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INTRODUCTION

‘years., oSelf-oscilletion mey be obtained in positive-

.twice the natural frequency of the circuit. This

When a2 paresmeter of en electric circuit is

reriodically varied, the circuit behaviour is auite |
different from that when the pasremeters are all
constants. Circuits with verying psrameters have |
pleyed importent rdles in resdio, e.g., in frequency-
moduletion end super-regenerstion. Besides these

rrectical ceses, the psremetric-oscillation phenom-

enon has sttracted incressing sttention in recent

|
ly-demped circuits heving & pesremeter veried st = !

suitable frequency, particulerly at arproximmtely

rhenomenon is termed parametric excitation.

Perametric excitation wes investizated in 1889
by Llord Rayleigh‘lJ. He repeated lielde's classic
experiment in which one enrd of =2 horizontal thread
wes fixed and the other end attached to the prong of
a vertically-mounted tuning-fork: the thresad
vibrated with a frequency one-helf thet of the fork.
The system wes reyresented in terms of the lathieu
equetion and solved by Hill's method of infTinite
determinant.

(2)
About thirty yeesrs lster, C.V. Ramen verform-

ed similar but more extensive experiments., He Tfound

that the thread vibrated when the frequency of its




d-phese slterrnstor were 2all connected in series for

Winter-GUnther also trested this problem methemat-

e

free oscillations was nesrly equsl to any integral |
multiple of helf the frequency of the fork. He elso
attached the two ends of the thresd to two tuning-
forks with different frequencies 4, and £, , snd
observed thet the thresd vibrated st freauencies

é(.r{1t5§x) , where + and s were positive integ-
ers.

. L (5} f
In 19%1, H. winter-Gtnther obtained pareamet-

ric excitetions by verying the inductance of 2 tuned

circuit. Two stetor and three rotor phases of a

Z
£

inductance modulstion. The frequency of oscillastions

was one-=-half that of the veriaticn of the inductsasnce.

ically.
(4)

ftrom 1934 to 1936, W.lL. Bsrrow and his coll-
aborators solved the Iathieu equation on a different-
igl snelyzer, snd slso moduced electric rarsmetric
oscillations by using a three-phase selsyn traas-
former. <They studied forced oscillations with a
sinusoidal electro-motive force when the capacitsnce
was veried by commutating two fixed condensers. ''hey
found that the amplitude of farced oscillations was
dependent on the phase-angle between the veristion
of the cepscitor snd the applied voltage. They also

observed that resonsnce occurred when the frequency

of the applied e.m.f. weas {% times that of the




-

| veriastion of The vesremeter, where m and N are integers.
(8 |
In 1981, liendelstem and Teralexi started a

| systematic study of parametric oscillations. ‘Lhey
built peresmetric voltsge generstors with specielly

designed verieble inductors and cepacitors. ‘hese

machines were able to generate high voltages wi tl
' considersble power 2nd high efficiency. ‘
| The experiments described in 211 the papers
:mentioaed above used mechsnicel means of varying the
|eppropriate psrameters. In this thesis comsideration1
Tis given to perametric excitations produced in
:sfationary electronic circuits, in which messurements
Iof the various quantities can be more accwrately

‘mede. The frequency of veristion of the psrsmefer is
]about twice the natural Ifrequency of the circuit, and
the frequency of the peremetric excitation obtained is
exactly one helf thet of the veristion of the paramet-
er. Under certesin conditions, phenomena of " jump"

and "hysteresis" are observed, which seem to have
escaped the notice of the esrlier workers. ithen an
externsl e.m.f. with the frequency oi the psrameter-
varistion is spplied, oscillations both with constant
amplitude snd frequency (half that of the externsal
e.m.f.) and with periodically-varying amplitude and

frequency sre obtsined.

As regerds methematical analysis, 2ll the previous

authors, except liandelstem and Peralexi, considered

he differential equations for their systems of the

!
|



1r esent thesis.

Torm of Iathieu's equetion with or without an

additional dsmping term. However, because of the
lineer nesture of the lLathieu equetion s it can be |
shown thet its solution, &8s time incresses, either }
tends to infinity (unstsble solution) ar tends to
zero if there is demping (stsble solution), or
renmains finite in amplitude as endowed by the init-
iel conditions (stsble or neubtrsl solution). hat
the oscillations 2t first build up =nd then resch a
finite amplitude, which is the actual result from
experiment, is outside the compass of the linesar
liathieu equation. To account for this snd other
phenomens, considerations of non-linearity must be

introduced; end this is achieved in Part I of the

ror self-excitation, the differential equations
developed in this thesis are solved both snalytically
and topologicelly. The analysis is based on Poin-
caré's small-parameter method, in which the non-
linesrity end the veristion of perameter sre smsll.
Phe condition of self-excitetion, the stsbility of
various solutions, 2nd the phenomens of jump and
hysteresis, sre investigated in detail. <The results
of mathematicsl snelysis esre compared viith those
obtained from experiment. I'he agreement is in
general gzood.

#or farced-oscilletion conditions, & different
gapproach is mede in which the line of Iryloff and

Bogoliuboff is followed. A periodic solution of




modulated amplitude and frequency is obtained, which}
| explains qualitatively the phenomensa observed. As 1
for forced oscillations of constant amplitude and \_
frequency, they differ 1little from the csse of self—f
excitation, The condition under which the same

rrocess of esnalysis can be applied to both these two

cases is stated, but no detsiled calculstion regard-
ing this type of forced oscillstion is yede.
, Besides the an2lytical method, & grephicsal
| Trocess applicable to cases where the analyticsl
method . fails, is slso developed in this thesis. The

| graphical method, which is appliceble to most second-

arder differential equations, is & generelization of
(7) (8)
| the methods of K.J. vejuhasz and A. Preisman

applied them only to lineer systerms, and to systeus

who

with non-linesr damping, respectively.

Among rroblems for which snalyticel methods are |

|
not available are cases involving & non-linearity

ifWhiczh_J'.s either large, or not analytic. Lot of

| these cases cen be solved grsphically with varying
|'élegr'ees of labowr. This method can also directly
solve problems in which analytical exmressions for
the non-lineer elements - which are aften obtained
from experinmentel dste - z2re not known., IV is not

necessery, when the graphical method is used, to fit

| the experimentel curves with equations.

@eneral minciples and constructions sre given

|
'in Pert II, which also includes sone applications to
[
1




problems discussed in Part I. ©The process of con-
| struction of each problem is shown in detail. A&s
| a test of the sccwacy of the graphical solutions .
: worked out, comparisons are made either with exper-
inenfel results, or with analytical and numericeal ‘
- calculstions. }
Thus the work set out in this thesis deals withl
| eircuit phenomens due to persmetric veristions, ‘
f teking ﬁon-limearity into account, with or without |
| externslly applied force. <+he results for self-

| excitation are thet psremetric oscillatiors have been
Edbserved in electronic circuit, with ! jump" and
"hysteresis" under certain conditions, and quentitat-
ive agrecement obtasined between thearetical ypredict-
ions and experimental results; and for forced

- oscillation, oscilletions with modulsted amplitude

and frequency sre observed besides those with con-
stant amplitude snd frequency, and theoreticsl con-
siderations show both possibilities. In addition,

8 graphical analysié is developed arpliceble to most

problems involving non-linearity.




PART 1I.

ON PARAIEBTRIC C(SCILLATIONS

IN ELECTRONIC CIRCUITS.

| 1. FRELININARY.

In this section the circuits considered in this |

| investigetion are described, snd differential
 equations for them derived. Ia Fig. 1, V1 and VE

| are two identicael vslves and sre operated under the
isame conditions. L the inductance, R the resist-
 ance, C the capnscitance, M the mutual inductance,

éand k ere sll constants, and e is an externsl
|

{e.m.f._ If the grid currents aund the effects of

| enode reactions sre neglected, then by Kirchhoff's
|
|

law, the equations for the circuit ere:

- L] [} )
Lm*‘"“l""’l“"‘z'—'o

’ : (1)

L%-&-Rh: é“j Ladt,

(8

s

Li |

V:fvl : ('rj)

(ol
a

and

where ta = S-LV; &) is a non-linear function repres-

enting the snode current tay 85 a function of both

|ible in the form of = double power series in Vv snd
s e
Lv,e)=liy+ vzs [3v3e .-
+ e +mp et g B g

+ N,V + ety 4Ny € VI
)

|

|the grid voltages v and e , 2nd Coz :&(o,kes) has |

the same form as {-(v, ') , Wwhieh is ususlly express-];
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| where ‘

2 LgE _ 1L (% ;
\,:kg‘\?' V= 85:01 (2:2(%_\.;)V:€5=0) {3_3!(‘6\’3 vz€s= 0 3 ‘

2F

. ok 2%
ma—(“”) = g :._'_(E___) 1WA _.'_.( Abe s et
| e :'-e"‘o t . == ¥ _,
, oL Jv 5 ) 2 aes" V=Fs oJ 3 ! aes‘ V= 85 —9}

2 3 3
n=(25) =2k et il
3953 \,r:es:[?) 2lavaes v=e,=0, = ay T2l -,raeszoJ — 4
| As, in practice, {(v,es) is an unknown function, the
/ % - [}
s » ms, and ns  have to be determined from the

|
characteristic curves of the valve, obtained by

' r] ] .
| measurement., The m™s can be found from the va /e,
i characteristic with Vv=0 : in our case, the grid
|

to which ¢€; 1is applied is operated within the linesr|

|
; vart of the Lc'n/es curve, so that mi. m; ..... can

be neglected. The n% sore determined from families |

| of {.m/v end  la fes characteristics around

@3 =V =0 : v, is the slope of the curve

'3_,{) g at v=0 , or of the curve

2Ey ES:O

34.) /e gt €g=0 ; M is. one half the
(57 yz0 [ =5 3

slope of the curve (-g‘““es;,v)v:o €s at €&=0 s @ of

] - '\’- —
| the curve ("{) v at v=o0 ; and so on. In
€ Jeg=0

the present csse, n,, N3, «se0eses are negligibly smmll,

#inelly, the |s sre obteined from the Ca /v
charecteristic while €;=0 : a typical form of the!

\lm/v relation is shown in #ig. £. If the first ‘
grid is biased st 2 point nesr the inflection point |
of the curve, it is found that, by enalyzing the

curve to fit eq. (4):

I(a) the values of |, ls; «c... are positive,




O

(b) those of l3, 17, eeeue. 2are negetive,

(c) the inequelities
‘lx‘<<!*lt} Ii'“-‘<<113{) ‘Ibl<<{‘5_ll ”-J
end | Ll > | sl >> Lst hold.

In view of these inequelities (c), the first
few terms in eq. (4) sre sufficient to remresent the
cheracteristic. In this wey, eq. (4) therefore
becomes, if &= Aosimawt | A, snd W being
cons vants,

;—{'J.aes L.II = my A, sinzwt A, vsimawt + v +lav® ff;Va+

As sz hes the same exyression as (a

except thet Vv=0 , and e (or Ae) is chesnged into
ke, (or kAo ) , We have

Las = km A, cim 2wt ,

(6)
Substituting eqs. (5) end (6) into eq. (1), and
dif ferentisting with respect to t , we obtain

. AV
nRo (sin 2wt SE A+ 2wV 052wt ) 4 2(1k) m Ap W e E

+\1,+zizv’+31 VE+ )HT j;' j;‘:o'

| (7)

iIﬂserting eq. (3) into eq. (2) end differentiating

twice, gives:

i * &
| ety b LE gty | RE Ay (8)
| gt - M at M dEt .

iPutting eqs. (%) =nd (8) into eqg. (7), yields

[ LC:%;:-: +RC3};— +v+M[2(I+k)wi"‘nﬁ.oc0szwt
|

L]

; 5 AV
&+ v"l.,/\o leﬂzwfj_{- +Z\-\JVC052.VJL-)+ [_ "+412"’+3ng =+ )G-l-EJ %) (9 )




=d=

In eq. (9), the term of highest power in V

must be positive, for otherwise the system would
possess a nezative resistance for large values of

v , Which is physicelly impossible. In the present
| case, the mutual inductance M , is made negstive,
and |3 is negetive &s shown rreviously, so thet the
extression 31334“‘35 is positive and is taken

| s the term of highest power in V in eq. (9)s The
term zllpqvfg may be positive umderrsone operat-
| ing conditions, but we dc not choose this as the

highest power in the non-linearity, as 21l. mey be

smaller then 313 and slso far the resson, explained

[ 4

| in Section 2.1, thet even powers of non-linesrity
have no effect on the zeroth-arder solutions of self-

| exci tation.

let
7 B w’c)
e
g, Lcw?,
- ‘_'R_._ + M*I 3
€9 =HE  WLE o L
2iz M
=T
¢ Wikt W
. 3lsMm
R
{ , Ao M
e(ll = - ! ng )
and

2 (1t k) Ae ™M
L. — _,_,_._._,_._._,_.--—-'—'-"_'_-
ANt = [ CW )
where € is a constant. Then ed. (9) becones

f*._f_“'.. 4 [6:" 2€ ﬁlc,oszt]v = AN Cos 2T + G[&,s.‘nu:

at* (11)
-(r.+r;v+rsVlﬂ§§




| valves opersted under the same conditions.

— e fl==

In Pig. %, VI and V2 are azain two identicsl

With the

same assumpbions &s before, the equations of the cir-

cuit sre:
=2 0

A e L T W2 e 5]

p L.] I - 1 ™ ; E— J‘ : -
L:ir'-:- fl\t'{,"' I'{r.,) I—'Cj‘v.ﬂit)

V= Rl;l)
T 3 o
where i, :gLv,e,):m,eb+m,e$v’+!,«+lzv+lgv s
“ - e )
and N ](L es) = ke & . Lebtting & =Accos2wt
and eliminating the varisbles (ai , (ae, ¢: 20d V.
from these equations, then
LC + R +R;)L \/TRL[LH'k-JMI’\"VDs‘?-w.E
i
u‘-+J;vﬂ-IQV‘++15*"S'*‘“‘J:O.{1“J

4 ) Ao Vios 2wt + v+ la
Since the term of highest power of the non-linesrity
must be positive, and since the term R, I, v* is
negstive, the fifth power of v has to be taken into
ls is positive a&s shown before,

consideration. 1llov

so that the term R, |y v* forms the highest power

of v in this case, - Iet
T=wt, \
1+ Rl
05 = =
LCw*®
e%' £y | Y‘i|/\oR:.
€T 2l )
r)\ﬂ
A; = Ll“'k) R > (18}
| Cw? )
ey = RitRx
et 3
- )
ond €= lo (=23, w50
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Then equation (12) changes to

5
d?v Jee X W, SNy 1 n ;
(J-T_E""%[Gz-zeﬁa.{"osztjv""Alwszt e["dt‘ 1'“=Zz Fhv ]‘ { l:r.)

It should be noticed that egs. (11) and (14),
which asre derived from physicsl systems, have the
form of the liathieu egustion but with additional
non-linesr terms. In the cese |f--)| , then A, and

A, Vanish and the equations ere free from external
force., If there sre periodic solutions which repres
ent electric oscillations in the circuits, the cir-
cults are self-excited.

In the subsequent msthematical analysis, we
shell consider & more general equation which con-

tains eqs. (11) end (14) as special cases.




| stent term or linear terns of v ; & =and € are

2. LaTHOIATICAL ANALYSIS.

The mein object of this section is to deal
methematicelly with = genersl non-linear differentisl
equation of the tyre

;;"?.Z\k,(‘:)\}-l'[ﬁ'—Q,I[':}]V:E{.:}‘_i_ &D(VJ‘:’)) (1))

which comprises the equations derived in Section ‘1.

In this equation, the dots denote diffeventistions

with respect to Tt ; (=) g . (c) and E(x) are per-
iodic functions of v not involving constent termns;
~¥.(c) has period w ; D(vv) is an analytical

function of v and v , and does not contain s con-

positive constsnts; amd € is small. Bq. (15}
rerresents a non-lineer system with periodically
varying dsmping end restoring farces @nd with an
externally epprlied periocdic farce.

By introducing 2 new varisble x(=x)defined by
-[T¥wde

X ()

vilai= e ) (16)

the second term on the left of eq. (15) can be

eliminated.
Thus
§+[G_;_q‘°\1/(t)]x = Fo) + e Gl %) (17)
Where
29, ¥ (=) = ¥, (v) + FHo) + & (<),
Fl= Erel Bimlac } (18)
Clt)= piw, Vel BT

4
and q, 1s 2 constant.




ol ) S

As € 1is smell, then to & first spproximaetion
the terms involving € may be neglected. The solut-

ions of the equetion
| '>E+[s—23,\1't-w]x= FTe) (19)

| are celled the genereting solutions of equation (17).

There asre two ceses of eq. (19) to be considered:
‘ (a) When ¥ \®) is an even function of —~ , eq. (19)
| is of the form of Hill's equstion; and (b) when terms

of higher harmonies in ~¥ (=) (i.e. term of simarx,

CoSAT, . Sib 6%, Fon ) are smell, eq. (19) reduces,

as & first aprroximation, to liathieu's equation.

(6)

| Both ceses have the sz2me form of solution , namely
| X = A, % (=) + A X
| T 2
[ -—%;[mm) Stnw)FLMdu-h(tJj x.u:F(u)o‘M] (20)
P
where
5
X, (Tt) = (:_:’Mg CF’C-:))
-
¥x ') = YH."':):E 9 CbL—-t))
(‘23:)

e = o *;KO) — x;.(o)?c. (o) = LOHSt&Ht}

¢gt)is & periodic function of T reyresentable in
:terms of & ¥ourier series. The coefficients in this
fourier series snd 8lso M are definite functions of

s, 9, end the comstents in ~F(x), and A, 2nd A,
are arbitrary constents. When M is real, X tends to
infinity with — , end the solution is therefare un-

steble. iWhen s is imeginery, x is bounded as =<
|




=15~

apmr oaches infinity, but the frequencies of the
terrse in @<x) sre changed, snd the solubtion is
thus steble.

In further discussions we shall consider two
cases separately: self-excitation ( Fwy=o0 ), and
forced oscillastion ( Fie)*0 ),

(a) self-sxcitetion. It is evident that for this

case the solution of eq. (17) must be unstable
( » real) when €=0 + The ryresence of the non-lin-
earity ( exo0 ) controls the amplitude of the solut-
ion to a finite velue. rsrom physical grounds, one
woulad eﬁpect that the exsct solution consists of a
factor of the neture of an unstable solution of

Hill's equaticn, multiplied by 2 deamping factor which

becomes effective only when X 1is considersbly lerge,

so thaet the finsl oscillations attein a finite ampli-

tude other than zero. However , such 8 genersl
solution has not been found. In the mresent thesis
attention is confined %to the case of smell q_ , and
S nearly equel to 1, and the main task is to seek
approximetions close to the final steady oscilletions

+
and :dis cuss their stebility.

let 9, =¢ 1,
(21s)
and o = I+ ek,

i

eq. (17), with F(=)=o0, becomes

® 4K = eH[x, X \Ett)])

‘.ﬁfhere H['x! ;‘n ?(ta: CT{.K/;‘)—PX "“2% ?{t}x'

iﬁere we choose simple harmonic motion as the zesmersb-
i
i




|
!
-16- |
|
|
|

generating solution which resembles closely the finel|
oscilletions as observed in the exXperinents described|
| |

| in Section 3. \

(b) warced Uscillation. ilhen e=o0 , M can be

either res2l or imeginary. Hor the caese of resl M

b ]
|
|2 process of snalysis like that used in the case of

!self-excitation can be epplied, yrovided that (£1s)

|is setisfied. If M is imeginary, so thet m=j¥ ,
iwe shell s2dopt formelly eq. (20) as the solution of

leq. (17) but with the arbitrsry comstants A, and A.
|

'in eq. (£0) es functions of — and the non-linearity.
| .

'Id this case, 9, snd 5 &re not limited to values

'specified by (£1a), but subject to snother condition:

¥ << | .
|
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Bl Self Txeitation.

felal Periodic Solutions.

Consider the equation

0
oo

;‘1-\( :&H‘:v}{f} 'i/('f-)] (

/

' where ¢ is @& smell positive comstant, ¥(=) is =
._ pericdic function of T H[v,h@cﬂ] is an analytiecal
| Punction of V,v, and ¥ , snddfvwv, ‘I’tﬂ]m:fo.
! when c=o0 , ©q. (E2) remresents 2 simple harmonic

! escillator, end its solution is

Vo= o, cosT + b,s{n-r.J

}(zz)

‘ : Vo= =@, SIMTthoCosT .

Eqe (23) is the generating solution of eq. (22). At

;'E_=O' VE(0Y =, end v,(0)=b. « Whem exo ,

' but smell, we assum, 8t T=0,

JL0)= b = Vol0) +8 = bot B,
where A and B are funetions of ¢ , and both tend
(5)
theorem , the solution of eq. (£2) can be written

_1n the form of & power series in ¢ , 4 end (3 v Ly
VeV, +a B +p Bt eCorae CirpeCure Cyr v, ke

where v, , B¢ e2nd ¢ ere funckions of T , and the
series on the right hsnd side of egqs (£5) converges
 provided thet <\ , (g1 , amd e are sufficiently

small, Differentisting eq. (25) yields
G =V rabrpbirelornedipeliecid e, (ng)
;;:_;/"u-ko{‘.ﬁll +F5‘+GE°+°{&E5‘I‘"Iéé";-l-ea'c"'s_;.-.-‘

’ (87)

| VD) =a = Vol0)+& = ot &, 1
! (24)

to zero with ¢ . Accarding to Poinceré's expansion |

|
[
|
|
|

|




=i:B=

gxpanding H (v, v, J o | gs a Taylor's series

around v, ‘and v. gives: ‘
MY, ¥©] = ulw, v ¥@) E
,}...(EB}Q

|
)

! £ (V-Ve) Hv[v',}l:"o,\P{t)] +( V- \."o} H;.[V.,J’o,\ktt
| where H, 2nd ‘H; sre partial derivatives of H(v,v, ':‘."f-l] {
| |
with respect to v 2nd v respectively. Substituting
egs. (25), (26), (27) and (28) into eq. (£2), snd

equating the different prowers of « , F PO - 5 o IO

we Tind thet
V,t Vo= 0,

ém+6m:0; (.m=‘)2]]

én+ Gl T R0 [ A=, L 8 )).

!where .

! Zokt):H[V’o, Vo, "ylt)])

7 (v) = B, H\,[vo)\h,«yu}}5,H;,[v,}0,}\1ft:)]}
\

BuHy (v, ¥, F e B e T0] P (50)

1

7.4
Zilu)= iy (vo, v,, | + égHe[vo,\h)*i’ml

| The solution of the first of eq. (29 ) is eg. (23).

| then =<~ =0 , egs. (25) snd (26) become

V(©) =Vo(0) +a B, (0)+ B B, (0)+€Col0)+aeC(o) + e L0+ €T, (0)

5 (o= ,(0) *& B,(0)+ BBu(D) T € G,(0) raedy(o) +Be Caop+ecy (o) }( &)

Comparing eq. (31) with eq. (24), we find

j BleY = B (o=t

1

B2(0)

8,007 = Cal0)= 2. (0 =0 w=o2,:




=10

With these initial conditions, the solutions of the
rest of egs. (£29) are

B,2 costE,

By= 5nT, (32)

(= SItZaL‘U sta(T-wdu, N0, 1, 2,800
Substituting eq. (32) with T=2r into eqs, (25) amd
(26)) gives,

viT)=v(0) & + eColzw) +AEC LZT)+(3€C‘;131") +e'gy(am) ¢ ') }
(5

v(2m)=0,(0) +§ re(Lmyae & (am)+ peéa (m)+eCy(em) eenr

vinhere
¢ 2T 3
coam ==} Z . (e)sinT dr, (34)
soyr Y\:O,l, ZJ.“'
C“nk:‘n’):j‘ Zf‘-c)costdt)
Subtracting eq. (£4) from eq. (33), yields

/

v(2m)-Vv(0)= e[C,Lw)ﬂ-o{c'l{zﬁ)*rﬁc‘a.[”")*'GC‘;(2"')”"]
} (35)

v(zmy-v(0)= e[é&ﬂﬂ + A G 27) nﬁé: (2m)+€ és["f)*“‘]

In view of the comments a2fter eg. (£4) sbout & sand
B , it can be assumed that
h=o € Fohae™+ Ay i, }
(3

~ Sectl e
Bz gt faeH

«ss 2are constants.

2 ?

Whel‘e A, ’ AR y ee e, ﬁ' » F
7

Inserting eq. (36) into eq. (35), we obtain:

J

V(Z'!T)“VLU)" e{ Col2m) +e {dld.{zw}+@, lEr) v C;(&T")J-i-'“ }
v (2m) - v{0) :eié‘v[m)a-e[d.é.[m)*r(?, ff.Linrégiéﬂi[+--- } }(37 )

Now the conditions far the existence of periodic




~20- ‘

| solutions with periocd 27 are:

vizr)-vio) =0, } (383)
A
\:;-'\211')«-\}{9):?, ‘

| To satisfy eq. (38), the terms of different powers in|

fore heve:

J

I

€ of eq. (37) must venish independently. e there

Co(em) =0, , } (39 )
éoLlW) :‘.0;

y LA Sy
°§.1C|‘L3f)+@'c'-“r)1‘ f"'?*lk‘ﬁ)"o)
OJ\CIIL?—“) + [:alcz k‘"a'*'csl"‘”):o;

Eos. (39) give the velues of a. and b, , and egqs.
(40) the velues of « and @A to the first order of
€ o Provided:

d, () G (2 1)
$ 0’

C. ) c, (™

To recapitulate: The periodic solution of
eq. (22) with ¢ smell is eqgs (25): In eg. (25) Y
is of the form of eq. (23), in which a. snd b. sre
determined from eqs. (34) and (39); B, ,B,, and C.
are obtained from egs. (32); and « and B from egs.
(384) and (40) to the first order of ¢ . Higher order
solutions can be obtained in & nmenner similsr to that
used for the first order solution, thouzh vwith more
labour. In most practicel problems, the zeroth order

solution (or genersting solution) is sufficient.




=

Betabu Stability of Pericdic Solutions.

| In the rreceding section, the eq. (39) from |
which the genersting solution of eq. (22) is obteined
may give several sets of solutions of &. and b, , and
consequently eq. (£2) mey have severel distinet sol- |
| utions. The question arises as to which set of solut-
| ions or what combination of solutions we should use:
the answer lies in their stebility. Only steble

| reriodic solutions have mractical significance, and
| only one stable solution cen exist at any given time

for any set of perameters, save for those critical

| conditions under which the solutions may " jump." e
fnow investigate the stability of the pericdic solut-
| ions.

The term "stabilit;“ is used here in the sense
employed by Liapounoff(d). *his can be stated qual-
itetively as follows: A periodic solution is ssid
to be unstable if, after & slight disturbance, it
ultimately dies out, or apmrosches another periodic
solution, or increasses indefinitely; end s periodic
solution is stable if it is not unstable. Following
| this definition, if 2n equaticn hes an unsteble
solution with zero amplitude, this solution will
either increase without 1limit or reach = fnite
samplitude. Yhe system reyresented by the equetion is
sald to be subject to self-excitation.

I'he stability can be examined by the pertwrbation

method. Let the velues of the periodic solution with




period 2w at an arbitrsry instant (say T=o0 ) be
VL0 Y = es , end v (0)=b : then the velues of &
solution with slightly @&ifferent initisl conditions
v (0) S § , ard \'/’;"o):b-z-v’[ at w—=27 , Will
be of the farm v'(:m =ary &nd V'(aw=b+q ,
where v'(t) is the perturbed solution. It follows,
therefore
\;’le)—-v’fﬁ’):’-g—g) }
. T (41)
g {emd=inv o) = -
With the perturbed solution, egs. (25) and (35) retain
Itheir forms except that V, &, and P are replaced
by V,Av3  and g+ respectively. Bg. (35) thus
becores
V’(a.-n-

) - Vf[ D) =€ [C’ L.!.-rr) +{,d.+i) cllzf)‘f'{%s'l'Vl)C»[’lW)'PGcs (Jn-)J...JJf
(42)

) = V(0)2 [Cotem+ ) ) (BRUCH () w€Cy e

With the help of egs. (35) ard (38), eq. (42) reduces

to:
\/](ZTI')—-V:U’) -¢ [ 50, (2m) +1 Calm)+ ] ,
i

{;IL»w)‘\‘/f[o)z €[ $ é,k“")wléuzw}*”"] ‘

From egs. (41) asnd (43), we heave,

%:h\";*h»“(w-—) ﬂ=h;§+‘nw"(+---) (44 )
h - Y
wnere \"\\: v+ € Citzm) 3 ha= € Ca..{' ‘I"I")) } (45)
igoe Sulard ' h+=l+ef‘§”)-
9
It cean be shown thst the stability of a periodic
solution depends upon bthe charecteristic roots of

the metrix

oy hy
[ hy he




| -£3-
i.e. the roots of the equation

4.
i el" \ hl+ﬁq‘f)€+kiﬁ|h* _;“\th):o' { 6]

Denote the roots by f amd P o If AI<), |pl<l

the solution is completely stable. If P[>l (fs]> 1,

the solution is completely unstesble. IFf P 71 2pur v
(10)

| the soluti?m is directly steble (of "col! o

: (5

Mseddle™ type )s If P <-1<P.<0 _ the solubion

|is indirectly unsteble. Inserting eq. (45) into eaq.

(46) and solving for P , we obtain

f =+ EE[C;{.”)* éa(LW)J"t\/[C:(n} "'é;r@'”)}:_ Q[C.[Jr)é;{zrr)- Caem) ¢ [a.-rrj;{ f

|
As 2 consequence of the stetements sbove, ue establisﬂ
the following:
(a) kor & completely steble solubion,
. 2m) =+ ¢.lzm <o ,

and

>0

C, (2™ é‘ (27)
\ C‘.Lz'ﬂ‘) Ca. (2m)

(b) For a completely unstable solution,

Cl{z:r) A éz..La'Tr) >0 )

and C\(z-“') C,l2m)

& fawy - Cx (2%

(c) For a2 directly unstable solution,
Q2™ c}_pﬂ)
¢.tm  C.l2m) S0 P

and C,(2m+ Cl>™) cen be either positive or
ne gative:

(d) ‘"here is no indirectly unsteble solution.




2aled Special lases.

In order to illustrste the foregoing mathematic-
8l snslysis, we shell counsider in the following
special cases of eq. (28), corresponding to the two

circuilts described in Section 1.

b H[v, v, ihtJ] =-(P+a9 cos2t)v-[29,shm2t +r +rav w,v']__ti(f:?

' With the exyression of eq. (47), eq; (22) hes
the form of eq. (11), except that A,=o0 , & and q,.

2)

ah]

are replaced by \+epand - 29, resvectively. Eg. (

now rerpresents the circuit in #ig. 1 with k=-1. In

| ea. (47), the linesr damping v, is assured to be

positive here, far otherwise the system can be self-

dampirg
excited with negative linear Fonly; gn@ r, is positiv

| s shown before.

At first, we shall find the zeroth arder solut-
| ion. e celeculate (C, (=) and then oo amd b, .
Inserting eqs. (£3) end (47) into the first of eq.

(30), yields:

Z,®)= Beint +@ose + Bsin 20 40:5 2T+ By Sinst + Qyeassn (4

where
P‘ =Moot Jq-'rla'° (q:*b":—“*‘ q‘lbﬂ"?bﬂ
J
Q\:"— =it by~ ﬁr;bg("k:"'b:)‘g,aﬂ - Pas

Px = 12'_‘ a U’*;"ba}')} (40)

QI. - - rlﬂ-obe)
3
F Py= n (3 -g2bs) -39,b,,

;a.nd, CQ;: Ly [\'%I- b:_%“:be)“ii‘ﬁn'
\

|

L)




|
|
_l
| substituting eq. (48) into the third of eq. (32) with

w=o s 8fter integration gives:

‘ Cn(f):’ Jiot-ts‘.ht—ﬁEicost+BlSl;\‘t+G,rcnSC

A 50 ) |
| -JZ;PA smz-;.--%@,_c.oszt--g-f,smg-;_é.gsu,”t) (50) |
|
| where b ds 2 3 p

e Ei'-ZPI-P}P"-I-%_ 3,
fems
! (51)
aaﬁd O':J{Q"‘*Jé@s- }

| In eq. (50) letting —c=24 , 8nd from eq. (39), we

:have
|

El‘-'-'@l:_o (52)

Putting the values of P, snd Q, which are given in
|eq. (49), into eq. (52) end solving for a.and b. , we

iget the sets of solutions:

ao=0,
} (: 55
59:03
i b = -‘-;,"; [-—\r,i‘.\laf-p" ],
R - = (q-p
_.fJ .
bp ‘1I*Fo (54}I
Inspection of eg. (54) revesls the following:

i(a] Since r, end Y3 sre positive, only the upper sign
.in the first of eq. (54) is possible, ond consequently
the second of eq. (54) takes the upper sign too.
(b) Solution (54) exists if, end only if,

25> '+ pE
(c) The solution does not contein r, , and this is
why we do not teke the term invelvinz y, as the

nighest power in the non-linearity.




1
i)
G

|

(d) as+be , the squsre of the amplitude of the
zeroth order solution, is inversely rroportional %o

v; » bthe coefficient of tThe only non-linear term
besides that contsining ¢, . If Y &pmrosches
zer 0, the smplitude tends to infinity, so thest, far |
g solution of finite emplitude, non-lineerity cannot

be avoided.

(e} The second of eg. (54), which represents the '
phase of the zeroth order solution, is independent
of the non-linesrity.
We then cslculste The first order solution.
i om eq.l(%?], it follows that: |

Hv[vu,\'jc‘\?{:&)) = --P "'L*'(il‘:’o(’ LT =T Ve — 21 VoV 5 } (:Jb)

ang 1y {v,,v,jgu.)l ==-29,sm2T -1 ~Ta Ve, =Y Vo,

Inserting eq. (55), C.lx), éohJohteined from eq. (50) |

Ate), Ale), Ble) and Ble) from the first two of ed.

(32), into the last three of eg. (30), gives

2,00y, Zslx)and  Zs(c) ; then from eq. (34) with

W =1; 2, and@ 3 , gfter simplification, we have:
Cilr)=- Tr['rm-rs kﬁ%‘*’ih‘)])
C‘VW%:-W{p+al+§rgau%]
Caler) = - If[-F.» q, += r,,apbp])

(-:1@.1\-) = - ['r\-\-q L% bo + % o )j)

Cibmd=-w{-pp/s r@/+4,(B/+} B, )~ fru(Gat Bb)

+1; [{[&GW} Q: +?£(E‘.'*J§ f;) Gobo +$(Ghl"' ég‘ Qa)( ““L_L:')J }
J

Gyt = i-p Q- 1 B'-2,(0i-§0,) + H (Boae= Qo)

w5 aamwr.'-ata:—%:as)a»b»n’:tf"-%e;)w-’n‘)ﬂ




Inserting the velues of Psand Q% into eq. (56),
then substituting it into eaq. (40) end solving for |

oy, 8nd B¢ , we obtain |

B = _Sl_ \‘r:(au‘fb;‘)s,‘*é"PL""‘"”S»-—R(S_;*L:S*)“PCQ% 'SEJ

o
P

G\:TS‘—L CCRLY _)S' B (& -L )S +0 KS1Q=-S\+ESJ (57)

L

e v e WP S
) 1.0 % I a a2y
mhere Q= r+p- 4,1 nuebe vrin(acdeb )+ gy AR

Sy

J'; P“‘ﬂ + ?I.'E\-o“"" ]Du))
Q= L (2pbe=a by -100),

Ss= {‘; [3,"1 +J£ Yi¥3 Avbo ‘*z‘: P [fw"—LDxJJ

y 1.

1]

Iq‘ (-;-Y‘;Lq-|+_lir5&‘°b')) |

Pz n(fad- daeb7)- 39,0,
3
%

u':’llbv)-'si‘a-o) ‘

@a= Blbbs =
S's e %[P.ﬂ-l -p9 ..--Ij—f,")p.,‘bp-&l nry Lg‘, +5 e )* Y3 Lsa,m +,.,)}
and Si= __.L S(prnt) =49 - Pg, =1 vyPacks 4153 acbs
rpnn(i3alehs) *1 nt( 300"+ 3400 bet -’-bfjhi .
e have calculated the veluves of a., , b, , Ct=

S and B . insert'ing these velues into eg. (25),
reriodic solutions to the first order of € ere ob-
tained. Ve now investigete the stebility of the
solutions.

Solution (2): Oo= b% =0

rrom edq. (56), it follows thet

C lem) + é,klw) = =AMy, <O,

and G lem Calew = G em) Calam) = [ vy = g =p2)



o

- - L3 - & rs > X 2
Hence this solution is steble if 9, <n *+P ;
otherwise it is directly unstable. Thus the condit-
ion of self-excitation is: Q" > vi*+p> - lote that

this inequelity is free from non-linesrity.

2 5 . V& 9 = ‘j’_ o o +
Solution (b): alebl= r;{ r.+m]J

A o [Eer
e WmlE

It is celculsted that:
SRl C.lew)= aw[n -2 g7 p> J

J

ang Cilem Cem=CbmC.bm) = am e [+ Jai—p ]
This solution is stable if \E»"__;. S ¥ or 9. >r’+ B
Since the condition of existence of this solution is
the same &s thet of its stability, this solution is |
always steble.

We now summerize: The equation

S AAR e{( P+ d,cosrt) V2, Simat e+ uV e V] "’}
glways hes a solubtion with zero amplitude, which is
stable unless 4§ >v>+p> , then 1t is unstable. Aas
soon as the values of the perameters reach the un-
steble region of the zero-amplitude solution, a stabl
solubtion with finite amplitude appesrs, snd is of the
form:

V = Vsinlt+x) +€ [C,Ln) +oy s T & By 5\'”-] + OC@”))

= +an-.' L [r'l;*f'
\\) TS
J

\qu“‘-P
Cited, oy ) end . are from egqs. (50) and (57)
resrectively, and O(e*)contains terms of €% ¢?, - .

The manner in which Yy , the amplitude of the

[91)
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o

zeroth order solution, varies as the linear dasmping

v, » the amplitude of the parameter-varistion 9, ,
ar the difference between the natursl fregquency of
the circult and one-half that of the parameter-

| variation p 1is vaeried, is sketched in wigs. 4, 5,

=%

o

| and 6 respectively. The full lines (other then OV )
stand for steble and the dotted lines for unstable

| solutions. These cuwrves will be compered in Section
4 with those obtsined by experinment.

P V.

(9]

A H L\-’: v J ‘1’(1;)] = —‘r\:‘ + 29, Veos2t —

hatd)

Mo
7
o

In eq. (58), ', 9., end pun( n=2,3.%5s) are the

seme constants es those in eq. (14), ps: is negetive,

r and p; sre positive, end p= }F (eu-1) . Hg. (22)

is then identicasl with eq. (14), which rerresents the

icircuit in rig. 3, except that A, =o0.
Substituting egs. (23) and (58) into the first
of eq. (30) gives Z,lz). Inserting the exyression

|of Z.=) into ed. (34) with n=o , and from eq.

(39 ), we have:

' lra"e_' &;bv' Pl bv 'T‘f ?35“{‘“;1—L"‘) _%PFB"(“"‘-*LD‘.JL—__— DJ

-S 3= B
| r'bo ol i‘,a\.p'r Pl“ﬂ +¥ Pgﬂptaﬂ +Lﬂ‘-)+ _;:FE a‘b[kv\:{"bvfzo

|
The solutions of these equations are

z

Vo:mo'l‘b,,:o e :z.g:'n,::c-

and % 7 '
| V —r;i 3P3t QF; Y0bg P|+~Jg. “'"V‘)l (59]

Lol ‘lt:j&,

i

2
°.
-‘-
o
o
I

'The upper =nd lowier signs in the second of eq. (59)

1
icorrespond resyectively to the upper snd lower signs
|




before the redicel (Jar-v" in the first of eaq.
(59)¢ In view of eqg. (59), it follows that:

the phases of the periodic solutions are independ-|
ent of the non-linesrity; =and |
the solutions to the zeroth order of e do not :
contain vy, and r, which are the ccefficients of I
| v- and v%respectively.
Solution (59) may not exist, or may have from |

one to four values, according to the relstions be-

tween the constents.

Let : ‘ 2
B V*;’?Fs&""’“%n‘-wwkr"ﬁ:—-f")]
| 2

V.l: ;‘;s['ﬂ’i“\J"i?f-wﬂsL\""'m) ]

/

| e A
B A SIS N = |
|

quFs “‘1’*'\)“‘\’a"‘*"rstr‘*\l‘if-v") }
and .

As \J *must be positive, we have first, common to the
four sets, 2 necessary condition of existence of

solutions:
G i

For individual ceses, further conditions ere:

(8) W, is possible if 9ps*> Gops(p - t.i:_v‘-'))

(b) V. is possible if qp;, Tops P~V ioy-) >0

| _ = 7 5 (59)
(el W, is possible if 9p.” > yop, (Pt Jaove),

(dj <V, is possible if 105" > tobs( P Ja2 ) >0

e now exemine the stability of these s*:;llrt:ic.msol




s

- II
|Inserting the partisl derivatives of H [V v, YL"} ‘
lwith resrect to v and Vv which are obtained from eq. |

(58), into the second =nd third of eg. (30), snd with |
thhe help of eq. (23), gives Z.(tv) snd Zi(<). Insert—‘

5(54) with n=1 and 2 , results, sfter simplification,

ing the two expressions of Z.(x)and Z_ix) into eq.

148 Clm) == w [ - 2 pyask = 3 by mabe (aHb) |
P

dlu"ﬁ') = "T[-- a—z.""'\’l"ﬂFi(-a“’*b J—.—- F;D‘_

= li.-?g LQ@I"Q' bn‘):’-w ;— P; Lﬂa‘*-ho‘-)(_ﬂ,"‘--Ln"JJ

Mo
|

CL{’*“—J:: ™ [:—- ‘i-#i‘ —+ '—:'; FS Lﬂ.u“rbn)) . io .b ’

;Fkaoi-‘lh )_.}Lkli‘gkc"\b "L )Lbo “9{)

4|

!and c:—k}n’/\ :*W{T‘\‘—; ?3 ﬁ.u_bp+'£:l°5*(lﬂgn qu‘i—b’LJJ. I
|

It follows then thet

Com) + Gz =~ 2w¥ <0
and Cilzw) é,\:—n’)— élkbw)ch.(;w)-’: i o . (320l 2 "-S')}
where O =r"+p* -4~ carresponds to V= V.=0,
, 2y =302 VL +L4Ps+5\°!’5)v +5,|>mv. “‘F;V;g
corresponds to V= [ x 0, (n=,2,3,4+), The

explicit exyressions for 0, (w=), 2, 3,4 8are:
n\-—\}a:-vaquoym.-m) RV
= _\J‘-'j. i i \J"q: "i . PF(FI R ) V; )

Q= —y 4. r”th —mpguﬂ\lq ) vs =0

and (1= Jij—f‘\}‘ikﬁ-qak;(f.«r\[ﬁ) My >0 -




=D —

therefore, we have the stability criteria:

..(a,! V, =0 is stéEble I 9.« ptey and is
| directly unstable if 9> 5 p," 4 ¢~ :
;(b) V, amd YV, sre always stable;

i(c; end V, end V; are glways directly unstsble.
|

lote that the condition of self-excitation depends

only on the lineer terms of the equation and hss the
sane form 2s the mrevious example.

e shall in the following examine how the solut-

ions very as 4, , t ,.0F p is varied. Pirstly, the
!case of varying 9, end constant v, p, , Ps and p, |

| .
|is considered. Solving far 9q, from inequalities

i (59a), we have:
i5(9.) The Condition of existence of V, is

1) 4\ v Bt eSS by

.
]

11) \‘1,|>J‘r”+(y.-:_o"_;.:)"} if 4opps >qps* .

(b) The Conditions of existence of V. sare

1) v < |4 < fpoart , 1f Wopibs < Abs” end by 70 ; |
1i) \J\'"‘\‘t?a_ ?‘*PT;:)“‘( l|j_~l < W ) if A('BP-.PS >CIDP_J,: i

(c) The Conditions of existence of V, are
= 1 = qps” e % 1
Y \'ilc\!t'-r(ﬁ-;*y.) and 9p; > 40 pips
(a) The Conditions of existence of <V, are

| / s 2 - a
z i) v li*\f\[rﬂr(‘l&;r-) S AT 9 > hoppr >0,

ii) \J‘l’""‘ Pr’ < ‘ltia—l = \erf[a{"?\;—-\al)t z if k<o .

It should be noticed that the term "existence' used

in these cases hss mathemeticeal sense only, for V.

and V, , which have been shown to be unstable, can

never appesr in practice.




against |4,| ere sketched in rig. 7(e2), in which the

-0 -

Inspection of the sbove conditions indicstes
four casses to be considered:

(a) 40 bibs > aps . In this case only V,(stable)

and V. (unstsble) are possible snd they exist

under limitetions. Besides Vi and V. Valuays existp
|

in =811 ceses: it is stsble unless (q,]| > [eap:

when it becomes unstable. Curves of V plotted

full lines dencte steble solutions =nd the dotted .

lines unstable solutions. Fizi . 7(a) shows that

D

V. and V. exist when (‘i_l>\[r*+(y.— %l:_;: - anl Ve

disappears.at (.= [p +r* , While V, changes from

steble to unsteble. ig. 7(2) also shows the effect

of hysteresis if (9.l is actuslly incressed and then
decreased agein. 4s |9.| is increased from zero, the
stable Vo is followed until |%.| reaches [rups

the solution then jumps to V. . As |9.| is decrees-

ed, Vi remains until (9| reaches \/r*+(P,_%EP1‘)‘ , ‘the

opy
solution then jumps back to V. . The process is
indiceted by the sarrcws.

(b) P <O i 411 the solutions in this

case are possible except V. . V. (steble) exists

mhen \9,|>v Ny (unstable) exists when sl
)
is between r and Jr’q— (A" _p)* , amd V., (stsble)
40ps i
exists when |2.| is between  [,~. pe and J,m, (g_;s__?‘) ?

The solutions sre shown in w#ig. 7(b). Befare [2,.|1is

actually increased toc [,= b s V=i el e

Jrr e is reached, V= V, ; when |9, | reaches
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remaining constent, it is found that the conditions
of existence of solutions are:

aps TR
o Wy B < Gave 0 At

for Vi ’ J-J,L,'_'-T'ﬁ‘fl & kPl oy I

Gops
o = A qpy T
Ior V; ] F\ < :‘_E:; em \|‘1,_ =X )
- )
ior v 5 ~ < L!"?"}'_ e "—f“
Y 9 'ri:_-r < ‘)'l - 40 ps 9-‘. )
and, of course, |9, >v is further condition for

all four cases. The graphs of "V sageinst P shown
in Figs. 9(2) 2nd 9(b) carrespond to two a1 frerent
cases, 9ps" > amd < 8e0ps [3i-v- - respectively.
Iig. 9(a) shows thet V, csnnot be resched if the
initial condition of the system is quiescent. Ana
there is no indication of resonsnce &t p,=0 for
either Fig. 9(2) or 9(b).

Summarizing the results thet have been obteined:
The equation $+v::—eﬁr¢~=i4vtﬁkt-+é§‘PHV"}
always hes a solution with zero smplitude V. ,
which is steble unless 9. > v*+%  , then it is unstsaile.
At the condition when V, becomes unstesble, the
system reiresented by the sbove equation is self-

excited and the equation has 2 solubtion of the form

N P V"‘."‘ (T TW) + O(.("‘)

~3ps + Jq br-wobs (P2 v )

where V =

5Py 2
=] Qo Foygr-=r>
\-P 3 ‘l‘G‘-v\ iz 3
* N ~3%s ~ Jqps-wobe (P14 faz-r )
H S ps 2
= ?L;, [ Q.,:"—Y"‘
b o= o

,r_
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The choice of the sets of V snd y depends upon the
relations smong the parsmeters ( v , a,, p, » p; » 20d
bg )} of the equation. When 2 persmeter is st first
increased snd then decressed, hysteresis mey be ex-
pected, end is 2lways accomranied by Jjumps.

Some further facts are obtained from rigs. 7, 8,
and 9, 2s well &s Trom Figs. 4, 5, 2nd .6 in the
wrevious e}:émple:

(2) When V, is unsteble, for any set of fixed psra-
meters the nuwber of stable solutions is equal to
that of unstable solutions.

(b) When V, is stable, the number of stsble solut-
ions 1is one more than that of unstsble soluti ons.

(c) When V. is not changing, the soluti ons sppesr
or disaprear by peirs, one-half of them stable, the
other half unstsble.

(a) When V, is changing from stsble to unstable, =
steble solutions eppeesrs of an unstable disappesrs at

the senme moment; =end vice versa.




| B2 Poreced OUscilletions.

as shown before, eg. (17) - which rerpresents a
general equation for forced oscillations - mey heve
either an unstable or 2 stable solution when e=o |,
according s M in eq. (21) is resl or imaginary.
When  1is reel end the condition (€la) is satisfied]
one cen epply the same method of snalysis as that for
self-excitetion (Section 2.1) except that the gener-

ating solubion, instead of the expression in eq. (£3),

is

: T
Gocost +bh,snT +I Flu) sim(T-u) du, .,

In this wey, the solution obtained is of constent

amplitude snd frequency, with period zw,

When m is imsginary, or M =5y with v resl,
eq. (20) (the solution of Hill's ecuation) can be
taken as the genersting solution., In this case,
while condition (£1s) is unnecessary, we require
instesd: vy<<| « In this section we shall con-
fine our attention to the case of m=jr with y<<! |
send to the perticular yproblem cwrresponding to the
cirecuit in Fig. 1, though the methcd is appliceble
to other similsr systems. The mein sters taken in
this snalysis 2re (1) assuming & form of solution
suf ficiently genersl to remresent the finsl oscill-
ations observed, thus (2) reducing the second order
differential equation into two first order different-
iel equations which ere m=de soluble by teking ‘

advantage of the smellness of ¥ .« The analysis




i
iprediots oscillations with modulsted smplitude 2nd
frequency.

. Hor the circuit in Fig. 1.8, Py e Bl o

9,

x v s TR r At - . A =

and pvv) in eq. (15) take the LOI‘US.L\-éc-ﬁ,f,mz.'cszei,wszn
2

Aws2t s 804 - (ri+rvanvi)V respectively. Imserting |

| these in eq. (15), then

Vo — eq,5n 2:1:’ r[G’I = 2&4_'{"_35;-:]\;,: AlLos2T - G["j"‘ r. vt n V‘]\-f‘

. .c P i il ]
IWith v = xet€¢df sihavdt _ (a8 i€c0s2w s, this becomes

$r[6-28 ¥ x = Fe)reGixi),

| (60) |
where & =iee é‘elif} !
2% e =€3,0082T - Fe'iwsdT,
Flr)= Ajcos2T e“tg‘é"o“t) ‘
and -3 1,eces2T

Glxx) ==(ri+ v+ nvi)ve

The genereting solution of eg. (60), given by

eg. (£0), can be expressed in = more convenient form
(6)
for subsequent manipulation. lirite

~ ‘

Xile) = Z gy cos(2lrr+y)e
txi=o0 ? o
v } (61)
()= 3T s sta(2l+ityin
P

and let their initisl conﬁiti ons be:

x, (0)

1]

%, (0) =1 3
*x1(0) = x2 () =0,

The coefficients c,4 end ¥ are definite functions

of ¢ and 4 in eq. (60). Substituting eq. (61) into

eq. (20), gives

® = A ; Cal+ S‘.“[‘U'L*M()t 72 ] (62)
L:-—Oﬂ d
=
" o oy Czh*'J Fw)s‘;ﬁ I-glm-:-hu)+LI+K)L‘£-u )]duJ
ThE e ‘
where 5
= 2 N £
o AM AT (62)

S




| Differentiating eq. (6£) with resmpect to T give

i % = A %(;Lwﬁ-rjc.u,.tws:p.[,ui-a'jti-s]

4+ Z Cimdéi Cined Fltisiar(m-n)t

wa

p -
+ Z L;,M‘l.l‘i‘F){.xw\ +|C;n+|J r_-l“).‘_,b[zl'mt-nu.‘-l‘“‘?d’jh:‘-\-ﬂ o'h(. |

e

(e}}
na

Egse. (6Z2) =2nd (64} are thus the solubion esnd its

derivative of eqg. (60) with e=o .
Assume the solution and derivetive of eq. (60)
with <¢x0 h=sve the same forms 8s eq. (6£) and (64)
respectively, but with A and ¢ as functions ‘of =
instead of arbitrery constents: now differentiating

eq. (62) snd comparing the result with ed. (64), we

have

/'_\ 5 chﬂs‘b\[\szb‘) 1:+B]+Aé EC;U‘LOS[{LL-PHY)L +8]:~'0, (65)
L

Dif ferentisting eq. (64) and substituting the result
together with eq. (62) into eq. (60)yields

A "_)L: (2Ls14y) cavwicos [(2lrivr)c +6 )

«-Aé LEc;.LHsI;.[LzLHH)t*reJ :e&(x,;t)J (66)
where x and x in the right hend side of eq. (66) are
to be replsced by egs. (62) 2nd (64) with A =nd 6

gs functions of T . "o simplify the problem, we

introduce K. (=4 2,3, 4) defined by
k’ = 2 Gl s [(2!.4-: Xt +GJ
L 4
: 67 )
K& = §Q1L+lw$[(lL+l+3’)t+8JJ (

3 (z_L-H 4+¥) Cab+ S1m [LaU‘I*‘EFJt*’:?l
L

l+ !, 2L+ C 1 +1¥ ]
LV

"

Ks

anh
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Egs. (65) 2nd (66) then becone
¢, A« K.AS 55,

and KuA*KaAé; €Gr,

solving faor A and @ , we obtain

ol
A._ A&K&LTJ
y = = ek
6= feka,
where L e (ks e )
Ke ~Ks
#rom the initisl conditions - eq. (6la) - it can

(6)
easily be shown thet for 2811 —<

A =~ [ X1 Xx = %4 X;] == |
thus the two simulteneous first-order differentisasl,
equations to be solved are:

A= ek, G, k Lo
and G Erm s G
Tt cen be seen thet both A snd @ change with time

slowly since € is smmrll., “Thus their frequencies of

T

varistion (on the sssumption that they possess period
ic solutions, which we la.ter show that they reslly
have) is small compared to the smmllest frequency in
x @as given by edq. (62).

Without sctually carrying out substitutions of
x and » in eq. (68), it can be seen that Ki &G and
K.G contain only sinusoidel terns of the following

four types of angular velocity:




i S :
|
|

(a) O (constant terms),
(D) 2w (with wi= a2 3.5 ),
() 2m (with w=1,23. )

fd),m[qu)ipm-dfl (with [,m n=06L2 3" ),

Since ¥<<! , we now averege eq. (68) over 2 time
intervel —T = 2w , which is sbout the largest period
lof terms of type (d) but is still very shart compared

with periods of terms of type (b). Thus we have \
T+x T+e
= . GJ : :
Ale)dt = —F Kelt)Gieddx

T+
B | -c A Ki(eY&Glt)dr,
glelde = ?Jc A i

J ek
=

T

The left of eg. (69) reduce to ;.i;c) end 6(t) respectiver
| : .
1y, rrovided that sma2ll higher derivetives of A =nd b |
are neglected. On the right side © sand A are considr

ered as constants, and after the mmrocess of average,
|

terms of type (a) remsin unsffected, those of types .
{c) and (d) practicelly vasnish, and those of type (b) |
survive almost unchanged during the time T short
compared with their periods. It should be noted thet
pur conclusions regsrding terms of types (b) end (d)
rest on the tacit essumptibrﬂ thet

2nY << | and m (2n =) ¥ << | :

These sre really the criteris of the present method.
However , they ere not so restrictiw as they appesr,
because terms of large velues of » and n only ocewr
together with coefficients c (+ gf lawge  i|. 0 :in

eLq. (61), end these coefficients are usually very
(6)

small compesred with o if 9 is not too large

88y q <( . Thus only terus involving the first few




coefficients C2i+ need be retained in the right-
hend side of eqe. (69), and the velues of m snd n
are limited to small integers.

This done, eq. (69) may be reduced to:

ol N n -
* | — 3 ! ; (
Alt) = €[S+ 2 sm u_OSzﬂ[5T+9)-+E>’-“ 5"“"‘[3‘”’)_1;
elt) = TN L\’, 7 E Vll'\-""”“""‘lxt’*s)"" 2 Yansin2 (Zi
,r"}i hat nzy J

where the upper limit N of the summations is deter-
nined by the criterion znr<<| which in turn is
determined by the values of 9 2nd 6 in eq. (60).

'he s and y values are defined by:

1 Te
5,= ‘.‘E'S K.lt) Gle) de, %

| To = ! " )
Sin = ?.-:-raj Klt) Gied :..D>4""'\,-Xt+ pldz,

% 3
"] T e nl Ac+ ..ﬁ‘l (71)

Sia = _""LBT" Kz-tt) LT'--C'J BRI L T+ 8) t) J'/
. LTB o (
V. = -,11' 5:’ Ko le)&lerde,
Yin 5 -"'_,‘:'ST" Kile) Gledeesant yr+o)de,

S e
s 'l'}j‘JT’ Kilt) Gleisimen(¥TtB)dT,

)0 :

It is understood thet A and 6 inside these integrals
are temporerily regerded-ss constants, as the object
of the integretions is to single out terms with

rarticuler frequencies., T, is the common period of

all the frequencies concerned. (&£s y cen always, fon

mactical purposes, be représented by 2 rational
fraction Tt" in its lowest terms with k<<k , T
is therefore k.« )

#urther discussion of the solutions of eq. (70)

depends on the velue of N and the forms of s snd V

|




as functions of A . we shall chocse the simple

cese for which experimental observation hes been

mede (section 3). In owr experiment, 94 or ¢4, is
(6)

smell, of the order of ¢ . We thus have

Gy Py P ey 2L

o PCE] iR G SRR ‘

and el—gc‘imuskt =

Hence it would be sufficient to take the terms in

eqs. (62) and (64) involving c, only; eaund by the

initial conditions (6la), ¢, =| . Hgs. (62), (64)

and (’?O)) therefore hecone resvectively

o o I+ ;

x = ALrE)ees [LemTep |+ A (IFFsmeT,

Alx) = ¢ Ls,ﬁ- sutosz (JTr®) + Su 5\:1%‘\.(£+9)J} }
(7

Bley =% [n tohees slasc@) s 22 erel], 5)
where So ='iA[ it Wi'+3‘_-r5;\‘]}
S0 o i P8
5 i =Ve= V=29, (74.}
Ve = "i i W'A’
W, = "'-]3' Ay 3

and terms of the order of U have been omitted from
egs. (74).

Cuwr task now is to show that A eand 9 in eq.
(72), which csn be solved from eq. (78), are periodid
Putting d-vt+© = the total phese, and w=-gpenr

/

the second of egs. (73) becomes

§ =¥+ wsn=d, (.51




|
|

|

|
|
I
|
|
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| There are two different solutions of eq. (75)

corresponding to y' i, or < w© « Only one will
give reriodic results., This solution, with ¥ ow?

. i
is: ~ '

@ = jﬂ"““_"‘;j[’;\j;;_w‘ foan Ui:‘;- ;' T~ w

; (76)
There fore the sngulsr velocity & is
2 2w Fan dé
@ =y 4+ —
I+ Fan® P
= ( W LS ENT T T [l
ol S HRIE . al ; o
L Xz\,e;,;lﬂ'\t +{ K1 5w NIT — WeesnT) J 3

where ?ﬁ‘—‘\fﬁ « Eq. (77) shows that $ consists
of two terms: & constant term and an oscillating
term of freqﬁen(:y %L . The denominator of the
second term is always positive, hence finite emplit-
ide of the frequency-oscillstion is assured. To

show the periodic nsture of @[t) , 8 reesonsble set

of constants hes been assumed ( ¥=lo * T

land 2 plot of 3{: Pl®) versus nr is given in rig. 10.

‘ Returning to the first of eq. (73), we heve now

Al R R (78)
Where We = _'-'I_&l.rl +"Ii Yiwlt)J
}('?9)
and Wy = -Z-;— evs
(11)

5q. (78) is of Bernoulli's type, with @ =s known
function of T given by eq. (76). Ibs solution is

<

s é[t) —2wet

__7_. e ! 2wt
== e + 2w; € 3 dle}i——"E St
A wAD) ) o

n

The first term on the right side of eq. (80) dies out
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for © lsrge if w, >0 (which needs TN <+n W' ) and
the second term is periodic. Without carrying out |
the exact evaluation of the integrel in the second
term Which is rather complicated, its essential
qualitative festure can be discussed. iince Yy >w?
in ed. (Y51, é cannot change its sign for all values
of ¢t , hence the integrand in eqg. (80) has no sing-
ulsrity. Then the factor L , being a periodic
function with period ~£% , cen be expended into a
Fourier series. Iar each of the typicel terms con-
taining si~pt  or cespE(P=2%)in the Fourier series,
we have .

t .
e-z\“otJ e“"w"c-\,"npto{t = ok | P (zva\m‘Pt‘PLﬂ'ﬁPt)J

+Wul+?b
ot T SiE ’ +'P5;ﬂ t) p= 2n ¥y
Rl - 2wocos Pt ! s
and e . j 5 ‘Jpgftdt m"( e F 2 n=l, 2

Thus the right side of eq. (80) is periodic of period
%E , With 2 dominent positive constent tgrnighcey3uf
It follows then thet A is also periodic with the
seme period .%; . Kor a_specific set of values of
We 3w 3 wy 3 808 ¥ , the solubtion of Atr) will
be given lster in Psrt II, where a graphical method
is used. An interesting aspect of the graphical
solution is thet the meximum of emplitude occurs
2lmost concurrently with the minimum of frequency and
vice versa, in sccordsnce with experimentsl observat-
ions., It 2lso turns out thet in the finsl solution
as given by the first of eq. (72), the first term by

far predominetes, the ratio of the smplitude of the




~45a—

second term to that of the Tirst term is of the
order of ¢ « IHence the sclubtion obtained here
sgrees with exyrerinental observations in all

qualitetive festure.




.

e EXPERIIENTAL ARRAHUGEIENTS AND RESULTS.

Here, the exrerimental detes from the circuits
in Figs. 1 end 3, snd the results of numerical calecul-|
ation followed from Section £, sre given. The deteils
of the circuits in iigs. 1 snd % sre shown in #igs.1ll
and 1f respectively. VI end V2 in rig. 11 sre EFS50
valves with the practically identical charscteristics
shovn in Figs. 12 and 15 corresponding to the curves
of the snode current I, egsinst the grid bias Eg and
the suppressor grid hiesf%es;ectively. The =glternat-
ing voltages épplied to the two suppressor grids,
sre applied in phese-oppositiocn by sn sudio-frequency
oscillator through a trsnsformer with a centre-tap
connected with potentiometers Ry amd R,, . The
megnitude end frequency of the voltezges sre varisble.
the control grid of VI is connected to an inductance
L' coupled to = second inductence |. in series with
o veriable resistor. R is the sum of the veriable
resistance 2nd the resistamce of L . L. snd C form

.

8 tanlk circuit. L%)a choke coil with high inductence
end Cy o 8 variable condenser, form & resonant
filter to exclude 2.c¢. components from the d.c. suprly
sor each setting the filter is tuned until the amplit-
ude of the oscilletions , seen on the screen of an

oscilloscope connected scross the control grids, is a

reximum. C,, and Cy,ere blocking condensers. ''he

screen grid is opersted with the sane voltage E;'ss
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the anode. The negstive termingl of Ea 2nd the i

positive terminsls of E; and E4 are 21l earthed.

the circuit in wig, 12 is the same &s thet in

t .

Fige. 11 except thet |, is repleced by s resistance |
R, » =nd the brench L-R , instead of being con-
nected to esrth, is connected to the control grid of
vl « Ri in rig. 12 remresents the same guantity as

g in rig. 11,

Tet Mo and Amdenote the amplitudes of the volt-
azes across the suppressor grids, $. the freguency
of the oseillstar, snd § the netwrel frequency of
the circuit. With the pereme ters adjusted to suit-
able velues, and {. vsried, the following effects
gre observed for both circuits in #igs. 11 esnd 12:

(2) With Aci=Aea=Ae, Ao heing g sufficient large
value.

dhen $, is not very nesr 2+i , there is
mweactically no oscillation on the screen of tThe
os¢illoscope. When ¥. spprosches 2% , sinusoidal
oscillations 2t the frequency exactly L1 +. saprear.
ithe =2mplitude of oscillstions in the circuit of Fig.
11 is a meximum when }1=-2¥: , eand decreases grad-
ually to zero as §: is shifted away from 2§,. In
the circuit of riz. 12, the amplitude does not reach
a meximum when §,=24% , 2nd may be different far
the same value of +f. seccording as this perticuler
value is aprrosched from & higher ar e lower frequen-
ey: end oscillations with considerable amplitude may

sppesr or disappear suddenly.
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(b) with Aei =49, Aex=0 _ fpen §,22f  the

oscilletions sre similer to those in cese (a). ihen
£, 1is not nesr 24, , there are oscillations with
frequency 4. end with very small emplitude. When
§. 1is adjusted st 2 velue between those of the
abcve two cases, i.e., neither too near nor too fer
from 2% , 0scillations sre observed with amplitude
end frequency both modulsted. "he modulstion of the
amplitude end the frequency sre simultaneous, and =are
very snmgll. When the amplitude is & meximum, the
frequency is minimum, snd vice versa. The minimum
frequency is sbout 1§, . ‘he meximum frequency
veries with different operating conditions, and the
greatest of msximum frequeuncy observed is § . A
typicel wave Tform of this kind is shown in #ig. 15.
In the folloving some gquantitative results of
self-excitation ( i e A=A =Ae) are given, tor the

circuit of Mig. 11, the operating conditions are:

Eo = 300V Es= ~41:5V, Eq= —2-4V,
L:-.us»nH e bieRT AR A == BT ReHL
then §,= =4loe ¢/s. values of the amplitude

J-‘T!'J——C—_

<7 of v , the voltage scross L, ageinst verious
guentities are meesured:
(8)) R =k , §.28200 68, R veried:
(b) R=3b32 , %5.=2200 ¢/s, Ao varied;
fe) R=23632 . Xo=93V , F. veried.

#or the circuit of rig. 12, the working condit-
ions ere:

Ea = 3005 Egaosdffahb vV, s SEg == 2.V,

.= 89wH, c=o0lMF, R,= 30R.
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The foilowing measurements of the smplitude %7 of v

the voltege =scross R, , 2zsinst other perameters are

made:

(dg & =15300 c/8, Ao=z206V , R, veried;
(e) $,=13900 Ble, RAe=i@E¥ . oo veried;
(£} %= [5s0P c/s, Ri=3338 A, veried:
(g) %.=13900 ¢/s, Ri=333q , Ao veried;
(h) Ao= 140V s Ri=33302 , &, veried.

1

he measured results of cases (a) (h) sre shown by
the full lines in rigs. 16-23, respectively.

The dotted lines in Migs. 16-23 are calculated
from the-resul‘;cs of the methemsticel snslysis in
Saetlon B.le T'he mrocess of numerical caleculation
will be gziven in the following. ‘''he zeroth-arder

solution of egs (11) for the circuit of kig. 11, as

o 2 Eria® = 2 | =
shown before, is eq. (54). write p =L (& ’>‘eL(;_cw‘)1
YoM b 5 e e e e

A= s e i , and from the definiti ons

of vi and v, given by eg. (1l0), eq. (54) becomes

_V.:.-. 5£ [(RC“’MI') \[(H,A;M) (;-T‘hfl—c{') (Ul)

Similarly, for the cirecuit of rig. 12, putiing
Po= = (6 -1) , w=rf, , and inserting eq. (13) into
eq. (59), gives the equstion for celculatinz the

amplitude of the voltage scross R, :

o T e e e oA (8
5 .

L egs. (8E) and (82), | 4 Iy, le, =n0d in:, 8re

to be determined. wirst, |, , |, , snd |; sre found
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from the curve E =--47'5V in Fig. 13. ihe
point ( Eq=z-2:4v, E=-4]15V) is teken es the origin,

and the cuwrve is approximsted by 2 polynomial of the

r

T 5 "

orn T lE

The values of the s  Found are:
|, = 3-4-‘1&10"’}

[(= 0.38bx1e7

i

[, = -0.212 X107

| = —DUBES X ]o_f

&
-3
| and ‘5: o-UDGF]Xl"’.
The I,,/ Eq curve remresented by the polynomisl i

with these velues of |¢ together with points ob-
tzined from actusl messurement are plotted in ¥ig.24.
Next wn; is determined from fsmilies of characteristi
curves cof I.../Eﬁ and  Li/g, o« The slopes of
Ia[gs curves 8t E,=-47-5v 2zainst Eq are plotted
in Fig. 25(a), and the slope of the curve in wig. 250
at Eg=-2:4v is 0148 "‘“"ﬂr/v" . The slopes of
Ia[Eg curves at Eg=-2>4V agsinst Eq are
plotted in rFig. 25(b): the slope of the curve in
Pig. 252t Es=-4T75Y is 0.144 A /v? . Then
wo=1 0148+ 0. 144 )x10" = 01 4bX L7 Afy?
All the guantities on the right of egs. (81l) and
(82) are given and fixed, and values of V sagainst
verying R, A.- or 4» cen be calculated.
As an example of numericel calculation, we shall

celculate one point in the case of Fig. 16. Here
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=hl=

-3 /
[ VAT e B
Ny = 0, 1db XI¥ .4’( v}

[, = 349 1o Alv,

-3
~0:212 X Alys
ls= 0212 X0 e

/\/1 = =07 x10 " H,
¢ = o.oo7x1o"bF,

)\l = é'.Ovl
[, = 215 X197 H,
(= 8200 </,
and let R =3800,
Putting these values into eq. (81), we have
= & T c'-b_ i o 39 ”“’)
V-?sx{-‘r.}lxw")x{"-0-”]'&10")(—(”“’“" Tas oi]xle X s
s -3 ~b
o 14 x5 % b xv.'?ﬁtv"")_ | _wx2)5A0 x0.007X/° x%lﬂ)}
*|( z mxgaes )

=g ¥,

It should be noted thet before attempting the
calculation, the values of terms contsining e in
Egs.(11) 2nd (14) rmust be smell enocugh, otherwise the
mathemstical analysis is invalid. In the cases of
the circuits of rigs. 11 end 12, these values are of
the order of €.01l and 0.1 réspectively.

In Migs. 16-18, the curvetures of celculated
curves are slightly smaller then those cbtained by
experiment for large vaiues of V , end sre slightly
larger far smell velues. A&lso for smell velues of
V , the calculsted curves are just outside the
eXperimental ones. The errors of thewaretica2l and
exper imentel results sre within 10%. The first order

Solution is also celculated, but the carrection found

W




mwesent cese in which A, mey be larzer then 20V and

is less then 1%, i.e., well within the experimentsl
error.

The ceses in rigs, 19, 20, 21,22,%23 correspond
to those in Figs. 8(ec), 8(d), 7(b)
respectively. In these figures, the calculated
curves are flstter than those from experiment. Ior
smell velues of V , the celculeted curves sre oub-
side the experinmentsl, snd for large values of V
the experimentsl velues of V are consigdersbly.
lerger than those calculated. The errors are, in |

about

places, of ke ordsr &f 20%. The lsrze errars may
be atiributed &s follows:
(8) In the derivation of differentisl equations, it
has been assumed that the control grid draws no -
current snd thet the Im/E, che racteristic is @
streight line. ‘'hese conditions ere fulfilled when

N 2nd A, are smsll,-e.z, the case in Kig. 11

( V<2V, Ao <19V ) _ 34t are not reslized in the

The smplitude V' of the slternating voltege across
the control grid, bissed st —-2'4v , may be ss much 28
G Vs

(b) The results asre cslculated from the zeroth order
solution only. As the terms involving € sare of th
order of 0:l as mentioned bhefore, it cen he expect-

ed thst highsr-order solubtions will improve the resull

However, the results sgree well qualitstively, jumps

end hysteresis occurring ss mredicted, except in the



wave in rig. 26(c) is L

e
oy
I

cese in #ig. €1 in which the jumps dc not sppesr.
It is believed thet & jump will take plsce in this
case if A, is larger then 28v, which wes the
largest value obtsinsble experimental 1y.

Another experimentsel result, = weve with modul-

ated smplitude, is shown in rig. 25(8), which remes-

ents the voltage 2cross R, in rig. 12 with the foll-

owing operating conditions: Ea=300v , E,=-45v ,

E45, Aoy =Ao=18"TV )Aoz=0)L,=HS'MH s = pipd T ME L
Ryz20060 Ra=9000L2  apnd {,=1520¢f/s. The
curve in #ig. 26(b) is a 30-c/s. timing wave. com-
rerison of the‘waves in kigs. 26(a) =2nd (b) shows

thet the frequency of the amplitude-veristion of tThe

curve in ¥ig. 26(=2) is sbout 15 c¢/s. The frequency

of the weve in rig,., 26(a) slso veries periodicelly,
synchronously with the anplitude modulstion. 't'he

|forms of the weve in rig. £6(a) at its meximum and

minimum amplitude (or minimum snd meximunm frequency)

—

are sketched in w¥igs. 256(c) 2nd (d) respectively.

e

‘Yhe freguency of the wave in #ig. 26(d) is +. , i.e.,

The weve forre of #ig. 26(c¢) and of the envelope

of the wieve in Fig. £6(2) ere much dis torted from =

esr terms in eq. (14) sre propartionel, is fairly

lerge so thet the non-linesrity is of the order of /

.

Problems like this are beyond the povier of existing

mathere ticel snslysis.

i1 00 c¢/s. for the present csse, snd thaet of the

sinusoid; this is becsuse R, , to which the non-liin- |
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2l anslysis of equations of the form

A GRATHICAL ANALYSIS #GR

NON-LINEAR SYSTEIS.

(L GENERAL FRINCIPLES AND IETECD OF CONSTRUCTION. .‘

The object of Part II is toc discuss the graphic-'

at o &
2w ) a0 =hie), )
vhere $ix,¢), 9(x,€) and hix) , which are functions

of the veriebles inside their brackets, need not be
smm1l; $uwxt) and hi)can be non-analytic. mg. (1),

which occurs in systems with a non-linear end time-

1

verying damping 2nd restoring force, a2nd with an arbit
rary applied external farce, can represent most non-
linesr problems met with in practice.

Integreting eqg. (1), with respect to t leads to

%ﬁ-‘F’fot)"‘ Glx:‘b') =H Lt)) {15}
where Fxat) ='S Flxt) dx, s (%)

Gxyt) = ( 8(x®)dt,
and
Ht) = 5 hit)dt

Denote x, gine) end cuwxt) respectively by »x , 3, »
ard G, 8t t=¢, , 20d By x.otax , g rag , 204 G Haq

B't ‘h:‘t’o-ﬂ'At .

Since SE =lim &2 . if at is sufficiently
* agae =€

srall, we write

%
== % (4
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Similarl AG : - 44 ;
Sim v Kggéﬁ , o AGe9E ot &9
|

2 A / '

and K;‘:‘:‘ix ;B AL EgAx (6)

|

I _ A3 .

where 9= 3x , 804 Ax is small. At the

iinstant t =t.+4t | with the help of the second of

|
: |
eq. (3) end eq. (6), eq. (5) becomes ;

i

aG =9at =(3,+43)at :(9,+ﬂfo) at, (7)

Thus at L =k,tat

' F xet) = F( %ot 8%, torat) (8)

&y = G0+AG = e '1'{- 30+3‘A}() "S-tl

and Hit) =H ( tetat), )
Inserting egs. (4) and (8) into eq. (2), zives
f—t’-‘- ¥ T (%orax botat) 4 G, +9,40 +4/axat = H (totat)

therefore, the solution (x.tex) of the equation

(A 298 Jax + Flotax berak ) +9 (xo,b0) 6 =H(t,+at) G (x0ts) (9 )

is considered @s the spproxirete solution of eq. (2)
at £ =t tat

: et g glak

and § = 4—0.«.."@_{;).
eq. (9) then becones

A% +N“&+F[Kv+-ﬂxl'tﬂ+4t') + 3 (“D,fa)‘i'MP = H (;‘t',*u‘.’i{' ) "'&l'{ ij‘tp). ( 10 ]

#g. (10) can be solved by & graphical method if
the velues of %, , g, , and 9, are known. ‘1he o-
cess of construction is shown in the following. In
wig. 1, Fix) is drswn against X at £ =tetat
0A =H (*retat) 1 AB =G+ ». OD =Xo

OC =g (%s,%s) » 20 cc'[ pp'/] OA . trom B draw







~hb -

, o R
cc at E ., wuraw EF [0X , 8and intersecting pp’

BE making the sngle £ with ox , and intersecting f

|
gt F . srom F draw FM at the angle o with 0X ,i
and meeting Fix) 8t M . ouraw MN JO0A to intersect]
Ox at N . DN is then equel tc &% , and ON is
equal to X et +t =te+at [, yraw Fe'[/umfoOx.

It is obvious that

/

H (4s#at )= Glwike) =0B = BE'+ EM'T M0

o g (e, Aew) ko 4 A damet # FRetAN harat)
so that ON is the required value of x . Therefore)
if the initiel values of X and &G at t=0 are
given, their subsequent velues can be found by this
procedure.

The errar in this construction can be attributed
to two sources: the replscement of differentials by
finite differences in eqgs. (4), (5), and (6}, and
cons tructionsl errors. T"he former can in principle

be minimized by choosing sufficiently small inter-

val at . In the following epplicetions ccmparisonsl
will be made, whenever po;sible, between results |
obtained graphicelly eand those from numerical calcul-
ations and experiments. The errors found therefrom
are within 5%.

In the following some yracticsl examples are
evaelusted in order to illustrete this grsasphical

method .




| end

2 AFPLICATIONS .

A O Circuits containinz Gaseous Conductors.

#rig. 2 shows 2 circuit conteining & gaseous
conductor N (such &s a neon tube), & resistance R,
a condensor C , and a2 source of direct voltage. E .
The characteristic of the tube is remesented by e
non-lineser empirical relation t=4{w) , where v and

L are respectively the voltage scross it snd fhe
current pessing through it. The equetions of the
circuit are:

Riuxsv)xv =E,
and L= c P

These are reduced to the equation

V = |
4L +rLv) =E (11)
where - EEE ,

Flv) =R Hv)xv,

Letting 9L = 2L _ .y lamd

T AT

eq. (11) becomes

q

AV Fand T FAV) =k . (12

Eq. (12) is solved grsphicelly with the follow-

'ing values of the elements in the circuit in Fig. 2:

R=i50pa, €=[MF, E=2lov,

and the v/¢ relation of the neon tube is given in

'the teble:

vivillez 5o (40 138 140 44 149 157 IS

Y

8|
!
|

|
|

\L{mm{ o Tl 4.6 T lo L4 1 8 z3 =8
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#¥irstly, as shown in ¥ig. 3, ¥F(v) is plotted
ageinst VvV by addiny v end ) multiplied by R
(=150902) | The upper psrt of the curve Fiv)is
repeated in rig. 4 with & larger scele of the ordin-

ates., In the same figure, the rrocess of grsphicsl |

(=

cons truction is also shown. & line AB rewresenting
E=2l0v is drawn parallel to the ordinates,
v=132<1V is taken &3 the velue of V at T=0 ,
lMark a point O on the line Ap with v=i32lv , Draw

ol' a2t the engle A with the ordinastes. Here

=it

o =+an 45  therefare 27T= 5oz = 4% . ol inter-
sects F(v) at B a1 parallel to the
sbscissa snd to intersect AB st | . ol is then |

the velve of av , the increment of Vv efter ax |,
since eq. (12) is satisfied at this instent. sron J
draw 12/ ot meeting F(v) &t =’ . Draw 22/
intersecting AB et 2 . 02 is the increment of Vv
after 24t . The mocess is rerceted so thst we ob-
tein s series of values of Vv for increasing T as
well as s zig-zag curve between AR and the sitraight
part ¢b of gLv) , snd at every instant, eq. (12) is
satisfied. Vhen the point 22 on AB 1is reached, the
line drawn from it parallel to ©!' cannot intersect
c¢D> bubt another branch Gr of F(v) . The subse-
quent zig-zag cuwrve is drawn between AB and G
until the minimum point of the curve DHG 1is resached,
then it chenges to between AR sand cP . One cycle is

completed when the gig-zag cwrve returns to <P .
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liore cycles can be obteined in the same manner. The
curve of VvV versus = is plotted in Kig. 5. It is
found that the amplitude of the oscillations is 24v .
Their period is 258 az » Therefore the frequency
is

( [

Yot 5 o = = =|lbefs
% t ¢t LFPPP |0 bx258 x :4-_‘75 .

The curve in Fig. 6 is the wave form sketched
| from 2 oscillozraph counected scross the neon tube
in Pig. 2. The smplitude and frequency reasured are
24v and |20 ¢fs respectively. The error between
the messured frequency snd thet from zraphicsl con-
struction is:
From the results of construction, the following
cbservations mRy be nade:
(a) The ultimete oscilletions do not depend upon
the initial condition.
(b) For sustained oscillations, the line AR in Fig.
4 cen only intersect F(v) * once and at the pert with
negative slope. And R must be large enough to en-
sure thet these conditions can be fulfilled.
(c) The durstion from the neximum to the minimum of
the oscillstions in Fig. 5 depends upon the slope of
the pert of & of the cwve FLv) in Fig. 4. If
GH 1is parellel to the abscissa, the meximum voltagze

drops to the minimum voltage instentaneously.
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2 Closed-cycle Control Systems with Non-lincsr

Iriction.

The simplest kind of closed-cycle control sys tem,

namely the error-coantrol of position, is considered.

let
. = input angle,
Bo = output angle,
& = error angle,
then G = 6L =0,

Ll

'he torque developed by the controller of this type of

servonrechanism is T =B

ihere Kk , belng constent, cen be determined from s
piven system. T is belanced by: (2) the torgue
trans ferred to the losd, %which is exyressed in the
form 48 | where J is the moment of inertis of
the mobtor end the losd; end (b) the torque due to
the friction in the system. The friction torque is
in general not directly moportionsl to the velocity.
k typicel characteristic of friction as a2 function of
velocity is shown in Fig. 7. Linesr (or viscous )
friction only holds for & limited range of velocity.
Mhe “"stiction' and the fellin: pert of the curve are
the ceuses of jerky motions =2t low input speeds.

Therefore we have the egquation for the torque

56 doe) 2k p = B =B (19)
f(42)=ko =k ( )J

f- 5 o

L;;here %(i{%) , which is the friction torque, tekes




Frictfon force
or torque

& e
Stietion

Veloerty
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the form of the cwrve in Fiz. 7. Iet

| and B =Ty
where vi 1s & constent, i.e., the input speed is
constant.

4ge (13) beconmes:

";I‘;— + FLV) -rS vdt = ViT ) “ {314)
where

Fiv=+ fiwv)
Let Vi = Zie vl (15)

Inserting ea. (15) into eq. (14), zives

%\% + FLZxvi) +f (Z+ vi) e =vie
or dz ’ =
e + FlL =+ v~)+5._oj
where Y __;J zdc | (16)

To compere eq. (16) with eq. (2), we have
Fix®) = F l2+vi),
Glxie) =Y,
gxi®) = 2,
and HL't.) =0
Hence, from eq. (10), we have the equation for

graphical construction:

AZ bonc+ B2, Viva2) +2 4ang + 4, = 0 (17)
Bq. (17) shows thet with = constant input speed v¢,

the graphicsl construction can be performed as with




G

no input, except thet the ordineste is shifted from
v=p O wv=vi , or from 2=-vi %0 z=» ‘
Bge (17) is solved grephicelly for two different
velues of w , with the same initisl conditions
that, 8t w=0 5, Y=u ,; wze 3 OF J=-viw 10 Fig: 8
vi 1is so smell thet the system is operating on the
felling pert of the frictions/ velocity chsrscteristig
curve., The wrocess of construction is the sane &8s
thet ziven in Section 1 and is indicated by the. pro-
gressive cwwve o011'22'3 ..., At every point on the |
CUrVe ol234 oo sy 60e (A7) 18 sabisfied. PThe
first term on the right in ea. (17) hes no effect
until the point 2y is resched. Vin T=444ac .
one c¢ycle is completed. Other cycles can be obtein-

ed in the seme menner. The cuwrve of v 2zgzeinst =

is plotted in Fig. 9. The solution of the velocity |
v 1is = periodic funetion of time, dbut over a cer-
tein time intervel in esch periocd, v=o0 , 2rd the
system is at rest, The motion is sueh that, sz the i

externsl force is gpplied,. the system remeins at

rest for s time interval, then it begins to move; ,

after a second time intervel, it comes =2z2in to rest.|

‘the process iz reregted indefinitely forminz e

Wierky" motion. The time intervel over which the

i

speed is zero is lonzer gs the input speed is sreller|
end so is the period of the oseillations,

If W& is lsrze so thst the system is operated
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the solution for v , shown in ¥ige 11 which is
comstructed in wig. 10 (Fig. 10(b) is a continuation
of Fig. 10 (2)), hes temporery oscilletions which die
out 8s time goes on, leaving the system with = con-

steant sreed Vi . The system is thus stoble und er

this condition.

Beda Closed-Cycle Control Systems with Backlsash.

A simple position-control servomechanism with
error-rate damping is uwsed 2s an example for anslysis,
The Imechenic:al backlash eppesrs between the servo
motar end the losd. In Fig. 125 Biy @, ang @
rerresens the sere gquantities as those used in

Section 2.2.

v = velocity of centre of mess of motor and load,

o 8o
gt

Vo= velocity of losd ==

-

Ve is & funetion of V which is characterized by the
backlash: when V incresses in one direction, backlash
has no effect,i.e., Vv, =V 3 however, when V%
decreases (incresses in the reverse direction) W
meinteins a8 constent mximum velocity Voew (friction
neglected) until the becklssh is taken up in the
reverse girection, then Vo =V almost instantaneously
Tet Ve=4%(v) , the reletionship between f(v) amd v
is plotted in #iz. 13 which shows the effect of

hysteresis. It can be seen thet +\w) is not only e




Fig. i3



function of V¥ , but elso of the meximum velocity
Ven o Different velues of V., require different
curves of flv) . wurther, f(v) is not an anslytic
function at 211. “hese introduce extreme difficulty
in any sttempt to solve anslyticelly the mroblem of
backlesh.
'"he torque developed by the controlier for an
error-rste damped servomechsanism is
T =ko+L3E
where XY = torque per unit error-sngle,
| = torgue per unit error-rate,
K end | cen be cslculated for & ziven system. Since
the accelersting torque must equel the retarding
tarque,

af . oV g
K6 +hiE =I3%, L5

where J is the moment of inertia of the motar and
the lo=d.
If By=0,

then since 6= 0.9,

8=~ 0 == | veekt == [ frniae (19)

Substituting eq. (19) into eq. (18), gives

av

F¢ Tt [ Fvidt =0, Lepe

where BV i

and (Dtemih R

Since Vo equels either VvV or vw , ed. (20) is




is written &s the two equstions:

avi oV, --'r*JG vidt =0,

s
a< (21)
AVr, L eV, W A Vydt =

T S e JL : &, (22)|

[}

where the upper limit of the integral in eq. (21) is

smeller than T, , the velue of T when V, reaches its

= Wy g 4 t
mEximum v . AS @¥w o o Lhen 'SV +J “vide =0 ,
e

AT

and eq. (22) is reduced to

na
ol

ava .‘
b/ = 2
= Vo= (

at -1:-:0 L

ey

with the ir}itisl condition V, =V,
Solving eas. (21) and (23) slternatively gives v .
When V, in eqs (£1) reaches M. , instead of being
the solution of eq. (21), V is the solution of eq.
(28 {ihen Ew“-vz)dt:b , Where b is the
backlash, impsct occurs, V 1is then the solution of
eq. (21).
This problem cen be solved grephically. Compar-

inz eqe (£1) with eq. (2), we have

FAY <) =y,

G % ¥em) ='S°t vidT,

g L= =V,
and HEE) =0,
Hence, from eq. (10), the equation for graphical con-

struction of eq.(21) is

AV, ’k'v"’\a'\-l"i‘ C.Vl Ve hnp =_G|'(VIDJ .cc)) (Ef’-)
where  tana;z (zz tax)

tonp =A<,




—'—C‘-AT;J

o —

end Ve is the value of v at T,

¢

Similarly, the equation for grephicel construct!

ion of eq. (£3) is

Al ik Vo T AT =05

fav]

5)
!

(
i

/ -1 ke 5
where hwntde L Tet ol sten — LA =an
2 AT Py A

"' —
and 5 4Y. =4V, : ed. (25) becomes
" 5 (o8
Aile sy V[ TetdaT =10 , (26)
Suppose <=| , snd ay <T=g , W =-0.012

G,=-0-14> , &q. (£4) is firstly constructed in
riga lé(a]‘ with the standerd method given in Section
1 with a<=o0 , V. is obteined where the progress-
ive cuprve O12:"" intersects the straight line
f(vs=v , since at this point 5%::0 . In the
present case, v,=04 , and T=i134t . Kd. (£6)
is then constructed 2s shown in #ig. 14(b) with
At =01 .+ At esch point on the progressive curve
13, 14 Vb, |8, 5 Q. (26) is satisfied. The vert-
icel distance between each peir of points on the
wogressive curve (denoted by even numbers) is
2VaaT = 2X04x0:( =008 , and the horizontal dis-
tance between each pair of points on f(v) (denoted
by odd numbers) is 24v, . Wwhile constructing the
curve 13,14,15,'« snother curve i4—‘,lbﬁl8’,--- which
reresents the expression L: “dt (= G(z) r2viot’,

T-4T

where Gz =§ v.ae, ond G(Tdzo 8t =<, ) is also

T

constructed. The process of construction shown in
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| #¥ig. 14(b) is self-evident. When the verticsl dis-

|
|
] tarice between +these two curves (3, 14,16, angd ‘
i P | s " . e ) 4 = .
| By Ve is b , the backlash, the first
i
l cycle of the solution is completed. The second .

cycle is obtained in the same menner tsking, es
initisl veluves, the finsl velues of the first. The
| process is rereeted and susteined oscillations ere
ultimetely ohteined. If 2 cycle is finished after
the progressive curve intersecting the straight line

FAV) = , 1.e., after the occurrence of V. ,

the following cycle is started by directly coanstruct-
ing eq. (26) without considering eq, (24). In our
yresent csse, the curve 13, 14,16, 1+ intersects

,
| gpay et w=3dAT, Ve=-Va= S04 , and
impact 21so happens &t the sasme instant, so thet the i
subsequent curve is only 2 repetition of the cuwrve

P 1 A P . The form of solution is shown
in wpig. 15« The period of the oscillations is 4

which is in close sgreement wWith A. Tustin's result
(ref. (12), the second of #ig. 16} which is obtained

from numericel calculation. ‘“'he smplitude of the

oscillations is 0.4 , and the backlash is 0.533 .
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2ol frequency liodulation of Forced Uscillations

in Section 2.2, Part 1.

Consider the eqguation

g—zh’-rws;n?-é. (27)
In eq. (87), & 1is & function of < to be solved, |
¥ and w are constents. Eq. (27), which is the
sare a8s eq. (75) in Part I, is the ecustion of the
phase of oscillations in 2 circuit with a perjiodic-
elly-varying psremeter and with sn externsl force .
with the frequency e&s the parameter-veriation. This

equation cen eassily be solved by the graphicsl methal

let
|
“&'ﬂ-“\"( — YAT 3 |
then the equation for grephicel analysis is

AP fand :I'P*%Sl'ﬂlé ]

The construction of eq. (28) is shown in #ig. 16 with

—4
TRl R

kT
YAF 22 S0 2

aT
VAT =5,

and ab t=0 , &P =0,

At each point (0,1, 2,++: ) on the curve |+ 528
eq. (28) is satisfied. The curve of —5;5;:— , the
snguler velocity divided by ¥ , versus ¥t 1Is
obteined by simply plotting the ordinates of the
points ( 0,1, 2, --- v ) on the cwve in rig. 16
ageinst corresponding wract as shown in gig. 17.

'he resulting curve,which possesses g period j';'f

|
(28)
|
1
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end emplitude Ol and is slightly different
from & sinusoid, agrees well with thet in wig. 10

in Part I which is obtained by directly integrating

25, Amplitude Jioduletion of Korced C(scillations

in Section 2.2, Part I.

cons ider the equation

{%% :(\WO—WLOSZ_Q)A'-W’;AS, (29)

In this equetion A is = function of = ; w, , w ,

eand W, are constants; end @ is the same as that

| in Section 2.4. fq. (£9), which has the seme form as

eq. (78) in Pert I, is the equation for the amplitude

of oscillations in 2 circuit with a periodically-

Ivarying reremeter snd an external applied force.

In Part I, we have shown that A 1is & periodic

funetion of T provided thet we>0 . Here we shall |

solve it grephicelly by taking the result of ¢

obtained in Section 2.4.

s

AV o
Let V:i\ﬂ" , BhEeR JF T AS

R

T .

Substituting these into eq. (29 ), we have

% +;’_(w'p—ww52,g§)\/ =2wj (30)

Eq. (30) is a linear differentisl equation with 2

periodically-varying coefficient. Ietting

Ay AV

€ —ax,

= A
#and:%{;"_&- -




=D

leq. (30) then becomes

AV dand + 0.2 (2-w328)V =04 |

trom eq. (27), it follows that
AL af ey
- ;JL_-;;H = S = 5is’\2—-é)

%w:z@ thus has the seme form ss the cwwe in

#ig. 17 except that the arigin is shifted to ( [, | ).

Eg. (81) is constructed in sig. 18. ‘he straight

lines drawn from the origin represent the exXpression |

0.2 (2-¢0220)V gt gifferent velues = as denoted by

| o, ﬁn %‘_’ . Iet the initial condition be:
;at =0 s A closed cwve 0,1,2, «++ 15

is thus obteined which means that VvV is a periodic

versus ¥t is plotted on the lower left side of
:m'ig. 19. ‘he relationship between v(=;fi) and A
::‘Ls shown on the upper - left side. ‘hrough the V/4 |
carve, V 1is turned into A as shown in the right \

1

[

|

|

wave with priod jbYat="Tr . 'The curve of V

:side in the same figure.

By inspection of rig. 17 and 19 we conclude that:
![a} A &8nd () é) , the amplitude and anguler velocity
irespr.ec:tively of oscillations in the circuit of wrig. 1
in Part I, sre periodic with period L .

o
| -
"b) A and (\*2) are out of phese by 90°, i.e.,

ﬁhen the amplitude is & meximum, the frequency is a
|
|
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| minimum, and vice verss,

This agrees with thet observed experimentally:

| see Section 3 of Part I.
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