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0. INTRODUCTION 

The need for programming languages with primitives which make it possible to describe 

concurrent activities is generally acknowledged. This need is prompted by two main factors: 

the desire to take advantage of the advance in hardware design and manufacturing, 

multiprocessor machines are now commonplace, and the fact that many problems tackled by 

computer users are naturally formalized in term of independent agents which only 

occasionally synchronize or exchange messages with other agents. In the last fifteen years, 

many new programming languages with constructs which allow some form of parallel 

execution and communication have been proposed. Earlier approaches were mostly based on 

modelling communication via shared memory and the main problem was to find appropriate 

linguistic constructs to describe and control concurrent activities on shared resources. 

Examples are se1n8p1Mr8s1Dij681, moi/Iors/Hoa74/ and cr//i/r'i'17s/BrH78/. In the 

late seventies, language constructs for explicit communication were suggested (cf. IHoa78/ 

and /Fel79/). Since they make it possible to express the logical dependencies between 

communicating systems more directly and to enforce a neater programming discipline, they 

have been the object of great interest. In fact these constructs, in • 
 particular the CSP 

handshake /Hoa78/, have influenced the definition of recent general-purpose programming 

languages such as ADA Ilch80/ and CHILL /BLW82/. 

While all this activity has been taking place1more and more people have become aware of 

the Importance of formal techniques to define the semantics of programming languages and to 

specify, analyse and prove correctness of systems. Research in this field has lead to a 

considerable growth of the understanding of the theory of sequential systems. A theory known 



as t*,vf8(,ie1se,na7Ek whose foundations have been laid by Scott and Strachey, was very 

successful in modelling many sequential programming languages and systems. it is mainly 

based on the idea that the only relevant aspect of a sequential system is the relation between 

its possible inputs and the corresponding outputs. This means that it is possible to define the 

semantics of systems as mathematical functions from the domain of input values to the domain 

of output values. This idea has paved the way to a satisfactory formal treatment of sequential 

systems, /Sco76, Sto77, 00r79/. The main focus of attention in this area now is on the best 

way of using these techniques for the specification of sequential programming languages and 

systems and for software development /BJ78, Mos83/. 

It soon became apparent that the need for formal techniques to define the semantics of 

concurrent systems was even more stringent. In fact, concurrent systems can exhibit 

pathological behaviours, such as starvation or deadlock, which are not possible for sequential 

systems. Unfortunately the same techniques used for sequential systems cannot be used for 

concurrent ones. It is Inadequate to use a function from the input domain to the output domain 

to denote the meaning of a concurrent system. The intermediate states through which a system 

passes before delivering Its output cannot be Ignored; they are Important to determine how a 

system would Influence the overall behaviour of any larger system which uses It as a subpart. 

Moreover since It Is often useful to abstract from the relative speed of the subparts and/or 

from the scheduling policies adopted, In many cases it is not possible to have a single value as 

output but sets of possible values must be considered. 

The example below, borrowed from /Lam83/, attempts to justify these ideas. Let us 

consider the following two program statements in which the angle brackets denote atomic 

(indivisible) actions: 

(x:=x+1> 

I1n <x:=x+y+1>;<X:=X-y) enii 



It is not difficult to be convinced that, whatever the initial values of x and y,  A and B 

always have the same effect on them, i.e. x is incremented by I and y is left unchanged. 

However, consider the following statement where ifrgin indicates that the two clauses are to 

be executed concurrently: 

bin <y:-y-7 pm C> nd 

Substituting A for C, we obtain a statement which increases x by 1; substituting B for C 

we get a statement which increments x by either 1 or 8. 

Once it is recognised that input-output functions are not sufficient to define a 

mathematical semantics for concurrent systems, there is no general agreement as to what 

class of mathematical entities is suitable to model their meaning. In fact, the proposed models 

do not even represent concurrency in the same way. While models like Petri Nets /Pet80f or 

Event Structures /Win8O, CFM83/ represent concurrent activities in terms of causal 

independence, other models, which want to stress that communication is the basic concept of 

parallel systems, simulate concurrency by nondeterministic interleaving of atomic actions, 

i.e. they describe the tact that a set of events may occur concurrently (independently of each 

other) by saying that they may occur in any order (interleaving ). It still remains to be 

understood whether there is any loss in terms of analytical power when taking this approach 

to concurrent systems modelling. 

Recently and mainly for reasons of simplicity, a large class of models based on 

interleaving has been proposed and has been proved useful to describe and analyse many 

interesting parallel systems. Unfortunately, even after the common choice to reduce 

concurrency to nondeterministic interleaving, there are still different choices of 

mathematical entities as domains. The heterogeneity arises mainly from the different aspects 

of systems one is willing to capture and this in turn depend on the use of the model one has in 

mind. 



Below, we list a few models based on interleaving, which aim at a generalization of the 

denotational approach to concurrent systems.  

Resumptions: These are particular kind of functions based on Powerdomains, a 

generalization of Scott construction to denote nondeterministic computations. Po',*"dxnin 

/Plo76, 5my78/ can be regarded as the domain analogues of powersets with elements which 

represent the sets of different courses which a nondeterministic computation can follow. 

Resumptions, proposed by Plotkin /Plo76/ and based on powerdomains, have been used by 

Mime and Milner /111179/ to define a mathematical model of concurrent computations 

together with a set of operations to construct processes. The model was later abandoned by its 

proposers who claimed that it Induces unwanted Identifications and that its abstract nature 

does not allow a complete understanding of the semantics obtained. 

Traces: The Traces model, /Hoa8l/, identifies a process with the set of its possible 

sequences of communications (its traces). It turns out to be suitable to investigate potential 

communications but insensitive to deadlock. 

Streams: This model, /KMI7/, is only defined for a subclass of parallel deterministic 

processes. It associates a function from the set of communications on the input channel to the 

set of communications on the output channel to each deterministic parallel process. This model 

is a neat extension of Scotts ideas but problems have arisen in extending it to 

nondeterministic systems. 

Synchronization Trees: A synchronization tree, /M1180/, Is a tree whose nodes 

represent the states of a process and whose arcs are labelled to denote potential 

communications with the environment This model is basic and concrete: Tree semantics arise 

naturally when concurrency is simulated by nondeterministic Interleaving. Unfortunately 

Syncronizatlon Trees (when used to model systems behaviour) over-discriminate and need to 

be factorized by certain equivalences /Mil80, Bro83a, DH84/. 

El 



Refusal Sets: In addition to traces, the model based on refusal sets proposed by Brookes, 

Hoare and Roscoe, /BHR84/, associates the set of communications a process is able to refuse 

after every trace to every process. This ml has problems in handling divergent or 

under-specified processes /DeN83/. It will be discussed In detail later. 

In the above descriptions, when claiming that a model is too abstract, or 

over-discriminates, or induces unwanted Identifications, we are always referring to some 

kind of intuition about the operational behaviour of processes. Since the mathematical 

semantics of parallelism Is not well assessed and its theory is not yet well understood, marry 

people think that the only way to get a correct semantics is to formalize the operational 

Intuition and check any other proposed theory against this formalization. Milner, /111183/, 

suggests that ".... operational semantics, since it can be set up with so few preconceptions, 

must be the touchstone for assessing mathematical models 

Indeed, the operational approach to programming language semantics was the first one to 

be proposed. Basically, it describes the meaning of a program by specifying a convenient 

abstract machine and by modelling the execution of the program on that machine /Lan64, 

Weg72/. Initially, this approach was not generally accepted because the abstract machines 

used were too concrete, too close to the actual machines, and the specifications were far too 

detailed. Lately there has been a renewed interest in this approach. Plotkin /Plo8I/, 

borrowing such concepts as compositional ity and abstract syntax from denotational semantics, 

has proposed a new technique for operational specifications, which is sufficiently abstract 

and formal. The semantics of a program is described in terms of a transition system whose 

transition relation is defined via a set of axioms. Such Structural Operetionel Sementk 

(SOS) is mathematically tractable and it becomes possible to reason about its relationship 

with denotational semantics, e.g. we can decide if the two semantics "agree". 

Informally speaking, we should say that an operational semantics and a denotational 

semantics agree whenever they induce the same identifications on terms. Two well-formed 

program fragments are considered operationally equivalent if and only if, whenever they are 



embedded in a context to form a program, they give rise to the same overall operational 

behaviour. On the other hand we have that also a denotational semantics induces a natural 

equivalence on program fragments. In general, the semantic function is not one-to-one: The 

same element of the semantic domain is associated to more than one program fragment. Two 

such fragments are considered equivalent if they are denoted by the same element of the 

domain. The correspondence between operational and denotational semantics may be precisely 

stated. Following Milner /Mil73/, we say that a denotational semantics is consistent 

(adequate) if the denotational equivalence implies the operational one and that it is 

complete if the converse holds. Finally we say that a denotational semantics is fully 

abstract with respect to an operational one if and only if it is consistent and complete 

In this thesis we propose a new denotational, Interleaving based, model for processes and 

justify It In terms of a simple operational semantics. In fact, we first propose a new 

operational semantics for processes and then show how this naturally leads to a denotational 

model for nondeterministic processes. This gives a new model of concurrency based on 

nontleterministic interleaving of actions. The operational approach we propose Is based on SOS 

and on an experimentation notion which allows to consider as Identical processes which are 

extensionally (behaviourally) equivalent, i.e. processes which can be Interchanged In any 

program context without affecting the final result. 

The basic idea behind the proposed extensional equivalence is very simple and certainly 

not new. We first read about it in /Moo56/, where it was used to define equivalence 

relations between deterministic machines. The Idea consists in noting that one's view of a 

machine or of a process depends on ones experience of it, and this experience is gained either 

by using or by interacting with the machine or process. Also, the behaviour of programs or 

processes can be investigated by a series of tests. For example when considering sequential 

programs we can define as tests pairs of predicates about the input domain and the output 

domain. It is very easy to see that the input-output function of a program can be characterized 

by such tests. For more general programming languages, more general kinds of tests are 



needed Indeed the nature of the programming language should suggest the type of tests which 

are suitable to investigate the behaviour of programs in that language. For example, if the 

language contains real time constructs then the tests should take time into consideration; 

when the programs involved are nondeterministic it is not only important to know if a process 

responds favourably or unfavourably to a test but also whether the program responds 

consistently each time the test is performed 

Given a set of processes and a set of appropriate tests, two processes will be equivalent 

(with respect to this set of tests) if they pass exactly the same tests. In order to be able to 

take into account divergent experiments, i.e. experiments which do not give an answer 

within a finite amount of time and in order to be able to talk about the results of experiments 

on partially specified processes, we shall consider preorders among processes instead 

of equivalences between them. (A preorder <generates an equivalence in a natural way, 

= (< fl < - 1) We shall introduce two different preorders: the first is formulated in terms 

of the ability to respond positively to a test, the second is formulated in terms of the inability 

to respond negatively to a test. In the first case, given two processes P and Q, P is "less than' Q 

in case given any test ifP -may pass" it then also Q  -may pass" ll. In the second case P is 

"less than" Q if whenever P "must pass" (cannot fail) a test then also Q "must pass" that test. 

The natural equivalence is obtained by taking the equivalence associated with the conjunction 

of these two preorders; this is a third preorder. Summing up we will define three testing 

pr.orders on processes based on the following 

)C= 
 3  q if for every experiment e p may satisfy e implies q rnau satisfy e 

P 1=
2 q if for every experiment e p must satisfy e implies q must s&isfu e 

p 1 q If pq andpq 

where p mpij satisfu e if there exists one interaction between the process p and the 
experimenter e which Is "satisfactory" 

p must satisfu e if everu interaction between the process p and the 
experimenter e is "satisfactory" 



AU the three equivalences generated by the three preorders have a correspondence with 

intuitive ideas about equivalence of programs. Consider the three program fragments below, 

where hM a while (ne da s1p and t denotes a nondeterministic choice construct: 

A. x:=x+1 

x:x+1 : 1iti 

JLi 

The equivalence generated by the may-based preorder will Identify A and B and 

distinguish B and C. The equivalence generated by the must-based preorcier will Identify B 

and C and distinguish A and B. Finally, the equivalence based on both "may' and "must' will 

distinguish all three programs. 

As mentioned above these new notions of program behaviour lead to new domains for 

processes. These new domains are particular kinds of trees (Representation Trees) which 

share many features with Synchronization Trees /Mil80/ and Refusal Sets /BHR84/, but 

overcome some of the defects of these two models. 

The representation tree associated with a process will contain the following Information: 

The possible sequences of actions (communications), the process may perform. 

The possible future of the process after every possible sequence of actions. The 

possthle future is denoted by means of sets of sets of actions, (Acceptance Sets) 

associated to every possible sequence of actions the pr oc may perform. In general, 

the future depends on internal nondeterministic choices, and is characterized by the set 

of communications the process 7m= accept at that stage of Its progress.. 

We will present three different classes of Representation Trees, each one corresponding 

to a particular testing prenrder. These models are equipped with continuous operators 

[;] 



corresponding to the operations on processes introduced in /Mil8O/ and /BHR84/. We will 

also give complete equational characterizations of the models we propose. These 

characterizations, apart from being a good starting point for mechanized proof systems, are 

excellent touchstones since they allow to determine all the identifications induced by the 

models. In fact, determining an equational characterization of the Refusal Sets model of 

/BHR/ in the same way as for Representations Trees, we will be able to detect some 

inadequacies of Refusal Sets for the definition of the semantics of partially specified 

processes. 

This thesis Is developed around the Idea of operationally defined Testing Equivalences 

and around Representation Trees, the denotational counterparts of testing equivalences. It 

studies their interconnections, their equational characterization, and the relationships they 

have with other proposed abstract models of parallelism. Moreover, It shows how both Testing 

Equivalences and Representation Trees can be used to define the semantics of CCS /Mil80I and 

TCSP /BHR84/, two languages which have played a fundamental role In the development of 

concurrency theory. Below we give a brief overview of its content. 

In Chapter I we revise some of the equivalence notions proposed in the literature for 

various models of parallelism, /BHR84, Dar82, Hoe8 1, Ken8 1 , M1180, Per8 1/, by adopting 

all of them to labelled transition systems (LTS's), /Kel76/. We then formalize the intuitive 

notions of testing preorders by setting up a general framework within which experiments 

and the tabulation of possible results can be discussed. We show how LTSs can be immersed in 

this general setting and how, by changing the tabulations of the possible results and by 

slightly changing the view of what it means for a process to pass a test, we can obtain 

different preorders on transition systems. Finally, by using alternative characterizations of 

testing equivalences which are independent of the notion of a test, we can relate them to the 

other equivalences. 

In Chapter 2 the general framework for testing proces is applied to a particular 

language, Milners CCS /Mil80/. This is a primitive language to describe communicating 



processes but has the advantage of having a simple and well-defined operational semantics. 

We take as our set of tests those tests which can be described in CCS and use its parallel 

combinator to perform our experiments. We then examine the substitutive relations generated 

by three testing preorciars. (Two processes are substitutively related if they are related in 

every context). We give three sound and complete proof systems for these relations. 

Each of these systems consists essentially of a set of axioms to manipulate process expressions 

and aform of a- Induction.'  

In Chanter 3, after recalling some notions and some known results of domain theory and 

algebraic semantics /1WW78, 0ue8 1 , 8to77/, we show how the complete proof systems of 

the previous chapter can be used to obtain naturally three fully abstract denotational 

models for CCS, i.e. models in which processes are distinguished if and only if they are 

distingushed by the associated set of tests. These models are constructed in a very abstract way 

from the syntax of the language and from the equations of the complete proof systems. 

However, in the final section of the chapter we Introduce the Representation Tree models 

and show that the previous abstract models are isomorphic to them. The isomorphism is 

proved by stressing the similarities between the representation trees and the normal forms 

for CCS used in the completeness proofs of the previous chapter. 

In Chapter 4 we study Refusal Sets, the model of parallelism proposed by Brookes, 

Hoare and Roscoe /BHR84/ to define the semantics of an abstract version (TCSP ) of Hoares 

CSP /Hoa78/. Using the techniques developed in Chapter 2, we investigate the congruence 

Induced on TCSP terms by the denotational semantics based on refusal sets. We give a complete 

set of axioms for a finitary subset of the calculus and show that some derivable axioms cb not 

correspond to any operational intuition about the behaviour of processes. Considerations on 

the reasons for the mismatch between operational intuitions and denotational semantics lead us 

to define a new domain for processes which is obtained by imposing boundedness constraints on 

refusal sets (Bounded Refusal Sets). This new domain allows us to obtain a complete 

proof system for TCSP by working in the seme'way as for the previous chapter. 

—[I] 



In Chapter 5 we present yet another domain for communicating processes. This is an 

extension of Representation Trees, which allows a better treatment of internal (invisible) 

moves of processes (Preemptive Representation Trees). The new domain is also 

equipped with a set of continuous operators based on those defined in Chapters 2 and 4 for CCS 

and TCSP, respectively. This allows us to study the relationships of the new domain with two 

of the models for CCS and TCSP (Representation Trees and Bounded Refusal Sets) discussed in 

the previous chapters. In fact, we prove that these models are just submodels of the domain of 

Preemptive Representation Trees. All these results allow us to compare CCS and TCSP with 

particular reference to their expressive power and to study the relationships between the 

various operators for nondeterminism which they Introduce. 

The final section contains some concluding remarks together with suggestions for future 

research. 



I . BEHAVIOURAL EQUIVALENCES FOR 

TRANSITION SYSTEMS 

1.0. Introduction 

In many cases, it is useful to have theories for establishing whether two systems are 

equivalent or whether a system is a satisfactory approximation" of another. If the same 

formalism is used to describe what is required of a system (its specification) and how it 

can actually be built (its implementation) then it is possible to use theories based on 

equivalences or approximations to prove that a particular implementation is correct with 

respect to a given specification. If a step-wise development method is used then it is very 

useful to be able to substitute large specifications with equivalent concise ones. In general it is 

useful to be able to interchange subsystems proved behaviourally equivalent, in the sense that 

one subsystem may replace another as part of a larger system without affecting the behaviour 

of the overall system. 

Roughly speaking, we say that a system S approximates (is equivalent to) a system S2  

whenever "some" aspects of the behaviour of the two systems are compatible. The kind of 

equivalences, or approximations involved depends very heavily on how the systems under 

consideration will be used. In fact, the way a system is used determines the behavioural 

aspects which must be taken into account and those which can be ignored. Because of this, it is 

important to know for every equivalence the properties of systems it preserves. 

12 



Not surprisingly, many different theories of equivalences have been proposed in the 

literature for models which are intended to be used to describe and reason about concurrent or 

nondeterministic systems. This is mainly due to the large number of properties which may be 

relevant to the analysts of systems. Almost all the equivalences are based on the idea of 

considering two systems as equivalent whenever no external observation can distinguish 

them. But there is still disagreement on what are "reasonable" observations and how their 

outcomes can be used to distinguish or identify systems. The moor proposals have been made 

for several CCS—like languages, but they can be easily extended to other formalisms. In the 

following we will present and compare some of the equivalences defined in the literature and 

propose six new ones, each of which aims at capturing slightly different aspects of systems 

behaviour. These equivalences will also be related to those discussed previously. 

In order to be able to study their interrelations, we will adept all the equivalences 

presented to Labelled Transition Systems /Ke176, P1081/. In the presentation of each 

equivalence, we will stress the aspects of system behaviours which are ignored and the 

Identifications which are forced. We will show that various equivalences, defined in different 

ways and following different intuitions about systems  behaviour /Dar82, BHR84, DH84, 

Ken8 1/ turn out to be the same or to differ only In minor detail for a large class of transition 

systems. A similar comparison has been attempted in /BR83/ but this paper considers a 

different class of equivalences and the stress Is more on their logical implications than on 

their operational significance. 

The rest of this chapter Is organized as follows. In the first section we introduce Labelled 

Transition Systems and fix notations which will be used throughout the rest of the thesis. In 

the second and the third sections, we present respectively String equivalences /Hoe8 1/ 

and various Observational equivalences/Mil80, Mil84, HM85/. In the fourth section, we 

discuss Kennawuys equivalence /Ken8 1 / Dorondeou's equivalence and Failure 

equivalence / BHR84/ and relate them to the equivalence generated by a new preorder on 

transition systems which paves the way to the study of their relationships. In the fifth 

13 



section, we introduce our own theory of systems equivalence based on testings and propose a 

general setting for defining Testing equivalences for processes /DH84/. The sixth and the 

seventh sections are dedicated to applying the general setting (or modifications thereof) of 

section 1.5 to Labelled Transition Systems. The final section is dedicated to a brief comparison 

of all the equivalences discussed 

LI.. Labelled Transition Systems 

Since their appearance Kellers Transition Systems lKel76/ have proved to bee model 

which to a certain extent underlies many proposed models of parallelism. We will present a 

particular class of Transition Systems with a particular emphasis on the methodologies for 

formal verification it supports. In particular, we will discuss methods to reduce systems to 

simpler ones and to prove the equivalence of two given systems. Transition Systems are an 

abstract relational model based on two primitive notions, namely those of state and transition. 

Given any other model for which it is possible to define a notion of global state and a notion of 

indivisible action causing a state transition we can define for each object of the model a 

corresponding transition system. This correspondence determines an interleaving 

semantics for the model and many systems properties can be studied purely in terms of 

Transition Systems. In this way this highly abstract conceptual model constitutes a 

significant part of most models of parallelism in which many of their properties can be 

formulated 

We will consider a particular class of noncleterministic transition systems which can be 

used to ml systems controllable through Interactions with a surrounding environment, but 

also capable of performing internal or hidden actions which cannot be influenced or even seen 

by any external agent. This model Is named Labelled Transition Systems (LT5) and is a slight 



modification of the model defined by Keller in /Kel78/. 

Definition Li. I A Labelled Transition System isaquacfr'uple(Q,A, 

where Q is a countable set of states (p, p, q, q......), A is a countable set of elementary 

actions (a,b,c.....), -ti--',(Ii €AU(t)) isa set of binary relations onQ and q3€Qisthe 

initial state. NJ 

In this definition each of the relations -a-4 describes the effect of the execution of the 

elementary action a and, if q, q E Q, then q-a—.q indicates that, by performing action na", a 

system, when in state q, can reach state q. After Milner /Mil8O/ the special simbol t is used 

to denote internal actions and q-i—.c( indicates that a system in state q can perform a silent 

move to state q. 

A transition system can obviously be"unrolled-  into a tree. The initial state is the root 

and the transition relation is represented by the arcs labelled with elements from A U (t); the 

various nodes will stand for other states. In the following all the examples will be expressed 

in terms of trees. 

Very often in this chapter and through the rest of the thesis it will be necessary to 

abstract from internal actions, to consider sequences of visible actions, to say that a system 

may perform a particular action, etc.. Below we establish some notations for these notions 

which will help in shortening formulas. 

A will be used to denote the set of visible actions; a, b, c.... will be used to denote its 
elements. 

A* will denote strings over A; S, s, s .....will be used to denote its elements, E will be 
used to denote the empty string; 

Ax will denote A U (t), i.e. the set of visible actions extended with the distinct invisible 
action t; this set will be ranged over by p11, 12 113- 

15 



If p, q, p1 , p .... are states of a transition system then 

p---q will stand for p-t-q; 

p-u1u2 .... .t --.q will be used toabbreviate there exists p1  with 0< 1<nsuch that 

P = PO- I11--p1-3.L2-  ......... .4Pn_i!.Ln4Pn = 

VA 12n' will abbreviate there exists  such that PU1M2 .... 11n 'tl 

P—IL1Il2 .... Jl'4 will abbreviatet exists qsuch that Pl1U2 .... il -'Q; 

p==q or p=E=q will stand for p-t-q with n 10; 

p=a=q will stand for there exists p1  and p2  such that p==p1  =8p 2==Q 

P=a  1a2  .... a=q will abbreviate there exist p1  0 <1 <n such that 
ii = Pc=81=P.L O2=P2 ...... n-Cn 'n = 

P=S= will stand for there exists q such that p=s=q; 

p=sP will stand for not exists q such that p=sq. 

POW(A) will be used to denote the set of subsets of A 

FPOW(A) will denote the set of finite subsets of A. 

In the following it will also be useful to be able to talk about Immediate moves from a 

particular state and about the possibility for a system to perform an infinite number of 

internal moves without ever performing a visible action. These and other Interesting 

properties of Transition Systems are captured by the following definitions. 

Definition 1. 1.2 If (Q,A,-J.L-4,%) isanLl8 and q€Q we have 

I. In1t(q)= {8(AI q=a=) 

ii. Traces(q)= (sA*p q--s=) 0 

16 



Definition 1.1.3 4 is the least predicate (used in postlix form) on states of a 

transition system T which satisfies: (Vp, p-t--.p implies p'4) implies p4. 0 

It is easy to show that p4 1ff p cannot perform the infinite sequence p-t-- p1- t--#p2--- .. 

We will denote its converse by t, i.e. pt (read p diverges) if not p4 (read p converges). 

Two important subsets of LTS are the strongly convergent and the image finite ones. 

Definition 1. 1.4 A transition system T = (Q, A, -ii--', (t,) is strongly 

convergent if and only if for all s c A*  %=s=q implies q4. [II 

Definition 1. 1.5 A relation R over a transition system I is image finite if for 

each state q of I the set (q' I q R q') is finite. 

The induced transition systems whose binary relation is =s= are particularly 

interesting since they allow the analysis of aspects of systems which can be inferred if only 

their externally visible actions are taken into account. Many of the proposed approaches to 

systems simulation or systems reduction are based on, or can be reduced to, ignoring 

particular actions or particular sets of actions which for one reason or another have to be 

(can be) considered internal. In fact, all the equivalences we discuss will take this possibility 

into account. For reasons of simplicity, we will only consider labelled transition systems 

whose relation -ii--' is image finite. Please note that the induced relation =s does not 

necessarily have this property. Indeed any divergent state p is such that {p' I p=E=p} is 

infinite. 

The rest of the chapter will be dedicated to defining and discussing various behavioural 

equivalences for Labelled Transition Systems. 
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1.2.. Strings Equivalence 

A natural proposal for systems equivalence is to consider as equivalent two systems which 

can perform exactly the same sequences of visible actions IHoe81I. In this way, we can 

abstract from the internal (invisible) actions of a system. 

Definition 1.2.1 If T,  = (P, A, -i--., p0) and 12 = (Q, A, -9- 2  %) are two 

transiton systems then we have: 

T I  ~ S  12 if for all s c A* %=S if and only if fl 

It is clear that we have T1 's T2  1ff Traces(%) = Traces(p0) and It is obvious that 

is an equivalence relation. 

Example 

b \ b C 

kc  

Ti T2 13  

F  M7  

In fact, the equivalence -s is the equivalence used in automata and languages theory over 

the years and is the basis of many proposed semantics for Hoares CSP /Hos8 1, BHR84, 

0H83/. Unfortunately, when considering systems which do not run in isolation but exchange 

information or synchronize with other systems, it is important to know whether certain 

communications will always take place or whether there is the possibility of deadlock. 
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If we want to be able to model and distinguish such situations we find that, in spite of its 

simplicity, strings equivalence is not a useful notion. In fact, referring to the above example, 

if we try to exchange the sequence of messages "abe with system T we will be always 

suamsful while this is not so if we try to do the same with the systems T2  or T3- Moreover 

T2  and 13  might exhibit very different reactions as well; while 12  would always accept the 

pair of messages b,c" after theacceptanceof the message "8T3  might not Itshou1dalsobe 

noted that if we let e denote the transition system which can only perform an infinite 

sequence of internal moves and we let NIL denote the system which cannot perform any move at 

all we have i ° NIL. In fact the set of their visible traces is the same; indeed the 

possibility of divergence (performing calculations ad infinitum without delivering any 

visible result) is ignored by strings equivalence. 

1.3. Observational Equivalence and Bisimulation 

There are various ways to "improved strings equivalence in order to be able to 

differentiate the transition systems of the above example and others similar. The additional 

discriminating power a new equivalence needs to have is to be able to take into account not only 

the sequences of actions a system may perform but also some" of the intermediate states the 

system goes through while performing a particular sequence of actions. In fact, differing 

intermediate states can be exploited in different ways to produce different overall behaviours. 

The first proposal in this direction was put forward by R. Milner. In /M1180/ and in previous 

related works a so called observational equivalence is defined and then applied to a 

Calculus of Communicating Systems (CCS). Observational equivalence () is defined as the 

intersection of a decreasing sequence of equivalences Alk  (k > 0) where is the universal 

relation and, for each k 0, the equivalence wt  is defined in terms of 
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Definition 1.3.1 If I = (Q, A, -ji--e, %) is an ITS and p, q E Q then 

pq is&waystrue 

pq 1ff for all sA* 

1. If p=s=p then for some q, q=s=q and p 

ii. If q=s=q then for some p, p=s=p and p q' 

pq 1ff for all k 10 II 

This relation between states of a particular transition system can be easily extended to a 

relation between two transition systems. 

Definition 1.3.2 If I = (P U Q U [IØ}, A, -p— I  U -j.i-'2, t0) is the transition 

system obtained from the union of T = (P, A, 
, 

t0) and 12 = (P, A, -9-2,  ;) 

where P and Cl are disjoint then: 

I. T I  ft.  12  if and only if p0§Vk q,  in I and 

ii. T I  su 12 if and only if p0 in 1 0 

An alternative way of defining observational equivalence has been put forward by D. Park, 

/Par8l/. It has been inspired by the homomorphism notions also used in automata theory 

(e.g. see the weak homomornhism of IOin68/). This alternative definition has been used and 

discussed in detail in /Mil83/ and /Mil84/. 

Definition 1.3.3 If T i  and 12  are two LTSs, as in the previous definition, then we 

saythat T1 bisimu1atesT2 viaRcPXQ if 

(p0 q)R 

(p ,q)€R implies for all sEA
*  

if p=s=*p then for some q, q=s=*q and (p , q) E R 

and if q=s.q  then for some p, p=s=p and (p, q) E R 

Eli 
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The lest two definitions of equivalence are discussed extensively in /San82/ and 

/11f1851; in particular there it Is shown that and bisimuletes via R () coincide If the 

relation =s=o is Image finite However they are seen to be different relations when applied 

to infinite transition systems, indeed T,  wR  T2  implies T sw 12  but not viceversa 

We give now sorne examples of transition systems (represented as trees) which either are 

both observational equivalent and bisimliar (the relation R will be evident) or are both 

neither observational equivalent nor bisim liar. We will use and z to express this. 

11 = 
1 

= 12 

b c b C 

Since if the initial states of T,  and 12  are denoted respectively by p and q and the states 

after a are denoted by . and c with the obvious correspondence, we have p=a= 

while q=a= or q=a= and b 
. 

. On the other hand, some systems are reported 

below which are easily proved observationally equivalent: 

a 

t 

b 

a 

b 

eAt 
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tA8 
/\ 

C 

The lest identification shows that both observation equivalence and bisimuletion have 

problems in coping with infinite transition systems, in particular with transition systems 

with an infinite number of consecutive internal moves. This is because they consider 

equivalent systems which computationally are very different. In fact, a system which can 

either compute for ever or perform the action "an  and then stop is considered equivalent to a 

system which can perform a silent move or action a" and then stop. However we also have: 

Ia ala 

b( b 

C  () d 

\ 

 

Yet it seems intuitively clear that there is no way of distinguishing these two processes if 

only the visible actions they may perform and the way they may react to external experiments 

are considered. Therefore It seems that the notion of observational equivalence may be too 

discriminating from some points of wiew. In fact, it implicitly assumes that an observer is 

able each time to make copies of the observed system and then test them separately. In many 

cases, it may be more appropriate to observe only the overall results of complete 

experimentations ("linear runs"). 
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1.4. Weak Equivalences 

The main reason for sv being finer (more discriminating) than one my like seems to be 

the recursive nature of its definition. In a certain sense, in order to decide whether two agents 

are observationally equivalent, it is necessary to check that they can perform the same 

sequences of actions and that the subagents reached after each sequence still have an equivalent 

behaviour. Because of this, some of the resulting distinctions are only concerned with the 

internal structure of processes. 

An interesting critique of observational equivalence Is given In /Dar82/; here the author 

also proposes an alternative equivalence. A similar critique is put forward by U. Kennawsy in 

IKen8lI and another equivalence, based on ideas discussed In /KH80/, is proposed. Similarly 

to observational equivalence both these new equivalences are based on recursively proposing 

external experiments to processes and on comparing the outcomes of these experiments. 

However, in these cases the particular kind of permitted experiments gives less insight into 

the structure of systems. 

In the present section we will describe and discuss Kennawes weak equivalence by 

adapting the definition given for his NCSP calculus (/Ken8 1 / pg. 91-93) to transition 

systems. Moreover we will consider Darondeau's definition of equivalence and discuss its 

extension to general transition systems, in fact only a particular subset of finite LTS is 

considered in IDar82/. We will show that neither of these equivalences exploits the full 

power of recursion by giving alternative, non-recursive, definitions for them. We conclude 

the section by showing that a similar definition may also be given for the equivalence induced 

by the denotational approach of /BHR84/ which will be discussed in details in Chapter 4. 
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1.4.1 Kennaways Equivalence 

We shall begin with some definitions and some notations based on those of section 1. 

We will let L. M and L,  M range over the finite subsets of A. A respectively. Moreover 

we will let P,Q and R denote sets ofstates. 

Definition 1.4.1 (Kennaways equivalence) 

For piA 

p after p = (p I 

=u(pfIuL IpP); 

For Lx  c A. Lx  finite 

Pt!USTt Lx  1ff 3ji E L such that p=p 

PMUSTL 1ff PM1JSTLx  foralipEP; 

Q is always true 

P zn+ 1 0 if and only if 

Lforall f/nhfeLc A PMUSTtLX  1ff  QMUSTtLx  

iI.  for  8llUEA P  after MQ after J1; 

I P 8ri Q if and only if P for all n > 0 0 

As already mentioned above, we can give a non-recursive characterization of Kennaways 

equivalence. First we need some additional definitions. We need to generalize the function  after 

to sequences of actions and to restrict the predicate MUSTt  to finite sets of visible actions; 

the new predicate will be simply called MUST. 

Definition 1.4.2. 

a. For s E 

p  after  s ={p'p=s=jf} 

P after s =Upfls  IpEP); 
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b. For lcA,L fm/ta 

p MUST I 1ff VP such that P=P  3 0 E L such that p=a= 

P MUST L 1ff p MUST L for all pEP U 

From these definitions we can easily derive a set of results which will be helpful in 

successive proofs. 

Proposition 1.4.3 

I. (P  —after E) MUST L 1ff P MUST L 

ii. (P after a) after s = P after: as 

W. 0 MUST  for any LcA U 

Definition 14.4 

P Q if and only if for all sEA, for all finite Ic A 

(P.  after s) MUST L implies (Q  after  s)  MUST L; 

P C) if and only if P Q and Q P 0 

Unfortunately, as it stands, Kennaway definition has a number of major drawbacks, which 

contradict the philosophy which seems to be at the basis of its definition. 

Example 

a a 

C =q 
k b 

b 

In fact we have that (q  after a)  after  t MUSTk  I for every finite  9  while (p after  a) 

after tMUTkL for any finite Lsuch that bis not in L. 0 
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Z/Nt  
is eqvalent to 

t/\a 
= 

b 

qMUSTL In fact It is easy to see that p MU5Tk  1 1ff 

The problem seems to be originated by the fact that we can test what happens after a 

process has performed an invisible (c-) action. However, if we do not allow j.i  to be equal to 

c in definition 1.4.1 then we will find that unwanted identifications are induced by the new 

equivalence. 

Example 

for every II 

However, the above processes would react differently to external experiments. In fact q 

must always accept a 6-experiment while p may not. In this case the source of the problem 

seems to be the nature of the definition of MUSTk,  which does not allow the behaviour of a 

process to be tested after initial invisible actions. 

We now propose a modified version of Kennaways equivalence which does not allow any 

experiment on c-moves. This version is that referred to as Kennaways equivalence in 

/DH84/. It Is based on the notion of MUST in definition 1.4.4. We will denote It bYnk. 

Definition 1.4.5 (New Kermaway's equivalence) 

" Q is always true 

P iQ if and only if 

I. for all fm/19 L c A P MUST I 1ff Q MUST L 

ii. foralla€A  P after a=n  Qaftera; 

flk Q if and only if P =n  Q for all n 10 0 
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Proposition 14.6 PQ ifandonlyif PQ 

Proof 

1. (if) 

Suppose P ik Q, then by definition there exists n 0 such that P :v,,n  Q. By induction on 

n we show that this implies there exists c A and L c A such that (P after s) MUST L and 

(Q  after  s) MUST L, or viceversa in P and Q. 

Induction basis. 

We have i Q implies there exists some I such that P MUST L and Q MUST L. It follows 

trivially that (P after E) MUST L and (Q after.  E) MUST L, or viceversa in P and Q. 

Inductive step. 

We have 0 if and only if i) P :;dI Qor ii) there exists enaE Asuch that P  after a 

~d 0 after a. In case I) the claim follows from the induction basis. In case ii) we have from 

the inductive hypothesis that for some  € A, s € A* (P after a)  after  s MUST Lend (Q  after . 

a) after s MUST 1, i.e. (P after as)MUST Land (Q after as) MUST I. 

2. (only If) 

Suppose there exists some s € A* and some finite L c A such that (P after s) MUST Land 

(Q  after  s) MUST L. We prove by induction onsthat P t Q. 

a. Induction basis. 

The cases = E Is trivial since p after E = (p' J p==p) 

IL Inductive step. 

In case s = as then (P after a) after 5 MUST I whereas (Q after a) after s MUST L. By 

Induction (P after a) (Q after a) and so we have P ze Q. IC 
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1.4.2. Darondeaus Equivalence 

While Kennawe"s equivalence is based on looking for the set of actions the various 

processes must accept after performing arty sequence of actions, Darondeeu's fully' 

observational equivalence is based on the idea of considering as equivalent two processes 

which can reject the same sets of actions. As already mentioned, for technical reasons, in 

/Dar82/ the equivalence was defined only for a subset of LIS, but It generalizes smoothly. 

Again, we need to define formally what it mews for a process in a particular state p to refuse a 

set of actions L. In /Der82/ this is denoted by piL, we will use the more explicit p refuses L. 

Definition 1.4.7 

p refuses L iff there exists p such that p==p' and p'=a for all a c L 

P refuses L iff there exists p€P such that p refuses L 0 

Note that refuses is just the dual of MUST. 

Lemma 148 

I. p refuses L if and only if p MUST I 

ii. P refuses L ifandonly if PMUKTL 

Proof The claim follows from simple logical manipulations 0 

Definition 1.4.9 

Let E( R) = {<P, Q> i i. for all finite L , P refuses L iff Q refuses L and 

ii. for all a€A <P after a,Q  after  a>ER } 

D Q if and only if <P. Q> c U {R I R c E( R)} 0 

Lemma 1.4.8 permits the definition of E to be reformulated in terms of MUST. 



Corollary 14.10 

E(R) = <P, Q> I I. for all finite  , P MUST Liff QMUST L and 

ii. for all a€A<P  after  a,Q  after a) ER ) 

Proof Follows from the above lemma U 

In the same way as for Kennaways equivalence we can now give a non-recursive 

characterization of Darondeaus equivalence. 

Proposition 1.4.11 p 7uD  Q if and only if P Q. 

Proof We use the alternative characterization of given in the previous corollary. 

(only if) 

Suppose there exists sand L such that (P after s) MUST Land (Q afters) MUST L, then 

the claim can be proved by induction on the length of s and by using part ii. of proposition 

1.4.3. 

(II) 

Since rj is defined as the maximal fixed point of the recursively defined relation E(R), 

It is suffucfent to prove that P = Q implies P, Q> e E( ).Thls follows from part i. and ii. of 

proposition 1.4.3, which makes it possible to prove P = Q implies (P after.$) = (Q after s) 

for every SE A*. 0 
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1.4.3 Failures Equivalence 

In /Bro83a/ yet another equivalence is proposed for a subclass of LTS, the 

synchronization trees of MOO/. This "Failures" equivalence stems out of the same ideas 

which led to the denotational model for a theory of CSP based on refusals sets /BHR84/. 

This theory will be discussed in detail in chapter 4. We are able to show that failures 

equivalence is just another definition of 

Definition 1-4-12 (failures equivalence) 

P fQ if and only if for all s EA*,for all finite  cAwehave 

3q' € (Q  after  s) such that Init(Q') n  = 0 

if and only if 

JpE(P  after  s)  such that  Init(P')flL  =0 0 

Proposition 1.4. 13 P;--'Q if and only if P Q. 

Proof: It is very easy to see that can be rewritten as follows: P = Q if and only if for 

all a E A*, for all finite L c A (Vq' E (Q after s), Init(Q') fl L * 0 if and only if VP' E (P 

after  a), Init(P') fl L * 0). The claim now follows from simple logical manipulations. 

I 

1.4.4 Examples and Discussion 

We conclude this section with some examples which will highlight the identifications 

induced by the various equivalences presented in this section. Note that in the above we have 

only given definitions of equivalences between states of labelled transition systems. However, 

from these definitions we can easily derive equivalence relations between LTS's, working as in 

definition 1.3.2. In fact, given any relation Re] defined on sets of states and two transition 
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systems 11 = (A, P, -i-- , p0) and 12 = (A, Q. -R-2, q), with P and Q disjoint, we can 

define I = (A, P U Q U (U, -'-- 1 U  -9--'2, t0) and Ti Rel T2  If and only if p0  Re] q0, in 

I. 

Since propositions 1.4.6, 1.4.11 and 1.4. 13 show that the modified version of 

Kennaways equivalence nk'  Darondeaifs equivalence () and failures equivalence () 

all coincide with = as defined In 1.4.4, In the examples below we will only mention the latter 

and discuss its relations with the original Kennaways equivalence 

Examples 

k b
1b 

a a a 

A k 

7-  

T1 12 13 14  

In fact if we let p1  denote the initial states of Ti(1 = 1,2,3,4) then we have Traces( p = 

Traces(p2). Moreover, for every s E A*, the sets of possible moves of T and T2,  after they 

have performed s, coincide. This suffices to show that 12. On the other hand we have 

(p.3  after a) MUST {b) while (p.
, 
after a) MIT (b), i.e. T3  14. With respect to Kennaw's 

equivalence, we have that, since p-i: for all i c (1, 2, 3, 4), then = and induce the 

same identifications (Proposition 1.4.6). Indeed =nk  and coincide when we consider 

agents which cannot perform invisible actions. 

On the other handside we have: 

C 
a 
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because the system on the left can perform both a i- and an a-move while that on the 

right can only perform an a-move. 

The above example and the one given in section 1.4.1 show that =K  is not fully 

extensional in the sense that it can distinguish systems which differ only for Invisible 

moves. However, = still has some problems In handling divergent systems. In fact, similarly 

to strings and observational equivalences, it Identifies both a system which can perform an 

infinite number of internal actions and a system which does not perform any action. It is easy 

to check that 

t 

k 
t 

In the next section, we propose  different approach to behavioural equivalences explicitly 

based on the notion of testing by external observers. This approach takes care of all the above 

problems. 

1.5 A Theory of Testing 

The external behaviour of programs or processes, in general of systems, can be 

investigated by means of a series of tests, /Moo56/. For example, with sequential systems, we 

can associate a test with a pair consisting of a predicate on the input domain and a predicate on 

the output domain. It is very easy to sea how the input-output function of a program can be 

characterized by a set of such tests. For more general systems, more general kinds of tests are 

needed. When the processes involved may be nondeterministic, it is important not only to 
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know whether given a particular test a process responds favourably or unfavourably but also 

if the process responds consistently every time the test is performed. In fact, all the 

approaches to systems equivalences discussed in the previous sections are based on the notion 

of external observation end presuppose implicitly the existence of a set of observers, of a wav  

of observing and of criteria for iudainn the results of the various observations. 

In general, one can think of a set of processes and a set of relevant tests. Two processes 

will be equivalent (with respect to this set of tests) if they pass exactly the same tests. This 

natural equivalence can be broken down into two preorders on processes. The first will be 

formulated in terms of the ability to respond positively to a particular test, the second in 

terms of the Inability not to respond positively to a test. In the latter case, a process p will be 

less than a process q  if, whenever p must respond positively to a particular test, q must also 

respond positively. The natural equivalence between processes is obtained by taking the 

equivalence associated with the conjunction of these two preoriiers (this is a third preorder). 

The rest of the section is devoted to setting up a rather general framework within which 

we can discuss testing of processes and tabulation of possible outcomes. It should be possible to 

adapt this general setting to various models of computation. In the next section, we show how 

this applies to transition systems. 

We assume a predefined set of states, States, and we let s range over it. A computation is 

a non-empty (possibly infinite) sequence of states. We let Camp denote the set of 

computations, ranged over by c. 

Let 0, P (ranged over by o, p respectively) be a set of predefined observers and 

processes. Observers may be thought of as agents which perform tests. The effect of observers 

performing tests on processes may be formalized by saying that for every o and p there is a 

non-empty set of computations Comp(o, p). If c e Comp(o, p) then the result of o testing p 

may be computation c. To indicate that a process passes a test, we define some subset of States, 

denoted Success, to be successful states. A computation is successful if it contains a successful 
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state. On the other hand, a computation will be called unsuccessful if it contains no successful 

state. To develop a useful theory we need one further ingredient. The semantic theory of 

sequential computations, developed in /5co76/ end /8to77/ was greatly facilitated by 

hypothesizing the existence of'partial objects. For example, the symbol C) is often used to 

denote a partial program whose behaviour is totally undefined. It will also be convenient for 

us to consider such partial objects. For this reason we assume the existence of a unary 

post-fixed predicate on states, 1. Informally si means that s is a partial state, whose 

properties are under-defined 

We may now tabulate the effect of an observer o testing a process p by noting the types of 

computations in Comp(o. p). 

For every o €0 , p c F let R(o, p) c (1, 1}, (the result set) be defined by: 

i. 1€ R(o, p) if there exists  cComp(o, p) such that  is successful; 

Ij. I E R(o, p) if there exists c € Camp(o, p) such that 

c is unsuccessful or 

c contains a partial state s which is neither 

successful nor preceded by a successful state. 

Note that we cb not differentiate between an experiment which deadlocks, i.e. the 

computation terminates without reaching a successful state, and an experiment which 

diverges, i.e. the computation continues forever without reaching a successful state.These 

both contribute I to the result set The existence of partially-defined states introduces an 

additional auxiliary notion of divergence, i.e. when a computation reaches a partially-defined 

state before reaching a successful state. This also introduces .L into the result set. 

Thus, in effect, we can distinguish between processes which cannot fail a test (the result 

set is (T}) and processes which may pass a test (the result set is (T, I)). This will be 

elaborated upon shortly. A natural equivalence between processes immediately suggests itself: 
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p.-0q if for very oEOwehave R(o,p)= (o0- 

However, the conceptual framework we introduce will enable us to formulate the 

equivalences in terms of preorders, i.e. relations which are transitive and reflexive. A 

preorder G generates an equivalence in a natural way, = oz fl In general, 

preorders (or partial orders) are easier to deal with mathematically and we will recover 

equivalence _J) by studying a preorder which generates it. This will give us a certain amount 

of freedom since, in general, there may be more than one preorder which generates a given 

equivalence. Finally, preorders are more primitive than equivalences and therefore we may 

use them to concentrate on more primitive notions which combine to form equivalence 

The set IT, 11 may be viewed as the simple two point lattice $: 

T 

I 

Each result set can be viewed as a subset of this lattice. The theory of Powerdomoins, 

/Plo76, Smy78/, provides us with general methods for ordering subsets of (complete) 

partial orders. In /Hen82/ it was argued that three different powerdomein constructions 

arise naturally and that they correspond to three natural views of nondeterministic 

computations. Since the partial order  is so trivial, we can completely avoid descriptions of 

powerdomain constructions and give only the resulting orderings on the nonempty subsets oft. 

{T} 

{T} {TI}={T} 

{T,I} 

IT, -L) ={J} (I} 
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Ordering I) corresponds to the Egli-Milner Powerdomain of ; we will denote it by 

Ordering H) corresponds to the Smyth Powerdomain of t. This reflects the view that 

possible failure is catastrophic; we denote this order by Finally, ordering III) 

corresponds to the dual of the Smyth construction and is called the Hoare Powerdomain in 

/Hen82/. The sets (1, 1) and {T} are identified and are both greater than (1). This ordering 

reflects the view that failure is unimportant and is therefore ignored. We denote this preorder 

by . Note that ordering I) takes a more reasoned view of failure, it is neither ignored nor 

considered catastrophic but is simply considered as under-specification. 

These three different orderings on result sets generate three different orderings on 

Definition 1.5.1 Given a set of observers 0, a set of processes P, a set of 

computations and a notion of successful state, let Oi  c P X P (i = 1 ,2,3) be defined by: 

pQ1 q iffor&loc0 wehave R(o,p) 1 R(o,q) 0 

We denote the related equivalences by The following results are trivial to establish. 

Proposition 1.5.2 a) p q if and only if pO l  q and q 

b) p 1  q if and only if p02 q and p O3  q fl 

Thus we have reformulated the natural equivalence ,J) as the equivalence generated by a 

prwrder _01. This preorder is further broken down into two more primitive preorders 

2' 03 . The relevance of these primitive preorders can be motivated by the following 

definition and proposition. 

Definition 1.5.3 a) p may satisfy o if T € R(o, p) 

b) p must satisfy o if R(op)= {T} 0 
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Thus, we have that p may satisfy a if there is a resulting successful computation whereas 

p must satisfy  if every resulting computation is successful. 

Proposition 1.5.4 

 p 03  q if for all o c 0 p may satisfy o implies q may satisfy a 

 P02 q if for all o 0 p  must satisfy a implies q must satisfy a 0 

In the remainder of this chapter, we apply this general theory to labelled transition 

systems and, in the next chapter, to the CCS language. To do this for every language or model, 

we need to specify: 

P- a set of processes; 

0- a set of observers; 

States - a set of states, together with a subset of successful states and an uncierdefined 

predicate I on states; 

Camp - a method for assigning a non-empty set of computations (sequences of states) to 

every <process, observer> pair. 
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1.6.. Testing Transition Systems 

1.6.1. Testing Equivalences 

In this section, we show how to view labelled transition systems as a particular instance 

of the general setting of the previous section. 

Processes will be sets of LTSs over an alphabet A U (i) of elementary actions. The set of 

all such processes will be denoted byT andrangedoverbyl,V,11 ,12  .....; 

Observers will be sets of LTSs over A U {i, w), where w is not in A and will be the 

action used to "report success". The set of observers, used to perform experiments on LT5s, 

will be denoted byE and ranged over try E,E11 E2, -••; 

States will be pairs <p, e> where p is a state of a process and e is a state of on 

experimenter. A successful state is a state whose right component is able to perform a 

w-move. Please note that in this case we will have <p, ol for every pair p, e, since we do not 

have partially specified states 

Computations Given two transition systems 1, E, from T and E respectively, with 

initial states t and e, a computation from <t, e> is a finite or infinite sequence of pairs of states 

On, en> where 

t, e0> is 4, e>; 

I. ift-i--'t1. +1  and e=e 1 or 

e---le+ 1  and t 

ii. <t,., e, -a--' t0+ I  , e. I > if t-a--4t.,. 1  and en-a-4  en.,. i 

if the sequence is finite with <tk, ek> as final element then <tk, ak> -J' 

for all  EAU{1). 



tAs 
11= ( 

b 
b 

= 12 

We will let Cornp(T, E) denote the set of computations from <, e. With abuse of 

notation we will also use Comp( to, ) to denote the same thing, whenever I and E are evident 

from the context From the general setting and from the previous instantiations we have- 

I may satisfy E if there exists s c A*  such that t0=s=, e=se n  and en-w--4 

I must satisfy E if for every computation <t0, e- ji 1 -'< , e1 >-R2--<t2,  a2> -' 

there exists n 1 0 such that en- W--I. 

After these definitions, we can introduce the three preorders on LTS which they generate 

and the corresponding equivalence relations. We will drop the occurrence of £ whenever this 

causes no confusion 

Definition 1.6.1 

I1 3T2  if for all E€E Ti  may satisfy E implies T2  may satisfy E 

T 2T2  if for all Ect I I  must satisfy E implies T2 must satisfy E 

T 12 ill1  2T2  and T1  3T2 It 

We give now two examples which illustrates the kind of equivalences induced by the 

previous definitions. We will abbreviate, and as and . 

Example 
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Proof 

Suppose l  I_may satisfy E. If e0--w= then we have 12  may satisfy E; otherwise T 

may satisfy E implies e.=a=e=w= or e0=b=e"=w, in both cases we have 12 rn. 

satisfy E. A similar analysis will show that 12  may satisfy E implies T I  may satisfy E for all 

EE 

Suppose T must satisfy E. We have that e-w--+ implies 12  must satisfy E. In case 

then I 1  must satisfy E implies that for every e 1  such that e==e 1  we must have that 

if e1b=e' 1  then e' 1--w=: and that if e1=ae 1  then e 1  =w=. It is easy to see that in 

these cases 12  must satisfy E. Once again a similar analysis will show that 12  must satisfy E 

implies T 1  must satisfy  for all E cE. 

Example 

= Ja = 12 

Proof 

I. I 1  IT2  

I 1  may satisfy E implies %=w= or e0=a=e=w=>; in both cases we have 12 MY 

satisfy E. 

Since the initial state, p0, of T, is such that there is an infinite computation of the 

form <p0,e0>--' ....... we have T 1  must satisfy  implles-w—' and thus, also in this case, 

12 must satisfy E. 

2.  T2  16 Tj 

It is easy to verify that if E is such that its only transitions are {e0-a—'e 
, 
e-w-- } then 

we have T must satisfy E while T j  mud satisfy E. 0 

Ex 



1.6.2. Alternative Characterizations 

In section 1.5 we proposed a general approach for the investigation of the behaviour of 

programs or processes. The general situation may be expressed as follows. Given a set of 

processes and 8 set of"relevant" tests two processes are considered to be equivalent if they 

pass exactly the same tests. In the first pert of this section, we have adapted this general 

setting to a particular computation model, transition systems, by defining sets of relevant 

tests and what it means for a transition system to pass a test. Even though intuitive the 

equivalences (preorders) obtained in this way are difficult to verify. In fact, while it is 

relatively easy to prove that two processes are not equivalent (it is sufficient to find one 

observer which differentiate between them), it turns out to be difficult or at least long and 

tedious to prove that two processes are equivalent; (we need to take into account all the 

possible observers and the outcome of all their observations). However, at least in the case of 

transition systems, it is possible to give alternative characterizations of the equivalences 

(preorders) which are independent from the notion of observers by analyizing the (finite or 

infinite) sequences of actions each system may perform and the set of actions the system must 

accept.This new characterization allows us to gain insight into the discriminating power of 

testing equivalences and to understand their relationships with the weak equivalences studied 

in the previous section. We start with a series of definitions based on those of section 1. 1. 

Definition 1.6-2 Given any state p of a transition system I we Say: 

pIE if pU 

pIes if pU and (Vp, p=a=p implies p1s) fl 

As it might be expected, irs denotes the negation of tIes. 

In the sequel, we will let p0  and q denote the initial states of transition systems l  and 

12 respectively. 



Definition 16.3 

T 1 93 12 if Tres( p0) c Traces( %) 

Ti 2  12 ii for all s A*,  for all finite L c A, p01s implies 

1. (1043, and 

ii. (po  after  s) MUST L implies (p0  after s) MUST I 

C) Tj 91T2  if I 2T2  end T 3T2 0 

Lemma 1.6.4 If T !Z-2  T2  then for all a A* we have that p0JJ.s implies 

i. q.k &1 ii. s € Traces(%) implies s c Traces(p0). 

Proof: 

Suppose there exists s = a .... a n  such that p04s and qDts. Then if we choose E such that 

its set of states is given by (ej 1 0 K I s n) U (ef, e), its initial state is e0  and its transition 

relation is given by { e1- t--' e,  e1-a-* e1 1  1 0 K i < n) U ( en- t--.* e, e -w-  e1) we 

have T must satisfy E and T2  mud satisfy E, i.e. I I  Z 12. 

Suppose there exists a = al ....  an  such that p04s, a € Traces(%) and a is not in 

Treces(p0). Then choosing an F similar to the one in case i. but such that the transition 

relation does not contain e-t-- e, we again have 1 I  must satisfy E while T,2  mud satisfy E. 

Ii 

Lemma 1.6.5 (p  after  s) MUST 0 if and only if sRTraces(p). 

Proof The only if part is trivial since s t Traces( p) implies (p after s) = 0. To prove 

the if part, let us suppose a € Traces(p). We then have that p exists such that p=s=p  and 

for noacø we have p'-a—, i.e. (p after s)MUT 0. 

Lemma 1.6.6 Ifp0Us and T1 '2 T2  then s€Traces(q) implies s'€Traces(p0) 

Proof The proof is immediate from the previous lemma. 0 

We we nav re* to prove the main characterization theorem. 
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Theorem 1.6.1 T 1  GiT2 if and only if Ti 1T2 for  = 1,2,3. 

Proof: Because ot the was' G 1  and 5W 1  have been defined we only need to prove the 

theorem for i = 2 and 3. 

1=3 

Let s=e1 .......  a, with a1 cA and let Ebe such that the set of its states iSgiven by 

{e1  10 & I < n} U (e}, the initial state is e0  and the transition relation is 

{ e1-a1--'e1+1  101 i cnJU(e-w--'ef}. We will have s'Traces(p0) if and only if I  1 may  

satisfy E. The claim is an easy corollary of this fact. 

1=2 

We first prove that Ti Fv2T2  implies I 2T2. 

From lemma 1.6.4 we have that p04s implies %IJS for all s € A*. It remains to prove 

that for all finite  r= A, for all s € A* we have (p0  after  s) MUST L implies (%  after  s) MUST 

L. Let s = a1 ....... a and E be a transition system such that the set of states is given by (e1  I 

0 K I K n} U (e1 e),  the initial state is eo  and the transition relation is ( e1-e— e,, 

e -a1- e1+i 10 1 i nJU(e -a- -'e I a c LI U{eW-W-- ef}. Itis easy to check that 'p0  

after a) MUST L implies I must satisfy E, which in turn implies T must satisfy E by 

hypothesis. This will imply (ci,3  after a) MUST L since we have either that s is not in 

Traces(go) or that for all qsuch that q=s=q, q=a= for some a € L. 

1 I c2  T2  implies T ; 2 12. 

We prove that if there exists E i t such that T2 mull satisfy E then T  1  mudt satisfy E. We 

will prove that if there exists an unsuccessful computation C2, with c2 € Comp(q,, ,), then 

an unsuccessful c1, C1 c Comp(p0, e0) will also exist. Now c2 may be unsuccessful for a 

number of reasons. 

I. c2 = <q, e-t1--. .......  - ji e> and <q, e>-ji- for all Ii € A U (t}, 

e1-w- and q•$ and e1lfor all o 1iIn. 

ii. C2 = <U, e0>-01-  .......-ji <q,.,, e>-J1-* ..... and qnt or emit for some 

positive m smaller than n, and e1-w- for all 0 I (m. 
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iii. c2  is such that for all states q, en), reachable in a finite number of steps we have 

%4 and  eLe—w-"  and %e>=Ii= for some jicA. 

In all these cases, we can prove that an unsuccessful c1  c Comp(p0, e)  exists; this is 

sufficient to prove the claim. 

I. Web vethatthereexistsacA*suchthat<q,e0>S< q,e>,%4s, e08s and (% 

after  s) MU6T Init(e). We may have either 1. pots or 2. p04s. In case 1., e0=s implies 

that there exists an unsuccessful computation from <p0, es>. In case 2. we have that I 2 

12 implies that usc Traces(%) then a c Traces(p0). Therefore c1  must exist such that 

<p0, >=S P. en>, since (%  after  s) MUST Init(e) implies (p0  after  s)  MUST Init(e0) 

by hypothesis and in both c1  and c2  experimenter E may go through the same sequence of 

states, we have that if c2  is unsuccessful then so is C 1 . 

We may have that there exists a c Treces(%) fl Traces(e0) such that %ts or e011s; 

now we have that this and T '2 12 implies that either pots or e0fts (lemma 1.6.6). Since 

experimenter E goes through the same sequence of states, we have that there exists an 

unsuccessful computation from <p0, e,>. 

We have tJJ for all the states of the computation, i.e. we have that for any a c 

such that c q., e0>=s= q0, en), q.Is. From lemma 1.6.6 we have that either p0frs or 

< PD,  i==>< Pm,en>  for some m > 0. In both cases, using reasoning similar to case i., 

we can prove that there is an unsuccessful c1. 



1-7- Alternative Forms of Testing 

Most of the notions (observer, state, computation) used in section 1.5 to set up the 

general framework for testing appear natural and correspond to precise intuitions. However, 

there are a few which are more debatable. Among these we hove: the w' the possible 

outcomes of observations can be tabulated and, more importantly, the way the computations 

generated by testing a process p with an observer o can be noted In particular there are 

different choices about noting the effects of experiments (observations) which lead to infinite 

computations or to diverging computations. 

In section 1.5 we chose to consider as successful a computation which had gone through a 

successful state before going through a diverging one. This choice has been vindicated by the 

simple alternative characterization of the equivalences which the obtained general framework 

induces on transition systems. However we could have taken an apparently more natural 

approach by considering successful only those computations which never go through partially 

soecifled states and always terminate. I.e. we could have considered successful only those 

computations which when cannot progress any further are able to report success and 

moreover are finite and fully specified The present section discusses this alternative, first 

by slightly modifying the general setting of section 1.5 and then by applying this to labelled 

transition systems, as in section 1.6. 

In section 1.5 we had 

1c (o, p) If there exists cc comp(o, p) such that 

c is unsuccessful or  

c contains a partial state a which is neither 

successful nor preceded by a successful state. 

The new approach will imply that given any process p and any observer a we will have a 

new result set R(o, p) such that: 



I R(o, p) if there exists cc Comp(o, p) such that 

a c is finite and its final state (o, p) is such that d-w-A 

b. c contains a state s which is nartially defined  or 

C. C IS infinite. 

On the other hand we have: 

I c R(o, p) if T c R(o, p). 

When applied to transition systems, the new general setting would imply a new definition 

for must satisfy and new "must-based" preorders, respectively must strictly satisfy and  552, 

Note that the definition of may satisfy and G3  are not influenced by these changes. If we 

keep the same notation and conventions of the previous section we have: 

I 1  must strictly satisfy E if every computation from e0> is finite 

and 

is a computation then e0-w—. 

Definition 1.7. 1 

T 2 T2  if forallEct 

T I  must strictly satisfy,  E impliesl2  must strictly satisfy E 

T I Ful T2  if T  1552T2  and T1 Fg3T2 0 

Furthermore, for Fui, as for 
, 

it is possible to give an alternative characterization 

which is independent of the notion of observer and is based on testing for the set of sequences a 

process may perform and on the notion of MUST as defined in section 1.4. This new 

characterization gives us a better understanding of the differences between the equivalences 

obtained by immersing transition systems into the two general settings for systems testing. 



Definition 1-7.2 Given two transition systems T I  and 12,  and letting 1Xs, p) be 

equal to (a I a (A, ptsa} we ham 

T1 2T2 if for all sEA*, for all finite LcA, 

t.fllXs, PO) =øand p04s implies 

%S and 

(p0  after  s) MUST I implies (p0  after s) MUST L 0 

As for and in the previous section, we can prove that 5ij and coincide. Also in 

this case we need some lemmas. 

Lemma 17.3 If I 2 T2  then for all  scA*wehavethatp0.js  implies 

I. cis and ii. S G Treces(%) implies s c Traces(p0). 

Proof To prove i., let us suppose there exists a trace s such that p04s and %fls. We can 

then prove that there exists an experiment E such that Ti must strictly satisfy E and 12 rni1 

strictly satisfy E. Ifs = ai .... a it will be sufficient to have an E such that its set of states R 

is given by {e1  1 0 & I I n' I) U (ef), its initial state is e.a  and its transition relation is given 

by (e-w-'  ef, e1-a1--' es.,. i 1 0 1 i & n) U ( e0 1-w-4ef}. To prove ii. suppose there is an 

s in lreces(%) and not in Traces(p0), then if we take the experimenter E5  equal to E apart 

from the fact that e0+ i  -w- we have that I  must strictly satisfy E5  and 12  mW strictly 

satisfy E5, i.e. T 1  56 12. 0 

Lemma 1..7A If T I  V2 12 and p0 s then s c Traces(%) implies s c Traces(p0). 

Proof. The proof follows from lemma 1.6.5. 0 

Theorem 17.5 I 1 552 12  if and only if I I W2 12. 

Proof 

a. (only if) 

The proof follows the same pattern as that for part a. of theorem 1.6.7 with E replaced by 

EYA 



anE'definedes follows. The set of states OfE is given by(ej 10 1 I & n) Ufef,eW)  the initial 

state is e0  end the transition relation is given by (e-w--' e1, e1-a1— e1+ I  1 0 & i < n) U 

(en-a—' ew  I a c 1) U (e-w--  eç}. In fact it is not difficult to prove that given an sand an L 

such that p04s and L fllXs,p0) = 0, we have that (p0  after  s) MUST I implies T 1  must 

strictly satisfy E'. The latter, by hypothesis, implies T2  must strictly satisfy E and this 

implies s) MUST L. Now the claim follows since from lemma 7.3 we also have p04s 

implies CL)s. 

IL (if) 

This proof also follows the same pattern as the corresponding one in theorem 1.6.7. We 

have that c2 € Comp(q,, ) may be unsuccessful for a number of reasons. We will consider 

only one of these reasons since we can deal with the others exactly as in theorem 1.6.7. It 

may be that there exists an s € Traces(%)n Traces(e0) such that *:q0, e0>=s(q, e>, q04s, 

e04s and <q, e>-j1 for all ji € A U it, w}. This implies (c  after s) MUST Init(e). We have 

to distinguish two cases: 1. Init(e) fl(s, p0) = 0 and 2. Init(e) fllXs, p0) ;t 0. In case 1. 

we also have that (p0  after s) MUST Init(e) and from this we can conclude there is an 

unsuccessful C1E Comp(p0,e0), (p0,e=s=(p,e>-ji for all ji €A U it, w)). In case 2. 

we would then have there exists p € (p0  after s) such that there exists an a € Init(e) r 

Init(p) such that p0,  q3>=sa=<p, e> and pt, i.e. there is an infinite computation from 

<p0, e0> and so an unsuccessful one. . I] 

The alternative characterizations of and F92  given In definitions 1.6.3 and 1.7.2 

should suffice to convince the reader that, if we consider only transition systems which do not 

contain diverging states, (i.e. states from which Is possible for a system to perform an 

infinite sequence of t-actions), then the two preorders coincide. This will be proved in the 

next section, for the moment It should be noted that, if we consider diverging systems, the two. 

preorders turn out to be significantly different. In particular, the preorder F92  seems to 

overestimate the fact that after performing a visible action a system may diverge. Indeed It 

overestimates divergences up to the point to ignore that the system may perform this action. 
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= 14  

t 

Some examples will help to explain this point. 

Examples 

8Ab 
lb = I 

Ti = tC I 
IC 

= 12 

In fact we have (11 after s) MUST L implies (T2  after  s) MUST L for all SE A* and for all 

finite L c A - (a). This result does not correspond to any intuitive notion of approximation. 

a 

= 

This result can be proved using reasonings similar to the previous cases. However, also 

this induced equivalence does not match intuitions about systems behaviour. In fact we have 

that 13, after having accepted an a-experiment , will certainly accept a c-experiment, while 

12 may or may not accept C; depending on which of the two a-experiments it has accepted. Note 

that we have Ti Z2 12 since T1  MUST (a) whileT2  MUST (a), and T3 14  since (T3  after  

a) MUST (c} while (14 after a) MIXT (c). Indeed, since the general setting which generates 

seemed more natural than the general setting which generates G2 , we began our studies on 
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testing equivalences by working with Fg2,  but its difficulties in handling divergent terms 

convinced us to continue by studying only 2'  and to apply the general setting of the latter to 

Milner'sXS. 

1.8. Comparisons 

We have been able to give an alternative characterization based on G, (se Definition 

1.4.4) for almost all the equivalences or preorders we have discussed in the previous 

sections. Because of this, it is not difficult to study their interrelations. Many results are 

trivial to establish, indeed most of the equivalences differ only because of the way they treat 

divergence. For this reason, wewill report below two groups of results, one for general 

transition systems end another for strongly convergent ones (see Definition 1. 1.4). 

Proposition 18.1 lfT 1  and 12  are two labelled transition systems then we have: 

T implies Ii F92r2 

12 implies Ii  5j, T 

m. T 2T2  implies T 22  implies  Ii 

IV. I I 
_ 

T2  1ff I I =DT2 iff T nkT2  if 11 9T2 

Proof i. Follows from theorem 1. 6.7 and theorem 1.7.4. In fact we have: 

(P after s) MUST I implies (Q after _s) MUST L for all I c A implies 

(P after _a) MUST 1' implies (Q after s) MUST L' for every L' c A', A' c A. 

Follows from i. since the definitions of and F93  coincide. 

and iv. follow from i., Theorems 1.6.7 and 1.7.4 and Propositions 1.4.6, 1.4.11 

and 1.4.13. 

50 



Proposition 1-8.2 For strongly convergent transition systems all the equivalences 

D' f' =nk' 1' i 2' 2 and = are the same. 

Proof The proof follows from the same propositions and theorems used in the proof given 

above and from Lemmas 1.6.6 and 1.7.4, which indicate that does not contribute to the 

definitions of = 1 and & I when these are defined on strongly convergent systems. 0 

Apart from Kennaway's equivalence () which exhibits major differences, of all the 

equivalences considered in this chapter, it only remains to discuss strings equivalence (''), 

observational equivalences ( for any i ) 0 and ) and bisimulation 

Proposition 1.8.3 If T I  and 12  are two labelled transition systems then we have: 

i. Ti '11  T2  implies I T2  implies T implies T 

U. T i iff T 3 T2  iff I 1T2 

Proof 

PeR  implies sie is proved in /HM85/ and /San82/. Moreover implies 2  is trivial 

to establish and 2  implies is fWOVed in /BR83/. 

Trivial [I 

We conclude the chapter with a diagram which summarizes the interrreletions between 

the various equivalences studied in the previous sections for strongly convergent systems. 

The implication sign = can be also read as reverse inclusion between relations, i.e. R1 = 

means that R2  is coarser than R1. 

51 



.11 

P f 
2 1 1 2 D 

4 1 

The fact that the single arrows cannot be reversed (we have proper inclusions) can be 

inferred from the various examples given in the previous sections. 
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2.0. Introduction 

In the previous chapter, we discussed Labelled Transition Systems (LTS), a very general 

model for concurrent and nondetermlnlstfc systems. In particular, we showed that 

equivalences based on external observations, can be defined naturally over these systems. This 

makes it possible to abstract from their internal behaviour. Unfortunately LT$s do not seem 

to be a convenient tool to describe such systems; in fact, although they have a simple theory 

and a natural semantics, they do not guarentee sufficient modularity. Attempts have been made 

to define calcul based on LTSs which provide a suitable mathematical setting both to 

describe and reason about systems. In a sense, attempts have been made to perform a step 

similar to that of formal languages theory, where we go from finite state automata to regular 

expressions. After the work of Plotkin on structured operational semantics (see e.g. 

/Plo8 1/), it became clear that such a step was possible. In fact, Robin Milner has developed 

an algebra of processes (CCS), based on a small number of operators. Each of these operators 

corresponds to primitive concepts of the systems we want to model, and the semantics of every 

operator is based on transition systems. Since Its appearence, the Calculus for 

Communicating systems (CCS), /M1180/, has played the role of a touchstone for many of the 

theories of concurrency proposed. In this calculus, a process p Is simply considered as an 
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agent which accomplishes certain actions and then becomes another agent p. The relation is 

denoted by 

In this way, starting from a set of elementary actions (whose elements may be "take", 

"calculate", "put", "send", etc.), from a few basic agents and from a small set of combinators, 

Milner defines a language which allows processes to be built from smeller ones. The semantics 

of basic and compound processes is obtained by considering the actions they can perform and 

their possible configurations after performing these actions. A strong algebraic flavour 

characterizes the model. Some actions are exchange actions which have inverse and 

communication results from the co-occurrence of two actions, one the inverse of the other. 

The semantics of CCS Is given in terms of synchronization trees (a particular subclass 

of LTS) factorized by observational equivalence. This means that we have a two level semantics: 

a transition system based, structured operational semantics and an equivalence relation which 

allows abstraction from unwanted details. 

In this chapter, we propose a modified version of CCS which leaves the first semantic level 

unchanged and immerses the language into the general testing equivalence setting presented in 

Section 1.5, to define the second level. We also show that interesting algebraic properties of 

the CCS version based on observational equivalence are preserved and that some new ones (e.g. 

a-inductiveness) may be proved. The rest of the chapter is organized as follows. In Section 

2. 1 , after a short introduction to the main features of CCS and its operational semantics (for a 

detailed discussion see /Mil8O/ and /HM85/), we discuss testing equivalences for CCS. The 

CCS version considered is the "pure" calculus, i.e. without value passing. In Section 2.2 we 

take as our set of tests those tests which can be described in the CCS version considered and we 

examine the substitutive relations generated by the three preorders. (Two processes are 

substitutively related if they are related in every context). In this case we exploit the full 

power of the general setting of Section 1.5 in fact under-specified processes arise naturally 



in CCS as soon as we allow recursive definitions. In Section 2.3 we discuss alternative 

characterizations of the various preorders. These characterizations are independent of the 

notions of observers and give additional insight into the discriminating power of testing 

equivalences. Moreover, we discuss the minimal class of observers we need in order to 

maintain the same discriminating bower. In the successive sections, we show that the three 

relations over CCS terms can be characterized by three sound and complete sets of axioms. In 

Section 2.4, we first present the sets of axioms for terms which denote processes with finite 

behaviour and then extend them to processes with an infinite behaviour by using the 

well-known idea of syntactic approximations and the fact that the behaviour of infinite terms 

is completely determined by the behaviour of their finite approximents. Three complete proof 

systems based on the previous sets of axioms and on a very strong induction rule are 

presented. Sections 2.5 and 2.6 are dedicated to proving soundness and completeness of the 

proof systems. 

2]. CCS 

In this section we review the definition of CCS and its operational semantics. We use 

pure CCS, /Mil8O/, and our version will be closest to that presented in /HP80/. 

Let X be a set of variables, ranged over by x. Let 1k  be a set of operators of arity k. We 

use Ito denote u I lk IkO}. The set of recursive terms over I, REC1, ranged over by t,u, 

is defined by the following BNF-like notation: 

t:x op(t1 
,... 

,tj), OP E  1k I rec x.t 

The operation rec x. - binds occurrences of x in the subterm t of rec x, t. This gives rise 

to the usual notions of free and bound variables in a term. Let P1(t) be the set of free 
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variables in t If FV( t)= 0, we say that t is closed. Let CRECz  denote the set of closed terms 

and let us use p,q, as mete-variables to range over this set. A term is finite if it is closed 

and contains no occurrence of rec x. - Let FRECz  denote the set of finite terms, and let us use 

d, e as mete-variables for finite terms. Let t[u/x] denote the term which results from 

substituting u for every free occurrence of x in t. More generally, let SUB be the set of 

substitutions, i.e. mappings from variables to terms. We use p as a meta-varible over 

SUB. Let tp denote the result of substituting p(x) for every free occurrence of x in t, for 

every x in X. A substitution will be called closed if for every x in X, p(x) is closed. 

Pure CCS may be defined by choosing a particular set of operators I We will let Act 

denote a countable set of unary operators ranged over by I or z.The operator - is the 

complement operator and 2 is the ccimpement of atomic action z. It will also be convenient to 

have 2 = z. Let A=(2 Jz € Act). A will be used to denote Act U At and we let it be ranged over 

by a, b, C, 81, 82 .... .Moreover we will let A=  A U (t), where t is a ciistingulsed unary 

operator not occurring in A. Ax  will be ranged over by p, 111  02  ... . We are using the same 

notation for unary operators as that used for elementary actions in the previous chapter. This 

is because, as we shall see, they are very closely related and we can thus carry over to CCS 

many notational conventions for actions, sequences of actions, etc. - 

Let PER denote the set of total functions over A, such that S E PER complies with the rules 

1. S(t) = i, ii. S(s) = SCä) and iii. 5(o) = 8(b) implies a = b. We can now give the 

operator set I for CCS: 

(NIL, Q} 

!1=ØiIII EAX}U([S] (SE PER}U(\1I lEAct) 

2 (iI) 

0 for all n>2 

In accordance with /Mil80/, p will be used in prefix form, \z and IS] in poatfix form 

and +and $in infix form. 
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Before giving the formal semantics of the various operators we give an informal 

description of their intended meaning. 

I. Inaction NIL represents the process which cannot perform any action; 

Undefined Q represents the partial process, whose behaviour is totally undefined; 

Action If Ax  is  set of elementary actions, .i e Ax  and p is  process pp denotes a 

process which can only perform the action i and then behave like p; 

Renaming If p is a process and S a permutation over A, then p[5] is a process 

whose actions are renamings via S of the actions of process p; 

S. Restriction If p is a process and 1 € Act, p'\J  is a process which cannot perform 

any 1 on 1 action, otherwise it behaves like p; 

Choice If p and q are processes then p+q is a process which can act either asp or as 

q. The choice depends, at least to a certain extent, on the environment in which p+q is 

used. 

Parallel Composition If p and q are process then pq  is a process which can 

perform any sequence of actions obtained by arbitrary interleaving of the sequences of 

actions which p and q can perform. Moreover it can perform silent moves any time p 

and q are able to perform complementary actions. 

Recursion If x is a variable and p a process the process rec x.p is used to define 

possible infinite processes through recursive equations. A requirement imposed in 

/Mil8O/ is that p has to be well guarded, i.e. the first actions of p are independenl of 

x. Because of the way we treat partially specified objects we can remove this 

restriction. 
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The operational semantics is given in terms of labelled rewrite rules over closed CCS 

terms. These rules allow to associate a transition system from LTS to every closed term. For 

each V c Ax  we define a relation -ii--  over closed terms and use the action c for denoting that a 

synchronization between two subprocesses has taken place. 

Definition 2.1. 1 Let -ii-  be the least relation over closed terms which satisfies 

act) PP  -11-P 

res) p-1--*q implies p\l -ji--'il if Ii XjlTj 

rel) p-p—'q implies p[s] s-sf j.t]—q[s] 

sum) p-i—p implies p+q j1—p and 

corn) p-p—'p  implies pjq-j.i—. plq and 

qp -.t-  qlp 

p-a—'p4q-5—'q implies  plq - p1q 

rec) t[rec x.t/xl -j.t--'p implies rec x.t-i--p I 

Note that there is no war of distinguishing NIL and C) since both do not appear in the 

above definition and thus both cannot perform any transition. To differentiate between them 

and to cope with partially specified terms, we need the following binary predicate on terms. 

Definition 2. 1.2 Let .1 be the least predicate on closed terms which satisfies 

1) NILI,apL 

p1 ,qL implies (p+q)1 (p1q)1 1p(SII , p\11 

t(rec x.tlxll implies rec x.tl 

Let pt if not p1 . So for example QI and rec x.(ap+x)1. Informally, p1 means 

that there is an unguarded recursion or an unguarded occurrence of Q. 



2.2. Testing Equivalences for CCS 

In this section, we show how CCS can be viewed as a particular example of the general 

setting of testing equivalences described in Section 1.5 of the previous chapter. The set of 

processes will only be closed CCS terms, i.e. terms in CREC1  , and the principal point which 

must be settled is how observers can be described. It seems reasonable to use the same 

language to describe both the processes and the observers. An observer can test a process by 

communicating with it and CCS was designed to describe communication. As in the case of 

transition systems, we need some additional machinery to be able to indicate that a test has 

been successful. Let w be a distinguished action symbol, not in A. We use w as a special action 

which "reports success". 

Example The term a = ä.5.w.NIL is an observer which can be used to test whether a 

process can perform an a-action followed by a b-action. For example the 

process p = o.(b.NIL+ c.NIL) passes this test because, when o and p are put in 

communication, success will be eventually reported: 

ojp -c--' 6.w.NILI(b.NIL + c.NIL) -c-- w.NILINIL  -w-- 0 

In order to use the general setting of 1.5 we have to specify what Processes, Observers, 

States and Computations are. 

Processes are closed CCS terms over L We will also use P to denote this set. 

Observers are closed CCS terms over Z U (w}. We will use 0 to denote this set and a, 

opal... to range over it. 

States Since CCS is applicative in nature the set of states will be the set of all closed 

CCS terms over I U {w). A state s will be called successful if s-w— and divergent if si. 
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Computations For two given processes, p undo, Coinp(p, a) is the set of (finite or 

infinite) sequences (s I n> 0} of terms such that 

1.s0ispo; 

s,-t-' s1+  j; 

if the sequence is finite with Sm  as final element then SmlI4  

Since the operational semantics of CCS essentially defines a class of transition systems, 

the above definitions immediately give three different preorders on F(CREC2). To emphasize 

their import, we translate Definition 1.5.3 into this setting. The main difference between 

these preorders and the corresponding ones for LTS is the presence of the predicate testing for 

partial states. 

p may satisfy a if (po)=€=q for some q such that q-w- 

p must satisfy o if whenever plo = p01o0- 1—*pi Io 1 -t.-.... is a computation then 

there exists n 10 such that on  -W- and pk jokT implies oh-w--4  for some h & k. 

We have used = as in Section 1.1. In fact, throughout this chapter, we will use all the 

notational conventions fixed there. We will also use Dead = (pt PL p-c-'} and Fail = (p I 

p c Dead, p-w) 

From now on, we will drop the occurrences of 0 whenever this does not lead to confusion, 

e.g. 0  will be rendered as q. We will adopt the usual notation for CCS terms and their 

operational semantics. NIL will be omitted from terms; e.g. aNIL+bNIL will be rendered as 

a+b. We will often revert to the graphical representation of terms, which uses only the 

operators u. •. NIL. In fact, there is a close correspondence between the terms which are 

obtained from these operators and the synchronization trees used in the previous chapter. Q 

will also be used to denote t. The precedence of the operators is given by 

\l > [5] > II > I > +. 



The preorders FoIO induced by the previous instantiation of the predicates may satisfy and 

must satisfy, of Definition 1.5.4 and Proposition 1.5.2 are defined only on closed terms. 

However they may be extended to arbitrary terms as follows: 

Definition 2.1.2 

Fort, u € REC t Gm,  u 1ff for every closed substitution p we have tp G i up 0 

By end large, the preorders are well-behaved. For example, they are preserved by all 

the CCS operators except +. As an example, we prove the result for the composition operator 

Proposition 2.2.2 p q implies pjr ! qr. 

Proof: The result follows from the following remarks: 

i = 3: For any o€ 0, (plr)  mvsatisfyo if anclonly if  maysatisfy (rio). 

= 2: For any o 10, (pjr) must satisfy o if and only if p must satisfy (rio). 

I = 1: This follows from the two previous cases. IC 

In general , 1=1 ,2, are not preserved by the operator +. For example a F2  ta but b+a 

ta. In fact, if odenotes 15w, then b + a must satisfy a whereas (b + t01c--aI6w c 

Dead. We have that is preserved by all CCS operators, but for uniformity we will treat the 

three cases together. 

In order to use our algebra of processes to prove systems properties and in general to 

reason about them, rather then equivalences, we need a theory of congruences. In fact' if 

processes pand and  are equivalent, we would like to have the possibility to replace p by q in 

any context, without affecting the overall behaviour. This is generally possible only for 

equivalence relations (preorders) which are also substitutive, I.e. are preserved by all the 

operators of the calculus. Indeed, we have already seen that 2  is not preserved by operator 
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+.We  can define new pr8rS which 8re based Ofl Fol  but are preserved by all cS 

operators. To do this we need a notion of context. 

Definition 2.2.3 A context CE] is an expression with zero or more "holes", to be 

filled by terms. We write C[t] for the result of inserting t into each "hole". 0 

Definition 2.2.4 tjCu  if for every context C[t] Fui CEul 0 

In general, there are limited numbers of contexts which are important to determine C; 

in our case r+[J is sufficient. 

Definition 2.2.5 Let p q if for every closed term r, r+p r+q. 0 

We can prove that and do coincide. 

Proposition 22.6 If t, u i REC then u 1ff t 

Proof: The only difficulty with this proposition is to prove that is preserved by 

contexts involving the recursion operators. This requires some technical concepts which will 

be developed in Section 26. The proof will be posponed to that section. 0 

We now give some examples and counter-examples. These will mainly concern the 

equivalence i , which in the following will be abbreviated to 
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Example For any X,VEREC 

ax ay ax + aY + a(X+V) 

Using the representation of terms by trees of /Mil8O/ these my be described as 

P q 

The reader may like to convince himself that for any observer o we have: p may satisfy o 

if and only if q may satisfy o and p must satisfy 0 if and only if q must satisfy a 0 

In the next section, we will give a set of axioms to transform terms which preserve 

and wewill show how to transform p into q. 

Example 2 For any X, Y,Z € REC! 

ax + e(X+YZ) ax + a(X+Y) + a(X+Y+Z). 0 

However, we can distinguish very similar pairs of trees. 

Examole 3 

p=j.ia+ j.t(a+b +c);& jiu+gi(a + b +c) + ib=q. 

This follows since p must satisfyw whereas qi  jThw -, bIw € Fail. 0 

We now consider some examples with internal moves. 
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Example 4 Consider the two trees 

b 

p q 

It turns out that p q although this is not immediately evident. Now consider the two 

trees: 

3 

p.  

These trees have a much simpler "i-structure" and it is relatively easy to see that they 

are not equivalent. For example, no matter what internal move q, makes it can always 

perform either a b or an a However if p makes an internal move to become cNIL, it can 

perform neither. So q must satisfy (w + 5w) whereas p mud satisfy (w + Sw). 

The axioms given In the next section enable us to transform any term into a term with a 

--c-structure" similar to that of p. q. We will see that p may be transformed into p and q 

transformed into q, and therefore that p 
_ 

p and q q. 



Example 5 

a(bX+bY) eb(tX+tY). 

In terms of trees 

If 
I 

This example show that nel  tends to abstract away from when choices are made". 

Example 6 &( + tbY c(oX + bY) + ibY 

+ 

This will in fact be one of our more useful axioms. We can use it to transform terms so 

that they represent processes in which all choices are either purely external or purely 

internal. 
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Example 7 

iX+tY 2 tX 

In graphical terms this may be rendered 

 

A 
The presence of i on the left side is important. For example a+ b 2  ta. This follows 

since a+b must satisfy w whereas aI5w —aI6w € Dead. 

aX + ay + a(X + Y) 

In graphical terms we have 

+ 

3 

Thus the relation ignores the entire tree structure of terms. We will also see that X 

X and thus that. + is a very weak relation. 



2.3 Alternative Characterizations 

In Section 1.6 of the previous chapter, after using the general ideas about testing to 

develop a theory of equivalence for transition systems, we gave alternative characterizations 

for all the generated preorders. These new characterizations were independent of the notion of 

experiments and were based on simple notions such as checking whether two systems can 

perform the same sequences of actions and whether, after any sequence, they can choose their 

next move among the same sets of actions. These alternative characterizations are very useful 

in practice since using observers to decide whether two systems are equivalent or not may be 

long and tedious. In fact, in order to show that two systems are not related it is sufficient to 

exhibit just one observer which differentiate between them. On the other side the effect of all 

possible observers must be considered to prove a positive statement. In the first part of this 

section, we prove that alternative characterizations, very similar to those defined for 

transition systems, can be given for the equivalences induced on CCS by the general framework 

of testing equivalences. 

2.3.1. New tests 

In spite of the striking similarities between the two instantiations of the general setting, 

the results of the previous chapter for alternative characterization cb not carry over 

immediately to CCS. The main reason is the presence of partially specified terms; the slightly 

different notion of computation is also relevant. We have used different computations in CCS, 

to stress that, when considering languages with operators for interprocess communication, a 

natural way of testing them is to compose the processes and the observers using the 

appropriate parallel operator of the language itself. 

However, it will be seen that we deal with underspecifled terms In much the same way as 

for divergent terms in Chapter 1. Instead of having a predicate 4 over terms, which ensures 
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that there is no infinite sequence of internal actions, we will extend 4 to a predicate which not 

only ensures that there is no infinite t-sequence but also that there is no finite t-sequence 

which leads to an underspecified term. Because of the way successful computations have been 

defined, these two different predicates play the seine role in the alternative characterization, 

and with abuse of notation we denote also this predicate over CCS closed terms by 4. Apart 

from 4, which is redefined below, all the other notations used UST, after, etc.) are 

borrowed from Chapter 1. 

Definition 2-3.1 

a) 4 is the least predicate such that 

If p1 then p4 

If Vp', p-i--vp' implies p'4, then p4. 

b) OE if 0 

p4as if p4E and p=a=p' implies p'4s D 

As usual we will use pt and ph to denote iiotp4 and not p4s. 

The following definition is exactly the same as that in Section 1.6.2, apart from the 

different meaning of the predicate 4. Since the definitions of testing equivalences for both CCS 

and ITS's are instances of the same general setting, the proof of the characterization theorem 

is very similar to the one of theorem 1.6.7. Rather than repeating the entire proof we will 

simply outline it here, mentioning only the points in which the two proofs differ. The main 

theorem also uses a series of lemmas whose statements and proofs are identical to Lemmas 

1.6.4 -1.6.6. 
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Definition 2.3.2 

p q if traces(p) c traces(q); 

'2 qif s E fat' all finite I c A, p5s implies 

1. q4s and 

ii. (p  after  s)  MUST L implies (q after s) MUST L; 

p91 q if p'3q and iI 

Theorem 2.3.3 

p Giq if and only if p 1 q for 1=1,2,3. 

Proof: Beacuse of the way and have been defined we only need to prove the 

theorem for I = 2, 3. 

I = 3: Fors A, let o3 =sw. Then s traces(p) if and only lip may satisfy o3. The 

claim is an easy corollary of this fact. 

I = 2: a. We first prove that p '2  q implies p 2  cl 

The core of the corresponding part of the proof of Theorem 1. 6.7 consists in proving that 

if there exists = ei... a and L c A such that 

pk and qts or 

a c traces(q) and st traces(p) or 

(p after s) MUST L and (q after s)MUTL 

than there exists an observer a such that p must satisfy o while q rni.1 satisfy a. We will have 

that a is equal to 0d2, 0 2 and d 2  respectively in case a, b and c where 

= tw + a1  (tw + an- 1(tw + 

02 tw + (w + a.... 1 (tw + 

QL2 = tw + a I  (tw + ... ä1 _ 1  (iw + ä(äW a c L})...) 

b. The proof that p '2  q implies p q is identical to that of part b. of theorem 1.6.7. 

IC 

We conclude by deriving a characterization of similar to that for Gj
, 

given in the 

above theorem. We need the following lemmas. 



I. 

Lemma 2.3.4 If p G2qffm 

I) p -t-. implies p q 

jj) ..pt+ q  

iii)p -e-", q-i-" implies pj'(I. 

Proof: 

I) Suppose r.p must satisfy o. Then, since p -c--', we have that p must satisfy a. 

Therefore q must satisfy a and this implies that r+q must satisfy o. It follows that p 2  q. 

Suppose r+tp must satisfy a. Then, once again, we have that p must satisfy o and, as 

in case I), this means that r+q must satisfy a. 

Suppose r+p must satisfy a. If plo -t-.4 then, from the characterization of 

given in theorem 2.3.3, it follows that qo -t-A and, in this case, r+q must satisfy a. On the 

other hand if plo -t- then p must satisfy o. Since we are assuming that p 2  q, it follows 

that q must satisfy a and therefore r+q must satisfy o. 0 

Lemma 2.3.5 Ifp 2 q and (q - i- -' implies p-t-'),then 

Proof: If p-c—, then the result follows from the previous lemma. If pt then the result 

is trivially true. Therefore we may assume that p4, p- v" and q-t-i". from part iii) of the 

previous lemma, it follows once more that p q. 

Theorem 2.3.6 

p 3 q if and only if traces(p) c traces(q) 

pqif and only if 

p4 and q -c--' implies p  

for all s  A* and finite I c A, p4s implies 

i)qUs 

ii) (p after s) MUST I implies (q after s) MUST L. 

Proof: 

0 Follows from the fact that is preserved by all of CCS operators. 
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fl) We certainly have that p and p4 and q--- implies p-t—. For, assume the 

antecedent and suppose p -e-", then for any action "a" not appearing in p and q we have a4  

must satisfy N whereas a+q mudt satisfy äw.This together with Theorem 2.3.3 is sufficient 

to prove the only if part. The if part follows from the same theorem and from Lemma 2.3.5. 0 

2.3.2. Minimal sets of observers 

Many observers are useless for distinguishing processes. For example, if a contains no 

occurrence of w then, for every process p, we have R(o,p) = (1). This means that some 

observers may be ignored. In general , one can ask which is the smallest set of observers 

which generates the preorders . The observers used in the proof of theorem 2.3.3 suggest 

the specific observers needed to distinguish processes. 

Let 01 =02 U 03  where 02,03 are the sets of observers generated, respectively, by 

the following grammars 

. t ::= (aw I a E L} I tw + bt 

Ii. t::= owjat. 

Theorem 2.3.7 p G 1 q if and only if q for i = 1 , 2, 3. 

Proof: We need to prove the claim only for I = 2, 3. The "only If' part Is immediate 

since Di  c 0, where 0 is the set of observers used to define . We only need to prove the 

ir part 

13: The claim follows directly frOm the corresponding case of Theorem 2.3.3. 

I2: Notice od2, d12  and d-2  all belong to 02.  We have p q Implies p 2  q and, as 

shown in the proof of Theorem 23.3, this implies that p must satisfy o and q mugi satisfy o 

for some a E 02. 



We can show that we need observers generated by all the clauses in the definition of 02 

and 03. The case of 03  is very simple since the only observers we have are unbounded 

sequences of actions and these are needed in order to test processes which differ after an 

arbitrary number of màves. Let us consider 02.  We can see that observers from 02  we 

indeed necessary. For example we have e(b+c) + ad Z2  ab + e(c+d) but no observer from 

03  can distinguish between them. In fact we can show that we need both observers of the form 

aw+bw and tw+a. 

Ifweomit Aw+w we have that p= ta + t(b+c) and q=c(a+b) + cc would be 

considered equivalent while we have p must satlsfvw +w and q must satisfy Bw +w. 

If we omit tw+a we have, for p = band q = a + b ,that p q while p must satisfy 

iw+a and qmue satisfy tw+a. 

These classes of observers shed light on the nature of the basic experiments. Probably the 

most important thing is that all terms in Oi  are finite, since this implies that two processes 

which are not testing equivalent can be distinguished by finite experiments. This fact will be 

very important later (Section 2.6) when we need to prove that all the relations ° satisfy 

some inductive properties. 

The similarities of all the proofs which allow for alternative characterizations of testing 

equivalences for both CCS and LTSs suggest that also for LTSs we can define minimal sets of 

experimenters. The only reason we did not describe these experimenters in Chapter 1 was 

the fact that we had not yet introduced appropriate operators to define the minimal classes. 
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2.4. Three proof systems for CCS 

In Section 2.2 we established a number of properties of testing equivalences and 

congruences for CCS. In Section 2.3 we presented their alternative characterizations 

independent of observers. In this section, we study their equational characterization. First we 

will present three sets of axiom schemata, whose variables may be replaced by arbitrary 

agents of CCS, and then three "completes proof systems based on these schemata. Such systems 

are of both theoretical and practical interest They give additional insight into the 

identification induced by testing equivalences and may form the basis for automatic proof 

systems for CCS and related languages. 

Our "complete'o proof systems have a major drawback: they are not recursively 

enumerable and thus they are not effective. However for CCS there can never be a complete 

recursive equational axiomatization, i.e. an axiomatization from which all and only the valid 

instances of testing equivalences follow by equational reasoning. In fact, it has been pointed out 

that a Turing machine can be simulated in pure CCS (in chapter 1 of /Mil80/ it is shown how 

to implement a pushdown automato:n and we know that a Turing tape can be simulated by two 

such automata). Moreover, this simulation may be carried out so that a Turing machine TM 

will diverge on a blank input tape if and only if its translation ITMI 13 such that ETMI 

Q, I = 1, 2 or 3. We will give complete systems which are not recursively enumerable. These 

are of considerable interest in themselves. For example, they show that the axioms A1  are 

complete for finite terms and if we add a sufficiently powerful form of induction we get 

completeness for arbitrary (closed) terms. It is the required form of induction which 

introduces the non-recursive enumerability. 

S 

We shall now examine the axiom systems for the three relations defined in the 

previous sections for CCS. The basic axioms are given in Table 2. 1. Most of them are given in 

terms of =W  and they are designed to be used in conjunction with the rules: 
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X=Y implies X Y, V 

XY, Yc X implies X=Y. 

The axioms Al-A4, ti -S3, HI-H3, Cl , )I ,02 are essentially taken from /Mi18O/ and 

/HP80/. The summation notation used in Cl is justified by the axioms Al-  M. As in 

/Mi180/, 2(t1  I i € ø} denotes NIL. The notation t f+ Q} is meant to indicate that the term 0 

is optional as a summand of the term t. The axioms of particular interest are Ni -N4, which 

replace the "t-laws" of /Mil80/. Indeed the new axioms imply these -laws. 

Let A, denote the set of axioms in Table 2. 1 other then El and F 1. Let A2 be the set A1  

together with El and A3  be the set A 1  together with FL We write t C-i u (t =i  u) if t u 

(t = u) can be derived from the axioms A. These axioms are rather low-level but we can 

derive various others from them. A list of some important derivable axioms is given in Table 

2.2. We will now derive the new axioms and re-examine the examples of the previous section. 

Dl - tX+Q X+Q 

Conversely 

X+Qc x+x+c 

C_ 

= 

from N4. 

from 01 

from N2 

from Al. 

D2 - We use induction on the size ofl: 

0 111 = 1. 

Then jix=jiX+jiX 

=ji(tX+iX) 

LLtX 

ii)I =JU(o} 

Then 11(21 Vi liE I}) = p(If tXi Ii EJJ + tX0) 

=ii(tftX1l iEJ} tX) 

=ii({X1 ll EJ})+ jiX3  

= 101  I I E J} + 
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from Al 

from NI 

from Al 

using induction with ji = t 

from N2 

using induction. 



x+x=X Al 

X+Y=Y+X A2 

x+(Y+Z)=(X +Y)+Z A3 

X+NIL=X A4 

iiX+iY=p.i(tX+tY) NI 

X+tYi(X+Y) N2 

JJX+t(RY+Z)=t(JIX+JIY+Z) N3 

tXX N4 

NIL[S]=NIL Si 

(X+Y)[S] =X[SI + YES] S2 

jiXES] = S(I.OX[S] 53 

NIL\1 = NIL Hi 

(X+Y)\1 = Al Y\1 H2 

ji(X\l) ifLt.'(1,T} 

NIL otherwise H3 

Let t denote lfgiti I I E 1} (+Q} and u denote (Ifj t Ii E J} (+0) then 

tju = (j 1(t1It') I I E I) + (if1(tIt) Ii E J) + 

Z{c(tIt))IJ.11 =J1J}{0IQisa  sum  mandoftort} Cl 

QX 01 

0151=0 02 

03 

tirec x. t/xl = rec x.t REC 

tX+tYX El 

XcX+tY Fl 

TABLE 2.1: Axioms for CS 
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9L 

sWop<y 8q9MJ8J :33 319V1 

X=X 

3J 

£3 

33 U=O+X 

Ito OTI+(O+X)T1(O+X)11 

010 

60 (A + X)TI = All (A + X)'1  

90 (A + = (A + XP  + x 

LO XT' =x:u1 

go (Z+A+X)fl+(A+X)fl+XT1 (Z+A+X)fl+Xfl 

so (A+X)Tt+A11+X1l= All +X 

I,,o 

£0 0+UJ+X)11 =O+XTI 

30 ø;eI '(I)LI tXTl}X =(I 3 LI tx}xTf 

to o+x= o+x 



LL 

za woJi (Z+A+X)° +(A+X) +XQ = 

(LwoJJ W + A + XP + (A + W + XPL )p = 

INWOJ ((Z+A+X)+X3) =(Z+A+X)U +  Xe 

IV' zu wail (A Xk + (Z A + XP = 

IV' tiGWOJJ (Z+A+XP+((A+X)1 +X1+(Z+A+X)2).s= 

IV' f7awail (z+A+x)L+((A+x)k.+X1+Z+A+X)3= 

I70 Wail (z + A + XP + (x +z + A+ x)=(z 'A x)1 + x 

=Tf(L 

Z [dWX3 
- 90 

ZG WOJJ ATI+(A + X)TI +X11 = 

(A2 (A + )TI= 

I0 WOJJ ((A2. + (A + OP, + X)T1- 

b,aWail ((A+X)1+X)Tl= 

I N WOJJ (A + X1 )T1 = Al +  XTI 

uoipas snoad eqj jo 1 ajdwx3 st sqj 
- sci 

LV'3N WOJJ P + X 

b'NWOJJ 

ALsJ9Auo3 

ZNWOJJ 

1  WOJJ A1 + AL + X = A + X -  iru 

laWail 

IV Wail 

ZNWOJJ 

t7NW0JJ 

NWOJJ 

IOWOJJ 0+(O+X)11+X1I O+ X11  

AI9SJ9AUOO 

'IV Wail O+X11  = 

I WOJJ O+(X+X)TI o+(o+x)11—cQ 



Note that in D5, in order to prove equality between terms which contain no occurrence of 

t, we first introduce t's, then use some t-laws and finally we eliminate ts. The same method 

is used in D6, where it is seen that 02 can be used to translate t-properties into 

a-properties. 

Dl - MinstenceofD2 

D8 - X+t(X+Y)= t(X+X+Y)+ t(X+Y) 

= + Y) 

09 - ji(X+ iY)+iY= p(t(X+tY)+tY) 

= i(t(t(X + Y) + tY) + tY) 

= 

AWX  = + Y) + tv) 

= + tY) 

from D4 

from Al. 

from Ni 

from D4 

from N 1 

from Al 

from D4. 

These last three derived rules are the t-  laws of /HM84/. 

D1O - We use induction on the size of I. If III = 1 then D 1 coincides with 03. 

Otherwise we can write  Z[X1J  Id) asX0 +Y where Y=(X1 Ii c J). Then 

Z(pX( id} + .LX0 + 0= ji(Y+ 0) + iXo+ 0 by induction 

= ji(t(Y + 0) +eX0) + 0 from NI 

= ji(Y+X0 +Q)+0 from Dl 

Dl  -ji(X+Q)=ji(X+0)+jQ 

+ 0) Cz ji(x + to + to) from 01 and Al 

; AWX + 0) + to) from N2 

ji(X+0)+j.i0 from Ni. 
Conversely 

ji(X+Q)+),IQ =i(t(X+Q)+to) from Ni 

from N4 

= + Q) from Al. 
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E2 - This is derived from the set of axioms A2. 

QX+Q isan instance ofQl. 

Conversely 

X+c? c X+.tX+tQ from Ol 

=iX+tQ from D8 

from El. 

E3 - This is again derived from A2- 

tX + ty = ttx + tY from Dl 

E- tX from El 

F2 - A derived rule from A3. 

E- X from QlAl. 

Conversely 

X tX+Q from Fi 

tX+ 0 from N4 

x+Q from N4. 

F3 - Another derived rule from A3. 

iXX is N4 

XciX+iX from Fi 

c tX from Al 

Example 5 - Derivable in A1. 

abX + abY = a( tb X + tb Y) from Ni 

a(bX + ebX + bY + tbY) from D8 

= a(t(bX + bY) + t(bX + bY)) from N3 twice 

= at(bX + bY) from Al 

= a(bX + bY) from D7 

= ab(cX + CV) from NI. 
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A3  deserves some additional comments. In fact, using the derived axiom F3 in NI we 

obtain 11X + iY= si(X + Y)end indeed we have that the axioms Nl - N4Fl may be replaced 

by: 

X=iX 

= ii(X+Y) 

X  X+Y 

However, our presentation has the advantage that it shows the duality between the two 

systems A2  and A3  and how they are obtained from A1. 

As mentioned previously, in order to extend our axiom systems to cope with infinite 

terms, we need some results which allow to determine the behaviour of infinite terms as the 

limit of the behaviour of finite ones. In particular, we will show that it is possible to 

determine the behaviour of any process as the limit of the behaviour of all the finite processes 

which approximate it. The rest of the section will be dedicated to discussing sets of 

approximants and to present a set of inference rules which permit properties of processes to 

be derived from previously known ones. 

A recursively defined arbitrary term t may be considered as a finite notation for an 

infinite tree. This tree is obtained by unwinding" the recursive term via the rewrite rule: 

recx.0 - u[recx.u/x]. 

We are interested in the domain of finite trees which approximate this unwinding of t. It 

may be defined as follows. 
LI 

EI€ 



Let < be the least relation between terms which satisfies- 

01 Q<X 

RECI t(rec x.t/xl < rec x.t and 

I. t• <Ui, 0 ~ I l k implies op(t1  ,tk) < op(u1 ,..,uk)  for every op t  Ik 

H. t < t 

iii. t < u and u < r implies t < r. 

We let FIN(t) = (ci I d E FRECZ and ci < Q. Since i. - iii. above amounts to say that < is a 

congruence, the relation <will be referred to as the least pre-congruence (wrt I) generated 

by the axioms 01, REC. 

These sets of finite approximants have been studied at length in /0ue8 1/, /01W77/ and 

/CN76/. For example FIN(t) it is proved to be directed with respect to the relation <(see e.g. 

/0ue8 1/ Proposition 3.18). The unwinding of terms may also be defined in the following Way: 

I) t°=Q 

ii) (recx.t)1l+l = t[recx.t)/x] 

iii)op(t l ' '•' tk )fl+1 = op(t1fl+1,..., tk'). 

The next lemma relates these two sets of syntactic approximants. 

Lemma 2.4.1 If d c FIN(t) then there exists n 2 0 such that d <ta. 

Proof: See /0ue8 1/, Theorem 3.34. 0 

We are now read' to give the proof systems for CCS. They will be given in terms of a set of 

rules of the form: 

S 
5,  

where 5, 5' are sets of statements. These rules are to be interpreted as: if every 



statement in S (the set of premises) can be derived, then any statement in 5 (the set of 

conclusions) can be derived 

RI ((QUALITY) 

t=u tu, ut 
tu, uct t = u 

R2 (PARTIAL ORDER) 

tcu. ucr 
tcr 

R3 (SUBSTITUTIVITY) 

1) tu 
tpup 

t1.jj. I  I ~ k 

op(tj . ...... tk)Op(U1 . ...... Uk) 

t t 

ii) tu 
recx.t1 recx.0 

R4 (DENERAL INDUCTION) 

du. for all dEFIN(t) 
tu 

We write A I— t c u if t u u can be derived from the set of axioms A using the rules 

Rl-R4. Note that R4 is an infinitery (non-recursively enumerable) rule since it has an 

infinite number of premises. Recursively enumerable proof systems can be obtained by 

replacing it by a finitary form of induction such as Fixoint Induction or Scott Induction 

/3to77/. Indeed these may be derived from R4. As a simple example, we derive Fixpoint 

Induction: 

FP) tlu/x] c u 
recx.t c u 

Lemma 24.2 If Acontains the axioms 01, REC1 then FP is a derived rule in the 

system with rules R 1 -114 and axioms A. 



Proof: Let r denote rec x. t. We first show that A l- r'cu for every n 10. 

i)n=0 A I- r0  r. u follows from 01; 

ii)nk+1: We assume A i rk  u. 

Then 

A F- rkl = t[rk/xl 

Q t[u/xl by repeated applications of R3 and induction on k 

u from the premise. 

Also note that if t < u then A I- t c u since A contains the axioms which generate <. Now let 

d € FINN. Then, from lemma 2.4. 1,  Al- d rn for some n and therefore A F- d 9 u. Since 

this is true of every  c FIN(r) we may apply R4 to obtain A 1- r 9 u. 0 

Lemma 243 If A contains the axioms 01 and REC I then the rule R3 ii) is derivable. 

Proof: We assume that A I- t c u. Let p be the substitution defined by 

p(x)= rec x.0 

p(y)=y, yx. 

Then applying the first part of R3, we get A I- t p u p, i.e. 

A I- tErec x.u/xl g u[rec x.u/xl 

c rec x.0 using REC1 

Now applying FP we get A I- rec x. t rec x. u. Ii' 

We decided to include this rule as part of R3 for the sake of clarity. We now state the main 

theorems  -of the chapter. 

Theorem 2.4.4 (Soundness) 

For i=1,2,3 AjI— tu (t=u) implies tjC  u  (t 1C) 
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Theores 2.4.5 (Cinnpleteness) 

For i= 1,2,3 tC  u  (t1CU)  implies A11— t  r. u (t=u) 0 

The next two sections are devoted entirely to the proofs of these results. 

2.5.. Detailed Proofs for Finitary CCS 

In this section we prove soundness of the tree sets of axioms presented in the previous one 

and prove their completeness for a finitary subset of CCS, i.e. CCS without recursively defined 

terms. To deal with terms which contain the recursive operator rec x. - it is natural to use 

some form of induction. The proof systems presented above and in particular the rule R4 will 

serve the scope. The generalization to infinite terms will be discussed in Section 2.6. 

2.5.1 Soundness 

In this subsection we concentrate on proving the axioms of table 2.1 sound. We will 

mainly use the alternative characterization of given in Theorem 2.3.6 and the previous 

lemmas. In the following we write t t' if t V can be derived from the set of axioms A1  

using the rules Ri, R2 and R3 0- iii). 

ILl 

Lemma 2.5.1 

If op ktj 'tj for all j, 1 &j Kkthen cip(tl,..tk) l 0p(t1,..tk) 

Proof: It is sufficient to give the proof for closed terms. Each of the operators are 

examined in turn. Cases NIL and 0 are trivial. We will rely on the alternative 



characterization of Theorem 2.3.6 for the proofs relative to all operators apart from "I". In 

this case we shall exploit some distinctive features of the original definition of the various 

preorders. We prove the claim only for i = 2 and 3 since the case I =1 follows automatically. 

a)p1q implies pIr1qIr  1=1,2,3 

1=3) It Is sufficient to show that r'+ (pir) may satisfyo implies r'+ (qir)  may satisfy 

a. from the hypothesis (r + (plr))Ia =E P1,  P1 E Success. If this computation does not 

Involve the subterm pir then we will immediately have r' + (qr)Io =E= p'l  for some p i 

Success. Otherwise (pr)Io=E=p1. Therefore pI(rfo)=E=  p'1  for some p'1  E Success. Since 

p q, the latter implies qI(ro) =E q'1  for some q'1  c Success , because (rio) Is an 

observer. Therefore (qlr)Io =€= q for someq1  € Success. 

1=2) It is sufficient to show that r' + (pjr) must satisfy o, implies that r' + qr must  

satisfy a. We distinguish two cases. 

1) pfrmust  satisfy  o 

This implies p must satisfy rjo and, since p q, q must satisfy rlo.This implies qr 

must satisfy a. It follows that r' + qlr must satisfy a since every computation from 

(r' + qjr)Ia which starts with an action or communication from r' is also a computation from 

(r' + plr)Io. 

Ii) pJrmutsatisfvo. 

If plr-c--'  then r + pir must satisfy a implies that pir  must satisfy o. Therefore, we 

may assume and we liavea + p must satisfyw + r for anya which does not appear in 

p, r. Since p then a + q must satisfy bw + r, i.e. qIr-t-,%.  By a simple case analysis on 

r' we can now establish that r'+ qr must satisfy a. 

b) 

1=3) We have to distinguish two cases: i. 1= t and ii. i=  a for some a ck In case i. we 

have that, for any process r, traces(pr) = traces(r) and in case ii) we have traces(jir) = (E} 

U (j.ts ( s € traces(r)J. In both cases it is not difficult to see that traces(p) c traces(q) 

implies traces(pp) c traces(jiq) and lip q follows from theorem 2.3.6. 
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1=2) We certainly have q-t--# only if p-e-, we are left to prove that i'ph implies 

iqh and if (AP after s) MUST I then (q  after  s) MUST L given that the some holds for pand 

q. We have ph implies qøs and so ip4s implies liq4s for all a c A*,  since ph implies 

4p44s. loprl3ve the rest we have again todistinguish two cases: 1= Cand p = a. In case ji = t 

we have pp afters= p after s and jiq after s= q  after sfor any a, thus the claim follows by 

hypothesis. If  = a ends = E, then clearly ep MUST I iff eq MUST L; if LL= a ends = bs' for 

some s c A*,  then either ap after bs = eq after bs = 0 or ep after bs = p after s and eq  after 

bs= q after s and again the claim follows from the hypothesis. 

c) p 1 4 q implies r+ p 1 r+q 

1=3) It is sufficient to show that traces(r+p) ç traces (r+q). This follows since 

traces(p) c traces(q) by hypothesis and traces( p1 2) = traces(p1 ) U traces(p) for any 

pair of processes p 2• 

1=2) Clearly r+q -t- implies r+p-t-- or (r+p)fl since pJi and q-t-- implies 

p-t--. Suppose (r+p)h then we have to prove (r+q)4s and (r+p) qfters MUST L implies 

(r+q) afters MUST L. We have that (r+p)JJ.s implies rb and ps and thus we have also Os 

by hypothesis whence (r+q)b. Moreover for s ;d  E we have (r+p) after s MUST L Implies 

(r+q) after a MUST L since p1 after as = p 1  after as U P2 fi.s as for any pair of 

processes p1, P2  and for any  € A. We are left to consider only the cases =E, I.e. we have to 

prove r+p MUST L implies r+q MUST L. We distinguish two cases: 

I. j)-t- 

then we have r+p MUST L implies p MUST I and then q MUST L by hypothesis. The latter 

together with r+p MUST L implies r+q MUST L. 

ii. 

then q-t- and r+p MUST L Implies r MUST L or p MUST L. In case r MUST L'we 

certainly have r+q MUST L; in case p MUST I then q MUST L and this together with r+p MUST 

I implies r+q MUST I. 



p 1 q implies p[S] ctsJ 

We can easily extend the bijective functions S from processes to sets of traces and to sets 

of actions. We would then have: 

1=3) We need to prove traces(p[S]) = S(traces(p)). Since S is monotonic we have 

traces(p[S]) c traces(q[SI) 

i=2) Suppose p[S]4s then p4S(s) and q4S 1(s), by hypothesis therefore q[S]4s. 

Moreover, since S() = t we have q[SI-t-4 implies q-c-- implies p-t— implies 

q[S]-i--.. Supposep[S] after S MUST L then we have  afterS(s) MUST S(L). This by 

hypothesis implies q after S 1 (s) MUST S(L), which in turn implies q ES] after s MUST L. 

p 1 4 q implies p\a 1 qa 

We only prove p\a after s MUST I implies a after s MUST L since the other cases are 

similar to the corresponding one in ci). p\a after s MUST I implies either a is in s or p=s or 

p alters MUST L-{a). In the first two cases, we have p\a  after .s = q\a  after  . s = 0 and the 

claim follows. In case p after s MUST L-{a) then q after s MUST L-{a} and q\a after s MUST 

L-je) and q\a after sMUST L. 0 

Lemma 2.5.2 

If p-j.i--'r if and only if q-i-- r, and pi if and only if q1 then p 

Proof: Trivial 0 

Lemma 2.5.3 

I1t1t'(t=1t)isan instance ofan axiom from A1,l=1,2or3, then t 1 t' (t  1 t). 

Proof: It is sufficient to consider closed terms. The previous lemma takes care of 

axioms A 1-A4, 51-53, Hi -1-13, Cl and REC. Q 1-1)3 are trivial. We examine the remeihing 

ones. For each Inequality (equality) we consider, we will denote its left hand side by r1  and its 

right hand side by r2. Note that for Ni -N4 we can easily prove that traces(r j) = traces(r2) 

thus we only need to prove that r1 =2+)r 2 
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NI: j1p + .Lq =2 

We certainly have r1k if and only if r24s. On the other hand, we have r 1 and 

only if r2-t--'. We are only left to prove that if r1  after s MUST I then r2  after s MUST L. 

The only interesting casesare the ones in which either s=Eand j=tors=a for some aA, 

since in all the other cases, we have r1  after  = r2  afters. 

i.s=E and p= t. 

We have r1  after  E= p  after  E  U q  after  E U (tp+ tq) and r2  after  E= p  after  E  U 

q after E U ( tp + tq, c(ep + tq)) and the claim follows from the fact that t(cp + tq) 

MUST Lif and only iftp+ eq MUST L. 

ii. s=a,ak 

r after E MUST L only if a € I and this implies r2  after E MUST L , the case r2  after€ 

MUST L is treated similarly. We also have r 1  afterjji = (p,q}and r2  after p = {p, q} U 

(tp + tq) and the claim follows since tp+ tq MUST L if and only if p MUST L and q MUST L. 

N2:p+ tq t(p+q) 

The only interesting part of the proof of this axioms consists in showing that r 1  after E 

MUST L Implies r2  after € MUST L. Suppose r2 MUST 1, then we either have p MU6T L or q 

MUST L or both. In case q MUST L we have r1 MUST I since q G r1  after E. In case p MUST L 

and q MUST L we have that there exists p such that p- -t--p' and p' MUST L; this again suffices 

to prove that r1MUSTL since p€r1  after E. 

j.ip+ 

Once again, the only interesting pert is to prove that r1  MUST L 1ff r2  MUST L. If ji = 

then we have r 1  MUST L only if p MUST L, q MUST L and either r-Z-A or r MUST L. From this 

it is not difficult to derive t(jip+jiq + r) MUST L. The converse is similar. If Ii € A then r 

MUST L only if either r MUST I or i'  €L and r--". In boththese cases we can conclude r2  

MUST L. The converse is similar. 

ip P 

The proof is trivial since r2 r1 after €. 



El: tp+tq 2' 1 P 

Equally trivial. 

Fl: P 3 iP't1 

We certainly have traces(p) c traces(p) U traces(q). 0 

Proposition 2.5.4 (Soundness) 

a) t 9i t' implies t 1 t 

b)t=it implies t 

Proof: The proof follows from the Lemmas 2.5.2 and 2.5.3. The soundness of RI and 

R2 being immediate. 0 

2.5.2 Normal Forms 

The proof of completeness relies (like most of such proofs) upon reducing CCS terms to 

particular canonical forms. These are restricted kinds of terms which reveal the essence of 

testing equivalences better than the actual definitions of these equivalences. Normal forms 

evidence that testing a process is an operation which may be logically divided into two phases, 

which alternate during the experimentation. In one phase, the control is in the hand of the 

process which is being experimented, in the other it is left completely to the experimenter. In 

fact, the canonical forms are trees whose nodes either have outgoing arcs labelled only by 

silent moves or only by distinct visible actions. Local and global nondeterminism, /FHLR79/, 

are clearly distinguished. The different kinds of canonical forms will also shed light on the 

different stress on divergence put by the three preorders, F9, and by the three powerdemain 

constructions of Chapter I. In fact, for each preorder we will have a corresponding normal 

form. 



Before defining our canonical forms, which we will call normal forms, we need some 

basic definitions. The following definition, which establishes a kind of convexity condition on 

sets of sets, will be used my other times throughout the thesis. 

Definition 2.5.5 (Saturated sets) 

If L is a non-empty finite set of finite sets and A(L) = (a I a c L for some L c LI then I 

is said to be saturated if V K c A, (Lc I and  c K cA(L)) implies  f L. 0 

Note that if L is a saturated set then we will have: 

A(L)L 

X€L andY€L impliesXUYcL 

XcL andY€L andXcZcYimpliesZL 

In fact conditions ii. and iii. are sufficient to characterize a saturated set. 

We will use the notion of saturated sets in the definition of normal forms below. It turns 

out to be a crucial notion to get unique normal forms for equivalent agents. 

Definition 2.5.6 Normal Forms Of) 

p is in normal form if it is in the form 

I 1Z(ep(a)1aeL}ILEL) or 

2 (ap(a)IaL} [+.Q] 

where 

Lis a saturated set 

[+Q] denotes that C) is an optional summand and if C) is a summand then p(a) is 

normal form in the form b. and C) is a summand of p(a) for all a c A(L). 

ill. If C) is not a summand then p(e) is a normal form in the form a.. 0 

In the following we will refer to normal forms as nf and to normal forms in the form a. 

In 



and b. as z- nf and a-nf, respectively. 

Examples 

I) a(a+b) + 0 is not in nf because ii. is not satisfied and the subterm (a+b) 

is not in t-nf. 

H) Icata + tab is not in nf because ((as) (°2}) Is not saturated. 

There is no a-subterm corresponding to the set of labels k={a1 , az). The normal form 

corresponding to this term will be ia1  ia+t82tb+c(a1 ia+a2eb). 

catb+(atc+atb) is not in normal form. 

If p is a normal form and for any a, p=-a-'p 1 and p =-a-- P2  then Pi  and 

must be identical. This example violates this requirement. Because of this property, 

we can use a suggestive notation: for a normal form p we may let p(a) denote the 

unique subterm (if it exists) such that p=a=p(a). 

NIL is an a-nf. In the definition we merely let L= 0. Similarly eNIL is a e-nf 

and 0 is an a-nf. On the other hand it should be noted that tO is not a normal form. 

From the definition, we have that if p is in normal form and p1 then 0 is a summand of p 

and p is in a-nf. Also, every normal form is a finite term and if p is a normal form and 

p=a=p' then p' is also in normal form. 

Together with normal forms, we have two other kinds of"canonical " forms for CCS terms. 

As mentioned above they stress the different approaches one can take when dealing with 

partially specified or divergent terms. 

ft 

Definition 2.5.7 Strong normal forms (snf) 

p is in strong normal form if It is in normal form and 

I. p( a) Is in strong normal form 

ii. if  is a summand of p then p is 0. 17 
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Definition 2.5.8 Weak normal forms (wnf) 

p is in weak normal form if it is in normal form and 

I. p(a) is a weak normal form 

U. 0 is a summand of p 

If we look upon terms as trees then an snf is a normal form which only contains 0 as a 

leaf. On the other side, a wnf is a normal form such that the arcs outgoing from every node are 

all labelled by distinct visible actions. Later we will see that indeed a wnf corresponds to a 

prefix-closed set of strings from A. 

In the rest of this subsection, we will show that every finite closed term can be 

transformed to a normal form, a strong normal form or a weak normal form by only using 

axioms from A1, A2 or A3, respectively. The proof will be based on showing that any CCS 

term can be transformed into a term which only contains the operators NIL. 0 , i, and +. 

Then, a series of lemmas will guarantee that if we use only these operators to combine normal 

forms, we can always find a normal form provably equivalent to the starting term. 

Lemma 2.5.9 If p in nf then there exists an a-nf n such that p + 0 = 1 n and ni. 

Proof- 

Suppose p =1  I it  I (ap(a) I a c Q I L e L) 

Then p+Q =1 Z{cZ(ap(a)+QeEL)ILEL}+Q using D3 

By induction there exists an a-nf n(a)such that p(a) + =1 n(a). Therefore, 

p+Q =1I(iI(an(a)IaL}IL€L}~0 

= I{an(a)jaEA(L)} +0 - using Dl and D3 

The proof for p in a-ni is similar. 0 

Lemma 2.5. 10 If p, q are in nf then there exists a normal form n such that 

tp + tq =1  n. Moreover, either n is a i-normal form or else nt. 
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Proof: We use induction on the size of p and q. There are four cases depending on what 

kind of normal forms p and q are. 

I) p is I(ip1 Iid} , q is(tp Ii J) 

Then ep i tq =1  !(ep1  I Ic I) + Z(ePj IJEJ} using D2. 

Let r denote the right hand side. Now r may not be in normal form for various reasons. 

For example, it may be that r = -a-+ r.1 , r -a--'r2  and r1 , r2  are not syntactically 

identical. Let N(r) be the number ofsuch pairs. We show, by induction on N(r) that rcan be 

transformed into an r' such that N(r') = 0. If r I  r2  is such a pair then the axioms AI-A4 

may be used to rewrite r as 

r =1  i(ar1  + r'1  ) + t(ar2 + r'2) + r' 

=1 ar'1  + e(ar1 + r'1 ) + er2  + t(8r2 + r'2  ) + r' using D8 

=1 e(ar1 + ar2  + r'1 ) + e(0r1 + or2  + r'2) + r' using N3 twice 

=1 e(a(tr1 + er2) + r' 1  ) + e(e(ir 1  + er2) + r'2) + r' using Ni twice. 

Now by induction tr I  + tr2  has a normal form n of the required form. Therefore r = 

e(an + r'1) + c(an + r'2) + r. If s denotes the right hand side of the latter equality, then 

N(s) < N(r). Therefore, by induction we can now assume that r is such that N(r) = 0. Thus r 

can now be written as I ft I far(a) I a c t.) I L Q. Moreover, by hypothesis r(a) is in 

c-nf or is in a-nf and diverges. Thus if this term is not in nf it must be that L is not 

saturated. Let C be such that L c K c A( 1). 

By induction on the size of K, we can show, that r = r + I {an(a) I a c K) . If K = L3  

then the claim is immediate. Otherwise, K can be written as K 1  U (a0), a belonging to some L 

EL. Wecanassumer =,  r + e{an(a) I a  K 1 )andletr1  denote52 fan(a) JacK1 ). Then 

r =1  r + er1  + t(r' + a0n(e0)) using Ai-A3 

=1 r + er1 + t(r' + a0n(a0)) + t(r1 + r + a0n(a0)) using DS 

= r + er1  + t(r' + a0f00)) + e(r1 + r + an(a0))+ e(r1 + 

using D6 

=1 r + e(r1 + as required. 
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II 

Therefore, by induction, we can assume that 

r + cE(an(a)I acK) for every such k. 

Now, by systematically applying this result, r me' be transformed into a term of the form 

! (! [an(a) I a € L) I I € L) where L is saturated, and this term is in C-nf. 

ii)pis I (aipiIid),  qis!(1pj  Ii cJ) 

Then tp + tq =I  ip+q using D2 

and weproceedasin part 0. 

pis I faipi  Ii c I} qis 1199 Ii c J) 

Then tp + tq is an instance of i). 

pis {ap(a) I a 1] + 0. Then tp+ tq=p + q by DI , D3. 

From Lemma 2.5.9 there exists an a-ni n such that q +0 

Let nbeQ+ Z{an(a)IacK). Then 

p+n=1  Q+!{ep(a)laL-K}+!{an(a)Ia .EK-L) + 

(a(ip(a) + tq(a))I acLflK) using Nl. 

By induction, there exists a normal form r such that r(a) =I  ip(a)+ tq(a). 

Therefore 

p+n=1  0+!{a(p(a)+ 0)IecL-K)+ta(n(a)+0)Ia€K-L) + 

E (o(r(e) + 0)1 a c LIIK) using D3. 

We now apply Lemma 2.5.9 to obtain the required normal form. 

Lemma 2.5.. 11 Ifp, qere in nf then there existsa nfn such that p + q =1  n. 

Proof: We use induction on the size of p q. There are four cases, depending on the 

form of p and q. 

a)pis fap(a)jaL}+ 0 

Then p + q = tp + tq, using Dl and we can apply the previous lemma. 

b) p and q are in t-nf. 

Then p + q = tp+ iq, using D2, and again we can apply the previous lemma 
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c) pis E(ep(a) ac L),qis{iq1 I ic I) 

Then  + q=1  t(p+q1) +  tq using D4. 

By induction p + q1  may be transformed into a normal form n and by the previous lemma 

in+tq may be transformed into a normal form. 

T7n q = !{ap(e) a€L-K)sl  aq(a) Ia€K-L) 

! {a(tp(a) + ip(a) )I a c L fl K) 

From the previous lemma, each ip(a) + ig(a) can be transformed into an nf of the 

required form and the claim follows. (] 

Corollary 2.5. 12 If pi are in nf, 1 ~i~k, then there exists an nf n such that 

{tp1I 1KiKk) =1  n, and n iseither in i-nfor else n1 and isina-nf. 

Proof: By induction on k. 

k= 1. If p  is in a-nf and p111 then tp1  is already in t-nf. Otherwise tp 
= p1  , using 

D I or D2. 

k=m+1. 2(iP1  I 1~iKk) 1 I{tp1 I Rik-  I}+tpk 

fl + tPk by induction 

If n is in c-nf we can apply Lemma 2.5. 10; otherwise fl' + Pk n + Pk,  using D I and 

we mayapply Lemma 2.51 I. I.' 

Corollary 2.5. 13 If pi are in nf, I &i&k, then there exists a nf n such that 

{PiI IiKk}=1 n. 

Proof: By induction on k. 0 

Proposition 2-5-14 For every finite closed term d there exist a normal form nf(d) 

such that  =1n1(d). 

Proof: By applying the rules S1-S3, H1-H3, Cl and 02-03 we can eliminate all 

occurrences of f, [8] and \a. Therefore, without loss of generality we can assume that d does 
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not contain these operators and can be written as I {adjI Id) + 2 {cej Ii cJ). 

Now, by induction, we can assume that each d1, ej is in nf. Using D7 if necessary, each a1d1  

may be considered to be in nf. Thus, from Corollary 2.5. 13 there exists a normal form n' 

such that n' =I  E {ajdj Ii € I). Similarly, from Corollary 2.5. 12 there exists a norm form n" 

such that nTM =1 (lej  I j i J). Therefore, by applying Corollary 2.5. 13 again, we get  

This proposition enables us to derive similar results on strong and weak normal forms. 

We will use the notations t-snf and a-snf in the obvious way. 

Proposition 2.5. 15 For every finite closed term d there exists a strong normal form 

snf(d) such that d =2  snf(d). 

Proof: From the previous proposition , we can assume that d is in normal form. 

a)dis I [ad(a)I a c L}[+ Q) 

If C) is a summand then d =2  Q from E2. Otherwise, by induction, we can assume that each 

d(a)isinsrif. Then using D7 we have: 

d =2  {ad(a) I a c 1, d(a) in t-snfor d(a)fl) + 2 (ad(a) I a c L, d(a) in a-nf and d(a)Q. 

b) If d is in t-nf the proof is similar. 

Proposition 2.5.. 16 For every finite closed term d there exists a weak normal form 

w such that d =,3  wnf(d). 

Proof: Wecan assume thatd is in nf. 

a)dIs (ed(a)Ia€L}(+ Q 

Then d=3  Z{ad(a)I a€L} • C) using F2 

=3 {a(d(a)+0)1aL)+0 using D3 

By induction, each term of the form d(a)+ C) has a weak normal form and the result thus 

follows. 

M. 



b)dis I {iZ(ad(a)1ac1)ILcL) 

Then d =3 d + Q 

=3 Z{an(a)Ia(A(L)) + 0 using Dl 

we may now apply part a). 0 

Weak normal forms may also be considered as 

A* then we can also use s to denote its representation as a term: the representation of E, the 

empty string is 0, and the representation of as is at where t is the term representing s. 0 

Lemma 2-5.17 If ci is a weak normal form then there exists a prefix-closed set of 

strings s1, 1 ~ i in, such that d=1  0 + I{s1 1 I & i & n}. 

Proof We use induction on d. 

I) d isO. Immediate, the corresponding string is E. 

ii)disI(ad(a)IaL)+ 0 

By induction, d(a) =1  Q + 2 (s1  I i c I} where (t  (i c L) is prefix-closed. Therefore, 

d=1 {o({s1+0IicI8})IacLJ+ 0  

=i{a((si+Qjida))IaL}+ {a0 IaL) +Q from Dll 

= 1 1(a(l tsi  I I f I) I a c L} + .(aQ I a c L} + C) from D 10 0 

2.5.3 Completeness 

This section is entirely dedicated to proving that the sets of axioms Al  of Table 2.1 

completely characterize the preorders 
. 

The proofs rest heavily on the existence of normal 

forms and on defining orderings on them which naturally relate to the preorders. 

In the following it will be convenient to let NF1 , NF2 and NF3 denote the set of normal 

forms, strong normal forms and weak normal forms, respectively. Moreover, the following 

97 



notational convention will be used: 

L(n) will stand for Llfnlsof the form I {cZ{an(a)I a€L) I L€L) 

L(n)wfll stand for I if n is of the form I (an(a) I a€ L). 

recursive nature of 

the definition of the normal forms. Firstly, we will define orderings which only compare 

normal forms at the topmost level; we will then define new orderings which recursively 

extend the first ones to compare normal forms at all levels. 

Definition 2.5. 18 For ci, d € NF1 let U <I d be defined by 

a. d<3d if Init(d)clnit(d) 

b. d <2  cr if d.0 implies dJJ and 

I. d,d' are ina-nf and L(d)=L(cf) 

d,cf are int-nf and L(d) g L(d) 

d is in r-nf, d is in a-ni and L(1) € L(d) 

c. d<i cr if d<2 dandd<3d 0 

These preorders are able to compare normal forms at the topmost level only. We now 

define three new ones, , which extend <I  recursively to compare normal forms at every 

level. 

Definition 2-5-19 For d, d NFi  let d 
. 

d if 

I. ci cr 

H. d(a) c• cr(a) whenever both d(a) and d(a) are defined. 0 

Our task now is to determine the relationship between the preorders on general CCS terms 

and these orderingson normal form. We have.  

Lemma 2.5.20 Ford, d € NFi d 1 d implies d <I  d. 

Proof: We use the alternative characterizations of ! given in Section 2.3.1. 



i=3) Trivial, since cr implies Traces(d) c Traces(d). 

i=2) Certainly we have dt implies 64. Moreover, since d d' implies d -t--, only 

if d--, we cannot have that d is in a-nf and cf in c-nf. Let us consider the remaing cases: 

L d, d in a-nf and d 2 d' implies 1(d) c L(d). In fact, if there exist a c L(d) and a £ 

L(cf) then we would have d MUST (a) and cr Mtt (a). On the other hand, we have 1(d) c 

L(cf) from Lemma 2.3.5 and the claim follows. 

d,d ini-nfenddjd implies MUM) 2 A (L(d')) by Lemma 2.3.5. Since L(d) 

is saturated to prove that L(d) L(cf) it is sufficient to show that M c LCd') implies that 

there exists N c L(d) such that M 2 N. Let us suppose there exists Moi LCd') such that for 

all N € L(d) there exists a € N such that ai M0. Then if we let L= (a lae M. and a c A( L( d))}, 

we would have dMUST L and d'MUT L. 

d in c-nt and d' in a-nt and d 2 d' implies A( 1(d)) L(d) again by Lemma 

2.3.5. Since L(d) is saturated, to prove that L(cf) c L(d) it is sufficient to prove that there 

exists N c 1(d) such that L(d') N. This proof is similar to the corresponding one of case ii. 

1=1) Follows from the previous two cases. El 

Lemma 25.21 Ford, d' cNF1, d 1  d' implies d(a)d'(a) whenever both d(a) 

and d'(a) are defined. 

Proof We use the definition of in terms of observers. 

1=3) d(a) may satisfy o 

implies dmisatisfvo 

implies d' may satisfy o 

implies d(8) may satisfy a. 

1=2) d(a) must satisfy o 

implies d must satisfy o 

implies d' must satisfy bo 

implies d'(a) must satisfy o 

This together with Theorem 2.3.9 and the fact that d(e)t implies d(a) d'(a) suffices 



to prove the claim. 

i= I) The claim loBows from the previous two cases. 0 

We are now ready to-  extend Lemma 2.5.20 to 

Lemma 2.5.22 For d,dENF1,d 1 d implies  <f 

Proof: The proof follows by srtuctural induction from the previous two lemmas. 0 

We now perform another step toward proving completeness by showing that once we have 

established a relation, c, between normal forms we can just use axioms or rules from our 

proof system to determine whether two normal forms are related. 

Lemma 2.5.23 Ford, d c NF1, d 4i  d implies d 

Proof: 

1=3) By induction d(a) d(a) for every a c lnit(d). Using the axiom 0 9 X it is easy 

ta derive dc3(. 

i=2) If cht then d = 0 and the result follows from 01. We are left to consider the cases d 

and cr satisfy conditions i.-iii. of Definition 2.5.18. We assume that d(a) c2  d(a), for every 

a c Init(cF) and let r denote d[d(a)/d(a), a c Init(d)] (note that Init(d) c Init(d)). To 

prove the claim it is sufficient to show that whichever condition of Definition 2.5.8 is 

satisfied we may derive r 92 6- 

i. r is d 

H. r =2  cf+ {i{ad(a) I aEL}  I L c L(d) - L(d)} 

using E3 

iii. r=2  d'+ !(tl [ad(a) I 8EL) IL i L(d) - L(cr)} + td 

C-2 Cr using E3 and N4 

1=1) This proof is very similar to the previous one. Let r be defined as above. Since 

Init(d) = Init(d), we have d 1r. We again have to take into account that d and 1 have to 
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Satisfy 1. or ii. or iii. of Definition 2.5.8. 

Lr 1 cf using Q  

ii. rc1  d' + (t{ad(a)I aL} I LcL(d) - L(d)) 

id+  7. (ad(a)IaA(L(d)-L(cf))) using N4 

= d' using D8 

The last derivable axioms is applicable since every a in k must appear in a summed of cr. 

M. Similar to the corresponding one of case i=2. Instead of E3, D8 is used, similarly to 

ti. above. D 

Proposition 2.5.24 (Completeness) 

If e and & are two finite XS terms then 

e 1 e implies AI- ee 

e implies A1 1- e=e' 

Proof This follows from the existence of normal forms for e and & (Propositions 

2.5.14, 2.5.15, 2.5.16) and from the previous two lemmas. 0 

2.6 Extending the proofs to infinite terms 

In the last section we have proved that all the axioms of Table 2.1 are consistent with 

respect to testing equivalences and are complete for the finitary version of CCS. There are 

relatively standard methods for extending completeness results to the full calculus. These 

methods depend on showing that the behaviour of infinite processes is completely determined 

by the behaviour of their finite approximants. 

In Section 2.4 we have defined the set of finite terms which approximate CCS terms. A 

recursively defined term is approximated by Its syntactically finite unwindings. In this 
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section, we establish a relationship between the semantics of the finite unwindings of terms 

and the semantics of the infinite terms. This will suffice to prove that the properties which 

are necessary for the extension hold 

Similarly to the finitary case, the proofs will be based on the existence of some kind of 

normal forms Due to the fact that we also have to consider infinite terms, we cannot prove 

that any CCS term can be transformed to any of the normal forms defined in the previous 

section. We will use heal normal form (hnfl, Instead; Ea we will use particular terms 

which resemble the previous normal forms up to a certain depth. Since we only need normal 

forms when comparing infinite terms with finite ones, this will be sufficient 

Definition 2.6.1 Head normal form (hnr) 

p is in head normal form if it is of the form 

I (ap(a)a€L) or 

I{eZ (ap(a) I a c L} I I .L} where  is saturated. 0 

We will use t-hnf and a-hnf in the obvious way. Note that if p is in head normal form 

then pL Therefore, for example, 0 is not In tinf. We can prove that for any crinvecent CCS 

term t a head normal form exists which can be proved (by A1 , Ri, 112) to be equivalent to it. 

Head normal forms must be treated in much the same way as normal forms and use the same 

lemmas. Rather than giving the entire proofs of the lemmas, we merely state the required 

results. 

Lemma 4.6.2 If pi  are in head normal form, 1 -( I 9 k, then two head normal forms 

h1, h2  exist such that 

i.I(tp1l 1&ik}=1 h 1  

itpI 1 Sik}=1 h2. 

Proof: This is similar to Lemmas 2.5.10 and 2.5.11 and Corollaries 2.5.12 and 

2.5.13. II 
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Proposition 2.6.3 if p4 then a heed normal farm hnf(p) exists such that 

p =hnf(p). 

Proof: We use induction on the size of (p I p=t=p'}. Thus, we may assume the result 

for every p such that p---p'.  If p4 then pi and we will now use induction on the proof of 

this. 

ap'. By definition this is in hnf. 

np.. Then p1 . By induction p has a hnf, hnf(p'). if hnf(p) is in a-hnf then 

thnf(p) is in t-hnf. Otherwise 

p = thnf(p) 

= hnf(p) using 02 

') PP2. Then  pu, P21  and thus, by induction, both hnf(p1 ) and hnf(p2) exist. 

Therefore 

=1 hnf(p  I ) + hnf(p2) 

=I 
h, for some hnf h, using the previous lemma. 

p'[S]. Then p1 and thus, by induction, hnf(p) exists. We may now use Sl-53 to 

transform hnf( p')[S] into hnf. 

p\l. Similar to iv) use H 1-113 instead of S 1-S3. 

rec x. t. Then t[rec x. t/x11 and by induction there exists a hnf h such that 

h = tErec x. t/xl. The result now follows since rae x.t = t[rec x. t/x], is an axiom in A1. 

P1IP2.  Then  P11, P2 and, by induction, hnf(p1 ), hnf(p2) exist. There are three 

cases, depending on their form. 

a) hnf(p1 ) is I {ap(a) I a€ L} , hnf(p2) is 2 (bq(b) I b c K) 

Then applying Cl we get 

= I(a(p(a) I hnf(p))  I a€ L) + 7-{b(hnf(p1 ) I q(b)) lb i K) + 

a(p(a) I q(b)) Ia€ L,b €K and e= 6) 

Since PIIP2  -c--+p(a)q(b) whenever a = 6 we may assume, by induction, that to each of 

these terms corresponds a hnf. The result now follows from Lemma 2.6.2 
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hnf(p1 )is in a-hnf, hnf(p2) is in t-hnf. 

Both hnf(p1 ) and hnf(p2) are in i-hnf. 

These cases are similar to a). 0 

We may now concentrate on inferring properties of infinite terms from the corresponding 

properties of their finite approximations. All the results will be based on the fact that all 

preorders enjoy some inductive properties. 

Proposition 2.6.4 For every p, q c CREC1we have p <q implies p 1 4 q 

Proof: From Proposition 2.5.4 we have that satisfy Q 1 and REC1 and the three 

implications in the definition of <. Since < is the least of such relations, it follows that p (q 

implies p U 

Proposition 2.6.5 For every finite closed term d there exists a finite number of 

experiments 0(dp) such that d 10(d,P)  p if and only if d 

Proof: The if part is trivial. We prove the only if part. 

From Theorem 2.3. 10, we know that a set of specific observers 01  is necessary to define 

Let Act(d, p) be the set of actions used in the definitions of d and p. This set is finite. 

Now, let A(d, p) = Act(d, p) UA&(d, p) U (a) where a, .tAct(d, p), let Idi denote the length 

of the longest sequence of actions d may perform and let 01(d, p) be the set of observers in 

Oi which may only perform actions from A(d, p) and such that the length of the sequences of 

actions they may perform is smaller than or equal to IdI+ 1. Now, because of the way 

computations are defined, it is not difficult to see that for any observer o which is not in 

0'(d, p) we cannot have d may satisfy o and p maitisfy o or d must satisfy o and p  qol 

satisfy o. In fact, if lol > Id+ I then dmavtisfvo, moreover d must satisfy oonly if for all s 

E traces(o) of length Idi we have traces(d). But this would Imply that e traces(p) and 

thus that p must satisfy o. If o contains some actions which are not in A(d, p) then we may 

substitute all of them with a and nothing changes. This is sufficient to prove that observers 
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from O-(d, p) suffice to determine whether d Act(d, p) finite and Theorem 2.3. 7 

allow us to conclude that 01(d, p) is finite. 0 

Lemma 2.6.6 d gip implies there exists cf <p such that d 9i f. 

Proof: By induction on the number of times the rule tErec x.t/xl c rec x.t is used in 

the proof ofdc 1 p. 0 

Lemma 2.6.7 

p-.t--q and d (q implies there exists d with d <p such that d-i-d 

p-ji-'q and q ( r implies there exists r with p <r such that r-- V 

p-t--'q, with t € A,<  ,and d <q implies there exists d with d < p such that d-t--d. 

Proof: 

a) and b) can be proved by induction on the proof that p-j.i--q. 

will be proved by induction on t. If t = E then the required d is 0. If t = tji then there 

exists p, p" such that p-t--'p-j.i--q. Since 0 < q, from part a) we have there exists e < p 

such that e-a-0. The claim follows from the inductive hypothesis. 0 

Proposition 2.6.8 

p may satisfy o implies d may satisfy o for some d < p 

p must satisfy o implies d must satisfy o for some d <p 

Proof: 

Follows from the previous lemma. Since p may satisfy o only if there exists s such that 

p=s=, o==o-w-i 

Suppose p must satisfy o. Consider the computation tree from o{p where the leaves are 

labelled by terms o1p  such that 0-w--'. Every term has a finite number of successors and by 

Konig Lemma this tree is finite. We use induction on the size of the tree. Furthermore because 

of lemma 2.6.6, it is sufficient to show that there exists a d such that d C,  p and d must 

setisfyo. If pt then o-w-' and the required d is 0. Thus, we may assume p4 and therefore 
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in hnf. Furthermore, we may assume o-w. There are two cases according to the form of p. 

i)p= (ap(a)I ad). Let 1' denote the set ofad L such that o---o1  ..... -t--' 

where ak-w  ,for 1 & k I n. If 1 = 0 then the required d is I (aQ I a E 1). Thus, we may 

assume L 0. For each a E 1', let D(a) denote the set of o such that 

...-t--'o-ä--eo where °k  -w, for 1 & k . n. Then, for every o' € D(a), p(a) must satisfy 

o'. By induction on the size of the computation tree there exists a finite term d( a, o') such that 

d(e, o') must satisfy 6' andd(a, a') c p(a). The required d is I (ad(a, o') I a c L', a' c D(a)} 

+ I{aQ I atL'} 

ii)p=3  I{tl.(ap(a)I edL) IL €1). Let pdenote I(ap(a) I e c Q. Then for every L 

I we have pL  must satisfy a. By Induction on the size of the computation tree there exists 

such that d1  must satisfy a, and d l  PL.The required diS I(edL I LL} 0 

Proposition 2.6.9 If d q for all d < p then p q. 

Proof We consider the case i=2. Suppose d for every d < p and p must satisfy a 

then, from the previous proposition, we have d must satisfy a for some d < p and thus also q 

must satisfy a. Because of theorem 2.3.6, to prove p q we are only left to prove that if 

d-t--' for every d < p then p-e--. This follows from part b. of Lemma 2.6.7. The proof for 

is similar and that for follows from and Fv3 f. 0 

Proposition 2-6. 10 If d then 3 d< q such that d 1  a. 

Proof From Proposition 2.6.5, we have that d 1 q if and only if d 10(d, q} q. If i 

2 to prove the claim it is sufficient to show that there exist d such that d must satisfy,  a 

implies d must satisfy a for every a € 02(d, q) and d-t-- implies d -t--'. From Proposition 

2.6.8 b) we have that for every oj 02(d, q), I > 0, there exists di (q such that q nii 

satisfy a implies d1  must satisfy o. Moreover, from Lemma 2.6.7 a), we have q-i--4implies 

] d0  (q such that d-i—'. Since (Fin(q), < ) is directed, O(d, q) is finite and (preserves 

we have that there exist d = Lid1 such that d <q and q must satisfy o implies d" must 

satisfy a for every o.c 02(d, q) and q-t--4implies cr-t--#. Since, by hypothesis d jmust 
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satisfy o implies q must satisfy a and d-t--4 implies q-t-4, the claim follows for d = ci" 

when i = 2. We also can find d"' such that d ci" and, if we let d' = U {d", ci'"), we also 

have ci 1 cr. 

We can now prove soundness of R4 and extend the completeness results to infinitary CCS. 

Proposition 2.6.12 The rules 113ii. and R4 of the proof system of Table 2.3 are 

sound 

Proof: The soundness of R4 follows from Proposition 2.6.9. The soundness of 113ii. 

from R4 (Lemma 2.4.3). 0 

Proposition 2.6.13 (Theorem 2.2.6) 

t t' if and only if t fC' 

Proof: If t t' then obviously t V. conversely suppose t V. Then, for any 

context CE ], we can apply R3 i.-iii. to prove that C[t] CEt']. This can be proven by 

structural induction on CE ]. It follows that C[t] C[v] and therefore t t. 0 

Proposition 2.6.14 (Theorem 2.4.4) — Soundness - 

Al  I- t t' (t = t') implies t t' ( C t') 

Proof Proposition 2.6. 12 justifies R3 ii. and R4. The remaining rules and axioms 

were proved sound in Proposition 2.5.4. 0 

Proposition 2.6. 15 (Theorem 2.4.5) — Completeness — 

lip and q are two closed terms then p q implies A1  I- p a q 

Proof We know p G1C q. To apply R4 to thrive p q it is sufficient to show that At  

!-d C q for every din Fin(p). Now d <p and thus, by Proposition 2.6.6, d C  p and also  

Foic q. Proposition 2.6. 10 implies there exists ci' <q such that d F.,c d'. On the other side the 

completeness theorem for finite terms (Proposition 2.5.24) implies A- I- ci a ci'. Since ci' < 

q implies ci' u q we have A1  I- d G q. We can now apply R4 and the claim follows. 0 
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. FULLY ABSTRACT MODELS FOR CCS 

3.0. Introduction 

In the first two chapters we have seen how the behaviour of nondeterministic 

communicating systems can be described in terms of the sequences of actions they may 

perform. Moreover, we have shown how to use various notions of behavioural equivalences to 

abstract from unwanted details. We have called this approach to systems semantics two level 

operational semantics, as it first allows the behaviour of systems to be described in terms 

of abstract machines (labelled transition system) and then makes it possible to forget their 

internal structure by identifying all the machines which exhibit the same external behaviour. 

This approach to semantics has the advantage of being very close to our operational view of 

systems and of not enforcing any prior decision on the aspects to be ignored. At the same time, 

it offers the possibility of having different models which depend on the operationally-defined 

congruence relations over systems. 

Another widely used approach to semantics Is the denotatlonal one. In this case, an element 

of a predefined semantic domain is associated to every system. This approach has the 

undisputed advantage of mathematical tractability and offers the possibility of easily proving 

systems properties. In fact, to prove that two systems are equivalent it is sufficient to show 

that they are associated to the some element of the semantic domain. In some cases this 

approach may be found to be too abstract and may make it difficult to check whether the 

semantics we obtain respect our intuitions about systems behaviour. In order to appreciate 

the fun extent of the impact of denotation& semantics on systems behaviour it Is necessary to 

compare it with other S, more concrete, semantics. Excellent touchstones are operationally 
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based semantics or complete axiomatic characterizations of the induced equivalences. 

In this chapter, we will outline some general techniques for denotational semantics and 

discuss criteria, which can be used to examine the relationships between denotational and 

operational semantics. In the next chapter, we will show how the study of complete axiomatic 

characterizations of the equivalence induced by a denotational semantics permits us to detect 

anomalies of the chosen denotations and of the semantic domains used. The paradigm which 

seems to emerge, at least when considering communicating systems, is that it is important to 

have as many different approaches to semantics as possible and to check one against the others. 

We are not (yet?) in a situation which allows us to choose a single approach and follow it in 

every circumstance. 

When considering the relationships between denotational and operational semantics for a 

particular class of systems, a denotational semantics will be sound with respect to an 

operational one if the equivalence relation induced by the denotational semantics on the 

systems of the class under consideration is a subset of the equivalence relation induced by the 

operational semantics. If the converse holds, then a denotational semantics will be complete 

with respect to the operational one. Obviously it is not difficult to find a denotational 

semantics which is sound and another which is complete. In fact the identity function (which 

distinguishes all syntactically different systems) is sound with respect to every operational 

semantics. On the other hand, the constant function which maps every system into the one 

point domain (identifying all systems) is complete with respect to every operational 

semantics. It is by querying whether a denotational semantics is both sound and complete 

(fully abstract) with respect to on operational semantics that we can check whether the 

two semantics are in complete agreement. 

We will propose three new models (semantic domains) which offer three denotational 

semantics for CCS. The three denotational semantics will be proved fully abstract with 

respect to the three operational semantics induced by the testing preorders discussed in the 

previous chapter. The semantic models will be constructed in a very abstract way (completion 
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by ideals of the partial orders generated by the complete set of axioms of the previous 

chapter) but, afterwards, we will be able to show that they can be associated with collections 

of special kinds of trees (Representation Trees) which are very similar to the Acceptance 

Trees of /DeN84/ and to the Asynchronous Nondeterministic Trees of /Hen84/. 

Roughly speaking the representation tree associated with a particular process contains the 

following information: 

I. The sequences of communications or actions which = be performed by the process. 

2. A finite set of communications which represents the possible future of the process 

after every sequence of actions or communications. In general this will depend on 

internal nondeterministic choices and is characterized by the set of communications the 

process mot accept at that stage of its progress. 

The rest of the chapter is organized as follows. In the first section we state all definitions 

and basic results from domain theory and algebraic semantics which will be used throughout 

the chapter. In the second section we show how the equational characterizations of the testing 

preorders of chapter 2 can be used to build semantic domains for CCS which give fully abstract 

denotational semantics for the language. Finally, in the third section, we present the 

"concrete' models based on Representation Trees and show that they are isomorphic to the 

equationally generated models. This result is obtained by exploiting the close relationship 

between Representation Trees and the normal forms used to prove the completeness theorems 

of the previous chapter. 
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3]. Algebraic Relations and Fully Abstract Models 

In this section, we give some of the definitions which will be used in this and the next two 

chapters. We will assume familiarity with many notions which are at the basis of the 

denotationel approach to semantics, as described in /GTWW77/ and /Gue8 1/. In fact, most of 

the definitions and propositions reported below are borrowed either from the above references 

or from /TWW79/. 

- A set D, equipped with a relation , is a partial order (pa) if c is a reflexive, 

ontisymmetric and transitive relation. It will be denoted by (D, Q. 

- If (D,) isapo, XcDandyE D,theny isanupper bound ofXifforall xEX wehave 

x ; y. Moreover, if for all z c D, (Vx, x ; z) implies y z then y is called the least 

upper bound (lub) of X and denoted by LI X. 

- If (D, ) is ape then a subset X of D is directed if for all x, y € X there exists z € X such 

that x 9 z andy 9 z- 

- If (D) is a po then a subset XofD is an ideal ifitis directed and for all d17 d2  ED 

d1 d2 andd2 eXimplies d1 EX. 

- A pa, (D, Q. Is a complete partial order (cpa) If there exists I E D such that I x 

for all x € D, and if for all the directed subsets of D there exists a lub 1 such that I € D. 

- An element eof a cpa, CD, c), is finite (or isolated) if for all directed sets X in D we have 

that e G U X implies there exists x E X such that a r= x. We will write FIN( D) for the set of 

the Isolated elements of the cpa D. 

-AsubsetBofacpo(D, c),is said tobeabase of  if every e€ B is isolated and for every 

x e D we have that there exists an E, which is a directed subset of B, such that x = LIE 



-Acpo(D,)is algebraic if it has abase. 

- Olven two cpos (D1. ) and (D2, 2)  a function f: D1-. 02  is monotonic if for all 

x,y € D we have x r., .y  impliesf(x) 92  f(y), and continuous if for all directed sets  of 

D1  we have f(U1X) U2  {f(x) I x € X). Moreover a function which preserves the least 

element (f(.L) = .0 is called strict. 

These are most of the basic notions from domain theory that we will be using to give the 

denotational semantics of our languages. The approach we will follow is that suggested in 

/OTWW77/ and /Gue8l/ and is based on continuous !-algebras. We assume familiarity with 

these algebras and with related notions. Let us now give some of their basic definitions. 

- Let ! be a fixed set of function symbols, (signature), each of which has a given arity. A 

2-algebra is a pair (A, ZA)  in which A is a set (called the carrier) and !A  is a set of 

functions tA I f c Z} such that if the arity of I is k then fA is a function from Ak - A. 

We will often abbreviate (A, Id  to A, if IA is evident from the context. 

- it I is a signature then T! (the term algebra for I) Is the least set of strings which 

contains all the function symbols of arity 0 and all the terms of the form f(t1 .....
, t) 

where f is an element of! of arity k and t 1  .....
, tk  are strings in T. 

- Any signature! can be extended by a set of variables X, to obtain the new signature !(X), 

Ty is used to denote the term algebra for the new signature. 

- If (A, ZA)  and (B, IB)  are two !-algebras then a function h: A-B is a I-homomorphism 

lf for every  fin!Awe  have  h(fA(tl....., tk)) = fB(h(tl)..... , h(t)). 

- Two I-algebras (A, Id  and (B, 1B) are isomorphic as I-algebras if and only if there 

exist two I-homomorphisms, h: A - B and g B-4 A, such that i h o g = 1dB and g o h= IdA. 
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- If (0, ) is a pa with a minimum element 1, (D, E)  is a I-algebra and every ID  in ED is 

monotonic and strict w.r.t. , then (D, 1A'  ) is an ordered I- Algebra (1-po). 

- A homomorphism of ordered I-algebras is a I-homomorphism which Is monotonic 

and strict. 

- If (1), ) isacpo, (D, ID) isal-aigebra and every 1D in is continuous w.r.t. ;, then 

(D, ID, ) is a continuous I- Algebra (I-cpo) 

- AZ-cpo, (D, 1D  c), is algebraic if (D, c) Is an algebraic cpU. 

- A homomorphism of continuous I-algebras ice continuous I-homomorphism. 

- A I-algebra (1-po, E-cpo) I is initial in the class C of I-algebra (of I-pa, of I-cpo) 

if for every A E C there exists a unique (monotonic, continuous) I-homomorphism h: I- A.. 

- CT1  is the I-pu with carrier TIU{1}  ordered by the smallest partial order relation 

satisfying the following conditions: 

1it for every t€ 

if f c I, the arity of fisk and t1  ct'1  for all 1 K i ~ k then f(t1  , ..., t <) c f(t) ,..., t) 

- If (A, 1A ) is  1-po, a 1-preorder over A is  relation, <, over A which is reflexive. 

transitive, coninatible with Q (for every a, a' in A, a a' implies a < a') and function 

preserving (for every a, a' in A, a ç a' implies fA(8) <fA(8') for every 1A 

Given any I- pa, A, and any I-preorder over A, <, we can factorize A via < to obtain a new 

I- pa, (A/<, <,Iw<),  where AR denotes the set of equivalence class over A generated by <, 

and, if Ia) is used to denote the representative of the equivalence class which includes a, we 

have that tal< [&]ifa< 8'  and  fj<(LaiJ.  ...... IekD= (fA(81 . ...... ak)]. 
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Theorem 31.1 

!-po homomorphism. 

(AR A/< is a -po and the injection mapping A - A/< is a 

Theorem 3-1-2 The - po T 1< is initial in the class CI <1 Iii 

We will be interested in instances of this theorem in which the -preorder, <, is 

generated syntactically by sets of inequations (E). Such a preorder is denoted by <E• 

Oiven a set of inequations, a set of deduction rules can be defined which allows the 

inequations in E to be used to derive statements of the form t < t where t, t are terms in 

T(X). The set of deduction rules is similar to that already used in the previous chapter to 

prove that certain sets of inequations completely characterize the testing preorciers defined on 

CCS. It is called DED( E) in /Hen85 / and consists of the following rules: 

I. (reflexivity) 

t < t is always true 

2.( transitivity) 

t < V and V < t" implies t.< t" 

(substitutivity) 

1 < , ..., tk < t implies f( t 1  , ..., t) < f( t' i , ..., t) 
for every fin I of arity k 

(instantiation) 

t <, t implies tp < t for every substitution p 

(inequations) Ll 

t c V is true for every inequation t <t' in E. 

We are now ready to show how a !-cpo can be used to give a meaning to all the terms of a 

language defined via a BNF. 
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Owen the set of recursive terms over I (a set of operators), we can define REC,  ranged 

over by t, by the following schema: 

t::=x op( tJ,...,t),opEIkreCx.t with =U(Ik IkiO). 

This definition was already given in Section 2. 1, it is reported here for the sake of 

clarity. The same conventions of 2.1 connected with this syntax apply. We let < be the least 

precongruence over RECI  generated by the axioms: 

M. Q < X 

REC1. t[recx.t/xl <recx.t. 

As in Section 2.4, FREC denotes the set of finite terms, i.e.the set of terms which do not 

contain any subterm of the form rec x. t , and we let Fin(p) = d I d < p, d € FREC). 

Courcelle and Nivat /Niv75/, /CN76/ and the ADU group /OTWW77/ have proposed to use 

-cpos to interpret a language defined as above. This idea arises from the general techniques 

of cJenotational semantics (/5co761). In general, the meaning of the various syntactic 

constructs is defined via semantic functions, in terms of the meanings of their components. 

Now, the semantic functions can be seen as homomorphisms between algebras. In fact, any 

context-free definition of the syntax of a programming language yields a complete i-algebra 

(CT(X)); given any other Z-cpo initiality of CT!(X)  guarantees the existence of the 

semantic homomorphism. We will take an only slightly different approach, in which given any 

-cpo as semantic domain, an element of the semantic domain is explicitly associated with all t 

in REC, via a function 11.. 

We need some additional notations. Given any -cpo (I, p  ), whose least element is 

denoted by I, let ENV1  denote the set of I-environments which consists of a set of mappings 

from X (the set of variables) to I. An element ENV1  will be denoted by e1. If g K I then e1Eg/x] is 

the environment which coincides with a1 except that at x, where it maps x to g. (Whenever I is 
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evident from the context we will drop it from e1  and .L1). We are now ready to present the 

general semantic function fl.1: REC - ENV1  -' (I, 
, 
I). 

ft1 l01(e)=.L 

fl.11x1(e) = e(x) 

?t1 I0p(t , --- ,tk)1(e)=opl(flh ltpl(e)......,fl.11tkl(e)) 

1. fl1 lrecx.tl(e) = fix Xf.11L1[t1(e(f/x]) 

where fix is used to denote the least fixed point operator. 

In this way, given any -cpo I, we obtain a denotational semantics fl.1  for any language. 

We will refer to I as the model of the language, it is called interpretation in /CN76/ and 

/6ue81 I. Clearly, as mentioned above, not every model is satisfactory. The trivial -cpo, 

consisting of only one element, is useless since it identifies all terms in REC.  On the other 

hand, CT2  would be equally useless since it would not allow to distirigui&.any term. 

Ills important to have some formal criteria to determine whether a given 2-cpa is an 

acceptable model. The following definition relates n, to a relation R and offers criteria which 

can be used for cladding the acceptability of a given model. It is based on studying the 

Identifications induced by the cienotational semantics obtained using I as a model. 

Definition 31.1 If R is  relation over REC2  then 

I. A model I is sound w.r.t. R if for all closed terms 

NO < ?1,I t21 lmolles t1, t2> ER 

A model I is complete wrL R. if for all closed terms 

<t1, t2> E R implies 11.1llil < !1.1 Et1 

A model I is fully abstract w..r..t. R if 

I is both sound and complete w.ri. R. 0 
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We will be mainly interested in relations over RECy which enjoy some natural 

properties, summarized in the definitions below. They are borrowed from /Hen83a/. 

Definition 31.4 A relation R over REC is substitutive whenever <t, u) 

if and only if Op, up c R for every closed substitution p. 0 

Definition 3-1 -5 A reflexive, transitive and substitutive relation R over REC7  is 

called algebraic if 

p <q implies <p q> 

p, ci> , implies <d, q c R. for all d c Fin(p) 

<d,q> ER implies <d, d5 € R for some d Fin(q) 0 

As we will see in the next section, the preorders 
, 
discussed in the previous chapter, 

are examples of algebraic relations. We will now prove that the relation induced on RECz  by 

11.1 is also an algebraic relation, whenever it is substitutive. The next lemma is a first step in 

this direction. It says that it does not make any difference if we first make a substitution in a 

term t and then evalute it using environment e or we first evaluate the term to be substituted 

and then we evaluate the term t using the modified environment e. For the sake of brevity we 

will write  <1 t if tt1[t] < t1Iti. 

Lemma 31 .6 (substitution lemma) 

fl1 ltlt0/xl1(e) = fl.11t1(e[fl.1 Et01(e)/xi) 

Proof: The proof uses structural induction on t and is similar to the corresponding proof 

of /Sto77/. I 

Proposition 3.1.7 If I is an algebraic -cpo in which every isolated element is 

denotoble by a term in REC1  then <1  is a substitutive relation. 
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Proof: We have to prove that fl1 Et1 <1  fl.11t1 if and only if fl.1ltpl <1 fl.[tp] for 

every closed substitution p. 

The "only if" part follows from the substitution lemma. In fact, for every environment 

e and every substitution p, this lemma allows us to rewrite ?iE tpl (e) as fl.1  [t] (eEp]). 

To prove the "jr part we must show that 11.11t1(e) < 1't1[t](e) for every 

environment e. An environment is called isolated if each e( 4 is an isolated element of I. Since 

11.1 is continuous in its second argument, it is sufficient to show that the claim holds for every 

isolated environment e. However by hypothesis I is an algebraic cpa and every isolated element 

a of I is denoted by a term d8  in FREC1, i.e. for every a c FIN( I) we have there exists d6  such 

that ftildal = a. The result follows since for every isolated environments e we have 

fl.11t1(e) = 11.11 tPel where pe  is the closed substitution pe  defined by = te(x). 0 

Proposition 31-8 If I is an algebraic -cpo and is substitutive then < is 

algebraic. 

Proof: Because of the way < is defined, it is certainly reflexive and transitive, 

moreover, by hypothesis, it is substitutive. To prove the claim we must show that < satisfies 

conditions i.- iii. of Definition 3. I.S. To prove that < satisfies i.it is sufficient to show that 

satisfies 01 and REC1. Now we have that 01 is satisfied since fl.1 E01(e) = J. by 

definition and that REC1 is satisfied since 

fl.1lrecx. tl(e) = fix xf.fl.11t1(e[f/xj) and 

tirec x.t/xl(e) = fl.11t1(e( fl.11 rec x. tl(e)/xl (using substitution lemma). 

The proofs that satisfies ii. and iii. follow trivially from the following fact (/0ue81/, 

lemma 3.1.4) fl.11t1(e) = Ut fl.11d1(e) I d c Fin(p)) and from algebraicity of I. D 

Proposition 3.1.9 If R and J are two algebraic relations over RECz  then R = 

,if and only if for all pairs of closed finite termed, d' c FREC we have <d, d3 c RI if and only 

if<d,d5 CR.'. 

Proof: See proposition 3.2.6 of /Hen83a/. 0 
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We conclude this section with a theorem which will allow us to use the sets of axioms 

discussed in the previous chapter to define fully abstract models for CCS. 

Theorem 3. 1. 10 If (D, ) is any po with a least element .1. then there exists a cpo 

(D, gr called the ideal completion of (D, ) and a map I: (D,;) -' (D, rr with the 

following properties 

I. For any cpo (D, ;) and monotonic morphism 1, 1: (D, ;) - (D, ), there exists a 

unique g(D,) -i(D',') such that goi=f; 

(D, )O"' is algebraic; 

if x c D then x = 1(y) for some y E D if and only if x is an isolated element of D OO 

Proof: See /MR76/. The completion is obtained using ideal subsets of D. 0 

32.. Inequational Models for CCS 

We will now turn our attention once again to "pure" CCS. In this section and in the next, 

the symbol I will only be used to denote the set of CCS operators as defined in Section 2. 1. We 

will show how by using the last theorem of the previous section, we can obtain equational 

models for CCS 

Proposition 3-2.1 for I = 1, 2, 3 are algebraic relations over REC. 

Proof The relations are substitutive by definition, moreover it is trivial to show 

that they are also reflexive and transitive. It remains to prove that they satisfy conditions 

i.-iii, of Definition 3.1.5. Proposition 2.6.13 shows that and Wi  are the same relation 

for any i = 1, 2, 3 and so any result for Wi  will also hold for It is thus not difficult to 

Im 



see that i, ii. and iii. for follow from Propositions 2.6.4, 2.6.9 and 2.6.10, 

respectively. Ii 

Proposition 3.2:2 Let 10) be the initial -cpo in the category of -cpo's which 

satisfy the set of axioms A1, (I = 1 , 2, 3), then fl1 (1)  is fully abstract w.r.t. 

Proof: It is sufficient to prove that, for every i, we have that < j(j) andGcjarethesame 

relation. 1(1) can be obtained by completing by ideals the -cpo (FREC /Ej, which is 

obtained by factorizing (FPEC, <)via , i.e. 1(1) = (FREC111, c1). Pleas&notethat 

is compatible with <. From Proposition 3. 1. 10 we have that 1(i) is an algebraic -cp whose 

isolated elements are denotable by terms in FREC. From this and from Propositions 3.1.7 

and 3. 1.8 we have that <1(1) are algebraic relations. We therefore only need to apply 

Proposition 3. 1.5 and Propositions 2.54.e, 2.5.24.a to prove the claim. In fact, we have 

that the last two propositions imply that and coincide for every i, when applied to 

finite closed terms, and that all of these relations are algebraic. El 

3.3.. Representation Trees: mConcretem Models for CCS 

The theorem of the previous section offers three fully abstract denotationel models for 

C(S. However these models do not give us any better insight than the completeness theorems 

of Section 2.6. In this section we present three simple, 'concrete" representatives of the 

initial algebras generated by the sets of axiom A1. The representatives will be three 

particular classes of trees; the main difference between them lies in the way they deal with 

partially specified nodes. The trees will contain all the information which it is possible to 

obtain by proposing external experiments to processes, in the same vein of Section 1.6. 
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In general the trees, which we will call (Strong, Weak) Representation Trees and 

denote by WRTL) RT1, will have labels on both the arcs and the nodes. The arcs will be 

labelled by actions from a countable, non-empty set of actions L, while the nodes will be 

labelled by finite set of finite subset of L. If we think of an element of RTL  as describing 

how a given process would react to external experiments then the labels on the arcs will stand 

for the set of experiments that the process may accept and the labels associated to the nodes 

will stand for the set out of which the process will nondeterministically choose the set of 

experiments it must eccept. Since our aim is to clearly show the nondeterminism exhibited by 

a process, all the information about possible nondeterministic behaviours will be in the labels 

of the nodes and all the arcs outgoing from a particular node will have a distinct label. 

If RI's are to be used as semantic models, we also need to have a theory for partially 

defined trees and an ordering on them. Because of this, we introduce trees with nodes which 

can be "improved' (partial nodes). These nodes will be celled open nudes and will be denoted 

by o. By contrast, fully specified nodes will be called closed nodes and will be denoted by.. 

We will require that every open node must only be followed by open nodes and that the set of 

outgoing arcs from every closed node must be finite. 

The main motivation for the first restriction is that "improvement" on a node may induce 

improvements on its descendants, for this reason also the letters need to be "improvable". We 

impose the second restriction because, for the moment, we are interested in modelling 

bounded nondeterminism. In fact, all completely specified CCS terms are bounded. 

Before presenting the tree models we must make some additional considerations. CCS has a 

distinct action (t) which is invisible to the external environment. From an experimental 

point of view, invisible actions turn out to be important only when they are among the initial 

actions of a process. In order to capture this notion within RI's, i.e. to distinguish between 

processes with and without initial invisible actions, we need to allow a slight dishornogeneity 

in the model. While we require that all the closed nodes must be labelled by a non-empty set of 

sets of actions, the roots can be labelled by the empty set. 
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The examples in the next page show how RTA  can be used as a semantic domain of 

nondeterministic processes. Trees from RTA are in fact used to interpret various 

synchronization trees of /Mil80/ over an alphabet A, of elementary actions. The examples 

evidence some of the above mentioned choices. Figures la) and lb) show how Rrs 

differentiate between deterministic and nondeterministic trees: a representation tree used to 

describe a deterministic process is such that if there is a label associated to a node then it is 

a singleton containing all and only the labels of the outgoing arcs. Figure 2) shows how RTs 

identify two processes whose internal structures are different but such that their reactions to 

external experiments are the same. Figure 3) shows how RTs cope with silent moves. 

We are now ready to give a formal characterization of the RTL models. 

The condition that there is at most one outgoing arc labelled by a particular action for 

every node implies that, if L is a non-empty set of labels, every representation tree t will be 

uniquely determined by: 

A non-empty, prefix-closed set of strings from , which determines the set of 

nodes of t. We will denote this set by Nodes( t); 

A subset of Nodes( t) which determines the set of closed nodes. We will denote the set 

of closed nodes by CNodes( t); 

A total mapping A: CNodes(t) - FPOW(FPOW(L)). 

The set of open nodes can be obtained from Nodes( t) and CNodes(t) as follows: ONodes(t) = 

Nodes(t) -. CNodes(t). We will useSucc(t, s) to denote the set of actions from the unique node 

t(s) of the tree t which can be reached by performing the sequence of actions s. Moreover 

A(t, s) will be used to denote the set of sets associated to the nodes of the tree t, and t( S, a) 

to denote the successor tree of along the unique branch a, if this exists. 
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Definition 3.3. 1 Let L be a set of labels, then RTL  is the set of rooted trees such that 

tc RTL  implies:  

every branch is labelled by an element a of L and there is at most one outgoing arc 

labelled by  for every node; 

every node is either open (0) or closed (a); 

if a node is open, then every successor is open; 

if a node has an infinite number of successors, then it is open; 

every closed node, t(s), is labelled by A.(t, s), a saturated set of subsets of 

Succ(t, a) which either contains Succ(t, a) or is empty; 

if .4(t, a) is empty then s = E, i.e. t(s) is the root. Eli 

The sets 4(t, s) are called acceptance sets. By definition they are finite collections of 

finite subsets of actions. The definition of saturated sets is given in Chapter 2 (definition 

2.5.5). We can now define the other two classes of Representation Trees. Additional examples 

of acceptance trees from the three classes are given in Table 3.2 and Table 3.3. For 

convenience, we omit A(t, s) if it is (0). 

Definition 3.3.2 Let SRTL  denote the set of Representation Trees t in RTL  such that 

every open node in t is  leaf. Eli 

Definition 3.3.3 Let WRTL  denote the set of Representation Trees tin RTL  such that 

every node in t is open. IC 

Note that WRTL  is in fact isomorphic to the prefix closed set of strings over L. In the 

remainder of this section we will drop the index L from AlL  whenever the L under 

consideration is evident from the context. It will also be convenient to rename RI, SRI and 

WRT with the less suggestive RT and RI3  respectively. All the examples in Table 

3.1-3.3 are finite trees, i.e. have a finite number of nodes. These kind of trees will play an 
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important role and we let FRI1  denote the set of finite trees from RI1. 

To use RI1  as models for CCS and apply the standard methods of clenotational semantics, as 

illustrated in Section 3. 1, we must prove that they enjoy particular properties. We need to 

prove that, with a given ordering and a set of appropriate operators, they form a -cpo. 

Below, we define three orderings on RI1; the main Idea behind them being that t is less defined 

than V if t is more nondeterministic than t. 

Definition 3.3.4 Ift and t are trees from RT1  then 

1. t <3  V if Nodes(t) ç Nodes(t) 

<2 V if for every SE Nodes( r) we have that t(s) closed 1mp1ies 

t(s) is closed 

A(t, s) ç A(t, s) 

At' , €) = 0 implies either .a.(t, €) = 0 and Succ(t, E) = Succ(t, ) 

or Succ(t',E)(At'  E); 

iii. t < 1   V if t <2 and t <3  t. U 

Referring to Table 3.2 and 3.3, we have that p 1  < I  q1 12 <2 q2  and P3 < q3. Note that 

if Xt, s) ~ 0 we have that A(t, s) A(t, s) implies Succ(t, s) Succ(t', s). This 

follows from Condition S. of Definition 3.3. 1. Therefore it t <2 t' then we have that Succ(t,$) 

Succ(t', s), whenever t(s) is closed. On the other hand, if t < 1  t then t <3  t and 

therefore t < t implies Succ(t, s) c Succ(t', s), whenever t(s) is closed, i.e. we have that 

t <1 V implies Succ(t, s) = Succ(t*, s), 
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{{c},(l 

a 

1) representation of p1  = e(t.c + + + + c) 

{{a}} 

8 

representation of p1  = + c) + C.b.a + t,(a.t.(b.( + c) + 

and p = i.a.(b.Q + c) + t.b.a 

{{a}. {b}, lab}} 

\b 

{(c}J # A {{a},{a,c}} 

CI e/ \C 

3) representation of p3 = t.a.r + t.b.q + t.(a.r + b.q) 

and P3 = ia.cM + t.bq 
where r = tc.c? and q = t.a.c + t.(aS + cM) 

Table 3.2 
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{ { ab}} 

1) representation ofq
1 
 = + d)+ b.(t.a + t.(a + bc)) 

2) representation 01q 2  = a.t.(b + c) 

{(c}} 

C 

3) representation of q = + t.(a.t.c +b..(a.c + c.Q)) 

and = t.a.c + + b.(aS + 

Table 3.3 
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Proposition 3.3.5 For i I , 2,3 

(RI1, <) isacomplete partial order; 

(RI1, is an algebraic complete partial order whose finite elements are all the trees 

from RI1  with a finite number of nodes. 

Proof: 

-Wefirstproveparta. for every iin{l,2,3}. 

= 3. <3  is certainly a partial order since c is a partial order. The least element is "o 

(the trivial tree consisting only of an open node). To define the lub of any directed subset of 

RI3  it is sufficient to define a prefix-closed set of strings. Given any directed D c RI3  we 

may define an upper bound t by: 

Nodes(t)= U (Noths(d) I d E D). 

It is trivial to check that this is also the lub of D. In fact, because of the way Nodes(t) has 

been defined, if we have that there exists t RT3 such that Nodes(t') c Nodes(t) we must 

also have that there exists ci E D and a i Nodes( d) such that s 2 Nodes( t'). 

I = 2. The least element of RI2  is again the trivial tree "ofl. The relation <2 is easily 

checked to be reflexive, transitive and antisymmetrlc, being defined in terms of set inclusions 

and equalities. It remains to prove that any directed set D of trees from RI2  has a least upper 

bound belonging to RI2 . Given any directed D c RI2, we can define a new representation tree 

t by defining Nodes(t), Cnoths(t) and At, a) as follows: 

Nodes(t) = (s I s c Nodes(d) for almost all ci in 0); 

Modes(t) = is I s c Nodes(t) ends c CNodes(d) for some din D); 

a CNodes(t) impliesA(t, a) = fl{A(d, s)I  d c D ends c CNodes(d)). 

Now we have that this definition oft implies: 

(*) A(t,$)=J4(d,$) for aomed€0 and 

(**) Succ(t, a) = &icc(d, a) for some d c 0 and, since D is directed, 

(1) Vs E Nodes(t) 3 d5such that A(t, a) = Ads, a) and Succ(t, a) = 5ucc(d5, 
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This is sufficient to conclude that t c RI2. It remains to prove that tie also the lub of D. 

First we prove that tie an upper bound (d <2 t Vd c D), i.e. that d and t satisfy part ii. of 

definition 3.3.4. Indeed, given any d c 0, d(s) closed implies either s £ Nodes(t) or s 

CNodes( t). This is sufficient to satisfy Condition 1 of 3.3.4 ii. Moreover, because of the way 

.4(t, a) is defined we will certainly haveA(t, a) c A(d, s) for every d c D. With regards to 

acceptance sets the case At, s) = 0 remains to be considered. In this case, because of (*) 

_(***), we have there exists cr c I) such that A(d, s) = 0 and A(t, s) = A(d', a). Then 

since D is directed, we have that for every d c D either A(d, s) = 0 and Succ(t, s) = Succ(d, 

s) or A(d, a) ;e 0 andSucc(d, s) c A(d, s). It can thus be concluded that t is an upper bound. 

Because of (*)_(***), it is also not difficult to prove that t is the least upper bound. In fact, 

it is trivial to show that for any t' * t such that V <2  t we can find d c D such that we have 

not(d <2  0. 

I = 1.. The least element is "o", and <1  is a partial order since both <2  and <3  are 

partial orders and the union of two partial orders gives a partial order. Given any directed 

subset 0 of RI1  , we can define its tub as follows: 

Nodes(t) = U (Nocies(d) J ci c D}- 

CNocies(t)=UfCNodes(d)IdD); 

a i CNocles(t) implies .4.(t, a) = fl (A(d, s)I ci c D and a E CNodes(d)}. 

Simple calculations suffice to prove that t is an element of RI1  and that this is indeed the 

tub of D. In fact, from the remark following Definition 3.3.4 and from reasonings similar to 

those in case i = 2, it is not difficult to conclude: 

L Succ(t, a) = U (Succ(d, s) I d E 0 ends c Nodes(d)}; 

ii. if is closed then for all but a finite number of din D we have 

.4(t, s) = .4(d, a) and Succ(t, a) = $ucc(d, s). 
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- We can now prove part h. 

We will only prove that (RI2, <2) is algebraic since cases I = 1 and I = 3 can be treated 

in much the same way. We must prove that: 

l) Given any D c RT21 foreverydFRT2  ,d<2 UD implies 3a cD such that d<2 d 

and 

2) For every t c RT2  there exists DcFRT2, such that t=UD. 

Suppose d <2  LiD. Then (*) - (***) imply that for every s € Nodes(d) there exists 

Ers  c D such that s c Nodes(cr) and for every a c CNodes(d) there exists d D such that 

.4(r5, s) ç Ad, a). Since the sets [a I s i Nodes(d)} and (5 I s E CNodes(d)) are finite by 

hypothesis and Ad, s) is finite by definition the claim follows with d = LI(Cr5, d"5  I s € 

Nodes(d)). 

Given any t, the set of finite elements which approximates it can be defined as follows: 

t=U[t(nO} where: 

Nodes(t) = (s I s c Nodes(t) and length(s) & n) 

CNodes(t) = (s I s c CNodes(t) and length(s) I n} 

a c CNodes(t) implies A(t, s) = A(t, s). HN 

In order to use Rt1 s as a model for CCS we must also define operations on them in 

correspondence of every CCS operator. In the following, these operations are defined 

indirectly, by exploiting the strong correspondence between RTj and the normal forms of 

Section 2.5.2. The same correspondence will be used to prove that the models of CCS based on 

RI1  are fully abstract with respect to the precongruences Since (RI1, <i) are all 

algebraic cpos, it is sufficient to define the operations an their bases, FRI1. 

Firstly, we concentrate on relating Representation Trees and CCS normal forms. We will 

let NF I ,NF2  end NF3  denote the set of normal forms, strong normal forms and weak normal 

forms, respectively. 
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Definition 33.6 Let 4) be a function from HF1  to FRI1  by structural induction as 

follows: 

if n={an(a)IaL}[+ 01 

then 4)(n) will be the following representation tree t 

Nodes(t)=(€)U [as l aGL,scNodes(cb(n(a))} 

CNedes(t) = 0 if 0 isasummand 

(€1 U (as a. L, sc CNodes(4)(n(a))) otherwise 

A(t, E) = 0 

A(t.  as) = A(4)(n(a))s) if ascCNodes(t) 

2 if n=I{t2{an(a)IacL}LcL} 

then 4)(n) is the following representation tree t 

i. Nodes(t) = Nodes(4)( (en(a) I a c A(L)) 

ii- Modes(t) = CNodes(4)( (an(a) I a c A(L)}) 

iii. At, E) = L 

.A.(t, as) A(4'(n(a)), s) if as c CNodes(t) 0 

Lemma 33..1 

a. n c HF1  implies 4)0) c FRI1  

b.. For all n, m c HF1  n ci m implies 4)(n) <i 4)(m) 

Proof: 

The proof follows trivially by structural induction. 

The proof is again by structural induction. Let us assume 4)(n(a)) < 

whenever. n(a) and m(a) are defined. Because of the way ji is defined we only need to prove 

that n<1m implies: 

I = 3) Succ(4)(n), E) c Succ(+(m), €) 

I =2) € c Cnodes(4)(n)) implies E c Cnodes(4)(m)); 

A(4)(n), ) .1(4)(m), €); 
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A(4(m), €)= 0 implies either ..4(4(n), E) = 0 and Succ(40), E) = Succ(4(rn), €) 

or Succ(4(m), E) € A(4(n), E). 

This is easily derived from the definition of of Section 2.5. 0 

Definition 3.3.3 

Let I' be a function from FRI1  to NF  defined by structural induction as follows 

If t is an acceptance tree and 4(t, €) = 0 then 

I'(t)={aF(t(E,a)IaSucc(t,E)} [ + 0  

where C) isa summand only if E c ONocles(t). 

Iftissn acceptance tree and A(t, E) * 0 then 

I'(t) = {a'I'(t(E, a)) I a c 1)1 L c 4(t, E)). ci 

Lemma 3.3.9 

a t c FRI1  implies I'(n) c NF1  

h. Fare]] t, t.  cFRTi t <i  V implies 1(t) 

Proof: Both a. and b. can be proved by structural induction using the same techniques as 

in the proof of Lemma 3.3.7. 0 

We can now define operators for both normal forms and Representation Trees. 

Definition 3.3. 10 For every op c I let 

1.. opt: NF1k_eNF1, t= l2,3 be defined by 

op1(n;,...nk)=ntop(n1,  ... nk)); 

op2(n1, = 5w1( op( n1, ...k; 

C) OP3( 11 •k) = wni'( op( n1, . . 

2. OPj: FRT1K -. FRI1, I = 1, 2, 3 be defined by 

0p 1(t1, ...tk) = 4(op1($(t1), ...'(tk)). 0 
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Proposition 3.3. 11 op1  and op'1 of Definition 3.3. 10 are monotonic. 

Proof: 

We need to show that 

nj cj m for every 11 j I k implies op1(n1, 
..., 

n) s op1(m1, 
..., m). 

From Lemma 2.5.23we have n1  < 1mj implies  3  9imj and this implies op1(n1 , 

op1(m1, 
..., m) by R3 iii. of Table 2.3. Proposition 2.5.4 a) makes it possible to infer 

op1(n1, 
•• k)  Gic op1(m I 

, ..., 
m) and the claim follows from Lemma 2.5.22. 

From part a) and from Lemma 3.3.9, we have that all the functions used to define OP j  

are monotonic and the claim follows since the composition of two monotonic functions is a 

monotonic function. . 0 

Proposition 3.3.12 (NF1, ) is a partial order and when equipped with the 

operators opi is isomorphic as a 2- po to (FRI1, <) with the operators OP. 

Proof: (NF1, ) can be easily proved to be a partial order. It remains to show that there 

exists an isomorphism pair between the two 2-po's, NF1  and FRT. This pair will be given by 

4' and 'I'. In fact we can prove, by using structural induction, that the two functions are 

inverses. We now prove that both 4' and $ preserve the operators-- 

4'(op1(n1 = op'1(En1), 
••• 4'k and 

Op'l(t;,...,tk)) = 

From the definitions of op) we now have that 

= 4'(op1(I'(4'(n1)), ..., 
'I'(4'(n))) and a. follows from the 

fact that 4' and hf are inverses. On the other side we also have h(op'1(t1 , ...tk)) = 

h'(4'(op1($(t1), ...h'(t and b. follows from the same reason. This together with 

Proposition 3.3. 11 is sufficient to prove that 4' and h are two 2-homomorphisms. The 

claimed isomorphism follows from the fact that 4' and h' are inverses. U' 

Let us now turn our attention to the relationships between N'Fi and the I- partial order 

induced on FREC2  by the axioms A1  of Table 2.1. 
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Proposition 13.13 (NF1, ) equipped with the operators opi  is isomorphic as 

I- po to (FREC/ 1, ) with the operators op 4 L 

Proof Let kI NF -e FRECZ be the identity function and E: FRECZ - NF1  be defined as 

= nf, E2 = snf and €3 = wnf. Obviously, ,/ preserves both the ordering and the operators. 

Moreover, the results of Section 2.5 about the existence of normal forms, (Lemma 2.5.22 and 

Proposition 2.5.24) imply that Ei is well defined and monotonic. We also have 

€1(op(d1, ...dk) =j OPj( E1(d1), ..., Ei(dk)), 

since €j(dj) =j di and is preserved by every operator op in I. These two results suffice to 

conclude that also Ei preserves the ordering and the operators. Finally, since, for every 

normal form n and for every CCS term ci, we also have Eo id( n) = n and h1oE1(d) =i d, the 

claim follows. 0 

We are now ready to state and prove the final results of this chapter. We will let I i  denote 

the ideal completion of the I- po generated by the axioms A-. 

Theorem 3.3.14 For i = 1 , 2, 3, 

RI1  is a -cpo which is isomorphic to I i and therefore fully abstract wr t. 

Proof: We have already shown that RI1  is an algebraic cpo with FRI1  as finite elements. 

To define the continuous functions opj: RT1k -e RI1  it is sufficient to define them for the finite 

elements. We have already done this and we can thus consider RI1  as a -cpo. Moreover an 

algebraic -cpo is uniquely determined, up to isomorphism, by the - po induced on its finite 

elements From Proposition 3.3.1 2 and Proposition 3.3.1 3 we may conclude that I i  is 

isomorphic to PT1. Fully Abstractness follows from Theorem 3.2.2. 0 

The weakness of this representation theorem is that we have not given a natural definition 

of the CCS operators which apply directly to the trees in RI1. We have defined them indirectly 

by defining them on normal forms and using the isomorphism between normal forms and the 
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finite trees in RI1. However, the definitions of most of the operators may be found in 

/DeN84/. We have not reported them here because they turn out to be not very "natural. We 

consider the definitions vie normal forms at least as intuitive as the direct definitions given in 

/DeN84/. The main reason for this is that, because of the heterogeneity between the way we 

treat the roots of the trees and the rest of their nodes, when defining every binary operation 

we must distinguish various cases, depending on whether the operands have empty or 

non-empty acceptance set associated with their root. 

However, in the final chapter of this thesis, we will discuss a slight variation of RI 1  

which makes it possible to overcome the above mentioned difficulties and to equip 

Representation Trees with "natural" operations. We will then be able to show that RI 1  is a 

subdomain of the new model and that also this can be used to give a denotatlonal semantics to 

ccs. 
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4. MODELS AND AXIOMS FOR 

4.0. Introduction 

Since its appearance CSP /Hoa78/ has played the role of a test language for many proposed 

theories of concurrency by providing very interesting control structures. Various formal 

semantics for CSP have been proposed. The so-celled trace semantics, introduced in 

/Hoa8l/, associates with every process the set of its possible sequences of actions. It turns 

out to be suitable for reasoning about potential communication sequences but insensitive to 

deadlock. The a-semantics of /FHLR79/ attributes a meaning to each CSP process in two 

steps: firstly each process of a system is given its own semantics; the semantics of the system 

is then obtained by using a binding operator P which takes into account the concurrent 

interactions among the various processes. This method applies only to a subset of CSP. Other, 

more operational, lines have also been followed /Plo83/ gives a structured operational 

semantics for CSP, /HLPB I I and /AZ82/ gives its semantics by translation into CCS. 

Brookes, Hoare and Roscoe, /BHR84/, /Bro836l and /Ros82/, suggest a new approach to 

define a 'mathematical model for CSP. Their proposal is basically denotational but strongly 

related to operational behaviours. Following the lead of CCS, they introduce a notion of 

process based on the elementary concepts of event and transition. Starting from a set of 

elementary actions and a few basic processes they define a small set of combinators which 

allow larger processes to be built from smaller ones. 
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Their semantics is given by associating a so-called refusal- set to every process. Each 

refusal set consists of a set of failures. A failure is a pair (s, V>, where s is a finite 

sequence of visible actions in which the process may have been engaged up to a certain moment 

end V is the set of actions that the process can reject in the next step. The semantics of the 

various combinators is given by defining the transformations they induce on the domain of 

refusal sets. The association of a process with a refusal set is not one-to-one; the same refusal 

set can be associated to more than one process. A notion of equivalence is then introduced as 

follows: two processes are equivalent if and only if they have the same refusal set as 

denotation. 

In the first chapter (Section 1 A), we discussed an operationally defined equivalence also 

based on possible traces and possible failures (fef/1iresjufv8/enc8). It was shown that this 

equivalence coincided with one of the three testing equivalences discussed in Section 1.6 for a 

large class of transition systems It is tempting to try to understand whether Representation 

Trees, the domains obtained starting from testing equivalences, are related in some way to 

Refusal Sets, the domain from which failure equivalence was derived. 

In this chapter, we begin investigations in this direction. The congruence on processes 

induced by the denatational model (the Refusal Sets model) is characterized algebraically and a 

sound and complete set of axioms for finite terms is defined to form the basis of the theory. 

This allows a deeper understanding of the model and beers out problems connected with the 

choices for the denotation of particular processes. In particular, the algebraic 

characterization sheds light on difficulties the chosen denotational semantics has in capturing 

the operational Intuitions of the Interaction between completely specified processes'and the 

primitive process used to represent both divergence and under-specification. These 

difficulties lead to the definition of a new semantic domain obtained by imposing an additional 

constraint on the domain of refusal sets. The subdomain obtained in this way allows to 

overcome the difficulties mentioned above and brings us closer to understanding the 
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interrelations between Refusal Sets and Representation Trees. In fact, their precise 

relationships will be studied in the next chapter. 

The rest of this chapter is organized as follows. In Section 4. 1 the syntax of a version, 

which does not contain recursively defined processes, of the language for a Theory of 

Communicating Sequential Processes (TCSP) is introduced; the refusal set model is then 

presented and used to give the semantics of the language following the same general framework 

discussed in the first section of the previous chapter; finally, the preorcier naturally induced 

by the denotational semantics is discussed. In Section 4.2, it is proved that this preorder can 

be characterized as the smallest relation satisfying a particular set of axioms- A set of axioms 

is defined and proved consistent and complete with respect to the refusal set semantics of 

/BHR84/. The section ends with a discussion about certain inadequacies of the semantics 

which are evidenced by the axiomatic characterization, and with a discussion about the 

consequences of using refusal sets as the semantic domain for T(P. In Section 4.3, a new 

semantic domain is presented and a more compact representation for refusal sets is proposed. 

A new semantics of the whole language for TCSP is defined in Section 4.4. A consistent and 

complete axiom system which characterizes the precongruence induced by the new semantics 

is presented in section 4.5 together with a new fully abstract model which naturally extends 

to infinite processes in the same way as in Section 2.6. 

4-1 TCSP and Refusal Sets 

In this section we review the definition of the various operators of a Theory for 

Communicating Sequential Processes (TCSP) and their denotational semantics. All the 

operators are described In /6HR84/, where their definition and use are motivated. At first we 

will consider only a subset of the operators; the reasons for the exclusion of others (rec x. - 
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and ) will be discussed later. In the second part of the chapter we will consider all the 

operators. 

Let us start by giving an informal description of all the operators of the theory: 

Inaction Stop represents the process which never does anything 

Undefined CHAOS represents the wholly arbitrary process which can exhibit every 

possible behaviour; this is the most nondeterministic process. 

Action If A is a set of elementary actions and a € A and P is a process then a—iP 

represents the process which can perform an a-action and then behave like P. 

External Choice If P and Q are processes then POQ is a process which behaves like 

P or Q. The environment (the other processes interacting with it), can completely 

determine which subprocess would be in fact used. 

Internal Choice If P and Q are processes then PflQ is the process representing 

their nondetermmistic composition. PI1Q behaves like either P or Q and the 

environment has no control over the choice. 

Parallel Composition If P and Q are processes then PIQ is a process which can 

perform a particular action only if P and Q together can perform it. This gives a very 

tight form of parallelism. 

Interleaving If P and Q are processes then PIQ is a process which can perform 

any sequence of actions obtained by arbitrary interleaving of the sequences of actions 

which can be performed by the two component processes. 

Hiding If P Is  process and a is an elementary action then P/a is a process which 

behaves exactly the same as P apart from the fact that all a-actions performed by P are 

invisible to the environment. These actions can occur without the other processes 

having any control over them. 
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The behaviour of processes built using the above operators is specified by associating a 

refusal set to every process. A refusal set provides a means to describe the traces a process 

can execute and at the same time the elementary actions it will be able to refuse to execute 

after each trace. A refusal set F is an element of POW(A* x POW(A)), which 

satisfies the following conditions 

I. Cs, V> E F implies V is finite. 

<E, (}> F, where E represents the empty string and (}the empty set. 

<st, f}>e F implies <s, (}> € F. 

V c W and <s, W> i F implies <a, V> c F. 

Let U=(al <sa,{}>F} and let Wbea finite subset of(A - U), then 

<sV>€F implies <s,VUW>EF. 

Most of the conditions a refusal set is required to satisfy are intuitive. It must be 

non-empty (2.); its set of traces has to be prefix-closed (3.); its set of refusals must be 

downward closed (4.); and finally any refusal set must be such that if it does not contain any 

trace of the form "sew then it must contain a refusal associated with a which contains "as, i.e. 

<so, {}> not in F and <a, V> in F implies <a, V U (a}> € F, (5.). Condition 1. is less intuitive 

than the others: in section 4.4 we will show that this condition is not strictly necessary, it is 

been kept here for homogeneity with the results of /BHR84/. In the following we will use F to 

denote the subset of POW(A*  x POW(A)) whose elements satisfy conditions 1. - 5.. Below we 

present syntax and semantics of FTCSP (a finitary subset of TCSP). Following the same 

style of sections 2.1 and 3. 1, the set of finite processes ranged over by P, Q, R ... is defined 

by a BNF. Below a denotes elements of a countable set A of elementary actions. 

P:=StopICHAOS Ja—eP IPjI1P2IP1 flP2IP1 IP2IP/a 

We will use fl (Pi  Ii € I} to denote P1(1)I] .... OP where I = fi( 1) ... i(n)}. If I = (} then 

(Pi  (I € I} will denote Stop. fl (P1  Ii € I} will be used to denote P1(1)fl .....  flP 1n  where I = 



(i( I). i(n)} is non-empty. The absence of brackets will be justified by axioms which will 

be introduced later; both (I and Ii will in fact be proved associative. The precedence of the 

operators is given by: /8 ) a- ) I > Ii ) (I. 

This is for the syntax. To give the semantic function IF for TCSP as in /BHR84/ we can 

use the general framework discussed in the previous chapter( F = To do so we need to 

prove that F is a cpu and to define a set of continuous operators over F which correspond to the 

operators in the syntax of FTCSP. Indeed, in this case, since we have only syntactically finite 

terms and no recursion operator, it would be sufficient to prove that F is a partial order and 

that its operators are monotonic. However, since completeness of F and continuity of its 

operators will be needed later, we state here the general results which are proved in 

/BHR84/. 

We will now present the relevant operations on refusal sets. We will have an °F  for 

every operation op in the syntax of FTCSP. In the definition of 'F  we use s/a to denote the 

string obtained from s when all the occurrences of a are removed. 

StOpF =(,'/>I VcA,V finite } 

CHAOS1  =(<s,V> I sEA* and VcA,Vfinite) 

a—'11=(<€,V> IVcA-{a},V finite) Uf<as,W> I<s,W>cll 

F;E11F2=(<E,V>I<E,V>EF1 flF2JU(<s,W>IsEA and  <s,W>EFI  UF2} 

FlrlFF2=F1U F2  

F11FF2 =(<s,VUW>I <s,V>EF1 and <s,W>EF2} 

F/FO = (<s/a, V> I <s, V U (a)> (l] U (<(s/a)t, V> 1 4, V> € CHAOS and Yn <s&, > E F)) 
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Moreover, it should be noted that in the definition of fF8  the second member of the main 

union operator is present only to cover the cases in which CHAOS is a subprocess of F and F 

can offer a sequence of a's and then behave I ike CHAOS. 

It can be proved, see /Bro83/, that 811 the above defined operators are closed w.r.t. F. 

Moreover, from /5ro83/ and /BHR84/, we have that F ordered by reverse inclusion enjoys 

the properties which are needed if it is to be used as a model for FTCSP. 

Proposition 4.1.1 

Let 2FTCSP = (CHAOS, Stop, 8—, /8, 11,0,11 then (F. ) is a IFTP-CPO. 0 

This proposition allows us to give a denotational semantics for FTCSP, following the 

approach discussed in Section 3. 1 and taking as semantic function 1'1F'  the function V The 

proposed semantics induces a natural equivalence relation between FTCSP terms: 

PQ if and only if IIPI=IIQJ. 

As for testing equivalence, we can break the natural equivalence induced by the 

denototional semantics into two preorders. We will have 

PQ ifandonlyif TIP] 1IQ1 

meaning intuitively that P is considered less defined than Q when P behaves more 

nondeterministically than Q; i.e. the external environment can control the progression of P in 

a smaller- number of circumstances. 

Let C( I denote an FTCSP context, as for CCS in definition 2.2.3. It is well known that, 

because of the way the semantic function F has been defined, P G Q implies C[P] G C[Q] 

for every context C[ I; i.e. is  precongruence on FTCSP. 

Proposition 4- 11 1Z is preserved by all the operators in FTCSP. 0 
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The next section will be completely dedicated at defining the axioms system which 

completely characterize the preorder G. The following definitions, which allow the selection 

of particular subparts of a given refusals set F , will be useful. 

1. lnit(F) = ( a I <a, ()> E F}. 

Traces(F) = ( s  I :s,  (}> c F) 

Refusals(F) = (V I <E, V> c F) II 

4.2.. A Complete Set of Axioms for a Theory of CSP 

4.2.1. The axiom system 

In this section we examine the axiom system corresponding to the preorder defined in the 

previous section. For every operator in the language we have a corresponding set of axioms. 

We have, moreover, some axioms showing the interrelationships between certain pairs of 

operators. The basic axioms are given in Table 4. 1. Most of them are given in term of = - 

and are intended to be read in conjunction with the rules: 

X=YimpliesXcYand YcX 

XcY and YXimpliesX=Y 

Some of the axioms are stated in /BHR84/ others have been worked out by stressing the 

similarities of refusal sets with the models in 11)1184/ and /Mi1n83/; in fact some of the 
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axioms are reminiscent of those in chapter 2, in spite of the very different set of operators 

used H4 is a new one and is particularly relevant since it permits the hiding operator to be 

"pushed inside terms and eventually to be eliminated 

if  is the set of axioms Cl , E I -E4,11-14, D1-D4, H1-H5, PC1-PCS wehave- 

Proposition 4.2.. 1 (Soundness) 

The set of axioms A is sound for , i.e if P 9 Q (P = Q) is an instance of an axiom from 

A then P G Q(PQ). 

Proof: The proof consists in determining the refusal sets of P and Q, whatsoever, and 

comparing them. We will just outline the proof of some axioms which are not stated in 

/8HR84/ and /Bro83bl. 

HI (e-*XEIY)/a=Xlafl(XIJY)/a 

We assume 113. It is then sufficient to prove (a-X 11 Y)/a = (X fl (X El 

FEa—X (I Yl = (<as, 1> I (s,T> E ct xl ) U (CE,  W>  I <E, W> € IlYl and a 2 W) 

U(<s,V>I SEA and (sV>E TI Yl) 

flXrl(XnY)I =(<E, 1> I <,T> Efl XI }U( <s, V) Is  e A and <s, V> eTIYIU clxii 

we thus have 

fl(a-4X 0 Y)/al = (<as/a, I U (a)) I <s,T' c TI X I } U 

{ <s/a,VU{a}> I sA and <s,V> FI vi) U 

{<(s/a)t,V> I <t, V> c fl CHAOS] and Yn <san, fl> c TI Xl U clvi) 

= fl(x n(Xo Y))/a1 

Equality is obtained by simply applying the definition of /fa to both the left and the right 

handside. It should be noted that, because of the way /a is defined, the second set of refusals 

in the definition of fl(a-X 0 Y)I does not make any contribution to TI(a-X 0 Y)/al 
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Unflned 

Cl CHAOS cx 

External Choice 

El XUX=X 

E3 XD(YOZ)=(XUY)UZ 

E4 XflStop=X 

Internal Choice 

II XfIX=X 

12 XflY=YflX 

13 Xfl(YflZ)=(XJ1Y)flZ 

(4 XflYcX 

Distributive Laws 

Dl Xfl(YOZ)= (XflY)D(XflZ) 

02 XO(YI1Z)=(XOY)fl(XOZ) 

03 (a-4X)fl(a--.Y)=a--(XflY) 

04 (a-X)O(a--'Y)=a---'(xflY) 

Hiding 

HI Stop/a=Stop 

H2 CHAOS/a = CHAOS 

113 (XflY)/a=X/afiY/a 

H4 (a—XOY)/a=X/afl(XEIY)/a 
H5 0{b—.X1Ii E 1}/e=0{b1—X1/aI I El) if Vi ci b1*a 

Parallel Composition 

lfP=fl{a—P1  I iEl} and Q=IJ(b—Q1IEJ}then: 

PCi PHQ=D{ak _e(PkIQh)Iak =bh  and kEI,h(J) 

PC2 (POCHAOS)fl Q= 0{8k iSt0p I 5k = bh and kGI,hi} fl I] fb—(QU CHAOS) I jU) 

PC3 (Pa CHAOS)I(QI] CHAOS) = []{a—.CHAOS I ak = bh and kd, ticJ)O CHAOS 

PC4 XIY=YIX 

PC5 (XflY)IZ=(XIZ)fl(yIz) 

Table 4.1: An axiom system for finitary TCSP 
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PC2 (PDCHAOS)A Q= 0 {a-'StopI  8k =  bh  and k(l,IiJ) fl 0 jb-+(Q1I CHAOS) I JJ} 

We have fl POCHAOSI = {<E, V I V c A-Init(P) ) U {<s, W> I s i A, W c A }, hence 

FE lhsj = (<€, V U W) I V c A-Init(P) and W c A-Init(Q) } U 

[<s, Z> I s;t E and sGtraces(Q) and zcA} 

Note also that, for any process R, 11 RHCHAOSI =( <s, W> I s€traces(R),W cA), hence 

FE rhsJ = {<E, V> I V c A-(Init(P)n Init(Q))} U (<a, W> I a € (Init(P)fl Init(Q)), W c A) 

U {<E, W> I W c A- Init(Q)} U (<s, Z> I s;e E ands 6 traces(Q) and Z CA } 

The result follows because in FE rhsl the second and third operands of the union are 

included respectively in the fourth and first, and because for all sets A, B, C such that B c A 

and C c A we have that (V U W I V c A-B and W c A-C) = (Z I Z c A-(B fl C)} 0 

Many additional equalities can be derived from the equations in Table 4. 1, by using the 

rules given in page 114. We can use them because F is a -cpo, /BHR84/. The new equalities 

will be very useful when proving the completeness theorem. They also give additional 

indications of the semantics of the various operators. A list of derivable axioms is given in 

Table 4.2. We now show how the axioms in Table 4.2 can be derived using those in Table 4. 1. 

DER  Xflct-OScCHAOS by 14 

CHAOS G X Ii CtW)S by Cl 

DER2 (XI1Y)OX=(XUX)fl(XOY) by Dl 

=Xfl(XOY) by E 1 

DER3 XI1Y=(XflY)E1(XI1Y) byEl 

= ((X 0 Y)IJ X)I1((XI1 Y)O Y) by D2 

= ((x a x)rl (V a x)n(x a Y)n (V a by D2,13 

=XIIYO(XOY) by El, Ii, 12 

DER4 The proof is exactly symmetrical to that for DER3, i.e. we only need to 

interchange 0 and 0. 
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DER2 (XflY)UX=(XUY)RX 

DER3 XDY=XflYfl(XIIY) 

DER4 XUY=XUYD(XflY) 

DERS XI1(xUYUZ)=Xfl(XIIY)I1(XOYOZ) 

DER6 XQ(xflYflZ)=XO(XflY)fl(XUYI1Z) 

DER7 (a—X1  OY)fl(a—'X2 0 Z)=(a—'X1  0a—'X2 OY)fl(a—X1  0a—X2 O 1) 

DER8 a.efl{Xj Ii€I)=fl{a_1Xj IiI) 

ItUIROMMIME "M 

DER 10 a—XEI CHAOS = aCHAOCHAOS  

DER1 1 II {;—X I I d ) 0 CHAOS = El {a—'CHAC) I € I) 0 CHAOS  

DER 12 CHAOS Ia—.X= stop fla--e(XICHAOS) 

Table 4.2: Derivable Axioms 
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DER5 Xfl(XIIY)fl(XEJYOZ) 

=(xci(xnY))n(XOY az) byDER2 

= xn(xayoz)n(xnY)n(XaYOZ) by Dl 

=(XflX)O(XflY)O(XflZ)O(XflYl1Z)0(XflYflY)O(XflYflZ) 

byDi 

=(XflX)t1 (XflY)0(XflZ)E1(XflYflZ) by El, 11 

=(xnx)o(xflY)a(xflz) byEl,DER4DI 

= X1l(XOYIIZ) byDi 

DER6 The proof is symmetric DERS. 

DER7 The proof is too long and tedious to be reported here; it uses 

o—'X1 fl(a—X2 OZ)=a--'(X1 flX2)O(e—(X1 flX2)fl(a—'X2 DZ) 

and relies heavily on Dl - D4. It has been shown to the author by M. Hennes'. 

The interested reader is referred to /Hen83/. 

DERS is proved by induction on the size of I, using D3 as the basis. 

DER9 xnYxnYn(xay) byDER3 

XOY by 14. 

DER 10 (aCHAOS)O CHAOS (a—iX)O CHAOS byCl 

(a—X)D CHAOS (a—X)D (a—iCHAOS)[I CHAOS byEl,Cl 

c (a—(Xfl CHAOS))I] CHAOS by D4 

( a—CHAOS)D CHAOS by DER 1. 

DER 11 is proved by induction on the size of I, using DER 10 as basis. 

DER 12 is an instance of PC2I, where P = Stop and Q = e--'X. In fact from E4 we have 

Stop Q CHAOS =CHAOS 

The derived axioms DER 10 and DER 12 which describe the interaction of CHAOS (the 

process which can exhibit the maximum of noncleterminism) with other processes, deserve 

some comment. We must first understand the operational Intuition behind CHAOS and its role 
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in defining the semantics of FTCSP. CHAOS is used to denote the least defined process, which 

may take an infinite amount of time to reply to any request from other processes. Moreover, it 

is used to denote processes which can perform an infinite sequence of invisible (concealed) 

actions, i.e. processes which are divergent in the sense defined in Chapters 1 and 2. For 

instance, in the general language for a theory of CSP we have 11 ( rec x. a—'x)/al = CHAOSF. 

If we give this operational interpretation of the process CHAOS then some instances of the 

derivable axioms DER 10 and DER 12 will not correspond to the traditional view of systems 

behaviour and systems reaction to external experiments. The operational implication of the 

above mentioned derived axioms is discussed in detail below. 

DER 10 states that a completely specified process P in alternative with the process CHAOS 

behaves in the same way as an agent which refuses the same experiments which CHAOS would 

refuse except that it will always accept an a-experiment when this is proposed by the 

environment This can also be interpreted as meaning the when the environment is offered a 

choice between a completely specified process P and a divergent process the only actions of P 

which will be seen by the environment are its initial actions. This differs from the traditional 

operational view of diverging processes and from the traditional way of handling them. Usually 

divergence is 

considered catastrophic or 

considered under-specification or 

ignored 

and the expected axioms would be 

l)a-PO CHAOS = CHAOS 

2) a--4P 0 CHAOS = (e-P 0 CHAOS) 0 CHAOS 

3)a-P0 CHAOS = a-P. 

DER 12, an the contrary, states that the behaviour of the process resulting from the 

parallel composition of any process with the process CHAOS, is modelled by refusal sets in 

149 



such a way that it does not completely take into account the possibility of divergence. In fact, 

while the left side of DER 12 can perform an infinite sequence of internal moves from the very 

beginning, its right side cannot perform any initial silent move. We think that the possibility 

of performing infinite silent actions from the beginning should be taken into account since, as 

we have seen, CHAOS can be used to model infinite chattering (infinite internal exchange of 

messages) and I is defined in such a way that if we have PIQ then P does not need to 

synchronize with Q to perform an invisible action. 

The difficulties in coping with CHAOS also prevented us from axiomatizing I, the operator 

used in /BHR84/ to model the interleaving of the actions of two processes. While an 

axiomatization has been found which allows us to remove all the occurrences of the operators 

I and /a from every process, we have not been able to find a process expressed only in term of 

0, fl, e—, CHAOS and Stop with the same denotation as PICHAOS. I.e. we could not find another 

process which can be denoted by a refusal set which has the same traces of CHAOS but can 

refuse only those actions which P. can refuse. This is already evident if we take P = a—Stop. In 

fact I cannot be eliminated from a—'Stop I CHAOS, since we are unable to write a term which 

does not contain I but denotes a process which is able to accept (not to reject) an 

a-experiment after every s i A. 

AU these problems seem to suggest that, although appealing, it is either inappropriate to 

model divergent processes as processes with the maximum of nondeterminism or more care is 

needed when modelling their interactions with other processes. In the second half of this 

chapter we will present a way to overcome the above mentioned difficulties by slightly 

changing the semantic domain. 

150 



4.2.2 The completeness theorem 

This section is entirely dedicated to proving that the set of axioms in Table 4. 1 completely 

characterizes the preorder G . In this case too, the completeness proof rests heavily on the 

existence of normal forms for processes. As for CCS normal forms, the definition of FTCSP 

normal forms (throughout the chapter they will simply be called normal forms) will make 

use of saturated sets as described in Definition 2.5.5. 

Through the rest of the section we use "" to denote the least TCSP-precongruence 

generated by the axioms in A. The related congruence is denoted by " = 

Definition 4.2.2 P is in normal form if it is of the form: 

J1 {[1(a-P(a)IaLHLL)[OCHAOS1 where 

- I is a non-empty saturated set; 

- P(a) are in normal form; 

- [[ICHAOS] denotes that CHAOS is an optional summand and if CHAOS is a summand then 

for all aA(L) we have that P(a) is CHAOS. 

Some examples will clarify this definition. In the examples, the subprocesses of the kind 

a-Stop will be rendered as  for reasons of simplicity. 

a--'(b 11 00 CHAOS is not in normal form because P(a) is different from CHAOS 

(ai  -'b) Ii (82-40)  is not in normal form because {(ai  ), {82)}  is not saturated, i.e. 

there is no subterm corresponding to the set (81, 821,  the corresponding normal form 

is a1 -'b fl a2-'c fl(a1-'b 0a2-0. 

a-'b El (a-'c I] d-'b) is not in normal form because in every normal form, for every 

action a, there is at most one P such that a--4P is a summand of a normal form. The 

corresponding normal form is: a-'(b fl c) El (a-'(b El c) 0 d-'b). 
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4. Stop and Stop aCHAOS are in normal form. 

It is possible to prove that every process can be reduced to an equivalent one which is in 

normal form by using axioms from A. The proof follows the same pattern as the corresponding 

proofs for CCS, in Chapter 2. In this case the proof will be somewhat easier since, because of 

the absence of internal moves, there is no need to differentiate between t-normal forms and 

a- normal forms. When reducing terms to normal forms, the axioms for the external choice 

operator, I], will play exactly the same role as the axioms for the nondeterministic CCS 

operator, +, while the axioms for the internal choice operator, El, will play the same role as 

CCS's t-laws; roughly speaking pflq corresponds to t.p + t.q. In CCSaxiomatization there 

is no correspondent of the distributivity laws but, taking into account the latter similarity, 

some of the ones of TCSP can be seen as instances of t- laws. 

The close correspondence between the axioms for CCS and TCSP suggests that there is also 

a correspondence between the two languages. In particular, it is possible to establish the 

relationship between the sets of their normal forms, which do not contain any divergent 

subterm, i.e. between normal forms which do not contain 0 or CHAOS. 

Let NF denote the set of FTCSP normal forms which do not contain CHAOS and SNF denote 

the set of CCS strong normal forms which do not contain 0 (SNF are a subset of both NF1  and 

NF2  of section 3.3). We can define two functions 

tr HF - SNF 

rt-.' SNF - HF 

which map OCS normal forms into FTCSP normal forms and viceversa. 

1. tr(5top) = NIL 

fl. tr(D(a-n(a)Ia€L}) = I fatr(n(a)) I aeL) 

iii. tr(fl(P1 I 1€ I}) = I (t.tr(P1 ) lie I) 
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and 

I. rt(NIL) = Stop 

rt( I fen(a) I a i L) = 0 {a—'rt(n(a)) I a c L) 

rt( I (t.P1  I U I) =fl{rt(P1) I I c I) 

Given these definitions, it is not difficult to see that we have: 

rt(tr(nf)) = nf and 

tr(rt(snf)) = snf with snf snf 

( being the observational equivalence of /Mil8O). 

Thanks to this relation and to the similarities of the two sets of axioms, in the following, 

instead of giving the detailed proofs for the theorems which establish the existence of normal 

forms for FTCSP, we will simply outline the proofs and stress the similarities with the 

corresponding ones of Chapter 2. We feel that, in order to understand the nature of such 

proofs, this approach is more helpful than repeating the details of every calculation. The 

interested reader can find the detailed proofs in /DeN83/. 

Lemma 423 If P is in normal form then 

PI1HAOS has a normal form 

PI] CHAOS has a normal form. 

Proof: 

1. Pfl CHAOS =CHAOS =StopQCHAOS try Cl. and E4. 

2.Pa CHAOS =fl((0(a—'P(a)JL})(LEL}aCHAOS 

= I1((II{a—'P(a)IacL}XI CHAOS ILL} by D2 

= J1t(0fa— CHAOS IacL))Q CHAOS  ILL} byDERli 

= I1((t(a—CFWSIaL))IL LID CHAOS by D2 0 
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The above lemma corresponds to Lemma 2.5.9 whereas that which follows corresponds to 

Lemma 2.5.10. 

Lemma 424 If P and Qare in normal form then there is  normal form R such 

that R = P (IQ 

Proof: The proof is similar to the corresponding one of Chapter 2. 

PflQ=S=fl((O(a—SjIaEL,iEI))ILELl U 12} 

S may not be in normal form for a number of reasons. We will show that it is possible to 

reduce S to a normal form, whatever the reason. 

S is not in normal form because there are pairs a—S1  , a--.,S2  which are summands of 

S and S1  is syntactically different from S2,  i.e. S is of the form 

S=(a—aS1[IS' 1 )fl (a—i521]S'2) fl S. 

The proof that S can be reduced to a normal form uses DER7 instead of D8 and N3, and uses 

04 instead of Ni. 

Another reason why  may not be in normal form is that the set L I U 12, from now on 

denoted by 1, is not saturated; i.e. 3K such that L c K r=  AM for some  c L and 

[I {a—S(a) I a c K} is not asummand of S. We can prove, by induction on K, that 

S=Sfl l][a-S(a)  I aK}. K may be written asK 1  U(a0} for some a, L,L c L. 

We assume that 

S = S II S1  where S 1  denotes I] (a—S( a) I a K 1 ) 

and we prove that 

S = SIl([I(a-'P(a)IacK1 U(e)}) 

by using I 1 - 13 instead ofAl - A3, DER3 instead of D5 and finally DER6 instead of D6. 

The last case to consider is when P or Q have CHAOS as a summand. We have 

(PO CHAOS) flQ=(PflQ)a (CHAOS IJQ) byDl,I2 

=(PflQ)EICHAOS by DER l 

the latter has normal farm because of cases 1. and 2. above and Proposition 4.2.3. 

UI 
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Corollary 4.25 If P1  are in normal form then there exists a normal form R such 

that R=fl(Pi I I €{1,...... 

Proof By induction on n, as for Corollary 2.5.12. C] 

Proposition 4.2.6 If P and 0 are in normal form then there exists a normal form 

R such that R=PCQ. 

Proof: This proof is slightly different from the one of the corresponding lemma 

2.5. 11 and uses heavily the distributivity laws D 1 - D4. Let S denote P I] Q 

S = (flfD(a-P(a)focL}ILEL})O(fE(UfbaQ(b)IbGK)IKcK}) [EICHAOSI 

=J1((O{a-'P(a)JaL})U  (fl  (Dfb-Q(b)jbcK}JKK})ILcL)[uCHAOSJ 

=J1fflf(0(a-P(a)IaEL))0(0fb-- Q(b)IbEK))JKGK}JLL}[0cHA031 

(All the transformations can be obtained by repeated use of the distributivity axioms) 

We can now find a normal form 

R 1  for Oa-'P(a)I eL]C  LI(b-Q(b) I bK) for each k c k,LL, 

applying transformations similar to the ones used in part 1 and 3 of the proof of Lemma 

4.2.4. By applying Corollary 4.2.5 twice and from Proposition 4.2.3 we can transform S 

into a normal form R. It 

Corollary 4.27 If P1  are in normal form then there exists a normal form R such 

that R= LI (P1  1 i E (1,... ,n)). 

Proof By induction on n. 0 

Proposition 4.2.8 For every process P c TCSP there exists a normal 

form n/(P) such that #/(P) =P. 

Proof Using the axioms PC1-PCS, HI-MS and Cl it is possible to reduce P to a term 

containing only the operators (1, Ii, a-a, and the basic processes CHAOS and Stop. It is then 
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possible to prove by structural induction on P, mainly using D2, that P can be reduced to a 

standard farm 111 0(a— Q1IacL,icI JI LcL}[ (]CHAOS]..By induction onPwemay 

assume that each Cli is in normal form From corollary 4.2.7 there exists a normal form 

n = I] (a—Q I a c L) for all L c L, and thus from proposition 4.2.5 there exists 

/7/P)=fl(E1(a—Q8 IacL}ILcL)L13CHAOS1. 0 

Normal forms and the same techniques of Section 2.5.3 will now be used to prove the 

completeness theorem. 

Definition 429 If n and m are normal forms and 

n= 11( U {a— n(a)IacN}INcL(n)J[OCHAOS] 

m= fl ( 0 {b_em(b)Ibcr1}IMcL(m))(OCHAOS] then 

n < m if 

for all Mc L(m) there exists N c L(n) such that 11 N 

if CHAOS is not a summand ofn then it is not a summand ofm and 1(n) L(m). 0 

Definition 4..?. tO If n and m are as in the previous definition then 

n c m if 

1.n<m and 

2. n(a) (m(a) whenever both are defined. 0 

Iernme 4.2.11 urn and n are normal forms and CHAOS is note summand ofn then 

n G m implies Init(n) P Init(rn). 

Proof: Suppose there exists a c A such that a c Init(m) and at Init(n). 

Then we have 'a,{)>cflml and 

a, (J) tl'tnl which contradicts V[ n] a T[ ml. 0 

Lemma 4.2.12 Ifn and mn are normal forms then nm implies  <m. 
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Proof: We have to prove that n and m satisfy Conditions 1. and 2. of Definition 4.2.9. 

Suppose there exists mo t Um) such that for all N c L(n) there exists ec N such that 

atMo. Ifwe choose X=(alaM10 and ecA(L(n))}we have that (<€,X Tfml}while 

<€, X>, t[n] ,whith contradicts T[n] 2 Tim]. 

We have to prove that if CHAOS is not a summand of n then 

CHAOS is not a summand of m and 

L(n) 2 L(m)J 

Suppose CHAOS is  summand of m, then Va E A such that at I nit( n) we have 

a,(}> c Tim] while <a, (})t T[n]. 

From Lemma 4.2.11, we haveA(L(n)) 2 A(L(m)). Moreover L(n) is 

saturated. Thus in order to prove the claim it is sufficient to show that M c Um) 

implies that there exists N c 1(n) such that Fl p N. The proof is now similar to that 

for case 1. IC 

Lemma 4.2.13 If n and m are normal forms then n G m implies n(e) m(e) 

whenever both exist. 

Proof: If CHAOS is a summand of n then n(a) = CHAOS and the claim is verified by Cl. 

If CHAOS is not a summand afn we prove that for all a c Init(m), <s, V> c T[m(a)] implies 

s, v> T'[n(a)J. Note that n(a) always exists because of Lemma 4.2. 11. We have that 

<5, V> c Tim(a)1 implies <as, V> c Tim] because of the structure of normal forms, by 

hypothesis, this in turn implies 'as, V> c TI ni. Since, if n is in normal form there exists a 

unique n(e) such that a—n(a), we have that <s, V € Ti n(a) 1. 0 

Lemma 4.2.14 Ifnendm are normal forms then nm implies m. 

Proof: From the previous lemma we can assume n(a) G m(e) whenever both are 

defined. By induction we have n(a) c m(e); the result then follows from Lemma 4.2.12. 

0 
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Lemma 4215 Ifn and m'e normal forms then n(m implies ncm. 

Proof: We have to distinguish two cases: 

1. CHAOS isa summand ofri. 

In this case we have that each n( a) is CHAOS. Let K = (V I V E L( n) and not 3 M c 1(m) 

such that V c M J. Using axioms E2, E3, 12 and 13 many times m can be rearranged in such a 

way that we have, for some M2  e FPOW(A( L( m))): 

m = fl(( []fa-m(a)I aM1}) 11 (0 (bam(b)l bM2)) I M 1  c L(n)-K} [DCHAOSI 

fl{( [](a-em(a) I ac M 1})1] CHAOS I M I  c L(n) - K] EOCHAOS] byCi 

fl(( 0(a-HAOS J acM1))  I M 1  L(n) - KIn 

R((0(b-4CHAOSJbcK})IKEK}oCHAOS by Cl 

Ewt by 12,,! 

2. CHAOS is not a summand of n. 

By induction we may assume that n(a) m(e) whenever both are defined. Moreover we 

also have that CHAOS is not a summand of m and from Lemma 4.2. 12 and Ii, 12 we have 

n = fl((0(a-n(a)IacL})ILcL(m)}n 

fl(( IJ(b-n(b) lb cK})I K c L(n) - L(m)} 

C; fl((0{a-"m(a)IacL})lLc Um) )n 

fl(( 0(b-n(h)JbcK})I K  1(n) - L(rn) I 

because n(a) E m(a) by induction 

fl{(0(a-'m(e)le(L})ILc Um) ) by 14 0 

We are now ready to state the main theorems. 

Theorem 4-2-16 (Completeness ) 

For every P,QcFTcSP,,PQ implies Al_PcQ,(pQ can be derived using  only 

equations from A). 

Proof: This proof follows directly from the existence of normal forms for P and Q 

(Proposition 4.2.8) and from Lemmas 4.2.14 and 4.2.15. 0 
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Theorem 4-2-17 is the least preconqruence on TCSP generated by the axioms A. 

Proof: This proof follows from the fact that G is a precongruence (Proposition 4.1.4), 

that the setof axiomsA is sound (Proposition 4.2. 1)and from the previous theorem. 0 

4.3.. Bounded Refusal Sets: 

A New Domain for Processes 

The algebraic characterization of the congruence induced by refusal sets has shed light on 

difficulties the chosen semantics for TCSP has in capturing the operational intuition of the 

interactions between completely specified processes and CHAOS, the fully undefined one; 

particular examples have been discussed at the end of section 4.2. 1. We have also seen how 

problems connected with these difficulties prevented the axiomatization of the operator I 

(interleaving) and the extension of the axiom system to infinite, recursively defined 

processes. 

In this section we impose an additional condition on the domain of refusal sets, thus getting 

a new domain for processes which enforces new constraints on the semantic equations and 

obliges us to give a new semantics to I, El and I. We will show that the new domain enjoys 

Important inductive properties which allow to extend the axiomatic characterization to 

infinite processes. 

Many of the above mentioned problems seem to be caused by refusal sets which have traces 

with an Infinite number of successors. If we are interested in processes which exhibit only 

bounded nondeterminism we may take a more consistent approach with respect to "unbounded 

refusal sets. We assume that any process P which can perform a sequence of actions s with an 
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infinite number of possible next actions may spend all its time to decide the next move. Given 

this assumption, if P has a traces a with an infin.de number of successors then the behaviour 

of P after it has performed the trace a may be considered identical to the behaviour of a 

process which may perform an infinite number of internal, invisible actions (e.g. (rec x. 

a—'x)/a) and thus refuse any action proposed by the external environment. Indeed the 

denotation for (rec x. a—x)/a) chosen in /BHR81/ is the same as the one for CHAOS. We 

impose a constraint on refusal sets which forces the denotation of processes or subprocesses 

with an infinite number of initial moves to coincide with that of CHAOS. 

The refusal set domain ordered by the superset relation (F , g) of Section 4. 1 is a subset 

of POW(A*  X POW(A)) such that any of its elements satisfies condition 1.-5. of Section 4. 1. 

To define the new domain of bounded refusal sets we impose an additional condition. 

Definition 4-3-1 Let B be a subset of F such that every F c B satisfies the 

following condition: 

6.If{e1sa,()>€F}is infinite then (<st,X>ItcA,XcA}cF. 0 

In the next section we will use B to give the semantics of a more complete version of TCSP. 

First, we prove that B, ordered by reverse inclusion, enjoys particular topological 

properties (continuity, algebraicity, etc.). We prove this by stressing the similarities 

between sets of refusals (downward closed set of finite sets) and the sets of their maximals. 

First, we prove some general properties of downward closed sets of finite sets which will 

be useful in the rest of the chapter. Let K be a set of sets. 

I. K is downward closed if  e  and  cX implies Y cK. 

ii. An element X of K is said tobemaximal if  € K and YX implies  =X. 

M. K is  chain if X, Y e K implies X c V or v cx. 0 
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Given any downward closed set of finite sets, ordered by inclusion, we can define a set of 

maximals which uniquely determines it. We need two functions on downward closed sets and 

one relation on sets of maximals. 

Definition 433 

- Completion(K) = (X I X = U [Xi I i c I)and (X1  I I c 11 is a chain of elements of K) 

- Maximals(K) = (H I N c K and N is a maximal) 

- If  I  and M2 are two sets of maximals then P1 P12  if and only if for all M1 P1 

there exists M2  c H2  such that M 1 c N2. 

Given any downward closed set K, completion(K) adds to. it all the limit points of its 

chains. On the other hand side Maximals(K) removes from K all the sets N which are not 

maximals. 

We are now ready to prove that any downward closed set of finite sets is completely 

determined by the set of its maximals and that the inclusion relation on downward closed sets 

is completely determined by c. 

Lemma 4.3.4 IlK i  and K2  are downward closed sets of finite sets and 

P11  = Max imals(Ccmpletion(K1)) with i = 1,2;  

N1=(XIXFPOW(M)forsomer1EM1} then 

K 1  =N 1  

K.1  cK2ir and only irM1 cM2. 

Proof: 1. We will prove that K 1  c N 1  endviceversa. 

a. If X c K then certainly there exists a chain of elements of K whose limit is X (infect X 

is the limit of the trivial chain (X}). This, by Zorn Lemma, implies that there exists a 

------------------------------------------------------ 
() Every non-empty partially ordered set X, in which every chain has an upper bound, has 
a maximal element, /H&60/. 



maximal Ni D X, i.e we have that there exists Ni 11 I  such that X c FPOW( Ni). 

b. If X c N 1  then, by hypothesis, there exists a chain of elements of K I  
, 

(K1  I iO} whose 

limit L is bigger than X. Since X is finite we have that there exists nO such that Kn  is an 

element of the chain whose limit is L and X c K; the latter together with the fact that K I  is 

downward closed implies X c K I  
. 

2. We prove first ,?cI(K 1  c K2) impliesM 1  zP12  and then that 

K 1  c K2  implies M 1  t 112. 

Suppose there exists a set X such that X c K1 and X it K2. From the proof in part 1 a. 

we know there exists 11 p X such that M c 11 1 . Moreover since K 2  is downward closed X t 

K 2  implies that for all finite V p X we have that V K2; by reasonings similar to those in 

part lb. we can deduce that for all (finite or infinite) Y, V X we have V i Completion(K2). 

This together with the existence of N 11 I  which is larger than X implies there exists N1  

11 I  such that for noM2 M2 We have M 1  9M2; i.e. M  gM2- 

By definition we have that K1 c K2  implies Completion(K 1) c Completion( K 2) and 

this, in turn, by simple reasoning, implies M M2. III 

This lemma offers the possibility of describing any refusal set in terms of the set of its 

traces and the sets of maximals of its refusals and to characterize the ordering between two 

refusal sets in terms of the relation between the sets of their maximals. This is expressed in 

the next characterization theorem. Note that this theorem holds for general refusal sets since 

we never used condition 6. in the proof of Lemma 4.3.4. Before stating the theorem we need 

some additional definitions: 

Definition 43.5 If F is an element of 8, we  have- 

- F1s (read F diverges ans) iff (st,X> I tA*,Xc A}cF; 

- F1s (read Fconvergesons) iffnot(F1s); 

- (s, F) = Maximal (Completion (Refusals (a, F))). D 
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It should be noted that, since B c F, we have that the definitions of Refusals, mit and 

Traces of section 4. 1 still hold for elements of B. 

Theorem 436 (Characterization Theorem) 

Every refusal set F is uniquely determined by 

- Traces(F) - thenonemptysetofitstreces; and 

- R(s, F) - the set of the rnaximels of the refusals associated with every trace. 

Oiven two refusal sets F I  and F2  we have 

- F1  c F-)  if and only if 

Traces(F  I ) ç Traces(F2) and 

s.Traces(F1 ) implies R(s,F1 )E R(s,F2). 

Proof: The proof follows directly from Lemma 4.3.4. 0 

We will now use the last theorem to prove that the domain of bounded refusal sets enjoys 

important inductive properties. 

Definition 437 A subset B of any set A is said to be cofinite w.r.t. A if and only 

ifA - Bisfinite. 0 

Proposition 4.3.8 If  c B then for any a c Traces(F) we have that Refusals(s, F) 

is a non-empty downward closed set of finite subsets of A (the set of elementary actions). 

Proof: Follows directly from Conditions 1., 2. and 4. of Section 4. 1 . 0 

Proposition 4.39 If F c B and a € Traces(F) then R(s, F) is a finite set of 

cofinite subsets of A. 

Proof: We have to distinguish two cases. i) Fis and ii) F1s. 

In case I) we have that R(s, F) = {A} by condition 6. 

In case ii) because of condition 5. of section 4.1 we have that 
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X c Refusals(s, F), Y finite and V c A-Succ(s, F) implies X U V € Refusals(s, F) 

i.e. 

X E Refusals(s, F) implies ( X U Y I V E POW (A-Succ(s, F)) c Refusals(s, F) 

and this implies that for all R í R(s, F) we have A - Succ(s, F) c R c A. Since FLs, by 

condition 6. we have that Succ(s, F) is finite and this in turn implies that every single R € 

R(s, F) is couinite w.r.t. A and that R (s, F) is finite. Ell 

This proposition is particularly important since it shows that only a finite amount of 

information is needed to talk about refusals sets. This holds even if we remove the condition 

that all the refusals associated to a process have to be finite. This fact will be very useful to 

study the relationships between Refusals Sets and Representation Trees. In fact, we will have 

that both these domains are determined by a prefix closed set of sequences of actions (a 

deterministic tree) and a set of actions associated to every sequence which describes the future 

after that sequence. The refusals associated with every sequence (cofinite sets of sets) in the 

domain of Refusal Sets will be just the complements with respect to A of the acceptance sets 

(finite sets of sets) associated to the same sequence in the domain of Representation Trees. 

We are now reedy to prove the main theorem of the section, it relies on the above 

proposition and on the characterization theorem. 

Theorem 4.3.12 

( B, ) Is  complete partial order; 

(B, ) is an algebraic complete partial order whose finite elements are all the 

bounded refusal sets with a finite set of nondiverging traces; I.e. such that ill is a 

finite element then (S I s E traces(f) and fls) Is finite. 

Proof: 

1. It Is not difficult to prove that CHAOS is the least element and that the relation P is 

transitive, reflexive and antisymmetric. We are left to prove that every directed set has a 

least upper bound which belongs to B. Let D be a directed set of bounded refusal sets; we can 



define a new refusal set F by defining a set of traces and by associating to every trace a set of 

refusels 1o11ows 

i)Traces(F) =flf Traces(d) I tI(D) 

ii) SE Traces(F) implies Refusals(s, F) = nC Refusals(s, d)l ci E D} 

Since Condition 6. implies that either the set of successors of any trace is finite or it is 

equal to Awe have that: 

(*) For all s e traces(F) there exists d E D such that Succ(s, F) = Succ(s, ci). 

Moreover since Theorem 4.3.7 and Proposition 4.3.11 imply that for any s c Traces(F), 

Refusals( s, F) can be uniquely determined by a finite set of cofinite sets of elementary actions 

we have that for any s E Traces(F) 

(**) For all but afinite number ofdc D Refusals(s, F) = Refusals(s, d), 

Conditions (*) and  (**) are sufficient to conclude that the refusal set F, determined by I) 

and II) Is Indeed an element of B and is also the l,u.b. of D. 

2. Let FIN denote the largest subset of B such that 1€ FIN Implies fs I $ E Traces(f) and 

(is) is finite; let D be a directed set of bounded refusal sets. To prove that B is algebraic we 

will prove that f E FIN and f (1 D implies there exists ci e D such that f ci (i.e. that 

FIN is  set of finite elements) and moreover that any F E B can be expressed as the limit of a 

directed subset of FIN (i.e. that FIN Is the base of B). 

2a. Because of the representation theorem, to prove the claim it Is sufficient to show that 

there exists ci E D such that for every s E Traces(f) we have Succ(s, 0 Succ(s, ci) and 

R(s, ci) i R(s, 0. From (*) and  (**) in the first part of the proof, we have that F = riD 

ands E Traces(F) Implies there exists ci ED such that 3ucc(s, F) = Succ(s, ci) and Refusals(s, 

F) = Refusals(s, d). Because of this we have that I F Implies that for every s E Trces(f), 

such that (Is, there exists d E 0 such that Succ(s, f) Succ(s, d5) and R(s d5) ' R(s 0. 

Since the set of sequences s, such that f converges on s (Us), is finite and D Is directed we 

have e = fl {ds I s E Traces(f), Us) implies e E D. The fact that for every s E traces(f), fis 

implies Succ(s, I) = A P Succ(s, e) and R(s,e) ' R(s, f)= (A) suffice to conclude that f P e 
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and to prove the claim. 

2b. We are left to prove that FIN is a base for B, i.e. that for every F c B there exists [) 

c FIN such that F is the least upper bound of D. Given any F € B we can define a chain of 

bounded refusal sets as follows- 

Let F'= (<s,X>t<s,xEF  and  lenght(s)n)U 

{ <st, X <s, [)> c F, lenght(s) = n, t KM and X c FPOW(A)). 

It is easy to check that Fn K FIN for every n € N and that F is the least upper bound of the 

chain F0 F 1  p F ...... F 0 

As mentioned in section 4. 1, in /BHR84/ it is proved that also (F, ) is a complete 

partial order. However there nothing is said about Its algebrsicity. It can be easily shown 

that, in case A is infinite, no finite element of, ) is denotable by a TCSP term. The main 

reason for this is that, since CHAOS is the bottom element, all the isolated elements have an 

infinite (cofinite) number of initial moves whilst TCSP allows only to describe terms which 

either can perform all the actions from A as initial moves or only a finite subset of them. The 

result about cofiniteness of initial moves of isolated elements is mainly due to the fact that 

there exists an infinite chain of refusal sets with an infinite number of initial moves between 

the bottom element CHAOS and every refusal set with a finite number of initials. The formal 

proof of this result is not reported here since it is not important to the economy of our work. 

However, this fact is very important since it suggests that in order to find the right semantic 

domain for TCSP it is worthwile to try to restrict the general domain of refusal sets. 

While the above mentioned feature of F stresses the differences between Bounded Refusal 

Sets and general Refusal Sets, the next theorem emphasizes their similarities. The theorem 

will be useful for deriving results about U from known results about F. 

Theorem 4.311 (B, ) lsasub-cpo of (F, ), i.e. the elements of B area subset 

of the elements of F, the orderings are compatible and the limits In F of directed subsets of B 

are preserved by (B, ). 



Proof: The claim follows since B is obtained by imposing an additional constraint on 

elements of F and the orderings on B and F are the same, 0 

4.4. TCSP and Bounded Refusal Sets 

We are now reedy to use B as semantic domain for TCSP. We consider an extended version 

of the language discussed in the first part of this chapter. The new version includes the 

interleaving operator and recursively defined processes. 

The language Is essentially a set of recursively defined terms over a set of operators and 

may be defined using the same general schema of section 3. 1 , with 'TCSP = 1rrcsp U (11.  The 

set of extended TCSP processes ranged over by 1, U, V ... and denoted In the rest of this 

chapter by REC Is then defined by the following BNF-like schema 

T:xIStopICHAOS Ia—IT IT1flT2 IT1UT2 I T/aIT1IT2ITIM  T2   recx.T. 

We have the usual notions connected with this syntax. In the sequel T11] 12  0 ......I] T 

and T fl 12  Ii fl T0  will be abbreviated as in section 4. 1, and the precedence of the 

operators will be the following: Ia> a—a> I> I> fl> El. 

We can use the general techniques discussed in Section 1 of the previous chapter to give a 

denotational semantics to this version of TCSP. In the previous section we have proved that B 

is indeed a complete partial order, In this section we will define the continuous operat'ions on 

bounded refusals sets we need. We will use the continuous operations on F defined in section 

4.1 to derive the operations on B. This will enable us to borrow results from /BHR841 to 

prove the continuity of the new operators. First, we need to define IF,  since its definition was 

not given In Section 4. 1 , where we considered the version of the language which did not contain 
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the operator I. The wanted definition can be easily derived from the corresponding one of 

/BHR84/. 

Let m6rw denote the following function from pair of traces to traces: 

ma'v(as, bt) = ama''(s, bt) U b merv(as, t) then 

F1 •F  F2 = (<s, V> I s = m(s1 (s1, V>E F1 and <2 V> E F2) 

We can now define the operations on B corresponding to the various operators of the 

language for a theory of CSP. We will let CHAOS, denote (<st, V> I t E A*, V E FPOW(A)) and 

ED denote (StopD, CHAOSD, °D' 0D'nD,  "D a, 1D' ID) with D equal consistenly to F or B. 

Definition 4.4.1 

Let STRICT (opf )(x1 .....xk)=  op(x .....xk)U  {CHAOS5 IscA*,x11sf0r 1KiKk) 

whenever xi c B for every i, I i K k, 

then for every ° F IF we can define a corresponding °K  as follows: 

OPB(X1 . ..... Xk) =STRICT(Opf)(X 1  . ..... Xk). L!J 

We need to prove that the various opg's are continuous functions over B. Since B is 3 

subdomain of F it is sufficient to prove that the various opBs  are continuous functions over F 

and that if all their arguments are elements of B so is their result. To do this we will prove 

that the two members of the union in the definition of °B  are continuous functions. 

Lemma 4.4.2 Let f be a function from FK  to  Pow(A*  X POW(A)) defined as follows: 

f(x 1.....x) = U(CHAOS5ls M, x11s for 1 K ik) then f is continuous w.r.t.reverse inclusion. 

Proof: It is sufficient to prove that I is continuous with respect to the single xis, i.e. 

that g( x) = U (CHAOS3 I s c  A, l is for j * i and I 0  k ) U U (CHAOS5  I S € M, xis) 

for a fixed i and for fixed l. Since the first member of the central union is a constant and 



Ell 

moreover the union of two sets is a continuous w.r.t. the chosen ordering, we need only to 

prove that h( x) = U (CHAOS5  I xis) is continuous. 

We have to prove fl1 U (CHAOS5  I xis) = U {CFIAOSS I (lhxn)is). We need first of all to 

prove I U (CHAOSS I xis) = 1F1CHAOS3  I xis) 

We will prove that lhs D rhs and viceversa The first inclusion follows purely by set 

theoretical reasonings. To prove that rhs lhs, suppose that the inclusion does not hold, i.e. 

that there exists <t, V> such that: 

<t, V> e 1 U (CHAOS5  I xis) and 

<t,V> R U fl {CHAOSs I xis}. 

We have that a. implies that for all n k 0 there exists a trace s such that t = su, for some 

string u, and xis and so we have that for all n 1 0, x.1t by condition 6. On the other hand b. 

implies that for all s such that t = su, for some string u, there exists n 0 such that xri.s  and 

we have that there exists n 1 0 such that Xrt.  In conclusion we have that a. implies Yn. x1t 

while b. implies 3n, xrt>  which is a contraddiction. 

We are left to prove U 1h (CHAOS5  I xis} = U (CHAOS5  I x)is), this follows 

directly from the fact that 1h x)1s if and only if for all n 10 xis. D 

Lemma 4.4.3 If x1  E B for I -< i ~ k then op(x J  . ..... xk) c B for every °B E 

Proof: It is very easy to verify, by structural induction and by induction on the lenght 

of s, that opF(  x1  . ..... xk) has a trace s with an infinite number of successors if and only if 

x11s for some 1 ~ i K k. This and the fact that x1ls implies °B (<st, V> I t € A*, V € 

FPOW(A)} are sufficient to prove the claim. 0 

Theorem 4.4.4 Let opB  be any operation from 2B,  then  °B  is continuous over B. 

Proof From /BHR84/ we know that all °F E IF are continuous over F; moreover we 

have that U is continuous and that opB(  x1  . ..... xk) € F. This together with Lemma 4.4.2 

implies that every °B  is continuous over F, Lemma 4.4.3 and Theorem 4.3.13 imply that 

every °B  is continuous over 8 as well. 



Let ENV denote a function from X to B, and e range over ENV then we may define 

: REC1  -' (ENV —B) as follows!  

Ix1e =e(x) 

[Stop1e = (<E, V> I V E FPOW(A) :i 

Z[ CHAOS] e = (<s, V> I SE A* and  E FPOW(A) } 

(a—'TJe = (<E, V> I V € FPOW(A-(a)) ) U  ( <as, W> I <s1  W> E IT]B } 

IS[ ToWe= (<E,V>I<E,V>EBIT1efl1U1e}U 

(<s, W> I s € A and <s, W> E [T1e U ZE Ule } U 

(<st, V>t € M, X ( FPOW(A) and( ET1e)1s or( EUIe)1s) 

Zlinule= flhT]eU IS[ U1e 

IT I Uje = f<s, VU W> I <s, V> EIT1eancI <s, W> € EUIe} U 

(<st,V> I tEA*,XE FPOW(A)and( [T1e)1sor( [U1e)ts} 

MT/ale = ( We, V> I <s, V U (aj> E M T1e} U 

{<st, V> It cA*,X € FPOW(A) and( B[T1e)ls) or Vn 10 <sat', {} € BElle) 

BiliUle = (<s, V> Is = ,iiere(s1, <5i' V> € BElle and <2 V> B[Ule} U 

{<st,V> It EA*,  X  FPOW(A) and ( B Ii] e)ls or ( B IUle)ls) 

BErecx. ii e=fixXd. B[T]e[d/x] 

Table 4.3: The new Semantic Function for TSP 
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Part 1. of theorem 4.3. 12 and the last theorem guarantee that B together with 2B  Is a 

Z-cpo and allow us to use it as a semantic domain for the language for a theory of CSP, by 

using the general framework of section 3. 1. For the sake of clarity all the semantic equations 

for the extended version of TCSP are presented in Table 4.3. . The new semantic equations are 

very similar to those derivable in section 4.1 and explicitely defined in /BHR84/ and 

/Bro83b/; the only difference arises from the different way divergence is handled. 

45. A Complete Proof System for TCSP 

The denotational semantics of table 4.3 induces a new preorder on REC: 

T1  FuT2  if and only if for all e E ENV WT I le I i1 e 

As for SZ , defined in section 4. 1, and for the same reasons we have: 

Proposition 4.5. 1 Fo is preserved by all the operators in L 0 

Similarly to , the new precongruence Fg , can be characterized in terms of a set of 

equations over L In fact, the set of axioms A' of Table 4.4 characterize completely 5, when 

restricted to closed finite terms (CFREC ). Since the operations on B and F coincide when 

restricted to fully specified refusals sets, we have that the two axioms systems A and A' are 

very similar. In fact, apart from the axioms for I (INT1-INT4), which were not given in A, 

A' has only two additional axioms, Eø and PCØ, which enforce stricteness of 0 and I and offer a 

solution to the problems discussed at the end of section 4.3. The axioms which were not in 

Table 4.1 (A) will be in boldface. Please note that the axioms of A, which do not appear in 

Table 4.4 (PC2, PC3), are easily derivable in A' by using Eø and PCØ. 
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Undefined 

Cl CHAOS  r. X 

External Choice 

El XOX=X 

E2 XOV=YOX 

E3 XO(YOZ)=(XOY)OZ 

E4 XD stop =X 

[5 XOCHAOS=CHAOS 

Internal Choice 

II XflX=X 
12 XflY=YI1X 

13 Xn(YnZ)=(XflV)I1Z 

14 XflYX 

Distributive Laws 

Dl Xn(YoZ)=(XflY)U(XflZ) 

02 xo(YnZ)=(XOY)fl(XOZ) 

D3 (a—'X) 11 (a—'Y) = a—(X fl Y) 

D4 (a—'X) U (a—'Y) = a—'(X fl Y) 

Hiding  

Hi Stop/a = Stop 

H2 CHAOS/a = CHAOS 

H3 (XflY)/a=X/aflY/a 

H4 (e—'XUY)/a=X/afl(X 0 W 

H5 0 {b1—'X1  I I € l}/a = U (b—'X1/a I i € I) if Vi € I b1;,  

If =0{a1—P1 I 1 E I } and Q=CI{ b1 —Q1 Ii €J}then: 

Parallel Composition 

PCø PN CHAOS =CHAOS 

PC PIQ=0{ak—(PklQk)Iak=bh  and  kEI,h€J} 
PC4 XIY=YIX 

PC5 (XnY)IZ=(XIZ)fl (VIZ) 

interleavina 

INTl PIQ=0{a1—(P1 IQ)I i€I)O 0(b1 —(PIQ)IJ€'J) 

ItlT2 X I CHAOS = CHAOS 

INT3 XIY=YIX 

INT4 (XnY)IZ=(XIZ)fl(YIZ) 

Table 4.4: The New Axiom System 
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The rest of the section is dedicated to proving that A' is sound and complete with respect to 

. All the proofs rely on the ones given in section 4.2.2 for A and FU and follow the same 

patterns; most of them will be only outlined. In this case we have that the proofs are simpler 

than the ones for A since there is no anomaly for terms with CHAOS as a subterm. Moreover 

the normal form we obtain are much closer to CCS strong normal form of Chapter 2; this 

allows us to extend the functions rt and tr of section 4.2.2 to divergent normal forms. In fact 

the similarity of the roles played by CHAOS and C) allows to consider also terms with 

underpeciuied subterms and to define: 

lv. tr(Q) = CHAOS and 

iv. rt(CHAOS) = C) 

Proposition 4.5.2 The set of axiom A Is sound for . 

Proof: From definition 4.4.1 we have that °F  and op8 coincide In case for every 1, 1 ~ 1 

~ K, and for every s, s E Traces(x1), we have xs. Moreover we have that all equations of 

Table 4. 1 are such that their left hand side diverges on a particular trace s if and only if their 

right hand side diverges on a as well. These two facts are sufficient to conclude that all the 

axioms for are valid axioms for 5 too. We are left only to prove that Eø, PCØ and 

INT 1 —INT4 are sound. For all of them it is a matter of simple calculations to prove that the 

refusal set of the left Fiend side and the one of the right hand side coincide. 0 

The proof of completeness relies again on the existence of normal forms. 

Definition 4.5.3 If P is in FRECI  then P is in strict normal form if it is of the 

form: 

R ( [I {a—'P(a) I a € L} IL E L ) [OCHAO$J where 

- L is a nonempty saturated set; 

- P(a) are in normal form; 

- [1]CHAOS] denotes that CHAOS is an optional summand, and if CHAOS is a summand then 

P = CHAOS. ii 
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It should be noted that in this case the structure of the strict normal forms is simpler 

than the one of the normal forms of Section 4.4. It is possible to prove that every process can 

be reduced to an equivalent one which is in strict normal form by using axioms from A. 

Proposition 4.5.4 For every P E CFRECz there exist a strict normal form snf (P) 

such that  = 

Proof: Proposition 4.2.8 guarantees that P can be reduced to a normal form. It is not 

difficult to see that by suitable applications of Eø every normal form can be reduced to a strict 

normal form. 0 

Next we prove that 5Z and Fu coincide when restricted to strict normal forms. 

Proposition 4.5.5 If P and 0 are in strict normal form then P Fv Q iff P 5 Q. 

Proof: It is easy to show, by induction on the structure of processes, that if P is in 

strict normal form then[P]e =flP]e. This suffices to prove the claim. 0 

Theorem 4.5.6 For every P, 0 c CFRECj P 55 Q implies A I— P V. Q. 

Proof: The claim follows directly from the existence of strict normal forms provably 

equal to P and Q (proposition 4.5.4), from Proposition 4.5.5, from the completeness theorem 

for A and Fo (Theorem 4.2.16), and from the fact that all axioms in A hold in A'. 0 

Theàrem 4.5.7 Fg is the least precongruence on CFREC generated by the set of 

axioms A'  

Proof: Seethe proof of Theorem 4.2.17. 11 

The latter theorem gives a complete characterization of 5i when restricted to finite closed 

terms. As we have seen in Section 2.6 there are relatively standard methods for extending this 
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characterization to arbitrary terms. They rely on the possibility of determining the 

behaviour of infinite terms as the limit of the behaviour of all the syntactically finite terms 

which approximate them. In our case the generalization is possible because the semantic 

domain and the precongruence considered enjoy some natural inductive properties, in 

particular both of them are algebraic. 

The rest of the chapter is dedicated at generalizing the axiom system A' to Infinite terms; 

the approach followed is the one used in Chapter 2 and discussed In details In Chapter 3. 

First we define the "syntactically finite" approximents for terms of REC!.  Their 

definition is based on the same syntactical ordering defined in Sections 2.4 and 3.1 with 

CHAOS playing the role of Q in M. 

Let < be the least I-prngruence over RECz  generated by the equations: 

Cl CHAOS <X 

REC1 Tirec x. T/x] <rec x. I 

and let 

FIN(T)=(tl t<T, tFREC ) 

We can prove that there is a close relationship between the finite elements of the semantic 

domain B and the set of finite terms FREC1. In fact as we did in Chapter 3 (Definition 3.3.9 

and following), we can show that any isolated element of the semantic domain (bounded refusal 

sets) is denoteble by a, syntactically finite, strict normal form. 

To prove this we will use the alternative definition of refusal sets given in Theorem 

4.3.6, which characterizes refusal sets in terms of sets of traces and sets of mxlmals 

associated to every trace. To do this, first, we need to study the relationships between sets of 

maximals and saturated sets, since the latter are used In the definition of TCSP normal forms. 

In the following, if A is a set and I is a set of sets we let A + L denOte (A - L I L E Q. 
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Theorem 4.5.8 If I is a (finite) saturated set and M Is a (cofinite) set of maxlmals 

then we have: 

I. Sat(A+Maxim&s(A+ 1) U (A(L)}) = L 

ii. Maximals(A-, Sat(A+ H)) = M. 

Proof: Let SAT and MAX the left hand sides of i. and ii. respectively. 

I. We prove a. SAT L and b. L zP SAT. 

If  € L then we have that either X c A+Maximal(A-rL) or Xe A+Maximal(AL). In 

case the former holds then the claim follows trivially. In case Xe A+Maximal(A+L) then we 

have that there exists M1  c Maximal(A+L) such that M 1  D A-X, i.e. A-ti 1  c X. Now since X c 

I we have also Xc A(L) and therefore that X  SAT by definition of Sat. 

Suppose X c SAT then we have L c X c A(L), for some L c A+Maximals(A+ L), i.e. 

for some L E L. Since L is saturated, we have also X E 1, 

II. Also in this case we prove a. Max .M and b.M MAX. 

The claim follows from A+Sat(A-. H) D A-,  (A+ M) = H. 

Suppose there exists M K MAX, this implies there exists L c Sat(A+ H) such that M = 

A-L and that there exists N € H such that A-N c A-M c A(A+M). Now A-N c A-ti implies 

NM and N EM Implies NE MAX by case a., moreover MAX lsa set ofmaximals and sowe 

have N = II and the claim follows. 0 

Now as we did In Chapter 3 for AT1's, we can establish the connections between strict 

normal forms and bounded refusal sets. The proofs follow the same pattern of the ones of 

Section 3.3 and most of them will be omitted. We start by defining two functions which map 

strict normal form to bounded refusals set and viceversa. For strict normal formswe will 

have the same ordering (4$:)  we have defined for TCSP normal forms In Definition 4.2.10. 

However, it should be noted that in this case the ordering Is simpler since clause 1. of 

Definition 4.2.9 (<) holds whenever clause 2. does, and is thus meaningless. The operations 

on TBSP strict normal forms we will use will be defined similarly to those of Definition 
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3.3. 10, for CCS normal forms. Below we give two functions which allow to obtain normal 

forms from bounded refusal sets and bounded refusal sets from normal forms.. In the second 

case we will get refusal sets expressed as sets of traces and sets of maximal with abuse of 

notation we will still denote their ordering by D. 

Definition 45.9 

If  is an isolated element of  and we letAfter(a, f) = { <s, V5 I <as, V> € I.e A) and 

[Oa—'P I a € (}) denote Stop, we can define a function : FIN( B) - SNF by structural 

induction as follows: 

Iff*(<t,V> ItcA*VEFP0w(A)} 

$(f) = (fl(JauuIt(After(a1 f)) I acL} IL c Sat(A- R(€, f))} 

Iff=(<t,V) It EA*I VEFP0W(A)} 

'(f)= CHAOS. 

If n Is a strict normal form we can define a function 4': SNF - FIN(0) by structural 

induction as follows: 

Ifn={fltjJa—'n(a)IaEL}ILEL) then 

troces(4'(n)) = (E} U (85 I SE traces(4'(n(a))}; 

R(E, 4'(n)) = Maxlmals(A -. 1); 

R(as,4'(n)) = R(s,4'(n(a))). 

Ifn=CHAOS then 

treces(4'(n)) = (SI I s 

R(51 4'(n))= A 

Lemma 4.5. 10 

For all I E 0 we have * (I) c SNF; 

For all f1,f2EB,f1 2  Implies(f1 ) c I(f2) 0 
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Lemma 4.5 11 

For all n E SNF we have 4'( n) c FIN( B). 

For all n1 ,n2 GSNF,n1 c n2  implies $(n1 ) 4'02) LI 

Lemma 4.5.1 2 If n is a strict normal form then 81 nl is isomorphich to 4'(n). 

Proof: The proof follows by structural induction on n and uses the Characterization 

Theorem for Refusal Sets (Theorem 4.3.6.). ii 

Theorem 4.5.13 If f is a finite element of B then there exists a closed term t  FRECZ 

such that f=EtJ. 

Proof: We have that the wanted t is '(f). It can be proved by induction on the 

structure of the normal forms and the lenght of the sequences of actions of the elements of 

FIN(B) that 4' and 111 are inverses. This implies that f = 4'((f)) and Theorem 4.5.12 

guarantees that 4'($(f)) is equal, up to isomorphisms, to 81 'I'(f) 1. 0 

The previous results are sufficient to show that 5 is completely determined by its 

restriction to finite terms. 

Proposition 4.5. 15 5 is an algebraic relation. 

Proof: Theorem 4.3.12 and theorem 4.4.4 imply that B is an algebraic -cpo.The 

previous lemma and proposition 3. 1. 71 imply that 5 is substitutive. Because of this, 

proposition 3. 1£ suffice to prove the claim. 711 

We are now ready to compare the generalizations of c and 5 to infinite processes. J.et I  K 

be the initial I -cpa in the category of I-cpos which satisfy the set of axioms A'. As we have 

seen in Section 3. 1, I K  can be obtained by ordering the set of ideals of (FREC1, ) by set 

inclusion and taking its chain completion. 



Theorem 4.5. 16 I A  is fully abstract with respect to Fg. 

Proof let denote the precongruence induced by N(A')  By construction we have 

that satisfies the set of axioms A' and is algebraic. Theorem 4.5.7 and Proposition 

4.5.3 together with Proposition 4.5. 15 are sufficient to prove the claim. 0 

The following corollary is a direct consequences of Theorem 4.5. 1 6 and Proposition 

3.1.9. 

Corollary 4.5.17 

For every t1 t2  € RECwe  have  t1  ct2  if and only if t  155  t2. 0 

The fact that the relation Fa is an algebraic relation which is completely characterized by 

a set of axioms has other important consequences. It gives us a complete axiomatic proof 

system for TCSP. This proof system, as suggested in Section 3. 1, will be DED(A) and will 

consist of: The axioms from Table 4.4, the reflexivity, transitivity, substitutivity and 

instantiation rules, and the general induction rule: 

for all ci E Fin(X). d V 
xY 

Theorem 4.5. 16 gives an equational characterization of. the congruence induced by the 

semantic function 2 . We can also give an equational characterization of B, the domain used to 

define 2 . It Is in fact possible to characterize the domain of bounded refusal sets, together 

with the operations op8 's of the previous section, as the initial cpo generated by a particular 

set of equations. The proof are similar to that given in Chapter 3, when studying the axiomatic 

characterizations of the various RT1's. In the following we mention only the main differences. 

Lemma 4.5.18 

If t1  and t2  E FREC1  then we have t1  r. t if and only if 5rnt1 ) c s7t(t2). 

Proof: The proof follows from Lemma 4.2.15, Proposition 4.5.2 and Lemma 4.2.14. 0 
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ii 

Proposition 4.5.19 (SNF, c) is a partial order and when equipped with the 

opa1torsoP5f  defined as follows op(n1 
,... n) = .si/ap(n11... for every op € I, is 

isomorphic as a !-po to (FIN(B), ) equipped with the operators °B 

Proof: The isomorphism pair Is given by 'k and 4 defined above. They are proved 

monotonic and well defined in Lemmas 4.5.1 0 and 4.5.11. The fact that they are inverses 

follows from Theorem 4.5.8. The only thing we are left to prove is that both of them are indeed 

homomorphisms. This proof is long and tedious but basically follows the same pattern of the 

proof of Proposition 3.3.12. However, since in the case of bounded refusals sets the operations 

are defined directly, induction on terms and knowledge of the procedure for reducing TCSP 

terms to normal farms is needed. 0 

Lemma 4.5.20 (SNF, ) Is a partial order and when equipped with the operators 

OPf defined as above is isomorphic as a I-pa to (FREC1/, ) equipped with the operators 

op e L IC 

Theorem 4.5.21 B is isomorphic as a I-cpa to I AS, the initial cpo which satisfies 

all the equations in K. 
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5.0 Introduction 

In the last two chapters, we presented and discussed two groups of semantic domains for 

communicating processes: Representation Trees (RI) and Refusal Sets. These two groups arose 

from two apparently opposite approaches. Representation Trees stemmed out of an attempt to 

give a denotattonal semantics to CC$ which would be fully abstract with respect to the two 

level operational semantics based on a simple transition relation and on testing equivalences, 

/DH84/. Refusal Sets were postulated in /BHR84/ to be the right domain to "play the same 

role, in defining the semantics of communicating processes, as the domain of partial functions 

does for sequential programming languages'. 

In spite of their different origins, these two groups of semantic domains are very similar. 

Both associate every process with sets of pairs, <s, X>, which carry information about the 

sequences of actions which the process can perform and about the possible future of the 

process after every sequence. In the case of Refusal Sets, the future is expressed in terms of 

the sets of experiments the process would refuse, whereas in the case of Representation Trees, 

it Is expressed in terms of the experiments the process would certainly accept. However, the 

two sets used to represent the future can be proved complementary with respect to the set of 

all the elementary actions which processes may perform. The main difference is that 

representation trees in ST can have unlabelled roots while every refusal set F is such that 

every trace of F has an associated refusal. The reason of this discrepancy lays in the different 

emphasis put on modelling internal behaviour of systems. It is not very difficult to prove that 



an injective function exists which maps every representation tree into a refusal set, see 

/DeN84/. Unfortunately, both Representation Trees and Refusal Sets have their drawbacks: 

There is no immediate extension of Refusal Sets which allows them to treat internal moves 

properly and the dishomogeneity allowed for the labels of the roots of Representation Trees 

introduces some inelegance in the definitions of their operations. 

In this chapter, we present yet another domain for communicating processes. This is very 

similar to the RI model but avoids the problems caused by unlabelled roots. The trees in this 

new model, instead of having labelled and unlabelled roots, have two sets of sets associated 

with their root: an acceptance set and a preemptive set. The preemptive set is used to 

describe the possibility a process has of performing Initial silent moves, while the acceptance 

set Is used to describe the subsets of Initial visible actions which a process may decide to offer 

to the external environment, by performing internal moves. We will call the new model 

Preemptive Representation Trees (PRT). The minor changes to Representation Trees 

will allow us to define their operators straightforwardly and to overcome the difficulties 

encountered in /DeN84/ and discussed in Chapter 3. 

The operators we will define will be based on some of the operators defined in Chapters 2 

and 4 for ccs and TcSP, respectively. We will not consider all the operators but only the 

"primitives operators of the two languages; the operators which can be expressed in terms of 

the primitive ones will be ignored. For example we will not define any parallel combinator, 

because the languages we are interested in reduce parallel compositions of processes to 

nondeterministic interleaving of their actions. In fact, the sets of axioms discussed in the 

previous chapters show that the various parallel combinator (I I and I ), the restriction 

(I), the hiding (\) and the relabelling ([Si) operators can all be expressed in terms of the 

various nondeterministic operators (+, El and f), of the prefixing operators (a, t and a—) 

and of the basic processes (NIL, Q, Stop and CHAOS). 
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An extension of Representation Trees very similar to our PRT is described in /Hen84/. 

There the model is called Asynchronous Strong Nondeterministic Trees (ASNT) and our 

preemptive set is named withdraw set. However, since the author is interested in modelling a 

different language (the variant of CCS described in /Hen83e/), the set of operations defined on 

ASNI is different from ours. 

In the following, first we define formally the domain of Preemptive Representation Trees 

and their operations, then relate PRT to the other domains for communicating processes 

discussed In the previous chapters. In particular, we show that Strong Representation Trees 

(denoted by SRI and RI2 in Chapter 2) and Bounded Refusal Sets (denoted by B in Chapter 

4) are Isomorphic to two different reducts (see /13082f or /Coti8l/), of PRT. The 

significance of this result is twofold, it allows us, firstly, to understand the relationships 

between Representation Trees and Refusal Sets and, secondly, to compare two significative 

subsets of TCSP and CCS and to discuss the relationships between the nondeterministic 

operators of these two important theories of communicating processes. 

Previous attempts at a direct comparison of CCS and TCSP have been hindered both by the 

different sets of operators of the two languages and by the different methods used to define 

their semantics. In /6ro83a/, synchronization trees are used as the semantic domain for both 

languages: The comparison is hampered by the different equivalences used to quotient the 

trees, in /MZ83/ the normal forms of /DH84/ and /DeN83/ (also presented in Chapters 2 

and 4) are used to define translations from one language to the other and to compare their 

expressive power: No additional insight into the interrelationships between the various 

operators is gained. 

The rest of this chapter is organized as follows. In Section 5. 1 , we present the new model 

together with some examples. In Section 5. 2, we present and discuss the various operators. In 

the final section we relate the new model to Representation Trees and Refusal Sets and use the 

established relationships to discuss and compare CCS and TCSP operators. 
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5.1 Preemptive Representation Trees 

In this section, we present yet another domain for communicating processes, which we 

will call Preemptive Representation Trees. Once again, the elements of this domain will be 

particular kinds of trees. In fact, they are very similar to the representation trees discussed 

in Section 3.3; the only difference is that the roots of each tree, similarly to all the other 

nodes, are labelled by an acceptance sat, and that associated to each root there is also a 

saturated subset of its acceptance set, which we will cell preemptive sat. This new set will 

allow us to denote the set of states to which a process can silently move, thus preventing some 

of its initial actions to take place. While in Chapter 3 we considered three different classes of 

representation trees, each one corresponding to a different way of handling divergence, in this 

chapter, for the sake of simplicity, we will only discuss the class of Preemptive 

Representation Trees which corresponds to the choice of considering divergence as 

catastrophic. The domain we obtain is closely related to Strong Representation Trees (RT2). 

The same notation as in Chapter 3 will be used. The preemptive set of a tree t will be denoted 

byP(t) and sometimes we will render A(t, E) as A(t). Moreover, given a set of sets S we 

will use Sat(S) to denote the least saturated set which contains S and A + S to denote (A S 

S €5). 

Definition 5. 1. 1 Let L be a set of labels, then PRTL  is the set of rooted, finitely 

branching trees, such that t € PRT implies: 

Every branch is labelled by an element, a of L, and for every node there is at most one 

outgoing branch labelled by a; 

Every node is either open or closed; 

Ifanode is open, then itise leaf; 

Every closed node, s, is labelled by A(t, s), a saturated set of subsets of Succ(t, s) 

which contains Succ(t, s). 

The root is also labelled by P(t), a saturated subset of .4(t). 0 



A few examples will help to evidence the differences between PRT and SRI. (Once again, 

the index L will be omitted whenever it is clear from the context). As in Chapter 3, we can 

show how trees from PRFs can be used to give a meaning to synchronization trees. We have: 

Examples 

J {{a}} 
t 

a 

These examples show that we associate the representation tree whose preemptive set is 

empty to the deterministic synchronization tree which can only perform an a-move and the 

representation tree whose preemptive set is equal to {{a}} to the synchronization tree which 

can perform a silent (uncontrollable) move before performing the a-move. Apart from this, 

the preemptive representation tree associated to any synchronization trees will be equal to the 

representation tree associated to it in Section 3. 1. Indeed, we have that the trees from PRT, 

associated to all the other synchronization trees of Table 3.1 will be equal to the 

corresponding representation trees in the table, apart from the fact that each tree in PRT has 

its root labelled by the acceptance set ((a)). Other examples of elements of PRT will be given 

in the next section when we define operations on them. 

We can define an ordering on PRT, In much the same way as that on RI. 

Definition 5.1.2 Ift,tE PRT then t< V If for every s E Nodes(t') we have 

s E CNodes(t) implies s E CNodes(t'), 

and A(ts)c At, s); 

and 11(t') C_ P(t). 0 



Intuitively, this ordering suggests that we can Improve" (render more deterministic) a 

tree either by grafting a new tree into an open leaf, or by removing elements from its 

acceptance sets or from its preemptive set. 

Theorem 5..L3—  (PRT,<) is an algebraic cpo whose finite elements are the trees from 

PRT with a finite number of nodes. 

Proof: This proof is similar to that of Theorem 3,3.6. When defining the limit of 

directed subsets of PRT, wewill also haveP(t) = fl ( F(d)  I d ( D, E K CNodes(d)). 0 

5.2 Operators for Nondeterminism 

In this section, we define a class of continuous operators over PRT. The class introduced 

will not be a minimal one. The various operations have been chosen mainly to allow an easy 

expression of fundamental concepts of the languages to which we want to give a meaning. In the 

following we will first give an informal description of the operational significance of the 

operators and then define them formally. We will define two zeradic operators (0 and 0), two 

unary operators (a—b and i-') and three binary operators ( fl, U and +). 

The constant 0 will denote the trivial tree., consisting onlj of a single closed node, while 

the constant 0 will denote the trivial tree, 0, consisting of a single open node. The operator 

"a—" prefixesa process with the elementary action a, while "t—" gives a tree the possibility 

of changing its Internal state silently without the external environment having any control 

over It. The three binary operators are such that If P and Q are processes then: a. P fl Q, b. 

P Ii Q and c. P + Q are processes which behave like P or like Q. The difference between them 

consists in the amount of control over the choice between the two processes which is left to the 

external environment In case a. the choice is wholly noncieterministic, the environment does 



not have any control over it. In case b. the choice will be completely determined by the first 

communication which the environment offers to the process. In case C. the choice will again be 

determined by the first communication offered by the environment, unless one of the 

summands has the possibilly of changing state silently. In this case P + Q will 

nondeterministically decide whether to leave the choice to the environment or to perform the 

silent move. 

The binary operators and the operator t—'• allow us to describe the nondeterministle 

behaviour of processes; the analysis and comparison of operators for nondeterminism are 

among the principal aims of this chapter. As mentioned above, we will not be considering 

parallel operators. We will let I denote the set of operators over PRT, i.e. 

( 0, 0, a— (for all 8E L), t—, fl, 0, 

The precedence of the various operators in is the following: a—' > c—' > fl > U > +. 

We now give a formal definition of the various operators In L In order to define any 

operation on PRT it Is sufficient to describe four endomorphisms on Nodes, CNOCIeS, A and P. 

Action 

The first operation is the prefixing operation a—. Given any tree t, a—'t produces a new 

tree whose root has a single branch which is labelled by a and after a is the same as t. 

Formally, we have- 

For all t E PRT, a—'t is described by 

Nodes(a—t) = (E) U (as I s c Nodes(t)} 

CNodes(a—'t) = {E) U (as I s c CNodes(t)} 

A(a-4) = ((a}} 

A(a—'t,as)=A(t,$) 

P(a—'t) = 0 



Internal Action 

We have another unary operator c— which given any tree as argument produces a new 

tree which Is equal to the argument apart from the fact that it may have additional preemptive 

power. In fact, the preemptive set of the argument is set to be equal to the acceptance set 

associated with the its root Otherwise everything is left unchanged. 

For all t E PRT, t—bt is described by 

Nodes(t—'t) = Nodes (t) 

CNodes(t—t) = CNodes Ct) 

A(t—t,$)=(t,$) 

P(c—t) = At, €) 

Choice Operators 

Given two trees from PRT, the various choice operators we consider will glue them 

together at their roots. The acceptance and preemptive sets associated with the roots of the 

new trees are obtained from the sets associated to the roots of the original trees. The way in 

which the new sets are obtained depends on the particular stress the different operators for 

ncndeterminism put on the preemptive power of their operands. Particular care is needed to 

guarantee that the resulting tree Is an element of PRT. For example when glueing two trees, 

which have an Initial action a in common, we need to glue all the subtrees reachable via the 

branch labelled by a recursively to have only one Initial branch of the resulting tree labelled 

by a. Moreover, since the open nodes can only be the leaves of the preemptive representation 

trees, whenever an open node Is glued to any tree, the overall result will just be the trivial 

tree consisting of an open node. 

In the following we formally define fl, 0 and +. For the sake of brevity, we will have the 

convention that if s2CNodes(t) then A(t, s) = 0. 

It.ET  I..1 



Choice 

lit1  and t2  € PRT then t1  + t2  is defined as follows 

Nodes(t1  + t2) = Nodes(t1 ) U Nodes(t) - {ss I s c ONodes(t1) U ONodes(t2), sE} 

CNodRs(t1+t2)= Is Is c Nnrs(t1+t2) and s c Nodes(t) irnp1is s € CNodes(t1), 1=1 2) 

A(t 1  t2)= Sat((AUBIA€A(t1)1 B (A(t2))UP(t1)UP(t2)) 

A(t1 +t2,$) = Sat(A(t1s)UA( t2,  s)) for afls€CNodes(t1 +t2)fl A. 

11(t1  +t2) = A(t1 +t2)if P(t1) UP(t2)ø 

= 0 otherwise 

External choice 

lit1  and  t2  €PRTthen t1  EIt is defined as follows 

Nodes(t1  U t) = Nodes(t1  + t2) 

CNodes(t1E1 t2) = CNodes(t1  + t2) 

3.A(t1 EJt2)= (AUBIAEA(t1),B€A(t2)} 

U t,$) = .(t1+ t27 s) for all scAt  

4. 1P(t1 0 t2) = A(t1 11t2) if 

= 0 otherwise 

Internal choice 

if t, and t2  €PRT then t1 flt2  is defined asfollows 

Nodes(t1 flt2) = Nodes(t1 +t2) 

CNodes(t1fl t2) = CNodes(t1  + t2) 

At, flt2,$)= Sat(A(t11 s)UA(t2 s)) 

P(t1  lit2) = A(t1  + t2) 

for ails €A* 
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It is worthwhile noting that the three binary operators described above are very similar. 

In fact, the closed and open nodes of the resulting trees are the same and so are all the 

acceptance sets associated to non-root nodes. They are distict only because of the different use 

they make of the preemptive sets and of the acceptance sets associated with the roots of their 

operands. Table 5.1 shows examples of trees from PRT which are built by using operators in 

Z. We also have that every tree is less deterministic than (< ) the corresponding ones on its 

right. The following theorem holds and allows us to use PRT as a model for nondeterministic 

languages by using the general framework of Section 3. 1. 

Theorem 5.2.1 (PRT, <, ) is an algebraic-cpo. 

Proof: From Theorem 5.1.3, we know that (PRT, <) is an algebraic cpo. Therefore to 

prove the claim we only need to prove that the various operators in I are continuous. This 

follows from known results about sets union and intersection. 0 

5.3. A comparison between CCS and TCSP 

In this section we compare our now model with two of the models we have u'1 in Chapter's 

3 and 4, to give a denotational semantics to ccs and TcSP. We will show that Strong 

Representation Trees and Bounded Refusal Sets, together with some of the operations defined on 

them, are isomorphic as I-cpo's to two reducts of Preemptive Representation Trees. In the 

following, we first give an account of the set of operators on SRT and B which we are-going to 

consider, then we define the two reducts of PRT, and finally we outline the proofs of the 

claimed isomorphisms. 



Definition 5.3.1 

I. Ec (NIL, Q,a, e,+}; 

TCSP (Stop, CHAOS, a—,fl,al; 

iii. !' = 10.  n, a— , —),, +}; 

iv. Z"= {O,Q,a—',flO); 

v. PRT' is the set of members t of PRT such that 

P(t)=A(t) or 

P(t)=ø and .4(t)isasingleton; 

vi. PSI" is the set of members t of PRT such that P(t) = A(t). 0 

Theorem 5.3.2 

(PRT, ', Y) is an algebraic Z'- cpo; 

(PRT", <, ) is an algebraic "- cpa 

P roof: 

1. Since PRT c PRT and Z' c Z and (PRT, <, !) is an algebraic -cpo (Theorem 

5.2.1), to prove the claim we only need to show that the limits of directed subsets of PRT' and 

all the operators in Z are closed with respect to PSI'. Since the acceptance and the 

preemptive sets of the limit of a directed subset of SRi' are defined in terms of sets 

intersections (Theorems 3.3.6 and 5. 1.3) it is not difficult to verify that either Condition a. 

or Condition b. of Y. In Definition 5.3.1 are satisfied. Therefore, since Theorem 5.1.3 

guarantees that the limit of a directed subset of PSI is an element of PRT, we have that the 

limits of directed subsets of PRT are elements of PSI'. On the other side it is not difficult to 

see that + preserves both Condition a. and Conditions b., and that the result of a-t and -c—pt 

is always a PRI which satisfies Condition a. and Condition b. respectively. 

ii. The proof of this case is similar to the one above. Eli 

We are now ready to study the relationships between our two reducts of SRI and RI2 and 

B. Firstly, we will study their relationships as cpos by defining explicitely isomorphism 



pairs between SRT and RI2  and SRI" and B, afterwards we will study their relationships as 

-cpos by exploiting the alternative characterizations of RI2  and B in terms of initial 

algebras generated by set of axioms. The latter study will have the side effect of giving 

axiomatic characterizations also for SRI and SRI". 

Theorem 5.3.3 

(PRT, <)is isomorphic asacpo to (RI2, <2; 

(PRT", <)is isomorphic asacpo to (B, ). 

Proof: Since the cpos we are considering are all algebraic we need only to study the 

relationships between the set of their isolated elements. 

I. We define two monotonic functions between the finite elements of PRT and RI2  which 

are easily seen to be inverses. They leave most parts of their arguments unchanged. In fact 

they take care only of the acceptance and preemptive sets associated to the roots of their 

arguments. We start by defining 4: Fl N(RT2)-9F1N( PRT). 

If t is an element of FIN(RT2) then 4(t) is an element of FIN( PRT) defined as follows: 

Nodes(4(t)) = Nodes(t) 

CNocies((P(t)) = CNcdes(t) 

A(cI(t)) = Succ(t, E) if (t) = 0 

= A(t) otherwise 

A(+(t),$)=.(t,$) for all sf 

F(4'(t))= .4(t). 

Similarly to 4, we can define a function from FIN(PRT) to FIN(RT2). In this case, if 

pt is a finite tree from PRT, we have that (pt) gives us a new tree which is the same as its 

argument, apart from the fact that it does not have any preemptive set and thM if the 

preemptive set of pt is empty then the acceptance set of the root of '(pt) is empty. Formally 

': FIN(PRT) FIN(RT2) is defined as follows:  
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I. Nodes(+(pt)) = Nodes(pt)) 

CNodes($(t))= CNodes(pt) 

A('(t))= P(pt) 

,4($(t),$)A(pt,$) for all sf. 

H. To exhibit the isomorphism pair between B and SRT" we must revert to the alternative 

characterization of B given in Theorem 4.3,6. This allows us to describe a refusal sets in 

terms of sets of traces and sets of maximals of refusals associated to every trace. We will 

define 

0: FIN(B) - FIN(PRT1 and 

FIN(PRT)—FIN(B). 

iffisan element of FIN(B) then 0(f) is an element of FiN(PRT) defined as follows: 

Nodes(0(f)) = (s Is € traces(f) and fis} U (sa Is E traces(f) and fs and a € Succ(f, s)) 

CNodes(0(f)) = {s Is € traces(f) and fLs} 

A(0(f), s) = A + R(f, s) ifs € CNodes(0(f)) 

= 0 otherwise 

F(4(0)= A(o(f)). 

If pt is an element of FIN(PRT') then (pt) is an element of FIN(B) defined as follows: 

1. traces( q(pt)) = Nodes(pt) U (st I s € Nodes(pt) - CNodes(pt), t E A} 

2.R(q(pt),$) = A+A(pt,$) if sECNodes(pt) 

A otherwise. 

Now, Theorem 4.5.8 should be sufficient to convince the reader that q and 0 are well 

defined, monotonic and inverses. I 
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We can now show that our two reducts, PRT' and PRT", are completely chartenzed by 

two simple sets of inequations: the two sets of axioms given in Table 5.2 and 5.3. The proof is 

based on the following two lemmas. 

Lemma 5.3.4 

I. (PRT', <, !) satisfies all the axioms of Table 5.2; 

ii. (PRT", <, I") satisfies all the axioms of Table 5.3. 

Proof: 

I. Most of the axioms in Table 5.2 follow from simple calculations and from set 

theoretical properties. The only non-trivial ones are Ni -N3. As an example, we will outline 

the proofs of N 1 and N3. The nontrivial parts of their proofs consist in proving that A( lhs) 

=A(rhs) and t3(lhs) = P(rhs). 

NI. Ifii= t then it is not difficult to see that -X + t-V= -'(t-'X +  c—Y) since 

we have P(t-X + -4Y) =A(i-(i--'X + 

If 4 = a * c then A(lhs) = ({a)} = A(rhs) and the preemptive set of both trees is 

empty. We only need to prove that A( lhs, a) = A( rhs, a), but it is easy to see that both are 

equal to A(X) U A(Y). 

N3. We will only consider the case Li = aw t . In this case we have: 

A(lhs) = Sat((aUBIBEA(Z)}U(a)UA(Z)) = Sat( {a} U A(Z)) and 

..(rhs)= Sat( (a}UA(Z)) by definition. 

ii. In this case too, most of the axioms are trivial to establish. Cl , El -ES, 11-14 follow 

straighforwardly from set theoretical reasonings. The proofs of Dl and D2 are very similar to 

that of NI given above. We are left to prove D3 and D4. As an example, we prove D3. 

D3. A(lhs)= Sat( AX) U(AUB!A EA(Y)  and  BEA(Z)})  and 

A(rhs) = (AU B I A € Sat( A(X) U AM) and B € Sat( A(X) U A(Z))}. 

The desired result will now follow from the properties of saturated sets and of the 

operation of unioning all the elements of a given pair of sets of set two by two which are 

reported below: 
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OcX 

x+X=x Al 

X+Y=Y+x A2 

x+(Y+Z)=(X+Y)+Z A3 

X+ NIL =X A4 

u—'X+ j—Y=---'(t--'X+ t—Y) Ni 

X+t—'Yci—'(X+Y) N2 

+ + Z) = t—.(p--'X + + Z) N3 

El-N4 

Table 5.2: Axioms for PRT 

CHAO$X Cl 

XEIX=X El 

XOY=YOX E2 

Xo(YOZ)=(XOY)OZ E3 

Xtl Stop =X E4 

XEI CHAOS =CHAOS ES 

Xnx=X II 

XI1Y=YIIX 12 

xn(Ynz)=(xnY)nZ 13 

XflYcX 14 

Xfl(YOZ)=(XflY) o(XriZ) Dl 

xo(Ynz)=(xoY)n(XOZ) D2 

(a—'X) fi (a—'Y) = a—'(X fl Y) D3 

(a--+X) U (a—'Y) = a--+(x II Y) D4 

Table 5.3: Axioms for PRT" 



1.5at((AUBAE A,BE))= (AUBIAE3et(A),BESt(fl)) and 

2. AU(BUCIBE,CEC)=(DUEIDEAULEEAUC). £1 

Now that we have shown that the basic axioms for TCSP and CCS are satisfied by our 

domains, we can follow exactly the same pattern as in the lest part of Sections 4.5 and 3.3, 

i.e. using the relationships between the term algebra factorized by the sets of equations and 

the algebra of the appropriate normal forms, to prove the wanted characterization. 

Theorem 5.3.5 Let ATM  and  1A be the initial -cpo's in the category of the 

s-algebras which satisfy the axioms in Table 5.2 and 5.3, respectively. Then 

I. (PRT', <, Y) is isomorphic to IA* 

fl. (PRT", <, ") is isomorphic to 'ATM 

Finally, since in Chapter 3 and Chapter 4. we have proved that also RI and B are 

isomorphic as -cpos to initial Z -algebras generated by sets of axioms respectively to I 

and A'  and since we have that ATM  and ATMTM  contain all the equations of the primitive 

operators in A2  and A', we have that the above theorem implies the next one. 

Theorem 5.3.6 

(PRT', <, X') is isomorphic to (RI2 , <2, cc) 

(PRT", <, r) is isomorphic to (1), , rol 

From the definitions of Section 5.2, it is possible to derive informations about the 

interrelations of the various SRI operators which given one or two trees as argument 

transform them into a tree which is more nondeterministic then the starting ones. The derived 

interrelations together with Theorem 5.3.6 would allow us to get informations about the 

relationships among the corresponding T$P and XS operators. 
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am 

Theorem 5.3.7: If P , Q t PRT then we have 

i-4P+i--Q < PflQ < P+Q < POQ 

Proof: It is easy to see that 

Nodes( i—'P + = Nodes( P fl Q) = Nodes( P + Q) = Nodes( P 0 Q) 

Modes(—'P + = CNodes(P fl Q) = CNodes(P + Q) = CNodes(P 11 Q) and 

+ t—iQ,$) =A(P flQ,$)=A(P + Q, s) =A(P OQ,$) for every sEA 

we are left only to verify that 

A( t—P + ,.( P fl Q) A( p + Q) D XP 0 Q) and 

P( t—P + 1'( P 11 Q) P( P + Q) D P( P U Q). 

Now, because of the way the various operators are defined, for any P, 0 E PRT, we have 

(*) 

(**) 

p(P)c g.(P) (***) 

and 

I. A(t—P + 12-'Q) =Sat(A(P) UA(Q)) 

A(P fl Q) = A(t—'P + 

A(P + Q) = Sat((A U B I A E 14(P), B E ,(Q)} U P(P) U 1'(Q)) 

U Q) = Sot({A U B I A E A(P), B E A(Q)}) 

P(t—P + = A(t—P + c-0) 

P(PflQ)= A(P +Q) 

C. P(P+Q)= ,4.(p+Q) 

d. F( P 0 0) = AP 0 0). 

It is not difficult to verify that we have 

1. = 2. and a. b. because of (***) 

b. = c. and 2. 3. because of (***) and since (A U B I A E A, b E } c A U 

3. 4. and c. d. trivially. 

This suffices to prove the claim. 



It should be noted that the examples of Table S. 1 show that 811 the above inclusions are 

proper and so WB have that all the above are different operators. 

We have that the ordering denoted by < Is based on the "amount" of nondetermism 

exhibited by a particular process; the observational approach taken implies that this Is 

determined by the "amount" of control over the progression of a process which is left to the 

external environment For these reasons Theorem 5.3.7 suggests criteria to keep in mind 

when choosing operators for describing systems. 

Unfortunately expressivity is only one of the requirements for a set of operators of a 

model; it is important that they are orthogonal to each other and that their interactions can be 

characterized algebraically. In fact the approach followed with TCSP and CCS is to select a 

subset of the operators just In order to meet some of the above mentioned criteria. Indeed we 

can see that I] and + and t and fl are not orthogonal at all. For example if we have all 

processes without preeemptive power, i.e. if the terms do not contain any c— operator, then 

we have P []Q = P + 0, and if all the processes have non-empty preemptive set then t—P + 

= P fl 0. These considerations seem to suggest that the operators t- and + are more 

primitive than 0 and 11; on the other hand the equations of Tables 5.2 and 5.3 show that 0 and 

nand their interaction can be described via elegant algebraic laws. At the moment there is no 

ground to choose a set of operators against the other, probably only using the various 

operators to model 'real life" system will allow us to get a definite answer if there exists any. 
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6, CONCLUSIONS  

In the Introduction we pointed out the need for formal models which make it possible to 

specify and prove properties of systems whose components can proceed in parallel and 

exchange messages. Operational , denotational and axiomatic approaches have been suggested to 

tackle this problem and, as a consequence of the large number of properties which can be 

relevant in the analysis of concurrent, communicating systems, very different models have 

been proposed. One of the main aims of our research has been to understand the relationships 

between some of the proposed theories of concurrenw and to offer a uniform view of 

communicating processes. 

We have studied the problem by taking the operational approach, which we call two stefi 

q,p6r8t1o1781sm817ties as a starting point. This approach Is based on Plotklns SOS /Plo81/ 

and on Milner's idea of extensilinelequfvolence/Mil8O/. The semantics of communicating 

processes is described in terms of equivalence classes of Labelled Transition Systems. The 

transition rules describe the actions which processes can perform and the states in which 

they terminate after performing the actions. The equivalences, which rely on the reactions of 

systems to stimuli from the outside world, allow to ignore internal (unimportant) states of 

processes and to consider only the behaviour of systems with respect to the outside world. 

While we have faithfully followed Plotkin's style of describing system behaviour by 

means of stuctured rewrite rules, the observational criteria we have proposed are different 

from those implied by Miler's observational equivalence. From certain points of view, 

Miler's equivalence over-discriminates; it is more suitable for describing how systems 

operate rather than how they can be observed. Our equivalences, which we call testfrig 
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avf'e/exes are based only on the reactions of processes to sets of experiments and two 

processes will be in the same equivalence class only if they "pass" exactly the same tests from 

a given set By varying the set of tests and the criteria used to consider an experiment 

successful, we obtain different equivalence notions. The two level operational semantics 

defined in this way is completely extensional. We have used this semantics to determine our 

operational criteria ("the touchstones" /Mil83/) for assessing and comparing different 

semantic interpretations and different approaches to system semantics. 

We have shown how the operational approach, based on testing equivalences, naturally 

leads to a class of denotational models for nondeterministic processes. We have called this 

class Representathin Trs. We have also shown how these models can be used as semantic 

domains for two fundamental calculi of communicating systems: CCS /Mil80/ and TCSP 

/H8R84/, and have studied the relationships of the semantics obtained for these two calculi 

with previously given ones. Moreover, we have shown that, once we adapt our equivalence 

notions to define testing preorders for CGS we can obtain equational characterizations of the 

calculus which lead to complete proof systems. The initial algebras generated by the sets of 

equations are proved isomorphic to some class of Representation Trees. Thus, for CCS we 

have been able to get equivalent denotational, operational and equational semantics. The 

operationally generated model of Representation Trees has also been found to be very 

Interesting when dealing with the theory of CS!' proposed In /5HR84/. In fact, after studying 

the original semantics of TC$P based on Refusal Sets and pointing out problems which were 

caused by the choice of denotations, we have shown that a subset of Representation Trees can 

be used to model TCSP more appropriately and to obtain equational characterizations and 

complete proof systems for the theory by using the same techniques developed for CGS. Using 

Representation Trees as semantic domains for both CGS and TCSP has also had the side benefit 

of helping us to understand the relationships between the operators of the two calculi. 

The testing idea has proved very fruitful. In fact it has also been used by other authors, in 

other contexts. In /M -V "a notion of observational equivalence is defined in which two 

algebras are observationally equivalent if they both give the same answer to any observation 
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from a prespecified set". In /Abr83/ the testing approach is ued to study the notions of 

indistinguishability which are embodied in the various powerdomain constructions. In 

/Mill85/ testing equivalences are used to prove correctness of translations and satisfiability 

of specifications. In /Mit85/ a version of testing equivalences, which aims at a slightly 

different treatment of divergent systems, Is used to prove the correctness of the 

implementations of synchronization schemes for CCS. Finally, researches by M. Hennessy 

have shown that our approach can be extended to treat synchronous calculi and to capture such 

notions of concurrent systems as fairness, see /Hen83a/ and /Hen84/. Developments of the 

proof systems based on testing equivalences can be found in /Bro83a/ and /Gol85/. 

It is generally true that In any experience a certain moment will arrive in which it Is 

necessary to say that the end has been reached and that the search for improvements or 

refinements shold stop. The research described in this thesis can certainly be improved and 

extended in many ways. Some of the improvements which It should be possible to carry out 

without too much additional efforts are listed below. 

In Chapter 1, we have seen that Kennoways equivalence /Ken81 / has major drawbacks 

because of the way it treats internal moves. We have have studied a version of the equivalence 

which is close to the original one but does not allow any experimentation on t-moves. 

However, although ignoring the ts in the traces seems Inevitable, it would be interesting to 

study the consequences of keeping the possibility of having must-sets which contain invisible 

actions. It may well be that in this way we can directly capture congruences for CCS and also 

avoid explicitly defining the divergence predicate t 

We feel that in the proof systems of Chapter 2 axiom REC is unnecessary, since it is 

derivable from the the other axioms by using the general induction rule. The axiom has  been 

kept for technical reasons; we use it to prove the existence of head normal forms, which in 

turn are used to prove that the general induction rule holds. It should be possible to prove 

existence of head normal forms without using REC. Another problem is present in Chapter 2. 

This one is related to the way we have adapted testing equivalences to CCS. In fact, since () and 
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to are treated in much the same w', some identifications which are not immediately 

intuitive, are induced on ccs terms. For example abNil + tO aftera MUST {b} and thus that 

aNil + abNil + cO is test equivalent to abNil + tO. 

In Chapter 3 It would be interesting to define operations directly on the three classes of 

Representation Trees or on the three classes of the corresponding Preemptive Representation 

Trees. This would allow a better understanding of the implications of the different choices of 

dealing with divergent experiments. 

In Chapter 4, we had to appeal to operational intuitions, to discuss deficiencies of the 

denotational semantics of TCSP based on Refusals Sets. It would be nice to have an explicit 

operational semantics of TCSP against which to check the chosen denotations. This has now 

been developed in /DM85/. 

In Chapter 5, together with the study of the relationships between Bounded Refusal Sets 

and the strict version of Preemptive Representation Trees, which both consider divergence as 

catastrophic, it would be interesting to study the relationships between the original Refusal 

Sets model and the version of PRT which considers divergence as underspecification. In fact 

the latter two models deal with unbounded nondeterminism in different ways. Refusals sets 

have only one kind of node whereas representation trees use open and closed nodes to 

differentiate between bounded and unbounded choices. It would be nice to be able to have just 

one type of node for Representation Trees as well. This would further simplify the definition 

of their operations. 

Even with all the improvements suggested above we are very far from a solution of the 

problems mentioned in the Introduction. Much remains to be done. In the following we give an 

idea of some possible directions for future work. 

The new equivalence should be investigated for the more general version of CCS which 

allows value—passing, and new kinds of tests which allow infinite experiments /Bro85, 

Abr83/ should be considered. The proof techniques and the various example proofs developed 
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in /Mil80/ and /San82/ should be examined to see if our axioms lead to simpler proofs and if 

similar proof techniques can be used. It would be interesting to see what the results of 

immersing the MEkiE language /A684/ (very similar in spirit to the calculi discussed in the 

previous chapters but with a radically different and appealing set of primitive operators) into 

the general setting of testing equivalences would be. More generally, we should be able to 

produce models for other languages. For example we could see how our models are able to cope 

with LOTOS /I5085/, a specification language, based on CCS, which is being defined by the 

International Organization for Standardization to describe the concurrent aspects of service 

and communication protocols. We should also study the impact of our approach on general 

purpose programming languages for concurrent programming such as ADA /Ich80J or 

Distributed Processes /BrH78/. 

As they stand, the calculi defined above offer a constructive approach to systems 

specifications. Although this has the advantage of Immediate consistency, it has the 

disadvantage of requiring larger details than necessary. Researches based on the more 

traditional logical approach to program specifications are very important. This approach 

avoids problems with abstraction, while leaving open the problem of verifying consistency of 

logical specifications. Traditionally, formal reasoning about parallel programming has ban 

developed using some kind of modal logic, e.g. temporal logic /01-82, Pnu81, MP83/ and the 

discussion on the expressiveness of these logics Is still open. In recent papers, /Sti3, 31:185, 

Hr184, BR83/. It has been shown that different behavioural equivalences may be 

characterized by modal languages. It would be interesting to find modal characterizations for 

testing equivalences and to use them to define modal proof systems and to obtain a taxonomy of 

behavioural equivalences based on such characterizations. It would be certainly very 

Interesting to set a bridge between specification methods based on process algebras 

and methods based on logics. 

In general, the equivalences and the model presented in the thesis do not distinguish "true" 

concurrency from its sequential nondeterministic simulation. We are interested in extending 

the approach discussed above to models of parallelism based on partial orderings, in which 
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events which are not ordered are considered as concurrent /CFM83, DM84, Lam78, Maz77, 

Pet80, Win8O, Win82/. Admittedly partial ordering models are too concrete in that they 

offer no possibility to abstract from unwanted details. In order to establish whether two 

concurrent, non-interleaved, systems are equivalent, we need additional machinery which can 

allow us to reason about partially (instead of total) ordered sets of events which the systems 

may perform. In /DDM85/ we showed how partial ordering computations can be associated to 

CCS terms and in this way we perfomed a first step towards a partial order semantics for this 

calculus. It should be possible to use the computations of /DDM85/, to take the testing 

approach and define new congruence classes of CCS terms which coincide with the one 

presented in Chapter 2 but distinguish interleaving of sequential nondeterministic processes 

from their concurrent execution. 
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