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Abstract— Humanoid robots are highly redundant systems
with respect to the tasks they are asked to perform. This redno-
dancy manifests itself in the number of degrees of freedom of
the robot exceeding the dimensionality of the task. Traditnally
this redundancy has been utilised through optimal control i the
null-space. Some cost function is defined that encodes sedany
movement goals and movements are optimised with respect to
this function, subject to fulfilment of task constraints. Until now
design of cost functions has been carried out on an ad-hoc bas
and has required time-consuming hand-tuning to ensure thathe
desired (or acceptable) behaviour is realised. Here we prest a
novel approach for designing cost functions for optimal cotrol
in the null-space by exploiting recent advances in statistal
machine learning. The behaviour of a (kinematically or dynan-
ically controlled) mechanical system performing some tasks
observed and separated into task- and null-space component
The null-space component is then modelled as a first order Fig. 1.
differential equation with the cost as the independent varmble.
Numerical solution of this equation provides training datafor a
statistical learning algorithm that is used to build an openform
model of the cost function. Results are presented in which ¢n  robotic control and the search for cost functions that mtevi
reconstructed function is used to replace that of the origial a theory of human movement selection.

control scheme and the resultant behaviour, for the same seif In th . . d in th tf fi | h
tasks, is compared. n the engineering domain, the cost functional approac

Index Terms— Redundancy, Null-space control, Dynamic and has been successfully applied to problems in redundancy

Simulation of the ASIMO humanoid robot.

Kinematic control, Learning. resolution in robotic manipulators [2]. Several optimigat
criteria have been designed for movement planning (see [3]
[. INTRODUCTION for a review) with notable ones including joint-limit av@idce

Humanoid robots such as Honda's ASIMO robot (Fig. 1) arel4]. singularity avoidance [5] and obstacle avoidance [6],
by nature highly redundant systems both at the kinemati¢’] criteria. In practice such criteria are frequently uses
control level and the task execution/planning level. This'heuristics’ for redundancy resolution — offering secoryda
redundancy manifests itself in the high numbers of redundarfonstraints on actuation assuming the desired task-space
degrees of freedom (DOFs), large space of possible confignovement is achieved — by mapping their effects onto the
rations, large range of motion capabilities and availgpitif ~ Null-space of the movement [8].
multiple effectors. In biological research, the idea of optimisation of some

In order to resolve this redundancy and make choices abo@ost function has been popular in the attempt to understand
the planning or execution of movements, an intuitive apphoa the stereotypical features of human motion (see [9] for a
is to specify some cost or utility function as a metric by whic review). The goal here is to find some underlying principle
to measure a movement’s optimality. Cost functions can béhat explains how movement selection takes place in animals
defined over the state-space of the problem (or any subspa®& humans. Many possible cost functions have been suggested
thereof) and provided they contain some unique global optisuch as the well-known minimum jerk [10], minimum torque-
mum, they can be used to specify a unique preferred strategihange [11] and minimum end-point variance [12] criteriel an
for movement. Additionally if motor learning is considered have been successfully used to predict invariant featufes o
as the process of optimisation of movements [1], then costovements such as hand trajectories and velocity profiles or
functions can be considered the goals of the learning psocesthe two-thirds power law [13], [14].

] However, the approaches taken so far share one common

A. Cost Functions for Motor Control feature that limits their general applicability, namelye tfact
Research into cost functions in motor control seems to focuthat the cost functions defined are usually pre-specifiead-ha
around two main threads; the design of cost functions foconstructed functions designed for a specific application.



For example when designing optimisation criteria for robotof online gradient ascent in the task null-space. This alog/
platforms, though they are constructed in a principled wayto infer values forJ from observed trajectories by formulating
frequently there are open parameters and functions that ne¢he optimisation as a differential equation (wherés a rate

to be hand-tuned in order to realise desired behaviour. Alsgonstant)

when trying to determine the optimisation criteria used by 0=—_avVJ (1)
humans, the approach has often been to hand-design a func- ) ) .

tion whose optimisation reproduces some property of huma@nd then, solving that equation fof. In the following we
movements [9] or to empirically determine functions from Motivate thl_s assumption in the context of common kinematic
experiments designed to elicit preferences in behavioyr [1 @nd dynamic control schemes.

[15]. The resultant criteria explain many features of huma
motion in certain types of movements well (e.g. single han
point-to-point reaching) but their extension to more coexpl For velocity-based kinematic control one of the most popu-
scenarios (e.g. the choice between walking and leaning whdar control schemes is that of resolved motion rate control

gA. Resolved Velocity Kinematic Control

reaching to a point out of range) is not clear. (RMRC) [18] which assumes a linearised forward model of
Here, we propose to take a new approach to the problerfie mechanical system
whereby optimisation criteria are directly modelled from . .
x=J(q)q )

observed behaviour using statistical machine learning-tec

niques. The principle is similar to that of inverse reinerc  wherex € R* andq € R" are the task- and joint-space
ment learning [16], [17] whereby reward (c.f. cost) funoBo  coordinates respectively, and ¢ denote the task- and joint-
are inferred for Markov decision processes from known actio space velocities and(q) is the Jacobian relating the two.
policies or from the trajectories generated by some unknowfypically, the task is to track a desired trajectory(t), i.e.
policy. We tailor our approach to movement selection inthe constraint can be formulated hs= x,(t) — x(t) = 0.
high-dimensional movement systems, i.e. for problems wherAlso it is usually the case that < n so that the joint-space
multiple actions (in terms of choices of actuation) will @fe  trajectoryq(t) is redundant with respect to the task.

a given goal and where the task is to develop some criterion To exploit this redundancy a common strategy is to make
for choosingwhichto realise. We take a constructive approachuse of the well-known Liégeois inverse kinematic model|[19
whereby open-form, parameter-free models of cost funstion

are built incrementally. Once constructed these modeldean G=Gix— (I-Gyla (3)
used for optimal control in the context of optimal feedback

control, gradient-based trajectory generation and ptamni Wherel denotes the identity matrix € " is some arbitrary

and null-space movement optimisation. vector andG; and G, are generalised inverses df It
was recently shown that the Liégeois model can be used
Il. PROBLEM FORMULATION to represent most velocity-control methods (where an exact

The problem we wish to address is that of determiningprescribedk, is given) [20]. Choosingz; = G, = G where
how, given some task, redundant DOFs are utilised by some
movement system in an optimal way with respect to some

_ w-1l1T —197\—1 — yw7—1/2 —1/2yt
metric (i.e. cost function). Formally: G=WTJ (W J)" =W (IW )@

Given: (i) Some general set of control variables R"; (ii) i.e. the W-weighted pseudo-inversef J, anda as
Some task formalised as a set of partial constraints,dre.
h(c) € R*, wherek < n; (iii) Observations of a system a=-aW VJ, (5)

erforming the task in a way such as to optimise some cost . .
3 in the (3_ k)-dimensionalytask nuII-spacg' where J, = f(q), many established velocity-control tech-

Find The null-space optimisation criteriof nigues can be cast in this form [20]. It has been long
P pum ; . established (see e.g. [2]) that in the case that 0, if there
In general, the complexity of this problem will depend on ~". : . !
; S ) R . exists a solution fory in (2), the control law defined by (3)—
what information is available a priori. This includes knogi

what variablesp, are relevant to the calculation of the cost (5) will choose that which minimises
and whether observation dataciempletewith respect to those T s
variables. For the purposes of this paper, we will assume Jus =q Wq (6)

that all the information required to reconstrutts contained  anq gbeys the constrainks (or minimises violation of these

in our observation data. A second important consideratioRonstraints in terms of the least-squared transformaticor e

is k.nowl_edge. about thmptlm|§at|on rne.chams.mused iN" 1% — J(q)d]|?). One of the nice properties of this control
conjunction with the cost function. This is crucial when we gcheme is that it gives a clear decomposition of the task- and
wish to directly derive the cost from observations since, fo null-space parts of the motion. While the first term in (3)
the same cost function, different optimisation schemes mapangles the constraints, the second term determines how
produce different behaviours. Here, we make the assumption

that the optimisation mechanism is known and takes the form *Af denotes the Moore-Penrose pseudo-inversa of



Start Positior

whereW is some pre-defined metric. The choice of the metric
‘W can be used to classify several control paradigms [21],
such as resolved acceleration kinematic confil £ M~2)

or the Operational Space Formulation [23V(= M™1).

Since here our interest is in redundant systems (i.e. those
for which k£ < n), use of the pseudo-inverse in (9) means we
can again decompose the applied control force into the task-
and null-spaces of the system [21]. By analogy with (3) and
(4), we can modify (9) so that

u=w12THb - AM'F) - (I- W 2TT)a (11)

whereT = AM'W~1/2_ |f we define

Fig. 2. Two ways to utilise the null-space under the constréiat the a= —aW_IVJu (12)
end-effector tracks a desired trajectdiy= x(t) — x4 (t) = 0 (dashed line)

with a three link arm. The choica(t) = ai(t) uses the second and third we again have a potential,,, in the null-space ofl' which
joints more, whereas the choiedt) = ax(t) uses the three joints equally. will be minimised with every time-step. Fig. 3 gives an
example of a task where different choicesaofire possible

th I is utilised. B iate choiceJof ioint for the task of applying a force to a mass. The null-space
€ nu —spigce IS ulilse ) ; y”""%prc_)s]”a N cﬁout: thjo'z ~term (12) could be used for joint-stabilisation as in [21] or
space motion can be controfied with no etect on tas 'Spacﬁnpedance control for over-actuated arms.

motion (see Fig. 2). This scheme has been used for a variety
of purposes such as joint-limit avoidance, obstacle avaida
and singularity avoidance.

B. Dynamic Control

For control at the level of dynamics and resolved accelemati
kinematics, a similar approach can be taken. In particular,
can make use of a general methodology that was recently pro-
posed for the design of optimal control laws for mechanical
systems [21]-[23]. While kinematic control as described in
the previous section assumes the existence of some ‘dysamic
compensator’ allowing control to take place in kinematic
position and velocity space [19], this methodology is based
directly on physical principles of rigid-body mechanics.

The methodology assumes a robot model based on the
Lagrangian equations of motion

Fig. 3. Two ways to utilise the null-space in dynamics cdntrieen applying
. . . a force F' to mass (box) with a fixed-base three link arm. The upper sehem
u = M(q)q + Fc(q7 CI) + Fg(‘l) (7) applies a large torque to the base joint, a medium torqueetadicond joint
) and a small torque to the third joint. The lower scheme useslegrques
whereu € R" is the commanded forcey, q,§ € R™ are  for each joint. The choice o4 in (11) determines the scheme used.

joint-space positions, velocities and acceleratidvi$q) <

R"X" is a mass or inertia matri.(q, ¢) € R" represents

centrifugal and Coriolis forces anBg(q) € R" represents 1. L EARNING COSTFUNCTIONS

gravity. If the task description is defined in terms of a set of In order to set up a robot controller that utilises the null
constraints of the fornh(q, ¢,t) = 0 whereh € ®* and if space optimisation schemes discussed in the previoussgecti

these constraints can be reformulated as it is frequently necessary to rely on some hand-designed
L. . cost functions. Here we suggest a mechanism to reverse
Aa,4,1)§=b(q,4,1) (8) engineer the cost function used by a system assumed to

obey the same control laws as the plant to be controlled.
Our approach has some parallels in the empirical studies
of human subjects such as [1], [15] in that our aim is to
directly model cost functions from observations of behavio
where F = —F, — F,, both satisfies the task constraint(g) However, the setting explored here differs in that we do
and minimises the quantity not receive explicit information about preferred (i.e. low
cost) behaviour as compared to the forced-choice paradigm
Jprs(t) = ul Wu (10) used in [15]. Instead, we directly observe the optimisation

it has been shown [21]-[23] that the class of controllerggiv
by
u=W 12 AM "W V)b - AM™'F)  (9)



process from the null-space movement and the preferences
in behaviour are implicit in the path taken through the cost
function parameter space during that movement.

Parallels can also be found in recent work on inverse
reinforcement learning (IRL) such as [16], [17]. In both
approaches the goal is to infer the reward (i.e. cost) foncti
optimised without explicit information about that reward.
However, in the IRL approach the reward function is inferred
from the actions of a behaviopolicy assumed optimal in the
sense of Bellman optimality (i.e. maximum expected reward
over future states and aCtions)' In contrast, our approaah;d Fig. 4. Equalising trajectories to build a global model of ttost function.
with actions generated from online optimisation of the cost
as more commonly found in robot control schemes.

The method developed below is therefore tailored to infer- 1) Reconstructing’ along a Single Null-space Trajectory:
ring the form of the cost function from passive observationThe first step in building the model of the cost function is
of trajectories, and the incremental building of a model ofto reconstruct the form of the function along each trajector
the function from these observations. Next, we outline thehat the system performs. We assume for the moment that this
approach taken to model the cost function and to extradfrajectory is purely due to optimisation in the null-space a

training data for the modelling process. that the task constraints do not cause motior@inThis is
) the case when, for exampl&,= 0 in the kinematic control
A. Modelling Approach scheme outlined in II-A.
Our approach is to try to directly learn the mapping: The simplest method requires that we take sample8 of
during each trajectory at sampling rateThis results in a set
0 — J(0) (13)  of via-points® = (0, ...6,.)T for a trajectory of duration

7 and the aim is to infer a value faoy at each of these
points. In order to do this, we take note of two observations.
The first observation is that if we setsufficiently high, the
optimisation dynamics can be modelled as locally lineaisTh
means that the trajectory generation mechanism (1) can be
approximated by

where@ is the vector of parameters of which may contain
control variable$ ¢ = (c1,...,c,)T as well as indepen-
dent (i.e. uncontrolled) state-variables = (z1,...,7m,)7
which may be significant to the optimisation. Assuming the
existence of an explicit signal foy that is measurable as
the system moves through, (13) can be modelled with
a supervised learning approach. Our algorithm of choice is 0,.1=06,+VJ0,) (14)
locally weighted projection regression (LWPR) [25] a fast

parameter-free regression tool. LWPR has several featuraéhere the differentiation is with respect & This gives us
that make it well-suited to this task. Its Gaussian-kernefn estimate of the gradient at each point along the trajector
formulation gives smooth approximations of functions ensu in terms of the distance between consecutive sampling point
ing stability of gradient-based optimisation techniquiéss in 8. The second observation is that the absolute valu¢ of
capable of dealing efficiently with high input dimensiomgali is unimportant for the optimisation. This means that for any
as found in high redundancy movement systems and it§iven trajectory, we can select one of the points along the
partial least squares (PLS) based dimensionality reductiotrajectory and assign it some arbitrary valig;. Then, if
feature effectively prunes out irrelevant or redundantinp We use the Euler method

information. Furthermore, it learns incrementally; ugdtr T

learning from trajectories as and when they arx;ive. Finally J(0n11) = J(0n) + (Oni1 = 0)7V I (6n)  (15)
its predictions come with associated confidence interVes t starting at that point and using..; as the initial value, we
are ideal for simultaneously exploring the input space &hil can iterate to find the value of (measured relative td,.s)

learning to predict the output. for each remaining point on that trajectory.
) 2) Building a  Global Model: The result
B. Collecting Data of the above process is a set of data-points

The supervised learning of (13) requires that our trainiagd (61, ...,6.-)", (J(61),...,J(6,-))") for each trajectory
consists of tuples of the forr(9, .J) for training the model. recorded. The problem, however, is that there is no guagante
However, since in general, the costis not directly observ- that the values fo/ from any two trajectories are measured
able from movements, we require some way of inferring itswith respect to the same reference point. In other words,
value in a given state. Here we outline how this can be donwe do not know the translation of the single-trajectory data
purely from observations of the movement system. sets relative to each other; this is analogous to obtaining
‘indifference curves’ [15] where utility has equal value
2For kinematic controk = ¢, for dynamics controk = u. without explicit knowledge of the relative utility between



them. However, assuming the cost surface to be a single-
valued static function, the cost at the point of intersectio
between two trajectories is equal. This means that novel
trajectories that intersect those previously seen can be
translated to ensure the costs are equal at that point.

If necessary, this principle can also be extended to novel
trajectories that approach (but do not intersect) seen tmes
within some small distance by making local linear extrapola
tions of the modelled surface at the point of closest apfroac
The principle is shown in Fig. 4. Having assigned values
for J for the two trajectories, the cost at the new paint 50 10 Traiwﬁgsseen 200 250
can be estimated from a local linear regression of the plane
defined by points 1-4. In this example, since the surface is
two-dimensional, the |eaming process can be seeded vgth quig._ 5. Cogt function prediction error against numt_)er of(_etrmries seen
two intersecting trajectories. It should be noted that inegel, iur_"f?, I&?;';Bgaﬁ‘éeﬁ?:nd ,g;’fnrin%ov;ﬁﬂsir?ggvsgf I;ﬁg?ﬁey‘(’gi&”g
for an N-dimensional surface, at leaat trajectories will be
needed to define a surface from which we can extrapolate and
grow our global model. 457

nMSE (Cost Function Prediction Error)

Cost Profile

IV. EXPERIMENTS

We performed simulations of kinematic controllers of the
form described in Section II-A that has been implemented on
the ASIMO humanoid robot [8]. However, in order to better
illustrate the issues involved in the methodology, we réepor
experiments performed on a reduced version of the system.
consisting of a planar three-link arm of unit link length and
with revolute joints.

Cost

20 40 60 80 100 120
Time (ms)

A. Learning Cost Functions from Trajectories

The controller was given a simple joint-limit avoidance tcos
function, identical to that described in [8]' Fig. 6. Cost profile (right) during tracking of the test ticmy recorded
T from the true cost function (black line) and the learnt casiction after

J=(a-4q) (a—qc) (16) training with 1, 2, 5, 20, 50 (light grey lines) and 250 (thigkey line,

. _ . error shown as dashed grey lines) trajectories. Since #jectory was a
where q. is a constant vector defining the position of the circuit, the cost profile is periodic with the large peaksresponding to the

joint centres. The centres were chosen such that the dend-effector at the base of the eight-figure, forcing the &mm a high-cost
fault (minimum cost) position of the arm corresponded to folded position (lef).
the straight fully stretched position. Data was generatgd b
randomly assigning an initial end-effector (hand) positmd
joint configuration, generating a linear hand trajectoryaat joint velocities,(q, 4), as inputs. Since the mapping was now
random speed and direction from that point, and recordingt” — % the training took longer (refer Fig. 5), however once
the cost and joint configuration at twenty equally-spaced vi complete the null-space behaviour was again quantitgtivel
points along that trajectory. The resultant data tuplgs,/), reproduced.
were used to incrementally train the LWPR algorithm. To test the predictions of the learnt cost function, the arm
There was a rapid convergence of the learnt cost functiogontroller was given an unseen test trajectory (a figurateig
to the true analytical version as the number of trajectoriesurve) to track (refer Fig. 6, left) while optimising the éru
seen increased (refer Fig. 5). After 250 trajectories shen t cost function (16). In tracking this trajectory, the arm was
normalised mean squared cost function prediction error waforced successively into low and high cost positions as the
0.0624 + 0.0051. For less than fifty trajectories seen, the arm had to fold up for the base loop of the eight and unfold
nMSE was more variable reflecting the fact that the randonior the top loop. This gave a periodic structure to the cost
trajectories did not necessarily cover the space unifarmly ~profile that is clearly reproduced by the learnt model (Fig. 6
Since LWPR also has the feature of pruning irrelevant inputight).
information it is possible to learn cost functions using our Our final test was to replace the true cost function by
approach without too much care about selecting what inputthe learnt model, using the same arm controller, to assess
to use, provided a subset of the inputs contains the relevatiow well null-space behaviour was reproduced. This modi-
information. To show this we also tried learning the costfied controller was presented with the same figure-eight test
function using the vector of joint positions augmented by th trajectory but now with movements optimised with respect to
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arm, there was a highly non-linear relationship between the

1.6

al input parameters) = (x, q), and the cost.
_rEr We performed experiments in learning this cost function for
%’:: the case where the hand position was constrained to a fixed
" ool position and a single obstacle was moving in the vicinity
of the arm. This is similar to behaviour shown in humans,
for example when carrying a tray of drinks, it is necessary
%o = © Tmetme  ° oo e to hold the tray steady to avoid spillage while avoiding

obstacles in one’s path. Using the learnt cost function the
Fig. 7. Joint trajectories using the true cost function ¢hline) and learnt  NUll-space behaviour of moving away from nearby obstacles

cost function after training with 1, 2, 5, 20, 50 (light grepds) and 250  was reproduced. Fig. 9 shows schematics of how the arm
(thick grey line, error shown as dashed grey lines) trajezso moved as the obstacle came near.

the learnt cost function. Fig. 7 shows the trajectories ef th
three joints during tracking after several intervals ofrtirag

of the cost function. Fig. 8 summarises the normalised mean
squared (joint) tracking error of the controller using tharht
cost function as compared to the trajectory produced by the
controller with the true cost function. The joint trajedes of

the controller with the learnt cost function rapidly apprbed
those of the original. Interestingly there was more valilgbi Fig. 9. Schematics of the arm reconfiguring its initial post(dashed lines)
in joint trajectories using the learnt cost function as timeto avoid an approaching obstacle (filled circle) as repreduy learning the
progressed, possibly due to slight asymmetries in the tearfoSt function (7).

cost function being magnified over repeated loops of the

figure-eight. C. ExtractingJ for a Constrained Kinematic Manipulator

B. Obstacle Avoidance Cost Function Using the same plant and cost function, but without explicit

To demonstrate the application of our approach to mor@Ccess to cost information, the scheme outlined in Section |
complex null-space behaviour the cost function (16) wa Was used to model the cost function. The constraint chosen

augmented with a term designed for obstacle avoidance. THE these experiments was the kind specified by ‘maintain a
new cost function took the analytic form given end-effector position while minimising the cost’.i§h

kind of constraint can be seen in tasks where a contact point
between the manipulator and the environment needs to be
J=(a-a)"(a—a)+ B> |x—%usl> (17)  maintained (a detailed exploration of contact-constraisks
i can be found in [26]).
wherex; are task-space coordinates of a series of reference Again the manipulator was assigned a random initial hand
points attached to the arm,; is the task-space coordinate position and joint configuration for each trajectory. Thadha
of an obstacle and was a scaling constant. Since the positionwas then constrained to the initial positiot (= 0 in
of the reference points depended on the configuration of th€3)) and the manipulator was allowed to reconfigure itself




(2]
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Fig. 10. Reconstruction of the cost function from movemesiad (Left)
True cost function; Reconstructed cost function after (@)r20 trajectories,
(Right) 200 trajectories were seen.

(8]

into the ‘most comfortable’ position according to the cost [
function. The trajectory in joint-space was sampled andiuse|;q
to reconstruct the form of the cost function. The resultatad
was then used to train LWPR to learn the surface.
Convergence of learning was again fast with profiles 01111]
the nMSE similar to those shown in Fig. 5. Fig. 10 shows
contour plots of the learnt cost function as a function of two[12]
of the joints of the arm after 20 and 200 trajectories seen.
The radially symmetric form of the cost function started to[13]
emerge after just 20 trajectories were seen.

V. CONCLUSION (14]

Research into null-space optimisation criteria has, s¢ far
focused on thedesignof cost functions either for explain-
ing human motion or for application to robot control. The
disadvantages of this approach are clear in that the desigi6]
process is highly time-consuming, requires hand tuning of
parameters, and the resultant criteria may be applicalile on{17]
to the system for which they were designed.

We propose a method that automates the process by usiﬁjgsl
statistical machine learning to reverse-engineer thespdte
behaviour of existing systems. It has been shown that learrto]
models of cost functions can be used in place of analytical
ones with little loss of performance in terms of joint-space[20]
tracking error. Furthermore, it has been shown that cost
functions can be reconstructed from trajectory infornmatio
even if there is no explicit cost signal for supervised |&agn
given sufficiently dense samples of trajectories.

In future work, we intend to extend the current methodol-
ogy to the case where task constraints perturb the optimisat [22]
in the null-space. In such cases, extraction of cost inftiona
is more complex since the joint-space movement then csnsis[%]
of a combination of task-space motion and null-space mption
introducing an error in the Euler method dependent on the
task-space motion. Furthermore, we intend to demonstrate t 24
use of the proposed methodology in the null-space control of

[21]

very high-dimensional systems such as the humanoid robot
ASIMO. [25]
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