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Abstract 

This thesis describes a lattice study of matrix elements relevant to the semi-

leptoriic decay of B mesons. The simulation was performed on two lattices, the 

first with a volume of 16 3 X 48 at 3 = 6.0 and the second with a volume of 24 3  x 48 

at 0 = 6.2. Both lattices employ an 0(a) non-perturbatively improved fermion 

action in the quenched approximation. 

The thesis describes fully the theoretical tools required to analyse such a process 

on the lattice, in particular Lattice QCD and Heavy Quark Effective Theory. 

The two form factors relevant to the decayB -+ D1Y are extracted using these 

theoretical tools and their dependence on the various kinematical quantities is 

studied. 

The Isgur Wise function is obtained from the heavy quark limit of these form 

factors and its slope is extracted. From a comparison of this Isgur Wise function 

and the experimental analysis of the decay, the Cahibbo- Kobayashi- Maskawa 

matrix element Vc b is obtained. 
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Chapter 1 

Introduction 

The Standard Model [1, 2, 3] is a remarkable construction which for the past 25 

years has attempted to describe particle interactions in terms of three of the four 

fundamental forces of nature. It has survived countless tests of its validity from 

many experiments around the world. There are however some unsatisfactory 

aspects of this model. Crucially, gravity is not included in the framework of the 

Standard Model. Clearly any fundamental model governing high energy physics 

should describe and predict the effects of gravity [4]. There are also far too many 

free parameters in the Standard Model. These parameters are illustrated in table 

1.1. The fact that these parameters are not calculable directly from this model 

and instead obtained indirectly from experiment is a clear indication that the 

Standard Model is some subset of a larger theory. Indeed tests of the Standard 

Model have focussed on the determination of these parameters in the search for 

a hint of this larger theory. 

Amongst the most poorly determined parameters in the Standard Model are the 

weak mixing angles. These quantities correspond to the mixing of quark flavour 

from weak decay. However only the weak decays of hadrons are observed experi-

mentally and so in order to establish a theoretical understanding of these decays 

it is necessary to concentrate on the long distance region of QCD. 

Unlike QED where the effective coupling constant increases as the momentum 

scale increases, QCD exhibits asymptotic freedom as a consequence of the un-

derlying non-Abelian group structure [5, 6] and thus as the quark separation 

1 
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Masses 

6 quarks udscbt 
2 gauge vector bosons W±  Z °  

6leptonseiruP v,vT  
Higgs Boson H 

Weak Sector 

3 mixing angles 01 02 03  CP violating phase 8 
Coupling Constants 

Strong a 
Fermi C 

Fine structure a 

Table 1.1: The free parameters of the Standard Model. There is some evidence 
for more parameters, in particular from the recent discovery of massive neutrinos 
there will be mixing angles for leptons. 

increases, so the coupling increases. Thus in order to probe large range physics 

at the hadron scale where the coupling constant is 0(1) a methodology other 

than perturbation theory is required. There are several such methods which deal 

with the non-perturbative aspects of QCD, most notably quark models, QCD 

sum rules and low energy effective theories [7]. It is Lattice QCD [8, 9, 10] 

however, which provides the only systematically improvable, model independent 

framework for exploring this low-energy sector. 

1.1 Overview of QCD and Weak Physics 

Although the Standard Model represents a coalescence of many complex aspects 

of high energy physics, the basic constituents of matter are surprisingly simple to 

classify. There exist two types of fundamental constituent, fermions and bosons. 

The (spin -) fermions are the building blocks of matter and fall into two clas-

sifications. The quarks carry a fractional electric charge and are subject to the 

strong interaction whilst the leptons carry integral electric charge and are not 

subject to the strong interaction. Both leptons and quarks appear in three dou-

blets or generations. The bosons are spin 1 particles and are responsible for the 

mediation of the forces in the Standard Model. 
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The Standard Model is based on a simple product of three groups, 

SU(3) ® SU(2) L  0 U(1) y  

where SU(3) corresponds to the (colour) symmetry group of strong interactions, 

SU(2) L  corresponds to the weak isospin group acting on left-handed fermionis 

and U(1) y  is the hypercharge group. 

The QCD Lagrangiari density is giver! by 

LQCD =F + [(ia + gATa) - rn] 	 (1.2) 
4 w 

where T a is a traceless, hermitiari 3 x 3 matrix corresponding to the eight gener-

ators of SU(3) satisfying the properties 

[TX ,Tv ] = 	Tr[TT] = 2&' 	 (1.3) 

with f, the structure constants, antisymmetric and real. The field strength 

tensor for the gauge sector (corresponding to the 8 vector fields A) is given by 

Fa - 	a aA - aA + gfAA. 	 (1.4) 

1.1.1 Weak Lagrangian 

Weak decays can be described by the following Lagrangian 

L=JJ 	 (1.5) 

where the current J. contains both a leptonic and hadronic part, 

J = 	- 75)v + 	1 - 5)v + 	 ( 1.6) 

JH = 	( 1 - 5)d + 	- 5)s 	 (1.7) 
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Given this structure for the weak interaction, it is prudent to distinguish between 

the handedness of the fermion fields. Decomposing the fields as 

L+bR 
	

(1.8) 

with 
1 

(1.9) 

OR 
1 

= 	+ 700 	 (1.10) 

it is clear that, for massless fields, it is the left handed fermions alone which are 

susceptible to the weak interaction. For one generation of fermions the lepton 

part is 
/ 

= ( 	)OeR = CR,  
\ Gj J 

and the quark part is 

OqL 	
( UL) 	

= R. 	 (1.12) = 
dL 

In order to construct a weak Lagrangian it is necessary to impose SU(2) local 

gauge invariance on the left handed sector. The result of this condition is to 

introduce (as in the case of SU(3) gauge invariance) a set of gauge vector fields 

W, (b = 1, 2, 3) with an SU(2) field strength defined through the tensor 

Fb/V = 	- W1  + 	 ( 1.13) 

The familiar charged vector bosons are then defined to be linear combinations of 

the above gauge vector fields W, 

W = (W - iW) 	 (1.14) 

W = (W + iW). 	 (1.15) 
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The application of the SU(2)L gauge invariance leads to a conserved current J. 

The electromagnetic current JA is also conserved. The hypercharge current is 

related to these two currents by, 

Jç=2(J+J) 	 (1.16) 

and is also therefore a conserved quantity. The corresponding hypercharge is then 

given by 

Y=2(Q—t 3 ) 	 ( 1.17) 

where Q is the electromagnetic charge and 6, one of the eigenvalue components 

of the weak isospin is + 1  for UL and UL, - for ej, and dL, arid zero for the right 

handed sector as discussed above. 

The next stage in construction of a weak Lagrangian is to impose U(1) local 

gauge invariance. In doing so, another gauge boson B,L, the weak hypercharge 

gauge field, is introduced. This gauge field, unlike the isospin fields, couples to 

both left and right handed components. The fermionic Lagrangiari is then given 

by the following form, 

L  weak 
= [4L PL + TRR]  

where the right hand covariant derivative is given by, 

= - gyYB 	 (1.19) 

and the left hand derivative is, 

D = - gyYB - 	 ( 1.20) 

Under this SU(2) ® U(1) model, the fermions, like the vector bosons are massless 

since a mass term would render the Lagrangian gauge dependent. The intro-

duction of massive particles is realised through spontaneous symmetry breaking. 

In order to implement this mechanism, the Lagrangian has to be extended to 



Chapter 1. Introduction 

account for the scalar fields, 

L —4 L + Lscai ar  + L yu kawa . 	 ( 1.21) 

The physical vacuum may be defined by 

( 	
( 0 '\ 

= 	a 1 	 (1.22) 

obtained from the minimisation of the potential 

= 12t + (tI)2 	 (1.23) 

so that 

a 2  = -. 	 ( 1.24) 
1 

Following the form of the left hand covariant derivative, the scalar Lagrangian is 

given by 

Lscalar = (D - gyB - 	 - V() 	(1.25) 

Working in terms of physical fields related to the unphysical ones through, 

/ ZIL cos 0w - sin Ow '\ / W3" \ 

A/' ) = 	sin 0w  Cos OW ) 	B  ) 	
(1.26) 

where Ow  is the Weinberg weak mixing angle (g sin Ow = gy cos Ow = e), the W± 

bosons acquire a mass given by 

ea 
Mw = ( 1.27) 

2 sin 

and the Z boson acquires a mass given by 

Mz 
sin 20w 
	 (1.28) 

Similarly by considering the Yukawa interaction and perturbations about the 
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vacuum the fermions can be shown to acquire mass. 

1.1.2 The CKM matrix 

It is found that the charged weak interactions discussed above are not diagonal in 

flavour space. There exists some mixing between the weak basis of the electroweak 

interaction and the physical mass basis. 

The six flavours of quark may be neatly divided into two categories, 

U = (u,c,t), D = (d,s,b) 	 (1.29) 

Under spontaneous symmetry breaking, the Yukawa part of the electroweak La-

grangian is of the form, 

Lyu kawa  = ( ULTUUR + DLrDDR + h.c.) 	 (1.30) 

where ru and rD are 3 x 3 matrices corresponding to the generalised Yukawa 

couplings. In general these matrices are the products of a Hermitian and unitary 

matrix. Under a particular unitary transformation, these Yukawa matrices may 

be diagonalised, 

rrlu = V J TUVU ft 	 (1.31) 

rn = VbLTDVDR 	 (1.32) 

where mu and mD given by 

rn 0 0 77id 0 0 

mu = 0 rn 0 	, MD 0 rn 0 	 (1.33) 

0 0 m t  0 0 mn, 

define the mass matrices. This diagonalisation may he achieved through a trans-

formation of the quark flavour basis 

U' = vu L U, D' = VD L D. 	 (1.34) 
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The quark sector of the electroweak Lagrangian can therefore he written as 

L = =[ULI ' VULVL L DLW +  + DLVD L VJ L ULW]. 	(1.35) 

The matrix 'vULvbL  is the Cabihbo-Kobayashi-Maskawa matrix [11, 12] denoted 

by 

V. d Vus V 

VCKM = 	V 9  Vcb 	 (1.36) 

'\4d V3 Vib 

From its construction, the CKM matrix is unitary. This condition reduces the 

number of parameters required to describe this matrix; three real numbers and six 

complex phases. Through a redefinition of the quark fields, five of these phases 

may be removed since they are unphysical. The final phase cannot be removed. 

Therefore only four parameters are required to describe the CKM matrix. The 

original representation uses the four parameters detailed in table 1.1 

(Cl 	-81 C3 
	 i 33 

VCKM = 	
sic2 c 1 c2 c3 3233e t 5  C1C2S3 + s2c3e 5 

	
(1.37) 

3 12 c1s2c3 + c233e ij c13233 - 

where ci = cos 0, and s i  = sin O. Since the dominant transitions between flavours 

occur within the generations, it is prudent to re-express the CKM matrix in 

a parametrisation which highlights this. One such representation is given by 

Wolfenstein in which the element V = A (the Cabibbo angle sin O) acts as an 

expansion parameter. To 0(A 3 ) the Wolfenstein parametrisatiori [13] is 

( 

2 

VCKM = 	— A 

AA3(1 - p - ire) 

A 	AA 3 (p - i71) \ 

	

i_2 	AA 2 	I 

	

T 	 I 

	

—AA 2 	1 	) 

(1.38) 

In this case, r' corresponds to the CP violating phase. 

Of the nine entries in the matrix, seven are measured directly from experiment, 
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the other two may be obtained from neutral meson mixing as shown in table 1.2. 

Mixing Element Physical Process 

V. d 7r-4 iw 
K —+ 7FLie 

Vub B 	7rve, B —+ pvc 
Vcd D —+ 7rve, D -4 pvc 

D - 	Kue, D 	K* ve  

Vcb B — Due, B 	D* ve  

Vtd B  0 
 -+Bd 

0 

Vtb t —*blv 

Table 1.2: Physical processes from which the nine CKM elements may be derived. 

Assuming unitarity, the entries in the CKM matrix at the 90% confidence level 

[14] are 

	

0.9745 	0.9760 
	

0.217 	0.224 
	

0.0018 	0.0045 

	

0.217 	0.224 
	

0.9737 	0.9753 
	

0.036 	0.042 
	

(1.39) 

	

0.004 	0.013 
	

0.035 	0.042 
	

0.9991 	0.9994 

It is clear from these values that as the Wolfenstein parametrisation suggests, 

there is a hierarchical structure associated with the flavour transitions, with a 

clear domination by the diagonal terms. 

The apparent unitarity of the CKM matrix has important implications for the 

Standard Model. For such a 3 x 3 matrix, unitarity simply corresponds to the 

following conditions, 

= 0 	 (1.40) 

for y z, and 

i IV.yl 
2 = 
	I x 

/'yl 2 - i 	 ( 1.41) 
X 	 y 
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(p,r) 

V. d lV,,*b 	 Vt d Vt b* 
	 ill 

(0,0) 	 (1,0) 

Figure 1.1: The unitarity triangle for equation 1.44 and the rescaled version. 

Violations of this last result would imply the following 

• 	VX > 1 —+ physics beyond SM 

• 	V4 2  < 1 —+ new generation(s) 

Consider the off-diagonal unitarity constraints. For the columns the orthogonality 

condition gives 

Vu d 	+ VdV. + VtdV =0 	 (1.42) 

Vu b 	 (1.43) 

	

VdV + VcdVb + VtdV =0 	 (1.44) 

These conditions can he conveniently expressed in a geometric context as triangles 

in the complex plane as shown in figure 1.1. 

In order to describe physical effects such as CF violation (which has only been 

measured experimentally in neutral K-meson decays) the expansion of the Wolfen-

stein parametrisation has to be extended to include terms of Q(A 5 ) [ 15]. 

1- 

VCKM = ( 	 —A — iA 25 77 	 1 —A  2 	 A 2 	I 
A3(1—p(1— )—ii7(1-2)) 

2 	
—A 2  — 	 1 	

j 
(1.45) 
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Then by rescaling the unitarity triangle in figure 1.1 the parameters of the Wolfen-

stein parametrisation may be determined, allowing tests of unitarity and CP vio-

lation. Different models exist which suggest that in fact, the CF violating phase 

i is zero and therefore the CKM matrix is entirely real [16, 17, 18]. A current 

best estimate of the vertex is (p, ij) = (0.160, 0.381) suggesting that this is not 

the case although it is not ruled out [19]. 

1.1.3 Weak Matrix Elements 

In order to calculate transition amplitudes, the above weak current must be 

considered between two physical states. This is a straightforward calculation for 

leptons, yielding an expression in terms of Dirac spiniors. Due to the confinement 

of quarks within bound states, the hadroniic sector is therefore less tractable. For 

low energy processes (using the W±  mass as a scale), an effective Lagrangian 

may be used to describe the decay (equation 1.5), 

Lff = 
xT2 11 
	 (1.46) 

where CF the Fermi constant is related to the coupling, g, by 

Qi,f
vV
2 

	 (1.47) 

The amplitude for a given semi-leptonic decay can therefore he shown to be 

(1.48) 

where jL  and 	are the leptonic and hadronic currents respectively and the 

quark transition is y -+ x. jH  is given by the matrix element, 

jH = (BIT-y,(1 - 'y5 )yA). 	 (1.49) 

All the non-perturhative physics is embedded within this matrix element and its 

calculation is the subject of this thesis. 



Chapter 2 

Lattice QCD 

The path integral formulation [20] is the calculational tool employed in lattice 

simulations. Consider a scalar field theory for simplicity. The Greens functions 

are giver! by 

G (')  (x 	,x) 
= 1 

r 

 
d((x1) ... 	 (2.1) 

where 

Z 
= f de1 
	

(2.2) 

is the partition function. Clearly if a numerical simulation is to be attempted, 

the exponential in the above integrand must be real. This is accomplished by 

transforming from Minkowski to Euclidean space-time through a Wick rotation, 

t 	= it. 	 (2.3) 

E -+ ip4 	 (2.4) 

S -* Z' SE 	 (2.5) 

which is equivalent to a change of space-time metric from g' to c'. The Eu-

clidean Dirac matrices are related to the Mirikowski matrices through 

yi = 	 (2.6) 

70 y. 	 (2.7) 

12 
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The QCD Lagrangian (equation 1.2) is now given by 

LQCD = —FF + 	+ rn) 	 (2.8) 

Hence now the integrand in equation 2.1 is real and therefore the theory is suit-

able for computer simulation. Through rotation to Euclidean space-time, the 

theory is analogous to classical statistical mechanics with the action equivalent 

to the statistical Hamiltonian and the Green functions equivalent to correlation 

functions. 

2.1 Lattice Formulation 

There are many geometries which may be employed to discretise continuum 

physics. By far the most popular method used today, and the one employed 

throughout this thesis, is a hypercubic representation. This geometry is ex-

tremely amenable to large scale numerical calculation ie computer simulation. 

Under such a geometry, the discretisation is realised through the introduction of 

a minimum length scale a, the lattice spacing which is the same for both temporal 

and spatial extents of the lattice. Integrals over space-time are therefore replaced 

by finite summations 

f d 4 —+ a 
	

(2.9) 

For non-Abelian gauge theories such as QCD, asymptotic freedom provides a 

connection between the lattice spacing (in effect, a measure of the scale) and the 

coupling go. 
2 

go 
1 

Oo  log(a 2 /A 2 ) 
(2.10) 

Rearranging this to get the lattice spacing as a function of the coupling yields 

a 	2f30g 
	

(2.11) 

The lattice spacing can he thought of as a maximum energy-momentum cutoff 

defining an ultra-violet regularisation for the theory. 
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The geometry of the lattice reduces the symmetry of the theory. The symmetries 

are now discrete and in particular only rotations in multiples of L are symmetry 

operations. Combined with a minimum distance scale, the momenta of simulated 

Fiadroris are forced to become discretised. The allowed values are given by 

	

2irr 	 N 
p = +—, r = 0,1,...  

where aN is the spatial dimension. 

Having established the geometry of the discretisation procedure, the discretisatiori 

of the Euclidean Field Theory can be established. This analysis was first realised 

by Wilson [21, 22] in 1974, enabling the introduction of large scale numerical 

simulation of non-perturbative QCD. 

Under the presence of a gauge field, a fermion (in the continuum) moving from 

space-time site a to b picks up a path dependent phase factor given by 

U(b,a) = (2.13) 

where P is a path ordering operator. In effect, the fermion field is rescaled as it 

moves from one site to another. This is an important geometrical result known 

as parallel transporting, a hint of the underlying differential geometry inexorably 

linked to the formulation of any gauge theory. 

It is trivial to show that this phase factor is an element of SU(3). This motivates 

the assertion that the gauge fields in the discretised theory be represented by 

links between fermion sites, 

U(x + /1, x) 	(J,2(x) = 6gaA(x+) 	 (2.14) 

where a unit lattice vector ft. has been introduced. The gauge field A, is de-

fined at the middle of the link. Clearly U,(x) is an approximation to a parallel 

transporter between two adjacent lattice (fermion) sites and is represented by an 

SU(3) matrix. 
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2.1.1 Gauge Invariance 

In order to construct a discretised theory of QCD, quantities which preserve 

gauge invariance must be derived. To achieve this, it is useful to study the effect 

of a local gauge transformation. For QCD such a gauge transformation may be 

described by C(x) E SU(3) such that the fermions transform as 

	

(x) - G(x)O(x) 	 (2.15) 

	

(x) - O(x)GI(x) 	 (2.16) 

And hence trivially, the parallel transport transforms as 

	

U(x) 	C(x)U,(x)Gt(x 	+ a%) 	 (2.17) 

By considering the above transformation properties of the link variable U,(x) and 

by noting that for SU(3) it follows that Gt(x) = G(x) it is readily apparent 

that a gauge invariant quantity can be constructed by considering a product 

of link variables for which the factors of G(x) and Gt(x)  combine at each site. 

Exclusively this can occur only for traces of products around closed paths called 

Wilson Loops. The simplest such loop is called the plaquette 

	

= Tr[U,(x)] 	 (2.18) 

where 

	

U'(x) = U(x)U(x + a/)U(x 	+ ai)U(x) 	 (2.19) fLu 

is the loop of link variables over a closed path spanned by lattice vectors ft. and 

1'. There is in fact one other gauge invariant quantity which may he derived by 

considering the above transformation laws. Consider an unclosed product of link 
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variables, 

S(x, y) 	U(x)U(x + a) ......U(y - a13 - a)U5 (y - aS) 	(2.20) 

Then under a local transformation 

S(x,y) -+ C(x)S(x,y)G(y) 	 (2.21) 

and hence by introducing a fermion and an anti-fermion at the ends of the path 

a gauge invariant quantity is obtained. 

(x)S(x, y)b(y) — [(x)Gt(x)] [G(x)S(x, y)Gt(y)] [G(y)b(y)] 	(2.22) 

This object is called a string. 

2.1.2 Lattice Gauge Action 

Having established two gauge invariant discretised objects a Lattice QCD action 

may now be constructed. in order to establish the discretised version of the 

Yang-Mills action it is worth noting the following result 

— 0,Aj, + g[A,, A] 	 (2.23) 

which states that the field strength is associated with the curvature of the gauge 

field. 

Consider U°  as defined in equation 2.19. Identifying the lattice difference opera-

tor with the central difference approximation to replace the continuum derivative 

•  
lim

f(x + a) — f(x — a) 
= 3f (x) + O(a2) 	 (2.24) 

a-O 	 2a 

and by expanding the gauge fields in terms of the lattice spacing 

A, (x + aft) = A, (x) + aA + 0(a2 ) 	 ( 2.25) 
OXA 
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it can he shown that the continuum limit of U°  is given by 

e 2° °'' 	 (2.26) 

By performing an expansion in powers of the lattice spacing the above result may 

he written as 

U/Jv = 	 (2.27) 

where due to the uriitarity of 	tFie quantities 	arid 	are Hermitian. A V 

Hence by taking the real part of the trace 

Tr(1 - g2F) 
+ 0(a6 ) 	 ( 2.28) 

where the exponential in equation 2.27 has been expanded explicitly to 0(a 4 ). 

In order to make the connection with the Yang-Mills part of the QCD action 

f _Ft'VF1'vd 4X 	 (2.29) 
4 

the relevant summation required to approximate the above space-time integral is 

required. Noting that there are 6 positively oriented plaquettes (,a < ii) associated 

with each site, Wilson arrived at the famous action 

	

SG = [ 1— 	TrU(x)] 	 ( 2 . 30 )
11L  1 

X (i< ii) 

where 

	

g 
	 (2.31) 

is the inverse coupling. 

The discretisation error inherent to the Wilson action [23] can readily he seen 

from equation 2.28 to he 0(a2 ) and will be discussed further in section 2.3. 
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2.2 Lattice Fermionic actions 

2.2.1 Naive Fermions 

In Euclidean space, the fermionic part of the QCD action is given by 

SE, = j  V;(X) ( -~11 D + rrt)(x)d4 x 	 (2.32) 

for a Dirac field '(x) with the y matrices satisfying the following relations 

{yiLyv} = 2 	 (2.33) 

= 6,". 	 (2.34) 

The discretisation of the above action is instigated by application of the following: 

• The Dirac field (x) is replaced by fermionic variables representing quarks 

at the sites of the lattice 

• The covariant derivative is replaced by a central difference (c.f. equation 

2.24) 

The integral is replaced by a sum over lattice sites 

Thus the following (naive) fermion action is obtained. 

SN = 	
( 

	

3  4 	

t + a) - U(x - a(x - a)] 

+a4rn(x)(x)) 
	

(2.35) 

Surprisingly there are important problems with this (naive) action. Although 

constructed in a completely analogous way to the gauge action in the previous 

section, this prescription fails dramatically for fermioris as discussed below. 
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2.2.2 Fermion Doubling 

Consider the I dimensional free fermion Hamiltonian corresponding to the above 

(naive) massless fermion action, 

	

ffN = - 	(x) o  (0 (x + a) - 	- a)) 	 (2.36) 

which corresponds in the continuum to 

ffWnt == — ZfOt (X)70 -nO'O(X) 	 (2.37) 

It is prudent now to re-express the Hamiltonian in momentum space. The Dirac 

fields are transformed by virtue of the following Fourier sum 

	

(x) = 	
k 	

(2.38) 
=—  

where L is the spatial extent of the lattice in the x direction and for convenience 

the momenta are bounded in the first Brillouin zone (, , cf equation 2.12). 

Then the Hamiltonian may be written as 

	

a 	sin(ka) 
HN = 	00071 	cbk 	 (2.39) 

a k=-  a 

Hence the eigenvalue spectrum for this particular action is given by 

Ek = +Sin (ka) 	 (2.40) 

This is to be compared with the continuum spectrum for a massless Dirac particle 

= +k 	 (2.41) 

Clearly when k —+ 0, the lattice fermion state corresponds to the continuum Dirac 

particle of interest. However when k —* -, ie when the limit of the Brillouin 
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zone is reached another fermion state is obtained. This is known as 'doubling', 

for each Euclidean dimension the (naive) fermion action yields two degenerate 

fermion states and hence for a hypercuhic lattice 16 states are obtained. In fact 

this doubling problem is a systematic effect of certain lattice actions. The No-Go 

theorem of Nielsen and Ninomiya [24] states that it is not possible to define a 

local, trarislationally invariant hermitian lattice fermion action which does not 

break chiral symmetry and does not reproduce degenerate fermion species. 

2.2.3 Wilson Fermions 

In order to work around the No-Go theorem, several prescriptions have been 

realised so that fermions can successfully be implemented in lattice calculations. 

The three most popular techniques used in current simulations are briefly outlined 

below: 

• The naive fermion action is modified so that it explicitly breaks chiral sym-

metry by introduction of terms raising the mass of the spurious fermion 

states [21]. 

• The fermionic degrees of freedom are re-distributed around the lattice such 

that they observe a larger effective lattice spacing and hence the Brillouin 

Zone is reduced. This is achieved through Kogut-Susskind fermions [25] 

where using spin diagonalisation, only 3 extra fermions states are created. 

• Free Wilson-like fermions are introduced in d+1 dimensions. A mass term is 

included in the Lagrangian with a defect along the extra dimension resulting 

in a single chiral fermion bound to the (d dimensional) defect. Then a low 

energy effective theory can be employed to study chiral fermions on the 

defect [26]. 

The most popular method (and the one employed in this thesis) is the first one 

which was developed by Wilson and involves adding a term to the naive fermion 
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action. The Wilson fermion action is given by 

SF = SN + SW 	 (2.42) 

where the extra term S W  is 

SW = —-(x)D , (x) 	 (2.43) 

with 

(x) = 	 + a) + U(x)(x - a) - 2(x)] 	(2.44) 

representing the lattice second derivative. The coefficient r is dimensionless. The 

effect of the addition of this extra term can he seen by consideration of the 

corresponding Hamiltonian. In one spatial dimension the Wilson Hamiltonian is 

(b(x+a)—(x—a)) 
Hw 

	- 

	

= _iat(x)[-Yo-yi 	2a 

aryo  (b(x + a) + (x - a) - 2(x))1 	 (2.45) 
a 2  

which reduces in momentum space to 

• 

	

sin(ak) + 
	

cos(ak) - 1
}k. 	 (2.46) 

a 	 a 
k 

Hence the energy eigenvalue spectrum for this action is given by 

= sin 2 (ak) 	r2(cos(ak) - 1) 2  

a2 	
+ 	

a2 	
(2.47) 

This spectrum has the following limits 

- —)a 2 k 2 ) 	 (2.48) limEk=+k(1—(-- 
6 
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urn Ek = 	 (2.49) 
k-i 	a 

Thus as the continuum limit (a -+ 0) is approached, for k 	0 the correct 

continuum fermion state is reproduced whilst for momenta at the edge of the 

Brillouin zone the spurious state picks up an infinite effective mass (for a fixed 

non-zero value of the Wilson coefficient r). Thus the Wilson fermion action 

(equation 2.42) given explicitly by 

3 	4 

SF = 	
--[ — 
	U(x)b(x + a) 

+(r + )U(x)(x - a)) + (Sr + 2am)(x)(x)] 	(2.50) 

satisfies the No-Go theorem by breaking chiral symmetry 

(2.51) 

through the final term. This final term motivates the introduction of a hopping 

parameter ic (so named since it gives an indication of the strength of the nearest 

neighbour coupling) 
I 

= 8r + 2am 
	 (2.52) 

which will act as an input parameter for the bare quark mass. It also serves as 

a scaling factor (helpful for computational requirements) implying the following 

redefinition of the quark fields, 

— 	= \/O. 	 (2.53) 

(2.54) 

The effect of the chiral symmetry breaking is that the fermion mass is additively 

renormalised, and thus the bare quark mass in the presence of gauge fields is 

denoted by 

mflq = 	— 	) 	 ( 2.55) 
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where n. represents the hopping parameter at which the pion mass vanishes. 

The Wilson Fermion action is often re-expressed in terms of the lattice Dirac 

operator 

(x, y) = 	- L )U(x)S(x + aft,  y) + (r  + ,L)U(x)8(x - 	 y)] 	(2.56) 

where S(x,y) is the Kronecker delta symbol. Hence equation 2.50 may now he 

written as 

SF = (x)MF(x, y)b(y) 	 (2.57) 

where 

MF(x,y) = S(x,y) - k(x,y) 	 (2.58) 

is the Wilson Fermion matrix and is the subject of some discussion in the next 

section. The Wilson coefficient r is usually set to one in simulation. It can be 

shown, by a Taylor expansion with respect to the lattice spacing, that the Wilson 

Fermion action has the following form in the continuum 

SF = f  V~(x) ( -y,, D + rn)(x)d4x  + 0(a) 	 (2.59) 

and hence this action suffers from larger discretisation errors than the gauge 

action discussed above. 

2.3 Improved Fermion Actions 

A clear fundamental goal of lattice simulation is the accurate calculation of phys-

ical observables. It is prudent therefore to strive to reduce where possible all 

systematic errors. Recall from the previous two sections the continuum proper-

ties of the gauge and fermion actions. Clearly, the QCD action is simply the sum 

of these two actions, 

5 QCD = 5F + SG 	 (2.60) 

and hence the above action suffers from 0(a) discretisation errors coming from 

the fermionic part. The goal then is to introduce a term to the fermion action 
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as before such that the continuum limit is unchanged, the Dirac eigenvalue spec-

trum is maintained in the continuum limit and the terms contributing to the 

discretisation errors start as a higher power of the lattice spacing. 

2.3.1 Sheikholeslami-Wohlert Action 

By adding the following term to the Wilson fermion action, 

- 

Ssw = —a 	— 
nga 

b(x)F(x)b(x) 	 (2.61) 
XIAIV  

where 

0'1" = 

 I 	
(2.62) 

an improved action is created which is destroys the 0(a 2 ) artifact in SF[27,  28]. 

The term Fl— (x) is a lattice definition of the field strength tensor and is defined 

4 
1 	1 

[U°  + Ut]. 	 (2.63) F(x) 	
i2a2g 

0=1 

where the sum runs over the four plaquettes in the {, v} plane centred around a 

lattice site. By virtue of this choice of the field strength tensor, the Sheikholeslami-

Wohlert action is colloquially known as the clover action as can be seen schemat-

ically in figure 2.1. Hence the lattice QCD action is defined to be 

ia5  
5 QCD = 5G + SF - 	 x)F(x)b(x) 	(2.64) 

4 
X,/L,LJ 

and on-shell Green functions cacluated using this action contain no discretisation 

errors of 0(a). The coefficient c, w  has to he determined and at tree level is unity. 

2.3.2 Non-Perturbative Improvement 

As the continuum limit is reached, the lattice theory can he parametrised in terms 

of a local effective theory [29, 30] whose action may he written as 

Self = S + aS1  + a2 S2  + a3 S3  +... 	 (2.65) 
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V 

Ii 

Figure 2.1: Geometric represntation of the clover term. 

where clearly the term So  is representative of the continuum limit ( and hence in 

this context a lattice theory with an extremely small spacing). The other terms 

in the effective action may be expressed as 

Sd = f Ld(x)d 4 x 	 (2.66) 

where the Lagrangians Ld(x) are expressed as linear combinations of local com-

posite fields. These fields must then obey the following properties, 

• They must he invariant under U(1) 0 SU(N) 

• They must respect space-time lattice symmetry 

• They must he invariant under charge conjugation. 
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Using these conditions, the Lagrangian L i (x) is constructed from some linear 

combination of the following five fields, 

C1  = 	 ( 2.67) 

G2 = 	+ 0 11 	 (2.68) 

	

C3  = mTr(FF,) 	 (2.69) 

G4 = 	 - D. 	) 	 (2.70) 

	

C5  = rn2 7Ji. 	 (2.71) 

This basis of fields may be reduced by application of the classical field equa-

tions of motion and by exclusively considering on-shell quantities. Under such a 

procedure, C2  and G4  vanish and hence the counter-term is given by 

AS = a5 	(ci gi (x) + c2 93 (x) + c395 (x)) 	 (2.72) 

where gj (x) is the lattice representation of C. By comparison with the gauge 

action discussed earlier it may be deduced that the basis may be further reduced. 

If the field C3  is chosen to be represented by the plaquette and C5  is represented 

by the local scalar density then it is clear that these two field can be eliminated 

from the possible basis. In effect, these two terms then represent a renormalisation 

of the bare coupling and mass respectively [31]. Hence the relevant counter term 

is given by equation 2.61, the clover term. 

The coefficient c is therefore critical in establishing a fully 0(a) improved 

Q CD action. In particular it is necessary to evaluate this coefficient in a non-

perturbative scheme. Such a scheme has been devised by the ALPHA collabora-

tion [32]. By imposing the PCAC relation, 

	

= 2mP 	 (2.73) 
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where A, 4  and P are the axial current and density respectively, and its lattice 

counterpart, 

= 2rr/R(P,(\)O) + (9(a2) 	 (2.74) 

where 0 is a product of fields excluded from the point \, and employing the 

Schrödiriger functional [33, 34] as a calculational tool (periodic spatial boundary 

conditions and Dirichiet boundary conditions in the temporal extent), the im-

provement coefficient c is extracted in a non-perturbative fashion. For values 

of 13 > 6.0, c., has the following functional dependence on the bare coupling [32], 

C SW 

1 - 0.656g 2  - 0.i.52g4 - 0.054q 

1 - 0.992q 2  
(2.75) 

2.4 Numerical Simulation 

Flaying established the action used to represent the discretised version of QCD 

amenable to numerical simulation, relevant physical quantities may now he ex-

tracted. This is clone by application of the path integral formulation. 

2.4.1 Partition Function for Lattice QCD 

Before explicitly calculating the partition function for lattice QCD it is useful 

to re-express the S.heikFioleslami-Wolilert fermion action in terms of the fermion 

matrix, 

ssw = I5(x)11/t (x. ?J, LJ) V) (y), 	 (2.76) 

where A/f(x, y, U), the fern -lion matrix is represented by, 

M(x, y, U) 	B(x)3, - 	[(1 - 1 )U,4 (x)8(x + 	y) 

+(J + IL)(J/L(x)S(. - art, 01 	(2.77) 



Chapter 2. Lattice QCD 	 28 

where 

B(x) = 1 - 	 (2.78) 

As for the fermion matrix corresponding to the unimproved fermion action, this 

fermion matrix obeys the hermiticity relation, 

M(x,y) = y 5 M(y,x)-y5 . 	 ( 2.79) 

The generating functional given by 

Z = / DDDUecD 	 (2.80) 

may he written as 

Z 
= J DDDUexp [—Sc; - M(x, y, U)]. 	(2.81) 

with the integration defined as 

J DU = H j dU(x), 	 (2.82) 

f DDb = H f d(x)d(x) 	 (2.83) 

Since the gluonic sector of QCD is, in the context of lattice field theory, rep-

resented by SU(3) matrices, the integration of this sector requires more careful 

thought. Clearly, a requirement for this integration is the introduction of a gauge 

invariant group measure. Wilson employed such a measure (the Haar measure) 

[35] with the following properties: 

/ dUf(U) = 
f dU,f (UV) = / dUf(WU) 	 (2.84) 

f dU = 1 	 (2.85) 



Chapter 2. Lattice QCD 	 30 

From equation 2.88 it is clear that any generalised functional form for an element 

of this Grassmann algebra is given by a finite power series of the elements since 

the set is finite, 

= 	+ 	( 	+ 	 +••. + C12 ... Nl 	 (2.91) 
J 	jok 

Clearly these generalised functions will form part of the iritegrarid of the partition 

function. Therefore integrals of the form 

f fJ) 	 (2.92) 

will have to be computed. From the above results it is clear that 

/ d0j  = 0 	 (2.93) 

f dOjOj = 1 	 (2.94) 

where like the original elements /'j, the integration measures anti-commute amongst 

themselves 

{d'cb,dbk} = {dcb,b k } = 0. 	 (2.95) 

Introducing another set of N Grassmann variables{a}, the function 

= exp[aTkk] 	 (2.96) 

has an expansion given by 

(1 - a i Ti11 ). . . (1 - aNTN N b N ). 	 (2.97) 

Under an integration such as given by equation 2.92, then from the rules of 

integration, only the term which contains a product of all the Crassmanni variables 

will survive. Such a term will clearly he antisymmetric under the exchange of 
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where [(U) is an arbitrary function over SU(3) and U, V and W are all elements 

of SU(3). This construction is such that the functional integral is gauge invariant 

and no gauge fixing terms are required. 

Using the above partition function, the vacuum expectation value of an observable 

()is then given by 

O) = ZI  f DV;DODUO exp [ — Se _M(x,y,U)]. 	(2.86) 

This cannot however be calculated stochastically in a numerical process due to 

the nature of the fermionic degrees of freedom. These fields representing the 

quarks (spin -) are elements of a Grassmanni algebra with the following proper- 2 

ties. 

2.4.2 Grassmann Algebra 

Consider a set of N anti-commuting Crassmann variables {, 02,.. . çb}. These 

elements then have the property 

b} = ?5 + Ojoi = 0 	 (2.87) 

which for i = j reduces to 

(2.88) 

This result allows certain functions of the elements O.i to be reduced to more 

trivial forms. In particular, consider the following function of the elements, 

= [f e3Tk 	 (2.89) 
j,k 

which using equation 2.88 becomes 

c'T kk ). 	 (2.90) 
.it-k 
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labels JaJb  and hence may be written as 

a11 	 6jl ... JN TI JI 	 (2.98) 
.'JljN 

where ç ... N is the N-dimensional anti-symmetric tensor. The above result may 

he written in the more compact form 

(det T) 	c. 	 (2.99) 

By making the following assignments 

 (2.100) 

Tk -+ Mik 	 (2.101) 

and using equation 2.99 the integration over the fermioriic sector in the partition 

function simplifies it to the following 

Z 
= f DU det Me -Sl(u) 

	
(2.102) 

and hence the vacuum expectation value of an observable 9 is expressed as 

DU det 0_S9(U) 	 (2.103) 

2.4.3 Numerical Techniques 

By choosing a lattice with a finite temporal and spatial extent the number of 

degrees of freedom present in the generating functional becomes finite allowing 

the extraction of physics from the lattice QCD action using numerical techniques. 

The finite range of the temporal extent may he thought of as introducing a tem-

perature to the lattice given by -. This quantity may he chosen small enough 
aN t  

that the lattice is effectively at zero temperature. In order to calculate the lat- 
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tice action for a particular gauge and fermion field configuration, it is necessary 

to impose boundary conditions on these fields. It is standard to impose peri-

odic boundary conditions on the gluoniic sector. Due to the anti-commutation 

properties of the fermion sector, periodic boundaries are imposed on the spatial 

directions whilst an anti-periodic boundary condition is imposed on the temporal 

extent. 

In order to evaluate the path integral it is necessary to calculate the gluorlic 

configurations. Perhaps the simplest technique is the Metropolis algorithm [36]. 

This method works by starting with some configuration U and transforming the 

link variables in a prescribed way to obtain a new configuration U'. The actions 

S, S' corresponding to each configuration are calculated and the new configura-

tion is accepted if exp(—S'(U')) > exp(—S(U)) otherwise it is accepted with a 

probability given by exp(S(U) - S'(U')). Thus this Markov process by obey-

ing detailed balance converges to the correct probability distribution. All these 

methods use importance sampling, in other words they move through the space of 

possible configurations such that the resulting distribution is weighted according 

to det Me_Sg[U}.  In such a way, a finite ensemble of configurations is constructed 

allowing the integral to he approximated by a sum over the ensemble. For W 

configurations, 

(9) 	= 	O[U}. 	 (2.104) 

It is worth noting that successive configurations generated by the Markov process 

are highly correlated. Clearly the configurations employed in simulations should 

he uncorrelated, ie observables on one configuration should be independent of the 

starting configuration. Hence the only configurations which are saved are those 

which are separated by a sufficient distance along the Markov chain. Inherent 

correlations however will still he present and this issue will he discussed later in 

section 4.5.1. 

Consider the form of the measure used in the Markov process. The hardest 

task numerically is to calculate det M since in general 11/f is a very large, sparse 
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and non-local matrix. With computing technology only recently rendering the 

calculation of this determinant affordable, this quantity has historically been 

set to a constant. The physical effect of this is to ignore internal quark loops. 

This quenched approximation [37, 38] has proven to be highly successful and 

calculations employing this simplification have been shown to be qualitatively 

very close to those of experiment. 

2.5 Finite Size Effects 

Thus far, various errors inherent to the lattice method have been discussed such 

as quenching errors and discretisatiori errors. Another important consideration 

in lattice QCD is the effect of the spatial extent of the lattice. Clearly, the size 

of the box approximating spacetime should be large enough to accommodate the 

relevant mesons and baryons of interest. A typical length scale for a heavy light 

meson is 
AQCD 

1 and hence this means that for a lattice with N sites in a spatial 

direction aN >> 1 
AQCD 

Using periodic boundary conditions implies there will exist many copies of the 

hadron of interest [39]. Therefore it is a requirement that the lattice he larger 

than the range of the strong interaction so that there is niegligble interaction 

between the copies. The range of such interactions is given by the pion Comp-

ton wavelength. This is a difficult requirement to overcome and therefore as a 

work-around, the lattice simulation is done with unpfiysically large masses for the 

light quarks. In order to achieve errors from this effect at less than the 5% level, 

the copies should be three pion Compton wavelengths apart. Thus the lightest 

pseudoscalar meson has a mass m constrained by 

<aN8 - 1 
	

(2.105) 
rn 	AQCD 

for unquenched QCD (since in fact a virtual pion cannot be created from the 

vacuum in quenched QCD). Therefore the observahies have to he extrapolated 

to the chiral limit, using the quark mass dependence given by chiral perturbation 

theory. This is discussed in section 5.4. 
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Heavy Quark Effective Field Theory 

In order to accurately test the flavour sector of the Standard Model and probe for 

a theory beyond, one clear goal is a more precise knowledge and understanding of b 

physics. To achieve this it is necessary to understand the experimentally observed 

confinement of quarks into colour neutral hadrons such as the B meson arising 

from the non-Abelian group structure of QCD. Unlike short distance physics 

such as Drell-Yani processes and deep inelastic scattering [40] which have been 

phenomenologically and qualitatively well understood for some time now, long 

distance physics proves more difficult to disentangle. 

In many aspects of physics often it is useful to strip the theory down to a sim-

pler theory. In doing so, new symmetries emerge which when exploited yield 

a framework for the extraction of the physics sought in a controlled and pre-

dictive mariner synonymous with perturhative calculations. A familiar example 

of the power of an effective field theory is that of Chiral Perturbation Theory 

(ChPT) [41]. In ChPT, the chiral symmetry S'U(3)L 0 SU(3)R (which arises 

because the masses of the lightest three quarks rn, rnj and rn are considered 

small compared to the intrinsic mass scale of the strong interactions) is sponta-

neously broken, generating a set of massless Goldstone bosons. The quarks are 

riot massless in reality and this approximation to the symmetry results in the 

Goldstone bosons acquiring a small mass. The Goldstone bosons are identified 

as light pseudoscalar particles, in particular the pion, and ChPT allows exact 

predictions for the emission and absorption of soft pions. The salient point here 

is that it is not the coupling constant of QCD which is relevant but the ratio of 

mass scales involved. 

34 
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3.1 Heavy Quark Symmetry 

The difference in mass scales for B physics allows a similar effective theory to be 

constructed. The six quarks divide naturally into two classes, light and heavy 

and have the following measured masses [14]. 

Quark Flavour Mass (MeV) 

U 1.55 
d 39 
S 60170 
C 1100 	1400 
b 4100 	4400 

168600 	179000 

Table 3.1: Listing of the quark masses 

It is clear therefore that for heavy light systems, involving one of c or b (t decays 

too fast) and one of u, d or s then the mass scales are indeed completely different. 

This is exploited to form the Heavy Quark Symmetry [42, 43, 44, 45]. 

Consider a heavy light meson containing a heavy quark, henceforth denoted Q. 

This quark is surrounded by a complicated 'cloud' consisting of quarks, anti-

quarks and gluons. These are then the light degrees of freedom. The mass of 

the heavy quark is much greater than the scale of QCD, rnQ >> AQCD. As this 

quark becomes more massive, its Compton wavelength will naturally be much 

smaller than the typical size of the meson, A Q  << Rmescn . The consequence of 

this simple observation is that in order to resolve the internal structure of the 

heavy quark a very sensitive probe is required. However, the light degrees of 

freedom by their very nature are unable to probe at such short length scales 

because of their relatively small momenta and hence are in some sense blind to 

the quantum properties of the heavy quark. In fact, the light degrees of freedom 

are characterised by momenta of O(A QCD ) and their Compton wavelength is much 

larger than that of the heavy quark. The light degrees of freedom are unable to 

resolve the flavour (and thus mass) and spin of the heavy quark. The heavy 
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quark does not recoil against the emission and absorption of soft gluons and is 

then almost on shell acting as an electric and chromo-electric static source. In the 

limit of infinite heavy quark mass, its velocity is equal to that of the meson itself. 

Also, in this limit the binding of the two components is independent of the flavour 

of the heavy quark. The heavy quark is carrying most of the mass of the meson 

and in the limit rnQ -+ oo the relation Mm eson  = rnQ + (9(AQCD) may then be re-

expressed in terms of A = Mmeson rnQ, a universal, flavour independent constant. 

The Heavy Quark symmetry is summarised as follows. The configuration of the 

light degrees of freedom (and hence meson) is independent of the flavour (mass) 

and spin of the constituent heavy quark [46]. It is important to note that this 

symmetry does not extend to the velocity of the heavy quark. 

3.2 Heavy Quark Effective Theory 

Motivated by the above discussion of the symmetries inherent to a heavy light 

system, an effective theory which reproduces the low energy behaviour of such 

systems can he introduced, allowing the extraction of hadronic quantities such as 

matrix elements and decay constants. This is achieved by making the dependence 

of all quantities on rnQ explicit and then developing the Lagrangian in a power 

series in the inverse heavy quark mass. 

The starting point for this analysis is the momentum of the heavy quark. As 

discussed above, the heavy quark is almost on shell and moves with almost the 

same velocity as the meson itself. Thus, its momentum is given by 

PA = rnQv + IC 1 
	

(3.1) 

where rnQv' represents the on-shell condition and k 4  is some residual momentum. 

Clearly, in accordance with the above discussion k is O(AQCD) and is due to the 

exchange of soft gluons. To illustrate the fact that in the heavy quark symmetry, 

the velocity of the heavy quark is conserved, consider some scattering of the above 
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meson. The new momentum will be given by 

= TflQV + k. 	 (3.2) 

Hence the momentum transfer is 

A P'= rrbQ ('v — i/) + ( k — k'. 	 (3.3) 

Therefore it is clear that exchange of soft gluons cannot alter the velocity of the 

meson, and therfore the assertion v = v' is made explicit. 

In the heavy quark limit, the Feynman rules of QCD are greatly simplified [47, 48]. 

In particular, the heavy quark propagator may be expanded as, 

i(1+ 
) + O() 	 (3.4) 

?Q — rnQ 	2vk 	rnQ 

where (1+ )/2 is a positive energy projection operator. In the exact limit, 

____ i(1+) 
urn 	 = 	 (3.5) 

mQ-+co J Q - -rnQ 	2vk 

and is independent of the heavy quark mass. The couplings between heavy quarks 

and gluons can also be simplified, 

—* —igv----. 	 (3.6) 

and hence these couplings are independent of the heavy quark spin by virtue 

of the fact there is no gamma matrix structure in the above expression. These 

Feynman rules may also be obtained from an HQET Lagrarigian. The full QCD 

Lagrangian for a heavy quark field Q is given by 

L = Q(iZ — rn Q )Q. 	 (3.7) 
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An effective quark field h is defined in terms of the original quark field [43], 

1+6 

= 2 	
(3.8) 

and is subject to the on-shell constraint, 

= 	
= h. 	 (3.9) 

Hence the effective field h annihilates a heavy quark but does not create an 

anti-quark. Substitution into the above Lagrangian yields, 

	

= 7v[rrtQ( - 1) + i]h 	 (3.10) 

Using equation 3.9 this reduces to 

L = hiPh. 	 (3.11) 

Making use of the relation 

1+ 	___ - 1+ 	
(3.12) 

2 	2 	2 

the effective Lagrangian becomes 

= 	Dh. 	 (3.13) 

From this Lagrarigian, the Feynman rules discussed above are naturally produced. 

The spin and mass dependencies have been eradicated from this Lagrangian as 

required. The development of the Lagrangian to incorporate more than one heavy 

quark moving at the same velocity is trivial and amounts to simply adding the 

individual Lagrangians. For example for N heavy quarks moving with velocity 

vk, the Lagrangian for the system is, 

= 	k Vk •  Dh k . 	 ( 3.14) 
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For the particular case of a decay Q(v) —+ Q'(v') the Lagrarigian is then 

Lj ecay  = 	Dh + ),iv'. Dh,. 	 (3.15) 

3.3 Series Expansion in 
TTIQ 

The above analysis is correct only for a meson which contains an on-shell heavy 

quark. In order to correct the theory and allow for slightly off-shell quarks, 

another decomposition of the heavy quark field similar to equation 3.8 is required. 

To satisfy the off-shell physics, the field H is introduced such that 

= H,iMQV-X 	Q. 	 (3.16) 

It is clear that the original heavy quark field Q may be expressed as a linear 

combination of the two new quark fields, 

	

Q = e—ZrnQV.x[h + H] 	 (3.17) 

with 

	

SH = — fIb 
	 (3.18) 

by virtue of the projection operator. In its rest frame, the spinor decomposition 

for the heavy quark field may be written as 

	

( 	\ 
Qr.j 

= eimQ 	h 

 ) 	
( 3.19) 

 Hv  

Hence h, which annihilates a heavy quark with velocity v corresponds to the 

upper two components of Q, whilst H, which creates a heavy anti-quark with 

velocity v corresponds to the lower two components of Q. Substituting equation 

3.17 into the heavy quark QCD Lagrangian gives, 

Leff = 	Dh + hiZH0 - 7f(iv. D + 2m Q )H + 7fiP1 h 	(3.20) 



Chapter 3. Heavy Quark Effective Field Theory 
	

Irt 

where the covariant derivative has been decomposed to reveal the longitudinal 

and transverse components with respect to the heavy quark velocity, 

vD 1 =O, D=v(v.D)+D. 	 (3.21) 

The effective Lagrangian reflects the fact that the mixing between the quark and 

anti-quark components of the Dirac spinor is suppressed by powers of 2rnQ , the 

mass gap between the positive and negative energy parts of the wavefunction. The 

field H corresponds to the heavy degrees of freedom that must be integrated out 

to construct the heavy quark effective theory. This can be achieved by exploiting 

the equation of motion to expand H  in terms of h [49]. The relation, 

(rnQ ( - 1) + i) [I1 + h] = 0 	 (3.22) 

gives 
(2rr _i)_' i.Øh, 

= 	2rnQ 	2rnQ 	
(3.23) 

which is built up from a non-local object. An expansion in powers of the inverse 

heavy quark mass alleviates this problem, and to leading order, 

(3.24) 
2rnQ  

Hence the original heavy quark field is given by 

(2m Q  + i 
Q = 	 2rnq ±) h +... 	 (3.25) 

Substituting this form of the field into the heavy quark Lagrangiari yields, 

Leff = 	Dh + 
hV   (D2 - 1aav) h +... 	(3.26) 

2rnQ 

where F" is the field strength tensor, 

F"' 	--[D, D']. 	 (3.27) 



Chapter 3. Heavy Quark Effective Field Theory 	 41 

The first term which is proportional to i-. in the above Lagrangian is a gauge 

covariant form of the kinetic energy due to the off shell motion of the heavy 

quark inside the meson and violates the flavour symmetry. The final term Carl be 

shown to contain components of the colour magnetic gluon field and this term can 

therefore be interpreted as a chromo-magnetic interaction, violating both flavour 

and spin! symmetries. Hence now any operator (at tree level) may be constructed. 

For example the vector current for a heavy light system is given by 

v =qytQ
= e-rnQvxL (i + 	) h +... 	(3.28) 

2mQ 

3.4 Renormalisation 

The effective theory describes well the long distance regime of QCD. The sym-

metry was provoked by the realisation that the soft gluons were unable to resolve 

quantum structure. Clearly then, there are problems for this effective theory 

when the short distance regime is considered. At this high energy scale the vir-

tual momenta of the gluons may be substantially greater than the confinement 

scale AQCD and hence these hard gluons have the property of decoding the quan-

tum numbers of the heavy quark. There is therefore a problem in matching 

operators in full QCD with that of the effective theory due to the emission and 

absorption of hard gluons. In this regime, the renormalisation of the coefficients 

of the operators in the effective theory is achieved by a perturbative expansion. 

An example of this renormalisation issue comes from considering the vector cur-

rent. In full QCD this current is conserved but matrix elements involving this 

current yield a logarithmic dependence on rnQ and in the heavy quark limit of 

the effective theory renormalisation is unavoidable. The expansion in terms of 

local operators in the HQET is 

.1QCD 	C(/)J(/i)HQET + O() 	 (3.29) 
rnQ 
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where the quantities C(p) are the Wilson coefficients and the operators {J} are 

constructed thus 

.1, = h-Fh 	 (3.30) 

where 

F, = {'y, v, v"} 	 (3.31) 

for the vector current and 

ri =  1 5,v5,v 
F/L 5 1 	 (3.32) 

for the axial current. In the HQET, since the heavy quark velocity v is riot a 

dynamical degree of freedom, it appears explicitly in the definition of the effective 

current operators. The expansion of the heavy quark currents is complicated by 

the fact that there are two heavy quark scales : mb and mn. Neubert [50, 51] has 

calculated these Wilson coefficients as a function of the heavy quark masses by 

comparing the effective and full theories at O(a). 

3.5 Mesonic Form Factors 

From the above discussion of Heavy Quark Symmetry, it is apparent that the 

dynamical quantity with which matrix elements may be parametrised is the heavy 

quark velocity. By considering the Lorentz properties of the matrix elements for 

the three spin configurations for a flavour changing weak current, it is found that 

these currents are expressed in terms of 20 form factors 

/ 	I I\ çoi v ) I V ,  I 5~(V)) 
/ * 

k° (v',E')IVI(v)) 

(u(vF)lV*(v, e)) 

y
/ *1 / I 

r v ,e 

'p 	 ' h(w)(v+v) +h_(w)(v—v) i  
• 	 /3 rhv(w)e iva 1* v / v3, 

ih(w) 	vvp, 

- [hi (w) (v + v 	+ h2  (W)  (v - v')] EI*.  E 

1* 	/i 	 / 1 * /a 
vE +h4 (w)Ev 

-  1h 5  (w) v1' + h6 (w)v'/a]E V E . V  
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for the vector current, and 

	

(a*(vI E')A(v)) = hA 1  (w) (w + 1) 	- IhA, (W) v  + hA3  (w) V" ' I E*. v, 

((v I)IA*(v,6)) = h 1 (w)(w + 1)E - Ih 2 (w)v' + h(w)v] E. v', 

/"L 	1* (a*(vI, e') AI*(v, )) = 	Uh7 (w) (V+  v') 	 / + hs (w) v - v) J EcY613  

\ + I _- '*h9 (w) 	v 	+ hio (w)E . 	 ( 3.34)V
] 

a 4 , 
for the axial current and where & and 6'  are the polarisation vectors of the final 

and initial meson respectively. As introduced above, w is the product of the four 

velocities and is related to the momentum transfer q, 

def 	/ 
W = v - V = 

rn 2  + rn 2  - 

2rnarn 
(3.35) 

such that w is bounded 

W 
rn 2  + rn 2  

1  
2rnc. m q  

(3.36) 

This can be compared with the pole dominance model used in heavy-light to 

light-light decays in which the maximum momentum transfer, 	is important 

=- 	
+ 1. 	 (3.37) 

2rna  rn 

Indeed for the heavy-light to heavy-light decays, the range of the recoil is very 

small in comparison to that of, for example B —+ nrli-'. Typically 8w = 0.5 so 

there is only a relatively mild variation in the form factors. 

The above meson states have been normalised in terms of their velocities. As will 

he revealed in the following chapter, the normalisation used in the construction 

of lattice correlation functions is the conventional relativistic normalisation. The 

two are trivially related 

e(v)) = 	
1 I ° (p)). 
	 (3.38) 

In the infinitely heavy quark limit, an important simplification occurs; the above 

twenty form factors are reduced to a single universal function [44]. In particular 
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for the case of a pseudoscalar initial meson, 

((v')V'J(v)) = e(w,i)(v + v') 

(a*(v 6') I V1,  I(v)) = ie(w , ) vva 

(*(v' e')IAI(v)) = (w, ) ((w + 1)6* - vY v) 

44 

(3.39) 

(3.40) 

(3.41) 

Therefore in the exact symmetry limit, the nine form factors are related to the 

universal form factor, 

(w) = (a +/3L +)(w,t) 	 (3.42) 

where 

when 

and 

when 

aL = 1 	 (3.43) 

(3.44) 

= 0 	 (3.45) 

= -, A 2 . 	 ( 3.46) 

The quantities f3A  correspond to the previously discussed radiative corrections. 

The remaining quantities yA  represent power corrections to the currents. These 

power corrections occur from the consideration of higher dimensional operators 

manifest in the effective theory. These corrections are clearly non-perturbative 

in nature. However their effect is much less severe than the radiative corrections 

imposing a correction on h+ and hA 1  of only a few percent. 

A renormalisation group invariant universal form factor may be defined through 

= (w,1i)K(w,1i) 	 (3.47) 
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where K(w, 11) contains all the dependence on p, is independent of the spin struc-

ture and is normalised at zero recoil, 

	

K(l,) = 1 	 (3.48) 

arid e(w) is the famous Isgur-Wise function. The radiative corrections to the 

naive relations between the form factors and the Isgur Wise function are given 

in terms of the Wilson coefficients [50] (omitting terms proportional to powers of 

inverse heavy quark mass), 

= (Cl
W + ' ( C2  + c3 )) (w) 	 (3.49) 

= + 
1 (C2  - C3)(w) 	 (3.50) 

	

hv  = Cie(w) 	 (3.51) 

for the vector current and 

	

hA 1  = C1e(w) 	 (3.52) 

	

hA 2  = C2 5(w) 	 (3.53) 

hA., = (Cl + C3 )(w) 	 (3.54) 

for the axial current. 

3.6 The Isgur Wise function 

The Isgur Wise function encodes all the long distance physics attributed to the 

interaction through the strong force of the light degrees of freedom. It is a 

fundamentally non-perturbative quantity and its functional form is not predicted 

from HQET. However there are some constraints which may he imposed on it. 

In particular, the Isgur Wise function is found to be normalised to unity at zero 

recoil. For pseudoscalar to pseudoscalar decay and in terms of the current in the 
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effective theory [44], 

	

(X'(v'),hIX(v)) = (v + v')(w) 	 (3.55) 

From the equations of motion of the effective Lagrangian 

Leff = 	Dh 	 (3.56) 

it may be shown that 

	

= hiv. Dh + hiv 	= 0 	 (3.57) 

and hence irrespective of the flavour of the heavy quarks, if the velocities are 

identical then the vector current is a conserved quantity. The corresponding 

conserved charges are given by 

	

CQIQ = / d3xJ°(x) = /d3 t()h0 ( x ) 	 ( 3.58) 

It may be shown that 

(X'(v)IC Q 'Q  X(v) = (X(v)IX(v)) 	 (3.59) 

Comparison with equation 3.55 leads to the conclusion 

= 1. 	 (3.60) 

Thus there is no form factor suppression when there is no velocity transfer. Many 

attempts have been made to parametrise the Isgur Wise function in terms of the 

velocity transfer. Conventionally the choice has been to introduce a charge radius 

p such that 

de(w) =p 2 	 (3.61) 
dw 
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The simplest such parametrisation of the Isgur Wise function is 

iinear (W) = 1 - p2 (w - 1) 	 (3.62) 

Evolved from this is a quadratic form 

eQUAD(w) = 1 - p2 (w - 1) + c(w - 1)2 	 (3.63) 

where the coefficient c is the curvature at zero recoil. Derived from Stech's 

oscillator model, Neuhert and Rieckert [52] suggested the following as a form for 

the Isgur Wise function, 

2 	[(2p2  - 1)( - ') l 
NR(w) 	 exp 

w+1 	L 	w+i 	
(3.64) 

Similar to the quadratic form, Isgur et al [53] suggest 

ISGW(w) = exp [—p 2 (w - 1)]. 	 (3.65) 

A pole type antatz [45] yields 

2p2  

ePOLE(w) = 	
2 ] 

	
(3.66) 

As discussed above, for heavy light to heavy light decays, the range of recoil is 

comparatively small. Indeed in the kinematically accessible region (1.0 < w < 

1.6) the above parametrisations for the Isgur Wise function are very similar and 

are plotted in figure 3.1. Thus in order to establish the correct form of the Isgur 

Wise function in nature, the precise value of the slope at zero recoil must be 

determined. Constraints on p2  in the literature are quite spread out. The sum 

rules of Bjorken [54] and Voloshin [55] give the following lower and upper bound, 

1 	2 	rnM — rnQ 
<p < + 	 (3.67) 
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where Em in  is the minimum excitation energy relative to the ground state heavy 

meson and the masses are those of the meson and heavy quark. A more complete 

discussion of the Isgur Wise function is postponed until chapter 6 where it is used 

to extract the CKM element Vcb. 
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Figure 3.1: Plots of the Isgur Wise function for four different pararnetrisatioris 
as described in the text; for each plot p2  = 1. 



Chapter 4 

Lattice Correlation Functions 

On the lattice, spectroscopic quantities such as meson and baryon masses are 

calculated from the large Euclidean time behaviour of correlation functions com-

puted from quark propagators. This chapter describes the particular correlation 

functions required in order to simulate semileptonic decay on the lattice. 

4.1 Interpolating Operators 

Clearly, in order to correctly simulate the physical spectrum, the field operators 

used to construct the correlation functions must be chosen such that the quantum 

numbers of the hadronic state match those of the operators. So for a given 

hadronic state e and a corresponding field operator rl the requirement is simply 

expressed through the condition 

OjJO) 	0. 	 (4.1) 

For a mesonic state, the simplest choice for the interpolating operator is given by 

77 = jFq 	 (4.2) 

This quantity remains gauge invariant through the implicit assertion that the 

quark fields q are at the same point in space-time. The quantity F represents one 

of the sixteen independent Dirac matrices, 

F = 	 (4.3) 

50 
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4.2 Two Point Functions 

The propagation of a meson from one point in space-time to another is defined 

Crneson (X,O) - (4.4) 

where ij(x) as defined in equation 4.2 is the operator which annihilates the meson 

at point x, and correspondingly 17t(o) is the operator which creates the state at 

the origin. Consequently, it is defined by 

r,t = —Fq. 	 (4.5) 

A generic two point function can be decomposed into its constituent quark and 

anti-quark propagators, by means of a Wick contraction. Writing the correlator 

in terms of the path integral formulation, 

Cmeson = 	J DUTrfC,1(0,x -,U)rlC,2(X, O;U)IF21 	(4.6) 

where the trace is taken over the colour and spin indices. Combining this result 

with the lattice Hermiticity relation for the quark propagators, 

C(x, 0; U) lyap
C8(0, x; U) 	 (4.7) ao 

yields the following result, 

(0T{( x )t(0)}0) = (Tr{ 5 r1  Cqi (X, O)F2 7 5 C 2 (x, 0)}) 	(4.8) 

where the result is averaged over each gauge configuration. Therefore the re-

production of the hadronic spectrum on the lattice reduces to the problem of 

calculating the quark propagator for each gauge configuration and the use of the 

Hermiticity relation ensures that the propagator need only he computed from the 
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origin to all space points. The lattice quark propagator, 

C(x,y) = (0T{q(x)i(y)0) 
	

(4.9) 

is related to the fermion matrix (equation 2.77) through 

Y, U)C(y, 0, U) = 8SS(x, 0) 
	

(4.10) 

where the upper indices correspond to colour and the lower ones spin. The average 

over the gauge configurations is achieved as discussed in section 2.4.3 through a 

Monte Carlo estimate. The inversion of the fermion matrix may be realised from 

a number of iterative techniques [56, 57]. 

4.2.1 Mesonic Observables 

The goal of the computation of the meson correlators is to enable the extraction 

of the mesonic properties of interest, in particular the energies and masses of 

meson states. This is achieved by looking at the functional dependence of the 

large Euclidean time correlators. For a given meson with three momentum k, the 

Fourier transform of equation 4.4 yields 

Cmeson(J, t) = 	Cmeson (X, 0) 

(0Ir/(x)t(0)0)e 	 (4.11) 

with specific time ordering. This may be rewritten as 

Cmeson(, t) = 	(O e t+(0)e_t 7 1(0)0) e _ 	(4.12) 

by making use of translational operator invariance, 

e(, t) = c(Et+i)e(0)e_(Et) 	 (4.13) 
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Inserting a complete set of states n) through the completeness relation, 

v-' 
 I = 1 	 (4.14) 

8ir 3  2E 

gives, 

/ d3 qn  1 
Cmeso n (i, t) = 	I 	

. 	
n)(nIi(0) JO)ek 

n 

I dq 1 	_(0(0)n)2et 	(4.15) 
870 2En  

= 
n 

Using a particular definition of the delta function, 

= 8ir3 S3() 	 (4.16) 

the above result reduces neatly to 

	

Cmeson() t) = 	
/ 	

Oii(0)r 2e_t63(k — q)d 3 q 	(4.17) 
n 

Performing the integral over the momenta qn  leads to the final result, 

Cmeson (k,t) = 	I(O?7(0)ftt)I2e_Et 	 (4.18) 
2E 

n 

Clearly as t -+ oo the ground state will dominate the above expression and then 

the ground state energy is in principle calculable. If the momentum of the particle 

is zero then from the dispersion relation, the ground state mass governs the decay 

of the Fourier transformed correlator. 

4.3 Three Point Functions 

The simulation of a weak matrix element is analogous to that for the hadron 

spectrum. For a transition from one meson to another mediated by a weak 

current then clearly three operators are required to describe the physical process, 
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a meson annihilation operator, a meson creation operator and a current operator. 

Extending the analysis of the previous section, the relevant three point function 

is defined as, 

C3 pt tt X 	, , 	= 	 ( 4.19) 

where iit  creates the final meson, i' annihilates the initial meson and J' represents 

the weak current. The notation is such that the initial state has three momentum 

j while the momentum recoil is denoted by , resulting in a final state with a 

momentum of (15+ qj. The time reversed three point function is calcuated and 

in this convention t < t y  < 0. A schematic representation of the weak decay is 

illustrated in figure 4.1. 

y 

7  

Figure 4.1: Schematic representation of a weak decay. E denotes the extended 
quark line, A the active and P the passive (which is assumed to take no role in 
the decay). 
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For a complete study of the processes listed in equations 3.39-3.41 it is sufficient 

to consider the following representations for the three current operators 

FE = 7 5 ,  y, 	 (4.20) 

corresponding to a pseudoscalar or vector initial meson, 

J = '(1 - 5) 	 (4.21) 

corresponding to the vector and axial vector currents and 

rA =  y 5 , -y 
	

(4.22) 

for a pseudoscalar or vector final meson, where in this notation the quark fields 

have been suppressed. The labels A, E and P refer to the active (final heavy), 

extended (initial heavy) and passive (spectator light) quarks. 

In terms of the path integral, equation 4.19 may be rewritten as 

C (t t , = 	 / DUDD t(x)JL(y)t(0)e_SQ 	(4.23)
z  Y,3pt\ X Y 

x,y 

Performing the Wick contractions and using the Hermiticity relation, the three 

point correlation function can be written explicitly in terms of the bare quark 

propagators and the Dirac structure of the current and interpolating operators, 

t, j, i) = 	 (Tr[CE(y, x; U)FECp(x,  0; U)FACA(0, y; U)J']) U  

(4.24) 

where as for the case of the two point functions, the average is taken over all gauge 

configurations. There is an implicit difficulty in calculating the above correlator. 

It requires the costly production of a heavy propagator from all space time points 

to all space time points. It is therefore prudent to construct this correlator via 

some other technique. 
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4.3.1 Extended Propagator 

The extended propagator is simply defined as, 

	

x(y, 0,  t., A U) = 	eCE(y, x; U)FECp(x, 0; U) 	(4.25) 

The construction of a quark propagator involves the inversion of the frmion 

matrix (equation 2.77). Motivated by this, the operation of the inverse heavy 

propagator on the extended propagator yields, 

C 1  (z, y; U)(y,  0, t, P, U) = 	t)e[Cp(z 0; U) 	(4.26) 

so then the calculation of the extended propagator is analogous to that of a 

regular propagator with the particular distinction that the source is in effect the 

timesliced light propagator. 

4.3.2 Explicit time dependence 

A functional form for the three point correlators in terms revealing the implicit 

time dependence may be realised in an analogous fashion to that for the meson 

correlators. Inserting two complete sets of states (denoted a,, 3) into equation 

4.19 gives 

C 	 1 	
-_________ t X L 6 	4a2 	Ea(k)E i (k) 

x(0'(x)a, 	a It(0)0) 

x(a,J(y)I) 	 (4.27) 

Using the Euclidean translational invariance of the operators and applying the 

definition of the delta function (equation 4.16) to remove the summations over 

the space time points yields, 



Chapter 4. Lattice Correlation Functions 	 57 

e(tx_ty) 	eE/3( 1 y) 

= 	
2Ea(p 2E+q 

CO 

(r/t(0)O) 

(a,J(0)j/3,)+ () 	 (4.28) 

The Euclidean time dependence of the three point correlator is compared with 

that for a meson in chapter 6. 

4.4 Smearing 

Recall from section 4.1, the definition of a meson correlator (equation 4.4). To 

ensure that a numerical simulation of the hadron spectrum matches that of the 

continuum, it is clear that an interpolating field be chosen such that it maximises 

the overlap with the desired state (equation 4.1). 

For such an operator with a non zero overlap on the required meson, this may he 

written, 

(4.29) 

An obvious requirement for a suitable operator is therefore one in which the 

coefficient Oo  dominates. As equation 4.18 suggests, although the ground state 

will dominate the analysis of the large Euclidean time correlator, contamination 

from the excited states will lead to a poorer signal. Quite obviously, the excited 

state contributions could be greatly diminished by increasing the extent of the 

temporal component of the lattice, however this is expensive. This section focuses 

on other techniques enabling the minimisation of this contamination. 

4.4.1 Jacobi Smearing 

An obvious idea to try to select only the ground state of the Fiadron, is to at- 

tempt to reproduce the wavefunction of the s-wave [58}. Such a wavefunction 

is spherically symmetric, and therefore on the lattice with its reduced geometry, 
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this may be realised in a number of ways. 

The smearing of hadrons on the lattice is applied at the quark level. The quark 

propagators may he smeared at both source and sink. This is realised through 

modified definitions of the quark fields. In particular in the case of sink smearing, 

= 	 (4.30) 

for some smearing function S(, ). The problem of introducing this smearing 

technique reduces neatly to the solution the following equations, 

M(, 	0) = 8(, 0) 	 (4.31) 

analogous to the generation of quark propagators. The most notable technique 

for this inversion is the Jacobi algorithm, in which the smearing manifests itself 

in the construction of an octahedral collection of gauge links. 

4.4.2 Fuzzing 

The Fuzzing technique is a more advanced smearing algorithm [59]. The proce-

dure is to create gluon flux tubes which connect a quark and an aritiquark at 

some fixed distance. This is shown schematically in figure 4.2. These gluon flux 

tubes are developed through an iterative technique. Each gauge link is replaced 

by itself and a combination of spatial staples, so then 

U(x) 	U(x) = Psu(3) [cU(x) + 	U(x)U(x + a)U(x + afl)] 	(4.32) 

As in the case of Jacobi smearing, it is the quark propagators which are fuzzed, 

although the computational cost of Fuzzing is much smaller than that required 

for Jacobi smearing. The spatial extent of the fuzzing is controlled through a 

parameter r (figure 4.2), which is chosen to minimise the contribution from the 

first excited state. 
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(0, r, 0) 

(-r,0,0) 

(0, 

0,-r) 

(r, 0,0) 

(0,-r, 0) 

Figure 4.2: Schematic guide to the fuzzing prescription. 

4.4.3 Gauge Invariant Smearing for Heavy Quarks 

As discussed in section 3.1, heavy light systems have the property that the light 

degrees of freedom are characterised by momenta of ()(AQCD), with a Compton 

wavelength much larger than that of the heavy quark. In such a regime, it may 

be possible to describe the heavy quark in terms of non relativistic QCD. In such 

an approximation, non-relativistic wavefunctions may be used to describe the 

hadron [60]. The overlap of such a wavefunction with a smearing function may 

be given by 

Cnm /d3x(x)s n (x,o). 	 (4.33) 

The new gauge invariant smearing technique is defined, 

(x) 	G!F(x ) = 	(2r + i)2() 	 [fl U(x + ru)] (x + vi) 
r=O 	 =+x,±y,±z n=O 

(4.34) 
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where the links U are simply the fuzzed links discussed in the previous section. 

The function cbm  is chosen to approximate the true wavefunction 0"' . This ap-

proximate wavefunction is a quantity which may be chosen so that the technique 

more effectively screens out the unwanted excited states. It is common, and in-

deed it is the choice for the work in this thesis, that the trial function is the 

hadronic wavefuniction and the efficiency of the smearing technique is controlled 

through the Bohr radius, R0 , of the smearing function. 

4.5 Statistical Analysis 

The clear goal of hadroriic physics on the lattice is the faithful reproduction of 

physical observables. This is achieved as previously indicated by studying the 

large Euclidean time behaviour of correlators. The expectation values of opera-

tors can be estimated from the average over an ensemble of gauge configurations. 

For N statistically independent configurations, the statistical error falls off only 

as' . The aim is to get a reliable estimate of the error from a relatively small 

number of gauge configurations. 

The method used to estimate the errors in the subsequent chapters of this the-

sis is the Bootstrap resampling technique [61]. This technique involves creating 

ensembles of configurations from the original set. For a given set of N configura-

tions, the new ensembles are created, with the same number of configurations as 

the original, by randomly sampling from the set allowing repetitions. Then on 

each new ensemble the covariance matrix, 

N 
1 = 

N(N - 
1\ (Ck(t i ) - 	 - 	 (4.35) 
) k=I 

may be calculated where Ck(t) is the value of the correlator at some time t, and 

C is the average over all N configurations. 

The data is fitted to some analytic model function. For a generic model function 

g(pj), the fit parameters p i  are obtained by performing a least x2  fit, tantamount 
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to minimising the function, 

X' = 	Pk) - j(C(t))] 17  (ti , t) [g(t; p) - 7(C(t))] 	(4.36) 
t ,t3  

where o(t,t) is the inverse of the covariance matrix. This minimisation pro-

cedure is achieved using a Marquardt- Leven herg numerical algorithm [62]. The 

errors in the fit parameters corresponds to a 68% confidence level on a bootstrap 

distribution containing 1000 ensembles. A measure of the quality of the fit is 

given by j,  where dof corresponds to the number of degrees of freedom which 

is defined as the difference between the number of data points in the fit and the 

number of parameters pi. The result = 1 is indicative that the fit has been 

of a high calibre. 



Chapter 5 

Meson Spectrum 

5.1 Simulation Details 

The simulation was performed on a Cray T3D housed at the Edinburgh Parallel 

Computing Centre using processor resources allocated to the UKQCD collabo-

ration. The gauge configurations were created in the quenched approximation, 

using the standard Wilson gauge action described in section 2.1.2. at two differ-

ent values of the coupling; 3 = 6.0 and 0 = 6.2. The Cabibbo-Maririari [63] and 

over-relaxation [64] algorithms were employed to generate the Wilson glue, both 

using periodic boundary conditions. 

Both the heavy and light quark propagators were generated using the 0(a) im-

proved Sheikholeslami-Wohlert Wilson fermion action with a non-perturbatively 

determined value for the improvement coefficient CSW  The inversion of the fermion 

matrix was achieved using the BiCGstab [57] algorithm, with periodic spatial and 

anti-periodic temporal boundary conditions. For each dataset there are three 

values of the light quark hopping parameter and four values of the heavy quark 

hopping parameter. 

The light propagators are either fuzzed at source and sink or local (point) at 

source and sink. The heavy propagators are smeared using the gauge invariant 

technique discussed in section 4.4.3. The lattice details for both datasets are 

summarised in tables 5.1 and 5.2. 

62 
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3 Volume a 1 (/) 	a'(p) 	a(ro ) 
(GeV) 

I NS  I 
(fm) 

Number of configurations 

6.0 16 3  x 48 1.89 	1.86 	2.20 1.674 305 
6.2 243  x 48 2.64 	2.60 	2.94 1.795 216 

Table 5.1: Details of the two different lattices showing the difference in the lattice 
spacing using the string tension, p meson mass and r o  (the hadronic radius) to 
set the scale [65]. 

Icq 	
] 

K Q  Fuzz Radius r] _Bohr Radius R0  
6.0 1.769 0.13344 0.11230 6.0 2.2 

0.13417 0.11730 
0.13455 0.12230 

0.12730 
6.2 1.614 0.13460 0.12000 8.0 3.0 

0.13510 0.12330 
0.13530 0.12660 

0.12990 

Table 5.2: Details of the quark propagators for both datasets. As described in 
the text, the fuzz radius (in lattice units) corresponds to k q  and the Bohr radius to IcQ. 

5.2 Meson Spectrum 

In section 4.2.1, it was shown that the large Euclidean time behaviour of a meson 

with spatial momentum k may he written as, 

Cmeson(i,t) = 	( 0I77(0)fl)I2e_Et 
 2E 

n 

Periodic boundary conditions on the lattice ensure only a finite set of allowed 

momenta for the correlation functions, so that 

-. 	2rr 
k= -(n,rr,n) 	 (5.2) a  
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with ni integer. The momentum channels used in both datasets are tabulated 

below. Since the statistical noise inherent in the correlation functions increases 

with the magnitude of the momentum then the momentum k is restricted such 

that 

kI= 0 , 1 ,v,V, 2 	 (5.3) 

in units of 
aL 

Channell n ny,, flz 

0 000 
1 100 
2 010 
3 001 
4 1 1 0 
5 1 0 1 
6 01 1 
7 1 1 1 
8 200 
9 020 
10 0 0 2 

Table 5.3: Momentum channels for the meson correlators. 

5.2.1 Fit Procedure 

Following the functional form of the meson correlator, an obvious choice for a 

corresponding fitting function would be, 

C(t) = ae 9t 
	

(5.4) 

However a meson can propagate both forwards and backwards in the temporal 

direction from its creation point. From the (anti)periodic boundary condition 

imposed in this lattice direction, the extent of the propagation is half the tem-

poral extent of the lattice. For an infinite number of gauge configurations and 

using time reversal symmetry (y4y5)  the meson propagator is symmetric about 

. Therefore, the meson correlators may be folded about the mid-point of the 
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lattice, effectively increasing the statistics and improving the stability of the fit, 

by making the replacement, 

C(t) - 
C(t) + C(T - t) 

2 
(5.5) 

The mesons are therefore fitted to the following form, 

C(t) = a(e t  + 	 ( 5.6) 

which may be re-written, 

C(t) = 2e 2 cosh (@ - f)). 	(5.7) 

Since it is the ground state that is required, it is imperative that the fit to the 

above functional form occurs for a time range when the effect of the excited 

states is negligible. This can be achieved by studying ratios of adjacent time-

sliced correlator values. The effective mass function is defined to be 

lTl eff(t) = log 
[C(t)1 	

(5.8) 

In the large Euclidean time limit, this function will be asymptotic about the 

ground state mass. Therefore the fit range may be determined from the nature of 

the plateau of the effective mass function. Figures 5.1 and 5.2 show the effective 

mass functions for both a light-light and a heavy-light pseudoscalar meson for 

each dataset. Following analysis of the effective mass functions, the optimal 

fit range for the light-light mesons is found to be 8 - 22, and 12 - 22 for the 

heavy-light mesons. The plateaux are consistent for both datasets. 

5.3 Vector Mesons 

The vector meson interpolating field is given by, 

= J(x)'y(x). 	 (5.9) 
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Figure 5.1: Effective mass plots for light-light pseudoscalar mesons (left /9 = 6.0, 
right /9 = 6, 2). In both cases the propagator with ic1 is local at source and sink, 
and that with '2  is fuzzed at source and sink. 
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Figure 5.2: Effective mass plots for heavy-light pseudoscalar mesons (left /3 = 6.0, 
right 13 = 6, 2). In both cases the propagator with rj is wavefunction smeared at 
source and sink, and that withr12  is local at source and sink. 
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An analogous analysis to section 4.2.1, reveals the form of the large Euclidean 

time vector meson correlator, 

= 
I 	 (5.10) meson  

r=1 2E(k) 

where the sum is over the polarisation states. The overlap of the interpolating 

field and the vector state can be written as 

Z(2) = (0(0)VT ). 	 (5.11) 

The explicit polarisations can be removed using the polarisation sum, 

3 
E ACV = 	1ckv - g. 	 (5.12) 

Tn 2  
i- =1 

Hence the vector correlator is 

	

C mes(,  t) = 	- gv] 
CE(k)1 

Z(2)2 	 (5.13) von [m2 	2E(k) 

which, when assuming the on-shell condition, may be defined as 

_3 e-)t 
Cv meson() = 	IZ(Ik 2 ) 2 . 

2E(k) 	
(5.14) 

The vector mesons are fitted in exactly the same way as the pseudoscalar mesons. 

Figures 5.3 and 5.4 show the effective mass plots for vector states with the same 

quark content as those shown in figures 5.1 and 5.2. 

5.4 Chiral Extrapolation 

In section 2.2.3, the bare unrenormalised quark mass was defined 

11 	1 
mq = 	-H. 	 (5.15) 
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Figure 5.3: Effective mass plots for vector light-light mesons. In both cases the 

propagator with /c1 is local at source and sink, and that with ic2 is fuzzed at 

source and sink. 
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Figure 5.4: Effective mass plots for vector heavy-light mesons. In both cases the 

propagator with ic 1  is wavefunction smeared at source and sink, and that with ic2 

is local at source and sink. 
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The critical hopping parameter, K,, is an a priori unknown quantity. Therefore 

any lattice measurement of the hadronic spectrum necessarily requires an explicit 

calculation of ic,. The dependence of light-light mesons on the quark masses is 

obtained from Quenched Chiral Perturbation Theory [66, 671. It states that the 

pseudoscalar mass has the following functional dependence, 

M seud o  = (rni  +rn2 )(l +log(mi  + in2)) +. 	 (5.16) 

where the ellipsis represent higher order terms in the quark masses. In the fol-

lowing analysis, the effect of the quenched chiral logarithms will be ignored so 

that 
Al2 eu  

ps do = &(rni  + in2). (5.17) 

In order to complete the improvement prescription, the bare quark mass is rede-

fined [31], 

afnq  = amq (1 + bm amq ) 
	

(5.18) 

The quantity bm  depends on the coupling and has been computed non-perturbatively 

only for f3 = 6.2 [68]. Therefore in the current analysis, this coefficient is obtained 

from perturbation theory [69]. Defining the boosted coupling as the replacement, 

-2 	
g2 

g0  —+ — 	 ( 5.19) 
U0  

where u0  is given by, 

	

U 4 = ( TrU0). 	 (5.20) 

then the boosted perturbation expansion for b,, to O() is 

bm(0)
— — 1 + 0.1924 

— 	2 	
(5.21) 

which yields 

bm1fi=60 = — 0.6620 

	

b.. 10=6.2 = —0.5931 	 (5.22) 
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Inserting equation 5.18 into the result of quenched chiral perturbation theory 

leads to the following form for the dependence of pseudoscalar mass on the hop-

ping parameters, 

7 	i 	i 	i\ 
Mseu 	

i 
do =p+cr( —+— +i( —+--) 	 (5.23) 

K1 	K2) 	\K 1 	K2  

where 
a 

P  = 
20 Om  — 2n), 	 (5.24) 

a 
0.  = — ( ic e  — bm ), 	 (5.25) 

2,s 

bm 	
(5.26) 

The light-light pseudoscalar correlators are fitted to this prescription and the 

results shown in table 5.4 for both datasets. Figure 5.5 shows the dependence of 

the pseudoscalar mass against the sum of the improved quark masses. The data 

adhere to the prediction of equation 5.17 and therefore the omission of chiral 

logarithms is justified. The masses and amplitudes of pseudoscalar (and vector) 

mesons for the six kappa combinations for 3 = 6.0 and @ = 6.2 are listed in tables 

B.1 and B.2. 

I 	13  x 2 /dof 

6.0 0.13525 + 6 1.640 	+10  1.43692/4 

6.2 0.13583 i 1.216 0.354463/4 

Table 5.4: Results of light-light chiral extrapolation of pseudoscalar meson mass. 

5.5 Strange extrapolation 

The hopping parameter corresponding to the strange quark mass will be required 

in the following chapter to analyse the physical form factors. The lattice strange 
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Figure 5.5: Linear plot of squared pseudoscalar mass against boosted perturba-
tion theory improved quark mass 

quark mass may be defined, 

2 
(Im5 	

()1att x 
(mKro)hysjcaI  x 	 (5.27) 

The physical product used in this analysis is [14], 

495.7MeV x 0.5fm 
(mjro) 

= 197.33MeVfm = 1.256 
	 (5.28) 

The lattice ratio is derived from the analytic expression by Cuagnelli et al. [70], 

log 
 ()

= —1.6805 - 1.7139( - 6) + 0.8155( - 6)2 - 0.6667( - 6). (5.29) 
ro  

Hence using the coefficient 5 from table 5.4, the lattice strange quark masses are, 

arrt 5 1=60  = 0.03338 +16  
—20 



Chapter 5. Meson Spectrum 	 72 

arnI_62 = 0.02396
+13 	

(5-30) 

The hopping parameter K, corresponding to the strange quark mass, is found 

from the solution of 

02 +(i_ 	- (2( arn, )+ 	
1

0(5.1) 
2 	 K, 	 i ; ] 

where OK, = 1. Hence the strange quark hopping parameter values are, 

ksfl=6O = 0.13400 + 
—1 

ksI0=62 = 0.13493 + 
(5.32) 

- 

For both lattices, the strange quark hopping parameter has a value between the 

two heaviest of the light hopping parameters used in the simulation. 

5.6 Heavy-Light Mesons 

It is assumed that the dependence of the heavy-light meson masses on the heavy 

quark mass is negligible, whilst the dependence on the light quark mass is linear. 

So then, for both vector and pseudoscalar mesons, 

mps = mv = a + r3
(KI 	

(+ 	1 	1 	(5.33) 

	

 '/ \\ 	2 Li 	c]J 

The heavy-light mesons are fitted to the same prescription as for the light-light 

mesons. The results of the fits to extract the masses and amplitudes are given 

in tables 13.3-13.4. Figures 5.6-5.9 show the chiral extrapolation for the heavy-

light pseudoscalar and vector mesons for both datasets. It is clear from the 

plots that the form of the extrapolation is valid. Figure 5.10 shows the chirally 

extrapolated heavy-light masses for each of the heavy quarks. The solid horizontal 

lines represent the D° mass and the D*+  mass in lattice units setting the lattice 

spacing with three different scales. From this it is clear that the second heaviest 

hopping parameter can he associated with the charm quark mass. 
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Chapter 6 

Semi-leptonic Decay B —+ DtiJ 

6.1 Isolating the weak matrix element 

The Fiadronic matrix element of equation 1.49 is the ultimate goal of this calcu-

lation. In order to extract this quantity, it is necessary to consider the Euclidean 

behaviour of the two and three point functions. Recall from section 4.2.1 the 

Euclidean form for a meson correlator, 

Cmesori(k,t) = (6.1) 
2E 

n 

From section 4.3.2 the Euclidean form for a three point correlator was shown to 

be 

e(t_ty) 	eEI3(ty) 
CA 	I = 	2Ea(p 2E+q 

c ,3 

(0'(0)a,j(13,)5+ qjijt(0)lO) 

(a,iiJ( 0 )I/3 ,i+ q) 	 (6.2) 

The matrix element is thus obtained by taking the ratio of the three point corre- 

lator and the relevant two point correlators corresponding to the initial and final 

mesons, 	

(6.3) 
Cmeson(13, t - ty )Cmeson( + j, t) 

Hence 

(0 1'(0)I0,+ )(Ol(0)Ia,p)R = (a,pJ(0)I/3,+ ) 	( 6.4) 

78 
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6.2 Lattice Details 

The three point function was computed using all four values of the heavy quark 

hopping parameters to simulate the initial heavy quark, with the two heaviest 

of the light quark hopping parameters used to simulate the passive (spectator) 

quark. The extended propagator is then correlated with all seven values of the 

hopping parameter to allow study of heavy-light to heavy-light decays as well 

as heavy-light to light-light. The initial meson, represented by the extended 

propagator, is always pseudoscalar, while the final meson is either pseudoscalar 

or vector. A total of 74 operators were used in the construction of the three point 

functions including operators to study penguin decay, and thus the following 

matrix elements are calculable from the dataset, 

(PSVPS), 

(V((V - 

(VT'-PS) . 	 (6.5) 

In each case, the initial meson is injected with a spatial momentum = (0, 0, 0) or 

j5= (1,0,0). The final meson has spatial momentum 7+q < 2. The momentum 

channels used in the simulation are shown in tables 6.1 and 6.2. 

In order to increase the quality of the statistics, the correlator data is averaged 

over equivalent momentum and Lorentz channels corresponding to the same ma-

trix element. Due to the fact that the statistical noise increases rapidly with the 

momenta of the correlation functions, only momentum channels corresponding 

to a final meson momentum less than 27r/aL are included in the analysis of the 

form factors. This leaves six momentum channels as illustrated in table 6.3. 

For the 3 = 6.0 lattice, all four heavy quark hopping parameters are used to 

simulate the initial (extended) heavy quark while for fJ = 6.2 only 'A = 0.1200 

and kA = 0.1266 are used. 
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Channel Channel 

0 (0,0,0) (0,0,0) 9 
1 (1,0,0) (1,0,0) 10  
2 (0,1,0) (0,1,0) ii  

3 (0,0,1) (0,0,1) 12  
4 (1,1,0) (1,1,0) 13  

5 (1,0,1) (1,0,1) 14 (2,0,0) (2,0,0) 

6 (0,1,1) (0,1,1) 15 (0 7 2 7 0) (0,2,0) 

7 (i,-i 3 O) (1,-1 7 0) 16 (0,0,2) (0,0,2) 

8 (-1,0,1) (-1,0,1)  

Table 6.1: Momentum channels for three point correlators with j5 = (0, 0, 0) in 

units of 27r/aL. 

Channel I Channel q 1 	9+ q 

0 (-1,0,0) (0,0,0) 10 (0,0,-i) (1,0,-1) 

1 (0,0,0) (1,0,0) ii (-1,1,1) (0,1,1) 

2 (-2,0,0) (-1,0,0) 12 (-1,1,-i) (0,1,-i) 

3 (-1,1,0) (0,1,0) 13  

4 (-1,-1,0) (0 )-1,0) 14  

5 (-1,0,1) (0,0,1) 15 (0,1,1) (1,1,1) 

6 (-1,0,-1) (0,0,-1) 16 (0,-1,1)  

7 (0,1,0) (1,1,0) 17 (0,1,-1) (1,1,-i) 

8 (0,0,1) (1,0,1) 18 (0,-i,-i)  

9 (0,-1,0) (1,-1,0) 19 (1,0,0) 1 	(2,0,0) 

Table 6.2: Momentum channels for three point correlators with = (1, 0, 0) in 
units of 27/aL. 
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j5 I 
(0,0,0) (0,0,0) (0,0,0) 
(0 10 1 0) (1 10 1 0) (1,0,0) 
(1,0,0) (0,0,0) (1,0,0) 
(1,0,0) (-1,0,0) (0,0,0) 
(1,0,0) (-1,1,0) (0,1,0) 
(1,0,0) (-2,0,0) (-1,0,0) 

Table 6.3: The six momentum channels (with implicit permutation) used in the 
extraction of the form factors. 

6.2.1 Improved Vector Current 

In section 2.3.2 the improvement procedure used to remove cut-off effects was 

discussed. This is sufficient for the calculation of spectral quantities but not 

for matrix elements. By considering the transformation properties of the vector 

current under lattice symmetries [31, 71] it can be shown that the improved lattice 

vector current is given by 

	

acv 
- 	re + 	( + 3v) 	 (6.6) improved - 

There exists an non-perturbative evaluation for the improvement coefficient c" 

[72]. However this result is only preliminary and yields a much larger value than 

the perturbative estimate [69] and therefore the perturhative estimate is used in 

this calculation, 

= —g+ O(g), 	 (6.7) 

so that 

	

c"6.0 = — 0.016333, 	= —0.015806 	 (6.8) 

The full set of operators used in the simulation is shown in table 6.4. 
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6.2.2 Extended Propagator Source 

For both lattices, the extension time slice t. does not occur at the mid-point 

(T12) of the lattice and hence unlike the two point correlators, the three point 

correlators cannot be folded about the mid-point to improve the quality of the 

fit procedure. In each case, the extension time slice t T  = 28. This choice allows 

for a study of certain systematic effects in the lattice calculation. By definition, 

the three point correlator contains an explicit time ordering, 

C (t t 	= 	 (6.9) 3pt 	2;' 1/' 
,il 

Recall from section 4.3 the implicit assumption that t, > t, > 0, which is the 

statement that the current intersects the mesons in the temporal direction. From 

the above equation it is clear that there can exist some alternative time orderings 

of the correlator, 

a' l ternat ive\tx) t, 	= 	(0 j t(0) 7/( x )J(y ) C 	 (6.10) 

where t > t 2;  > 0. 

Figures 6.1 and 6.2 show the ratio R separately for the temporal (R° ) and spatial 

components (Rz). The different magnitudes in these quantities arises from the 

quantities from which they are constructed (energies for R°  and momenta for Ri). 

For the 0 = 6.0 lattice, the data is clearly less noisy for t > t. In this region 

the contamination from other time orderings is small. For the 3 = 6.2 lattice the 

data is much quieter on both sides of the extension point. However a better, more 

extensive plateau is observed when t < t 2; , although for the particular channel 

shown a fit for t > t 2  produces an acceptable fit (although not as good as for 

t > t rn ). The analysis of the form factors on the /3 = 6.0 lattice is done with t,, > 

which is equivalent to considering the extension point t = 20. For both lattices 

it is clear that the chosen plateau region is one where the two point functions are 

asymptotic and hence there is no contamination from excited states. 
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Channel 	FA I  .J1 	11  Channel TA jo 	11 Channel F'4 JL 

1 	'y 5  ly 1  26 'y4  ly4  51 71 U23 

2 	'y5 
72  27 ly 1 

7175 52 72 U23 

3 	7 5 73 28 72 7175 53 72 U23 

4 	75 74 29 73 7175 54 73 U23 

5 o 34  30 74 7175 55 71 
U'4 

6 	'y 5  a24  31 7 1 7275 56 72 o.14 

7 	7 U 23  32 7 2 7275 57 73 U14 

8 	75 U 14  33 73 7275 58 74 U14 

9 	7 a13  34 74 7275 59 71 U13 

10 	75 a 12  35 7 1 7375 60 72 U13 

11 	7 1 71  36 7 2 7375 61 73 U13 

12 	7 2 71  37 73 7375 62 74 U13 

13 	73 71  38 74 7375 63 71 U'2 

14 	74 71 39 7 1 7475 64 72 U'2 

15 	7 1 72  40 72 7475 65 73 U'2 

16 	72 72  41 73 7475 66 74 U12 

17 	73 72  42 74 7475 67 71  1 

18 	74 72  43 71 0' 34 68 72 j 

19 	7 1 73 44 72 U34  69 73 1 

20 	7 2 73 45 73 U34  70 74 1 

21 	73 73 46 74 
U34  71 7 1 7 5 

22 	74 73 47 71 U24  72 72 75 

23 	7 1 74 48 72 U 24  73 73 75 

24 	72 74 49 73 a24  74 74 7 5 

25 	73 74 50 74 U24  

Table 6.4; Lorentz channels for the three point correlators. For the case of the 
vector current, channels 1-4 correspond to the bare operator and channels 5-10 
to the improvement term. 
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Figure 6.2: Temporal and spatial components of R for 3 = 6.2. Momentum 
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6.3 Calculation of Z'ff  

The continuum vector current is related to the improved lattice vector current 

(equation 6.6) by a reriormalisation constant Z'ff , 

cont - — Z' 	 (6.11) ff V jprovecJ  
 

where 
Zff = ZV(1 + bV(amq  + arnQ)). 	 (6.12) 

The quantities Z" and b" are known non-perturbatively. An estimate of these 

quantities is given by a ratio of polynomials in terms of the bare coupling go  [73], 

zV
= 1 - 0.7663g + 0.0488g 	

(6.13) 
1 - 0.6369g 

- 1 — 0 .8496g + O.O61Og 

- 	1 - 0.7332g 
(6.14) 

Recall from section 3.6 that when there is no velocity transfer in the weak decay, 

then the Isgur Wise function is normalised to unity. This condition can be ex-

ploited to formulate a lattice estimate of the effective renormalisation Z'ff . The 

matching of the lattice vector current to continuum vector current naturally fol-

lows through to the ratio R. Therefore using equation 3.33 which relates matrix 

elements to the relevant form factors, 

	

ht(w) = Zeffh±(W). 	 (6.15) 

From equation 3.42, h(w) is related to e(w) by 

	

h(w) = [1+ +(w) + C rn Q 	 (6.16) 
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Thus the renormalisation constant may he obtained from 

Z'ff  =  1 1+13+(1)+0 
(  (6.17)  latt h(1) 

where the power corrections are suppressed at 0 (i-) at zero recoil as a result 

of Luke's Theorem [74]. 

For the case of degenerate transitions, the above is simplified greatly; current 

conservation implies 

Zeff =1 hIatt(1\) 	
( 6.18) 

+ 

6.3.1 Radiative Corrections 

In order to implement equation 6.17 it is necessary to calculate the radiative 

correction 0+ (w). Neubert's short distance expansion is used for this purpose. 

Since the calculation is performed in quenched QCD, the quantity N1  representing 

the number of dynamical quark flavours is set to zero. There are then only three 

inputs required to obtain the function /+; the size of recoil w and the masses of 

the heavy quarks involved in the transition. 

Recall from section 3.1 that heavy quark symmetry allows the mass of a heavy-

light meson to be expressed in terms of the heavy quark mass and a universal 

constant, A, the binding energy. Thus the heavy quark mass may be determined 

from the lattice as a function of the meson mass, 

a [3(aM ctor) + (aM pseudo )] 
— 	

( 6.19) MQ— 	
4 

where (aMvx, 	and (aMUdO)  are the chirally extrapolated vector and pseu- 

doscalar heavy-light meson masses in lattice units. The binding energy is set at 

500 MeV [45]. Following the analysis of section 5.6, the heavy quark masses are 

listed in table 6.5. 
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itq  (aM eu do ) J _(aM. 0 .) I MQ (CeV) 

0.1123 1.0817 1.1301 1.6130 
0.1173 0.9410 0.9980 1.3592 

0.1223 0.7827 0.8534 1.0795 
0.1273 0.6006 0.6925 0.7655 

0.1200 0.7970 0.8295 1.6683 

0.1233 0.6940 0.7328 1.4088 

0.1266 0.5807 0.6299 1.1305 

0.1299 0.4531 0.5200 0.8286 

Table 6.5: Physical heavy quark masses. The value of the inverse lattice spacing 
used in the result is obtained from the string tension [65]; a 1  = 1.89 GeV at 

= 6.0, a 1  = 2.64 GeV at /3 = 6.2. 

6.3.2 Lattice results for " 
£leff 

Irrespective of the heavy quark mass, the momentum channel (0,0,0)-+(0,0,0) 

corresponds to a decay with zero recoil. For this particular channel, there is no 

spatial contribution to the three point correlator. Thus Z'ff  is obtained from 

equation 6.17 from a two parameter fit to 

(0'(0)I/3,+ q(0 Jq (0)a,pR°  = VAT.,Mfi [(v + v') ° h+(w) + (v - v') ° h_(w)] 

(6.20) 

The results of the fits are shown in figures 6.3, 6.4 and 6.5, both with radiative 

correction included (for the non-degenerate cases) and without. The results are 

compared to the non-perturbatively calculated values [73]. The agreement be-

tween the theoretical and lattice results is striking. The interpretation from this 

is that the higher order discretisation errors are indeed small. However since the 

power corrections to the form factors are ignored in this analysis, another conclu-

sion is that these corrections are cancelling the discretisation errors. In section 

6.5, the power corrections will he investigated and shown to he negligible. 
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Figure 6.3: Lattice determination for Z ff  at /9 = 6.0. The diamonds correspond 

to including radiative corrections and the burst points to their exclusion. The 
non-perturhative estimates (equations 6.12-6.14) are shown as horizontal dotted 

lines. 
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6.4 Calculation of Form Factors 

The calculation for Z ff  used the lattice determination of the form factor h+(W) for 

zero velocity transfer. This channel is unique in that there is no contribution from 

the spatial component of the ratio R. The remaining five momentum channels 

considered in this analysis (table 6.3) all have spatial contributions. The form 

factors h(w) are extracted by simultaneously fitting the spatial and temporal 

components of R. The energies of the mesons with non-zero spatial momenta 

are calculated using the dispersion relation for relativistic particles, 

E2(k2) = rn2  + JkJ2 	 (6.21) 

where the mass is obtained from a fit to the zero momentum particle. Table B.5 

lists the amplitudes and energies for the heavy-light pseudoscalar mesons with 

II 2 = 1. 

As for the zero transfer, zero recoil channel, the ratio is fitted for t., > t when 

= 6.2 and t2  < t when 0 = 6.0. The timeslices used for the correlated fits are 

11-15 for 0 = 6.2 and 39-43 for 0 = 6.0 (corresponding to 11-15 with t = 20). 

6.4.1 Results for h_(w) 

In the limit of infinitely heavy quarks, there is no analogue of h_(w) and h(w) 

is identified as the Isgur Wise function. Away from this limit, h_(w) is simply 

a collection of radiative and power corrections which multiply the Isgur Wise 

function, 

h- (w) = (0- (w) + -y- (w)) e(w) 	 (6.22) 

Unlike h+(w), Luke's Theorem does not protect h_(w) against power corrections 

proportional to the inverse heavy quark mass at zero recoil. 

Figures 6.6, 6.7, 6.8 and 6.9 show the lattice determination for h_(w), computed 

for the five remaining momentum channels using all available hopping parameter 

combinations. Thus there are 80 points for each 0 = 6.0 plot and 40 for each 

0 = 6.2 plot. The form factor is not radiatively corrected (the corrections to 
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h- (w) are, in general terms, an order of magnitude smaller than those for h+  (w)). 

The figures clearly show that h_(w) is consistent with zero. There are several 

anomalous points however, corresponding to the channel (1,0,0)—(1,0,0). For 

this particular channel, when m' 	rnQ , the coefficient (v - v') becomes very 

small and thus causes h- (w) to be large with large errors. For the degenerate case 

there is no contribution for this particular channel since this coefficient is exactly 

zero. Reassuringly, for degenerate decays, h.... (w) is small; current conservation 

implies that for a degenerate decay, h_(w) = 0,Vw. The results indicate that 

h_(w) is independent of spectator quark mass. Ignoring the anomalous points, 

then an upper bound of 0.08 can be placed on the magnitude of h_(w). 

The results for h- (w) are listed in appendix C, together with the results for h+  (W) 

and x 2/dof for the two parameter correlated fits. 

6.4.2 Results for h(w) 

The form factor h(w) is related to the Isgur Wise function by 

h(w) = [1+ /(w) + +(w)] (w), 	 (6.23) 

where from Luke's theorem the power corrections +(w) are suppressed at 0 () 

for w = 1.. The radiative corrections are a function of the recoil and heavy quark 

masses. The masses are obtained as described in section 6.3.1. The recoil, w, is 

obtained from the masses and energies calculated from the meson fits, 

w=v.v = 	 (6.24) 
mrn 

For the quark mass combinations used, there is quite a large spread of values for 

the recoil, as high as 1.8, so that the kinematic range is on a par with experiment. 

The results of the calculation of the radiative corrections, /+(w), are shown in 

tables A.1, A.2, A.3 and A.4. 
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The form factors obtained from the lattice calculation do riot correspond to the 

physical processes of interest. Thus it is of prime importance to isolate trie 

dependence on final and initial heavy quark mass. The mass dependence for 

0+ (w) has already been calculated and thus for small corrections, 13+(w), 'y+(w) 

an effective Isgur Wise function (w) may he defined as, 

h±(w) 

	

(1+ -+(w))e(w) 	 (6.25) 
- i+±(w) 

where the terms proportional to the product of corrections have been ignored. 

Degenerate transitions are more constrained theoretically than non-degenerate 

decays. There are no power corrections to h+(w) and h_(w) = 0 for all values of 

w. Hence the data for these decays will provide the best insight into the heavy 

quark mass dependence of the effective Isgur Wise function. 

The effective Isgur Wise function, 	w) is calculated for each of the 12 degen- 

erate transitions. The data is fitted to the following parametrisationi of the Isgur 

Wise function [52], 

2  

l+w 	
[(I_2P ff)]. 	 (6.26) 

NR() = 	exp 

The results of the fits are shown in tables 6.6 and 6.7. 

_v=0.13417 

Peff [_x 2 /dof ft Peff 
x2/dof 

0.11230 117 	±11 
12 57 / 4 116 +16 . 	-16 2.65 / 4 

0.11730 1.12 3.46 / 4 116 ±12  
-12 3.88 / 4 

0.12230 1.16 14.75 / 4 1.13 4.09 / 4 

10.12730 1.17 2.57/4 1.15 6.12/4 

Table 6.6: Elastic scattering at / = 6.0. 	(w) is fitted to the Neubert-Rieckert 

parametrisation. 

The individual fits are shown in figures 6.10, 6.11 and 6.12. It is clear from 
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Figure 6.6: h_(w) for all momentum channels excluding (0,0,0)—+(0,0,0) for 

fl = 6.0 at the heaviest spectator quark mass. The burst points correspond 
to the channel (1,0,0)—+(1,0,0). The degenerate decays are represented by the 

squares. Excluding the burst points Ih_(w)I <0.07. 
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M. 

kp=0.13460 ip=0.13510 

Peff I x2/bof I x2/dof 

0.1200 1 .18 	+16 / 1.15 	±21  3.25 / 4 -21 -' 	-36 

0.1266 1.19 	+ 2.62 / 4 1 . 1 5  	+12 0.58 / 4 -15 

Table 6.7: Elastic scattering at /3 = 6.2. eeff (w) is fitted to the Neuhert-Rieckert 
parametrisation. 

these fits that the dependence on heavy quark mass is very small. The fits have 

been repeated with other parametrisations for the effective Isgur Wise function 

to verify that this is not a result of the choice of parametrisatiori. Tables 6.8 and 

6.9 show the results when the data is fitted to 

ee 	
(' 

2 	
. 	 (6.27) 

'p=0.13344 Icp=0.13417 
x2/dof P 2 

 ff x 2 /dof 

0.11230 114 +10 
 -12 . 7.62 / 4 113 	+16  

-16 2.88 / 4 

0.11730 1.08 4.18 /4 112 	h1  
-11 4.62 / 4 

0.12230 1.12+ 16.90 / 4 1.09 5.79 / 4 

0.12730 1.10 7.11 / 4 1.08 11.91 / 4 

Table 6.8: Elastic scattering at 3 = 6.0. eeff (w) is fitted to a pole ansatz for the 
Isgur Wise function. 

_____ Isp=0.13460 fi 	Icp=0.13510 
x2/dof II_Peff x2/dof 

0.1200 116 -20 404/4 1 1 	+211333/4 1.1) 	 -35 

0.1266 1.15 3.39 / 4 1. 1 
 h 	-14 

+11 
1 0.40 / 4 

Table 6.9: Elastic scattering at /3 = 6.2. 	w) is fitted to a pole ansatz for the 
Isgur Wise function. 
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The results show that irrespective of the parametrisation, the degenerate transi-

tions yield the same slope parameter. Tables 6.10 and 6.11 show the results of 

the elastic scattering to all data points for each spectator quark mass. The values 

of the slope are consistent with the individual kappa combinations shown in the 

previous tables. 

Figure 6.13 shows a plot of all the degenerate transitions for each value of specta-

tor quark (using the NR parametrisation), illustrating the fact that all the data lie 

on the same curve and that heavy quark scaling is observed. Hence if the power 

corrections are small enough then e'() can be interpreted as the physical Isgur 

Wise function. 

Peff x 2 ldof 
0.13344 1.16+ 6  18.29 / 19 

0.13417 1.15 14.81 / 19 

0.13460 118 	±11 
—ii 12.15 / 9 

0.13510 115 	+14  
—Is  15.00 / 9 

Table 6.10: Results for the slope of the effective Isgur Wise function for degenerate 
decays when fitted to the NR parametrisation. 

e pole (w) 

Ieff x 2 1clof 

0.13344 1.11 	t 21.83 / 19 

0.13417 1.09 t 18.65 / 19 

0.13460 1.15 	t 14.90 / 9 

0.13510 1.12 	t 13.04 / 9 

Table 6.11: Results for the slope of the effective Isgur Wise function for degenerate 

decays when fitted to the pole arisatz. 
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parametrisation of the Isgur Wise function. 
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6.5 Power Corrections 

In order to determine the heavy quark mass dependence of the form factor, h+  (W), 

it is necessary to quantify more precisely the nature of the power corrections which 

appear in the definition, 

h+(w) 
(1+ -x+(w))e(w). 	 (6.28) 

i+(w) 

In the heavy quark expansion, it has been shown [74] that a mass parameter is 

required to parametrise the matrix elements of the higher dimensional operators. 

To leading order in the expansion, the power corrections can be written as, 

A q  IgQ(w,as(mQ),z) + gQf(w,as(mQ1),z)I +0 ([ Kq 
]2

) 

( 6.29) = 	
L 	rnQ 	 rnQ F 

	 2mQ , Q F  

where 

	

rrIQ 
	

(6.30) 
rnQI 

The quantity A q  represents the energy carried by the light degrees of freedom. 

However the spectator quarks are not in the chiral limit and thus X q  is related 

to K (equation 6.19) by the difference in heavy quark mass, 

= m — rn+A 

a 1  [3 ((aM
vector)  	vector!)  	pseudo)   — ( aIl eudo ))] 
  \   — ( aMX   I   +   ((aMa

PS 

— 	 4 

The results for A q  are shown in table 6.12. 

VQ 
/cp 

A q  (GeV) 

0.11230 0.12000 
0.13344 
0.6117 

0.13417 
0.5715 

0.13460 
0.6112 

0.13510 
0.5670 

Table 6.12: Values for A q  at heaviest quark mass. 

(6.31) 
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The difference between the functions g Q  and g' is a difference of radiative correc- 

tions and thus it is very small. Neglecting this difference, equation 6.29 reduces 

to 
qg(w) (± 

+ 	
+ o 

([2 

Xq ]
2) 	

(6.32) 
rnQ 	TflQI 	 TflQQ' 

Hence a determination of the function g (w) amounts to a calculation of the power 

corrections. 

It is clear from the functional dependences in the above equation that the evalu-

ation of g (w) requires an exploration of the dependence on the recoil for various 

mass combinations. Therefore it is logical to look at the channels for which there 

is a vanishing spatial meson momentum for then the recoil is independent of that 

meson's mass (equation 6.24). Thus there are two momentum channels for which 

this kinematic property can be exploited, (0,0,0)-4(1,0,0) and (1,0,0)—+(0,0,0). 

To extract g (w) the following ratios are calculated; for (0,0,0)—+(1,0,0) 

rfl 	= Ql 	______ 2rnQi 
[i - 
	jQ(W)1 	

(6.33) 
rnq i 	Aq [ 	

QQJ(W)] 

For the (1,0,0)—+(0,0,0) channel, the following is calculated, 

MQI 	2TflQ1 [i_ eQ3 Q(w)1 	 (6.34) 
rnQi 	A q 	CQ3Q1(w)j 

where z* = 2,3,4, 3' = 1,2,3,4 when i = 6.0 and i = 2,3,4, j = 1,3 when = 

6.2 (and thus in this notation (IcQ1,kQ2,tcQ3,kQ4)(0.11230, 0.11730, 0.12230, 

0.12730) at 0 = 6.0 and, (FcQ I,IcQ2,tc Q3,IcQ4)(O.12000, 0.12330, 0.12660, 0.12990) 

at 0 = 6.2). 

The ratio is chosen such that g (w) is obtained from a one parameter fit, 

rnQ I 	 rn 
= 	 = g (w) ii - 	+ 0(1_ 	1 	(6.35) 

rrtQ 	 rnQ 	 L 	rnQ j 	L2mQ,q'] ) 
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The results of the fits to equation 6.35 are plotted in figures 6.14, 6.15, 6.16, 6.17, 

6.18 and tabulated in tables 6.13, 6.14, 6.15. 

TU 

kp = 0.13344 Icp = 0.13417 

j w g(w) x 2 /dof w g(w) x 2 /dof 

1 1.0613 -0.007 t 2.24/2 1.0632 0.024 	-21 0.01/2 

2 1.0763 0.016 	+19  
-16 5.54/2 1.08047 -22  0.025 ±28 0.72/2 

3 1.1041 -0.010 0.15/2 1.11124 -0.008 	+41  
-27 1.44/2 

4 1.1594 0.023 	ii 8.54/2 1.17384 -0 047 +29  
-22 1.74/2 

Table 6.13: Form factor g(w) for channel (0,0,0)-+(1,0,0) at 0 = 6.0. 

rp  = 0.13344 Icp = 0.13417 

j w g(w) x 2 1dof w g(w) x 2 /dof 

1 1.0613 0.030 	31  
-24 0.34/2 1.0632 0.012 	-33 0.03/2 

2 1.0763 0.000 t 0.88/2 1.08047 -0.01 	t 0.54/2 

3 1.1041 _0.018 
	

+14 
-12 0.46/2 1.11124 0.004 -19 0.14/2 

4 1.1594 0 . 056 	28  
-21 9.21/2 1.17384 0.030 	39 

-28  
7.37/2 

Table 6.14: Form factor g(w) for channel (1,0,0)-4(0,0,0) at 3 = 6.0. 

= Icp = 0.13460 /cp = 0.13510 

J w g(w) x 2 /dof w g(w) x 2 1dof 

1 

3 

1.04891 

1.08438 

-0.001 	+15  
- 11 

0.015 +18  
0.12/2 

0.05/2 

1.05074 

1.08934 

0.005 

-0.010 	+12  
0.26/2 

0.01/2 

Table 6.15: Form factor g(w) for channel (0,0,0)-(1,0,0) at / = 6.2. 

Since there are only 2 values of active quark mass at 0 = 6.2, there is no contri-

bution to (w) and there are only 2 distinct values of the recoil for T(w). The 

figures clearly show that for all the available data, g(w) is consistent with zero. 

The results are not affected by the choice of spectator quark mass, although as 
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expected there is an increase in statistical noise as this mass becomes lighter. 

The form factor g(w) is plotted as a function of w in figure 6.19. It exhibits no 

trend over the range of recoils used in this analysis. Therefore the power cor-

rections to h+(w) are very small. Since there was no mass dependence on the 

radiatively corrected h+(w) over the full range of recoils, it is assumed that the 

power corrections are small for the complete recoil range. Thus for h+(w), the 

flavour symmetry of HQET is well satisfied, and the Isgur Wise function relevant 

to physical processes may be obtained via an extrapolation or interpolation of 

the light spectator quark mass. 
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6.6 Lattice Isgur Wise functions 

The conclusion of the preceding analysis is that for a given value of the spectator 

quark mass, the data for non-degenerate transitions can he reliably combined 

since there is no discernible heavy mass dependence on the radiatively corrected 

h+(w). The full data set can then he used to verify that (w) is an Isgur Wise 

function. 

To check the lack of dependence on the heavy quark masses, the degenerate and 

non-degenerate decays are fitted to various forms of the Isgur Wise function. The 

four chosen parametrisations are, 

NR(W) = & 	
2 exp [ (2p2-1)(w--1)l 	

(6.36) - 
- 	w+1 	 w+1 

eISGW(w) = exp [—p 2 (w - 1)], 	 (6.37) 

2 	
2p2 

ePOLE(w) 
= 	+ 1] 	

' 	 (6.38) 

	

QUAD(W) = 1 - p2 (w - 1) + c(w - 1) 2 . 	 (6.39) 

The results of the fits are presented in tables 6.16-6.19 and are illustrated in 

figures 6.20-6.23. 

(w) = eNR(W) 

Peff. x 2 /dof 

6.0 0.13344 1.17 	t 53.40 / 79 

6.0 0.13417 1.15 29.38 / 79 

6.2 0.13460 118 +10  
-12 10.43 / 39 

6.2 0.13510 115 ±13 
-15 3.88 / 39 

Table 6.16: All data fitted to the Neuhert Rieckert parametrisation of the Isgur 

Wise function. 
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eff()_= 	IsGW(w) 

0  Peff x 2 /dof 

6.0 0.13344 1.03 	t 126.81 / 79 

6.0 0.13417 1.01 84.56 / 79 

6.2 0.13460 1.08 	+ 16.96 / 39  -10 

6.2 0.13510 1 . 05 	+11 6.00 / 39 -14 

Table 6.17: All data fitted to the 15GW parametrisatiori of the Isgur Wise func-
tion. 

eff() = ePOLE(w) 

/3  Peff x 2 /dof 

6.0 0.13344 1.12 71.17 / 79 

6.0 0.13417 1.10 42.51 / 79 

6.2 0.13460 1.14 12.06 / 39 

6.2 0.13510 1.11 	-14 4.18 / 39 

Table 6.18: All data fitted to a pole ansatz for the Isgur Wise function. 

eff() 	QUAD(W)  

icp Peff c x 2 /dof 

6.0 0.13344 1.13 0.72 t2 63.06 / 78 

6.0 0.13417 1.10 	+ 
-10 0.67 ±26  37.22 / 78 

6.2 0.13460 117 ±14  
-18 0.89 ±66  

-29 11.14 / 38 

6.2 0.13510 1.11 
	

+18 
-24 0.70 t 4.40 / 38 

Table 6.19: All data fitted to the quadratic expansion of the Isgur Wise function. 

The results clearly show that the data is well modelled by the four chosen 

parametrisations of the Isgur Wise function. As can he seen from the relative 

x2 the Neubert Rieckert parametrisation most faithfully models the data over 

the full range of w. The JSGW model provides a good fit also, but the results 

at 0 = 6.0 where the range of recoil is larger due to the increased number of 

kappa combinations, suggests that this is only valid for w < 1.4. The pole ansatz 

and quadratic parametrisation show remarkable agreement to the data, although 
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they exhibit a larger x2  than the NR parametrisation. 

The plots suggest that statistical errors are very small. For the degenerate 

dataset, the channels (0,0,0)-4(1,0,0) and (1,0,0)-+(0,0,0) share the same velocity 

transfer. However the second of these channels is constructed from less raw data 

since for the former channel, the data is averaged over the three spatial directions 

for the final meson. The values of the Isgur Wise function obtained from these 

channels are consistent over all recoils. Also for each of these two channels, since 

one meson has zero spatial momentum then there is multiple data for four differ-

ent values of the recoil. For example, when Icp = 0.13344 there are eight points 

for w = 1.06013 corresponding to a non stationary heavy quark mass equivalent 

to ic = 0.11230. Reassuringly, these points are consistent providing the fits with 

a surprisingly low x 2 /dof. 

The channel (1,0,0)-*(1,0,0) was discussed when considering h_(w). Again it 

is found that this channel provides the poorest quality of data. This channel 

corresponds to an almost zero recoil decay and although the data over all four 

spectator masses is consistent with unity, the statistical errors are very large in 

comparison to every other channel. 

6.7 Spectator Quark Mass Dependence 

Having established that there is no discernible heavy quark mass dependence 

on the radiatively corrected form factor h+(w), the Isgur Wise functions corre-

sponding to the physical processes B -+ D1i7 and B -+ D117 are then obtained 

by examining the dependence on the light quark mass. 

Recall from section 5.4 the definition of the improved bare quark mass in the 

non-perturbatively improved scheme, 

añlq  = amq (1 + bm arnq ). 	 (6.40) 

Given that for each lattice there are only two hopping parameters used in the 

simulation a linear extrapolation is performed in this improved quark mass. 
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6.7.1 Chiral Extrapolation 

Both h+  (w) and w exhibit some dependence on the light quark mass and therefore 

an extrapolation is performed on both quantities. Both are fitted to a linear form, 

h+(w) = Oh(amq ) + Fh, 

= ew (an- q ) + Fw 	 (6.41) 

so that that h(w) = Fh and wX = F. The results of the chiral extrapolations 

are given in Appendix C. 

6.7.2 Interpolation to Strange Quark Mass 

In section 5.5, the hopping parameters corresponding to the strange quark mass 

were found to be, 

r', 1,0=6.0 = 0.13400 

1sft 	
+ 1

6.2 = 0.13493 - . 	 (6.42 

The interpolations are performed in the same way as the chiral extrapolations so 

that, 

h(w) = eh(arn) + h(w), 

= 	+ wx 	 (6.43) 

where an is the improved strange quark mass (equation 5.30). The results of 

the strange interpolations are given in Appendix C. 

Both the chiral extrapolations and strange interpolations are fitted to the four 

parametrisations of (w). The results are presented in tables 6.20-6.23 and in 

figures 6.24-6.27. As expected from the results of the previous section, the most 

faithful parametrisation is given by the Neubert Rieckert model. 
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e'() = 	NR(W) _______ 

IcP Peff x 2 /dof 

6.0 0.13400 (strange) 1.15 31.42 / 79 

6.0 0.13525 (chiral) 1.13 33.25 / 79 

6.2 0.13492 (strange) 1 
.1 '6 	-14 

+12 
1 4.16 / 39 

6.2 0.13583 (chiral) 1 . 12 	±17 
-21 6.07 / 39 

Table 6.20: Extrapolated data fitted to the Neuhert Rieckert parametrisation of 
the Isgur Wise function. 	--- 

eeff(w) = eisaw(w)  

Peff x 2 /dof 

6.0 0.13400 (strange) 1.01 90.44 / 79 

6.0 0.13525 (chiral) 0.98 + 
-12 65.14 / 79 

6.2 0.13492 (strange) 1.06 	±13 
-10 / 39 

6.2 0.13583 (chiral) 

	

1.01 	+19 

	

' 	-15 7.96 / 39 

Table 6.21: Extrapolated data fitted to the ISGW parametrisation of the Isgur 
Wise function. 

e'() = 	POLE(W)  

Peff x 2 /dof 

6.0 0.13400 (strange) 1.10 45.55 / 79 

6.0 0.13525 (chiral) 1 o 	+ 
.L. 	-10 40.43 / 79 

6.2 0.13492 (strange) 1.12 	+13  
-12 4.76 / 39 

6.2 0.13583 (chiral) 1.09 	+20 
-15  7.78 / 39 

Table 6.22: Extrapolated data fitted to a pole ansatz for the Isgur Wise function. 

= QUAD(W)  

13  Fcp Ieff C x 2 /dbof 

6.0 0.13400 (strange) 1.11 	6 0.68 	+24  
34 39.64 / 78 

6.0 0.13525 (chiral) 1.06 0.60 	27  
-29 38.91 / 78 

6.2 0.13492 (strange) 1.13 	+14 
-28 0.76 ±39 

-29 4.87 / 38 

6.2 0.13583 (chiral) 1 . 03 	±20 
.UJ 

q +42 
U.UL 	30 11.81 / 38 

Table 6.23: Extrapolated data fitted to the quadratic expansion of the Tsgur Wise 
function. 
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Figure 6.24: Extrapolated data fitted to Neuhert Rieckert parametrisation. 
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Figure 6.25: Extrapolated data fitted to ISGW model. 
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Figure 6.27: Extrapolated data fitted to quadratic expansion. 



Chapter 6. Semi-leptonic Decay B —+ DlY 
	

127 

6.8 Extracting p2  

Since the Neubert Rieckert parametrisation yields the best fits to the data, it will 

be used as the standard form in the proceeding analysis, providing the central 

value and statistical errors for p2 . 

6.8.1 Systematic error 

In order to quantify the systematic error on the slope of the Isgur Wise func-

tion, the momentum dependent discretisation errors must be studied (the mass 

ones have been shown to be negligible). This is achieved by fitting the data to 

the Neubert Rieckert parametrisation independently for each of the momentum 

channels. The spread of central values will then provide the required systematic 

error. This could however be an over-estimate since in fact some of the error will 

be attributed to statistical uncertainty. Table 6.24 below shows the results of 

the fits for the individual momentum channels when the light anti-quark is TI, ci 

and . The channel (1,0,0)-+(1,0,0) is excluded from this analysis since the data 

is relatively very noisy and explores only a tiny fraction of the range of recoils 

hence providing an unreliable estimate of the slope. 

6=6.0 __  
Channel  P _ 

(0,0,0)-+(1,0,0) 1.20 +16  
-18  1.19 1.10  ±26 1.22 +20  

(1,0,0)-(0,0,0) 1.20 +12  
-18 1.21 -11 113 +21  

-28 1.19 +15  
-15 

(1,0,0)-+(0,1,0) 1.10 II +11.13 + 8 
6 1.06 +24  

-16 111 +14  
9 

(1,0,0)-+(-1,0,0) 1.08  14 
- 11 1.15 118 +15  1.15 +10  

Table 6.24: Comparison of p2  for different momentum channels. 

There is good agreement with the central value (using all momentum channels). 

The channels (1,0,0)-+(0,1,0) and (1,0,0)-+(-1,0,0) provide the least statistically 

noisy values for the slope since those channels do not have multiple points for 

each value of the recoil (as discussed for the other two channels in section 6.6). 
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Combining these results, the final values for the slope of the Isgur Wise function 

are, 

PS 1,6= 	1.15 
+ 8 + 6 

	

6 — 2' 	 (6.44) 

	

P,df3=6.o = 1.13 
+10 + 7 	

(6.45) 
—11 — 5' 

Ps1136.2 = 1.16 +12 + 6 

	

14 - 5' 	
(6.46) 

	

P,d3=6.2 = 1.12 
+17 + 	6 
21-6 	 (6.47) 

where the first error is statistical and the second error is systematic. 

As a verification of the adoption of the radiatively corrected form factor as the 

Isgur Wise function, the extrapolated data is fitted to the NR parametrisation 

for only those points for which the power corrections were explicitly shown to be 

negligible. Hence for 3 = 6.0 only points with w < 1.2 are fitted, and at /3' = 6.2 

only points with w < 1.1 are fitted. The fits are in table 6.25 alongside the fits 

for the full datasets. 

kq  p2 (w < 1.1) 1 p2 (w < 1.2) 1 	p2(full) 

0.13400 - 1.18 	13  1.15 	+ 8 
—9 —6 

0.13525 - 1.12 	+15  1.13 	+10  
—15 —11 

0.13492 1.17 	±15 - 1.16 	+ 6 
—20 - 5 

0.13583 1.10 	23  1.12 	+17  
—31 - —21 

Table 6.25: Comparison of —e'(l)  from full and restricted data sets as described 
in the text. 

The table shows that the obtained slopes for the full and restricted sets are 

consistent. Together with the previous analysis, this verifies the final results for 

the slope of the Isgur Wise function at zero recoil. 
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6.8.2 Discussion of results for p 2  

The results of the previous section show that for both Pms  and P,d  there is little 

lattice spacing dependence and scaling is observed. 

The value of p 2  is above the lower bound by Bjorken. Table 6.26 lists the results 

of p 2  from various sources. 

Reference P,d 

Voloshin [55] 1.4 	h 

Burdman [75] 1.08 	+ 10 10 

Neubert [45] 0.66 

Høgaasen [76] 0.98 

Blok [77] 0.70 	+25 
—25 

Bagan [78] 0.84 t 

Close [79] 1.4 
Morénas [80] 1.0 

Table 6.26: Slope of the Isgur Wise function from various sources. 

There have been several lattice calculations of the slope of the Isgur Wise function. 

A previous UKQCD calculation [81] in which a similar study is done, found P,d = 

0.9 	+4  A slightly older calculation yields P,d = 1.24 +26 +26[82]. There have —26 —26 
also been some lattice calculations where HQET is directly implemented into the 

simulation. Hashimoto et a! [83] find P2 	0.70 	. A more recent HQET
-17 U,d 

2 +13 	 . 
calculation [84] quotes Pu,d = 0.64 13  A recent preliminary calculation using 

NRQCD heavy quarks finds P 2 = 1.5 [85]. The results of this calculation U,d

are consistent with the literature. 

There is a trend on both lattices for the slope p 2  to decrease as the light quark 

mass is decreased. This trend was also found in a previous UKQCD calculation of 
2 	+2+2 

these form factors [81] where it was found p = 1.12 2 	• Similarly Close and 

Wambach [79] find an increased value, p = 1.64. Morénas et a! [80] find p = 

1.15. Høgaasen et al find the same trend with p 2 = 1.135. The trend observed in 
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this calculation is clearly much less then those found in other calculations. 

The average experimental value for the slope is P,d = 0.71 	[86], where 

the second error is theoretical [87]. This value is somewhat low, although it is 

worth noting that generally, the experimental slopes are obtained using a linear 

fit, 

eiinear(') = 1 — p 2  (w - 1). 	 (6.48) 

This form does not have positive curvature (unlike the four parametrisations used 

throughout this thesis) and hence yields lower values of p2 . 

6.9 Extracting Vb 

The weak decay of a meson is trivially given by the product of three quantities, 

kinematic factors, the relevant CKM matrix element and a non-perturbative QCD 

factor. This chapter has focused on the determination of this last factor and thus 

a knowledge of the experimental decay rate leads to a determination of Vcb. 

The decay rate for B - D1P is given by [88] 

dF(B -4 D117) 

dw 

= 	IV 2 (rnB +rnD)2m(w 2  — 1) 
48ir3 

cb  

+ 	 (w) x h+(w) 
mD — mB 

h 	 (6.49) 
 

TflD + MB 

However, Luke's theorem does not protect this decay rate at zero recoil and this 

leads to a factor (w 2 — 1) in the decay rate [52], resulting in the helicity suppression 

of this process at zero recoil. However by exploiting the spin symmetry of HQET, 

the decay rates for B —+ D*17 (where there is no suppression) can be used to 

extract IVcb  

The differential rate for the pseudoscalar to vector decay is given by [81] 

dF(B —+ D*1i7) 

dw 
IVCb 2 (mB — mnD) mflD(W + 1)2 

— 48ir3  

— 1[1 + 13A1 (1)]2 K(w)d(w) 
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>< 
(I+  4w [m + m :1  — 2wrnDmB]'\ 

[w + 1 ][rnB mD]2 	 ) 	

( 6.50) 

where K(w) is a collection of radiative corrections for w =A 1, power corrections 

to hA 1 (w), and contributions from hv(w),hA 2 (w) and hAjw). Neubert [45] has 

shown that in exact symmetry K(w) = lVw. Since K(w) is a function of the 

various radiative and power corrections it is assumed to not deviate from 1. 

Assuming K(w) = 1, IVbl is extracted from the decay rates for B —* D*17.  Table 

6.27 shows a one parameter fit of the experimental data from ALEPH [89] and 

CLEO [90] to the quantity, 

eU,d(w)[A1(1) + 11IVCb1, 	 (6.51) 

where 13A1 = —0.01 from [50] and u,d  is the lattice result. The experimental and 

lattice data are plotted in figure 6.28. 

/3=6.0 	 1 1 /3=6.2 	 I 
Experiment I 	DI 1 bI 

I x 2 /dof DIVbI I 	x2/dof 

ALEPH 

CLEO 

0.0379 +12 +5 ±17 
9 -4 -19 

0.0364 + 8 +6 +18 
- 	- 

I 34.57/6 

4.70/6 I 

0.0378 	+13 ±4 +17 
-16 	-5 	-19 

0.0363 ±14 +5 +18 
-_-_- 

I 33.99 / 6 

4.77 / 6  

Table 6.27: Results of fit to experimental data. The third error is the exper-
imental uncertainty. The quantity D contains the corrections and is defined, 

D (1+A(1)) (1+ 0(1/mn)). 

The CLEO data provides a much better fit to the lattice data as evidenced from 

the graph and from the x2 from the fits. Combined with the obeservation of 

scaling, the lattice result is taken to be the fit at 0 = 6.2 to the CLEO data, 

Va" = 0.0363 
+14 +5 +18 	 (6.52) 
-17 -5 - 4 
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The values of Vb obtained are in excellent agreement with the world average [14], 

Vb-xp = 0.0395 +". 
	 (6.53) 

-17 
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Figure 6.28: Comparison of experimental and lattice data. 



Chapter 7 

Summary and Conclusions 

This thesis presents the results of a lattice QCD calculation of the matrix ele-

ments of the semi-leptonic decay B -+ D1i7. The simulation was performed on 

a 0 = 6.0 lattice with volume 16 3  x 48 with an ensemble of 305 configurations 

and on a 0 = 6.2 lattice with volume 24 x 48 with an ensemble of 216 config-

urations. The simulation was performed in the quenched approximation using 

a non-perturbatively improved fermion action and non-perturbatively improved 

operators. The principle aim of the thesis was to isolate, to a greater precision, 

the non-perturbative Fiadronic matrix elements which are vital in the extraction 

of CKM matrix elements. 

The form factors h+(w) and h_(w) were extracted and analysed at length. By 

examining the zero recoil case, a lattice determination of the reriormalisation 

constant Z was made. From this it was concluded that the discretisation er-

rors in the lattice data were small. The results for the /3 = 6.0 and /3 = 6.2 

lattices were consistent throughout the analysis and hence a scaling regime was 

observed. It was shown that the form factors were independent of the initial and 

final heavy quark masses and that therefore HQET could be applied safely. On 

comparison with previous lattice calculations, it was shown that the results were 

in agreement with previous studies and most importantly that the associated er-

rors were significantly smaller. A comparison to experiment was also made and 

again agreement was observed. 

The largest error in the simulation was the effect of quenching. It should be 

possible in the near future to study weak matrix elements in full QCD allowing 

a more confident comparison with experiment. There is expected to be much 
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improvement in experimental data also in the near future with new experiments 

such as BABAR, BELLE and CLEO III set to increase our knowledge in B 

physics. 



Appendix A 

Radiative Corrections 

This Appendix list the radiative corrections to the form factor h+  (w) used in the 

determination of the Isgur Wise function. 
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0.11230 --4  

)5 	+ 0.11230 0.11730 0.12230 0.12730 
(0,0,0)-4(0,0,0) 0.00000 0.02250 0.05166 0.09720 
(0,0,0)-~ (1,0,0) -0.01418 0.00490 0.02851 0.06383 
(1,0,0)-(1,0,0) -0.00143 0.02088 0.04893 0.09088 
(1,0,0)-+(0,0,0) -0.01418 0.00856 0.03812 0.08434 
(1,0,0)-4(0,1,0) -0.02858 -0.00935 0.01448 0.05000 
(1,0,0)-+(-1,0,0) -0.05347 -0.03698 1 -0.01690 0.01260 

0.11730  

0.11230 0.11730 0.12230 0.12730 
(0,0,0)-~ (0,0,0) 0.022497 0.00000 0.03596 0.09019 
(0,0,0)-~ (1,0,0) 0.00856 -0.01682 0.01387 0.05863 
(1,0,0)-~ (1,0,0) 0.02088 -0.00129 0.03425 0.08603 
(1,0,0)-+(0,0,0) 0.00489 -0.01682 0.01963 0.07481 
(1,0,0)-(0,1,0) -0.00934 -0.03398 -0.00302 0.04204 
(1,0,0)-+(-1,0,0) -0.03698 -0.06336 1 -0.03654 0.00204 

0.12230  

0.11230 0.11730 0.12230 0.12730 
(0,0,0)-~ (0,0,0) 0.05165 0.03596 0.00000 0.07192 
(0,0,0)-4(1,0,0) 0.03812 0.01963 -0.02043 0.04305 
(1,0,0)-*(1,0,0) 0.04893 0.03425 -0.01112 0.06986 
(1,0,0)-~ (0,0,0) 0.02851 0.01387 -0.02043 0.05285 
(1,0,0)-~ (0,1,0) 0.01448 -0.00302 -0.04147 0.02243 
(1,0,0)-+(-1,0,0) -0.01690 -0.03654 1 	0.01672 -0.02023 

0.12730_- 
0.11230 0.11730 0.12230 0.12730 

(0,0,0)-+(0,0,0) 0.09720 0.09019 0.07192 0.00000 
(0,0,0)-4(1,0,0) 0.08434 0.07481 0.05285 -0.02382 
(1,0,0)-~ (1,0,0) 0.09088 0.08603 0.06986 -0.00074 
(1,0,0) 	(0,0,0) 0.06383 0.05863 0.04305 -0.02382 
(1,0,0) 	(0,1,0) 0.05000 0.04204 0.02243 -0.04908 
(1,0,0)-~ (-1,0,0) 0.01260 0.00204 -0.02023 -0.08988 

Table A.1: 0(w) for Ip = 0.13344, 0 = 6.0. 
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0.11230 	-* 
0.11230 0.11730 0.12230 0.12730 

(0,0,0)-*(0,0,0) 0.00000 0.02249 0.05165 0.09720 
(0,0,0)-~ (1,0,0) -0.01489 0.00396 0.02698 0.06093 
(1,0,0)-(1,0,0) -0.00175 0.02057 0.04841 0.08977 
(1,0,0)-~ (0,0,0) -0.01489 0.00786 0.03744 0.08369 
(1,0,0)-*(0,1,0) -0.0300 -0.01100 0.01221 0.04632 
(1,0,0)-+(-1,0,0) -0.05583 -0.03976 1 -0.02062 0.00675 

0.11730 - 
0.11230 0.11730 0.12230 0.12730 

(0,0,0)-4 (0,0,0) 0.02249 0.00000 0.03596 0.09019 
(0,0,0)-4 (1,0,0) 0.10786 -0.01771 0.01241 0.05588 
(1,0,0)-4 (1,0,0) 0.02057 0.00352 0.03389 0.08524 
(1,0,0)-4(0,0,0) 0.00396 -0.01771 0.01877 0.07399 
(1,0,0)-~ (0,1,0) -0.01100 -0.03578 -0.00542 0.03830 
(1,0,0)-+(-1,0,0) -0.03976 -0.06645 -0.04058 -0.00417 

0.12230  

0.11230 0.11730 0.12230 0.12730 
(0,0,0)-4(0,0,0) 0.05165 0.03596 0.00000 0.07192 
(0,0,0)-~ (1,0,0) 0.03744 0.01877 -0.02179 0.04052 
(1,0,0)-+(1,0,0) 0.04841 0.03389 -0.00148 0.06933 
(1,0,0)-(0,0,0) 0.02698 0.01241 -0.02179 0.05157 
(1,0,0)-(0,1,0) 0.01221 -0.00542 -0.04424 0.01839 
(1,0,0)-+(-1,0,0) -0.02062 -0.04058 1 -0.08133 -0.02715 

0.12730  

0.11230 0.11730 0.12230 0.12730 
(0,0,0)-(0,0,0) 0.09720 0.09019 0.07192 0.00000 
(0,0,0)-(1,0,0) 0.08369 0.05588 0.05157 -0.02589 
(1,0,0)-~ (1,0,0) 0.08977 0.08317 0.06933 -0.00103 
(1,0,0)-~ (0,0,0) 0.06093 0.07743 0.04052 -0.02589 
(1,0,0)-~ (0,1,0) 0.04632 0.04201 0.01839 -0.05345 
(1,0,0)-*(-1,0,0) 0.00675 0.00435 -0.02715 -0.09709 

Table A.2: i3(w) for icp = 0.13417, 13 = 6.0. 
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0.12000 - 0.12330 -- 

0.12000 0.12660 0.12000 0.12660 
(0,0,0)-*(0,0,0) 0.00000 0.04839 0.02153 0.03303 
(0,0,0)-~ (1,0,0) -0.01170 0.02925 0.01002 0.01472 
(1,0,0)-~ (1,0,0) -0.00067 0.04669 0.02071 0.03219 
(1,0,0)-4(0,0,0) -0.01170 0.03719 0.00693 0.01943 
(1,0,0)-~ (0,1,0) -0.02356 0.01771 -0.00479 0.00072 
(1,0,0)-+(-1,0,0) -0.04481 0.00902 -0.02839 -0.02796 

0.12660 -.-- 0.12990 
0.12000 0.12660 0.12000 0.12660 

(0,0,0)-+(0,0,0) 0.04839 0.00000 0.08754 0.06085 
(0,0,0)-+(1,0,0) 0.03719 -0.01707 0.07684 0.02473 
(1,0,0)-+(1,0,0) 0.04669 -0.00032 0.08297 0.05970 
(1,0,0)-+(0,0,0) 0.02925 -0.01707 0.06017 0.03678 
(1,0,0)-+(0,1,0) 0.01771 -0.03456 0.04885 0.01971 
(1,0,0)-*(-1,0,0) 0.00902 1 -0.06505 0.01737 -0.01644 

Table A.3: 3(w) for /cp = 0.13460, f3 = 6.2. 

0.12000 	* 0.12330 
0.12000 0.12660 0.12000 0.12660 

(0,0,0)-(0,0,0) 0.00000 0.04839 0.02153 0.03303 
(0,0,0)-+(1,0,0) -0.01213 0.02816 0.00960 0.01367 
(1,0,0)-4(1,0,0) -0.00059 0.04663 0.02076 0.03221 
(1,0,0)-+(0,0,0) -0.01213 0.03678 0.00627 0.01881 
(1,0,0)-+(0,1,0) -0.02443 0.01618 -0.00589 -0.00097 
(1,0,0)-(-1,0,0) 0.04650 0.01181 0.03049 0.03109  

0.12660 -4 0.12990_- 
0.12000 0.12660 0.12000 0.12660 

(0,0,0)-*(0,0,0) 0.04839 0.00000 0.08754 0.06085 
(0,0,0)-*(1,0,0) 0.03678 -0.01805 0.07644 0.02380 
(1,0,0)-*(1,0,0) 0.04663 -0.00023 0.08245 0.05964 
(1,0,0)-*(0,0,0) 0.02816 -0.01805 0.05803 0.03489 
(1,0,0)-+(0,1,0) 0.01618 -0.03655 0.04624 0.01677 
(1,0,0)-~ (-1,0,0) 0.01181 -0.06868 0.01296 1 	0.02176 

Table A.4: 3(w) for /cp = 0.13510, 0 = 6.2. 



Appendix B 

Meson Spectrum 

KI K2 aps MPS x 2 /dof 

6.0 0.13344 0.13344 0.0456 0.3966 15.2241 / 13 

0.13417 0.13344 0.0483 	J 0.3539 	10 15.2708 / 13 

0.13417 0.13417 0.0532 + 9 0.3068 t 13.7533 / 13 

0.13455 0.13344 0.0509 0.3302 -12 16.5143 / 13 
0.13455 0.13417 0.0580 +" 0.2798 	-12 13.5546 / 13 
0.13455 0.13455 0.0660 t 0.2504 12.6479 / 13 

6.2 0.1346 0.1346 0.0139 0.2808 	-10 9.88704 / 13 
0.1351 0.1346 0.0147 0.2509 	-11 11.2456 / 13 
0.1351 0.1351 0.0160 	t 0.2168 	-13 10.857 / 13 
0.1353 0.1346 0.0153 	t 0.2383 	-13 11.775 / 13 
0.1353 0.1351 0.0170 0.2022 -13 11.128 / 13 
0.1353 0.1353 0.0182 	i 0.1862 	I 10.9739 / 13 

Table B.1: Amplitudes and masses for light-light pseudoscalar mesons - ic is 

smeared and K2  is local. 
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av mv x 2 /dof 

6.0 0.13344 0.13344 0.0330 0.5383 	II  13.1417 / 13 

0.13417 0.13344 0.0321 0.5108 	-40 10.3361 / 13 
0.13417 0.13417 0.0308 0.4825 -50 11.9326 / 13 
0.13455 0.13344 0.0320 0.4969 -53 8.58436 / 13 
0.13455 0.13417 0.0304 0.4680 	i!  10.3368 / 13 

0.13455 0.13455 0.0300 0.4564 I 11.9814 / 13 

6.2 0.1346 0.1346 0.0096 t 0.3868 	t. 36.0234 / 13 

0.1351 0.1346 0.0094 0.3693 	-33 31.7391 / 13 
0.1351 0.1351 0.0093 	i 0.3546 -46 28.4045 / 13 
0.1353 0.1346 0.0093 0.3623 -39 26.8289 / 13 
0.1353 0.1351 0.0092 	i 0.3477 -53 24.6889 / 13 
0.1353 0.1353 0.0092 0.3432 -63 23.0884 / 13 

Table B.2: Masses and amplitudes for light-light vector mesons - ic1 is smeared 
and ic2 is local. 
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13  aPs rnps x2 /dof 

6.0 0.1123 0.13344 22.7 1.1449 	-13 8.96524 / 9 
0.1123 0.13417 21.8 1.1206 	-20 8.66111 / 9 
0.1123 0.13455 21.7 	ii 1.1094 -29 8.15847 / 9 
0.1173 0.13344 26.4 	' 1.0059 	-13 11.1126 / 9 
0.1173 0.13417 25.5 0.9806 t 8.41621 / 9 

0.1173 0.13455 25.4+ 0.9687 	-25 7.41585 / 9 
0.1223 0.13344 30.3 0.8508 t 9.13135 / 9 

0.1223 0.13417 29.3 0.8239 	-16 8.69001 / 9 
0.1223 0.13455 29.3 	i 0.8110 	-22 8.46384 / 9 
0.1273 0.13344 35.4 	i 0.6749 -10 11.3789 / 9 
0.1273 0.13417 34.6 	i 0.6451 	-13 10.6667 / 9 
0.1273 0.13455 34.6 0.6302 -17 10.0159 / 9 

6.2 0.12 0.1346 54.0 0.8405 	II  9.88187 / 9 

0.12 0.1351 50.9 0.8231 	-13 9.15435 / 9 
0.12 0.1353 50.0 t 0.8165 	i 8.32226 / 9 

0.1233 0.1346 58.8 0.7387 9.741 / 9 

0.1233 0.1351 55.5 0.7205 8.40011 / 9 

0.1233 0.1353 54.5 0.7136 	-13 7.31061 / 9 
0.1266 0.1346 64.3 0.6284 +11  10.4848 / 9 

0.1266 0.1351 70.0 0.6091 	-11 8.59075 / 9 
0.1266 0.1353 60.0 t 0.6017 	-12 7.11151 / 9 
0.1299 0.1346 70.4 0.5051 11.4833 / 9 

0.1299 0.1351 67.3 0.4840 	II  9.63356 / 9 

0.1299 0.1353 66.5 t 0.4758 	II  7.82785 / 9 

Table B.3: Masses and amplitudes for heavy light pseudoscalar mesons - Ic1 is 
smeared and Ic2 is local. 
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it1  av 'MV 
/I x 2 ,iao 

6.0 0.1123 0.13344 18.2 + 1.1878 	-23 8.97956 / 9 
0.1123 0.13417 17.8 + 9 1.1675 t 8.1843 / 9 

0.1123 0.3455 18.3 t 1.1605 	t 6.61479 / 9 

0.1173 0.13344 20.0 t 1.0563 	-22 9.44033 / 9 
0.1173 0.13417 19.5 1.0350 	-35 8.53339 / 9 
0.1173 0.13455 20.0 1.0277 	-48 7.15953 / 9 
0.1223 0.13344 21.7 t 0.9145 	-21 11.3401 / 9 
0.1223 0.13417 21.1 0.8924 -32 11.0233 / 9 
0.1223 0.13455 21.5 0.8842 -47 9.52202 / 9 
0.1273 0.13344 22.8 t 0.7582 	-22 12.8219 / 9 
0.1273 0.13417 22.0 0.7344 t 13.718 / 9 

0.1273 0.13455 22.3 0.7255 	-52 12.1441 / 9 
6.2 0.12 0.1346 42.1 0.8711 	-16 13.1111 / 9 

0.12 0.1351 39.3 0.8545 	-20 12.5276 / 9 
0.12 0.1353 38.5 	II

+1 0.8483 -24 12.7539 / 9 
0.1233 0.1346 44.2 0.7753 	-15 12.7665 / 9 
0.1233 0.1351 41.3 t 0.7585 t 12.4356 / 9 

0.1233 0.1353 40.5 t 0.7524 -24 12.8754 / 9 
0.1266 0.1346 45.7 0.6732 	-16 13.0715 / 9 
0.1266 0.1351 42.9 0.6563 	-19 12.9524 / 9 
0.1266 0.1353 42.0 	II

+1 0.6501 -23 13.4178 / 9 
0.1299 0.1346 45.9 0.5633 	-15 15.2283 / 9 
0.1299 0.1351 43.2 0.5460 	-20 14.6193 / 9 
0.1299 0.1353 42.4 0.5397 	23 14.3555 / 9 

Table B.4: Masses and amplitudes for heavy-light vector mesons - ic is smeared 

and ic2 is local. 
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0 ,ci k2 aps Ep 

6.0 0.1123 0.13344 16.9 1.2137 	+25  
-19 

0.1123 0.13417 16.1 1.1914 	+34  
-30 

0.1123 0.13455 16.1 1.1812 	+50  
-43 

0.1173 0.13344 19.4 	± 5  1.0827 	+22  
-17 

0.1173 0.13417 18.4 ± 1.0595 	+30  
-26 

0.1173 0.13455 18.3 	+9 1.0486 	±41 
-36 

0.1223 0.13344 21.8 0.9393 	+18  
-15 

0.1223 0.13417 20.7 ± 0.9156 	+24  
-20 

0.1223 0.13455 20.6 0.9042 +32  
-28 

0.1273 0.13344 24.5 0.7825 	+16  
-12 

0.1273 0.13417 23.3 ± 0.7573 	+18  
-16 

0.1273 0.13455 23.2 0.7450 +23  
-21 

6.2 0.12 0.1346 40.8 	ii 0.8816 	+17  
-14 

0.12 0.1351 37.8 + 0.8648 	+22  
-11 -18 

0.12 0.1353 ° 6 	+10  08584 ±24 
' -12 -21 

0.1233 0.1346 44.1 	+ 8 0.7847 +14  
-10 -13 

0.1233 0.1351 40.8 0.7674 ±18 
-16 

0.1233 0.1353   +10  39.7  07609 +21  
-13 -20 

0.1266 0.1346 47.6 + 8 0.6814 	+13  
-10 -11 

0.1266 0.1351 44.1 	+ 9 0.6635 	+15  
-12 -14 

0.1266 0.1353 42.9 0.6566 	+17  
-17 

0.1299 0.1346 50.8 + 8 0.5694 	+11  
-12 -10 

0.1299 0.1351 47.1 	+ 8 5506 +12  
-12 -12 

0.1299 0.1353 45.7 + 0.5433 	+14  
-13 -14 

Table B.5: Amplitudes and energies for heavy-light pseudoscalar mesons with 
IpI = 1. Energies are obtained from the dispersion relation as described in the 
text. 



Appendix C 

Form Factor Results 

This Appendix list the values of the forms factors h+  (w) and h- (w) corresponding 

to the semi-leptonic decay B -+ DIlL Also listed are the results of the extrapo-

lation to the chiral limit and interpolation to the strange quark mass. 
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I 	 rp = 0.13344 

0.11230-D0.11230  

h+  (w) h_(w) eeff(w x2/dof 

(0,0,0) (0,0,0) 1.0000 0.627 t 0.000 • 1 021 +15  
-23 9.63/8 

(0,0,0) (1,0,0) 1.0601 t 0.565 0.050 +24  
-11 0.945 ±16  

-26 19.57/8 

(1,0,0) (1,0,0) 1.0062 t 0 616 ±12  
-19 0.000 1.004 -31 12.53/8 

(1,0,0) (0,0,0) 1.0601 + 0.559 -0.026 0.923 -19  14.20/8 

(1,0,0) (0,1,0) 1.1239 0.527 -0.043 • 0.883 +28  
-25 20.35/8 

(1,0,0) (-1,0,0) 1.2415 -14  0.445 -0.001 0.765 14.16/8 

0.11230-0.11730 

w h+  (w) h- (w) e(w) x 2/dof 
(0,0,0) (0,0,0) 1.0000 0.669 t 0.000 0.995 t 14.37/8 

(0,0,0) (1,0,0) 1.0763 0.606 +17  
17 • 0.028 +15 

-20 • 

0.918  +25 
-25 15.3/8 

(1,0,0) (1,0,0) 1.0071 +14  
-12 • 0.677 +18 

 -29 • 0.718 18 
-366 • 

1. 009 +27 
43 3437/8 

(1,0,0) (0,0,0) 1.0601 t 0.609 +13  
11 • -0.041 +16  

-27 0.919 t 16.00/8 

(1,0,0) (0,1,0) 1.1410 13  
-14 • 0.559 12  

-16 -0- 053 +25  
-29 • 0.859 +18  

-24 18.09/8 

(1,0,0) (-1,0,0) 1.2749 t 0.477 ±17  
17 • -0 cni +22  

-23 • 0.753 +27  
-27 14.05/8 

I K E  0.11230-c0.12230 

w h+  (w) h_(w) eeff(w) x2/dof 

(0,0,0) (0,0,0) 1.0000 0.735 i 0.000 0 995 h1  
-15 8.00/8 

(0,0,0) (1,0,0) 1.1041 + 0.641 0.001 - 

39 • 
0.887 +15  

-23 10.75/8 

(1,0,0) (1,0,0) 1.0121 +13  
-13 • 0.733 +18 

 -32 • 0.352 +143  
-164 • 0.994 ±24  

43 3049/8 

(1,0,0) (0,0,0) 1.0601 t 0 680 +14  
-12 -0.069 0.932 t 17.97/8 

(1,0,0) (0,1,0) 1.1704 0.586 +12  
16 • -0.067 +17  

-30 • 0.822 +17  
-22 14.73/8 

(1,0,0) (-1,0,0) 1.3288 0.501 -17 -0 022 -23 • 0 725 ±17  
-25 14.21/8 

0.11230-t0.12730 

w h+  (w) h- (w) 6eff x2/do.f 

(0,0,0) (0,0,0) 1.0000 0 801 -18 
14 0.000 • 0.973 +17  

-22 4.38/8 

(0,0,0) (1,0,0) 1.1593 i 0.666 -0.031 29 0.834 +23  
-22 6.22/8 

(1,0,0) (1,0,0) 1.0295 t 0.818 t 0 223 + 90 
-112 0.999 -46 19.86/8 

(1,0,0) (0,0,0) 1.0601 0.743 -13 -0.012 +28  
-26 0.913 t 20.48/8 

(1,0,0) (0,1,0) 1.2290 0.622 -0.048 I • 0 789 +25  
-20 9.81/8 

(1,0,0) (-1,0,0) 1.4286 0.495 +20  
18 -0.039 -23 0.652 15.63/8 
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ttp = 0.13344 

0.11730-0.11230 

h+(w) h_(w) eel  (W) x2/dof 

(0,0,0) (0,0,0) 1.0000 0.678 0.000 1 008 +11  
-17 9.08/8 

(0,0,0) (1,0,0) 1.0601 j  0.614 0.054 ji 0.926 -25  22.85/8 

(1,0,0) (1,0,0) 1.0071 0.672 JO -0.625 +387 
-33 

1. 00 1  ±28 
-45 28.22/8 

(1,0,0) (0,0,0) 1.0763 0.603 -0.001 0.912 -18  11.03/8 

(1,0,0) (0,1,0) 1.1410 t 0.558 t 11  16 . -0.023 +24  
-29 0.857 +17  

-25 15.03/8 

(1,0,0) (-1,0,0) 1.2749 -15  0.479 +17 1  
-18 . 0.007 +22  

-23 0. 756  +27  
-28 12.18/8 

KE -t 0.11730-0.11730 

w h+  (w) h- (w) eff(w) x2/dof 

(0,0,0) (0,0,0) 1.0000 0.721 + 1 
 8  

- 2 0.000 . 1 020 11 
 

-17  11.90/8 

(0,0,0) (1,0,0) 1.0763 0.640 0.032 0.920 -25  17.95/8 

(1,0,0) (1,0,0) 1.0060 1.3 0 699 +11  
-21 0  .000 0 . 990 +15 

-30 30.24/8 

(1,0,0) (0,0,0) 1.0763 + 6 
- 7 0.631 +19 

 -12 -0.013 + 6 
-27 0.908 +28  

-17 12.63/8 

(1,0,0) (0,1,0) 1.1584 +13  
-14 0.578 +18  

-16 -0.031 +14  
-29 0.846 +27  

-24 13.31/8 

(1,0,0) (-1,0,0) 1.3108 +13 
-15 

+18 
-17 -0.001 +22 

 
+22  
-23 0. 740  +27  

-25 12.65/8 

0.11730-t'0.12230 

w h+  (w) h-  (w) vff (w) x 2 /dof 

(0,0,0) (0,0,0) 1.0000 0.789 14  
-16 0.000 1.002 +18  

-20 5.03/8 

(0,0,0) (1,0,0) 1.1041 i 0.682 -0.021 0.885 -24  12.27/8 

(1,0,0) (1,0,0) 1.0081 +12  
-13 0.790 +16  

-37 0,499 +261 
-266 1.005 +21  

-47 27.56/8 

(1,0,0) (0,0,0) 1.0763 + 6 
7 0. 703 +14  

-13 -0.038 -27 0.908 t 14.57/8 

(1,0,0) (0,1,0) 1.1883 0.619 -0.047 +16  
39 . 0.817 +15  

-22 10.90/8 

(1,0,0) (-1,0,0) 1.3685 +13  
-16 . 0.498 +12  

-17 -0 013 +32  
-33 0 681 +16  

-23 13.55/8 

 0.11730-0.12730 

w h+  (w) h- (w) eew x2/dof 

(0,0,0) (0,0,0) 1.0000 0.862 0.000 0.969 t 0.38/8 

(0,0,0) (1,0,0) 1.1593 0.714 -0.024 0.827 -21 6.44/8 

(1,0,0) (1,0,0) 1.0207 12 
-13 

0.888  +18 
43 0. 355 +126 

-159 1.003 +20  
-49 18.93/8 

(1,0,0) (0,0,0) 1.0763 0.774 -0.054 0.883 -16  17.14/8 

(1,0,0) (0,1,0) 1.2478 I
+1 0.648 -0.068 II  0.763 +25  

-20 7.24/8 

(1,0,0) (-1,0,0) 1.4750 0.505 t -0.029 -33  0.618 +25 
-21 15.22/8 
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Icp = 0.13344 

 0.12230-r41123j 

 w h(w) h_(w) eeff(w) x2/dof 

(0,0,0) (0,0,0) 1.0000 0.727 t 0.000 • 0 984 +10  
-15 6.86/8 

(0,0,0) (1,0,0) 1.0601 j 0.679 0.061 0 931 ±17 
-25 26.83/8 

(1,0,0) (1,0,0) 1.0121 +13  0.742 -33 -0.188 ±197  
-151 1.006 ±25  

-45 20.60/8 

(1,0,0) (0,0,0) 1.1041 j 0.640 1.3 • 
0.024 + 

-38 • 0.886 +18  
-18 7.32/8 

(1,0,0) (0,1,0) 1.1704 t 0.590 t 0.004 j • 0 828 +17  
-23 8.95/8 

(1,0,0) (-1,0,0) 1.3288 -15 0.499 0 018 +23  
-14 • 0 722 +25 

-27 1 11.00/8 

0.12230-t0.11730 

w h+  (w) h- (w) eeff(w) x2/dof 

(0,0,0) (0,0,0) 1.0000 0.774 0.000 0.984 -15 9.27/8 

(0,0,0) (1,0,0) 1.0763 + 6 0.713 0.036 0.921 jj 21.09/8 

(1,0,0) (1,0,0) 1.0081 +12  
-13 0. 781  ±18 

-37 • -0.371 +376  
-301 • 0.994 ±23  

47 22.07/8 

(1,0,0) (0,0,0) 1.1041 0.678 t 0.016 t 0.880 8.50/8 

(1,0,0) (0,1,0) 1.1883 -14 0.616 h1 
 -17 • -0.005 +25  

-39 0.813 +15  
-22 7.65/8 

(1,0,0) (-1,0,0) 1.3685 16  • 0 506 ±18  
-18 • 0 008 -23 0.692  +25 11.45/8 

0.12230-0.12230 

w h+  (w) h(w) eeff (w) x 21dof 
(0,0,0) (0,0,0) 1.0000 0.819 t 0.000 0.998 -15  12.51/8 

(0,0,0) (1,0,0) 1.1041 0.713 +12 
18 • 0-011 

+ 

39 0.887 -23 14.25/8 

(1,0,0) (1,0,0) 1.0059 +12 0.807 h1  0.000 0.994 ±13  23.00/8 
-14 -25 •• -31 

(1,0,0) (0,0,0) 1.1041 0.699 t -0.003 -27 0 869 +27  
-16 10.24/8 

(1,0,0) (0,1,0) 1.2190 -15 • 0.629 ±20 
-16 • 

_0.019 
-20 0.799 ±26  

-20 6.45/8 

(1,0,0) (-1 ) 0,0) 1.4321 0.547 -0.002 -22 0.655 ±25  
-23 12.89/8 

 0.12230-0.1273J 

w h(w) h(w) eff() x2/dof 

(0,0,0) (0,0,0) 1.0000 0.922 0.000 0.970 ±13 
-20 7.25/8 

(0,0,0) (1,0,0) 1.1593 i 0.764 -0.016 0.826 -21 7.09/8 

(1,0,0) (1,0,0) 1.0114 t 0.954 -14 0.686 +248 
-331 1.006 t 17.14/8 

(1,0,0) (0,0,0) 1.1041 1 0.805 t -0.043 0.863 -16  12.63/8 

(1,0,0) (0,1,0) 1.2800 0.677 II  -0.040  II 0.747 -19 4 . 86 / 8 

(1,0,0) (-1,0,0) • 1.5486 ±12 
-20 0.520 +12  

-18 -0.017 ±23 
-23 0.599 -21  14.59/8 
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Icp = 0.13344 

 0.12730-r0.11230_I 

h+  (w) h- (w) eeff (w) x 2/dof 
(0,0,0) (0,0,0) 1.0000 0.797 jj

+1 0.000 0 968 +17  
-23 8.38/8 

(0,0,0) (1,0,0) 1.0601 0.754 +15  
-20 0.069 0.927 -25 11.78/8 

(1,0,0) (1,0,0) 1.0295 0.793 +18  
41 -0.028 +132 

-84 
0.969  ±22 

-50 12.35/8 

(1,0,0) (0,0,0) 1.1593 + 5  0.655 +13  
14 0.060 -99 0.821 -17 3.60/8 

(1,0,0) (0,1,0) 1.2290 0.625 0.045 0.793 -21 4.26/8 

(1,0,0) (-1,0,0) 1  1.4286 0.508 t 0.032 0.669 t 12.70/8 

kE 	k  0.12730-D0.11730 

w h+  (w) h- (w) ew) x 2/dof 
(0,0,0) (0,0,0) 1.0000 0.860 +15  

-20 0.000 0.967 -22 5.26/8 

(0,0,0) (1,0,0) 1.0763 i 0.785 ±14  
21 0.049 + 6 

-20 0.896 -24 14.71/8 

(1,0,0) (1,0,0) 1.0207 t 0 857 +18 
 -46 -0.069 ±189  

-123 0.967 +20  
-52 13.57/8 

(1,0,0) (0,0,0) 1.1593 t 0.700 14 . 0.052 +27  
-29 0.811 -16 4.14/8 

(1,0,0) (0,1,0) 1.2478 0.651 0.035 II  0.766 ±16 
-21 3.22/8 

(1,0,0) (-1,0,0) 1  1.4750 0.531 +20 
 20 . 0.021 ±14 

-24 . 0.650 +25  
-24 11.75/8 

0.12730-r'0.12230 

w h+  (w) h-  (w) eff() x2/dof 

(0,0,0) (0,0,0) 1.0000 0.921 +14  
-20 0.000 0.969 -21 6.33/8 

(0,0,0) (1,0,0) 1.1041 i 0.824 0.019 0.883 -23  16.45/8 

(1,0,0) (1,0,0) 1.0114 -15 0.938 +19 
 53 . -0.279 -243 . 

0.989  +20 
-56 14.58/8 

(1,0,0) (0,0,0) 1.1593 0.765 ±14  
15 . 0.036 +16  

-28 0.827 5.45/8 

(1,0,0) (0,1,0) 1.2800 0.675 0.020 0.745 -20 9.18/8 

(1,0,0) (-1,0,0) 1.5486 0.522 II  0.009 t 0.601 II  12.22/8 

0.12730-0.12730 

w h+  (w) h-  (w) eeff(w) x2/dof 

(0,0,0) (0,0,0) 1.0000 0.950 0.000 0.986 t 12.71/8 

(0,0,0) (1,0,0) 1.1593 0.789 +22 
21 

_ 0. 0 1 0 +17 
-29 0.839 -22 8.12/8 

(1,0,0) (1,0,0) 1.0055 0.958 0.000 +19  
37 14.24/8 

(1,0,0) (0,0,0) 1.1593 t 0.781 0.004 0.830 t 7.29/8 

(1,0,0) (0,1,0) 1.3441 0.640 0.003 +25 
 0.698 -19 4.05/8 

(1,0,0) (-1,0,0) 1.6827 0.469 -0.003 0.535 t 13.63/8 
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Icp = 0.13417 

0.11230-0.11230 

w h+  (w) h- (w) ew x2 /dof 

(0,0,0) (0,0,0) 1.0000 0.630 + 
-12 0.000 1.025 +15 

-20 5.69/8 

(0,0,0) (1,0,0) 1.0632 + 
9 . 0.558 ±16  

-14 0.039 t 0.922 t 11.17/8 

(1,0,0) (1,0,0) 1.0075 +21  
-18 . 0.610 +14  

-28 0.000 0.994 -46 21.60/8 

(1,0,0) (0,0,0) 1.0632 + 
9 0.560 + 

-14 -0.009 0.925 -23 9.53/8 

(1,0,0) (0,1,0) 1.1303 1-20  
-18 . 0.522 +13  

-22 -0.035 0.876 -37 11.69/8 

(1,0,0) (-1,0,0) 1.2531 19 
 -20 . 0.444 1-18  

-24 0.004 0.766 7.30/8 

 0.11230-c0.11730 

w h+  (w) h- (w) eew x2/dof 

(0,0,0) (0,0,0) 1.0000 0.676 t 0.000 1.006 +14  
-20 7.83/8 

(0,0,0) (1,0,0) 1.0804 + 
- 9 0.600 +18  

-20 0.022 0.909 -31 8.05/8 

(1,0,0) (1,0,0) 1.0084 19 
 -18 . 0.668 25  

-46 -0. 541 +462  
-585 . 0.996 +38  

-68 20.73/8 

(1,0,0) (0,0,0) 1.0632 + 
- 9 0.617 + 

-15 -0.023 +28  
-10 0.931 h1 

-22 10.83/8 

(1,0,0) (0,1,0) 1.1487 +19 
 -18 0.550 +13  

-22 0045 t 0.846 t 10.50/8 

(1,0,0) (-1,0,0) 1 1.2890 +19 
 19 . 0.471 ±20  

-24 -0.004 -24 0.746 -38 8.62/8 

0.i1230-0.12230 

w h+  (w) h- (w) eel(w) x2/dof 

(0,0,0) (0,0,0) 1.0000 0.738 0.000 0.998  +14 
-18 7.82/8 

(0,0,0) (1,0,0) 1.1112 + 7 
- 9 0.636 ±19  

-20 0.001 jj 0.881 -28 5.46/8 

(1,0,0) (1,0,0) 1.0144 +19 
 -18 . 0.739 +24  

. 0.219 +191 
-263 1.003 +32  

-68 17.05/8 

(1,0,0) (0,0,0) 1.0632 + 
9 . 0.675 + 8 

-15 . -0.052 +20  
-30 0.926 -21 12.50/8 

(1,0,0) (0,1,0) 1.1814 +17  
-19 0.585 +21  

-21 -0.060 0.822 -30 8.84/8 

(1,0,0) (-1,0,0) 1.3485 17  
-19 . 0.483 +21  

-23 . -0.015 -25 . 0.702 +30  
34 10.93/8 

0.11230-'0.12730 

w h+  (w) h- (w) e(w) x2 /dof 

(0,0,0) (0,0,0) 1.0000 0.807 +18  
-23 0.000 0.980 +22 

-28 6.67/8 

(0,0,0) (1,0,0) 1.1738 + 6 
-11 0.649 +20  

-21 -0.024 0.815 II 3.93/8 

(1,0,0) (1,0,0) 1.0346 +15 
 -18 . 0.805 ±23  

54 . -0.238 -1-113  
-163 0.984 +28  

-66 9.49/8 

(1,0,0) (0,0,0) 1.0632 + 
9 . 0.753 +15  

-15 -0.103 +21  
-10 0.926 +19  

-19 14.43/8 

(1,0,0) (0,1,0) 1.2480 13  
-18 0.615 +13  

-21 -0.062 0.784 -27 6.45/8 

(1,0,0) (-1,0,0) 1.4613 15  
-22 . 0.491 +22  

-23 . -0.032 +38  
-36 0.650 +29 

-30  13.67/8 
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Icp = 0.13417 

0.11730-.0.11230 

 w h+(w) h- (w) eeff(w) x2/do.f 

(0,0,0) (0,0,0) 1.0000 0.687 0.000 1.022 +13  
-20 4.49/8 

(0,0,0) (1,0,0) 1.0632 + 
- 9 0.616 +19  

-21 0.036 0.929 -32 13.83/8 

(1,0,0) (1,0,0) 1.0084 +19 
 -18 . 0.672 ±24  

-48 0.138 +6 ' 9 455 1.002 -71 17.88/8 

(1,0,0) (0,0,0) 1.0804 + 
9 0.603 +13  

-16 0.014 0.913 -24 7.02/8 

(1,0,0) (0,1,0) 1.1487 +19 
 -18 . 0.557 +20  

-23 -0.014 +22  
-Il 0.857 +30  

35 8.38/8 

(1,0,0) (-1,0,0) 1.2890 +19 
 -20 . 0.468 +13 

-25 
0.010 

35 0. 741  +20  
-40 10.56/8 

-  0.11730-c.0.11730 

h(w) h- (w) eff() x2/dof 

(0,0,0) (0,0,0) 1.0000 0.730 10 
 

-16 0.000 1.033 -23 6.45/8 

(0,0,0) (1,0,0) 1.0804 + - 9 633 +18  
-22

0.019  0.019 0.911 -31 10.03/8 

(1,0,0) (1,0,0) 1.0070 +19 
 -17 0.714 +14  

33 0.000 1.006 +20  
-46 18.17/8 

(1,0,0) (0,0,0) 1.0804 + - 9 . 626 +  + 
-15 . 0 004 +18  

-21 . 0 901 +10  
-22 8.08/8 

(1,0,0) (0,1,0) 1.1674 +19 
 -19 . 0.570 +27  

-22 -0.023 t 0.836 t 7.41/8 

(1,0,0) (-1,0,0) 1.3277 +18  
-19 0.475 +26  

-24 . 0. 003  +23  
-38 0.720 t 17.88/8 

0.i1730-t0.12230 

w h+  (w) h-  (w) eff() x2/dof 

(0,0,0) (0,0,0) 1.0000 0.793 t 0.000 1.008 -18 8.99/8 

(0,0,0) (1,0,0) 1.1112 + 7 
- 9 0.681 +20  

-23 0.001 0.885 -30 6.31/8 

(1,0,0) (1,0,0) 1.0098 +17  
-18 0.792 +27 

-58 
0.101  +36 

-53 1.008 -74 16.18/8 

(1,0,0) (0,0,0) 1.0804 + 
- 9 . 0.697 +22  

-16 -0.020 t 0.900 -21 9.68/8 

(1,0,0) (0,1,0) 1.2006 +17  
-20 0.616 +20  

-23 -0.039 t 0.815 -30 6.23/8 

(1,0,0) (-1,0,0) 1.3915 +16  
-20 . 0 499 +21  

-24 -0 007 34 0.684 t 10.54/ 8 

 0. 11730-t'O. 12730 

 w h+  (w) h(w) eeff(w) x2/dof 

(0,0,0) (0,0,0) 1.0000 0.868 17  
-25 0.000 0.976 +19  

-28 10.78/8 

(0,0,0) (1,0,0) 1.1738 + 6 
-11 0 705 20  

-22 -0.019 0.819 -26 3.51/8 

(1,0,0) (1,0,0) 1.0245 +15  
-18 0.874 +26  

-60 0.431 +168  
-244 0.987 +29  

-68 9.75/8 

(1,0,0) (0,0,0) 1.0804 + 
9 0.783 +16  

-16 -0.064 0.894 -18 11.71/8 

(1,0,0) (0,1,0) 1.2683 15 
 -20 0.644 +21  

-22 -0.059 0.761 I 4.51/8 

(1,0,0) (-1,0,0) 1.5120 +15  
-23 . 0.494 +23  

-22 0.023 +36  
-25 0.608 13.57/8 
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Icp = 0.13417 

0.12230-10.11230 

p+q w h(w) h_(w) w) x 2/dof 
(0,0,0) (0,0,0) 1.0000 0.735 0.000 0.994 -16 6.77/8 

(0,0,0) (1,0,0) 1.0632 + 
- 9 0.677 +20  

-24 0.035 0.929 -33 17.23/8 

(1,0,0) (1,0,0) 1.0144 ±18  
-18 0.738 +23  

-51 0.162 +289  
-173 i +31  

-69 13.32/8 

(1,0,0) (0,0,0) 1.1112 + 7 
-9 0.641 +14  

-17 0.037 0.888 -23 4.21/8 

(1,0,0) (0,1,0) 1.1814 -19 0.575 +20  
-23 0.012 -32  

0 . 808 +28 4.75/8 

(1,0,0) (-1,0,0) 1.3485 +17  
-19 0 498 +26  

-26 0 016 ±36 
35 0.724 t 7.20/8 

 0.12230-0.11730_I 

p+q w h+  (w) h- (w) eeff(w x2/dof 

(0,0,0) (0,0,0) 1.0000 0.783 + 
-14 0.000 0.995 h1  

-18 9.27/8 

(0,0,0) (1,0,0) 1.0804 ± 
- 9 0.699 +19  

-24 0.014 0.903 -31 12.63/8 

(1,0,0) (1,0,0) 1.0098 ±18  
-19 0.779 +23  

-58 0. 257 +560  
-358 0.992 +29  

-74 13.97/8 

(1,0,0) (0,0,0) 1.1112 + 7 
- 9 0.671 +15  

-17 . 0.031 +28  
-10 0.872 +20  

-22 4.79/8 

(1,0,0) (0,1,0) 1.2006 17  
-20 . 0.610 +20  

-23 0.003 t 0.808 t. 3.75/8 

(1,0,0) (-1,0,0) 1.3915 17  
-20 . 0.501 +20 

-26 . 
0.008  ±24 

-24 0.687 -35 8.01/8 

0.12230-L0.12230 

h+  (w) h- (w) eeff(w) x2/dof 

(0,0,0) (0,0,0) 1.0000 0.826 t 0.000 11.006 -17  10.53/8 

(0,0,0) (1,0,0) 1.1112 + 7 
- 9 0.713 +19  

-23 -0.001 -29  - 0 888 +24  7.69/8 

(1,0,0) (1,0,0) 1.0076 16  
-19 . 0.830 +19  

-38 0.000 . 1.013 +23  
-46 13.84/8 

(1,0,0) (0,0,0) 1.1112 + 7 
9 . 0.703 +22  

-15 . 0.013 ±28 
-40 0.875 -19 6.13/8 

(1,0,0) (0,1,0) 1.2348 17  
-21 0.613 +20 

-23 - 
_ 0.010  +25 

-14 0.782 +26  
-29 3.13/8 

(1,0,0) (-1,0,0) 1.4620 +'5 -22 487 +20 
 

+20  
-23 0 001 ±32 

-23 0.646 10.45/8 

0.12230-t0.12730 

w h+  (w) h-  (w) 6eff (w) x 2/dof 

(0,0,0) (0,0,0) 1.0000 0.929 17  
-24 0.000 - 0.978 +18  

-25 10.88/8 

(0,0,0) (1,0,0) 1.1738 ± 6 
-11 - 0 755 +21  

-24 - -0 017 -12 ü 818 +23  
-26 3.43/8 

(1,0,0) (1,0,0) 1.0142 +16  
-20 0. 953 +28  

-74 . 0.120 +328  
-501 1.005 -78 9.88/8 

(1,0,0) (0,0,0) 1.1112 + 
-9 - 0 799 ±16  

-17 -0.023 - 0 857 ±17 
-18 8.01/8 

(1,0,0) (0,1,0) 1.3044 +15 
 -22 0.654 +22  

-23 -0.027 +26  
-18 0.724 +24  

-25 2.71/8 

(1,0,0) (-1,0,0) 1.5945 +14  
-26 . 0.503 +23  

-23 -0.013 +14  
-34 0.583 t 13.11/8 
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F'p = 0.13417 

0.12730-0.11230 

0) h+  (w) h- (w) 6,,l() x2/dof 

(0,0,0) (0,0,0) 1.0000 0.822 t 0.000 0 998 +20  
-26 7.51/8 

(0,0,0) (1,0,0) 1.0632 0.758 t 0.043 0.932 -30  21.78/8 

(1,0,0) (1,0,0) 1.0346 t 0 779 +22  
-61 0.201 ±188  

-127 0.953 t 8.43/8 

(1,0,0) (0,0,0) 1.173 + 6 
-Il . 0 651 +23  

-18 0.067 0.818 -22 2.09/8 

(1,0,0) (0,1,0) 1.2480 14  
-18 0.619 ±16  

-24 0.054 t 0.789 t 2.43/8 

(1,0,0) (-1,0,0) 1.4613 -22 0.494 0.022 0.654 -33 10.97/8 1 
 0.12730-t'0.11730 

w h(w) h- (w) 6eff() x2/dof 
(0,0,0) (0,0,0) 1.0000 0.882 +18  

-20 0.000 0.992 - 8.37/8 

(0,0,0) (1,0,0) 1.0804 0,766 0.015 13 
0. 890 +26 

-29 16.20/8 

(1,0,0) (1,0,0) 1.0245 ± 19 0.845 +23  
-65 0.215 . 

+277  
-168 0.957 +26  

74 18.98/8 

(1,0,0) (0,0,0) 1.1738 t 0.708 t 0.060 13 ' 0.806 ±27  
-20 2.17/8 

(1,0,0) (0,1,0) 1.2683 0.642 t 0.044 +21  
19 0.755 +28  

-29 1.41/8 

(1,0,0) (-1,0,0) 1 	1.512 +15  
-23 . 0.517 ±21  

-25 0.013 ±36 
-35 0.631 ±26  

-30 10.45/8 

0,12730-40.12230 

 w h+  (w) h-  (w) eeff(w) x2/dof 

(0,0,0) (0,0,0) 1.0000 0.938 +18  
-22 0.000 '' 0.987 ±19  

-23 10.86/8 

(0,0,0) (1,0,0) 1.1112 + 0.821 -0.006 0.881 -28 9.95/8 

(1,0,0) (1,0,0) 1.0142 16  
-20 . 0.942 +29  

-78 . 0.184 +530  
-327 0.994 -82 9.52/8 

(1,0,0) (0,0,0) 1.1738 t 0.755 I 0.046 0 818 +17 
-19 3.03/8 

(1,0,0) (0,1,0) 1.3044 II 0.664 0.031 0.736 -27  11.31/8 

(1,0,0) (-1,0,0) 1. 5945 +15  
-27 . 0.503 +22  

-22 0.005 -24 0.583 +26  
-26 21.19/8 

 0.12730-0.12730 

w h+  (co) h(w) eff() x2/dof 

(0,0,0) (0,0,0) 1.0000 0.955 I+ 10 0.000 0 991 10  
-18 8.30/8 

(0,0,0) (1,0,0) 1.1738 + 1 6 0.767 -0.020 - 11 0.817 14.20/8 

(1,0,0) (1,0,0) 1.0073 15 
 -22 0.968 ±31  

-52 0.000 1.006 +32  
54 18.82/8 

(1,0,0) (0,0,0) 1.1738 +6  
11 0 767 ±14  

-16 0 018 -30 0.817 -17 4.34/8 

(1,0,0) (0,1,0) 1.3778 II
+1 0.628 0.020 II 0.689 -23 2.30/8 

(1,0,0) (-1,0,0) 1.7484 +17  
33 . 0.452 +13 

 -20 -0.001 ±10 
 -22 0.519 ±15 

-23 22.67/8 
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I 	 i'p = 0.13460 

[kE 	&A  0.12000-0.12000_I 

P p+q W h+  (w) h- (w) eff() x2/dof 

(0,0,0) (0,0,0) 1.0000 0.755 t 0.000 1 000 +13  
-16 10.88/8 

(0,0,0) (1,0,0) 1.0489 0.708 -0.003 0.949 -26  10.29/8 

(1,0,0) (1,0,0) 1.0032 iI  0.770 0.000 1.020 ±24  
-40 26.41/8 

(1,0,0) (0,0,0) 1.0489 0.695 -0.029 0.932 -22  17.38/8 

(1,0,0) (0,1,0) 1.1002 -21 0.667 +24  
-26 -0.012 ±26 

-19 0.905 35 27.94/8 

(1,0,0) (-1,0,0) 1.1972 +21  
-23 0.578 +22 

-25 
_ 0.010  +24 

-26 0.802 +31  
35 12.11/8 

0. 12000-r0. 12660 

 h+  (w) h-  (w) (w) x 2/dof 
(0,0,0) (0,0,0) 1.0000 0.853 t 0.000 0.981 -19 4.31/8 

(0,0,0) (1,0,0) 1.0843 0.768 -0.047 -11 0.899 +18  
-25 14.05/8 

(1,0,0) (1,0,0) 1.0076 22  
-22 0.866 -52 0.012 +254 

-364 0.997 -60 18.86/8 

(1,0,0) (0,0,0) 1.0489 10  
-10 0 809 ± 

-16 -0.029 t 0.940 t 15.08/8 

(1,0,0) (0,1,0) 11374 4-23  
-25 . 

0.727 4-24  
-23 -0.057 +22  

-22 . 
0.861 ±29  

-27 28.65/8 

(1,0,0) (-1,0,0) 1.2671 +23  
-25 0.630 +23  

-26 . 
-0.023 37 0.753 t 15.48/8 

0.12330-->0.12000 

 CO h+  (w) h(w) w) x 2 /do.f 
(0,0,0) (0,0,0) 1.0000 0.813 t 0.000 1 006 ±12 

-14 9.30/8  

(0,0,0) (1,0,0) 1.0489 ±10  
-10 0 757 +17  

-20 0.010 0.947 ts  13.08/8 

(1,0,0) (1,0,0) 1.0038 +22  
-21 0.806 +38  

57 0.582 +484 
-683 0.997 t 28.83/8 

(1,0,0) (0,0,0) 1.0622 0.738 ±17  
18 -0.023 ±15 

-16 0.926 +21  
-22 4.83/8 

(1,0,0) (0,1,0) 1.1142 +23  
22 0.691 +26 

-27 . 

_ 0.010  +27 
-19 . 

0.877 34 8.38/8 

(1,0,0) (-1,0,0) 1.2246 +22  
24 0.607 +25  

-27 -0.006 -36 0.789 -35  14.62/8 

KE 	k4   0J2330-c.0J266J 

w h+  (w) h- (w) eeff(w) x2/dof 

(0,0,0) (0,0,0) 1.0000 0.896 0.000 0.992 +14  
-17 9.15/8 

(0,0,0) (1,0,0) 1.0843 0.796 I -0.032 10 
0. 898 +28 

-24 14.79/8 

(1,0,0) (1,0,0) 1.0042 +23  
-23 0.897 +36  

-60 . 
-0.207 ±519  

-767 0.994 +40  
-66 25.95/8 

(1,0,0) (0,0,0) 1.0622 0.811 -16 
_ 0.01 1  +14 

-13 0.910 ±19  
-18 4.35/8 

(1,0,0) (0,1,0) 1.1519 +24  
-24 0.750 4-17  

-24 -0.068 +21  
-22 0.858 +20  

-27 10.03/8 

(1,0,0) (-1,0,0) 1.2995 +23  
-27 0.618 -1-25  

-25 -0.015 +23  
-26 0.727 +29  

-30  6.64/8 
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1sp = 0.13460 

0.12660-.0.12000 

w h+  (w) h-  (w) eel(W) x2/do.f 

(0,0,0) (0,0,0) 1.0000 0.874 t 0.000 • 1 005 +14  
-19 0.07/8 

(0,0,0) (1,0,0) 1.0489 t 0.817 0.032 t 0.949 ±20  
-24 13.91/8 

(1,0,0) (1,0,0) 1.0076 +22  
-22 0.855 +36  

-56 • 0.368 78 
337 • 

0. 98 5  +42 
-64 25.77/8 

(1,0,0) (0,0,0) 1.0843 jj
+1 0.759 -0.012 0.889 -21 7.48/8 

(1,0,0) (0,1,0) 1.1374 +23  
-25 • 0.720 +29  

-27 -0.073 t 0.853 6.68/8 

(1,0,0) (-1,0,0) 	1 1.2671 ±23  
-25 • 0.643 ±28 

-27 • 

_ 0.001  +38 
-28 0.768 t 31.68/8 

0.12660-'0.12660 

p+q w h+  (w) h-  (w) e(w) x 2 /dof 

(0,0,0) (0,0,0) 1.0000 0.921 ±13  
-10 0.000 1.001 t 3.02/8 

(0,0,0) (1,0,0) 1.0843 t 11  12 0.817 ±25 
-20 

_ 0.009  +27 
-11 0.903 ±28 

-22 9.33/8 

(1,0,0) (1,0,0) 1.0023 0.917 I 0.000 0 996 +28  
-36 27.55/8 

(1,0,0) (0,0,0) 1.0843 12 
0.810  ±25 

-16 0.013 h1 
 -15 0.895 +28  

-18 8.60/8 

(1,0,0) (0,1,0) 1.1758 + 25  
-26 0.732 ±25  

-26 • -0.045 ±22  
-22 • 0.824 +28  

-29 7.56/8 

(1,0,0) (-1,0,0) 1 1.3494 +26  
-29  1 0 607 +18 

-24 • 

0.000 +33 
-25 0.705 -28 11.63/8 

 0.12990-0.120J 

h(w) h(w) eff() x2/dof 

(0,0,0) (0,0,0) 1.0000 0.935 t 0.000 0.989 t 0.80/8 

(0,0,0) (1,0,0) 1.0489 ± 873 ±18  
-21 0.055 0.933 I 11.30/8 

(1,0,0) (1,0,0) 1.0209 +23 
-24 

0.909 
-63 0.313 -67  0.966 +36  18.11/8 

(1,0,0) (0,0,0) 1.1272 ±13  
-15 • 0.813 +29  

-30 -0.024 0.882 -33 5.57/8 

(1,0,0) (0,1,0) 1.1824 ±24  
27 • 0.745 ±29  

-30 • 
-0.043 -21 • 0.817 ±32  

33 23.28/8 

(1,0,0) (-1,0,0) 1.3438 t 0 620 ±20  
- 26 0.006 0 701 +23  

-29 16.48/8 

0.12990-0.12660 

w h+  (w) h(w) eff() x2/do.f 

(0,0,0) (0,0,0) 1.0000 1.008  ±12 
-16 0.000 0.980 1.01/8 

(0,0,0) (1,0,0) 1.0843 0.892 -21 0.002 0.898 9.39/8 

(1,0,0) (1,0,0) 1.0064 26 
-25 • 

1.019  +40 
-89 . 0.351 ± 

-468 . 0.992 -87 24.74/8 

(1,0,0) (0,0,0) 1.1272 +13  
15 0.879 +23 

-24 • 

0.009  ±15 
-13 . 0.874 +23  

-24 1.78/8 

(1,0,0) (0,1,0) 1.2223 0.781 0.017 0.790 -27  13.76/8 

(1,0,0) (-1,0,0) • 1.4383 ±30  
-33 0.613 +28  

-28 0.006 +25  
-35 0.643 ±29 

-29  18.91/8 
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= 0.13510 

 0.12000-c0.12000 
h-1-(w) h- (w) (w) x 2 /dof 

(0,0,0) (0,0,0) 1.0000 0.760 11  
-10 0.000 1.007 -13 12.11/8 

(0,0,0) (1,0,0) 1.0507 -15 0.698 +19  
-19 -0.023 t 0.936 -35 6.49/8 

(1,0,0) (1,0,0) 1.0028 +24  
-26 . 0.761 +31  

47 0.000 . 
1 . 009 ±41 

-62 24.22/8 

(1,0,0) (0,0,0) 1.0507 +18  
-25 0.688 +16  

-24 -0.029 0.922 -32 16.63/8 

(1,0,0) (0,1,0) 1.1040 +24  
-27 0.670 +27  

-36 -0.049 +40 
-31 

0. 909 +36 
49 13.83/8 

(1,0,0) (-1,0,0) 1.2052 +25 
30 . 

1 	0.638 +26  
39 -0.034 0.808 

49  9.31/8 

0.12000-D0.12660 

w h+  (w) h- (w) (w) x 2 /dof 

(0,0,0) (0,0,0) 1.0000 0.851 10 
 

-11 0.000 0.978 -13 7.57/8 

(0,0,0) (1,0,0) 1.0893 +13  
-15 0.770 +20  

-28 -0-055 +10 
-20 0.903 +23  

33 7.33/8 

(1,0,0) (1,0,0) 1.0079 +27  
-28 . 0.862 +52  

-87 . -0.402 -576 . 
+ 60 
-100 15.50/8 

(1,0,0) (0,0,0) 1.0507 12  
-13 0.812 +22 

-22 
0.000  +19 

-20 0.944 +26  
-26 15.95/8 

(1,0,0) (0,1,0) 1.1446 +27  
-28 . 0.726 +22  

-31 _0.011 33 . 0.861 +26  
37 4.42/8 

(1,0,0) (-1,0,0) 1.2813 27  
- 31 0.621 -0.010 t 26  11 0.740 +32  

-42 8.68/8 

 0.12330-0.12000j 

w h+  (w) h-  (w) w) x 2 /dof 

(0,0,0) (0,0,0) 1.0000 0.820 h1  
-12 0.000 1.014 +13  

-15 10.58/8 

(0,0,0) (1,0,0) 1.0507 11  -13 0.747 -0.003 0.935 -33 7.19/8 

(1,0,0) (1,0,0) 1.0036 26  
-27 . 0.814 -98 . 0.438 +144 

-256 
1.008  + 

-121 24.21/8 

(1,0,0) (0,0,0) 1.0651 +13  
-14 . 0.733 +16  

-25 -0.012 . 
+21  
-24 . 0.920 +20  

-32 15.57/8 

(1,0,0) (0,1,0) 1.1192 +26  
-28 0.691 +26  

37 . -0.066 +41  
-32 0.878 II 13.92/8 

(1,0,0) (-1,0,0) 1.2348 +26  
-29 . 0.635 +30 

 -40 -0.015 +28  
-28 . 0.779 49 15.66/8 

0.12330-0.12660 

w h+  (w) h- (w) eff(w) x2/dof 

(0,0,0) (0,0,0) 1.0000 0.894 0.000 0.990 t 0.54/8 

(0,0,0) (1,0,0) 1.0893 +' 
-15 0.796 II  -0.041 0.899 -33 8.61/8 

(1,0,0) (1,0,0) 1.0041 +28  
-27 . 0.903 + 69 

-108 . -0.377 +513  
-407 . 1 001 + 

-120 21.01/8 

(1,0,0) (0,0,0) 1.0651 +13 
-14 . 

0.809  +22 
-20 . 0.004 +16 

-18 . 
0. 909 +25 

-23 15.60/8 

(1,0,0) (0,1,0) 1.1603 28  
-30 0.739 -0.078 II 0.847 iI 6.76/8 

(1,0,0) (-1,0,0) 1.3165 +29  
33 . 0.657 +31 

-38 
_0.010  +24 

-38 0.729 -42 7.72/8 
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icp = 0.13460 

 0.12660 	0, 12000 

w h+  (w) h -  (w) (w) x 2 /dof 

(0,0,0) (0,0,0) 1.0000 0.878 0.000 1.010 -20 3.29/8 

(0,0,0) (1,0,0) 1.0507 h1 
 -13 0.809 19 

 -26 0.007 ±12 
-16 0.941 t 12.71/8 

(1,0,0) (1,0,0) 1.0079 27  
-28 . 0.851 69 

 93 . 0.103 540 
0. 980 + 80 

-107 20.47/8 

(1,0,0) (0,0,0) 1.0893 +13  
-15 0.769 +32  

-27 -0.022 0.902 -32 12.85/8 

(1,0,0) (0,1,0) 1.1446 +27  
-29 . 0.731 +17  

39 . -0.021 44  
-32 0.867 +20  

-46 11.56/8 

(1,0,0) (-1,0,0) 1.2813 +28  
-31 0.625 +31 

-36 . 
_ 0.019  +22 

-29 0.745 t 3.21/8 

0.12660-0.12660 

w h 1-(w) h- (W) eeff  x2/dof 

(0,0,0) (0,0,0) 1.0000 0.911 + ' 
- 18 0.000 0 . 99 + 

-20  8.63/8 

(0,0,0) (1,0,0) 1.0893 +13  
-15 0.819 +18  

-32 0036 t 0.906 t 11.41/8 

(1,0,0) (1,0,0) 1.0019 +28  
-31 0.913 +31  

-55 0.000 0.992 -60 27.76/8 

(1,0,0) (0,0,0) 1.0893 +13  
-16 0.819 +21 

-21 
0.010  +14 

-18 0.906 +23  
-23 15.15/8 

(1,0,0) (0,1,0) 1.1866 +29  
_33 . 0.734 +23  

-33 0.041 -36 0.828 +26  
37 7.40/8 

(1,0,0) (-1,0,0) 1.3713 +30  
-36 0. 582 

+28  
34 0.006 0.679  -40  7.21/8 

0.12660--->0.12000 

w h+  (w) h-  (w) el  

(0,0,0) (0,0,0) 1.0000 0.944 0.000 0.999  +16 
-20 0.41/8 

(0,0,0) (1,0,0) 1.0507 h1 
 -13 0.873 27  

-27 0.020 +13  
-29  0.933 +29  12.60/8 

(1,0,0) (1,0,0) 1.0232 ±27  
-30 0 . 916 +69  

-97 0 . 637 +290  
-326 0 . 974 + 73 

-103  13.61/8 

(1,0,0) (0,0,0) 1.1376 16  
-18 . 0.787 +31  

-30 -0.044 0.856 t 8.58/8 

(1,0,0) (0,1,0) 1.1953 +28  
33 0.738 +32  

44 . -0.076 -30 0.812 -48 17.71/8 

(1,0,0) (-1,0,0) 1.3673 +29  
-36 0.610 +32  

-36 -0.030 0.693 t 26.05/8 

KE 	 '  0.12660-t0.12660 

w h+  (w) h-  (w) eew) x2/dof 

(0,0,0) (0,0,0) 1.0000 1.005 +15  
-19 0.000 0.977 15 

-18 4.02/8 

(0,0,0) (1,0,0) 1.0893 +13  
-15 0.899 +26  

-27 -0.020 0.906 -27 5.97/8 

(1,0,0) (1,0,0) 1.0067 31 
 33 1.036 + 

-138 0.780 06  
-376 . 1.008 + 72 

-134 19.48/8 

(1,0,0) (0,0,0) 1.1376 16  
-18 0.871 +20  

-23 0.013 t 0 868 +20  
-23 5.60/8 

(1,0,0) (0,1,0) 1.2392 37 . 0.774 -48 -0.051 0.785 -49 11.71/8 

(1,0,0) (-1,0,0) 1.4717 -42 . 0. 620  -40 -0.011 0.626 -40 7.76/8 
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Icp = 0.13400 

-4' KA 	 0.11230—t0.11230 
WS h(w) 

(0,0,0) (1,0,0) 1.0625 + 
—8 0.927 +37  

—32 

(1,0,0) (1,0,0) 1.0073 	+20  
—16 0.997 	+23  

44 

(1,0,0) (0,0,0) 1.0625 + 
—8 0.926 	±21 

—23 

(1,0,0) (0,1,0) 1.1290 	+19 
 —18 0.878 	+22  

. 	35 

(1,0,0) (-1,0,0) 1.2507 	+'8 —18 
+31  766 	+31  
—38 

0.1.1230—t0.11730 

h(w) 

(0,0,0) (1,0,0) 1.0796 + 8 
- 8 0 911 	+27  

—30 

(1,0,0) (1,0,0) 1.0081 	+19  
—16 1 000 —64 

(1,0,0) (0,0,0) 1.0625 + 
- 8 0.928 	±21 

—21 

(1,0,0) (0,1,0) 1.1471 0.849 ±30 
—31 

(1,0,0) (-1,0,0) 1.2860 	18  
—19 0 748 +21  

KE 	 4' 	 0.11230-0.1223J 
WS h-' (w) 

(0,0,0) (1,0,0) 1.1097 	± ' 
- 9 0.883 +26  

. 	—27 

(1,0,0) (1,0,0) 1.0139 	17 
—16 

41 1.002 	—64 

(1,0,0) (0,0,0) 1.0625 + 
—8 

20 0.928 t 

(1,0,0) (0,1,0) 1.1791 	+16  
—18 0.823 +29  

—28 

(1,0,0) (-1,0,0) 1.3443 	16  
—19 0 707 	29  

. 	—32 

kE 4' KA 	 0.11230—r0.12730 
WS h(w) 

(0,0,0) (1,0,0) 1.1707 	+ 6 
—11 0.819 	25  

 —25 

(1,0,0) (1,0,0) 1.0336 	14  
—17 0.988 +47  

. 	—61 

(1,0,0) (0,0,0) 1.0625 + —8 
+ 0.924 	19  

. 	—19 

(1,0,0) (0,1,0) 1.2439 	+14  
—18 0.786 	+16  

—26 

(1,0,0) (-1,0,0) 1.4543 	+14  
—20 0.651 	+29  

—29 

Table C.13: Interpolation of w and h(w) to the strange quark mass. 
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kp = 0.13400 

0.11730-0.11230 

h+  (w) 

(0,0,0) (1,0,0) 1.0625 + 9  0.929 	+27  

(1,0,0) (1,0,0) 1.0081 	+19 
 -16 1.002 	+44  

-68 

(1,0,0) (0,0,0) 1.0796 t 0.914 ±30 
-23 

(1,0,0) (0,1,0) 1.1471 	±18  
-17 0.858 	+31  

33 

(1,0,0) (-1,0,0) 1.2860 0.745 +39  
-37 

kE 	KA 	 0.11730-0.11730_] 

 h(w) 

(0,0,0) (1,0,0) 1.0796 + 0.914 	+26 
-30 

(1,0,0) (1,0,0) 1.0068 	+18  
-16 1.003 	+38  

-42 

(1,0,0) (0,0,0) 1.0796 + 8 
- 8 0.903 +20  

-21 

(1,0,0) (0,1,0) 1.1655 	+18  
-18 0.838 	+19  

-31 

(1,0,0) (-1,0,0) 1.3241 	+17  
-18 0.725 	+29  

34 

KA 	 0.11730-0.i2230 

p + q-  W S  h(w) 

(0,0,0) (1,0,0) 1.1097 	+7  
- 9 0 885 +26  

-28 

(1,0,0) (1,0,0) 1.0094 	+16 
-17 

1.008 
	

+51 
-68 

(1,0,0) (0,0,0) 1.0796 ± 8 
- 8 0.903 	±19 

-20 

(1,0,0) (0,1,0) 1.1980 	16  
-19 0.816 	+28  

-29 

(1,0,0) (-1,0,0) 1.3866 0.684 +29  
-31 

0.11730-t'0.12730_1 

h(w) 

(0,0,0) (1,0,0) 1.1707 	+ 6 
-11 0.821 	24 

-26 

(1,0,0) (1,0,0) 1.0237 	14 
-17 

0. 991 	+47 
-65 

(1,0,0) (0,0,0) 1.0796 + 8 
-8 0.892 	+18  

-18 

(1,0,0) (0,1,0) 1.2639 	+14
-19  0.762 	+25 

 -25 

(1,0,0) (-1,0,0) 1.5041 	+14  
-23 0.611 	+28  

-26 

Table C.14: Interpolation of w and h+(w) to the strange quark mass. 
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Icp = 0.13400 

kE 	KA 	 0.12230-0.11230_] 

P  h(w) 

(0,0,0) (1,0,0) 1.0625 	+ 
—8 0.930 +27  

—31 

(1,0,0) (1,0,0) 1.0139 	—16 1.003 	+47  
—64 

(1,0,0) (0,0,0) 1.1097 	t 0.888 ±20 
—23 

(1,0,0) (0,1,0) 1.1791 	+16  
—18 0.813 	+28  

—31 

(1,0,0) (-1,0,0) 1.3443 	+16  
—19 0.724  +28  

35 

0.12230t'0.11730 

h(w) 

(0,0,0) (1,0,0) 1.0796 	+ 
- 8 0.907 +26  

—29 

(1,0,0) (1,0,0) 1.0094 	+16 
 —17 0.993 	+59  

—69 

(1,0,0) (0,0,0) 1.1097 	± 7 
- 0.875 	+19  

—21 

(1,0,0) (0,1,0) 1.1980 	±16 
—19 

0.810 
	

+17 
—30 

(1,0,0) (-1,0,0) 1.3866 	+15  
—19 0 689 ±27 

—32 

kE 	KA 	 0.12230-0.12230 

9+ 7 __ It(w) 

(0,0,0) (1,0,0) 1.1097 	± 
- 9 

0.888 
	

24 
. 	—28 

(1,0,0) (1,0,0) 1.0073 	16  
—18 1 009 +33  

. 	—42 

(1,0,0) (0,0,0) 1.1097 	± 
—9 0 874 +18  

—19 

(1,0,0) (0,1,0) 1.2315 	±15  
—19 0.786 	+26  

—27 

(1,0,0) (-1,0,0) +15 1.4556 	—20 0 648 ±27 
—29 

kE 	k4 	 0.12230-0.12730 

P p+q  h(w) 

(0,0,0) (1,0,0) 1.1707 	± 6 
—11 0.820 	+23  

—26 

(1,0,0) (1,0,0) 1.0137 	±16  
—18 1.006 	+47  

74 

(1,0,0) (0,0,0) 1.1097 	± 7 0.859 	±17 
—18 

(1,0,0) (0,1,0) 1.2992 	+14  
—22 0.729 	+24  

—23 

(1,0,0) (-1,0,0) 1.5847 	±14  
—25 0.587 	+27  

—26 

Table C.15: Interpolation of w and h(w) to the strange quark mass. 
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Is;p = 0.13400 

0.12730-0.11230 
w s h(w) 

(0,0,0) (1,0,0) 1.0625 0.932 	+27  

(1,0,0) (1,0,0) 1.0336 	14  
—17 0.957 	56 

—68 

(1,0,0) (0,0,0) 1.1707 	+ 6 
—11 

0.819 
	

±19 
—21 

(1,0,0) (0,1,0) 1.2439 	14  
—18 

28 0.790 t 
(1,0,0) (-1,0,0) 1.4543 	+14  

—20 0.658  +28  
—32 

0.12730-4.11730 

Lis  h(w) 

(0,0,0) (1,0,0) 1.0796 + 8 
—8 

26 0.892 t 
(1,0,0) (1,0,0) 1.0237 	+14 

—17 
0. 959 +43 . 	—69 

(1,0,0) (0,0,0) 1.1707 	+ 6 
—11 0.807 	+17  

—20 

(1,0,0) (0,1,0) 1.2639 	+14  
—19 0.758 +28  

—27 

(1,0,0) (-1,0,0) 1.5041 	+14  
—23 0.635 	+26  

—29 

0.12730—t'0.12230 
Los h' (w) 

(0,0,0) (1,0,0) 1.1097 + 
- 9 0  882 +25  

—27 

(1,0,0) (1,0,0) 1.0137 	+16  
—18 0.994 +29  . 	—76 

(1,0,0) (0,0,0) 1.1707 	+ 6 
—11 

16 0.820 	-18  

(1,0,0) (0,1,0) 1.2992 	14  
—22 0.739 	+25  

—25 

(1,0,0) (-1,0,0) 1.5847 	+14  
—25 0.587 	±26 

—25 

[E 	KA 	 0.12730-0.12730  

h-  (w) 

(0,0,0) (1,0,0) 1.1707 	+ 6 
—11 0.822 	+23  

 —26 

(1,0,0) (1,0,0) 1.0070 	+15  
—21 

40 1.004 t 
(1,0,0) (0,0,0) 1.1707 	+ 6 

—11 0.820 	+16  . 	—17 

(1,0,0) (0,1,0) 1.3706 	+15  
—25 

	

0.691- 	±25 
. 	- 	—23 

(1,0,0) (-1,0,0) 1.7343 	16  
—31 0.523 	+25  

. 	—22 

Table C.16: Interpolation of w and h(w) to the strange quark mass. 
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0.i1230-c0. 11230 

_ _ hX+  (w ) 

(0,0,0) (1,0,0) 1.0678 +15  +33 
-51 

(1,0,0) (1,0,0) 1.0096 t 0.980 +48  
-73 

(1,0,0) (0,0,0) 1.0678 -14 
±15 

 0.929 +39 
-37 

(1,0,0) (0,1,0) 1.1402 0.86w +55  
-60 

(1,0,0) (-1,0,0) 1.2709 0.76 +40  
-68 

0.11230--->0.11730 
 hX( w ) 

(0,0,0) (1,0,0) 1.0867 0.894 +42  
-48 

(1,0,0) (1,0,0) 1.0103 
' 

±31  
-30 0.978 + 82 

-1 16 

(1,0,0) (0,0,0) 1.0678 0.949 +37 
-33 

(1,0,0) (0,1,0) 11604 +31  
-28 0.826 +44 

-51 

(1,0,0) (-1,0,0) 1.3105 0.73 '-, 
+57 
-57 

0.11230-c0.12230 

 w X hX+  (w ) 

(0,0,0) (1,0,0) 1.1221 0.871 +40  
-44 

(1,0,0) (1,0,0) 1.0179 + 
- 27 1.018 +89  

-409 

(1,0,0) (0,0,0) 1.0678 I+10.918 +26  
-28 

(1,0,0) (0,1,0) 11981 28  
-28 0.822 +43 

-44 

(1,0,0) (-1,0,0) 1.3783  
+27  
-28 0.667 +46  

-48 

0. 11230-v0. 127301 
(w) 

(0,0,0) (1,0,0) 1.1957 0.786 29  
-36 

(1,0,0) (1,0,0) 1.0425 0.962 + 79 
-100 

(1,0,0) (0,0,0) 1.0678 0.94 +25  
-26 

(1,0,0) (0,1,0) 1.2767 +23  
-26 0.777 +31  

-40 

(1,0,0) (-1,0,0) •L) 1.5108 ±23 
-30 0.648 +37 

-42 

Table C.17: Extrapolation of w and h(w) to the chiral limit. 
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Icp = 0.13525 

0.11730-4.11230 

WX   hX( w ) 

(0,0,0) (1,0,0) 1.0678 +15  
—14 0.934 +41  

—48 

(1,0,0) (1,0,0) 1.0103 ±31  
—30 1.003 +9 ' —119 

(1,0,0) (0,0,0) 1.0867 13  
—12 0.916 +37  

—36 

(1,0,0) (0,1,0) 1.1604 31  
—28 0.858 +46  

56 

(1,0,0) (-1,0,0) 1.3105 ±31 
—29 0.719 +57  

—63 

0.11730-0.11730 
WX  I4 (w) 

(0,0,0) (1,0,0) 1.0867 13 
—12 

0.898  ±50 
—46 

(1,0,0) (1,0,0) 1.0085 29  
—27 1.032 ±62 

—72 

(1,0,0) (0,0,0) 1.0867 ±13 
 —12 . 0.892 ±26 

33 

(1,0,0) (0,1,0) 1.1809 ±28  
—27 0.821 +44  

49 

(1,0,0) (-1,0,0) 1.3533 28  
—29 0.691 +44  

—56 

0.11730-4.12230 

P  h(w) 

(0,0,0) (1,0,0) 1.1221 h1  
—13 0 885 ±40 

—43 

(1,0,0) (1,0,0) 1.0123 ±27 
—27 1.013 ± 84 

-118 

(1,0,0) (0,0,0) 1.0867 +13 
—12 

0. 890 ±24 
—28 

(1,0,0) (0,1,0) 1.2193 +25  
—26 0.812 +33  

—43 

(1,0,0) (-1,0,0) 1.4263 +27  
—29 0.688 +44  

45 

0.11730-0.12730 
WX _ h(w) 

(0,0,0) (1,0,0) 1.1957 —17 
10 0 808 +39 

—37 

(1,0,0) (1,0,0) 1.0303 +23  
—27 0.964 ± 76 

—1 08 

(1,0,0) (0,0,0) 1.0867 13  
—12 . 0.912 ±23 

—26 

(1,0,0) (0,1,0) 1.2992 ±22 
—28 . 

±40 
37 

(1,0,0) (-1,0,0) 1.5681 ±22  
34 . 0.595 +35  

39 

Table C.18: Extrapolation of w and h(w) to the chiral limit. 
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Icp = 0.13525 

0.12230-0.11230 

(0,0,0) (1,0,0) 1.0678 +15 
 -14 0.927 -46 

(1,0,0) (1,0,0) 1.0179 +28 
-27 u 

+ 71 
-118 

(1,0,0) (0,0,0) 1.1221 h1 
-13 U.1 891 +3 

-35 

(1,0,0) (0,1,0) 1.1981 28  
-28 . 0.779 +31  

-48 

(1,0,0) (-1,0,0) 1.3783 +27 
-28 

1 	0 .727 +35 
-59 

0.12230—t0.11730 

 h(w) 

(0,0,0) (1,0,0) 1.0867 +13  
-12 . 0.875 +31  

-43 

(1,0,0) (1,0,0) 1.0123 ±27 
-27 . 

0. 990 + 65 
-118 

(1,0,0) (0,0,0) 1.1221 11  -13 0.862 +35  
-30 

(1,0,0) (0,1,0) 1.2193 25  
-26 0.801 ±23 

-46 

(1,0,0) (-1,0,0) 1.4263 ±27  
-29 0.681 +44  

-54 

0.12230-0.12230 
WX h(w) 

(0,0,0) (1,0,0) 1.1221 11 -13 
0.890  +41 

-42 

(1,0,0) (1,0,0) 1.0103 ±28 
-29 1

1  04U . +54 
-70 

(1,0,0) (0,0,0) 1.1221 ±11 
 -13 0.884 ±22 

-26 

(1,0,0) (0,1,0) 1.2588 +25  
-29 0 .0 8 +41  

-40 

(1,0,0) (-1,0,0) 1.5073 +26  0.633 +44 

0.12230-0.12730 

P p+q  h(w) 

(0,0,0) (1,0,0) 1.1957 +10 
 -17 0.806 +38  

37 

(1,0,0) (1,0,0) 1.0185 ±25 
-30 1.003 . 	U 

± 44 
-116 

(1,0,0) (0,0,0) 1.1221 h1 
 -13 . 0.848 ±21 

-24 

(1,0,0) (0,1,0) 1.3413 +23  
33 . 0.689 +37  

33 

(1,0,0) (-1,0,0) 1.6640 26  
-40 0 .0 60 +33  

-35 

Table C.19: Extrapolation of w and h(w) to the chiral limit. 

164 



Appendix C. Form Factor Results 

np  = 0.13525 

0.12730—D0.11230 

WX   h(w) 

(0,0,0) (1,0,0) 1.0678 +15  
-14 0.940 +33  

-41 

(1,0,0) (1,0,0) 1.0425 ±24 
-26 

+ 84 
-121 

(1,0,0) (0,0,0) 1.1957 +10  
-17 'i. 	1) 8 +36 

-33 

(1,0,0) (0,1,0) 1.2767 +23  
-26 ' 0.782 47 

45 

(1,0,0) 1 	(-1,0,0) 1.5108 23 
-30 

1 	0. 632  +46  
-49 

0.12730-0.11730 
WX h+  (w) 

(0,0,0) (1,0,0) 1.0867 13  
-12 0.882 +31  

-40 

(1,0,0) (1,0,0) 1.0303 +23  
-27 0.942 + 81 

-121 

(1,0,0) (0,0,0) 1.1957 +10  
-17 

p799 +23 
-27 

(1,0,0) (0,1,0) 1.2992 +22  
-28 0.739 +34  

41 

(1,0,0) (-1,0,0) 1.5681 +22  
34 . 	J 060' +35 

45 

0.12730—t0.12230 
WX h(w) 

(0,0,0) (1,0,0) 1.1221 +11 
 -13 0.879 +40  

-40 

(1,0,0) (1,0,0) 1.0185 +25 
 -30 1.003 + 78 

-131 

(1,0,0) (0,0,0) 1.1957 10  -17 0.804 +21  
-25 

(1,0,0) (0,1,0) 1.3413 +23  
33 0.723 +40  

-36 

(1,0,0) (-1,0,0) 1.6640 26 
-40 

32 
-38 

0.12730-0.12730 

WX   h(w) 

(0,0,0) (1,0,0) 1.1957 +10 
 -17 0.785 +39 

-36 

(1,0,0) (1,0,0) 1.0100 25  
34 1.023 -79 

(1,0,0) (0,0,0) 1.1957 +10 
 -17 0.799 +28  

-22 

(1,0,0) (0,1,0) 1.4290 +23  
39 0.674 21 t 

(1,0,0) (-1,0,0) 1.8479 +26  
-48 . 0.494 +29  

33 

Table C.20: Extrapolation of w and h(w) to the chiral limit. 
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166 

Icp = 0.13493 

0.12000-0.12000 

h' (w) 

(0,0,0) (1,0,0) 1.0501 +12  
—12 0.941 +24 

—33 

(1,0,0) (1,0,0) 1.0030 ±24  
-24 1.013 +34 

-54 

(1,0,0) (0,0,0) 1.0501 +12  
-12 0.926 +27  

-29 

(1,0,0) (0,1,0) 1.1028 +25 
-25 

0. 908 ±40 
43 

(1,0,0) (-1,0,0) 1.2026 25  
-27 . 0. 807  +33 

45 

0.12000-4.12660 

 h') 

(0,0,0) (1,0,0) 1.0877 13  
-14 . 0.902 +22  

-30 

(1,0,0) (1,0,0) 1.0078 +25  
-26 0.995 +60  

-89 

(1,0,0) (0,0,0) 1.0501 ±12  
-12 . 0.943 +24  

-23 

(1,0,0) (0,1,0) 1.1422 +25  
-28 0.861 +35 

34 

(1,0,0) (-1,0,0) 1.2767 25  
-30 0. 745  31  

37 

0.12330—r0.12000 

W. 
  h(w) 

(0 1 0 1 0) (1 1 0 1 0) 1.0501 12
-12 0.940 23 t 

(1,0,0) (1,0,0) 1.0037 +25  
-25 . 1.005 + 81 

-108 

(1,0,0) (0,0,0) 1.0642 12  
-13 . 0.922 +27  

-29 

(1,0,0) (0,1,0) 1.1176 26  
-26 0.878 +40  

-42 

(1,0,0) (-1,0 ) 0) 1.2314 26  
-28 . 0 783 +46  

44 

0 . 12330— r 0 . 12660 1 
h(w) 

(0,0,0) (1,0,0) 1.0877 13 
-14 . 

0. 899 +21 
-30 

(1,0,0) (1,0,0) 1.0042 27 
-28 

0. 999 + 86 
-107 

(1,0,0) (0,0,0) 1.0642 12 
-13 

0. 9 1 0 +24 
-22 

(1,0,0) (0,1,0) 1.1576 +26  
-28 0.851 +24  

33 

(1,0,0) (-1,0,0) 1.3109 +26  
30 0. 729  +32  

37 

Table C.21: Interpolation of w and h(w) to the strange quark mass. 
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Itp = 0.13493 

0.12660—c0.12000 

cis   h(w) 

(0,0,0) (1,0,0) 1.0501 	±12  
-12 0.944 	+21  

-29 

(1,0,0) (1,0,0) 1.0078 	+25  
-26 0.982 	+67  

-90 

(1,0,0) (0,0,0) 1.0877 ±13  
14 0.898 	+26  

. 	-29 

(1,0,0) (0,1,0) 1.1422 +25  
-28 0.863 	+37  

-42 

(1,0,0) (-1,0,0) 1.2767 +25  
-30 0.753 	+37  

-40 

-i' K A 	 0.12660-0.12660  
cis h(w) 

(0,0,0) (1,0,0) 1.0877 +13  
-14 0.905 	t 

(1,0,0) (1,0,0) 1.0021 	+27  
-30 0.993 	+41  

-53 

(1,0,0) (0,0,0) 1.0877 	+13  
-14 0.903 	+22  

-22 

(1,0,0) (0,1,0) 1.1831 	+27  
-31 0.827 	+34  

35 

(1,0,0) (-1,0,0) 1.3642 +28  
34 0.688 	+32  

. 	35 

0.12990-0.12000 

 14(w) 

(0,0,0) (1,0,0) 1.0501 	+12  
-12 0.933 ±29 

-27 

(1,0,0) (1,0,0) 1.0225 	25  
-28 0.972 +69  

-87 

(1,0,0) (0,0,0) 1.1342 	-17 
+15 865 +24  0 	-30 

(1,0,0) (0,1,0) 1.1911 	26  
-31 0.814 +31  

-42 

(1,0,0) (-1,0,0) 1.3596 	27  
-32 0.696 	+31  

37 

0.12990-0.12660_I 
ws   hs(w ) 

(0,0,0) (1,0,0) 1.0877 +13  
-14 0.904 	26 

-25 

(1,0,0) (1,0,0) 1.0067 +29  
-31 1.003 	+ 86 

-117 

(1,0,0) (0,0,0) 1.1342 	+15  
-17 0.870 	±28 

-24 

(1,0,0) (0,1,0) 1.2337 ±30 0.787 	+27 
 

(1,0,0) (-1,0,0) 1.4607 ±32  
-40 0.632 	+40  

-36 

Table C.22: Interpolation of w and h(w) to the strange quark mass. 



Appendix C. Form Factor Results 

icp - 0.13583 

0.12000-0.12000 

WX   h(w) 

(0,0,0) (1,0,0) 1.0534 0.915 +37  
-52 

(1,0,0) (1,0,0) 1.0024 ±36  
-38 0.993 +63  

-93 

(1,0,0) (0,0,0) 1.0534 +18  
-20 0.908 +48  

-52 

(1,0,0) (0,1,0) 1.1097 38  
43 0.914 +61  

-74 

(1,0,0) (-1,0,0) 1.2170 45 . 
0817 +55  

77 

0.12000-0.12660 
WX h(w) 

(0,0,0) (1,0,0) 1.0966 19 
-20 . 

0. 909 +45 
49 

(1,0,0) (1,0,0) 1.0083 38 
-41 

0.988  +112 
-160 

(1,0,0) (0,0,0) 1.0534 +18  
-20 . 

0.951 +37  
-38 

(1,0,0) (0,1,0) 1.1552 -44 0.862 +40  
-58 

(1,0,0) (-1,0,0) 1.3021 +41  
47 0.723 +43  

0.12330—t0.12000 

14(w) 

(0,0,0) (1,0,0) 1.0534 +18 
-20 . 

0. 918 +43 
-48 

(1,0,0) (1,0,0) 1.0034 39 1.025 +174 
-199 

(1,0,0) (0,0,0) 1.0694 +19 
 -21 . 

0.912 +44  
-51 

(1,0,0) (0,1,0) 1.1265 +40  
43 0.879 +52  

-72 

(1,0,0) (-1,0,0) 1.2498 41  
47 0. 765 +63  

-73 

0.12330—c0.12660 

wx 14(w) 
(0,0,0) (1,0,0) 1.0966 +19  

-20 0 901 +42  
-48 

(1,0,0) (1,0,0) 1.0040 +40 
-42 . 

+182 
-207 

(1,0,0) (0,0,0) 1.0694 19 
-21 

0.908  +33 
-36 

(1,0,0) (0,1,0) 1.1727 42  
-46 . 

0.832 +49  
55 

(1,0,0) (-1,0,0) 1.3414 49 0.732 +43  
-62 

Table C.23: Extrapolation of w and h(w) to the chiral limit. 
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icp = 0.13583 

kE 	KA 0.12660—t0.12000 
WX h(w) 

(0,0,0) (1,0,0) 1.0534 18  
—20 0.929 49 

t 

(1,0,0) (1,0,0) 1.0083 ±38  
—41 0.974 +138 

—183 

(1,0,0) (0,0,0) 1.0966 19 
 —20 0.921 +48  

—49 

(1,0,0) (0,1,0) 1.1552 +40 
44 

0. 890 +52 
75 

(1,0,0) (-1,0,0) 1.3021 +41  
—47 0.712 +62  

—67 

0.12660-0.12660 

WX h(w) 

(0,0,0) (1,0,0) 1.0966 +19 
—20 

0. 9 11  +61 
—61 

(1,0,0) (1,0,0) 1.0013 +41  
—42 0.987 + 88 

—101 

(1,0,0) (0,0,0) 1.0966 +19 
 —20 . 0.922 +23  

34 

(1,0,0) (0,1,0) 1.2025 44 0.834 +47  
54 

(1,0,0) (-1,0,0) 1.4036 —51 0.641 +51  
—61 

[E 	KA 0.12990-0.12000 
W X hw) 

(0,0,0) (1,0,0) 1.0534 +18  
—20 . 0.933 +43  

—42 

(1,0,0) (1,0,0) 1.0267 +40  
—41 0.985 +123 

—169 

(1,0,0) (0,0,0) 1.1528 23  
—25 0 818 +46  

—48 

(1,0,0) (0,1,0) 1.2143 +41  
—46 0.804 t 

(1,0,0) (-1,0,0) 1.4020 49 . 0.683 +70  
—64 

[ 	E  0.12990-0.12660 
WX  h(w) 

(0,0,0) (1,0,0) 1.0966 19 
 —20 0.920 +49  

—41 

(1,0,0) (1,0,0) 1.0072 +41  
47 1.032 +196 

—225 

(1,0,0) (0,0,0) 1.1528 +23  
—25 0.860 +25  

—30 

(1,0,0) (0,1,0) 1.2640 +46  
—51 0.778 +62  

—82 

(1,0,0) (-1,0,0) 1.5208 —58 0.602 +51  
—60 

Table C.24: Extrapolation of w and h(w) to the chiral limit. 
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