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Abstract

Much of theoretical computer science is based on use of inductive complete par-
tially ordered sets (or ipos). The aim of this thesis is to extend this successful
theory to make it applicable to probabilistic computations. The method is to
construct a “probabilistic powerdomain” on any ipo to represent the outcome of
a probabilistic program which has outputs in the original ipo. In this thesis it
is shown that evaluations (functions which assign a probability to open sets with
various conditions) form such a powerdomain. Further, the powerdomain is a

monadic functor on the category Ipo.

For restricted classes of ipos a powerdomain of probability distributions, or
measures which only take values less than one, has been constructed (by Saheb-
Djahromi). In the thesis we show that this powerdomain may be constructed for

continuous ipos where it is isomorphic to that of evaluations.

The powerdomain of evaluations is shown to have a simple Stone type duality
between it and sets of upper continuous functions. This is then used to give a
Hoare style logic for an imperative probabilistic language, which is the dual of the

probabilistic semantics.

Finally the powerdomain is used to give a denotational semantics of a prob-
abilistic metalanguage which is an extension of Moggi’s A.-calculus for the power-
domain monad. This semantics is then shown to be equivalent to an operational

semantics.
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Chapter 1

Introduction and Related Work

In this thesis we give a theoretical framework for studying probabilistic compu-
tation. We want to be able to give semantics for probabilistic languages, say
whether a program or algorithm produces a desired output, or perhaps calculate
the probability of getting some result. We need to express program results which
are “probabilistic”, i.e. give some probability distribution over the set of possible
results. Existing semantic methodologies and program logics cannot express these

sorts of results without some modification.

The approach to probabilistic non-determinism taken in this thesis is to extend
the domain theory style of semantics—sets with a complete partial order (cpos)
and functions which preserve the order and least upper bounds. We use the idea of
Smyth [37] of open sets as tests or properties, and a computation being something
with certain properties. So we model a random computation as something which
has a probability of passing each particular test or being in each open set. Func-
tions on the open set lattice of a topological space such as these are known as

evaluations and are well known from mathematics (e.g. Lawson [23], Birkhoff [5]).

Other authors studying probabilistic non-determinism have started from meas-

ure theory giving them the useful tool of integration, we develop a theory of in-



tegration over evaluations with similar properties. We use the recent work of
Moggi who considered monadic functors (with other properties) giving computa-
tional models in the sense that if X is an object representing a datatype, and T' a
monad, then T'X is the possible computations on this datatype. We also use the
ideas of Abramsky [1] that Stone Duality Theorem can be interpreted as a duality
between semantics and program logic. The duality theorem we use is based on
an idea first expressed by Kozen in [22], that integration gives a duality between

measures and functions.

1.1 Probabilistic Computation

By a probabilistic computation we essentially mean programs or algorithms which
make non-deterministic choices governed by some probability distribution, e.g. as-
signment to a random variable or an expression construct which branches between
two or more possible expressions according to some probability. Most high-level
languages contain some facility for making probabilistic computations, usually in
the form of a random number generator from which assignment can be made. In
[21], Kozen investigated an operational semantics for this form of probabilistic

computation.

However most theoretical work on probabilistic computation uses the “prob-
abilistic choice” construct, as does this thesis. We will write e or, ¢’ meaning the
expression e with probability p and the expression €’ with probability 1 — p (as
used by Graham, Saheb-Djahromi, Frutos Escrig [14,35,9] and others).

These two forms of probabilistic computation are equivalent when we only
allow assignment to a random variable from a probability distribution over a finite
set. The computational power of of a language with the construct or, is is known
(Gill, [13]) to be the same as that allowing only the probability 1/2 provided p is

always computable, a reasonable restriction for actually implementing this as part



of a programming language. However the theory is no more complicated that for

letting p be any real number in [0, 1].

Various investigation has been made into the relative power of randomized
algorithms. Probabilistic Turing machines were first defined by de Leeuw et al
[8]; they made probabilistic “coin-tossing” moves, taking one of two branches
each with probability 1/2. They showed that only partial recursive function were
computable by these machines. See Gill [13] for more information on the position

of randomized machines in the complexity hierarchies.

Random computations can be directly used to model some processes, e.g.
communicating systems with some probability of transmission failure, real-time
systems where with a low probability two events may occur simultaneously and

concurrency modelled by a probabilistic scheduler.

1.2 Randomized Algorithms

Study of languages with these sorts of constructs has become important recently
with the development of fast randomized algorithms. Historically the main use of
these algorithms was via Monte-Carlo methods which did not hold great interest

for theoretical computer scientists.

The recent interest in randomized algorithms came from two revolutionary al-
gorithms. Firstly Rabin [32] along with Solovay and Strassen [40] gave a very
fast algorithm for prime numbers, exploiting some number theoretic results about
primes. The randomization in their algorithm was picking random integers between
1 and n with equal probability of choosing any particular integer. It is only “prob-
abilistically” correct in that it may fail (i.e. claim a number is prime if it isn’t,
the other type of error is not possible) but with a known probability of order 27k

where k is a parameter of the program. So the probability of an error can be
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made as small as is desired, e.g. below the probability of a hardware error occur-
ring while the program is run. In a survey paper Welsh [41] describes some other
algorithms of this type (e.g. Berlekamp or Angluin and Valiant [4,2]), he claims
that the existence of this type of algorithm for a problem corresponds to it being

tractable.

Secondly Karp [20] found a fast approximate solution to the travelling salesman
problem. This algorithm gives an approximate result, i.e. one which is good but

not necessarily the best solution, this is sufficient for many practical purposes.

1.3 Outline

The next chapter gives most of the background material for the thesis; there are
two main parts, one about ipos and the other about category theory and duality.
Chapter 3 describes the measure theory with special reference to ipos, and then

develops a similar theory for evaluations.

In Chapter 4 the probabilistic powerdomain functor of evaluations is defined
and shown to be a monad and some other results are given. Chapter 5 considers
the powerdomain for the special case of continuous evaluations, giving a charac-
terisation of evaluations as the sup of a directed set of linear combinations of point

evaluations.

In Chapter 6 a Stone-type duality theorem between the ipos of evaluations on
an ipo and the complete Heyting algebras of upper-continuous functions from the
ipo to [0,1] is given. In Chapter 7 the duality theorem is used to give a logic
of partial correctness and a logic of total correctness for a simple probabilistic
imperative language where the terms of the logic are upper continuous functions
from an ipo of states to [0,1]. Chapter 8 gives denotational and operational
semantics of a functional metalanguage extending Moggi’s A. calculus and proves

their equivalence.

11



1.4 Related Work

In this section we will describe work related to this thesis. Further reference to

some of these authors will be made where appropriate.

Firstly we will consider the most relevant work, that of Saheb-Djahromi,
Plotkin, Graham and Frutos Escrig who all worked with the notion of cpos as
domains and gave probabilistic powerdomains consisting of sets of measures on

the Borel sets of a cpo.

We first look at Saheb-Djahromi’s paper [35]. In this he defined the partial
order on measures u C n iff for all open sets O, u(O) < n(0O). He worked with
w-algebraic cpos with bottom and showed that for these cpos, the partial order is
complete. He also showed that finite discrete distributions (those which are finite
linear combinations of point-mass measures) form a basis for the powerdomain.
He then showed that the partial order is related in a natural way to the Egli-
Milner ordering used in the study of powerdomains for non-determinism, that
various semantic functions are continuous on the powerdomain and that continuous
functions on cpos can be extended to continuous functions on the powerdomains

of those cpos.

In a later paper [34] he applied these results to the language LCF. He extended
the language by adding a probabilistic choice operation and gave it an operational
and denotational semantics. The operational semantics is given by a Markov chain
over a countable (infinite) subset of the (uncountably many) terms of the language.
In his denotational semantics, function types are represented by functions from

one set of measures to another, without any linearity condition.

In [9], Frutos Escrig considers probabilistic powerdomains over SFP domains.
He defines two more “finite” probabilistic powerdomains which can be embedded

in Saheb-Djahromi’s one by using trees and information systems to try to get a
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functor on SFP domains. The information systems powerdomain gives him such a
functor which he then uses to give the semantics of a concurrent while language.
He then relates this semantics to one given in terms of the original powerdomain
and notes that the only terms which arise in the new semantics are one which

arise from the embedding.

Graham [14] and Plotkin [30] showed that RSFP domains are preserved by
Saheb-Djahromi’s powerdomain. Graham showed that domain equations involving
the powerdomain can be solved by a universal domain approach, he also considered
issues of computability. He and Plotkin both tried to get some axiomatisation of

a probabilistic powerdomain as a cpo with some notion of probabilistic sum.

The work in this thesis extends that described above in that it defines a power-
domain on all ipos, not just the RSFP and w-continuous ones, which is also a

functor.

We now consider the work of another two authors who considered the semantics

of probabilistic languages in a very different setting.

In [21], Kozen gives semantics in terms of linear continuous operators on L-
spaces—partially ordered Banach spaces. This arises from considering a meas-
urable space X in which each of n variables take values, so that the states of
a probabilistic program are measures on X". He then observes that spaces like
this naturally have the structure of a real Banach space and also a conditionally
complete lattice. Here the ordering is p T n iff u(A) < n(A) for all A measur-
able. The semantics of the while loop is given in terms of least fixed points of
affine, isotone transformations. He also shows how partially ordered domain used
in deterministic semantics can be naturally embedded in partially ordered Banach
spaces. He claims that in his approach, computationally meaningful functions are
assumed to be norm continuous rather than order continuous as in Scott-Strachy

style semantics.
Yamada [43] takes a similar approach to Kozen. He concentrates on topological

13



spaces which avoid the measure theoretic problems such as products of Borel
measures not being Borel measures and uses only regular measures. He gives
several axiomatisations of his randomized domains and points out a weakness in
a characterisation given by Kozen. His domains form a cartesian closed category
and he uses band projections as an equivalent to retractions to get a universal

domain.

Kozen went on to consider logics for making assertions about probabilistic
programs in [22]. He notes that for probabilistic programs it is necessary to use
an arithmetic operator + to combine terms rather than just the usual logical
operators. As terms he uses measurable functions using a different duality to
the one we will give later in this thesis. He describes his logic as a probabilistic

analogue of propositional dynamic logic (PPDL).

A probabilistic extension to dynamic logic was also investigated by Feldman
[11]. He uses as terms, expressions in propositional dynamic logic, that is programs
and logic terms along with certain terms in real number theory and frequencies—
unnormalised measures. Thus he can very naturally express properties like a
program having a probability p of satisfying some property. He notes that his logic
is very similar in expressive power to Kozen’s but decidable with fewer restrictions

than his.

Another scheme for reasoning with probabilities is given by Nilsson [27]. He
gives a semantical generalisation of logic in which truth values are replaced by
probabilities and gives an entailment relation. This relation reduces to modus
ponens when all the probabilities are either zero or one. The entailment rela-
tion involves multiplication of matrices which get large for many sentences, so

approximation methods have to be used.

In [10] Fagin et al make a similar attempt using linear programming results

to show that decidability is NP-complete, no worse then the deterministic case.

14



Also they investigate the non-measurable case by using Dempster-Shafer belief

functions. Their logic is equivalent to Kozen’s PPDL without the program terms.

The logic given in the thesis is most similar to PPDL, in that it uses functions
as terms, and + as a combinator. But we avoid the use of the combinator * from
dynamic logic, using instead just limits of increasing sequences of functions. The
other work described above concentrate on adding probabilities to logic which
gives systems which are easier to interpret but harder in which to express the

necessary combinators.
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Chapter 2

Preliminary Material

In this chapter I review the material on which the rest of this thesis depends.
It divides simply into two sections, one on domain theory, the other on category

theory and duality.

For an introduction to category theory see e.g. Mac Lane [36]. For more on
the Stone dualities see Johnstone [17] and for its application to semantics see

Abramsky [1].

2.1 Domains

In this section we briefly review some basic definitions in domain theory, establish

some notation and give some useful results.

For more general information see Gunter and Scott [15] or Plotkin [29] although

the definitions follow those in Johnstone [17] most closely.
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2.1.1 Notation

We will denote a partial function, that is one which need not be defined on all the
elements of its domain, by f: X — Y. For expressions involving partial functions
we will write e| to mean that the expression e denotes a value, i.e. f(x)| means
that f(x) exists. We can now introduce the notation e; =~ e5 to mean e iff ez
and if e;] then e; = e; and when we have some partial order T, e; T e5 to mean

e1] implies e C es.

2.1.2 The Ipo

In this section we define inductive partial orders (ipos), and give the definitions
of continuity of functions between ipos and the Scott topology of an ipo. We then

describe some constructions on ipos.

We use the usual definition of a partially ordered set as a set with a transitive,

reflexive relation C where  C y and y C x implies = y.

A subset X, of a partially ordered set, is directed if it is non-empty and any

pair of elements of X have an upper bound in X.

A inductive partial order (ipo) is a partially ordered set such that every direc-
ted subset has a least upper bound (or lub). These sets are also called directed
complete (as in [17]). We will usually denote this partial order by the symbol C
and the lub of a directed set X by [|X.

A partial function between ipos is continuous iff it preserves the partial order
and the least upper bounds of directed sets, i.e. f is continuous if whenever x C v,
then f(x) T f(y), so for any directed set X, the set f(X) = {f(z) | z € X} is
directed if it is non-empty, and f([|X) =~ || f(X) where || f(X) is undefined if

F(X) is empty.

The Scott topology of an ipo is the set of subsets which are upper closed and
inaccessible by lubs of directed sets, i.e. O is open iff for any = € O and y such

17



that  C y then y € O and for all directed sets X, | | X € O implies there exists

x € X such that x € O. It is easy to show that this defines a topology.

It is well-known that a function is continuous w.r.t. the Scott topology iff it is

continuous in the sense described above (i.e. preserves directed lubs).
For any point z in an ipo, the subset O, = {y | y [£ «} is open.

The product of ipos Py,..., P, is the product of the underlying sets with the
partial order defined by

(T, ) E{yrs o syn) = Vi, 2 By

and is denoted by [T, P,. The projection functions m;:[[;—; P; — FP; defined by

mi({x1,...,2,)) = x; are easily seen to be continuous.

The sum of ipos Py,..., P, is defined as the disjoint union of the base sets, i.e.
U~ {¢} x P; and partial order
(i,2) C (j,y) iff i = j and (for i = j) 2 C y
and denoted Y~ | P;. Associated with this are the injection maps in;: P, — > | P;
defined by in;(z) = (¢,2) which are clearly continuous.

Finally the set of continuous (total) functions f: P — ) form an ipo with the
partial order f C ¢ iff for all © € P, f(x) C g(x), this ipo is denoted P — (.
Similarly the set of partial continuous functions f: P — () with partial order f C ¢
iff for all @ € P, f(x)  ¢g(x) and this ipo is denoted P — Q.

We will use Ipo to denote the category of ipos and continuous functions

between them.

2.1.3 Algebraic and Continuous Domains

In theoretical computer science it is often natural to impose extra conditions on
ipos. In this section and the next we give the definitions of some special types of

ipos.
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An element of an ipo, x, is said to be finite iff whenever @ C || X, for some
directed set X, there exists y in X such that @ C y. It is easy to show that the

set J, = {x | a C x} is Scott open iff « is finite.

An ipo is algebraic iff its finite elements form a basis, that is every x in P is
the directed limit of finite elements. Equivalently, the set of finite elements below
any x is directed and has lub z. If an ipo is algebraic, then the sets J, where a
ranges over the finite elements of P form a (sub)basis for the Scott topology (any

open set is a union of such sets).

An ipo is w-algebraic iff it contains countably many finite elements which form
a basis as above. Then the Scott topology has a countable (sub)basis of the sets

J, where « is finite so every open set is a countable union of sets of the form J,.

The relation well-below, written <, is defined in terms of C by x < y iff for
all directed sets X, y C || X, implies there exists d in X such that = C d.

The following are simple consequences of this definition.

sy zhw = r < w
Ly = zLy

r <€ <= zisfinite

We call a directed set X, a well-below directed set if any d in X is well-below
L X.

An ipo P is continuous if for any = in P, the set of elements well-below x is

directed and has lub x.

In a continuous ipo, well-below is dense in the sense that if © < z then there
exists some y with * < y < z. From this it is easy to prove that if P is continuous

then for all ¢ € P the set

Vo= {z]e< )

19



is open in the Scott topology. Also the Scott topology has a subbasis given by the
sets V. over all z in X since for any open set O

0=y

z€0

An ipo is w-continuous if it has a countable set B of elements (a basis) such
that for any @ € X, the set {b | b € B,b < z} is directed and has lub z, i.e.
every element is the lub of a well-below sequence of points in the basis. Note even
elements of the basis must be such a limit. The Scott topology of an w-continuous
ipo has a countable subbasis, namely the sets V, for b ranging over the basis. It
is well-known that an ipo is w-continuous iff it is continuous and has a countable

subbasis.

If 2 is any element of an w-continuous ipo P and has a (countable) well-below

set b, then
Vi, ={y|zCy}

since if y € P and @ C y then y is in V}, for all n (as b, < a C y) and if for all n,
yisin V4 , so b, < y, then b, C y hence ||, b, C y and ||, b, = . The fact that
we can write {y | @ C y} (which we will denote A,) as a countable intersection of

open sets will be useful later.

Now we give an easy lemma to show that in a finite product of ipos, x is well
below y if and only if for all the projections 7;, 7;(x) < 7;(y). The proof is given

for the product of two ipos; the extension to a finite product is obvious.

Lemma 2.1 In the product of two ipos P and Q, (x1,x3) < (y1,y2) iff v1 < 11
and x9 < Yo

Proof Suppose z; < y; for e = 1,2. Suppose X is a directed subset of P x () such
that (y1,y2) C [JX. Then m;(X) is clearly directed and y; C [ |#;(X) for ¢ = 1
and ¢ = 2, so since x; < y; and vz < yz then we have dy, dy such that x; C 7,(d;),
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and as X is directed, we let d be an upper bound of d; and dy then (xq,22) C d
since x; C m;(d;) E w;(d) for i = 1 and ¢ = 2 so (w1, 22) < (y1, y2).

Conversely, suppose that (@1, 22) < (y1,y2). If we have a directed subset
X of P such that y; T || X, then the (clearly) directed set X X {y} satisfies
(y1,92) C LU X X {y2} so there exists (d, y2) in X X {y2} such that (x1,22) C (d, y2)

which implies x; C d, thus z; < y;. Similarly we can also show xy < y3. |

From this lemma we can show that if P and @ are two continuous (or w-
continuous) ipos, then their product is also continuous (or w-continuous). In the
continuous case the set of points well-below (z,y) is simply the product of the set
of points well-below x and y respectively; it is clearly directed with lub (z,y). In

the w-continuous case the product has a basis which is the product of the bases

of P and Q).

Since the Scott topology of a continuous ipo is given by unions of sets of the
form V, for any z, the Scott topology on X x Y is given by unions of the sets Vi, ,
for z in X and y in Y. But by the lemma above it is clear that Vi, ,y = V. x V}
(since (z,y) < {(a,b) iff t < a and y < bie. a € V, and b € V,). So any open set
in X x Y is given by a union of products of sets open in X and Y respectively,
this implies that the Scott topology on X x Y is the same as the product topology
(which is the topology generated by products of open sets). This is not true for
products of arbitrary ipos, where the Scott topology is in general larger than the
product topology.

Finally we show that if we take a directed set X and for each x in X there
is some well-below directed set for z, X, then U,cx X, is a well-below directed
set for || X. First we need to show the union is directed, but if dy,d; are in this
union, then dy € X,, and dy € X,, for some zy, 25 in X, then as X is directed
we can find an upper bound for xq,x5 in X, say . Then for : = 1 and + = 2,
d; < x, hence as || X, = x, there exist e1,¢e5 in X, with d; C ¢;, then the joint

upper bound to e, ey in X, is an upper bound for d; and d; and is in the union,
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hence it is directed. Clearly if d € J,cx X, then d < z for some x in X and so
d < X, so U(Usex Xz) C LU X and if e is any upper bound for | X, for all «
in X, /X, Ce ie 2Ce ie [ JX Ce Sol]X is the lub of U,cx X,.

2.1.4 RSFP Domains

We will first define SFP domains (finitely w-algebraic) which are colimits in the
category of embeddings of finite ipos, then we will give an equivalent character-
isation in terms of functions P — P. Next we will define RSFP domains (finitely
w-algebraic) as retracts of SFP domains and then give the analogous definition in

terms of functions for RSFP.

We first define an embedding from an ipo P to an ipo () to be a pair of partial
continuous functions f: P — @ and f%:Q — P such that ffo f = idp and
fofftC idg. We write this as P 2] () . Such functions are also called projection-
pairs . We will denote the category with objects as ipos and projection-pairs as
morphisms by Ipo”. In [31] it is shown how colimits of sequences (P,, f,) where
fn 1s an embedding P, < P41 can be formed (as colimits of this diagram in the
category Ipo™) by taking the colimit to be the set {r:w — U, P, | (Vn,z,] =
tn, € PyAx, =~ fu(2,41)) and In, 2, ]} partially ordered by « C y iff Vn, x, T y,.

An ipo is finite if it contains only finitely many elements.

An ipo is said to be SFP if it is the limit in the sense defined above of a
sequence of finite ipos, that is D = lim,(D,, f,) where D, is finite and f, is an
embedding, D, f<ln Dy

This definition is equivalent to the existence of a sequence of partial functions
fn:D — D such the range of each f, is finite, f* = f,, fu T fay1 and finally
Ll f. = idp.

A retract of an ipo P, is an ipo () with partial functions e: () — P and r: P — ()
such that e or =idg. An ipo is RSFP iff it is a retract of an SFP ipo.
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This definition can also be expressed in terms of the existence of certain func-
tions £ — F as follows: £ is RSFP iff 3¢,: K — E with ¢,(F) finite, ¢, C gn41
and | g, = idg.

Plotkin has showed that RSFP ipos are closed under the operation of taking
colimits of sequences of embeddings, that is the limit of a sequence of RSFP ipos

is also RSFP. See e.g. Kamimura and Tang [19] for further reference.

2.1.5 Remarks

The definitions given in this section may not be the most familiar to the reader.
The main differences are in the use of directed sets rather than w-chains and the
fact that ipos do not necessarily have a least element. Countable chains are a
special case of a directed set, so these definitions are stronger. In some of the
results, this strength is necessary to the proof. However if we are only consid-
ering a subclass of ipos with some countable condition (e.g. SFP, w-algebraic,
w-continuous) than (as is well-known) the definitions with directed sets and with
countable chains are equivalent. The algebraicity conditions will not be mentioned

much in this thesis, although they were important to some of the related work.

2.2 Category Theory

This section contains the main definitions of the categorical concepts that will be
needed later and a proof of a theorem of Manes which shows that given a construc-
tion like that of the Kleisli category of a monad, if the construction satisfies the
equations necessary for it to be a category, then this construction gives a monadic

functor.

A category consists of objects and morphisms from one object to another

such that we can compose morphisms, if we have two morphisms f: A — B and
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g: B — ', their composition is a morphism go f: A — (', and this composition is
associative, i.e. ho(go f) = (hog)o f and for every object A, there is an identity
morphism id4 such that foidy = f and idy 0o g = g.

A functor T:C — D is a structure preserving map on categories. Thus it
consists of a function from objects of C to objects of D and one from morphisms
of C to morphisms of D such that if f:A — B then T(f):T(A) — T(B) and
T(go f)=T(g)oT(f) whenever g o [ exists and finally T'(id4) = idr(4) for all
objects A.

A natural transformation o: S — T between two functors 5, T: C — D consists
of a function from objects of C to morphisms of D, written A — «ay4 such that
as:S(A) — T(A) and for all morphisms f: A — B in C we have T(f) o as =
ago S(f).

A well-known definition is that of the functor category, where objects are func-
tors and morphisms are natural transformations. The identity natural transform-
ation on a functor 1" is given by A + idr(4) and composition of natural trans-

formations by (foa)s = 40 aa.

Given two functors F: C — D and G:D — C, we say F'is left adjoint to G
(equivalently (i is right adjoint to F') if there is a bijection, natural in A and B
between morphisms f: A — G B in C and f: FA — B. This is equivalent to saying
(G has a left adjoint provided for each object A of C we can find an object F'A in
D and a morphism n4: A — GF A which is universal in that for all f: A — GB
there is a unique f: FA — B satisfying f = G(f) o n4.

A monad on a category C is a functor T:C — C with two natural trans-

formations n:ide — T and p: T? — T which satisfy the following commutative
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diagrams.

T Iy TT ik T
I
ldT ldT
T
and

TTT Ty TT

fir 17

T ! T

These diagrams are interpreted in the functor category described above.

Monads arise naturally as the composition of a functor and its left adjoint.
The next definitions are motivated by trying to resolve a arbitrary monad into a

pair of adjoint functors whose composition is the original monad.

Given a monad 7' on a category C we can define a T-algebra to be a pair (A, o)
where A is an object in C and a:TA — A a morphism in C that satisfies the

diagrams below.

A A TA TTA fa TA
idy
a Ta a
A TA o A
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We then define a morphism of T-algebras f:(A,a) — (B, ) as a morphism
f: A — B of C which satisfies the diagram

TA I/ TB

A / B

The category which has T-algebras as objects T-algebra morphisms as morph-
isms is denoted by CT. The functor which takes X to (1'X, uy) has as a right
adjoint the obvious forgetful functor and the composition of these two functors
gives back the original monadic functor T'. We can restate this as saying that
for any f: X — A, where A is a T-algebra, has a unique f:7X — A which is a
T-algebra morphism (given by a o T f) and such that ns o f = f.

Another resolution of a monadic functor into a pair of adjoint functors is given
by the Kleisli category. The Kleisli category of a monad (see [36, page 143]), Cr,
is defined by associating to each object in the original category a corresponding
object in Cp and to each morphism f: X — TY in C, a morphism f: X =Y in
Cr. The identity morphisms in Crp are given by nx and composition of f and ¢
by ppz o Tg o f. The functor which takes f to ny o f has a right adjoint and the

composition of these functors is again the original monadic function T

In showing that the Kleisli category is a category it is necessary to check
that the composition given above is associative and that the identity morphism
is indeed a right and left identity. These equations can be conveniently expressed
in terms of an operation m on objects, an operation § which acts on morphisms
X — m(Y) to give a morphism fJ[m(X) — m(Y) and a set of morphisms
ix: X — m(X) for each object X, in which form they become,

(iX)J[ = idp(x) (2.1)
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floix = f (2.2)
(glon)T = gloff (2.3)

As is well-known, given any monadic functor T', these equations are satisfied by
m(X)=TX, fJ[ = py oTf and 1x = nx. We now prove a theorem which states
that given operations which satisfy the three equations above, then m extends to

a monadic functor. It was previously shown by Manes in [24].

Theorem 2.2 An operation m on the objects of a category is part of a a monadic
functor iff there exists an operation t which takes a morphism f: X — m(Y) to

fJ[: m(X) — m(Y) and morphisms ix: X — m(X) which obey equations
(ix)"

floix = f
(hont = gloyl

= idu(x)

as above.

Proof Note: X,Y.Z range over all objects in the category and f,g over all morph-
isms.
First we show that a monadic functor T' gives rise to these operations. Define
iX =1x

and

ff=pyory.
Then the equations above become

px oTnxy = idryx
/

pizoT(uzoTgof) = pzolgouyolf

py ol fonx
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However we may write the commutative diagrams satisfied by a monad on page 25

as

px oTnxy = idryx
px onry = idrx

pxolux = pxopurx

This gives the first equation trivially. For the second note that since n is a natural

transformation, we know

Tfonx =nryof

then substituting this into the L.H.S of equation 2 above and applying the second

monad equation we get
py onpy o f =idrx o f=f
as required. Finally to prove the third equation is satisfied, note that
pzoT(uzoT(g)o f)= pyoTuyoT*qgoTf
and by substituting the third monad equation pux o Tpux = px o prx we get
LHS. =pgopurzoT’qoTf
but since p is a natural transformation we know
przo0T%g="Tgo py
so substituting again we get

L.HS =uxoTgouyoTlf=R.H.S.

Now we shall show that given { and ¢x we obtain a monadic functor. We define

m(f) = (iv o )]
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then to show this gives a functor simply note
midy) = (ix o idy)| = ik = idnx)
by Equation 2.1 and also
mig)om(f) = (iz09) o (ivo ) = ((iz09) oiv o /)] = (iz0g0 /) =m(go )
by using equations 2.2 and 2.3 above.
Now we define the natural transformations  and p as follows
Nx =1ix

and

We need to show that foiy = m(f)oix to show 5 is natural and that py om?(f) =
m(f)o ux to show that p is natural. For the first just note that

m(f)oix = (foiy) oix = foiy
by Equation 2.2. Substituting the definitions into the second equation we obtain
(Foir)T o (iduix)t = (iduiry) 0 (i) o (iv 0 1)1
and using the equations we obtain
LHS = ((foiv) oidui)| = ((foir)|)]

and
R.H.S. = ((ldm(y))T 0 Zm(Y) 0 (ZY 0 f)T)T — (1dm(Y) 0 (ZY 0 f)T)T = ((f 0 ZY)T)T

Now finally we have to show these natural transformations satisfy the diagrams
i.e. obey the following equations,
px om(ny) = id,,(x)
fx 0 Mpx)y = idy(x)
px om(px) = fix O fim(x)
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Substituting in the first equation we get
(i) © (i) 0 1)T = idux)
but using the equations we see that
LH.S. = ((idumix) | 0 mix 0ix)T = (idmry 0 ix) T = idmixy
then for the second equation we get
(idmx) | 0 i) = i)

which is just Equation 2.2 with f = id,,(x). Finally for the third equation substi-

tuting we get
(i) 0 (i) © (i) )T = (i) 0 (idn )
and then
LH.S. = (i) 0 i 0 (i) T = (i) © (idyx) )T = (i) D

and

RS = (i) 0idmer) T = (i) D

hence we have a monadic functor as required. [

2.3 Stone Duality

This section will describe some of the Stone duality type theorems which arose
from the Stone representation theorem for Boolean algebras. Starting from this
theorem, we show how it extends to a duality of categories which naturally arises

as a restriction of an adjunction.

More information on the duality theorems to be described can be found in

Johnstone [17].
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The Stone representation Theorem for Boolean algebras says that every Boo-
lean algebra can be represented by a field of sets. The proof uses the construction
from a Boolean algebra of a topological space consisting of the set of ultrafil-
ters over the algebra, or equivalently the set of Boolean algebra homomorphisms
f: B — 2 to the two-point lattice 2 = {0,1} with a topology given by basic open
sets of the form {f | f(a) = 1} where ¢ € B. Then the clopen subsets of this
topological space form a field of sets which represents the original Boolean algebra.

This solves the original problem.

The topological spaces that arise in this way can be shown to be the totally
disconnected, compact Hausdorfl spaces, called Stone spaces [17]. Given any Stone
space, taking its clopen field of sets as a Boolean algebra and than taking the space
of ultrafilters you also get back to the same space. We can also show that we can
get a contravariant functor from the category of Stone spaces to Boolean algebras
and vice versa, which gives a contravariant equivalence or duality of categories

between Bool and Stone.

This duality turns out to be a prototype of many other dualities. To get the
most general one, we start by looking at the adjunction between the category
Top of topological spaces and the category Loc which is the opposite of Frm,
the category of complete Heyting algebras (cHa). The lattice of open sets of a
topological space is easily seen to be a cHa, and the continuous functions preserve
intersections and unions, hence joins and meets under inverse image. This gives
a functor Top — Loc. To get the adjoint functor, we take the set of frame
morphisms of any cHa A to the two point space. This set is equivalent to the set
of completely prime filters on A. We give the set a topology in a similar manner

to before, open sets being given by

Uy = {f: A=2] fla)=1)

this can be shown to be an adjunction (see Johnstone [17]). The largest equivalence
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is given by restriction to sober spaces and spatial locales; several other dualities

can be obtained by restricting further.

2.4 Interpretation of Stone Duality Theorems

For more details on the ideas discussed here see Abramsky [1].

These duality theorems give the possibility of translating any theorem or proof
about the objects on one side into an equivalent theorem or proof about the
other. Thus a theorem about certain types of topological spaces has its equivalent

theorem about the lattices of open sets.

Dually we could say the denotation of a program is a morphism in the cat-
egory Ipo or a morphism in the dual category of distributive lattices which can be
thought of as a predicate transformer. The duality enables us to link the denota-

tional semantics and logic for programs making each one determine the other.

32



Chapter 3

Measure Theory and Evaluations

This chapter contains a summary of the measure theory which will be used later,
together with some simple but non-standard deductions relating mainly to the
application of measure theory to ipos with the Scott topology. Then evaluations,
which are set functions similar to measures, are defined and a theory of integration

and products similar to that for measures is developed.

For further reference on measures see Bollobas [6]; this gives the definitions
used in this chapter, also Rudin [33]. For a fuller account see Halmos [16]. Some
simple analysis and (even simpler) algebra is assumed. In particular reference
is made to the extended real line [—oo, +00], with the topological and algebraic

structure as defined in Rudin [33]. For more on evaluations see Pettis [28].

3.1 Motivation

A measure on a set gives the generalised notion of area or size of the subsets of
a space. This has the basic axiom of additivity, the area of AUB should be equal

to the area of A plus the area of B, assuming A and B don’t overlap. In fact we
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mostly use countable additivity to get nice properties of limits, i.e. the area of
the union of a countable set of disjoint subsets of a set is equal to the sum of the

areas of the subsets.

This idea is related to integration since given areas one can define the integral
of a function as the “area under the curve”, and given integration, the area of
A can be defined as the size of [X4'. The well-known Riemann integral from
elementary analysis lacks the limit properties that the Lebesgue integral possesses
as well as lacking the generality of application possessed by a general theory of
measure. The usual route is to first define and develop measures and then to

define integration in terms of measures.

Initially mathematicians hoped to define a measure on all subsets of R which
corresponded to our intuitive idea of length—i.e. [a,b] having area b — a. Un-
fortunately it was shown (using the axiom of choice) that no countably additive,
translation invariant function could be defined on all subsets of . So measure
theory was defined so as to give a “size” for only certain certain subsets of a set.
We naturally require some closure properties of the collection of “measurable”

sets, these are defined in the following section.

"Here and elsewhere we assume the definition of X 4: X — [0, 1] where A € X to be

1 ifze A
XA($)I{

0 otherwise.
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3.2 Fields of subsets

Suppose 3 is a collection of subsets of a set X. Then ¥ is a field it X is in X and
¥ is closed under finite unions, and complements (hence also finite intersections).
Similarly ¥ is a o-field if it contains X and is closed under countable unions and

complements (therefore also countable intersections).

It can easily be shown that given some collection of subsets there is a (unique)
least field, or o-field, which contains that collection of sets. Such an object is called
is called the field (or o-field) generated by this collection. It is the intersection of
all fields or o-fields containing the generating set; this intersection is easily seen
to have the required properties. In the case of the field generated by some set of
subsets, we can define it inductively, but in the case of o-fields this is not possible
(except by using transfinite induction). Thus the usual method of proving that
everything in a o-field generated from ¥ has some property is to show that the
set of things with this property form a o-field containing ¥. An example of this

is given later.

The Borel sets on a topological space are usually defined to be the o-field
generated by all the open sets in the topology.

Suppose P is an ipo with the Scott topology. We will be dealing with the
Borel sets of P; they will be denoted B(P). Observe that B(P) contains the Scott
open sets, Scott closed sets and (recalling the definition in Section 2.1.3) if P is

w-continuous so 1s A, since it is a countable intersection of Scott open sets.

Call a set a crescent if it can be expressed as the intersection of two other sets,

one closed and the other open. We will consider the field on P which consists of all

*Some authors (notably Halmos) define the Borel sets as the o-ring generated by

compact subsets, however the open sets definition is more convenient for our purposes.
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sets of P that can be expressed as a finite disjoint union of non-empty crescents.
This field we will denote by F(P), hence
AEF(P)IHA: UOszz (31)
=1
for suitable O; open and C; closed in P and such that if (O;NC;)N(O;NC;) #£ 0
then : =3

Theorem 3.1 F(P) is a field; it is identical to the field generated by the open
sets, and the o-field generated by F(P) is B(P).

Proof The field generated by the open sets consists of all the sets defined by
finite expressions involving open sets and the operations U, N and complements.
We shall see it is identical to the set of subsets given by Equation 3.1 above; this
will also show that F(P) is a field.

Consider any such expression. By the de Morgan laws and distributivity we
can rewrite the expression into one of the form J;_; O; N C; where O; is open and
C; closed for any 1 < ¢ < n but with the O; N C; not necessarily pairwise disjoint.
But clearly

<t

QOZ» NnNeC; = Cj ((Oi NCH\ (UG n Oj)))

and the terms in the second union are pairwise disjoint unions of crescents (since
(O:NCHN(Nj<i "(C5N0;)) = O:NCN(N; < (CO;NCHUCO;NC;U(O0;N7CG)) where
the inside unions are disjoint). So the set that any such expression represents can
be written as a disjoint union of crescents. So every expression represents a set in
F(P), and since every set in F(P) is given by such an expression, F(P) must be
the field generated by the open sets of P.

Now consider the o-field generated by F(P). It contains all open sets so it must
contain B(P) since B(P) is the least o-field containing all open sets. Similarly B(P)
also contains F(P) hence the minimal o-field containing F(FP) must be contained

in it. So the two o-fields are equal, i.e. B(P) is also generated by F(P). i
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Finally we shall give a standard lemma, known as the Monotone Class Lemma.
We define a monotone class as a collection of sets closed under nested unions and

intersections, that is G is a monotone class if whenever A; C A, C ... and A; is

in G, then JA;is alsoin G and if By O By, O ... and B; isin G, then N B; isin G.

Lemma 3.2 (Monotone Class Lemma) If G is a field and a monotone class,

then it is a o-field.

For proof see e.g. [6] page 10. I

3.3 Measures

Suppose that ¥ is some collection of subsets of a set X. We say f:¥ — [0,00) is
countably additive if whenever we have A, Ay, Ay, ... € ¥ such that

UAZ':AELHdAimAJ‘%@?Z':j

=1

then

o0

;f(Ai) = f(4).

A measure is a countably additive set function u: ¥ — [0,00)> where ¥ is a
o-field on some set X. In fact we often say p is a measure on X where the o-field

is obvious.

For any space X (in fact on any o-field over a set X') we can define a measure

called the “point measure at «”7 or “unit mass at 7 as follows :-

() = 1 ifze A (3.2)

0 otherwise

3Some authors allow a measure to take the value +oo
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It it clear that this definition does give a measure.

We can define a finite linear sum of measures as follows

(D aipa)(A) = 3 aipi(A)
=1 =1
where a; > 0, and clearly the resulting set function is also a measure.

Thus for any o-field on a set X we can define any arbitrary linear combination
of point measures. Later we will show that for certain types of ipos, these measures

generate all the possible measures with a simple limit operation.

3.4 Extensions of Measures

Theorem 3.3 If p is defined on a field F and p is countably additive then p

extends uniquely to a measure i defined on the o-field generated by F.

For the proof see Halmos [16]. I

Thus if we can define a countably additive set function on F(.X'), we can extend

it to one on B(X), i.e. a measure on B(X).

3.5 Integration

Integration with respect to a measure p over a set X is defined for certain real-

valued functions on X. We will define integration for functions f: X — [0, 0],

/fd,u.

We allow functions to take the value oo since then limits become easier to express.

denoting integration w.r.t. g by
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If we have an (positive real-valued) expression e with a free variable x in X

and some measure g on X, we denote the integral of the function Az.e w.r.t. p by

/ edu.
reX

A function f: X — [0,00] is said to be measurable (w.r.t. some measure on
X) if for all open subsets of the real line O, f~'(O) is a measurable set. The
collection of measurable functions is closed under various operations, including

(positive) linear combinations, pointwise sups and pointwise limits.
There are various ways to define integration, we give an outline of one method.

We define measurable simple functions to be measurable functions whose range
is a finite set of points in [0,00) (i.e. not including infinity); these can clearly be

uniquely written in the form

i3
s = Z a; X 4,
=1

where ay, ..., a, is the range of s and A; is 3_1({%}). Then we define integration

on these functions by

/ZaiXAi d,u == Zazﬂ(Az)
=1 =1
Then for positive measurable functions we define

/f du = sup{/s du | s < f, s a simple function}

If f is itself a step function it is clear that this definition is consistent with the
one given above. Note the value of the integral may be +oc, since the set over

which we take the sup may be unbounded.

Integration can be shown to have many useful properties. For detailed proofs

of the equations to follow see Rudin [33] for example.

/ (Z:; aifi) dp = Z:;az/fz du (Linearity)
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flz) <g(x) = /f dp < /g du (Monotonicity)

Ve.f, < fox1 = sup [ fodp = /sup fala)du (Monotone convergence)

n—oo n—oo

3.6 Product Measures

If ¥ and W are two o-fields on spaces X and Y, then the product o-field is defined to
be the o-field generated by the field of finite, disjoint unions of “rectangles”—sets
of the form A x B where A € ¥ and B € V.

We can define the product measure of two measures p and v defined on ¥ and
U as follows: p x v will be defined on ¥ x ¥ and on rectangles it will have the
value (¢ X v)(A x B) = p(A).u(B). This definition gives a countably additive
function on the field of (finite, disjoint unions) of rectangles, hence we can extend

it uniquely to give a measure by using Theorem 3.3.
The usual development of this subject is to prove the interchange of integrals

theorems.

Theorem 3.4 (Fubini) [fy and v are measures on X and Y and [ is a measur-
able function on X XY, then the functions Ax. [ oy f(x,y)dn and Xy. [,cx f(x,y)du

are integrable and

Loy Loy feydndu= [ pyydexn = [ [ fey)dedy,

For proof see e.g. [33], page 150. §

Unfortunately, if we take the Borel sets of two topological spaces X and Y,
then the product o-field of the Borel sets of X and Y is not generally the same as
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the Borel sets of the product X x Y with the product topology but is generally
smaller. So the product measure of two measures defined on the Borel sets is not a
measure defined on the Borel sets of the product but on a smaller o-field. For ipos
the situation is even more complicated, since the Scott topology is not even the
same as the product topology. In the next section we will show how it is possible
to define a more appropriate product of measures where the spaces concerned are

ipos.

3.7 Continuous Measures

In this section we will consider measures defined on ipos in particular. We will im-
pose a further continuity conditions on the measures which will allow us to define a
more satisfactory notion of product. We need this extra condition to deal with the
fact that ipos are directed complete; if we had instead taken chain completeness,

the new definition of product would be possible without the continuity.

We will define a continuous measure on an ipo P, to be a measure p on the

Borel sets of P, such that for any directed® set of open sets O;,

u(UJ 0:) = sup u(0;).

el =3
If the topology of P is countable, e.g. if P is w-continuous, then all measures

are continuous.

With this condition we can prove a version of the Monotone Convergence

Theorem, which holds for a directed collection of upper continuous functions.

*Here we mean directed with respect to the partial order given by C
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Theorem 3.5 (Directed Monotone Convergence) For any continuous meas-
ure y on an ipo P, if X is a directed set of upper continuous functions (see Section
3.8), with pointwise sup f, then

sup gdﬂz/fdﬂ-

geX

Proof We note that for any upper continuous function f,

n.2™
f=sup Z Q_RXf_1(i.2_n7oo]

=1

and by Monotone Convergence,
n.2" n.2" |
/f dp = SUP/Z 2 an_l(i.Z_",oo] dp = Z 2 n#(f (2.2 naoo])-
n =1 =1

But if f is the pointwise sup of X, then for any a, f~'(a,o0] = Usex g a, o]
and if X is directed, then so is the union on the right hand side of this expression.
So by continuity of pu,
u(f (a, 00]) = sup u(g™" (a, o))
g€X

SO

on
sup [gdu = sup supZZ_n,u(g_l (i.Z_n,oo]) = /f dpu

g€X geX n

by swapping the sups and sums. i

We will use this theorem to help define a product of measures which is defined

on the Borel field of the Scott topology of the product of two ipos.

Suppose we have continuous measures g and 7 (on P and @ respectively) on
the Borel sets of the Scott topology of the product P x (); then we define a new
product, p @ n, which extends the usual product g x n by the equation

p@n(R) = /wep o R dn dp. (3.3)
We shall first show that if R is a Borel set from the Scott topology of P x @,

the interated integrals are defined and then that the definition gives a measure.
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In general R is not measurable in the usual product measure so we cannot use
Fubini’s Theorem to show that this definition is symmetric; later we will show

that it is symmetric when at least one of P and () is w-continuous.

Lemma 3.6 For any R in the Borel field of the Scott topology on P x @), the
iterated integral on the left of Equation 3.3 is well-defined, and the set function it

defines is a continuous measure.

Proof We introduce the notation R, = {y | (x,y) € R}, so R, is a subset of @,

and observe that the inner integral of Equation 3.3 is equal to n(Ry).

Let F' be the collection of sets R, such that for any =, R, is in B(Q). We shall
show that F'is a o-field, and that it contains the Scott open subsets of P x @),

hence it contains the Borel field of the Scott topology on P x Q).

It R is Scott open, then for any x, R, is clearly open since it is upper-closed
and inaccessible by lubs of directed sets. Hence R, is in B((Q)) so F' contains the

Scott open sets.

To show that F'is closed under intersection, countable unions and intersections

we merely observe that:

and
UrY). =U*k,
and

(NE)e = £,

so since B((Q) is closed under complements and countable intersections and unions

so is F'.

Now we will repeat this process to show that the function Az.n(R,) which we

will denote by fgr is measurable w.r.t. B(P). Let F’ be the collection of sets R
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such that fg is defined and measurable and we will show that F’ is a o-field and

that it contains the open sets.

Suppose R is open in the Scott topology of P x (). Clearly 1 C x5 implies
R., C R,,, hence fr is increasing. Further if x = UX and X is directed, then
U.ex R = R, since y € R, implies (x,y) € R hence some z € X satisfies
(z,y) € R since R is open. So by the continuity of x, fr is upper continuous,

hence measurable.

To show that F’ is a o-field we note that

Jonc = fo — fo\c

for O open and C closed, and if A and B are disjoint then

Jauvs = fa+ fB

so fgr is certainly measurable on F(P X @), the field generated by the Scott open

sets. Then we observe that if A; C A, C ... then

fUAi = sup Ja;

and if By 2 By D ... then
and we know that measurability is closed under sups and infs, hence F’ is a
monotone class. Finally by the Monotone Class Lemma 3.2 we see that F” is a

o-field as required. So again, I’ includes the Borel sets of the Scott topology on
P x @, so for all Borel sets in this topology p @ n(R) is well-defined.

It is trivial to see that p @ n is a measure since if |JA; = A and the A; are
pairwise disjoint, then

ZfAi = fa

and so

iﬂ®77(Ai):i/fAid/LZ/fAdﬂ:u@Qn(A)
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as required.

Finally to show the measure p @ 7 is continuous, we suppose that (J;c; O; is
a directed union of open sets. Then fo, is a directed collection of positive upper
continuous functions bounded by 1 with sup fU 0., and so by the Directed
el Tt
Monotone Convergence theorem 3.5 for continuous measures,
sup 1 9 n(0;) = sup foidp = /fU.eIoi dp = p @ n(lJ 0y)
i€ i€ ' iel

so i @ 1 is a continuous measure. i

It is easy to see that, like the usual product, the product @ is continuous in

each variable and bilinear.

Fubini’s Theorem shows immediately that ©@ extends the usual measure product.
For sets which are measurable by the usual product, that is Borel sets of the

product topology, ® is symmetric since it agrees with g x n which is symmetric.

In the special case where one of the ipos is w-continuous we can show that the
two products are actually the same. We have already shown in Section 2.1.3 that
the product topology is the same as the Scott topology when one ipo is continuous,
now we shall see that the fact that the topology on one ipo is countably generated
is enough to prove that the product of the Borel sets is the Borel sets of the
product topology.

Theorem 3.7 [f P and @) are ipos and P is w-continuous then B(P x Q) =
B(P) x B(Q).

Proof It is generally true for any topological spaces that B(P)xB(Q) C B(PxQ).
We can prove this by recalling that B(P) x B(Q) is the least o-field containing
the measurable rectangles A x B where A € B(P) and B € B(Q). So we need to
show that A x B is in B(P x Q). To show this we define

K={A|(AxQ)eB(PxQ)

45



It is clear that if O is open in P, then O € K. It is also clear that K is a o-field—it
is closed under countable unions etc. since B(P x )) is. Hence if A € B(P), then
A € K. Defining a similar set L with B € L. <= (P x B) € B(Px Q) we see that
it Be B(Q),then B€ L. But (AXxQ)N(PxB)=(AxB)so Ax B e B(PxQ).

Note that the product topology on P x () is given by countable unions of sets
of the form Vj, x O for b in the basis of P and O open in ().

Now to show that B(Px @) C B(P)x B(Q) we need to show that B(P)x B(Q)
contains all the open sets in the product topology P x ). This is not generally
true as we may take arbitrary unions of open rectangles in the product topology
but only countable ones in forming the product of o-fields. But in this case the

open sets in the product topology are countable unions of sets of the form V, x O

hence in B(P) x B(Q).

Hence B(P) x B(Q) = B(P x Q) as required. I

So provided that P is w-continuous, for any continuous measures p and 7,

X =p@n

since we know from the theorem above and Section 2.1.3 that the two products

are defined on the same o-field and by Fubini’s theorem for any R in this o-field,

(nxn)(R) = |

Xpd(y x ::/ Xndndy = (1@ n)(R).
emerxo (1 x 1) ep oo i (n@n)(R)

3.8 Upper Continuous Functions

A function f from X to [0, 00] is upper-continuous (u.c.) if for any a > 0, the set

f " (a, 0] is open in X.

Note that an open step function (Xo for any open set O) is always upper

continuous since the inverse image is always either X or O, both of which are

46



open. We will now show the set of upper continuous (u.c.) functions is closed
under linear combinations, infinite sups, finite lubs and that it forms a complete
Heyting algebra (cHa) with these pointwise operations. In fact we do this for
upper continuous functions f: X — [0, 1], i.e. functions bounded by 1 since this is

the cHa we will consider in later chapters.

Theorem 3.8 [f X is a topological space then the set of upper continuous function
f: X —=[0,1] is a cHa.

Proof We define the sups and infs pointwise that is

(f Ag)(z) =min(f(x),9(z))

and

(\/ Jy)(x) = sup f,(2).

~er ~yell

To see that these definitions give upper continuous functions we simply note

(f N g)_l (av 1] = f_l (av 1N g_l (av 1]

so if f and ¢ are upper continuous, then the inverse image of an upper open set
under f A g is the intersection of two open sets and thus open. Similarly for any
f~,v € T', the sup is upper-continuous because
-1 -1
(V £)7 (@ 1]= U ) (a,1]
~yell ~vel’

i.e. the inverse image is the union of open sets.

To see that the sups commute correctly is easy since they are all pointwise.
We only need to show that for any value =z,
V (@) Agl) = (\ fo(2) Aglx)
~yell ~vel’
ie.

sup min(a(y),b) = min(sup a(7), b)
~yell ~vel’
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and this is well known to be true by elementary analysis. i

To show linear combinations of upper continuous functions are also upper

continuous we observe that for multiples of functions

(r-f)" (a,00] = [ (a/r, oc]

and for sums

(f+9)" (a,00] = (ST (ry00] N g™ (a =1, o0])

r<a

so any linear combination of upper continuous functions is clearly upper continu-

ous.

Finally every upper continuous function f can be written as a sup of increasing

linear combinations of step functions, since

n.2"
J = lim D27 X 12 o)
=1

If f is bounded then this limit is actually uniform, that is for all ¢ > 0, there
exists an N such that for all x and for all n > N,

n.2"

flz) — Z 27" X1 (.2-n00)(7) < €
=1

viz N sufficiently large so that 27 < ¢ and f is bounded by N.
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3.9 Evaluations and Integration

In this section we will see that an simpler class of set functions than measures,
called evaluations, can be used to define a theory of integration. The motivation
for this comes from noting that we can define the integral of an upper continuous
function w.r.t. a measure using only the values of the measure on open sets, by ex-
pressing the function as a pointwise limit of linear combinations of step functions.
The integral we shall define will be linear and will satisty a slightly restricted
monotone convergence theorem, but will only be defined on upper continuous

functions.

Evaluations are usually defined on a lattice. To facilitate the analogy between
measures and evaluations we will define evaluations on the lattice of open sets of

a topological space, inspired by Lawson’s work [23].

We define an evaluation on a topological space Y to be a map v from Q(Y') to

[0,00) which satisfies

v(U)+v(V)=v(UUV)+v(UNV) (3.4)
and
v() =0 (3.5)
(modularity) and
UCV=ul) <) (3.6)

(monotonicity) and a continuous evaluation to be an evaluation for which if X is
a directed subset of Q(Y) (directed w.r.t. the partial order on Q(Y') given by C)
then

sup{r(0) |0 e X} =v( ] 0) (3.7)

0eX

In [28], Pettis investigates the general problem of when an evaluation may be

uniquely extended to a measure. He proves the theorem that any evaluation on
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Y can be uniquely extended to a finitely additive set function on the field, F(Y),
generated by the open sets in Y. As previously discussed, this field consists of all
sets R that can be written as a disjoint union
R=JO:nC)
=1
for closed sets C; and open sets O;. The unique extension of an evaluation v must

clearly give R the value

Z v(0;) —v(0; \ Cy).

We will now define integration with respect to a continuous evaluation v. In
particular we want to show that integration is linear and that a version of the
monotone convergence theorem holds. To simplify the definitions we shall only

consider bounded upper continuous functions.

We first consider integration of the simple upper continuous functions—those
which take a finite number of values. Let s be a simple upper continuous function
and suppose it takes the values aq,..., «,. Then as before we can write s uniquely

as a linear combination of characteristic functions

s =2 aiXei(fa)
=1

moreover s~ ({a;}) is in the field generated by the open sets F(Y), since it is

equal to

s (o — €00\ S_I(Oéi, o]

for sufficiently small .
So we define
/SdZ/—ZOéZ {ozZ )
using the unique extension of v to F(Y).
We will now give some properties of this definition.
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Lemma 3.9 Let B; for j =1,...,m be such that U, B; =Y and B; N By, # ()
implies § = k (so B form a partition of Y') and B; is in F(Y) for all j. Then
for any simple u.c. function s taking values o; and any evaluation v,

/Sdl/ = Zn:iom/(s_l(oq) N B;).

=1 j5=1

Proof We defined
/Sdl/ = Zozil/(s_l(oq))
=1

so it remains to show that 3°7°, v(s™'a;) N B;) = v(s (). But this follows
from the finite additivity of the extension of v, since if A = 57" (), as B; partition

Y, UL (B; N A) = A and they are pairwise disjoint. Il

We use the lemma above to show that the definition above is monotonic.

Lemma 3.10 If s and t are two simple upper continuous functions and s < t

(pointwise) then [sdv < [tdv.

Proof Suppose the values taken by s and ¢ are a4, ..., a, and f,..., 3, respect-
ively. We note that the sets s7'({a;}) and the sets ¢t~ ({3;}) form two partitions

of sets in F(Y) as required in Lemma 3.9 above.

By applying the lemma to s with partition t~'(3;) and to ¢ with partition
S_I(Oéi) we see that
/Sdl/ = ZZO@Z/(S_I(O{Z’) Nt='(3))
=1 7=1

and
m n

/tdz/ =33 Bt (B N s ()

7=11=1

but since ¢ < s, if s7 (e;) N171(B;) # 0, then 3; < a4 so

/tdZ/S/SdZ/
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as required. i

Now we shall show that the definition is linear.

Lemma 3.11 If s and t are simple upper continuous functions, then so is s + 1

/S—I—tdl/:/sdl/—l—/tdl/.

Proof Suppose as before that s and ¢ take values «; and ;. Then s + ¢ takes

and

the values a; + 3; on sets s~ (a;) Nt7"(3;), so clearly s 4t is simple and we have
already seen that the sum of upper continuous functions is upper continuous. This
representation of s+17 is not necessarily the unique one since there may be distinct
pairs (i1, 1), (¢2,72) such that a;, + 8;, = i, + 3;,. But if we suppose that s + ¢
takes the distinct values +;, then for each k, there is a non-empty finite set of pairs

(2,7) such that a; 4 8; = 35 and (s + )7 (7%) = U jjes. avtsym 5 (i) NEH(5;).

So by this and finite additivity since this union is disjoint,
Jls+tydv =30 S0+ ;)07 () N7 ()
i
But then by collecting the terms by coefficient and using finite additivity,
Jts+ydr ==Y aw(s™ @) n (U B + X807 3) 0 (Us™ @)
Z ;

and since clearly [Jt7'(3;) = Y and similarly Us™' (o) = Y,

/(S—I—t)dl/:/sdl/—l—/tdl/

as required. i

So we define for any bounded upper continuous function f

/fdl/ = sup{/sdl/ | s < f,s simple}.
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Clearly if f happens to be simple, this definition agrees with the previous one.
Also if [ < g then clearly | f < [ g, so the definition is monotonic.

We now want to prove bounded monotone convergence and linearity. To do

these we start by proving a lemma relating to uniform convergence.

Lemma 3.12 Suppose that two functions are “close” everywhere e.g. suppose for

some € > 0 we have |f(x) — g(x)| < € for all v in X. Then
|/fd1/—/gd1/| <ev(X).

Proof If s is a simple function with s < f, then the simple function #(x) =

max(s(x) — €,0) clearly satisfies t < g and [tdv > [sdv — ev(X). So

sup(/sdl/) —ev(X) < sup(/tdl/)

s<f 1<y
thus

/fdl/—e.l/(X) §/gd1/

and we can clearly interchange the role of f and ¢ to show that

|/fdl/—/gd1/| <ev(X)

as required. i

So if f, is a sequence of bounded upper continuous functions which tend to

some upper continuous f uniformly it is clear that

1i7£n/fndz/:/fdz/.

But for any bounded upper continuous f, recall that we may express f as a uniform
limit of simple functions namely
n2"

J = sup ZQ_HXf—l(i.Q—",oo]

n—o0o ;
=1
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thus we know that
n2"
/f dv =sup 2_n1/(f_1 (i.Z_n, oo]) (3.8)
=1

We are now able to prove a directed version of the bounded monotone conver-

gence theorem.

Theorem 3.13 (Directed Monotone Convergence) If X is a directed set of

u.c. functions with pointwise sup a bounded function f, then

sup [gdv :/fdl/.

geX

Proof From Equation 3.8 above

n2"
—-n -1 (- 5—m
sup [ gdv = supsup E 2 v(g (.27, 00)).
QEX gEX n i=1 ( ( ’ :|)

We can interchange the sups on the right hand side of the equation above, then
we can interchange the sup and the finite sum since ¢ is directed, but then clearly
Ugex g7 " (a,00] = f7! (a, ] since f is the pointwise sup of ¢ € X. Hence by the
continuity of v we know supgex(l/(g_1 (a,00])) = v(f~" (@, 00]). So we see that
n2m
sup/gdl/ = JHEOZV(JC_I (a,00]) = /fdl/
i=1

geX

by Equation 3.8 again, as required. i

Finally we consider linearity. For any positive real number r, it is clear that
[rfdv = r [ fdv since if s < f, then rs < rf and similarly ¢ < rf implies
t/r < f. So we just need to show that [(f+¢)dv = [ fdv+ [gdv.

Theorem 3.14 For any bounded upper continuous functions f and g

/(f—l—g)dl/:/fdl/—l—/gdl/.
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Proof Expressboth f and g as the sup of increasing sequences of simple functions
sn and t,, say. Then clearly (¢, + s,) is an increasing sequence of simple functions
whose sup is f 4 ¢g. Then since integration of simple functions is linear and by the

directed monotone convergence theorem, we have

/(f—I—g)dl/:Sup/Sn—I-tndl/:Sup/SndZ/—I-Sup/tndl/:/fdl/—l-/gdl/

as required. i

We note that if p is a Borel measure which also satisfies the continuity condi-
tion for open sets, then integration with respect to the corresponding continuous
evaluation obtained by restricting p to open sets agrees with the usual form of
integration with respect to p (since they agree on Xo for any open set O and both

are linear and satisfy monotone convergence).

3.10 Products of Evaluations

In this section we will consider how to define products of evaluations. As with
measures, we shall define two products, one on the product topology of two topo-
logical spaces (the equivalent of the usual product on measures) and its extension
to the Scott topology on the product of two ipos. We will get a version of Fubini’s
theorem for the first product and we will show that the products coincide when

one of the ipos is continuous.

Suppose that n and v are continuous evaluations on topological spaces Y and
7. We extend n and v to give finitely additive set functions on the fields F(Y')
and F(Z) and then by Theorem 6.2 in [6] we get the unique finitely additive set
function on the field generated by sets of the form A x B where A € F(Y) and
B € F(Z) which takes the value n(A) x v(B) on sets of form A x B. This field

consists of all finite disjoint unions of products of crescents, and the o-field it
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generates is not the Borel sets of X x Y, since in forming the product topology we
can take arbitrary unions of open rectangles whereas in forming a o-field we can
only take countable unions. However we can use the following general theorem

about extending evaluations from the basis of a topology.

Theorem 3.15 Suppose X is some collection of open subsets of Y, such that it is
it 1s closed under finite intersections and unions and every open set is an arbitrary
union of sets in X, and v is a modular, continuous set function on ¥ (that is
v(0) =0 and v(A) + v(B) =v(AN B) 4+ v(AU B) and whenever A; is a directed
collection of sets in ¥ whose union is also in X then v(U;e; Ai) = sup;e;v(Ai))

then v extends uniquely to a continuous evaluation on Y.

Proof We will define v on any open set by

v(0)= sup v(A).

ACO,A€x
Since v is monotonic (by the continuity condition) it is clear that v extends v.
This extension is unique since the equation above must hold for any continuous
evaluation which extends v. Now suppose we have some directed collection of sets
A; such that A; is in ¥ for each ¢ € I. The union J;c; A; is an open set, say O.
We shall show that
sup v(A;) = v(0).

el
It is clear that sup;c; v(A;) < (O) from the definition of v. To show the converse
we pick € > 0 and find some A € ¥ such that A C O and v(A)+¢/2 > v(O). Then
it is clear that U;e;(ANA;) = A and this union is directed, hence by the continuity
of v, v(A) = sup;c; ¥(ANA;), so there exists 7 € [ such that v(ANA;)+¢/2 > v(A),
and then since A; N A C A it is clear that v(A;) + € > v(O) as required.

Given this fact we can easily show that v is a continuous evaluation. For
modularity, we note that v(0)) = v(0) = 0 and given open sets U and V, then
say U = U;er Ai and V = U,¢; B; for A;, B; in ¥ and both unions directed, then
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U jerxs(AiNB;) = UNV and U, jyerxs(A:UB;) = UUV and both these unions

are directed. Hence

v(U)+v(V) = sup(v(A;)+v(B;)) = sup(v(AiNB;)+r(AUB;)) = v(UNV)+r(UUV)

i\j irg
Suppose that [J;c; O; = O and this union is directed. Let K = {A | A €
Y¥,A C O, for some: € I}. Then K is directed (since the set O; for ¢ € [ is
directed) so by the above,
v(0) = sup v(A)

AeK

since Ugex A = O. But by definition

HO) = sup  v(A).

AET,ACO;
so clearly

sup 7(0;) = sup v(A) = v(0O)

el AcK

So we see that 7 is continuous. |

This theorem is similar to Theorem 3.3 (extensions of measures). We will
restrict the finitely additive function on the field generated by products of crescents
to a function on finite unions of open rectangles, and then apply the theorem above
to get a continuous evaluation. We can apply the theorem since finite unions of
open rectangles are closed under finite unions and intersections and since every
open set in the product topology is a union of finite rectangles. It remains to show
that the finitely additive set function restricts to a modular continuous function
on the finite unions of open rectangles. Modularity comes from finite additivity,
we need to do a little work to show that the set function is continuous on finite

unions of open rectangles.

Lemma 3.16 If n and v are continuous evaluations and s is the unique finitely
additive set function on the field generated by products of crescents, then if U x V
is an open rectangle and U X V = U;er(U; X V;) where U; x V; are open rectangles

for each i, then s(U x V) = sup;, s((Uy x Vi yu. .. U(U;, x Vi,)).
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Pick € > 0. First consider any « € U. Forally € V| there exists ¢ such that (x,y) €
U; x V; hence U; o4, zev, Vi = V. So by the continuity of v we can find finitely many
i, say iy,...1, such that z € Uijm for each 1 < j < n, and v(U}2, Vijm) +e> (V).
Set U, = Nz, Uijm, so x € U,. Note also that the finite union U?il(Uij X Vijm)
contains U, x (Ujz, Vijm), hence has s value at least n(U,)(v(V) — €). But also
Userr Uz = U so by continuity of n, there exist x4, ..., such that n(UjL, Uy, )+e€ >

n(U). So now if we consider the finite union U, U

?ikl i7" then the corresponding
union of open rectangles has s value at least (n(U) — €)(v(V) —€). So as € was
arbitrary, we see that s(U x V) = sup; . s((U;, x Vi) U ... U (U, x V;,)) as

required. i

We can use this lemma to show that the set function s as defined above is
continuous in the sense required by Theorem 3.15. We want to apply the theorem
to the case where ¥ is the collection of sets which are finite, disjoint unions of
open rectangles, so we need to show that s(O) = sup;c; s(0;) where O = U, O;
where this is a directed union and O = UJj_,(U; x V;) and O; = U?’ZI(U; X V]Z)
By finite additivity we can assume that n = 1, so O is just an open rectangle
O = U x V. Then applying the theorem above to the sets U; X V]Z (for all e € I
and j € {1,...,n;}), we see that s(O) is equal to the sup of s over all finite unions
of the sets U; X V]Z But any finite union of the sets U; X V]Z must be contained in

some O; since O; is directed, so s(O) = sup;¢; s(0;) as required.

So given any continuous evaluations n and v we can form the continuous eval-
uation 7 X v on the product topology X x Y. We now prove a counterpart to

Fubini’s Theorem for products of evaluations.

Theorem 3.17 (Fubini for evaluations) If X and Y are topological spaces and
f ts upper-continuous in the product topology of X and Y, then for any n and v

continuous evaluations on X and Y respectively, the iterated integrals are defined
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and satisfy

/xeX/erf(x’y)dl/dn:/fd(l/xn):/yey/ggeXf(%y)dndl/-

Proof We first assume that f is the characteristic function of an open set in
X xY,say f = Xo. Suppose that O is an arbitrary union of open rectangles, say
O = Ujer(Vi x Us). Then the functions Az. [ oy f(2z,y)dv and Ay. [.cx f(z,y)dy
are upper continuous since the first can be seen to be equal to

sup{l/(ig( Ui)XﬂieKVi | finite subsets K of I}
and similarly for the second. Then further since any function f is the sup of an
increasing sequence of sums of step functions, the iterated integrals exists since
sums and sups of upper continuous functions are upper continuous. So the iterated

integrals exist.

It is clear that if f is the characteristic function of an open rectangle U x V,
then all three expressions give the value n(U) x v(V) since then the interated
integrals become [n(U)Xy dv and [ n(V )Xy dn respectively. But each interated
integral defines a modular, continuous evaluation on open sets, by f = Xo. To
see this we use the notation O, = {y | (z,y) € O} and fo = Ax.v(0,) as in

Lemma 3.6, then

/ / X@dl/d?]:/ v(0)dn =0
z€X Jyey zeX

and

/ / Xu dv dn + / dez/dn:/ o+ fo dy
rzeX JyeY rzeX JyeYy reX

but fu + fv = funv + fouv since for any «, v(UNV),)+v(UUV),) = v(U, N
Vi) + v(U, UV,) = v(Uy,) + v(Vy) by the modularity of v, hence by linearity of

integration,

/ fuav + fouv dy :/ fUnvdn—l-/ fouv dn
rzeX zeX rzeX

== / / XUOV dv d?] + / XUUV dv d?]
ze€X JyeY reX JyeYy
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For continuity we suppose that U;c; O" = O, this being a directed union. Then
clearly for any z, U;e;s O; = O, and this union is directed, hence sup,c; foi = fo

by the continuity of v and this sup is also directed. Then

sup/ Xoi dv dn = sup foidn
1€l JreX Jyey 1€l JreX

and by directed monotone convergence,

sup foidn = / fodn = / / Xo dv dy
el JzeX rzeX rzeX JyeYy

as required. We can similarly show that the integral

/ / Xo dn dv
yeY JreX

gives a modular and continuous evaluation.

But these three continuous evaluations must all be equal by the uniqueness of
the definition of product evaluations. So the theorem holds for f equal to X for

any open set O.

Then since any continuous function f on X x Y is the limit of linear com-
binations of step functions, by linearity and continuity of integration, it is clear

that
/ / f(xay)dndﬂz/ / J(z,y)dpdn
reX JyeY yeY JreX

as required. i

Now we consider the case of evaluations n and v defined on ipos P and (). We

let O be open in the Scott topology of P x () and consider the equation

n@v(0) = /wep /yeQ Xo(x,y)dv dy

Since O is open in the Scott topology of P x (), the inner integral is defined
since the = cross-section of O is open in (). Similarly the function which gives the
measure according to v of the x cross-section of O is upper continuous since it is

continuous as a function on ipos. (This was shown in Lemma 3.6.)
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Further this definition gives an evaluation since (exactly as before)

and

- /xeP v((UNV)e) +v((UUV),)dy
=(o)(UNV)+ o) (UUV)

gives modularity.
Now suppose ;¢ O" = O and this union is directed, all sets being open in
P x . Then O; over ¢ € [ is a directed set of open sets in () with sup O, so

sup(n @ v)(0') = sup v(0}) dy

iel ier JzeP
but similarly f; = Az.v(O.) = foi is a directed set of functions since if 0" U Q7 C
OF, then for any x, fi(z) < fu(z) and f;(z) < fi(z) so fi is an upper bound for
fiand f;, and f; over ¢ € I has pointwise lub given by Az.r(0O,) hence

sup [ fi@ydy = [ 0(0.) = (n @ v)(0)

i€l JzeP zeP
so we have continuity.

Note also that by the continuity and linearity of integration, the operation &

is continuous in each variable and bilinear.

By Fubini’s theorem 1 @ v extends the product we defined above, and it is
symmetric (again by Fubini’s theorem) on sets which are open in the product
topology. If one of P and () is continuous, then the Scott topology on the product

of the ipos is the same as the product topology and the two products are identical.
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3.11 Concluding Remarks

In this section we have defined measures and integration of measurable functions
with respect to them, and products of measures and Fubini’s theorem on inter-
changing the of order of integration. Similarly we have defined evaluations and
integration of upper continuous functions with respect to them and also products
of evaluations and a version of Fubini’s theorem for them. Since only bounded
upper continuous functions are used in the rest of this thesis, the definition of

integration for evaluations is restricted to them.

The first product of evaluations—defined on the product of the topological
spaces, is analogous to the usual product of measures. It uses the continuity of
evaluations to give a measure to an arbitrary union of open rectangles. If we took
two continuous measures on topological spaces, restricted them to evaluations, and
took their product, the result would not generally extend to a measure. However
if we took two continuous measures n and v defined on ipos, the product n @ v (on
the Borel sets of the Scott topology of the ipos) would agree on open set with the
@ product of the restrictions of n and u to open sets (by the fact that integration
of evaluations is agrees with the usual integration). It is not clear whether the @

products are symmetric in general.
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Chapter 4

The Probabilistic Powerdomain

Given a probabilistic computation over a set of results the naive approach to
expressing the result might be to assign a probability to each of the possible out-
comes. Probability theorists have long known that this approach is not sufficient if
the set of outcomes is uncountable, e.g. in problems like picking a real number at
random from [0, 1], since in this case any particular number has probability zero of
occurring and so we cannot answer questions like “what is the probability that the
random number is greater than half 7”7. Instead they consider probability distri-
butions which assign a probability to certain sets of results—in the [0, 1] example,
probabilities are assigned by to all Lebesgue measurable subsets, with [a, b] having
probability b — a. As was observed by Saheb-Djahromi [35], this problem occurs
with probabilistic computation as well; an example is given of the program which
prints infinite strings of zeros and ones, at each stage printing a zero with prob-
ability 1/2 and a one with probability 1/2. Then the probability of any particular
string is zero, but we still want to be able to calculate things like the probabil-
ity of getting a string beginning with 11 for instance. So we must represent the
outcome of a probabilistic computation by a function assigning probabilities to

certain subsets of the set of results.
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In this thesis we decide to represent probabilistic computations by continuous
evaluations. Continuous evaluations give, for every open set, the probability that
the result of a probabilistic computation is in this set. Following Smyth [38] we
can regard open sets as being the possible tests or properties which the result
of a computation may satisfy. So we can interpret the axioms for continuous
evaluations as necessary properties of tests and justify them as follows. We take
the axioms from Lawson [23] (or Birkhoff [5, Chapters 10,11]) as given in Section
3.9.

With open sets representing properties or tests, clearly the empty set corres-
ponds to a test that always fails, or the property that is never satisfied. Then a
probabilistic computation will have probability zero of satisfying this test, hence
a function on open sets representing the computation should satisfy Equation 3.5
(that v(B) = 0). Similarly if one open set U is contained in another V., then
this implies the property that U represents implies the property that V repres-
ents. Hence a function representing a probabilistic computation should satisfy
Equation 3.6 (that if U C V then v(U) < v(V)). Similarly the function should
be modular (Equation 3.4, that v(U) 4+ v(V) = v(U U V) 4+ v(U NV)) since the
intersection and union of two open sets represents combining the properties with
“and” and “or” respectively and so this reduces to the axiom of probability theory
that the probability of A or B is equal to the probability of A plus the probability
of B minus the probability of A & B. The continuity condition, Equation 3.7, is
a natural one to impose when working with ipos and the Scott topology. So we
see that the natural way to represent the result of a probabilistic computation is

a continuous evaluation over the space of possible results.

Other authors, Saheb-Djahromi, Grajam [35,14] have considered the space of
probability distributions over the Borel sets of the result space; we shall see how

this compares with evaluations later.
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4.1 Evaluations as an Ipo

We shall initially consider the set of continuous evaluations v on any topological
space X with the additional property that v(X) < 1. We give this set the pointwise

partial order as follows :-
p C v iff for all open sets O, u(0O) < v(O) (4.1)

So an evaluation is greater than another if the probability of it passing any test

(or open set) is greater than that of the other.

It is clear that Equation 4.1 above gives a transitive, reflexive relation and that
p Enand n C g implies n = p. So the definition in Equation 4.1 defines a partial
order on the set of evaluations on a topological space X which we will denote by

V(X).

Theorem 4.1 For any topological space X, V(X) is a directed complete partial

order, with lubs give pointwise and with a least element O — 0.

Proof First we will see that given a directed set of evaluations they have an upper
bound. Let p; be a directed set of evaluations when ¢ ranges over some index set

I. Then define the value of | |;c; pti =1 on O by

n(0) = sup p;(0)

el

which is defined since p(0O) is bounded (by 1) for all p.
Strictness and modularity follow immediately from the definition.

To show monotonicity and continuity we need to show that finite sums and

directed sups commute with sups over directed sets.

To see that

sup(pi(U)) + sup(ps(V)) = sup(ui(U) + (V)

el i€l el
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we note that clearly

sup(pi(U)) + sup(pi(V)) 2 sup(pa(U) + (V)

el el el
to show this is equality, we pick any € > 0. Then there exists 7; and 23 both in
I such that g, (U) > sup;c;(pi(U)) — €/2 and pi, (V) > sup;er(pi(V)) — €/2. But

since y; is directed, there is some ¢35 in [ such that u;, C u,, and p;, C p;,; hence

sup(pi(U) + (V) 2 piy (U) + pin, (V) > sup(pi(U)) + sup(pi (V) — ¢

el el el
but ¢ was arbitrary so we have equality.

To show continuity, we need to see that for an directed set of open sets O; over
Jed,

sup sup 4;(0;) = sup sup pi(0;)
icl jed jeJ sl

but this is easy as any sups commute.

Finally we note that the zero evaluation U — 0 which has value zero on any

open set is the least element in V(X). |

Another possible candidate for a partial order on V(X)) is
pCn < Vf: X —[0,1] upper continuous /fd,u < /fdn

we can easily show this is equivalent to the definition we have already discussed.

Note the integration sign here refers to integration with respect to evaluations as

defined in Section 3.9.

Theorem 4.2
VO C Q(X) 4(0) < (0) (42

if and only if
Vi X —[0,1] u.c., /fd,u < /fdn (4.3)
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Proof Suppose Equation 4.3 holds. Then since for any open set O, the function

Xo 1s upper continuous and

/Xo dp = p(0)

then by Equation 4.3 we know

/XO@LS/&OmY

ie. u(0) <n(0). So Equation 4.3 implies Equation 4.2.

To show 4.2 implies 4.3 we need to recall from Section 3.8 that every upper
continuous function f can be written as an increasing pointwise limit of step

functions. For instance, if f takes values only in [0, 1], as is the case here then

277,
f= 7}1_%10 Z Q_HXf—1(i.2—n71].
=1

If s is a step function, say s = >/_, riXo, then
foin=:raio)
=1
hence, if Equation 4.2 holds then

/Sd,uﬁ/sdn

but for any f, we can write f = sup f,, where each f, is a step function and f is

the pointwise limit of the sequence of increasing functions, and we know that

[ =sup [ fdi
hence if Equation 4.2 holds,
[ < [ fuay
‘o

sup [ fndp < sup [ fdny

n—oo n—oo

[rdw< [ fan
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as required. i

A similar argument can be used to prove that if u; is a directed set of evalu-
ations for ¢ € I, then for any upper continuous function f: X — [0, 1]
sup [ [ dps; = /f diel_llrm (4.4)
Since for any open set O the equation holds for the function Xo by the definition
of ||, then by linearity and continuity it holds for any upper continuous f.

We shall now assume that the space of results is itself an inductive partial
order, P, with the Scott topology. We can relate the partial order on P with the
partial order on the set of evaluations on P, V(P). Recall the definition of a point
measure (denoted n,) from Equation 3.2, this clearly restricts to a point evaluation
which we will denote by the same symbol. We shall prove that n, C n, iff « £ b
and |,ex na = M ey for a directed set X. To see the first note that if ¢ C b,
then for any open set O, if @ € O then b € O, hence if ,(0) = 1 then n,(0) = 1.
Thus n,(0) < n,(O) for all open sets O. To show the converse, consider the open
set Oy (Section 2.1.2). b & Oy so ny(Oy) = 0 hence 1,(0;) = 0 ie. a & Oy so
a C b. For the second part first note that by the first part [J,cx 7. T |_|77|_|aexa
To show the converse let O be any open set. If nuaexa(O) =1, then | |,ex ¢ € O,

therefore there is some a; in X for which a; € O, therefore 5,,(0) = 1, so clearly

SUP,ex Na(0) = 1.

4.2 The Powerdomain Functor

In this section we will define a functor V on the category Ipo.

The category Ipo is defined to be the category with ipos as objects and con-
tinuous (total) maps between them as morphisms. On objects, the functor V will

map an ipo P to V(P). We know from Theorem 4.1 above that V(P) is an ipo

63



with the partial order given by Equation 4.1. Given a continuous ipo morphism

f: P — @ we define
V(H)()(0) = u(f7(0)) (4.5)

for any p in V(P) and open set O in Q.

We will now show that the definitions above define a functor Ipo — Ipo.
Theorem 4.3 The operation V defined above on Ipo is a functor.

Proof We already know that V on an object in Ipo gives another object in
Ipo. We need to check that if f: P — @ is a Ipo morphism, that V(f) is an
ipo morphism from V(P) to V(Q) and that V preserves identity morphisms and

composition.

Given a continuous morphism f, it is clear that Equation 4.5 for fixed p defines
a function from open sets to [0, 1] since if f is continuous we know f~'(0) is open
for any open set O. We can show that this function is an evaluation; clearly
F7H0) = 0 so it is strict, if U C V, then f~'(U) C f~'(V) so it is monotone, it is
modular since f~H(UNV) = f~1(U)N (V) and similarly for U and finally it is
continuous since f~ (UU;) = U f~H(U;).

Now if ¢ C v in V(X), then V(f)(1) T V(f)(v) since for any O, u(f~1(0)) <

v(f71(0)). So V(f) preserves C. To see that V(f)(Uier 1) = Uier V() (i) for a
directed set p;, take any open set O, then

VIO #)(0) = (L] p) f7(0) = sup ui(f7(0))

iel i€l el

= sup V() ()(0) = | V(D(#:)(0).

=3 iel
So we see that V(f) is continuous, i.e. it is a morphism in Ipo.

If f is the identity morphism on P, then clearly V(f) is the identity on V(P)

since V(f)(1)(O) = u(O). So V preserves identity morphisms.
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Finally if g o f is the composition of f and ¢ then
V(g) o V(/)()(O0) = V(g™ (0))) = p(f ™ (g7 (0)))
= (g0 )7 (0) = V(g o f)(u)(O)

so V is a functor from Ipo to Ipo. |

Given the functor V it is natural to ask whether any of the interesting subcat-
egories of Ipo are preserved. Clearly the subcategory of w-algebraic ipos is not
preserved (for instance V(1) = [0, 1] see Section 4.5). Consistent completeness is
not preserved, nor is being a lattice, again see Section 4.5 for this.We will see be-
low (in corollary 5.4) that the functor V preserves the sub-category of continuous

domains.

We will now show that the functor V is a monad (see Section 2.2). Recall
Theorem 2.2 that we can make an function on the objects of a category V into

a monad iff we can find an operation { which takes functions f: X — V(Y) to

fJ[:V(X) — V(Y) and a map ix: X — V(X) so that

and which satisfy the equations

ZX = ldV(X)
floix = f
gofl = (g op)t

Then the action of the monad on morphisms is given by V(f) = (iy o f)J[ So if
we can define such an operation and the action on morphisms given by 1 is the
same as that defined above (Equation 4.5) then the functor V is a monad. We

will obviously want to make ¢ the injection map x +— 7, and we define , given

f: X = V(Y), by the equation

o) = [__r@)io)dp.

rzeX
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We will later see that V(1) = [0, 1], which will justify defining Wt for h: X — [0, 1]
by

We first prove a useful lemma.

Lemma 4.4 [f h is any upper continuous function h:Y — [0,1] and f is a func-
tion f: X = V(Y), then for any p € V(X),

J e = [ ) dn

Proof If we substitute for i we see that we need to prove that

/er h(y) d(AO. /ggexf(x)(O) dp) = /xeX /yeyh(y) df () dp.

We first assume that h is a step function, say Xy for U open in Y. Then both

sides of the equation above reduce to the expression

[ J@w)dp

Then we observe that both equations are linear and continuous in A (by the lin-
earity and continuity of integration), so since every upper continuous function is
the sup of an increasing sequence of linear combinations of step functions, the

equation holds for any upper continuous h. i

Theorem 4.5 For i as the injection map x — 1, and the operation jdefined on

amap f: X = V(Y) by
H) = [ 1@)(0)dn

as above, the equations above are satisfied, and V(f) = (iy o f)J[

Proof To show Vf = (iy o f)J[, simply note that

(v o N1 1)(0) = [ ni(0)du = (57 (0)).



P

Substituting the definitions into 7y, = idy(x) we obtain

which is trivial since 1,(0) = Xo(x).

For the second equation need to show

') = 1)
but
'0)(0) = [ 1w)(0)dn. = F2)(0)

Finally, substituting in the third equation we get

[ s0rd ) = [ o' (5))0) d

rzeX

This follows from Lemma 4.4 and by noting that if A:Y — [0,1] is given by
Ay.g(y)(O) for some g: Y — V(7), then

W= [ hwyde= [ ow)0)dn =" )(0)

So we see that V is a monad. In fact we could have used this theorem to prove
that V is a functor rather than giving the direct proof above. From the theorem
we know that V(g) = (iy o g)J[ Substituting ¢y 0 g for f in Lemma 4.4, we obtain

the equation

/th(g)(ﬂ) = /hT o (iy 0 g)dp
but by the second of the equations in the theorem, hto 1y = h, so we see that
[havig) = [hogdp (4.6)

This equation will be useful later.
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The fact that V is a monad also shows that we can form a category Ipoy
where objects are ipos and a morphism between X and Y is a continuous function
X — V(Y), the Kleisli category of the monad V (see Section 2.2). The identity

maps are given by ¢ and composition is given by f o g = fJ[ 0g.

Similarly we can also define the category of V-algebras IpoY (see Section 2.2)
consisting of ipos with a continuous total map a: V(X ) — X satisfying the appro-
priate commutative diagrams. Such a map « gives a categorical notion of an ipo
with a generalised “probabilistic sum” operation, for instance we can form linear

combinations of elements of X by the equation
ra+ (1 —r)b=a(rn, + (1 —r)mn) (4.7)

Also a(U +— 0) is a least element of X, since for any « in X, (U — 0) C n,,
and applying the continuous map « shows that a(U + 0) C x. As we know from
category theory, for any X in Ipo, V(X) is a V-algebra with morphism « given
by the action of the natural transformation u: V* — V on X, ux: V*(X) — V(X).

Graham [14] gives the definition of an abstract probabilistic domain, an ipo
(with bottom) and a continuous function +:[0,1] x X* — X satisfying associativ-

ity, commutativity and absorption laws as follows

at+1b = a

(a+,0)+5¢ = a+,s(b —|—51g1__r2 c) (rs#1)

a‘l’rb = b‘l’l—ra

a+,a = a

Here [0, 1] has the usual (Hausdorff) topology and + is continuous in the product
topology of [0,1] x X* where X? has the Scott topology derived from its partial
order as a product ipo. We have slightly generalised Graham in that his definition
was for RSFP cpos.
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We now define the category with objects as abstract probabilistic domains and

morphisms as continuous functions which are linear, that is they satisfy
Va,b,r fla+.b) = f(a)+. f(b)

and which also preserve L. We denote this category by Apd. Equation 4.7 above
suggests that an V-algebra is also an abstract probabilistic domain, in fact there is
a forgetful functor ¢ from the category of V-algebras Ipo” to the category Apd.
If (A, «) is an V-algebra, then we define U(A, ) to be A and define the operation
+, on A by

a+,b=alrn. + (1 —r)p)

(as in Equation 4.7), and note that L is a(U — 0). To see that + is continuous,
since a composition of continuous functions is continuous we just need to show
that the function f[0,1] x X* — V(X) given by f(r,z,y) = ri, + (1 — )y, is
continuous. Let O be any open set in V(X) and suppose f(r,z,y) € O, then we
can find some € > 0 such that (r —¢)n, + ((1 —r) —€)n, € O (since O is open and
(r—e)ns + ((1 —r)—e¢)n, over all € > 0 is a directed set with lub ry, + (1 —r)n,).
With this e define A = {(a,b) | (r—€).n, + (1 —7) —€).ny, € O}, then A is open in
X? (since it is clearly upper-closed and inaccessible by lubs of directed sets) and
(z,y) € A and it is clear that (r —e,r +¢)N[0,1] x A C f7(0). So f~1(0) is
open. It satisfies the absorption law since a(n,) = a (from one of the diagrams
that « satisfies) and the other laws since (pointwise) addition of evaluations is

associative and commutative.

Now if f: (A, a) — (B, 3)is a morphism in Ipo”, then f is simply a continuous
total function A — B satisfying the diagram on page 26. So provided it is linear

i.e. satisfies the equation

fla+;b) = fla) +, f(b)
and preserves L, then it is a morphism in Apd. But the diagram reduces to the
equation

flalo)) = B(A0.a(£71(0)))
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for all o in V(A), and if we set 0 = ri, + (1 — r)np then o(f71(0)) = 1 if both
a € f7Y(0) and b € f71(0), and similarly for the other cases; but a € f~'(0) is
equivalent to f(a) € O so AO.o(f71(0)) = r5(a) + (1 — 7)n5@) thus we see that

fla+,b) = B(rape + (1 =r)anpw) = fla) +. f(b)

so f is linear. Further f preserves L since L = «(U — 0), so by the diagram
f(L) = fla(U — 0)) = BV(HIU — 0)) = (U — 0) which is L in B. So
there is indeed a forgetful functor ¢/: Ipo” — Apd. Later we shall see that on the
subcategory of continuous ipos with bottom, this forgetful functor restricts to the

identity functor.

We will now consider what it means for a continuous function f: V(P) — V(Q)

to be a V-algebra morphism. It has to satisfy the diagram.

yp v/ V2Q
(idvp)f (idvg)!
VP / V@

Written as an equation and substituting the definitions into the diagram we

obtain the following

Vo € VA(P) f()\O./ 1(0)do) = \O. v(0)dV(f)(0).

weV(P) vev(Q)

We first apply the Equation 4.6 to the R.H.S. of this equation with h as the

function Av.v(0), so simplifying it to

FOAO. w(0)do) = )\O./ F(u)(0) do (4.8)

©EV(P) ©EV(P)

We call a function which satisfies this equation super-linear. From this equation we

can also see that the value of f is determined by its value on the point evaluations.
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To show this we take any g in V(P) and define ¢ = \O.u(n3'(O)) where np is
the natural transformation P — VP, np(x) = n,. Then o is in V*(P), in fact,
o = V(np)(). Then by Equation 4.6, the R.H.S. of Equation 4.8 simplifies to
AO. [,ep f(1:)(O)dp, and the L.H.S is f o up o V(np) so from the definition of a
monad we know that up o V(np) = idypy i.e. L.H.S. reduces to f(u) so super-

linearity for this o gives

T =20. [ 10)(0)dn.

We shall later see that if P is continuous, then any linear function is super-linear.

From Section 2.2 recall that since V is a monad, (V(P), up) is in the category
Ipo” and we have a theorem which states that given any morphism in Ipo f: P —
A where (A, a) is a V-algebra there is a unique V-algebra morphism f: V(P) — A
satisfying f o4 = f. This morphism is given concretely by f = V(f) o a. If we
assume (A, a) is (V(Q), g ) for some ipo @), this means that the set of continuous

functions f: P — V(@) is the same as the set of continuous, super-linear functions

FV(P) = V(Q).

4.3 Evaluations as a Computational Model

In this section we will show that the monadic functor V that we have defined gives

a A.--model over Ipo as defined by Moggi in [26].

We already know that V is a monad, to further show that it is a A.-model we
must prove it satisfies three conditions, firstly that for any A, 14 is mono, secondly
that it has a tensorial strength which respects the monad structure (this is used

to define products) and finally a V-exponential (to interpret functions).

That n4 is a mono is trivial, since in Section 4.1 we showed n4(z) C na(y) iff
x Cy, hence na(x) = na(y) iff © =y, so 4 is a monomorphism, then it is easy to

see that it is a mono in the categorical sense.

76



A tensorial strength of a monad T on a category C with finite products is a
natural transformation ¢4 g: (A X TB) — T(A x B) satisfying certain diagrams.

The tensorial strength is given by the formula, for all points a:1 — A and b:1 —
TB

(a,b);tap = b;T({!;a,idp))

but this may not be a morphism. For V, this says that

tP,Q(xv :u) = V()‘y<$7 y>)(:u)

and since (Ay.{z,y)) " (W) = Ay.Xw(z,y), this gives us

tpole,p) =W — / Xw(x,y)du.

yeQ

We only need to check that this is indeed a morphism, which is trivial by noting
that this is equivalent to W — [ [Xw(a,y) dpp(x) du which is clearly continuous
by the continuity of 7, and Equation 4.4. In [26], Moggi derives a morphism
Yap: (TAXTB)— T(A X B) from a tensorial strength by the equation

i

Yap = crarB;tr.a;(crB.A3tAB)

where ¢ is the natural isomorphism ¢4 p: A X B — B x A. We will show that for

V this natural transformation is actually the product of evaluations @ as given in

Chapter 3.
We suppose that € V(P) and v € V(Q). Then cypyv)(n,v) = (v,n) and
tygy,p(v,n) = AW CVQ x P. /xEP Xw (v, x)dn
by substituting the definition of tpg given above. But clearly this is just
V( Az {x,v))n

since

(e, 2) ™ (W) = {z | {r,z) € W}
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and has characteristic function Az.X(v, x). So
Vraln,v) = (eviaypitra) (VO {e,v)n) =

o /w,x)evchp(c"(Q)’P;thQ)(”v“')(O) d(V(Aw.(v,x))n)

but applying Equation 4.6, this simplifies to

00. [ evaritea) (n.)(0)dy =20, [ trole,1)(0) dy

and by substituting for {po we get

Ypoln,v) = A0. / Xo(x,y)dvdn.
zeP JyeQ

Moggi also defines ;/N)AB = cap;¥an;Tcp 4, which can similarly be seen to be

@Z’P,Q(Ual/) = )\O‘v/yEQ /xEP Xo(x,y)dndv

in our case. The natural transformation 1) represents pairing of arguments and
Moggi notes that @ represents evaluating the second argument first. In our case
we would intuitively expect that the order of evaluation would make no difference,
however we do not know that ¢» and ¢ are equal in general, although we do know

this if one of the ipos is continuous.

Finally to interpret functional types, we need to define a special type of expo-
nential constructor, (VB)A, denoted B{;‘, and the evaluation morphism evaliB: (B{;1 X
A) — VB with its universal property that for any f:(C x A) — VB there exists
a unique h:C — B{;1 such that f = evaliB o (h xid4). In our case this is trivial
since Ipo is cartesian closed, we just define B{;1 to be the exponential of A and

V(B) and eval to be the usual evaluation morphism.
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4.4 Technical Lemmas

This section contains some lemmas which give the conditions under which one
evaluation is below another. The general idea is that for finite linear combinations
of point evaluations, the definition of C which involves checking the value of the
evaluations on every open set, should be simplifiable to something involving only

a finite number of checks.

The first lemmas are simply derived from considering minimal and maximal
open sets containing or not containing a particular set of points. For any ipo the
maximal open set not containing x is O, = {y | y £ «}. There is no minimal open
set containing a point x, as the set A, = {y | * C y}, which is the intersection of

all open sets containing x is not generally open. However we can get around this

by considering inf{x(O) | O open, A, C O}.

We have seen (Section 4.1) that n, C ny iff « C b and clearly ru C sy iff r < s.
We give a lemma which shows that in the case of linear combinations of point
evaluations, these are essentially the only ways in which we can have p C v. More
precisely we show that given two finite linear combinations of point evaluations, if
one is below the other then we can express them as more complicated combinations
(i.e. by splitting up say rn, into (r—q)n.+qn.) such that every term in the smaller
evaluation has a corresponding term in the larger and these pairs are of the form

rn, and sn, where r > s and a C b.

Finally we give some conditions for 4 < v. For these lemmas we need to

assume the ipo is continuous.

Lemma 4.6 For any evaluation of the form Y ,cpriny where B is finite,

p > e
beB

79



iff VK C B such that K is upward closed in B (i.e. if c€ K andc¢cC b andb e B
then b € K)

pC ) O <Y

be(B\K) beK

Proof Note that Mye(p\x)Os is the maximal open set containing all v € K, but
no x € (B\ K). Then it is clear that

>orm( (] O =3 m

beB be(B\K) beK
hence the first equation implies the second. To see the converse, let O be any open
set and define K ={b| b€ ON B}, hence K is clearly upward closed in B. Now
trivially O C Mye(m\x) Ob, hence

wO)<pu( [} O <D
be(B\K) beK

and the lemma is proven. i

Corollary 4.7 For two linear combinations of point evaluations

ST ) sen.

beB ceC

iff VK C C with K upward closed,

Z rb§250.

Ve€(B\K) ceK
blZc

Proof This is proved from Lemma 4.6 by showing that

- mm)( N )Oc)z ooy

beB be(B\K Vee(B\K)
blZc

but this is easy since b € Nyg(p\x) Oc Iff Ve € (B\ K), b€ O, ie. bLc. 1

For the next lemmas we shall be using sets of the form (J!_; A,,, where A, =
{y | * C y} as before. Clearly A, is upper closed for any x and so is a union of

such sets.
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Note that we can extend any continuous evaluation g to upper closed sets by

defining for A upper closed
#(A) = inf{u(0) | A C 0,0 open}

this is an extension since if A is open then clearly p(A) is the inf of the set above.
Also the extension is monotonic since if A C B then p(A) is the inf over a set of

values containing those for p(B).

We also note that for any upper closed set A,
A=(HO|ACO,0 open}

that A C 4co O is obvious. For the converse, suppose that z is not in A, then
since A is upper closed, | N A =0 so A C O,, hence since x € O,, v € Naco O,
SO ﬂAgO O = A

Finally we note that if g happens to be a linear combination of point evalu-
ations, say pt = Y ,ep o (B a finite set as usual), then p(A) = Y ,canp 15, since
firstly, it A C O, then p(O) > Ypcsnp s, and secondly the set (,cp\ 4 Op is open
and A C (Myep\a Oy, and so 1(O) < pu(Meepra Op) = Xpeans b

In the next lemma (Lemma 4.8) we are really checking the value of u on
infinitely many open sets by conditions on p(A). If the underlying space is w-
continuous, then A is a countable intersection of open sets (see Sections 2.1.3 and
3.2) so we are only checking the value on countably many sets and if ¢ happens

to be a measure, the value of g(A) is also the measure of A.

Lemma 4.8

> e Cop
beB

iff VK C B with K upward closed in B,

Zrb S IM(U Ab)

beK beK
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Proof Note that |J,cx As is contained in any open set that contains K, and since

K is upward closed in B, it does not contain any x € (B \ K).

To prove the if case, recall from above that if ¢ T v then p(NL; Az) <
V(Mizy Az,). So Ysep oy E pimplies that 3o o < p(Uper As)-

Now we assume the second equation holds for any K satisfying the conditions
above. Let O be any open set and set K = {b | b € BN O}, clearly K is
upward closed in B. Then O O Uex As so p(O) > p(Uper As). But clearly
(Xpenmm)(O) = Ypck s hence from the second equation (3, mm)(O) < p(O).
|

Corollary 4.9

ST DY sene

beB ceC

iff VK C B with K upward closed in B,

Zrb§ Z Se-

beK ceCs.t.
IbeK,bCe

Proof This corollary is trivial from lemma 4.8 and the fact that ¢ € Upex As
implies 36 such that c € A, ie. bC c. I

We will next prove a theorem which says that when one linear combination of
point evaluations is below another, say

S £ 8ees

beB ceC

then we can split up each 1, into several parts, each of the form
Z Ly,
c,bCe
(i.e. ranging over all ¢ s.t. b C ¢) and then re-assemble the whole sum into parts

of form

Z Ly,

b,bCc
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so each part is less than s.n.. This lemma could use either Corollary 4.7 or

Corollary 4.9, but the latter is a more natural choice.

Theorem 4.10 (Splitting Lemma) For two linear combinations of point eval-

uations if

ST DY sene

beB ceC

then 3ty . such that

Z lpe =1

ceC

Z tb,c S Se

beB

and ty. # 0 implies b T c.

Proof The proof uses a directed version of the Max-flow, Min-cut theorem, as in
[7] (also [12]). This theorem states that the maximal flow through a directed graph
where edges each have a capacity (a real number) and there are two distinguished
nodes (the source and the sink) is equal to the value of the minimal cut. Here a
cut 1s simply a set of nodes including the source but not the sink. The value of a
cut is the sum of the capacities of all the edges going from a node in the cut to
one outside it. A flow is defined in the obvious way, being a set of directed flows
along each edge such that the flow into any node is equal to the flow out except at

the source or sink and its value is the flow out from the source (or into the sink).

We construct a graph with a line of nodes for each b € B connected by an
edge of capacity r, to the source, a similar set for ¢ € (' connected to the sink and
the nodes b and ¢ connected by a line with “large” capacity (say 1) if b6 C c. It
is clear that a flow through the network represents a way of splitting the r;s, the
flow along a node connecting b to ¢ gives the value of ;.. If there exists a flow
which has value r, along each edge connecting source to b, for all b, then this flow
will give values of ¢, . which satisfy the conditions of the theorem and this flow

will clearly have maximal value.
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So it remains to show that the value of any cut is greater than the value of
such a flow (i.e. Y. r). Let T be any cut. If T" is such that for some b and
¢, b C ¢ and b is in the cut and ¢ is not in the cut, then the value of T will
include the capacity of the edge joining b and ¢ and will therefore be large. So
suppose 1" i1s a cut which does not have any such pairs b and ¢. Let K be the
set of b € T. Now the value of the cut T"is 3-.cq 8. + 3pgr 75 Consider the set
K ={c|eceC,3be K1 st.bC c}. If cisin K’', then there exists some b
in KT with b E ¢, where K T is the upward closure on K in B, hence if ¢ is in
K' there is some b in K with b C ¢, Then by the condition that T" does not cut
any lines of capacity 1, cisin 7', i.e. K" C T. But then by Corollary 4.9 above

Yocekr Se = Dopek Thy hence we have - .cp s 2> YeirSe 2 DperiTh 2 2oper The

So the value of the cut T is greater than ) ,cp 1, 1.e. there is a flow with value

ZbeB .

This application of the Max-flow, Min-cut theorem was inspired by a similar

application of the theorem in [7] to prove Hall’s Theorem.

We now look at the well-below operation. We shall first note that the basic
result that if ¢ < b then (1 — €)n, < n is the best that can be obtained. If we
omit the 1 — e multiplier we get a counterexample by considering the directed set
(1 —€).pp over 1 > € > 0 which has lub 5, then clearly 5, cannot be below any of

these terms since n,(P) = 1.

Lemma 4.11 In a continuous space and for any 1 > ¢ >0
(L —e)ma < mp
iff a <<b
Proof We first note that (1 — €)n, C n; implies @ C b for any 1 > € > 0, since

we must have 7,(0p) = 0, i.e. @ C b. We assume (1 — €)n, < n and we want
to show a¢ < b. Now consider any directed set X with 6 C || X. We know that
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m e x = Llgex nd- Hence since (1 — €)n, < n; then there is some d in X such
that (1 — €)n, C ng hence a C d, so we have shown that ¢ < b.

To prove the converse, let X be any directed set of evaluations with 7, T | | X.
Now assuming a < b, we use the density result (Section 2.1.3) to find x satisfying
a < v < b. Now consider V, n3(V,) = 1 thus there exists some v in X such
that v(V;) > (1 — €) (since (0) < sup,cx ¥(O) for any open set O). But
by Corollary 4.9, (1 — €)n, & v if v(A,) > (1 — €) where v(A,) is given by
v(A,) = inf{r(0) | A, € O,0 open} but clearly V, C A, since ¢ < x. Hence if
O contains A,, it contains V,, so clearly v(O) > u(V;), hence v(A,) > (1 — ¢€), so

ne £ v, hence finally n, < n. 1

There is an obvious generalisation to this, p < np, iff de > 0 and ¢ < b with
 C (1 —€)n,. One implication is obvious from the theorem, for the other we
note that if X is the directed set of points way-below b, then the set given by
{(1 —€)mpg | e>0,d € X} is also directed and has least upper bound 7, then the
fact that g < ny gives a d and e with the desired properties.

The next result gives an obvious condition for when one linear combination of

point evaluations is below another.

Lemma 4.12 For a continuous P and € > 0, if ¥’ < b for all b€ B then

S (L= e)rny < > rom.

beB beB

Proof We consider any directed set of evaluations X with

S TX
beB
and we want to prove that for some v in X,

Z(l — )y C v

beB

89



and to do this, by Lemma 4.8, we simply need to prove that for any K C B

upward closed in B

(1—6)ZT5§1/(U Ab/)

beK beK
but we can show this exactly as before by finding 8" such that ¢ < " < b and

finding vx such that

vi( U Vi) > (1 —¢). Z rp

beK beK
then a joint upper bound v of vi over the finitely many K’s that are upward

closed subsets of B will satisfy Y pcp(1 — €)rpmp E v as required. |

With Lemma 4.12 and the Splitting Lemma, we can prove a directed version

of the Splitting Lemma.

Lemma 4.13 For two linear combinations of point evaluations if

STy <Y sene

beB ceC
then 3ty . such that

Z lpe =1

ceC

Z tye < Scl

beB

and ty . # 0 implies b < c.

Proof We consider the directed set Y co(s. — €)n for any ¢ < ¢ and € s.t.
mineec(s.) > € > 0. Tt clearly has lub 3. 8.7, so we can find ¢ and € > 0 such

that

S £ (50— €)ne

beB ceC

'"We assume s, > 0 for all ¢ € C
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we than apply the Splitting Lemma (Lemma 4.10) to obtain #, . such that
Z lpe =1
ceC

and

> the < (s.—¢)

beC

and such that ;. # 0 implies that b C ¢. Then this ty,. will do since ¢ < ¢ so
b C ¢ implies b < ¢ and

Z tb,c <S¢

beC

as required. i

We will later use these results to help show that the set of evaluations on an

continuous ipo is a continuous ipo itself.

4.5 The Action of the Powerdomain Functor

Let X = 1 (the one point ipo). Note that the topology is simply O(X) = {X,0}.
It is clear that any evaluation is defined by its value on X, i.e. any evaluation is
a.ny for some a € [0,1]. It is also easy to see that a.ny C by iff @ < b, So we

see that V(1) = [0, 1] with the upper-set topology, i.e. open sets are of the form
(a,1].

We can use the Splitting Lemma to characterise the powerdomain on a finite
ipo P. Suppose that P has n elements which we order say as py,...,p,, then
V(P) is the set of n-tuples of positive real numbers with sum less than 1, i.e.
(ri,...,r,) such that 3%, r, <1 and r;, > 0 for all 1 < ¢ < n, with the partial
order (ry,...,rn) E (s1,...,8,) iff there exists #;; such that }-7_, #;; = r; and
Yoty < s;and t;; # 0 implies p; © p;. To see that this is indeed V(P) we

note that any upper closed set in P is open, so every point x is the crescent
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A\ O, so every evaluation, which gives a finitely additive function on crescents,
is determined by its value on the points of P, also every collection of values r;
with sum less that one is an evaluation since it is )./, r;7,, and the partial order

is given by the Splitting Lemma.

We can show that V(P) is not consistently complete, even when P is. For this
let P have three elements, P = {a,b,a V b} where neither a C b or b C a holds.
Clearly P is consistently complete. Consider the two measures 1/2np(a) and
1/2np(b). They have joint upper bounds 1/2np(aVb) and 1/2np(a)+1/2np(b) but
no least upper bound, since a least upper bound must be below each of these upper
bounds, but g © 1/2np(a)+1/2np(b) implies u(aVb) = 0 and for such a p to be an
upper bound of 1/2np(a) and 1/2np(b), it must be equal to 1/2np(a)+1/2np(b).
But clearly 1/2np(a) 4+ 1/2np(b) L 1/2np(a V b), since 1/2np(a) + 1/2np(b) has
value 1 on the whole set and 1/2np(a V b) has value 1/2. Similarly V(P) is not
generally a lattice if P is, to see this just consider the example above with an extra

element L added.

Consider V(P + Q). An open set in P+ () is the union of two unique open sets
in P and () respectively, so any evaluation is defined by the values it takes on the
open sets contained in P or @) (since from modularity u(U) = p(UNP)+p(UNQ)).
Also it is clear that the restriction of an evaluation on P+ ) to P or () is also an

evaluation. So

V(P+Q)={(g,n) [ p €V(P),n e V(Q), (P)+n(Q) <1}

In fact this is the categorical sum in the category Ipo” of V(P) and V(Q), and

for any monad this is known to be the case.

The definition in Section 3.10 of the product of two evaluations defines a morph-
ism V(P) x V(Q) — V(P x Q) either by the fact that ¢)pg is a morphism (which

is because tpg is a morphism) or directly since if (91, 11) C (12, 2) then

m @1 (0) < n2 @ re(0)
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(by monotonicity of integration) and given | |;c;(n:, v:) = (1, v), 0, vi directed sets,

then

L ©w)(0) = sup( [ vil{y | (2.) € O} dn)

el =

which by directedness of n; and v; equals

supsup [ vi({y | (z,y) € O}) dn;.
i€l jeI JxeP

But then as the functions of x inside form a directed set by directed monotone

convergence,

R.H.S. = sgp /xEP v({y | (x,y) € O})dn;

and then again by Equation 4.4

= sup(vi({y | (z,y) € O}))dn =n @ v(0).

z€EP 4

4.6 Concluding Remarks

So far as I know , the idea in this section of using evaluations to represent the
outcome of a probabilistic computation is original. The partial order was inspired
by Saheb-Djahromi’s work (although obvious by itself). The categorical aspects

of this chapter are entirely new.

The discussion in the previous section on the action of the powerdomain is
continued in Chapter 7, we define probabilistic versions of useful functions such

as projections and injections.
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Chapter 5

Evaluations on Continuous Ipos

Computationally we expect to use only the minimal set of evaluations containing
all point evaluations, and which is closed under finite linear combinations and
increasing limits. For a continuous ipos this is just the ipo generated by limits
of linear combinations of point evaluations. In this chapter we will show that
if P is a continuous ipo, all continuous evaluations are a directed limit of linear
combinations of point evaluations. This main result will enable us to show that
V-algebras and abstract probabilistic domains are isomorphic on continuous ipos.
We will also show that this makes all continuous evaluations on continuous ipos
extend to measures, so showing that the powerdomain of evaluations is identical

to the ones of measures constructed by Saheb-Djahromi and Graham.

For measures, the question of whether all measures can be generated from
point measures has been examined before, Djahromi (in [35]) shows this can be

done for w-algebraic ipos and Graham [14] shows it for RSFP domains.
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5.1 Characterising Continuous Evaluations

Here we prove the main result of this chapter, that every continuous evaluation is

the sup of a directed set of linear combinations of point evaluations.

We prove this theorem by constructing a set of linear combinations of point
evaluations below some continuous evaluation g using dissections which are a
collection of disjoint sets of the form V, \ O. We form linear combinations of point
evaluations from these dissections by summing terms u(V; \ O)np(b). The hardest

part is showing that the set of linear combinations of point evaluations is directed.

We will need the theorem of Pettis [28], that any evaluation extends to a unique
additive function on the field generated by the Borel sets, and one other lemma

about the continuity of this extension which we will state and prove now.

Lemma 5.1 Let n be the extension of a continuous evaluation to the field gener-
ated by the open sets. If C is closed and the sets O; over some index set I are
open, then

n((LJ 0 nC) =sup{n(lJ Oi;y N C) | any finite i(1),...,1(n) from I}.

€] g=1

Proof Since 7 is the extension of an evaluation and is finitely additive, we know

that for any open set O and closed set (',
n(ONC)=n(0)=n(0O\C)
so we need to show that

n(lJ 0:) —n((|J O\ C) = sup{n(0) —n(O\ C) | for O any finite union of O;’s}.
i€l i€l
We first see that we can distribute the sup on the right of this equation since

if we increase O (by adding more O,’s), then not only do n(0) and 5(O \ C)
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increase, but so does n(0) — (O \ C') (since we know that the extension of v is

monotone), hence by a simple directedness argument, sup(n(O) — (O \ C)) =
sup(n(0)) — sup(n(O\ C)).

Now if we consider any union of open sets (J;c; U;, then the set consisting of
all finite unions of U;s is directed, since the union of two finite unions of U;’s is
also a finite union of U;’s, and its lub is clearly the whole union, so we know from

the continuity of n as an evaluation that

sup{n(U) | U is a finite union of U;’s} = n({ J U:),

el
and this formula holds for the O;’s. Similarly we can form a directed set of finite

unions of O; \ C’s which has lub (UJ; O;) \ C then we also have
sup{n(O\ C) | O is a finite union of O;’s} = n(({ JO:)\ O).

Then if we subtract the second equality from the first we obtain the desired result.

We now prove the main theorem.

Theorem 5.2 [f P is a continuous ipo, then every continuous evaluation in V(P)

is the lub of a directed set of linear combinations of point evaluations.

Proof Recall from Section 2.1.3, the notation
Vi={zeP|bga}

and the fact that for all b € P,V is open in the Scott Topology on P and that
{WV, | b € B} generate the Scott topology.

We define a dissection D, to be a finite set of pairwise disjoint sets C,...,C,

where each C; is of the form V,, \ U;, for ; in P and U; open. Given a continuous
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evaluation g and any 0 < r < 1 we can then form a linear combination of point

evaluations p(D,r) as follows.
p(Dyr) =3 rp(Ciine (i)
=1
where by u(C;) we mean the measure of C; in the extension of u to the field, and

so u(Ch) = (Vi) — (Ve \ Us).

We observe that for any r and D, p(r, D) C u. This is clear since for any
open set O, if x; € O, then clearly C; C O and since the C; are disjoint, then

1(0) = Yaco (Cs) and (D, r)(O) =135 c0 #(Ci).

We will now state and prove a lemma which we will use in the main proof.

Lemma 5.3 Let P be a continuous ipo and p a continuous evaluation on P.
Then for any open sets O1,...,0, and 0 < r <1, there exists a dissection D and
0 < s <1 such that for any B C {1,...,n},
ru(UJ 0:) < u(D.s)(|J Oi).

i€B i€B
Proof Suppose T is the difference between two open sets (a crescent), T = O\V
and x1,...,x, are points in T". Then we can construct a dissection of sets contained
in T' by setting

Ti:Vl’z‘\(UVx’JUV).

j<i
These T;’s are clearly pairwise disjoint and contained in 7.
Further if we set U = J,cq Vs, then U is open and U \ 'V = O \ V, since if
z € O and x € U this implies © € V. We then apply Lemma 5.1 with the closed
set C'as P\ V and the family of sets O; as V,, over x € T'. So we know that

sup () Vi N C) = w(C).

L] yeeny zn€C i=1

So we take xy,...,x, such that
p(J Ve N C) > Vrp(C)
=1
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and so if we form a dissection, D¢ of €' with these points as described above, then
m(De,s)(C) = sp(|J Ve, N C) > sv/rp(C) (5.1)
=1

(Again we have extended p(Dc, s) to the field generated by the open sets.)

We carry out this process this with the (disjoint) crescents given by
Cr=[(10:\[)0:
ieJ igJ
forany J C {1,...,n} and put all the dissections D¢, together, to give a dissection
D.

Now consider p(D,/r)(U;ep Oi) for any B C {1,...,n}. Clearly U;cp O; =

Usop €y and the C)’s are pairwise disjoint. Clearly

ﬂ(Dv \/F)(CJ) = ﬂ(chv \/F)(CJ)

so by Equation 5.1 above,

p(Dr(U 0i) = 3 w(De, Vr)(Co) > 3 ru(Cr) = ru({J O:)

i€B JOB JDB i€B

as required. i

To prove the main theorem we consider the collection of linear combinations

of point evaluations A, given by
A=A{u(D,r) ] 0<r <1,D a dissection of P}.

We will first show that A is directed. Let p(Dq,r1) and u(Dy,re) be any two
members of A. Suppose that D; has components C; = V. \Uy,...,C, =V, \U,.
Recall Lemma 4.8 which stated that

S Eop
beB

iff VK C B with K upward closed in B,

ZrbSM(U Ayp)

beK beK
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where by p(A) for A is upper closed, we mean inf{u(O) | A € O,0 open}. Note
that A, D Vi, so a sufficient condition for p(Dq,r1) T v is that for any K C
{1,...,n}, such that the set of points x; over € K is upper closed in {z1,...,2,}

1 Z IM(CZ) < V( U Vl’z)

i€k €K
Also C; C V,,; 50 Usex Ci € Usex Vi, hence it is also sufficient to merely show that
rp(J Ve,) < v({UJ Vi)
€K €K
Alsoif Dy is given by sets V,, \ W1, ...V, \W,, then a similar condition is sufficient
to show u(Dz,7m3) C v. But we can obtain a D and an s so that both these
conditions are satisfied by u(D,s) by applying the lemma above to max(rq,rs)
and the sets Vi, ..., Vo,, Vi, ..., Vy,.. So A is directed.

Finally, to show that the least upper bound of A is p first note that p is clearly
an upper bound of A. To show it is the least upper bound consider any open set

O, then apply the lemma above to see that for any 0 < r < 1, there is some v € A
such that v(0) > ru(0) so sup,c4 ¥(0) = p(0). i

Corollary 5.4 If P is continuous, then V(P) is continuous.

Proof Recall that any linear combination of point evaluations can easily be writ-
ten as the limit of a well-below directed set of other linear combinations of point

evaluations from Section 4.4.

So given any evaluation p, we can take the directed set constructed from The-
orem 5.2 above, then for each linear combination of point evaluations in this set
we can find a well-below directed set of point evaluations for it and take the union
as in Section 2.1.3 to get a well-below directed set of linear combinations of point
evaluations for u. Then the set of evaluations well-below p is directed with lub u
since between any n < g and g is a linear combination of point evaluations also

well-below . il
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Corollary 5.5 [f P is w-continuous, then so is V(P).

Proof We need to find a countable basis of V(P). But if B is a countable basis
of P then

b; € B, r; rational and Zri <1}

{D_rim,

=1
is easily seen to be a basis for V(P) since it is clear that we can approximate any
linear combination of point evaluations by one with rational coefficients, and to
get a well-below set for any linear combination of point evaluations, we only need

to use basis elements. Further this the set is clearly countable. Hence V(P) is

w-continuous. |

5.2 Continuous Ipos and Abstract Probabilistic

Domains

In this section we will return to the definition of an abstract probabilistic domain
and its comparison via a forgetful functor to the V-algebras as described in Sec-
tion 4.2. We will give a concrete proot of the free algebra property for abstract
probabilistic domains and from this show that the forgetful functor is the iden-
tity when restricted to continuous ipos. We will need the theorems developed in

Section 4.4, particularly the Splitting Lemma.

Recall the definition of an abstract probabilistic domain as as ipo A with L
and a continuous function +,: A x A x [0,1] — A that satisfies associativity,
commutativity,one and absorption laws as follows

(a+,0)+5¢ = a4 (b‘l‘gll__—rzl ¢) (rs#1)
a+,b = b+1_,a
at+1b = a

a+,a = a
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We considered the category of such ipos with morphisms as continuous maps which

respected +, i.e. satisfied
Va,b,r fla+,b) = f(a)+, f(b)

and preserved 1, and showed that there was a forgetful functor U to Apd from

IpoV.

We will now construct n-ary operators . ; r;a; on an abstract probabilistic
domain A, for elements a; of A and r; real numbers such that >, r;, < 1, and
prove some facts about these operators; we do not claim that this is an alternative

axiomatisation although it could be made to be with some more work.

We first assume that -7 ; r; = 1 and define " | by induction on n. If n =1
then since 22121 r; = 1 1.e. 71 = 1 then we define 1a; to be a;. Given the definition

for Z?:_ll r;a;, and assuming ry < 1 we define

n n r

=ty (Z (- >)
and if 7y = 1 then all the other coefficients must be zero and we define 37| r;a; =
ay. In the first equation note that 1 —r; = 377, ry so dividing each coeflicient by
1 — r1 ensures the inside term is a sum whose coefficients add up to 1. Also note

that if n = 2 this gives ay +,, as.

For >°7 | rya; where 307 r; < 1, define

n n 7.
K3

> rili =Y =l s

‘ > T J=1"J

=1 ]:1 J

=1

unless >°7_; 7, = 0 in which case Y./ rya; = L.

Now note that we can consider )", as an operation from GG x A" where G is
the subset of [0, 1]" such that >, r; <1 and we will show that it is continuous in
this sense, with G x A" given the Scott topology of the product and with G given
the Scott topology as a subset of the ipo [0,1]". Here we don’t use the Hausdorff
topology on [0, 1].
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Lemma 5.6 The definition above of 37| ria; is conlinuous as a function 3 " ;1 GX

A" — A and satisfies the following:

Zn ( ) = rir;a; (5‘2)

]

Z ria; = Y Ta@n)  for any permutation 7 of {1,...,n} (5.3)

Z ria; = (ri4re)a; + Zriai when a1 = ag (5.4)
; 1=3

Z ria; = Z r;a; when r; =0 (5.5)
=1 =2

Proof We first prove the equations. For each equation we can assume that
Yieyri = 1 (and for the first equation that 3%, = r; = 1) since otherwise
we just apply the proof to (1 —32%_; r;) L+ 30, Z iy since by the definition
and commutativity, (1 — 3" r;) L + >, Zi’l i = 22:1 ria;

We will first show that for any >0, r; = 3271, 55 = 1,

(Z riai) —I-T (Z S]‘b]‘) == eriai + Z(l — T)S]‘b]‘ (56)
=1 7=1 =1 7=1

(where the left hand side is the obvious (m + n)-ary operator). We use induction

on n; the base case, n = 1, is trivial. For the induction step consider

ZTWHFZ r)sib; = ar 4y, (Z i ai+zw5)
1=2

— 1 —rr = 1—1rr

(clearly if rr; = 1 the equation is trivial). Then we can rewrite the co-efficients

on the left hand side to

a1 +rr, (Z o) i+ Z 177474))5161)
- 1

et l—rry 1—17r

and then by the inductive hypothesis this is equal to

aq —I_’/”/’l (Zl% r(l r1) ZS] )

—rr]
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which by the commutativity law is equal to

PRI NI (é Sjbj) _ (; riai) t (é sjbj)

1=2 1 - T
as required.

Now we will prove the first equation by induction on n. The case n = 1 is
trivial. Then
. S 11 - T o~ i
dorid riay =\ iy |+ X T | i
=1 j=1 7=1 =2 1 \;=1
(and if r; = 1 the equation is trivial) but by the inductive hypothesis, the left-hand

side is equal to

J=1

n1 . {
rlal + Z K ai
773 T 4 J°

But by Equation 5.6 this is equal to
Zrlrjaj + Z rir;a;
=1 i>1

which is equal to 3=, ;riria) as required.

We next show that for any permutation 7, that n

; rid; = Z_; T () A (i)

Since any permutation is generated by “swaps” of two adjacent elements, we can
just prove the above for 7 given by 7(k) = k+ 1, 7(k+1) = k and #(z) = ¢ for all
other . Calculating from the associativity and commutativity laws we get that

T4a (y+52) = ytps-as(@ +1—/3a+ . z). Since the definition of Y-, r;a; is inductive,

it is clear that to prove the equation above we need to show that

?
ag ‘I’rk (Clk-|—1 ‘|‘;k_# Z ?az) = k41 +7°k+1 (ak —|—1_:k ?az)
B oi=k42 L )

(where K is )°i_, ., 1), since the cases where we are dividing by zero are trivial.
But just substituting for a and J in the expression above gives the desired result,

since 11/ (1 —rg) —rgeark/(1 —rk) = re41 and the other term similarly simplifies.
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Now we prove the next equation holds. Suppose a; = aq, then since by the

commutativity law given above x 4, (¢ +52) = (x +o¢+,(;1——o4,6 Y) tatp—ap 2 and then
by absorption & +, (¥ 45 2) = & +a4p-ap 2 S0 We see that

Z [—;,Cli) = a1 Fry4rs Z ?Giy

al —I_’/’l (al —I_

2
1—7rq

where K = Y1 .y, since if f =ry/(1 —r1) and a = ry then a4 —aff = r1 + 2.

For the final equation, we use the one law, that a +; b = a, or, with commut-

ativity, that @ +9 b = b. Then if ry = 0,

Y oriai = (a1 4o Y i) forx L =) ria;
=1 =2 K =2
where K =37 ,ri.
To show continuity of -7, as a function from G'x A" to A, since all the terms
in the product are ipos, we only need to show continuity in each term separately.

By Equation 5.3 we only need to show continuity in a; and since G is itself a

subset of the product [0,1]" we only need to show continuity in r.

To show continuity in aq, we can assume Y. | r; = 1 otherwise the proof is by

continuity of x Ty L in z. Then continuity in a@q is trivial from continuity in
=11

n Ty
xof ¥+, Yily 7500

To show continuity in ry is slightly more tricky. We first note that by definition
i ria; = Yo ria; + (1 — X )L, then we can show monotonicity since
supposing that r < s, then by absorption, sa; + > ", ria;+ (1 — (s + X0, r))L =
(s —r)ar +rar+ > yra+ (1 —(s+>7,m))L and ra; + X7y ria; + (1 — (r +
Yrear))Ll=(=-r)Ll+a+>ra+ (1 —(s+ > r))L sosince L T ay we
see that ray + 3" ,ria; C say + >3-, rya;. Then if sup;r; = ri, we know that
lim; r; /(r; 4+ K) = r1 so by the continuity of +, in r, we know that ||;(a1 4, /¢, +x)
Yoo/ Kap) +,, L = L (ar +r /oty 2ieg i/ Kag) +5, L. N

Now we will prove a lemma relating > ; r;a; and >_7_; r;n(a;) using the Split-

ting Lemma.
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Lemma 5.7 In any abstract probabilistic domain A, " rina(a;) C iy s;n4(b))

implies 327y ria; E 3701 s5b;

Proof From the Splitting Lemma we know that 37, rima(a;) E X7, s;14(0;)
implies there exists ¢;; such that ¢;; = 0 unless a; T b;, 3" ¢, ; < s; and

m o .
Zj:l ti,j =T;.

We use repeated applications of Equation 5.4 to show that }-i_, ria; = 37, ; 1; ja;
and by Equation 5.5 above the zero coefficients vanish, so by monotonicity of 3, ;
> tigai © 3 ;05 Then by Equation 5.4 again, 35, i ;b; £ Y10, (300 t:7)b;

and then by monotonicity in coefficients,

as required. i

Now we give another lemma to show that if f respects 4, and L, then it
respects the sum operations we have just defined. The proof is just a simple

induction on the definition of 7, r;a;.

Lemma 5.8 If f: A — B where A and B are abstract probabilistic domains and
fla+,b) = fla) 4+, f(b) for any a and b in A and f(L) = L (i.e. f isan Apd

morphism), then

f(i ria;) = Z_; ri f(a;).

Proof We first assume }_7" ; r; = 1 and work by induction on n. The base case

where n = 1 is trivial. For the induction step we see

n n n

FO - ra) = flar +,, > & a;) = flay) 4, f Z

=1 =2 =2

1-7"1 —Tl

since f preserves +,. Then by the inductive hypothesis,

n

) = 3 fw)

1-7"1 2»221—7"1
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so we see that

n . n

Zn ai) = flar) 4+, ) (ai) = _rif(a)
=2 1 - T =1
as required.
Finally if 327 r; < 1, then
n n r;
FQomiai) = £} TR 1)

=1 =1 71=1 ]

and by the assumptions on f and the first part,

Z +Z L= > rif(ar)

2—1 _1 ] =1

as required. i

We will now give a free algebra theorem for abstract probabilistic domains; we
will show that any continuous map f: P — A where P is a continuous ipo and
A an abstract probabilistic domain extends to an abstract probabilistic domain

morphism f: V(P) — A.

Theorem 5.9 If P is a continuous ipo and A an abstract probabilistic domain
with f: P — A a continuous map, there exists a unique Apd morphism f:V(P) —
A such that f = foi.

Proof We define

) = LU refte) | S ronele) <

We know that the set of >, rinp(x;) < p is directed by Theorem 5.4, so
the set >0, rina(f(x;)) is directed, (as we have just applied V(f)) and then by
Lemma 5.7, 37, r;: f(z;) is also directed, so it has a lub. So f is well defined.

Pick any p. Let A be any directed set of linear combinations of point evalu-

ations way below g with lub g. Then
Lt |Z“7P ) € A} = f(u) (5.7)
=1
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since for any other >, rinp(x;) < g which is not in A there exists > rinp(x;) C
iy sinp(yi) in A, hence 350 rif(w:) £ Y70 55/ (yi).

It is clear that f is continuous since if | | p; = p and g, is directed, then the set
of linear combinations of point evaluations way below g is just the union over all

¢ of the set of linear combinations of point evaluations way below p; and, where

all sups are over directed sets, if | |; a;; = a; and | Ja; = a, then |, ; a;; = a.

We need to show that f respects 4,. Now suppose that g = py +, o, that is
p=rpg+ (1 —r)uz then

p=| [{rm + (L —=r)me | n; < pi, n; a linear combination of point evaluations}

since p; = | |n; and 4, is continuous. Then from Equation 5.7 above, we know
that
=L {>_rrif(ai) Z L—r)s; f(y;) |Z7“ﬂ7P ) < g1,y sely) < pa}e
=1 7=1 7=1

But from Equation 5.6 we know that

n

Z:TZf(xZ) +r Zij(yj):Z: —I_Z_: 1—7“ ij y])

J=1

SO

Fl) =1 Zf: |Zrnp ) < i} |_|{Z sif(y;) IZSMP (y;) < 2}

= flm1) 4+ fp2)

as required.

Finally we need to show that f(np(z)) = f(x). We note that (1—27")yp(y) <
np(2) for any n > 1 and y < @ and further that [, ,(1 — 27" )yp(y) = np(z). So
by Equation 5.7, f(np(z)) = U,,(1 —27")f(y) and by the continuity of ra, this
is equal to 1f(z) = f(x) as required. Il

With this theorem we can show that a continuous ipo which is an abstract
probabilistic domain can be given a map a:V(A) — A such that (A,«) is an
V-algebra.
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Theorem 5.10 Every continuous abstract probabilistic domain is an V-algebra.

Proof Let A be continuous abstract probabilistic domain. We consider the iden-
tity function id4: A — A and apply Theorem 5.9 above to obtain a continuous
function a: V(A) — A. From Lemma 5.8 we know that « is linear with respect to

finite sums.
Now we have to show that « satisfies the diagrams in Section 2.2.

To see the first diagram is satisfied we need to show a(na(x)) = x. But this

we already know from the fact that a ong4 = idy4.

For the second diagram we need to prove that for all o in V*(A),

a(pa(0)) = a(V(a)o).

Since A is continuous we know V*(A) is continuous, so since each side of this
equation is a continuous function of o, we only need to prove this for ¢ a linear
combination of point evaluations. So suppose that o = >, r;n(v;). By definition,
palo) = 30, riv; and similarly V(a)(o) = X, rin(a(v;)). So we need to prove
that

aé ) = aé rnfadw)

but since « is linear with respect to finite sums, so

aérm(a(m)) - inaw(a(m))

and by the fact that o o g4 = ida, this is equal to Y1, r;a(r;) which equals
a(X", riv;) as required, again by the linearity of a. il

This theorem defines a map from the objects in the category Apd to IpoV.
Note that this map is the inverse to the one given by the forgetful functor U. To

see this suppose we have a continuous ipo A and a sum operation +,. If we define
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the function « as in the theorem above to make A an V-algebra and then use this

to define another operation &, we get back to the original since &, is defined by
a®,b=a(rn,+ (1 —r)mn)
and
alrme+ (1 —=r)p)=ra+ (1 —-r)b=a+,b

from the definition of a above. Similarly if A is an V-algebra with a map « and

we define a sum operation as above and use this to derive a function o’ say, then
n n n
/
a (Z i, ) = Z iy = O‘(Z Ail, )-
=1 =1 =1

We now compare the morphisms in the two categories. We have already seen
that a morphism of V-algebras is a morphism in the category of abstract probab-
ilistic domains; we now show that if P is continuous, then a morphism in Apd is

a V-algebra morphism.

Theorem 5.11 For abstract probabilistic domains P and () where P is continu-
ous, a continuous function f: P — () which preserves L and is respects +, is a
morphism in Ipo".

Proof Recall the diagram on page 26, which defines morphisms in IpoY.

To show this diagram commutes we need to show for all o in V(P), the equation

Since each side is a continuous function of ¢ and P is a continuous ipo, it is

sufficient to prove this for o as a sum of point evaluations.

Suppose o = Y.° amnp(x;) then a(o) = Y, a;x; by definition. Further
V(o) = Xy amg(f(x)), and similarly B(V(f)(0)) = X aif(x;), so the

above equation becomes
n n
OBEDEDINES

but by Lemma 5.8, since f is preserves +, and L, then this equation holds. il
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5.3 Extending Evaluations to Measures

In this section we will prove a slightly stronger version of Saheb-Djahromi’s the-
orem that the lub of a directed set of linear combinations of point evaluations
extends to a measure [35]. His theorem was proved for increasing sequences of
evaluations although the extension is easy. With this theorem, we will be able
to prove another corollary to the main result of the chapter, Theorem 5.2, stat-
ing that every continuous evaluation on a continuous ipo extends uniquely to a

measure.

First we introduce some notation, borrowed from Saheb-Djahromi [35]. Given
two finite subsets of an ipo P, say K and L, then we write K C L to mean that
for every b in L, there exists an @ in K such that ¢ C b. Also given a finite linear
combination of point evaluations n = 3,4 ran(a), then for any for any subset K

of P we write n(K) to mean 3, cx 7.

Lemma 5.12 Let P be an ipo and U \'V be a crescent in P. Pick some € >
0. Suppose that n and v are linear combination of point evaluations, say n =
YacaTa(a) and v =3 e spn(b) such that n C v, v(U)—n(U) < €/4 and v(P) —
n(P) < e/4. We set a« = n(U\'V), then if T is any subset of U \'V such that
n(T) =0 and v(T) > « then there exists K C BNT such that v(K) > o — ¢/2
and (AN (U\V)) C K Further if L C AN (U\V) with n(L) = 3, then there
exists some M C BNT such that LT M and v(M) > 3 —e.

Proof Suppose n = Y ,caran(a) and v = Y, spn(b) satisty the assumptions
above for some crescent U \ V and T. Then since n T v, by the Splitting
Lemma 4.10 we can find a set of values ¢,; such that {,;, = 0 unless a C b

and such that > catep < sp and Y ycptap = 7o
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We will first show that for any subset H C B,

Z Sp S Z Z ta,b + 6/4 (58)

beH bEH a€A
By substituting for r,, we see that v(P)—n(P) = > cn($6— > aeca tas) S0 > pen(sp—
Sacatap) < €/4. But since H C B, Ypep(ss — Yacatas) < €/4, 50 Spem sp <
Yber aca lap + /4

Now we will prove a useful fact about subsets H C BNU. We know that v(U)—
n(U) < ¢/4 hence Yiepau Sb — Laennv 2oven tap < €/4 Now Focany Lieptap =

> acAnt 2obeBAU Lap since t, # 0 implies ¢ © b and so a € U implies b € U. Also

ZbeBnU sy 2> ZbeBnU ZaeA ta,b S0 ZbeBnU ZaeA ta,b - ZbeBnU ZaeAnU ta,b < 6/4-

S0 Ypenr aea\w tap < €/4. Therefore for any subset H C BN U,

YD tap<e/d (5.9)
beH a€A\U
Now let S = {b€ BN(U\V) | tap #0=a € A\U}. Weset K =
BNT\ S, and to prove the lemma we need to show that v(K) > a — ¢, and
that (AN (U\V))C K. For the first condition we use the Equation 5.8 see that
Yobes b < Doves Yoaca lap +€/4. Butif b€ S and ¢, # 0 this impliesa € A\ U,
hence 3 7cs 2 aea lap = 2pes 2aea\u lap- Then applying Equation 5.9, we see that
Yobes 2aea\u tap < €/4 50 Ypeg sy < €/2. NOW opeie S5 = Doper 55— 2be(Tns) Sb <
a— Y s Sy < o — €/2 as required. For the second part, note that b € K implies
b ¢ S, hence there exists a such that ¢, # 0 and @ € AN U, hence a C b and
acU\V.

For the next part, we assume L is a subset of AN (U \ V), such that n(L) = 3,
clearly 3 < a. Weset S'={be BN(U\V)|Vae€ L,t,, =0} and define M =
K\ S’. We now need to show that (M) > —eand also that M C L. For the first
condition we note that 3 ycar s = Lper 86 — Lse(sink) Sb- By the first part of the
lemma, >"c i s > o — ¢/2 so0 it remains to show that }=c(sinky sy < (a— ) +¢/2.
By Equation 5.8, Y yce S5 < Ypesr 2oaca tap + €/4. But b € 5" implies #,, = 0 if
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a € Lsoforbe S, Ycatay = Xaeavtap + Y ac(@\V)\L tap- By Equation 5.9,
this first sum Yyeq Yaea\v tap < /4 and the second sum Yyc e 3 c@\v tap <
Y ac(\V)\L Ta = @ — 3. For the second condition, note that b € M implies b =¢ S’
and b € BN (U \ V) hence there exists « € L such that #,;, # 0 i.e. a C b as

required. i

We now prove the theorem that the lub of a directed set of linear combinations
of point evaluations extends to a measure. This proof is based on Saheb-Djahromi,
[35, lemma 2], extending it to a directed set instead of a chain, and using the lemma

above.

Theorem 5.13 If X is a directed set of linear combinations of point evaluations,

then || X extends uniquely to a measure on the Borel sets of X.

Proof We set 1 = [|X(0) = sup,cx v(O) by definition. By Pettis, we can
extend p to a finitely additive set function on the field of finite unions of crescents
of X. By Theorem 3.3, if this extension is countably additive then it extends
uniquely to a measure. So we need to prove that whenever |J_; A; = A for A and
A; in the ring of finite, disjoint unions of crescents and A; pairwise disjoint, that
S w(Ay) = p(A). We can easily reduce this to the case where A is a crescent,
say A = U\ V, by intersecting each of the A; with the components of A and then
by considering each component of A; separately we can assume each A; is also a
crescent, say U; \ Vi. By the monotonicity of p, it is clear that 3202, u(A;) < p(A).

We now prove the converse by contradiction.

Suppose that u(A) =372, p(A;) = a > 0, so for any n, u(A) =", u(Ai) > a,
i.e. for all n, there exists n € X such that for all v in X, such that n C v
V(Uisn A7) > a. We will construct a sequence of sets of points By, B,,... and
integers P, < P, ... such that for all x € B, there exists y € B, such that
y C x, that is B, C B,y and such that B, C UfD:nPn—l‘l‘l A;. Then applying

Konig’s infinity lemma (e.g. [42]) to these points we get an increasing sequence
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x, with =, € B,. Then consider the limit of this sequence ||, z,,. It must be in
A, since for all n «,, € U and x,, € V, so it must be in some A;, say A;. But then
for sufficiently large n, all x, must be in Uy \ V; since Uy and Vj are open, but
this is impossible, since x,, € Ay implies P, 11 > n, hence z,41 &€ Aj. So if we can

construct such a set of points and integers, we’re done.

We are going to want to use the lemma above, so we first note that if O is
any open subset of P, then for any € > 0 there exists € X such that for all
v € X such that n C v, then v(O) — n(O) < e. This is proved by recalling that
p(O) = sup,cy ¥(0), and i in X such that ¢(O)—n(0) < e will satisfy the above.

We start by setting ¢ = «/2 and picking n; in X so that for all ; T v,
v(U)=m(U) < ¢/4and v(P)—n1(P) < ¢/4 and such that n(A) > a. Then if we let
By be the set of points of 7 and since there can only be finitely many of then, there
must be some P, such that B; C Uf:ll A;. Then we find an ny above n; such that
for all v above ny we have v(U;isp, Us) =12(Uisp, Us) < aof4 and v(P)—n2(P) < a/4
and applying the lemma with 7" as U;s p, Ai we find a subset By with 1:(B3) > «/2
and By C By. Then P, is such that By C U,<p, 4i- Similarly, suppose we have
Nn, By and P,, such that for all v in X above n,, v(P) —n,(P) < a2~ "2 and
v(Uisp,_, A) = 1a(Uisp,_, Ai) < @270 and B, C U2y 1 As, in fact P, is
such that 7, has no points in A; for ¢+ > P,. Then we find 5,1 € X so that
first it has value at least « on ;s p, A; and secondly that for all v above 7,44,
both v(P) — nu1(P) < a2~ ") and v(Uisp, Ai) — a1 (Ussp, Ai) < a2~ (m+3)
We then apply the second part of Lemma 5.12 above to 7,4y with T' = ;5 p A;,
U = Uisp,_, Ai, V as in the theorem, and L as B, to get a subset of points of

("+2) Which is the new B, 1. Then since there are only

T with value at least a2™
finitely many points in A from 7,11, they are covered by finitely many A;, so let

P11 be an upper bound of ¢. |

Corollary 5.14 If X is a continuous ipo, and v is an continuous evaluation in

V(X), then v extends uniquely to a measure on the Borel sets of X.
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Proof Use Theorem 5.2 to express v as the lub of a directed set of point eval-
uations. Then apply Theorem 5.13 above to see that v extends uniquely to a

measure. |

5.4 Concluding Remarks

In this chapter we have proved the result that on continuous ipos, all evaluations
are given by directed limits of linear combinations of point evaluations. We have
also shown how Graham’s finitary algebraic characterisation [14] of the probabil-

istic powerdomain can be extended to continuous ipos.

The continuity condition is essential for proving Theorem 5.2 (that all eval-
uations are limits of linear combinations of point evaluations); I conjecture that

without this condition, the result fails.

I have been unable to find counter-examples to show that these results cannot
be extended to all ipos. I feel that it is possible (although not very likely) that any
evaluation on an ipo can be extended to a measure, but highly unlikely that either
on any ipo, all measures are generated by linear combinations of point measures
or that the finitary algebraic characterisation extends to all ipos. We do know
that Lebesgue measure on [0, 1] gives a counter-example to the limits theorem for

[0,1] as a topological space.

The result that all measures are given by limits of linear combinations of point
measures was essentially proved for w-algebraic ipos by Saheb-Djahromi [35]. This
can be easily extended to w-continuous ipos using the fact that they are retractions
of w-algebraic ipos and the fact that the powerdomain is a functor. The result that
these theorems lead to, that all evaluations extend, is derivable for w-continuous
ipos from the theorem by Lawson [23], that evaluations extend when the topology

is second countable, although this result uses the continuity condition on measures.
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Chapter 6

Duality and Probabilistic Ipos

This chapter shows we can form an analogy to the Stone dualities, where sets
of functions to the interval [0, 1] replace sets of functions to the two point space
{0,1}. We give a duality theorem for the category Ipoy of ipos and continuous
maps P — V(Q).

6.1 Preliminary Remarks

The Stone Duality Theorem is formed by taking sets of appropriate functions to
the two point space {0, 1}. Here we investigate the dualities that arise from taking
the sets of functions to the continuous analogue of the two-point space, namely
[0,1]. This is motivated in part from the natural isomorphism in finite dimensional
vector spaces between a space and its double dual, where the dual of a vector space
is the set of functionals (linear continuous maps X — R). The isomorphism uses

the observation that “evaluate at x” for a fixed x is a functional from the double

dual.

We will use the upper-set topology on [0,1] and the set of upper continuous
functions from an ipo to [0,1]. This topology is the Scott topology which arises
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from the natural ordering on [0,1]. Also [0, 1] with < is isomorphic to the ipo of

evaluations on the singleton set, thus it is the simplest probabilistic powerdomain.

We will get a theorem similar to the Riesz Representation theorem (which says
any functional on the space of functions X — R on a compact, Hausdorfl X is
integration by some measure); we will show that every functional on the set of

upper-continuous maps is integration w.r.t. some evaluation.

6.2 The Duality

For any category C and any object A in C the contravariant hom-set functor on
A takes an object to the set of C morphisms from B to A (an object in Set)
and takes a morphism f: B — C to the function from the set of morphisms from
C to A to the set of morphisms from B to A by composition with f (that is
h:C — A — hof:B — A). The image of C in Set under this functor is
clearly dual to C since the objects and morphisms are mapped to distinct sets and
functions. One way to find a category dual to C is to find a concrete representation

of this image.

We will use this idea to find a dual category to Ipoy. Recall that this category
has the same objects as Ipo and that a morphism in Ipoy from P to () is a
morphism in Ipo from P to V(). We consider the image of Ipoy under the

contravariant hom-set functor on 1 (the one point ipo) to this category.

The Ipoy morphisms P — 1 are the Ipo morphisms P — V1, but we know
from Section 4.5 that V1 is isomorphic to the ipo [0,1] with the partial order
< hence each Ipoy morphism P — 1 can be uniquely associated with an up-
per continuous function P — [0,1]. Furthermore each Ipoy, f: P — @ induces

a transformation from the upper continuous functions ) — [0,1] to the upper
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continuous functions P — [0, 1] given by

F(h:Q —[0,1]) = )\:z;:P./h df ()

since in the Kleisli category,

hof(x)=0r | h)(0)di(z)
and we transform a measure g in V1 to an element of [0, 1] by evaluating (1),
so ho f(x)(1) = [h(y)(1)df(x). We will show that distinct (non-equal) Ipoy
morphisms P — () under the hom-set functor on 1 give distinct functions in Set.

This is equivalent to showing that in Ipoy for any f,¢g: P — @), if for all h: Q) — 1,
hof=~hogthen f=yg.

Lemma 6.1 In Ipoy if f,g: P — () are such that for all h:() — 1, ho f =hog
then f =g.

Suppose that f,g: P — () are Ipoy morphisms which satisfy the above.

As previously noted, we know
hof(a) =0 [ h(y)(0)df(x)
yER

and

hogle) =0 [ h(y)(0)dgl).

We choose any z in P and any open subset O of @, we want to show that f(z)(0) =
9()(0). But the function Xo is an upper continuous function  — [0, 1] and is
associated with the Ipoy morphism h:Q — [0,1] given by h(z) = O > 0 for z
not in O and h(z) = ny(1) for « in O. Furthermore we can see that ho f(z)(1) =
F(2)(0), so since ho f = hog then f(z)(0) = g(2)(0) as required. I

We can now get an “external” description of the image as a category we will

denote by F. The objects of F are the sets of upper continuous functions h: P —
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[0,1] for every ipo P. Each object is a cHa (from Section 3.8) and also an ipo
with the pointwise ordering. Also the objects are closed under taking (pointwise)
finite linear combinations _i_, r;h; where -7 r; < 1. We will denote the set
of upper continuous functions P — [0,1] by F(P). We have seen above how
Ipoy morphisms induce functionals on these cHas, we shall now show that the
functionals which preserve the pointwise order and finite sums are exactly those
which are images of Ipoy morphisms. Conversely, we will also show that the

functionals induced by a Ipoy morphism also have these properties.

Theorem 6.2 Suppose g is a functional from the set of upper continuous func-
tions P — [0,1] to @ — [0, 1] which preserves the pointwise order and finite sums.
Then g is the image of a Ipoy morphism under the hom-set functor as described
above. Conversely the functional induced by any morphism preserves limits and

finite sums as well.

Suppose ¢ is such a function. Define ¢*: () — VP as follows;

g (y) = 20.g(Xo)(y)

where y is in @ and O ranges over open subsets of P. We first need to show ¢*(y)

is a continuous evaluation.

Since ¢ is linear, ¢(Xy)(y) = 0. Then by linearity, ¢(1/2Xy 4+ 1/2Xv) =
1/29(Xv)+1/2g(Xv) but 1/2Xy+1/2 Xy = 1/2Xvav+1/2Xpuv so 1/2 ¢ (y)(U)+
1267 (y)(V) =126 (y)(UNV)+1/2¢"(y)(U U V) i.e. ¢"(y) is modular.

If U CV, then Xy C Xy so g(Xp) E g(Xv) so for any y, ¢(Xu)(y) < g(Xv)(y)

i.e. ¢*(y) is monotone.

For continuity, we suppose that O = |J;c; O; where this union is directed. Then
the functions X, where ¢ ranges over [ are directed and have sup Xp, so for any

Y, sup;cr ¢(Xo,)(y) = 9(Xo)(y), so ¢"(y) is a continuous evaluation.
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Now we need to show that ¢* is continuous as a function Q — VP. First
we note it is monotone since for any open set O, the function ¢(Xo) is upper
continuous, hence if y C 3, then ¢*(y)(0) < ¢"(y")(O) so ¢*(y) C ¢*(y'). Similarly,

since g(Xo) is continuous, if X is a directed subset of () with lub y, then

g§fwﬂ0%=$§ﬂhﬁ@)Zﬂhﬁ@%=fwﬂ0)

* . .
50 g 18 continuous.

We now need to show that ¢ is the image of ¢* under the hom-set functor, that

is (¢%)° = g. We need to show that for all upper continuous functions h: P — [0, 1],

ﬂmzky/h@Ww

or, substituting the definition of ¢*, that

g(h) = Ay. [ 1d(O = g(Xo)(y)).

Now if h is a step function, say h = Xy, then the left-hand side of the equation
above reduces to g(Xy), so the equation holds for step functions. Furthermore,
since both sides of the equation are finitely linear and continuous in A, it must
hold for any upper continuous function h. So we see that ¢ is the image of ¢~

under the hom-set functor.

Finally we now show that the image of any continuous function f: @) — VP
gives a finitely linear and continuous functional on the sets of upper continuous

functions. The functional is given by

b )\y./h df (y)

SO

S by Ay./znj rihi df (y) = )\y.zn:ri/hi df(y) = anmy./m df(y)

and we see that the functional is finitely linear. Similarly if h; over ¢ € [ is a

directed collection of upper continuous functions, then by the directed monotone
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convergence theorem for evaluations,
sup [ by df(y) = /s}up hi df (y)
el el

S0

sup Ay. [ hidf(y) = Ay.sup [ hidf(y) = Ay. /suph df (y

el i€l el

so the functional is continuous. Furthermore, (f°)* = f since

(V) =0~ [xodity) = f()

So we can conclude that the category Ipoy is dual to the category F whose
objects are the sets of upper continuous functions and morphisms are the con-

tinuous, linear functionals between them. The dualities are given explicitly by

[P =VYQw— [©:F(Q)— F(P)and g: F(P) — F(Q)— ¢":Q — VP.

6.3 The Category F

We look further at the category F described above. We will use another hom-set
functor to get an image in Set which is isomorphic to the original category Ipoy.
Furthermore the duality derived from this isomorphism is the same as the one

given in the previous section.

The simplest object in F is the one associated with the one point ipo 1, and
consists of the upper continuous functions 1 — [0, 1], which is clearly isomorphic
o [0,1]. We apply the hom-set functor on 1 to F. As previously discussed, the
image of this functor in Set is dual to F, therefore by general principles, it is
isomorphic to Ipoy, since the dual of a category is obtained by just reversing the

direction of the arrows.

116



In fact we will show that this image is isomorphic to Ipoy in a more concrete
way. We will show that each element of the set of morphisms F(P) — F(1)
corresponds to an evaluation in VP and that given a morphism ¢: F'(Q) — F(P)
which is the image of ¢*: P — V@, the corresponding function VP — V(@ is equal
to (g*)J[. In other words, the image in Set can be given an “external” definition
as the category with objects VP for any ipo P and the super-linear, continuous

functions between these objects. This category is clearly isomorphic to Ipoy.

Theorem 6.3 The image of F under the hom-set functor on 1 is isomorphic to

the category with objects V P for any ipo P and the super-linear maps f: VP — V().

Objects in the image of F under this functor are the sets of F morphisms F/(P) —
F(1). But from the first duality, every F morphism F'(P) — F(1) corresponds to
an Ipoy morphism 1 — P, that is, a continuous function 1 — VP which naturally

gives an element of VP.

Now we consider the image of a morphism f: F(P) — F(Q) under the hom-set
functor as a function on the underlying sets V@) — VFP. We need to show that
this function is continuous and super-linear; this will come automatically if we
can show that it is equal to (f*)J[, since the extension of a continuous function is
always super-linear. Recall that a continuous evaluation u is represented by the
dual of the function pu: 1 — V@, i.e. p°. We know [ acts by composition with
1°, and gives a function 1 — VP by applying %, i.e. the evaluation which p is
mapped to is given by (u° o f)*, which is clearly equal to g o f*, this composition
being in the Kleisli category. But then p o f* in the Kleisli category is p o (f*)J[
i.e. u is mapped to (f*)J[(,u) as required.

Finally we need to check that every super-linear continuous function f: V(@) —
VP is the image of a F morphism F(P) — F(Q). But we already know that every
such f is the extension of the function fong: @ — VP and then (fong)®: F(P) —
F(Q) is an F morphism and from the above we see that the image of (f ong)° is
f as required. |
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We note that the duality we derive from the hom-set functor above is the one
given by x and o, since we show above that the image of a morphism f in F is the

function (f*)J[ which is isomorphic to f* in the Kleisli category.

6.4 Concluding Remarks

It is clear from the above that under relatively weak conditions we can generally
find a dual category to the Kleisli category of a monad. The problem is to find a

satisfactory “external” characterisation of it.

The original Stone dualities arose as restrictions of adjoint functors; it is not
clear how we might enlarge the two categories and get an adjunction. We might
try to enlarge F, say to all cHa’s with some sort of linearity (perhaps abstract

probabilistic domains).

We might be able to enlarge the other category, by extending the powerdomain
functor say to topological spaces; the problem in doing this is the topology on
V(X). If X is a topological space, then we have an alternative topology, that
generated by sets of the form Uy, = {p | £(O) > r} over all open subsets of X
and 0 < r < 1. It is this topology which has the necessary property that the
injection map @ +— n(x) is continuous. In general this topology is weaker then the
Scott topology induced by the partial order. It is easy to see that this topology

coincides with the usual one on continuous ipos, using the results in Chapter 5.
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Chapter 7

Probabilistic Logic

In Chapter 6 we described a duality between the ipos of evaluations and continuous
maps between them and the cHa’s of upper continuous functions from an ipo to
[0,1]. We hoped that this duality would be useful in relating logic to semantics for
a probabilistic language, as was done with the Stone duality by Abramsky [1] for
deterministic languages. To exploit this duality we would need to define a logic

using the cHa’s of functions.

Probably the simplest programming logic is Hoare logic for a simple while
language (see e.g. [3]). We add a probabilistic construct, P or, Q, meaning do P
with probability p or Q with probability 1 —p and define a logic of triples f {P } ¢
where f and ¢ are functions rather than terms in first order logic. It turns out
that for a logic of total program correctness we need the functions to be upper
continuous, since they need to be closed under limits of increasing sequences, but
for the logic of partial correctness they should be lower continuous functions as
they need to be closed under limits of decreasing sequences. But since upper and
lower continuous functions have a natural 1-1 correspondence, by corresponding

to f the function Ax.1 — f(x), which we can use.
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In this chapter then, we give simple probabilistic while language and a total
and partial correctness logic for it. We interpret the logics in terms of a semantics
and prove consistency and completeness of them. We give an example of using
the logic and then discuss how each logic arises from the duality given in the

Chapter 6.

7.1 Preliminaries

Recall from Section 3.8 that a function f: X — [0, 1] is upper continuous if the
inverse image of any upper set is open, that is f~'(a, 1] is open for any a. In this
section we showed that sums and arbitrary sups of upper continuous functions are
upper continuous. Furthermore pointwise products of upper continuous functions
are upper continuous since

(fo) (a1l U (s ng (1]

s,ts.t. st=a

which is clearly open. Similarly we say that a function f: X — [0,1] is lower
continuous if for any lower set [0,a), f7'[0,a) is open in X. It is easy to see that
if f is upper continuous, then (1 — f) is lower continuous and vice versa. So lower

continuous functions are closed under arbitrary infs.

We define a simple while language by:

P:=skip|a=E|Por, Q|P;Q|if B then P else Q | while B do P

For assignment, we will assume a probabilistic denotational function &: Fzp x
S — V(Vals) where Fup is a set of expressions, and Vals is an ipo of values,
E(E) being continuous for any expression E. Furthermore we assume a function
“update”, which takes a state s, a variable ¢ and a value x and produces the
state s[x/a] which is the state produced from s by replacing the value of a by z.

For fixed z, this is a continuous function S x Vals — S. Similarly, we assume
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a continuous function B[-] from boolean expressions B, and states s to V()
(where T is the ipo of truth values, containing ¢, ff and L). We will derive from
any expression B the two functions b and —b given by b(s) = B[B](s)({tt}) and
—b(s) = B[B](s)({ff}). Clearly these are upper continuous functions of s for any
B.

We use the idea that a state s satisfies a term f with probability f(s) and a

generalised state p (an evaluation over the ipo of states) satisfies a term f with

/fd,u.

Given a total logic of triples f [P ]g¢ where f and g are upper continuous functions

the probability

and P is a program, we want f to be a precondition and ¢ and postcondition such
that the triple is valid if whenever f is “true” before executing P then afterwards
g 1s “true”. We generalise the notion of “true” to a probabilistic one, thus given
a (generalised) state ¢ and a probability p that f satisfies p, for the triple to be
valid, the state we reach after executing P say ' must satisfy ¢ with probability

/fdﬂé/gd//-

For the partial logic of triples f{P } ¢ where f and ¢ are lower continuous

greater than p, or

functions then f satisfies a generalised state p with probability

pl($) = [(1= 1) dn

(this is just [f du except that we can’t directly integrate f since is it lower continu-
ous) and we want the probability of ¢ satisfying the state reached after executing
P say u' plus the probability of P failing, that is, u(S) — ¢'(.9), to be greater than
the probability that f satisfies y. Thus we want

§(8) = [0 = gy + (u($) = 5 (5)) 2 () = [(1= ) d
which simplifies to

/(1—9)61// S/(l—f)dﬂ-
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Before we define the logics, we give a useful lemma, showing how upper con-

tinuous functions can be derived from continuous functions S — V(5.

Lemma 7.1 For any continuous function G:S — V(S) and upper continuous

function f:S —[0,1], the function g: S — [0, 1] given by

9(s) = [1dG(s)

s upper continuous.

Proof To see this, note that ¢ = G; f in the Kleisli category with [0, 1] identified
with V(1), since fJ[(,u) =[fdu 1

Note also a trivial corollary, that for GG as above, and f lower continuous, then

gls) = 1= [(1 = pydcs

is lower continuous.

7.2 Partial Correctness Logic

We set up a logic for partial correctness, in which the terms of the logic are given
by lower continuous functions from a set of states S to [0, 1]. We have mentioned
that pointwise products of upper continuous functions are upper continuous. In the
logic, we will frequently use a certain combination of upper and lower continuous
functions which we will now show is lower continuous. We take b and —b (as
defined in the previous section) which are upper continuous, and suppose that f

and f’ lower continuous, then b(1 — f) + =b(1 — f') is upper continuous, hence

L—(b(1—=f)+—b(1 — f’)) or bf + —bf" + (1 — (b4 —b)) is lower continuous.

We give the logic in terms of axioms for each atomic program, rules for each
program combinator and a consequence rule. These operate on triples of the form

f{P }g where P is a program and [ and ¢ are lower continuous functions.
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f{skip}f

h{a=BYg (f1-h(s)= [ (1= glsla/a)))de(B)(s))
fi{Plg £:{Q}g
pfi+ (1 —=p)fa{Por,Q}g

f{P}g ¢g{Q}h
fAP:Q}hA

f{P}g f{Q}y
bf + =bf + (1 —(b+ —b)){if Bthen P else Q}g

FAP}bf 4+ —bk+ (1 — (b+ —b))
bf + =bk + (1 — (b+ —b)){while Bdo P } k

f{P}yg
AP}

(it f'< fandg<y)

Note that in the rule for a:= E the expression in the side-condition defines h
to be lower continuous by the corollary to Lemma 7.1 since £(E)(s) is continuous

n s.

A proof of a triple F,, is a sequence Fi,...,F, where each F; either follows

from the previous ones by the application of a rule, or is an instance of an axiom.
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7.3 Total Correctness Logic

For the total logic many of the rules are the same. However the triples consist of
a program and two upper continuous functions, rather than lower continuous ones

as before.

flskip] f
h[a:=E]g (ithis)= [ glsla/e))de(B)(s))
filPlg £1Qly
pfi+ (1 —=p)f2[Por, Qlyg
fIPlg ¢g[Q]h
f1P;Qlh
f[Plg F'1Qly

bf +-bf'[if B then P else Q]g

Jurt [P1bfu + bk (0 > 0)

b(L, fn) + —bk [while B do Pk (where fo = As.0)

(it f'< fandg<y)

Again a proof of a triple is a sequence each term either being an instance of

an axiom or derived from previous terms by one of the rules above.
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7.4 Semantics and Interpretation

We will interpret the two logics via a denotational semantics. It can be equival-
ently expressed as super-linear continuous functions V(5) — V(.5) or continuous
functions S — V(). We choose the second alternative to avoid checking linearity

and because it will simplify the dualities.

The denotation of P will be given as a function C[P]: S — V(5S).

Clskipls = n(s)
Cla=E]s = 0. [ Xoosla/a]dE(E)(s)
C[P or, Qs = pC[P]s+ (1 - p)C[Q](s)
c[p:Qls = Q] oc[Ps
C[if B then P else Qs = b(s)C[P]s + —b(s)C[Q]s
Clwhile Bdo P]s = (| |f.)(s)
where fols) =W =0

Fusi(s) = b(s) [T 0 CP]s + —b(s)n(s)

The last clause could have been written
C[while B do Pls = puf: S — VS.(b(s)fT(P(s)) + —b(s)n(s))
where we abbreviate C[P](s) by P(s) and g is the usual fix point operator.

Note the use of the extension of functions fJ[ as defined in Section 4.2. We will

find the equation proved in Lemma 4.4, namely
[owdif = [ ni(p))d (7.1)
yey reX

useful in manipulating fJ[ Also note that the definition of Ca:= E](s) is equal
to V(k)(E(E)(s)) where k is the update function Vals — S given by x — sla/z],
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so by Equation 4.6,

/th(g)(ﬂ) = /h o gdu
from this we see immediately that for any upper continuous function f,
[ fw =By = [ glslaj])dEE)s) (7.2
teSs z€ Vals

since g o k(x) = g(k(x)) = g(sla/a)).

7.5 Consistency and Completeness for the Par-
tial Logic
We will now show that the partial logic presented above is consistent and complete.

In the consistency proof we will use induction on length of proof to show f{P } ¢

and for completeness, induction on the structure of commands.

Theorem 7.2 (Consistency) For all s in S, if there is a proof of f{ P} g then
[ =g aPs) <1 f(s).

Proof Proof is by induction on the length of proof that f{P } ¢, we show that
if the theorem holds for all but the last step in the proof, then it holds for that

step too.

Suppose the last step is by the rule f{ skip} f then we need to prove

Ja = pdiswip)(s) <1 f(s)
and since (skip)(s) = n(s) this is trivial.

If the rule used is f {a:= E } g, then we need to show

Ja =g da=E)s) < 1= f(s)
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given

L= f(s)= [, (1= glsla/a)dE(®)(s)

but by Equation 7.2 above,

J( = gydta=B)(s) = [(1 = gltla/a)) dE(E)(s)

which equals 1 — f(s) by the side condition on the rule.

Now suppose the last rule used is

fi{P}lg f2{Q}yg
pfi+(1—=p)fa{Por, Q}g

so by the inductive hypothesis we assume the inequality holds for the antecedents

of the rule and we need to prove it for P or, Q. So we have

/(1—g) dP(s) < 1— fi(s)

and

Ji=9)dQis) <1 hifs)

and we need to prove

J=g)d(P ox, Q)(s) < 1= pfis) + (1 = p)as)
but since (P or, Q)(s) = pP(s)+(1—p)Q(s) simply substituting for (P or, Q)(s)

and using linearity gives us

p (1= g) dP(s)+ (1 = p) (1= g)dQs) < p(1 = fils)) + (1 = p)(1 = fols))
which we can see holds as it is the result of multiplying the two inequalities from

the hypothesis by p and 1 — p respectively and adding them together.

Now suppose the last rule applied is

f{P}g g{Q}h
fAP:Q}hA
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then we need to show

Ja =1y QT (P(s) < 1= fs).

But Equation 7.1, proved in Lemma 4.4, we know that

Ja=maQl(Ps) = [i1 - oQap(s)

and by the definition of f,

(1=nloqu) = [(1-hdQ)

so we see that

Jit-ndQi ) = [ (fi-naaw)

t

but from the inductive hypothesis on the second antecedent,

Ja—mdQu <1 g

Ja—ndQe) < [i1-g)dp(s)

and by the inductive hypothesis on by the first antecedent

Ja=gyaps) <1 - fs)
as required.

Now suppose the last rule applied was

fAP}g /'{Q}y

bf + =bf + (1 —(b+—b)){if Bthen P else Q}yg
we know from the inductive hypothesis that

Ja=gyaps) <1 - fs)

and

Ja—gaqis) <1- 1)
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then

J(=g)d(it B then P else Q)(s) = b(s) [(1—g) d(P(s))+-b(s) [(1=g) d(Q(s))
and substituting with the above equations we get
[1=gd(it B then P e1se Q)(s) < b(s)(1 — f(s))) +=b(1 — ['(s))
= 1= (b(s)f(5) + =b(s) f'(s) + (1 = (b(s) + =b(s))))
as required.

Now suppose the final rule is

FAP}Of + —bk+ (1 — (b4 b))
bf + =bk + (1 — (b+ —b)){while Bdo P } k

so we need to show that

/(1 — k) (while B do P)(s) < (1 — f(s)).b(s) + (1 — k(s)).7b(s)

we substitute for (while B do P)(s) = | f.(s) where fo(s) = W — 0 and
fag1(s) = b(s)f;[ o C[P] + —b(s)n(s) and proceed by induction. If n = 0, then the
right-hand side is zero, while the left-hand side is clearly non-negative since it is
a sum of products of positive terms. Now assuming the result holds for n = k we

consider k + 1.

JO =By dresa(s) = bls) [0 = KT (P(s)) + —b(s))n(s)

which, by linearity and Equation 7.1 and the definition of { simplifies to

~b(s)(1 = k(s)) + b(s) /ES (/(1 k) dfn(t)) dP(s) (7.4)

t

but then by the result for n = k£ we see that

JO =Ry draft) < (1)1 = (1)) + =b(0)(1 = k(1)

J1= k() < [ MO0 = F(2) 4 b1 k(1) dP()b(s) + ()1~ k()
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but then the main induction hypothesis tells us that

[ B0 = J(0) + b1 = k(1) dP(s) < 1= f(s

so substituting we see that

/@—kﬁmﬂ@)ﬁM@ﬂ—f@ﬁ+ﬁwﬁﬂ—k@ﬁ
as required.

Finally suppose that the last rule applied is

f{P}yg

W (if /' < fand g < ¢')

then we have

Ja=gyaps) <1 - fs)

SO

Ja—gydPis) < [(1—g)aP(s) < 1= f(s) 1= f(s)

since ¢’ > gand "> f. I
Now we go on to a completeness proof, by induction on the structure of P.

Theorem 7.3 (Completeness) [f for all s in S we have

Ja =g aps) <1 i)

then there is a proof of f{ P}g.

Proof Proof is by induction on the structure of P.

Suppose P = skip, and the above equation holds for f and ¢g. Then since
skip(s) = n(s) we know
V.l — gls) < 1— f(s)
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hence ¢ > f. So we can show f{skip}g by using the skip rule to deduce

g { skip } ¢ and then the consequence rule since g > f.

Suppose P = (a:= E). Then if for all s,

J—gydia=E)(s) < 1= fs)

then if we set

L= k(s) = [(1 = g)d(ai= B)(5)

we can deduce k{a:= E } ¢, by Equation 7.2 and the rule for a:= E, and use the
consequence rule to get f{a:=E}g.

Now suppose P = (Q or, R) and for some f and ¢,

J=g)d(Q ox, R)(s) <1 - f(s)

for any s and by the inductive hypothesis the theorem holds for Q and R. Set

L= fi(s) = (1= 9)dQ(s)

and

L= fafs) = [(1—g) dR(s)

(these are both clearly upper continuous functions by Lemma 7.1. So by the
inductive hypothesis on Q and R this implies that we can deduce f; {Q } ¢ and
f2{R } g, so by the rule for Q or, R we can deduce pf; + (1 —p)f2 {Q or, R }g.

But the above condition on f and ¢ implies

p(Jo=g Q)+ - (f0-gdRE) <1-505)

hence

pfi(s) + (1 —p)fals) = f(s)

so applying the consequence rule with this inequality we deduce that f {Q or, R} g¢

as required.
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Now suppose P = Q; R and we have f and ¢ satisfying the condition of the

theorem. We set
L= h(s) = [(1—g)dR(s)

then by the inductive hypothesis on R, we can deduce h {R } ¢g. Then since we

have

Ja -9 dQiR)(s) <1 f(s)

we expand and use Equation 7.3 to see that

Jr-gd@Hipe) = [ (fo-gdr®) daes) <1 -0

t

and substituting for ¢ with h, we see

J_ 1=kt aQ() <1 1(s)

hence by the inductive hypothesis on Q we can deduce f{Q } & so finally by the

rule for composition we can deduce f{Q;R }g¢.

If P=if B then Q else R, and suppose for any s,

/(1 — ¢)d(if B then Q else R)(s) < 1 — f(s)
then we set
L= hi(s) = [(1-g)dQ(s)
and
1= ha(s) = [(1 = g) dR(s)

then from the inductive hypothesis we can deduce hy {Q } ¢ and hy { R } g, hence
by the if rule, bhy + —bhy { if B then Q else R} ¢. Then substituting in the

definition of the semantics of if, we get

bs) [(1 = 9) dQ(s) + ~b(s) [(1 = g) dR(s) < 1= f(s)

hence we easily see that bhy + —bhy > f(s), so by applying the consequence rule
we deduce that f{if B then Q elseR}g.
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Finally we take the case of P = while B do Q. Suppose we have some ¢g and
h such that

/(1 — ¢)d(while B do Q)(s) < 1 — h(s)

for all s. Define
L= k(s) = [(1=g)dfs)

where f, is from the definition of the semantics of while B do P. Then by defin-
ition

frals) = 2b(s)(s) + BO. [ £(0(0)dQ(s)

and so

L= k() = =be) (1= gls) +0() [ Ju=g)dn(n) Q)

t

(by Equation 7.1) so

L= bapa(s) = ~b(s)(1 = g(s)) + b(s) [(1 = k) dQ(s)

Soif 1 —k =1I(1 — k) (since 1 — k,, is clearly increasing), then

1—k:ﬂb(1—g)—|—b/(1—k)dQ

so if we set 1 — f = [(1 — k) dQ, then firstly, by the inductive hypothesis on Q
we can deduce f{Q 1}k, or f{Q}bf + —bg+ (1 — (b4 —b)) substituting for the
equation above. Then, by the while rule we can deduce k { while B do Q} ¢ . But
by the construction of k,, we see that 1—k(s) = f(1—g) d(while B do Q)(s), so 1—
J: <1—h,i.e. h < kso by the consequence rule we can deduce h { while B do Qg

as required. i

In this logic we can define the weakest liberal precondition wip(P,¢) to be the
weakest pre-condition for f{P }g, i.e. the weakest f such that f{P }¢ holds.
Formally this is the sup of all functions A such that A { P } g. It is clear that the

formula

L= fs) = [(1 = g) dP(s)
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gives wlp(P, g) from the completeness and consistency proofs (we will prove this

fact in Section 7.8). Then the following equations hold.

wlp(skip,g) = ¢
whpla=Bug) = 1=2s. [ (1= glslajo])) dE(E)s)
wip(P or, Q,g9) = puwlip(P.g)+ (1 —p)wip(Q,g)
wip(P;Q,g) = wip(Q,wip(P,g))
wip(if B then P else Q) = buwlp(P,q) + =bwip(Q,g) + (1 — (b+ —b))
wip((vhile B do P),g) = inf [,
fo=As.l

frr = bwlp(P, fr) + =bg + (1 — (b+ b))

So a language which allows us to construct terms from some atomic ones and
which contains the constructions pf + (1 — p)g, bf + —bg + (1 — (b + —b)), the
substitution equation and taking decreasing limits, will allow us to express the

weakest precondition of any term continuous function ¢ and program P.

In comparing this logic to the usual Hoare logic for a simple while language
we find some interesting differences. A proposition which defines a closed set of
states in Hoare logic (a “property”) is represented by the characteristic function
of that set. Analogues of the usual logical connectives and symbols appear and
on propositions correspond to the usual connectives, e.g. As.1 represents true and
As.0, false, f&g is given by min(f,¢) (taking the pointwise minimum) and f V ¢
given by max(f,g). Omitting the probabilistic elements gives exactly the usual
Hoare logic, with all functions being the characteristic function of some set; b and
—b also become characteristic functions, the parts of the rules involving 1 — (b4 —b)

disappear, and the rules for if and while can be transformed into their usual form.

The rule
f{P}g h{P}yg
fVh{P}yg
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from Hoare logic is derivable from the logic, since by the completeness and con-

sistency we need only show that

(1= () = [(1-g) dP(s)

and
(1= k() = [(1=g)dP(s)
implies
(1 = max(f(s), h(s))) = [(1 - g) dP(s)
which is easy since 1 — max(a, b) = min(1 — a,1 — b).

However the similar rule

f{P}g f{P}h
F{P }g&h

which is true for Hoare logic in the deterministic language, does not hold. If we
consider the simple example of P = x:= a ory, xi= b where § = {a,b} (the flat
ipo), then (As.1/2) { P} X, and (As.1/2) { P } X, but X.&X; = As.0 and it is clearly
not true that (As.1/2) { P} (As.0) as [(L — (As.0)) dP(s) = 1 for any s (here note
that P(s) = 1/27(a) + 1/2n(b)) and 1 — (As.1/2) = 1/2.

We can also note that it is impossible in this logic to find a strongest post-
condition formula, that is some ¢(P, f) such that f {P } ¢ and ¢ is the least such
function. Take P as above so P(s) = 1/2n(a) 4+ 1/2n(b) for S = {a,b} (the flat
ipo), then if f = As.1/2, then ¢ = X, and ¢ = X; are both functions which satisfy
J{P } g whose only joint lower bound is ¢ = As.0 which does not satisfy f{P } g.
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7.6 Consistency and Completeness for the Total
Logic

The proofs of consistency and completeness for the total logic are very similar to

those of the partial logic.

Recall that the interpretation of the total logic is
[Pl <= Vs [gdP(s) > f(s).
We will now show that the total logic is consistent.

Theorem 7.4 (Consistency) If there exists a proof of [ P]g, then for all s,
JodP(s) = f(s).

Proof Proof is by induction on the length of proof that f[P]g.

If the last rule used is f[skip]| f then we need to prove
[ d(skip)(s) = £(s)
and since (skip)(s) = n(s) this is trivial.
If the rule used is h[a:= E] g, where
hs)= [ glslaja]) dE(E)(s)
z€Vals

then we need to show

[gd(a=E)(s) = h(s)
but by Equation 7.2,
Joda=E)s)= [ glsla/z])dE(E)s) = h(s).
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Now suppose the last rule applied is

filPlg f:[Qlyg
pfi+ (1 —=p)f2[Por, Qlg

so we assume the equation holds for the antecedents of the rule and need to prove

it for P or, Q. So we have
and

and we need to prove

[9d(P or, Q)(s) = phils) + (1 = p)fals)

but since (P or, Q)(s) = pP(s)+(1—p)Q(s) simply substituting for (P or, Q)(s)

and using linearity gives us

p [9dP(s)+ (1= p) [94Q(s) 2 pfils) + (1 = p)fols)
as required.

Now suppose the last rule applied is

then we need to show

[rd®;Q)(s) = f(s)

but by the induction hypothesis on P we know

JodP(s) = fs)

and by expanding the semantics and by Equation 7.3,

[rdeiQis) = |

tes

(/h dQ(t)) dP(s)
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and by the hypothesis for Q,

SO

as required.

Now suppose the last rule applied was

f[Plg I'[Qlyg
bf + =bf'[if B then P else Q]lyg

then by the induction hypothesis

/g dP(s) > f(s)

and

Jod4Q(s) = 7's)

then

/g d(if B then P else Q)(s) = /g d(b(s)P(s) + —b(5)Q(s))

and substituting with the above equations we get

/g d(if B then P else Q)(s) > b(s)f(s) + —b(s)f'(s)

as required.

Now suppose the final rule is

hps1 [P ] —bg + bh,, ho = As.0
—bg+ b h, [while B do Plg

so we need to show that

/g d(while B do P)(s) > ~b(s)g(s) + b(s)| | hn(s)
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we substitute for (while B do P)(s) = | f.(s) where fo(s) = W — 0 and
fag1(s) = b(s)f;[ o C[P] + —b(s)n(s) and show that for any n,
Jodisi(s) = ~b(s)g(s) + bls)ha(s).

If n = 0, then as fi(s) = =b(s)n(s) and ho(s) = 0 so the two sides are equal.

Suppose the inequality holds for n = k. We consider it for n = k4 1, i.e.

Jodfisas) = =b()g(s) + b(s)hnga(s).

Now we know (by Equation 7.4),

Jodiizals) = wbis)ats) + b6s) [ ( [adfatt)) dP(s

tes

and by substituting for f¢ dfs,1(t) using the inequality for n = k we see that
Jodisi(s) = ~b(s)g(s) + bls) [ ~bg + bh, dP(s)
but by the main inductive hypothesis,
/ﬁbg 4 bl dP(s) > hygr(s)

so we see that

[9 fia(s) = =bls)gls) + b (5)
as required.

Finally suppose that the last rule applied is
(if /< fand g <¢)
then we have
/g dP(s) = f(s)

s0

9 dP(s) = [gdP(s) = f(s) = ()

since ¢ > gand f'> f. 1

Now we go on to a completeness proof for this logic.
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Theorem 7.5 (Completeness) If for any s we have

/g dP(s) > f(s)

then we can prove | P]g.

Proof Proof is by induction on the structure of P.

Suppose P = skip. If we have f and ¢ such that

g diskip)(s) = f(s)

for any s, then since (skip)(s) = n(s) this means g(s) > f(s). So we can show
f [skip]g by using the skip rule to deduce ¢ [skip|g and then the consequence

rule since ¢ > f.

Suppose P = (a:= E) and we have f and ¢ such that

[od(a=E)(s) = f(s).

Then we can deduce h{a:= E } ¢ where

hs) = [ glsla/a))dg®)(s)

and by Equation 7.2

h(s) = /g d(a:= E)(s).

So h(s) > f(s) and we use the consequence rule to get fla:=E]yg.

Now suppose P = (Q or, R) and we have some f, g such that

[9d(Q or, R)(s) = f(s)

for any s. Then by the inductive hypothesis the theorem holds for Q and R. So

we set

fi(s) = [g4Q(s)
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and
= /g dR(s)

and then we can deduce f1[Q]g¢ and f;[R]g¢ and hence by the or rule,
pfi+ (1 —p)f2[Q or, R]g. But

Jod(@ or, R)(s) = p( [ ¢ 4Q(s)) + (1 = p)( [ 4 dR(5))

i.e.

[9d(Q or, R)(s) = pfils) + (1 = p) fals)

so pfi + (1 —p)fa > f and by the consequence rule we can deduce f[Q or, R]yg

as required.

Now suppose P = Q; R and we have f, g as above. We set

= /g dR(s)

then by the inductive hypothesis for R, we can deduce h[R]g. But from Equa-

tion 7.3 we know that

fraaimio = [ (frimo) aars

and substituting in h we see that

Jod@R)(s) = [1dQ(s) = f(s)

and by the inductive hypothesis on Q we can deduce f[Q] % so finally by the rule

for composition we can deduce f[Q;R]g.

If P=if B then Q else R, suppose we set

and



then as before we can deduce hy [Q]g and hy [R]g, hence we can deduce
bhi + —bhy [if B then Q else R|g. But then

/g d(if B then Q else R)(s) = b(s) /g dQ(s) + —b(s) /g dR(s)

SO

b(s) fi(s) + 2b(s) fa(s) = [(s)

and by applying the consequence rule we deduce that f[if B then Q else R]g

as required.

Finally we consider the case of P = (while B do Q). Suppose we have f and
g such that

/g d(while B do Q)(s) > f(s).

Define
bas) = [gdfus)

where f, is as defined in the semantics for the while loop. Then we know from

Equation 7.4 that

i (s) = =b(s)g(s) + b(s) [k dQ(s)

and setting h, = [k, dQ(s), we know ko(s) = 0 so ho(s) = 0 and so by the
inductive hypothesis we can deduce h, [Q]k, or h,i1 [Q]bh, + —bg. So by the
while rule, we can deduce b| |k, + —bg [while B do Q]g. But then

bl + —bg = | | kn

and

| | ka(s) = /g d(while B do Q)(s)

so bl h, +—bg > f so by the consequence rule we can deduce f[while B do Qg

as required. i
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Similarly we can define the weakest precondition wp(P, g) to be the weakest
f such that f[P]g holds. Note that weakest in the total logic means the largest
function. We define wp(P, g) to be the sup of all functions h such that A {P } g.

As before we can see from the consistency and completeness that

= /g dP(s)

(and will prove it in Section 7.8). Then wp(P, g) satisfies the equations,

wp(skip,g) = g

— s / _, dsla/v]) dE(E)(s)
= pwp(P,g) + (1 — p)wp(Q,9)
= wp(Q,wp(P,g))

= bwp(P,g) + -bwp(Q,g)

= || Fur fo = As.0

fn-l-l = bwp(P,fn) + _'bg

)
wp(a:= E, g)

wp(P or, Q,9)

wp(P;Q, g)

wp(if B then P else Q,¢)
g)

wp((while B do P),

So for the total logics the operations needed to construct all the terms needed in
the logic are pf + (1 — p)g, bf 4+ —bg, the substitution equation and increasing

limits.

Exactly as with the partial logic, we can compare this to the usual (Dijkstra)
logic of total correctness. Propositions are denoted by characteristic functions of
sets; and, or, true and false are as before. The rule

f[Plg h[P]g
fVAR[P]g

holds, but not the rule
fIPlg f[P]h
FIPlgkh

and there is no strongest postcondition (all for essentially the same reasons as

before).
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7.7 An Example

In this section we give an example to show how the logics work. We take the
program P given by n := 1 ; while B do n := n+41 where the conditional B
has functions b(s) = 1/2 and =b(s) = 1/2, that is, its denotation gives true
with probability 1/2 and false with probability 1/2. We expect this program to
terminate with probability 1 and have probability 2= of ending on n = N. The
set of states is simply the natural numbers. We first make the general analysis of

the meaning of the assignment statements.

For n := 1, we note that &(n:=1)(n) = (1) and s[n/1] = 1, so we have
F{n :=1}g whereforall n, f(n) = g(1) and similarly f[n := 1]g. Forn := n+1,
E(m:=n+1)(n) = y(n + 1) so we have f{n :=n+1}g when for all n, f(n) =
g(n + 1) and similarly for f[n :=n+1]g.

To show that the program terminates with probability 1, we consider the value
of f such that f[P]An.1, that is the weakest precondition of “true”. If fo(n) =0
and fi,11(n) =1/2 f,(n)+1/2 then clearly f,41 [n:=n+1] fi,.0 + (An.1).2b so by
the while rule, (Ll fin).0 4+ (An.1).mb[while B do n := n+1] An.1 but then clearly
fm = A1 =277 50 || f,n = An.1 hence we actually have

An.l [while B do n :=n+1]An.1.

Finally we get f[P ] Al.n where f(n) = (An.1)(1) = 1. So we see that the program

terminates with probability 1.

Now we consider the precondition of the functions Xy, that is 1 on n = N and
0 elsewhere. We will use the partial logic, the interesting part is seeing what the

loop invariant is. Consider the function fx(n) given by

fn(n) =

0 otherwise

{TNHm<N
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To see that fx is the loop invariant with & = X we need to check that for any
N, fn{n:=n+1}bfn + -bXn + (1 — (b+ —b)). We can drop the term (1 — (b +
—b)) as in this case it is always zero. We need to see that fx(n) = 1/2 fx(n +
1)+ 1/2Xn(n 4+ 1). But if n 4+ 1 < N, then fy(n) = 2"V = 172217V =
1/2fy(n+ 1) and if n + 1 = N then fy(n) = L 1/2 and for n + 1 >
N, both sides are zero. So fy is the loop invariant and from the while rule,
bfny + —bXn [while B do n:=n+1]Xy. Then (bfy + —bXy)(1) = 27N 50 we
derive A\z.27V { P } X as expected.

7.8 Duality and Logic

We now consider how we can use the duality given in Chapter 6 to relate the logic
and semantics we have given above. The semantics of a program P is defined as
a continuous function S — V.5, the weakest precondition semantics is a function
F(S) — F(S) where we recall F/(S) is the set of upper continuous functions
f:5 — [0,1] and the weakest liberal precondition semantics is a function L(S) —
L(S) where by L(S) we denote the set of lower continuous functions f:.S — [0, 1].
Recall from Chapter 6 the duality between functions F:.S — V(5) and functions

G: F(S) — F(S5) (linear and continuous functionals). It is given by
Fo(k: S — [0,1]) = Az /k dF(z)

and

G"(5:5) = 0 — G(Xo)(s).

Furthermore we can form a similar duality between the semantics and functionals
on the space of lower continuous functions S — [0, 1] using the fact that if f is
upper continuous, 1 — f is lower continuous and vice versa. This duality is given
by

F*(k) = Aa.] — /(1 — k) dF(2)
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and

G*(s:5) = X0.1 — G(1 — Xo)(s).

Here the functionals G: L(S) — L(S) are not the continuous linear ones, but they

are continuous with respect to decreasing sequences and satisfy G(31, rik;) =
S Gk + (1= ) (1 — G(Az.0)).

Having duality between the total logic and semantics means that for any pro-
gram P the semantics, C[P], is dual to the functional given by the weakest pre-
condition semantics, namely Ag.wp(P,¢). Symbolically this is just

C[P]" = Ag.wp(P, g).

Then from the duality we know that (Ag.wp(P,¢))" = C[P]. We can represent

this duality as a diagram

Sem
Cl]
Com *||o
x
Log

where Com is the set of programs, Sem is the set of continuous functions S — V5
and Log is the set of continuous linear functionals F'(S) — F(S). Similarly, saying

the partial logic is dual to the semantics can be expressed as
C[P]* = Ag.wip(P, g)

which also shows (Ag.wilp(P,g))" = C[P].

We can easily see that both logics are dual to the semantics from the com-

pleteness and consistency proofs.
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Theorem 7.6 (Total Duality) For any P, the semantics considered as a func-
tion P:S — VS s the dual of the weakest precondition for P considered as a
function wp(P): F(S) — F(S), where the duality is given by x and o as defined

above.

Proof We need to show that wp(P) = C[P]*. So we need to show that wp(P, ¢) =
As. [g dP(s) for any g. But from completeness we know that if f = As. [¢ dP(s)
then f[P]g so f < wp(P,g) and from consistency we know that if 4 [P] f then
h < f so f is clearly the sup of all & such that h[P]g i.e. wp(P,g). I

Theorem 7.7 (Partial Duality) For any P, the semantics considered as a func-
tion P:S — V is the dual of the weakest liberal precondition for P considered as
a function wilp(P): L(S) — L(S), where the duality is given by * as o as defined

above.

Proof We need to show that wip(P) = C[P]* i.e. that for any g, wip(P,g) =
As.l— [1—gdP(s), or 1 —wip(P,g) = As. [1 — g dP(s). Weset f = As.1 — [1—
g dP(s), then by completeness we know that f{P } ¢ since 1 — f > [1 — g dP(s)
and by consistency, if L {P } g, then 1 —h > [1 —gdP(s)=1— fsoh < fso f

is the required sup and wip(P,¢) = f. I

We can also use the duality to derive the logics from the semantics or vice
versa. For instance given the semantics for or, as or,(f,¢9) = pf + (1 — p)g as a
function Sem x Sem — Sem we can derive the weakest pre-condition semantics for
or, as the function (F,G) — or,(F°,G°)". Expanding this gives us the function
(F,G) — pF 4+ (1 — p)G as expected. The duality replaces the interpretation of
the logic, since we say a rule is valid exactly when its dual is a correct rule in the

semantics.

However it is still not clear exactly how the wp and wlp semantics are related

to the logics.
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7.9 Concluding Remarks

In this chapter we have given Hoare-style total and partial logics for a simple while
language extended with a probabilistic choice operation. Then we have shown how

these logics may be related to a semantics via the duality in Chapter 6.

It we consider only that fragment of the logics without or and with only non-
deterministic assignment and test, and with only characteristic functions as terms
then they are equivalent to the usual program logics, interpreting first order logic
terms as the characteristic functions of the set of states satisfying the terms. This
is because when all the functions are characteristic functions, pointwise multiplic-

ation becomes equivalent to logical and.

In our logics, the relation between the conditions for the while loop in the
partial and total case is interesting. In both cases, the weakest liberal pre-condition
is given by the limit of a constructed sequence, which naturally satisfies a recursive
equation (the expansion of a while loop). In the partial case, the constructed
function is the least fixed point of the recursive equation, and because of the
consequence rule, any fixed point of the equation would satisfy the condition, thus
the rule just requires the precondition to be a solution. In the total case, the

solution is the greatest fixed point so it must be constructed explicitly as a limit.

We might possibly get a third duality by considering monotone functions which
could give yet another program logic although it is not clear what sort of logic

this might be.
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Chapter 8

Metalanguage

In this chapter we develop a semantics for a typed, functional metalanguage similar

to that in of Plotkin [31], but with an extra operation, probabilistic choice.

Since the language is probabilistic, we will expect the denotation of an expres-
sion to be a evaluation, that is it will lie in V(X) where X is the ipo associated
with the type of the expression. Similarly the type of a functional expression
must be X — V(Y) (or equivalently VX — VY). So we use a different function
space type constructor, denoted by X —y Y which is the function space of total

functions X — V(Y).

We will show how to solve recursive domain equations with this new type
constructor. We will then give the metalanguage a denotational and operational
semantics and prove that they are equivalent. This metalanguage will be similar

to the one given by Moggi in [26] although with more features.
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8.1 Solving Domain Equations

As discussed above, the natural way to denote the type of the probabilistic function
space is X — V(Y') rather than X — Y. We need to extend the theory in [39] to
cover this new function space operator so we can solve recursive equations thus

giving us ipos to represent recursive types.

The approach of [39] uses the category of embeddings (a category of ipos with
projection-pairs as morphisms), and expresses solutions to domain equations as
colimits of sequences of ipos and embeddings. The sequences are generated by a
functor obtained from the type constructors in the recursive type equation; the
only condition on the functor for the limit to exist is that it is continuous in a
special sense (i.e. it preserves colimits and the way they are colimits) described

in [39].

Since we will be working in the category of embeddings, Ipo”, we will first
show that V is a functor on this category, not just the category Ipo. Then we will

show that the new function space functor is continuous.

Recall from Section 4.2 the definition of the functor V. We only defined the
functor on continuous maps f: P — (), but in fact we can define it on partial
functions in the same way; we set V(f)(u) = O — u(f7'(0)) and this defines an
evaluation for any p and is a morphism exactly as before. This extension makes V
a functor on the category of ipos with partial functions and morphisms, the proof
is as in Theorem 4.3. To see that V is a functor on the category Ipo”, which
has projection-pairs as morphisms we need to show that V acts appropriately on

projection pairs. Given a pair of functions
plg2p

these transform to

veXyo¥yp
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Then if f and ¢ are a projection pair, we know that go f =idp and fo ¢ C idg
and we need to prove the corresponding results for V f and Vg. But since V is a

functor we know that

VgoVf=V(gof)=idyp.

It remains to show that

Vf O Vg E iva,

but this can be written as

Yu(VfoVg)u C p

i.e. for all evaluations p and open sets O

w(f(g7'(0))) < pu(0)

but this follows from f o g C idg, since f~'(¢7'(0)) = {z | f(g(z)) € O} C O

hence the above equation follows from the monotonicity of .

We define the new function space functor —y: Ipo” x Ipo” — Ipo® on objects

as

P—yQ={f:P—=VYQ]| [ Scott continuous}.

For morphisms we consider the composition of partial functions, V(g) o h o I
where f: P <t P and ¢:Q <« Q' and h is in P —y . This is a partial function
k: P — V(Q"), but we can transform it to a total function by defining o (k)(z) =
k(x) if k(x) exists, otherwise a(k)(x) = O +— 0. So we set

(f =v g)(h) = a(V(g)oho 1)

and similarly,

(f =v 9) (k) = a(V(g") o ko f)

since O — 0 is the least element of any V(X), it is clear that these definitions give
continuous functions (Q —y P) — (Q" —y P’) and vice versa. They are give a

projection-pair since (f —y g)Fo (f —v g)(h) = a(V(¢" og)oho ffo f) = h and
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similarly (f —y ¢) o (f —v ¢)"(h) C h. Similarly, it is easy to show that —y is a

functor.

We now want to show that —y 1s continuous in the sense that whenever
p: P, fn) < P

and
v. <ngn> <@

are universal cones, as defined in [36], then so is

p —y Ve <Pn -y Qnafn -y gn> QP -y Q
We call this universal cone continuity.

To prove the universal cone continuity we shall first prove a local continuity
property for probabilistic function space, namely that given two increasing se-
quences of continuous, partial functions f,: P’ — P and ¢,:Q — @', then the

obvious definition of f, —v g, (i.e. fn —v g, = Ah.a(Vg, 0 ho f,)) satisfies

LI = g0) = (LU F2) —=v (L gn).

n

We first note that lubs of functions are given pointwise, so

LI —v ga)(R) |_IVgn [u(2))(0) = || h(fu(2)) (g, (O))

n

if f.(x) exists, 0 otherwise. But, assuming f,(x) exists (at least for sufficiently

large n),

LIA(fa()) |7|
:|7|hfn:1; U

m

h(f - (0))).
N gm) ™

since if g7 (O) = A, thus A, = {x | g,(z) € O}, we can see UA, = (LUg.) " (O)

e
F= e

since x € [J A, is equivalent to In s. t. g,(x) € O which is clearly equivalent to

L gn(x) € O since O is open. Finally since h is continuous,

LI (Fa(@)) (L g) T (0)) = (U S (@) (L g) ™
= (f) =v [gm)(B)(x)(O
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Now we can prove universal cone continuity exactly as in [39] by recalling that
it is sufficient to prove that p is a universal cone to show |, p, 0 p= = idp. Thus
we need to prove that

LI(pn =y va) 0 (pu —=v )" = idp_g

but (pn, —v vn) o (pn —v yn)R = (pno pf) —y (v 0 1/5) so by the local continuity
property we see that
LI(pn =v va) 0 (pn —v ) = (Upa 0 pr) =v (Uwm 0 v) = idp =y idg

since p is a universal cone, hence the result since idp —y idg = idp_. ,g.

Thus we have shown that, with this new function space construct, recursive
domain equations can be solved as before; so all closed type expressions involving
sums, products, probabilistic function space and recursion denote ipos in the cat-
egory of embeddings. Note that for any closed recursive type pP.o(P), then
o(P) is represented by a (cone) continuous functor F' and pP.oc(P) denotes the
ipo X which is the colimit of the sequence F"({)) and there is an isomorphism
Op: F(X) = X. This isomorphism and its inverse will be used later in the se-

mantics of recursive elements.

8.2 Some Functions

In this section we give some useful functions which we will need to express the

semantics of our metalanguage, like the product and projection functions.

For products we need a function which gives a evaluation on the product of ipos
Xi,..., X, from evaluations on each X, and also projection functions which give
a evaluation on X for each ¢ from a evaluation on the product. We use the product
as defined in Section 3.10, extended to products of finite numbers of ipos in the

obvious way. The product also arises from the tensorial strength in Section 4.3,
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where it is shown to be a continuous function V(Xi) x ... x V(X,,) — V(X1 X
... x X,). We also note that given a rectangle of open sets, say (A1 X ... x A,),

and evaluations g; in V(X;) then

(1 @ .. @ pn)(Ar X ... X Ay) = ﬁﬂZ(AZ)

We define the probabilistic projection function Vr; as the application of V to

the usual projection function m;({x1,...,x,)) = x;, this gives
milp) = XA (X x . X X AX X X oo x X))

sinceﬂ'i—l(A):Xl X .o Xy X A X X oo x X,

Now for sums we will need functions for in; and for the cases operation. For

in we consider Vin; where in; is the function mapping « to (¢, x) hence
Vin,(p) = X0 € Xy +...+ Xn.,u(O|Xi)

since clearly inj ' (0) = Olx,. For cases we will need to use the function O, which

has the type (X1 = V) x...x (X, = Y)—= (Xi+...+ X,) = Y and is given by

O(f1,- - fu)(ini(2)) = fi(x)
where in;(x) ranges over X7 4 ...+ X, for varying ¢ and x.

We will freely use the functor V, the injection maps nx and extensions of

functions fT in the semantics. All these are as defined in Chapter 4.
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8.3 The Language

In this section we define the metalanguage, first giving the types, then the language
and finally the typing rules.

We have the usual type constructions of product, sum, recursive types and
a variant of function space, the “probabilistic” function space —y. Lifting is

omitted.The types are given by
ou=xX(01,...,0,) | +(o1,...,00) | ¢ | P| pP.o

and function types

pu=0 —=yo.

We have two types of expressions defined in terms of each other, expressions
and function expressions. Expressions include introduction and elimination con-
structions for products, sums, function space and recursion and application and
function expressions include abstraction and recursion. We add the “probabilistic

- o
choice” operator or,, thus giving:

e = erorpey | {er,...e,) | mi(e) | ins(e) | cases e of fe,, ..., fe, |
Me |let frpbeeine | x| fe(e) | intro(e) | elim(e)
fe = (x€o)e|flufrofe

Expressions in the language are typed relative to assumptions of the form z € o
and f: . The rules are the same as those in [31], except for the rule for or,, which
is

€1 €0 e €0

€1 0y ey €0

For products,
€1 €E01,...,€, €0y

(€1,...,€,) EO1L X ... X Oy
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ec oy X... X0,
mi(e) € o;

For sums,
€€ o;

inj(e)€or+...+0,

ecor+...40, fepor—yo (1=1,n)

cases e of fe;,..., fe, €0

For functions,
ferp
Afe € ¢

(f:¢)

ecp €0

let fipobeeine € o’

Application,
feeo —yo eco

fe(e) € o!

Recursive Types,

e € o[uP.o(P)]
intro(e) € pP.o(P)

e E /LP.U(P)
elim(e) € a[uP.o(P)]

Then for the function expressions, abstraction,

(z € 0)

!
eco

(x €0)ero —y o

and recursion,

ferp
plopfep

156



8.4 Defining Denotational Semantics

We now give the metalanguage a denotational semantics. In Section 8.1 we showed
how closed type expressions denote ipos in the category of embeddings, for instance
o X 7 denotes the product of the ipos that o and 7 denote. We use the notation
[o] to mean the ipo which o denotes. We will use type assignment functions «
and [ which assign types to variables = and function variables f. We say an
expression e has (closed) type o relative to a, 3, if we can derive e € o from the
rules above plus assumptions of form € ¢’ where a(z) = o' and f:p where
B(f) = ¢, and similarly for function expressions. Denotations are given relative
to an environment p where for any variable x if a(x) = o then p(z) € [o] and if
B(f) = ¢ then p(f) € [¢]. If an expression has type o relative to o and /3, then its
denotational semantics relative to «, 5 and p is an element of V[o]. If a functional
expression has type ¢, its denotation is an element of [], that is a continuous
function [o] — V[o'] where ¢ = o —y o’. We use the notation p[z = a] to mean
the function plx = a|(y) = p(y) (for y # ) and p[z = a](x) = a, that is p plus the
added assumption that p(z) = a, similarly with a and 3.

[e1 orpessa, B]p = plers e, B]p+ (1 — p)les; o, Blp
[er,. - eadia,Blp = [esa,Blp@... @ [es e, Blp
[7i(e);c. Blp = Vmilesa, Blp
[ini(e); o, Blp = Vinle; o, Blp
[eases ¢ of feyo... fesian Blp = (O([fers . Blp, . [feyi v, B1p) s . Bl
[Mes o, Blp = n(lfe e, Bp)
llet fipbe e in e, 8lp = (Ag:.le’sa Bl = @llolf = g)) [es . Bl
[2;0,8]lp = n(p(x))
Lfele)io 8lp = ez Bl [es 0, Ao
[intro(e); o, Blp = VO[e; e, Blp

157



[elim(e); a, B]p = VO '[e; @, Bp
[(z€0).c;a. flp = Aa € [o]lesalr = o], f]plz = d]
[fie.8]p = p(f)
luf:ofea,8lp = [ fa
where fo = A2.0, for1 = [fe o, B[f = #]]plf = [l

As usual, we will omit «, 3 and even p when they are understood. We note
that the denotation of an expression is continuous in p, and furthermore for closed

expressions and function expressions, their denotations are independent of p, «

and (.

We will need a substitution and a recursion lemma.

Lemma 8.1 (Substitution) For an expression elx], and a canonical expression

¢ € o, where the denotation of the canonical expression is n(a),

[ele]; a, Blp = [elx]; elz = o], Blplz = a]

and for any two function expressions fe[f] and fe’:p,
[felfe]s o, Blp = [felf); o, BLf = llplf = [fe's @, B]p).

Proof Proof by structural induction on e and fe. See the next section for a
definition of canonical expressions and remark that the denotation of a canonical

expression is always a point evaluation.

Lemma 8.2 (Recursion) For any function expression fe[f],
[inf:p-felf]; @, Blp = [felinf: o-fel f]]; @, Blp.

Proof We know that
[tz o-felfl; e, Blp =] fu
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where fo = Ax.0 and f,+1 = [fe[f]; o, BIf = ¢]]plf = f.] and by the substitution

lemma we know that

[feluf:o-fell = [felfllplf = [1f:p-felf1]p]

then by continuity of [e]p as a function of p(f) we see that

[felpf:p-fel] = U[[fe]]/’[f = ful = |_|fn+1

so the lemma is proved. [

8.5 Operational Semantics

We define a set of deterministic canonical elements,
cu={c1,...,¢y) | ini(e) | Mfe | intro(c)

then we give the operational semantics in terms of a relationship written e = 3" r;¢;
over expressions, where r; is any finite set of positive real numbers such that
Sor; < 1. A similar relationship for function expressions is written (fe, ¢) = 3 ric;.
The rules are as follows :-

€1 = Y. TiC €3 = Y. TC;
€1 orpex = pyrici+ (1 —p)Xrje

Ny i
€ = )1 T

(1, en) = i (H?:l 7“;(2')) (Cayr 1 Sy

(here note that the summing over j(¢) meaning summing over all functions which

map each ¢ to an integer between 1 and ;. )

e = er<c},...,c?>
mi(e) = ercé
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e =) T;C;
in;(e) = 3 riin,(¢;)

e = Yrjingg)(c;) (feisyci) = Sprich

cases ¢ of fe;,....fe, = >, rjr‘,ici

Afe = 1.\ fe

e = Yirife ¢[f/fe] = Yirich
let fro beeine = >, rirtch

e = rie; {fe,e;) = > r;cé
fe(e) = > rirjcé

e = Y. rintro(¢;)
elim(e) = Y ri¢

= e
intro(e) = 3 ryintro(e;)

ele/z] = Yrig
(x € 0)e,c) = Y rig

(fe(ufro.fe),c) = e
(uf:o.fe,e) = Y ric

e = 0.c (c € o with e € o)
(fe,c) = 0. (c€o,d €7 and fero —y 1)
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These rules define a non-deterministic transition relation, non-deterministic
in that one of the last two rules can be applied to any expression or function
expression instead of the appropriate structure rule. These rules guarantee that
every expression “evaluates”, even ones whose denotational semanticsis L = O +—

0.

We can associate each > r;¢; with an element of VX via the semantics by
[>=ric] = > rife;]- In fact we can also show that the semantics of a canonical
element always gives a point evaluation; this is simple since it is trivial for Afe,
the product of point evaluations n(x;) is a point evaluation at (x1,...,x,), for
injections in;(n(xz)) = n(in;(x)) and finally recall that [intro(c)] = VO[c], so as
VO(n(x)) = n(f(x)), the result follows inductively. Thus we can also conclude that
[e](X) =1, this will be useful later.

The equivalence of denotational and operational semantics for this metalan-

guage is clearly going to be of the form

L Donlel=1el
€ = Zrici !

and for function expressions,

U Snded = 1A (el
(fe,c) = Zrici ‘
We can show that the left hand side is directed by an easy induction on the

operational semantics.

Proving this equality requires the following theorem, proved by a straightfor-

ward induction on the length of proof of the = relation.

Theorem 8.3 For any expression ¢ if e = Y. r;¢c; then

Y il E €]

and if (fe,c) = > ric; then
> nille] £ U (1)
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Proof Proof by induction on the size of the proof that e or (fe,¢) = > ri¢;

Suppose the last rule applied is

€1 = 2_TiC €3 = Y TC;
e1 orp ey = pYrici + (1 —p) S rje;’

By the inductive hypothesis, the theorem holds for ¢; = 3 ri¢;, i.e. 3 rife;] E [eq]

and similarly for e;, then

pY_rici+(1=p) D> ric; Eple] + (1 = p)[ea] = [e1 ory €]
as required.
Now suppose the last rule applied was

Ny i
€ = )ity T5C;

(e, oven) = X iz mi (SGays - -+ )

then we assume that for each ¢,
Nio o
> ] Eled]
7=1

but then
[{e1,...,en)] =[e1] @ ... @ [en]

hence

(Zj: 7“]1[[0;]]) ®...0 (Z_n: r?[[c?]]) C [{e1,. .. en)]

but since ® is bilinear we can rearrange the L..H.S. to be
> (H T;(i)) [[<C}(1)7 o Gl E Ter, - ea)]
i) Ni=1

as required.

Now suppose the last rule applied is

vl

€ = ZT]‘<C}(1), ceey C](n)>
mi(e) = ercé
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so we know that
Yoril{eiays - )] E el

by the inductive hypothesis. But then we know

Sl C [mie)]

since for any open set O, > r; [[c;]](O) = Y c,eorj and if we define O' as the open
rectangle X7 X ... X X;_1 Xx O X X;31 X ... x X, (or 71'2»_1(0)), then [m;(e)](O) =
[e](O), and
ZTJ[KC}(l)v - -,c?<n)>]](0’) = Z Ts-
c; €0
Now suppose
e =) T;C;
in;(e) = 3 riin,(¢;)

is the last rule applied. Then the proof is trivial since [in;(e)] = Vin,[e] and the

function in; is continuous.

Now suppose the last rule applied is

e = Yriing(e;) (fey;yei) = ricl

cases ¢ of fey,..., fe, =37, rjr‘,ici

we note that by the definition of [cases] we have

[cases e of fe,..., fe,] = (O([fe],- -, [[fen]]))J[[[e]]

by using the inductive hypothesis from the first part of the rule we get

O(Uferds - )T S rslimigy (o)D) € (O(Uer], - - - [fe 1)) e

and by the definition of O,

(Ofed; - - [[fen]]))T(Z rlinigy(e)]) =32 rj[[fei(j)]ﬂ([[cj]])

and by the inductive hypothesis for each j,
Zr‘,ici C [[feim]ﬁ[[c]']]
k
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thus giving the required inequality.

Now in the case when the rule is
Afe = 1.\ fe
then the theorem says we must have

[Afe] E [Afe]
which is clearly true.

Now suppose the last rule was

e = Yirile, If/fe] = Tiricy
let f:p be ein e = 3, rirpc,

then we need to prove that 3, riri[ci] C [let f:¢ be e in ¢']. But by the defini-

tion of the denotational semantics,

[let f:0 be e in €] = (Ag.[e[fIIpLf = g1) ' [e]

then by the inductive hypothesis, 3=, r;[fe.] C [e], so
Zri[[e/[f]]]p[f = [fe;]] C [let f: ¢ be e in €]

but then by the substitution lemma, [¢'[f]]plf = [fe.]] = [¢'[fe;]] and again by the

inductive hypothesis,

> rilek] E [Tl

k

SO

ZTiT;[[CZ]] C [let f:¢ be e in e/]]

ik
as required.

If
e = rie; {fe,e;) = > r;c;

fe(e) = > rirjcé
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is the last rule applied then we recall

Le(e)] = [ ' [e]

and by the inductive hypothesis and linearity

S rlfel Ted = [t S rilled € [fe] e

then by the inductive hypothesis on each term

S YAl C Yl el
as required.
For the two rules

e = Y. rintro(¢;)
elim(e) = Y ri¢

= e
intro(e) = 3 ryintro(e¢;)

the proof is the straightforward application of the continuous functions @ and 7.

Now suppose the last rule was

ele/z] = Yrig
((x € o)e,c) = Xric

we need to prove that

S el E [« € 0)e] [
from the definition of [(z € o)e] and 1, we get
[(x € o)e] ' [e] = [e]olz = []]
but by the substitution lemma we have that
[elole = []] = [ele/=]]
and by the inductive hypothesis,

>_rile] E [ele/]]
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hence we are done.

Now suppose the last rule applied is

(fe(pf:o.fe), c) = >ric;
(ufrpfe,c) = Yrie

This case is easy because by the recursion lemma we know that

[fe(pf:p-fe)l = [pf: p-fe].

The final two rules are trivial. |

We now consider the more difficult part of the equivalence proof. We construct
a relation 5, between elements of type [o] (note, not V[o]) and closed canonical
expressions of type o and for function types between functions f: [o] — V[7]. and
closed function expressions of type ¢ where ¢ = o —y 7. We require < to satisfy

the following:

products (z,...,2,) Soyx..xon (Cl,---,Cn) HE Vi, 20 S5, ¢4
sums in; () Sy 4. 40, 105(c) iff i = j, 2 <,, ¢

recursion 0(x) <,p.p intro(c) iff @ <,p.p.(p) €

functions n(f) s, Meiff f s, feand f C [fe]

function types f s, feiff Vo, est. o s, ¢, f(2) Sy, fe(c)

We define <y, as follows, u <y, ¢ where ¢ € o and p € V[o]iff g is in the least
Scott closed set containing all linear combinations of point evaluations >°; r;n(x;)
where x; S, ¢; and e = Y, r;¢;. This least closed set can be formally defined as
the intersection of all Scott closed sets containing these points, since the whole set
is closed, there is always at least one such set. So trivially for any expression e,

the set of u such that p <y, e is Scott closed. We also require the relation = <, ¢
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to imply that n(z) C [¢]. This is sufficient to show that u <y, e implies p C [€]
since from Theorem 8.3, ¢ = >, r;¢; implies 3 r;[¢;] C [e] and by the condition
above Y- rin(x;) C Y rife;]. So the closed set consisting of all p such that p C [€]
contains all the 3=, rin(x;) hence p <y, e implies g C [e]. Finally we need that the
set of = such that = <, ¢ is Scott closed for any canonical element ¢. We construct

such a relation in appendix A.

We now give a lemma which we will use repeatedly in the proof of the main
theorem. It gives a condition for when an evaluation p is in the least set containing
a certain collection of points. The proof uses the standard techniques for this kind

of transfinite induction.

Lemma 8.4 Suppose f is a continuous function f: X1 x ... x X, =Y and C s
a closed subset of Y. Then if C; is the least closed subset of X; containing a set
of points x'\ (for X\ ranging over some index set) and f(:z;ﬁl, o2y ) isan C for

any A, ..., A, then for any set xy,... &, with x; in C;, f(x1,...,2,) tsin C.

Proof We first consider the case where n = 1. We suppose that f(x}) is contained
in C for all A. Then we consider the inverse image of (' under f, this is a closed set
and by the assumption it contains x\ for all lambda. So since Cy is the least closed
set containing all }, then C; C f~'(C), so for all = in C;, we know = € f~'(C)
Le. f(z)eC.

For the case where n > 1 we consider the inverse image of C' under f. Setting
X = X; x...x X, and applying the result in the previous paragraph shows that
if z 1s in the least closed subset of X7 x ... x X,, containing <:1;§1, .. ,x§n> for all
M.y A, then z € f71(C), ie. f(x) € C. We thus just need to prove that the
least set generated by the points <:1;§1, o,xy ) isin fact Gy x ... x O to give the

result.

So if we let D be the least closed set generated by <:1;§1,...,:1;§n> for all
Aly.eey Ay then it is trivial that D C 7 x ... x (), since (7 x ... x (), is Scott
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closed and clearly contains all the required points. We prove the opposite in-
clusion by induction on n, the case n = 1 is trivial, we assume the result for
n = k and try to prove it for n = k 4+ 1. Clearly we can consider D as the least
closed set generated by the points (x,2,) where the set of points ., is the set of
points <:1;§2, ey x§:j1> Then by the inductive hypothesis, we need to show that
D = Cy x D' where D' is the least closed set generated by z., and by the inductive
hypothesis D' = (3 x ... x Cp11. To show that 'y x D' C D it is sufficient to
show that for all € Cy, the x cross-section of D, that is D, = {z | (v,z) € D}
contains D’. But suppose we define K as the set of all x € X; such that D' C D,.

We can see that K is Scott closed, since if « C b and b € K, then since D is closed

Dy, € D, and similarly if a) is a directed subset of K, then
ﬂ D‘IA = D|_|>\ ax
A

and D' C D,, for all A implies that D" C N, D,,. Furthermore K contains all l’}\,
since if @ = x, then C, is a closed set which contains all z.,, therefore it must

contain D’. So K contains (', that is, for all z € Cy, D' C D, as required. |

We will sometimes use this lemma with the set ) being itself a closed set, i.e.

the set of functions =, fe.

Theorem 8.5 Given a relation <, with the properties as above, for an expression

e with free variables xq,...,x, and f1,..., fn, then for anyy; <,, ¢; and g, <, fe,

lelplai = yi, fr = gx] =0 elei/ @i, fer ] fi]

and for any function expression fe with free variables x1,...,x, and fi,..., fn,

then for any y; <., ¢; and g, <, fey,
[felplei = yis fi = gi] =g felei/ @i fer ] fil.

Proof When the free variables and substitutions are obvious from the context we

abbreviate ele;/x;, fep [ fx] to é, fe[e;/x;, fer ] fx] to fe and ple: = vi, [ = g to p.

The proof is by induction on the structure of expressions and function expressions.
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probabilistic choice Suppose e = €; or, e and by the inductive hypothesis
we know [e1]p Sy, €1 and [e2]p Sy, €2. We need to show that [e]p <y, €. Consider
the closed set C of 4 <y, €, and the continuous function (g1, p2) — pp1 +(1—p) 2.
By Lemma 8.4, we can see that puq + (1 — p)ps is in C for any p; Sy, €;, if it is in
C' whenever p; = Y, rin(x;) with x; S, ¢; and eq = Y7 and py = 32, rin(x;)
with x; S, ¢; and e3 = >-;rjc;. But then puy + (1 —plpe = p22; rin(a) + (1 —
p) >_;rym(x;) which is in € since e = pY.ric; + (1 — p) >, rj¢), i S, ¢, and

Lo .
T 4 €.

products Suppose e = (eq,...,e,). Let C be the set of evaluations < é and
C; for é;,. Consider the function (p1,...,pn) — 1 @ ... @ fin, by Lemma 8.4 to
show that p; € C; implies pqy @ ... ® p, € C we merely need to check it for y;
of the form )7, r;n(:p;) where l‘; < c; and €; = ), r;c; But then the image of a
evaluation of this form is 37, (ITi2, T;(i))<77(:1?}(1)), - s (@) and we know that
¢ = 2oz r;(i))<c}(1), o ,c?(n)> and <:1;}(1), cee c?(n)> < <c}(1), cee c?(n)> by the
condition for products on < so the image is in C'. Hence, since by the inductive

hypothesis, [e;]p € C;, we see that [e]p € C as required.

Now we consider 7i(e). We apply Lemma 8.4 to the function V7, to show that
when [e]p is in the smallest closed set containing all the evaluations of the form
Surin((xl, .. @) such that (zf, ... 2) < {c},....c")and é = Y, rilel, ..., cl),
then Vri[e]p = [7x(e)]p is in the corresponding closed set. But the image of such
a point is a evaluation Y; n(zF) where zF < ¢f and W;(;) = Y, rick, hence it is

in this closed set and [x;(e)]p < 7x(e) as required.

sums Consider ing(e). Asin the previous example we use Lemma 8.4 with the
function Ving so we merely need to show that whenever ¢ = 37, r;¢;, and x; < ¢;,

then Ving (3 rin(a;)) iin;(e). But if this is true then ing(e) = >; riing(¢;) and

ing(x;) sing(¢;) so 3, rin(ing(x;)) = Ving >, rin(a;) < in;(e) as required.
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Consider ¢/ = cases e of fe,,...fe . Let C' be the set of evaluations < e’ and
C" be the set <é. Consider the function (fi,..., fu, i) — O(f1,... ,fn)T,u. We
need to show that whenever f; < fe; and p € C, that D(fh...,fn)T,u is in C.
Since the set of f; < fe; is Scott closed, we can apply Lemma 8.4, to see that it
is sufficient to check that O(fy,... ,fn)J[,u is in C for all p of the form >, rin(a;)
where x; <¢; and ¢ = ), r;¢c;. Since ¢ € o1 + ...+ o, then each ¢; is actually
in;)(¢;), and by the condition on the relation z; = ing;)(7;) and #; < ¢, then
O(f1,.. ,fn)T Soerm(a) = ;i fe(2;). But then since #; < ¢;, by the condition
on < for functions fi(%;) < fe,(¢;), so we can apply Lemma 8.4 again, and we
only need to show that Y, r; fi(%;) is in C for fi(z;) equal to Zr;n(:p;) where
(fe, ¢y = Zr;cé and :1;; < c; But C contains )" r; >, r;n(:p;), since we know that

) - T
¢/ = 3, ;riric; and 2 S ¢; so we're done.

functions Consider ¢ = Afe. By the inductive hypothesis we know that
[felp = fe. Further )\fe = 1.)\]?6 and by the condition on the relation for functions,

[ s Meiff f < Je hence n([felp) < fe so we're done since n([felp) = [Afe]p-

Consider ¢ =let f:¢ be e in €/[f]. Let C' be the set of ¢ < ¢” and consider its
inverse image under the function (y, k) — kT(,u) where p € V[¢] and k: ] —v
[o]. We want to show that whenever y and k satisfy the conditions of the inductive
hypothesis, that is p <, e and for any f < fe, then k(f) Sy, €'[fe], then kT(,u) eC.
By Lemma 8.4, it is sufficient to show this for p = Y rin(z;) where z; <, ¢; and
e = Y ;ri¢c;i. But as ¢ has type ¢, in fact say ¢; = fe, and z; = f;. Then
kT(,u) = >, k(f;), but by the second condition, since f; < fe;, we know that
k(f) sveo e’TfEJ. Again by applying Lemma 8.4, it is sufficient to show 3 r; f(k;) is
in €', by showing that whenever e’TfEJ = r;cé and :1;; < c;, then 37, ; rzr;n(:p;)
is in C. But this is trivial by the definition of ' since €” = Y, ; rir;cé from the

definition of the operational semantics.
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recursive types If ¢ = intro(e) then we apply Lemma 8.4 to the function
V6. We suppose that é = 3 ;r;c; and @; S ¢, then consider VO3, rin(x;) =
>oirm(0(x;)) and 0(x;) <intro(c;) by the conditions on the relation and by the
operational semantics, &' = 3=, r;intro(¢;). So then since [e]p < € clearly VO[e]p =
[€']pisin C.

Similarly if ¢’ = elim(e) then we apply Lemma 8.4 to the function V87", We
suppose that é = 3, r;¢; and ; S ¢;. Then ¢; must actually be intro(¢;) and by
the condition on the relation for recursion, (9_1(:1;2') <¢. Then V™'Y, rin(a;) =
> rm(e_l(xi)) and (9_1(:1;2') < ¢ and by the operational semantics, ¢’ = Y. r;c;.
Hence V07 '[e]p = [¢]p <elim(é) as required since by the inductive hypothesis,

[e]lp <é.

application Suppose ¢’ = fe(e), we let C' be the set of evaluations < e¢’.
We need to show that if ¢ <é and f < fe, then fJ[(,u) € (. By Lemma 8.4, it
is sufficient to show this is true for g = Y, rin(x;) where x; ¢ and € = 3 ric;.
Then fJ[(,u) =Y rif(x;). But f < fe, by the conditions on the relation implies that
en ifve(ci) and to show that - r;f(x;) is in C it is sufficient to show that it is
for f(x:) =3, r;n(:p;) where :1;; < c; and <fve,ci> =3, r;c; But then 3, v f(x;) =
> i rzr;n(:p;) and from the operational semantics we know that fe(e) = 3, ; rirtc

J373°

so by the definition of C', >, r; f(x;) € C as required.

function expressions: abstraction If fe = (¢ € o)e[x] then we want to
show that [fe]p 5]?6. By the condition on the relation for function expressions,
this is true if for all @ <, ¢, [fe]p(x) <vs fve(c). But by the inductive hypothesis,
we already know that [fe]p(x) = [ely]lply = ] sv. GA[JC] and by the operational

semantics, <fve, ¢y = >, ric; implies eA[ic] = >, 1ic; so [fe]p svo ]?e(c) as required.

recursion Consider fe' = uf: p.fe[f]. By closure property of < we only need
to show that f, iﬁ/ for all n where fo = Ae.W +— 0 and f,11 = [fe]plfn = f]-
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The base case is trivial. Suppose we have f, iﬁ/. By the inductive hypothesis
then we know [fe]p[f, = f] ifve[fe'], and the left hand side is f,4;. But also
we know <fve[fe/],c> = Y., ric; implies <ﬁ/,c> = Y ri¢; (by the operational

. . =1 .
semantics rule for recursion), so we see that f,41 < fe as required. i

Corollary 8.6 For any closed, well-typed expression e,
[e] = U{Z rile] | e = Zrici}

Proof It has been noted that the set on the right is directed, let its lub be p.
By the theorem above, [e] se. So [e] is in the smallest closed set containing
all 3> rn(x;) where ; s¢; and e = 3 r;¢;. But consider the set of evaluations
below g, that is g|. This set is closed, and since x; ¢ implies n(z;) T [¢]
and Y ri[e;] E g, it must contain all the evaluations of the form Y- r;n(;). So
it must contain [e], hence [e] T L{>;r[c:]} hence with Theorem 8.3, [e] =

L rifle] ) 1

8.6 Concluding Remarks

In this chapter we have given a probabilistic metalanguage, its denotational and
operation semantics and proved them equivalent. The categorical method for
giving the relationship on types was based on one developed by Moggi [25], and
part of it is sufficiently general to apply to any strong (and cone continuous)

monad.

The metalanguage is purely call by value. It may not be very hard to add a
lifting construct as in Plotkin’s metalanguage, but this would only deal with one

of the possible parameter passing mechanisms for probabilistic programs.
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An example of using a similar probabilistic metalanguage to give the semantics

of another probabilistic language is given in [18].
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Chapter 9

Conclusions and Further Work

We have shown that the powerdomain of continuous evaluations forms a “good”
basis for semantics of probabilistic languages. A powerdomain of measures might
seem a more natural choice, because of their history as the foundation of probab-
ility theory, but using evaluations seems to avoid some of the problems in measure
theory. We have used this basis in developing a probabilistic logic, equivalent
to denotational semantics, for a simple while language and a denotational and

operational semantics for a functional metalanguage.

We have seen that the set of continuous evaluations on the lattice of Scott
open sets of an ipo forms an ipo itself. Then the obvious powerdomain functor
V was shown to be a monadic functor on the category of ipos and also to sat-
isfy the conditions for it to be a model of the A.-calculus as defined by Moggi.
We then compared the V-algebras arising from this monad to the category of ab-
stract probabilistic domains as defined by Graham, which has a finitary equational
presentation. We also gave various conditions for when certain types of measures

were related in the partial order.

We then looked at the special case of when the ipo was continuous. We proved

that any continuous evaluation was the lub of some directed set of linear com-
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binations of point evaluations. We were then able to show that the continuous

abstract probabilistic domains were exactly the V-algebras.

This work has extended the work by Saheb-Djahromi and others on using
Borel measures as a powerdomain. The problem with using Borel measures is
that the set of measures under a suitable ordering does not in general seem to be
an ipo while the set of evaluations naturally is. The theorem that every continuous
evaluation is the lub of a directed set of linear combinations of point evaluations
lets us conclude that measures on a continuous ipo which restrict to a continuous
evaluation form an ipo, and that on second countable continuous ipos the set of

all Borel measures forms an ipo.

We also defined a duality between sets of evaluations and functions, as sugges-
ted by the bilinearity and continuity of integration. Previous work in this area by
Kozen [22] used a duality between measurable functions and measures, but upper
continuous functions seemed more appropriate in the ipo setting. We first looked
for a duality between upper continuous functions and measures, however linear
and continuous functionals on the set of upper continuous functions on some ipo
are naturally continuous evaluations rather than measures, which suggested using
continuous evaluations from the start. In order to carry out this program it was
also necessary to define integration of upper continuous functions with respect to

continuous evaluations.

The duality then suggested defining a logic with terms as upper continuous
functions. This idea led to the two program logics, one using upper continuous
functions and the other using lower continuous functions and gave the appropriate

interpretation via a denotational semantics.

Finally we defined a metalanguage, and gave it a denotational semantics and
an operational semantics and proved their equivalence. The operational semantics
was the last in a series of attempts to find a good solution of the problem of adding

together canonical terms reached by possibly infinitely many different execution

175



paths. The end result was a non-deterministic relation, effectively summing over
any finite collection of execution paths. The other interesting part of this work
was the relation between =<, and =<y,. This was rather complicated but the

simpler ideas we considered proved to be insufficient.

There are several interesting unsolved problems which have arisen from this
thesis. Firstly there is the question of whether products of evaluations are sym-
metric. We know this is the case for continuous ipos and conjecture that it is true
for all ipos. In the metalanguage this corresponds to the order of evaluation of a

pair of expressions being irrelevant to the final result.

Secondly is the question of whether the sets of measures on an ipo, with perhaps
extra conditions imposed, form an ipo. We know that a lub of linear combinations
of point measures exists, and the only proofs so far that all measures form an ipo
come from results that over some class of ipos, every measure is a lub of point
measures. Another problem is whether these results generalise i.e., if all measures
were given by a directed lub of linear combinations of point measures, that would
show that all sets of measures form an ipo. I do not think this is the case, but
have been unable to find a counterexample. This is mainly due to the difficulty
in constructing non-trivial measures, particularly on an ipo which is sufficiently

intractable that it is not continuous.

Similar is the problem of whether all linear, continuous functions are super-
linear. Linearity is a natural condition to impose on semantics, and super-linearity

gives a categorical idea of linearity but is stronger (although perhaps equivalent).

Another problem is whether all evaluations on ipos can be extended to meas-
ures. If this was true then sets of measures on an ipo would always form an ipo
and using measures would be equivalent to using evaluations. If it wasn’t then
the question would arise as to which best represented probabilistic computation.
Also in Lawson’s paper [23], he proves that any continuous evaluation extends

to a regular Borel measure when the “patch” topology is compact; it would be
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interesting to see what this condition meant for ipos, and whether it corresponded

to a useful subclass of ipos.

For further work, there are several directions in which this thesis may be ex-
panded. One is to use the framework for deriving semantics of other probabilistic
languages, e.g. a language with probabilistic concurrency. Perhaps one could use
Moggi A -calculus methods for giving semantics of languages with side-effects or

exceptions.

Another problem to do with semantics is dealing with different parameter
passing mechanisms. There are at least three different mechanisms, of which only
pure call-by-value is dealt with here. It is not clear how they could be dealt
with in the metalanguage, although perhaps call-by-name could be derived from
lifting as in Plotkin’s metalanguage. Here we think the appropriate model for an

unevaluated computation of type o is an element of V(1 — V[o]) = V*[o].

The integration with respect to evaluations could be developed further. We
expect that it can be extended to perhaps all continuous (in the usual sense)
functions. Then, for compact Hausdorft spaces by Riesz’s theorem, this would

imply that all continuous evaluations are regular measures.

Finally another obvious thing to do is to develop other probabilistic logics
like in Chapter 7. The duality theorem suggests that functions are the natural
choice for terms, but they are harder to understand than first-order logic terms; it
would be better to represent the functions by some sort of first-order logic terms

decorated with probabilities perhaps like in [11].
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Appendix A

Defining a Relation

Here we will define the relation which we require to prove the equivalence of
operational and denotational semantics in Chapter 8. Recall that this relation is
between elements of o] and canonical expressions of type o and it must satisfy

the equations and properties given in Section 8.5.

The idea is that we find sequences with limit [o] for all types o which “uni-
formly” approximate the recursive types, so for a type o with nested recursion, the
nth term in the sequence is formed by taking the nth approximating ipo for the
meaning of each recursive type. Furthermore these ipos have the property that
[pP.c[P]]" = [o[pP.c]]"" where [o]" is the nth approximating ipo for [o]. Then
we can define a relation 5] between canonical elements of type o and elements of
[o]", by induction on the structure of o as in the conditions for <, except that
for the recursion case, where =<,p,[p is defined in terms of the relation on the
more complicated type =,(,p.o], we define EZ;.IU[P] in terms of <7 p, . So the
relation is defined by induction on o and n. We can then define a relation on [o]

via the natural maps from [o]" to [o] and show it has the desired properties by

induction.
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We will use the types given by:-

oc=01X...X0o,|o1+...40,|0c—yv7|P|pPo[P]

For each type o with free variables among Py,..., P, we will define a cone

" — Ipo” (where by C° we mean

A, in the functor category of functors (Ipo®)
the category with one object and its identity morphism — i.e. if ¢ has no free
variables the functor category is isomorphic to IpoE). We will give the cone in
terms of functors K}, K2, ..., K, and natural transformations p”: K" — KI*!

and n: K" — K,. For a o with no free variables, note that K, will be [o] as they

will have the same construction.

For any o, we define K2(Py,...,P,) = 0 and K2(fi,..., f,) = idg. For any
A in Ipo” there is a unique embedding ) <1 A, this unique embedding gives us
po(Py, ..., P,) and n2(Py,...,P,). Similarly, for the zero product, and i > 0
K@(Ph ..., P,) = 1, (the ipo with one element) and K@(fb ooy o) = idy, (and
similarly for Ky). Then we get a cone by setting (' (Py,....P)=n"(P,....,P,) =

idy. So for o = () this defines a universal cone.

Similarly for ¢ > 0, ]&’]@J(Pl,...,Pn) = P; and [&’]@](fl,...,fn) = f; and ,uj;]

and 77;3] are identity functions. Again this is clearly a universal cone.

For the type operators x,+ and —y which are “cone-continuous”, then for

1 > 0 we write

Ko = KooX oo X KL Koysoxon = Koy X0 x Ky,
:uirlx...xml = /’Li'lx"'xlui'n nélx...XUn = 7731><---><77frn
Koo = Ko+ 4K Kegogo, = Koy +...+ Ko,
Hopoton = HoyFooe bl Mogobon = Toy oo,
K,_ ., = K, —=yK; Koopr = K, =y K,
Homyr = My =V iy Tyoyr = Ty =V,

where we take products, sums and function space of natural transformations

and functors pointwise. Clearly, by the cone-continuity of the product, sum
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and probabilistic function space, given universal cones A, and A,, the cones

Aoy scxcons Doyt 4o, and A, ;- are all universal cones.

Now we only need to define A,p,p] and show that it is a universal cone. We
first define K, p,(p|( P, ..., P,) to be the colimit of the diagram (@, fn) in Ipo”
where Qo = 0, Qi1 = Ko(P1y..., Py, @), fois the unique embedding § <1 Q4
and f41 = K,(idp,,...,idp,, fm). Note that this is exactly how [pP.c[P]] is
defined in terms of the functor given by considering [¢[P]] as a function of P. Sim-
ilarly we define K, p,p(f1,..., fn) on morphisms, as the “colimit” of the functions
ho:® < 0 and hiy1 = Kop)(f1s- - fu, he) (actually it is a mediating map construc-
ted using the composition of the h; and the limit morphisms to the colimit, as in
Lemma A.1 below). Note that we have an isomorphism K,p,p) = K, (K, p.[p])-
Then we define ](Z;}r[P](Pl, v Bn) = KZ(Pyy o Poy Kp ooy (P -, Pr)) and
KZ;%T[P](fl, o fu) = KXo fas Kp o (i - -+ fa))- Then, by the natural-

ity of p. we can see that
n ~n+1 AT . n
po (P P Ko (P Pa)) o K2 (idpy . idp,, i p gipy (Pry o Pa)

= (:—l—l(idpl,...,idpn,,uZP.g[P](Pl,...,Pn)) o,u:(Pla---7Pn7[(:P,g[P](P17---apn))

which is what we define ,uZ]";.lU[P] to be and similarly for 7.

We will show that for closed types o, the above functors and natural trans-
formations (which are actually just objects and morphisms in IpoE) form a cone.
We will do this by defining the notion of a functor cone, which on closed types is
just that the functors and natural transformations form a cone. Firstly we prove

a purely categorical lemma.

Lemma A.1 In a co-complete category C, consider the diagram of an infinite
square grid of objects P; with ©,7 ranging over positive integers and morphisms
f;PJZ — P;‘H and g;:P; — ;+1 where each square commutes. Then the colimit
of each column gives a unique sequence of objects P° and morphisms f': P' —

P which commute with the original diagram and whose limit is the limit of the
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entire diagram, and also the limil of the diagonal subdiagram, of objects P! and

morphisms given by composition of appropriate f and g.

Proof This situation is shown in the diagram

0 1
R A T N T

i b

P 20 P 2 P 2
/
9 a9/ 9
0 !
Plo f 1 Pll f 1 P12
S
9% % 9
S0 1

If the limit morphisms to P’ are p;: Pj — P" then we derive f° as the unique me-
diating morphism from the cone on the i'A column to P+ given by the morphisms
p;"'l o f; Then the colimit of P*, f*, which has limit morphisms say p': P* — P, is
the colimit of the entire diagram since we have maps Pj — P given by p'o p; and
clearly all the triangles commute. Furthermore if X is any object with morphisms
U;:P; — X such that all triangles commute, then there are unique mediating
morphisms 0": P' — X, such that 0'; commutes with 6° o p; and by this uniqueness

o' commutes with o' o f* hence there is a unique morphism #: P — X and 6'

commutes with 6 o p° hence we see that 0'; commutes with 6 o p’ o p; as required.

Then we note that the functor L: N — N? (where N is the linearly ordered set
of natural numbers) given by ¢ — (¢,¢) is clearly final (see [36, page 213]), hence
by theorem 1 on [36, page 213] the limit of the diagonal subdiagram is isomorphic
to the limit of the whole diagram. i
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We call a set of functors and natural transtormations K, K™, u".n" a functor
cone if for any variables Pi,..., P,, the sequence of objects K"(Fy,...,P,) and
morphisms, u" (P, ..., P,) form a cone with limit K( Py, ..., P,) by n"(Pr,..., P.).
Clearly we hope that the functors associated with each type o as defined above

are functor cones.

Lemma A.2 Given a co-cone in Ipo”, say Q1,.... fu: Qn — Quir, with limit Q
and morphisms p,: @), — @) and some type o with a least one free variable P, then
if K, K", 1", n" is a functor cone, and K is cone continuous then the sequence
P, = K"(Q,) with morphisms k,: P, — P,11 given by p"(K"(Q,)) o K”H(fn) =
K"(f) o f (K™ (Qny1)) is a cone with limit K(Q) and maps v,: P, — K(Q)
given by " (K™(Q)) 0 K™ () = K™ (pu) 0 1" (K™ (Qun).

Proof Define P = K"(Q,,) and

fn:Pn N Pn—l—l — nn(Pn)

I P = Py = K7 (f)

then by naturality of n" each square commutes. Clearly P,, = P and the morph-
isms k,, are given by composition along the diagonal. So by Lemma A.1 above, the
limit of the diagonal is equal to the limit of the limits of each column. But clearly
along the m column, the limit must be K(Q,,), since K" is a functor cone, and
the unique functor K(Q,) — K(Qm+1) which commutes must be K(f,,), then as
K is cone continuous, the limit along this cone is K (@) as required. }

7T

We now prove that K,, K, u, ny form a functor cone by induction on the
structure of 0. The base case where o is a variable is trivial. Since the type
operators 4+, x and —y are cone-continuous these cases are trivial. Finally we need
to show that given Ko(py, Kjp), 1P Nopp) 18 @ functor cone, then the corresponding

functors and natural transformations for pP.c[P] are also a functor cone.
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Theorem A.3 [f o[P] gives rise to a functor cone K,, K, u”,n" where o has at

least one free variable P, then pP.oc[P] also gives rise to a functor cone.

Proof Pickany Py, ..., P, from Ipo” where P.c[P] has free variables Py, ..., P,.
We will always consider the cones relative to these variables but drop them for

clarity.

We define a square grid as follows.

Pl =P’ =

P =K (P)

and embeddings f7: P — P"' and ¢": P" — P . For n or m equal to zero
we define f and ¢ to be the unique embeddings ) <1 A for the appropriate ipo A.

Otherwise inductively
Fon = mg (PR ) o K () = K7 (f) 0 ip ()

(by naturality of u)) and
Ir = K7 (gr).
All the edge squares commute by the uniqueness of embeddings § <1 A, and an
1

easy calculation shows that the square on P, commutes if the square on P

does, hence all the squares commute.

The zeroth column (for varying n) is the trivial cone § <0 0... with limit @. It
is clear that the (m + 1)th column can be obtained by applying the functor K
to the nth element of the mth column and then shifting the column up by one
and putting @ at the bottom. Also the functions [ are the same as the diagonal
morphisms in Lemma A.2. So by this lemma we see that if P, is the limit of the
mth column, then Py = and P,,41 = K,(P,). Also, the commuting embeddings
from P, to P, are as in the definition of K p,p]. So we see that the limit of

this square is K,p,p;. Then by Lemma A.1, we know that the limit along the
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diagonal of this diagram is isomorphic to K, p,(p). But the diagonal satisfies the
relation, Py = 0 and P/ = K (PF) so P = porp) and the diagonal maps are

equal to p,p and also the limit morphisms are n/p,py. B

Now since for every type we have a functor cone K,, K, p., " then for closed
types, (K, p) is a cone with limit K, and limit morphisms 5. So can we proceed

to define our relation.

We shall denote the embedding part of u by f which is a continuous function
K — K" and the retract by ¢7: K't' — K and similarly denote the parts of

ny by then functions ¢: K — K, and ¢: K, — K.

We will need to use the operational semantics given in Chapter 8, and the
denotational semantics. Recall that the semantics of a canonical form [¢] for ¢ of

closed type o, is a point measure in V[o] = VK,. We will let ((¢)) denote this
point, i.e. ((¢)) € [o]. Note that then (Afe)) = [fe], since [Afe] = n([fe]).

Now we will define a relation <! between K and closed canonical expressions
of type o as follows. For n = 0, we take any relation since one side is the empty

set. Then, by induction on n and structure of o we define

n M N n
O (T1,..., %) S5 . xo, €1 X . Xy iff for all ¢, z; <7 ¢

o inyx) <) 4 4, ini(c)iff i =jand 2 57 ¢

~gy

n . . n—1
® T =, po(p] intro(c) iff SoluPo] €

o f=i Afeifft fLw) ((fe) and x <7 ¢ implies f(x) is in the least Scott

closed set containing all g = Y, rn(x;) where x; <" ¢; and (fe,¢) = ¥, rie;

~T

We will now give three properties of this relation, firstly that = <] ¢ implies

is smaller that the semantics of ¢, secondly that <7 ¢ implies that f7(z) =/ ¢,

thirdly, that the relation is closed below. All these properties hold trivially for

n = 0, so we can prove them by induction on n and the structure of o.
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Lemma A.4 With the relations defined above, for any type o and integer n,
1. @ sl e implies x T 7 ((¢)).
2. x steiff fi(x) =it e

3. The set of x s.t. x <] ¢ is Scolt closed.

Proof We use induction on n and the structure of o.

For the first, we note the base case n = 0 is trivial. We then consider n = k+1

and use induction on ¢. For products we simply note that if z; <7 ¢; fori=1,...n,

so inductively, (z1,...,2,) 5 (¥7,(c1)), - 97, () = ¥5, w0, (1 X . X )

and similarly for sums. For function space it is part of the premise and finally for

recursion it is trivial.

For the second, the base case n = 0 is (as always) trivial. For n = k + 1,
we use induction on the structure of o. (x1,...,2,) ifrj—xl...mn 1 X ... X ¢ iff

X Ef,j'l ¢; and by inductive hypothesis, this is iff fk-l—l(l'i) <"? ¢, hence since

~g;

[hl (21, 20) = F 7 (2q) x ... % ff:l(xn) we're done. Similarly for sums,

01 X...X0n a1
since 51—|_-|—1+crn (in;(z)) = ml(ff;"l(:z;)) For function space, the order condition is

trivial from the commuting condition of ¢, %, f and g. We suppose that f <7 Afe
and try to prove fI_ _(f) =it! Me. Given any x ="' ¢ then fI . (f)(z) =

og—yT ~O—=yT ~o og—yT
VI flgr(x))). If g7(x) does not exist then f' (f)(z) is the zero measure,
hence it is trivial, if it does exist, say it equals y, then fI'(y) = = so y sl ¢,

then we have f(y) is in the least closed set containing all 3, r;n(x;) etc., but
by applying Lemma 8.4 with the function VfI, we only need to check that
V(> rn(x;)) is in the closed set, but a; <7 ¢; implies that f'(x;) <"t e so we

can see that f7_ _(f) ='! Afe as required. For the converse we need to show

og—yT ~O—yT
that if £ (f) ET__}W Afe, then f <7 Afe. Suppose that z <7 ¢, then by the

<n—l—l

induction hypothesis f;'(z) <" ¢ so we know that f  (f)(f7'(x)) =V (f(z))

is in the least closed set containing all 3, r;n(x;) where z; <"t ¢; and (fe,c) =

~T
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S rici. But as f and ¢ form a projection pair, also f(x) = V¢ (V[ (f(x))), so
by Lemma 8.4, it is sufficient to show that V¢ (3=; rin(x;)) is in this set whenever
z; =i ¢ and (fe,¢) = Y e But Vg (X rin(@)) = S rn(g2(x;)) and by the
inductive hypothesis ¢”(x;) <"*' ¢; so clearly Vg¢"(3; rin(z;)) is is the set as re-

quired. Finally for recursive types this is simple since x <, intro(c) iff x 5?[;39 o1 €
ift £, MPU (%) Soppe) ¢ 1 Fipop) (%) Z]";lg[ jintro(c) as required.

For the final part we similarly use induction on n, with trivial base case and
then work by structural induction on types. For product and sum types it is
obvious, since the product of closed sets is closed and so is the injection. For
function spaces, we first note that the set of f C ¢ ((fe)) is Scott closed, and
by definition the set of f satisfying the second condition is also closed, therefore
the set of f <;_ . Afe which is the intersection of these sets is also closed. For

recursive types, this is again trivial. i

We now give our final relationship by = <, ¢ iff for all n s.t. 1] (x) exists, then
YP(x) < e. Note that since ¥ is part of the limit morphisms of a cone, then for

all x, ¢ (x) exists for sufficiently large n.

Theorem A.5 The relation given above satisfies the following.
O (L1, . %) Soyxoxon €1 X oo X Cp iff ¥ Sp¢ fori=1,....n
o n(2) Soiq. a0, inj(c) iff i=j and x <, ¢

o = Supolp) intro(c) iff 07 (2) Sopupa

[ So—yr Me iff £ & (Me)) and x s, ¢ implies f(x) is in the least closed set
containing all evaluations of the form 3_; rin(x;) where x; S, ¢; and (fe,c) =

DTG

Proof For the product condition we know that (xq,...,2,) <. X ... X

~T1X...XO0n

e iff 2, s0e for i = 1,...,n. So (1,...,2) Seyx..xon €1 X «.. X ¢, iff for all
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n, ;/)le Xgn(:zjl, cey X)) Eglx...mn c1 X ... X ¢, but since ;/)U " Xgn(:zjl, cey Ty) =

Yo(x1) X ... X ) (x,) this is iff @) (2;) sl e for i =1,... . nie iff 2; 5, ¢ as

required.

For sums, inj(%) <, 4. 40, inj(c) iff forall m, o7 4 (inj(7)) <7, 4 4o, i0j(c),
but ¢:1+...+an (inj(x)) = inj(@bgj(x)) and inj(y) 521+...+an ini(c) iff i =jandy <, c,

hence 7 = 7 and 77/):](1') <, €80 T 5, ¢ as required.

For recursion, = <,p,(pintro(c) iff for all n, ¢up () <)p,(p intro(c), iff
Yuporp)(T) = [ je but ¥ip,p(r) = ;/);[ﬁ;.g](e_l(x)) so for all n, we have that

;/)” [P0 ( ( )) o[uP.a] € 1€ 07 (:1;) <o[uP.c] € as required.

Finally for functions we first suppose that f <,_,, Afe and that x <, c¢. Then
W) 50y, e implies 97 (£) © 6™((Afe) and 5o as ¢, form a cone, f C (Afe).
Further ¢} (z) < ¢ (over the n for which it exists) and ] (f) =;_,, Afe for
all n. So vy (f)(¥7(x)) = VY (f(x)) is in the least closed set generated by
the points Y, rin(x;) where ; <" ¢; and (fe,¢) = 3, r;¢;. We need to prove that
f(x) is in the least closed set containing all 3=, r;n(x;) where x; <, ¢;. Since this
set is closed and ¢, ¢ form a cone, it is sufficient to show that VI (Vr(f(x)))
is in this closed set for all n. But the inverse image of this closed set under the
function V! is closed and must contain all the necessary points since z; <7 ¢;
implies ¢”(x;) <, ¢; (by the lemma on fI'), so we are done. To show the con-
verse we want to prove that if the condition above is satisfied, then for any
n, ¥;_ (f) =5_,, Me, (which always exists). First, we note that f £ ((Afe)),
so as ¢ is continuous, ¥y (f) E ¥;_  (Afe)), this gives the first condition

for <"

~o—=pT

For the second we suppose = <! ¢, then ¢! (z) S, ¢ so by the con-
dition above we know that f(¢r(x)) is in the least closed set containing all
>orim(w;) with z; <, ¢;. and (fe, ¢) = 37, ric;. We need to prove that o) (f)()
is in the least closed set containing all 3, rn(y;) with y; <"¢;. But we know

o (F)(x) = VI (f(py(x))) and by considering the inverse image under Vi

of the second closed set, we just need to show that Vo (3=, rin(x;)) is in the second

closed set, but this is trivial since x; <, ¢; implies ¥ (z;) <" ¢;. I
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From the Lemma A.4 above, we can show that our final relation has the two
other desired properties. Firstly the set of z <, ¢is Scott closed, since if we set C' =
{2 |2 =,c} and O, = {x | =%}, then it is easy to see that C' =, (v2) "' (C,),
hence as (), is closed, so is C'. Secondly, x <, ¢ implies x C ((¢)) since if we take
T S, ¢, then ) (x) si ¢ so ¥l (x) C ¢ ((c) and so applying ¢ we see for all n,
po(tg(2)) E wr(¥7(c)), so U, (s () = 2 £ U, oz (¥7(c)) = (0)).

We finally get the relationship we want for Chapter 8 by taking the relationship
described above for expressions and then a relation on function expressions given
by f <, fe, where ¢ = 0 —y 7, iff for all © 5, ¢, f(x) is in the least closed set
containing all >, rn(x;) with @; S, ¢; and (fe,¢) = > ;ric;. It is clear that this
relation satisfies the required conditions given in Chapter 8, and has the properties

required.
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