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Abstract

Alchemical absolute binding free energy (ABFE) calculations are of increasing

interest in drug discovery. They can predict the binding affinities of structurally

dissimilar ligands to their targets and offer higher accuracy than alternative

methods. However, their widespread application is still limited by high computa-

tional cost, lack of automation, and inaccuracy. This work investigates methods

to improve the speed, accuracy, and automation of ABFE calculations.

Receptor-ligand restraint schemes were compared. A new scheme based on mul-

tiple distance restraints was proposed which avoids inherent instabilities and may

provide convergence benefits. This produced results comparable to the common

Boresch scheme, while omitting orientational restraints led to large errors.

A fully automated ABFE workflow was developed, including automated λ-window

selection, the ensemble-based detection of equilibration, and the adaptive alloca-

tion of sampling time based on inter-replicate statistics. The workflow produced

equivalent results to a nonadaptive scheme over several test systems, while often

accelerating equilibration.

White’s marginal standard error rule was reformulated to provide a spectrum

of equilibration detection heuristics applicable to single simulations. These were

tested on ensembles of synthetic time series modelled on free energy change

estimates from long ABFE calculations. Methods that more thoroughly accounted

for autocorrelation often showed late and variable truncation times, while methods

that less thoroughly accounted for autocorrelation often showed early truncation,

relative to the optimal truncation point. A method was identified which achieved

robust performance across test sets by balancing these extremes.

The performance of extremely fast ABFE calculations was investigated over a

range of test systems and compared to “standard-length” calculations. Short

ABFE calculations showed large absolute errors, but often retained similar rank-

ing performance to “standard” calculations.
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Lay Summary

Drug discovery is expensive and slow. Drugs normally work by sticking (“binding”)

to a target protein, which triggers a beneficial biological effect. If the strength

of binding could be predicted with computers, scientists could avoid making

molecules which are bad drugs because they do not bind to the target protein.

This could make drug discovery faster and cheaper, accelerating the creation of

new treatments. This work focuses on a method to predict the binding strengths

of varied molecules, called alchemical absolute binding free energy (ABFE) cal-

culations.

Unfortunately, ABFE calculations are currently too slow to be routinely used

in drug discovery. Also, users often have to make many decisions about how the

calculations are run, which wastes human time or results in the use of bad defaults.

This work investigates methods to make ABFE calculations more efficient and

automated. These include methods to automatically decide how much time to

spend on a prediction, and what data to use. The methods are made available

in free software. The automated methods are shown to be reliable, saving human

time, and sometimes improve efficiency, saving computer time. It is also shown

that very fast ABFE calculations can sometimes provide useful predictions. Hope-

fully, these methods will help ABFE calculations become a useful tool in drug

discovery, and contribute to the creation of new drugs.
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Chapter 1

Introduction

Drug discovery is expensive and slow. It is a complex inter-disciplinary research

effort which begins with the identification of an unmet medical need and proceeds

to large-scale clinical trials. It has a failure rate of over 90 % in the clinical stages

alone, and is estimated to take 15 years and $2 billion USD.2,3 To accelerate the

development of new treatments, this process must be made more efficient.

Drugs are commonly small molecules which exert their biological effect by binding

to a disease-modulating target. If the binding affinity could be predicted quickly

and accurately, this would prevent the wasteful synthesis and testing of inactive

molecules, substantially accelerate early-stage small-molecule drug discovery. Al-

chemical absolute binding free energy (ABFE) calculations are promising because

they predict the binding affinities of structurally dissimilar molecules more ac-

curately than alternative methods. However, their practical application remains

limited by high computational cost, lack of automation, and inaccuracy. Here,

computer-aided drug discovery is briefly reviewed, the theoretical basis of ABFE

calculations is outlined, and outstanding challenges are highlighted.

1.1 Computer-Aided Drug Design

1.1.1 The Drug Discovery Pipeline

This work addresses a challenge in the development of small molecules as drugs.

Most drugs approved by the United States Food and Drug Administration in

2023 were small molecules.4 These generally exert their desired biological effect

by acting as ligands which bind to a target (usually a protein), which may alter

chemical signalling or inhibit enzyme activity, for example.5

1
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The dominant approach in small-molecule drug discovery is target-based dis-

covery.6 It begins with identifying an unmet medical need and a drug target.

Once the target is confirmed to offer a valid route to treating the disease, small

molecules showing promising activity against this target, referred to as “hits”,

are identified. Selected hits are then optimised to generate “lead” compounds

with more favourable property profiles, which are further optimised to produce a

preclinical drug candidate. These stages are the “hit discovery”, “hit-to-lead”, and

”lead optimisation” stages of early drug discovery. Clinical trials then determine

the safety (phase I), efficacy (phase II), and large-population efficacy (phase III)

of the drug candidate, providing the evidence required for regulatory approval.7

This process is estimated to take 15 years and $2 billion USD.3 However, this is

an average which masks a failure rate of over 90 % in the clinical stages alone.2

Clearly, innovations which reduce the financial and time investment required

for drug discovery would accelerate the development of new therapeutics. While

the clinical stages are the most expensive, most opportunities to expedite drug

discovery exist in the earlier stages.8 Additionally, improvements to early-stage

drug discovery may reduce failures in the clinical stages by improving ligand

properties.

1.1.2 Early-Stage Drug-Discovery: The Hit Discovery, Hit-to-lead,

and Lead Optimisation Stages

Collectively, hit discovery, hit-to-lead, and lead optimisation are intended to yield

a preclinical drug candidate likely to prove effective and safe in clinical trials.

This is challenging because because the effectiveness of a drug is decided by

many interrelated properties which may be difficult to predict and measure.9

The drug candidate must not only bind to the validated target but also show

favourable absorption, distribution, metabolism, and excretion (ADME), toxicity,

and specificity profiles.

Binding affinity is often one of the first properties to be effectively optimised. The

purpose of hit discovery is to yield diverse molecules that show promising activity

in a screening assay, which requires sufficient binding affinity.7 High-throughput

screening of large compound libraries (105 - 106 molecules) remains a popular, if

resource-intensive, approach to hit discovery.10
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The hit-to-lead stage involves the optimisation of promising hit molecules. Gen-

erally, three to five chemical series are selected to reduce the chance of becoming

stuck in unfavourable property space.7 The molecular property space is explored

through iterative “design make test analyse” cycles. During the deductive design

and make stages, models of property space are used to predict improved molecules;

during the inductive test and analyse stages, the results of tests are used to

evaluate and improve these models.11 These models include chemist’s “chemical

intuition”, machine learning, molecular modelling, and (quantitative) structure-

activity relationship ((Q)SAR) models. Heuristics like Lipinski’s Rule of 5 are

often used to roughly map favourable regions in complex property space to simple

physical and chemical properties.12,13 Lipinsiki’s Rule of 5 predicts that molecules

which violate no more than one of a set of four rules (no more than 5 hydrogen

bond donors, no more than 10 hydrogen bond acceptors, molecular mass less than

500 Dalton, and calculated logP (n-octanol-water partition coefficient) no more

than 5) are more likely to be orally bioavailable.12 The tests cover a broad range

of important properties, including activity (screening against target), selectivity

(e.g. kinase panel screening), toxicity (e.g. screening against off-targets such as

hERG), and ADME (e.g. Caco-2 permeability).14–16 Promising compounds are

selected for further improvement during lead optimisation. Animal models may

also be used at this stage, although they are most heavily used during pre-clinical

testing, where their high cost is justified by the rich information they yield on

likely in-human performance.17

Throughout these stages, binding affinity plays a key role. The molecule is unlikely

to be an effective drug if the binding affinity is low. Increasing affinity reduces the

required dose and may increase specificity, reducing side effects due to interactions

with off-targets.18 However, it should be noted that over-reliance on binding

affinity optimisation to a single target is likely a highly inefficient approach to

drug discovery.6

A multitude of methods exist to measure binding affinity.19 For competitive

antagonists (for example, a molecule which blocks an enzyme’s active site), it

is often measured indirectly as the half-maximal inhibitory concentration (IC50)

from a biological assay.20 Isothermal titration calorimetry (ITC), regarded as

the gold standard of affinity measurements, involves titration of the target and

ligand at constant temperature while the heat released or absorbed is measured.

This allows direct estimation of binding affinity and its enthalpic and entropic

components.19 Another more direct measurement of binding affinity is surface

plasmon resonance (SPR), where one binding partner is immobilised on a thin
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metal sheet while a solution of the other is passed over. Changes in the refractive

index of the sheet are proportional to changes in the bound mass resulting from

binding events. These changes are monitored and used to determine binding

affinity.19

1.1.3 Computational Binding Affinity Prediction

Unfortunately, accurate and direct affinity measurement methods such as ITC

and SPR are relatively expensive and slow. Additionally, performing any affinity

measurement requires either the presence of the compound in an accessible library

or its potentially costly synthesis. Rapid and accurate computational estimates

of binding affinity would lift these restrictions, allowing the screening of vast

virtual libraries and avoiding the wasteful synthesis of low-affinity compounds.

Even noisy affinity estimates may provide substantial efficiency gains; if the goal

is to improve a molecule’s affinity 10-fold, then affinity estimates with 1 kcal mol-1

of noise may reduce the required number of compounds to be synthesised 5-fold,

under some assumptions.21

Computer-aided drug design methods can be classified as either ligand-based,

when only the structure of the ligand is available, or structure-based, when the

three-dimensional structure of the target is known. Recent advances in protein

structure prediction (e.g. AlphaFold) and structural biology (for example in cryo

electron microscopy) have driven the increasing use of the more information-rich

structure-based methods,22–27 and the discussion here is restricted to these. A

more complete discussion of the concepts underlying these methods is given in

the remainder of this chapter, but here they are briefly put in the context of drug

discovery.

The first stage in structure-based affinity prediction is obtaining the ligand-target

complex structure. If a co-crystal structure is unavailable, molecular docking is

commonly used to generate the complex. Docking algorithms generally search

for favourable binding poses of a fully flexible ligand within a rigid receptor

and rank the poses generated using physical, empirical, knowledge-based, or

machine-learning scoring functions.28 The performance of later affinity predictions

is strongly dependent on the accuracy of the input poses.29,30
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The second stage is selection of the affinity prediction method. These span a

wide range of costs and accuracies. Scoring functions from docking offer fast

affinity estimates suitable for screening up to ≈ 109 molecules, but docking scores

generally correlate poorly with experimental affinities.31 Recently, there has been

enormous interest in machine learning scoring functions, but these often learn

data set biases instead of physical interactions, making them poorly generalisable

to complexes dissimilar to the training data.32–35

End-state methods are a slower but more accurate class of techniques. These in-

clude linear interaction energy (LIE) and molecular mechanics Poisson-Boltzmann

surface area (MM/PBSA).36–40 In the LIE method, simulations of the solvated

ligand-target complex and the solvated ligand are performed and differences in

average ligand interaction energies are calculated using a molecular mechanics

force field (an approximate energy function).37,41,42 An expression containing

these terms is fit to available experimental binding affinities and used to predict

the affinities of new molecules. MM/PBSA calculations are often based on a

single simulation of the ligand-target complex.42 They approximate the binding

affinity as a sum of terms which include molecular mechanics energies and polar

and non-polar hydration free energies which are calculated using the Poisson-

Boltzmann method and solvent accessible surface area method, respectively.38,39

MM/GBSA is a cheaper variant which calculates the polar hydration free energy

term using the generalised Born method.39 LIE, MM/PBSA, and MM/GBSA

generally perform similarly.42,43 Another end-state approach is mining minima,

in which the configurational partition functions of the complex, free ligand, and

free target are approximated as sums of local configurational integrals from low

energy local minima.44,45 Unfortunately, the accuracy of end-state methods is

limited by approximations such as the implicit treatment of solvation and the

neglect or approximation of entropic contributions to binding.46

In principle, methods based on quantum mechanics (QM) should offer the most

rigorous estimates of binding affinity.47 However, the high cost and poor scal-

ing of QM methods make thorough conformational sampling impossible. Hence,

improvements from more accurate energies are offset by errors from incomplete

conformational sampling.

In practice, the slowest but most accurate affinity prediction methods use sim-

ulations with molecular mechanics force fields to sample end-states of interest

and spanning intermediate states. These methods are often referred to as “rig-

orous” and “physics-based” because they are rigorously derived from the prin-
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ciples of statistical mechanics and make less physical approximations than other

methods.48–51 Alchemical relative binding free energy (RBFE) calculations have

become the gold standard for affinity prediction in pharmaceutical research and

are routinely employed in hit-to-lead and lead optimisation efforts.52–54 These

use unphysical, “alchemical”, intermediate states which interconvert structurally

related ligands. However, the requirement for similar ligands bound to the same

target with the same binding pose excludes important problems such as calcu-

lating the RBFEs of structurally dissimilar ligands to a common target, ranking

different binding poses, optimising selectivity or promiscuity by calculating the

RBFEs of the same ligand to various (off) targets, and predicting the functional

response of ligand binding from the change in binding affinity between different

conformational states of the same target.55

These limitations are overcome by alchemical absolute binding free energy (ABFE)

calculations, which completely remove a ligand’s intermolecular interactions.49–51

These have shown promise for computing the binding affinities of diverse frag-

ments and merged molecules,1 evaluating binding selectivity,56 and predicting the

functional response of ligand binding.55 ABFE calculations are also promising for

applications in the hit discovery stage. The ability to perform high-throughput

screening computationally would lift the restrictions imposed by limited physical

compound libraries, allowing the efficient screening of larger and more diverse

virtual libraries. Current approaches to virtual screening are varied but usually

employ a hierarchy of methods, where fast methods are used to rapidly eliminate

most molecules before slower, higher-accuracy methods are applied.57 However,

the performance of virtual screening is often limited by the poor accuracy of fast

affinity prediction methods. ABFE calculations are promising as a final stage

in virtual screening because they provide relatively accurate affinity estimates

for structurally diverse molecules.58 They outperform end-state calculations and

substantially increase hit rates in virtual screening over docking alone.59–61 Their

real-world utility in virtual screening is highlighted by examples including a win-

ning entry to the Critical Assessment of Computational Hit-Finding Experiments

Challenge #1.62,63

Clearly, ABFE calculations are promising for many applications in early-stage

drug discovery. However, their widespread use is limited by their high computa-

tional cost compared to relative calculations, lack of automation, and sometimes

limited accuracy. The remainder of this chapter examines the theoretical basis of

alchemical ABFE calculations and highlights areas for improvement.
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1.2 Statistical Thermodynamics

“Rigorous”methods for binding affinity estimation are derived from the principles

of statistical mechanics. Statistical mechanics connects microscopic properties to

macroscopic experimental observables, such as binding affinity measured with

SPR.

The central problem in statistical mechanics is determining the probability of

a system being in a particular “microstate”, uniquely defined by microscopic

properties such as the momenta and relative positions of all particles. These

probabilities are affected by macroscopic constraints on the system, such as con-

stant temperature, pressure, and number of particles in a lab experiment. From

these probabilities, average values of observables can be calculated. For macro-

scopic systems containing ≈ 1023 particles, fluctuations around these averages are

usually negligible, making them effectively exact. The solution to this problem is

given by the (generalised) Boltzmann distribution.

1.2.1 The Boltzmann Distribution

As put by Schrödinger:64

“There is, essentially, only one problem in statistical thermodynamics: the dis-

tribution of a given amount of energy E over N identical systems. Or perhaps

better: to determine the distribution of an assembly of N identical systems over

the possible states in which this assembly can find itself, given that the energy of

the assembly is a constant E.”

This assembly is referred to as an ensemble, and it contains a very large number

of systems, N . The systems are coupled in the sense the total energy of the

ensemble is constant, but the energy of interaction between systems is negligible.

In an experiment or simulation, we can imagine that we are observing a single

system coupled to a “bath” of all the other ensemble members.

The solution is the Boltzmann distribution,65,66

pi ∝ e−βEi = e
− Ei
kBT , (1.1)

where pi is the probability of finding a system in the microstate i with energy Ei.

β = 1
kBT

, where kB is the Boltzmann constant and T is the absolute temperature.
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The law of equal a priori probabilities states that each way of distributing the N

systems over the allowed microstates (satisfying the constraint of constant total

energy) is equally probable. From this starting point, the probabilities of each

microstate can be derived by maximising the number of ways of distributing the

N systems, which is equivalent to maximising the entropy. This is the Boltzmann

distribution, and it applies when N is large.67 The normalised probabilities are

pi =
e−βEi∑
j e

−βEj
=
e−βEi

Q
, (1.2)

where the normalising constant, Q =
∑

j e
−βEj , is called the partition function.

All of the thermodynamic properties of the system can be calculated from it.67

Ensembles are often referred to by the constraints imposed on each system. For

example, the NV E (microcannonical) ensemble fixes the number of particles,

the volume, and the energy of the systems. These are all extensive variables

(proportional to the size of the system). By fixing the Eis in Equation 1.2, it can

be seen that microstate probabilities in the NV E ensemble are given by a flat

distribution

pi,NV E =
1

Ω
, (1.3)

where Ω is the number of microstates.

The NV T (canonical) ensemble constrains the intensive variable (independent of

the system size) temperature instead of the extensive variable energy. Fixing this

intensive variable for every system corresponds to fixing an extensive variable of

the ensemble. This can be shown using the first law of thermodynamics

dE =

(
∂E

∂S

)
V,N

dS −
(
−∂E
∂V

)
S,N

dV +
K∑
k=1

(
− ∂E

∂Nk

)
S,V,Ni̸=k

dNk (1.4)

= TdS − PdV +
K∑
k=1

µkdNk, (1.5)

where S is the entropy, P is the pressure, and there are Nk molecules of each of

the K different types of molecule with chemical potential µk. As the ensemble is

at thermodynamic equilibrium, the entropy is maximised and dS = 0. V and all

Nk are fixed, and therefore dV = dNk = 0,∀k. Hence, dE = 0 and the energy of

the ensemble is constant. These are the assumptions made during the derivation

of the Boltzmann equation, and therefore the probabilities of microstates in the

NV T ensemble are given by the Boltzmann distribution (Equation 1.2).68
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Laboratory experiments are usually conducted at constant pressure, rather than

constant volume, so the NPT (isothermal isobaric) ensemble is appropriate. In

this case, applying the first law (Equation 1.5) to the ensemble yields

dE + PdV = 0, (1.6)

which implies that E + PV is constant for the ensemble. H = E + PV is the

enthalpy. Re-deriving the Boltzmann distribution with the constraint of fixed

total enthalpy, rather than energy, yields the probabilities of microstates in the

NPT ensemble

pi,NPT =
e−βHi∑
j e

−βHj
. (1.7)

Equations 1.7 and 1.2 are both special cases of the generalised Boltzmann distri-

bution.69

Under the ergodic hypothesis, the infinite time average of a quantity of interest,

A, is equivalent to the ensemble average

⟨A⟩Time
Time→∞

=
∑
j

Ajpj, (1.8)

where Aj is the value of A for the microstate j. This assumption is sometimes used

to justify the estimation of ensemble averages using time averages. Alternatively,

statistical mechanics can be viewed as a form of statistical inference, rather than

a physical theory, which is not reliant on assumptions such as ergodicity and

equal a priori microstate probabilities to be correct. Maximising the entropy is

justified as a way of making maximally unbiased predictions, rather than as a law

of physics.70 This provides a more general conceptual framework but produces

the same relationships as above.

While this discussion has assumed discrete microstates, all results can be trivially

generalised to the continuous case by replacing sums with integrals.

1.2.2 Energy, Entropy, and Free Energy

We are usually interested in macrostates related to experimental observables.

Macrostates contain many microstates. For a system containing a ligand and

its protein target, two interesting macrostates are the bound (protein-ligand

complex) and free (separated protein and ligand) states (Figure 1.1). Considering

a simple model of this system provides intuition for energy, entropy, and free
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energy. Let the bound and free macrostates consist of ΩBound and ΩFree micro-

states, all with energy EBound or EFree. The relative probabilities of observing

each macrostate in the NV T ensemble are

pBound

pFree
=

∑
Bound e

−EBound
kBT∑

Free e
−EFree

kBT

(1.9)

=
ΩBounde

−EBound
kBT

ΩFreee
−EFree

kBT

(1.10)

=
ΩBound

ΩFree

e
−∆EBind

kBT , (1.11)

where
∑

Free and
∑

Bound are sums over the microstates in the free and bound

macrostates and ∆EBind = EBound − EFree.

A increase in pBound

pFree
corresponds to greater binding affinity. For a potent ligand

in a system much larger than the binding site, a good model is ΩFree > ΩBound

(there are more ways for a ligand to be unbound than bound) and ∆EBind > 0

(the ligand forms strong interactions with the protein). These effects oppose each

other: the reduced number of microstates disfavours the bound macrostate, while

the decrease in energy favours it. An increase in temperature disfavours binding

by reducing the effect of the energy decrease and pBound

pFree
→ ΩBound

ΩFree
as T → ∞. As

the importance of the energy term is affected by temperature, but the microstate

number ratio is not, these terms can be obtained separately using measurements

of binding affinities at different temperatures.

Equation 1.11 can be written as

pBound

pFree
=
e
kBT ln ΩBound

kBT

e
kBT ln ΩFree

kBT

e
−∆EBind

kBT (1.12)

=
e
TSBound
kBT

e
TSFree
kBT

e
−∆EBind

kBT (1.13)

= e
−∆EBind−T∆SBind

kBT , (1.14)

where we have used Boltzmann’s entropy formula S = kB lnΩ. This clarifies that

entropy specifies the number of microstates in a macrostate in a form which can

be easily added to energies. This is especially useful since entropies and energies

often cannot be measured separately. Instead, only the relative probabilities of

macrostates at a given temperature may be obtained, meaning that only the “free
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energy” of binding is obtained

pBound

pFree
= e

−∆FBind
kBT , (1.15)

where ∆FBind = ∆EBind − T∆SBind is the Helmholtz free energy change upon

binding (and F = E−TS). Free energies are additive, like energies, but include the
effects of changing numbers of microstates through the entropy term. At a given

temperature, pBound

pFree
, and therefore the binding affinity, is completely specified by

the free energy of binding.

Comparing Equations 1.15 and 1.9 shows that

∆FBind = −kBT ln
QBound

QFree

. (1.16)

The probabilities of the microstates, and therefore the binding affinity, may

depend on the constraints imposed on the ensemble. Laboratory experiments nor-

mally correspond to theNPT , not theNV T ensemble. For theNPT ensemble, all

energies in the preceding discussion should be replaced by enthalpies, and pBound

pFree

is determined by the Gibbs free energy of binding, ∆GBind = ∆HBind − T∆SBind.

1.2.3 The Statistical Mechanics of Ligand Binding

The discussion in Section 1.2.2 provides intuition but is imprecise. Here, the

equations in Section 1.2.2 are generalised and connected to precise definitions of

binding affinity. Their correspondence to experimental affinity measurements is

discussed.

The equations given in Section 1.2.2 apply to discrete microstates, but microstates

are approximated as continuous in classical mechanics. Writing the energies as a

function of the phase-space coordinates (the positions r and momenta p of all

particles), Γ, Equation 1.9 becomes

pBound

pFree
= −kBT ln

QBound

QFree

(1.17)

=

∫
Bound

e
−E(Γ)
kBT dΓ∫

Free
e
−E(Γ)
kBT dΓ

, (1.18)
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where
∫
Bound

and
∫
Free

indicate integration over the phase space coordinates of

the bound and free states. In the general case where microstates have different

probabilities, S is given by the Gibbs entropy formula

S = −kB
∑
i

pi ln pi (1.19)

which reduces to the Boltzmann formula when microstates when all microstates

have the same probability. This differs from Shannon’s entropy formula only by

the factor of kB,
71 hinting at the deep connection between statistical mechanics

and information theory.70

The energy is given by the Hamiltonian, H

E(Γ) = H(p, r) =

NAtoms∑
i=1

|pi|2

2mi

+ U(r), (1.20)

where NAtoms is the number of atoms in the system, pi and mi are the momentum

and mass of atom i, and U(r) is the potential energy. Because H consists of parts

which depend only on the momenta and only on the configuration of the system

(positions), partition functions can be factored into momenta and configuration-

dependent components. As the masses and temperatures are the same between

the bound and free states, the momenta-dependent components of Equation 1.18

cancel, leaving only the configurational partition functions, ZBound and ZFree,

pBound

pFree
= −kBT ln

ZBound

ZFree

(1.21)

=

∫
Bound

e
−U(r)
kBT dr∫

Free
e
−U(r)
kBT dr

. (1.22)

If the entire system is translated or rotated in the laboratory frame of reference,

the potential energies do not change. In other words, the potential energies are

invariant to the laboratory frame of reference. Therefore integration need only be

performed over the 3NAtoms − 6 internal degrees of freedom when calculating

the configurational integrals. Therefore we will swap r for r′, which denotes

integration over only the internal degrees of freedom.

The system’s potential energy in the free state is not invariant to changes in the

coordinates of the ligand relative to the protein; if all other atomic positions are

fixed and the ligand is translated, the system energy will change. However, the

free state is usually defined so that there is no correlation between the degrees
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of freedom of the protein and the ligand. Therefore, the energies are invariant to

the relative coordinates of the protein and ligand on average and Equation 1.22

can be written

pBound

pFree
=

∫
Bound

e
−U(r′)
kBT dr′∫

Free
drPL

∫
Free

e
−U(r′)
kBT d(r′ − rPL)

(1.23)

=

∫
Bound

e
−U(r′)
kBT dr′

8π2VPL,Free
∫
Free

e
−U(r′)
kBT d(r′ − rPL)

, (1.24)

where rPL denotes the ligand’s 6 external degrees of freedom relative to the

protein.72 VPL,Free is the volume accessible to the ligand in the free state when the

position of the protein is fixed, and comes from integrating over the positional

part of rPL. 8π
2 comes from integrating the orientational part of rPL (the z-axis

of a Cartesian coordinate system can be pointed towards any point on the surface

of a sphere, giving 4π steradians, and for every z-axis position the x and y-axes

can be rotated through 2π radians).

Equation 1.24 shows that pBound

pFree
depends on the definitions of the free and bound

states, both explicitly through the definition of bound and free configurations and

implicitly through the system size, which affects VPL,Free. To remove the system

size dependence, standard state bound and free states are used, where the solutes

(complex, ligand, and protein) are present at the standard state concentration

(Co = 1 mol l−1) but only interact with the solvent. As a result, VPL,Free is

replaced by the standard state volume V o = 1
Co

= 1661 Å3. So long as protein-

ligand interactions are negligible in the free state, this makes pBoundo

pFreeo
independent

of the definition of the free configurations and the size of the box. Similarly, pBoundo

pFreeo

is insensitive to the exact definition of the bound state (as long as all important

low-energy configurations are included), because Boltzmann factors with large

negative energies dominate the integral over bound configurations.49 Finally, we

have

pBoundo

pFreeo
=

∫
Bound

e
−U(r′)
kBT dr′

8π2V o
∫
Free

e
−U(r′)
kBT d(r′ − rPL)

, (1.25)

or equivalently

∆F o
Bind = −kBT ln

∫
Bound

e
−U(r′)
kBT dr′

8π2V o
∫
Free

e
−U(r′)
kBT d(r′ − rPL)

. (1.26)
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Since ∆Go
Bind and ∆F o

Bind only differ by P o∆VBind which is negligible at atmo-

spheric pressure, they are often used interchangeably.

In their landmark work, Gilson et al. derived an expression similar to 1.26 be-

ginning from the chemical potentials of the protein, ligand, and complex in

solution (Equation 13).49 Their expression includes symmetry numbers, but these

can generally be neglected.73 Woo and Roux also derived a similar expression

(Equation 5) from a different perspective, relying heavily on potentials of mean

force (PMFs).51 A PMF is a free energy surface, W (x), along some coordinate

x, for example, the intermolecular distance between the ligand and receptor. Its

absolute value is arbitrary, but differences in the PMF yield free energy differences

between different values of the coordinate. For example, the relative probability

of finding the system at the value of x2, px2 , compared to at x1, px1 is

px2

px1

= e
−W (x2)−W (x1)

kBT . (1.27)

This work focuses on computational methods to evaluate Equation 1.26. Ideally,

these predictions should be compared with experiments which more directly

measure pBound

pFree
, such as ITC and SPR (Section 1.1.2). The dissociation constant,

Ko
D, can be calculated from the plot of heat absorbed against molar ratio of

receptor and ligand using the slope at the midpoint (for ITC), or the ratio of

dissociation and association rates (for SPR).

Ko
D =

[L][R]

co[LR]
= −kBT ln∆Go

Bind, (1.28)

where [L], [R], and [LR] are the concentrations of the ligand, receptor, and

receptor-ligand complex measured under constant temperature and pressure, and

concentrations approximate activities.49

Unfortunately, often only IC50 measurements (Section 1.1.2) are available as they

are easier to obtain. These can be related to the inhibitory constant, Ki, using

the Cheng-Prusoff equation,74

Ki =
IC50

1 + [S]
Km

, (1.29)
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where Km is the Michaelis constant and [S] is the concentration of the substrate

with which the ligand is competing. If all binding events result in inhibition, KD

can be approximated as Ki. However, IC50s are can be effected by a multitude of

factors, such as difficulty reaching the drug target in a tissue culture. To reduce

issues with direct conversion of IC50 values to free energies of binding, predictions

of changes in IC50s may be made.20

1.3 Describing the Potential Energy Landscape

Evaluating Equation 1.26 requires a potential energy function, U(r′). To provide

an accurate affinity estimate, this function should be accurate for the low-energy

configurations which dominate the integrals at room temperature. Among many

other considerations, this means that the interactions of the ligand with the polar

solvent (water) and less polar protein should be accurately balanced, that the

dominant conformations of the protein and ligand should have accurate relative

energies, and that this should be the case for a wide variety of drug-like molecules.

Quantum mechanical methods provide the most accurate potential energies, but

are so expensive that U(r′) can only be evaluated for a few sets of r′.47 This

introduces errors into integrals in Equation 1.26 which offset any improvements

due to accurate energies. Instead, Equation 1.26 is usually evaluated using fixed-

charge classical potentials (also known as molecular mechanics force fields), which

are orders of magnitude faster to compute.75

1.3.1 Fixed-Charge Classical Potentials

Fixed-charge classical potentials intuitively decompose U(r′) into components

arising from bonds, angles, torsions, improper torsions, electrostatic interactions

(Ele) and van der Waals (vdW) interactions

U(r′) = UBond(r
′) + UAngle(r

′) + UTorsion(r
′) + UImproper(r

′) + UEle(r
′) + UvdW(r′).

(1.30)

The bond and angle terms sum over all bonds (d) and angles (θ) between bonded

atoms. For each bond or angle, i, the energy is given by a harmonic potential

UBond,i(di) = KBond,i(di − d0,i)
2 (1.31)

UAngle,i(θi) = KAngle,i(θi − θ0,i)
2, (1.32)
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where 0 denotes an equilibrium value. A harmonic potential is also often used for

the improper dihedral terms, which model the out-of-plane distortion of planar

groups and maintain the correct chirality of tetrahedral centres.75

The torsional functional form is

UTorsion,i(θi) = KTorsion,i[1 + cos(mθi − γ)], (1.33)

where m is the multiplicity and γ is the phase angle (typically 0 or π). Typically,

multiple torsional terms are applied per torsion.75

The electrostatic energies are calculated using the Coulomb potential

UEle,i,j(dij) =
qiqj

4πϵ0dij
, (1.34)

where dij is the distance between atoms i and j, ϵ0 is the permittivity of vacuum,

and qi and qj are point charges assigned to each atom (or virtual site). Van der

Waals interactions are usually described using the Lennard-Jones potential

UvdW,i,j(dij) = 4ϵij

[(
σij
dij

)12

−
(
σij
dij

)6
]
, (1.35)

where ϵij is the Lennard-Jones well depth and σij is the collision diameter (where

UvdW = 0).

The non-bonded terms (UEle(r
′) and UvdW(r′)) are summed over all pairs of atoms

in different molecules or separated by at least 4 bonds (non-bonded interactions

separated by 4 bonds are typically scaled down).75 As there are many pairs,

these are the most expensive terms to evaluate. To reduce this expense, Lennard-

Jones interactions are usually ignored when dij exceeds a cut-off. While methods

to correct for the missing interactions are available,76 the corrections are often

negligible for binding free energy calculations.77 More importantly, the truncation

of the potential must be smoothed to avoid discontinuities in the energies and

forces, and the choice of smoothing method may affect results.78

Unlike the attractive Lennard-Jones interactions, electrostatic interactions de-

crease more slowly than the volume of a sphere increases ( 1
d3ij

) and neglecting

interactions beyond the cut-off introduces substantial errors.75 Instead, the re-

action field (RF) method assumes a homogeneous dielectric continuum beyond
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the cut-off.79 An alternative is lattice summation methods such as particle mesh

Ewald, where the Coulomb interactions are split into a short-range sum which

is calculated in real space, and a sum of smooth long-range terms which are

evaluated in reciprocal space using Fourier transforms.80,81

Given the functional form shown above, a key question is how to obtain and

assign parameters (force constants, equilibrium values, etc.). For a general force

field, these parameters should work well for a broad range of molecules in a

particular category (e.g. proteins or drug-like small molecules). The parameters

are typically obtained by fitting to a combination of quantum-mechanical data

(e.g. optimised geometries, and torsional potentials) and experimental data (e.g.

densities and heats of vaporisation).82,83 Traditionally, parameters are assigned

using “atom types”, which are themselves assigned based on the environment

of each atom in a molecule. This results in many redundant parameters and

makes force fields difficult to extend. “Direct chemical perception” avoids these

issues by assigning parameters directly based on the unmodified chemical graph

of the molecule.84 Both methods assign all parameters other than small molecule

partial charges. These are often obtained with the AM1-BCC method, which

corrects the charges produced by a fast semi-empirical quantum method (Austin

Model 1) with bond-charge corrections to reproduce the HF/6-31G* electrostatic

potentials.85,86 A promising recent approach is training graph neural networks to

assign parameters.87

The molecular mechanics energy functions presented above represent many severe

approximations. For example, the dynamic electron distributions in real molecules

are reduced to point charges of fixed magnitude. This leads to inaccuracies when

atoms are close and the electron distributions should overlap, and when changes

in the environment should change the electron distribution. Force fields can be

modified to include the effects of charge-penetration and explicit polarisation,

but it is often not clear whether improvements in accuracy will be observed for

a specific application and whether they will be worth the increased cost.88,89 In

general, improving molecular mechanics force fields is challenging because they

are not systematically improvable and it is often unclear which parameters and

which aspects of functional form are responsible for inaccuracies.
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1.3.2 Machine Learning Potentials

Machine learning offers a framework for training highly flexible functions which

are extremely promising as atomistic potentials. Appealingly, they are system-

atically improvable. Recent machine learning potentials show an accuracy com-

parable to the quantum chemical methods they were trained on at orders of

magnitude lower cost, and transferable potentials are now available for small or-

ganic molecules.90–93 However, they are still prohibitively expensive compared to

molecular mechanics force fields, and are yet to yield substantial improvements in

binding or hydration free energy calculations in affordable protocols.94–96 Hybrid

classical/machine learning potentials which better balance accuracy and speed

are promising.97

1.4 Sampling the Potential Energy Landscape

Selecting a suitable force field does not allow the immediate evaluation of Equa-

tion 1.26 because the space of all possible r′ is vast. This makes uniform sampling

of the configurational space highly inefficient, as very few configurations have low

enough energy to contribute significantly to the integrals.

Two complementary approaches to evaluating these integrals are reducing the di-

mensionality of r′, and focusing sampling on samples with non-negligible Boltzmann

factors. The dimensionality of r′ can be minimised by solvating the solutes in the

smallest possible box. Periodic boundary conditions are used to avoid artefacts

from vacuum interfaces.98 The box must be sufficiently large to avoid interactions

of the solutes with periodic copies of themselves, and increasingly spherical box

shapes reduce the required number of solvent molecules needed for the same

minimum solute-periodic copy distance.

Two common methods for sampling configurations by their Boltzmann weights

are Markov Chain Monte Carlo (MCMC) and molecular dynamics (MD).99 Free

energy calculations usually use MD for most sampling.
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1.4.1 Molecular Dynamics

The definition of momentum and Newton’s second law are

d

dt
r = M−1p, (1.36)

and

d

dt
p = −∇rU(r), (1.37)

respectively, where M is a diagonal matrix of the atom masses and t is the

time. Beginning from an initial point in phase space, the forces (potential energy

gradients) on each atom are used to update their positions and momenta as a

function of time, generating a trajectory.

Unfortunately, these equations cannot generally be solved analytically for sys-

tems of interest. Instead, finite-difference methods are used, where positions and

momenta are updated at small time steps. These methods aim to satisfy time-

reversibility, closely preserve the true trajectory, satisfy the conservation of energy

and momentum, and allow the use of a large time step. They should be symplectic,

meaning that they exactly conserve a “shadow Hamiltonian”which is close to the

true Hamiltonian and becomes equal as the time step tends to 0.99 A popular

choice is the velocity Verlet algorithm.100

Because applying Newton’s equations conserves the total energy of the system,

samples from the NV E ensemble are obtained. To enforce constant temperature

rather than constant energy, thermostat algorithms are applied to simulations. For

example, the Andersen thermostat randomly updates velocities to match those

from the Maxwell-Boltzmann distribution. This mimics “collisions” with a heat

bath.101 Another approach is to use Langevin dynamics, where a frictional term

(γp) and a random force (η(t)) are added to Equation 1.37

d

dt
p = −∇rU(r)− γp+ η(t), (1.38)

where γ and η(t) are related by the fluctuation-dissipation theorem.102

Sampling from the NPT ensemble also requires a barostat to enforce constant

pressure. A simple approach is to update the volume using Metropolis Monte

Carlo moves.41
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The computational cost of a fixed-length MD simulation is inversely proportional

to the time step. The fastest frequency motions, which are bonds to hydrogen,

determine the maximum stable time step. Commonly, bonds involving hydrogen

are made rigid using constraint algorithms, which allows the use of longer time

steps without losing the conservation of energy and creating instabilities.103 Since

Equation 1.26 is independent of masses, mass from carbons can be moved to

bonded hydrogens without affecting free energy predictions, slowing down bond

vibrations. This hydrogen mass repartitioning allows constraint algorithms to

work at larger time steps and has enabled the routine use of 4 fs time steps in

free energy calculations.104

1.4.2 Enhanced Sampling

Important configurations are often separated by large energy barriers which MD

trajectories cross slowly. A vast number of algorithms are available to enhance con-

figurational sampling.105 An algorithm frequently used in free energy calculations

is Hamiltonian replica exchange (HREX) and particularly replica exchange with

solute scaling (REST2). HREX involves swapping coordinates between parallel

simulations of the same system with modified Hamiltonians, and is useful when

sampling of a slow degree of freedom is accelerated with some of the Hamilto-

nians.106 REST2 is an example of HREX which introduces Hamiltonians with

reduced solvent-solute interactions, mimicking the effect of increased temperature

and generating varied conformations which are reintroduced to simulations with

Hamiltonians of interest.107

1.4.3 Equilibration, Convergence, and Uncertainty

The assumption of ergodicity states that ensemble averages are equal to infinite

sampling time averages.99 However, simulations cannot be run for an infinite time,

and expected errors compared to the infinite time results should be quantified.

Often, simulations are started from initial configurations which have vanishingly

small probabilities under the Boltzmann distribution. This can produce an initial

bias in calculated quantities, which decreases with sampling time as the system

evolves towards more probable regions of phase space. This is often called equi-

libration, and initial unequilibrated samples are usually discarded to reduce bias.

When there are many simulations, as in an alchemical free energy calculation, it
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is desirable to select the truncation point in an automated manner rather than

manually inspecting all outputs. However, the two automated truncation point

selection methods popular in the molecular simulation community have not been

thoroughly assessed.108,109

Convergence describes the approach of a quantity to its infinite sampling time

value with increasing sampling. Errors reported for molecular simulations are

normally estimates of convergence, in that they predict the expected difference to

the infinite sampling time value. MD trajectories slowly explore configurational

space, meaning that sampled configurations are highly correlated. This increases

the expected difference to the infinite sampling value compared to independently

sampled configurations. As a result, the autocorrelation function for the quantity

of interest must be calculated when estimating uncertainties from a single mo-

lecular dynamics run.110 However, the accurate estimation of autocorrelation is

notoriously difficult. Additionally, single runs often become stuck in local energy

minima, meaning that uncertainties are severely underestimated.

A better alternative is to estimate sampling uncertainty from the means of (equi-

librated) repeat runs. These tend to explore a larger area of conformational

space.111 The most actionable estimate of uncertainty is a confidence interval

- a bound which is expected to cover the infinite time value with a specified

probability. Confidence intervals can be obtained from the means of replicate

runs by relying on the central limit theorem and assuming that the run means

are normally distributed

CI100(1−α) = x̄± t

√
σ̂2

n
, (1.39)

where x̄ is the estimated mean over replicate runs, σ̂ is the estimated standard

deviation, n is the number of replicate runs, and t is the critical value from the

Student’s t-distribution corresponding to a two-tailed confidence interval at a

given confidence for n − 1 degrees of freedom. However, this is only valid when

each run contains many independent samples, in which case there would be no

advantage over using a single run.

Bootstrapping is an alternative approach which assumes that the sample distri-

bution is representative of the underlying population distribution.112 Instead of

rerunning the entire set of runs many times to find the true uncertainty, this

is simulated by resampling from the initial set of runs. Uncertainties for any

metric can then trivially be calculated based on the sets of resampled runs.
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For example, the two-sided 95% CIs for the mean would be given by the lower

2.5th and upper 97.5th percentiles for the means over the sets of resampled runs.

However, the assumption of representative sample distributions is invalid unless

many independent simulations have been performed. Using t-based confidence

intervals based on multiple replicate runs appears to be the least bad option.

Even if the sampling error is quantified precisely, many other sources of error

can contribute to differences between experimental and calculated quantities.113

Firstly, experimental errors may be substantial. Secondly, the simulated system

may differ significantly from the experimental system, for example in the ionisa-

tion state of protein side-chains. Thirdly, force fields may contribute large errors

to the energies. Fourthly, the simulation and experiment may measure different

things - there may be multiple binding sites measured in an affinity experiment,

while a simulation may only treat one. While these are often the largest sources

of error, there are many more which are usually presumed to be minor, such as

constraining bond lengths.

1.5 Rigorous Free Energy Calculations

“Rigorous” binding free energy calculations evaluate ratios of partition functions

such as those in Equation 1.26. Given a suitable force field and sampling strategy,

it may be tempting to evaluate pBound

pFree
by running a long simulation of a protein

and ligand and counting the relative number of bound and free configurations

obtained. Comparing Equations 1.22, 1.24 and 1.26 shows that

∆F o
Bind = −kBT ln

VPL,FreepBound

V opFree
. (1.40)

However, this is not often useful for computing ∆F o
Bind because the binding, and

especially unbinding processes usually take much longer than MD simulations can

be run for, producing poor estimates of pBound

pFree
.

Instead, these calculations exploit the path independence of the free energy to

construct alternative pathways between the free and bound states along which

converged sampling is more achievable. Usually, sampling is performed at discrete

points along these pathways.114 Therefore, we require two final ingredients to

evaluate the free energy of binding: a method to evaluate free energy differences

between discrete states and a choice of pathway.
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1.5.1 Calculating Free Energy Changes Between States

We will assume that the potential energy function of the system depends on

a parameter called λ, which is 0 and 1 at initial and final states of interest,

respectively. Simulations at a single value of λ are sometimes called λ windows.

Samples from a Single State

The free energy change between states i and j can be written

∆Fij = −kBT ln
Qj

Qi

(1.41)

= −kBT ln

∫
e
−
U(r,λj)

kBT dr

Qi

(1.42)

= −kBT ln

∫
e
−
U(r,λj)+U(r,λi)−U(r,λi)

kBT dr

Qi

(1.43)

= −kBT ln

∫
e
−

∆Uij(r)

kBT e
−U(r,λi)

kBT dr

Qi

(1.44)

= −kBT ln

〈
e
−

∆Uij(r)

kBT

〉
i

, (1.45)

where ∆Uij(r) = U(r, λj) − U(r, λi) and ⟨...⟩i indicates an average over r from

state i. This is the Zwanzig equation.115

As the states become infinitely close in λ, the energy differences tend to 0 and the

logarithm and exponential in Equation 1.45 can be replaced with their first-order

Taylor expansions

dF =

〈
∂U(r, λ)

∂λ

〉
λ

dλ. (1.46)

Integrating this over λ to obtain free energy changes is called thermodynamic

integration (TI).116 When all samples are from state i, the TI estimate of ∆Fij is

∆Fij =

〈
∂U(r, λ)

∂λ

〉
i

∆λij, (1.47)

which is an approximation of the Zwanzig equation. The Zwanzig equation is

exact in the limit of infinite sampling of state i, but the TI estimate additionally

requires that the states are infinitely close in λ. Hence, the Zwanzig equation is

preferred over TI when samples are from a single state.
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The Zwanzig equation provides reliable free energy estimates when the thermally

accessible configurations of state j are a subset of those for state i, but this is not

normally the case. When the energy differences are large, the exponential average

in Equation 1.45 becomes dominated by few samples and the estimate is biased

and noisy.

Samples from Two States

Substantially more reliable estimates are usually obtained by sampling both states

i and j. The TI free energy change estimate is obtained from the average average

gradients, which corresponds to the trapezoid rule

∆Fij =

(
1

2

〈
∂U(r, λ)

∂λ

〉
i

+
1

2

〈
∂U(r, λ)

∂λ

〉
j

)
∆λij. (1.48)

It may be tempting to apply the Zwanzig estimator similarly, averaging the

estimates from the forwards and reverse directions

∆Fij = −1

2
kBT ln

〈
e
−

∆Uij(r)

kBT

〉
i

+
1

2
kBT ln

〈
e
−

∆U(r)ji
kBT

〉
j

. (1.49)

This may somewhat cancel errors from the forward and reverse perturbations, but

usually the systematic errors are asymmetric and do not completely cancel.117,118

A better approach is to combine the samples from both states to create a mixture

distribution, forgetting which state they came from (i.e. discarding information

about which state they were sampled from).119,120 The free energy differences

from this virtual mixture state to states i and j can then be estimated using the

Zwanzig equation

∆FMix,j = −kBT ln

〈
e
−
U(r,λj)−UMix(r)

kBT

〉
Mix

(1.50)

= −kBT ln

〈
e
−

∆UMix,j(r)

kBT

〉
Mix

, (1.51)

and

∆FMix,i = −kBT ln

〈
e
−

∆UMix,i(r)

kBT

〉
Mix

, (1.52)
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where UMix(r) is the effective energy function which would produce the mixture

distribution were it sampled directly

UMix(r) = −kBT ln

(
Ni

NTot

e
−
U(r,λi)−∆FMix,i

kBT +
Nj

NTot

e
−
U(r,λj)−∆FMix,j

kBT

)
. (1.53)

NTot = Ni+Nj is the total number of samples from states i and j. Importantly, the

free energy differences to be estimated are required to construct UMix(r). Hence

Equation 1.51 must be solved iteratively for ∆FMix,i and ∆FMix,j, or equivalently,

∆Fij. Shifting UMix(r) by an arbitrary offset does not change its likelihood given

the mixture distribution, so FMix is arbitrary and only ∆Fij is meaningful.

Bennett first derived this method in 1976 by minimising the error in ∆Fij in

the large-sample limit, and it is often referred to as the Bennett acceptance

ratio (BAR).121 Later, BAR (and TI) were rigorously examined by the statistics

community as general methods for estimating ratios of normalising constants

by MCMC,122,123 and they are now applied to statistical inference in diverse

fields including psychology.124 BAR can also be derived by finding the maximum

likelihood estimator of the free energy change using (reverse) logistic regres-

sion.119,125 This perspective is equivalent to optimising UMix(r) to match the

obtained mixture distribution.

Theoretically, when two states are sampled, BAR provides the lowest variance free

energy estimate of any asymptotically unbiased estimator in the large-sample

regime.125 Practically, BAR is superior to the Zwanzig equation and TI.126,127

Unfortunately, BAR becomes unreliable when the potential energy landscapes of

i and j are too dissimilar because the energy differences to the mixture state

become large and the exponential average in Equation 1.51 is dominated by few

configurations. The phase-space overlap quantifies this similarity.128 To increase

overlap and obtain reliable free energy estimates, many intermediate λ windows

are usually required.
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Samples from Many Intermediate States

When there are many intermediate states, the efficiency of TI can be improved

using more sophisticated numerical quadrature methods. However, summing the

free energy differences obtained with BAR is still preferable.129

When there is overlap between non-adjacent states, BAR can be improved by

constructing the mixture distribution with all samples from all states, in which

case

UMix(r) = −kBT ln
∑
k

Nk

NTot

e
−
U(r,λk)−∆FMix,k

kBT . (1.54)

This is a generalisation of BAR which is the lowest variance asymptotically un-

biased estimator when multiple states are sampled. It is equivalent to BAR when

there is no overlap between non-adjacent states. This approach was developed in

the statistics community and popularised in the molecular simulation community

as the Multistate Bennett Acceptance Ratio (MBAR).119,130,131 A clear and simple

derivation with notation familiar to chemists is given by Ding.132

MBAR is only the minimum variance estimator when the samples from each

state are equally autocorrelated. However, this is no justification for discarding

samples to reduce correlation, because it remains a robust estimator as long as

the autocorrelations are not drastically unequal.122 Similarly, good uncertainty

estimates can be obtained when samples are correlated,133,134 and samples should

not be discarded for this purpose.

An alternative to using many intermediate states is to run many short non-

equilibrium switching simulations. Initial configurations are generated by extract-

ing samples from equilibrium simulations of the end states. λ is then scaled to

the value at the opposite end-state. If these simulations were infinitely long, then

the work done in “pushing” λ would be the reversible, equilibrium work, equal to

the free energy change; the averages in all free energy change estimators would

be replaced with a single value and the estimates would simplify to the work

done. However, short simulations are run, which require larger, non-equilibrium,

work to switch λ. The Zwanzig, BAR, and MBAR estimators traditionally use

∆U estimates for single conformations, which can be treated as the work done

in infinitely fast non-equilibrium switches. Hence, the ∆U values in the Zwanzig

and BAR equations can be the work done during infinitely fast or infinitely slow

switching. This makes it less surprising that non-equilibrium work values from

finite time switching can also be used.135,136
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1.5.2 Selecting States

The final ingredient required to estimate the free energy of binding is a choice of

pathway.

Physical-Path-Based Binding Free Energy Calculations

The most obvious pathway is a physical one, where the ligand is gradually sep-

arated from the protein. The statistical mechanical framework was given by Woo

and Roux.51 Usually, a series of equilibrium MD simulations are performed with

the ligand restrained at increasing distances from the protein. The initial state,

where the ligand and protein are unrestrained, corresponds to the bound integral

in Equation 1.26. However, since the relative protein-ligand degrees of freedom,

rPL, are restrained rather than completely frozen with constraints in the final

separated state, Equation 1.26 effectively becomes

∆F o
Bind = −kBT ln

∫
Bound

e
−U(r′)
kBT dr′ ∫

Free,Restr
e
−U(rPL)

kBT drPL

8π2V o
∫
Free,Restr

e
−U(r′)
kBT dr′

, (1.55)

where “Restr” indicates the presence of protein-ligand restraints and∫
Free,Restr

e
−U(rPL)

kBT drPL corrects for the difference between the restrained free state

integral in the denominator and the constrained free state integral in Equation

1.26. The restraints are chosen so the correction can be evaluated by analytical

or numerical integration without simulation. Isolating the terms which require

sampling yields

∆F o
Bind = −kBT ln

∫
Bound

e
−U(r′)
kBT dr′∫

Free,Restr
e
−U(r′)
kBT dr′

−∆F o
Release, (1.56)

where

∆F o
Release = −kBT ln

8π2V o∫
Free,Restr

e
−U(rPL)

kBT drPL

(1.57)

is the correction for releasing the restrained ligand to the standard state volume.

Additional restraints on the ligand’s conformation are sometimes applied before

separation and released afterwards to reduce sampling issues.
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The geometric route is the best choice for computing absolute binding free energies

for two large binding partners, such as two proteins.137 However, it is problematic

when there is no unhindered route to extract a ligand from a buried binding site.

Alchemical Absolute Binding Free Energy Calculations

The alchemical route overcomes this limitation by using unphysical, “alchemical”

intermediate states. Gilson laid out the theoretical basis of alchemical ABFE

calculations,49 and Boresch provided an easily implemented practical method.50

Rather than physically extracting the ligand, these calculations entirely remove

the intermolecular interactions of the ligand restrained in the binding site, then

switch the interactions of the ligand back on in solvent.

In detail, the free and restrained state in Equation 1.56 is replaced with a de-

coupled and restrained state, where the non-interacting ligand is restrained in

the binding site. This is effectively a free state because there are no correlations

between the ligand and protein degrees of freedom, other than through the re-

strained relative external degrees of freedom. Equation 1.56 becomes

∆F o
Bind = −kBT ln

∫
Bound

e
−U(r′)
kBT dr′∫

Decoup,Restr
e
−U(r′)
kBT dr′

− kBT ln

∫
Decoup,Free

e
−U(r′)
kBT dr′∫

Free
e
−U(r′)
kBT dr′

−∆F o
Release, (1.58)

where “Decoup” denotes decoupled in the sense of Gilson et al., meaning that

the ligand has no intermolecular interactions (but may also have perturbed in-

tramolecular interactions).49 The second term is the free energy of hydration (plus

contributions from any changes in the intramolecular interactions), which corrects

for the lack of ligand-solvent interactions in the decoupled, restrained state. The

contributions from the protein degrees of freedom cancel between the integrals

in this term, so only the ligand in water needs to be sampled. The sequence of

transformations used to compute the first and second terms are called the bound

and free legs, respectively.

Often, the restraints, charges, and LJ terms are introduced or removed in separate

stages of each leg. In this case, ∆F o
Bind can be expressed as a sum of contributions

from each stage

∆F o
Bind = −∆FBound,Restrain −∆FBound,Discharge −∆FBound,Vanish −∆F o

Release

+∆FFree,Discharge +∆FFree,Vanish +∆FSymCorr, (1.59)
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where “Bound” and “Free” denote the bound and free legs, “Restrain” denotes

the introduction of the restraints (beginning from the unrestrained ligand in the

binding site), “Discharge” indicates removal of ligand partial charges, “Vanish”

denotes removal of ligand LJ terms, and ∆FSymCorr is a correction for symmetrical

regions of the potential energy landscape which are not sampled as the restraints

are introduced, but which are subject to a very high energy penalty from the

restraint.73 An alchemical ABFE cycle is shown in Figure 1.1.

Figure 1.1: An alchemical thermodynamic cycle for the calculation of ABFEs,
which proceeds from the unbound state (1) to the bound state (7) through a
series of unphysical “alchemical” intermediates. The red dashed lines indicate
protein-ligand restraints and the locks indicate that receptor-ligand restraints are
active.
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The choice of intermediate states for each stage is critical. In particular, the LJ

energy is infinite at r = 0. If LJ interactions are removed by linearly scaling

with 1 − λ, this results in the “end-point catastrophe”, where very large energy

differences are observed between the decoupled end state and nearby λ states.

Instead, it is necessary to use a soft-core potential which smoothly removes these

interactions as λ is increased.138

In addition, the choice of protein-ligand restraints are critical to the success

of an ABFE calculation. The most common restraints are those proposed by

Boresch,50 which define coordinate systems on the ligand and protein using three

anchor points (often atomic positions) in each. The six relative external degrees

of freedom, rPL, are then restrained. However, these can create instabilities and

may not provide optimal convergence.

Alchemical relative binding free energy (RBFE) calculations are closely related to

alchemical ABFE calculations, but the ligand is transformed into a structurally

similar ligand rather than a non-interacting version of itself. They yield ∆∆F

estimates and do not require restraints. The smaller perturbation produces fewer

sampling challenges and makes RBFE calculations easier to converge, but they

are limited to similar ligands bound to the same target with the same binding

pose, at least within the single or hybrid topology frameworks.114

1.6 Outstanding Challenges and Outline of the Thesis

In summary, the ability to rapidly and accurately predict binding affinities would

substantially increase efficiency in early-state drug development. “Rigorous” af-

finity prediction methods based on statistical mechanics use molecular dynamics

or Monte Carlo methods to sample approximate energy functions and are more

accurate than alternatives. Alchemical methods avoid the computationally in-

tractable direct simulation of ligand binding and unbinding by using unphysical,

“alchemical” intermediate states which provide an more efficient route to calcu-

lating free energy changes. Alchemical RBFE calculations have become a routine

tool in the pharmaceutical industry, but they are limited to similar ligands bound

to the same target with the same binding pose. This excludes important problems,

such as ranking the affinities of structurally diverse molecules, ranking different

binding poses, optimising ligand selectivity or promiscuity, and predicting the

functional response of ligand binding.
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These problems can be tackled by alchemical ABFE calculations. In particular,

their applicability to structurally diverse compounds makes them attractive as a

final, accurate filter in virtual screening. However, their use is limited by their

higher cost and reduced accuracy compared to relative calculations. In addition,

many protocol decisions often have to be made manually, and robust automation

is required to facilitate high-throughput applications. This thesis investigates

methods to improve the accuracy, efficiency, and automation of alchemical ABFE

calculations.

In particular, the choice of receptor-ligand restraints is critical to the success

of alchemical ABFE calculations. Boresch restraints are easily implemented, but

can produce instabilities and are limited to restraining only the relative external

degrees of freedom of the receptor and ligand. This may not provide optimal con-

vergence. In Chapter 2, different restraint schemes are compared and automated

methods for selecting restraint parameters are suggested. A restraints scheme

based on multiple distance restraints between anchor points in the receptor and

ligand is proposed, which avoids the inherent instabilities of Boresch restraints

and may provide convergence benefits by more strongly restricting the relative

movements of the receptor and ligand.

Building on an automated restraint selection scheme from Chapter 2, Chapter 3

presents a fully-automated open-source workflow to facilitate the high-throughput

application of ABFE calculations. It includes algorithms to automate the selection

of λ windows, the allocation of simulation time, and the truncation of unequi-

librated data. Chapter 4 presents further automated truncation point selection

algorithms, and quantitatively compares them using large amounts of synthetic

data.

Finally, virtual screening requires diverse ligands to be ranked by their bind-

ing affinities. A quantitative understanding of the trade-off between simulation

time and ranking performance is important to conduct efficient virtual screening

campaigns. Chapter 3 investigates the effect of changing simulation time on

the ranking performance of ABFE, using the automated workflow developed in

Chapters 2 and 3. The ranking performance of very short ABFE calculations,

which are especially appealing for virtual screening, is investigated.





Chapter 2

Comparison of Receptor–Ligand Re-

straint Schemes

Alchemical absolute binding free energy calculations require restraints between

the receptor and ligand to restrict their relative positions and, optionally, ori-

entations. The restraints proposed by Boresch are commonly used, but they

must be carefully selected in order to sufficiently restrain the ligand and to

avoid inherent instabilities. Applying multiple distance restraints between anchor

points in the receptor and ligand provides an alternative framework without

inherent instabilities which may provide convergence benefits by more strongly

restricting the relative movements of the receptor and ligand. However, there is no

simple method to calculate the free energy of releasing these restraints due to the

coupling of the internal and external degrees of freedom of the receptor and ligand.

Here, a method to rigorously calculate free energies of binding with multiple

distance restraints by imposing intramolecular restraints on the anchor points is

proposed. Absolute binding free energies for the human macrophage migration

inhibitory factor/MIF180, system obtained using a variety of Boresch restraints

and rigorous and nonrigorous implementations of multiple distance restraints are

compared. It is shown that several multiple distance restraint schemes produce

estimates in good agreement with Boresch restraints. In contrast, calculations

without orientational restraints produce erroneously favorable free energies of

binding by up to approximately 4 kcal mol˘1.

33



34 Comparison of Receptor–Ligand Restraint Schemes

These approaches offer new options for the deployment of alchemical absolute

binding free energy calculations, which may enhance stability and accelerate

convergence in some cases. In addition, this work illustrates that orientational

restraints can dramatically improve the convergence of ABFE calculations, and

provides a robust algorithm to derive restraint parameters for Boresch restraints,

reducing the requirement for user input and facilitating large-scale deployment.

This remainder of this chapter is included unmodified as published:

Clark, F.; Robb, G.; Cole, D. J.; Michel, J. Comparison of Receptor–Ligand

Restraint Schemes for Alchemical Absolute Binding Free Energy Calculations.

J. Chem. Theory Comput. 2023, 19, 3686–3704.

2.1 Introduction

The in silico prediction of protein-ligand binding affinities is an important prob-

lem in drug discovery. The ability to rapidly and accurately calculate affinities

for arbitrary protein-ligand systems would allow the efficient prioritisation of

compounds for synthesis and testing, accelerating the hit-to-lead and lead op-

timisation stages of drug discovery.54

Recent improvements in computing power and automation have brought this

vision closer to realisation.139–143 In particular, alchemical methods are ideally

suited for application during the hit-to-lead and lead optimisation stages of drug

discovery,54,144 as well as in the later stages of virtual screening.58 Along with

path-based methods,137 alchemical simulations form a class of exact (in the limit

of complete sampling and a perfect description of the potential energy) methods

based on molecular dynamics or Monte Carlo sampling which provide binding

affinity predictions of greater accuracy than alternatives.145 Modern computing

resources now support routine use of alchemical relative binding free energy

(RBFE) calculations to add value during drug discovery campaigns.54.

RBFE calculations avoid the computationally intractable challenge of converging

unbiased simulations of ligand binding and unbinding by instead gradually in-

terconverting two structurally similar ligands. Interconversion proceeds through

unphysical“alchemical” intermediates and is done in both the bound and unbound

states.114. Based on a thermodynamic cycle, the free energy differences for each

step are summed to yield the difference in the free energy of binding between
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the ligands. RBFE calculations are used routinely and protocols for their robust

deployment have been researched in detail.146–149 However, as a result of the re-

quirement for a common ligand core, binding pose, and binding site, the following

valuable problems typically lie outside the scope of RBFE calculations:58,150

1. Calculating the RBFEs of structurally dissimilar ligands to a common target

2. Calculating RBFEs of the same ligand to the same protein with different

binding poses

3. Calculating the RBFEs of the same ligand to different targets

4. Calculating the absolute binding free energy of a given ligand to a given

target

Alchemical absolute binding free energy (ABFE) calculations escape these lim-

itations by following a more general thermodynamic cycle in which the ligand’s

intermolecular interactions are completely turned off.58 In principle, these calcu-

lations can be used to calculate the binding free energies of structurally diverse

molecules to varied targets, making them attractive for drug discovery. However,

the alchemical ABFE framework presents challenges not encountered during an

RBFE calculation. Restraints must be applied between the protein and ligand

to avoid convergence issues such as those associated with the ligand “wandering”

out of the binding site as its intermolecular interactions are removed.50 Restraints

may also be required to avoid errors in the calculated binding free energies when

the bound state is implicitly defined to include configurations where the ligand is

anywhere in the entire simulation box relative to the receptor, as is the case when

restraints are not used. However, these errors only affect weak binders (Section

A.1).

In general, it is non-trivial to select the optimum receptor-ligand restraints.

Furthermore, ABFE calculations can be challenging to converge and therefore

computationally costly because the ligand is completely removed.61,151 As a result,

application studies still combine RBFE and ABFE, with ABFE applied more

successfully to low molecular-weight compounds.152 Thus, there are barriers to

the routine application of ABFE calculations.

The performance and accessibility of ABFE calculations would be improved if it

was trivial to select receptor-ligand restraints which resulted in stable simulations

and produced optimal convergence. While progress has been made in this direction

with tools for automated or partially-automated restraint selection,61,140–142,153

there is still no restraint type or selection method which completely solves this

issue.
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Receptor-ligand restraints of a variety of forms have been proposed. Following

early work utilising restraints on a single ligand atom154,155, the first theoretically

rigorous approach involving restraints on all of the external degrees of freedom

(DoF) of the ligand was the Body Restraint Algorithm of Hermans and Wang.156

Later, the Virtual Bond Algorithm (VBA) of Boresch et al. was introduced,50

which involves restraining one distance, two bond angles, and three dihedral

angles between six anchor points defined by the receptor and ligand. This provided

a more convenient method to restrain the relative external DoF of the receptor and

ligand, along with a simple analytical correction for releasing the restraints. The

VBA has found widespread use and is often referred to as “Boresch restraints”.

However, despite their popularity, Boresch restraints suffer from a number of

limitations and must be carefully applied to avoid numerical instabilities and

sampling issues.157 For instance, if the anchor points are tied to the positions of

highly flexible portions of the ligand or protein which do not strongly interact,

then the restraints will be unable to maintain a binding pose similar to the

restrained and interacting system, potentially leading to slow convergence of

free energy estimates. Since only six relative external degrees of freedom can

be restrained within this framework there are limits on the extent to which

ligand motions can be restricted. Thus, additional restraints on the intramolecular

degrees of freedom of the ligand may be required to improve convergence for

flexible ligands.158 Furthermore, if the restraints are poorly chosen, small changes

in the Cartesian coordinates of the anchor points can result in large jumps in

the six DoF defined in the VBA framework, resulting in the application of large

forces, which can cause simulations to crash. This frequently occurs when sets of

three contiguous anchor points approach collinearity,140 which can result in the

application of large forces through the dihedral restraints.

Alternative restraint schemes have recently been proposed to address these issues;

Fu et al. proposed a method in which the restrained six external DoF are derived

by finding the optimal rotation of the ligand which minimises its root-mean-square

deviation (RMSD) with respect to a protein-ligand complex reference structure

(after correcting for rotation and translation of the protein).159 By moving away

from the six anchor points of the VBA, this was intended to simplify the se-

lection of stable and efficient restraints. The “distance to bound configuration”

(DBC) restraint is also intended to simplify restraint selection and to minimise

the variance of free energy estimates for removing the ligand’s intermolecular

interactions.160–162 This is achieved by directly restraining the RMSD of a subset

of the ligand coordinates within the frame of reference of the binding site in
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order to optimally restrict the accessible configurational volume as the ligand

intermolecular interactions are removed. However, because this scheme couples

the internal and external degrees of freedom of the protein and ligand, there is no

simple way to calculate the free energy of releasing the non-interacting ligand to

the standard state. This necessitates a final stage to release the DBC restraints

to a single harmonic restraint, for which the free energy of release is simple to

calculate.

Another alternative to Boresch restraints is to restrain the distance between

multiple receptor-ligand atom pairs. These restraints offer several advantages;

for example, they can be intuitively selected to match native receptor-ligand

interactions such as hydrogen bonds, thus closely mimicking the interacting state.

This may accelerate convergence by tightly restricting ligand motion while inter-

molecular interactions are removed. Furthermore, these restraints do not suffer

from the numerical instabilities inherent to the Boresch restraints scheme. Indeed,

multiple distance restraints were used in an early study of the binding of biotin

to streptavidin.163 However, the näıve application of multiple distance restraints

is theoretically incorrect, because they introduce coupling between the internal

and external degrees of freedom of the protein and ligand, preventing the rigorous

calculation of the free energy of releasing the non-interacting ligand.164 Despite

this, a recent implementation has been described which relied on the assumption

that the restraints were sufficiently weak that such coupling was negligible, and

that the free energy of turning on the restraints was close to zero.165 However,

this was not verified, and the scheme has not been systematically compared to

Boresch restraints.

To address this, this study compares the absolute binding free energies obtained

using Boresch restraints and different implementations of multiple distance re-

straints for a single ligand (MIF-180) binding to a single protein (human mac-

rophage migration inhibitory factor, or MIF). This was suggested as a good

model system by Qian et al. 166 because MIF is a pharmaceutically relevant

protein, but of moderate size (342 residues), and no major conformational changes

occur in the protein upon ligand binding (Figure 2.1). In this work, the the

standard binding free energy of MIF-180 was calculated using multiple sets of

Boresch restraint parameters. The results were compared to those produced by

non-rigorous implementations of multiple distance restraints similar to that of

Mendoza-Martinez et al. 165, and two rigorous multiple distance restraint schemes:

one inspired by Salari et al. 160, and one newly developed.
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Figure 2.1: (A) and (B): MIF with MIF180 bound, rendered with PyMOL 2.5.167

(C) Hydrogen bonding interactions between MIF and MIF180 in the tautomerase
active site, redrawn from Qian et al..166

2.2 Theory

2.2.1 Alchemical Absolute Binding Free Energy Calculations

ABFEs can be computed using an alchemical cycle (Figure 2.2). The standard

free energy of binding is calculated by adding up the terms around the cycle:

∆Go
Bind =∆GFree, Discharge +∆GFree, Vanish −∆Go

Release −∆GBound, Vanish

−∆GBound, Discharge −∆GBound, Restrain +∆GSym. Corr.

=∆GFree +∆Go
Bound, (2.1)

where “Free” and “Bound” indicate that the ligand is in solution or in the re-

ceptor binding site, “Discharge”means removal of ligand Coulombic interactions,

“Vanish” indicates removal of the ligand Lennard-Jones (LJ) interactions, and

“Restrain” means introduction of intermolecular restraints between the receptor
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Figure 2.2: An alchemical thermodynamic cycle for the calculation of ABFEs.
The red dashed lines indicate protein-ligand restraints. The locks indicate that
receptor-ligand restraints are active. It is generally computationally intractable
to obtain ∆Go

Bind by direct simulation, but the alchemical cycle allows ∆Go
Bind

to be obtained through a series of states which are less challenging to sample at
equilibrium. ∆Go

Release is calculated without simulation.

and ligand. ∆Go
Release is the correction for releasing the receptor-ligand restraints

when the ligand has no intermolecular interactions, and ∆GSym. Corr. accounts

for symmetries broken by the introduction of restraints.73 The bound leg refers

to all calculations where the ligand is in the binding site and includes the sym-

metry correction, and the free leg describes all calculations where the ligand is in

solution.
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When only the intermolecular components of the ligand non-bonded interactions

(Coulombic or Lennard-Jones (LJ)) are removed, this is often termed “decoup-

ling”, while“annihilation”may refer to removal of both the inter- and intramolecu-

lar components.168 However, the terminology of Gilson et al. is used here:49

“decoupling” denotes removal of of the ligand intermolecular interactions while

enforcing receptor-ligand restraints, irrespective of how the intramolecular inter-

actions are treated.

2.2.2 Receptor-Ligand Restraints

The free energy of releasing the restraint on the decoupled ligand is given by the

ratio of configurational integrals

∆GRelease = −kBT ln
ZState 3

ZState 4

, (2.2)

where kB is the Boltzmann constant, T is the temperature, and ZState 3 and ZState 4

are the configurational integrals for states 3 and 4, as defined in Figure 2.2.

However, this result is dependent on the size of the water box in State 3, VBox. A

more useful quantity is the standard free energy of binding

∆Go
Release = −kBT ln

ZState 3V
o

ZState 4VBox

, (2.3)

which is independent of VBox. V
o = 1660Å

3
is the standard state volume. This

ratio could be evaluated using a simulation in which the restrained decoupled

ligand is completely released into the simulation box, but this would be slow to

converge. Instead, this ratio must be simplified so that it can be evaluated without

simulation. It can be shown (Section A.2) that Equation 2.3 can be written

∆Go
Release =− kBT lnV o8π2 + kBT ln

∫
e
−Wr(xExt)

kBT |J|dxExt

−∆GPreorg. −∆GDistort., (2.4)

where Wr(xExt) is the potential of mean force (PMF) of the receptor-ligand

restraint energy with respect to the six relative receptor-ligand external DoF,

xExt. The form of the Jacobian determinant, |J|, depends on the coordinate

transformation used to extract the relative external degrees of freedom from the
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internal degrees of freedom of the complex. ∆GPreorg. accounts for straining of the

receptor and decoupled ligand when Wr(xExt) is at its minimum, while ∆GDistort.

accounts for further distortion of the receptor and ligand when Wr(xExt) is not

at its minimum.

For an arbitrary set of receptor-ligand restraints, there is no straightforward way

to evaluate this expression. The standard solution to obtain ∆Go
Release is to select

a set of receptor-ligand restraints for which the restraint energy, Ur(xExt), is a

function of only the receptor-ligand relative external degrees of freedom. In this

case, ∆GPreorg. = ∆GDistort. = 0, because changing the relative coordinates of the

decoupled ligand and receptor has no effect on the internal DoF and Wr(xExt) =

Ur(xExt). Restraints of this form are described as not coupling the internal and

external degrees of freedom of the receptor and ligand. Intuitively, such restraints

do no “squeeze” or “stretch” the receptor or decoupled ligand. The free energy of

releasing these restraints is

∆Go
Release =− kBT lnV o8π2 + kBT ln

∫
e
−Ur(xExt)

kBT |J|dxExt, (2.5)

which can be integrated directly. Thus, the ideal receptor-ligand restraints would

not couple the internal and external degrees of freedom of the receptor and ligand,

so that Equation 2.5 is valid. The ideal restraints would also ensure optimal

convergence of the bound stages. This might be achieved by mimicking the native

receptor-ligand interactions as closely as possible,150 thus minimally perturbing

the fully-interacting complex while maximally restricting the accessible configur-

ational volume during decoupling.161 However, the extent to which this can be

achieved is limited when restraining only six DoF. Hence, it may be desirable

to use restraints which do couple these internal and relative external degrees of

freedom in order to accelerate convergence of the decoupling calculations. In this

case, the restraints which do couple these degrees of freedom should be released

through simulation to those which do not (and the associated free energy change

accounted for), or some degree of error must be tolerated in the calculation of

∆Go
Release. Finally, the ideal restraints would lack instabilities, and would be simple

to select in an easily automatable manner.141,159,169
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2.2.3 Boresch Restraints

Boresch restraints (Figure 2.3) only affect the six relative external degrees of

freedom of the ligand with respect to the receptor, and do not couple the receptor

and ligand internal and external degrees of freedom.50 As a result, Equation 2.5

Figure 2.3: The general form of Boresch restraints.50 Three anchor points (a,
b, and c) are selected based on the receptor (green) coordinates and three (A,
B, and C) are selected based on the ligand (blue) coordinates. The restrained
six external degrees of freedom are defined as one distance (r), two bond angles
(θA and θB), and three dihedral angles (ϕA, ϕB, and ϕC). In this diagram, the
contiguous anchor points b, a, and A are close to collinear and therefore these
restraints would be expected to be unstable.

can be easily evaluated by numerical integration of the expression

∆Go
Release =− kBT lnV o8π2

+ kBT ln

∫ ∞

0

∫ π

0

∫ 2π

0

e
−u(r)+u(θA)+u(ϕA)

kBT r2 sin θAdθAdϕAdr

+ kBT ln

∫ π

0

∫ 2π

0

∫ 2π

0

e
−u(θB)+u(ϕB)+u(ϕC)

kBT sin θBdθBdϕBdϕC, (2.6)

where u(x) is the restraining potential applied to the degree of freedom x. These

degrees of freedom are defined in Figure 2.3. The second term in Equation 2.6

integrates over the position of anchor atom A with respect to the receptor coordin-

ates, and does not depend on anchor atoms B and C. The third term integrates

over the orientation of the ligand with respect to the receptor. Hence, Boresch

restraints can be used to restrain only the position of the anchor point A with

respect to the receptor, by setting u(θB), u(ϕB), and u(ϕC) to 0.
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Although it is common to use harmonic restraining potentials and to select the

anchor points as atomic positions, these are not constraints of the framework. For

example, periodic dihedral restraints can be used,142 and anchor points may be

derived from multiple atomic positions or centres of mass.166 Harmonic restraints

are used in this work. In this case, Equation 2.6 can be evaluated analytically as

∆Go
Release = −kBT ln

[
V o8π2

r20 sin θA,0 sin θB,0

(KrKθAKθBKϕA
KϕB

KϕC
)1/2

(2πkBT )3

]
, (2.7)

where K denotes a force constant and 0 denotes an equilibrium value.50 This

assumes that r, sin θA, and sin θB can be taken out of the integrals in Equation

2.6 and replaced by their equilibrium values.

As mentioned previously, when the anchor points are arranged so that large

changes in the six DoF defined in the VBA framework result from small changes to

the Cartesian coordinates of atoms, this can result in large forces and simulation

crashes. To avoid such instabilities, anchor points must be carefully selected to

avoid the collinearity of any 3 contiguous anchor points.

Algorithms have been proposed for the selection of Boresch restraints.1,61,140,150,170,171

At a minimum, these aim to select stable restraints based on the geometry of

the complex, while more sophisticated methods aim to enhance convergence by

directly (e.g. based on H-bonds) or indirectly (based on minimum total variance of

the distance, angles, and dihedrals) mimicking strong receptor-ligand interactions

based on a short unrestrained simulation. However, there is no obviously super-

ior method which has been shown to guarantee selection of numerically stable

restraints with optimal convergence properties.

2.2.4 Multiple Distance Restraints

Restraints schemes based on multiple distance restraints do not suffer from the

inherent instabilities of Boresch restraints, and allow the ligand to be restrained

to a greater extent (Figure 2.4). In this work, harmonic or flat-bottomed distance

restraints were used. Using the former, Ur is given by

Ur(r1, . . . , rN) =
N∑

n=1

1

2
Kn(rn − rn,0)

2, (2.8)
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Figure 2.4: A ligand restrained using multiple distance restraints. Four distance
restraints (r1 - r4) are applied between pairs of atoms in the ligand (blue) and
the receptor (green). Applying distance restraints between several receptor-ligand
atom pairs can allow greater restriction of ligand movement than a typical six DoF
restraint scheme. However, multiple distance restraints can couple the internal and
external degrees of freedom of the receptor and ligand, as shown by the distortion
of the ligand, preventing rigorous calculation of the free energy of releasing the
decoupled ligand.

and with the latter the total restraint energy is given by

Ur(r1, . . . , rN) =
N∑

n=1

{
0 if |rn − rn,0| ≤ rn,fb
1
2
Kn(|rn − rn,0| − rn,fb)

2 if |rn − rn,0| > rn,fb,
(2.9)

where rn is the distance between atoms in a restrained pair, rn,0 is the equilib-

rium distance, rn,fb is the flat-bottomed radius, and Kn is the force constant for

restrained pair n. N is the total number of restrained pairs.

The main flaw of multiple distance restraints is that, applied näıvely, they may

couple the internal and external degrees of freedom of the receptor and ligand,

preventing the simplification of Equation 2.4 to 2.5 and hence the calculation

of ∆Go
Release. Here we investigate three approaches to circumvent this difficulty

(Figure 2.5). The first is to implement multiple distance restraints in such a way

that the error introduced is negligible (the “näıve” approach). This is the basis for

recent implementations in the Michel group165,172,173, in which sets of relatively

permissive flat-bottomed restraints were used. An approximate value for ∆Go
Release

is calculated by numerical integration of

∆Go
Release ≈ −kBT ln

(
8π2V o

)
+

kBT ln

∫ xBox

0

∫ yBox

0

∫ zBox

0

∫ 2π

0

∫ π

0

∫ 2π

0

sin θe
−Ur(x,y,z,ψ,θ,ϕ)

kBT dxdydzdψdθdϕ, (2.10)
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Figure 2.5: Multiple distance restraints schemes. The numbers indicate the most
similar states from Figure 2.2. From top to bottom, all schemes start in State 3
and progress to State 7 (Figure 2.2). For the example shown, the “näıve” (non-
rigorous) multiple distance restraint scheme may suffer from large systematic
error due to distortion of the flexible ligand, which is not accounted for in the
−∆Go

Release stage. This is avoided in the other schemes by either applying strong
intramolecular restraints, or releasing all but one distance restraint.

where xBox, yBox, and zBox are the side lengths of the simulation box, and x,

y, z, ψ, θ, and ϕ are the Cartesian coordinates of the centre of mass and the

Euler angles of the ligand in the frame of reference of the receptor. This is

evaluated by taking the average intramolecular coordinates of the anchor points

from a simulation of State 4. The receptor and ligand are then assumed to be

rigid, allowing Ur(x, y, z, ψ, θ, ϕ) to be calculated by translating and rotating the

ligand anchor points with respect to the receptor anchor points and evaluating

Ur, Rigid(r1, . . . , rN) = Ur, Rigid(x, y, z, ψ, θ, ϕ) at each point, where “Rigid” shows

that the anchor points have been fixed to their average intramolecular positions.
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This assumes that ∆GPreorg. = 0 (Equation 2.4), and produces a bias towards

more negative free energies of binding, because ∆GPreorg. ≥ 0. The error will

be substantial when the average intramolecular positions of the anchor points

for the decoupled complex are very different to those in the free ligand and

receptor, or the restraints substantially restrict the conformational freedom of the

receptor or ligand, thus enforcing substantial “preorganisation”. The magnitude

of the error would be expected to increase with the number and strength of

restraints, and decreasing volume of the flat-bottom region. This is likely to be

particularly problematic for systems where there are substantial changes in the

conformations of the ligand and the binding site upon binding. In addition, the

use of average positions assumes that ∆GDistort. = 0 and Ur, Rigid(x, y, z, ψ, θ, ϕ) =

Wr(x, y, z, ψ, θ, ϕ). This produces a slight bias towards more positive free en-

ergies of binding, because a flexible system will distort to minimise the sum

Wr(x, y, z, ψ, θ, ϕ) + ∆GDistort., Point(x, y, z, ψ, θ, ϕ) ≤ Ur, Rigid(x, y, z, ψ, θ, ϕ) for a

given relative position and orientation. ∆GDistort., Point(x, y, z, ψ, θ, ϕ) is related to

∆GDistort. by integration over the six external DoF. Overall, neglecting flexibility is

expected to result in an erroneously negative ∆Go
Release due to neglect of ∆GPreorg..

Obtaining an accurate free energy of binding under these approximations depends

upon the restraints being sufficiently permissive and there being no large changes

in the average intramolecular coordinates of the anchor points during binding.

Here we investigate an alternative scheme to eliminate these sources of error:

applying intramolecular restraints to rigidify the anchor points. The free energy

of applying and releasing these in the free and bound stages can be explicitly

calculated with simulation. The restraints should be sufficiently strong to “preor-

ganise” the system, and substantially stronger than the intermolecular restraints.

This guarantees that ∆GPreorg. = ∆GDistort. = 0 and that Wr(x, y, z, ψ, θ, ϕ) =

Ur, Rigid(x, y, z, ψ, θ, ϕ), rendering Equation 2.10 rigorous.

An alternative rigorous approach to the implementation of multiple distance

restraints is to evaluate the free energy change, ∆GTo Dist. Rest., for releasing them

to a single harmonic or flat-bottomed restraint after decoupling. Once only a

single distance restraint is active, the free energy of release can be calculated

exactly, as is done for the DBC restraint.160,161 The free energy of releasing a

single distance restraint can be calculated using

∆Go
Release =− kBT lnV o + kBT ln 4π

∫ ∞

0

r2e
−Ur(r)
kBT dr, (2.11)
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where r is the distance between two anchor atoms and Ur(r) takes the form of

Equation 2.8 or 2.9.

2.3 Methods

2.3.1 System Preparation

The MIF/MIF180 systems were set up approximately following the methodology

of Qian et al.166 The structures of MIF and MIF180 were obtained from the crystal

structures of complexes of MIF with both MIF180 (relatively poor resolution - 2.6

Å, PDB ID 4WR8) and the structurally similar MIF190 (relatively high resolution

- 1.8 Å, PDB ID 4WRB).174 Five extra copies of the biological assembly were

removed from 4WR8 by deleting all chains from D onwards. The higher resolution

structure was superimposed on the lower resolution structure by aligning chain

B from 4WR8 with chain A from 4WRB using PyMOL.167 Crystallographic

waters (from 4WRB) were retained and all other non-protein and non-ligand

atoms were discarded. For atoms with alternative locations, the location with

the greatest occupancy was selected. Thirteen missing atoms were added using

pdb4amber.175 H++ (version 3.2) and PROPKA (version 3.4.0) were used to

suggest the protonation state of all residues.176–178 Consistent with the literature

for the apo protein,179 a large pKa shift was predicted in both cases for the N-

terminal proline residue which is present in the binding site, which produces the

neutral form at a pH of 7. The suggested protonation sites for all histidines were

taken from H++. Hydrogens were added to MIF using H++ and a hydrogen ion

was removed from the N of each of the protonated terminal prolines so as to

maintain the hydrogen bond to Tyr36. Based on the results of Qian et al., the

neutrality of the terminal proline was maintained in the complex.

There are no parameters available for neutral N-terminal proline in the AM-

BER ff14sb forcefield.180 Therefore, antechamber 21.0 was used to parameterise

the neutral proline with an NME-capped C-terminus, using AM1-BCC partial

charges and AMBER atom types.85,86 The remainder of the MIF protein was

parameterised using the AMBER ff14sb force field. Hydrogens were added to

MIF180 using Open Babel (version 3.0.0) and BioSimSpace (version 2020.1.0)

was used to parameterise the ligand in the syn conformation (Figure A.2) with

the GAFF2.11 force field and AM1-BCC charges using antechamber 21.0.181,182
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Absolute Binding Free Energy Calculations

Alchemical ABFE calculations were performed using the double decoupling method,49

according to the cycle shown in Figure 2.2 and the multiple distance restraint

schemes shown in Figure 2.5:

∆Go
Bind =∆GFree, Discharge +∆GFree, Vanish −∆Go

Release −∆GBound, Vanish

−∆GBound, Discharge −∆GBound, Restrain +∆GSym. Corr.

+∆GRest. Scheme (2.12)

=∆GFree +∆Go
Bound (2.13)

∆GRest. Scheme =


0 if Boresch

∆GRigid. Recept. +∆GRigid. Lig.

−∆GRigid. Complex if intramol. rigid.

−∆GTo Dist. Rest. if release,

(2.14)

where ∆GRest. Scheme collects any additional terms which are specific to the re-

straints scheme used. The relevant restraints scheme for each form of ∆GRest. Scheme

is shown on the right of Equation 2.14: “Boresch” includes both Boresch re-

straints and the “non-rigorous” implementation of multiple distance restraints

shown in Figure 2.5, “intramol. rigid.” refers to multiple distance restraints with

intramolecular rigidification, and “release” denotes multiple distance restraints

with release to a single distance restraint. ∆GRigid. Recept. and ∆GRigid. Lig. are the

free energy changes for intramolecular rigidification of receptor and ligand anchor

points, −∆GRigid. Complex accounts for the release of intermolecular restraints in

the receptor- interacting ligand complex, and ∆GTo Dist. Rest. is the free energy

of releasing several distance restraints to a single distance restraint. For the

intramolecular rigidification scheme, the intramolecular restraints are applied

in State 3, and released in state 7. ∆GSym. Corr. is at least −kBT ln 3 for this

system, because MIF is a homotrimer with three equivalent binding sites, and all

restraints restrict the ligand to a single binding site. ∆GSym. Corr. may be larger

if the restraints also break symmetries arising from the structure of the ligand

(Section A.6). ∆GFree and ∆Go
Bound are the overall free and bound leg contribu-

tions to ∆Go
Bind, where ∆Go

Bound includes all terms other than ∆GFree, Discharge and

∆GFree, Vanish.

No correction is included to account for the truncation of the tails of the LJ

potentials because initial simulations yielded negligible corrections (≈ 0.1 kcal

mol−1).76 Protein-ligand restraints were introduced, and charges and LJ inter-

actions were incrementally removed by scaling the coupling parameter, λ, from
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0 to 1. For calculations with Boresch restraints and multiple distance restraints

without intramolecular rigidification or release to a single distance restraint, the

force constants of the protein-ligand restraints and the magnitude of the charges

were scaled linearly with λ. The soft-core potential implemented in Sire (with a

LJ soft-core parameter set to 2.0) which is based on the potentials of Zacharias

and McCammon,138 and Michel et al.,183 was used to scale the LJ interactions.

Eight evenly-spaced windows and 18 non-evenly spaced λ-windows (0.000, 0.028,

0.056, 0.111, 0.167, 0.222, 0.278, 0.333, 0.389, 0.444, 0.500, 0.556, 0.611, 0.667,

0.722, 0.778, 0.889, and 1.000) were used for the free discharging and vanishing

stages, respectively. Six non-evenly spaced windows (0.000, 0.125, 0.250, 0.375,

0.500, and 1.000), 8 evenly spaced windows, and 36 non-evenly spaced windows

(31 evenly spaced windows from λ=0 to 0.750, then 5 evenly spaced windows from

λ=0.750 to 1.000) were used for the bound restraining, discharging, and vanishing

stages, respectively. The window spacings were selected to yield sufficient overlap

without excessive numbers of windows based on initial test simulations. The

intramolecular components of both the Coulombic and LJ interactions between

ligand atoms were completely removed.

For calculations where multiple distance restraints were released to a single dis-

tance restraint, ∆Go
Release was calculated by numerical integration of Equation

2.11, and the force constants were scaled with λ5 over 21 evenly-spaced λ win-

dows.161 The same protocol was used to introduce and remove all restraints in

the multiple distance restraints simulations with intramolecular restraints.

Restraints were selected to optimally mimic native protein-ligand interactions by

post-processing a 6 ns simulation of the fully interacting complex.155,158 From

the first frame, all heavy atoms in the protein within 10 Å of the ligand, and

all heavy atoms in the ligand were selected. To avoid anchor points with poor

correlation in position, the distances between all possible protein-ligand atom

pairs from this selection were tracked over the trajectory, and the 200 pairs with

the lowest standard deviation were selected. For multiple distance restraints, only

the lowest variance pair for any anchor point was retained, provided that neither

of the anchor points had already been selected for use in another restraint. For

Boresch restraints, all pairs were taken as candidate anchor points a and A (Figure

2.3). For each pair, adjacent heavy atoms were selected to complete the sets

of Boresch anchor points. These sets were ordered by increasing total variance

of the Boresch DoF, as done by Alibay,1,170 and sets of anchor points were

discarded if the average values of θA or θB were below 30 or above 150 degrees.

The equilibrium values for all restraints were taken to be their average values
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during the unrestrained simulation. Force constants were selected so that in the

decoupled state, the harmonic restraints would generate the same distributions

as observed in the coupled state.155 Gaussian distributions in the coupled state

were assumed and the variances of the Boresch DoF were used to calculate the

force constants (Section A.7).

For the Boresch restraints, ∆Go
Release was calculated by numerical integration of

Equation 2.6. This was used in preference to the analytical correction to avoid

potential errors introduced by the approximations required to derive Equation

2.7. For multiple distance restraints, numerical integration of Equation 2.10 was

performed using the “standardstatecorrection” utility available within Sire,184

using all frames of the trajectory, a buffer of 5 Å, a translational volume element

of 0.25 Å, and 30 orientations per [0, 2π] Euler angle interval.

2.3.2 Molecular Dynamics Protocol

Solvation and equilibration were performed using BioSimSpace.182 The protein-

ligand complex was placed in a periodic cube of side 84 Å (determined by the

longest edge of the axis-aligned bounding box plus 15 Å padding on each side)

and solvated with TIP3P water molecules.185 150 mM NaCl was added. The

system was energy-minimised using PMEMD (50000 steps).175 Equilibration in

theNV T ensemble was performed using PMEMD (5 ps with all non-solvent atoms

restrained and heating from 0 to 298 K, followed by 50 ps with only backbone

atoms restrained, then 50 ps with no restraints), followed by equilibration in

the NPT ensemble at 1 atm and 298 K using PMEMD.CUDA (400 ps with all

non-solvent heavy atoms restrained, followed by 2 ns with no restraints).

The free ligand was solvated with TIP3P water and 150 mM NaCl in a periodic

box of side length 40 Å. 50000 steps of minimisation were performed using

PMEMD. Equilibration in the NV T ensemble was performed using PMEMD

(5 ps with all non-solvent atoms restrained and heating from 0 to 298 K, followed

by 50 ps with no restraints), followed by equilibration in the NPT ensemble with

PMEMD.CUDA (1 atm and 298 K with restraints on non-solvent heavy atoms for

200 ps followed by 2 ns with no restraints). A Langevin thermostat and Berendsen

barostat were used for the relevant equilibration steps.186

All alchemical simulations were performed using the software SOMD,187 available

within Sire (version 2022.2.0).184 SOMD was modified to allow the use of Boresch

restraints, the scaling of restraints with λ5, and the simultaneous use of different

restraints. The code implementing Boresch restraints has been integrated into the
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main branch of Sire. An Andersen thermostat (collision frequency 10 ps−1) and

Monte Carlo barostat (25 time steps between isotropic box scaling attempts) were

used to maintain a temperature and pressure of 298 K and 1 atm.41,101 A timestep

of 4 fs was used in combination with the leap-frog Verlet integrator and hydrogen

mass repartitioning (using a repartitioning factor of 4).188 All bond lengths were

constrained. The reaction field method was used with a dielectric constant of

78.3,189 and a cut-off of 12 Å was used for all non-bonded interactions. Energy

minimisation was performed prior to each simulation with a maximum of 1000

iterations. The bound stage vanish λ windows were run for 8 ns, and all others for

6 ns. Free energy differences for each stage were estimated using the Multistate

Bennett-Acceptance Ratio (MBAR) for the final 5 ns of all simulations.121,131

Coordinates were saved every 20 ps.

All simulations were repeated five times with independent starting velocities.

Because the MBAR uncertainties estimated from single runs were small compared

to the variation between repeat runs, errors are reported as 95% confidence inter-

vals based on the deviation between independent replicates, assuming Gaussian

distributions and using t-values for 4 degrees of freedom. Student’s t-test was

used to assess evidence for a significant difference at 95% confidence.

2.4 Results and Discussion

2.4.1 Boresch Restraints

Restraint Selection

From an initial set of restraining simulations, two binding poses were identified

(Figure 2.6) which interconverted slowly on the timescale of the simulations (6 ns).

To allow comparison of different restraints for a single binding pose, all restraints

were fit to binding pose A, other than a single set of Boresch restraints which was

fit to pose B. The calculation for pose B was carried out to allow comparison to the

experimental free energy of binding. The overall free energy of binding obtained

with only pose A alone is not generally shown, because neglect of binding pose B

would make direct comparison to experiment misleading.

Three sets of Boresch restraints were selected initially for pose A (Figure 2.7).

The first was the best-scoring set (B1) based on the minimum-variance algorithm,

and mimics the phenol-Asn97C hydrogen bond (Figure 2.7). To test varied anchor

point positions, the second set (B2) was selected as the top-scoring restraints
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Figure 2.6: Alternative binding poses A (panel A) and B (panel B). Interconver-
sion occurred rarely on the timescale of the simulation (6 ns). The Asn on which
restraints B1 and B1-poseB are based is shown. Rendered with PyMOL.167

with anchor points outwith the phenol moiety - these were based on the triazole

ring and were 7th best-scoring overall. Finally, selection was constrained to the

quinoline moiety (B3). The parameters of restraint sets B1, B2, and B3 are given

in Table A.1. The protein anchor points were located in residues with low root-

mean-square fluctuations (RMSFs) of the α-carbon positions although this was

not directly targeted by the algorithm (Figure A.3). B1-poseB was the highest

scoring set of anchor points based on a simulation including only pose B. Similar to

the B1 restraints, these were based on the phenol group of MIF-180 and Asn97C.
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Figure 2.7: Sets of Boresch anchor points B1 (red), B2 (blue), and B3 (green).
Anchor points are circled or shown as spheres. Windows rendered with PyMOL.167

A discussion of the challenges faced during restraint selection, symmetry correc-

tions, and the strengths and limitations of the restraint selection algorithm is

given in Section A.6. Improvements to the restraints selection algorithm are also

proposed - in particular, we recommend scoring possible restraints using a metric

calculated from the variances of the DoF of the prospective restraints, rather than

using the total variances directly.

Results with Force Constants Fit to Simulation

Calculations were performed with Boresch restraints with force constants fit to

simulation. Force constants were fit based on the variance of the Boresch DoF in

State 7, as discussed in Section A.7. Several calculations were performed for pose

A (B1, B2, and B3) to allow comparison between restraints (Table 2.1). A single

calculation was performed for pose B (B1-poseB) to allow overall comparison with

experiment by combining the results for both poses.

The results shown for −∆Go
Release were calculated by numerical integration of

Equation 2.6. While use of the Boresch analytical correction introduces large

errors in certain regimes (force constants very weak, r very short, θA or θB

close to 0 or π rad), only small deviations between the analytical and numerical

corrections, no greater than 0.04 kcal mol−1, were found for any of the Boresch

restraints. This is in accordance with previous studies.190.
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Table 2.1: Bound Leg Contributions to ∆Go
Bind with Boresch Restraintsa

Restraints
Contribution B1 B2 B3 B1-P B3-P* B1-10 B2-10 B3-10** B1-20
−∆Go

Release 9.76 9.90 9.10 10.02 8.91 6.69 6.39 6.53 7.90
−∆GBound, Vanish -2.06 ± 1.08 -2.20 ± 0.94 -0.73 ± 0.25 -2.22 ± 0.19 -0.68 ± 0.06 -1.04 ± 1.21 0.09 ± 1.03 0.58 ± 1.96 -1.98 ± 1.18
−∆GBound, Discharge -12.99 ± 0.63 -11.90 ± 0.48 -11.86 ± 0.22 -11.76 ± 0.19 -11.71 ± 0.77 -12.46 ± 0.59 -11.62 ± 0.47 -12.04 ± 0.70 -12.64 ± 0.19
−∆GBound, Restrain -1.48 ± 0.04 -1.74 ± 0.03 -1.70 ± 0.11 -1.66 ± 0.08 -1.77 ± 0.11 -0.40 ± 0.01 -0.59 ± 0.08 -0.94 ± 0.21 -0.77 ± 0.20

∆GSym. Corr. -1.06 -0.65 -0.65 -1.06 -0.65 -1.06 -0.65 -0.65 -1.06
∆Go

Bound -7.83 ± 1.25 -6.60 ± 1.05 -5.84 ± 0.36 -6.69 ± 0.28 -5.91 ± 0.78 -8.27 ± 1.35 -6.37 ± 1.13 -6.53 ± 2.09 -8.55 ± 1.21

a Results for binding pose A, in kcal mol−1. Uncertainties stated as 95 %
confidence intervals based on the variance of 5 replicate runs, assuming Gaussian
distributions. Restraint parameters are given in Table A.1. -10 and -20 denote
that all force constants were set to 10 or 20 kcal mol−1 Å−2 [rad−2], respectively.
* Run 1 excluded from average due to under-sampling of water in binding site
during the vanishing stage. ** Due to simulations crashing, results based on 4
independent replicates with partial completion of many lambda windows.

The average of repeat runs for B1 - 3 and B1-poseB generally showed good

convergence as assessed by lack of drift with increasing sampling time (Section

A.8). However, there were substantial differences between replicate runs, most

notably during the vanishing stage, which generally contributed the greatest

uncertainty to ∆Go
Bound. In all cases, this uncertainty could be traced back to

a few windows around λ = 0.4 (Figure 2.8).

The majority of this uncertainty can be attributed to the entry of water to the

binding site. Binding site water was defined as being simultaneously within 8 Å

of the N atom in Pro1A, and CG2 in Val106A, which are on opposite sides of

the binding site. At the start of the vanishing stage there were no waters in the

binding site, which increased to an average of approximately 4.5 after decoupling,

in good agreement with the crystal structure of free MIF (PDB ID 1gd0).191 A

sudden jump in water occupancy of the binding site occurred around λ = 0.4,

the region of divergence of the PMFs for B1. Here, it was found that water may

only enter the binding site by “forcing” the partially vanished ligand to the side

of the binding site (Figure 2.9).

In cases where the binding site showed high water occupancy (runs 1, 2, and

4), the resultant strain favoured vanishing of the ligand, producing divergence of

the vanish stage PMF towards more favourable free energies of vanishing. The

opposite was true for runs 3 and 5, which had very low average water occupancies

at λ = 0.4. This is in accord with the results of Rogers et al.,192 who found

negative correlation between water occupancy and the gradient of the potential

energy with respect to λ at intermediate stages of the vanishing leg. Although

dramatic fluctuations in the number of water molecules in the binding sites were

observed at higher values of λ, this did not translate into additional uncertainty,
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Figure 2.8: Panel A: PMF along λ for the bound vanish stage for B1. Panel
B: Average number of waters in the binding site (defined as the overlap of two
spheres of radius 8 Å centred on the N atom in Pro1A, and CG2 in Val106A)
against λ during the vanish stage for B1. There is a strong correlation between
the water occupancy of the binding sites and the divergence of the PMFs around
λ = 0.4. The shaded area shows the 95% confidence interval and the solid blue
line shows the mean.

because at this stage the LJ terms are mostly removed and the ligand is able to

pass through atoms relatively smoothly. Some dips in the water occupancy were

found to be due to the rotation of the side chain of Met2A to obstruct the end of

the binding site.

Based on preliminary simulations, the equilibration time for the vanish stage

simulations was increased to 3 ns per window to remove systematic error from

slow movement of water into the binding site. However, as shown by Figure 2.8,

occasionally water failed to enter the binding site during the entire simulation at

values of λ where several waters entered the binding site during replicate runs.

Therefore, some systematic error likely persisted in some cases. This appeared to

be true for the B1 simulations. Irrespective of whether the force constants were
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Figure 2.9: Waters (shown as spheres) in the binding site at λ = 0.4 for B1 at
6.48 ns. Only binding site waters (as defined as the overlap of two spheres of
radius 8 Å centred on the N atom in Pro1A and CG2 in Val106A) are shown.
The run 1 (red ligand/ waters) trajectory was superimposed on that from run
3 (blue ligand/ no waters present) by aligning MIF. Surface generated based on
the ligands alone to approximately show the binding pocket.The ligand must be
pushed to the side of the binding pocket to provide space for the water. Rendered
with PyMOL.167

fit to simulation (B1), or set to 10 (B1-10) or 20 (B1-20) kcal mol−1Å−2 or kcal

mol−1 rad−2, the results were more negative than for B2 and B3. In most cases the

differences were significant at 95 % confidence. In addition, these simulations gen-

erally showed the greatest uncertainties between replicates, demonstrating greater

random error. This was despite the B1 restraints being selected as optimum based

on the minimum variance algorithm, and the protein anchor points being based

on a stable Asn forming part of a β-sheet, highlighting the difficulty of selecting

optimal restraints.

It seemed unlikely that the offset was due to the restraint of the phenol group,

because multiple distance restraint schemes based on this group did not produce

such negative free energies of vanishing (see Section 2.2.4). To ensure that this

was not due to flexibility of the Asn side-chain, the calculation was repeated using

ligand anchors in the phenol but protein anchors only in the backbone and Cα

of this Asn. The result was very similar (−7.88 ± 0.95 kcal mol−1), showing that

the issue was not side-chain flexibility. Finally, the calculation was repeated using

ligand atoms in the phenol but protein anchors in a different residue (Ile64A)

- see B1-P. This resulted in a ∆Go
Bound of −6.69 ± 0.28 kcal mol−1 which had

a much smaller uncertainty and was closer to the results for B2 and B3. The

difference between B1 and B1-P was significantly different based on a Student’s

t-test, although it is acknowledged that the assumption of normally distributed

free energy differences is likely to be incorrect.193 In this system especially, where

the dominant source of error appears to be the slow hopping of water between
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energy minima, the central limit theorem is unlikely to be applicable. Regardless,

the B1-P results were substantially less negative than the B1-10 and B1-20 results,

suggesting that basing the protein anchors on the Asn for the B1 restraints may

have made the simulations more susceptible to water sampling issues. It is possible

that the restraints between the phenol and this Asn, which quickly forms a H-

bond to water upon its entry to the binding site, created particularly high barriers

to the entry of water, giving rise to systematic error. Regardless, the difference

observed suggests that the approach of running independent replicate simulations

with different restraints, as taken by Alibay et al.,1 is sensible.

The B3 simulations were also rerun with protein anchor atoms on a different

residue (Ala38A) - see B3-P. There was very good agreement between runs 2 - 5

for the bound vanish stage, but ∆Go
Bound was around 3 kcal mol−1 more negative

for run 1 due to comparatively low number of waters in the binding site over just 3

λ windows (see Section A.9). This highlights the importance of correctly sampling

rehydration of the binding site upon decoupling.194 It has been demonstrated that

hybrid sampling approaches combining molecular dynamics with Monte Carlo

water moves, in both the µV T and NPT ensembles, can improve the performance

of relative binding free energy calculations.195–197 In this system, it is possible that

these approaches may perform poorly as a result of low acceptance probabilities,

because water has to strain the partially decoupled ligand to enter the binding

site around λ = 0.4, where proper sampling of rehydration is most critical. Non-

equilibirum candidate Monte Carlo may overcome this by allowing for relaxation

of the ligand position.194 The strong dependence of the free energy on the correct

sampling of binding-site water may make this a good system for testing methods

for enhancing sampling of rehydration. Regardless, the ∆Go
Bound obtained after

discarding the data from run 1 (-5.91 ± 0.78 kcal mol−1) was very similar to that

obtained for B3 (-5.84 ± 0.36 kcal mol−1).

Ignoring the results for B1, which seemed to be especially affected by water

sampling issues, the remaining simulations with force constants fit to simulation

showed generally good agreement (within 1 kcal mol−1), demonstrating reasonable

reproducibility with this restraints scheme. Averaging B2, B3, B1-P, and B3-P

yielded a ∆Go
Bound of -6.26 ± 0.72 kcal mol−1 for binding pose A.

Although the aim of this study was to compare the values of ∆Go
Bound obtained

with different restraints, a single set of five replicate calculations were carried out

for the free leg to allow comparison with experiment. Comparison with experiment

cannot be used for the comparison of restraint schemes as there are likely to be
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systematic errors from the force field, but it is used here as a crude check on

the overall results. There was excellent agreement between replicates of the free

leg simulations and convergence was achieved quickly (Section A.10), yielding

∆GFree = −3.08 ± 0.14 kcal mol−1 (∆GFree, Discharge = 9.03 ± 0.07 kcal mol−1,

and ∆GFree, Vanish = −12.11 ± 0.11 kcal mol−1). This was in spite of syn-anti

interconversion, which was observed during at least one run for every lambda

window, but which occurred slowly on the timescale of the simulations. ∆Go
Bound

for binding pose B (with the B1-poseB restraints) was −6.63 ± 1.11 kcal mol−1

(−∆Go
Release = 9.76 kcal mol−1, −∆GBound, Discharge = −2.66 ± 1.04 kcal mol−1,

−∆GBound, Vanish = −10.77 ± 0.39 kcal mol−1, −∆GBound, Restrain = −1.90 ± 0.1

kcal mol−1, and ∆GSym. Corr. = −1.06 kcal mol−1). Combining the average result

for pose A (−6.28 ± 0.49 kcal mol−1, using all results from Table 2.1 excluding all

B1 calculations and B3-10 due to the issues discussed) with the the result for pose

B according to ∆Go
Bound = −kBT ln(exp(−β∆Go

Bound, 1) + exp(−β∆Go
Bound, 2))

yielded an overall ∆Go
Bound of −6.89 ± 0.74 kcal mol−1 and ∆Go

Bind = −9.97±0.76

kcal mol−1.168. The overall result was in good agreement with the experimental

binding free energy of -8.98 ± 0.28 kcal mol−1,198 but more negative than the

value calculated by Qian et al. using molecular dynamics and the AMBER ff14sb

and GAFF force fields (−7.47±0.99 kcal mol−1).166 However, a clear comparison

with the results of Qian et al. is prevented by a number of methodological

differences.166 For example, they only observe the anti and syn conformers of

MIF180 during the free and bound legs, respectively, and they apply a penalty of

1.60 kcal mol−1 to account for this. Here, interconversion was observed in both the

free and bound states and no correction was applied. Furthermore, Qian et al. do

not apply a symmetry correction to account for the threefold symmetry of MIF,

and do not perform calculations for an alternative binding pose.166

Results without Orientational Restraints

It was found that orientational restraints were essential for achieving reliable free

energy estimates. The requirement for orientational restraints was investigated

by repeating the B1 and B2 calculations without the orientational component of

the restraint (KθB , KϕB
, and KϕC

were set to 0) - see B1-o and B2-o in Table 2.2.

B1 was also repeated setting all force constants other than Kr to 0, thus retaining

only a single distance restraint - see B1-d. This resulted in large and significant

shifts to more negative free energies of binding by 1.72, 3.84, and 2.05 kcal mol−1,

for B1-o, B2-o, and B1-d, respectively. Despite this, there was no obvious drift of

the free energies with increasing sampling time (Section A.11).
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Table 2.2: Bound Leg Contributions to ∆Go
Bind without Orientational Restraintsa

Restraints
B1-o B2-o B1-d

−∆Go
Release 4.94 4.51 1.08

−∆GBound, Vanish -0.60 ± 0.71 -1.47 ± 0.99 1.67 ± 1.11
−∆GBound, Discharge -12.50 ± 0.40 -11.93 ± 0.20 -11.89 ± 0.44
−∆GBound, Restrain -0.74 ± 0.01 -0.91 ± 0.14 -0.09 ± 0.00

∆GSym. Corr. -0.65 -0.65 -0.65
∆Go

Bound -9.55 ± 0.82 -10.44 ± 1.02 -9.88 ± 1.19
a All values in kcal mol−1. Uncertainties stated as 95 % confidence intervals based
on the variance of 5 replicate runs, assuming Gaussian distributions. -o and -d
mean that all force constants other than kr, kθA , and kϕA , or kr, were set to 0,
respectively.

The lack of orientational restraints allows the mixing of binding poses A and B,

but this is also not a plausible source of the error introduced. In the limit of

perfect sampling, the free energy of binding can be no more negative than that

calculated by combining the free energies of binding of the two poses as was done

previously. The exception to this would be if there were other binding poses which

were numerous or more favourable, which seems unlikely.

Instead, the negative offset is very likely due to the failure to sample all relevant

orientations at intermediate values of λ during vanishing. The close agreement

between B1-o and B1-d suggests that the offset is due to the removal of the

orientational component of the restraint. As the LJ interactions are removed,

the sampling of orientations different to that of the binding pose will become

favourable. The gradient of the free energy change as the LJ interactions are

removed will likely be less positive in these alternative orientations, because they

were high in energy when the LJ interactions were at full strength. Therefore,

failure to sample these orientations due to large barriers should give excessively

positive free energies of vanishing, resulting in erroneously negative free energies

of binding, as is observed.

This is illustrated by the divergence of the PMF for the bound vanish stage for B2-

o (Figure 2.10). The divergence shows a strong correlation with the orientational

sampling at λ = 0.325, and not with the presence of water in the binding site

(Figure A.16). For run 4, the plots of ϕC show that sampling was largely restricted

to the orientation of the original binding mode. This resulted in the most positive

gradient of the PMF and the most favourable free energy of binding. During

runs 1, 2, and 5, the ligand rotated length-ways in the binding site by around 90

degrees with respect to the initial pose, resulting in a less positive PMF gradient.
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During run 3, the ligand rotated around 180 degrees length-ways in the binding

site with respect to the initial pose. The gradient here was evidently even less

positive, resulting in a substantially less negative free energy of binding. The slow

interconversion between orientations explains the lack of drift of the results with

increasing simulation time - there are large barriers between orientations which

prevent equilibrium sampling on the timescale of the simulations. To support

Figure 2.10: (A) The PMFs for the bound vanish stage for B2-o. These diverge
around λ = 0.325. (B) The unrestrained Boresch DoF ϕC for B2-o at λ = 0.325,
showing the presence of multiple slowly inter-converting orientations. Snapshots
taken from run 3 (0.06 ns), run 5 (5.06 ns), and run 3 (7.22 ns), from left to right.
The anchor points used to define ϕC are shown as spheres. Windows rendered
with PyMOL.167

this explanation, the free energy of releasing B1 to B1-o in the decoupled state

was calculated by scaling the strength of the orientational force constants with
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λ, using the same set of λ windows as for the bound vanish stage. The free

energy difference for releasing the restraints calculated by simulation was 4.92

± 0.02 kcal mol−1 (MBAR 95 % C.I. estimate for a single simulation), in close

agreement with the difference calculated by numerical integration by subtracting

the two ∆Go
Release terms (4.82 kcal mol−1). This confirms that sampling a large

increase in configurational space is not problematic when there are no barriers,

at least when the growth is sufficiently slow - the issue is sampling the “rugged”

configurational space at intermediate stages of decoupling. Comparison to prior

work on the use of orientational restraints is given in Section A.13.

The offset introduced by the removal of orientational restraints may be reduced or

removed through the use of the Hamiltonian-replica exchange (HREX) method.

This is because in the fully decoupled state, there are no barriers to orienta-

tional rearrangements, and HREX has been found to improve sampling when the

barriers in configurational space are low in at least one state.199. This allows free

sampling of varied orientations, and mixing of these into the intermediate λ states

using HREX may improve orientational sampling. However, it may not remove the

bias; Lapelosa et al. found that convergence of their HREX ABFE calculations for

a large and flexible ligand could only be achieved with orientational restraints.200

Performance of Common Default Force Constants

The performance of the Boresch restraints with the force constants fit to simula-

tion were compared to those with all force constants set to the common defaults

of 10 or 20 kcal mol−1 Å−2 [rad−2], denoted by -10 and -20 (Table 2.1).168,201,202

No significant differences in ∆Go
Bound were found compared to when the force

constants were fit to simulation, which was unsurprising given that the theoretical

independence of the binding free energy with respect to the strength of restraints

has been previously confirmed.50,190 If there were any improvements in precision

or increases in the rate of convergence with the force constants fit to simulation,

these were not observed above the noise generated by other sources of error.

The only difference when default force constants were used was that several

simulations crashed, very likely due to the collinearity of contiguous anchor points.

While all simulations completed successfully when the force constants were fit to

simulation, 1 λ window failed for B2-10 (this was rerun) and 12 failed for B3-10.



62 Comparison of Receptor–Ligand Restraint Schemes

For B3-10, the minimum energy penalty arising from the restraints for setting a θA

or θB to 0 or 180 degrees was approximately 5 kBT , meaning that collinearity was

relatively likely and crashes may have been anticipated. However, for B2-10, the

minimum penalty for collinearity was approximately 10 kBT . This makes crashes

in the decoupled state highly unlikely, but when the ligand is still interacting

with the protein it may become trapped in unusual orientations which distort

the anchor points towards collinearity. This was the cause of the crash for B3-

10 run 1: during the vanish λ = 0.475 window the simulation failed after θA

approaches 0 (Figure 2.11). This occurred because the ligand became trapped

underneath the terminal proline residue, resulting in θA approaching collinearity.

A better restraint selection algorithm would have discounted restraints if the

Figure 2.11: The restrained angle θA for B3-10 at λ = 0.475 during the vanish
stage. For run 1, θA tended towards 0 as the ligand became trapped under the
terminal proline and the simulation crashed. Anchor points used in the definition
of θA are shown as spheres. Snapshots taken from run 1 at 1.12 ns (upper image)
and 5.30 ns (lower image). Windows rendered with PyMOL.167

energy penalty from the restraints for collinearity was below some threshold,

rather than only checking the equilibrium angles. Regardless, this highlights that

instabilities with Boresch restraints can be an issue even when sensible restraint

selections are made. It also illustrates that fitting the force constants to simulation

(or at least using higher force constants) can produce more stable restraints.
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Table 2.3: Bound Leg Contributions to ∆Go
Bind with Multiple Distance Restraintsa

Restraints
Contribution M-All M-Rig M-Rig-N* M-All-R M-Hand-R M-Hand M-Hand-1
∆GRigid. Lig. - 0.50 ± 0.00 - - - - -

∆GRigid. Recept. - 10.36 ± 0.09 - - - - -
−∆Go

Release 15.68 ± 0.37 10.05 ± 0.17 9.97 ± 0.03 2.40 1.44 4.35 ± 0.27 5.82 ± 0.26
−∆GTo Dist. Rest. - - - 16.66 ± 0.29 3.07 ± 0.24 - -
−∆GBound, Vanish -7.71 ± 1.05 -2.48 ± 1.25 -2.83 ± 0.90 -7.71 ± 1.05 1.58 ± 1.05 1.58 ± 1.05 1.81 ± 1.06
−∆GBound, Discharge -13.54 ± 0.45 -13.23 ± 0.46 -12.97 ± 0.10 -13.54 ± 0.45 -11.89 ± 0.43 -11.89 ± 0.43 -12.99 ± 0.64
−∆GBound, Restrain -3.67 ± 0.10 -1.33 ± 0.03 -1.35 ± 0.03 -3.67 ± 0.10 -0.02 ± 0.02 -0.02 ± 0.02 -0.28 ± 0.12
−∆GRigid. Complex - -8.31 ± 0.08 - - - - -

∆GSym. Corr. -1.06 -1.06 -1.06 -0.65 -0.65 -0.65 -0.65
∆Go

Bound -10.31 ± 1.20 -5.50 ± 1.35 -8.24 ± 0.91 -6.51 ± 1.18 -6.47 ± 1.16 -6.64 ± 1.16 -6.30 ± 1.27
a Results for binding pose A, in kcal mol−1. Uncertainties stated as 95 %
confidence intervals based on the variance of 5 replicate runs assuming Gaussian
distributions. The distance restraint dictionaries used for all protocols are given in
Section A.14. -N indicates that the protocol was repeated with no intramolecular
rigidification, -R indicates repetition with release to the single strongest distance
restraint, and -1 indicates repetition with the flat-bottomed diameter set to 1
Å for all restraints. ∆GTo Dist. Rest. is the free energy of releasing the multiple
distance restraints to a single distance restraint.* 10 replicate runs were used.
The convergence of −∆Go

Release with respect to the standardstatecorrection
parameters was confirmed (Section A.15).

2.4.2 Multiple Distance Restraints

With Intramolecular Rigidification

Multiple distance restraints provide a framework which is free from the inherent

instabilities of Boresch restraints, and which allows more complete restraint of

the ligand than Boresch restraints alone. However, their näıve application renders

the ABFE framework theoretically inexact. To illustrate this, harmonic distance

restraints were applied to every heavy atom in the ligand and their lowest variance

unique partner heavy atom in the protein (protocol M-All, 22 receptor-ligand

distance restraints). As expected, this produced an excessively negative ∆Go
Bound

estimate, in excess of 3 kcal mol−1 more negative than most of the Boresch

restraints, indicating that ∆GPreorg. was large (Table 2.3). The distance restraint

dictionaries used for all protocols are given in Section A.14.

This was contrasted with the rigorous multiple distance restraints scheme with

intramolecular rigidification of anchor points (Figure 2.12), referred to as M-

Rig. Anchor points were selected as for M-All, except that only anchor points in

the phenol moiety of the ligand were used in order to avoid the tight restraints

restricting rotatable bonds in the ligand; this would likely require an enhanced

sampling approach, such as umbrella sampling,51 to restrain bond rotation before

applying the restrictive intermolecular restraints. This resulted in 7 receptor-

ligand distance restraints. The intramolecular restraints were implemented as
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harmonic distance restraints between all pairs of anchor atoms within the given

molecule, with force constants of 75 kcal mol−1 Å−2. For simulations where

−∆Go
Release was calculated using Equation 2.10, it was confirmed that the estimate

had converged with respect to the number of points used for numerical integration

(Section A.15). This scheme gave ∆Go
Bound = −5.50 ± 1.35 kcal mol −1, in good

agreement with the previous Boresch calculations, providing proof-of-concept of

a rigorous implementation of multiple distance restraints.

Figure 2.12: Anchor points (red) used for the M-Rig restraints. Intermolecular
restraints are shown as red dashed lines, while intramolecular restraints not
shown. Rendered with PyMOL.167

The magnitude of ∆GPreorg. can be roughly estimated as ∆GRigid. Recept. +∆GRigid. Lig.

−∆GRigid. Complex = 2.55±0.17 kcal mol−1 (see Section A.18). This is in excellent

agreement with the difference observed when the procedure was repeated without

intramolecular restraints (M-Rig-N), which was 2.74± 1.63 kcal mol−1, providing

evidence that this is the main source of the error observed when multiple distance

restraints are applied in a non-rigorous manner.

The intramolecular restraints are required to prevent distortion of the intramolecu-

lar degrees of freedom by the intermolecular restraints, which would otherwise

introduce error into the ∆Go
Release calculated using Equation 2.10. The strength of

the intramolecular restraints required to eliminate this error is dependent on how

how permissive the intermolecular restraints are; highly restrictive intermolecular

restraints necessitate aggressive rigidification.
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For the M-Rig calculations, strong intermolecular restraints were used and there-

fore strong intramolecular restraints were also required. The large value of ∆GPreorg.

which resulted from the strong intermolecular restraints allowed us to show that

that intramolecular rigidification eliminates this error, by comparison of M-Rig

and M-Rig-N. However, the strong intermolecular restraints resulted in a signific-

ant additional computational cost during the rigidification stage. The λ protocols

for the rigidification stages could likely have been optimised to reduce the total

number of windows to approximately 25 (Section A.17), but this would still

result in an additional computational cost comparable to the vanishing stage.

Hence, we would not recommend multiple distance restraints with intramolecular

rigidification when using strong intermolecular restraints. Instead, this scheme

is expected to perform best with more permissive intermolecular restraints. An

efficient implementation may be as follows:

1. Select flat-bottomed, rather than harmonic, intermolecular restraints and

select the flat-bottomed regions so to include almost all distances sampled

during the unrestrained simulation of the fully-interacting complex

2. Perform the rigidification simulations simultaneously starting from States 3

and 4. Monitor the convergence of ∆GPreorg. as the intramolecular restraint

strength is increased and stop the calculations once convergence is achieved

3. Calculate ∆Go
Release with Equation 2.10 based on the trajectory for the

most strongly rigidified version of State 4

In cases where such flat-bottomed restraints are used, and there is little rearrange-

ment of the ligand or binding site upon decoupling, ∆GPreorg. would be expected

to converge immediately and the above scheme would reduce to the näıve multiple

distance restraints scheme. When this is not the case, the näıve scheme would be

expected to yield incorrect results, while the above scheme should remain correct.

With Release to Single Distance Restraint

Based on the approach taken with DBC restraints,160,161 the free energy of re-

leasing all but the strongest distance restraint after decoupling was calculated

for M-All (M-All-R). Because a single distance restraint does not couple the

internal and external degrees of freedom of the protein and ligand, this allows the

rigorous calculation of −∆Go
Release using Equation 2.11, removing the requirement

for intramolecular restraints.
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In contrast to M-All, M-All-R produced a ∆Go
Bound of −6.51±1.18 kcal mol−1, in

good agreement with the Boresch calculations. There appeared to be a slight drift

in ∆GTo Dist. Rest. with time (Figure A.20) towards more negative values, which

may be due to the requirement for the ligand to sample all points on the surface

of a sphere surrounding the protein anchor point upon decoupling. This may be

improved by releasing to a centre-of-mass restraint centred on the binding site,

reducing the volume which must be sampled.161 In addition, scaling the restraint

potential differently between the end points may improve convergence; instead of

the λ5 scaling used here, a soft bond stretch potential would likely perform well

for the removal of these harmonic restraints.203

This process was repeated using a significantly more permissive multiple distance

restraint scheme, where 4 flat-bottomed distance restraints were selected to mimic

the 4 protein-ligand hydrogen bonds shown in Figure 2.1. This scheme is denoted

M-Hand-R as the anchor points were selected by hand, although automated

selection to match hydrogen bonds would be straightforward. The radius of the

flat-bottomed region was selected to be as small as possible without the re-

straints engaging at any point during the restraint fitting simulation, ensuring

that ∆GBound, Restrain ≈ 0. The force constants for the half-harmonic potentials

were 40 kcal mol−1. This again produced a ∆Go
Bound in good agreement with the

Boresch results and M-Rig (−6.47±1.16 kcal mol−1), indicating that the relatively

permissive restraints sufficiently restricted orientational sampling. Furthermore,

no substantial drift in the estimate with simulation time was observed (Figure

A.21).

Compared to the näıve and Boresch schemes, this scheme required a single ad-

ditional release stage, which was relatively computationally affordable. Further-

more, computational cost could be further reduced with optimisation of the λ

schedule for M-Hand-R, because excellent overlap was achieved between many

non-consecutive λ windows (Section A.17). The overlap matrices for the vanishing

stages were very similar regardless of the restraint scheme, and the number of

windows required for the vanishing stages could not have been reduced below

approximately 30 in any case (see Figure A.24 as a representative example). In

contrast, for both M-Hand-R and M-Rig-R, it appears that 10 windows would be

sufficient, or even fewer in the case of M-Hand-R. For M-Hand-R. Convergence

appears to be achieved after around 1 ns sampling per window (not including

the 1 ns equilibration), which seems broadly similar to the bound vanish stage



2.4. Results and Discussion 67

results (not including the 3 ns equilibration). Therefore, when the intermolecular

restraints are not extremely numerous and strong, the additional cost associated

with the release stage with an optimised λ schedule is expected to be substantially

less than a third of the vanish stage.

Although there was no evidence for improved convergence of the decoupling

simulations withM-All-R over the Boresch schemes, this might be observed in

other systems with highly flexible ligands, where ligand conformational sampling

is the dominant source of uncertainty. However, the use of Boresch restraints in

combination with RMSD-based restraints on the conformation of the ligand may

prove similarly effective.51

This scheme is in some ways similar to the DBC scheme, in that a complex

restraint (set of restraints) involving many degrees of freedom is released to a

single harmonic restraint to allow the calculation of ∆Go
Release. While the DBC

restraint is attractively simple - it consists of a single flat-bottomed restraint

on the RMSD of a subset of ligand coordinates in the frame of reference of the

binding site - multiple distance restraints schemes offer finer control over the

strength of restraints applied to different subsections of the system. This may

be beneficial, for example in the case of a large and flexible ligand where only

part of the ligand interacts strongly with the receptor. If the coordinates of all

ligand heavy atoms were included in the DBC restraint, then the DBC coordinate

would show very wide fluctuations during simulations of the bound state. Fitting

the DBC restraint to encompass the 95th percentile of sampled DBC coordinates

would result in a very weak restraint on all sections of the ligand, which may

result in sampling issues. Flat-bottomed multiple distance restraints could be

fit in a similar way, such that the flat-bottomed regions encompassed almost

all distances measured during a simulation of the fully-interacting complex. In

contrast to the DBC restraints fit to all ligand heavy atoms, the multiple distance

restraints fit to all heavy atoms would closely restrict the portion of the ligand

which interacts strongly with the receptor, while allowing large fluctuations in the

flexible portion which does not. While multiple distance restraints require many

more parameters than the DBC restraint, they can be automatically selected from

a simulation of the fully interacting complex using algorithms described in this

work. Furthermore, if the user opted not to run such a simulation for restraint

selection, distance restraints could be intuitively selected to match receptor-

ligand interactions, and reasonable default parameters could be chosen. It may

be challenging to select a reasonable flat-bottomed region for a DBC restraint

without a trajectory.
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Averaging over the rigorous multiple distance restraint schemes (M-Rig, M-All-

R, and M-Hand-R), the mean ∆Go
Bound result for pose A was −6.16 ± 1.43 kcal

mol−1. This was in good agreement with the mean result for pose A calculated

with Boresch restraints (−6.28±0.49 kcal mol−1, average of B2, B3, B1-P, and B3-

P, and B2-10). Ignoring the contribution to the free energy of binding from pose

B, for which no calculations were performed with multiple distance restraints, the

free energies of binding would have been −9.24±1.44 kcal mol−1 and −9.36±0.37

kcal mol−1 for multiple distance restraints and Boresch restraints, respectively.

With a Large Flat-Bottomed Region

Finally, a non-rigorous implementation of multiple distance restraints was tested,

based on the assumption of no coupling between internal and external degrees

of freedom in the limit of weak restraints. The schemes tested were M-Hand, a

repetition of M-Hand-R without releasing to a single distance restraint, and M-

Hand-1, a repetition of M-Hand with all flat-bottomed diameters set to 1 Å, a

reduction from the average diameter of 2.7 Å for M-Hand-R.

A ∆Go
Bound of −6.64± 1.16 kcal mol −1 was obtained for M-Hand. This was not

significantly different to M-Hand-R or M-Rig, suggesting that the approximations

made by the scheme were minor in this case. The results for M-Hand and M-Hand-

1 (-6.30 ± 1.27 kcal mol−1) were very similar, despite the slightly more restrictive

restraints. This shows that it is possible to obtain equivalent free energies using

the näıve distance restraints scheme and rigorous schemes, so long as the coupling

between the internal and relative external DoF of the protein and ligand is weak

when the ligand is decoupled. However, increasingly negative binding free energies

would be expected as more restrictive restraints are used and with increasing

differences between the apo and holo conformations of the binding site, and the

magnitude of the error may be be difficult to predict.

2.5 Conclusion

The free energies of binding for MIF-180 to MIF calculated with varied sets of

Boresch restraints were fairly self-consistent and in good agreement with experi-

ment. However, removal of the orientational restraints produced estimates which

were up to approximately 4 kcal mol−1 more negative, likely because the ligand

failed to sample all relevant orientations as the LJ interactions were removed. It

was found that the calculations were highly sensitive to the sampling of water
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in the binding site at intermediate stages of vanishing, and that under-hydration

of the binding site during these stages over as few as 3 λ windows could shift

the binding free energy by over 3 kcal mol−1 towards more favourable binding.

This illustrates the importance of thorough water sampling in alchemical free

energy calculations. It would be interesting to test whether HREX, enhancing

water sampling with Monte Carlo water moves in either the the µV T and NPT

ensembles, or longer simulation times around problematic λ-windows can improve

the convergence of binding free energies for this system.195–197

Instabilities inherent to the Boresch restraint scheme were highlighted by the fail-

ure of several simulations, even with sensible restraint parameters which imposed

a minimum energy penalty of around 10 kBT for collinear anchor points. The

use of multiple distance restraints offers an alternative restraint scheme which

lacks the instabilities of Boresch restraints and may improve convergence during

decoupling by allowing greater restriction of ligand movements. The theory of

multiple distance restraints was discussed and a rigorous implementation of the

multiple distance restraints scheme was proposed. This utilised intramolecular

rigidification of anchor points to prevent coupling between the internal and ex-

ternal DoF. This was shown to produce free energy estimates in good agreement

with the Boresch restraints, at least within the large uncertainties encountered

with this system (Figure 2.13). This scheme incurred a substantial additional

computational cost over Boresch restraints because aggressive rigidification was

required to counter the strong intermolecular restraints, but the scheme may offer

benefits where more permissive intermolecular restraints are used.

Another rigorous implementation of the multiple distance restraints scheme was

tested, which involved releasing the multiple restraints to a single distance re-

straint after decoupling. In contrast to calculations performed entirely without

orientational restraints, this scheme produced free energy estimates in good agree-

ment with the Boresch restraints scheme, at a reduced computational cost com-

pared to the scheme employing intramolecular restraints. The additional compu-

tational cost compared to Boresch restraints is expected to be less than a third

of the vanish stage unless very many strong intermolecular restraints are used.

Additional costs associated with rigorous multiple distance restraints schemes

may be compensated for by convergence benefits in some systems, although that

was not demonstrated in this work. The mean ∆Go
Bound calculated based on pose

A with rigorous implementations of multiple distance restraints (−6.16 ± 1.43

kcal mol−1) was in close agreement with the mean result calculated with Boresch

restraints (−6.28± 0.49 kcal mol−1).
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Figure 2.13: Summary of results for ∆Go
Bound obtained for binding pose A using

a variety of restraints schemes. Uncertainties are 95 % confidence intervals based
on the variance of 5 replicate runs, assuming Gaussian distributions. Results for
B1 have been omitted as they appeared to be more susceptible to water sampling
issues. For B3-P, run 1 was excluded from the average due to under-sampling of
water in binding site during the vanishing stage.

Finally, a non-rigorous implementation of the multiple distance restraints scheme

was tested, which relied on the assumption of negligible coupling between the in-

ternal and external DoF. With strong restraints, this assumption was violated and

excessively negative free energies of binding were calculated, but quantities close

to the rigorous estimates were obtained with sufficiently permissive restraints.

However, it may be difficult to predict the magnitude of the error introduced by

this implementation.

The dominant source of uncertainty in these calculations appeared to be the

sampling of water, and no convergence benefits were demonstrated with mul-

tiple distance restraints over Boresch restraints. Future work may investigate

whether convergence benefits are observed in systems where ligand conformational

sampling is the dominant source of uncertainty. Further comparison against a

wider range of restraint schemes over a variety of systems is also the subject of

future work.
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In summary, this work demonstrates that absolute binding free energies equival-

ent to those obtained with Boresch restraints can be calculated using multiple

distance restraints. This framework is in principle more stable and may offer

convergence benefits during decoupling, although this must be balanced against

the additional computational cost incurred by the extra stages required for the

rigorous schemes. However, a multiple distance restraints scheme utilising many

flat-bottomed potentials to closely restrain the ligand with minimal disturbance

of the interacting system may allow the restraining stage to be neglected, as with

the DBC restraint,161 while improving the convergence of the decoupling stages

when the ligand is flexible. This work discussed the theory and demonstrated

proof-of-principle of rigorous multiple distance restraint schemes; future work

may investigate whether the scheme can offer performance benefits.





Chapter 3

Automated Adaptive Absolute Bind-

ing Free Energy Calculations

In Chapter 2, various receptor-ligand restraint schemes were investigated and a

robust algorithm for the selection of Boresch restraint parameters was proposed.

These were implemented in the BioSimSpace simulation package, and tutorials

were provided to allow practitioners to easily incorporate them in their work-

flows.182,204 While the recommendations given and methods proposed may aid

the robust deployment of ABFE calculations at scale, many other aspects of

ABFE calculations were not addressed and a fully-automated workflow was not

developed.

To lower the often prohibitive computational cost of ABFE calculations, efficient

automated workflows are required to reduce both computational cost and human

intervention. In this chapter, a fully automated ABFE workflow based on the

automated selection of λ windows, the ensemble-based detection of equilibration,

and the adaptive allocation of sampling time based on inter-replicate statistics,

is presented. It is found that the automated selection of intermediate states with

consistent overlap is rapid, robust, and simple to implement. Robust detection of

equilibration is achieved with a paired t-test between the free energy estimates at

initial and final portions of an ensemble of runs. Reasonable default parameters

are determined for all algorithms and show that the full workflow produces

equivalent results to a nonadaptive scheme over a variety of test systems, while

often accelerating equilibration. The complete workflow is implemented in the

open-source package A3FE (github.com/michellab/a3fe).

The remainder of the chapter is included unmodified as published:
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https://github.com/michellab/a3fe
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Clark, F.; Robb, G. R.; Cole, D. J.; Michel, J. Automated Adaptive Absolute

Binding Free Energy Calculations. J. Chem. Theory Comput. 2024, 20, 7806–7828.

3.1 Introduction

The binding affinity of a drug to its target is an important quantity in early-

stage drug discovery. Its quick and accurate prediction would allow the wasteful

synthesis of weakly-binding molecules to be avoided. Substantial progress has

been made towards this goal, with rigorous “alchemical” free energy calculations

based on molecular dynamics or Monte Carlo sampling recommended as the op-

timal method.53,54,58 Alchemical relative binding free energy (RBFE) calculations,

which evaluate the relative difference in binding affinity between structurally re-

lated molecules, are now routinely applied in the hit-to-lead and lead optimisation

stages of drug discovery.205 However, standard RBFE calculations are limited to

structurally similar molecules binding to the same target with the same binding

mode.114

Alchemical absolute binding free energy (ABFE) calculations escape these con-

straints through their more general formulation.49,50 RBFE calculations are based

on a thermodynamic cycle where two ligands are inter-converted in solution and

while bound to their target; ABFE calculations involve removing a single ligand’s

intermolecular interactions in both environments.206 This makes ABFE calcula-

tions applicable to a wider class of problems,55,56 including accurately ranking

diverse molecules in the final stages of high-throughput virtual screening.60,61

Unfortunately, the application of ABFE calculations is limited by their high

computational cost. ABFE calculations require a relatively large modification

of the system (complete removal of ligand intermolecular interactions) which

increases the thermodynamic length around an ABFE cycle compared to an

RBFE cycle.207,208 This necessitates more sampling for a result of equal precision.

ABFE calculations are also particularly susceptible to sampling issues such as

slow rehydration of the binding site and side-chain rearrangement.209 Calculating

the relative binding free energy between a pair of similar ligands using a default

ABFE protocol would be around an order of magnitude more expensive than with

a default RBFE protocol,52,61 and would likely be less precise.
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Clearly, ABFE calculations must become more efficient to realise their potential.

A promising class of methods yield relative binding free energies between structur-

ally dissimilar ligands while aiming to avoid the sampling issues associated with

“emptying”’ the binding site.153,183,210–212 Approaches combining active learning

of affinity predictions with free energy calculations have demonstrated substan-

tial efficiency improvements by reducing the number of simulations required to

identify potent binders.213–217 Non-equilibrium calculations involving “swarms” of

short switching trajectories may decrease wall-clock time in some cases.209,218–220

A plethora of enhanced sampling techniques have been applied to alchemical free

energy calculations, sometimes producing dramatic improvements in accuracy

and efficiency.106,221–235 However, many of these techniques require system-specific

tuning, yield highly system-specific benefits,209 may require frequent communic-

ation between otherwise independent replicas, and may even degrade perform-

ance.193

There are also areas in the standard ABFE cycle where substantial human and

computer time is often wasted through manual set-up or poor defaults, and where

automation and adaptive algorithms may offer substantial efficiency improve-

ments.236–239 This avenue for efficiency improvement is much less well-explored

than the approaches mentioned above and may be particularly beneficial for

ABFE calculations, which vary widely in terms of sampling requirements and

equilibration and convergence behaviour. Here, we investigate three of these areas.

The first area is the spacing of intermediate states. It is usually impossible to

obtain an accurate estimate of a free energy difference with alchemical methods

by sampling only at the end-states of interest. For overlap-based free energy

estimators such as the Bennett Acceptance Ratio (BAR) or the Zwanzig equa-

tion,121 this is because sampling at one end-state almost never produces samples

with non-negligible probability at the opposite end state. For thermodynamic

integration (TI), errors are introduced because the potential of mean force (PMF)

with respect to an alchemical variable (which smoothly interpolates the end state

Hamiltonians) is poorly approximated. The problem is solved in both cases by

sampling at intermediate states. The variable controlling the interpolation of

intermediate states is usually called λ, and intermediate states may be referred

to as λ windows.
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Optimal intermediate states would minimise the standard error of the overall free

energy estimate for a given total sampling time. However, selecting these would

require knowledge of the statistical inefficiencies and divergences of the probability

distributions along all possible paths between end states.208,240 It should be noted

that the optimal path is influenced by the relative efficiencies of sampling at

intermediate states, and is therefore dependent on the sampling methodology

as well as the Hamiltonians. It appears challenging to obtain this information

without costly simulations which would reduce overall efficiency. Nevertheless, a

number of approximate approaches have been developed.

Blondel,241 and later Pham and Shirts,242 derived schemes to select minimum-

variance pathways between end-state Hamiltonians. Their derivations assumed

infinitely close spacing of intermediate states along the pathway and ignored

statistical inefficiencies, which reduced the optimised schedules’ efficiencies. Rein-

hardt and Grubmüller also ignored correlation times but accounted for the finite

spacing of intermediate states.243 There have been attempts to reduce correlation

times by smoothing energy barriers,232,244 and by constraining the selected path

to avoid problematic regions of parameter space.245,246

A particularly simple approach is to optimise only the number and spacing of

states along a pre-determined path. We limit ourselves to this approach here.

Most approaches to this problem involve short initial simulations, although König

et al. developed a simple metric to estimate the required number of intermediate

states based on the energy difference between minimised end-state structures.247

Several methods have been proposed that space intermediate states by equal

thermodynamic distances. This has been shown to minimise total variance of

the free energy estimate for any unbiased estimator, assuming infinitely close

spacing of states.248 Methods which do,249,250 and do not,251,252 account for the

autocorrelation of samples have been suggested. Methods based on heuristics have

also been proposed.253,254 Recently, Zhang et al. built models to predict non-

local phase-space overlap, which were used to select λ-schedules with equal phase

space overlap between adjacent windows.255 However, the use of any protocol

for intermediate state selection is still rare in alchemical free energy calculations,

and extensive investigation of optimal selection protocols and potential benefits

is lacking.
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The second area is the allocation of sampling time. For a free energy calculation

using information from two states, Bennett noted that the equal allocation of

sampling time between states is at worst half-optimal.121 This is because the

allocation of 1 hour of sampling to each state (2 hours total sampling) cannot

yield a worse estimate than the optimal allocation of a total of 1 hour of sampling

between both states, given that the variance of the estimate decreases monoton-

ically with the number of samples from each state. However, an absolute binding

free energy calculation uses samples from many (N) states. The lower bound on

the estimation efficiency with equal sampling time then falls to 1/N of the optimal

allocation. Therefore large efficiency improvements may be made by the optimal

allocation of sampling time when few states have a much higher computational

cost per independent sample.

Sun et al. adaptively allocated simulation time during absolute hydration free

energy calculations and an RBFE calculation.256 Time allocation was based on

the time derivatives of the variance of the free energy estimates between adjacent

λ windows obtained with the Bennett Acceptance Ratio for a single run.121

However, this did not substantially improve the efficiency of the RBFE calculation

due to relatively short and similar autocorrelation times of the perturbed energy

differences between windows. A similar approach is more likely to benefit ABFE

calculations, which are more susceptible to dramatic variations in correlation time

between windows as a result of sampling issues. Indeed, Mendoza-Martinez et al.

demonstrated that the equilibration of ABFE calculations could be accelerated

by allocating sampling time based on the uncertainties of the inter-window free

energy changes.165 In contrast to Sun et al., errors were calculated from the

difference between replicate runs, which is a robust method for uncertainty quan-

tification.111,151,257–260 However, this protocol lacks a rigorous derivation, and no

automated implementation is available. While this work focuses on the adaptive

allocation of sampling time within single ABFE calculations, Li et al. showed how

adaptively allocating simulation time to individual calculations within a network

could substantially improve statistical precision.239

The final area is the detection of equilibration and convergence. Intermediate

state simulations in free energy calculations are usually started from coordinates

sampled with the ligand fully interacting. These coordinates may have a very

low probability under the equilibrium distributions of other states, producing

initial transients in the estimated free energy changes as the system relaxes. It is

standard practice to discard samples from these equilibration (burn-in) periods

to reduce bias in the final free energy estimate.114 Convergence refers to the
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approach of the free energy estimate to its asymptotic (infinite sampling) value.

Methods to assess equilibration and convergence are essential to increase confid-

ence that finite-time simulations are representative of the underlying stationary

distributions. However, it is never possible to state this with certainty.261

In this work, free energy estimates are termed “unequilibrated” if they show clear

bias compared to results from longer simulations, or if they change significantly

with additional sampling time at late times. Otherwise, they are termed “equi-

librated”. This definition is consistent with its use in the field, but does not

guarantee the removal of bias compared to the true infinite sampling value. We

refer to estimates as “unconverged” if there is evidence that they are unstable

or inaccurate compared to their infinite sampling values. Hence, “unequilibrated”

estimates are always “unconverged”, and “equilibrated” estimates may still be

“unconverged”. This contrasts with frequent practice in the literature, where

“equilibrated” estimates are always described as “converged”.

In free energy calculations, the most well-known equilibration detection protocols

are those of Chodera and Yang et al..109,262 Yang et al. monitored the behaviour of

the reverse cumulative average of the free energy gradient. Contamination by non-

equilibrated data was detected by deviation from normality. Chodera proposed

a non-parametric method which selects the unequilibrated region by maximising

the effective sample size of the production region. Both methods are based on the

data from a single run. As a result, both are susceptible to erroneously discarding

the majority of simulation data when the system becomes trapped in a local

minimum. Convergence is typically assessed using uncertainties obtained from a

single run (after block-averaging or sub-sampling to remove correlation) or, more

rigorously, from differences between repeated runs.258

Despite similarity of the underlying problem, different diagnostics are used in the

Markov Chain Monte Carlo (MCMC) literature.263 The most common method for

assessing sampling seems to be the Gelman-Rubin diagnostic,264 which effectively

compares the variances estimated within and between MCMC chains. If individual

chains (simulations) are initially overdispersed and become trapped in local min-

ima, the inter-chain variances will be greater than the intra-chain variances. This

manifests as a Gelman-Rubin R̂ > 1, indicating that individual chains have failed

to converge to the same stationary distribution. MCMC equilibration detection

methods include the Geweke test,265 which checks for a significant difference
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between the means of the initial and final portions of the data. These diagnostics

have occasionally been used in molecular simulation (for example by Garćıa and

Hasse) but,266 to our knowledge, they are yet to be exploited in free energy

calculations.

Here, we attempt to improve the efficiency of ABFE calculations by developing

and evaluating automated protocols in each of the areas mentioned: the spacing

of intermediate states, the allocation of sampling time, and the detection of equi-

libration. Where possible, we use ensemble-based metrics to increase robustness.

We have sought to minimise user time, in addition to computational time, by

implementing our protocols in an easy-to-use open-source Python package, A3FE,

which is itself based on BioSimSpace and SOMD.182,267

3.2 Theory

3.2.1 The Optimum Allocation of Resources Along a Path

In this work, we assume that our path through alchemical space is already defined

(by our choice of soft-core potentials, etc.), and that progress along this path is

controlled by a single interpolating variable, λ. We want to determine the optimal

allocation of sampling time along this path which minimises the uncertainty in

the final free energy estimate for a constant total sampling time.

It is convenient to start by assuming infinitely close spacing of intermediate states,

which makes the uncertainties of estimators such as TI, Zwanzig, and BAR

equivalent (see section B.1). Under this assumption, the estimated free energy

change between λ = 0 and 1 is,116

∆F̂0,1 =

∫ 1

0

〈
∂H

∂λ

〉
λ

dλ. (3.1)

The Hamitonian, H(λ,x), is dependent on λ and on the positions and momenta

of all particles in the system, x, but is written H for brevity. The free energy

change calculated is only an estimate (denoted by the hat operator) because we

cannot fully enumerate the desired ensemble. Instead, ⟨...⟩λ denotes an average

obtained from statistical sampling (molecular dynamics) at λ and taken to be

equivalent to the ensemble average (the ergodic hypothesis). The variance of the

https://github.com/michellab/a3fe


80 Automated Adaptive Absolute Binding Free Energy Calculations

estimated free energy change is

σ2(∆F̂0,1) =

∫ 1

0

σ2

(〈
∂H

∂λ

〉
λ

)
dλ (3.2)

=

∫ 1

0

1

nλ

σ2

(
∂H

∂λ

)
dλ (3.3)

=

∫ 1

0

gλ
tλ
σ2

(
∂H

∂λ

)
dλ, (3.4)

where nλ is the number of uncorrelated samples obtained at λ, σ2
(〈

∂H
∂λ

〉
λ

)
is the

variance of the mean gradient of the Hamiltonian with respect to λ, σ2
(
∂H
∂λ

)
is

the variance of the gradient of the Hamiltonian with respect to λ, gλ = tλ
nλ

is the

statistical inefficiency at λ, tλ is the sampling time at λ, and we have assumed

independent sampling at different values of λ. Defining the fractional sampling

time as πλ = tλ
tTot.

, where tTot. is the total sampling time for the transformation,

yields,

σ2(∆̂F0,1) =
1

tTot.

∫ 1

0

gλ
πλ
σ2

(
∂H

∂λ

)
dλ (3.5)

The total fractional sampling time must equal 1. σ2(∆F0,1) can be minimised

subject to this constraint by creating the Lagrangian function

L =
1

tTot.

∫ 1

0

gλ
πλ
σ2

(
∂H

∂λ

)
dλ− γ

(
1−

∫ 1

0

πλdλ

)
(3.6)

and setting its derivative with respect to πλ to 0 for all λ

∂L
∂πλ

= 0 = − gλ
tTot.π2

λ

σ2

(
∂H

∂λ

)
+ γ (3.7)

π2
λ =

gλ
tTot.γ

σ2

(
∂H

∂λ

)
(3.8)

πλ =

√
gλ

tTot.γ
σ

(
∂H

∂λ

)
. (3.9)

The integrals over λ have disappeared because this condition must be true for

all λ. This approach is similar to that of Sun et al. but is based on TI rather

than BAR.256 Equation 3.8 rearranges to − γ
tTot.

= Const. = −gλ
t2λ
σ2
(
∂H
∂λ

)
, where

−gλ
t2λ
σ2
(
∂H
∂λ

)
is the derivative of the variance of the estimated free energy change

(Equation 3.4) with respect to tλ at a fixed value of λ. This means that the time

derivative of the variance of the mean is a constant for all λ when the allocation
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of sampling time is optimum, as discussed by Sun et al..256 The intuition is that

if there are states with higher time derivatives of the variance, then sampling

time would have been better allocated to these than states where the additional

sampling time reduced uncertainty less.

The Lagrange multiplier, γ, can be determined by substituting Equation 3.9 into

the condition
∫ 1

0
πλdλ = 1:

√
γ =

1√
tTot.

∫ 1

0

√
gλσ

(
∂H

∂λ

)
dλ. (3.10)

Hence the choice of fractional sampling time allocation which minimises the

overall uncertainty is

πλ =

√
gλσ

(
∂H
∂λ

)∫ 1

0

√
gλσ

(
∂H
∂λ

)
dλ
. (3.11)

Substituting this into Equation 3.5 to obtain the minimum variance of the free

energy change estimates provides a limit for the minimum variance of the overall

free energy change,

σ2(∆F̂0,1) ≥ σ2
Min.(∆F̂0,1) (3.12)

σ2(∆F̂0,1) ≥
1

tTot.

(∫ 1

0

√
gλσ

(
∂H

∂λ

)
dλ

)2

(3.13)

σ2(∆F̂0,1) ≥
1

tTot.

(∫ 1

0

√
tλσ

(〈
∂H

∂λ

〉
λ

)
dλ

)2

(3.14)

The expected fractional reduction in simulation time required for equivalent

uncertainty with optimal spacing can be quantified with

IF =
σ2
Min.(∆F̂0,1))

σ2(∆F̂0,1)
, (3.15)

which is equivalent to the improvement factor (IF) of Lundborg et al. when

σ2(∆F̂0,1) is obtained with a uniform distribution of sampling time.250

We could have presented an equivalent discussion in terms of thermodynamic

length.207,208,240,248,250 Thermodynamic length provides a measure of the dis-

tance between thermodynamic states and quantifies the length of paths between

them. Minimising the thermodynamic length of a transformation minimises the

dissipated work for slow but finite-time transformations (when correlation is

accounted for or samples are uncorrelated).
∫ 1

0

√
tλσ
(〈

∂H
∂λ

〉
λ

)
dλ, or equivalently
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0

√
gλσ

(
∂H
∂λ

)
dλ, can be regarded as a measure of thermodynamic length which

accounts for autocorrelation. If autocorrelation is ignored, g = 1 for all values of λ

and the appropriate measure of thermodynamic length is
∫ 1

0
σ
(
∂H
∂λ

)
dλ. However,

the assumption of g = 1 means that minimising this length does not minimise

overall uncertainty.

In equilibrium free energy calculations, simulations are usually carried out at

discrete values of λ. Two methods to modify π to minimise σ2(∆F̂0,1) are changing

the density of λ widows, and changing the allocation of sampling time to each

window.

Changing the Density of Windows

π can be increased around a given value of λ by increasing the density of λ

windows. For a transformation with K windows where there is an equal allocation

of sampling time to each window, each of the K − 1 ∆λ “steps” is effectively

allocated a fraction of 1
K−1

of the total simulation time. The approximate (due

to the earlier assumption of infinitely close states) optimum spacing between

windows k and k + 1, ∆λk,k+1, can be found from Equation 3.11:

t∆λk,k+1

tTot.
=

1

K − 1
=

∫ λk+1

λk

√
gλσ

(
∂H
∂λ

)
dλ∫ 1

0

√
gλσ

(
∂H
∂λ

)
dλ

(3.16)

∫ λk+1

λk

√
gλσ

(
∂H

∂λ

)
dλ =

∫ 1

0

√
gλσ

(
∂H
∂λ

)
dλ

K − 1
(3.17)∫ λk+1

λk

√
tλσ

(〈
∂H

∂λ

〉
λ

)
dλ =

∫ 1

0

√
tλσ
(〈

∂H
∂λ

〉
λ

)
dλ

K − 1
, (3.18)

Alternatively, assuming g = 1 for all λ,

∫ λk+1

λk

σ

(
∂H

∂λ

)
dλ =

∫ 1

0
σ
(
∂H
∂λ

)
dλ

K − 1
. (3.19)

Hence, to determine the optimal spacing, we need an estimate of
√
tλσ
(〈

∂H
∂λ

〉
λ

)
or σ

(
∂H
∂λ

)
as a function of λ. One way to obtain this is from an initial short

set of simulations with non-optimal spacing. The windows can then be spaced

according to Equation 3.19 or 3.18 by ensuring that the areas under the σ
(
∂H
∂λ

)
or

√
tλσ
(〈

∂H
∂λ

〉
λ

)
curves between each value of λ are equal. We can either specify

NWind., or the entire right-hand sides of Equations 3.19 or 3.18. We term these

“thermodynamic speeds” following Minh, who discussed the spacing of windows

according to Equation 3.19.251While the units of kcal mol−1 for a “speed” may
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seem unnatural, it follows from the widely accepted definition of thermodynamic

length, which has units of energy. Because the speed measures the step size

taken between each λ-window, it also has units of length and therefore energy.

We specify a constant thermodynamic speed, ensuring that equivalent spacing

is obtained between different transformations of varying thermodynamic length.

This algorithm is illustrated in Figure 3.1 for the case where σ
(
∂H
∂λ

)
is used.

Figure 3.1: An illustration of the λ-spacing algorithm, where σ
(
∂H
∂λ

)
is used.

The variation of σ
(
∂H
∂λ

)
with λ is estimated from short initial simulations with

a fixed default λ schedule and used to estimate
∫ λ

0
σ
(
∂H
∂λ

)
dλ as a function of

λ. The selected “thermodynamic speed” determines the constant step size in∫ λ

0
σ
(
∂H
∂λ

)
dλ, which is used to select the optimsed λ-schedule. Regions where∫ λ

0
σ
(
∂H
∂λ

)
dλ increases quickly as a function of λ suggest quickly changing

probability distributions in configuration space, which produce more densely-
spaced λ windows.

A common approach to spacing λ windows is to aim for consistent and sufficient

overlap between adjacent windows.128 The uncertainty of the BAR estimator can

be expressed in terms of overlap,121 but also in terms of the variance of the

gradient (under our assumption of infinitely close window spacing, see Section

B.1). Hence, these spacing approaches are closely related and the variance of the

gradient must predict the overlap in the limit of infinitely closely spaced windows.

Intuitively, this is because the dimensionless variance of the gradient is the average

squared relative change in probability with λ

β2σ2

(
∂H

∂λ

)
=

〈(
1

p(x, λ)

∂p(x, λ)

∂λ

)2
〉

λ

, (3.20)

where p(x, λ) is the probability of observing the phase-space coordinates x at λ

and β = 1
kBT

(Section B.2).
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Changing the Allocation of Sampling Time

Varying window spacing with a constant time allocation per window is one

strategy to achieve optimal sampling times at each λ, minimising overall un-

certainty. A complementary strategy is to allocate different sampling times to

each window.

For K windows, we can approximate Equation 3.5 as

σ2(∆F̂0,1) =
K∑
k=1

σ2(∆F̂k) =
K∑
k=1

w2
kσ

2

(〈
∂H

∂λ

〉
λ

)
=

K∑
k=1

w2
k

nk

σ2

(
∂H

∂λ

)
, (3.21)

where there are K states with state number k, wk is the state weight given by

the numerical integration method, and ∆Fk is the contribution of a single state

to the overall free energy change, such that ∆F0,1 =
∑K

k=1∆Fk.

From Equation 3.11, we can write

tOptimal,k

tTot.
=

wk
√
gkσ

(
∂H
∂λ

)∑K
k=0wk

√
gkσ

(
∂H
∂λ

) , (3.22)

where tOptimal,k is the estimate of the optimal sampling time at state k . The data

currently available from state k can be used to effectively estimate the statistical

inefficiency according to gk =
tCurrent,k

nCurrent,k
, where tCurrent,k is the current sampling

time at state k and nCurrent,k is the current number of uncorrelated samples.

Additionally, the denominator of Equation 3.11 can be written in terms of the

minimum achievable variance of the free energy change estimate (Equation 3.14)

tOptimal,k

tTot.
=
wk

√
tCurrent,k

nCurrent,k
σ
(
∂H
∂λ

)
√
tTot.σMin.(∆F̂0,1)

(3.23)

tOptimal,k =

√
tCurrent,ktTot.

σ2
Min.(∆F̂0,1)

σCurrent(∆F̂k). (3.24)

Equation 3.24 shows how to estimate the optimal sampling time at state k from

the current state sampling time and standard error of the the state free energy

change contribution, σCurrent(∆F̂k). However, we avoid allocating sampling time

with a specified tTot. for each calculation because this reduces the efficiency over

multiple calculations compared to specifying a shared “runtime constant”, C =
σ2
Min.(∆F̂0,1)

tTot.

tOptimal,k =

√
tCurrent,k

C
σCurrent(∆F̂k). (3.25)
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This allows the total simulation time per calculation to vary to reduce the overall

uncertainty for the set of calculations. Repeated cycles of simulation and re-

estimation of the optimum sampling time with Equation 3.25 are performed

until the estimated optimum sampling time is equal to, or less than, the current

sampling time.

Sun et al. derived an adaptive time allocation protocol based on the intra-run

BAR errors.256 Our approach differs in that we calculate the uncertainties

(σCurrent(∆F̂k)) from the differences between independently-equilibrated replicate

runs, rather than from intra-run fluctuations. To allow easy decomposition of the

uncertainties into contributions from single states, increasing independence, we

base our algorithm on the errors from TI rather than BAR. Theoretically, each

set of repeat simulations at a given state can be run independently. During the

preparation of this work, Yu et al. proposed a similar algorithm.268

3.2.2 Detection of equilibration

Our equilibration detection heuristic takes inspiration from the Gewke test,265

which checks the equality of means of initial and final portions of the data.

Typically, the first 10 % and last 50 % of the data are used. Significantly different

means are taken to indicate a systematic drift and therefore lack of equilibration.

We aim to detect systematic drift of the free energy estimate from an ensemble of

independent replicates while ignoring systematic differences between the replicate

estimates. Therefore, we perform a paired t-test between the free energy estimates

from the first 10 % and final 50 % of the data for each replicate. This is repeated

while sequentially discarding more data from the start of the simulation up to

some threshold. The data is accepted as equilibrated when there is no evidence

for a significant difference between the paired samples at the 95 % confidence

level.

3.3 Methods

3.3.1 System Preparation

In general, the initial test systems were prepared from crystal structures, retaining

crystal waters and discarding all other non-protein and non-ligand atoms. Details

of initial structure preparation for individual systems are given in Section B.3

and the rationale for system selection is given in Section 3.4.1. Alternate atom
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locations with the greatest occupancy were selected (or the A state, if occupancies

were equal). Missing atoms were added using pdb4amber.175 The protonation

states of all residues were assigned using H++ (version 3.2).178 Proteins and

crystal waters were parameterised with the AMBER ff14SB and TIP3P force

fields using antechamber 22.0.180,185,269 Ligands were protonated using Open Ba-

bel (version 3.0.0) and parameterised with OpenForceField 2.0.0 and AM1-BCC

partial charges through BioSimSpace (version 2023.0.0).83,85,86,181,182 The protein-

ligand complexes and free ligands were solvated with TIP3P water and 0.15 M

of NaCl in rhombic dodecahedral boxes, ensuring a minimum distance of 15 Å

between the solute and the box edge. The Cyclophilin D systems were taken

from the “abfe 2fs” input supplied by Alibay et al. (GAFF2 with AM1-BCC

partial charges, ff99SB-ILDN, and TIP3P force fields).1,270 These were used with

two minor modifications - the ligands were extracted and reparameterised with

GAFF2.11 and AM1-BCC partial charges using antechamber 22.0 to avoid issues

with non-integer charges, and the boxes were expanded to rhombic dodecahedral

boxes with a minimum solute-box edge distance of 15 Å to allow the use of a 12

Å cutoff for reaction-field electrostatics.

3.3.2 Molecular Dynamics Protocols

All solvated systems (both “initial” and obtained from Alibay et al.) were sub-

ject to the standard A3FE minimisation and equilibration workflow, in which

all simulations were performed using GROMACS 2021.3 through BioSimSpace

(version 2023.0.0).271 Systems were energy minimised for 1000 steps, followed by

equilibration in the NV T ensemble (5 ps with all non-solvent atoms restrained

and heating from 0 to 298 K, followed by 50 ps with restraints on all backbone

atoms for the complexes only, then 50 ps with no restraints). NPT equilibration

was then performed at 1 atm and 298 K (400 ps with restraints on non-solvent

heavy atoms, followed by 1 ns with no restraints). Finally, independent 5 ns

NPT equilibration runs were carried out for each independent replicate run

for all systems to provide varied starting conformations. All restraints used a

force constant of 10 kcal mol−1 Å−2. The V-rescale and C-rescale algorithms

were used for the relevant equilibration steps, with time constants of 1 and 4

ps, respectively.272,273 All equilibration molecular dynamics simulations used a

timestep of 2 fs and a cut-off of 8 Å for short-range interactions, with electrostatic

interactions computed with the PME algorithm.80
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3.3.3 Absolute Binding Free Energy Calculations

Individual Calculations

ABFE calculations were carried out using the double decoupling method of Gilson

et al.,49 according to the thermodynamic cycle shown in Figure 2 of Clark et al..274

The simulations with the ligand in solvent collectively make up the free leg,

while those with the receptor-ligand complex make up the bound leg. Sets of

calculations where interactions of a given type are introduced or removed are

termed stages: receptor-ligand restraints were introduced, charges were scaled,

and Lennard-Jones (LJ) terms were scaled in the restrain, discharge, and vanish

stages, respectively. Standard free energies of binding were calculated according

to

∆Go
Bind =∆GFree, Discharge +∆GFree, Vanish −∆Go

Release −∆GBound, Vanish

−∆GBound, Discharge −∆GBound, Restrain +∆GSym. Corr.

=∆GFree +∆Go
Bound, (3.26)

where ∆GSym. Corr. includes any required symmetry corrections and ∆Go
Release

is the free energy of releasing the non-interacting ligand to the standard state

volume.73 ∆GFree and ∆Go
Bound are the overall free and bound leg contributions

to ∆Go
Bind, where ∆Go

Bound includes all terms other than ∆GFree, Discharge and

∆GFree, Vanish. The relative receptor-ligand external degrees of freedom were re-

strained using Boresch restraints and ∆Go
Release was calculated using an analytical

correction term.50,275 The coupling parameter, λ, was scaled from 0 to 1 to

gradually introduce Boresch restraints, and to remove charges and LJ terms in

the relevant stages. λ linearly scaled the magnitude of restraint force constants

and charges, while a soft core potential based on that of Zacharias et al. was used

to scale LJ terms (soft-core parameter set to 2.0).138

Individual simulations were carried out using SOMD (Sire/ OpenMM Molecular

Dynamics),187,276 which is available within Sire (version 2023.1.3).267 OpenMM’s

LangevinMiddleIntegrator was used (friction coefficient of 1 ps−1, coupled to a

heat bath at 298 K).277 Pressure was maintained at 1 atm using a Monte Carlo

barostat (isotropic box scaling attempts every 25 time steps). Hydrogen mass

repartitioning (with a repartitioning factor of 3) was used to allow a timestep of

4 fs, as done in earlier ABFE studies with this simulation engine.172,278 Bonds

to hydrogen were constrained. A cut-off of 12 Å was used for all non-bonded

interactions and electrostatics were treated with the reaction field method with a
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dielectric constant of 78.3.189 We did not correct for the truncation of the tails of

the LJ potentials because we found this produced negligible corrections. Energy

minimisation with a maximum of 1000 iterations was performed prior to every

simulation. The gradient of the free energy with respect to λ was calculated every

200 timesteps.

Overall Workflow

The complete workflow (Figure 3.2) was carried out using the Python package

A3FE (version 0.1.0), which is available on Github at github.com/michellab/a3fe

and is built on BioSimSpace and SOMD.182,267 The final 5 ns equilibration run

of the fully interacting complex for the first replicate was analysed to select the

Boresch restraints using BioSimSpace. This algorithm fits the force constants to

the fluctuations observed for prospective sets of anchor points, then selects the

stable anchor set which maximally restricts the configurational volume available

to the fully decoupled ligand. This effectively mimics strong native receptor-ligand

interactions and ensures that ∆GBound, Restrain ≈ 1.23 kcal mol−1 (see section

S6 in Clark et al. for a discussion and Hedges et al. for a tutorial).204,274 The

same restraints were used for all replicate runs to ensure that the free energy

gradients at a given λ value would converge to the same values with infinite

sampling. Different initial configurations were used for each leg of each repeat

run, as extracted from the end of the 5 ns equilibration step. Within each leg, the

same initial configuration was used for each λ-window.

The λ-schedule from Clark et al.,274 which was manually optimised for the

MIF/MIF180 system, was used as a default. This used 8 windows for the free

discharge stage, 18 for the free vanish stage, 6 for the bound restrain stage, 8 for

the bound discharge stage, and 36 for the bound vanish stage. This schedule was

used to run all non-adaptive simulations for the initial test systems. For adaptive

simulations, the λ-schedule at each stage was generated by running very short

simulations (0.1 ns, no replicates) at all default λ values. These were used to

estimate σ
(
∂H
∂λ

)
as a function of λ, and the new λ-schedule was generated so that

the area under the σ
(
∂H
∂λ

)
vs λ curve was equal between adjacent λ values. The

size of these areas, and hence the spacing of the windows, were determined by

the user-specified “thermodynamic speed” parameter.251

The adaptive runs began with 0.2 ns simulations for all replicates. Per-window

free energy changes were calculated from the product of
〈
∂H
∂λ

〉
λ
and weights from

the trapezoidal rule. From the inter-run deviations, the standard errors of the

mean free energy changes were calculated and used to predict the optimal run

https://github.com/michellab/a3fe
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Figure 3.2: Scheme of the automated absolute binding free energy workflow imple-
mented in the A3FE Python package. Following a) initial system preparation, b)
individual 5 ns equilibration runs were carried out for each of the N replicate runs
for each leg to provide diverse input conformations for the free energy calculations.
c) The first of these for the bound leg was analysed to select Boresch restraints.
d) A single short replicate was run for each of the default λ values to provide
an estimate of the variance of the gradient, from which the final λ values were
calculated. The same Boresch restraints and λ scheme were used for all replicate
production runs. e) Simulation time was allocated by iteratively calculating
the inter-run standard errors of the per-window ∆G estimates, estimating the
optimal run time for each window, and allocating sampling time accordingly. Once
the estimated optimal sampling times were achieved, f) the equilibration time
was determined for each stage using an ensemble-based equilibration detection
heuristic, g) and the overall free energy changes were calculated using MBAR.

times according to Equation 3.25. Additional simulation time was then alloc-

ated accordingly, and iterations of sampling time allocation and analysis were

performed until predicted optimum sampling times agreed with the allocated

sampling times. Equal sampling times were allocated to all replicate windows

at the same value of λ. To promote smooth convergence to the “optimal” time,

the total sampling time for each window was no more than doubled during each

cycle. To smooth the allocation of sampling time between windows, it was enforced

that the total sampling time for a given window could be no less than half that

of the adjacent windows. Total sampling time was controlled with the user-input

runtime constant (C in Equation 3.25). To obtain true optimum efficiency, times

and statistical inefficiencies should be measured in terms of computing time (or
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power consumption/ financial cost), rather than in nanoseconds of simulation

time. This accounts for the differences in computational costs of different systems.

To account for the different computational costs of different legs for different

systems, tCurrent,k and tOptimal,k were multiplied by the relative computational

cost of the current calculation leg, resulting in an overall factor of 1√
Rel.Cost.

on

the right hand side of Equation 3.25. Costs were calculated for all systems from

the λ selection simulations, which were all run on the same machine with four

GeForce RTX 2080 SUPER GPUs. These were expressed relative to the MIF180

bound leg, which had an absolute computational cost of 0.21 hours ns−1. Hence,

Equation 3.25 was used as shown with simulation times for the MIF180 bound

legs, but where the computational cost was greater, the predicted optimal time

was reduced. The approach of using relative costs was intended to improve the

repeatability of the workflow - once users have calculated the absolute cost of

the MIF180 bound leg, for which input files are supplied, this can be supplied

to A3FE and the resultant simulation times (in ns) should be comparable to

those shown here. The effect of varying hardware was removed by expressing

computational time in GPU hours on GeForce RTX 2080 SUPER GPUs, obtained

by multiplying simulation time in ns by the absolute cost calculated during the

λ selection simulations.

Equilibration detection was performed after the adaptive allocation of sampling

time was complete. This was done by splitting all time-ordered data for a stage

into 100 blocks, so that each contained the same fraction of data (but not ne-

cessarily sampling time) from each λ window. The free energy change at each

percent of total stage simulation time was computed using the Multistate Bennett

Acceptance Ratio (MBAR) as implemented in pymbar 3.1.1.121,131 The mean ∆G

estimates for the first 10 % and last 50 % of the data were calculated for each run

and a paired t-test was performed on the per-run differences. This was repeated

after discarding 17 %, 33 %, and 50 % of total simulation time. Equilibration

was equated with the first p-value greater than 0.05. Unequilibrated data were

discarded and ∆Go
Bind was calculated with pymbar. The result was expressed

as a mean over all N replicates and uncertainties were calculated as 95 % t-

based confidence intervals (using N −1 degrees of freedom). Where not provided,

uncertainties in experimental affinity data were assumed to be 0.5 kcal mol−1.20,279
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3.4 Results and Discussion

3.4.1 The Behaviour of Non-Adaptive Runs

To inform the development of our adaptive protocols, we first performed non-

adaptive ABFE calculations on five protein-ligand systems (Figure 3.3). These

were intended to span a range of ligand sizes, rates of equilibration, and sampling

challenges. T4L/Benzene is a common test system for ABFE methodologies;50,190

MIF/MIF180 is subject to slow rehydration of the binding site upon ligand

decoupling;166,274 the MDM2 complexes were used to develop the group’s pre-

vious adaptive protocol;165 and the slow equilibration of the PDE2a complex

was highlighted by Huggins.171 T4L, MIF, MDM2, and PDE2a denote the L99A

mutant of T4 lysozyme, human macrophage migration inhibition factor, mouse

double minute 2 homolog with a truncated lid, and phosphodiesterase 2a, re-

spectively (Section B.3). We ran 5 independent replicate runs for each system, all

using the manually-optimised λ-schedule from our previous work.274. Firstly, we

investigated short-timescale behaviour by running all windows for a total of 0.2

ns and using all data for analysis. We then carried out a more realistic protocol

optimised for MIF/MIF180 in our previous work - all windows were run for 6

ns with the initial 1 ns discarded to equilibration, other than the bound vanish

stages, which were run for 8 ns with the initial 3 ns discarded to equilibration.

Finally, we investigated longer timescale behaviour by running all windows for

30 ns and discarding the first 10 ns of data to equilibration. The protocols

are referred to as 0.2 ns, 6 ns, and 30 ns. As we aimed to compare between

protocols rather than with experiment, we tolerated two potential sources of

error which we may not have otherwise; the syn-anti isomerisation in MIF180

was rarely sampled, in contrast to our previous work using GAFF2.11,166,274

and we performed calculations for the charged ligand Pip2 using a reaction field

treatment of electrostatics without maintaining neutrality of the box or applying

corrections.280

None of the overall free energy changes are strictly converged

Our main interest was in the equilibration and convergence behaviour of the non-

adaptive runs, and their relative performance compared to adaptive protocols.

However, we include experimental binding free energies in Table 3.1 to check that

our results are reasonable. The 30 ns computed free energies are broadly similar to

the experimental values, giving some assurance that our default protocol is reas-

onable. We note that the calculated values appear excessively negative for ligands
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Figure 3.3: Summary of initial test complexes. Drawn with RDKit.281

Table 3.1: Non-Adaptive ∆Go
Bind for Initial Test Systemsa

0.2 ns 6 ns 30 ns Exp. ∆Go
Bind Exp. Source

T4L -4.74 ± 0.79 -3.80 ± 0.87 -4.03 ± 0.80 -5.19 ± 0.16 ITC, Morton et al. 282

MIF -16.56 ± 2.49 -10.16 ± 1.27 -10.48 ± 1.14 -8.98 ± 0.28 FPA, Cisneros et al. 198

MDM2-Pip2 -17.32 ± 1.68 -13.49 ± 1.27 -13.94 ± 0.86 -9.11 ± 0.01 ITC, Michelsen et al. 283

PDE2a -29.40 ± 2.89 -17.26 ± 1.49 -16.96 ± 1.97 -14.35 ± 0.50* SPA, Obach et al. 284

MDM2-Nutlin -17.88 ± 4.07 -15.56 ± 2.25 -16.92 ± 1.98 -11.14 ± 0.27 ITC, Mendoza-Martinez et al. 165

a All quantities in kcal mol−1. Calculation uncertainties stated as 95 %
confidence intervals based on the variance of 5 replicate runs, assuming Gaussian
distributions, while experimental uncertainties are given as standard deviations.
Symmetry corrections are included. A detailed breakdown of the components
of the calculated binding free energies is given in Table B.1 and all Boresch
restraint parameters are given in Table B.2. * Uncertainty estimated based on
Hahn et al..20,279 ITC, FPA, and SPA denote isothermal titration calorimetry,
fluorescence polarisation assay, and scintillation proximity assay.

larger than benzene, in particular the MDM2 ligands. This is to be anticipated for

a wide variety of sampling challenges in equilibrium ABFE calculations, because

the bound leg simulations are started from the holo structure. Any failure to relax

towards the apo structure and free ligand conformations during the simulation can

be regarded as erroneous “preorganisation” of the system for binding, producing

erroneously favourable estimates of binding. This effect can generally be expected

to increase for larger ligands with more substantial sampling challenges and

more favourable binding affinities, and may be avoided using bidirectional non-

equilibrium switching protocols which account for the apo state.219 While we

make broad comparisons with experimental affinities here, we note that these are

from different sources, including biochemical assays.

More pertinently, the initial test systems show a range of equilibration beha-

viours. While the results obtained for the brief 0.2 ns runs are not significantly

different to those from the costly 30 ns runs for T4L, there are significant and

substantial differences for MDM2-Pip2, MIF, and especially PDE2a. As shown

by the breakdown of binding energy components (Table B.4) and Figure B.1,
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the dominant contribution to slow equilibration comes from the bound vanish

legs, where sampling is impeded by the protein and where a second-order phase-

change like transition occurs as the Van der Waals interactions are removed.285

The diversity of equilibration behaviour suggests that equal-time equilibration

rules are likely to be sub-optimal. However, all cases of slow equilibration are

similar in that the overall free energies become less favourable with increasing

sampling time, which is to be expected given the discussion of sampling issues

above.

The uncertainties in Table 3.1 do not generally decrease proportionally to the

inverse square root of sampling time. This suggests that the increased sampling

time does not produce a proportional number of independent samples; rather

independent runs are becoming trapped in separate regions of conformational

space.111,286 Again, Table B.4 shows that sampling in the bound leg, and in

particular the bound vanish leg is to blame. In contrast to the bound leg, the

uncertainties for the free leg generally decrease with sampling time.

While the 6 ns and 30 ns runs appeared “equilibrated”, we performed further

checks to assess convergence. For strictly converged simulations, we would expect

replicate runs to sample the same distributions of our parameter of interest.

We tested whether the gradients obtained for independent runs were sampled

from the same distributions using the Kruskal-Wallis H-test (after subsampling

according to the statistical inefficiency determined individually for each run).262

The Kruskal-Wallis H-test is a non-parametric equivalent of the one-way ana-

lysis of variance (ANOVA), and is an extension of the Mann-Whitney U-test

for more than two groups.287 It tests the null hypothesis of equal medians for

all underlying (population) distributions; the alternative hypothesis is that the

population median of one group is different to at least one other group and that

all samples do not originate from the same distribution. Figure B.2 shows that

the proportion of windows showing significant differences at the 95 % confidence

level is always above 70 % for the bound vanish and bound discharge stages.

However, for the free legs, the fraction increases with ligand size from around 0 for

T4L to similar to the bound fractions for MDM2-Nutlin. This indicates increasing

sampling issues with increasing ligand size. All calculations contain many windows

where replicate runs produce significantly different median gradients, meaning

that none of our calculations are strictly converged, even after 30 ns sampling

time per window. We emphasise that our results would be judged as “converged”

by the standards of most of the literature; the reported lack of convergence is due

to our strict criterion. In Section B.7, we reanalyse results from Alibay et al.1,288
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to demonstrate that most literature ABFE results are likely also unconverged by

this criterion. This confirms that replicate runs are essential for reliable free energy

estimates and uncertainty quantification for the bound leg runs, and many free

leg runs, at least without improved sampling.193,257,258 In accordance with Wan

et al., this suggests that the optimal number of replicates for a given sampling

time is likely to be the maximum number of replicates which remain long enough

to achieve sufficient equilibration.286 We note that averaging results from multiple

replicate runs which become trapped in separate regions of configuration space is

not theoretically rigorous,289 because there is no guarantee that the distribution

among these conformational regions is not biased by the starting conformations.

However, this approach appears robust in practice.257

The Gellman-Rubin diagnostic is a popular metric used to diagnose conver-

gence in MCMC simulations based on the difference between intra-run and inter-

run variances.264 However, we found that the tendency of the uncertainties not

to decrease with increasing sampling time (the tendency of systems to remain

trapped in local minima) meant that this diagnostic was not useful for determining

the termination point of our simulations. Effectively, the convergence of our

simulations often did not improve with increasing sampling time, and therefore

the degree of convergence was not a useful stopping criterion. We note that a

more recent version of the Gelman-Rubin diagnostic may be more useful for

this purpose.290 Still, we found this diagnostic to be very useful for highlighting

windows where substantial sampling problems occurred (Section B.13).

The standard deviations of the gradients equilibrate quickly, while the standard

errors equilibrate slowly

The standard deviation of the gradient (σ
(
∂H
∂λ

)
) and the time-normalised stand-

ard error of the mean gradient (
√
tλσ
(〈

∂H
∂λ

〉
λ

)
) are plotted against λ for PDE2a

in Figure 3.4. This illustrates the general trends for all test systems (the plots for

all remaining systems are given in Section B.8).

The standard deviations are in excellent agreement between the 0.2, 6, and 30 ns

runs, illustrating rapid equilibration (Figure 3A). In general, the curves of σ
(
∂H
∂λ

)
are extremely similar between the vanish stages, but σ

(
∂H
∂λ

)
is slightly higher

for the discharge legs. This may stem from greater rearrangement of the polar

solvent environment than of the less polar binding pocket upon discharging. The

shapes of the standard deviation curves are very similar between systems for the
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Figure 3.4: a) Standard deviation of the gradient and b) time-normalised standard
error of the mean gradient against λ for all calculation stages for PDE2a.
Improvement factors (IF, Equation 3.15) are computed with respect to equally-
spaced λ-windows.

vanish stages, with the exception of the bound vanish stage for T4L, which shows

a substantially lower standard deviation around λ = 0.5 (Figure B.4). This is

likely because the volume vacated by the decoupled ligand is not filled by water

in the hydrophobic T4L L99A binding site.
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In contrast to the standard deviations, the time-normalised standard errors of the

means of the gradients appear unequilibrated (Figure 3.4b). Increasing sampling

time produces higher
√
tλσ
(〈

∂H
∂λ

〉
λ

)
values which again reflects the fact that

the uncertainties do not generally decrease with sampling time. This increase

can happen for two reasons; firstly, because the replicates remain trapped in

local minima in configuration space , producing constant σ
(〈

∂H
∂λ

〉
λ

)
at increased

time and hence increased
√
tλσ
(〈

∂H
∂λ

〉
λ

)
. In other words, our estimate of the

statistical inefficiency has failed to converge because no transitions between the

relevant conformational minima have been observed. Alternatively, this can be

due to replicates exploring new local minima in configuration space, increasing

both σ
(〈

∂H
∂λ

〉
λ

)
and

√
tλσ
(〈

∂H
∂λ

〉
λ

)
. As expected from the uncertainties in Table

B.4,
√
tλσ
(〈

∂H
∂λ

〉
λ

)
is generally much smaller and more consistent with increasing

simulation times for the free legs over the bound legs, reflecting the fact that the

protein environment poses substantial sampling challenges which dramatically

increase the statistical inefficiency. The exception to this is the free vanish stage

for Nutlin, which shows a substantial peak in
√
tλσ
(〈

∂H
∂λ

〉
λ

)
around λ = 0.5

which is similar in magnitude between the bound and free legs. This is due to the

overlap of intramolecular groups (Section B.9).
√
tλσ
(〈

∂H
∂λ

〉
λ

)
is dependent on the

statistical inefficiency, which is determined by the slowest timescales of exchange

between conformational minima which produce different gradients. As a result, it

is noisy. Despite the noise, some trends can be observed:
√
tλσ
(〈

∂H
∂λ

〉
λ

)
is generally

highest between λ = 0 and 0.6 for the bound vanish stages where the ligand is

more strongly interacting with the protein environment, but subsequently drops

as the ligand becomes weakly interacting and sampling is improved. For the bound

restrain stage, there are often peaks at λ = 0 where the restraint is absent and

the ligand can explore poses which were not observed during the restraint-fitting

simulations.

These observations have consequences for the design of adaptive protocols. Be-

cause σ
(
∂H
∂λ

)
equilibrates quickly, minimum variance protocols can be found

from short test simulations. These protocols are equivalent to minimum ther-

modynamic length protocols where the metric does not account for statistical

inefficiency. Because
√
tλσ
(〈

∂H
∂λ

〉
λ

)
equilibrates slowly, minimum standard error

of the mean protocols cannot easily be found from short simulations, and require

adaptive protocols. These protocols are equivalent to minimum thermodynamic

length protocols where the metric accounts for statistical inefficiency.
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If we wish to use the MBAR free energy estimator, we must calculate the energies

of samples obtained at a given value of λ at all other values of λ. Protocols which

adaptively change the number of λ-windows according to Equation 3.18 are then

inconvenient because of the need to compute energies at all values of λ at which

may be used. This can result in a substantial overhead. Therefore, we select λ

values to achieve minimum variance using Equation 3.19 based on a short set

of initial simulations of negligible cost. σ
(
∂H
∂λ

)
was determined as a function of

λ for a default set of windows using a single replicate run with 0.1 ns sampling

per window. This is effectively equivalent to selecting states to achieve equal

and sufficient overlap when statistical inefficiency is ignored. We then adaptively

allocate simulation time to achieve minimum standard error of the mean according

to Equation 3.25.

3.4.2 Performance of Window Spacing, Time Allocation, and Equi-

libration Detection Algorithms

The window spacing protocol is reliable and spacing impacts equilibration

To independently assess the performance of the automated λ-spacing protocol, we

carried out tests on the MIF complex where equal sampling time was allocated

to each window (i.e. the window spacing algorithm was used but the adaptive

sampling algorithm was not). We generated λ-schedules using thermodynamic

speeds of 0.5, 1.0, 2.0, and 4.0 kcal mol−1 (Equation 3.19). The cost of the protocol

was negligible, but it generated more consistent off-diagonal overlap values than

the manually-optimised schedule (Figure 3.5 ). This was especially true for the

vanish stages, where the thermodynamic length varied least linearly as a function

of λ. Figure 3.5 a) shows λ against the the normalised λ index ( Index
No.windows

), where

a steeper curve of of λ against the normalised index indicates a lower density

of windows. Here, the adaptive protocols reduces the density of states close to

λ = 1, avoiding the increase in overlap observed for the non-adaptive protocol in

this region (Figure 3.5a). As expected based on Section 3.4.1, the same number of

windows were normally selected between the bound and free legs, and the number

of windows approximately halved when the thermodynamic speed was doubled

(Figure 3.6). A speed of 2.0 kcal mol−1 appeared close to the maximum, because

low off-diagonal overlaps were observed (according to the rule-of-thumb that off-

diagonal values should not be lower than 0.03).128 This is in agreement with the

results of Rizzi.252
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Figure 3.5: Automated selection of λ windows for the free vanish stage for
MIF. a) λ against normalised λ index ( Index

No.windows
) and b) overlap matrices

using a manually-optimised λ-schedule, and using the automated method to
space windows with thermodynamic speeds of 0.5, 1.0, 2.0, and 4.0 kcal mol−1.
The automated method produces more consistent off-diagonal overlap than the
manually-optimised schedule. Plots for all other stages are shown in Section B.10

Simulations with the generated λ-schedules showed no visible reduction in the

overall standard error of the mean of the free energy change for equivalent sampling

time compared to the “manually-optimised” protocol (Figure 3.7); rather, all

schedules other than that with 4.0 kcal mol−1 speed showed similar inter-run

uncertainties. This is as expected given that the protocol did not account for

differences in statistical inefficiency between stages. This may have also been

anticipated from the results of Nguyen and Minh, who found that given sufficient

overlap, the uncertainty collapsed purely as a function of total sampling time.291

However, the 4.0 kcal mol−1 thermodynamic speed protocol often showed sub-

stantially greater uncertainty, as anticipated from the negligible overlap.
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Figure 3.6: Number of windows selected for each stage for MIF. Non-adaptive
shows the default number of windows, which were previously manually optimised
for MIF/MIF180.274 All other schedules were generated with the automated
procedure using thermodynamic speeds of 0.5, 1.0, 2.0, and 4.0 kcal mol−1.

The most substantial effect of increasing the spacing up to 2.0 kcal mol−1 was that

equilibration was accelerated (Figure 3.8) for a given total simulation time. This

was discussed by Rizzi.252 The effect is intuitive - reducing the number of windows

increases the total sampling time per window for a given total simulation time.

This produces faster relaxation for a given computational cost. This suggests that

for slowly relaxing systems where replica exchange is not used, the thermodynamic

speed should be made as large as possible without negatively impacting the

MBAR estimate through insufficient overlap. A speed of 2.0 kcal mol−1 appears

to work well for this system. If this method were used with replica exchange,

benefits would still be expected at relatively high thermodynamic speeds,252 but

the need for a sufficiently high exchange rate may favour lower speeds.291

This protocol is effectively a simplified version of those of Minh and Rizzi.251,252

We believe that it has a more rigorous basis than more empirical approaches which

minimise free energy differences between windows,253 because it effectively targets

equal divergences of the probability distributions between adjacent states. Adding

a constant energy offset to a Hamiltonian would produce a free energy difference

while maintaining perfect overlap, and therefore spacing states according to free

energy differences has a weak theoretical foundation. This protocol requires that

the λ-schedule for the trial simulations is sufficiently dense to faithfully capture

variations in σ
(
∂H
∂λ

)
with λ. However, for a reasonably chosen alchemical path

(e.g. a reasonable choice of soft-core) there should be no sudden changes in

σ
(
∂H
∂λ

)
with λ (Figure 3.4) meaning that the initial λ-schedule does not have
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Figure 3.7: Non- cumulative inter-run standard errors of the mean of estimated
∆G against sampling time for all stages with different λ schedules. Equal
simulation times were allocated to each window for within each schedule. Data
were split into 20 equal blocks and MBAR was run on each block. By non-
cumulative, we mean that the data for each block were analysed independently,
so that the overall error is not expected to decrease with 1√

SamplingTime
. The data

for truncated before analysis so that the per-stage computational costs were equal
to that of the cheapest stage.

to be particularly dense. The advantage of using a fixed set of initial states

is that initial simulations can be run in parallel, which may reduce wall-clock

time compared to iterative schemes.254 This protocol is also simpler than others

based on similar principles.255 Given that the automated protocol is simple to

implement, appears robust, and produces superior λ-schedules compared to more

costly manual selection, we recommend its use in alchemical free energy workflows.

The adaptive sampling scheme concentrates sampling where there are sampling

issues

To isolate the effect of the adaptive time allocation algorithm, it was tested while

λ-schedules were kept constant. This algorithm should provide the greatest ad-

vantage when two conditions are met: there is a sampling issue which is restricted

to a few windows, and the timescale of the sampling issue is not dramatically

longer than a typical λ simulation. This would mean that the default equal-time

allocation would be a poor choice, and that the uncertainty could be affordably

reduced with additional sampling of problematic windows.
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Figure 3.8: Equilibration of the MIF bound vanish stage against total sampling
time with varying λ-window spacing. The mean is shown as a solid line, and
shaded regions indicate 95 % t-based confidence intervals based on inter-replicate
differences. Wider spacing leads to accelerated equilibration towards the 30 ns
result (black-dotted line with 95 % CI shown as sparse dotted lines). The longer-
time equilibration and results for the free vanish stage are shown in Section B.10.

To test whether the adaptive scheme produced benefits in a favourable case, we

performed adaptive and non-adaptive runs for the free vanish stage of MDM2-

Pip2. This was selected because it had the most favourable SEM-based im-

provement factor of any stage (0.37 ± 0.13, Figure B.6), indicating a sampling

issue localised to a few windows. The adaptive and non-adaptive time-allocation

runs used the same optimised λ-schedule with speed 1.0 kcal mol−1. To provide

improved statistics, 20 replicates were used for each protocol. A runtime constant

of 1×10−10 kcal2 mol−2 ns−1 was used for the adaptive runs and the non-adaptive

data were truncated slightly above 2 ns per simulation per window to give an equal

total computational cost.

Figure 3.9 shows the allocation of sampling time for the adaptive protocol. At

λ = 0, the intramolecular Lennard-Jones forces are still fully active and the

two chlorophenyl rings of Pip2 remain parallel throughout the simulation. Above

λ = 0.2, these forces are substantially weakened, and the ligand relaxes so

that the rings point in opposite directions. There is an intermediate regime

around λ = 0.1 where the ligand slowly exchanges between both conformations,

substantially increasing the uncertainty of the free energy differences between

runs. This produces a spike in the allocated simulation time. The main effect
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of the differing allocation of sampling time is to accelerate equilibration (Figure

3.9). At longer sampling times, the adaptive protocol produces estimates which

are significantly closer to the final 30 ns estimate than the non-adaptive protocol.

At very short timescales this trend is reversed, which suggests that fast relaxations

are better sampled by the equal-time protocol, while the adaptive protocol more

effectively samples the slow exchange between different ring orientations.

Figure 3.9: a) Allocation of sampling time against λ for the Pip2 free vanish leg.
Sampling times shown are per-simulation, and 20 replicate simulations were used
for each λ-window. The fluctuation between conformations around λ = 0.1 causes
divergence of the free energy esimates between runs, and produces a peak in the
sampling times. b) Equilibration of the free vanish stage towards the 30 ns result
(black dotted line with sparser dotted lines showing 95 % CI). Data was split
into 10 blocks before analysis with MBAR. Shaded areas show 95 % t-based CIs.
The adaptive and non-adaptive runs use the same λ-schedule, and therefore the
accelerated equilibration is due to the concentration of sampling time around the
problematic λ = 0.1 region by the adaptive sampling algorithm.

We note that while the adaptive algorithm produces desirable improvements in

the rate of equilibration, it was intended to reduce uncertainty. It fails to reduce

inter-run uncertainty for Pip2, at least at earlier total sampling times (Figure

B.16). This is explained by the large bias in initial conformations, in which
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the chlorophenyl rings are always parallel. Concentrating sampling around the

λ = 0.1 region in fact initially increased the inter-run uncertainty, because it

resulted in a wider, but less biased, spread of free energies; however, uncertainty

compared to the long-time result was reduced. If each window were initialised by

a conformation which had been thoroughly equilibrated at the given value of λ,

this algorithm should also reduce inter-run uncertainty.

We further tested the adaptive protocol on the bound vanish stage of the T4L

complex, again with 20 runs per protocol and with a shared λ-schedule selec-

ted with a speed of 1.0 kcal mol−1 (Section B.13). Here, the sampling issue

resulted from the occasional water molecule moving into the empty binding

site around λ = 1.0. This issue was also noted by Lagardère et al. 225 The

adaptive algorithm allocated substantially more sampling time to the affected

windows, but in contrast to the Pip2 example, this did not produce any observable

benefit. This is because the timescale of water entry to the binding site is far

greater than what was allocated by our algorithm. Hence, we expect that the

adaptive algorithm will rarely offer dramatic within-stage improvements, because

the timescales of most sampling issues are expected to be much longer than

the simulation times that can reasonably be allocated. This is in agreement

with the recent work of Yu et al.,268 who investigated the performance of a

similar algorithm for computing the hydration free energies of trivalent rare

earth elements in ionic liquids. They found that the algorithm offered substantial

reductions in uncertainty at equivalent computational cost for the Coulombic

contribution at 600 K. However, at 300 K the timescale of the sampling issue was

dramatically increased and the adaptive protocol offered little improvement over

equal-time allocation.

One advantage of our time allocation protocol compared to replica-exchange

methods is that information does not have to be shared frequently between

simulations. This makes the workflow substantially easier to deploy to high-

performance computing clusters, where individual simulations can be parallel-

ised across different nodes. If the only metric used to decide simulation time

was the inter-replicate ∆G uncertainty for a given window, then only the N

replicates at each window would have to finish before further simulation time

could be allocated to that window. However, we also share some information

between λ windows, as we require that the total simulation time allocated is

no less than half that of the adjacent windows. This ensures that information

about problematic regions is effectively shared between nearby windows, but it

also increases the coupling between simulations, which now require information
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from adjacent windows before they can be resubmitted. Despite the reduction

in coupling, we note that our protocol is likely to be less efficient than replica-

exchange-based methodologies in terms of absolute computing time, especially

highly flexible schemes such as ensemble of expanded ensemble.292 In principle,

there is no reason why this algorithm should not be applied in combination with

replica exchange methods; for example, windows with low statistical inefficiencies

could be run for less time between exchange attempts than windows with high

statistical inefficiencies. However, this is more complicated, since the statistical

inefficiency at a given λ window becomes a function of the sampling at all other λ

windows and the inter-window exchange probabilities, making it less clear where

additional sampling time would be best allocated. Alternatively, windows showing

large inter-run ∆G deviations could be targeted by enhanced sampling algorithms.

For example, if many replicates were used, the low dimensional descriptor which

best discriminates between the run mean ∆G estimates may be sought and used

to guide enhanced sampling.

The adaptive sampling algorithm behaves predictably for the free legs, and less

predictably for the bound legs

We sought to understand the reproducibility of the allocated sampling times

between repeat runs of the entire protocol, and the effect of changing simulation

parameters on the time allocated. In this section, all algorithms (adaptive sim-

ulation time allocation, automated window spacing, and equilibration detection)

were used. Table 3.2 shows the allocation of sampling time between protocols

labelled according to their runtime constant (r, kcal2 mol−2 ns−1), the ther-

modynamic speed used for window spacing (s, kcal mol−1), and the number of

independently-equilibrated repeat runs per protocol (n). The overall free energies

are generally not significantly different to the non-adaptive 30 ns result. There is

reasonable consistency between the times allocated for repeats of the r0.005-s1-

n5 protocol, showing that similar sampling issues and related uncertainties are

detected between overall repeats. Sampling time is mostly concentrated around

λ = 0.4 during the bound vanish stage, where water begins to enter the binding

site.274 In the ideal case, where the uncertainty decreases proportionally to the

square root of sampling time, all protocols with the same runtime constant should

be allocated equal sampling times, regardless of the number of λ-windows or

number of repeats. This appears to be the case for the free legs, where doubling

the number of replicates, or halving or doubling the number of λ-windows does

not appear to affect the allocated sampling time. In contrast, the bound vanish leg
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Table 3.2: Variation of Allocated Simulation Time with Simulation Parameters
for MIFa

Parameters Simulation Times / ns

Protocol
Run Time Constant
/ kcal2 mol−2 ns−1

Thermodynamic
Speed / kcal mol−1

No.
Replicates

Bound
Restrain

Bound
Discharge

Bound
Vanish

Free
Discharge

Free
Vanish

Total
∆Go

bind

/ kcal mol−1

r0.005, s1, n5, repeat 1 0.005 1.0 5 14 111 282 19 62 488 -11.80 ± 1.87
r0.005, s1, n5, repeat 2 0.005 1.0 5 21 112 306 16 62 517 -11.37 ± 0.74
r0.005, s1, n5, repeat 3 0.005 1.0 5 14 126 308 12 46 506 -11.28 ± 1.66

r0.005, sOrig., n5 0.005 Default spacing 5 6 126 196 12 44 384 -12.12 ± 1.07
r0.001, s1, n5 0.001 1.0 5 98 311 1286 32 114 1840 -11.37 ± 0.59
r0.005, s1, n10 0.005 1.0 10 14 112 185 17 66 394 -12.27 ± 0.88
r0.005, s0.5, n5 0.005 0.5 5 6 100 190 15 54 366 -12.05 ± 1.56

r0.005, s2, n5, repeat 1 0.005 2.0 5 8 324 406 14 52 803 -9.52 ± 0.67
r0.005, s2, n5, repeat 2 0.005 2.0 5 17 430 257 12 56 772 -11.15 ± 1.56

r0.005, s4, n5 0.005 4.0 5 12 79 551 16 62 720 -9.47 ± 1.91

a∆Go
bind shown with with 95 % t-based confidence intervals). In the protocol

names, r denotes the run time constant (kcal2 mol−2 ns−1), s denotes the
thermodynamic speed (kcal mol−1) used to determine the λ-window spacing, and
n denotes the number of replicates in each ensemble run. sOrig denotes the use
of the default λ-spacing. A detailed breakdown of the calculated free energies is
given in Table B.3.

simulations are prone to becoming stuck in local minima and the uncertainties do

not generally decrease as expected with additional sampling time (Section 3.4.1).

Here, increasing the number of λ-windows (r0.0005-sOrig-n5, r0.0005-s0.5-n5) or

the number of replicates (r0.0005-s1-n10) appears to decrease the total allocated

sampling time, likely indicating that reduced uncertainty is achieved with equi-

valent sampling time when the number of independent simulations is greater,

in agreement with Wan et al..286 However, this trend is not replicated for the

bound discharge leg. Increasing the λ-spacing with speeds of 2 and 4 kcal mol−1

generally increased the total sampling time, but did not have a reliable effect

on the sampling time for the bound stages, possibly indicating lower reliability

of sampling issue detection with fewer independent simulations. Surprisingly, the

r0.0005-s4-n5 result remained reasonable despite extremely poor overlap (for the

bound vanish leg, the highest off-diagonal overlap was 0.02). When the runtime

constant was reduced by a factor of 5, the time allocations for the free leg increased

by a factor of approximately
√
5 as expected, although the proportional increase

was greater for the bound stages. Overall, this indicates that the algorithm is

robust and behaves as expected when uncertainties decrease in proportion to the

square root of the sampling time, as assumed. However, when simulations become

trapped in local minima, the overall sampling time allocation can be affected by

parameters other than just the runtime constant.
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We note that the ability of the adaptive algorithm to detect sampling issues

is highly dependent on using diverse starting conformations. We performed two

adaptive runs of the T4L system with 5 replicate runs, a runtime constant of

0.0005 kcal2 mol−2 ns−1, and λ-windows spaced with a speed of 1 kcal mol−1.

The first protocol used the default of independently equilibrated (in the fully

interacting state) structures for each repeat, while the second protocol used the

input structure generated for the first repeat for all repeats. A dramatically

greater allocation of sampling time for the bound vanish stage of the first protocol

(458 ns) was observed compared to the second protocol (16 ns). This suggests that

using different starting velocities alone may be insufficient to sample diverse local

minima in the initial stages of the adaptive runs. However, the shared starting

structure protocol produced an overall result (−5.26± 0.35 kcal mol−1) in better

agreement with experiment (−5.19 ± 0.16 kcal mol−1) than the diverse starting

structure protocol (−4.33 ± 0.67 kcal mol−1), perhaps suggesting that entry of

any waters to this binding site is an artefact of simulation.

Detecting equilibration based on multiple replicates improves reliability

We assessed our ensemble-based equilibration detection method based on its

performance on the bound vanish stage for all initial test systems (Figure 3.10).

These were run adaptively with the parameters given in Section 3.4.3, meaning

that the adaptive window spacing and time allocation algorithms were used in

combination with the equilibration detection heuristic. This stage was chosen

as it displayed the most pronounced equilibration behaviour. In particular, the

MIF and PDE2a complexes showed pronounced initial transients, which were

successfully removed by the paired t-test method. For all other systems, any

initial transients were substantially smaller and this method discarded no time to

equilibration. Inspection of the equilibration times for all stages showed that the

paired t-test method rarely discards any data when there is no visible initial tran-

sient (Figure B.22). This is in contrast to the popular method of Chodera which

often discards a substantial amount of data even when there is no obvious initial

transient, even when it is applied to the mean trace (see MDM2-Nutlin bound

vanish in Figure 3.10, T4L bound restrain in Figure B.22). We compared the

absolute differences between the ∆G estimates obtained with both equilibration

detection methods to the final 30 ns non-adaptive bound vanish results (Figure

B.23). In every case, the difference is smaller for the paired t-test, which could



3.4. Results and Discussion 107

be due to reduced variance arising from retaining more of the data. However, we

have a small sample size of 5, and there is no evidence for a significant difference

between the two methods at 95 % confidence based on the Wilcoxon signed-rank

test (p=0.06).

Figure 3.10: Selection of equilibration times for the bound vanish stage by the
paired t-test method and Chodera’s method (applied to both the mean trace
and individual replicates).262 The upper windows show traces of ∆G obtained by
dividing the data up into 100 equal blocks and running MBAR on each. Shaded
areas indicate 95 % inter-run t-based confidence intervals. Final Non-Adaptive
∆G are taken from the non-adaptive 30 ns runs. Lower windows show the p-
values obtained by truncating the data up to the time shown and performing
paired t-tests on the first 10 % and last 50 % of the remaining data. The first
p-value > 0.05 is used as a heuristic to indicate equilibration.

The paired t-test method is only applicable to an ensemble of simulations, but

Chodera’s method has the advantage that it can be applied to single runs as well

as the mean trace. However, applying Chodera’s method to the individual runs

for the bound vanish stages reveals substantial variability of the times discarded,

generally ranging from no data discarded to nearly all data removed. This is
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concerning because we care about removing systematic bias in our ensemble

result, where the bias results from a relaxation process shared by all runs. We

expect this to have a comparable timescale between runs, and therefore replicates

should have similar equilibration times. It appears that explicitly using informa-

tion about the inter-run reproducibility of the transient in the paired t method

increases robustness. During initial testing, we found the paired t-test method

to be substantially more sensitive to the presence of initial transients than an

unpaired t-test on the initial and final portions of the data.

While the performance of the paired t-test method appeared promising, we note

several potential limitations. Firstly, it is not a rigorous statistical test but a

heuristic; p > 0.05 shows no significant evidence for drift of the free energy

estimate, but we take it to mean that there is no drift of the free energy estimate

(“The Fallacy of the Transposed Conditional”).293 The use of a parametric test

may not be justified. Furthermore, like all equilibration detection methods we

are aware of, this method requires that initial simulations have been run on a

timescale comparable to that of the initial transient; very slow equilibration will

not be apparent from very short simulations. Our workflow likely depends on

the correlation between slow initial relaxation and large inter-run uncertainty,

which means that sufficient sampling time is allocated to the bound vanish legs

to allow the initial transients to be detected and removed. In addition, the

method is sensitive to parameters such as the number of t-tests performed and

the number of replicate runs. With increasing numbers of tests, the chances of

falsely “detecting equilibration” early increase. This could be mitigated by taking

the equilibration point to be the first test with p < 0.05 starting from the test

with most truncation. With more replicate runs, the power of the test increases

and a lack of equilibration is more likely to be detected.

One deficiency of Chodera’s method is that it never explicitly signals lack of

equilibration, but rather selects an optimal truncation point given the data that

has already been collected. The paired t-test method could in principle detect

a lack of equilibration, triggering the allocation of additional simulation time,

although this was not observed for this test set.
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3.4.3 Overall Performance of an Optimised Adaptive Protocol

“Optimal”parameters were selected for the adaptive algorithms based on the tests

described above. We selected a runtime constant of 0.0005 kcal2 mol−2 ns−1 as

this generally produced runs of sufficient length to match the non-adaptive 30 ns

results. We retained our default of 5 replicate runs as this seemed to represent

a reasonable compromise between fast equilibration and reliable detection of

sampling issues, although we did not investigate this in detail. Because we did

not use replica exchange and hence did not have to consider replica mixing, we

spaced λ-windows with a large thermodynamic speed of 2 kcal mol−1 to accelerate

equilibration. Finally, we retained the default equilibration detection parameters

as these appeared to deliver robust performance.

As an initial test of overall performance, we applied the adaptive protocol to the

set of initial test systems. This is effectively a “training” set as we used it to select

the adaptive parameters, and it is therefore not representative of prospective

performance. Hence, we then assessed the “optimised” protocol on an unseen

“test” set.

The adaptive protocol accelerates the equilibration of the initial test set

For all systems, only two λ windows were selected for turning on the restraints,

but high overlap (> 0.2) was observed for this stage (Figure B.24). This reflects

the fact that the restraint selection algorithm selects restraints which minimally

perturb the ligand’s native interactions. As expected from the σ
(
∂H
∂λ

)
plot (Figure

B.4), similar λ-schedules were usually generated for the same transformation in

the free and bound legs, meaning that reasonable schedules for the bound leg

may be determined from the cheaper free leg initial test simulations. However,

there were exceptions - for example, more windows were used for the PDE2a

free discharge leg than the bound discharge leg due to the greater variance of

the gradient observed in the free leg. A detailed breakdown of the sampling

time allocations is provided in Section B.18. Generally, the compute time was

concentrated in the bound discharge and especially the bound vanish stages, and

increased with increasing ligand size.

The “optimised” adaptive protocol produced extremely similar results to the long

time 30 ns and manually-optimised 6 ns non-adaptive protocols (Table 3.3). This

was despite using over 3 times less GPU time than the 6 ns protocol, over 14 times

less than the 30 ns protocol (Table B.5), and requiring no manual tweaking of the

equilibration times of λ-schedules. We note that this is not an entirely fair test,
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Table 3.3: Predicted ∆Go
Bind for Initial Test Systems with Adaptive and Long-Run

Non-Adaptive Protocolsa

“Optimised” Adaptive 30 ns Non-Adaptive

T4L -4.28 ± 0.73 -4.03 ± 0.80
MIF -10.54 ± 0.78 -10.48 ± 1.14
MDM2-Pip2 -13.98 ± 1.67 -13.94 ± 0.86
PDE2a -18.36 ± 1.49 -16.96 ± 1.97
MDM2-Nutlin -16.14 ± 1.92 -16.92 ± 1.98

a All quantities in kcal mol−1. Calculation uncertainties stated as 95 % confidence
intervals based on the variance of 5 replicate runs, assuming Gaussian distribu-
tions. Symmetry corrections are included (Section B.5). A detailed breakdown of
the components of the calculated binding free energies is given in Table B.4.

as we used some of these systems to optimise the adaptive algorithm parameters

in the previous sections. However, this provides further reassurance that the

parameters and overall protocol are robust, and shows that the adaptive protocol

produces equivalent results to a manually-optimised non-adaptive protocol at

lower computational cost.

We may also have tried to save compute simply by shortening the non-adaptive

runs. To investigate the feasibility of this, we compared the free energy estimates

obtained from the adaptive and non-adaptive protocols at equivalent computa-

tional time, ignoring equilibration and retaining all data. Figure 3.11 shows that

the adaptive protocol produces substantial increases in the rate of equilibration

for the bound vanish stages for MIF and PDE2a, the two systems with the most

pronounced initial transients. As these stages make the dominant contributions

to overall calculation cost, this produces accelerated equilibration of the entire

dataset (Figure B.31). Because the allocated sampling times are not sharply

peaked for these stages (Figure B.26), we attribute this improvement to the

wider λ spacing. Manually selecting such widely-spaced windows while retaining

sufficient overlap would be extremely labour-intensive, illustrating the potential

of the adaptive protocol to minimise human, as well as computer time. Even if the

non-adaptive protocols were run for the same total compute time as the adaptive

protocol for the bound vanish stages, Figure 3.11 shows very long equilibration

times would be required for MIF and PDE2a. Identifying the requirement for

such long equilibration times would be time-consuming; alternatively, uniformly
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applying very long equilibration times would be wasteful. In contrast, the adaptive

procedure only discards data to equilibration for the problematic MIF and PDE2a

systems (Figure 3.10). This suggests inherent advantages to the automated, ad-

aptive protocol even when the total computational cost is equivalent.

Figure 3.11: Estimated ∆G against sampling time for the bound vanish stages
of the initial test systems. Data were split into 20 equal blocks and MBAR was
run on each block. “adaptive” refers to the “optimised” adaptive protocol, and the
non-adaptive results were obtained by averaging the non-adaptive 6 ns and 30
ns runs to more clearly show the differences in equilibration behaviour. The data
for the non-adaptive runs was truncated before analysis so that the per-stage
computational costs were equal to the adaptive calculation. For this reason the
95 % t-based confidence intervals (shaded areas) are expected to be a factor of√
2 smaller for the non-adaptive protocol. The final non-adaptive ∆G is taken

from the 30 ns non-adaptive result (black dotted line with 95 % CIs shown by
sparser dotted lines). The y-axis spacings are the same for all plots. Plots for all
stages are shown in Section B.20.

Although the adaptive algorithm produced improvements in the rate of equi-

libration, we found no clear differences between the uncertainty in the free en-

ergy estimates at equivalent computational effort either within stages (Figure

B.30), or over entire calculations (Figure B.32). This likely reflects two facts:

that the
√
tλσ
(〈

∂H
∂λ

〉
λ

)
-based improvement factors are fairly close to 1 (Figure

B.5), indicating little scope for improvement with adaptive time allocation; and
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that allocating time to problematic windows often does not reduce uncertain-

ties because individual runs become stuck in local minima, indicating that the

timescales of sampling issues are too long. An alternative approach would be to

allocate more replicates to problematic λ windows, but this would reduce the rate

of equilibration.

Despite the lack of uncertainty reduction, the algorithm successfully allocated

sufficient time to achieve equilibration in the bound vanish legs, while allocating

dramatically less time to most free stages. This again suggests a correlation

between slow equilibration and large inter-run uncertainty.

The adaptive protocol shows robust performance on an “unseen” test set

We sought to test the robustness of our workflow using a set of new systems

which were not used to select the “optimal”workflow parameters. We selected the

Cyclophilin-D set from Alibay et al.’s study of ABFE in the fragment optimisation

process.1 Excluding ligand 4 (because its affinity fell outside the SPR detection

limits) produced a set of 9 fragments and merged molecules with a wide dynamic

range.294 Alibay et al.’s results were re-analysed and plotted excluding this ligand

in Section B.21.

First, we performed non-adaptive runs for all ligands using the same number of

λ-windows for each stage as Alibay et al.. We allocated 5 ns per window with 1

ns discarded to equilibration, which reflects common practice in the literature.

Reassuringly, the non-adaptive SOMD runs produced a very similar correlation

with experiment compared to the GROMACS runs of Alibay et al. (R2 values of

0.810.910.46 and 0.790.950.38 (upper and lower 95 % CIs), respectively - see Table B.6),

despite the allocation of around 4 times less simulation time. As found by Alibay

et al., our predictions were systematically more negative than experiment (Table

3.4). A more detailed analysis and comparison to the results of Alibay et al. is

given in Section B.21.

Recalculating all free energies with the “optimised” adaptive protocol produced

extremely similar results to the non-adaptive protocol (Figure 3.12 and Table 3.4)

with good correlation with experiment, albeit for a small set of ligands. There was

no significant evidence at 95 % confidence for differences in either the uncertainty

between the adaptive and non-adaptive runs, nor the unsigned error compared to

experiment (p = 0.36 in both cases using the Wilcoxon ranked-sign test). A rel-

atively large amount of simulation time was allocated to these calculations using

the same parameters as for the initial test systems, because the bound systems
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Table 3.4: Predicted ∆Go
Bind for Cyclophilin D a

Adaptive Non-adaptive 5 ns Alibay Exp. ∆Go
Bind

Ligand 2 -10.56 ± 1.06 -10.52 ± 1.21 -8.18 ± 0.76 -9.06 ± 0.50
Ligand 3 -5.06 ± 2.78 -4.73 ± 1.21 -4.71 ± 0.27 -2.93 ± 0.50
Ligand 4 -4.92 ± 1.92 -6.93 ± 1.79 -4.14 ± 1.00 -2.90 ± 0.50
Ligand 8 -7.30 ± 0.73 -7.34 ± 1.06 -7.24 ± 0.73 -4.04 ± 0.50
Ligand 14 -14.38 ± 2.17 -15.44 ± 1.39 -12.92 ± 0.54 -11.22 ± 0.50
Ligand 16 -9.27 ± 1.79 -10.49 ± 2.04 -10.54 ± 0.60 -8.42 ± 0.50
Ligand 27 -9.14 ± 1.67 -10.81 ± 1.42 -10.21 ± 1.36 -7.57 ± 0.50
Ligand 39 -13.99 ± 1.97 -13.58 ± 1.09 -12.62 ± 0.59 -8.43 ± 0.50
Ligand 40 -14.72 ± 0.88 -14.51 ± 0.81 -11.78 ± 0.65 -8.08 ± 0.50

a All quantities in kcal mol−1. Calculation uncertainties stated as 95 % t-
based confidence intervals based on the variance of 5 replicate runs, assuming
Gaussian distributions. “Alibay” results were taken from Alibay et al.,1 and the
experimental results were taken from Grädler et al., who used surface plasmon
resonance.294 The experimental uncertainties were assumed to be 0.5 kcal mol−1.
A detailed breakdown of the components of the calculated binding free energies
is given in Table B.7.

were relatively small and inexpensive (around half the cost of the MIF bound

system). However, the adaptive protocol was still around 1.5 times cheaper than

the non-adaptive protocol, and around 6 times cheaper than the protocol of Alibay

et al.. Unlike the MIF and PDE2a systems, these complexes equilibrated quickly,

meaning that the accelerated equilibration afforded by the adaptive protocol did

not provide a substantial advantage (Figure B.40). However, the fact that the

adaptive protocol produced equivalent results to the non-adaptive protocol on

an “unseen” test set suggests that it is robust and that our “optimal” parameters

are likely to perform well for other systems. Furthermore, the adaptive protocol

performed sensible optimisations without any human intervention, for example

reducing the number of λ windows for the restrain stage from 12 (which produced

very high overlap) to 2. A more detailed analysis is given in Section B.22.

3.5 Conclusion

We have presented an automated workflow for ABFE calculations based on the

automated selection of λ windows, the ensemble-based detection of equilibration,

and the adaptive allocation of sampling time based on inter-replicate uncertainties

in the per-window free energy estimates. Our central conclusions are:
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Figure 3.12: a) Experimental free energies of binding for Cyclophilin D against
predicted free energies of binding obtained using the“optimised”adaptive protocol
and b) comparison of results obtained using the “optimised” adaptive protocol
and the non-adaptive protocol. Selected ligands are shown in a) to illustrate
the structural diversity. Experimental free energies were obtained from Grädler
et al..294 The darker and lighter shaded areas show 1 and 2 kcal mol−1 deviations
from exact agreement, respectively. Error bars show 95 % confidence intervals,
which were assumed to be 0.5 kcal mol−1 for experiment and calculated from the
deviation between 5 replicate runs for the predictions. 95 % confidence intervals
on statistics were calculated by bootstrapping with 10000 iterations of resampling.

(1) The automated selection of λ windows to give consistent overlap can be

achieved using very short initial test simulations with non-optimal spacing. This

is cheap, robust, and simple to implement. Increasing the spacing of windows can

accelerate equilibration by reducing the concentration of total sampling time at

the start of simulations.

(2) An ensemble-based equilibration detection heuristic based on a paired t-test

between the free energy estimates at initial and final portions of a run appears

robust.
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(3) Adaptively allocating sampling time based on the uncertainty in free energy

changes between repeat runs increased sampling times where there were sampling

issues. The bound vanish leg was usually allocated the most computing time,

because it usually involved the most severe sampling issues. In a rare case where

the sampling issue had a timescale amenable to simulation, this algorithm accel-

erated equilibration. However, we generally found no evidence that the adaptive

time allocation algorithm reduced uncertainty for equivalent computational cost,

likely because the timescales of sampling issues could not be matched by our

simulations.

(4) We found reasonable default parameters for all algorithms and tested the

performance of our overall workflow on a range of systems. In all cases, the

adaptive protocol produced free energy estimates equivalent to the non-adaptive

protocols. For systems which showed slow equilibration, the adaptive protocol

substantially increased the rate of equilibration, likely due to the wide spacing of

λ windows.

(5) We have provided an open-source implementation of all algorithms in the Py-

thon package A3FE, which is available on GitHub (github.com/michellab/a3fe).

We hope this work helps to facilitate the more efficient, automated calculations

which will be required to unlock the potential of ABFE calculations for drug

discovery.

Here, we have taken the narrow view that the optimal ABFE workflow would

produce minimal overall uncertainty in all free energy estimates for a fixed com-

putational cost. However, practitioners in industrial drug discovery may not need

precise estimates of affinities for weak binders, so long as they are correctly

identified as weak. It is also likely more useful to accurately predict the affinities of

dissimilar ligands with distinct receptor interactions than more similar ligands for

which ∆Go
Bind may be predicted with more confidence using a machine learning

model trained on previous ABFE results. Future work may take a more realistic

view of the “optimal” workflow, for example by quickly terminating simulations

which show weak binding. This is likely to be robust because, as we have dis-

cussed, unequilibrated free energy estimates tend to overestimate affinity. Tighter

coupling between free energy protocols and active learning protocols may also be

useful - for example, the number of replicas and simulation time may be increased

in proportion to the uncertainty of a machine-learned predictor of affinity.

https://github.com/michellab/a3fe




Chapter 4

Robust Automated Truncation Point

Selection

Chapters 2, and especially 3, presented algorithms to automate various decisions

in ABFE calculations. These were implemented in the open-source software A3FE,

which was shown to provide comparable or better performance to non-adaptive

workflows while saving user time. These algorithms included a replicate run-

based heuristic for equilibration detection, which was less prone to over-discarding

data than Chodera’s popular method.108 However, it was not possible to draw

quantitative conclusions on the performance of the heuristics because there was

limited ABFE data for testing, and it would have been prohibitively expensive

to generate much more. In addition, the heuristic proposed was not applicable to

single runs, which are often used in practice.

In this chapter, White’s marginal standard error rule is reformulated to provide a

spectrum of truncation point selection heuristics that differ in their treatment of

autocorrelation.295 These include a method effectively equivalent to Chodera’s,

and are all applicable to single runs. To allow quantitative conclusions to be

drawn, these methods are tested on ensembles of synthetic time series modelled

on free energy change estimates from the long absolute binding free energy calcu-

lations in Chapter 3. It is shown that methods that more thoroughly account for

autocorrelation often show late and variable truncation times, while methods that

less thoroughly account for autocorrelation often show early truncation, relative

to the optimal truncation point. This increases variance and bias, respectively.

A method that achieves robust performance across our test sets by balancing

117



118 Robust Automated Truncation Point Selection

these two extremes is recommended. Since none of the methods reliably detect

insufficient sampling, we refer to truncation point selection, rather than equilib-

ration detection. All heuristics tested are implemented in the open-source Python

package RED (github.com/fjclark/red).

The remainder of the chapter is included unmodified as published:

Clark, F.; Cole, D. J.; Michel, J. Robust Automated Truncation Point Selec-

tion for Molecular Simulations. J. Chem. Theory Comput. 2025, 21, 88-101.

doi.org/10.1021/acs.jctc.4c01359.

4.1 Introduction

Quantities calculated from molecular simulations are often subject to initial bias

due to unrepresentative starting configurations. The resultant systematic error

can be reduced by truncating data from the start of the simulation and calculating

the quantity of interest using the remaining“equilibrated”data. However, discard-

ing too many data unnecessarily increases random error. It is common practice

to select a fixed truncation point, which is unlikely to be optimal across many

simulations, or to select by visually inspecting the data, which is only feasible

for a few simulations. Robust automated truncation point selection methods are

required to minimise errors in calculated quantities while facilitating automation.

Here we address the selection of an optimal truncation point given some data,

and not the much harder problem of detecting when sufficient data have been

collected (so that enough representative configurations of the equilibrium distri-

bution have been sampled). Therefore, we refer to “truncation point selection”

and not “equilibration detection”, which might be expected to refer to the latter

problem. We define the optimal truncation point to be that minimising the root

mean square error (RMSE) compared to the value which would be obtained with

infinite sampling.

Two common heuristics for automated truncation point selection in molecular

simulations are those of Yang et al. 109 and Chodera.108 Yang et al. proposed

a method based on reverse cumulative averaging, where a final “equilibrated”

portion of the data are assumed to be Gaussian. The “equilibrated” region is ex-

tended in the reverse direction until significant deviation from this distribution is

detected, indicating “unequilibrated”data. However, the assumption of normality

is not always justified,108,193 and the robust selection of an intial “equilibrated”

region may be challenging. Chodera suggested selecting the truncation point

https://github.com/fjclark/red
https://doi.org/10.1021/acs.jctc.4c01359
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which maximises the effective sample size, demonstrating the method on a simple

system with rapid convergence and short correlation times. However, this method

is prone to selecting late truncation points for more correlated data from more

realistic applications.296,297

There is a substantial literature on truncation point selection outside the field

of molecular simulation.265,295,298,299 In particular, the marginal standard error

rule (MSER) family of methods has been found to be simple, effective, and easily

automatable.295,298,300 These methods select the truncation point by minimising

the marginal standard error, and are very similar to Chodera’s method of max-

imising the effective sample size; the main difference is that the MSER methods

popular in operational research account for correlation less thoroughly, if at all,

and their applicability to correlated molecular simulation data is uncertain.

Here, we compare the performance of a spectrum of MSER methods which apply

increasingly rigorous techniques to account for correlation. These include the

original MSER method and a method which is effectively identical to Chodera’s

heuristic.108,295 To rigorously assess their performance, we test these methods

on synthetic data modelled on long absolute binding free energy calculations for

a variety of protein-ligand complexes. This work complements the recent study

of Oliveira et al. by testing a wide range of MSER methods and quantitatively

assessing their performance.301 We limit ourselves to the analysis of single runs,

but note that truncation point selection and uncertainty quantification based on

an ensemble of repeat runs are likely to be more robust, if more expensive.296 All

methods discussed are implemented in the open-source Python package RED (Ro-

bust Equilibration Detection, github.com/fjclark/red, where equilibration is used

in the sense of finding the optimal truncation point). This provides alternatives

for the PyMBAR timeseries “detect equilibration” function.108,302

4.2 Theory

4.2.1 Bias and Standard Deviation

As discussed by Chodera,108 we are usually interested in the ensemble average of

a quantity A(x)

⟨A⟩π =

∫
A(x)π(x)dx, (4.1)

https://github.com/fjclark/red
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where x is the vector of the system’s phase-space coordinates and π(x) is the

probability of observing x in the ensemble of interest. ⟨A⟩π is often estimated

with ⟨A⟩[n0,N ], the average of a series of samples from a simulation

⟨A⟩[n0,N ] =
1

Nn0

N∑
n=n0

A(xn), (4.2)

where N is the total number of samples, n0 is the number of the first sample

used in the average (earlier samples are discarded), Nn0 = N − n0 + 1, and

xn is the vector of phase-space coordinates for the nth sample of the system.

Assuming ergodicity, in the limit of an infinite number of samples,Nn0 , ⟨A⟩[n0,N ] =

⟨A⟩[n0,∞] = ⟨A⟩π.99 With finite sampling, ⟨A⟩[n0,N ] is an approximation of ⟨A⟩π
with an associated error. The expected root-mean-squared error (RMSE) of the

estimate can be separated into contributions from bias and variance

RMSETrajs(⟨A⟩[n0,N ]) =
√〈

(⟨A⟩[n0,N ] − ⟨A⟩π)2
〉
Trajs

(4.3)

=
√
VarTrajs(⟨A⟩[n0,N ]) + Bias2Trajs(⟨A⟩[n0,N ]) (4.4)

=
√
SD2

Trajs(⟨A⟩[n0,N ]) + Bias2Trajs(⟨A⟩[n0,N ]), (4.5)

where ⟨...⟩Trajs indicates an average over the ensemble of all possible simulation

trajectories with initial phase-space coordinates x0 taken from some allowed

set (often with the same positions). VarTrajs(⟨A⟩[n0,N ]), BiasTrajs(⟨A⟩[n0,N ]), and

SDTrajs(⟨A⟩[n0,N ]) denote the variance, bias, and standard deviation of ⟨A⟩[n0,N ]

over the ensemble of trajectories. The (well known) full derivation of Equation

4.5 is given in Section C.1.108 Explicitly, the expected bias and variance over the

ensemble of trajectories are

SDTrajs(⟨A⟩[n0,N ]) =
√〈

(⟨A⟩[n0,N ] − ⟨⟨A⟩[n0,N ]⟩Trajs.)2
〉
Trajs

(4.6)

BiasTrajs(⟨A⟩[n0,N ]) = ⟨⟨A⟩[n0,N ]⟩Trajs − ⟨A⟩π. (4.7)

These terms oppose each other - choosing an early truncation point (low n0) will

produce a larger BiasTrajs due to the inclusion of early unrepresentative samples,

and a smaller SDTrajs due to the inclusion of more samples (assuming similar

starting configurations). Conversely, late truncation points reduce BiasTrajs but

increase SDTrajs. When truncating simulation data, the objective is to minimise

RMSETrajs by balancing BiasTrajs and SDTrajs.



4.2. Theory 121

4.2.2 Heuristics for Truncation Point Selection

We take “optimal” to mean “minimising RMSETrajs(⟨A⟩[n0,N ])”, and we aim to se-

lect the optimal truncation point. This is impossible in practice because

RMSETrajs(⟨A⟩[n0,N ]) as a function of n0 is unknown. However, many heuristics

have been proposed. White’s marginal standard error rule (MSER) selects an n0

by minimising the marginal standard error of the mean of A,295 and is usually

presented without explicitly accounting for autocorrelation

n0∗ = argmin
N>n0>0

[
1

N2
n0

N∑
n=n0

(A(xn)− ⟨A⟩[n0,N ])
2

]
, (4.8)

where n0∗ is the selected n0. We present a more general formulation of MSER

where autocorrelation may be explicitly accounted for

n0∗ = argmin
N>n0>0

[
ŜDTrajs(⟨A⟩[n0,N ])

]
(4.9)

= argmin
N>n0>0

[
V̂arTrajs(⟨A⟩[n0,N ])

]
, (4.10)

where the hat operator indicates an estimate made from the available trajectory

(or trajectories). Equations 4.9 and 4.10 are equivalent because the same trunca-

tion point minimises the variance and the standard deviation. A näıve estimator

of VarTrajs is

V̂arTrajs, Näıve(⟨A⟩[n0,N ]) =
1

Nn0

Nn0−1∑
t=−(Nn0−1)

γ̂t,[n0,N ] (4.11)

=
1

Nn0

γ̂0,[n0,N ] + 2

Nn0−1∑
t=1

γ̂t,[n0,N ]

 , (4.12)

where γ̂t,[n0,N ] is the estimate of the autocovariance at lag t. This measures the

degree of linear dependence between values in a time series separated by t samples

γt = γ−t = Cov(A(xn), A(xn+t)) (4.13)

γ̂t,[n0,N ] =
1

Nn0

N−t∑
n=n0

(A(xn)− ⟨A⟩[n0,N ])(A(xn+t)− ⟨A⟩[n0,N ]). (4.14)

Cov denotes covariance. We have assumed time-reversibility, hence γt = γ−t and

Equation 4.11 simplifies to Equation 4.12.
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It is helpful to compare Equation 4.12 to the familiar variance of the mean formula

which assumes that samples are uncorrelated

V̂arTrajs,Uncor(⟨A⟩[n0,N ]) =
1

N2
n0

N∑
n=n0

(A(xn)− ⟨A⟩[n0,N ])
2 (4.15)

=
1

Nn0

V̂ar[n0,N ](A(x)) (4.16)

=
1

Nn0

γ̂0,[n0,N ]. (4.17)

This shows that the correlated variance estimate should always be larger than

the uncorrelated estimate (when the correlations are positive). This is due to the

autocovariance terms for lags greater than 0, which are missing from Equation

4.17. When the uncorrelated variance estimate is used in the general MSER equa-

tion (Equation 4.10), the traditional MSER equation (Equation 4.8) is recovered.

However, samples from molecular simulations are often strongly positively auto-

correlated, meaning that Equation 4.15 underestimates the true variance of the

mean.

For simplicity, we do not correct for bias in our autocovariance estimates arising

because the true mean is unknown.303,304 Additionally, we do not correct auto-

covariance terms for the finite size of the time series used to estimate them (we

divide by Nn0 although there are only Nn0−t terms in the sum). While this means

that ⟨γ̂t,[n0,Na]⟩Trajs. ̸= ⟨γ̂t,[n0,Nb]⟩Trajs. ̸= ⟨γ̂t,[n0,∞]⟩Trajs., where Na ̸= Nb, they will

be very close to equal for the dominant autocovariance terms where t≪ Nn0 , and

the lack of correction allows the variance of ⟨A⟩[n0,N ] to be estimated by summing

the uncorrected γ̂t,[n0,N ] terms (Section 4.2.3).

V̂arTrajs(⟨A⟩[n0,N ]) can be thought of as a surrogate for RMSETrajs(⟨A⟩[n0,N ]) which

can be calculated with data from a single simulation; by picking the truncation

point which minimises V̂arTrajs(⟨A⟩[n0,N ]), we hope to minimise

RMSETrajs(⟨A⟩[n0,N ]). This is reasonable because at sufficiently late truncation

points when the bias is negligible, often V̂arTrajs(⟨A⟩[n0,N ]) becomes a good estim-

ator of the VarTrajs(⟨A⟩[n0,N ]) component of RMSETrajs(⟨A⟩[n0,N ]), which penalises

late truncation. For early truncation points, increasing bias increases

V̂arTrajs(⟨A⟩[n0,N ]), mimicking the BiasTrajs(⟨A⟩[n0,N ]) contribution to

RMSETrajs(⟨A⟩[n0,N ]) which favours late truncation. This relies on the violation of

the time-reversibility assumption by the bias at early times to inflate

V̂arTrajs(⟨A⟩[n0,N ]), whereas VarTrajs(⟨A⟩[n0,N ]) may not increase with increasing

bias.
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Chodera proposed choosing the truncation point which maximises the effective

sample size, which can be expressed as

n0∗ = argmin
N>n0>0

[
V̂arTrajs(⟨A⟩[n0,N ])

V̂ar[n0,N ](A(x))

]
, (4.18)

which is very similar to the general MSER (Equation 4.10). It differs only by

the factor of 1

V̂ar[n0,N ](A(x))
. This will decrease sensitivity to bias compared to

MSER, because an initial transient will increase V̂ar[n0,N ](A(x)), but this effect

is expected to be small when autocorrelation is thoroughly accounted for (by

considering all important terms in the autocorrelation function), as in Chodera’s

work.108 Hence, the main difference between MSER and Chodera’s method lies

in the calculation of V̂arTrajs(⟨A⟩[n0,N ]). Therefore, we use Equation 4.10 to se-

lect truncation points throughout this work, and compare different methods to

calculate V̂arTrajs(⟨A⟩[n0,N ]).

4.2.3 Calculation of the Variance of the Mean

All truncation point selection heuristics tested in this work are special cases of

the general MSER equation (Equation 4.10). They differ only in the way the

variance of the mean is estimated. Calculating V̂arTrajs(⟨A⟩[n0,N ]) by adding all

autocovariance terms (Equation 4.12) is problematic because at long lag times,

these become dominated by noise. This makes V̂arTrajs(⟨A⟩[n0,N ]) noisy.
305 Instead,

we consider a spectrum of methods which differ in the number and weighting of

terms in the autocovariance sum they consider.

As discussed previously, the simplest method is simply to ignore all γ̂t,[n0,N ] terms

when t > 0, as in the original MSER (Equation 4.15). This will substantially

underestimate the variance of the mean when A is highly correlated.

Lag window estimators of the variance of the mean take the form

V̂arTrajs,Window(⟨A⟩[n0,N ]) =
1

Nn0

γ̂0,[n0,N ] + 2

Nn0−1∑
t=1

w(t, Nn0)γ̂t,[n0,N ]

 , (4.19)
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where w(t, Nn0) is a weight function (“lag window”), which may depend on Nn0 .

w(t, Nn0) is greater than or equal to 0 and usually no larger than 1. This reduces

the noise from later autocovariance terms by down-weighting them.306 Larger lag

windows will generally underestimate the autocovariance less, at the expense of

more noise.

A closely related method is batch means.307 The data are split into blocks of size

b, and the variance of the overall mean is estimated from the variance of the block

means

V̂arTrajs,Batch(⟨A⟩[n0,N ]) =
1

N2
b

Nb∑
j=1

(⟨A⟩[n0+(j−1)b,n0+jb−1] − ⟨A⟩[n0,N ])
2, (4.20)

whereNb = Nn0/b is the number of blocks, assuming b is a factor ofNn0 . This relies

on the fact that the batch means become uncorrelated as b → ∞. This method

implicitly accounts for autocorrelation in the MSER-m family of methods, where

the data are block-averaged using blocks of size m before MSER is applied.300,308

However, using overlapping batches, rather than the non-overlapping batches

in Equation 4.20, yields a less noisy variance estimate.309,310 The overlapping

batch means variance estimate is effectively equivalent to a lag window estimate

(Equation 4.19) using a Bartlett lag window (a kind of triangular window) of

the appropriate size,311 and therefore Equation 4.20 can be thought of as a noisy

(if cheaper) special case of Equation 4.19. Hence, we do not consider the batch

means method. The circular bootstrap and moving blocks bootstrap methods are

also asymptotically equivalent to the overlapping batch means method.134,312–314

A final class of methods terminates the sum of autocovariance terms according to

Markov chain-specific criteria. These are Geyer’s initial sequence estimators.305

Geyer noted that for stationary, reversible, and irreducible Markov chains, the

sequence of sums of pairs of covariance terms

Γm = γ2m + γ2m+1 (4.21)
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is positive, decreasing, and convex. Geyer’s initial positive, monotone, and convex

sequence estimators impose each of these properties (and all preceding properties),

respectively. For example, the initial positive sequence (IPS) estimator of the

variance of the mean is

V̂arTrajs,IPS(⟨A⟩[n0,N ]) =
1

Nn0

(
−γ̂0,[n0,N ] + 2

M∑
m=0

Γ̂m,[n0,N ]

)
(4.22)

Γ̂m,[n0,N ] = γ̂2m,[n0,N ] + γ̂2m+1,[n0,N ], (4.23)

where M is the largest value of m for which Γ̂m,[n0,N ] > 0,m ≤M . Chodera used

a similar method where the autocovariance sum is truncated at the first negative

autocovariance term.108,302 Of the methods discussed, these estimators tend to

produce the largest estimates of autocorrelation and hence the largest and most

realistic estimates of the variance of the mean. While many other schemes exist

to estimate the autocovariance function and variance of the mean,110,134,315–323 a

detailed comparison is beyond the scope of this study.

Finally, we note that all single-run estimates of the variance of the mean are

likely to be severe underestimations, due to the tendency of molecular simulation

trajectories to become trapped in local minima.111

4.2.4 Assessing Truncation Point Selection Algorithms

A variety of metrics have been used to assess truncation point selection algorithms

in the operations research literature, including percentage bias removed by trunca-

tion, the closeness of the truncation point to the first unbiased point, the coverage

of the true mean by the calculated confidence intervals, and the variability of

the truncation point.298,308,324 However, we believe that the most natural metric

is the RMSE of the estimated means to the true mean over an ensemble of

test trajectories.108 This most closely reflects our intentions when using these

heuristics - to minimise error to the true value.

For these RMSEs to be meaningful, we need to test with ensembles of trajectories

which reflect real use cases, and we must know, or have good estimates of, ⟨A⟩π
for observables of interest. This is not straightforward with real simulation data;

systems complex enough to be interesting often require long simulations to remove

bias and accurately estimate ⟨A⟩π, and are often expensive to simulate, making

the generation of an ensemble of trajectories unfeasible. Cheaper trajectory en-

sembles can be generated using simpler test systems, such as Chodera’s liquid
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argon,108 but this does not reflect real use-cases such as protein-ligand binding free

energy calculations.114 Simple models used in the operations research literature

have the same problem here.298,308,324 We attempt to address this issue by fitting

models to data from compute-intensive absolute binding free energy calculations.

From these models, we can cheaply generate ensembles of synthetic trajectories

with exactly known properties.

4.3 Methods

We began with data from absolute binding free energy calculations. We used long

calculations to allow more time for the initial transient to decay and to reduce

errors in the estimated autocorrelation functions. To make the data more repres-

entative of absolute binding free energy calculations in general, we used data from

a diverse range of protein-ligand complexes. The real data are computationally

expensive to generate and unsuitable for testing since the infinite-sampling results

are unknown. Therefore, the initial transients and autocorrelation functions of

the real data were estimated and used to generate large numbers of correlated

synthetic time series from uncorrelated Gaussian noise. The properties of the

synthetic time series did not need to exactly match the real data they were

modelled on, only to be reasonably representative of absolute binding free energy

data. Because the infinite sampling time results were known for the synthetic time

series, truncation point selection heuristics could be evaluated by their RMSE to

the infinite sampling time results.

4.3.1 Generation of Simulation Data

Data were taken from our recent absolute binding free energy study - specifically,

for the long (30 ns per simulation) non-adaptive runs.296 Simulation details are

given in Clark et al..296 In free energy calculations, the Hamiltonian, H, is

parameterised by λ. λ scales the strength of intermolecular interactions of the

ligand in absolute binding free energy calculations. The real data consist of

simulations run at λ = 0, where (a subset of) interactions are fully active,

at λ = 1, where these interactions are removed, and at several intermediate

values.296 An important quantity is the gradient ∂H
∂λ

, as the free energy change

for a transformation can be estimated by integrating the mean gradient over λ.

Therefore, we base our testing on the time series of (integrated) ∂H
∂λ

. All sampled
∂H
∂λ

are provided on Zenodo.296,325 To provide challenging test data, we mainly use
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data from the“bound vanish” stage of the thermodynamic cycle, where the ligand

intermolecular Lennard-Jones terms are progressively removed while the ligand is

restrained in the protein binding site. The bound vanish stage generally shows the

most pronounced initial transient and longest correlation times. The data include

5 different test systems (see section S3 of Clark et al. for more details) with ligands

ranging from small and rigid benzene up to a 70-atom ligand, ensuring diverse

initial transient and autocorrelation behaviour.296 The complexes were the L99A

mutant of T4 lysozyme (T4L) with benzene,50,190 human macrophage migration

inihibition factor (MIF) with the ligand MIF180,166,274 mouse double minute 2

homologue (with a truncated lid) with the ligands Pip2 and Nutlin,165 and phos-

phodiesterase 2a with the ligand “P10”.171 Some analysis was also performed for

the free vanish stage, where the ligand intermolecular Lennard-Jones interactions

are removed in water. All simulations were performed with a 4 fs time step and
∂H
∂λ

was saved every 200 steps. For each system, a time series of estimated free

energy change against simulation time was produced by integrating ∂H
∂λ

over λ

using the trapezoidal rule.116 Hence, the A of previous sections is replaced with

∆G. These time series were averaged over the 5 replicate runs performed for each

system to provide less noisy estimates of model parameters discussed in Section

4.3.2.

4.3.2 Generation of Synthetic Data

The general strategy for modelling the data is illustrated in Figure 4.1: initial

transients were fitted to the first 10 ns of simulation data, while autocovariance

functions were fit to the final 20 ns of approximately stationary data. These were

used to produce large ensembles of synthetic time series, where each synthetic

time series was generated from different uncorrelated Gaussian noise, but shared

the same initial transient and autocovariance functions.

In detail, the bound vanish stage time series generally showed no substantial

drift over the final 20 ns (from 10 - 30 ns, Figures C.1 and C.2). Therefore, the

“true” infinite sampling time free energy changes were calculated as the mean over

the last 20 ns, and were subtracted from the time series. The initial transients

were generally well-fit by a single exponential decay (Figure C.3), although some

quickly-decaying bias was evident for most systems at short timescales. To account

for this, a second exponential with short half-life was fit after subtracting the first

exponential, and retained only if the pre-exponential term was positive (Figure

C.4).
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Figure 4.1: The creation of synthetic datasets modelled on real data. a) A 30
ns time series of free energy change estimaters against simulation time was
obtained from an absolute binding free energy calculation (here we averaged over
5 repeats for the Lennard-Jones term removal stage when the ligand is bound
to the protein). The initial transient was captured with a biexponential fit. The
final 20 ns generally showed no substantial overall trend and were approximately
Gaussian. These data were used to fit an autocovariance function. b) To generate
synthetic time series, we started with a vector of uncorrelated Gaussian noise. The
desired autocorrelation structure was reintroduced by taking its product with the
Cholesky decomposition of the autocovariance matrix, and the initial transient
was reintroduced by adding the biexponential fit. This was repeated N times with
different Gaussian noise (but the same autocovariance function and biexponential
trend) to generate N synthetic time series. We used N = 1000.

Autocovariance functions were calculated for each system using the final 20 ns

portions of the time series. The first two points were calculated directly from the

averaged time series, while the remaining points were obtained by interpolating

the convex gamma function computed following Geyer (Figures C.6 and C.7).305

Figure C.5 shows that the final 20 ns portions of the time series were well-modelled

by Gaussian distributions (although some systems showed small but significant

deviations from normality). Therefore, synthetic ensembles of trajectories were

generated for each system starting from vectors of uncorrelated standard normal

noise. 1000 noise vectors were generated for each system. The Cholesky decom-

positions of the autocovariance matrices were obtained and the resulting lower-

triangular matrices were used to reintroduce the desired correlation structure to

the uncorrelated noise vectors. The exponentials were then added to introduce

the initial transients. Examples of synthetic time series are shown in Figures C.9

and C.10.
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Synthetic ensembles of trajectories were also created for the free vanish stage for

the T4L and PDE2a systems, which were chosen to represent highly uncorrel-

ated and relatively correlated time series, respectively (Section C.3). Trajectory

ensembles were generated as for the bound vanish stage, except no exponential

trends were fit.

The synthetic data will not be perfect models of the true data, because the initial

transients, autocovariance functions, and infinite sampling time“true” free energy

changes will not be perfectly estimated. This does not matter, so long as the

properties of the synthetic time series are reasonably representative of absolute

binding free energy data in general. Hence, we are not concerned with precisely

modelling specific features of the real data, for example, the large drop observed

for MDM2-Nutlin Repeat 1 around 11 ns (Figure C.2). Relatedly, the mean time

series for T4L drifts from ≈ 3.5 to 4.0 kcal mol−1 between 10 and 30 ns, in the

opposite direction to the apparent initial transient. This appeared to violate our

assumption of no drift in this region and produced a long-tailed autocovariance

function (Figure C.6 and Table 4.1). However, it does not matter if this does

not match the “true”, infinite sampling autocovariance function for T4L, because

the autocovariance function appears realistic:110,326 it shows a fast initial decay

followed by long, approximately exponential tail (Figure C.8).

4.3.3 Testing of Heuristics

Three types of method were tested for calculating the variance: an uncorrel-

ated estimate which used Equation 4.17 (“Uncorrelated Estimate”, equivalent to

White’s original MSER), window methods using Equation 4.19 with window sizes

5, 50, and
√
Nn0 , and initial sequence methods based on Geyer’s initial positive,

monotone, and convex sequence rules.305 We tested the
√
Nn0 window size due

to its use in selecting batch and window sizes for variance estimation.307,327 We

use triangular windows of the form

w(t) =

0 if |t| > s,

1− |t|
s

if |t| ≤ s,
(4.24)

where s is the window size. Chodera’s method for terminating the autocovariance

function is not one of Geyer’s initial sequence methods. However, we included it

with the initial sequence rules (as “Initial Sequence: Chodera”) due to its simil-

arity. We also tested a variant of Geyer’s initial convex sequence method where

each successive variance calculation (with increasing truncation) was restricted to
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a gamma series (Equation 4.23) no longer than that from the previous truncation

point (named “Initial Sequence: Smoothed Lag Convex”). In all cases, we did not

calculate the marginal standard error for the last 10 % of the data, to avoid noisy

estimates producing very late truncation.328

Each method was applied to every member of the synthetic ensembles after

truncating the synthetic data after 8 ns, which is fairly typical of an absolute

binding free energy calculation.274 In addition to the “Standard” datasets (8 ns

truncation and generated as described above), we tested all methods on a “Short”

dataset where the truncation point was 0.2 ns, a“Subsampled”dataset where 99 of

every 100 datapoints were discarded, a “Noisy” dataset where the autocovariance

terms were scaled up by
√
5, and a “Block-Averaged” dataset, where successive

blocks of 100 data points were replaced by their averages. Reported uncertainties

in RMSETrajs(⟨∆G⟩[n0,N ]), SDTrajs(⟨∆G⟩[n0,N ]), and SDTrajs(⟨∆G⟩[n0,N ]) for each

of the heuristics are 95 % confidence intervals which were calculated by boot-

strapping synthetic trajectories 10000 times with replacement.

All tested methods were implemented in the open-source Python package RED

(Robust Equilibration Detection, where “equilibration” is used in the sense of

finding the optimal truncation point) available at github.com/fjclark/red. A com-

plete workflow to reproduce the study beginning from the absolute binding free

energy gradient data is provided at github.com/michellab/Robust-Equilibration-

Detection-Paper and all data are provided on Zenodo.329

4.4 Results

4.4.1 Initial Sequence Methods are Prone to Over-Discarding

To understand how the methods performed on time series with no initial transient,

we applied them to the free vanish stage synthetic trajectory ensembles. We used

the T4L system (benzene in water) and the PDE2a system (ligand P10 from

Huggins in water) as examples of relatively low variance and correlation, and

relatively high variance and correlation systems, respectively.171 Details of the

fitting procedure and parameters are given in Section C.3. As the synthetic data

contained no biases, the optimum truncation time was 0 ns and late truncation

indicated problems with the heuristics.

https://github.com/fjclark/red
https://github.com/michellab/Robust-Equilibration-Detection-Paper
https://github.com/michellab/Robust-Equilibration-Detection-Paper
https://zenodo.org/records/13902735
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For the relatively low variance and correlation T4L system, all methods con-

sistently selected discard times very close to 0 ns, producing RMSEs within

uncertainty of the optimal fixed truncation time limit (at 0 ns - Section C.4).

It was reassuring to observe this expected behaviour. However, for the relatively

high variance and correlation PDE2a system, methods which more fully accounted

for autocorrelation were increasingly prone to over-discarding data (Figure 4.2).

This was particularly true for the initial sequence methods, which occasionally

discarded over half of the data despite the lack of any bias. This was reflected by

increases in the RMSEs. The “Initial Sequence: Positive”method should produce

the largest variance of the mean estimates for a given time series because it chooses

the latest truncation point for the autocovariance series and does not reduce the

autocovariance sum by enforcing monotonicity or convexity of the gamma series.

This method was the most prone to over-discarding data, corroborating the trend

that generalised MSER methods which produce larger variance of the mean estim-

ates are more prone to erroneously discarding data. Within the initial sequence

methods, applying Geyer’s initial monotone and convex rules slightly reduced

erroneous late truncation compared to the initial positive sequence method.

Using the first 100 PDE2a synthetic trajectories, we verified that the maximum

effective sample size heuristic implemented in PyMBAR’s timeseries module gave

identical results to the implementation in RED.108,302 We then compared the trun-

cation points selected using this method and the equivalent minimum marginal

standard error heuristic (see Equations 4.18 and 4.10), where we did not employ

the adaptive integration scheme described by Chodera et al..302 As expected,

the truncation points selected were generally very similar: identical truncation

times were selected in 81 % of cases and the difference was less than 0.1 % (of

the total time series length) for 95 % of the trajectories. The minimum standard

error method showed a slight bias for later truncation times over the maximum

effective sample size method - the mean (ESS - MSE) difference was −0.34 % of

the total time series length. However, we found that using the marginal standard

error method fixed several problem cases where time series (not the synthetic

data discussed above) were contaminated by one or a few very different initial

samples, which the effective sample size method failed to remove.

We also examined the effect of the adaptive integration scheme described by

Chodera et al. on the same trajectories.302 This scheme reduces the computational

cost by calculating the autocorrelation less frequently at greater lag times, but

we found that it produced more erroneously late truncation times (Section C.5).
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Figure 4.2: Discard times, RMSEs, and underlying time series properties for the
free vanish stage for PDE2A. The top panel shows kernel density estimates of the
distributions of times discarded with each method. The bottom left panel shows
the RMSEs which would be obtained with an infinitely large ensemble of synthetic
time series with fixed truncation points. The red dot indicates the optimum fixed-
time truncation point. This is at time 0 ns as there is no bias. The bottom
right panel shows the RMSEs obtained with each generalised MSER method.
Uncertainties are 95 % confidence intervals obtained with 10000 iterations of
bootstrapping with replacement. Note that the y-axis has been shifted from 0 to
make differences between the methods clearer.

4.4.2 The
√
Nn0

Window Method Balances Bias Sensitivity and

Variability

Next, we tested the methods on the “Standard” synthetic ensembles generated

from the bound vanish stages. The fitted parameters used to generate the syn-

thetic ensembles were fairly diverse, with the variance of the mean estimates, max

lag index (for the initial convex sequence estimate of the autocovariance series),

and pre-exponential factors for the“slow”exponential fits varying over an order of

magnitude (Table 4.1). The half-lives of the“slow”exponential fits varied from 0.3

to 1.6 ns. Further details of the parameter fitting and synthetic data generation

are given in Section C.2.
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Table 4.1: Model Parameters Fitted to Bound Vanish Stages of Absolute Binding
Free Energy Calculationsa

Half-life (ns) a (kcal mol−1) Fast Half-life (ns) Fast a (kcal mol−1) Total Variance (kcal2 mol−2) Max Lag Index

T4L 0.33 0.86 ∞ 0 110 7175
MIF 0.88 4.7 0.0040 14 55 749
MDM2-Nutlin 1.6 2.6 0.0052 21 81 577
MDM2-PIP2 0.80 3.6 0.0057 12 41 335
PDE2A 0.33 13 0.019 13 520 1699

a Total variance refers to the total variance of the mean, obtained by summing
the autocovariance series from - max lag index to + max lag index, where the
series and maximum lag indices were estimated according to Geyer’s initial
convex sequence rules. “a” refers to the pre-exponential factors.

We compared the ensemble RMSEs obtained by each generalised MSER method

to the minimum possible RMSE obtained by applying the optimal fixed-time

truncation to all time series. In general, methods which produced larger variance

of the mean estimates were prone to choosing late truncation points, increasing

SDTrajs(⟨∆G⟩[n0,N ]), while methods which underestimated the variance of the

mean were prone to choosing early truncation points, increasing

BiasTrajs(⟨∆G⟩[n0,N ]). This is illustrated for one of the synthetic MIF time series in

Figure 4.3 (we show 1

V̂arTrajs(⟨∆G⟩[n0,N ])
in place of V̂arTrajs(⟨∆G⟩[n0,N ]) to make the

behaviour in the region of minimum V̂arTrajs(⟨∆G⟩[n0,N ]) clearer). The “Uncorrel-

ated Estimate” (original MSER) is only sensitive to offset of the time series mean

through the first term of the autocovariance function, γ̂0,[n0,N ] (Equation 4.17). As

a result, it produces underestimates of V̂arTrajs(⟨∆G⟩[n0,N ]) which vary smoothly

with increasing truncation but are insensitive to bias. This results in early trun-

cation. The estimates of γ̂0,[n0,N ] quickly stabilise with increasing truncation and

the variance of the mean estimates become proportional to 1
Nn0

. In contrast, the

initial sequence methods are sensitive to offset of the time series mean through

many more terms of the autocovariance function. As a result, offsetting the mean

more effectively counter-balances the 1
Nn0

term to increase the variance of the

mean estimate. This prevents early truncation. However, the V̂arTrajs(⟨∆G⟩[n0,N ])

estimates become much noisier, especially at late truncation times, which can

produce spurious minima in the variance of the mean estimation, leading to

late truncation. Sudden dips in V̂arTrajs(⟨∆G⟩[n0,N ]) were often caused by sudden

decreases in the maximum lag index used to calculate the autocovariance sum.

For the Chodera method in particular, troughs at single values of n0 were often

observed (Figure 4.3). However, issues with troughs in the maximum lag index

were generally removed or reduced with increasingly stringent initial sequence

methods. In general, Geyer’s initial monotone and convex sequence methods

produced the smoothest traces of V̂arTrajs(⟨∆G⟩[n0,N ]) of the “initial sequence”
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methods (including Chodera’s). The window method with window size
√
Nn0

compromises the extremes of the uncorrelated estimate and the initial sequence

methods by including enough treatment of correlation to avoid excessively early

truncation, while avoiding noisy variance of the mean estimates which can produce

late truncation.

Figure 4.3: Performance of several generalised MSER heuristics on a single bound
vanish synthetic times series for for MIF. To show features close to the selected
truncation points, we show the inverse of the squared (marginal) standard error

(V̂arTrajs(⟨∆G⟩[n0,N ])). With the Chodera method, sudden dips in the maximum

lag index cause spikes in the inverse V̂arTrajs(⟨∆G⟩[n0,N ]) (two spikes are marked
by the red asterisk). The time series have been block-averaged with 100 blocks to
make the trends clearer.

More quantitatively, the performance of all methods across the “standard” syn-

thetic ensembles is compared in Figure 4.4 and Table 4.2. The test systems can be

divided into two groups: those where the optimal fixed-time truncation point is

around or above 50 % of the simulation time (MIF, MDM2-Nutlin, and MDM2-

Pip2), and those where it is substantially less (T4L, PDE2a). Unsurprisingly,

methods prone to late truncation (the initial sequence methods), performed best

in the first set, while methods prone to early truncation performed best in the

latter set. For example, MDM2-Pip2 had a relatively late optimal fixed truncation

time (around 4 ns). The uncorrelated estimate method generally truncated at less

than 1 ns for this system, producing an ensemble RMSE around 4 times greater

than the fixed truncation point minimum. For the window estimators, the mean

truncation times increased and the ensemble RMSEs decreased with increasing

window size up to the
√
Nn0 window estimator - this produced an ensemble

RMSD close to the optimal fixed truncation time limit and to the initial sequence
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estimator methods, which performed the best. In contrast, the PDE2a system

had a relatively early optimal fixed truncation time (around 1.5 ns). Here, the

best-performing methods were the window estimators with window sizes of 5

and 50, both with an ensemble RMSE of 0.280.290.27 kcal mol−1. The RMSE for the

uncorrelated estimate and window size
√
Nn0 methods were marginally worse

(0.310.320.30 and 0.320.340.31 kcal mol−1, respectively), while the RMSEs for the initial

sequence methods were substantially higher (≈ 0.46 kcal mol−1) due to late

truncation. Worryingly, the initial sequence methods showed strongly bimodal

distributions of discard times, centred around 1.5 and 7 ns. Hence, the strong bias

sensitivity of the initial sequence methods comes with an increased propensity to

truncate all data but the final local trough or plateau.

Figure 4.4: Discard times, RMSEs, and underlying time series properties for the
bound vanish stage time series. Within each system block, the top panels show
kernel density estimates of the distributions of times discarded with each method.
The bottom left panels show the RMSEs which would be obtained with an
infinitely large ensemble of synthetic time series with fixed truncation points. The
red dot indicates the optimum fixed-time truncation point. Bottom right panels
show the RMSEs obtained over the full synthetic ensemble for each method.
Uncertainties are 95 % confidence intervals obtained with 10000 iterations of
bootstrapping with replacement.
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Table 4.2: Ensemble RMSEs for all Generalised MSER Heuristics for the
“Standard” Bound Vanish Dataa

Method T4L MIF MDM2-Nutlin MDM2-PIP2 PDE2A

Uncorrelated Estimate 0.1050.1090.101 0.4110.4170.404 0.7430.7490.737 0.4080.4130.403 0.3080.3210.295

Window Size 5 0.1000.1050.096 0.2640.2700.257 0.6530.6600.646 0.2560.2620.251 0.2800.2920.268

Window Size 50 0.1050.1100.100 0.1780.1840.172 0.4340.4430.425 0.1590.1640.154 0.2800.2930.267

Window Size
√
Nn0 0.1140.1190.108 0.1570.1630.151 0.3610.3690.352 0.1350.1400.130 0.3230.3410.306

Initial Sequence: Chodera 0.1310.1380.125 0.1570.1640.149 0.2930.3020.285 0.1250.1300.121 0.4690.4930.445

Initial Sequence: Positive 0.1360.1430.129 0.1610.1690.153 0.2850.2940.276 0.1220.1270.117 0.4650.4890.440

Initial Sequence: Monotone 0.1330.1400.126 0.1550.1630.148 0.2940.3030.285 0.1220.1270.118 0.4630.4880.439

Initial Sequence: Convex 0.1300.1370.123 0.1530.1600.146 0.3020.3110.293 0.1240.1280.119 0.4610.4850.437

Initial Sequence: Smoothed Lag Convex 0.1300.1370.124 0.1520.1590.145 0.3020.3100.293 0.1250.1290.120 0.4590.4830.435

a All values in kcal mol−1. Uncertainties are 95 % confidence intervals obtained
by bootstrapping over 10000 iterations with replacement.

We found that the
√
Nn0 window method was the most robust truncation se-

lection heuristic on these data. Its intermediate treatment of autocorrelation

balanced the propensities for early and late truncation shown by methods ignoring

correlation, and methods more completely accounting for correlation, respectively.

Methods at the extremes of the correlation spectrum performed well on the early

truncation point set and poorly on the late truncation point set or vice versa. In

contrast, the
√
Nn0 window method never performed more than 29 % worse (by

RMSE) than the top-performing automated method. It also did not produce the

wide and sometimes bimodal distributions of truncation times seen for the initial

sequence estimators, which we view as an advantage in itself.

There were systems where all methods systematically underestimated the trun-

cation point (particularly MDM2-Nutlin and MDM2-Pip2). However, the best-

performing methods generally showed an ensemble RMSE close to the optimal

fixed truncation point minimum, and the
√
Nn0 window method never performed

much worse. Figure 4.4 shows that the
√
Nn0 window method would never per-

form much worse, and would often perform substantially better compared to a

common default fixed truncation time of 20% (1.6 ns). Further analyses of the

“standard” ensembles are presented in Section C.6.

The left-most local minimum (LLM) method has been proposed to avoid the over-

truncation of data with MSER.299 The left-most local minimum is selected as the

truncation point, rather than the usual global minimum. However, we found that

this produced very early truncation points when applied to the initial sequence

generalised MSER methods, because the curves of MSE against truncation point

were noisy and had early minima. For our data, it would be unhelpful to apply

this to the other truncation heuristics, because they already showed a tendency

towards early truncation.
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The observation that sudden troughs in the maximum lag time led to instabilities

with the Chodera method prompted us to try the“Initial Sequence: Smoothed Lag

Convex”method, in which the maximum lag times at subsequent truncation times

were never allowed to increase. Geyer’s initial positive, monotone, and convex

sequence rules were also applied. However, the performance was very similar to

the “Initial Sequence: Convex” method.

Oliveira et al. qualitatively tested MSER (original, batch, and LLM variants) in

grand cannonical Monte Carlo simulations and concluded that it out-performed

methods including Chodera’s maximum effective sample size heuristic, which

they found prone to late truncation.301 However, we found that the original

MSER method (“uncorrelated estimate”) often severely underestimated the op-

timal truncation time, producing very large RMSEs (for example, see MDM2-Pip2

in Table 4.2). A key difference between Oliveira et al.’s data and ours is that the

initial transient is fairly hidden by the high variance of our data (see Figure

C.1 for the non block-averaged time series). It is likely important to account for

autocorrelation to effectively recover the trend from the noise. This is not the

case for Oliveira et al.’s data, where reasonable truncation times appear to be

estimated without accounting for autocorrelation, avoiding the associated risk

of late truncation. Hence, the optimal truncation point selection heuristic will

likely depend on the properties of the data. However, as discussed below, the√
Nn0 window method remains a good choice for several variants of our synthetic

dataset.

4.4.3 Similar Results are Obtained with Noisier Data

To increase confidence that our results were generalisable, and to better under-

stand the methods, we retested all heuristics on modified synthetic ensembles.

Detailed results are given in Section C.6.

“Noisy” ensembles were created in the same way as the “standard” data, but

all autocovariance terms were increased by a factor of
√
5. This was intended

to reverse the effect of averaging over the 5 repeat runs before the synthetic

data parameters were extracted. The effect of the added noise was to shorten the

optimum truncation time (Figure C.17), which was reflected by earlier truncation

time distributions for all heuristics. However, the relative performance of all

methods on all systems remained very similar to the standard data (Figure C.17

and Table C.3).
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To investigate whether these heuristics were applicable to simulations run at

a single value of λ, rather than the free energy change integrated over λ, we

modelled synthetic data on a a single λ state simulation. Data were modelled on

a particularly noisy bound vanish λ state, which generally produced higher ratios

of total variance to the slow exponential prefactor. However, the comparative

performances of the heuristics were similar to the “standard” synthetic ensemble

(Section C.7).

4.4.4 Subsampling and Block Averaging Reduce Differences Between

the Methods Due to Reduced Autocorrelation

To check whether our results were affected by the frequency of data collection,

we subsampled 1 out of every 100 data points. Reducing the number of data

points increased the ratio of SDTrajs(⟨∆G⟩[n0,N ]) to BiasTrajs(⟨∆G⟩[n0,N ]), shifting

the optimal truncation points to slightly earlier times (Figure C.17). As the

subsampling interval was a large fraction of the length of the autocorrelation

functions used to generate the data (Table 4.1), this also dramatically reduced the

autocorrelation of the time series. It was therefore unsurprising that all generalised

MSERmethods, which differ only in their treatment of autocorrelation, performed

similarly on all subsampled trajectory ensembles (Table C.4). The truncation

time distributions for all methods became similar: those from the “uncorrelated

estimate” generally shifted later, and the truncation time distributions from the

initial sequence methods became narrower and shifted earlier. Unlike with the

“standard”data, no methods produced RMSEs dramatically greater than the fixed

truncation time minimum. For these reasons, it may seem tempting to subsample

all time series before applying the heuristics. However, this is problematic - if the

mean is calculated from the truncated subsampled data, it will have an substan-

tially higher RMSE than for the original data, due to the loss of information in

the discarded samples. Applying the truncation time from the subsampled data

is also ill-advised because the subsampled data have earlier optimal truncation

times than original data; the truncation times for most methods will be biased

towards erroneously early times.

Block averaging is another method which reduces autocorrelation between consec-

utive data points. However, unlike subsampling, it does not affect the underlying

bias-standard deviation trade-off of the time series, and the optimal fixed-time

truncation points remain the same. As discussed in Section 4.2.3, estimation of

the variance of the mean by block averaging is closely related to estimating
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the variance of the mean using window estimators with a Bartlett window.309

Hence, block averaging the data before analysis effectively turns the“uncorrelated

estimate” into a window estimator, and increases the effective window sizes of the

window size estimators. However, we repeated the tests after block averaging all

“standard” time series (block size 100) as a way of simulating less correlated and

less noisy data. Block averaging dramatically improved the performance of the

“uncorrelated estimate” on the late truncation point systems (Figure C.17 and

Table C.5), which was unsurprising given that this effectively became a window

method with a large window. Generally, the distributions of discard times became

wider and shifted to later times for all methods. For the early truncation point

systems, this generally worsened the performance of the window estimators so

that they became comparable with the initial sequence estimators. In terms of

RMSE, the initial sequence methods usually did not perform significantly worse

than without block-averaging. The bimodal discard time distributions observed

for the initial sequence methods on the “standard” dataset were observed for the

window estimators for some systems.

4.4.5 All Methods Usually Fail to Detect Insufficient Sampling

This work compares heuristics for truncation point selection once sampling is

complete. However, it would be useful if these methods could also detect when

all samples are highly biased, indicating that few representative samples from the

equilibrium distribution have been obtained and more sampling is required. In

other words, it would be useful if truncation point selection heuristics could be

used for equilibration detection. In the context of MSER, truncation times over

50 % of the simulation time have been taken to indicate a lack of equilibration.328

We tested this heuristic by applying all generalised MSER methods to the first

0.2 ns of the “standard” synthetic datasets (Figure C.17 and Table C.6). For all

time series, the optimal fixed-time truncation points were at over 50 % of the total

time, and usually close to 100 %. PDE2a had large and quickly decaying bias at

these short timescales (Table 4.1), which produced a steep decrease of RMSE with

increasing truncation time compared to all other systems. For all other systems,

the distributions of discard times were relatively narrow and centred at less than

0.05 ns for all methods. Hence, all methods failed to detect insufficient sampling

according to the 50 % time rule. However, for PDE2a, the size 50 window method

and all methods with fuller treatment of correlation showed median discard times

at greater than 50 % of the total time. This indicates that when large and rapidly

decaying initial transients dominate slowly increasing random errors, the 50 %
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time rule may be effective as a simulation-stopping criterion (especially when used

with generalised MSER methods which more fully account for autocorrelation).

This appears to be the case for Oliveira et al.’s data. However, our results suggest

that this is unlikely to be the case for most free energy calculations.

4.4.6 Practical Use of Generalised MSER Methods

General Applicability

We have attempted to create synthetic data sets with varied autocovariance func-

tions and biases. Across our data sets, the
√
Nn0 window method favourably com-

promised bias sensitivity and discard time variability, and appeared reasonably

robust. By increasing the variability of our data, we increased confidence that this

applies to higher variance data (Section 4.4.3); by decreasing the autocorrelation

(Section 4.4.4) we increased confidence that this applies to less correlated data.

However, we acknowledge our data’s coverage of possible time series generated

from molecular simulations remains limited.

The initial transients in our synthetic data decay quickly enough that most bias is

eliminated by the end of a “standard” length binding free energy simulation. This

is a sweet spot for testing truncation heuristics because the choice of truncation

point is especially critical. We expect the data to be reasonably representative of

absolute binding free energy calculations, but time series from other molecular

simulations may not occupy this sweet spot. In the case where a rapidly-decaying

initial transient only biases the first few samples of a long time series, it is

still important not to erroneously discard large fractions of the data (Section

4.4.1). Also, large but short-lived initial transients may have a fairly long-lived

effect on cumulative averages if no truncation is performed. Therefore, the use

of these heuristics is still justified. In the case where insufficient sampling has

been performed and all data remain highly biased, these heuristics can still help

to reduce bias. A key strength of these automated methods is that they can be

applied without prior knowledge of the data. When few time series are generated

or there is substantial prior knowledge of likely initial transient behaviour, manual

selection or fixed truncation points, respectively, may produce better results.

When applying generalised MSER methods to free energy calculations, a practical

question is whether they should be applied to the overall time series (e.g. after

combining all λ state gradients using thermodynamic integration), or applied in-

dividually to the gradients/perturbed energies from each window. As the optimal

truncation points are expected to vary substantially between states, the former
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approach may reduce the quantity of data unnecessarily discarded, while the latter

should reduce noise in the time series. We have not fully answered this question,

but we have shown that the
√
Nn0 window method appears to offer reasonable

performance on synthetic data fit both to the overall stage free energy change

(Table 4.2) and to a single noisy λ state (Section C.7). These heuristics appear

suitable for both approaches.

Calculating Uncertainty

While inter-run uncertainty estimates are more robust,258 single-run uncertainty

estimates are required in the absence of replicates. Flyvbjerg and Petersen argue

for non-overlapping block-averaging rather than directly using the autocovariance

function to calculate uncertainty,303 while a current best practices guide for

molecular simulation does not recommend either method over the other.330 We

make a case for the use of the autocovariance function. Flyvbjerg and Petersen

argue that the block-averaging method is cheaper than calculating the autoco-

variance function and avoids having to select the truncation point of the sum

of autocovariance terms. However, using overlapping block averages provides a

reduced variance variance estimate compared to non-overlapping block averages,

and is equivalent to applying an appropriately sized Bartlett window to the

autocovariance function.309,310 This clarifies that the problem of truncation point

selection is not avoided by using a block averaging method; it is closely related to

the issue of block size selection. Furthermore, the additional computational cost

(which is likely negligible with modern hardware) can bring a reduced variance

variance estimate. As discussed by Gowers et al., use of the autocovariance

function is also easily automatable.331 In addition, methods we are aware of for

estimating the optimal block size require calculating the autocovariance function

as an intermediate step,134,332–334 making more direct use of the autocovariance

function simpler. Therefore, calculating variance of the mean estimates using

autocovariance function-based methods may be preferable. Using uncorrelated

or window estimators (without determining a suitable window size based on

the data) may substantially underestimate the variance of the mean due to the

incomplete treatment of correlation. Of the initial sequence methods, Geyer’s

initial positive sequence method will often provide the smallest underestimate

because it produces the latest truncation of the autocorrelation function. However,

this will still systematically underestimate the variance of the mean, as noise in
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the autocorrelation function will result in early truncation (as negative Γ terms

will appear earlier in the series with increasing noise). Therefore, approaches that

fit the tail of the autocorrelation function to an exponential will likely provide

superior uncertainty estimates.315,326

To illustrate the underestimation of uncertainty, we calculated the percentage

of synthetic time series where the estimated 95 % confidence intervals covered

the true mean (the coverage) after truncation (Table C.9). We did this for the

“standard” free vanish stage synthetic ensembles, which did not contain initial

transients. For the relatively uncorrelated T4L system, the coverage of the confid-

ence intervals were very similar for all methods and close to the expected 95 %. In

contrast, for the more correlated PDE2a system, the coverages for all systems were

well below 95 %, even though there were still almost 1000 effectively uncorrelated

samples. They were worst for the uncorrelated estimate (44 %), and improved

up to the
√
Nn0 window method (71 %) as autocorrelation was increasingly

accounted for. Coverage then decreased slightly for the initial sequence methods

(≈ 64%). We note that further downward bias can be introduced by truncating

time series with MSER methods prior to calculating confidence intervals, as done

here; by definition, MSER picks the truncation point which minimises the estim-

ated standard error. This bias will be greater for methods which are more prone to

over-discarding. As shown by Equation 4.18, Chodera’s method of maximising the

effective sample size is closely related to MSER, so the issue of downwards-biased

uncertainty estimates also applies. When using generalised MSER or maximum

effective sample size truncation metrics, users should be aware that they may be

introducing additional downwards bias to subsequent uncertainty estimates. This

is without even considering that single runs often become stuck in local minima

in configuration space, an issue which multiple runs may help to diagnose.

Subsampling is Not Recommended

Producing better estimates with less information is impossible, so subsampling

is not recommended when the cost of saving and using samples is negligible.305

Samples which are not fully correlated each contain new information (albeit less

than uncorrelated samples), and discarding them adds noise to the variance and

mean estimates. Subsampling may substantially increase the variance of the mean

estimate and the variance estimate. Concretely, we show in Section C.9 that
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when a sufficiently long stationary time series has a purely exponential correlation

function with a half-life much greater than the sampling interval, subsampling at

the interval of the statistical inefficiency increases the variance of the mean by

31%.

For this reason, we recommend against subsampling input data for the Bennett

Acceptance Ratio (BAR) and the Multistate Bennett Acceptance Ratio (MBAR)

free energy estimators.121,131 These are no longer the maximum likelihood free

energy estimators when applied to correlated samples. Still, they remain robust es-

timators, and correcting for the correlation is unlikely to yield much improvement

unless there are large differences in correlation between states.119,335 However,

subsampling input for MBAR is often recommended because the asymptotic

variance estimate given by Kong et al. and used in the original MBAR paper

is derived for uncorrelated samples, meaning it is a large underestimate when

there is substantial correlation.130,131 While subsampling decreases bias in this

uncertainty estimate, it adds noise to the free energy and uncertainty estimates.

A better approach may be to use an uncertainty estimator which accounts for

correlation, for example, block bootstrapping,134,334,336 or a corrected asymptotic

estimator.119,133

Speed

The computational cost of the generalised MSER methods is likely negligible

compared to the cost of generating the data. However, computational cost may

become a consideration when the algorithm is run repeatedly, for example if

applied to individual λ states in alchemical free energy calculations. In general,

the computational cost increases with increasing treatment of correlation, as more

terms in the autocovariance sum must be evaluated. Hence, the
√
Nn0 window

method also has the advantage of speed over the initial sequence methods. In

our current implementation (RED 0.1.1),337–339 we generally found the ratio of

speeds to be ≈ 1 : 2 : 8 for the Uncorrelated, Window Size
√
Nn0 , and all

“Initial Sequence” methods, respectively on the “standard” time series of 104

points. However, this is highly dependent on the implementation.
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4.5 Conclusion

We have reformulated White’s MSER to provide a spectrum of truncation point

selection heuristics which differ in their treatment of autocorrelation. These in-

clude a method effectively equivalent to Chodera’s maximum effective sample size

heuristic.108 We tested these methods by generating ensembles of synthetic time

series modelled on free energy change estimates from long absolute binding free

energy calculations. Heuristics were assessed by their RMSE to the infinite-time

ensemble average of the synthetic data.

We observed a general trade-off: methods which more thoroughly accounted for

autocorrelation often showed late and variable truncation times; methods which

less thoroughly accounted for autocorrelation often showed early truncation, rel-

ative to the optimal fixed-time truncation point. This increased variance and bias,

respectively. We found that using a window estimator of the variance with size√
Nn0 provided a good compromise between these extremes, generally providing

robust truncation point estimates. Rerunning our analyses on noisier and less

correlated data produced similar conclusions.

All methods tested in this work are implemented in the open-source Python

package RED (Robust Equilibration Detection, where equilibration is used in the

sense of finding the optimal truncation point), available from the PyPI, conda-

forge, and at github.com/fjclark/red. This provides alternatives for the PyMBAR

timeseries “detect equilibration” function. While these methods were useful for

selecting truncation points given data, they were not generally useful for detecting

insufficient sampling (lack of equilibration) in our data.

Future work may involve testing these heuristics on a broader range of synthetic

data. In addition, further studies may focus on adapting these heuristics to

multiple repeat runs (using globally centered autocovariances).340,341 This is likely

a more robust approach and may reduce some of the issues we encountered with

late truncation.

https://github.com/fjclark/red


Chapter 5

Rapid Absolute Binding Free Energy

Calculations for Virtual Screening

5.1 Introduction

An attractive application for ABFE calculations is virtual screening,58 in which a

hierarchy of computational methods is employed to identify potential hit mo-

lecules for a target of interest. Often, virtual screens begin from a vast vir-

tual library, such as the ENAMINE REAL database, which contains over 9

billion molecules.342 Initially, filtering tools and empirical rules may be applied

to dramatically reduce the search space, often followed by docking and scor-

ing.343 Unfortunately, the docking scores often correlate poorly with experimental

binding affinity.344 Due to their relatively high accuracy and applicability to

diverse chemical scaffolds, ABFE calculations are well-suited to accurately re-

scoring the molecules with the most favourable docking scores before molecules are

selected for synthesis.58,60,61,345 Virtual screening pipelines incorporating ABFE

calculations have shown good performance in a prospective setting - for example,

see a winning entry to the first Critical Assessment of Computational Hit-Finding

Experiments (CACHE) Challenge.62

However, virtual screening requires affinity prediction for many molecules, making

the high cost of ABFE (and RBFE) calculations additionally prohibitive. Part

of the solution is undoubtedly the more efficient use of the expensive affinity

information generated; this has motivated substantial industrial interest in active-

learning protocols incorporating free energy calculations.214–217,346–348 However, a

complementary and under-explored solution may be the use of extremely fast

alchemical free energy calculations, using orders of magnitude less simulation

145
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time than is “standard”. Several studies have noted that very short ABFE calcu-

lations may produce estimates with similar precision and accuracy compared to

“standard” simulation times,349 or at least retain useful ranking performance.348

Despite this, there have been no systematic studies on the influence of simulation

time on the performance of ABFE calculations.

The A3FE software presented in Chapter 3, which implements algorithms from

Chapters 2 and 3, allows ABFE calculations to be run and analysed with no

system-specific input other than the prepared structures. This facilitates high-

throughput ABFE studies with minimal user intervention. Here, A3FE is used

to assess the performance of ABFE calculations as the total simulation time is

varied by two orders of magnitude. Emphasis is placed on ranking performance,

which is critical to the success of virtual screening. In addition, the performance

of fast ABFE calculations on a variety of systems is investigated.

5.2 Methods

5.2.1 System Preparation

Five proteins were studied: ephrin type-B receptor 4 (EphB4) in complex with 38

ligands,350,351 cyclophilin D (CycloD) with nine ligands,1,294 heat shock protein

90 (HSP90) with 18 ligands,1,352 tyrosine kinase 2 (TYK2) with 13 ligands,353–355

and p38 mitogen-activated protein kinase (p38) with 29 ligands.355,356 EphB4 was

prepared from PDB ID 2vwz using Schrödinger’s Preparation Wizard with default

settings (crystal waters were retained, capping groups were added, the orienta-

tions of asparagine, glutamine, and histidine residues were evaluated, and pro-

tonation states were defined). The protein and crystal waters were parameterised

with the AMBER ff14SB and TIP3P force fields using antechamber 22.0.180,185,269

EphB4 ligands were prepared with standard LigPrep settings, docked with refer-

ence to 2vwz using Glide with maximal common substructure core constraints,

and parameterised with GAFF2.11 and AM1-BCC partial charges using ante-

chamber 22.0.85,86,357 Martin Packer is thanked for providing the prepared protein

structure and ligand SDFs. The CycloD complexes from Chapter 3 were used

(see Section 3.3.1). HSP90 and ligands were also prepared from Alibay et al.

as described in Section 3.3.1 for CycloD. The TYK2 and p38 systems were

obtained from the protein-ligand benchmark version 0.2.1;355 the proteins and
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crystal waters were parameterised with the AMBER ff14SB and TIP3P force

fields,180,185,269 and the ligands with GAFF2.11 and AM1-BCC partial charges

using antechamber 22.0.85,86,357 Otherwise, all set up was performed as described

in Section 3.3.

5.2.2 Molecular Dynamics Protocols

All calculations were run using A3FE. Where not specified, the protocols given

in Section 3.3 were used. Three non-adaptive protocols spanning three orders

of magnitude of simulation time were considered: “0.01 ns”, “0.1 ns”, and “1

ns”, which employed 0.01, 0.1, and 1 ns of sampling per window, respectively

(Figure 5.1). The only other protocol used was “5 ns” for Cyclophilin D, for

which ABFE data were already available from Chapter 3. For all protocols, the

first 20 % of simulation time was discarded prior to analysis. The restrained

and unrestrained NPT equilibration stages were shortened to 50 ps, and the five

independent NPT equilibration stages used to fit the restraints were shortened to

100 ps, but otherwise the default A3FE equilibration procedure was used (Section

3.3). A λ schedule optimised for MIF/MIF180 (Section 3.3.1) with the automated

window spacing algorithm with a thermodynamic speed of 1 kcal mol−1 (Chapter

3) was used for all ligands. Specifically, windows at λ = 0.0 and 0.1 were used

for the bound restraining stage; at 0.0, 0.291, 0.54, 0.776, and 1.0 for the bound

discharge stage; at 0.0, 0.026, 0.054, 0.083, 0.111, 0.14, 0.173, 0.208, 0.247, 0.286,

0.329, 0.373, 0.417, 0.467, 0.514, 0.564, 0.623, 0.696, 0.833, and 1.0 for the bound

vanish stage; at 0.0, 0.222, 0.447, 0.713, and 1.0 for the free discharge stage; and

at 0.0, 0.026, 0.055, 0.09, 0.126, 0.164, 0.202, 0.239, 0.276, 0.314, 0.354, 0.396,

0.437, 0.478, 0.518, 0.559, 0.606, 0.668, 0.762, and 1.0, for the free vanish stage.

The only exception was CycloD, for which the non-adaptive results presented in

Chapter 3 were re-analysed for fractions of the total simulation time (hence the

λ schedule and equilibration protocol described in Section 3.3 were used).

EphB4 experimental free energies were calculated from reported IC50 values

assuming that IC50 ≈ KD.
350,351 Experimental binding affinities for other systems

were obtained from Alibay et al. or the protein-ligand benchmark.1,355 Uncertain-

ties in free energy results for individual ligands are reported as 95 % t-based con-

fidence intervals based on the deviations between 5 replicate runs. Uncertainties

in statistics for a set of ligands are reported as 95 % confidence intervals generated

by bootstrapping: results for each ligand were resampled with replacement 10000
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Figure 5.1: Total molecular dynamics time per ligand for ABFE protocols.

times. The uncertainties associated with experiment and per-ligand free energy

estimates were included by resampling from Gaussian distributions associated

with each. Where not provided, uncertainties in experimental affinity data were

assumed to be 0.5 kcal mol−1.20,279

5.3 Results and Discussion

First, the effect of total simulation time on ranking performance was investigated

using EphB4.350,351 The ABFE results were analysed for the 1, 0.1, and 0.01 ns

protocols, in which 1, 0.1, and 0.01 ns of simulation time were allocated per λ

window. This system is not a realistic test-case for ABFE, because only small

R-group changes occur, meaning RBFE would be preferable. However, the many

ligands (38) and wide dynamic range of experimental binding affinities allow

robust performance assessment. The effect of changing total simulation time was

also investigated using the CyloD system of Alibay et al..1 This set includes

diverse fragments and merged ligands, which provides a more realistic use case

for ABFE. The performance of the 0.1 ns protocol was then evaluated using the

HSP90 system from Alibay et al. (which is also a realistic ABFE use case) and

two common RBFE benchmark systems: TYK2 and p38.1,355
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5.3.1 The Impact of Simulation Time on Ranking Performance

The 1 ns protocol showed reasonable ranking performance on the 38-ligand EphB4

set (Figure 5.2 and Table 5.1); Kendall’s τ was 0.560.610.34. The results showed

a substantial negative offset (MUE 5.766.295.21 kcal mol−1) which was likely due

to insufficient sampling during the bound leg, which could entail failure of the

protein to relax to the apo structure and failure of the binding site to rehydrate.

Overestimation of the trueKD from the IC50 values may also contribute. However,

obtaining accurate ranking and relative affinity estimates is the primary concern

during virtual screening. For relative estimates, the above factors may cancel out

between ligands, and absolute offsets are irrelevant. However, the non-offset plots

are included to illustrate the effect of increasing sampling time on the offset, and

because these offsets may be relevant when using substantially different receptor

structures for different ligands.

Reducing the simulation time over two orders of magnitude substantially in-

creased the overall offsets (Figure 5.2 and Table 5.1). The MUE increased by

around 5 kcal mol−1 with each order of magnitude reduction in simulation time.

There was also a clear increase in the variance of predictions for single ligands:

the mean variances were 10.8313.298.55 , 3.454.182.78, and 2.452.961.95 kcal mol−1 for the 0.01,

0.1, and 1 ns protocols, respectively. The ratios of variances between the 0.01/0.1

ns protocols and 0.1/1 ns protocols were 3.1 and 1.4, respectively, much less than

the 10 expected assuming uncorrelated sampling. As discussed in Chapter 3, this

suggests that windows in individual ABFE calculations become trapped in local

regions of configurational space, producing correlated results. As a result, a given

increase in computational cost yields a smaller increase in precision. However,

despite the increased offset and greater variances, the ranking performances across

all protocols were extremely similar; the 0.01 ns protocol produced a Kendall’s

τ of 0.560.570.27, equal to the 1 ns result despite using two orders of magnitude less

simulation time.

The retention of good ranking performance despite greater variance for individual

calculations may result from an increased tendency to over-predict the binding

affinity of stronger binders. This is shown by the lines of best fit in Figure 5.2,

which are steeper for shorter protocols. A correlation between larger ligands and

stronger binding affinities may explain this - larger, more flexible ligands tend to

have greater affinities but often pose greater sampling challenges. Undersampling

in the bound leg produces overestimates of binding affinity, possibly producing

the relative overprediction of larger ligands. If this is the case, the short ABFE
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protocols may be partially relying on this correlation for their ranking perform-

ance, which may obscure a loss of ability to differentiate molecules of similar

size and flexibility. However, the retention of ranking performance with dramatic

reductions in simulation time is promising and suggests the potential utility of

fast ABFE in virtual screening.

Figure 5.2: Correlation of calculated affinities with experiment for EphB4 using
varying sampling times. A) Calculated affinities against experimental affinities
and B) offset calculated affinities against experimental affinities. Offsets were
calculated so that the mean of the calculated affinities equalled the mean of the
experimental affinities. Uncertainties in the calculated values are 95 % t-based
confidence intervals calculated from the deviations between 5 replicate runs. The
darker and lighter shaded regions indicate the 1 and 2 kcal mol−1 deviations from
exact agreement, respectively.

In virtual screening, the relative affinities estimated by ABFE calculations are

more important than the absolute predictions themselves. Important questions

are: “Given a calculated affinity difference, how confident am I in correctly select-

ing the stronger binder?”or conversely, “Given an experimental affinity difference,

how confident am I that ABFE will correctly predict which binder is stronger?”.

These questions provide alternative viewpoints for evaluating binding affinity

prediction performance (Figure 5.3). Panels A and B of Figure 5.3 answer these

questions for the 1 ns protocol. Panel A shows that when the predicted absolute

value of ∆∆Go
Bind,Calc. is greater than 2 kcal mol−1, the 1 ns protocol correctly

predicts the stronger binder with high confidence. When the predicted absolute

value of ∆∆Go
Bind,Calc. is less than 2 kcal mol−1, the 1 ns protocol mis-predicts the

stronger binder almost as often as it predicts correctly. Panel B shows that when

the measured absolute value of ∆∆Go
Bind,Exp. between two ligands is between 0
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Table 5.1: Performance metrics for EphB4 ABFE calculationsa

Metric
Protocol

0.01 ns 0.1 ns 1 ns

MUE / kcal mol−1 16.3317.2815.44 10.3511.049.70 5.766.295.21

RMSE / kcal2 mol−2 16.5017.6015.78 10.5411.2810.00 5.956.545.53

R2 0.500.530.14 0.450.550.17 0.550.610.25

Spearman ρ 0.770.770.38 0.670.760.36 0.750.800.48

Kendall τ 0.560.570.27 0.490.560.25 0.560.610.34

Mean per-Ligand σ2 / kcal2 mol−2 10.8313.298.55 3.454.182.78 2.452.961.95
a Uncertainties are 95 % confidence intervals generated by bootstrapping (10000

iterations of resampling with replacement).

and 1 kcal mol−1, the probability of predicting the stronger binder is close to the

random value of 0.5. In contrast, this probability rises to around 0.8 when the

absolute value of ∆∆Go
Bind,Exp. rises to between 2 and 3 kcal mol−1, and continues

to rise as the measured free energy differences continue to increase. Dropping the

number of replicate runs in the 1 ns protocol from 5 to 1 produces a consistent

reduction in the probabilities of predicting the stronger binder. Surprisingly, panel

C suggests that reducing the simulation time over 2 orders of magnitude does not

dramatically reduce the probability of predicting the stronger binder of a pair,

consistent with the retention of good ranking performance.

To investigate whether short-timescale performance was retained for a more real-

istic ABFE use-case, the non-adaptive results for CycloD from Chapter 3 were

re-analysed using small fractions of the total simulation time (Figure 5.4 and

Table 5.2). As observed for EphB4, reducing the simulation time produced in-

creasingly negative offsets in the computed free energy differences, which were

relatively greater for stronger binders. In addition, identical ranking performance

was obtained with the 0.01 ns protocol compared to the 5 ns protocol (Kendall’s

τ 0.610.830.11). This suggests that extremely short ABFE protocols may usefully rank

structurally diverse ligands in some cases. This is especially promising as the

protocol used here involves independent sampling for each λ window. Hence, the

windows are trivially parallelisable and extremely short wall-clock times may be

obtained when substantial compute is available.
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Figure 5.3: Ranking ability of ABFE protocols by experimental ∆∆Go
Bind. A)

Kernel density estimates of distributions of ∆∆Go
Bind,Exp. for given ∆∆Go

Bind,Calc.

intervals. B) Probability of ∆∆Go
Bind,Calc. having the correct sign given the

absolute value of ∆∆Go
Bind,Calc. using the 1 ns protocol and all 5 replicate results

per ligand, or a single replicate run. Absolute ∆∆Go
Bind,Calc. binned with bin width

1 kcal mol−1. C) Probability of ∆∆Go
Bind,Calc. having the correct sign given the

absolute value of ∆∆Go
Bind,Calc. using different ABFE protocols. All protocols use 5

replicates per ligand, and the “1 ns” results are identical to the “5 repeats” results
in B). Uncertainties are 95 % confidence intervals generated by bootstrapping
(10000 iterations of resampling with replacement).

5.3.2 The Performance of Fast ABFE on Further Test Systems

To further assess the performance of fast ABFE calculations, the 0.1 ns protocol

was applied to the 18-ligand HSP90 system from Alibay et al. (a realistic ABFE

use case with relatively diverse ligands) and two common RBFE benchmark

systems: TYK2 and p38 (Figure 5.5 and Table 5.3).1,355
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Table 5.2: Performance metrics for CycloD ABFE calculationsa

Metric
Protocol

0.01 ns 0.1 ns 5 ns

MUE / kcal mol−1 16.7119.2214.45 6.988.635.46 3.524.492.65

RMSE / kcal2 mol−2 17.0819.7114.89 7.439.125.82 3.854.792.98

R2 0.860.950.40 0.780.930.40 0.810.9300.47

Spearman ρ 0.770.930.20 0.730.930.27 0.770.930.23

Kendall τ 0.610.830.11 0.550.830.17 0.610.830.11
a Uncertainties are 95 % confidence intervals generated by bootstrapping (10000

iterations of resampling with replacement).

Table 5.3: Performance metrics for HSP90, TYK2, and P38 0.1 ns ABFE
calculationsa

Metric
Target

HSP90 TYK2 P38

MUE / kcal mol−1 8.589.477.74 5.836.735.01 11.1012.199.96

RMSE / kcal2 mol−2 8.789.767.94 5.946.975.32 11.5712.6410.68

R2 0.590.800.11 0.070.300.00 0.180.360.03

Spearman ρ 0.630.840.19 0.240.58−0.30 0.570.700.24

Kendall τ 0.470.670.12 0.130.41−0.21 0.380.500.16
a Uncertainties are 95 % confidence intervals generated by bootstrapping (10000

iterations of resampling with replacement).
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Figure 5.4: Correlation of calculated affinities with experiment for CycloD using
varying sampling times. A) Calculated affinities against experimental affinities
and B) offset calculated affinities against experimental affinities. Offsets were
calculated so that the mean of the calculated affinities mean equalled the mean of
the experimental affinities. Uncertainties in the calculated values are 95 % t-based
confidence intervals calculated from the deviations between 5 replicate runs. The
darker and lighter shaded regions indicate the 1 and 2 kcal mol−1 deviations from
exact agreement, respectively.

The initial HSP90 calculations revealed a single obvious outlier (Figure D.1):

the predicted ∆Go
Bind for ligand 28 (see Alibay et al.) was around 8 kcal mol−1

more positive than expected based on the other ligands. The solvent-exposed

binding site of HSP90 is known to pose water sampling challenges in ABFE

calculations.1,209 Alibay et al. employed an MD/MC water-sampling methodology

during equilibration of the fully-interacting complex196 and noted that only 1

binding-site water was added to the ligand 24 complex. In contrast, 3 waters

were added to all other complexes. However, they found that ABFE calculations

for ligand 24 with 3 or 1 waters in the binding site had no significant effect on

the predicted affinity. Examining the input files for ligand 24 and 31 obtained

from Alibay et al. revealed that a buried water was missing from the ligand

24 complex where there was missing electron density in the crystal structure

(Figure D.1). In contrast to the results of Alibay et al., inserting this water into

the ligand 24 complex produced a dramatic change in the calculated ∆Go
Bind,

which dropped from −7.78± 1.70 kcal mol−1 to −15.05± 2.82 kcal mol−1, in line

with the other results. This suggests that this water is incorrectly omitted from

the crystal structure, and the ability of the short ABFE protocol to distinguish
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Figure 5.5: Correlation of calculated affinities with experiment for A) HSP90, B)
TYK2, and C) P38 using 0.1 ns protocol. Affinities are offset for each target so
that the mean of the calculated affinities equals the mean of the experimental
affinities. Uncertainties in the calculated values are 95 % t-based confidence
intervals calculated from the deviations between 5 replicate runs. The darker
and lighter shaded regions indicate the 1 and 2 kcal mol−1 deviations from exact
agreement, respectively.

likely incorrect input structures is reassuring. While this result contrasts with the

findings of Alibay et al., it is consistent with the results of Baumann et al.,209

who found that starting HSP90 ABFE calculations without waters in the binding

site produced less favourable binding affinities by several kcal mol−1.

With the missing water molecule inserted into the ligand 24 complex binding

site, the HSP90 0.1 ns ABFE results showed reasonable ranking performance

(Kendall’s τ 0.470.670.12, Table 5.3) providing further confidence that fast ABFE

calculations may usefully rank for structurally diverse ligands. While the results

obtained by Alibay et al. appear slightly better (for example, Pearson r =

0.96 ± 0.03, compared to 0.770.890.34 here), it is unclear whether this is due to

extensive sampling (20 ns per window compared to 0.1 ns per window here)

or other methodological differences (Alibay et al. use GROMACS 2021, while

SOMD is used here).1

In contrast to EphB4, CycloD, and HSP90, the ranking performance was close

to random for TYK2 with the 0.1 ns protocol (Kendall’s τ 0.130.41−0.21). However,

the range of experimental binding affinities was small (around 3 kcal mol−1)

and the RMSE of the mean-offset results (1.181.202.52 kcal mol−1) was not excessive.

Therefore, better ranking may be observed with a wider range of experimental

affinities. However, the results were poor for P38. While there was some correla-

tion (Kendall’s τ 0.380.500.16), the spread of the mean-offset results was large (RMSE

3.284.362.76 kcal mol−1). The two largest outliers (excessively positive∆Go
Bind,Calc.)
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were found to have a substituted benzene group pointing in a different direction

to all other ligands. It is possible that the input poses were not correct, and

that it was not possible to recover the correct poses with the limited 0.1 ns

sampling. Alternatively, the wide spread of affinities may suggest that sufficient

conformational sampling is essential to obtain accurate relative affinities for this

series and that 0.1 ns is insufficient.

Schrödinger’s FEP+ program has been used to calculate ABFEs for TYK2 and

P38 with much lower error and greater correlation than shown here (R2 values of

0.72 and 0.55 for TYK2 and P38, respectively).61 While they used more ligands

per target, resulting in a ≈ 1 kcal mol−1 wider range of experimental binding affin-

ities for TYK2, their results are unambiguously superior. It is unclear how much

the increased performance is due to increased sampling time, improved sampling

algorithms such replica exchange with solute scaling (REST2), or a combination

of both.107 To isolate the effect of sampling time, future work should compare the

current TYK2 and P38 results to those obtained with longer protocols.

5.4 Conclusion

This work demonstrates that reducing sampling time by orders of magnitude in

ABFE calculations does not necessarily harm ranking performance. This is prom-

ising for virtual screening applications, as it suggests that fast ABFE calculations

may be used to rapidly re-rank many top-scoring ligands from docking, or to

perform fast active learning cycles. This is likely to substantially improve the

enrichment of active compounds.60 The study was facilitated by an automated

workflow implemented in the A3FE software, which is based on the methods

presented in Chapters 2 and 3.

However, this study is incomplete, and substantially more validation should be

carried out to determine whether fast ABFE protocols are useful for virtual

screening in general. Few systems were studied in this work. While an effort

was made to include sets of structurally diverse ligands, short ABFE calculations

should be tested with many varied systems to determine when these protocols

do, and do not perform well. In addition, “standard length” and shorter ABFE

protocols should be compared for many more systems to isolate the effect of

sampling time. It would be interesting to see if increased sampling improved

the poor performances we observed for TYK2 and P38. The effect of reducing

sampling time may be more pronounced when using enhanced sampling methods
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such as Hamiltonian replica exchange (HREX) and should be investigated. It

would also be interesting to determine if fast ABFE protocols can retain per-

formance for systems where molecular weight does not correlate well with the

binding affinities.

Another limitation of the study is that the fast ABFE calculations were not com-

pared to inherently“fast”end-state methods such as molecular mechanics Poisson-

Boltzmann surface area (MM/PBSA) calculations.38,40,358 An MM/PBSA-based

active-learning virtual screening workflow has recently been described by Loeffler

et al..347 This method typically performs less well than “standard-length” ABFE

calculations,59 but this has not been determined for short ABFE calculations

which have a comparable computational cost.

Finally, fast ABFE calculations should be validated using data which more closely

reflects the intended use case of virtual screening. That is, their ability to improve

enrichment in a virtual screening pipeline should be assessed similarly to Feng

et al. for “standard-length” ABFE calculations.60





Chapter 6

Conclusion

This work investigated methods to improve the accuracy, efficiency, and automa-

tion of alchemical ABFE calculations.

In Chapter 2, receptor-ligand restraint schemes were compared for computing

the ABFE of the MIF/MIF180 complex. A restraint scheme based on multiple

distance restraints between receptor and ligand atoms was proposed, which avoids

the inherent instabilities of the popular Boresch restraints, and may improve

convergence by more strongly restricting the relative movements of the receptor

and ligand. This was shown to produce estimates in good agreement with Boresch

restraints. In contrast, calculations without orientational restraints produced er-

roneously favourable free energies of binding by up to ≈ 4 kcal mol−1. Methods

for automatically selecting restraint parameters, in particular by fitting force

constants to fluctuations, were shown to be reliable. These approaches offer new

options for the deployment of ABFE calculations.

Building on these automated restraint selection algorithms, a fully-automated

open-source ABFE workflow was developed in Chapter 3 to facilitate high-throughput

applications. Algorithms to automate the selection of λ windows, the allocation

of simulation time, and the truncation of unequilibrated data were presented.

The simple window selection procedure was shown to be inexpensive and robust,

as was the truncation point selection heuristic. Allocating sampling time based

on inter-run uncertainties was shown to concentrate sampling time where there

were sampling issues, but this only improved convergence in rare cases when the

timescales of the sampling issues were comparable to the maximum achievable

sampling time. Overall, the workflow provided equivalent results to non-adaptive

schemes for a variety of systems, while often accelerating equilibration.
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While an equilibration detection heuristic was proposed in Chapter 3, it was

only applicable to multiple replicates and quantitative testing was challenging

due to the high computational cost of the ABFE data. In Chapter 4, White’s

marginal standard error rule was reformulated to provide a spectrum of truncation

point selection heuristics differing in their treatment of autocorrelation.295 These

included a method effectively equivalent to Chodera’s,108 and were all applicable

to single runs. To allow quantitative conclusions to be drawn, these methods

were tested on ensembles of synthetic time series modelled on free energy change

estimates from the long absolute binding free energy calculations in Chapter 3.

Methods that more thoroughly accounted for autocorrelation often showed late

and variable truncation times, while methods that less thoroughly accounted for

autocorrelation often showed early truncation, relative to the optimal truncation

point. A method was recommended that achieved robust performance across the

test sets by balancing these two extremes. None of the methods reliably detected

insufficient sampling. All methods were implemented in the open-source Python

package RED (robust equilibration detection), which was designed to replace the

equivalent functions from the widely used software PyMBAR. It is hoped that

this will improve the reliability of computed free energy changes.

Finally, the automated workflow developed in Chapter 3 was used to assess

the ranking performance of very short ABFE calculations in Chapter 5. For

series of EphB4 and Cyclophillin-D binders, it was found that reducing the

simulation time over two orders of magnitude introduced large negative offsets

to the computed free energies, but preserved equivalent ranking performance.

Fast calculations using only 0.1 ns of simluation time per window were shown

to produce good ranking for HSP90 ligands, but poorer performance for TYK2

and P38. However, it was unclear if these poor performances were due to the

short simulation times, as the full-length simulations were not performed due to

time constraints. Regardless, these results warrant further investigation of short

ABFE calculations; the availability of reliably accurate ranking predictions an

order of magnitude faster than with “standard”ABFE would be extremely useful

for virtual screening calculations.

The methods and software presented in this thesis provide robust automation of

ABFE calculations and may improve efficiency by reducing user and computer

time. However, the relative merits and recommended use cases of some of these

methods should be determined through more comprehensive studies. Specifically,

the multiple distance restraints scheme proposed was shown to generate equivalent

results to the Boresch scheme, but large-scale testing on a wide variety of com-
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plexes will be required to determine whether they deliver convergence benefits.

The promising retention of ranking ability at drastically reduced simulations time

was only demonstrated for a few systems, and large-scale testing will be required

to better understand the general performance and domain of applicability of fast

ABFE calculations.

More work is required to develop efficient ABFE protocols for problems relevant to

the pharmaceutical industry. For example, the methods in this thesis were tested

on receptor-ligand complexes which had crystal structures available, or at least

were prepared from the crystal structure of similar ligands. In virtual screening,

the uncertainty of the binding pose is likely to be much higher, which may

require multiple calculations of different binding poses. Streamlined integrated

workflows, for example using induced-fit docking on AlphaFold structures followed

by scoring with ABFE, are required to provide value in drug discovery.359 This

work has implicitly taken the narrow view that all ABFE predictions are equally

important. This is patently untrue in real drug discovery. Different predictions

may be more or less informative depending on prior knowledge of affinities for

similar molecules. Equivalently, ABFE predictions are less useful for a molecule

when a machine learning affinity prediction has high certainty. Active learning

of ABFE affinity predictions is promising method to make intelligent use of

expensive information.348 Additionally, if a molecule is predicted to bind very

poorly, the prediction need not be precise. However, if similar and high affinities

are predicted for two molecules, higher precision is desirable. More useful ABFE

workflows would minimise the cost of answering questions asked in drug discovery,

rather than simpler targets such as minimising the root mean squared error of all

predictions.

Similarly, absolute calculations may not provide the most efficient alchemical

pathways to free energy differences of interest. Alternatives should be compared.

For example, if a relative free energy difference between structurally dissimilar

ligands is required, it may be more efficient to simultaneously decouple one

ligand while recoupling the other.153,183 This might prevent sampling issues arising

from slow rehydration of the empty binding site, for instance. The alchemical

transfer method is also promising for relative binding free energy calculations

with dissimilar ligands, as well as binding selectivity calculations.212,360
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Finally, there has been immense interest in predicting binding affinities with

machine learning. However, general machine learning affinity models are plagued

by failure to generalise beyond their training sets.32–35 Until much more high-

quality training data is available, the complementary use of ABFE calculations

and problem-specific machine-learned models through active learning may be

more fruitful.



Appendix A

Comparison of Receptor-Ligand

Restraint Schemes

A.1 Restraints are not Necessary to Prevent Errors

Arising from an Incorrect Definition of the Bound

State for Strong Binders

When no receptor-ligand restraints are used in an ABFE calculation, the implicit

definition of the bound state includes configurations where the ligand is anywhere

in the entire simulation box relative to the receptor. This section shows that even

in the limit of perfect sampling, this introduces errors in computed binding free

energies for weak binders, but not for sufficiently strong binders in a sufficiently

small simulation box.

In a hypothetical alchemical calculation with perfect sampling, receptor-ligand

restraints would only be required for weak binders. This is because for strong

binders, the free energy of the macrostate where the interacting ligand is confined

to the binding site is almost identical to the free energy of the macrostate where

the ligand is allowed to explore the entire simulation box. This argument is

equivalent to that of Gilson et al.,49 who showed that the standard chemical

potential is insensitive to the cutoff function (e.g. restraints) for strong binders.

Intuitively, the probability of finding the ligand outside the binding site when it is

fully interacting is negligible, and therefore including the unbound configurations

makes only a negligible difference to the definition of the state when the box

is not extremely large. In such a hypothetical simulation with a strong binder,

perfect sampling, and no restraints, the ligand would be decoupled while it was
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allowed to explore the entire simulation box in the presence of the receptor. The

standard state dependence would then be included by correcting the binding

free energy by −kBT lnVBox

V o
, where VBox is the volume of the simulation box, and

V o = 1660 Å
3
is the standard state volume. The free energy obtained would be

the same as when restricting ligand sampling to the binding site (assuming that

this definition included all low energy configurations,49 or that restraints were

introduced starting with the ligand kinetically trapped in the binding site and

the free energy cost of turning them on was accounted for), as done in this work.

In contrast, for a weak binder, the free energy of the macrostate where the

interacting ligand can explore the entire simulation box is substantially different

to the macrostate where the ligand only samples the binding site. Therefore,

starting from the macrostate where the ligand may sample the entire simulation

box introduces substantial error, and restraints are required to ensure that the

ligand only samples the binding site. In this case, restraints are required for the

correct binding site definition.

To illustrate this, the free energies obtained from these hypothetical simula-

tions can be calculated A) restricting the ligand sampling to the binding site

(∆Go
Bind, Site) and B) allowing the ligand to sample the entire simulation box

(∆Go
Bind, Box). ∆G

o
Bind, Site gives the difference in free energy between the fully-

interacting ligand in the binding site and the fully interacting ligand in a water

box of volume 1660 Å
3
. Therefore, assuming negligible interaction of the ligand

and receptor outside of the binding site, and negligible volume of the receptor

compared to the box volume, the two free energies of binding are related by

∆Go
Bind, Box = −kBT ln

(
exp

−
∆GoBind, Site

kBT +
VBox

V o

)
.

Taking VBox = 512000 Å
3
(side length of 80 Å) and T = 298 K, the two binding

free energies can be compared (Figure A.1):

When ∆Go
Bind, Site > −kBT lnVBox

V o
, ∆Go

Bind, Box tends to−kBT lnVBox

V o
= −3.4 kcal mol−1,

the entropy of releasing a water from a box of volume 1660 to 51200 Å
3
. For

∆Go
Bind, Site < −kBT lnVBox

V o
, the difference between the two free energies, ∆Go

Bind, Site

and ∆Go
Bind, Box, is negligible and thus restraints are not required to define the

binding site. Thus, in the case of strong binders, receptor-ligand restraints are

only required to prevent sampling issues (for example the ligand would have to

sample outside the binding site as soon as the unbound state began to contribute

significantly to the configurational integral).
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Figure A.1: ∆Go
Bind, Site against ∆G

o
Bind, Box for a box size of 51200 Å

3
at 298 K.

The dashed line shows ∆Go
Bind, Site = ∆Go

Bind, Box. For ∆G
o
Bind, Site < −kBT lnVBox

V o
,

there is a negligible difference between the two free energies, and thus restraints
are not required to define the binding site.

A.2 Derivation of a General Expression for The Stand-

ard Free Energy of Releasing Receptor-Ligand

Restraints

The free energy of releasing the restraint on the decoupled ligand is given by the

ratio of configurational integrals of states 3 and 4 as defined in the main text

(Figure 2.2)

∆GRelease = −kBT ln
ZState 3

ZState 4

, (A.1)

where kB is the Boltzmann constant, T is the temperature, and ZState 3 and ZState 4

are the configurational integrals for states 3 and 4. It can be shown (Equation 10

of Boresch et al. 50) that this can be written as

∆GRelease = −kBT ln
ZR, FreeZL, Free

ZC

, (A.2)
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where “R, Free”, “L, Free”, and C denote the configurational integrals for the free

receptor, the free decoupled ligand, and the complex where there are restraints

between the decoupled ligand and the receptor, respectively. Note that ZR, Free

and ZC include contributions from the interaction of the receptor with the solvent

and involve integration over the solvent degrees of freedom (DoF), while ZL, Free

does not include solvent interactions or integration over the solvent degrees of

freedom. By integrating out the six external degrees of freedom, equation A.2 can

be rewritten as

∆GRelease = −kBT ln
Z̃R, FreeZ̃L, FreeVBox8π

2

Z̃C

, (A.3)

where VBox is the volume of the simulation box and Z̃ denotes integration over the

3N−6 internal degrees of freedom, where N is the number of atoms in the ligand

for Z̃L, Free, the number of atoms in the receptor and water box for Z̃R, Free, or the

number of atoms in the restrained receptor-decoupled ligand complex and water

box for Z̃C. Equation A.3 stresses that ∆GRelease is dependent on the box size,

which is undesirable. As discussed by Gilson et al.49, a correction must be applied

in order to yield the standard absolute binding free energies. This standard state

dependence was missing from early “double annihilation” calculations,361 but is

correctly accounted for in the modern “double decoupling” alchemical approach.

This correction is applied by replacing VBox with V
o = 1660Å

3
, the standard state

volume, to yield the standard free energy of releasing the restraints

∆Go
Release = −kBT ln

Z̃R, FreeZ̃L, FreeV
o8π2

Z̃C

, (A.4)

which is independent of the box size. Z̃C can be expanded, giving

∆Go
Release =− kBT ln Z̃R FreeZ̃L FreeV

o8π2

+ kBT ln

∫
e
−
Wr(xExt)+WR, Comp.(xExt)+WL, Comp.(xExt)

kBT |J|dxExt (A.5)

where Wr(xExt) and WL, Comp.(xExt) are the potentials of mean force (PMFs)

associated with the receptor-ligand restraint energy and the decoupled ligand

internal energy (as part of the complex), respectively. WR, Comp.(xExt) is the

PMF of the receptor internal energy (as part of the complex) and the remaining

contributions to the total system energy. These are with respect to the six relative

external degrees of freedom of the receptor and ligand, which are contained in
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the vector xExt. These PMFs result from integration over the 3N − 12 remaining

internal degrees of freedom of the complex. The form of the Jacobian determinant,

|J|, depends on the coordinate transformation used to extract the relative external

degrees of freedom from the internal degrees of freedom of the system.

WR,Comp.(xExt) and WL,Comp.(xExt) can be expanded to yield

∆Go
Release =− kBT ln Z̃R FreeZ̃L FreeV

o8π2

+ kBT ln

∫
e
−Wr(xExt)

kBT ×

e
−

∆1WR, Comp.(xExt,0)+∆2WR, Comp.(xExt)+G̃R, Free
kBT ×

e
−

∆1WL, Comp.(xExt,0)+∆2WL, Comp.(xExt)+G̃L, Free
kBT |J|dxExt, (A.6)

where the vector xExt,0 contains the values of the relative external degrees of

freedom at which the PMF Wr(xExt) has its minimum. G̃L, Free is the free energy

of the internal degrees of freedom of the decoupled ligand in the absence of

receptor-ligand restraints, ∆1WL,Comp.(xExt,0) is the free energy of “preorganising”

the ligand intramolecular degrees of freedom when the restraint energy is at its

minimum, and ∆2WL, Comp.(xExt) = WL, Comp.(xExt)−∆1WL,Comp.(xExt,0)−G̃L, Free

is the additional free energy penalty from further distortion of the ligand internal

degrees of freedom. It is 0 when xExt = xExt,0. These terms give rise to Z̃L, Free,

∆GL, Preorg., and ∆GL, Distort., respectively. There are equivalent terms for the

receptor, which also include contributions from solvent interactions. Rewriting

Equation A.6 gives

∆Go
Release =− kBT ln Z̃R FreeZ̃L FreeV

o8π2

+ kBT ln

∫
e
−Wr(xExt)

kBT |J|dxExt + kBT ln Z̃R, FreeZ̃L, Free

−∆GR, Preorg. −∆GL, Preorg. −∆GR, Distort. −∆GL, Distort.

=− kBT lnV o8π2 + kBT ln

∫
e
−Wr(xExt)

kBT |J|dxExt −∆GPreorg. −∆GDistort.,

(A.7)

where ∆GPreorg. and ∆GDistort. are the sums of the preorganisation and distortion

terms for the receptor and the ligand.
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A.3 The syn and anti conformations of MIF180

Figure A.2: The syn and anti conformations of MIF180.
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A.4 Parameters for Boresch Restraints

Table A.1: Parameters for Boresch restraints, as labelled in Figure 2.3. K refers
to a force constant and 0 denotes and equilibrium value.

Restraint Set
Parameter B1 B2 B3 B1-poseB B1-P B3-P

c (index) 4949 937 51 4946 965 605
b (index) 4944 933 47 4942 961 601
a (index) 4946 935 49 4944 963 603
A (index) 11 10 12 14 5 6
B (index) 2 13 6 4 3 9
C (index) 3 20 19 5 14 12

r0 (Å) 5.92 8.14 7.84 8.69 6.94 8.48
θA,0 (rad) 1.85 2.06 0.81 1.54 0.66 1.24
θB,0 (rad) 1.59 1.89 1.74 1.52 2.10 2.09
ϕA,0 (rad) -0.30 1.68 2.59 -1.22 -0.14 2.55
ϕB,0 (rad) -1.55 1.52 -1.20 2.80 -1.32 -0.20
ϕC,0 (rad) 2.90 0.20 2.63 -0.29 -0.11 2.15

Kr (kcal mol−1 Å−2) 25.49 10.92 10.25 12.25 14.27 6.32
KθA (kcal mol−1 rad−2) 66.74 126.83 49.44 90.22 91.57 73.31
KθB (kcal mol−1 rad−2) 38.39 98.43 99.26 115.70 100.27 63.90
KϕA

(kcal mol−1 rad−2) 215.36 189.35 51.25 189.91 71.33 68.44
KϕB

(kcal mol−1 rad−2) 49.23 58.81 25.98 42.35 72.02 69.07
KϕC

(kcal mol−1 rad−2) 49.79 100.72 95.41 174.58 71.25 44.54
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A.5 RMSF of Residues Containing Anchor Points

Figure A.3: The restraint selection algorithm produces protein anchor points on
stable residues. The RMSF of the Cα atom of each residue was calculated over the
unrestrained simulation used for restraint selection, after all frames were aligned
to the average structure. MET, HID, and ASN residues highlighted in red contain
the anchor points used for the B3, B2, and B1 restraints, respectively.
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A.6 Challenges in Restraint Selection

The selection of Boresch restraints highlighted challenges related to the pres-

ence of multiple binding poses and the treatment of symmetry. Fitting the force

constants to simulation provides a crude estimate of the PMFs with respect to

the Boresch degrees of freedom. Thus, the force constants for the Boresch DoF

are effectively doubled during the restraining stage. Under the approximations

of Gaussian distributions and no correlation between the Boresch DoF, the free

energy of turning on the restraints can be estimated from Equation 2.7; this

should be approximately −kBT ln((26)1/2) = −1.23 kcal mol−1 at 298 K in all

cases.

This observation allows the identification of issues during the restraining stages.

∆GBound, Restrain > 5 kcal mol−1 was calculated from initial simulations, which

indicated an issue with binding poses which slowly interconverted on the timescale

of simulation (Figure 2.6). This resulted from an almost immediate change to an

alternate binding pose from the input structure during the simulation used to fit

the restraints. Because this pose persisted throughout the unrestrained simula-

tion, relatively tight force constants were selected, resulting in the calculation of

large free energies of restraining to the alternative pose starting from the original

input structure.

Subsequent calculations were run by fitting restraints for a single binding pose,

and rerunning simulations from where the alternate pose was sampled. Reruns

were only required at low values of λ during the restraining calculations as

sampling of the alternate pose was prevented by the engaged restraints. These

switches were easily identified by checking for large jumps in dH/dλ, as suggested

by Baumann et al..209

A completely automated restraint selection algorithm would account for sym-

metry, which the method used here does not. The flip of the phenol group in

MIF180 occurs infrequently on the timescale of the simulations, and does not oc-

cur at all during the early stages of decoupling in the bound leg. When transitions

between symmetrical energy minima (e.g. flip of the phenol) are not sampled, and

the symmetry of the minima is not broken by the introduction of restraints, some

authors have applied symmetry corrections.168 However, this is unnecessary,73

because free energy changes are obtained from distributions of energies,131 or

their gradients with respect to λ.116 These distributions are identical regardless
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of whether one or all of the symmetrical minima are sampled, and therefore the

free energy estimates do not change. Thus, no symmetry corrections are required

in general here (beyond those accounting for the restraint of the ligand to a single

binding site when there are three identical binding sites present per protein).

However, when the receptor-ligand restraints break this symmetry, this must be

accounted for. The symmetric wells must either be sampled in equilibrium as the

symmetry is broken (the phenol must sample both orientations in equilibrium as

the restraints are turned on), or in the case where only one minimum is sampled

(the phenol does not flip), a correction must be applied.73 The latter occurs

for the B1 restraints, which impose a large energy penalty for the flip of the

phenol. The phenol does not flip during the restraining simulations and hence

the associated correction is −kBT ln2 = −0.41 kcal mol−1. However, placing

restraints on the phenol necessitates equilibrium sampling about the triazole-

phenol dihedral during decoupling, which is not the case for the other restraints

(because for the other restraints, rotation around this bond results in transitions

between symmetrical energy minima). The requirement for both a symmetry

correction and equilibrium sampling about the triazole-phenol dihedral could be

removed by introducing a flat-bottomed restraint to prevent the phenol flip, as

suggested by Wang et al..158 This would only be required during the bound leg

simulations. Alternatively, symmetry-adapted restraints could be used.161

It was observed that several of the restraint sets selected had large equilibrium r

distances (Table A.1) of around 8 Å. It is possible that this resulted from a bias of

the restraint selection algorithm towards large values of r as a result of scoring by

minimum variance of the Boresch DoF alone: for the same absolute movement of

anchor points a or A normal to the vector between anchors A and a, the variation

in θA and θB will be smaller when r is greater. A more natural choice of “score” for

prospective restraints may be the total configurational volume accessible in the

decoupled state, calculated using Equation 2.7 for the force constants fitted to

simulation. A smaller accessible configurational volume would score higher. The

objective is the same as with scoring by total variance: to select restraints which

mimic the strongest receptor-ligand interactions. The two metrics are closely

related, because the force constants calculated from the variances of the DoF are

used to calculate the accessible configurational volume. However, as a result of the

Jacobian terms in Equation 2.7, this metric is more consistent between restraint

sets with different equilibrium distances and angles, avoiding issues with bias as
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discussed above. It would also be sensible to exclude groups which may be stable

while interacting with the ligand, but which may be substantially more mobile

when the ligand is decoupled, for example by restricting the protein anchor atoms

to the backbone and Cα atoms.170
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A.7 Fitting of Restraint Force Constants

Restraint force constants were fitted by measuring the distributions of the DoF

to be restrained in the absence of any restraints, for the fully interacting complex.

At equilibrium, a harmonic oscillator produces a Gaussian distribution about its

equilibrium value

P (x) =

√
K

2kBTπ
e
−K(x−x0)

2

2kBT , (A.8)

where P (x) is the probability of the restrained DoF taking the value x, x0 is

the mean value of the DoF where no force is applied by the restraint, kB is the

Boltzmann constant, T is the temperature in Kelvin, and K is the force constant.

Comparing this to the standard expression for a Normal distribution

P (x) =
1√
2πσ2

e−
(x−µ)2

2σ2 , (A.9)

where µ = x0 and σ2 is the variance, it can be seen that setting K = kBT
σ2 makes

Equations A.8 and A.9 equivalent.

If the distribution of the DoF about its mean in the fully interacting, non-

restrained state is Gaussian, then measuring the variance of this distribution and

setting K = kBT
σ2 will mean that when the ligand is decoupled, the distribution

of the DoF about its mean will be the same as in the fully interacting, non-

restrained state. The force constants were fit in this way to minimise changes to

the distributions of the restrained DoF during decoupling, which was intended to

enhance convergence. Where only a limited number of DoF can be restrained, as

with Boresch restraints, selecting the DoF with the minimum variance in the full-

interacting, non-restrained state meant that K was as large as possible, hence the

restraints were as restrictive as possible, without having to restrict the movement

of an otherwise high-variance DoF, potentially causing convergence issues.
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A.8 Convergence of Boresch Simulations with Force

Constants Fit to Simulation

Figure A.4: Convergence of the bound leg simulations with B1 with cumulative
sampling time per window. From left to right: the vanish, discharge, and restrain
stages. Shaded area shows the 95% confidence interval and the solid blue line
shows the mean.

Figure A.5: Convergence of the bound leg simulations for B2 with cumulative
sampling time per window. From left to right: the vanish, discharge, and restrain
stages. Shaded area shows the 95% confidence interval and the solid blue line
shows the mean.
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Figure A.6: Convergence of the bound leg simulations for B3 with cumulative
sampling time per window. From left to right: the vanish, discharge, and restrain
stages. Shaded area shows the 95% confidence interval and the solid blue line
shows the mean.

Figure A.7: Convergence of the bound leg simulations for B1-poseB with
cumulative sampling time per window. From left to right: the vanish, discharge,
and restrain stages. Shaded area shows the 95% confidence interval and the solid
blue line shows the mean.

Figure A.8: Convergence of the bound leg simulations for B1-P with cumulative
sampling time per window. From left to right: the vanish, discharge, and restrain
stages. Shaded area shows the 95% confidence interval and the solid blue line
shows the mean.
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Figure A.9: Convergence of the bound leg simulations for B3-P with cumulative
sampling time per window. From left to right: the vanish, discharge, and restrain
stages. Shaded area shows the 95% confidence interval and the solid blue line
shows the mean.
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A.9 Bound Vanish PMF and Number of Waters in

the Binding Site for B3-P

Figure A.10: Left - PMF along λ for bound vanish stage for B3-P. Right - Average
number of waters in the binding site (as defined as the overlap of two spheres of
radius 8 Å centred on the N atom in Pro1A, and CG2 in Val106A - with indices
1637 and 34) against λ during the vanish stage for B3-P. The shaded area shows
the 95% confidence interval, and the solid blue line shows the mean. The under-
sampling of waters in the binding site over three λ windows near λ = 0.4 results
in the bound vanish PMF for run 1 divering by over 3 kcal mol−1.
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A.10 Convergence of Free Leg Simulations

Figure A.11: Convergence of the free leg simulations with cumulative sampling
time per window. Left: the vanish stage, right: the discharge stage. Shaded area
shows the 95% confidence interval.

Figure A.12: Potentials of mean force along lambda for the free leg simulations.
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A.11 Convergence of Boresch Simulations with No

Orientational Component

Figure A.13: Convergence of the bound leg simulations with B1-o with cumulative
sampling time per window. From left to right: the vanish, discharge, and restrain
stages. Shaded area shows the 95% confidence interval and the solid blue line
shows the mean.

Figure A.14: Convergence of the bound leg simulations with B2-o with cumulative
sampling time per window. From left to right: the vanish, discharge, and restrain
stages. Shaded area shows the 95% confidence interval and the solid blue line
shows the mean.
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Figure A.15: Convergence of the bound leg simulations with B1-d with cumulative
sampling time per window. From left to right: the vanish, discharge, and restrain
stages. Shaded area shows the 95% confidence interval and the solid blue line
shows the mean.

A.12 Number of Waters in the Binding Site for B2-o

Figure A.16: Right - Average number of waters in the binding site (as defined as
the overlap of two spheres of radius 8 Å centred on atoms of index 1637 and 34)
against λ during the vanish stage for B2-o.
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A.13 Comparison of Results without Orientational Re-

straints to the Literature

In this work, it was found that a lack of orientational restraints resulted in an

erroneously negative free energy of binding due to failure to sample all relevant

orientations during decoupling. Mobley et al. proposed a similar explanation,168

but found that the offset was towards erroneously positive free energies of binding,

which is surprising given the results observed here. However, this may have been

due to the incorrect calculation of −∆Go
Release in this preceding study.

A value of -5.26 kcal mol−1 was calculated for ∆Go
Release for phenol binding to a

T4 lysozyme mutant when using a single distance restraint with a force constant

of 10 kcal mol−1 Å−2 (see ∆GH2O
restr for “No orientational restraints” in Table 1 of

Mobley et al.). The the free energy of releasing the restraint is calculated using

∆Go
Release = kBT ln

(
1

V o
4π

∫ rBox

0

r2e−
k(r−r0)

2

2RT dr

)
where the terms are as defined for Equation 2.11. If r0 = 0, a value of -5.27 kcal

mol−1 is obtained at 298 K, in excellent agreement with the result of Mobley

et al.. However, this is incorrect, because r0 ̸= 0. r0 is not stated by Mobley

et al., so r0 = 3.48 Å was taken from Table 1 of Boresch et al. for “CL1 FULL”,

where the same anchors in the protein are used (although the correction does

not change dramatically if this distance is changed slightly). This value of r0

yields a correction of - 1.71 kcal mol−1, giving an overall free energy for the run

without orientational restraints of 9.09±0.09 kcal mol−1 (subtracting the 0.41 kcal

mol−1 symmetry correction which is not required when there are no orientational

restraints), which is less than 1 kcal mol−1 different to the answer obtained with

orientation decomposition (10.03± 0.05 kcal mol−1). This value would be in even

better agreement with a greater r0. Therefore, it seems likely that in this case

there were no large sampling issues caused by the lack of orientational restraints,

and the observed deviation may have resulted from the erroneous use of r0 = 0.
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A.14 Restraint Dictionaries used for Multiple Distance

Restraints Simulations

The format of the restraint dictionaries is {(anchor index 1, anchor index 2):

(equilibrium distance, (force constant)/2, flat-bottomed radius), ...}.

A.14.1 M-Rig

Intermolecular restraints dictionary:

{(21, 4950): (2.72, 19.55, 0), (11, 4946): (5.92, 12.75, 0), (3, 4909): (3.63, 9.64, 0),
(5, 4949): (6.87, 9.28, 0), (4, 971): (4.17, 7.42, 0), (2, 1613): (8.67, 7.07, 0), (14,

963): (5.56, 6.81, 0)}

Intramolecular restraints dictionary for the ligand:

{(21, 11): (1.364, 100, 0), (21, 3): (2.38159, 100, 0), (21, 5): (3.65882, 100, 0), (21,
4): (3.66517, 100, 0), (21, 2): (2.40022, 100, 0), (21, 14): (4.15453, 100, 0), (11,

3): (1.398, 100, 0), (11, 5): (2.42473, 100, 0), (11, 4): (2.41599, 100, 0), (11, 2):

(1.398, 100, 0), (11, 14): (2.79524, 100, 0), (3, 5): (1.398, 100, 0), (3, 4): (2.78413,

100, 0), (3, 2): (2.41718, 100, 0), (3, 14): (2.41514, 100, 0), (5, 4): (2.41787, 100,

0), (5, 2): (2.79877, 100, 0), (5, 14): (1.398, 100, 0), (4, 2): (1.398, 100, 0), (4, 14):

(1.398, 100, 0), (2, 14): (2.42338, 100, 0)}

Intramolecular restraints dictionary for the protein:

{(4950, 4946): (2.40799, 100, 0), (4950, 4909): (6.23833, 100, 0), (4950, 4949):
(1.229, 100, 0), (4950, 971): (7.85489, 100, 0), (4950, 1613): (8.07314, 100, 0),

(4950, 963): (9.03817, 100, 0), (4946, 4909): (7.67178, 100, 0), (4946, 4949): (1.522,

100, 0), (4946, 971): (9.71347, 100, 0), (4946, 1613): (8.0947, 100, 0), (4946, 963):

(11.01378, 100, 0), (4909, 4949): (6.40042, 100, 0), (4909, 971): (9.2935, 100, 0),

(4909, 1613): (11.23339, 100, 0), (4909, 963): (10.82613, 100, 0), (4949, 971):

(8.9755, 100, 0), (4949, 1613): (8.49461, 100, 0), (4949, 963): (10.22414, 100, 0),

(971, 1613): (7.35912, 100, 0), (971, 963): (2.53581, 100, 0), (1613, 963): (9.33324,

100, 0)}
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M-All

Intermolecular restraints dictionary:

{(21, 4950): (2.72, 19.55, 0), (11, 4946): (5.92, 12.75, 0), (3, 4909): (3.63, 9.64, 0),
(5, 4949): (6.87, 9.28, 0), (4, 971): (4.17, 7.42, 0), (2, 1613): (8.67, 7.07, 0), (14,

963): (5.56, 6.81, 0), (20, 959): (4.73, 6.07, 0), (10, 950): (6.68, 5.77, 0), (12, 51):

(9.15, 5.64, 0), (18, 4951): (9.52, 5.31, 0), (13, 47): (6.0, 5.02, 0), (19, 49): (8.75,

4.94, 0), (6, 53): (9.8, 3.92, 0), (17, 34): (4.24, 3.64, 0), (16, 45): (7.8, 3.59, 0), (9,

548): (8.14, 2.81, 0), (15, 48): (9.26, 2.74, 0), (7, 584): (8.25, 1.63, 0), (8, 1633):

(10.93, 1.6, 0), (0, 1737): (6.64, 1.28, 0), (1, 4914): (10.4, 1.13, 0)}

M-hand

Intermolecular restraints dictionary was:

{(21, 4950): (2.72, 20, 0.61), (18, 961): (3.09, 20, 0.61), (17, 512): (3.25, 20, 2.06),
(19, 512): (3.69, 20, 2.13)}
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A.15 Convergence of Restraint Correction for Mul-

tiple Distance Restraints Schemes

It was confirmed that estimates of ∆Go
Release had converged with respect to the

number of integration points. It was found that evaluating the restraint energy

at a relatively large number of orientations was essential to obtain an accurate

estimate. Examples are shown below. 50 frames were saved per ns of simulation.

Table A.2: Convergence of ∆Go
Release for M-Rig with increasing number of grid

points used for numerical integration. s is the number of frames to skip between
two snapshot evaluations, b is the amount by which the bounding rectangle of the
restrained host atoms coordinates is extended in each dimension, d is the edge
length of a translational volume element, and o is the number of orientations at
which the restraint energy is to evaluated per Euler angle interval ([0,2π] for ϕ and
ψ, [0, π] for θ). Insensitivity to b and d was confirmed in preliminary simulations.
Uncertainties are the 95 % C.I.s obtained from the variance between 5 replicate
runs by assuming Gaussian distributions.

s b / Å d / Å o ∆Go
Release

1 4 0.25 6 -13.28 ± 4.16
1 4 0.25 12 -10.19 ± 0.28
1 4 0.10 12 -10.19 ± 0.28
1 4 0.25 18 -10.08 ± 0.05
1 4 0.25 24 -10.03 ± 0.07
1 4 0.25 30 -10.02 ± 0.04
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Table A.3: Convergence of ∆Go
Release for M-Hand-1 with increasing number of grid

points used for numerical integration. s is the number of frames to skip between
two snapshot evaluations, b is the amount by which the bounding rectangle of the
restrained host atoms coordinates is extended in each dimension, d is the edge
length of a translational volume element, and o is the number of orientations at
which the restraint energy is to evaluated per Euler angle interval ([0,2π] for ϕ and
ψ, [0, π] for θ). Insensitivity to b and d was confirmed in preliminary simulations.
Uncertainties are the 95 % C.I.s obtained from the variance between 5 replicate
runs by assuming Gaussian distributions. Note that the final result shown below
is slightly different to that shown in the main text, because these checks were
performed before a bug affecting flat-bottomed restraints was fixed and all other
affected simulations were repeated.

s b / Å d / Å o ∆Go
Release

1 4 0.25 6 -11.41 ± 8.89
1 4 0.25 12 -5.83 ± 0.24
1 4 0.10 12 -5.83 ± 0.24
1 4 0.25 18 -5.74 ± 0.14
1 4 0.25 24 -5.73 ± 0.15
1 4 0.25 30 -5.72 ± 0.15

Table A.4: Convergence of ∆Go
Release for M-All with increasing number of grid

points used for numerical integration. s is the number of frames to skip between
two snapshot evaluations, b is the amount by which the bounding rectangle of the
restrained host atoms coordinates is extended in each dimension, d is the edge
length of a translational volume element, and o is the number of orientations at
which the restraint energy is to evaluated per Euler angle interval ([0,2π) for ϕ and
ψ, [0, π] for θ). Insensitivity to b and d was confirmed in preliminary simulations.
Uncertainties are the 95 % C.I.s obtained from the variance between 5 replicate
runs by assuming Gaussian distributions.

s b / Å d / Å o ∆Go
Release

1 4 0.25 6 -61.55 ± 12.12
1 4 0.25 18 -13.68 ± 9.60
1 4 0.25 24 -16.32 ± 0.92
1 4 0.25 30 -15.68 ± 0.37
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A.16 Convergence of Multiple Distance Restraint Sim-

ulations

Figure A.17: Convergence of the bound leg simulations for M-Rig with cumulative
sampling time per window. From left to right: the vanish, rigidify lig, discharge,
rigidify complex, restrain, and rigidify recept. stages. Shaded area shows the 95%
confidence interval and the solid blue line shows the mean.

Figure A.18: Convergence of the bound leg simulations for M-Rig-N with
cumulative sampling time per window. From left to right: the vanish, discharge,
and restrain stages. Shaded area shows the 95% confidence interval and the solid
blue line shows the mean.
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Figure A.19: Convergence of the bound leg simulations for M-All with cumulative
sampling time per window. From left to right: the vanish, discharge, and restrain
stages. Shaded area shows the 95% confidence interval and the solid blue line
shows the mean.

Figure A.20: Convergence of the free energy of releasing all distance restraints
other than the single strongest instance for M-All-R, with cumulative sampling
time per window. Shaded area shows the 95% confidence interval and the solid
blue line shows the mean.
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Figure A.21: Convergence of the free energy of releasing all distance restraints
other than the single strongest instance for M-Hand-R, with cumulative sampling
time per window. Shaded area shows the 95% confidence interval and the solid
blue line shows the mean.

Figure A.22: Convergence of the bound leg simulations for M-Hand with
cumulative sampling time per window. From left to right: the vanish, discharge,
and restrain stages. Shaded area shows the 95% confidence interval and the solid
blue line shows the mean.
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Figure A.23: Convergence of the bound leg simulations for M-Hand-1 with
cumulative sampling time per window. From left to right: the vanish, discharge,
and restrain stages. Shaded area shows the 95% confidence interval and the solid
blue line shows the mean.
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A.17 Overlap Matrices for Selected Multiple Distance

Restraint Protocols

Figure A.24: Overlap matrices for M-Rig
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Figure A.25: Overlap matrices for M-Hand-R
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Figure A.26: Overlap matrices for M-All-R
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A.18 Convergence of Free Energy of Preorganisation

with Increasing Restraint Strength

Figure A.27: Convergence of ∆GRigid. Recept. + ∆GRigid. Lig. −∆GRigid. Complex

≈ ∆GPreorg. for M-Rig with respect to increasing strength of the intramolecular
restraints, where the maximum strength of restraints was 200 kcal mol−1. This is
approximate because there are intermolecular interactions between the ligand and
receptor when the restraints are introduced - this error could be eliminated by
introduced the intramolecular restraints when the ligand is decoupled. A restraint

strength of > 50 kcal mol−1 Å
−2

would have been required to obtain result
which was approximately converged with respect to increasing strength of the
intramolecular restraints. For M-Rig, the intramolecular restraints of strength 75
kcal mol−1 produced ∆GRigid. Recept. + ∆GRigid. Lig. −∆GRigid. Complex = 2.55 kcal
mol−1, which was very similar to the result with 200 kcal mol−1 restraints (2.66
kcal mol−1).



Appendix B

Automated Adaptive Absolute Bind-

ing Free Energy Calculations

B.1 Uncertainties of TI, Zwanzig, and BAR in the

Limit of Infinitely Close States

Under the assumption of infinitely closely-spaced intermediate states, the uncer-

tainties of the TI, Zwazig, and BAR estimates become equivalent. This discussion

is similar to that given by Nguyen and Minh.291

B.1.1 TI

In the theoretical limit of infinitely many states, the free energy change can be

calculated with thermodynamic integration according to

∆̂F =

∫ 1

0

〈
∂H

∂λ

〉
λ

dλ, (B.1)

where ∆̂F denotes the estimated free energy change and ⟨...⟩λ denotes an average

obtained at a fixed value of λ.

Assuming independent sampling at different values of λ, the total variance can

be obtained by integrating the uncertainties at each value of λ

σ2(∆̂F ) =

∫ 1

0

σ2

(〈
∂H

∂λ

〉
λ

)
dλ. (B.2)

195
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B.1.2 Zwanzig

The free energy difference between states 0 and 1 can be calculated using samples

from state 0 using the Zwanzig equation

∆̂F = −β−1 ln
〈
e−β∆u(x)

〉
0
, (B.3)

where ⟨...⟩0 denotes an average over samples obtained at state 0, β = 1
kBT

, and

x is a point in configuration space. When the states are close enough in λ such

that β∆u(x) << 1 can be assumed, the exponential term in Equation B.3 can

be approximated using a first-order Taylor expansion

∆̂F ≈ −β−1 ln ⟨1− β∆u(x)⟩0 (B.4)

≈ −β−1 ln(1− ⟨β∆u(x)⟩0) . (B.5)

Taking another Taylor expansion yields

∆̂F ≈ ⟨∆u(x)⟩0 . (B.6)

In the case of several intermediate states, Equation B.6 could be applied re-

peatedly to obtain the overall free energy change

∆̂F ≈
K−1∑
k=1

⟨∆uk+1,k(x)⟩k , (B.7)

where k is the state number and there are K states. In the limit of infinitely close

states this becomes equivalent to Equation B.1 and hence the uncertainty is also

given by Equation B.2.

B.1.3 BAR

The Bennett Acceptance Ratio (BAR) can be understood as reweighting from

the mixture distribution, πMix, constructed with samples from two states.121,362

F̂1 = −β−1 ln

〈
e−βu1(x)

π̂Mix(x)

〉
πMix

, (B.8)

π̂Mix(x) =
N0

N0 +N1

e−βu0(x)+βF̂0 +
N1

N0 +N1

e−βu1(x)+βF̂1 , (B.9)
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whereNk is the total number of samples from state k. Setting F̂0 = 0 and assuming

N0 = N1 = N

∆̂F = −β−1 ln

〈
e−βu1(x)

1
2
(e−βu0(x) + e−βu1(x)+β∆̂F )

〉
πMix

. (B.10)

Dividing the top and bottom of the fraction by e−βu0(x) yields

∆̂F = −β−1 ln

〈
e−β∆u(x)

1
2
(1 + e−β∆u(x)+β∆̂F )

〉
πMix

. (B.11)

As the states become infinitely close, β∆u(x) and β∆F̂ become much less than

1. This justifies the use of first-order Taylor expansions of the exponentials

∆̂F = −β−1 ln

〈
1− β∆u(x)

1− 1
2
(β∆u(x)− β∆̂F )

〉
πMix

. (B.12)

Using the fact that 1
1−x

= 1 + x for x << 1 (where x is 1
2
(β∆u(x)− β∆̂F ))

∆̂F = −β−1 ln

〈
(1− β∆u(x))

(
1 +

1

2
(β∆u(x)− β∆̂F

)〉
πMix

(B.13)

= −β−1 ln

〈
1− 1

2
β∆u(x)− 1

2
β∆̂F

〉
πMix

, (B.14)

where we have ignored the cross terms (such as (β∆u(x))2), which are negligible.

As the two states become infinitely close in λ, the weights of each state in πMix

become equal, and ⟨...⟩πMix
becomes the arithmetic mean over the two states.

Furthermore, the configurations sampled in each state become indistinguishable,

meaning that ⟨...⟩πMix
≈ ⟨...⟩0 ≈ ⟨...⟩1. Arbitrarily choosing state 0, and taking

the first-order Taylor expansion of the logarithm yields

∆̂F ≈ ⟨∆u(x)⟩0 , (B.15)

which is the same as Equation B.6., Hence, the uncertainty is given by Equation

B.2, as before.
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B.2 The Relationship Between the Variance of the

Gradient and Overlap

The variance of the gradient of the free energy with respect to λ, sampled at some

value of λ, is

Var

(
∂H

∂λ

)
=

〈(
∂H

∂λ

)2
〉

λ

−
〈
∂H

∂λ

〉2

λ

(B.16)

where H(x;λ) is the Hamiltonian which depends on the sampled point in config-

uration space, x, and the coupling parameter, λ. ⟨...⟩λ denotes an average at a

given value of λ.

As discussed by Blondel,241 offsetting all energies at a given value of λ by a

constant does not affect the variance. For simplicity, the offset is chosen to be

F (λ), the free energy at a given value of λ, and the new Hamiltonians are denoted

by H ′. Hence

Var

(
∂H

∂λ

)
=

〈(
∂H ′

∂λ

)2
〉

λ

−
〈
∂H ′

∂λ

〉2

λ

(B.17)

We also note that

e−βH′(x,λ) = e−βH(x,λ)+βF (λ) = p(x, λ) (B.18)

where p(x, λ) is the normalised probability of sampling phase-space point x at a

given value of λ.

Because all λ states have been offset by their free energies, the free energy changes

between the new states is 0, and therefore
〈
dH′

dλ

〉
λ
= 0, simplifying Equation B.18

Var

(
∂H

∂λ

)
=

〈(
∂H ′

∂λ

)2
〉

λ

(B.19)

Noting that
∂H ′

∂λ
=

∂H′

∂λ
e−βH′

e−βH′ = − 1

β

∂ log p(x, λ)

∂λ
(B.20)

Equation B.19 can be rewritten:

β2Var

(
∂H

∂λ

)
=

∫ (
∂ ln p(x, λ)

∂λ

)2

p(x, λ)dx (B.21)
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This tells us that the dimensionless variance of the gradient is the Fischer inform-

ation. Rewriting this equation

β2Var

(
∂H

∂λ

)
=

〈(
1

p(x, λ)

∂p(x, λ)

∂λ

)2
〉

λ

(B.22)

shows that the dimensionless variance of the gradient is the expected value of the

squared relative probability change when λ is varied.
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B.3 Details of Structure Preparation for Initial Test

Systems

Where details of structure preparation are omitted below, the steps described in

Section 3.1 were followed.

B.3.1 T4L

The complex of benzene with the L99A mutant of T4 lysozyme was prepared

from PDB ID 4W52 as described in Section 3.1.363

B.3.2 MIF

The complex of human macrophage migration inhibitory factor (MIF) with the

ligand MIF180 was prepared as described by Clark et al..274 The only differences

were the use of Open Force Field 2.0.0 for the small molecule, rather than

GAFF2.11, and the use of a rhombic dodecahedral box, rather than a cubic box.

B.3.3 MDM2-Pip2

For the complex of MDM2 (with truncated lid - “Short”) with Pip2, AMBER

prm7 and rst7 files were obtained from Mendoza-Martinez et al..165 The only

modifications made were the reparameterisation of the ligand with Open Force

Field 2.0.0 with AM1-BCC partial charges (rather than the original GAFF), and

the resolvation using a rhombic dodecahedral box, as described in Section 3.1.

The experimental binding affinity was taken from the “17-125” column for the

Pip-2 ITC data in Table 1 of Michelsen et al..283

B.3.4 PDE2a

A PDB structure for Phosphodiesterase 2a in complex with ligand “P10”was ob-

tained from Huggins 171, specifically from https://github.com/djhuggins/Holoware-

TestCases/blob/main/PDE2/ff14 tip3p am1bcc/P10/input/complex.pdb. Due to

all water molecules having incorrect angles for TIP3P, water hydrogens were re-

moved and reintroduced using tleap from ambertools 22.0. Otherwise, preparation

was performed as described in Section 3.1.
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B.3.5 MDM2-Nutlin

The complex of mouse double minute 2 homolog (MDM2) (with truncated lid -

“Short”) with Pip2 was prepared by aligning PDB ID 4WT2 to PDB ID 4HG7.

The protein structure was taken from 4WT2 from residue 17 (S) to the end (110,

V), as this most closely matched the experimental construct. The ligand and

crystallographic waters were taken from 4HG7, and subsequent preparation was

performed as described in Section 3.1.
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B.4 Detailed Results for Non-Adaptive ABFE Calcu-

lations on Initial Test Systems

Table B.1: Components of Non-Adaptive ∆Go
Bind for Initial Test Systemsa

Bound Restrain Bound Discharge Bound Vanish Free Discharge Free Vanish Restraint Correction Symmetry Correction Exp. ∆Go
Bind

T4L 0.2 ns 2.03 ± 0.15 0.27 ± 0.13 4.04 ± 0.73 2.07 ± 0.03 -7.14 ± 0.19 -7.08 -0.41 -5.19 ± 0.16
T4L 6 ns 1.97 ± 0.06 0.21 ± 0.05 3.10 ± 0.96 2.05 ± 0.01 -7.25 ± 0.05 -7.08 -0.41 -5.19 ± 0.16
T4L 30 ns 1.96 ± 0.02 0.18 ± 0.02 3.38 ± 0.81 2.05 ± 0.00 -7.24 ± 0.02 -7.08 -0.41 -5.19 ± 0.16
MIF 0.2 ns 1.70 ± 0.21 19.12 ± 2.56 2.21 ± 1.43 14.35 ± 0.13 -17.58 ± 0.27 -10.35 -0.65 -8.98 ± 0.28
MIF 6 ns 1.71 ± 0.07 18.04 ± 1.28 -3.51 ± 0.45 14.23 ± 0.02 -17.85 ± 0.05 -10.35 -0.65 -8.98 ± 0.28
MIF 30 ns 1.81 ± 0.10 17.68 ± 1.03 -2.98 ± 0.87 14.17 ± 0.11 -17.84 ± 0.03 -10.35 -0.65 -8.98 ± 0.28
MDM2-Nutlin 0.2 ns 2.64 ± 1.18 139.34 ± 1.25 -21.78 ± 4.02 140.59 ± 1.23 -48.12 ± 1.57 -9.85 0.00 -11.14 ± 0.27
MDM2-Nutlin 6 ns 2.33 ± 0.79 138.82 ± 1.16 -25.06 ± 1.88 140.17 ± 0.34 -49.49 ± 0.51 -9.85 0.00 -11.14 ± 0.27
MDM2-Nutlin 30 ns 2.33 ± 0.34 138.17 ± 0.89 -23.94 ± 1.06 140.16 ± 0.23 -50.39 ± 0.67 -9.85 0.00 -11.14 ± 0.27
MDM2-Pip2 0.2 ns 1.65 ± 0.09 54.28 ± 0.75 -6.88 ± 1.38 53.93 ± 0.36 -32.34 ± 1.26 -10.14 0.00 -9.11 ± 0.01
MDM2-Pip2 6 ns 1.67 ± 0.03 52.82 ± 0.38 -11.12 ± 0.71 53.54 ± 0.12 -33.81 ± 0.69 -10.14 0.00 -9.11 ± 0.01
MDM2-Pip2 30 ns 1.76 ± 0.17 52.74 ± 0.39 -11.06 ± 1.05 53.46 ± 0.11 -34.10 ± 0.21 -10.14 0.00 -9.11 ± 0.01
PDE2A 0.2 ns 1.74 ± 0.17 214.78 ± 0.85 4.20 ± 2.70 214.23 ± 0.35 -33.15 ± 1.53 -10.24 0.00 -14.35 ± 0.50
PDE2A 6 ns 1.84 ± 0.17 214.54 ± 0.54 -9.55 ± 1.70 213.49 ± 0.18 -34.16 ± 0.56 -10.24 0.00 -14.35 ± 0.50
PDE2A 30 ns 1.94 ± 0.14 214.22 ± 0.62 -9.53 ± 1.81 213.40 ± 0.12 -33.97 ± 0.34 -10.24 0.00 -14.35 ± 0.50

a All quantities in kcal mol−1. Uncertainties stated as 95 % confidence intervals
based on the variance of 5 replicate runs, assuming Gaussian distributions.
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B.5 Restraints Parameters and Discussion of Sym-

metry Corrections

Table B.2: Parameters for Boresch restraints for initial test systems, as labelled
in Figure 3 of Clark et al..274 K refers to a force constant and 0 denotes an
equilibrium value.

T4L MIF MDM2-Pip2 PDE2A MDM2-Nutlin

r1 1550 952 1307 4395 1330
r2 1530 950 1295 4393 1318
r3 1552 959 1309 4408 1332
l1 4 10 19 11 28
l2 3 13 14 10 6
l3 5 20 20 12 21

r0 / Å 7.69 5.66 5.92 6.59 7.05

θA0 / Å 1.30 2.14 1.80 1.71 1.32
θB0 / Rad 1.48 1.48 1.28 1.27 1.43
ϕA0 / Rad 2.56 1.84 -2.57 2.35 -2.78
ϕB0 / Rad 2.94 3.09 1.05 0.00 1.21
ϕC0 / Rad 1.41 0.22 -0.96 0.21 0.91

kr / kcal mol−1 Å−2 6.20 18.00 8.06 12.42 7.82
kθA / kcal mol−1 Rad−2 28.76 87.34 92.70 76.28 62.12
kθB / kcal mol−1 Rad−2 24.82 89.72 88.14 85.28 141.90
kϕA / kcal mol−1 Rad−2 59.86 101.06 76.44 228.30 53.84
kϕB / kcal mol−1 Rad−2 0.80 115.14 161.32 139.72 132.66
kϕC / kcal mol−1 Rad−2 55.18 99.32 149.54 101.36 199.86

The symmetry corrections shown in Table B.1 were selected as follows: for T4L,

benzene was observed to rotate freely about its 6-fold axis of symmetry at λ = 0

during the restraining simulations, but was not observed to flip over. Therefore, we

included a correction of −kBT ln 2. For MIF, we included a correction of −kBT ln 3

to account for the three-fold symmetry of the protein. No symmetry corrections

were required for MDM2-Pip2, MDM2-Nutlin, or PDE2a.
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B.6 Estimated Free Energy Changes Against Sampling

Times for Initial Non-Adaptive Runs

Figure B.1: Estimated free energy changes against sampling times for all stages of
all initial non-adaptive runs. Traces were calculated by dividing the data for each
run into 20 blocks and performing MBAR individually on each block. No data
were discarded to equilibration. Shaded areas show the 95 % t-based confidence
intervals based on deviations between replicate runs. Results are shown for the
0.2 and 6 ns runs, and the final 30 ns result (discarding the initial 10 ns of each
window to equilibration) is shown as a dotted line, with 95 % CI boundaries
shown as sparser dotted lines.
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B.7 Summary of Kruskal-Wallis H-tests on Gradient

Distributions

Figure B.2: Percentage of λ-windows for each stage for which there is a significant
difference between gradient distributions, as indicated by p< 0.05 from the
Kruskal-Wallis H-test. This is always high for the bound discharge and bound
vanish stages, and increases from around 0 to > 60 with ligand size for the free
stages.

Figure B.2 shows significant differences between gradient distributions between

replicate runs for most λ-windows for all bound leg simulations. A strict criterion

for convergence is that all repeat simulations should sample from the same dis-

tribution. By this criterion, none of the calculations are strictly converged, as

discussed in the main text. To illustrate that this is likely also true for most

literature ABFE studies, we reanalysed the results of Alibay et al..1,288 The

analysis (Figure B.3 yielded similar results, confirming that most literature ABFE

results are also likely unconverged by this strict criterion.
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Figure B.3: Percentage of λ-windows for each stage for which there is a significant
difference between gradient distributions for Alibay et al.’s Cyclophilin D ABFE
calculations.1,288 Significant differences were indicated by p< 0.05 from the
Kruskal-Wallis H-test.
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B.8 Standard Deviations of the Gradients and Time-

Normalised Standard Errors of the Mean Gradi-

ents

Figure B.4: Standard deviation of the gradient against λ for initial non-adaptive
runs. Improvement factor (IF) is calculated with respect to equally-spaced λ-
windows.
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Figure B.5: Time-normalised standard error of the mean gradient against λ for
initial non-adaptive runs. Improvement factor (IF) is calculated with respect to
equally-spaced λ-windows.

Figure B.6: Time-normalised standard error of the mean gradient against λ for
initial non-adaptive runs, showing only results for the free leg. Improvement factor
(IF) is calculated with respect to equally-spaced λ-windows.
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B.9 Nutlin Conformations Observed During the Free

Vanish Leg At and Above λ = 0.5

The time-normalised standard error of the mean gradients for the free vanish

stage were high relative to the other ligands, and comparable to those for the

bound legs. The peak around λ = 0.5 visible in Figure B.6 is very likely due

to different dominant conformations of Nutlin resulting in different amounts of

overlap and differing gradients between runs. Below λ = 0.5, the intramolecular

repulsive interactions are strong enough to avoid direct overlap as seen in b) of

Figure B.4. The window at λ = 0.5 is the first where this occurs, producing more

negative gradients for runs 3 and 5 where conformation b) is dominant, and less

negative gradients for runs 1, 2, and 4, where conformation a) is dominant.

Figure B.7: Examples of typical conformations observed for Nutlin during the free
vanish stages a) with the piperazinone ring pointing away from the isopropoxy
group, reducing atomic overlap and b) with the piperazinone ring pointing
towards the isopropoxy group, resulting in substantial atomic overlap.
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B.10 Testing Automated Window Spacing with MIF

Figure B.8: λ against normalised λ index ( Index
No.windows

) for all legs and stages
for MIF using a manually-optimised λ schedule (non-adaptive), and using the
automated method to space windows with thermodynamic speeds of 0.5, 1.0, 2.0,
and 4.0 kcal mol−1.
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Figure B.9: Overlap matrices for the bound restrain stage for MIF, using
a manually-optimised λ schedule, and using the automated method to space
windows with thermodynamic speeds of 0.5, 1.0, 2.0, and 4.0 kcal mol−1.
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Figure B.10: Overlap matrices for the bound discharge stage for MIF, using
a manually-optimised λ schedule, and using the automated method to space
windows with thermodynamic speeds of 0.5, 1.0, 2.0, and 4.0 kcal mol−1.
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Figure B.11: Overlap matrices for the bound vanish stage for MIF, using
a manually-optimised λ schedule, and using the automated method to space
windows with thermodynamic speeds of 0.5, 1.0, 2.0, and 4.0 kcal mol−1.
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Figure B.12: Overlap matrices for the free discharge stage for MIF, using
a manually-optimised λ schedule, and using the automated method to space
windows with thermodynamic speeds of 0.5, 1.0, 2.0, and 4.0 kcal mol−1.
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Figure B.13: Longer-time equilibration of the MIF bound vanish stage against
total sampling time with varying λ-window spacing. Individual replicates are
shown with dashed lines, the mean is shown as a solid line, and shaded regions
indicate 95 % t-based confidence intervals. Wider spacing leads to accelerated
equilibration towards the 30 ns result (black-dotted line with 95 % CI shown as
sparse dotted lines).
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Figure B.14: Short-time equilibration of the MIF free vanish stage against total
sampling time with varying λ-window spacing. Individual replicates are shown
with dashed lines, the mean is shown as a solid line, and shaded regions indicate
95 % t-based confidence intervals. Wider spacing leads to accelerated equilibration
towards the 30 ns result (black-dotted line with 95 % CI shown as sparse dotted
lines).
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Figure B.15: Longer-time equilibration of the MIF free vanish stage against total
sampling time with varying λ-window spacing. Individual replicates are shown
with dashed lines, the mean is shown as a solid line, and shaded regions indicate
95 % t-based confidence intervals. Wider spacing leads to accelerated equilibration
towards the 30 ns result (black-dotted line with 95 % CI shown as sparse dotted
lines).
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B.11 Free Energies for Variation of Allocated Simu-

lation Time with Adaptive Parameters for MIF

Table B.3: Components of Free Energies for Variation of Allocated Simulation
Time with Simulation Parameters for MIF Experiments a

Bound Restrain Bound Discharge Bound Vanish Free Discharge Free Vanish Restraint Correction Symmetry Correction Exp. ∆Go
Bind

r0.005, s1, n5, repeat 1 1.73 ± 0.15 18.17 ± 0.82 -2.13 ± 1.25 14.25 ± 0.11 -17.97 ± 0.20 -10.35 0.65 -8.98 ± 0.28
r0.005, s1, n5, repeat 2 1.72 ± 0.13 17.98 ± 1.04 -2.19 ± 0.83 14.21 ± 0.06 -17.77 ± 0.05 -10.35 0.65 -8.98 ± 0.28
r0.005, s1, n5, repeat 3 1.73 ± 0.15 18.61 ± 1.14 -2.79 ± 1.43 14.25 ± 0.06 -17.68 ± 0.37 -10.35 0.65 -8.98 ± 0.28
r0.005, sOrig., n5 1.71 ± 0.16 17.70 ± 1.06 -1.06 ± 0.64 14.16 ± 0.11 -17.62 ± 0.10 -10.35 0.65 -8.98 ± 0.28
r0.001, s1, n5 1.79 ± 0.15 18.28 ± 0.74 -2.56 ± 0.42 14.24 ± 0.04 -17.79 ± 0.08 -10.35 0.65 -8.98 ± 0.28
r0.005, s1, n10 1.73 ± 0.11 18.07 ± 0.70 -1.40 ± 0.89 14.24 ± 0.11 -17.80 ± 0.19 -10.35 0.65 -8.98 ± 0.28
r0.005, s0.5, n5 1.69 ± 0.15 18.41 ± 1.40 -1.91 ± 0.43 14.20 ± 0.12 -17.75 ± 0.20 -10.35 0.65 -8.98 ± 0.28
r0.005, s2, n5, repeat 1 1.70 ± 0.10 17.74 ± 1.35 -3.53 ± 0.94 14.35 ± 0.13 -17.66 ± 0.08 -10.35 0.65 -8.98 ± 0.28
r0.005, s2, n5, repeat 2 1.80 ± 0.21 17.74 ± 1.20 -2.08 ± 0.91 14.31 ± 0.15 -17.69 ± 0.44 -10.35 0.65 -8.98 ± 0.28
r0.005, s4, n5 1.71 ± 0.15 18.14 ± 1.02 -3.61 ± 1.59 14.78 ± 0.59 -17.70 ± 0.44 -10.35 0.65 -8.98 ± 0.28

a All quantities in kcal mol−1. Uncertainties stated as 95 % confidence intervals
based on the variance of 5 replicate runs, assuming Gaussian distributions. In the
protocol names, r denotes the run time constant (kcal2 mol−2 ns−1), s denotes
the thermodynamic speed (kcal mol−1) used to determine the λ-window spacing,
and n denotes the number of replicates in each ensemble run. sOrig denotes the
use of the default λ-spacing.
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B.12 Standard Error of the Mean Free Energy Change

for the Pip2 Free Stage with Adaptive and Non-

Adaptive Protocols

Figure B.16: Standard error of the mean free energy change for the free vanish
stage of Pip2. Data were split into 10 blocks prior to analysis with MBAR, and
the uncertainties only account for the data in the current block (and are therefore
not expected to decrease with

√
NBlocks).
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B.13 Effect of the Adaptive Allocation of Sampling

Time to the Bound Vanish Stage of T4L/Benzene

During the bound vanish stage of the non-adaptive 30 ns T4L run, the Gelman-

Rubin R̂ clearly identified convergence issues above λ = 0.4, and in particular

close to λ = 1 (Figure B.17). This was also reflected by the divergence of the

potential of mean force with respect to λ in this region (Figure B.18).

Figure B.17: Gelman-Rubin R̂ against λ for the bound vanish stage of the 30 ns
T4L non-adapitve run. R̂ > 1.1 is taken to indicate convergence issues. R̂ was
computed with ArviZ 0.15.1.364

This was found to be due to the occasional entry of water to the binding site

for some replicates above λ = 0.4. To check if we could remedy this using the

adaptive sampling time algorithm, we performed adaptive and non-adaptive runs

using 20 replicates and the same λ schedules (speed = 1.0 kcal mol−1). The non-

adaptive run was run for 20 ns per window, and the runtime constant of the

adaptive run was tweaked until comparable total simulation time was achieved.

As expected, the adaptive algorithm concentrated sampling time around λ = 1

(Figure B.19). However, the plots of free energy estimates against simulation

time for the adaptive and non-adaptive protocols appear very similar (Figure

B.20) , and there was no evidence for a significant difference in variance at 95

% confidence (Levene test, p=0.92). In addition, Figure B.21 shows that the

water occupancy of the binding site remained very variable between replicates

and appeared similar between the adaptive and non-adaptive protocols (water
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Figure B.18: MBAR-derived potential of mean force against λ for the bound
vanish stage of the 30 ns T4L non-adapitve run.

occupancy was assessed by the mean number of waters with 6 Å of either of two

atoms on opposite sides of the benzene rings). This suggests that the adaptive

sampling algorithm is ineffective here because the timescales of water entry and

exit from the binding site are beyond what can reasonably be allocated by the

adaptive algorithm.

Figure B.19: Allocation of sampling time against λ for the T4L bound vanish leg.
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Figure B.20: Estimated free energy change against simulation time for the T4L
bound vanish stage with adaptive and non-adaptive protocols. The 30 ns result
is shown by a black dotted line with sparser dotted lines showing 95 % CI. Data
was split into 10 blocks before analysis with MBAR. Shaded areas show 95 %
t-based CIs. The adaptive and non-adaptive runs use the same λ-schedule.

Figure B.21: Average number of waters in the binding site for a) the non-adaptive
and b) the adaptive protocol. Shaded area shows the 95 % t-based CI, although
the assumption of Gaussian distributions is clearly unreasonable here. Atoms 0
and 3 are on opposite sides of the benzene ring.
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B.14 Selection of Equilibration Times for All Stages

of Initial Test Systems

Figure B.22: Selection of equilibration times for all stages for initial test systems
by the paired t-test method and Chodera’s method (applied to both the mean
trace and individual replicates).262 The upper windows show traces of ∆G
obtained by dividing the data up into 100 equal blocks and running MBAR on
each. Shaded areas indicate 95 % inter-run t-based confidence intervals. Final
Non-Adaptive ∆G taken from the non-adaptive 30 ns runs. Lower windows show
the p-values obtained by truncating the data up to the time shown and performing
paired t-tests on the first 10 % and last 50 % of the remaining data. The first
p-value > 0.05 is used as a heuristic to indicate equilibration.
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B.15 Comparison of Absolute Differences in Final Free

Energy Estimates Compared to Long-Time Res-

ult Using Different Equilibration Methods

Figure B.23: Comparison of the absolute error between bound vanish ∆G
estimates using different equilibration methods, and the long-time non-adaptive
results for these stages (from the 30 ns runs). The absolute errors are always
smaller for the paired t method compared to Chodera’s method (run on the
mean trace). However, there is no evidence for a significant difference at 95 %
based on the Wilcoxon signed-rank test (p = 0.06).
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B.16 Detailed Results for“Optimised”Adaptive ABFE

Calculations on Initial Test Systems

Table B.4: Components of Non-Adaptive ∆Go
Bind for Initial Test Systemsa

Bound Restrain Bound Discharge Bound Vanish Free Discharge Free Vanish Restraint Correction Symmetry Correction Exp. ∆Go
Bind

T4L adaptive 1.97 ± 0.06 0.23 ± 0.14 3.64 ± 0.71 2.11 ± 0.08 -7.22 ± 0.15 -7.08 -0.41 -5.19 ± 0.16
T4L non-adaptive 1.96 ± 0.02 0.18 ± 0.02 3.38 ± 0.81 2.05 ± 0.00 -7.24 ± 0.02 -7.08 -0.41 -5.19 ± 0.16
MIF adaptive 1.71 ± 0.15 17.71 ± 1.61 -2.70 ± 1.16 14.21 ± 0.14 -17.72 ± 0.13 -10.35 -0.65 -8.98 ± 0.28
MIF non-adaptive 1.81 ± 0.10 17.68 ± 1.03 -2.98 ± 0.87 14.17 ± 0.11 -17.84 ± 0.03 -10.35 -0.65 -8.98 ± 0.28
MDM2-Pip2 adaptive 1.67 ± 0.00 52.73 ± 0.68 -10.55 ± 1.18 53.50 ± 0.29 -33.78 ± 0.74 -10.14 0.00 -9.11 ± 0.01
MDM2-Pip2 non-adaptive 1.76 ± 0.17 52.74 ± 0.39 -11.06 ± 1.05 53.46 ± 0.11 -34.10 ± 0.21 -10.14 0.00 -9.11 ± 0.01
PDE2A adaptive 1.73 ± 0.15 214.69 ± 0.70 -8.22 ± 1.82 213.47 ± 0.23 -33.87 ± 0.27 -10.24 0.00 -14.35 ± 0.82
PDE2A non-adaptive 1.94 ± 0.14 214.22 ± 0.62 -9.53 ± 1.81 213.40 ± 0.12 -33.97 ± 0.34 -10.24 0.00 -14.35 ± 0.82
MDM2-Nutlin adaptive 2.61 ± 0.52 138.62 ± 1.17 -24.63 ± 0.84 140.16 ± 0.35 -49.55 ± 0.51 -9.85 0.00 -11.14 ± 0.27
MDM2-Nutlin non-adaptive 2.33 ± 0.34 138.17 ± 0.89 -23.94 ± 1.06 140.16 ± 0.23 -50.39 ± 0.67 -9.85 0.00 -11.14 ± 0.27

a All quantities in kcal mol−1. Uncertainties stated as 95 % confidence intervals
based on the variance of 5 replicate runs, assuming Gaussian distributions.
”adaptive” refers to the “optimised” adaptive protocol, while “non-adaptive”
refers to the the 30 ns non-adaptive protocol.
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B.17 Selection of Windows for Initial Test Systems

with “Optimised” Adaptive Protocol

Figure B.24: λ values selected for each of the initial test systems using a
thermodynamic speed of 2 kcal mol−1.



B.17. Selection of Windows for Initial Test Systems with“Optimised”Adaptive Protocol227

B.18 Detailed Breakdown of Sampling Time Alloca-

tion for Initial Test Systems with “Optimised”

Non-Adaptive Protocol

Note that the total allocation of simulation time depends not only on the inter-

run error, but also the relative computational cost of the leg for the given system

(Figure B.25). If the statistical inefficiencies were the same for all windows, the

allocated sampling times (Figures B.26 and B.27) should be a function only of the

number of windows allocated. In this case, the sampling time per window would

be expected to be the same for windows of the same computational cost, and

hence large differences in sampling time per window (Figure B.28) can highlight

stages containing windows with particularly high statistical inefficiencies.

Figure B.25: Relative computational costs of each leg for the initial test systems,
calculated relative to the MIF180 bound leg. Calculated based on the average
time taken to run a ns of simulation on a single GPU. The absolute cost of
the MIF180 bound leg was 0.21 GPU hours / ns. All computational costs were
assessed running on NVIDIA GeForce RTX2080 SUPER GPUs.
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Figure B.26: Per-window breakdown of sampling times allocated to the initial
test systems with the “Optimised” adaptive protocol.

Figure B.27: Per-stage breakdown of sampling times allocated to the initial test
systems with the “Optimised” adaptive protocol.
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Figure B.28: Per-stage breakdown of the per-window sampling times allocated to
the initial test systems with the “Optimised” adaptive protocol.



230 Automated Adaptive Absolute Binding Free Energy Calculations

B.19 Total Allocated GPU Times for Adaptive and

Non-Adaptive Protocols on Initial Systems

Table B.5: Total Allocated GPU Times for Adaptive and Non-Adaptive Protocols
on Initial Systemsa

T4L MIF MDM2-Pip2 PDE2a MDM2-Nutlin Total

Adaptive 40 122 106 164 235 668
0.2 ns 10 12 7 27 7 63
6 ns 377 429 250 1000 255 2311
30 ns 1536 1762 1029 4059 1053 9438

a All sampling times in GPU hours.
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B.20 Free Energy Estimates Against Sampling Time

for Initial Test Systems with Adaptive and Non-

Adaptive Protocols

Figure B.29: Estimated ∆G against sampling time for all stages of the initial test
systems. Data were split into 20 equal blocks and MBAR was run on each block.
“adaptive” refers to the “optimised” adaptive protocol and “6 ns” and“30 ns” refer
to the respective non-adaptive protocols. The data for truncated before analysis
so that the per-stage computational costs were equal to that of the cheapest stage.
Shaded areas show 95 % t-based confidence intervals. The final non-adaptive ∆G
is taken from the 30 ns non-adaptive result (black dotted line with 95 % CIs
shown by sparser dotted lines).



232 Automated Adaptive Absolute Binding Free Energy Calculations

Figure B.30: 95 % t-based confidence intervals of the estimated ∆G against
sampling time for all stages of the initial test systems. Data were split into
20 equal blocks and MBAR was run on each block. Analysis was performed
cumulatively, meaning that all prior data were included in the error calculation for
each time point, and the overall error is expected to decrease with 1√

SamplingTime
.

”adaptive” refers to the “optimised” adaptive protocol and “6 ns” and “30 ns”
refer to the respective non-adaptive protocols. Final portions of the data were
truncated before analysis so that the per-stage computational costs were equal to
that of the cheapest stage.
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Figure B.31: Estimated ∆G against sampling time for entire dataset of initial
test systems. Data were split into 20 equal blocks and MBAR was run on each
block. The results are shown at the centre of each block. “Adaptive” refers to
the “optimised” adaptive protocol. Shaded areas show 95 % t-based confidence
intervals.

Figure B.32: 95 % t-based confidence intervals of the estimated ∆G against
sampling time for all stages of the initial test systems. Data were split into 20 equal
blocks and MBAR was run on each block. Analysis was performed cumulatively,
meaning that all prior data were included in the error calculation for each time
point, and the overall error is expected to decrease with 1√

SamplingTime
. ”adaptive”

refers to the “optimised” adaptive protocol and “6 ns” and “30 ns” refer to the
respective non-adaptive protocols. The results are shown at the centre of each
block.
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B.21 Detailed Cyclophilin-D Results

Having excluded ligand 4, Alibay’s results were re-analysed using our analysis

protocol to produce Figure B.33 and the corresponding metrics in Table B.6.

Figure B.33: Experimental free energies of binding for Cyclophilin D against
predicted free energies of binding as calculated by Alibay et al..1 Experimental
free energies were obtained from Grädler et al..294 The darker and lighter shaded
areas show 1 and 2 kcal mol−1 deviations from exact agreement, respectively.
Error bars show 95 % confidence intervals, which were assumed to be 0.5 kcal
mol−1 for experiment and calculated from the deviation between 5 replicate runs
for the predictions. 95 % confidence intervals on statistics were calculated by
bootstrapping with 10000 iterations of resampling.

Detailed results are summarised for our adaptive and non-adaptive runs in Table

B.7, while the Boresch restraint parameters are shown in Table B.8. There were

significant differences between the unsigned deviation from experiment and inter-

replicate deviations between the results from Alibay et al. and our non-adaptive

protocol (p=0.01 and 0.004, respectively, from Wilcoxon signed-rank tests). Spe-

cifically, our results showed a larger offset towards more negative free energies of

binding, and larger inter-run deviations. The larger inter-run deviations may be

partially explained by the much shorter run times of our non-adaptive protocol (5

ns per window) compared to those used by Alibay et al. (20 ns per window). How-

ever, given the tendency of inter-run uncertainties not to decrease with increased

sampling time (Section 4.1.1), combined with the larger offset to experiment, this
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Table B.6: Performance Metrics for Cyclophilin-D Free Energy Prediction
Methodsa

Alibay Non-adaptive Adaptive Adaptive vs Non-adaptive

r 0.89 (0.61, 0.98) 0.90 (0.68, 0.97) 0.86 (0.61, 0.95) 0.97 (0.82, 0.98)
r2 0.79 (0.38, 0.95) 0.81 (0.46, 0.94) 0.75 (0.37, 0.91) 0.94 (0.68, 0.96)
MUE 2.38 (1.76, 3.04) 3.52 (2.61, 4.49) 2.97 (1.94, 4.15) 0.78 (0.67, 1.77)
RMSE 2.61 (1.98, 3.24) 3.84 (2.95, 4.79) 3.49 (2.31, 4.71) 1.04 (0.85, 2.19)
Spearman ρ 0.82 (0.23, 0.95) 0.77 (0.27, 0.93) 0.82 (0.28, 0.95) 0.92 (0.63, 0.97)
Kendall τ 0.72 (0.17, 0.89) 0.61 (0.17, 0.83) 0.72 (0.17, 0.83) 0.78 (0.44, 0.89)

a Performance metrics for the prediction of Cyclophilin-D experimental free
energies using “Alibay” - the ABFE methodology of Alibay et al.;1 “Non-
adaptive” - our non-adaptive workflow; and “Adaptive” - our “optimal” adaptive
workflow. “Adaptive vs Non-adaptive” shows metrics for the correlation between
the adaptive and non-adaptive results. Uncertainties are given as 95 % confidence
intervals, obtained by bootstrapping with 10000 iterations of resampling.

may also suggest systematically poorer sampling in our SOMD-based protocols

compared to the GROMACS-based workflow of Alibay et al.. This could be due

to many factors, such as the choice of soft-core potential, or the exact definition

of the decoupled state.

Finally, Figures B.34 and 10 show the correlation of the non-adaptive results with

experiment, and the non-adaptive results with the adaptive results, respectively.
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Table B.7: Detailed Breakdown of Predicted ∆Go
Bind for Cyclophilin Da

Bound Restrain Bound Discharge Bound Vanish Free Discharge Free Vanish Restraint Correction Symmetry Correction Exp. ∆Go
Bind

2 adaptive 1.63 ± 0.05 111.38 ± 1.43 2.16 ± 1.17 106.38 ± 0.19 -12.22 ± 0.19 -10.46 0.00 -9.06 ± 0.50
2 non-adaptive 1.67 ± 0.05 111.63 ± 0.76 1.76 ± 0.70 106.26 ± 0.08 -12.20 ± 0.34 -10.46 0.00 -9.06 ± 0.50
3 adaptive 2.89 ± 2.18 12.76 ± 0.30 -0.31 ± 0.91 10.04 ± 0.09 -9.64 ± 0.22 -9.87 0.00 -2.93 ± 0.50
3 non-adaptive 1.72 ± 0.11 12.39 ± 0.52 0.80 ± 0.99 9.99 ± 0.01 -9.68 ± 0.06 -9.87 0.00 -2.93 ± 0.50
4 adaptive 1.69 ± 0.08 109.43 ± 1.28 -3.48 ± 1.58 107.30 ± 0.16 -13.98 ± 0.12 -9.39 0.00 -2.90 ± 0.50
4 non-adaptive 2.14 ± 0.77 109.98 ± 1.32 -2.52 ± 0.78 107.25 ± 0.17 -13.98 ± 0.09 -9.39 0.00 -2.90 ± 0.50
8 adaptive 1.71 ± 0.40 -54.56 ± 0.38 4.45 ± 1.07 -57.24 ± 0.24 -7.90 ± 0.18 -9.43 0.00 -4.04 ± 0.50
8 non-adaptive 1.68 ± 0.29 -54.40 ± 0.72 4.19 ± 1.02 -57.36 ± 0.15 -7.94 ± 0.10 -9.43 0.00 -4.04 ± 0.50
14 adaptive 1.72 ± 0.08 92.41 ± 0.79 1.81 ± 2.14 88.20 ± 0.23 -17.50 ± 0.35 -10.86 0.00 -11.22 ± 0.50
14 non-adaptive 1.71 ± 0.02 92.34 ± 0.62 2.46 ± 1.86 88.15 ± 0.11 -17.95 ± 0.14 -10.86 0.00 -11.22 ± 0.50
16 adaptive 1.55 ± 0.07 87.80 ± 0.37 -0.62 ± 1.66 86.61 ± 0.64 -17.35 ± 0.25 -10.19 0.00 -8.42 ± 0.50
16 non-adaptive 1.58 ± 0.03 87.95 ± 0.36 0.51 ± 2.02 86.72 ± 0.53 -17.35 ± 0.31 -10.19 0.00 -8.42 ± 0.50
27 adaptive 1.71 ± 0.07 -22.53 ± 1.14 1.52 ± 1.70 -26.52 ± 0.14 -12.84 ± 0.36 -10.92 0.00 -7.57 ± 0.50
27 non-adaptive 1.75 ± 0.05 -22.33 ± 1.27 2.59 ± 0.47 -26.74 ± 0.15 -12.96 ± 0.22 -10.92 0.00 -7.57 ± 0.50
39 adaptive 1.81 ± 0.24 73.58 ± 1.33 2.29 ± 1.31 67.45 ± 0.13 -14.22 ± 0.28 -10.46 0.00 -8.43 ± 0.50
39 non-adaptive 1.96 ± 0.70 73.54 ± 1.24 1.58 ± 1.24 67.31 ± 0.02 -14.27 ± 0.17 -10.46 0.00 -8.43 ± 0.50
40 adaptive 1.69 ± 0.25 73.82 ± 0.82 4.58 ± 0.60 67.94 ± 0.14 -12.82 ± 0.19 -10.24 0.00 -8.08 ± 0.50
40 non-adaptive 1.74 ± 0.25 73.51 ± 0.38 4.27 ± 0.78 67.78 ± 0.11 -13.02 ± 0.29 -10.24 0.00 -8.08 ± 0.50

a All quantities in kcal mol−1. Calculation uncertainties stated as 95 % t-
based confidence intervals based on the variance of 5 replicate runs, assuming
Gaussian distributions. “adaptive” refers to our “optimal” adaptive protocol, and
“non-adaptive” to our non-adaptive procotol. Experimental results were taken
from Grädler et al., who used surface plasmon resonance.294 The experimental
uncertainties were assumed to be 0.5 kcal mol−1.

Table B.8: Parameters for Boresch restraints for the Cyclophilin D ligands, as
labelled in Figure 3 of Clark et al..274 K refers to a force constant and 0 denotes
an equilibrium value.

2 3 4 8 14 16 27 39 40

r1 1554 1632 1534 1535 1567 1567 1554 1558 1558
r2 1552 1630 1532 1533 1565 1565 1552 1556 1556
r3 1564 1645 1544 1545 1577 1577 1564 1568 1568
l1 13 13 11 15 20 8 4 10 7
l2 12 3 14 1 19 13 3 7 10
l3 14 6 16 4 21 25 7 12 19
r0 / 5.19 6.12 4.22 4.96 4.63 6.37 3.68 5.89 5.77
θA0 / 0.69 1.20 1.72 0.74 1.58 0.60 1.65 0.83 0.87
θB0 / Rad 2.51 1.71 1.31 0.64 1.80 1.62 1.30 1.11 1.13
ϕA0 / Rad -0.24 -1.87 1.65 0.03 1.11 -0.39 1.56 0.00 -0.00
ϕB0 / Rad -0.85 0.28 -1.06 -0.93 -1.02 -0.54 -1.16 2.72 2.38
ϕC0 / Rad 0.22 0.94 -2.61 -3.08 -2.51 0.15 -2.30 -3.05 3.12
kr / kcal mol−1 −2 19.86 9.46 8.38 17.86 18.68 16.80 21.18 18.32 19.32
kθA / kcal mol−1 Rad−2 214.50 109.66 34.20 128.18 92.20 190.46 73.02 174.74 130.04
kθB / kcal mol−1 Rad−2 103.74 34.98 30.84 61.74 128.28 110.76 64.32 81.08 90.62
kϕA / kcal mol−1 Rad−2 91.72 244.78 114.02 52.02 193.68 69.42 176.98 119.12 85.94
kϕB / kcal mol−1 Rad−2 25.70 102.60 69.22 13.84 144.82 33.40 216.74 77.78 91.02
kϕC / kcal mol−1 Rad−2 33.22 60.16 37.46 10.04 90.32 84.82 70.06 73.10 47.98
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Figure B.34: Experimental free energies of binding for Cyclophilin D against
predicted free energies of binding obtained using the non-adaptive protocol.
Experimental free energies were obtained from Grädler et al..294 The darker and
lighter shaded areas show 1 and 2 kcal mol−1 deviations from exact agreement,
respectively. Error bars show 95 % confidence intervals, which were assumed to
be 0.5 kcal mol−1 for experiment and calculated from the deviation between 5
replicate runs for the predictions. 95 % confidence intervals on statistics were
calculated by bootstrapping with 10000 iterations of resampling.
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B.22 Details of Cyclophilin-D Adaptive Runs

Figure B.35: λ values selected for each of the Cyclophilin D ligands using a
thermodynamic speed of 2 kcal mol−1.

Table B.9: Allocation of Sampling Time Between Cyclophilin D Ligands using
Adaptive and Non-Adaptive Protocolsa

adaptive non-adaptive

Ligand 2 104 161
Ligand 3 146 137
Ligand 4 216 154
Ligand 8 65 174
Ligand 14 124 164
Ligand 16 77 189
Ligand 27 123 180
Ligand 39 161 170
Ligand 40 83 177
Total 1098 1505

a All times given in GPU-hours.
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Figure B.36: Relative computational costs of each leg for the Cyclophilin D
systems, calculated relative to the MIF180 bound leg. Calculated based on the
average time taken to run a ns of simulation on a single GPU. The absolute cost
of the MIF180 bound leg was 0.21 GPU hours / ns. All computational costs were
assessed running on NVIDIA GeForce RTX2080 SUPER GPUs.

Figure B.37: Per-window breakdown of sampling times allocated to the Cyclo-
philin D systems with the “Optimised” adaptive protocol.
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Figure B.38: Per-stage breakdown of sampling times allocated to the Cyclophilin
D systems with the “Optimised” adaptive protocol.

Figure B.39: Per-stage breakdown of the per-window sampling times allocated to
the Cyclophilin D systems with the “Optimised” adaptive protocol.
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Figure B.40: Estimated ∆G against sampling time for the Cyclophilin D ligands.
All data were split into 20 equal blocks and MBAR was run on each block. Shaded
areas show 95 % t-based confidence intervals. The apparent large deviation for
ligand 3 adaptive runs occurred due to this weak binder flipping in the binding
site during the λ = 0 restrain-stage window for some runs. This could equally
have occurred during the non-adaptive runs. Despite the large deviation shown
above, running MBAR on all the data produced a reasonable result much closer
to the expected ≈ 1.23 kcal mol−1, as shown in Table B.7.





Appendix C

Robust Automated Truncation Point

Selection

C.1 Decomposition of RMSE into Bias and Variance

Terms

It is well known that the overall RMSE can be decomposed into bias and variance
terms.108 For clarity, the full derivation is given here in our notation:
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C.2 Modelling the Bound Vanish Stages of the Abso-

lute Binding Free Energy Data

Figure C.1: Time series of sampled free energy changes for all systems for bound
vanish stages of the absolute binding free energy calculations. ∆G estimates
obtained by integrating the gradients of the free energy over all windows using
the trapezoidal rule.
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Figure C.2: Block-averaged time series of sampled free energy changes for all
systems for bound vanish stages of the absolute binding free energy calculations.
Block averaging was performed using 100 blocks to more clearly show trends.
∆G estimates obtained by integrating the gradients of the free energy over all
windows using the trapezoidal rule.
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Figure C.3: Exponential fits to the bound vanish leg time series of the absolute
binding free energy calculations. The overall fit is composed of a “fast” and an
initial exponential fit. Time series block averaged with 100 blocks to more clearly
show trends.
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Figure C.4: Exponential fits to the bound vanish leg time series of the absolute
binding free energy calculations, zoomed in to show only the first 0.2 ns. In this
region, the additional “fast” exponential fit is required to model the trend. Time
series block averaged with 100 blocks to more clearly show trends.



248 Robust Automated Truncation Point Selection

Figure C.5: Histograms, kernel density estimates, and QQ plots of the distribu-
tions of ∆G estimates obtained over the last 20 ns of the bound vanish stages of
the absolute binding free energy calculations. For some systems, the Shapiro-Wilk
test showed significant evidence for non-normality of the distributions. However,
the deviations were small, meaning that modelling the distributions as normal
was reasonable.
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Figure C.6: Estimated (“Autocovariance”) and fitted autocovariance (“Initial
Convex Sequence”) functions obtained from the final 20 ns of the bound vanish
stages of the absolute binding free energy calculations.
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Figure C.7: Early lag time estimated (“Autocovariance”) and fitted autocovari-
ance (“Initial Convex Sequence”) functions obtained from the final 20 ns of the
bound vanish stages of the absolute binding free energy calculations.
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Figure C.8: The long tail of the estimated T4L autocovariance function is
reasonably well described by a relatively slow exponential decay. This is preceded
by relatively fast decay at early lag times.
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Figure C.9: Random examples of synthetic ∆G time series against the time series
from simulation they were fit to.
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Figure C.10: Random examples of synthetic ∆G time series against the time
series from simulation they were fit to. Block averaged with 100 blocks to more
clearly show trends and features.



254 Robust Automated Truncation Point Selection

Table C.1: Model Parameters Fitted to Free Vanish Stages of Absolute Binding
Free Energy Calculationsa

Half-life (ns) a (kcal mol−1) Fast Half-life (ns) Fast a (kcal mol−1) Total Variance (kcal2 mol−2) Max Lag Index

T4L ∞ 0.00 ∞ 0.00 1.5 13
PDE2A ∞ 0.00 ∞ 0.00 110 865

a Total variance refers to the total variance of the mean, obtained by summing
the autocovariance series from - max lag index to + max lag index, where the
series and maximum lag indices were estimated according to Geyer’s initial
convex sequence rules. “a” refers to the pre-exponential factors.

C.3 Modelling the Free Vanish Stages of the Absolute

Binding Free Energy Data

Figure C.11: Exponential fits to the free vanish leg time series of the absolute
binding free energy calculations. Time series block averaged with 100 blocks to
more clearly show trends.
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Figure C.12: Histograms, kernel density estimates, and QQ plots of the distribu-
tions of ∆G estimates obtained over the last 20 ns of the free vanish stages of
the absolute binding free energy calculations. For both systems, the Shapiro-Wilk
test showed significant evidence for non-normality of the distributions. However,
the deviations were small, meaning that modelling the distributions as normal
was reasonable.

Figure C.13: Estimated (“Autocovariance”) and fitted autocovariance (“Initial
Convex Sequence”) functions obtained from the final 20 ns of the free vanish
stages of the absolute binding free energy calculations.
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Figure C.14: Early lag time estimated (“Autocovariance”) and fitted autocovari-
ance (“Initial Convex Sequence”) functions obtained from the final 20 ns of the
free vanish stages of the absolute binding free energy calculations.
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C.4 Performance of Truncation Heuristics on Free Van-

ish Leg Time Series

Figure C.15: Discard times, RMSEs, and underlying time series properties for
the free vanish stage time series for T4L and PDE2A. The top panels show kernel
density estimates of the distributions of times discarded with each method. The
bottom left panels show the RMSEs which would be obtained with an infinitely
large ensemble of synthetic time series with fixed truncation points. The red dot
indicates the optimum fixed-time truncation point. This is at 0 as there are no
biases. The right panels show the RMSEs obtained with each generalised MSER
method.
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Table C.2: Ensemble RMSEs for all Generalised MSER Heuristics for the Free
Vanish Dataa

Method T4L PDE2A

Uncorrelated Estimate 0.01170.01230.0112 0.1050.1100.101

Window Size 5 0.01170.01230.0112 0.1050.1100.101

Window Size 50 0.01180.01230.0112 0.1070.1120.103

Window Size
√
Nn0 0.01180.01230.0112 0.1100.1150.105

Initial Sequence: Chodera 0.01180.01230.0112 0.1220.1280.117

Initial Sequence: Positive 0.01180.01230.0112 0.1340.1420.126

Initial Sequence: Monotone 0.01180.01230.0112 0.1210.1280.116

Initial Sequence: Convex 0.01180.01230.0112 0.1180.1230.112

Initial Sequence: Smoothed Lag Convex 0.01180.01230.0112 0.1170.1220.111

a All values in kcal mol−1. Uncertainties are 95 % confidence
intervals obtained by bootstrapping over 10000 iterations with
replacement.
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C.5 Investigation of Adaptive Integration Scheme with

the Max ESS Heuristic on PDE2a Free Vanish

Leg Time Series

Figure C.16: Kernel density estimate plot of truncation times selected with
Chodera’s maximum effective sample size heuristic (as implemented in PyM-
BAR’s timeseries module) with and without the adaptive integration scheme
described by Chodera et al.

.108,131,302 These synthetic trajectories have no bias and hence the optimum
truncation time is at index 0. The heuristics were tested on the first 100

synthetic trajectories. The use of the adaptive integration scheme produced
more erroneously late truncation times. The final index shown corresponds to 8

ns of simulation data.
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Table C.3: Ensemble RMSEs for all Generalised MSER Heuristics for the “Noisy”
Bound Vanish Dataa

Method T4L MIF MDM2-Nutlin MDM2-PIP2 PDE2A

Uncorrelated Estimate 0.2180.2280.207 0.7150.7260.703 0.7710.7830.759 0.5360.5440.527 0.6340.6590.609

Window Size 5 0.2190.2290.209 0.4950.5080.483 0.7570.7690.745 0.4640.4730.454 0.5730.5970.550

Window Size 50 0.2360.2490.224 0.3330.3450.321 0.6630.6770.649 0.3070.3170.297 0.5840.6080.559

Window Size
√
Nn0 0.2600.2730.248 0.2930.3050.281 0.5780.5930.564 0.2620.2710.252 0.6390.6710.608

Initial Sequence: Chodera 0.2930.3060.281 0.3180.3350.302 0.4910.5070.475 0.2510.2610.242 0.9801.0280.932

Initial Sequence: Positive 0.2970.3100.284 0.3260.3430.309 0.4810.4970.465 0.2480.2620.235 0.9480.9950.902

Initial Sequence: Monotone 0.2920.3050.279 0.3170.3340.300 0.4920.5080.477 0.2430.2530.234 0.9561.0040.908

Initial Sequence: Convex 0.2870.3000.275 0.3080.3240.292 0.5040.5190.489 0.2440.2530.234 0.9490.9980.902

Initial Sequence: Smoothed Lag Convex 0.2860.2990.273 0.3080.3240.293 0.5020.5170.487 0.2440.2540.235 0.9511.0000.904

a All values in kcal mol−1. Uncertainties are 95 % confidence
intervals obtained by bootstrapping over 10000 iterations with
replacement.

Table C.4: Ensemble RMSEs for all Generalised MSER Heuristics for the
“Subsampled” Bound Vanish Dataa

Method T4L MIF MDM2-Nutlin MDM2-PIP2 PDE2A

Uncorrelated Estimate 0.1280.1340.123 0.4540.4680.439 0.7320.7500.714 0.4280.4420.415 0.3880.4050.371

Window Size 5 0.1320.1370.126 0.3460.3590.333 0.6570.6770.637 0.3630.3770.348 0.3860.4030.370

Window Size 50 0.1330.1390.128 0.3250.3370.313 0.6000.6190.581 0.3530.3670.339 0.3880.4060.370

Window Size
√
Nn0 0.1370.1440.131 0.3280.3400.315 0.6260.6460.605 0.3510.3660.337 0.4050.4340.380

Initial Sequence: Chodera 0.1360.1420.129 0.3560.3690.342 0.6620.6830.642 0.3710.3860.357 0.4110.4400.387

Initial Sequence: Positive 0.1490.1570.142 0.3170.3290.304 0.5890.6100.568 0.3490.3650.334 0.4450.4760.416

Initial Sequence: Monotone 0.1380.1450.132 0.3570.3700.343 0.6590.6790.639 0.3810.3950.367 0.4170.4460.391

Initial Sequence: Convex 0.1380.1440.131 0.3580.3710.345 0.6620.6820.642 0.3790.3930.365 0.4140.4440.388

Initial Sequence: Smoothed Lag Convex 0.1390.1450.132 0.3550.3680.342 0.6580.6780.638 0.3780.3920.364 0.4160.4450.390

a All values in kcal mol−1. Uncertainties are 95 % confidence
intervals obtained by bootstrapping over 10000 iterations with
replacement.

C.6 Performance of Truncation Heuristics on All Bound

Vanish Leg Time Series Ensembles

Note that in some cases, the relatively low RMSE of the“Window Size 50”method

on the block averaged data results from the large block size preventing late

truncation when there are few data points (e.g. a window size of 50 requires

more than 50 points, which is half of the time series length).



C.6. Performance of Truncation Heuristics on Bound Vanish Ensembles 261

Table C.5: Ensemble RMSEs for all Generalised MSER Heuristics for the “Block
Averaged” Bound Vanish Dataa

Method T4L MIF MDM2-Nutlin MDM2-PIP2 PDE2A

Uncorrelated Estimate 0.1160.1210.110 0.1620.1680.156 0.3950.4030.386 0.1440.1490.140 0.2800.2950.266

Window Size 5 0.1380.1450.132 0.1620.1690.155 0.3060.3160.296 0.1280.1340.122 0.3910.4120.370

Window Size 50 0.1160.1210.111 0.1330.1380.128 0.2970.3040.289 0.1130.1180.108 0.2890.3010.276

Window Size
√
Nn0 0.1420.1480.136 0.1610.1680.154 0.2920.3020.283 0.1250.1320.118 0.4170.4380.395

Initial Sequence: Chodera 0.1430.1490.137 0.1670.1740.159 0.2980.3080.288 0.1280.1350.122 0.4300.4510.409

Initial Sequence: Positive 0.1460.1520.140 0.1720.1800.164 0.2820.2930.272 0.1310.1390.124 0.4540.4750.433

Initial Sequence: Monotone 0.1450.1510.139 0.1670.1750.160 0.2980.3080.288 0.1310.1380.125 0.4440.4650.423

Initial Sequence: Convex 0.1440.1510.138 0.1670.1750.159 0.2990.3090.289 0.1310.1370.124 0.4430.4640.422

Initial Sequence: Smoothed Lag Convex 0.1450.1510.138 0.1670.1750.159 0.2940.3040.284 0.1300.1370.123 0.4430.4640.422

a All values in kcal mol−1. Uncertainties are 95 % confidence
intervals obtained by bootstrapping over 10000 iterations with
replacement.

Table C.6: Ensemble RMSEs for all Generalised MSER Heuristics for the “Short”
Bound Vanish Dataa

Method T4L MIF MDM2-Nutlin MDM2-PIP2 PDE2A

Uncorrelated Estimate 0.7270.7380.716 4.3974.4184.377 2.6372.6642.609 3.3933.4163.370 10.59410.65010.538

Window Size 5 0.7190.7300.708 4.3474.3684.326 2.5782.6062.549 3.3283.3523.304 9.97010.0339.910

Window Size 50 0.6860.6980.674 4.2514.2764.225 2.5542.5892.521 3.2333.2623.205 9.5869.6459.526

Window Size
√
Nn0 0.7030.7140.691 4.2904.3124.267 2.5572.5882.527 3.2693.2953.243 9.6699.7319.606

Initial Sequence: Chodera 0.7100.7220.699 4.3014.3244.278 2.5662.5982.534 3.2833.3103.257 9.6719.7349.609

Initial Sequence: Positive 0.6940.7060.683 4.2674.2924.242 2.5592.5922.525 3.2453.2743.216 9.5349.5979.472

Initial Sequence: Monotone 0.7050.7170.694 4.2864.3104.262 2.5672.5992.535 3.2713.2993.244 9.6229.6839.560

Initial Sequence: Convex 0.7070.7180.695 4.2934.3174.269 2.5722.6042.541 3.2743.3023.248 9.6459.7089.582

Initial Sequence: Smoothed Lag Convex 0.7060.7170.694 4.2924.3154.269 2.5682.6002.536 3.2733.3003.246 9.6459.7089.584

a All values in kcal mol−1. Uncertainties are 95 % confidence
intervals obtained by bootstrapping over 10000 iterations with
replacement.
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Figure C.17: Discard times, RMSEs, and underlying time series properties for
the bound vanish stage time series for all data sets. The top panels show kernel
density estimates of the distributions of times discarded with each method. The
bottom left panels show the RMSEs which would be obtained with an infinitely
large ensemble of synthetic time series with fixed truncation points. The red
dot indicates the optimum fixed-time truncation point.The right panels show the
ensemble average RMSEs obtained with each of the truncation heuristics. Error
bars are 95 % confidence intervals obtained by bootstrapping over 1000 iterations
with replacement.
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Figure C.18: Discard times, unsigned errors, and underlying time series properties
for the bound vanish stage time series for all data sets. The top panels show kernel
density estimates of the distributions of times discarded with each method. The
bottom left panels show the RMSEs which would be obtained with an infinitely
large ensemble of synthetic time series with fixed truncation points. The red dot
indicates the optimum fixed-time truncation point. The right panels show the
distributions of unsigned errors obtained over the synthetic ensembles.
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Figure C.19: Decomposition of errors made by generalised MSER methods over
ensembles of synthetic trajectories. Red lines show the fixed truncation point
limits. Error bars are 95 % confidence intervals obtained by bootstrapping over
1000 iterations with replacement.
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Figure C.20: Theoretical versus empirical RMSEs obtained for all synthetic time
series ensembles for all systems. Error bars are 95 % confidence intervals obtained
by bootstrapping over 1000 iterations with replacement.
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Table C.7: Model Parameters Fitted to λ = 0.45 Bound Vanish Window of
Absolute Binding Free Energy Calculationsa

Half-life (ns) a (kcal mol−1) Fast Half-life (ns) Fast a (kcal mol−1) Total Variance (kcal2 mol−2) Max Lag Index

T4L 0.16 2.5 ∞ 0 5000 4995
MIF 3.2 19 0.70 0.45 7100 859
MDM2-Nutlin 3.1 12 ∞ 0 29000 1475
MDM2-PIP2 3.0 11 ∞ 0 6500 1023
PDE2A 0.27 43 ∞ 0 49000 2231

a Total variance refers to the total variance of the mean, obtained by summing
the autocovariance series from - max lag index to + max lag index, where the
series and maximum lag indices were estimated according to Geyer’s initial
convex sequence rules. “a” refers to the pre-exponential factors.

C.7 Performance of Heuristics on Synthetic Data Mod-

elled on Single λ State

To test the applicability of the methods to single λ states, rather than a free

energy change integrated over all states, we modelled synthetic data on a single

λ state. We chose the bound vanish λ = 0.45 state, which tends to show high

noise and a substantial initial transient. Rather than integrating over all states

using the trapezoidal rule, this window was given a weight of 1. Otherwise, the

synthetic data were fit using the same procedure as for the “standard” synthetic

ensembles. This generally produced greater ratios of total variance to the slow

preexponential factor (Table C.7 ) compared to the “standard” synthetic data

(Table 1).

Similarly to the “standard” synthetic ensembles, the methods which less thor-

oughly account for autocorrelation select earlier truncation times and perform

better on systems with earlier optimal truncation times, and vice versa (Table C.8

and Figures C.21 and C.22 ). As with the“standard”ensembles, the
√
Nn0 window

method appeared to strike a reasonable compromise between bias sensitivity and

truncation time variability.
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Table C.8: Ensemble RMSEs for all Generalised MSER Heuristics for the Single
Window Bound Vanish Dataa

Method T4L MIF MDM2-Nutlin MDM2-PIP2 PDE2A

Uncorrelated Estimate 0.680.710.65 9.009.068.95 5.795.905.69 5.215.265.16 2.412.502.31

Window Size 5 0.690.720.66 8.158.228.07 5.655.765.54 5.075.135.02 2.332.422.23

Window Size 50 0.810.850.77 6.506.596.40 5.305.425.18 4.464.534.39 2.402.522.30

Window Size
√
Nn0 0.910.960.87 5.575.685.47 4.824.954.69 3.903.983.83 2.943.112.77

Initial Sequence: Chodera 0.961.000.92 4.624.744.51 4.654.834.48 3.153.243.06 4.384.604.15

Initial Sequence: Positive 1.001.040.95 4.674.784.55 4.704.894.52 3.153.243.06 4.294.514.06

Initial Sequence: Monotone 0.991.040.95 4.664.774.55 4.634.814.46 3.183.263.09 4.324.544.09

Initial Sequence: Convex 0.981.020.93 4.684.794.57 4.634.814.45 3.223.313.14 4.324.554.10

Initial Sequence: Smoothed Lag Convex 0.981.020.94 4.674.784.56 4.654.834.48 3.233.313.15 4.294.524.07

a All values in kcal mol−1. Uncertainties are 95 % confidence intervals obtained
by bootstrapping over 10000 iterations with replacement.

Figure C.21: Discard times, RMSEs, and underlying time series properties for
the bound vanish stage single λ window time series. The top panels show kernel
density estimates of the distributions of times discarded with each method.
The bottom left panels show the RMSEs which would be obtained with an
infinitely large ensemble of synthetic time series with fixed truncation points.
The red dot indicates the optimum fixed-time truncation point. Bottom right
pannels show the RMSEs obtained over the full synthetic ensemble for each
method. Uncertainties are 95 % confidence intervals which were obtained by 10000
iterations of boostrapping with replacement.
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Figure C.22: Discard times, unsigned errors, and underlying time series properties
for the bound vanish stage single λ window time series. The top panels show kernel
density estimates of the distributions of times discarded with each method. The
bottom left panels show the RMSEs which would be obtained with an infinitely
large ensemble of synthetic time series with fixed truncation points. The red dot
indicates the optimum fixed-time truncation point. The bottom right pannels
show the kernel density estimates of the distributions of unsigned errors obtained
for each method.
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C.8 Coverage of Confidence Intervals for Truncated

Free Vanish Data

Table C.9: Coverage of 95% Confidence Intervals for Truncated Free Vanish Dataa

System T4L PDE2A

Dataset standard standard

Uncorrelated Estimate 97 44
Window Size 5 97 50
Window Size 50 97 65

Window Size
√
Nn0 97 71

Initial Sequence: Chodera 97 63
Initial Sequence: Positive 97 67
Initial Sequence: Monotone 97 64
Initial Sequence: Convex 97 63
Initial Sequence: Smoothed Lag Convex 97 63

a All coverages given as a % of ensemble members for which the
95% confidence interval included the true ensemble value (hence
ideally all coverages should be ≈ 95%). Confidence intervals were
calculated from each individual truncated time series using the
same method used to select the truncation point by minimising
the marginal standard error.
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C.9 The Variance Increase Resulting from Subsampling

A time series of length N is subsampled at intervals of S (so that the new series

has length (NSub = N
S
). There is no initial bias and no truncation is performed.

The variance of the mean of the subsampled time series, VarTrajs,Sub(⟨A⟩[0,NSub]),

will be larger than that of the original time series, VarTrajs(⟨A⟩[0,N ]), by the factor

VarTrajs,Sub(⟨A⟩[0,NSub])

VarTrajs(⟨A⟩[0,N ])
=

1
NSub

(
γ0 + 2

∑NSub−1
t′=1 γ′t′

)
1
N

(
γ0 + 2

∑NSub−1
t=1 γt

) (C.8)

= S
γ0 + 2

∑NSub−1
t′=1 γ′t′

γ0 + 2
∑N−1

t=1 γt
, (C.9)

where ′ denotes the lag times and autocovariances of the subsampled time series,

and all other terms are defined in Section 2 of the main text. Taking out the

common factor of γ0, this can be rewritten as

VarTrajs,Sub(⟨A⟩[0,NSub])

VarTrajs(⟨A⟩[0,N ])
= S

1 + 2
∑NSub−1

t′=1

γ′
t′
γ0

1 + 2
∑N−1

t=1
γt
γ0

(C.10)

= S
gSub
g
, (C.11)

where g = 1 + 2
∑N−1

t=1
γt
γ0

is the statistical inefficiency of the original time series,

and gSub is the statistical inefficiency of the subsampled time series. When there

is no autocorrelation, g = gSub and the increase in variance is proportional to

the subsampling interval. This is the worst case scenario. When the time series is

autocorrelated, subsampling reduces the autocorrelation, meaning that g > gSub

and gSub
g
< 1, hence proportional increase in error is less than if the samples were

uncorrelated (when S is constant).

Often, data are subsampled according to their statistical inefficiency.20 Assuming

a perfect estimate of the statistical inefficiency, S = g and

VarTrajs,Sub(⟨A⟩[0,NSub])

VarTrajs(⟨A⟩[0,N ])
= gSub. (C.12)
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Following Janke,110 we explore the idealised case when an autocorrelation func-

tion is a single exponential with decay constant τ . Then, the statistical inefficiency

is

g = 1 + 2
N−1∑
t=1

γt
γ0

(C.13)

= 1 + 2
N−1∑
t=1

e−
t
τ . (C.14)

Assuming that N ≫ τ ,

g ≈ 1 + 2
∞∑
t=1

e−
t
τ = −1 + 2

∞∑
t=0

e−
1
τ (C.15)

= −1 +
2

1− e−
1
τ

(C.16)

=
1 + e−

1
τ

1− e−
1
τ

(C.17)

= coth

(
1

2τ

)
(C.18)

The subsampled decay constant, τSub, is related to τ by

e
− t′
τSub = e

− t
SτSub = e−

t
τ , (C.19)

hence

τSub =
τ

S
. (C.20)

When subsampling is performed at the interval of the perfectly-estimated stat-

istical inefficiency, then

τSub =
τ

coth
(

1
2τ

) (C.21)

= τ tanh

(
1

2τ

)
. (C.22)

If τ ≫ 1
2
, then 1

2τ
≪ 1 and

τSub ≈ τ

2τ
=

1

2
. (C.23)
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Then

VarTrajs,Sub(⟨A⟩[0,NSub])

VarTrajs(⟨A⟩[0,N ])
≈ coth(1) = 1.31. (C.24)

Hence, for a stationary time series with a single exponential autocorrelation

function, when the decay constant is much greater than 1
2
(e.g. the half-life is

much greater than the sampling interval) and the number of samples is much

greater than the decay constant, subsampling increases the variance of the mean

by 31%.



Appendix D

Rapid ABFE calculations for Virtual

Screening

D.1 Initial HSP90 Results with Outlier
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Figure D.1: Initial HSP90 Results with Outlier. A) Calculated against experi-
mental free energies of binding for HSP90 ligands, highlighting the outlier (ligand
28 from Alibay et al.) and a non-outlier (ligand 31 from Alibay et al.).1 B)
The crystal structures used to prepare the ligand 28 complex (PDB ID 2XHX)
and the ligand 31 complex (PDB ID 2XAB) by Alibay et al., highlighting the
absence of a water molecule at the site of missing electron density in the ligand
28 complex. When the complexes were aligned and this water was transplanted
from the ligand 31 to ligand 28 complex, the calculated ∆Go

Bind for ligand 28
dropped from −7.78± 1.70 kcal mol−1 to −15.05± 2.82 kcal mol−1, in line with
the other results. Ligands drawn with RDKit.281
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Simulation Framework. 2019.

[185] Jorgensen, W. L.; Chandrasekhar, J.; Madura, J. D.; Impey, R. W.;

Klein, M. L. Comparison of Simple Potential Functions for Simulating

Liquid Water. J. Chem. Phys. 1983, 79, 926–935.

[186] Berendsen, H. J. C.; Postma, J. P. M.; van Gunsteren, W. F.; DiNola, A.;

Haak, J. R. Molecular Dynamics with Coupling to an External Bath. J.

Chem. Phys. 1984, 81, 3684–3690.
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