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INTRODUCTION 

then a parameter of an electric circuit is 

periodically varied, the circuit behaviour is quite 

different from that when the osremeters are all 

constants. Circuits with varying parai,eters have 

played important róles in radio, e.g., in frequency - 

modulation and super- regeneration. ±eSides these 

practical ceses, the parametric- oscillation phenom- 

enon has attracted increasing attention in recent 

years. Self- oscillation may be obtained in positive - 

ly- damped circuits h ving e parameter varied at a 

suitable frequency, particularly at approximately 

twice the natural frequency of the circuit. This 

phenomenon is termed parametric excitation. 

Parametric excitation was investigated in 1883 
1 

by lord Rayleigh . He repeated ,tilde's classic 

experiment in which one end of 2 horizontal thread 

was fixed and the other end attached to the prong of 

a vertically- mounted tuning -fork: the thread 

vibrated with a frequency one -half that of the fork. 

The system was represented in terse of the Lathieu 

equation and solved by Hill's method of infinite 

determinant. 
(2) 

About thirty years later, e.V. Kaman perform -, 

ed similar but more extensive experiments. He found 

that the thread vibrated when the frequency of its 



free oscillations was nearby equal to any integral 

multiple of half the frequency of the fork. He also 

attached the two ends of the thread to tv,o tuning - 

forks with different frequencies +, and , and 

observed that the thread vibrated 

/ 

frequencies 

, where r and s were positive integ- 

ers. 

., (3) 
In 1931, H. Jinter-Gdznther obtained paramet- 

ric excitations by varying the inductance of a tuned 

circuit. Two stator and three rotor phases of a 

3 -phase alternator were all connected in series for 

inductance modulation. The frequency of oscillations 

was one -half that of the variation of the inductance. 

sinter- cxünther also treated this problem mathemat- 

ically. 
(4) 

from 1934 to 1936, W.I. Barrow and his coll- 

aborators solved the Lathieu equation on a different- 

ial analyzer, and also produced electric parametric 

oscillations by using a three -phase selsyn trans - 

fornìer. They studied forced oscillations with a 

sinusoidal electro- motive force when the capacitance 

was varied by commutating two fixed condensers. They 

found that the amplitude of forced oscillations was 

dependent on the phase -angle between the variation 

of the capacitor and the applied voltage. They also 

observed that resonance occurred when the frequency 

of the applied e.m.f. was m times that of the 
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variation of the parameter, where Yn and n are intege 
(5' 

In 1931, Tvandelstam and Taralexi started a 

systematic study of parametric oscillations. Whey 

built parametric voltage generators with specially 
designed variable inductors and capacitors. These 

machines were able to generate high voltages with 

considerable power and high efficiency. 
The experiments described in all the papers 

mentioned above used mechanical means of varying the 

appropriate parameters. In this thesis consideration 

is given to parametric excitations produced in 

stationary electronic circuits, in which measurements 

of the various quantities can be more accurately 

made. The frequency of variation of the parameter is 

about twice the natural frequency of the circuit , and 

the frequency of the parametric excitation obtained is 

exactly one half that of the variation of the paramet- 

er. Under certain conditions, phenomena of "jump" 

nd "hysteresis" are observed, which seem to have 

soaped the notice of the earlier workers. :.hen an 

xternal e.m.f. with the frequency of the parameter - 

ariation is epplied, oscillations both with constant 

mplitude and frequency (half that of the external 

. m. f.) and with periodically-varying amplitude and 

requency are obtained. 

As regards mathematical analysis, all the previo 

uthors, except kandelstam and Paralexi, considered 
he differential equations for their systems of the 



form of Lath ieu's equation with or without an 

2ddition21 damping term. ríou ever , because of the 
(6 

line er nature of the Lethieu e qu.eti on , it can be 

shown that its s oluti on, es time increases , either 
tends to infinity (uns tab le soluti on) cr tends to 

zero if there is demping ( stab le solution) , or 

rei: Bins finite in amplitude as endowed by the init- 
ial conditions ( stable or neutral solution) . That 

the os cilletions et first build up and then reach a 

finite amplitude, which is the actual result from 

experiment , is outside the compass of the linear 
:Lethieu equation. To account for this end other 

phenomena , considerations of non- linearity; must be 

introduced; end this is achieved_ inert I of the 

pr esent thesis . 

.ryor self- exciteti on, the differential equations 

developed in this thesis are solved both encl;ÿticell,; 

end topologically. The enelysis is bused on Poin- 

ceré's smell- parameter method, in which the non- 

line eri ty end the varieti on of peremeter are smell. 

The condition of self -exciteti on, the stability of 

various s oluti ons , end the phenomena of jump and 

hysteresis , ere investi,Lr.sted in detail. `Che results 
of metheií aticel analysis are compared with th as e 

obtained from experiment. The agreement is in 

general good. 

3' or forced -oscillation conditions, 2 different 
epproech is made in which the line of Lryloff and 

ogoliuboff is followed. A periodic soluti on of 



-5- 

modulated amplitude and frequency is obtained, which 

explains qualitatively the phenomena observed.. As 

for f arced oscillations of constant amplitude and 

frequency, they differ little from the case of self - 
excitation, T,hti condition tinder which the same 

pr oc ess of analysis can be applied to both these two 

cases is stated, but no detailed calculation regard - 

in; this type of forced oscillation is rnede. 

Besides the analytical method, a graphical 

pr ocess applicable to cases where the analytical 
method .fails, is also developed in this thesis. The 

graphical method, which is applicable to most second - 

order differential equations , is a generalization of 
(7) (8) 

the methóds of h. J. .uejuhasz and A. Preisman , who 

applied them only to linear systems , and to sys tens 

with non- linear damping, respectively. 
Among problems for which analytical rne thods are 

not available are cases involving a non -linearity 
which is either large, or not analytic. Ii;:ast of 

these cases can be solved graphically with varying 

degrees of labour. This method can also directly 
solve prcbleì :s in which analytical expressions for 

the non -linear elements - which are aften obtained 

from exrerirrentsl data - are not known. It is not 

necessary, when the graphical method is used, to fit 
the experimental curves with equati ons. 

;general inciples and constructions are given 

in Part II, vhich also includes sore applications to 
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problem discussed in :Fart I. The process of con- 

struction of each problem is shown in detail. As 

a test of the accuracy of the graphical solutions 
worked out, comparisons are nade either with exper- 

irrntal results, or with analytical and numerical 

cal cula ti ons . 

Thus the work set out in this thesis deals with 

circuit phenomena due to parametric variations 
taking non -linearity into account, with or without 

externally applied force. The results for self - 
excitati on ere that parametric os ci Nations have been 

observed in electronic circuit, with "jurnp" and 

"hysteresis" under certain conditions and quantitat- 
ive agreement obtained between theoretical predict- 
ions and experimental results; and for forced 

oscillt:ïon, os cillati ons with modu la ted amplit ude 

and frequency are observed besides those with con- 

stant amplitude and frequency, and theoretical con- 

siderations show both possibilities. In addition, 

a graphical analysis is developed a-r_plicable to most 

problems involving non -linearity. 



ry 

PART I. 

ON PARA I C CS CILLATIOlaS 

I h? ELECTRONIC 

1. LYRE:LI El NARY . 

In this section the circuits considered in this 
investigation are described, end differential 
equations for them derived. In Pig. 1, , 11_ and V2 

are two identical valves end are operated under the 

sanie conditions. L the inductance, R the resist- 
ance, C trie carscitance, (v the mutual inductance, 

and k ere all constants, and es is an external 
e.m. f.. If the grid currents and the effects of 

anode reactions ere neglected, then by lArchnoff Ts 

law, the equations for the circuit ere: 

and 

L p{ } L aZ + yl + 2 
=0 

R = ¿ i,clt, 

chL 
V - I 

k, 

(1) 

(2) 

(J) 

where LG I = ( V, e5 ) is a non -line ar func tion repres- 
enting the anode current C,a,l as e function of both 

the grid voltages v and e5 , end Go Z = o, ices) has 

the ssrLe fore as 4-(v, es) , which is usually express 

ible in the form of 2 double power series in v end 

e5 , i.e. 
IZvZ+í3v3+... 

+ e5 +m el+ rY13e.. 

-}- Yl, @5v } riz eSZv e_5 v -i-.. 

( 4 ) 
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.,7Jhere 

i ' l a v w = = 2_ 2 
(a f 

V) V-es-o) 
_! a3/ 3' v; o , 

f,- 

( 
aes 

l 
voe5=01 

1-- aes av v_es=a, 

: a; 
J 

(( ( yviy-2\ 2 )V-QS=O, 3r3'òe5 Y-23_p., 

1-11,-2 avaes/v=es--,-o, 
_1(a31} 

-3 ' 2 a aes v=es = o " ' 

As, in practice, f (v,es) is an unknovn function, the 

, ms , and n's have to be determined_ from the 

characteristic curves of the valve, obtained by 

measurement. The can can be found from the iai /es 

characteristic viith v_o in our case, the grid 

to which es is applied is operated within the linear 
tart of the ¿ai /e5 curve, so that m r can 

neglected. 'i'he n`s are from families 

of ¿0,1 /v and LA., /es characteristi cs around 

e5 

L= \v 

= o ri i is the slope of the curve 

aes /es_ Iv 
o 

a v v = o 
e5 

slope of the curve aesav)v =o /es at es = o , or of 

the curve (.±2± d at v =o rid so on. In 
aes- es_o 

the present case, n2, f3, are negligibi.j 

°finally, the Is are obtained from the Q .: ¡V 

at v = o or of the curve 

at es = o ; n: is one half the 

characteristic while es _ a typical form of the 

¿0.t /v relation is shogun in .,17. L. If the first 
grid is biased at a point near the inflection point 

of the curve, it is found that, by analyzing the 

curve to fit e q. (4) 

(a) the values of 1,, Is, are posit ive , 



(b) those of k3, 1 are nesative, 
( c i the inequalities 

I << I, { ! 141 « f ; Ì 1 +b1 -(<i Ps 1) .. . 

and >>1131>>llsI 
... 

ìl o ld . 

In view of these inequalities ( c ) , the first 
few terms in eq. (4) are sufficient to reir esent the 

characteris tic. In this way , eq. (4) therefore 
becomes, if e5- je 2wt and w being 

constants, 

-( ,e5) _yaw = mt 0'Ìe tiZ at +r, .fous ,zit +1, +ILVL +13 +.. . 

(5) 

As I.az has the sane ex -pression as l.ctr 

except that v = o 

kes (, or kÀo) 

ICw,,}cS,"+2wf, 

, and es (or A0) is changed into 

we have 

(6) 

Substituting eqs. ( 5 ) and ( 6 ) into eq. (1) , and 

differentiating with respect to t , we obtain 

Y1, A 0 ( s s n 2+4 { d t -f- 2 W v c05 2 wt )-1- 2( I+ k) w+, A0 W Gsa 2 w 

-{-Í Ì,-ZiZv+3i3 V4+"')§-1 v +d_,,=( 
1 ;1t dt 

('7 ) 

Inserting eq. (3) into eq. (2) and differentiating 
twice, gives: 

J-4_ Lc d2v Rc civ 
ct - M ck-kZ M 

(8) 

Putting eqs. (3) and (8) into eq. (7) , yields 

LC d - + R +v +M[2(I +k)w111:a.Qco52wt 
dt,. dt 

+ Y1 ,A0 (sin 2wtv +2wvcos2UJ47)4 ( 1,4-21,v+ 313y +..,dt 
i 0 
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In eq. (9) , the term of highest power in V 

must be positive, for otherwise the system would 

possess a negative resistance for large values of 

, which is physically impossible. In the present 

case , the mutual inductance M , is na de negative , 

and (3 is ne get ive as shown pcevi ously, so that the 

expression 3 13 M yIt is positive and is ts;.en 

as the term of highest power in V in eq. (9 ). The 

terra 2 (2 M v dtv may be pos itive under some operat- 

ing conditions, but we do not choose this as the 

highest power in the non -linearity, as 21. may be 

smaller than 3 13 and als o far the reason, explained 

in Section 2.1, that even powers of non -linearity 
have no effect on the zeroth -arder solutions of self - 
exci tati on. 

Let 

Z= wt> 

ö = 
LC LvL 

R Mil 
= wL wL'G ) 

zl:M 
Y2 

I") LG ) 

3 I; M r3 
= LG 

- LCw 
1 and M z ' 

). 
where E is a constant . Then eq. ( `.1 ) be comes 

26 asco52.t v Ai CDS 2t t Ej9.,5iv,2z 
clti 

-(r, trz.v+I',vi. 

(lo) 



In ÿ'ig. 3, VI and V2 are again tao ident ica1 

valves operated under the same conditions. .'ith the 

same assumptions as before , the equations of the cir- 
cuit are: 

where 

and 

;,ai + i as t i = 

L +(- Rz..) _¿yt, 
V- 

_ e5)_m,e5+1(1,esv+1,,/+)ZvL+ 13v;+" 

kes) kb-",e5 
. Letting e5 -A0co5 2 4 

and eliminating the variables (:a, _QL , L and L:= 

from these equations, then 

Lc `" - R, tR)C +v +Rt[t 
Utz 

Y.1,Ao VC-OS zwt+ I, " 
+1i0,,, +13v3+14, V * 4. 15-V54..,3 (12) 

Since the term of highest power of the non -linearity 
must be positive , and since the term R, I v 3 is 

negative , the fifth power of v has to be taken into 

consideration. Pow is is positive as shown before, 

so that the term RL ly Ws forms the highest power 

of v in this case. let 
wt 

H- R.2.11 6 
Lcw L 

) 

- 

h, O R `L 

zLCw=- ) 

k) RLYN,AC 

Lc-147' 

L ) 

R2. = Lw, n= 2, 3, t-{, S ) 

(13) 
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Then equation (12) changes to 

da: ls" 

C vlt` + 
6'Z- 2E ZGo52C1 V 2CA52L-ECYOIL w pn . t l4 ) 

It should be noticed that eqs. (11) and (14) 

which are derived from phys ical sys terns , have the 

form of the i;athieu equation but with additional 
non -linear terne. In the case k,,- , then ), and 

À. vanish and the equations are free from external 
farce. If there are periodic solutions which repres 

ent electric oscillations in the circuits, the cir- 
cuits are self- excited. 

In the subsequent mathematical analysis, we 

shell consider a more general equation which con- 

tains eqs. (11) and (14) as special cases. 



ì.T ,!y`i'I (,)y.îJ AL14LYSIS. 

The n in object of this section is to deal 

methe1T tically with a general non -linear differential 
equation of the type 

V t Z ilt)V 4 r6 V ^ Lt) =t f C.0 V 
L i 

(15) 

which comprises the equations derived in ¡>ecti oll -1. 

In this equation, the dots denote differentiations 
with respect to z ; 4(-c) Nk,,(z) and E(t) are per- 

) 

iodic functions of z not involving constant terms; 

has period IT ; Dçv,) is an analytical 
function of y and v , and does not contain a con- 

stant terni or linear tern3 of v ; d and e are 

positive constants; and e is small. Eq. (lb ) 

represents a non -linear system with periodically 
varying darnpin end restorin farces and with an 

externally applied periodic force. 
BY introducing a new variable X(t)defined by 

z( -c)at 
J(-c) = e_ 

j 
X t) 

(16) 

the second term on the left of eq. (15) can be 

eliminated. 
Thus 

where 

X+[6 - 29.0 Nk(t)] X= Fz) + E Cx(x, X) 

29.o -`k ít) _ (z) (t 
J 

Lt)--= E(z) e :° i,tct 
G(X,K)= ) 

and q, is a constant. 

( 17 ) 
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As is sna11, then to e first approximation 

the terns involvin:r e may be neglected. The solut- 
ions of the eaustion 

+[ - zg,s(-t)]X = Flz) (1`a) 

are celled the generstin solutions of equation ; 17). 

There are two cases of ec?. (19) to be considered: 

( a ) Alen -Nk Lz) is an even function of -t , eq. (19 ) 

is of the form of Hill's equation; and (b) when terms 

of higher harmonics in t) (i.e. terns of S,4z, 

cOS 4-ti Sr i ("t, .. 
) are srsll., eq. (19) reduces, 

es a first spl ra:imeti cn, to sth ie u's equation. 
(6) 

Thoth ceses have the serie form of 'solution namely 

x= A, x,c-a) + Ai X3.c-c) 

(t (10) z - ! r'cì 1 x u) ,,cu) F(du -XL(t)J >;,lu)F(u)clu] 

where 

z 
x, (-c ) ` e <PCz.)) 

L x ) x - e (- z) 

c.2 - x,(o) x', (o) x,.(o)X, (o) = ConStdht 

) 

(-c) is e Teri odic function of z re jxesentab le in 

terms of a 1±'oizoier series. The coefficients in this 
.e'ourier series end also are definite functions of 

6, 9_o and the cons tents in , and. A, and A,. 

are srbi trsry cons tents . dhen /L` is reel , x tends to 

infinity with z , and the s oluti on is therefore un- 

s tsble. .hen »- is ima binary , x is bounded es -c 



appr oa ch es infinity , but the freque ne ie s of tige 

terris in 4) (T) are cha raged, and the solution is 

thus stable. 
In further discussions we shall consider tw o 

cases separately: self -excitation ( Fct) =o ), and 

forced oscillation ( FÇz) $o ). 

(a) Self -Excitation. It is evident that for thi- 
case the solution of eq. (17) must be unstable 

(»- real) when e=0 . The presence of the non -lin-i 

earity ( e $ o ) controls the amplitude of the solut -{ 

ion to a finite value . .iirom physical ,rounds , one 

would expe et that the exact solution cons is is of a 

factor of the nature of an unstable solution of 

's equa ti on, multiplied by a damping factor which 

becomes effective only when x is considerably large, 
so that the final oscillations attain a finite ampli- 

tude other than zero. However , such a general 

solution has not been found. In the present thesis 
attent ion is confined to the case of sma 11 10 , and 

ä nearly equal to 1, and the main task is to seek 

approximations close to the final steady oscillations 
o 

and dis cuss their stability . 
Let `Io =G9-, 

and 6 = 

eq. (17), with -o, '.ecor 

+X _eH[y,X Nkcz)1 

where H Cx x `k(t;j = Crtx.x)- px { 29. 

Here we choose simple harmonic motion as the egzaA- 

(21a) 
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generating solution which resembles closely the final 
oscillations as observed in the experinents described. 

in 3e cti on 3. 

(b) For ced Oscillation. Vi hen c- = o , p- can be 

either real or imaginary. For the case of real ,u 

a process cf analysis like that used in the case of 

self -excit ati on can be spolie d, provided that (21a ) 

is satisfied. If /u is iLTC gin ary , so that P-= ,j ó , 

we shall adopt formally eq. (20) as the soluti on of 

eq. (17) but with the arbitrary constants A end Az 

in eq. (`.C') es functions of -c and the non -linearity. 
In this case, qo and a' are not limited to values 

specified by (21e) , but subject to another condition: 

« I 



t-. 
:i.1. Periodic 3olui;ions. 

Consider the e qua ti on 

v-v _7= H l.v , i(t)] (22) 

where c is e smell positive constant, Nk(z) is a 

periodic function of -c ,, H[v,v, i-ct)] is an analytical 
function of V, v and --1/(-c) , and H [v,v, 

J 
=O. v=-o 

when E -o , eq. (22) represents a simple' harmonic 

oscillator, and its solution is 
v.= 0., (.0S `L at- bp 5cr, z 

Vo- -ao Siv[tóoGsL, (23) 

Eq. (23) is the geneatin:; solution of eq. (22). At 

t =o : VoCo) =a, and \/, b ,(,o) =, E 

but small, we assume, at t = o, 

V (o) -a = Vo(o) +A= 0.n +04) 
(24) 

l o) = b = \/(.0) t.(3 = b o + p , 

where Ok. and (3 are functions of e , and both tend 

to zero with E According to Poincaré's expansion 
(5) 

theorem , the soluti on of eq, (22) can be written 
in the form of a power series in e , d and 

( 

, i.e. 
9 (25) 

where vo , B's and d's are functions of , and the 

series on the right head side of eq. (25) converges 

provided that tel , i , and e are suifieiently 
small. Differentiating eq. (25) yields 

olß,t6L C- ea +o1E,,.F'peL E.ZC,3 +' (26) 
+ (ß,-- e,+° e' t .4- . , 

(27) 



:d;xpandin H [ v, v, "`k (n) 

around ve s.ld v, ,srives : 

N [v, / /(t)] - H [Vo, T(r)3 

t(v-Vo) Hv[Vo y0,lt1Jt(V- Vo)Hy[Vo,vo S.(t1i'., ( 28 
J 

as a iavlor Ts series 

where S-1v 2nd are rartial der ivat ives of H [ 

with res ct te v and v resfectively. Substituting 
eqs. (25), (26), (27) and. (28) into eq. (::2), and 

equating the different powers of a and E , 

we find that 

where 

O 
+ vo = O , 

13,, +5r,=o, =1,2), 

C, - Z(z), ( n o, I, 2, , 

HCv., va, 

Z 
[v \ro, tt)j+ 6 [o o, i(t)] 

,tz)= B H , 

lzlL) = PJzH v[Vo,Vo, (L)14 f3,v[Va,lo,lt),i 

Z C)= l aliv[Vo,Vp, tt)I 
JJ 

oI,{v[vo,o, Zc.L)J 

(29 

The soluti on of the first of eq. (29) is eq. (23 ). 

Then -c = o , e ns . (25) and (26) be come 

vto) _voto) (3(0)1" (35.0)* Ci,(°)-fotC4,(0)+10E C,.10)-4-E2C») +... 

} ) 

v(o)- olo)}oki3,1o)t 64D) EC. O ),-otEc,(D)tE&( '9)kE.C31o)+.., 
(3j. 

Compsrin'; ea. ( 31) with eq. ( 24 ) we find 

ß1 o) = t32.(o) 

Z(o) (0)_ (o) io) r_o,1,2,... 



-19- 

with these initial conditions , the solutions of the 

rest of eqs. (29) are 

cost, 

Jz= Sint (32) 

0, I 2, ,. r= Zr i 

Substituting eq. (32) with -c = 2-r- into eqs. (25) and 

( 26 ), gives , 

v(a,r)= v,(o) +d + eCo( 21r )+-d6C,(21r) + (3E Ca. (21r) +Ele3(27r) 1- 

( 33 ) 

\`/(217-)_vlD)+3+e C4 ,,(210+ 4,(2)r)+(3Ea(:,r) s'C3(1 10+... 

where 

dh 0:/r) _ - ( an 
Sri t dZ 

nl=x)-52 Z ( -ç ) COStGIZ) 

Subtracting eq. ( 24 ) from eq. ( 33 ) yields 
Vq21r)- V(o)= E [Co(,2tr)tdC', (21T)-qCa.(2ñ)+6C3 (210+.1 

j21) - ( D) = C{& (2r) i e 1 C', (21r) ( " 0 + G 

y1=0, I, z,... ( :34 ) 

(35) 

In view of the comments after eq. (24) about o and 

, it can be assumed that 
-1-0(,e'4- ( 9 . 3 3 + ) 

(3,e 6-+ ß3E;. .. 

where o(. ... p, are constants. 
Inserting eq. (36) into eq. (35), we obtain: 

E {Co( tir) i- c- [ of ,C,(xrc) +,C =(att)TC3(21r)J4.... 
J 

V(25') -/(D) =E Co(Ztr)-FC-[c4,C,(.11r)-f(3) 12101" 3(21TJ-F... J(37) 

Now the conditi ons fcm the exis tence of periodic 



solutions with period 27< are: 

v(zr)- v(0) =0) 

(zr)- v(0) =0 
(38) 

To satisfy eq. (38), the term of different powers in 

E of eq. (37) must vanish independently. ;ìe there 

fore have: 

Co (2 0) 

L,(: n ) =0 

11 ¡ l(2ir+Ca(zir)t l.3(210()) 

ct,CI(Z1V)+ (3t z 
n)+ C;L27)- o 

j (40) 

Eqs. (39) give the values of ao and bo , and eqs. 

(40) the values of d and (3 to the first order of 

E , provided: 

C (i-Tr) Cz (:10 

1T) Cs (11r) 
0. 

To recapitulate: The periodic so luti on of 

eq. (22) with E snSll is eq. (25). In eq. (25) vo 

is of the form of eq. (23) , in which (A. and b, are 

determined from eqs. (34) and (39); ß, B., and C, 

are obtained from eqs. (32) ; and a and (3 from eqs. 

( 34) and (40) to the first order pf E . Nigher ord e 

solutions can be obtained in a rrnner similar to that 
used for the first order solution, though with more 

labour. In most practical problems, the zeroth order 

solution ( or generating soluti on ) is sufficient. 



2.1.2. Stability of Periodic Solutions. 

In the _r recedins section, the eq. (39) from 

which the generating solution of eq. (22) is obtaine 

may give several sets of solutions of as and b. , and 

consequently eq. (22) may have several distinct sol- 
utions. The question arises as to which set of solut 
ions or what combination of solutions we should use: 

the answer lies in their stability. Only stable 
periodic solutions have practical significance, and 

only one stable solution can exist at any given time 

for any set of parameters, save for those critical 
conditions under which the solutions may "jump." We 

now investigate the stability of the periodic solut- 
ions. 

The term "stability" is used here in the sense 
(5) 

employed by Liepounoff . This can be stated qual- 

itatively as follows: A periodic solution is said 
to be unstable if, after a slight disturbance, it 
ultimately dies out, or approaches another periodic 
solution, or increases indefinitely; and a periodic 
solution is stable if it is not unstable. Following 

this definition, if an equation has an unstable 

solution with zero amplitude, this solution will 
either increase without limit or reach a finite 
amplitude. The system represented by the equation is 
said to be -3-abject to self -excitation. 

The stability can be examined by the perturbation 
method. Let the values of the peri odic soluti on with 



-22- 

j period 21T at an arbitrary instant (say -r o ) be 

v o) -a , end v(o) .b : then the values of a 

solution with slightly different initial conditions 

v' (o) _a+ , end v`(0) at - 2-R , will 
be of the form v'(s.,r) _ate and ./ /(a Tr) =6 +i 

where v`(t) is the perturbed solution. It fo 11 cr. s , 

therefore 
zz 22 

L2. Tr) - V'((7) 

VILo) _ 
41) 

`.' Jith the perturbed solution, eqs. (25) and (35) rete 
their forms except that \, «, and p are replaced 

by v', d4 and 
[ 

+rt respectively . _ c . (35 ) thus 

be cones 
v/(2.-r)-vi(o) = e [Co (-=rr) +[a{ ) d, (2ir)1. (11t91)C417r) +Gel ( .110+..) 

., 
0'104 ( yl 42) 

(D)= I a, t(y1T) +V+ ` /Cy(y) +G3(s) +...i. 

With the help of eqs. (35) and ( 38 ) , eq. (42) reduc es 

to: 
v'(2?t)-V'(0)=E 

C 
C(Tr) 4Cy(1*)+... 

_Vi(o)= E[ C,(.2ir)+,lair)"4-.. 

From eqs. (41) and (43), we have, 

=h,% -F hzi +,.. ,_= h3i +lny.1 +... (44) 

where t EC, (,21r) ha.= E C 20r) 
(45) 

11; = &(2.71") h4t, - 1- Q. ,.(air) . 

(9 ) It can be shown that the stability of a periodic 
olution depends upon the characteristic roots of 

the is trix 

J 

(43) 
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i.e. the roots of the eauati on 

1 (46 
C 

- h, +h,- )ef(h,I-I -h h ;) =o, 

Denote the roots by P, and P1 . if 1P,k1, IN <I 

the s oluti on is completely stable. If 1 ()11>i, IN > 12 

the solution is completely unstable. If P' > 1 > t°3- '2 
(lo) 

the soluti on is directly stable (of "col" or 
(5) 

"saddle" type ) . If P, < - I < PL < O the .io luti on 

is indirectly unstable. Inserting eq. (45) into eq. 

(46) and solving for r , we obtain 

_I+ 
L [ 611 

)+CyL)1 ±-1[ 
,(zw)+ Tr]Z 4(Ci( ws(21T)- C,(Zr)6,(.z7)J 

. 

s* a consequence of the statements above, crae establis 
the follovJing: 

(a) For a completely stable solution, 

C, (21r) + Cz(21"r) < o 

and 
C, (L7r> C, (2.1r) 

Cz(zT) CZ (27) 
>0 

(b) For a completely unstable solution, 

and 

Ci(Zir)4 > ° 

C' 
Law-) 

(z1r) Cz (z7) 
> 

(c) For a directly unstable solution, 
C,(.zir) C,(.2Tr) 

C,(2Tr) C,. (21) < 

2nd C1(1w)+ C2A21r) can be either positive or 

negative ; 

(d) There is no indirectly unstable solution. 
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2.1.4. Special uases. 

In order to illustrate the foregoing mathematic- 

al analysis , we shall consider in the f ollow in 

special cases of eq. (22) , corresponding to the two 

circuits described in Decti on 1. 

2.1.3.1 N Lv, v, lt ) _ - P 4 co52z-C2y.,Si:-% 2z.tr, tY;V 

With the expression of eq. (47) , eq. (22) has 

the form of eq. (11), except that .A, -o 6, and it. 
are replaced by i+ c-p and -2_1, respectively. Eq. (22) 

now represents the circuit in rig. i with k. -I . In 

eq. (47) , the linear damping r, is assumed to be 

positive here, fur otherwise the system can be self- 
dam p ín9 

excited with negative linear only; and r3 is positiv 
as shown before. 

At first, we shall find the zeroth order solut- 
ion. !`Je calculate Ce(-t ) and then a, and 6, . 

Insertin eqs. (23) and (47) into the first of eq. 

(30), yields: 

Zo(t = PSinT +Q,coSL + iiS r ZL+Q4c-is 2t +23 S';-, 31 + QSC.Di jz 
) ( 48) 

Gv ì_e _' r-.. 

r,aot 4flap bó)+`1,b,-Pb 

C(1- -r, b o-- r 3 b o( o. ó+ b ó ) - R., a o_r 

P, 

(DL _ - rl P-v bo 

l 3 = r3 (.4Aó -4,0.o6ó ) - a., 60, 

0.na vC3 - {- 1 b; - 
i 

Av b _ 3 v ., o . ) , . 

(49) 

) 
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_Dubs tit uting eq. (48) into the third of eq. (32) with 

1,1= o , after integration gives: 

t S ptLO.t + lam' sir2-FQ, CoSL 

-1 p51ç_ Q,c_Ds -5,3L - QGos (50) 

where p,` = 
-E 

and Q, =3Q=4$a3. 

In e ci. (50) letting --c = 2.1 , and from eq. (39 ) , we 

h` ve 

(52) 

Putting the values of P, and 0, which are given in 

eq. ( 49 ) , into eq. (52) and solving for ao and b. , we 

get the sets of solutions 

0.0 = o 

6o- o 

¡si_ p 

J tF . 

(5) 

( 54 ) 

Inspection of so. ( ) reveals the following: 

(a) Since r, and r3 are positive, only the upper sign 

in the fir st of eq. (54) is possible, and cons equent1 

the s econd of eá. ( 54 ) takes the upper sign too. 

(b) Solution (54) exists if, end only if, 
rl 

(o) The solution does not contain r , and this is 

wh; we do not take the term involving 

highest power in the non -linearity. 
r1 as the 



(d) agit bo , the square of the emplit ude of the 

zeroth order solution, is inversely proportional to 

r3 , the coefficient of the only non -linear terni 

besides that containing r,. . If r1 ap m oeches 

zero, the emplit ude tends to infinity, so that , for 

a soluti on of finite amplitude, non -linearity cannot 

be avoided. 

(e) The second of eq. (54) , which represents the 

phase of the zeroth order solution, is independent 

of the non- linearity. 
We then calculate the first order soluti on. 

.aom eq. (47) , it follows that: 

H lvo > 
vo 4, (-01 -p -yYcos it -r, vo- 2r,vov, 

v 
) 

jj 

(55 

and VoVo -iLL)1 =- Z5,2L-r, _Ysvo 

Inserting ea. (55 ) , Colt), C(t)obt sine d from eq. (50) 

A(.t) , Alz), 51t) and lilt.) from the first two of eq. 

(32) , into the last three of eq. (30) , j.ves 

z, LL), Z.tt) and as tt) ; then from eq. (34) with 

h 2, and 3 , after simplification, we have: 

C., -,rr, +r3( .4 aó + bo)] 

C,(.2r) =- p+ +2 r 0.obu] 
J 

J 

C1A2r) -- Tr [-p+9.,+2 r;RobcJ 
J 

Cin) --- r r+ bó +4 ca9 )] 

1 - r, (E,I+ 

J 

1 '-¿Yy(Q,.A.+P ifio) 

piAct:4-6:-)QI,+i(P,tP;)aabo+4(Qi+Q3)Ao-69))) 

c3-1r).=:171-P(3).:- r, -11(,-Q;) 31LGv-Qz%o) 

tr;Li`Aó+bo)PI,-2(Q-3)Aobo+4lP,1-pP;`Qó_91 
/ 

(56) 
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Inserting the values of R's and Qs into eq. (56), 

then substituting it into eq. (40) and solving for 

ol, , and , we obtain 

OC, ' 
ttr'l(ct°i-bp') r , rsaoçoso-3(w3+6bs+Q 

J 

Si(F1.-6é)Sa+Gasaó54.Pa (57) 
`1 , 

G ¡ where So^ Y,Z+'-,i-1,Y;tloóotrl"3l0.Dltbv)+ 6 r31(6192.+bv) .) 

-L (1P + g,Ao -3-r, bo)J 
SI - 

b 
f Ao 

(2pba-g-,bo_r'AO) 

1 \ - gr+ÿrr3a,6o -+ r;Plaa-6P J s3- 

s- 1 r 0. ( q+ir3obo) 
8 

- 4 aD - 4 Qoóo 

3' Ì3(*bo -0.o 4)a)-3g,ao, 

S - [1,3-4-rtz- g - Z r; P 4 r; 
L. 

3a; bó +c,ó J 

S6 [3(+---- p ai - 4-r3i,abm 

i4YoY3(30.o-1-16ó) 

y 

IY (;avµ+3Aó Ìial -}2_6;4') 
. 

and 

,te have calculated the values of , , Ca 1m 

and ß' . Inserting these values into eq. (25) , 

periodic solutions to the first order of E are ob- 

tained. .,e now investigate the stability of the 

soluti ons. 

solution (a): a,= bo - c 

eq. (56), it follows that 

C,4-r) + Cl - 21T Y, < `. ) 

and C, - C,(.21T) CLL2) 



Hence this soluti on is stable if 
otherwise it is directly unstable. Thus the condit- 
ion of self -excitati on is : q , ~ p~ . L ote that 
this ine quality is free from non -linearity. 
olution (b): a y+ bo = [_I+\jg'- 

P:` ] 
a. 
b. liff q,- P It is calculatr^.edlI that: 

I1-p- C, l irr) + ,211") _ 21T 4 rf - 2 

and CILLA) i`2)- C1VT)C `a0 =4TT' IL-Pl -r^2 i 
This soluti on is stable if ~ ~ > 2 > r, or 5- P, 
Since the condition of existence of this solution is 

the same as that of its stability , this soluti on is 

always stable. 
We now summarize: The equa ti on 

v t`/ -- E { P+ ii L,cusLc)v +Lig,s,zz r , vt rqv `% 

always has a soluti on with zero amplitude , which is 
stable unless 1,2 > r, ~ +p ~ , then it is unstable. As 

soon as the values of the parameters reach the un- 

s tab le region of the zer o- amplitude s oluti on, a stab 

soluti on with finite amplitude appears , and is of the 

form: 

V ' +E [Co (L) +,qc,9sttßI ti] + d(c-~) 

where 2 4 
]) 

v q, -p J ) 

C,*t) Q and (3, are from eqa. (50) and (57 ) 

respectively, and O(E1) contains terms Of E4, E ;, 

The manner in which y , the amplitude of the 
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zeroth order solution, varies as the linear damping 

r, , the amplitude of the parameter- variation , 

or the difference between the natural frequency of 

the circuit and one -half that of the p'areter- 
variation p is varied, is sketched in Tigs. 4, 5, 

and 6 respectively. The full lines ( other than 0V ) 

stand for stable and the dotted lines for unstable 

solutions. These curves will be compared in jection 
3 with t'-lose obtained by experiment. 

s 

2.1. 3.2. H , ' lL)) _ -rv -r 2 3,,/cos 2t - hn ( 58 ) _ . 

In eq.. (58), r, q1 and p,, are the 

same constants as those in eq. (14) , 13 is ne ative , 

r and ? are positive, and p,= É ( - -) . Eq. (22) 

is then identical with eq. (14), which represents the 

circuit in Mg. 3, except that A,. _ o . 

Substituting eqs. (23) and (58) into the first 
of eq. (30) gives Z,(t) . Inserting the exTression 

°f Zot-0 into eq. (34) with n= o , and from eq.. 

(39), we have: 
b, - pa 60 140`r bo') - 

8 p s bo (a. +bé) D) 

rb0 -ia °t pau + P? au 0, -root) +fpsa.(01/4. +boy =o, 

The solutions of these equations are 
o _ cco +' bo 

, - o .e. o = b, ; 

AonrA Ct o' -i. , D` v = _ -3p t fNy--obs0P- q-r) (59 ) 

RD 3t.Yv_Y1 `= b,= 

The upper and lover signs in the second of eq. (59 ) 

correspond respectively t c the upper and lower signs 



- 

the radio 21 in the first of eq. 

( 59 ) . In vie r,. of eq. (59 , it follows that : 

the phases of the Ter iodic solutions are independ- 

ent of the non -linearity; and 

the s oluti ons to the zeroth order of E do not 

contain if, and r which ere the coefficients of 

vi and v+respe ctively. 
Solution (59) may not e.1ist, or may have from 

one to fou values, eccordin to the rely ti ons be- 

tween the constants. 

Let 
z v= ' j , 

p s 
- 

cr 
L ' 51,5 

1 I Uyp -3p + , 

1p3L 
.- 4° i's \R; 

9P3}'40I'5. 'Jÿ 
V 

'11'32-- Lt. )1>5. r S / 

V-__ 
_ 

1 Sr3 y 

" 
SpS 13 and 

I p \¡ ^°s\l+ VvYv 

) 

) 

As V smust be positive, we have first, common to the 

four sets, a. necessary condition of existence of 

s oluti ons : 

11,j > 

For individual cases, further conditions are: 
(a) 

(b 

(c Ì 

(d) 

Vl is possible if 1,31> 1+01)ï0>i_ 

V is possible if qp3 > wP_L 
V is possible if oip gopy 

Vq. is possible if q p3 4-07s( ?it 

(59e.) 

e now examine the stability of these s oluti ons. 
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Inserting the partial derivatives of H [ v, V, Lt.) 

with respect to V and which are obtained from ea. 
(58), into the second and third of eq. (30), and with 

the help of eq. (23 ), gives 2,(t) and Z,,(t) Ilrsert- 
ing the two expressions of Z1(ß) and Z,,(-c) into eq. 

(34) with 1--1=1 and 2 , results, after simplification, 
in ,ll) - ;r [ r- ip3aob, _ ; a.b. (.ao +b`), 

C-,r) _ -rr g `y3 ¡ ; lao tby J - 
1 

[ -. - p 

C,,tyr -Tr 

-1-1,s. 6o')2"- z5r.- hs ao`+bo`) Lao boi)J 

3 3 
h . ' [_*i - plao+D ) + z > 

and =- Tr r+ 

It follow s then that 

C=.2--Tr) _ - zTrr 0 

(a C2. (,=o I, 
and 

where fo _ rLfi p,l- g1 corresponds to V = Vo = o 

S2h = 3\,1p3 Vrz+ P + I'll's) V:-+ Lifp3 ps-V6+ I's" 
CjNs 

The to V V o l n=1, 2, 3, `- 1 . e 

explicit expressions for n Lv_ 1, 2, 's, 4- ) 

and 

are: 

jci - 4-v \'s- CPI V-12- >0 

-uro hs(p,- 

52=- 
9L-r'j9P:L-1}oes(p1+q-Y V3: < o 

¡- 
q ¡ b ` ¡ 1 % 

i 
J I3Y- 1i' pS l + V q-.,"YL / 4 > V 



Wherefore, have the stability criteria: 
( a ) Vp = 0 is stab le if `1Y < v,"4 Y 

z and is 

directly unstable if ci,_' 

(b) v, and V4. are always stable ; 

(e) and V, and V; are always dire ctly unstable. 
mote that the condition of self- excitation depends 

only on the linear terras of the equati on and has the 

same form as the previous example . 

e shall in the following examine houe the s olut- 
ions vary as , r , 

, 

or p is varied. Firstly, the 

case of varying gL and constant r, p, p3 and ps 

is considered. Solving for q frog inequalities 
(590.), we have : 

(r.) The Condition of existence of V, is 
i) 

I 
Y 1.1 14-° piP S C I hy 

ii) ¡1al>JY1*lp,- qif.13 Y if +op,ps>gp3L 
waPs ) 

( b ) The Cond iti ons of exis tence of V1 are 

i) r< < 
V p y+Y if k 

o pt,5 < 11,3' and pl > o 

a ipì~ _c 11) .r + lp, _ a 

< I 11 < r ) 
il q-op,ps > cio 

¡Jr ops 

( c ) The iti ons of existence of V3 are 

< < ri-1. ( 9p3y li and 1131 > 
I S \ l 

( d ) The Conditi ons of existence o f Vq. are 

i) Y< ,.1<` r>+ I gP )1 if j p3 7F o p, rs > 0. 
oPs ) > 

i i r p,1 < 1 l ` I rL t ( 3y Oz" i1 I I 

It should be noticed that the term ''existence ' used 

in these cases has mathematical sense only, for V,. 

and , which have been shoti'1n to be unstable, can 

never appear in practice. 



Inspection of the ab ove conditions indicates 
four cases to be considered: 

(a) 4-0 1125. '9p; In this case only V ( stable ) 

and V,. (unstable) are possible and they exis t 
under limitations. Besides V, and V., V. always exist 
in all eases: it is stable unless \LI J +r 
when it becomes unstable. Curves of V plotted 
against 19.,,1 are sketched in Fig. 7(a ) , in which the 

full lines denote stab le soluti ons and the dotted 
lines unstable s o luti ons . Fig, . 7 (a) shows tha t 

V, and V= exis t when 1qI >r' +(p - Lf and V,. 

disappears at (ad = p' +rz , while V, changes from 

stable to unstable. Fig. 7(a) also shows the effect 
of hysteresis if Mt is actually increased and then 

decreased again. ass I is increased from zero, the 

stable V, is followed until 19-.1 reaches l r + p,= 

the soluti on then jumps to V, . As is decreas- 
ed, V, remains until Iq,l reaches J r1.r( p_ , th 

4-ops 

soluti on th en jumps back to Va . The pro cess is 

indicated by the arrows. 

All the s oluti ons in this 
case are possible except VL . V1 (stable ) exists 
when ` .,1 > r Vj ( unstable) exists when 

is between r and J rte+ p 
, l _ ?s 2 , and V. ( stable) 

oops ) 

exists when Ig,.1 is between J = and 
flops 

The solutions are shown in .e'ig. 7(b). Before I1, is 

actually increased to , V = /0 ; when 

is reached, V = V4. ; when `y,,_1 reaches 
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rem inin cons tant , it is found that the conditions 
of existence of solutions are : 

f or V, , ', < 4ppÇ -+ 

for V1 , a1 -r r < "P3` 

for y3 , p, <rç 
for V M , - q.1-r.- < p1 < 

L 

and, of course, ¡chi >r is further condition for 

all four cases. The graphs of V against ri shown 

in Figs. 9(a) and 9(b) correspond to two different 
cases, 91,5' > and < go hs \II _ Y' respectively. 
Fig. 9 ( a ) shows that V, cannot be reached if the 

initial condition of the system is quiescent. And 

there is no indication of resonance at p,= o for 

either Fig. 9(a) or 9 (b ). 

uxnmarizing the results that have been obtained: 

The equation v-tv -- ErS- a9.svcosit + p" v "} 
N-.11 

always has a solution with zero amplitude V. , 

which is stable unless , then it is unstas 

At the conditi on when Vo be cones uns table , the 

system relTesented by thè above equation is self - 
excited and the equation has e soluti on of the forai 

v x V 5 z. t 4) + O cc) 

) ti.ere y -3¢1 t(Ra3- 4aps (PI -J9,' -Y 
5,5 

-, . a. -t .ÿ C`. 
Y 

or V -3 F3 _ J lpa -tE.Opç Cpi iVgy-Yv) 

L y 

A-a^" 

, 

r 

e. 
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The choice of the sets of V and depends upon the 

relations among the parameters ( q, p , p and 

ps ) of the equation. :hen a parameter is at first 
increased and then decreased, hysteresis may be ex- 

pected, and is always açcom: anied by jumps . 

some further facts are obtained from -igs. 7, 8, 

and 9 , as well as from Figs. 4, 5, and . 6 in the 

xr evious example: 

(a) W he n Va is unstable , for any set of fixed pare-. 

raters the number of stable solutions is equal to 

that of unstable solutions. 

(b) When V. is stable, the number of stable solut- 
ions is one more than that of unstable soluti on s. 

(c) When V. is not changing , the soluti ons appe ar 

or disappear by pairs, one -half of them stable , the 

of her half unstable . 

(d) hen V. is changing from stable to unstable, a 

stable solutions appears o:t an tuas tab le disappears at 

the same moment; and vice versa. 
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2.2 Forced Oscillati ons 

£&S shown before, eq. (17) - which represents a 

general equation for forced oscillations - may have 

either an unstable or e stable solution v Shen E _ v , 

according es ,- in eq. (21) is real or imaginary. 

Alen ,w is real and the condition (21a) is satisfie 
one can apply the same rr thod of analysis as that for 
self- excitation (Section 2.1) except that the gener- 
ating solution.,: instead of the expression in eq. (23) 

is 
aacosc + Ru) d . 

In this way,, the solution obtained is of constant 

amplitude and frequency, with period 2 n. 

Alen ,v, is imaginary, or it,k -,jr with r real, 
eq. (20) (the solution of Hill's equation) can be 

taken as the generating solution. In this case, 
while condition (21a) is unnecessary, we require 
instead: -r« 1 In this section we shall con- 

fine our attention to the case of ,t r with ï« I 

and to the particular p oblem corresponding to the 

circuit in Fig. 1, though the method is applicable 

to other similar systems. The main steps taken in 

this analysis are (1) assuming a form of solution 
sufficiently general to rerresent the final oscill- 
ations observed, thus (2) reducing the second order 

differential equation into two first order different- 
ial equations which are rsde soluble by taking 

ad vant age of the smallness of á . The analysis 
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predicts oscillations with modulated amplitude end 

frequency. 

15'or the circuit in Fig. i ,r, Y,ct) , iL, , E(z) 

and D(v,") in eq. (15) take the forms:k zC- s, ,t ,26i,L.ostt. 

, and - resectively. Inserting 
these in eq. (15 ), then 

v - (si,s; ""z"cv i-C -2EYcnsztv_ llosa,C- e[r, +r, vtr3 
t> 

With v = xe=LgIf`S,;":zdt = Xe# s,ECoss-c- 

x fi [(5-- ¡./ (z) ] X = F ( -L ) + er G- ( x, X ), 

where _ - $ E L3z 
) 

2i lt> = - $ cLlycs4t) 
-Esst FLz)=,,os2z e Y1 

, 

. _ g,,ECos2t 
CT( 

_' r14 rev+ r; v s ) v e 
4 and 

, this be comes 

( 60) 

The generating solution of eq. ( 60 ) , given 

eq. (20) , can be expressed in a more convenient form 
(6) 

for subsequent manipulation. urite 

c-c) 
z6ro cos (Ll+r+y)z 

c21 #I si;-(2,1-+1+1,-)t) 

and let their initial co nd iti ons be : 

h, (0) - Xs ( 0) ) } (61e 
XIO) Xz co) =O 

The coefficients c21.+1 and are definite functions 

of C. end g in eq. (60) . :Subs tit uting eq. (61) into 

eq. (20), gives 
= A +I 

s4(z.(, rl +ar) z + e 

+ Gsr+r, Cs +, I F(u)s%;"[2(rrt- r,A) +(I +1r )cZ -LA ) au, 
- 

_ 

OO J 

t 
where 

and 

(62) 

(63) 



Differentiating eq. ( 62) with respect to ves: 

x = A g(ZLti+r)c2L+I-vsC(i(+.1+21-)t+e] 

CLHI Fiti)51:n:(1-n_n)t 
v.lr+ 

7 (64) 
h L Cyt^^+I+ÖGiv.n{1cL.+t FIU)COS2lM-u)+(*J(C-U)Jp1l. r r 

Eqs. (62) and (64) are thus the s oluti on and its 
derivative of eq.. (60) with E =0 

Assume the soluti on and derivative of eq. (60) 

with F $ o have the same forms as eq. (62) and (64) 

restectively, but with A and a as functions 

instead of arbitrary constants: ncav differentiating 
eq. (62) and comparing the result with eq. (64) , we 

have 

A z c=L+., sr(21,+) +1r) i +d l +o 6 c:L +, c °q(1.1. + +V)t i'6] =O. (65 ) l J 

Differentiating eq. (64) and substituting the result 
together with eq. (62) into eq. (60)yields 

czL' +1 cos [( e) 

-A c2l+isi4c2L +1 +á)L +a] =e 6-(x,))) (66) 

where x and X in the right hand side of cc. (66) are 

to be replaced by eqs. (62) and (64) with A and e 

as functions of -t . To simplify the problem, we 

introduce K N -1) z, 3, q-) defined by 

k : Z CLL+1 5tr") [(2L +I +19 J 
1 

( 
L CZ(,{ CASI (2t+1+?f)L+e 

LL J 

K - y (z.(,+1 +?s,) c3.0.1 C(.2.L+1+y)c+8] 
- 

K.= z +i+ ) Czl,+i Cos [ (2.L +14-Y )tte] 
h 

(67 ) 
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Eqs. (65) and (66) then become 

K, p, t K, A 6 = o) 

and K ... K;A eG, 

..;01ving for 

where 

and e , vie obtain 

b = Á Fk, cr, 

K K 
_ Kz K + ) - Kr3 

K "K3 

rrom the initial conditi ons - co. (ö1a) - it can 

easily be shown that for all (s) z 

p [ xi xi x3 = 

the two simultaneous first -order differential, 
equations to be solved are: 

/ \= cK,G, 
(68) 

and e 

It can be seen that both / and change with time 

slowly since e is sri ll. Thus their frequencies of 

variation (on the assumption that they possess period 

is solutions, which we later show that they really 
have) is small compared to the smallest frequency in 

2c as given by eq. (62). 

dithout actually carrying out substitutions of 

X and >c in eq. (68) , it can be seen that K, Cr and 

ic,Crt contain only sinusoidal terms of the following 

four types of angular velocity: 
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(a) 0 ( constant terms), 

( b) 2. at (with tip- z, 3) ), 

(e) L,,' (With vs^= t) 2,3, ), 

(d) rn[(zL_I)t(2.n -1)Yl (with h=1,2, 3, ). 

Since '' < < , we now average eq. (68) over a time 

interval -r = z-rr , which is about the largest period 
of terms of type (d) but is still very short compared 

with periods of terns of type (b ). Thus we have 

J - 
¡ Ttt ¡T +c 

r 
A c)dz = r1 K..lt >Gi-c) ctrl 

z ti (69 ) 

T STttH(c) 
,t - L Ki(ti)CtLz)clt. 

-c 

he left of eq.. (69) reduce to /Ut> and 6(t) respective 
y, provided that small higher derivatives of A and e 

-re neglected. On the right side e and A are consid 

-red as constants, and after the process of average, 

ern of type (a) remain unaffected, those of types 

c) and (d) practically vanish, and those of type (b) 

-urvive almos t unchanged during, the tins T short 
ompared with their periods. It should be noted that 

ur conclusions regarding terr_ of types (b) and (d) 

est on the tacit assumption. that 

zßó << I and ,r (2h -1) < I 

'hese are really the criteria of the present method. 

owever , they are not so restrictive as they appear, 

Because terms of large values of yrx and i- only occur 

ogether with coefficients c2(, +, of large L in 

q. (61), and these coefficients are usually very 
(6) 

mill compared with C, if 9. is not too large , 

say 3 < I . Thus only terms involving the first few 
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coefficients need be retained in the right - 
hand side of eq. (69 ) , and the values of on and n 

are limited to sun 11 integers. 
This done , eq. (69) may be reduced to: 

A(z) = E Cs. s,,, co52.1-1 ( ót+0) + 

íalt) _ y. + yitt%cosyn(óct8)+ 1),.51"2n(rlt+0)1 
h= r1e.1 

(70) 

where the upper limit . N of the summations is deter- 
mined by the criterion zn tr <-c 1 which in turn is 

determined by the values of q and 6 in eq. (60 ). 

1'he s and y) values are defined by: 

50= ` Kalt) 

(T. 
K3(t) Gc-c) c.osZY, L2rzt s)dt, 

T° Kzlt)cvi-c)s,Z e) zrL +dt) (71) 

1), _ T S7° K,(t0C- rt-00(T -, 

yC', 

1H ' ' }iL %CTZ) 5.1;1 +(3)at. 
Z . 

It is und erstood that A and e ins ide these integrals 
are temporarily re girded as constants , as the object 

of the integrations is to single out terra with 

particular frequencies. T is the common period of 

all the frequencies concerned. (As ' can always , f 
practical purposes, be reprësented by a rational 
fraction =' in its lowest term with k, < < k. , Ti, 

is therefore ¿k, r ). 

.ì'urther discussion of the solutions of eá. ("70) 

depends on the value of N and the fbrns of s and V 



as fune ti ons of A . 
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eve shall chocse the simple 

cese for which experimental observation has been 

rra de (secti on 3) . In our ex-per irrent , a or i, is 
(6) 

small, of the order of E a e th us ha ve 

c1 > >c; >> cs. > >.. 
C, >> C_1 >> C -j > 

end E q.,Gos =Z 
e = I , 

Hence it would be sufficient to take the terms in 

eqs. (62) and (64) involvins c only; and by' the 

initial condit ions (61a) , c, _ . .iqs . ( 62 ) , (64 ) 

and (70) therefore be come respectively 

x - A s, t (,t +ó) + e] - A, ws z-t ). 
111 (72) 

A(1 +ó) L05 [co-r).-c+ el +-1-),,04-105,;--.2-c, 

Alti) = E [5. 5c.o z. (1-c1-9) 51.1 1 =Lrtt60] 

O) - L 
o 

+9(..91, 7.1y2.+e9 + vi1 51 ~ly Li. 01 
) l 

where 50 _ _zA[ YI +? 3 vsa+ r3Á1 J ) 

n = rs. 
W' , 

S11 = 0 - " ̀  0) 

r wA 

-- k 
3 ) 

and terms of the order of lisve been omitted from 

J (74 ) 

eqs. (741. 

Cur task now is to sh osa that A and 0 in eq. 

(72 ) which can be solved from eq. (73 ), are Periodi 

Putting ï z + 5 = the tot al phase , and _ - 

the second of eqs. (73) becomes 

- zf+ rs,r 1, (75) 
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'There are two different soluti ons of eq. (75 ) 

corresponding to e 7 or < " z . Only one will 
give neri odic results. this solution, with a- 'ß 

is : 
w 

" 
a _ 

Therefore the angular velocity i is 
y i-An P_ 

+- 

[I 
+ 

W V,sIHtÓIt- ,2w iiAs1 it. 

ó1Gvz2l, c -i-1 ó1 S,.,, I)t - wcoSó, -.)2 , (77 ) 

where -fi _ F2 w' Eq. (77) shows that t consists 

of two terms : s constant term and an oscillating 

term of frequency JL . The denominator of the 

second term is always positive , hence finite amplit- 

ide of the frequency- oscillation is assured. To 

(76) 

show the periodic nature of 4.(z) , a reasonable set 

of constants has been assumed ( X= I 

-µ 

and a plot of k) versus trot is given in rig. 10. 

Returning to the first of eq.. (73) , t-. e have nevi 

where 

À-Cw,-wcos2)A- w3 A; 
, 

¡¡ wo = l -i E YI + á r; w' 1 

(78) 

i" (79) 

(11) 
q. (78) is of Bernoulli Ts type , with i as known 

unction of r given by eq. (76) . Its solution is 

lt) _2Wpz I s.+bt 
_ e -t- z.;e L ,e dt 

a- 

(80) 2 1) 

The first term on the right side of eq. (ßj0) dies out 
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for z large if wo > o ( which needs r1 < ? r3 W11 
) and 

the second term is periodic. =':ithout carrying out 

the exact evaluati on of the integral in the second 

term which is rather complicated, its essential 
qualitative feature can be discussed. since 

eq. (75) , cannot change its sign fcm all values 
of t , hence the int e ;rand :in eq. (80) has no sing- 
ularity. Then the factor , being a periodic 
function with p eri od , can be expanded into a 

Fourier series. For each of the typical terms con- 

taining s pt or co ) (p= 2 "xi)in the Fourier series, 
vv e have 

e 
_2alot ( e:,otis'Nptd = 

-c 

4.W9 

( awoS-,PZ_P cos pti) 

T iw f }. 

and -1,° e oc,vsPtrt c P (.2woc,ospt 
e .wo + 

S'rit) P= r1 

y, 
I' i' 

Thus the right side of eq. (80) is periodic of period 

, with a dominant positive constant term s);-+ce e >w 
Ifi 

It follows then that A is also per iodic with the 

same peri ode . r'or a specific set of values of 

vv 9 and y , the soluti on of A (-c) will 
be given later in Part II, where a graphical method 

is used. An interesting aspect of the graphical 

solution is that the maximum of amplitude occurs 

almost concurrently with the minimum of frequency and 

vice versa, in accordance with experimental observat- 

ions. It also turns out that in the final solution 
as given by the first of eq. (72) the first term by 

far predominates, the ratio of the amplitude of the 
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second term to that of the first term is of the 

order of e . Hence the solution obtained here 

agrees Tith experirrental observations in all 
qualitative feature. 
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3. ú:i Ñ111 II> ;id'iAI, ARRAi?; ;i:EivT3 

Here, the exr.erin ntal data from the circuits 
in Figs. 1 end 3, and the results of numerical calcul- 

ation followed from Section 2, are given. The detail . 
of the circuits in Pigs. 1 and 3 are shown in Ags . 11 

and 12 respectively. VI and VZ in íig. 11 are EF50 

valves with the practically identical characteristics 
shoran in Figs. 12 and 13 corresponding to the curves 

of the anode current [ against the grid bias 53 and 
Es 

the suppressor grid biayesrectively. The alternat- 
ing voltages applied to the two suppressor grids, 

are applied in phase -opposition by an audio -frequency 

oscillator through a transformer with a centre-tap 

connected with potentiometers Rsi and Rs,. . The 

magnitude and frequency of the voltages are variable. 

The control grid of VI is connected to an inductance 
r coupled to a second inductance L. in series wit 

a variable resistor. R i, the sum of the variable 

resistance and the resistance of L . L, and C form 

a tank circuit. (rA a choke coil with high inductanc 

and Ct , a variable condenser, farm a resonant 

filter to exclude a.c. components from the d.c. suppl 

ror each setting the filter is tuned until the amplit 

ude of the oscillations seen on the screen of an 

oscilloscope connected across the control grids, is a 

L ximum. Cb, and C6í are blocking condensers. The 

screen grid is operated with the sarre voltage E as 
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the anode. The ne gative terminal of Ea_ and the 

positive terminals of Es and G5 are all earthed. 
i, he c it cuit in .trig . 12 is the same as that in 

Fig . 11 except that ,' is replaced by a resistance 

R= , and the branch L -R , instead of being con- 

nected to earth, is connected to the control grid of 

v . RI in .Ag. 12 re?a esents the same quantity as. 

R in .wig. 11. 

Let A01 and Ào, denote the amplitudes of the volt- 
ages across the suppressor grids, -L the frequency 

of the o seine tar , end the natural frequency of 

the circuit. v;ith the parameters adjusted to suit- 
able values, and varied, the following effects 
are observed for both cir cuits in .rigs . 11 and 12 : 

(a) With A01 =A02. =A 0 ) being a sufficient large 
yr ue . 

Jhen 8-3. is not very near =1-1 , there is 

practically no oscillation on the screen of the 

oscilloscope. 'Shen -S-s approaches Aft sinusoidal 

oscillati ons at the frequency exactly +J. appear. 

'ittle amplitude of oscillations in the circuit of r'i o 
11 is a maximum when f1 , and decreases grad- 

ually to zero as is shifted away from 2. f,. In 

the circuit of .rig. 12 , the amplitude does not reach 

a maximum when _ z , and may be different for 

the same value of fy according as this particular 

value is appr oa the d from e higher or a lower frequen- 

cy ; and oscillations with considerable amplitude may 

appear or disappear suddenly. 



(1) a ith Avi -t- A o) A02. o a he n fi , t he 

oscillations are similar to those in case (a). ;hen 

is not near 2-f, , there are oscillations with 

frequency -f: and with very small amplitude. Mien 

rz is adjusted et a value between those of the 

above two cases, i.e., neither too near nor too far 

from z41 , oscillations are observed with amplitude 

and frequency both modulated. The modulation of the 

amplitude and the frequency are simultaneous, and are 

ver;; small. ` hen the amplitude is a maximum, the 

.frequency is minimum, and vice verse. The minimum 

frequency is eb out i . the maximum frequency 

varies with different operating conditions , and the 

greatest of maximum frequency observed is -s . A 

typical wave form of this kind is shown in Fig. 15. 

In the folloving some quantitative results of 

self -excitation ( e A.i =At') are given. .D'or the 

circuit of Fig. il, the operating conditi ons are : 

3D' J a 5 -4.1.5 V1 fj -2-4 V, 

L = 
11 .H c= oooT F , M - -0.7k -1 

then - _ 4-100 c/ s . values of the amplitude 

-'vr of v , the voltage across L,/, against various 

quantities are measured: 

(a) X.= to v , fer = 82.00 CIS , R varied; 

( b ) R- 36311 , ' 2 O c/ s , Ao varied; 

(c) R= 363x2 moo_ gv , varied. 

For the cir cuit of .i i,g. ï` , the working condit- 

ions ere: 
a=31) ov, E-? E=-2.4V, 

= go ,R) C _ o, 01 ,^AF, I2 = 
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The following easurements of the amplitude V of v , 

the voltasQ across R,, , 2A's ins t other -parameters are 
made: 

(d) 153vo ti's A - 2. v. iZ , o- , ver 1ed; 

(e) f2 =13100 refis, A,= Ib.$V R, var ied 
(f) 153d° c ¡s, RI= 33'3.2 , A, varied; 
(g) 159áv c / s, R1= 33'3 2 o varied; 
(h) A. 4.rJv , R,= 33.31-2- f,, varied. 
The ne asured results of cases (a) - (h) are shov'n by 

the fall lines in rigs. 16 -23, respectively. 
The dotted lines in 41gs. 16 -23 are calculated 

- 

from the results of the rrethemetical analysis in 

Section 2:.1. The process of numerical calculation 
will be riven in the fohewing. The zeroth -order 

solution of eq. ( 11 ) for the circuit of fig. 11, as 

shown before, is eq. (54). ',':'rite p = ( (r.- )=ÉLCW - 
n'A'M w = -Trf,. , and from the definiti ons 

2.E 1-oß 

of Y, and r; given by eq.. (10), eq. (54) becomes 

v=_ _ 4 l-( 
AM 

(niA.0)11(J__L 
2 

cf i (81) 

Similarly, for the circuit of`ig. 12 , putting 

p, = É (6", -1) w _ r .Ç , and ins er ti ng e q. ( 13 ) int o 

eq. ( 59 ) , gives the equation for calculating the 

amplitude of the voltage across RZ 

s 1 

-313± 9Is -40 Is(I1tk 
1-CiTR ist jr).A,1.[/,4.c, I+ ) -RI)] 

In eqs. (81) and (82), , I, , L, , and , are 

to be determined. Fir st , I, , 
3 

, and It are found 
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from the curve Es =- 47.5 v' in rig. 13. The 

point ( E5= -2.4v, ES 41sv) is ta1:en as the origin, 
and the curve is appr oximated by e polynomial of the 

form r _, 

The values of the ls found are: 

( = o38b x10-3, 
z 

_0.212 x10-3 

4- 
= -0.0154x 10-3 

a."d 15= o Ob 671 xI 

TLe Ia¡ s3 curve rep? esented by the polynomial 

with these values GI- is toget her v itn points ob- 

tained from actual measuremnt are plotted in .w'ig.24. 

Next n1 is determined from families of character is ti 
curves cf Ia! E9 and I0. /Es . The sl op es of 

=a /Es curves at E5 = -4/.5 v against GS are plotted 
in Fig. 25(a) , end the slope of the curve in Fig. 25(a 

at E9 = -2 4V is o 148 `"" Ar¡vl . The slopes of 

-3 

L- 1E3 curves st >= - -2.4 - against Es ere 

plotted in Fig. 25(b) : the sl ope of the curve in 

Pig. 250)at C -s =- 47 sv is o. i44 v-A / L Then 

vx, _! (0.148 +0 !44)z!ó] 0 146Xla- 3 ,4/v1 

1111 the c.luentities on the right of eqs. (81) and 

( 82) are given and fixed, and values of 17 against 

varying R, À o or -k can be calculated. 
/is an example of numerical calculation, we shall 

calculate one point in the case of Fig. 16. Here 
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n, = 0. 14 x 
1 ö-3/4/V1- 

, 

I, = 34q Xti _; 
A/V) 

_ -02.12Xto l A/v; - 
pZxID;N, 

C _ 0.0D-xto -d F 

d`', 

L _ 115 xo,-3H, 

8200 c(s, 

and let R = 3 g o rZ 

Putting these values into eq. ( r-sl) , vie have 
3 

s1í (-.s12 Xlo'j (--.01,40-9 I -(38o xo.oc1xio-b-o.7xl° lx i M9x lo ) 

-t, ` ; 
) = /I F6Xló;db XO.Xo .Rx1)SXIo XOoeX!° X$20D [(Q.I 

Z 4rXQsos 

-0q v. 

It should be noted that before attemptiw; the 

calculation, the values of terra containing e in 
Egs.(l1) and (14) must be small enough, otherwise the 

mathematical analysis is invalid. In the cases of 

the circuits of .rigs. 11 and 12, these values are of 

the order of 0.01 and 0.1 respectively. 
In figs. 16 -18, the curvatures of calculated 

curves are s lightly smaller than those obtained by 

experiment for large values of V , and are slightly 
larger Ï or small values. Also for small values of 

Vf , the calcula tea curves are just outside the 

experimental ones. The errors of theoretical and 

experimental results are within 106i. The first order 

solution is also calculated, but the correction found 



is le s s than 

error. 
The ceses in L'igs. 19, `'v, 21,22,&23 correstond 

to those in Figs. 8(c), 3(d), 7(b), 7(c), and 9(e) 
respectively. In these figures, the calculated 
curves are fl^tter then those from experiment. _'or 

small values of V , the calculated curves are out- 
side the experimental, and for large values of V 
the experimental rental value s of V are considerably 

larger than those calculated. The errors are, in 
wbou+ places, es tto or der of ,ZO$. The large errors may 

be attributed es follows: 

(e) In the derivation of differential eg étions, it 
has been assumed that the control grid draws no 

current and that the Ia. ¡E5 characteristic is a 

straight line. These conditions are fulfilled when 

if end )ö are small, -e.g, the case in .Yig. il 
( v <2.v, A ° ) - but are not realized in the 

-J2- 

i.e., well within the experimental 

l es ent case in which ) may be larger than 2.0v and 

the amplitude V' of the alternating voltage across 

the control grid, biased at , ma ;7 be as much as 

v 

(b) The results are calculated from the zeroth order 

solution only. As the terms involving E are of the 

order of 0.1 as mentioned before, it can be expect- 

ed that higher -order soluti ons will improve the resul 

However , the results agree well qualitatively, jumps 

and hysteresis occurring as predicted, except in the 



cese in 2ig. 21 in which the jumps dc not apr/ear. 

It is believed that a jump will take pla ce in this 
cese i+ A. is larger than 28 v , c-,Iich rias the 

largest value obtainable exper irLental 1 . 

Another experimental result a ;:eve with r_;odul- 

eted amplitude , is shorn in _ig. 25( a ) which reires- 
ents the voltage across R, in ig. 12 with the foll- 
o in ̂  operating conditions 

I 

: `, = 3 o o v , _ - +5 v 

^ti -- J ' /,O1 l\b -IJ' 1102_0 -ilSMrl C 0.00 I4(r , 

R2= Jaca and Z= 11s'2o cis . The 

curve in r'ig. 26(b) is e 30 -c / s. tirr n wave. uom- 

cerison of the eaves in r''igs. 26(e) end (b) shoes 

test the frequency of the amplitude- variation of the 

cive in 'ig. 26(e) is about 15 c /s. The frequency 

of the w eve in _big. 26(a) also varies periodically, 
synchronousl y wit r_ the amplitude r: :adulation. °i' he 

f orne of the vi eve in 2ig. 26 ( a ) at its rrximum and 

min irus amplitude (or minimum and maximum frequency) 

ere sketched in figs. 26(c) end ( d ) res e ctivel7. 
The frequency of the v: eve in i?. 26(d) is +_ , i.e . , 

id5' 00 c /s. for the xresent cese, end that of the 

eve in pig . 26( c ) is Z 

The V: eve f or of N°ig. 26(c) end of the envelope 

of the w eve in Fig. 26(e) ere much distorted from a 

sinusoid; this is because , to h +hich the non -lin- 
ear terms in eft. (l..r.) ere _Tx op= tionel, is fairly 
large so that the non -linearity i:s of the order of / 

Iroble= like this ere be; on the power of existing 
atherze tic el enalisis. 



,.l 

lä44.1; , 
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PART II 

A GRAPHICAL ANALY3IS POR 

NON-LINEAR SIS T IvS . 

1. ( NERAL PRINCIPLES AND L.ETHOD OP CONSTRUCTION. 

The object of Part II is to discuss the graphic- 

al analysis of equations of the form 

d`x 
+ !s. '-r) TF at' 5( Nit) (1) 

where s.ix,t) , gtx,t) end kL-b) which are function 

of the variables inside their brackets, need not be 

srrl1; - lx,t) and Ilk) can be non -analytic. Eq. (1), 

which occurs in systems with a non -linear and tine - 

varying damping and restoring force, and with en arbi 

rary applied external farce, can represent most non- 

linear problems met with in practice. 
Integrating eq. (1) , with respect to t leads to 

G (x,e) H (t) 

where F tx,t) dx, 

lx, k ) = 
S 

g ( x,t)d.e-) 
and 

x t-t) -415 t, Lt)dt 

iJenote x, gos,t) and L.Tox,t) respectivelJ, by x, g, , 

(2) 

( 3 ) 

and CT, 2 t t = t , and by x, +ax , Sot o.3 , and 6.0 A-4 

6 ince dx 
Dut 

sirs 11, e v, r it e 

, if ot is sufficiently 

( 4 
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Similarly d.* or ,G 
a7t.. = t- 

2 nd Dr A3 =9 AX olx nx 

where , and o x is small. At the 

(5) 

(6) 

instant e _ tntat with the help of the second of 

eq. (3) and ea. (6), eq. (5) becomes 

=3mt. _ (..2, +43)4t = (90 +9'.vx) ot (7) 

Thus et _ to +0t 

o r 30{-31ax)_,It, 

F 0,,t) = F(xo 
and LA-) _ H 

Inserting eqs. (4 ) and ( into eq. ( ) , ;ives 

át0,,c}ex,tv+at)+Cz, +3/It +Yax.at H Ctotvt) 

Therefore, the solution (x.-fax) of the equation 

( r o b ) +3 b(9-te> (9 ) .11-t 

is considered as the approximate soluti on of eq. ("2) 

et t4,t 
Cat 

4. 9°t ) 
1 

c` a, nd 
1 

; 

eq. ( 9 ) then becomes 

ikA.rd- FXo +dXiptA)-i qkoo. xo,to. ( 10) 

Eq. (10) can be solved by e graphical method if 
the values of x, end 3, are knovn. The rz.o- 

cess of construction is shown in the following. In 

. 1, Flx) is dravvn against x at t_ to+G t 

OA ; H Aß -G ,GD -xo 

OC, _ x, t,) , and cc'/I DD/0{ . Nmom B draw 
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gE making the angle with ox and intersecting 
cc at E 

at F 

.craw EF / /OX , and intersecting DV' 

Iron? F draw fV1 at the angle of with Ox 

and meeting Flx) at M . .Uraw MN //OA to intersect 
ox at ¡y . DN is then equal to zlx and ON is 
equal to X at t = t, +at Draw F E' / /MM'/fDX. 

It is obvious that 
H `d +a )- (*(x*)4 ) U(3 _ B '+ E'M't M'OI 

5 `,,,< o) {uß.(3 F 4x-6. -04 ^f F`X0-t -45c 1 to +L {J 

so that ON is the required value of x . Therefore 

if the initial values of x and G at L=0 are 

given, their subsequent values can be found by this 

procedure. 

The error in this construction can be attribute 
to two sources: the replacement of differentials by 

finite differences in eqs. (4), (5), and (6), and 

constructional errors. The forner can in principle 

be minimized by choosing sufficiently small inter- 
val at . In the following applications comparisons 

will be made, whenever possible, between results 
obtained graphically and those from numerical calcul- 

ations and experiments. The errors found therefrom 

are within 

In the following some practical examples are 

evaluated in order to illustrate this graphical 

method. 

(i 



2. APPLICATION3 . 

2.1. Circuits containing gaseous Conductors. 

cig. 2 sh s a circuit containing a gaseous 

conductor N ( such as a ne on tube) , a resistance R 

a condens or C. , and a source of direct volt age. E . 

The characteristic of the tube is represented by a 

non -linear empirical relation _.Ftv) , where y and 

are respectively the voltage across it and the 

current passing through it. The equations of the 

circuit are: 
* )--V =a, 

and , _ 

These are reduced to the equation 

LN he r e 
R > 

and F- (.v ) _ t2 

Letting ` _ °" 1-a,v.01 dL 
eq. (11) becomes 

aV +ßy. fi F.) = E . 
(12) 

Eq. (12) is solved graphically with the follow- 

ing values of the elements in the circuit in 2: 

R =lsbr C -/ "F ) 
210V 

and the v fc. relation of the ne on tube is given in 

the tab le : 

y l v ) 162- 150 140 138 14o 144 149 179 1.6s 

v lma) o 4.6 14 1 $ z3 zg 
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is'irstly, as shown in ÿ'ig. 3, F(v) is plotted 
against v by adding v and --Lv) multiplied by 

Svo o n-) The upper part of the curve F(v) is 

repeated in .rig. 4 with a larger scale of the ordin- 
ates. In the same figure, the process of graphical 

construction is also shown. It line Aß rexresentin.g 

L=21ov is drawn parallel to the ordinates. 

v= 132 I v is taken as the value of at -c= o 

Lark a point 0 on the line Ara with v =i 3zI V . 1:J`raT 

of at the angle o with the ordinates. Here 

therefore at= _ 4s . 01' iflter- 
sects FLv) at I' . Draw l'i parallel to the 

abscissa and to intersect ,f3. at 1 01 is then 

the value of a.v the increment of v after -nt , 

since eq. (12) is satisfied at this instant. ?rom j 

draw t z,i t meeting Fly) at z . Draw 2'2 //1'1 

intersecting AB at z . oz is the increment of v 

after zat . The process is repeated so that we ob- 

tain a series' of values of v for increasing -r as 

well as a zig -zag curve between Aß and the straight 
part cry of `- ) , and at every instant , eq. (12) is 

satisfied. hen the point 1 2 on i1-13 is reached, the 

line drawn from it parallel to 01' cannot intersect 

cp but another branch G ri of F(v) . The subse- 

quent zig -zag curve is drawn between AB and G11-1 

until the minimum point of the curve D HGr is reached 

then it changes to between A1$ and cp . One cycle is 

completed when the zig -zag curve returns to cD . 
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Fore cycles can be obtained in the sanie Wenner. The 

curve of v versus is plotted in Jig. 5. It is 

found that the amplitud e of the os ci llations is 24 V 

Their period is 251 nti Therefore the frequency 

is 
1 

1C-c. ' 1 

5 D D D "-l0-4x2-5,tí x 45 
- I 6 cis 

The curve in Fig. 6 is the gave form sketched 

from a oscilloaph connected across the neon túbe 

in Fig. 2. The amplitude and frequency measured are 

z4v and p." cis respectively. The error between 

the measured frequency and that from graphical con- 

struction is: 

0-0 
3,33 

From the results of construction, the following 

observations may be ma de: 

(a) The ultimate oscillations do not depend upon 

the initial condition. 

(b) For sustained oscillations, the line Aft in Fig. 

4 can only intersect F(v) once and at the part with 

negative slope. And R must be large enough to en- 

sure that these conditions can be fulfilled. 
(e) The duration from the maximum to the minimum of 

the oscillations in Fig. 5 depends upon the slope of 

the cart of cor\ of the curve F(') in Fig. 4. If 
C,H is parallel to the abscissa, the maximum volta; 

drops to the minimum voltage instantaneously. 
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2.2 Closed -cycle 'Jontrol Systems with T1on- Linear 

Friction. 

The simplest kind of closed -cycle control system, 

namely the error -control of position, is considered. 

Let 

6 = input angle , 

60 - output angle , 

e error an,; le 

then & = 8 -9° 
l'he torque developed by the controller of this type of 

servome chanism is T ke 

where Ec , being constant, can be determined from a 

iven system. -[' is balanced by: (a) the torque 

ransferred to the load, which is exlrc' essed in the 

orm J L , where J is the moment of inertia of 

he motor and the load; and (b) the torque due to 

he friction in the system. The friction torque is 

n general not directly 11oportional to the velocity. 

typical characteristic of friction as a function of 

el o city is shown in Fig . 7. Linear ( or viscous ) 

friction only holds for a limited range of velocity. 

The "stiction "and the fallin part of the curve are 

the causes of jerky motions at lot: input speeds. 

Therefore we have the e a us ti on for the torque 

where 

°10ke- , .ák°)=Ice K e-B,) 
) 

\c-tkt') 

(13) 

which is the fric ti on for que , takes 



frícE/on force 
or torque 

T--- 
SEíction 
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the form of the curve in =.'i 7 . Iet 

Cet e 0 =v 
L 

and 

where v,1 is e constant , i.e . , the input speed is 
constant. 

:;(1. (13) becomes: 

where 

d1 tFLv) -i'1 VÁL 
cñL J i 

F = wv) 

Let v = z + v; 

Inserting eq . (15) into e q. ( 14 ) , gives 

dZ t + FL zt) ftz+v.) dL -v`L 
or z v )+y- D 

where _ z AT- , 

and 

To compare eq. (16) with eq. (2), we have 

= F lz+ vc) 

3 c.x'-u) = Z, 

H (.-t) -o 
Hence , from eq. ( 10 ) , v e have the equation for 

graphical cons truction: 

aZ 4,+0.q? -* y, = o 

' (14) 

(15) 

(16) 

(17) 

Eq. (17) shows that with a constant input speed vz , 

the graphical construction can be performed as with 



no input, except that the ordinate is shifted from 

v to v =vc , or from 1= -v;, to z, =o 

. (17) is solved graphically for tuo different 
values of vq vJith the same initial conditions 
that, at t=o or z =- v; . 

v is so small that the system is operating on the 

Tallin_ part of the friction/ vel oc it cheracteris ti 
ctu ve. The rocess of construction is the sane as 

that given in 3ecti on 1 and is indicated by the, Ira - 

gressive curve 0011122'3 At every point on the 

curve oí234- eq. (17) is satisfied. The 

first term on the right in ea. (17) has no effect 
until the point Z is r ea che d. hen 4 4 t 
one cycle is completed. Other cycles can be obtain- 

ed. in the same manner. The curve of y a 3ainst áL 

is plotted in Fig. c, . The solution cf the velocity 
v is e periodic function of time , but over a cez- 

tain time interval in each period, y o , artl the 

system is at rest. ï' he moti on is such that , as the 

external for ce is applie d,. the ,,,stem remains at 

rest for a time interval, then it be gins to move; 

after a second time interval, it comes main to rest .i 
_'he process is repeated indefinitely forming a 

",:er z " motion. The tira interval over ^, h the 

speed is zero is longer a the input speed is s :Eller, 
a. nd so is the Period. of the cc cil at3 o ns. 

vti r e so that the system i -s cr seated 

on the rasai:-; tart of the friction /velocity curve, 
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the solution for y , shown in i . 11 hich is 
cons truc ted in i'ig . 10 (; i . 10(b) is a continuati on 

of Fi 2: . 10 (a)) has temporary oz cillati ons which die 
out as time goes on, lesvin the system with a con- 
stant steed . The system is thus stable under 
this condition. 

2.3. Clos ed- cycle Control 31 stems with Backlash. 

A simple position- control servomechanism with 

error -rate damping is used as an example for analysis. 

'i'he ne cha nic al ba cklash appears between the servo 

motor and the load. In Fig. 12, DL , eo , and 

represent the s aire quantities ss th ose used in 

3ecti on 2.2. 

v ï vel oc ity of centre of mass of mot or an.d load 

velocity of load =eo 
Vo is a functi on of V which is characterized by the 

bs cklash: when V increases in one dire cti on, ba ckïash 

has no effect ,i.e , V, _ V ; however, when V 

decreases ( increases in the reverse dire cti on 1 Vo 

csintains a constant maximum velocity Vow, ( friction 
eglected) until the backlash is taken up in the 

r everse direction, then V. = V almost instantaneously 

Let Vo = v) the relationship between çLv) and V 

is plotted in `_t`ig. 13 which shows the effect of 

hysteresis . It can be seen that 4lyv) is not only a 



R
g, 

12, 

Fíg. 
i3 



functi on o f V 

-6=- 

, but also of t i_e maximum vel oc ity 
. Different values of \/, require different 

curves of --Of) . burther , 4w) is not an analytic 
function at all. These introduce extre:_:e difficulty 
in any attempt to solve analytically the pu°oblem of 

backlash. 

The torque developed by the controller far an 

error -rate damped servomechanism is 

T Ke +Lis, 
Where 1: = torque per unit error -angle , 

= torque per unit error -rate, 
k and L can be calculated for a given system. ,3inc 

the accelerating torque must equal the retarding 
torque, 

( 18 ) 

v7here j is the moment of inertia of the motor and 

the iced. 

If 9)- o, 

then since 9 = e - e 

=- vc, ` f(v)at (19 ) 

Substituting eq. (19) into eq. (18) , gives 

d +fl)+ )dt=0, 
where C =vJt , 

end 

L. 

T l 

(20) 

_ 

\)3k, 
`3ince Vo equel> either v or v, , eq. ( 20 ) _i_ 
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is written as the two equations: 

cV, 
t 

+ ( V,rt =0, 

and 
01,V1. d 

¡z, 
} c V -F V,,,, L+ ( /i d t 0 

J 

(21) 

( 2 2 ) 

where the upper limit of the integral in eq. (21) is 

smaller than z, , the value of when v, reaches it 
n ximam V . , , v, c = o tis = then c tj d 

and eq. (22) is reduced to 

dV+V, o z (23) 

with the initial condition V,. z Vim,, at t = o 

Solving eqs. (21) and (23) alternativel;j j.ves v . 

when V, in eq. (21) reaches v,,, , instead of 'being- 

the solution of eq. (21), V is the solution of eq. 

(23). When It v -Vl )dz = b , where b is the 
z, 

backlash, impact occurs, V is then the soluti on of 

eq. (21). 

This problem can be solved graphically. oompar- 

in:_g eq. (2l) with ea. (2), we have 

F V, -t) = 

G- 

5 (, V, z) - vi 

and MK-c) =0. 
Hence, from eq. (10) , the equetion for graphical con- 

struction of ea. (21) is 

a'yl ol. + u V + v, o -6vN 8 = - CT( VI 0, to) 
1 ) 

c-;here t az) , 

(3. Z) 

(24) 



and 

Ju- 

Vio 15 the valUe 4 v, a.t `co 

Similarly, the equation for graphical construct 
ion of eq. (43) is 

4,V , ;-ar,dy -1- v,.,,( f] 
(25) 

_1 I 
/ -1 z .L4Z= az where dZ _ a,,, pz . Let - _ -l'-a át , Z j 

and 2 av= =4VZI ; eq. (25) becor.tes 

4 vz -I-a-I d2. Uw, ( Z°+ 2.4-e) = 0. 

Suppose c=.1 and et -c- =o , Ni) o.oIz, 

(26) 

!q. (24) is firstly constructed in 

ffig. 14(2) with the standard rreth od given in -3ecti on 

1 with z -c = o1 . V, is obtained where the progress- 

ive curve o t Z "' intersects the straight line 

f(v) v , since at this point z' =0 . In the 

present cese, v, , and -c =13at . Eq. (26) 

is then constructed es shown in +ig. 14(b) with 

ati =0.1 At each point on the progressive curve 

13, 14-ß 1 b, 18 , eq. (26) is satisfied. The vert- 
ical distance bet.;een each pair of points on the 

progressive curve (denoted by even numbers) is 

2x0.4x0,I =0,08 , end the horizontal di s- 
tance between each pair of points on -kv) ( denoted 

by odd number s ) is Zov,' . .:hile constructing the 

curve 13, 14-, 15, . another curve 14', t b1, 18; which 

represents the expression ,t dt 
C = CT (--c6) -1-2.V =oz's 

` 
-AL 

were (-c.) o-nd G Mio) z o at to= t, ) is als o G vz d z 
constructed. The process of construction shown in 
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fig. 14(b) is self -evident. /hen the vertical dis- 
tance betv,een these tvto curves (3, 14, 16,' ' and 

13 , 14) 16, .. is (, the backlash , the first 
cycle of the s o l uti on is completed. The second 

cycle is obtained in the same runner taking , as 

initial values the final values of the first. The 

process is repeated and sustained oscillations are 

ultimately obtained. If a cycle is finished after 
the progressive curve intersecting the straight line 

(,v) v i.e., after the occurrence of v, 

the following cycle is started by directly construct- 
ing eq. (26) without considering eq. (24 ). In our 

present cese, the cive 13, i4, i 1,, ' , intersects 
v) = v at -c = 33aÚ , 

impact also happens a t the 

subsequent curve is only e 

_ -v. - ` 0.4- , and 

same instant, so that the 

repetition of the curve 

13, 14-, 16, . The form of soluti on is shown 

in Fig. 15. The period of the os ci l la t i ons is 4 

which is in close agreement with A. Tustin Is result 
( ref. (1 ) , the second of rig. 16) which is obtained 

from numerical calculation. The emplitu?e of the 

oscillations is 0.4 , and the backlash is 0.53 3 . 
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2.4. rrequency L odulation of Forced oscillati on 

in Section 2.2, Part 1. 

Uonsider the equation 

+ w 5 n 2_ (27) 

In eq. (27) , is a function cf z to be solved, 

and w are constants. Eq. (27) , which is the 

saine as eq. (75) in Part I, is the equation of the 

phase of oscillations in a circuit with a perodic- 
ally- varying parameter and with an external force 

with the frequency as the parameter -variation. This 

equation can easily be solved by the graphical meth 

Let 
4--cLrd 

then the equation for graphical analysis is 

+-tt,v,á -1+ 
'6' 

51.v1 z . 

(28 

The construction of eq. (28) is shown in Fig. 16 wit 
-4 

_s 
w= I° , 

and at r =o , =0, 
At each point ( 0, 1, z, ) on the curve 1-1-ff 5 Z 
eq. (28) is satisfied. The curve of t , the 

angular velocity divided by ' , versus ä-- is 

obtained by simply :dotting the ordinates of the 

points ( o, I, z) - vi ) on the curve in Fig. 16 

against corresponding as shown in prig. 17. 

The resulting curve, which possesses a period á 
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and amplitude o 1 and is sli gh tly different 
from a sinusoid, agrees well with that in .thig. 10 

in Part I which is obtained by directly integrating 
eq. (27 ). 

2.5. amplitude Lodula ti on of Far ced Oscillati ons 

in r3ection 2.2, Part I. 

consider the equation 

E ! - 
( 2 9 ) 

In this equation A is a func ti on of -c ; w, , w , 

and w3 are constants; and ' is the saine as that' 
in Secti on 2.4. q. (29 ) , which has the sane form as 

eq. (78) in Part I, is the e qua ti on for the amplitude 

of oscillations in a circuit with a periodically - 

varying parameter and an external applied force. 

In Part I , we have sh own that A is a periodic 

fu .ction of - provided that wo 7 o Here we shall 

solve it graphically by taking the result o f 
obtained in Secti on 2.4. 

Z 01,4 
Let V =Az , then d-= s L 

$ubstitutin, these into ea. (2 ), use have 

-aCti }2` , W GOS 2, J V ... 2 vit (30) 

Eq. (30) is a linear differential equation with a 

periodically- varying coefficient. Letting 

Ç - oz 
b ia h al 14 = Tr 

1 
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2- X I 

; _ /o V3 _ O ) 

-S 
W lo , 

q. (30) then becomes 

AV -F-wnot + 0.2 ( Z - c,o s z ) V 0.4- 
(31) 

. troni eq. (2rl ), it follows that 

Wc, °s Z thus has the sane form as the curve in 
rig. 17 except that the origin is shifted to ( 4, I ). 

q. (31) is constructed in "rig. 18. The straight 
lines drawn from the origin represent the expression 

0,2 (z- coy2 ) v at different values as denoted b:,% 

p, b) Let the initial condition be 

at ti =o , v =1 . A closed curve o, I, 2 . 15 

is thus obtained which means that V is a periodic 
wave with period Tr The curve of V 

versus -t is plotted on the lower left side of 

eig. 19. The relationship between V( = and A 

is shown on the upper Left side. Thr ough the v/A 

curve, V is turned into A as shown in the .righ-t 

side in the sane figure. 
By inspection of gig. 17 and 19 we conclude that: 

(a) A and (I+ §) , the amplitude and angular velocity 
respectively of oscillations in the circuit of rig. 1 

in Part I, are periodic with per iod 

( b) A and i) are out 3f phase b;;; 90e, i.e., 
when the amplitude is a maximum, the frequency is a 
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minimum, and vi ce versa. 
This agrees with that observed experimentally: 

see Secti on 3 of Part I. 
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