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INTRODUCTION. 

THE MOTION OF AN AIRCRAFT BOMB 

IN THE ATTENUATED ATMOSPHERE. 

This paper is now in two parts. In the first part a 
new exact solution of the plane flight of a particle is discussed, 
by which it is possible to take a very long first arc straight 
from tables of functions defined in the solution. Fairly 
extensive tables of these functions have been computed {42 seta 
of each function:- a total of I,900 entries). 

Having devised a method of computation, the 
writer employed another to do this work, and accordingly omits 
them from this edition, every part of which, to the best of 
his belief, is original and unaided. A series solution for 
the lower arcs is also discussed in Part I. 

In Part II, solutions in finite ter.ms of the vertical 
fall of a particle, an approximate solution of tfie plane flight, 
end of the effect of changing winds are given. 
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..:r: . 
THE FLIGHT OF A PA-~TICLE Il1 AN ATJ,i03PHERE OF 
VARYING DE!>1 ~ITY I UND.t!!R THE QU DRATIC DRAG LA., . 

The first step in solving the f licht of a projectile, whether 

bullet, shell , or aircraft bomb, is ta.l::en by treatinr it as a 

heavy particle . The results of this treatment are subsequently 

corrected for the effects of angular motion; for the complete 

problem is found to be too co nplex to admit of practical analysis 

in one stage . The t reatment ould, of course, be exact provided 

the projectile remained during it s flicht with its axis of fi~re 

parallel to the direction of mo~ion of its centre of gravity , so 

that the air reaction woul d necessarily act exactly in op osition 

to that direction . By fitting a vane to the tail of a bomb it is 

possible to make it fall approximately in this manner . We may 

expect , therefore, that the results of the particle analysis will 

constitute closer approximations to its motion than to the motion 

of a shel l, which , as the researches of Fowler, Gallop and Lock 

have shown , may yaw through a large angle near the apex of its 

trajectory . 

The solution of even this simplified problem for a she ll is 

incapable of an anal ytical solution , because the variation of 

Drag with rojectile speed becomes very complicated for speeds 

in the neighbourhood , and in excess of, the s eed of sound , 

where it cannot be repre ~ented continuous l y by any si·nple 

Aircraft bo~bs , on the other hand, falling under gravity , seldom 

acquire speeds much beyond 900 feet per se cond . A considerable 

v olume of evidence i s now available to show that at such speeds 

the simpl e quadratic Drag law is obeyed with con iderable 

accuracy, especi ally for bombs of the modern st reamline shap_sl . 

The bomb problem i s thus essentially s i mpler than it s artillery 

counterpart. It i s only wi th reluctance, therefore, that 

computers wil l remain content t o apply to the f ormer the 

elaborate numerical methods which have been devised to deal with 

the l atter . ( see Text Book of Ant~-A~rcraft Gunnery V 1 1 ..... .... ' 0 • • 
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published b H. M. Stationery Office) . 

The only alternative ·hich has hitherto been proposed is to apply 

Bernoulli ' s famous solution of the flight of a perticle in a 

uniform atmosphere, in ¥hich he assumed a Brag Law of the form 

Kvn . Tables of the functions defined therein have been computed 

by Prof . Karl Pearson, and others, for n = 2 . In so doing, 

however, it is necessary to split the atmosphere into a series of 

layers, attributing to each a uniform density equal to that 

actually occurring in the middle . The process of fitting these 

necessarily short arcs together is found to be nearly , if not 

quite , as laborious as are the methods used for shell . 

The present paper is based on the discovery that the equations of 

motion admit of an exact solution, provided that the ratio of the 

air density at any point to that at a point y feet higher, is 
1 

expr essed as 1 - c.y c being a constant . 
exact 

Thi s f orm is not in/agreement with either of the mathematical 

forms which have been proposed to represent the mean meteorological 

readings . But with an appropriate choice of c the discrepancy is 

very small over depths of 5000 - 7000 feet .(It is indeed smaller 

than the dai l y variation) . Furthermore , the ratio of the two 

fa ctors is a f uncti on which varies very slowly with hei ht, is 

a l ways of the same sign, and, in a drop of any stated altitude , 

reaches a small maximum value hich, together with the orde r of 

its effects on the motion, may be readily determined . In 

computing the fall of a bomb dropped fr om a very h i gh altitude it 

may still be ne cessary to split the trajectory i nt o arcs; but the 
made 

depth of each may be/ very much greater than forme rly , and 

the labour of fitting them together correspondi ng l y r e duc ed . The 

method , mor eover , i s parti cularly sui t ed t o the c alculat ion of 

the traje ct ori es of bombs released f!' om very f as t flyi ng airc r aft . 

Mode r n ai r craft are a l ready capabl e of a i rspeeds which place the 

fundamental c onstant of Bernou l l i 1 s soluti on outs i de the range 

considered in the existing tabl es . 
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The ' Tenuity Function". The name is introduced to distinguish 

it from the "Tenuity Factor", which is usuaJly taken to mean the 

ratio of the air density at any point to that at mean sea level. 

Let eH be the density H feet above datum, e the density at a level 

y feet lower, (i.e. H- y feet above datum). Then the tenuity 

function R(y) i s defined by the identity 

R("if ) = ( 1) 

c being a constant as yet to-be defined. R( y ) evidently 

vanishes for y • 0, and it will vanish for a s econd value y = h 

provided 
t (I - eh-) 

,_ 
( 2) '·c. if c 

Assuming R(y) is continuous with a continuous first derivative 

then ft (~1 ) must vanish, where ~ 1 is some value intermediate 

betYfeen 0 and h , at 'r hich point jR.(~)I take s on it s maximum value 

for the inte rva l o ~ y ~ h. Let this value be 

Then, for a given form for will be a function of h 

In the following analys is, h Vfill be taken as the exact depth of 

the arc considered . 

ef Will be ~ritten 1eH 
defined b (2). 

from (1), c being 

Th i s definition holds for any continuous function ~H which 

h as a continuous first derivative, and the following method is 

t h erefore applicable to any"atmosphere 11 whatever, whether the 

density is expressed as a mathematical formula, or merely as a 

(~~co~ea) table of values. Particular interest, however, attaches to its 

meaning when the tenuity factor is identified with the reciprocal 

of the Standard Density Function, used exclusively (up to 35,000 

feet) by the Ballistic Office . 'le then have 
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and and is independant of H. (This formula 

is said to agree with the mean Meteorological readings more 
a. 

closely than any other simple formula, ~Q having the value 
-5 - t 

3•24665 x 10 (feet) ) 

Here R(y) = e 
0-:J (t -c'j ) 

I- e. 
- a. h 

with c = 
~ 

R' ( ~ · ) 
ad, 

(c..-c-ac'J,) 0 Hence = e. :::: 

-' .L 
'J ' = c 0. 

( 3) 

R CCJ.) ~ 
%- , 

e = = e. a 

( -o."' (;1.1... 

I - e... ' I -A..h -e. 
= a.lt e ( 4) 

A table of ~ as defined by (4) is appended . Usine the 

exponential tenuity factor R(y) is always positive in the 

interval, and it will be assumed for the sake of brevity tha t 

R(y) will always turn out so, even if actual meteorological 

readings were taken for 

The equations of , otion. 

These are, of course, well known . 

The horizontal component of force is the resolved part of the 

Drag only, hence , using the quadratic drag law :-

.. 
X { 5) = 

Vhere g is the acceleration of gravity , Z the terminal velocity 

in a uniform atmosphere Of density eH 1 p : ~X : tangent 

of downward inclination of flight path to the horizon. 

Again, since the Drag acts in opposition t o the direction of 

motion, the component of acceleration at right angles to this 

direction is the resolved part of gravity only :-
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( 6) 

where v is the speed of the article in the f light path and 

~ = ~- · p , the downward inclination of the motion t o the 

horizon. 

From (6) we obtain the we ll known relations :-

. 
~ 'J _L .Sec

1 'f' 4' -- ctt' - - ( 7) V" cos f - x 

££__ 
'=: ~- ~ .X .::. ::i p :!1:_ 

c:Lt' ~0 ci.X. 
d~ 

!)!,_ ~!:} 

( 8 ) dp = . .): 

Also , .L c:tx I 

·$ dt X.'-- . 
= d 

- ·X = '31 (j ct p dp 

at Jt C(.)(. 

df' = dp 

( 9) .. ct.X .. ~ ..if_ d:i Now .X = -
c lp ctt" - -X: d p 

Substituting this value ~EX of X 1 namely 

..L c l .:X 
X. d p l"'l e.zk .._ "-;,, ( S) 

I .. Re~' 
~ also 

I- c. J for and multiplying throughout eH 
by .Q(I-c~) , we have:-

.X.2 

= 

Adding to this:-

= - c f:> 

we have:-
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Integrating between limits P0 and p • . -

6}9 J I' 
z~ ( 1 + 'R c.~ ., ) d ' ( p ) 

p., - j"cp~ ..- ~cpc?" 
( 11) 

·mere I) ( p) is written for 

p 

/J••r~o.p = i"{ pJ••r' + lot~( P•JI+p~)} 
c 

Now provided p does not exceed values hich render Y> h, both 

R(y) and ') (p) are positive in the range of integration. Hence 

~ J R4J) d ?CpJ 0 

Po 
It follows , therefore, that at any point of the trajectory at which 

the tangent of the downward inclination is p the true value of the 

L.H.S. of (11) is intermediate between 

and 

Hence it follows that all the co-ordinates of the motion , which are 

monotonic functions of p, are intermediate between those rhich may 

be calculated from two equations of the type 

.... . . ( 12) 

L 
c z" and in which ~ is put equal to respectively. 

The effect, in other 1ords, of finite values of R(y) is les s than 

that of varying J z~ by lOOc-%. Equation (12) admits of complete 

solution in terms of integrals similar to those discovered by 

Bernoulli,(to vthich ,of course, they reduce if c is made to vanish) . 
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If values of these are computed (and they lend themsel·es 

readily to numerical integration) ~e may actually find bet een 

that limits the true co-ordinates lie, or, if the value of € 

is small , we may t ake a s a sufficiently close approximation the 

values given by the solution of ( 12) in r:hich (3 is equated to 

or 
~ J I ~ 6 

cZ" 

whichever may be more convenient. 

Proceeding , then, "Ti th the solution of ( 12) and writing 

= I""'R I h '-
- o( (~ f) ( po) + a. ro 

we have . . -
8 ( I - c-.,) 

o{ ~(3 'J(p) ..!- p'l. - + - a. 
e x,_ -

~ ·:1. C X p - -
~ --

dJ(3 ')(p ) - J p~ (1- c 'j) c:::,{ .... 

0JL 
c dp p 

'·e . 
( 1-c.j' ) ::: 

cl ~ (3 ' Cp) - i. ~ .,_ 1-

Thence, integr ating 

- lo~ ( I -c~) = 

( b(J (~) ) 

( 13) 

For convenience of calculation we prefer to divide throughout 

by loge 10, giving 

= 
( 14) 

Where = 

B 
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· e may now define a function 

Then 

1- c:J = 

/hence 
~ -c dp -

·, 
d.x. 

c log e cfp -. . 
IO 

dt' 
Ot ..... ~ J c~ (oJ10 e -dp -

~. B. ( Po ) - 1{, 8 ( p) 
10 

{otfe- IO U 
I 

10 
UAs Cfo ~ - UAe, (p) 

~s (/'o) 
- UAe. L~ ) I 

IO U 
10 

}' 

- {: UA e.CP) I 
'j"l~ 6(fo) lo 

lo 
p!.l. 

Hence if we define the functions :-

p 

J 
and 

e shal l have :-

and 

( 16) 

1 u'.,. 

( 1 'fi') 

(18) 
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Tith the aid of ( 9 ) 

~~ ~ ~""'·~ 

Table s of these functions ~ a,:penaed, for values of A by units 

from 5 to 11, and of B by •5 from 1 to 3•5. ( These steps are 

found to be rather large f or easy interpolation, and further 

sub-tabulation might be undertaken with advantage ). e may no 

employ these tables to exhibit the scope and accuracy of the 

method . ~athout concerning ourse lves Tdth interpolation to fit 

a. stated problem, let us simply select s ome entries and find 

1hat can be learnt from them . Taking an extreme case ( from the 

point of view of the effect of air resistance) , A= 5 , B = 3•5, 

and p = 4 we find 

us, 3 · 5" ( J.t) = •16669 

xs, 3 ·5' ( Lt) = •08990 

T':),3· S (4) - • 5873 

Let us use these results to find, in one stage , the height lost , 

hori zontal distance traversed , and time of fall of some bomb . 

Since bombs are released from horizontal flight 
A ~}'rt~"" ~ an..:.r fJ 

all first a rcs, and U ( 0 ) : 0. Ht g;li d .!.li!g the 
tH ~pl~ca 

t , t e;;' i 1 ' ' , Ye shall have :-

-- = 25 

B -- --

p = 0 for 

effect of R(y), 

Th.ere V is the air-speed of the releasing aircraft . To find c 

however, we must know h, 

L..o~ IO (t-ch.) 

s ""~ bd (~A) ' 

the he i ght of the arc . 

= V = . 16bb9 

1- cl-\ 
-a-h 

-= e 

o ~ ( oq e o •o 

Novr from ( ~6) 
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(using the standard value of a ) 

5" 
to U 

h ence h I · 4 I 
11 , 822 feet . 

This is a general method of finding h from U in the first arc. 

From the tables of c we readily interpolate for this altitude , 

namely •000026962 

" V = 
and 

ext 

and 

.3).· ,q , 15 ~ 

~ (.?.,_ J . V 
·oooo.l.696.1 .c~5 ~cC>J•"e . . = 226 •1 m. p . h . 

Z '- z 1 a~ b d ti L = e y qua ra c aw . 
H o 

.z,. = 
C) 

= z'" v () 10 

3:1. · I G I J I ' If!{ 

, . lb66q 
· Dooo-2 6 '16'2. x 3·5.,. loq e .. o 

CJ eo 

I.e . 

taki ng g as 32 •191 feet/ s ec2 ) 

X 

t .:: 

= 

c..CoJ •o <: 

· ofi19o 

c... Coi coe 

T 

J'J ec5 • e 

by (19) 

:: 7678 feet . 

= 30•25 secs. 

feet / sec . 



h (feet) 

0 

1000 

2000 

3000 

4000 

5000 

6000 

7000 

8000 

9000 

10000 

11000 

12000 

13000 

14000 

1 5000 
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APPENDIX.A. 

TABLE OF C AND ~ FOR EXPONENTIAL ATMOSPHERE. 

1 /1,.,_ "" c (feet)- E A 

·000032467 •0000 
- 521 1 

31946 10 •0001 3 
- 511 4 

31435 11 ·0005 3 
- 500 7 

30935 11 •0012 2 
- 489 9 

30446 11 •0021 3 
- 47.8 12 

29968 10 •0033 3 
- 468 15 

29500 10 •0048 2 
- 458 17 

29042 9 ·0065 3 
- 449 20 

28593 9 ·0085 2 
- 440 22 

28153 10 •0107 3 
- 430 25 

27723 9 •0132 3 
- 421 28 

27302 8 •016'0 3 
- 413 31 

26889 9 •0191 3 
- 404 34 

26485 8 •0225 2 
- 396 36 

26089 9 ·0261 3 
- 377 39 

·000025702 •0300 

It will be noticed that for a simele arc of a depth of even 
15,000 feet, the maximum deviation of the density representation 
is only 3%. 

~J I+- € 
If this is corrected by putting B =-

C ZHL ( oJ fD e_ 

the results should have real accuracy of quite as high an order 

as the .eteorological data; that is to say, that they will be as 

nearly in agreement with the practical results as our knowledge 

of the density of the atmosphere permits . ( No density function 

professes to agree with the mean Meteorological readings to more 

than two significant figures. See Chap. XI Text Book of Anti­

aircraft Gunnery). 



; 

I 
I 

I 

I ( 5) ( 6) 
I 

(7) (6) ( 10) (11) ( 12) { 13) 4) ( 15) ( 16) ( 1 '7') (18) (19) ( 20) I (21 (1) ( 2) ( 3) ( 4) (9) 
I x ' T' zs ~ 3')(p) fe>lj p V , X 

, ,_ 
T' 3T I ~T T 

L) u' 2 f f)3u' ~lJ ~ x' A?. x' .83X /) T ,1 p 6lr V I -
- ]loJ~'o f" J.,~ . ' - - ( J(lo ) - {o9 {I<) = antiloj(3) - -

1 

::.: Qn1;7o~ (-U ~(l)1 

0 25 •0 •00000 •040000 •00000 "20000 .ooooc 

1903 •004822 - 2357 416 - 598 098524 
69897 
41950 

].. 
2 26•2725 2?94? •01903 - 142 •00482 •037643 - 197 •01942 19402 - 72 •0985~ 

I 
1761 25 013972 - 2554 -158 ' 199 - 670 - 52 09538 

0 
43604 

1 27•2920 56396 •03664 - 117 •01879 •635089 - 355 •03762 18732 - 124 •1939 

1644 - 2 022479 ... 2909 . 335 - 794 0 09174 
52 

17609 
45114 

1i 28•2580 72495 •05308 - 119 •04127 •032180 - 303 •05445 17938 - 124 •2856 

1525 .. 8 030404 - 3212 141 . 298 - 918 20 08745 
30103 
46640 

2 29•2684 83463 •06833 - 127 ·07168 ·028968 - 162 •0697 5 17020 - 104 •3731 

1398 - 7i 037715 - 3374 154 645 - 1022 32 08259 
39794 
48248 

21- 30•3724 91546 •08231 - 134 •10939 ·025594 - 8 •08339 15998 - 72 •4557 

1264 - 5 044373 - 3382 14! 948 - 1094 
4'7~1'2 

34 07728 
't q '1!2!1 

· 0'1/f-qS . 1537/ ·0 :2.:2..2 1 ~ 13 '5 
3 

I 
31· sq63 "t "7., 't!3 I I 
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APPENDIX .B . ffiTH OD OF COI.:PUTING THE FUNCTIOH • 

A specimen schedule for A = 5, B • 1 •5 is appended . 

The increments 6. V, tl X, and ~T are calculated by the 

formul ae 

1 w { F(o. ) .. ;5- D. f? cc. ) - 12 D. '1 r~ ) .. ~ ~ ~ ~ ~ J 

- . . . . . 3 

f or the first incremenu, 

and 

J ::: .2 4 (~"reo..> 
1" L\'l.~-wJ) 

., 
for the remainde r. 

dU I 

dP 
etc . means 

It is a s well t o carry out the divisions of columns { 3) - ( 4) 

by l ogs , s ince log{2 ) is required in c olumn {10). 

The integrations are checked in groups of six by Weddle ' s 

formula . 

.:: 3w [ 
ID f:(t:t) 

Which is very rapid in use , and i s accur ate where s ixth 

differences are negl igi b le. 

Thus :-



U(3) should be given by 

0 
3664 
6833 
9495 

19992 
50670 
318 48 

1·02510 
•3 

2) .307 530 
·153765 

1903 
8231 

10134 
5 

50670 

vvhich is preoisely the sum of !::::,. U' s . 

5308 
6 

31848 
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Again U(5)- U(2) should agree by the same method, (and does) . 

APPENDIX.Co CALCULATION OF THE SECOND AND SUBSEQUENT ARCS. 

If the table s are to be used, new values of A and B must be 

takem. These are readily calculated as follows . 

Let An , Bn and hn be the values of the constants and the height , 

lost in the nth arc, xn' . Pn and Zn the values of the horizontal 

component of velocity, gradient , and T.V., at the boundary 

between the nth and (h+l )st. arcs . 

Then = 

and A ?. 
h. = 

Also 

~ 'fJ <ocr., •o ~C p ... ) 
c Z ~ 

n ,.s" 

Al. 
" 

+ 
cQ 8 lcyc. to I) ( p .... ) 

c..2~- • 

(02•) 
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But (1- c} ..... ) :: 

f7 ~ 2 and ;.._ 
"-'~> 

So ~ro~~v c. ....... 

and 

Notice if 

I.~-

,_ 
Aht-1 = 

= 

.L c ..... t.- L L ' ).. ,-.. r....... J 

-a ~" 
c 

1... - o. l,.._ 
~ ... _. 

::- c..._ ( ' . e. " .. ,.., ;: /, ""' n 

(oJ e to c 4...._p:-A~ - J_ 
:J. 

, - -.J....., 

, then 

• 1. 
C.. X 

.., -· 

Thi s relation may be taken advantage of, provided Z is 
Stt.~'ll 

er~ 

~ k... ~t. ll ) 

sufficiently @~ea~ ( so that the height lost may not be too 

great ) to save interpolation for the A' s as well as the B' s. 

Thus if it were applied to the case already cons idered, namely 

A = 5 B = 

= = 

So that the height lost would not be much greater than that 

atated. 

( In order to save interpolation for p at this stage, it would 

be useful, in recalculating these functi on~ to take for A 

i · J ios~ 1£.. '·· h i h nteger mul t~ple s of .... LA-' , w ere ~ s t e 

step in p. This involves n o additional l abour, since A is 

additive in the first column.) 
l~t J.~ 

The step from~arc to~arc might then be accomplished with but 

one interpolation,~mx namely for B). 
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Such a method is useful when we wish to arrive as rapidly as 

possible to the final VB.lues of the co-ordinates after a 

considerable f all . The normal requirements of a bomb aimer 

demand that the elements of the trajectory should be tabulated 

at constant ( shor t) intervals of height . If this is to be 

acc omplished without elaborate interpolation, it is essential 

that ~ethod shoul d be developed in which y assumes the r ole 

of independant variable. This is clearly only possible with 

the aid of a : -

SERIES SOLUTION FOR THE LOWER ARCS · ITH y AS INDEPENDANT VARIABLE. 

This is i mpos s ible for the first arc, because the differential 

co-efficients ( vri th regard to y) of all the element s become 

infinite ( beyond a certain order) at the vertex. Fortunately, 

however , an intimate knowledge of the behaviour of a bomb during 

its first few thousand feet of fall is rarely required by the 

aimer . The effects of air resistance during this part of the 

flight , although exercising a vital influence on the subsequent 

motion , are in themselves as yet s light; s o that an aimer 

bombing a target only such a short distance below him wil l be 
lO 

content v; i th r ough approximation ~ their values. 

Ve sh 11 accordingly suppose that the first arc ' a few thousand 

feet in depth ) is calculated directly from the Tables. Pe save 

b&-elEWarei il"l·eerpola t;1 on f. we may, if we se desil e, eOI'ftPlete 

~. The subsequent arcs, each of the constant depth, may then 

be calculated as follows. 

Equation ( 5) may be rewritten as 

dLp~ 

a.;:~ d)_9 ~~ccp 

-a.r- - 2'1. ./- CJ 
~ 
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Differentiating logarithmically we have 

since 

Hence 

tJ C 0 .S 'l..c/> Co f-c/> 
x '- = 

c 
+ 

(Formula ( ) ) 

C~c cp 

l-e; 
Cct:>cc cl> I ~ Co J c c cf, 

(!- c.';/ ) 2 (1 -c..v ) 

c 

J 
will evidently be very complicated, s o re shall 

do without it. 

. Putting 
.)(._ ::: ~D we have the 

Me Laurin series . 

If we assume 

' 1-.:xo 

the new term in y3 will be 

,.,_ 
.:. Z and substitute Z 1 

for z 
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And ( neglecting terms involving the fourth and higher powers 

of y ) this will cancel out with the term involving c expllcitly 

provided :-

b = 1/3 c 

Hence for arcs short enough to permit the termination of the 

Me laurin Series at the f ourth ter m, a uniform atmosphere may 
1 

be assumed the density of which is equal to that at 3 of the 

depth of the arc measured from the t op; i . e . 2/3rds of the arc 

measured from the bottom. This agrees with H.E.Ii peris ' s rule. 

For practical computation, the series may be re - written putting 

y = h ( the constant depth step) and using previous notation . 

z:l. 
I 

- = 
~~ 

/here N" = z"1. ( 1 - J-ct.J 
•2. x,. 

The de1th of h must be chosen that the third term of this 

series affects only the last significant digit required . It 

vrill evidently converge the more rapidly as p n. .increases, so 

that the greater the depth of the first arc (taken from the 

tables) the easier will be the subsequent computation . 

The ne value ~ x~., may be calculated by formula ( t!J I ) , and 

so the values of p and .i. obtained at constant intervals h . 

The remaining co-ordinates may then be found by f ornd.ng the 

quantities 

and 

at every stage . These may be differenced and integrated ( as in 

Appendix B ) with regard toy , t o give x and t . 
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PART I I. 

THE VERTICAL FALL OF A PARTICLE IN THE 
ATTENUA~ 1TM6S~HERE. 

Much useful information may be derived from the study 
of the purely vertic~l fall of a bomb (treated as a particle) 
released witbout horizontal component of velocity, as from an 
airship with the engines shut off. It is possible to exhibit 
solutions of this problem in finite terms, involving only 
functions already tabulated . In the first place it is to be 
noticed that the speed of fall after a long drop is practically 
independent of the initial horizontal velocity. Now it is known 
that the quadratic drag law, upon which most methods of solution 
are based, ceases to be obeyed after speeds in the neighbourhood 
of 900 feet per second are attained. A computer, therefore, will 
desire to know in advance whether this critical speed will be 
reached in the trajectory under consideration. An xmmaim immediate 
answer is provided by the following. 

The equation of motion determining a pu~ely vertical fall, 
(from rest) ifil:-

, 
»- = ~ -

Putting ~H = 

A linear equation 
seen to be:-

1:... ~ ':L 
z~ eH d · (') 

e C.:J this takes the form:-

d -~ -l9 "-:/ ,2 
ctt;t ( 'J ) -r z: e d - d. a . . . (.l. } 
of the first order whose solution is 

E i (c.~;)} 
- . . . (3) 

, 
Remembering that Yo 

rlhere Ei (z) = 

The Exponential Integral, which is tabulated already. 

Now , putting y= H, the height of attack, we notice that 

n-1. -1:4,., z2-
~,., e = " 

The terminal velocity at sea-level density. Hence:-
~5 

~ -~2. 
4 e " = { 

, ( .JJ ) , ( ~ )j E t az: - Et CA z; 
or, solving for 

Ei 
Giving a and g their values here, and putting y = 890 

feet/sec this reduces to:-

(4} 
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Ease 2. 

, { ,qs3oo.E_} J 1'16 30CC J Sb•lct 

Et z :r. £1 ,4- X JC 
z:r. 

:: ..,,. D 

....... ,.. l 0 

. , , , .. (5) 

From which Z li , therefore H can be calculated. This 
equation determines the maximmn altitude from which the impact 
speed will not exceed 890 feet/sec. A graph of H against ZH is 
appended. 

Now, clearl , the maximun speed which the particle can 
attain will occur at the point at which it has reached its 
local Terminal Velocity; for, thereafter, it will be falling into 
aenser air, and the drag will become greater than Jts weight, so that 
it must decelerate. (O r see equation (2). Put ~~ (~:; :: 0 

, 1. - ~ €H/ 
for maximum, and y - Z,.. / e, ) . If, then, Z 0 > 890, the 
condition laid down by (5) is sufficient, for the bomb has not yet 
started to decelerate • If Z0 < 890 ft/sec then, dropped from the 
altitude given by (5), a greater speed must have been reached 
higher up . This observation is, however, of little practical 
importance, since the sea-level termi al velocities of most bombs 
exceed 900 feet/sec . (This assertion bears, of course, no relation to 
actual maximum speeds, since the quadratic drag law ceases to be 
obeyed. Terminal velocities in excess of 900 feet/sec must be 
regarded only as labels which place bombs in different categories). 

Equation (4) may also be served up as an answer to the 
vexed question "when does a bomb attain its terminal velocity?" (This 
question, it must be again be stated, has an answer only when the 
T.V. is less than the critical speed). Putting y = Zo we 
find:- ~ 

( 

~4 ( .l~) a2: A2' 
E , _.:!... ) ,_ • :::.::.L- 0 

t. ~z~ r: ~. ~z: ~d e (b) 

Equation (3) does not admit of further integration in 
terms of known functions. In order to exhibit Formulae for times of 
f•ll, we have recourse to the form: -

Then we have 

I -t 'R (l}_ 

' -c.~ 

~j - .. . ('r ) 

Now 

( ~~ H ) 

is again intermediate between:-

So once more we find that the true value of the time of 
vertical fall will be intermediate between those calculable from 
solutions of ( 7) in which R( y) is orni tted_, and Z .., is gi van, 
alternately, its true value, and the value z L • 

•'l 

~ 

H~ 
The solution of (7), neglecting R(y), is: -

--
( ~1. _, ) 

H 

_, 
} .... (S-) 
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. 
provided y0 = o. 

We are now in a position to test the accuracy of the 
author ' s method of allowing for the Tenuity function R (y). 
Equat ion (4} is exact. 

worked Examl?le. 

In (4) put 
.,. 

g - 32.I9I -S" feet{.(sec} 
a - 3.2667 -" IC (feet -• 

Log 2g . 
~ 

Log aZ" . 

0: 

Zo -
H -

= ~9 
a 

I.80S76 
I.5II44 

. 29'rn2 

. I4I 

. f56"32 

IOOO 
IO,OOO 

&!.. -
e o.2;-

From Date s Tables:-

u 

I.9 
2.0 
2.I 
2.2 

I.4 
I.5 
I . 6 
I.7 

Ei (u) 

4 . 5937 
4.9542 
5.3332 
5 . 7326 

:3.0072 
3.30I3 
3.6053 
3 .92IO 

feet/sec 
feet. 

{ Si ( ~) 

A 

36I5 
3790 
3994 

294I 
3040 
3I57 

- - · ( 2r ) ~ E' tAl~ 

I85 
204 

99 
II7 

I.9S:30 

I.4332 

L)l 

I9 

IS 

Ei (I.983) 4.5937 + . 83 X 36I5 - .07I X I85 + .028 X I9 

:: 4.8925 

Ei (I.4332) 3.0072 + . 332 X 294I - .III X 99 + .062 X IS 

3. I039. 

2~ 

log ~z; .29732 
log log e . . T.63778 

log -t% 
log I.7S86 

I . 935IO 
{ . 86II9 ) 

6.29732 
5.43613 

.2525I 
2/[.68864 

2.84432 

Hence, according%~ to (4) 

Difference=I . 7886. 

(698.75). 

" y,. = 698.8 feet/sec. 
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Now in (8) we must put:­

c -
-~ 

2.7723 X IO (its value at IO,OOO feet) 

z ~ .: 
H 

= 

~ . l'f , 
f tv x IC 

tl lt-~ 

IO b · 141 

JI·OI32 

and (I -cy) 
-A H 

e 

log 2g 
log c 

!.80876 
5 . 44284 
6.36592 
6.I4I 

= 
-. 14-1 

10 

log 2% . , . 
log • 6895 ... 

log e. AH . .. 

6.36592 
1.83853 
6 . 52"739 
.I4I 

6.3BB39 
~ log I.OI32 

• 22492 
.00285 
• 22'777 (I.6895) (24.344 

log .I41 T.I4922 

log ;!3 J1r-e . 22777 
c z-s. 

H 
(n) !.37699 

{ - . 23823 I.76I77 
6.52739 
6.289!6 

X 

( I9.46I X 
~-

IO ). 
, 2.. 

{24.344 I9.46I) 
t) 

Thus y .,. - X IO • 

= 488300 

• 698.8 feet/sec . YH -

s 
IO ) 

The agreement is quite remarkable, 
confidence in the reason1Lg hich led us to expect 

and should establish 
that the substitution 

f t~e e.A~ 
· for 

z~ (•-~,, z,: of 

would give accuracy as great as is required. 

To integrate (8) further we put:-

~ .N -t '2 
c. z~ - ./"( • •• • • • ••• • • • ( 9) 

H 

and 
1- c.J - N 

C.cS 8- ••• ••• •• • • • ( IO) • 



Then ••••••• • ••• ( IOA) 

and 

0 

by the definition of c. 

so (8) becomes:-

or 

t = 

N N-2 , ,_ 
ecs e t) c 

~J 
0 

_, - ;:;­
CoS e. 

NA _, 
co.s '1 e de. 

AJ-1 -· - ,... 
C"S e 

c 
[ 

( s~ f"'"f I 

•••••••• o • o o • ( II) • 

e. 

) . 

Integrals 
Ballistics, a nd have, in 
notation, viz:-

of this t~~e are of frequent occurrence in 
fact, been made the subject of a special 

~ (e) 
m 

j :" ,...1
8dB 

J"' {e) = 
0 J f>( I • /', ) ,.,;' d f' 

( P = tA.+. e ) 

It is to be regreeted that full tables of neither 
function, for values of m between 0 and 2 a pear to have been computed. 
In "Ballistic Tables" issued by Ho MoSte.tionary Office, 5 figure tables 

of e I · S (8 ) ~ ,., (e> ' ~ •• fr (8) 
r ~ I 

are, however, given. 

(II) may be evaluated in terms of ordinary tabulated 
functions for all integer values of N, and certain fractional ones. 
Much informatio can be derived from these formulae since the values 
of zlf given by (9) 

], ~3 N 
( N-t-2)C •. . ....•.••• ( 12) • 

for small positive and negative values of N, together with the value 
N = 00 cover the range of practical terminal velocities with 
sufficient deB.sity for ordinary purposes. 

Before exhibiting the series of formulae afforded, 
however, we shall transform (II) in various ways. 
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For negative values of N, put N - - M and C D .S e = .Sec 1f 
_aM 

- 1 M 
~.s e 

0 

J f,ltl M = 
(M- 2) c 

Again we have :-

• • • ••• ••••• •••••• (I 3 

••••••••••••••••• ( I4) 

N --1 J 
o( N 

(1--;:-J t..c.s 1- e de 

" 

= (;1 -
1lll 
~-1 

dS - c.o.s tA ~~ ...........•• ( I5) 

t,.. = J~ . (~- N ) l (4-- 1'1) fl- ~ Gt) 

· - tL - ~ s~c 1

« ~ « ~ 

•••••••••••••••••• ( I6) 

Conside r now the range covered by the tables of 
referred to, for m = I.5, I.6, I.67, and r .a. Using formula (I5) 
as it stands: -

m = . 
~ 

N = ~+-a~ 
Hence t he corresponding values of N are I, .8, .66, and .4. 
St arting with the lowest, we have:-

N = . 4-
J 

and 

--
•••••••••••••••••• ( !7) 

· 66 ) and 

••..•.••••••••.••• ( !8) • 

e 



·8 2 f1 =- ffl-N - '7 , 
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c = .!-J-;-s 
3 ~c. { 8' ~' · " (oe) 

Scul 

wJl Cc .s of. = 
l.f-e . ......••••••.• ( 19 ) 

N -= ' 
z..., = { 6~ ' ea-d 

the integral is more easily evaluated in terms of Elliptic Functions:-

t = ) ;C J CD~~::-
0 

Putti ng c.o.s e :: ~.SI.. '/J thi s becomes: -

t = 
- tOLH 

e ................. ( 20) 

and F is Legendre 1 s Elliptic function . 

4-;3 ' ZH J~ 3Q.H 
N : ::. -Se. , - '*' 

Ju~-;a 
h~ ~~ c = k. c.,.s ~ e 

t? 

By the successive substitutions , convenient for 
calcul ation :-

l~l ( ~t- ~) 

~ .se" J e ~.sL 
:.t5 

(.o .S f = cc:r.::. l J. 

the i ntegral r e duce s t o:-

t = 

--

J 



N=2 
' 

N ::: 3 

--

= 
~ I .to- «,... 

'C..:.. I S 
0 

'f----k ,.., 

page 8 

• •• • •••••••••••• ( 2I) 

Z ,_., = J ~c 
t = 

t 

Putting 

t" = 
with 

"-# _, - '). JJ; CoJ e ••••••••••••••••( 22) 

CV) 8 - CQ:) L "' 
as before . 

Jfr 1 ~ E { 4s~ «J - P( 4-.r~ (\")} 
- ~ e. 6 ••• •.....•...••• ( 23) • 

N :::- 4 , 
t 

N .= 6) 

t 

N = 8 
I 

t 

and 

;;. •••••••••••••••• ( 24) 

-
••••••••••••.••• ( 25) 

z~ ::: 

--

e. ••.•...••••••.•• ( 26) 

These formulae may evidently be produced indefinite ly. The 
step in Z ~ ,however, is now becoming smaller, se we proceed to the 

j l:L value N = oc , Z 14 = c. 

The previous formulae become indeterminate but • for y we have:-

~ 'lr = ~.2 ( I - c J ) (t!J tf ( I -~ c.~ ) 
Putting (I - cy) = e -.l.u~ 

we have:-
L4H 

t -- J 
"J,.. 

-u 
e cJ..u 

t> 
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- l '-'H '" 
(t-e l-l) 

Af.l 
But e ~ :: e 

u.., :: J~ 
So finally :-

N ~ o0 z = 

• •••• • ••••••• (27) 

'fuere Erf ( x) 

Passing now 
M) we have, if M = 2 

to negative values of N (positive values of 
Z ::. oo and 

tt ;:·;-:t -
t = J} 

I) 

J-~---e...-_-(A.-.. -n;: - lJ ,f c.. -
-'"'-t4 

But e.. -:::. 1-c H 

I 

. ......... . .• ( 28 
--t:- = 

as f or an UP~esisted bomb, as we should expect . 

M::: 4 z ... :: and 

' { ' J~ l...c. } t --:: 1.)( + ...... 

J 3C ).. 

- ~ •••. • •• . • .•••• ( 29 
L.l ~ c~ C3L ::- ~ 

(! 

• 
ff M = 6 -z .. ..:: c 

t = Jf { S~ot 
a.J-f 
b 

C...V,O( .::. e. •...•.•.•.••••• ( 30 

The above formulae give sufficment points on the 
"time-l ag" terminal velocity curve s at various heights to make 
graphical interpolation easy. (or the use of Leg~ange's I nterpol ation 
formula). 



page I O. 

In appl ying these formulae , C must be given its value 
at the height of attack selected, and the results associated with 

z .ti.r+e' instead of with z; itself where € is also given 
its appropriate value. (See table s in Part I ). 

These times of fall are close approximations t o times in 
the plane traject~orie s with moderate air s eeds, and make a valuabl e 
check for step- by- Dtep methods . The vertical time s of fall are , of 
course , slightly less than the plane trajectory times . 

Another useful ap lication of this analysis is to be 
found in the f ollowi ng Section . 

AN APPROXI MATE SOLUTION OF THE PLANE FLI GHT OF A 
PARTICLE IN THE ATTENUATED ATMOSPHER"E IN TERMS'TIF FUNCTIONS 

ALREADY TABULATED. 

The approximat ion introdu ced i s i dentical wi th t hat 
proposed by H.E.Wimperis in seeking a sirndlar solution in an 
atmosphere of constant density. We assume t hat the vertival 
component of velocity i n the plane t r a jectory will be t he same as i n a 
vertical fall from the same altitude. When it is considered that the 
motion is prac t ically vertical f or the majority of the flight path-
in the important part where the speed is greatest- t he relat ively small 
effects of air resis t ance whi ch may be calculable from such an 
approximation should be reasonably close to those ac t ual ly 
encountered. These effects will, of course, be s l i ghtly less than 
t he true ones, and the approximat i on may thus be used as a check on 
step-by-step methods. ore i mportant, however, is the application 
of the approximation to per t urbations in the mot ion caused by such 
factors as changing winds. For,clearly , in calculat i ng such smal l 
displacements, ~ accuracy of the approximat ion will be suff ici ent. 

t~c. 
In all resisted motion i n which the Drag act s in 

opposi t ion to the direction of mot ion we h ave :-

• • • • • • • • •••• • •••• ( 3I) 

where p -= 

•• • •• ••••••• • •••• ( 32) 

by {9) { IO~ and 

= •• • •••••••••••••• (33) 

To evaluate K, note x = ft} 
I 

by (33) and (IOA). 
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x:.v 
Now when 

releasing craft. 
~ e = 0 1\ the 

J airspeed of the 

So 

and 

Whence 

= 

~ 

Na --
c "?. Vl.= 

• '1. 
:X = ••• •• • •••••• •• ( 34) 

.. -

= 

d x ~ 
:: ~ . d tJ 

= V ~ CD.{ "' 8 
. -~ u,~ , e. ,.., 

J;:, J "-<>J "'8 c(8 ... .. .. ......... (35) 

o . 
This is transformable as before. 
For N : - M we have:-

' - ~ "'s- ~ ,.... 

v j ~ j c...s M-'e de .... . ..•.•.•.•.. (36) 

() 

The formula of reduction need not be used . A sufficient 
nuJ'lber of points are obtai::.1.ab le by half odd integer and 
integer values of N and M. 

V 
N :: "2 

N :: I 

--

--

} 
•••••..•••••••••• ( 37) • 

: Jr: 
- ' -~H Cd.) .e 

J vv ~e a e. 
b 

. -,/- Jt -2A H voc -c. •••••••••••• •••• •• ( 38). 



N : ~ 

N: 2 

= 

N -::: 3 

Eage 12. 

z ... .. f;f 1all - ~ --_, J eu:, e 

~ - {f;-j ~ - (..#) 1 8-A~. 

-
0 

j ~f" f 
~ -~ 
3 e -:t 

z --H 

= 

~tV-1 

/-~- 3 

- ~ 
3 

-r 1 F(4s-~o{) } 

•••••••••••••••••• ( 39) • 

-~ 
CAoi .::. • $=. • • • • • • • • • • • • • ( 40 ) • 

J ~ 2 .,. : ..... 

:: 

and so on. 

z .. ::. J~ 

I 
- ?z a.-.li 

.: e. ••••••••••••• .•••• (4I) • 

J:;c r=..-r (J ... H) .................• (42). 
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Next for negative value s of N, we have:-

M - 2 z , ;" oC') -
andx '::' Vt a.s expected • •••• •••••••• • •••• ( 43) • 

M - 3 z ., = jE 
' c 

-}:, 
V = i J;: { 6( • i .tU-~1 

I 
-"i'akl 

V~ ~·1!1( ;: e. ••••••••• • ••••• • •• { 44) 

M = 4, Z H :: ~ m 

U, (~ : e. 
~4,}1 -

~ - ~~ i I~o( - 'is~ l"' •••••• ( 45 ) V - • • • • • • • • • • 

M .:: 6 z ,., : 

=" -V 

••••••• t • • ••••••••• ( 46 I 

and so on . 



THE EFFECT OF CHANGING WINDS ON TEE FLIGHT 
OF A PARTrcrn IN Ttm ATTENUATED ATMOSPHEtm 

This investigation is most briefly conducted in the 
notation of Vector Analysis. Vectors will be denoted by 
placing a bar across the symbol employed. (Thus v is the vector 
velocity, v the scalar speed). 

Let v be the vector velocity of the particle 
during flight in air undisturbed by changing winds, and let &if be 
the vector perturbation due to the change of air velocity with 
height lost . ThenY f!llliv;.Sv is the actual velocity, and the 
equation of motion is 

:: ~ %H u
1 

( ir ~ dLr- W) 
. . . . (. ) -. Where J is a unit vertical vector, W is the vector 

wind velocity relative to that in the stratum of release, and 
~~ is the square root of the scalar product. 

( tr + fjj - w ){:; ,. s-u - w ) 
Because the Drag acts in opposition to the direction 

of motion relative to the air. 

For the majority of a long fall (and it is only in 
such that the perturbation need be considered) v will be great 
in comparison with 5"v or W , so it will be sufficiently 
accurate to place 

v' - V -
. 

c.u. p ~lt-h ccJ ,.,.1)~ ;, .., 
w~~ w w z , ltl A.o u.. , 

&~ - ~~ , ~ - (2) - , 
L.fV' - ~J 

, , . 
at' z,.. e" 

(3) --

.. . 
X. : V' X 

.J 

--



, , 

,, ~, 

or 

. , 
I !t. (d V) 

X 
5'V -;; .i;:l. 

d ( ~s w 
ot..t = 

s..;.. r t;; d 

w 

I~ (4-) 

= 

-
( :v ) -= 

(~- W,: ) [ 
c VH l 

. , 
-'" -~w 
X 

~ ( -}) 

- cL {I) w .. ('+ ) . 

A-.ss~ 
' 

~~b~s I\. ~~..A ~V r D L.J~ e = 0. 

a~ &V d sx d/(- fkc. ;: 
dt" 

t...fk.., '- (A 

~ , ~~ c LM-<-- r, 

~ .X - V Ct> .5 
~ ... , e 

b(J (34) -



' ' 

T t..... ~~~ 
V~ j N, 

I~S S~fvu 

~ t.-a.. c.-t tl.. h 1-< 

O>C t:Lr t 

N = I 
J 

1-- . 141 2 

c£1 . 

H -~ 

:::. 

. - . . (b ) 

~ cJI ~tirnJ 

lo, tJo CJ /-u-"· _' . 2 H :: J :! 

..l 
- ,_tU-1' 

e 

. o'lor 

;: 31 · 16/ 



31° . 5'5 432 '8 )'tl q . s 1.~ J't 1622 -tj 

Sl." . 57 3/ 0 I S87 9 ·S'I'fS6 1614 -'1 

3Jo . s-q I q«r I f1~6 · 56o"7o I 60., 

:.\ t,'' · bl{; "t3 . 5'~67'; 

F { 4-s 0
, 31~'167 ) = · SS4-32 + • "16..., J( 's., 6' - · C'l>.. q 

- . 566'7~ 

,; ( 4S 0
, 11~767 J = · 51.5-34- + . 7b 7,; lbtlt + .. oq~ g 

- · St+o/3 -

4)'C. - 566'7'1. .:: 

l,"·Sito/3 = 

- I 
- .;l X 1·41 --' IO = I· 7/ltOO -- = 

~~ jrta... l ~r~ ~ ~ lo~Lh ~ :-

~- ~"746 8 - 3·2 <~ 4 3i + . q..,74Lt - • 00/S"Jt 

At 10, 00'() c.. = 
I 

{" 3 ~ . ' . t · So'l13 

{") c ~-. 442- & '+ 

4· 9S05., 

~1. , l"'"t 0 3 

I 

i ~DJ .2/3 · JSo'tt, 
l·b~513 

{"11 c ~ - · 44 2 8-t, 
1·.23239 

-S 
~ . "77 .l.l - ~ /0 

~*· 
loJ ·007/4 

[ 

K~"M 

3· 5'1l.f3"l 

l · 2323j 

· I l!fo .,1 
1, 34 1 



T~.s :-

""J ~lc . . . b. 36 5 q'l 

Lv1 J . f.t.i 7 '). 

5" · 8&8&0 
( +AH 
" ~ ~ · llf-f 

L.,b z: = 2 

2 · S" ~ 3'1o [ 7 4 t6]. 

lf- .:::. IO, ODcJ ~. 

£4-~ V flu Oc.AiG-- V7J..~ 4! rf w" -w, . 
&.--::) Oo.-:J , 

3o ... . , . h. ( ~ h.o~»J- L- ,_, ~AArG ~- ) 

&""X - 1·14 ~ l (l ~ ~--

- Sq ~t. -

BCJ """" 
~4.-i.- J A. -...~2-r ~...·r~ ,< ~ht;;. 

-. 


	PhD coversheet April 2012
	0049059_0001
	0049059_0002
	0049059_0003
	0049059_0004
	0049059_0005
	0049059_0006
	0049059_0007
	0049059_0008
	0049059_0009
	0049059_0010
	0049059_0011
	0049059_0012
	0049059_0013
	0049059_0016
	0049059_0017
	0049059_0018
	0049059_0019
	0049059_0020
	0049059_0021
	0049059_0022
	0049059_0023
	0049059_0024
	0049059_0025
	0049059_0026
	0049059_0027
	0049059_0028
	0049059_0029
	0049059_0030
	0049059_0031
	0049059_0032
	0049059_0033
	0049059_0034
	0049059_0035
	0049059_0036
	0049059_0037
	0049059_0038
	0049059_0039
	0049059_0040
	0049059_0041



