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Abstract

As global temperatures rise, melting of the Antarctic Ice Sheet will lead to increasing global
sea levels, but we do not currently have good constraints on the speed of future sea-level
rise. A lack of knowledge about the subglacial topography of the ice sheets is a key cause
of this uncertainty, as small variations in subglacial topography can have a significant
influence on the rates of ice loss in numerical ice-sheet models. Our current understanding
of subglacial topography comes from airborne and ground-based geophysical observations,
which are expensive and time consuming to collect, and there are very few regions where
the 1-2 km resolution required by ice-sheet models is achieved. When interpolation
methods such as kriging, mass conservation and flow-line diffusion are applied to fill the
gaps, they can miss influential mesoscale (2-30 km) subglacial features.

In this thesis, I use a mathematical description of the relationship between surface and
subglacial topography in flowing ice, alongside high-resolution observations of ice surface
topography and velocities to invert for Antarctic subglacial topography and slipperiness.
I develop a method for doing this which I term Ice Flow Perturbation Analysis (IFPA).
Initially, I use synthetic models of subglacial topography to explore the range of landforms
which can be resolved with this approach. I apply the IFPA method to Thwaites Glacier in
West Antarctica in order to compare the results with high-resolution ice-penetrating radar
measurements, and to select appropriate parameter values. I also apply the IFPA method to
Pine Island Glacier in West Antarctica, and show that IFPA can resolve landforms which
are not present in topographic maps which have interpolated between geophysical survey
lines using flow-line diffusion. Finally, I use an updated version of the IFPA methodology
to look at subglacial topography across the entire Antarctic continent. The new topography
map reveals new features at the bed, and fills in the details for partially-surveyed features,
providing an enriched understanding of the geometry and geomorphology of the subglacial
landscape.

Overall, this thesis demonstrates the value of the Ice Flow Perturbation Analysis
method for mapping the subglacial topography beneath ice sheets using high-resolution
satellite datasets, particularly in regions which have not yet been the focus for geophysical
surveying. I emphasise the utility of the IFPA map for studying subglacial geometry and
interpreting landforms, and hope that future work will enable maps produced with IFPA to
incorporate more of the existing geophysical observations. When applied alongside other
methods which estimate ice thickness, bed topography maps from IFPA should lead to

better-constrained projections of future sea-level rise.



Plain Language Summary

Rising global temperatures are leading to increased melting of the Antarctic ice sheets and
causing global sea levels to rise. However, scientists are still very uncertain about exactly
how quickly sea levels will rise, because there are still many parts of the Antarctic ice sheets
which are poorly understood. One particularly important part of the ice sheets is the ice-bed
interface, where ice sits on the underlying rocks or loose sediments. The topography of this
interface controls where and how fast much of the ice flows into the ocean around the edges
of Antarctica, and bumps in the ice-bed interface hundreds of kilometres away from the
coastline can influence rates of ice loss. Our current understanding of subglacial topography
comes from airborne and ground-based geophysical surveys, which are expensive and
time-consuming to collect, and only cover a small fraction of the total area of Antarctica.
Traditionally, simple statistical methods which do not incorporate the physics behind ice
flow are used to fill in the gaps between these surveys in maps of subglacial topography.
These simple statistical methods can miss important bumps and dips in the ice-bed interface.

In this thesis, I used mathematical equations describing the relationship between the
subglacial topography and surface bumps and dips. I applied these equations to high-
resolution satellite observations of the Antarctic Ice Sheet surface, and developed a method
to produce maps of the subglacial topography, which I call Ice Flow Perturbation Analysis
(IFPA). At Thwaites Glacier in West Antarctica, lots of ice-penetrating radar surveys have
been carried out, and we have a good understanding of the subglacial topography from
these surveys, which allowed me to calibrate some of the values required by the IFPA
mapping method. At Pine Island Glacier in West Antarctica, comparing the results of
the IFPA mapping method with radar surveys and maps using simple statistical methods
allowed me to show that IFPA can resolve features which are not included in the simple
statistical maps. Having validated the IFPA method in these regions with lots of scientific
surveys, I then applied IFPA across the whole of Antarctica to produce a new map of
Antarctic subglacial topography which is significantly more detailed than previous maps.
The new map contains lots of new topographic features, such as a 400 km long subglacial
canyon and new ridges in some subglacial mountain ranges. It also helps to fill in the
details around features that have only been partially surveyed, and provides insight into the
distribution of mountain ranges, fast-flowing glaciers and sediment-filled basins around
Antarctica.

Overall, this thesis shows that the IFPA method can be used to map subglacial topogra-
phy across Antarctica from high-resolution satellite datasets. It is particularly useful in
regions which have not been intensively surveyed, of which there are many. In the future,
the maps produced with this method will hopefully be used to inform the planning of
geophysical surveying, and combined with more survey observations to improve the maps

of Antarctic subglacial topography which are used to project future sea-level rise.
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Chapter 1

Introduction

1.1 Thesis motivations

Climate change induced by anthropogenic activity is already having serious impacts on
the global population, and has the potential to have even more significant impacts in the
future. One of the most concerning of these is the significant projected increase in global
sea levels. Global atmospheric carbon dioxide concentrations during the Pliocene period
(3 million years ago) were similar to today at around 400 ppm, but studies suggest that
global sea levels were between 10 and 30 m higher (DeConto and Pollard, 2016). Rates of
ice loss from the Antarctic ice sheets have increased over the last four decades, and we
have already seen a total of 14 +2 mm of direct sea-level rise from melting Antarctic ice
over this period (Rignot et al., 2019). The Antarctic ice sheets contain the equivalent of
57.9 m of global mean sea-level rise if entirely melted (Morlighem et al., 2020), and there
is considerable uncertainty about how much and how quickly they will contribute to future
sea-level rise (Scambos et al., 2017). The main motivation behind the work outlined in this
thesis, as for much of Antarctic glaciology, is to reduce the uncertainty in projections of
the future sea-level rise contribution from the Antarctic ice sheets.

Ice-sheet modelling studies persistently highlight the importance of the topography
and rheology of the ice-bed interface in understanding future rates of ice loss (e.g. Gud-
mundsson 2003; Parizek et al. 2013; Kyrke-Smith et al. 2018; Koellner et al. 2019). Bed
topography is particularly important for marine-terminating glaciers, such as Thwaites
Glacier and Pine Island Glacier in West Antarctica, because they are vulnerable to the
marine ice-sheet instability (Weertman, 1974; Hughes, 1981). Some direct measurements
of bed topography have been obtained through geophysical surveying (Fretwell et al., 2013;
Frémand et al., 2023). However, bed topography constrained by geophysical surveying at
the resolutions required for ice-sheet modelling (Durand et al., 2011; McCormack et al.,
2018) is rarely available, so projections of future ice-sheet behaviour have to rely on bed
topographies interpolated in a variety of ways between these survey lines (Vaughan et al.,
2006; Fretwell et al., 2013; Rignot et al., 2014; Millan et al., 2017; Morlighem et al., 2020).
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A limited number of ice-penetrating radar surveys have been carried out with sub-ice-
thickness line spacing (e.g. Rutford Ice Stream - King et al., 2016; Pine Island Glacier -
Bingham et al., 2017; Thwaites Glacier - Holschuh et al., 2020). These studies all identified
features important for ice flow which were not present in interpolated bed topography
products. Most importantly for this thesis, they also identified topographic features with a
similarity to the geometry of the ice surface above them. The relationship between bed
topography and ice-surface topography has been explored in a range of theoretical studies
(Gudmundsson, 2003; Raymond and Gudmundsson, 2005; Gudmundsson, 2008; Gud-
mundsson and Raymond, 2008; Raymond and Gudmundsson, 2009), but has rarely been
applied to realistic settings, and primarily on 2D flowline data (Pralong and Gudmundsson,
2011; Ng et al., 2018; Igneczi et al., 2018), with limited applications on 3D topographic
grids (Thorsteinsson et al., 2003; Crozier et al., 2018). This thesis aims to apply this

theoretical bed-surface relationship to 3D topographic data across the Antarctic ice sheets.

1.2 Thesis aims

The overarching aim of this thesis is to explore ways in which variability in the surface
topography and velocity of Antarctic ice can help us to learn about the conditions at the
ice-bed interface. Previous work by Gudmundsson (2003, 2008) developed a theoretical
framework for how variations in the ice-bed interface should be transferred to the ice
surface, and this work (contextualised in Section 2.4.2) forms the basis for the approach
taken here. There have been significant advances in the quality and resolution of satellite
observations of the surface of Antarctica in the last 20 years, leading to datasets for
all regions of Antarctica to which this theoretical framework can now be applied, in
particular the Reference Elevation Model of Antarctica (Howat et al., 2019), and the NASA
MEaSURESs ITS_LIVE project (Gardner et al., 2018) for surface velocities. This thesis
therefore aims to develop and apply the earlier theoretical work to the high-resolution high-
quality Antarctic-wide datasets of surface conditions that are now available, to provide
new insights into the basal conditions.

1.3 Thesis organisation

The rest of this thesis is organised into six main chapters. Chapter 2 reviews the relevant
scientific literature, and in particular the methods which have been used previously for
studying Antarctic bed conditions through geophysical surveys and in regions without
existing knowledge of the bed topography. This background chapter ends by posing
three key research objectives, which are each then explored in one of the following three
chapters.

Chapters 3, 4 and 5 make up the main body of original research contained within

this thesis, and explore the development of the methodology of inverting basal conditions
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from surface conditions, which I call Ice-Flow Perturbation Analysis, abbreviated as IFPA.
These three chapters have been written for publication. Chapter 3 has been published in
The Cryosphere (Ockenden et al., 2022), and Chapter 4 has been published in Journal of
Glaciology (Ockenden et al., 2023). An adapted version of Chapter 5 is being prepared for
publication.

Chapter 3 builds on previous work by Gudmundsson (2003, 2008) which developed
a theoretical framework for how variations in the ice-bed interface should be transferred
to the ice surface. The first part of Chapter 3 explains the mathematics of applying this
forward modelling framework (bed -> surface) to the inverse problem (surface -> bed),
and explores the capabilities of this inverse model in selected synthetic situations. The
next part of the chapter then applies this inverse model across the main trunk of Thwaites
Glacier, one of the fastest changing glaciers in West Antarctica. Selected patches of the
ice-bed interface of Thwaites Glacier have been relatively well surveyed, and so provide a
testing ground for tuning the parameters required for this inverse problem. The last part of
the chapter discusses the importance of selecting the correct values for these parameters,
and some of the problems which arise due to trade-offs between them.

Having presented in Chapter 3 a framework for the inverse problem, and established
that it can be used to produce topographic maps which match the existing bed topography,
Chapter 4 expands on this further. The inverse methodology is further developed to be
applied to regions with different directions of ice flow. In order to assess the relative
performance of IFPA compared to other techniques for studying the topography of the
ice-bed interface, the technique is applied to Pine Island Glacier, where high resolution
ice-penetrating radar measurements have been made which are not yet included in other
bed topography maps. The final part of Chapter 4 explores how known topography from
ice-penetrating radar can be used to map the ’slipperiness’ of the ice-bed interface, an
important parameter for ice-sheet modelling.

Following on from the conclusion that the IFPA methodology generally performs
well at returning realistic bed topography, except in some specific circumstances, Chapter
5 applies this methodology to the whole Antarctic continent. A new map of Antarctic
mesoscale bed topography is presented, and I explore a selection of the most notable
novel landforms. A selection of quantitative metrics is calculated to allow an objective
comparison of the new topographic map with topography from Bedmachine Antarctica
(Morlighem et al., 2020), the existing best map of the interior of Antarctica. The final
part of Chapter 5 explores how these quantitative metrics can be used, alongside a small
set of selected training data, to classify Antarctic subglacial topography based on its
geomorphological characteristics, and what this reveals about the nature of the bed beneath
the Antarctic ice sheets.

Chapter 6 summarises the material covered in each of the previous chapters, and
presents some new data which further supports their findings. The limitations of the Ice

Flow Perturbation Analysis methodology are discussed, alongside opportunities for further
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work to tackle these limitations and to address other interesting problems in glaciology.
The thesis concludes in Chapter 7 with the main research findings.



Chapter 2

Background

2.1 Projecting sea-level rise with ice sheet models

2.1.1 Sea-level rise from melting Antarctic ice

The modern Antarctic Ice Sheet contains an ice volume equivalent to 57.9 m of global
sea-level rise, of which 5.3 m is in the West Antarctic Ice Sheet and 52.2 m is in the East
Antarctic Ice Sheet (Morlighem et al., 2020). Atmospheric and oceanic warming, driven
by increasing anthropogenic carbon emissions, are causing these polar ice sheets to lose
mass (Rignot et al., 2019). Ice loss due to accelerated flow has been observed across the
whole Antarctic continent (Shepherd et al., 2012, 2019; Smith et al., 2020, Figure 2.1).
Between 1992 and 2020, the Antarctic Ice Sheet lost 2670 gigatonnes of mass, which is
equivalent to 7.4 mm of global mean sea-level rise (IMBIE, 2021).
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Fig. 2.1 Observed ice-mass loss across Antarctica between 2003 and 2019, from Smith
et al. (2020).
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Fig. 2.2 Projected Global Sea level rise for the 21st century under different climate
scenarios, from the IPCC ARG6 report (Fox-Kemper et al., 2021). SSP1-2.6 is a low
temperature scenario, where global temperatures rise on average between 1 and 2.6 degrees.
SSP5-8.5 is a high temperature scenario, where global temperatures rise on average
between 5 and 8.5 degrees. Although both scenarios agree relatively closely in 2050, by
2100 there is a significant range in the possible values of global sea level rise.

Although there is confidence that global temperatures will lead to mass loss from the
global ice sheets, there is a lot of uncertainty in projections of global sea-level rise by 2100
and beyond (Ritz et al., 2015; Golledge et al., 2015; DeConto and Pollard, 2016; Edwards
et al., 2019; Seroussi et al., 2020; Edwards et al., 2021). The Intergovernmental Panel on
Climate Change AR6 on Ocean, Cryosphere and Sea Level Change states that sea levels
are likely to rise by between 38 and 77 cm by 2100 (Fox-Kemper et al., 2021, Figure 2.2),
although they identify poorly-understood glacial processes as a key cause for uncertainty
in modelling Antarctic mass loss (Oppenheimer et al., 2019). As this chapter goes on
to discuss, one of the key reasons for the poor understanding of glacial processes is that
numerical ice-sheet models use basal boundary conditions which are still based on very
sparse data for the shape and friction of the ice-bed interface.

2.1.2 Numerical ice sheet models

Fluid flow can be described physically by a set of partial differential equations known
as the Navier-Stokes equations. For ice, and other very viscous fluids with a very small
Reynolds number, the inertial terms in the Navier-Stokes equations can be neglected,
giving a simplified set of equations known as the Stokes equations. Numerical methods
are often used to model the behaviour and dynamics of ice sheets using these equations
(Oerlemans, 1982; Huybrechts, 1990; Pattyn et al., 2012). Ice sheet models which use
these equations and all nine principal stress components are known as full-Stokes models
(Durand et al., 2009; Larour et al., 2012; Gagliardini et al., 2013). Modelling these for
large systems over a useful time period requires significant computing power, and so most
ice-sheet models use simplified forms of the full-Stokes equations (Gudmundsson, 1999;
Hindmarsh, 2004).

After full-Stokes models, the next most complex are higher order Blatter-Pattyn type
models, which use a vertical hydrostatic approximation and ignore vertical resistive stresses
(Pattyn, 2003; Lipscomb et al., 2019). The Shallow Shelf Approximation (SSA) comes
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from ignoring vertical shear, and is often applied to ice shelves, where basal shear is
low (MacAyeal, 1989; Gudmundsson, 1999; Cornford et al., 2013). The simplest models
use the Shallow Ice Approximation, which neglects longitudinal and transverse stress,
and vertical stress gradients (Hutter, 2017). Some hybrid models use a mixture of these
different approximations (Hulbe and MacAyeal, 1999; Bueler and Brown, 2009; Pollard
and DeConto, 2009; Seroussi et al., 2012; Quiquet et al., 2018).

Ice-sheet models with more complex physics tend to have higher computational power
requirements, as do models with a higher resolution. Typical model resolutions are
between 5 and 15 km (Seroussi et al., 2020), which is not sufficient to resolve many local
processes. In order to keep computational power requirements reasonable at the same time
as resolving the regions where important processes are occurring, a variety of different
gridding techniques have been developed. Initially nested grids were used (Pattyn et al.,
2012), but adaptive mesh grids have become more popular (Larour et al., 2012; Cornford
et al., 2013).

2.1.3 Causes of uncertainty in projections from ice-sheet models

Uncertainties in ice-sheet modelling arise for multiple reasons. Many models are calibrated
by their ability to recreate past ice-sheet conditions, but limited palaeo-environmental
observations and variable confidence in geological proxies mean that it is not always clear
how these past ice-sheet conditions should be expressed (Gasson et al., 2015). Long term
changes in ice-sheet topography due to geological activity may also mean that models
require different boundary conditions for palaco-ice sheets and modern day simulations
(Paxman et al., 2019b, 2020).

Secondly, the external climatic conditions driving the behaviour of the ice sheets
can be included in models in different ways. Typically, changes in ocean circulation,
salinity, and temperature are parametrised in ice-sheet models through ocean melt rates and
calving laws. Changes in atmospheric circulation, moisture and temperature are expressed
through accumulation rates and the surface mass balance. Uncertainties can arise due to
poor parameterisations which do not represent the real conditions. For example, many
simulations (De Boer et al., 2015; DeConto and Pollard, 2016) use ocean temperature
observations from ships to predict local ice-shelf melt rates, despite the fact that these
measurements are often taken at significant distances from the ice shelf.

Even if the factors driving changes in ice sheet behaviour were known perfectly, there
is still a lot of uncertainty around the physical processes occurring within ice sheets. Some
processes, such as ice-cliff failure through the Marine Ice CIliff Instability, are highly
controversial (DeConto and Pollard, 2016; Edwards et al., 2019), as they have not been
observed in the modern day, but may help to reproduce palaco-environmental conditions.
Additionally, we do not have a good understanding of the material properties and rheology
of the ice, as it is difficult to measure the temperature and viscosity of ice which is on
average 2.1 km thick (Morlighem et al., 2020). Ice which has been subject to directional
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pressures also behaves anisotropically, with a defined fabric that affects how it deforms.
Although some observations of ice properties have been made on data from ice cores
(Montagnat et al., 2014), these are drilled in slow moving stable ice which is likely to have
different properties to faster flowing ice.

A significant contribute to uncertainty in projections of future sea level rise are the basal
boundary conditions, which are very poorly constrained in current ice sheet models. In fact,
the topography of the bed beneath the Antarctic ice sheet is the most poorly understand
geographical surface in the inner solar system (Frémand et al., 2023). Bed rheology is a key
part of understanding the way ice moves over the basal interface, and is influenced by both
geology and hydrology. The rest of this introduction will explore our understanding of the
bed rheology and topography. We begin by looking at how these factors are included in
ice sheet models, and then explore what is known about the bed of Antarctica and whether

this is sufficient for modelling ice sheet behaviour.

2.2 Bed rheology

2.2.1 Rheology in ice-sheet models

Ice-sheet models use parameterised sliding laws (Koellner et al., 2019; Woodard et al.,
2021), which attempt to capture all the processes occurring at the bed. Hard-rock and
soft sediments respond differently to the stresses of ice flow (Parizek et al., 2013), and
exert friction on the flowing ice. The rheology of sediments also depends on the subglacial
hydrology (MacKie et al., 2021). The majority of models use a very simple representation
of the characteristics of the bed: a generalised power friction law where the basal shear
stress, Tp, varies with a slipperiness parameter C,,, the effective pressure at the ice bed
interface NV, the basal ice velocity u;, and the stress exponent m. Effective pressure N is
the difference between the pressure from the over-riding ice and the basal water pressure.
For ice sliding over solid bedrock, Weertman style sliding laws are often used (Weertman,
1957), where effective pressure is neglected due to the assumption of a thin film of water
which allows ice to slide, and with a stress exponent, m, of 2 to 3. However, Weertman
sliding does not account for the effects of cavitation, where water underneath the ice
affects basal drag. Lliboutry (1968) proposed that sliding laws should incorporate effective
pressure to include this effect. If effective pressure is considered, a Coulomb friction law
is obtained, where the basal shear stress, 7, eventually reaches a peak even if the basal
ice velocity, uy, increases further (Iken, 1981; Fowler, 1987; Schoof, 2005). Regularised
Coulomb laws have been used in several models (Gagliardini et al., 2013; Nowicki et al.,
2013; Leguy et al., 2014; Cornford et al., 2020), although with power law exponent ranging
from m = 1 (linear-viscous behaviour, stress o< velocity) to m = o (effectively plastic
behaviour, stress is not proportional to velocity).
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We still do not fully understand how to relate the slipperiness parameter C,,, the
effective pressure N, and the stress exponent m, to measurable properties of the bed, such
as sediment type and water availability. However, laboratory tests on sediment recovered
from Whillans Ice Stream suggest that effectively plastic behaviour (m — o0) occurs beneath
ice sheets resting on a weak sediment bed (Tulaczyk et al., 2000a,b). Gillet-Chaulet et al.
(2016) found that a high value of the stress exponent (m = 16 to 20) produced a better
match to modern day ice velocities at Pine Island Glacier than linear-viscous (m = 1) or
slightly non-linear (m = 3) laws, most likely as a higher value of the stress exponent was a
better representation of the physics of the underlying sediments. In general, higher values

of m are normally utilised to represent sediments (Zoet and Iverson, 2020).

The influence of bed rheology on ice-sheet model projections

In many ice-sheet models, the evolution of the ice-sheet depends strongly on the basal
friction law (Joughin et al., 2010; Brondex et al., 2019). Sun et al. (2020) explored the
influence of the stress exponent, m, in models of Pine Island Glacier in West Antarctica.
They concluded that when ice-shelf buttressing was reduced, models with higher values of
m lost ice more quickly. However, this is not a universal finding, and other studies of Pine
Island Glacier (Nias et al., 2018; Barnes and Gudmundsson, 2022), which also looked at
the influence of the stress exponent on the future behaviour, have found that higher values
of the stress exponent m do not necessarily result in increased mass loss. Nias et al. (2018)
varied both the basal topography and stress exponent, and found that topography is at least
as important as the stress exponent in determining the future behaviour of ice sheets.

Ice-sheet basal rheology is unlikely to be homogenous, and some studies have also
looked at the effects of varying the sliding exponent across the glacier catchment. De Rydt
et al. (2021) suggest that higher values of m are required in fast flowing areas to reproduce
modern day ice velocities. In order to simulate the observed retreat since 1996 for Pine
Island Glacier, Joughin et al. (2010) invoked a mixed sliding law with plastic behaviour in
regions with abundant till, and non-linear viscous behaviour in regions of harder crystalline
bedrock. Parizek et al. (2013) also found that mixed rheology beds can allow faster retreat
than purely plastic or purely viscous beds. Koellner et al. (2019) studied the influence
of a spatially variable sliding law on the retreat of Thwaites Glacier, and found that the
behaviour of mixed beds does not necessarily lie between the end-member behaviours of
viscous and plastic beds. Similarly to the work of Joughin et al. (2010), simulations with
linear viscous beds had high rates of thinning near the grounding line, and simulations
with plastic beds had thinning extending much further inland. For mixed-rheology beds,
the stability of the grounding line was also found to depend on the variability of the
bed topography. In one simulation, a change from a 10 km wavelength in topographical
variability to a 8 km wavelength led to mass-loss and rapid glacier retreat.

Ice sheet models often incorporate subglacial hydrology into the basal sliding law

through the effective pressure N (Pattyn, 1996). Effective pressure is thought to be high
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in channelised hydrological systems, and low in distributed systems. Often hydrology
is simplified by assuming distributed flow with the water pressure being equal to the
ice overburden pressure (Paden et al., 2010; Goeller et al., 2013). Studies which have
looked at the influence of water pressure on glacier evolution show that regions with low
effective pressures are more sensitive to climatic forcing, and can change more quickly
(Kazmierczak et al., 2022). Detailed knowledge of sediment geology and subglacial
hydrology is therefore important for understanding how the Antarctic ice sheets will
behave in the future, and needs to be coupled with an understanding of the bed topography
(Nias et al., 2018).

2.2.2 Geology

Most of Antarctica is covered in ice, and rock exposure only accounts for 2% of the area
of the entire continent (Craddock, 1982). The SCAR GeoMAP action group has mapped
all the known samples from these exposed areas (Cox et al., 2023). In areas without rock
exposure, geophysical techniques are used to study the geology. Different rock types have
varying magnetic properties, and so magnetic sensors can be used to map out sub-surface
faults, and igneous intrusions (Golynsky et al., 2018). Varying densities of different rock
types means that gravity data, when combined with topography and magnetic data, can
be used to study sediment distributions, igneous intrusions and large scale variations in
the crustal thickness (Jordan et al., 2010, 2023). Seismic techniques use sound waves
travelling through the rocks to map sub-surface faults and sedimentary layering. Typically,
reflection seismic techniques are used to look at shallow structures (Brisbourne et al.,
2017), and refraction seismic techniques are used to look at deeper structures in the crust
and mantle (Baranov and Morelli, 2013).

Geological studies suggest that the Antarctic continent is divided into two parts by the
Transantarctic Mountains. West Antarctica is traditionally considered to be an assemblage
of accreted Cenozoic microcontinental terrains (Worner, 1999), whereas East Antarctica
is composed of several ancient continental cratons (Dalziel and Elliot, 1982). The West
Antarctic Rift system is one of the largest zones of continental extension on Earth (Winberry
and Anandakrishnan, 2004; Ferraccioli et al., 2007). Gravity surveys suggest rifting as
recent as the Neogene has left a significantly thinned crust, with a minimum thickness of
19 km beneath the Pine Island Rift (Diehl et al., 2008; Jordan et al., 2010). The bedrock
topography in West Antarctica is mostly below sea level (Lythe et al., 2001; Fretwell
et al., 2013; Morlighem et al., 2020), and consists of several tectonic blocks (Dalziel
and Elliot, 1982), including the Ross Sea and Ross Ice Shelf, Marie Byrd Land and the
Bentley depression, the Ellsworth-Whitmore Mountains, the Antarctic Peninsula and the
Filchner-Ronne Ice Shelf and Weddell Sea (Baranov and Morelli, 2013).

In contrast, East Antarctica is a much older continental shield that was part of Gond-
wana in the early Mesozoic, with mainly Precambrian basement rocks (Craddock, 1982).
The large Archean Mawson craton makes up the central part of East Antarctica, and is
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Fig. 2.3 The thickness of subglacial sediments across Antarctica, mapped using a combina-
tion of gravity, magnetic and seismic surveys. Figure adapted from Baranov et al. (2021).

surrounded by several younger orogenic belts (Groenewald et al., 1995). These mountain
ranges include Dronning Maud Land, and the Gambertsev Subglacial Mountains, and
are separated by rifts and large sedimentary basins, such as the Lambert Rift and Wilkes
Subglacial Basin (Aitken et al., 2023). Numerical modelling simulations suggest that
the majority of future ice retreat in East Antarctica will be focussed within these large
sedimentary basins (Gasson et al., 2015; Golledge et al., 2015; DeConto and Pollard,
2016).

Sediment distribution

Since radar reflections do not penetrate the glacier bed, seismic surveys are the main way
to study subglacial sediment distributions, and have been used to estimate the thickness
of sedimentary basins across Antarctica. Baranov et al. (2021) combined broad scale
magnetic and gravity data with many sediment thickness measurements from seismic
surveys to map sediment cover across Antarctica (Figure 2.3).

Sediment cover in East Antarctica is relatively sparse, with seismic surveys across
the South Pole, central parts of Dronning Maud Land and Enderby Land not finding
any sediment cover (Bentley, 1974; Kanao et al., 2011). The deep subglacial valleys
which flow into the Filchner-Ronne basin are thought to have 2-3 km thick sediment cover
(Bamber et al., 2006; Shepherd et al., 2006). Sediment cover is also thought to be present
in many East Antarctic basins, including the Astrolabe Basin (2-4 km, Aitken et al., 2014),
the Aurora Subglacial Basin (1-3 km, Aitken et al., 2014; Scheinert et al., 2016), the
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Fig. 2.4 Geothermal heat flux across Antarctica in mW m~? from a variety of different
models. Figure adapted from Burton-Johnson et al. (2020).

Wilkes Subglacial Basin (1-4 km, Ferraccioli et al., 2001; Frederick et al., 2016) and the
Pensacola-Pole Basin (1-2 km, Bentley, 1974; Wannamaker et al., 2004; Paxman et al.,
2019a). Some of the thickest sediment cover in East Antarctica may be in the Lake Vostok
Basin, where seismic profiles suggest a thickness of up to 7 km.

In West Antarctica, sediment cover is primarily influenced by the West Antarctic Rift
System, a series of deep rifted basins which have filled with sediments. Underneath the
Ross Ice Shelf, sediment cover reaches 6 km in thickness (Bentley, 1974; Shen et al.,
2018), and extends all the way to the Bentley Subglacial Trench in the Amundsen Sea
sector, where the sedimentary thickness is suggested by seismic surveys to be 2-4 km thick
(Bentley, 1974). For Pine Island Glacier, seismic observations suggest that there is a layer
of glacial till across the whole glacier catchment, allowing rapid ice motion through bed
deformation. This soft water-saturated sediment is present even on the topographic highs
where it might have been expected to be eroded by glacial motion (Smith et al., 2013;
Brisbourne et al., 2017). However, in other regions, seismic acoustic impedance suggests
that there is discontinuous sediment cover (Muto et al., 2019b). Harder, more crystalline
rock is thought to be present on the up-glacier (stoss) slopes of Thwaites Glacier, and
softer, less consolidated sediments are observed on the down-glacier (lee) slopes. This
variation in sediment types is expected to influence the ice motion. The thickest sediment
cover in West Antarctic is in the centre of the Filchner-Ronne basin, where sediments may
be more than 12 km deep (Hiibscher et al., 1996; Leitchenkov and Kudryavtzev, 2000).
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Geothermal heat flux

Geothermal heat can be generated by radioactive decay in rocks high in heat-producing
elements, primarily felsic rocks in continental crust which are rich in uranium, thorium
and potassium (Sandiford and McLaren, 2002). Since these rocks are unevenly distributed
across Antarctica, they produce local and regional controls on subglacial geothermal
heating. Geothermal heat flux is important for ice-sheet flow because it controls the
distribution of frozen-to-the-bed basal ice (which must flow through internal deformation)
and thawed basal ice (which is able to slide). Additionally, higher rates of basal melting
increase subglacial water pressures and reduce basal slipperiness.

Analysis of gravity anomalies shows thinner continental crust within the West Antarctic
Rift region (Damiani et al., 2014), which is linked to volcanism and elevated geothermal
fluxes in West Antarctica. A few direct measurements of geothermal heat flux have been
made in West Antarctica. At Siple Dome, which is not close to any known volcanic areas, a
geothermal heat flux of 69 mW m~2 was observed (Engelhardt, 2004). Beneath Subglacial
Lake Whillans, the heat flux has been measured as both 88 mW m 2 (Begeman et al., 2017)
and 285 mW m~2 (Fisher et al., 2015), which may explain the abundance of subglacial
lakes in the region. At the WAIS Divide core site, a geothermal heat flux of about 240

mW m—2

was estimated from measurements taken slightly above the bedrock (Clow et al.,
2012), which was thought to be representative of the regional average.

In addition to these direct measurements in boreholes, Schroeder et al. (2014a) used
radar measurements to estimate basal melting patterns beneath Thwaites Glacier, which
can then be used to predict the minimum geothermal heat flux. From this analysis an
average geothermal heat flux of 114410 mW m~2 was suggested for the main catchment,
and elevated heat fluxes exceeding 200 mW m 2 in areas associated with rifting and
volcanism. Helium isotope ratios in seawater sampled in the Pine Island Ice Shelf cavity
provide geochemical evidence that beneath Pine Island Glacier, at least some melting is
due to volcanic heating (Loose et al., 2018). Extremely high §>He ratios in the seawater
suggest there is a significant volcanic geothermal heat flux, which is exerting a strong
influence on basal melting and the subglacial hydrology.

For East Antarctica, which has a thicker and older crust, geothermal heat flux is thought
to be lower on average than West Antarctica. Hondoh et al. (2002) found a geothermal
heat flux of 59 mW m~2 from a borehole at Dome Fiji. At Law Dome, estimates of
72 mW m 2 (Mony et al., 2020) and 75 mW m~2 (Dahl-Jensen et al., 1999) have been
made. However, few direct measurements have been made, and most geothermal heat
flow models for East Antarctica use seismic or magnetic methods to infer ice bed heat
flux (Burton-Johnson et al., 2020, Figure 2.4). Magnetic methods are used to calculate
the depth at which ferromagnetic rocks lose their ability to maintain a magnetisation, and
therefore calculate an isotherm and a surface heat flux (Purucker, 2013; Martos et al.,
2017). Seismic methods look at the depth of the crust-mantle boundary, and calculate an
isotherm and surface heat flux from that (An et al., 2015; Shen et al., 2020).
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Although geothermal heat flux is a result of the crustal geology, the main way it
influences the flow of the ice sheets is through increased basal melting when the temperature
of the basal ice exceeds its pressure melting point. Geothermal heat flux is therefore often

considered alongside the subglacial hydrology.

2.2.3 Subglacial hydrology

Subglacial water is primarily produced by melting at the base of the ice sheet, which
occurs due to the insulating effect of thick ice, geothermal heat flux from the bed rock and
frictional heating from rapid ice flow (Joughin et al., 2004, 2009). The presence and flow
of water beneath the ice sheets influences ice flow in two main ways: by reducing basal
friction which enables basal sliding, and by weakening till which enables bed deformation.
Radar measurements can be used to identify subglacial water, because subglacial water
produces stronger bed echoes than grounded ice (Schroeder et al., 2014b). Information
about the subglacial environment can be extracted from the properties of reflected radar

pulses.

Subglacial lakes

Subglacial lakes are particularly distinctive in radar data as they produce flat bright re-
flections, unlike the rough dim reflections produced by rock and sediments (Robin et al.,
1969; Oswald and Robin, 1973). However, the majority of lakes in Antarctica have been
identified from surface altimetry changes, connected to changes in subglacial water level as
lakes fill and drain (Gray et al., 2005; Wingham et al., 2006; Fricker et al., 2016; Siegfried
and Fricker, 2021). Various inventories of subglacial lakes have been made (Smith et al.,
2009), with 379 lakes known about by 2012 (Wright and Siegert, 2012). Processing of
large amounts of radar data since then, and improvements in satellite coverage have led to
further discoveries. Analysis of radar survey data revealed the presence of 33 subglacial
lakes in the Ellsworth Subglacial Highlands (Napoleoni et al., 2020). A recent inventory
identified 675 subglacial lakes in Antarctica (Livingstone et al., 2022, Figure 2.5), although
more are still being discovered (Yan et al., 2022).

There is some disagreement about the role that subglacial lake discharge may play on
glacier dynamics. Satellite observations show strong localised changes in elevation over
the central part of Thwaites Glacier between January 2013 and June 2014 (Smith et al.,
2017), thought to be the drainage of four subglacial lakes. Although a large scale drainage
event may be expected to led to a short-term increase in ice velocity, the discharge of these
four subglacial lakes does not appear to have had a significant influence on the speed of
Thwaites Glacier (Smith et al., 2017). However, temporary changes in glacier dynamics
connected to subglacial lake drainage have been observed at Byrd Glacier (Stearns et al.,
2008), Crane Glacier (Scambos et al., 2011) and Whillans Ice Stream (Fricker et al., 2016).
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Fig. 2.5 The distribution of Antarctic subglacial lakes. Red dots represent stable subglacial
lakes observed with ice-penetrating radar, whereas blue triangle represent lakes observed
to fill and drain at least once in satellite records. Lakes labelled in green (Mercer subglacial
lake, Whillans subglacial lake, and Lake Vostok) have been sampled. Figure from Living-
stone et al. (2022).

It has been suggested that the reason for this variability may be due to differences
in the subglacial hydrological drainage system. The main control on glacier speed is
thought to be basal drag concentrated in high-stress regions (Joughin et al., 2009). Water
flowing through a channelised drainage system would only be expected to influence a small
area of these high-stress regions, so the response to subglacial lake drainage may suggest
a channelised hydrological system at Thwaites Glacier (Smith et al., 2017), and more
distributed hydrology at Byrd Glacier, Crane Glacier and Whillans Ice Stream (Fricker
et al., 2016).

Hydrological drainage system

Aside from regions where subglacial water has pooled into lakes, there are very few obser-
vations of the ways in which water flows under the ice. Passive seismic techniques which
are currently in development may allow us to map out the locations of subglacial "ice-
quakes" caused by moving water (Kufner et al., 2021). Recently, the angular distribution
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of energy in radar bed echoes (specularity) has been used to study the hydrological system
(Schroeder et al., 2013; Young et al., 2016, 2017). The power and angular structure of
radar echoes is related to the degree of scattering at the subglacial surface, and so contains
information about the surface roughness (Wright and Siegert, 2011).

At Thwaites Glacier, high specularity is observed under the major tributaries and the
main trunk upstream of a ridge in the bed (Schroeder et al., 2013). This high specularity
suggests that there is a substantial volume of water ponded in distributed channels beneath
the main glacier trunk, with the subglacial water bodies thought to have lengths of 15-75
m and widths of 0.5-5 m (Schroeder et al., 2014b). The specularity falls downstream of
the ridge, which is thought to be due to a transition to a system of concentrated channels.
Relatively high driving stresses are observed in the lower part of the glacier trunk, correlat-
ing with this transition to a channelized drainage system. It is therefore thought that the
character of the basal water system may influence the flow and stability of Thwaites Glacier
(Schroeder et al., 2013). Similar specularity studies to look at subglacial hydrological
systems have been done on the Siple Coast, Byrd Glacier and Aurora Subglacial Basin
(Young et al., 2016, 2017; Dow et al., 2020).

One of the main focusses of understanding subglacial hydrological pathways has been
to look offshore at bathymetry from marine surveys, which has a much higher resolution.
In formerly glaciated terrains, water drainage pathways are preserved as channelised
landforms and other sedimentary landforms (Simkins et al., 2023). Channels eroded by
the flow of subglacial water can be seem in offshore bathymetry from many places around
Antarctica, including the Anvers-Hugo trough in the Antarctic Peninsula (Larter et al.,
2019), the Amundsen Sea (Kirkham et al., 2020) and Marguerite Trough (Hogan et al.,
2022), as well as in deglaciated terrains like the Dry Valleys (Ashmore and Bingham,
2014).

The huge incised channels, such as the Dry Valleys’ Labyrinth system (Sugden et al.,
2006), reach depths of greater than 300 m, and so require significant meltwater flow, thought
to come from numerous episodic flood events due to the discharge of subglacial lakes over
multiple glacial cycles (Kirkham et al., 2019). These landforms may therefore be more
representative of enormous melting events connected to glacial floods and deglaciation,
rather than the processes occurring underneath modern ice sheets (Lepp et al., 2022).
However, comparisons between the dimensions of active modern subglacial lakes and
the basins observed in Pine Island Bay suggest that modern systems do resemble this
palaeo-ice-sheet drainage system (Nitsche et al., 2013), and so are likely to be channelised.

Groundwater

Most subglacial hydrology studies consider water at the base of the ice sheet, between the
ice and the subglacial sediments, which are commonly assumed to be impermeable. High
pore-water pressures in the subglacial sediments reduces their shear strength, allowing

bed deformation and faster ice flow. If, contrary to assumptions, subglacial sediments are
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Fig. 2.6 (a) Antarctic bed topography elevation from the Bedmachine Antarctica digital
elevation model. (b) Methodology used to calculate topography in each region. Figures
from Morlighem et al. (2020).

not impermeable, then elevated pore-water pressures due to groundwater could have an
important influence on ice flow (Siegert et al., 2018). As the West Antarctic Ice Sheet has
decreased in volume since the Last Glacial Maximum, isostatic groundwater release is
expected from subglacial sedimentary reservoirs.

Modelling of the Siple Coast Ice Streams suggests that groundwater in subglacial
sedimentary basins makes up almost half of the water lubricating the base of the ice
streams (Christoffersen et al., 2014). This numerical modelling also suggested that there
are two key characteristics required for groundwater to influence ice stream flow: a deep
basin of porous sedimentary rock, and a deformable subglacial till. Magnetotelluric and
passive seismic surveys on Whillans Ice Stream suggest that the volume of groundwater
present in subglacial sediments may be significantly higher than the volume of water in the
classically considered subglacial system (Gustafson et al., 2022). There is currently very
little observation data available, and further study of groundwater is required. A variety of
geophysical techniques have been suggested to study the presence of groundwater beneath
ice streams (Siegert et al., 2018; Chu, 2022; Killingbeck et al., 2022).

2.3 Bed topography

2.3.1 Topography in ice-sheet models

Modelling studies show that many aspects of the behaviour of the Antarctic ice sheets,
including grounding-line retreat (Favier et al., 2014), subglacial hydrology (MacKie and
Schroeder, 2020), basal melting (Timmermann et al., 2012) and surface undulations

(De Rydt et al., 2013), are controlled by the topography of the ice-bed interface.
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Fig. 2.7 A schematic diagram illustrating the Marine Ice Sheet Instability as explored in
simple 2D models of ice-sheet behaviour.

The Marine Ice-Sheet Instability

In simple flowline models, marine-terminating glaciers are stable on prograde beds which
get shallower inland and unstable on retrograde beds which deepen inland (Mercer, 1978;
Weertman, 1974; Hughes, 1981; Schoof, 2007). This "Marine Ice Sheet Instability" arises
due to a positive feedback which can be triggered by a small retreat in the grounding-line
position. The rate of ice discharge over the grounding line (¢g,) of a marine-terminating
glacier is non-linearly proportional to the depth of ice at the grounding line (hg), such
that gj, o< (hg)“, where the power law constant a is roughly 4 to 5 (Schoof, 2007). If the
grounding line retreats slightly, the ice depth at the grounding line will increase, leading
to an increase in the rate of ice loss. This drives further grounding-line retreat and ice
loss, even if the initial driver of grounding-line retreat has ceased (Figure 2.7). In flowline
models, the only way to stop this runaway retreat is stabilisation on a topographic high
where the bed temporarily shallows inland (Parizek et al., 2013).

In more complex models, which account for the sideways effects of buttressing from ice-
shelf friction and drag caused by the narrowing of the ice flow, it is sometimes possible to
have a stable glacier on a retrograde slope (Goldberg and Heimbach, 2013; Gudmundsson,
2013). However, models which account for more components of the glacier system, such
as variable snow accumulation rates and buoyancy, suggest that the stability of glaciers
can not be generalised based on grounding-line geometry, but is specific to the individual
configuration (Pegler, 2018; Sergienko, 2022).

Many of the glaciers in West Antarctica have retrograde beds (Vaughan et al., 2006;
Holt et al., 2006; Fretwell et al., 2013; Morlighem et al., 2020, Figure 2.6), and are
therefore potentially vulnerable to this marine ice-sheet instability. For glaciers in confined
troughs, like Pine Island Glacier, buttressing may be enough to stabilise retreat even on a
retrograde bed (Favier et al., 2014). Thwaites Glacier, however, lacks a confining trough
and only has a small fractured ice shelf, so buttressing and back pressure are unlikely to be
strong enough to stabilise the ice flow (Docquier et al., 2014; Joughin et al., 2014). The
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Fig. 2.8 A 2D schematic showing the influence of artificially smoothed bed topography on
modelled ice sheet retreat over the next 1000 years, adapted from Figure 3 of Durand et al.
(2011). From left to right, the topographic resolution used in the model was 1 km, 6 km
and 20 km.

only way to stabilise Thwaites Glacier during retreat is therefore thought to be through
the occupation of a topographic high (Parizek et al., 2013). An understanding of the
specific conditions at each glacier, and in particular the geometry of the ice-bed interface,

is required to understand how these glaciers will change in the future.

The influence of bed topography on ice-sheet model projections

Numerical modelling emphasises the importance of bed topography in influencing the
future retreat of Antarctic glaciers (Nias et al., 2016; Yu et al., 2018; Nias et al., 2018;
Koellner et al., 2019), especially for 3D full-Stokes models (Sergienko, 2022). Despite
a general wish for more detailed topographic maps, there is not a community consensus
of a desirable topographic resolution for ice-sheet modelling, only that it should be more
detailed than current products (Le Brocq et al., 2010; Colleoni et al., 2018; Graham et al.,
2017).

Most modelling studies which consider resolution requirements focus on the grounding
line. In simulations of Thwaites Glacier with the BISICLES flow model, Nias et al. (2018)
found that small topographic features at the grounding line could have a significant impact
on the rate of ice thinning, with influence on the long term rate of sea-level rise. Subtle
variations in the geometry near the grounding line triggered responses in the ice sheet that
were felt hundreds of kilometres upstream. In addition, for both Pine Island and Thwaites
Glacier, Nias et al. (2016) found that rougher beds produced lower rates of sea-level rise,
supporting the need for high resolution topography maps. Durand et al. (2011) looked at
the sensitivity of simulated glacier flow in models to the resolution of the bed topography,
and compared the results of model runs with lower-resolution (1 to 20 km) smoothed
topographies to the “true” results produced in simulations with a resolution of 200 m
(Figure 2.8). They found that in order to reproduce the “true” results, and avoid erroneous
initiation of the marine ice sheet instability in simulations, a minimum resolution of around
1 km is required for the bed topography in the region around the grounding line. However,
this was a flowline model that did not account for the effects of buttressing and other
lateral 3D support. Gladstone et al. (2012) agreed that 1 to 2 km of resolution is needed to
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“accurately simulate grounding line positions”, but Pattyn et al. (2013) found that sub km
resolution is needed to fully simulate grounding zone migration of ice shelves and outlet
glaciers.

Only a few modelling studies have considered resolution requirements further inland.
Sun et al. (2014) studied the effect of bedrock uncertainty in the BISICLES ice-sheet
model by adding random noise to the Bedmap?2 dataset. They found that lower-frequency
(larger spatial) features with a wavelength of 10s of kilometres had the largest influence on
the retreat of the glacier, suggesting that small high frequency topographic features that are
not detected by radar mapping are unlikely to have a significant influence on retreat rates.
However, simulations with synthetic datasets which maintain the statistical properties of
the glacier bed suggest that a bed resolution of 500 m may be required for simulating
ice dynamics (McCormack et al., 2018). Castleman et al. (2022) suggest that in order to
constrain uncertainty in sea-level rise to +2 cm in 200 years, a spatial resolution of 2 km
and a vertical resolution of 8 m are required across the glacier catchment.

Small scale topography may also influence large scale ice flow in ways that are
unresolved in many ice-sheet models. Short wavelength bed roughness can exert a frictional
force against ice flow, influencing ice velocity (Bingham et al., 2017). Bed elevation also
controls subglacial water routings (Siegert et al., 2005; Carter and Fricker, 2012). Kyrke-
Smith et al. (2018) looked at the sensitivity of inversions for basal conditions to the bed
topography, using high-resolution bed topography collected on Pine Island Glacier. They
found that unresolved bed topography does not influence the overall basal slipperiness,
but leads to overestimates in the basal shear stress (or skin drag) and underestimates
in the topographic form drag. This division of form and skin drag may be particularly
important in models which consider the time evolution of the basal conditions, as they
would be expected to change independently. In the absence of detailed information about
bed rheology, high resolution bed topography measurements may be able to capture some

of these processes.

Glacial Isostatic Adjustment

Although unlikely to change small scale features, solid earth rebound and topographic
uplift from glacier retreat could provide a negative feedback to slow the rate of mass loss
(Adhikari et al., 2014). Ice loss reduces the weight of the ice sheet, de-compressing the
solid earth and leading to bed uplift, which can slow retreat. In longer term modelling
(centuries to millennia), these geodetic effects could lead to a significant (20 - 40 %)
reduction in sea-level rise predictions, and they are thought to be particularly important
for West Antarctica (Larour et al., 2019), where most of the ice streams are grounded
below sea level. However, for retreat until 2100, this negative feedback is thought to have
a negligible effect.
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2.3.2 Mapping bed topography

Geophysical techniques including seismic surveys, airborne and ground-based ice-penetrating
radar can be used to measure the bed topography. Ice is transparent to low frequency radio
waves, and so they can travel through the ice sheet, reflecting back when they reach a
contrast in the electrical properties of the material they encounter (Evans and Robin, 1966;
Dowdeswell and Evans, 2004; Bingham and Siegert, 2007). The strongest reflection is gen-
erally at the ice-bed interface, although internal reflections thought to be from isochrones
(surfaces of the same age) are also observed. Seismic waves can also travel through ice,
and depending on the frequency they may penetrate into the bed, allowing a more detailed
study of the properties of the sediment beneath the ice.

The earliest ice thickness measurements were obtained using seismic techniques, until
radio echo sounding was developed in the 1960s (Schroeder et al., 2020). The first large
scale airborne radar surveys of Antarctic were carried out in the late 1960s and 1970s by
the Scott Polar Research Institute, the US National Science Foundation and the Technical
University of Denmark (Robin, 1958). These were followed by a range of more regional
targetted surveys. In 1983, 50% of Antarctica had at least one ice thickness observation
within a 50 km grid cell (Drewry et al., 1982). The first subglacial topography map of
the whole Antarctic continent, Bedmap (Lythe et al., 2001), combined all these field
measurements to produce a digital elevation model at a 5 km resolution, although some
regions did not contain any direct observations.

After another decade of data collection, Bedmap2 was released (Fretwell et al., 2013),
and contained 25 million ice thickness measurements, more than twice as many as Bedmap.
Bedmap 2 also covered a much greater area and incorporated regional surveys from areas
like Pine Island Glacier (Vaughan et al., 2006), Thwaites Glacier (Holt et al., 2006), the
Gambertsev Subglacial Mountains (Ferraccioli et al., 2011) and the Wilkes Subglacial
Basin (Frederick et al., 2016). However, there were still many gaps exceeding 200km
between measurements in some places (Pritchard, 2014).

The most recent compilation of Antarctic bed topography (or ice thickness) measure-
ments is the Bedmap3 dataset (Frémand et al., 2023, Figure 2.9), which standardised
and compiled all the existing survey data for the whole Antarctic region. In particular,
the *poles of ignorance’ identified from Bedmap?2 (Fretwell et al., 2013; Pritchard, 2014)
have been surveyed, filling data gaps from important regions of East Antarctica. New
data added in Bedmap3 include surveys from the South Pole (Jordan et al., 2018), the
Pensocola Basin (Paxman et al., 2019a), Recovery Glacier (Forsberg et al., 2018), Dome
Fuji (Karlsson et al., 2018; Tsutaki et al., 2022) and Princess Elizabeth Land (Cui et al.,
2020b), as well as data collected by Operation IceBridge (MacGregor et al., 2021). The
Bedmap3 compilation does not currently contain any information about the bed topography
in the regions between these observations, although a gridded product is expected to be
released in late 2024.
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Fig. 2.9 Panels (a), (b) and (c) show the new data coverage added in the three progressive
iterations of Bedmap 1, Bedmap 2, and Bedmap3. (d) Overall combined data coverage.
Figure from Frémand et al. (2023).

Higher resolution surveys

Continent wide surveys, especially those flown on airborne platforms, often have a 10 km
or greater spacing in more regions, with maybe a 2-5 km spacing between survey lines
in areas deemed particularly important (Arnold et al., 2020). However, in some regions,
higher resolution surveys with line spacing less than the ice thickness have been collected.
These high resolution surveys have focussed on fast-moving ice streams such as Pine Island
Glacier (Bingham et al., 2017), Rutford Ice Stream (King et al., 2009; Smith et al., 2012;
King et al., 2016; Schlegel et al., 2022), Carson Inlet (King, 2011), and potential sites
for ice core drilling such as WAIS Divide (Laird et al., 2009), Dome Fuji (Tsutaki et al.,
2022), and Hercules Dome (Hoffman et al., 2023). The development of radar systems with
multiple channel cross-track arrays has also allowed the development of swath processing,
which increases the angle away from the vertical at which topography can be resolved.
Swath processing has produced high resolution data for regions including Thwaites Glacier
(Holschuh et al., 2020), and Hercules Dome (Hoffman et al., 2023).
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How much does bed topography vary with time?

Little is known about the stability of ice-stream beds on the decadal timescales which are
important for ice-sheet models, as very few repeat surveys of bed topography have been
done. Seismic surveys carried out on Rutford Ice Stream in 1991, 1997 and 2004 show
evidence of rapid landscape evolution (King et al., 2009). 6 m of sediment is thought to
have eroded between 1991 and 1997, and a 10 m by 100 m drumlin was observed to appear
between 1997 and 2004 (Smith et al., 2007, 2012). In contrast, repeat radar measurements
taken on Pine Island Glacier between 2008 and 2013 show no significant change in the bed
morphology (Davies et al., 2018). It has been suggested that this difference is due to the
broad subglacial topography, as Rutford Ice Stream crosses a topographic ridge within the
survey area whereas the Pine Island Glacier surveys were done in a flatter region. Seismic
surveys on Pine Island Glacier also show a continuous deformable till layer beneath the
glacier (Smith et al., 2013; Brisbourne et al., 2017), whereas Rutford Ice Stream is thought
to be underlain by a mixture of hard rock and soft deformable sediments (Smith et al.,
2015). The variability of bed topography may therefore also be linked to the local geology,
but more repeat measurements are required to gain a better understanding of how bed
topography evolves through time.

2.4 Bridging the gap between observations and model

requirements

Ice-sheet modelling studies show that we need to know about bed topography at 500 m
scales close to the grounding line (Durand et al., 2011; Gladstone et al., 2012; Pattyn et al.,
2013), and 1-2 km resolution everywhere else (McCormack et al., 2018; Castleman et al.,
2022). However, existing measurements of bed topography from ice-penetrating radar are
often spaced out by 5 to 15 km. To fill in the gaps between direct geophysical observations,
a variety of interpolation methods are used. These can be broadly grouped into spatial

statistical methods, and inverse methods.

2.4.1 Spatial statistical methods
Classical interpolation

To estimate the value of a continuous spatial field from a limited set of sample data, the
classic interpolation method used in geostatistics is kriging, or Gaussian process regression
(Herzfeld et al., 1993). The Bedmap?2 digital elevation model (Fretwell et al., 2013) utilised
kriging through the ArcGIS Topogrid algorithm. Other simple interpolation methods
include spline interpolation, which was used by Bedmap1 (Lythe et al., 2001) and early
topography maps of Thwaites Glacier (Holt et al., 2006). However, these methods are very
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sensitive to the density of sample data, and have high errors (up to =1 km) in regions with
few observations where extrapolation is needed.

In addition, methods such as spline interpolation and kriging do not account for the
anisotropy caused by directional ice flow, which means that in many regions ice thickness
varies at shorter wavelengths across flow than along flow. Some interpolation methods such
as streamline diffusion account for anisotropic ice thickness changes when interpolating
between radar flowlines. Streamline diffusion is the main method used in the Bedmachine

Antarctica digital elevation model in inland regions (Morlighem et al., 2020).

Statistical interpolation

Statistical interpolations can be used to produce ensembles of multiple different simulated
bed topographies which maintain the key statistical properties of the data, and avoid the
problem of over-smoothing. These techniques look at the statistical distribution of the
roughness of the topography in areas which have been surveyed and reproduce this in
more realistically rough topographies for areas with no data. Goff et al. (2014) used a
conditional simulation and airborne data collected in 2004/05 to produce a realistic (but not
necessarily correct) statistical map of the bed beneath Thwaites Glacier at 250 m resolution.
Three main statistical characteristics were identified for the bed beneath Thwaites Glacier;
a heterogeneous character (including lowlands/highlands), a channelised morphology and
the general small scale roughness. Channels were resolved using an interpolation algorithm
specifically designed for channels, and small scale roughness using an iterative fractal
algorithm. Mackie and Schroeder (2019) and MacKie et al. (2020) expanded on this work
by also accounting for the roughness in deglaciated regions where the nature of the bed is
already known.

Graham et al. (2017) produced a 100 m resolution map of the bed for the whole of
Antarctica using a different statistical method to account for regions of Antarctica where
even a 15 km grid spacing is unavailable. The dataset produced does not agree with all
available observations, but has similar statistical properties. Purely statistical approaches
do not always produce beds which are physically plausible given glacier dynamics. For
this reason, Guan et al. (2018) combined surface data sets and a glacier dynamics model in
a Bayesian statistics approach to look at the bed topography along the central flowline of
Thwaites Glacier. This approach has also been applied to the North West Greenland Ice
Stream (Berliner et al., 2008). These statistically produced beds could in theory be used in
ice-sheet modelling to explore the importance of small scale roughness for future glacier

behaviour.

Neural networks

The growing availability of high performance computing means that neural networks are

increasingly being applied to simulate statistically realistic topography, and being trained



2.4 Bridging the gap between observations and model requirements 25

on the existing high resolution bed topography (King et al., 2016; Bingham et al., 2017;
Holschuh et al., 2020; Hoffman et al., 2023), as well as offshore bathymetry (Kirkham
et al., 2019; Hogan et al., 2020) and deglaciated landscapes (Clark, 1993). Yin et al. (2022)
used a non-stationary multiple point geostatistics method to map the bed topography of the
Amundsen Sea Embayment.

Many of the techniques used by neural networks to study subglacial topography have
their origins in image processing, such as inpainting, an artificial technique which mimics
the ability of human vision to fill in gaps in images (Gavriil et al., 2019; Cai et al., 2023b).
Leong and Horgan (2020) used another technique called super resolution to produce
DeepBedMap, which has a 250 m resolution across the whole of Antarctica. This product
has high bed-topography roughness, but also contains some unrealistic features which were
artefacts of processing, and underestimates ice thickness in some regions. Cai et al. (2023a)
expanded on this by using a multibranch network method to produce MB_DeepBedMap,
which reduced the number of artefacts and included more realistic textures. However,
due to difficulties in matching observation data and low objective accuracy, there are still
improvements to be made before simulated beds from geostatical techniques can be widely

applied.

2.4.2 Inverse methods

An alternative approach to statistical simulations of bed topography is to use a combination
of knowledge about glaciological processes and observations of the ice surface to determine
ice thickness through inverse methods (Van Pelt et al., 2013). Extensive satellite coverage
means that far more is known about the surface of Antarctica than the bed, especially
inland of the grounding line. Radar and laser altimetry, radar interferometry and optical
imagery are all used to study properties of the ice-sheet surface including elevation and
velocity. These surface data sets are vital for ice-sheet modelling, and are often used to
invert for the conditions at the base of the ice sheet, which can not be observed by satellites
and are therefore not available at such high resolutions. Many large scale ice-sheet models
use satellite observations of surface velocities in fast-flowing areas to "invert" for basal
friction or topography (Morlighem et al., 2010; Pollard and DeConto, 2012).

Mass Conservation

Bed topography and friction are often calculated by mass-conservation inversions of
surface elevation and velocities (Morlighem et al., 2011, 2020). In regions where radar
measurements are unavailable, these inversions maintain ice flux and divergence along the
glacier using the integrated flow flux from the ice-surface velocities (Fig 2.10). Unlike
purely statistical models, this technique produces ice thicknesses (and therefore basal
topographies) which can be reproduced by ice flow models.
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Fig. 2.10 A schematic diagram illustrating mass conservation techniques for a simple
valley glacier. For a valley glacier with no tributaries mass conservation techniques assume
that the volume flux of ice passing through flow gates on the glacier must be the same
everywhere. Using the surface velocity (v) and Glen’s flow law, an integrated ice velocity
profile can be acquired, and combined with the surface dimensions (w), the relative ice
thickness (h) at different locations can be calculated. If some radar measurements are
available, these relative ice thicknesses can be converted to calculate the depth of the bed.
In reality mass conservation algorithms are more complex as they also account for ice
accumulation, surface elevation changes and the addition of ice from tributaries.

The most recent gridded map of bed topography everywhere beneath the Antarctic
ice sheets is the BedMachine Antarctica dataset (Morlighem et al., 2020, Figure 2.6).
This combines mass conservation techniques, gravity inversions and field observation to
produce subglacial topography and ocean bathymetry on a 500 m grid resolution. However,
BedMachine Antarctica (Morlighem et al., 2020) reports a vertical accuracy 30 to 60 m
in well constrained regions, with vertical errors potentially exceeding 100 m in poorly
constrained regions, so this still may not resolve small scale topography which is important

for the ice flow.

Surface data

The transfer of variability in bed topography and slipperiness to the surface through ice
flow is well known (De Rydt et al., 2013; Cooper et al., 2019b). This relationship was
first described mathematically by Nye (1959), and has been developed by Budd (1970);
Whillans and Johnsen (1983); Balise and Raymond (1985) and Reeh (1987). Gudmundsson
(2003) and Gudmundsson (2008) built further on these early works with linear perturbation
analysis, producing a set of analytical functions to describe the transfer of variability
between bed topography and the ice surface across the frequency spectrum. Gudmundsson
and Raymond (2008) looked at the accuracy of combining this spectral approach with
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Fig. 2.11 A rough 2D schematic showing the changes induced in surface velocity and
elevation by changes in basal topography and slipperiness, as modelled by Gudmundsson
(2003). Although a bedrock bump may induce the same change in the surface as a decrease
in basal slipperiness (a sticky patch), the observed changes in the velocity field allow these
two different perturbations to be distinguished.

Bayesian statistics to take into account existing knowledge about the nature of the bed.
Basal topography could be well resolved down to a scale similar to the ice thickness, but
basal slipperiness was not as well resolved.

Gudmundsson (2013) modelled the expected variability in a glacier surface in response
to variability in bed elevation and slipperiness (Figure 2.11). A positive Gaussian perturba-
tion in basal topography (a bedrock bump) and a negative Gaussian perturbation in basal
slipperiness (a sticky patch) both lead to changes in the surface velocity and topography.
In both cases, ice thickness increases upstream of the disturbance and decreases down-
stream of the disturbance. However, for a change in basal slipperiness, the surface velocity
changes are all in the same direction (opposite to the flow). For a change in topography,
surface velocity changes are in different directions (opposite to the flow except above the
perturbation). Since changes in bed topography and basal slipperiness lead to different
responses in the surface, it should theoretically be possible to use the surface elevation and
velocity to invert for both basal topography and slipperiness separately.

The transfer functions derived by Gudmundsson (2003) and Gudmundsson (2008)
have been applied to flowlines at Rutford Ice Stream (Pralong and Gudmundsson, 2011;
De Rydt et al., 2013) and in Greenland (Ng et al., 2018; Igneczi et al., 2018; Cooper
et al., 2019b) to explore the bed topography. In regions with a higher basal slipperiness
more topographic variability is transferred to the surface, as predicted by modelling.
Topography with wavelength between 1 and 20 ice thicknesses is also observed most in
the surface. Linear perturbation analysis has been applied to three-dimensional data to
forward model ice-surface topography in western Greenland (Crozier et al., 2018), as part

of a study looking at controls on supraglacial water routing. As an inverse method to study
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basal topography, linear perturbation has only been applied to three-dimensional data at
MacAyeal Ice Stream by Thorsteinsson et al. (2003). It was not applied more widely at the

time due to the low availability of high-resolution surface observations.

2.5 Summary of key points and gaps in knowledge

The timing and extent of the behaviour in these models of the future evolution of glaciers in
Antarctica varies significantly, due to the varying initial conditions and model physics used
(e.g. Sun et al., 2014; Cornford et al., 2015; DeConto and Pollard, 2016; Yu et al., 2018).
One of the greatest causes of uncertainty in projections of future sea-level rise in numerical
models is the parameterisation of the basal boundary conditions, and in particular the bed
topography and rheology.

82 million observations of the ice thickness of Antarctica have been made, primarily
using ice-penetrating radar systems, and compiled in the Bedmap3 dataset (Frémand et al.,
2023). In most regions, the gaps between survey lines are 5 - 15 km, but high resolution
surveys have been carried out in some regions, and reveal a suite of interesting landforms
such as MSGL, flutes, and crag-and-tail structures (Alley et al., 2021). Sensitivity studies
suggest that, if we wish to understand the current and future behaviour of the Antarctic ice
sheets, we need highly resolved (500 m around the grounding zone and 1-2 km inland)
measurements of bed topography (McCormack et al., 2018; Castleman et al., 2022), and
properties such as hydrology, geology, and sediment cover which influence bed rheology
(Koellner et al., 2019).

Both statistical and inverse methods have been used to look at the basal conditions
in regions of Antarctica where direct observations have not yet been made. Theoretical
work has explored the relationship between the properties of the ice bed and surface
(Gudmundsson, 2003, 2008, 2013). This methodology has been applied to 2D flowline
data at Rutford Ice Stream (Pralong and Gudmundsson, 2011; De Rydt et al., 2013) and in
Greenland (Ng et al., 2018; Igneczi et al., 2018; Cooper et al., 2019b), but only once to 3D
data at MacAyeal Ice Stream (Thorsteinsson et al., 2003).

2.6 Research aims

The studies of basal conditions underneath the Antarctic ice sheets presented in this chapter
demonstrate that significantly more information about the ice-bed interface is required to
reduce the uncertainty in numerical model predictions, and therefore for policy makers to
have greater confidence in projections of future sea-level rise. One way to achieve this is
through targeted field campaigns, progressively filling gaps in radar sounding across the
continental ice sheets. However, field campaigns are expensive and time consuming, and
can only cover a limited area. Given the urgency of understanding future sea-level rise,

additional approaches are required. The increase in capabilities of satellites focussed on
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the polar regions means that we now have highly detailed maps of the surface elevation and
velocity of the surface of the ice sheets, and provides an opportunity for inverse methods
based on the properties of the ice surface which has not previously existed. This leads to

three key research objectives for this thesis.

* Thesis Objective 1 (Feasibility): To assess whether inverse methods based on the
transfer of perturbations in flowing ice can be applied to modern satellite datasets
and utilised to study the ice-bed interface, through comparison with high-resolution

ice-penetrating radar surveys.

* Thesis Objective 2 (Utility): To assess whether inverse methods based on the
transfer of perturbations in flowing ice perform better than other methods for studying

the ice-bed interface in regions without high-resolution ice-penetrating radar surveys.

* Thesis Objective 3 (Extendibility) To assess what inverse methods based on the
transfer of perturbations in flowing ice and applied to modern satellite datasets can
tell us about the ice-bed interface for the whole Antarctic continent, especially in

areas with low density of geophysical survey data.

The following three chapters address these objectives through progressive applications
to Thwaites Glacier in West Antarctica (Chapter 3), Pine Island Glacier in West Antarctica
(Chapter 4) and the whole of Antarctica (Chapter 5). In Chapter 6 I synthesise these studies
by considering how each of the objectives described above has been addressed throughout
these chapters.



Chapter 3
Thwaites Glacier

A version of this chapter has been published in The Cryosphere as:

Ockenden, H., Bingham, R.G., Curtis, A., and Goldberg, D., 2022. Inverting ice surface
elevation and velocity for bed topography and slipperiness beneath Thwaites Glacier. The
Cryosphere, 16, 3867-3887. DOI: 10.5194/tc-16-3867-2022.

Author Contributions

RB, DG, AC and I developed the concept of the paper. DG advised on the use of the
Gudmundsson 2008 equations; DG and I derived the steady state transfer functions. AC
advised on the inversion methodology. I wrote the code, adapted the input data to the most
useful form, and carried out the inversion. RB advised on the comparison to existing radar
data. I wrote the main body of the text, but all authors contributed to the development of
the final paper and associated figures.

3.1 Abstract

There is significant uncertainty over how ice sheets and glaciers will respond to rising global
temperatures. Limited knowledge of the topography and rheology of ice-bed interface is a
key cause of this uncertainty, as models show that small changes in the bed can have a large
influence on predicted rates of ice loss. Most of our detailed knowledge of bed topography
comes from airborne and ground-penetrating radar observations. However, these direct
observations are not spaced closely enough to meet the requirements of ice-sheet models,
so interpolation and inversion methods are used to fill in the gaps. Here we present the
results of a new inversion of surface-elevation and velocity data over Thwaites Glacier,
West Antarctica, for bed topography and slipperiness (i.e. the degree of basal slip for a
given level of drag). The inversion is based on a steady-state linear perturbation analysis
of the shallow-ice-stream equations. The method works by identifying disturbances to
surface flow which are caused by obstacles or sticky patches in the bed, and can therefore

be applied wherever the shallow-ice-stream equations hold and where surface data are
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available, even where the ice thickness is not well known. We assess the performance of
the inversion for topography with the available radar data. Although the topographic output
from the inversion is less successful where the bed slopes steeply, it compares well with
radar data from the central trunk of the glacier for medium wavelength features (5-50 km).
This method could therefore be useful as either an independent test of other interpolation
methods such as mass conservation and kriging. We do not have data to allow us to assess
the success of the slipperiness results from our inversions, but we provide maps that may
guide future seismic data collection across Thwaites Glacier. The methods presented here
show significant promise for using high-resolution satellite datasets, calibrated by the
sparser field datasets, to generate high resolution bed topography products across the ice
sheets, and therefore contribute to reduced uncertainty in predictions of future sea-level

rise.

3.2 Introduction

Predicting the rate at which marine sectors of the West Antarctic Ice sheet will retreat
and contribute to globally rising sea levels is of increasing importance due to persistent
climate forcing across the region over the last decades (Scambos et al., 2017; Turner
et al., 2017). Ice-sheet modelling studies emphasise the role of bed topography and
rheology in understanding future ice loss (Durand et al., 2011; Parizek et al., 2013; Sun
et al., 2014; Nias et al., 2016, 2018; Kyrke-Smith et al., 2018; Yu et al., 2018; Koellner
et al., 2019). Bed topography is particularly important for marine-terminating glaciers,
such as Thwaites Glacier in West Antarctica, which are vulnerable to the marine ice-
sheet instability (Weertman, 1974; Hughes, 1981; Schoof, 2007; Goldberg et al., 2009;
Gudmundsson, 2013). However, bed topography constrained by geophysical surveying at
the resolutions required for ice-sheet modelling (Durand et al., 2011; McCormack et al.,
2018) is rarely available, so projections of future ice-sheet behaviour have to rely on bed
topographies interpolated in a variety of ways between the direct measurements (Vaughan
et al., 2006; Fretwell et al., 2013; Rignot et al., 2014; Millan et al., 2017; Morlighem et al.,
2020). Over Thwaites Glacier, these interpolations have typically infilled areas of 15 by 15
km between aerogeophysical flight lines, but 15 km between observations is much coarser
than the 1 to 2 km resolution which Durand et al. (2011) suggest is desirable.

Where ice-penetrating radar surveys have been undertaken with sub-ice-thickness line
spacing (e.g. Rutford Ice Stream - King et al., 2016; Pine Island Glacier - Bingham et al.,
2017; Thwaites Glacier - Holschuh et al., 2020), they clearly identify details which are
important for studying future ice-sheet behaviour that are not present in the interpolated bed
topography products. In particular, imaged signatures in the bed often show some similarity
to the much subtler topography of the ice surface above them. Theoretical studies based
on linear perturbation theory (Gudmundsson, 2003; Raymond and Gudmundsson, 2005;

Gudmundsson, 2008; Gudmundsson and Raymond, 2008; Raymond and Gudmundsson,
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2009) have explored the relationship between the bed and the surface. The resulting
relations can be used to infer bed properties from those of the surface, but have only been
applied to real settings a few times in Greenland (Ng et al., 2018; Igneczi et al., 2018;
Crozier et al., 2018; Cooper et al., 2019b) and twice in Antarctica: on 2D surface data from
MacAyeal Ice Stream (Thorsteinsson et al., 2003), and on a 1D flow line from Rutford Ice
Stream (Pralong and Gudmundsson, 2011). Both Antarctic studies were undertaken in an
era when surface elevation observations over Antarctica were of much lower quality and
resolution than they are today.

Bed conditions such as geology, hydrology and sediment distribution also play a role
in controlling ice flow and behaviour (Durand et al., 2011; Koellner et al., 2019), and are
often poorly constrained. In many ice-sheet models, these bed conditions are combined
into one parameter known as slipperiness, which is a measure of how easily the ice can
slide over the topography (Rignot et al., 2011a). Some seismic lines have been collected
on Thwaites Glacier (Muto et al., 2019a,b), allowing a brief glimpse into the sediment
distribution. Over the whole glacier, however, there are very few direct measurements of
bed conditions which can be combined into slipperiness.

In this paper we exploit the relatively new availability of high resolution surface
elevation (REMA, ~ 8 m, Howat et al., 2019) and velocity (NASA ITS_LIVE, ~ 120
m resolution, Gardner et al., 2018) datasets. We apply linear-perturbation theories to
explore bed topography and slipperiness across the Thwaites Glacier catchment. We use
a steady-state version of the shallow-ice-stream equations presented by Gudmundsson
(2008) and compare the topography output from the inversion to radar grids and flight lines

to assess its performance.

3.3 Methodology

3.3.1 Derivation of the steady-state shallow-ice-stream transfer func-
tions

Gudmundsson (2008) derived a set of transfer functions which describe the relationship
between the time-variant Fourier transforms of bed topography (b), bed slipperiness (&),
surface topography () and horizontal components of surface velocity (i, V). For the
purposes considered here, this derivation can be simplified by considering the steady
state from the beginning, removing the need to do a Laplace transform. Other than this,
the derivation largely follows that of Gudmundsson (2008), but for clarity we state key

assumptions and results here.

Response of flow to basal topography perturbations

Following Gudmundsson (2008), and working in a coordinate system tilted forward in the
x direction by the mean surface slope, o, we start with the shallow-ice-stream equations of
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motion (MacAyeal, 1989),

Ou(4hM Dt + 20 Ayv) + O, (h (v + Ayu)) — (/) /™ = pghdy(s)cos(a) — pghsin(at)
(3.1

3,4 Ayv + 2hM D) + 0, (h (A + D)) — (v/c) /™ = pghdy(s)cos(ar)  (3.2)

where u, v and w are the depth-independent velocity components in the x, y and z
directions respectively, /4 is the ice thickness (h = s — b), 1) is the effective ice viscosity, ¢ is
the basal slipperiness, m is a sliding law parameter, p is the ice density, g is the acceleration
due to gravity, s is the ice surface elevation, b is the ice bed elevation, and ¢« is the mean
ice surface slope in the x direction.

Assuming that ice is a linear viscous medium (n = 1) and that there is a non-linear
sliding law (m > 0), then the shallow-ice-stream equations can be linearised and solved
analytically. We consider the spatial response to a small perturbation in basal topography, b,
linearising around a reference model (%, §, b, it, v, ¢) with h = h+Ah, s = §+ As, b = b+ Ab,
u=iu+Au,v=Av, w= Aw and ¢ = ¢. The zero order solutions are spatially constant,
representing uniform flow down an inclined plane.

We, however, are interested in the first order momentum balance equations

ANhogAu+3nhdfAv + nhoy Au— yAu = pghcosaidyAs — pgsinaAh  (3.3)
ANhoy Av +3NhdZ Au+nhdZAv — YAy = pghcosadyAs (3.4)

Also to the first order, and importantly in the steady state, we have the upper and lower

kinematic boundary conditions

o As — Aw(s) =0 (3.5)
@Ab — Aw(b) =0 (3.6)

Various points about the validity of the steady state assumption for Thwaites Glacier
are raised in the discussion (Section 3.5).

All variables are then Fourier transformed with respect to the spatial variables x and y.
Fourier transformed variables are denoted with a circumflex (*). In the forward Fourier
transform the wavenumbers in the x and y directions are denoted by k and [ respectively.

This Fourier transform gives

ANhk* G+ 3nhkl D+ nhI* d+y i = ikpghcos(a) §+ pgsin(ct) h (3.7)
Anhi® o+ 3nhkl i+ nhk* 6+ 7 = pghcos(a)il § (3.8)
W(5) = —iiks (3.9)

Ww(b) = —iitkb (3.10)
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where i = §— b.
From depth integration of the Fourier-transformed incompressibility condition w, +
uy+vy =0 we have
ih(kii +19) = w(35) —w(b) (3.11)
which, along with the steady-state boundary conditions, yields

ih(kit 4 19) = —ikii$ + ikiib. (3.12)

Equations 3.7, 3.8 and 3.12 form a linear system of equations in §, &, # and b which can
be solved algebraically (see Appendix 3.7.1), leading to the steady-state transfer functions

s ik(lié +‘L’d)
Typlkl) == —""——= 3.13
sb( ) 5 pg ( )
i tyeota(l’ty — k%)
Tpkl) = % = 3.14
ub( ) 5 §Vp ( )
v ledCOt(X(Td+ Vl/_t)
Tp(k,l)= %= 3.15
b( ) b évp ( )

which represent the ratio of the Fourier components of the surface to the Fourier compo-

nents of the bed as a function of wave number. The following abbreviations are used for
1-m

simplicity in the derivation: & = y+4hj’n, y= fa__ PP =k>+1%, ;= pghsina
. 9 mE 1) ’ d g >

i 1 1 1 21 hcot _
p:i——, —:k<ﬁ+%> 7:%’ and v = y+hjn.
r

Response of flow to basal slipperiness perturbation

Starting once again with the shallow-ice-stream equations (Equations 3.1 and 3.2; MacAyeal,
1989), this time we consider the response to a small perturbation in basal slipperiness, c,
linearising with & = h4+Ah=h+As,s=5+As,b=b, u=ii+Au,v=Av, w= Aw and
¢ = ¢(14 Ac) where Ac is the fractional slipperiness.

This gives the first order momentum balance equations

ANho} Au+3nhd} Av+ nhd) Au— yAu = pghcosadiAs — pgsinatAs — yiiAc  (3.16)
ANhoy, Av+3Nhd3Au+nhdZAv — YAy = pghcosadyAs (3.17)

Fourier transforming with respect to the spatial variables x and y gives:

Anhk* i+ 3N kD + nhi*i+ yi = pghcosaiks + pgsinos + yié (3.18)
4nhi*o + 3nhkli + nhk*6 + y6 = pghcosail§ (3.19)
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As there is no bed topography perturbation, the steady-state boundary conditions
become

ih(kii + D) = —ikis. (3.20)

Equations 3.18, 3.19 and 3.20 form a linear system of equations which can be solved

using standard algebraic techniques (see Appendix 3.7.2), leading to the steady-state

transfer functions

A .k;l_

Too (k1) = g _ ! pé"’ 3.21)
P }/L_t((3nl_llz +v) (ki) — lz‘cdcot(xl_z>

Te(k,l) = 5 = (322)
¢ Svp
o kiyah(tscota — 3inak

Too(k 1) = & = =1 (Tdcgv“ mik) (3.23)
¢ P

which represent the ratio of variability in the Fourier components of the surface to variability
in the Fourier components of the slipperiness.

Note that the transfer functions 7;,. and T;,. are not the same as the steady-state versions
of the transfer functions published in Gudmundsson (2008), as there is a typographic error
in their paper. However, when plotted graphically, they can be used to reproduce the figures
in that paper.

Non-dimensionalisation

These transfer functions can also be considered in a non-dimensional form, allowing us to
make more general statements about the behaviour of the system in terms of key variables,
such as ice thickness as the characteristic length scale. For this purpose the same scalings
as used in Gudmundsson (2003) and Gudmundsson (2008) are employed. All spatial scales
are in units of mean ice thickness (), and stress components are in units of driving stress
(14 = pghsina). Non-dimensional velocity components are in units of mean deformational
velocity (ii;) where )
]’le

= %

The scale for slipperiness is given by &/C, where ¢ is the mean dimensional slipperiness

iy (3.24)

and C is the mean non-dimensional slipperiness. C depends on not only slipperiness but
also viscosity and thickness (through its dependence on u, and 7;). From Gudmundsson
(2008) we know that ¢/C = i1, /T’y and we also have C = i1, /i1,. The ice surface velocity
is the sum of the deformational velocity and the basal velocity, such that i, = iy + iip.
With some simple algebra, we can therefore express the scale for slipperiness in terms of

the surface velocity it;, which is a known quantity,

=" (3.25)
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The non-dimensional form of the equations is obtained using the substitutions ¢ + C,
N 1/2,h—=1,i—C, y— (mC)~!, and 1y = pghsina — 1. The non-dimensional
transfer functions can be found in the supplementary information, and are also shown
graphically there. Non-dimensionalised parameters are represented by capital letters (B, C,
S, U, V, Tsg, Tus, Tvs, Tsc, Tuc and Tyy).

3.3.2 The inverse problem

The non-dimensional transfer functions (Tsg, Tyg, Tvp, Tsc, Tyc and Ty ) describe the
relationship between the Fourier transforms of non-dimensionalised bed topography (B),
bed slipperiness (C), surface topography ($) and surface velocity (U, V), as functions of
the wavenumbers k and /. If the bed topography and slipperiness are known then surface
topography and velocity components are given by the forward model:

S(k,1) = Tsp(k,1) B(k,1) + Tsc(k,1) C(k,1) (3.26)
J (k,1) = Typ(k,0) B(k,1) + Tyc(k,1) C(k,1) (327)
V(k,1) = Typ(k,1) B(k,1) + Tyc(k,1) C(k,1) (3.28)

For each set of wavenumbers in Fourier space (k and /) we have three known variables
(S(k,1), U(k,l) and V (k,1)) and two unknowns (B(k,[) and C(k,1)), so the system is over-
determined. We can therefore solve these equations independently for each wavenumber
component of non-dimensional bed topography and slipperiness using a weighted least-
squares inversion of equations 3.26, 3.27 and 3.28. Short-wavelength features and features
aligned with ice flow are problematic because they cause flow disturbances in the ice which
do not reach the surface in a measurable way, and so they can not be inverted from the sur-
face data. We include a filtering parameter (ps;;;) to remove these problematic wavelength
components, such that increasing the filtering parameter (p ;) removes progressively
longer wavelength features. The filtering parameter p;;, is negative, so increases towards
zero. This method was first used by Thorsteinsson et al. (2003) in their study of MacAyeal
Ice Stream (formerly Ice Stream E). The equations which solve Equations 3.26, 3.27, 3.28
are therefore not repeated here in the main text, but are given in notation consistent with
this paper in Appendix 3.7.3.

3.3.3 Synthetic tests

Synthetic tests allow us to explore which bed features can and can not be resolved using
this inversion method. First we create a synthetic bed topography (b) and slipperiness
(c) on a 50 km by 50 km grid, with a 120 m data spacing, purposely matching the data
spacing of the ITSLIVE velocity product (Gardner et al., 2018). We subtract the mean
bed elevation, slope and slipperiness so that the bed varies about 0, and taper the outer

5 km of the grid linearly to O at the edges. This reduces edge effects in the inversion,
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because the Fourier transform requires a periodic domain. We tested a few other sensible
tapering functions, including semi-sinusoids, but observed negligible differences in the
inversion output when compared to the linear function. We then non-dimensionalise the
tapered bed using the length scales given in Section 3.3.1, and Fourier transform to get
B and C. The non-dimensional surface elevation ($) and the velocity components (U,
V) are calculated using the forward model, and dimensionalised using the length scales
given in Section 3.3.1. To simulate measurement errors in the real surface data, we add
random noise to the generated surface (s, u, v). This noise is white noise with a Gaussian
low pass filter applied in Fourier space to give it a non-random frequency distribution.
We then taper, non-dimensionalise and Fourier transform the noise-added surface data.
Finally, we invert for non-dimensional bed topography (B) and slipperiness (C) using the
inversion procedure described in Section 3.3.2 and the supplementary information. After
dimensionalisation, the inverted bed can be compared to the synthetic bed to study the

behaviour of the inversion.

Parameter value choices

When running synthetic tests, several model parameters can be varied, in addition to
the synthetic bed topography and slipperiness. Following Gudmundsson (2008) and
Thorsteinsson et al. (2003) the sliding law constant was set to m = 1, and the filtering
parameter (Equation 3.36) to psy, = —2. The mean ice thickness h, mean surface slope
o and mean ice surface velocity i depend on the region studied, but for these synthetic
tests are set at 7 = 2000 m, o = 0.02, i = 100ms~!, values thought to be appropriate
for the Thwaites Glacier region (Gudmundsson, 2008; Howat et al., 2019; Morlighem
et al., 2020; Gardner et al., 2018). After studying the results of the Thwaites Glacier
inversion for a variety of values of C, the non-dimensional mean slipperiness parameter
which encompasses basal slipperiness alongside ice temperature and viscosity, we set to be
C = 100. When applied to Equation 3.25, these values give a dimensional mean slipperiness
¢=2.7x10"3 myr 'Pa_!. Since the non-dimensionalised velocity perturbations are
expected to be around 10 in magnitude, and the non-dimensionalised surface elevations are
expected to be around 1073, we set the weighting factors (Equation 3.35) to be X, = 0.001,
¥, =1and X, = 1. This normalises the least-squares distance for each component of the
system, and means the least-squares inversion should solve for all three factors equally.

Resolution of bed forms

A two-dimensional Fourier transform decomposes an image into a weighted sum of
two-dimensional sinusoidal basis functions. For this reason, all of our synthetic tests
used sinusoidal bed topographies and slipperiness, as these are the most illustrative of the
capabilities of the inversion. Sinusoidal basis functions vary depending on three parameters:

the wavenumbers in the x and y directions (k,/) and the weighting or amplitude of the
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Fig. 3.1 The effect of orientation to flow direction on how well landforms (top row; created
synthetically) can be resolved by the inversion. These tests are presented on a 50 km by 50
km grid, where in the inversion results (bottom row) the outer 5 km is greyed out to hide
edge effects that will be neglected. In these simulations mean ice thickness 2 = 2000 m,
mean slipperiness C = 100, surface slope a = 0.02, amplitude = 200 m, and wavelength
A= 20 km. Landforms at an angle of less than 15° to the ice flow direction are not well
resolved because they fall in the null space of the inversion.

sinusoid. However, rather than considering wavenumbers, it is more intuitive to consider
the horizontal wavelength, A, and the angle of the sinusoidal crests to the direction of the
flow (8'), where j> =12 +k>, A/h=2x/j, k= jcos(8), I = jsin(8) and tan(8’) = cot(8).

Figures 3.1, 3.2 and 3.3 show how well bed topography and slipperiness can be resolved
by the inversion when angle to flow, 8’, wavelength, A, and amplitude are varied. The
amplitude of the noise added to the synthetically generated surface is =2 m for surface
elevation and 15 m s~! for velocity components as these are at the upper limit of the
errors for REMA (Howat et al., 2019) and ITSLIVE (Gardner et al., 2018) in the Thwaites
Glacier region.

These synthetic tests show that in this simple least-squares inversion, the bed can be
well resolved if the angle to the flow is greater than 15 degrees, the wavelength is more than
2000 m and the amplitude is greater than 10 m for bed topography or 1 x10~* myr—!Pa~!
for variability in basal slipperiness. It is worth noting, however, that the resolution of
wavelengths varies depending on the ice thickness, which is the non-dimensional scale
factor for lengths. This means that the wavelength at which variations in bed topography

and slipperiness should be resolvable is directly proportional to the ice thickness.

3.3.4 Applying the inversion to real data

We now turn our attention to the methodology used to apply the synthetically tested
inversion to real data, using the Thwaites Glacier catchment as our example.

Our base data for surface elevation and velocity were, respectively, the REMA digital
elevation model with 8 m resolution (Howat et al., 2019) and output from the NASA
MEaSURES ITS-LIVE project with 120 m resolution (Gardner et al., 2018). Based on
the latter, we therefore inverted for bed topography and slipperiness at 120 m resolution.
An estimate of the ice thickness in each 50 km by 50 km region is obtained from a 50 km
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Fig. 3.2 The effect of wavelength on how well landforms (top row; created synthetically)
can be resolved by the inversion. These tests are presented on a 50 km by 50 km grid,
where in the inversion results (bottom row) the outer 5 km is greyed out to hide edge
effects that will be neglected. In these simulations mean ice thickness h =2000 m, mean
slipperiness C = 100, surface slope & = 0.02, amplitude = 200 m, and angle to flow 8’ =
90°. Landforms with a wavelength of less than 2 km (the simulated mean ice thickness)
can not be well resolved.

averaged version of Bedmachine Antarctica ice thickness (Morlighem et al., 2020), and
this is the only prior information about ice thickness used in the inversion. Within each
grid where the inversion is applied, the surface elevation, s, has the mean least-squares
fit slope removed and is non-dimensionalised (see scalings in Section 3.3.1) to give S,
the non-dimensional variations about the mean. Ice flow is assumed to be parallel to the
polar stereographic grid in the negative x direction across the whole of the main trunk of
Thwaites Glacier, and so the ice-surface velocity components, u and v, have their respective
means removed and are non-dimensionalised to give U and V, to which the least squares
inversion described in Section 3.3.3 is applied.

In the synthetic tests discussed above, the inversion was run over a single 50 km by 50
km grid, with the outer 10 % of the grid discarded to reduce edge effects introduced during
the Fourier transform. To look at the whole Thwaites catchment we could use a set of
adjacent 50 km by 50 km grids, but instead we chose to use more densely distributed grids
which overlap. For each grid point, we calculate 9 different (but overlapping) inverted beds
and then the mean bed topography and standard deviation. The standard deviation is not a
measure of the error, but since a key approximation in the physics is the linearisation, we
interpret the standard deviation to be a measure of non-linearity. In each of the overlapping
grids, we use a set of zero order parameters (such as average ice thickness), and because
these zero-order parameters vary between the grids, the linearisation is different, and the
resulting beds are also different. However, complex ice rheology and vertical or transverse
stresses not considered by the shallow-ice-stream approximation could also have an impact.
Figure 3.4a summarises this methodology. The bed topography and slipperiness results

presented here are the grid-point by grid-point means of nine overlapping grids where each
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Fig. 3.3 The effect of amplitude on how well landforms and slipperiness (rows 1 and
3, respectively; created synthetically) can be resolved by the inversion. These tests
are presented on a 50 km by 50 km grid, where in the inversion results (rows 2 and 4,
respectively) the outer 5 km is greyed out to hide edge effects will should be neglected.
In these simulations mean ice thickness # = 2000 m, mean slipperiness C = 100, surface
slope a = 0.02, wavelength A = 20 km and angle to flow 6’= 120°. The limiting factor
on how well small amplitudes can be resolved is errors in the ice-surface data, which are
simulated by adding noise to the synthetic surface generated from the synthetic bed. Noise
is added with an amplitude of 2 m for the ice surface elevation (Howat et al., 2019), and an
amplitude of 15 ms~! for the ice surface velocity (Gardner et al., 2018). Bedforms with an
amplitude of less than 10 m (0.01 /), and slipperiness of less than around 1x10™* m yr—!
Pa~! (0.01 C) are not well resolved.
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Fig. 3.4 a) Multiple overlapping grids are used in the inversion when applied to real data to
allow the variability between solutions to be studied. b) The effect of changing the number
of overlapping grids and the fraction of the overlapping central region used to calculate
the standard deviation of bed topography from the inversion in a roughly 60 km by 60 km
region.

overlapping region is 1.67 km by 1.67 km. These values were chosen following tests on a
small region of the real data (Figure 3.4b).

When applied to real surface-elevation and velocity data, this method generates four
products: the mean and standard deviation of bed topography and the mean and standard
deviation of bed slipperiness. The standard deviation is not a measure of the error in the
bed topography or bed slipperiness, and should not be interpreted as such.

3.4 Results for Thwaites Glacier

Figure 3.5 shows the bed conditions we inverted from REMA (Howat et al., 2019) and
ITSLIVE (Gardner et al., 2018) over a 280 km by 160 km region of the main trunk of
Thwaites Glacier.

The bed topography product from the inversion is shown in Figure 3.5b. On the
basin scale, the main basal topographic features identified by the inversion are several
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Fig. 3.5 Inversion outputs across a 160 km by 280 km region of Thwaites Glacier (location
shown in panels f) and g)). The compass directions shown are accurate at the center of
the region (red dot in panel g), but may vary by up to 10 degrees across the region due
to the polar stereographic projection. a) Bed topography from BedMachine Antarctica
(Morlighem et al., 2020), and b) bed topography, c) standard deviation of bed topography,
d) bed slipperiness and e) standard deviation of bed slipperiness from our inversions of
REMA (Howat et al., 2019) and ITSLIVE (Gardner et al., 2018) at 120 m resolution.
Standard deviations are a measure of variability between overlapped patches and should
not be inerpreted as a measure of the error in the bed topography or bed slipperiness. Black
rectangles depict regions of pre-existing highly resolved bed topography (Holschuh et al.,
2020) examined in Figure 3.6. The four subglacial lakes observed from surface altimetry
changes by Smith et al. (2017) are also outlined in black.
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sets of parallel ridges which are oriented perpendicular to the direction of ice flow, and
smooth basins in between these ridges. The location of these ridges matches well with the
BedMachine Antarctica bed (Figure 3.5a), particularly around the subglacial lakes, which
appear to be between successive sets of ridges. The smoother topography in the basins
between ridges is reflected in the inversion, particularly in the basin to the east of the
Upper Thwaites region (Basin Y, Figure 3.5). Many smaller hills also match Bedmachine
Antarctica, such as those at the upstream (south) end of the Upper Thwaites radar grid.
However, the inversion also generates some notable features that are not present in the
Bedmachine Antarctica bed, such as the north-eastern extent of the central ridge next to
the most upstream subglacial lake (Ridge Z, Figure 3.5b).

The standard deviation of the bed topography (Figure 3.5¢) represents the range in
model outputs from overlapping grid squares which use different regions of the ice surface.
As might be expected, this standard deviation is lower in the central trunk of the glacier
where the topographic gradients are smaller. The standard deviation is higher at the edges
of the glacier trunk where the gradient of the topography changes, and the shallow-ice-
stream approximation breaks down. Standard deviation is also high in the north-west part
of the inversion where some of the input surface is the surface of the floating ice shelf,
which is subject to different physical processes than the grounded ice. The inversion does
not produce results for the north-west corner as there are gaps in the input data where the
surface sampled is not ice, but open ocean.

The bed slipperiness product from the inversion is shown in Figure 3.5d. The pattern in
the slipperiness output is similar to the topography, with a dominant east to west lineation,
although it is slightly difficult to make out due to the strong underlying slipperiness
variation across the Thwaites Glacier region. This directional trend in slipperiness is also
observed in the slipperiness output of other inversions in the Thwaites Glacier region
(Barnes et al., 2021). There is less variability in slipperiness in the basins where the
topography is smoother. In contrast the ridges have much more variable slipperiness. Like
the standard deviation of bed topography, the standard deviation of bed slipperiness (Figure
3.5e) is highest around the edges of the central trunk where there are higher topographic

gradients.

3.4.1 Comparison to radar data

In order to assess the success of the inversion, the bed topography output can be compared
to existing radar data. Figure 3.6 shows a comparison between the inverted bed topography
and bed topography sounded by swath radar at sub-ice thickness resolution across two
20 km by 40 km regions (Holschuh et al., 2020). The inverted bed shows a good match
to the swath-radar-imaged bed at larger scales, picking out the locations of all the main
hills and valleys. There is a better match for the Upper Thwaites region than the Lower
Thwaites region, and the fact that the inversion detects the channel between the ridges in
the downstream (left) part of Upper Thwaites is particularly encouraging.
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Fig. 3.6 a) Bed topography acquired at sub-ice-thickness resolution by swath radar
(Holschuh et al., 2020); b) our inverted bed topography with mean non-dimensional
slipperiness C = 100; and c) our inverted bed topography with mean slipperiness C = 150,
for site labelled *Upper Thwaites’ in Figure 3.5a. d), e) and f) show equivalent products
for site labelled "Lower Thwaites’ in Figure 3.5a. The results of a simple linear regression
between the swath radar bed and the inverted bed are also given, with r being the regression
coefficient and slope the gradient of the line of best fit. A slope of 1 means the amplitude
of the inverted bed matches the amplitude of the swath radar bed.

We further compare the inverted bed topography with the bed topography sounded by
swath-radar along ice flow (Figure 3.7) and across ice flow (Figure 3.8) by airborne radar
over Thwaites Glacier in the 2019/2020 field season (Jordan and Robinson, 2021). Further
comparisons to more radar flight lines collected in the same field season can be seen in the
supplementary information. These figures also demonstrate that the inversion performs
well in detecting the main hills and valleys, but also highlights that their amplitudes
are not always resolved correctly. This is likely due to variability in the local mean
slipperiness away from the imposed global value of non-dimensional slipperiness C = 100.
If a non-dimensional slipperiness C = 150 is imposed (Figures 3.6, 3.7c, 3.8¢c) then the
amplitudes of the inverted topography are reduced. Sometimes there is also an offset
between the inverted and radar-sounded beds, caused by using a 50 km averaged version
of the Bedmachine ice thickness as the inversion ice thickness, rather than more detailed
prior information.
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Fig. 3.7 a) Comparative plot of inverted bed topography with mean non-dimensional
slipperiness C = 100 with along-flow radar-sounded bed topography. Bed topography is
given in three forms: as unfiltered bed picks from the 2019/20 airborne surveys (Jordan
and Robinson, 2021); a version of the same filtered to 2 km wavelengths to be more
representative of the detail we might expect to image in our inversion; and the bed profile
extracted from BedMachine Antarctica (Morlighem et al., 2020). The envelope around the
inverted bed topography shows plus or minus one standard deviation. Standard deviations
are a measure of variability between overlapped patches and should not be inerpreted as a
measure of the error in the bed topography or bed slipperiness. The correlation coefficients
(r) and slopes given are the results of a linear regression between the inverted bed or
the BedMachine Antarctica bed and the filtered radar bed. b) Profile location within the
inverted grid. c) As for panel a) but with mean non-dimensional slipperiness C = 150.
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topography. Key as for Figure 3.7.
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3.5 Discussion

Our results demonstrate significant promise for being able to invert for bed topography
across parts of Antarctica and other polar regions from surface elevation and velocity
data sets. Comparisons with existing radar data available from Thwaites Glacier suggest
that within the central trunk of the glacier the bed features identified by the inversion are
normally in the correct locations, but are not always centred around the correct depth.
These average depth differences are primarily due to the mean ice thickness used in the
inversion, which is a 50 km averaged version of the Bedmachine Antarctica ice thickness
(Morlighem et al., 2020). For regions where there are radar flight lines and grids, these
radar observations could be used instead of the averaged ice thickness to ensure that the bed
depth is correct. For regions where there are very few existing radar data, this method has
the potential in the future to identify obstacles to flow which are significant enough to affect
surface ice dynamics, even if there is uncertainty about the local or regional ice thickness.
Additionally, the assumption of a mean uniform background state, applied here with this
50 km averaged ice thickness, does not represent the real conditions at Thwaites Glacier,
where the long-wavelength background conditions are more variable. Ng et al. (2018)
applied a non-uniform background state to look at the relationship between perturbations in
the bed and the ice surface on flowlines from Columbia Glacier and Nordenskiold Glacier,
but this non-uniform background approach has not yet been extended to 3D data.

The regions where the inverted bed deviates significantly from the topography picked
from radar surveys are of particular interest in assessing the potential of our inversion.
Differences between inverted topography and radar lines are likely to be due to physical
processes which are not encapsulated by the shallow-ice-stream approximation. One place
in which the shallow-ice-stream approximation is known to break down is where the mean
slope of the bedrock becomes too steep (Gudmundsson, 2003; Le Meur et al., 2004). The
effect of this can be observed around the edges of the central trunk of the glacier, where the
topographic slope is steep, and the match between the inverted bed and the radar lines is
poor (Figure 3.5). Gudmundsson (2003) derived a full-system non-hydrostatic momentum
balance version of the transfer function used in this work. The full-system approach does
not rely on the shallow-ice-stream approximation, and should therefore perform better.
Future work using this method is likely to incorporate these more complex equations.

A further consideration in comparing the inverted bed to real data is the steady-state
assumption made when deriving the transfer functions. Without repeat radar measurements
for Thwaites Glacier we can not be sure of the stability of the bed. If the bed beneath
Thwaites Glacier is changing rapidly, as observed at Rutford Ice Stream (Smith et al., 2007)
then the surface may not represent the current bed, but some long term average. However,
observations at Pine Island Glacier (Brisbourne et al., 2017; Davies et al., 2018) suggest
that the bed is not changing rapidly there, and it is possible that neighbouring Thwaites
Glacier might be behaving similarly. Additionally, the erosion observed at Rutford Ice
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Stream does not significantly change the shape of the topography on the wavelengths
resolved by this inversion. If drumlins or mega-scale glaciation lineations (MSGL) were
forming, we would not be able to detect them with this method, as landforms aligned to
flow fall in the null space of the inversion.

The steady state assumption does not only apply to the bed but also to the ice surface.
Ice surface lowering due to glacier thinning would also affect the steady state assumption,
but since generally the ice surface lowers in a relatively uniform way, this would not
have a significant effect on the first order variations in the ice surface, or the results of
the model. More significant would be changes in the ice surface due to the filling and
draining of subglacial lakes, but these changes are normally fairly localised, and would
not propagate to the higher wavelength Fourier components. For Thwaites Glacier, the
location of subglacial lakes is relatively well known (Smith et al., 2017; Hoffman et al.,
2020; Malczyk et al., 2020), and we do predict troughs in these locations as expected.
The ice surface also becomes more unstable closer to the grounding line, with increased
crevassing which would affect the surface profile. However, since results in the region
immediately adjacent to the grounding line are compromised by the different physics of
the ice shelf anyway, this is not a significant concern. With these caveats, we therefore
consider the steady-state assumption to be suitable for the purposes of this inversion.

If the steady state assumption is valid, then the age of the datasets used in the inversion
is not important. However, input data from different years or decades could also affect
the steady-state assumption. The main surface expressions of known bed features appear
to be fairly similar between REMA (Howat et al., 2019) (2008-2018), and the earlier
Bamber DEM (Bamber et al., 2009) (2003-2008), supporting the validity of the steady-
state assumption for Thwaites Glacier. However, we also note that non-steady-state changes
in the ice surface may be the reason for some of the features we observe (such as Ridge Z,
Figure 3.5) in the inversion output which are not seen in the airborne flight lines.

Although we assume linear viscous ice here (n = 1), ice is generally accepted to flow
with non-linear viscous behaviour (n = 3 to 4). In this case, the ice near the surface of the
ice column has a higher effective viscosity than the ice at the base. J6éhannesson (1992)
and Raymond and Gudmundsson (2005) showed that, over the range of wavelengths which
have significant impacts on the ice-surface flow field, increasing viscosity means that the
transfer of variability from the bed to the surface would generally increase. For the inverse
problem, assuming n = 1 will therefore lead to an over-estimate in the amplitude of the bed
topography, although this may be counteracted by the choice of the mean non-dimensional
slipperiness parameter C, which encompasses both basal slipperiness and ice viscosity.

As in any modelling study, it is important to explore the behaviour of the inversion when
the parameters chosen are varied. In this inversion there are just four fixed parameters which
are not derived from the input data: the sliding law exponent, m, the filtering parameter,
Prilr» the weighting factor X; and the mean slipperiness, C. The filtering parameter p filt

controls which frequencies are suppressed in the inversion to avoid introducing singularities.
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Higher values of p;; (closer to 0), will filter out progressively longer wavelengths, and so
a value of py;y; = —2 is chosen to filter out noisy short wavelengths, while maintaining
realistic bed features. The weighting factor X controls the balance in the inversion between
the surface elevation and surface velocity data, with smaller values of ¥ weighting the
inversion towards the surface data. Varying ps;;; and X for the inversion of the real surface
data confirms the choice of values from the synthetic tests (p sy, = —2, £; = 0.001) as
sensible values which return the best match with real bed data (Figures S3 and S4).

There is less certainty over what is the most suitable value for the non-dimensional
mean slipperiness C. Although we have some measurements of the bed properties of
Thwaites glacier from seismic lines, gravity and magnetic inversions (Diehl, 2008; Jordan
et al., 2010; Muto et al., 2019a), these are spatially limited and it is not currently clear
how these properties combine into slipperiness at the bed (Kyrke-Smith et al., 2017). If
C is higher, then the amplitude of bed variability in the inversion output falls. Given the
geological variability likely to be associated with multiple rifted tectonic blocks (Dunham
et al., 2020) and the sediments deposited in those rift basins (Muto et al., 2019a,b) it is
unlikely that the mean slipperiness, C, is the same across the whole region modelled here.
Modelling studies which compare the results of different inversion procedures show that
slipperiness may be quite variable across the Thwaites Glacier catchment (Barnes et al.,
2021). In additional we note that the trend is quite different from features observed in the
inverted topography, showing that the slipperiness map is not a result of linear trade-offs
with topography in the inversion solution. The three dimensional radar grids (Holschuh
et al., 2020) are both located within regions with more topographic variability, likely
unlifted rift blocks. This may explain why a lower value of C = 100 gives the best match
in these regions, whereas a higher value of C = 150 (more slippery) gives a better match
for the radar lines which cover both lithologies. It may also be that the 3D grids, which
contain both along and across flow variability, are more representative of the bed than the
2D radar lines. For this reason, the catchment scale bed topography presented in Figure
3.5 is from the inversion with C = 100.

This uncertainty in C means that some prior radar information is useful in order to
calibrate the inversion method to give the best results. However, changing C only alters the
absolute magnitude of the topography and not its relative shape, so even if there is no prior
information the inversion will still identify hills and troughs. More detailed analysis of
seismic and gravity data alongside the results of the inversion could also reveal trends that
could be useful when applying this technique elsewhere.

The high-resolution swath radar grids (Holschuh et al., 2020) presented here have
already been included in Bedmachine Antarctica. Using the radar grids which are currently
available, we can not therefore explore how well this inversion method performs compared
to Bedmachine Antarctica (Morlighem et al., 2020) over a dense radar grid. Both techniques
use ice surface elevation and velocity datasets. Bedmachine Antarctica uses these datasets

and the principles of mass conservation (or streamline diffusion in slow moving areas)
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to interpolate between detailed prior information on ice thickness from existing radar
measurements. In contrast, the inversion method only requires an estimate of average ice
thickness for each 50 km by 50 km grid and uses the linear perturbation theory described.
This 50 km averaged ice thickness 1s subtracted from the ice surface to provide a reference
bed to which the inversion adds perturbations. However, even if a single ice-thickness
(h) value is used for the entire catchment, then the inversion method will still identify
the location of hills and troughs in the bed topography, although the amplitudes and
absolute depths of these features may be affected. Since the mass conservation method
used in Bedmachine assesses the ice flow through a series of flux gates ideally constrained
by topography, it is much more reliant on good-quality, closely-spaced, ice thickness
measurements from radar systems.

To explore the role that the 50 km averaged ice thickness plays in the results of
the inversion, we computed a 50 km gridded version of the Bedmachine Antarctica ice
thickness (Figure 3.9) and then carried out a new inversion over the Lower Thwaites region
(where there is existing swath radar). In this alternate ice thickness input, each 50 by 50
km region contains only one ice thickness value, which is the average over that region. The
results of this re-run (Figure 3.9) with reduced prior ice thickness information show the
same short wavelength features as the results using the full ice thickness input, illustrating
that the inversion method presented here is not unduly influenced by the ice thickness
derived from Bedmachine Antarctica.

In figures 3.7 and 3.8, it appears that the method estimates shorter wavelength topogra-
phy more accurately than longer wavelengths. We demonstrate this in Figure 3.10, which
shows results after wavelengths greater than 50 km have been removed from all profiles. It
is clear that the inversion identifies peaks and troughs in the bed, although the amplitude of
these features is not always correct. Fourier components with a wavelength above 50 km
mainly represent the prior ice thickness information supplied to the inversion, as this is the
large scale zero-order topography to which the first-order perturbations from the inversion
are added. The greater match between the results of the inversion at the PASIN data after
this bandpass filter therefore provides further evidence that the ice thickness derived from
Bedmachine Antarctica does not influence the key results from the inversion.

A comparison of the two methods over an area where radar data have not yet been
incorporated into Bedmachine would allow an assessment of the reliability of the two
techniques, and identification of any artificial bed features introduced by each. Since
the two radar grids presented (Holschuh et al., 2020) were included in the derivation of

BedMachine Antarctica, no independent test is possible until more radar grids are collected.

3.6 Conclusions

We present the method and results of an inversion of ice surface elevation and velocity for

bed topography and slipperiness in the Thwaites Glacier region. Our method builds on the
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Fig. 3.9 The effect of ice thickness resolution on the results of the inversion in the Lower
Thwaites region, as explored in Figure 3.6. a) Inversion bed topography when the low
resolution (50 km average) ice thickness values shown in c) are used, b) Inversion bed
topography when the full resolution (120m) ice thickness values from Bedmachine Antarc-
tica (Morlighem et al., 2020) (d) are used.

method used by Thorsteinsson et al. (2003) in their study of MacAyeal Ice Stream, but is
based on a steady-state linear perturbation analysis of the shallow-ice-stream equations
(MacAyeal, 1989; Gudmundsson, 2003). Synthetic tests show that this method can resolve
variability in bed topography and slipperiness on wavelengths greater than one ice thickness,
and at amplitudes of more than 10 m for topography (or 0.01 /) or 1 x10~* myr—'Pa~! for
slipperiness (or 0.01 C), as long as the variability is not aligned to the ice flow direction.
Comparison of the results of the inversion with radar grids and flight lines suggests that the
inversion correctly identifies most short (< 50 km horizontal) wavelength features in the bed,
with the correlation coefficient of a linear regression between the inverted bed and the radar
bed as high as r = 0.93 along some flight lines. This method works best in the central trunk
of the glacier, where the gradient of the long wavelength topography is low and relatively
constant. Mismatches between the inverted bed topography and radar measurements are
probably due to one of three factors: an incorrect ice thickness for that region, an unusually
sticky or slippery bed, or physical processes not accounted for by the steady-state linearised
shallow-ice-stream approximation. Future work, including incorporating more local prior
ice thickness data from radar measurements, and the non-hydrostatic transfer functions
from Gudmundsson (2003), may help to reduce these mismatches. Overall, the inversion
provides an additional tool for studying landforms in the bed beneath glaciers which have
a significant impact on ice flow. It will be particularly useful in ice streams where radar
flight lines are sparse and standard interpolation techniques struggle, potentially reducing
uncertainties in modelling the future behaviour of those regions and their contributions to

global sea level rise.
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Fig. 3.10 The results of the inversion (orange) compared to PASIN radar flight lines (grey)
and Bedmachine Antarctica (light blue) for an along flow profile and an across flow profile
(locations shown in panels e) and f) respectively). Panels b) and d) show the bed profiles.
Panels a) and c) show the results with any Fourier components between 40 and 50 km in
wavelength progressively damped with a half cosine filter, and any Fourier components
over 50 km in wavelength removed.
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3.7 Appendices

3.7.1 Appendix A: Derivation of transfer functions from a topography

perturbation

Starting from the shallow-ice-stream equations, linearising around a small perturbation in

bed topography, and taking the fourier transform of the first order equations we have

ANhK* i+ 3NhkID + nhi* i+ yi = pghcosaiks 4 pgsinah (Eq. 3.7)
Anhi*o + 3nhkli + nhk*6 + y9 = pghcosatils (Eq. 3.8)
ih(kit + 19) = —ikiis + ikiib (Eq. 3.12)

Equations 3.7, 3.8 and 3.12 form a linear system of equations in §, 4, ¥ and b which
can be solved algebraically using standard techniques:

u] B [(ikrdcota + %d)f— f—g@]

v ilt cotas

(3nhk*>+v)  (3nhkl)
(3nhkl)  (3nhl>+V)

The determinant of the left-hand side of these equations:

(3nhk? +v) (3nhi* +v) — (3nhkl) (3nhkl)
=9N2R2k2 12 4+ 3nhi%v 4+ 3nhk*v + v — N2 Rk
=3nhj*v+ (hmj*+7)v
=(4hn j* +7y)v
:5\;

where the following abbreviations have been used to make the algebra clearer to follow:
v=mnj*+7y, j>=1>+k* and & = 4hnj>+ 7.

H 1 [(3nﬁlz+v) (—3nhkl)
&y

(ikrdcotoc + %) §— %IS
(=3nhkl)  (3nhi*+v)

ilt cotas

v

Therefore we have:

0= éiv ((31)}_112 + V) ((,kfdcota + Td) — %fp) + (—3n}_zkl)(ilrdc0ta§)>

N A
V= £y (( 3nhkl) <(zkfdcota—|—

3"' )

h
Td » ) . A
) _7[9) + (3nhk —|—V)(lleCOtOCS)>
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which simplifies to:

1 - - ~ - ~

4= i <3nh1217d§— 3nhi%tyb + ikvhtcotos + T4v8 — rdvb> (3.29)
1 _ S

V= ﬁ ( —3nhklt;$+3nhklt,b + ihlvrdcotoc§> (3.30)

We then have:

ih(kii+ 1) = éLv (k(3nm%d§— 3Nnhi*tyb + ikvhtycotas + t,v8 — 14vh)

+ 1(=3nhkltg$ + 3nhkltgb + iizlvrdcotaf))

Ev

- L (ik2 Vit cotos + ktyv$ — ktyvh + il_zlzvrdcota§>

1 _ A
= E ( — jthdCOt(X§+ ikt 8 — ideb>

In the steady state, the kinematic boundary condition is

ih(ki+19) = w(s) —w(b)
= —iitk§ + iitkb
Substituting the expression from above:

1 - o N
E ( — jthdCOtaf—i— ikt s — ideb> = —iikS + iitkb

Rearranging

ik 2ht,cot 1 .
IKTd ] TdCOOC>A E(ikfd—l—iklié)b

VRS

iitk + z z §=
2hTc0 A
(ik(zz+ %) - m’%)f: é('k(TdJrzZ&))b

Eps = ik(ty+a&)b
In agreement with Gudmundsson (2008), this leads to the steady-state transfer function

§  ik(ig + 7,



3.7 Appendices 54

Expanding the expression for i:

1 - - ~ - ~
ﬁzﬁﬁi mmﬂmf—ymﬂmb+%wmwmaﬁ+mvﬂ—@WJ (3.29 revisited)
::é%i Bv@kana)a+(3nﬁﬂ—%v)§—(3nﬁf?+\qé>
ot (s ik (@€ +14)\ 5 s, k(@€ +14)\ - o
=i hv@kana)<———;g———>b+(3nhl—%v)(——iag———)b (3nhi® +v)b
Td - . o ) L ) ~
= —2 | hv(ikcotar) ( ik T 3nhi* 4+ v)( ik 7)) — 3nhl>+v b
gm,;g( (ikeoter) (ik (@& +7a) ) + (3nh> +v) (ik (& +2) ) — (3nhe* + )pé)
Td = . = ) o=
= — hv(ikcotor) ( ik T 3nhl+v)(ik T,
évhp€< (ikeotar) (ik(E +174) ) + (3nhi* +v) (ik (76 + %))
— (3NhL* + v) (ik(a€ + 14) — jz’cdi_zcota)> b
— | hv(ikcotar) (ik(ﬁé + rd)> — (3nh* +v)( - jArzhcota) |b
§vhps
t - ~
_ TN p2yaE — vl 430k Py +v Py | b
§vpé
Tacota 7212 2 2-¢ | 7
=——|3nhj Ity +victy—k7ué |b
gvps )
TdCOta 2 2 _ ~
= | &2, — KPak |b
R TdCOt(X 2 2_12
= Pty—k*a |b
u §Vp Td u)

remembering that & = 4nhj>+v.
In agreement with Gudmundsson (2008), this leads to the steady-state transfer function:
Tycotar (12t — ki)

i
Tkl ) =2 = Eq. 3.14
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Expanding the expression for ¥:

Evh

_ %! (— 3nk(—ik(ﬁ€ %) )B+3nk1§+ivcota<—ik<ﬁ§ %) )13)

1 - - -
V= —= ( —3nhklty$+3nhklt;b + ihlvrdcotoc§>

&v pé pé

‘L'dl

~ Evpé

’L'dl

~ Evpé
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(— 3nk<ik(ﬂ§ + rd)) +3nkpE + iveota (ik(uéj + rd)>> b

< —3nk (ik(a& + rd)) + 3nk<ik(ﬁ§ 1) — j%dizcota> +iveota (ik(a& +1,) )) b

lek 2 - _ ~
=—— nl — hcotat ) — veot b
§Vp§<+ 1‘[( j*Tahco a) Vco (x(u§+rd)>
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=—— | —Bnhj +v)ry—viag |b
. Tylkcota ).
= — b
Y gvp (‘L’d-l-\/u)

remembering that & = 4nhj>+v.
In agreement with Gudmundsson (2008), this leads to the steady-state transfer function:
ledCOtOt(Td + Vﬁ)

P
- Eq. 3.15
P Evp (Eq )

Tvb(kvht) =

3.7.2 Appendix B: Derivation of transfer functions from a slipperiness
perturbation
Starting once again with the shallow-ice-stream equations MacAyeal, 1989), this time we

consider the response to a small perturbation in basal slipperiness, linearising and taking

the fourier transform to give

Anhk* i+ 3N hkID + nhi*i+ yi = pghcosaiks + pgsinois + yié (Eq. 3.18)
Anhi*o + 3nhkli + nhk*6 + y6 = pghcosail§ (Eq. 3.19)
ih(kit +19) = —ikiis. (Eq. 3.20)

Equations 3.18, 3.19 and 3.20 form a linear system of equations which can be solved

using standard algebraic techniques:



3.7 Appendices 56

(3nhk*+v)  (3nhkl)

il (ikrdcota+%)§+yﬁé
(3nhkl)  (3nhi>+v)| [v|

ilt cotas

The determinant of the left-hand side:

(3nhk* +v) (3nhi*+v) — (3nhk) (3nhkl)
=N Rk 12 4+ 30 hi%v 4+ 3nhk>v + v — 9Nk
=3nhj*v+ (hmj* +7)v
=(4hn > +7)v
—Ev

where the following abbreviations have been used to make the algebra easier to follow:
P=P k2 E=4mj>+yand v =hn 2 +.

H 1[(3nl_zlz+v) (—3nhki) (ikrdcota+%>§+yu@

ol T EV| (“3nkkl)  (3nik®+v)

iltcotos

Therefore we have:

i

L ((311}_112 +v) ( (ikrdcot(x + %) §+ yﬁé) + (=3nhkl) (ilrdcotaf))

Ev
1 - _
P = & ((—3nhkl) ((ikrdcota + %) §+ yﬁé) + (3nhk* + V)(ildeOta§)>
Which simplifies to:
. 1 ’ _ VT )\ . -5 .
i= {',_v 3Inl ty + viktycota + T S+ | 3nhl~+v | vic (3.31)

1 _
V= é_v ( —3nklty$+ viltzcotos — 3nhklyzzé> (3.32)
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We then have:
_ ih v _
ih (ki +19) = i (k ( <3nlzrd + vikTcotor + %) 5+ (3nh12 + v> yﬁé)
+1 ( —3nklty$+ vilticotas — 3nl_1klyﬁé> )

(k ( (vikfdcota + %) S+ vyﬁé) w (vilrdcotoc§> )

kT,
= (z‘k2 T, c0t08 + Tdf + kyié + ilzfcdcota§>

MY

= é (ii_z P racotas + kT8 + kﬁyﬁé)

At steady state §; = 0, so we have the boundary condition:
—ikii$ = ih(kit +19).
= é (ih 2t cotors + kT 8+ kﬁyﬁé)

—ikhyié = —hj?tycotas + iktys + ikiE §

2
(—ikhyi)é = (——h] T‘écom +ik(%+ﬁ)>§

| =

| =

_ 1 ]
(- ikkyi)e = <——+i>§
ot
(—ikhyi)e =&Eps
In agreement with Gudmundsson (2008) this leads to the steady-state transfer function:
,1,1) ikhivy

t
= Eg. 3.21
) D (Eq )
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Expanding the expression for i (Eq 3.31):

i = ( (3nlzrd +viktcota + %) St (311;312 + v) yﬁé)

1
Ev
1 ikhi _
= — (3nlzrd + vikticoto + ﬂ) _ ey c+ <3nh12 + v) yué
Ev h pé
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(31771121}1 + vihkt cota + vrd) ( —ik
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= (— (3nhj* + v)Prcotah+ (3nhi* +v) (ikﬁ)&) ¢

( — Prycotath + (3nhi*+v) (ikﬁ)) ¢

<>

I
e
Sz

remembering that & = 4nhj? + v, leads to the steady-state transfer function:

v ((311;312 +v) (ikid) — lzfdcotaﬁ)
- 5y (Eq. 3.22)

Tuc(k,1,1) =

[SMIRSY

which is not as stated by Gudmundsson (2008).
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Expanding the expression for ¥ (Eq 3.32):

1 -
V= — ( —3nklty$+ viltzcotos — 3nhklyﬁé>

Ev
1 ikhit ikhii -
=— | —3nklty, _ Ly ¢+ viltcota _ oy ¢ —3nhklyac
gv pS ps
klyiih
=——|3ink ta—3 C
Evpe inkty + v coto np§>c
B klyih ( . 27 A
= m 3inkt; + v cota — 31 (zk(u& +14)—J ‘L'dhcota>>c
klyiih _
_ Xyun vtycota — 3nikié +3n jz’cdhcota ¢
gvpé
klyiih o7 e\ A
= 3nj h+ v)ticote — 3iniks | ¢
klyih
p=—1— tor — 3iniik | é
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remembering that & = 4nhj2 + v, leads to the steady-state transfer function:

5 klyiah(t cota — 3inik
7h(hlJ)::g=: n (d§Vp inak) (Eq. 3.23)

which is also not as stated by Gudmundsson (2008).

3.7.3 Appendix C: The inverse problem

The transfer functions (T, Ty, Typ, Tye, Tue and T,,.) describe the relationship between
the Fourier transforms of bed topography (b), bed slipperiness (¢), surface topography (5)
and surface velocity (i, V). If the bed topography and slipperiness are known then surface

topography and velocity components are given by the forward model:

§=Tyb+ Tyl (Eq. 3.26)
4= Tpb+T,é (Eq. 3.27)
P = Tpb+ Tyl (Eq. 3.28)
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Non-dimensionalised this gives:

S= TSBE + T_gcé
U= TUBé + Tucé
V= TVBE + Tvcé

60

(Eq. 3.26 non-dimensionalised)
(Eq. 3.27 non-dimensionalised)

(Eq. 3.28 non-dimensionalised)

Since the system is over-determined, we can use a weighted least squares inversion of

equations 3.26, 3.27 and 3.28 to find the bed topography and slipperiness which are the

most consistent with the ice surface. This is the same method used by Thorsteinsson et al.

(2003) in their study of MacAyeal Ice Stream (formerly Ice Stream E), but is reproduced

here in notation consistent with the rest of the equations we present.

In matrix form we have the forward model:

Y =GX
S Tsg  Tsc .
where Y = U ,G: TUB TUC , X= 1.
1 Tvp Tvc

A least squares inversion gives:
X = (G"EG) 'G"EY

Y2 0
Ty Tip Tv*B]

B
Al = < * * * 0 Zl; 2
c TSC TUC TVC 0 0
TSB TUB TVB 0 272 0
Tse Tge Tve Yo
0 0 Y

< & Wy

(3.33)
Y 00
0 Y,> 0
0 0 %7
Isg Tsc |\ -1
Tus Tyc ) (3.34)
Tvp Tyc

where 7 is the Hermitian transpose and * is the complex conjugate.

For compactness we define the following:

K = TgpTsc/ L5 +TipTue/ Lo +TypTve/ Ly
L =TgpTsp/ Y5+ T5Tus/ Lo +TysTve/ Ly
M =T Tsc/ Y3+ T5cTue/ o + Ty Tve/ Ty
Yy = ST;B/Z§+0TL73/ZZU “‘VT\;(B/Z\Z/

Yo =8T5e/ L5 +UT50/ L +V e/ Ly
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The least squares solution is then:

-1

A

Bl |L K Y,
¢ K* M Y,
1 M —K||Y,
- 3.35
LM —KK* |-k* L ||y, (3.35)

This inversion is problematic where LM — KK* is small or zero, which is for small
wavelengths (when k and I are large) or for topography or slipperiness perturbations which
are aligned in the direction of ice flow (k = 0). Short wavelengths bed features and features
aligned with ice flow are problematic because they cause flow disturbances in the ice which
do not reach the surface in a measurable way. They can therefore not be inverted from the
surface data.

To avoid this problem with an ill-conditioned inverse, Thorsteinsson et al. (2003) use a
truncated version of L'M’ — KK* as a filter, F to remove problematic wavelengths. Their
filter is

(LM — KK*)/P, if (LM —KK*) <P
1, if (LM — KK*) > P

where
P= max{(\LM—KK*y) Clesn)y, (3.36)

and pyi;; < 0. This filter allows through all wavelengths where LM — KK is larger than P,
but gradually filters out other smaller wavelengths. Smaller values of P give more detail,
but may over-fit the surface data due to errors. Larger values of P under-fit the data and
may leave out features actually represented by the data.

The filtered least squares solution is then:

A

B
¢

B F
LM — KK*

M —K
—-K* L

Y,

y, (3.37)

3.8 Supplementary material

3.8.1 Non-dimensionalisation

The form of these transfer functions can be simplified by considering them in a non-
dimensional form. For this purpose the same scalings as used in Gudmundsson (2003) and
Gudmundsson (2008) are employed.

All spatial scales are in units of mean ice thickness (%), and stress components in units
of driving stress (7).
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Non-dimensionalised shallow-ice-stream transfer functions
(b) Tup (©

log10(A/h) log1o(A/h) log1o(A/h)

Fig. 3.11 Panels (a), (b) and (c) show the magnitude of the complex non-dimensional
shallow-ice-stream transfer functions Tsg, Typ and Ty p between non-dimensional bed
topography B and surface topography S; along flow velocity U; and across flow velocity V,
respectively. Panels (d), (e) and (f) show the magnitude of the complex non-dimensional
shallow-ice-stream transfer functions Tgc, Tyc and Ty between non-dimensional bed
slipperiness C and surface topography S; along flow velocity U; and across flow velocity V/,
respectively. All transfer functions are calculated for mean slipperiness C = 100, sliding
law constant m = 1, and mean surface slope o = 0.002. The angle 6 is the angle between
the x axis and the wave vector (k,l). This is also the angle between the x axis and a
vector perpendicular to the crests of the sinusoidal perturbations, such that 8 = 90 for
landforms aligned with the ice flow and 6 = 0 for landforms perpendicular to the ice flow.
A is the wavelength of variability and is non-dimensionalised in terms of %, the mean ice
thickness, such that log;;(A /h) = 1 means that A = 10h. Ty, = 0.1 means that variability
in the surface topography will have one tenth of the amplitude of variability in the bed
topography at that angle and wavelength. Similar figures can be seen in Gudmundsson
(2008) with C = 99.

The non-dimensional form of the equations is obtained using the substitutions ¢ — C,
n—1/2,h1,a—C, ks k, [+ 1,y (mC)~!, and 7; = pghsina — 1.

Using these substitution leads to the non-dimensionalised transfer functions, shown in
Figure 3.11:
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K(1+m(22C+1))

Tsp(k,1) = - (13 non-dimensionalised)

k+m (k L2201 jzcota>

—icota (lzm —k? (1 + O.SjZmC))

Tyg(k,l) = - -

<k +m(k+2kj2C + ijzcota)) <(mC)*1 + 0.5j2>

(14 non-dimensionalised)
ikl (1 +0.52mC + m) cota

Typ(k,l) = - -

<k +m(k+2k2C+ ij%ma)) <(mc)—1 + 0.5j2>

(15 non-dimensionalised)
k

Tsc(k,1) = - (21 non-dimensionalised)

k+m (k 2k 2C+i j2c0ta>

¢ <3k12mé 42k +kj2mC + 2i12cotam>

Tuc(k,l) = - - (22 non-dimensionalised)

<k tm(k+2k2C +i jzcoux)) (2 + j2mc)

—kimC (2icota + 3kC)

Tyc(k,l) = - - (23 non-dimensionalised)

<k +m(k+2k2C+i jzcota)) (2 + j2mc)

3.8.2 Additional airborne-radar flight lines

There are 9 airborne radar flight lines from the 2019/2020 field season which cross the
region of Thwaites Glacier where the inversion procedure was carried out. 2 of these are
presented in the main body of the text, and the remaining 7 are presented here.
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Fig. 3.12 a) to g) Comparative plots of inverted bed topography with mean non-dimensional
slipperiness C = 100 with along flow radar-sounded bed topography. Bed topography is
given as unfiltered bed picks from the 2019/20 airborne surveys; a version of the same
filtered to 2 km wavelengths to be more representative of the detail we might expect
to image in our inversion; and the bed profile extracted from BedMachine Antarctica
(Morlighem et al., 2020). The envelope around the inverted bed topography shows plus
or minus one standard deviation. The correlation coefficients () and slopes given are the
results of a linear regression between the inverted bed or the BedMachine Antarctica bed
and the filtered radar bed. h) to n) Profile locations within the inverted grid.
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Bed topography for Bed topography for Bed topography for Bed topography for Bed topography for Bed topography for Bed topography from
p=-4 p=-3 BedMachine Antarctica

1600 -1500  -1400  -1300  -1200  -1100  -1000

Fig. 3.13 Bed topography results of the inversion for the Upper Thwaites region (see
Figure 6 for location) with a variety of values of p;,. Increasing p filters out increasingly
long wavelengths, and so a value of pyy;; = —2 is chosen to filter out noisy short wave-
lengths, while maintaining realistic bed features, as compared to Bedmachine Antarctica
(Morlighem et al., 2020).

Bed topography for Bed topography for Bed topography for Bed topography for Bed topography for Bed topography for Bed topography from

s = 10e-3 s = 10e-3.5 BedMachine Antarctica
1600 ~-1500 -1400 -1300 ~-1200 -1100 -1000

Fig. 3.14 Bed topography results of the inversion for the Upper Thwaites region (see Figure
6 for location) with a variety of values of ;. The weighting factor X controls the balance
in the least squares inversion between the surface elevation and surface velocity data, with
smaller values of ¥; weighting the inversion towards the surface elevation. A value of X, =
0.001 1s chosen to produce realistic amplitude bed features, as compared to Bedmachine
Antarctica (Morlighem et al., 2020).

3.8.3 Parameter values

Figures 3.13 and 3.14 show the results from the inversion when carried out for the Upper
Thwaites Glacier region with a range of values for the filtering parameter p;; and the
weighting factor X;. These tests confirm the value choices from the synthetic tests (p i, =
—2,%,=0.001).
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4.1 Abstract

One of the largest contributors to uncertainty in predictions of sea-level rise from ice-
sheet models is a lack of knowledge about the bed topography beneath ice sheets. Bed
topography maps are normally made by interpolating between linear radar surveys using
methods that include kriging, mass conservation and flowline diffusion, all of which
may miss influential mesoscale (2-30 km) bedforms. Previous works have explored an
Ice-Flow Perturbation Analysis (IFPA) approach for estimating bed topography using the
surface expression of these mesoscale bedforms. Using regions of Pine Island Glacier
that have been intensively surveyed by ice-penetrating radar as test sites, and a refined
IFPA methodology, we find that IFPA detects bedforms capable of influencing ice flow
which are not represented in Bedmachine Antarctica and other interpolated bed products.
We further explore the ability of IFPA to estimate relative bed slipperiness, finding higher
slipperiness in the main trunk and tributaries. Alongside other methods which estimate ice
thickness, bed topography maps from IFPA have the potential to constrain projections of

future sea-level rise, especially where radar data are sparse.
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4.2 Introduction

Detailed knowledge of bed topography beneath ice sheets is an important input for mod-
elling future ice-sheet behaviour and its contribution to sea-level rise. Direct measurements
of bed topography have been made by radar sounding, but typically do not provide the
density of coverage required by ice-sheet models. Traditionally, in slower-flowing ice,
interpolation methods such as kriging and plate splines have been used to fill in the gaps
(Fretwell et al., 2013), but these methods often have large uncertainties in regions where
radar lines are sparse. In fast-flowing ice near the grounding line, the physical principle
of mass conservation has been used to fill in the gaps (Morlighem et al., 2020). In many
other upstream regions of Antarctica, a more complex interpolation method, flowline
diffusion, has exploited the ice-surface flow direction to constrain the bed topography
(Morlighem et al., 2020). However, the topography products from interpolation methods
may miss mesoscale subglacial topography which is important for ice flow but which
does not intersect radar survey lines. It is well known that variability in bed topography
and basal slipperiness is transferred to the surface by ice flow (e.g. De Rydt et al., 2013;
Crozier et al., 2018; Cooper et al., 2019b). High-resolution observations of ice-surface
elevation may therefore provide an alternative route for recovering subglacial topography,
even in regions with sparse radar coverage.

The relationship between surface and bed topography was first described mathemati-
cally by Nye (1959), and developed further by Budd (1970); Whillans and Johnsen (1983);
Balise and Raymond (1985) and Reeh (1987). Gudmundsson (2003) and Gudmundsson
(2008) built on these early works using a linearized perturbation analysis to provide analyt-
ical functions that describe the transfer of variability between bed topography and the ice
surface. These transfer functions have been applied in 2D to bed topography on flowlines
at Rutford Ice Stream (De Rydt et al., 2013) and in Greenland (Ng et al., 2018; Igneczi
et al., 2018).

For three dimensions, this linear perturbation analysis approach was first applied to
MacAyeal Ice Stream by Thorsteinsson et al. (2003) but, due to the low availability of
high-resolution surface topography and velocity measurements at the time, it was not
applied more widely. We recently built upon these foundations to apply an updated version
of this methodology to modern satellite datasets across Thwaites Glacier (Chapter 3),
and we call this methodology Ice-Flow Perturbation Analysis (IFPA). Here, we present
a more efficient version of the code which now also accounts for variation in ice-flow
direction, and implements a full-Stokes version of the analytical functions describing
the transfer of variability between bed topography and the ice surface, rather than the
shallow-ice-stream approximation version used previously. In Chapter 3, ice flow was
assumed to be parallel to the polar stereographic grid in the negative x direction across the
whole of the main trunk of Thwaites Glacier. Although this is a passable approximation

for that region, it is obviously inappropriate for other regions of Antarctica, and so in this
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paper’s more advanced iteration of the IFPA code ice-flow direction is allowed to vary
independently in each subdomain. Ice flow which is not aligned to the polar stereographic
grid is accounted for by interpolating the ice surface data onto a grid aligned to the mean
ice velocity, running the analysis, and then interpolating back to the polar stereographic
grid. We apply IFPA to invert for subglacial topography and slipperiness at Pine Island
Glacier. We selected this region for both its overall scientific significance and because
within the catchment there exist several high-resolution radar surveys of bed topography
(Bingham et al., 2017) which were not included in Bedmachine Antarctica (Morlighem
et al., 2020) and hence provide independent sites for testing the success of our inversions.
We therefore use these high-resolution radar surveys to assess the performance of IFPA
relative to current interpolated products. We also produce broad-scale estimates of the
variability in relative basal slipperiness across the glacier trunk, which potentially inform
values of basal slipperiness to be applied when using this method in other regions of

Antarctica.

4.3 Methodology

4.3.1 Ice-Flow Perturbation Analysis (IFPA)

The IFPA method is based on the observation that perturbations in the bed topography
and basal slipperiness beneath flowing ice create variability in the ice-surface topography
and velocity. Perturbations in bed topography and perturbations in basal slipperiness have
different effects on the ice surface velocity and elevation, and so they can be resolved
separately without mixing effects (Gudmundsson and Raymond, 2008). Gudmundsson
(2003) and Gudmundsson (2008) considered the physics of such perturbations in an ice
slab with constant viscosity and isotropic rheology, and derived a mathematical framework
for understanding the relationship between the bed and the ice surface. This forms the
basis for the work that we present here.

As in Chapter 3, section 3, we consider the steady-state spatial variability of the ice-
surface elevation s, ice-surface velocity parallel to flow u and perpendicular to flow v, bed
topography b, and basal slipperiness ¢, as functions of the spatial coordinates x and y. We

denote the Fourier transforms of these with a circumflex”, such that:
S(k,1) = / / s(x,y)e” ik e=2mY gy, (4.1)

where k and / are wavenumbers in the direction of flow (x) and perpendicular to the flow
(v), respectively. So that we can make more general statements about the behaviour of the
system in terms of variables such as ice thickness, we non-dimensionalise these parameters,

and denote the non-dimensionalised quantities with a capital letter (see Section 2.1.3).
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For ice in a planar slab aligned in the direction of ice flow, the non-dimensionalised
Fourier transforms of perturbations in ice-surface elevation and velocity can be calculated
from the non-dimensionalised Fourier transforms of perturbations in bed topography and

basal slipperiness:

AS(k,1) = Tsp(k,1) AB(k,1)+ Tsc (k1) AC(k,1), (4.2)
AU (k,1) = Typ(k,1) AB(k,1) + Tyc(k,1) AC(k,1), (4.3)
AV (k,1) = Typ(k,1) AB(k,1) + Tyc(k, 1) AC(k, 1), (44)

where Tsp, Tsc, Ty, Tuc, Tvs, Tyc are wavenumber-specific, non-dimensional transfer
functions that describe the amplitude ratio of perturbations in the bed properties relative to
the ice surface properties, and which vary with angle of surface slope «, sliding law param-
eter m, and mean non-dimensional bed slipperiness C. Depending on whether full-Stokes
flow (Gudmundsson, 2003) or the shallow-ice-stream approximation (Gudmundsson, 2008)
are considered, these transfer functions take different functional forms. Both sets of equa-
tions are set out in the Supplementary Information, and the code provided can be run with
either. Due to their more complex functional form, the full-Stokes transfer functions take
approximately twice as long to run.

Equations 4.2, 4.3 and 4.4 form an over-determined system of three known variables
which can be solved using a weighted least-squares inversion (see Thorsteinsson et al., 2003,
Section 3 and Chapter 3, Appendix C). The least-squares inversion runs over a defined grid
where the parameters which influence the transfer functions (mean ice thickness /, angle
of slope «, sliding law parameter m, and mean bed slipperiness ¢) should be approximately
constant. As in Chapter 3, the mean ice thickness, A, is obtained from a 50 km averaged
version of BedMachine Antarctica ice thickness (Morlighem et al., 2020), and we use
m = 1. In order to apply the method across a large area over which these parameters
are variable, we run the model on overlapping 25 km by 25 km patches, and allow these
patches to have different parameters. Each grid point in the larger area is included in nine
overlapping patches, and the final elevation included in the results is the weighted mean
of these nine values, with a weighting factor based on the position in the overlapping
patch. This weighted smoothing reduces the number of overlapping patches required to
remove most edge effects, which means that the code runs more efficiently compared to

the iteration method used in Chapter 3.

4.3.2 Assessing method performance through comparison to radar
surveys
IFPA produces maps of variations in both bed topography and basal slipperiness. However,

since there are no direct observations of bed slipperiness (which is a parameter representing
many components of hydrology, geology and sedimentology that cannot be independently
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constrained), we focus on the bed topography component of these results to test the
performance of IFPA. We compare our results with ice-penetrating radar surveys of
the bed topography at seven sites in Pine Island Glacier surveyed in 2010 and 2013/14
(Bingham et al., 2017). These surveys acquired data with a 500 m line spacing between
ice-flow-orthogonal survey tracks, and an along-track sounding interval of 4-6 m, over
regions of 20 by 40 km (2010 survey) and 10 by 15 km (all six 2013/14 surveys). Further
details of acquisition and processing are detailed in Bingham et al. (2017). These radar
soundings were not processed in time for inclusion in BedMap?2 (Fretwell et al., 2013)
or Bedmachine Antarctica vl (Morlighem et al., 2020), and so provide an opportunity to
assess the performance of IFPA in emulating directly-measured and previously interpolated
bed topography.

We used IFPA to invert surface elevation from REMA v1 (Howat et al., 2019) (100 m
tiles, with interpolation to fill small gaps) and surface velocities from ITS_LIVE (Gardner
et al., 2018) (450 m spatial resolution, velocity composite from 1995 - 2016). This
produced bed topography and slipperiness across the main trunk of Pine Island Glacier.
IFPA performance is assessed by comparison with the directly-surveyed bed topography
sounded by the ice-penetrating radar, and with bed topography from Bedmachine Antarctica
that, for all of these sites, was derived with flowline diffusion (Morlighem et al., 2020).

4.3.3 Exploring the role of the tuneable slipperiness parameter C

The amplitude of variations in the topography on the surface of flowing ice sheets depends
not only on the bed topography, but also on conditions at the base including the basal-ice
and subglacial rheology, hydrology and till availability. These "basal conditions" are
poorly mapped beneath the Antarctic ice sheets but are collectively represented in IFPA
by a mean non-dimensional slipperiness parameter, C. Here, building from Chapter 3 and
Kyrke-Smith et al. (2017), we use C as a tuneable parameter to constrain the amplitude
of the topography, and explore optimal values for basal slipperiness across different parts
of the glacier. We therefore ran the model with respective mean-slipperiness values of
C = 25,50,75,100, 150 and 200.

In order to evaluate the best value of mean non-dimensional slipperiness C, we compare
the bed topography across Pine Island Glacier from IFPA to a) 3D ice-penetrating radar-
sounded bed topography acquired in 2013/14 and b) 2D airborne-radar-sounded bed
topography acquired in 2004/05 (Vaughan et al., 2006; Jordan and Robinson, 2021).
Because, mathematically, IFPA cannot resolve features aligned to the ice-flow direction
(k =0), we only examine results for radar lines oriented at an angle of less than 10 degrees

to flow. These lines primarily sound across-flow features which should be resolved.
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4.4 Results

4.4.1 Full-Stokes vs shallow-ice-stream approximation

Figure 4.1 shows a comparison of the bed topography from the IFPA model when run with
the full-Stokes transfer functions and the shallow-ice-stream transfer functions, with all
other parameters kept constant between the two model runs. We know from Gudmundsson
(2008) that, compared to the full-Stokes equations, the shallow-ice-stream approximation
underestimates variability in bed topography for wavelengths less than about 10 ice
thicknesses (roughly 20 km in this case) when inverting from the ice surface. We can see
in Figure 4.1 that the full-Stokes transfer functions generally produce higher amplitude
topography, in agreement with the theory. Gudmundsson (2008) also shows that this
underestimation depends on the ice surface slope, and the basal slip ratio, which is most
likely why the differences in amplitude are higher closer to the grounding line. Since
meso-scale (2-30 km) bedforms are some of the features which we are most interested to
estimate with this method, the rest of the results presented in this paper use the full-Stokes

transfer functions from Gudmundsson (2003).

4.4.2 Modelled bed topography

Figure 4.2 shows the bed topography derived from IFPA, compared with bed topogra-
phy directly surveyed with radar and modelled from flowline diffusion in Bedmachine
Antarctica. The results show that IFPA is successful in resolving medium-wavelength
features which are not resolved by the flowline diffusion method. This is illustrated by the
5 km-wide subglacial hill in the centre of Site iSTARt1 (Fig. 4.2a) which is not present
at all in Bedmachine Antarctica, the subglacial hill at the southwestern corner of Site
iSTARt6 (Fig. 4.2b), and the 10 km-wide valley running from south to north (right to left)
in the centre of Site iSTARt9 (Fig. 4.2¢).

For features in the bed to make an impression on the ice surface, they need to have a
wavelength which is at least equivalent to the thickness of the ice, which in the Pine Island
region is around 2 km. Step functions have both long and short wavelength components,
which means that sharp transitions in bed topography occurring over less than 2 km, such
as the 400 m high cliff at Site iISTARt7 (Fig. 4.2d), tend to become more smoothed in the
bed topography produced by IFPA, although they are still present. Smaller-scale features
(or spikes) with no long-wavelength component, such as the subglacial hillocks in the
western (lower in page) part of Site iSTARit (Fig. 4.2e), are completely smoothed out. Ice
flow in Site iSTAR:it (Fig. 4.2¢) is very slow, which also reduces transmission of basal
variability to the ice surface. Synthetic tests (Chapter 3, Gudmundsson, 2003, 2008) show
that these small-scale spikes and bumps are features which are not large enough to make

an impression on the ice surface, and will only have a local influence on basal ice flow.
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Fig. 4.1 A comparison of bed topography produced from Ice-Flow Perturbation Analysis
(IFPA) with the full-Stokes transfer functions from Gudmundsson (2003) and the shallow-
ice-stream transfer functions from Gudmundsson (2008) for a 3D topographic patch (Site
iSTARtI), and two linear cross sections. Mean non-dimensional slipperiness, C = 100.
d) Location figure marking patches of 3-D topography surveyed at high resolution with
ice-penetrating radar in 2013/14 (Bingham et al., 2017) black rectangles, with the patch
in panels a-c coloured red), and airborne-radar profiles acquired in 2004/05 ((Vaughan
et al., 2006) black lines, with red lines marking profiles in panels e and f). Panel e) shows
the comparison for the upstream cross-section, and panel f) shows the comparison for the
downstream cross section. The grey highlighted section of panel e) marks the profile’s
transition across Site iISTARt1. Spikes at -1600 km in panel e) result from an artefact of the
transition between tiles of the REMA data, which could be avoided by using a continuous
surface elevation product.
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Fig. 4.2 A comparison of bed topography from IFPA, ice-penetrating radar, and Bed-
Machine Antarctica flowline-diffusion interpolation for seven regions of Pine Island
Glacier. a) iSTARt1, b) iSTARt6, c) iSTARt9, d) iSTARt7, e) iSTARIit, f) 2010tr,
and g) iSTARtS. IFPA plots are for the best fit value of C, as shown in Figure 4.3.
(C =175,50,25,150,5,200, 100 from top to bottom). Survey-site locations are shown in

red in the rightmost column.
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Synthetic experiments have shown that for features in the bed to make an impression
on the ice surface, they should be aligned in a direction offset from the flow direction
by at least 10 degrees (Chapter 3). Landforms with wavenumber combinations which
correspond to features aligned to flow (k = 0) are not resolved, as they fall into the null
space of the inversion. We therefore do not expect flow-parallel features, such as the
mega-scale glacial lineations observed at Site 2010tr (Fig. 4.2f), to be resolved in the bed
topography produced by IFPA, although there is a wider flow-parallel feature through this
site in the IFPA topography. Features with a combination of different orientations, such as
the lineated north-south ridge at Site iISTARtS (Fig. 4.2g), can be partly identified. The
deeper groove on the south (right) side of the ridge is not resolved, as it is aligned with
the ice flow (k = 0). However, the crest of the ridge (top right to bottom left) is picked out

well, as it is at an angle of around 45° to the ice flow.

4.4.3 Basal slipperiness

Figure 4.3 shows bed-topography cross-sections from the 2010-2014 ice-penetrating radar
sites, and the comparison with the modelled bed topography with different values of the
mean non-dimensional slipperiness, C. For each site, we visually judge the best-fit value
of mean non-dimensional slipperiness, C, to be the result with the most similar amplitude
to the ice-penetrating-radar-sounded bed at the maximum point of the most distinct hill or
trough in the cross-section, and label this on each cross-section.

For Site iSTARt1 (Fig 4.3a) and Site 2010tr (Fig 4.3f), there is a clear best fit across
the main hill feature. For Site iSTARt6 (Fig 4.3b) we use the hill which goes off the side
of the patch as the calibration feature. For some lines (e.g. Figs. 4.3c, 4.3d) we can not
resolve all the small scale variability and so we compare to the broader-scale topographic
shapes. For Site iSTARtS (Fig 4.3g) the topography does not have any particularly distinct
features, and so we use the mean non-dimensional slipperiness value of C = 100. For Site
iSTAR:Iit (Fig 4.3e) none of the model runs can reproduce the amplitude of the hill in the
centre of the transect. For the purposes of mapping variability, we suggest an extremely
low slipperiness of C = 5, but in reality the slow flow of ice in this patch probably means
that the ice surface does not fully reflect the bed in this region and so IFPA can not resolve
the bed topography.

Figure 4.4 shows the bed-topography cross sections from selected airborne radar
profiles, and the topography produced when the IFPA method is applied with different
values of the mean non-dimensional slipperiness C. Some of these profiles (Figs. 4.4c,
4.4e, 4.4g, 4.41, 4.4y, 4.4k, 4.4i, 4.4m, 4.4n, and 4.4q) closely fit the radar-sounded
bed topography such that the selection of the mean non-dimensional slipperiness C is
straightforward. For two profiles (Figs. 4.4a and 4.4f), the positions of the amplitude
maxima are not the same in the airborne radar and the inverted bed topography, but we
pick the maximum amplitude of the inverted topography which lines up best. For the
rest of the selected airborne-radar profiles, (Figs 4.4b, 4.4d, 4.4h, 4.40, 4.4p, 4.4r), the
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overall amplitude of the topography is correct but some of the shorter-scale features are

not resolved.
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Fig. 4.3 Cross-sections across the main topographic features in each of the radar-survey
sites: a) iISTARt1 (10 by 15 km), b) iSTARt6 (10 by 15 km), ¢) iSTARt9 (10 by 15 km),
d) iSTARt7 (10 by 15 km), e) iSTARit (10 by 15 km), f) 2010tr (20 by 40 km), and g)
1STARtS (10 by 15 km). The amplitudes of the IFPA results are shown for different values
of the mean non-dimensional slipperiness parameter C in graduated shades of blue, and
the ice-penetrating radar results in orange. Cross-section profile locations are marked red
over the radar-sounded topographic maps. White lines are data gaps which arise due to
interpolation. Comparison between the radar surveys and different model runs allows for
an assessment of the best-fit mean non-dimensional slipperiness at each site (shown in the
bottom-left), and therefore slipperiness variability across the Pine Island Glacier region.

Putting together the best-fit values for each cross-section leads to a map of mean
non-dimensional slipperiness, C, (Figure 4.5) across the main trunk of Pine Island Glacier.
The dimensional slipperiness, ¢, is shown in Figure 4.5b, but this is mostly dominated by
the velocity (which is a component in the dimensionalisation, Figure 4.5d) and so does not
necessarily show localised variability as well as the non-dimensional slipperiness (Figure
4.5¢).

4.5 Discussion

4.5.1 Assessing IFPA performance through comparison to radar sur-
veys

The overall performance of IFPA as applied to the radar-sounded topography on Pine
Island Glacier for this paper is consistent with our understanding of IFPA from synthetic
tests (Chapter 3). Mathematically we do not expect to be able to resolve features aligned to
ice flow (k = 0) or smaller horizontal extent than the ice thickness, and indeed we do not.
Features which do not fall into either of these two categories are, however, resolved well,
and in a number of locations represent topography that is not resolved in the interpolated
bed topography from Bedmachine Antarctica (e.g. Fig 4.2a).

For all of the sites discussed in this paper, Bedmachine Antarctica uses a method termed
"flowline diffusion" to interpolate bed topography. Flowline diffusion is an anistropic
interpolation method "not based on physics" (Morlighem et al., 2020, SI pg6) which allows
more variability across flow than along flow, thereby preserving features aligned with
the ice-flow direction (k = 0). Interpolation occurs between radar lines, which are often
spaced more than 5 km apart. There is no allowance for features which are not aligned to
flow, and which do not cross one of these radar lines, and so we would not expect flowline
diffusion, and hence Bedmachine Antarctica, to be able to detect features such as the
subglacial hills in Site iISTARt]1 and Site iISTARt6 (Fig 4.2a and Fig 4.2b), or the valley in
Site iISTAR®9 (Fig 4.2¢). IFPA therefore offers the potential to improve our knowledge of



4.5 Discussion

77

a0)
100
0 j
—100|gest c = 75
0.0 25 5.0 7.5 10.0
al)
N—————
01Best C = 75 Best C = 25
0 2 4 0 1 2 3
200 a2)
0
Best C = 25 Best C =75
0 10 20 0 2 4
’é‘ 250 a3) al2)
2 0
S
‘g ~250 I(B)est C =525 . . Igest C =125 . :
g 100 a4) 250 a13)
g A
® 0 0
8 polBestC =100 _,50/BestC =25
= 0 2 4 6 0 2 4 6 8
45 a5) 100 14)
5 100 0
> 0 —-100
2 Best C = 75 Best C =200
0 2 4 0 5 10 15
a6) als)
200 /\ 100
0
01Best C = 50 ~— Best C = 50
0 2 4 0 2 4
250 a7) al6)
0
0 —-100
Best C =10 Best C =150
0 10 20 0 1 2 3 4
100 a8) 100 al7)
0 0
—100{Best C = 200 —1001Best C = 200
0 10 20 0 2 4 6
Flight line distance (km) Flight line distance (km)
BBAS 04/05
C=25 —— C=175 —— C=150 —— dar bed
C=50 —— C=100 —— C=200
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Fig. 4.5 The best-fit mean non-dimensional slipperiness across Pine Island Glacier, as
calculated by comparing the amplitude of landforms observed in radar measurements to
those from IFPA, with bed topography and ice-surface velocity shown in the background.
Both the airborne radar lines and ice-penetrating radar grids are shown. a) Non-dimensional
slipperiness, b) dimensional slipperiness (note that this mostly varies with velocity). Higher
slipperiness is observed in the main trunk and tributaries. Due to the mathematical inability
of IFPA to resolve landforms aligned to flow (k = 0), only radar lines aligned to flow
(which cross landforms at an angle to flow) have been used. Panels c) and d) show the
relationship between ice velocity and mean non-dimensional slipperiness (¢) and mean
dimensional slipperiness (d) respectively.
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bed topography in parts of Antarctica where features exist between radar survey lines and

have an expression in the ice surface.

4.5.2 Exploring the role of the tuneable slipperiness parameter C

In this work we have also explored how we can use existing radar-sounded bed topography
to explore the role of the mean non-dimensional slipperiness parameter, C, and its effects
on the amplitude of the topography. Typically, basal slipperiness is modelled by inverting
surface observations with a fixed bed topography (Morlighem et al., 2010). Nias et al.
(2016) adopt an iterative approach starting with BedMap2 to produce topography and
friction maps for the Amundsen Bay Embayment. Some models invert for slipperiness
and topography together, but these have not been applied to Pine Island Glacier. If there
are errors in the bed topography, these then propagate into the slipperiness estimate.
Kyrke-Smith et al. (2017) showed that including high-resolution topography can reduce
the modelled basal slipperiness, as it changes the way basal drag is partitioned in these
inversions. The total basal friction is partitioned between form drag (caused by topography)
and skin drag (caused by other basal properties), so more knowledge about topography
can increase the modelled contribution from form drag, but decrease the modelled skin
drag contribution, which is what the basal slipperiness parameter represents. Modelled
slipperinesses which use the bed topography from BedMap2 (Morlighem et al., 2010;
De Rydt et al., 2013; Kyrke-Smith et al., 2017) or Bedmachine Antarctica (Barnes et al.,
2021) are likely to overestimate the contribution from skin drag, and may falsely attribute
this to bed properties such as water content or till distributions. The method which we
apply here to map the basal slipperiness only uses direct observations of topography
rather than interpolated topography, and therefore avoids this issue. It does require
accurate bed measurements to be available in the local area for calibration, but topographic
measurements from other tributaries to the same glacier, or nearby glaciers should be
sufficient, as long as the geology is thought to be similar.

Figure 4.5 depicts a general trend for higher slipperiness in the main trunk of the
glacier, and lower slipperiness in the higher topographic regions between the tributaries. A
higher slipperiness means lower friction for sliding, and we propose that this is likely to be
due to higher erosion rates and a thicker sediment layer in the main glacial trough, such as
at Site 2010tr (Fig 4.3f) and some of the airborne survey lines (eg Fig 4.4h and Fig 4.4n).
Lower slipperiness means more friction against sliding, and we suggest this is likely to be
due to more exposed bedrock on the higher topography, for example at Site iISTARt9 (Fig
4.3c), and the airborne-radar profiles shown in Figure 4.4b and Figure 4.4c. As well as
agreeing with other modelled basal-slipperiness studies (Morlighem et al., 2010; De Rydt
et al., 2013; Kyrke-Smith et al., 2017; Barnes et al., 2021), this is what we would expect
in an active glacial environment, where the motion of the ice erodes glacial till. The till
is removed from the higher topography exposing the bedrock, and accumulates in glacial
troughs, where it can lubricate ice flow. Seismic studies from Pine Island Glacier (Smith
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et al., 2013; Brisbourne et al., 2017; Davies et al., 2018) and offshore work in Pine Island
Bay (Nitsche et al., 2013; Muto et al., 2016) also support this picture of a mixed subglacial

environment with abundant till and some exposed bedrock.

4.5.3 Applying Ice-Flow Perturbation Analysis to other regions of
Antarctica

We have found that there is considerable variation in the values of IFPA-inferred mean
slipperiness which match best with the existing bed topography across Pine Island, but
this variability appears to be linked with broad-scale topographic patterns. Bingham
et al. (2017) showed that there was a first-order relationship between bed topography and
ice flow across Pine Island Glacier, pointing to the principal importance of form drag.
Seismic surveys (Smith et al., 2013; Brisbourne et al., 2017) support these findings and
have suggested that there is a connection between topography, the distribution of glacial
tills and sliding patterns. A relationship between bed-sliding properties and topography
has also been observed on Thwaites Glacier (Muto et al., 2019b,a; Clyne et al., 2020).
Due to the spread of best-fit mean non-dimensional slipperiness values, we propose that a
spatially-variable mean non-dimensional slipperiness parameter, C, should be used when
applying IFPA to other regions of Antarctica. Ideally a local constraint on the variations
in C should be used, but since there are relatively few areas with such high density radar
surveys to use for this calibration in other regions, we propose applying values of C =
150 in glacial troughs and C = 50 in rougher areas in between. This may lead to a slight
overestimate of topography in troughs and an underestimate between them, but should
account for some of the difference in sliding mechanics, and produce more realistic bed
topography overall.

Additionally, as C represents the ratio between the mean basal-sliding velocity and
the mean internal-deformation velocity (Gudmundsson, 2008), it may be possible to
calculate suitable values of C using other observations. Information about the thermal and
mechanical properties of the ice can be used to calculate the deformational velocity, and
alongside the surface velocities (Rignot et al., 2011b), this may help to determine the most
suitable values of C to apply in other regions of Antarctica.

When considering the regions of Antarctica where IFPA might be useful, it is important
to consider the known weaknesses of the method. In regions of extremely slow flowing ice,
such as Site iSTAR:it (Fig 4.3e), even extremely low values of the mean non-dimensional
slipperiness can not match the existing bed topography. The IFPA method assumes that the
ice surface is in steady state with the bed, but we suggest that this mismatch may be due to
the slow transfer of the topographic variability from the bed to the surface. Although these
slow flowing regions are not terribly important in contemporary ice dynamics, they may
become important in the future as regions of faster flow expand further inland from the

current coastline. More intriguingly, however, they may also give a hint of how palaeo-
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ice-dynamics could have been different. Analysis of the relationship between englacial
stratigraphy and both the ’true’ radar topography and the modelled IFPA topography in
these regions has the potential to further illuminate past variations in ice flow patterns.

Analysis of englacial stratigraphy alongside perturbations in the ice flow may also
inform us about the viscosity distribution in ice sheets. Although we assume linear
viscous ice for IFPA (flow law constant n = 1), observations suggest that viscosity is not
constant through the ice column (n = 3 to 4). This would lead to non-uniform transfer of
perturbations from the bed to the surface, which may be visible in regions where englacial
layers can be seen throughout the ice column and especially at depth. Additionally, as
higher values of n lead to stronger surface expressions of features (Jéhannesson, 1992;
Raymond and Gudmundsson, 2005), assuming n = 1 may over-estimate the amplitude of
the bed topography. However, the choice of the mean non-dimensional slipperiness may
reduce this effect, as the most suitable value of C depends on both basal slipperiness and
ice viscosity.

Another issue with IFPA is that we require a continuous 50 km by 50 km patch which
can be approximated by flow in an inclined slab, in order to invert the surface elevation and
velocity fields. This means that we can not apply the method too close to the grounding line,
as floating ice behaves with different physics to grounded ice. However, in fast flowing
ice close to the grounding line where dense radar observations are available, Bedmachine
Antarctica uses the mass conservation method, which takes into account variation in
surface elevation (Morlighem et al., 2020) and is therefore less likely to miss mesoscale
landforms than the flowline diffusion method which is used further inland. Requiring
flow which can be approximated by slab flow also means that IFPA is likely to struggle
in regions where the ice is not fully covering the topography at the 50 km scale, such
as in the Antarctic Peninsula. It is possible to reduce the size of the patch, which may
increase the utility of the method in smaller glaciers, as long as the ice thickness is much
less than the width between confining walls so that the flow can be approximated by an
inclined slab. Additionally, the application of an non-uniform background state, as has
previously been applied to flowlines from Columbia Glacier and Nordenskiold Glacier
(Ng et al., 2018), could improve the long-wavelength background conditions applied in
the model, and account for converging and diverging flow in addition to non-slab flow.
Generally though, we believe that the IFPA method will be of most use in inland regions
with continuous ice cover.

IFPA tells us about variations in the bed relative to the mean elevation, but does not tell
us about the absolute ice thickness. To demonstrate the potential of the method, and to
ensure that we present an independent test of IFPA and Bedmachine Antarctica, we have
used a single ice-thickness value for each 50 km by 50 km region in the Pine Island Glacier
catchment. However, to improve the utility of the IFPA bed-topography product, we could
incorporate more of the measured radar bed topography which is included in Bedmachine

Antarctica, potentially using the error estimate which accompanies Bedmachine Antarctica.
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The strength of flowline-diffusion is the ability to interpolate along flow landforms, which
is one of the known weaknesses of IFPA. A combined product which includes both the
flow-oriented landforms from Bedmachine Antarctica and the flow-orthogonal landforms
from IFPA would represent a powerful baseline for the next generation of ice-sheet models,
for which the representation of basal roughness and traction is so crucial (e.g., Durand
et al., 2011; Kyrke-Smith et al., 2018; Nias et al., 2018).

4.6 Conclusions

Building on the work of Gudmundsson (2003); Gudmundsson and Raymond (2008) and
Thorsteinsson et al. (2003), and our recent application of IFPA on Thwaites Glacier
(Chapter 3), we have produced maps of the bed topography beneath Pine Island Glacier,
West Antarctica, by inverting from satellite-derived surface ice properties and varying
values of basal slipperiness. We use transfer functions for IFPA based on the full-Stokes
equations rather than the shallow-ice-stream approximation. A comparison of the inverted
topography with directly sounded topography from ice-penetrating radar and the bed
interpolated using flowline diffusion in Bedmachine Antarctica shows that our application
of Ice-Flow Perturbation Analysis (IFPA) is able to capture topographic features which
could never be resolved by flowline diffusion. Since flowline diffusion is the main method
used by Bedmachine Antarctica in the inland regions of Antarctica, IFPA offers the
potential to enhance our understanding of bed topography across much of the continent.
We also used the trade-off between mean non-dimensional slipperiness C, and topo-
graphic amplitude in the IFPA method to explore trends in slipperiness across the main
trunk and tributaries of Pine Island Glacier. We found higher slipperiness (or lower basal
friction) in the main glacial trough and lower slipperiness (or higher basal friction) on
the elevated topography between tributaries; this trend agrees with observations from
seismic surveys. Matching the radar topography with IFPA requires a range of values of
the mean non-dimensional slipperiness parameter. When applying IFPA in other regions
of Antarctica we would ideally use local radar observations for calibrating C, but in ar-
eas with sparsely distributed radar measurements we suggest applying a variable mean
non-dimensional slipperiness of C = 150 in fast-flowing glacial troughs and C = 50 in

slower-moving highlands.

4.7 Supplementary information

4.7.1 Non-dimensionalised transfer functions

For ice in a planar slab aligned in the direction of ice flow, the non-dimensionalised
Fourier transforms of perturbations in ice surface elevation, (), and velocity, (U, V), can

be calculated from the non-dimensionalised Fourier transforms of perturbations in bed
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topography, (B), and basal slipperiness, (C):

S(k,1) = Tsp(k,1) B(k,1) + Tsc(k,1) C(k,1), (4.5)
J(k,1) = Tyg(k,1) B(k,1) + Tyc(k,1) C(k,1), (4.6)
V(k,1) = Tyg(k,l) B(k,1) + Tyc(k,1) C(k,1), 4.7)

where Tsg, Tsc, Tus, Tuc, Tvp, Tyc are wavenumber specific non-dimensional transfer
functions which describe the amplitude ratio of perturbations in the bed properties relative
to the ice surface properties, and which vary with the wavenumbers & and /, angle of slope,
a., sliding law parameter, m, and mean non-dimensionalised bed slipperiness, C.

Depending on whether full-Stokes flow (Gudmundsson, 2003) or the shallow-ice-
stream approximation (Gudmundsson, 2008) are considered, these transfer functions take
different functional forms, where j2 = k2412

For the shallow-ice-stream approximation (Gudmundsson, 2008):

K(1+m(2/2C+1))
Tsg(k,1) = ] , 4.8)
k+m (k 2k 2C +i jzcota)
—icota(12m — k(1405 %mC) )
Ty (k,1) = _ : , 4.9)
<k+ m(k+2kj2C + ij2cota)) ((mC)*l + 0.5j2>
ikl (1 +0.52mC + m> cotar
Tyn(k,l) = ; : , (4.10)
(k+ m(k+2k;j2C + ij2cota)) ((mC)—l + 0.5]'2)
k
Toc(k,1) = ; , @.11)
k+m (k +2kj2C + ij%ota)
c‘<3k12mc' 2k kPmC + 2i12cotam)
Tyc(k, 1) = _ - 4.12)
<k +m(k+2k2C+i j%otoc)) (2 v j2mc>
—kImC <2icota + 3kC>
Tye(k,1) = 4.13)
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For full-Stokes flow (Gudmundsson, 2003):

TsB um (k,1) = jk<(1 +C)(Cjsinh(j) +cosh(j)) +cosh(j) (1 +C +C* j2)>, (4.14)
Tourf.den(k,1) = jk(1 +C) (cosh(j) (Cjsinh(j) +cosh(j)) + 1+ j*(1 +C)) (4.15)
+icot(a) ((c jsinh(j) + cosh(j)) sinh(j) — j) , (4.16)

TSBJle (k; l)

Tsp(k,l) =
SB( ’ ) Tsurf,den(kvl)7

(4.17)



4.7 Supplementary information 85

Tyt (k1) = (smh2<,-> (Peot(a)sinn(j)cosh() (€2~ B(CP 7 +4:+.)) +4)
+ik<j4é(3c‘k2<1+c‘)—4)+z( 2(K2(4C+2+C?) +4+4C) ~203(1+C) )
+j3<C3j2(k2(1+C)+2)+Ck2(SC+4)+2(3C—2)(1+C))—4k2jC(1+C)>
+ jeot(ar) (( —3C%K*+2C(2+C)) j* - k2(2+c‘)2>) —2j3cot(ct) (c‘2k2 +c‘+2)
+2ikj(j2(k2(5c‘2+6c‘+2)—4—4c‘)—14(2+5c‘+4c‘2)+2k2(1+(7))>,
(4.18)
Totdenlk) = <JCOSh3( (140 (€2 +2) - 3Ceot@)
+ jeosh(j) (cot(a) (2+3C) —ik(1+6)( (€2 —2C ~2) —2))
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(4.19)

TUB,num (k7 l)

Typ(k,l) =
UB( ’ ) Tvehden(kvl)7

(4.20)
Ty B (k, 1) =kl <sinh( j)cosh()) <ik (30‘2 F+C)+2/2(2+4C+C?) —4— 4c‘>
— jCeot(a) ( A +C’+4)
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TVB ,Jaum (k l)
vel den(k l) ’

Tsc num(k,1) = — Ck jecosh(j), (4.23)
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Chapter 5
Antarctica

A version of this chapter is being prepared for publication.
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5.1 Abstract

The subglacial landscape of Antarctica offers geomorphological insights into the dynamics
of ice-sheet flow regimes, informing numerical models projecting future ice-sheet change.
Existing maps of subglacial topography interpolate between millions of geophysical-survey
measurements, but these measurements still contain large gaps, leading to spatial biases.
High-resolution maps of the ice surface offer an alternative spatially-homogeneous basis
for recovering subglacial topography. We present here a new map of subglacial topography,
produced using Ice Flow Perturbation Analysis, an inverse method which leverages the
principle that stress changes associated with ice flow over bedrock obstacles produce
ice-surface topography. Our results significantly enrich our understanding of mesoscale
landforms across Antarctica, accentuating the details of known features and unmasking
many new ones. Additionally, we use the textural properties of the new topography and a
small subset of training data to classify the topography by geomorphological characteristics.
The new topographic map, accompanied by this updated geomorphological classification,
adds considerably to our knowledge of the subglacial geometry of the Antarctic ice sheets,
provides important insights into landforms which are influential in ice flow, and has the

potential to guide future geophysical surveying.
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5.2 Introduction

As global temperatures rise and oceans warm, it has been estimated that the Antarctic
ice sheets will contribute between a few centimetres and nearly a metre to sea level rise
by 2100 (Ritz et al., 2015; DeConto and Pollard, 2016; Edwards et al., 2019; Seroussi
et al., 2020; Edwards et al., 2021). Poor understanding of the processes which occur
during glacial retreat and a lack of knowledge about the boundary conditions at the ice-bed
interface have been identified by the Intergovernmental Panel on Climate Change (IPCC)
as key causes of this wide range of model predictions (Parizek et al., 2013; Sun et al., 2014;
Scambos et al., 2017; Koellner et al., 2019; Fox-Kemper et al., 2021).

The Antarctic ice sheets have an average thickness of 2100 m (Morlighem et al., 2020),
obscuring the bed which lies beneath them. Limited geological exposure in subaerial
mountain ranges and around the margins offers some insights into the properties of the
buried bed (Cox et al., 2023), but the majority of what is known about the ice-bed interface
comes from geophysical surveys (Jordan et al., 2010; Golynsky et al., 2018; Baranov et al.,
2021; Frémand et al., 2023; Aitken et al., 2023). Topographic maps such as Bedmap3
(Frémand et al., 2023) and Bedmachine Antarctica (Morlighem et al., 2020) interpolate
between millions of observations from radar and seismic surveys using methods such as
kriging (Fretwell et al., 2013), streamline diffusion and mass conservation (Morlighem
et al., 2010).

While in relatively small patches these radar and seismic surveys have line spacing as
low as 500 m, in many regions the line spacing is 10 or 15 km, and across inland Antarctica
is spacing is up to 300 km. This leads to topographic maps which do not achieve the
resolution which models require to predict future sea level (Durand et al., 2011; Gladstone
et al., 2012; Pattyn et al., 2013; Nias et al., 2016; McCormack et al., 2018; Castleman
et al., 2022). In addition, interpolation techniques are heavily influenced by data density,
so continent wide metrics from interpolated products are not spatially consistent and have
variable uncertainty, meaning that different regions can not easily be compared. Some
studies have used statistical interpolation methods (Goff et al., 2014; Graham et al., 2017;
Guan et al., 2018; Mackie and Schroeder, 2019; MacKie and Schroeder, 2020) or machine
learning techniques such as in-painting (Cai et al., 2023b; Gavriil et al., 2019) or super-
resolution (Leong and Horgan, 2020; Cai et al., 2023a) to simulate subglacial topography
and fill data gaps. However, these statistical methods struggle to match observational data
and have low objective accuracy, meaning that they have not widely been applied.

Modern satellite observations have high spatial resolution and cover the ice surface of
the whole of Antarctica. An alternative approach to classical interpolation techniques is to
combine these high resolution observations of the ice surface and knowledge of glacial flow
to determine bed properties through inverse methods (Van Pelt et al., 2013; Barnes et al.,
2021). It is well known that perturbations in the ice-bed interface are transferred to the ice
surface by flowing ice (De Rydt et al., 2013; Crozier et al., 2018; Cooper et al., 2019b),
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and this relationship between the bed and the surface has been described mathematically
by multiple studies (Nye, 1959; Budd, 1970; Reeh, 1987; Gudmundsson, 2003, 2008).
Following these studies, we apply an inverse method known as Ice Flow Perturbation
Analysis (IFPA), which exploits analytical formulations of perturbation transfer, to produce
a new map of basal topography across the interior of Antarctica. We explore the types
of topography in this new map, and classify the topography based on geomorphological
characteristics, providing new insights into the nature of subglacial landforms across

Antarctica.

5.3 Ice Flow Perturbation Analysis methodology

For ice with a constant viscosity in a planar slab aligned in the direction of ice flow, the
non-dimensionalised Fourier transforms of perturbations in ice surface elevation, (§), and
velocity, (U, V), can be calculated from the non-dimensionalised Fourier transforms of

perturbations in bed topography, (B), and basal slipperiness, (C):

S(k,1) = Tsp(k,1) B(k,1) + Tsc(k,1) C(k,1), (5.1
J(k,1) = Tyg(k,1) B(k,1) + Tyc(k,1) C(k,1), (5.2)
V(k,1) = Typ(k,l) B(k,1)+ Tyc(k,1) C(k,1), (5.3)

where Tsg, Tsc, Tus, Tuc, Tvp, Tyc are wavenumber specific non-dimensional transfer
functions which describe the ratio of perturbations in the bed properties and perturbations
in the ice surface properties, and which vary with the wavenumbers k and [, angle of slope
a., sliding law parameter m, and mean non-dimensional slipperiness C. The mathematical
forms of these transfer functions are given in full in the supplement to Chapter 4, for
both full-Stokes flow (Gudmundsson, 2003) (2003 equations) and the shallow-ice-stream
approximation (Gudmundsson, 2008) (2008 equations).

Ice Flow Perturbation Analysis (IFPA) uses these transfer functions to calculate the
bed topography b(x,y), and bed slipperiness c(x,y) over a patch with coordinates x and y,
from the ice surface elevation s(x,y), and ice surface velocities u(x,y) and v(x,y) (Chapter
3and 4).

5.3.1 For a single isolated patch

For a square grid with dimensions square_size, and coordinates x and y, we need ice
surface elevation s(x,y) (in metres), ice surface velocities in the x and y direction u(x,y)
and v(x,y) respectively (in metres per year), and a mean ice thickness & (in metres). To
calculate the bed properties using IFPA, these steps are followed (Figure 5.1):
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1. Ice flow direction
The mean ice-flow direction is calculated.

2. Data rotation
We then interpolate the ice surface and velocity data onto a grid aligned with the
mean ice-flow direction with the specified grid dimension. It is important that the
wavenumbers k are aligned to the ice-flow direction, and that the wavenumbers [/ are
normal to the ice-flow direction for the application of the transfer functions. This can
theoretically be done by taking k” and [’ for the Fourier-transformed data grid, and
recalculating k and / with respect to the mean ice-flow direction using trigonometry.
However, this introduces edge effects which can not easily be quantified, and we opt
instead to interpolate the data onto a rotated grid which is aligned to the ice flow

direction, standardising these effects everywhere.

3. Subtraction of a reference planar slab
From the interpolated ice surface elevation and velocity, a reference slab inclined in
the direction of ice flow is calculated. This slab has angle of slope o. The sloped
surface of the reference slab is subtracted from the elevation data, and the mean
ice-velocity is subtracted from u(x,y) and v(x,y), leaving only perturbations from

the reference slab.

4. Non-dimensionalisation
Elevations are non-dimensionalised by dividing by the length scaling factor (mean
ice thickness, i). Velocities are non-dimensionalised by dividing by the velocity
scaling factor (mean ice velocity).

5. Fourier transform
After the application of a simple tapering function to avoid edge effects over a speci-
fied fraction of the grid (rapering), the non-dimensionalised ice surface elevation
and velocities are Fourier transformed to give S(k,1), U (k,) and V (k,1).

6. Computing the Transfer functions
The transfer functions Ty, Ty, T,p, Tue, Typ and T,., are calculated using either
the full-Stokes flow (2003) or shallow-ice-stream approximation equations (2008)
depending on which is most suitable. For topography which will be applied in a
shallow-ice-stream model we recommend the shallow-ice-stream equations. Due to
their more complex form, the full-Stokes flow transfer functions take approximately

twice as long to compute.
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Fig. 5.1 A schematic illustrating the order in which various steps are carried out when Ice
Flow Perturbation Analysis is applied to a single patch. Step numbers correspond to the
description in Section 5.3.1.

7. Least squares inversion

Equations 5.1, 5.2 and 5.3 can be solved to give B(k,!) and C(k,[) using a weighted
least squares inversion, for each combination of k and /, following the method of
Thorsteinsson et al. (2003) and Appendix C of Chapter 3. To balance the relative
sizes of the perturbations in velocity and elevation in the least squares equation, we
apply a weighting factor er (also referred to as ) ). To suppress artificial amplifi-
cation of small wavelengths which fall within the null space of the inversion, we
use filtering parameters p and WavCut, to reduce small wavelengths. Landforms
aligned to ice flow also fall in the null space of the inversion and are removed using
the directional parameters, Cut.

8. Dimensionalisation and adding the reference planar slab
The resulting non-dimensionalised topography, B(k, ), and slipperiness, C(k,1), are
inverse fourier transformed, and then re-dimensionalised. Elevations are dimen-
sionalised using the reference length scale (mean ice thickness, /). Slipperiness is
dimensionalised using the reference slipperiness scale (¢/C). The mean surface ele-
vation § and the slope of the reference planar slab are adding to the dimensionalised
topography, and the mean ice thickness, 4, is subtracted.



5.3 Ice Flow Perturbation Analysis methodology 92

9. Results
This process calculates the bed topography, b(x,y) (in metres), and bed slipperiness,
c(x,y) (in myr~'Pa~!) on the rotated grid. These are re-interpolated back to the
original polar stereographic grid, and only the central part of the original grid is used
to ensure that the same area is included regardless of the ice flow direction, and that
areas smoothed during tapering are also cropped. For tapering = 0.1, we use the
central 50% of the original grid.

This process can be carried out in python using the function bed_conditions_clean
from the package inversion_module_v2.py.

5.3.2 Opver larger areas

To produce a smooth data product over larger areas, we run the inversion on multiple
overlapping patches, and use a weighted sine function based on proximity to the centre
of the patch to combine them. Patch results are given a weighting of O at the edges of the
patch, and 1 in the centre. In the code for the inversion, the number of overlapping patches
used in each region is specified with the parameter n, and the number of adjacent patches
to be calculated in the x and y directions is specified with the parameter ad j.

This process can be carried out in python using the function terminal_inversion_smooth
from the package inversion_module_v2.py. For the map included here, this code took ap-
proximately a week to run for the whole of Antarctica, although subsequent improvements
mean that it can now be run in around 7 hours.

....................

(square_size)/2

The output from Run n by n Apply a weighted _ Only include
a single patch overlapping patches mean, where each patch regions where n by n
has a sinusoidal weighting grids overlap

(0 at edges, 1 in centre)

Fig. 5.2 A schematic diagram to illustrate the steps taken when combining multiple
overlapping patches to produce a smooth data product over a larger area.

5.3.3 For the whole of Antarctica

For the surface elevation input, we used the Gapless REMA digital elevation model (Dong
et al., 2022), which fills voids in the REMA digital elevation model (Howat et al., 2019) by
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combining multiple source DEMs, and has a spatial resolution of 100 m. For the surface
velocities, we used the ITSLIVE Antarctic ice velocity product (Gardner et al., 2018),
which is a composite of velocity measurements made between 1995 and 2016, and has a
spatial resolution of 450 m. A list of coordinates was prepared with 50 km spacing in the x
and y directions on the polar stereographic grid. Coordinates were saved if they fell within
the Antarctic continent, if their 50 km by 50 km region contained no null values, and if
they had a mean surface elevation of more than 250 m. Coordinates with a lower mean
surface elevation were assumed to be too close to the grounding line, where the physical
processes are not captured in the linearised equations used in IFPA. MPI (Message Passing
Interface) was used to parallelise the running of the IFPA code over this list of coordinates
on the University of Edinburgh linux servers.

The following parameters were used, where an asterisk (*) indicates values chosen
because they returned reasonable amplitude features in previous work on Thwaites Glacier
(Chapter 3) and Pine Island Glacier (Chapter 4):

* Tapering parameter®: tapering =0.1

* Sliding exponent®: m =1

* Filtering parameters®: p = —2, wavcutB = 1, wavcutC =2
» Weighting factor*: er =103

+ Mean non-dimensional slipperiness*: C = 100
Note that slipperiness is not expected to be constant across Antarctica. The effect of

varying C was explored in Chapter 4.

* Directional filtering parameters: cutB = 10 and cutC = 15
The angle (in degrees) from the flow direction at which variability in the basal

conditions, which falls into the null space of the inversion, is removed.
* Patch dimensions: square_size = 50000
* Number of overlapping grids: n =23

* Number of adjacent grids: adj = [6,6]
Note that a larger value of adj would reduce the grid spacing required in the list
of coordinates, and reduce run time by lowering the number of repeat calculations
between neighbouring patches. We used a value of 6 to keep memory usage low, as

all adjacent patches are kept open simultaneously until the results are saved.
* Transfer functions: Full-Stokes flow transfer functions (2003 equations)

» Mean ice thickness: 7
For each patch, we calculate the mean ice thickness values from Bedmachine Antarc-
tica (Morlighem et al., 2020). This is the only information about the ice thickness
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Thwaites Glacier 50 km smoothed version of Thwaites Glacier
. . Bedmachine Antarctica b
Bedmachine Antarctica a) (surface - ice thickness) ) Area dimensions
100 km by 100 km

Ice Flow Perturbation Analysis c)

Fig. 5.3 An example of the level of detail provided by the 50 km diameter smoothed ice
thickness used in the Ice Flow Perturbation methodology for the Thwaites Glacier region.
In the central plot, each individual square pixel is 8.3 km square (square_size /2n).

used, and does not include any mesoscale topographic features in which we are most
interested. Figure 5.3 illustrates how little topographic information is provided to
the inversion by including the mean ice thickness when the number of overlapping

grids n = 3, and the patch dimensions square_size = 50000.

A total of 4269 patches of bed topography, each 50 km by 50km, were analysed. This
process was carried out in python using the script mpi_inversion.py. As a result of the
weighted mean procedure used when applying IFPA over larger areas, these patches could
then be smoothly joined together without edge effects to create the map which is presented
here. This joining process was carried out in python using the script Stitching.py.

5.4 A new map of Antarctic subglacial topography

We present here the new map of Antarctic subglacial topography produced using the Ice
Flow Perturbation Analysis (IFPA) methodology, applied to the Gapless REMA digital
elevation model (Howat et al., 2019; Dong et al., 2022), and ice velocities from NASA
ITS_LIVE (Gardner et al., 2018) using a 50 km smoothed ice thickness from Bedmachine
Antarctica (Morlighem et al., 2020) as baseline topography. IFPA assumes ice flow in
an inclined plane, which is not appropriate near the grounding zone around the coast of
Antarctica, so we only apply IFPA in interior regions (see Figure 5.5¢).

5.4.1 Selected new details in interior regions

The strength of Ice Flow Perturbation Analysis lies in its ability to explore the mesoscale
(2-30 km) topographic variability which is transferred to the ice surface (Chapter 4), and
we therefore focus our analysis on ways of exploring the novel estimates of mesoscale
details. We begin with a selection of regional snapshots which provide an insight into
the level of detail which the new map allows us to explore across Antarctica, focusing
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on incised valleys (Figure 5.4a-c), lineations in topography which may have a geological
or tectonic origin (Figure 5.4d-f), and alpine ridge networks (Figure 5.5a-d). A more
comprehensive set of maps (but at a larger scale) are available in the Extended Figures

(Section 5.8), and the complete data set is available online.

Incised valleys

In Maud Subglacial Basin in central Dronning Maud Land, we see one of the most
significant new features from the IFPA map. A narrow but steep-sided canyon cuts across
the basin, running for nearly 400 km and having an average depth of around 50 m and
width of around 6 km (Figure 5.4a). This valley is particularly notable due to its length, and
its location in a region with almost no radar observations about which very little is known.
A subglacial canyon feature has been observed running for over 750 km in north-west
Greenland (Bamber et al., 2013b; Keisling et al., 2020), with depths varying from 200
m at the inland end to 800 m at the deepest downstream part. Our Antarctic features
appear much shallower and more similar to the inland end of this Greenlandic paleofluvial
mega-canyon, although without ice-penetrating radar observations it is difficult to give our
features a reliable depth.

We observe another set of similar incised features in Wilhelm II Land (Figure 5.4b).
However, while the valley in Maud Subglacial Basin lies within a basin and may represent
a significant subglacial drainage channel incising into unconsolidated subglacial sediments,
the incisions in Wilhelm II Land appear to cut across more substantial ridges. If these
features do indeed have a hydrological origin, they must represent the movement of
significant volumes of water. In Greenland, similar channels at Humbolt Glacier have
been interpreted as evidence of pre-glacial fluvial activity, potentially connected to large
glacial outburst floods (Livingstone et al., 2017; Keisling et al., 2020). Vast water volumes
are required to carve these channels, and in Greenland much of this subglacial water
flow originates from seasonal surface melt. In the Foundation Ice Stream region of West
Antarctica, large subglacial bed channels have been interpreted as evidence for a temperate
ice sheet during the Pliocene warm period (Rose et al., 2014). These new features may
provide further evidence of past hydrological activity across Antarctica.

However, not all the valley features in the new IFPA map will have fluvial origins. The
IFPA map also shows incised valleys in regions of higher elevation, such as at Hercules
Dome where several deep valleys cut across the peak of the subglacial topography (Figure
5.4c). These valleys are similar to those imaged nearby with multi-element swath radar
(Hoffman et al., 2023), which are thought to be U-shaped valleys from alpine style
glaciation, and have been interpreted as initiation zones for ice sheet growth.
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Fig. 5.4 A comparison of the subglacial topography (overlain on a hillshade with azimuth
of 315° and altitude of 45°) from 1) Ice Flow Perturbation Analysis and ii) Bedmachine
Antarctica (Morlighem et al., 2020) for a) Maud Subglacial Basin, b) Wilhelm II Land, c)
Hercules Dome, d) Recovery Subglacial Basin, e) Zhigalov Subglacial Mountains and f)
central Marie Byrd Land. Note that these patches vary in size from 300 km by 300 km
to 100 km by 100 km, as shown above the corresponding colour scale. Their locations
are shown in Figure 5.5e. Notable features which are mentioned in the text have been
annotated in red.
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Fig. 5.5 A comparison of the subglacial topography (overlain on a hill-shade with azimuth
of 315° and altitude of 45°) from 1) Ice Flow Perturbation Analysis and ii) Bedmachine
Antarctica (Morlighem et al., 2020) for a) part of Terre Adélie Subglacial Highlands,
b) Highland A, c) part of Golicyna Subglacial Highlands, and d) northern Gamburtsev
Subglacial Mountains. Note that these patches vary in size from 300 km by 250 km to 100
km by 100 km, as shown above the corresponding colour scale. Their locations are shown
in Panel e), which also shows the spatial extent of the IFPA map. Notable features which

are mentioned in the text have been annotated in red.
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Geological and tectonic lineations

Although IFPA assumes small perturbations to a flow in a linear slab, it also identifies sharp
edges in basal topography, as shown for Recovery Subglacial Basin (Figure 5.4d). Radar
surveys of the basin have shown that there is a region of raised topography in the centre
of the basin (Bell et al., 2007), with a series of subglacial lakes in the lower topography
around this region (Humbert et al., 2018; Diez et al., 2019), but have not had high enough
resolution to resolve the full extent of the features along the raised topographic ridge.
The IFPA map shows a series of hills with sharp edges which have not previously been
so well defined. These sharp edges may represent a change in the geology, and have
been interpreted from gravity and magnetic surveys to represent sedimentary rocks from a
former depositional basin which is no longer preserved (Aitken et al., 2023).

Further topographic evidence for tectonic activity is shown in the IFPA map for the
region around Zhigalov Subglacial Mountains in Enderby Land, East Antarctica (Figure
5.4e). The topography in this region displays a strong north-south trend, which aligns with
other nearby features in the Queen Fabiola Mountains and the West and Central Ragnhild
Troughs. Geological mapping, informed primarily by gravity and magnetic surveys, has
interpreted this trend as connected to north-south rifting during the Paleozoic to Mesozoic
period (Eisen et al., 2020).

Although the largest updates in the topography from IFPA are in East Antarctica, we
also observe novel well-defined features in West Antarctica, despite the relatively higher
density of radar survey lines (Frémand et al., 2023). However, in parts of Marie Byrd
Land, the gaps between survey lines can be as large as 25 km, leading to artefacts of survey
lines in interpolated bed products. The IFPA map for central Marie Byrd Land (Figure
5.4f) shows that the bed topography is dominated by an east-west trend. Again, this trend
is likely to have a tectonic origin, connected to extension in the area from the formation
of the West Antarctic Rift System during the Cretaceous period (Luyendyk et al., 2003;
Winberry and Anandakrishnan, 2004; Ferraccioli et al., 2007).

Alpine topography and ridge networks

In many of the Antarctic subglacial highlands in the IFPA map, we see complex topography
with a distinctive texture. In the western Terre Adélie Subglacial Highlands, the IFPA map
makes the broad scale shape of the topography much clearer, but also adds significantly
more small scale topography to our understanding of the region (Figure 5.5a). We highlight
a central topographic block which has some geometric features which resemble alpine
valleys, similar to those seen in recent ice-penetrating radar surveying at Highland A
(Figure 5.5b). At Highland A these features have been interpreted to be an ancient
preserved river landscape (Jamieson et al., 2023), which provides clues as to the age,

stability and initiation speed of the Antarctic Ice Sheet.
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Several previous works have noted that in subglacial mountain ranges the curvature
of the surface topography can be used to identify mountain ridges and valley bottoms
(Lea et al., 2023; Jamieson et al., 2023). The new IFPA map illustrates this very nicely in
both the eastern Golicyna Subglacial Mountains (Figure 5.5¢) and northern Gamburtsev
Subglacial Mountains (Figure 5.5d). In this part of Golicyna Subglacial Mountains, a
complex ridge network is revealed by the IFPA map, which has not previously been
explored in this level of detail. Bedmachine Antarctica v3 does not contain any bed picks
in this region, and from the level of detail visible in the ice surface it seems likely that
the topography here is not particularly deep, and that the ice thickness may currently be
overestimated.

The Gamburtsev Subglacial Mountains were surveyed intensively during the Interna-
tional Polar Year Antarctica’s Gamburtsev Province (AGAP) project (Ferraccioli et al.,
2011). As Ice Flow Perturbation Analysis can not resolve features smaller than the ice
thickness, it does not resolve the full complexity of these subglacial mountain ranges as
known from the AGAP surveys. It is possible that application of IFPA on smaller grids
aligned with the glacial valleys could be more physically appropriate, but methods such as
mass conservation (Morlighem et al., 2010, 2020), which work well in confined troughs
and valleys are likely to give better results in regions where ice flow is steered through
complex topography. However, similarly to the Golicyna Subglacial Mountains, IFPA
identifies the apex of ridges well (Figure 5.5d), and around the margins of the highly
surveyed area we see that I[FPA extends our understanding of the main ridges, showing
ridge networks branching outwards. This is particularly noticeable in the northern part
of the Gamburtsev Subglacial Mountains, between Lambert and Mellor glaciers (Figure
5.5d). Semi-automated mapping of changes in surface curvature has previously been
applied to look at ridge networks in this regions (Lea et al., 2023), complementing the
IFPA topography.

5.4.2 Artefacts from surface elevation and velocity

IFPA assumes that all topography in the ice surface occurs as a result of ice flow over bed
perturbations. However, in some regions, surface processes can also create topography. The
regular periodic waves of megadunes produced by katabatic winds on the East Antarctic
plateau (Frezzotti et al., 2002) are a good example of this, and we see the imprint of these
landforms in the IFPA bed topography (Figure 5.6a). Artefacts in the bed can also be
produced when there are artefacts in the input data sets. In the South Pole Basin region,
the ITS_LIVE velocity product contains many linear features which closely follow lines
of latitude, forming curves centered on the pole (Gardner et al., 2018) (Figure 5.6b), and
these linear features are also present in the IFPA bed topography. Although these two
examples can be detected, and only cover a small proportion of the total mapped region,
other surface processes or randomly distributed data artefacts may be present which are
harder to identify and remove. As new techniques for processing satellite observations are
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Fig. 5.6 Examples of the way that the subglacial topography produced from Ice Flow
Perturbation Analysis can have artefacts produced by a) features in the ice surface which
are not produced by ice flow processes, in this case megadunes formed by katabatic winds,
and b) artefacts in the surface data, in this case velocity artefacts caused by proximity to
the South Pole. Panels show 1) topography from Bedmachine Antarctica (Morlighem et al.,
2020), 2) topography from Ice Flow Perturbation Analysis, 3) the ice-surface elevation
(Howat et al., 2019; Dong et al., 2022) and 4) the ice-surface velocity in the x direction
(Gardner et al., 2018) for these two regions.
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developed and become more standardised, gridded velocity products will contain fewer
artefacts, so the application of IFPA to future datasets may reveal new features which are

currently obscured.

5.5 The bigger picture: Antarctic-wide metrics

5.5.1 Textural and spectral metrics

Although there are many interesting mesoscale details in the Ice Flow Perturbation Analysis
map, it also allows us to compare the properties of subglacial topography across Antarctica.
To provide a more holistic quantitative analysis of the IFPA topography, we calculated
a variety of textural and spectral characteristics for 4629 regions of 50 km by 50 km,
using a selection of computer vision techniques. We focus on image properties which
can distinguish between different textures, such as peak counting, band-pass filtered
topography, and characteristics of the frequency spectrum. Comparative plots for all the
metrics including those not shown in the main text are included in the Extended Figures
(Section 5.8). We calculate these textural and spectral metrics for both the new IFPA bed
topography and also for the bed topography from the Bedmachine Antarctica DEM. These
metrics are calculated for 4269 regions, each 50 km by 50 km.
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Metrics focused on the elevation distribution are the mean, the standard deviation,
the standard deviation with the local mean slope removed, skewness and kurtosis. To
characterise the texture, we also calculated the RMS slope and RMS curvature. The Fourier
transform of the elevation reveals the spatial frequency spectrum, and we calculated its
fractal dimension, and the wavelength and orientation of the strongest power component.
Since we expect IFPA to contribute new topography mainly at short wavelengths, we also
applied high and low frequency band-pass filters to the topography, and calculated the
standard deviation, RMS slope and RMS curvature for the band-pass filtered topography.
Another way to look at the new topography at short wavelengths is to count local maxima
(or minima), and we counted peaks with amplitudes of 20 m, 50 m, 100 m and 250 m in a
5 km radius. We used the following metrics:

¢ Mean elevation
¢ Standard deviation

» Standard deviation with the slope removed
We calculate the best fit plane to the bed topography DEM, and then subtract this
from the DEM. This is a simple way to remove the long wavelength topography, and

to see roughness from the short wavelength landforms.

* Skewness
We calculate the unbiased Fisher-Pearson coefficient of skewness for the elevation

distribution with the scipy.stats.skew function.

* Kurtosis
We calculate the Fisher kurtosis of the elevation distribution with the scipy.stats.kurtosis

function.

* RMS slope
The root mean square of the first derivative of the bed topography. All derivatives

were calculated using the np.gradient function.

* RMS curvature
The root mean square of the second derivative.

* Low and High frequency Standard deviation
We use the skimage.filters.difference_of_gaussians function to band-pass filter the
bed topography for High and Low wavelengths with 0 = 4, and ¢ = 80, respec-
tively. The standard deviation was calculated for each of these band-pass filtered

topographies.

* Low and high frequency RMS slope
The root mean square of the first derivative of the band-pass filtered topography.
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* Low and high frequency RMS curvature
The root mean square of the second derivative of the band-pass filtered topography.

¢ Fractal dimension (> 5km)
Fourier fractal dimension is a statistical measure of the level of detail in a surface,
with a higher fractal dimension indicating a more complex surface, or rougher
subglacial topography. Russ (2013) and Florindo and Bruno (2012) showed that the
Fourier fractal dimension of a surface (Dsy) can be calculated from the gradient of
the line of best fit to the Fourier power spectrum of the topography ().

6
py=1P (5.4

We calculate the Fourier spectrum using the fast Fourier transform following Equa-
tion 5.5, with hann windowing to reduce edge effects, in this case only for wave-
lengths greater than 5 km. The power spectral density is the square of the Fourier

transform, corrected for grid spacing and windowing, as in Equation 5.6.

A Ne 181 Skx ly
fl)= ¥, fywey) e -2+ ) (5.5)

k=0,....Ny—1,1=0,...N, — |
| F(k,1) |* A,

1 wN—1

PSD(k,1) = (5.6)

where w(x,y) is a Hann windowing function, k and / are the wavenumbers, and A,
and A, are the grid spacings in the x and y directions.

* Fractal dimension (for wavelengths > ice thickness)
The Fourier fractal dimension when only wavelengths greater than the ice thickness

are considered, calculated as above.

* Wavelength of maximum power
The Fourier power spectrum is wavelength normalised with comparison to the line of
best fit to the Fourier power spectrum, and we take the wavelength with the highest

normalised power.

* Angle of maximum power
The orientation (calculated from the corresponding wavenumbers) with the highest

normalised power.

* The number of 20m/50m/100m/250m hills in Skm
Using the scipy.ndimage.filters.maximum_filter function, we count the number of
grid cells which are the highest cell in their 5 km neighbourhood and are at least
20m/50m/100m/250m higher than their lowest neighbour. This analysis was also
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Fig. 5.7 The number of 50 m high hills within a 5 km radius, the wavelength with maximum
spectral power (km) and the Fourier fractal dimension for wavelengths greater than 5 km
displayed from each 50 km by 50 km patch of subglacial topography from Ice Flow
Perturbation Analysis (Panels a), c) and e) respectively), and Bedmachine Antarctica
(Panels b), d) and f) respectively). Panel g) shows the distribution of bed picks from
geophysical surveys included in Bedmachine Antarctica v3 and is adapted from the Figure
2 of the user guide for MEaSUREs BedMachine Antarctica, Version 3 (Morlighem et al.,
2020). Significant radar surveys in East Antarctica have been labelled to contextualise
the data density used in Bedmachine Antarctica: Dome Fuji, the AGAP survey in the
Gamburtsev Subglacial Mountains (GSM), Lake Vostok and Dome C.

done for minima instead of maxima, but yields almost identical results, so only the

maxima are reported here.

These metrics can be calculated in python using the script metrics.py.

5.5.2 Results

Examination of these metrics immediately shows the increased level of detail which is
available in the new IFPA topography map across the whole of Antarctica. There is a
significant difference between the dominant wavelength of the topography included in the
IFPA map (Figure 5.7c¢) and the Bedmachine Antarctica (Morlighem et al., 2020) map
(Figure 5.7d), with a mean dominant wavelength of 8.5 km for IFPA and 14.5 km for
Bedmachine Antarctica. When looking at the number of 50 m high hills in a 5 km radius
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(Figure 5.7a and 5.7b), the IFPA map contains in total 40886 more of these hills than
Bedmachine Antarctica, distributed across most of Antarctica.

In addition, metrics focused on short-wavelength topography, such as the number of 50
m high hills in a 5 km radius, show that Bedmachine Antarctica is strongly influenced by
the density of radar surveys. Detailed areas (high hill density) in Bedmachine Antarctica
mirror the locations of high density radar surveys over Dome Fuji (Tsutaki et al., 2022),
the Gamburtsev Subglacial Mountains (Ferraccioli et al., 2011), Lake Vostok (Popov et al.,
2012) and Dome C (Figure 5.7g). In contrast, the pattern of detailed regions for IFPA
corresponds with the known topographic distribution, because IFPA is not influenced by
the density of radar surveys and provides a spatially relatively unbiased view into the
characteristics of Antarctic subglacial topography.

We also consider metrics which focus on the frequency spectrum more broadly, such as
Fourier fractal dimension. This is a statistical measure of the complexity of a surface (Russ,
2013; Florindo and Bruno, 2012)), which has implications for the dynamics of ice flow
(Hubbard et al., 2000; Schoof, 2002; Hogan et al., 2020). These broader metrics also show
patterns in the IFPA map which correspond to the geomorphology. We see higher fractal
dimension in the IFPA map (Figure 5.7¢) in regions such as the Transantarctic Mountains
and the Polar Gap subglacial highlands where we know there is elevated and rougher
topography. An exception to this is in the South Pole basin, where high fractal dimension
is caused by artefacts in the surface velocity due to proximity to the pole (See Section 5.4.2
and Figure 5.6b). In contrast the fractal dimension for Bedmachine Antarctica (Figure
5.7f) does not seem to show any connection to topography, because broad scale roughness
in interpolated products is also controlled by the uneven distribution of ice-penetrating
radar observations.

When combined, these metrics and the maps presented in Section 5.4.1 show just
how much detail about the subglacial topography of Antarctica can be learnt from the
ice surface, and illustrate the step forward we have taken in our understanding of the
mesoscale topography beneath Antarctica. The new features in the IFPA map may also
provide guidance for geophysical surveys which aim to focus on particular topographic

features and regions with variable subglacial roughness.

5.6 Geomorphological mapping of topographic styles

From the maps presented in Section 5.4, it is clear that [FPA reveals heterogeneous styles of
topography across Antarctica. We now consider the potential for using the IFPA topography
to map different landscape types.
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5.6.1 Topographic classification

Much of what is known about the subglacial topography of Antarctica is contextualised
with reference to the deglaciated beds of former ice-sheets in North America, Patagonia
and Scandinavia (Stroeven and Kleman, 1999; Jamieson et al., 2010; Margold et al., 2015;
Sugden and Hall, 2020). Sugden and John (1976) classified exposed Antarctic marginal
topography using a process-based geomorphological approach. Following the release of
Bedmap2 (Fretwell et al., 2013), this classification was extended to the ice-covered parts of
the continent by Jamieson et al. (2014). These previous geomorphological classifications
have divided Antarctic topography into 3 categories: alpine glacial erosion, low-relief areal
scour, and selective linear erosion. Alpine style landscapes are characterised as containing
deep glacial valleys, and sharp peaks, similar to those around the modern Patagonian ice
fields (Sugden and John, 1976; Jamieson et al., 2014). Landscapes of areal scour are
formed by unconstricted ice flow, leaving smooth, low-relief, bare-rock topography, similar
to parts of central northern Canada (Sugden, 1978) and Scotland (Rea and Evans, 1996).
Selective linear erosion occurs in regions where there is significant topographic steering of
ice flow, and is often concentrated in fast flowing ice streams and glacial troughs, similar
to the fjords of the Scandinavian coast (Kessler et al., 2008).

To classify the topography from IFPA, we broadly use the same three categories.
However, in visual explorations of the IFPA map, we observe slightly different textures
for mountainous terrain containing nunataks where the bed extrudes above the ice surface
(aerial alpine), and mountainous terrain which is fully buried beneath the ice (subglacial
alpine). For the classification presented here, we separate these into two categories,
although in reality there is a continuous spectrum with subaerial and subglacial as two
end-members.

Computer vision techniques allow for the identification of different textures in digital
images (Trevisani and Rocca, 2015), and for automated image classification. Using
selected example regions as a small training data set, we leverage the textural and spectral
characteristics described previously to create a classification protocol, and to categorise
4629 regions of Antarctica, each 50 km by 50 km, as either aerial alpine, subglacial alpine,
areal scour or ice stream topography. Regions with the distinctive properties of artefacts
from undulating dunes in the ice surface are removed. For each of the 5 categories, we
identified three 150 km by 150 km regions of relevant topography from across Antarctica
(Figure 5.8), giving twenty-seven 50 km by 50 km regions where the textural metrics were
calculated. Figure 5.9 shows how these metrics vary for the different topographic styles.

We begin with topographic types with very distinct and identifiable characteristics:
areal scour, dunes, and subaerial alpine topography. Areally scoured areas have notably
smooth topography, and hence can be identified by low RMS curvature (< 0.025, Fig.
5.9a) and few hills of any prominence (< 15 of 20 m height, Fig. 5.9b), as well as a
low RMS slope for the high frequency component of the topography (< 0.07, Fig. 5.9¢).
Areas with artefacts from dunes in the ice surface are dominated by small-amplitude and
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Areal scour (?) Alpine (subglacial) Alpine (aerial) Ice streams Dunes

Fig. 5.8 150 km by 150 km topographic patches from IFPA for a) areal scour, b) alpine
(subglacial), c) alpine (aerial), d) selective linear erosion in ice streams and e) artefacts
caused by dunes in the ice surface. The locations of the chosen topographic patches are
shown on the maps at the bottom of each column.
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Fig. 5.9 Eleven textural and spectral characteristics plotted for the training data set for
five classes of subglacial topography (areal scour in yellow, alpine (subglacial) in orange,
alpine (aerial) in black, selective linear erosion (SLE) in ice streams in dark blue and
artefacts from dunes in light blue). Note that the axis scales for panel c) have been chosen
to show the variability between regions of areal scour and regions with artefacts from
dunes, and so most data points for alpine (aerial) fall outside of the chosen region.

high-frequency landforms, with very few 100 m high hills in a 5 km radius (= 0, Fig. 5.9e),
and a low dominant wavelength (< 5 km, Fig. 5.9¢). Their texture is also distinctive,
combining low RMS slope (< 0.9, Fig. 5.9a) and high RMS curvature (RMS slope/RMS
curvature < 14.75, Fig. 5.9a). Subaerial alpine topography can be distinguished by high
relief, but also by high RMS slope for the high frequency component of the topography (>
2, Fig. 5.9d) and a large number of 250 m high hills in a 5 km radius (> 10, Fig. 5.9d).
Subglacial alpine topography is not as easy to distinguish as subaerial alpine topography,
due to the thicker ice reducing the imprint of buried mountains in the ice surface. However,
the distinctive branching tendril texture means that these regions can be distinguished from
lower topography due to a moderate RMS slope (< 1.1, Fig. 5.9a) and a moderate Fourier
fractal dimension (> 0.5, Fig. 5.9b). We also classify high elevation regions (> 1000 m)
with high standard deviation at low frequencies (> 19) as subglacial alpine topography.
Selective linear erosion topography in ice streams occurs in lower, more eroded regions of
the ice sheet where ice is faster flowing, and has a pattern of individual bumps that are not
connected by ridges. This results in a high RMS slope (> 1.0, Fig. 5.9a) and low Fourier
fractal dimension (< 0.25, Fig. 5.9b). Following Sugden and John (1976) and Jamieson
et al. (2014), we classify anything which is not definitely within one of these categories as

other selective linear erosion.
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Fig. 5.10 A comparison of a) the new geomorphological classification of Antarctic sub-
glacial topography based on the textural and spectral characteristics of the subglacial
topography inverted with Ice Flow Perturbation Analysis, and c) the geomorphological
classification from Jamieson et al. (2014) (Adapted from their Figure 8). Regions of areal
scour are shown in yellow, alpine (subglacial) in orange, alpine (aerial) in black, selective
linear erosion (SLE) in ice streams in light blue and regions of other selective linear erosion
in dark blue. Question marks on areal scour (?) and other selective linear erosion (?)
indicate topographic classes where the previous names (Sugden and John, 1976; Jamieson
et al., 2014) may no longer be the most appropriate. Regions identified as having similar
spectral properties to those containing artefacts due to dunes in the ice surface have been
removed in the IFPA classification. Panel b) shows the locations of regions mentioned in
the text: Adv. ST - Adventure Subglacial Trench, Amu. SS - Amundsen Sea Sector, AP
- Antarctic Peninsula, Ast SB - Astrolabe Subglacial Basin, Aur SB - Aurora Subglacial
Basin, DML - Dronning Maud Land, GaSM - Gamburtsev Subglacial Mountains, GoSM
- Golicyna Subglacial Mountains, HA - Highland A, LV - Lake Vostok, MSB - Maud
Subglacial Basin, PCM - Prince Charles Mountains, PEL - Princess Elizabeth Land, PPB -
Pensacola-Pole Basin, RSLs - Recovery Subglacial Lakes, SC - Siple Coast, SPB - South
Pole Basin, SSH - Slessor Subglacial Highlands, TAM - Transantarctic Mountains, VSH -
Vostok Subglacial Highlands, WSB - Wilkes Subglacial Basin, ZSM - Zhigalov Subglacial
Mountains.
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5.6.2 An updated geomorphological map of Antarctica

This morphometric classification was applied to the IFPA topography across Antarctica
and the resultant map is presented in Figure 5.10a, alongside the geomorphological classi-
fication from Jamieson et al. (2014) (Figure 5.10c). Despite being derived from a small set
of training data (Figure 5.9), the classification returns a pattern that corresponds well what
we know of the topography from ice-penetrating radar surveys (Frémand et al., 2023).

In this new geomorphological map, subaerial mountains fringe Antarctica in the
Transantarctic Mountains, Antarctic Peninsula, Dronning Maud Land and Prince Charles
Mountains. Significant subglacial mountain ranges are seen in Dronning Maud Land, Gam-
burtsev Subglacial Mountains, and Vostok Subglacial Highlands, but smaller subglacial
mountain ranges are also identified in regions such as Highland A, Zhigalov Subglacial
Mountains and Slessor Highlands. It is notable that this new classification does not identify
any significant new mountain ranges, suggesting that ice-penetrating radar surveys have
now covered a large enough proportion of the continent to give a broad brush view of
alpine topography. However, there are still significant features and details within those
alpine regions which are yet to be resolved, such as parts of Golicyna Subglacial Mountains
(Figure 5.5c).

In the Jamieson et al. (2014) map, regions of “areal scour" are mainly concentrated
in areas such as Princess Elizabeth Land, central Dronning Maud Land and South Pole
Basin where there was almost no ice-penetrating radar at the time of the Bedmap?2 release
(Fretwell et al., 2013; Pritchard, 2014), leading to flat topography in interpolated products.
In contrast, areally scoured topography in the IFPA classification is concentrated in central
East Antarctica, primarily within the Aurora Subglacial Basin, but also in small patches in
Maud Subglacial Basin, Adventure Subglacial Trench and parts of Wilkes Basin. Given
the prevalence in our classification of areally scoured topography within large subglacial
basins, we suggest that within the interior of Antarctica, smooth, low-relief topography
may actually represent sedimentary infill of basins, rather than the smooth exposed-bedrock
surfaces which typify areal scour (Rea and Evans, 1996), and hence refer to this as “areal
scour (?)" in the key for all our figures. Previous classifications were based on observations
of exposed topography around ice-sheet margins (Sugden and John, 1976; Jamieson et al.,
2014), and with increased knowledge in the satellite era this may no longer be the most
sensible way to interpret the interior topography of Antarctica.

Perhaps unsurprisingly, we also categorise some significant subglacial lake regions (e.g.
Lake Vostok (Popov, 2020), Recovery subglacial lakes (Humbert et al., 2018), Astrolabe
subglacial lake (Siegert and Glasser, 1997; Cui et al., 2020a)) as areally scoured topography.
As low basal shear stress in subglacial lakes leads to the flattening of topography in the ice
above them (Livingstone et al., 2022), the ice surface can not be expected to tell us about
the submarine topography of these lakes. Nevertheless, smooth surface topography is
often used in remote sensing inventories as a way of identifying potential subglacial lakes
(Wright and Siegert, 2012; Livingstone et al., 2022), and isolated smooth regions of IFPA
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topography could also be explored as potential subglacial lakes, particularly alongside
suitably-located ice-penetrating radar surveys (Napoleoni et al., 2020).

Sugden and John (1976) defined selective linear erosion as topography containing
significant incisions into the landscape, such as glacial troughs. However, in the Jamieson
et al. (2014) classification shown in Figure 5.10, selective linear erosion simply represents
any region which is neither alpine or areally scoured. We therefore split the class into
selective linear erosion in ice streams (topography containing significant incisions into the
landscape), and other selective linear erosion (everything else). In the geomorphological
map, we see selective linear erosion in ice streams primarily around the margins of
Antarctica in fast flowing areas like the Siple Coast, Amundsen Sea sector and Pensacola-
Pole Basin, but also in the central Wilkes Basin. Although we classify the remaining
topography as “other selective linear erosion (?)", this is more likely to represent a range of
landscapes which have experienced some glacial erosion but which is not necessarily under
topographic control. Further work could utilise the increased level of detail in the IFPA
map to look at some of these regions and identify more sub-classes of active subglacial
landscape.

During the calculation of the IFPA subglacial topography map, a constant value of the
mean non-dimensional slipperiness parameter C was applied, as this value reproduces the
correct amplitude of topography when applied at Thwaites Glacier (Chapter 3). However,
a spatially invariant C does not account for geological and geomorphological variability in
subglacial conditions across Antarctica, and is likely to cause errors in the amplitude of
the topography in many regions. Comparison with data from Pine Island Glacier suggests
values of C = 150 in fast-flowing glacial troughs and C = 50 in slower-moving highlands
(Chapter 4), and this new geomorphological map may help to provide guidance as to how
to apply spatially variable values of C across Antarctica in further work.

5.7 Conclusions

We apply Ice Flow Perturbation Analysis to satellite remote sensing data sets of the ice
surface to produce a new map of subglacial topography beneath the Antarctic Ice Sheet.
The IFPA map significantly improves our understanding of known mesoscale features of
the subglacial landscape across Antarctica by sharpening their outlines, and also contains
numerous new features which have not previously been observed, such as a 400 km long
canyon which cuts across Maud Subglacial Basin in Dronning Maud Land, and a complex
alpine ridge network in the eastern Golicyna Subglacial Mountains. Quantitative analysis of
the new map reveals wider patterns, and we find that the new IFPA map contains more than
40,000 newly defined hills with a 50 m prominence. Metrics summarising short wavelength
variability show that the new IFPA map contains topography which, unlike Bedmachine
Antarctica, is not biased by the density of radar observations, and which reflects regional

trends. We also use a small training data set and a range of textural characteristics to
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produce an updated geomorphological classification of Antarctic subglacial topography
into regions displaying characteristics of alpine (subaerial and subglacial), sediment-filled
basin (previously misclassified as areal scour), and selective linear erosion landscapes. The
new IFPA subglacial topography map, accompanied by this updated geomorphological
classification, represents an enriched insight into the geometry and geomorphology of the
landforms beneath Antarctica, and provides guidance for future geophysical surveying.

5.8 Extended figures
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Fig. 5.11 A comparison of the bed topography from Bedmachine Antarctica and Ice
Flow Perturbation Analysis for the Pine Island Glacier region of West Antarctica. The
dimensions of this region are shown above the colour scale, and the location is shown in
the Antarctic overview map.

5.8.1 A more comprehensive selection of topographic comparisons

We present in the main body of the text a selection of bed topography patches with features
of interest. For completeness, we include a larger selection of figures here, covering the
interior regions of the entire Antarctic continent. These figures cover larger areas than
those presented in the main body of the text, and so some of the detail is obscured by the

colour scale, but they give a more comprehensive overview of the features detected by Ice
Flow Perturbation Analysis.
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Fig. 5.12 A comparison of the bed topography from Bedmachine Antarctica and Ice Flow
Perturbation Analysis for the Thwaites Glacier region of West Antarctica. The dimensions
of this region are shown above the colour scale, and the location is shown in the Antarctic
overview map.
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Fig. 5.13 A comparison of the bed topography from Bedmachine Antarctica and Ice Flow
Perturbation Analysis for the Marie Byrd Land region of West Antarctica. The dimensions
of this region are shown above the colour scale, and the location is shown in the Antarctic
overview map.
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Fig. 5.14 A comparison of the bed topography from Bedmachine Antarctica and Ice Flow
Perturbation Analysis for the Whitmore Mountains region. The dimensions of this region
are shown above the colour scale, and the location is shown in the Antarctic overview map.
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Fig. 5.15 A comparison of the bed topography from Bedmachine Antarctica and Ice
Flow Perturbation Analysis for the southern end of the Trans-Antarctic Mountains. The
dimensions of this region are shown above the colour scale, and the location is shown in
the Antarctic overview map.
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Fig. 5.16 A comparison of the bed topography from Bedmachine Antarctica and Ice Flow
Perturbation Analysis for the Pensacola-Pole Basin. The dimensions of this region are
shown above the colour scale, and the location is shown in the Antarctic overview map.

Ice Flow

Bedmachine Antarctica Perturbation Anal

Area dimensions
500 km by 500 km

1500
1000
500
0
=500

Elevation (m)

|
=
o
=3
S

-1500
—2000

Fig. 5.17 A comparison of the bed topography from Bedmachine Antarctica and Ice Flow
Perturbation Analysis for the Polar Gap Subglacial Highlands and Recovery Glacier. The
dimensions of this region are shown above the colour scale, and the location is shown in
the Antarctic overview map.
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Fig. 5.18 A comparison of the bed topography from Bedmachine Antarctica and Ice Flow
Perturbation Analysis for the Slessor Glacier Basin. The dimensions of this region are
shown above the colour scale, and the location is shown in the Antarctic overview map.
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Fig. 5.19 A comparison of the bed topography from Bedmachine Antarctica and Ice Flow
Perturbation Analysis for South Pole Basin. The dimensions of this region are shown
above the colour scale, and the location is shown in the Antarctic overview map.
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Fig. 5.20 A comparison of the bed topography from Bedmachine Antarctica and Ice Flow
Perturbation Analysis for the South Pole Basin and the Recovery Subglacial Highlands.
The dimensions of this region are shown above the colour scale, and the location is shown
in the Antarctic overview map.
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Fig. 5.21 A comparison of the bed topography from Bedmachine Antarctica and Ice Flow
Perturbation Analysis for the Recovery Basin in East Antarctica. The dimensions of
this region are shown above the colour scale, and the location is shown in the Antarctic
overview map.
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Fig. 5.22 A comparison of the bed topography from Bedmachine Antarctica and Ice Flow
Perturbation Analysis for the Maud Subglacial Basin in East Antarctica. The dimensions

of this region are shown above the colour scale, and the location is shown in the Antarctic
overview map.
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Fig. 5.23 A comparison of the bed topography from Bedmachine Antarctica and Ice Flow
Perturbation Analysis for the western part of Donning Maud Land. The dimensions of

this region are shown above the colour scale, and the location is shown in the Antarctic
overview map.



5.8 Extended figures 119

Ice Flow

Bedmachine Antarctica Perturbation Analysis

Area dimensions
400 km by 400 km

1500
1000
500

0

Elevation (m)

=500

—1000

Fig. 5.24 A comparison of the bed topography from Bedmachine Antarctica and Ice Flow
Perturbation Analysis for Oates Land in East Antarctica. The dimensions of this region are
shown above the colour scale, and the location is shown in the Antarctic overview map.
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Fig. 5.25 A comparison of the bed topography from Bedmachine Antarctica and Ice Flow
Perturbation Analysis for the Wilkes subglacial basin. The dimensions of this region are
shown above the colour scale, and the location is shown in the Antarctic overview map.
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Fig. 5.26 A comparison of the bed topography from Bedmachine Antarctica and Ice Flow
Perturbation Analysis for the southern part of the Wilkes subglacial Basin. The dimensions
of this region are shown above the colour scale, and the location is shown in the Antarctic
overview map.
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Fig. 5.27 A comparison of the bed topography from Bedmachine Antarctica and Ice Flow
Perturbation Analysis for the southern part of the Vostok Subglacial Highlands, and the
south eastern part of the Gamburtsev Subglacial Mountains. The dimensions of this region
are shown above the colour scale, and the location is shown in the Antarctic overview map.
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Fig. 5.28 A comparison of the bed topography from Bedmachine Antarctica and Ice Flow
Perturbation Analysis for southern part of the Gamburtsev Subglacial Mountains. The

dimensions of this region are shown above the colour scale, and the location is shown in
the Antarctic overview map.

Ice Flow
Bedmachine Aarctica Perturbation Analysis

Area dimensions

500 km by 500 km
1000
750
500
250

Elevation (m)

0

—250

-500

Fig. 5.29 A comparison of the bed topography from Bedmachine Antarctica and Ice Flow
Perturbation Analysis for the northern part of the Recovery subglacial highlands and part
of Dome Fuji. The dimensions of this region are shown above the colour scale, and the
location is shown in the Antarctic overview map.
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Fig. 5.30 A comparison of the bed topography from Bedmachine Antarctica and Ice Flow
Perturbation Analysis for the interior part of Dronning Maud land including Valkyrie
Dome. The dimensions of this region are shown above the colour scale, and the location is

shown in the Antarctic overview map.
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Fig. 5.31 A comparison of the bed topography from Bedmachine Antarctica and Ice
Flow Perturbation Analysis for the Sr Rondane mountains in Dronning Maud Land. The
dimensions of this region are shown above the colour scale, and the location is shown in
the Antarctic overview map.
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Fig. 5.32 A comparison of the bed topography from Bedmachine Antarctica and Ice Flow
Perturbation Analysis for the Southern Cross Subglacial Highlands and Webb Subglacial
Trench. The dimensions of this region are shown above the colour scale, and the location
is shown in the Antarctic overview map.
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Fig. 5.33 A comparison of the bed topography from Bedmachine Antarctica and Ice
Flow Perturbation Analysis for the Resolution Subglacial Highlands. The dimensions of
this region are shown above the colour scale, and the location is shown in the Antarctic
overview map.
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Fig. 5.34 A comparison of the bed topography from Bedmachine Antarctica and Ice Flow
Perturbation Analysis for the Peacock Subglacial Trench and Aurora Subglacial Basin.
The dimensions of this region are shown above the colour scale, and the location is shown
in the Antarctic overview map.
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Fig. 5.35 A comparison of the bed topography from Bedmachine Antarctica and Ice
Flow Perturbation Analysis for Lake Vostok and the Vostok subglacial highlands. The
dimensions of this region are shown above the colour scale, and the location is shown in
the Antarctic overview map.
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Fig. 5.36 A comparison of the bed topography from Bedmachine Antarctica and Ice Flow
Perturbation Analysis for the northern part of the Gamburtsev Subglacial Mountains and
the start of the Lambert rift. The dimensions of this region are shown above the colour
scale, and the location is shown in the Antarctic overview map.
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Fig. 5.37 A comparison of the bed topography from Bedmachine Antarctica and Ice Flow
Perturbation Analysis for the north western part of the Gambertsev Subglacial Mountains
and Mellor Glacier. The dimensions of this region are shown above the colour scale, and
the location is shown in the Antarctic overview map.
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Fig. 5.38 A comparison of the bed topography from Bedmachine Antarctica and Ice Flow
Perturbation Analysis for the Serlapova subglacial mountains and the interior part of
Enderby land. The dimensions of this region are shown above the colour scale, and the
location is shown in the Antarctic overview map.
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Fig. 5.39 A comparison of the bed topography from Bedmachine Antarctica and Ice
Flow Perturbation Analysis for the Astrolabe subglacial basin and the Porpoise subglacial
highlands. The dimensions of this region are shown above the colour scale, and the location
is shown in the Antarctic overview map.
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Fig. 5.40 A comparison of the bed topography from Bedmachine Antarctica and Ice Flow
Perturbation Analysis for the Terre Adélie subglacial highlands, part of Highland C and
part of Sabrina subglacial basin. The dimensions of this region are shown above the colour
scale, and the location is shown in the Antarctic overview map.
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Fig. 5.41 A comparison of the bed topography from Bedmachine Antarctica and Ice Flow
Perturbation Analysis for the southern part of Highlands B and C. The dimensions of

this region are shown above the colour scale, and the location is shown in the Antarctic
overview map.
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Fig. 5.42 A comparison of the bed topography from Bedmachine Antarctica and Ice Flow
Perturbation Analysis for Highland A, and the northern part of Highland B. The dimensions

of this region are shown above the colour scale, and the location is shown in the Antarctic
overview map.
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Fig. 5.43 A comparison of the bed topography from Bedmachine Antarctica and Ice Flow
Perturbation Analysis for part of Queen Mary land and Wilhelm II land underneath the
Korotkevich plateau in East Antarctica. The dimensions of this region are shown above
the colour scale, and the location is shown in the Antarctic overview map.
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Fig. 5.44 A comparison of the bed topography from Bedmachine Antarctica and Ice Flow
Perturbation Analysis for the Golicyna Subglacial Mountains in East Antarctica. The

dimensions of this region are shown above the colour scale, and the location is shown in
the Antarctic overview map.
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Fig. 5.45 A comparison of the bed topography from Bedmachine Antarctica and Ice Flow
Perturbation Analysis for Princess Elizabeth land in East Antarctica. The dimensions of

this region are shown above the colour scale, and the location is shown in the Antarctic
overview map.
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Fig. 5.46 A comparison of the bed topography from Bedmachine Antarctica and Ice Flow
Perturbation Analysis for the Zhigalov subglacial mountains and central Kemp Land. The
dimensions of this region are shown above the colour scale, and the location is shown in

the Antarctic overview map.



5.8 Extended figures 131

Ice Flow
Perturbation Analysis

| | [ aaaaammmmm——— B |
0 100 200 300 400 0.02 0.04 0.06 0.08 0.10 0 10 20 30 40
Standard deviation (m) RMS curvature Number of 50m hills in 5km

Bedmachine
Antarctica

Fig. 5.47 Standard deviation, RMS Curvature and number of 50 m high hills within a 5
km radius dispalyed for 50 km by 50 km patches of subglacial topography from Ice Flow
Perturbation Analysis (Panels a, b, and c respectively), and Bedmachine Antarctica (Panels
d, e, and f respectively).

5.8.2 A more comprehensive selection of Antarctic wide metrics

We present in the main body of the text plots of number of 50 m high hills in a 5 km radius,
wavelength of maximum power, and Fourier fractal dimension, calculated over the 4269 50
km by 50km patches which IFPA has been applied to. For completeness, here we include
plots of all the textural metrics calculated.
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Fig. 5.48 Mean elevation, Standard deviation with the slope removed and skewness for 50
km by 50km patches of bed topography from Ice Flow Perturbation Analysis (a), b) and ¢)
respectively), and Bedmachine Antarctica (d), ) and f) respectively).
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Fig. 5.49 Kurtosis, RMS slope and fractal dimension (wavelengths > ice thickness) for 50
km by 50km patches of bed topography from Ice Flow Perturbation Analysis (a), b) and c)
respectively), and Bedmachine Antarctica (d), e) and f) respectively).
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Fig. 5.50 Low frequency standard deviation, RMS slope and RMS curvature for 50 km
by 50km patches of bed topography from Ice Flow Perturbation Analysis (a), b) and c)
respectively), and Bedmachine Antarctica (d), ) and f) respectively).

Ice Flow
Perturbation Analysis

[ e— | [ — |

2 3 4 5 6 00 01 02 03 04 05 06 00 01 02 03 04 05 06
High frequency High frequency High frequency
standard deviation RMS slope RMS curvature

o

1

Bedmachine
Antarctica

EETT OaaEaaas E o | —— |
0 10 20 30 40 00 25 50 75 10.0 125 150 0.0 25 50 7.5 100 125 15.0
High frequency High frequency High frequency

standard deviation RMS slope RMS curvature

Fig. 5.51 High frequency standard deviation, RMS slope and RMS curvature for 50 km
by 50km patches of bed topography from Ice Flow Perturbation Analysis (a), b) and c)
respectively), and Bedmachine Antarctica (d), e) and f) respectively). Note that in this
figure the Ice Flow Perturbation Analyis metrics are on a different colour scale to the
metrics for Bedmachine Antarctica.
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Fig. 5.52 Fractal dimension (wavelengths > 5km), Wavelength with maximum spectral
power and angle with maximum spectral power for 50 km by 50km patches of bed topog-
raphy from Ice Flow Perturbation Analysis (a), b) and c) respectively), and Bedmachine
Antarctica (d), e) and f) respectively). Angles are measured anticlockwise relative to the

positive x axis.
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Fig. 5.53 Number of 20 m hills in 5 km, number of 100 m hills in 5 km and number
of 200 m hills in 5 km for 50 km by 50 km patches of bed topography from Ice Flow
Perturbation Analysis (a), b) and c) respectively), and Bedmachine Antarctica (d), ) and f)
respectively).



Chapter 6
Integrated Discussion

In this chapter, I firstly give a brief summary of the findings of Chapters 3, 4 and 5,
and explore how each of these chapters builds upon the previous. I present some new
ice-penetrating radar data observations, which support the findings of Chapter 4, before a
detailed discussion of ways in which this research could be improved in the future and its

potential to contribute more widely to glaciological modelling.

6.1 Summary of work

When ice flows over obstacles in the ice-bed interface, this causes stress changes in the
ice, which propagate upwards to the ice surface. For sufficiently large obstacles, these
stress changes create topography in the ice surface. The work in this thesis explored how
landforms in the ice surface can be studied to learn more about obstacles to flow at the
ice-bed interface, and developed a methodology for doing this, which I have termed Ice
Flow Perturbation Analysis (IFPA).

Chapter 3 used a variety of synthetic tests to explore whether it is possible to learn about
the ice-bed interface from the ice surface. I found that, on the condition that subglacial
landforms are aligned at greater than 15 degrees to the ice-flow direction, it is possible to
resolve landforms with amplitudes greater than 0.005k, and a wavelength greater than /
where h is the average ice thickness. When exploring the influence of errors in ice-surface
datasets, I found that random (or spatially uncorrelated) errors normally have a white noise
spectrum, and so can be accounted for in Fourier space. After a variety of synthetic tests, I
concluded that with idealised data, it should be possible to reconstruct the variability in the
bed.

Following on from these synthetic tests, Chapter 3 also assessed the feasibility of
reconstructing the variability in the bed from real, non-idealised, noisy data. I used high-
resolution swath-radar measurements from the Upper and Lower Thwaites Glacier regions
to judge the success of the inverted results (Figure 3.6). I concluded that with suitable

values of the model parameters, the method is successful at returning realistic data which
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match the swath radar observations, and used these tuned observations to create a map of
subglacial topography across the central trunk of Thwaites Glacier (Figure 3.5). Chapter 3
therefore established that the IFPA methodology can take satellite observations of the ice
surface and reconstruct real topography observed by ice-penetrating radars.

In Chapter 4 I additionally explored how the IFPA method compares to streamline
diffusion, the method used by Bedmachine Antarctica (Morlighem et al., 2020) to inter-
polate between ice-penetrating radar depth measurements in the interior of Antarctica. |
used ice-penetrating radar observations from Pine Island Glacier, which were not included
in version 1 of Bedmachine Antarctica (although they have subsequently been included
in version 3). Comparison of the subglacial topography from IFPA, streamline diffusion
and direct measurements of subglacial topography from ice-penetrating radar showed that
IFPA can identify some features which are present in radar observations but which are
not identified by streamline diffusion (Figure 4.2). This makes sense, because streamline
diffusion uses the ice flow direction to interpolate between linear radar surveys, but not the
speed of the ice or the topographic variation. This means that IFPA has the potential to
reveal new landforms in areas where high-resolution ice-penetrating radar surveys have
not yet been carried out.

In Chapter 4 I also used the radar observations to explore the optimal value for the
mean non-dimensional slipperiness parameter, C (Figures 4.4 and 4.5). I found that the
optimum value of C depends on the nature of the ice flow, and suggested values of C = 150
in fast-flowing tributaries and C = 50 in slower-moving higher-elevation areas between
tributaries.

The IFPA methodology was improved from Chapter 3 to Chapter 4 to allow applica-
tion of either the full-Stokes transfer functions (Gudmundsson, 2003) or the shallow-ice
approximation transfer functions (Gudmundsson, 2008). It was also optimised to allow
faster running over large regions by reducing the number of patches which needed to be
repeated, and to allow for regions with significant differences between the direction of flow
and the input data grid. These developments were made as part of a workflow to facilitate
application of IFPA more efficiently across larger regions, and ultimately all of Antarctica,
setting up the work presented in Chapter 5. This latest version of the IFPA methodology,
which would form the most appropriate basis for future work suggested in Section 6.3, is
detailed in Section 5.3.

In Chapter 5, I applied the improved version of the IFPA method to surface data
from across the whole of Antarctica, and produced a new map of Antarctic subglacial
topography (Section 5.4). This new map revealed new features in the bed across Antarctica
in the regions between ice-penetrating radar surveys, and also improved our understanding
of the boundaries and geometry of features which have only been partially observed
in geophysical surveys (Section 5.4.1). I used quantitative metrics to compare the new
subglacial topography to Bedmachine Antarctica v3 (Morlighem et al., 2020). The new

topography displays spatial trends which are consistent with known geological variability,
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and in contrast to Bedmachine Antarctica, is spatially unbiased, and not influenced by the
location of ice-penetrating radar surveys (Figure 5.7).

Mountainous terrain and infilled sedimentary basins manifest distinctively in the new
topographic map, as their geomorphology gives them very different landscape textures.
I used these geomorphological properties, along with a small sample of training data, to
produce a local classification of the type of topography across the new map, expanding
previous classifications by Sugden and John (1976) and Jamieson et al. (2014) (Section
5.6). This geomorphological map reflects patterns which are seen in ice-penetrating radar
measurements (Frémand et al., 2023).

Overall, this thesis concluded that IFPA can be used to study perturbations in the bed
beneath flowing ice over the whole of the Antarctic continent, and that IFPA offers a way
forward, in interior regions of Antarctica between widely-spaced radar surveys, to recover
more realistic subglacial topographies than are presently provided by the interpolation
methods employed by the Bedmap and Bedmachine series. Although satellite based ice-
penetrating radar has so far been unsuccessful at imaging subglacial topography (Hall
et al., 2008), IFPA demonstrates a path for exploring many aspects of Antarctic subglacial
topography from satellite remote sensing products. The new map produced by applying
IFPA to the whole of Antarctica contains many interesting new features, and has the

potential to be highly useful for guiding future geophysical surveying.

6.2 New radar measurements from Thwaites Glacier

Since Chapter 3 was published, more ice-penetrating radar surveys have been carried
out at Thwaites Glacier, West Antarctica, as part of the International Thwaites Glacier
Collaboration. I worked for the British Antarctic Survey as a part of a four-person team
collecting some of these radar measurements on the 22/23 austral field season at the
downstream end of Thwaites Glacier. In this section I briefly discuss the acquisition and
analysis of these data and their value in serving as a further check of the IFPA methodology.

The radar-data acquisition at Thwaites Glacier in 2022/23 was part of a major glaciology-
oceanography science programme funded primarily by the U.K and U.S. government
science agencies between 2017 and 2024, and named the International Thwaites Glacier
Collaboration. In the 2022/23 austral field season we collected 41 ice-penetrating radar
profiles, each 10 km long, on the downstream part of Thwaites Glacier, with a 500 m spac-
ing between profiles, covering a 20 km by 10 km area, 85 km upstream of the grounding
line. We collected these data using the British Antarctic Survey DELORES monopulse
radar, which has a central frequency of around 3 MHz. For the data presented in this thesis,
I filtered and gained each profile with Sandmeier ReflexW software, and used wavelets
of a suitable depth and with the strongest-corrected-echo power to pick the subglacial
topography. The full processing and bed-picking workflow followed very closely the
methods that are presented in Bingham et al. (2017). As these new ice-penetrating radar
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Fig. 6.1 A comparison of the subglacial topography from a) ice-penetrating radar, b) Ice
Flow Perturbation Analysis and ¢) Bedmachine Antarctica (Morlighem et al., 2020) for a
small region of the central trunk of Thwaites Glacier (10 km by 20 km), in West Antarctica.
The location of this region is shown in red in panel d), with the outline of Thwaites Glacier
in light blue. Annotated in red are notable features from the ice-penetrating radar data: A)
a deep moat which bifurcates around a large hill, B) a deep valley which runs through the
centre of the region, and C) a smooth shallow basin.

measurements have not yet been included in any large radar compilations like Bedmap3
(Frémand et al., 2023) and Bedmachine Antarctica (Morlighem et al., 2020), they provide
a further test of the accuracy of the maps of subglacial topography produced using IFPA.

Figure 6.1 shows a comparison between the bed pick from the ice-penetrating radar,
and the subglacial topography from IFPA and Bedmachine Antarctica. The key features of
the surveyed bed are a deep moat which bifurcates around a large hill (Figure 6.1 A), a
deep valley which runs through the centre of the region (Figure 6.1 B), and the smooth
shallow basin in the top right corner (Figure 6.1 Box C). All three of these features are
also clearly identified in the IFPA subglacial topography, whereas the bifurcation of the
valley is not clear in the Bedmachine Antarctica bed. This provides additional support
for the conclusion of Chapter 4 that IFPA can identify features which are not picked up
by the streamline diffusion interpolation technique, even in areas which are thought to be
relatively well surveyed.

There are very few high-resolution, three-dimensional surveys of subglacial topography.
Existing examples include Smith and Murray (2009); King et al. (2016); Bingham et al.
(2017); Holschuh et al. (2020); Schlegel et al. (2022) and Hoffman et al. (2023). However,
numerical modelling shows that landforms like the valley and moat observed in this region
of Thwaites Glacier have an influence on the local hydrology (Alley et al., 2021), and their
formation has been linked to large volumes of sediment transport. These features may
provide insights into the active processes which are occurring beneath ice sheets, and the
ability to locate such potentially critical features with IFPA before carrying out fieldwork

could increase efficiency and improve the utilisation of resources.
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6.3 Limitations and future work

This thesis presents a functional workflow for applying the Ice Flow Perturbation Analysis
method, and a new map of subglacial topography across Antarctica which has been
produced with it. Here, I discuss some potential applications of the new map, ways in
which the IFPA methodology could be improved to tackle some of the current limitations,
uses for an updated topography map, and finally other data sets to which the IFPA method
could be applied.

6.3.1 Applications of the current IFPA topography map

Despite not being able to capture the correct absolute amplitudes of many subglacial
terrains (for reasons already explored in Sections 4.5.2 and 5.6.2), the topography maps
produced by IFPA show the locations of many subglacial landforms extremely clearly. In
addition, the relative amplitudes of features in regions with similar slipperiness are also
likely to be reliable. There are therefore still many useful applications for the current map,
even without attempting to correct the amplitudes (see Section 6.3.2 for ways to do this).
Chapter 5 discussed what can be learnt from the texture of the topography, ignoring its
amplitude, about the geology and geomorphology of the subglacial topography based on
the work of Sugden and John (1976) and Jamieson et al. (2014). Here, I explore some
other potential uses of the current IFPA topography map.

Ice-penetrating radar survey planning

In order to better understand the future behaviour of the Antarctic ice sheets, we need a
more detailed understanding of many processes, and in particular the way in which ice
flows over the bed (Parizek et al., 2013; Koellner et al., 2019). Airborne surveys have
already given us a good overview of the basal scale topography (Fretwell et al., 2013;
Morlighem et al., 2020; Frémand et al., 2023), but smaller landforms are also important for
ice flow (Gladstone et al., 2012; Pattyn et al., 2013; McCormack et al., 2018; Castleman
et al., 2022) because they influence the distribution of sediments and water at the bed
(Holschuh et al., 2020; Alley et al., 2021). Although there are some high-resolution surveys
of the subglacial topography underneath Antarctica (Smith and Murray, 2009; King et al.,
2016; Bingham et al., 2017; Holschuh et al., 2020; Tsutaki et al., 2022; Hoffman et al.,
2023), these only cover a tiny proportion of the continent, and it is difficult to build a
picture of the overall bed character from limited snapshots.

The subglacial topography in the IFPA map reveals thousands of new topographic
features which have a significant enough influence on ice flow to produce topography on
the ice surface. Some of these are large enough in size to need a dedicated survey, but in

many cases the landforms found by IFPA may simply guide the location of ice-penetrating
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Fig. 6.2 A comparison of the subglacial topography for a) Bedmachine Antarctica and b)
Ice Flow Perturbation Analysis for the Upper Thwaites Glacier region in West Antarctica.
The largest red rectangle outlines the region which has been surveyed with swath radar
(Holschuh et al., 2020), with smaller red rectangles outlining notable features which lie
just outside the surveyed region. Boxes A and B show the extension of subglacial channels
beyond the surveyed region, and box C shows a crag and tail feature. Panel c) shows the
location of the subglacial topographic region presented in panels a) and b).

radar surveys to ensure that they gather the maximum amount of useful information about
the subglacial topography.

For example, in the Upper Thwaites Glacier region in West Antarctica, Holschuh et al.
(2020) used swath processing of ice-penetrating radar data to produce a detailed map
of subglacial topography, which has been included in Bedmachine Antarctica (Figure
6.2a). This map shows many interesting topographic features, including flutes, moats and
crags-and-tails (Alley et al., 2021). The IFPA map shows a number of further features
which lie just outside the surveyed region, including subglacial valleys (Figure 6.2 Boxes
A and B) and another hill (Figure 6.2 Box C) which is likely to be a similar crag-and-tail
feature to those at the southern end of the surveyed region (See Figure 3.6 for more details).
IFPA is therefore now positioned to be applied as an important tool for future Antarctic
geophysical-survey planning, to ensure that surveys target the types of topography that are
needed for understanding subglacial processes.

Where is IFPA a poor match to the known topography?

Throughout the work presented in this thesis, I have primarily focussed on regions where
the match to existing topography is good, although I have discussed some examples of
regions where the IFPA topography is not particularly representative of what is known
from ice-penetrating radar surveys (e.g. the example of surface megadunes in central
East Antarctica discussed in Section 5.4.2). In this section I focus on the insights that are
provided specifically by locations where IFPA and directly measured subglacial topography
show a poor match.

In some fast-flowing ice streams, the IFPA map shows sharp ridges which traverse

the main trunks of the glaciers. Two examples of this are shown in Figure 6.3a and
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Fig. 6.3 A comparison between subglacial topography from i) Bedmachine Antarctica
and ii) Ice Flow Perturbation Analysis for a) the north Pensacola-Pole Basin, b) the main
trunk of Pine Island Glacier, c) Rutford Ice Stream and d) Bailey Glacier. Panel e) shows
the locations of these regions on an outline map of Antarctica. Panels a) and b) are
examples of anomalous ridges which appear across some fast-flowing ice streams in the
IFPA topography. Panels c) and d) are examples of anomalous spurs extending from
mountainous regions into fast-flowing ice streams in the IFPA topography.
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6.3b for north Pensacola-Pole Basin and Pine Island Glacier respectively. We know
from geophysical observations on Pine Island Glacier (Vaughan et al., 2006; Jordan and
Robinson, 2021) and Pensacola-Pole Basin (Paxman et al., 2019a) that both of these
regions are underlain by deformable sediments, which may deform in alignment with
the ice-flow direction but are unlikely to form ridges across flow. Ice-penetrating radar
measurements (Vaughan et al., 2006) show that the ridge at Pine Island Glacier is an
artefact. Instead, the surface landforms which lead to the presence of these subglacial
ridges in the IFPA topography must originate elsewhere. One explanation might be that
sidewall pressure in narrow troughs leads to changes in the ice flow regime which are not
captured by the assumption of ice flow in an inclined plane (Glen, 1958), but which induce
ridges or velocity changes in the surface which propagate through IFPA processing.

Another feature which we observe in the IFPA topography is the presence of anomalous
spurs extending from mountainous regions into fast-flowing ice streams. Two examples
of this are shown in Figure 6.3c) and 6.3d), from Rutford Ice Stream and Bailey Glacier
respectively. We know from high-resolution ice-penetrating radar observations (Smith
et al., 2007; King et al., 2016; Diez et al., 2018) that Rutford Ice Stream and Bailey
Glacier lie in glacial troughs, similar to the U-shaped valleys we see in many deglaciated
landscapes. The spurs observed in IFPA must therefore originate elsewhere. The simplest
explanation for these is that the assumption of uniform flow in a planar slab does not
hold in this region, due to the U-shaped topography and due to the presence of shear
margins at the edges of the glacial trough where the ice velocity changes significantly.
Significant velocity changes in the shear margins will also invalidate the assumption of
small perturbations in the linearisation.

The assumption of a uniform background state which can be approximated by flow in
a planar slab is precisely why the IFPA method also does not perform well in regions with
mountainous topography such as the Antarctic Peninsula. As discussed in Section 5.4.1, it
is possible that the application of IPFA on grids aligned to the glacial valleys which do
not include the shear margins could yield improved results. In addition, the application of
non-uniform background states, as applied by Ng et al. (2018) to flowlines at Columbia
Glacier and Nordenskiold Glacier, could help to tailor the background state used in IFPA
to the local bed geometry. However, methods such as mass conservation (Morlighem et al.,
2010, 2020), which works well in confined troughs, are likely to give better results in
regions where ice flow is steered through narrow topography. We therefore do not need to
rely on IFPA in these regions.

6.3.2 Improving the Antarctic IFPA map for use in ice-sheet modelling

With the parameters currently in use, across much of Antarctica the topography maps
produced by IFPA are significantly lower in amplitude than ice-penetrating radar observa-
tions show to be the reality, and in many regions the [FPA subglacial topography does not
capture the full variability in amplitudes which we know is present. Here, I discuss some
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ways to improve the amplitude match between IFPA and ice-penetrating radar topography,
as well as some other ways to improve the IFPA methodology.

Improving the amplitude match of IFPA to radar data

Section 5.6.2 showed that the topography maps produced with IFPA do not always
match the amplitude of the topography across much of Antarctica when compared to
ice-penetrating radar observations. There are likely to be two main causes of this amplitude
underestimate. Firstly, the IFPA method requires an average ice thickness for each patch,
which leads to some smoothing of the results. Secondly, I used IFPA with a mean non-
dimensional slipperiness parameter of C = 100 everywhere. Since there is considerable
variability in topographic character, linked to tectonic structures and geological variability
(Clyne et al., 2020; Jordan et al., 2023), we can expect that there is spatial variability in
the slipperiness of the ice-bed interface (Barnes et al., 2021). However, there is definitely
still value in simple models, and modellers are aware that adding more tunable parameters
does not always lead to better results (Wolovick et al., 2023).

In order to better match the observed amplitudes of ice-penetrating radar data, and
reflect the variable geological properties of the ice-bed interface, future work using IFPA
could apply a variable mean non-dimensional slipperiness parameter, C, across Antarctica.
The simplest way to incorporate this into the existing coding framework for IFPA would be
to change C from a constant variable which is independent of the location, to being location
dependent. This could be done through the introduction of a map of values which have
been decided to be suitable, or if there is sufficient evidence of a link between topography
and slipperiness (Muto et al., 2019b; Clyne et al., 2020), could be calculated as a function
of the pre-known topography.

My work on Pine Island Glacier (Chapter 4) suggests that values of C = 150 in fast-
flowing tributaries and C = 50 in slower moving regions may be more applicable there,
but these values are not necessarily suitable for everywhere in Antarctica. Geological
transitions between slippery sediment-covered, water-saturated beds and harder exposed
bedrock may be abrupt or gradual, depending on whether the transition is connected to
tectonic activity, or sediment transport through ice motion (Muto et al., 2019b; Clyne et al.,
2020; Aitken et al., 2023; Jordan et al., 2023). Careful consideration would therefore
be required to ensure that the variable values of C have some grounding in real world
observations. As discussed in Chapter 4, it may also be possible to calculate suitable values
of C by using the surface velocity field alongside observations of the thermal and mechanic
properties of the ice. Inversions which calculate the deformation velocity (Rignot et al.,
2011b) may offer an independent constraint on basal slipperiness and ice viscosity, which
could reduce some of the trade-offs currently present in the IFPA results.

Another parameter within the IFPA framework which also influences the amplitudes of
the topography produced is the weighting parameter, X;. Due to the non-uniqueness of

solutions to a least-squares problem when multiplicative factors are applied, this weighting
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parameter is applied to control the balance between the sizes of the non-dimensionalised
velocities and elevations. This ensures that the least-squares solution for each wavenumber
combination represents both the velocities and the elevations. However, increasing X
tends to decrease the amplitude of the topography (Figure 3.14), meaning that varying
the magnitude of X could influence the amplitude of the topography produced by IFPA
in a more global manner. Without many more high-resolution grids of topography than
currently exist to tune the parameters, it is difficult to decide on the most suitable value of
Xs.

In this thesis, and the associated published works, I have skirted around the problem of
mis-matching amplitudes by stressing the important of the shapes of landforms and the
locations of the local mimina and maxima outlined by IFPA. Both C and X influence the
amplitude of the landforms in the IFPA topography, but they can not change the locations
of those features, and it is important to remember this when interpreting the output. The
IFPA map presented in Chapter 5 uses the same values of these parameters across the
whole of Antarctica, and there is definite scope for improvement in the map by applying
locally tuned parameters.

Integrating IFPA with ice-penetrating radar measurements

One of the great strengths of the IFPA methodology is that it does not require high-density
radar observations in the region being studied, and only needs a single ice-thickness
estimate for each 50 km by 50 km region. However, because the radar observations are not
evenly distributed, this also means that there are regions where the resulting topography is
vertically offset from the radar observations. Future iterations of the IFPA methodology
could better integrate the existing ice-penetrating radar observations, producing a final
topographic product which is more useful for ice-sheet modelling.

The IFPA method requires an estimate of the average ice thickness within each patch,
as the transfer of variability from the bed to the ice surface depends on the ice thickness.
Currently, this ice-thickness estimate comes from a 50 km smoothed version of Bedmachine
Antarctica (Morlighem et al., 2020). However, now that Bedmap3 has been released
(Frémand et al., 2023), it may be possible to provide an average ice thickness estimate
in each region which comes directly from the ice-penetrating radar measurements, and
accounts for their spatial distribution. This could help to reduce the offset between the
IFPA topography and some of the radar topography, but is unlikely to eliminate it totally.

By producing different IFPA products with different values of C over Pine Island
Glacier, we know that varying the parameters in IFPA can influence the amplitude of hills
and valleys but not their locations. One possible approach (shown in Figure 6.4) to better
fitting the existing radar observations may be to treat the output of IFPA as a flexible
sheet with fixed minima and maxima, and effectively stretching or compressing this sheet
to fit the radar observations. This could be done by calculating the misfit between the

radar observations and the IFPA topography, and interpolating the misfit across the entire
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Fig. 6.4 An illustration of a potential methodology for correcting the IFPA data to better
match ice-penetrating radar observations at Valkyrie Dome, in East Antarctica. Beginning
with a) the IFPA subglacial topography and b) the ice-penetrating radar observations from
Bedmap3 (Frémand et al., 2023) for this region, I calculate c) the difference, and use an
interpolation algorithm (here ordinary kriging from the pykrige package) to calculate d)
a difference field across the region. This can then be added to the IFPA topography to
produce e) an adjusted IFPA subglacial topography.

domain, before subtracting the misfit from the IFPA topography. However, depending on
the method used for the interpolation, this could introduce new errors into the topography.
This approach reduces the misfit to the radar data, but still does not ensure that the known
topography is prioritised.

The problem of interpolating between data with variable densities has been considered
in depth by ocean-bathymetry mappers (Weatherall et al., 2015; Dorschel et al., 2022), who
often use a remove-restore method with stacked continuous curvature splines in tension
to account for topographic variability with different levels of detail (Hell and Jakobsson,
2011). A similar approach to this could be utilised while incorporating the ice-penetrating
radar into the IFPA map, where the IFPA map is used as the broad scale interpolation layer,

but ice-penetrating radar measurements are taken at higher resolutions.

Iterative forward modelling to better match observations

The current implementation of IFPA uses a linearised version of the full-Stokes equations,
which does not always necessarily reflect the full range of the topography, and can produce
solutions which are not necessarily physically plausible. Iterative forward modelling of the
IFPA generated topography to better match the ice-surface velocities and elevations could
help to improve the subglacial topography from IFPA.

This could be done by extending the work of Raymond and Gudmundsson (2009), and
forward modelling the topography and slipperiness produced from IFPA to produce diag-
nostic velocities, from which the inverted topography and slipperiness could be iteratively
improved.

An iterative modelling process would allow us to move away from the assumption and
limitations of near linearity and could also allow us to invert for the mean non-dimensional

slipperiness parameter, C alongside the variability in slipperiness. In addition to this, an
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integral transform method to applying the transfer functions could be used (Ng et al., 2018;
Schelpe and Gudmundsson, 2023), which would allow a spatially variable reference state.

Choice of transfer functions

IFPA is a useful technique for studying Antarctic subglacial landforms because there is
a mathematical description of how the bed and the surface topography are related for
ice flowing under certain conditions. In the current formulation, IFPA can be applied
with this mathematical description taking the form of either full-Stokes transfer functions
(Gudmundsson, 2003), or the shallow-ice-approximation transfer functions (Gudmundsson,
2008). Full-Stokes conditions use all the components of stress whereas the shallow-
ice-approximation ignores longitudinal and transverse stresses as well as vertical stress
gradients.

Gudmundsson (2008) showed that the shallow-ice-stream approximation underesti-
mates the amplitude of subglacial topography for wavelengths less than about 10 ice
thicknesses. My work on Pine Island Glacier (Chapter 4) shows that there is only a small
difference in the results of applying these two different sets of transfer functions to datasets
from the Pine Island Glacier region, and that this difference is greatest in faster flowing ice.
In agreement with Gudmundsson (2008), I find that the full-Stokes transfer functions pro-
duce higher amplitude topography, and hence I use the full-Stokes transfer functions when
applying IFPA to the whole of Antarctica (Chapter 5). However, because both versions
of the transfer functions presented here are linear forms which ignore second order terms,
they might not reflect all of the processes occurring when variability is transferred to the
ice surface.

In addition, the transfer functions applied here assume that the viscosity of the ice is
constant throughout the ice column (flow law constant n = 1), despite observations showing
the this is not the case in Antarctica (Millstein et al., 2022) (n is thought to be between
3 and 4). Variability in ice viscosity across the ice column would lead to non-uniform
transfer of perturbations from the ice-bed interface to the ice surface. J6hannesson (1992)
and Raymond and Gudmundsson (2005) showed that higher values of n lead to stronger
surface expressions of basal features, so assuming n = may lead to an overestimate of the
amplitude of the bed topography. This overestimation may be partially mitigated by the
choice of the mean non-dimensional slipperiness parameter C, which already accounts
partially for ice viscosity. It is possible that more suitable transfer functions which better
represent the variability in ice conditions across the ice column could help to alleviate this.
Studying the effect of basal perturbations on englacial stratigraphy may also provide an
avenue to understanding the effect of variable ice viscosity on perturbation transfer, as
discussed in Chapter 4.

Unfortunately, these transfer functions are almost impossible to test in their 3 di-
mensional form with current radar-surveys, which do not cover a wide enough area at a

sufficiently high resolution, although some studies have evaluated the extent to which basal
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topography can explain surface topography along flowlines (Ng et al., 2018; Igneczi et al.,
2018; Crozier et al., 2018). However, if a large high-resolution 3D survey were to be made
in the future, it could become possible to calculate the transfer functions for real data, and
compare those to the linearised versions which have been used here. Potentially only small
differences would be seen, but these could have consequences in other parts of Antarctica.
Ideally this survey region would be at least 50 km by 50 km, with lower-than-ice-thickness
resolution within that, which is beyond the scope of many surveys. But an increasing
understanding of swath processing techniques (Paden et al., 2010; Holschuh et al., 2020;
Hoffman et al., 2023) means that future surveys could cover much larger areas, and a

comparison of the transfer functions may become possible on a 3D dataset.

Errors in the IFPA map

The current version of the IFPA map is not accompanied by a realistic error product.
During the calculation process, as detailed in Chapter 5, I take a weighted mean of 9
overlapping patches on which IFPA has been run, and I use this as the topography value
for that pixel. At the same time, I calculate a weighted standard deviation of the values
from those 9 overlapping patches, and I include this standard deviation as an estimate of
the internal variability between different patches. Since IFPA assumes that ice flow can
be approximated by an inclined slab, but different patches have different reference slabs,
this standard deviation represents the variability in reference slabs. However, it does not
represent any of a whole host of other uncertainties.

As discussed in Section 4.5.2, there is significant uncertainty associated with the IFPA
subglacial topography product due to the trade-off between topographic amplitude and the
mean non-dimensional slipperiness parameter, C. This is a spatially variable uncertainty,
which is greatest at local topographic minima and maxima, and can be explored by running
the IFPA model with a range of mean non-dimensional slipperiness parameter values.
However, in an improved IFPA product where the amplitudes are constrained by ice-
penetrating radar data, this uncertainty should be reduced. Other uncertainties due to
parameter value choices may still play a role though, and so it would be important to
explore some of these internal uncertainties when producing an IFPA error product. There
is also internal error in the IFPA map in regions where the physical processes are not really
suitable for the approximation of flow in an inclined slab, which could be accounted for by
looking at the slope of the topography and maps of ice thickness.

As well as errors in the IFPA map due to flexibility in the internal processing steps,
another key component of error which is not considered in the current calculation of the
IFPA map is uncertainty in the input surface datasets. As the analysis in IFPA occurs in
Fourier space, I am less concerned about white noise, which has an equal power spectrum
across all wavelengths and is relatively easy to identify and remove during processing, and
more concerned about Brownian or red noise, which has a more similar power spectrum

to topography and is therefore harder to identify. This means that there is not a clear
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Fig. 6.5 A schematic exploration of different ways to consider errors in the IFPA method
through the least squares formulation. a) shows the least squares distances (Isd_s, 1sd_u,
Isd_v) which are minimised by the least squares solution to calculate B and C. b) shows
how errors in the surface data can be propagated to give errors in B and C. c) illustrates
how mismatches between the different surface data components can be quantified as a
measure of uncertainty from the IFPA equations.

relationship between errors in the ice-surface datasets and in the subglacial topography. In
order to calculate the error in the IFPA map caused by errors in the surface data, I therefore
propose using a Monte Carlo approach. A set of surface topographies which fall within
the error distribution specified should be generated, ideally including some with spatially
correlated errors and then the IFPA model will be run for each of these surface datasets.
This will generate a range of topographies, from which error bounds can be calculated
for the chosen topography. This is likely to be computationally expensive, so may not be
practical across all of Antarctica, but some test cases may reveal patterns which can then

be applied elsewhere.

Error quantification through the least squares approach

An alternative approach to calculating the errors in the IFPA map is to use the weighted
least squares solution (Figure 6.5a). If linear perturbation analysis fully encapsulates all
the ice processes then the distances minimised by the least squares solution should be zero
(Figure 6.5c1). In regions where the physical assumptions made in the IFPA method are
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less representative of the real physics, the sum of the minimised least squares distances
will be greater. Additionally, because the least squares analysis is carried out individually
for each wavelength, this would allow a quantification of the wavelengths at which other
ice processes are occurring. The weighted least squares solution also offers an avenue for
propagating errors in the input surface observations to the output bed conditions. Figure
6.5b illustrates the impact that uncertainty in the input surface conditions can have on the
minimisation of the least squares distances. However, as the least squares analysis takes
place in Fourier space, care would need to be taken when attributing the uncertainty in the
surface data to specific wavelengths, and when recombining the uncertainties in the basal

components in the spatial domain.

6.3.3 Applications of an improved IFPA topography map

The IFPA topography map presented in Chapter 5 provides an alternative approach to
looking at topographic variability across Antarctica in a way which is not reliant on the
density of ice-penetrating radar observations. If the problems with the amplitude match
to the overlying topography were tackled, this method could produce maps with a variety
of uses, including for ice-sheet modelling, and studying basal slipperiness and hydrology
across Antarctica.

Modelling future ice-sheet behaviour

Numerical models of future ice-sheet behaviour need high-resolution observations of the
subglacial topography to constrain projections of future sea-level rise to levels useful for
policy making (Durand et al., 2011; Sun et al., 2014; Seroussi et al., 2017; Nias et al., 2018;
Koellner et al., 2019). Since the spacing between radar surveys (Frémand et al., 2023)
is much greater than the 1-2 km resolution required by ice-sheet models (McCormack
et al., 2018; Castleman et al., 2022), several studies have used the errors in interpolated
maps of subglacial topography (Fretwell et al., 2013; Morlighem et al., 2020) to generate
statistically plausible beds which can be used in ice-sheet modelling (Sun et al., 2014;
MacKie and Schroeder, 2020). However, the errors accompanying some topographic
products are likely to be too small. For example, in the region of Thwaites Glacier
discussed in Section 6.2 Bedmachine Antarctica has relatively high density observations,
and quotes an error ranging between £30 m (their minimum) and £40 m depending on
the proximity to a survey line. However, as shown in Figure 6.6, the ice-penetrating radar
observations do not fall within these error bounds over 73% of this region, suggesting that
models which use these observations to generate statistically plausible beds (MacKie and
Schroeder, 2020; Leong and Horgan, 2020) may still be underestimating the variability in
the topography underneath Antarctica.

It would be valuable to see how much influence an IFPA map which incorporates

ice-penetrating radar observations has on numerical simulations of the future behaviour of
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Fig. 6.6 A comparison of a) the quoted error bounds for Bedmachine Antarctica and b)
the difference between Bedmachine Antarctica and the ice-penetrating radar observations
for a small region in the downstream part of Thwaites Glacier, West Antarctica. Panel c)
shows where the ice-penetrating radar values fall within the error bounds of Bedmachine
Antarctica, with the location of this region is shown in red in panel d), with the outline of
Thwaites Glacier in light blue.

the overlying Antarctic ice sheets. This could be achieved with a few simple runs of this
new topography and older topographic maps, or a more complicated set up with a range
of possible beds, generated with Monte Carlo simulations. Computationally, it would be
sensible to focus on a select few glacier catchments rather than the whole of Antarctica,
but if chosen carefully it would be possible to explore a range of different environments to
see how much difference this topographic map makes on long term predictions.

Ice-sheet topography around the margins of Antarctica is thought to be the most critical
for defining the glaciological response to ocean forcing (Gladstone et al., 2012; Pattyn
et al., 2013; Nias et al., 2018), and IFPA is not designed for studying topography in those
regions. However, the topography of the interior sectors becomes more important over
longer timescales, and interior topography can have significant impacts on the retreat
rate, particularly in regions where the basal sliding law is connected to the topographic
variability (Parizek et al., 2013; Koellner et al., 2019; Schwans et al., 2023). This may be
particularly important in sectors of East Antarctica which are currently thought to be in
mass balance but are predicted to see increasing retreat in the future (Stokes et al., 2022),

and which have not been the targets of intensive geophysical surveying.

Bed slipperiness

Many ice-sheet models assume fixed topography and invert for the slipperiness (Arthern
and Gudmundsson, 2010; Arthern et al., 2015; Kyrke-Smith et al., 2018), although there
are some which invert for both together (Pralong and Gudmundsson, 2011; Barnes and
Gudmundsson, 2022). The theoretical framework set out by Gudmundsson (2003) and
Gudmundsson (2008) shows that variability in subglacial topography and variability in
the bed slipperiness should have different, and distinguishable, effects on the ice-surface
elevation and velocity. In theory, IFPA should be able to distinguish between changes in

the ice-surface stress field caused by topography, and those caused by slipperiness. Due
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to the trade-off between the amplitude of basal landforms and the mean non-dimensional
slipperiness parameter, C, I have tended to focus more on the shapes of landforms rather
than on their amplitudes, and not put much emphasis on the slipperiness results from
the IFPA process. If, however, steps are taken to improve the amplitude of landforms by
tuning the model parameters with ice-penetrating radar observations, the slipperiness map

produced by IFPA may also be more useful for ice-sheet modelling.

Hydrology

The flow of water beneath ice sheets is controlled by the subglacial hydrological pressure
gradient, which depends on both the ice-surface slope and the subglacial topography slope
(Shreve, 1972). Ice-surface slope is 10 times as important, but variability in the subglacial
topography can be more than 10 times larger than variability in the ice surface, so both can
influence water routing pathways. Small changes in either the ice surface or the subglacial
topography can influence the hydrological routing beneath the ice sheets, leading to larger
phenomena such as piracy-induced stagnation (Anandakrishnan and Alley, 1997; Vaughan
et al., 2008). Wright et al. (2008) explored the sensitivity of sub-Antarctic flow paths to
changes in the ice surface, concluding that changes in the surface height of just 5 m (or
equivalently 50 m in the ice thickness) could have substantial influence on the routing of
water through large subglacial lakes in East Antarctica.

Some of the new landforms in the IFPA topography map have amplitudes of more than
50 m, and so could be expected to have an influence on the routing of subglacial water. In
particular, small changes along the boundaries of subglacial hydrological catchments could
change the direction in which water flows. Wright et al. (2008) discussed the importance
of this for understanding water flow through subglacial lakes in the Adventure Trench
region of east Antarctica, but the routing of subglacial water is also important through its
influence on bed properties (Rémy and Legresy, 2004; Ashmore and Bingham, 2014). It
would be informative to apply a hydrological routing algorithm to an amplitude corrected
version of the IFPA topography, and to see how much difference this makes to subglacial
water routing across Antarctica when compared to other subglacial topography datasets.
This could also provide guidance for ice-penetrating radar surveying as to which regions

are most important for understanding subglacial water flow paths.

6.3.4 Applying IFPA to other datasets

We can learn a great deal about Antarctic subglacial topography by applying the IFPA
method to continent wide datasets. Here I discuss potential applications for a range of
different Antarctic datasets, as well as the possibility of applying IFPA in Greenland.
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Time variant IFPA topography

When applying IFPA in Antarctica, I have assumed that the ice sheets are in steady state
despite knowing that this is not the case, particularly in West Antarctica (Smith et al.,
2020; Otosaka et al., 2022). The steady state assumption means that I interpret all surface
landforms as the result of current subglacial topography. Most ice-sheet models assume
fixed subglacial topography on short term timescales (Barnes and Gudmundsson, 2022),
with variations in topography only being considered on long timescales through Glacial
Isostatic Adjustment (Adhikari et al., 2014; Larour et al., 2019). However, geophysical
observations from Rutford Ice Stream (Smith et al., 2007; King et al., 2009; Smith et al.,
2012) show that there is significant sediment movement beneath Antarctic ice streams, and
on relatively short timescales.

Although the changes observed at Rutford Ice Stream are too small in their amplitude
and width to influence the ice flow enough to have an imprint on the ice surface, it is
possible that other places in Antarctica have witnessed larger scale sediment movement
which would have an impact on the ice surface. To look at subglacial topography across
the whole of Antarctica, I used elevation and velocity products that had been built up from
multi-year observations in order to cover the entire continent (Gardner et al., 2018; Howat
et al., 2019; Dong et al., 2022). However, to look at variations in topography, it would be
necessary to use time-stamped elevation and velocity products with the largest time gap
possible. In order to have the correct surface datasets, this analysis would need to be done
on a regional rather than continental scale, but could yield insightful results.

In theory, basal topography perturbations and basal slipperiness perturbations have
different impacts on the surface elevation and velocity fields, and it is possible to distinguish
between the two. However, the work in this thesis shows that due to the lack of knowledge
when deciding on the mean non-dimensional slipperiness parameter C, there is still some
trade off in these parameters. When looking at changes occurring between datasets from
different years, it would therefore be important to account for the impact of changes
in the slipperiness due to changes in basal hydrology or rheology, which are likely to
change on much shorter time scales than topography. Ideally, an independent technique for
determining C could be used to remove this trade off and avoid a situation where changes
in the ice surface are falsely attributed solely to changes in the bed topography.

Identifying artefacts

In some regions of the Antarctic-wide IFPA topography map, there are artefacts in the
topography produced by features in the ice-surface datasets. Running the analysis again,
but with a different set of velocity and elevation products would also allow some of these
artefacts to be identified, although not all. Megadunes in the ice surface across much
of central East Antarctica (Frezzotti et al., 2002), for example, are real surface features
which should be present in all ice-surface elevation products, but which lead to unrealistic
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Fig. 6.7 The subglacial topography beneath the Greenland Ice Sheet, and associated error.
Figure adapted from the user guide for Bedmachine Greenland v5 (released in 2023,
updated from Morlighem et al., 2017).

subglacial topography. However, other artefacts are caused by gaps in satellite tracks or
produced during processing of satellite data, and these features could be identified using

different surface products.

Greenland

Observations of the thickness of the Greenland Ice Sheet have been made primarily using
airborne ice-penetrating radar, leading to the production of several digital elevation models
of subglacial topography (Bamber et al., 2013a; Morlighem et al., 2014, 2017). Although
there are now a substantial number of ice-penetrating radar observations across Greenland,
there are still significant gaps between these observations in the interior parts of Greenland,
with survey efforts focussed around the margins and at ice core drilling sites (Paden et al.,
2010; Franke et al., 2020).

However, studies comparing subglacial topography from ice-penetrating radar and the
ice-surface topography from Arctic DEM (Ekholm et al., 1998; Cooper et al., 2019a) show
that, as in Antarctica, the variability at the bed bears a clear resemblance to the variability
in the ice surface. These studies have mainly focussed on qualitative assessment of the
features in the subglacial topography, but Ng et al. (2018) used a modified version of
the same full-Stokes transfer functions applied in IFPA (Gudmundsson, 2003, Chapter 4
to look at topographic variability along flowlines from Nordenskiold Glacier in western
Greenland, concluding that some, but not all, of the surface variability originates from the
basal topography. Igneczi et al. (2018) used a similar method to explore how much of the
surface relief comes from the subglacial topography.
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Given the success of the IFPA methodology in uncovering new topographic landforms
in Antarctica, there is significant potential to apply the [FPA methodology to data from the
Greenland Ice Sheet. Gaps between ice-penetrating radar surveys can be as large as 75km
(Morlighem et al., 2017), and there are likely to be interesting features that have not yet

been explored in these regions.



Chapter 7
Conclusions

This thesis aimed to explore ways in which variability in the surface topography of the
Antarctic Ice Sheet can help us to learn about the conditions at the ice-bed interface, and
in particular the subglacial topography. I had three key research objectives for this thesis
(Repeated here from Section 2.6):

* Thesis Objective 1 (Feasibility): To assess whether inverse methods based on the
spectral properties of modern satellite datasets can be utilised to study the ice-bed

interface, through comparison with high-resolution ice-penetrating radar surveys.

* Thesis Objective 2 (Utility): To assess whether inverse methods based on the
spectral properties of modern satellite datasets perform better than other methods
for studying the ice-bed interface in regions without high-resolution ice-penetrating

radar surveys.

* Thesis Objective 3 (Extendibility) To assess what inverse methods based on the
spectral properties of modern satellite datasets can tell us about the ice-bed interface
for the whole Antarctic continent, especially in areas with low density of geophysical

survey data.

The key research findings are as follows:

Linear perturbation theory can be utilised to study the ice-bed interface

Through a combination of synthetic experiments and application of linear perturbation
theory to data from Thwaites Glacier in West Antarctica, this thesis shows that linear
perturbation theory can be utilised to study the ice-bed interface. Synthetic experiments
showed the range of landforms which can be resolved by this methodology, and also
explore the effect of noise in the surface datasets. Application of linear perturbation theory
to data from Thwaites Glacier in West Antarctica confirmed that the method works on real
as well as synthetic data, and allowed the tuning of several important model parameters to

ensure that the best possible results were obtained.
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Having established that linear perturbation theory can be utilised to study the ice-bed
interface, I improved the methodology to be applied in all areas regardless of the ice flow
direction. I named this updated methodology Ice Flow Perturbation Analysis (IFPA).

Ice Flow Perturbation Analysis does perform better than other methods for studying
the ice-bed interface in regions without high-resolution radar surveys

High-resolution ice-penetrating radar surveys had been collected at Pine Island Glacier, and
were not included in early compilations of radar data used in other subglacial topography
maps. These surveys therefore provided the perfect test data for IFPA and streamline
diffusion, the method used in Bedmachine Antarctica for interior regions. Comparison of
the results of IFPA over Pine Island Glacier revealed that the IFPA topography contains
landforms which are not included in interpolated products.

The application of IFPA across Pine Island Glacier highlighted the trade-off between
the mean non-dimensional slipperiness parameter and the amplitude of landforms in the
IFPA topography, and explored how we can learn about the slipperiness by tuning the
topography from IFPA to ice-penetrating radar observations in regions where they exist. |
emphasised reducing this trade-off as a key future improvement of the IFPA methodology.
However, even in current formulation the shapes and locations of landforms are fixed, and
can tell us a lot about the mesoscale variability in subglacial topography beneath the polar

ice sheets.

Ice Flow Perturbation Analysis tell us a lot about the ice-bed interface for the whole
Antarctic continent

In the final section of this thesis, I applied IFPA across the whole of Antarctica to fill in
many of the gaps between ice-penetrating radar surveys for the first time. The resulting
map of subglacial topography shows many interesting features, such as an extensive
subglacial canyon in Maud Subglacial Basin, expands our knowledge of the extent of
several mountain ranges, and includes nearly 40,000 new hills with 50m prominence or
greater. It also enhances our understanding of the geometry of many features which had
been partially but not fully observed in ice-penetrating radar surveys.

Different types of topography in the IFPA map have very distinctive textures, and I
used these to classify the new topography into different geomorphological categories. The
new geomorphological map showed that the subglacial topography of Antarctica is much
rougher than previously thought in many regions, and also highlights the presence of large

sediment-filled basins in East Antarctica.

Future directions

The new IFPA topography map produced in this thesis showcases the potential for using
variability in the surface topography of the Antarctic Ice Sheet to learn about subglacial
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topography. Future improvements in ice-penetrating radar observations, and in satellite
datasets mean that there should be ample opportunities to improve and test subglacial
topography maps produced through IFPA. In particular the ability to tune the amplitude
of topography with radar observations will make the topography maps significantly more
useful for modelling future ice-sheet behaviour and looking at distributions of subglacial
sediment and subglacial hydrology, leading to better predictions of sea-level rise, as
required by policy makers.
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