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Abstract

The generalised wreath product of permutation groups, due to Dixon, Fournelle
and Silcock, is studied in this thesis. Under nice conditions this turns out to
be a good generalisation of the permutational wreath product. We will explain
precisely what we mean by nice. The centre of the generalised wreath product
is determined and we look at the centraliser of certain elements of the group.
The remainder of the thesis is concerned with looking to answer the question:
given a class X, can we find necessary and sufficient conditions for the generalised
wreath product to lie in X? We consider the class of abelian groups; nilpotent
groups; locally nilpotent groups; ZA groups; residually nilpotent groups; locally
boundedly nilpotent groups; bounded Engel groups; soluble groups; and locally
soluble groups.
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Chapter 1

Introduction

“Situation number one; it’s the one that’s just begun.” Jack Johnson

Let A be group and X be a set. We say that (A4, X) is a permutation group if A
" is a group of permutations acting on the set X.

Definition 1.0.1. Let (A, X) and (B,Y) be non trivial permutation groups. For
each y €Y, let AY := A. Define AY) :=[] ., AY, the restricted direct product
of copies of A indexed by the elements of Y. We consider an element f € AY)
as a function f : Y — A. We define the permutational wreath product, denoted
Awry B, as the set of pairs fb; with f € AY) and b € B, acting on the set X xY
by (z,y)fb:= (zf(y),yb) for each (z,y) € X x Y. And the action is faithful.

Remark. It follows that b fb(y) := f(yb~!). This gives rise to a semidirect
product AY) B, which is in fact the wreath product A wry B.

If we take X := A and Y := B in Definition 1.0.1, then the permutational wreath
product A wry B is just the standard wreath product of A and B, denoted AwrB,
using the right regular representation. Most of the research into wreath products
has been done for the standard wreath product. For example, Hartley in [11]
describes the residual nilpotence of the standard wreath product. However, the
more natural version is the permutational wreath product and Meldrum in [16]
deals, almost exclusively, with the permutational wreath product. Under nice
conditions, the generalised wreath product is a generalisation of the permutational
wreath product. We shall write wreath product to mean the permutational wreath

product.



In this thesis we are mainly interested in extending some commutator results
known about the wreath product to the generalised wreath product. The first ex-
amples of a generalised wreath product were obtained using towers of wreath prod-
ucts with suitable embeddings. If (Gy, X1), (G2, X2) and (G3, X3) are non trivial
permutation groups, then (G; wrx,Gz2) wrx,G3 and Gy wrx,xx,(G2 wrx,G3) are
isomorphic. A proof of this can be found in Meldrum [16]. In light of this re-
sult, if (G1,X1),...,(Gn, X,) are non trivial permutation groups, we may form
the iterated (permutational) wreath product, denoted G, wry, ... wrx, Gn, in the
natural way. In fact, if p is prime then the Sylow p subgroups of Sym(p™) appear
as iterated wreath products.

In 1962, P. Hall in [10] gave a generalisation which involved sets of groups indexed
by a totally ordered set. P. Hall used this construction to construct a countably
infinite characteristically simple group which is also a locally finite p group and
has trivial Baer radical for some prime p. In 1977, Silcock in [25] and later, in
1984, Dixon and Fournelle in [4] generalised this construction to the case where
the index Set is a partially ordered set. Before we present the generalisation due-
to Dixon, Fournelle and Silcock we first define a connected partially ordered set

and introduce some notation.

Definition 1.0.2. A partial order is a binary relation < over a set A which is
reflexive, antisymmetric and transitive. If a set A is equipped with a partial order
<, we say (A, <) is a partially ordered set. If in addition either A < por p < A
for each A\, € A, then we say < is a total order and (A, S) is a totally ordered
set. ’

Definition 1.0.3. Let (A, <) be a partially ordered set. We say (A, <) is con-
nected if for any A, € A there exists A\y,... A\, € A with A\; = A\, A\, = g and
either A,; S /\‘i+1 dr )‘i,'"l < )\1; for each i = 1, ey — 1.

Throughout the thesis, (A, <) will denote a connected partially ordered set con-
taining at least two elements unless otherwise stated. With an abuse of notation,

we may sometimes write just A instead of (A, <).

Notation. Let G-be a group. If H = {h; : 1 € I} C G is a subset of G, then we
write (H) or (h; : i € I) to denote the subgroup of G generated by H. If H is
empty, we take (H) := {1}.

We now introduce the generalised wreath product.



Definition 1.0.4. Let (A, <) be a (connected) partially ordered set and let
(G, X)) be a non trivial permutation group for each A € A. For each )\ € A,
choose ¢y € X, and write ¢ = (ta)xea. We call ¢ the distinguished element. Let
X :={z € [[,ea X» : 0(2) is finite} where o(z) :={A € A:zy#1,}. Fixpe A
and let z € X and g, € Gp. Define g, € SymX as follows

U z if z) # 1) for some A > p
Bl y ifzy =1y foreach A > pu

where
i T if A 7é 12
PNZ zugs ifA=pn
We write G, := (9, : 9u € G), the group generated by the set {g, : g, € G,}.
We define the generalised (restricted) wreath product of (Gy, X)), A € A, by
wr {Gx: XA € A} :=(Gr: A€ A).

Lemma 1.0.5. Gy = G, as abstract groups for each A € A.

This is just Lemma 7.2.2 in [16]. Now we write G, instead of G, where no

confusion will arise.

Throughout the thesis (G, X)) will denote non trivial permutation groups un-
less otherwise stated. We will normally denote the generalised wreath product
wr {Gx: A€ A} by W.

In chapter 2 we develop some basic structure results about the generalised wreath
product. We form a canonical way to write an element of W. We explain how
the generalised wreath product can be seen to be a generalisation of the wreath
product. We find that we require the permutation groups (Gy, X»), A € A, to be
transitive in order to obtain a reasonable generalisation. This is an undesirable
aspect of the definition and makes dealing with the generalised wreath product
when the groups (Gy, X)), A € A, are not transitive more difficult. We introduce
the notion of constituents of a permutation group to overcome this difficulty.
It will become evident that there is a clear dichotomy between the case where
the groups (G, X)), A € A, are transitive and the case where they need not be
transitive. The approach we adopt in the thesis reflects this. We will normally
consider the two cases separately or at least mention the difference between the
two cases. Throughout the thesis the groups (Gx, X)), A € A, will be assumed to

be not necessarily transitive unless explicitly stated otherwise.

In the first part of chapter 3 we determine the centre of W and state some
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immediate consequencés of the result. In the second part we look at the centraliser
of the element g, as defined in Definition 1.0.4.

In chapter 4 we are concerned with the question: given a class of groups X, can we
find necessary and sufficient conditions for the generalised wreath product W to
lie in X7 We consider the class of abelian groups; nilpotent groups; locally nilpo-
tent groups; ZA groups; residually nilpotent groups; locally boundedly nilpotent
groups; bounded Engel groups; soluble groups; and locally soluble groups. The
main aim of this chapter is to extend known results about the wreath product to
the generalised wreath product. Work done on residually nilpotent wreath prod-
ucts has only been done for the standard wreath product by Hartley. So section
4.5 starts with a translation of the work done by Hartley in [11] to the case of the
permutational wreath product. In section 4.6, we start by finding necessary and'
sufficient conditions for the wreath product of two non trivial permutation groups
(A,X) and (B,Y) to be locally boundedly nilpotént. We extend this result to
the generalised wreath product. In section 4.7 we consider bounded Engel wreath
products. We are only able to find partial results to characterise the bounded En-
gel wreath product. As a result, we do not extend these results to the generalised

wreath product.

In the case of abelian groups; nilpotent groups; locally nilpotent groups; soluble
groups; and locally soluble groups we obtain full characterisations. In the other
cases we obtain positive results when we impose certain conditions on the partially
ordered set A or the permutation groups (G, X)), A € A.

1.1 Preliminary definitions and notation

Throughout the thesis (A, <) will denote a connected partially ordered set con-
taining at least two elements and (G, X)) will denote a non trivial permutation
group for each A € A, except where explicitly stated otherwise. Below we list
some definitions and notation which will be used in the thesis.

Definition 1.1.1. Let (A, X') be a permutation group and let z € X. We define
the orbit of X containing z to be the set A := {za : a € A}.

Definition 1.1.2. Let (A, X) be a permutation group. We say (A, X) is transitive
if for any z,y € X, there exists a € A such that za =y.

Remark. If (A, X) is transitive, then zA = X for each z € X.

5



Definition 1.1.3. Let (A, X) be a non trivial transitive permutation group.
(A, X) is said to be regular if for any z,y € X, there exists precisely one ele-
ment a € A such that za = y.

Definition 1.1.4. Let (A4, X) be a permutation group and let Y C X. We say
Y is a fixed block of A if ya € Y for each y € Y,a € A. Then each a € A induces
a permutation on Y which we denote by aly. We call the totality of a|y’s formed
for all a € A the constituent A(Y) of AonY.

Remark. Notice that if (4, X) is a permutation group, then any orbit Y C X
of A is a fixed block and the permutation group (A(Y'),Y) is transitive. And
we note that the mapping ¥ : A — A(Y),a — aly is an epimorphism and
keryp = {a € A : ya =y for each y € Y}. Furthermore, the constituent A(Y) is
isomorphic to a quotient of A, namely A(Y) = A/ ker .

Definition 1.1.5. ¥ C A is said to be a chain if ¥ is a totally ordered subset of
A.

Definition 1.1.6. v € A is said to be a minimal element of Aif A\ € Aand A <«
imply A = 7. And w € A is said to be a maximal element of A if A € Aand A > w
imply A = w.

Notation. Throughout the thesis 1". will denote the set of all minimal elements
of A and 2 will denote the set of all maximal elements of A.

Definition 1.1.7. We say w € A is 1-maximal if it is maximal. We denote the set
of all 1-maximal elements of A by ;. Now if i € N, we say w € A is i-maximal
if w < X implies A = w or A € Q;_;, where Q;_, is the set of all (i — 1)-maximal

elements.

Remark. We note that if y € ;, then any chain which has y as its minimal

element contains at most 7 elements.

Definition 1.1.8. Let G be a group and let g, h € G. We write [g, h] := g~'h~1gh
and we call this the commutator of g and h. Further, if ¢1,..., 9, € G, we write

[91,-- -, 9] = l91,- - -, gn1], gnl-
Notation. Let G be a group and let g, h € G. We write g" := h~'gh.
Remark. If G is a group and g, h, k € G, then [g, hk] = [g, k][g, h]* and [gh, k] =

[g,k]"[h, k]. These appear in Hall [9] and throughout this thesis we will refer to
these identities as Hall’s identities.

Notation. Let G be a group. Let K, L C G be subgroups of G. Define [K, L] :=
([k,1] : k € K,l € L) and define KL := (k' : k € K,l € L).
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Notation. Let H be a group and let K C H be a subgroup of H. If h € H, we
define h™'Kh := (h"'kh : k € K).

Definition 1.1.9. Let G be group. We say that G has finite exponent if there
exists n € N such that ¢g" = 1 for each ¢ € G. The smallest such n is known as-
the exponent of G.

Definition 1.1.10. If G is a group, then the centre of G is Z(G) := {g € G :
[g,h] =1 for each h € G}.

Definition 1.1.11. Let G be a group and let g € G. We define the centraliser
of g in G to be the subgroup Cg(g) :={h € G : [g,h] =1}.

Definition 1.1.12. A group G is said to be abelian if [g,h] =1 for each g,h € G.

Definition 1.1.13. A group G is said to be nilpotent if there exists ¢ € N such
that [go,..., g = 1 for any go,...,9. € G. The smallest such c is known as the
nilpotency class of G.

Definition 1.1.14. Let G be a group. Let v(G) := G and define inductively
G := [G,7¥n-1(G)}. Then, for each n € NU {0}, 7,(G) is a normal subgroup of
G and the series G = %(G) 2 ... D 7(G) 2 ... is known as the lower central

series of G.

Remark. If G is a group, then an equivalent definition for G to be nilpotent is:
G is nilpotent if and only if G has a finite lower central series. That is to say,
there exists n € N such that v,(G) = {1}.

Definition 1.1.15. A group G is said to be locally nilpotent if every finitely
generated subgroup of G is nilpotent.

Definition 1.1.16. Let G be a group. We say a set of normal subgroups {Gq }aca
of G is an ascending central series if G, C Gay1 With Got+1/Ga C Z(G/G,) for
cach o € A and Gg = Ua<pG, if B € A is a limit ordinal.

Definition 1.1.17. A group G is said to be a ZA group if there exists an as-
cending central series, {G.}cce, terminating at G.

Remark. We note that if g € G, for some ordinal ¢ and h € G, then there exists
an ordinal ¢ with ¢ < ¢ or ¢ = 0 such that [g, h] € G .

Definition 1.1.18. We sé,y that a group G satisfies the sequence property if for
each sequence (g;);en C G there exists aninteger n € N such that [gy,...,9,] = 1.



Remark. Definition 1.1.17 and Definition 1.1.18 are equivalent. This will be
shown in Chapter 4.4. '

Definition 1.1.19. Let X be a class of groups. A group G is said to be residually
a X group if for each g € G\ {1}, there exists a normal subgroup N of G such
that g ¢ N and the quotient group G/N is a X group.

Remark. Clearly G is residually nilpotent if and only if NnenTn(G) = {1}, as is
mentioned in Hartley [11]. Here v,(G) := {([go,---,9n] : 90,---,9n € G).

Definition 1.1.20. We say a group G is locally boundedly nilpotent if there exists
a function f : N — N such that every n-generator subgroup of G is nilpotent of
nilpotency class at most f(n). We call f an lbn function for G.

Remark. We note that the lbn function is not unique. For example, if G is
locally boundedly nilpotent with lbn function f then f’ is also a lbn function for
H, where f': N — N with f'(n) > f(n) for each n € N.

Notation. Let G be a group and let g,h € G. We define [g,; h] := [g, ] and
inductively we define [g,, h] := [[g,n—1 R], h):

Definition 1.1.21. We say a group G is a bounded Engel group if there exists

n € N such that [g,, h] = 1 for each g,h € G. The smallest such n is known as
the Engel class of G. '

Definition 1.1.22. Let n'€ N. We say a group G is n Engel if [g,, h] = 1 for
each g, h € G. In particular G is 1 Engel if and only if G is abelian.

Notation. Let G be a group. We define subgroups of G by the rule 6y(G) := G
and inductively we define 6,(G) = [0,~1(G), 6n—1(G)].

Definition 1.1.23. A group G is said to be soluble if there exists n € N such
that 6,(G) = {1}. The smallest such n is known as the solubility class of G.

Definition 1.1.24. A group G is said to be locally soluble if every finitely gen-
erated subgroup of G is soluble.

Definition 1.1.25. We introduce an alphabet A of letters z;,z,, ... and denote
by Ae the free group freely generated by A.

1. A word is an element of A.

2. If Gisagroup and ¢ := A — Ay C G is a mapping of the free generators of
Ay into G, then we can extend v uniquely to a homomorphism 9 : Ao, —
G. The word w is a law in G if wy = 1 for each homomorphism 1 from
Ay to G.



3. A variety of groups is the class of all groups satisfying each one of a given
(finite) set of laws.

Remark. In this thesis we assume a variety is defined by a finite set of laws. We
note that the class of abelian groups is a variety. This class is defined by the law
[z1, z2]. Moreover, the class of nilpotent groups with nilpotency class at most 7 is
defined by the law [z,,...,Z,41] and is hence a variety. Also, the class of soluble

groups with solubility class at most m is a variety.



Chapter 2

Some basic properties

“Situation number two; it’s the only chance for you.” Jack Johnson

In this chapter, we develop some basic structure results about the generalised
wreath product W. In the first part of this chapter we form a canonical way of
expressing an element of W and consider some special normal subgroups of W.
We show that, if p is a fixed prime, the gereralised wreath product of finitely
many p groups of finite exponent is again a p group of finite exponent. In the
second part, we explain how W can be seen to be a good generalisation of the

wreath product.

2.1 Some structure results

First we state a useful lemma about partially ordered sets.

‘Lemma 2.1.1. Every partial order on a set can be extended to a total order.

This is an unpublished result of Banach, Kuratowski and Tarski, which appears
in Szpilrajn [27]. We now state a couple of useful theorems which gives us a nice

way to express an element of W.

Theorem 2.1.2. Let A pu be two unrelated elements of a partially ordered set A.
Then [Gx, Gy = {1}. ’

For a proof see Meldrum [16] 7.4.9.

10



Theorem 2.1.3. Let (A, <) be a partially ordered set and let (Gy, X)) be non
trivial permutation groups for each A € A. We can extend, using Lemma 2.1.1,
(A, <) to a total order (A,=<). Then every element g € W can be expressed
uniquely in the form g = g, ... g, where g; € Gf\?”b’\‘) foreachi=1,...,n and
Al s A EA with Ay < ... < A\,

For a proof see Meldrum [16] 7.4.14. Now*fix 4 € A. We define an equivalence
relation ~, on X by setting z ~, y if and only if z) = y, for each A > p. It
is clear that this is an equivalence relation. We denote the equivalence class of
~, containing = by [z],. That is y € [z], if and only if z) = y, for each A > p.
We note that [z], = X if 4 is maximal. And we denote the set of all equivalence
classes of ~, by X.,,.

Lemma 2.1.4.

1. Ifuel, g€ G, and h,k € (Gy\: A > p) with th = ik, then g" = g,

2. If € A\ Q, then [h7 G hy, hy'Guha] = {1} where hy,hy € (Gy : A > )
with thy # the. ' '

8. If p1, p2 € A with py and pg unrelated, then [GiGrA>m) GG A>n2l — {1}.

Proof. 1. Suppose th = z. Let y € X. Suppose y € [z],. Fixw > p, then z) = y,
for each A > w. So (yh™!), = (zh™ 1)y, = ¢, and also (yk~!), = (zk™)y = t0.
Thus :
t fA>p
yhlgh = Yy ifA=p gh
y» otherwise
Ly ifA>p
= yug fA=p h
yx . otherwise

yx fA>pu
= | yug ifA=p

yn otherwise

L ifA>p

= | vy itA=p |k
yn otherwise
by fA>p

= Yy ifA=p gk
yn Otherwise

= yklgk.

11



Lty ifA>p

Here | y, ifA=p denotes the element z € X such that 2, = ¢y if A > pu
y» otherwise

and zy =y, if A # p. This notation will be used throughout the thesis.

Now suppose y ¢ [z],. That is to say yy # z for some A > p. Since h € (G :
A > p), it follows that (yh~™!), # ¢ for some A > p, otherwise zh™! =+ = zh™}
where zy := yx if A > p and 25 = ¢y if A # p. Thus (yh™1)g = yh~!. Similarly,
(yk~1)x # ¢ for some A > p and (yk~')g = yk~*. Hence

yh~igh = ((yh™)g)h = (yh " )h=y
and
ykTlgk = ((yk™")g)k = (yk™ )k = y.
This completes the proof.

2. Let g1,92 € G,. We show that (97, 952] = 1. Let x € X. We note that g},
ggz and their inverses only affect the u component of z non trivially. It follows
that z € [th], & a:(g;l’)il € [chi], for i, € {1,2}. Also, since thy # thy and

hi,hy € (Gy : A > p) we have that [th], # [tho],. We have three cases.

() If z € [thi], and = & [thy),, then

-1 .
- _ z if A= -
z(gi) e e ey = < 2 £ ) (7)1 95"
x#gi—l lf A = /‘L hlghz
T if A 74 H 172
= 29"
= . 3

(it) If z € [thy], and z ¢ [thy),, then

z(gt) M gh?) gl g = z(gh?) Mgt gs?

<:vugz“1 if)\=u> hy ha ‘

zn  ifA£p JI2
_ x#gz_l ifA=p ha
zy  ifA#p )92

(i46) I © € X \ ([th]s U [tha],), then

z(gi) N (gs®) gy = =(95%) g g5?
= 995"
= zg5°
= .

12



And the result follows.

3. Let g1 € Gpy, h1 € (G 1 A > 1), g2 € G, and hg € (G : A > pp). We shall

show [g™, g2?] = 1. Firstly we show

(@) z€hy], & a:g{“ € [thi],,; and

(it) z € [thy],, © mggz’ € [thi]y,-

() We note that g™ only affects the y; component of z non trivially. Thus
T € [thi],, = g™ € [thy],,. For the reverse implication, we note that (gh)=!

~ only affects the y; component of z non trivially. Thus zg™ € [thi],, = = =
21 (97)" € [tha

(43) We note that g2 only affects the ug; component of = non trivially. Since
p1, po are unrelated, and more specifically py £ po, it follows that z € [thy],, =
£g3? € [thi),,. For the reverse implication, we note that (g2?)~! only affects the
2. component of z non trivially. Since y,, yp are unrelated, and more specifically
p1 & pa, it follows that zgs? € [th],, = = = zg5?(gh2)™! € [thy],,.

By symmetry, we may interchange 1 and 2 in statements (7) and (i¢) to get

(@) = € [tho),, © xgé”l € [the)u,; and

(12) z € [the)u, & :Ugf‘ € A[Lhz]uz.

Now let € X. We use (i), (4), (¢)" and (45)’ to show that z(g")~1(g5?)"1gM g =

x. We have four cases.
/

(a) If z € [thy],, N [the]y,, then

-1
- - T if A= _
oy e = (T T ) e
xﬂlgl—i if A= M o
= | Twge HA=p 91 92°
Tx if A ## i, p2
— xuzgé.l if A= H2 ) ha
Z» if A # p1, e )72
= I.

13



(b) If z € [thy],, and = €& [tho],,, then
| z(g) N (gh?)Lghigh = Tugr A= (gh2)1ghr gt
91 92°) 91 92 I if A # 92") 91 92

Tygr' A= ghigh
Ty if A#m 172
= zg;°

= z.

() Ifz ¢ [thi]y, and z € [the],,, then

z(gi) (h?) lerteh? = z(gh?)lgmgh?

Tun93' EA=p2 ) o
Zx fA#py )71 72

(x#2g2—1 if)‘=/1f2 > ho
xr

Tx if X pa, )2

(d) If z & [thy],, U [tha],,, then

z(gi) N (93?) gl = x(gh?) ool
= g9y
= zg;°

= .

The result follows. . d
Fix p € A. For z € X with z) € (4G, for each A > p, let h([z],) € (Gx: A > p)
such that (zh([z],)™')x = ¢a for each A > p. In particular, if y € [z], then

“(yh([z],) " )a = ¢ for each A > p. For z € X with zy ¢ ¢,G) for some A > u, put
h([z],) := 1. We formulate the following theorem which gives a canonical way
to write an element of W which improves on Theorem 2.1.3 by explicitly writing
the element.

Theorem 2.1.5. By Lemma 2.1.1 we can extend (A, <) to a total order (A, X).
Let h € W. For each u € A and for each [z], € X.., there ezists h([z].), € G,
where all but finitely many are trivial and h([z],), = 1 if zx ¢ t\Gy for some

A > p, such that
| h=TIC IT (a(a]u)u)tw)

BEA [z]p€Xn,
where the first direct product is ordered by < and the second direct product is well
defined by Lemma 2.1.4 part 2.
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Proof. By Theorem 2.1.3, h =g, ...gn where g; € Gf\?":)‘»‘i) foreachi=1,...,n

and Ap,..., A, € A with A\; < ... < \,. For each 1 = 1,...,n, there exist
Bis-. s hiyyy € Gy and ki Ky € (Gat A > M) such that g; = A . B,
By Lemma 2.1.4 parts 1 and 2, we find that if ck;, # ck;, then [hk"", h:"] =1
and if ck;,, = tk;, then hf"n"'hil" = (hi,hy)*m. So we may assume, without loss
of generality, that ck;,, # tk;, for any m,l =1,...,;(i). For each m = 1,...,5(4)
there exists z;,, € X such that z; k' ~, t. Note (z;, ) € taG) for each A > \;.

By Lemma 2.1.4 part 1, hk‘"‘ = hh( “mba) for each m = 1,...,7(). Now , if we

write h([z;]x ), = hq, for each I =1,...5(i) and each i = 1,...,n, then

h = g1...9n

— k11 L) k'"'l "j(n)
= BRI R e

h([z;

h([zq] )
= Hh([ 1’1] & [ 1'_7(1.)]/\t))\,

n J(3)

= TIAT At

i=1 =1

)]Ai)

30

And this is in the required form. ' ([

Remark. We note that if h = HueA(HIx]ueXﬂ‘ (h([z],),) W) as in Theorem
2.1.5, then (zh)y = zxh([z]x)x for any z € X and any X € A.

We let W act on X, by setting [z],h := [zh], for each z € X and each h € W.
Fix h € W and write h = [[ en(Ilp,ex.., (h([z],),)"=), as in Theorem 2.1.5.
Fix £ € X and let y € [z],. That is to say that zy = y) for each A > pu. In
particular, [z]y = [y]x for each A > p. So if A > pu, then

(zh)x = zah([z]a)r = yah([y]r)a = (yh)a.

We have shown that if [z], = [y],, then [z],h = [y],h and hence the action is well
defined.

Now for each v € I, we define an equivalence relation ~., on W by the rule g =, h
if and only if [t],g = [¢],h. It is easy to see that =, is an equivalence relation. So
W is partitioned into equivalence classes. Let S, C W be a set of representatives

for all the equivalence classes.

Note that if g € G we can write g = g:f‘ ...gf:" with 9 € Gy, and hy, € (Gy :
A > A) with Ay < ... < A,, where (A, X) is an extension of (A, <) to a total
order using Lemma 2.1.1. Let X := {A1,..., \}N{A € A: A > v}. If T is empty,
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then it is clear that [¢],g = [t],1. If ¥ is non empty, then write ¥ = {01...,0m}
with oy < ... < 0, and it is easy to verify that [¢|,g = [L].,ggf 1., ghem Tt follows
that we can take S, to be a subset of (G : A > 7).,

Proposition 2.1.6.

(UG, :yeD)g:ge W) = H H g 'G,g.

YET geSy

Proof. Firstly, we will

1. show [¢g7'G,9,h"'G,h] = {1} if y € T and g,h € S, with g # h;
2. show [¢7'G,g,h"'G h) = {1} if y,p € T with y # 1, g € S, and h € S;;
3. show ¢g7'G,gNh~'G,h = {1} if y € T and g,h € S, with g # h; and

4. show g7'G,gNh~'G,h= {1} if y,p€ T withy#pu, g€ S, and h € S,,.

1. This follows immediately from Lemma 2.1.4 part 2.
2. This follows immediately from Lemma 2.1.4 part 3.

3. Suppose, for a contradiction, that g7*G,gNh~'G,h # {1}. Letl € (g7'G,gN
h=1G,h) \ {1}. Write { = g71g,g = h™ h,h for some g,, hy, € G, \ {1}. Choose
Yy € X, with y,9, # y,. Choose z € [tg], with 2, = y,. Then

zl = zg7'gg

_ Yvgy fA=7
z, ifAX#~y

” Yy ifA=7y
Ty if A 7é Y

= zh™'h,h

= zl.

The penultimate equality holds since [t], = [tg)yg™" # [tg],h™!. A contradiction.

Thus g7'G,g N h™'G,h = {1}.

4. Let g7'g,9 € g7'G,g and h™*h,h € h™'G h. Let £ € X. We note that g~*g,g
acts trivially on z or changes only the v component of z and h='h,h acts trivially
on z or changes only the 4 component of z. It follows that ¢~'G,g N h™!G,h =
{1}. This completes the proof of part 4.

16



And it follows that [],cr [ges, 97 Gyg is well defined. -

It is clear that [ cr[lses, 97'G19 C (971G, : ¥ € T)g : g € W). Now let
v,u €T, ge W and g, € G,.

We now

1. find k € (G : A € A\ {7}) and k, € G, such that g~'g,9 = k™ k,k; and
v € Gy y y

2. show h™'k,h = k™ 'k,k for some h € S, with h =, k.

And the result will follow.

1. By Lemma 2.1.1, we can extend (A, <) to a totally ordered set (A, <) and we
may assume, without loss of generality, that v < A for each A € A\ {y}. Write
g=gM.. g whereg; € Gy and h; € (Gy: A > \) foreach i = 1,...,n and
Ay -2 € Awith A <X ... <X A, By’Lemma. 2.1.4 part 1 we may assume,
without loss of generality, that if h; # 1 then thy # ¢. '

If A1 # v, then we can take k := g and k, := g, and we are done.

Suppose A, = 7. Then take k' := g2*... g"» and k., = 97 g,9™. And hence

97 gy = (g . 9™ (gT ™ 9,90 ) (gh? ... i) = (K')TUkLK

Now if h; = 1, then k., = 979,91 € G,. If by # 1, we ﬁnd that g, and gm
commute. This follows from Lemma 2.1.4 part 2. Hence &, = g, € G,. If Ay # 7,
then take k := k' and k, := k and we are done. Otherwise, we repeat the above
process. We can only repeat this process at most n times. Hence we.can find
ke (Gy: e A\ {7}) and k, € G, such that g~'g,g = k~'k,k as required.

2. Note that
h=~yk = [thly = [yh = []yk = [kl
= [ty = [,kk™" = [k]yk71 = [th],k7!
= zk~! € [1], for each z € [th),.
Let z € X. If z € [th],, then zh™ !, zk™! € [1],. Hence

-1 _J zk, ifA=9y
(zh ’“7”‘)*“{u Ay

and
zyky fA=17

-1 _
(k™ keyk)s = { oy A7,

17



So zh~'k,h = k™ k k.

If z ¢ [h],, then zh™ 2k~ ¢ [i],, this holds since A~ and k™! act faithfully on
the set of equivalences classes of ~,. Hence h™'k,h and k~'k,k act trivially on
*z. In particular, zh~'k,h = zk~'k,k. We have shown h~'k,h = k~1k,k.

a

Proposition 2.1.7. W/(¢g7(G, : v € T')g : g € W) is isomorphic, as abstract
groups, to (G : A € A\ T).

Proof. By Lemma, 2.1.1, we can extend (A, <) to a total order (A, X). And we
may assume, without loss of generality, that v < A for each v € I" and each
A € A\T. Define '

Y:W = (Ga: A€ A\T), g=hft . b o BRI RS

where h; € G, and k; € (Gh: A > \;) foreach i =1,...,n, A;,...,A; € T and
Ajs1-- An & T.

Clearly ¢ is surjective. Let g,h € W. We may writeg =g1...gnandh = h; ... hy
with g, by € G M N < A if i < k5 My..., A5 € T and Ajyr,..., Ay ¢ T
Then '

ghy = (91...9gnh1...hp) Y
= (gl gpln e T g Rl T g p Y
= GBS gahn
= gi+1(9542- - Gnhyr197" - G510)g542(g543 - - Gnhjaagn ' - G5 - - Gnhn
= Ggj+1---Gnhjs1.. . hn

= gvyhy.
Hence 7 is a homomorphism
Now let 71,72 € T and g,, € G, for i = 1,2. If v # 72, then g3'g,, 9y, = gy,

This follows from Theorem 2.1.2. In particular, g3'¢,,9,, € G,,. And hence,
adopting the above notation,

keryp = {R¥.. R :)N,... )\ €T}
= {gXGyveT)g:ge (Gr: AEA\D)}
= {g7G,:7€T)g:ge W}
and the result follows. . O
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We now show that the generalised wreath product of finitely many p groups of
finite exponent is a p group of finite exponent.

Theorem 2.1.8. Let A be a finite partially ordered set and let p be prime. If Gy is
a p group of finite exponent for each A € A, then W is a p group of finite ezponent.
Moreover, W has exponent dividing [],c, exp(Gr) where exp(G ») denotes the
exponent of G,.

Proof. By Lemma 2.1.1 we can extend (A, <) to a total order (A, <). We write

G
A={As,.., A} with A < ... < An. Let g € W. There exists g; € Gy for
t=1,...,nsuch that g = g,...9,. Let z € X. Notice that for any j € N, we
have (zg7)x, = Zx,g9. In particular, (zg®P(@m)), = z, go® %) = 2, where

exp(G),) denotes the exponent of Gy,. So we may write g®*P(Crn) = by .. h,_,
-for some h; € G(GA’ P for i = 1,...,n — 1. As above, (g=P(Crn))™*P(C2a1) fixes
the A,—; (and \,;) component of z. We proceed in this manner to find that
(xgH?ﬂe"p(G*i)),\ = g, for each A € A. In particular, glli=1exP(Gx) = 1. By
assumption, there exists m; € N such that‘exp(G z) =p™ foreachi=1,...,n.
So [T, exp(G»,) = pXi=1™ and g is a p element. Furthermore, W has exponent
_dividing [T}, exp(G»,)- ' O

2.2 The generalised wreath product is a gobd
generalisation of the wreath product

'The following Theorem describes how the generalised wreath product can be seen

to be a generalisation of the wreath product.

Theorem 2.2.1. If (Gy, X») and (G,, X,,) are transitive, then

G x G, if A, u unrelated
(G,\,G/J = G,\ ’LU’I‘X“GH zf)\ < W
Guurx, Gy ifp <A

Proof. Suppose A and p are unrelated. The result now follows from Theorem
2.1.2.

Suppose A < u. Since (G, X,) is transitive, for each z, € X,,there exists
gu € G, such that ¢,g, = z,. Let K C W be a set of such elements g, such that
if gy, h, € K with g, # h, then 1,9, # ¢,h, and for each z, € X, there exists
gu € K such that 1,9, = x,.
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Let g € (Gx,G,). We can write g = [Tics 93 gu for some gy, € Gy, g, € G,, and
gu; € K and some finite set I. Define :

% :(Gr,Gu) = Gawrx, Gy, g = [[o¥ 9~ fou
’ i€l
where f(i,9,;) = g, for each i € I and f(z,) = 1if z, # g, foranyie I. It
is easy to check that ¢ is an isomorphism.

If 4 < A, then the result holds by interchanging A and u in the above argument.
gn|

We note that if A < u we require the permutation groups (G,, X)) and (G, X,.)
to be transitive to obtain the isomorphism. This is an undesirable consequence
of the definition. However, we can construct generalised wreath products having
interesting properties. Below we construct the generalised wreath product of a
cyclic group of order 2 and a cyclic group of order 6. By choosing the distinguished
element ¢ carefully we, obtain groups with differing properties. .

Example 2.2.2. Let A := {y,u} with v < p. Let X, := {1,2} and let
G, = (1) € Sym{1,2} where 7 := (12). Let X, := {1,2,3,4,5,6} and let
G, = (o) C Sym{1,2,3,4,5,6} where o := (23)(456). We consider the gen-
eralised wreath products W, := wrqny{G,,G.}, Wa := wrq2{G,,G,} and
Wy = wrq,0{G,,G.}.

Wi 1 |2 3| 4 5 6

NERIRRE
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W, 1 |2 3| 4 5 6

Then

1. Elements of W) are of the form 7% for i € {1,2} and j € {1,2,3,4,5,6}.
Hence |W;| = 12. Moreover, by Theorem 4.1.2, W, is abelian.

2. Elements of W, are of the form 7(7%2)%¢7 for 4;,i, € {1,2} and j €
{1,2,3,4,5,6}. .Hence |W,| = 24. Moreover, by Theorem 4.1.2 and Theo-
rem 4.2.10, W5 is nilpotent but not abelian.

3. Elements of Wy are of the form 7% (7%2)7(7%) 67 for 4y, 143,45 € {1,2} and
Jj €{1,2,3,4,5,6}. Hence |W,| = 48. Moreover, by Theorem 4.2.10 and
Theorem 4.8.8, W, is soluble but not nilpotent.

In the case when the groups (G,, X)) are not transitive for each A € A, then
the isomorphism in Theorem 2.2.1 cannot be used, as has been demonstrated
in Example 2.2.2. Consequently, results known about the permutational wreath
product cannot be extended easily to the generalised wreath product. We deal
with overcoming this difficulty. Recall the constituent, as defined in Definition
1.1.4, of a permutation group.
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Now fix p € A. Let y € [[,5,Xx and let A € (GA(1aGr) : A > p). Write
h = hy...h, where h; € G,(y»,G),) for some A; > p. For each i = 1,...,n,
there exists an epimorphism ¢; : G, = G, (yaGx), 9x — 9nilys, G, @s defined in
Definition 1.1.4. For each i = 1,...,n, there exists g; € G, such that g;¢; = h;.
Write ¢ = ¢;...9,. Let z € _I_L\Z# yAGx. With an abuse of notation, we can
view z as an element of X by setting 2y = ¢y if A < g or A and u are unrelated.
We view (Ga(yaGx) : A = p) as a permutation group on [],,, yAG» by setting
(zh)x := (29) for each A > p.

We note that the choice of g; is not unique. If we choose g € G), such that
9i% = h;, then .zy,g; = z,,9; for each z), € y»,G\,. Let ¢ = ¢{...g/,. Since
zx € yaG) for each A > p, it follows that (zg)x = (2¢’)x for each A > u for each
z € []55,¥2Gx. And hence the action of (GA(yAG») : A 2 p) on [],5, 1G> is
well defined.

Theorem 2.2.3. Let X be a variety. Then W € X if and only if ({Gr(txG)) :
A > p}, Gu(x,Gy)) € X for each p € A and each z € X.

Proof. Let w be a law that all groups in X satisfy.

Suppose ({Gr(taGy) @ A > p}, Gu(z,G,L)) € X for each p € A and each z € X.
Let g1,...,9m € W. Foreachi=1,...,m, write g; = g;, ... J;

i, Where 9, € a,,,.j
for some p;; € A. We write, with a slight abuse of notation, w = w(g, ..., gm)-
Let 1 € A and let z € X. We consider the y component of z and zw. If z) ¢ 1,G)
for some A > p, then it is clear that (zw), = z,. Suppose z) € 1xG) for each
A > p. Let ¢ : Gy — Gi(z,G)) be the natural map, as defined in Definition
1.1.4, for each A € A. By definition, if u;; > p then Yg;, = ym for each
y € X with y) € z,G), for each A € A. We may assume, without loss of generality
that, p;; > p for each i, j since (zw), = (zw’), where w' is obtained from w by
simply omitting 73 where it appears. This follows from Definition 1.0.4, since the
action of g, € G, on y € X depends only on the A\ component of y where A > p.

Now

(@w(@y, -+ Jrpr > Gmy -+ G
(xw((glld)ﬂll) v (glkwﬂlk)’ SRR (g'ml'd}#ml) cee (gmkwumk)))ﬁ

= :L‘#

(zw),

and the last equality holds since ({GA(taGa) : A > p}, Gu(z.GL)) € X. Tt follows
that W € X.
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Conversely, suppose W € X. Fix p € A and let € X with ), € 1,G) for each
A>p Letgr,...,9m €(Gr:A>p). Foreachi=1,...,m, write g; =7, ...7;,
* where 7S —ém,- for some p;; € A. Without loss of generality, we can take k as the
same for each i = 1,...,m. Let ¢ : Gy — G(z,G)) be the natural map, as de-
fined in Definition 1.1.4, for each A € A. Let A € A with A > u. We consider the A
component of z and zw((g1,Vu,,) -+ - (91, Yus, )s - - > (I Vpimy ) - - - (I YPpum, ))- AS
above, we may assume, without loss of generality that, u;, > u for each 1, j. Now,

(zw((91, %, ) - - - (91 %u, )5 - - - (gr;u%ml) (I Pum D = (@w(gr,- -, 9m)h

= I).

The last equality holds since W € X and the result follows. O
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Chapter 3

Some central properties

“ Situation number three; it’s the one that no one sees.” Jack Johnson

In the first part of this chapter we determine the centre of the generalised wreath
product given any partially ordered set A, any permutation groups (G5, X)) and
any distinguished element ¢ = (ty)aea. This in itself is useful to know but it
also provides an essential tool in the final chapter. For example, it is required in

determining necessary and sufficient conditions for W to be nilpotent.

In the second part of this chapter we look at some commutative properties of
certain elements of the generalised wreath product W. Let . € A and let 9, € —5#
~ as defined in Definition 1.0.4. We determine the centraliser of [

3.1 The centre of the generalised wreath prod-
uct

The centre of the wreath product of Awry B is known.

Theorem 3.1.1. Let (A, X) and (B,Y’) be non trivial permutation groups. Then
Z(AwryB) = (A(Z(A)wryB) : w € TI),

the subgroup of AwryB generated by the diagonal subgroups A.(Z(A)wryB)
where f € Ar(Z(A)wryB) if and only if f(y) € Z(A) for each y € Y, f(z) =
f(y) for each z,y € Yy and f(z) = 1 if z € Y \ Yy where {Yy}ren is the set of
orbits of B on'Y.
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For a proof see Meldrum [16] 1.4.2. We give the natural analogue of the diagonal
subgroups in the generalised wreath product.

Notation. Fix v € I. Let g € Z(G,) and define § € SymX by (zg)r = zy for

A # v and
(€§). = z,9 if z\ € 1,G) for each A >«
9y = z, if ) ¢ 1AG) for some A > 7.

We let A(Z(G,)) denote the set of all such § that lie in W.
Remark. If (G), X)) is transitive for each A\ € A, then h € A(Z(G,)) if and |
only if h =[], ex.. h,:([ 1) for some h, € Z(G,). Here we use the notation of
Theorem 2.1.5.

It turns out that the subgroups A(Z(G,)), v € T, lie in the centre of W.
Theorem 3.1.2. Ify € T, then A(Z(G,)) C Z(W).

Proof. Let w € A. Let h € G, and define h € G, as it is defined in Definition

1.04. Let g € A(Z(G,)). Let z € X. We consider all the cases.

1. f w =+ and z, = ¢, for each A\ > v, then

MIA_' zyhl A=\ i
zh §'hg = (xA ALy )9 P
zyh7lgTt A =q\ ~.
= ( HA#y)hg
B %hl “h i A=n .
= ifA#£y )9

_ xh“ “lhg if A=«

= if A

= .

The last equality holds as g € Z(G,).
2. lf w=1; x5 € 1)G) for each A > 7; but z # ¢, for some X > v, then
zh 7RG = x5 'Ry
zT,970 f A =1
T\ if A 7é Y

_ zT,97t ifA=1
- zx i A#y

= .

-~

>

o
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3. f w =+ and z, ¢ t,G, for some X\ > v, then
ah 7RG = 2g7'Rg
= zhj

4. If w > 7; 25 € 1)G,, for each A > v; and z = ¢, for each A > w, then

.’L‘wh_l lf A = w A_IEA
) fAtw )9 Y

z,h !l fA=w 3
= z,g7t fA=4 hg
T.

ah 5 =

Z if X #w,y

T, fA=7q ).
zn  ifA£y )Y

5. If w > 7; ) € tAG) for each A > «; and z, # ¢, for some A > w, then

—1

zh™ §7'hg = x5 hg
-1
z,9 fA=7v\+.
( Ty ifA# ) hg
_ T, ifA=9Y,
oy ifa#y )T
= . .

6. If w > 7y; z) € 11G) for some w > A > «; and ) =) for each A > w, then

e 5 _1 1 = p—
s 1g‘lhg _ (xwh fA=w )Q’lhf]

‘ Z ifAs#w
_ z,hl fA=w i
- T if A 74(4)
= ajg
= .

7. fw > v; ) & 1nG, for some w > )\ > 7; énd z), # ty for some A > w, then

sh ' §Rg = w57'hg



8. If w> v and z, ¢ txG) for some A > w, then

zh §'hg = x5 'hg

9. If w,y are unrelated; z) € ¢,G, for each A > «; and z, = ) for each \ > w,
then ’

1. 137, z,h™t fA=w \ ¢
zh -g7hg = (x,\ fr£w |91

Ty if A #w,y

‘Yg~l lfA=7)g

z,hl fA=w B
= zyg7t A= hg
T
T\ ifA#£y

x

10. If w,y are unrelated; z € 1,G, for each \ > v; and zy # 1y for some ) > w,
then o

__1A

zh "g7'hg = z§ 'hg
g7t fA=1
o fA£y

_ {zygt ifA=1
o Iy if)\#"y

= x.

A

A

[V ¥Y

11. If w,y are unrelated; x5 ¢ txG\ for some A > v; and ) = ¢ for each A > w,
then

—1 - -1 = —
R 1§”1h§ _ (:cwh fA=w )g“lhfz

) fA#w
. / leuh_l fl=w EA
— \ 1z ifA#w
= xg
= z.

12. If w,y are unrelated; z) ¢ t,G) for some X > «; and x5 # ¢, for some X\ > w,
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then

oh §RG = x5 'R§
= zhj
= x_@
= z.
And hence [h, §] = 1. Since W = (G : X € A) it follows that § € Z(W). O

If (G», X)) is transitive for each A € A, then we find that Z(W) = (A(Z(G,)) :
v € T'). See Corollary 3.1.8: This is expected in light of Theorem 2.2.1. However
this is.not the case when the ‘groups (G, X)) are not transitive. We find that the
subgroups A(H,), as described below, also lie in Z(W).

Notation. Fix u € A\T. Let H, := {g € Z(G,) : yg = y for each y € ¢,G,}.
Let g € H, and define § € SymX by (z§)x := z, for A # p and

(), = z,9 if xx € 1yG) for each A > p
\EG)p -= z, if 23 ¢ 1,G) for some A > p.

Let A(H,) denote the set of all such § that lie in W.

Remark. Fix p € A\T and let g € G,. If (G, X,,) is transitive, then yg = y
for each y € 1,G, = X, implies g = 1. And hence A(H,) = {1} if (G,,X,.) is

transitive.

Theorem3.1.3. Let p € A\ T, then A(H,) C Z(W).

Proof. Let w € A. Let § € A(H,). Let h € G, and define h € G,, as it is defined
in Definition 1.0.4. Let x € X. We consider all the cases.

1. If w= p; ) = ¢y for each A > p; and z, € ¢,G,, then

5 - _1 1 = ) -—
o lg_lh_@ _ <xwh fA=p >§_1h§

TS
_ .'II,_Lh_l if A= M EA
=\ ifA#p
= q;g
= I.
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2. f w = p; zp = 1) for each A > p; and z, ¢ ¢,G,,, then

a7, [zt A= s
Th §7hg = (.m ifx£p )9 HI
_ g,h7lg™ i A=p ) .
- ( Ty if A # M hg
_ [ mhTlgTh ifA=p Y,
Ty if A 7é 14 g

_ z,h7lg7thg fA=p

Ty if A 75 12

= .

The last equality holds since g € Z(G,,).
3. f w=p; z € 1yG), for each A > y; and z # ¢, for some X > u, then

xﬁ'lg-lﬁg = z§ 'h§

4. If w = p; z\ € 116G, for each A > y; z, ¢ 1,G,; and z, 76 ¢y for some A > u,
then

xﬁ'lg‘lﬁg = asg_lﬁﬁ

97" fA=yp T
Ty ifA#pu

— z,97" fA=p

= .

»

5. If w= p and z, ¢ ¢t»G for some A > py, then

oh §RG = z§ 'Ry
= zh§

= I.
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6. If w > p; x5 € 1aG) for each A > p; and z) = ¢y for each A\ > w, then

-1 _ _
o A_lhg _ (a:wh lf)‘_w>_cj‘1h§

Iy 1f)\76w
[z ht ifA=w T
- T if)\7éw
= z§
= .

7. fw > p; T\ € 1,G) for each A > p; z, ¢ 1,G,,; and ) = ¢, for each A > w,

"~ then

A_l _ :L‘wh' fA=w Ae1T A
zh §7'hy = if,\;éw)g hg

a:wh‘ ifA=w B
ifAF#w,pu
. gt fA=p ).
“\a ifaEu)?
T.
8. If w> p; zx € tyG) for each A > y; and z # ¢y for some X > w, then

zh “_lhg = x5 hg
zh{

9. If w > p; T\ € 1aG) for each A > p; x, € 1,G,; and z) # ¢y for some A > w,
then '

Y T |
zug™t fA=p T
Ty ifA#pu

. g7t fA=p
= N ifA#pu

= x.

o>
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10. f w > p; zx ¢ 1,G), for éome w > A > p; and x, = ¢y, for each A > w, then

I I _1 i p—t —
< lg_lhﬁ _ (zwh fA=w )g“‘hg

Ty fAs#w
_ z,h !t fA=w s
o Tx if A 7& w
= q;g
= z.

11. If w > p; zx ¢ 1tAG), for some w > A > u; and z # ¢y for some \ > w, then
shg7hg = 257'Rg
= zhj
= :L‘g

= .

12. fw > p and zx ¢ G, for some A > w, then

zh §7hg = z67'Rg
= zhj

= .

13. fw < up and zy = vy for each A > w, then

-l ° —1 i = —
o5 lg‘lhg _ (:cwh fA=w )g‘lhg

I if A 7é w
_ Z‘wh_l ifA=w EA
- Ty ifA#w
= ;(;g
= .

14. If w < p; ) € 1\G), for each A > u; and z, # ¢y for some A > w, then

oh§7'Rg = g'R§
= zhj

= .
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15.

zh §7RG

zh

A

g

l_ﬁg

(

T

("
Z.

16. If w < p and 75 ¢ 1AG) for some A > p, then

A_lhg

-1
me

If w < p; zx € tAG) for each A > p; and z, ¢ ¢,G,,, then

ifA=p
ifAs#p
ifA=p
fA#p

)
|

o

17. If w, u are unrelated; z) € txGx for each A > pu; and x) = 1y for each \ > w,

then

zh~ ‘lhA

(
(

~

zg

x.

z h7t
Ty
z ht
Ty

fA=w A=1T A
ﬁx¢w>9 g
fA=w \+

Fa

)

if A#w

18. If w, u are unrelated; zx € tx\G\ for each A > p; z, € ¢,G,; and x5 = ¢, for

each A > w, then

Th~ A_lhf

(:cwh 1

£

xwh‘

ug
T

ifA=w aA=1T~
ifA#w)g ﬁg
fA=w
ifA=p hg
fA£w
fA=p
ifA#p

19. If w, u are unrelated; x, € ¢,G) for each A > u; and z # ¢, for some A > w,

32



then

zh g7 hg = z57'hg

20. If w,p are unrelated; z) € txG for each A > y; z, ¢ tuGy; and x) # 1y for
some A > w, then

oh g hG = x5 'Ry
zug™t fA=p Ta
_ g7t fA=p
) fA#p

= .

>

!

21. If w, p are unrelated; z) ¢ ¢,G for some A > y; and x, =‘L,\ for each A > w,
then

——— — . —l 1 == —
oh lg‘lhg _ (:cwh fA=w )_@_lhg

Ty if A 7é w
_ z,h™t ifA=w 6
a Ty fA#w
= g;g
= .

22. ' If w, p are unrelated; z» ¢ 1xG) for some A > y; and z, # ¢, for some A > w,
then

sh g7 R = xRy

And hence [h, ] = 1. Since W = (G, : A € A) it follows that § € Z (W). O

Corollary 3.1.4. (A(H,),A(Z(G,)) :p€ A\T,y€T) C Z(W)

Proof. This follows immediately from Theprem 3.1.2 and Theorem 3.1.3. O
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We now consider the converse of Corollary 3.1.4.

. Theorem 3.1.5. Z(W) C (A(H,),A(Z(G,)) : p € A\ T,y €T).

Proof. We note that, by Lemma 2.1.1, we can extend (A, <) to a total order
(A, =). Let h € Z(W). We shall show the following. '

1. IfpeA \‘1", then (zh), = z, for each € X with z, € 1,G,,.

2. For fixed p € A, if z,y € X with z, = y, and z, € y G, for each A > p,
then (zh), = (yh),. ‘ '

3. For fixed y € T, if Y, := {z € X : z\ € 1,G), for each A > v}, then there
exists h € Z(G,) such that (zh), = z,h for each z € Y, and (zh), = z., for
eachr € X \Y,.

4. For fixed p € A\T, if Y, := {z € X : z) € 1,G) for each A > p}, then
there exists h € H,, such that (zh), = z,h for each z € Y, and (zh), =z,
for each z € X'\ Y.

1. Let z € X with z, € 1,G,. Suppose, for a contradiction, that (xﬁ)# #z,. So
we have z, € 1,G) for each A > p (otherwise h acts trivially on the y component
of z). Fix w € A with w < u. Define y € X by

=< Y fA=w
ty otherwise

for some y, € X, with the orbit y,G, consisting of more than one element.
We note that y, = z, € 1,G, and that (yh), = (zh), # =, = y,. Let S :=
ay) N{A € A : w < A}. We note that, since o(y) C o(z) U {w} is finite, S
is finite. Write § = {ws,...,wx} with wy < ... < wy. For each i € {1,...,k},
choose f; € G., such that y,,f; = i, and define f; € G,, as it is defined in
Definition 1.0.4. Now choose f € G,, such that y,f # ¥, and define f € G, as it
is defined in Definition 1.0.4. Define § := f, .. 7J71—1 .. -f—,zl That is,

i d ? if z) # y, for some \ > w
I=V w if zy =y, for each A > w

where

oz ifAFw
DZ af ifr=w.
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~We note that (y§). = yuf # ¥ and in particular yg # y. Also (yh)§ = yh since
(yﬁ)u # y, and g > w. So we have

ygh = (yd)h # yh = (yh)§ = yhg.
A contradiction.

2. Let z,y € X with z, = y, and z, € y,G, for each A > u. Suppose, for
a contradiction, that (xﬁ),‘ # (yﬁ)#. So we have z,,yx € tAG, for each X\ > p
(otherwise h acts trivially on the 4 component of z and y). Define z/,y’ € X by

noo_ T if A > 7
(@) = { ty otherwise

and

Y Ly otherwise.
j

Notice that =, = 7, = y, = y,, and (z'h), = (zh), # (yh), = (v'h),. Let
S = (o(z') Ua(y)) \ {¢}. We note that, since o(z’) C o(z) and o(y’) C o(y)
are finite, S is finite. So write S = {11,...,14} with v, < ... < v,. For each
i € {1,...,k}, choose fi,g; € G,, with z,, f; = 1,, and v,,9; = y},. And define
fi,9; € G,, as it is defined in Definition 1.0.4. Define § := ;... 15, -- .Gx- Then
z'g =1y and (2§), = z, for any z € X. Now

(@GR = 'R # @'h) = (@'hG),-

A contradiction.

3. It is clear that (zh), = z,, for each z € X'\ Y,. It is also clear that there exists
h € G, such that (yh), = y,h for each y € [1], C Y,. Now let z € Y,. Define

y € X by
oz, ifA=7y
y”‘{u if A # 7.
Then y € [t], C Y and z, = y,. By part 2, (zh), = (yh), = y,h = z,h. That
is to say that there exists h € G, such that (zh), = z,h for each z € ¥,. It
remains to show h € Z(G,). Let g € G, and define g € G, C W as it is defined
in Definition 1.0.4. Fix z,, € X, and define z € Y, by

_Jzy ifA=7
m”‘{H if A £ .

Note that, by part 1, (zh), = v, for each A > ~. Thus

2y = (2[5, )y = 2419, h].
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This holds for each z, € X, and hence h € Z(G,).

4. In exactly the same way as in part 3 we have that (zh), = z, foreach z € X \Y,
and there exists h € Z(G,) such that (zh), = z,h for each z € Y,. By part 1,
we have that z,h = z,, for each z, € ¢,G, and hence h € H, as required. This
completes the proof of part 4.

Now, there exists A1,...,\, € A such that h € (G,,,...,G»,). By part 3 and
part 4, for each i = 1,...,n there exists h; in Z(G,,) or Hy, depending on whether
); is a minimal element or not such that A = &, ...k, where h; € W defined by
(a:fzi) x» = ), for each A # ); and

Cl?)\ihi ifxy € tAG), for each )\ > A
zy, if zy & 1,G) for some A > )\

(eha)s, = {

for each i = 1,...,m. We note that &; lies in either A(Z(G),)) or A(H),) de-
pending on whether ); is a minimal element or not. Thus h = ﬁl . ..Bn €
(A(H,),A(Z(G,)) : p€ A\T,v €T) as required. This completes the proof. O

1

This leads us to the main result of this chapter.

Corollary 3.1.6. Z(W) = (A(H,),A(Z(G,)) : p€ A\T,v € T).

Proof. This follows immediately from Corollary 3.1.4 and Theorem 3.1.5. (|

Example 3.1.7. Recall Example 2.2.2. We identify the subgroups A(H,) and
A(Z(G-Y)) in Wl, W2 and W4.

1. For Wi, A(H,) = {1,0,0% 0% 0% 0%} and A(Z(G,)) = {1,7}. Hence
Z(Wy)={r%0?:i=1,2and j=1,...,6} = W; and W, is abelian.

2. For W, A(H,) = {1,0%,0%} and A(Z(G,)) = {1,7’7"}. Hence Z(W,) =
{r(7%)°¢7 :i=1,2 and j = 2,4,6} C W,.

3. And for Wy, A(H,) = {1,0%} and A(Z(G,)) = {1,77°7°"}. Hence Z(W,) =
(T34 (r9)*07 :i=1,2 and j = 3,6} C W,.

Corollary 3.1.8. If (G, X)) is transitive for each X € A, then
ZW)=(A(Z(Gy)) :veT).

Proof. Firstly notice that A(H,) = {1} if (Gy, X,,)) is transitive. The result now
follows from Corollary 3.1.6. O
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We find, as a Corollary of Corollary 3.1.8, necessary and sufficient conditions for
the generalised wreath product W to have non trivial centre in the case where
the permutation groups (Gy, X)), A € A, are transitive. '

Corollary 3.1.9. Suppose (G, X)) is a non trivial transitive permutation group
for each A € A. Then W has non trivial centre if and only if T is non empty and
there erists v € I' such that G, has non trivial centre; {\ € A : X > ~} is finite;
and Gy, is finite for each A > 7.

Proof. We first note that, since (G, X)) is transitive, G, is finite if and only if
X, is finite.

Suppose I' is non empty and there exists v € I" such that G, has non trivial centre;
{A € A: X > v} is finite; and G is finite for each A > v. Let h, € Z(G,) \ {1}.
We note that, since {A € A : X > ~} is finite and G, is finite for each A > 7,
X is finite. Let h := ']"[[35]7e X KM a5 described in Theorem 2.1.5. By the
remark to Theorem 2.1.5, it is easy to see that (zh), = z,h, for each z € X.
" Hence h € A(Z(G,)). Corollary 3.1.8 implies h € Z(W) and W has non trivial

centre.

Conversely, suppose’ W has non trivial centre. It is immediate from Corollary
3.1.8 that T is non empty and Z(G,) is non trivial for some y € I". Let & := {0 €
I': Z(G,) # {1}}. Suppose, for a contradiction, that either {A € A : A > o}
is infinite or there exists A > o with G, infinite for each 0 € ¥. That is to say
X.o is infinite for each o € . Fix 0 € X. We note that if h € A(Z(G,)), then
h = H[z]a €Xmo R for some hs € Z(G,). Since X, is infinite, it follows that
ho =1 and hence A = 1. Thus A(Z(G,)) = {1}. This holds for each o € . Now
Corollary 3.1.8 implies that W has trivial centre, a contradiction. Hence there
exists v € I" such that G, has non trivial centre; {\ € A : A > ~} is finite; and
G, is finite for each A > . This completes the probf. ' O

We use Corollary 3.1.8 to obtain necessary conditions on A and (Gy, X)) for W
to have the property that every non trivial subgroup of W has non trivial centre
when (G, X)) is transitive for each A € A.

Theorem 3.1.10. Suppose (G, X)) is a non trivial transitive permutation group
for each A € A. Suppose W has the property that every non trivial subgroup of

W has non trivial centre, then

1. G has non trivial centre for each A € A;
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2. every chain in A is finite;
3. {A € A: X\ > p} is finite for each u € A; and

4. Gy s finite for each X € A\T.

Proof. 1. Since G, is isomorphic to a non trivial subgroup of W, G, has non

trivial centre.

2. Let ¥ C A be achainin A, let H := (G, : 0 € X) and let Y := [ 5 X,
By Corollary 3.1.8, Z(H) = (A(Z(G4)) : v € L is a minimal element of ) and,
by assumption, Z(H) is non trivial. So ¥ has minimal elements. Since T is
totally ordered, ¥ must have a unique minimal element, v say. Suppose, for a
contradiction, that ¥ is infinite. It follows that Y., is infinite. We note that
if h € A(Z(G,)), then h =[]y v, KA for some h., € Z(G,). Since Y.,
is infinite, it follows that h, = 1 and hence h = 1. Thus, by Corollary 3.1.8,
Z(H) = A(Z(G4)) = {1}. A contradiction. Hence ¥ is finite.

3. Fixue Aandlet Z:={oc € A:0 > pu}. Let H := (G, : 0 € ) and
let Y := [],ex X5. Suppose, for a contradiction, that ¥ is infinite. Then Y., is
infinite. As in the proof of part 2, this yields a contradiction. Hence ¥ is finite.

4. Let p € A\T. Fixw € A withw < p, let H := (G) : A > w) and let
Y := [ 5, X Suppose, for a contradiction, that G|, is infinite. Since (G, X,.)
is transitive, X, is also infinite. And since w < g, it follows that Y., is infinite.

As in the proof of 2, this yields a contradiction. Hence G, is finite. O

This result is particularly important in Chapter 4.2 to find necessary conditions
for W to be nilpotent. We note that if G is a non trivial nilpotent group, then G
satisfies the property that every non trivial subgroup of G has non trivial centre.
Also, if G is a Z A group then G satisfies this property and Theorem 3.1.10 proves
to be useful in Chapter 4.4.

3.2 Centralisers of certain elements

Theorem 3.2.1. Let A be a partially ordered set and let (G, X)) be a non trivial
transitive permutation group for each A € A. Fiz p € A. Let g, € G, \ {1} and
define g, € G, as it is defined in Definition 1.0.4. Then h € Cc(3,,) if and only
i .
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1. th([e)a)a = e for each A > p;
2. h([b]u)# € C'c,,(g#);'and

8. if A < p then h([xg,)a)n = h([z]\)a for each z € X.
Here, by Theorem 2.1.5, we write h = HuEA(H[z]uez\%“ (h([z],) )P0y,

Proof. Suppose h € Cg(g,). We show conditions 1,2 and 3 hold.

1. Since g, # 1 there exists y, € X, such that y,g, # y,. Let z € [t], with
Ty = Yu- In particular z € [¢]x (and [z]y = [¢]) for each A > u. And since g,
only affects the u component of z non trivially, g, € [¢]x (and [27,]x = [¢]») for
each A > p. Now

Yuguh([tlp) A= p yuguh([xgy]u)n fA=yp
by HA>p = | ah([zg]\)x fA>p
zAh([zg]r)r otherwise Zah([zg]a)a otherwise

yl_l,gu lf A = /,L

= 159 if A > U h
Ty otherwise

= zg,h

= zhg,
yuh([z]p)y fA=p

= b,\h([il?])‘))‘ if A> ® gﬂ
zrh([z]))s otherwise
Yuh([u)y fA=p

= uh(ta)r fA>p 7,
zrh([z]))r otherwise
Zu R lf )\ = U

= h(th)r fA>p
zah([z]a)s otherwise

where
: L { yuh([dn), I exh([¢]a)a # ¢ for some X > p
» Yuh([tlp)ugu i exh([¢]a)s = e for each A > p.

Now, y.9, # y. implies that y,g,h([t].)n # yuh([t]s).. It follows that z, #
wh([t)e)u- Hence z, =y, h([t])u9, and e h([e]x)x = ¢y for each A > u.

2. Let z € [t,. As above, we have that z,g,h([t].), = z.h([t],).9,- Hence
h([du)u € Co,(9p)-

3. Let z € X and let w < p. Let y,, € X, and define y € X by
oy fA=w |
D= oy ifAFw.
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Then [z], = [y]. and [xgy.]w = [¥7,)w. Now

ywh([xgu]w)w

Yoh([¥G,)w)w
(¥g,h)w
(Yh7,)w
(Yh)w
Yoh([Y]2)w
Yoh([z])w-

The fourth equality holds since g, acts trivially on the w component of y. This
holds for each y,, € X, hence A([zg,). ). = M([z]s)w-

Conversely, suppose conditions 1,2 and 3 hold. Let z € X. Suppose z) = ¢, for

each A > p. Then

zg,h

Tpgy if A
[5Y if A
Tx

[
(

B[t

ZAh([z]2)x

zuh([t])

i
\ zah((z]:)
( zuh([tw)u
uh([z]A)x

iah([e]x)

T h([z]2)a
( fEAh([IE],\)A
zhg,,.

‘T;h([x]u)n

= p

otherwise

mnguh([xgu]u)u fA=p
wh([27,]3)x
TAh([27,]5)x

xuguh([b]u)u

\ zah([zg,]a)x otherwise

Tuh([du)ugn HA=p

> U )h

ifA>p
otherwise

fA=p
ifA>p

|

ifA>p

otherwise
ifA=p
ifA>p
otherwise
ifA=p
fA>p
otherwise
ifA=p
ifA>p
otherwise

The third equality holds since (2g,)x = ¢x for each A > pu; the fourth equality
holds by conditions 1,2 and 3; the sixth equality holds by condition 1; and the
penultimate equality holds since ) = ¢y for each A > p.
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Suppose x # ¢ for some A > u. Then

zg,h = zh
= (@h([z]x)r)re
= (@h([z]3)a)rea T,
= zhg,

The third equality holds by condition 1. Hence h € Cg(g,). This completes the
proof. a

Corollary 3.2.2. Let A = {\, p} with A < p and suppose (G, X) and (G, X,))
are non trivial transitive permutation groups. Let g, € G, \ {1}. Then

Cw(g,) ={h € W : h([z],), € Cq,(g,) and h([zg,)a)x = h([z]x)x for each z € X}.
Proof. This follows immediately from Theorem 3.2.1. ]

Hence,.as expected, there is a strong link between Corollary 3.2.2 and Meldrum
[16] 2.2.1 which we state below.

Theorem 3.2.3. Let (A, X) and (B,Y) be non trivial permutation groups. Let
be B. Then

C’A;,,,YB(b) = {dc: c € Cg(b), and d is constant on all orbits of (b)}.
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Chaptér 4
Classes of groups

“Situation number four; the one that left you wanting more.” Jack
Johnson

In the remainder of the thesis we are concerned with the following question.

Question. Given a class of groups X, can we find necessary and sufficient con-
ditions for the generalised wreath product to lie in X7

‘We consider the class of abelian groups; nilpotent groups; locally nilpotent groups;
Z A groups; residually nilpotent groups; locally boundedly nilpotent groups; bounded
Engel groups; soluble groups; and locally soluble groups. '

4.1 Abelian groups

Let (A, X),(B,Y) be non trivial permutation groups. We consider the wreath
product AwryB. Since B is non trivial, there exists a B orbit Z of Y that
contains more than one element. Let z,y € Z with = # y. There exists b € B
such that z = yb~!. Let a € A\ {1} and choose f € AY) with f(z) = 1 and
f(y) = a. Then |

b7l fb(y) = fyb) = f(z) = 1 # a = f(y).

In particular b='fb # f and AwryB is not abelian. And so we obtain the

following Theorem.

Theorem 4.1.1. Let (A, X),(B,Y) be non trivial permutation groups. Then

Awry B is not abelian.
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However this is not the case in the generalised wreath product when the groups
(G, X)) need not be transitive. This is highlighted in Example 2.2.2. In fact, we

can formulate the following Theorem.

Theorem 4.1.2. W is abelian if and only if G is abelian for each X € A and
tZGx = {tr} for each A € A\T.

Proof. Suppose W is abelian. Since G, is isomorphic to a subgroup of W, it
" follows that G is abelian for each A € A. Suppose, for a contradiction, that

there exists 4 € A\ T such that ¢,G, # {¢.}. Choose z, € 1,G, with z, # ¢,.

Choose g, € G, such that z,g, =1, and define §, € G, as defined in Definition

1.0.4. Since y is not a minimal element, we can choose A € A with A < p. Since

(Ga, X)) is non trivial there exists zy € X, and gy € G, such that z,g) # z,.

Define 7, € Gy as defined in Definition 1.0.4. Define z € X by

z, fw=yp

Ty:=<K zyn fw=A
Ly fw# u, A
Then
v, fw=p :
zy fw=2A = 7,
v, fws#u, A
m-g-):qp,
= mgp,g)\
by fw=p _
b fw#pu, A
Ly ifw=p

= Tagy fw=A
Ly if w# p, A

A contradiction since z)g) # . Hence we must have ¢,G = {¢,} for each non
minimal element A of A as required.

Conversely, suppose G is abelian for each A € A and ¢yG) = {«\} for each
A€ A\T. Let \,u € A and let g5 € G, and g, € G,. Define g, € G, and
9, € G, as defined in Definition 1.0.4.

If A = p, then [g,,9,] = 1 since G\ = G, is abelian (and the isomorphism follows
from Lemma 1.0.5).

If X and p are unrelated, then [g,,7,] = 1 by Theorem 2.1.2.
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Suppose A < p. In particular g is not a minimal element and hence Gy = {uu}
and [t]y C [¢],. Let z € X. We have three cases.

1. Suppose z € [tJx. So z, = 1, and (2F,)u = Tugy = tugy = tu = Tu. In
particular g, acts trivially on z. Also, zg, € []» and in the same manner g, acts

* trivially on zgy. It follows that z(g,,7,] = =

2. Suppose z € [t], \ [¢Ja- Since ¢,G,, = {¢,} and the fact that g, only affects the
4 component non trivially, it follows that 23, € [c], \ []». Hence g, acts trivially
on z and zg, and it follows that z[g,,g,] = =.

3. Suppose z € X \ [¢],. Then both g, and g, act trivially on = and it follows
that z[g,,7,] = =.

We have shown that [g,,9,] =1 forany A\, 4 € A and any g, € 5,\,@‘ € G,. Since
W = (G : A € A), we have that W is abelian. This completes the proof. O

We obtain the following Corollary. This is the expected extension, in light of
Theorem 2.2.1, of the fact that the wreath product A wry B of two non trivial
permutation groups (A4, X),(B,Y) is not abelian.

Corollary 4.1.3. Let (G, X)) be non trivial transitive permutation groups for
each A € A. Then W is not abelian.

. 2
Proof. Firstly note that A\T is non empty since A is connected and contains more
than one element. Let A € A\T. Since (G, X)) is non trivial, X, contains.more
than one element. Hence txGy = X # {t»}, where the first equality follows since
(G, X,) is transitive. And Theorem 4.1.2 implies that W is not abelian. O

4.2 Nilpotent groups

We have just seen in the previous section that the generalised wreath product
of non trivial transitive permutation groups is never abelian. A generalisation of
the abelian property is the nilpotent property. We see that we can find examples
of the generalised wreath product being nilpotent. See Example 2.2.2 for an
example. We can also find examples when the generalised wreath product of non

trivial transitive permutation groups is nilpotent.
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In this section we are concerned with developing necessary and sufficient condi-
tions for the generalised wreath product to be nilpotent. Extending results known
about the wreath product, we obtain a complete characterisation of the nilpotent
generalised wreath product.

The nilpotent wreath product attracted the attention of Meldrum, Scott and
Ljeskovacs. We state some known results, emanating from their work, regarding
the nilpotency of the permutational wreath product. The proofs of these theorems
can be found in Meldrum [16].

Theorem 4.2.1. Let (A, X),(B,Y) be non trivial permutation groups. If the
wreath product Awry B is nilpotent then all the orbits of B on'Y are finite.

It follows immediately from Theorem 4.2.1 that if (B,Y) is transitive and A wry B
is nilpotent, then B is finite.

Theorem 4.2.2. Let (A, X),(B,Y) be non trivial permutation groups, where B
is finite and transitive. on Y. Then Awry B is nilpotent if and only if for some
prime p, A and B are p groups and A is nilpotent of finite exponent.

Theorem 4.2.3. Letr € N, r > 2. For1<i<r, letn; > 1. And let |Y;| = p™
fori > 2. Then Cpm wry, Cpna Wy, ... wry, Cpne i nilpotent and

cl(Cymy wry, Cyma Wy, . .. wTy, Cynr ) = p=i=2) = (p 4 (p — 1)(n; — 1))
where C’,,A is the cyclic group of order p™ and cl(Cpm wry, Cprz wry, ... wry, Cynr )
denotes the nilpotency class of Cyny wry, Cyns Wy, . .. Wy, Cprr .

The following Lemma is a well known result. We provide a straightforward proof.

Lemma 4.2.4. Let G be a group and let N be a normal subgroup of G such that
N is contained in some group of a finite ascending central series for G and the

quotient group G/N is nilpotent. Then G is nilpotent

Proof. Suppose G/N is nilpotent of class ¢ and suppose that N C G4 for some
c,d € N. Let go,91,...,9c+4¢ € G. We have 1 = [go, g1, ..., 9c]N, which implies
that [90;91, .. ;gc] €N - Gd. So

[90)91; s 7gc+d] = [[90,91, e ,gc]7gc+la v )gc+d] € GO - {1}
and hence G is nilpotent. _ O
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The transitive case

We find a complete characterisation of the nilpotent generalised wreath product.
We use the fact that a non trivial nilpotent group satisfies the property that any
non trivial subgroup has non trivial centre. Theorem 3.1.10 suggests that we will
require A to have finite chains; the set {\ € A : A > v} to be finite for each v € T}
and G, to be finite for each A € A \ T where I' denotes the set of all minimal
elements of A. It turns out that we do indeed need these conditions, along with

a few more.

Theorem 4.2.5. Suppose (G, X)) is transitive for each A € A. Suppose there
exists a prime p such that '

1. every chain in A is finite and the lengths of all chains in A are bounded;

2. for each v € T, {A € A : v < A} is a.finite set and sizes of the sets
{A€ A:v <A}, v €T, are bounded (by m say); 4

3. Gy is a finite p group for each A € A\ T and G, is a nilpotent p group of
finite exponent for each v € T;

4. the nilpotency classes of Gy, A € A, are bounded (by ¢ say);
5. the exponents of Gy, A € A\ Q, are bounded (by n say); and

6. the orders of Gy, A € A\ T, are bounded (by r say).

Then W is nilpotent.

Proof. Suppose conditions 1 - 6 hold. Let {1} = W, C W; C L CW, C L
be the upper central series of W. Fix v € T" and let h € (G,)", the normal
closure of Gy in W, and let (h) denote the cyclic group generated by h. We
define H := (h,{G» : X € A such that v < A}). We note that, by Meldrum [16]
7.4.3, H = (h) wry (G : X € A such that v < A) where Y = [ _, X) the direct
product. Thus, if j :=n"" (r™)!, then

KAMYY(G : X € A such that v < )]
exp(G,)*1{Gx : A € A such that y < \)|
exp(G,)! Tl X(| TT X!

<A

|H|

A IA

n(r™)!

J
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by conditions 2 — 6, noting [{G» : A € A such that v < )| < (JI],<, X»|)! since
(Gxr : A € Asuchthat v < A) can be thought of as a permutation group on
H,y <«xXx. Now, by Theorem 2.1.8, H is a finite p group and is hence nilpotent
of nilpotency class at most j which is independent of v and h. That is to say

(90, ---,95] =1 for any go,...,9; € H.

Let K := (G : A € A such that A and -y unrelated) and let L := (G, : A €
A such that v < X). We note that [(h)", K] = {1} and, since v is a minimal
‘element, W = (K, L). So if g € W, there exist ly,...,l, € Land k,,...,k, € K
such that g = l1k;...lyk,. We recall Hall’s identities; [g, hk] = [g, k]g, h]*
and [gh, k] = (g, k}*[h, k] for all g,h,k € W. Let | € ()Y, I;,...,l, € L and
let k1,...,ky, € K. Then, using Hall’s identities repeatedly and the fact that
(MY, K] = {1}, we have that [I,l1k: .. . lukw] = [, L[, lu—1]" . .. [I, []2 2. We
claim that if g1,...,9, € W then [h,g1,...,9) = [Lics[fios-- -, i} for some
finite set I and f;, fi,,..., fi, € L for each i € I. We prbceed by induction on
v. Write ¢ = Lik; ...l ky for some l;,...,l, € L and some k,,...,k, € K.
Then [k, g1]) = [k, ][R, lu-1]"...[h L ]"*, as required. Now let gi,...,g, €
W and suppose [h,g1,...,9s) = [lic/lfios- ..+ fis)/* for some finite set I and
fis figr-- -+ fi, € L for each i € I. Write 1 := [h,g1,-..,0,] € (R)W and g,y; =
Lk, ... lyk, for some ly,...,l, € L and some ky,...,k, € K. Then

[h;gla-. .,gvagv+1] = [l7l1k1 lwkw] '
[l, lw] [l, lw_l]lw . [l, ll]lz...lw.

Noting that ! = [T,c/[fi, -, fi,]* and using Hall’s identities, this can easily be

written in the desired form.

If g1,...,95 € (Gx : A € A\ {7}) then fi,fi,,..., fi; € H for each i € I
and so [fi, fi,..., fi;] = 1 since H is nilpotent of class at most j and hence
(R, 91,-.,9;] = 1. We call this identity (x).

Suppose h € (Z(G,))". Then, by Lemma 2.1.4 parts 1 and 2, [(B)¥,(G,)"] =
{1}. Let g1,...,9; € W. By Theorem 2.1.3, there exist fi,..., f; € (G,)" and
hi,...,hj € (G : A € A\ {7}) such that g; = f;h; foreachi =1,...,j. We claim
that [k, g1,...,9;) = [h, b1, ..., hj]. We proceed by induction. We first note that

[hy 1] = [h, frha] = (B, B[R, fi]™ = [R, ha).

The second equality follows from Hall’s identities and the final equality follows
since [(R)W,(G,)"] = {1}. Now suppose for some r € {1,...,j — 1}, we have
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[h’g13" ')g?‘] = [h') hl)- .o )hr]. Then

[h:gla---ygr+1] = [[hagl,---agr],gr+1]
= [[h, ha, ... ,hr], fr+1hr+1]
= [Pk, Be)y e [P B,y - - - B, Fopa] Pt
= [[h, hy, ..., hr]a‘hr+1]
= [Ryha,. .., hepa).

The second equality follows by induction; the third equality follows from Hall’s
identities; and the fourth equality follows since [(h)", (G,)"] = {1} noting that
[h,h1,...,h,] € ()W'. This completes the induction. And it follows, from (%),
that [h,g1,...,9;] = [h, h1,...,hy] = 1.

Now fix s € N and suppose h € (Zs41(Gy))Y. Let g1,...,9; € W and write
gi = fih; for each i = 1,...,j for some fy,...,f; € (G,)V and hy,...,h; €
Gy i A€ AN{M). Let 6 : W = W/Z(G),g — 9(Z(G)Y. We
note that 9 is a homomorphism. By Lemma 2.1.4 parts 1 and 2, we have
that [(Z,+1(Gy))Y, (Gy)"] € (Z,(G4))". And hence [(Z5+1(G,))" 9, (G,)V ] =
(Zs41(G )Y, (G,)¥ ] = 1. Using induction in precisely the same manner as
above we find that [h,g1,...,9;]¥ = [9,h1,...,h]¢ = 1. The second equality
follows from (x). Hence [h, g1, ..., 9;] € (Zs(G,))W.

We claim that if b € (Z,(G,))", then [h,g1,...,9;] =1 for any g1, ...,9;, € W.
We have shown that this is true for s = 1. We proceed by induction. Suppose
that [g,91,...,95] = 1 for each g € (Z,(G,))" and any ¢1,...,9;s € W. Let
h € (Zs41(G4))Y and let g1,. .., gjis+1) € W. Then ‘

[h’a g1, :gj(3+l’)]‘= [[ha g1, .. ;gjs])gjs-l—l’ oo 7gj(8+1)] =1

where the last equality holds by induction noting that [h, g1, ..., g;5] € (Z5(G,))¥.
Hence [h, g1, - - ., ga(c,);] = 1 for any gi,..., ga(c,); € W and any h € G,. In par-
ticular, [h,g1,...,9¢] =1 for any ¢1,...,9.; € W, h € G,. As ¢j is independent
of the choice of v € T, it follows that G, C W,; for each v € T.

For each i € N, let Q; be the set of i maximal elements of A. Let H; = (Gy: A\ €
;). We show that H; is nilpotent for each i € N. We proceed by induction on 3.
Firstly, we note that H; =[] xeq, G, which is nilpotent being the direct product
of nilpotent groups of bounded nilpotency class. Suppose that H;_; is nilpotent.
Let N; be the smallest normal subgroup of H; which contains (G : A € Q;\ Q;—1).
Now Proposition 2.1.7 implies H;/N; & H;_, which is nilpotent by assumption.
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Since €; \ ©;-1 is contained in the set of minimal elements of €2;, there exists
c; € N such that (Gy : A € Q; \ Q1) C (H,).,, where (H;),, is the c;th term of
the upper central series of H;. Since (H;)., is a normal subgroup of H;, we have
N; C (H;),. Hence, by Lemma 4.2.4, H; is nilpotent. By condition 1, it follows
that W is nilpotent. O

Corollary 4.2.6. Suppose (G, X)) is transitive for each A € A and conditions
1 - 6 of Theorem 4.2.5 hold. Then W is nilpotent of nilpotency class at most

ken™ (r™)L.

Proof. By the proof of Theorem 4.2.5, we have that W is nilpotent of nilpotency
class at most Zf=1 c; where ¢y = cand ¢; < cn” (r™)! for each i = 1,...,k. The .
result follows. O

.Lemma 4.2.7. Let A be a finite partially ordered set of size n+ 1 with a unique
minimal element, v say, and let (G, X)) be transitive for each A € A. Suppose
there ezists a prime p such that G, is a nilpotent p group of finite exponent and
G, is a finite p group for each A € A \ {7} and let W denote the generalised
wreath product. Then W is nilpotent of nilpotency class at least n + 1.

Proof. W is nilpotent by Theorem 4.2.5. Let (A, <) be an extension of (A, <) to
a total order, this can be done by Lemma 2.1.1. Write A = {4, ..., Ans1} where
Al < ...,=< Any1. For each A € A choose gy € G with the order of gy being p.
Let H; be the subgroup of W defined by H; := (g5, : k=1,...4) fori=1,...,n.
Since H; is a subgroup of W for each i = 1,...,n, it is clear that H; is nilpotent

foreachi=1,...,n.

We show that the nilpotency class 'of H, ., is at least n + 1. We proceed by
induction. We note that H,, H are nilpotent groups of nilpotency.class at least 1
and 2 respectively. Su;/)pose that H; is nilpotent of nilpotency class ¢, where ¢ > 1.
We know that Z(H;) = Ay, (Z(G),)) = (g»,) and this has size p. Let v.(H;) be
the cth term of the lower central series. Now, {1} # v.(H;) C Z(H;) and hence
Ye(H;) = Z(H;). However Ap,(Z(Gy,)) and Ay,,,(Z(G),)) intersect trivially,
ie Z(H;) and Z(H,;4,) intersect trivially. So there exists h € H;;; such that
[h1,-. ., he, ] # 1 for some hy,...,h. € H;. And it follows that the nilpotency
class of H;4) is at least c+1 and ¢+ 1 > ¢ + 1. Furthermore, since H,4+1 C W,
the nilpotency class of W is at least n + 1. ‘ O

We now turn our attention to proving that conditions 1 - 6 in Theorem 4.2.5 are

indeed necessary for W to be nilpotent.
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Theorem 4.2.8. Suppose (G, X)) is transitive for each A € A. If W is nilpotent

then there exists a prime p such that

1. every chain in A is finite and the lengths of all chains in A are bounded;

2. for each vy € T, {A € A : v < A} is a finite set and the sizes of the sets
{Ae A:v< A}, vy €T, are bounded;

3. Gyisa ﬁmte p group for each A € A\ T and G&, isa mlpotent p group of
finite exponent for each v € T,

4. the nilpotency classes of G, A€ A, are bounded;
5. the exponents of Gy, A € A\ Q, are bounded; and

6. the orders of Gy, A € A\ T, is bounded.

Proof./ 1. Since W is nilpotent, W has the property that any non trivial sub-
groﬁp of W is nilpotent and hence any non trivial subgroup of W has non trivial
centre. Theorem 3.1.10 implies that every chain in A is finite. Now suppose,
for a contradiction, that the lengths of chains in A are not bounded. For each
n € N, there exists a chain II, C A with n elements. Then, by Lemma 4.2.7,
(W) > cl({(Gy : A € I1,)) > n for each n € N. A contradiction.

2. Theorem 3.1.10 implies that {\ € A : v < A} is finite for each v € I'. We now
show that |{A € A : v < A}| is bounded for v € I'. Suppose, for a contradiction,
that this is not the case. For each n € N, choose minimal elements -y, in T with
HAE€A:7 <A} >n. Let I, ;= {A € A : 7 < A\}. Then, by Lemma 4.2.7,
(W) >cl((Gy: A e Hn)) > n for each n € N. A contradiction.

3. Fix v’ € T and choose A € A with v < A. Then G, wrx, G\ = (G,,G,\) C W
which is nilpotent. By Theorem 4.2.1 and Theorem 4.2.2, there exists prime p
such that G, is a nilpotent p group of finite exponent and G, is a finite p group.
Since A is connected, G, is a nilpotent p group of finite exponent for each y e '
and G) is a finite p group for each A € A\ T, for the same prime p.

4. Let A\ € A, then G, is isomorphic to a subgroup of W and hence c(G,) <
cl(W). ‘ '

5. Firstly note that, by Theorem 4.2.3, Cpn wry C, is nilpotent and if |Y'| = p then
cl(Cpn wry Cp) = p+ (p—1)(n — 1) for each n € N. Suppose, for a contradiction,
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that the exponents of G, A € A\ §2, are not bounded. Choose groups G An, With
Ane € A\ Q and exp(G),, ) = p™* where (ny)ken is a strictly increasing sequence
in N. Choose p,, € A with A,, < pn,. Now Cp"kwrxun,, C, is isomorphic to a
subgroup of Gy, wrx,, G., and hence

.cl(W)

v

(G, wr Xiin, Gu.,)

v

cl(Cprie Wrx,, Cp)
cl(Cpnrwry Cp)
p+(p—1)(m —1)

Nk

v

v

where Y is a set of size p. This holds for each n;, a contradiction.

6. We have already shown, in 3, that G|, is finite for each A € A\T. Suppose, for
a contradiction, that |G|, A € A\T, is not bounded. Then there exists A, € A\T
- with |G| > p™*! for each n € N. There exist v, € I such that v, < A, for
each n € N. Then, by Scott [24] 3.3.7, c(W) > cl(G,, wrx, Gx,) = n. A
contradiction. This completes the proof. _ : O

Corollary 4.2.9. Suppose (Gy, X)) is transitive for each A € A. Then W s
nilpotent if and only if there exists a prime p such that

~

. every chain in A is finite and the lengths of all chains in A are bounded;

S

. for each v € T, {A € A : v < A} is a finite set and the sizes of the sets
{Ae€eA:y <A}, vy €T, are bounded;

3. Gy is a finite p group for each A € A\ T and G, is a nilpotent p group of
finite exponent for each v € T';

. the nilpotency classes of G, A € A, are bounded;

B

O

. the exponents of G, v € I, are bounded; and

5

the orders of Gy, A € A\ T, are bounded.

Proof. This follows immediately from Theorem 4.2.5 and Theorem 4.2.8. O
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The non transitive case

We note that the class of nilpotent groups of nilpotency class at most = is a
variety. So we appeal to Theorem 2.2.3 to extend Corollary 4.2.9 to the case
where the groups (G, X)) need not be transitive. To avoid some perverse cases
we will assume that ¢yG) # {¢r} for each A € A\ T.

Theorem 4.2.10. Suppose 1xGy # {tr} for each A € A\T. Then W is nilpotent
if and only if there exists a prime p such that

1. every chain in A is finite and the lengths of all chains in A are bounded (by
k say);

2. for each vy € T', {A € A : v < A} is a finite set and the sizes of the sets
{AeA:yv <A}, v €A, are bounded (by m say);

3. Gy(z,G,) is a nilpotent p group of finite ezponent‘ for each v € T and each
z € X; GA(tAG)) 1s a finite p group for each A € A\ (I'UR); Ga(z2G)) is
a nilpotent p group of finite exponent for each A € A\ (T'UN); G, (t,G.,) is
a finite p group for each w € Q; and G, (z,G.) is nilpotent for each w €
and each z € X; :

4. the nilpotency classes of Gx, XA € A, are bounded (by c say);
5. the exponents of GAr(z2G)), A € A\ Q, z € X, are bounded (by n say); and

. 6. the orders of GA(tAG)), A € A\T, are bounded (by r say).

Proof. Suppose conditions 1 - 6 hold. Fix py € Aand fixz € X. Put Z:= {A €
A : X > p} and define ¢/ € ([], 5 toGo) X 2,G,, by setting ¢, := ¢, for each 0 €

and ¢, := z,. Notice

({Ga(1aGh) : A > i}, Gu(@uGr)) 2 ({Ga(Gh) : X € B}, Gu(2,Gy))
wry{{Gr(tAG») : X € £}, Gu(2,GL)}

IR

and each G»(¢AG,) and G, (z,G,) is transitive on the set it acts on. By Corollary
4.2.9, ({Gr(tAG)) : A > pu},Gu(z,G,)) is nilpotent. And by Corollary 4.2.6, the
nilpotency class of ({Ga(¢tAGh) : A > u}, Gu(z,GL)) is at most ken™ (r™)!. By
. Theorem 2.2.3, W is nilpotent.

Conversely, suppose W is nilpotent. We show conditions 1 - 6 hold.
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1. Let II C A be a chain in A. Theorem 2.2.3 implies that (GA(eaG) : A € II)
is nilpotent. Furthermore (G,(:AG)) : A € II) satisfies the property that every
non trivial subgroup has non trivial centre. Now, Theorem 3.1.10 implies II
is finite. Now suppose, for a contradiction, that the length of a chain in A is
not bounded. For each n € N, there exists a chain II, € A with n elements.
Then, by Theorem 2.2.3 and Lemma 4.2.7 applied to (Gx(taG)) : A € I1,),

cl(W) > cl({Ga(taGh) : X € II,)) > n for each n € N, a contradiction. ’

2. Fix v € I. Then Theorem 2.2.3 and Theorem 3.1.10 applied to (G»(tAG)) :
A > v) imply that {A € A : v < A} is finite. We now show that [{A € A: vy < A}
is bounded for v € I". Suppose, for a contradiction, that this is not the case. For
each n € N, choose minimal elements +y, in I" with |{A € A : v, < A} > n. Let
I, := {X € A: v, £ A}. Then, by Theorem 2.2.3 and Lemma 4.2.7 applied to
(GA(taGy) : A € 1IL,,), cl(W) 2 cl((GA(taGy) : A € ITI,)) > nforeachn € N, a
contradiction.

3. Fix \,pu € A with A < pand let z € X. If Gi(zAG)) = {1}, it is
clearly a nilpotent p group for any prime p. Suppose Ga(zAGy) # {1}; this
must happen for some z € X as G, # {1}. Then Gi(zAG») wr,,¢,Gu(t,G,) =
" (GA(z2G)), Gu(1,G,)) is nilpotent by Theorem 2.2.3. By Theorem 4.2.1 and The-
orem 4.2.2, there exists a prime p such that G, (z,G)) is a nilpotent p group of
finite exponent and G,(¢,G,,) is a finite p group. Since A is connected, G»(z)G»)
is a nilpotent p group of finite exponent for each A € A\ Q and Gu(t,G)) is
a finite p group for each u € A\ T, for the same prime p. Finally, if w € ,
then G, (z,G,) is nilpotent since it is isomorphic to a quotient of G,, and G,, is

isomorphic to a subgroup of W.
4. Note that G) is isomorphic to a subgroup of W, hence cl(G») < cl(W).

5. Firstly note that, by Theorem 4.2.3, Cpn wry C, is nilpotent and if |Y| = p
then cl(Cpnwry Cp) = p+ (p — 1)(n — 1) for each n € N. Suppose, for a
contradiction, that the exponents of Gy(zAG)), A € A\ Q, z € X, are not
bounded. Choose groups GAn,, (x,\nkG,\nk) with \,, € A\ Q, Tx,, € X,\nk and
exp(G),, (T, Gr,,)) = P where (ng)ren C N is a strictly increasing sequence.
Choose pn, € A with A, < pin,. Now Cpne Wy, Gun, C, is isomorphic to a sub-
group of (G, (2., Gx.,)) Wiy, Gny (G, (t4n, Gun, ) and hence, using Theorem
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2.2.3,

v

CI(W) C]'((GAnk (x)\nk GAnk )) wr‘-unk G”"k (Gﬂnk (l’ﬂnk Gﬂnk )))

Cp)

v

CI(Cpnk wr"l-‘nk Gl"nk
cl(Cpni wry Cp)
p+(p— 1 —1)

g

v

v

where Y is a set of size p. This holds for each n., a contradiction.

6. We have already shown, in 3, that G»(¢AG)) is finite for each A €A \T.
Suppose, for a contradiction, that |Gx(¢xGy)|, A € A\T, is not bounded. Then
there exists A, € A\ T with |Gy, (¢x,Gx,)| = p™*! for each n € N. There exist
Y € T with v, < A, for each n € N. Then, by Theorem 2.2.3 and Scott [24] 3.3.7

applied to G, (44, Gy, ) w7, ey, Gan (62, Ga, ), We have 1

Ad(W) 2 (G (traGra)s Gan(traGL)))

CI(G’Yn (1"711 G’Y'n ) U}TLAn G,\n G/\n (L)\n G)\n ))
.2 n.

A contradiction. This completeé the proof. . |

Remark. We note that if we did not impose the condition that t\G # {tz} for
each A € A, using Theorem 4.1.2 we can easily construct an abelian generalised .
wreath product that does not satisfy the conditions of Theorem 4.2.10.

4.3 Locally nilpotent groups

The immediate generalisation of the nilpotent condition is the locally nilpotent
condition. In Meldrum [16] 6.2.10 we see the following is true.

Theorem 4.3.1. Let (A, X) and (B,Y) be non trivial permutation groups. Then
Awry B is locally nilpotent if and only if there exists a prime p such that A is a
locally nilpotent p group of finite exponent; B is locally nilpotent; and all orbits
of finitely generated subgroups of B have orders which are powers of p.

We use this result to find necessary and sufficient conditions for W to be locally
nilpotent.
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The transitive case

We first consider the case where the groups (G, X)), A € A, are all transitive.

Theorem 4.3.2. Suppose (Gx, X)) is transitive for each A € A. - Then W is
locally nilpotent if and only if there exists a prime p such that

1. G, is a locally nilpotent p group for each A € A;
2. G, is locally of finite exponent for each A € A\ 2; and

8. all orbits of finitely generated subgroups of G have order a power of p for
each A€ A\T. '

Proof. Suppose there exists a prime p such that 1,2 and 3 hold. Let ¢1,...,9m €
W. Then there exist Aq,..., A, € A and finitely generated subgroups H), of G,
such that {g1,...,9m} C (H,,..., Hx,). Let :={A1,..., A}, I's C X be the
set of minimal elements of ¥ and let 2z C X be the set of maximal elements of
¥. And we assume, without loss of generality, that ¥ is connected of size at least
2. We show that conditions 1 - 6 of Theorem 4.2.10 holds.

(i). Since X is finite, all chains in ¥ are finite of length at most n.

(ii). Since ¥ is finite, we have that {o € £ : A < o} is finite of size at most n for
each A € X.

(iii). Hx(taH)) is a nilpotent p group of finite exponent for each v € I'y : If
v € TI's then v ¢ Q. So by 1 and 2, H, is a nilpotent p group of finite exponent
and since H,(v,H,) is isomorphic to a quotient of H, we have that H, (., H,) is

a nilpotent p group of finite exponent.

H,(uxH,) is a finite p group for each A € £\ T'g: If A € £\ 'y then A ¢ T. So
by 3, Hx(txH)) is a finite p group.

H,(z,H,) is nilpotent for each w € Qg and each z € X : This follows immediately
from 1 noting that H,(z,H,) is isomorphic to a quotient of H,,. :

Hy(zxH,) is a nilpotent p group of finite exponent for each A € £\ Qg and each
z€X: Letze X. f A€ £\ Qg then A ¢ Q. So by 1 and 2, H, is a nilpotent
p group of finite exponent and since Hy(z,H)) is isomorphic to a quotient of Hj
we have that Hy(zxH,) is a nilpotent p group of finite exponent.
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(iv). maxyes cl(H)) exists by 1 and using the fact that ¥ is finite.

(v). Let A € \Qx and fix z € X. Note N0 C Qg and hence Z\Qx C T\ (ENQ).
Now H)(z»H)) is isomorphic to a quotient of Hy, so exp(Hyx(z)H))) < exp(H,) <
maxyesy\(sna) €XP(H,). And maxyes\(sna) exp(H)) exists by 2 and using the fact
that X is finite.

(vi. Let A € £\ TIg.. By 3 we have that Hy(¢\H,) is finite. Moreover,
IH,\(L,\H)‘)I S Il’la,x,\e)g\pE |H)‘(L)‘HA)I. And maerg\pz |H)‘(L,\H)‘)| exists since ¥ is
finite.

Hence by Theorem 4.2.10 (H) : A € X) is nilpotent. Whence W is locally

nilpotent.

Conversely, suppose W is locally nilpotent. Choose A, € A such that A < pu.
Now (G, G,) = G) er“G,;. By Theorem 4.3.1, there exists a prime p such that .
G, is a locally nilpotent p group of finite exponent and G, is locally nilpotent
and all orbits of finitely generated subgroups of G, have order a power of p. Since
A is connected, the result follows. O

The non transitive case

We now consider the case where the groups (Gj, X)), A € A, need not be transi-

tive.

Theorem 4.3.3. For each A € A, let Hy, C G, be a finitely generated subgroup
of Gy and suppose txHy # {tn} for any A € A\ T'. Consider the conditions

1. H,(w,H,) is a finite p group and H,(z,H,) is nilpotent for each w € Q and
eachz € X;

2. H,(zyH.,) is a nilpotent p group of finite exponent for each v € I' and each
T€ X;

3. Hx(tyH)) is finite p group and Hy(z H)) is a nilpotent p group of finite
exponent for each A € A\ ([NQ) and each z € X;

4. for each A € A there exists ¢y € N such that cl(Hx(xaH))) < cx for each
ze X, and
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5. for each A € A\ Q there exists ny € N such that exp(Hx(zxH,)) < ny for
eachxz € X.

Then W is locally nilpotent if and only if there exists a prime p such that condi-
tions 1 - 5 hold for each finitely generated subgroup Hy of G,.

. Proof. Suppose conditions 1 - 5 hold for each finitely generated subgroup H,
of Gx. Let g1,...,9m € W. Then there exist A;,... A, € A and finitely gen-
erated subgroups H), of Gy, such that {g1,...,9m} C (H),,...,Hy,). Let
Y= {A1,.:., \n}. We assume, without loss of generality, that ¥ is connected of
size at least 2. We apply Theorem 4.2.10 to the group (Hy: A€ X). It is clear
that conditions 1 - 6 of Theorem 4.2.10 holds and hence (H, : A € %) is nilpotent.
Whence W is locally nilpotent.

Conversely, suppose W is locally nilpotent. Choose A, u € A with A < pu. Let H),
and H), be finitely generated subgroups of G, and G,, respectively. Then (H, H,)
is nilpotent. Now Theorem 4.2.10 implies H)(z)H,) is a nilpotent p group of finite
exponent for each z € X, Hy(z)H,), H,(1,H,) is a finite p group, H/;(CC#H#) is
nilpotent for each z € X, H,(z,H,) and the exponent and nilpotency class of
constituents are bounded. This completes the proof. ‘ a

4.4 ZA groups

Note that if a group G is nilpotent, then it is automatically a ZA group. The ZA
group property is a natural generalisation of the nilpotent property. In this chap-
ter we aim to characterise when W is a ZA group. In the case where the groups
(G, X)) are transitive for each A € A, we obtain a complete characterisation. We
note that the class of ZA groups is not a variety and hence we cannot appeal to
Theorem 2.2.3 and consequently we do not find a complete characterisation when
the groups (G, X)) need not be transitive. However we do obtain some positive

results if we impose extra conditions on A and (G, X,).
Recall Theorem 2.2.1. We find that, using Theorem 4.4.14, the following is true.

Theorem 4.4.1. Let (A, X) and (B,Y) be non trivial transitive permutation
groups. Then AwryB is a ZA group if and only if there exists a prime p such
that A is a ZA p group and B is a finite p group.
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We start this section by proving the equivalence of Definition 1.1.17 and Definition
1.1.18.

Equivalence of Definition 1.1.17 and Definition
1.1.18

It is immediate that if, in Definition 1.1.18, n can be chosen independently of the
sequence (g;)ien € G, then G is nilpotent. And the converse is also true. In fact,
we show that a group G satisfies the sequence property if and only if G is a ZA

group.

Lemma 4.4.2. If G is a non trivial group that satisfies the sequence property,
then G has non trivial centre.

Proof. Suppose G has trivial centre. We construct a sequence of elements (g;);en C
G such that [g1,...,gn] # 1 for any n € N. Choose g; € G \ {1}. Then g; does
not lie in the centre of G, so there exists g, € G such that [g1,g.] # 1 and
[91,92) ¢ {1} = Z(G). We proceed in this manner to get a sequence of elements
(9i)ien € G such that [g1,...,9,] # 1 for any n € N, as required. The result
follows. " O

Lemma 4.4.3. If G is a non trivial group that satisfies the sequence property and
N is a normal subgroup of G, then the quotzent group G/N satisfies the sequence
property.

Proof. Let (g;N)ien € G/N be a sequence in G/N. Since G satisfies the se- '
quence property, there exists n € N such that [g1,...,9,] = 1 € N. Now
(1N, ..., 9.N] = {91,...,92)JN = 1 and hence G/N satisfies the sequence prop-
erty. 0

Theorem 4.4.4. Let G be a group. Then G is a ZA group if and only if G

satisfies the sequence property.

Proof. Suppose G is a ZA group. Let (g;)ien C G be asequence in G. There exists
an ordinal ¢, such that g, € G.,. We construct a non increasing sequence, (c;):en,
of ordinals by putting [91,...,9] € G,. Further, by our remark to Definition
1.1.17, we insist that if ¢; # 0 then ¢; < ¢;_;. We know that there is no infinite
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decreasing sequence of ordinals and hence there exists n € N such that ¢, = 0.
That is to say [g1,...,9n] € Go = {1}

Conversely, suppose G satisfies the sequence property. By Lemma 4.4.2, G has
non trivial centre. By Lemma, 4.4.3, the quotient group G/Z(G) also satisfies the
sequence condition. It follows that we have an ascending central series terminating
at G and hence G is a ZA group. a

Using Theorem 4.4.4 we state and prove a well known result about ZA groups.

Lemma 4.4.5. If G is a group with normal subgroup N which is contained in
some term of the upper central series and G/N is a ZA group, then G is a ZA
group. : -

Proof. Let (g:)ien € G be a sequence in G. Now G/N is a ZA group and, by
Theorem 4.4.4, G/N satisfies the sequence property. So there exists m € N such
that 1 = [ N,...,gmN] = [g1,. . -, gm|N. In particular, [g1,...,gm] € N C G, for
some ordinal ¢. As in the proof of Theorem 4.4.4 we find that there exists n € N
such that [g1,...,gm+n] = ([91,-- -, 9m]; Im+1,-- s 9msn] = 1. Hence G satisfies
the sequence property and Theorem 4.4.4 implies that G is a ZA group. 0o

The transitive case

We find necessary and sufficient conditions for a generalised wreath product of
transitive permutation groups to be a ZA group.

Notation. Let G be a group and let ¢ be an ordinal. We write G, to be the cth
term of the upper central series of G. :

Theorem 4.4.6. Let (G, X)) be non trivial transitive permutation groups for
each A € A. Suppose there exists a prime p such that every chain in A is finite;
the set {\ € A : v < A} is finite for each v € T; G, is a finite p group for each
A€ A\T; and G, is a ZA p group for each vy € T'. Fiz vy € T. Then there exists
an ordinal d such that G, C Wjy.

Proof. We show the following.

1. Z(Gy) € Wy, for some ordinal d;.
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2. If there exist ordinals « and 3 such that (G,)a C Wp, then (G,)a+1 € Wi,

for some ordinal d,.

3. If a is a limit ordinal and for each 8 < a, (G,,)s C Wy, for some ordinal ds,
then (G7)a Q st. .

Then in this case the result follows immediately.

1. For i € N, define H; := (h € Z(G,) : W' = 1). Now (H;,(Gx : A > 7)) is
nilpotent of nilpotency class ¢; say, as it satisfies conditions 1 to 6 of Theorem
4.2.5. Now as in the proof of Theorem 4.2.5, we have that H; C W,,. This holds
for each i € N. Let d; := lim; ¢;, then Z(G,) C Wy, as required.

2. For each i € N, let ¢; := pilllax OI|(G, 1 y < A)|. We note, by the hypothesis,
that [],,, X is finite and since (G : v < ) can be thought of as a«permut.ation
group on [],,., X, this group is finite. For each i € N, define subsets of (G)a41
by H; := {g € (Gy)a+1 : g = 1}. Fix h € H; and consider the group ({h, (G, :
v < A)}). This is a finite p group of size at most

[T XMl [(Gy -y < )| < ATl MGy 1y < M) = e,

And we note that ¢; is independent of the choice of h. Now since [(G)a+1,G4] C
W, it follows as in the proof of Theorem 4.2.5 that, for any g1,...,9., € W we
have [h, g1,..., 9] € ((G4)a)Y € Wjs. And hence h € Wp,,. This holds for each
h € H;, hence H; C Wp,,. But this holds for each ¢ € N, thus (G, )a+1 € Wpid,,
where dy := lim; ¢;, as required.

3. Let g € (Gy)a = Up<a(G,)s. Then there exists an ordinal 8 with 8 < a such
that g € Wy C Wy,. And hence (G,)o € Wy, as required. ' a

Theorem 4.4.7. Let (G, X)) be a non trivial transitive permutation group for
each A € A. Suppose there exists a prime p such that every chain in A is finite;
the set {A € A:v < A} is finite for each v € T; Gy is a finite p group for each
A€ A\T; and G, is a ZA p group for each v € T'. Then W is a ZA group.

Proof. For each i € N, let §; be the set of 7 maximal elements of A. Let H;, =
(Gx : X € Q). We show that H; is a ZA group for each i € N. We proceed by
induction on 4. Firstly, we note that H; = [],cq, Hx is a ZA group being the
direct product of nilpotent groups. Suppose that H;_; is a ZA group. Let N; be
the smallest normal subgroup of H; which contains (G : A € ©; \ ©;—;). Now
H;/N; = H;_; which is a ZA group by assumption. Since §2; \ ©;_; is contained
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in the set of minimal elements of €2;, by Theorem.4.4.6, there exists an ordinal ¢;
such that (G : A € @;\ Q1) C (H;).,. Since (H;),, is a normal subgroup of H;,
we have N; C (H;).,. Hence, by Lemma 4.4.5, H; is a ZA group. It follows that
W is a ZA group. a

We now consider the converse of Theorem 4.4.7. We start with proving a few

straightforward results.

Lemma 4.4.8. Let n € N. Then Y . (})(—1)* = 0 where (?) := (n_Ll'),z,

Proof. 1t is clear that E;;o(;‘)(—l)‘ =(1-1)"=0. 0

Lemma 4.4.9. Let r1,...,7, € R be such that Y. r; = 0, then either r; =
... =1, =0 or there ezists i,j € {1,...,n} such that r; # r;.

Proof. Suppose ry = ... =r,. Then nry = ) ., 7; = 0 and hence r; = 0. This
completes the proof. O

Lemma 4.4.10. Let (A, X),(B,Y) be non trivial permutation groups. If A is
abelian and f € AY), b€ B and n € N, then

n

[f’" b] = H (fbk)(z)(—l)"ﬂc

k=0
where (}) = (n_"—k'),k, and b° := 1. The direct product is well defined as A is
abelian.
Proof. Note

(f,0] = fo7'fb
— f—lfb
L (=D
= fb ,
I1(+)

So the result holds for n = 1.
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(n)(_l)n+k
) * . Then

We proceed by induction on n. Suppose [f,»b] = [T, ( il

[fm-{»l b] = [[fmb])b]
= [fmb]_l[fmb]b

n
o\ (B)(-)n+eHt kr1) B(=)HE
= I1(+") IT(#)

k=0 k=0
n n+1
o\ (B)(=1)n TRt e\ () (= 1)mHEH
= T1(+) I1(+*)
k=0 ' k=1
ey (ﬁ ( fb,:)<<:>+<kzl>)(—1)"+k+l> fn
k=1
n+1 n+1 k
o\ CEH (=)D
= I1(+)
k=0

The third equality follows by induction and the penultimate equality follows since
A is abelian. This completes the proof. : 0

Theorem 4.4.11. Let (A, X),(B,Y) be non trivial permutation groups such that
A is abelian and is not a torsion group and B is finite. Then AwryB is not a

ZA group.

Proof. Choose a non torsion element a € A and choose b € B of prime order p for
some prime p. Fix y € Y such that yb # y. Let f € A®) be the element defined
. by f(y) = aand f(2) =1 for each 2 € Y\ {y}. Forn € N, let g, := [f,nb].
Note that g1 = [f,b] = f~1f° # 1. Suppose, for a contradiction, that there exists
n € N such that g, = 1. Let m be the smallest integer such that g,,+; = 1. Note
that 1 = gms1 = [gm, 8] = (gm) *(gm)®. It follows that g,, is constant on the orbit
y(b). Now

1 # gm
= [fim?b]
T\ (DT
- 11()
1=
[o o] N fo%) .
(i',',')(—l)m+:p 1 (ipﬂ—.l)(_l)m-f—l‘]-{-p—l
= 11(+") DG
=0 i=0

0\ ZZo(H) 1P —1\ Z20(ipfp_ N (-mHipte=l
(f”) ...(fb" )

where we set (}) := 0 if n < k. The second equality follows from Lemma 4.4.10
and the third equality follows since b has order p and A is abelian. Let r; :=
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Yol ) (=)™ for j = 0,...,p— 1. Then 3 7_gr; = S (T)(-1)™+ =
0, the second equality following from Lemma 4.4.8. By Lemma 4.4.9, either
To = ... = 1p—1 = 0 or there exist k,! € {1,...,p — 1} such that ry, # 7. If
To=...=7p_1 =0, then g,, = f°...(f% ') = 1. A contradiction. If there exist -
k,l € {1,...,p — 1} such that rx # 7y, then a™ = g,,(yb*) = g (yd') = a™. The
second equality follows since g,, is constant on the orbit y(b). A contradiction

since a is a non torsion element.

Hence, if we set h; := f and h; := b for i > 2, then we ha\}e a sequence (h;);en in
Awry B such that [k, ..., h,] # 1 for any n € N. By Theorem 4.4.4, AwryB is-
not a Z A group, as required. O

Theorem 4.4.12. Let (A, X),(B,Y) be non trivial transitive permutation groups.
If AwryB is a ZA group, then there exists a prime p such that A and B are p

groups.

Proof. Let a € A\ {1}, b € B\ {1} and choose y € Y such that yb # y. Note that
. A wryB has the property that every non trivial subgroup of AwryB has non
trivial centre. By Theorem 2.2.1 and Theorem 3.1.10, B is finite. In particular,
b has finite order. Now (a) wry (b) is isomorphic to a subgroup of Awry B and
is hence a ZA group. Theorem 4.4.11 applied to (a) wrys (b) implies a has finite
order and hence (@) wrye (b) is finite. Thus (a) wryey(b) is nilpotent. By Theorem
4.2.2, there exists a prime p such that a and b are p elements. This completes the
p.roof. 7 ' d

We nbw prove the converse of Theorem 4.4.7.

Theorem 4.4.13. Let (G, X)) be a non trivial transitive permutation group for
each A\ € A. Suppose W is a ZA group. Then there exists a prime p such that
every chain in A is finite; the set {\ € A : v < A} is finite for each v € T; Gy is
a finite p group for each A € A\T'; and Gy is a ZA p group for each v € T'.

Proof. Since G is isomorphic to a subgroup of W for each A € A and ‘W is a
Z A group, it follows that G, is a ZA group. Since W is a ZA group, W has the
property that every non trivial subgroup of W has non trivial centre. Theorem
3.1.10 implies every chain in A is finite; the set {A € A : v < A} is finite for each
v € T'; and G, is finite for each A € A\ T'. Choose A\, € A with A < . Then
G,\'wrx“Gu = (Gy,G,) € W which is a ZA group. By Theorem 4.4.12, there
exists a prime p such that Gy and G, are p groups. Since A is connected, the
result follows. , ' : ‘ 0

63



Corollary 4.4.14. Let (G, X)) be a non trivial transitive permutation group for
each A € A. Then W is a ZA group if and only if there exists a prime p such
that

1. every chain in A is finite,
2. {\ € A : v < A} is finite for each v € T;
3. G is a finite p group for each A € A\ T; and

4. Gyisa ZA p group for each y € T.

Proof. This follows immediately from Theorem 4.4.7 and Theorem 4.4.13. O

The non transitive case

Here to avoid any perverse cases, we will assume that 1,G), # {t,} for any X €
A\T.

Theorem 4.4.15. Suppose A is finite and suppose 1,G» # {tr} for any X € A\T.
Let (G, X)) be a non trivial permutation group with finitely many orbits for each
A€ A. Then W is a ZA group if and only if there exists a prime p such that

1. Gu(wGy) is a finite p group and G, (z.,G.) is a ZA group for each w € Q
and each x € X;

2. GA(txG)) is a finite p group and Gx(z)G,) is a ZA p grodp for each )\ €
A\ (QUT) and each z € X; and

3. Gy(z,Gy) is ZA p group for each v €T and each z € X. .

Proof. Suppose W is a ZA group. Fix p € A and fix z € X. If G,(z,G,) = {1},
then it is clearly a ZA p group for any prime p. Suppose G,(z,G,) # {1}; this
must happen for some z € X as G, # {1}. If p € Q, G,(z,G,,) is isomorphic to a
quotient of G, and is hence a Z A group. Suppose p1 € A\ and consider the group
{GAGY) : A > 1}, Cu(5,G,)). Let (hidien € ({Ga(xGa) : A > 1}, G(3,G)
be a sequence in ({GA(tAGy) : A > u}, Gu(z,G,)). Then there exists a sequence
(9:)ien © W such that for each A > p and each i € N we have (zhi)x = (2g:)a

for each 2z € [],,, yaGx where y, := z, and yy := ¢y if A > p. Since W is a
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Z A group, by Theorem 4.4.4, there exists n € N such that {g;,...,¢9,) = 1. In
particular, (z[hy,...,hn))x = (2[91,--.,9x])x = 2z for each z € H,\Z“ ITEN and
for each A > p. That is, [hy,...,h,] = 1. By Theorem 4.4.4, ({Ga(taG») : X >
p}, Gu(z,G,)) is a ZA group. Hence, by Corollary 4.4.14, G,(¢AG,) is a finite p
group and G,(z,G,) is a ZA p group for some prime p. Since A is connected,
conditions 1, 2 and 3 hold.

Conversely, suppose conditions 1, 2 and 3 hold. Let (g:)ien C W be a sequence
in W and let 4 € A. We find n, € N such that (z[g1,...,9s,])y = z, for
‘eachz € X. Let z € X. If ) ¢ G\ for some X\ > pu, then it is clear that
(zlg1,-.-,9n))p = z, for any n € N. Suppose z) € 1,G) for each A > u. Then
we can find (B;)ien © ({GA(taGr) : A > p}, Gu(z,GL)) such that (yg:), = (yhi)u
for each y € [],5, %G and each i € N. By Corollary 4.4.14, ({GA(:aGa) : A >
p}, Gu(z,Gy)) is a ZA group. So, by Theorem 4.4.4, there exists m, € N such
that [hy,...,hm,] = 1. In particular, (y(g1,...,9m.))i = WA, A, = Yu
for each y € [],5, zAG». Let n, be the maximum of all such m, as we range over
all orbits of G, on X,,. Since there are finitely many orbits, n, exists. It follows
that (z[91,...,9n,))u = z, for each z € X. Let n = maxyea ny, this exists since
A is finite. Now, (z[g1,...,9n))x = 7, for each A\ € A and each z € X. That is,
[91,.-.,9n) = 1 and W satisfies the sequence property. By'Theorem 444, W is
a Z A group as required. A O

4.5 Residually nilpotent groups

Another generalisation of the nilpotent property is the residually nilpotent prop- -
erty. The residually nilpotent standard wreath product was studied by Hartley.
See [11]. In this chapter we generalise some of the results of Hartley to the per-
mutational wreath product. We find that not all the results of Hartley extend
to the permutational wreath product. We identify precisely where the approach
used by Hartley fails to generalise.

We finish the section by developing some simple extensions of these results to W.
We first state and prove some straightforward results.

Lemma 4.5.1. Let G be a residually nilpotent group and let H be a subgroup of
G. Then H is residually nilpotent.
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Proof. Notice
{1} € MEimm(H) € M52 (1(G) N H) € NZ217a(G) = {1}
Hence NS ,v,(H) = {1} and H is residually nilpotent. O

Lemma 4.5.2. Let p and q be primes and let H be a finite group. Suppose H is
residually a finite p group and contains an element of order q. Then p = q.

Proof. Let h € H be of order q. Now there exists a normal subgroup N of H
such that h ¢ N and the quotient group H/N is a nontrivial finite p group. Note
that (hN)? = h9N = 1. So q = p™ for some n € N. Since p and ¢ are prime it
follows that p = ¢ as required. . O

Now, consider the following three mutually exclusive sets of conditions which a
pair of groups A and B may satisfy.

R1: For some prime p, B is a finite p group and A is residually a nilpotent. p
group of finite exponent. ’

R2: B is infinite but not torsion free; A is abelian; and for some prime p, resid-
ually A and B are nilpotent p groups of finite exponent.

R3: B is torsion free; B # {1}; A is abelian; and for all p € 7w(A), B is residually
a nilpotent p group of finite exponent. ' ‘

Here 7(A) denotes the set of primes p such that A contains an element of order
- p. Hartley in [11] finds some partial results for the standard wreath product of
two groups A and B to be residually nilpotent. These are listed below.

Theorem 4.5.3. Suppose that the standard wreath product AwrB is residually
nilpotent, where A and B. are non trivial. Then one of conditions R1, R2 and RS
holds.

Theorem 4.5.4. If A and B satisfy R1 or R2, then the standard wreath product
AwrB is residually a nilpotent p group of finite exponent.

In this section, we are concerned with generalising these results to the case of the
permutational wreath product. We first remark that the proof of Lemma 9(z) in
[11] relies on the fact the action of B on B with the right regular representation
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is a regular action. However, the action of B on Y need not be regular. We
find that Lemma 9(iz) of [11] fails to generalise to the case of the permutational

wreath product.

Theorem 4.5.5. Let (A, X) and (B,Y) be non trivial transitive permutation
groups. Suppose (B,Y) is such that there ezist T,y € Y such that BP"v,(B)N{b €
B:zb= y} is infinite for eachn € N. Let a € A\ {1} and define f € AY) by
f(z) =a, f(y) == a7 ! and f(z) := 1'if z # x,y. Then the normal closure in
AwryB of any normal subgroup N of B such that B/N is a nilpotent p group of

finite exponent contains f.

Proof. Let N be a normal subgroup of B such that B/N is a nilpotent p group
of finite exponent. There exists n € N such that B?"v,(B) C N. It follows that
Nn{pe B:zb=y} D B v,(B)N{b € B: zb=y} is infinite. In particular,
Nn{be B:zb=y}.is nonempty. It follows that f € N[N, A})] = NAwrrB,
The equality follows from Meldrum [16] 1.4.15. This completes the proof. O

Consequently, the approach used by Hartley in [11] to prove Theorem 4.5.4 does
not generalise to the permutational wreath product. In fact, the following theorem
shows that Theorem 4.5.4 does not extend to the permutational wreath product.

Theorem 4.5.6. Let (A, X) and (B,Y) be non trivial transitive permutation
groups. Suppose condition R2 holds. If there exists z,y € Y such that v,(B)N{b €
B : zb =y} is infinite for each n € N, then Awry B is not residually nilpotent.

Proof. Suppose, for a contradiction, that A wry B is residually nilpotent. Define
f as in Theorem 4.5.5. Then there exists a normal subgroup K of AwryB
such that f ¢ K and (AwryB)/K is nilpotent. So there exists n € N such
that v,(AwryB) C K. In particular, y,(B) C vw.(AwryB)N B C K N B.
Let N := KNB. Then NN{b € B : zb = y} is infinite. In particular,
NN{b e B : zb =y} is nonempty. It follows that f € N[N, AY)] = NAvvE C K.
The equality follows from Meldrum [16] 1.4.15. This yields a contradiction. O

We introduce another condition which a pair of permutation groups (4, X) and
(B,Y) may satisfy.

S2: B is infinite but not torsion free; A is abelian; for some prime p, residually
A and B are nilpotent p groups of finite exponent; and for each z,y € Y,
there exists n € N such that BP"v,(B) N {b € B : zb = y} is finite.
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We note that in the case where the action of B on Y is regular, condition S2 is
precisely condition R2. And this is the case in the standard wreath product. We
now prove the analogue of Theorem 4.5.3 and Theorem 4.5.4 with R2 replaced
by S2. See Theorem 4.5.19, Theorem 4.5.25 and Theorem 4.5.26. Most of the
proofs in this section are direct translations of Hartley’s proofs. In Lemma 4.5.7
we introduce the notion of topological groups to justify the last line in the proof
of Lemma 1 in [11].

Throughout this section (A4, X) and (B,Y’) are non trivial transitive permutation
groups.

- Lemma 4.5.7. If B is infinite (and hence Y is infinite) and A wry B is residually

nilpotent, then A is abelian.

Proof. Let H be a group. Suppose H is residually nilpotent. Let H have the
topology 7 which has base v,(H) and all its cosets for each n € N. This makes
H a topological group. Let g,h € H with g # h. Suppose, for a contradiction,
g and h lie in the same coset of v,(H) for each n € N. Hence gh™' € ,(H) for
each n € N. That is, gh™! € Nuenyn(H) = {1}. A contradiction since g # h.
So there exists m € N such that g and A lie in different cosets of v,,(H). Since .
these are open sets and different cosets of vm(H) have empty intersection, 7 is
Hausdorff. Now for each n € N, let f, € v,(H). Now let U be an element of the
base for T that contains 1. There exists m € N such that U = v,;(H). For each
n' > m, we have that f, € v,(H) C ym(H) = U. Hence f, cohverges to 1.

Now consider the wreath product AwryB and suppose AwryB is residually
nilpotent. Let Awry B have topology T as defined above. Let 7 : AY) — A, f
f(¢) be a projection. It follows that 7 is a homomorphism and is continuous.
Suppose, for each n € N, there exists f, € v,(AwryB) N AY) such that f,m =a
for some non trivial element a € A. We have shown above that f, converges to
1. Since 7 is continuous, we have that f,7 co_nverges‘toi 1r = 1. But fom =a
for each n € N, so f,7 converges to a. And since T, is Hausdorff, we know that
a sequence in A has at most one limit in A. Here T4 is the restriction of the
topology T to the set A. Hence a = 1 which yields a contradiction. So given that
we can find elements f, € v,(AwryB) N AY) with f,(t) = f,7m = a for some
a € A\ {1}, we have that Awry B cannot be residually nilpotent.

Now let f € AY). Since Y is infinite there exists y € Y such that f(y) = 1. Since
B is transitive there exists b € B such that ¢b™* = y. Now [f,5](+) = (f71f°) () =
FHO)fb™) = f71(4). Suppose, for a contradiction, that A is not abelian.
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Choose ay, a; € A such that [a;,az) # 1. Choose g, go € AY) such that g;(¢) = a;
and g»(¢) = a;. As above, we can choose an infinite sequence by, by, . . . of elements
of B such that [g1,b1,...,b;](¢) = ag_l)i for each ¢ € N. For each n € N, let
frn=1lg1,b1, ..., b2n],92) € Yont1(Awry BYNAY) and fo(¢) = [a1,a2) # 1. Hence
Awry B is not residually nilpotent. A contradiction. Hence A is abelian and this
completes the proof. ]

thation. Let H, K be groups. We define v'(H, K) := [H, K] and inductively
we write y"*1(H, K) := [y*(H, K), K].

Lemma 4.5.8. Suppose A is abelian. Then Awry B is residually nilpotent if and
only if
() "(A4Y,B)={1}.

neNU{0}

Proof. Clearly Y*(AY),B) C yn41(AwryB) for n > 0. Thus, if AwryB is
residually nilpotent then (), cny0 7 (AY), B) C Mhenufoy Trr1(Awry B) = {1}.

Conversely, suppose nnENU{O} v*(A®), B) = {1}. By Theorem 10.3.6 in [§], it -
follows that [A®Y), y,(B)] € v*(AY), B) for n > 1. And hence:

(A, () 1(B)] & Nneny™(AM, B) = {1}.
neN
Since A is non trivial, we have that Npeny,(B) = {1}. Furthermore, we have
that [W,, Awry B] C W,41 where W, := " 1(A®), B)4,(B). Since AwryB is
the semidirect product A®)B, we have that

A Wa=( () 7™AY,B)(()m(B)) = {1}.

. neN neNuU{0} neN

Hence Awry B is residually nilpotent as required. O

We adopt the approach used by Hartley and we turn our attention to looking at
rings. Let f € AY). We define f.b := b~'fb = f* and f.n := f" for b € B and
n € Z and extend linearly to get AY) as a ZB module. Let A := > wep Z(1 — b)
be the difference ideal of ZB. A consists, by definition, of all 3, _;n,b € ZB
such that ), sns = 0. -

Lemma 4.5.9. Suppose A is abelian.. Then Awry B is residually nilpotent if and
only if ‘ _ _
() (4AMam = {1}.

neNU{0}
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Proof. Notice, if f € AY) and b € B then f(~1+b) := f~1f* = [f,b] and it _
follows that (A)A") = y*(AM) B) for each n € N. The result follows from
Lemma 4.5.8. O

Now, if A is abelian it follows, from Theorem 10.3.6 in [8], that [AY),~,(B)] C
4*(A™)| B). Noting, as in the proof of Lemma 4.5.9, (A®A") = 4*(AM), B) we
can formulate the following Lemma. '

Lemma 4.5.10. Suppose A is abelian, then [AM),v,(B)] € (A®)A™) for each
n € N, '

Now suppose A = C,, the cyclic group of order p for some prime p. Let f € AY).
We define f.b:= f® and f.n:= f" for b € B and n € Z, and extend linearly to
get A®) as a Z,B module. We let A, be the difference ideal in Z,B.

Lemma 4.5.11. Suppose A = C, and Awry B is residually nilpotent, then

(AP = {1}.

neN

Proof. Note that (AYAE") = 47" (A™), B) C yn(Awry B). And since Awry B
is residually nilpotent, we have that

[V(AMAE") € () ypm(Awry B) = {1}.

neN neN

(]

Lemma 4.5.12. Suppose A = C, and Awry B is residually nilpotent. Let v, :
B — Aut(A(Y)/(A(Y)A;)) where (f (AN AMY)(bipy) == fb(A(Y)A;) forb € B and
f e AY). Then

1. BP" C keryn for each n € N;

2. ypn(B) C ker pn for each n € N; and

3. Noenkervpm = {1}.

Proof. 1. Let b € B and let f € AY). Then ,
FIP = fQ=¥") = f(1 - b)" € (AMAT)

noting, using Lemma 4.7.2, (1 — ") = (1 — b)*" in Z,B. Hence b" € ker {in.
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2. Let b € y,n(B) and let f € AY). Then

fH = [f,81 € [AY, 3n(B)] € (AAT)
where the last inclusion follows from Lemma 4.5.10. Hence b € ker 9.
3.

be ﬂkemppn = b€ kery,» for eachn € N
neN

= f7f* € (AM)AP") for each n € N and for each f € AY)
= f7f € (J(AMAZ") = {1} for each f € AM

neN

= f1f*=1foreach f € AY)
= b=1

The third implication follows from Lemma 4.5.11 and the final implication follows

since A is non trivial. a

Lemma 4.5.13. If A = C, and Awry B is residually nilpotent, then B is resid-
ually a nilpotent p group of finite exponent.

Proof. Let B, := B”"v,(B) for each n € N. By Lemma 4.5.12,
P
() Bn € [ ) ker ¢pn = {1}
neN neN

where 1+ is defined in Lemma 4.5.12. Also B/B, is a nilpotent p group of
finite exponent. Hence B is residually a nilpotent p group of finite exponent as
required. O

Lemma 4.5.14. Ifb € B has order p, then p(1 — b) € AP.

Proof. Let c=1—b. Note ¢ € A. Then b=1-cand for i = 2,...,p— 1 there
exists v; € Z such that

1 =W
= (1-¢)P
= 1+ o)+ (~op
= 1-—pc+ pi(——v,-)c" + (=1)Pc”.
i=2
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The last equality follows from Lemma 4.7.2. Hence

p—-1

pc=p Z vict + (=1)P7 1P,
=2
We use this identity to prove that pc € AP for each i > 1. We proceed by
induction. This is clear if 7 > p since ¢ € A. Fix k € {1,...,p — 1} and suppose
pct € AP for each i > k. Then

pc -pZUz itk— 1 )p—lcp+k 1 € AP.

The last inclusion follows by induction. It follows p(1 —b) = pc € AP as required.
' a

Lemma 4.5.15. If b € B has order p, then (1 -b)(1 —d”") € A™?2 for each
deB andfor each n € NU {0}.

Proof. We proceed by induction on n. If n = 0, then (1 —b)(1 — d) € A? since
1—-b,1—d € A. Now suppose result holds for n — 1. So, for some o € ZB,

p-1

Q-B(1-d") = 1-B)(1- )p+> 4" —p)

=0

= PB4 -0 - )

= (1-8)(1—d" (a1 b+ (.Z 4" p)
c An+2. -

The third equality follows from Lemma 4.5.14 and the last inclusion follows by
induction and noting Zf;ol d?"™' —p € A since the sum of the coefficients is

Zero. O

Lemma 4.5.16. If B is residually a nilpotent p' group of finite exponent, then
b € B is either a p element or has infinite order.

Proof. Suppose b € B is a q element for some prime q. There exists a normal
subgroup N of B with b ¢ N such that B/N is a nilpotent p group .of finite
exponent. Let ¢ : B — B/N,c+ cN. Then ¢ is a homomorphism and by # 1.
So by is a ¢ element in B/N, which is a p group. So p = q. a
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Lemma 4.5.17. If b € B has order p and Npen(AM A" = {1}, then B is
residually a nilpotent p group of finite exponent.

Proof. Firstly suppose that there exists a € A of order ¢ for some prime q. Lemma
4.5.9, applied to (a) wry B, implies that (a) wry B is residually nilpotent. Now
Lemma 4.5.13, applied to (a) wry B, implies that B is residually a nilpotent ¢
group of finite exponent. Lemma 4.5.16 implies B contains no element of order

prime to g. Hence p = q and the result is established in this case.

Now suppose A is torsion free. So A contains an infinite cyclic group. Without
loss of generalisation, we assume A is the infinite cyclic group and NpenyA™ = {0}.
For each n € N, let B, := B"y,5(B). Let ¢ € NyenB,. Then, for each.n € N,
¢ € B, and Lemma 4.5.10 and Lemma 4.5.15 imply that (1 — b)(1 — ¢) € A™*2.
Hence (1 — b)(1 — ¢) € NpenA™? = {0}. Hence 1 —b—c+bc = 0. We note
that 1,b,c and bc are not all distinct, otherwise this would contradict the linear
independence of 1,b,c and bc in ZB. And since 1,b,c and bc are non zero and
b # 1, it follows that either b = ¢ or b = be. However, if b = ¢ then this
implies that b = 1. This is a contradiction. Hence b = bc and so ¢ = 1. Thus
NnenBr = {1}. This completes the proof since B/B, is a nilpotent p group of
finite exponent. O

Lemma 4.5.18. Let p be prime. If AwryB is residually nilpotent and B = C,,
. then A is residually a nilpotent p group of finite exponent.

Proof. We show that A®) is residually a nilpotent p group of finite exponent.
Write B = (b). We first show that for each n € N, there exists a;,, € ZB such

that .
(1 —-b)=a,(1- b)"("_l)+1

in the group ring ZB. We proceed by induction.

Ifn=1, result follows from Lemma 4.5.14 noting A is generated by 1 — b. Now
suppose the result holds for n. Then
PP 1=b) = an(l-0)"*Vp(1 1)
(1 — b)"P Vg (1 — b)P
— an+l(1 _ b)(n+l)(p—1)+1
where api1 = apa;. In particular, p*(1 — b) € A*™ where c(n) :=n(p — 1) + 1.
Hence, rewriting this in multiplicative notation, we have
1f7",0] € (A A®) C () (Awry B)
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for each f € AM. Now let AY) := (AM)P" (v (Awry B) N AM). Now
[A?,b] C Yem)(Awry B) for each n € N. And hence

[ﬂneNA,gy), b] g ﬁnen%(n)(A ’lUTyB) = {1}

Thus Npen AL = {1}. Since AM) /A&Y) is a nilpotent p group of finite exponent,
the result follows. O

We are now in a position to give a generalisation of Theorem 4.5.3 to the case of

permutational wreath product.

Theorem 4.5.19. Let (A, X), (B,Y) be non trivial transitive permutation groups.
Suppose Awry B is residually nilpotent then one of the conditions R1, S2 and R3
holds.

Proof. Firstly suppose that B is finite. Since B is non trivial there exists b € B
of order p for some prime p. Then Lemma 4.5.18, applied to A wry (b), implies A
is residually a nilpotent p group of finite exponent. Let a € A\ {1}. We apply
Lemma 4.5.9-and Lemma 4.5.17 to the residually nilpotent group (a) wry B to
conclude that B is residually a nilpotent p group of finite exponent. Hence, using -
Lemma 4.5.2, B is a finite p group. So R1 holds.

Now suppose B is infinite and not torsion free. Lemma 4.5.7 implies A is abelian.
Since B is not torsion free then there exists b € B of order p. Then Lemma 4.5.9
and Lemma 4.5.17 imply B is residually a nilpotent p group of finite exponent and
Lemma 4.5.18, applied to A wry (b), implies A is residually a nilpotent p group of
finite exponent. Now, Theorem 4.5.6 implies that for each z,y € Y there exists
n € N such that B?"y,(B) N {b € B : zb =y} is finite. So S2 holds.

Finally suppose B is torsion free. Lemma 4.5.7 implies A is abelian. Let p € w(A).
There exists a € A such that a has order p. Then Lemma 4.5.13, applied to
(a) wry B, implies B is residually a nilpotent p group of finite exponent. So R3
holds. This completes the proof. ‘ O

We now consider the generalisation of Theorem 4.5.4 to the permutational wreath
product.

Theorem 4.5.20. Let X be a class of groups. Suppose A is residually a X group.
If fb € Awry B\ {1}, then there ezists a normal subgroup N of A and a normal
subgroup K of Awry B such that
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1. A/N is a\x group;
2. fbo¢ K; and

3. (A’lUTyB)/K = A/N'w’f‘yB

Proof. Let fb € AwryB\ {1}. If b # 1, then fb ¢ A®) and (AwryB)/A®) =
{1} wry B. If b = 1, there exists y € Y such that f(y) # 1. Since A is residually
a X group, there exists a normal subgroup N of A such that f(y) ¢ N and A/N
is a X group. Now, f ¢ NY and (AwryB)/NY = A/N wry B. The isomorphism
follows from Meldrum [16] 1.4.13. This completes the proof. - O

Theorem 4.5.21. Suppose condition S2 holds. If fb € Awry B\ {1}, then there
exists a normal subgroup N of B and a normal subgroup K of Awry B such that

1. B/N is a nilpotent p group of finite exponent;
2. fb¢ K; and

3. (AwryB)/K = Awrynyeyy(B/N).

Proof. Let fb € Awry B\ {1}. Suppose b # 1. There exists a normal subgroup
N of B such that b ¢ N and B/N is a nilpotent p group of finite exponent.
Now fb ¢ N[N, A¥)] = NAvryB_ The equality follows from [16] 1.4.15. Further,
(Awry B)/NA¥™YB & Awrgnyevy(B/N).

Now suppose b = 1 and [l,ey f(y) # 1. Let N be a normal subgroup of B
such that B/N is a nilpotent p group of finite exponent. We note that, since
A is abelian, if g € [N, AY)] then [l.eyn 9(z) = 1 for each y € Y. In partic-
ular, [[,cy 9(y) = 1 for each g € [N, A™)]. Hence f ¢ N[N, AY)] = NAwryB,
The equality follows from Meldrum [16] 1.4.15. Further, (Awry B)/NAvYE =~
Awrynyeyy(B/N).

Finally suppose b = 1, [[ ey f(y) = 1and o(f) = {91,...,y}. Let N beanormal
subgroup of B such that B/N is a nilpotent p group of finite exponent. There
exists n € N such that B?"v,(B) C N and BP"v,(B) N (UE,{b € B : 4:b = y1})
is finite. Write BP" y,(B) N (Uf,{b € B : yib = y1}) = {b1,...,bn}. For each
i =1,...,m, there exists a normal subgroup N; of B such that b; ¢ N; and B/N;
is a nilpotent p group of finite exponent. Then M := (NZ;N;) N BP"~,(B) is
a normal subgroup of B such that M and Uf_,{b € B : y;b = y,} have empty
intersection and B/M is a nilpotent p group of finite exponent. We note that,
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since A is abelian, if g € [M, A®Y)] then [leeym9(z) = 1 for each y € Y. Tt is
easy to see that [[c, 1 f(z) = f(31) # 1 and hence f ¢ M[M,A®)] = pMAvryE,
Furthermore, (A wry B)/MA* ™8 = Awrgaryevy(B/M). a

Definition 4.5.22. Let H be a group and suppose H has a finite series of normal
subgroups {1} = H.4; € H. C ... C H, = H. We say that this is a strong central
series if [H;, H;] C H,y; for each 1,j and also each of the groups H;/H;;, is a
direct product of (possibly infinitely many) cyclic groups which are either infinite
or of order p*, where p is some fixed prime and k is bounded by an integer N
depending on H.

Theorem 4.5.23. Let H be a group having a finite strong central series, each
factor of which is the direct product of a free abelian group and a group of expo-
nent dividing pV, where p is a fired prime and N is a fired integer. Let R be a
commutative ring with 1 satisfying N,enp™R = {0}, and let A be the difference
ideal of RH. Then NuenA™ = {0}.

For a proof of Theorem 4.5.23, see Theorem E in [11].

Corollary 4.5.24. Let p be prime. If A is a cyclic p group and B is a nilpotent
p group of finite exponent, then Awry B is residually nilpotent.

Proof. Since B is a nilpotent p group of finite exponent, the lower central series
of B is a strong central series with each of the factors an abelian p group of
finite exponent. Theorem 4.5.23 now shows that if A is the difference ideal of
ZB, then N,enA™ = {0}. Now, Lemma 4.5.9 implies that Awry B is residually
nilpotent. O

We now gi{fe the generalisation of Theorem 4.5.4 with R2 replaced by S2.

Theorem 4.5.25. If condition R1 holds, then Awry B 1is residually a nilpotent
p group of finite exponent. In particular, Awry B is residually nilpotent.

Proof. Let fb € AwryB \ {1}. By Lemma 4.5.20, there exists a normal subgroup
N of A and a normal subgroup K of Awry B such that A/N is a nilpotent p
group of finite exponent, fb ¢ K and (AwryB)/K = A/N wryB. Now Theorem
2.1.8, Theorem 2.2.1 and Theorem 4.2.2 imply A/N wry B is a nilpotent p group
of finite exponent. This completes the proof. O

Theorem 4.5.26. If condition S2 holds, then Awry B is residually nilpotent.
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Proof. Let a € A\ {1}. There exists a normal subgroup N of A such that a ¢ N
and A/N is an abelian p group of finite exponent. Thus A/N is a direct product
of cyclic p groups. Hence A/N, and therefore A also, is residually a cyclic p
group. By Theorem 4.5.20 and Theorem 4.5.21, we may assume that A is a cyclic
p group and B is a nilpotent p group of finite exponent. Corollary 4.5.24 implies
Awry B is residually nilpotent as required. a

The transitive case

We now look at the case where A is any totally ordered set. We obtain a complete
characterisation of the residually nilpotent generalised wreath product when A
is totally ordered and the groups (G, X ) are transitive. We start with a result

that gives some information about the structure of A.

Proposition 4.5.27. Let A be a totally ordered set and let (Gy, X)) be a non
trivial transitive permutation group for each A € A. Suppose W is residually
nilpotent. Then the set {A € A : p < A} is finite for each u € A. In particular, A

has a mazimal element.

Proof. Let p € A. Suppose, for a contradiction, that {\ € A : g < A} is infinite.
Choose elements p; € {A € A : p < A}, 4 € N, with p; < p; if ¢ < 5. Then
(Gy; 1 2> 2) is infinite. Notice that (G, Gp,) wry(Gy, ©1 > 2) =2 (G, {Gy, 11 €
N}) C W, for some set Y, and is hence residually nilpotent. By Theorem 4.5.7,
we have that G, wrx, G, = (G,,G),) is abelian, which contradicts Theorem
4.1.1. Thus {A € A: u < A} is finite. : O

Remark. Suppose A is totally ordered and satisfies the condition {A € A : p < A}
is finite for each p € A. If A has a minimal element, v say, then A = {A € A :
v < A} is finite.' In particular, if A is infinite then A has no minimal element.

Theorem 4.5.'28. Let A be an infinite totally ordered set. Then W is residually
nilpotent if and only if the set {\ € A : p < A} is finite for each u € A and there
exists a prime p such that Gy is a finite p group for each A € A.

Proof. Suppose W is residually nilpotent. Fix u € A. Theset {A€ A: p < A}is
finite by Proposition 4.5.27. Suppose, for a'contradiction, that G, is infinite. By
the remark to Proposition 4.5.27, A does not have a minimal element. So there
exists p1, p2 € A with uy < ps < p. Now (Gy,, Gp,) wrx,Gu = (Gyy, Gy, Gu) ©
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W is residually nilpotent. Now, Theorem 4.5.7 implies that (G, G,,) is abelian.
This contradicts Theorem 4.1.1. Hence G, is finite. It follows from Theorem
4.5.19 that G, is a p, group for some prime p,. Now let w € A be the maximal
element; w exists by Proposition 4.5.27.

Since A is connected it follows, from Lemma 4.5.2 and Theorem 4.5.19, that G,
is a p group for the same prime p for each u € A.

Conversely, suppose that the set {A € A : < A} is finite for each u € A and
there exists a prime p such that G, is a finite p group for each A\ € A. Let
g € W. Then g € (Gy,,...,Gy,) for some Ay,..., A, € A with A < ... < A,
Now g € (Gxy,.--,Gx,) © (Ga @ Ay < A). Since {A € A : \; < A} is finite
and G, is a finite p group for each A > A; it follows, by Corollary 4.2.9, that
(Gx : A1 < A) is nilpotent. Let N be the smallest normal subgroup of W to
contain that group (G : A'< A;). It is easy to see that g ¢ N and the quotient
group W/N = (G, : A; < A) which is nilpotent. Hence W is residually nilpotent
as required. ‘ » : -0

Theorem 4.5.28 characterises fully the residually nilpotent generalised wreath
product when A is a infinite totally ordered set and (G, X)) is a non trivial
transitive permutation group for each A € A. We now consider the case where A

is finite.

"Theorem 4.5.29. Let A = {\1,..., Ay} with \; < ... < A\, and n > 3. Let
(Ga, X») be a non trivial transitive permutation group for each A € A. Then W
is residually nilpotent if and only if there exists a prime p such that either

1. Gy, is residually a nilpotent p group of finite exponent and G, is a finite p
group for eachi=2,...,n; or

2. Gy, is abelian and residually a nilpotent p group of finite exponent; G,,
is infinite and residually a nilpotent p group of finite exponent; G,, is a
finite p group for each i = 3,...,n; and for each z,y € []l, X\, there
ezists n € N such that H v,(H) N {h € H : zh = y} is finite, where
H:=(G),:1=2,...,n).

Proof. Suppose W is residually nilpotent. Fix ¢ > 3 and suppose, for a contra-
diction, that G, is infinite. Then (G, Gx,) wrx,, G, = (Gx;, G, Gr,) S W is
residually nilpotent. So, by Theorem 4.5.7, G, wrx,,Gx, = (G, G),) is abelian
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which contradicts Theorem 4.1.1. So G, is finite and, by Theorem 4.5.19, we
have that G), is a p; group for some prime p;. Now fix j € {3,...,n}, then
(G»;, Ga,) € W is residually nilpotent. Theorem 4.5.19 implies that G »; s resid-
ually a nilpotent p, group of finite exponent. However, we have already shown
that Gy, is a finite p; group, so Lemma 4.5.2 implies that p; = p,. It follows all
the primes in the above statements are the same. Say p; = pforeachi=1,...,n.
By Theorem 4.5.19 applied to the residually nilpotent subgroups (G,,,G),) and
(G, Ga,), it follows that G, and G, are residually a nilpotent p group of finite

exponent.

If G, is finite, then Lemma 4.5.2 implies that G, is a finite p group. So condition
1 holds.

If G, is infinite, then (G), : ¢ = 2,...,n) is infinite but not torsion free. And
Theorem 4.5.19 implies that G, is abelian and for each z,y € []-, X), there
exists n € N such that H?"v,(H)N{h € H : zh = y} is finite, where H := (G, :
i=2,...,n).

Conversely, suppose condition 1 holds. Notice that, by repeated use of Lemma
2.1.8, (Gy, : i = 2,...,n) is a finite p group. By Theorem 4.5.25, we have that

W = (G, (G, : i =2,...,n)) is residually nilpotent.

Now suppose condition 2 holds. - Notice that, by repeated use of Lemma 2.1.8,
(Gy; 11 =3,...,n) is a finite p group. Now, Theorem 4.5.25 implies that (G), :
i=2,...,n) is residually a nilpotent p group of finite exponent. Also, (G), : i =
2,...,n) is infinite but not torsion free and Theorem 4.5.26 implies that W is
residually nilpotent. ' |

4.6 Locally boundedly nilpotent groups

The next class of groups we consider is the class of locally boundedly nilpotent
groups. This again generalises the nilpotent condition. We develop necessary
and sufficient conditions for the wreath product A wry B to be locally boundedly
nilpotent. We find A wry B is locally boundedly nilpotent if and only if A and
B are both locally boundedly nilpotent p groups of bounded exponent, for some
prime p. We generalise this result to W where A is finite.

. We start by stating some known results.
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Lemma 4.6.1. Let H be a group. If H is locally boundedly nilpotent, then H 1is
a bounded Engel group.

Proof. Suppose H is locally boundedly nilpotent with lbn function f. Let g,h €
H. Then (g,h) C H is nilpotent of nilpotency class at most f(2). Now g,h €
(g, h) and hence [g,f(2) h] = 1. This completes the proof. a -

Theorem 4.6.2. If AwryB is a bounded Engel group, then there exists a prime
p such that A and B are bounded Engel p groups of bounded exponent.

For a proof see Meldrum [16] 6.3.3.

Theorem 4.6.3. Let H be a finitely generated nilpotent group with v generators,

of exponent n and nilpotency class c. Then H is finite with order at most r e

For a proof see Quintana Jr [19].

We come to the main result of this chapter. _

Theorem 4.6.4. Awry B is locally boundedly nilpotent if and only if there exists
a prime p such that A and B are both locally boundedly nilpotent p groups of
bounded exponent.

Proof. Suppose Awry B is locally boundedly nilpotent. Since A and B are iso-
morphic to subgroups of Awry B, A and B are both locally boundedly nilpotent.
Moreover, by Lemma 4.6.1, Awry B is a bounded Engel group and, by Theorem
4.6.2, there exists a prime p such that A and B are both p groups of bounded

exponent.

Conversely, suppose there exists a prime p such that A and B are locally bound-
edly nilpotent p groups of finite exponent. Let f4 : N — Nand fz : N — Nbelbn
functions for A and B respectively. Let n € N and let {fib1,..., fabn} C AwryB
with {f1,..., fa} € A® and {by,...,b,} C B. Let B* := (by,...,b,). We show
that (fib1, ..., fnbs) is nilpotent of bounded nilpotency class, bounded by a func-
tion of n. By hypothesis, B* is nilpotent of nilpotency class at most fp(n) and
is also a p group of finite exponent. So, by Theorem 4.6.3, B* is finite of size
2RO AED pere exp(B) is the exponent of B. Thus the

at most k, := n
orbits of B* have order a power of p. Now Theorem 4.3.1 implies that A wry B is
locally nilpotent.
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Let Z be the set of orbits of B* on Y. If Z € Z, then Z has order at most k.
For each Z € Z, let A% := (fi(z) : i =1,...,n,2 € Z) C A. Then A} has at
most nk, generators, is of exponent dividing exp(A) and has nilpotency class at
most fa(nk,), as A is a locally boundedly nilpotent p group of finite exponent
with lbn function f4. Thus, by Theorem 4.6.3, A} is finite of order at most
o, = (nkn)(exP(A)fA(nkf-nz)(l+fA("kn))). Let Z € 2 and let Ay := HyEZ A*z,y C A(Y),
where A} = {f € A? : f(y) € Ay and f(2) = 1if y # 2}. Since Z is an orbit
of B*, it follows that AZ" = A; and we have a semi direct product AzB*. Let
dn = c,k2. Now AzB* is finite and

|AzB*| = |Az||B*|

| 2| max|AZ,,[| B
|AZ||B*|?

cnk?

= d,.

ININ A

Also AzB* is a p group and hence nilpotent of nilpotency class at most d,,. Thus,
Z4,(AzB*) D Ay for each Z € 2.

Let A := [z, Az C A®™), the restricted direct product. Since Az is nor-
malised by B* for each Z € Z, so is A and we have a semi direct product AB*
containing {fibs,... ,_fnbn}, by the construction of A. We show that AB* is
nilpotent of bounded nilpotency class. We claim that for each i € N, Z;(AB*) D
ANJ] 2ez Zi(AzB*), where the direct product is restricted. We proceed by induc-
tion on ¢. Clearly, the result holds for i = 0. Suppose the claim holds for i and let
f € ANT] 42 Zit1(AzB*). Let gb € AB*, where g is considered as a function on
2 with g(Z) € Az. Then [f,gb] = f~'b~1g~!fgb. We consider the Z component
of this element which lies in A, (f~'67 g7 fgb)(Z) = f~1(Z)g~%(Z)f*(Z)9*(Z).
Now, since Az is normalised by B*, it follows that f°(Z) and ¢*(Z) lie in /i z. But
this element is just [f(Z), g(Z)b] with the elements being considered as lying in
AzB*. Since f(Z) € Ziy1(AB*) it follows that [f(Z),g(Z)b] € Zi(AzB*). This
is true for each Z € Z. And hence, by induction, [f,gb] € [[cy Zi(AzB*) C
Zi(AB*). Thus f € Z;;,(AB*) and we have proved our claim.

Thus Z4,(AB*) 2 A and since B* is nilpotent of nilpotency class at most fs(n),
it follows that Zy, 4 1,(n)(AB*) = AB*. This completes the proof. O

It easy to extend, by induction using Theorem 2.1.8, Theorem 4.6.4 to the it-
erated wreath product A,wry,...wrx, A, for non trivial permutation groups
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(A1, X1),...,(An, X,,). We obtain the following Theorem.

Theorem 4.6.5. Let (A1, X1),...,(An, X) be non trivial permutation groups
withn > 2. Then the iterated wreath product Ay wry, ... wrx, Ap is locally bound-
edly nilpotent if and only if there exists a prime p such that A,, ..., A, are locally

boundedly nilpotent p groups of finite exponent. f

Proof. Suppose there exists a prime p such that A,,..., A, are locally bound-
edly nilpotent p groups of finite' exponent. By Theorem 2.1.8 and Theorem
4.6.4, A, wrx,A; is locally boundedly nilpotent p group.of finite exponent. We '
proceed by induction. Suppose A; wry, ... wrx,A; is a locally boundedly nilpo-
tent p group of finite exponent. Theorem 2.1.8 and Theorem 4.6.4 imply that
(Arwrx, ... wrx; A;) wrx,,, Ait1 is a locally boundedly nilpotent p group of finite
' exponent. It follows-that 4, wrx, ...wrx, A, is locally boundedly nilpotent.

\

Conversely, suppose A, wry, ...wrx, A, is locally boundedly nilpotent. Fix i €
{2,...,n}. Then Ay wrx,A; is isomorphic to a subgroup of A, wry, ... wrx, An
and is hence locally boundedly nilpotent. Theorem 4.6.4 implies that there exists
a prime p such that A; and A; are locally boundedly nilpotent p groups of finite
exponent. | O

The transitive case

Note that if A = {A;,..., A} with A\; < ... < ), is a finite totally ordered set
and (Gy, X)) is transitive for each A € A, then W is locally boundedly nilpotent if
and only if there exists a prime p such that G, is a locally boundedly nilpotent p
group of finite exponent for each A € A. This follows from Theorem 4.6.5 noting
the isomorphism W = G, wrx,, . wrx, G»,. We extend this result to the case

where A is a finite partially ordered set.

Theorem 4.6.6. Suppose A is a finite partially ordered set and let (Gy, X)) be
a non trivial tmnsii‘ive permutation group for each A € A. Then W is locally
boundedly m'lpoteﬁt if and only if there etists a prime p such that G, is a locally
boundedly nilpotent p group of finite exponent for each A € A.

Proof. Suppose W is locally boundedly nilpotent. Let u € A. Since A is con-
nected, there exists A € A with either A < porp < A If A < u, then
Gruwrx,G, = (Gx,G,) € W and Ghwrx,G, is locally boundedly nilpotent.
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The isomorphism follows from Theorem 2.2.1. Theorem 4.6.4 irhplies that G, is
a locally boundedly nilpotent p group of finite exponent. If 4 < A, we find that
G, wrx, G\ is locally boundedly nilpotent and Theorem 4.6.4 implies that G, is
a locally boundedly nilpotent p group of finite exponent. Since A is connected we
have G, is a p group for the same prime p for each u € A.

Conversely, suppose there exists a prime p such that G, is a locally boundedly
nilpotent p group of finite exponent for each A\ € A. By Lemma 2.1.1, we can
extend (A, <) to a total order (A,=<). We write A = {)\;,...,\,} with A; <

. < An. Let V denote the generalised wreath product of the permutation
groups (G, X)) with A equipped with the total order <. We have shown above
that V is locally boundedly nilpotent. Let ¢ : V — W, k, ...k, — k; ...k, where
ki € Gf\cjk" 3>1) foreachi =1,...,n. Then ¢ is a homomorphism and is surjective.
It follows that W is locally boundedly nilpotent. O

If (A, X) and (B,Y) are locally boundedly nilpotent p groups of finite exponent,
then Theorem 4.6.4 implies that A wry B is locally boundedly nilpotent. Now if
fa and fp are lIbn functions for A and B respectively, and d aB:N—=Nn—d,
where d, is defined in the proof of Theorem 4.6.4, then we find in the proof of
Theorem 4.6.4 that fawr,p = dap + fp is an lbn function for AwryB. Now
suppose A is a finite partially ordered and (G, X)) is a transitive locally bound-
edly nilpotent p group of finite exponent. By Lemma 2.1.1 we extend (A, <) to
a totally ordered set (A, <). We write A := {\y,...,A,} with A\; <--- < \,. By
Theorem 2.1.8 and Theorem 4.6.5, G, Wrx,, - .- wrx, Gy, is a locally boundedly
nilpotent p group of finite exponent. We note that for each i = 2,...,n we have
1,6, Tfc,, - Using this we can ex-

plicitly calculate an lbn function fc;,\1 wrx, .wrx, Ga, for G, Wrx,, ... Wrx, Gy,
2 n

tha't fGAl wrx)q“.wrx’\i G)‘i = dGAl ‘u)’l‘xA2 ...wrx)\i_l G)‘

We note that this expression is a function of the Ibn functions and exponents of the
groups G,\l, ..., Gy,. Now, Theorem 2.1.8 and Theorem 4.6.6 imply that W is a
locally boundedly nilpotent p group of finite exponent where W is the generalised
wreath product of the groups (G, X)), A € A, with A equipped with the partial
order <. Since there exists an epimorphism 1 : G, Wrx,, - - Wrx, G A — W, it
follpws fw = fGAl wrxy, -wrx, Gan is an lbn function for W.
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The non transitive case

We now turn our attention to the case where the groups (G », X1) need not be
transitive. Again to avoid any perverse cases, we will assume that ¢,G # {¢n}
for any A e A\T.

Theorem 4.6.7. Let A be a finite partially ordered set and let (Gx, X)) be a
non trivial permutation group with finitely many orbits for each A\ € A. Suppose
Gy # {ta} for any A € A\T. Then W is locally boundedly nilpotent if and only
if there exists a prime p such that

1. GA(22G)) is a locally boundedly nilpotent p group of ﬁmte ezponent for each
A€ A\Q and each z € X; ;

2. Gu(wGy) is a locally boundedly nilpotent p group of finite exponent for each
w € Q; and

3. Gu(z,Gy) s locally boundedly nilpotent for each w € Q and each z € X.

Proof. Suppose W is locally boundedly nilpotent with lbn function f. Let u €
A and fix z € X. If G,(z,G,) = {1}, then it is clearly a locally boundedly
nilpotent p group of finite exponent for any prime p. Suppose G,(z,G,) # {1};
this must happen for some z € X as G, # {1}. If u € Q, then G (x” G,) is
isomorphic to a quotient of G, which is isomorphic to a subgroup of W. Hence
Gu(z,G,) is locally boundedly nilpotent. Suppose y ¢ Q. Consider the group
({GA(taGr) : XA > p},Gu(®,GL)). Let n € N and let ky, ..., kn € ({GA(12G)) :
A> ph, Gu(x,GL)). Let o : W — ({Ga(iaGh) : A > pu}, Gu(z,G,)) be the natural
homomorphism. Note that 9 is surjective. There exist g;,..., g, € W such that
gy = k; for each i = 1,...,n. Now (g1,...,9,) € W is a nilpotent subgroup
of nilpotency class at most f(n). Now if lo,liy.. .\ lny € ({GA(1AG)) + X >
£}, Gu(xuGL)), there exist ho, by, ..., hsm) € (g1, -,9n) such that h;pp = I; for
each i =0,...,f(n). Now [lo,...,lsmn)] = [ho,..., hjm]¥ = 1 and ({Ga(txGy) :
A > p}, Gu(z,G))) is nilpotent of nilpotency class at most f(n). That is to say
that ({GaA(1aG)) : A > p},Gu(z,G,)) is locally boundedly nilpotent. Theorem
4.6.6 implies that there exists a prime p such that G,(¢xGy) for A > p and
G,(z,G,) are locally boundedly nilpotent p groups of finite exponent. Since A is -

connected, , We are done.

Conversely, suppose there exists a prime p such that conditions 1,2 and 3 hold.
By the hypothesis there are finitely many groups of the form ({G\(tAG)) : A >

84



1}, Gu(2,G))) for all possible o € A and each z € X. By Theorem 4.6.6, each
of these groups are locally boundedly nilpotent. Since there are finitely many
such groups, they have common lbn function, f say. Let g¢,...,9, € W and
let H := (g1,...,9n). Fix ho,h1,... hny € H and let h = [h, ..., hm]. We
show that h = 1. Let z € X and fix p € A. If z, ¢ (,G) for some A > p,
then it is clear that (zh), = z,. Suppose z) € ¢,G) for each A > pu. Let
Y : W = ({GA(eaGy) : XA > p},Gu(z,G,)) be the natural homomorphisin.
Then HYp C ({Ga(taGy) : A > p},Gu(z,G,)) is a finitely generated subgroup
of ({GA(taG») : A > p},Gu(z,G,)) with at most n generators, and is hence
nilpotent of class at most f(n). Thus hy,= [hot),...,hsm)¥] = 1. Further,
(zh), = (z(h))), = (z1), = z,. Here we view z as an element of [I5, z2Gx by
truncation. It follows h = 1, and we are done. , O

Corollary 4.6.8. Let A be a finite partially ordered set and let (G, X)) be a
non trivial permutation group for each A € A. Let p be prime. Then W is _d
locally boundedly nilpotent p group of finite exponent if and only if Gy is a locally
boundedly nilpotent p group of finite exponent for each A € A.

Proof. We note that by Lemma 2.1.1, we can extend (A, <) to a total order (A, <).
- We write A = {\1,..., An} with A < ... < . '

Suppose W is a locally boundedly nilpotent p’group of finite exponent. Then,
since G is isomorphic to a subgroup of W, G, is a locally boundedly nilpotent
p group of finite exponent.

Conversely, suppose G is a locally boundedly nilpotent p group of finite exponent
for each A € A. Firstly, Theorem 2.1.8 implies that W is a p group of finite
exponent. Now, fix u € A and let z € X. As in the proof of Theorem 4.6.7 we find
that ({Ga(taGy) : A > p}, Gu(z,G,)) is locally boundedly nilpotent. Further,
({GA(taGA)A > p},Gu(z,G,)) has lbn function fa, wrx,, - wrx, Gan: It follows,
as in the proof of Theorem 4.6.7, that W is locally boundedly nilpotent. O

4.7 Bounded Engel groups

The final generalisation of nilpotent groups we consider are bounded Engel groups.
Recall Theorem 4.6.2 which states that if Awry B is a bounded Engel group, then
_A and B are both bounded Engel p groups of finite exponent, for some prime p.
However, it is not known whether these are sufficient conditions for A wry B to be
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a bounded Engel group. But, it will be shown that if, in addition, A is nilpotent
then Awry B is indeed a bounded Engel group. We should mention here that
May, in [14], shows that AwrB, the standard restricted wreath product, is a
bounded Engel group if, in addition, A is soluble.

The 2 Ehgel wreath product

Before we consider the bounded Engel wreath product, we first have a look at 2
Engel wreath products. The Theorem demonstrates the restrictive nature of this"

condition.

Theorem 4.7.1. Let (A, X),(B,Y) be non trivial permutation groups. Then
AwryB is a 2-Engel group if and only if A and B are abelian groups of exponent
2 and the orbits of B on Y have size at most 2.

Proof. Suppose Awry B is a 2-Engel group. Notice that for f € AY) and b € B,
we have 1 = [f,2b] = f=f f0 1"

Let b € B. Suppose, for a contradiction, that there exists y € Y with y,yb"1
and yb~2 all distinct. If a1,a3,a3 € A we can choose f € AY) with f (y) = ai,
f(yb™) =a;' and f(yb=2) = as. Then 1 = [f,2b](y) = aza,a2as. This holds for
all a1, az,a3 € A. In particular, if ap = a3 = 1, then for all a; € A, a; = 1. That
is, A = {1}, a contradiction. So the orbits of (b) on Y have size at most 2. That
is, yb®> =y for each y € Y. i.e b = 1 and B has exponent 2.

Let b € B\ {1}. Then there exists y € Y with y # yb~!. If a1, a3 € A, we can
choose f € A with f(y) = a; and f(yb™!) = a;'. Then, noting y = yb~2, we
have 1 = [f,2b](y) = a2a1a2a,. This holds for all a;,a; € A. In particular, if
_ay =1, then for all a; € A we have a? = 1. That is, A has exponent 2.

As A and B have exponent 2, they are abelian. It follows that A®) is also abelian’

of exponent 2.

Now let fb,gc € AwryB with f,g € A® and b,c € B. Then, noting A®) and
B are abelian of exponent 2, we have 1 = [fb,s gc] = gg°¢°¢*. Now suppose, for
a contradiction, that there exists an orbit of B on Y with at least three elements.
So there exists y € Y, and b,c € B\ {1} with y, yb and yc all distinct. But since
y # yb it follows that yc # ybc and similarly ybc # yb and ybc # y. So y, yb, yc and
ybe are all distinct. If a,, a5, a3,a4 € A, we can choose g € AY) with g(y) = a;,
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9(yb™") = az, g(yc™') = a3 and g(y(bc)*) = as. Then 1 = [b; gc|(y) = a1a20304.
This holds for all a;,a3,a3,a4 € A. In particular, if a; = a; = a3 = 1, we have
for all a; € A, a; = 1. That is A = {1}, a contradiction. Thus, the orbits of B

on Y have size at most 2, as required.

Conversely, suppose that A and B are abelian groups of exponent 2 and the
‘ ‘orbits of B on Y have size at most 2. Note that A(Y) is also abelian of exponent
2. Let fb,gc € AwryB with f,g € AY) and b,c € B. So, as above, we have
[fb,2 9¢] = g*gbg°g. Let y € Y. We have five cases

1. y=yb=yc

)

-y #yband y = yc;

w

. y # yband yb = yc;

4. y # yc and y = yb; and

5. y,yb,yc all distinct.
1. Notice that y = yb if and only if yc = ybc and hence y = yb = yc = ybe and
[b:2 9¢](y) = (9"°9°9°9) (y) = (9())* = 1 since A*") has exponent 2.

2. Notice y = yc if and only if yb = ybc and hence yc = y # yb = ybc and
[fb,2 9¢](y) = 9(y)?g(yb)? = 1 since AY) is abelian of exponent 2.

3. Notice yb = yc if and only if y = ybc and hence yc = yb # y = ybc and
[fb,2 9¢)(y) = g(yb)%g(y)? = 1 since AY) is abelian of exponent 2.

4. Similar to case 2.
5. This contradicts the hypothesis that the orbits of B on Y have size at most 2.

Thus we have [fb,3 gc] = 1 for all fb,gc € Awry B and Awry B is 2-Engel. This
completes the proof. ~ O

The Bounded Engel wreath product

We now consider the bounded Engel wreath product. We start with a few straight-

forward results.
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Lemma 4.7.2. Ifp is prime andn € N, thenp | (¥ ) for each k € {1,...,p"—1}
|

where( ) = FEW

Proof. First note that

(pn)‘:p“@"—l) (= (k~1) _p"
k7 1...(k-1k k

k-1
p

n

=1
Now fixi € {1,...,k — 1}.- If p/ | i for some j € N, then p’ | p” — i and since
k < p™ and p is prime, the result follows. O

Lemma 4.7.3. Let (A, X),(B,Y) be non trivial permutation groups. If H C A
and f € HY), then f® € HY) for eachb € B. Here HY) := {f € A® : f(y) € H
for eachy € Y}.

Proof. Let f € HY) and let b€ B. Foreachy € Y, f¥(y) = f(yb~') € H. Hence
foe HM, O
Lemma 4.7.4. Let (A, X),(B,Y) be non trivial permutation groups. Suppose
A= Ay> ... A, = {1} is a central series for A. Let f € ASY) for some
i € {0,...,n}. Then for each m € N, gc € AwryB with g € AY) and c € B, we
have [fum gc] = [frm¢] mod AT).

Proof. Let ¢ : AwryB — (AU”'YB)/A +1,fb — fbAfﬁ Since A(Y)/Afﬁ C
Z (A(Y)/A'E-f-l) it follows that f,g]° € ASQ Now, by Hall’s identities, [f, gc] =
[f,cl[f, 9]¢ and result holds for m = 1. We proceed by induction. Suppose
[fm 9c) = [fimc] mod AS_‘:} Now,

fimirgcl = [[fimgc], gclt
= [[fsm gcl¥, gci]
= ([fim ¥, gppcy]
= ([fim ¥, cY][[fm ¥, g9]¥
= [[fimcl,c¥llfimel, g1
= [f:m+lc]'¢)-

The third equality follows by induction; the fourth equality follows from Hall’s
identities; and the final equality follows since [f,n c] € A™) and hence [[fimel,g] €
AEQ This completes the proof. O

We now come to the main result of this section.
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Theorem 4.7.5. Let (A, X),(B,Y) be non trivial permutation groups. If A is
a nilpotent p group of finite exponent and B is a bounded Engel p group of ﬁmte
exponent, for some prime p, then AwryB is a bounded Engel group.

Proof. Firstly suppose that A is abelian of exponent p. Let exp(B) = p", for
some n € N. Let k € AY) ce B, then
" i) (pi")(_l)p"+i

kane = TT (

i=0
— k(—l)"n k_c""

= KU
=1

by Lemma 4.4.10; Lemma 4.7.2; and using the fact that exponent A is p and
exponent of B is p". Now if m is the Engel class of B and fb,gc € AwryB,
then [fb,m gc] = k[b,mc] = k for some k € AY). Since A is abelian, it follows
by induction, [fbym+igc] = [kyic] for each i € N. In particular, [fbymtpn gc] =
[k,pn'c] =1 as required.

Now suppose A is abelian of exponent p™ for some n € N. For i € {0,...,n}
define 4; := (a” : a € A). Since A is abelian we have a normal series

such that A4;/A;,, is an abelian p group of exponent p, for each i € {0,...,n—1}.
And so (A;/As+1) wry B is a bounded Engel p group of Engel class at most [ :=
exp(B) + cl(B). Since (AwryB)/A(" 2 (A/A,)wryB we have, for f € A™)
and b € B, [f,b] € AY”). The isomorphism follows from Meldrum (16] 1.4.13.
Now if j € {1,...,n -1}, g € A(Y) and ¢ € B we have [g,c] € J+)1, since
(A; wryB)/Ag-)_:)1 %’ (AJ/AJH)wryB. Thus, by induction, [f,.b] € AY) = {1}.
Now as A is abelian, it follows as above that Awry B is a bounded Engel group
of Engel class at most log,(exp(A))(exp(B) + cl(B)) + cl(B).

Finally suppose that A is a nilpotent p group of finite exponent. Let m be the
Engel class of B and let fb,gc € Awry B, with f,g € AY) and b,c € B. Then
[fb,mgc] = lbymc] =1 for some I € AY). Nowlet A=A, >...0 A4, = {1} be
a central series for A. For each i € {1,...,n =1}, A;/Aiy1 wry B is a bounded
Engel group of Engel class m;, say, since A; /Ais1 is an Abelian p group of finite
exponent. We note that, by Lemma 4.7.4, if k € A§Y) for some i € {1,...,n—1},
then [k,m, gc] = [k,m, ] mod A{}. And since (A; wry B)/AY) 22 A;/Aspy wry B
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and this is a bounded Engel group of Engel class m;, we have [k,m, ] € Afﬂ In
particular, [k,m, gc] € AY). And hence, by induction, we have [fbrmssnt m, 9] €

AY) = {1} as required. - ‘ a

4.8 Soluble groups

In this section we develop necessary and sufficient conditions for a generalised -
wreath product to be soluble. Firstly we deal with the case where the permu-
tation groups (G, X)) are transitive. We note that the class of soluble groups
of solubility class at most n, for some n € N, is a variety and so we appeal to
Theorem 2.2.3 to obtain a complete characterisation of soluble generalised wreath
products when the groups (Gy, X)) need not be transitive.

A full characterisation of the soluble wreath product is known. The proof is
straightforward and a version is given below.

Theorem 4.8.1. Let (A, X),(B,Y) be non trivial permutation groups. Then
Awry B is soluble if and only if A and B are soluble.

Proof. Suppose Awry B is soluble. Then A and B are soluble since A and B are

isomorphic to subgroups of Awry B.

Conversely, suppose A and B are soluble. There exist m,n € Nsuch that §,,(A4) =
{1} and 6,(B) = {1}. It is easy to see that §;(AwryB) C AM§;(B) for each
i € N. In particular, 6,(AwryB) C A®) and hence 6,4m(Awry B) C 6,(AY)) =

{1}. O

Before we proceed to the generalised wreath product, we state a well known result
about soluble groups. For a proof see Rotman [23] 6.13.

Lemma 4.8.2. Let G be a group and let N be a normal subgfoup of G. If
N and G/N are soluble, then G is soluble and cl(G) < cl(G/N) + ci(N) where
c(G), c(G/N) and cl(N) denote the solubility class of G,G/N and N respectively.

The transitive case

We find that W is soluble if and only if G} is soluble of bounded solubility class
and all chains in A are finite of bounded length.
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Theorem 4.8.3. Let A be a partially ordered set with all chains finite of length at
most n and let (G, X)) be transitive permutation groups for each A € A. Suppose
G is soluble of solubility class at most ¢ for each A € A. Then W is soluble of
solubilitz) class at most nc.

Proof. Let €2; be the set of all i-maximal elements of A. Let H; := (G) : X € Q,).
Notice that H, = W. Now H; =[] A€y H, is soluble of solubility class at most
¢, being the direct product of soluble groups of solubility class at most c. We
proceed by induction. Suppose Hj is soluble of class at most kc. Let Ni,; be
the smallest normal subgroup in Hiyy containing (Gy : A € Q41 \ Q). By
Proposition 2.1.6, since Q41 \ £ is contained in the set of minimal elements of
Qk+1, Ni41 is the direct sum of soluble groups of solubility class at most ¢ and
is hence soluble of solubility class at most c¢. By Proposition 2.1.7, we have that
Hy = Hpy1/Niy and, by Lemma 4.8.2, it follows that Hy., is soluble of solubility
class at most (k + 1)c. And hence W = H,, is soluble of solubility class at most
‘ne, as required. O

We now turn our attention to proving the converse of Theorem 4.8.3.

Theorem 4.8.4. Let (A,X),(B,Y) be non trivial soluble transitive permuta-
tion groups. Then AwryB is soluble and cl(A) < cl(AwryB) where cl(A) and
cl(Awry B) denote the solubility class of A and Awry B respectively.

Proof. Theorem 4.8:1 implies Awry B is soluble. Since (B,Y) is a non trivial
permutation group, there exist z,y € Y with x # y. For each a € A, define
fo € AY) by '

a ifz==zx

fa2)=¢ a7t ifz=y

1 if z#x,y.
Now (f, : @ € A) C §,(AwryB) by Meldrum [16] 1.4.9. Consider the map
7z (fa:a € A) — A, f— f(z). This is a homomorphism and is surjective.
Thus A = (f, : a € A)/kerm, and cl(4) < cl({f, : a € A)) < cl(6;(AwryB)) <
cl(AwryB). This completes the proof. O

Theorem 4.8.5. Let (A1, X1),...,(An, X,) be non trivial soluble transitive per-
mutations grbups. Then A, wry, Aywry, ... wry, A, is soluble of class at least

n.

Proof. A, wry, Aywry, ... wry, Ay is soluble by repeated use of Theorem 4.8.1.
By a simple induction, using Theorem 4.8.4, the result follows. O
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Theorem 4.8.6. Let A be a partially ordered set and let (G, X)) be a non trivial
transitive permutation group for each A € A. Suppose W is soluble. Then G is
soluble of bounded solubility class for each A € A and all chains in A are finite of
bounded length.

Proof. Since G}, is isomorphic to a subgroup of W for each A € A, we have G, is
soluble of solubility class at most the solubility class of W. Let ¥ C A be a chain
in A. Suppose, for a contradiction, that ¥ is not finite. For each k € N, let ¥
be a subset of ¥ of size k. Write £ := {0y,...,0x} with 67 < ... < o%. Then
Goy Wrx,, - - - Wrx,, Go, = (Goy,-..,Go,) © W and is soluble. Furthermore, by
Theorem 4.8.5, G,, wrx,, - - .wrx,kGak is soluble of solubility class at least k.
This holds for each £ € N, which contradicts the solubility of W. Hence ¥ is
finite. Write ¥ = {0y,...,0,} with 0y < ... < 0,. Since (G,, X,) is transitive
for each o € X, we have that (G, : 0 € &) = G, Wrx,, - - - wrx,, Go,. And hence,
by Theorem 4.8.5, cl(W) > cl({G, : 0 € X)) = cl(G,, wrx,, ... wrx,, Goy) > 1=
||, as required. ~ ' O

Corollary 4.8.7. Suppose (G, X») is a non trivial transitive permutation gréup
for each A € A. Then W is soluble if and only if Gy is soluble of bounded solubility
class for each A € A and all chains in A are finite of bounded length.

Proof. This follows immediately from Theorem 4.8.3 and 4.8.6. a

The non transitive case

We note that the class of soluble groups of solubility class at most n, for some
. n € N, is a variety. We use this fact and Theorem 2.2.3 to extend Corollary 4.8.7
to the case where the groups (G), X)) need not be transitive.

Theorem 4.8.8. Let ¥ := {0 € A : 1,G, is infinite or |t,G,| > 1}. Then W is
soluble if and only if every chain in T is finite of bounded length and G, is soluble
of bounded solubility class for each A\ € A. Further if the length of each chain in
Y is at most k and the solubility class of G is at most ¢ for each A € A, then the
solubility class of W is at most kc.

Proof. Suppose W is soluble. Note G, is isomorphic to a subgroup of W and is
hence soluble of solubility class at most cl(W). Now let @ C T be a chain in .
By Theorem 4.8.5, cl(W) > cl({Gu(tGL) : w € Q) > | as required.
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Conversely, suppose every chain in X is finite of bounded length and G, is soluble
of bounded solubility class for each A € A. Let k be the maximum length of any
chain in ¥ and let ¢ be the bound on the soiubility classof Gy, A€ A. Fixupe A
and fix z € X. Note G,(z,G,) is isomorphic to a quotient of G, and is hence
soluble of solubility class at most c. Note ({Ga(taGy) : A > p},Gu(z,G,)) =
({GA(taG») : A € T and A > p},G,(z,G,)). By Theorem 4.8.3, we have that
({Ga(.xGa) : XA € Z and A > p}, G,(z,G,)) is soluble of solubility class at most
kc. By Theorem 2.2.3, W is soluble. (]

Notice that Theorem 4.8.8 implies W is soluble of solubility class at most kc if
every chain in X is of length at most £ and G, is soluble of class at most ¢. We
find an example when W attains the maximal solubility class.

Example 4.8.9. Let A = {),...,\,} be a finite totally ordered set with \; <
.-+ < An. Let (Ga, X)) be a non trivial transitive abelian permutation group for
each A € A. Then W is soluble by Theorem 4.8.8. We claim that cl(W) = n.

Note that (G),,G»,) is soluble and cl({Gx;,Gh,)) < 2 by Theorem 4.8.8. However
(Gx1,Gr) = Gy wrx,, Gy, is not abelian. Hence cl((Gx,,G»,)) = 2. Now let
k <n—1 and suppose cl({Gy,,...,G),)) = k. Now Theorem 4.8.4 and Theorem
4.8.8 implies (Ga,, ..., G, Gx,,,) is soluble with

k+1 > c((Gay,--- s Gryy))
= Cl((G)\l, ey G)\k> wTXAk+1 G)\k-t-l)
> Cl(<GA1a"')G/\k>)
= k.

That is to say cl((G,,...,Gx.,,)) = k+1. And hence cl(W) = n, the maximum
it can be by Theorem 4.8.8.

4.9 Locally soluble groups

The immediate generalisation of the soluble condition is the locally soluble con-
dition. In light of Theorem 4.8.8 it is easy to-give a complete characterisation of
the locally soluble generalised wreath product.

Theorem 4.9.1. W is locally soluble if and only if G is locally soluble for each
A€A.
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Proof. Suppose W is locally soluble. Since G, is isomorphic to a subgroup of W,
it follows that G, is locally soluble for each X\ € A.

Conversely, suppose G, is locally soluble for each A € A. Let ¢1,...,9m € W.
Then there exist Ay,...,A, € A and finitely generated subgroups H), C Gj,
such that {g1,...,g9m} C (H,,..., Hy,). Let & := {A\;,...,\,}. Without loss
of generality, we may assume X is connected. Now H, is soluble of solubility
class at most max{cl(H),),...,cl(H),)} for each o € I, where cl(H,,) denotes
the solubility class of H,,. Moreover, H,(z,H,) is soluble of solubility class at .
most max{cl(Hy,),...,cl(H),)} for each z € X and each 0 € . As ¥ is finite,

it follows from Theorem 4.8.8 that (H),,..., Hy,) is soluble. This completes the
proof.
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