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THE MOTION OF AN AJIRCRAFT BOMB

IN THE ATTENUATED ATMOSPHERE.

INTRODUCTION .

This paper is now in two parts. In the first part a
new exect solution of the plane flight of a particle is discussed,
by which it 1s possible to take a very leng first arc straight
from tables of functions defined in the solution. Fairly
extensive tables of these functions have been computed (42 sets
of each function:- & total of I,200 entries).

Having devised a method of computation, the
writer employed another to do this work, and accordingly omits
them from this edition, every part of which, to the best of
his belief, is original and unalded. A series solution for
the lower arecs 1s algo discussed in Part I.

In Part II, solutions in finite terms of the verticel
fall of a particle, an approximete solution ol the plane flight,
end of the effect of changing winds are given.
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PART . .
THE FLIGHT OF A PARTICLE IN AN ATMOSPHERE OF

¥ .

The first step in solving the flight of a projectile, whether
bullet, shell, or alrcraft bomb, is taken by treating it as a
heavy particle. The results of this treatment are subsequently
corrected for the effects of angular motion; for the complete
problem is found to be too complex to admit of practical analysis
in one stage. The treatment would, of course, be exact provided
the projectile remained during its flight with 1ts axls of figure
parallel to the direction of moplon of its centre of gravity, so
that the air reaction would necessarily act exactly in opposition
to that directicn. By fitting a vane to the tail ¢f a bomb it 1s
possible to make it fall approximately in this manner, We may
expect, therefore, that the results of the particle analysis will
constitute closer approximations to its motion tham to the motion
of a shell, which, as the researches of Fowler, Gallop and Leock
have shown, may yaw through a large angle near the apex of its
trajectory.

The solution of even this simplified problem for a shell is
incapable of an analytlical solution, because the variation of
Drag with projectlle speed becomes very complicated for speeds

in the neighbourhood, end in excess of, the speed of sound,

where 1t cannet be represented contimuously by any simplé& formla,
Aircraft bombs, en the other hand, falling under gravity, seldom
acquire speeds much beyond 900 feet per second. A considerable
volume of evidence is now available to show that at such speeds
the simple quadratic Drag law is obeyed with considerable
accuracy, especially for bombs of the medern streamline shape.
The bomb broblem is thus essentially simpler than its artillery
counterpart. It is only with reluctance, therefore, that
computers will remain content te apply te the former the
elaborate numerical methods which have been devised to deal with

the latter. (see Text Book of Anti-Aircraft Gunnery, Vole.l.
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published by H.M.Stationery Office).

The only alternative which has hitherto been propesed is to apply
Bernoulli's famous solution of the flight of a perticle in a
uniform atmosphere, in which he assumed a Brag Law of the form
Kv.'., Tables of the functions defined therein have been computed
by Prof. Karl Pearson, and others, for n = 2. In so doing,
however, it is necessary to split the atmosphere inte a serles eof
layers, attributing to each a uniform density equal to that
actually occurring in the middle. The process of fitting these
necessarily short arcs together is found to be nearly, if not
guite, as laborious-as are the methods used for shell.

The present paper 1s based on the discovery that the equations ef
motion admit of an exact solution, provided that the ratio of the
air density at any point to that at a point y feet higher, is
expressed as 'TT;ZQ*-, ¢ being a constant.

exacl
This form is not in/agreement with either of the mathematical

forms whieh have been proposed to represent the mean meteorological_

readings. But with an appropriate choice of ¢ the discrepancy is

very small over depths of 5000 - 7000 feet.(It is indeed smaller
than the daily variation). Purthermore, the ratio of the two
factors is a function which varies wvery slowly with height, 1s
alweys of the same sign, and, in a drop of any stated altitude,
reaches a small maximum value which, together with the order of
its effects on the motion, may be readily determined. 1In
computing the fall of a bomb dropped from a very high altitude it
mey still be necessary to split the trajectory into ares; but the
depth of each may bgﬁsgry much greater than formerly , and

the labour of fitting them together correspondingly reduced. The
method, moreover, is particularly suited to the calculation of
the trajectories of bombs released from very fast flying aiféraft.
Modern aircraft are already capable of alrspeeds which place the

fundamental constant of Bernoulli's solution outside the range

considered in the existing tables.
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The “Tenuity Function”. The name is introduced to distinguish

it from the "Tenuity Factor”, which is usually taken to mean the

ratio of the air density at any point to that at mean sea level.
Let & be the density H feet above datum, e the density at a level
y feet lower, (l1.e. H - y feet above datum). Then the tenulty
function R(y) is defined by the identity

Righ = T G000 TR S )

¢ being a2 constant as yet to be defined. R(y) evidently
vanishes for y = 0, and it will vanish for a second value y & h

provided Cu-4
l- = €H ("'C’\.«)

1

_6;4» _ - (2)

Assuming R(y) is continucus with a continuous first derivative
then ff(ﬁ,) mist vanish, where 3, is some value intermediate
between 0 and h, at which point ,R43ﬂ takes on its maxinum value
for the interval o €y < h. Let this value be € = |1{(tﬁ}‘
Then, for a given form for % € will be a function of h
In the following analysis, h will be taken as the exact depth of
the arc considered.

I‘IR,(L)
f?%u will be written — & from (1), ¢ being

I—CH
defined by (2).

This definition holds for any continuous function g?" which

hes a continucus first derivative, and the following method is

therefore applicable to any'"atmosphere" whatever, whether the
density is expressed as a mathematical formula, or merely as a
table of values., Particular interest, however, attaches to its
meaning when the tenuity factor is identified with the reciprocal
of the Standard Density PFunction, used exclusively (up to 35,000

feet) by the Ballistic Office. We then have

e/eo Fo= e b
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and 9/“ = etﬁj and is independant of H. (This formula

is sald to agree with the mean Meteorological readings more
a

closely than any other simple formula, and having the value

-5 -1
3424665 x 10 (feet) )

Here R(y) = eav (l~cj) . =1
l—i_ah
with ToF =
+a
( atl "
Hence R(a,) = € (a-c—-ac;‘j,) = 0
A
Hl = c a
. (3)
G =1
S Ry = e T =
al
('-— C_-ah’ '_c--dx‘\ = '
e ah = o |

- (4)

A table of € as defined by (4) is appended. Using the
exponential tenuity factor R(y) 1s always positive in the
interval, and it will be assumed for the sake of brevity that
R(y) will always turn out so, even if actusl meteorological
readings were taken f .

ng e n for g%“

The equations of motion.

These are, of course, well known.
The horizontal component of force is the resolved part of the

Drag only, hence, using the quadratic drag law :-

% e Ya O F Tt el | L A)

Where g 1s the acceleration of gravity, Z the terminal velocity

in a uniform atmosphere of density Pu s P = ‘?Zx: £ tangent
of downward inclination of flight path to the horizon.

Again, since the Drag acts in opposition to the direction of

motion, the component of acceleration at right angles to this

direction is the resolved part of gravity only :=
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Vg = Geese (6)

where v is the speed of the particle in the flight path and
¢ = A o, the downward inclination of the motion to the

horizon.

From (6) we obtain the well known relations :=

: dp
S e - s s (7)
pe | ol A d
?‘%— = E% ax o s xP dU
g 4y
é" dp = P Ll i (8)
o)
Also, 1 dx . _ L dibe N x
g 9 <p = g ﬁ_ ap o 9
gl ke e
ap T J g ap
o el x (9)
o Ax oA o
Now X = F’P‘_- £ — —%— CE‘I_F-)-

Substituting this value £mr of x , namely

9 dx

x dp I egnation  (5)
153 R(ﬂ’ e
also | = ey for /C’u and multiplying throughout
by 0 Amcy) s We have:-
&_1
a | Qg (I—'Cv) o= Q_g .
35 ap =z (14 Rep)Jupm

Adding to this:-

e L .
X2 -‘;‘% = —_ CP (P‘DM (‘5))

we have: -

o ¢ §gl~cy) )
b { S } 3 %('*R(j))m ~ &P i
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Integrating between limits p, and p :-
(1=cy) g 29 g
—cy .
= - = T [ QR e
P — Zep* + Zepd
) (11)
Wnere n(p) 1s written for
p
/dl-i-P"d-P = i—{ PJH-P" - ‘Dj(Pi"iW‘}
-4

Now provided p does not exceed values which render y> h, both

R(y) and H (p) are positive in the range of integration. Hence

P
O % f RCU) dnip) <~ € { hip) — r)(poﬁ}

feo
It follows, therefore, that at any point of the trajectory at which

the tangent of the downward inclination is p the true value of the

L.H.S, of (11) is intermediaste between

‘;zzg: ( n(pd - o([so)) — ;!EC(P‘L-PJ)
Q
and %lee)( ')CP)' f)(po')) e f{c(fai——la.,’)

Hence it follows that all the co-ordinates of the motion, which are
monotonic functions of p, are intermediate between those which may

be calculated from two equations of the type

gri-=g) 2 T
e R S I
3. (1+€)
in which B is put equal to Zz* and %‘1‘ respectively.

The effect, in other words, of finite values of R(y) is less than
that of varying /{z"‘ by 100€%. Equation (12) admits of complete
solution in terms of integrals similar toc those discovered by

Bernoulli,(to which,of course, they reduce if c¢ is made to vanish).
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If values of these are computed (and they lend themselves

readily to numerical Integration) we may actually find between
whet 1limits the true co-ordinates lie, or, 1if the value of e
is smell,we may take as a sufficlently close approximation the

values given by the solutlen of (12) in which ﬁ? is equated to

g ; Jivre
E‘i‘,(l+ge) cr -LC_E"—-

whichever may be more convenlent.

Proceeding,then, with the solution of (12) and writing

d .
« = Zzz — 2Bopd + B
we have -
30_-_63) = X 4+ -9@ DCP) =~ ’:'.':.“P"
cx
cpx
i T AP— _ P,___
(|._.¢j) x + &@O(P)—éLPL
G b
{2i€s = —
_ = by (&)
([ c"j) o ?‘Q@D(P)-—ipm ( g ¢ )
Whence, integrating
P
pap
- [oa ("“Ctj) = a(s . o,
o G Y=
po »E ;P_ RN )

For convenlience of calculation we prefer to divide throughout

by log, 10, giving

p

’ / pep '
=1 o (‘_ = 2 e
g cy) p A +359@)_$Pl%yo (14)
Where Az = fogc o &

B = 'fpa‘,_ o B
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Wie may now define a function

g
U, & Cp) =
e A* + 2B hepd — “a'foge_'op"‘
(o) RS ¢ £ o
Then
' l’{q-gl (Pa) 2= I{‘B CP)
b= cg e = L (16)
Whence §) Y = U (P)
C%‘lP S~ lojglo U, 10 il e e P
, = Waaib)
( dx_ Helbe) 10 il
< ogloe dP = 10 P
o 5 L
p— e . c;_t'_ - . = ha(Po) 1O ac(P) U’
‘J Jeo P Pgi
Hence if we define the functions: -
p 'o"lﬂsfb)dp
XA,B Py = (17)
A* +aBn(p)— & PL{OJHO
and
‘—J-U B(P)
A athy = ] “F
JA + ABn(p> — X p” ley, 10 e
We shall have :-
Va6 (po)
C., o x - A, B
03 s o { xAB(P) . XAB(P")} (19)
. oors € = gotkelh)
3lgue 2 { Ttk - T}

(20)
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with the ald of (9)
howe Been compubed

Tables of these functions eme csppeméed, for values of A by units
from 5 to 11, and of B by «5 from 1 to 3+5. (These steps are
found to be rather large for easy interpolation, and further
gub-tabulation might be undertaken with advantage). We may now
employ these tables to exhlbit the scope and accuracy of the
method. Without concerning ourselves with interpolation to fit
a stated problem, let us simply select some entries and find
what can be learnt from them. Taking an extreme case ( from the
point of view of the effect of air resistance), A = 5, B & 35,

and p = 4 we find

Us ss (#) = +16669

i

Xs 55 (4) = #08990

Ts’s,s (“) A= .5875

Let us use these results to find, in one stage, the helght lost,
horizontal distance traversed, and time of fall of some bomb.

Since bombs are released from horizontal flight p = 0 for
Appros unahar &
all first arcs, and U (0) 8 0. Negiectimy the effect of R(y),
4§ Ascpladaed

dt—hapde—wdtd | we shall have :=

2 ¥ 3
A -y Cloawe v id 25
gJi+é&
* v c logoe z ¢ i

Where V is the air-speed of the releasing aircraft. To find ¢

however, we must know h, the height of the arc. Now from (16)

—_ L"’alo Cl"ck) = U = - 16669

Bur bg (QA), l—ch = e_ﬁa’k

Ai L'orj“’ (I—Ck) £ ah logtoe, = [ 4] = lo—bu @




E 2

Page 10,

(using the standard value of a )

5
LI 16669
hence 1 = |t = Firs = 11,822 feet.

This is a general method of finding h from U in the first arc.
From the tables of ¢ we readily interpolate for this altitude,

namely 000026962

3219 §

. ¥ = 1J .V = 226e1 m.pJhe

‘000026962 < A5 > (6),,€

Z: 59 A by quadratic Law.

5
(a8
N

»
n

3. 3a.1a¢ S ogy
Z, = 669

16
~0000267677. % 3S % l"j:o‘ ~[o

734. 8
I.e. i = HE1ep feet/sec.

( taking g as 32191 feet/sec? )

X

r by (19
et ¥y (19)

Next x =

- 08990

cloje

n

= 7678 fest.

and t =

= 30«25 secs.
B S V-V NSRS T T S e B S S RET A T S S )
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’ APPENDIX,A.
: TABLE OF C AND ¢ FOR EXPONENTIAL ATMOSPHERE.
, . 4 i
P; (feet) ¢ (feet) A A £ A A
0 «000032467 «0000
- 521 1
31946 10 +0001
1000 - 511 4 3
2000 31435 e b 7 +0005 3
- 500 : o
3000 30935 11 «0012 2
' - 489 9
4000 30446 11 + 0021 3
i - 478 12
5000 29968 10 20033 3
- 468 15
6000 29500 10 +0048 2
= 458 1%
7000 29042 9 +0065 3
- 449 20
8000 28593 9 +0085 2
=- 440 22
9000 28153 10 «0107 3
- 430 25
10000 271728 9 «0132 3
- 421 28
11000 27302 8 +0160 3
- 413 31
12000 26889 9 + 0121 3
i - 404 34
13000 26485 8 *0225 2
- 396 36
14000 26089 ] <0261 3
- 377 39
1 5000 «000025702 «Q0300

It will be noticed that for a simple arc of a depth of even
15,000 feet, the maximum deviation of the density representation

is only 3%.
g,j I+ e
If this is corrected by putting B = g log e

the results should have real accuracy of quite as high an order
as the lMeteorological data; that is to say, that they will be as

nearly in agreement with the practical results as our knowledge

of the density of the atmosphere permits. ( No density function
professes to agree with the mean Meteorological readings to more
than two significant figures. See Chap. XI Text Book of Anti-

aircraft Bunnery).




(1)

(2)
25 + 3_')(}:)

= _{‘&yc 7} P"

(3)

log p
= (o{g (<)

(4)

= ant alﬁf‘i(3)

(5)

AU

(6)

(7)

(10)

/

X

les
= anls ]c:j ( l”.l(?.]_)

(11)

A x

(12)

(13)

1%

25

26°2725

27°2920

28+2580

29+2684

3043724

31:5963

«01903

*03664

*05308

*06833

*08231

OTHGS

1903

1761

1644

1525

1398

1264

- 142

- 117

- 119

- 127

- 134

25

*00482%2

013972

022479

030404

037715

044373

*C0000

+00482

«01879

*04127

+ 07168

*10939

1537

+040000

«Q37643

*035089

*032180

+028968

+ 025594

022242

- 2357

- 2909

- 3212

- 3382

- 197

- 303

- 162

135

158

52

141

154

1438

2) (15) (16) (17) (18) (19) (20) (21)
| X AT AT AT AT T
£ — \f )

*00000 *20000 +0000¢
116 598 098524

01942 19402 - 72 * 098 5%
199 670 - 52 09538

«03762 18732 - 124 +1839
235 704 0 089174

*05445 17938 - 124 +2856
298 918 20 08745

+06Q75 17020 - 104 » 3731
645 1022 32 08259

08339 15998 - 72 4557
B 1094 34 07728
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APPENDIX.B, METHOD OF COMPUTING THE FUNCTIONS.

A specimen schedule for A = 5, B = le5 is appended.
The increments AV, AX, snd AT are calculated by the
formilae

as @

j ;C(g)clz_ = m{ F(a) + 5AF@) o .'.I;A'?»F@) 4 3—“133%)

a o 200 SR 3

for the first increments,

and

Qo

L 1
j p@) dar = w { JE(F(‘*) 2 F(‘“W) ) = 24(’5&;‘1“( )) 1

a

for the remainder.

Ul means alU_ , etc.
ap

It is as well to carry out the divisions of columns (3) « (4)

by logs, since log(2) is required in column (10).

The integrations are checked in groups of six by Weddle's

formula.,
ar 6w
/F(Z)dl z %‘J’{( p(q) == Sf(a.-.,) + p(anA;') + 6F(ao?m)

+ far4w) + 6 flav 5a) e f@r&o)j

Which is very rapid in use, and is accurate where sixth
differences are negligable.

Thus :=-
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U(3) should be given by

0 1903 5308
3664 8231 6
6833 10132 31848
9495 )
19992 50670
508670
31848
1%
3
2) s 307530
e155765

which 1s precisely the sum of AU's.

Again U(5) - U(2) should agree by the same method, (and does).

APPENDIX.C. CALCULATION CF THE SECOND AND SUBSEQUENT ARCS.

If the tables are to be used, new values of A and B must be

takem. These are readily calculated as follows.

Let Ao B.n and h, Dbe the values of the constants and the height
lost in the ntb are, X, Pp and Z, the values of the horizontal
component of welocity, gradient, and T.V., at the boundary

between the n'® and (h+! )st. arcs.

9. gfa&e lo ,;g? {‘-"Je'O D(P")

Then A = : = ——2 "7 4 Flegetopt

g CER 2.

lofe 10 Ra o 1o nCp..

A gly g Qetonpy %
and Ah = ("_‘j_:-' = .Zh"-' +4 _;J_‘oJe o P""
Also g lojeto (1-ckn) 5 Qg loje (© 5 (pn)

i .- W
¢ ot 5 ol

= "ifcgelop,;" . vy
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~ah,,
But (f'_ c.“‘m) = &
A L -—0’\,‘
ﬂ.nd z“ - 2’"‘ <
So prowvided cehs = gy ("e- B = Ay o cloc
Cont )
3. A:_h—gtqewchhpf
Ahr-t ¥
and | — ats,,
e ' B
hhﬂ 3 =
'--cl‘.\
Notice if 7 T » then
2 s
Ah = lfngfD P,:‘
=)
¥ Ll gt ) = 3“ i 2 5 (perd
2 ’)h L Cx“" o 2':1“

This relation may be teaken advantage of, provided Z 1is

Small
sufficiently emeeat (so that the height lost may not be too
great) to save interpolation for the A's as well as the B's.

Thus if it were applied to the case already considered, namely

A = 5 B = 35
JZ2 x5

o B BB = 406599

2 J(ochD

So that the height lost would not be much greater than that
atated.
( In order to save interpolation for p at this stage, it would
be useful, in recalculating these functions, to take for A
integer multiples of '-?4{—'9- o , Where W is the
step in p. This involves no additional labour, since A is
additive in the first column.)

sk 2ed
The step from,arc to,arc might then be accomplished with but

one interpolation,fmx namely for B).
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Such a method is useful when we wish to arrive as rapidly as
possible to the final values of the co-ordinates after a
conslderable fall., The normal requirements of & bomb aimer
demand that the elements of the trajectory should be tabulated
at constant (short) intervals of height. If this is to be
accomplished without elaborate interpolation, it is essential
thet spuethod should be developed in which y assumes the role
of independant variable., This is clearly only possible with
the aid of a:—

SERIES SOLUTION FOR THE LOWER ARCS WITH y AS INDEPENDANT VARIABLE.

This is impossible for the first arc, because the differentisl
co-efficients (with regard to y) of all the elements become
infinite (beyond a certain order) at the vertex. Fortunaﬁely,
however, an intimate knowledge of the behaviour of a bomb during
its first few thousand feet of fall is rarely required by the
aimer. The effects of air resistance during this part of the
flight, although exercising a vital influence on the subsequent
motion, are in themselves as yet slight; so that an aimer
bombing & target only such a short distance below him will be
content with & rough approximation é; their values.

We shall accordingly suppose that the first arc ( & few thousand

feet in depth) is calculated directly from the Tables. Pe—seve

i, The subsequent arcs, each of the constant depth, may then

be calculated as follows.
Equation (5) may be rewritten as
dLEL
: ¢Qg Canec b
= .!--c.d’

@f@:{@

e T e ol B




Differentiating logarithmically we

:

Q.
b
5
™

A ——mm—

Qh-
¥

dﬂ
By 5
since

d¢
d.;g

Hence

o P2
cty

do without it.

¢ = 4

Me Laurin series.

Putting

If we assume

i

——
L

have

Page =

jco!"c," cos’¢

= = x* i
|
c 1
+ ‘I[
g C"Sl‘é Cotcp ) g <ot d ,1'
ot s I ;'
|
.|| !
1
jfz (Formula ( ) )
[f,z" Codec gb
a2 Tk f~c07
iL_ Cenec b ) Cosce b

X2 2t

—

) b & ::.10’

(/—CV) 2 Z’(!*-cy_)

ﬁ(’of 29( C’oI"{ﬁ

P 2
x.

wlll evidently be very complicated, so we shall

qy=

9(2? %orec ¢D i

L] 1 1
X Z

32277

¥ Mo { &c‘? Covecq,
AL o4

the new term in y° will be

cQﬁlcoJccgﬂo b ‘7 g

7

x
Z*(1-8y ) = Z' ana substitute

_x'oa Z{ 2-

R -
fy j

O we have the

Vhidd Ak )

.
z
‘xo
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And (neglecting terms involving the fourth and higher powers
of y ) this will cancel out with the term involving c explicitly
provided :-

b = 1/3 e

Hence for arcs short enough to permit the terminaticn of the

Mc¢ Laurin Series at the fourth term, a uniform atmosphere may

B
be assumed the density of which is equal to that at 3 of the

depth of the arc measured from the top; i.e. 2/3rds of the arc
measured from the bottom. This agrees with H.E.Wimperis's rule.
For practical computation, the series may be re-written putting

y = h (the constant depth step) and using previous notation.

5 gk Cosec
;‘ﬂ’;—l = ;’n = —.ff‘[’ + g-—L—{ ’ —+
CoSéc A jl_ 2
ﬁ—iﬂ—s - ( AR Y
. __'Z_,i B Zﬂz(l-—- Fch)
. x:? ac?

"

The depth of h must be chosen that the third term of this
series affects only the last significant digit required., It
will evidently converge the more rapidly as p, 1increases, so
that the greater the depth of the first arc (taken from the
tables) the easier will be the subsequent computation.

The new value af X , may be calculated by formuls (3! ), and
so the values of p and x obtained at constant intervals h.

The remaining co-ordinates may then be found by forning the

quantities
i !

P and P,

at every stage. These may be differenced and integrated ( as in

Appendix B ) with regard to y, to give x and t.
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PART i Ie

THE VERTICAL FALL OF A PARTICLE IN THE
ATTENUATED ATHOSPHERE o

Much useful informstion may be derived from the study
of the purely verticel fall of a bomb (treated as a particle)
released without & horizontal component of velocity, as from an
airship with the engines shut off. It 1s posgsible to exhibit
solutions of this problem in finite terms, involving only
functions slready tabulated. In the first plece it is to be
noticed that the speed of fall after a long drop is practically
independent of the initial horizontal velocity. Now it is known
that the quadreatic drag law, upon which most methods of solution
are based, ceases to be obeyed after speeds in the neighbourhood
of 900 feet per second are attained. A computer, therefore, will
desire to know in edvance whether this critical speed will be
reached in the trajectory under consideration. An ixxaiR Immediate
answer is provided by the followinge

The equation of motion determining & pusely vertical fall,
(from rest) ig:i=

% & € . a
T - =z i ¥+ - . B
FPutting S’/e = ¢ this takes the form:=-
&
2‘_ -2 Ag ay -2
ag(y)-r zie  J = a'lg..... @)

A lirear equation of the first order whose solution is
seen to bei=

:?_2__:4’
— aZZ €

. 29 2 29
X = . Qy 7 —
- A a ¢ {EI(;‘%‘;‘_CJ—EI. az.;}
- (3)
Remembering that fr,, = 0
Z ¢
Where Ei (z) = / e
-0 t

The Exponential Integral, which is tabulated already.

Now, putting y = H, the height of attack, we notice that

- B
2: eﬁn" = Zo
The terminel velocity at sea~level density. Hence:i-
25
‘&, ot B T azr : jﬁL o Ls_
y“ - a e % { Ea ( az:) — El (‘.Z;)}
or, solving for Z _J_L

H
A B
efSLy e B ) = %eazf"' ()

Giving a end g their values here, and putting ¥ = 890
feet/sec this reduces to:= - A

-

—— R e
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I

= ST W

Eage 2e
§6120¢

1952000 weiso0
Eq { zz"‘} — W% *e
(5)

From which 2, , therefore H can be calculeted. This
equetion determines the maximum altitude from which the lmpect
speed will not exceed 890 feet/sec. A graph of H ageinst Z, is
appended.

(1983000

Now, c¢learly, the maximum speed which the particle can
attein will occur at the point at which it has reesched its
1ocel Terminel Velocity; for, thereafter, it will be falling into
Tenser alr, and the drag will become greater than its weight, so that
it must decelerate. (Of see equation (2). Put ;é”(gﬁ =0

’ * €

for maximum, and ya o Z,; e;g ) If, then, Z2, > 890, the
condition laid down by (5) is sufficient, for the bomb has not yet
started to decelerate. If Z,< 890 ft/sec then, dropped from the
altitude given by (5), a greaster speed must have been reached
higher upe. This observeation is, however, of little practical
importence, since the sea-level terminal velocitlies of most bombs
exceed 900 feet/sec. (This assertion bears, of course, no relation to
actual meximum speeds, since the quadratic drag lew ceases to be
obeyed. Terminal velocities in excess of 200 feet/sec must be
regarded only as labels which plece bombs in different categories).

Equation (4) may also be served up as an enswer to the
vexed question "when does a bomb attain its terminel velocity?" (This
question, it must be again be steted, has an answer only when the

T.V. ig less than the critical speed). Putting y = Z, we
find:=- ’ 5 Lot 32!
o : 9 . ,__L -__i (=% 0‘
Ez ZEE) = ER.(¢;2; = g e - (6)

Equation (3) does not admit of further integration in
terms of known functions. In order to exhibit Formulae for times of
£«11, we have recourse to the form:=

ey & | + ﬂ(z)
€n [~ cy
Then we have
gl 3 29 (1+R&) .2 _ s . (v)
dg(v) 22 l-ﬁj v 3
Now f’ @ )
41 Ky)
‘/f Y __f? ( yié H )
- l‘“Cv
ls again intermediate between:-
I+ e)

-'%j($7(!-cj) a2 = " c lﬁ[(l“cq)

So once more we find that the true value of the time of
verticel fall will be intermediate between those calculable from
solutions of (7) in which R(y) is omitted,and Z, is given,
alternetely, its true value, and the value 15" .

i+
The solution of (7), neglecting R(y), is:=

+ 2

a9
pa =i
9 c2? —!

(-3.9_.

g
cZ&

- )




provided y, = O.

PEEQ Do

- We are now in & positlion to test the accurescy of the
guthor's method of allowing for the Tenulty function R (y).

Equation (4) is exact.

Worked Example.

In (4) put g = 32.I9I .5 feet (sac)a'
8 = 3.2667#10 (feet)”!
Zo = 1000 feet/sec
H = 10,000 feets
29
. a - a3 ../ 25 a i 2L
g - 2o e -s(E
Log 2g .- - 1.80876
Log 82, . . 1.51144 29
. az = T1.9830
o141 3
—. 15652 E%E = 1.4332
From Dales Tables:=-
u E1 (u) A at a3
I.9 4,5937 3618 I85 19
2.0 4.,9542 3790 204
2.1 53332 3904
2.2 5.7326
I.4 3.0072 2941 99 18
1.5 33013 3040 117
I.6 3.6053 3157
Mg 39210
Ei (I1.983) = 4.5937 + 83 X 3615 = .07I X I85 +
= 4.8925

= 3.1039.
2

log aZ}' g _-.29752
log log e .. I1.63778
(7f293510)

86119

log 29 6429732
log I1.7886 25251
2 /5.6B00E
Te.04d5e

Hence, accerdingky to (4)

§n=

Difference=I1.7886.

(698.75) «

Ei (I.4332) = 3.0072 + 332 X 2941 - LIII X 99 + .062 X I8

698.8 feet/SQOo

;

028 X I9 .
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Now in (8) we must put:e

=
6 = 2,725 X 10 (ite value at I0,000 feet)
[T
7 16° =10
M ¥ l‘l-é‘—
614
= lo (from The Table of € o Pt T
N JT o032 o e by
and (I =cy) = e = 10 o
2
log 2¢ . . _1.80876 log % ... 6.36592
log ¢ - - D.44284 log .6895 ... 1.83853
} 3 al '
6141 log e R ¢ {7
: % log I.0I32 .00285 5
—.2err? (I.6895) (24.344 X I0 )
| log  .I4% T.14922
[ log 2adire 22777
| czZy g o
I1.37699 (n)
( = 23823 T.76177
6452739

L] b"
( I9.46I X I0 ).
. )
Thus ¥, = (24.344 = I9.46I) X I0 .

j = 488300

e

: 99 = 698.8 feet/sece.

The agreement is quite remarkeble, and should esteblish
confidence in the reasoning which led us to expect that the substitution

Jl+re EE
of - - for s
Z“ Cl-l.'.y) sy

would give accuracy as greet as is required.

! To integrate (8) further we put:=
H 29 N+2
cz: —4 N .tlctonooouocg)
and oy N
l-c‘j ol Cas 9 ...".COCOC(IO).

!
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- N N-- .
Then y = -C_-— Ccos '9 6(:0199 o-otcaoc..o(IOA)
H 4 L2 cos €

and
o o

QL

1
F———
o
]
9]
N — 2R

@

by the definition of ca  ( See pat

So (8) becomesg:=

N oow™ b =
g =es eaf = 34
e Cos-' e- ‘T‘—
_ ’.’i. N/ -
t o 9(; cos /" J 6 de

........OOCOC(II).

Integrals of this type are of frequent occurrence in
Ballistics, and have, in fact, been made the subject of a special

notation, viz:=- P

§,.(6) = / se""0ap
0 P m~t
9».(9) & /(Hp‘) 1dp

o

(p = f(an0)

It is to be regreéted that full tables of neither
function, for values of m between 0 and 2 appear to have been computed.
In "Ballistic Tables" issued by H.M.Stationary Office, 5 figure tebles

of €., €@y £u5@ , §s@) B0 3,500

are, however, glvene.

(II) may be evaluated in terms of ordinary tabuleted
functions for all integer values of N, and certain fractional ones.
Mach information cen be derived from these formulae since the velues

of Z, eiven by (9)

5 A9 N
H T V(N+2)e v s s L TR

for small positive and negative velues of N, together with the value
N = 00 cover the range of practical terminal velocities with

sufficient demsity for ordinary purposes.

Before exhibiting the series of formulse afforded,
however, we shall transform (II) in various ways.

B

e bl T T,

e

e e e T T ———
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For negative values of N, put N = — M end cosOd = seclp !

giving:- Ry
cos” e il
ik g
t'" = ac cos lPd‘r‘ v s nin anesseses ol iD)
o
with 2 ~ [_,;1-—31:
o V(#HM-2)c ceseceseccacccnae(I4)
Agein we havei=-
* N
U-%) | ws * o as

.
2~/

_ N ) -
= (2= 3) ] se 0 A0 —cos ARG .............(I5)

=
— o) See oclh—-u(}
aH
~N

wl:‘ﬁ Cﬂ-‘d = e. t.la.oooctoc..cotn(lﬁ)

Consider now the renge covered by the tables of
referred to, form = I.5, 1.6, 1.67, and I.8. Using formula (I5)
ag it stands:=- o

m = 2"‘}' 3 N = 4-~3m

Hence the corresponding velues of N are I, .8, .66, and .4.
Starting with the lowest, we have:-

= -
N""") ZH- 3¢ o

t = J;-i':- § % §,,00 — Yo sec wlnu

2 ODCQ-OIUOOCOOOOOOO(I’?)

" /;‘ﬁL
N = 66 Z . 133¢ and

3 H

(T,a 167 160 -6y
€ = ge { 67 ;_‘7("‘) Gl A “(&““}
a.ooo-oooooaocoal-(IB)l

_ S0a#
: g
wdhA. cos&X = e




Eage T
}‘LL
N= 8
5 sec o G
E = 3 { lb(d) —_ Sec &« 4 g
: Sad
_ - &
WL‘-‘ Can - e l.lll.l’....l...(Ig)
N = I j Z“ = [ 2&- Gnd
the integral 1s more easily evaluated in terms of Elliptic Functions:i=-
-t ~aH

J;:j J-}e"

Putting cos O = cos tP this becomes:=-

F(l:-s‘: x)

o o
h

) ~-ToH
w‘—"" COJ“ — e -.oo-n-oo--oo-QOC(eo)

end F is Legendre's Elliptic function.

73
N = /3 ’ ZH os 'c

By the successive substitutiona, convenient for
calculationi=

G (f+ %) = G*(S+ D)

Sec "39 cos ZP

“
adz
i L2
- Cod> . —
(oS =
i =

‘L-c'-s"_i —te

the integrsal reduces to:-

P

o sl I
= J gc 4 (I—satl D)
3
T C i
> M |
Whee Comx - € - 5 lo[l'u«(% ftt‘],,) = !j"a,l&'.{ﬁf%)
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pege 8

S
n
n

£

’y

5
-&.
b 4

'

................(21)

B8, MRy

’ Z £ ’___
~ <
5' J-’

Putting enO = Cm"‘{! as before.

- Tl s o)
¢ 3‘:535“54;, ) :—(w,«)}

with

| CorN = e.ﬁ—é’— 1 R P A ) I
| N =4 Z.5 J35 oend
t = aj(l—‘ = ) o-o--o--noc-ooo-(24)
% 35
. N =6, 2u = Ufgﬁf
i
a t = J:""—*'{oz - 'iJ-..'--;Id}
; “"‘
I,I oD of - € & ..............-.(25)
N= 8, ZZ" = |/%£7
s = lsc ( $hot - Kwi)
~ G
Cen of — =2 8' 0...[..0.0...'0.(26)

step in

value N

L

|
|

These formulae may evidently be produced indefinitely. The
Z, showever, is now becoming smaller, se we proceed to the

3
= 0D Z" Jc
The previous formulee become indeterminate but for ¥y we have:=

3" = “‘{%F*Cb~cy) (ag Cl*cy)

—_u
Putting (I = cy) = e g
we have:i:= G,
2 u*
- ' e p. SOu
£L7 hE
[=]

|

g1k




So finelly:=-
2
N = o0 Z:J—CL

pege 9
-, ~aH
Bt e = (l-eH) = e
, o
i g Gy = Jn;..—
#

| t = J-ﬁ_?g Evr P( {H cescecsasanss(27)
F Where Erf (x) = "Jg:—rr_’ / e “ldu

Passing now to negative values of N (positive values of
M) we have, if M = 2 Z. 2 0 and

"
Co” 'e,-%

[ ) wper

e =<

~aH
But C,“ = I~c H

(2 — [26
jJ‘ =P 9 ek byt BB B RUN)

r Ls
as for an unresisted bomb, as we should expect.
)
i M= 4 Za = «9‘/ A and

= J—— { X + lJu-lat}
. At oiv s o @ samss s hEy
wdl, Cnosl = e 5

E5328) .
5

t = f-;—g—;_— {J'ol-a(«-—- é’s&.zo{}
aH,

Md ek e- 6 Ollo.o.tooil...(30)

The above formulse give sufficiment points on the
"time-lag" =~ terminal velocity curves at various heights to make
graphicel interpolstion essy. (or the use of Legeange's Interpolation
formula).

B s T ——

[T e et
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In applyling these formulase, C must be given its valuve
gt the height of attack selected, and the results associsted with

z
ZH"\("’E insteed of with Z, itself where € is also given
ite eppropriate value. (See tables in Part I).

These times of fall are close approximations to times in
the plene trajecttories with moderate air speeds, and make a valuable
check for step=by-step methods. The vertical times of fall are, of
course, slightly less than the plane trajectory times.

Another useful application of this analysis is to be
found in the following Sectione.

AN_APPROXIMATE SOLUTION OF THE PLANE FLIGHT OF A
PARTICLE IN THE ATTENUATED ATWOSPHERE IN TERMS OF FUNCTIONS

The approximation introduced is identicel with that
proposed by H.E.Wimperis in seeking a similar solution in an
atmosphere of constent density. We assume that the vertieal
component of velocity in the plane trajectory will be the same as 1in a
verticel fall from the same altitude. When it 1s considered that the
motion is practically vertical for the majority of the flight path=-
in the importent part where the speed 1s greatest- the relatively small
effects of alr resistance which may be calculable from such an
approximation should be reasonably close to those actually
encountered. These effects will, of course, be slightly less than
the true ones, and the approximation may thus be used as a check on
step-by-step methods. DMore important, however, is the application
of the approximation to perturbations in the motion caused by such

factors as changlng winds. For,clearly, in calculating such small
displacements, e=e& accuracy of the approximation will be sufficilent.
Che
In all resisted motion in which the Drag acts in
opposition to the direction of motion we have:=-

/
a_d%(icg}o) = %’- ssnassuessosonsss{ED)

where p = d%x
e
Gellogp) = Y dy

§ec* 6
- t“‘.e ..,...........000(52)

by (9) (I0% and (IOA).

,, = k@.o By I, W

To evaluste K, note x = y/P

iy i‘l = f;l'(%)"- = iL CGJN"ZG

ck?

-

by (33) and (IO0A).




an'ie II-
X |
x=V '
Now when © = O A the airspesd of the
releasing craft, 4
2 ”‘8__
V - ck‘l
1 N+L
so .*1 - V’cos = 6 . . tlontcoool(m)
and
/ N
J — (N3 _ 2
P = v e Gue = C?:ai _,
dx = dx gy
de = 9 «o
N ~N
= ‘f c Cos €
d &
" Whence ws'e™ ™
X ~N N
| /V' - 3cij Bde..ltllioi.lll.t.(sa)
| 2
This is transformable as before.
For N = =M we hsave:-
- al
cﬂS-‘C- ~
M M~
‘ xm = V. 3c CO-S ede ..........-..0-1(56)
o

1 number of points are obtainab
integer values of N and M.

' LT
N o= 4 2y = Sc o =ast
Cos ¢
l i
% = J.Qac "6l
o
Ty ) = . |
b R CHS RN CERY
~af
h‘:n\ C‘,‘d - e n o..o-ao-u-o.ooaoo(37).
N=12 » IE:L |
zn iy 3ec 4 ~! ~aH
K o '
| V.o e ) oeas '
6 i
’ 244 g:;
= d-az— J""C- - ..................(:58). II
It §

The formula of reduction need not be used., A sufficient
le by half odd integer and
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6
3 s I
N = 4, Zy = 2¢ _ Qad
intle 9
ﬁ?f f L
N = d9¢ e 2 eae
o
z ~ef =
- 3[‘0 { %5 . [—c 3 + %F(‘f."‘:d)}
_ M
s B F . ° R e siratiat 0%
N=2 ZH = ’/zc C-'e_{m
%, v
J}\/r z ch ca O A6
° '
y ' ~ Aak
3 ‘LJC {0‘ */1“"'2‘}; Conot l=oo.c ooooo ssspensnn (40)
N= 3 —éj_—

% . s et ]

. -—(‘M"
OBl R e SRR coma L&Dy

and SO One

= oo 2, 2 o % il e BEd Y




E&EE I3.

Next for negative values of N, we haeve t=

M = 2 Zy = O
and x = Vt as Bxpected tooo--n---ao.no..¢(43).

6

ANz, 5

UI-L Cﬂ‘x - e. .noo.o.-ocnoo-c--o(44)

M = 4, oy = éltﬁz;

L
— ah -
Colot = = *

Ar{‘“;‘ir..:‘f‘:.".‘.}......(zxs)

S
n

2<%
n
_=H
~—
[ 7
§
Y
|
Ly
3
l“
§
'y
(S

qu = e .ooo...oonlo.oocnoa(46)\

and SO OIle

|
I
\
|

[ i
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THE EFFECT OF CHANGING WINDS ON THE FLIGHT
OF X PARTICLE IN THE ATTENUATED ATHOSPHERE

This investigation 1s most briefly conducted in the
notation of Vector Anelysis. Vectors will be denoted by

placing & bar across the symbol employed. (Thus ¥ is the vector
velocity, v the scalar speed).

Iet V be the vector velocity of the particle b
during flight in eir undisturbed by changing winds, and let T be
the vector perturbation due to the change of air velocity with
neight lost. Thenw smd ¢+ §F is the actual velocity, and the
equation of motion 1is

. - = - = v (el -W
& L e 7/ z; T 0 ( )
= it e (1)
Where J is a unit vertical vector, W is the vector
wind veloclity relative to that in the stratum of release, and
v’/ 1is the square root of the scalar product.
(G s 565 -WHG+ 856 -W)
Because the Drag acts in opposition to the direction
of motion relative to the air.
For the majority of a long fall (and it is only in
such that the perturbation need be considered) v will be great
in comparison with 87 or W , so it will be sufficiently
accurate to place
v/ = v
When W (o 2e10, @ao s unpeshubed molion,
sd? = i ‘9/ & oo 2
S o= 9] - Ziv &)
Subtmof&d(‘ @) FM. 6) ! (M‘s vl = U‘)
5—(6‘\7) &, %"/ 0(5"7"7‘7)... )
at 2, '€~

Now CZ») Cemtbtaiin g [} ¥ Com.!,.pnp.f' 7

= = "
————— T —
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L@ - H Y = - 5w
d_ 4V == 4 ri
S i) e Wamnin)
or, minpty o () S Yo SR

W e may obtain o rﬂcf:&aJ Soleubo o

Follows. The e G Wwiin ol Ueteto at an

f

then, Oat

gl

ST N (8)

Whin W, o M wid wiahie G Pu prowd
ot powd lexl, 8 W, et s Mo ohatue of

releanSe, (Goﬂw w\auv e wwtaguyped lo:j i aldearc

e a&(:/c-[f')

—

htn (&) ey (e wAllen i~

<l é-i- (Wo”-‘“—a) ~ # ila ~%o
9(;-‘) = -—CF'—(l—Cas 6) E""é"{vc's 0}

b? (16) and (34 o) pa't_{-_l_",

g{f- (W;- —P\-’;) 4 % “‘o AN z s%_;e PN
— - —— — o
x cVH == 2-N z 1-N }

r-c.u.c,...be.nz.d- Mat &Y = o Wheee 6 = O
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o e wf__)‘/_’\'__ £~ N ¥, an
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_ (W ~ Wer)
§x = '_OEH "‘*; €+ — (am\){:
Q‘N (a N Zc’ C'd) ad-t’
C6)
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]:fom Da«ft/'a Tablea <

a F45° «) E(4s5 )
317 55432 |88 9 - 52§34 1622 -8
5 67310 168y 9 SY4S6 1614 -V
33° ‘5919 1896 -560% |607
34° £1093 59677
F(4s° 31°767) = - 55432 + -Y6Ix15878 — 09 x G
= -568YR
E(4s’, u%967) = 52834 + Te7<Ib1y  -09PE§
= 54073
4= 56870 = Q2748 8&
br 54073 = 324436
— 2as _ —
Lare < —-.'le-tuxlo' B - -52 = ) 71800
. PPy
e ~ - 52240
2(|= e‘l“'“) & rYeSx0. J9ssio = Q7734

T 7,.4,.:&:, ., ¢ bmrcker o L —

R-AMMEE — 324438 + - Q7734 = 00784

At 10,000 o = 2-7723 o i

log 9 - [-50773 LT SR N #2 % 8

ley e § 44284 leg -0078% T 59432 |
4-95057 223239 |

L"Bl -30103 12671

5etog 2|3 35046 [ 134 7] 1
[-6%523 ||

lof < H T 44254 :’
2-23239 1
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(haws @ =
§X = lLaa (W, -W,)
' L f L
No > ZH - i,;z-' (l 4-6)3' = %LI‘OISZ))*.

LoJA%-.. 6- 36592

ey 3 " k17(2
585850
(o g P Y
oy 20 = 2574780
2.$Y390 [ vus].

Tews 2, = 746 . | W o= 10,000 far.

§x = 134 (W,-w,)

e, i Me ocale. valce ﬂ wdﬂd Lo, oasy,
20 . p b ( | l-+,7/z‘!64/(r(: valee . )

n
[
£

X
)
(=

X
|

AX

22
is f"’

0
3
<0
iz
Iiz

Ba ho mcasn d G M{Q'fdalc ?ka«-‘t'f‘y.
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