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0. INTRODUCTION

The need for programming languages with primitives which make it possible to describe
concurrent activities is generally acknowledged. This need is prompted by two main factors:
the desire to take advantage of the advence in herdware design and manufacturing,
multiprocessor machines are now commonplace, and the fact that many problems tackled by
computer users are naturally formalized in term of independent agents which only
oceasionally synchronize or exchange messages with other agents. In the last fifteen years,
many new programming languages with constructs which allow some form of parallel
execution and communication have been proposed. Earlier approaches were mostly based on
modelling communication via shared memory and the main problem was to find appropriate
linguistic constructs to describe and control concurrent activities on shared resources.
Examples are semaphores /Dij68/, monitors /Hea74/ and criticel regions /(Bri78/. In the
late seventies, language constructs for explicit communication were suggested (cf. /Hoa78/
and /Fel79/). Since they make it possible to express the logical dependencies between
communicating systems more directly and to enforce a neater programming discipline, they
have been the object of great interest. In fact these constructs, in' particular the CSP
handshake /Hoa78/, have influenced the definition of recent general-purpose programming
languages such as ADA /1ch80/ and CHILL /BLW82/.

While all this activity has been taking place,more and more people have become aware of
the importance of formal techniques to define the semantics of programming languages and to
specify, analyse and prove correctness of systems. Research in this field has lead to a
considerable growth of the understanding of the theory of sequential systems. A theory known



denolational semantics, whose foundations have been laid by Scott and Strachey, was very
successful in modelling many sequential programming languages and systems. It is mainly
based on the idea that the only relevant aspect of a sequential system is the relation between
its possible inputs and the corresponding cutputs. This means that it is possible to define the
semantics of systems as mathematical functions from the domain of input values to the domain
of output values. This idea has paved the way to a satisfactory formal treatment of sequential
systems, /Sco76, Sto77, Gor79/. The main focus of attention in this area now is on the best
way of using thess techniques for the specification of sequential programming languages and
systems and for software development /BJ78, Mos83/.

It soon became apparent that the need for formal techniques to define the semantics of
concurrent systems was even more stringent. In fact, concurrent systems can exhibit
pathological behaviours, such as starvation or deadlock, which are not possible for sequential
systems. Unfortunately the same techniques used for smuential‘ systems cannot be used for
concurrent ones. It is inadequate to use a function from the input domain to the output domain
to denote the meaning of a concurrent system. The intermediate states through which a system
passes before delivering its output cannot be ignored; they are important to determine how a
system would influence the overall behaviour of any larger system which uses it as a subpart.
Moreover since it is often useful to abstract from the relative speed of the subparts and/or
from the scheduling policies adopted, in many cases it is not possible to have a single'value as

output but sets of possible values must be considered.

The exemple below, borrowed from /Lam83/, attempts to justify these ideas. Let us
consider the following two program statements in which the angle brackets denote atomic

(indiyisible) actions:
A i=x+D>

B: begin <x:=x+y+1>; x¢:=x-y> end



It is not difficult to be convinced that, whatever the initial values of x andy, A and B
always have the same effect on them, i.e. x is incremented by | and y is Teft unchanged.
However, consider the following statement where cobegin indicates that the two clsuses are to

be executed concurrently:

cobegin <y:=y-7 par O end

Substituting A for C, we obtain a statement which increases x by 1; substituting B for C

we get a statement which increments x by either 1 or 8.

Once it is recognised that input-output functions are not sufficient to define a
mathematical semantics for concurrent systems, there is no general agreement as to what
class of mathematical entities is suitable to model their meaning. In fact, the proposed models
do not even represent concurrency in the same way. While models like Petri Nets /Pet80/ or
Event Structures /Win80, CFM83/ represent concurrent activities in terms of causal
independence, other models, which want to stress that communication is the basic concept of
paralle] systems, simulate concurrency by nondeterministic interleaving of atomic actions,
i.e. they describe the fact that a set of events may occur concurrently (independently of each
other) by saying that they may occur in any order (interleaving ). It still remains to be
understood whether there is ‘any loss in terms of analytical power when taking this approach
to concurrent systems modelling.

Recently and mainly for re@m of simplicity, 8 large class of models based on
interleaving has been proposed and has been proved useful to describe and analyse many
interesting parallel systems. Unfortunately, even after the common choice to reduce
concurrency to nondeterministic interleaving, there are still different choices of
hathematiml entities as domains. The heterogeneity arises mainly from the different aspects
of systems one is willing to capture and this in turn depend on the use of the model one has in
mind.



Below, we list a few models based on interleaving, which aim &t a generalization of the
denotational approach to concurrent systems:

Resumptions: These are particuler kind of functions based on Powerdomains, a
generalization of Scott MMim to denote nondeterministic computations. Powerdamains
/P1076, Smy78/ can be regarded as the domain analogues of powersets with elements which
represent the “sets” of different courses which a nomleterrninisﬁc computation can follow.
Resumptions, proposed by Plotkin /Plo76/ and based on powerdomains, have been used by
Milne and Milner /MM79/ to define a mathematical model of concurrent computations
together with a set of operations to construct processes. The model was later abandoned by its
proposers who claimed that it induces unwanted identifications and that its abstract nature
does not allow a complete understanding of the semantics obtained.

Traces: The Traces model, /Hoa81/, identifies a process with the set of its possible
sequences of communications (its traces). It turns out to be suitable to investigate potential

communications but insensitive to deadlock.

Streams: This model, /KM77/, is only defined for a subclass of parallel deterministic
processes. |t associates a function from the set of communications on the input channel to the
set of communications on the output channel to each deterministic parallel process. This model
is a neat extension of Scott's ldem but problems have arisen in extending it to
nondeterministic systems.

Synchronization Trees: A synchronization tree, /Mil80/, is a tree whose nodes
represent -the states of @ process and whose arcs are labelled to denote potential
communications with tﬁe enviranment. This model is besic and concrete: Tree semantics arise
naturally when concurrency is simulated by nondeterministic interleaving. Unfnrtunately
Syncronization Trees (when used to model systems behayiour) over-discriminate and need to
be factorized by certain equivalences /Mil80, Bro83a, DH84/.



Refusal Sets: In addition to traces, the mode] based on refusal sets proposed by Brookes,
Hoars and Roscoe, /BHR84/, associates the set of communications a process is able to refuse
after every trace to every process. This model has problems in handling divergent or
under-specified processes /DeN83/. It will be discussed in detail later.

In the above descriptions, when claiming that a model is too abstract, or
over-discriminates, or induces unwanted identifications, we are always referring to some
kind of intuition about the operational behaviour of processes. Since the mathematical
semantics of parallelism is not well assessed and its theory is not yet well understood, many
people think that the only way to get a correct semantics is to formalize the operational
intuition and check any other proposed theory against this formalization. Milner, /Mil83/,
suggests that * .... operational semantics, since it can be set up with so few preconceptions,

must be the touchstone for assessing mathematical models ....".

Indeed, the operational approach to programming langusge semantics was the first one to
be proposed. Basically, it describes the meaning of a8 program by specifying a convenient
abstract machine and by modelling the execution of the program on that machine /Lan64,
Weg72/, Initially, this approech was not generally accepted because the abstract machines
used were too concrete, too close to the actual machines, and the specifications were far too
detailed. Lately there has been a renewed interest in this epproach. Plotkin /Plo81/,
borrowing such concepts as compositionality and abstract syntax from denotational semantics,
has proposed a new technique for operational specifications, which is sufficiently abstract
and formal. The semantics of a program is described in terms of a transition system whose
transition -relation is defined via a set of axioms. Such Structured Qperational Semantics
(S0S ) is mathematically trectable and it becomes possible to reason about its relationship

with denotational semantics, e.q. we can decide if the two semantics "agree”.

Informally speaking, we should say that an operational semantics and a denotational
semantics agree whenever they induce the same identifications on terms. Two well-formed

program fragments are considered operationally equivalent if and only if, whenever they are



embedded in a context to form a program, they give rise to the same overall operational
behaviour. On the other hand we have thet also a denotational semantics induces a netural
equivalence on program fragments. In general, the semantic function is not one-to-one: The
same element of the semantic domain is associated to more than one program fragment. Two
such fragments are considered etpiv-alent if they ere denoted by the same element of the
domain. The correspondence between operational and denotational semantics may be precisely
stated. Following Milner /Mil73/, we say that a denotational semantics is consistent

(adequate ) if the denotational equivalence implies the operational one and that it is
‘complete if the converse holds. Finally we say that a denotational semantics is fully
abstract with respect to an operational one if and only if it is consistent and complete

In this thesis we propose a new denotational, interleaving based, model for processes and
justify it in terms of a simple operational semantics. In fact, we first propose a new
operational semantics for processes and then show how this naturally leads to a denotational
model for nondeterministic Processes. This gives a new model of concurrency based on
nondeterministic interleaving of actions. The operational approach we propose is based on S05
and on an experimentation notion which allows to consider es identical processes which are
extensionally (behaviourally) equivalent, i.e. processes which can be interchanged in any

program context without affecting the final result.

The basic idea behind the proposed extensional equivalence is very simple and certainly
not new. We first read asbout it in /MooS6/, where it wes used to define equivalence
relations between deterministic machines. The idea consists in noting that one’s view of a
machine or-of a process depends on one's experience of it, and this experience is gained either
by using or by interacting with the machine or process. Also, the behaviour of programs or
processes can be investigated by a series of tests. For example when considering Sequantial
pl_‘hgrmns we can define as tests pairs of predicates about the input domain and the output
domain. It is very easy to see that the input-output function of a program can be dharacterized
by such tests. For more general programming languages, more general kinds of tests are



needed. Indeed the nature of the programming language should suggest the type of tests which
are suitable to investigate the behaviour of programs in that language. For example, if the
language contains real time constructs then the tests should tske time into consideration;
when the programs involved are nondeterministic it is not only important to know if a process
responds favoursbly or unfavourably to a test but also whether the program responds
consistently each time the test is performed.

Given a set of processes and a set of appropriate tests, two processes will be equivalent
(with respect to this set of tests) if they pass exactly the same tests. In order to be able to
take into account divergent experiments, i.e. ekperiments which do not give an answer

within a finite amount of time and in order to be able to talk about the results of experiments

of equivalences between them. (A preorder < generates an equivalence =~ in a natural way,
~=(¢ Ng "). We shall introduce two different preorders: the first is formulated in terms
of the ability to respond positively to a test, the second is formulated in terms of the inability
to respond negatively toa test. In the first case, given two processes P and Q, P is “less than” Q
in case given any test if P "may pass” it then also Q "may pass™ it. In the second case P is
“less than™ Q if whenever P “must pass” (cannot fail) a test then also Q "must pass™ that test.
The natural equivalence is obtained by taking the equivalence associated with the conjunction
of these two preorders; this is a third preorder. Summing up we will define three testing

preorders on processes based on the following:

p%3zq if for everyexperimente p mag satisfy e implies qmay satisfue
pS,q if foreveryexperimente p mustsatisfye implies q must satisfue
peq if pyq andpizq

. where pmau satisfye if there existsone interaction between the process p and the
experimenter e which is "satisfactory”

p must satisfye if everyinteraction between the process p and the
experimenter e is "satisfactory”



All the three equivalences generated by the three preorders have a correspondence with
intuitive ideas about egquivalence of programs. Consider the three program fragments below,
where loop = while ruedo  s/egp and or denotes a nondeterministic choice construct:

A x:=x+]
B: x:=x+1 or loop

C: loop

The equivalence generated by the may-based preorder will identify A and B and
distinguish B and C. The eguivalence generated by the must-based preorder will identify B
and C and distinguish A and B. Finally, the equivalence based on both "may" and "must” will
distinguish all three programs.

As mentioned above these new notions of program behaviour lead to new domains for
processes. These new domains are particuler kinds of trees (Representation Trees) which
share many features with Synchronization Trees /Mil80/ and Refusal Sets /BHR84/, but

overcome some of the defects of these two models.

The representation tree associated with a process will contain the following information:
1. The possible sequences of actions (communications), the process may perform.

2. The possible future of the process after every possible sequence of actions. The
possible future is denoted by means of sets of sets of actions, (Acceptance Sets)
associated to every possible sequence of actions the process may perform. In general,
the future depends on internal nondeterministic choices, and is characterized by the set
of communications the process must accept at that stage of its progress.

We will present three different classes of Representation Trees, each one corresponding

to a particular testing preorder. These models are equipped with continuous operators



corresponding to the operations on processes introduced in /Mil80/ and /BHR84/. We will
also give complete equational characterizations of the models we propose. These
characterizations, apart from being a good starting point for mechanized proof systems, are
excellent touchstones since they allow to determine all the identifications induced by the
models. In fact, determining an equational characterization of the Refusal Sets model of
/BHR/ in the same way as for Representations Trees, we will be able to detect some
inadequacies of Refusal Sets for the definition of the semantics of partially specified

processes.

This thesis is developed around the idea of operationally defined Testing Equivalences
and around Representation Trees, the denotational counterparts of testing equivalences. It
studies their interconnections, their equational characterization, and the relationships they
have with other proposed abstract models of parallelism. Moreover, it shows how both Testing
Equivalences and Representation Trees can be used to define the semantics of CCS /Mi180/ and
TCSP /BHR84/, two languages whim have played a fundamental role in the development of

concurrency theory. Below we give a brief overview of its content.

In Chapter 1 we revise some of the equivalence notions proposed in the literature for
various models of parallelism, /BHR84, Dar82, Hoad 1, Kenél , Mil80, Par81/, by adapting
all of them to labelled transition systems (LTS's), /Kel76/. We then formalize the intuitive
notions of testing preorders by setting up a general framework within which experimenté
and the tabulation of possible results can be discussed. We show how LTS’s can be immersed in
this general setting and how, by chenging the tabulations of the possible results and by
slightly changing the view of what it means for a process to pass a test, we can obtain
different preorders on transition systems. Finally, by using alternative characterizations of
testing equivalences which are independent of the notion of a test, we can relate them to the

other equivalences.

In Chapter 2 the general framework for testing processes is applied to a particular
language, Milner's CCS /Mil80/. This is a primitive language to describe communicating



processes but has the advantage of having a simple and well-defined operational semantics.
We take as our set of tests those tests which can be described in CCS and use its parallel
combinator to perform our experiments. We then examine the substitutive relations generated
by three testing preorders. (Two processes are substitutively related if they are related in
every context). We give three sound and complete proof systems for these relations.
Each of these systems consists essentially of a set of axioms to manipulate process expressions

and a form of @-induction.

In Chapter 3, after recalling some notions and some known results of domain theory and
algebraic semantics /TWW78, Gue81, Sto77/, we show how the complete proof systems of
the previous chapter can be used to obtain naturally three fully abstract denotational
models for CCS, i.e. models in which processes are distinguished if and only if they are
distingushed by the associated set of tests. These models are constructed in a very abstract way
from the syntax of the language and from the equations of the complete proof systems.
However, in the final section of the chapter we introduce the Representation Tree models
and show that the previous &bstf*act models are isomorphic to thém. The isomorphism is
proved by stressing the similarities between the representation trees and the normal forms

for CCS used in the completeness proofs of the previous chapter.

In Chapter 4 we study Refusal Sets, the model of parallelism proposed by Brockes,
Hoare and Roscoe /BHR84/ tﬁ define the semantics of an abstract version (TCSP ) of Hoare's
CSP /Hoa78/. Using the techniques developed in Chapter 2, we investigate the congruence
induced on TCSP terms by the denotational semantics based on refusal sets. We give a complete
set of axioms for a finitary subset of the calculus and show that some derivable axioms do not
correspond to any operational intuition about the behaviour of processes. Considerations on
the reasons for the mismatch between operational intuitions end denotational semantics lead us
to define a new domain for processes which is obtained by imposing boundedness constraints on
refusal sets (Bounded Refusal Sets). This new domain allows us to obtain a complete
proof system for TCSP by working in the ssmeway as for the previous chapter.

10



In Chapter S we present yet another domain for communicating processes. This is an
extension of Representation Trees, which allows a better treatment of internal (invisible)
moves of processes (Preemptive Representation Trees). The new domain is also
equipped with a set of continuous operators based on these defined in Chapters 2 and 4 for CCS
and TCSP, respectively. This allows us to study the relationships of the new domain with two
of the models for CCS and TCSP (Representation Trees and Bounded Refusal Sets) discussed in
the previous chapters. In fact, we prove that these models are just submodels of the domain of
Preemptive Representation Trees. All these results allow us to compare CCS and TCSP with
particular reference to their expressive power and to study the relationships between the

various operators for nondeterminism which they introduce.

The final section contains some concluding remarks together with suggestions for future

ressarch.
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1. BEHAVIOURAL EQUIVALENCES FOR
TRANSITION SYSTEMS

1.0. Introduction

In many cases, it is useful to have theories for establishing whether two systems are
equivalent or whether a system is a satisfactory "spproximation” of another. If the same
formalism is used to describe what is required of a system (its specification) and how it
can ectually be built (its implementation) then it is possible to use theories based on
equivalences or approximations to prove that a particular implementation is correct with
respect to a given specification. If a step-wise development method is used then it is very
useful to be able to substitute large specifications with equivalent concise ones. In general it is
useful to be able to interchange subsystems proved behaviourally equivalent, in the sense that
one subsystem may replace another as part of a larger system without affecting the behaviour

of the overall system.

Roughly speaking, we say that a system S, approximates (is equivalent to) a system S,
whenever “some" aspects of the behaviour of the two systems are compatible. The kind of
equivalences, or approximations involved depends very heavily on how the systems under
consideration will be used. In fact, the way a system is used determines the behavioural
aspects which must be taken into account and those which can be ignored. Because of this, it is

important to know for every equivalence the properties of systems it preserves.

12



Nat surprisingly, many different theories of equivalences have been proposed in the
literature for models which are intended to be used to describe and reason about concurrent or
nondeterministic systems. This is mainly due to the large number of properties which may be
relevant to the analysis of systems. Almost all the equivalences are based on the idea of
considering two systems as equivalent whenever no external observation can distinguish
them. But there is still disagreement on what are “reasonable™ cbservations and how their
outcomes can be used to distinguish or identify systems. The major proposals have been made
for several CCS-like languages, but they can be easily extended to other formalisms. In the
following we will present and compare some of the equivalences defined in the literaiure and
propose six new ones, each of which aims at capturing slightly different aspects of systems
behaviour. These equivalences will also be related to those discussed previously.

In order to be able to study their interrelations, we will adapt all the equivalences
presented to Labelled Transition Systems /Kel76, P1081/. In the presentation of each
equivalence, we will stress the aspects of system behaviours which are ignored and the
identifications which are forced. We will show that various equivalences, defined in different
ways and following different intuitions about systems behaviour /Dar82, BHR84, DH84,
Ken81/, turn out to be the same or to differ only in minor detail for a large class of transition
systems. A similar comparison has been attempted in /BR83/ but this paper considers a
different class of equivalences and the stress is more on their logical implications than on

their operational significance.

The rest of this chapter is organized as follows. In the first section we introduce Labelled
Transition Systems and fix notations which will be used throughout the rest of the thesis. In
the second and the third sections, we present respectively String equivalences /Hoa8 1/
and various Observational equivalences/Mil80, Mil84, HM85/. In the fourth section, we
discuss Kennaway's equivalence /Ken81/ Darondeau’s equivalence and Failure
equivalence / BHR84/ and relate them to the equivalence generated by a new preorder on
transition systems which paves the way to the study of 'their relationships. In the fifth

13



section, we introduce our 6wn theory of systems equivalence based on testings and propose a
general setting for defining Testing equivalences for processes /DH84/. The sixth and the
seventh sections are dedicated to applying the general setting (or modifications thereof) of
section 1.5 to Labelled Transition Systems. The final section is dedicated to a brief comparison
of all the equivalences discussed.

1.1. Labelled Transition Systems

Since their appearance Keller's Transition Systems /Kel76/ have proved to be a model
which to a certain extent underlies many proposed models of parallelism. We will present a
particular class of Transition Systems with a particular emphasis on the methodologies for
formal verification it supports. In particular, we will discuss methods to reduce systems to
simpler ones and to prove the equivalence of two given systems. Transition Systems are an
abstract relational model based on two primitive notions, namely those of state and transition.
Given any other model for which it is possible to define a notion of global state and a notion of
indivisible action causing a state transition we can define for each object of the model a
corresponding transition system. This correspondence determines an interleaving
semantics for the model and many systems properties can be studied purely in terms of
Transition Systems. In this way this highly abstract conceptual model constitutes a
significant part of most models of parallelism in which many of their properties can be
formulated.

~ We will consider a particular cla§3 of nendeterministic transition systems which can be
used to model systems controllable through interactions with a surrounding enyironment, but
also capable of performing internal or hidden actions which cannot be influenced or even seen
by any external agent. This model is nemed Labelled Transition Systems (LTS) and is a slight

14



modification of the model defined by Keller in /Kel78/.

Definition 1.1.1 AlLabelled Transition System isaquadruple (Q,A, -p—, q))
whers Q is a countable sst of states (p, p', q, q, ....), A is a countable sst of elementary
actions (a, b, ¢, ....), -t—, (4 € AU { t}) isa set of binary relations on Q and q.e Q is the

initial state. 1]

In this definition each of the relations -a— describes the effect of the execution of the
elementary action a and, if q, ' ¢ Q, then g-a—q’ indicates that, by performing action "a", a
system, when in state q, can reach state q'. After Milner /Mil80/ the special simbol ¢ is used
to denote internal actions and g-t—q' indicates that a system in state q can perform a silent
move to state q'.

A transition system can obviously be “unrolled” into a tree. The initial state is the root
and the transition relation is represented by the arcs labelled with elements from A U [t}; the
various nodes will stand for other states. In the following all the examples will be expressed

in terms of trees.

Yery often in this chapter and through the rest of the thesis it will be necessary to
abstrect from internal actions, to consider sequences of visible actions, to say that a system
may perform a particular action, etc.. Below we establish some notations for these notions

which will help in shortening formulas.

A will be used to denote the set of visible actions; a, b, c... will be used to denote its
elements.

A* will denote stringsover A; s, §', Sy, ....will be used to denote its elements, € will be
used to denote the empty string;

A, willdenoteA U{t}, i.e. the set of visible actions extended with the distinct invisible
action ©; this set will be ranged over by 1y, u,. M3, ... .

15



I1p,q, Py, Py .... are states of a transition system then
p-—q will stand for p-t—q;

P-HqMy....n —q will be usedtoabbreviate thereexistsp; with O <1 < nsuch that
P=Pa =B~ Ho— .o —Pp-1"Hy—P, = G;

P-Ryly....n ;=  will abbreviate there exists qsuch that p-p py...0 =0
P-H4ltsy....u »  will abbreviate not exists qsuch that p-pus....0 ;=G ;
p==q or p=g=q will stand for p-t"—>qwithn2 0;

p=a=q  will stand for there exists p; and p, such that p==p;=a=p,==q ;

p=aj8,...8,=q  will abbreviate there exist p; 0 <i <nsuch that
P=DPg=8=D,=8=Dy ...... =Dp. =8 =P, =0

p=s= will stand for there exists q such that p=s=q ;
p=s= will stand for not exists q such that p=s=q.
POW(A) will be used to denote the set of subsets of A

FPOW(A) will denote the set of finite subsets of A.

In the following it will also be useful to be able to talk about immediate moves from a
particular state and about the possibility for a system 1o perform an infinite number of
internal moves without ever performing a visible action. These and other interesting

properties of Transition Systems are captured by the following definitions.
Definition 1.1.2 If (Q,A,-p—,q,) isanLTSandqeQ wehave

. Init(g)= {acA| g=a=)}
il. Traca(ﬁ)= {scA*| g=s=) O

16



Definition 1.1.3 4 is the least predicate (used in postfix form) on states of a

transition system T which satisfies: (Vp', p-t—p' implies p'd) implies pd. o

It is easy to show that p iff p cannot Perform the infinite sequence p-t—p;-t— po-t—...

We will denote its converse by , i.e. pft (read p diverges) if not pd (read p converges).

Two important subsets of LTS are the strongly convergent and the image finite ones.

Definition 1.1.4 A transition system T = (Q, A, -p—, q,) is strongly
convergent if and only if for allscA” gy=s=q impliesqd . O

Definition 1.1.5 A relation R over a transition system T is image finite if for

each state qof T the set {q' | qR q'} is finite. O

The induced transition systems whose binary relstion is =s= are perticularly
interesting since they allow the analysis of aspects of systems which can be inferred if only
their externally visible actions are taken into account. Many of the proposed approaches to
systems simulation or systems reduction are based on, or can be reduced to, ignoring
particular actions or particular sets of actions which for one resson or another have to be
(can be) considered internal. In fact, all the equivalences we discuss will take this possibility
into account. For reasons of simplicity, we will only consider labelled transition systems
whose relation :u—* is image finite. Please note that the induced relation =s=> does not
necessarily have this property. Indeed any divergent state p is such that {p’ | p=e=p’} is

infinite.

The rest of the chapter will be dedicated to defining and discussing various behavioural
equivalences for Labelled Transition Systems.
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1.2. Strings Equivalence

A natural proposal for systems equivalence is to consider as equivalent two systems which
can perform exactly the same sequences of visible actions /Hoa81/. In this way, we can
abstract from the internal (invisible) actions of a system.

Definition- 1.2.1 If T,= (P,A,-p—,,p,) andT, = (Q,A, -p—,,q,) are two
transiton systems then we have:

Ty~ To iff_ forallscA” q,=s=> ifendonlyif p,=s= a

It is clear that we have T, ~ T, iff Traces(q,) = Traces( po) and it is obvious that ~

is an equivalence relation.

Example

W

In fact, the equivalence ~ is the equivalence used in automata and languages theory over
the years and is the basis of many proposed semantics for Hoare's CSP /Hoa81, BHR84,
OH83/. Unfortunately, when considering systems which do not run in isolation but exchange
information or synchronize with other systems, it is important to know whether certain

communications will always take place or whether there is the possibility of deadlock.
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If we want to be able to model and distinguish such situations we find that, in spite of its
simplicity, strings equivalence is not a useful nation. In fact, referring to the above example,
if we try to exchange the sequence of messages “ab" with system T, we will be always
successful while this is not so if we try to do the same with the systems T, or T5. Moreover
T, and Ty might exhibit very different reactions as well; while T, would always accept the
pair of messages "b, ¢" after the acceptance of the message "a”, T3 might not. It should also be
noted that if we let ©® denote the transition syslem which can only perform an infinite
sequence of internal moves and we let NIL denote the system which cannot perform any move at
all we have t® ~_ NIL. In fact the set of their visible traces is the same; indeed the
possibility of divergence (performing calculations ad infinitum without delivering any

visible result) is ignored by strings equivalence.

1.3. Observational Equivalence and Bisimulation

There are various ways to “improve” strings equivalence in order to be able to
differentiate the transition systems of the above exemple and others similar. The additional
discriminating power a new equivalence needs to have is to be able to take into account not only
the sequences of actions a system may perform but also “some” of the intermediate states the
system goes through while performing a particular sequence of actions. In fact, differing
intermedjate states can be exploited in different ways to produce different overall behaviours.
The first proposal in this direction was put forward by R. Milner. In /Mil180/ and in previous
related works a so called observational equivalende is defined and then applied to a
Calculus of Communicating Systems (CCS). Observational equivalence (=as) is defined as the
intersection of a decreasing sequence of equivalences a4 (k 2 0) where = is the universal
relation and, for each k > 0, the equivalence a4 is defined in terms of a4_;.
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Definition 1.3.1 If T=(Q,A, -u—-,qo) isan LTSend p,q€Q then
1. p=pQ isalwaystrue
2. payq iff forall seA”
i. If p=s=p' thenfor someq',q=s=q and p' a4 q
ii. If g=s==q" then for somep', p=s=>p’ and p' ~4_;

3. paq iff pagq forallk 20 1}

This relation between states of a particular transition system can be easily extended to a

relation between two transition systems.

Definition 1.3.2 If T =(PUQU(t}, A, -p—; U -p—y, t,) is the transition
system obtained from the union of T, =(P, A, -pu—,; t)) and T, =(P, A, -p—), q,)

where P and Q are disjoint then:
i. Tyaq T, ifandonlyif pyaq gy in T and

ii. Ty~ T, ifendonlyif pyaqyin T a

An alternative way of defining observational equivalence has been put forward by D. Park,
/Par81/. It has been inspired by the homomorphism notions also used in automata theory
(e.g. see the wesk humomorg'hism of /Gin68/). This alternative definition has been used and
discussed in detail in /Mi183/ and /Mil84/.

'Qefiqition 1.3.3 IfT;andT, ere two LTSs, as in the previous definition, then we
say that T, bisimulatesT, viaRcPXQ if

1. (pp, G eR
2. (p,q)eR implies for alls eA
if p=s=>p' then for some q’, g=s=>q" and (p',q) €R
and if g=s=>q' then for some p', p=s=>p' and (p’,q') €R

0
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The last two definitions of equivalence are discussed extensively in /San82/ and
/HM85/; in particular there it is shown that s and bisimulates via R (ag) coincide if the

relation =s= is image finite However they are seen to be different relations when applied
to infinite transition systems, indeed T, as, T, implies T, s T, but not viceversa.

We give now some examples of transition systems (represented as trees) which either are
both observational equivalent and bisimilar (the relation R will be evident) or are both

neither observational equivalent nor bisimilar. We will use a2 and 2= to express this.

Examples

8 8 a
TR #2 Sitle
b c b c

Since if the initial states of T, and T, are denoted respectively by p and q and the states
after a are denoted by b+c, b and ¢ with the obvious correspendence, we have p=a=h+c

while g=a=b or g=a=¢ andb %, btc 2, c. On the other hand, some systems are reported

below which are easily proved observationally equivalent:

Q

21



R

The last identification shows that both observation equivalence and bisimulation have
problems in coping with infinite transition systems, in particular with transition systems
with an infinite number of consecutive internal moves. This is because they consider
equivalent systems which computationally are very different. In fact, a system which can
either compute for ever or perform the action "a” and then stop is considered equivalent to a

system which can perform a silent move or action “a" and then stop. However we also have:

2 3/\3

Yet it seems intuitively clear that there is no way of distinguishing these two processes if
only the visible actions they may perform and the way they may react to external experiments
are considered. Therefore it seems that the notion of observational equivalence may be too
discriminating from some points of wiew. In fact, it implicitly assumes that an observer is
able each time to make copies of the observed system and then test them separately. In many
cases, it may be more appropriate to observe only the overall resulis of complete

experimentations ( "linear runs®).
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14. Weak Equivalences

The main reason for s being finer ( more discriminating) than one may like seems to be
the recursive nature of its definition. In a certain sense, in order to decide whether two agents
are observationally equivalent, it is necessary to check that they can perform the same
sequences of actions and that the subagents reached after each sequencs still have an equivalent
behaviour. Because of this, some of the resulting distinctions are only concerned with the

internal structure of processes.

An interesting critigue of cbservational equivalence is given in /Dar82/; here the author
also proposes an alternative equivalence. A similar critique is put forward by J. Kennaway in
/Ken8 1/ and another eguivalence, based on idess discussed in /KH80/, is proposed. Similarly
to observational equivalence both these new equivalences are based on recursively proposing
external experiments to processes and on comparing the outcomes of these experiments.
However, in these the particular kind of permitted experiments gives less insight into

the structure of systems.

In the present section we will describe and discuss Kennaway's weak equivalence by
adapting the definition given for his NCSP calculus (/Ken81/ pg. 91-93) to transition
systems. Moreover we will consider Darondeau’s definition of equivalence and discuss its
extension to general transition systems, in fact only a particuler subset of finite LTS is
considered in /Dar82/. We will show that neither of these equivalences exploits the full
power of recursion by giving alternative, non-recursive, definitions for them. We conclude
the section by showing that a similar definition may also be given for the equivalence induced
by the denotational approach of /BHR84/ which will be discussed in details in Chapter 4.
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1.4.1 Kennaway's Equivalence

We shall begin with some definitions and some notations based on those of section 1.

Wewill letL, Mand L,, M, range over the finite subsets of A, A, respectively. Moreover
we will let P, Q and R denote sets of states. :

Definition 1.4.1 (Kennaway's equivalence)
a ForpeA,

pafter u ={p'| p=u=p’}

Pafterp =U{paftern | peP};
b. ForL, € A, L, finite

pMUST, L, iff Ju eL, such that p=p=>
PMUST, L, iff pMUST.L, forallpeP;
C. P=<o Q isalwaystrue
P =p41 Q ifandonly if
i.forall Zinitel, € A, PMUST . L, iff QMUST.L,
ii. forall p e A, Pafter u =, Qafter y;
d P =, Q ifendonlyif P, Q foralln20 0

As already mentioned above, we can give a non-recursive characterjization of Kennaway's
emivalence. First we need some additional definitions. We need to generalize the function after
to sequences of actions and to restrict the predicate MUSTt to finite sets of visible actions;
the new predicate will be simply called MUST.

Definition 1.4.2.
a ForseA”

pefter s ={p’| p=s=2p’}
Pefters =U{pafters | peP};
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b. For L C A, L finite
pMUST L iff Vp' such that p==p’, Jdael such that p'=a=

PMUSTL iff pMUSTL forallpeP O

From these definitions we can easily derive a set of results which will be helpful in

successive proofs.

Proposition 1.4.3

i, (Pafter MUSTL iff PMUSTL

ii. (P after a)after s = P after as

jii. @ MUSTL foranyL €A PEPMEET Lo any L C A 0

Definition 1.4.4

a. PSQ ifandonlyif foralls (-:A*, for all finite LE A
(P after s) MUST L implies (Qafter s) MUST L;
b.P~Q ifandonlyif PSQ andQSP O

Unfortunately, as it stands, Kennaway definition has a number of major drawbacks, which
contradict the philosophy which seems to be at the basis of its definition.

Example
[
a a
p= r = =q
k
b

In fact we have that (qafter a) after © MUST, L for every finiteL S A while (p after a)
after © H;&Tk L for any finite L such that b is not in L. O
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The problem seems to be originated by the fact that we can test what happens after a
process has performed an invisible (¢-) action. However, if we do not allow 1 to be equal to
< in definition 1.4.1 then we will find that unwanted identifications are induced by the new

/I\ is eqm'-zalent to /\

In fact it is easy to see that p MUST, L, iff qMUST, L, and that p after s = qafter s

equivalence.

for every s eA*. 0

However, the above processes would react differently to external experiments. In fect g
must always accept @ b-experiment while p may not. In this case the source of the problem
seems to be the nature of the definition of MUST,, which does not allow the behaviour of a

process to be tested after initial invisible actions.

“We now propose a modified version of Kennaways equivalence which does not allow any
experiment on t-moves. This version is that referred to as Kennaway's equivalence in

/DH84/. It is based on the notion of MUST in definition 1.4.4. We will denote it by =py.

Definition 1.4.5 (New Kennaway's equivalence)
P=,Q isalwaystrue

P =n4+q Q ifandonly if
i.forall fimfeLc A PMUSTL iff Q MUST L

il.forallacA P gfter a <, Qafter a;

P~y Q ifendonlyif P=,Q foralln20 O
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Proposition 1.4.6 P=yQ ifandonlyif P ~Q
Proof
1. (if)
Suppase P =, Q, then by definition there exists n 2 0 such that P =, Q. By induction on

n we show that this implies there exist s ¢ A* and L < A such that (P after s) MUST L and

(Qafter s) MUST L, or viceversa in P and Q.

a. Induction basis.

We have P =4 Qimplies there exists some L such that P MUST L and Q MUST L. It follows
trivially that (P after €) MUST L and (Qafter €) MUST L, or viceversa in P and Q.

b. Inductive step.

We have P =, Qifand only if i) P =, Qor ii) there exists an a ¢ A such that P after a
#p Qafter a. In case i) the claim follows from the induction basis. In case ii) we have from
the inductive hypothesis that for someacA, s ¢ A* (P gfter a) after s MUST L end (Q after
a) after sMUST L, i.e. (P after as)MUST L and (Qafter as) MUST L.

2. (only if)

Suppose there exists some s € A* and some finite L < A such that (P after s) MUST L and
(Qafter s) MUST L. We prove by induction on s that P = Q.

a. Induction basis.

The case s = £ is trivial since p after € = {p' | p==p'}.

b. Inductive step. _

In case s = as' then (P after a) after s' MUST L wheress (Q after a) after s' MUST L. By
induction (P after a) = (Q after a) and sowe have P = Q. O
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1.4.2. Darondeau's Equivalence

While Kennaway's equivalence is based on looking for the set of actions the various
processes must accept ‘after performing any sequence of actions, Darondeau's “fully”
obsarvaticnal equivalence is based on the idea of considering as equivalent two processes
which can reject the same sets of actions. As already mentioned, for technical reasons, in
/Dar82/ the equivalence was defined only for a subset of LTS, but it generalizes smoothly.
Again, we need to define formally what it means for a process in a particular state p torefuse a

set of actions L. In /Dar82/ this is denoted by plL, we will use the more explicit p refuses L.

Definition 1.4.7

8. prefusesl iff there exists p’ such that p==p' and p'=a=> for alla ¢l

b. PrefusesL iff thereexistspeP suchthat prefusesl O

Note that refuses is just the dual of MUST.

lemma 1.4.8
i. prefuseslL ifandonlyif pMUSTL
ii. PrefuseslL ifandonlyif PMUSTL

Proof  Theclaim follows from simple logical manipulations 0

Definition 1.4.9

Let E(R) = {<P, @ | i. for all finite L , P refuses L iff Qrefusesl and

ii. for allaeA <P after a, Qafter a> R }
P=pQ ifandonlyif <P, ®c¢U{R|RCE(R)} : '8

Lemma 1.4.8 permits the definition of E to be reformulated in terms of MUST.

28



Coroll : 1.4.10

E(R) ={<P, @ | i. for all finiteL , P MUST L iff QMUSTL and

ii. forallacA <P after a,Qaftera>¢R  }
Proof Follows from the above lemma.

In the same way es for Kennaway's equivalence we can now give & non-recursive

characterization of Darondeau’s equivalence.

Proposition 1.4.11 P=pQ ifandonlyif P ~Q.

Proof We use the alternative characterization of =~ given in the previous corollary.
1. (only if)
Suppase there exists s and L such that (P after s) MUST L and (Q after s) MUST L, then

the claim can be proved by induction on the length of s and by using part ii. of proposition
1.4.3.

2. (ir)

Since =) is defined as the maximal fixed point of the recursively defined relation E(R),
it is suffucient to prove that P ~ Q implies <P, @ ¢ E( ). This follows from part i. and ii. of

proposition 1.4.3, which makes it possible to prove P =~ Q implies (P after s) ~ (Q after s)

forevery se A, O
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1.4.3 Failures Equivalence

In /Bro83a/ yet another equivalence is proposed for a subclass of LTS, the
synchronization trees of /Mi180/. This "Failures” equivalence stems out of the same ideas
which led to the denotational model for a theory of CSP based on refusals sets /BHR84/.
This theory will be discussed in detail in chapter 4. We are able to show that failures

equivalence is just another definition of ~.

Definition 1.4.12 (failures equivalence)

P =¢Q ifandonly if forallseA¥,for all finiteL < A we have

Jq' ¢ (Q after s) such that Init(Q") NL =

if and only if
dp' ¢ (P after s) such that Init(P*) AL = 0

Propesition 1.4.13  P=;Q ifendonlyif PO
Proof: It is very easy to see that o can be rewritten as follows: P ~ Q if and only if for
all s ¢ A*, for all finite L € A (Vq' ¢ (Qafter s), Init(Q') N L = @ if and only if Vp' € (P

after s), Init(P*) NL = @). The claim now follows from simple logical manipulations.

I.4.4' Examples and Discussion

We conclude this section with some examples which will highlight the identifications
induced by the various equivalences presented in this section. Note that in the above we have
only given definitions of equivalences between states of labelled transition systems. However,
from these defini'tinns we can easily derive equivalence relations between LTS's, working as in

definition 1.3.2. In fact, given any relation Rel defined on sets of states and two transition
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systems Ty = (A,P,-pu—y,pp) and To = (A, Q, -p—5, q,), with P and Q disjoint, we can
define T = (A, P UQU {t;}, -u—yU -u—o, t;) and Ty Rel Ty if andonly if py Rel gy, in
I

Since propositions 1.4.6, 1.4.11 and 1.4.13 show that the modified version of
Kennaway's equivalence ( = ), Darondeau’s equivalence (=) and failures equivalence (=)
all coincide with ~ as defined in 1.4.4, in the examples below we will only mention the latter

and discuss its relations with the original Kennaway's equivalence ( <y ).

Examples
' a
a i G | a a
ot b C b c
c d c d
i T, : Tz Ty

In fact if we let p; denote the initial states of T; (i = 1,2,3,4) then we have Traces(p{) =
Traces(pz). Moreover, for every s € A%, the sets of possible moves of T and Ta, after they
have performed s, coincide. This suffices to show that Ty ~ To. On the other hand we have
(p.?a_fti a) MUST {b} while (p, after a) MUST {b} ,. i.e. Tzo= T4 With respect to Kennaway's
equivalence, we have that, since p;-t-» for all i ¢ {1, 2, 3, 4}, then ~ and = induce the
same identifications (Proposition 1.4.6). Indeed =npk 8nd =g coincide when we consider

agents which cannot perform invisible actions.

On the other handside we have:
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because the system on the left can perform both a ¢~ and an a-move while that on the

right can only perform an a—thove.

The above example and the one given in section 1.4.1 show that <g is not fully
extensional in the sense that it can distinguish systems which differ only for invisible
moves. However, ~ still has some problems in handling divergent systems. In fact, similarly
to strings and observational equivalences, it identifies both a system which can perform an
infinite number of internal actions and a system which does not perform any action. It is easy
to check that:

4R

In the next sectioh, we propose a different approach to behavioural equivalences explicitly
based on the notion of testing by éxternal observers. This approach takes care of all the above

problems.

15 A Theory of Testing

The external behaviour of programs or processes, in general of systems, can be
‘ investigated by means of a series of tests, /MooS6/. For example, with sequential systems, we
can associate a test with a pair conéisting of a predicate on the input‘ domain and a predicate on
the output domain. It is very essy to see how the input-output function of a program can be
characterized by a set of such tests. For more general systems, more general kinds of tests ar;e
needed. When the processes involved may be nondeterministic, it is important not only to
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know whether given a particular test a process responds favourably or unfavoursbly but also
if the process responds consistently every time the test is performed. In fact, all the
approaches to systems equivalences discussed in the previous sections are based on the notion
of external chservation and presuppose implicitly the existence of a set of ohservers, of a way

* of observing and of criteria for judging the results of the various observations.

In general, one can think of a set of processes and a set of relevant tests. Two processes
will be equivalent (with respect to this set of tests) if they pass exactly the same tests. This
natural equivalence can be broken down into two preorders on processes. The first will be
formulated in terms of the ability to respond positively to a particular test, the second in
terms of the inability not to respond positively to a test. In the latter case, a process p will be
“less than" a process q if, whenever p must respond positively to a particular test, g must also
respond positively. The natural equivalence between processes is obtained by taking the

equivalence associated with the conjunction of these two preorders (this is a third preorder).

The rest of the section is devoted to setting up a rather general framework within which
we can discuss testing of procéaes and tabulation of possible' outcomes. It should be passible to
adapt this general setting to various models of computation. In the next section, we show how

this applies to transition systems.

- We assume a predefined set of states, States, and we let s range over it. A computation is
a non-empty (pessibly infinite) sequence of states. We let Comp denote the set of
computations, ranged over by c.

Let 0, P (ranced over by o, p respectively) be a set of predefined observers and

non-empty set of computaticns Comp(o, p). If ¢ ¢ Comp(o, p) then the result of o testing p
may be computation c. To indicate that 8 process passes a test, we define some subset of States,

denoted Success, to be successful states. A computation is successful if it contains a successful
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state. On the other hand, a computation will be called unsuccessful if it contains no successful
state. To develop a useful theory we need one further ingredient. The semantic theory of
sequential computations, developed in /Sco76/ and /Sto77/ was greatly facilitated by
hypothesizing the existence of “partial objects”. For example, the symbol Q is often used to
denote a partial program whose behaviour is totally undefined. It will also be convenient for
us to consider such partial objects. For this reason we assume the existence of a unary
post-fixed predicate on states, 1. Informally st means that s is a partial state, whose
properties are under-defined.

We may now tabulate the effect of an observer o testing a process p by noting the types of '

computations in Comp(o, p).
Forevery 00 ,peP let R(o, p) = (T, 1}, (the result set) be defined by:

i. Te R(o,p) if thereexistsc e Comp(o, p) such that ¢ is successful;

ii. Le R(o,p) if thereexists c e Comp(o, p) such that
8. c isunsuccessful or

b. c contains a partial state s which is neither

successful nor preceded by a successful state.

Note that we do not differentiate between an experiment which deadlocks, i.e. the
computation terminates without reaching a successful stdte, and an experiment which
diverges, i.e. the computation continues forever ﬁrithout reaching a successful state.These
both contribute 1 to the result set. The existence of partially-defined states introduces an
additional auxiliary notion of divergence, i.e. when a computation reaches a partially-defined
state before reaching a successful state. This also introduces L into the result set.

Thus, in effect, we can distinguish between processes which cannot fail a test (the result
set is {T}) and processes which may pass a test (the result set is {T, L}). This will be
elaborated upon shortly. A natural equivalence between processes immediately suggests itself:
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p~Oq ifforeveryoecD wehave R(o,p)= R(o,q).

However, the conceptual framework we introduce will énable us to formulate the
equivalences in terms of preorders, i.e. relations which are transitive and reflexive. A
preorder S generates an equivalence in & natural way, ~ = (S NS ~'). In general,
preorders (or partial orders) are easier to deal with mathematically and we will recover
equivalence 0 by studying a preorder which generates it. This will give us a certain amount
of freedom since, in general, there may be more than one preorder which generates a given
equivalence. Finally, preorders are more primitive than equivalences end therefore we may
use them to concentrate on more primitive notions which combine to form equivalence D

The set {T, L} may be viewed as the simple two point lattice @:

'L j
Each result set can be viewed as a subset of this lattice. The theory of Powerdomains,
/P1076, Smy78/, provides us with general methods for ordering subsets of (complete)
partial orders. In /Hen82/ it wes ergued that three different powerdomain constructions
grise naturally and that they correspond to three natural views of nondeterministic
computations. Since the parﬁal order @ is so trivial, we can completely avoid descriptions of

powerdomain constructions and give only the resulting orderings on the nonempty subsets of @.

(m

| M (7,1 =(1)
{1, 1) ‘ ‘

(w {1, Ly =11} (W

Iy i )
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Ordering 1) corresponds to the Egli-Milner Powerdomain of ®; we will denote it by
4. Ordering 1) corresponds to the Smyth Powerdomain of @. This reflects the view that
possible failure is catastrophic; we denote this order by So,. Finally, ordering 111)
corresponds to the dual -of the Smyth construction and is called the Hoare Powerdomain in
/Hen82/. The sets {T, L} and {T} are identified and are both greater than {L}. This ordering
reflects the view that failure is unimportant and is therefore ignored. We denote this preorder
by S3. Note that ordering 1) takes a more reasoned view of failure, it is neither ignored nor

considered catastrophic but is simply considered as under-specification.

These three different orderings on result sets generate three different orderings on

processes.

Definition 1.5.1 @iven a set of observers D, a set of processes P, a set of

computations and a notion of successful state, let EOI c PxP(i=1,23)bedefined by
Co,q ifforalloe0 wehave R(o, p)5;R(o,q) o

We denote the related equivalences by goi. The following results are trivial to establish.

Proposition 1.5.2 a) p~°q if and only if pEolq and qu

b) pC°|q if and only if p!:'-,ozq and pED;sq |

Thus we have reformulated the natural equivalence ~D as the equivalence generated by a
preorder 1:0'_ This preorder is further broken down into two more primitive preorders
'302, 503 The relevance of these primitive preorders can be motivated by the following
definition and proposition. |

Definition 1.5.3 a) p maysatisfyo if T ¢ R(o, p)
b) p must satisfy o if R(o,p)= {T} o
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Thus, we have that p may satisfy o if there is a resulting successful computation whereas
p must satisfy o if every resulting computation is successful.

Proposition 1.5.4
a) p5°3q if forallocO pmaysstisfyo implies qmay sstisfyo
b) pEozq if foralloeO p mustsatisfyo implies qmust satisfyo a

In the remainder of this chapter, we apply this general theory to labelled transition
systems and, in the next chapter, rta the CCS language. To do this for every language or model,
we need to specify :

P - asstof processes;
0 - asetof ohservers;

States - & set of states, together with a subset of successful states and an underdefined

predicate t on states;

Comp - a method for assigning a non-empty set of computations ( sequences of states) to

every <process, ocbserver> pair.
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1.6. Testing Transition Systems
1.6.1. Testing Equivalences

In this section, we show how to view labelled transition systems as a particular instance
of the general setting of the previous section.

Processes will be sets of LTS's over an alphabet A U {t} of elementary actions. The set of
all such processes will be denotedby T and rangedover by T,V, T4, To .....;

Observers will be sets of LTS's over A U {t, w}, where w is not in A and will be the
action used to "report success”™. The set of observers, used to perform experiments on LTS's,

will be denoted by E and ranged aver by E, Ey, Eo, ...;

States will be pairs <p, e where p is a state of a process and e is a state of an
experimenter. A successful state is a state whase right component is able to perform a
w-move. Please note that in this case we will have ¢p, e>! for every pair p, e, since we do not

have partially specified states.

Computations Given two transition systems T, E, from T and E respectively, with
initial states t and e, a computation from <, e> is a finite or infinite sequence of pairs of states

Ay, ep> where:
1. <G,ep is d,e;

2 dn, ep’-t— d‘ﬂ"‘ 1:6h+1° if tn"'f.—*trH 1 and €n=n4+1 or
e~ T84 and iy =t
il <, ep-a— A, .60+ 1> Tl -8t andey-a— e,y

3. if the sequence is finite with <t , e > as final element then <, ep> -p-=
forallpcAU{z).
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We will let Comp(T, E) denote the set of computations from <, g2. With sbuse of
notation we will also use Comp( ta &,) to denote the same thing, whenever T and E are evident

from the context. From the general setting and from the previous instantiations we have:

i. Tmaysatisfy E  if there exists s ¢ A* such that t;=s=>, e;=s=e , ande,-w—

ii. Tmustsatisfy E if for every computation <ty, e>-p—<ty, ep>-lo—<ty, > — ...
thereexistsn 2 0 such that e, -w—.

After these definitions, we can introduce the three preorders on LTS which they generate
and the corresponding equivalence relations. We will drop the occurrence of E whenever this

causes no confusion.

Definition 1.6.1
a) Ty 53 Tp if forallE¢E T, maysatisfyE implies T, may satisfy E
b) 1 55 Tp if forall E<E Ty must satisfy E implies T, must satisfy E
¢) )5 Tp ifTy 5Ty andT) S3To 0

We give now two examples which illustrates the kind of equivalences induced by the

previous definitions. We will abbreviate =< and '51 8 ~ and &.

Example

12
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Proof :

a) Suppose Ty may satisfy E. If e;=w=> then we have T may satisfy E; otherwise Ty
may satisfy E implies g;=a=2e"=w=> or g=b=e"=w=, in bath cases we have T, may
satisfy E. A similar analysis will show that T, may satisfy E implies Ty may satisfy E for all
E¢E.

b) Suppose Ty must satisfy E. We have that e,-w— implies T must satisfy E. Incase
ey~W-= then T must satisfy E implies that for every ey such that e;==e | we must have that
if ej=b=¢"; then &’y=w= and that if ej=a=>e" | then e"=w=>. It is easy to see that in
these cases T must satisfy E. Once again a similar analysis will shaw that T, must satisfy E

implies Ty must satisfy E for all E ¢ E. 0
Example
! a
==
T. = i a = T2
: t A
T

Proof
1.T 5Ty

a) T may satisfy E implies g;=w=> or e;=a=re'=w=>; in both cases we have To may
satisfy E.

b) Since the initial state, pg, of Ty is such that there is an infinite computation of the
form <p0.'eo>--* ....... we have T, must satisfy E implies e,-w— and thus, also in this case,
T must satisfy E. .

2. Tp %1,

It is easy to verify that if E is such that its only transitions are {e,-a—ey, e-w— } then
we have T, must satisfy E while T, muyst satisfy E. o
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1.6.2. Alternative Characterizations

In section 1.5 we proposed a general approach for the investigation of the behaviour of
programs or processes. The general situation may be expressed as follows. Given a set of
processes and a set of "relevant” tmts two processes are considered to be equivalent if they
pass exactly the same tests. In the first part of this section, we have adapted this general
setting to a particular computation model, transition systems, by defining sets of relevant
tests and what it means for a trensition system to pass a test. Even though intuitive the
equivalences {preorders) obtained in this way are difficult to verify. In fact, while it is
relatively essy to prove that two processes are not equivalent (it is sufficient to find one
observer which differentiate between them), it turns out to be difficult or at least long and
tedious to prove that two processes are equivalent; (we need to take into account all the
passible ohservers and the outcome of all their observations). However, at least in the case of
transition systems, it is possible to give alternative characterizations of the equivalences
(preorders) which are independent from the notion of observers by analyizing the (finite or
infinite) sequences of actions each system may perform and the set of actions the system must
accept.This new characterization allows us to gain insight into the discriminating power of
testing equivalences and to understand their relationships wi'th the wesk equivalences studied

in the previous section. We start with a series of definitions based on those of section 1.1.

Definition 1.6.2 0Given any state p of a transition system T we say:
i. pde if pd
ii. plas if pland(Vp', p=a=sp' implies p'ls) O

As it might be expected, fs denotes the negation of Us.

In the sequel, we will let p, and g, denote the initial states of transition systems T and

To respectively.
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Definition 1.6.3
a) TyS3Tp if Traces(py) < Traces(qy)
b) Ty &pTp ifforallscA¥, for all finiteL A, pyds implies
i. gds and
ii. (ppéafter s) MUST L implies (p, after s) MUST L
Q) 45Ty if TySoTp and Ty 53T, 0

Lemma 1.6.4 If Ty SpTo then for all s ¢ A* we have that p,is implies

igls aw ii. s¢Traces(qy) implies s ¢ Traces(p,).

Proof:

i. Suppose there exists s = 4....a, such that py¥s and qyfts. Then if we choose E such that
its set of states isgiven by {e; | 0 < i < n} U {er, &,}, its initial state is e, and its transition
relation is given by { ej-t— ey, €j-8j—ej, 1| 0 < i<n}U{e,-t—ey,, e,~w—ef}we
have Ty mustsatisfyE and Tp mystsatisfy E,ie. Ty & Tp.

ii. Suppose there exists s = ay....a, such that pyls, s ¢ Traces(q,) and s is not in
Traces(p,). Then choosing an E similar to the one in case i. but such that the transition
relation does not contain e,-t— e, we again have T must satisfy E while T myst satisfy E.

O

Lemma 1.6.5 (pafter s) MUST @ ifandonlyif se Traces(p).

Proof Theonly if part is trivial sinces Traces(p) implies (p after s) = 8. To prove
the if part, let us suppose s ¢ Traces(p). We then have that p° exists such that p=s=>p' and
for noacd we havep'-a—, i.e. (pafter s) MUST 4. O

Lemma 1.6.6 |IfpylsandT 5’5 Tpthen s ¢Traces(qy) implies s« Traces(py)
Proof: The proof is immediate from the previous lemma. o

We are now ready to prove the main characterization theorem.
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Theorem 1.6.7 T1 ;i Tz if and only if TI 5‘1'1'2 fori=1,2,3
Proof:  Becauseof the way 5y and 'y have been defined we only need to prove the

theorem for i= 2 and 3.

Lets=a;....... 8, witha; e A and let E be such that the set of its states is given by
{ej | 0 < i<n}U {ef, the initial state is e, and the transition relation is
{ e-8;—>ej, 1 | 0 < i <n} U {e,-w— e}. We will have s ¢ Treces(p,) if andonly if Ty may
satisfy E. The claim is an essy corallary of this fact.

i=2

a. Wefirstprovethat T S, To implies Ty 5o Ty,

From lemma 1.6.4 we have that pyls implies qyls for all s € A*. It remains to prove
that for all finite L A, for all s ¢ A* we have (p,, after s) MUST L implies (q, after s) MUST
L Let s=ay....... a , andE be a transition system such that the set of states is given by {e; |
0<i<n}lU {ef, ey}, the initial state is g; and the trensition relation is { ej-t— ey,
ej-8j—ej+1 10 <icn}U{e,-a—ey, | aeL}U{e,-w—er). Itiseasy tocheck that (p,
gfter s) MUST L irr;plim T must satisfy E, which in turn implies T must satisfy E by
hypothesis. This will imply (q, after s) MUST L since we have either that s is not in
Traces(q,) or that for all g such that qy=s=q, q=a=> for somea ¢ L.

b. T{ STy implies Ty SpTo.

We prove that if there exists E ¢ £ such that T myst satisfy E then T, must satisfy E. We
will prove that if there exists an unsuccessful computation cp, with ¢, € Comp(q,, &), then
an unsuccessful ¢g,cq ¢ CBmp(po, eo) will also exist. Now c; may be unsuccessful for a

number of reasons:

positive m smaller thann, ande;-w-~ forall 0 <i<m.
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ili. ¢ issuch that for all states <q,,, 8>, reachable in a finite number of steps we have
q,8 andejd, e-w and <q,,, e,>=p=> for some p €A

In all these cases, we can prove that an unsuccessful cq ¢ Comp(py, &) exists; this is
sufficient to prove the claim.

i. We have that there exists a ¢ A* such that < g, 8>=s=>¢ qp, e, G4¥S, egls and (q
after s) MUST Init(e,,). We may have either 1. pofisor 2. pgls. In case 1., e;=s=> implies
that there exists an unsuccessful computation from < p,, €,>. In case 2. we have that T4 =
To implies that if s ¢ Traces(q,) then s ¢ Traces(p,). Therefore ¢y must exist such that
By, B=S=¢ Py, &, Since (g, after s) MUST Init(e,) implies (p, after s) MUST Init(ep)
by hypothesis and in both ¢y and c, experimenter E may go through the same sequence of
states, we have that if cp is unsuccessful thensaiscy.

ii. We may have that there exists s ¢ Traces(q,) N Traces(e,) such that gyfts or eyfis;
now we have that this and Ty &' T implies that either Pofts or gyfts (lemma 1.6.6). Since
experimenter E goes through the same sequence of states, we have that there exists an
unsuccessful computation from <p,, e4>.

iii. We have gl for all the states of the computation, i.e. we have that for any s ¢ A*
such that < q, 8,7=5=>¢ q,, €%, gy¥s. From lemma 1.6.6 we have that either pofts or

¢ By, 8>=5=>¢ Py, B> for some m 2 O. In both cases, using reasoning similar tocase 1.,

we can prove that there is an unsuccessful ¢ . 0



1.7. Alternative Forms of Testing

Most of the notions (observer, state, computation) used in section 1.5 to set up the
general framework for testing appear natural and correspond to precise intuitions. However,
there are a few which are more debatable. Among these we have: the way the possible
outcomes of observations can be tabulated and, more importantly, the way the computations
generated by testing a process p with an observer o can be noted. In particular there are
different choices about noting the effects of experiments (observations) which lead to infinite

computations or to diverging computations.

In section 1.5 we chose to consider as successful a computation which had gone through a
successful state before going through a diverging one. This choice has been vindicated by the
simple alternative characterization of the equivalences which the obtained general framework
induces on transition systems. However we could have taken an apparently more natural
approach by considering successful only those computations which never go through partially
specified states and always terminate 1.e. we could have considered successful only those
computations which when cannot progress any further are able to report success and
mnf‘eover are finite and fully specified. The present section discusses this alternative, first
by slightly modifying the general setting of section 1.5 and then by applying this to labelled

transition systems, as in section 1.6.

In section 1.5 we had:

1¢ R(o,p) if thereexists c e Comp(o, p) such that
a. ¢ is unsuccessful or
b. ccontains a partial state s which is neither
successful nor preceded by a successful state.

The new approach will imply that given any' process p and any observer o we will have a

new result set R'(o, p) such that:



1 ¢ R'(o,p) if thereexists c ¢ Comp(o, p) such that
a c isfinite and its final state (o', p') is such thatd~-w-»  ar

b. c contains astate s which is partially defined  or

e. c is infinite.

On the other hend we have:
Te R'(o,p) if Te R(o,p)

When applied to transition systems, the new general setting would imply a new definition
for must satisfy and new “must-based” preorders, respectively must strictly satisfy and g5,
731 Note that the definition of may satisfy and %3 are not influenced by these changes. If we

keep the same notation and conventions of the previous section we have:

T must strictly satisfy E if. every computation from < q,, €5 is finite
and if <y, 8y -H1—><0y,81>.... ~Up— <G, €
is a computation then e-w—.

Definition 1.7.1
8) TyBpTp if forallEcE
T must strictly satisfy E impliesT, must strictly satisfv E
b) Ty % Tp ifTy BpTp andTy B3 Tp o

Furthermore, for %;, s for &, it is possible to give an alternative characterization
which is independent of the nation of cbserver and is based on testing for the set of sequences a
process may perform and on the notion of MUST es defined in section 1.4. This new
characterization gives us a better understanding of the differences between the equivalences

obtained by immersing transition systems into the two general settings for systems testing.



Definition 1.7.2 Given two trensition systems Ty and To, and letting IX(s, p) be
equal to {a| a ¢ A, pfisa} we have:
Ty ®'pTp if forall scA*, forall finiteL SA,
LN1(s,p,) =G and p,ls implies

i. qyls and
ii. (pgafter s) MUST L implies (pg after s) MUST L a

As for ; and < in the previous section, we can prove that 5s; and %'; coincide. Also in

this case we need some !emma:_s.

lemma 1.7.3 If Ty %8 T thenfor all s ¢ A* we have that pylls implies
i.g0s and ii. seTraces(q,) implies s e Traces(pg).

j Proof Toprovei., let us suppose there exists a trace s such that pylis and g,fts. We can
then prove that there exists an experiment E such that T must strictly satisfy E and T must
strictly satisfy E. If s = a;....a, it will be sufficient to have an E such that its set of states R
isgiven by {e; | O < i < n+1} U {e}, its initial state is g, and its transition relation is given
by { ej-w—es, &-a—ej, 1|0 <i<n}U{e,, -w—es). Toprove ii. suppose there isan
s in Traces(qy) and not in Traces(p,), then if we take the experimenter E® equal to E apart
from the fact that e, j-w-> we have that T, must strictly satisfy ES and T, must strictly
satisfy ES, ie. Ty B To. x|

lemma 1.7.4 If T, 5‘2 T and pgls then s ¢ Traces(q,) implies s ¢ Traces(p,).
Proof. The pmof follows from lemma 1.6.5. O

Theorem 1.75 Ty%®pTp ifendonlyif T, '5'2 Ty
- Proof
a. (only if)
The proof follows the sanie pattern as that for part a. of theorem 1.6.7 with E replaced by

47



an E' defined as follows. The set of states of E' is given by {e; | 0 < i < n} U {er, e, }, the initial
state is e, and the transition relation is given by { e;-w— ey, e-8;—ej, 1| 0<i¢<n}U
{e-a—ey|acl}U{e,w— eg}. In fact it is not difficult to prove that given ansandan L
such that p,¥s and L N1Xs, p,) = &, we have that (p, after s) MUST L implies Ty must
strictly satisfy E'. The latter, by hypothesis, implies Tp must strictly satisfy E* and this |

implies (g after s) MUST L. Now the claim follows since from lemma 7.3 we also have p,ls
implies qy¥s .

b. (if)

This proof also follows the same 'pattern as the corresponding one in theorem 1.6.7. We
have that ¢, ¢ Comp(qy, &,) may be unsuccessful for & number of ressons. We will consider
only one of these reasons since we can deal with the others exactly s in theorem 1.6.7. It
may be that there exists an s € Traces(q N Traces(e,) such that <g,, e2=5=<g, €, gyls,
eyUs and <q, >~ for all p e AU {t, w}. This implies (g, after s) MUST Init(e). We have
to distinguish two cases: 1. Init(e) ND(s, p,) = & and 2. Init(e) ND(s, py) = . In case 1.
we also have that (p, after s) mﬁllnit(e) and from this we can conclude there is an
unsuccessful ¢ye Comp(py, &), (<pg, Bp>=5=><p, &>-p~> for all p ¢ AU {x, w}). In case 2.
we wu’u}d.then have there exists p € (p, after s) such that there exists an a ¢ Init(e) ©
Init(p) such that  <p,, g>=sa=><p’, &"> and p'#, i.e. there is an infinite computation from

<Pg. 8> 8nd S0 &n unsuccessful one. . 0

The alternative characterizations of S, and % given in definitions 1.6.3 and 1.7.2
should suffice to convince the reader that, if we consider only transition systems which do not
contain di'verging states, ( i.e. states from which is possible for a system to perform an
jnﬁnite sequence of t-actions), then the two preorders coincide. This will be proved in the
néxt section, for the moment it should be noted that, if we consider diverging systems, the two.
preorders turn out to be significantly different. In particular, the preorder %o seems to
overestimate the fact that after performing a visible action a system may diverge. Indeed it
overestimates divergences up to the point to ignore that the system méy perform this action.



Some examples will help to explain this point.

Examples
3 b
= b
T, = ¢ . 2 == Ty
Z, .
4

In fact we have (T after s) MUST L impl'ies (To after s) MUST L for all s € A* and for all

finite L € A - {a}. This result does not correspond to any intuitive notion of approximation.

This result can be proved using reasonings similar to the previous cases. However, also
this induced equivalence does not match intuitions about systems behaviour. In fact we have
that Tz, after having accepted an a-experiment , will i:grtainly accept a c-experiment, while
T may or may not accept ¢; depending on which of the two a-experiments it has accepted. Note
that we have Ty &, T, since Ty MUST {a} whileT, MUST {a}, and T3 &; T4 since (T sfter
a) MUST (c} while (T4 after a) MUST {c}. Indeed, since the general setting which generates

52 seemed more natural than the general setting which generates =5, we began our studies on
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testing equivalences by working with 52, but its difficulties in handling divergent terms
convinced us to continue by studying only <o, and to apply the general setting of the latter to
Milner's CCS.

1.8. Comparisons

We have been ahle to give an alternative characterization based on 5, (se Definition
1.4.4) for almost all the equivalences or preorders we have discussed in the previous
sections. Because of this, it is not difficult to study their interrelations. Many results are
trivial to establish, indeed mast of the equivalences differ only because of the way they treat
divergence. For this resson, we will report below two groups of results, one for general

transition systems and another for strongly convergent ones (see Definition 1.1.4).

| Proposition 1.8.1 If Ty and T, are two lahelied'transition systems then we have:
i. Ty5pT, implies Ty%pTp
ii. Ty&yTp implies T)%Tp
iii. TyapTp implies 1;1 85 Tp implies Ty =Ty
iv. TyaeTo iff Ty mplp iff Ty mpTo iff Ty =lp
Proof i. Follows from theorem 1.6.7 and theorem 1.7.4. In fact we have:
(P after_s) MUST L implies (Qafter s) MUST L forallL €A implies
(P after s) MUST L' implies (Qafter_s) MUST L' for every L' C A, A' CA.
ii. Follows from i. since the definitions of & and 53 coincide. |
iii. and iv. follow from i., Thmremé 1.6.7 and 1.7.4 and Propositions 1.4.6, 1.4.11
and 1.4.13. | O
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Proposition 1.8.2 For strongly convergent transition systems all the equivalences
=D =fr =pke =] 21, =2, o and ~ are the same.
Proof The proof follows from the same propositions and theorems used in the proof given
above and from Lemmas 1.6.6 and 1.7.4, which indicate that Sz does not contribute to the
definitionsof ~y and £¢; when these are defined on strongly convergent systems. o

Apart from Kennaway's equivalence (=) which exhibits major differences, of all the
equivalences considered in this chapter, it only remains to discuss strings equivalence ( ~3),

observational equivalences ( ; for any i > 0 and a¢) and bisimulation (p).

_ Proposition 1.8.3 If Ty and T are two labelled trensition systems then we have:
i. TyapTp implies Ty aTp implies Ty ~pTo implies Ty =Ts

il. Ty~gTp iff TyazTp iff Ty Tp

Proof :

i. ap implies « is praoved in /HM85/ end /San82/. Moreaver asimplies as is trivial
to establish and s implies =y is proved in /BR83/.

ii. Trivial o

We conclude the chapter with a diagram which summarizes the interrrelations between
the various equivalences studied in the previous sections for strongly convergent systems.
The implication sign => can be also read as reverse inclusion between relations, ie. Ry =

Ro means that R, is coarser than Ry.




[pS )

e e

S e e e e

K=

%

The fact that the single arrows cannot be reversed (we have proper inclusions) can be

inferred from the various examples given in the previous sections.
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2. PROGF SYSTEMS FOR CCS
BASED ON TESTING

2.0. Introduction

In the previous chapter, we discussed Labelled Transition Systems (LTS), a very general
model for concurrent and nondeterministic systems. In particular, we showed that
equivalences based on external obéervations, can be defined naturally over these systems. This
makes it possible to abstract from their internal behaviour. Unfortunately LTS's do not seem
to be a convenient tool to describe such systems; in fact, although they have a simple theory
and a natural semantics, they do not guarentee sufficient modularity. Attempts have been made
" to define calculi- based on LTS's which provide a suitable mathematical setting both to
describe and reason sbout systems. In a sense, attempts have been made to perform a step
similar to that of formal langueges theory, where we go from finite state automata to regular
expressions. After the work of Plotkin on structured operational semantics (see e.g.
/P1081/), it became clear that such a step was possible. In fact, Robin Milner has developed
an algebra of processes (CCS), based on a small number of operators. Each of these operators
corresponds to primitive concepts of the systems we want to model, and the semantics of every
operatory is based on transition systems. Since its appearence, the Calculus for
Communicating Systems (CCS), /M1180/, has played the role of a touchstone for many of the

theories of concurrency proposed. In this calculus, a process p is simply considered as an
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agent which accomplishes certain actions and then becomes another agent p’. The relation is
denoted by
p-a—p’.

In this way, starting from a set of elementary sctions (whose elements may be “take”,
“calculate”, "put”, “send", etc.), from a few basic agents and from a small set of combinators,
Milner defines a language which allows processes to be built from smaller ones. The semantics
of basic and compound processes is obtained by considering the actions they can perform and
their possible configurations after performing these actions. A strong algebraic flavour
characterizes the model. Some actions are exchange actions which have inverse end

communication results from the co-occurrence of two actions, one the inverse of the other.

" The semantics of CCS isgiven in terms of synchronization trees (a particular subclass
of LTS) factorized by observational equivalence. This means that we have a two level semantics:
a transition system based, structured operational semantics and an equivalence relation which

allows abstraction from unwanted details.

In this chapter, we propose a modified version of CCS which leaves the first semantic level
unchanged and immerses the language into the general testing equivalence setting presented in
Section 1.5, to define the second level. We also show that interesting algebraic properties of
the CCS version based on observational equivalence are preserved and that some new ones (&.0.
w-inductiveness) may be proved. The rest of the chapter is organized as follows. In Section
2.1, after a short introduction to the main features of CCS and its operational semantics (for a
detailed discussion see /Mil80/ end /HM85/), we discuss testing eguivalences for CCS. The
CCS version considered is the “pure” calculus, i.e. without value passing. In Section 2.% we
take as our set of tests those tests which can be described in the CCS version considered and we
éxnmine the substitutive relations generated by the three preorders. (Two processes are
substitutively related if they are related in every context). In this case we exploit the full
power of the general setting of Section 1.5; in fact under-specified processes arise naturally
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in CCS as soon es we allow recursive definitions. In Section 2.3 we discuss alternative
characterizations of the various preorders. These characterizations are independent of the
notions of observers and give additional insight into the discriminating power of testing
equivalences. Moreover, we discuss the minimal class of observers we need in order to
maintain the same discriminating power. In the successive sections, we show that the three
relations over CCS terms can be characterized by three sound and complete sets of axioms. In
Section 2.4, we first present the sets of axioms for terms which denote processes with finite
behaviour and then extend them to processes with an infinite behaviour by using the
well-known idea of syntactic approximations and the fact that the behaviour of infinite terms
is completely determined by the behaviour of their finite approximants. Three complete proof
systems based on the previcus sets of axioms and on a very strong induction rule are
pre;eented. Sections 2.5 and 2.6 are dedicated to proving soundness and completeness of the

proof systems.

2.1. CCS

In this section we review the definition of CCS and its operational semantics. We use

“pure” CCS, /Mil80/, end our version will be closest to that presented in /HP80/.

Let X be a set of variables, ranged over by x. Let 2 be a set of operators of arity k. We
use X todenote U { X |k20}. The set of recursive terms over X, RECs, ranged over by t,u,
is defined by the following BNF-like notation: ¥

te=x| op(ty,...,tg), op € Zy | recx.t
The operation rec x. — binds occurrences of % in the subterm t of rec x. t. This gives rise

to the usual notions of free and bound variables in a term. Let FY(t) be the set of free
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varisbles in t. If FY(t)= 8, we say that t is closed. Let CRECy denote the set of closed terms
and let us use p.g, as meta-variables to range over this set. A term is finite if it is closed
and contains no occurrence of rec x. — Let FRECs denote the set of finite terms, and let us use
d, e as meta-variables for finite terms. Let t{u/x] denote the term which results from
substituting u for every free occurrence of x in t. More generally, let SUB be the set of
substitutions, i.e. mappings from varisbles to terms. We use p as a meta-varible over
SUB. Let tp denote the result of substituting o(x) for every free occurrence of x in t, for
every x in X. A substitution will be called closed if for every x in X, p(x) is closed.

Pure CCS may be defined by choosing a particular set of operators . We will let Act

denote a countable set of unary operators ranged over by 1 or z.The operator is the
complement operator and 2 is the compement of atomic action z. It will also be convenient to
have 2 = z. Let Act={Z |z ¢ Act}. A will be used to denote Act U ACt and we let it be ranged over
by 8, b, c, a7, 8.... . Moreover we will let A= A U {t}, where t is a distinguised unary
operator not occurring in A. A, will be ranged over by u, 4 M. We are using the same
notation for unary operators as that used for elementary actions in the previous chapter. This
is because, as we shall see, they are very closely related and we can thus carry over to CCS

many notational conventions for actions, sequences of actions, etc. .

Let PER denote the set of total functions over A, such that S e PER complies with the rules
i.5(t)= ¢, ii.5(3)=5(a) end iii. 5(a) = S(b) implies a = b. We can now give the
operator set T for CCS:

Z5= {NIL,Q}

Zy={nln ¢AJU{[S]|SePER}U{\1| 1 eAct}

Zp={+.1} ?
Z,= @ foralin>2 | :

In accordance with /Mi180/, p will be used in prefix form, \z and [S] in postfix form
and + and | in infix form.
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Before giving the formal sementics of the various operators we give an informal

description of their intended meaning.

2.

3

Inaction NIL represents the process which cannot perform any action;
Undefined Q represents the partial process, whose behaviour is totally undefined;

Action IfA,, is a set of elementary actions, p € A, and p is a process pup denotes a

process which can only perform the action pt and then behave like p;

Renaming If p is a process and S a permutation over A, then p[S] is a process

whose actions are renamings via S of the actions of process p;

Restriction If p is a process and 1 ¢ Act, p\1 is a process which cannot perform

any 1or T action, otherwise it behaves like p;

Choice |If pandqare processes then p+q is a process which can act either as p or as
q. The choice depends, at least to a certain extent, on the environment in which p+q is

used.

Parallel Composition If p and q are process then plq is a process which can
perform amy sequence of actions obtained by arbitrary interleaving of the sequences of
actions which p and q can perform. Moreover it can perform silent moves any time p

and g are able to perform complementary actions.

Recursion If x is a variable and p a process the process rec x.p is used to define
possible infinite processes through recursive equations. A reguirement imposed in
/Mil80/ is that p has to be well guarded, i.e.'the first actions of p are independent of
x. Because of the way we treat partially specified objects we can remove this
restriction. . .

57



The operational semantics is given in terms of labelled rewrite rules over closed CCS
terms. These rules allow to associate a transition system from LTS to every closed term. For
each 11 € A, we define a relation —u— over closed terms and use the action € for denoting that a
synchronization between two subprocesses has taken place.

Definition 2.1.1  Let -u— be the lesst relation over closed terms which satisfies
act) pup-p—p
res) p-p—q implies p\I -p—a\lif pe{lT}
rel) p-p—q implies pls]s-sipl—qls]

sum) p-u—p' implies p+q-p—p'  and
g+p -p—p'

com) p-u—p' implies plg-p—p'ls  and
alp -p—qlp’
p-a—p’'andq-a—q implies pl|q-t—p’lq

rec) t{rec x.t/x] -p—p implies rec x.t-p—p O

Note that there is no way of distinguishing NIL and Q since both do not appear in the
above definition and thus both cannot perform any transition. To differentiate between them

and to cope with partially specified terms, we need the following binary predicate on terms.

Definition 2.1.2 Let 1 be the least predicate on closed terms which satisfies

-i) NIL! ,apl
ii) pt,ql implies (p+g)l, (plg)! p[S]L, p\IL

iii) tlrec x.t/x]l implies rec x.tl 0

Let pt if not pl . So for example QT and rec x.(ap+x)t . Informally, pt means

that there is an unguarded recursion or an unguarded occurrence of €.
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2.2. Testing Equivalences for CCS

In this section, we show how CCS can be viewed as a particular example of the general
setting of testing equivalences described in Section1.S of the previous chapter. The set of
processes will only be closed CCS terms, i.e. terms in CRECy , and the principal point which
must be settled is how observers can be described. It seems reasonable to use the same
language te describe both the processes and the observers. An observer can test a process by
communicating with it and CCS was designed to describs communication. As in the of
transition systems, we need some edditional machinery to be able to indicate that a test has
been successful. Let w be a distinguished action symbaol, not in A. We use w as a special action

which “reports success”.

Example: The term o = a.6.w.NIL is an observer which can be used to test whether a
process can perform an a-action followed by a b-action. For example the
process p = a.(b.NIL+ c.NIL) passes this test because, when o and p are put in
communication, success will be eventually reported:

olp -t— b.w.NIL](b.NIL + c.NIL) =t— w.NIL|NIL -w— O

in order to use the general setting of 1.5 we have to specify what Processes, Observers,

States and Computations are.

Processes are closed CCS terms over . We will alsouse P to denote this set.

Observers are closed CCS terms over = U {w}. We will use O to denote this set and o,

0', 0;... to range over it.

States Since CCS is applicative in nature the set of states will be the set of all closed

CCS terms over T U {w}. A state s will be called successful if s-w— and divergent if st .
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Computations For two given processes, p and o, Comp(p, 0) is the set of (finite or
infinite) sequences {s;, | n20} of terms such that
1. s5isplo;
2.8,-CSp4 15

3. if the sequence is finite with sy, as final element then sy -tT-».

Since the operational semantics of CCS essentially defines a class of transition systems,
the above definitions immediately give three different preorders on P(CRECs). To emphasize
their import, we translate Definition 1.5.3 into this setting. The main difference between
these precrders and the corresponding ones for LTS is the presence of the predicate testing for

partial states.

a) p may satisfy o if (ple)=£=>q for some q such that g-w—

b) p must satisfy o if whenever plo = polo,-t—p¢lo-t—.... is a computation then

there exists n 2 0 such that o, -w— and pklokt implies on-w— for some h < k.

We have used == as in Section 1.1. In fact, throughout this chapter, we will use all the
notational conventions fixed there. We will also use Dead = {p | p!, p-t-»} end Fail ={p|

p ¢ Dead, p-w->}.

From now on, we will drop the occurrences of D whenever this does not lead to confusion,
e.g 5O will be rendered as ;. We will adopt the usual notation for CCS terms and their
operation-al semantics. NIL will be omitted from terms; e.g. aNIL+bNIL will be rendered as
a+b. We will often revert to the graphical representation of terms, which uses only the
operators 1, +, NIL. In fact, there is a close correspondence between the terms which are
obtained from these operators and the synchronization trees used in the previous chapter. Q
will also be used to denote ©®. The precedence of the operators is given by

SR B 1 DT
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The preorders 5,0 induced by the previous instantiation of the predicates may satisfy and
must satisfy, of Definition 1.5.4 and Proposition 1.5.2 are defined only on closed terms.
However they may be extended to arbitrary terms as follows:

Definition 2.1.2
Fort,u ¢REC t'5; uiff for every closed substitutionp we have tp 5 up o

By and large, the preorders &< are well-behaved. For example, they are preserved by all

the CCS operators except +. As an example, we prove the result for the composition operator

Proposition 2.2.2 pK; qimplies p|r 5 qlr.

Proof:  The result follows from the following remarks:
i=3: ForanyoeO, (plr) may satisfy o if and only if p may satisfy (rlo).
i=2: For anyoe0, (plr) must satisfy o if and only if p must satisfy (rfo).

i = 1: This follows from the two previous cases. O

In general 5, i=1,2, are not preserved by the operator +. For example a5, tabut b+a
Eo b+ ta In fact, if o denotes bw, then b + a must satisfy o whereas (b + ta)|o-—a|bw ¢
Dead. We have that 5 is preserved by all CCS operators, but for uniformity we will treat the
three cases together.

in m‘;.'a- to use our algebra of processes to prove systems properties and in general to
reason about them, rather then equivalences, we need a theory of congruences. In fact, if
processes p and and q are equivalent, we would like to have the possibility to replace p by q in
any context, véiﬂwut affecting the overall behaviour. This is generally possible only for
equivalence relations (preorders) which are also substitutive, i.e. are preserved by all the

operators of the calculus. Indeed, we have already seen that S is not preserved by operator
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+. We can define new preorders ;® which are based on 5 but are preserved by all CCS
operators. To do this we need a notion of context.

L

Definition 2.2.3 A context B[] is an expression with zero or more "holes”, to be

filled by terms. We write C[t] for the result of inserting t into each “hale”. a
Definition 2.2.4  tS;®uif for every context C[t] &; Clul o

In general, there are limited numbers of contexts which are important to determine !,:,1‘3;

in our case r+[] is sufficient.
_Definition 2.2.5  letp;* qif forevery closedterm r, r+p 5 r+q o
Wecan prove that Si®and 5;" do coincide.

Proposition 2.2.6 Ift,u ¢RECy thentSiCu iff t5;*u
Proof: The only difficulty with this proposition is to prove that E1+ is preserved by
contexts involving the recursion operators. This requires some technical concepts which will

be developed in Section 2.6. The proof will be posponed to that section. O

We now give some examples and counter-examples. These will mainly concern the

equivalence =1 , which in the following will be abbreviated to =
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Example! ForanyX,Y ¢ RECy
aX + a¥ ~* aX + a¥ + a(X+Y)

Using the representation of terms by trees of /Mil80/ these may be described as

a a a a 3
bt Yo X
P

q

-The reader may like to convince himself that for any observer o we have: p may satisfy 0
if and only if q may satisfy o and p must satisfy o if and only if q must satisfy o. O

In the next section, we will give a set of axioms to transform terms which preserve ~t

and we will show how to transform p intog.

ExampleZ ForanyX,Y,Z ¢RECy
aX + a(X+Y+Z) ~* aX + a(X+Y) + a(X+Y+Z). u|

However, we can distinguish very similar pairs of trees.
Example 3
p=pa+p(a+b+c)z=pa+pla+b+c)+pb=q

This follows since p must satisfy jilaw wheress g| [l&w — b|aw ¢ Fail. o

We now consider some examples with internal moves.
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Example 4 Consider the two trees:

It turns out that p == q although this is not immediately evident. Now consider the two

A1
L/ 1 E L

p q

tress:

o

These trees have a much simpler " T-structure” and it is relatively easy to see that they
‘are not equivalent. For example, no matter what internal move q', makes it can always
perform either a b or an a However if p' makes an internal move to become cNIL, it can

perform neither. So " must satisfy (Gw + Bw) whereas p’ must satisfy (aw + bw).

-

The axioms given in the next section enable us to transform any term into a term with a
“t-structure” similer to that of p’, q'. We will see that p may be transformed into p* and q
transformed into ', end thereforethat p' ~pandq ~q.
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Example 5
a(bX + bY) ~* abX + ab¥ ~* ab(TX +tY).

In terms of trees

- This example show that ~* tends to abstract away from “when choices are made”.

Example 6 aX + thY ~* t(aX + by) + tbY

This will in fact be one of our more useful axioms. We can use it to transform terms so
that they represent processes in which all choices are either purely external or purely

internal.
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Example 7

a) X + tY 52+ X

In graphical terms this may be rendered

bl

The presence of © on the left side is important. For example a+b B, ta. This follows
since a +b must satisfy bw whereas ta|bw — a|bw ¢ Dead. |

b) aX + aY 23* a(X +Y)

In graphical terms we have -

a a { 3
N+
— 3

Thus the relation =3+ ignores the entire tree structure of terms. We will also see that X

=~z "t Xandthus that ~3* isa very weak relation.
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2.3 Alternative Characterizations

In Section 1.6 of the previous chapter, after using the general ideas about testing to
develop a theory of equivalence for transition systems, we gave alternative characterizations
for all the generated preorders. These new characterizations were independent of the notion of
experiments and were based on simple notions such as checking whether two systems can
perform the same sequences of actions and whether, after any sequence, they can choose their
next move among the same sets of actions. These alternative characterizations are very useful
in practice since using observers to decide whether two systems are equivalent or not may be
long and tedious. In fact, in order to show that two systems are not related it is sufficient to
exhibit just one observer which differentiate between them. On the other side the effect of all
po_ssible observers must be considered to prove a positive statement. In the first part of this
section, we prove that alternative characterizations, very similar to those defined for
transition systems, can be given for the equivalences induced on CC5 by the general framework

of testing equivalences.

2.3.1. New tests

in -spite of the striking similarities between the two instantiations of the general setting,
the results of the previous chapter for alternative characterization do not carry over
immediately to CCS. The main reason is the presence of partially specified terms; the slightly
different notion of computation is also relevant. We have used different computations in CCS,
to stress that, when considering languages with operators for interprocess mmmunicating, a
natural way of testing them is to compose the processes and the observers using the

appmpriate parallel operator of the language itself.

However, it will be seen that we deal with underspecified terms in much the same way as
for divergent terms in Chapter 1. Instead of having a predicate § over terms, which ensures
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that there is no infinite sequence of internal actions, we will extend § to a predicate which not
only ensures that there is no infinite t-sequence but also thaf there is no finite ©-sequence
which leads to an underspecified term. Because of the way successful computations have been
defined, these two different predicates play the same role in the alternative characterization,
and with abuse of notaticn we denote also this predicate over CCS closed terms by §. Apart
from 8, which is redefined below, all the other notations used (MUST, after, etc.) are
borrowed from Chapter 1.

Definition 2.3.1
a) | is the least predicate such that
i) If pl then pd
ii) If Vp', p-t—p' implies p'd, then pd.
b) ple ifpd
plas if pl€ and p=a=>p’ implies p'ls O

As usual we will use pft and pfs to denote 2o/p4 and 70¢ pds.

The following definition is exactly the same &s that in Section 1.6.2, apart from the
different meaning of the predicate 4. Since the definitions of testing equivalences for both CCS
and LTS’s are instances of the same general setting, the proof of the characterization theorem
is very similar to the one of theorem 1.6.7. Rathert than repeating the entire proof we will
simply outline it here, mentioning only the points in which the two proofs differ. The main
theorem also uses a series of lemmas whose statements and proofs are identical to Lemmas

1.6.4 -1.6.6.
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pS5q if traces(p) € traces(q);
psoq if se A*, for all finite L € A, pds implies

i. g¥s and

ii. (p after s) MUST L implies (qafter s) MUST L;
pS,qif pc3q and pSha O

Theorem 2.3.3

pSiq ifandonlyif pSjq for i=1,2,3.

Proof: Beacuse of the way %, and 5‘, have been defined we only need to prove the
theorem for i = 2, 3.

i =3: ForsecA®, letog=sw. Thens ¢ traces(p) if and only if p may satisfy os. The
claim is an easy corollery of this fact.

i=2: a. We first prove that p &', g impliesp &, q.

The caore of the corresponding part of the proof of Theorem 1.6.7 consists in proving that
if there exists = a;... 8, and L < A such that

8. plsandgfts or

b. s ¢ traces(q) and s 2 traces(p) or

c. (p after s) MUST L and (q after s) MUST L
than there exists an chserver o such that p must satisfy o while q myst satisfy 0. We will have
that o is equal to 0%, 6%, end o-, respectively in case a, b and c where

ofy= tw+ 8y (tw+ . By g(ow + Bpow)..)

0% = tw + & (tw A ap-1(Tw + 8,)...)

dby= tw+ 8 (tw+.. .8y (tw+82(Ew | acl}).)

b. The proof that p 5’5 q implies p 55 q is identical to that of part b. of theorem I.B.;.

O

We conclude by deriving a characterization of Eic similar to that for %;, given in the
above theorem. We need the following lemmas.
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Lemma 2.3.4 |Ifp quthan
i) p-t— implies pS,*q
i) tp&yt g
iii) p -t-», g-t-» implies pS,'a
Proof:
i) Suppose r+p must satisfy o. Then, since p -t—, we have that p must satisfy o.
Therefore q must satisfy o and this implies that r+q must satisfy o. It follows that p E_-_,* q
ii) Suppose r+tp must satisfy 0. Then, once again, we have that p must satisfy o and, as
in case i), this means that r+q must satisfy o.
iii) Suppose r+p must satisfy o. If plo -t~ then, from the characterization of 5,
given in theorem 2.3.3, it follows that glo -t-= and, in this case, r+q must satisfy 0. On the
other hand if plo -t— then p must satisfy o. Since we are assuming that p &; q, it follows

that q must satisfy o and therefore r+q must satisfy o. O
Lemma 2.3.5 ifpSoq and ( q-t— implies p-t—), then p §2+q,

Proof: If p-t—, then the result follows from the previous lemma. If pft then the result
is trivially true. Therefore we may assume that pl, p-t-» and g-t-=. From part iii) of the

previous lemma, it follows once mare that p 5,*q O

Theorem 2.3.6
i) p ©5"q if and only if traces(p) < traces(q)
ii) p S," qif and only if

a) p§ andq-t— impliesp -t—.

b) for all s ¢ A* and finiteL € A, pls implies
i)gqls ;
ii) (p after s) MUST L implies (qafter s) MUST L.
i) Follows from the fact that S5 is preserved by all of CCS operatars.
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ii) We certainly have that p ';{q and pl and g-t— implies p-t—. For, assume the
antecedent and suppose p -t-=, then for any action "a" not appearing in p and q we have a+p

must satisfy aw whereas a+q must satisfy aw.This together with Theorem 2.3.3 is sufficient

to prove the only if part. The if part follows from the same theorem and from Lemma 2.3.5. 00

2.3.2. Minimal sets of observers

Many chservers are useless for distinguishing processes. For example, if o contains no
occurrence of w then, for every process p, we have R(o,p) = {1}. This means that some
observers may be ignored. In general, cne can ask which is the smallest set of observers
which generates the preorders ;. The observers used in the proof of theorem 2.3.3 suggest

the specific observers needed to'distinguish processes.

Let 0y =0, U0z where 02,03 are the sets of observers generated, respectively, by

the following grammars:

a. t:= Zfaw|acel}|tw +bt

b. t:= aw]at

Theorem 2.3.7 psiqifendonly if p&i~i q fori=1,2,3.

Proof: We need to prove the claim only for i = 2, 3. The "only if" part is immediate
since 0; 0, where 0 is the set of observers used to define ;. We only need to prove the
"if” part.
i=3: Theclaim follows directly from the corresponding case of Theorem 2.3.3.
i=2: Notice &%y, &°, and d-, all belong to O5. We have p &5 g implies p ' g and, &s

shown in the proof of Theorem 2.3.3, this implies that p must satisfy o and q myst satisfy o

for some 0 € 0. o
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We can show that we need observers generated by all the clauses in the definition of 02
and 03. The case of 03 is very simple since the only nbseévers we have are unbounded
sequences of actions and these are needed in order to test processes which differ after an
arbitrary number of moves. Let us consider 0,. We can see that observers from 0, are
indeed necessary. For example we have a(b+c) + ad %5 ab + a(c+d) but no observer from
03 can distinguish between them. In fact we can show that we need both observers of the form

aw+bwand tw+a

i) If we omit &w +bw we havethat p = ta + t(b+c)andq = t(a+b) + tc wouldbe

considered equivalent while we have p must satisfy aw +6w and q muyst satisfy aw +bw.

ii) f we omit tw+awehave, forp=bandq=8a+ b thatp 55 q while p must satisfy
tw+a and q myst satisfy tw+a.

These classes of observers shed light on the nature of the basic experiments. Probably the
most important thing is that all terms in Oi are finite, since this implies that two processes
which are not testing equivalent can be distinguished by finite experiments. This fact will be
very important later (Section 2.6) when we need to prove that all the relations Eic satisfy

some inductive properties.

The similarities of all the proofs which allow for alternative characterizations of testing
equivalences for both CCS and LTS's suggest that also for LTS's we can define minimal sets of
experimenters. The only resson we did not describe these experimenters in Chapter 1 was

the fact that we had not yet introduced appropriate operators to define the minimal classes.
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2.4. Three proof systems for CCS

In Section 2.2 we established a number of properties of testing eguivalences and
congruences for CCS. In Section 2.3 we presented their alternative characterizations
independent of observers. In this section, we study their equational characterization. First we
will present three sets of axiom schemata, whoss varisbles may be replaced by arbitrary
agents of CCS, and then three “"complete”™ proof systems based on these schemata. Such systems
are of both theoretical and practical interest. They give additional insight into the
identification induced by testing equivalences an& may form the bassis for automatic proof

systems for CCS and related languages.

Our “complete™ proof systems have a major drawback: they are not recursively
enumerable and thus they are not effective. However for CCS there can never be a complete
recursive equational axiomatization, i.e. an axiomatization from which all and only the valid
instances of testing equivalences follow by equational reasoning. In fact, it has been pointed out
that a Turing machine can be simulated in pure CCS (in chapter 1 of /Mi180/ it is shown how
to implement a pushdown sutomat en and we Enow that a Turing tape can be simulated by two
such automata). Moreover, this simulation may be carried out so that @ Turing machine TM
will diverge on a blank input tape if and only if its translation [TM] is such that [TM] ~;*
Q,i=1, 2or 3. We will give complete systems which are not recursively enumerable. These
are of considerable interest in themselves. For example, they show that the axioms A; are
complete for finite terms and if we add a sufficiently powerful form of induction we get
completeness for arbitrary (closed) terms. It is the required form of inductiuﬁ which

introduces the non-recursive enumerability.

We shall now examine the axiom systems for the three relations 5i+: defined in the
previous sections for CCS. The basic axioms are given in Table 2. 1. Most of them are given in

terms of "=", and they are designed to be used in conjunction with the rules:
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X=Y implies XcC Y, Y EX
XY, YC X implies X=Y.

The axioms A1-A4, S$1-53, H1-H3, C1, Q1, Q2 are essentially taken from /Mil80/and
/HP80/. The summation notation used in Cl is justified by the axioms Al- A4. As in
/Mi180/, ={t;| i e 8} denotes NIL. The notation t {+ Q} is meant to indicate that the term Q
is optional &s a summand of the term t. The axioms of particuler interest are N1-N4, which
replace the "t-laws” of /Mil80/. indeed the new axioms imply these t-laws.

Let Ay denote the set of axioms in Teble 2.1 other than E1 and F1. Let Ao be the set Ay
together with E1 and Az be the set Ay together with F1. We writet 5;u (t=ju) if tCu
(t = u) can be derived from the axioms A;. These axioms are rather low-level but we can
derive various others from them. A list of some important derivable axioms is given in Table

2.2. We will now derive the new axioms and re-examine the examples of the previous section.

DI- tX+Q £X+Q ! ‘ from N4.
Conversely

X+0c X+X+Q from Q1

C t(X+X)+Q ‘ from N2

= tX+Q from Al.

D2 - We use induction on the size of |:

=1
Then pX = pX + pX from Al
C=p(eX + X) from N1
=peX fromAl
i)l =JU{o} .

Then p(E{eX; [ i e1}) = p(E{eX; | i eJ} + TXp)
=p(eZ{eX;| i eJ} + TXy) using induction withp = ¢
=u(Z{X; |1 e} + px, from N2

= Z{uX; | i ed} + uX, using induction.
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X+X=X

X+Y=Y+X
X+(Y+D)=(X+Y)+Z
X+NIL=X

pX + pY =p(cX + cy)

X+eY Ee(X+Y)

px + t(pyY + 2) = o(pX + pY +7)
tX Cc X

NIL[S] = NIL
(X + Y)[S] = X[S] + Y[S]
pX[s] = S(p)X[s]

NIL\T = NIL

C(X#YM = X+ N

(p XN\ = p(xX\1) ifpe{l,T}
NIL otherwise

Al
A2
A3
A4

N1
N2
N3
N4

S
52
53

H1
H2

H3

Let t denote Z{p;t; | i1} {+Q} and udenote E{u'jt'j li € J} {+Q} then

t}u = Z{Lli(tilt') I ie |} + Z{j.l'j(tltij) l } E\J} +
‘i{t(t,-lt'}-) [ n= uj}{n | 0 is a summandof tor t'}

=0 {
Qlsl=Q
v = g

tlrec x. t/x] = recx.t

tX+tY c X
XceX+tY

TABLE 2.1: Axioms for CCS
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vo+xl =

O+(X+xX)1 30 +(U+X) - €0



Nate that in DS, in order to prove equality between terms which contain no occurrence of
¢, we first introduce ¢'s, then use some t-laws and finally we eliminate ¢'s. The same method
is used in D6, where it is seen that D2 can be used to translate t-properties into

a-properties.

D7 - An instanceof D2

D8 - X+t(X+Y)=c(X+X+Y)+e(X+Y) from D4
= (X +Y) from Al.

D9 - p(X + tY) + puY = p(e(X + TY) + <Y) from N1
= p(e(T(X + Y) + TY) + tY) from D4

= mle(X +Y)+ TY + ¢Y) from N1

= p{e(X +Y)+ tY) from Al

= p(X + tY) from D4.

These last three derived rules are the t-laws of /HM84/.

D10 - We use induction on the size of I. If |I] = 1 then D10 coincides with D3.

Otherwise wecan write 2{X; | i e 1} as X, + Y whereY = Z{X; | i e J}. Then

HuX; liel} + pXg+ Q= p(Y + Q) + pXo + Q ' by induction
= ple(Y +Q) +2X) + Q from N1
= p(Y+X+Q)+Q from D1

D11 - p(X + Q) =p(X + Q) + puQ

X+ Q) £ p(X+tQ+ Q) from Q1 andAl
Eple(X+ Q)+ Q) from N2
cu(X+Q)+p0 from N1.

Conversely j
px + Q) + pQ = p(e(X + Q) + Q) from N1
Eu(X+0Q +Q) from N4
= u(X + Q) from Al.
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E2 - This is derived from the set of axioms Az.

QcX+Q isaninstanceof QI.
Conversely
X+Q £ X+zX+ T
X + T
Q

([}

n

E3 - This is again derived from Ag.

tX+ Y = veX + of
X

in

F2 - A derived rule from Az.
X+Qc X

Conversely
XE X+t
EuX+ Q
EX+0Q

F3 - Another derived rule from Az.
tXe X
XCctX+tX
£ X

Example5 - DerivableinAy.

abX + abY = a(tbX+tbY)
a(bX + thX + bY + TbY)
a(t(bX + bY) + t(bX + bY))
at(bX + bY)
a(bX + bY)
= ab(eX + tY)

9

from Q1
from D8
from EI.

from D7
from E1

from Q1, Al.

from F1
from N4
from N4.

is N4
from F1
from Al

from N1

from D8

from N3 twice
from Al

from D7

from N1.



Az deserves some additional comments. In fact, using the derived axiom F3 in NI we
obtain pX + pY = p(X + Y) and indeed we have that the axioms NI - N4, F1 may be replaced
by:

X=X
pX + pY = p(X +Y)
Xec X+Y

However, our presentation has the advantage that it shows the duality between the two

systems A5 and Az and how they are obtained from Ay.

As mentioned previously, in order to extend our axiom systems to cope with infinite
terms, we need some results which allow to determine the behaviour of infinite terms as the
limit of the behaviour of finite ones. In particular, we will show that it is possible to
determine the behaviour of any process as the limit of the behaviour of all the finite processes
which approximate it. The rest of the section will be dedicated to discussing sets of
approximants and to present a set of inference rules which permit properties of processes to

be derived from previously known ones.

A recursively defined arbitrary term t may be considered as a finite notation for an

infinite tree. This tree is obtained by "unwinding” the recursive term via the rewrite rule:

rec x.u — ulrec x.u/x).

We are interested in the domain of finite trees which approximate this unwinding of t. It

may be defined as follows.
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Let < be the least relation between terms which satisfies:

Q1 Q<X
REC1 tlrecx.t/x] ¢ recx.t and

i. tj<u;,0<i<k implies op(ty,.tx) < op(uy,.,up) for every op e 3
jii. t<t

iii. t<uandu<r implies t< r.

We let FIN(t) = {d | d ¢ FRECy and d < t}. Since i.-iii. above amounts to say that < isa
congruence, the relation < will be referred to as the least pre-congruence (wrt =) generated

by the axioms Q1, REC1.

These sets of finite approximants have been studied at length in /Gue81/, /6TW?77/ and
/CN76/. For example FIN(t) it is proved to be directed with respect to the relation < (ses e.g.

/GueB 1/ Proposition 3.18). The uhwinding of terms may also be defined in the following way:

i) 2=0
ii) (recx.t) ™! = t{recx.t)"/x]

iii)op(ty, ..., 4 )M 1= op(ty 0+, 4N+,
The next lemma relates these two sets of syntactic approximants.

Lemma 2.4.1 Ifde¢FIN(t) then there existsn > O such thatd <t
Proof: See /Gue81/, Theorem 3.34. o

- We are now ready to give the proof systems for CCS. They will be given in terms of a set of

rules of the form:
S

SI

where S, S’ are sets of statements. These rules are to be interpreted as: if every
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statement in S (the set of premises) can be derived, then any statement in S’ (the set of
conclusions) can be derived.

R1 (EQUALITY)

t=4u _tsu yst.
tcu, ucet t=u

R2 (PARTIAL ORDER)

tcu, ucr
tcr te t
R3 (SUBSTITUTIVITY)
i) tcu i) tcu
tpCup recx.tE recx u

iii) Lou, lcick

R4 (GENERAL INDUCTION)

dC u, for alld e FIN(t)
tcu

We write A tcu if t = ucan be derived from the set of axioms A using the rules
R1-R4. Note that R4 is en infinitary (non-recursively enumerable) rule since it hes an
infinite number of premises. Recursively enumerable proof systems can be obtained by
replacing it by a finitary form of induction such as Fixpoint Induction or Scott Induction
/5to77/. Indeed these may be derived from R4. As a simple example, we derive Fixpoint
Induction:

FP) t{u/x] € u ‘ g

reex.tcu

Lemma 2.4.2  If Acontains the axioms Q1, REC1 then FP is a derived rule in the

system with rules R1-R4 and axioms A.
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Proof:  Letr denote rec x. t. We first show that A rc uforeveryn2 0.
i)n=0 A rPc ufollowsfrom Q1;

ifi)n=k+1: WeassumeA ke u

Then

A k1 = irkyy]
c t{u/x] by repeated applications of R3 and induction on k
cCu from the premise.

Also note that if t < u then A |- t C u since A contains the axioms which generate <. Now let
d ¢ FIN(r). Then, from lemma 2.4.1, A+ d & rP for some n and therefore A - d € u. Since

this is true of every d ¢ FIN(r) we may apply R4 to obtainArcu. 0

Lemma 2.4.3 If Acontains theaxioms Q1 and REC1 then the rule R3 ii) is derivable.
Proof:  Weassume that A -t C u. Let p be the substitution defined by

o(x) = rec x.u

oly)=y, y=x
Then applying the first part of R3, wegetA—tpE up, ie

A - t[rec x.u/x] € ulrec x.u/x]

Crecx.u ' using REC1

Now applying FP we get A - rec x. t £ rec x. u. 0

We decided to include this rule as part of R3 for the sake of clarity. We now state the main

theorems of the chapter.

Theorem 2.4.4 (Soundness)

Fori=1,2,3 Ayl tcu (t=u) implies t5Cu (t=u) o
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Theorem 2.4.5 (Completeness)
Fori=1,2,3 t5fu (t~Cu) implies Ay tcu (t=u) O

The next two sections are devoted entirely to the proofs of these results.

2.5. Detailed Proofs for Finitary CCS

In this section we prove soundness of the tree sets of axioms presented in the previous one
and prove their completeness for a finitary subset of CCS, i.e. CCS without recursively defined
terms. To deal with terms which contain the recursive operator rec x. _ it is natural to use
some form of induction. The proof systems presented above and in particular the rule R4 will

serve the scope. The generalizatidn to infinite terms will be discussed in Section 2.6.

2.5.1 Soundness

In this subsection we concentrate on 'proving the axioms of table 2.1 sound. We will
mainly use the alternative characterization of E,"' given in Theorem 2.3.6 and the previous
lemmas. In the following we write t c; t' if t C t' can be derived from the set of axioms A;

using therules R1, R2 and R3 i)- iii).

Lemma 2.5.1
Ifop ¢ 5y andt 5" tjforallj, 1 <j < kthen op(ty,.tg) & op(t'y,.ty)
Proof: It is sufficient to give the proof for closed terms. Each of the operators are

examined in turn. Cases NIL and Q are trivial. We will rely on the alternative
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characterization of Theorem 2.3.6 for the proofs relative to all operators apart from "1™ In
this case we shall exploit some distinctive features of the original definition of the various
preorders. We prove the claim only for i = 2 and 3 since thecase i =1 follows automatically.

a) pS;* q implies plr5;*alr i=1,2,3

i=3) It is sufficient to show that r'+ (p|r) may satisfy o implies r'+ (qjr) may satisfy
o. From the hypothesis (r* + (p|r))lo =¢=> py, py ¢ Success. If this computation does not
involve the subterm p|r then we will immediately have r* + (g|r)]o =¢= p'; for some p’¢
Otherwise (p|r)|o=g=>p,. Therefore p|(rfo)=e=> p', for some p'; ¢ Success. Since
p 53 q, the latter implies gl(rfo) =¢= q'; for some q'; ¢ Success , because (r|o) is an
observer. Therefore (qlr)|o =€=> q, for some g, € Success.

i=2) It is sufficient to show that r' + (p|r) must satisfy o, implies that r* + gjr must
satisfy 0. We distinguish two cases.

1) p|r must satisfy o
This implies p must satisfy r|o and, since p S5 q, g must satisfy rfo.This implies g|r
must satisfy 0. It follows that r' + gjr must satisfy o since every computation from
(r* + gjr)|o which starts with an action or communication from r' is also a computation from
(r* + plr)o.

ii) p|r myst satisfy o.

If plr-t— then r + p|r must satisfy 0 implies that p|r must satisfy 0. Therefore, we
may assume p|r-t-> and we have a + p must satisfy &w + r for any a which does not appéar in
p,r. Since p 52+q then a + q must satisfy & + r, i.e. glr-t-». By asimple case analysis on
r* we can now establish that r'+ gjr must satisfy o.

b) p5;* qimplies up 5" g 3

i=3) We have to distinguish two cases: i. p= v and ii. p=a for someacA. In i. we
have that, for any process r, traces(uir) = traces(r) and in cese ii) we have traces(r) = {€}
U {us | s ¢ traces(r)}. In both cases it is not difficult to see that traces(p) € traces(q)
implies traces(up) < traces(uq) and pp S5* uq follows from theorem 2.3.6.
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i=2) We certainly have g-t— only if p-t—, weare left to prove that upds implies
nqds and if (pp after s) MUST L then (uq after s) MUST L giveﬁ that the same holds for p and
g We have pds implies qis and so ppls implies pqls for all s ¢ A*, since pds implies
updys. To prove the rest we have again to distinguish two cases: 1 = tandjt = & Incasep = ¢
we have up after s = p after s and juq after s = q after s for any s, thus the claim follows by
hypothesis. If 1 = aand s = €, then clearly ap MUST L iff agMUST L; if p=aands = bs' for
some s’ ¢ A*, then either ap after bs' = aq after bs’ = @ or ap after bs' = p after s and aq after
bs'= q after s’ and again the claim follows from the hypothesis.

c) pS;tqimpliesr + pS;treg

i=3) It is sufficient to show that traces(r+p) < traces (r+q). This follows since
traces(p) < traces(q) by hypothesis and traces(p+p5) = treces(py) U traces(p5) for any
pair of processes py, po.

i=2) Clearly r+q -t— implies r+p-t— or (r+p)t since pd and g-t— implies
p-t—. Suppose (r+p)¥s then we have to prove (r+q)¥s and (r+p) after s MUST L implies
(r+q) after s MUST L. We have that (r+p)ys implies rds and pds and thus we have also gis
by hypothesis whence (r+g)#s. Moreover for s = € we have (r+p) after s MUST L implies
(r+q) after s MUST L since P) +pp efter as’ = py after as' U p, after as’ for any pair of
processes py, P and for any a € A. We are left to consider only the case s =g, i.e. we have to
prove r+p MUST L implies r+qMUST L. We distinguish' two cases:

i. p-t—

then we have r+p MUST L implies p MUST L and then q MUST L by hypothesis. The latter
together with r+p MUST L implies r-+q MUST L. |

ii. p-t-»

then g-t-» and r+p MUST L implies r MUST L or p MUST L. In case r MUST " we |
certainly have r'+q MUSTL; in case p MUST L then g MUST L and this together with r+p MUST
L implies r+qMUST L.
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d) p 5,;*q impties p[S] 5;*dlS]

We can easily extend the bijective functions S from pmmsés to sets of traces and to sets
of actions. We would then have:

i=3) We need to prove traces{p[S]) = S(traces(p)). Since S is monotonic we have
traces(p[S]) < traces(q[S])

i=2)  Suppose p[Sl¥s then piS~!(s) and qIS™(s), by hypothesis therefore q[S]Js.
Moreover, éinoe S(t) = t we have g[S]-t— implies g-t— implies p-t— implies
qlS]-t—. Suppose p[S] after s MUST L then we have p after 5™ 1(s) MUST 5~ 1(L). This by
hypothesis implies q after 5~ 1(s) MUST S~ (L), which in turn implies q [S] after s MUST L.

e)p Ei;”q implies p\a ;" d\a

We only prove p\a after s MUST L implies g\a after s MUST L since the other are
similar to the corresponding one in d). p\aafter s MUST L implies either a is in s or p=s=» or
p after s MUST L-{a}. In the first two cases, we have p\a after s = q\a after s = @ and the
claim follows. In case p after s MUST L-{a} then g after s MUST L-{a} and q\a after 3 MUST
L-{a} and g\a after s MUST L. O

Lemma 2.5.2
If p-p—r if end only if g-p—r,and pl ifandonly if g then p =g

Proof: Trivial 0

Lemma 2.5.3
Ift ; t' (t=;t') isan instance of an axiom from A;, i=1, 2 or 3, then t 5;*t' (t = t').
Proof: It is sufficient to consider closed terms. The previous lemma takes care of
axioms A1-A4, 51-83, H1-H3, C1 and REC. Q1-Q3 are trivial. We examine the remaihing
ones. For each inequality (equalitY) we consider, we will denote its left hand side by r and its
right hand side by ro. Note that for N1-N4 we can easily prove that traces(r ) = traces(rp)

thus we only need to prove that ry S5*(~5*)ro.
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N1: pp + pq ~p* p(tp+rg)

We certainly have ry§s if and only if rods. On the other hand, we have ry-t— if and
only if rp-t—. We are only left to prove that if ry after s MUST L then ro after s MUST L.
The only interesting cases are the anes in which either s = £ and 1 = T or s =a for someacA,
since in all the other cases, we have r after s =r, gfter s.

i.s=gandpu=rct

Wehave ryafter €= pafter € U qafter € U { tp + tq}andrpafter €= pafter € U
qafter £ U { tp + tq, ©(xtp + tq)} and the claim follows from the fact that (tp + tq)
MUST L if andonly if tp + tqMUST L.

il.s=8,a¢A

ry after ¢ MUST L only ifa ¢ L and this implies ro after € MUST L, the case ry after €
m_U_S]‘_L is treated similarly. Wealso haver after p = {p,q}and ro after p = {p, q} U
{ tp + tg} and theclaim follows since tp+ tqMUST L if and only if p MUST L and q MUST L.

N2.p+tqgc t(p+q)

The only interesting part of the proof of this axioms consists in showing that ry after €
MUST L implies ro after € MUST L. Suppose rp MUST L, then we either have p MUST L or g
MUST L or both. In case q MUST L we have ry MUST L since q ¢ ry after €. In case p MUST L
and q MUST L we have that there exists p' such that p-t—p' and p' MUST L ; this again suffices
to prove that ry MUST L since p’ ey after €.

N3: pp+ t(pg+ r)=* elup+ pq+r)
Once again, the only interesting part is to prove that ry MUST L iff ro MUST L. If p= ¢
then we have ry MUST L only if p MUST L, g MUST L‘and gither r-t-= or r MUST L. From this

it is not difficult to derive v(pup+pq + r) MUST L. The converse is similar. If p ¢ A then ry
MUST L only if either r MUST L or p ¢ L and r-t~%. In both these cases we can conclude rp

MUST L. The converse is similar.

N4 tpsp
The proof is trivial sincery ¢ ry after € .
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E1: tp+ig S° op
Equally trivial.

Fl: pSztp+ g
We certainly have traces(p) < traces(p) U traces(q). 0

Proposition 2.5.4 (Soundness)
a)tgit implies t5;*t
b)t=;t implies t ="t
Proof: The proof follows from the Lemmas 2.5.2 and 2.5.3. The soundness of R| and

R2 being immediate. O

2.5.2 Normal Forms

The proof of completeness relies (like most of such proofs) upon reducing CCS terms to
particular canonical forms. These are restricted kinds of terms which revesl the essence of
testing equivalences better than the actual definitions of these equivalences. Normal forms
evidence that testing a process is an operation which may be logically divided into two phases,
which alternate during the experimentation. In oﬁe phase, the control is in the hand of the
process Which is being experimented, in the other it is left completely to the experimenter. In
fact, the canonical forms are trees whaose nodes either have outgoing arcs labelled only by
silent moves or only by distinct visible actions. Local and global nondeterminism, /FHLR79/,
are clearly distinguished. The different kinds of canonical forms will also shed light on the
different stress on divergence put by the three preorders, &;, and by the three pawerdur:tain
oﬁnstructiuns of Chapter1. In fact, for each preorder we will have a corresponding normal

form.
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Before defining our canonical forms, which we will call normal forms, we need some
basic definitions. The following definition, which establishes a kind of convexity condition on
sets of sets, will be used many other times throughout the thesis.

Definition 2.5.5 (Saturated sets)
If L is a non-empty finite set of finite setsand A(L) ={a|acL forsomeL ¢ L} then L
is said to be saturated if VK € A, (Le L andL € K € A(L)) impliesK ¢L. O

Note that if L is a saturated set then we will have:
i. A(L) el

il. XelL endYel impliesXUYel

iii. Xel andYelL eandXcZcYimpliesZel

In fact conditions ii. and iii. are sufficient to characterize a saturated set.

We will use the notion of setﬁrated sets in the definition of normal forms below. It turns

ocut to be a crucial notion to get unique normal forms for equivlént agents.

Definition 2.5.6 Normal Forms (nf)
p is in normal form if it is in the form

8. Z{vX{sp(a)|acL}|Lel} or
b. Z{ap(a)|aclL} [+ Q]
where

i. L is a saturated set :

ii. [+Q ] denotes that Q is an optional summandand if @ is a summand then p(a) isa

normal form in the form b. and Q is a summahd of p(a) for alla ¢ A(L).

iii. If Q is not a summand then p(a) is a normal form in the form a. . a

In the following we will refer to normal forms as nf and to normal forms in the form a.
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and b. as v-nf and a-nf, respectively.

Examples
i) a(a+b) + Q isnot in nf because ii. is not satisfied and the subterm (a+b)

is not in T-nf.

ii) ta;ta+ taytb isnot in nf because {{a,} {a,}} is not saturated.
There is no a-subterm corresponding to the set of labels k={a, 32}. The normal form
corresponding to this term will be taj ta+ tayth+ t(al ta+az1:h).

iii) tacb+t(atrc+ath) is not in normal form.
If p is @ normal form and for any a, p==>-a—p and p ==>-a— po then p, and pp
must be identical. This example violates this requirement. Because of this property,
we can use a suggestive notation: for a normal form p we may let p(a) denote the

unique subterm (if it exists) such that p=a=>p(a).

iv) NIL isana-nf. In the definition we merely let L= 8. Similarly TNIL is a t-nf
and Q isan a-nf. On the other hand it should be noted that tQ is not a normal form.

From the definition, we have that if p is in normal form end pft then Q is a summand of p
and p is in a-nf. Also, every normal form is a finite term and if p is a normal form and

p=a=>p’ then p' is also in normal form.

Together with normal forms, we have two other kinds of “"canonical” forms for CCS terms.
As mentioned above they stress the different approaches one can take when dealing with
partially specified or divergent terms.

~ Definition 2.5.7 Strong normal forms (snf)
p is in strong normal form if it is in normal form and
i. p(a) is in strong normal form

ii. ifQ isasummandof p then p is Q. 0
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Definition 2.5.8 Weak normal forms (wnf)
p is in weak normal form if it is in normal form and
i. p(a) is awesk normal form

ii. Qisasummandofp , a

If we look upon terms as trees then an snf is a normal form which only contains Q as a
leaf. On the other side, a wnf is a normal form such that the arcs outgoing from every node are
all lsbelled by distinct visible actions. Later we will see that indeed a wnf corresponds to a

prefix-closed set of strings from A.

In the rest of this subsection, we will show that every finite closed term can be
transformed to a normal form, a strong normal form or a wesk normal form by only using
axioms from Ay, Ao or Az, respectively. The proof will be based on showing that any CCS
term can be transformed into a term which only contains the operators NIL, Q , €, and +.
Then, a series of lemmas will guarantee that if we use only these operators to combine normal

forms, we can always find @ normal form provably equivalent to the starting term.

emma 2.5.9 Ifpinnfthen thereexistsana-nfnsuchthatp + Q =y nandnT.
= ,
8) Supposep =y Z{tX{ap(a)|acl}|Lel}
Thenp+Q =, Z{vE{ep(a)+ Q|ael}|Lel}+Q using D3
By induction there exists an a-nf n(a) such that p(a) + Q =, n(a). Therefore,

p+Q =, Z{vZ{an(a)|ael}|Lel}+Q

=, Z{an(a)]acA(L)} +Q Sl using D1 end D3
b) The proof for p ina-nf is similar. 0
Lemma 2.5.10 If p, gare in nf then there exists a normal form n such that

Tp + Tg =y n. Moreover, either n is a t-normal form or else nfr.
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Proof: We use induction on the size of p and q. There are four cases depending on what
kind of normal forms p and qare.

i)pis Z{zpjliel}, qis):{'cpj | jeJ}
Then tp + tg =, i{tpiliel}+2{tpj|j<d} using D2.
Let r denote the right hand side. Now r may not be in normal form for various ressons.

For example, it may be that r = -a— ry, r= -a—rp and ry, rp are not syntactically
identical. Let N(r) be the number of such pairs. We show, by induction on N(r), that r can be
transformed into an r* such that N(r*) = 0. If r'y.r2 is such a pair then the axioms Al1-A4
may be used to rewriter as
r=ptlarg ey ) e elarp trip )+

= érl +tlary +r'y ) +arp + tlarp + ' ) + 1 using D8

= tlary +arp+r'y )+ vlary +arp+rip) + using N3 twice

= tlalery+erp)+ 'y )+ vla(try+trp )+ r'p ) + 1 using NI twice.

Now by induction €ry + trp has a normal form n of the required form. Therefore r =,

v(an + r'y) + t(an + r'y) + r If s denotes the right hand side of the latter equslity, then
N(s) < N(r). Therefore, by induction we can now assume that r is such that N(r) = 0. Thus r
can now be writtenas = {t = {ar(a) | a ¢ L} | L ¢ L}. Moreover, by hypothesis r{a) is in

t-nf or is in a-nf and diverges. Thus if this term is not in nf it must be that L is not

saturated. Let K be such that Lcke A(L).

By induction on the size of K, we can show, thatr =, r+ Z{an(a) |acK}.IfK = L

then the claim is immediate. Otherwise, K can be written as K 1 U {au}, 8, belonging to some L
¢L.Wecanassumer =, r+ tX{an(a) |acK;}andletry denote> {an(a) | a ¢ Ky}. Then

P =, r+Trp+o(r +gn(ay)) usingA1-A3
= r+ ey + or' + ggn(ey)) + i:(r, +r' + a;n(gg)) usingD5 |
= P+ try +or’ +gnlag)) + olry +r' + gnlay)) '+ ©ry + gnley))

using D6
=, ¢+ t(ry + an(ay)) as required.
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Therefore, by induction, we can assume that

r=qr+cZ{en(a)|ackK} for every such k.

Now, by systematically applying this result, r may be transformed into a term of the form
T{v={an(a)|acL}|LcL)wherelL issaturated,and this term is in T-nf.

ii)pis Z{apj|icl}, qisz{tp]- |3 ed}

Then tp + Tq = Tp+q using D2
and we proceed as in part i).
iii)pis Z{ap;|icl},qis Z{ajqj | ed}
Then Tp + tqis an instance of ).
iv)pis X {ap(a) |acl}+ Q. Thentp+ Tq=p +q by D1, D3.
From Lemma 2.5.9 there exists an a-nf n such thatq +Q =, n.
Letnbe Q + % {an(a)|acK}. Then
p+n=; Q+Z{ap(a)|acl-K}+ 3 {an(a)|aecK-L} +
T {a(wp(a) + tq(a))| a e LNK} using N1.
By induction, there exists a normal form r such that r(a) =, tp(a)+ tqla).
Therefore
p+n=, Q+Z{a(p(a)+ Q)lacl-K} +={a(n(a) + Q)| acK-L} +
T {a(r(a) + Q)| acLNK} using D3.
We now apply Lemma 2.5.9 to obtain the required normal form. 0

Lemma 2.5.11 If p, qare in nf then there exists a nf n such that p+q =y n.

Proof: We use induction on the size of p, q. There are four cases, depending on the
formof pandg.

a)pis Z{ap(a)|acl}+Q

Thenp + q=; tp + tq, using D1, and we can apply the previous lemma.

b) pandqare in T-nf.

Then p + q=y tp+tq, using D2, and again we can apply the previous lemma
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c)pis ={ap(a)|acL},qisZ{cg|icl)
Thenp + q=1 t(p+qy) + tq using D4.
By induction p + q; may be transformed into a normal form n and by the‘ previous lemma
tn+tqmay be transformed into a normal form.
remaining case iswhen p is X {ap(a) |acl},qis £ {t;q{a) |aek}
Thenp +q=; X {ap(a)|aeL-K}+ X {aqa) | a eK-L}
z {a(zp(a) + tp(a) )| a e L NK]}

From the previous lemma, each tp{a) + tq{a) can be transformed into an nf of the
required form and the claim follows. a

Corollary 2.5.12 If pjareinnf, 1<i<k, then there exists an nf n such that

2{tp;| 1<i<k} =1 n, andn iseither in t-nfor elsenft and is in a-nf.

Proof: By induction on k.

k=1. If pyisina-nfandp !y then tpy isalready in t-nf. Otherwise tp =1 Py, using
D1orD2. '

k=m+1. Zfcp;| 1<i<k} =) Z{ep;| 1<ick-1} + vpy

=0+ TPy by induction
If n’ is in T-nf we can apply Lemma 2.5. 10; otherwisa n’ + TPk =y N + Py, using D1 and

we may apply Lemma 2.5.11. O

Corollary 2.5.13 If pj are in nf, 1<i<k, then there exists a nf n such that
pj | 1<i<k} =) n.
Proof: By induction on k. O

-

Proposition 2.5.14  For every finite closed term d there exist a normal form nf(d)
such that d = nf(d).

Proof: By applying the rules S1-S3, H1-H3, C1 and Q2-0Q3 we can eliminate all
occurrences of |, [S] and \a. Therefare, without loss of generality we can assume that d does
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not contain these operators andcan be writtenas T {ad; | icl} + E{tej | j e}

Now, by induction, we can assume that each d; €; is in nf. Using D7 if necessary, each aid
may be considered to be in nf. Thus, from Corollary 2.5.13 there exists a normal form n'
such that 0" =, ¥ {8;g; | i < 1}. Similarly, from Corollary 2.5.12 there exists a norm form n”
such that n™ =, I {cej | j € J}. Therefore, by applying Corollary 2.5.13 again, we get a

= = n 0

This proposition enables us to derive similar results on strong and weak normal forms.

We will use the notations t-snf and a-snf in the obvious way. -

Proposition 2.5.15 For every finite closed term d there exists a strong normal form
snf(d) such that d =, snf(d).

Proof: From the previous proposition, we can assume that d is in normal form.

a)dis T {ad(a)|ael}[+ Q]

If Q is a summand thend =, Q from E2. Otherwise, by induction, we can assume that each
d(a) is in snf. Then using D7 we have:
d=, % {ad(a) |acL,d(a) in t-snf or d(a)ft} + = {avd(a) | a ¢ L, d(a) in a-nf and d(a)y}.

b) If d is in ©-nf the proof is similar. O

Proposition 2.5.16 For every finite closed term d there exists a weak normal form
w such that d =5 wnf(d).
Proof: We can assume thatd is in nf.
a)dis X {ad(a) |acL} [+ Q]
Thend =5 X {ad(a) [acL} + Q using F2
=5 X {a(d(a) + Q) |ael} + Q using D3
By induction, each term of the form d(a)+ Q has a weak normal form and the result thus

follows.
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b)dis S{vX{aka)|acl}|Lecl)}
Then d=5 d+ Q |
= T {an(a) |acA(L)} + Q using D1
We may now apply part a). o

Wesk normal forms may also be considered as prefix-c i S¢
A* then we can also use s to denote its representation as a term: the representation of €, the

empty string is Q, and the representation of as is st where t is the term representings. 0O

Lemma 2.5.17 Ifdisaweak normal form then there exists a prefix-closed set of
stringss;, 1 < i <n, suchthatd=; Q +3{s;[ 1 <ig<n}

Proof  We use induction on d.

i)disQ. Immediate, the corresponding string is €.

ii)dis {ad(a) | acl} + Q

By induction, d(a) =; Q + > {sj|ielg} where{s;|ielg}is prefix-closed. Therefore,

d=, Xa(Z{s;j+ Qliclg}) |acl}+Q
=12{a(2{si+nlicla})|aeL}+E{aﬂlaeL}+Q fromD11
=|E{a(i{siliela})laeLhE{aﬂ |ael} +Q fromDI0O 0O

2.5.3 Completeness

This section is entirely dedicated to proving that the sets of axioms A; of Table 2.1
completely characterize the prearders ;. The proofs rest heavily on the existence of normal
forms and on defining orderings on them which naturally relate to the preorders.

In the following it will be convenient to let NF ;, NFo and NF 3 denote the set of normal

forms, strong normal forms and weak normal forms, respectively. Moreover, the following
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notational convention will be used:

L(n)willstand for L ifnisoftheform Z{c Z {an(a) | ael}|LeL}
L(n) will stand for L if n is of the form Z {an(a) | a ¢L).

The ings i ined. i sing the recursive nature of
the definition of the normal forms. Firstly, we will define orderings which only compare
normal forms at the topmost level; we will then define new orderings which recursively

extend the first ones to compare normal forms at all levels.

Definition 2.5.18 Ford,d e NF; let d <; d be defined by
a d<zd if Init(d) C Init(d")
b. d<pd" if d¥ impliesd'd and
i. d, d are ina-nf and L(d) = L(d")
ii.d,d areint-nfand L(d) 2 L(d)
iii.dis in v-nf,d isina-nfand L(d') ¢ L(d)
c. d¢yd if d¢p d andd <z d O

These preorders are able to compare normal forms at the topmost level only. We now
define three new ones, i, which extend ¢; recursively to compare normal forms at every
Tevel.

Definition 2.5.19 Ford,d NF; let d ¢; d' if
idqﬂ

ii. d(a) < d'(a) whenever both d(a) and d'(a) are defined. o

Our task now is to determine the relationship between the preorders on general CCS terms
and these orderings on normal form. We have:

Lemma 2.5.20 Ford,d eNF; d5;*d impliesd ¢; d.

Proof: We use the alternative characterizations of Ei’ given in Section 2.3.1.
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i=3) Trivial, sinced S3* o' implies Traces(d) < Traces(d).

i=2) Certainly we have d§ implies d'd. Moreover, sinced 5" d" implies d -t—, only
if d-¢—, we cannot have thatd is in a-nf and d' in ©-nf. Let us consider the remaing cases:

i.d, d ina-nf Eﬂd52+d' implies L(d) € L(d'). In fact, if thereexist a ¢ L(d) anda ¢
L(d") then we would have d MUST {a} and & MUST {a}. On the other hand, we have L(d) €

L(d") from Lemma 2.3.5 and the claim follows.

ii. d, d in t-nf endd 5" d" implies A(L(d)) 2 A (L(d')) by Lemma 2.3.5. Since L(d)
is saturated to prove that L(d) o L(d') it is sufficient to show that M ¢ L(d') implies that
there exists N ¢ L(d) such that M 2 N. Let us suppose there exists Mye L(d') such that for
all N ¢ L(d) there exists a ¢ N such that a ¢ M. Then if we let L= {a |[ae M, anda ¢ A(L(d))},
we would have d MUST L and d' MUST L.

iii. d in ©-nf and d" in a-nf and d S,*d" implies A( L(d)) 2 L(d") again by Lemma
2.3.5. Since L(d) is saturated, to prove that L(d') ¢ L(d) it is sufficient to prove that there
exists N ¢ L(d) such that L(d") 2 N. This proof is similar to the corresponding one of case ii.

i=1) Follows from the previous two cases. ]

Llemma 25.21 Ford,d eNF;, d Ei+ d implies d(a)'n:,i*’d'(a) whenever both d(a)
and ¢'(a) are defined. |
Proof We use the definition of Ei" in terms of observers.
i=3) d{a) may satisfy o
implies dmay satisfy 8o
implies d may satisfy 8o
implies d'(a) may satisfy o.
1=2) d(a) must satisfy o
implies d must satisfy 8o
implies d' must satisfy a0
implies d'(a) must satisfy o
This together with Theorem 2.3.9 and the fact that d(a)ft implies d(a) Ez*d'(a) suffices
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to prove the claim.

i=1) Theclaim follows from the previous two cases. O,

We are now ready to extend Lemma 2.5.20 to «;.

lemma 2.5.22 Ford,d eNF;, d Ei‘”d' impliesd «;d
Proof: The proof follows by srtuctural induction from the previous two lemmas. o

We now perform another step toward proving completeness by showing that once we have
established a relation, «;, between normal forms we can just use axioms or rules from our

proof system to determine whether two narmal forms are related.

Lemma 2.5.23 Ford, d eNF;, d «; d impliesd &; d

Proof:

i=3) By induction d(a) 5 d(a) for every a ¢ Init(d). Using the axiom Q £ X it is easy
toderived 5 d.

i=2) If dff then d = Q and the result follows from Q1. We are left to consider the cases d
and d" satisfy conditions i.~iii. of Definition 2.5.18. We assume that d(a) £, d'(a), for every
a ¢ Init(d’) and let r denote d{d'(a)/d(a), a ¢ Init(d')] (note that Init(d') < Init(d)). To
prove the claim it is sufficient to show that whichever condition of Definition 2.5.8 is
satisfied we may deriver Eo d'. |

i.risd

ii.r=, d+X{v3{ed(a)|acl}|LeL(d)-L(d)}

cd ‘ using E3
iii.r=, d+Z{vX{ad(a)|acl}|LeL(d)-L(d)}+ cd
| Eod | using E3 and N4

i=1) This proof is very similar to the previous one. Let r be defined as above. Since

Init(d) = Init(d'), we have d c,r. We again have to take into account that d and d' have to
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satisfy i. or ii. or iii. of Definition 2.5.8.

ircd using Q1
fiircyd+2{cI{ad(a)]acl}|Lecl(d)-L(d)}
£ d + = {ad(a) | a e A(L(d) - L(d))} usingN4
=d using D8

The last derivable axioms is applicable since every a in k must appear in a summndof d.
iii. Similar to the corresponding one of case i=2. Instead of E3, DB is used, similarly to
ii. above. a

Proposition 2.5.24 (Completeness)
If eand e’ are two finite CCS terms then
a eS'e implies Ajl-ece’
b. e ~*e" implies Aj- e=¢'
Proof This follows from the existence of normal forms for e and €' (Propositions

25.14, 2.5.15, 2.5.16) and from the previous two lemmas. O

26 Extending the proofs to infinite terms

In the last section we have proved that all the axioms of Table 2.1 are consistent with
respect to testing equivalences and are complete for the finitary version of CCS. There are
relatively standard methods for extending completeness results to the full calculus. ;fhese
methods depend on showing that the behaviour of infinite processes 'is completely determined
ﬁy the behaviour of their finite approximants.

In Section 2.4 we have defined the set of finite terms which approximate CCS terms. A
recursively defined term is approximated by its syntactically finite unwindings. In this
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section, we establish a relationship between the Semantics of the finite unwindings of terms
and the semantics of the infinite terms. This will suffice to prove that the properties which
are necessary for the extension hold.

Similarly to the finitary case, the proofs will be based on the existence of some kind of
normal forms. Due to the fact that we also have to consider infinite terms, we cannot prove
that any CCS term can be transformed to any of the normal forms defined in the previous
section. We will use head normal form (hnf), instead; i.e. we will use particular terms
which resemble the previous normal forms up to a certain depth. Since we only need normal

forms when comparing infinite terms with finite ones, this will be sufficient.

Definition 2.6.1 Head normal form (hnf)

p is in head normal form if it is of the form

a. X{ap(a)]acl} or

b.Z{vz{ap(a)]acl}|Lel} wherel is saturated. " O

We will use t-hnf and a-hnf in the obvicus way. Note that if p is in head normal form
then pd. Therefore, for example, Q is not ih hnf. We can prove that for any canvergent CCS
term t a head normal form exists which can be proved ( by Ay, R1,R2) to be equivalent to it.
Head normal forms must be treated in much the same way as normal forms and use the same
lemmas. Rather than giving the entire proofs of the lemmas, we merely state the required

resuits.

Lemma 4.6.2 |If p; are in head normal form, 1 £ i £ k, then two head normal forms
hy, hy exist such that ;

i.Z{ep;l 1 <igk}=;y

il. X{p;| 1 €1k} = ho.
~ Proof: This is similar to Lemmas 2.5.10 and 2.5.11 and Corollaries 2.5.12 and
2.5.13. 0
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Proposition 2.6.3 If pJ then & head normal form hnf(p) exists such that
p = hnf(p).

Proof: We use induction on the size of {p' | p=t=p’'}. Thus, we may assume the result

for every p’ such that p-t—p'. If p§ then pl and we will now use induction on the proof of
this.
i) ap'. By definition this is in hnf.
ii) tp'. Then p'L . By induction p* has a hnf, hnf(p'). If hnf(p') is in a-hnf then
thnf(p’) is in T-hnf. Otherwise
p = thnf(p’)
= hnf(p’) using D2
ifi) py+pp Then pyl, ppl and thus, by induction, both hnf(py) and hnf(pp) exist.
Therefore
P1+p2 =1 hnf(py) + hnf(ps)
=y h, for some hnf h; using the previous lemma.
iv) p’[S]. Then p'L and thus, by induction, hnf(p') exists. We may now use S1-53 to
transform hnf(p*)[S] into hnf.
v) p\l. Similar to iv) use H1-H3 instead of $1-53.
vi) rec x. t. Then t{rec x. t/x]l and by induction there exists a hnf h such that
h = tlrec x. t/x]. The result now follows since rec x.t = t{rec x. t/x], is an axiom in A 1-
vii) pylpp. Then pyi, pol and, by induction, hnf(py ), hnf( pp) exist. There are three
cases, depending on their form.
a) hni(p;) is = {ep(a) [ ac L}, hnf(ps) is X {ba(b) | b ¢ K}
Then applying C1 we get _ 3
ﬂﬂpz = Z{a(p(a) | hnf(pp)) |aeL} + Z{bChnf(py) | b)) |beK} +
T {ca(p(a) | q(b))|acL,beKanda=H) :
Since py|p2 -t—p(a)|q(b) whenever a = b we may sssume, by induction, that to each of

these terms corresponds a hnf. The result now follows from Lemma 2.6.2
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b) hnf(p,) is in a-hnf, hnf(p;) is in T-hnf.
c) Bath hnf(p ) and hnf(p5) are in ¢-hnf.

These are similar to a). O

We may now concentrate on inferring properties of infinite terms from the corresponding
properties of their finite approximations. All the results will be based on the fact that all
preorders S;* enjoy some inductive properties.

Proposition 2.6.4 For every p, q ¢ CREC; we have p < g implies p Ei"q
Proof: From Proposition 2.5.4 we have that Ei* satisfy Q1 and REC1 and the three
implications in the definition of <. Since < is the least of such relations, it follows thatp < g

implies p 5;*q. O

Proposition 2.6.5 For every finite closed term d there exists a finite number of

experiments 0(d,p) such that d ;iO(d,p) p if andonly if d 5 *p.
Proof: The if part is trivial. We prove the only if part.
From Theorem 2.3.10, we know that a set of specific observers 0j is necessary to define
S;*. Let Act(d, p) be the set of actions used in the dafinitidns of d and p. This set is finite.
Now, letA(d, p) = Act(d, p) U Act(d, p) U {a} where a, @ ¢ Act(d, p), let |d| denote the length
of the longest sequence of actions d may perform and let 0;(d, p) be the set of observers in
Di which may only perform actions from A(d, p) and such that the length of the sequences of
actions they may perform is smaller then or equal to |d|+1. Now, because of the way
computations are defined, itis not difficult to see that for any obsefver o which is not in
0;(d, p) we cannot have d may satisfy o and p maysatisfy o or d must satis[ﬁ oand p myst
satisfy o. In fact, if |o| > |d|+ 1 then d may gatisfy o, moreover d must satisfy o only if for all s
¢ traces(o) of length |d| we have § ¢ traces(d). But this would imply that § e traces(p) and
thus that p must satisfy o. If o contains some actions which are not in A(d, p) then we may

substitute all of them with a and nothing changes. This is sufficient to prove that observers
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from 0;(d, p) suffice to determine whether d 'E.]"p. Act(d, p) finite and Theorem 2.3. #
allow us to conclude thatoi(d. p) is finite. O

Lemma 2.6.6 dc;pimplies thereexistsd' < p such thatd c; d".
Proof: By induction on the number of times the rule t{rec x.t/x] £ ;recx.t is usedin
the proof of d € p. O

Lemma 2.6.7

a)p-u—q and d' <q implies thereexistsdwith d <p such that d-p—d'

b) p-p—q and q<r' implies thereexistsr withp <r suchthat r-u—r'

c) p-t—q, with t ¢ A.*,and d" <q implies thereexistsdwith d <p such that d-t—d.

Proof:

a) and b) can be proved by induction on the proof that p-p—aq.

c) will be proved by induction on t. If t = € then the required d is Q. If t = t'u then there
exists p', p* such that p-t'—p'-p—aq. Since Q < g, from part a) we have there exists e < p'

such that e-a—Q . The claim follows from the inductive hypothesis. O

Proposition 2.6.8
a) p may satisfy o implies d may satisfy o for somed < p

b) p must satisfy o implies d must satisfy o for somed < p
Proof:

a) Follows from the previous lemma. Since p may satisfy o only if there exists s such that
p=5=, 0=5=0"-W—. |
_ b) Suppose p must satisfy o. Consider the computation tree from o|p where the leaves: are
labelled by terms o'|p’ such that o'~-w—. Every term has a finite number of successors and by
Konig Lemma this tree is finite. We use induction on the size of the tree. Furthermore because
of lemma 2.6.6, it is sufficient to show that there exists a d such that d £, p and d must

satisfy 0. If pf then o-w— and the requiredd is Q. Thus, we may assume pl and therefore
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. in hnf. Furthermore, we may assume o-w-=. There .are two cases according to the form of p.

i)p= fap(a) | aeL). LetL' denote theset of a e L such theto-t— o,.....~t— 0,-8—,
wherege-w- ,for 1 <k <n. If L' = @ then the requiredd is 2 {aQ | & ¢ L}. Thus, we may
assume L' = @. For each a ¢ L', let D(a) denote the set of o' such that 0-t—0y-t—
...=T—0,-8—0" where o, -w-=, for 1 < k < n. Then, for every o' ¢ D(a), p(a) must satisfy
o'. By induction on the size of the computation tree there exists a finite term d(a, 0') such that
®(a, 0') must satisfy o' andd(a, o') £, p(a). The requireddis X {ad(a, 0') |acL’, o' ¢ D(a)}
+3{aQ|ael’}

ii)p=; Z{vZ{ap(a)|ael}|LeL}. Letp, dencte X {ap(a)|acL}. Then for every L
¢ L we have p, must satisfy 0. By inducticn on the size of the computation tree there exists 4
such that d; must satisfy 0,andd; = py. The requiredd is Z{zd) |L¢ L} 5]

Propesition 2.6.9 Ifd5"qforalld<pthenp5*q

Proof We consider the case i=2. Suppose d 5,*q for every d < p and p must satisfy o
then, from the previous proposition, we have d must satisfy o for some d < p and thus also q
must satisfy 0. Because of theorem 2.3.6, to prave p 52" q we are only left to prave that if
d-t— for every d < p then p-t—. This follows from part b. of Lemma 2.6.7. The proof for

54" is similar and that for ;" follows from 55" and &5*. ' a

Proposition 2.6.10 Ifd Ei'*q then 3d< q such that d Ei* d

Proof  From Propsition 2.6.5, we have that d S;*q if andonly if d 50 O q If i =
2 to prove the claim it is sufficient to show that there exist d such that d must satisfy o
implies d must satisfy o for every o ¢ 05(d, q) and d-t— implies d -t—. From Proposition
2.6.8 b) we have that for every 0 € 05(d, q), i > 6, there exists d; < q such that q must
satisfy o implies d; must satisfy o. Horewﬁ*, from Lemma 2.6.7 a), we have g-t— implies
El.du < q such that d,-t—. Since (Fin(q), < ) is directed, 0(d, q) is finite and < preserves
5+ we have that there exist d" = Lid; such that d* < q and q must satisfy o implies d" must
satisfy o for every 0.¢ 05(d, q) and g-t— implies d"-t—. Since, by hypothesis d must
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satisfy o implies q must satisfy 0 and d-t— implies g-t—, the claim follows for d = d*
when i =2. Wealsocan findd™ such thatd Sz*d™ and, if we letd' = Ll {d", "'}, we also
have d 51 +d‘. O

We can now prove soundness of R4 and extend the completeness results to infinitary CCS.

Proposition 2.6.12 The rules R3ii. and R4 of the proof system of Table 2.3 are
sound.

Proof: The soundness of R4 follows from Proposition 2.6.9. The soundness of R3ii.
from R4 (Lemma 2.4.3). O

Proposition 2.6.13 (Theorem 2.2.6)

t S*tifandonly if t St

Proof: If t SCt then obviously t L:.i* t'. Conversely suppose t E—'.,-* t'. Then, for any
context €[ ], we can apply R3 i.-iii. to prove thet E[t] =;* B[t']. This can be proven by
structural induction on €[ 1. It follows that B[t] =; E[t'] and therefore t 5" t'. O

Proposition 2.6.14 (Theorem 2.4.4) - Soundness -
A tet'(t=t) impliest%," o tzic t')
Proof Proposition 2.6.12 justifies R3 ii. and R4. The remaining rules and axioms

were proved sound in Proposition 2.5.4. O

Proposition 2.6.15 (Theorem 2.4.5) - Completeness -

Ifp aﬁd qare two closed terms then p Eic qimpliesA; - pE g

Proof We know p ;ic q Toapply R4toderive pEgq itis sﬁfﬁcient to show that A4
deqfor every din Fin(p). Now d < p and thus, by Propasition 266, d L:,ic pandalsod
Eic g Proposition 2.6. 10 implies there exists d' < q such that d 5,0 d'. On the other side the
completeness theorem for finite terms (Proposition 2.5.24) impliesA; - dE d'. Sinced' <

qimpliesd £ qwe have A; -d = q. We can now apply R4 and the claim follows. 0
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3. FULLY ABSTRACT MODELS FOR CCS

350. Introduction

In the first two chapters we have seen how the behaviour of nondeterministic
communicating systems can be described in terms of the sequences of actions they may
perform. Moreover, we have shown how to use various notions of behavioural equivalences to
abstract from unwanted details. We have called this approach to systems semantics two level
operational semantics, as it first allows the behaviour of systems to be described in terms
of abstract machines (1abelled transition system) and then makes it possible to forget their
internal structure by identifying all the machines which exhibit the same external. behaviour.
This approach to semantics has the advantage of being very close to our operational view of
systems and of not enforcing any prior decision on the aspects to be ignored. At the same time,
it offers the possibility of having different models which depend on the operationally-defined

congruence relations over systems.

Another widely used approach to semantics is the denotational one. In this case, an element
of a predefined semantic domain is associated to every system. This approach has the
undisputed advantage of mathematical tractability and offers the possibility of easily proving
systems p-roperties. In fact, to prove that two systems are equivalent it is sufficient to show
that they are associated to the same element of the semantic domain. In some cases; this
approach may be found to be too abstract and may make it difficult to check whether the
semantics we obtain respect our intuitions about systems behaviour. In order to appreciate
the full extent of th;a impact of denotational semantics on systems behaviour it is necessary to

compare it with other /, more concrete, semantics. Excellent touchstones are operationally
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based semantics or complete axiomatic characterizations of the induced equivalences.

In this chapter, we will outline some general techniques for denotational semantics and
discuss criteria, which can be used to examine the relationships between denotational and
operational semantics. In the next chapter, we will show how the study of complete axiomatic
characterizations of the eguivalence induced by a denotational semantics permits us to detect
anomalies of the chosen denotations and of the semantic domains used. The paradigm which
seems to emerge, at least when considering communicating systems, is that it is important to
have as many different approaches to semantics as possible and to check one against the others.
We are not (yet?) in a situation which allows us to choose a single approach and follow it in 7

every circumstance.

When considering the relationships between denotational and operational semantics for a
particular class of systems, a denotational semantics will be sound with respect to an
operational one if the equivalence relation induced by the denotational semantics on the
systems of the class under ounsidération is a subset of the equivalence relation induced by the
operational semantics. If the converse holds, then a denotational semantics will be complete
with respect to the operational one. Obviously it is not difficult to find a denotational
semantics which is sound and another which is complete. In fact the identity function (which
distinguishes all syntactically different systems) is sound with respect to every operational
semantics. On the other hand, the constant function which maps every system into the uné
point domain (identifying all systems) is complete with respect to every operational
semantics. It is by querying whether a denotational semantics is both sound and complete
(fully abstract) with respect to an operational semantics that we can check whether the

two semantics are in complete agreement. ‘ .

We will propose three new models (semantic domains) which offer three denotational
semantics for CCS. The three denotational semantics will be proved fully abstract with
respect to the three operational semantics induced by the testing preorders discussed in the

previous chapter. The semantic models will be constructed in a very abstract way (compietiun
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by ideals of the partial orders genersted by the complete set of axioms of the previous
chapter) but, afterwards, we will be able to show that they can be associated with collections
of special kinds of trees (Representation Trees) which are very similar to the Acceptance
Ireesof /DeN84/ snd to the Asynchronous Nondeterministic Trees of /Hen84/.

Roughly speaking the representation tree associated with a particular process contains the
following information:
1. The sequences of communications or actions which may be performed by the process.
2. A finite set of communications which represents the possible future of the process
after every sequence of actions or communications. In general this will depend on
internal nondeterministic choices and is characterized by the set of communications the

process must accept at that stage of its progress.

The rest of the chapter is organized as follows. In the first section we state all definitions
and basic results from domain théory and algebraic semantics which will be used throughout
the chapter. In the second section we show how the equational characterizations of the testing
preorders of chapter 2 can be used to build semantic domains for CCS which give fully abstrect
denotational semantics for the language. Finally, in the ‘third section, we hrwent the
"concrete” models based on Representation Trees and show that they are isomorphic to the
equationally generated models. This result is obtained by exploiting the close relationship
between Representation Trees and the normal forms used to prove the completeness theorems

of the previous chapter.
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3.1. Algebraic Relations and Fully Abstract Models

In this section, we give some of the definitions which will be used in this and the next two
chapters. We will assume familiarity with many rfotions which are at the bssis of the
denotational approach to semantics, as described in /GTWW77/ and /Gue81/. In fact, most of

the definitions and propositions reported below are borrowed either from the above references
or from /TWW79/.

Basic Definiti

- A set D, equipped with a relation €, is a partial order (po) if  is a reflexive,
antisymmetric and transitive relation. 1t will be denoted by (D, ).

-If(D,c)isapo, XS Dandy €D, then y is an upper bound of X if for all x ¢ X we have

x Ey. Moreover, if for allz ¢ D, (Vx, x € 2) implies y £ z then vy is called the least
upper bound (lub) of X and denoted by L X.

- If (D, &) is a po then a subset X of D is directed if for all x,y € X there exists z ¢ X such
thatxEzandycz

- If (D,E) isapothenasubset Xof D isan ideal if it is directed and for all dy,dy €D
dyEdyandd, € X implies dye X.

- Apo, (D, E), isacomplete partial order (cpo) if there exists L € D such that L C x
for all x € D, and if for all the directed subsets of D there exists a lub 1 such that 1 ¢ D.

- An element e of acpo, (D, ), is finite (or isolated) if for all directed sets X in D we have
that e = LI X implies there exists x ¢ X such that e © x. We will write FIN(D) for the set of
the isolated elements of the cpo D.

- A subset B of acpo(D, £), is said to be a base of D if every e ¢ B is isolated and for every

x € D we have that there exiéts an E, which is adirected subset of B, such that x = LIE.
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-Acpo(D, E)is algebraic if it has a base.

- Given two cpo's (Dy, €;) and (D, £5) a function f: Dy— D, is monotonic if for all
x,Y ¢ D we have x , y implies f{(x) £5 f(y), and continuous if for all directed sets X of
Dy we have f(L;X) = L, {f(x) | x € X}. Moreover a function which preserves the least
element (f(.L) = 1) iscalled strict .

These are most of the basic notions from domain theory that we will be using to. give the
denotational semantics of our languages. The approach we will follow is that suggested in
/GTWW77/ and /Gue81/ and is based on continuous Z-algebras. We assume familiarity with

these algebras and with related notions. Let us now give some of their basic definitions.

- Let X be a fixed set of function symbols, (signature), each of which has a given arity. A

Z-algebra is a pair (A, Z,) in which A is a set (called the carrier) and b2/} is a set of
functions {fy | f ¢ £} such that if the arity of f is k then f, is a function from AK A

We will often abbreviate (A, £ A> toA, if I, isevident from the context.

- If Z is a signature then Ty (the term algebra for X) is the least set of strings which
contains all the function symbols of arity O and all the terms of the form f(t,, I tk)

where f is an element of X of arity k and ty, ...., t arestrings in Ts.

- Any signature X can be extended by a set of variables X, to obtain the new signature £(X),
Ty (X) is used to denote the term algebra for the new signature.

- 11 (A, Z,) and (B, Zg) are two E-algehras then a function h: A—B is a X-homomorphism

if for every f in Z, we have h(fA(tl iy tk)) = fB(h(tl p (o h(tk)).

- Two S-algebras (A, 5,) and (B, Zp) are isomorphic as S-algebras if and only if there
exist two =-homomorphisms, h: A — B andg: B— A, such that | h o g = idg andgo h= ida,
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- If (D, ) is a po with a minimum element 1, (D, £p) is a Z-algebra and every fp in Zp is

monotonic and strict w.r.t. €, then (D, £, €) is an ordered = Algebra (S-po).

- A homomorphism of ordered X-algebras is a Z-homomorphism which is monotonic
and strict.

- If(D, €) isacpo, (D, Zp) is a Z-algebra and every f in Zp is continuous w.r.t. <, then

(D, 3p, £) is a continuous - Algebra (3-cpo)
- AZ-cpo, (D, Zp, ), is algebraic if (D, £) is an algebraic cpo.
- A homomorphism of continuous X-algebras is a continuous Z-homomorphism.

- A =-algebra (Z-po, Z-cpo) | is initial in the class C of =-algebra (of =-po, of £-cpo)

if for every A ¢ there exists a unique ( monotonic, continuous) E-homomorphism h: I—A. .

- CTy is the Z-po with carrier Tyy{1} ordered by the smallest partial order relation
satisfying the following conditions:
a. Lt forevery tely

b.iffe 3, thearityof fisk andt; c t'; for all 1<ic<k then f(ty,..., 4 ) £f(t'y, ..., 1)

- If (A,Z,,E) isaZ-po, aZ-preorder over A isarelation, <, over A which is reflexive,

transitive, compatible with £ (for every a, a' in A, a £ a' implies a < a') and function

preserving (for every a, 8" inA, a £ &' implies fa(a) < fo(a’) for every fy ¢ Z).

Given any Z-po, A, and any Z-preorder over A, <, we can factorize A via < to obtain a new
2-po, (A/¢, <, Zp/, ), where A/< denotes the set of equivalence class over A generated by ¢,
and, if [a] is used to denote the representative of the equivalence class which includes a, we

have that [a] < [a'] ifa< a'andfy/ ([a)], ..., [a]) = [fp(ay, ..., 3]
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Theorem 3.1.1 (A<, ¢, 2A/<) is a £-po and the injection mapping A — A/¢ isa

¥-po homomorphism. O
Theorem 3.1.2 = TheX-po Ty /< is initial in the class B[<] o

We will be interested in instances of this theorem in which the XZ-preorder, ¢, is
generated syntactically by sets of inequations (E). Such a preorder is denoted by <.

Biven a set of inequations, a set of deduction rules can be defined which allows the
ineguations in E to be used to derive statements of the form t < t" where t, t’ are terms in
T;:(x). The set of deduction rules is similar to that already used in the previous chapter to
prove that certain sets of inequations completely characterize the testing preorders defined on

CCS. It is called DED(E) in /Hen85 / and consists of the folloviring rules:

1. (reflexivity)

t<t isalwaystrue
2.(transitivity)

t< tendt' < t* implies t< t"
3. (substitutivity)

ty < l'}. ...,tk{ t.k implies f( tl - ...,tk) ¢ f( b ...,t'k)
for every fin X of arity k

4. (instantiation)
t¢t implies tp< t'p for every substitutionp
5. (inequations) 3

t<t istrue for every inequation t<t'inE.

We are now ready to show how a Z-cpo can be used to give a meaning to all the terms of a

language defined via a BNF.
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Given the set of recursive terms over X (a set of operators), we can define RECy ranged
over by t, by the following schema:

tz=x|op( ty,.... ), 0p € 3K | recx. t withs =U{3X | k20}.

This definition was already given in Section 2.1, it is reported here for the seke of
clarity. The same conventions of 2.1 connected with this syntax apply. We let < be the least

precongruence over RECy generated by the axioms:

Q1. Q<X
REC1. t[recx.t/x] <recx.t

As in Section 2.4, FRECs denotes the set of finite terms, i.e.the set of terms which do not

contain any subterm of the form rec x. t , and we let Fin(p) = {d|d < p,d ¢ FRECs }.

Courcelle and Nivat /Niv75/, /CN76/ and the ADJ group /GTWW77/ have proposed to use
Z-cpo's to interpret a language defined as above. This idea arises from the general techniques
of denotational semantics (/5co76/). In general, the meaning of the various syntactic
constructs is defined via semantic functions, in terms of the meanings of their components.
Now, the semantic functions can be seen as homomorphisms between algebras. In fact, any
context-free definition of the syntax of a programming language yields a complete Z-algebra
(CTs(X)); given any other Z-cpo initiality of CTy(X) guarantees the existence of the
semantic homomorphism. We will take an only slightly different approach, in which given any
Z-cpo as semantic domain, an element of the semantic domain is explicitly associated with all t

in RECy, via a function M.

-

We need some additional notations. Given any Z-cpo (I, ¢, £), whose least element is
denoted by 1), let ENV, denote the set of |-environments which consists of a set of mappings
from X (the set of variables) to I. An element ENV| will be denoted by e. If g ¢ | then e;[g/x] is

the environment which coincides with e; except that at x, where it maps x tog. (Whenever | is
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evident from the context we will drop it from e; and 1,). We are now ready to present the
general semantic function #: RECy — ENY| = (1, ¢, 2).

1. Mylale)=1

2. My[xl(e) = e(x)

3. Mylop( ty , ..., t)1(e) =op( Myl 1 Ce), ..., Myt 1 (e))
4. M[recx. t1(e) = fix M. M, [ ] (el f/x])

where fix is used to denote the least fixed point operator.

In this way, given any Z-cpo |, we obtain a denotational semantics ﬂ, for any language.
We will refer to | as the model of the language, it is called interpretation in /CN76/ and
/Gue81/. Clearly, as mentioned above, not every model is satisfactory. The trivial Z-cpo,
consisting of only one element, is useless since it identifies all terms in REC;. On the other

hand, CTs would be equally useless since it would not allow to distinguis.any term.

It is important to have some formal criteria to determine whether a given Z-cpo is an
acceptable model. The following definition relates 1‘1., to a relation R and offers criteria which

can be used for deciding the acceptability of a given model. It is based on studying the
identifications induced by the denotational semantics obtained using | as a model.

Definition 3.1.1 If R isarelation over RECy then
i. Amodel | is sound w.r_t. R if for all closed terms
Myl < Mylty] implies ¢y, tp>eR
ii. A model | is complete w.r.t. R if for all closed terms '
.t eR imolies MYyl < Myltyl f
iii. A model | is fully abstract w.r.t. R if

| is both sound and complete w.r.t. R. i o
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We will be mainly interested in relations over RECy which enjoy some natural

properties, summarized in the definitions below. They are borrowed from /Hen83a/.

Definition 3.1.4° A relation R over RECs is substitutive whenever d,welR

if and only if <tp, up> ¢ R for every closed substitution p. 0

Definition 3.1.5 A reflexive, transitive and substitutive relation R over RECs is
called algebraic if
i. p<q implies ¢,peR
ii. <,p¢R implies «,g¢R foralldeFin(p)
iii. «,@¢R implies «d,d>eR forsomed ¢Fin(q) o

As we will see in the next section, the preorders 5, discussed in the previous chapter,
are examples of algebraic relations. We will now prove that the relation induced on RECy by
H, is also an algebraic relation, whenever it is substitutive. The next lemma is a first step in
this direction. It says that it does not make any difference if we first make a substitution in a
term t and then evalute it using environment e or we first evaluate the term to be substituted

and then we evaluate the term t using the modified environment e'. For the sake of brevity we

willwritet <t if My[t] ¢ tyltl

Lemma 3.1.6 (substitution lemma)
M, [ tt,/x11(e) = MLt1 (el [t 1 (e)/x])
Proof: The proof uses structural induction on t and is similar to the corresponding proof

of /Sto77/. a

Proposition 3.1.7 If | is an algebraic Z-cpo in which every isolated element is

denotable by a term in RECy then €| isa substitutive relation.
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Proof: We have to prove that #,[t] <, M,[t] ifandonlyif My[te]l < M,[t0] for
every closed substitution .

1. The "only if” part follows from the substitution lemma. In fact, for every environment
e and every substitution g, this lemma allows us to rewrite M,[tol(e) as M, [t1(elp]).

2. To prove the “if" part we must show that M. [t1(e) ¢ MIt](e) for every
environment e. An environment is called isolated if each e( %) is an isolated element of |. Since
™M, is continuous in its second argument, it is sufficient to show that the claim holds for every
isolated environment e. However by hypothesis | is an algebraic cpo and every isolated element
aof | is denoted by a term d, in FREG;, i.e. for every a¢ FIN(1) we have there exists dy such
that ™M,;[d,] = a. The result follows since for every isolated environments e we have

M, [t](e) =M, [to] where g, is the closed substitution p, defined by pe(x) =to(y). DO

Proposition 3.1.8 If | is an algebraic Z-cpo and £ is substitutive then ¢ is
algebraic.

Proof: Because of the way <, is defined, it is certainly reflexive and transitive,
moreover, by hypothesis, it is substitutive. To prove the claim we must show that {) satisfies
conditions i.- iii. of Definition 3.1.5. To prove that <, satisfies i.it is sufficient to show that
< satisfies Q1 and REC1. Now we have that Q1 is satisfied since M,[Q](e) = 1, by
definition and that REC1 is satisfied since /

M[recx. tl(e) = fise M. M,[t1(elf/x]) and
M, [tirecxt/x1(e) = M,[t](el ML rec x. t](e)/x] (usingsubstitution lemma).

The proofs that 4 satisfies ii. and iii. follow trivially from the following fact ( /Gue81/,
lemma 3.1.4) #,[t1(e) = U{ M,[d)(e) | d ¢ Fin(p)} and from algebraicity of I. O

Proposition 3.1.9  If R and R’ are two algebraic relations over RECy then R = R
f and only if for all pairs of closed finite terms d, d' ¢ FRECs we have «d, d' ¢ R if and only
if«d,d>eR".

Proof: See proposition 3.2.6 of /Hen83a/. o
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We conclude this section with a theorem which will allow us to use the sets of axioms

discussed in the previous chapter to define fully abstract models for CCS.

Theorem 3.1.10 [f (D, C) is any po with a least element L then there exists a cpo
(D, =)™ called the ideal completion of (D, £) and a map i: (D, E) — (D, =)™ with the
following properties:

i. For any cpo (D, £') and monotonic morphism f, f: (D, £) — (D', £'), there exists a
uniqueg (D, £)* — (D', ') such thatgoi="T;
ii. (D, £)™ isalgebraic;
ifi. if x e D™ then x = i(y) for somey ¢ D'if and only if x is an isolated element of D*° .

Proof: See /MR76/. The completion is obtained using ideal subsets of D. a

3.2. Inequational Models for CCS

We will now turn our attention once again to "pure” CCS. In this section and in the next,
the symbal £ will only be used to denote the set of CCS operators as defined in Section 2.1. We
will show how by using the last theorem of the previous section, we can obtain equational

models for CCS.

Proposition 3.2. 1 E‘"—i fori=1,2,3 arealgebraic relations over RECs.

Proof: The relations §i are substitutive by definition, moreover it is trivial t:) show
that they are also reflexive and transitive. It remains to prove that they satisfy conditions
i.-1ii. of Definition 3.1.5. Proposition 2.6.13 shows that &€ and S*; are the same relation

forany i = 1, 2, 3 and so any result for ~C+i will also hold for gi' It is thus not difficult to
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seg that i., ii. and iii. for .C,"-i follow from Propositions 2.6.4, 2.6.9 and 2.6.10,
respectively. a

Proposition 3.2.2  Let (i) be the initial Z-cpo in the category of T-cpa’s which
satisfy the set of axioms A, (=1, 2, 3), then M, (i) isfullyabstract w.rt. 55.

Proof: It is sufficient to prove that, for every i, we have that NT¢ ) and EC; are the same
relation. 1(i) can be obtained by completing by ideals the S-cpo (F RECy /ci, Ej), which is
obtained by fectorizing (FRECs, <) via &y, i.e-1(i) = (FRECs/{, &)™ . Please note that c;
is compatible with <. From Proposition 3.1.10 we have that 1(i) is an algebraic $-cpo whase
isolated elements are denotable by terms in FRECs. From this and from Propositions 3.1.7
and 3.1.8 we have that <)(j) @re algebraic relations. We therefore only need to apply
Proposition 3.1.5 and Propositions 2.5.4.a, 2.5.24.a to prove the claim. In fact, we have
that the last two propositions imply that C; and F.“—i coincide for every i, when applied to

finite closed terms, and that all of these relations are algebraic. a

3.3. Representation Trees: "Concrete™ Models for CCS

The theorem of the previous section offers three fully abstract denotational models for
CCS. However these models do not give us any better insight than the completeness theorems
of Section 2.6. In this section we present three simple, “concrete” representatives of the
initial algebras generated by the sets of axiom A;. The representatives will be three
particﬁlar classes of trees; the main difference between them lies in the way they deal with
partially specified nodes. The trees will contain all the information which it is passible to

obtain by proposing external experiments to processes, in the same vein of Section 1.6.
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In general the trees, which we will call (Strong, Weak) Representation Trees and
denote by (SRT| , WRT, ) RT, , will have labels on both the arcs and the nodes. The arcs will be
labelled by actions from a countable, non-empty set of actions L, while the nodes will be
labelled by finite set of finite subset of L. If we think of an element of RT} as describing
how a given process would react to external experiments then the labels on the arcs will stand
for the set of experiments that the process may accept and the labels associated to the nodes
will stand for the set out of which the process will nondeterministically choose the set of
experiments it must accept. Since our aim is to clearly show the nondeterminism exhibited by
a process, all the information about possible nondeterministic behaviours will be in the labels

of the nodes and all the arcs outgoing from a particular node will have a distinct label.

If RT’'s are to be used as semantic models, we also need to have a theory for partially
defined trees and an ordering on them. Because of this, we introduce trees with nodes which
can be "improved” ( partial nodes). These nodes will be called open nodes and will be denoted
by o. By contrast, fully specified nodes will be called closed nodes and will be denoted by ».
We will require that every open node must only be followed by open nodes and that the set of
uutguiﬁg arcs from every closed node must be finite.

The main motivation for the first restriction is that "improvement” on a node may induce
improvements on its descendents, for this reason also the latters need to be "improvable”®. We
impose the second restriction because, for the moment, we are interested in modelling

bounded nondeterminism. In fact, all completely specified CCS terms are bounded.

Befare presenting the tree models we must make some additional considerations. CCS has a
distinct action (t) which is invisible to the external environment. From an experimental
point of view, invisible actions turn out to be important only when they are among th; initial
actions of a process. In order to capture this notion within RT’s, i.e. to distinguish between
processes with and without iniﬁal invisible actions, we need to allow a slight dishomogeneity
in the model. While we require that all the closed nodes must be labelled by a non-empty set of
sets of actions, the roots can be labelled by the empty set.
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The examples in the next page show how RT, can be used as a semantic domain of
nondeterministic processes. Trees from RT, are in fact used to interpret various
synchronization trees of /Mil80/ over an alphabet A, of elementary actions. The examples
evidence some of the above mentioned choices. Figures 1a) and 1b) show how RT's
differentiste between deterministic and nondeterministic trees: a representation tree used to

describe a deterministic process is such that if there is a label associated to a node then it is

a singleton containing all and only the labels of the outgoing arcs. Figure 2) shows how RT's
identify two processes whose internal structures are different but such that their reactions to

external experiments are the same. Figure 3) shows how RT's cope with silent moves.

We are now ready to give a formal characterization of the RT models.

The condition that there is at most one outgoing arc labelled by a particular action for
every node implies that, if L is a non-empty set of labels, every representation tree t will be

uniquely determined by:

i. A non-empty, prefix—closed set of strings from L*, which determines the set of
nodes of t. We will denote this set by Nodes(t);
ii. A subset of Nodes(t) which determines the set of closed nodes. We will denote the set
of closed nodes by CNodes( t);
iii. A total mapping+A : CNodes(t) — FPOW(FPOW(L)).

The set of open nodes can be obtained from Nodes( t) and CNodes( t) as follows: ONodes(t) =
Nodes( t) - CNodes(t). We will use Succ(t, s) to denote the set of actions from the unique node
t(s) of the tree t which can be reached by performing the sequence of actions s. Mgrmver
A(t, s) will be used to denote the set of sets associated to the node s of the tree t, and t(s, a)

to denote the successor tree of t(s) along the unique branch a, if this exists.
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Definition 3.3.1 LetL bea set of labels, then RT| is the set of rooted trees such that
t ¢ RT| implies:

1. every branch is labelled by an element aof L and there is at most one outgoing arc
labelled by a for every node;
every node is either open (o) or closed (®);
if & node is open, then every successor is open;

if a node has an infinite number of successors, then it is open;

2 S S N

every closed node, t(s), is lebelled by LA(, s), a saturated set of subsets of
Suce(t, s) which either contains Succ(t, s) or is empty;
6. ifA(t,s)isempty thens=¢,i.e t(s) is the root. O

The sets -A(t, s) are called acceptance sets. By definition they are finite collections of
finite subsets of actions. The definition of saturated sets is given in Chapter 2 (definition
2.5.5). We can now define the other two classes of Representation Trees. Additional examples

of acceptance trees from the three classes are given in Table 3.2 and Table 3.3. For

convenience, we omitA(t, s) if it is {g).

Definition 3.3.2 Let SRT| denote the set of Representation Trees t in RT; such that

every open node in t is a leaf. 0

Definition 3.5.5 Let WRT| denote the set of Representation Trees t in RT| such that

every node in t isopen. O

Note that WRT, is in fact isomorphic to the prefix closed set of strings over L. In the
remainder of this section we will drop the index L from AT, whenever the L under
consideration is evident from the context. It will also be convenient to rename RT, SRT and

WRT with the less suggestive RTI, RT and RT3 respectively. All the examples in Table

3.1-3.3 are finite trees, i.e. have a finite number of nodes . These kind of trees will play an
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important role and we let FRT; denote the set of finite trees from RT;.

Touse RT; as models for CCS and apply the standard methods of denotational semantics as
illustrated in Section 3.1, we must prove that they enjoy particular properties. We need to
prove that, with a given ordering and a set of appropriate operators, they form a Z-cpo.
Below, we define three orderings on RT;; the main idea behind them being that t is less defined
than t" if t is more nondeterministic than t'.

Definition 3.3.4 Iftandt’ are trees from RT then

i. t<zt if Nodes(t) € Nodes(t)

ii. t<ot' if forevery s eNodes(t') we have that t(s) closed implies:
a. t'(s) is closed
b. A(t', s) € A(t, s)

c.A(t', £) = @ implies gither A(t, €) = @ and Suce(t, €) = Suce(t', €)

or Succ(t', £) e Alt, £);
iii. <yt if t<ot and t<zt, O

Referring to Table 3.2 and 3.3, we have that py <; qy, pp < gz andpz <; qz. Note that
if A(t, s)= @ we have that «A(t, 3) o LA(t', s) implies Succ(t, s) 2 Succ(t', s). This
follows from Condition 5. of Definition 3.3.1. Therefore if t <5 t' then we have that Succ(1,s)
2 Succ(t’, 8), whenever t(s) is closed. On the other hand, if t <; t' then t <z t' and
therefore t <; t' implies Succ(t, s) € Suce(t', s), whenever t(s) i.s closed, i.e. we have that
t ¢; t" implies Succ(t, s) = Succ(t, 3).
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{{c}, {c.d

1) representation of Py = a{veQ+ticQ+d)) +blaQt+ Q)

{{a}, {b},{a,b}}
8 b
{{b,ch \ {{a}}
b c
d

2) representation of G taribQ+c)+Thbra+vilavi{bQ+c)+bra)
and iJn'I =valbf+c)+Tbha

{{a}. {b}, {a,b}}

{a}, {a.ch}

3 ) representation of Pz =car+tbg+ t.(a.r + b.g)

and Pz =vacf+rby
wherer =t.c.Q and q = tan+t(aﬁ+cﬁ)

Table 3.2
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{{a}, {a,b}}

a b

1) representation of q1 = a.c{c+d)+ blva+v.ia+ b))

{{a}}

{ib,c}}

e

2) representation nfq2 =at.(b+c)

{{a}, {a,b}}

fch {{ach

c

3) representation of Gz = tate+ tlatc +brlaf +cn))

and fl'a =tvac+r.lac + b{ad+c0))

Table 3.3
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Proposition 3.3.5 Fori=1,2,3

a. (RTj, ¢;) isacomplete partial order;

b. (RTi, <]-) is an algebraic complete partial order whose finite elements are all the trees

from RT; with a finite number of nodes.

Proof:

- We first prove part a. foreveryiin{!, 2, 3}.

i = 3. {3 is certainly a partial order since C is a partial order. The least element is "0”
(the trivial tree consisting only of an open node). To define the lub of any directed subset of
RT3 it is sufficient to define a prefix-closed set of strings. Given any directed D € RT3 we
may define an upper bound t by:

Nodes(t)= U {Nodes(d) | d ¢ D}.

It is trivial to check that this is also the lub of D. In fact, because of the way Nodes(t) has
been defined, if we have that there exists t' ¢ RTz such that Nodes(t') c Nodes(t) we must
also have that there exists d ¢ D and s € Nodes(d) such that s ¢ Nodes(t').

1= 2. The least element of RT, is again the trivial tree "0". The relation <5 is easily
checked to be reflexive, transitive and antisymmetric, being defined in terms of set inclusions
and equalities. It remains to prove that any directed set D of trees from RT5 has a least upper
bound belonging to RT- . Given any directed D € RTp, we can define a new representation tree

t by defining Nodes(t), Cnodes(t) and LA(t, 3) a3 follows:

1. Nodes(t) = {s | s ¢ Nodes(d) for almost all d in D};
2. CNodes(t) = {s | s ¢ Nodes(t) and s ¢ CNodes(d) for some d in D};
3. s ¢ CNodes(t) implies .A(t, 8) = N{.A(d, 8) | d ¢ D and s ¢ CNodes(d)}.

Now we have that this definition of t implies:

(*) A(t,s)=A(d,s) for somedeD and
(*%*)  Succ(t, s) = Succ(d, s) for somedeD and, since D is directed,
(*%) Vs e Nodes(t) 3 dg such that A(t, s) = A(dj, s) and Succ(t, 8) = Succ(ds, 8).
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This is sufficient to conclude that t ¢ RT,. It remains to prove that t is also the lub of D.
First we prove that t is an upper bound (d <5 t Vd ¢ D), i.e. that d and t satisfy part ii. of
definition 3.3.4. Indeed, given any d ¢ D, d(s) closed implies either s ¢ Nodes(t) or s ¢
CNodes( t). This is sufficient to satisfy Condition 1 of 3.3.4 ii. Moreover, because of the way
Al(t, s) is defined we will certainly have A(t, 8) € A(d, s) for every d ¢ D. With regards to
acceptance sets the A(t, s) = B remains to be considered. In this case, because of (*)
-(**%) we have there exists d' ¢ D such that -A(d, s) = @ and A(t, 8) = A(d', s). Then
since D is directed, we have that for every d ¢ D either -A(d, s) = & and Succ(t, s) = Succ(d,
s) or LA(d, s) = @ and Succ(d’, s) ¢ A(d, s). It can thus be concluded that t is an upper bound.
Because of (*)-(***) it is also not difficult to prove that t is the least upper bound. In fact,
it is trivial to show that for any t' = t such that t' <, t we can find d ¢ D such that we have
nat(d <5 t).

i = 1. The least element is "0”, and <, is a partial order since both <5 and <z are
partial orders and the union of two partial orders gives a partial order. Given any directed

subset D of RT ;, we can define its lub as follows:

1. Nodes(t) = U {Nodes(d) | d ¢ D};
2. CNodes(t) = U { CNodes(d) | d ¢ D};
3. 5 ¢ CNodes(t) implies #A(t, s) = N{-A(d, s) | d ¢ D and s ¢ CNodes(d)}.

Simple c:alculati_ons suffice to prove that t is an element of RT and that this is indeed the
Tub of D. In fact, from the remark following Definition 3.3.4 and from reasonings similar to

those in case i = 2, it is not difficult to conclude:

i. Succ(t,s) = U {Succ(d, s) | d € D and s ¢ Nodes(d)};
ii. if t(s) isclosed then for all but a finite number of d in D we have >
A(t,s)=.A(d,s) and Succ(t,s) =Succ(d, s).
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- We can now prove part b.

We will only prove that (RT;, <) is algebraic since casesi= | andi = 3 can be treated
in much the same way. We must prove that:

1) Given eny D € RT5, for every d ¢ FRT, ,d <3 LID implies 3d ¢ D such thatd <> d

and

2) For every t ¢ RT5 there exists D € FRT, such that t = LID.

1) Suppose d <5 LID. Then (*) - (***) imply that for every s ¢ Nodes(d) there exists
d's € D such that s ¢ Nodes(d'g) and for every s ¢ CNodes(d) there exists d" ¢ D such that
A(d"g, 5) < LA(d, s). Since the sets {s | s ¢ Nodes(d)} and {s | s ¢ CNodes(d)} are finite by
hypathesis and »A(d, s) is finite by definition the claim follows with @ = Li{d's, d"5 | 5 ¢
Nodes(d)}.

2) Given any t, the set of finite elements which approximates it can be defined as follows:
t=U{t, [ n20} where:

Nodes(t,) = {s | s € Nodes(t) and length(s) < n}

CNodes(t,) ={s | s ¢ CNodes(t) and length(s) < n}

s ¢ CNodes(t,,) implies A(t,,, s) = A(t, 5). ' o

In order to use Rtj's as 8 model for CCS we must also define operations on them in
correspondence of every CCS operator. In the following, these operations are defined
indirectly, by exploiting the strong correspondence between RT; and the normal forms of
Section 2.5.2. The same correspondence will be used to prove that the models of CCS based on
RT; are fully abstract with respect to the precongruences 5C. Since (RTj, <;) are all

algebraic cpo's, it is sufficient to define the operations on their bases, FRT;.

-

Firstly, we concentrate on relating Réprwentation Trees and CCS normal forms. We will

let NF{, NF and NF z denote the set of normal forms, strong normal forms and weak normal

forms, respectively.
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Definition 3.3.6  Let ¢ be a function from NF; to FRT; by structural induction as
follows: ;
1. if n=2{an(a)|acl}[+ Q]
then @(n) will be the following representation tree t
i. Nodes(t) ={e}U{as|acL,s ¢ Nodes(®(n(a))}
ii. CNodes(t) = @ if Q is a summand
{e}U{es|acL,seCNodes(®(n(a))} otherwise
iii. A(t,€)=0
A(t, as) = A(@(n(a)),s) if sas e CNodes(t)
2. if n=3%{cZ{en(a)|acL}Lel}
then ®#(n) is the following representation tree t‘
i. Nodes(t) = Nodes(&®( Z{an(a) | a¢ A(L)}
ii. CNodes(t) = CNodes(%( Z{an(a) | a ¢ A(L)})

iii. AL, €) =L
A(t, as) = A(%(n(a)),s) if as ¢ CNodes(t) O
Lemma 3.3.7

a. neNF; implies #(n) ¢ FRT;

b. Forall n,m¢NF; n¢;m implies @(n) ¢; #(m)

Proof:

a. The proof follows trivially by structural induction.

b. The proof is again by structural induction. Let us assume @(n(a)) ¢; #(m(a)),
whenever. n(a) and m(a) are defined. Because of the way 4; is defined we only need th prove
that n <; m implies:

i=3) Succ(@(n), £) € Succ(@(m), €)

i=2) € eCnodes(®(n)) implies € ¢ Cnodes(&(m));

A($(n), £) 2 A(¥(m), £);
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A(®(m), €)= 3 implies either A($(n), €) = F and Succ{$(n), €) = Succ(®(m), €)
or Succ{®(m), €) ¢ A(2(n), £).
This is easily derived from the definition of {j of Section 2.5. a

Definition 3.3.8
Let ¥ be a function from FRT to NF defined by structural induction as follows
1. If t is an acceptance tree and A(t, £) = @ then
¥(t) = ={a¥(t(€, a) | a e Suce(t, )} [ + Q)
where Q is a summand only if € ¢ ONodes(t).
2. If t is an acceptance tree and A(t, £) = @ then
¥(t) = E{v 2{a¥(t(€, 8)) |acl} | L Alt, )} u|

Lemma 3.3.9

a. t¢FRT; implies ¥(n)¢ NF;

b. Forall t,t eFRT; t¢;t implies ¥(t) «; ¥(t)

Proof: Both a. and b. can be proved by structural induction using the same techniques as

in the proof of Lemma 3.3.7. 0
We can now define operators for both normal forms and Representation Trees.

" Definition 3.3.10 Forevery op¢ let
1. op; NFK—NF;, i=1,2,3 bedefinedby
- a) opy(ny, ..ng) = 2 op(ny, ...y ));
b) opp(ny, ...ng) = a2 oplny, ...y ));
c) opz(ny, ..ng) = warC op(ny, ...nk)).
2. op'FRTK—FRT;, i=1,2,3 bedefinedby
op'i(ty, -.-ty) = ®Cop;(¥ (L)), ... ¥(ty)). O
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Propesition 3.3.11  op; and op’; of Definition 3.3.10 are monatonic.

Proof:

a. We need to show that

R for every 1< j< k implies opj(ny, ..., ng) «50pi(my, ..., my).

From Lemma 2.5.23 we have nj €§m implies nj i m; and this implies opj(ny, ..., ) E;
opi{my, ..., mg) by R3 iii. of Table 2.3. Proposition 2.5.4 a) makes it possible to infer
opi(ny, ..., ni) 5% op;(my, ..., my) and the claim follows from Lemma 2.5.22.

b. From part a) and from Lemma 3.3.9, we have that all the functions used to define op’;
are monotonic and the claim follows since the composition of two monotonic functions is a

manotonic function. . O

Proposition 3.3.12  (NF;, «i) is a partial order and when equipped with the

operators op; is isomorphic asa =-po to (FRT;, <;) with the operators op’; .
i ir i i

Proof: (NF;, {i) can be easily proved to be a partial order. It remains to show that there
exists an isomorphism pair between the two Z-po's, NF; and FRT;. This pair will be given by
& and V. In fact we can prove, by using structural induction, that the two functions are
inverses. We now prove that both ¢ and ¥ preserve the operators:

a. ®(op;(ny,...,n)) = op’y(&(ny), ..., #(ny)) and

b. ¥(op’(ty, ..., {)) = op(¥(ty), ..., ¥(t)).

From the definitions of op’; we now have that

op'i(@(ny), ..., ¥(ny)) = &(op;(¥(&(ny)), ..., ¥(#(ny))) and a. follows from the
fact that & and ¥ are inverses. On the other side we also have ¥(op'i(t), ..ty)) =
¥(&(opi(¥(ty), .. ¥(t))) and b. follows from the same resson. This together with
Proposition 3.3.11 is sufficient to prove that ¢ and ¥ are two )'_‘—homomor‘phisnls. The

claimed isomorphism follows from the fact that & and ¥ are inverses. 0

Let us now turn our attention to the relationships between NFi and the 2- parﬁal order

induced on FRECs by the axioms A; of Table 2.1.
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Proposition 3.3.13  (NF;, «;) equipped with the operators op; is isomorphic s
3-po to (FRECs/E;, £;) with the operatorsop ¢ X.

Proof: Let /% NF; — FRECy be the identity function and €;: FRECy — NF; be defined as
g€y =nf, 52 = snf and €3 = wnf. Obviously, /7 preserves both the ordering and the operators.
Moreover, the results of Section 2.5 sbout the existence of normal forms, (Lemma 2.5.22 and
Proposition 2.5.24) imply that €; is well defined and monotonic. We also have

gj(op(dy, ..., &) =5 op;( gi(dy), ..., gi{dy)),
since Ei(d]- ) = d] and c; is preserved by every operator op in X. These two results suffice to
conclude that also €; preserves the ordering and the operators. Finally, since, for every
normal form n and for every CCS term d, we also have £;0 /7(n) = n and /zog;(d) =;d, the

claim follows. 0

We are now ready to state and prove the final results of this chapter. We will let I denote

the ideal completion of the 2-po generated by the axioms A;.

Theorem 3.3.14 Fori=1,2,3,

RT; is a Z-cpo which is isomorphic to I; and therefore fully abstract w.r. t. Eic.

Proof: We have already shawn that RT; is an algebraic cpo with FRT; as finite elements.
To define the continuous functions op;: RTik — RT; it is sufficient to define them for the finite
elements. We have already done this and we can thus consider RT; as a Z-cpo. Moreover an
algebraic Z-cpo is uniquely determined, up to isomorphism, by the Z-po induced on its finite
elements. From Proposition 3.3.12 and Propoesition 3.3.13 we may conclude that I; is

isomorphic to RT;. Fully Abstractness follows from Theorem 3.2.2. a
The weakness of this representation theorem is that we have not given a natural definition

of the CCS operators which apply directly to the trees in RT;. We have defined them indirectly

by defining them on normal forms and using the isomorphism- between normal forms and the
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finite trees in RT;. However, the definitions of most of the operators may be found in
/DeN84/. We have not reported them here because they turn ouf to be not very "natural”. We
consider the definitions via normal forms at least as intuitive as the direct definitions given in
/DeN84/. The main reason for this is that, because of the heterogeneity between the way we
treat the roots of the trees and the rest of their nodes, when defining every binary operation
we must distinguish various cases, depending on whether the operands have empty or

non-empty acceptance set associated with their root.

However, in the final chapter of this thesis, we will discuss a slight variation of RT4
which makes it possible to overcome the abovg mentioned difficulties and to equip
Representation Trees with "natural” operations. We will then be able to show that RT; isa
subdomain of the new model and that also this can be used to give a denotational semantics to

CCS.
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4. MODELS AND AXIOMS FOR
A THEORY OF CSP

4.0. Introduction

Since its appearance CSP /Hoa78/ has played the role of a test language for many proposed
theories of concurrency by providing very interesting control structures. Various formal
semantics for CSP have been proposed. The so-called trace semantics, introduced in
/Hoa81/, sssociates with every process the set of its possible sequences of actions. It turns
out to be suitable for reasoning . about potential communication sequences but insensitive to
deadlock. The B-semantics of /FHLR79/ attributes a meaning to each CSP process in two
steps: firstly each process of a system is given its own semantics; the semantics of the system
is then obtained by using a binding operator B which takes into account the concurrent
interactions among the various processes. This method applies only to a subset of CSP. Other, |
more operational, lines have also been followed: /P1083/ gives a structured operational

semantics for CSP, /HLP81/ and /AZ82/ gives its semantics by translation into CCS.

Brookes, Hoare and Roscoe, /BHR84/, /Bro83b/ and /RosB2/, suggest a new approach to
define a mathematical model for CSP. Their proposal is basically denotational but strongly
‘related to operational behaviours. Following the lead of CCS, they introduce a nqtion of
process based on the elementary concepts of evént and transition. Starting from a set of
eiementery actions and a few basic processes they define a small set of combinators which

allow larger processes to be built from smaller ones.
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Their semantics is given by associsting a so-called refusal. set to every process. Each
refusal set consists of a set of failures . A failure is a pair ¢s, V>, where s is a finite
sequence of visible actions in which the process may have been engaged up to a certain moment
and V is the set of actions that the process cen reject in the next step. The semantics of the
various combinators is given by defining the transformations they induce on the domain of
refusal sets. The association of a process with a refusal set is not one-to-one; the same refusal
set can be associated to more than one process. A notion of equivalence is then introduced as
follows: two processes are equivalent if and only if they have the same refusal set as

denotation.

In the first chapter (Section 1.4), we discussed an operationally defined equivalence also
based on possible traces and possible failures ( /&//ures eguivelence). It was shown that this
equivalence coincided with one of the three testing equivalences discussed in Section 1.6 for a
large class of transition systems. It is tempting to try to understand whether Representation
Trees, the domains obtained starting from testing equivalences, are related in some way to

Refusal Sets, the domain from which failure equivalence was derived.

In this chapter, we begin investigations in this direction. The congruence on processes
induced by the denotational model ( the Refusal Sets model) is characterized algebraically and a
sound and complete set of axioms for finite terms is defined to form the basis of the theory.
This allows a deeper umierstanding of the model and bears out problems connected with the
choices for the denotation of particular processes. In particular, the algebraic
characterization sheds light on difficulties the chosen denotational semantics has in capturing
the operational intuitions of the interaction between completely specified processes™and the
primitive process used to represent both divergence and under-specification. These
difficulties lead to the definition of a8 new semantic domain obtained by imposing an additional
constraint on the domain of refusal sets. The subdomain obtained in this way allows to

overcome the difficulties mentioned above and brings us closer to understanding the
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interrelations between Refusal Sets and Representation Trees. In fact, their precise
relationships will be studied in the next chapter.

The rest of this chapter is organized as follows. In Section 4.1 the syntax of a version,
which does not contain recursively defined processes, of the language for a Theory of
Communicating Sequential Processes (TCSP ) is introduced; the refusal set model is then
presented and used to give the semantics of the language following the same general framework
discussed in the first section of the previous chapter; finally, the preorder naturally induced
by the denotational semantics is discussed. In Section 4.2, it is proved that this preorder can
be characterized as the smallest relation satisfying a particular set of axioms: A set of axioms
is defined and proved consistent and complete with respect to the refusal set semantics of
/BHR84/. The section ends with a discussion sbout certain inadequacies of the semantics
which are evidenced by the axiomatic characterization, and with a discussion about the
consequences of using refusal sets as the semantic domain for TCSP. In Section 4.3, 8 new
semantic domain is presented and a more compact representation for refusal sets is proposed.
A new semantics of the whole language for TCSP is defined in Section 4.4. A consistent and
complete axiom system which characterizes the precongruence induced by the new semantics
is presented in section 4.5 together with a new fully abstraci model which naturally extends

to infinite processes in the same way as in Section 2.6.

4.1 TCSP and Refusal Sets

In this section we review the definition of the various operstors of a Theory for
Communicating Sequential Processes (TCSP) and their denotational semantics. All the
o_perators are described in /BHR84/, where their definition and use are motivated. At first we

will consider only a subset of the operators; the reasons for the exclusion of others (rec x. _
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and ) will be discussed later. In the second part of the chapter we will consider all the

operators.

Let us start by giving an informal description of all the operators of the theory:

1. Inaction Stop represents the process which never does anything

2. Undefined CHAOS represents the wholly arbitrary process which can exhibit every
possible behaviour; this is the most nondeterministic process.

3. Action  If A is a set of elementary actions and a ¢ A and P is a process then a—P
represents the process which can perform an a-action and then behave like P.

4. External Choice If P and Q are processes then PDQ is a process which behaves like
P or Q. The environment (the other processes interacting with it), can completely
determine which subprocess would be in fact used.

S. Internal Choice If P and Q are processes then PIQ is the process representing
their nondeterministic composition. PNQ behaves like either P or Q and the
environment has no control over the choice.

6. Parallel Composition If P and Q are processes then PIQ is a process which can
perform a particular actiononly if P and Q together can perform it. This gives a very
tight form of parallelism.

7. Interleaving If P and Q are processes then PEQ is a process which can perform
any sequence of actions obtained by arbitrary interleaving of the sequences of actions
which can be performed by the two component processes.

8. Hiding IfP isa process and a is an elementary action then P/a is a process which
behaves exactly the same as P apart from the fact that all a-actions performed by P are
invisible to the environment. These actions can occur without the other processes
heving any control over them.
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The behaviour of processes built using the sbave operators is specified by associating a
refusal set to every process. A refusal set provides a means to describe the traces a process
can execute and at the same time the elementary actions it will be able to refuse to execute
after each trace. A refusal set F is an element of - =i= = POW(A* x POW(A)), which
satisfies the following conditions:

1. <s,Y>¢F implies VY is finite.

2. <€, {}> ¢F, where € represents the empty string and {} the empty set.
3. ¢st, {}> ¢F implies <, {}>¢F.

4. YCW and <s, W>¢F implies <s,¥V>¢F.

S. LetU={a] ¢sa, {}> ¢ F} and let W be a finite subset of (A - U), then

¢,¥>¢F implies <, YUW>¢F.

Most of the conditions a refusal set is required to satisfy are intuitive. It must be
non-empty (2.); its set of treces has to be prefix-closed (3.); its set of refusals must be
downward closed (4.); and finall§ any refusal set must be such that if it does not contain any
trace of the form “"sa” then it must contain a refusal associated with s which contains "a”, i.e.
a, {PnotinF andv’ts, Y> in F implies ¢<s, Y U {a}> ¢ F, (5.). Condition 1. is less intuitive
than the others: in section 4.4 we will show that this condition is not strictly necessary, it is
been kept here for homogeneity with the results of /BHR84/. In the following we will use F to
denote the subset of POW(A* x POW(A)) whose elements satisfy conditions 1. - 5.. Below we
present syntax and semantics of FTCSP (a finitary subset of TCSP).' Following the same
style of sections 2.1 and 3. 1, the set of finite processes ranged over by P, Q, R ... is defined

by a BNF. Below a denotes elements of acountable set A of elementary sctions.

P :=Stop | CHAGS |e—P |P{MIP5 | P(OP; | PP, | P/a

We will use ] {P; | i ¢ I} to cenote Pyy)[....0P iy Where | = {i(1)...i{n)}. If 1 = {} then
0 {P; | i 1} will denote Stop. [1{P; | ¢ 1} will be used to denote Pyqy)Nl.....NIP ;.\ where | =
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{i(1).....i(n)} is non-empty. The ahsence of brackets will be justified by axioms which will
be introduced later; both 0 and N will in fact be proved associative. The precedence of the
operatorsisgivenby: /a >a—=> 1> N1 > 0.

This is for the syntax. To give the semantic function ¥ for TCSP as in /BHR84/ we can
use the general framework discussed in the previous chapter( F = Mg). To do so we need to
prove that F isacpo and to define a set of continuous operators over F which correspond to the
operators in the syntax of FTCSP. Indeed, in this case, since we have only syntactically finite
terms and no recursion operator, it would be sufficient to prove that F is a partial order and
that its operators are monotonic . Howeirer, since completeness of F and continuity of its
cperators will be needed later, we state here the general results which are proved in
/BHR84/.

We will now present the relevant operations on refusal sets. We will have an opf for
every operation op in the syntax of FTCSP. In the definition of /p we use s/a to denote the

string obtained from s when all the occurrences of a are removed.

Stopg ={<€,V>| YCA,Y finite }

CHAOSE ={¢s,V>| seA*andVCA,Y finite}

a—¢F ={<€, V> | V c A-{a}, V finite} U {<as, W> [<s, W> ¢ F}

FiOpFo ={<€, V> | <€, V> ¢Fy NF} U {<s, W> | seA* and <s, W> ¢ Fy UFp}
FiNFFa=F{UFy

F1|FF2={(S,VUW>|(S,V)\e[-'lgnd <3,w>6F2} 3

F/pa={<s/a, V> | <s,V U{ap ¢F} U {<(s/a)t, V> | <t, V> ¢ CHAOS and Vn ¢sa", {}> ¢ F})
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Moreover, it should be noted that in the definition of /fa the second member of the main
union operator is present only to cover the cases in which CHAOS is a subprocess Of F andF

can offer a sequence of a's and then behave like CHAQS.

It can be proved, see /Bro83/, that all the above defined operators are closed w.r.t. F.
Moreover, from /Bro83/ and /BHR84/, we have that F ordered by reverse inclusion enjoys
the properties which are needed if it is to be used as a model for FTCSP.

Propesition 4.1.1
Let Spreep = [CHAGS, Stop, a—, /a, 0, 0, 1} then (F, 2) isa Spregp-cp0. D

This proposition allows us to give a denotational semantics for FTCSP, following the
approach discussed in Section 3.1 and taking as semantic function NF the function ¥. The

proposed semantics induces a natural equivalence relation between FTCSP terms:
P=~Q ifandonlyif FIP]=Flal
As for testing equivalence, we can bresk the natural egquivalence induced by the.

denotational semantics into two preorders. We will have

PSQ ifandonlyif FIP] 2 Fial

meaning intuitively that P is considered less defined than Q when P behaves more
nondeterministically than Q; i.e. the external environment can control the progression of P in

a smaller number of circumstances.

Let C[ ] denote an FTCSP context, as for CCS in definition 2.2.3. It is well known that,
because of the way the semantic function F has been defined, P < Q implies C[P] & C[Q]

for every context B[ ];i.e. S isa precongruence on FTCSP.

Proposition 4.1.2  is preserved by all the operators in FTCSP. O
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The next section will be completely dedicated at defining the axioms system which
completely characterize the preorder . The following definitions, which allow the selection

of particular subparts of a given refusals set F, will be useful.

Definiti ' 13
i. Init(F)={a] <, {p cF}.

ii. Traces(F) ={s| ¢, {} ¢F}

iiii. Refusals(F) = { V| <€, V> ¢ F} ' a

4.2 A Complete Set of Axioms for a Theory of CSP

4.2.1. The axiom system

In this section we examine the axiom system correspending to the preorder defined in the
previous section. For every operator in the language we have a corresponding set of axioms.
We have, moreover, some axioms showing the interrelationships between certain pairs of
operators. The basic axioms are given in Tahle_ 4.1. Most of them are given in termof "=~

and are intended to be read in conjunction with the rules:

X=Y impliesXEYand YCX .
XEYand YEX impliesX=Y

Some of the axioms are stated in /BHR84/ others have been worked out by stressing the
similarities of refusal sets with the models in /DH84/ and /Miln83/; in fact some of the
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axioms are reminiscent of those in chapter 2, in spite of the very different set of operators
used. H4 is a new one and is particularly relevant since it permits the hiding operator to be
"pushed inside” terms and eventually to be eliminated.

If A is the set of axioms C1, E1-E4, 11-14, D1-D4, H1-HS, PC1-PCS we have:

Proposition 4.2.1 (Soundness )

The set of axioms A issound for S, i.e. if P £ Q (P = Q) is an instance of an axiom from
AthenP S Q(P =~Q).

Proof: The proof consists in determining the refusal sets of P and Q, whatsoever, and
comparing them. We will just cutline the proof of some axioms which are not stated in

/BHR84/ and /Bro83h/.
H4 . (a—=XDY)/a=X/an(XODY)/a

We assume H3. It is then sufficient to prove (a—=XD0Y)/a=(XN(XDY))/a
Fla—x0oY] = {<es, | ¢, 1> eFI X] JU{<e, W> | <€, W> e FIY] endae W)
U{¢s,¥>|seAt andes, V> ¢ FI YD)
Fixn(xov)] ={<, | € eFIX]JU{ s,V |secAt and<s, V> e FIY ] U FIx]}
we thus have
Fl(a—X 0Y)/a] = {<as/a, TU{ap | s, T>eFlX] }U
{</a,yU{a}>| seA* and<s, V> cFl Y] U
{<(s/a)tV> | <t, V> ¢ FI CHAOS] and Vn<sa, {}> ¢ ¥l x] U FIY]}
= FI(x n(xo Y))/el |

Equality is obtained by simply applying the definition of /ga to both the left and the right

handside. It should be noted that, because of the way /fa is defined, the second set of refusals
in the definition of ¥ (a—X 0 Y)] does not make any contribution to F{(a—X 0 Y)/a]
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Cl CHAOSEX

External Choice
El XDX=X
E2 XOY=YDOX
E3 Xo(yoz)=(xoy)oz
E4 XOStop=X

Internal Choice
It Xnx=X
12 XnY=YnX
13 Xn(ynz)=(xny)nz
14 XONYEX

DI Xn(Yyo)=(Xny)o(xnz)
D2 XD(YNZ)=(XOY)N(x02)
D3 (a—=X)N(a=Y)=a—(XNY)
D4 (2—X)0(a—Y)=a—(XnY)

Hiding
H1 Stop/a=Stop
H2 CHAGS/a = CHAOS
H3 (XNY)/a=X/aNY/a
H4 (a—XOY)a=X/an(xoY)/a
HS [Ofb;—X;|iel}/a=0{b;—X;/aliel} if Viel bj=a

Parallel Compasiti
IfP=D{ai—*Piliel}and0=|]{bj—-'0jIj‘ed}then:

PC1 PIQ=0{a—(PylQp) 8, =bpand ke, heJ}

PC2  (POCHAGS)I Q= [ {a—Stop | & = by, and kel hed} N 0 {b;—(QjI CHAOS) | je}
PC3 (PO CHACS)I(QO CHAOS) = [ {s,—CHAOS | 8 = b}, and kel, heJ}0 CHAGS

PC4 XIY=YIX |

PCS (XAY)IZ=(XI1DN(Y12)

Table 4. 1: An axiom system for finitary TCSP
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PC2 (POCHAOSM Q= [ {a—Stop | & = by, and kel,he} N [ {b;—(Q;1 CHAOS) | jeu}

We have FI POCHAQS] = {<€, V> | V C A-Init(P) } U {<s, W> | s e A¥, W C A }, hence
FI 1hs] = {<¢, VU W> | V € A-Init(P) and W € A-Init(Q) } U
{¢s,> | s= £ands ¢ traces(Q)and Z € A }
Note also that, for any process R, FI RICHAOS] = { <s, W> | s ¢ traces(R), W € A }, hence

FI rhs] = {<€, V> | ¥ € A-(Init(P)N Init(Q))} U {<a, W> | & ¢ (Init(P)N Init(Q)), W < A}
U{<E, W> | W CA-Init(Q)} U{<s,2> | s= € ands e traces(Q)andZ CA }

The result follows because in Flrhs] the second and third operands of the union are
included respectively in the fourth and first, and because for all sets A, B, C such that B € A

andCC Awehavethat {YUW |V CA-BandW CA-C} = {Z]|Z < A-(BNC)} O

Many additional equalities can be derived from the equations in Table 4.1, by using the
rules given in page 114. We can use them because F is a Z-cpo, /BHR84/. The new egualities
will be very useful when proving the completeness theorem. They also give additional
indications of the semantics of the various operators. A list of derivable axioms is given in

Table 4.2. We now show how the axioms in Table 4.2 can be derived using those in Table 4. 1.

DERT X MCHAGS c CHAGS by 14
CHAOS = X 11 CHAGS _ by C1
DER2 (xnv)nx=(xnx)n(xuv) by D1
=Xn(xoy) by E1
DEﬁs Xny=(xny)oxny) by E1
=((Xay)axnxny)ay) by D2 5
=((xox)n(yoxyxoy)n(yoy) by D2, I3
=XNYN(X0Y) byE1,11,12

DER4 The proof is exactly symmetrical to that for DER3, i. e. we only need to
interchange 0 and M.
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DER1 X 11 CHAOS = CHAGS

DER2 (xnv)ulx=(xnv)nx

DER3 XNY=XAYN(XOY)

DER4 XOY=Xx0YD(XNY)

DERS XM(xOaYDz)=Xxn{xoy)n(xoyoz)

DER6 XO(Xnynz)=xo(xny)o{xnynz)
DER7 (a—X, 0Y) N (a=X, 0 2) = (a—X,; Da—X, 0Y) N (a—X, Da—¥X, 0 2)
DER8 a— [ X |iel}=lfa—X]|iel}

DER9 XnycXOy

DER10 &—X 0 CHAOS = a—CHAOS O CHAGS
DER11 [{g—X;|iel }0CHACS = [J {g;—CHAGS | i ¢ I} O CHAGS

DER12 CHAOS I a—X = Stop N a—(X | CHAGS)

Table 4.2: Derivable Axioms
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DERS Xn(XxoY)(xovyoz)

=(xo(xny)n(xayoz) by DER2

= XmxXoYoaxny)n(xoyoz by D1

=(xnx)o(xayyo(xnoxnynodxnyny)o(xnynz)
by D1

=(XNX)0 (XnY)o(xnz)o(xnynz) by E1, 11

=(XNX)0(Xny)o(xn2 by E1,DER4,D1

= Xn(xo0yoz) by D1

DER6 The proof is symmetric DERS.

DER7 The proof is too long and tedious to be reported here; it uses
a—Xy M (a—=Xp 0 2) = a—(X;MX5) O (a—(X) NXp) N (a—Xp D7)
and relies heavily on D1 - D4. It has been shown to the author by M. Hennessy.
The interested reader is referred to /Hen83/.

DER8 is proved by induction on the size of |, using D3 &s the basis.

DER9 XOYeXxnyn{xoy) by DER3
c=Xagy by 14.
DER 10 (a—CHAOS)D CHAQGS & (a—X)0 CHAOS by C1
(a—X)0 CHAOS £ (a—X)0 (a—CHAGS)D CHAOS by E1,Cl
c (a—(XN CHACS))D CHAGS by D4
£(a—CHAGS)D CHAQS by DER1.

DER11 is proved by induction on the size of |, using DER 10 &s basis.

DER12 isan instance of PC2, where P = Stop and Q = a—X. In fact from E4 we have
Stop O CHAQS = CHAGS %

The derived axioms DER10 and DER12 which describe the interaction of CHAGS (the
process which can exhibit the maximum of nondeterminism) with other processes, deserve

some comment. We must first understand the operational intuition behind CHACS and its role
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in defining the semantics of FTCSP. CHAQS is used to denote the least defined process, which
may take an infinite amount of time to reply to any request from other processes. Moreover, it
is used to denote processes which can perform an infinite sequence of invisible (concealed)
actions, i.e. processes which are divergent in the sense defined in Chapters 1 and 2. For
instance, in the general language for a theory of CSP we have FI (rec x. a—x)/a] = CHAGSE.
If we give this operational interpretation of the process CHAOS then some instances of the
derivable axioms DER10 and DER12 will not correspond to the traditional view of systems
behaviour and systems reaction to external experiments. The operational implication of the
above mentioned derived axioms is discussed in detail below.

DER10 states that a completely specified process P in alternative w'ith the process CHAGS
behaves in the same way &s an agent which refuses the same experiments which CHAGS would
refuse except that it will always accept an a-experiment when this is proposed by the
environment. This can also be interpreted a3 meaning the when the environment is offered a
choice between a completely specified process P and a divergent process the only actions of P
which will be seen by the environment are its initial actions. This differs from the traditional
operational view of diverging processes and from the traditional way of handling them. Usually

divergence is

1) considered catastrophic  or
2) considered under-specification  or

3) ignored

and the expected axioms would be

1) a—P DCHAGS = CHAOS

]

2) a—P O CHAOS

(a—P 0 CHAOS) D0 CHAOS
3)a—P OCHAGS = a—P.

DER12, on the contrary, states that the behaviour of the process resulting from the

parallel composition of any process with the process CHAGS, is modelled by refusal sets in

149



such a way that it does not completely take into account the possibility of divergence. In fact,
while the left side of DER 12 can perform an infinite sequence of internal moves from the very
beginning, its right side cannot perform any initial silent move. We think that the possibility
of performing infinite silent actions from the beginning should be taken into account since, as
we have seen, CHAOS can be used to model infinite chattering (infinite internal exchange of
messages) and 1 is defined in such a way that if we have PIQ then P does not need to

synchronize with Q to perform an invisible action.

The difficulties in coping with CHAQS also prevented us from axiomatizing i, the operator
used in /BHRB4/ to model the interieaving of the actions of two processes. While an
axiomatization has been found which allows us to remove all the occurrences of the operators
1 and /a from every process, we have not been able to find a process expressed only in term of
0, N, a—, CHAOS and Stop with the same denotation as PECHAOS. |.e. we could not find another
process which can be denoted by a refusal set which has the same traces of CHAOS but can
refuse only those ections which P can refuse. This is already evident if we take P = a—Stop. In
fact B cannot be eliminated from a—Stop B CHAGS, since we are unable to write a term which
does not contain B but denotes a process which is able to eccept (not to reject) an

a-experiment after every s ¢ A.

All these problems seem to suggest that, although appealing, it is either inappropriate to
model divergent processes as processes with the maximum of nondeterminism or mare care is
needed when modelling their interactions with other processes. In the second half of this
chapter we will present a way to overcome the above mentioned difficulties by slightly

changing the semantic domain.

150



422 The completeness theorem

This section is entirely dedicated to proving that the set of axioms in Table 4. 1 completely
characterizes the preurébr L . In this case too, the completeness proof rests heavily on the
existence of normal forms for processes. As for CCS normal forms, the definition of FTCSP
normal forms (throughout the chapter they will simply be called normal forms) will make
use of saturated sets as described in Definition 2.5.5.

Through the rest of the section we use "c" 1o denote the lesst TCSP-precongruence
generated by the axioms in A. The related congruence is denotedby ™ ="

Definition 4.2.2 Pisinnormal form if it is of the form:
I {0{a—P(a)|aeL}|LeL }[OCHACS] where
- L is a non-empty saturated set;
- P(a) are in normal form; .
- [DCHAQS] denotes that CHAOS is an optional summand and if CHAOS is a summand then
for all a ¢ A(L) we have that P(a) is CHACS. o

Some examples will clarify this definition. In the examples, the subprocesses of the kind

a—S5top will be rendered as a for reasons of simplicity.

1. a—(b [ ¢)0 CHAGS is not in normal form because P(a) is different from CHAOS

2. (ay—b) N (ap—c) is not in normal form because {{a,}, {ap}} is not saturated, i.e.
there is no subterm corresponding to the set {a; , a5}, the corresponding normal form

is a;—b Napy—c N (a;—b Day—c).

3. a—b Nl (a—c 0 d—b) is not in normal form because in every normal form, for every
action a, there is at most one P such that a—P is a summand of a normal form. The
corresponding normal form is: a—(b Nc) N (a—(bNc) 0 d—b).
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4. Stop and Stop 0 CHAOS are in normal form.

It is possible to prove that every process can be reduced to an equivalent one which is in
normal form by using axioms from A. The proof follows the same pattern as the corresponding
proofs for CCS, in Chapter 2. In this case the proof will be somewhat easier since, because of
the absence of internal moves, there is no need to differentiate between t-normal forms and
a-normal forms. When reducing terms to normal forms, the axioms for the external choice
operator, O, will play exactly the same role as the axioms for the nondeterministic CCS
operator, +, whilé the axioms for the internal choice operator, I, will play the same role as
CCS's t-laws; roughly spesking p I qcorresponds to ©.p + ©.q. In CCS axiomatization there
is no correspondent of the distributivity laws but, taking into account the latter similarity,

some of the ones of TCSP can be seen as instances of ©-laws.

The close correspondence between the axioms for CCS and TCSP suggests that there is also
a correspondence between the two languages. In particular, it is possible to establish the
relationship between the sets of their normal forms, which do not contain any divergent
subterm, i.e. between normal forms which do not contain Q or CHAGS.

Let NF denote the set of FTCSP normal forms which do not contain CHAQS and SNF denote
the set of CCS streng normal forms which do not contain Q (SNF are a subset of both NFy and
NF5 of section 3.3). We can define two functions:

tr: NF — SNF
rt: SNF — NF

which map OCS normal forms into FTCSP normal forms and viceversa.

i. tr{Stop) = NIL
ji. tr(0{a—n(a)]acl)) = ={atr(n(a))|aclL}
iii. (Pl iel}) = E{etr(P;)] iel}
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and

i. rt(NIL) = Stop
ii. rt(Z{an(a)|acl} = O{a—rt(n(a)) |acL}
iii. rt( Z{c.Py|iel} =M{r(P;)|iel}

Given these definitions, it is not difficult to see that we have:

1

1. rt{tr(nf)) = nof and

2. tr(rt(snf)) = snf with snf* as snf

( a« being the observational equivalence of /Mi180).

Thanks to this relation and to the similarities of the two sets of axioms, in the following,
instead of giving the detailed proofs for the theorems which establish the existence of normal
forms for FTCSP, we will simply outline the proofs and stress the similarities with the
corresponding ones of Chapter 2. We feel that, in order to understand the nature of such
proofs, this approach is more helpful than repeating the details of every calculation. The
interested reader can find the detailed proofs in /DeN83/.

lemma 423 If P is in normal form then
1. P 1 CHAOS has a normal form
2. P 0 CHAOS has a normal form.

Proof:
1. PN CHAQS = CHAQS = Stopll CHAQS | by C1 and E4.
2.POCHAOS = J1{( O {a—P(a)|acL})|LeL }OCHAOS !

= [1{( 0 {a—P(a) | acL})0 CHAQGS | L¢ L } by D2

= [1{( 0 {a—CHAOS [a¢L }) DCHAOS |LeL} by DERII

= [1{( 0 {e—CHAOS |acL }) | Le L}0 CHAQS by D2 1]
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The above lemma corresponds to Lemma 2.5.9 whereas that which follows corresponds to
Lemma 2.5.10. '

lemma 424 ~ IfPandQareinnormal form then there is a normal form R such
thatR =P NQ
Progf: The proof is similar to the corresponding one of Chapter 2.
Pna=S=M{(0{a—>S5;|acL,icl)|Lelj ULy}
S may not be in normal form for a number of reasons. We will show that it is possible to
reduce S to anormal form, whatever the reason.
1. S is not in normal form because there are pairs a—S;, 8—S; which are summands of
Sand$; is syntactically different from S, i.e. S is of the form
§=(a—5,05) N (a—8,055) N§".
The proof that S can be reduced to a normal form uses DER7 instead of D8 and N3, and uses
D4 instead of N1.
2. Another reason why S may nat be in normal form is that the set Ly U Lo, from now on
denoted by L, is not saturated; i.e. 3K such that L € K € A(L) for someL ¢ L and
{1 {a—5(a) | a ¢ K} is not a summand of S. We can prove, by induction on K, . that
5=5n[{a—5(a) | a¢K}. K may be written as K; U {g,} for some &, € L,LelL.
Weassuma that
$=80NS; whereS; denates [1 {a—5(a) | a ¢ K}
and we prove that
S = SN( O{a—P(a)|aeK; Ufas}})
byusing 1 - |3 instead of Al - A3, DERS instead of DS and finally DERS6 instead of D6.
3. The last case to consider is when P or Q have CHAQS as a summand. We have
(P OCHAOS) NQ=(PNQ)D(CHAOS NQ) byDI1,12
| = (P NQ) OCHAS by DER1
the latter has normal form because of cases 1. and 2. above and Proposition 4.2.3.
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Corollary 4.2.5 If P; are in normal form then there exists a normal form R such

that R =1{P; | i ¢{1,.....,n}}.
Proof: By induction on n, &s for Corollary 2.5.12. 0

Propgsition 4.2.6 If P and Q are in normal form then there exists a normal form
Rsuch thet R=P 0Q | |

Proof: This proof is slightly different from the one of the corresponding lemma
2.5.11 and uses heavily the distributivity lawsD1 - D4. Let Sdenote P 0Q

S=(N{0{a—P(a)|acL}|LeLDO(M{O{b—0lb)|beK}|KeK}) [OCHADS]
={(0{a—P(a)|acL)D(N{O{b—0(b)|beK}]KeK}) |LeL)} [OCHADS]
= [I{M{C 0 {a—P(a)|aeL}) D({0{b—0Q(b)|beK})|KeK}]LeL} [OCHAOS]

(A1l the transformations can be obtained by repeated use of the distributivity axioms)

We can now find a normal form

Ry for 0{a—P(a)|acL} O O{b—0(b) |beK}foreachkeK,LecL,

applying transformations similar to the ones used in part 1 and 3 of the proof of Lemma
4.2.4. By applying Corollary 4.2.5 twice and from Proposition 4.2.3 we can transform S

into a normal form R. O

Corollary 427 If P; ere in normal form then there exists a normal form R such
that R=0{P;[ie{l,..n}}
Proof: By induction on n. ' o

Proposition 428  For every process P ¢ TCSP there exists a normal

form ~/(P) such that #/{P) = P.

Proof: Using the axioms PC1-PCS, H1-HS end C1 it is possible to reduce P to a term
containing only the operators 0O, M, a—, and the basic processes CHAQS and Stop. It is then
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passible to prove by structural induction on P, mainly using D2, that P can be reduced to a
standard form [ 0 {a—Q;lacL,iel}|L ¢ L} [ OCHAGS]. By induction on P we may
assume that each Q; is in normal form. From corollary 4.2.7 there exists a normal form
n=0{a—0Q,|acL}forallLeL, andthusfrom proposition 4.2.5 thereexists

nf(P) =M1{0{a—Qy|acL}|LeL}[ OCHACS]. o

Nermal forms and the same techniques of Section 2.5.3 will now be used to prove the

completeness theorem.

Definition 4.2.9  If nand m are normal forms and
n=J1{0{a—=n(a)]aeN}|NeL(n)} [ OCHAOS]
m=1{0{b—>m(b)|beM}|MeL(m)}[OCHAOS] then

n<mif
1. forall M e L(m) thereexistsN ¢ L(n) suchthat M 2 N
2. if CHAQS is not @ summand of n then it is not asummandof mand L(n) 2 L(m). O

Definition 42,10  Ifnandm are s in the previous definition then
n gmif ‘
l.n¢<m and
2.n(a) «m(a) whenever bath are defined. o

lemma 4211 If m and n are normal forms and CHAOS is not a summand of n then
n = m implies Init(n) 2 Init(m).

Proof:  Suppose there exists a ¢ Asuch that a ¢ Init(m) and a # Init(n).

Then we have <a, {}> ¢ Fim] and

<, {p> 2 Fln] which contradicts Fin]l o Fiml. 0

Llemma 4.2.12 If n and m are normal forms then n S m implies n < m.
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Proof: We have to prave that n and m satisfy Conditions 1. and 2. of Definition 4.2.9.
1. Suppose there exists M, ¢ L(m) such that for all N ¢ L(n) there exists a ¢ N such that
aeM, Ifwechoose X = { a|aeMyand acA(L(n))} we have that {<€, X> ¢ FIm]} while
¢g, X> ¢ Fln], which contradicts Fin] > Fiml.
2. We have to prove that if CHAOS is not a summand of n then
a. CHAOS is not a summand of m and
b. L(n) 2 L(m)]
a. Suppose CHAQS is a summand of m, then Va ¢ A such that a ¢ Init(n) we have
<, {p> ¢ Fim]l while <, {p ¢ Finl.
b. From Lemma 4.2.11, we have A(L(n)) 2 A(L(m)). Marcover L(n) is
saturated. Thus in order to prave the claim it is sufficient to show that M ¢ L(m)
implies that there exists N ¢ L(n) such that M 2 N. The proof is now similar to that

for case 1. O
Lemma 4.2.13 If n and m are normal forms then n S m implies n(a) = m(a)
whenever both exist.

Proof: If CHAQS is a summand of n then n(a) = CHAOS and the claim is verified by C1.
If CHAOS is not a summand of n we praove that for all a e Init(m), ¢s,¥> ¢ Fim(a)] implies
¢s,¥> ¢ Fln(a)]. Note that n(a) always exists because of Lemma 4.2.11.  We have that
¢, V> ¢ Fim(a)]l implies s, V> ¢ FIm] because of the structure of normal forms, by
hypothesis, this in turn implies <as, ¥> ¢ FIn]. Since, if n is in normal form there exists a

unique n(a) such that a—n(a), we have that ¢s, V> ¢ Fln(a)]. 0
lemma 4.2 14 If n and m are normal forms thenn = m impliesn ¢ m.

Proof: From the previous lemma we can assume n{a) S m(a) whenever both are

defined. By induction we have n(a) « m(a); the result then follows from Lemma 4.2.12.
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lemma 4.2 1S5 |f nand m are normal forms then n €« m implies n & m.

Proof:  We have to distinguish two cases:

1. CHAOS is a summand of n.

In this case we have that each n(a) is CHAOS. Let K = { V|V ¢ L(n) and not IM ¢ L(m)
such that ¥ € M }. Using axioms E2, E3, 12 and |3 many times m can be rearranged in such a
way that we have, for some Mo ¢ FPOW(A(L(m))):

m = [1{( 0 {a—m(a)] &My }) 0 (O {b—m(b)| beM}) | M;¢ L(n)-K} [OCHACS]

3 [1{( O{a—m(a)|aecM;})DCHAGS [ M) ¢ L(n) - K} [OCHAOS] by Cl
2 [{( Ofa—CHAOS [ae M) [ My eL(n) -K }N

M {( 0 {b—CHAOS |b ¢ K})| K ¢ K} 0 CHAGS by C1
=n by 12,1

2. CHAQS is not a summand of n.

By induction we may assume that n(a) £ m(a) whenever both are defined. Moreaver we
also have that CHAOS is not a summand of m end from Lemma 4.2.12 and 11, 12 we have

n = [1{{ O{a—n(a) |act P |LeL(m)}N

{0 {b—n(b) [b eK}| K ¢ L(n) - L(m) }
£ [1{(0{e—m(a) |aeL})|LeL{m)}nN
N{( 0 {b—n(b) [beKD| K eL(n) - L(m) }
because n(a) © m(a) by induction

c [{( O{e—m(a) |acL })|LeL(m)} by 14 o
We are now ready to state the main theorems.

Theorem 4.2.16 (Completeness )

For every P, Q ¢ FTCSP, P = Q implies A - P EQ.(PEQcanhederivedusir;gunIy
equations from A).

Proof: This proof follows directly from the existence of normal forms for P and Q
(Proposition 4.2.8) and from Lemmas 4.2.14 and 4.2.15. 0
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Theorem 4.2.17 & is the lesst precongruence on TCSP generated by the axiomsA.
Proof:  This proof follows from the fact that 5 is a precongruence (Proposition 4.1.4),
that the set of axioms A is sound ( Proposition 4.2. 1) end from the previous theorem. O

4 3. Bounded Refusal Sets:
A New Domain for Processes

The algebraic cheracterization of the congruence induced by refusal sets has shed light on
difficulties the chosen semantics for TCSP has in capturing the operational intuition of the
interactions between completely specified processes and CHAGS, the fully undefined one;
particular examples have been discussed at the end of section 4.2.1. We have also seen how
problems connected with these difficulties prevented the axiomatization of the operator il
(interleaving) and the extension of the axiom system to infinite, recursively defined

processes.

In this section we impose an additional condition on the domain of refusal sets, thus getting
a new domain for processes which enforces new constraints on the semantic equations and
gbliges us to give a new semantics to I, O and B. We will show that the new domain enjoys
important inductive properties which allow to extend the axiomatic characterization to

infinite pmmees

Many of the abové mentioned problems seem to be caused by refusal sets which have traces
with an infinite number of successors. If we are interested in processes which exhibit only
bounded nondeterminism we may take a more consistent approach with' respect to "unbounded”

refusal sets. We assume that any process P which can perform a sequence of actions s with an
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infinite number of possible next actions may spend all its time to decide the next move. Given
this assumption, if P has a traces s with an infin.ite number of successors then the behaviour
of P after it has performed the trace s may be considered identical to the behaviour of a
process which may perform an infinite number of internal, invisible actions (e.q. (rec x.
a—x)/a) and thus refuse any action proposed by the external environment. Indeed the
denotation for (rec x. a—x)/a) chosen in /BHR81/ is the same &s the one for CHAOS. We
impose a constraint on refusal sets which forces the denotation of processes or subprocesses

with an infinite number of initial moves to coincide with that of CHAGS.

The refusal set domain ordered by the superset relation (F, 2) of Section 4.1 is a subset
of POW(A™ X POW(A)) such that any of its elements satisfies condition1.-5 . of Section 4.1.

To define the new domain of bounded refusal sets we impose an additional condition.

Definition 4.3.1 Let B be a subset of F such that every F ¢ B satisfies the
following condition:
6. If {a] ¢sa, {}> ¢ F} isinfinite then {¢st,X> |teA*, XCA}CF. * O

In the next section we will use B to give the semantics of a more complete version of TCSP.
First, we prove that B, ordered by reverse inclusion, enjoys particular topological
properties (continuity, algebraicity, etc.). We prove this by stressing the similarities

between sets of refusals ( downward closed set of finite sets) and the sets of their maximals.

First, we prove some general properties of downward closed sets of finite sets which will

be useful 'in the rest of the chapter. Let K be a set of sets.

Definiti $.3.2
i. Kisdownward closedifX ¢K andY € X implies Y ¢ K.
ii. Anelement X of K issaid to be maximal ifYeKandY 2 X impliesY =X.

iii. Kisachain ifX,Y ¢K impliesXcYorYcX. o
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Given any downward closed set of finite sets, ordered by inclusion, we can define a set of

maximals which uniquely determines it. We need two functions on downward closed sets and

one relation on sets of maximals.

Definiti 433

- Completion(K) ={X | X=U{X;|i¢ I}end {X; | i €1} is achain of elements of K}

- Maximals(K) ={M | M e K and M is a maximal}

- If M and M5 are two sets of maximals then M = Mo ifandonly if for all My ¢ M4
there exists Mo ¢ Mo such that My € M. o

Given any downward closed set K, Completion(X ) adds to it all the limit points of its
chains. On the other hand side Maximals(K) removes from K all the sets N which are not

maximals.

We are now ready to prove that any downward closed set of finite sets is completely
determined by the set of its maximals and that the inclusion relation on downward closed sets

is completely determined by .

lemma 4.3.4  IfK and K5 are downward closed sets of finite sets and

M; = Maximals(Completion(K;)) withi=1,2;
Ny ={X|XeFPOW(M) for some ™M ¢ M} then
i. K[ =N|

ii. Ky €KpifandonlyifM; = Mo
Proof: 1. Wewill prove that Ky < N and viceversa.
a. If X ¢ K then certainly there exists a chain of elements of K whose limit is X (ir; fact X

is the limit of the trivial chain {X}). This, by Zorn Lemma'™?, implies that there existsa

———————— ———— —— —— . ————— — —— T —— — — T — — —— ———————

(*) Every non-empty partially ordered set X, in which every chain has an upper bound, has
a maximal element, /Hal60/.
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maximal M 2 X, i.e we have that there exists M ¢ M such that X ¢ FPOW(M).

b. If X ¢ Ny then, by hypathesis, there exists a chain of elements of K 1, {K; | i20} whase
limit L is bigger than X. Since X is finite we have that there exists n20 such that K, is an
element of the chain whose limit is L and X € Kp,; the latter together with the fact that Ky is
downward closed implies X ¢ K.

2. We prove first 2of(Ky € Ko) impliesM; 2 M5 and then that

K; c K, implies My = M.

a. Suppose there existsa set X such that X ¢ Ky and X 2 KZ- From the proof in part la.
we know there exists M 2 X such that M ¢ M. Moreaver since Ko is downward closed X 2
K, implies that for all finite Y 2 X we have that Y ¢ K»; by reasonings similar to those in
part 1b. we can deduce that for all (finite or infinite) Y, Y 2 Xwe have Y 2 Completion(K ).
This together with the existence of M ¢ M ; which is larger than X implies there exists My ¢
M such that for noM; ¢ Mo wehave My < Mp; ie. M zMo

b. By definition we have that K| € Ko implies Completion(K ) © Completion{ K5) and

this, in turn, by simple ressoning, implies My = Mo. a

This lemma offers the possibility of describing any refusal set in terms of the set of its
traces and the sets of maximals of its refusals and to characterize the ordering between two
refusal sets in terms of the relation hetween the sets of their maximals. This is expressed in
the next characterization theorem. Note that this theorem holds for general refusal sets since
we never used condition 6. in the proof of Lemma 4.3.4. Before stating the theorem we need

some additional definitions:

Definition 4.3.5  IfF isanelement of B, we have:

- Fts(read F divergeson s) iff {¢st,X> | teA* X € A} CF,;

- Fls (read F converges on s) iff #2/(F1s);

- R(s, F) = Maximal (Completion (Refusals (s, F))). 0
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It should be noted that, since B € F, we have that the definitions of Refusals, Init and

Traces of section 4. 1 still hold for elements of B.

Theorem 4.3.6  (Characterization Theorem)
a. Every refusal set F is uniquely determined by
- Traces(F) - the non empty set of its traces; and
- R(s,F) - the set of the maximals of the refusals associated with every trace.
b. Given two refusal sets F | and F we have
- Fy € F, ifandonly if
1. Treces(F,) < Treces(F,)  and
2. seTraces(F;) Jmnllea R(s,F,)c R(s,F,).
Proof: The proof follows directly from Lemma 4.3.4. a

We will now use the last theorem to prove that the domain of bounded refusal sats enjoys

important inductive properties.

Definition 4.3.7  Asubset B of any set A is said to be cofinite w.r.t. A if and only
if A - B is finite. 0

Proposition 4.3.8  IfF ¢ B then for any s ¢ Traces(F) we have that Refusals(s, F)
is a non-empty downward closed set of finite subsets of A ( the set of elemenlary actions).

Proof:  Follows directly from Conditions 1., 2. and 4. of Section 4.1 . 0

Proposition 4.3.9 If FeB ands e Traces(F) then R(s, F) is a finite set of
cofinite subsets of A.

Proof: We have to distinguish twocases: 1) F1s and ii) Fls.

In case i) we have that R(s, F) = {A} by condition 6.

In case ii) because of condition 5. of section 4. 1 we have that

163



X ¢ Refusals(s, F), Y finiteand Y € A-Succ(s, F) implies X U Y ¢ Refusals(s, F)

ie

X ¢ Refusals(s, F) implies { XU Y | Y ¢ FPOW (A-Succ(s, F)} < Refusals(s, F)

and this implies that for all R ¢ R(s, F) we have A - Succ(s, F) € R € A. Since Fls, by
condition 6. we have that Succ(s, F) is finite and this in turn implies that every single R ¢

R(s, F) is cofinite w.r.t. A and that R (s, F) is finite. 0

This proposition is particularly important since it shows that only a finite amount of
information is needed to talk about refusals sets. This holds even if we remove the condition
that all the refusals associated to a process have to be finite. This fact will be very useful to
study the relationships between Refusals Sets and Representation Trees. In fact, we will have
that both these domains are determined by a prefix closed set of sequences of actions (a
deterministic tree) and a set of actions associated to every sequence which describes the future
after that sequence. The refusals associated with every sequence ( cofinite sets of sets) in the
domain of Refusal Sets will be just the complements with respect to A of the acceptance sets

(finite sets of sets) associated to the same sequence in the domain of Representation Trees.

We are now ready to prove the main theorem of the section, it relies on the above

proposition and on the characterization theorem.

Theorem 4.3.12

1. ( B, 2) isa complete partial order;

2. ( B, 2) is an algebraic complete partial order whose finite elements are all the
bounded refusal sets with a finite set of nondiverging traces; i.e. such that if f isa
finite element then {s| s ¢ traces(f) and fls} is finite. %

Proof:

1. It is not difficult to prove that CHAGS is the least element and that the relation 2 is

transitive, reflexive and antisymmetric. We are left to prove that every directed set has a

least upper bound which belongs to B. Let D be a directed set of bounded refusal sets; we can
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define a new refusal set F by defining a set of traces and by associating to every trace a set of

refusals as follows:

i) Traces(F) =n{ Traces(d) | d ¢ D}
i1) s € Traces(F) implies Refusals(s, F) = N { Refusals(s, d) | d ¢ D}

Sincs Condition 6. implies that either the set of successors of any trace is finite or it is
equal to A we have that:

(*) For all s ¢ traces(F) there exists d ¢ D such that Succ(s, F) = Succ(s, d).

Moreover since Theorem 4.3.7 and Proposition 4.3.11 imply that for any s ¢ Traces(F),
Refusals(s, F) can be uniquely determined by a finite set of cofinite sets of elementary actions
we have that for any s ¢ Traces(F)

(**)  For all but a finite number of de D Refusals(s, F) = Refusals(s, d).

Conditions (*) and (**) are sufficient to conclude that the refusal set F, determined by i)

and i1) is indeed an element of B and is also the 1.u.b. of D.

2. Let FIN denote the largest subset of B such that f ¢ FIN implies {s | s € Traces(f) and
fls} is finite; let D be a directed set of bounded refusal sets. To prove that B is algebraic we
will provethat I ¢ FIN and T2 ND implies thereexists de¢ D such that fo d ( i.e. that
FIN is a set of finite elements) and moreover that any F ¢ B can be expressed as the limit of a
directed subset of FIN (i.e. that FIN {s the base of B).

2a. Because of the representation theorem, to prove the claim it is sufficient to show that
there exists de D such that for every s e Traces(f) we have Succ(s, f) 2 Suce(s, d) and
R(s,d) c R(s, f). From (*) and (**) in the first part of the proof, we have that F =ND
and s ¢ Traces(F) implies there exists d ¢ D such that Succ(s, F) = Succ(s, d) and Refusals(s,
F) = Refusals(s, d). Because of this we have that f 2 F implies that for every s € Traces(f),
such that fls, there exists d; € D such that Succ(s, ) 2 Succ(s, d) and R(s, dy) = R(s, 1).
Since the set of sequences s, such that f converges on s (fls), is finite and D is directed we
have e = N {dg | s ¢ Traces(r), fis} implies e ¢ D. The fact that for every s ¢ traces(f), f1s
implies Succ(s, f) = A 2 Succ(s, e) andR(s, ) = R(s, )= {A} suffice to conclude that f 2 e
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and to prove the claim.
2b. We are left to prove that FIN is a base for B, i.e. that for every F ¢ B there existsD
< FIN such that F is the least upper bound of D. Given any F ¢ B we can define a chain of
bounded refusal sets as ful]ow&
Let FM= {<¢s,% | <¢s,X> ¢F and lenght(s) <n} U
{ ¢«st, %] ¢s,{P ¢F, lenght(s) =n, t ¢ A* and X ¢ FPOW(A)}.
It is easy to check that F ¢ FIN for every n ¢ N and that F is the least upper bound of the

chain FOoF! oF22 ....Flo...... 0

As mentioned in section 4.1, in /BHR84/ it is proved that also (F, 2) is a complete
partial order. However there nothing is said about its algebraicity. It can be easily shown
that, in case A is infinite, no finite element of (F, 2) is denotable by a TCSP term. The main
reason for this is that, since CHAOS is the bottom element, all the isolated elements have an
infinite (cofinite) number of initial moves whilst TCSP allows only to describe terms which
gither can perform al].tna_aclinhs_tmm.ﬁas initial moves or only a finite subset of them. The
result about cofiniteness of initial maves of isolated elements is mainly due to the fact that
there exists an infinite chain of refusal sets with an infinite number of initial moves between
the bottom element CHAOS and every refusal set with a finite number of initials. The formal
proof of this result is not reported here since it is not important to the economy of our work.
However, thfs fect is very important since it suggests that in order to find the right semantic

domain for TCSP it is worthwile to try to restrict the general domain of refusal sets.

While the above mentioned feature of F stresses the differences between Bounded Refusal
Sets and general Refusal Sets, the next theorem emphasizes their similarities. The theorem

-

will be useful for deriving results about B from known resuits about F.
Theorem 4.3.11 (B, 2)isasub-cpoof (F, 2), i.e. the elements of B are a subset

of the elements of F, the orderings are compatible and the limits in F of directed subsets of B

are preserved by (B, 2).
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Proof: The claim follows since B is obtained by imposing an additional constraint on

elements of F and the orderings on B and F are the same. O

44. TCSP and Bounded Refusal Sets

We are now ready to use B ss semantic domain for TCSP. We consider an extended version
of the language discussed in the first part of this chapter. The new version includes the

interleaving operator and recursively defined processes.

The language 1s essentially a set of recursively defined terms over a set of operators and
may be defined using the same general schema of section 3.1, With Z1cgp = Zpregp U {B}. The
set of extended TCSP processes ranged over by T, U, Y ... and denoted in the rest of this
chapter by RECy fs then defined by the following BNF-1ike schema:

T:=x|Stop | CHAGS |a—T |T,NT,|T,0T,] T/a| T8 T, | T8 Ty] recx. T.

We have the usual notions connected with this syntax. In the sequel T,0 T, 0 ...... 0T,
and Ty N T, N ..... N T, will be abbreviated as in section 4.1, and the precedence of the

operators will be the following: /a>a—>I1>0>N>D.

We can use the general techniques discussed in Section 1 of the previous chapter to give a
denotational semantics to this version of TCSP. In the previous section we have proved that B
is indeed a complete partial order, in this section we will define the continuous operations on
bounded refﬁsals sets we need. We will use the continuous operations on F defined in section
4.1 to derive the operations on B. This will enable us to borrow results from /BHR84/ to
prove the continuity of the new operators. First, we need to define B, since its definition was

not given in Section 4.1, where we considered the version of the language which did not contain
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the operator N. The wanted definition can be easily derived from the corresponding one of

/BHR84/.

Let merge denote the following function from pair of traces to traces:

merge(€, €) = €
merge(as, bt) = amerge(s, bt) U b merge(as, t) then

FyBg Fp={¢s,¥V>| s = merge(sy,sp), <1, ¥>e Fy and <sp, ¥> ¢ Fo}

We can now define the operations on B corresponding to the various operators of the
language for a theory of CSP. We will let CHAOS denote {<st, V> | t e A*, ¥ ¢ FPOW(A)} and
Zp denote {Stopp, CHAGSp, a—p, Op., Mp. /p @, Ip, Bp} with D equal consistenly to F or B.

Definition 4.4.1

Let STRICT(opp)(xy, ... X¢) = opp(xq, ... X ) U {CHAQS; | s € A*, x;Tsfor 1 < i <k}
whenever x; ¢ B forevery i, 1 <i <Kk,

then for every opg ¢ Zf we can define a corresponding opg as follows:

OIJB(X1 aandi Xk) = STRICT(ODF)(X1 5 sised xk). 0

We need to prove that the various opg’s are continuous functions over B. Since B is a
subdomain of F it is sufficient to prove that the various opg's are continuous functions over F
and that if all their arguments are elements of B so is their result. To do this we will prove

that the two members of the union in the definition of opg are continuous functions.

Lemma 4.4.2  Letf be afunction from FK to Pow(A* X POW(A)) defined as follows:
f(x 1....x ) = U{CHAOSg[s € A¥*, x;Ts for 1< i<k} then f is continuous w.r.t.reverse inclusion.
Proof: It is sufficient to prove that f is continuous with respect to the single x;'s, i.e.
that g(x) = U {CHAOS, | s € A¥, Istforj =iand1 i<k} U U{CHAOS; | s ¢ A%, x1s}

for a fixed i and for fixed I]-. Since the first member of the central union is a constant and
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moreover the union of two sets is a continuous w.r.t. the chosen ordering, we need only to
prove that h(x) = U {CHAOS, | xTs} is continuous.

We have to prove M, U {CHAOS; | x,Ts} = U {CHAOSg | (M,xp)1s}. We need first of all to
prove M, U {CHAOSs | Ians} = UN,{CHAOS, | xp,ts}

We will prove that 1hs 2 rhs and viceversa. The first inclusion follows purely by sst
theorsetical reasonings. To prove that rhs 2 Ihs, suppose that the inclusion does not hold, i.e.
that there exists <t, V> such that:

a. <,V> ¢ M, U {CHAOS; | xpts}  and
b. <t,V> 2 UM, {CHAOSs | xpTs}.

We have that a. implies that for all n z 0 there exists a trace s such that t = su, for some
string u, and x,fs and so we have that for alin 2 0, xp Tt by condition 6. On the other hand b.
implies that for all s such that t = su, for some string u, there exists n 2 0 such that xp!s and
we have that there exists n > 0 such that x,it. In conclusion we have that a. implies Vn. x4t
while b. implies 3n. %ptt> which is a contraddiction. '

We are Teft to prove U f}, {CHAOSg | x,ts} = U {CHAOSg | (M, x,)1s}, this follows

directly from the fact that (M, x,)1s if andonly if for alin 2 0 xpts. 0
Lemma 4.4.3 Ifx;eBfor1<i<kthen opB(x], ..... xi) ¢ B for every opg ¢ Zp.

Proof: It is very easy toverify, by structural induction and by induction on the lenght
of s, that opF( Xq 5 ovoes xk) has a trace s with an infinite number of successors if and only if
xifs for some 1 < i < k. This and the fact that x;Ts implies opg 2 {est, V> | t e A*%, Ve
FPOW(A)} are sufficient to prove the claim. 0

Theorem 4.4.4 Let opg beany operation from Zg, then opg is continuous over B.

Proof From /BHR84/ we know that all opg ¢ Zf are continuous over F; moreover we
have that U is continuous and that upB(x1, ..... xk) ¢ F. This together with Lemma 4.4.2
implies that every opp is continuous over F, Lemma 4.4.3 and Theorem 4.3.1 3 imply that

every opg is continuous over B as well. a
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Let ENY denote a function from X to B, and e range over ENY then we may define
B: RECs — (ENV — B) as follows:

Bl xle =e(x)
Blstople = {<€, V> | Ve FPOW(A) }
- BIcHACSIe = {<s, V> | seA*andV ¢ FPOW(A) }
Bla—Tle ={<€, V> | V ¢ FPOW(A-{a}) } U { <as, W> | <5, W> ¢ B[ T]e }
sltoule= {<, v |<,veBlTlenBlUle} U .
{<s,W>|seA” and <s,W> ¢BITleU B[Ule }U
{¢st, V> | teA*®, X ¢ FPOW(A) and ( BIT]e)ts or ( Bl U]e)1s}

BlTnule= B8lTleuslule

BlT1U]le= {<s,VUW>|<¢s, V> eBlTleand <s, W> ¢ BlU]e} U
{<st, V> | te A%, X e FPOW(A) and ( BITIe)ts or ( B[U]e)1s}

Bl1/ale={<¢s/a, V> | ¢s,YU{a}> ¢ B[ Tle} U
{¢st, V> | t e A*®, X ¢ FPOW(A) and ( B[ T]e)ts} or Vn 2 0 ¢sal, {}> ¢ BI T]e}

BITaU]e = {<s,V> | s= merge(sy,s), sy, V> ¢ Bl Tleand <sp, V> ¢ BIUle} U
{<st,¥> | t e A%, X ¢ FPOW(A) and ( B[Tle)tsor ( B U]elts}

Blrec x. T] e = fix \d. Bl Tle[d/x]

Table 4.3: The new Semantic Function for TCSP
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Part 1. of theorem 4.3.12 and the last theorem guarantee that B together with =g is a
3-cpo and allow us to use it as a semantic domain for the language for a theory of CSP, by
using the general framework of section 3.1. For the sake of clarity all the semantic equations
for the extended version of TCSP are presented in Table 4.3. . The new semantic equations are
very similar to thoss derivable in section 4.1 and explicitely defined in /BHR84/ and
/Bro83b/; the only difference arises from the different way divergencs is handled.

45. A Complete Proof System for TCSP

The denotational semantics of table 4.3 induces a new preorder on RECs:

T,%T, ifandonlyif forallecENV BIT,Je 2 BIT,le

As for <, defined in section 4.1, and for the same reasons we have:

Proposition 4.5.1 % is preserved by all the operators in X. a

Similarly to &, the new precongruence &, can be characterized in terms of a set of
equations over . In fact, the set of axioms A" of Table 4.4 characterize completely %, when
restricted to closed finite terms (CFREC 2)- Since the operations on B and F coincide when
restricted to fully specified refusals sets, we have that the two axioms systems A and A" are
very similar. In fact, apart from the axioms for B (INT1-INT4), which were not given in A,
A’ has only two additional axioms, E@ and PC@, which enforce stricteness of 0 and I an; offer a
solution to the problems discussed at the end of section 4.3. The axioms which were not in
Table 4.1 (A) will be in boldface. Please note that the axioms of A, which do not appear in
Table 4.4 (PC2, PC3), are easily derivable in A" by using E4 and PC@.
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Undefined

Cl CHAOSEX
External Choice

E1 XOX=X

E2 XOY=YDX

E3 Xxo(yoz)=(xoY)0Z

E4 XOStop=X

ES X 0CHAOS = CHAOS
Internal Choice

11 Xnx=X

2 Xny=Ynx

13 Xn{ynz)=(xny)nz

14 XnycX
Distributive

DI Xn(yo2)=(xnY)o(xniz)
D2 XO(Ynz)=(xoY)n(xo2)
D3 (a—X)N(a—Y)=a—(XNY)
- D4 (a—X)D(a—Y)= a—(Xny)
Hiding

H1 Stop/a=Stop

H2 CHAOS/a=CHAOS

H3 (XNY)/a=X/aNY/a

H4 (a—X0OY)/a=X/an(XoyY)/a

HS O{bj—X;|iel}/a=0{bj—X;/aliel} if Viel bj=a

ItP =0{a;—P;iliel}andQ=0{b;—0 |jeJ} then:
popdlla] Gamnasits

PCO P I CHAOS = CHAOS

PC1 PIQ=[{a,—(PglQ )| 8 =bpand kel,heJ)
PC4 XIY=YIX

PCS (XNY)IZ=(X1Z)N(YI2)

Interleaving

INT1 PRQ=0{a—(P;nQ)|icl}0 D{bj—(PRQ)|j e}
INT2 X B CHAOS = CHAOS
CINT3 XBY=YHX

INT4 (XNY)NZ=(XNZ)N(YN2Z)

Table 4.4: The New Axiom System
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The rest of the section is dedicated to proving that A* is sound and complete with respect to
%. All the proofs rely on the ones given in section 4.2.2 for A and < and follow the same
patterns; most of them will be only outlined. In this cass we have that the proofs are simpler
than the ones for A since there is no anomaly for terms with CHAQS as a subterm. Moreover
the normal form we obtain are much closer to CCS strong normal form of Chapter 2; this
allows us to extend the functions rt and tr of section 4.2.2 to divergent normal forms. In fact
the similarity of the roles played by CHAOS and Q allows to consider also terms with
underpecified subterms and to define:

iv. tr(Q) = CHAGS and
iv. rt(CHAGS) = @

Proposition 4.5.2 The_set of axiom A' s sound for %= .

Proof: From definition 4.4.1 we have that opg and opg coincide in case for every i, 1 < 1
< k, and for every s, s € Traces( x,-), we have x;is. Moreover we have that all equations of
Table 4.1 are such that their left hand side diverges on a particular trace s if and only if their
right hand side diverges on s as well. These two facts are sufficient to conclude that all the
axioms for < are valid axioms for % too. We ére left only to prove that E@, PC@ and
INT1-INT4 are sound. For all of them it is a matter of simple calculations to prove that the

refusal set of the left hand side and the one of the right hand side coincide. 0

The proof of completeness relies again on the existence of normal forms.

Definition 4.5.3 If P is in FRECs then P is in strict normal form if it is of the

form:
M{0{a—P(a)]aeL}|LeL }[OCHACS) where
- L isanonempty saturated set;
- P(a)are in normal form; |
- [OCHAOS] denotes that CHAOS is an optional summand, and if CHAGS is a summand then
P = CHAQS. O
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It should be noted that in this case the structure of the strict normal forms is simpler
than the one of the normal forms of Section 4.4. It is possible to prove that every process can

be reduced to an equivalent one which is in strict normal form by using axioms from A",

Proposition 4.5.4 For every P ¢ CFRECs there exist a strict normal form sn/ (P)
such that P = snA(P).

Proof: Proposition 4.2.8 guarantees that P can be reduced to a normal form. It is not
difficult to see that by suitable applications of E@ every normal form can be reduced to a strict

normal form. i}
Next we prove that < and s coincide when restricted to strict normal forms.
Proposition 4.5.5  If P and Qare in strict normal form then PSQiff P B Q.
Proof: Itiseasy to shw, by induction on the structure of processes, that if P' is in:

strict normal form then BIP1e = FI P]e. This suffices to prave the claim. o

Theorem 4.5.6 ForeveryP,Q¢CFRECs P & QimpliesA' P CQ

Proof: The claim follows directly from the existence of strict normal forms provably

equal to P and Q ( proposition 4.5.4), from Proposition 4.5.5, from the completeness theorem

for Aand 5 ( Theorem 4.2.16), and from the fact that all axioms in A hold in A'. O
Theorem 4.5.7 5 is the least precongruence on CFRECy generated by the set of
axioms A’ 2
Proof: See the proof of Theorem 4.2.17. O

The latter theorem gives a complete charecterization of % when restricted to finite closed

terms. As we have seen in Section 2.6 there are relatively standard methods for extending this
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characterization to arbitrary terms. They rely on the possibility of determining the
behaviour of infinite terms as the limit of the behaviour of all the syntactically finite terms
which approximate them. In our case the generalization is possible because the semantic
domain and the praodngruence considered enjoy some natural inductive properties, in

particular both of them are algebraic.

The rest of the chapter is dedicated at generalizing the axiom system A’ to infinite terms;
the approach followed is the one used in Chapter 2 and discussed in details in Chapter 3.

First we define the “syntactically finite" approximants for terms of RECy. Their
definition is based on the same syntectical ordering defined in Sections 2.4 and 3.1 with
CHAQS playing the roleof Q in Q1.

Let < bethe least Z-precongruence over RECy generated by the equations:
Cl  CHAGS( X
RECT  Tlrecx T/x]<recx. T
and let
FINCT)={t]|t<T, teFRECs }.

We can prove that there is a close relationship between the finite elements of the semantic
domain B and the set of finite terms FRECs. In fact as we did in Chapter 3 ( Definition 3.3.9

and following), we can show that any isolated element of the semantic domain ( bounded refusal

sets) is denotable by a, syntactically finite, strict normal form.

To hrove this we will use the alternative definition of refusal sets given in Theorem
4.3.6, which characterizes refusal sets in terms of sets of traces and sets of maximals
associated to every trace. Todo this, first, we need to study the relationships between sets of

maximals and saturated sets, since the latter are used in the Qeﬂnition of TCSP normal forms.

In the following, if A isasetandL isasetof setsweletA + L denote{A-L|L ¢ L}.
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Theorem 4.5.8  IfL is a(finite) saturated set and M is a (cofinite) st of maximals
then we have:

i, Sat(A+Maximals(A+ L) U {A(L)}) = L
ii. Maximals(A+Sat(A+ M)) = M.

Proof: Let SAT and MAX the left hand sides of i. and ii. respectively.

i. Weprovea. SAT 2 Landb. L 2 SAT.

a. If X ¢ L then we have that either X ¢ A+Maximal(A+L) or X 2 A+Maximal(A+L). In
case the former holds then the claim follows trivially. In cass X & A+Maximal(A+L) then we
have that there exists M ¢ Maximal(A+L) such that M2 A-X, i.e. A-M & X. Now since X ¢
L we havealso X € A(L) and therefore that X ¢ SAT by definition of Sat.

b. Supposs X ¢ SAT then we have L € X < A(L), for some L ¢ A+Maximals(A+ L), i.e.

for some L ¢ L. Since L is saturated, we havealso X ¢ L.

i1. Alsointhiscaseweprovea. Max 2 M andb. M 2 MAX.

a. The claim follows from A+Sat(A+ M) 2 A+(A+ M) =M.

b. Suppose there exists M ¢ MAX, this implies there exists L ¢ Sat(A+ M) such that M =
A-L and that there exists N ¢ M such that A-N € A-M < A(A+M). Now A-N € A-M implies
N2MandN ¢ M implies N ¢ MAX by case a., moreover MAX is a set of maximals and so we

have N = M and the claim follows. 0

Now as we did in Chapter 3 for ATj's, we can establish the connections between strict
normal forms and bounded refusal sets. The proofs follow the same pattern of the ones of
Section 3.3 and most of them will be omitted. We start by defining two functions which map
strict normal form to bounded refusals set and viceversa. For strict normal forms we will
have the same ordering () we have defined for TCSP normal forms in Definition 4.2.10.
However, it should be noted that in this case the ordering is simpler since clause 1. of
Definition 4.2.9 (<) holds whenever clause 2. does, and is thus meaningless. The operations

on TCSP strict normal forms we will use will be defined similarly to those of Definition
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3.3.10, for CCS normal forms. Below we give two functions which allow to obtain normal
forms from bounded refusal sets and bounded refusal sets from normal forms. In the second
case we will get refusal sets expressed as ssts of traces and sets of maximal with abuse of

»

notation we will still denote their ordering by 2.

Definitio 9
1. If f is an isolated element of B and we let After(a, f) ={ <s, V> | ¢as, V> ¢f,ac A} and
{Oa—P | a ¢ {}} denote Stop, we can define a function ¥: FIN(B) — SNF by structural
induction as follows:
If £ {<t, V> | £ ¢ A%, V ¢ FPOW(A)}
¥(f) = {1{0a—¥(After(a,f)|acL}|L cSat(A- R(g, )}
If f={<t, V> |t cA*,V e FPOW(A)}
¥(f) = CHACS.

2. If n is a strict normal form we can define a function ®: SNF — FIN(B) by structural
induction as follows:
If n={l1{0a—n(a) | aeL}|Lel} then
traces(®(n)) = {€} U {as| s e traces(®(n(a))};
R(€, ®(n)) = Maximals(A + L);
R(as, #(n)) = R(s, ®(n(a))).
Ifn=CHAGS then
treces(#(n)) = {s| s € A*);
R(s,#(n)) = A 0

Lemma 4.5.10

a. ForallfeB wehave¥(f) ¢ SNF;
b. Forallf,,fy¢B,f2 f, implies ¥(f;) « ¥(f) 0
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Lemma 4.5.1
a. ForallneSNF wehave €(n) ¢ FIN(B).

b. Foralln,, n2§SNF. Ny« n, implies &(n,;) = ¢(n,) o

Lemma 4.5.12  Ifnisastrict normal form then B n] is isomorphich to &(n).
Proof:  The proof follows by structural induction on n and uses the Characterization

Theorem for Refusal Sets (Theorem 4.3.6.). o

Theorem 4.5.13 If fisa finite element of B then there exists a closed term t ¢ FREC;
such that f = B[ t]. |

Proof: We have that the wanted t is ¥(f). It can be proved by induction on the
structure of the normal forms and the lenght of the sequences of actions of the elements of
FIN(B) that & and ¥ are inverses. This implies that f = $(¥(f)) and Theorem 4.5.12

guarantess that ®(¥(f)) isequal, up to isomorphisms, to B[ ¥ () 1. 0

The previous results are sufficient to show that % is completely determined by its

restriction to finite terms.

Proposition 4.5.15 5 is an algebraic relation.
Proof: Theorem 4.3.12 and theorem 4.4.4 imply that B is an algebraic Z-cpo.The

previous lemma and propesition 3.1.% imply that 5 is substitutive. Because of this,

proposition 3. 1.8 suffice to prove the claim. ]

We are now ready to compare the generalizations of © and % to infinite processes. Let | A
be the initial £ ~cpo in the category of Z-cpos which satisfy the set of axioms A". As we have
seen in Section 3.1, | 5~ can be obtained by ordering the set of ideals of (FRECZ, C) by set

inclusion and taking its chain completion.
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Theorem 4.5.16 | - is fully abstract with respect to .

Proof et <;(p) denote the precongruence induced byﬁ.|( AY): By construction we have
that <|(a") satisfies the set of axioms A’ and is algebraic. Theorem 4.5.7 and Proposition
4.5.3 together with Proposition 4.5. 15 are sufficient to prove the claim. O

The following corollary is a direct consequences of Theorem 4.5.16 and Proposition

3.1.9.

Corollary 4.5.17

Forevery t;,t, e RECz wehavet; C t, ifandonly if t,58 ;. a

The fact that the relation 5 is an algebraic relation which is completely characterized by
a set of axioms has other important consequences. It gives us a complete axiomatic proof
system for TCSP. This proof system, as suggested in Section 3.1, will be DED(A") and will
consist of: The axioms from Table 4.4, the reflexivity, transitivity, substitutivity and

instantiation rules, and the general induction rule:

for alld ¢ Fi CY
Xey

Theorem 4.5.16 gives an equational characterization of. the congruence induced by the
semantic function B . We can also give an equational characterization of B, the domain used to
define B . It is in fact possible to characterize the domain of bounded refusal sets, together
with the operations opp ‘s of the previous section, as the initial cpo generated by a particular
set of eqﬁations. The proof are similar to that given in Chapter 3, when studying the axiomatic

characterizations of the various RT;'s. In the following we mention only the main differences.
Lemma 4.5.18

If t; and t, € FREC; then we have t, £t if andonly if s2/(ty) « saMty).
Proof: The proof follows from Lemma 4.2. 15, Proposition 4.5.2 and Lemma 4.2.14. O
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Proposgition 4.5.19  (SNF, «) is a partial order and when equipped with the
operators opg,q defined as follows opg,(ny... n) = s2f(op(n,,... n,)) for every op ¢ Z, is
isomorphic as a Z-po to-(FlN(B), 2) equipped with the operators opg.

Proof:  The isomorphism pair is given by ¥ and $ defined above. They are proved
monotonic and well defined in Lemmas 4.5.10 and 4.5.11. The fact that theg-ar'e inverses
follows from Theorem 4.5.8. The only thing we are left to prove is that both of them are indeed
homomorphisms. This proof is long and tedious but basically follows the same pattern of thf.
proof of Proposition 3.3.12. However, since in the case of bounded refusals sets the operations
are defined directly, induction on terms and knowledge of the procedure for reducing TCSP

terms to normal forms is needed. 0O

Lemma 4.5.20 (SNF, ¢) is a partial order and when equipped with the operators
0Ps,r defined as above is isomorphic asazZ-poto (FRECZIE, C) equipped with the operators

op € Z. 0

Theorem 4.5.21 B is isomorphic asa Z-cpoto I -, the initial cpo which satisfies
all the equations in A", o
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5. MODELS AND OPERATORS FOR
NOMBETERHINISTIC PROCESSES

5.0 Introduction

In the last two chapters, we presented and discussed two groups of semantic domains for
communicating processes: Representation Trees (RT) and Refusal Sets. These two groups arose
from two apparently opposite approaches. Representation Trees stemmed out of an attempt to
give a denotational semantics to CCS which would be fully abstrect with respect to the two
level operational semantics based on a simple transition relation and on testing equivalences,
/DH84/. Refusal Sets were postulated in /BHR84/ to be the right domain to "play the same
role, in defining the semantics of communicating processes, as the domain of partial functions

does for sequential programming languages”.

In spite of their different origins, these two groups of semantic domains are very similar.
Both associate every process with sets of pairs, <s, X>, which carry information about the
sequences of actions which the process can perform and about the possible future of the
process after every sequence. In the case of Refusal Sets, the future is expressed in terms of
the sets of experiments the process would refuse, whereas in the case of Representation Trees,
itis éxp‘rassed in terms of the experiments the process would certainly accept. However, the
two sets used to represent the future can be proved complementery with respect to tpa set of
all the elementary actions which processes may perform. The main difference is that
reprasehtation trees in RT can have unlabelled roots while every refusal set F is such that
every trace of F has an associated refusal. The reason of this discrepancy lays in the different

emphasis put on modelling internal behaviour of systems. It is not very difficult to prove that
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an injective function exists which maps every representation tree into a refusal set, see
/DeN84/. Unfortunately, both Representation Trees and Refusal Sets have their drawbacks:
There is no immediate extension of Refusal Sets which allows them to treat internal moves
properly and the dishomogeneity allowed for the labels of the roots of Representation Tress
introduces some inelegance in the definitions of their operations.

In this chapter, we present yet another domain for communicating processes. This is very
similar to the RT model but avoids the problems caused by unlabelled roots. The trees in this
new model, instead of having labelled and unlabelled roots, have two sets of sets associated
with their root: an acceptance set and a preemptive set. The preemptive set is used to
describe the possibility a process has of performing initial silent moves, while the acceptance
set is used to describe the subsets of initial visible actions which a process may decide to offer
to the external environment, by performing internal moves. We will call the new model
Preemptive Representation Trees (PRT). The minor changes to Representation Trees
will allow us to define their operators straightforwardly and to overcome the difficulties

encountered in /DeN84/ and discussed in Chapter 3.

The operators we will define will be based on some of the operators defined in Chapters 2
and 4 for CCS and TCSP, respectively. We will not consider all the operators but only the
“primitive” operators of the two languages; the operators which can be expressed in terms of
the primitive ones will be ignored. For example we will not define any parallel combinator,
because the languages we are interested in reduce parallel compositions of processes to
nondeterministic interleaving of their ections. In fact, the sets of axioms discussed in the
previous chapters show that the various parallel combinator (|, § and B ), the restriction
(7), the hiding (\) and the relabelling ([S]) operators can all be expressed in terms of the
various nondeterministic operators (+, 0 and M), of the prefixing operators (a, ¢ dnd a—)

and of the basic processes (NIL, Q, Stop and CHAQS).
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An extension of Representation Trees very similar to our PRT is described in /Hen84/.
There the model is called Asynchronous Strong Nondeterministic Trees (ASNT) and our
preemptive set is named withdraw set. However, since the author is interested in modelling a
differant language ( the variant of CCS described in /Hen83a/), the set of operations defined on

ASNT is different from ours.

In the following, first we define formally the domain of Preemptive Representation Trees
and their operations, then relate PRT to the other domains for communicating processes
discussed in the previous chapters. In particular, we show that Strong Representation Trees
(denoted by SRT and RT5 in Chapter 2) and Bounded Refusal Sets (denoted by B in Chapter
4) are isomorphic to two different reducts (see /BG82/ or /Coh81/), of PRT. The
significance of this result is twofold, it allows us, firstly, to understand the relationships
between Representation Trees and Refusal Sets and, secondly, to compare two significative
subsats of TCSP and CCS and to discuss the relationships between the nondeterministic

operators of these two important theories of communicating processes.

Previous attempts at a direct comparison of CCS and TCSP have been hindered both by the
different sets of operators of the two languages and by the different methods used to define
their semantics. In /Bro83a/, synchronization trees are used as the semantic domain for both
languages: The comparison is hampered by the different equivalences used to quotient the
trees. In /MZ83/ the normal forms of /DH84/ and /DeN83/ (also presented in Chapters 2
and 4) are used to define translations from one language to the other and to compare their
expressive power: No edditional insight into the interrelationships between the various

operators is gained.

The rest of this chapter is organized as follows. In Section 5.1, we present the new model
together with some examples. In Section 5.2, we present and discuss the various operators. In
the final section we relate the new model to Representation Trees and Refusal Sets and use the

established relationships to discuss and compare CCS and TCSP operators.
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5.1 Preemptive Representation Trees

In this section, we present yet another domain for communicating processes, which we
will call Preemptive Repressntation Trees. Once again, the elements of this domain will be
particular kinds of trees. In fact, they are very similar to the representation trees discussed
in Section 3.3; the only difference is that the roots of each tres, similarly to all the other
nodes, are labelled by an acceptance set, and that associated to each root there is also a
saturated subset of its acceptance set, which we will call preemptive set This new set will
allow us to denote the set of states to which a process can silently move, thus preventing some
of its initial actions to take place. While in Chapter 3 we considered three different classes of
representation tress, each one corresponding to a different way of handling divergence, in this
chapter, for the sake of simplicity, we will only discuss the class of Preemptive
Representation Trees which corresponds to the choice of considering divergence as
catastrophic. The domain we obtain is closely related to Strong Representation Trees (RT,).
The same notation as in Chapter 3 will be used. The preemptive set of a tres t will be denoted
by P(t) and sometimes we will render LA(t, £) as A(t). Moreover, given a set of sets 8 we
will use Sat(8) to denate the least saturated set which contains & andA + & to denote {A - S |
Se8)

Definition 5.1.1  Let L be a set of labels, then PRT| is the set of rooted, finitely
branching trees, such that t ¢ PRT implies:
1. Every branch is labelled by an element, a of L, and for every node there is at most one
oﬁtgoing branch labelled by a;
2. Every node is either open or closed; .
3. If anode is open, then it is a leaf;
4, Every closed node, s, is labelled by A(t, s), a saturated set of subsets of Succ(t, s)
which contains Suce(t, s).

5. The root is also labelled by P(t), a saturated subsst of »A(t). 0
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A few examples will help to evidence the differences between PRT and SRT. (Once again,
the index L will be omitted whenever it is clear from the context). As in Chapter 3, we can

show how trees from PRT"s can be used to give a meaning to synchronization trees. We have:

Examplés
g ¢ {{a}} {{a}} T {{a}}

a — a Bt a

These examples show that we associate the representation tree whose preemptive set is
empty to the deterministic synchronization tree which can only perform an a-move and the
representation tree whose preemptive set is equal to {{a}} to the synchronization tree which
can perform asilent (uncontrollable) move before performing the a-mave. Apart from this,
the preemptive representation tfee associated to any synchronization trees will be equal to the
representation tree associated to it in Section 3.1. Indeed, we have that the trees from PRT,
associeted to all the other synchronization trees of Table 3.1 will be equal to the
corresponding representation trees in the table, apart from the fact that each tree in PRT has
its root 1abelled by the acceptance set {{a}}. Other examples of elements of PRT will be given

in the next section when we define operations on them.

We can define an ordering on PRT, in much the same way as that on RT.

Definition 5.1.2 Ift,t' ¢ PRT thent < t' if for every s e Nodes(t') we have

s ¢ CNodes(t) implies s ¢ CNodes(t');

A(t', s) € JAlt, s);

() c B, ' =

B B
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Intuitively, this ordering suggests that we can “improve” (render more deterministic) a
tree sither by grafting a new tres into an open leaf, or by removing elements from its

acceptance sets or from its presmptive set.

Theorem 5.1.3 (PRT,<) is an algebraic cpo whose finite elements are the trees from
PRT with a finite number of nodes.

Proof: This proof is similar to that of Theorem 3.3.6. When defining the limit of

directed subsets of PRT, we will also have P(t) =N { P(d) | d ¢ D, € ¢ CNodes(d)}. 0

5.2 Operators for Nondeterminism

In this section, we define a class of continuous operators over PRT. The class introduced
will not be a minimal one. The various operations have been chosen mainly to allow an easy
expression ﬁf fundamental concepts of the languages to which we want to give a meaning. In the
following we will first give an informal description of the operational significance of the
operators and then define them formally. We will define two zeradic operators (© and Q), two

unary operators (a— and t—) and three binary operators ( 1, 0 and +).

The constant © will denote the trivial tree e, consisting only of a single closed node, while
the constant Q will denote the trivial tree, o, consisting of a single open node. The operator
"a—" prefixesa process with the elementary action a, while "t—" gives a tree the possibility
of changing its internal state silently without the external environment having any. control
over it. The three binary operators are such that if P and Q are processes then: a. PN Q, b.
POQ and c. P + Q are processes which behave like P or like Q. The difference between them
consists in the amount of control over the choice between the two processes which is left to the

external environment. In case a. the choice is wholly nondeterministic, the environment does
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not have any control over it. In case b. the choice will be completely determined by the first
communication which the environment offers to the process. In case c. the choice will again be
determined by the first communication offered by the environment, unless one of the
summands has the possibiliy of changing state silently. In this case P + Q will
nondeterministically decide whether to leave the choice to the environment or to perform the

silent move.

The binary operators and the operator "t—" allow us to describe the nondeterministic
behaviour of processes; the analysis and comparison of operators for nondeterminism are
among the principal aims of this chapter. As mentioned above, we will not be considering

parallel operators. We will let = denote the set of operators over PRT, 1.e.

3={0,0,a—(forallael), t—,N,0, +}

The precedence of the various operators in X is the following:a—>t—> 11 > 0 > +.

We now give a formal definition of the various operators in Z. In order to define any

operation on PRT it is sufficient to describe four endomorphisms on Nodes, CNodes, AandP.

Action

The first operation is the prefixing operation a—. Given any tree t, a—t produces a new
tree whose root has a single branch which is labelled by a and after a is the same as t.
Formally, we have:

For all t € PRT, a—t is described by

1. Nodes(a—t) = {£} U {es| s ¢ Nodes(t)}

2. CNodes(a—t) = {€} U {as | s e CNodes(t)}

3. A(a—t) = {{a}} ‘
A(a—t, a3)=A(t,8) 1w ol

4 Pla-t)=0
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Internal Action

We have another unary operator t— which given any tres as argument produces a new
tree which is equal to the argument apart from the fact that it may have additional preemptive
power. In fact, the preemptive set of the argument is set to be equal to the acceptance set

associated with the its root. Otherwiss everything is left unchanged.

For all t € PRT, t—t is described by

1. Nodes(t—t) = Nodes (t)
2. CNodes(t—t) = CNodes (t)
3. A(t—ot, s) =Alt, s)

4. P(c-t) = Alt, €)

Choice Operators

Given two trees from PRT, the various choice operators we consider will glue them
together at their roots. The acceptance and preemptive sets associated with the roots of the
new trees are obtained from the sets associated to the roots of the original trees. The way in
which the new sets are obtained depends on the particular stress the different operators for -
nondeterminism put on the preemptive power of their operands. Particular care is needed to
guarantee that the resulting tree is an element of PRT. For example when glueing two trees,
which have an initial action a in common, we need to glue all the subtrees reachable via the
branch labelled by a recursively to have only one initial branch of the resuiting tree labetled
by a. Moreover, since the open nodes can only be the leaves of the preemptive representation
trees, whenever an open node is glued to any tree, the overall result will just be the trivial

-

tree consisting of an open node.

In the following we formally define M1, O and +. For the sake of brevity, we will have the |

convention that if s. CNodes(t) then »A(t, s) = 4.
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Choice
Ift, andt, ¢PRT thent, +t; is defined &s follows
1. Nodes(t; + ;) = Nodes(t;) U Nodes(t,) - {ss' | s ¢ ONodes(t;) U ONodes(t,), s'=€}
2. CNodes(t,+1,)= {s |s ¢ Nodas(t; +t,) and s ¢ Nodes(t;) implies s ¢ CNodes(t,), i=1,2}
3. Aty + 1) = Sat({AUB|AeA(t)), B e A(ty)} UP(L) UR(L))

At + t,,8) = Sat(A(ty,s)UA(ty,s)) forallseCNodes(t;+)) N A*.

n

@ otherwise

External choice
If tl and tz ¢ PRT then t, 0 tz is defined as follows

1. Nodes(t; Ot,) = Nodes(t; +t,)
2. CNodes(t,0t;) = CNodes(t, + t,)
3. At 0t) = {AUB|AeA(t)),B ¢A(t))
Aty 0 ty,8) = Alty+ty,s) for all sc At
At 0t)) if P UP(L) =8

4. P(t,0 t,)

@ otherwise

Internal choice
|ftI asmdt2 € PRT then t, nt2 is defined as follows
1. Nodes(tl "tz) — NﬂjaS(tI + tz)

2. CNodes(t;Mt,) = CNodes(t; + t,) A
3. At Nty,8)= Sat(At,, s) UA(ty,s)) for all s ¢ A*
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g o{{a}} g 9 {{a}}

a a
a—= i} a— 0
g 2 {{a, b}}
8 b

‘

a—0 0b—0 anda—O +b—0O

{{a, b}} g {{a, b}}

a—0 0 t—b—0

{{a, b}} g {{a, b}}

t—a—0 0t—b—0

a—0 + t—b—0

i{att T {{al)

|

r—2a—0

g # {{a}.{b}.{a,b}}

{b){a,b))@ ({b} {ab}} {{b}{a,b}} Ai{a}ib}la,b}}

a—8 Nt—b—0O

{{a},{b} {a,b}} @ {{a},{b}{a,b}}

t—a—0 + t—b—0 and t—a—0 N v—b—0O

Table 5. 1: Operations on PRT
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It is worthwhile nating that the three binary operators described above are very similar.
In fact, the closed and open nodes of the resulting trees are the same and so are all the
acceptance sets associated to non-root nodes. They are distict only because of the different use
they make of the preemptive sets and of the acceptance sets associated with the roots of their
operands. Table 5.1 shows examples of trees from PRT which are built by using operators in
. We also have that every tree is less deterministic than (< ) the corresponding ones on its
right. The following theorem holds and allows us to use PRT as a model for nondeterministic

languages by using the general framework of Section 3. 1.

Theorem 5.2.1 (PRT, <, X) is an algebraic =-cpo.

Proof: From Theorem 5.1.3, we know that (PRT, <) is an algebraic cpo. Therefore to
prove the claim we only need to prove that the various operators in Z are continuous. This

follows frﬁm known results about sets union and intersection. a

2.3. A comparison between CCS and TCSP

In this section we compare our new model with two of the models we have used in Chapters
3 and 4, to give a denotational semantics to CCS and TCSP. We will show that Strong
Representation Trees and Bounded Refusal Sets, together with some of the operations defined on
them, ar;e isomorphic as Z-cpo's to two reducts of Preemptive Representation Trees. In the
following, we first give an account of the set of operators on SRT and B which we aregoing to
consider, then we define the two reducts of PRT, and finally we outline the proofs of the

claimed isomorphisms.
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Definition 5.3.1
i. Zees = (NIL, Q,8, €, +];
il. Srcsp = {Stop, CHAGS, a—, N, O};
iii. 2'={0,0,8=,t>, +};
iv. "= {0,Q,a—,n,0};
v. PRT" is the set of members t of PRT such that
a. P(t) =A(t) or

b. P(t) =@ and LA(t) isa singleton;
vi. PRT" is the set of members t of PRT such that P(t) = A(t). 0

Theorem 5.3.2

i. (PRT', <, ¥')isan algebraic Z'- cpo;

ii. (PRT", <, £")is analgebraic Z"- cpo.

Proof:

i. Since PRT' € PRT and ¥ < I and (PRT, ¢, Z) is an algebraic =-cpo (Theorem

5.2.1), toprove the claim we only need to show that the limits of directed subsets of PRT" and

" all the operators in X' are closed with respect to PRT'. Since the acceptance and the

preemptive sets of the limit of a directed subset of SRT' are defined in terms of sets
intersections ( Theorems 3.3.6 and 5. 1.3) it is not difficult to verify that either Condition a.
or Condition b. of v. in Definition 5.3.1 are satisfied. Therefore, since Theorem 5.1.3
guarantees that the limit of a directed subset of PRT is an element of PRT, we have that the
limits of directed subsets of PRT" are elements of PRT". On the other side it is not difficult to
see that + preserves both Condition a. and Conditions b., and that the result of a—t and v—t
is always a PRT which satisfies Condition a. and Condition b. respectively.

ii. The proof of this case is similar to the one above. 0

We are now ready to study the relationships between our two reducts of SRT and RT, and
B. Firstly, we will study their relationships as cpo's by defining explicitely isomorphism
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pairs between SRT" and RTo and SRT" and B, afterwards we will study their relationships as
3-cpo's by exploiting the alternative charecterizations of RT, and B in terms of initial
algebras generated by set of axioms. The latter study will have the side effect of giving

axiomatic characterizations also for SRT' and SRT".

Theorem 5.3.3

i. (PRT", <) is isomorphic as acpo to (RTo, <3);

ii. (PRT", <) is isomorphicasacpoto(B, 2).

Proof: Since the cpo's we are considering are all algebraic we need only to study the
relationships between the set of their isolated elements.

i. We define two monotonic functions between the finite elements of PRT" and RT, which
are easily seen to be inverses. They leave most parts of their arguments unchanged. In fact
they take care only of the acceptance and preemptive sets associated to the roots of their

arguments. We start by defining $: FIN(RT)—FIN(PRT").

If t is an element of FIN(RT2) then &(t) is an element of FIN(PRT") defined as follows:

1. Nodes(&(t)) = Nodes(t)

2. CNodes(#(t)) = CNodes(t)

3. A(®(t)) = Succ(t,e) if A(t)=9

A(t) otherwise
A(e(t),s)=A(t,5) foralls=¢

4. P(2(t))= A1)

Similarly to &, we can define a function ¥ from FIN(PRT") to FIN(RT5). In this case, if
pt is a finite trea from PRT', we have that ¥(pt) gives us a new tree which is the same as its
argument, apart from the fact that it does not have any preemptive set and thét if the
preemptive set of pt is empty then the acceptance set of the root of ¥(pt) is empty. Formally

¥: FIN(PRT') — FIN( RTZ) is defined as follows:

193



1. Nodes(¥(pt)) = Nodes(pt))

2. CNodes(¥(t)) = CNodes(pt)

3. A(¥(t)) = P(pt)
A(¥(1),s)=A(pt,s) foralls=¢.

ii. Toexhibit the isomorphism pair between B and SRT" we must revert to the alternative
characterization of B given in Theorem 4.3.6. This allows us to describe a refusal ssts in
terms of sets of traces and sets of maximals of refusals associated to every tracs. We will
define

8:FIN(B) — FIN(PRT") and

n : FIN(PRT*)—=FIN(B).

I f is an element of FIN(B) then 8(f) is an element of FIN(PRT") defined as follows:

1. Nodes(8(f)) = {s |s ¢ traces(f) and fls} U {sa |s ¢ traces(f) and fls and a ¢ Succ(f, s)}
2. CNodes(8(f)) = {s |s ¢ traces(f) and ls}
3. A(8(f),s)= A+R(f,s) ifse CNodes(6(f))

=0 otherwise

4. P(a(t))= Ale(f).

If pt is an element of FIN(PRT") then n(pt) is an element of FIN(B) defined as follows:

1. traces(n(pt)) = Nodes(pt) U {st| s € Nodes(pt) - CNodes(pt), t € A¥}
2. R(n(pt),s) = A+Alpt,s) if s € CNodes(pt)

A otherwise.

L]

Now, Thearem 4.5.8 should be sufficient to convince the reader that n and © are well

defined, monotonic and inverses. a
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We can now show that our two reducts, PRT' and PRT", are completely characterized by
two simple sets of inequations: the two sets of axioms given in Table 5.2 and 5.3. The proof is

based on the following two lemmas.

emma 5.3.4

i. (PRT', ¢, %') satisfies all the axioms of Table 5.2;

ii. (PRT", <, 2") satisfies all the axioms of Table 5.3.

Proof:

i. Most of the axioms in Table 5.2 follow from simple calculations and from set
theoretical properties. The only non-trivial ones are N1-N3. As an example, we will outline
the proofs of N1 and N3. The nontrivial parts of their proofs consist in proving that -A(1hs)
=4A(rhs) and P(lhs) = P(rhs).

N1. If u = ¢ then it is not difficult to see that t—X + t—Y = t—=(t—X + t—Y) since
wehave P(toX + t-=Y) = A(t-(t=X + t-Y)).

If p=a= v thenA(lhs) = {{a}} = A(rhs) and the preemptive set of both trees is
empty. We only need to prove that A(1hs, a) = A(rhs, a), but it is easy to see that both are
equal to.A(X) U A(Y).

N3. We will only consider the case i = a = €. In this case we have:

A(lhs) = Sat({aUB | B ¢-A(2)} U {a} UA(2)) = Sat( {a} U-A(Z)) and
A(rhs) = Sat( {a} U-A(Z)) by definition.

ii. In this too, most of the axioms are trivial to establish. C1, E1-ES, | 1-14 follow
straighforwardly from set theoretical reasonings. The proofs of D1 and D2 are very similar to
that of Ni given above. We are left to prove D3 and D4. As an example, we prﬁve D3.

D3. A(lhs) =Sat( A(X)U{AUB | AcA(Y)andB ¢-A(2)}) and >

A(rhs) = {AUB | AeSat( .A(X) U.A(Y)) and B ¢ Sat( A(X) U A(Z))}.

The desired result will now follow from the properties of saturated sets and of the

operation of unioning all the elements of' a given pair of sets of set two by two which are

reported below:;
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QX

X+X=X

X+Y=Y+X
X+(Y+2)=(X+Y)+1Z
X+NL=X

p—X + p—=Y = p—( =X + toY)

X+t=Y ©t=(X+Y)

p—X + t={(p—Y + 2) = t=(p—=X + poy + 7)
T—X + ToY £ X

Table 5.2: Axioms for PRT'

CHAQS £ X

X0X=X

XagY=yYoXx
xa(von=(xoy)oz
X 0Stop =X

X 0 CHAQS = CHAQS

XNX=X

Xny=ynx
xn(ynz)=(Xny)nz
Xxnyex

xn(yoz)=(Xny)o(xnz)
Xa(Yyn=(xoy)n(xoz
(a—X) N (a—Y) =a—(XNY)
(a—X) 0 (a—=Y)=a—(XNY)

Table 5.3: Axioms for PRT"
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1.Sat(fAUB|Ac A, BecB}) = {AUB|AeSat(A),BeSat(B)} and
2. AU{BUC|BeB,CcC}={DUE|DeAUB EcAULC} 0

Now that we have éhawn that the basic axioms for TCSP and CCS are satisfied by our
domains, we can follow exactly the same pattern as in the last part of Sections 4.5 and 3.3,
i.e. using the relationships between the term algebra factorized by the sets of equations and

the algebra of the appropriate normal forms, to prove the wanted characterization.

Theorem 5.3.5 Let |y* and Ip** be the initial Z-cpo's in the category of the
T-algebras which satisfy the axioms in Table 5.2 and 5.3, respectively. Then

i. (PRT', <, Z')is isomorphicto Ip*

ii. (PRT", <, £") is isomorphic to |o** 0

Finally, since in Chapter 3 and Chapter 4. we have proved that also RT and B are

isomorphic as Z-cpo's to initial T -algebras generated by sets of axioms respectively to | A

and Ip-, and since we have that A* and A™" contain all the equations of the prim/tive

operators in A and A", we have that the above theorem implies the next one.

Theorem 5.3.6

i. (PRT", <, 2')is isomorphicto (RT,, <5, Z¢cg)

ii. (PRT", <, ") is isomorphic to (B, 2, Zrcsp) o

From the definitions of Section 5.2, it is possible to derive informations about the
interrelations of the various SRT operators which given one or two trees as argument
transform them into a tree which is more nondeterministic then the starting ones. The derived
interrelations together with Theorem 5.3.6 would allow us to get informations about the

relationships among the corresponding TCSP and CCS operators.
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Theorem 5.3.7: If P,Q ¢PRT then we have

t=oP+t—=Q ¢ PNQ ¢ P+Q < PDOQ
Proof: It is easy to see that
Nodes( t—P + t—Q) = Nodes(P NQ) = Nodes(P + Q) = Nodes(P 0Q) ,
CNodes(t—P + t—Q) = CNodes(P N1 Q) = CNodes(P + Q) = CNodes(P 0Q) and
A(t—P + t-Q,3) =A(PNQ,s)=.A(P +Q,s) =A(P 0Q, s) foreveryseA*
we are left only to verify that
A(t—P +t—0Q) 2 A(PNQ) 2 A(P+Q 2 AP 0Q) and
P(c—P+t—0Q) o P(PNQ) = P(P+Q) o P(P O Q)

Now, because of the way the various operators are defined, for any P, Q ¢ PRT, we have

A(t—P) = A(P) ()
P(t—P) = A(P) (%)
P(P) c A(P) ()
and

1 A(t—P + 10) = Sat(A(P) ULA(0))

2. APNQ)= A(t—P + t—Q)

3. A(P+Q) = Sat({AUB|AcA(P),B e-A(Q)} UP(P) UP(Q))
4. A(P 00)=Sat({AUB|Ae.A(P), B eA(Q)})

8. P(t—P+ Q) = A(t—P + t=Q)
b. P(PNQ)= A(P +Q)
c. PP+Q= A(P+0Q)
d P(POQ=A(PDQ.

It is not difficult to verify that we have .
- 1.=2 anda 2 b. because of (**x)

- b.=c.and 2. 2 3. because of (***) and since{AUB |A¢A,b ¢B} cAUB
3. 2 4. andc. 2d. trivially.

This suffices to prove the claim.
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It should be noted that the examples of Table 5.1 show that all the above inclusions are
proper and so we have that all the above are different operators.

We have that the ordering denoted by < 1is based on the "amount™ of nondetermism
exhibited by a particular process; the observational approach taken implies that this is
determined by the “amount” of control over the progression of a process which is left to the
external environment. For these reasons Theorem 5.3.7 suggests criteria to keep in mind

when choosing operators for describing systems.

Unfortunately expressivity is only one of the requirements for a set of operators of a
model; it is important that they are orthogonal to each other and that their interactions can be
characterized algebraically. In fact the approach followed with TCSP and CCS is to select a
subset of the operators just in order to meet some of the above mentioned criteria. Indeed we
can see that O and + and © and N are not orthogonal at all. For example if we have all
processes without presemptive power, i.e. if the terms do not contain any T— operator, then
we have P 01 Q=P + Q, and if all the processes have non-empty preemptive set then t—P +
t—0Q = P 1 Q. These considerations seem to suggest that the operators t— and + are more
primitive than 0 and N; on the other hand the equations of Tables 5.2 and 5.3 show that O and
N and their interaction can be described via elegant algebraic laws. At the moment there is no
ground to choose a set of operators egainst the other, probably only using the various

operators to model “"real life" system will allow us to get a definite answer if there exists any.
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6. CONCLUSIONS

In the Introduction we pointed out the need for formal models which make it possible to
specify and prove properties of systems whose components can proceed in parallel and
exchange messages. Operatibnal, denotational and axiomatic approaches have been suggested to
tackle this problem and, as a consequence of the large number of properties which can be
relevant in the analysis of concurrent, communicating systems, very different models have
been proposed. One of the main aims of our research has been to understand the relationships
between some of the proposed theories of concurrency and to offer a uniform view of

communicating processes.

We have studied the problem by taking the operational approach, which we call fwe stgp
aperational semantics &s a starting point. This approach s based on Plotkin's 505 /Plo81/
and on Milner's idea of exdansional eguivalence /Mil80/. The semantics of communicating
processes 1s described in terms of equivalence classes of Labelled Transition Systems. The
transition rules describe the actions which processes can perform and the states in which
they terminate after performing the actions. The equivalences, which rely on the reactions of
systems to stimuli from the outside world, allow to ignore internal (unimportant) states of

processes and to consider only the behaviour of systems with respect to the outside world.

While we have faithfully followed Plotkin's style of describing system behaviour by
means of stuctured rewrite rules, the observational criteria we have proposed are different
from those implied by Milner's observational equivalence. From certain points of view,
Milner's equivalence over-discriminates; it is more suitable for describing how systems

operate rather than how they can be observed. Our equivalences, which we call Zfesting
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aguivalences, are besed only on the reactions of processes to sets of experiments and two
processes will be in the same equivalence class only if they "pass” exactly the same tests from
a given set. By varying the set of tests and the criteria used to consider an experiment
successful, we obtain different equivalence notions. The two level operational semantics
defined in this way is completely extensional. We have used this semantics to determine our
operational criteria (“the touchstones” /Mil83/) for assessing and comparing different

semantic interpretations and different approaches to system semantics.

We have shown how the operational approach, based on testing equivalences, naturally
leads to a class of denotational models for nondeterministic processes. We have called this
class Representation Trees. We have also shown how these models can be used as semantic
domains for two fundamental calculi of communicating systems: CCS /Mi180/ and TCSP
/HBR84/, and have studied the relationships of the semantics obtained for these two calculi
with previously given ones. Moreaver, we have shown that, once we adapt our equivalence
notions to define testing preorders for CCS we can obtain equational characterizations of the
calculus which lead to cnmplete‘ proof systems. Tﬁe initial algebras generated by the sets of
equations are proved isomorphic to some class of Representation Trees. Thus, for CCS we
have been able to get equivalent denotational, operational and equational semantics. The
operationally generated model of Representation Trees has also been found to be very
interesting when dealing with the theory of CSP proposed in /BHR84/ . In fact, after studying
the original semantics of TCSP based on Refusal Sets and pointing out problems which were
caused by the choice of denotations, we have shown that a subset of Representation Trees can
be used to model TCSP more appropriately and to obtain eguational characterizations and
complete proof systems for the theory by using the same techniques developed for CCS. Using
Representation Trees as semantic domains for both CCS and TCSP has also had the sid:a benefit

of helping us to understand the relationships between the operators of the two calculi.

The testing idea has proved very fruitful. In fact it has also been used by other authors, in
other contexts. In /ST857 “a notion of observational equivalence is defined in which two

algebras are observationally equivalent if they both give the same answer to any observation
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from a prespecified set”. In /Abr83/ the testing approach is used to study the notions of
indistinguishability which are embodied in the various powerdomain constructions. In
/MiN85/ testing equivalences are used to prove correctness of translations and satisfiability
of specifications. In /Mit85/ a version of testing equivalences, which aims at a slightly
different treatment of divergent systems, is used to prove the correctness of the
implementations of synchronization schemes for CCS. Finally, researches by M. Hennessy
have shown that our approach can be extended to treat synchronous calculi and to capture such
notions of concurrent systems as fairness, see /Hen83a/ and /Hen84/. Developments of the

proof systems based on testing equivalences can be found in /Bro83a/ and /Gol85/.

It is generally true that in any experience a certain moment will arrive in which it is
necessary to say that the end has been reached and that the search for improvements or
refinements shold stop. The research described in this thesis can certainly be improved and
extended in many ways. Some of the improvements which it should be possible to carry out

without too much additional efforts are listed below.

In Chapter 1, we have seen that Kennaway's equivalence /Ken81/ has major drawbacks
because of the way it treats internal moves. We have have studied a version of the equivalence
which is close to the original one but does not allow any experimentation on t-moves.
However, although ignoring the ¢'s in the traces seems inevitable, it would be interesting to
study the consequences of keeping the possibility of having must-sets which contain invisible
actions. It may well be that in this way we can directly capture congruences for CCS and also

avoid explicitly defining the divergence predicate 1.

We feel that in the proof systems of Chapter 2 axiom REC is unnecessary, since it is
derivable from the the other axioms by using the general induction rule. The axiom has been
kept for technical reasons; we use it to prove the existence of head normal forms, which in
{urn are used to prove that the general induction rule holds. It should be passible to prove
existence of head normal forms without using REC. Another problem is present in Chapter 2.

This one is related to the way we have adapted testing equivalences to CCS. In fact, since Q and
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t? are treated in much the same way, some identifications which are not immediately
intuitive, are induced on CCS terms. For example abNil + tQ after a MUST {b} and thus that

aNil + abNil + ©Q is test equivalent to abNil + Q.

In Chapter 3 it would be interesting to define operations directly on the three classes of
Representation Trees or on the three classes of the corresponding Preemptive Representation
Trees. This would allow a better understanding of the implications of the different choices of

dealing with divergent experiments.

In Chapter 4, we had to appeal to operational intuitions, to discuss deficiencies of the
denotational semantics of TCSP based on Refusals Sets. It would be nice to have an explicit
operational semantics of TCSP against which to check the chosen denotations. This has now

been developed in /DM85/.

In Chapter 5, together with the study of the relationships between Bounded Refusal Sets
and the strict version of Preemptive Representation Trees, which both consider divergence as
catastrophic, it would be interesting to study the relationships between the original Refusal
Sets model and the version of PRT which considers divergence as underspecification. In fact ,
the latter two models deal with unbounded nondeterminism in different ways. Refusals sets
have only one kind of node whereas representation trees use open and closed nodes to
differentiate between bounded and unbounded choices. It would be nice to be able to have just
ane type of node for Representation Trees as well. This would further simplify the definition

of their operations.

Even with all the improvements suggested above we are very far from a solution of the
problems mentioned in the introduction. Much remains to be done. In the following we give an

idea of some possible directions for future work.

The new equivalence should be investigated for the more general version of CCS which
allows value-passing, and new kinds of tests which allow infinite experiments /Bro8S,

Abr83/ should be considered. The proof techniques and the various example proofs developed
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in /Mi180/ and /San82/ should be examined to see if our axioms lead to simpler proofs and if
similar proof techniques can be used. It would be interesting to see what the results of
immersing the MEIJE language /AB84/ (very similar in spirit to the calculi discussed in the
previous chapters but with a radically different and appealing set of primitive operators) into
the general setting of testing equivalences would be. More generally, we should be able to
produce models for other languages. For example we could ses how our models are able to cope
with LOTOS /1S085/, a specification language, based on CCS, which is being defined by the
International Organization for Standardization to describe the concurrent aspects of service
and communication protocols. We should also study the impact of our approach on general
purpose programming languages for concurrent programming such as ADA /Ich80/ or

Distributed Processes /BrH78/.

As they stand, the calculi defined above offer a constructive approach to systems
specifications. Although this has the advantage of immediate consistency, it has the
disadvantage of requiring larger details than necessary. Researches based on the more
traditional logical approach to 'prngram specifications are very important. This approach
avoids problems with abstraction, while leaving open the problem of verifying consistency of
logical specifications. Traditionally, formal reasoning about parallel programming has ben
developed using some kind of modal logic, e.g. temporal logic /0L82, Pnu81, MP83/ and the
discussion on the expressiveness of these logics is still open. In recent papers, /5ti83, Stig5,
HM84, BR83/, it has been shown that different behavioural equivalences may be
characterized by modal Tanguages. It would be interesting to find modal characterizations for
testing equivalences and to use them to define modal proof systems and to obtain a taxonomy of
behavioural equivalences based on such characterizations. It would be certainly very
interesting « -~ tosetabridge between specification methods based on process glgebras

and methods based on logics.

In general, the equivalences and the model presented in the thesis do not distinguish "true"
concurrency from its sequential nondeterministic simulation. We are interested in extending

the approach discussed above to models of parallelism based on partial orderings, in which
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events which are not ordered are considered as concurrent /CFM83, DM84, Lam78, Maz77,
Pet80, Win80, Win82/. Admittedly partial ordering models are too concrete in that they
offer no possibility to abstrect from unwanted details. In order to establish whether two
concurrent, non-interleaved, systems are equivalent, we need additional machinery which can
allow us to reason about partially (instead of total) ordered sets of events which the systems
may perform. In /DDM85/ we showed how partial ordering computations can be associated to
CCS terms and in this way we perfomed a first step towards a partial order semantics for this
calculus. It should be possible to use the computations of /DDM8S/, to take the testing
approach and define new congruence classes of CCS terms which coincide with the one
presented in Chapter 2 but distinguish interleaving of sequential nondeterministic processes

from their concurrent execution.

205



7. REFERENCES

LNCS n denotes Lecture Notes in Computer Science Yolume n. Springer-Yerlag

/Abr83/ Abramsky S. Experiments, Powerdomains and Fully Abstract Models for Applicative
Multiprogramming. Proc. FCT 83, LNCS 158, pp. 1-13, (1983).

/AZ82/ Astesiano,E. and Zucca,E. Semantics of CSP via translation into CCS. Proc. MFCS 82,
LNCS 116, pp. 172-182, (1982).

/AB84/ Austry,D. and Boudol 6. Algebre de Processus et Synchronization. Theoret. Comput.
Sci. Yol. 30, No. 1 North Holland, Amsterdam, ( 1984).

/BG82/ Burstall ,R.B. and Goguen,J.A. Algebras, Theories and Freeness: an Introduction for

Computer Scientists. In Theoretical Foundations of Programming Methodology, Broy,M.
and Schmidt,8. eds., Reidel Dodrecht, ( 1982).

/BHR84/ Brookes,S.D., Hoare,C.A.R. and Roscoe,A.D. A Theory of Communicating Sequential
Processes. Journal of ACM, Yol. 31, No. 3, pp. 560-599 , (1984).

/BJ78/ Bjorner D. and Jones,C.B._The Yienna Development Method. LNCS 61, (1978).

/BLW82/ Branquart,P. Louis,L. and Wodon P. An Analytical Description of CHILL, the CCITT
High Level Language. LNCS 128, (1982).

»

/BR83/ Brookes,S.D. Rounds, W.C. Behavioural Equivalence Relations induced by
Programming Logics. Proc. ICALP 83, LNCS 154, pp 97-108, (1983)

206



/BrH75/ Brinch-Hansen,P. The Programming Language Concurrent Pascal. IEEE Transaction
on Software Engineering 1, pp.99-205, ( 1975).

/BrH78/ Brinch-Hansen,P. Distributed Processes: A Concurrent Programming Concept.
Communications of ACM, Yol. 21, No. 11, pp. 934-941, (1978).

/Bro83a/ Brookes,S.D. On the Relationship between CCS and CSP. Proc. ICALP '83, LNCS
154, pp 83-96, (1983)

/Bro83b/ Brookes,S.D. A Model for Communicating Sequential Processes. Ph.D. Thesis,
University of Oxford. Also Carnegie Mellon University Internal Report, CMU-CS- 149,
(1983).

/Broy85/ Broy,M. Extensional Behaviour of Concurrent, Nondeterministic, Communicating

Systems. In_Control Flow and Data Flow: Concepts of Distributed Programming, M. Broy

ed., pp. 229-276. Nato ASI Series F, Yol. 14, Springer Verlag ( 1985),
/CFM83/ Castellani,l., Franceschi, P. and Montanari,U. Labelled Event Structures: A Model of
Observable Concurrency. In Formal Description of Programming Concepts 1, D. Bjorner

ed., pp. 383-399. North-Holland ( 1983).

/CN76/ Courcelle,B. and Nivat,M. Algebraic Families of Interpretations. Proc. 17th FOCS
Annual Sympeosium, Houston, ( 1976).

/Coh81/ Cohn,P.M. Universal Algehra. Revised edition, Reidel Dodrecht, ( 1981).

/Dar82/ Darondeau,Ph. An Enlarged Definition and Complete Axiomatization of Observational
Congruence of Finite Processes. LNCS 137, pp.47-62, ( 1982).

/DDM84/ Degano, P., De Nicola, R. and Montanari U. Partial Ordering Derivations for CCS.
Internal Report IEI-Pisa, B84-31, (1984). To appear in Proc. FCT '85, LNCS.

/DH84/ De Nicola,R. and Hennessy,M. Testing Equivalences for Processes. Theoret. Comput.

Sci., Yol. 34, pp. 83-133, North Holland, Amsterdam, (1984). Short version in Proc.
ICALP ‘83, LNCS 154, pp. 548-560, ( 1983).

207



/DeN83/ De Nicola, R. Two Complete Set of Axioms for a Theory of Communicating Sequential
Processes. Internal Report CSR-154-83, University of Edinburgh. To appear in
Information and Control, Vol 64. Short version in Proc. FCT '83, LNCS 158, pp.
115-126, (1983).

/DeN84/ De Nicola, R. Models and Operators for Mondeterministic Processes. Proc. MFCS
'84, LNCS 176, pp.433-442, (1984).

/DM85/ De Nicola, R. and Montanari, U. Observability of States. To appear in Proc.
Workshop on Combining Speciﬁcation Methods, LNCS, ( 1985).

/DM84/ Degano, P. and Montanari U. Liveness Properties as Convergence in Metric Spaces,
Proc. 16th ACM Sigact Symposium on Theory of Computing ‘84, pp. 31-38, (1984).

/D1j68/ Dijkstra,E. Cooperating Sequential Processes. In Programming Lanquages, Genuys,F.
ed., pp. 43- 113, Academic Press, New York, ( 1968).

/Fel79/ Feldman,J.A. High Levél Programming for Distributed Computing. Communications
of ACM Vol. 22, No. 6, pp. 252-268, (1978).

/FHLR79/ Franchez,N., Hoare,C.A.R., Lehmann,D.J., and De Roever W.P. Semantics of
Nondeterminism, Concurrency and Communication. Journal of Computer and Systems
Science, No. 19, pp.290-308, (1979).

/6Gin68/ Ginzburg,S. Algebraic Theory of Automats. Academic Press, New York, ( 1968).

/Gol85/ Golson,W.G. A Complete Proof System for an Acceptance-Refusal Model of CSP.
Internal Report Rice University, COMP TR85-19, ( 1985).

/Gor79/ Gordon,M.
Yerlag, (1979).

ages. Springer-

/GTWW77/ GoguenuJ.A., Thatcher J.W., Wagner,E.G. and WrightJ.B. Initial Algebra
Semantics and Continuous Algebras. Journal of ACM, Yol. 24, No. 1, pp. 68-95, (1977).

208



/Gue8 1/ Guessarian,|. Algebraic Semantics. LNCS 99, (1981).
/Hal60/ Halmos,P. mea_ﬁﬂilhmm Yan Nostrand, Princeton ( 1960)

/Hen82/ Hennessy,M. Powerdomains and Nondeterministic Recursive Definitions. LNCS 137,
pp. 178-193, (1982).

/Hen83a/ Hennessy,M. Synchronous and Asynchronous Experiments on Processes.
Information and Control Yol. 59, Nes. 1-3, pp. 36-83, ( 1983).

/Hen83b/ Hennessy,M. A Model for Nondeterministic Machines. Internal Report University of
Edinburgh, CSR-135-83, ( 1983). To appear in Journal of ACM.

/Hen84/ Hennessy,M. An Algebraic Theory of Fair Asynchronous Communicating Processes.
Internal Report University of Edinburgh, CSR-171-84, ( 1984). Short version in Proc.

ICALP “85, LNCS.

/Hen85/ Hennessy,M. An Algebraic Theory of Processes. Lecture Notes, Aarhus University,
(1985).

/HLP81/ Hennessy,M., Li,W., Plotkin,6. A First Approach at Translating CSP into CCS.
Proceedings of the 21 |nt | Conf. on Distributed Systems, pp.105-115, Paris, (1981).

/HM8S/ Hennessy M., Milner R. Algebraic Laws for Nondeterminism and Concurrency.
Journal of ACM, Y0l.32, No. 1, pp. 137-161, (1985).

/HP80/ Hennessy M., Plotkin,G. A Term Model for CCS. LNCS 88, pp. 261-274, (1980).

/Hoa74/ Hoare,C.A.R. Monitors: An Operating Systems Structuring Concept. Communications
of ACM Yol. 17, No. 10, pp. 549-557, (1974)

/Hoa78/ Hoare,C.A.R. Communicating Sequential Processes. Communications of ACM Vol. 21,
No. 8, pp. 666- 677, (1978).

209



/Hoa81/ Hoare,C.A.R. A Model for Communicating Sequential Processes. Technical Monograph
Prg-22, Computing Laboratory, University of Oxford, ( 1981).

/1ch80/ Ichbiach J.D. et al. Reference Manual for the Ada Programming Language. United
States Departement of Defence, ( 1980). Also LNCS 106.

/15085/ International Standard Organization, LOTOS - A Formal Description Technigue.
1S0/TC97/5C21/WG16-1 N299, (1985)

/Kel76/ Keller R. Formal Yerification of Parallel Programs. Communications of ACM, No.
19, Yol. 7, pp. 561-572, (1976).

/Ken81/ Kennaway,J.K. Formal Semantics of Nondetermism and Parallelism. Ph.D. Thesis,
University of Oxford, (1981).

/KH80/ Kennaway,.K., and Hoare,C.A.R. A Theory of Nondeterminism. LNCS 85, pp.
338-350, (1980).

/KM77/ Kahn,6. and McQeen,D. Coroutines and Networks of Parallel Processes. Proc. IFIP
Congress ‘77, North-Holland, ( 1977).

/Lam78/ Lamport,L. Time, Clock and the Ordering of Events in a Distributed System.
Communications of ACM, Yol. 21, No. 12, pp. 558-564, (1978).

/Lam83/ Lamport,L. What Good is Temporal Logic?. Proc. IFIP Congress ‘83, pp. 657-668,
North-Holland, ( 1983).

/Lan64/ Landin,P. The Mechanical Evaluation of Expressions, Computer Journal, Yol. 6,
No.4, (1964).

/Maz77/ Mazurkievicz,A. Concurrent Program schema and their Interpretation. Proc.
Aarhus Workshop on Yerification of Parallel Programs, DAIMI-PB-78, (1977).

/Mi173/ Milner,R. Processes: A Mathematical Model of Computing Agents. Proc. Logic
Colloquium ‘72, Rose and Shepherdson, eds., pp. 157-173, North Holland, ( 1973).

210



/Mi180/ Milner R. ACalculus of Communicating Systems, LNCS 92,1980.

/Mi183/ Milner,R. Calculi for Synchrony and Asynchrony. Theoret. Comput. Sci. Vol. 25,
267-310, (1983).

/Mi184/ Milner,R. A Complete Inference System for a Class of Regular Behaviours. Journal
of Computers and Systems Sciences, Yol. 28, No. 3, pp.439-466, ( 1984).

/Mil185/ Millington,M. Fothcoming Ph.D. Thesis. University of Edinburgh, {( 1985).

/Miln85/ Milne,G. CIRCAL and the Representation of Communication, Concurrency and Time.
ACM Toplas Yol. 7, No. 2, pp. 270-298, (1985).

/Mit85/ Mitchell K. Fothcoming Ph.D. Thesis. University of Edinburgh, ( 1985).

/MM79/ Milne,G. and Milner,R. Concurrent Processes and their Syntax. Journal of ACM,
Yo01.26, No.2, pp. 302-321, (1979).

/MooS6/ Moore,E. Gedanken Experiments on Sequential Machines. in Automata Studies, edited
by Shannon, C.E. and McCarthy, J., Princeton University Press, ( 1956).

/Mos83/ Mosses,P. Abstract Semantic Algebras!. In Formal Description of Programming
Concepts 11, D. Bjorner ed., pp. 45-70. North-Holland ( 1983).

/MP83/ Manna,Z. and Pnueli A. How to Cook a Temporal Proof System for your Pet Language.
In Proceedings POPL Conference, pp. 141-154, (1983).

/MR76/ Markowsky,0. and Rosen,B.K. Bases for Chain-complete Posets, IBM Journal of
Research and Development, Yol. 20, No. 2, pp138-147, (1976).

-

/MZ83/ Margaria,l. and Zacchi,M. Modelli per processi concorrenti e comunicanti: confronto
tra la teoria dei CSP e CCS, CNet Project, Thecnical Report, E.T.S. Pisa, ( 1983).

211



/Niv75/ Nivat,M. On the interpretation of Recursive Polyadic Program Schemes. Proc.
Symposia Mathematica 15, pp. 255-281, Roma, ( 1975).

/OH83/ 0lderog,E.R. and Hoare,C.A.R. Specification-Oriented Semantics for Communicating
Processes, Proc. ICALP 83, LNCS 154, pp. 561-572, (1983).

/0L82/ Owicki,S. and Lamport,L. Proving Liveness Properties of Conurrent Prograsms. ACM
TOPLAS, Vol. 4, No. 3, pp.455-495, (1982)

/Par81/ Park,D. Concurrency and Automata on Infinite Sequences. Proc. Sth Gl Conference,
LNCS 104, pp. 167-183,(1981).

/Pet80/ Petri,C.A. Concurrency, in Net Theory and Applications, LNCS 84, pp. 1-19,
(1980).

/P1a76/ Plotkin,G. A Powerdomain Constuction, SIAM Journal on Computing, No. 5, pp.
452-486, (1976).

/P1081/ Plotkin,G. A Structural Approach to Operational Semantics, Lecture Notes, Aarhus
University, (1981).

/P1083/ Plotkin,G. An Operational Semantics for CSP. In Formal Description of Programming
Concepts 11, D. Bjorner ed., pp. 199-224. North~Holland ( 1983).

/RB81/ Rounds,W.C., and Brookes,S.D. Possible Futures, Acceptances, Refusals and
Communicating Processes. Proc. of 22nd FOCS Annual Symposium, Nashville, (1981).

| /Pnu81/ Pnueli A. The Temporal Semantics of Concurrent Programs, Theoret. Comp. Scie.,
Yol. 13, pp. 45-60, (1981).

-

/Ros82/ Roscoe A.W. A Mathematical Theory of Communicating Processes. Ph.D. Thesis,
University of Oxford, (1982).

212



/San82/ Sanderson,M.T. Proof Techniques for CCS. Ph.D. Thesis, University of Edinburgh,
CST-19-82, (1982).

/Sco76/ Scott, D. Data Types as Lattices. SIAM Journal on Computing, Vol. 5, No. 3, pp.
522-587, (1976).

“/Smy78/ Smyth,M.B. Power Domains. Journal of Computers and Systems Science, Yol. 2,
pp. 23-36, (1978).

/5ti83/ Stirling,C. A Proof Theoretic Characterization of Observational Equivalence. Internal
Report University of Edinburgh, CSR-132-83, (1983). To appear in Special issue of
Theoret. Comp. Sci. on FCT-TCS Bangalore 1983.

/5ti85/ Stirling,C. A Complete Modal Proof System for a subset of SCCS. Proc. TAPSOFT "85,
LNCS 185, pp. 253-266, ( 1985).

/Sta77/ Stoy,J. Denota . _The Sc
Language Theory. MIT Press, Boston ( 1977).

/ST85/ Sannella,D.T. and TarleckiA. On Observational Equivalence and Algebraic
Specification. Internal Report University of Edinburgh, CSR-172-84. Extended abstract
in Proc. TAPSOFT '85, LNCS 185, pp. 308-322, (1985)

/TWW79/ Thatcher,J.W., Wagner E.G. and Wright,J.B. Notes on Algebraic Fundamentals for
Theoretical Computer Science . In Fundations of Computer Science Ill, Mathematical

Centre Tracts 109, pp. 83-163, (1979).

/Weg72/ Wegner P. The Vienna Definition Language, ACM Computing Survey, Yol. 4, No. 1,
(1972).

/Win80/ Winskel,6. Events in Computation, Ph.D. Thesis, University of Edi‘nburgh,
CST-10-80, (1980).

/Win82/ Winskel 6. Event Structures for CCS and Related Languages. Proc. ICALP '82, LNCS
166, pp. 561-576, (1982).

213



