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Abstract

This thesis develops novel Bayesian methodologies for statistical modelling of heavy-tailed data.

Heavy tails are often found in practice, and yet they are an Achilles heel of a variety of main-

stream random probability measures such as the Dirichlet process. The first contribution of this

thesis is the study of random probability measures that can be used to model heavy-tailed data,

focusing on the characterization of the tails of the so-called Pitman–Yor process, which includes

the Dirichlet process as a particular case. We show that the right tail of a Pitman–Yor process,

known as the stable law process, is heavy-tailed, provided that the centering distribution is it-

self heavy-tailed. Empowered by this finding we developed two classes of heavy-tailed mixture

models and assessed their relative merits. Multivariate extensions of the proposed heavy-tailed

mixtures are also devised along with a predictor-dependent version so to learn about the effect

of covariates on a multivariate heavy-tailed response.

Another contribution of the thesis is a framework for learning about the frequency and

magnitude of extreme values in the joint tail as well as in other risk sets induced by a suitable

aggregation of variables on a common scale. The proposed framework reveals explicit links

between nonstationary multivariate extremes and heteroscedastic extremes, and hence can be

used to track the dynamics governing the degree of association between the extremes of a random

vector over time. Bayesian inference methods are conducted for the two targets of interest: the

structure scedasis function and the coefficient of tail dependence for structure processes. To

learn about the structure scedasis function from data, we resort to a Bayesian nonparametric

approach that defines a prior in the space of structure scedasis functions. A battery of numerical

experiments is used to study the finite sample performance of all methodological developments

made in this thesis. Data from the fields of neuroscience as well as from finance are used to

showcase the proposed methodologies in practice.

4



Lay Summary

Heavy-tailed data analysis is a challenging area of study and with a lot of open questions,

however considerable effort is being directed into this field. This motivates the question: Why

is heavy-tailed analysis important? Heavy-tailed data are observed every day in different fields,

including engineering, finance, hydrology, and medicine and there is a great need for studying

heavy-tailed phenomenon.

To study and model heavy-tailed phenomenon we need a good understanding on regularly

varying theory, probability theory and statistical inference. Consequently, heavy-tailed data

analysis is a challenging field of study, but it is an extremely important one for real-world

applications. Heavy-tailed analysis is fundamental to the study of extreme value theory and is

the main topic of this thesis.

Bayesian statistics will provide flexible models and practical methods for performing the

inference, and by combining theory developed in Bayesian statistics and Extreme value statistics

we are able to solve interesting problems related to heavy-tailed analysis. The main idea behind

this field is focused on fitting a probability model to the data of interest and summarizing

the result by a probability distribution or a family of probability distributions. The space of

the parameter of interest can be finite dimensional (parametric Bayesian statistics) or infinite

dimensional (non-parametric Bayesian statistics), this defines the two main areas of interest

in Bayesian statistics. The following references, Gelman (2014); Quintana and Müller (2004);

Ghosal and Van der Vaart (2015) provide a good understanding of the standard practice and

main results developed in both areas. Bayesian statistics will provide flexible models and

practical methods for performing the inference, and by combining theory developed in Bayesian

statistics and Extreme value statistics we are able to solve interesting problems related to heavy-

tailed analysis.
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Chapter 1

Motivation and Background

This chapter offers preparations and motivations as well as technical details required

to identify and solve the problems presented in this thesis.

1.1 Getting started

Heavy-tailed analysis is an area of increasing interest and of active development—both from an

applied and theoretical outlook. Loosely speaking, it focuses on modelling data that with large

probability can attain large values. Heavy-tailed data are observed every day in different fields,

including engineering, finance, hydrology, and medicine. Although heavy-tailed data analysis

is widely needed in practice, it is a challenging field of study as several standard concepts (e.g.

moments) and tools (e.g. Dirichlet process) are not tailored for dealing with it. To put this into

context, we demonstrate the importance of studying heavy tails by commenting on some real

life applications. In risk analysis we see heavy-tailed signals all the time and they are usually

related with extreme events. For instance, there is evidence showing that floods caused more

than half million deaths between 1980–2009 (Doocy et al., 2013); and floods are an example

of a extreme event showing a heavy tail behavior. There are a variety of other meteorological

phenomena with a heavy-tailed behavior, including heatwaves, tropical storms, hurricanes, large

wildfires, and other extreme weather events that affect society as well as the ecosystem (e.g.

Mendes et al., 2010; Lin et al., 2010; Naveau et al., 2016; Davis and Uryasev, 2016). Also, there

are numerous applications on reinsurance and finance exhibiting heavy-tailed behavior; such

as, the extreme losses on a portfolio of stocks, large insurance claims, insurance payouts, and

so on (e.g. Embrechts et al., 1997; Longin, 2017; Albrecher et al., 2017).

Heavy-tailed distributions go beyond risk analysis, they also play an important role in mod-

elling data in neurology and medicine. For instance, in neuroscience are known to exhibit a

heavy-tailed behavior and is related to important medical conditions, such as Alzheimer’s dis-

ease, dementia, depression, anxiety, and many others (e.g. Frank, 2009; Roberts et al., 2015).
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These real world applications showcase the need for developing methodologies capable of mod-

elling heavy-tailed behavior and quantifying its risk. Motivated by the applications discussed

above, a main goal of this thesis will be to address some of the open problems on heavy-tailed

modelling. To do this, we will rely on one of the most active fields on statistical inference,

namely that of Bayesian nonparametrics. Roughly speaking, the Bayesian nonparametric ap-

proaches are endowed with a high level of flexibility for modelling, in the sense that they are

centered a priori around a parametric model but allow for the data to take over whenever there

is evidence against that model. As a consequence, the heavy-tailed models developed on this

thesis will lie at the interface of two fast-evolving fields of statistics—extreme value theory

(Coles, 2001; Beirlant et al., 2004) and Bayesian nonparametrics (Müller et al., 2015a; Ghosal

and Van der Vaart, 2015)—and hence this thesis will aim to combine these fields and solve

interesting problems related to heavy-tailed analysis.

In the following sections we provide an introduction to the fields of extreme value theory

and Bayesian nonparametrics, including some preparations for the following chapters.

1.2 Main Contributions of this Thesis

The main contributions of this thesis entail the development of novel concepts, methods, and

inference approaches of Bayesian heavy-tailed modelling. Specifically, the main contributions

are as follows.

Contribution 1: Heavy-Tailed Pitman–Yor Mixture Models

The big challenge of modelling heavy-tailed data using random probability measures is one of

the motivations of this contribution. From a theoretical perspective, the characterization of the

tails of a random probability measure provides a framework of appropriate random measures

that can be used to model heavy-tailed data. For instance, it is well known that the tails

of the Dirichlet process are exponentially thinner than the tails of the baseline, which leads

to inappropriate models for heavy-tails. From an applied viewpoint, mixture models over a

random probability measure and generalizations of them lead to extremely flexible models that

can be adjusted to a variety of practical problems including heavy-tailed signals.

The contributions of this chapter are twofold. First, we characterize the tails of a particular

instance of the Pitman–Yor process, known as the stable law process. In particular, we show

that the tails of the stable law process are heavy-tailed, provided that the baseline is itself heavy-

tailed, leading to appropriate models for heavy-tails and derive envelopes for the trajectories

of the tail. Second, we develop two classes of heavy-tailed mixture models and rely on the

characterization of the tails of the random measures to assessed their relative merits. We

extend the methodology to the multivariate setup and provide a covariate-dependent version.
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Contribution 2: Interfacing Nonstationary Multivariate Extremes and

Heteroscedastic Extremes

Plenty of applications on multivariate extremes have a time-evolving nature and a lot of effort

has been devoted to track how the dependence between the extreme values evolves over time—or

according to another covariate—which is the main focus of nonstationary multivariate extremes.

Yet, it is still a very challenging goal. This chapter propose a statistical framework that aims to

link two mainstream fields of extreme value theory—nonstationary multivariate extremes and

heteroscedastic extremes—and to deal with the nontrivial challenge of tracking the dependence

over time using the heteroscedastic extremes regime.

We show how the proposed framework captures key aspects on the dynamics of extremal

dependence over time. In particular, that the scedasis function of the joint tail can be regarded

as a standardized time-varying version of the coefficient of extremal dependence. More general,

using a class of aggregation rules for extreme values, we show that a constant scedasis corre-

sponds to stationary multivariate extremes. Another contribution of this chapter is to propose

Bayesian inference for the magnitude and frequency of extremes. In particular, for the structure

scedasis functions, we propose inference via finite mixtures of Polya trees supported on the unit

interval, which avoid boundary bias.

1.3 Outline of this Thesis

The remainder of the thesis unfolds as follows. The thesis is partitioned into four parts. Part

I, consists of Chapters 1, 2, and 3 and contains background and lays the groundwork. Part II,

consists of Chapters 4 and 5 and contains the proposed methodologies and main contributions

of the thesis. Part III, which consists of Chapter 6 discusses the main results. Finally, Part IV

contains two supporting chapters that complement the main contributions.

The details are as follows. In Chapter 1, we provide some motivation for modelling heavy-

tailed data and introduce basic concepts and preparations on extreme value theory and Bayesian

nonparametric theory. In Chapter 2, we revise literature related to Bayesian nonparametric

priors with a particular emphasis on the prior processes that will play a key role in Part II,

namely: the Pitman–Yor and the Polya-tree. Details on the construction of these process priors

and posterior distributions are provided in this chapter. In Chapter 3, we revise literature on

nonstationary extremes focusing on the study of dependence of extremes changing over time,

providing information on measures of dependence for extremes, a brief introduction to copulas to

study and model different dependence structures, and then an extension to time-varying version

when we assume a nonstationary setup. In Chapter 4, we introduce a model that induces a prior

on the space of multivariate distributions with heavy-tailed margins. We provide results on the

tail behavior of some well known random process, such as the Stable process and the Dirichlet

13



process. The model is extended to the predictor-dependent version to include covariates on a

heavy-tailed response. This is a flexible multivariate model able to estimate the body and the

tail of a heavy-tailed distribution simultaneously. In Chapter 5, we introduce a Bayesian model

for learning about the frequency and magnitude of extreme values in the joint tail as well as in

other regions, whose shape will be defined via a class of natural rules for aggregating extreme

values on a common scale. We demonstrate how the resulting structure scedasis function carries

key information on the dynamics governing the degree of association of extremes of the basis

process over time, and developed Bayesian inference methods for the two targets of interestthe

structure scedasis function and the extreme value index. Finally, in Chapter 6 we present some

closing remarks, limitations, and comment on open problems to be addressed in research.
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Chapter 2

Nonparametric Bayesian Analysis

This chapter will briefly review theory and methods of nonparametric Bayesian in-

ference, with a special emphasis on the priors that will play a key role in the main

contributions of this dissertation.

2.1 Introduction

Bayesian nonparametric priors has been studied by several authors, the following books Ghosal

and Van der Vaart (2015) and Müller et al. (2015b), provide full details about Bayesian non-

parametric priors, theoretical properties and an extended view on applications. There are a lot

of ways to construct a prior in the space of probability measures. For instance, construction

through a stochastic process, construction through normalization of a random measure, con-

struction through stick-breaking, and construction though a tree. The two priors of interest

in this thesis will be constructed via stick-breaking (Pitman–Yor) and via a tree (Polya tree).

Note that there are other options to construct the Pitman–Yor prior, but for now we will focus

on the stick-breaking construction, Chapter 4 will provide a connection with the construction

of a Pitman–Yor process via normalization of a random measure. The first prior introduced in

this chapter is the Dirichlet process prior, and then we introduce extensions as they provide

more flexibility to perform inference and the methodologies developed in this thesis will take

advantage of their flexibility. Chapter 4 will study the tails of the Pitman–Yor process prior

(PYP) and variations of it (covariance dependent version), and will use this result to developed

mixture models. Chapter 5, will developed methodology using the mixture of Polya tree priors

to induce a prior in the space of structure scedasis functions. The following sections provide a

brief introduction to some priors on spaces of probability measures.
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2.2 Bayesian Inference via Prior Processes

The main contributions of this thesis will involve methodologies from nonparametric Bayesian

inference, and hence below I will introduce some preparations on the subject. Recall that, by

definition a statistical model consists of a family of probability measures indexed by a parameter,

G “ tGθ : θ P Θu. Statistical models that are described through a finite vector are referred

as finite-dimensional models or parametric models. A Bayesian nonparametric (BNP) model

is described through an infinite-dimensional parameter, and hence the parameter space is for

example a function space. Using this approach allows more flexibility by relaxing the parametric

assumptions. To perform Bayesian inference in a nonparametric model we need to define a prior

on the infinite-dimensional parameter space, this parameter is usually a function or a measure

(random probability measure, regression function, etc.). This section will be focus on the most

commonly used prior process—the Dirichlet process—and review interesting properties as well

as different representations.

2.2.1 Dirichlet Process

The Dirichlet process (DP) is considered a canonical example of a Bayesian nonparametric

prior, mainly due to the mathematical tractability and its various representations. There are

several methods to construct the Dirichlet process (e.g. Ferguson, 1973; Sethuraman, 1994), in

this subsection we will review some of this constructions.

Definition 1. (Dirichlet process) A random measure G on a Borel space pS,BSq is a Dirichlet

process with total mass parameter M “ GpSq and with base measure G0, if

pGpB1q, . . . , GpBkqq „ DirpMG0pB1q, . . . ,MG0pBkqq (2.1)

for every finite measurable partition B1, . . . , Bk of S.

If the random measure G follows a Dirichlet process, we will write G „ DPpM,G0q, where M

is called the precision parameter and G0 the centering distribution. Properties of the DP will

be derived directly from the Dirichlet distribution (2.1); in the following proposition we state

the mean and variance of the Dirichlet process.

Proposition 1. Let G „ DPpM,G0q. Then, for any measurable sets A and B,

1. EtGpAqu “ G0pAq.

2. VartGpAqu “ tG0pAqp1´G0pAqqu{M ` 1.

3. CovtGpAq, GpBqu “ tG0pAXBq ´G0pAqG0pBqu{M ` 1.

Proposition 1 shows the effect of the precision parameter M in the variance of the DP. The

proof of Proposition 1 can be found in Ghosal and Van der Vaart (p.60 2015). For instance,
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for large M , the variance of the process G goes to zero, and G is concentrated in G0. Whereas,

for small M , the variance is very large and G is concentrated in the empirical distribution.

Figure 2.1 illustrate the effect of the precision parameter M on realizations of a DP.
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Figure 2.1: Plot of 20 sample trajectories from the DPpM,G0q, with G0 “ Np0, 1q a standard

Normal distribution. For different values of M .

Stick-Breaking Representation

The Dirichlet process have another useful representation, motivated by its almost surely discrete

nature, the so-called stick-breaking representation, given by Sethuraman (1994). A random

probability measure G follows a Dirichlet process—here denoted as G „ DPpM,G0q—if G

admits a stick-breaking representation of the type,

G “
8
ÿ

h“1

πhδYh , (2.2)

where

Yh
iid
„G0, πh “ Vh

ź

kăh

p1´ Vkq, Vh
iid
„ Betap1,Mq, h P N.

and δx the Dirac delta over x.

Posterior conjugacy

The Dirichlet process is conjugated with respect to a random sample of the probability measure

G. This property means the posterior given a sample will also be a DP but with parameters

updated.

Proposition 2. Let Y1, . . . , Yn | G
iid
„ G with G „ DPpM,G0q. Then

G | Y1, . . . , Yn „ DPpM ` n,
M

M ` n
G0 `

n

M ` n
Gnq

where Gn “ n´1
řn
i“1 δYi is the empirical distribution of Y1, . . . , Yn.
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The proof of Proposition 2 involves Dirichlet-Multinomial conjugacy and further details on it can

be found in Ghosal and Van der Vaart (p.62 2015). Combining Proposition 2 and Proposition 1,

we can obtain the posterior mean and the posterior variance of the DP,

EtGpAq | Y1, . . . , Ynu “
M

M ` n
G0pAq `

n

M ` n
GnpAq, (2.3)

VartGpAq | Y1, . . . , Ynu “
GnpAqt1´GnpAqu

1`M ` n
. (2.4)

As in can be seen from (2.3), the posterior mean is a convex combination of the prior mean G0

and the empirical distribution, where for fixed M and large n the posterior mean has the same

asymptotic properties as the empirical distribution Gn.

2.2.2 Dirichlet Process Mixtures

The Dirichlet process, as mentioned before is discrete with probability one. This section will

focus on Dirichlet process mixtures, an approach introduced to overcome the lack of smoothness

of the DP when estimating a density. The idea is to provide more smoothness by convolving

the trajectories of the DP with some continuous kernel K.

Consider Kpy; θq, the density of a kernel with θ P Θ Ď Rq, then the densities

fpyq “

ż

Θ

Kpy; θqdGpθq (2.5)

are known as Dirichlet process mixtures (DPM), if G „ DPpM,G0q. The kernel choice will

depend on the sample space. For example, in the unit interval we consider kernels such as Beta;

on the positive line we consider kernels such as Gamma, Weibull or Log-Normal and for the

real line we consider kernels such as Normal. Note that using the stick-breaking representation

of the DP, we can write the DPM model (2.5) as,

fpyq “

ż

Θ

Kpy; θqdGpθq “
8
ÿ

h“1

πhKpy; θhq. (2.6)

The representation of the DPM given by (2.6) is very useful for posterior sampling. Walker

(2007) and Kalli et al. (2011) developed an slice sampler for the posterior of the DPM. Below

we describe briefly the algorithm; extend (2.6) by considering a latent variable u such that

fpy, uq “
8
ÿ

h“1

1pu ă πjqKpy; θhq.

Then, given u we have a finite mixture,

fpy | uq “ N´1
u

ÿ

jPAu

Kpy; θhq,
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where Au “ tk : πk ą uu and Nu “
ř8

j“1 1pπh ą uq. Next, add another latent variable d, a

membership variable with ppdi “ h | elseq91pui ă πhq. Then, the variables of the slice sampler

can be updated as follows,

• ppθ | elseq 9G0pθhq
ś

di“h
Kpyi; θhq.

• ppVh | elseq 9 BetapVh; 1`
řn
i“1 1pdi “ hq,M `

řn
i“1 1pdi ą hqq.

• ppui | elseq 9 1p0 ă ui ă πdiq.

• ppdi “ k | elseq 9 1pk : πk ą uiqKpyi; θkq.

There are other algorithms to sample from the Dirichlet process mixtures, using different ap-

proaches such as the blocked-Gibbs sampling algorithm MacEachern (1994), Neal’s algorithm

and Reversible Jump Markov Chain Monte Carlo Jain and Neal (2004). We focus this section

on the algorithm proposed by Kalli et al. (2011), as the Gibbs sampler presented on Chapter 4

will be an extension of this sampling method.

Beyond the Dirichlet process, there are other options of Bayesian nonparametric priors;

Next, we introduce two extensions of the Dirichlet process prior that can be used for density

estimation problems and they will be key for the methodology developed in this thesis.

2.3 Construction of a Prior Process

This section, introduced different constructions of a prior distribution on the space of probability

measures. The Dirichlet process introduced in Subsection 2.2.1 allows different representations,

depending on the construction. Similarly, other prior processes will allow different constructions.

In this section, we provide more information about the different constructions that will be used

to define the Pitman–Yor process and the Polya tree process. Computational methods for both

prior processes are available in the Supporting Material A and B, respectively.

Construction through Stick-Breaking

The stick-breaking construction consists in breaking a stick of length one, at random to each

element of N. Consider a stick on length one and random variables on the unit interval pViqiď1,

the stick-breaking construction consists on cutting the stick according to pViqiě1. First, cut the

stick into two parts, one of length π1 “ V1 and the reminder of length p1 ´ π1q “ p1 ´ V1q.

Second, cut the leftover stick of length p1´π1q into two parts, one proportional to V2, obtaining

a stick of length π2 “ V2p1 ´ V1q and the reminder of length p1 ´ V2qp1 ´ V1q. Continue this

process, so at step j, we have j sticks of length π1, . . . , πj , where πj “ Vj
śj
i“1p1 ´ Vjq and

a reminder stick of length 1 ´
ř

jě1 πj . We can see that by construction,
ř

jě1 πj ď 1, with

0 ď πj ď 1. Figure 2.2 illustrates the stick-breaking construction.
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Figure 2.2: Stick-breaking construction, first steps.

Definition 2 (Stick-breaking process). A random probability measure µ is called a stick-

breaking process if it has atomic decomposition of the form

µ “
8
ÿ

h“1

πhδYh πh “ Vh
ź

kăh

p1´ Vkq,

where pYhqhě1 are a collection of atoms independent of the weights pπhqhě1, for some random

variables pVhqhě1 on the unit interval.

The stick-breaking process µ will be proper if and only if limjÑ8Et
śj
i“1p1´ Viqu “ 0, if µ is

proper, this implies that
ř

jě1 πj “ 1. Note that the Dirichlet process is a particular case of

stick-breaking process with Vh „ Betap1,Mq, and satisfying the condition limjÑ8Et
śj
i“1p1´

Viqu “ 0.

Construction through a Tree

For this construction, we will consider a sequence Π0 “ tXu, Π1 “ tB1,1, B1,2u,

Π2 “ tB2,1, B2,2, B2,3, B2,4u, and so on, of partitions of the sample space X. Let G be a prob-

ability measure, satisfying the tree additivity property, i.e, GpBj´1,kq “ GpBj,k`1q ` GpBj,kq

for k “ 1, . . . , 2j and consider the conditional probabilities for l “ 1, . . . , 2j and all j,

pj,2l “ GpBj,2l | Bj´1,lq pj,2l´1 “ GpBj,2l´1 | Bj´1,lq. (2.7)

Figure 2.3 illustrates the tree construction.
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Figure 2.3: Tree diagram construction, first steps.

Then, if we define the probability of a set BJ,l as,

GpBJ,lq “
J
ź

j“1

pj,rl2j´J s,

and pj,k`1 ` pj,k “ 1, G will define a finitely additive measure (see Ghosal and Van der Vaart,

2015, Section 3).

Definition 3 (Tail-free process). The random measure G, satisfying the tree additivity prop-

erty and with conditional probabilities defined as (2.7) is a tail-free process with respect to the

partition Π “ tΠj : j “ 1, ¨ ¨ ¨ u if tp0u, tp1,1, p1,2u, . . . , are independent.

Note that the Dirichlet processes has a representation as a particular case of a tail-free process,

if in Definition 3 we define tp0u, tp1,1, p1,2u . . . to be Beta distributed with parameters adding

up to the upper branch of the tree; that is, if we add the parameters of p1,1 we recover the first

parameter of p0, and so on.

Construction through Normalization of a Random Measure with Inde-

pendent Increments

For this construction, we first characterized the class of random measures with independent

increments and then define the normalized prior process.

Definition 4. [Complete random measure CRM] A measure µ on a Borel space pS,BSq is

a complete random measure if for every disjoint set B1, . . . , Bn P BS, the random variables

pµpB1q, . . . , µpBnqq are independent.
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In simple words, it is a random measure, which produce independent random variables when

evaluated over disjoint sets. Inhere, whenever we work with a completely random measure we

will assume that it has no fixed jumps and that the Laplace transform of µ admits the following

representation:

E
”

e´λµpBq
ı

“ exp

„

´

ż

R`ˆB
p1´ e´λvqνpdv, dyq



where λ ą 0 and ν is a measure referred to as the Levy measure of µ. The Lévy measure is a

measure satisfying
ş

R`ˆB mintv, 1uνpdv, dyq ă 8, and can be decomposed as νpdv, dyq “ ρpdv |

yqαpdyq, where ρ will control the jump intensities and α the location of the jumps. Now, our

main topic of interest is to define random probability measures, and we will be using completely

random measures to build them through normalization.

Definition 5. [Normalized random measure with independent increments NRMI] Let µ be a

CRM, with Lévy measure νpdv, dyq “ ρpdv | yqαpdyq, such that 0 ă µpSq ă 8. Then G is a

NRMI defined as,

G “
µ

µpSq

The condition 0 ă µpSq ă 8, provides a sufficient condition for the normalization to be well

defined, which is satisfied when the Lévy measure is such that α is finite and
ş

R` ρpdv | yq “ 8.

We called G a NRMI prior process, and it is fully characterized by their Lévy measure νpdv, dyq.

The Dirichlet process can be defined as a NRMI, when we take the CRM µ to be the gamma

process, when νpdv, dyq “ e´vv´1Gpdyq, with G0 the centering distribution, and M analogous

to Definition 1 of the Dirichlet process.

2.4 Pitman–Yor Process

The Pitman–Yor process (PYP) stems from the two parameter-parameter Poisson–Dirichlet

(PD) distribution of Pitman and Yor (1997), and it is a key instance of a stick-breaking prior.

The two parameter PD distribution is a family of distributions designed to generate stick-

breaking-type weights; note, however, that Pitman and Yor do not focus on atoms, nor comment

on the random probability measures that can be devised by PD distributions. Ishwaran and

James (2001) later took advantage of the rich class of weights stemming from PD distributions

in order to construct random probability measures that extend the Dirichlet process are now

known as Pitman–Yor Processes.
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Stick-Breaking Representation

A random probability measure G follows a Pitman–Yor process, here denoted as

G „ PYPpD,M,G0q, if G admits a stick-breaking representation of the type,

G “
8
ÿ

h“1

πhδYh , (2.8)

where

Yh
iid
„G0, πh “ Vh

ź

kăh

p1´ Vkq, Vh
ind
„ Betap1´D,M ` hDq, h P N.

The parameters of the Pitman–Yor and are known as discount (D), precision (M), and centering

distribution (G0) and are subject to the constraints 0 ď D ă 1 and M ą ´D. The Dirichlet

process is a particular case, with D “ 0 and the case where M “ 0 is known as the class of stable

law processes. In terms of the two parameter-parameter Poisson–Dirichlet (PD) terminology of

Pitman and Yor, there is the following correspondence:

• Dirichlet process: PDp0,Mq.

• Stable law process: PDpD, 0q.

The stick-breaking representation is handy for a variety of purposes, however it can also be

derived via normalization of a D-stable subordinator or a generalized gamma process. The

next proposition, states the mean and variance of the Pitman–Yor process.

Proposition 3. Let G „ PYPpD,M,G0q. Then, for any measurable sets A and B,

1. EtGpAqu “ G0pAq.

2. EtGpAqGpBqu “ 1´D
M`1G0pAXBq `

M`D
M`1 G0pAqG0pBq.

3. CovtGpAq, GpBqu “ 1´D
M`1tG0pAXBq ´G0pAqG0pBqu.

Proposition 3 provides insight on the effects of the parameters M and D on the PYP. For

instance, for fixed M , when D approaches 1, we get that the variance goes to zero, and G is

concentrated in G0. Alternatively, if M approaches zero, for fixed D, the variance is large and

the G0 approaches the empirical distribution. Figure 2.4 illustrates the effect of the parameters

M and D on realizations of a PYP.
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Figure 2.4: Plot of 20 sample trajectories from the PYPpD,M,G0q, with G0 “ Np0, 1q a

standard Normal distribution. For different values of D and fixed M “ 1.

Posterior conjugacy

The Pitman–Yor process is not conjugate in general, only on the case when we recover the

Dirichlet process, but we still can characterize the posterior in the following proposition.

Proposition 4. Let Y1, . . . , Yn | G
iid
„ G with G „ PYPpD,M,G0q for D ě 0. Then the

posterior G | Y1, . . . , Yn is the distribution of the random measure,

Rn

Kn
ÿ

j“1

V̂jδŶj ` p1´RnqQn

where Rn „ Betapn ´ KnD,M ` KnDq, pV̂1, . . . , V̂Knq „ DirpKn;N1,n ´ D, . . . , NKn,n ´ Dq

and Qn „ PYPpD,M `DKn, G0q independently. And N1,n, . . . , NKn,n are the multiplicities of

the Kn distinct values pŶ1, . . . , ŶKnq of the sample.

The proof of Proposition 3 and Proposition 4 can be found on Ghosal and Van der Vaart

(Chapter 19 2015). The posterior distribution of the Pitman–Yor process will be consistent

in weak topology for two specific cases: when the true distribution is discrete and when the

centering distribution G0 is proportional to the continuous part of the true distribution. In the

special case of recovering the Dirichlet process, it means a Pitman–Yor process with parameters

PYPpD “ 0,M,G0q then the posterior distribution will always be consistent; see Ghosal and

Van der Vaart (Theorem 14.38 2015). In summary, the Pitman–Yor process is only consistent

under fairly unrealistic situations—except for the case of the Dirichlet process which turns out to

be consistent under fairly mild assumptions. Another type of important results concerning the

posterior distribution of a nonparametric prior are the class of Bernstein–von Mises theorems

that provides asymptotic approximations for the posterior distributions to a Gaussian, and are

important for the construction and interpretation of Bayesian credible regions. Ray and van der
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Vaart (2021) prove a kind of Bernstein–von Mises theorem for the Dirichlet process posterior,

specifically show that the Laplace transform of the posterior Dirichlet process centered at the

empirical measure converges to the Laplace transform of a centered Normal distribution. Ghosal

and Van der Vaart (Lemma 14.39 2015), show a Bernstein–von Mises theorem for the Pitman–

Yor process posterior, in the particular case of an atomless distribution. Then, Franssen and

van der Vaart (2021) provide a Bernstein–von Mises theorem when the true distribution of the

data is discrete and with atoms that decrease not too slowly.

2.5 Polya Tree Process

The Polya tree prior, is a random measure construct via a tree, which is a special case of a

tail-free random measure. This class of priors are flexible and contain the Dirichlet process as

a special case. Polya tree constructions were first considered by Ferguson (1974); Lavine et al.

(1992, 1994). The idea is similar to defining an histogram, but adding a random component,

consider the bins of the histogram as tBj,l : l “ 1, . . . , 2ju for j “ 1, 2, . . . ., but now the

probability on each bin will be random GpBj,lq according to a random probability measure

G, and defining the recursive random probabilities pj,2l “ GpBj,2l | Bj´1,lq and pj,2l´1 “

GpBj,2l´1 | Bj´1,lq. This is made precise in the following definition from Müller et al. (2015a).

Definition 6. (Polya tree prior) Let Π “ tΠju be a sequence of nested partitions of the form

Πj “ tBj,l : l “ 1, . . . , 2ju, and A “ tαj,l : l “ 1, . . . , 2ju a collection of nonnegative numbers.

Then, a random probability measure G in X is a Polya tree prior with parameters pΠ,Aq if for

every l “ 1, . . . , 2j and

GpBJ,lq “
J
ź

j“1

pj,rl2j´J s, j “ 1, . . . ,

where the conditional probabilities pj,l are mutually independent random variables

pj,l „ Betapαj,2l´1, αj,2lq

and pj,2l “ 1´ pj,2l´1. We write G „ PTpΠ,Aq.

Note that from the definition, we can see that Polya trees are a special case of tail-free processes,

when we consider the conditional distributions to be Beta distributed. The Dirichlet Process

(DP) can be obtained as a specific case of a Polya tree prior when we add the condition

αj,2l ` αj,2l´1 “ αj,l, this special case has the advantage that the choice of αj,l does not affect

the inference. However, the Polya tree prior will allow for choices of αj,l such that G is absolutely

continuous with probability one, which we could never achieve with the DP (Ferguson, 1974).
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Posterior conjugacy

The Polya tree prior is conjugated under a random sample of the probability measure G, it

means, given a sample, the posterior will also be a Polya tree process but with parameters

updated by the number of observations yi in each interval Bi,j of the partition.

Proposition 5. Let Y1, . . . , Yn | G
iid
„ G with G „ PT pΠ,Aq. Then

G | Y1, . . . , Yn „ PT pΠ,A˚q,

where α˚j,l P A˚ are α˚j,l “ αj,l ` kj,l, and kj,l “
řn
i“1 1YiPBi,j .

The proof of Proposition 5 can be found in Lavine et al. (1992, 1994), with more information

regarding the marginal distribution of the random sample. Specific choices of partitions Π, will

allow the random measure G to be center on a parametric distribution G0, that the EpGq “ G0

(Lavine et al., 1992).

Prior centering on a parametric distribution

Let G0 be a continuous distribution function, and G´1
0 the inverse distribution function, define

the partition Π in terms of the quantiles of G0,

Bj,l “ rG
´1
0 tpl ´ 1q{2ju, G´1

0 tl{2juq,

where j “ 0, . . . , 2j , and take αj,2l “ αj,2l´1. Then,

EtGpBj,lqu “
J
ź

j“1

Etpj,lu “
1

2J
“ G0pBj,lq.

We write G „ PT pG0,Aq. We can additionally consider a prior on the parameters of G0 so that

the partition Π is updated at each step; this is known as a Mixture of Polya tree priors and has

the advantage of changing the jumps, leading to smooth densities (Hanson and Johnson, 2002).

Conditions for posterior consistency in density estimation of Polya trees in weak topology can

be found in Lavine et al. (1994) and Ghosal et al. (1999), and results on posterior consistency

under Hellinger topology can be found in Barron et al. (1999). A nonparametric Bernstein–von

Mises theorem for the Polya tree process was given by Castillo (2017) along with the study of

contraction rates.

2.6 Miscellanea

Until now we have focus on the priors of most interest for the contribution chapters, the

Dirichlet, Pitman–Yor and Polya tree, however there are many other prior processes that have

26



interesting properties. In this section, we will review other prior processes that are based on

the constructions from Section 2.3.

Extensions using Stick-Breaking Representation

There are many stick-breaking approaches for constructing prior processes, we provide below

some other examples beyond the DP and the Pitman–Yor.

Example 1 (Geometric process). A random probability measure G follows a geometric process,

denoted as G „ Gpν0, G0q if G admits a stick-breaking representation of the type,

G “
8
ÿ

h“1

πhδYh , (2.9)

where

Yh
iid
„G0, πh “ Vh

ź

kăh

p1´ Vkq, Vh “ λp1´ λqi´1, λ „ ν0, h P N.

Here, G0 is the center distribution and ν0 is a random variable, usually defined as a Beta dis-

tribution. The popularity of this model arises from the decreasing structure of the weights and

their simple stick-breaking representation. The geometric process was introduced by Fuentes-

Garcia et al. (2010), and Mena et al. (2011) proposed posterior algorithms for this prior process.

Example 2 (Probit stick-breaking process). A random probability measure G follows a probit

stick-breaking process, denoted as G „ PSBPpµ, σ,G0q if G admits a stick-breaking representa-

tion of the type,

G “
8
ÿ

h“1

πhδYh , (2.10)

where

Yh
iid
„G0, πh “ Vh

ź

kăh

p1´ Vkq, Vh “ Φpαhq, αh „ Npµ, σq, h P N.

Here, Φ is the standard normal cumulative distribution, G0 is the center distribution and µ

and σ will control the variability of the trajectories around G0. For further details on this prior

process, see Rodŕıguez and Dunson (2011).

Extensions using NRMI

As mentioned in Section 2.3, different CRM will lead to different NRMI priors, below we present

one of the most interesting priors the so-called normalized generalized Gamma processes that

are of great interest due to their generality.
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Example 3 (Normalized generalized Gamma). A random probability measure G in pS,BSq

follows a normalized generalized Gamma process, denoted as G „ NGGpM,k, γ,G0q if G is

defined as,

G “
µ

µpSq
,

where µ is a CRM, with Lévy measure

νpdv, dyq “
e´kv

Γp1´ γqv1`γ
dvGpdxq.

Here, G0 is the centering distribution and M is the total mass, with k ď 0 and γ P r0, 1q

the parameters controlling the variability of the trajectories around G0.

Note that the class of normalized generalized gamma priors contains a lot of interesting

priors as special cases:

• If G „ NGGpM, 1, 0, G0q we recover the Dirichlet process.

• If G „ NGGp1, k, 1{2, G0q we recover the normalized inverse Gaussian (N-IG) process.

• If G „ NGGp1, 0, γ,G0q we recover the stable process process.

See Lijoi et al. (2007) for more details on NGG processes and James et al. (2009) for posterior

inference algorithms. An interesting application of this general class of processes, is the con-

struction of mixture models. Barrios et al. (2013), considered infinite mixture models, based on

NGG measures. Similar to Section 2.5, consider Kpy; θq, the density of a kernel with θ P Θ Ď Rq,

and let

fpyq “

ż

Θ

Kpy; θqdGpθq (2.11)

where now the mixing distribution is G „ NGGpM,k, γ,G0q, these type of mixtures are ex-

tremely flexible and computational methods are available, Barrios et al. (2013) provided details

on posterior inference for these mixture models.
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Chapter 3

Nonstationary Heavy-Tailed

Models

In this chapter, we overview some key methods and results for modelling nonsta-

tionary extremes that have some links with the methodology developed in the main

contributions of the thesis.

3.1 Introduction

The statistical models under the assumption of stationary data can be strong and restrictive for

some applications. For instance, in modelling financial data where it is common to study the

time-varying process over time and the assumption of stationary observations can be restrictive,

in fact it has been documented in the literature (Poon et al., 2003, 2004; Castro, 2015; Einmahl

et al., 2016) that the price returns of stock markets are heavy-tailed and nonstationary. For this

reason, there is need for modelling nonstationary extremes. Standard practice for modelling

univariate nonstationary data is to express the parameters of an extreme value model as a

function of covariates. For instance, Davison and Smith (1990) and Coles (2001) considered a

linear trend in the parameters of generalized Pareto (GP) distributions. Different approaches

to model univariate nonstationary extremes following the ideas on Davison and Smith (1990)

have been studied by Chavez-Demoulin and Davison (2005), Eastoe and Tawn (2009), Chavez-

Demoulin et al. (2016), introducing conditional models for the GEV (Generalized Extreme

Value) distribution. Heteroscedasic extremes is a recent methodology proposed by Einmahl

et al. (2016) that offers another paradigm for modelling nonstationary extremes where the

nonstationarity arise from changes in the frequency of extremes. For modelling multivariate

nonstationary extremes less is known, but several models have been proposed (Eastoe and

Tawn, 2009; Heffernan and Tawn, 2004; de Carvalho, 2016b; Marcon et al., 2016; Castro and de
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Carvalho, 2017; Castro et al., 2018) where the main object of study is the conditional angular

density, object we will introduce in the following sections.

One of the main focuses of nonstationary extremes is to model the dependence structure of

extreme values when it is changing over time. Copulas are powerful tools for modeling depen-

dence, and there is a strong connection between copulas and extreme value theory, Gudendorf

and Segers (2010) contains a survey on modelling dependence via extreme-value copulas. Mod-

elling the dependence changing over time can be achieved via time-varying copulas, these type

of copulas were developed by Patton (2006), who extended the class defined by Sklar (1959) for

conditional distributions. More contributions for modelling time-varying dependence via copu-

las are Van den Goorbergh et al. (2005); Jondeau and Rockinger (2006); Aloui et al. (2013).

The main contributions of Chapter 4 and Chapter 5 will have some links with the con-

cepts and methodologies introduced in this chapter. Particularly Chapter 4 will use copulas

to construct a multivariate heavy-tailed distribution, with heavy tailed marginals, and Chap-

ter 5 will interface nonstationary multivariate extremes and heteroscedastic extremes to model

frequency and magnitude of extremes on different regions. The remainder of this chapter is

organized as follows. Section 3.2 review methodology on extreme value theory. Section 3.3

examine univariate methodologies for modelling nonstationary extremes. Section 3.4 and Sec-

tion 3.5, provide some preparations for the extension to the multivariate case; introducing the

time-varying copula and the main objects for studying dependence of multivariate extremes.

Finally, Section 3.6 connects these concepts and review methodology for modelling multivariate

nonstationary extremes.

3.2 Extreme Value Theory

3.2.1 Univariate Theory of Extreme Values

In this section, we present a concise introduction to extreme value theory. Extreme value theory

focuses on the study of extreme events on the tail of a distribution, which can be categorized

into three families depending on the rate of decay of the tail: light-tailed distributions, short-

tailed distributions, and heavy-tailed distributions. In particular, the study of heavy-tailed

distributions is of great interest and regular variation is an important tool to describe them.

There are different ways to define a heavy-tailed distribution, the following definition is based on

regular variation, later in this chapter we will provide a connection with equivalent definitions

of a heavy-tailed distribution. However, the following definition is what we refer to as a heavy-

tailed distribution throughout the thesis.

Definition 7 (Regular variation). A distribution F is said to have a regularly varying tail with
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index α, if for some α ą 0,

1´ F pyq „ y´αLpyq, as y Ñ8,

where L is a slowly varying function at infinity; i.e. Lpzyq{Lpyq Ñ 1, as y Ñ8 for all z ą 0.

Definition 7 is equivalent to say that F is a heavy-tailed distribution, where ξ “ 1{α is called

the extreme value index. Note that with increasing values of ξ, the tail becomes heavier.

Extreme value theory is not only about the study of heavy-tailed distributions in the sense

of Definition 7, but they are an important framework when studying extreme value theory, the

methodology provided below will be made general for any rate of decay of the tail. We present a

concise introduction of the main methods for modelling extreme values: block maxima methods

and threshold methods. The first one, considers asymptotics of the block maxima (minima)

and the second one considers observations exceeding certain threshold. The results presented

in this section are well known in the literature and can be found, for instance, in Coles (2001)

and Beirlant et al. (2004).

Block Maxima Methods

For the first method, let us focus on the behavior of Mn “ maxpY1, . . . , Ynq, where Y1, . . . , Yn

are independent and identically distributed random variables, with distribution function F . It

is of probabilistic interest to study the possible limit distributions of the maxima Mn. The dis-

tribution of Mn can be easily obtained for all values of n, simply using the fact of independence

between the variables:

P pMn ď zq “ P pY1 ď zq ˆ ¨ ¨ ¨ ˆ P pYn ď zq “ tF pzqun

Under this expression, the problem simplifies to studying the behavior of tF pzqun in the limit,

by definition, for any z ă z˚, where z˚ is the end-point of F , the limit of tF pzqun will be zero.

Hence, to get a non-degenerate distribution, considering a standardization seems natural:

M˚
n “

Mn ´ bn
an

.

The following theorem, attributed to Fisher and Tippett (1928) and Gnedenko (1943), is a key

result on extreme value theory as it derives the general form of all possible limit laws for M˚
n .

Theorem 1. (Extremal limit theorem) If there exist sequences of constants tan ą 0u and tbnu

such that,

P tpMn ´ bnq{an ď zu Ñ Gpzq, as nÑ8,
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for G a non-degenerate distribution function, then G is of the form:

Gpzq “ exp

«

´

"

1` ξ

ˆ

z ´ µ

σ

˙*´1{ξ
ff

, (3.1)

for tz : 1` ξpz ´ µq{σ ą 0u, ´8 ă µ ă 8, σ ą 0 and ´8 ă ξ ă 8.

Proof. See de Haan and Ferreira (2006, Section 1.1.3).

Theorem 1, states that the limit distribution of M˚
n belong to the generalized extreme value

(GEV) family, distribution obtained in (3.1), with three parameters of interest, µ the location

parameter; σ the scale parameter and ξ the shape parameter, denoted by GEVpµ, σ, ξq. The

shape parameter ξ in the GEV distribution (3.1) is of great importance in extreme value theory,

it controls the behavior of the tail and divides the space into three classes of distributions. For

ξ ą 0 the class of heavy-tailed distributions, refer to as Fréchet; for ξ “ 0 the class of light-tailed

distributions, refer to as Gumbel and ξ ă 0 the class of short-tailed distributions, refer to as

Weibull. This class of distributions is called the domain of attraction of G and will be denoted

by DpGq and ξ is called the extreme value index. Note that for ξ ą 0, the class of heavy-tailed

distributions will satisfy Definition 7. Figure 3.1 shows the density from a GEV under each

domain of attraction. Example of distributions on each domain attraction are:

• Fréchet domain of attraction (ξ ą 0): Pareto, Generalized Pareto, Inverse Gamma, Log-

Gamma, Fréchet.

• Gumbel domain of attraction (ξ “ 0): Normal, Gamma, Exponential, Logistic, Log-

Normal.

• Weibull domain of attraction (ξ ă 0): Uniform, Beta, Reverse Burr.

Application of Theorem 1 requires splitting the data into blocks of equal length, and then fitting

the GEV to the set of block maxima. We have to consider two main things, the estimation

of the parameters of the GEV and the choice of the block size. Estimation of the parameters

in the GEV is usually made by maximum likelihood techniques, in here we focus on Bayesian

inference along the lines of Beirlant et al. (2004, Chapter 11). The choice of the size of the

blocks is a trade-off between bias and variance (not too large or too small). For very small

blocks we have an increase on the bias of the estimation, while for very large blocks we increase

the variance of the estimation. There can be cases, where it is appropriate to model block

minima, then we can easily adapt the GEV in Theorem 1 to the block mn “ minpY1, . . . , Ynq

(Theorem 3.3 Coles and Tawn, 1991), this implies fitting the GEV distribution for the block

maxima p´Y1, . . . ,´Ynq.
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Figure 3.1: Density of three instances of generalized extreme value distributions with common
scale parameter σ “ 1, location parameter µ “ ´1, 0, 1, and shape parameter ξ “ ´0.5, 0, 0.5
for the domain of attraction respectively. Weibull (green), Gumbel (blue) and Fréchet (red).

Bayesian Inference for the GEV

Bayesian inference can be conducted as follows. Let Y1, . . . , Ym be a random sample from a

GEVpµ, σ, ξq distribution. The likelihood is based on:

Yi | σ, µ, ξ „ GEVpµ, σ, ξq, i “ 1, . . . ,m.

let θ “ pµ, σ, ξq be the parameter of interest, then

fpy | θq “
1

σ

"

1` ξ

ˆ

y ´ µ

σ

˙*´1{ξ´1

exp

«

´

#

1` ξ

ˆ

y ´ µ

σ

˙´1{ξ
+ff

.

For the prior distribution, consider the maximal average data information (MDI) prior (Zellner,

1996):

πpθq “ exp rEtlog fpY | θqus 9
1

σ
e´ψp1qp1`ξq,

where ψp1q is the Euler’s constant. The Jeffreys prior on the GEV only exists when ξ ą ´0.5

and it is complicated to obtain in other cases. Under the above prior a Metropolis–Hastings

algorithm is performed with proposal density equal to a multivariate Normal on pµ, log σ, ξq to

obtain the posterior of the parameters.

Threshold Method

Until now, we discussed approaches considering the block maxima method, where the intention

is to model the asymptotic behavior of the maximum or minimum value in the data. Now, we

focus on the second method to model extremes, based on the behavior of observations above

certain threshold.
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Let X1, . . . , Xn be a random sample, with marginal distribution F . For arbitrary X in the

sequence we can focus on the conditional probability, exceeding certain threshold u:

P pX ą u` y | X ą uq “
1´ F pu` yq

1´ F puq
, y ą 0.

Approximations to this quantity are required, the main result is given in the following theorem.

Theorem 2. Define Mn “ maxpX1, . . . , Xnq, where X1, . . . , Xn are independent and identical

distributed random variables, with distribution equal to F . For arbitrary X in the sequence,

suppose that Theorem 1 holds, it means,

P pM˚
n ď zq Ñ Gpzq as nÑ8

where G is a non-degenerate distribution function of the form:

Gpzq “ exp

«

´

"

1` ξ

ˆ

z ´ µ

σ

˙*´1{ξ
ff

,

for some ´8 ă µ ă 8, ´8 ă ξ ă 8 and σ ą 0. Then, for large u the conditional probability

P pX ´ u ď y | X ą uq « Hpyq with,

Hpyq “ 1´

ˆ

1`
ξy

σ̂

˙´1{ξ

(3.2)

for σ̂ “ σ ` ξpu ´ µq defined on ty : y ą 0 and p1 ` ξy{σ̂q ą 0u. The exponential distribution

Hpyq “ 1´ expt´y{σ̂u is used for the ξ “ 0 case.

Proof. Result from Pickands (1975).

Theorem 2, states that if the limit distribution of M˚
n belong to the GEV family, then the

threshold excesses belong to the generalized Pareto family (GP), distribution obtained in (3.2)

and denoted by GPpσ̂, ξq, with parameters of interest uniquely determined by the associated

GEV distribution of the block maxima. The shape parameter ξ in the GP distribution (3.1)

controls the behavior of the tail. When ξ ă 0 the excesses have a distribution with upper

bound equal to u ´ σ̂{ξ; when ξ ą 0 the distribution has no upper limit and when ξ “ 0 the

distribution is unbounded and equal to an exponential distribution with parameter 1{σ̂. We

have to consider two main things, the estimation of the parameters of the GP and the choice

of the threshold u, as in the block maxima method, we have to consider a trade-off between

the bias and the variance. For very large threshold we have an increase on the bias of the

estimation, while for very small threshold blocks we increase the variance of the estimation.

Note that with the GP distribution we can obtain the non-conditional distribution, if (3.2) is
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a suitable model for P pX ´ u ď y | X ą uq, then it follows that

P pX ą xq “ ζu

"

1` ξ

ˆ

x´ u

σ

˙*´1{ξ

, (3.3)

where ζu “ P pX ą uq. The distribution obtained in (3.3) is of great interest, because sometimes

it is more convenient to interpret extreme value models in terms of quantiles or the return levels.

The return level xm is the level exceeded on average once every m observations, and it can be

obtain as the solution of P pX ą xmq “ 1{m.

Bayesian Inference for the GP Distribution

Bayesian inference can be conducted as follows. Let Yj “ Xi ´ u for Xi ą u and i “ 1, . . . , n,

be a sample of threshold excesses from a GPpσ, ξq, then for sufficiently large threshold u, the

ordered exceedances Yj “ Xn´u`1,n ´ Xn´u,n with Xk,n the k-order statistic of a sample of

size n, will have distribution function,

F py | σ, ξq “ 1´

ˆ

1`
ξy

σ

˙´1{ξ

for j “ 1, . . . , k. For the prior distribution, consider Jeffreys’ prior:

πpσ, ξq “
1

σp1` ξq
?

1` 2ξ
,

which is finite for ξ ą ´1{2. Another option is the maximal average data information (MDI)

prior given by,

πpσ, ξq 9 Etlog fpY | σ, ξqu “
1

σ
e´ξ.

Under the above prior one can then use a Metropolis–Hastings algorithm with proposal density

equal to a multivariate Normal on plog σ, ξq to obtain the posterior of the parameters.

3.2.2 Multivariate Theory of Extreme Values

Many applications of extreme values are inherently multivariate, and statistical methods to

analyze multivariate extremes are also of great interest. For instance, in financial data, multi-

variate modelling of extremes is essential given the nature of dependence between the financial

markets and of the stocks in a portfolio. For example, multivariate extreme value modelling has

been used for studying the event of joint extreme return losses of pairs of exchange rates (Lon-

gin and Solnik, 2001), as well as to investigate the dependence between international markets

in periods of high volatility, (Poon et al., 2003, 2004; Castro et al., 2018).

Whenever studying multivariate extremes there are two main targets of interest: The

marginal distributions and the dependence structure. To understand the dependence struc-
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ture it is convenient to standardize the margins, and a common choice is to standardize to

Fréchet margins; other choices for standardization can be found on Beirlant et al. (Section

8.2.6. 2004). It is important to notice that the class of possible limiting dependence structures

for the multivariate case cannot be captured in a finite-dimensional parametric family as in the

univariate case, which makes the study and theory for the multivariate case more challenging.

Bivariate Case

For ease of exposition we first start with the bivariate case and then extend the main ideas and

concepts for the multivariate setup. Following the same structure as in the univariate case we

focus on block maxima methods and threshold methods.

Block Maxima Methods

Block maxima approaches for multivariate extremes can be devised in a similar way as in the

univariate case but now using componentwise maxima as Mn “ pMx,n,My,nq, where Mx,n “

maxpX1, . . . , Xnq and My,n “ maxpY1, . . . , Ynq. It is of probabilistic interest to study the

possible limiting distributions of the maxima Mn. For this purpose, assume without a loss of

generality that for all i both Xi and Yi have standard Fréchet distributions of the form

F pzq “ expp´1{zq, z ą 0,

this can be easily obtained after applying a suitable transformation. To obtain standard uni-

variate results, consider the re-scaled vector

M˚
n “ pM

˚
x,n,M

˚
y,nq “ tmaxpX1, . . . , Xnq{n,maxpY1, . . . , Ynq{nu . (3.4)

The following theorem, Coles (2001, Theorem 8.1), derived the general form of all possible limit

laws for M˚
n . This can be regarded as the bivariate version of Theorem 1.

Theorem 3. Let M˚
n be defined as in (3.4), with pXi, Yiq independent vectors with standard

Fréchet margins. Then if,

P
`

M˚
x,n ď x,M˚

y,n ď y
˘

Ñ Gpx, yq, as nÑ8

with G a non-degenerate distribution function of the form

Gpx, yq “ expt´V px, yqu, x ą 0, y ą 0, (3.5)

where

V px, yq “ 2

ż 1

0

max

ˆ

w

x
,

1´ w

y

˙

dHpwq, (3.6)
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and H is a distribution function on r0, 1s with the mean constraint:

ż 1

0

w dHpwq “ 1{2.

Theorem 3 determined that the possible limits for (3.4) are in the class of bivariate extreme value

distributions, defined in (3.5). This class is in completely identified by the set of distributions

H satisfying the mean constraint, H is called spectral measure. The spectral measure H in

(3.6) plays a main role characterizing the limit of standardized componentwise maxima. Notice

that H is not necessarily differentiable and hence it may not admit a density distribution.

One option is to use non-parametric methods (Einmahl et al., 2001; Kiriliouk et al., 2015) to

estimate the spectral measure H. In practice, it is usual to resort to parametric models, and

some popular examples are listed below

• Logistic family (Coles, 2001, p.146):

hpwq “
1

2
ta´1 ´ 1utwp1´ wqu´1´1{atw´1{a ` p1´ wq´1{aua´2 (3.7)

for w P p0, 1q. And we can obtain the explicit form of the bivariate extreme value distri-

bution:

Gpx, yq “ expt´px´1{a ` y´1{aqu

with a P p0, 1q. Note that because of the symmetry of the model, the mean constraint is

automatically satisfied.

• Dirichlet model (Coles and Tawn, 1991):

hpwq “
abΓpa` b` 1qpawqa´1tbp1´ wqub´1

2ΓpaqΓpbqtaw ` bp1´ wqua`b`1
(3.8)

for w P p0, 1q and a, b ą 0. Note that the model is symmetric when a “ b.

Figure 3.2 shows how the spectral density h for the logistic model in (3.7) changes with respect

to different values of a. The parameter a controls extremal dependence so that as a Ñ 1 the

bivariate GEV corresponds to independence, and as a Ñ 0 the bivariate GEV corresponds to

perfect dependence.

Threshold Method

The second method to model bivariate extremes is based on the behavior of observations above

certain thresholds. Following the ideas of the univariate case, the aim is to obtain a bivariate

extension of (3.3), this means, a family of joint distributions F px, yq defined on x ą ux and

y ą uy above large enough thresholds ux and uy.
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Figure 3.2: Spectral density for the logistic model, for different dependent structures, a “
p0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8q colors going form light blue (small a Ñ 0) to dark blue (a Ñ 1)
respectively.

Assume that the vectors tpxi, yiqu
n
i“1 are independent and with distribution F px, yq. Then,

for large enough thresholds ux and uy, the marginal distributions of F have approximately

the form of (3.3), with parameters pζx, σx, ξxq and pζy, σy, ξyq for X and Y respectively. Now,

applying a suitable transformation of the form:

X̃ “ ´

˜

log

«

1´ ζx

"

1`
ξxpX ´ uxq

σx

*´1{ξ
ff¸´1

for both X and Y , in order to get pX̃, Ỹ q with margins F̃ approximately standard Fréchet for

X ą ux and Y ąy. Using Equation (3.5) it follows that,

F̃ pX̃, Ỹ q « rexpt´V px̃{n, ỹ{nqus1{n “ expt´V px̃, ỹqu

and since F px, yq “ F̃ px̃, ỹq we get for x ą ux and y ą uy,

F px, yq « Gpx, yq “ expt´V px̃, ỹqu

with thresholds large enough to justify the limit. This can be regarded as the bivariate extension

of (3.5). The choice of the threshold is again a trade-off between bias and variance.

Multivariate Case

We will extend some of the bivariate results above to the multivariate setup. Theorem 3

can be extended to the multivariate case. Let tXiu
n
i“1 be a vector on Rd of independent

and identically distributed random vectors, with distribution F . Define the componentwise

standardized maximum as M˚
n “ tmaxi“1...npXi,1q{n, . . . ,maxi“1...npXi,dq{nu and a natural
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extension of (3.5) is the d-variate extreme value distribution

Gpxq “ expt´V pxqu, x “ px1, . . . , xdq P p0,8q
d, (3.9)

where V is the exponent measure of the form,

V pxq “ d

ż 1

0

max

ˆ

w1

x1
, . . . ,

wd
xd

˙

dHpwq, (3.10)

and H is a spectral measure defined on the unit simplex,

Sd “ tw P r0,8q
d : w1 ` ¨ ¨ ¨ ` wd “ 1u

with the moment constraints:

ż

Sd

wj dHpwq “ 1{d, j “ 1, . . . , d.

The spectral measure H defined in (3.10), will play a role in the independence or dependence

of the extremes. Independence is achieved if and only if H puts equal mass 1{d at vertices

e1, . . . , ed of the simplex Sd, while extremal dependence occurs when H puts mass only at the

barycenter p1{d, . . . , 1{dq.

3.3 Nonstationary Univariate Extremes

Nonstationary GEV

A standard practice to model univariate nonstationary extremes consists on expressing the pa-

rameters of the extreme value distribution defined in (3.1) as a function of covariates. Consider

a nonstationary sequence of random variables, then the limiting behaviour of the standarized

maximum Zt is described by the conditional GEV,

Zt „ GEVpµptq, σptq, ξptqq, t “ 1, . . . ,m. (3.11)

where the parameters of interest are µptq the time-varying location parameter, σptq, the time-

varying scale parameter and ξptq the time-varying shape parameter. Define each parameter as

a function of covariates, let η denote the parameter µ, σ or ξ, then

ηptq “ hpXTβq,

for h a link function, X P Rk a vector of covariates and β P Rk a vector of regression parameters.
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Bayesian inference for the conditional GEV

Bayesian inference on the time-varying parameters can be conducted as follows, let Y1, . . . , Yn

be a random sample from a conditional GEV distribution GEVpµptq, σptq, ξptqq. The likelihood

model conditional on t is:

Yi | σptq, µptq, ξptq „ GEVpµptq, σptq, ξptqq, i “ 1, . . . , n,

let θptq “ pµptq, σptq, ξptqq be the parameter of interest, then

fpy | θptqq “
1

σptq

"

1` ξptq

ˆ

y ´ µptq

σptq

˙*´1{ξptq´1

exp

«

´

#

1` ξptq

ˆ

y ´ µptq

σptq

˙´1{ξptq
+ff

.

For the prior distribution, a natural option is to consider a multivariate Normal distribution

on the regression coefficients β of each parameter µptq, σptq, ξptq and adapt MCMC models to

sample from the posterior distributions. Laplace priors, along the same lines of de Carvalho

et al. (2022), would be another natural option and it would induced shrinkage and Bayesian

lasso versions of the later models.

Heteroscedastic extremes

Recently, Einmahl et al. (2016) proposed another framework for modelling univariate nonsta-

tionary extremes, where the main object of interest is the scedasis function. Heteroscedastic

extremes assumes independent but non-identically distributed observations, where the non-

stationarity arise from changes in the frequency of extremes. We made this precise in the

following definition,

Definition 8 (Scedasis function). Let Y1, . . . , YT be independent observations from distribution

functions F1, . . . , FT respectively and with common infinite upper endpoint, the scedasis function

is defined as

c

ˆ

t

T

˙

“ lim
zÑ8

1´ Ftpyq

1´ F pyq
, (3.12)

for some unknown baseline distribution F pyq with an infinite upper endpoint.

If the following condition is imposed,

ż 1

0

cpsqds “ 1,

the scedasis function c is uniquely defined, and can now be interpreted as the frequency of

extremes. If the scedasis is uniform, c “ 1, we refer to homoscedastic extremes, and changes

in the scedasis we refer to as heteroscedastic extremes. An important consequence of (3.12) is

that if F is in the Fréchet domain of attraction with extreme value index ξ, then all F1, . . . , FT

are in the Fréchet domain of attraction with the same extreme value index ξ. In other words,
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the extreme value index is constant over time. Note that the extreme value index contains

information regarding the magnitude of extremes.
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Figure 3.3: Simulated data from Ftpxq “ expt´cpt{T q{xu, with cpsq “ 2s{.5 for s P r0, .5q and

cpsq “ p2´ 2sq{.5 for s P r.5, 1s, along with the true scedasis function cpsq.

Inference for the scedasis function and the extreme value index ξ, was introduced by Einmahl

et al. (2016) using a kernel estimation method for the scedasis function and the usual Hill

estimator for the extreme value index. For a suitable sequence k “ kpT q, consider the following

estimators,

ĉpsq “
1

kh

T
ÿ

t“1

1pYt ą YpT´kqqK

ˆ

s´ t{T

h

˙

,

ξ̂ “
1

k

k
ÿ

j“1

logpYpT´j`1qq ´ logpYpT´kqq,

where Ypiq is the i-th order statistic of Y1, . . . , YT and K is a continuous kernel. Asymptotic

properties of the estimators were also studied for the case of heteroscedastic extremes. Chapter 5

will propose Bayesian inference for these parameters, along with extensions to the multivariate

case.

3.4 Nonstationary Copulas

In this section, we introduce some theory on nonstationary copulas, but before we need to

introduce basic concepts of copulas and the class of extreme value copulas. The notion of

copulas became increasingly popular in recent years, this class of functions was introduced

by Sklar (1959) and have been widely studied, standard references for theory of copulas are

Embrechts et al. (2001), Nelsen (2006).
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Basic concepts

First, we will give a basic introduction to theory of copulas. Second, we will introduce the class

of extreme value copulas and the class of time-varying copulas.

Definition 9. A d-dimensional copula (d-copula), is a d-variate distribution function on Id

with marginals univariate uniform distributions on I, for every d ě 2, with I the unit closed

interval and the Cartesian product Id “ Iˆ ¨ ¨ ¨ ˆ I of d unit closed intervals.

Theorem 4. A function C : Id Ñ I is a copula if and only if, it satisfies the following properties:

1. Cpuq “ uj when u is equal to one in all the components, with exception of the j ´ th

component which is equal to uj, for all j P 1, . . . , d.

2. Cpuq ď Cpvq for all u,v P Id, such that u ď v.

3. C is d-increasing.

As a direct consequence of Theorem 4, it can be prove that Cpuq “ 0 if uj “ 0 for any j.

Some canonical examples of copulas are:

• Independent copula: Πdpuq “ u1 ˆ ¨ ¨ ¨ ˆ ud, with u “ pu1, . . . , udq.

• Commonotonicity copula: Mdpuq “ mintu1, . . . , udu, with u “ pu1, . . . , udq.

• Countermonotonicity copula: W2puq “ maxtu1 ` u2 ´ 1, 0u, with u “ pu1, u2q.

The following theorem provides the foundation of copulas, by linking the multivariate joint

distribution with their marginal distributions via a copula.

Theorem 5 ((Sklar 1959)). Let F be a d-dimensional distribution function with marginals

F1, . . . , Fd. Denote Rj and the range of Fj. Then, there exists a copula C such that for all

px1, . . . , xdq P Rd,

F px1, . . . , xdq “ CpF1px1q, . . . , Fdpxdqq. (3.13)

where C is uniquely determined on R1 ˆ R2 ˆ ¨ ¨ ¨ ˆ Rd and if F1, . . . , Fd are continuous then

C it is unique.

The converse implication of Theorem 5 is also satisfied, if C is a d-copula and F1, . . . , Fd are

univariate distribution functions, then F : Rd Ñ I defined in (3.13) is a d-dimensional

Class of Archimedean Copulas

Here, we revise an important family of copulas refer to as Archimedean copulas, this class include

a great variety of dependence structures and have convenient properties. An Archimedean

copula is defined through a generator ϕ, as

Cpu1, . . . , udq “ ϕ´1tϕpu1q ` ¨ ¨ ¨ ` ϕpudqu (3.14)
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where pu1, . . . , udq P r0, 1s
d, ϕ should be strictly decreasing and convex and ϕ´1 is the inverse

of ϕ with ϕ´1 a d-monotonic function. We introduce the most commonly Archimedean copulas

used in the literature:

• Clayton copula: Cpu1, . . . , udq “ maxtpu´α1 ` ¨ ¨ ¨ ` u´αd ´ 1q´1{α, 0u, the generator is

ϕptq “ pt´α ´ 1q{α, with α P r´1,8qzt0u.

• Frank copula: Cpu1, . . . , udq “
´1
α lnr1` texpp´αu1q´1uˆ¨¨¨ˆtexpp´αudq´1u

expp´αq´1 s, the generator is

ϕptq “ ´ lnrtexpp´αtq ´ 1u{texpp´αq ´ 1us for α P p´8,8qzt0u.

• Gumbel copula: Cpu1, . . . , udq “ expr´tp´ logpu1qq
α` ¨ ¨ ¨` p´ logpudqq

αus1{α, the gener-

ator is ϕ “ p´ ln tqα with α P r1,8s.

Figure 3.4 shows an example of the Archimedean copulas introduced above, for specific param-

eters.
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Figure 3.4: Contour plots of bivariate Archimedean copulas, α “ t2, 4, 2u from left to right

respectively.

Extreme Value Copulas

Extreme value theory and copulas have some points of intersection, for example, the class of

extreme value copulas is appropriate for modelling the dependence structure of extreme values.

Let Yi “ pYi1, . . . , Yidq, i P t1, . . . , nu be a sample of random vectors with distribution functions

F and marginals F1, . . . , Fd and copula CF . Denote the component wise maxima by

Mn “

˜

n
ł

i“1

tYi1u, . . . ,
n
ł

i“1

tYidu

¸
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where _ is the maximum. Then, it follows that the copula Cn of the vector Mn is equal to

Cnpu1, . . . , udq “ CF pu
1{n
1 , . . . , u

1{n
d q.

for all pu1, . . . , udq P r0, 1s
d. We will make this idea formal in the following definition,

Definition 10. A d-dimensional copula is called an extreme-value copula is there exists a copula

CF such that

CF pu
1{n
1 , . . . , u

1{n
d q Ñ Cpu1, . . . , udq pnÑ8q (3.15)

for all pu1, . . . , udq P r0, 1s
d.

And we say that the copula CF is in the domain of attraction of C.

Theorem 6. A copula is an extreme value copula if and only if it is max-stable, it means, that

it satisfies the following relationship,

Cpu1, . . . , udq “ Cpu
1{m
1 , . . . , u

1{m
d qm,

for all pu1, . . . , udq P r0, 1s
d and m ě 1 an integer.

Time-varying Copulas

Here, we introduce the class of conditional copulas, an extension of classic copulas and we add

focus on the conditional time version.

Definition 11 (Conditional copula). The conditional copula of pX,Y q | Z, with conditional

margins FX|Zp¨ | zq and FY |Zp¨ | zq, is the conditional joint distribution function of U ”

FX|ZpX | zq and V ” FX|ZpX | zq given Z “ z.

The following theorem extends Sklar theorem to the conditional version.

Theorem 7. Let F be the conditional joint distribution function of pX,Y q | Z, with marginals

FX|Zp¨ | zq and FY |Zp¨ | zq, continuous in x and y, for all z. Then, there exists a unique copula

Cp¨ | zq such that

F px, y | zq “ CpFX|Zpx | zq, FY |Zpy | zq | zq. (3.16)

The converse implication of Theorem 7 is also satisfied, if Cp¨ | zq is a conditional copula and

let the conditional margins be FX|Zp¨ | zq and FY |Zp¨ | zq, then F px, y | zq defined in (3.16) is a

conditional joint distribution function with marginals FX|Zp¨ | zq and FY |Zp¨ | zq. To simplify

notation, denote the conditional copula as Czp¨q “ Cp¨ | zq. Theorem 7 can be easily extended

to the d-dimensional setting, as long as we use the same conditional variable(s) for all margins

as well as for the copula. Note that using this conditional setup we can construct copulas with

the dependence structure conditional on time, a version of time-varying copulas. Fermanian
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and Wegkamp (2012) introduced the concept of pseudo-copulas, as another method of studying

time-varying dependence structures. A pseudo-copulas is a d-variate distribution function on

Id with arbitrary margins on I, for every d ě 2. This new setup will allow the marginal

distributions to be conditional only on the past observations of each particular margin, and not

all the past information, providing flexibility on real world applications.

3.5 Dependence Structures for Extreme Values

Asymptotic Dependence and Asymptotic Independence

In this section, we focus on a class of models describing the tails of asymptotically independent

and dependent distributions, starting with the bivariate case and then extending them to the

multivariate case.

Asymptotic Dependence

Let pY1, Y2q a random vector with distribution function F and continuous marginals F1 and F2

respectively. Define the coefficient of extremal dependence as:

χ “ lim
yÑy˚

P pY2 ą y | Y1 ą yq, (3.17)

if the limit exists, where y˚ is the right end-point of the common marginal distribution. In the

case where the marginal distributions are non-identical distributed we can extend the result in

(3.17). Define the transform variables Uj “ FjpXjq for j “ 1, 2, with Uj now to be uniform

distributed on p0, 1q. Now, define the coefficient of extremal dependence as,

χ “ lim
uÑ1

P pU2 ą u | U1 ą uq (3.18)

The coefficient of extremal dependence χ is interpreted as the tendency of one variable being

extreme given that the other is extreme. If χ “ 0, the variables are asymptotically independent,

if 0 ă χ ď 1 the variables are asymptotically dependent. We can define also, for 0 ă u ă 1,

χpuq “ 2´
logP pU1 ă u, U2 ă uq

log u
,

and it follows that,

χ “ lim
uÑ1

χpuq,

and for the extreme value distribution Gpx, yq “ expt´V px, yqu,

χpuq “ 2´ V p1, 1q
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uniformly over u. Observe that the condition χ “ 0 also implies that if F1 and F2 are in

the domain of attraction of a GEV G1 and G2 respectively, then χ “ 0 if and only if the

bivariate distribution F is in the domain of attraction of a bivariate GEV of the form Gpx, yq “

G1pxqG2pxq. Estimation of χ can help to understand the limit behavior as uÑ 1.

Asymptotic independence

When we have asymptotically dependent variables, it means, 0 ă χ ď 1 and the value of χ

increases according to the degree of dependence at extreme values. However, when χ “ 1 it

does not provide any measure of discrimination for asymptotically independent distributions.

For this reason we will define an alternative measure of extremal dependence, for 0 ă u ă 1,

χpuq “
2p1´ uq

logP tU1 ą u, U2 ą uu
´ 1 (3.19)

it follow that,

χ “ lim
uÑ1

χpuq (3.20)

if the limit exists. The coefficient in (3.20) can take values between r´1, 1s. For asymptotically

independent variables, it follows that ´1 ď χ ă 1. Then when we look together at pχ, χq we

can have a summary of extremal dependence:

• If χ “ 1 and 0 ă χ ď 1 the variables are asymptotically dependent and χ help understand

the strength of dependence, within this class.

• If χ “ 0 and ´1 ď χ ă 1 the variables are asymptotically independent and χ help

understand the strength of dependence, within this class.

Bivariate tail dependence

Coefficient of tail dependence

The coefficient of tail dependence was introduced by Ledford and Tawn (1996). It is convenient

to transform the marginals to standard Fréchet distributions using Zj “ ´1{ logFjpYjq for

j “ 1, 2. Then, to define the coefficient of tail dependence, assume that the joint distribution

of pZ1,Z2q is regularly varying,

P pZ1 ą z, Z2 ą zq “ Lpzqz´1{η, z ą 0, (3.21)

where η is a positive constant known as the coefficient of tail dependence, and L is a slowly

varying function, that is, L such that Lpzlq{Lpzq as z Ñ8, for all l ą 0. Note that if we define

the variable Z “ mintZ1, Z2u, it follows that P tZ1 ą z, Z2 ą zu “ P tZ ą zu, according to

(3.21), η will be the extreme value index of the variable Z. If η “ 1 and limzÑ8 Lpzq “ c for
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some 0 ă c ď 1, then the variables are asymptotically dependent of degree c. If 0 ă η ă 1 or if

η “ 1 and limzÑ8 Lpzq “ 0, then the variables are asymptotically independent.

Multivariate tail dependence

Stable tail dependence function

For the multivariate case, a quantity of interest is the stable tail dependence function, linked

to the exponent measure V , and defined by

lpvq “ V p1{v1, . . . , 1{vdq, v “ pv1, . . . , vdq P r0,8q
d (3.22)

The stable tail dependence function l has the following properties:

• lps¨q “ slp¨q for 0 ď s ď 8.

• lpejq “ 1 for j “ 1, . . . , d, and ej the jth unit vector in Rd.

• v1 _ ¨ ¨ ¨ _ vd ď lpvq ď v1 ` ¨ ¨ ¨ ` vd for v “ pv1, . . . , vdq P r0,8q
d.

Note that, the lower and upper bounds for the stable tail dependence function corresponds to

complete dependence and independence respectively. More details about multivariate extreme

values can be found in Pickands (1981), Coles and Tawn (1991), Coles (2001), Beirlant et al.

(2004).

3.6 Nonstationary Multivariate Extremes

In this section, we introduce the conditional angular density, which is the main object of study

of multivariate nonstationary extremes. The two previous sections provided preparations to

understand the definitions revised in this section.

Conditional extreme value distributions

The conditional bivariate extreme value distribution (BEV) introduced by de Carvalho (2016b),

Castro et al. (2018) is defined as a conditional varying version of (3.5),

Gxpy1, y2q “ expt´Vxpy1, y2qu, y1 ą 0, y2 ą 0 (3.23)

where

Vxpy1, y2q “ 2

ż 1

0

max

ˆ

w

y1
,

1´ w

y2

˙

dHpw | X “ xq, (3.24)

and Hxp¨q “ Hp¨ | X “ xq is a conditional angular measure on r0, 1s for x P X Ď R with the

moment constrain:
ż 1

0

wdHxpwq “ 1{2, x P X .
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If Hxp¨q is absolutely continuous, let hx “ dHx{dw be the conditional angular density and define

the angular surface as the set conditional angular densities thxpwq : w P r0, 1sx P X u. The

bivariate extreme value distribution can be defined in terms of the conditional tail dependence

function as follows

Gxpy1, y2q “ exp

"

´lx

ˆ

1

y1
,

1

y2

˙*

, y1 ą 0, y2 ą 0 (3.25)

Note that the conditional tail dependence function, is an extension of (3.22) to the conditional

setting.

Example 4 (Conditional logistic family). Considered as an extension of the logistic family

defined in (3.7); if we index by a covariate, say time, the conditional logistic angular density is,

hpwq “
1

2
ta´1
t ´ 1utwp1´ wqu´1´1{attw´1{at ` p1´ wq´1{atuat´2,

for w P p0, 1q.

Figure 3.5 illustrates the conditional logistic angular surface for different values of at, this

figure is adapted from Castro et al. (Example 1 2018).
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Figure 3.5: Angular surface from the logistic conditional family with at “ Φpt2q.

For more details on conditional angular measures see de Carvalho (2016b), Castro and de

Carvalho (2017), Castro et al. (2018). Note that the conditional angular density is equivalent

to a conditional extreme value copula, providing a general and flexible tool to model conditional

angular densities via a copula. In order to make this connection clear, assume that the margins

are unit Fréchet distributed, then we can represent (3.25) via a conditional extreme value copula,

as follows

Cxpu, vq “ Gx

ˆ

´1

logp1´ uq
,

´1

logp1´ uq

˙

, pu, vq P r0, 1s2 (3.26)
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with Cx a conditional extreme value copula, following Definition 11. Finally, notice that the re-

sults in this section will allow us to write the extreme value distributions via copulas, providing

a flexible tool to construct multivariate heavy-tailed distributions. Different approaches have

been proposed to model the conditional angular density via Bayesian nonparametric models.

For instance, for the bivariate case, Guillotte et al. (2011) proposed a Bayesian framework us-

ing a censored likelihood. Boldi and Davison (2007) proposed a model based on finite Dirichlet

mixtures, this model was also studied by Sabourin and Naveau (2014) who proposed a novel

parametrization where the moment constraint is automatically satisfied. Another approach

was proposed by Marcon et al. (2016), modelling the extremal dependence via Bernstein poly-

nomials. Hanson et al. (2017) proposed a similar approach by considering mean-constrained

Bernstein polynomials.

49



Part II—Main Contributions
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Chapter 4

Heavy-Tailed Pitman–Yor

Mixture Models

The first contribution of this chapter focuses on the characterization of the tails

of the so-called Pitman–Yor process, which includes the Dirichlet process as a par-

ticular case. We show that the right tail of a Pitman–Yor process, known as the

stable law process, is heavy-tailed, provided that the centering distribution is itself

heavy-tailed. A second contribution of the chapter rests on the development of two

classes of heavy-tailed mixture models and the assessment of their relative merits.

Multivariate extensions of the proposed heavy-tailed mixtures are here devised along

with a predictor-dependent version so to learn about the effect of covariates on a

multivariate heavy-tailed response. The simulation study suggests that the proposed

method performs well in a variety of scenarios, and we showcase the application of

the proposed methods in a neuroscience dataset. This chapter is based on a paper

of the same name, submitted to JRSS B, with co-authors Miguel de Carvalho and

Luis Gutierrez. The methodology is available in the R package pityoR, soon to be

published in CRAN.

4.1 Introduction

Thousands of heavy-tailed signals are produced on a day-to-day basis across the globe in fields

as diverse as engineering, finance, and medicine. And yet, despite the widespread need for

modelling these, heavy tails remain a weak spot of several established random probability

measures such as the Dirichlet process (e.g. Ghosal and Van der Vaart, 2015, Section 4.3).

Prior to introducing the main problems to be addressed, and the main contributions of

this chapter, we first lay the groundwork. The Pitman–Yor process is a random probability
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measure that has received considerable attention in recent years (e.g. Pitman and Yor, 1997;

Ishwaran and James, 2001; Teh, 2006; Bassetti et al., 2014; Miller and Harrison, 2014; Canale

et al., 2017; Arbel et al., 2019; Lijoi et al., 2020; Corradin et al., 2021) and that includes the

Dirichlet process as a particular case. Some Bayesian nonparametric approaches, such as the

Pitman–Yor process, can be understood as an extension of standard parametric methods in

the sense that they are centered a priori around a parametric model, tG0,θ : θ P Θ Ď Rqu,

but assign positive mass to a variety of alternatives. Thus, a recurring theme in much of the

Bayesian nonparametric literature is to regard a parametric approach—known as the baseline

or centering distribution—as a reference, while allowing for other alternative models to take

over when data suggests that the parametric model is inappropriate. See the monographs of

Müller et al. (2015a) and Ghosal and Van der Vaart (2015) or the review paper of Müller and

Mitra (2013) for an introduction to Bayesian nonparametric inference.

It is well-known that the tails of the Dirichlet are exponentially much thinner than those of

the baseline (Ghosal and Van der Vaart, 2015, Section 4.2.3). Motivated by this, this chapter

opens with the question on whether this is simply a property of the Dirichlet process or whether

it is more generally an attribute of the Pitman–Yor process. Hence, the first contribution of this

chapter will focus on the characterization of the tails of the Pitman–Yor process. In particular,

we will derive envelopes for the trajectories of the tail of a particular instance of the Pitman–Yor

process, known as the stable law process. As will be discussed below (Section 4.2.1), the latter

envelopes combined with those of Doss and Sellke (1982) offer an almost complete portrait of

the tails of the Pitman–Yor process. In addition, we then show that the tail of the stable law

process is only moderately thinner than that of the baseline; in particular, our results imply

that the tail of the stable law process is heavy-tailed, provided that the baseline is itself heavy-

tailed. This result is in sharp contrast with the Dirichlet process, given that, as mentioned

earlier, its tail is exponentially much lighter than that of the centering.

A second contribution of the chapter rests on the development of two classes of heavy-tailed

mixture models and the assessment of their relative merits. The heavy-tailed mixture models

devised here have links with the phase-type scale mixtures of Bladt and Rojas-Nandayapa (2018)

and the infinite mixtures of Pareto distributions of Tressou (2008). Our focus differs however

from these papers in several important ways. Some key differences are that we take a general

view of heavy-tailed Pitman–Yor mixtures and take advantage of our novel characterization of

its tail. In addition, by keeping a general focus in mind, our theoretical and numerical analyses

will reveal that there are some good reasons for preferring stable process scale mixtures over

Pitman–Yor mixtures built from heavy-tailed kernels. Finally, motivated by the fact that heavy-

tailed data are frequently multivariate—and since covariates are often available—we further

extend the proposed heavy-tailed scale mixture models to model these as well. In other words,

multivariate extensions of the proposed heavy-tailed mixtures are also devised below along with

a predictor-dependent version to learn about the effect of covariates on a multivariate heavy-
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tailed response. A final comment on the jargon of heavy tails is in order. Following the standard

convention in the literature on heavy tails (e.g. Resnick, 2007), here we will characterize these

via regular variation (Bingham et al., 1989). A distribution function F pyq “ P pY ď yq, or its

density f “ dF {dy in case it exists, is said to have a regularly varying tail, with tail index

α ” αpF q ą 0, if

lim
yÑ8

P pY ą ytq

P pY ą yq
“ t´α. (4.1)

The smaller the tail index, the slower the decay of the tail, 1´ F pyq, to 0 as y Ñ8, and thus

the more heavy-tailed is the distribution. Throughout, the notation 1 ´ F P RV´α is used to

denote that F verifies (4.1).

The remainder of this chapter unfolds as follows. In Section 4.2, we study the tails of the

Pitman–Yor process and construct two classes of heavy-tailed Pitman–Yor mixture models.

In Section 4.3 we expand the proposed toolbox to the multivariate setting as well as to a

conditional framework. Section 4.4 illustrates the performance of the proposed methods and

reports the main findings of our numerical studies. An application of the proposed methods to a

neuroscience case study is given in Section 4.5. Finally, in Section 4.6 we present closing remarks.

Proofs and further technical details are available in Section 4.7; the R package pityoR, available

from the Supporting materials A, implements instances of the methods proposed herein.

4.2 Heavy-tailed Pitman–Yor Mixture Models

4.2.1 On the Tails of the Pitman–Yor Process

Subordinator-Type Representations: We start by studying the tails of the Pitman–Yor

process since its properties will be vital for constructing our class of mixture models. The main

result of this section is Theorem 9, but before we can discuss its implications, we first lay the

groundwork. Recall that a random probability measure G follows a Pitman–Yor process, here

denoted as G „ PYPpD,M,G0q, if it admits a stick-breaking representation of the type,

G “
8
ÿ

h“1

πhδYh , Yh
iid
„G0. (4.2)

Here, δY denotes a point mass at Y , and the weights are generated by a stick-breaking scheme,

that is, πh “ Vh
ś

kăhp1 ´ Vkq with Vh
ind
„ Betap1 ´D,M ` hDq, for h P N “ t1, 2, . . . u. The

parameters of the Pitman–Yor process are known as discount (D), precision (M), and centering

distribution function (G0) and are subject to the constraints 0 ď D ă 1 and M ą ´D. The

Dirichlet process, DPpM,G0q, is a particular case with D “ 0, and the case M “ 0 is known

as the class of stable law processes, SPpD,G0q.

In this subsection, we will examine the behavior of 1 ´ Gpyq, as y approaches the right

endpoint, y` “ supty : Gpyq ă 1u, where Gpyq is the random distribution function of a
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PYPpD,M,G0q. Recall that both G „ PYPpD,M,G0q and G0 are supported over the same

set, and thus the right endpoints of G and G0 coincide. Following the standard convention in

extreme value analysis, we focus on the right tail, but all claims below apply to the left tail

with minor adjustments.

While the stick-breaking representation of the Pitman–Yor process in (4.2) is handy for a

variety of contexts, the process also admits subordinator-type representations, which turn out

to be more suitable for studying its tails. A subordinator, tSptq : t ě 0u, is an increasing

stochastic process over the positive real line that has independent and homogeneous increments

(e.g. Applebaum, 2009, Ch. 1). By the so-called Lévy–Khintchine representation (e.g. Bertoin,

1999, Section 1.2), a subordinator is fully characterized by its Laplace exponent,

Φpλq “ k` dλ`

ż 8

0

p1´ e´λuqνpduq, λ ě 0,

that obeys Erexpt´λSptqus “ expt´tΦpλqu, for t ě 0; here, k ą 0 is the killing rate, d ą 0 is

the drift coefficient, and ν is a measure on p0,8q—known as Lévy measure—that governs the

law of the increments and which obeys the constraint
ş8

0
minp1, uq νpduq ă 8. It is well-known

that both the Dirichlet process and stable law processes admit subordinator representations

(e.g. Pitman and Yor, 1997, Propositions 5–6), a fact that we briefly review in the following

examples.

Example 5 (Subordinator representation of PYPp0,M,G0q). If G „ DPpM,G0q, then

Gpyq “
γtMG0pyqu

γpMq
, y P R. (4.3)

See, for instance, Ferguson (1973, 1974) and Ghosal and Van der Vaart (2015, Section 4.2.3).

Here, γ is a Gamma process, that is, k “ d “ 0 and νpduq “ u expp´uqdu, for u ą 0.

Example 6 (Subordinator representation of PYPpD, 0, G0q). If G „ SPpD,G0q, then

Gpyq “
StG0pyqu

Sp1q
, y P R. (4.4)

Here, S is a D-stable subordinator, that is, k “ d “ 0 and νpduq “ D{Γp1´Dqu´1´D, for u ą 0,

where Γpzq “
ş8

0
uz´1 expp´uqdu is the gamma function. The stable process representation in

(4.4) is an immediate consequence of Pitman and Yor (1997, Proposition 6).

On the Tails of the Pitman–Yor Process: The tails of the Dirichlet process are much

lighter than those of the centering distribution, with probability one, a fact that can be shown

using the representation from Example 5.

Theorem 8 (Tails of PYPp0,M,G0q). Let Gpyq be the distribution of a DP pM,G0q process,
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with non-atomic G0. Then,

lim inf
yÑy`

1´Gpyq

gst1´G0pyqu
“

$

’

&

’

%

0, if s ă 1,

8, if s ą 1,

a.s.,

lim sup
yÑy`

1´Gpyq

hrt1´G0pyqu
“

$

’

&

’

%

0, if r ą 1,

8, if r ď 1,

a.s.,

with gsptq “ expt´s log | log t|{tu and hrptq “ expt´1{pt| log t|rqu for 0 ă t ă 1.

Proof. See Doss and Sellke (1982) or Ghosal and Van der Vaart (2015, Theorem 4.22).

It follows from Theorem 8 that for large values of y, with probability one, we have the following

lower and upper envelopes for the tail,

exp

„

´
s log | logMt1´G0pyqu|

Mt1´G0pyqu



ď 1´Gpyq ď exp

„

´
1

Mt1´G0pyqu| logMt1´G0pyqu|r



,

(4.5)

for s ă 1 and r ą 1, where G „ PYPp0,M,G0q. Hence, the tails of the Dirichlet process are

almost exponential, even if G0 is heavy-tailed. Despite being one of the most popular Bayesian

nonparametric priors, such deficiency of the DP rules out its use when the goal is to model

heavy tails, extreme values, and risk. As shown next, what happens with the stable law process

is substantially different as its tails are close to those of the baseline.

Theorem 9 (Tails of PYPpD, 0, G0q). Let Gpyq be the distribution of an SPpD,G0q process,

with non-atomic G0. Then,

lim inf
yÑy`

1´Gpyq

lt1´G0pyqu
“ Dp1´Dqp1´Dq{D{Sp1q a.s.,

lim sup
yÑy`

1´Gpyq

urt1´G0pyqu
“

$

’

&

’

%

0, r ą 1,

8, r ď 1,

a.s.,

with lptq “ t1{Dtlog | log t|u1´1{D for 0 ă t ă e´1, and urptq “ t1{D| log t|r{D for 0 ă t ă e´r.

Theorem 9 warrants some remarks. The upshot of Theorem 9 is that the tails of a random

distribution following a PYPpD, 0, G0q are almost as heavy as those of the centering, G0. Indeed,

a consequence of Theorem 9 is that for large values of y, with probability one,

t1´G0pyqu
1{Drlog | logt1´G0pyqu|s

1´1{D ď 1´Gpyq ď t1´G0pyqu
1{D| logt1´G0pyqu|

r{D, (4.6)

for r ą 1 and 1´G0pyq ă e´r. Numerical illustrations of the asymptotic envelopes in (4.6) are

presented in Figure 4.1. Another implication of Theorem 9 is that if the tail of the centering

distribution of PYPpD, 0, G0q is heavy-tailed, then so will be that of the corresponding process,
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Figure 4.1: Asymptotic Envelopes for Example 7. Left: Asymptotic envelopes that follow from
Theorem 9 along with random trajectories of the log survival functions from a PYPp0.5, 0, G0q.
Right: The same envelopes for log survival function of PYPp0.5, 0, G0q (solid) against those of
PYPp0, 1, G0q (dashed); G0 is the standard unit Pareto distribution.

though with a lighter tail. Figure 4.2 presents the asymptotic envelopes that stem from Theo-

rem 2 in the chapter along with 10 random trajectories of a Pitman–Yor process with discount

parameter D “ 0.4, centered at a variety of parametric models. The random trajectories were

simulated using Algorithm 1 from Arbel et al. (2019), for exact simulation from an ε-PYP. As

it can be seen from Figure 4.2, the random trajectories follow closely the asymptotic envelopes

that stem from Theorem 9.

Theorem 10 (Stability of the Heavy-tail Property). If G „ PYPpD, 0, G0q, with D P p0, 1q,

and G0 is non-atomic and has a regularly varying tail, with tail index α0 ” αpG0q ą 0, then G

has a regularly varying tail with tail index αpGq “ αpG0q{D almost surely.

Note, that we can control the tail index of G through the choices of αpG0q and D, for instance,

for larger parameter D the tighter the envelopes are around the tail index of G0 and for smaller

parameter D, the lighter the tail of G0.

Next, we compare Theorems 8 and 9 in a parametric example.

Example 7 (Pareto centering distribution—DP versus SP). Suppose first thatG „ DPpM,G0q,

where G0 is a standard Pareto distribution, that is, 1 ´ G0pyq “ 1{y, for y ą 1. Then (4.5)

yields

expr´sy{M log | logpM{yq| s ď 1´Gpyq ď expr´y{tM | logpM{yq|rus, (4.7)

for s ă 1 and r ą 1, and hence the tails of G „ DPpM,G0q are almost exponential, despite the

fact that G0 is heavy-tailed. Indeed, as shown in the supporting materials A, the two bounds in

(4.7) are in the Gumbel maximum domain of attraction, although G0 is in the Fréchet maximum
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Figure 4.2: Asymptotic envelopes that follow from Theorem 9 in the main chapter along with
the log survival function of 10 random trajectories of a PYPp0.4, 0, G0q.

domain of attraction. Suppose now that G „ SPpD,G0q. Then,

y´1{Dtlog | log y´1|u1´1{D ď 1´Gpyq ď y´1{D| log y´1|r{D.

It follows from Theorem 10 that 1 ´ G is regularly varying at infinity with tail index 1{D.

Figure 4.1 illustrates that, as predicted by Theorem 9, the trajectories of the stable process

follow the asymptotic envelopes in (7); in addition, the same figure illustrates that the envelopes

of the DP in (4.5) fall abruptly in comparison with those of the SP.

4.2.2 Heavy-Tailed Pitman–Yor Mixture Models

Empowered by the main findings from Section 4.2.1, this section shows that two classes of

heavy-tailed Pitman–Yor mixture models can be devised, and it discusses the relative merits

of each option. Below, we focus on univariate mixtures; comments on multivariate as well as

conditional extensions are given in Section 4.3.

Heavy-tailed PYP Scale Mixtures: The first class of mixture models to be considered will

be of the type,

fpyq “

ż 8

0

Kσpy; ησqdGpσq, G „ PYPpD, 0, G0pσqq, 1´G0pσq “
L pσq

σα0
, (4.8)

with y P R and α0 ” αpG0q ą 0. Here, Kσp¨q “ Kp¨{σ; ησq{σ with K being a kernel, σ ą 0 is a
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scale parameter, ησ denotes additional parameters (possibly related with σ), and L is a slowly

varying function, that is, L pytq{L pyq Ñ 1 as y Ñ8 for any t ą 0.

Heavy-tailed PYP Shape Mixtures: The second class of mixture models to be considered

is

fpyq “

ż 8

0

kpy;α, ηαqdGpαq, G „ PYPpD,M,G0pαqq, 1´ Kpy;α, ηαq “
L pyq

yα
, (4.9)

with y P R and α ě 0. Here, k is an Pareto-type kernel with distribution function K, ηα denotes

additional parameters (possibly related with α), and L is a slowly varying function.

The following theorem implies that PYP mixture models in (4.8) and (4.9) are indeed heavy-

tailed, and in addition it shows how their tail indices relate with that of the centering. Here

and below paq` “ maxpa, 0q denotes the positive part function.

Theorem 11 (Heavy-tailed PYP Mixtures). The following results hold, for F the cdf of f:

a) If (4.8) holds, with U „ Kσp¨; ησq, EpUα0
` q ă 8, P pU` ą σq “ ot1 ´ G0pσqu

1{D and

lim infσÑ8L pσq ą 0, then the tail of f is regularly varying with tail index αpF q “ α0{D

almost surely.

b) If (4.9) holds, then the tail of f is regularly varying with tail index αpF q “ inftα : G0pαq ą

0u, almost surely, for any G „ PYPpD,M,G0pαqq.

Some comments on Theorem 11 are in order:

• Theorem 11 a) shows that if the centering of the stable process is heavy-tailed, and if

the tail of the kernel is not heavier than that of the mixing, then f in (4.8) is heavy-

tailed—with the same tail index as that of the mixing; that is, αpF q “ αpGq “ α0{D

with probability one, where α0 “ αpG0q. Interestingly, this result offers a partial answer

to an insightful open problem raised by Li et al. (2019, Theorem 3.5) on the range of

αpF q under a polynomial decay of G0. Indeed, Theorem 11 a) illustrates that under a

polynomial decay of G0, it holds that αpF q “ α0{D differs from 0 and 8, almost surely,

and thus αpF q for (4.8) does not concentrate on a singleton when assigned hyperpriors

on D and α0. The range of αpF q can be the positive real line, provided that ppDq ą 0 or

ppα0q ą 0, for all 0 ă D ă 1 and α0 ą 0 with ppα0q and ppDq denoting the prior densities

of α0 and D, respectively.

• Theorem 11 b) is a folklore result that formalizes the idea that infinite shape mixtures

of heavy-tailed kernels are themselves heavy-tailed, with tail index equal to that of the

heaviest component (i.e., equal to the left endpoint of the centering in the case of (4.9)). As

it is evident from the proof, the argument holds more generally for any random distribution

G and not just for Pitman–Yor processes.
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Table 4.1: Instances of Pareto-type kernels k following (4.9)

Distribution Kernel (k) Slowly varying function (L ) Tail index (α)

Burr 9yc´1{p1` ycqa`1 9py´c ` 1q´pa`1q ca

F 9ya{2´1pa` byq´pa`bq{2 9pa{y ` bq´pa`bq{2 b{2

Generalized Pareto 9p1´ ay{σq1{a´1 9p1{y ´ k{σq1{a´1 -1{a

Pareto 9y´pa`1q 91 a

Student-t 9p1` y2{aq´pa`1q{2 9p1{y2 ` 1{aq´pa`1q{2 a

For simplification, throughout we refer to (4.8) as scale mixtures but as it will be shown below

(4.8) also includes scale–shape mixtures of light-tailed kernels. Next, we present instances of

the specifications in (4.8) and (4.9), that showcase the generality of the latter and how they

relate with some mainstream approaches.

Example 8 (PYP Scale Mixtures of an Erlang Kernel). As an example of (4.8) consider

fpyq “
8
ÿ

h“1

πh Erpy; a, σhq, (4.10)

where Erpy; a, σhq is the density of the Erlang distribution with shape a P N and scale σh ą 0,

and πh “ Vh
ś

kăhp1´Vkq with Vh
ind
„ Betap1´D,M`hDq, for h P N. In the notation of (4.8),

with Kpy; ησq “ Erpy; a, 1q and ησ “ a. For this kernel, the infinite mixture in (4.8) shows

a connection with the phase-type scale mixtures of Bladt and Rojas-Nandayapa (2018). Two

key differences are that: i) since the mixing in (4.8) is over a Pitman–Yor process inference

can be conducted by standard Bayesian nonparametric samplers, whereas fitting phase-type

scale mixtures is far from straightforward; ii) Theorem 11 a) allows for a general kernel with

a lighter tail than that of the mixing, whereas Bladt and Rojas-Nandayapa (2018) consider

phase-type kernels. Another version of (4.8), along the same lines as (4.10), which we have

found to perform well in practice is the following scale–shape mixture of PYP,

fpyq “
8
ÿ

h“1

πh Erpy; rσhs, σh{λq, (4.11)

where r¨s is the ceiling function, and Kpy; ησq “ Erpy; rσs, 1{λq with ησ “ prσs, 1{λqT in the

notation of (4.8). We will revisit (4.11) later in the chapter.

Example 9 (PYP Shape Mixtures of a Pareto-Type Kernel). Since the Burr, F , and generalized

Pareto distributions are particular cases of Pareto-type kernels (Table 4.1), the mixture model

in (4.9) includes as particular cases infinite mixtures of such distributions with a PYP mixing.

In addition, (4.9) also includes the Pareto kernel Dirichlet process mixtures of Tressou (2008).

There are some reasons for preferring the stable process scale mixtures in (4.8) over (4.9). In

particular, scale mixtures of stable processes offer a more natural link between the tail of the
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centering and the tail of F than (4.9). For example, if in (4.8) the centering is a Pareto Type II

distribution over p0,8q (i.e., 1´G0pσq “ p1` σq
´α0) then αpF q “ α0{D, and hence both the

centering and F are heavy-tailed. Yet, if the centering in (4.9) is a Pareto Type II distribution

over p0,8q (i.e., 1´G0pαq “ p1`αq
´β), then αpF q “ 0 and hence while the centering is heavy-

tailed, F is super-heavy tailed. To avoid this behaviour, a truncated prior would be required so

that G0 is defined over pα̂,8q with an hyper-prior on α̂, however this can be computationally

difficult. Motivated by this, in the next sections, we will emphasize scale mixtures of stable

processes.

4.3 Extensions

4.3.1 Multivariate Variants

We now discuss how Section 4.2.2 can be extended to define priors on the space of multivariate

heavy-tailed distributions, that is, the class of joint distributions with heavy-tailed marginals.

Our construction follows the principles in Sarabia Alegŕıa et al. (2008, Section 3.1), and it

entails assuming conditional independence among components (margins) along with a common

parameter shared by all components. This yields the following multivariate versions of (4.8)

and (4.9) for y P Rd. First, extending (4.8) consider the following multivariate heavy-tailed

stable process scale mixture model:

fpyq “

ż

Rd
`

d
ź

k“1

Kσkpyk; ησkqdGpσq, G „ PYPpD, 0, G0pσqq, 1´G0,kpσq “
Lkpσq

σα0,k
, (4.12)

where σ “ pσ1, . . . , σdq P Rd`, and G0,kpσq is the kth marginal distribution of G0pσq, for

k “ 1, . . . , d. Second, extending (4.9), consider the following multivariate heavy-tailed PYP

shape mixtures:

fpyq “

ż

Rd
`

d
ź

k“1

kpyk;αk, ηαkqdGpαq, G „ PYPpD,M,G0pαqq, 1´ Kpy;αk, ηαkq “
Lkpyq

yαk
,

(4.13)

where α “ pα1, . . . , αdq P Rd`, Lk is a sequence of slowly varying functions, and G0,kpαq will

denote the kth marginal distribution of G0pαq, for k “ 1, . . . , d.

Theorem 12 (Multivariate Heavy-tailed PYP Mixtures). The following results hold, for Fk

the cdf of the kth-marginal distribution of f:

a) If (4.12) holds, with marginal k such that, Uk „ Kσkp¨; ησkq satisfying EpU
α0,k

k` q ă 8,

P pUk` ą σq “ ot1´G0pσqu
1{D and lim infσÑ8L pσq ą 0, then the k-th marginal of f has

a regularly varying tail with tail index αpFkq “ α0,k{D, almost surely for k “ 1, . . . , d.

b) If (4.13) holds, then the kth marginal of f has a regularly varying tail with tail index αpFkq “

inftα : G0,kpαq ą 0u, almost surely for any G „ PYPpD,M,G0pαqq.
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The previous result naturally extends Theorem 11 to the multivariate setting.

Remark 1. Some comments on the multivariate heavy-tailed stable process scale mixtures in

(4.12) are in order:

• A concrete instance of (4.12) that we have found to work well in practice is the following

extension of Example 8,

fpyq “
8
ÿ

h“1

πh

d
ź

k“1

Erpyk; rσk,hs, σk,h{λq, (4.14)

where once more Erpy; a, bq is the density of the univariate Erlang distribution and πh “

Vh
ś

kăhp1´ Vkq with Vh
ind
„ Betap1´D,hDq, for h P N.

• The specification in (4.12) requires that the centering is itself a multivariate heavy-tailed

distribution. These can be easily constructed from copulas (Nelsen, 2006), and we rec-

ommend opting for Pareto Type II margins; that is, for k “ 1, . . . , d,

1´G0,kpσq “

ˆ

1`
σ

β

˙´α0,k

, (4.15)

with σ ě 0, αk ą 0, and β ą 0. Such margins for the centering are convenient since

they lead to a closed-form posterior of the extreme value index, as can be seen from the

supporting materials A.

• To complete (4.12) we recommend a Jeffrey’s prior on the tail index ppα0,kq91{α0,k and

a Beta prior on the discount parameter, D „ BetapaD, bDq. Finally, one may set a

prior on the remainder parameters of the kernel, and for instance in the Erlang kernel

example in (4.14), we will opt for λ „ Gammapaλ, bλq. This implies a prior for the

tail index α0{D, with infinite expectation. Alternatively, with a proper prior on α0,

e.g. α0 „ Γpaα0
, bα0

q, the induced prior on the tail index would have prior expectation

Epα0qEp1{Dq “ taα0paD ` bD ´ 1qu{tbα0paD ´ 1qu.

4.3.2 Modelling Conditional Joint Densities

We now show how to extend the proposed models to include the effect of covariates by using

a single atoms dependent Pitman–Yor process extending the principles from Barrientos et al.

(2012, Definition 3) and Quintana et al. (2022, Section 2.3). For conciseness, we focus on

multivariate heavy-tailed PYP scale mixtures in (4.12), but the principles discussed below can

be easily adapted for the multivariate shape mixtures from Section 4.3.1 as well as to the

univariate methods from Section 4.2. Consider the following predictor-dependent model,

fpy | xq “

ż

Rd
`

d
ź

k“1

Kσkpyk; ησkqdGxpσq, (4.16)
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where y,σ P Rd and tGxu is a family of random probability measures indexed by a covariate

x P Rp. Specifically, we consider the following dependent stable process

Gx “

8
ÿ

h“1

πhpxqδσh , σh
iid
„G0pσq. (4.17)

Here, the weights of the stick-breaking representation and the discount parameter D of the

Pitman–Yor process are indexed over the covariate as follows, πhpxq “ Vhpxq
ś

kăht1´Vkpxqu,

and

Vhpxq „ Betap1´Dhpxq, hDhpxqq, Dhpxq “
ex

Tβh

1` exTβh
, (4.18)

where βh is a parameter in Rp. Clearly, since (4.17) is a PYP for every x, Theorem 12 a) implies

that the joint density mixture model in (4.16) yields a multivariate heavy-tailed distribution,

for every x. The model is completed with a prior distribution for βh, given by βh
iid
„Npp0, s

2Iq,

for h P N. A specific embodiment of the approach discussed in this section, that will be revisited

later in the chapter, is the following extension of Example 8,

fpy | xq “
8
ÿ

h“1

πhpxq
d
ź

k“1

Erpyk; rσk,hs, σk,h{λq, (4.19)

where πhpxq “ Vhpxq
ś

kăht1´ Vkpxqu, with Vhpxq „ Betap1´Dhpxq, hDhpxqq, and Dhpxq “

ex
Tβh{p1` ex

Tβhq, for h P N.

4.4 Simulation Study

4.4.1 Simulation Scenarios and Preparations

This section describes the true data generating processes and the settings used over the Monte

Carlo simulation study from Section 4.4.2.

Data Generating Processes: We consider one scenario for the univariate version of the model

from Section 4.2.2, three scenarios for the multivariate version from Section 4.3.1, and three

scenarios for the multivariate conditional version from Section 4.3.2. The univariate scenario

is a standard unit Pareto distribution with tail function 1 ´ F pyq “ 1{y, for y ą 1, and its

main aim will be to highlight that for heavy-tailed data, stable process mixing leads to much

better fits at the tails than Dirichlet process mixing. Beyond the univariate scenario, we also

considered bivariate and conditional scenarios that contemplate different dependence levels and

complexities of the marginals. Table 4.2 summarizes the bivariate and conditional scenarios,

which are marginally characterized by

$

’

&

’

%

fkpyq “ w fLGty | a1, b1u ` p1´ wq fLGty | a2, b2u,

fkpy |xq “ w fLGty | a1pxq, b1pxqu ` p1´ wq fLGty | a2pxq, b2pxqu,

(4.20)
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Table 4.2: Bivariate and Conditional Simulation Scenarios. The marginals are mixtures of log-
Gamma distributions as in (4.20), and dependence is set by a Gumbel copula with parameter
θ

Scenario Marginal pf1q Marginal pf2q Copula pθq
Bivariate 1,2 a1 “ b1 “ 5;w “ 1 a1 “ b1 “ 5;w “ 1 3,1

3 a1 “ 13; b1 “ 7; a1 “ 8; b1 “ 7;
1

a2 “ 10; b2 “ 8;w “ .4 a2 “ 15; b2 “ 8;w “ .4

Conditional 1,2 a1pxq “ 1` 4x; b1pxq “ 3;w “ 1 a1pxq “ 1` 4x; b1pxq “ 3;w “ 1 1,3
3 a1pxq “ 11` 5x; b1pxq “ 8` 5x; a1pxq “ 6` 5x; b1pxq “ 12` 5x;

1
a2pxq “ b2pxq “ 7;w “ .4 a2pxq “ b2pxq “ 8;w “ .4

for k “ 1, 2, where fLGpy; a, bq “ ba logpyqa´1y´pb`1q{Γpaq is the density of a log-Gamma

distribution with shape a ą 0 and rate b ą 0; parenthetically, we note that the log-Gamma

distribution is in the Fréchet domain of attraction with tail index b (Beirlant et al., 2004, Table

2.1).

The dependence is modeled via a Gumbel copula, so that data for the bivariate and condi-

tional scenarios are respectively simulated from

$

’

&

’

%

F py1, y2q “ CθtF1py1q, F2py2qu,

F py1, y2 | xq “ CθtF1py1 | xq, F2py2 | xqu.

(4.21)

Here, Cθpu, vq “ expr´tp´ log uqθ ` p´ log vqθu1{θs, for pu, vq P p0, 1q2, whereas θ ě 1 is the

parameter controlling dependence, and F1 and F2 are the distribution functions of f1 and f2.

For all scenarios, we have simulated n “ 1 000 observations, and for the conditional scenarios

covariates were drawn from a standard uniform distribution.

MCMC and Model Specification: All models are develop using the slice sampler (Walker,

2007) available from the supporting materials A. We considered a burn-in period of 5 000

iterations, and after that scanned 5 000 samples from the posterior targets of interest. For the

univariate scenario we fit a stable process scale mixture with an uninformative Gamma prior and

an Erlang kernel (i.e., (4.11) with prior λ „ Gammap0.1, 0.1q); for the bivariate and conditional

scenarios we fitted stable process scale mixtures with an Erlang kernel based on Remark 1 and

Equation (4.19), respectively. For the latter, a Gumbel copula was used for the centering, and

empirical Bayes was used to set the hyperparameter for θ via maximum likelihood. For the

conditional version of the model in the regression parameters in (4.18), we consider the prior

βh
iid
„Npp0, s

2Iq, and set the hyperparameter to be s2 “ 100. For the hyperparameters of the

marginals Pareto for the base measure, we set βk “ 1 and tail index α0,k “ 2, for k “ 1, 2, which

implies that both margins are apriori heavy-tailed but have a finite expected value. Finally, we

have assigned the prior D „ Betap0.5, 0.5q to the discount parameter for all instances of the
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model. Keeping in mind space constraints, and the preference for stable process scale mixtures

noted in Section 4.2.2, here we mainly concentrate on assessing the performance of the latter.

The posterior inference algorithms available from the supplementary materials A can however

be used for fitting multivariate as well as conditional heavy-tailed PYP shape mixtures, and

some instances of the latter are available from the pityoR package.

One-Shot Experiments: One-shot experiments for the bivariate and conditional scenarios

suggest that the proposed methods accurately recover the true distribution for all scenarios

being examined. Such findings should of course be regarded as tentative, as they are the

outcome of a single run experiment and will be subject to the scrutiny of the Monte Carlo

simulation study in the next section.

4.4.2 Monte Carlo Simulation Study

We now report the main findings of a Monte Carlo simulation study. For each scenario from

Section 4.4.1, we simulated 100 data sets each containing n “ 1 000 observations. All models

have been fitted using stable process scale mixture models with the same specifications and

MCMC settings as described in Section 4.4.1. We start with the univariate unit Pareto scenario,

which will reinforce our preference for stable process scale mixture models.

In Figure 4.3 we present the posterior Monte Carlo means of the log-survival estimates for

the tail of the univariate scenario and compare it with the corresponding Monte Carlo mean

for a Dirichlet process mixture based on the same kernel. As can be seen from Figure 4.3,

stable process mixing accurately estimates the tail, whereas Dirichlet process mixing markedly

underestimates it; this numerical evidence showcases that the proposed stable process scale

mixtures are a natural option for modelling risk and extremes in a heavy-tailed framework.

Such numerical performance of the proposed methods finding is not surprising in light of Theo-

rem 11 a); the performance over the bulk (not shown) is comparable for both forms of mixing.

Interestingly, Figure 4.3 also reveals that the Monte Carlo mean based on fitting Dirichlet pro-

cess mixture with a Pareto kernel and a Gamma centering distribution overestimates the tail

of the distribution. Such numerical finding is not surprising, keeping in mind Theorem 11 b),

given that the left endpoint of the Gamma centering distribution function is 0 and hence the

resulting mixture is super heavy-tailed (i.e. αpF q “ 0). Next, we move to the bivariate and

conditional scenarios from Section 4.4.1. Figure 4.4 shows 100 posterior estimated contours

for the three bivariate scenarios. As it can be seen from the latter figure, the proposed stable

process scale mixture model can capture the true contours over different levels of dependence

(Scenarios 1–2) and even with challenging marginals such as mixtures (Scenario 3).
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Figure 4.3: Mean of the Monte Carlo fits (dashed line) for the log-survival function for the

univariate scenario obtained using the stable process scale mixture model from Section 4.2.2,

from the 95% to the 99% quantile, plotted against the true (solid line). The dotted line shows

the Monte Carlo mean of the fits from a DPM with the same Erlang kernel, whereas the dashed–

dotted line shows the Monte Carlo mean of the fits from a DPM with a Pareto kernel and a

Gamma centering distribution.

Bivariate Scenario 1 Bivariate Scenario 2 Bivariate Scenario 3

Figure 4.4: Monte Carlo Simulation for the Bivariate Scenarios 1–3: Contours of the joint

density estimates (gray) obtained with proposed stable process scale mixture model from Sec-

tion 4.3.1, for the 100 simulated data sets, plotted against the true (black).

4.4.3 Additional Numerical Results

This section provides additional numerical evidence. The one-shot experiment and Monte Carlo

means of the fits for the bivariate and conditional scenarios from Table 2 in the chapter are

reported in Figures 4.5–4.7. Overall, the estimates accurately recover the true joint densities.
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Figure 4.5: True (left) and estimated posterior densities (right) for Bivariate Scenarios 1–3
(top to bottom) obtained using the proposed stable process scale mixture model from Section
Section 4.3.1 for a one-shot experiment. The simulated data for each scenario are overlaid at
the bottom of the box.
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Figure 4.6: One-Shot Experiment for the Conditional Bivariate Scenarios 1–3: Contours of the

conditional joint density estimates (gray)—given three levels of the covariate—obtained with

proposed conditional stable process scale mixture model from Section 4.3.2 in the chapter, for

a one-shot experiment, plotted against the true (black).
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Figure 4.7: Monte Carlo Simulation for the Conditional Bivariate Scenarios 1–3: Contours

of the conditional joint density estimates (gray)—given three levels of the covariate—obtained

with proposed conditional stable process scale mixture model from Section 4.3.2 in the chapter,

for the 100 simulated datasets, plotted against the true (black).

4.5 Application to Heavy-tailed Brain Data

4.5.1 Applied Context and Data Description

We now showcase the application of the proposed methods to a neuroscience case study. Brain

rhythm signals are key for understanding how the human brain works; loosely speaking, they

consist of patterns of neuronal activity that are believed to be linked with certain behaviors,
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arousal intensity, and sleep states (Frank, 2009). These signals are typically measured using

an electroencephalogram (EEG), which records electrical activity in the brain via electrodes

attached to the scalp. An EEG signal tracks the activity of billions of neurons, and such signals

cover a broad spectrum of frequency bands. Say, the alpha band typically refers to 8–13Hz,

while beta refers to 13–20Hz; for a primer on brain rhythms and EEG signals, see for instance

Buzsaki (2006) and Ombao et al. (2016, Ch. 7).

Mathematics Relaxation

Music Color

Video Relax and think

Figure 4.8: Spectral power (µV 2) of alpha and beta brainwave data plotted against time in

seconds (s).

Alpha and beta rhythms are believed to be heavy-tailed (e.g. Roberts et al., 2015), and

hence the main goal of our analysis will be to learn about the marginal and joint distribution of

these heavy-tailed oscillations, given a variety of stimuli to be described below. In Section 4.5.4,

we report evidence supporting the claim that in line with Roberts et al. (2015) our alpha and

beta brainwave data are indeed heavy-tailed. We assess this by learning from data about the so-

called extreme value index of a generalized Pareto distribution—which is known to be positive

for heavy-tailed data (Coles, 2001, Section 4). The data to be analyzed are available from the

R package pityoR, and were gathered from a UC Berkeley study that involved 30 participants

who were subject to several audio-visual activities and stimuli, namely: mathematics, relaxation,

music, color, video as well as relax and think. Figure 4.8 shows the spectral power in (micro)-
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Volts squared (µV 2) for alpha and beta waves for all participants; roughly speaking, higher

peaks indicate higher neural activity at a certain point in time on a frequency band of interest.

The Ljung–Box test results reported in Section 4.5.4 suggest that the recorded trajectories of

spectral power can be regarded as independent over time across all stimuli. Figure 4.8 illustrates

some aspects of alpha and beta bands that help to build intuition on their signatures for the

different stimuli. For instance, when the stimulus is mathematics we can notice high activity for

both alpha and beta waves, similar behavior to watching a video or finding the color—all these

being tasks that relate to immediate attention. And indeed, it has been suggested that alpha

bands tend to be associated with ‘attention’ as well as with ‘information processing’ (Klimesch,

2012). Interestingly, the patterns of alpha and beta waves for both mathematics and music are

reasonably similar—which might not be surprising in light of what has been claimed elsewhere

(e.g., Boettcher et al., 1994, and references therein). Whether that similarity of mathematics

and music also holds for the joint distribution of alpha and beta waves is something to be

examined below in Section 4.5.3. Next, we learn from the heavy-tailed brainwave data discussed

above using the methods proposed in Sections 4.2–4.3. Except where mentioned otherwise,

all fits have been conducted using the same model specifications and MCMC settings as in

Section 4.4.

4.5.2 Marginal Brainwave Analysis

Figure 4.10 shows the marginal density estimates of alpha and beta power pooling all subjects

for each stimulus that were obtained using the proposed stable process scale mixture model

from Section 4.2.2. Specifically, the fits from Figure 4.10 were obtained using the specification

in (4.11) along with an uninformative Gamma prior and an Erlang kernel. To assess the quality

of the obtained fits, we depict in Figure 4.10 q-q boxplots of random quantile residuals (Dunn

and Smyth, 1996). The q-q boxplots introduced by Rodu and Kafadar (2022) contains the

traditional information of a boxplot, it means, the sample median and quartiles. However, it

also provides extra information about the tails. The interpretation is as follows, the middle

box of the q-q boxplot, is the same as in the traditional boxplot, and the whiskers are modified

to display the difference between the tail distribution of the data and the tail distribution of

the reference. If the deviation is to the right, it would indicate a heavier-tail than the tail

of the reference distribution and if the deviation is to the left, it would indicate a lighter-tail

than the tail of the reference distribution. The obtained q-q boxplots provide evidence that the

stable process scale mixture adjusts well both the bulk and the right tail of the data. We have

also compared the fitted stable process scale mixture model against the DP shape mixtures in

(4.9) with a Pareto kernel and a Gamma centering distribution. In line with the findings from

the univariate scenario of the simulation study in Section 4.4.2, we again found evidence in

favor of a far more sensible behavior of the stable process scale mixture in comparison with the

shape mixture of heavy-tailed kernels. The comparison of the q-q boxplots in Figure 4.10—for
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the stable process scale mixture—against those available on Section 4.5.4—for the DP shape

mixture of Pareto kernels—clearly indicates a better performance of the former over the latter

over both the left and right tails.

4.5.3 Stimulus-Specific Joint Brainwave Analysis

While Section 4.5.2 offered a one-dimensional snapshot across different stimuli, we now apply

the proposed methods to learn about the joint distribution of the power of brainwaves on alpha

and frequency bands, conditional on the activities and stimuli discussed in Section 4.5.1. To

put it differently, we now apply the multivariate regression framework from Sections 4.3.1–4.3.2

so to learn about the conditional dependence structure governing alpha and beta rhythms,

and to borrow strength across stimuli, rather than just fitting each density individually as in

Section 4.5.2.

Mathematics Relaxation Music

Color Video Relax and think

Figure 4.9: Contours of the posterior conditional joint density estimate of alpha and beta power

for each specific stimulus along with raw data; the fit was obtained using the stable process

scale mixture from Section 4.3.2.

Figure 4.9 shows the contours of the fitted conditional joint densities, given the stimulus under

analysis, and it sheds light on the dynamics governing the joint behavior of the alpha and beta

brain rhythms. First, the joint densities for some stimuli look similar—such as, for example,

music and relax and think—which suggests a similar joint behavior of the rhythms of alpha and

beta bands for these stimuli. Second, mathematics and music—which looked similar just by
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Figure 4.10: Top: Marginal density estimates of alpha and beta power for each stimulus,

obtained with proposed stable process scale mixture model from Section 4.2.2, along with 95%

credible bands. Bottom: Corresponding q-q boxplot of randomized quantile residuals.



examining the raw data in Figure 4.8 and the marginal fits in Figure 4.8—have a clearly different

dependence structure as can be seen from Figure 4.9. In other words, while marginally the alpha-

and beta-band oscillations for mathematics and music do look similar, their ‘synchronization’

or joint behavior looks markedly different.

4.5.4 Additional Empirical Results

This section reports additional empirical analyses. Table 4.3 reports posterior mean estimates

of the extreme value index of the generalized Pareto distribution (Coles, 2001, Section 4), for

each stimuli. All estimates are above zero, confirming that the brainwave data from Section 4.5

in the chapter are indeed heavy-tailed. Such estimates are fairly in line with the ones reported

in Tables 4.4 and Table 4.5, which respectively contain the posterior mean EVI obtained using

the unconditional and conditional stable process scale mixture models. Table 4.6 presents

the p-values for the Ljung–Box test for independence; according to the Ljung–Box test, the

observations for all the stimuli can be regarded as independent over time. Figure 4.11 depicts

the qq-plots of the randomized quantile residuals Dunn and Smyth (1996), of the stable process

scale mixture fitted in Section 4.2.2. Finally, Figure 4.12 shows the q-q boxplot (Rodu and

Kafadar, 2022) of the randomized quantile residuals for the shape mixture model of a Pareto

Type II kernel, which should be compared against Figure 5 in the chapter.

Stimulus Alpha Power Beta Power

Mathemathics 0.7938 (0.6819, 0.9015) 0.5167 (0.4355, 0.6034)

Relaxation 0.6140 (0.5083, 0.7226) 0.3306 (0.2581, 0.4078)

Music 0.7230 (0.6231, 0.8292) 0.3732 (0.3025, 0.4463)

Color 0.5160 (0.4551, 0.5977) 0.4138 (0.3598, 0.4705)

Video 0.6871 (0.5856, 0.7954) 0.3262 (0.2512, 0.4056)

Relax 0.7591 (0.6598, 0.8669) 0.2046 (0.1389, 0.2760)

Table 4.3: Posterior mean extreme value index of a generalized Pareto distribution along 95%

with credible interval.
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Mathematics Relaxation

Music Color

Video Relax and think

Figure 4.11: q-q plot of randomized quantile residuals for the proposed stable process scale
mixture model from Section 4.2.2 of the chapter, along with credible bands, against the Normal
theoretical quantiles.
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Figure 4.12: Top: Marginal density estimates of alpha and beta power for each stimulus,

obtained with the shape mixture model from Section 4.2.2 of the chapter, along with 95%

credible bands. Bottom: Corresponding q-q boxplot of randomized quantile residuals.



Stimulus Alpha Power Beta Power

Mathemathics 0.8234 (0.6951, 0.9613) 0.4892 (0.3961, 0.5942)

Relaxation 0.6076 (0.4899, 0.7297) 0.3306 (0.2422, 0.4216)

Music 0.7419 (0.6292, 0.8614) 0.4056 (0.3222, 0.4976)

Color 0.4813 (0.4040, 0.5607) 0.4276 (0.3631, 0.4970)

Video 0.6953 (0.5773, 0.8109) 0.3284 (0.2432, 0.4172)

Relax and think 0.7715 (0.6628, 0.8987) 0.2215 (0.1445, 0.3025)

Table 4.4: Posterior mean extreme value index under the unconditional stable process scale

mixture model from Section 4.3.1 in the chapter along 95% with credible interval.

Stimulus Alpha Power Beta Power

Mathemathics 0.7498 (0.6708, 0.8541) 0.4820 (0.4218, 0.5679)

Relaxation 0.6068 (0.5174, 0.7017) 0.3224 (0.2581, 0.3862)

Music 0.7040 (0.6162, 0.7916) 0.3503 (0.2801, 0.4021)

Color 0.4826 (0.4388, 0.5269) 0.3822 (0.3434, 0.4219)

Video 0.6648 (0.5772, 0.7557) 0.3531 (0.2862, 0.4213)

Relax and think 0.7317 (0.6481, 0.8184) 0.2208 (0.1645 , 0.2782)

Table 4.5: Posterior mean extreme value index under the conditional stable process scale

mixture model from Section 4.3.2 in the chapter along 95% with credible interval.

Ljung–Box p-value Ljung–Box p-value

Stimulus (Alpha Power) (Beta Power)

Mathemathics 0.9362 0.3965

Relaxation 0.5891 0.5017

Music 0.0979 0.7899

Color 0.3651 0.3180

Video 0.2189 0.1446

Relax and think 0.0751 0.4035

Table 4.6: Ljung–Box test for all the stimuli.

Estimates of alpha power and beta power using model (12) are presented in Figure 4.13. We

can see that the estimates using the conditional version of our model, model (14), are better,

as it allows to borrow strength information between different predictor levels.
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Mathematics Relaxation Music

Color Video Relax and think

Figure 4.13: Contours of the posterior conditional joint density estimate of alpha and beta
power for each specific stimulus along with raw data; the fit was obtained using the uncondi-
tional stable process scale mixture from Section Section 4.3.1.
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4.6 Concluding Remarks

This chapter studied the tails of some prominent Pitman–Yor processes, and it has shown in

particular that the tail of the stable law process is tantamount to that of the baseline. This

result is in clear contrast to what is known to hold for the DP, whose tails are exponentially much

thinner than those of the centering; in addition, we have also derived for the first time envelopes

on which the tail of the stable process must lie. We then devised two classes of heavy-tailed

Pitman–Yor mixture models, along with their extensions to a multivariate heavy-tailed setting—

as well as to a regression framework. Equipped with the above-mentioned characterization of the

tails of the PYP, we have shown that not all heavy-tailed Pitman–Yor process mixture models

are alike. To put it differently, our theoretical and numerical analyses pinpoint a clear preference

for stable process scale mixtures over shape mixtures of heavy-tailed kernels. Particularly, we

have shown that shape mixtures of Pareto-type kernels can be super heavy-tailed even though

the centering is ‘only’ heavy-tailed; this implies that a näıve application of the latter mixture

models might lead to an overestimation of the mass at the tail—along with poor inferences

at the bulk of the distribution. On the contrary, we have found stable process scale mixtures

to obey natural properties—such as the stability of the heavy-tail from Theorem 10—and to

perform well numerically in both the bulk as well as in the right tail. Keeping in mind the

scope of our case study, we have concentrated the numerical illustrations on the right tail as

well as on kernels supported over the positive real line. Yet, we underscore that the theory and

methodologies from Sections 4.2–4.3 hold more generally over the entire real line as well as for

left tails. Finally, the fact that other statistical functionals, such as tail indices, can be readily

inferred from the proposed methods implies that, as a byproduct, the conditional version from

Section 4.3 may be used as a tail index regression model in the same vein as Wang and Tsai

(2009).

We close the chapter with some final comments on open challenges for future analysis. It

seems reasonable to conjecture that the tail of the PYP for the case M ą ´D with 0 ă D ă 1

might suffer from similar issues like that of the DP; the analysis of the latter case is however

as non-trivial as those presented herein, and hence we leave it as an open problem for future

research. As we have shown here, stable law processes obey the stability of the heavy-tail

property, and it would be interesting to have a broader understanding on how large is the

class of random probability measures obeying that property. Finally, by keeping in mind the

importance of modelling rare but catastrophic events in a variety of fields—such as climatology,

geology, insurance, risk analysis, and extreme value theory—the methodologies proposed herein

may pave the way for further applications and developments at the interface between heavy-tails

and Bayesian nonparametrics.
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4.7 Technical Details

4.7.1 Technical Details and Auxiliary Lemmata

In addition to the auxiliary results below, we first recall a basic fact on subordinators that will

be handy for the proof of Theorem 9. If Sptq is a subordinator, then Spt` hq´Sptq has the same

distribution as Sphq, for every t, h ě 0 (Bertoin, 1999, p. 5). This implies that tSp1q´SptqutPr0,1s

is equal in distribution to tSp1´ tqutPr0,1s, and hence the following subordinator representation

holds for the tail of G „ PYPpσ, 0, G0q:

1´Gpyq “
(2)

1´
StG0pyqu

Sp1q
“
Sp1q ´ StG0pyqu

Sp1q
d
“
St1´G0pyqu

Sp1q
. (4.22)

Lemma 1 gathers two well-known results on lower and upper envelopes of stochastic processes

over the short-run which can be found in Bertoin (1999, Theorem 11) and Sato (1999, Propo-

sition 47.16). Lemma 2 is a well-known result in regular variation Embrechts et al. (e.g. 1997,

Theorem A.33) and for the extended Breiman’s lemma see Denisov and Zwart (2007, Proposi-

tion 2.1).

Lemma 1. The following results hold:

a) If tSptq : t ě 0u is a subordinator with Laplace exponent Φ P RVD, with D P p0, 1q, then

lim inftÑ0` |Sptq|{lptq “ Dp1 ´ Dqp1´Dq{D, a.s., where lptq “ log | log t|{Φ´1pt´1 log | log t|q

for 0 ă t ă e´1, and Φ´1 is the inverse function of Φ.

b) Let tSptqu be a D-stable process on R with 0 ă D ă 2 and νp0,8q ą 0. If uptq is a real-

valued function that is positive, continuous, and increasing on some p0, δq, and for which

uptq{tt log logp1{tqu1{2 Ñ 0, as tÑ 0`, then

lim sup
tÑ0`

Sptq

uptq
“

$

’

&

’

%

0,
şδ

0
u´Dptqdt ă 8,

8,
şδ

0
u´Dptqdt “ 8,

a.s.

Lemma 2 (Representation theorem). If h P RVα for some α P R, then

hpyq “ cpyq exp

"
ż y

z

apuq

u
du

*

, y ě z,

for some z ą 0 with cpyq Ñ c P p0,8q, apuq Ñ α as y Ñ8. The converse also holds.

Lemma 3 (Extended Breiman’s lemma). Let X and Y be random variables and suppose X

has a regularly varying tail, P pX ą xq “ x´αL pxq, with tail index α ě 0, and Y ě 0 with

EpY αq ă 8. Then, if lim infxÑ8L pxq ą 0 and P pY ą xq “ otP pX ą xqu, it follows that XY

has regularly varying tail with tail index α.
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4.7.2 Proofs of Main Results

Proof of Theorem 9: We start with the lower envelope. The Laplace exponent of a D

stable process, Φpλq “ λD, is regularly varying at 8 with index D P p0, 1q, and note also that

Φ´1pyq “ y1{D. Hence, Lemma 1 a) implies that

lim inf
tÑ0`

Sptq

lptq
“ Dp1´Dqp1´Dq{D, with lptq “ t1{Dtlog | log t|u1´1{D. (4.23)

Combining (4.23) with the representation of the stable law process in Example 6 yields

lim inf
G0pyqÑ0`

StG0pyqu{Sp1q

ltG0pyqu
“ lim inf

G0pyqÑ0`

Gpyq

ltG0pyqu
“ Dp1´Dqp1´Dq{D{Sp1q.

Hence, (4.22) yields

lim inf
G0pyqÑ1´

1´Gpyq

urt1´G0pyqu
“ Dp1´Dqp1´Dq{D{Sp1q,

from where the final result follows. Next, we focus on the upper envelope. Consider the following

family of functions for r ą 0,

urptq “ t1{D| log t|r{D “ t1{Dtlogp1{tqur{D, t P p0, e´rq, (4.24)

where D P p0, 1q. We start by checking if urptq verifies the assumptions of Lemma 1 b). It

follows that urptq is positive and nondecreasing on p0, δq, with δ “ e´r. Indeed,

d

dt
turptqu “ D´1t1{D´1tlogp1{tqur{D ` t1{DrD´1tlogp1{tqur{D´1p´1{tq

“ D´1t1{D´1rtlogp1{tqur{D ´ rtlogp1{tqur{D´1s ą 0, t P p0, δq.

(4.25)

Additionally, it follows that

lim
tÑ0`

urptq

tt log logp1{tqu1{2
“ lim
tÑ0`

t1{Dtlogp1{tqur{D

tt log logp1{tqu1{2
“ lim
tÑ0`

t1{D´1{2 ˆ lim
tÑ0`

tlogp1{tqur{D

tlog logp1{tqu1{2
Ñ 0,

(4.26)

as tÑ 0` given that 1{D´1{2 ą 0 (recall that D ă 1), and hence urptq obeys the assumptions

of Lemma 1(2). Hence applying Lemma 1(2), with (4.24), in the representation of the stable

law process from Example 6 yields

lim sup
G0ptqÑ0`

Gptq

urtG0ptqu
“

$

’

&

’

%

0, r ą 1,

8, 0 ă r ď 1,

a.s. (4.27)

Finally, Equation (4.22) implies the final result.
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Proof of Theorem 10: It follows from Theorem 9 that as y Ñ y`, then

1´Gpyq “ t1´G0pyqu
t1`op1qu{D, a.s. (4.28)

By assumption, 1 ´ G0 P RV´α0
and hence it follows by the representation theorem that

1 ´ G0pyq “ cpyq expt
şy

z
bpuq{uduu, for some z ą 0 with cpyq Ñ c P p0,8q, apuq Ñ ´α0 as

y Ñ8. This combined with (4.28) yields that

1´Gpyq “ t1´G0pyqu
t1`op1qu{D “ c˚pyq exp

"
ż y

z

a˚puq

u

*

, y ě z,

for some z ą 0, with

c˚pyq “ tcpyqut1`op1qu{D Ñ c1{D P p0,8q, a˚puq “

ˆ

1` op1q

D

˙

bpuq Ñ ´α0{D,

as y Ñ8. The final result follows from the representation theorem.

Proof of Theorem 11

a) Let U | V “ σ „ Kp ¨ ; ησq and V „ G, and consider the decomposition U “ U`´U´, where

U` “ maxpU, 0q and U´ “ maxp´U, 0q. Since the focus is on the right tail, we concentrate

on U`, and note below that for y ą 0 the scale mixture in (4.8) can be written as the density

of the product of U` and V . In detail, it follows from Rohatgis well-known result on the

product of random variables (e.g. Glen et al., 2004), that

fU`V pyq “

ż 8

0

fU`,V

ˆ

σ,
y

σ

˙

1

σ
dσ. (4.29)

Hence, combining the fact that U` | V “ σ „ Kpy; ησqIpy ą 0q`P pU` “ 0 | V “ σqIpy “ 0q

along with Bayes theorem implies that (4.29) can be rewritten as follows

fU`V pyq “

ż 8

0

fU`|V

ˆ

y

σ
, σ

˙

dGpσq

dσ

1

σ
dσ “

ż 8

0

K

ˆ

y

σ
; ησ

˙

1

σ
dGpσq “ fpyq, (4.30)

for y ą 0. Now, since by assumption G0 has a regularly varying tail with tail index α0, it

follows from Theorem 10 that V has a regularly varying tail with tail index α0{D. Now,

let V0 „ G0 and L ˚pσq “ tL pσqu1{D and note that the assumptions along with Theo-

rem 10 and the representation theorem imply EpUα0
` q ă 8, P pV ą σq “ σ´α0{DL ˚pσq

and P pU` ą σq “ otP pV0 ą σqu1{D “ otP pV ą σqu as well as that limσÑ8L ˚pσq “

tlimσÑ8L pσqu1{D ą 0. In other words, the assumptions of the extended Breiman’s lemma

apply from where it readily follows that U`V is regularly varying at infinity with tail index

α0{D, and hence the same claim can be made about fU`V pyq “ fpyq. This proves the result.
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b) Let iphq be a permutation such that inftα : G0pαq ą 0u ” αip1q ď αip2q ď ¨ ¨ ¨ . Then,

1´ F pyq “
8
ÿ

h“1

πh
L pyq

yαh
“

8
ÿ

j“1

πipjqL pyq

yαipjq
“

L ˚pyq

yαip1q
,

and it can be easily shown that L ˚pyq “ L pyqtπip1q `
ř8

j“2 πipjq{py
αipjq´αip1qqu is a slowly

varying function, from where the final result follows.

Proof of Theorem 12: We only present the proof of Theorem 12 a) as that of claim b)

follows a similar line of attack. We start by showing that the marginal distributions Fk are

univariate Pitman–Yor mixtures, and then using Theorem 11 it follows that their tails, 1´Fk,

are regularly varying, for k “ 1, . . . , d. Let dy´k “ dy1 . . . dyk´1dyk`1 . . . dyd and note that

(4.12) combined with Fubini’s theorem implies that

fkpykq “

ż

Rd´1
`

fpyqdy´k “

ż

Rd´1
`

"
ż

Rd
`

d
ź

j“1

Kσj pyj ; ησj qdGpσq

*

dy´k

“

ż

Rd
`

"
ż

Rd´1
`

d
ź

j“1

Kσj pyj ; ησj qdy´k

*

dGpσq

“

ż

Rd
`

Kσkpyk; ησkq

" d
ź

j“1,j‰k

ż 8

0

Kσj pyj ; ησj qdyj

*

dGpσq

“

ż

Rd
`

Kσkpyk; ησkqdGpσq “

ż 8

0

Kσkpyk; ησkqdGkpσkq.

Since by assumption G0,kpσkq has a regularly varying tail with tail index α0,k, it follows from

Theorem 11 a) that 1´Fk is regularly varying with tail index αpFkq “ α0,k{D, for k “ 1, . . . , d,

from where the final result follows.
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Chapter 5

Interfacing Nonstationary

Multivariate Extremes and

Heteroscedastic Extremes

We devise a framework for learning about the frequency and magnitude of extreme

values in the joint tail as well as in other related regions induced by aggregating

variables on a common scale. The proposed framework reveals explicit links between

nonstationary multivariate extremes and heteroscedastic extremes, and hence can be

used to track the dynamics governing the degree of association between the extremes

of a random vector over time. Another contribution of this chapter rests on develop-

ment of Bayesian semiparametric inference methods for the two targets of interest:

the structure scedasis function and the structure coefficient of tail dependence. To

learn about the structure scedasis function from data we resort to a Bayesian non-

parametric approach that defines a prior in the space of structure scedasis functions.

For aggregation rules for which the structure coefficient of tail dependence is shown

to be non-degenerate, we learn about it from data using a prior supported over its

parameter space. The simulation study shows that the proposed methods are able

to recover the true frequency and magnitude of extremes in a failure region defined

by different aggregation rules. An application of the proposed methodology to the

FAANG stocks (Facebook, Apple, Amazon, Netflix, and Alphabets Google) sheds

light on some interesting features on the dynamics governing their extreme joint

losses over time. This chapter is based on a paper of the same name, under re-

view for The Electronic Journal of Statistics, with co-author Miguel de Carvalho.

The methodology is implemented and added to the R package extremis, available in

CRAN, with creator Miguel de Carvalho and Vianey Palacios as co-author.
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5.1 Introduction

The widely felt impact of record-breaking extreme events—such as stock market crashes, earth-

quakes, heatwaves, or widespread flooding—calls for an urgent need for a better understanding

and quantification of their risk. Whereas classical statistics is mostly concerned about infer-

ences surrounding the bulk of a distribution, statistics of extremes (Beirlant et al., 2004; Coles,

2001; Davison and Huser, 2015; de Haan and Ferreira, 2006) deals with the rather challenging

situation of conducting inference at the tails. In a multivariate context, the degree of associ-

ation between the extreme values of a random vector with common margins, pX,Y q, is often

evaluated by,

χ “ lim
zÑ8

P pX ą z | Y ą zq. (5.1)

The measure χ in (5.1) quantifies the probability of X being extreme, given that Y is extreme.

If χ “ 0 the variables are said to be asymptotically independent, whereas if 0 ă χ ď 1 the

variables are asymptotically dependent.

Given the time-evolving nature of multivariate extreme values, a recent body of literature

has been devoted to nonstationary multivariate extremes (Castro et al., 2018; de Carvalho,

2016b; Escobar-Bach et al., 2018; Gong and Huser, 2019; Mhalla et al., 2017, 2019). One of

the main targets of this recent field is to track how the dependence between the extreme values

evolves over time—or according to another covariate—and thus to shed light on the dynamics

governing extremal dependence. This has been achieved by indexing the parameter of the

so-called multivariate extreme value distribution over time and then to learn about it from

data.

Assume we want to model the extreme joint losses of a set of Big Tech stocks known as

FAANG (Facebook, Apple, Amazon, Netflix and Alphabet’s Google). These stocks trade on the

NASDAQ stock market and have attracted both personal investors and some prominent money

managers and professional investors. Then, if the magnitude of extremes is changing over time,

we can have an extreme loss—leading to a market crash. However, another possible outcome

is that the frequency of extremes is changing over time, in this later case we can see a constant

period of losses—leading to a market crash. For this reason, the type of nonstationarity we

are interested in, is the one arising from changes in the frequency of extremes rather than the

magnitude. Note that this nonstationary compares only the distribution tails and does not

impose any assumption on the central parts of the distributions.

In this chapter we contribute to the recent literatures on nonstationary multivariate extremes

(references above) and on heteroscedastic extremes (de Haan, 2015; Einmahl et al., 2016, 2021;

Mefleh et al., 2020) as well as to that on Bayesian modelling of multivariate extremes (Dombry

et al., 2017; Guillotte et al., 2011; Hanson et al., 2017; Sabourin and Naveau, 2014). The

focus of statistical methods for heteroscedastic extremes lies in modelling univariate extremes
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of independent but not necessarily identically distributed data. A main contribution of this

chapter will be to shed light on links between the nonstationary multivariate extremes and

heteroscedasdic extremes.

First, we observe in Section 5.2 that by definition the scedasis function of the joint tail can

be regarded as a standardized time-varying version of the coefficient of extremal dependence in

(5.1). As we show below (Sections 5.2–5.3), this implies that the scedasis based on the aggrega-

tion rule φmpx, yq “ minpx, yq can be regarded as a measure of extremal dependence over time.

Second, while examining a general class of aggregation rules for extreme values, we show that

a constant scedasis corresponds to the case of stationary multivariate extremes, whereas peaks

in a structure scedasis correspond to an increase in the mass of the corresponding risk set; see

Proposition 6. A consequence of the latter result is that a constant structure scedasis corre-

sponds to a stationary extremal dependence structure, whereas a peak in a structure scedasis

indicates a higher (or lower) degree of association between the extremes of the basis process

over that period (depending on the aggregation rule). The coefficient of tail dependence for

different aggregation rules is also examined here as well as the relation between the coefficients

underlying such rules.

Another contribution of this chapter rests on Bayesian inference for the structure scedasis

functions via finite mixtures of Polya trees (MPT). Polya trees are one of most well-known

priors on spaces of functions in the fast-evolving field of Bayesian nonparametrics (Ghosal and

Van der Vaart, 2015), and the theory on MPT was introduced and studied by Christensen et al.

(2008); Hanson and Johnson (2002); Hanson (2006); Lavine et al. (1992, 1994), among others.

The proposed inferences for the structure scedasis function are fully supported on the unit

interval, do not suffer from boundary bias—as do, for example, kernel-based approaches (Wand

and Jones, 1995, Section 5.5)—nor entail the challenging choice of a smoothness parameter.

Finally, for aggregation rules for which the structure coefficient of tail dependence is shown to

be non-degenerated, we learn about it from data using a prior supported over its parameter

space.

The masterplan of this chapter is as follows. Section 5.2 puts forward the first link between

multivariate nonstationary extremes and heteroscedastic extremes, with a focus on the joint tail

and on the bivariate setting. Section 5.3 moves beyond the joint tail and the bivariate setting,

and it examines the interface between nonstationary multivariate extremes and heteroscedastic

extremes on a more general framework. Bayesian inference is discussed in Section 5.4. Sec-

tion 5.5 reports the main findings of a Monte Carlo simulation study, and Section 5.6 showcases

an application of the proposed methods to some leading US tech-stocks. Finally, Section 5.8

discusses the main results and concludes the chapter. The Supporting Materials B contain

further numerical outputs as well as notes on the R package extremis which can be used to

implement the proposed methods.
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5.2 Linking χ and the Scedasis

5.2.1 Starting Point

We open the chapter with a simple yet enlightening link between the scedasis function for the

joint tail and a time-varying version of (5.1). Let tpXt, Ytqu
T
t“1 be a sequence of independent

random vectors, and following standard practice in multivariate extreme value theory suppose

that tXtu and tYtu are unit Fréchet distributed, i.e., P pXt ă zq “ P pYt ă zq “ expp´1{zq,

with z ą 0 for all t. Let Zt “ minpXt, Ytq, with survivor function

1´ Ftpzq “ P pZt ą zq “ P pXt ą z, Yt ą zq

for all t. The structure scedasis for the joint tail is defined as the scedasis of Zt, that is,

c˚
ˆ

t

T

˙

“ lim
zÑ8

1´ Ftpzq

1´ F pzq
, (5.2)

for some unknown baseline distribution function F pzq with an infinite upper endpoint. It follows

directly from (5.2) that

c˚
ˆ

t

T

˙

“ lim
zÑ8

1´ Ftpzq

1´ F pzq
“ lim
zÑ8

P pXt ą z, Yt ą zq

F pzq
” χt. (5.3)

In other words, Equation (5.3) reveals the first link between nonstationary multivariate extremes

and heteroscedastic extremes. Specifically, (5.3) implies that the structure scedasis of the joint

tail is a time-varying version of the tail-dependence coefficient in (5.1), and hence it can be

understood as a measure of nonstationary extremal dependence. Whenever
ş1

0
c˚psqds ą 0, a

standardized version of the structure scedasis can be defined as

c psq “
c˚ psq

ş1

0
c˚ psq ds

, (5.4)

for s P r0, 1s. The structure scedasis function c carries information on the dynamics of the

frequency of extremes in the joint tail over time. A uniform structure scedasis cpsq “ 1 indicates

a constant frequency of joint extremes over time, whereas if the structure scedasis peaks at some

period, it provides an indication of an higher frequency of joint extremes at that period. In

other words, a uniform structure scedasis implies a pattern of stationary bivariate extremes,

whereas a peak in the scedasis implies an increase in the level of extremal dependence at that

period.

Under the assumption that F is in the domain of attraction of a generalized extreme value

(GEV) distribution with extreme value index 0 ă γ ď 1, and under (5.2) it follows from de
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Haan and Ferreira (2006, Theorem 1.2.1), that for all z ą 0,

lim
wÑ8

1´ Ftpwzq

1´ Ftpwq
“ z´1{γ . (5.5)

Thus, all Ft have the same extreme value index as F . Following Ledford and Tawn (1996), we

will refer to γ in (5.5) as the coefficient of tail dependence.

5.2.2 Examples based on Time-varying Extreme Value Copulas

Next, we illustrate some instances of structure scedasis functions for the joint tail based on

time-varying extreme value copulas (Castro et al., 2018; de Carvalho, 2016b). Recall that the

time-varying bivariate extreme value copula is defined as

Ctpu, vq “ Gt

ˆ

´1

logp1´ uq
,

´1

logp1´ vq

˙

, pu, vq P r0, 1s2.

Here, Gtpx, yq is a time-varying bivariate extreme value distribution. That is,

Gtpx, yq “ exp

"

´`t

ˆ

1

x
,

1

y

˙*

,

for x, y ą 0, where the time-varying tail dependence function is

`tpx, yq “

ż 1

0

2 maxtwx, p1´ wqyuHtpdwq, (5.6)

and Ht is a time-varying angular measure that obeys the following moment constraint for all t,

ż 1

0

wHtpdwq “
1

2
.

Some parametric instances will be considered below so to illustrate the relation between the

structure scedasis and χt given by (5.3) as well as to shed light on the interpretation of the

structure scedasis for the joint tail. For Examples 10–12 below, we suppose that the baseline

is unit Fréchet distributed; we focus on the structure scedasis density as the coefficient of tail

dependence of all models below is γ “ 1; for details see Heffernan and Tawn (2004).

Example 10 (Logistic). The tail dependence function for the time-varying logistic extreme

value copula is

`tpx, yq “ px
1{αt ` y1{αtqαt ,

for x, y ą 0, where 0 ă αt ď 1. The true structure scedasis function under this model is the

standardized version of

c˚pt{T q “ 2´ 2αt . (5.7)
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Figure 5.1: Structure scedasis function for time-varying logistic extreme value copulas from

Examples 10–11 along with simulated data (T “ 5000). (Left) Data above threshold. (Middle)

Rug of times of exceedances of Zt above threshold and corresponding exceedances. (Right)

Structure scedasis function.

A more general framework is provided by the following setup.

Example 11 (Bi-extremal). The tail dependence function for the time-varying bi-extremal

extreme value copula is

`tpx, yq “ p1´ ψtqx` tpψtxq
1{αt ` y1{αtuαt ,

for x, y ą 0, where 0 ă αt ď 1 and 0 ď ψt ď 1. The true structure scedasis function is the

standardized version of

c˚pt{T q “ 1` ψt ´ tpψtq
1{αt ` 1uαt . (5.8)

Examples 10 and 11 can be nested in the more general framework of a time-varying asymmetric

logistic extreme value copula.
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Example 12 (Asymmetric logistic). The tail dependence function for the time-varying asym-

metric logistic extreme value copula is

`tpx, yq “ p1´ ψ1,tqx` p1´ ψ2,tqy ` tpψ1,txq
1{αt ` pψ2,tyq

1{αtuαt ,

for x, y ą 0, where 0 ă αt ď 1 and 0 ď ψj,t ď 1, for j “ 1, 2. The structure scedasis function

under this model is the standardized version of

c˚pt{T q “ 2` ψ1,t ` ψ2,t ´ tpψ1,tq
1{αt ` pψ2,tq

1{αtuαt . (5.9)

Figure 5.1 shows the structure scedasis function underlying the three examples above along

with simulated data. We set αt “ sintπpt{T qu for Example 10; also, we set αt “ 0.5 and

ψt “ sintπpt{T qu for Example 11; finally, we take αt “ 0.5, ψ1,t “ t{T and ψ2,t “ sintπpt{T qu

for Example 12. As it can be seen from Figure 5.1, the more mass the structure scedasis

allocates to a period, the higher the degree of extremal dependence between Xt and Yt.

5.3 On Further Links Over a General Framework

5.3.1 Structure Scedasis and Nonstationary Multivariate Extremes

The interfaces between nonstationary multivariate extremes and heteroscedastic extremes ex-

tend more generally beyond the process Zt “ mintXt, Ytu and beyond the bivariate case. To

see this, consider a more general framework that extends Section 5.2 where Zt ” φpYtq, φ is

an aggregation rule, that is φ : Y Ď Rd Ñ R, and Yt “ pY1,t, . . . , Yd,tq. Below, we focus on the

scedasis of φpYtq, and comment on the connection with the extremal dependence of Yt. The

setup is as follows. Let tYtu be a stochastic process in Y Ď Rd with unit Fréchet margins, and

let tZtu “ tφpYtqu. We assume that Ftpzq “ P pZt ď zq have a common upper endpoint, and

hence there exists a function

c˚φ

ˆ

t

T

˙

“ lim
zÑ8

1´ Ftpzq

1´ F pzq
, (5.10)

to which we refer to as the structure scedasis. If the baseline distribution function is in the

domain of attraction of a GEV distribution with extreme value index γφ ą 0, then it can be

easily shown that all Ftpzq are also in the domain of attraction of a GEV distribution with the

same extreme value index. Throughout, we refer to tZtu “ tφpYtqu as the structure process,

Uz “ ty : φpyq ą zu as the risk set, tYtu as the basis process, and γφ as the structure coefficient

of tail dependence.

Let Lt be the law of Yt and let µtpAq “
ş

A
Ltpdyq, where A is a Borel set in Rd. As it

will be seen below, a constant structure scedasis corresponds to a form of stationarity in the

extremal dependence structure; but before we are able to appreciate this we need to clarify
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what is meant by stationarity within the current framework.

Definition 12 (φ-stationary extremal dependence). Let tZtu “ tφpYtqu be a structure process.

The extremal dependence structure of tYtu is said to be φ-stationary, if µtpUzq is not a function

of t, as z Ñ8.

The following proposition elucidates what the scedasis of the structure process (tZtu) has to

say on the extremal dependence of the basis process (tYtu).

Proposition 6. Let tZtu “ tφpYtqu be a structure process. The structure scedasis in (5.10)

obeys the following properties:

1. If Yt is an asymptotically dependent random vector for all t, then the extremal dependence

structure of tYtu is φ-stationary if and only if the structure scedasis density is uniform.

2. The mass of the risk set Uz increases (or remains constant) from time period t´ 1 to t as

z Ñ8, if and only if the structure scedasis density increases (or remains constant) from

pt´ 1q{T to t{T .

Proposition 6 implies that a constant structure scedasis corresponds to a stationary extremal

dependence structure, whereas a peak on the structure scedasis should be understood as an

indication of a higher / lower degree of association between the extremes of the basis process

tYtu over that period (depending on φ).

5.3.2 Examples Based on a Class of Canonical Aggregation Rules

Simple Aggregation Rules and Kolmogorov-type

Next, we illustrate the framework from Section 5.3.1. All examples to be examined below fit into

the following general class of aggregation rules which borrows inspiration from Kolmogorov’s

celebrated notion of regular mean de Carvalho (2016a); Kolmogorov (1930).

Definition 13 (Aggregation rules). A family of maps φpdq : Y Ď Rd Ñ R is a simple aggregation

rule if it continuous and increasing in each variable, for every d P N. A simple aggregation

rule is said to be of Kolmogorov-type if in addition it obeys the following properties, for every

y “ py1, . . . , ydq P Y:

1. φpdqpyq is symmetric.

2. If we aggregate components of y, a “ φpqqpy1, . . . , yqq, the overall aggregated value should

remain unaffected; that is, for every 1 ď q ă d and d ě 2,

φpdqpy1, . . . , yq, yq`1, . . . , ydq “ φpd´q`1qpa, yq`1, . . . , ydq.
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Figure 5.2: Example of the risk sets over different Kolmogorov aggregation rules.

To ease notation below we drop the superscript in φpdq unless required. Examples of Kolmogorov

aggregation rules include φmpyq “
Źd
i“1 yi, φM pyq “

Žd
i“1 yi, φRpyq “

řd
i“1 yi, and φP pyq “

śd
i“1 yi. Examples of simple aggregation rules include the Bruun–Tawn norm (Bruun and Tawn,

1998) and positive linear combinations, respectively given by φBT pyq “ pd
´1

řd
i“1 y

β
i q

1{β with

β P R, and φLCpyq “
řd
i“1 βiyi, with βi ą 0 for all i, and where y P Y “ p0,8qd. Examples of

Kolmogorov structure processes include the time-varying minimum, maximum, and radius

Zmt ” φmpYtq “

d
ľ

i“1

Yi,t, ZMt ” φM pYtq “

d
ł

i“1

Yi,t, ZRt ” φRpYtq “

d
ÿ

i“1

Yi,t,

where Yt “ pY1,t, . . . , Yd,tq, all of which can be examined within the setup proposed in this

chapter. And indeed, the heteroscedastic extremes of Zmt have already been pre-examined

in Section 5.2 in the case d “ 2. Figure 5.2 shows the risk sets over different Kolmogorov

aggregation rules.

Connecting the Scedasis of Different Kolmogorov Aggregation Rules

Connections between structure scedasis yield from different aggregation rules can be established

under some assumptions. For example, it can be shown that the structure scedasis of the time-
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varying maximum, c˚M , and time-varying minimum, c˚m, for d “ 2 relate as follows

c˚M

ˆ

t

T

˙

“ 2´ c˚m

ˆ

t

T

˙

. (5.11)

As another example, note that for a general positive integer d ě 2, the scedasis of the radius

and that of the maximum coincide, i.e.,

c˚R

ˆ

t

T

˙

“ c˚M

ˆ

t

T

˙

,

under a similar assumption as that of Bae and Ko (2017) that for every j “ 2, . . . d,

P pY1,t ` ¨ ¨ ¨ ` Yj´1,t ą y ´ x | Yj,t “ xq

P pY1,t ` ¨ ¨ ¨ ` Yj´1,t ą y ´ xq
“ Op1q

holds uniformly for all x P ry0, ys, for every t. Well known-results on the sum of heavy-tailed

dependent risks Albrecher et al. (2006) can be used to characterize the scedasis of the time-

varying radius, c˚R. For example, for d “ 2, it follows that

c˚R

ˆ

t

T

˙

“ 2,

provided that the copula density can be bounded for all pa, bq P rx0, 1s
2, for a certain constant

x0 ă 1; see (Albrecher et al., 2006, Lemma 2.7) for details. In other words, the time-varying

radius structure.

Structure Coefficient of Tail Dependence for Kolmogorov Aggregation

Rules

Let Gφ Ď p0,8q be the parameter space for γφ. Different aggregation rules will lead to different

parameter spaces. For example, it can be shown that the parameter space of γφ for the time-

varying maximum and radius is degenerated as GM “ GR “ t1u. On the other hand, the

parameter space of γφ for the time-varying minimum is Gm “ p0, 1s and the parameter space

for the time-varying product is GP “ p0, ds. The specific value of γφ will depend on the extremal

dependence of the basis process, and it may vary for the cases of asymptotic dependence (AD)

and asymptotic independence (AI). For instance, γP “ d for AI and γP ă d for AD, whereas

γm ă 1 for AD and γm “ 1 for AI. For details, see Section 5.9.2.
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Figure 5.3: Example of Polya tree densities centred at a Betap5, 2q density over stages 1–3; the
third stage is mixed over a „ LNplog 2, .05q and b „ LNplog 5, .05q.

5.4 Semiparametric Bayesian Inference for Heteroscedas-

tic Extremes

In this section we develop estimators for the two targets of interest, the structure scedasis

function (cφ) and the coefficient of tail dependence (γφ). Note that we only aim to learn

about γφ for aggregation rules for which Gφ is non-degenerated. Our Bayesian approach will

be semiparametric, as it entails setting a prior on a function space (for cφ) as well as a prior

over a scalar (for γφ). The proposed model can be completely characterized by the parameters

pcφ, γφq P C ˆ Gφ where C is the space of all continuous density functions supported over the

unit interval.

Here and below—whenever typographically convenient and there is no

ambiguity—we omit the dependence of cφ and γφ on the subscript φ, and define the inte-

grated structure scedasis as Cpsq :“
şs

0
cpuqdu, for s P r0, 1s. Similarly to Poon et al. (2003) we

suggest to first estimate γ and only if there is evidence in favor of asymptotic dependence to

estimate c.

5.4.1 Inference for the Structure Coefficient of Tail Dependence

We now move to the parametric part of the model. Again, we recall that we only aim to

learn about the structure coefficient of tail dependence whenever Gφ is not a singleton; see

Section 5.3.2 for details. From (5.5) it follows that Zt “ φpYtq is in the domain of attraction of

a GEV distribution with extreme value index γφ ą 0, for all t. Consider the relative excesses
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E “ tE1, . . . , Eku “ tZt{u : Zt ą uu, for a sufficiently large threshold u. Then, it follows that

P pEj ą z | Zj ą uq « z´1{γφ , for j “ 1, . . . , k. To conduct Bayesian inference we need to set

a prior ppγφq supported over Gφ of the structure coefficient of tail dependence γφ. The idea is

to define a prior as a mixture of a distribution with support on the open interval of Gφ and a

point mass at the upper limit. That is, our prior for the structure coefficient of tail dependence

includes a point mass at the upper limit so to induce shrinkage—in case there is evidence in

favor of asymptotic dependence. To make matters concrete, below we focus on φm, in which

case 0 ă γ ď 1, but the same principles extend immediately for the other aggregation rules

such as φP . Consider the following hierarchical model,

ppE1, . . . , Ek | γ, πq “ γ´k
k
ź

j“1

E
´p1`1{γq
j ,

ppγ | πq “ π ` p1´ πqβpγ; aγ , bγq, ppπq “ βpπ; aπ, bπq.

where βp¨; a, bq is the density of a Beta distribution with shape a, b ą 0. Thus, the full condi-

tionals of γ and π are,

ppγ | π,Eq9γ´k
k
ź

j“1

E
´p1`1{γq
j tπ ` p1´ πqβpγ; aγ , bγqu ,

ppπ | γq “ βpγ; aγ ` |ri|, bγ ` i´ |ri|q

where ri “ tj ď i : γpjq “ 1u for a sample γp1q, . . . , γpiq. The full conditional of γ has

no closed-form expression, and hence we update this parameter using a Metropolis–Hastings

step. For details on the algorithm, and comments on extensions to other aggregation rules see

Section 5.9.3.

5.4.2 Polya Tree-based Inference for the Structure Scedasis Function

Setting a Prior on the Space of Structure Scedasis Functions

Our approach for learning from data involves ideas, concepts, and methods from Bayesian

nonparametrics (Ghosal and Van der Vaart, 2015). Most Bayesian nonparametric approaches,

such as Polya trees (Lavine et al., 1992, 1994) and Dirichlet processes (Ferguson, 1973), can be

understood as extensions of standard parametric methods in the sense that they are centered a

priori around a parametric model, tC0,θ : θ P Θ Ď Rpu, but assign positive mass to a variety of

alternatives. Hence, a recurring theme in the Bayesian nonparametric literature is to consider

a parametric approach as a reference, while allowing for other alternative models to ‘take over’

when data suggests that the parametric model is inappropriate. To do Bayesian nonparametrics

in the sense described above we need prior probability models over probability distributions.

Bayesian inference for the structure scedasis function involves defining a prior over C . Our
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prior will be based on Polya trees, and thus we start with some preparations on the latter. To

illustrate how Polya trees provide a natural extension of parametric statistical models, below

we consider the process of generalizing a Betapa, bq family via a Polya tree, with a, b ą 0; other

statistical models can be generalized in a similar fashion, and keeping in mind that scedasis

densities are supported on the unit interval here we focus on distributions supported in p0, 1q.

A Polya tree entails a number of stages (J), a centering distribution (C0,θ), and each stage

involves a certain number of parameters. In the first stage, we partition the unit interval into

two bins, that is B1,1 “ p0,mq and B1,2 “ pm, 1q, where m “ I´1
1{2pa, bq is the median and

Ixpa, bq is denoting the regularized Beta function. See Figure 5.3 for the case a “ 5 and b “ 2.

Let T1 follow the first stage distribution; the parameters of the first stage quantify the amount

of mass of T1 that lies below and above the median of the centring distribution, that is

p1,1 ” P pT1 P B1,1q, p1,2 ” P pT1 P B1,2q “ 1´ p1,1.

Let’s now move to the second stage; let T2 follow the second stage distribution. We proceed

as in the first stage but break the unit interval into four pieces with equal mass B2,1 “ p0, q1s,

B2,2 “ pq1,ms, B2,3 “ pm, q3s, B2,4 “ pq3, 1q, where q1 and q3 are respectively the first and third

quartiles of the centring Beta distribution. The parameters of the second stage are conditional

probabilities relative to the partition of the first stage, that is,

p2,1 ” P pT2 P B2,1 | T2 P B1,1q, p2,2 ” P pT2 P B2,2 | T2 P B1,1q,

p2,3 ” P pT2 P B2,3 | T2 P B1,2q, p2,4 ” P pT2 P B2,4 | T2 P B1,2q.

The probability of each set in the partition for the second stage is then

P pT2 P B2,1q “ p1,1p2,1, P pT2 P B2,2q “ p1,1p2,2,

P pT2 P B2,3q “ p1,2p2,3, P pT2 P B2,4q “ p1,2p2,4.

See Figure 5.3 for a blueprint of these stages; the subsequent stages extend analogously. If we

consider the parameters a and b as random—and average over a prior on pa, bq—then we obtain

a so-called finite mixture of Polya trees (MPT).

Data

To learn about the structure integrated scedasis, C, via a mixture of Polya tree priors we

proceed as follows. Let I “ tt{T : Zt ą uu “ tτ1, . . . , τku be the standardized times of the

k “ opT q exceedances and define ηt “ 1pZt ą uq. Under Equation (5.10), where 1 ´ Ftpzq «
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cpt{T qt1´ F pzqu for z ą u, the likelihood is given by

Lpcpt{T q, γq “
T
ź

t“1

tcpt{T qfpzqu
ηt r1´ cpt{T qt1´ F pzqus1´ηt , (5.12)

for large u, where fpzq is the density of the baseline distribution in (5.2).

Inference for Structure Scedasis

The hierarchical representation of the model for the structure scedasis function is as follows

I | C „ C, C | θ,Π „ PTJpα,C0,θq, θ „ ppθq.

Here, Π “ tΠj ; j “ 1, . . . , Ju is a sequence of nested partitions, such that the jth level Πj “

tBj,l : l “ 1, . . . , 2ju is a partition of the unit interval and PTJpα,C0,θq is a mixture of finite

Polya trees with two main parameters: A centring distributions function on the unit interval

tC0,θu; a precision parameter (α ą 0). The parameter α controls how much deviations from

the centering will be allowed, in the sense that the smaller the α the less credit is given to the

centering distribution.

A tail-free process defines a random probability measure C satisfying the tree additivity

property, that is, CpBj´1,kq “ CpBj,k`1q ` CpBj,kq. Let pj,2l´1 “ CpBj,2l´1 | Bj´1,lq and

pj,2l “ CpBj,2l | Bj´1,lq be the probability of the sets Bj,2l´1 and Bj,2l conditional to the set

Bj´1,l under the measure C, at each level j P t1, . . . , J}. These conditional probabilities are

relative to the partition of the previous stage, and the tree additivity property implies that

pj,k`1` pj,k “ 1, allowing us to calculate the probability of every set Bj,l as the product of the

conditional probabilities. For example, the probability of the set B3,1 is CpB3,1q “ p3,1p2,1p1,1

as by construction B3,1 Ă B2,1 Ă B1,1(see Figure 5.3). More generally, the probability of a set

l in the partition J is given by the product of the subsets corresponding to the branch of the

tree, that is,

CpBJ,lq “
J
ź

j“1

pj,rl2j´J s. (5.13)

A Polya tree process is a tail-free process if the conditional probabilities have independent Beta

priors, such that pj,2l´1 „ Betapαj,2l´1, αj,2lq. The posterior of the Polya tree process C given

the sample I is also a Polya tree process, where the parameters of the beta are updated as

p˚j,2l´1 „ Betapαj,2l´1 ` kj,2l´1, αj,2l ` kj,2lq, where kj,l is the number of exceedances from

I that lie in the interval Bj,l. For more details, see Ghosal and Van der Vaart (2015). The

probability of a set l in the partition J is given by (5.13), using the updated probabilities p˚j,l,

CpBJ,l | elseq “
J
ź

j“1

p˚j,rl2j´J s
. (5.14)
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Then, following Hanson (2006), the posterior density

cpτi | Π, θq “ 2JCpBJ,lpτiq | elseqc0,θpτiq, i “ 1, . . . , k, (5.15)

where c0,θ “ dC0,θ{ds, and where lpτiq is the set l at level J containing τi, for all i. Note that

(5.15) implies that the posterior structure scedasis is a suitably ‘tilted’ version of the centering

C0,θ.

In terms of the choice of the parameters, we consider the rule of thumb J “ log2pkq for

the number of levels (Hanson and Johnson, 2002), and set αj,l “ αj2 as this guarantees an

absolutely continuous C with probability one in an infinite tree (Kraft, 1964).

5.5 Simulation Study

5.5.1 Simulation Setup and Preliminary Analysis

We now assess the performance of the proposed methods using simulated data; below we focus

on the aggregation rule φmpx, yq “ minpx, yq, but in the Supporting Materials B we report a twin

numerical study for the structure processes generated from the aggregation rule φRpx, yq “ x`y;

we do not examine performance for φM px, yq “ maxpx, yq as it is straightforward to obtain the

structure scedasis of the time-varying maximum from that of the time-varying minimum as

can be seen from (5.11). First, we concentrate on illustrating the methods on a one shot

experiment and on describing the scenarios from which the data have been simulated from; a

Monte Carlo simulation study will be presented in Section 5.5.2. The scenarios under which data

are generated stem from Examples 10–12. Specifically, T “ 1000 observations are simulated

from:

• Scenario A: Logistic extreme value copula from Example 10, with αt “ sintπpt{T qu.

• Scenario B: Bi-extremal copula from Example 11, with αt “ 0.5, and ψt “ sintπpt{T qu.

• Scenario C: Asymmetric logistic extreme value copula from Example 12, with α “ 0.5,

ψ1,t “ t{T, and ψ2,t “ sintπpt{T qu.

We have transformed the simulated data to unit Fréchet margins using the empirical distribution

function, so to assess the effects of the transformation to common margins on the proposed

methods. Some comments on learning about the structure scedasis function via a mixture

of Polya trees are in order. We use a Beta distribution as the baseline distribution, that is

C0,θ „ Betapa, bq, and we set a „ Log-normalpm0, s0q and b „ Log-normalpτ1, τ2q; finally, we

set α „ Gammapa0, b0q. In terms of hyperparameters, we set a0 “ 0.1, b0 “ .1, M “ 8 for

the levels of the tree, m0 “ 0.5, s0 “ 1, τ1 “ .01, and τ2 “ .01 for the structure scedasis and

aγ “ 1, bγ “ 1, aw “ 1 and bw “ 1 for the coefficient of tail dependence. For the threshold
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we set the u “ 0.95% quantile and run a burn-in period of 5000 iterates, after which we saved

5000 posterior iterates.

The outcome of a single-run experiment conducted according to the settings above is pre-

sented in Figure 5.4. Such experiment allows us to anticipate some strengths and limitations,

with the proposed method. As it can be seen from this figure, our estimator is overall close to

the true structure scedasis function and it thus captures the joint frequency of extremes over

time. Also, the proposed Polya tree-based method is fully supported on the unit interval, and it

does not suffer from boundary bias. Parenthetically, Figure B.1 in the Supporting Materials B

underscores how poor the fit of a plain vanilla kernel-based method would be over Scenario A

given the issue of boundary bias. While bias correction methods have been proposed to address

the latter issue (e.g. Jones, 1993), we regard the facts that our Polya tree-based estimator does

not require such correction, nor it entails the choice of a bandwidth, as favourable aspects.
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Figure 5.4: Structure scedasis density estimate obtained via the posterior mean of a mixture of

finite Polya trees over a single-run experiment (dashed) plotted against true (solid). Here, the

structure process is the time-varying minimum.

5.5.2 Monte Carlo Simulation Study

Here we report the main numerical findings from a Monte Carlo simulation study. We simulated

1 000 time series of length T “ 500, 1 000, 5 000, and 10 000 from Scenarios A–C introduced

in Section 5.5.1. Figure 5.5 show the structure scedasis density estimates obtained with the

proposed methods for Scenarios A–C over this Monte Carlo simulation study; we used the

same prior specification as in Section 5.5.1, and have also transformed once more the simulated

data to unit Fréchet margins using the empirical distribution function. We start with the

structure scedasis density. Figure 5.5 suggests that the proposed Polya tree-based estimator

for the structure scedasis density perform well over Scenarios A–C, in line with the preliminary

experiments from Section 5.5.1. Next, we move to the Bayesian estimator of the coefficient

of tail dependence from Section 5.4. The Monte Carlo posterior mean estimates reported in

Table 5.1 suggest an overall good accuracy of the proposed Bayesian approach for learning

about the coefficient of tail dependence. In an attempt to examine the frequentist properties

of our Bayesian method from a numerical viewpoint, we also report in Table 5.1 the coverage

probabilities, i.e. the number of times the true value γ was contained the credible interval of
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probability 1´α. As it can be seen from Table 5.1 the coverage probabilities reasonably follow

the significance levels, especially for higher T , thus suggesting a good frequentist behavior the

proposed approach. For Scenarios A–C the true coefficient of tail dependence is γ = 1.

Scenario A

Scenario B

Scenario C

Figure 5.5: First 150 trajectories of structure scedasis density estimates obtained via the pos-

terior mean of a mixture of finite Polya trees over the Monte Carlo simulation study (gray)

plotted against true (black). Here, the structure process is the time-varying minimum.

5.5.3 Nonstationary Margins

In this subsection we present the same analysis from Section 6 of the chapter but allowing for

the margins to be nonstationary. We transform the bivariate returns pRXt , R
Y
t q to unit Fréchet

margins pXt, Ytq using the transformation:

pXt, Ytq “ p´1{ logFRXt pR
X
t q,´1{ logFRYt pR

Y
t qq,

where FRXt and FRYt are the respective marginal time-varying distribution functions for RXt and

RYt . To estimate FRXt and FRYt we compute the time-varying distribution function estimator
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Table 5.1: Monte Carlo posterior mean coefficient of tail dependence and coverage probabilities
Iα at levels α “ 0.90, 0.95. For all cases the true coefficient of tail dependence is γ = 1.

Scenario Sample size (T ) Monte Carlo posterior mean I.90 I.95

A 500 0.950 0.997 1.000
B 500 0.956 0.998 1.000
C 500 0.936 0.994 0.994

A 1 000 0.966 1.000 1.000
B 1 000 0.973 1.000 1.000
C 1 000 0.945 0.988 0.996

A 5 000 0.987 1.000 1.000
B 5 000 0.990 1.000 1.000
C 5 000 0.958 0.972 0.990

A 10 000 0.989 1.000 1.000
B 10 000 0.968 0.924 0.967
C 10 000 0.947 0.930 0.986

of Harvey and Oryshchenko (2012). That is

pFRXt pxq “
T
ÿ

i“1

H

ˆ

x´RYi
h

˙

wt,i, t “ 1, . . . , T,

where Hp¨q is a kernel distribution function, and
řT
i“1 wt,i “ 1 for all t. We use the Gaussian

kernel and the weights are computed using the algorithm of Koopman and Harvey (2003), where

it follows that wt,i « p1´ wq{p1` wqw
|t´i| for i “ 1, . . . , T . and 0 ď w ă 1. We tried different

values of the parameter w and obtain similar results, the results report here are using w “ 6.

Let pFRYt being analogously defined. Figure 5.6 shows the scedasis function pairwise and Figure

5.7 shows the estimation for the 5-dimensional case. Table 5.2 shows the posterior mean and

credible bands of the coefficient of extreme value dependence. The posterior mean coefficient

of tail dependence for this multivariate analysis is 0.67 (CI = p0.54, 0.85q). Thus, in both cases

the results are tantamount to the ones obtained in Section 5 of the chapter.
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Figure 5.6: Structure scedasis (for the pairwise setting) posterior mean along with pointwise
credible bands using finite mixtures of Polya trees for FAANG stocks over 2012–2020; here, the
structure process is the time-varying minimum and the marginal transformation is using the
time-varying version.
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Table 5.2: Posterior median and 95% credible intervals of the extreme value index of the
structure process of the time-varying minimum and the marginal transformation is using the
time-varying version.

Pair of Lower Posterior Upper
FAANG stocks limit median limit

Facebook–Amazon 0.967 1.000 1.000
Facebook–Apple 0.996 1.000 1.000

Facebook–Netflix 0.986 1.000 1.000
Facebook–Google 1.000 1.000 1.000

Amazon–Apple 1.000 1.000 1.000
Amazon–Netflix 0.987 1.000 1.000
Amazon–Google 0.992 1.000 1.000

Apple–Netflix 0.997 1.000 1.000
Apple–Google 1.000 1.000 1.000

Netflix–Google 0.995 1.000 1.000
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Figure 5.7: Structure scedasis (for the multivariate setting) posterior mean along with point-

wise credible bands using finite mixtures of Polya trees for FAANG stocks over 2012–2020; here,

the structure process the time-varying minimum and the marginal transformation is using the

time-varying version.

5.5.4 Structure Scedasis of Minimum

This section supplements the Monte Carlo study in the chapter by considering: i) a case with

a smaller sample size (T “ 500); ii) studying two additional scenarios with γ ă 1 (as those in

Section 5.5.2 were all for γ “ 1). In terms of i), we report the simulation study for Scenarios A–

C when T “ 500 in Figure B.2, where it can be seen a good overall performance of the proposed

Polya tree inference for the structure scedasis. In terms of ii), we construct simulation scenarios

with γ ă 1 using a the time-varying Pareto-type model, that is, F pZt ą zq “ z´1{γLtpzq, where

Ltpzq is a time-varying slowly varying function (i.e. Ltpwzq{Ltpzq Ñ 1, as z Ñ 8, for any

w ą 0 and for all t), and set:
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• Scenario D: Ltpzq “ t{T and γ “ 0.3.

• Scenario E: Ltpzq “
a

t{T and γ “ 0.5.

In both scenarios we set the baseline F to be unit Pareto. The Monte Carlo posterior mean

estimates of γ are reported in Table 5.3 and provide an overall good fit; the posterior scedasis

estimates for the minimum are presented in Figure 5.8 and also closely follow the target.

Table 5.3: Monte Carlo posterior mean coefficient of tail dependence and coverage probabilities

Iα at levels α “ 0.90, 0.95. For scenario D and E, the true coefficient of tail dependence is γ =

0.3, 0.5, respectively.

Scenario Sample size (T ) Monte Carlo posterior mean I.90 I.95

D 500 0.3048 0.824 0.930

E 500 0.5057 0.802 0.876

D 1 000 0.3043 0.860 0.952

E 1 000 0.5048 0.853 0.958

D 5 000 0.3000 0.899 0.950

E 5 000 0.5001 0.907 0.951

D 10 000 0.3000 0.901 0.948

E 10 000 0.4999 0.900 0.951

5.6 Tracking Extreme Joint Losses of Leading US Tech-

Stocks

5.6.1 Data Description, Financial Rationale, and Preprocessing

In this section we apply the proposed methods so to model the magnitude and frequency of

extreme joint losses of a set of Big Tech stocks known as FAANG (Facebook, Apple, Amazon,

Netflix and Alphabet’s Google). The data were gathered from Yahoo Finance and consist of

weekly closing prices from 1 Jan. 2012 to 11 Oct. 2020; this is mostly a period of sustained

growth, with a few sharp sell-offs at the end of the observation period, and over which test

T4 from Einmahl et al. (2016, p. 38) suggests that the extreme value index is constant over

time. The period under analysis also includes the beginning of the Covid-19 era, which some

speculate will get these Big Tech companies to become even bigger (Wigglesworth, 2020).

Figure 5.9 depicts the raw data. Since the goal will be to focus on extreme losses, we use

weekly negative returns as a unit of analysis. Weekly negative returns are computed by taking
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Scenario D

Scenario E

Figure 5.8: First 150 trajectories of structure scedasis density estimates obtained via the pos-
terior mean of a mixture of finite Polya trees over the Monte Carlo simulation study (gray)
plotted against true (black).; here the structure process is the time-varying minimum.
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Figure 5.9: FAANG prices over 2012–2020.
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the negative of the first differences of the logarithmic prices. Some comments on preprocessing

are in order. We transform the bivariate returns pRXt , R
Y
t q to unit Fréchet marginals pXt, Ytq

using the transformation:

pXt, Ytq “ ´p1{ logtFRX pR
X
t qu, 1{ logtFRY pR

Y
t quq,

where FRX and FRY are the respective marginal distribution functions for RXt and RYt . We

then work with exceedances of Zt “ minpXt, Ytq above the 0.95 quantile. We estimate FRX

and FRY using a suitably rescaled empirical distribution function, that is pFRX pxq “ 1{pT `

1q
řT
t“1 IpR

X
t ď xq with pFRY being analogously defined. Ljung–Box tests (Tsay, 2002, Ch. 2)

were applied to the Zt and no evidence in favor of Zt being dependent was found, with the

exception of the pair Facebook & Netflix; the results below for the latter pair should keep in

mind this disclaimer.

5.6.2 Learning About the Dynamics and Magnitudes of Pairwise Ex-

treme Losses

As noted in Section 5.4, similarly to Poon et al. (2003), we first estimate γm and only if there

is evidence in favor of asymptotic dependence we estimate cm. We recall that our prior for the

structure coefficient of tail dependence includes a point mass at 1 so to induce shrinkage—in case

there is evidence in favor of asymptotic dependence. The obtained posterior inferences for the

coefficient of tail dependence for all pair of stocks are presented in Table 5.4 and suggest evidence

in favor of asymptotic dependence for each pair of stocks. Given this we next proceed and learn

about the structure scedasis. Bayesian inference for the structure scedasis function for all pairs

of FAANG stocks is presented in Figure 5.10. Some comments on implementation are in order.

As in Section 5.5 we assume the number of levels to be M “ 8. In terms of prior information,

for the parameter α „ Gammapa0, b0q we use a non-informative prior pa0, b0q “ p0.1, 0.1q,

whereas for the parameter of the centring Beta distribution we set a „ Log-normalpµ̂z, σ̂zq

and b „ Log-normalp0.1, 0.1q, where µ̂z and σ̂z are respectively the sample mean and standard

deviation. In terms of MCMC, we run a burn-in period of 5000 iterates, after which we saved

5000 posterior iterates.

As it can be seen from Figure 5.10, most structure scedasis functions tend to peak around

2016–2019, thus indicating that extreme joint losses have occurred mostly around that time.

From a financial outlook the dynamics portrayed by the structure scedasis in Figure 5.10 may

look surprising at first, keeping in mind the well-known fact that the 2020 pandemic crisis has

led to some sharp sell-offs worldwide (Zhang et al., 2020). And in fact economists have been

painting a doomsday scenario for the real economy in the short-run since early 2020 (McKibbin

and Fernando, 2020). It should be noticed however that Figure 5.10 simply claims that the
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Figure 5.10: Structure scedasis (for the pairwise setting) posterior mean along with pointwise
credible bands using finite mixtures of Polya trees for FAANG stocks over 2012–2020; here, the
structure process the time-varying minimum.

relative frequency of extreme joint losses has been higher over 2016–2019, than over the 2020

pandemic outbreak.

Parenthetically, we note that a probabilistic interpretation can be given to Figure 5.10, in the

sense that the structure scedasis in the joint tail region (5.2) is proportional to the probability

of extreme joint losses over time. To see this, note that that for a fixed large z,

P pXt ą z, Yt ą zq «
c˚mpt{T q

z1{γm
9c˚mpt{T q.

5.6.3 Multivariate Analysis

Section 5.6.2 offered a pairwise analysis but in practice the interest often lies in more than two

stocks. Keeping this in mind, below we conduct an analysis that focuses on the time-varying

minimum structure process Zt “
Źd
i“1 Yi,t, where tY1,tu, . . . , tYd,tu are d time series (say, d “ 5

FAANG stocks). The reported analysis used the same prior specification and MCMC setup as
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Table 5.4: Posterior median and 95% credible intervals of the extreme value index of the
structure process of the time-varying minimum.

Pair of Lower Posterior Upper
FAANG stocks limit median limit

Facebook–Amazon 0.951 1.000 1.000
Facebook–Apple 0.984 1.000 1.000

Facebook–Netflix 0.943 1.000 1.000
Facebook–Google 0.988 1.000 1.000

Amazon–Apple 1.000 1.000 1.000
Amazon–Netflix 0.971 1.000 1.000
Amazon–Google 0.982 1.000 1.000

Apple–Netflix 0.954 1.000 1.000
Apple–Google 0.998 1.000 1.000

Netflix–Google 0.959 1.000 1.000
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Figure 5.11: Structure scedasis (for the multivariate setting) posterior mean along with point-
wise credible bands using finite mixtures of Polya trees for FAANG stocks over 2012–2020; here,
the structure process the time-varying minimum.

in Section 5.6.2. Figure 5.11 depicts the structure scedasis associated with such time-varying

minimum computed for all FAANG stocks. The structure scedasis of this Zt again showcases

that from 2017–2019 the frequency of extreme joint losses was actually higher over 2016–2019

than over the recent COVID-19 pandemic. Again, we underscore that Figure 5.10 simply claims

that the relative frequency of extreme joint losses has been higher over 2016–2019 than over

the recent pandemic outbreak. Many geopolitical issues—such as the US–China trade war (Liu

and Woo, 2018; Li et al., 2018)—and US policy issues—such as President Trump impeachment

(Jackman, 2017)—may have been the drivers for some of these joint sell-offs. The posterior

mean coefficient of tail dependence for this multivariate analysis is 0.70 (CI = p0.57, 0.89q),

thus suggesting that despite the sturdy growth of FAANG stocks over time the comovements

of their extreme losses is substantial; this matches the intuition from Figure 5.9 where it can

be seen that sharp dips for these stocks tend to be synchronized.
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Scenario A

Scenario B

Scenario C

Figure 5.12: QQ-plots of randomized quantile residuals for the first 150 trajectories of structure
scedasis density estimates obtained via the posterior mean of a mixture of finite Polya trees
over the Monte Carlo simulation study from Section 4 in the chapter, here the structure process
is the time-varying miminum.

5.7 QQ-plots from Randomized Quantile Residuals

To assess the fit of the proposed methods we resort to a version of randomized quantile residuals

(Dunn and Smyth, 1996), where residuals are defined as εi “ Φ´1tCpτiqu, for i “ 1, . . . , k; here,

C is the integrated scedasis function and τi the standardized time of exceedances. If C is the

true distribution of the time of exceedances, it means that the assumption τi | C
iid
„ C is true,

then Cpτiq should be Uniform and thus εi should be Normal distributed, for all i. Figures 5.12–

5.13 depict QQ-plots of randomized quantile residuals plotted against the theoretical standard

Normal quantiles, and suggest acceptably good fits of the proposed model—both in the Monte

Carlo simulation study from Section 5.5.2 and in the real data analysis from Section 5.6.

5.8 Discussion

This chapter interfaces nonstationary multivariate extremes with heteroscedastic extremes, and

it introduces a flexible Bayesian approach for modelling the frequency and magnitude of the
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Figure 5.13: QQ-plots of randomized quantile residuals (for the pairwise setting and the 5-
dimensional setting) posterior inference using finite mixtures of Polya trees for FAANG stocks
over 2012–2020; here, the structure process is the time-varying minimum.
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extremes of a structure process. In particular, we show that the structure scedasis summarizes

key features of the extremal dependence structure of the basis process. The proposed frame-

work is suitable for modelling nonstationary multivariate extremes, as it has been designed for

tracking the dynamics governing the frequency of extreme values in the joint tail or over other

risk sets defined by other rules for aggregating extremes.

We develop Bayesian estimators for the two targets of interest—the structure scedasis func-

tion and the extreme value index. The nonparametric part of the model (i.e. the structure

scedasis) describes the frequency of extreme values in a risk set over time, and it is thus a

measure of the level of association of the extremes over time. For learning about the behavior

of the frequency of extremes in a risk set, we define a prior in the space of all structure sceda-

sis via finite mixtures of Polya trees. Our Polya tree-based approach relies on a parametric

approach as a baseline model (say, a Beta centring distribution), while allowing for deviations

from it whenever the data provide evidence for it. The application of our model to the so-

called FAANG stocks revealed some interesting dynamics on the frequency of joint extremes

over time, especially the fact the relative frequency of extreme joint losses has been higher over

2016–2019, than over the 2020 pandemic outbreak.

For some applications the extreme value index may not be constant over time, thus ques-

tioning how to proceed in that case. We argue that even in that case, learning about the law of

the standardized times of exceedances—i.e. learning about the structure scedasis—is the same

as inferring about the dynamics governing extremal dependence of a basis process, and thus of

the utmost interest in practice.

A natural avenue for future research entails modelling changepoints or structure changes

over time in the frequency of extremes in a risk set. While it is known that breaks in tail

behavior are key in applications (see, for instance, Quintos et al., 2001; Lin and Kao, 2008,

and references therein), most attention has been focused on modelling structural changes in

the magnitude of extremes rather than on frequency, and with the exception of de Carvalho

et al. (2020) all prior developments are for the univariate setting. modelling changepoints in the

frequency of extremes in a risk set would require setting a prior on the space of discontinuous

scedasis functions, and with the times of the breaks being themselves treated as a parameter.

Whether Leadbetter’s Dpunq mixing conditions (Leadbetter, 1974) could justify the use of the

proposed model for dependent sequences of extremes in a risk set is another open problem to

be addressed in future research. Finally, it would be elegant from a statistical viewpoint to

jointly model nonstationarities in margins and dependence but to our knowledge little has been

developed on this direction.
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5.9 Technical Details

5.9.1 Proof of Proposition 6

The proofs are as follows:

1. Note first that (5.10) implies that

c˚φ

ˆ

t

T

˙

“ lim
zÑ8

P pZt ą zq

1´ F pzq
“ lim
zÑ8

µtpUzq

1´ F pzq
. (5.16)

It follows from Definition 12 that µtpUzq does not depend on t, as z Ñ8. Thus, c˚φpt{T q “

κ for a positive constant κ ă 8, and hence the standardized structure scedasis is cpsq “ 1,

for s P r0, 1s. The reverse implication follows analogously, from where the final result

follows.

2. We only present the proof for the direct implication as the reverse implication follows

analogously. By assumption the mass of the risk set increases (or remains constant) from

t´ 1 to t, that is µtpUzq ě µt´1pUzq, as z Ñ8, and hence it follows from (5.16) that

c˚φ

ˆ

t

T

˙

“ lim
zÑ8

µtpUzq

1´ F pzq
ě lim
zÑ8

µt´1pUzq

1´ F pzq
ě c˚φ

ˆ

t´ 1

T

˙

. (5.17)

In turn (5.17) implies that

cφ

ˆ

t

T

˙

“
c˚φpt{T q
ş1

0
cpsqds

ě
c˚φppt´ 1q{T q
ş1

0
cpsqds

ě cφ

ˆ

t´ 1

T

˙

,

which proves the final result.

5.9.2 Parameter Space of Structure Coefficients of Tail Dependence

In this section we derive the support of the coefficients of tail dependence constraints for the

Kolmogorov-type aggregation rules covered in Section 5.3.2. Below L denotes a slowly-varying

function (i.e., Lpazq{Lpzq Ñ 1 as z Ñ 8, for all a ą 0) that may be indexed over time but to

ease notation we drop its dependence on it.

Time-varying Minimum

Note that P tφmpYtq ą zu „ z´1{γmLmpzq and since

P tφmpYtq ą zu ď 1´ expp1{zq „ 1{z,

we must have 0 ă γm ď 1, and hence Gm “ p0, 1s.
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Time-varying Maximum

Note that P tφM pYtq ą zu „ z´1{γMLM pzq and since

P tφM pYtq ą zu “ 1´ P tφM pYtq ď zu

“ 1´ P pY1,t ď z, . . . , Yd,t ď zq

ě 1´ P pY1,t ď zq

“ 1´ expp1{zq

„ 1{z

we must have 1 ď γM , and hence GM “ r1,8q.

Time-varying Radius

Note that P tφRpYtq ą zu „ z´1{γRLRpzq. Since tφRpYtq ą zu Ą
Ťd
i“1tYi,t ą zu and

tφRpYtq ą zu Ă
Ťd
i“1tYi,t ą z{du, by the principle of inclusion-exclusion it follows that

P tφRpYtq ą zu ě
d
ÿ

i“1

P tYi,t ą zu ` ¨ ¨ ¨ ` p´1qd`1P tY1,t ą z, . . . , Yd,t ą zu

“ P tφM pYtq ą zu

ě 1´ expp1{zq (5.18)

„ 1{z.

and

P tφRpYtq ą zu ď
d
ÿ

i“1

P tYi,t ą z{du ` ¨ ¨ ¨ ` p´1qd`1P tY1,t ą z{d,` . . . , Yd,t ą z{du

“ P tφM pYtq ą z{du

ď P tYi,t ą z{dud (5.19)

„ 1{z.

Then, combining (5.18) and (5.19)

P tφM pYtq ą zu ď P tφRpYtq ą zu ď P tφM pYtq ą z{du,

hence γR “ γM “ 1, that is GM “ GR “ t1u.
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Time-varying Product

Note that P tφP pYtq ą zu „ z´1{γPLP pzq. Since tφP pYtq ą zu Ă tY1,t ą z1{d, . . . , Yd,t ą z1{du,

it follows that

P tφP pYtq ą zu ě P tY1,t ą z1{d, . . . , Yd,t ą z1{du „ z´1{dγmLmpzq.

And since tφP pYtq ą zu Ă tφM pYtq ą z1{du, we have

P tφP pYtq ą zu ď P tφM pYtq ą z1{du „ z´1{dγMLM pzq,

then dγM ě γP ě dγm and hence GP “ p0, ds.

5.9.3 Posterior Inference for the Structure Coefficient of Tail Depen-

dence

Time-varying Minimum

Here we develop the posterior inference algorithm for learning about the structure coefficient

of tail dependence of the time-varying minimum; we comment on how to adapt the proposed

algorithm for the time-varying product as well as for other structure processes. Following the

hierarchical model from Section 5.4.1, the full conditional of γ P Gm “ p0, 1s is

ppγ | Eq “ ppE | γq ppγ | πq ppπq

“ γ´k
k
ź

j“1

E
´p1`1{γq
j tπ ` p1´ πqβpγ; a, bqu ppπq

9γ´k
k
ź

j“1

E
´p1`1{γq
j tπ ` p1´ πqβpγ; a, bqu .

To update γ we use a Metropolis–Hastings step where the proposal distribution is a mixture,

qpγ˚ | γq9 ω ` p1 ´ ωqTNpγ˚ | γ, 1q; here, TNp¨ | γ, 1q is the density of the truncated Normal

distribution on p0, 1q, with mean γ and variance 1. At each step, we use the values of γ to

compute the full conditional of π, which can be augmented using a latent variable u,

ppγ | πq “ π ` p1´ πqβpγ; a, bq, ppγ, u | πq “ 1puăπq ` 1puąπqβpγ; a, bq.

If we integrate over γ we get ppu | πq “ t1puăπq ` 1puąπqu „ Bernpπq, and then the full

conditional of π is

ppπ | elseq “ βpγ; a` |ri|, b` i´ |ri|q

where ri “ tj ď i : γpjq “ 1u. Algorithm 1 summarizes the inference procedure based on the

derivations above.
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Algorithm 1: Inference for structure coefficient of tail dependence

1 Initialize pγp1q, πp1qq.

2 Sample γ˚ „ πpiq ` p1´ πpiqqTNpγpiq, 1q.

3 Compute the ratio R “ ppγ˚qqpγ | γ˚q{ppγqqpγ˚ | γq, and accept γpi`1q “ γ˚ with

probability mintR, 1u, else γpi`1q “ γpiq.
4 Sample πpiq from Betapa` |ri|, b` i´ |ri|q, where ri “ tj ď i : γpjq “ 1u.
5 Repeat Steps 2 through 4 until reaching stationarity.

Time-varying Product

Here we describe the posterior inference algorithm to learn about the structure coefficient of tail

dependence, when the structure process is the time-varying product and the parameter space

of γ is GP “ p0, ds. The same line of attack as in Section 5.9.3 can once more be used provided

that we change the support of ppγq and qpγ˚ | γq to p0, dq, and set

ppγ | πq “ π ` p1´ πq ppγq, ppπq “ βpπ; aπ, bπq.

That is, the posterior inference algorithm in this case is tantamount to Algorithm 1 but in Step 2

the truncated Normal (TN) would be over p0, dq, and Step 3 requires that ppγq is supported over

p0, dq. For other structure processes with a different parameter space Steps 2–3 of Algorithm 1

can also be adapted in a similar fashion.
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Chapter 6

Closing Remarks and Discussion

In this chapter, we will recapitulate the main contributions made on Chapter 4 and

Chapter 5, as well as opportunities for future research.

6.1 Discussion

I have argued throughout this work, the importance of modelling heavy-tailed data using ap-

propriate random probability measures, and how characterizing their tails is crucial to doing so.

In Chapter 4 we developed new theory regarding the tail of an important type of Pitman–Yor

process, the so-called stable law process. The main novelty of this chapter was to shown that

the stable law process will be heavy-tailed, in the sense of regular variation, if and only if, the

center measure is also heavy-tailed. Another important contribution of this chapter was the

derivation of the exact envelopes where the tail of the stable process lies. To our understand-

ing, this is the first time there is a result concerning the exact rate of decay of this random

measure, as well as envelopes for its tail. Exploding the theoretical findings, we were able to

compare two big classes of mixture models for heavy-tailed distributions, one class based on

shape mixtures and the other class based on scale mixtures. Namely, we identify a clear pref-

erence for stable process scale mixtures over shape mixtures of heavy-tailed kernels by showing

that shape mixtures of Pareto-type kernels can be super heavy-tailed even though the centering

is only heavy-tailed; in other words, that it can lead to an overestimation of the mass at the

tail. Outside the principal contribution of this chapter, smaller contributions were made. For

instance, tail indices or other statistical functionals can be readily inferred from the proposed

methods, which provides yet another possible application of the methodologies.

In this thesis, I have mentioned the challenges of modelling heavy-tailed data, specially when

data is nonstationary. In particular, the difficulty of tracking how the dependence between the

extreme values evolves over time. In Chapter 5 we interfaced two main topics on extreme value

theory, heteroscedastic extremes and nonstationary multivariate extremes, to addressed this
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difficult problem. We proposed the scedasis structure function for different risk sets induced by

an aggregation rule of common scale heavy-tailed random variables. We show how the proposed

framework is suitable for modelling nonstationary multivariate extremes, as it has been designed

for tracking the dynamics governing the frequency of extreme values in a risk set. Whilst the

work presented in this chapter was mainly motivated by the problem of tracking the dependence,

we found interesting links between the structure scedasis and tail index of different aggregation

rules, which shed light on the regularly variation property of different aggregation rules. We

developed Bayesian nonparametric inference for the structure scedasis, based on Mixture of

Polya trees centering on a distribution with support on the unit interval and show how this

model do not suffer from boundary bias. Another important contribution is the construction

of a public package called extremis, available on CRAN, were the proposed methods were

implemented.

6.2 Future work

Heavy-tailed analysis is an ever-evolving field and there is always room for future developments,

so I will comment on potential opportunities for future research.

Contribution 1: Heavy-Tailed Pitman–Yor Mixture Models

There are some open questions that are of interest for future analysis. For instance, the char-

acterization of the tail of the Pitman–Yor process for the case when M ‰ 0 and 0 ă D ă 1.

We conjecture that it will not be heavy-tailed as the subordinator process have an exponen-

tial term, however this answer is not simply due to the complexity of the subordinator-type

representation. On a similar line of thought, another open question is, how large is the class

of random measures that posses a heavy-tailed behavior and if we can characterized the rate

of decay. Having an answer to these questions will provide flexibility to construct heavy-tailed

models where we can provide the actual rate of decay of the tail and compare how adequate

they are for heavy-tailed modelling. This opens a big area of intersection between Bayesian

nonparametric theory and extreme value theory, and a potential area of development.

Contribution 2: Interfacing Nonstationary Multivariate Extremes and

Heteroscedastic Extremes

The methodology proposed on this chapter were made under the assumption that the extreme

value index is constant over time, it would be interesting to see what happened when we remove

this assumption. Another assumption is the one of independence, which we think will be more

complicated to remove as the extension of heteroscedastic extremes to the dependent case is still

an open question. Another open question related to the scedasis function is the ability to model
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the changepoints in this function, which will require to set a prior on the space of discontinuous

scedasis functions and model the breaks as extra parameters. Finally, other future possible

research is to provide methodology to model nonstationarities in margins and dependence at

the same time, which to our knowledge there is potential development in this area.
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Appendix A

Supporting Materials for

Chapter 4

A.1 Supporting Information for Section 2

A.1.1 Auxiliary Results for the Envelopes of Example 3

On the Domain of Attraction of Example 3

This section shows that the lower and upper envelopes in Example 3 based on a standard Pareto

baseline are in the Gumbel domain of attraction—in the case of the DP—and in the Fréchet

domain of attraction—in the case of the stable law process. The main result of this section is

the following.

Proposition 7. Suppose G0 is a standard Pareto distribution, 1 ´ G0pyq “ y´1, for y ą 1.

For large y:

(a) If G „ DP pM,G0q, then 1´G is in the Gumbel domain of attraction, almost surely.

(b) If G „ SP pD,G0q, then 1´G is in the Fréchet domain of attraction, almost surely.

The proof of Proposition 7 will be presented below, and it uses the following elementary lemma,

which for completeness, we also prove below.

Lemma 4. If 1 ´ F pyq “ expt´yτL pyqu where τ ą 0 and L is a slowly varying function,

then F belongs to the Gumbel domain of attraction.

Proofs of Proposition 1 and Lemma 1

Proof of Lemma 4. Consider the auxiliary function bpyq “ y1´τL pyq´1τ´1, and note that
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lim
yÑ8

bpyq

bpy ` vbpyqq
“ lim
yÑ8

y1´τL pyq´1τ´1

ty ` vbpyqu
1´τ L ty ` vbpyqu´1τ´1

“ lim
yÑ8

y1´τL pyq´1

ry ` v ty1´τL pyq´1τ´1us1´τL ty ` vbpyqu´1

“ lim
yÑ8

y1´τL pyq´1

y t1` y´τL pyq´1τ´1u
1´τ L ty ` vbpyqu´1

“ lim
yÑ8

y1´τL pyq´1

y1´τ t1` y´τL pyq´1τ´1u
1´τ L ty ` vbpyqu´1

“ lim
yÑ8

L pyq´1

t1` y´τL pyq´1τ´1u
1´τ L ty ` vbpyqu´1

“ 1,

since,

lim
yÑ8

L pyq´1

L ty ` vbpyqu´1
“ lim
yÑ8

L ry ` v
 

y1´τL pyq´1τ´1
(

s

L pyq
“ lim
yÑ8

L ry
 

1` vy´τL pyq´1τ´1
(

s

L pyq
“ 1.

Then, we can write the limit of interest as follows,

lim
yÑ8

1´ F py ` bpyqtq

1´ F pyq
“ lim
yÑ8

exp

#

´

ż y`tbpyq

y

1

bpuq
du

+

.

Let v “ pu´ yq{bpyq so that u “ y ` vbpyq; then, the integral above can be rewritten with the

latter change of variables, and since the integrand converges locally uniformly to 1, bpyq{bpy `

vbpyqq Ñ 1, it follows that

lim
yÑ8

1´ F py ` bpyqtq

1´ F pyq
“ lim
yÑ8

exp

"

´

ż t

0

bpyq

bpy ` vbpyqq
dv

*

“ exp

"

´

ż t

0

lim
yÑ8

bpyq

bpy ` vbpyqq
dv

*

“ exp

"

´

ż t

0

1 dv

*

“ expt´tu.

This proves that F is in the Gumbel domain of attraction.

Proof of Proposition 7.

(a) If G „ DPpM,G0q, then for large y:

exp t´ys{M log | logpM{yq|u ď 1´Gpyq ď exp r´y{tM | logpM{yq|rus , a.s.

For the upper bound, note that LU pyq “ 1{tM | logpM{yq|ru and LLpyq “ s{M log | logpM{yq|
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are slowly varying functions. We can also see that for very large y, y ą M , | logpM{yq| “

´ logpM{yq “ logpy{Mq, then

lim
yÑ8

LU ptyq

LU pyq
“ lim
yÑ8

1{tM logpyt{Mqru

1{tM logpy{Mqru

“ lim
yÑ8

logpy{Mqr

logpyt{Mqr
.

Let `U pyq “ logpy{Mq, then

lim
yÑ8

`U ptyq

`U pyq
“ lim
yÑ8

logpyt{Mq

logpy{Mq
“
8

8
, L’hopital,

“ lim
yÑ8

1{y

1{y

“ 1.

Recall that if L is a slowly varying function, then L α is slowly varying as well for all

α P R, and in particular for α “ r. In addition, note that `U pyq “ logpy{Mq is a slowly

varying function, and hence limyÑ8LU ptyq{LU pyq “ 1. For the lower bound consider,

lim
yÑ8

LLpytq

LLpyq
“ lim
yÑ8

log tlogpy{Mqu

log tlogpyt{Mqu
“
8

8
, L’hopital, (A.1)

“ lim
yÑ8

L 1
Lptyq

L 1
Lpyq

(A.2)

“ lim
yÑ8

logpyt{Mq

logpy{Mq
“
8

8
, L’hopital, (A.3)

“ lim
yÑ8

1{y

1{y
(A.4)

“ 1. (A.5)

Note that (A.1) is satisfied for any values of r and s. Then, for large y, we can rewrite the

bounds in terms of upper and lower slowly varying functions as follows,

exp t´yLLpyqu ď 1´Gpyq ď exp t´yLU pyqu a.s.

Thus, the tail 1 ´ Gpyq is bounded from both sides by 1 ´ Flpyq “ exp t´yLLpyqu and

1´ Fupyq “ exp t´yLU pyqu, where by Lemma 4, Fl and Fu are in the Gumbel domain of

attraction. Hence, there exist auxiliary functions upyq and lpyq such that,

lim
yÑ8

1´Gpy ` upyqtq

1´ Fupyq
ď e´t,

and,

lim
yÑ8

1´Gpy ` lpyqtq

1´ Flpyq
ě e´t,
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where upyq “ LU pyq
´1 and lpyq “ LLpyq

´1. Thus, we have that almost surely,

1´Gpyq “ expt´y1`op1qu.

Hence, by defining an auxiliary function bpyq “ y´op1q, satisfying bpyq{bpy ` vbpyqq Ñ 1, it

follows that

lim
yÑ8

1´Gpy ` bpyqtq

1´Gpyq
“ e´t,

and thus it finally follows from Proposition 2.1 in Beirlant et al. (2004) that 1´G is in the

Gumbel domain of attraction, almost surely.

(b) The result follows directly from Theorem 3 in the main chapter, as G0 has a regularly

varying tail. Indeed, G has a regularly varying tail with tail index 1{D, and hence 1´G is

in the Fréchet domain of attraction.

A.2 Posterior Inference Algorithms

Here we develop the posterior inference algorithm to learn about the proposed heavy-tailed

mixture models. For generality, we will focus on the versions from Section 3, but trivially this

algorithm can be updated to fit the other models on the chapter. The numerical procedure

to be discussed below is based on Gibbs sampling. Specifically, we propose to use the slice

sampler algorithm for infinite mixtures proposed by Walker (2007), and further developed by

Kalli et al. (2011). The proposal in Walker (2007) adapts the number of components in the

mixture according to data complexity, and—conditional on the number of components at each

iteration—the posterior inference is straightforward.

For concreteness, below we focus on the model in Equation (12), but similar comments

readily apply to the multivariate heavy-tailed shape mixtures in Equation (13) of the main

chapter. Let tyiu
n
i“1 be a random sample, with yi “ pyi,1, . . . , yi,dq

T. The joint likelihood for

y “ py1, . . . ,ynq is

fπ,σ,ησ pyq “
n
ź

i“1

8
ÿ

h“1

πh

d
ź

k“1

Kpyi,k; ησk,hq, (A.6)

where π “ tπjujě1 and σ “ tσjujě1 are respectively the infinite collections of weights and

d-dimensional atoms, and ησ denotes the remainder parameters. Let si be a latent variable

such that

pyi | si “ jq „
d
ź

k“1

Kpyi,k; ησk,j q,
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where j “ 1, 2, . . . and i “ 1, . . . , n. The joint likelihood of y and s “ ps1, . . . , snq is

fπ,σ,ησ py, sq “
8
ź

j“1

π
nj
j

ź

ti:si“ju

d
ź

k“1

Kpyi,k; ησk,j q, (A.7)

where πj “ P psi “ jq and nj “
řn
i“1 Ipsi “ jq. To avoid the computation of infinite terms in

(A.7), Walker (2007) proposes to use the latent variables tuiu
n
i“1, such that:

fπ,σ,ησ pyi, uiq “
8
ÿ

j“1

Ipui ă πjq
d
ź

k“1

Kpyi,k; ησk,j q. (A.8)

In (A.8) only a finite number N of πj ’s satisfies the condition tui ă πju. In particular, N “

maxitNiu and Ni is the smallest integer such that
řNi
j“1 πj ą 1´ui, see Walker (2007) and Kalli

et al. (2011) for more details. Note that this implies that now π “ tπju
N
j“1 and σ “ tσju

N
j“1.

Considering the latent variables s and u “ pu1, . . . , unq, the likelihood for one observation is

fπ,σ,ησ pyi, si, uiq “ Ipui ă πsiq
d
ź

k“1

Kpyi,k; ησk,si q,

and hence the likelihood for the n observations can be expressed as

fπ,σ,ησ py, s,uq “
n
ź

i“1

Ipui ă πsiq
d
ź

k“1

Kpyi,k; ησk,si q. (A.9)

Using the likelihood in (A.9), the posterior inference via a Gibbs sampler is straightforward.

At each iteration, it is necessary to update π,σ and ησ, along with the latent variables s and u.

The weights πj will be computed with the stick-breaking construction, and then the updates

will be performed for the sticks Vj .

Following the recommendations in Section 3 of the chapter (Remark 1), we suggest imple-

menting the algorithm using as a baseline a multivariate heavy-tailed distribution with Pareto

Type II margins; see Equation (15). Some details on posterior inference for the extreme value

index are in order. Assuming the Jeffrey’s prior ppαkq “ 1{αk, it follows that the posterior

distribution is

ppαk | elseq9fpσ | αkqppαkq “
1

αk

N
ź

h“1

βαkαkpβ ` σhq
´αk´19Gamma

#

N,
N
ÿ

h“1

log

ˆ

β ` σh
β

˙

+

.

Algorithm 2 shows how to learn from data about the stable process scale mixture models in Sec-

tion 3.1 of the chapter. Step 6 of Algorithm 2 is not conjugate, and hence a Metropolis–Hastings

step is required, which is implemented with a random walk strategy proposing candidates D˚

from a Beta distribution. Algorithm 3 shows how to learn about the predictor dependent

model (16) in Section 3.2 of the chapter, from a random sample tpxi,yiqu
n
i“1, where the co-
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variate xi P Rp for all i. The algorithm is tantamount to Algorithm 2, except for an additional

step to update parameters βj and minor changes in the updating steps of the sticks and latent

variables. To update βj a Metropolis–Hastings step is required, which was implemented with a

random walk proposing candidates β˚j from multivariate Normal distribution in Rp. For Step 3,

a Metropolis–Hastings step might also be required—depending on the kernel to be used. The

Erlang kernel is particularly convenient as Steps 3 and 8 can be performed using a Gibbs sam-

pler. For example, the version of the model in Remark 1 of the chapter can be fitted using

Algorithms 1 and 2 with the following details for Steps 3 and 8:

3 Sample σj from ppσj | elseq9G0pσjq
ś

ti:si“ju

śd
k“1 Erpyi,k; rσk,sis, σk,si{λq.

8 Sample λ from Gamma
`

aλ `
řn
i“1

řd
k“1rσk,sis , bλ `

řn
i“1

řd
k“1 yi,k{σk,si

˘

.

Here, Erpy; a, bq is the density of the Erlang distribution with shape a P N and scale b ą 0,

and (8) is implemented with a random walk strategy proposing candidates σ˚j from a multi-

variate truncated Normal distribution in Rd`. Some final comments on notation are in order.

In Algorithms 2 and 3, Bp ¨ | a, bq is the density of a Betapa, bq distribution, and Di,j ”

exp pxT
i βjq{t1` exp pxT

i βjqu.

Algorithm 2: Slice Sampler for Stable Process Scale Mixtures
Eq. (12)

1 Initialize N,σ
p0q
1 , . . . ,σ

p0q
N , η

p0q
σ , V

p0q
1 , . . . , V

p0q
N ,up0q and sp0q.

2 Sample αk for each coordinate k, from GammapN,
řN
h“1 logtp1` σk,hquq.

3 Sample σj from ppσj | elseq9G0pσjq
ś

ti:si“ju

śd
k“1Kpyi,k; ησk,si q.

4 Sample Vj from Beta
`

1´D `
řn
i“1 Ipsi “ jq , jD `

řn
i“1 Ipsi ą jq

˘

, set
πj“Vj

ś

`ăjp1´ V`q.

5 Sample ui from pui | elseq „ Unifp0, πsiq, for i “ 1, . . . , n . Then, set N as the smallest

integer for which
řN
j“1 πj ą 1´ u˚, where u˚ “ minituiu.

6 Sample D from ppD | elseq9
śN
d“i Bpvi | 1´D, iDqBpD | aD, bDq.

7 With probability ppsi “ j | elseq9Ipj : πj ą uiq
śd
k“1Kpyi,k; ησk,si q , set si “ j for

i “ 1, . . . , n.

8 Update any remainder parameters in ησ via Metropolis–Hastings.

9 Repeat Steps 2 through 7 until reaching stationarity.

A.3 The pityoR Package

In this section, we sketch some details on the R package pityoR. The scale mixture models

from Sections 2 and 3 in the chapter can be fitted using the following functions:

• SPmix: Fits the univariate scale stable mixture model with an Erlang kernel and centered

on a Pareto Type II distribution; see Example 4 in the chapter.
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Algorithm 3: Slice Sampler for Conditional Stable Process Scale Mixtures
Eq. (14)

1 Initialize N,σ
p0q
1 , . . . ,σ

p0q
N , η

p0q
σ , V

p0q
1 , . . . , V

p0q
N ,β1, . . . ,βN ,u

p0q and sp0q.

2 Sample αk for each coordinate k, from GammapN,
řN
h“1 logtp1` σk,hquq.

3 Sample σj from ppσj | elseq9G0pσjq
ś

ti:si“ju

śd
k“1Kpyi,k; ησk,si q.

4 Sample Vjpxiq from Beta
`

1´Di,j ` Ipsi “ jq , jDi,j ` Ipsi ą jq
˘

and set
πjpxiq“Vjpxiq

ś

`ăjt1´ V`pxiqu, for i “ 1, . . . , n and j “ 1, ¨ ¨ ¨ , N .

5 Sample βj from ppβj | elseq9 exp pβT
j rs

2Ips
´1βjq

ś

ti:si“ju
BpVjpxiq | 1´Di,j , jDi,jq.

6 Sample ui from pui | elseq „ Unifp0, πsipxiqq, i “ 1, . . . , n . Then set N as the smallest

integer for which
řN
j“1 πjpxiq ą 1´ u˚, where u˚ “ minituiu.

7 With probability ppsi “ j | elseq9Ipj : πjpxiq ą uiq
śd
k“1Kpyi,k; ησk,si q , set

si “ j; i “ 1, . . . , n.

8 Update any remainder parameters in ησ via Metropolis–Hastings.

9 Repeat steps 2 through 7 until reaching stationarity.

• SPmix multi: Function to compute the multivariate scale stable mixture model of Erlang

kernel, centered on a multivariate heavy-tailed distribution with Pareto Type II margins;

see Section 3.1 in the chapter.

• SPmix cond: Fits the conditional multivariate scale stable conditional mixture model,

centered on a multivariate heavy-tailed distribution with Pareto Type II margins; see

Section 3.2 in the chapter.

As noted in p. 125 of this supplement the Erlang kernel presents some computational advantages;

it also follows from p. 125 that the codes made available in the package can be readily adapted

to other kernels.

The package also contains commands for fitting the shape mixture model presented in

Section 5 of the chapter, and a command to simulate trajectories from the Pitman–Yor process

along with the asymptotic envelopes that stem from Theorem 2; namely:

• DPmix: Fits the univariate shape Dirichlet mixture model, centered on a Pareto Type II

distribution; see Example 5 on the chapter.

• rPYP: Simulates trajectories from the Pitman–Yor process along with the corresponding

envelopes given in Theorem 2 of the chapter. Our computational experience suggests

that ε has to be set rather small, and clearly as a function of D (with larger values of D

implying a considerably smaller ε).

Below we will illustrate the function SPmix multi so to illustrate how to fit one of the simulation

scenarios presented in Section 5 of the chapter (Bivariate Scenario 2); although below we focus

on the bivariate case, the same command can be used to fit multivariate data. Before showing

how to use SPmix multi, we first load the required packages; as it will be illustrated below, any

copula from the copula package can be used as a baseline by using the command mvdc.
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## Load required packages

packages <- c("copula", "pityoR")

sapply(packages, require, character.only = TRUE)

Before fitting the model, we set up the MCMC and specify the baseline as well as the prior

information.

## MCMC settings

mcmc <- list(nburn = 200, nsave = 200)

## Prior information

centering <- mvdc(copula = archmCopula(family = "frank", param = 1),

margins = c("pareto", "pareto"),

paramMargins = list(list(shape = .5, scale = 1),

list(shape = .5, scale = 1)))

prior <- list(a1 = .1, b1 = .1, aD = .5, bD = .5, centering = centering)

Next, we simulate data from the bivariate distribution from Bivariate Scenario 2 using the

command rvdc from the package copula. For reproducibility reasons, we fix the seed using

set.seed.

set.seed(8452)

myMvd <- mvdc(copula = archmCopula(family = "frank", param = 1),

margins = c("lgamma", "lgamma"),

paramMargins = list(list(shapelog = 5, ratelog = 5),

list(shapelog = 5, ratelog = 5)))

data <- rMvdc(1000, myMvd)

Y <- cbind(data[,1]-1, data[,2]-1)

Next, we learn about the proposed model from data using the function SPmix multi from the

package pityoR.

fit <- SPmix_multi(Y = Y, prior, mcmc)

To plot the contour of the posterior distribution one can use plot for the object class SPmix multi,

that is:
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plot(fit, which = "contour", xlim = c(0.1, 10), ylim = c(0.1, 10), data = TRUE)
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Figure A.1: Contours of joint density estimate obtained with the proposed stable process scale mixture model.

To compare the obtained fit against the true joint density, use the following code:

gridy1 <- gridy2 <- seq(0.1, 10, length.out = 100)

gridtrue <- expand.grid(gridy1, gridy2)

gg <- as.matrix(gridtrue)

true <- dMvdc(gg + 1, myMvd)

z <- matrix(true, ncol = 100, nrow = 100)

lvls <- pretty(range(z), 50)

par(pty = "s")

contour(gridy1, gridy2, z, levels = lvls, ylab = expression(y[2]),

xlab = expression(y[1]), main = "")
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Figure A.2: True joint density.

The EVI estimated using the proposed model along with 90% credible intervals can be readily

obtained as follows:
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fit$evi.hat

## [1] 0.2039750 0.2891748

fit$evi.CI

## 95% 5%

## [1,] 0.1564305 0.2594535

## [2,] 0.2442174 0.3406467

For comparison, the true extreme value index of each LGp5, 5q marginal is 1{5 “ 0.20.

Some final comments on other visualizations available from the pityoR package are in order.

For the marginal distributions, the function plot, from the object class SPmix multi, contains

the following options:

• which = "density" plots the fitted marginal density for a specific component.

• which = "logsurvival" plots the log-survival for a specific the marginal component.

• which = "qqplot" shows the q-q plot of the marginal estimates for a specific component.

• which = "qqboxplot" shows the q-q boxplot (Rodu and Kafadar, 2022) of the random-

ized quantile residuals for the marginal estimates for a specific component.

Hence, for example:

plot(fit, which = "logsurvival", marginal = 1, bands = TRUE, xlim = c(0, 10))
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Figure A.3: Log-survival estimate for the marginal Y1 obtained with the proposed stable process

scale mixture.

As another example:
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plot(fit, which = "qqboxplot", marginal = 1, bands = TRUE)
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Figure A.4: q-q boxplot of randomized quantile residuals based on marginal density estimate

of Y1.
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Appendix B

Supporting Materials for

Chapter 5

B.1 Supplementary Simulation Studies

B.1.1 Selected Experiments with Kernel Density Estimator

The Monte Carlo experiments to be reported next illustrate: i) the boundary-bias issue of the

structure scedasis kernel density estimator; ii) the better performance of the proposed method

in comparison to the kernel approach. The structure scedasis kernel density estimator is defined

as

pcpsq “
1

k

ÿ

tj:ZptqąZpT´kqu

Kh ps´ t{T q , (B.1)

where is the number of exceedances of Zt “ minpXt, Ytq, h ą 0 is the bandwidth, and Khp¨q “

Kp¨{hq{h, with K denoting a kernel. For the experiments reported in Figure B.1 we use h “ 0.1;

a similar poor fit at the boundary would be visible using other bandwidth selection methods

such as, for example, Silverman’s rule of thumb (Silverman, 1986). Figure B.1 emphasizes the
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Figure B.1: Boundary-bias issue of the structure scedasis kernel density estimator; here the
structure process is the time-varying minimum.
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Table B.1: MISE for Scenarios A–C under the kernel density estimator and the Polya tree
estimator.

Scenario A T “ 500 T “ 1 000 T “ 5 000 T “ 10 000
MISE kernel 0.2575 0.1390 0.0928 0.0853
MISE Polya 0.0207 0.0182 0.0120 0.0103
Scenario B T “ 500 T “ 1 000 T “ 5 000 T “ 10 000
MISE kernel 0.0261 0.0229 0.0078 0.0067
MISE Polya 0.0152 0.0106 0.0070 0.0057
Scenario C T “ 500 T “ 1 000 T “ 5 000 T “ 10 000
MISE kernel 0.0272 0.0186 0.0090 0.0086
MISE Polya 0.0265 0.0126 0.0089 0.0080

boundary-bias issue to which the structure scedasis plain vanilla kernel density estimator from

(1) is subject to.

Next, to compare the performance of the estimation using Polya trees with the kernel

estimation method, we compute the MISE (Mean integrated squared error) for Scenarios A–C

under the different sample sizes, Table B.1 reports the results where we can see that the Polya

tree method provides a better fit in general.
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Figure B.2: Fitted scedasis density estimation under Scenarios A–C for T “ 500, obtained

using a mixture of finite Polya trees; here the structure process is the time-varying minimum.

B.1.2 Structure Scedasis of Radius

We now present the main findings from a Monte Carlo simulation study for the aggregation

rule φRpx, yq “ x`y. We simulated 1 000 time series of length T “ 500, 1 000, 5 000, and 10 000

from Scenarios A–C introduced in Section 5.1. A twin analysis to the one of the minimum is

presented next, that is, a one shot experiment is presented in Figure B.3 and Figure B.4 shows

the structure scedasis density estimates obtained with the proposed methods for Scenarios A–C

over this Monte Carlo simulation study; we used the same prior specification as in Section 5.1.

We can see that the estimation is overall good for all scenarios.

For Scenarios A–C, the true structure scedasis for the ratio is calculated using a result in

(Falk, 2007, Theorem 3.3), which states that for marginal Fréchet distributions with parameter
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Figure B.3: Structure scedasis density estimate obtained via the posterior mean of a mixture
of finite Polya trees over a single-run experiment (dashed) plotted against true (solid); here the
structure process is the time-varying radius.

α, the ratio is regularly varying with index α and slowly varying function,

LRpzq “
ż 1

0

t1´Dpzq ´D1pzqp1´ zquz1{α´1 tz
1{α ` p1´ zq1{αuα´1

p1´ zq2
dz

` t2´Mp1´qu,

(B.2)

with Dpzq the Pickands dependence function and Mp1´q “ limεÑ0Mp1 ´ εq the limit from

the left of M at 1 and Mpzq “ D1pzq ´ 1. In our case we have unit Fréchet distributions and

time-varying dependence functions, then (B.2) becomes:

LRpzq “
ż 1

0

t1´Dtpzq ´D
1
tpzqp1´ zqu

p1´ zq2
dz ` t2´Mtp1

´qu. (B.3)

Then, under this setup if the baseline distribution is also unit Fréchet, the true structure scedasis

is,

c˚R

ˆ

t

T

˙

“ lim
zÑ8

LRpzq.

We use numerical approximation to calculate (B.3) for the different dependence function in

Scenarios A–C, which is very closed to the constant 1 in all scenarios.

B.1.3 Sensitivity Analysis

In this section we conduct a sensitivity analysis; the main results are tantamount to the ones

obtained in Section 5 of the chapter. Figure B.5 shows the one shot experiment for Scenarios

A–C with T “ 1000, where we set the baseline distribution to be C0,θ „ Betapa, bq, and set

a „ Log-normalpm0, s0q and b „ Log-normalpτ1, τ2q; finally, we set α „ Gammapa0, b0q. In

terms of hyperparameters, we consider:

• Prior 1: a0 “ .1, b0 “ .1, M “ 8, m0 “ .5, s0 “ 1, τ1 “ .01, and τ2 “ .01.

• Prior 2: a0 “ 1, b0 “ 1, M “ 8, m0 “ 1, s0 “ 1, τ1 “ .01, and τ2 “ .01.
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Scenario A

Scenario B

Scenario C

Figure B.4: First 150 trajectories of structure scedasis density estimates obtained via the pos-
terior mean of a mixture of finite Polya trees over the Monte Carlo simulation study (gray)
plotted against true (black); here the structure process is the time-varying radius.
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Scenario C
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Figure B.5: Structure scedasis density estimate obtained via the posterior mean of a mixture
of finite Polya trees over a single-run experiment (dashed) plotted against true (solid). For
different prior specifications. Prior 1, 2 and 3 (left to right). Here, the structure process is the
time-varying minimum.

• Prior 3: a0 “ .1, b0 “ .1, M “ 8, m0 “ µ̂, s0 “ σ̂, τ1 “ .01, and τ2 “ .01,

wherepµ̂, σ̂q is the maximum likelihood estimator of α „ Gammapa0, b0q. The data are threshold

at their 0.95% quantile, and we run a burn-in period of 5000 iterates after which we saved 5000

posterior iterates. Figure B.6 repost the Monte Carlo study. We simulate 1000 time series of

length T “ 1000 under the three scenarios and fit the proposed methods using three different

prior configurations (Priors 1–3).

B.2 Additional Empirical Results

B.2.1 Time-varying Radius

We now examine the fits of the structure scedasis function for the FAANG stocks when the

structure process is the time-varying radius, Zt “ Xt ` Yt. Figure B.7 reports the fits of the

scedasis function for pairs of stocks, and Figure B.8 depicts the estimate for the sum of the five

stocks. Table B.2 reports the posterior mean and credible intervals for the extreme value index
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Scenario A

Scenario B

Scenario C

Figure B.6: First 150 trajectories of structure scedasis density estimates obtained via the pos-
terior mean of a mixture of finite Polya trees over the Monte Carlo simulation study (gray)
plotted against true (black). For different prior specifications. Prior 1, 2 and 3 (left to right).
Here, the structure process is the time-varying minimum.
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of the structure process; the posterior mean extreme value index for this multivariate analysis

is 0.97 (CI = p0.76, 1.29q).

Table B.2: Posterior median and 95% credible intervals of the extreme value index of the
structure process of the time-varying radius.

Pair of Lower Posterior Upper
FAANG stocks limit median limit

Facebook–Amazon 0.980 1.000 1.000
Facebook–Apple 0.991 1.000 1.000

Facebook–Netflix 1.000 1.000 1.000
Facebook–Google 1.000 1.000 1.000

Amazon–Apple 0.991 1.000 1.000
Amazon–Netflix 0.989 1.000 1.000
Amazon–Google 1.000 1.000 1.000

Apple–Netflix 1.000 1.000 1.000
Apple–Google 1.000 1.000 1.000

Netflix–Google 0.976 1.000 1.000

B.3 The extremis Package

In this section we present some notes on how to use the R (R Development Core Team, 2016)

package extremis so to reproduce the experiments in the chapter. Before running the code

chunks below, we start by cleaning workspace and installing the extremis packages (if not

installed).

rm(list = ls())

if (!require("devtools")) install.packages("devtools")

require(devtools)

if (!require("extremis")) install_github("mmbbcarvalho/extremis")

require(extremis)

For reproducibility reasons, we fix setseed and list below the information about R, the OS, and

loaded packages:

set.seed(12333)

sessionInfo()

## R version 4.0.3 (2022-05-10)

## Platform: x86_64-apple-darwin19.6.0 (64-bit)

## Running under: macOS Big Sur 10.16

##

## Matrix products: default

## BLAS: /usr/local/Cellar/r/4.0.3/lib/R/lib/libRblas.dylib

## LAPACK: /usr/local/Cellar/r/4.0.3/lib/R/lib/libRlapack.dylib

##

## locale:

## [1] en_US.UTF-8/C/en_US.UTF-8/C/C/en_US.UTF-8
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Figure B.7: Structure scedasis (for the pairwise setting) posterior mean along with pointwise
credible bands using finite mixtures of Polya trees for FAANG stocks over 2012–2020; here, the
structure process is the time-varying radius.
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Figure B.8: Structure scedasis (for the multivariate setting) posterior mean along with point-
wise credible bands using finite mixtures of Polya trees for FAANG stocks over 2012–2020; here,
the structure process the time-varying radius.

##

## attached base packages:

## [1] stats graphics grDevices utils datasets methods base

##

## other attached packages:

## [1] extremis_1.1 devtools_2.3.2 usethis_1.6.3 knitr_1.30

##

## loaded via a namespace (and not attached):

## [1] Rcpp_1.0.5 compiler_4.0.3 highr_0.8 prettyunits_1.1.1

## [5] remotes_2.2.0 tools_4.0.3 evd_2.3-3 testthat_3.0.0

## [9] digest_0.6.27 pkgbuild_1.1.0 pkgload_1.1.0 evaluate_0.14

## [13] memoise_1.1.0 lattice_0.20-41 rlang_0.4.8 Matrix_1.2-18

## [17] cli_2.2.0 SparseM_1.78 xfun_0.19 withr_2.3.0

## [21] stringr_1.4.0 desc_1.2.0 fs_1.5.0 MatrixModels_0.4

## [25] rprojroot_2.0.2 grid_4.0.3 glue_1.4.2 R6_2.5.0

## [29] processx_3.4.4 fansi_0.4.1 emplik_1.1-1 sessioninfo_1.1.1

## [33] conquer_1.0.2 callr_3.5.1 magrittr_2.0.1 MASS_7.3-53

## [37] matrixStats_0.57.0 ps_1.4.0 ellipsis_0.3.1 assertthat_0.2.1

## [41] quantreg_5.75 stringi_1.5.3 crayon_1.3.4

Prior to running the code we start by specifying the prior and to setup the MCMC:

## Initial state

state <- NULL

## MCMC parameters

nburn <- 1000

nsave <- 1000

nskip <- 0

ndisplay <- 500

mcmc <- list(nburn = nburn, nsave = nsave, nskip = nskip, ndisplay = ndisplay,
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tune1 = 1.1, tune2 = 1.1, tune3 = 1.1)

## Prior information

prior <- list(a0 = .1, b0 = .1, M = 8, m0 = .01, S0 = .01, tau1 = .01, tau2 = .01)

We now simulate data from a bivariate extreme value distribution (Asymmetric Logistic, Sce-

nario C in the chapter) using the command rbevd from the package evd (Stephenson, 2002).

require(evd)

T <- 5000

time <- seq(1/T, 1, by = 1/T)

aux <- matrix(0, T, 2)

for (i in 1:T) {

aux[i, ] <- rbvevd(1, dep = .5, asy = c(sin(pi * time[i]), time[i]),

model = "alog", mar1 = c(1, 1, 1), mar2 = c(1, 1, 1))

}

XY <- cbind(time, aux)

Next, we fit the structure scedasis function with a finite mixture of Polya trees by using the

command cPTdensity:

fit <- cPTdensity(XY, prior = prior, mcmc = mcmc, state = state, status = TRUE)

##

## MCMC scan 500 of 1000 (CPU time: 30.071 s)

## MCMC scan 1000 of 1000 (CPU time: 54.247 s)

plot(fit, CI = TRUE)

## The code below plots the true structure scedasis function

aux1 <- numeric()

for (i in 1:T) {

alpha <- .5

t2 <- time[i]

t1 <- sin(pi*time[i])

aux1[i] <- (t1 + t2) - ((t1^(1/alpha)) + (t2^(1/alpha)))^alpha

}

func <- function(x) {

alpha <- .5

t1 <- sin(pi*x)

t2 <- x

(t1 + t2) - ((t1^(1/alpha)) + (t2^(1/alpha)))^alpha

};

integral <- integrate(func, 0, 1)$value;s<-aux1/integral;

lines(time, s)

## The code below plots the randomized quantiles

plot(fit, rquantiles = TRUE)
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The package extremis also includes the command cdensity for fitting the structure scedasis

density via kernel methods. Any kernel method available from the R command density can

be used as well as any standard bandwidth selection method.

As a final note, if a single variable is entered into the commands above, then the package

takes the aggregation rule to be the identity function, and estimates a scedasis functions for

the setup in Einmahl et al. (2016).
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