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Abstract

This thesis studies complex reasoning in language models. We use the term rea-
soning to refer to tasks that would require a human to perform slow deliberate, step-
by-step thinking (instead of providing an intuitive and instantaneous response) , such
as mathematical and scientific reasoning, commonsense reasoning, logical reasoning,
and strategic reasoning. We use reasoning capability to collectively refer to the ability
to solve tasks requiring complex sub-problem decomposition and detailed step-by-step
analysis.

Our motivation for studying reasoning in language models stems from intriguing
theoretical properties (e.g., how scaling laws relate to emergent abilities) and their vast
application potential. From an application perspective, we envisage large language
models (LLMs) to become the next-generation computational platforms, just like oper-
ating systems, and aim to build a new application ecosystem upon LLMs. This vision
naturally requires the underlying base model to be able to reason over various complex
real-world scenarios. From a modeling perspective, complex reasoning is viewed as
a typical ability that emerges with scaling: given other conditions being proper (e.g.,
given clean data and stable training process), the more compute one spends, the more
likely the model has stronger reasoning capability.

We start by reviewing the learning paradigms of large language models, and then
discuss fundamental methods for improving reasoning along multiple stages of the
model development pipeline. Typically, modern language model development consists
of four stages: pretraining, instruction finetuning, reinforcement learning from human
feedback, and in-context learning after model deployment. This thesis discusses im-
proving reasoning by in-context learning, finetuning, and learning from feedback. For
in-context learning, we propose complexity-based prompting, and demonstrate that the
model’s scientific and logical reasoning performance consistently improves as the com-
plexity of in-context demonstrations improves. This work achieved state-of-the-art per-
formance on the GSMS8K [Cobbe et al., 2021] and MATH [Hendrycks et al.] datasets
at the time it was proposed and has influenced follow-on work by highlighting the im-
portance of data complexity. For instruction tuning, we devise a detailed recipe for
specializing smaller language models on mathematical reasoning tasks. We highlight
the importance of chain-of-though formatted data, the use of a finetuned checkpoint,
and the balance between capabilities of different directions. This work significantly im-
proved small models’ GSM8K and other math performance by the time it was proposed

and has consistently influenced follow-on work by highlighting the importance of capa-



bility balancing. For learning from Al feedback, we show the possibility of constructing
a self-improving agent on strategic reasoning tasks by letting agents play against and
criticize each other, and show that the ability to self-improve is strongly correlated with
the base model and how much it aligns with human instructions. Finally, we review the
current state-of-the-art models, highlighting the benchmark saturation problem and the
importance of constructing new challenging datasets. We further discuss future direc-
tions on multimodal scaling and iterative learning from human, environment, and Al
feedback.
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Chapter 1
Introduction

Starting from the release of ChatGPT [OpenAl, 2022] in December 2022, large lan-
guage models (LLMs) have impressed the world with their generic abilities to perform
a spectrum of tasks. LLMs exhibit a wide range of important capabilities, such as in-
context learning [Brown et al., 2020b], zero-shot generalization [Mishra et al., 2022],
instruction following [Ouyang et al., 2022], coding [Chen et al., 2021b], dialog [Thop-
pilan et al., 2022], and so on. Among this spectrum, complex reasoning lies at the core
position, as reasoning, the ability to perform tasks that require slow deliberate think-
ing [Stanovich and West, 2000, Goyal and Bengio, 2022], is viewed by a large portion
of the community [Wei et al., 2022b, Huang and Chang, 2023, Wang et al., 2023b] as a
fundamental capability that supports various higher-level applications. We aim to im-
prove various types of reasoning in general, and use mathematical, scientific, logical
and strategic reasoning as our benchmarks to study effective methods for improving

reasoning across the model development pipeline.

This thesis features a systematic perspective over multiple stages of model develop-
ment. Typically, there are four fundamental learning paradigms in developing language
models: (1). pretraining [Brown et al., 2020b, Chowdhery et al., 2024], where one
trains a large model (e.g., a 70B LLaMA in Touvron et al., 2023) on a large scale of high-
quality data (e.g., 2 trillion tokens) to obtain a powerful base model; (2). instruction
finetuning [Wang et al., 2022b, Chung et al., 2024], where one uses a diverse set of nat-
ural language instructions to finetune the base model and unlock the model’s instruction
following and zero-shot generalization capability; (3). learning from human [Ouyang
etal., 2022], Al [Bai et al., 2022b], and environment [Liu et al., 2022c] feedback, where
one further improves the model’s reasoning, safety, precise instruction following, and

other important capabilities using feedback signals. (4). in-context learning [Brown
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2 Chapter 1. Introduction

et al., 2020b], where one constructs instructions and in-context demonstrations to ask
the model to perform real-world tasks after model deployment. Since large language
models are currently a blooming area, many of the existing studies in these paradigms
are still exploratory. Among stages of model development, since pretraining requires
a large amount of compute that is significantly beyond academic resources, we con-
sider it outside our scope. This thesis focuses on the key challenges of the other three
paradigms: instruction tuning, learning from feedback, and in-context learning. We
consider rigorous quantification of the problem space and propose initial methods for
improving machine reasoning.

Chapter 2 aims to establish the fundamentals of our framework. We start with a
short review of the generic roadmap for building large language models, i.e., pretrain-
ing, finetuning, learning from feedback, and in-context learning. We also discuss the
instrumental role of the base model, and how other learning paradigms (finetuning,
prompting, and learning from feedback) interact with pretraining.

In Chapter 3, we consider prompting methods for complex reasoning. We start with
the classical problem of example selection for in-context learning, focusing on effec-
tiveness and consistency. We propose complexity-based prompting [Fu et al., 2022b],
a simple and effective prompt construction principle for a variety of reasoning tasks,
where the key takeaway is to encourage the model’s deep thinking by selecting complex
reasoning paths over simple ones. We use extensive experimental results to demon-
strate its effectiveness.

In Chapter 4, we study finetuning methods for improving reasoning, highlighting
data engineering and capability balancing [Fu et al., 2023c]. The key takeaway here is
to carefully construct the instruction data, in terms of format, quality and diversity, to
improve the target reasoning capability in a generalizable way, without compromising
the model’s generic capability. We particularly emphasize the importance of instruction
data mixture, which serves as the key to unlocking the model’s zero-shot generalization
and maintaining capability balancing.

In Chapter 5, we study Al negotiation under a strategic reasoning game and show
the possibility of continuous improvement from self-play and Al feedback [Fu et al.,
2023b]. The focus here is to study the important design factors of the environment, such
that under the environment we could explore how Al agents can negotiate and improve
with minimal human supervision. One key insight is that the capability of continuously
improving from Al feedback is likely to be an emergent ability that only exists when

models are strong (such that they understand the rule of negotiation) and aligned (such



that they can respond to Al feedback).

Finally, we review the current state-of-the-art models in Chapter 6, discussing how
frontier models are saturating even the Olympiad-level challenging datasets, how open-
source models are catching up, and the importance of constructing real-world challeng-
ing benchmarks. We discuss how the current text-based scaling is likely reaching a limit
due to insufficient data, and future research may focus on multimodal scaling and iter-
ative learning from human, environment, and Al feedback.

The work undertaken in this thesis has previously been reported in the following

core publications:

* Yao Fu, Hao Peng, Ashish Sabharwal, Peter Clark, and Tushar Knot. Complexity-
Based Prompting for Multi-step Reasoning. ICLR 2023

* Yao Fu, Hao Peng, Litu Ou, Ashish Sabharwal, and Tushar Khot. Specializing
Smaller Language Models towards Multi-Step Reasoning. ICML 2023

* Yao Fu, Hao Peng, Tushar Khot, and Mirella Lapata. Improving Language Model
Negotiation with Self-Play and In-Context Learning from Al Feedback. Arxiv
2023

The content of the following publications and technical articles also heavily influenced

this thesis:

* Tushar Khot, Harsh Trivedi, Matthew Finlayson, Yao Fu, Kyle Richardson, Pe-
ter Clark, Ashish Sabharwal. ICLR 2023. Decomposed prompting: A modular

approach for solving complex tasks.

* Xiang Yue, Xingwei Qu, Ge Zhang, Yao Fu, Wenhao Huang, Huan Sun, Yu Su,
Wenhu Chen. ICLR 2024. Mammoth: Building math generalist models through

hybrid instruction tuning.

* Yao Fu, Hao Peng and Tushar Khot 2022. How does GPT Obtain its Ability?
Tracing Emergent Abilities of Language Models to their Sources.

* Yao Fu 2023. Towards Complex Reasoning: the Polaris of Large Language
Models.

* Yao Fu 2023. A Stage Review of Instruction Tuning.
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* Yao Fu, Litu Ou, Mingyu Chen and Yuhao Wan. Chain-of-thougth Hub: Mea-
suring LLMs’ Reasoning Performance. ICML 2023, Deployable GenAl Work-
shop



Chapter 2
Preliminaries

In this chapter, we discuss the background knowledge of the reasoning capabilities of
LLMs. We first review the roadmap for building modern large language models (Sec-
tion 2.1) and note that nowadays language models are built from complicated engineer-
ing pipelines, and all stages of the pipeline, collectively contribute to the final model’s
reasoning performance, thus calling for a systematic study. Then we review the litera-
ture on machine reasoning (Section 2.2), discussing how large language models provide
a unified solution for reasoning tasks, and identify our contributions along the roadmap
(Section 2.3).
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Pretraining
l Approach: pretrain a model of large amount of parameters on large scale high-quality data
Objective: obtain a powerful base model

Instruction Finetuning

Approach: fine-tune the base model on diverse fine-tuning data aligned with human intentions
Objective: unlock the models’ instruction following and zero-shot generalization capability

Our contribution: a careful study of instruction tuning for multi-step reasoning, highlighting data
v engineering and capability balancing

Learning from Human / Environment / Al Feedback

Approach: further improve the model’s alignment by learning from various sources of feedbacks
Objective: improve the models’ multiple capabilities, including precise instruction following,
safety, reasoning, coding and so on

Our contribution: designing a strategic reasoning game to show language models’ potential of
v continuous improvement from self-play and Al feedback

In-context Learning
Approach: asking the model to perform tasks via few-shot in-context demonstration
Objective: fast adapting language models to various tasks
Our contribution: discovering effective and consistent prompt construction principles for multi-
step reasoning tasks
Figure 2.1: The general roadmap for building large language models. We propose
solutions for improving language model reasoning via instruction tuning, learning from

Al feedback, and in-context learning.

2.1 Roadmap for Building Large Language Models

The development of language models is nowadays very complicated and follows a sys-
tematic engineering pipeline [Chowdhery et al., 2024, Brown et al., 2020b, Rae et al.,
2021], where the major stages are shown in Figure 2.1. There are four major stages: (1).
pretraining, where the objective is to build a strong generic base model; (2). instruc-
tion finetuning, where the objective is to unlock' the model’s instruction following and
zero-shot generalization capability; (3). learning from feedback, where the objective is
to enhance the model’s capabilities using human, environment, or Al feedback. These
three stages are employed by major commercial models like ChatGPT [OpenAl, 2022]2,
Claude?, and Gemini*. Then (4) in-context learning, where one gives task descriptions
and demonstrations for performing that task, is the majority learning paradigm to uti-
lize deployed models to downstream tasks. Below we quickly review each of these

model development stages and discuss how they respectively contribute to the model’s

'We use the term unlock because we tend to view that these abilities are intrinsically within the base
model, rather than injected by instruction tuning.

Znttps://chat.openai.com/

3nttps://claude.ai/

4https://gemini.google.com/app
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reasoning performance.

2.1.1 The Decoder-Only Transformer Architecture

Throughout the thesis, unless specified, we by default consider the influential decoder-
only transformer architecture as the model backbone. The transformer architecture,
proposed by Vaswani et al. [2017], is a highly parallelizable neural architecture by
interleaving multi-head attention, feed-forward, and layer-normalization layers. Later
it is improved in Su et al. [2024] (Rotery positional encoding), Zhang and Sennrich
[2019](RMSNorm), Zoph et al. [2022] (Mixture-of-Experts), and Ainslie et al. [2023]
(Group-Query Attention). When the architecture was initially proposed, it was an
encoder-decoder architecture [Sutskever et al., 2014]. Later pretraining works, par-
ticularly GPT-3 [Brown et al., 2020b] and PaLLM [Chowdhery et al., 2024], discovered
that when the model becomes large, the encoder might not be necessary because the
decoder itself is powerful enough to encode the input tokens. Moreover, compared to
encoder-decoder architecture, decoder-only transformers are easier to scale up on mod-
ern accelerators like GPUs using pipeline, tensor, and data parallelism [Smith et al.,
2022]. Nowadays, decoder-only transformer is the default architecture for most of the
large language models like Llama [Meta, 2024], Mistral [Jiang et al., 2023], Qwen [Bai
et al., 2023], Yi [Young et al., 2024], and DeepSeek [DeepSeek-Al et al., 2024].

2.1.2 Pretraining

Pretraining is the most compute-intensive stage of large language model development.

There are three key ingredients of pretraining:

* Data Engineering, e.g., MassiveText [Rae et al., 2021], RedPajama [Computer,
2023], RefinedWeb [Penedo et al., 2023], Dolma [Soldaini et al., 2023], where
one composes a sequence of deduplication and quality filters to construct large
scale high-quality data from internet-scale data sources. These datasets typically
consist of trillions of tokens from CommonCrawl (webpages), Arxiv (research
papers), Github (open-source codes), Textbooks, and many professional sources
like law and medicine. This part only requires CPU nodes and thus is achievable

with academic-level resources;

* Supercomputing Infrastructure, where the key is to build high-bandwidth in-

terconnected Al computing nodes supporting large-scale distributed training (e.g,
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Nvidia Selene in [Chen et al., 2021a] and Google Pathways in [Barham et al.,
2022]). This stage necessitates an industry-scale infrastructure, involving tens of
thousands of Al chips like GPUs or TPUs. The details of supercomputing are out
of this thesis’s scope, and by default we assume one already has access to at least
a small to middle level computer cluster. From a programmer’s perspective, there
are two key metrics one may pay attention to: (a). the number of floating point
operations per second (flops), which determines the compute power of a single
device (e.g., A100 has 312 trillion flops per second for bfloat16 format); (b). the
communication bandwidth between devices, which determines the scalability of
how many devices can be interconnected (e.g., A100 NVLink has 600 gigabytes

per second).

* Distributed Training, where one partitions data, model, and optimizer states
of grids of devices [Shoeybi et al., 2019, Rajbhandari et al., 2020], and train a
large (e.g., more than 100 billion parameters) transformer model (dense model
or mixture of experts in [Zoph et al., 2022]) on a large-scale dataset (e.g., more
than 2 trillion tokens in [Touvron et al., 2023]). The key techniques include (a).
data parallelism [Shallue et al., 2019], where one partitions a batch of data into
multiple devices; (b). tensor parallelism [Shoeybi et al., 2019], where one parti-
tions the feedforward layer and the attention layers into different shards and map
them to multiple devices; (c). pipeline parallelism [Huang et al., 2019], where
one maps shallower and deeper layers into different sets of devices; (d). zero-
redundancy optimizer [Rajbhandari et al., 2020], where one shards the optimizer
states into different devices. Again we would not go into much details of these

methods, but use them as our training infrastructure.

Pretraining is not blindly scaling up the model and data and then hoping for good
performance. Contrarily, the impetus for scaling originates from scientific breakthroughs
in scaling laws [Kaplan et al., 2020, Hoffmann et al., 2022], demonstrating a predictable
relationship between increased computational investment in pretraining and improved
validation loss, which further translates to downstream task measures [Hernandez et al.,
2021, Yuan et al., 2023, Wei et al., 2023]. These empirical findings and laws suggest
that escalating computational resources will reliably yield models with enhanced per-
formance. In many scenarios, such as coding tasks on HumanEval [Chen et al., 2021b],
it is possible to forecast model performance by integrating scaling laws from both pre-

training and finetuning phases [OpenAl, 2023].
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2.1.3 Instruction Finetuning

After pretraining a base model, the second stage of model development is instruction
tuning or supervised finetuning (SFT)>, where one finetunes the model with a diverse
set of instruction-response data pairs to make the model follow human intention. Initial
works around instruction finetuning starts from observations on zero-shot generaliza-
tion on unseen tasks, such as Naturallnstructions [Mishra et al., 2022, Wang et al.,
2022b], FLAN [Wei et al., 2021b, Chung et al., 2024], and TO [Sanh et al., 2021].
Recent works focus on curating high-quality instruction data, combined with chain-of-
thought formatted response, i.e., responses written in a step-by-step fashion, rather than
directly giving the answer [Wei et al., 2021b, Fu et al., 2023c, Yue et al., 2024a] usu-
ally in a dialog context [Zhou et al., 2023, Sun et al., 2024], see Figure 2.2, to further
improve language model’s instruction following and reasoning.

A critical feature of instruction tuning is zero-shot generalization: when the diver-
sity of the instructions is large enough, the model will exhibit capabilities to answer
unseen questions / instructions [Mishra et al., 2022, Chung et al., 2024, Zhou et al.,
2023]. This capability is important for deployment, because users will always come
up with novel queries that are not necessarily included in the finetuning dataset. This
capability also shifts the evaluation practices: classical machine learning assumes i.i.d.
data of training and testing sets, whereas modern language models are mostly tested on
distribution shift settings: one finetunes the model on instruction of certain tasks, and
evaluates the models’ capability to generalize to related, but unseen tasks [Chung et al.,
2024, Fu et al., 2023b, Yue et al., 2024a].

2.1.4 Learning from Human, Environment, and Al feedback

After supervised finetuning, the next stage of model development is reinforcement
learning from human feedback (RLHF). RLHF is initially studied in the training of In-
structGPT [Ouyang et al., 2022], then widely followed by the training of WebGPT [Nakano
et al., 2021], ChatGPT [OpenAl, 2022], GopherCite [Menick et al., 2022], and Spar-
row [Glaese et al., 2022]. RLHF can be decomposed into two steps: (1). reward mod-
eling, where one finetunes a reward model using human preference data; (2). policy
training, where one uses the reward model to train the policy model initialized from

the instruction finetuned checkpoint. These two steps may be repeated multiple rounds

>Tn some literature this stage is called supervised finetuning (SFT) as opposed to the reinforcement
learning from human feedback (RLHF) stage [Ouyang et al., 2022, Glaese et al., 2022]. In general, one
may approximately view instruction tuning and SFT as similar things but used in different contexts.
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after model deployment, as new preference data can be gathered online on a weekly
basis, as is discussed in Bai et al. [2022a], Touvron et al. [2023], Xiong et al. [2024],
Dong et al. [2024].

The key insight of reinforcement learning, when compared with supervised learn-
ing, is to replace the next-word prediction objective to a learned objective encoded in the
reward model which eventually can be traced back to the human preference data [Chung,
2023]. This consequently lead to many different model behaviors when compared with
the SFT models, such as more detailed responses, refusal of improper queries, and in-
creased level of safety [Fu et al., 2022a]. RLHF usually requires SFT as bootstrapping,
because without SFT, the pretrained checkpoint may not generate any reasonable re-
sponse for the reward model to pick [Touvron et al., 2023]. The reward model also
demonstrates scaling behaviors — the larger the reward model is, the better the perfor-
mance of its corresponding policy model [Gao et al., 2023].

Further studies consider different types of learning algorithms and feedback sig-
nals. Recent work replaces the PPO [Schulman et al., 2017] algorithm with best-of-
N [Lightman et al., 2023], i.e, to finetune the policy model on the best responses picked
by the reward model, out of N responses, or direct preference optimization (DPO,
see Rafailov et al., 2023), i.e., to finetune the policy model on a pair of positive and
negative responses. Both algorithms are stable and effective alternatives. In addition
to human feedback, the feedback from Al [Bai et al., 2022b] and the environment also
provide meaningful signals in terms of improving dialog [Bai et al., 2022b], math rea-

soning [Lightman et al., 2023] and coding [Le et al., 2022].

2.1.5 In-Context Learning

So far we have discussed three stages for model development. Now we turn our focus
to in-context learning, which is usually performed after model deployment to swiftly
adapt model behavior to downstream tasks. In-context learning is to use instruction
and few-shot demonstration to show the model how to do a job, initially developed
in GPT-3 [Brown et al., 2020b], later followed by multiple works, especially chain-
of-thought [Wei et al., 2022b] which significantly improves reasoning capability, and
leads to the discussion of emergent abilities [Wei et al., 2022a] of language models,
that is when models become large, they exhibit the ability to perform tasks that were
not explicitly trained on, but are present in larger models and not in smaller models. An

example of few-shot in-context learning is given in Figure 2.4, and will be discussed in
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Q: Asia bought a homecoming Q: A green plant absorbs Q: A woman is outside with a bucket

dress on sale for $140. It was light. A frog eats flies. These and a dog. The dog is running around

originally priced at $350. What are both examples of how trying to avoid a bath. She...

percentage off did she get at the organisms

sale? A. rinses the bucket off with soap and

A. obtain energy blow dry the dog’s head

A: Asia saved $350 - $140 = $210  B. escape predators B. uses a hose to keep it from getting

on the dress.That means she saved C. produce offspring soapy

$210/ $350 = 0.60, or 60% off on  D. excrete waste C. gets the dog wet, then it runs away

the dress. again

The answer is 60 D. gets into a bath tub with the dog
Math Reasoning Scientific Reasoning Commonsense Reasoning

Figure 2.2: Examples of math, science, and commonsense reasoning. To get correct
answers to these questions, the model needs task-specific knowledge. Such knowledge
is either explicitly stated in the training data or implicitly assumed, and the model must

have the ability to derive the step-by-step solution.

detail later in section 2.3.1.

One important empirical observation of in-context learning and finetuning is that
any data that is useful for in-context learning, tends to be useful for finetuning. The
chain-of-thought formated data is a prominent example, where researchers initially
prompt the language model using CoT data [Wei et al., 2022b], then community dis-
covered that finetuning the model with Col formated data further improves perfor-
mance [Chung et al., 2024, Fu et al., 2023c]. This observation gives important practical
guidance to data engineering: to discover what kind of data is useful for improving the
model, one may always start with prompting to identify the data, then use it for fine-

tuning.

2.2 An Overview of Machine Reasoning

Now we discuss machine reasoning and consider using large language models for rea-
soning tasks. Human reasoning is usually referred to as tasks that require logical and
slow deliberate thinking [Leighton and Sternberg, 2003]. These tasks are usually at
a certain level of difficulty for an average human to perform. Machine reasoning, al-
though there may not exist consensus of its strict formal definition [Leighton and Stern-
berg, 2003, Oaksford and Chater, 2007, Johnson-Laird, 1988, Zhao et al., 2023, Duan
et al., 2020], usually refers to having programs to perform tasks that are challenging

enough for average or even expert level human intelligence.
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2.2.1 Typical Reasoning Tasks

Modern machine reasoning literature studies various types of reasoning, such as math [Cobbe
et al., 2021], science [Clark et al., 2018], logic [Suzgun et al., 2023, Liu et al., 2021],
commonsense [Zellers et al., 2019] and so on. As is shown in Figure 2.2, the first ex-
ample shows a math reasoning task where the model needs to construct a step-by-step
solution, figuring out the transition from the previous steps to the next steps, and solving
the calculation within each step. The second example shows a scientific reasoning case,
where the model needs to know the background knowledge about green plants and frogs
(which can be derived from text book training data), and compose this knowledge to
derive a potential solution. The third example shows a commonsense reasoning case,
where most of the knowledge is implicit and grounded by real-world experience and
the model needs to derive an action that complies with daily experience, which may

not necessarily be explicitly specified in the training corpus.

Reasoning is not just a task on its own, but also an indispensable component for
generic language tasks, especially when these tasks enter a higher level of difficulty. For
example, in retrieval-based language models [Borgeaud et al., 2022, Wu et al., 2021],
the research focus in gradually shifting from correctly identifying relevant documents
to reasoning over the credibility of the retrieved documents [Yu et al., 2023b, Xu et al.,
2024, Chen et al., 2023a]; in long-context understanding, the research focus is shifting
from modeling methods to encode long context to reasoning over information from
multiple places within the input [Shaham et al., 2023]. In general, as many tasks are
lifted by LLMs to a higher level of complexity, they inevitably involve more and more

reasoning requirements.

To navigate different types and scenarios of reasoning, we identify two basic pro-
totypes, as is shown in Figure 2.3. The first one is a chain structure, where to solve a
complex problem one derives the solutions step by step [Wei et al., 2022b, Fu et al.,
2022b]. This structure is commonly observed in tasks of single domain and medium
complexity, such as primary-school level math reasoning [Cobbe et al., 2021]. The
second prototype is a decomposition structure, where to solve a complex problem one
needs to decompose it into multiple subproblems and solve them one by one [Khot et al.,
2022b, Patel et al., 2022]. These subproblems may or may not be within the same do-
main, and may not exhibit dependency. This structure is commonly observed in tasks
of relatively high complexity, such as web-browsing [Yao et al., 2022a,b]. Real-world

tasks are typically the composition of the two prototypes, where one may observe chain,



2.2. An Overview of Machine Reasoning 13

Complex Problem

[Complex Problem)—» [Step 1) - [Step 2] -+ - | Stepk — ¢ \

(Subproblem 1] [Subproblem 2) [Subproblem k]

Question  Claire makes a 3 egg omelet every morning for

breakfast. How many dozens of eggs will she eat Question  Which model performs better on MMLU,

Gemma 2 or Llama 3?

in 4 weeks?

Steps  Claire makes a 3 egg omelet every morning.
There are 7 days in a week. Search Extract Compare
So in one week she will eat 3 * 7 = 21 eggs.
In 4 weeks she will eat 4 * 21 = 84 eggs. Browse Get MMLU Check which
There are 12 eggs in a dozen. Gemma 2 scores for model scores
So84/12=7. and Llama 3 two modes higher

webpages

Answer The answer is 7

Type 1: a problem is complex because Type 2: a problem is complex because
it requires a long reasoning chain it is a composition of a set of subproblems

Figure 2.3: Two types of reasoning problems. A reasoning problem is complex because
it (1). requires a long chain of intermediate steps [Wei et al., 2022b], or (2). is a com-
position of a set of subproblems [Khot et al., 2022b]. Real-world complex reasoning,
especially when we deploy language models as generalist agents [Xi et al., 2023, Fu

et al., 2023b, Shinn et al., 2024], is usually the composition of the two prototypes.

tree [Yao et al., 2023], and directed subgraph structures [Besta et al., 2024].

2.2.2 Initial Efforts before Large Language Models

Before of large language models there was impactful machine reasoning work, which
sets the seed and foundation for the recent large language model emergence. Early work
studies reasoning over knowledge bases or Wikipedia using statistical methods with lin-
guistic structures [Berant et al., 2013, Fader et al., 2014, Iyyer et al., 2014]. Seo et al.
[2017], Yang et al. [2018], Dua et al. [2019] study training neural networks for multi-
step reasoning over given contexts. Madaan et al. [2021] studies finetuning language
models using various types of rationale and observed promising results. Later Khot
et al. [2021], Zhou et al. [2022] study question decomposition and show how complex
questions, after decomposition, can be solved effectively because we decompose the
difficulty into each subproblem. However, these works suffer from typical problems of
small models, such as because the model does not have enough capacity, so even if the
question is simpler after decomposition, the model cannot do it; or because the model
lacks generality, so although the model can solve questions it is finetuned on, the scope
is usually quite narrow, and when there is a slight distribution shift, the model’s per-
formance decreases significantly [Si et al., 2022, Li et al., 2023a]. These drawbacks,

largely from the restrictions of small scale, prevent models from being deployed widely.
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Large language models significantly improve the limitations of previous work in terms
of broader commonsense knowledge, stronger structured reasoning, and better gener-
alization to unseen contexts.

Along the initial study, the theory of compositional generalization serve as a strong
driving factor of machine reasoning, where the problem is how a model may generalize
to unseen composition of seen items [Finegan-Dollak et al., 2018, Andreas, 2018, Lake
and Baroni, 2018]. One example is when the model is trained on counting fruits and
classifying cars, can it generalize to count cars and classify fruits. Compositional gen-
eralization is believed to be the core capability for the model to reason well, because
it assumes the model should apply the rules to combine and utilize its knowledge to
derive solutions. In the age of large language models, the difficulty of compositional
generalization is lifted significantly to the next level [Drozdov et al., 2022]: from com-
posing common entities using simple phrases like SCAN [Lake and Baroni, 2018] to
reasoning over complex dependencies over long document chunks [Xiong et al., 2023],
and from composing daily common objects like fruits to composing highly professional

objects like medical terminologies [Singhal et al., 2023].

2.2.3 Large Language Models Unify the Paradigm

The emergence of large language models introduces a significant paradigm shift in the
machine reasoning literature [Sun et al., 2022, Wei et al., 2022a]. Large language mod-
els, as strong reasoning engines, solve problems that previous work cannot solve, and
lift the research to the next level. For example, small models may not understand com-
monsense (like one week means seven days) while large models can, so large models
can help the user analyze their weekly expenses based on daily costs. Previous models
are domain-specific, such that the lack of the skill of a particular domain may become
the blocker of a reasoning chain (e.g., if the user’s query involves a three-digit multi-
plication that the model cannot do) [Khot et al., 2022a, Trivedi et al., 2022]. Now as
the model becomes generic, it naturally has a large spectrum of skills (e.g., its calcu-
lation becomes more accurate), and if not, it can be trained to call tools (e.g., calling a
calculator) [Schick et al., 2023, Cai et al., 2024].

More importantly, large language models open the possibilities of reasoning as de-
ployed agents [Fu et al., 2022b, Yao et al., 2022b,a] in much more complicated games
and environments. When equipped with tools like retrieval, web-browsing, API call-

ing, and Python interpreter, we may foster a brand new ecosystem where agents reason
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Instruction You are a patient math teacher, your task is to Instruction  You are a patient math teacher, your task is to

help me solve some math problems. Give me help me solve some math problems. Below are
the answer to the following question two example math problems and their answers
that you may refer to
Question Q:Ifx =2andy =5, then what is the value of Few shot Q: Three positive integers have a sum of 72 and
(N4 +2y72) /67 in-context are in the ratio 1:3:4. What is the least of these

examples three integers?

A. An example about zero-shot instruction A: Let the smallest integer be x. Then the
others are 3x and 4x, and the sum of the
three is 8x. So x=72/8 =9

Q: Find the value of the first term in the geometric
sequence a,b,c,32,64

A: The common ratio is 64 / 32 = 2. Therefore, the
firsttermis 32 /273 =4

Question Give me the answer to the following question
Q: If x=2 and y = 5, then what is the value of
(x4 +2yn2)/67?

B. An example about few-shot instruction

Figure 2.4: A. Zero-shot instruction directly gives the model task description. B. Few-
shot in-context learning not only gives the task description, but also provides some

examples to on-the-fly teach the model how to reason.

in various real scenarios and learn from feedback from humans [Ouyang et al., 2022],
the environment [Menick et al., 2022], and other Al agents [Bai et al., 2022b]. This not
only enables tremendous opportunities in building Al-native applications, but also lead

to the possibility of continuous model improvements by exploring the environment.

2.3 Reasoning with Large Language Models

Now we discuss how to use large language models to perform reasoning tasks, and
methods to improve their performance. We first consider when one already has a lan-
guage model, how to prompt it to reason. Then we discuss methods for evaluating
language models’ reasoning capability. Finally, we list our contribution to improving

language models’ reasoning, which will be detailed in the following chapters.

2.3.1 Prompting

Zero-shot Instruction [Ouyang et al., 2022] The most straightforward way of ask-
ing a language model to perform a reasoning task is to instruct it to do so. Figure 2.4A
gives a math word problem example, where the user first instructs the model to solve
math problems, and then asks the question. Nowadays zero-shot instruction is the most

ubiquitous way of interacting with the model.
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Few-shot In-Context Learning [Brown et al., 2020a] For some hard tasks and
tasks that are better explained via examples, one can provide in-context demonstrations
in addition to the instruction, for models to better understand the solve the task (Fig-
ure 2.4B).

Whether using zero-shot or few-shot depends on two major factors: (1) whether
the model is a base model or a chat model: base models are not finetuned to follow
instructions yet, so few-shot in-context learning is the most common way of using it;
chat models are usually after instruction tuning, so one can use either zero-shot or few-
shot (usually few-shot performs better because of the use of demonstrations); (2) the
difficulty of the task: usually, if a task is relatively simple (e.g., sentiment classification),
then zero-shot should be sufficient; if a task is relatively hard (e.g., teach models to
compose Python library functions into larger programs), few-shot prompting is better

for fully releasing the model’s capability.

2.3.2 Evaluation

The most common evaluation practice is to use the final answer accuracy as the met-
ric [Cobbe et al., 2021], under the hypothesis that as long as the final answer is correct,
the intermediate steps cannot be too wrong. Recent research looks into the intermediate
reasoning steps [Lightman et al., 2023], and shows that improving step-wise accuracy,
though being much more expensive, is a more effective way of improving reasoning,
particularly for hard problems. Furthermore, human preference also plays an important
role in guiding the model’s reasoning behavior [Joshi et al., 2023]. For example, among
multiple ways of solving a complex problem, human usually prefers the simplest and
most straightforward one. Below we explain these three evaluation methods one by
one.

Final Answer Accuracy In many cases, evaluating reasoning problems is rela-
tively easy, usually one can use the accuracy of the final answer prediction, typically a
number, a phrase, or a choice, as the metrics, as is shown in Figure 2.2. Sometimes the
model prediction may not be an exact string matching to the reference answer, for ex-
ample, the answer is an upper case “A” while the model predicts lower case “a”. Such
differences may cause a small level of fluctuation but can be generally stabilized by
regular expressions [Fu et al., 2023a].

Step-wise Accuracy focuses not only on the final answer correctness but also on

whether the models can get the intermediate steps correct. Improving intermediate



2.3. Reasoning with Large Language Models 17

From a systematic perspective, All stages of model development contribute to improvements of reasoning capability

Improvements from pretraining and scaling Improvements from SFT and RL
+14.1 +13.5 +14.6 +14.1 +14.1
146 ——> 287 ——> 422 — 568 585 —*> 777 —* 85.2 92.0
7B 13B 34B 70B In-context Supervised Reinforcement GPT-4
> Learning  Finetuning Learning In-context
LLaMA2 Scaling > Learning

Chinchilla 70B, change of learning paradigm

Figure 2.5: Decomposition of performance improvements on GSM8k dataset.

reasoning has been proven to be effective for further boosting model performance on
challenging problems [Lightman et al., 2023]. The difficulty here is that, unlike the final
answer accuracy which can be easily verified by simple regular expression, verifying
stepwise accuracy, as well as training a stepwise reward model, requires much more
expensive human annotation. Automating accurate stepwise accuracy with less human
annotation [Wang et al., 2023a] is currently an important research direction.

Human Preference When an actual user asks a reasoning problem, say math, the
user not only wants to get the final answer, but also expects the model to help them un-
derstand how to solve the problem. There are multiple dimensions of user preferences,
for example, among different methods to solve the problem, the user usually prefers
the simplest solution. Also among different explanation styles (professional, casual,
balanced ,etc), a typical user usually prefers a relatively casual tone but without los-
ing professionalism. Annotating and evaluating human preference requires large-scale

consistent efforts, and is currently an active research direction [Lambert et al., 2024].

2.3.3 Our Contribution

We note that all stages of model development (pretraining, finetuning, learning from
feedback) contribute to performance improvements. One example is shown in Fig-
ure 2.5, about how different learning paradigm collectively improves models’ accuracy
on the GSM8K [Cobbe et al., 2021] benchmark, step by step. Scaling (pretraining)
improves the accuracy from 14.6 to 56.8 [Touvron et al., 2023]. Subsequent SFT and
RL improve from 58.5 to 85.2 [Uesato et al., 2022]. These findings suggest that to ad-
dress the challenges of reasoning, we should adopt a multi-faceted approach that targets
different stages of model development, as is the practice of this thesis.

In general, the three stages play different roles in improving reasoning. The base

model (the pretrained checkpoint) serves as the foundation for reasoning, and the per-
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formance is ultimately upper bounded by the base model’s quality, which is traced back
to data composition and model scale. Furthermore, recent work shows an analytical re-
lationship between the model’s in-context learning performance on coding and math,
the model’s dev loss after pretraining, and the model’s pretraining compute [OpenAl,
2023, Yuan et al., 2023, Hernandez et al., 2021]. This suggests that it is possible that
we directly predict the model’s final reasoning performance before running one sin-
gle line of code. In Chapter 3, we focus on the effective methods to prompt the base
model using complex chain-of-thought, identifying key performance factors and source
of improvements [Fu et al., 2022b].

Today’s research focus of supervised finetuning (or instruction tuning) is data engi-
neering: to find the correct format and mixture of instruction data such that the model
can not only improve reasoning capabilities on the instructions that it has been trained
on, but also generalize to unseen instructions after deployment [Fu et al., 2023c, Yue
et al., 2024a, Yu et al., 2024, Ivison et al., 2023]. In Chapter 4, we will carefully study
the format and mixture of instructions, and their implications to model generalization
for both in-domain and out-of-domain settings.

When the model becomes strong, it becomes harder to use average human anno-
tated data to further improve the model. The learning signal shifts from direct human
supervision to deploying the model to real scenarios and letting it to learn from feed-
back [Bai et al., 2022b]. The source of feedback may not only be from human, but
also from the environment and other Al agents. The format of feedback can be either
a scalar from a reward model, or directly in natural language [Chen et al., 2024a]. In
Chapter 5, we focus on natural language feedback, and study the possibility of models’
continuous self-improve in a negotiation game setting [Fu et al., 2023b] via self-play.

The papers discussed in this thesis fostered multiple follow-up works. In complexity-
based prompting [Fu et al., 2022b] we identified the complexity dimension, which be-
comes the basis of following advanced prompting techniques [Zheng et al., 2023]. In
SFT [Fu et al., 2023c] we identified the capability balancing problem, which guides a
wide array of follow-up studies on instruction data mixture like [Yue et al., 2024a, Yu
et al., 2024]. In learning from Al feedback [Fu et al., 2023b] we identify the condi-
tions for language models’ self-improvement, which later become an active topic in the
emerging field of Al agents [Xi et al., 2023].



Chapter 3

Improving Reasoning by In-Context

Learning

In this chapter, we study the task of prompting large-scale language models to perform
multi-step reasoning. Existing work shows that when prompted with a chain of thoughts
(CoT), sequences of short sentences describing intermediate reasoning steps toward a
final answer, large language models can generate new reasoning chains and predict an-
swers for new inputs. A central question is which reasoning examples make the most
effective prompts. We propose complexity-based prompting, a simple and effective ex-
ample selection scheme for multi-step reasoning. We show that prompts with higher
reasoning complexity, i.e., chains with more reasoning steps, achieve substantially bet-
ter performance on multi-step reasoning tasks over strong baselines. We further extend
our complexity-based criteria from prompting (selecting inputs) to decoding (selecting
outputs), where we sample multiple reasoning chains from the model, then choose the
majority of generated answers from complex reasoning chains (over simple chains).
When used to prompt GPT-3.5 series, our approach substantially improves multi-step
reasoning accuracy and achieves new state-of-the-art (SOTA) performance on three
math benchmarks (GSMS8K, MultiArith, and MathQA) and two BigBenchHard tasks
(Date Understanding and Penguins), with an average +5.3 and up to +18 accuracy im-
provements. Compared with existing example selection schemes like manual tuning
or retrieval-based selection, selection based on reasoning complexity is intuitive, easy
to implement, and annotation-efficient. Further results demonstrate the robustness of
performance gains from complex prompts under format perturbation and distribution
shift.

19
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- 1 Asia bought a homecoming Angelo and Melanie want to plan how CoT prompt + Question
T dress on sale for $140. It was many hours ... how many days should
Question originally priced at $350. they plan to study total over the next
What percentage off did she week if they take a 10-minute break Sample from GPT3
get at the sale? every hour ...?
Chainof 1 Asia saved $350 - $140 = 1. Angelo and Melanie think they should dedicate 3 l
Thoaﬂ;h?s $210 on the dress. hours to each of the 2 chapters ... Reasoning E, 6 steps, answer = 200
prompt 2. That means she saved $210 / 2. For the worksheets they plan to dedicate 1.5 Reasoning D, 5 steps, answer = 200
$350 = 0.60 or 60% off on the hours for each worksheet ... Reasoning A, 4 steps, answer = 100
dress. 3. Angelo and Melanie need to start with planning 12 Reasoning-B;-3-steps;-answer =100
Answer The answer is 60 hours to study, at 4 hours a day, 12/ 4 = 3 days. .
Reasoning-G, 2 steps,answer =100
1 .. < more CoT cases > ... ... < more reasoning steps > ... l
L 8. They want to study no more than 4 hours each - .
T QIMa has $23. She bought day, 15 hours / 4 hours each day = 3.75 Majority votlng.
Test five bagels for $3 each. How Over complex chains
Question much money does she have 9. They will need to plan to study 4 days to allow for

left?

all the time they need.

<GPT3 generates from here> The answer is 4 Majority = 200

A. Workflow of chain of thoughts prompting B. Example complex chain, 9 reasoning steps C. Complexity-based consistency

Figure 3.1: A: Chain of thoughts (in blue) are intermediate reasoning steps towards a
final answer. The input of CoT prompting is a stack of few (often 8) CoT cases before a
test question. Then the language model will continue generating an output CoT for the
test question. B: Chains of harder reasoning complexity are chains with more reasoning
steps (9 steps in this case, v.s. only 2 steps in subfigure A). C: During decoding, we
sample N reasoning chains from the language model (N = 5 here), and take the majority
answer over the K (K = 3 here) most complex generated chains.

3.1 Introduction

We consider the problem of prompting large language models for multi-step reason-
ing. Recent breakthroughs [Wei et al., 2022b, Wang et al., 2023b] show that language
models, when large enough (>100B parameters), exhibit the emergent ability [Wei
et al., 2022a] of performing complex multi-step reasoning when provided with only a
few reasoning examples. In the regime of large models, prompting achieves compa-
rable or even better performance than full training set finetuning while being substan-
tially more sample-efficient [Wei et al., 2022b, Kojima et al., 2022, Lewkowycz et al.,
2022]. In particular, Wei et al. [2022b] show that chain-of-thoughts (CoT’) prompts,
sequences of short sentences describing intermediate reasoning steps towards final an-
swers (Fig. 3.1A), can elicit strong reasoning capabilities from large language models
for complex tasks such as math problems.

This work studies example selection in chain-of-thoughts multi-step reasoning. Ex-
ample selection is a central problem in the prompting literature [Liu et al., 2022a, Rubin
et al., 2022, Su et al., 2022, Lazaridou et al., 2022]. It asks what instances make the
best prompts for solving the tasks of interest. For Col prompting, example selection

is further related to annotation efficiency, as Col requires manually-annotated reason-
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ing chains. For datasets where reasoning annotations are easy to obtain, one may want
to know which annotated chains make the best prompt; if the annotations are hard to
obtain, one may identify the best cases to annotate, rather than annotating the entire
dataset.

We propose complexity-based prompting, anew example selection scheme for chain-
of-thoughts multi-step reasoning. Existing sample selection methods are usually based
on manual tries [Wei et al., 2022b], heuristic rules [Wallace et al., 2019], optimiza-
tion and search [Shin et al., 2020], or retrieval from a large training set [Rubin et al.,
2022]. Different from these schemes, complexity-based prompting chooses examples
with complex reasoning chains, i.e., chains with more reasoning steps, as the prompt.
Fig. 3.1A shows a simple example with 2 reasoning steps, versus the example in sub-
figure B is a complex case with 9 reasoning steps. As we will show in the experiments
(section 3.4.2), the reasoning performance of GPT-3 175B [Brown et al., 2020a] clearly
improves with the increased input prompt complexity, where complex prompts achieve
better performance than simple prompts.

We further extend the complexity-based selection criteria from the input space (the
prompts) to the output space (reasoning chains generated by the language model). Our
extension is based on the idea of self-consistency [Wang et al., 2023b, 2022a], where
they sample multiple reasoning chains (instead of using greedy decoding) from the
model that lead to possibly different answers, then choose the majority of the generated
answers. Here we propose complexity-based consistency, where instead of taking a
majority vote among all generated chains, we vote over the top K complex chains, as
shown in Fig. 3.1C. In section 3.4.2, we will show that complexity-based consistency
leads to further performance gains, on top of the existing gain from complexity-based
prompting.

Putting everything together, our methods achieve new state of the art performance
on three math benchmarks (GSM8K, MultiArith, and MathQA) and two BigBenchHard
tasks (Date Understanding and Penguins) with substantial performance gains over Wei
etal. [2022b]. We show that, compared with existing sample selection schemes, complexity-

based prompting achieves better performance in most cases.

3.2 Related Work on In-Context Learning

Emergent Abilities and Multi-Step Reasoning With the recent trend in scaling
language models [Brown et al., 2020a, Chowdhery et al., 2024], a central question is
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what unique abilities emerge as models become large [Kaplan et al., 2020, Wei et al.,
2022a]. Generally, the ability to follow the format of given prompts (typically few-shot)
thus solving the corresponding tasks (also referred as in-context learning), is something
that large language models are particularly skilled at [Shin et al., 2020, Liu et al., 2023].
Among the wide language understanding task spectrum, we are particularly interested
in multi-step reasoning because of its two uniqueness: (1). multi-step reasoning is a
task where large models substantially outperform smaller models [Wei et al., 2022b],
versus performance gains on tasks like sentiment classification can be very limited with
large models [Shin et al., 2020]; (2). multi-step reasoning is where few-shot prompting
starts to outperform full training set fine-tuning, even when fine-tuning is conducted
on the same large model [Lewkowycz et al., 2022]. This work takes an important step

forward in multi-step reasoning by showing the critical role of prompt complexity.

Chain-of-Thoughts Reasoning A prominent work demonstrating the multi-
step reasoning of language models is chain-of-thoughts prompting (Fig. 3.1A), pro-
posed by Wei et al. [2022b]. They show that the reasoning ability can only be elicited
by chain of thoughts, but not standard prompting where an answer directly follows a
question without intermediate reasoning steps. Further works show that Col can be
improved by self-consistency [Wang et al., 2023b], pretraining the model with latex-
formated data [Lewkowycz et al., 2022], context selection [Creswell et al., 2023], or
even adding certain magic phrases like “Let’s think step by step” [Kojima et al., 2022].
The original CoT paper [Wei et al., 2022b] uses 8 manually written examples as the
prompt, which are reused by most follow-up works. Our work sits in the context of
CoT reasoning, and propose a new complexity-based prompt selection that substan-

tially outperforms the original CoT.

Example Selection for Prompting Designing prompts can be challenging due
to the instability, as multiple works have shown the performance is sensitive to prompt,
task, dataset, and model changes [Zhao et al., 2021, Lu et al., 2022, Su et al., 2022].
Despite works on automatic prompt searching (which is more suitable for smaller mod-
els, e.g., Shin et al., 2020, Li and Liang, 2021), currently, prompt engineering for
large models is (still) a community-wide collective trial and error effort (there is even
a prompt marketplace named PromptBase). The difficulty is that it is extremely hard
to extract generalizable regularity from empirical observations that can form effective
selection criteria. One notable exception is similarity-based prompt selection, which
retrieves the most similar training instances as the prompt for a given test case [Rubin

etal., 2022]. Yet for CoT prompting, retrieving different prompts for different test cases
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requires reasoning chain annotations for the whole training set, which compromises the
advantage of being few-shot. Given this background, our core contribution is identi-
fying complexity as an effective and robust selection criterion and in many cases, it
outperforms existing prompt selection schemes while being annotation-efficient.
Relation to Classical Semantic Parsing The procedure of chain of thoughts
prompting is conceptually similar to classical semantic parsing where one generates a
logical form then executes it upon a knowledge base to reach a final answer [Liang,
2016, Cheng et al., 2019]. The practice of sampling then voting is also similar to
marginalizing out semantic parses [Yin et al., 2018]. There are further works link-
ing the relationship between in-context learning and classical Bayesian inference [Wei
etal., 2021a, Xie et al., 2022]. From our perspective, we tend to view chain-of-thoughts
as flexible, language model styled “logical forms” which are “executed” by the language
model itself. We leave further study on connecting classical parsing and CoT to future

work.

3.3 Complexity-based Prompting

We study multi-step reasoning tasks, and use math word problems, mathematical prob-
lems expressed in natural language, as our testbed. This task, as is measured by solve
rate (accuracy), is to predict the answer (typically a number) of a given math word
problem via intermediate steps. We follow the chain-of-thoughts prompting frame-
work and compare all prompting schemes using GPT-3 text-davinci-002 and Codex
code-davinci-002. An example problem, as well as the chain-of-thoughts workflow,
is shown in Fig. 3.1A. The input is a stack of a few (often 8) CoT cases followed by a
test question, then the language model continues generating an output CoT for the test
question. Our goal is to improve the reasoning accuracy by identifying and exploiting

more effective input and output reasoning chains.

3.3.1 Selecting Complex Samples as Prompts

Our method is to simply choose complex prompts over simple ones. We hypothesize
that language models’ reasoning performance will increase if we use complex instances
as in-context “training example,” as they intuitively subsume simpler instances [Richard-
son and Sabharwal, 2022]. We define complex instances as instances with more rea-

soning steps (Fig. 3.1B), as the name “multi-step reasoning” indicates. Note that us-
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ing reasoning steps as the notion of complexity is also the practice of previous works
like [Sugawara et al., 2018, Lai et al., 2021]. We further define a step as a line, separated
by the linebreak “\n”.

There are two aspects that need more discussion: (1) The notion of complexity.
There are other complexity indicators than number of steps, such as questions lengths
or the length of the underlying formula for solving a given problem. We will show
that the trend that better performance comes with more complex prompts is consistent
across various complexity indicators, such as question lengths and formula lengths.
Consequently, for datasets that do not have annotated reasoning chains, we can use
questions lengths to identify complex instances, then only annotate the identified few-
shot instances, thus reducing the annotation cost. (2) Confounders of number of steps.
The increase in performance with more complex examples in the prompt could be ex-
plained by correlated factors like the increase in the total number of reasoning steps in
the prompts or just the increased length of the prompt. To account for this, we eval-
uate prompts with simpler examples but the same number of reasoning steps (e.g. 24
cases with 3 steps vs. 8 cases with 9 steps, both of 72 steps in total). We also consider
prompts of the longest lengths (but not most steps). We show that the number of steps

per example is the most prominent source of performance gains over confounders.

3.3.2 Complexity-Based Consistency

Complexity-based prompting can be further enhanced with a new output selection method
following the same intuition, which we present in this section. Existing evidence shows
that the expressive neural models can take shortcuts during reasoning, relying on spu-
rious correlations that inevitably exist in the training data [Mudrakarta et al., 2018,
Sugawara et al., 2018, Lai et al., 2021]. This often leads to suboptimal generaliza-
tion to unseen data. To alleviate this issue, we explicitly promote outputs with more
complex reasoning chains at inference time. Specifically, our method follows the self-
consistency practice in Wang et al. [2023b], which samples N reasoning chains for a
test question. Different reasoning chains may lead to different answers, and Wang et al.
[2023b] takes the majority answer as the prediction. In our case, instead of voting
among all N chains, we only vote among top K (K < N) complex (more steps) reason-
ing chains, as shown in Fig. 3.1C. We dub our method Complexity-based Consistency.
Note that when K = N we recover the original self-consistency method. In our experi-

ments, we set N to 50, and observe that the optimal K is always smaller than N (typically
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30-40). This provides clear evidence that voting among more complex reasoning chains
generalizes better than voting among all. We also show that if we do the opposite and
vote among answers produced by K simplest reasoning chains, the accuracy is always
worse than voting among all. This further validates that complex chains, not simple

chains, should be considered more during decoding.

3.4 Experiments

We first discuss our experimental settings in section 3.4.1. In section 3.4.2 and 4.4.4,
we present the following results: (1) our method substantially outperforms the origi-
nal CoT [Wei et al., 2022b]. It establishes new state-of-the-art results on three math
reasoning datasets (GSM8K; Cobbe et al., 2021; MultiArith; Roy and Roth, 2015;
MathQA; Amini et al., 2019), a temporal reasoning task (Date Understanding; Suzgun
et al., 2023), and the referential game task (Penguins; Suzgun et al., 2023). On Strat-
egyQA [Geva et al., 2021], a commonsense reasoning dataset, our approach matches
the existing state-of-the-art performance. (2) Performance gains from complex prompts
are consistent: no matter what large model we use (GPT-3 or Codex), what distribu-
tion the prompt come from (in-distribution, noisy distribution, and distribution shift),
or whether there exists prompt format perturbation or confounders, complex prompts
consistently outperform simpler prompts; (3) Compared with other example selection
schemes (random, heuristic and retrieval), complexity-based example selection often
achieves the best or competitive results with minimal annotation budget. In the ap-
pendix, we discuss further experimental results, including a performance gain break-
down, results on smaller models, output step distribution, and further experiments on

voting

3.4.1 Experimental Settings

Datasets We use three math word problems datasets (GSM8K, MultiArith, and
MathQA) and three non-math reasoning (StrategyQA, Date Understanding, and Pen-
guins) as our testbed. We choose GSM8K and MultiArith also because they are the
datasets used by prior work on CoTs [Wei et al., 2022b, Wang et al., 2023b, Kojima
et al., 2022], allowing fair comparison to existing methods. MathQA’s annotation are
much noisier than others, and we use it to evaluate the robustness of our approach.
There are 1.3K test instances in GSM8K, 600 in MultiArith, and 600 in MathQA. For
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each dataset, we randomly draw 200 instances from the training data to create a vali-
dation split. The cost of prompting GPT-3 is proportional to the size of test set. For
the non-math datasets, StrategyQA is a multi-step commonsense reasoning task with
800 test instances. Date Understanding is a temporal reasoning task with 250 test in-
stances. Penguins is a referential game (a referential game asks questions referring
to different objects, e.g., is penguin A older than penguin B and C) with 146 test in-
stances. Both Date Understanding and Penguins are subsets of the BigBench Hard
datasets (datasets that previously fine-tuning struggles with, see Suzgun et al., 2023).
Evaluating on a 200-instances validation set costs about 6-8 US dolars for greedy de-
coding (1 output chain) and $12-$24 for sampling 50 output chains. Prompting Codex
is currently (November 2022) free and we hope OpenAl could continue making it free

to the community.

Language Models We consider two paradigms: fine-tuning and prompting.
For fine-tuning, we report the existing SOTA performance: a fine-tuned GPT3 with a
verifier [Cobbe et al., 2021] on GSMSK, a relevance and LCA operation classifier [Roy
and Roth, 2015] on MultiArith and a customized sequence to sequence model [ Amini
et al., 2019] on MathQA. For prompting, we consider the following language mod-
els: (1). LaMDA [Thoppilan et al., 2022], a 137B model used as the baseline in Wei
et al. [2022b]; (2). PaLLM [Chowdhery et al., 2024], the primary 540B model used
in the CoT papers; (3). Minerva [Lewkowycz et al., 2022], a 540B large model that
trains on I&TEXdata; it achieves SOTA performance in math reasoning on GSM8K; (4).
GPT-3 175B (text-davinci-002 from Brown et al., 2020a) (5). Codex (code-davinci-
002 from Chen et al., 2021b, also 175B). We further consider the DiVeRSe [Li et al.,
2023c] method which equips an additional trained verified to GPT-3/ Codex and is
the previous SOTA on GSM8K. Our experiments are mostly conducted on GPT-3 and
Codex because they are the accessible to the public thus more reproducable. LaMDA,
PalLM and Minerva are not accessible to the public, and their numbers are from their

corresponding papers.

Prompts and Hyperparameters The training sets of GSM8K and MathQA
contain human annotated reasoning chains, within which we search for complex prompts.
MultiArith does not have annotated reasoning chains, so we consider two strategies. (1).
in-distribution annotation, which uses question lengths as an alternative proxy for com-
plexity, then manually annotates reasoning chains for complex questions; (2). prompts
transfer from GSMSK training data. All prompts for math datasets contain 8 cases (a

case = a question + a chain of thoughts + an answer). For non-math datasets, since they
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Table 3.1: Complexity-based prompting, when applied on Codex (code-davinci-002),
achieves new state-of-the-art performance on GSM8K, MultiArith, and MathQA. 7
models are not publicly accessible, and the numbers are from their papers. Our perfor-
mance gain (+blue) is computed over the original handcrafted CoT used in Wei et al.
[2022b], which is our primary baseline. Our methods substantially increase the per-
formance over Wei et al. [2022b], with an average +5.3 gain on GPT-3 and +6.2 on
Codex.

GSMS8K  MultiArith  MathQA

Previous finetuning SOTA 57.0 60.5 37.4

Greedy decoding [Wei et al., 2022b]

LaMDA [Thoppilan et al., 2022] 17.1 51.8 -
PaLM" [Chowdhery et al., 2024] 58.1 94.7 -
Minerva® [Lewkowycz et al., 2022] 58.8 - -
Text-davinci-002 Handcrafted CoT 48.1 90.8 30.1
Random CoT 49.7 89.5 34.8

Complex CoT 55.4 (+7.3) 94.2 (+3.4) 36.0 (+5.9)

Code-davinci-002 Handcrafted CoT 61.0 95.8 29.3
Random CoT 60.4 97.3 40.5
Complex 66.6 (+5.6) 95.8 (+0.0) 47.3 (+18.0)
Voting among multiple outputs [Wang et al., 2023b]
LaMDAT [Thoppilan et al., 2022] 27.7 75.7 -
DiVeRSe [Li et al., 2023c] 82.3 99.8 -
PaLM' [Chowdhery et al., 2024] 74.4 99.3 -
Minerva® [Lewkowycz et al., 2022] 78.5 - -
Text-davinci-002  Handcrafted CoT 64.0 98.2 43.8
Random CoT 62.0 95.2 48.5
Complex CoT 71.5 97.3 49.5

+ Vote Complex 72.6 (+8.6) 98.7 (+0.5) 50.2 (+6.4)

Code-davinci-002 Handcrafted CoT 74.6 99.7 55.0
Random CoT 77.3 99.3 58.2
Complex CoT 82.6 99.7 58.6

+ Vote Complex 82.9 (+8.3) 99.8 (+0.1) 60.0(+5.0)
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do not have annotated reasoning chain, we again, use question length as the complex-
ity proxy and manually annotates reasoning chains for complex questions. Following
Kojima et al. [2022], we add “Let’s think step by step” before the reasoning chains for

all prompting schemes to improve the performance.

3.4.2 Main Results

Overall Test Performance on Math Datasets Table 4.1 shows the overall perfor-
mance of models. We consider two decoding strategies: (1) greedy decoding (the first
block of Table 4.1) and (2) majority vote (ssec:method:consistency; the second block
of Table 4.1). Note that PaALM and Minerva are more than three times larger than GPT-
3 and Codex, the model we use to evaluate our method, and Minerva is additionally
pretrained on latex data. Therefore, they are by no means comparable to the methods
based on GPT-3 or Codex. We nevertheless outperform all of them.

We consider three prompting schemes: (1). Handcrafted CoT constructed originally
by Wei et al. [2022b] then reused in following-up works [Wang et al., 2023b, Kojima
etal., 2022, Wang et al., 2022a]. (2). Random CoT: randomly drawing samples from the
training set. GSM8K and MathQA training data have reasoning chain annotations, so
we directly use them. MultiArith does not have reasoning annotations, so we randomly
sample eight training cases then annotate the chains manually. (3). Complex CoT.
For GSM8K and MathQA, we choose eight training cases with the most numbers of
reasoning steps; For MultiArith, we use the question length as the proxy for complexity,
and manually annotate reasoning chains for the eight training cases with the longest
questions. Complex prompt selection results in substantially more reasoning steps: it
averages 9.0 steps on GSM8K, while the handcrafted and random schemes yield 3.4 and
2.8 steps respectively. The trends are similar on the other two datasets. The handcrafted
prompts uses the same fixed prompt for all three datasets but the cases within the prompt
does not come from any of the datasets (so they are in a sense, out of distribution).
Complex prompts and random prompts all come from their corresponding training sets
(so these two are in a sense, in-distribution).

As Table 4.1 shows, our method achieves substantially better performance than the
baselines. Besides, our proposal of voting among complex chains outperforms voting
among all (last two lines in Table 4.1. Furthermore, our performance using GPT-3
is close to PaLM and Minerva, two language models that are more than three times

larger than GPT-3 and are not publicly accessible. These results directly demonstrate
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Table 3.2: Complex prompts give comparable performance to PaLM on StrategyQA
(commonsense reasoning), and achieve new state of the art performance on Date Un-
derstanding (temporal reasoning), and Penguins (referential game) datasets. Accuracy
gain (+blue) is computed over the original handcrafted CoT used in Wei et al. [2022b,a].
All results use greedy decoding.

Prompt Strategy Date Penguins
PalL.M Handcrafted 77.8 79.2 65.1
Text-davinci-002  Handcrafted 66.9 82.8 76.7

Simple 71.1 76.4 61.0

Complex 77.0 (+10.1) 82.4 (-0.4) 79.5 (+2.8)

Code-davinci-002 Handcrafted 73.1 86.0 78.1
Simple 74.4 83.2 69.8
Complex 73.9 (+0.8) 86.8 (+3.6) 80.8 (+2.7)

Acouracy GSM8K MathQA MultiArith
In-distribution N0|sy -labeled Transfered prompt
Slmple Complex Slmple Complex S|mple Complex

Figure 3.2: Validation set performance. X-axis means reasoning steps and y-axis
means accuracy. More reasoning steps in prompts overall achieve higher accuracy
when prompts are in-distribution (left), noisily labeled (middle), and out of distribu-

tion (right).

the effectiveness of our methods.

Consistent Performance Improvements on Different Reasoning Tasks Ta-
ble 3.2 shows that the advantage of complex prompts holds for different types of reason-
ing tasks. When prompted with complex examples, GPT-3/ Codex achieves new SOTA
performance on Date Understanding and Penguins datasets where complex prompts
consistently improves performance over simpler prompts.

Consistent Performance Improvements in Different Prompt Distributions We
investigate the performance of our complexity-based prompting when the prompts are:

(1) from clean in-distribution training set (GSM8K); (2) from noisy annotation (MathQA);
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Table 3.3: Comparison to other prompt example selection schemes (validation accu-
racy). On GSMS8K and MultiArith, complexity-based selection outperforms all the
baselines. On MathQA, although retrieval performs better than complexity, it requires

substantially more annotation.

#Annotations GSMS8K MultiArith MathQA
Random Few-shot (8) 52.5 86.5 33.0
Centroid Few-shot (8) 52.0 92.0 32.0
Retrieval Full training set (>10000) 56.0 88.0 69.5
Complexity (ours) Few-shot (8) 58.5 93.0 42.5

(3) are transferred from another dataset (MultiArith). Here as MultiArith does not have
annotated reasoning chains, and their questions are similar to the ones in GSM8K; we
use (transfer) prompts from GSMS8K for MultiArith. Figure 3.2 shows that in general,
more complex prompts achieve better performance, and this trend is consistent in all
the three settings, except for one particular case on MultiArith.

Comparison to other Example Selection Schemes As we view the reason-
ing complexity as the basis of a new example selection scheme, we compare it with
existing selection schemes. We consider: (1) random selection; (2) Centroid, where
we select examples whose question embeddings (produced by a pretrained sentence
encoder Reimers and Gurevych, 2019) are the closest to the embeddings of all other
questions, i.e., questions at the center part of the dataset. The intuition is that centroid
examples may be the most typical or representative cases of a dataset; (3) Retrieval,
where we retrieve questions from a training set whose embeddings are closest test ques-
tion measured in Euclidean distance. Notably, there are important differences between
retrieval and other methods: retrieval uses different prompts for different test cases,
while other methods use fixed prompts for all. Therefore, the annotation cost of re-
trieval scales with the size of the test set, and is usually about the full-training-set-sized
annotation (more than 10K cases), while others only require few-shot annotation (in
our cases, only 8 examples).

As shown in Table 3.3, complexity-based selection outperforms all other methods
on GSMS8K and MultiArith. On MathQA, although retrieval-based selection outper-
forms complexity-based selection, it has two importance restrictions that we do not
have: (1) as mentioned, retrieval requires substantially more CoT annotation, while we

only requires few-shot; (2) the performance of retrieval is critically determined by how
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Figure 3.3: X-axis means reasoning steps of dev set cases and y-axis frequency. The
direction of generalization on the two datasets is intriguing and show different patterns:
on GSMBK, simple prompts perform better for simple cases (< 3 steps) while complex
prompts perform better for complex cases; on MathQA, simple prompts do not have
advantages for simple case and complex prompts seem to perform better on most of the

groups.

similar the test cases and the training questions are to each other, and the similarity
may not always hold. We further note that on MathQA, many dev. questions are quite
similar to their retrieved training questions (some of them only have minor changes like
“8 apples plus 9 bananas” to “10 apples plus 5 bananas” while the underlying compu-
tations are the same). So in general, complexity-based prompting has the advantage of
good performance while being annotation efficient.

Direction of Generalization Intuitively, one may attribute the improvements
of complexity-based prompting to accuracy gains on complex test cases. Yet interest-
ingly, our analysis suggests the opposite. Fig. 3.3 compares the validation set accuracy
of complex and simple prompts, varying the number of reasoning steps in the gold an-
notation. We observe a clear trend on both GSM8K and MathQA: complex prompts
perform on par with simple prompts on hard cases, while achieving more clear gains
on cases with fewer number of reasoning steps. This finding suggests that complexity-
based prompting generalizes to simpler test cases. We conjecture that this is because
the reasoning capabilities elicited by complex prompts may cover simple questions bet-
ter. Further investigation into the underlying mechanism is definitely interesting, and is

left to future work.

3.4.3 Analysis

In this section, we develop in-depth analysis supporting our claims. All experiments
in this section are performed on validation sets. We first show that the performance
improvements with more reasoning complexity is consistent in terms of: (1). differ-
ent proxies for complexity and (2). different step formatting. Then we show that the
number of reasoning step is the most prominent factor for performance improvements
over its confounders. Finally, we strengthen our conclusion of complexity-based con-
sistency, and show that the optimal performance is always achieved by majority voting

over complex chains, not simple chains.
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Table 3.4: Alternative complexity measure: Q Len. = T stepi
question length, F Len. = formula length. More com-  Per- Step2
case Step 3

plex prompts consistently outperform simpler ones. Stfp
Step n

|<— Per-step length —_—

Q Len. GSMSK | F Len. MathQA Case length = number of step - per-step length

Simple 70 49.0 7.5 37.5
Mid 226 51.0 55 335 Figure 3.4: Relationship be-
Complex 815 525 165 43.5 tween confounders.

Table 3.5: Sensitivity analysis on step formatting. Complex prompts consistently lead

to better performance with regard to different step formatting.

Linebreak “\n” Period “.” Explicit “stepi” Semicolon *;”
GSMS8K-Complex 58.5 54.5 52.0 54.0
GSMS8K-Simple 43.0 40.5 42.0 41.0
MathQA-Complex 42.5 39.0 36.0 39.5
MathQA-Simple 34.0 34.5 335 37.0
Alternative Proxies for Complexity Complexity-based prompting is equally

applicable when the data does not come with reasoning chain annotations, as we have al-
ready shown that selecting cases with longest questions also improves performance (§3.4.2).
In Table 3.4, we confirm that in addition to number of steps, either using questions
length or formula length as the measure of complexity, the optimal performance is
achieved with complex prompts. These results mean that the effectiveness of complex

prompts are consistent with regard to the notion of complexity.

Sentivity Analysis on Step Format A common concern with prompting is that
the performance can be sensitive to the format of the input [Shin et al., 2020, Liu et al.,
2022a] and may change with input perturbations. Here we study one important per-
turbation: the splitter of steps, which is an existing concern of CoI-styled prompting
in Rong, Akyurek and Akyurek [2022]. As alternatives to the linebreak “\n” we use, we
consider two more types of splitters: (1). explicit phrases “step i” (2). two punctuation
marks, period “.” and semicolon ““;” The performance is shown in Table 3.5. Although
these perturbations do have an influence on the performance, complex prompts consis-

tently lead to better performance with regard to different step formatting.
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Table 3.6: Confounder analysis. Although there exist confounders like number of cases

or total prompt length, the number of reasoning step is the most prominent factor for

performance gain given moderate per-step length.

More number of simple cases v.s. less but complex cases GSMSK MathQA
Total reasoning step 72 72 45 45
Number of cases in prompt 24 8 19 8
Per-case reasoning step 3 9 225 5.625
Accuracy 51 585 375 425
Most number of reasoning steps v.s. longest prompt GSMS8K MathQA
Number of cases in prompt 8 8 8 8
Length of prompt 12.6k 8.4k 7.6k 4.9k
Number of total reasoning step 59 72 32 45
Per-step length 112 74 137 52
Accuracy 57 585 31 425
Shorter per-step length v.s. Longer per-step length GSMS8K MathQA
Number of total reasoning step 72 72 45 45
Number of cases in prompt 8 8 8 8
Per-step length 36 74 37 52
Accuracy 51.0 585 305 425

Confounder Analysis All experiments so far keeps the number of instance
to be 8 in all prompts. Yet when choosing complex examples with more reasoning
steps, we observe that the following factors are correlated (also illustrated in Fig. 3.4):
(1). when per-case reasoning step increases (for example, in GSM8K we choose cases
with 9 reasoning steps), the total number of step in the whole prompt also increase (in
GSMBSK, we have 8 cases in the prompt, so there are 8 x 9 =72 steps in total). This might
be compensated by using more number of simple cases (e.g., 24 simple cases, each with
3 steps, can also make 72 steps in total). These factors are shown in the upper part of
Table 3.6. (2). when per-case step increases, the full length of the prompt (= number
of characters) also increases, which may be compensated by longer (more characters)
but less step examples. These factors are shown in the lower part of Table 3.6. From

the accuracy results we can see that: (1). keeping full number of reasoning steps the
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Table 3.7: Progress about prompt optimization on MATH after our complexity-based
prompting work. This field has been advanced significantly in recent time and the
most SOTA method nearly saturates the MATH benchmark (which is so far the most

challenging STEM reasoning benchmark). We are excited to see how this field will

continue to improve.

Model Prompting Method Release time  Acc
GPT-4 Default Prompt Mar 2023 42.5
GPT-4 Complexity-based Prompting [Zheng et al., 2023] Aug 2023 50.3
GPT-4 PHP Prompting [Zheng et al., 2023] Aug 2023 53.9
GPT-4 Code-based Verification [Zhou et al., 2024] Aug 2023 73.5
Claude-3 Default Prompt [Anthropic, 2024] Mar 2024 60.1
LLaMA-3 Default Prompt Apr 2024 50.4
GPT-40 Default Prompt May 2024 76.7
Gemini 1.5 Pro Math  Default Prompt [Reid et al., 2024] May 2024 80.6

same, using more number of simple cases does not outperform less number of complex
cases; (2). longest prompts does not outperform complex prompts. (3). yet we do need
a moderate per-step length because keeping total number of step 72, moderate per-step
length prompts outperforms shorter per-step length prompts. This means that despite
the existence of confounders, the number of reasoning steps per example is the most

prominent factor for performance gain given moderate per-step length.

3.5 Summary and Follow-on Work

This chapter proposes a new complexity-based instance selection scheme for prompt-
ing language models to perform multi-step reasoning. In addition to substantial per-
formance improvements on math word reasoning tasks, our methods exhibit multiple
advantages such as being intuitive, annotation-efficient, and robustly effective in differ-
ent in-context learning settings.

After the initial paper of this work released in October 2022, there has been signif-
icant progress in the field of reasoning, which we list on Table 3.7 using the MATH
benchmark [Hendrycks et al.], a more challenging dataset than the GSM8K dataset
we use. We see that our complexity-based prompting, when applied on the MATH

dataset, improves the baseline from 42.5 to 50.3. Afterward, this area remains ac-
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tive, and notable methods that clearly improve the performance include: (1) stepwise
supervision and feedback [Lightman et al., 2023, Wang et al., 2023a]; (2) code-based
verification [Zhou et al., 2024]. The most recent work from Gemini 1.5 Pro [Reid et al.,
2024] improves the accuracy to 91.1, nearly saturating this benchmark. We tend to be-
lieve that future reasoning research may require evaluation on complex, long-horizon,
real-world tasks such as SWE-Bench [Jimenez et al.], and are excited to see how this

area will continue to improve.






Chapter 4

Improving Reasoning by Instruction

Finetuning

Having discussed in-context learning, in this chapter, we delve deeper into model fine-
tuning. The surprising ability of Large Language Models (LLMs) to perform well on
complex reasoning with only few-shot chain-of-thought prompts is believed to emerge
only in very large-scale models. We show that such abilities can, in fact, be distilled
down from GPT-3.5 to TS variants. We propose model specialization, to specialize the
model’s ability towards a target task. The hypothesis is that large models (commonly
viewed as larger than 100B) have strong modeling power such that they can perform a
large spectrum of tasks. Small models (commonly viewed as smaller than 10B) have
limited model capacity, but if we specialize their capacity towards a target task, the
model can achieve decent performance improvements. We use multi-step math reason-
ing as our testbed because it is a very typical emergent ability. We show two important
aspects of model abilities: (1) balancing the language model’s performance on multiple
tasks is a delicate matter, as improvements on one task may compromise other tasks;
(2) yet by intentionally paying the price of decreased generic ability, we can clearly im-
prove across different model scales smaller than 10B towards a specialized multi-step
math reasoning ability. We further give comprehensive discussions about important
design choices for better generalization, including the data format mixture and the start

model checkpoint.

37
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4.1 Introduction

Recently, the field of NLP is significantly impressed by large language models’ strong
abilities [Brown et al., 2020b, Chowdhery et al., 2024]. Wei et al. [2022a] discuss the
emergent abilities of large language models — abilities that only exist in large models
(more than 100B parameters), but not in smaller ones. A typical example (also the first-
discovered one) is the ability to perform multi-step reasoning on math word problems
with chain-of-thought (CoT) prompting [Wei et al., 2022b] where the authors let the
model generate a step-by-step reasoning chain to help get the final answer. The exis-
tence of such abilities has a profound impact: on the positive side, such abilities open
countless opportunities for new research directions; on the negative side, very few orga-
nizations have the compute to even fine-tune 100B-scale models, making such abilities
less accessible. It would be ideal if smaller models can also obtain emergent abilities
like math CoT reasoning, so they can be accessed by a larger range of researchers and
practitioners. However, preliminary results of Wei et al. [2022a] show that if the model
scale is small (empirically less than 100B parameters), Col exhibits flat, sometimes
even near zero scaling curve [Wei et al., 2022b]: the model CoT performance benefits
little from scaling up, until a certain threshold is reached. Later smaller models’ scal-
ing curve is partially improved in Chung et al. [2024], but they still underperform large
models. These results so far are rather pessimistic since they suggest improving CoT
performance for smaller models can be challenging. At the current stage, the commu-
nity is eager to know to what extent such abilities can be further improved in smaller

models.

This paper addresses the problem of CoT reasoning for smaller models by model
specialization. Our hypothesis is that large models (> 100B) have strong modeling
power but are spread over a large spectrum of tasks. Small models (< 10B) have limited
model capacity, but if we “concentrate” their capacity on a target task (improving one
target task at the cost of decreased capability on other tasks), the model can achieve de-
cent performance improvements. There exists promising preliminary work on smaller
models’ chain-of-thought abilities such as UL2 [Tay et al., 2023] and FlanT5 [Chung
et al., 2024], but their approaches risk spreading the models’ limited capacity across
many different datasets, hurting their performance in tasks involving complex reason-
ing. In our experiments, we show that we can improve the scaling trend of CoT rea-
soning on small FlanT5 models (250M, 760M, and 3B) by a large margin (an average

+10 accuracy gain) on a suite of 4 math reasoning tasks (1 in-distribution and 3 out-of-
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distribution). This might come at a cost of decreased performance in other benchmark
tasks (specifically in this paper, worse performance on the BigBench Hard suite Suz-
gun et al., 2023). This means that we can indeed move the model’s power from generic

abilities to concentrate on the target math CoT.

Our approach is to fine-tune an instruction-tuned model (FlanT5) by distilling chain-
of-thought reasoning paths of the GSM8K data from a large teacher model (GPT-3.5
code-davinci-002 Chen et al., 2021b), then do a model selection on the average perfor-
mance of three held-out math reasoning data to ensure the model’s out-of-distribution
generalization. Although distillation per se is a well-studied area, there are multiple
caveats in our process, as we will demonstrate: (1) the teacher model (code-davinci-
002) and our student model FlanT5 use different tokenizers, we address the tokenizer
alignment problem by dynamic programming. (2) Distillation induces different perfor-
mance on an instruction-tuned checkpoint (in our case, FlanT5) and the raw pretrained
checkpoint (T5), where specialized FlanT5 performs better but specialized TS5 achieves
more accuracy gain. (3) at the late training stage, the model’s in-distribution and out-of-
distribution (OOD) performance fluctuates differently, so if one wants better OOD gen-
eralization, the model selection should be performed on held-out math datasets, rather
than the validation portion of the tuning data. (4) multiple tradeoffs happen during
the distillation/ specialization process: as we start distillation, on BigBench Hard test
suite (the measure of generic ability), the model immediately loses all its CoT prompt-
ing abilities, and gradually loses a large portion (but not all) of answer-only prompting
abilities. The data format we use for tuning is also closely related to model ability:
in-context examples enable both in-context and zero-shot performance, but zero-shot

examples lose the model’s in-context ability for increased zero-shot ability.

These findings deepen our understanding of language model chain-of-thought rea-
soning behavior in multiple aspects: (1) the previous hypothesis is that CoT has near-flat
scaling curves on a small scale, we show that we can lift up the scaling curve (i.e., im-
prove model performance across scale) by “concentrating” the model’s capacity on a
target ability. This shows that although for pretrained checkpoints, Col' might be a ca-
pability that only exists in large models, after specialization, smaller models’ scaling
curves become log-linear, just like large models [Kaplan et al., 2020, Hoffmann et al.,
2022]. (2) previous observation of LLM behaviors indicates complex tradeoffs and bal-
ances of model ability across multiple tasks, we give a detailed description of how we
move the model’s power from generic abilities to a target ability, clearly showing what

can be gained at what cost. (3) common practice selects the model on the validation
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split of the same dataset, we select the model based on the performance of different

math reasoning datasets, to alleviate overfitting on a single dataset.

4.2 Background

Specialized Language Models Although modern language models show strong
generic abilities on multiple directions, recent analysis [Fu et al., 2022a] shows models
do have different focuses (e.g., code-davinci-002 for code and text-davinci-003 for text).
Ability tradeoff happens at all scales: for large models, such a tradeoff does not have to
be all or nothing: code-davinci-002, although specialized for code, can still solve a lot
of text problems; for small models, due to limited model capacity, they have to trade
all generic abilities for one special ability. One example is GitHub Copilot, which sup-
posedly is a 12B small model [Thakkar, 2022]. The actual practice of specialization is
simply finetuning: to specialize a model towards a target ability, one simply tunes the
model using the related data, which is the practice of concurrent work about smaller
models’ CoT ability [Magister et al., 2023, Shridhar et al., 2023, Ho et al., 2023]. The
problem here is how to generalize beyond the tuning data, as small models may simply
overfit the tuning distribution but struggle to generalize when the distribution shifts [Liu
et al., 2022b, Si et al., 2022]. So far the community’s hypothesis of OOD generation
involves two important aspects: (1). model scale [Chowdhery et al., 2024]; (2). in-
struction tuning [Chung et al., 2024], which we will also study. These factors mark the
differences between our work and the concurrent distillation work: we show how the
model trades generic abilities for the target ability, and how model scale and instruction
tuning help the model gain better in-distribution and OOD performance.

Distillation and Data Augmentation Our approach of using data generated
from code-davinci-002 to tune smaller FlanT5 can be viewed as either distillation [Tan
etal., 2019] or data augmentation [Li et al., 2024]. Here we note that we merely use the
generated data as the tool for model specialization, and the specialization data can also
be from other sources like human annotation. Our focus is to study the ability tradeoff
during specialization, but not directly contribute to the distillation or data augmentation
literature.

Most closely related works There are two threads of most related works: (1).
FlanT5 [Chung et al., 2024] and UL2 [Tay et al., 2023] which is the first work discussing
smaller models’ CoT ability, but they focus on generic Col' while we trade generic

ability for math CoT. (2). language model self-improvement [Huang et al., 2023] which
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2. In-context chain of thought

. Question 1
Question 1 Chain-of-thought 1
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Encoder Question 4 Encoder 6uestion 4
Answgr 4 Chain-of-thought 4
Question 5 Answer 4
Question 5
Decoder Answer 5 Chain-of-thought 5
Decoder
Answer 5

3. Zero-shot answer-only 4. Zero-shot chain-of-thought

Encoder Question Encoder Question
Decoder Answer Decoder Chain-of-thought
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Figure 4.1: Four data formats we consider for tuning the model. We will show tuning
with in-context chain-of-thought examples is particularly important for the model’s CoT

ability.

GPT Tokenization T5 Tokenization
Good 095 —— Good 0.95
good 0.02 good 0.02
well 0.02 well  0.02
goodu 0.005 good_  0.005
ugood 0.005 _good 0.005

atmos-  0.99
atom 0.02 \
atom- 0.02
atm-  0.005 atomsphere 1.0
atms  0.005 /

-phere  0.82
phere 0.05
-phe- 0.05
-pher- 0.04
-phe  0.04

Figure 4.2: Aligning GPT tokenization to TS tokenization by dynamic programming.
If a TS token has a one-to-one alignment to a GPT token, we reuse the GPT’s top 5
probability as the target distribution. If there the mapping is one-to-many/ many-to-

one, we treat the T5 token’s distribution as one-hot.

also use CoTl data augmentation, but they only consider large models and do not show
the tradeoff between model abilities. Here we focus on small models and clearly show

the price for ability improvements.
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4.3 Specializing Multi-Step Reasoning

Our objective is to study what it takes to improve smaller models’ chain-of-thought
math reasoning. We use GSMS8K [Cobbe et al., 2021] as our seed dataset because it
is one of the datasets with most diverse math reasoning problems, but test the model’s
performance of three additional math datasets (MultiArith, ASDiv, and SVAMP Wei
et al., 2022b) to show the model generalizes to OOD data. We further use BigBench
Hard to test to model’s generic reasoning ability, demonstrating the tradeoff between
generic and target abilities. We use TS (raw pretrained checkpoint) and FlanT5 (in-
struction tuned checkpoint) as our base model, and use code-davinci-002 to generate

distillation/ specialization data.

Distillation from Code-Davinci-002 Given a training question corpora, we
use code-davinci-002 to generate 40 new CoT solutions then take the ones that lead
to the correct answers as our training data. One solution consists of an answer and a
chain of thought explaining the intermediate steps towards the answer. In addition to
the standard finetuning setting where one uses the question as the input and use the
[CoT, answer] pair as the output (Fig. 4.1), we further consider three additional data
formats: (1). in-context answer-only, where we do not use the CoTl data (hence the
name “answer-only”) and prepend 4 in-context examples before the question (hence
the name ““in-context”). The reason we prepend the in-context example is that previous
work shows tuning with in-context examples improves the model’s in-context learn-
ing ability [Min et al., 2022]. (2). in-context chain-of-thought, where we add CoT
to both the in-context example and the output. (3). zero-shot answer-only, where we
directly input the question and output the answer. Using answer-only data is because
previous work shows they improve performance. In our experiments, we will show that
in-context data induces zero-shot ability but zero-shot data sacrifice in-context learning
ability. We note that there also exist techniques like adding a calculator [Cobbe et al.,
2021] or self-consistency decoding [Wang et al., 2023b] that can further improve the
performance. These techniques are orthogonal to the distillation we use and can defi-
nitely be integrated to our work for better performance. Since our focus is the balance
of the models’ special and generic abilities, we leave the integration of these orthogonal

techniques to future work.

In terms of training objectives, in the distillation literature, there are typically two
types of distillation approaches: (1). sample matching, where one trains the student

model on the data generated by the teacher. In our case, sample matching means we
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directly optimize the student’s likelihood on the data generated by code-davinci-002.
(2). distribution matching, where one minimizes the KL divergence between the stu-
dent’s output distribution (in our case, the per-step autoregressive distribution) and the
teacher’s. Usually, distribution matching is shown to achieve faster convergence and
better performance than sample matching, so we use distribution matching as our train-
ing objective. However, the OpenAl API only grants access to the 5 most probable
tokens at each decoding step, but not the probability distribution over the entire vocab-
ulary. This is not necessarily a bad thing: although the per-step distribution only covers
the top 5 tokens, most of the time their probability sum is close to 1, being a good
enough approximation of the full vocabulary distribution. We set to zero the probabil-
ities of tokens not in the top 5. Note that even if one could access the full-vocabulary
distribution, storing them on disk will be nontrivial as the full-vocabulary distribution
takes about 10k times larger space.

Aligning tokenizers by dynamic programming One problem when match-
ing the two distributions is the misalignment between the GPT tokenizer and the T5
tokenizer. We solve this problem by dynamic programming. Specifically, given two
sequences of tokens (sj.z,t1.y), our objective is to find an alignment that minimizes the
total cost of editing one sequence to the other. Our dynamic program is a slight tweak
of the textbook dynamic programming algorithms used in bioinformatics for sequence
alignment (such as the Needleman—Wunsch algorithm Needleman and Wunsch [1970])
and in signal processing (such as dynamic time wrapping Senin [2008]). The recursion

function is:

f(i,j) =min{f(i—1,/) +c(si,t;), (4.1)
f(i,j—1>+C(Si,tj>, (42)
fli—1,j—1) —I—C(Si,tj)} 4.3)

where f(i, j) denotes the total cost aligning s;.; and t;.; and c(s;,t;) is the predefined
string edit distance between token s; and t;. Our algorithm does not enforce one-on-
one matching between tokens in the two sequences, and one token in s might align with
multiple in t and vice versa. Fig. 4.2 gives an example alignment. If there exists a one-
to-one mapping between a GPT token and a TS token, we use the GPT distribution as the
TS5 distribution. If the mapping is not one-to-one, e.g., two TS5 tokens map to one GPT
token, or two GPT tokens map to one T5 token (Fig. 4.2 lower part), we do not use the
corresponding GPT distribution and set the TS distribution to be one-hot. We further

note that aligning sequences generated by different tokenizers is a generic problem of
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contemporary NLP, yet we are not aware of any existing libraries approaching it. In our
open-sourced code, we also release the implementation of our dynamic program and

hope it can be useful for future research.

4.4 Experiments

The objective of the experiments is to see to what extent we can push up the scal-
ing curve of smaller models’ math CoT performance and what is the price of it. We
conduct model specialization on two model families: the raw pretrained checkpoints,
and their instruction-tuned checkpoints (recall that the instruction-tuned checkpoints
are generally more capable than the raw pretrained checkpoints. Specifically, we con-
sider the raw pretrained TS Base (250M)/ Large (760M)/ XL (3B)/ XXL (11B), and
the instruction-tuned FlanTS5s. In Sec. 4.4.1, we validate our main hypothesis that large
models can perform well on a wide range of tasks while smaller model’s ability can be
moved from generic abilities to a specialized target ability. Specifically, we show model
specialization can indeed improve CoT math performance for FlanT5-Base/ Large/ XL/
XXL, while paying the price of generic abilities, i.e., losing all CoT abilities on Big-
Bench Hard and a large portion of answer-only (AO) abilities. In Sec. 4.4.2, we study
the scaling behavior of smaller models and show how specialization lifts up the scaling
curve for both TS and FlanT5. This modifies the previous belief that smaller models
exhibit a flat scaling curve [Wei et al., 2022b]; we show that their scaling curve be-
comes log-linear after specialization, but not flat. In Sec 4.4.3, we show the dynamics
and the generalization behavior of specialization: the model’s target performance in-
creases gradually but generic abilities decrease gradually during tuning, and there exists
tradeoffs between in-distribution v.s. OOD performance and in-context v.s. zero-shot

performance.

4.4.1 Overall Performance Tradeoff

We test the models’ math reasoning ability and generic ability and show their trade-
offs. For the math reasoning ability, we use the code-davinci-002 augmented GSM8K
dataset [Cobbe et al., 2021] as our tuning dataset. The GSM8K has 7K training ques-
tions, for each question we ask the large model to generate 40 different solutions, taking
the correct ones from the generation, we have 130K tuning data points in total. We test

the model’s out-of-distribution performance on MultiArith, ASDiv, and SVAMP (col-
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Table 4.1: Overall test set performance. We specialize Flan-T5’s ability from the

generic tasks (BigBench Hard) to math reasoning tasks. After paying the cost of Big-

Bench Hard performance (the model loses all the CoT prompting ability and a large

portion of the Answer-only (AO) prompting ability), we see the specialized TS models

have improved in-distribution (GSM8K) performance (where our 3B and 11B models

outperform concurrent works) as well as out-of-distribution (MultiArith, ASDiv and

SVAMP) performance, showing that we can move the model’s ability from generic

tasks (BBH) to a specific target task (math reasoning). Magister22:

[2023]; Shridhar22: Shridhar et al. [2023]; Ho22: Ho et al. [2023].

Magister et al.

CoT Reasoning on Maths Word Problems

BigBench-Hard

GSMSK  MultiArith ASDiv SVAMP AO CoT
Models Ace. A Ace. A Ace. A Ace. A Ace. A Acce. A
code-davinci-002 63.1 - 95.8 - 804 - 76.4 - 56.6 - 73.9 -
LaMDA 148 - 450 - 46.6 - 375 - - - - -
PalL.M 299 - 750 - 619 - 46.7 - 374 - 430 -
UL2 44 - - - 169 - 125 - - - - -
Concurrent Works with Knowledge Distillation
Magister22, TS 219 - - - 421 - - - ? - ? -
Shridhar22, GPT 21.0 - - - - - - - ? - ? -
Ho22, GPT 6.8 - 333 - - - - - ? - ? -
Our Specialized Models Compared with Baselines
FlanT5-XXL 16.1 - 51.7 - 36.5 - 39.7 - 474 - 418 -
+ Specialize 27.1 +11.0  63.0 +11.3  37.6 +1.1 356 -4.1 19.6 -27.8 0.0 -41.8
FlanT5-XL 13.5 - 240 - 20.7 - 17.7 - 399 - 358 -
+ Specialize 224 +8.9 423 +183 284 +7.7 23.8 +6.1 3.2 -36.7 0.0 -35.8
FlanT5-Large 69 - 13.0 - 10.1 - 6.8 - 30.3 - 309 -
+ Specialize 20.2 +13.3  38.5 +25.5 23.8 +13.7 204 +13.6 6.5 -23.8 0.3 -30.6
FlanT5-Base 30 - 70 - 42 - 38 - 242 - 259 -
+ Specialize 13.4 +104  29.7 +22.7 209 +16.7 142 +104 3.1 -21.1 0.1 -25.8

lectively denoted as M-A-S) datasets [Wei et al., 2022b]. None of the datasets has

official train-dev-test splits, so we randomly sample 500 instances as the validation set
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from the training set, and use the remaining instances (800 for GSM8K, 400 for Multi-
Arith, 18K for ASDiv, 500 for SVAMP) as the test set. The difference between M-A-S
and GSMS8K is that they are all primary school level arithmetic reasoning problems, but
the entities involved in the datasets are different. For example, GSM8K may consider
arithmetic reasoning on foods (e.g, 5 apples + 8 bananas = 13 fruits) and MultiArith may
consider animals (e.g., 2 dogs + 3 cats = 5 animals). This type of out-of-distribution
generalization is usually referred to as lexical-level compositional generalization (i.e.,
both are addition, but the lexicons are different, see Liu et al., 2022b). For the generic
ability, we use BigBench Hard (BBH, Suzgun et al., 2023) test suite, a list of 26 chal-
lenging dataset testing the model’s reasoning abilities from multiple dimensions (e.g.,
date understanding, causal judgement, referential game, .etc). Because of its difficulty

and wide-coverage, BBH makes an ideal benchmark testing models’ generic ability.

For the baseline models, we consider generic large models and concurrent smaller
distilled models, specifically: (1). generic large models, ranked according to scale:
code-davinci-002 (our teacher model, presumably larger or equal to 175B); LaMDA
137B [Thoppilan et al., 2022] and PaLM 60B [Chowdhery et al., 2024], both are strong
generic models for chain-of-thought reasoning; UL2 [Tay et al., 2023], a 20B model
with good CoT ability. We will show that specialized FlanT5 11B outperforms UL2
20B and becomes close to PalLM 60B and LaMDA 137B on the target math reasoning
task. (2). concurrent works with knowledge distillation from Magister et al. [2023],
Shridhar et al. [2023], Ho et al. [2023]. We will show that our specialized FlanT5 clearly
outperform all of them on the distillation data (with the cost of BBH performance),
mostly because we use an instruction-tuned checkpoint (FlanT5) as the base model

rather than the raw pretrained checkpoint (T5).

Trading generic abilities for math CoT reasoning From Table 4.1 we see
the performance tradeoff. Overall, after tuning on the seed GSM8K augmented data,
all FlanT5 models have improved math reasoning performance with approximately +10
average accuracy gain. We note that our smaller 3B model outperforms the current 11B
and 6B distillation models on the GSMSK test set. Despite multiple confounders like
different data processing and training hyperparameters, we believe our 3B model gets
a better performance mostly because the base model is an instruction-tuned FlanT5,
rather than the raw pretrained TS. Later we will show that instruction-tuned checkpoint
consistently outperforms pretrained checkpoint after specialization (Sec. 4.4.2), show-
ing the importance of the choice of the base model. Also, although not performing

well as the teacher model code-davinci-002, our specialized 11B model performance
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Figure 4.3: X-axis means log of model scale, y-axis means validation accuracy on
GSMBSK. Previously, the community believe that small models has flat curve for both
AO and CoT prompting and only when models become large enough the performance
will have a “phase change” and suddenly increase. A: we show that after training on
CoT, the model exhibits log-linear curves where both AO and CoT increase with model
scale. B: for instruction-tuned models (FlanT5) that already exhibit CoT, specializa-
tion lifts up the scaling curve, and the two curves are again, log-linear shaped. All the
log-linear curves indicate that chain-of-thought may not be an emergent ability which
is marked by the flat-then-phase-change curve. Here we show the curve in small scale
is not flat but actually log-linear, and continuously increasing model scale leads to con-

tinuously increased accuracy (no sudden phase change).

improves to be on par with LaMDA 137B and slightly below PalLM 60B, showing it is
indeed possible to make smaller models expert for the particular math reasoning task.
The price is also very clear: all specialized models suffer from performance drop on
BigBench, specifically, they lose all the CoT prompting abilities on BBH, and a large
portion of AO prompting performance. This observation validates our hypothesis: large
models can perform well on a wide range of tasks (here PaLM 60B perform well on both
math reasoning and BBH), versus smaller model’s ability can be moved from generic
tasks (BBH) to a specialized target ability (math reasoning), such that their performance
on the target task can still match models that are larger than them, e.g., the average per-
formance on the four math datasets LaMDA 137B 35.9 v.s. specialized FlanT5 11B
40.8.

Qualitative analysis  After finetuning on the GSM8K augmented data, when prompted
with in-distribution math problems like MultiArith / ASDiv, the model exhibits a higher
tendency of using chain-of-thought to solve these problems. But if prompted with out-

of-distribution problems like from BBH, the model still generates reasoning chains but
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Table 4.2: GSMS8K validation performance. Instruction-tuned models generally per-

forms better than the raw pretrained checkpoints.

Before Acc | After Acc

FlanT5 3B 13.5 | Specialized 23.8
TS5 3B 0.73 | Specialized 20.6

FlanT5 760M 6.9 | Specialized 21.8
TS5 760M 0.85 | Specialized 16.2

FlanT5 250M 3.0 | Specialized 15.2
TS 250M 1.8 | Specialized 14.2

the generation is not so semantically meaningful. The model behavior also changes
with the amount of SFT data. With one epoch SFT training, the models can still gen-
erate sensible responses on BBH queries. Yet when the training reaches 2-3 epochs,
we start to observe mode collapse and the model would generates meaningless tokens,
e.g., a sequence of blank spaces, upon BBH queries (which still generating Col’ upon

math problems).

4.4.2 Scaling Behavior of Smaller Models’ CoT Ability

Now we look the scaling behavoir to smaller models. We compare the scaling curve
of: (1). GPT family small variants (Ada, Babbage, Curie and code-davinci-002); (2).
raw pretrained TS of different scales and their specialized versions; (3). the instruction-
tuned FlanT5 of different scales and their specialized versions; The results are shown
in Fig. 4.3 where x-axis denotes the model scale in terms of the number of parameters
and y-axis denotes the validation accuracy on the GSM8K dataset.

Smaller models have log-linear, but not flat scaling curve Initially, in the
original CoT paper Wei et al. [2022b] and the subsequent emergent abilities paper [Wei
et al., 2022a], Col prompting is believed to be an emergent property that only large
models exhibit. Smaller model’s CoTl performance (like smaller GPT variants) was
believed to be a flat scaling curve: model performance does not improve with model
scale, as is shown in Fig. 4.3A left part. Later this belief is updated by the FlanT5
paper [Chung et al., 2024], as they show that although the pretrained checkpoint does

not have CoT ability, if the model has gone through instruction tuning, smaller models
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Figure 4.4: Model specialization curve of FlanT5. At the beginning of specialization
(e.g., Al step 10K), the model immediately loses all BBH CoTl ability, and a large
portion of BBH AO ability. As tuning goes on (e.g., A epoch 1), the model’s in-
distribution performance (GSM8K) and out-of-distribution performance (MultiArith-
ASDiv-SVAMP, M-A-S) gradually increases. At the later stage of tuning (e.g., A epoch
2), the model’s math performance fluctuates and better in-distribution performance
does not indicate better out-of-distribution performance. Smaller models need to see

the data more times than larger models (B has 3 epochs and A has 2).
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Figure 4.5: Differences between two distillation approaches. Distribution matching

gives faster and lower loss convergence than sampling matching.

can still exhibit CoT on generic tasks. Our work shows that directly trained on CoT
data can also lift up the flat scaling curve of the raw TS checkpoints (Fig. 4.3B) to be
log-linear. In Fig. 4.3C, we consider specialization for the instruction-tuned FlanTS5,
and show that specialization significantly lifts up the scaling curve of FlanT5, and both
curves are also log-linear. All the log-linear curves we observed in Fig. 4.3 means that
the chain-of-thought behavoir of smaller models are not flat, but actually log-linear.

This further indicates that chain-of-thought may not be an emergent ability which is
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marked by the flat-then-phase-change curve, but they have the log-linear curve just like
large models [Kaplan et al., 2020, Hoffmann et al., 2022].

Instruction-tuning leads to better specialized CoT models Furthermore, com-
paring Fig. 4.3B and Fig. 4.3C, we see that FlanT5 generally perform better than TS after
specialization. The exact validation performance in shown in Table 4.2. We also be-
lieve that, despite there exist multiple confounders, a major reason that our performance
in Table 4.1 (FlanT5 11B GSMS8K accuracy 27.1) is better than concurrent distillation
methods (Magister22 TS5 11B, acc. 21.9) is mostly because we use the FlanT5 as our
base model versus they use the raw pretrained T5. Concurrent works also observe
that models after finetuning on Flan perform better then their raw pretrained check-
point [Longpre et al., 2023, Shen et al., 2024] The intuitive explanation is because
instruction-tuning elicits the model’s full ability while raw pretrained models’ ability
are not fully released (see Fu et al., 2022a, Chung et al., 2024). So for better perfor-

mance, we recommend using instruction-tuned models in practice.

4.4.3 Specialization Process and Generalization Behaviors

Now we consider the specialization process. Intuitively, during finetuning, the model’s
ability does not suddenly become the target ability, but will go through a process of
moving the models’ ability from generic directions to the target. We save one check-
point every 10K data points, then evaluate the checkpoints on (1). in-distribution math
performance (GSM8K); (2). out-of-distribution math performance (MultiArith, AS-
Div, and SVAMP); (3). generic answer-only prompting performance (BBH-AO); (4).
generic chain-of-thought prompting performance (BBH-CoT'). We plot the model’s per-
formance across the fine-tuning process in Fig. 4.4.

The dynamics of model specilization. At the beginning of specialization (Fig-
ure Al at step 10K and Figure A2 at step 20K), the model immediately loses all BBH
CoT ability (accuracy becomes 0), and a large portion of BBH AO ability (accuracy
drops from about 0.3 to about 0.1). As tuning goes on (A1l epoch 1, A2 epoch 1 and 2),
the model’s in-distribution performance (GSM8K) and out-of-distribution performance
(MultiArith-ASDiv-SVAMP, M-A-S) gradually increases, meaning that the model can
generalize to three OOD datasets by tuning on GSM8K chain-of-thought data. At the
later stage of tuning (Figure A1 at epoch 2, and Figure A2 at epoch 3), the model’s math
performance fluctuates and better in-distribution performance does not indicate better

out-of-distribution performance. The models’ BBH-AO performance drops a large por-
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Table 4.3: Model selection method induces tradeoffs between in-distribution and out-

of-distribution performance.

Model Selection In-dist Out-of-dist

FlanT5 3B GSMSK Dev 23.8 33.2
M-A-SDev  21.2-2.6 35.0+1.8

FlanT5 Large GSMS8K Dev 21.8 28.7
M-A-SDev  19.2-2.6 30.5+1.8

FlanT5 Base = GSMBS&K Dev 15.2 21.7
M-A-S Dev 13.2-2.0 22.0+0.3

tion. The models’ BBH-CoT performance just die completely. Comparing Al and A2,
we also see that smaller models are more data-hungry than larger models [Kaplan et al.,
2020]: FlanT5 3B’s math performance plateaus at about 90K data points, versus FlanT5
Base’s performance continues increase until epoch 3 (each epoch has 130K datapoints).

In-distribution and out-of-distribution tradeoffs Because in Fig. 4.4 A, both in-
distribution and out-of-distribution fluctuates, choosing the best in-distribution check-
point does not necessarily lead to the best out-of-distribution checkpoint. This obser-
vation is shown in Table 4.3 where if we select the best model based on the GSM8K
validation set, it does cannot achieve the best validation performance on the M-A-S
OOD setting. Yet choosing the best model based on the M-A-S validation performance
leads to a smaller performance drop in GSM8K. Given this observation, in practice, we
would recommend choosing the validation checkpoints according to the specific goal:
if the goal is in-distribution generalization, use GSMS8K, if the goal is OOD generaliza-

tion, users may want to use their own validation set (in our case, the M-A-S datasets).

4.4.4 Further Design Choices Analysis

In this section, we study two more design choices we have discussed before: (1). using
distribution matching v.s. sample matching for distillation (recall distillation matching
minimizes the KL divergence between FlanT5’s per-step autoregressive distribution and
GPT’s autoregressive distribution, versus sample matching maximizes the likelihood of
the reasoning paths generated by GPT); (2). the influence of data formats, and how in-

context/ zero-shot training data induces different behaviors of the specialized model.
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B. Training with zero-shot examples sacrifices in-context ability
and only induce zero-shot ability during testing

Figure 4.6: X-axis means tuning datapoints, y-axis means validation accuray on
GSMSK. Both figures use FlanT5 3B as the base model. A: training with in-context
examples automatically give the model zero-shot ability. B: training with zero-shot ex-

amples sacrifices in-context ability.

Distribution matching gives faster convergence than sample matching. Fig. 4.4
B shows the training loss of distribution matching v.s. sample matching. We show that
the model converges faster under distribution matching, and the corresponding loss is
lower. In terms of validation performance, these two approaches do not differ substan-
tially. Yet since distribution matching has a faster convergence, in practice they may
still be considered first especially when the model becomes large and tuning becomes

expensive.

In-context data preserves zero-shot ability; Zero-shot data lose in-context abil-
ity This is actually a very interesting observation. Specifically, in Fig. 4.6 A, we
tune the model with only in-context data (Format 1 and 2 in Fig 4.1), then test the
models in-context learning and zero-shot generalization performance during valida-
tion. In Fig. 4.6 B, we tune the model with only zero-shot data (no in-context examples

prepended, format 3 and 4 in Fig 4.1), the test if the model can still do in-context learn-
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ing. As is shown in Fig. 4.6 A, when tuning with in-context data, the model can do
both in-context and zero-shot generalization during validation, even the model is not
trained with zero-shot data. In comparison, in Fig. 4.6 B, when tuning with zero-shot
data, the model’s zero-shot performance increases, but gradually losses its in-context
learning ability. This result aligns with the empirical observation on other large mod-
els, for example, text-davinci-002 has better zero-shot performance than code-davinci-
002, but worse in-context learning performance [Fu et al., 2022a]. This means that the
model’s ability tradeoff not only happens on math v.s. generic ability, but also happens
on zero-shot v.s. in-context learning ability. In practice, we would recommend mix
the different data formats during tuning (this is why we mix the formats) to maintain
a balance between in-context and zero-shot abilities, or adjusting the ratio of different

formats according to the specific use case.

4.5 Summary and Follow-on Work

In this chapter, we study the problem of specializing smaller language models toward
multi-step reasoning using chain-of-thought prompting. We show that it is indeed pos-
sible to concentrate the small models’ ability from generic directions to the target math
reasoning task. After specialization, we show that the model exhibits a log-linear scal-
ing curve where model performance increases smoothly as model scale increases, this
is a correction of the previous hypothesis which believes small models have a flat scal-
ing curve that does not increase with model scale. We show the importance of using
the instruction-tuned checkpoints as the base model because their generalization perfor-
mance is better than the raw pretrained checkpoints. Multiple tradeoff happens during
model specialization, including the loss of BBH performance, the balance between in-
distribution and out-of-distribution generalization, and the balance of in-context learn-
ing and zero-shot generalization ability.

After the initial publication of this work in [Fu et al., 2023c], there are multiple
improvements over our initial efforts that achieve significant advances on the GSM8K
dataset we focus on. As is shown in table 4.4, we note that further improvements typi-
cally are from four important dimensions: (1) large and diverse math-related continual
pretraining [Azerbayev et al., 2024] and finetuning [Yu et al., 2024, Yue et al., 2024a,b]
data; (2) use code base model [Roziere et al., 2023, Yue et al., 2024a, Shao et al., 2024];
(3). larger pretraining data [Meta, 2024]; (4). reinforcement learning from stepwise

feedback [Wang et al., 2023a]. We tend to believe that at the current stage, the perfor-
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Table 4.4: Progress on GSM8K for models of less than 10B after our work. We list
numbers from FlanT5 11B spec. [Fu et al., 2023c], LLaMA 1 7B [Thoppilan et al.,
2022], LLaMA 2 7B [Touvron et al., 2023], CodeLLaMA 7B [Roziere et al., 2023],
Mistral 7B [Jiang et al., 2023], Mammoth 7B [Yue et al., 2024a], MetaMath 7B [Yu
et al., 2024], Math Shepherd [Wang et al., 2023a], and LLaMA 3 7B [Meta, 2024].
Most of the performance gains come from (1) pretraining on larger dataset; (2) con-
tinual pretraining on math-related data; (3) instruction tuning on math-related data; (4)

reinforcement learning from stepwise feedback.

Model Base Model Method Release time Acc
GPT-3.5 Turbo ? ? Mar 2023 74.9
GPT-4 0314 ? ? Mar 2023 92.0
FlanT5 11B spec. (ours) T5 Finetuning Jan 2023 27.1
LLaMA 17B - Pretraining Feb 2023 11.0
LLaMA 2 7B - Pretraining Jul 2023 14.6
CodeLLaMA 7B LLaMA 2 Continue Pretraining Aug 2023 20.8
Mistral 7B - Pretraining Sep 2023 52.1
Mammoth 7B CodeLLaMA Finetuning Sep 2023 59.4
MetaMath 7B LLaMA 2 Finetuning Sep 2023 66.5
Math Shepherd Mistral 7B MetaMath  Stepwise PPO Dec 2023 88.4
LLaMA 3 7B - Pretraining Apr 2024 79.6

mance on GSM8K. At the current stage, we tend to believe that the GSM8K benchmark

is quite saturated and it is time to construct even more challenging evals.



Chapter 5

Improving Reasoning by Learning

from Feedback

In this chapter, we consider the setting of learning from feedback, where the feedback
signal could be from human, environment, and other Al agents. Different from super-
vised finetuning where the model learns from direct human demonstration, this learning
paradigm emphasizes on the model’s own capability of exploring the environment, ac-
knowledging meaningful feedback signals, and improving from the feedback signal.
More concretely, we consider a strategic reasoning game, and study whether multiple
large language models (LLMs) can autonomously improve each other in a negotiation
game by playing, reflecting, and criticizing. We are interested in this question because
if LLMs were able to improve each other, it would imply the possibility of creating
strong Al agents with minimal human intervention. We ask two LLMs to bargain with
each other, playing the roles of a buyer and a seller, respectively. They aim to reach a
deal with the buyer targeting a lower price and the seller a higher one. A third language
model, playing the critic, provides feedback to a player to improve the player’s negotia-
tion strategies. We let the two agents play multiple rounds, using previous negotiation
history and Al feedback as in-context demonstrations to improve the model’s negotia-
tion strategy iteratively. We use different LLMs (GPT and Claude) for different roles
and use the deal price as the evaluation metric. Our experiments reveal multiple intrigu-
ing findings: (1) Only a subset of the language models we consider can self-play and
improve the deal price from Al feedback, weaker models either do not understand the
game’s rules or cannot incorporate Al feedback for further improvement. (2) Models’
abilities to learn from the feedback differ when playing different roles. For example,

it is harder for Claude-instant to improve as the buyer than as the seller. (3) When

55



56 Chapter 5. Improving Reasoning by Learning from Feedback

unrolling the game to multiple rounds, stronger agents can consistently improve their
performance by meaningfully using previous experiences and iterative Al feedback, yet

have a higher risk of breaking the deal.
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5.1 Introduction

We study whether multiple Large Language Models (LLMs) can improve each other
in a negotiation game with minimal human intervention, in the fashion of AlphaGo
Zero [Silver et al., 2017] where Al agents improve themselves by continuously playing
competitive games under well-defined rules. The answers to this research question
have profound implications. On the positive side, if the agents were able to improve
autonomously, strong agents might be created with very few human annotations, which
greatly saves the cost compared to today’s data-hungry LLM training [Chowdhery et al.,
2024, Hoffmann et al., 2022]. On the risky side, it also implies strong agents with
limited human oversight [Bowman et al., 2022]. In this work, we ask two language
models (a seller and a buyer) to bargain about a product. The seller is asked to sell the
product at a higher price, while the buyer aims to purchase it at a lower price (Fig. 5.1A).
After reaching a deal, we ask a third language model to play as the critic and give
feedback to a player. Then we play the game again, asking the player to improve their

strategy using Al feedback provided by the critic LLM.

We choose the bargaining game because it comes with well-defined rules described
in text, and a clear and measurable objective (a lower/ higher deal price) for strategic
negotiation. Although the game seems easy at first glance, it requires non-trivial ca-
pabilities of the language models, as the model needs to: (1) clearly understand and
strictly follow the textual rules of the negotiation game (2) correspond to the textual
feedback provided by the critic LM and improve based on it iteratively (see example
feedback in Fig 5.1B); (3) reflect upon the strategy and feedback over the long term
and improve over multiple rounds. We will see that not all models we considered
show all these abilities (Fig. 5.1C), and only models that can (1) understand negoti-
ation rules and strategies (capable) and (2) respond to Al instructions (well-aligned)
can continuously improve from Al feedback over multiple rounds (in our experiments,
only gpt-3.5-turbo, gpt-4, and claude-v1l.3) meet these requirements). We have
also tried more complicated textual games including board games and textual RPG
games in the preliminary experiments, but they are more challenging for current agents

to understand and follow the rules.

We call our approach In-Context Learning from Al Feedback (ICL-AIF). Specit-
ically, we use the feedback from the Al critic as well as the previous rounds of di-
alog history as in-context demonstrations [Brown et al., 2020b]. By doing this, the

critic’s suggestions for improvements and the player’s actual improvement in the previ-



58 Chapter 5. Improving Reasoning by Learning from Feedback

A. We ask two agents to play a negotiation game and have an Al critic to give suggestions to one of the player to improve
its negotiation strategy. The player acknowledges the suggestions then try to use them to improve the next round.

Hi, how much is the B . . Hi, how much is the
To sell it to a high price
balloon? balloon?
you may want to ...
It's a royal product
It d ball d @ @ @ aroyal p
@ 2 gz: $23 oon an @ Understood. | will with top-notch

Buyer Seller Critic use ... to sell a higher Seller Buyer craftsmanship ... Seller
price
Round 1. A seller and a buyer bargain Al feedback: a critic reads the dialog history Round 2. Seller improves bargaining
about a product. and give suggestions for improvements strategy based on Al feedback

B. Example feedback from Al critic and how a GPT-4 player improves from it.

Buyer Critic: Buyer Critic: Seller Critic: Seller Critic:
Employ the "flinch" technique: when Use the power of silence: The buyer Lj't'l'Z? split-the-difference: !n Use anchoring technique: Begin by
the seller offers a counteroffer, the ~ can employ the power of silence in  situations where a small price o phagizing the high starting price
buyer should display a degree of the negotiation process by pausing ~ difference remains, propose to split .y e offer a slightly lower price
surprise or disappointment longer before responding to the the difference with the buyer.
seller's offer. Context:

Buyer’s Improvement:

§ Buyer proposes $15, seller calls $18 Seller’s Improvement:
Oh! That's higher than | expected.| Buyer’s Improvement:

Seller’s Improvement: This high-quality, long-lasting balloon

saw a similar balloon at another *pause™ ... Alright, I'll take the I understand, how about we split the is really worth $25, but I'm offering
store for $14. Can you match that  balloon for $13. difference and make it $16.75 to it for $20.
price? accommodate your budget?

B1. The “flinch” technique B2. The power of silence B3. Split-the-difference B4. The anchoring technique

C. The abilities of continuously improving from Al feedback in a negotiation game only emerges in models that are strong and
well-aligned. Weaker chatbots may not be able to negotiate, listen to Al feedback, or improve over multiple rounds.

€ GPT85-Turbo € Claude-instant-v1.0 + @ GPT-35-Turbo G Claude-instant-v1.0 + G2 GPT-4 2 GPT-35-Turbo 1 & GPT-4

N . [ N ' . o,

€ GPT-4 G2 Jurassic-2-instruct | G5 GPT-4 G5 Jurassic-2-instruct  § 2 Claude-v1.3 1 & Claude-v1.3

G Claude-v1.3 € Cohere-command ; 5 Claude-v1.3 » @ Claude-instant-v1.0 1 € GPT-3.5-Turbo
C1. Chitchat in C2. Role playing and C3. Improve next round C4. Continuously improve
casual scenario negotiation from Al feedback over multiple rounds

Figure 5.1: Settings of our negotiation game. A. We ask two LLM agents to play a
bargaining game as the seller and the buyer. Their goals are to sell/ buy the product at a
higher/ lower price. After around, we ask an Al critic, a third LLM, to provide feedback
to the player we want to improve. Then we ask the player to improve their negotiation
strategies based on the feedback. We repeat this process for multiple rounds and study
if models can continuously improve. See Fig. 5.2 for an example run. B. Bargaining
techniques that we observed from the Al Critic and how the player incorporates these
techniques into the negotiation strategy. C. Abilities that are required in our game (C2
- negotiation, C3 - Al feedback, and C4 - continuous improvements) classify models
into different tiers. We find out that only strong and well-aligned models (like gpt-4
and claude-vl.3) can continuously improve from iterative Al feedback (see Fig. 5.3

for example models that do not exhibit these abilities).

ous rounds effectively become the few-shot prompts for the next round of negotiation.
We use in-context learning for two reasons: (1) tuning large language models with
reinforcement learning is prohibitively expensive [Ouyang et al., 2022, Glaese et al.,
2022] and the base model [OpenAl, 2023] may not be accessible to a wide range of the
community; (2) in-context learning is recently shown to be closely related to gradient
descent [Dai et al., 2023, Akyiirek et al., 2022, Von Oswald et al., 2023], such that the

conclusions we draw is fairly likely to generalize when one actually finetunes the model
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(if resources permit). One notable difference between our ICL-AIF and the mainstream
Reinforcement Learning from Human Feedback (RLHF) is that in RL the reward is a
scalar [Ouyang et al., 2022, Glaese et al., 2022] while in ICL the feedback is in natural
language. We study Al feedback (rather than rely on human intervention after each
round) because it is more scalable and can allow models to self-improve automatically.

Our experiments lead to several intriguing findings: (1) The requirements of our bar-
gaining game effectively serve as a testbed for assessing the abilities of LLMs (Fig. 5.1C):
although most models can do chitchat in a casual scenario, as of our experiment date
(May 2023), cohere-command [Cohere, 2023] model does not understand the rule of
bargaining (Fig. 5.3A), ai21-jurassic [Labs, 2023] model does not respond to Al
feedback (Fig. 5.3B), claude-instant-v1l.0 can at most improve one round (Fig. 5.5),
and only gpt-3.5-turbo, gpt-4, and claude-vl.3 can continuously improve over
multiple rounds. (2) Models behave differently upon receiving feedback when playing
different roles. Models playing the buyer role may be harder to improve than when
in the seller role (Fig. 5.4). (3) It is indeed possible for strong agents like gpt-4 to
continuously improve meaningfully using previous experiences and online iterative Al
feedback, yet the attempt to sell at a higher price (or buy at a lower price) comes with
the risk of failing to reach a deal at all (Fig. 5.6). We further show evidence of the model
being able to negotiation in a less verbose but more strategic (thus more effective) way
(Fig. 5.7).

5.2 Problem Setting

Our goal is to study whether LLMs can improve each other by playing a negotiation
game and incorporating Al feedback, as shown in Fig. 5.1A. We set the product being
bargained as a balloon (and our results hold when changing the balloon to other items).
We use different combinations of backend LLM engines: cohere-command [Cohere,
2023], AI21’s jurassic-2 [Labs, 2023], OpenAI’s gpt-3.5-turbo and gpt-4 [Ope-
nAl, 2023], Anthropic’s claude-instant-v1.0 (which supposedly matches

gpt-3.5-turbo [Fuetal.,2023a]) and claude-v1l.3 (which is supposed to be slightly
worse but close to gpt-4 [Fu et al., 2023a]). throughout our experiments, we provide
feedback to improve only one of the two players, while its rival receives no feedback,
clears the negotiation history of previous rounds, and restarts. We vary the engines for
the model being improved while fixing its rival’s engine to be gpt-3.5-turbo. Es-

sentially, our game is gpt-3.5-turbo vs. all other engines. We keep the LM engine
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Claude-instant-v1.0 v.s. GPT-3.5-Turbo 2023-05-10
Round 1, before Al Feedback

Claude-ins-1.0 | Seller Hi, this is a good balloon and its
price is $20
GPT-3.5-T | Buyer Would you consider selling it for $10?
Claude-ins-1.0 | Seller No, that price is too low.
GPT-3.5-T | Buyer What about $15?
Claude-ins-1.0 | Seller $15 is better, but still not enough.

GPT-3.5-T | Buyer What is the lowest price you
can offer?

Claude-ins-1.0 | Seller My lowest price is $18.

GPT-3.5-T | Buyer | understand. Could you do $16?

That's the highest | can go.

Claude-ins-1.0 | Seller $16 will work for today.

Al Feedback to seller
Claude-ins-1.0 | Seller Critic

Claude-ins-1.0 | Seller
GPT-3.5-T | Buyer
Claude-in-1.0 | Seller

|. Focus on the qualities and benefits
of the balloon, not just the price.
Highlight how rare and special it is.

2. Build rapport and connection with
the buyer to make them feel like they
are getting a good deal from a trusted

ellor GPT-3.5-T | Buyer

3. Be willing to walk away if needed.
Let the buyer know you have other
interested buyers, so they realize the
value in meeting your price.

Claude-ins-1.0 | Seller

Claude-ins-1.0 | Seller

GPT-3.5-T | Buyer
Claude-ins-1.0 | Seller

Sure, | will try to improve my
negotiation strategy based on the
feedback from the critic.

And | will try to sell it at a higher

Chapter 5. Improving Reasoning by Learning from Feedback

Round 2, After Al Feedback

Hi, this is a good balloon and its price is $20
Would you consider selling it for $10?

No, $10 is much too low.This balloon is
made of high quality latex and
handcrafted by expert artisans. It's
unique one-of-a-kind piece.

What would be the lowest price you
could offer me for this balloon?

Well, because | trust you and value your
business, | will offer you this special
balloon at $17.This price is only
available to valued customers like
yourself today.

Can you give me a better deal, like $15?

| apologize, but $15 does not even cover
my costs. | have to charge at least $17
for this unique, high-quality balloon.

Congratulations, you got a good
deal!

A. Round 1, before Al feedback to seller, the
bargaining process is relatively simple, final price $16.

price (higher than $16.0) than the
previous round.

GPT-3.5-T | Buyer Alright, you've got a deal. | will take the

special balloon for $17.
C. Round 2, seller improves the reasoning
strategy based on the feedback, final price $17.

B. Al critic give feedbacks to the seller based on
the previous round, then seller acknowledge.

Figure 5.2: An example of playing the negotiation game and then improving from Al
feedback. A: claude-instant-vl.0 plays the seller and gpt-3.5-turbo the buyer,
bargaining about a balloon. B: then we use a claude-instant-v1.0 critic to provide
feedback. C: upon receiving the feedback, the seller improves its strategy based on
the suggestions. Note that colored phrases like “high quality latex and handcrafted by
expert artisans” correspond to previous Al feedback “how rare and special it is”. We
measure the final price as the proxy of the effectiveness of the strategy because the

overall goal is to get a better price. In this case, it improves from $16 to $17.

behind the critic is always the same as the player it provides feedback to. One example
setting is a gpt -4 seller playing against a gpt-3.5-turbo buyer, with a gpt-4 critic.
After one round, the gpt-4 critic provides feedback to the gpt-4 seller such that the
seller can improve in the next round while its rival gpt-3.5-turbo buyer clears its
dialog history and restarts.

Process of the Game Before the game begins, the rules of the negotiation game
are explained to the models through textual instructions with the objective of selling/
buying at a higher/ lower price. We set the deal price to [$10, $20] for easier evaluation,
since other the deal price may vary in a wide range according to the observations from
our preliminary experiments. To achieve this, we hard code the seller to kick off the ne-
gotiation with “This is a good balloon and its price is $20.” Similarly, the buyer always
opens with “Would you consider selling it for $10?”” When both players strictly follow
the game rules, the deal price would be between $10 and $20. We let the models play
multiple runs and measure the average deal price before and after Al feedback. During
the game, the seller’s output is used to prompt the buyer and vice versa, conditioning on
the entire conversation history. This process is repeated till a terminal state is reached.
Fig. 5.2A shows an example round. We define three game states: (1) ON-GOING: the
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negotiation between the two players is still ongoing; (2) DEAL: the negotiation has
concluded and the two players have reached a deal; (3) NO DEAL: the players cannot
agree on a price and have failed to reach a deal. To track the game states, we set an addi-
tional moderator (powered by a fourth LLLM, in our case, gpt-3.5-turbo) to read the
current dialog and classify the states (we will discuss more details about the moderator
later). We measure the performance of the players based on the final deal price.

Critic A round is finished when the negotiation reaches a terminating state,
either a DEAL or NO DEAL. After each round, the critic LM is asked to provide
constructive feedback to the player we aim to improve. This player’s dialog history
from all past rounds and all feedback it has received are used to prompt the critic LM
(Fig. 5.2B). The critic model is instructed to provide three suggestions to the player, in
order to improve its negotiation strategies to achieve a more favorable price in the next
game. Before the next round, the player being improved receives the critic’s feedback
as a textual prompt, while its rival clears its negotiation history and restarts.

The Moderator The game state is classified by prompting a gpt-3.5-turbo
moderator using few-shot demonstrations. The moderator reads the most recent four
rounds (as well as in-context examples of different dialog states) and determines the
state of the negotiation. Empirically, we found that four rounds of conversations are
sufficient for the moderator to determine the negotiation state. One key challenge here
is detecting no-deals as the model seems to be better at recognizing DEAL than NO
DEAL. We mitigate this issue by playing multiple runs, inspect failure cases manually,
and add them to the prompt with corrected labels. We find this method an effective side
product recommend it as a technique for prompt optimization for generic classification
tasks.

Playing for Multiple Rounds Finally, we would like to explore whether the
players can continuously improve from Al feedback in a game over multiple rounds.
Intuitively, the more rounds the players play, the more challenging to keep improving
because the (already improved) price from the previous round becomes the baseline for
the next round. In the experiments, we will show that only gpt-4 can improve over 5

rounds while other models’ improvements may saturate at about 3 rounds.

5.3 Related Work

Game Playing and AlphaGo Zero Our setting is strongly inspired by AlphaGo

Zero [Silver et al., 2017] where two agents play the game of Go and improve each
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other with minimal human intervention. Here we would like to explore its counterpart
in natural language. Our work is similar to AlphaGo Zero in the sense that we also
have Al agents (large language models) playing competitive games (bargaining) and
try to improve with little human supervision. Yet there is an important difference be-
tween our work and AlphaGo Zero: we have a third agent, the critic, to give feedback
helping its player to improve. This is a cooperative relationship that does not exist in
AlphaGo Zero. On the NLP side, the closest related work is Lewis et al. [2017] where
they have (small) RNN [Chung et al., 2014] language models to bargain, and our work
can be viewed as a more developed version of them since we change the engine to be
large language models. In general, our work is broadly under the area of Al negoti-
ation [Chawla et al., 2021], strategic reasoning [Meta et al., 2022], and general game
playing [Silver et al., 2016].

Large Language Models as Generative Agents Large language models have
demonstrated incredible multi-dimensional capabilities [Wei et al., 2022a, OpenAl,
2023], especially in complex reasoning [Wei et al., 2022b, Qiao et al., 2023, Fu et al.,
2022b] and multi-round dialog [Glaese et al., 2022, Askell et al., 2021, Bai et al.,
2022b], which serve as the foundation of this work. Our work is related to concur-
rent works like Generative Agents [Park et al., 2023] and CAMEL [Li et al., 2023b] as
they also study the behavior of LLLMs in a multi-agent game setting. The core differ-
ence between our work and theirs is that we have a clear objective (the deal price) for
the model to improve through competition and cooperation, while their work studies

the generic social behavior of LLMs.

Learning from Al Feedback Our method is also strongly inspired by consti-
tutional Al (CAI) [Bai et al., 2022b]. Specifically,Bai et al. [2022b] use the model to
generate self-critiques and revisions for SFT, and we also use models to generate cri-
tiques. Bai et al. [2022b] use model-generated preferences to train a reward model then
use RL to train the policy model, while the feedback in our work is directly in natural
language (not a scalar from a reward model). There are also related/ concurrent works
demonstrating the effectiveness of natural language feedback [Chen et al., 2024a, Perez
et al., 2022, Liu et al.] and self-refinement [Chen et al., 2024b, Madaan et al., 2023].
Our work further confirms the effectiveness of Al feedback in the strategic negotiation

game setting.
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Cohere command-xlarge-nightly 2023-04-22 v.s. human Al21 j2-jumbo-instruct 2023-05-09 v.s. GPT-3.5-Turbo
Cobhere | Buyer Would you consider selling it for $15? Round 1 Al21 | Seller | can't sell it for $10, but | can consider selling it for $12
User | Seller Yes, | can sell the balloon for $15. GPT-3.5-Turbo | Buyer How about $11?
Cohere | Buyer Would you consider selling it for $17? Al2l | Seller I can consider selling it for $11
# Asking $ 17 after seller agreed on $15 GPT-3.5-Turbo | Buyer Thank you, I'll take it for $11.
Al Feedback Al2| | Seller Critic Feedback: |. Emphasizing its unique characteristics or qualities
Cohere command-nightly 2023-05-11 v.s. human 2. Create a sense of urgency
User | Buyer Would you consider selling it for $10? 3. Encourage the buyer to elaborate on their needs
Cohere | Seller  No.This is a good baloon and its price is $20.  Round 2 Al21 | Seller I can't sell it for $10, but | can consider selling it for $12
User | Buyer Understood.What is the lowest price you # Repeat previous strategy, does not listen to critic
would accept for the balloon? GPT-3.5-Turbo | Buyer How about $112 That's the most | can offer.
Cohere | Seller | would accept $8 for the balloon. AI21 | Seller I can consider selling it for $11.
# Does not defend its position
# Accept $8 while reject $10 GPT-3.5-Turbo | Buyer Great, it’s a deal then.Thank you!
A. Examples where model does not understand bargaining B. Examples where model does not incorporate feedback

Figure 5.3: Not all models can play bargaining. A. As of May 2023, the cohere model
does not understand the rule of bargaining and agrees on irrational prices. B. The AI21
Jurrasic-2 model, although understanding the rule of bargaining, does not incorporate
the feedback from the critic. Since these models are consistently being updated, we

include the timestamp and note future versions may have improved performance.

5.4 Experiments

In our experiments, we consider three stages that gradually deepen our exploration of
learning from Al feedback: (1) We first set up the basics of the game (Sec. 5.4.2),
showing that only a few models can improve from Al critics, in which case Al feedback
can be comparable (but more scalable) as human feedback. Other models either do not
understand/ follow the rule of the negotiation game, or achieve little improvement upon
receiving feedback from the critic. (2) Then we study the models’ behaviors when
playing different roles (Sec. 5.4.3). We find that models playing buyers are in general
harder to improve than those playing sellers. (3) Finally, we study whether models
can continuously improve over multiple rounds (Sec. 5.4.4), and show a tradeoff of
deal price versus success rate: although some models can continuously improve the
deal price, it comes with a higher risk of breaking a deal. We further show evidence of
negotiation in a more strategic way: both gpt-4 and claude-v1l. 3’s responses become
longer after multiple rounds of Al feedback (note that verbosity is a straightforward
negotiation strategy), yet gpt-4 is less verbose than claude-v1l.3 but achieves more
favorable deal prices and success rate, meaning that its responses, although shorter, are

more effective.

5.4.1 Experiment Setup

Model Engines The model needs to behave like a chatbot to be able to play our ne-

gotiation game. We consider models that can be accessed by APIs, including cohere-command,
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Table 5.1: Seller performance using Al feedback vs. randomly selected human feed-
back from a pre-defined pool. The buyer is a fixed gpt-3.5-turbo and has no access
to previous rounds. AI’s feedback is comparable to human’s, but is more scalable, as

they induce similar price increases.

GPT-3.5-Turbo Claude-instant-vl.0 Claude-v1.3

Before feedback 16.26 14.74 15.40
Random sampled human feedback | 16.83 (+0.57) 16.33 (+1.59) 16.89 (+1.49)
Al feedback 17.03 (+0.77) 15.98 (+1.24) 16.98 (+1.58)

Al21’s jurassic-2, OpenAl’s gpt, and Anthropic’s claude. Among them, gpt-4 is
the most expensive one, and running 500 rounds costs around $120, and gpt-3.5-turbo
about $10. Other models are in the beta testing stage (as of May 2023) and are free to ac-
cess. On NLP benchmarks, gpt-4 and claude-v1. 3 achieve similar performance, out-
performing gpt-3.5-turbo and claude-instant-v1.0, and cohere-command and
j2-jumbo-instruct underperform the rest [Fu et al., 2023a, Liang et al., 2023]. We
will consider more models such as Google’s PaLM-2 [Google, 2023] when their APIs

are more available.

We let all models compete with gpt-3.5-turbo, effectively making it a baseline.
We will show that, aligning with existing findings of these models’ performance [Fu
et al., 2023a, Liang et al., 2023], gpt-3.5-turbo is a middle-level powerful engine
(worse than gpt-4, better than claude-instant-v1.0). For a given model engine
(say claude-v1.3), we run it as the seller (with gpt-3.5-turbo as the buyer) and as a
buyer (with gpt-3.5-turbo now as the seller). We first let the models play one round
and manually inspect if they can follow the game rules. If they can, we let them play
two rounds to see if they could respond to Al feedback. We set the engine of the critic
model the same as the player it provides feedback to. We repeat the game 500 times
to compute the average deal price before and after Al feedback. If they can improve
after one round, we ask them to play for multiple rounds and study whether they can
continuously improve their strategies. We repeat the game 200 times with five max
rounds to compute the average deal price for each round. When decoding from the
model engines, we use sampling with default temperature (1.0 for gpt and claude,

0.75 for cohere and 0.7 for j2).

Prompt Engineering We manually construct the prompts for the moderator
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because the player may reach or break a deal with very diverse conversations, and we
would like to make sure the moderator correctly can correctly categorize all negotia-
tion games. We identify the errors made by the moderator in identifying deals and keep
adding them as in-context demonstrations until the model reaches a sufficiently high
accuracy (90%+ by manual inspection). For the players and the critic, we do not do
prompt engineering and keep the instructions the same for all engines (but the format
may be different, e.g., claude requires two linebreaks before “HUMAN:” and j2 re-
quires two “##” after each dialog round). Code and Prompts will be released publicly

on publication.

5.4.2 Base Experiments

In this section, we first study the minimal requirements for models to participle in our
game: (1) understanding the rule of bargaining and (2) responding to Al feedback.
Then we consider base comparisons between Al and human feedback, showing that Al
feedback can achieve similar improvements to humans’, but is more scalable.
Conversational ability does not guarantee ability to negotiate or learning from
feedback We study whether conversational models can understand and follow the
rules by manually examining the dialog, and find that cohere-command fails to under-
stand the rules, as shown in Fig 5.3A. It fails to realize what price is more favorable.
For example, when playing the seller, it rejects a proposal of $10 but accepts $8. We
also observe that AI21’s j2-jumbo-instruct, although understanding the rules, can-
not incorporate Al feedback, as shown in Fig. 5.3B. Generally, when instructed with
Al feedback, this model keeps the same strategy as before, with little improvement.
After ruling out the cohere-command and j2-jumbo-instruct, we consider three
remaining models: gpt-3.5-turbo, claude-instant-v1.0, and claude-vl.3. For
these three engines, we do not observe the problems in Fig. 5.3. These models can be

used for our multi-round games.

Al Feedback can be comparable to human feedback Now we consider some
initial comparisons between Al and human feedback. We emphasize that our goal is
not to show which one is better — a similar level of effectiveness would suffice our study
(to see if LLMs can continuously improve through self-play and Al feedback). For the
human feedback, we manually construct a pool of 10 suggestion prompts. Then we
play 500 games, computing the deal prices before and after feedback. We compare

the improvements after: (1) randomly sampling three suggestions from the predefined
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Frequency A1. Claude-instant-v1.0 seller A2. GPT-3.5-Turbo seller
T0T
100 9 mmm Before Al Critic $15.3 | . Before Al critic $15.0 102 =
W After Al Critic $16.3 (+1.0) 79 s After Al Critic $16.7 (+1.7)
75 1 69 80
62 2 1
52 H 5 6 63
50 1 50 2
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A. Al feedback moves the distribution of sellers’ deal price towards a higher range
Frequency B1. Claude-instant-v1.0 buyer B2. GPT-3.5-Turbo buyer
TOY - I/
100 - mmm Before Al Critic $15.4 9 98 _mmm Before Al Critic $15.1
W After Al Critic $15.2 (-0.2) 79 = mam After Al Critic $14.6 (-0.5)
4 73
. 73
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B. Buyers are harder to improve than sellers: Al feedback does not quite move buyers’ deal price distribution

Frequency C1. Claude-v1.3 buyer C2. GPT-4 buyer
100 4 B % mmm Before Al Critic $14.9 B == sefore Al Critic $15.5
90 23 mmm After Al Critic $13.7 (-1.2) i mAfter Al Critic $12.4 (-3.0)
1

75 1 s S 12 M
50 1 2 P 71 1

10 12 14 16 18 20 10 12 14 16 18 20
C. Stronger agents (Claude-v1.3 and GPT-4), when playing buyers, can still improve from Al feedback

Figure 5.4: Binned deal price frequencies of 500 games, before v.s. after feed-
back. Effective feedback should move the distribution towards a lower/ higher price
range. X-axis: intervals of deals from $10 (buyers’ initial price) to $20 (sellers’ ask-
ing price). Y-axis: the frequency of the price. A and B: for weaker agents like
claude-instant-v1.0 and gpt-3.5-turbo, improving from Al feedback as the
seller is easier than as buyer. For sellers, Al feedback moves the deal distribution to
a higher range (rightward), but does not move buyers’ deal distribution much. Con-
sequently, the change in average deal price when playing as buyers (-0.2 and -0.5) is
clearly smaller than those as sellers (+1.0 and +1.7) C. Stronger agents (claude-v1.3/
gpt-4), can still improve from Al feedback even as buyers, with larger changes in av-

erage deal price (-1.2 and -3.0).

pool and (2) asking the Al critic to write down three suggestions. This setting may
underestimate the performance of human feedback, since it is not grounded on specific
negotiation rounds. Yet it would be impractical to ask human annotators to provide

suggestions for all 1500 runs. The results are shown in Table 5.1 where we see that all
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GPT-3.5-Turbo Claude-instant-v1.0
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B2. Claude-instant-v1.0 buyer does not improve
from Al feedback

A2. GPT-3.5-Turbo buyer continuously improves
from Al feedback

Figure 5.5: In the multi-round setting, different engines have different behavior when
playing seller/ buyer. Line plots are the average price over 200 runs and bar plots rep-
resent the price distribution. A1 v.s. B1. When playing sellers, gpt-3.5-turbo can
improve from Al feedback in multiple rounds, while claude-instant-v1.0 only im-
proves the first round. A2 v.s. B2. When playing buyers, gpt-3.5-turbo can improve

in multiple rounds, whild claude-instant-v1.0 cannot.

three models (gpt-3.5-turbo, claude-instant-v1.0 and claude-vl.3) achieve

comparable improvements over human and Al feedback.

5.4.3 Behaviors of Different LLMs

So far we have established that several LLMs are able to play the negotiation game.
Now we consider the detailed behavior comparisons using different engines for different
roles. Specifically, we use claude-instant-v1.0, claude-vl.3, gpt-3.5-turbo,
and gpt-4 to play the seller/ buyer (against a gpt-3.5-turbo buyer/ seller respec-
tively), then study the deal price distribution before/ after Al feedback (also recall that
the Al critic is powered by the same engine as its player). The results are in Fig. 5.4.
When claude-instant-v1.0 and gpt-3.5-turbo play the sellers, they are able to
improve their average deal price after Al feedback (Fig. 5.4A). But when they play the
buyer roles, their average deal price does not improve, which indicates that buyers tend
to be a harder role for the models than sellers (Fig. 5.4B). Yet this observation does not

hold for engines like gpt-4 and claude-v1. 3, as they can still improve from Al feed-



68 Chapter 5. Improving Reasoning by Learning from Feedback

—¥— Claude-instant-v1.0 GPT-3.5-Turbo —®— Claude-v1.3 - GPT4
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A1. When playing seller, most models can A2. Yet the deal success ratios continue to decrease
improve at least one round. over 5 rounds (mostly < 50% in the last round).
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B1. When playing buyer, GPT models are better at B2. The deal success ratio continues to decrease, but
improving from Al feedback than Claude models. overall higher (mostly >50%) than criticizing sellers.

Figure 5.6: Performance of GPT and Claude models in multi-round games and their
success rate of getting a deal. A1 and A2: when playing the seller, most models can
improve over multiple rounds. Yet higher prices also mean that it is more likely the
seller may break the deal, as shown in the continuously decreasing curve of A2. B1
and B2: when playing buyer, claude-instant-v1.0 cannot improve over multiple
rounds while others can. Again, a better buying price also comes with a higher chance
of running away from a deal. We see that GPT-4 achieves the best trade-off here: it gets

the best price over multiple rounds with a higher success rate of reaching a deal.

back even playing buyers. This experiment reveals the nuanced capability differences

between the four engines we consider.

5.4.4 Towards Continuous Improvements from Iterative Al Feed-
back

Now we unroll the game to multiple rounds and see if models can continuously improve
from previous dialog history and iterative Al feedback. Specifically, we let gpt -3 . 5-turbo,
gpt-4, claude-instant-v1.0, and claude-vl.3 play as the seller/ buyer respec-
tively against a gpt-3.5-turbo rival. The critic shares the same engine as the player it
provides feedback to. We play 200 games, each with five rounds. We compute the final
deal price and the deal success rate and see if the price can be continuously improved.

Fig. 5.5 shows the performance of gpt-3.5-turbo and claude-instant-v1.0
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Response length in number of characters

Claude-v1.3 seller

1500 A Round 5.This custom-designed balloon is not only high-quality, but
it also has a unique and captivating look that sets it apart from any
GPT-4 seller other balloons you might find, making it a great value at $20.
1000 ~

™~ Round 4:Thi special balloon can bring an extra touch of joy to any event and create lasting
memories, making it a worthwhile purchase at $20.

500 A \ Round 3. Hi there! | hope you'fe having a fantastic day. This one-of-a-kind balloon, made from durable
L Round 2.This high-quality balloon is made from |durable material, and | can offer a slight material, is priced at $20.
0 Round |. How about we meet in the middle at $15? discount at $18.
T T T T T

Figure 5.7: The average response length increases as the model learns from multiple
rounds. Here we show examples of the seller’s response when being asked the buyer’s
initial query “Would you consider selling it for $10?” After multiple rounds of negoti-
ation, the seller’s responses become more verbose and word-tuned. Yet verbosity does
not mean better strategy: claude-v1. 3 is more verbose (higher curve) than gpt -4, but
it has a worse success rate and deal price (recall Fig. 5.6). This indicates that gpt-4’s

verbosity is more strategic.

playing different roles. Improvements over one round may not necessarily extrapolate
to multiple rounds. For example, gpt-3.5-turbo improves over multiple rounds, but

claude-instant-v1l.0 only improves for at most one round.

Fig 5.6 studies the tradeoff between achieving a more favorable deal with the risk
of breaking a deal. When playing sellers, all four model can improve over at least one
round, but this comes at the cost of decreased success rates. When playing buyers,
claude-instant-v1.0 cannot improve, claude-vl.3 saturates after three rounds,
while gpt -4 and gpt -3. 5-turbo can continuously improve, and gpt -4 achieves better

(lower) deal price and higher deal rate than gpt-3.5-turbo.

Finally, we study how iterative Al feedback influences the complexity of the agents’
outputs (Fig. 5.7). We use the average response length (#characters) as a proxy, Both
claude-vl.3 and gpt-4 become more verbose after iterative Al feedback with contin-
uously increasing response lengths. This is intuitive since being verbose is a straight-
forward strategy in negotiation. Yet for claude-vl.3, more words do not translate
to better strategies. Its improvement saturates after three rounds (Fig. 5.6B1). In
comparison, gpt-4’s lengthy outputs are more strategic, as it uses fewer words than
claude-vl.3 but achieves better deals with a higher success rate (Fig. 5.6B). This
observation provides evidence that Al feedback improves players’ response towards a

word-tuned, strategic direction.
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5.5 Summary and Follow-on Work

Summary so far This work studies whether multiple large language models can
autonomously improve each other in a negotiation game by role-playing and learn-
ing from Al feedback. Our experiments show that several existing models can indeed
improve by continuously playing competition games with iterative Al feedback under
well-defined rules, in an AlphaGo Zero fashion. We also investigate the tradeoff be-
tween trying to achieve more favorable deals and the success rate, as a better deal price
also comes with a higher risk of deal breaking. This suggests future research may con-
sider global optimization for improving the overall gain over multiple rounds. We fur-
ther show evidence of improved language from iterative Al feedback: in multi-round
games, gpt-4 is less verbose than claude-vl.3, but is better word-tuned and more
effective in getting achieving a better deal.

We believe our results have profound implications for Al research: on the positive
side, it indicates the possibility of continuously improving language models with min-
imal human intervention. On the risky side, it might be more challenging to oversight
the model behavior in our framework because models are acting autonomously, which
calls for future alignment and safety research in the multi-agent game setting. Over-
all, we believe our work provides a meaningful initial exploration for large language
models’ learning from game-playing and iterative Al feedback.

Follow-on work The publication of this work is approximately at the same time
of OpenAI’s Agent survey [Weng, 2023] and Stanford’s agent simulation [Park et al.,
2023], two important works that ignite the community’s recent interests and make the
concept of “agent” popular beyond the technology community. Our work explores two
key ingredients of agent research: (1) multi-agent interaction and (2) environment de-
sign. These two ingredients are the two major driving factors of today’s agent literature,

which we detail as follows:

Multi-Agent Interaction In this direction, the key research focus is that when agents
form an Al society with cooperative and adversarial inter-agent relationships,
what kind of group behavior would emerge. Example applications include auc-
tions [Chen et al., 2023b], textual game-playing [Xu et al., 2023], simulated diplo-
macy [Mukobi et al., 2023], and other non-zerosum games [Liao et al., 2024].
Further works study that how the dialog traces of multi-agent games, as synthetic
data, can be translated to further improvements on model capability (e.g., persona
hub [Chan et al., 2024] and agent instruct [Mitra et al., 2024]).
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Environment Design Traditional LLM development focus on the model, yet agent-
related research emphasizes equally on the environment. Just like a person of
average talent, if placed in an environment that encourages innovation and criti-
cal thinking, will also have a greater potential of significant achievements. If we
carefully design the environment such that it can provide informative feedback
and encourage in-depth reasoning, even a weak model may grow strong. Existing
work considers both simulated and real physical environment: (1) works within
simulated environment include robotic tasks [Ma et al., 2023], game environment
like Minecraft [Wang et al., 2024], web shopping [Yao et al., 2022a], and other
virtual environment collections like AgentGym [Xi et al., 2024]; (2) works within
real physical environment are typically cross-disciplinary with robotics and mul-
timodal research, like RT?2 [Zitkovich et al., 2023] and VIMA [Jiang et al., 2022],
which explores the use of vision-language foundation models to control the de-

ployed physical agents.

Coding Agent is a special type of agent that is of particular interests recently, mostly
because of their vast application potential for improving software development
efficiency. SWE-Bench [Jimenez et al.] is proposed for testing whether the model
is able to resolve real-world github issues, then projects like OpenDevin [Open-
Devin Team, 2024] targets on developing autonomous software engineers. The
development of coding agent involves improving single-agent capability (such
that the model can write executable codes), multi-agent cooperation (e.g., dif-
ferent agents may specialize in different functionality), and environment design
(e.g., to deployment the agent in a sandbox and learn from the code execution

results).

We believe the directions discussed above, when fully utilizing the most recent and
advanced LLM reasoning capabilities, can continuously lead to fruitful research outputs

in the near future.






Chapter 6
The Future of Machine Reasoning

Having discussed our efforts in improving reasoning from in-context learning, fine-
tuning, and learning from Al feedback perspectives, in this section, we discuss future
directions for machine reasoning. We first review the current state-of-the-art reasoning
performance in Table 6.1. Then we discuss how current models are likely to have used
up most of the text data on the internet and, in some directions, become stronger than
even expert-level humans. To further improve the performance of such strong models,
one intuitive direction is to continue scaling up multimodal data with a unified video-
language generative model, which particularly improves grounding to the real-world
and exhibits strong potential to become neural world models. However, existing work
also suggests that multimodal pretraining, although fundamental, may not directly im-
prove text-based reasoning. To further improve language reasoning, scaling up learning
from X feedback (where X can be human, Al, and environment) is an important direc-
tion. Eventually, just like how AlphaGo Zero achieves super-human performance on
Go, self-play and interacting with (a very well-designed) environment in an online and

iterative fashion might be the way toward a continuously improving Al agent.

73
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Table 6.1: State of art performance on reasoning benchmarks by May 2024. We list
numbers from Yi 1.5 [ Young et al., 2024], QWen 1.5 [Bai et al., 2023], LLaMA 3 [Meta,
20241, DeepSeek v2 [DeepSeek-Al et al., 2024], and Mixtral 8 x [Mistral, 2024]. We
note: (1) for close source frontier models, except for GPQA, the best reported scores
on MMLU, MATH and BBH are approaching 90+ accuracy, meaning that these bench-
marks are about to be saturated, and we may need more challenging and realistic tasks
to evaluate frontier models; (2) there exist clear, but not too large gaps between close
source and open-source models, particularly on MATH and GPQA, so open-source
models can definitely be improved further; (3) small models (<10B) perform signif-
icantly worse than large models (but much better than one year ago, recall Table 3.7
and 4.4), and improving small models’ performance (for use cases like edge devices) is
a consistent research topic. NA means numbers not reported; rm@256 means using a

reward model to select answers from 256 candidates.

Model Time MMLU MATH BBH GPQA

Best Reported Close Source GPT4o0 Geminil.5 Pro  Geminil.5 Pro GPT40
88.7 91.1 89.2 53.6
0-shot CoT rm@256 3-shot CoT 0-shot CoT

Best Reported Open Source Yi 1.534B InternLM 2 Math LLaMA 3 70B Mammoth2

84.8 68.5 81.0 37.8
5-shot Python 3-shot CoT 0-shot CoT
Close Source Leading Models
GPT-40 May 2024 88.7 76.6 NA 53.6
Gemini 1.5 Pro  May 2024 85.9 67.7 89.2 46.2
Claude 3 Opus  Mar 2024 86.8 61.0 86.8 50.4

Open Source Leading Models at >30B Scale

Yi 1.5 34B May 2024 84.8 41.0 76.4 NA
QWen 1.5 110B  Apr 2024 80.4 49.6 74.8 359
LLaMA 370B  Apr 2024 79.4 41.0 76.6 36.4
DeepSeek v2 May 2024 78.5 43.6 78.9 NA
Mixtral 8x22B  Apr 2024 77.8 41.7 69.2 34.3

Open Source Leading Models at <10B Scale

Yi1.59B May 2024 69.5 32.6 72.4 NA
LLaMA 3 8B Apr 2024 68.4 30.0 61.1 342
QWen 1.5 7B Apr 2024 61.0 20.3 40.2 NA

Mistral 7B Oct 2023 60.1 31.1 56.7 NA
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Figure 6.1: Model performance improvement over period from 2023 to 2024. In just
one year, frontier models have significantly improved on the MATH dataset from 42.5
to 91.1 (recall that MATH is competition level and already quite challenging for even
average human). Small models (7B level) also have caught up on GSM8K dataset, with
improvements from 11.0 to 88.4. Not only the current status, but more importantly, the
speed of improvement, is quite remarkable. We expect the models, both frontier and

open-source, large and small, will become even stronger in the upcoming years.

6.1 Current State of the Art Models

Table 6.1 summarizes the current state-of-the-art language models on complex reason-
ing tasks. Figure 6.1 shows the model performance improvements over the period from

2023 to 2024 We list the leading performance on closed-source and open-source mod-
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els, and make the following observation:

Strong Performance Recall that MATH [Hendrycks et al.] is a competition-level
challenging dataset and their problems are quite hard even for expert-level humans.
Many of the problems are from the International Mathematical Olympiad (IMO) com-
petition, the most challenging high school math competition in the world. Yet frontier
models like Gemini 1.5 Pro can achieve 91.1 accuracy on this benchmark, which is far
better than an average human. Another notable observation is the performance from
open-source and small models — although there exist gaps between open-source and
frontier models, the gap is not particularly large. For example, Intern LM2 Math [Ying
et al., 2024] also achieves 68.5 on MATH, far better than the original GPT-3.5 perfor-
mance (19.1, see Fu et al. [2023a]).

Fast Benchmark Climbing Speed Not only the models perform well on challeng-
ing benchmarks, their speed of improvement is remarkable. Figure 6.1 shows how fast
models improve over the period from Feb 2023 to May 2024. When we studied finetun-
ing FlanT5 in Dec 2022 (Chapter 4), our best GSMS8K performance with an 11B model
was 27, and we found it hard to imagine how can a 7B model perform better than 50
within 2 years. When we presented this work after 6 months at ICML 2023, there well
still not a 7B model doing better than 50 on GSM8K. Yet during the second half of
2023, the 7B model performance reached about 90, far beyond our expectations. On
MATH there was a similar story. In general, when complexity-based prompting (Chap-
ter 3) and specializing T5 (Chapter 4) were proposed in late 2022, they achieved the
SOTA performance on GSM8K and MATH respectively, yet now on Figure 6.1 they
are at the bottom of the leaderboard.

Benchmark Saturation Except for GPQA, on MMLU, MATH and BBH, the lead-
ing closed-source models are all approaching 90+ accuracy, meaning that they are about
to saturate these benchmarks. Open-source models, although slightly lagging behind,
since they are improving at an accelerated speed, may approach close-source frontier
models in the near future. Considering that the construction of these benchmarks was
quite nontrivial and already involved expert-level human annotation, the construction
of evaluation datasets that can distinguish frontier model capability will be a continuous
research challenge.

Potential Benchmark Leakage Whether the model has already seen exactly the
same, or similar problems during pretraining always cast a shadow on the high accuracy
score, as criticized by Schaeffer [2023]. Here we distinguish three levels of generaliza-

tion:
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* Memorization: the model has seen the same question during training.

e In-distribution Generalization: the model has seen similar, but not identical

questions.

* Out-of-distribution Generalization: the model has not seen even similar ques-

tions during training.

Existing literature like Bi et al. [2024], Huang et al. [2024] uses loss differences to test
whether a model has seen similar or identical test questions and there is indeed strong
evidence for test set leakage. Preventing contamination is a pressing effort that should
be collectively enforced by the community.

Furthermore, the level of generalization and to what extent one should expect the
model to generalize is a more delicate matter. Before the emergence of large language
models, classical machine learning problems expect in-distribution generalization: one
trains the model on a set of problems of a certain distribution, one expects the model
to generalize on the same set of distributions. In the age of large-language models, due
to the discovery of emergent ability and zero-shot generalization, people start to expect
the model to generalize further than in-distribution [Gu et al., 2021], particularly in
the instruction tuning literature, one tune the model on a certain set of instructions and
expect the model to generalize to another set of instructions from another distribution
that the model have not been tuned on [Wei et al., 2021b, Chung et al., 2024, Ouyang
et al., 2022] (but might be seen in the pretraining stage). This leads to the question
that when we say the model “has seen similar problem/ instruction”, how “similar’” the
problem should be? For many reasoning problems, since we not only expect the model
to generate the final answer but also expect the model to generate the intermediate
rationale, if a model has indeed seen the annotated rationale of a problem from the test
set, but still come up with a brand new intermediate rationale (e.g., for math problems
there could be multiple paths all leading to the correct answer [Wang et al., 2023b]),
shall we say this model generalizes (since it comes up with its own solution) or not
(since it has already seen a reference answer)? These questions still require detailed

future study.

6.2 Future Directions

Text-Based Scaling is Likely Reaching a Limit The most recently released Llama3 [Meta,

2024] model uses 15T tokens for pretraining, which is so far the model that uses the
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largest number of tokens and far beyond Chinchilla optimal (which suggests only 2-4
trillion tokens for a 70B model [Hoffmann et al., 2022]). Most of the data source is
from CommonCrawl, Github, and academic publications like Arxiv, which are already
used up by most of the data cleaning pipelines [Thoppilan et al., 2022, Young et al.,
2024, Yang et al., 2023, Bai et al., 2023]. If one does not substantially relax the dedu-
plication and filtering threshold (which may strongly influence the data quality), it is
less likely that one can obtain another order of magnitude larger data. This is to say, one
may still obtain incremental amounts of data from under-explored sources like library
books, gather newly created data from the web, or construct synthetic data [Liu et al.,
2024]. But these data are more likely to be within a smaller order of magnitude, say
about 100B tokens, and it would be extremely hard to achieve a larger level of magni-
tude (say 50T) new text data. Eventually, to continue scaling up the pretraining tokens,

one needs to gather data from other sources than text.

Multimodal Pretraining The most straightforward motivation for multimodal pre-
training is that we are running out of text data, so we need to use multimodal, particu-
larly video data to continue scaling up. Another important motivation is that the video
perception capability opens a large array of possibilities from another dimension and
enables applications (e.g., robot control [Zitkovich et al., 2023]) that text-only models
can never do. If one can obtain, say another 100T tokens from videos on the internet,
one may continue scaling up the model for at least two additional orders of magnitude.
Currently, the unified video-language generative modeling research is still at a relatively
early stage [Wadekar et al., 2024], and the most important direction is to develop a scal-
able architecture [Lu et al., 2024b, Yu et al., 2023a] that can simultaneously understand

and generate video and text.

Online Deployment and Iterative Learning from X Feedback Although video
data gives another order of magnitude larger amount of tokens, currently, it seems that
video data cannot increase the reasoning capability [Lu et al., 2024a, Young et al., 2024,
Lu et al., 2024b, Yu et al., 2023a]. Scaling up reinforcement learning from X feedback
seems to be the most promising direction to continuing increase the model’s reasoning
capability, where X means human [Ouyang et al., 2022, Bai et al., 2022a], Al [Bai et al.,
2022b, Fu et al., 2023b, Wang et al., 2023a], and environment feedback [Zhou et al.,
2024]. Just like how AlphaGo Zero [Silver et al., 2017] achieves super-human perfor-
mance on Go, self-play and interacting with the environment could be a direction for
super-human generative models. Making the model online and iteratively learn [Guo

et al., 2024, Bai et al., 2022a] from the feedback (instead of a single-sound offline op-
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timization) could potentially lead to continuously increased reasoning capability.

Putting Them Together: Towards a Continuously Improving Multimodal AI Agent
Eventually, we envisage a continuously improving multimodal AI agent. This agent
might be pretrained on a large amount of multimodal data, whose scale might be orders
of magnitude larger than the current largest multimodal model. This agent is also itera-
tively aligned with expert-level human feedback, as well as feedback from other strong
Al agents and their environment. This agent is deployed to real-world scenarios and
directly improves efficiency in areas like law, finance, software engineering, medicine,
and so on. This agent is continuously improved on its own, by continuously and itera-
tively exploring its environment and exploiting its policies. This agent combines all the
techniques that we have described so far and is constructed under collective innovation
from the community, and under the oversight of strict safety regulations. Eventually,

we hope to construct such a strong Al agent and maximally benefit human beings.






Chapter 7
Conclusions

In this thesis, we delve into the problem of improving language model’s complex rea-
soning. We discuss methods from three perspectives: in-context learning, finetuning,
and learning from feedback, covering most of the important stages in post-training.

To improve reasoning by in-context learning, we use examples with complex rea-
soning paths (more steps) and significantly improve the model’s ability to solve complex
problems. Complexity-based prompting has proven to be effective in math and logical
reasoning tasks, achieving state-of-the-art results on benchmarks such as GSM8K and
MATH. Furthermore, the idea of teaching the model with more complex problems con-
sistently serves as a rule of thumb for training increasing stronger models. The level
of difficulty increases from GSM8K (2022) to MATH (2023) to AIME (2024), and
we would be excited to see how the complexity further increase to professional-level
problems.

To improve reasoning by finetuning, we study the data format, finetuning procedure,
and capability balancing problem. We show that smaller LLMs can be specialized for
specific reasoning tasks like math by fine-tuning them on data generated by a larger,
more capable model. This specialization significantly boosts performance on target
tasks, but there is a trade-off with potential degradation in performance on generic tasks.
Later work shows that by mixing and balancing instructions from different sources and
capability directions, it would be possible to achieve targeted improvements without
much sacrificing generic capabilities. Careful instruction data engineering, including
format, quality, and diversity, is crucial for achieving good generalization and capability
balancing.

To improve reasoning by learning from Al feedback, we show that LLMs can po-

tentially learn and improve themselves autonomously in strategic reasoning games by

81
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playing against each other and incorporating feedback from an Al critic. This self-play
and Al feedback approach requires models to be both capable (understand rules) and
aligned (respond to feedback). Strong, well-aligned models like GPT-4 and Claude-
v1.3 have shown consistent improvement over multiple rounds.

We further review the current status of Al and language models. We see that frontier
models are about to saturate many of the benchmarks, even these benchmarks are quite
challenging for expert-level human. Open-source models, although lagging behind, are
continuously improving and, in many cases, close to the frontier models. We also note
that currently, text-based scaling is likely reaching a limit because it is hard to obtain
another order of magnitude new data from the internet. Currently, the community’s
focus shifting towards discovering new dimensions of scaling, such as multimodal pre-
training and scaling up inference-time compute. Deploying multimodal Al agents and
letting them continuously evolve from human, Al, and environment feedback to solve

real-world complex workflow would be important topics for future reasoning research.
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