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PREFACE.

This thesis deals with two topics in Functional
Analysis. The first three chapters are concerned with
positive linear functionals on Banach ¥*-algebras, whila
the last two deal with operators that act compactly
on an algebra of operators.

Chapter 1 is an account of the basic known results
on Banach ¥-glgebras with a bias towards positive linear
functionals., Though this account is based on that in
CeE. Rickart's book, "Gereral Theory of Banach Algebras",
congiderable use is made of important new results proved
since 1960,

In Chapter 2, the continuity and theo repraesentability of
positive linear functionals are discussed. The work of
Varopoulos concerning commutative Banach *-algebras A,
with A2 = A, is generalised: a new direct proof of
Varopoulos's result, not demanding continuity of the
involution, is provided. This proof also applies to
certain special non-commutative Banach *-algebras A
with the property that A2 = A, Varopoulos's result for
algebras with two-sided approximate identity is discussed
and his factorisation technique is used to prove a new
result on the representability of all positive linear

functionals on such algebras,
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The abundance of positive and representable linear
functionals is discussed in Chapter 3. Grothendieck
characterised B*¥-algebras as those Banach *-algebras
with continuous involution , in which the dual space is
gspanned by the representable linear functionals., This.
is proved in Chapter 3 in a new way without assuming the
involution continuous, An example of an algebra without
non-zero positive linear functionals is provided and a
link is pointed out between the abundance of positive
linear functionals on a Banach ¥-algebra and the continuity
of positive linear mappings into that algebra.

Chapter 4, on operators that act compactly on an
algebra of operators, first presents some of the work of
Bonsall, particularly his problem about operators that
act compactly on their centrsglisers, A result of Vala
about a different kind of compact action is brought to
bear to solve Bonsall's problem for operators satisfying
a polynomial identity.

In Chapter 5, the compact action of weighted shift
operators on 431 on their centralisers is studied
intensively. This leads to further positive results and
a counterexampley, which shows that operators on a Banach
space that act compactly on their centralisers need not
be compact.

The work contained in this thesis was done at the
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University of Edinburgh as a research student under
Professor F,F. Bonsall, I do wish to record my
appreciation of the faithful way in which Professor
Bonsall has discussed my work with me each week: in

these discussions he offered me ideas, help and encourage=—
ment,

I have also had valuable conversations with my friends,
Dr. B. Bollobas, Dr. T.A. Gillespie and Dr. A.L.T. Paterson
and with Dr, G.R. Allan, who acted as my supervisor during
the first term of session 1969 - T0, which I had tho
good fortune to spend in Cambridge.

Lastly, I am very happy to acknowledge that, during
the three years I have becn engaged on this work, I have
held the William Bryce Fellowship awarded by the University
of Glasgow,. This fellowship was founded in 1919
by Miss Agnes Dawson Bryce in memory of her brother,

William Bryce, at one time a merchant in Glasgow.

Edinburgh, June 1970,



2B.

2C,

3B,

3C.

CONTENTS

CHAPTER 1.
BANACH *~ALGEBRAS
Elementary properties. page
Johnson's Theorem.
B¥—semi-norms.
Special types of *-algebra.
¥-representations and positive functionals.

Representable linear functionals.

CHAPTER 2.
CONTINUITY AND REPRESENTABILITY OF
POSITIVE LINEAR FUNCTIONALS
Introduction.
Algebras A with A% = A,
Algebras with approximate identity.

Future progress.

CHAPTER 3.
ABUNDANCE OF 'POSITIVE AND REPRESENTABIE
LINEAR ‘FUNGTIONALS
Introduction,.
B¥-~aglgebras.
Algebras with no non-zero positive

functionals.,

1

11

15
17
24
2T

31
31

34



3D, Algebras without involutions.
3E. Positive linear mappings.
CHAPTER 4.
OPERATORS THAT ACT COMPACTLY ON
AIGEBRAS OF OPERATORS

44, Introduction.
4B. Two-sided compact action on B(X).
4C. Operators that satisfy a polynomial

identity - compact action on the

centraliser.

CHAPTER 5.
COMPACT ACTION OF WEIGHTED SHIFT OPERATORS
ON aﬁl ON THEIR CENTRALISERS

5A. Basic results.
5B, The centraliser of a weighted shift on 4,1
5C. Compact action of certain weighted shifts

on {1,
5D, Non-compact operators that act compactly

on their centralisers.
5B, Welghbed shifts on £ with centraliser

isomorphic to zﬂl.

REFERENCES

35
36

39
43

46

55
56

59

64

68

T4



NOTATION.

Throughout this thesis we make the following
conventions.,

The complex conjugate of complex number o is
denoted by o .

Let A, B, C be sets and let f: B—>A and
g: C —> B be mappingss; +the composition of f and g is
a mapping from C +to A denoted by £ o &°

The closure of a set B 1in a topological tpace
is denoted by T 5

Let X Dbe a Banach space, Then X* denotes the
dual space of X. let x & X. Then x denotes the
element of X** defined by ‘;(f) = £(x) for all f € X¥,
et g be a linear functional on X. Then the restrict-
ion of g +to subspace Y 1is denoted by gIY . The sum of
two linear subspaces Y and Z is denoted by Y + Z.

et A be a Banach algebra. et a € A. Then
E{(a) denotes the spectral radius of a and sp(a)

denotes the spectrum of a. A denotes the algebra with

3

identity element adjoined as follows. Let A, consist of

1
all formal sums a + o where a € A, 0 € JE.. Define
operations on Al by

(a+a)+ (b+B8)="(a+ D)+ (¢ +B)

B(a + a) = Ba + Pa (peC)

(a +a)(b+B)=(ab+ ab + Ba) + ap .
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Define the norm in A by |la + oc" = llall + |«|+ Then
Al is a Banach algebra with identity element 1 and
Al contains A as a subalgebra.

The Banach algebra of all bounded linear operators
on the Banach space X is denoted by B(X). Iet
T € B(X)e Then |T| denotes the norm of T and Z(T)
denotes the centraliser of T [defined in 4A]. Iet
a€X, f€X¥ then (a@f) denotes the rank 1

operator defined by (a@f)(x) = £(x)a.



CHAPTER 1.

BANACH *~ALGIBRAS.

1A, Elementary properties.

In what follows we consider only complex Banach
algebras — i.e. Banach algebras over the field of complex
numbers. We assume neither that a2 Banach algebrz has a

unit element nor that a unit element, if present, has norm 1.

Definition. Let A be a complex Banach algebra. An
involution on A is a mapping x —> x*¥ from A onto itself
such that for all x, y € A and for all a € €

(1) x¢* = x

(2) (x+ y)* = x* + y¥

(3)  (ax)*
(4)  (=y)*

]

I

y*x*,

Definition. A Banach *-algebra is a Banach algebra

with an involution *,

This chapter is an account of known results on Banach
¥-glgebras bringing the basic theory, as in Rickart [21],
up to date in the light of Johnson's theorem, Ford's lemma
and Bonsall's work on B¥*-gemi-norms. [Note that we do not
assume the involution on a Banachk *.-algebra continuous,

Let A be a complex Banach ¥-algebra, An element h

of A such that h¥ = h is called self-adjoint. Every
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clement g of A has a unigue rcpreschtation of the form
x = h + ik where h and k are self-adjoint. In fact, h =
¢ 1 fo
SUX + x*) and k = Ei(x - x*), The set of all self-adjoint
elements is a real linear subspace of A. This subspace is
norm closed, and therefore a Banach space, if and only if the
involution is continuous. Thig isg an easy consequence of
the closed greph theorem.

Should a complex Banach ¥-algebra A fail to contain
an identity element, we can embed A in a larger Banach

algebra A, with an identity element . { Sece Notation.]

1
Al becomes a Banach *-glgebra when an involution is

defined by (a + a)* = a* + & where a € A and a € s

Definition. Let A, B be two Banach *-algebras. A

*-homomorphism from A to B is & linear mapping  from A

to B such that B(ab) = g(a)p(b) and p(a¥*) = B(a)* for

all a, b € A.

Definition. A ¥-ideal in a Banach *-algebra is an

ideal closed under the involution.

The following square-root lemma, which will be of
signal service to us later was first proved as it now stands
by Ford [11]s3 the proof given here is elementary and is due

to Bonsall and Stirling [6].



- 3 -

IEMMA 1.1. Let A be a Banach *-algebra. Let a be
a self-adjoint element of A with @(a) < 1. Then there

exists a self-adjoint element x in A such that 2x - x2 = 8

Proof. Since (a) = inf ]al where the infimum is
Proof Q ,

taken over all algebra norms ]. equivalent to the given norm

and a real

(by Holmes [15]), we may choose such a norm |,
number k with |a| < ES L Let C denote the least closed
subalgebra containing a, and let E ={x s x& Cy | | < k} .
Then T defined by

Tx = -;Lz—(a + x2)
is a contraction mapping of E into E, since by the commutat-
ivity of C

ol <Hx-yllx+ vl <klx -y for

|7x - 19| = 3l=
X,y € B,
Hence there exists x € E with 2x - :{2 = a and
Q(x) < lxl < 1y
Suppose now that y € A, 2y - y2 = a and Q(y) < s

Since y commutes with a and x is a limit of polynomials in a

we have that y commutes with x. Therefore Q(x + ¥) €2

and we may again choose an equivalent algebra norm |.|' with
|x + yl* < 2. The inequality

lx =yl =5l + x®) = (a+ ¥ < 3lx s yltlx - gl
gives that |x - yl' = 0 and s0 x = y. Hence x is unique
with the properties qx) ¢ i snd S 2° % A

Now we show x self-adjoint. Since sp(x*) = sp(x

we have that Q(x*) < 1. Furthermorec we have
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a =a*¥= (2x - x2)* = 2x% - x*z. Hence by the uniqueness

of x we find x = x¥*,.

COROLLARY 1.2. Let B.be a Banach *-algebra with

identity element 1 and let b &€ B with b¥ = b and
ga(l - b) < 1. Then there exists u € B such that b = u®

and u = u*c

Proof. By Lcmma 1.1, there exists a self-adjoint
i
element v such that 1 - b = 2v - v, Then (1 - v)2 =b

and 1 - v 1is self-adjoint since v 1is sgeli-adjoint.

1B. Johnson's Theorem.

The following outstanding theorem was proved by Johnson

[17] in 1967.

THEOREM 1, 3. A semi-simple Banach algebra has a unique

complete algebra-norm topology.

Proof. See Johnson [ 17].

COROLLARY 1.4. The involution on a semi-simple

Banach *-algebra is continuous,

Proof. Define another norm |.| on A by |a| = || a* ||.
This norm is clearly a complete norm., By Theorem 1.3,
it must therefore be equivalent to H.“ . Hence we have

” a*“ < KH a H for all a € A and for some K > 0.



1C. B¥—semi-norms.

Definition. A B¥*-semi-norm on a Banach *-algebra is

an algebra semi-norm p on A such that p(a*a) = p(a)2

for all a € A.

Recently Bonsall [ 5] has studied B¥*-semi-norms on a

general Banach ¥-algebra, proving the following results.

LEMMA 1.5. Let p be an algebra semi-norm on a
Banach algebra A. Then for all a € A

l/n
L Qe

lim p(a™)
> 60
Proof. Let J = {va s a€d, p(a) = O}. Then
J is a two-sided ideal of A and ¢ given by q([a]) =
p(a) is a well defined algebra norm on A/J, where [a]
denotes the coset containing a.
Now there exists B € sp([a]) with

gl = u s = dtn VY
r=>00 r—>%0

So B € sp(a) and IBl < Q(a) and the result follows.

LEMMA 1.6. Let p be a B¥—gemi-norm on Banach
¥_algebra A. Then
(1) »p(a*) = p(a) (a€A)
(1) p(h) ¢ Q() (he 4, h* = h)

(iii) p(a) S Q(a.*a.):'l"/2 (a € 4).
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Proof. (i) p(a)® = p(a*a) < p(a)p(a*).
So p(a) < p(a*) and vico vorsa.

(11) p(x%) = p(n)%.  So
p(n) = 1lin 22 )Y2" ¢ Q(n) by Lemna 1.5.

(iii) Apply (ii) to a*a.

THEOREM 1.7, There exists a positive number M
such that p(a) < M| a H for all B*-semi-norms p and
for all a € A.

Proof, Let p Dbe a B¥-semi-norm, Let R denote
the radical of A. Let [a] denote the coset in A/R
containing a. Since sp(a*) = sp(a), R is a ¥—-ideal
so that A/R has a natural involution defined by
[a]* = [a¥]. Thus A/R is a semi-simple Banach *-algebra
and, by Corollary 1.4, there exists a constant M2 >0
such that | [al* || < u%| [a] |

Given r &€ R we have r*r € R and so Qiﬁr*r) =0
and p(r) = 0 by Lemma 1.6(iii). Thus a B¥-semi-norm g
can be defined on A/R by aq([a]) = p(a). By Lemma 1.6

applied to the B*-semi-norm ¢ on A/R we now have

a(fa])® ¢ @ (Cal¥al) < lTalal Il < [l Ca*1 lill Cal |l

- 2 2 2 ;
<t@llral IF<u®llal®. so p(a) <ullall
THEOREM 1,8, There exists a greatest B¥—-semi-norm

m(.) on A defined by m(a) = sup p(a) whers the suprem-

um is taken over all B¥-semi-norms on A,
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Proof, This is clear. Theorem 1.7 shows that the

supremum cxists.

1D. Special types of *-algebra,

Definition. A C¥-algebra is a norm closed
¥—~subalgebra of the bounded linear operators on a Hilbert

space.

Definition. A B¥*-algebra is a Banach *-algebra

on which Hb*b“ = “b”2 for all elements b,

Definition., An A*-algebra is a Banach ¥-algebra on

which there is a B¥-—semi-~ norm which is 2 norm.

THEOREM 1.9. Every ¥*-homomorphism of a Banach

¥.algebra into a B¥-algebra is continuous.

Proof. Given a *-homomorphism @ of A into a

B¥-algebra, define p on A by p(a) = “B(a)

L Tthen
P 1is a B¥-gemi-norm and so by Theorem 1.7, p 1is

continuous, Hence f 1is continuous.,

THEOREM 1.10. Let (4, |

g

auxil iary B¥-norm l.l. Then there exists K > O sguch

) be an A¥-algebra with

that |a| < Kllall for all a € 4.

Proof. , being a B¥-semi-norm, is continuous,
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1E. ¥-pepresentations and positive functionals,

B*-algebras are extremely tractable and much is known
about them. TFor example see Rickart [ 217 or Dixmier [ 9].
The more B¥-gtructure within a general Banach ¥-algebra,
the more tools we can apply to obtain information about
the algebra. The presence of B¥-gemi-norms is one man-
ifestation of B¥*-structure, Another is the presence of
representable linear functionals, which will be discussed
in 1F, Here we discuss positive linear functionals,

which are somewhat more general.

Definition. A linear functional F on A isg called

positive if and only if F(a¥a) > O for all a € A.

Definition. A linear functional T on A is called

hermitian if and only if F(a*) = F(a) for all a € A.

From both B¥-gsemi-norms and positive linear function-
als on A , we can construct *-homomorphisms from A into
B¥—~algebras. The two methods of construction are indic-
ated in Bonsall [ 5] and Rickart [ 21] respectively. We
discuss the latter here. First, however, we need some

preliminaries.

Definition., A *-representation of a Banach *-algebra

A on a Hilbert space H is a *-homomorphism of A into

the algebra of all bounded linear operators on I,

¥_representations are always continuous by Theorem 1.?.
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We now examine positive linear functionals.

LEMMA 1.11, Let F be a positive linear functional

on a Banach *-glgebra A, Then, for all x, y € A,
(1)  F(x*y) = F(y¥x)
(ii) lF(x*y)|2 < F(x*x)F(y*y) [Cauchy-Schwartz ineouality]
(ii1) If A has a 1, F is hermitian,
Proof. (i) is immediate from the identity
4%y = (y + x)*(y + x) = (y - x)*(y - %)
+ iy + ix)*¥(y + ix) - i(y - ix)*(y - ix).
(i1) follows by noting that F((x + ay)*(x + ay)) > 0O
where « = -F(y*x)/F(y*y). [¥e can without loss assume
that F(y*y) > 0.]

(iii) follows from (i) with y = 1.

Given a hermitian positive linear functional I on A,
we now construct a *-representation of A by the standard
Gelfand-Naimark procedure,

Let LF={a;a€A, F(a*a):O%. Let Xy = A = Ly
Define an inner product on X, by (Tx),[¥]) = P(y*x).
Complete XF with respect to this inner product norm,

thereby obtaining a Hilbert space Y We can define,

F.
for each a € A, a linear operator §_: X, —>X, by
Sa[x] = [ax] and this operator can be extended to a

bounded linear operator Ta : YF - YF provided that
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*
sup F;f*z*ix <eo ., (1)
Xeh

In Theorem 1.12 we shall show that (1) is true for
all positive linear functionals F, Then the mapping
B : A — B(YF) defined by B(a) = T, is a ¥-represent-
ation of A on the Hilbert space YF. Note that p

defined on A by p(a) = lTaI is a B¥-semi-norm on A.

THEQREM 1,12, Let F Dbe a positive linear function-

al on a Banach *-algebra A. Let h &€ A such that h¥ = h,
Then for all u € A,
| F(u*hu) | < F(u*u) Q(h).
Proof. Choose &> 0. Let v = (Q(h) + € )'1h.
Note that v* = v and Q(v) < 1. Then,
F(u¥*u) = P(u*vu) = P(u*(1 - v)u).
Now, in Al’ the algebra with identity element adjoined,
Q(l - (1 -v)) <1. Hence, by Corollary 1.2, there is
a self-adjoint element we& Al such that w2 =1 - v,
Hence PF(u*u) - F(u*vu) = F(u*w*wu) = F((wu)*(wu)) > 0
since F is-'positive and wu € A. Hence for all £> O
F(u*hu) < (Q(h) + € )F(u*u),
By applying the same argument to -h we find that for
all €% 0,
-F(u*hu) < (\B(h) + & )F(u*u),

Hence , [F(u*hu)| < F(u*u) Q(h).
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1F, Representable linear functionals.

We now consider an important subset of the positive
linear functionals —— the representable ones. We define
these in a purely algebraic way, though Rickart [ 21] does

not do this.

Definition,” A linear functional F on Banach

¥—-algebra A 1is called representable if and only if

F is hermitian and there exists a constant K > O such
that for all a €A, |F(a)|® < KF(a*a)., [Note that

a representable linear functional is positive.]

Examples. On the Banach *-glgebra ,el with point-
wise operations and the involution (ah)* = (E;) 5
the functional (an) —>a, 1is representable, while the

a0
functional (am) —> é «, is not.

THEOREM 1,13, ILet A be a Banach *-glgebra.

Iet. P be a linear functional on A, Then the following
three conditions are equivalent:
(L) P is representable.
(2) F .ocan be extended as a positive linear functional

to Al, the algebra with identity element adjoined.
(3) There exists a *-representation a —%*Ta on Hilbert

space H and g vector y 1in H such that for all

a €4y Fla) = (T3, ¥)



Proof. We show (1) implies (2), (2) dimplies (3)
and (3) implies (1).

(1) = (2). Suppose ]F(a)|2 < K2F(a*a) for all
a e A, Define G on Al by

Gla + al) = F(a) + aKz.

Then G((a + al)*(a + al)) = Fa*a + aa + aa*) + |a$2K2-

> P(a*a) - 2lal|P(a)| + la|%®

> K2|8(a)|? - 2lal|F(a)] +
la|2K2

= (KH#(a)] - lalx)?

> 0.

So G 1is a positive extension of F +to Al.

(2) = (3). Let F bea positive lincar functional
on A which can be extended to a positive linear
functional G on Al. Then we can construct a
*¥-represntation of Al on Hilbert space H 28 ahove.
Then F(a) = G(a) = (Ta[l], [1]) for all a € A. So the
restriction of the *-representation of ﬁl to A is a
¥-representation of A on H. The vector [1] in H
has the property that F(a) = (Ta[l], [1]) as required.

(3) > (1). When (3) holds, F is clearly

L 2 2
hermitian., Also ]F(a)lz = I(Tay’ ¥)l < |TaY| |¥|2

2
IY| (Tay’ Ta)")

2 2
Iyl (T *0 5, ¥) = |5| (T 4T 5, )

|yl2F(a*a). Hence F 1is represent-

2
IY| (T*y! y)
ara

able.



- 13-

Definition. To every representable linear functional

on a Banach *-algebra A We assign a number M defined

Mx e
g - wp GU°
T . Flx*x

Definition. We denote the set of representable

by

linear functionals F withJ}LF < 1 on Banach ¥-algebra
b, .
A Dby PA

THEOREM 1.14. ILet F be a representable linear

functional on Banach *-algebra A. Then for all a € A,
|F(a)| < ,UFm(a) where m(.) denotes the greatest
B¥*-semi-norm on A,

Proof., Extend F to G on Al by taking
@(1) = My as in Theorem 1.13.  Then construct the
¥-prepresentation of Al on Hilbert space corresponding
to G in the usual way. Then for a € A,
I7(a)] = (2023, 1)) € |7 1102312 ¢ m(a) | (€22, £2D))]
since ITaI is a B¥-semi-norm on A dominated by m(a).
However, |([1], [1])] = G(1) = M.  Hence we deduce

that |F(a)| < /u%m(a).
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We now state an important corollary of Theorem 1.14

that will be the key to many results in Chapter 2.

COROLLARY 1.15. Iet F be a representable linear

functional on a Banach *-algebra A, Then ' is
continuous.
Proof. |r(a)| S,Lipm(a) by Theorem 1.14
< H/aF"aH by Theorem 1.7 for some
constant M > O.

Hence F is continuous.

We can deduce another corollary which is an
improvement of a result in Rickart [21].

COROLLARY 1.16. PA is norm bounded,

Proof. TFor all F & PA’ we have

|P(x)| SI)MFm(x) { m(x) for each x € A.
Hence by the Principle of Uniform Boundedness there exists

a constant K > O such that ||F| <K for all Feg P,

Actually Bonsall, in his work on B¥-semi-norms, has
shoyn that P; isy in fact, tho sct of positive linear

functionnls P such that |F(x)| < m(x).



CHAPTER 2,
CONTINUITY AND REPRESENTADILITY OF

POSITIVE LINEAR FUNCTIONALS.

2h . Introduction,

A crucial part of Banach algebra theory is the
interplay between the algebraic and topological structures,
Johnson's theorem is an example of this. Another example
is Theorem 1.9, in which continuity is a consequence of
algebraic conditiona. Positive linear functionals
on Banach *¥-algebras are definoed algebraically and, for
certain Banach *-algebras, that a linear functional is
positive is sufficient to force the functional to be
continuous or even representable. In this chapter, we
survey the present state of knowledge of these matters,

In this introductory section we discusc the siate
of knowledge at the time when Rickart wrote his book [ 21]
in 1960. Theorems 2.1, 2.2 and 2.3 do appear in the book
but the proofs given here take advantage of Johnson's
theorem,

Remarks about the origins of various results concern-
ing the continuity of positive linear functionals,
particularly on group algebras, can be found in Howitt
and Ross [14]. Other results concerned more with
abstract Banach *-algebras can be found in Gelfand and

Naimark [12] and Yood [ 28],
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THEOREM 2.1, Let A be a Banach *-algebra with unit

element 1. Then all positive linear functionals on A
are roprcsontable and therefore continuous.

Proof, By Lemma 1l.11, every positive linear
functional on A is hermitian and |F(x)|2 { F(1)P(x*x).
So F is representable. Hence, by Corollary 1.15,

F is continuous.

For each positive linear functional F on Banach
¥-glgebra A and for each u &€ A we can define a linear
functional F, by

Fu(x) = P(u*xu).
Fu is positive, If A has a unit element, every
positive linear functional is obviously of the form Fu.
The following lemma shows that, in the general case, the

functionals Fu are analagous to the positive linear .

functionals on an algebra with unit element.

LEMMA 2.2. Let F be a positive linear functional
on Banach *-algebra A, Let u € A. Then Fu is
representable and therefore continuocus.

Proof. F(u*xu) = F(u¥x*u) by Lemma 1.11(i).
Hence Fu is hermitian, Also

]Fu(x)|2 < F(u*u)Fu(x*x) by Lemma 1,11(ii),
Hence F, is representable and, by Corollary 1.15,

therefore continuous.
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For B¥-algebras all positive linear functionals are
continuous and representable, We record this result in
Theorem 2,3 but do not prove it. The proof, which
depends heavily on the very special properties of
B¥-aglgebras [ continuity of the involution, functional
calculus for normal elementé and the existence of a self-
adjoint approximate identity] , can be found in

Rickart [21],

THEOREM 2.3, All positive linear functionals on a

B¥-algebra are continuous and representable. For each
positive linear functional F we havef;;F < ”FH.

Proof. See Rickart [21; Theorem 4.8.15].

2B. Algebrags A with Az = A,

In this section we generalise some work of Varopoulos
about continuity of positive linear functionals., Before

proceeding we need a definition.

Definition. Given a complex Banach ¥*-algebra A,

for each k > 2, let

n
k 2
AT = { glxilxi?“xik 5 %54 € Ay n > 1} ;

Theorems 2.1 and 2.3 remained the only general

rosults on continuity of positive linear functionals until



..18....

1964 when two papers of Varopoulos [ 24] and [ 25] appeared
in rapid succession, [24] deals with positive linear
functionals on certain algebras A where A2 = A, while
[25] applies to algebras with an approximate identity.

The main theorem in [ 24] asserts that;in a commutat-—
ive Banach *-zlgebra A with A2 = A and with a
continuous involution, a2ll positive linear functionals are
continuous. The proof given in [ 24] draws heavily on
measure theo1y, partially ordered vector spaces and the
commutative character of the algebra —— the use of the
carrier space is indispensable. The continuity of the
involution is used twice —— once because Ford's square
root lemma was no% available in 1964 and once to ensure
that the set of all self-adjoint elements of the algebra is
closed.

We do not give Varopoulos's proof here. Instead we
prove in Theorem 2.4 a stronger result for a general Banach
¥-glgebra A in which A2 = A and an additional condition
holds, The method we adopt is direct and gives some hope
that all positive lineaer functionals on a Banach *-glgebra
(not necessarily commutative) such that 22 4 ave
continuous. In Corollary 2.5 we prove the Varopoulos

result without the assumption of a continuous involution.

Both Theorem 2.4 and Corollary 2.5 appear in Murphy [19].

Definition, Let Fy, G be positive linear functionals.

F dominates G if and only if F - G is positive.
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THEQREM 2.4. Let A Dbe a complex Banach *-algebra.

Let Az = A and on. A let every non=zero posgitive linocar

functional dominate a continuous non-gzero pogitive linear
functional, Then all positive linear functionals on A
are continuous.

Proof. Iet F Dbe a non-zero positive linear
functional on A, Every x &€ A 1is expressible as

n

n
* ~
j_zﬂ']_aibi and therefore as Eaixi Xy (cci € L) Dby the

identity
4ab = (b + a*¥)*¥(b + a*¥) = (b = a*)*¥(b - a*)
+ 1(b + ia*)*(b + ia*) =~ i(b - ia*)*(b - ia*).

Hence linear functionals that agree on all elements =x¥x are

identical. srnw L 1]
Let
S = {G s G £ 0, G continuous, linear, positive and

dominated by F }.

By hypothesis S is not empty. Define a relation >
on S by Gl > G2 if and only if Gl dominates G2.
> is then a partial ordering on S, anti-symmetry being a
consequence of [1] above,

If T is a totally ordered subset of 5, T is direciecd
by Y. We note that, for all y & A, 1lim G(y*y) [G € T]
exists since G(y*y) < F(y*y) for all G>€_ T, Also, if

n
x € A,” vc have an expression x = o 3 cxixi*xi whore
i=1

aieﬂ:, x; € A.
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We can therefore define

b (x) = i 6(x) (¢ € 7).

qb is clearly a positive linear functional dominated by F.

For all G&€ T and all x & A

n n n
66l = 160 ayzyey)| € 2 b loCatey) ¢ 2l [RCxy o)

Hence by the Principle of Uniform Boundedness, there exists

M > 0 such that |lg]| < M for all G & T. Hence

1P ()]

1im |6(x)| (¢ € 1T)
>

I

Ml .
Therefore ¢ ig continuous, 4!6 S and ¢ls an upper bound
for T, By Zorn's Lemma it follows that S has a maximal
element GO.

If F -G, # 0, then, by hypothesis, there exists a

continuous non-zero positive linear functional G such

1
that F - GO -Gl is positive. Hence GO + Gl € S and
GO + Gl > GO' By the maximality of GO we conclude that

G, = 0. Hence F -G, =0y F =G, and so F is

1 0 0

continuous,
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COROLLARY 2.5. Let A be a complex commutative

Banach ¥-algebra such that A2 = A, Then every positive

linear functional on A is continuous.

Proof. let F be a non-zero positive linear
functional on A, Suppose Fu = 0 for all u € A.
Then for all uj; x, y € A

| P(urxty) | ¢ P(utxdxu)F(y*y)
= O,

Hence F(A3) = 0 which.is false since A3 - A. Therefore
we can choose u such that F_ # 0 and suppose

E?(u*u) < 1. This is possible since Boi® |a|2Fu. Then

F (x*z) = F(u*x*xu)
= P(x*u*ux) sss(3B)
< F(x*x)e(u*u) by Th. 1.12.
< P(x*x).

Hence F dominates Fu. The conditions of Theorem 2.4

are satisfied and the result follows,

Remarks.

1, In proving the result of Corollary 2.5 the
commutativity of the algebra is used only at stage (B)
above, To prove the analogue of Corollary 2.5 in the
non-comnutative carve only reguires that for every non-zerc
positive linear functional we can exhibit a continuous
non-zero positive linear functional dominated by it. The

results of 2C show that the theorem is indeed true for
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a wide class of non-commutative algebras A with A2 = A

However the proof in this case proceeds in a different manner
altogether and even with the knowledge that F 1is contin-
uous we have failed, in general, to recover a functional
Fu dominated by F.

2. If A is commutative and instead of assuming that

A2 = A, we merely assume that A3

is closed in A, an
examination of the proofs shows that the restriction of F
to A3 is continuous.

In particular, if A is commutative and A3 is
closed and of finite codimension in A, then every positive
linear functional on A is continuous,. This follows from

the fact that A = A3 + B where B is a finite dimensional

subspace. Then FIA3 and F[B are both continuous. A3
and B are both closed so that application of Lemma 1 of
Johnson [ 17] yields that F 1is continuous.
Varopoulos [24] proved these results under the additional
assumption of a continuous involution.

3. It has been pointed out to me by Professor
F. F. Bonsall and by Dr. A. M. Sinclair of the University
of the Witwatersrand that, coupling together slightly
modified versions of Theorem 2.4 and Corollary 2.5, we can
obtain partial results for non-commutative algebras A zuch

that A2 = A. The strongest result of this type, duc to

Bonsall, is
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Let A be a complex Banach *-algebra such that
A2 = A. let Z be the centre of A [ the set of all
elements that commute with every element of A] and let
F' be a positive linear functional on A. Then there

exists a continuous positive linear functional G on A

such that F|,, =G|,,.

To prove this, note that either FlZA = 0Oy in which
case the result is trivial, or FIZA # 0, in which case
F(a*bz) £ 0 for some a, b€ A and z € 2. Hence, as in
Corollary 2.5, we have Fz £ 0 and we can assume ”z*z“ < 1,
Then FZ is non-zero, continuous, positive and is
dominated by F, The proof of Theorem 2,4 now applies,
except that the maximal element GO agrees with F only
on ZA.

4e A commutative Banach ¥-algebra with approximate
identity [ to be defined in 2C] has &® A, in virtue
of a lemma of P.J.Cohen [ 7], so that Corollary 2.5 applies
to all such algebras.

5 Whether A2 = A implies representability of
all positive linear functionals on A is not known though
aspecial case is treated in 2C,

6. Every positive linear functional on a Banach

*-algebra A with A2 = A is hermitian, For if h¥ = h

n
and h = :E;aibi , we have h= 1/2.(h + h¥)
1=

n
. 1/2.(;§é(aibi + bi*ai*)). The result follows from
1=

Lemma 1.11(i).



_24_

2C. Algebras with approximate identity.

Definition. A Banach algebra A is said to contain

a left approximate identity if there exists in A a subset

{ea $ o € D} where D is a directed set such that
(i) there exists M > O such that Hea“ { M for all
aeD.

(ii) 1lim e =8 for all a € A.
o

[Right and two-sided approximate identitics are defined

similarly.]

The following important theorem was proved in 1959

by P.J.Cohen [T1.

THEOREM 2.8. Let A be a Banach algebra with left
approximate identity. Then for each a &€ A and for each
& > 0, there exist elements b, ¢ € A such that
(i) a = be (i1)  Jle = 2]l < © (iii) ¢ belongs to
the closed left ideal generated by a.

Proof. See Cohen [7].

In his second paper [ 25], Varopoulos proved the
following significantly more powerful vorsion of the Conen
theorem, This result was proved independently by
Johnson [16]. Since 1964 many further goneralisations
of Theorem 2.7 have appeared. For a list of these sece

Hewitt and Ross [ 14].
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THEOREM 2,.7. Let A be a Banach algebra with left

approximate identity. Let {an} be a seauence of
elements of A with an-—9 0O as n —>eo0. Then there
exists an element b and a seguence {cn} of elements of
A such that c, —> 0 a8 n ->09 and a, = be .

Proof. See Varopoulos [ 25].

Varopoulos used Theorem 2.7 to establigh continuity
of positive lincar functionals on Banach *-alpgcbras with

two—-gided approximate identity. His result is Theorem 2,8,

THEOREM 2.8. Let A be a Banach *-algobra with
two-sided approximate identity. Then every positive
linear functional on A is continuous.

Proof. Let I be a positive linear functional
on A. Let X, —>0 as n —00, Then by Theorem 2.7,
X, = abn where bn —> 0, Again by Theorem 2.7 for right
approximate identity bn = cnd where c, ~— 0 So
X, = acnd where c, —-> 0. By the identity used in
Theorem 2.4

4 (x,) = 4#(ac,a)

d+a*(°n) - Fd—a*

()

iFd-—ia*(cn)'
So alR(x )| < (I, ol + Iy el + oy, il o I,

by Theorem 2.2, Now c, —> 0 so that F(xn) —> 0 as

=F (cn) + iF

d+ia** 'n

e, ll,

—-ia¥*

n—s . Honce F is continuous by the Closed Craph

Theorem,
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The question of the representability of positive
linear functionals on an algebrs with two-sided approx—
imate identity was discucsed by Ford in his thesis [10].
His conclusion was that on a Banach *-algebra with two-
sided approximate identity where either the involution is
continuous or the approximate identity consists of self-
adjoint elements, all positive lincar functionals are
representable. We now show that neither of these extra

conditions is necessary to prove the result.

THEOREM 2,9, Let A be a Banach ¥-algebra with
two~sided approximate identity. Then every positive linear
functional on A 1is representable.

Proof. Let {ea ;o € D} be the approximate
identity. Iet I' be a positive linear functional on A,

Suppose there exists a sequence {ea }. (an € D)
n

with F(eOC e ¥*) > n2 for all n > 1. Then we have
n n

F( [n"lea ][nﬂleOC 1¥) > 1 for all n> l. By
n n

Theorem 2.7, since [n”leoC ]—>0 as n —00, we can
n

write [n"lea 1= yz, where uz —>0 as n—>&C, So
n

F([n™"e  J[n e, 1%)

]

Hr ¥
F(yz 2, *y¥)

= *
Fy*(znzn )

I

P(yy* )z, z_*)
by Th. 1.14 and

Lemma 2.2
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= P(yy*)n(z,)?

& ][n_lea R i) MF(yY*)“ZHHQ by Theorem 1,7
n n

So F([nfl

where M ig some constant > 0. The left-hand side

of this inequality always exceeds 1 while the right-hand
side tends to zero as n —>©0, This is a contradiction,
Hence there exists a constant K > O such that

F(empa*) {K for all « €D, Then

LF(X)IZ = lim LF(anle [ by Th. 2.8]
o
< {im F(eaea*)F(x*x)
< KF(x*x).

By Remark 6 of section 2B and Theorem 2,6, ¥ is hermitian.

Hence F is representable,

2D, Future progress.

The outstanding question left unanswered by the results
of this chapter is:

(¢) Let A be a Banach *-algebra such that 4% = 4
Are all positive linear functionals on A continuous?

The obvious line of attack is to attempt a general-
isation of the proof of Corollary 2.5. Unfortunately,
it seems that, in general, we cannot find a non-zero
positive linear functional Fu dominated by F. Even
in the case of an algebra with a two-sided approximate

identity, where we know, by Theorem 2,8, that all positive
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linear functionals are continuous, we have failed to prove
retrospectively the existence of a non-zero Fu dominated
by F.

Any proof, it would seem, must introduce continuity
into the arena at some point and the proofs of Theorems
2.4, 2.8 and Corollary 2.5 do this using the functionals
Fu’ which are automatically continuous. Furthermore, the
proof of Theorem 2.4 uses the Principle of Uniform
Boundedness and that of Theorem 2,8, the (losed Graph
theorems any proof of an answer to («x) could therefore
roasonably bo expected to make use of a theorem of this
power and type.

On the other hand, the Cohen/?aropoulos factorisation
techniques of Theorems 2.6 and 2.7 have nothing inher-
ently to do with positive linear functionals and a proof
of (x) might not require these at all.

There is one other possible direction in which
fruitful work might be done: it may be that Theorem 2.8
contains Corollary 2.5 in the sense that all commutative
Banach *-algebras A with AE = A have an approximate
identity. This question does not appear to have been
published. Be this as it may, in practice it is often
obvious that A2 = A and Corollary 2.5 gives an easy
proof of continuity, avoiding the Varopoulos factorisation
theorem, which is rather irtricate.

In the non—-commutative cage A2 = A does not force
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the algebra to contain an approximate identity as the

following example shows.

Example 2,10, Let A Dbe the set of all ordered

pairs of 2 by 2 matrices of the type

a b c c

(P 9 Q) o] ]
a b d d

where a, by ¢, d are complex numbers.
We take ||[(P , Q)|| = 2max(|al,ib|,]c|,]8]) and define
operations by

(P ] Q) + (R ] S) =((P +R, Q4+ S)

a(P , Q) = (aP , Q) (cef)
(P, Q)e(R,8)= (PR, @S).
We have A2 = A for

-

é \ c c ('1 O c c \ a b 0 0
b d ] 1 0 i d : g

a 1 a d)abll

However the algebra does not contain an approximate
identity. This can be checked by seeking a constant
M >0 and, for each n > 1, an element e, of the form

a b c c

a b d d
with norm not exceeding M and such that nenxn - xn” <1
where X, is the element

0 0 n+l ntl

? I

0 0 -n -n bf

—

This algebra can be given the involution (P , Q)* = (Q¥, P¥)
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where P¥ denotes the transposed complex conjugate of P,
UnfoTtunately there are no non-zero positive linear
functionals on this algebra. This situation is dig-

cussed in section 3C.



CHAPTER 3.
ABUNDANCE OF POSITIVE AND REPRESENTABLE

LINEAR FUNCTIONALS,

3A. Introduction.

In this chapter we congider the supply of positive
and representable linear functionals on a general Banach
¥-glgebra. As mentioned in 1E, representable linear
functionals are a manifestation of B¥-structure within a

general Banach ¥-algebra,.

We first examine B¥-algebras and find them handsomely
endowed with representable linear functionals and
conversely. These results, it appears, are originally

due to Grothendieck [ 13].

THEOREM 3,1. Every continuous linear functional

on a B¥-algebra is a linear combination of four representable
linear functionals.

Proof. See Grothendieck [ 13] or Dixmier [9].

We now prove a converse of Theorem 3.1, The orig-
inal proof by Grothendieck [ 137 assumed continuity of
the involution on the Banach ¥-algebra. We give a new

proof which does not require this assumption.
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THEOREM 3.2, Let A Ybe a Banach *-glgebra such that

every continuous linear functional is a linear combination
of representable linear functionals. Then there exists
a B¥-norm on A equivalent to the original norm. [i.e.
the topology on A can be defined by a B¥-norm.]

Proof. ILet S={§:\;;€A**, m(x)ﬁl} where
m(.) is the greatest B¥-semi-norm. For each f & A¥

n
we have f = :EA“iFi where Fi are representable.
i=

S0 2] = | 208, 0]
S'Zilildl”Fl(x)l
< ﬁllailﬁp.m(x) by Th, l.l4.
i= i
o ;f < . . or all x .
S |x(£)] < é%;l lt)LFi f 1 €8

By the Principle of Uniform Boundedness there exists
C>0 such that |x|| £ C for all Tes. So |l < e
far all x with m(x) < 1. Hence |lx|| < Cm(x) for all
x&€ A, Suppose m(x) = 0. Then |x|| = 0 and so x = 0.
So m(.) is an auxilliary B¥—norm and the algebra is an
A¥=algebra,

However, by Theorem 1,10 we can find K > O such that
m(x) < K|x|| for all xe A, So

ll<ll < om(x) < Ck[lx|| for all x € A.

|

Hengce m(.) is a B*-norm equivalent to ||.
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Remark., In Theorem 3.2 it is not enough to demand
just that every continuous linear functional be a linear
combination of positive linear functionals. Let A be
a Banach ¥-algebra. Define a new multiplication & in A
by taking aob = 0 for all a, b€ A. Every continuous
linear functional on the Banach ¥-algebra so obtained is

positive but the algebra is not a B¥-algebra.

The following theorem is similar to Theorem 3.2,

THEOREM 3,3. Let A Dbe a Banach *-algebra.
Suppose that for every f € A*, there exists a representable
linear functional F and an element b of A such that
f(a) = F(ab) for all a& A . Then there exists a
B¥-norm on A equivalent to the original nornm.

Proof, Iet 5 ={% ;%€ A%, n(a) ¢ 1}.
Then for all f € A%,
A(2)] = |£(a)] = |P(ab)| < P(aa*)™ Zr(wen)/2
E}iFl/zm(a)F(b*b) < ,u.Fl/gF(b*b) for all A €S by
Theorem 1.14. Hence by the Principle of Uniform Bounded-
ness we deduce that Hgﬂ < C for all '3 € 5. Hence
”a“ < Cm(a) for all a &€ A and the proof is completed

as in Theorem 3.2.
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3C. Algebras with no non—zero positive functionals,

At the other extreme from B¥*-algebras are algebras
devoid of non~zero positive linear functionals., = An algebra
of this type is that given in Example 2,10, Here we give

a simpler example.

Example 3.4. Let A denote the Banach algebra

of all sequences convergent to zero with the norm

“(ah)“ = sup lanl and product (an).(Bn) = (anﬁn).
n

Define an involution on ° by
Then the resulting Banach *-algebra has no positive
linear functionals other than the zero functional. To see
this note that the algebra has a two-sided approximate
identity consisting of the elements e1s ©; + ey,
@) + 85 + 64y 6y + €, + O + 94,..... where e denotes
the k-th basis vector of c_. By Theorems 2,8 and 2.9,
we deduce that all positive linear functionals are
continuous and representable, Suppose therefore that F
is positive and non-zero. For each basis vector €9
2 ..
* =
lF(ek)l < /LFF(ek ek] = 0,
So F(ek) = 00 and by the continuity of F we find that

F is zero on A,
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3D, Algebras without involutions,.

It is worth noting briefly that there exist Banach
szlgebras which cannot carry an involution — that is,
they cannot be made into Banach *-algebras. We describe

one example,

Example 3.5. Consider the algebra of all 2 by 2

natrices of the type a b

a b .
This is a Banach algebra under the usual operations and
the norm a

= 2. max (lal,|®]).
a b

This algebra has a left identity element E where

I 0

3 ©
Suppose 'H is an involution on A, Then EBT = BT for

all Beg A. So BET = B for all Be A. So ET is

a right identity element in A, Suppose then that

b 4
P R
x ¥
Then a b Xy a b
= for all a, b Eﬂ;
a b X ¥y a b

Hence (a + b)x=a and (a + b)y=Db for all a, b GG:.
This is clearly impossible and A cannot carry an invol-
ution,

Algebras of this type might bear investigation.
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3E. Positive linear mappings.

We begin with two definitions.,

Definition. Let A be a Banach ¥-algebra. The
Non - regalive
positive wedge of A is the set of all linear combin-

ations of elements a¥*a where a € A.

Definition. Let A, B be two Banach ¥-algebras.

A positive linear mapping from A +to B 1s a linear

mapping from A to B which maps the posgitive wedge of

A into the positive wedge of B,

Pogitive linear mappings between two B¥-algebras
have been intensively studied. Stdrmer [ 22] gave a
comprehensive account of this work and his paper provides
further references, Yood [ 29] considered the following

generalisation of a guestion studied in Chapter 23

Question. Given two Banach ¥-algebras A and B,
what conditions on A and B force all positive linear

mappings from A tc¢ B to be continuous?

Among other things, Yood proved that if A has a
unit element and B 1s a B¥-algebra, then all positive
linear mappings from A +to B are continuous, We
shall prove a generalisation of this result in Theorem 3.7.
Our method bears no relation to that used by Yood. Our

first step is to prove a lemma about normed gpaces.
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IEMMA 3.6. Let X, Y be normed linear spaces.
Iet G ¢ X~>Y be a linear mapping. Then G is cont~-
inuous if and only if f & G 1s continuous for all f € Y¥,
Proof. If G 4is continuous, then f . G 1is
continuous for all f € Y*.
Conversely, suppose f d G is continuous for all
f € Y¥, Then
(£, &))< lie  clllll.
ices |£(6(x))] < lE | el
A~
feee [E®@)] < lie ol
N N
Let S = {G(x) 5 G(x) € v, x|l < 1}.
—~ S
Then |G(x)(£)] < |If . ¢l for all G(x) € s.
Hence by the Principle of Uniform Boundedness, since Y*
is complete, we have that there exists K > O such that
~~ A~
la(x) |l <K for all G(x) € S.

Hence e (=) || < Klx|| for all =x e X.

THEOREM 3.7. Let A be a Banach ¥*-glgebra on which

all positive linear functionals are continuou® and let B
be a B¥-algebra. Then any positive linear mapping
Gt ——) B is continuous,

Proof. By Lemma 3.6 the result will be proved if
we show that f g G 1is continuous for all f € B¥, Let

4
f € B*¥, Then f = zla-ili‘i where Fi is a positive
1=

linear functional on B by Theorem 3,.l. Now,

4
£ 5 G = iE—l(xiFi p G where oy < C However,
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for each i, Fi & G is a positive linear functional on
and so is continuous. Hence f a G 1is continuous and

the result follows.

Remark. The conclusion of Theorem 3.7 is still
true under less restrictive conditions. B may be any
Batach *-algebra with the property that every continuous
linear functional is a linear combination of positive
ones. A noteworthy example is the algebra‘lﬂl with
pointwide operations and involution (an)* = (3;).

Other results may be obtained by dualising,

A



CHAPTER 4.
OPERATORS THAT ACT COMPACTLY ON

ALGEBRAS OF OPERATORS,.

44, Introduction.

Throughout this chapter and the next let B(X) denote
the Banach algebra of all bounded linear operators on the
Banach space X. Iet R € B(X). Then denote the norm

of R by |R].

Definition, Let R &€ B(X) where X 1is a Banach

space.  The centraliser of R = {S ; S € B(X), SR = RS ¥

and is denoted by Z(R).

Definition, An element 1r of Banach algebra A is

said to act compactly on A if and only if the mapping

a =>ra (a € A) is a compact operator on A,

In what follows we shall be concerned with bounded
linear operators on a Banach space X +that act compactly
on various algebras of operators, and, in particular,
operators that act compactly on their centralisers.
Actually, these matters have been discussed by Bonsall [ 3]
and [4]. In [3] he proved that a compact linear operator
on a Banach space acts compactly on its centraliser and

used this result to develop the Riesz-Schauder theory for
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compact operators. In [ 4] he discussed compact action
in detail,

Those of Bonsall's results which form the background
to the work in this thesis are presented in Theorems 4.1

to 4.7 below.

THEOREM 4.1. Let T Dbe a compact linear operator

on a Banach space X. Then T acts compactly on Z(T).
Proof., Let Xl denote the closed unit ball in X
and let E = ﬁ;. Then E is norm compact. Given
s € z(T) with |8] < 1 we have STX, = TSX; g TX;.
Hence SE C E. let {sn} ¢ z(1) where |[s | <1 for
n=1, 2, 3,... Then for each x € E, the set
{Snx s fiw 1y 2, 3...}‘ is contained in the compact
subset E of the Banach space X. Also
5,02y = % € ey = %l (2, € B,
B e 1y Zoee)
Hence the mappings x —>S x (x€eBy, n =1, 2, 3...) form
an eguicontinuous sequence of mappings of the compact
space E into X. By Ascoli's theorem [8 ; Th. T.5.7],
it follows that there exists a subsequence {Snl } such
<

that {Snkx } converges uniformly for xe€ E . So {Sn;rx} Corueljed

{S 'I‘} converges with respect to the operator norm.
P

Since {SnkT} QZ(T) and Z(T) is norm closed, this

shows that {SnIT} converges in Z(T). This completes
<

the proof.
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As a partial converse to Theorem 4.1 we have Theorem

4424

THEOREM 4.2. ILet T Dbe a bounded linear operator
on a Banach space X such that T acts compactly on
its centraliser. Then T is Riesaz.

Proof. See [4].

For the definition and properties of Riesz operators
see West [26] and [ 27].
In the light of these last two theorems, Bonsall [ 4]

proposed two problems:

Problem 1. Given a Riesz operator T & B(X), does
there exist a subalgebra C of B(X) containing I and
T and an algebra-norm “.H making C a Banach algebra

on which T acts compactly?

Problem 2, Given T & B(X) that acts compactly on

its centraliser, is T a compact linear operator on X?

In [ 4] partial recults for both these problems were
obtained. However, Problem 1 is still unsolved. Ve
do not discuss it here since we have nothing to add to
the account given in [4].

On the other hand, the question asked in Problem 2
is answered negatively in Chapter 5 of this thesis,.

However, though the answer, in general, is negative, some
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positive results can be obtained. Those proved in [ 4]
are detailed in Theorems 4.3 to 4.7 below,

In these five theorems we consider the following
situation. Let T € B(X), where X is a Banach space
and let T act compactly on its centraliser, Note that,
since from Theorem 4.2, T 1is Riesz, we can let {an}-
denote the sequence of non-zero eigenvalues of T, Pn
the spectral projection corresponding to o« and

S, = Pl + ]E’2 + ese + Pn' The following theorems then

THEOREM 4.3. If there exists a sequence of compact

linear operators that commute with T and converge weakly

to I, then T 1is compact,

THEOREM 4.4. If there exists a seguence of compact

linear operators that commute with T and converge weakly

to T, then ’l“-2 is compact.

THEOREM 4.5 If {Sn'ly is bounded, then T is a
fully decomposable Riesz ©Perator, [i.e. T =C + Q

where C 1is compact; Q is quasi-nilpotent and

09 = QC = 0.]

THEOREM 4.6. If {S_} is bounded and {TSH}

converges weakly to T, then T 1is compact.
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THEOREM 4.7 If X is a Hilbert space and T is

normal, then T 1s compact.

In the remainder of this chapter we concentrate on
proving the further positive result that a linear operator
on a Banaclh space that satisfies a polynomial identity
is compact if and only if it acts compactly on its central-
iser. To prove this we 1 first ceonsider another type of

compact action altogether. This we do in section 4B,

4B, Two-—sided compact action on B(X).

Let X Dbe a Banach space. Let R, S € B(X).

Iet R A S denote the element of B(B(X)) defined by
(Ra S)(a) = RAS (A € B(X)).

The compactness of the operator RA S on B(X) was
studied by Vala [ 23]. His main result is Theorem 4.8
he proved it using his own version of the Ascoli theorem,
We shall not give his proof here but we substitute a
direct proof due to Bonsall, which uses the standard Ascoli
theorem and part of which appears in [3]. Drs Tela
Gillespie has also rendercd me some assistance with this

proof.,

THEOREM 4.8. Iet R, S € B(X) where X is a
Banach space. The operator R A S on B(X) is compact

if and only if both R and S arc compact.
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Proof. Suppose first that R and S are compact.

Let E:{x;xéxy ”‘x”il},

V:{A

A € B(X), |1‘Ll < 1} ’

we

x €X, ”x” < |SI} 9

=
]
M

Both E and F are compact subsets of X. For x€U
and A€V, ASx &€ W, Do DRASx &€ F, Tor each A&V,
defire G, + E —>X by GA(Z) = RAz. Consider the set
H={6, 5 |a]l <1}. Then
lo,(z1 = 2,0l = IRz, = 2,)l
¢ 18llzy - =l
So H is equicontinuous, pipgce (4
Also, for each 2z & E,
H(z) = {6,(2) 5 lal <1}
- {maz ;s [al <1}
¢ F which is compact. o )
By Ascoli's theorem [8 3 Th. 7.5.7] we find that

H is a relatively compact set of mappings. Let {Ank}

be a bounded sequence of operators in B(X). Then for
all & > 0, there exists N > 1 such that

2;5 ll(RAnk -~ RA_ )z)|[ < €& for all n, m > N

M
ie@s }s;g ll(mnks - RAmkS)(X)H g for all n, m > N
ieee I;Rﬁnks - RAmkSl —> 0 as n_, m —> o0,

Hence R 5 S 1is compact.
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Conversely suppose that R A S 1is a compact operator.
Since R £ O there exists g € X*¥ such that (R*g)(a) = 1,
for some a € X.

Let. {f } be a bounded sequence in X*, Then
{a2® f.n}- is a bounded sequence in B(X). Henco

R(2 ngnk)s -~ ¥ for some subsequence {lnk} as n_ —>ea.

So S*(a @fnk)*R* —>U%g as n_->ed. TNow,

[(s*(e @ fnk)*R*g] (x) = [(B(a @fnk)s)*g](X)

g((R(e® fnk)SJ(X))

[l

d (e @1, )(5%)]

£ (sx)eg(Ra)

nk

€S*fnk)(X)-(fR*g)(a)

]

n

S¥f X))o
Hence S*f = S*(a f *¥R¥g == U* as - 00,

Hence 5% 1is compact, so that S is compact. This

ends the proof.

Remarks.,

1o Let A be a Banach algebra. Let t € A.
consideration of the compactness of the mapping a —> tat
(a € A) is fundamental to the work of Alexander [1] on
compact Banach algebras.

24 The types of compact action studied. by Bonsall

and Vala are not wholly unrelated as section 4C shows.
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AC. Operators that satisfy a polynomial identity ——

compact action on the centraliser,

An operator T 1is said to gatisfy a polynomial
identity if and only if p(T) = 0 for some polynomial
p(T) in. T Nilpotent and idempotent operators clearly
satisfy polynomial identities. The purpose of this
section is to prove that a bounded lincar operator on a
Banach space that satisfies a polynomial identity acts
compactly on its centraliser if and only if it is compact.
We need only prove the necessity ¢ sufficiency follows
from Theorem 4.1.

In the proof below we bring Vala's result [Tha4.8]
to bear on the problem, It turns out that we can easily
find non-trivial families of operators lying in the
centraliser, The proof proceeds by a sequence of lemmas,
which are tortuous but not deep, The first of these is

in the same vein as Theorem 4.8.

IEMMA 4.9, Let R, S & B(X) where X is a Banach
space. Suppose R A S + SAR is a compact operator
on B(X) and suppose that R is a compact operator on X,
Then S 1is a compact operator on X.

Proof. Let {x } be a sequence in X with

e n
nxn“ <1 for all n > 1., Choose z € X such that

% P

Rz # 0. Let £ De aﬁ}inear functional on X such that

f(Rz) = 1. Then define operators B~ of rank one
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on X by B(y)==2(y)x,. Note that |Bn| < gl for
all n 2 1. Soy by hypothesis {RBnS + SBnR}- has a
convergent subsequence., Without loss of generality
assume that {RBnS + SBnR} converges to B. Hence
{.(RBnS + SBnR)z} converges o Bz. Hence

R(BﬂSz) + f(Rz)an —> Bz as n-—>o9, However {BnSz }
is a bounded sequence in X and R 1is compact. So a

subsequence {RBnkSz}- converges as mn - 00 , Hence

Sx

J

converges as m o) and so S 1is compact.

We now apply this last result in the next two lemmas.,

LEMMA 4,10, ILet T € B(X) where X is a Banach
gpace. Let
9 9 %
(T = ¢yI) (T = ayl) “eee(T=-a I) " =0
where p 2> 1, Qs 20 and n > 0. Iet T act compactly

93 25 %
on Z(P):- Then T(T - alﬁ) (T = & I) Ceoo(T = anI) is

2
compact.
9 2 qn
PI‘OOf. Let Q = (T' . CCII) (T ok 0:21) aoo(T o O:nI) .
Suppose as induction hypothesis that we have already proved
that TQ, Tp_lQ, — TP_S*JQ apo oompact (1 < s < p-1).
We now prove that TP_SQ is compact.

Given A € B(X), define an operator G(A) € B(X)

vy G(A) = TP lqaarP%l o 7P 20aQrP S 4 ... + TP S lauqrPt,
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Now TG(A) = TP71QaQT®™® 4 ... + TP Sqaqr®™t - g(a)r.
Hence G(A) € Z(T) for all A € B(X).

Let {An],( be a norm bounded sequence in B(X).
Then {G(An)} is a norm bounded sequence in Z(T) so
that, by the compact action of T on Z(T), we have that
{TG(An)}- has a convergent subsequence. So for some

subsequence {nkzg, {*Tp-lQA%QTP_S $ wwe + T2 DQN rer’Tp—l}

converges as n_ ~—> 0%, T
In the case when s = 1, (1)} says that

p=-1 p-1

Q@ AT Q is a compact operator on B(X) and by

Theorem 4.8 we deduce that TP—IQ ig compact as required,
In the case when s > 2, we note bpal By induction

hypothesis ’I’PQ, Tp—lQ, el TP—S+1Q are all compact.

So, by (s=2) applications of Theorem 4.8, it follows

. p-2 —s+1 p—s+1 p=2
that in (1) {'Ep Qa_ QrP & e ok 1 QA_ QT }
" "k

has a convergent subsequence, seswanls)
From (1) and (2), we deduce that
{TP_IQAnkQTP—S + TP_SQAnkQTp_I} has a convergent sub-

P-ly s

sequence. Hence TP—]'Q Pal ™78q . pPRq o B
a compact operator on B(X). However, by induction
hypothesis, in this case [s > 2], 'I':p_lQ is compact.
Hence by Lemma 4.9, TPHSQ is compact. This completes
the induction step.

Finally, sinoe 7°Q = 0, 7PQ is trvially compact.

The result follows by inmduction which automatically
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terminates after the step with s = p-l. [In this last
step, in the definition of G(A)s we make the convention

that T = I.]

We note an immediate corollary of Lemma 4.10.

COROLIARY 4.11. A nilpotent bounded linear operator

on g Banach space acts compactly on its centraliser if
and only if it is compact.
Proof. Use Theorem 4.1 for sufficiency. Use

Lemma 4.10 for necessity.

We now prove a lemma, analagous to Lemma 4.10, in
q
whioh we work on the factors (T - I) © of the

polynomial.

IEMMA 4.12. Iet T &€ B(X) where X is a Banach
gpace. Let
q a q
P o 1 e 2 _ n
(7 alI) (T azl) sankT anI) =0
where p > O, 9y >0 and n> 0., Iet T act compactly

on Z(T)s Then

9n

Q. a
(T - aaI) d(T - aBI) 3...(T-— anI)
is compact.

[N.B. Here we permit p = 0.]
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Proof. The proof is similar to that of Iamma 4.10.
qQ q q
Let R = T°(T = a,I) (T - 5T) ¢ A I T

q
induction hypothesis suppose that (T - ocll) lR,

ql—s+l

Q=1
(T = 0gI) & Ryeusy (T = oqT) R [1<s¢<aq;] are

all compacte

Given A € B(X), define J(A) € B(X) by

q,-1 Q-8
J(a) = (T - alI) RAR(T - alx)

q1—2 ql—s+1
+ (T - oclI) RAR(T - ocll)

ql_l

Q=8
¥ pmesed VP —cxll) RAR(T - ocll) .

g~1

ql-k ql-s+k
Now (T - cclI)J(A) = %(T - all) RAR(T - oclI)
k=

= J(a)(T - ;1)
Hence J(A) € z(T).
Let {An} be a norm bounded sequence in B(X).

{ J(An)} is then a norm bounded sequence in Z(T) and

ql_l ql-s+l
TJ(An) = cclJ(An) + (T - all) RAnR(T - cxll)
ql-s+l ql-l

+oeoet (T = CCII) RAnR(T e 021:[) .

sesewseld)



By induction hypothesis and s~1 applications of
Theorem 4.8 we deduce from (1) that {TJ(An) - onlJ(An)}'
has a convergent subsequence, {.TJ(A ) - alJ(A )}-.

S “
By the compact action of T on 2Z(T), {TJ(A )} has a

e

convergent subsequence, Hence {J(A )} has a

Pk
convergent subsequence.

Now in the case where .8 = 1 +this tells us that

-1

Cll q‘l—l

(7 - alI) R A(T - alI) R is a compact operator

q,~1
on B(X). Hence, by Theorem 4.8, (T - ali) 1R ig
compact.

In the case where s Z 2 we have to work harder to

complete the induction step. In this case,

-1 o
J(Ank) = (T - all)ql RAnkR(T - ch)ql °

Qq-2 g s+l
+ (T —oclI) 1 R(T -oclI) &
"k

a8 a,~1

+ see + (T = oclI) RAnkR(T - cc]_I) .
O, ;|

By induction hypothesis and s-2 applications of
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Thoorem 4.8, we deduce that, on the right-hand side of (2),
the sum of all terms other than the first and the last

has a convergent subsequence. Hence
-1

a7 a3
(TP - alxj RAnkR(T - «;I)

+ (T - alI)

- G
: t
[

Q=S q,=1
A RAnkR(T - alI) 4 has

a convergent subsequence, that is,

ql"l ql—s
(T - all) R A(T - alI) R

Cll_s ql—l
+ (T - all) R A(T - all) R

q 1_1

is a compact operator on B(X), Since (T — a,I) R

1
is compact by induction hypothesis, we deduce, by
q_l_s
Lemma 4.9, that (T - all) R is compact, thereby
completing the induction step.
a

Finally, (T - alI) In  1m the were operator, which
is compact,

The result follows by induction, which terminates
after the step with s = g . [In this last step, in

0

defining J(A), we take T = I.]



Remark. Note that in lemma 4.12 we suceed in
removing the last factor (T - alI) from the polynomial

P 9 9
(T - all) soo(T = anI) s though we fail to remove

the last factor T in Lemma 4.10.

We are now in a position to prove the result we

have been seeking,

THEOREM 4.13. Let T € B(X) where X is a Banach

space. Let
aq Qq q
y o) - 1 - 2 - n
T (1= @y I) (2 a21J soalT anI) =0
where p > O, ay 20 and n> 0., Iet T act
compactly on Z(T)s Then T is compact.

Proof, let
q o] Qq
1 2 n
RO = T(T o ﬂlI) (T - 0:21) oou(T - ocnI) 5
q q q
R, = TP(T - o,I) 2(r - @;I) 3 el = «,I) "

ql aq q
= T°(T - aiI) (T - aBI) 3...(T - anI) n,

.~

®®® 0 Q@9 O00O00O000OCED

a q,_
2 I)nl.

q

2 n=1

Iet D be the greatest common divisor of all these

polynomialse D is I or T accordingas p =0 orp Z 1s
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By a standard theorem of algebra there exist polynomials
vO(T), vl(T),...., vn(T) in T such that
ROVO(T) + Rlvl(T) + eee + ann(fr) = D.

By Lemmas 4.10 and 4.12, R, (0 < i< n) are all compact.
Hence Rivi(T) (0 < i< n) are all compact. So D is
compacte.

In the case where p > 1, this proves that T is
compact. If p = 0, we deduce I is compact. Hence
X 1is finite dimensional and T 1is automatically compact.

The result is therefore proved,



CHAPTER 5.
COMPACT ACTION ON THE CENTRALISER

FOR WEIGHTED SHIFT OPERATORS OIf E}.

BAe Basic results.

In this chapter we study the compact action of weighted
shift operators on the Banach space '{3,1 on their
centralisers. This will yield an example which answers
negatively the question asked im Bonsgll's Problem 2,
which was stated in sectdon 4A. Some other interesting
results about compact action will emerge too.

The simplicity of the centraliser of a weighted shift
on 31 is an enormous advantage in studying Problem 2
for these operators. For a weighted shift T, Z(T)
is the strong operator topology closure of the set of
all polynomigls in T. Even more is true as we shall
see in section 5B,

In the Bgnach space ‘el of all absolutely

convergent sequences of complex numbers with the norm
o0
H(gn)l[ = nE_ ]gnl » we let e_ denote the basis vector

(Oy Oy eeesy 1y Oy oves) where the 1 occurs in the
k-th place. Note that, for ali operators Q & B(,ﬁl)

we have Q] = sup “Qem“.
m

From now on, let T denote the weighted shift operator

1 :
on £~ defined by Te, = age 1 E&m > 1) where
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{txm]} is a bounded ssquence of non—zero complex numbers.
We denote this operator T by subdiag(ls Aqy Gpy a3,...)
from consideration of its matrix representation. The 1
denotes that the weights lie in the first subdiagonal of
the matrix, Note that, for each k > 1 and m > 1,

s
we have T em = 0 o s o0l Hence for each

m m+l m+k-1mik

k> 1,

lTkl = sup la o e ol
m

m m+1 m+k—lI *

In 5B we shall compute the centraliser of T.
Socdion 568 deals with the .compact acvtion of T agnd this
leads to mon-compact operators that act compactly on their
centralisers in 5D. Finally, in BE, we consider a
class of weighted ghifts on 421 for which compact action
on the centraliser is linked to compactness of the operator

in a very special way. Much of the material in this

chapter appears in Murphy [ 20].

5B. The centraliser of s weighted shift on .£1.

We prove that the centraliser of T 1is the strong
operator topology closure of the set of polynomials in T.
We show further that the polynomials can be selected in a

particular way.
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THEOREM 5.1. Let T = subdiag(ls Apy Opy oc3,...)

on ,el. let S € Z(T)., Then there exists a sequence
of polynomials pn(T) such that, for all x,

pn(T)x —>S8x as n—> 00 and Ipn(T)I < |s| for
all n > 1.

Proof, We can assume that S ;4 O.

oo
Let Se1 = Z Biei + Now, for all =n > 1, let
i=1

n k

e T T
p (1) = BT 4>  —EEL

k=i alfxzo ® .ak

n+l
Then pn(T)el= E' Bi® -—-)Se1 as n-> 00

Hence, for all k > 1, 'I'kpnu(T)el - TkSe1 as n—> o<

and so P (T)Tke —)STke, as n-—>0C,
n 3

Hence cclocg...akpn(T)ek+1 - %q0yeesty Sey o as n —> oo

and so pn(T)ek+1 > Se, ., as n —>eo . So for all

N pn(T)em-; Se. as n-—>®0,

n
bop(@egll = (02457 _Pen™

I{am alazo a nak

2 | o a l
*Te0 ]—1 .
_ IBII % Z :lpk+1l m m+1 m4-lc
k-_-l Ialaz.'aakl.

|

m

So “pn(T)emH incroases with n . However,
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lbn(T‘)emIl >} Se_ | as n—=>o0. Hence
o (T)e ll ¢ lise I for a1l =n > 1. This holds for
all basis vectors e . Hence
sup “Pn(T)em“ { sup I Semll for all n > 1.
m m
Therefore ipn(T)I ¢ |8] forall n> 1.

O
Let € >0 and let x = 2'§kek be a non-zero
k=1

element of 21. Choose M > 1 such that
oo

-1

z %l < (4ls])E.

=M 1 ik -

Then choose N _>_‘ 1 such that for.all m with 1<m _<_ M
and for all n 2 N we have

e, (2) = s)e ll < (2llxl)™E.

Then for ail & > N,

M
e () = s)ell ¢ Il 228, (p, () = S)e, |
el
OO
i Il 228 (0, (2) - 5o
m=M+1
M
- 1 (e (1) - $)e_ll

e

b 19,1 U]+ 1)

m=M+1
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M
< (el :;f‘ilg‘ml + (4ls])7IE .2|s]
<E.

This completes the proof.

5Ce. Compact action of certain weighted shifts on 2}.

In this section we prove that a weighted shif+t

T = subdiag(l; %ps Apy Ay e g on,ill, with

m - -

EE: LTn*ll/lTnl convergent, acts compactly on its
n=1

centraliser.
Firsgst, however, it is worth digressing to prove a

result that shows that, on a Banach space X, operators
. m 1
Q € B(X), with :E |Q"**|/|Q"%|  convergent, are not
n=1

without interest.

IEMMA 5.2, Let Q € B(X) where X 1is a Banach
‘ G0
space. let .zég.lQn+1|/lQpl be convergent to S. Then
N=

Q is guasi-nilpotent.
Proof, If Q is nilpotent,; the result is
immediate.

If Q is not nilpotent, the inequality of the
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arithmetic and geometric means of n posgitive numbers

yields

1/n

-5 Y L PO [ ¢ Lflef, 121, . le™
&t Jaf  le”| = m\Jal o lef % /.

S IQ.n+lll/n+1 ¢ lQll/ml [n-ls]n/n+l

Hence 1lim Iinl/n = 0 as reguired,

>0

We now return to compact action., For R € B(X),
let A(I, R) denote the norm closure of the set of

polynomials in R in B(X).

-:Em 2030 ILet T = Subdiag(l H 051]._9 062, 0£3,...)

>0
on ,f,l. Let |'I‘[ <1 and let Z*le'l]/lTnl be
n=

convergent. Then T acts compactly on A(I, T).
Proof. Thoose & > 0. Iet
E = {p(T) s p(T) a polynomial in T , |p(T)| < 1}.
Iet U denote the unit ball in A(I, T). We show that
T(U) is a to®ally bounded set. ILet p(T) € E, where
i T

T !
p(T) = BOI + Bl -i-;l- + Be-i-;é-i-+ soes + Bannl
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Now

n . AR,
m m+1 mik—-1
”P(T)em“ = “BOem % %Bk lTk] el’ﬂ+k“
} eo0all l
D k1
- lpgl + 2 gy —elmed e
|7
& %
!amq;m+l' * "Otm+k:-—-l1
so Byl <1 and lgskl e <1 for
T
all m > 1. However, |7| - s;p l“mam+l”'“m+k—li'

Hence |Bk| <1 for all k > O,

lTn+ll
Now choose N 2 1 such that E .
= N

Choose a finite set B of complex numbers such that for

S

every gz eﬂ: with |z| {1, there exists b &€ B such

that |z = b < (20)72E. et
2 N

T T
F ={bT+ b — see + b . 3 b. EB}.
0 | lTI N-1 lTN—lI i

F is a finite set. Iet K =F + £U. K 1is closed,
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We show that for every polynomial p(T) € E we have

Tp(T) @ K. Let

T 72 i\

p(T) = BOI+Bl-l—:I'—|-+ Bz-l';'é—l'+....+[3n ‘Tnl P:

Then lBkl <1 for all k >0 as above . Choose
00, 01, ese 9 CN_l [ B such tha'b
-1
I, — ol ¢ (M) (0 <k F-1).

It then follows that

| 2 3 ial l

{Tp(T) - CyT = 0] T== = Oy 5= = eee = Oy ) TR,
|| T [

'I'2
< 1By = o)l + 1By = ;) -I—T-l-l + oo

TN
+ 1 (Byg = o) E:N?fl“l

k+1
% |8, | J—Ll E
k.
¢ m(alE . S 1—+—L
k=N
<E.
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Hence Tp(T) € K and T(E) CKe So T(U) C K since
K € closeds Hence T(U) is totally bounded and
T(U) is compact by [18 3 Theorem 7,6]. This shows
that T acts compactly on A(I, T). This completes the

proof.,

We now extend Lemma 5.3 to show that all operators

of this type act compactly on their centralisers.

THEOREM 5.4, Let T ~ pubdiag(l 3 Xys Gy oc3,...)
oo

on £, et [T| <1 anaiet . |T™*|/|T ve
n=1
convergent. Then T' acts compactly on Z(T).
Proof. let {Sk} be a sequence in Z(T) with
ISkl < 1. By Theorem 5,1, we can choose polynomials
pkn(T) such that, for all x € X and for all k > 1,
pkn(T)x —> 8§, x as n—» 00

and |[p_(T)] lski for all n > 1.
For each fixed k, {pkn(T)} ig therefore a norm bounded
sequence in A(I, T). Application of Lemma 5.3 yields

Ve

€ A(I, T) and a subseguence {Pkn (T)} such that
T
lTpknr(T) C vkl —> 0 as nr —>00 Hence, for all X9

we have Tp, (T)x = V,x as n —>00. Howevor,
b 5

for all x, we have (T)x = Tax as n <> 09,

Tpkn
r
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We conclude that ‘I'Sk = Vk so that
I‘Tpknr(T) - TSk| —-> 0 as n, - 00, For each k Z 1,

we can therefore choose an integer N(k) such that

: -k
l,TpkN(k)(T) - 18, | <27
The sequence.{pkN(k)(T)} in A(I, T) is norm bounded
since {Sk)r is norm bounded. By Lemma 5.3, there exists

a subsequence.{pk N(k )(Ti} and an operator L such that
r T

iTpk Nk )(T) - L —> 0 as k, —>00,
r r

Now,
lrs, -l < |78, - Tp N(k )(T)l, + |To, Nk )(T) - 1
T T e R
k.,
Mg
—> 0 as kr—éoo .
Hence T acts compactly on Z(T).
5D.

Non-compact operators that act compactly on

their centralisers.

The results of 5C will now be used to exhibit non-—

compact operators on a Banach space that act compactly on

their centralisers. This answers negatively the question
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raised in Bonsall's Problem 2, stated in section 44.

Let V be defined on 461 by

o4 34 34
V = subdiag (1 3 a4, 1y, a” , a”° , 1, a,

a 9 ..l.....)

wvhere 0 < a < 1.

For this operator the weights are chosen as follows. The
weights can be grouped into successive batches, the k-~th
batch containing 2k terms, of which the first k are all
a(k+1)4 3 we call these small weights. The remaining k
sve Lgw ak—l, i g &1 in that order and we call

theselarge weights,

IEMMA 5,5 ILet V be defined as above, Then

| - a(1)°,

Proof. et V = SU.bdi&g (1 b (Il, 052, 0'.3, on-)-
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For each k > 1, kal = Sup “Vkem” = SUD & g e ]
= :

m

12
see O ) = l.ak—l.ak_]' s = &(k'—l) .

o o
1<2+1 ifc2+2 kK +k

e oss ed

We now show that all other products “ﬁ“m+1 eoe “m+k—1

fail to exceed «

o ess & .
k%1 k2 2k

+1 k%42 k

Clearly, for m > K2 + 2, we have

o o see O G o o ese O .
m m+1 mk=1 = k2+1 k2+2 k2+k

o with 1¢m ¢ kS,

Congider a product am“m+l oo Gp S

Iet n be the unigue ipteger such that

n® 4 1 <k<(n+ 1)2. Since a ,

k

is the last small

weight in the k~th batch of weights it follows that the
product; “m“m+l ven “m+k—1 contains at least one small
weight, Furthermore, since the small weights in successive

batches decrease, we can choose this one small weight so

as not to exceed the least small weight in the product
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ses Oy e The least small weight in the product

see O is « and hence since all the weights

(m+

are less than or equal to 1, we have

S} a(k—-l)z

0 € aa 5 = < ¥

mel *°° “mpkel

Hence LVk[ = a(k“1)2 °

I/
124

THEOREM 5.6, V 1is not compact but acts compactly
on its centraliser,
Proof., Note that |V| = 1 and that {nVe { has
S—— R
k3123
no convergent subsequence, so that V 1is not compact.

Also le+lL/\Vkl = aZK_l and so by Theorem 5.4, ¥V acts

compactly on its centraliser.

Remarks. o5
1. The condition that z |77 /|1®|  shoutd be
n=1

convergent is no% necessary for a non—compact weighted
shift T = subdiag (1 3 ay, %oy G35 eee) to act compactly
on its centraliser, For example, if we CGonstruCt a new
operator W from V by demanding that 0 < a < 1/2

and replacing the large weights in the k—-th batch by

i &

1
1:'59'59 oty 3

for all k > 1, the operator W still
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acts compactly on its centraliser though Iwkl = 1/(k=1)% .
This can be proved by modifying the broof of Lemma 5.3
to exploit the fact that, in this case, the sum

l@ol + ]Bll + eoo + [Bnl does not exceed 1, This

follows became Tg Tz, T3, eoce ,TP al

—

1 attain their
P

normg at the points e 5 where k 2
k™ +1

2. An operator G € B(X) is wcalled guasi-compac®

if some power of G 1is compact. A non-compact weilghted
shift on 431 that acts compactly on its centraliser
need not be quasi-compact., No power of the operator W ,
constructed in Remark 1, is compact.

3. From the above results it would seem a difficult
task to characterise operators G &€ B(X) that act
compactly on their centralisers, merely by studying their

action on X.

5E. Weighted shifts on ‘zl. with centraliser

isomorphic to 431 o

In this final section, we record a rather attractive
special case of the previous results of this chapter.
Here we consider the weighted shift
7 bai i TR {? 4
= subdiag (1 ; 19 Oy O3y 3e0) oON , subject to the
restriction that, for all n > 1 and for all k > 1, we

have

|m1a2 o an| > l“kak+l o ak+n“1|. sinal®)
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These conditions ensure that for all n Z 1
n
IT l = |0¢1<x2 ®oo0 anl .
[Rocall that A(I, T) denotes the norm closure of the

polynomials in T.] When (*) holds we show that

Z(T) and A(I, T) coincide.

THEOREM 5.7. Let T = subdiag (1 3 %ps Qpy Gy )
on El. Iet T satisfy (*) above. Then 2Z(T) = A(I, T).

Proof. ILet S &€ Z(T), S # 0 and let

- % o0
Se = 2 " B e .
i} =1 k'k

n B 'l‘k
Ik+1 .
Let pn(T) = BII e % C{ldz TE) ak
lp (7) - s| = = (2, (T) = 8)e Il  (m> 1)
me=1
™L(p_(7) - S)e,
= gup
m lc(lo’.2 “oe am_ll
, 0
[taking T = I}
le--ll .
< sup (2 (T) - S)e, |l
m |ala2 voe am_ll

Iz, (7) - 8o,

HBn+2°n+2 g Br1+36r1+3 * "'“

lﬁn+2| + ]Bn+3
—>0 as n —>&% since (Bk) ~ ﬁl.

I % iwese

]
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COROLIARY 5,8. In Theorem 5.7, we have that

|s] = ﬁ.flis | .
- k

Proof. IS’

]
i}
7
[0}

a..-—»
=]

v

=
~

Also however, |S| 2 “Solu =
od

Hence |SI = Z [Bkl as required,.
k=1

. 1Bk
=1k

Theorem 5.7 and Corollary 5.8 permit the construction

of an isomorphism between 81 and Z(T).

IEMMA 5.9. Iet T Dbe defined as in Theorem 5.7.

Then the mapping G 3 ,Ql ~> 7(T) defined by
oo k

B T
6((8,)) = BT . il

k=1 (xlazeooo ak
is a norm preserving topological isomorphism of el onto
Z(T) such that

¢(Tx) = T¢(x) for all xe £
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Proof. Clearly G is linear, onto and
le(x)| = |lxll by Theorem 5.7 and Corollary 5.8. By
Banach's Isomorphism Theorem, we deduce that G is a
topological isomorphism, Also,
¢(Tx) = G(T(Bn))

G(O’ 0:1[31 9 0’.282 ’ 0’-3[33 L "')

a. B o 5B o.B
Lllp .. -2202 33 3

+ eocve

oy %0, otloc:zoc3
2
T T
ﬂT(BI‘l’B Eraml - B T llll)
1 2 ay 3 aqds
- 2(c(p,))
= TG(x),

Lemma 5.9 allows us to resolve the question of compact

action for weighted shifts on £1 satisfying (%)..

THEOREM 5.,10. et T be as in Theorem 5.7, Then

T acts compactly on Z(T) if and only if T is compact.
Proof., Sufficiency follows from Theorem 4.1.
To prove necessity, let {x& be a Seguende
in f1 witn ll Il < 1. {G(xn)} , as defined in Lemma 5.9,
is then a bounded sequence of operators in Z(T) with
I'G(Xn)‘ < 1. Since T acts compactly on -Z(T),
{TG(xn)} has a subsequence convergent to S = G(a),

say. Choose £ > 0. Then there exists N > 1 such
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that for all n, > N,

lTG(xnk) = alaY] € E
i.e. X - ca(a)| € &
e. |G(T rJk) ¢la)] < €

and o H Txnk - a“ < £ by Temma 5.9. Hence {Txn }

has a convergent subsequence and T ig compact.

Remarks.,
Lo The anelagous result to Theorem 5.10 for

superdiagonal operators on ¢, was proved by J.Duncan

0
and appears in Bonsall [ Z]. His result can be obtained
by dualising and using Theorem 5.10.

2. Professor Bonsall has pointed out that
Theorem 5.10 still holds if we weaken the hypothesis (%)
by demanding only that there exists M > O such that,

for all n > 1 and for all k > 1, we have
l%ﬁm&"'%qmdlsmhfﬁ‘°°dd .

3 Theorem 5,10 applies to the operator
subdiag (1 3 1, B, 1, BE, 1, 83, eess) where O <'LB[ £ 1.
This is an example of a non-compact, guasi-compact,
quasi-nilpotent operator which fails to act compactly
on its cendbraliser.

4 Modified versions of the results of
this section can be proved for "block shift operators”

on {?'; these are defined by infinite matrices



i

where each O denotes a p by p

the identity p by p matrix.

~
0 0 0 0 .
ale 0 0 0 .
0 ang 0 0 .

0 0 o 3Ip 0 o

0 0 0 o 41'1) .

A . . . .

zero matrix,

I
P

denotes
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3
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