal variation as the rotor
position changes. More specifically, the currents have 120° difference with each other the
sinewave repeat two times in a whole mechanical period for a two pole pair machine.

1 % Electromagnetic Torque Calculation (Brem=1.0 T Jrms=1A/mm"2

2

3 tic % measures the computational time of the algorithm for the code that is interpolated by tic toc
4

5 %clear all; % Cleans Workspace in each run

6 clc; % Cleans Command Window in each run

7 p=4; % Number of poles

8 0=12; % Number of slots

9 Brem=1.0%1; % Residual flux density in each PM

10 mur=1.0; % Relative permeability of the PM

11 muO=4+pixle-07; % Vacuum permeability

12  thetail=-1+pi/P; % Initial rotor PM angle

13 thetaj0=0+pi/Q; % Initital stator slot angle

14  N=50; % Number of total harmonics in the air-gap region
15

16 R1=42x1e-03; Radius of the rotor back iron cylinder

17 R2=50%1e-03; Radius of the permanent-magnets

18 R3=51x1e-03; Radius of the r core

19 R4=53x1e-03; $ Radius of the = —opening

20 R5=65%1e-03; Radius of the slot

21

22  ap=0.8; $ Ratio of pole-arc to pole-arc

23 alpha=ap*2+pi/P; rmanent-magnet angle (rad)

24 Dbeta=alpha/ap; % Pole pitch angle (rad)

25 gamma=3+pi/180; % Slot-opening angle (rad)

26 delta=15xpi/180; % Slot angle (rad

27

28 Sslot=(delta/2)«* (R5%"2-R4"2); % Area of a slot

29 %$Imax=5.560620000000000e+02; % Amplitude of the sinusoidal current

30 SJrms=Imax/Sslot; % Value of the current density in each slot
31 %Jrms=0x1e06; % By using zero current density the reluctance torque can be calculated

for the case the surface-inset magnet machine for an operating point
32 J=zeros(Q,1)
33 phi0=45+pi/180;

angle delta or the operating point

Initiation of the cu nt density vectof

Initial ang of the armature reaction field which is used to define the

34 T=200; % Number of points that the torque is calculated

35

36 Tem=zeros(N,1); % Initiation of the torque vector v ch contains the spatial harmonics of
the a specific rotor position

37 T_em=zeros(size(T)); % Initiation of the torque vector which contains the values of the on-load

electromagnetic torque for each rotor position

calculated (rad)
calculated (deg)

38 Tp_em=2xpi/P; $ Spatial signal length which the torque is
39 Tp_em_deg=360/P; S

40 phi=linspace (0, Tp_em,T);

Spatial signal length which the torque is
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41

42

43 Re=(R2+R3)/2; % Mid-radius of the air-gap (m)
44 Lst=100x1e-03; %
45 phi=linspace (0, Tp_em_deg,T);
46

47 for t=1:T

xial le h of the machine (m)

rdinate of the torque

48

49 thetaiO=thetaiO+Tp_em/T;

50 % Sinu dal v ation of the slot current otor positior

51 for j=3:3:Q

52

53 J(J,1)=Jrms* (-1) * (j+1) »sin((P/2) »thetai0+90%pi/180-120%pi/180+phi0);

54 J(3-1,1)=-Jrms« (-1) ~ (j+1) *sin ((P/2) *thetai0+90+pi/180+120+pi/180+phi0) ;

55 J(3-2,1)=Jrms* (-1) * (j+1) xsin ((P/2) xthetai0+90xpi/180+phi0) ;

56

57 end

58

59 [AOIi,AlIi,AnII,BnII,CnII,DnII,AO0IIIj,AKIII]j,BkIIIj,A0IV],AmIVI] = ...
SurfacelInsetRadial (P,Q,Brem,mur,mul,J, thetail, thetaj0,R1,R2,R3,R4,R5,ap,alpha,beta,gamma,delta,N);

60

61 for n = 1:N

62

63 P_e3 = (Re/R3)"n (R3/Re) *n;

64 P_e2 = (Re/R2)”"n + (R2/Re)"n;

65 E_e3 = (Re/R3)”"n - (R3/Re)’n;

66 E_e2 = (Re/R2)"n - (R2/Re)’n;

67

68 E_23 = (R2/R3)”n - (R3/R2)"n;

69 E_32 = (R3/R2)”n - (R2/R3)"n;

70

71 Wn=-AnII (n)* (R2/Re)*P_e3/E_23 - BnII(n)x*(R3/Re)*P_e2/E_32;

72 Xn=-CnII (n)=* (R2/Re)+*E_e3/E_23 - DnlII(n)=x(R3/Re)*E_e2/E_32;

73 Yn= CnII(n)«*(R2/Re)*P_e3/E_23 + DnII(n)=*(R3/Re)*P_e2/E_32;

74 Zn=-AnII (n)« (R2/Re) *E_e3/E_23 - BnII(n)~*(R3/Re)x*E_e2/E_32;

75

76 Tem(n,1)=(pi*Re”2xLst/ (mul)) » (Wn*Xn+¥Yn+2Zn) ;

77

78 end

79

80 T_em(t,1)=sum(Tem);

81

82 end

83 >T_em0=T_em;

84 theta=linspace (0, Tp_em_deg,length(phi)); % Angular coordinate of the torque

85 plot(theta,T_em,'k', 'LineWidth',1.25); % Command used to plot the the electromagnetic torque

86 xlim ([0 Tp_em_deg]);

87 ylim([0 10])

88 grid on

89 mean(T_em) % Mean value of elec
90 toc

>tic torque

B.2 Function for the surface-mounted magnet topology magnet-
ized at the

B.2.1 Radial direction

The code of the function which calculates the unknown coefficients for the case of surface-
mounted magnet machine topology is presented below in full. For all the other cases only the
lines of code which are replaced with the new code are going to be presented as the code
remains the same in most of the lines. Only the lines which concern the excitation will change.
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function [AOIi,AlTi,AnII,BnII,CnII,DnII,A0IIIj,AkIIIj, BKIIIj,A0IV],AmIV]]

SurfaceMountedRadial (P, Q, Brem, mur,mu0, J, thetail, thetajo0,R1,R2,R3,R4,R5, ap, alpha,beta, gamma,delta, N)

L=N/2; % Total number of harmonics in the magnet regions
K=N/2; % 1 mber of harmonics in the slot-open
M=N/2; % Total number of harmonics in the slot

% Initiation of the unknown coefficients vectors of each region

Magnet subdomain - Region Ii
AO0Ii=zeros (P, 1);
AlIi=zeros (P*L,1);
% Air-gap subdomain Region II
AnII=zeros(N,1);
BnII=zeros(N,1);
CnII=zeros(N,1);
DnII=zeros (N, 1)
% Slot-opening subdomain - R
AO0IIIj=zeros (Q,1);

;

on IIIj

$BO0IIIj=zeros(Q,1); Since the coefficient BOIIIj could be calculated directly,
directly to the system, hence the number of unknown coefficient

ould be originally
AkIIIj=zeros (Q*K,1);
BkIIIj=zeros (Q*K,1);

% Slot subdomain Region IVj
AQIVij=zeros(Q,1);
AmIVij=zeros (Q*M, 1) ;

% Initiation of the vector which contains the solutions
X=zeros (4*N+P+P*L+Q+2xQ+«K+Q+Q*M, 1) ;

A6l=zeros (N,PxL);
A63=zeros (N,PxL);

Al5=zeros (P, ;

N
A25=zeros (P,N);

N
N

A35=zeros ;

(P, N)
(P, N)
(P, N)
(P,N);

Ad5=zeros 7

Al6=zeros (P+L,N
PxL,N
PxL,N
P+L,N

;
A26=zeros ;

;

( )
( )
A36=zeros ( )
( )

Ad6=zeros ;

for i=1:P
thetai=2+ (i-1) »xpi/P+thetail;
for n=1:N

R_ni=(2/n) xsin(nxbeta/2) xcos (nxthetai);

S_ni=(2/n)+sin(nxbeta/2) *sin(nxthetai);

A15(i,n)=R_nix (R2/ (n*beta)

A25(i,n)=R_nix (R3/(n*beta))*2/ ((R3/R2) " (n)-(R2/R3)"
A35(i,n)=S_nix (R2/ (n*xbeta))* ((R2/R3) " (n)+(R3/R2) " (n
A45(i,n)=S_nix (R3/ (n*beta))*2/((R3/R2) " (n)-(R2/R3)"(n));
for 1=1:L

ii=(i-1)*xL+1;

if (l+«pi-n+beta-=0)

Region Ii

- Re IIIj

s — Region IVj

it was substituted

became 11 instead of 12 that it

* ((R2/R3) "~ (n) + (R3/R2) * (n)) / ((R2/R3) * (n) = (R3/R2) ~ (n)) ;

(R2/R3) ~ (n) = (R3/R2) "~ (n)) ;

F_lni=sin(n+beta/2-1+pi/2) «xcos (n*thetai-1*pi/2)/ (n-1l+pi/beta)+...

sin(n«beta/2+1xpi/2) xcos (nxthetai+l+pi/2)/ (n+l+pi/beta);

G_lni=sin(nxbeta/2+1%pi/2) *sin(nxthetai+l+pi/2)/ (n+lxpi/beta)+...

sin(n+beta/2-1%pi/2)+*sin(n*thetai-1xpi/2)/ (n-1lxpi/beta);

else

F_lni=(beta/2)*cos (nxthetai—-n*beta/2)+sin (n*beta)*cos (nxthetai+nxbeta/2)/ (2%n);
G_lni=(beta/2)*sin(n*thetai-nxbeta/2)+sin (n*beta)*sin (nxthetai+nxbeta/2)/(2%n);
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73 E21_lpibeta=(R2/R1) " (1l+«pi/beta)-(R1/R2) " (lxpi/beta);

74 P21_lpibeta=(R2/R1) " (1l*xpi/beta)+(R1/R2) " (lxpi/beta);

75

76 A61(n,ii)=F_lnix (1/ (mur+beta*R2))+*E21_lpibeta/P21_lpibeta;

77 A63(n, )=G,ln1*(l/(mur*beta*R2))*E2171plbeta/P2171pibeta;

78

79 Al6(ii,n)=F_lnix (2+R2/ (nxbeta))* ((R2/R3)"(n)+(R3/R2)" (n))/ ((R2/R3)"(n)~-(R3/R2)"(n));
80 A26(ii,n)=F_lni* (2%R3/ (n*xbeta))*2/ ((R3/R2) " (n) - (R2/R3)"(n));

81 A36(1i,n)=G_1lni* (2*R2/ (nxbeta))* ((R2/R3) " (n) +(R3/R2) " (n))/ ((R2/R3) " (n)-(R3/R2) " (n));
82 A46(1ii,n)=G_lni* (2%R3/ (n*xbeta))*2/ ((R3/R2) " (n)-(R2/R3)"(n));

83

84 end

85

86 end

87

88 end

89

90 A82=zeros (N,QxK);

91 A92=zeros (N, Q*K);

92 A84=zeros (N, Q#*K);

93 A94=zeros (N,Q*K);

94

95 Al7=zeros(Q,N);

96 A27=zeros(Q,N);

97 A37=zeros (Q,N);

98 A47=zeros(Q,N);

99

100 Al8=zeros (Q*K,N);

101 A28=zeros (Q*K,N) ;

102 A38=zeros (Q*K,N) ;

103 A48=zeros (Q*K,N);

104

105 for j=1:Q

106

107 thetaj=(2x(j-1) xpi) /Q+thetaj0;

108

109 for n=1:N

110

111 R_nj=(2/n)*sin(n*gamma/2) xcos (nxthetaj);

112 S_nj=(2/n) *sin(nxgamma/2) xsin (nxthetaj) ;

113

114 A17(j,n):R_nj*(R2/(n*gamma))*2/((R2/R3)A( n)-(R3/R2) " (n));

115 A27(j,n)=R_nj* (R3/ (nxgamma) ) » ( (R3/R2) ~ (n R2/R3 ~(n))/ ((R3/R2) " (n)-(R2/R3)"(n));

116 A37(j,n)=S_nj* (R2/ (nxgamma) ) *2/ ( (R2/R3) "~ - (R3/R2) " (n));

117 A47(j,n)zsfnj*(R3/(n*gamma))*((R3/R2)A(n) (R2/R3 ~(n))/ ((R3/R2) * (n) = (R2/R3) " (n));

118

119 for k=1:K

120

121 =(J-1) *K+k;

122

123 if (k*pi-nxgamma==0)

124

125 F_knj=(gamma/2) xcos (nxthetaj-n+*gamma/2) +sin (nxgamma) »cos (nxthetaj+n*gamma/2) / (2xn);
126 G_knj=(gamma/2) xsin (n+xthetaj-nsgamma/2) +sin (nxgamma) »sin (n«thetaj+nsgamma/2)/ (2+n) ;
127

128 else

129

130 F_knj=(n/(n"2-(kxpi/gamma) *2)) * ((-1) “kxsin (nxthetaj+n+gamma/2)-sin (nxthetaj-nxgamma/2)) ;
131 G_knj=-(n/(n"2-(kxpi/gamma) *2))  ((=1) “kxcos (nxthetaj+nrgamma/2) -cos (nxthetaj-n+gamma/2)) ;
132

133 end

134

135 P34_kpigamma=(R3/R4) " (k+pi/gamma) + (R4/R3) * (kxpi/gamma) ;

136 E_34_kpigamma=(R3/R4) " (k*xpi/gamma) - (R4/R3) * (k+pi/gamma) ;

137

138 A82(n, jj)=F_knjx (k/ (gammaxR3) ) *P34_kpigamma/E_34_kpigamma;

139 A92(n, jj)=-F_knjx (k/ (gammaxR3)) »2/ ( (R3/R4) " (kxpi/gamma) - (R4/R3) * (kxpi/gamma) ) ;

140 A84 (n, jj)=G_knj* (k/ (gammaxR3) ) *P34_kpigamma/E_34_kpigamma;

141 A94 (n, 33)=-G_knj* (k/ (gamma*R3) ) *2/ ( (R3/R4) ~ (k*pi/gamma) - (R4/R3) " (k+pi/gamma)) ;

142

143 Al8(jj,n)=F_knj*2% (R2/ (nxgamma) ) *2/ ( (R2/R3) * (n) = (R3/R2) ~ (n)) ;

144 A28 (33, n) =F_knj*2 (R3/ (nxgamma) ) » ((R3/R2) ~ (n) + (R2/R3) " ( ))/((R3/R2)“(n)7(R2/R3)A<n));
145 A38(jj,n)=G_knj*2* (R2/ (nxgamma) )2/ ((R2/R3) ~ (n) - (R3/R2) ~ (n) ) ;

146 A48 (jj,n)=G_knj*2« (R3/ (nxgamma) ) * ( (R3/R2) * (n) + (R2/R3) * (n ))/((R3/R2)A(n)*(R2/R3)A(n));

147
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148
149
150
151
152
153
154
155
156
157
158
159
160
161
162
163
164
165
166
167
168
169
170
17
172
178
174
175
176
177
178
179
180
181
182
183
184
185
186
187
188
189
190
191
192
193
194
195
196
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198
199
200
201
202
203
204
205
206
207
208
209
210
211
212
213
214
215
216
217
218
219
220
221
222

All9=zeros (Q,QxM);
All10=zeros (Q*K, Q*M) ;

for j=1:0

for m=1:

M

P45_mpidelta=(R4/R5) " (m#xpi/delta)+ (R5/R4) " (mxpi/delta);
E45_mpidelta=(R4/R5) " (m*pi/delta) - (R5/R4) " (mxpi/delta);

A119(j,m)=sin(0.5*m*pirgamma/delta) *cos (0.5+m*pi) * (2«R4/gamma) *. . .
(delta/ (mxpi))~2+P45_mpidelta/E45_mpidelta;

for

k=1:K

33=(3-1) »K+k;

if (mxgamma-kxdelta==

H_mk=(gamma/2) xcos (0.5+k+pix (gamma-delta) /gamma) ;

else

H_mk=( (m*pi/delta)/ ((mxpi/delta)- (k*pi/gamma)* (mxpi/delta)+ (k*pi/gamma))) ...
((=1) "k*sin (0.5*m*pix (gamma+delta) /delta)+sin(0.5+*m*pi* (gamma-delta)/delta));

end

A1110(jj, m)=H_mkx (2xdelta*R4/ (m*pirgamma))«P45_mpidelta/E45_mpidelta;

A8ll=zeros (Q*M, Q*K) ;
A91l=zeros (Q*M, Q*K) ;

for j=1:0

for k=1:

for

K

m=1:M

3= (3-1) #Mtm;

if (mxgamma-kxdelta==

H_mk=(gamma/2) *cos (0.5xk*pix (gamma-delta) /gamma) ;

else

H_mk=((m*pi/delta)/ ((m+pi/delta)- (kxpi/gamma)* (m*pi/delta)+ (k*pi/gamma))) ...
((=1)"k+sin (0.5xmxpix (gamma+delta) /delta)+sin(0.5+m*pi* (gamma-delta)/delta));

end

P43_kpigamma= (R4/R3) " (k*xpi/gamma)+ (R3/R4) " (kxpi/gamma) ;
E43_kpigamma= (R3/R4) " (kxpi/gamma) - (R4/R3) " (k*pi/gamma) ;

A811 (jj,k)=H_mkx (2+k*pi/ (deltargamma*R4))«2/ ((R3/R4) " (kxpi/gamma)- (R4/R3) " (k*pi/gamma)) ;
A911 (jj, k)=-H_mk~ (2xk+pi/ (deltaxgammaxR4) ) *P43_kpigamma/E43_kpigamma;
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223 end
224
225 3 AnII ’ BnII ' CnII ’ DnII ’ AOIi ’ AlTi ' IIIj ’
, BKIIIj , AQIVS , AmIVj
226 A=[-eye (N) ,zeros (N) , zeros (N) ,zeros (N) ,zeros (N,P) , A6l ,zeros (N, Q)
,zeros (N, Q*K) , zeros(N,Q*K) ,zeros(N,Q) ,zeros(N,Q*M)
227 zeros (N) , —eye (N) , zeros (N) , zeros (N) ,zeros (N,P) ,zeros(N,PxL) ,zeros(N,Q) , A82
, A92 ,zeros (N, Q) ,zeros (N, QxM)
228 zeros (N) ,zeros (N) , —eye(N) ,zeros (N) ,zeros (N,P) , A63 ,zeros (N, Q)
, zeros (N, QxK) ,zeros (N, Q*K) ,zeros (N,Q) ,zeros(N,Q%M)
229 zeros (N) ,zeros (N) , zeros (N) ,—eye (N) ,zeros (N,P) ,zeros(N,PxL) ,zeros(N,Q) , AB4
, A94 ,zeros (N, Q) ,zeros (N, QxM)
230 AlS5 ’ A25 , A35 , A45 ,—eye (P) ,zeros (P,PxL) ,zeros (P, Q)
,zeros (P, Q*K) ,zeros (P, QxK) ,zeros (P, Q) ,zeros (P, Q*M)
231 Al6 , A26 , A36 , Ade ,zeros (P+L,P), —eye (P*L)
,zeros (PxL,Q),zeros (PxL, QxK) , zeros (P*L, Q%K) , zeros (P+L, Q) , zeros (PxL, QxM)
232 Al7 ’ A27 , A37 ,  A47 ,zeros (Q,P) ,zeros (Q,PxL) ,—eye (Q)
,zeros (Q, Q*K) , zeros (Q, Q*K) ,zeros (Q) s zeros (Q, Q*M)
233 Al8 , A28 , A38 , A48 ,zeros (Q*K,P) , zeros (Q*K, P*L), zeros (Q*K, Q) , —eye (Q*K)
,zeros (QxK) ,zeros (Q*K, Q) , zeros (QxK, QxM)
234 zeros (Q,N) ,zeros(Q,N) ,zeros(Q,N) ,zeros(Q,N) ,zeros(Q,P) ,zeros(Q,P*L) ,eye(Q)
,zeros (Q,0xK) ,zeros(Q,Q*K) ,-eye(Q) ’ All9
235 zeros (Q*xK,N), zeros (Q*K,N) , zeros (Q+K, N) , zeros (Q*xK,N) , zeros (Q*xK, P) , zeros (Q*K, PxL) , zeros (Q*K, Q) , zeros (Q*K)
, —eye (Q*K) ,zeros (Q*K, Q) , Al110
236 zeros (Q*M,N), zeros (Q*M, N) , zeros (QxM,N) , zeros (Q*M,N) , zeros (Q*M, P) , zeros (Q*M, P*L) , zeros (QxM, Q) , A811
, A911 szeros (0*M, Q) , —eye (Q*M) ] ;
237
238 Bl=zeros(N,1);
239 B2=zeros(N,1);
240 B3=zeros(N,1);
241 Bd=zeros (N, 1);
242 B5=zeros(P,1);
243 Bo6=zeros (P*L,1);

244 CC=0.0;

245 DD=0.0;

246 B7=zeros(Q,1);

247 B8=zeros (Q*K,1);

248 B9=zeros(Q,1);

249 Bl0O=zeros (Q*K,1);

250 Bll=zeros(Q+M,1);

251

252 for n=1:N

253

254 for i=1:P

255

256 thetai=(i-1) «2+pi/P+thetail;

257

258 for 1=1:L

259

260 if (l+*pi-n+beta~=0)

261

262 F_lni=sin(n*beta/2-1+pi/2) *cos (nxthetai-1xpi/2)/(n-1l+pi/beta)+...
263 sin(n«beta/2+1xpi/2) xcos (nxthetai+l+pi/2)/ (n+l+pi/beta);

264 G_lni=sin(nxbeta/2+1%pi/2) *sin(nxthetai+l+pi/2)/ (n+lxpi/beta)+...
265 sin(n+beta/2-1%pi/2) *sin(n*thetai-1xpi/2)/ (n-1lxpi/beta);

266

267 else

268

269 F_lni=(beta/2)*cos (nxthetai—-n*beta/2)+sin (n*beta)*cos (nxthetai+nxbeta/2)/ (2%n);
270 G_lni=(beta/2)*sin (n*thetai-n*beta/2)+sin (n*beta)*sin (nxthetai+nxbeta/2)/(2%n);
271

272 end

273

274 FlIi=4x (-1)"i*Brem*sin(l+pi/2)+sin(lxpixalpha/(2xbeta))/ (betax ((lxpi/beta)"2-1));
275

276 AA=(F1Ii/ (pi*mur))*(1-(R1/R2)" (l+pi/beta+l))+F_1lni;

277 BB=(F1Ii/ (pi*mur))*(1-(R1/R2)" (lxpi/beta+l))*G_1lni;

278

279 CC=CC+AA;

280 DD=DD+BB;

281

282 end

283

284 Bl(n,1)=CC+Bl(n,1);

285 B3(n,1)=DD+B3(n,1);
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CC=0.0;
DD=0.0;
end
end
for n=1:N
for j=1:0Q
thetaj=(2* (j-1) »pi) /Q+thetajo;
R_nj=(2/n) *sin(n*gamma/2) *cos (nxthetaj) ;
S_nj=(2/n)*sin(n+*gamma/2) *sin(nxthetaj);
BOIIIj=(delta/gamma)* (1/2)+mu0*J(j,1)* (R5°2-R4"2);
B2(n,1)=B2(n,1)-(BOIIIj*R_nj/ (pi*R3));
B4 (n,1)=B4(n,1) - (BOIIIj+S_nj/ (pi«R3));
end
end
for i=1:P
for 1=1:L
ii=(i-1)*L+1;
F1lIi=4x (-1)"i*Brem*sin (l+pi/2)+sin(l+pixalpha/ (2+beta))/ (betax ((l*pi/beta)"2-1));
B6(ii, 1)=-F1Ii* (R2+(Rlxbeta/ (l+pi))+ (R1/R2)" (l*pi/beta));
end
end
for j=1:Q
BOIIIj=(delta/gamma)* (1/2)+mul0*J (3, 1)+ (R5"2-R4"2);
B7(j,1)=1log(R3)*BOIII];
B9(j,1)=-(1/2)*mu0*J(j, 1)« (R5"2+1log (R4)-R4"2/2)+BOIIIj*1log (R4);
for m=1:M
33=(3-1) «M+m;
B11(33j,1)=-(4/ (m*xpixR4))+BOIIIj*sin (mxpirgamma/ (2+«delta)) cos (mxpi/2);
end
end
B = [Bl ; B2 ; B3 ; B4 ; B5 ; B6 ; B7 ; B8 ; B9 ; B10 ; B11l 1;
% Calculatic of solution by = ving the system using the created arrays ! B

X=A\B;

% Dividing the solution into e oefficient to be used on the main bgram for calculations
AnII=X(1:N,1);

BnII=X(N+1:2%N,1);

CnII=X(2#N+1:3%N,1);

(
(
DnII=X (3%N+1:4xN,1);
(
(

AQIi=X (4*N+1:4%N+P,1);

AlTi=X (4*N+P+1:4*N+P+P«L, 1);

AQOIIIj=X (4*N+P+PxL+1:4+«N+P+P+L+Q, 1) ;

AKIIIj=X (4*N+P+P*L+Q+1:4xN+P+P+L+Q+QxK, 1) ;

BKIIIJ=X (4*N+P+P+L+Q+Q*K+1:4*N+P+P+L+Q+2xQ*K, 1)

AO0IVI=X (4*N+P+PxL+Q+2xQ*K+1:4*N+P+P*L+Q+2xQxK+Q, 1) ;

AMIV =X (4*N+P+P+L+Q+2%Q*K+Q+1: 4 xN+P+P+L+Q+2+Q+K+Q+Q+M, 1) ;

end
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The only lines need to be changed for calculating the other magnetization patterns even for
the other machine topology are the lines 252-291 and 312-323. These loops are substituted
by other loops which correspond to other magnetization pattern and machine topology. In the
next subsection every code for each case is given.

B.2.2 Parallel direction

for n=1:N

for i=1:P

thetai=(i-1) «2+pi/P+thetail;

for 1=1:L

® N O RN =

©

El1li=(1/(l+l*pi/beta)) +«sin(alpha/2+lxpixalpha/ (2*beta))*sin(l*pi/2)-...

10 (1/(1-1+pi/beta)) *xsin(alpha/2-1*pixalpha/ (2+beta))*sin(lxpi/2);

11 F1lIi=(4%(-1)"ixBrem+cos (alpha/2)+sin(lxpi*alpha/ (2+beta))+sin(l*pi/2)/ (betax ((l+pi/beta)”~2-1)));
12

13 if (l+*pi-n+beta==

14

15 F_lni=(beta/2) xcos (nxthetai-n*beta/2)+sin(nxbeta) xcos (nxthetai+n+beta)/ (2%n);

16 G_lni=(beta/2) *sin (nxthetai-n*beta/2)+sin(nxbeta) *sin (nxthetai+n+beta)/ (2%n);

17

18 else

19

20 F_lni=+(n/(n"2-(l+pi/beta)"2))*((-1) lxsin(n+thetai+nxbeta/2)-sin(nxthetai-n+beta/2))
21 G_lni=-(n/(n"2-(l+pi/beta)"2))*((-1)"lxcos (nxthetai+nxbeta/2)-cos (nxthetai-n+beta/2))
22

23 end

24

25

26 AA=(1/(pi*mur))* (F1Ii—-(F1Ii+(2/beta) (-1) " i*Brem+E11li)* (R1/R2)" (l+pi/beta+l))*F_1lni;

27 BB=(1/ (pi*mur) )+ (F1Ii-(F1Ii+ (2/beta) (-1)"i*Brem+E11li) (R1/R2)" (lxpi/beta+l))*G_1lni;

28

29 CC=CC+AA;

30 DD=DD+BB;

31

32 end

33

34 if (n-1==0)

35

36 Inli=-(alpha/2)*sin(thetai)+(sin(alpha) *sin(thetai))/2;

37 Jnli=(alpha/2)xcos (thetai)-(sin(alpha) *cos (thetai))/2;

38

39

40 else

41

42 Inli=(1/(n+1))
43 (1/(n-1))+sin(n*alpha/2-alpha/2) *sin (nxthetai) ;
44 Jnli=(1/(n-1))+*sin(n*alpha/2-alpha/2)*cos (nxthetai)-...
45 (1/(n+1l)) *sin(n*alpha/2+alpha/2) xcos (nxthetai);
46

47 end

48

49 Bl(n,1)=CC+Bl(n,1)+((-1)"i*Brem*Inli/ (pi*mur));

50 B3(n,1)=DD+B3(n, 1)+ ((-1) "i*BremxJnli/ (pi+mur)) ;

51 CC=0.0;

52 DD=0.0;

53

54 end

55

56 end

57

58 for i=1:P

59

60 for 1=1:L

61

*sin(nxalpha/2+alpha/2) #sin (n«thetai)-...
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62
63
64
65
66
67
68
69
70
!

ii=(i-1) *L+1;

E11li=(1/(1+1l+pi/beta))*sin(alpha/2+l+pi*alpha/ (2+beta))*sin(l+pi/2)—-...

(1/(1-1xpi/beta)) *sin(alpha/2-1lxpi*alpha/ (2+beta))*sin (l+pi/2);

F1lIi=(4*(-1)"i*Brem*cos (alpha/2)+sin(lxpixalpha/ (2+beta))*sin(lxpi/2)/(betax ((l+pi/beta)”2-1)));
B6(ii, 1)=-F1Ii*R2-R1x* ((beta/ (l+pi))*F1lIi+ (2% (-1)"i*Brem*E11i/ (1l*pi)))*(R1/R2)" (lxpi/beta);

B.2.3 Halbach direction

® N OA N =

©

11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57

for n=1:N

for i=1:P

thetai=(i-1)«2+pi/P+thetail;
for 1=1:L
if (betaxap-alphaxl==

E_lli=(alpha/ (2+ap*pi))+sin(ap*pi) *sin(ap*pi*beta/(2xalpha))-...
(alpha/2) *sin (apxpixbeta/ (2*alpha));

else

E_lli=sin(lxpi/2)* (sin(ap*pi/2+lxpixalpha/(2+xbeta))/ (ap*xpi/alpha+l*pi/beta)-...
sin(ap*pi/2-lxpixalpha/(2+beta))/ (ap*pi/alpha-l+pi/beta));

F1Ii= (2% (-1) "ixBrem+E_11i/ (betax ((lxpi/beta)”2-1)));
GlIi= (4% (-1) " ixBrem*cos (ap*pi/2)+sin(lxpi/2)+sin(lxpiralpha/(2+beta))/ (betax ((lxpi/beta)”2-1)));

if (lxpi-nxbeta==
F_lni=(beta/2)*cos (nxthetai—-n*beta/2)+sin (n*beta)rcos (nxthetai+nxbeta/2)/ (2%n);
G_lni=(beta/2) *sin (nxthetai-n*beta/2)+sin (nxbeta)*sin (nxthetai+nxbeta/2)/ (2*n);

else

F_lni=(n/(n"2-(lxpi/beta)”2))*((-1)"lxsin(nxthetai+n«beta/2)-sin(n*xthetai-nxbeta/2));
G_lni=-(n/(n"2-(l+pi/beta)"2))*((-1) lxcos (nxthetai+nsbeta/2)-cos (nxthetai-nxbeta/2));

end

AA=(F1Ii/ (pi*mur) ) (l-ap*pi/alpha-((l+pi/beta) 2-ap*pi/alpha)* (R1/R2)" (lxpi/beta+l))«F_lni+...

(G1Ii/ (pi*mur))*(1-(R1/R2)" (1lxpi/beta+l))*F_1lni;

BB=(F1Ii/(pi*mur))* (l-ap*pi/alpha-((lxpi/beta)” 2-ap*pi/alpha)*(R1/R2)" (l+pi/beta+l))*G_lni+...
(

)
(G1Ii/ (pi*mur))*(1-(R1/R2)" (lxpi/beta+l))*G_1lni;

CC=CC+AA;
DD=DD+BB;

end
if (nxalpha-pi*ap==0)

I_napi=-(alpha/2)*sin(nxthetai)+sin(n+thetai) *sin(n*alpha)/(2*n);
J_napi=(alpha/2) xcos (nxthetai)-cos (nxthetai) *sin (n*alpha)/ (2%n);

else

I_napi=sin(nxthetai) » (sin(n*alpha/2+ap*pi/2)/ (n+ap*pi/alpha)-...
sin(n+xalpha/2-ap*pi/2)/ (n-ap*pi/alpha));
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59
60
61
62
63
64
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72
73
74
75
76
77
78
79
80
81
82
83
84
85
86
87
88
89
90
91
92
93
94
95
96
97
98
99
100

for i=1:

for

J_napi=cos (nxthetai) % (sin (nxalpha/2-ap*pi/2)/ (n-ap*pi/alpha)-...
sin(n+alpha/2+ap*pi/2)/ (n+ap*pi/alpha));

end
Bl(n,1)=CC+Bl(n,1)+((-1)"i«Brem/ (pi*mur))*I_napi;
B3(n,1)=DD+B3(n,1)+((-1)"“ixBrem/ (pi*mur)) «J_napi;

CC=0.0;
DD=0.0;

1=1:L

ii=(i-1)*L+1;

if (betaxap-alphaxl==

E_lli=(alpha/ (2+ap*pi)) +sin(ap*pi) *sin (ap*pixbeta/(2+alpha))-...
(alpha/2) xsin (apxpixbeta/ (2+xalpha));

else

E_lli=sin(l*pi/2)* (sin(ap*pi/2+1l+pixalpha/ (2+beta))/ (aprpi/alpha+l+pi/beta)-...
sin(ap*pi/2-lxpixalpha/ (2+beta))/ (ap*pi/alpha-l+pi/beta));

F1Ii= (2 (-1)"i*Brem*E_11i/ (betax ((l+pi/beta)”"2-1)));

GlIi= (4% (-1)"ixBrem*cos (ap*pi/2)+sin(lxpi/2)+sin(l+«piralpha/ (2«beta))/ (betax ((l+pi/beta)”~2-1)));

B6(ii,1)=-F1Ii* ((l-ap*pi/alpha)*R2+ (beta+R1/ (l+pi))*((l+pi/beta)” 2-ap*pi/alpha)*(R1/R2)" (l+pi/beta))-.|.

GlIix (R2+ (betaxR1/ (1lxpi)) (R1/R2)" (1lxpi/beta));

B.3 Function for the surface-inset magnet topology magnetized
at the

B.3.1

Radial direction

® N O AN =

©

1
12
13
14
15
16

for n=1:N

for

i=1:pP

thetai=(i-1) «2+pi/P+thetail;

for 1=1:L

F1Ii=(2%(-1)"ixBrem ((-1)~1-1)/(alphax ((lxpi/alpha)~2-1)));

if (l+xpi-n*alpha==0)

F_lni=(alpha/2) «cos (nxthetai-nxalpha/2)+sin(n*alpha) *cos (nxthetai+n*alpha)/ (2xn);
G_lni=(alpha/2)*sin (n«thetai-n*alpha/2)+sin(n*alpha)*sin (nxthetai+n*alpha)/ (2xn);
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17 else

18

19 F_lni=+(n/(n"2-(lxpi/alpha)”~2))* ((-1)"lxsin(n+xthetai+nxalpha/2)-sin(nxthetai-n+alpha/2));
20 G_lni=-(n/(n"2-(l«pi/alpha)”~2))*((-1)"lxcos (nxthetai+nralpha/2)-cos (n*thetai-nxalpha/2));
21

22 end

23

24

25 AA=— (F1Ii/ (pimur))* (1-(R1/R2)" (l+pi/alpha+l))*F_1lni;
26 BB=-(F1Ii/ (pi*mur))+(1-(R1/R2)" (lxpi/alpha+l))*G_1lni;
27

28 CC=CC+AA;

29 DD=DD+BB;

30

31 end

32

33 Bl(n,1)=CC+Bl(n,1);

34 B3(n,1)=DD+B3(n,1);

35 CcC=0.0;

36 DD=0.0;

37

38 end

39

40 end

M

43

44 for 1=1:L

45

46 ii=(i-1) *L+1;

47 F1Ii=(2%(-1)"i*Brem* ((-1)~1-1)/(alphax ((lxpi/alpha)"2-1)));
48 B6(ii,1)=F1Ti« (R2+ (alphaxR1/ (1xpi))« (R1/R2)" (1«pi/alpha));
49

50 end

51

52 end

B.3.2 Parallel direction

1 for n=1:N

2

3 for i=1:P

4

5 thetai=(i-1) *2*pi/P+thetail;

6

7 for 1=1:L

8

9

10 F1lIi=(2*(-1)"i*Brem*cos (alpha/2)« (1-(-1)"1)/(alpha* ((l*pi/alpha)”~2-1)));

11

12 if (lxpi-n+alpha==0)

13

14 F_lni=(alpha/2) »cos (nxthetai-n+alpha/2)+sin(nxalpha) «cos (nxthetai+nxalpha)/ (2xn);
15 G_lni=(alpha/2)»sin(nxthetai-n+alpha/2)+sin(n*alpha) *sin (n+thetai+n*alpha)/(2xn);
16

17 else

18

19 F_lni=+(n/(n"2-(lxpi/alpha)~2))* ((-1)"lxsin(n+xthetai+nxalpha/2)-sin(nxthetai-n+alpha/2));
20 G_lni=-(n/(n"2-(lxpi/alpha)~2))* ((-1)“lxcos (n+xthetai+nxalpha/2)-cos (nxthetai-n+alpha/2));
21

22 end

23

24

25 AA=(F1Ii/ (pi*mur))+F_lni;

26 BB=(F1Ii/ (pi*mur))*G_1lni;

27

28 CC=CC+AA;

29 DD=DD+BB;

30
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32
33
34
35
36
37
38
39
40
4
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65

if (n-1==0)
Inli=-(alpha/2)*sin(thetai)+(sin(alpha) *sin(thetai))/2;
Jnli=(alpha/2)«cos (thetai)-(sin(alpha)*cos (thetai))/2;
else
Inli=(1/(n+1l))*sin(nxalpha/2+alpha/2)*sin(n*xthetai)-(1/(n-1))*sin(nxalpha/2-alpha/2)*sin(nxthetai)
Jnli=(1/(n-1))+*sin(n*alpha/2-alpha/2) «cos (nxthetai)-(1/(n+1))*sin(nxalpha/2+alpha/2) xcos (nxthetai)
end

Bl(n,1)=CC+Bl(n,1)+((-1)"i*BremxInli/ (pi+mur));
B3 (n,1)=DD+B3(n, 1)+ ((-1) *i*BremxJnli/ (pi*mur));

CC=0.0;
DD=0.0;
end
end
for i=1:P
for 1=1:L
=(i-1) *xL+1;
F1Ii=(2x(-1)~ixBremxcos (alpha/2)*(1-(-1)"1)/(alphax*((lxpi/alpha)”2-1)));
B6(ii, 1)=—F1Ii«R2;
end
end

B.3.3 Halbach direction

® N O AN =

©

11
12
13
14
15
16
17
18
19
20
2
22
23
24
25
26
27
28
29
30
31
32
33

for n=1:N

for i=1

:P

thetai=(i-1) «2+pi/P+thetail;

for

1=1:L
if (l-ap==0)

E_lli=(alpha/ (2+ap*pi)) +sin(ap*pi) *sin(ap*pi/2)-(alpha/2) *sin(ap*pi/2);
else

E_1li=((ap*pi/alpha)/ ((ap*pi/alpha)"2-(lxpi/alpha)"2))*cos (ap*pi/2)*(1-(-1)"1);

F1Ii=(2%(-1)"i#BremxE_11i/ (alphax ((lxpi/alpha)"2-1)));
GlIi= (2% (-1)"ixBremxcos (ap*pi/2) (1-(-1)"1)/ (alphax ((lxpi/alpha)”2-1)));

if (l+«pi-n*alpha==
F_lni=(alpha/2) *cos (nxthetai-n*alpha/2)+sin(nxalpha)*cos (nxthetai+n*alpha/2)/ (2xn);
G_lni=(alpha/2)*sin(nxthetai-n+alpha/2)+sin(n*alpha) *sin (nxthetai+n*alpha/2)/(2%n);

else

F_lni=(n/(n"2-(l+«pi/alpha)”~2))*((-1)"lxsin(nxthetai+nxalpha/2)-sin(n+thetai-nxalpha/2));
G_lni=-(n/(n"2-(l«pi/alpha)”~2))* ((-1)"lxcos (n+*thetai+nxalpha/2)-cos (nxthetai-nxalpha/2));




B.3. Function for the surface-inset magnet topology magnetized at the 206

34

35 end

36

37 AA=(F1Ti/ (pi*mur)

) * (l-ap*pi/alpha- ((lxpi/alpha) “2-ap*pi/alpha) * (R1/R2) * (lxpi/alpha+l))*F_lni+...
38 (G1Ii/ (pi*mur))* (1-
)
1-

R1/R2) " (1lxpi/alpha+l))*F_1lni;
l-ap*pi/alpha-((lxpi/alpha)“2-ap*pi/alpha)« (R1/R2) " (lxpi/alpha+l))*G_lni+...
R1/R2) " (lxpi/alpha+l))*G_1lni;

39 BB=(F1Ii/ (pi*mur))*
40 (G1Ii/ (pi*mur)) *(
41

42 CC=CC+AA;

43 DD=DD+BB;

44

45 end

46

47 if (nxalpha-pixap==0)
48

49 I_napi=-(alpha/2)*sin(nxthetai)+sin(n+thetai)*sin(nxalpha)/(2*n);

(
(
(
(

50 J_napi=(alpha/2) xcos (nxthetai)-cos (nxthetai)*sin(n*alpha)/ (2n);
51

52 else

53

54 I_napi=sin(n*thetai) s (sin(nxalpha/2+ap*pi/2)/ (n+ap*pi/alpha)-

55 sin(n+alpha/2-ap*pi/2)/ (n-ap*pi/alpha));

56 J_napi=cos (n*xthetai) * (sin(n*alpha/2-ap*pi/2)/ (n-ap*pi/alpha) -

57 sin(n+alpha/2+ap*pi/2)/ (n+ap*pi/alpha));

58

59 end

60

61 Bl(n,1)=CC+Bl(n,1)+((-1)"i«Brem/ (pi*mur)) *«Kn;

62 B3 (n,1)=DD+B3(n, 1)+ ((-1) *i«Brem/ (pi*mur)) +«Ln;

63 CC=0.0;

64 DD=0.0;

65

66 end

67

68 end

69

70 for i=1:P

71

72 for 1=1:L

73

74 ii=(i-1)*L+1;

75

76 if (l-ap==0)

77

78 E_lli=(alpha/ (2*xap*pi)) +*sin(ap*pi) *sin(ap*pi/2)-(alpha/2) *sin(ap*pi/2);
79

80 else

81

82 E_lli=((ap*pi/alpha)/ ((ap*pi/alpha)~2-(lxpi/alpha)"2))*cos (ap*pi/2)*(1-(-1)"1);
83

84 end

85

86

87 F1Ii=(2%(-1)"i*Brem»E_11i/ (alphax ((lxpi/alpha)"2-1)));

88 GlIi= (2% (-1)"ixBremxcos (ap*pi/2) (1-(-1)"1)/ (alphax ((l*pi/alpha)”2-1)));
89

90

91 B6(ii,1)=-F1IixR2« (1l-ap*pi/alpha+ (alpha/ (1lxpi))* ((l+pi/alpha)"~2-ap*pi/alpha)* (R1/R2)" (lxpi/alpha+l))-
92 G1Ii*R2+ (1+ (alpha/ (1l*pi))* (R1/R2)" (l+pi/alpha+l));

93

94 end

95

96 end
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