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To Blake,
What you’ve been through as a consequence of my fall, forms a debt I can

never repay.



Abstract

Tn 1964, Tauer gave examples of countably many masas inside the hyperfinite IL
von Neumann factor R. These masas were shown to be pairwise non-conjugate in
R using a length invariant for the normalisers of semi-regular masas. A class of
masas, the Tauer masas, is introduced consisting of all those masas obtained using
her basic method of construction. The main body of this thesis is then concerned
with examining the properties of these Tauer masas. In particular, the concepts of
singularity, strong singularity and the weak asymptotic homomorphism property
coincide for Tauer masas, and all Tauer masas have Pukanszky invariant {1}.

Modern methods for calculating von Neumann algebras generated by nor-
malisers are used to examine Tauer’s original examples, leading to shorter proofs
of all of her results. Her initial example of a singular masa is studied in further
detail. A generalisation of her semi-regular masas leads to the construction of an
uncountable family of semi-regular masas of infinite length inside R. Examination
of the Jones index of inclusions of the iterated normaliser algebras demonstrates
that no pair of these masas can be conjugate by an automorphism of R.

Centralising sequences for R lying inside masas are examined, with examples
given to show that singular masas can be found containing non-trivial centralising
sequences. An invariant, I'(4), for a masa inside a II; factor is introduced as the
size of a maximal cut-down for which the resulting masa contains non-trivial
centralising sequences. This invariant is then used to exhibit a dy 3-continuous
path of uncountably many strongly singular masas in R with the same Pukanszky
invariant, no pair of which is conjugate by an automorphism of R.

Various issues arising from these concepts are discussed, such as possible masas
in R, and the relationship between A-valued centralising sequences and auto-
morphisms of R fixing A pointwise. Possible connections between this relative
automorphism group and the Pukanskzy invariant will also be touched upon.
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1.1 Introduction

The study of weakly closed rings of operators acting on a Hilbert space dates
back to Frank Murray and John von Neumann'’s series of papers [35, 36, 74, 37).
These rings are now called von Neumann algebras and have been extensively
studied since. The basic building blocks of the subject are the factors, those von
Neumann algebras with trivial centre, which Murray and von Neumann classified
into types In, II, , Il and type III. Throughout we shall study only the II,
case, occasionally using finite type I, factors' in our constructions. The focus of
this thesis will be on masas, that is maximal abelian self-adjoint subalgebras, in
I1, factors, usually the hyperfinite II; factor. Extensive background material on
masas is given in section 1.4, and various results in the theory of II; factors are
contained in sections 1.2 and 1.3 - we shall not repeat ourselves here.

The main motivation for this thesis is a fairly obscure paper, [70], due to
Sister Rita Tauer in 1965, in which she gives examples of countably many different
masas in the hyperfinite II; factor. Another set of examples of such masas, due to
Pukéanszky ([51]), preceded Tauer’s work, although the two approaches are very
different. Pukéanszky’s examples come from groups, and are now much more well
known than Tauer’s examples which arise from elaborate matrix constructions.
Chapter 2 is wholly concerned with this work of Tauer’s. We introduce, in section
2.1, a class of masas, which we call Tauer masas, to be those that can be produced
using Tauer’s basic method. In sections 2.2 and 2.3 we give a modern account
of Tauer’s examples using tensor products rather than large matrix algebras. Up
to date methods for calculating von Neumann algebras generated by normalisers
allow us to give much shorter proofs of Tauer’s results. Tauer’s main idea for
distinguishing between masas was to examine the iterated chain of normalising
algebras, and she was able to give examples of masas where this chain reaches R
in [ finite steps. An interesting historical point is that the invariant Tauer used
to show that this [ did not completely determine (up to conjugacy) the original
masa turns out to be an alternative characterisation® of an index 2 inclusion of
subfactors. In section 2.4 we are able to use this index idea, and an extension of
Tauer’s examples, to present an explicit, elementary construction of uncountably
many, pairwise non-conjugate semi-regular masas in the hyperfinite II, factor. In
contrast, the examples produced by Jones and Popa in [25] are non-constructive.

In chapter 3, we examine properties relating to the Pukanszky invariant; the
idea Pukanszky used to distinguish between his original examples in [51]. Fol-

'An extravagant way of describing the n x n matrices over C!

2 " . .
At least under an additional finite index assumption, which I strongly suspect is unnecessary
- see subsection 1.3.2.



lowing Popa’s work, [46], this invariant has become a useful object in the study
of masas, [52, 3, 38, 61, 17], not least because for a long time it was one of very
few methods for showing that a masa is singular. We present the background
and current state of play in subsections 3.1.1 and 3.1.2, while in subsection 3.1.3
we examine how the Pukanszky invariant behaves under d., »-limits of masas. In
section 3.2, we show that the class of Tauer masas all have Pukanskzy invariant
{1}, Theorem 3.2.1. After the Pukanskzy invariant, the presence or absence of
non-trivial centralising sequences inside a masa has perhaps been the next most
useful concept for showing the non-conjugacy of masas when we are unable to dis-
tinguish them using normalisers. A brief history of centralising sequences inside
masas can be found in subsection 1.4.5. In section 3.3, we use centralising se-
quences and Tauer masas to give an uncountable family of pairwise non-conjugate
singular masas in the hyperfinite II; factor with the same Pukanszky invariant.
This extends a result of Stgrmer and Neshveyev ([38]) in which two non-conjugate
singular masas with the same Pukanszky invariant appeared. Furthermore, the
resulting family turns out to give us a continuous (with respect to the dy o-metric
on masas) path from the unit interval into the singular masas with Pukanszky
invariant {1} in R, no two points on which are conjugate. In subsection 3.3.3, we
introduce the concept of transitivity for masas, the idea being that two identically
sized cut-downs of a transitive masa should look the same in the underlying II,
factor. That is they should be conjugate.

In section 3.4, we look at centralising sequences further. The main objective
is to determine which masas A in R give rise to a masa A“ N R’ in R,. We are
unable to resolve this problem, but give some examples suggesting a connection
between this property and the normalisers of A. Chapter 3 ends with a discussion,
section 3.5, of a relative automorphism group of masas in II; factors. We state
a translation of Connes’ characterisation of approximately inner automorphisms
[7, Theorem 3.1] in this context, Theorem 3.5.9, and ask some questions about
the relationship between these automorphisms and the Pukanskzy invariant.

Chapter 4, begins by asking the question ‘When is a Tauer masa singular?’.
We resolve this completely in Theorem 4.1.3, giving a criterion for singularity of
a Tauer masa in terms of the approximates used to construct it. Furthermore,
we are able to show that singular Tauer masas have the weak-asymptotic homo-
morphism property and therefore are strongly singular. The question of whether
all singular masas are strongly singular appears in [59, 50], and the Tauer masas
are the first large class of masas for which this result is known. In section 4.2, we
apply this criterion for singularity to a family of #-masas introduced in section

2.2, and in section 4.3 we investigate these masas further. Tauer’s original exam-
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ple of a singular masa falls into this subclass, and we are able to see it has some
perhaps surprising properties such as being conjugate to its own infinite tensor
product, Theorem 4.3.8, under an identification of R with R®*. We would like
to be able to show that this is an example of a transitive singular masa in R, as
we only have examples of these in the free group factors at present. We present
evidence in section 4.3 suggesting that this could be the case.

Finally we turn to the appendices. Appendix A gives an example of an in-
clusion of II; factors M C R where M fails to have the relative weak asymptotic
homomorphism property away from N (M)" = N, a concept defined in subsection
1.4.21. We are unable though to decide whether this M is strongly normalised by
N. In Appendix B we do something very different and give a calculation, follow-
ing [60], showing the strong singularity of the radial masas considered by Boca
and Ridulescu, in [3]. The thesis ends with Appendix C, where we present a sim-
ple observation on automorphisms of group II; factors dating back to Kallman,
[32].

We have now reached the end of the beginning of this thesis, and conclude this
introduction by making some remarks about the notation used within. Capital
Roman letters will in general refer to von Neumann algebras, by preference these
will be N and M. We reserve R, S and occasionally T for hyperfinite factors, and
A and B will usually denote abelian von Neumann algebras. However, J will be
consistently used for the modular conjugation operator, and G and H will always
be discrete groups. We shall occasionally refer to free groups, these will always
have £ > 2 generators and will be denoted F;. Small Roman letters, normally
a,b,u,v,z,y, 2, will be used for operators in von Neumann algebras, and Greek
letters, often £ and 7, for elements of the Hilbert space they operate on. These
Hilbert spaces, when not appearing as L? of some N, will be denoted . Script
A (and occasionally B) are not to be confused with Hilbert spaces - they will be
used in Chapter 3 to denote the augmented algebra (AU JAJ)" corresponding to
a masa A.

A substantial number of footnotes can be found in the text. They mainly fall
into one of three categories: giving citations and cross references that would oth-
erwise disturb the flow; points of excessive mathematical pedantry; and remarks
that could be found humorous. It is left to the reader to decide which is which.

Addendum 1.1.1. After the completion of this thesis, Questions 1.4.18 and
1.4.20 on whether all singular masas are strongly singular and have the weak
asymptotic homomorphism property respectively, have now been answered posi-
tively which, as noted in the text, gives a partial positive result in the direction
of Question 1.4.29. This result also completely supersedes Theorem 4.1.1. The
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proof can be found in [62], which is joint work between Allan Sinclair, Roger
Smith, Alan Wiggins and myself.

1.2 Some topics in the theory of von Neumann
algebras

We have endeavored to make this thesis relatively self contained, in that the vast
majority of the definitions needed and statements of existing results used can be
found in this chapter. One has to start somewhere though - we shall assume
familiarity with the basic theory of von Neumann algebras as can be found in
either Kadison and Ringrose’s Magnum Opus (30, 31| or the first volume, [67],
of Takesaki’s extensive account of operator algebras, [67, 68, 69]. In this section
we develop a few assorted topics from the theory, the selection not being quite
as random as it appears. In the next section we discuss Vaughan Jones’ index
for subfactors and finally, in section 1.4, we develop the theory of masas in II;
factors. We end these remarks with a note on the standard form.

Throughout the thesis, we shall only be interested in finite von Neumann al-
gebras, usually factors, but if not they will always come equipped with a fixed
faithful normal trace, tr. For z in such a von Neumann algebra N, we write
lz||, = tr(z*z)'/? and then complete N with respect to this norm to obtain the
Hilbert space LZ(N). We shall follow the tradition in the subject of regarding
N as a subset of L?(N) whenever it is convenient. The standard form is the
representation N C B(L?(N)) obtained by letting each € N act by left mult-
plication® on L2(N). The modular conjugation operator is the conjugate linear
map J : L}(N) — L%(N) obtained by extending the conjugation z — z* from
N. Then JzJ is the operator of right multiplication on L?(N) by z*, and the
commutant N’ of N in B(L?(N)) is precisely JNJ.

We shall use group von Neumann algebras occasionally, but not enough to
justify giving a lengthy discussion. Suffice it to say that when G is a countable
discrete I.C.C. group?, we obtain a II; factor £ (G) to be the von Neumann algebra
generated by the left regular representation of G on £*(G). The trace is given
by tr(z) = (zd.,d.), where d. is the point mass in ¢*(G) corresponding to the
identity. The left regular representation is already the standard form of £ (G)
in that ¢2(G) = L*(L(G)). Finally, when g is an element of G we shall abuse

notation and write g for the element of £ (G) corresponding to the image of g

3extend y — zy from N to L*>(N) by ||.||,-continuity.
41.C.C. stands for infinite conjugacy class, the definition of which is that { ghg™1 |g G }
is infinite, whenever h € G is not the identity.



under the left regular representation.®

Warning 1.2.1. The use of the term separable in this thesis differs from the stan-
dards in the literature. The appropriate concept of separability for von Neumann
algebras is that of being separably acting, that is being faithfully represented as
bounded operators on some separable Hilbert space, or equivalently having a sep-
arable predual. When we talk of a separable von Neumann algebra henceforth,
it is these properties we mean and most definitively not that it is separable as a

C*-algebra - it almost surely won't be.

1.2.1 Tensor products

The theory of tensor products for C*-algebras is fairly involved as there is not a
unique C*-norm on the algebraic tensor product of two C*-algebras. In the von
Neumann context, this problem does not arise.® Given two von Neumann algebras
N;, N, faithfully represented on the Hilbert spaces H; and H, respectively, form
the Hilbert space tensor product H; ® H;. An elementary tensor z; ® x5 of
operators from N; and N, respectively, acts on this Hilbert space in the obvious
way; with (21 ® 22)(& ® &) = (21&) ® (22€2). The von Neumann tensor product,
N1®N, of N; and N, is then generated by all these elementary tensors,

N1§N2 = {.’131@562':6,' € N; }" CB(H1®H2).

This definition appears to depend on the choice of the faithful representations,
but actually this is not the case. If we represent N; and N, faithfully on some
other spaces then the resulting von Neumann tensor product is *-isomorphic to
that obtained from our first choice of representation. In any event, the von
Neumann algebras N considered within will all be finite with a given faithful
normal trace, tr, and so we have a canonical representation - that on the standard
form L?(N,tr). When the von Neumann algebras are finite dimensional, we shall
write ® rather than ®, as no closure is involved.

We shall regularly work with inclusions of von Neumann algebras - obtaining
further inclusions naturally from the tensor product. A key result here is the
Tomita commutation theorem, for which we refer to [31, Theorem 11.2.16].

Theorem 1.2.2 (Tomita commutation theorem). Let My C N, and M, C

N be inclusions of von Neumann algebras. Working in Ny@N,, we have

(Mi®M) N (N ®N) = (M N N)®(My N N,).

®We reserve the right to further write g for the point mass 8y in £3(G) = L*(L (G)) corre-
sponding to G in accordance with our policy of regarding finite von Neumann algebras N as
being subsets of L?(N). Hopefully the location of g will be obvious from context!

80f course von Neumann algebras are not in general nuclear as C*
considering them as C*-algebras.

-algebras, but we are not
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We shall also need infinite tensor products of von Neumann algebras. Here
we have to be slightly more careful, as the isomorphism class of the resulting von
Neumann algebra is no longer independent of the choice of representations. We
shall actually only work with finite factors, and follow [69, Section XIV.1]. Given
finite factors (M,)>,, denote by tr, the unique faithful normal trace on M,.
Write @, M, for the algebraic tensor product of these M, that is finite linear
combinations of elementary tensors @;. , z,, where z,, € M,, and all but finitely

many I, are 1. We have the product state tr on Q- ; M, defined on elementary

tensors by

tr(® Tp) = H tr(z,).

Now let 7 be the representation of @ -, M, by left multiplication on the Hilbert
space L?(Q>_, M,, tr) in the usual way. The infinite von Neumann tensor prod-
uct of the M, is then the weak-closure of the image of m. This is necessarily a
finite factor, as it has a trace, namely the extension of tr, which is the unique nor-
malised trace on ®°°, M,. We shall regularly denote this object as (Q>>, M,)"
in the sequel without reference to 7. When all the M,, are identical to M say, we
shall occasionally be lazy and write M ® for this infinite von Neumann tensor

product. The Tomita commutation theorem remains true in this infinite setting.

1.2.2 The hyperfinite II; factor

Murray and von Neumann’s defining property of hyperfiniteness was that of ap-
proximate finite dimensionality (AFD). Following [69, Section XIV.2], a II; factor
N was said to be AFD when for any z1,...,z, € N and strong neighbourhood V
of 0 in N, a finite dimensional *-subalgebra M of N can be found withz; € M +V
for each .

Examples are immediately apparent by taking infinite tensor products of ma-
trix algebras. Let M, be a algebra of matrices for each n, then the infinite tensor
product (@.>, M,)" produced with respect to the unique normalised trace on
each M, is a II; factor, which is obviously AFD. In [37], Murray and von Neu-
mann showed that up to isomorphism this is the unique way of obtaining an AFD
I1, factor and, in complete contrast with the C* case, that the resulting object is

independent of the size of the matrices involved.

Theorem 1.2.3 (Murray and von Neumann). Let N be a separable II, factor.

The following two conditions are equivalent:
1. N is isomorphic to (@, Maty(C))";

2. N is AFD.
11



Henceforth, we use the term hyperfinite for AFD and denote the hyperfinite
II; factor by R, and occasionally S and T. The proof of this result involves a
careful approximation argument, which we are unable to circumvent entirely as in
section 3.2.2 we shall deduce an approximation result for masas in the hyperfinite
I, factor using these methods.” Here we state precisely the tools we shall need
later, from Takesaki’s account of Theorem 1.2.3, found in section XIV.2 of [69].

Lemma 1.2.4 ([69, Lemma XIV.2.1]). Ife and f are equivalent projections

in a finite von Neumann algebra N then there exists a unitary u € N with
lu—1] < V2|e — f| and ueu* = f.8

Lemma 1.2.5 ([69, Lemma XIV.2.2]). Let N be a separable 11, factor. If
h € N, 0< h <1, satisfies the inequality

|h—h%||, =6 <1/4,

then the spectral projection e of h corresponding to the interval [1 — V4, 1] satisfies
the estimate
lle = ||, < 2V, ||hl/2 — e||2 < 261/4,

In the next lemma we face a pedagogical problem - namely that some of
the concepts appearing will be defined later. See section 1.3 for the conditional

expectation map, E, and Definition 1.4.10 for ||.||,,. We have also chosen to

replace the use of C in the original, with infinity-two norm estimates.

Lemma 1.2.6 ([69, Lemma XIV.2.10]). IfV is a finite dimensional subspace
of an AFD 11, factor Ry and Ni is a subfactor of type Ion, then for any e > 0
there exists a type I» subfactor N,, for some large p, such that N; C N,, and

(7 = En,) By || o p < €.
Before moving on there is one more observation we should perhaps make.

Remark 1.2.7. When we work with R as the infinite von Neumann tensor prod-
uct (@ ; Maty(C))” with respect to the unique normalised trace, we shall often
consider the finite dimensional approximates N, = Q=1 Mat2(C) = Mat,n(C),
whose union is by definition weakly dense in R. A priori, it might not be possi-

ble to use the Kaplanszky density theorem to weakly approximate unitaries in R

"Indeed, this is the only reason this discussion is present at all.
8The moduli in this equation are defined by |z| = (z*2)!/2. Our only use of these moduli

in the sequel, will be the simple observation that [lz[ll, = ||z||,- We have stated the Lemma in
the original form of [69] for easy reference.
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by those in |J;2; N, - for this last object is not norm closed.® To approximate
unitaries using the Kaplanszky density theorem, one expresses them in the form
e for some self-adjoint h, approximates the h by h; and takes e - a process
that requires norm-closure. In this direct limit context we are able to proceed as

our h; will lie in | J77; N,, and so in some N,,, whence e lies in N, as this is a
C*-algebra.

1.2.3 Orthogonality of subalgebras

In [44], Sorin Popa introduced the concept of orthogonality for pairs of subalgebras
in finite von Neumann algebras.

Definition 1.2.8. Let N be a finite von Neumann algebra with trace tr. Two
von Neumann subalgebras M; and M, of N are said to be orthogonal if M; © Cl1
is orthogonal to M, © C1 in L?(N,tr). We shall write M; L M, when this is the
case.

As noted in Lemma 2.1 of [44], there are many alternative formulations of this
definition. We briefly highlight those we shall use later.

Proposition 1.2.9 ([44, 2.1]). Let M; and M, be von Neumann subalgebras of
a finite von Neumann algebra N with trace tr. The following conditions are then

equivalent.
1. M, and M, are orthogonal von Neumann subalgebras of N,
2. tr(z1x2) = tr(z,)tr(ze) whenever x; € M;;
3. ||zrz2ll, = l|z1]|5 l|z2l|, whenever x; € M;;
4. By, (B, (2)) = tr(x)1, for allz € N.1°

The main aim of [44] was to give a criterion for calculating the normalisers
of certain masas, which we briefly discuss in subsection 1.4.2. This connection
between orthogonality and singularity will appear later, both in our examination
of Tauer’s original examples in sections 2.2 and 2.3, and in constructing singular
masas in section 3.3. In this second case, we shall need an abundance of mutually
orthogonal masas in finite dimensional matrix algebras. Fortunately providence,

in the form of Sorin Popa, has provided exactly what we need.

9Recall that the Kaplanszky density theorem allows the weak approximation of elements
in the unit ball of a von Neumann algebra by elements in the unit ball of a weakly dense
*_subalgebra, and of self-adjoint elements of this ball by self-adjoint elements in the dense ball.

10Here Eyy, is the unique trace-preserving conditional expectation from N onto M;, which we
eventually define in section 1.3.
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Proposition 1.2.10 ([44, Theorem 3.2]). For any prime p there ezist a family

of p+ 1 pairwise orthogonal masas in the algebra of p x p matrices.

1.2.4 Property I' and centralising sequences

In 1943, Frank Murray and John von Neumann, in the fourth part ([37]) of their
series of work on rings of operators, demonstrated the existence of non-isomorphic
I1; factors. They introduced property I' to show that none of factors £ (IF;) are
hyperfinite, where F), is the free group on k > 2 generators.

Definition 1.2.11 (Murray and von Neumann). A II, factor N has property
I" when, for all € > 0 and zy,...,z, € N, there exists a unitary u € N with
tr(u) = 0 and

|luz; — z;u||, <€,

foreachi=1,...,n.

It comes as no surprise to learn, [37, Lemma 6.2.2], that it is impossible to
find unitaries in £ (F,) approximately commuting with the generators a and b of
IF, so that £ (F;), and in general the the free group factors £ (Fy), do not have
property I'. On the other hand, the hyperfinite II; factor does have property I
([37, Lemma 6.1.2]) as we can see immediately by writing R as an infinite von
Neumann tensor product of matrix algebras (®°°, Mat,(C))”. As this idea will
appear frequently we shall spell it out. Elements 12" ® u, for some trace-free
unitary u € Mat,(C), commute with &)"_, Mat,(C) and, as the union of all these
sets is ||.||,-dense in R, the claim follows.

The concept of central sequences, introduced in [13], follows naturally from
the idea of property I'. A bounded sequence (z,)%, in a II; factor N is said to

n=1

be a central sequence if
Jim [|lzny — yza|l, = 0,

for all y € N. Two central sequences (:cg) )2, and (xﬁlz))ff:l are equivalent when
(1) (2)
xn - xn

\ — 0 as n — oo, and a central sequence is called trivial, if it is
equivalent to a central sequence for N lying in the scalars C1. The equivalence
classes of centralising sequences form a C*-algebra, ensuring that a II; factor N
has property I' if and only if there exist non-trivial centralising sequences for N.

A separable II; factor N is called strongly-stable if it is isomorphic to N®R,
where R is the hyperfinite II; factor. Dusa McDuff used centralising sequences

to give a criterion, Theorem 3 of [34],"! for strong-stability of a II; factor N. Mc-

Duff’s result is that IV is strongly-stable precisely when the centralising sequences

of N give rise to a non-commutative C*-algebra.

!1See also Theorem 4.8 of Takesaki’s book [69)].
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Given a subalgebra B of N, we say that B contains non-trivial centralising
sequences for N if there is a non-trivial centralising sequence (z,)>, for N with
each z, € B. In [1] and [2], Bisch investigated centralising sequences lying in sub-
factors. The first paper, [1], generalises Theorem 2.1 of Connes’ injective factors
paper, 7], and extends McDuff’s result to give a criterion for the strong-stability
of an inclusion of II; factors M C N,!? in terms of centralising sequences for
N lying in M. The second paper, [2], gives examples of finite index inclusions
M C N of hyperfinite II; factors, where M contains such non-trivial centralis-
ing sequences for N, and examples of such inclusions where all the centralising
sequences for N lying in M are trivial.

To demonstrate the absence of non-trivial centralising sequences in a subfac-

tor, Bisch used an idea which originally appears in Popa’s orthogonality work,
[44, Remark 5.4.2].!3

Proposition 1.2.12 (Popa). Let M be a subalgebra of a separable 11; factor N.
If there exists a unitary u € N with uMu* 1L M then any centralising sequence

for N lying in M is trivial.

Whether or not non-trivial centralising sequences can be found inside certain
masas in II; factors has often been a usful tool. Unfortunately, this topic is
perhaps less well known than it should be and so we shall collect together the

work in this area in subsection 1.4.5.

1.2.5 The ultraproduct N“ and central sequence algebras
NN N’

In section 3.4 we shall have course to examine R, = R“ N R'. The theory of w-
centralising sequences involved dates back to [13] and is developed in [34]; many
alternative accounts also exist - see for example [69, Section XIV.4]. Here we
content ourselves with a brief outline of the situation, for a fixed II; factor N.

Let w be a non-principal ultrafilter on N, that is an element of AN\ N.1* We
have a tracial state on the C*-algebra £*°(N) of all uniformly bounded sequences
in N given by

tr, ((x,)) = lim tr(x,).

n—w

12Unsurprisingly, this is defined as there being an *-isomorphism between N and N®R which
takes M onto MQR.

13Gee also [2, Lemma 2.1].

14 A5 is usual, BN denotes the Stone-Céch compactification of N - an object of which we have
no intention of developing the theory. Instead the reader is referred to Lemma XIV.4.2 in [69]
and the preceding discussion, for the properties we need.
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The GNS construction gives a representation m,, of £°(N) on some Hilbert space
H, and a cyclic vector &,, such that tr,((zn)) = (m,((z,))é.,E.). Let N¥ =
T,(€*(N))" a finite von Neumann algebra in B(#,), which has trace z —
(z€,,€,) which we continue to denote by tr,. In this way N“ is a non sepa-
rable type II; von Neumann algebra, called the ultraproduct of N.1°

We have the natural inclusion of N into N*“, given by taking z € N to the
sequence (z,) with each z, = z and then applying 7,,. Define N, = N“N N’ a
finite von Neumann algebra. In [12], Dixmier showed this central sequence algebra
is either trivial or diffuse.!® This can also be found in [6], where the connection
between the triviality of IV, and automorphisms of N is developed. We should also
note that referring to N, as a central sequence algebra is reasonable - elements
of N“ N N' are images under ,, of sequences (z,)%2, which are w-centralising in
that

lim ||z,y — yzall, = 0,
n—w

for all y € N. This is not immediately obvious from the definition, since we have
taken a weak closure in the formation of N*, but it is well known - see for example
[69, Theorem XIV.4.6]. When two w-centralising sequences give the same element
in N, we shall call them w-equivalent.

Given M C N we regard M“ as a subset of N allowing us to define the
central sequence algebra M“ N N'. For the following result, which is surely well
known, it suffices to follow Takesaki’s account of the original in [69, Theorem
XIV.4.7] and check that elements can be chosen in M where necessary.

Proposition 1.2.13. Let M be a diffuse von Neumann subalgebra of a 11, factor
N, then M“ N N' C N, is either trivial or diffuse. Elements of MY " N' are the
(tmages under m,) of w-centralising sequences lying in M. The latter case occurs
precisely when M contains non-trivial centralising sequences for N. Furthermore,

unitaries in M N N' are the m,, images of w-centralising sequences of unitaries

m M.

Recently, Fang, Ge and Li have considered another ob ject. In section 3 of [1§]
they examine N“ N M’ when M C N is an irreducible inclusion of I1; factors,
showing that it too is either trivial or diffuse. This work also extends a result
of Connes ([7]), which was also known to McDuff ([34]), that the von Neumann
tensor product of two II; factors has property I' if and only if at least one of the

15This is unfortunate, it would have been nice to
asserting the separability of everything within.
1A diffuse von Neumann algebra is one with no minimal projections.

prefix the entire thesis with a disclaimer
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two factors does.!” The result of [18] shows more.

Theorem 1.2.14 ([18, Theorem 4.7]). Let w be a free ultrafilter on N. Suppose
that M is a non-T' factor of type II; and N is another type 11, factor. Then
(M®N),, is canonically isomorphic to N,,.

Unfortunately we need more still. Like the rest of this section everything is
well behaved when we consider inclusions of diffuse von Neumann subalgebras.
No essential changes are required to work in this situation, but!® this time we
give the details, as [18] is not yet readily available.

Theorem 1.2.15. Let M; C N; and M, C N, be inclusions of diffuse von
Neumann subalgebras in 11, factors. Suppose that M, does not contain non-
trivial centralising sequences for Ny, then (M1®M>,)¥ N (N1®N,)' is canonically
isomorphic to MY N Nj,.

Proof. Since M, does not contain centralising sequences for Ny, we can find K > 0
and unitaries uq,...,u; € Nj such that

l
Iz~ tr(@)1l} < K flows — wsall3, (12.1)

1=1

for all x € M;.!° Take an w-centralising sequence (z,)%; in M;®M,; for N;QNs.

By density we may assume that each z, is a sum of elementary tensors: i.e.

Z 2 gy,

with :c( " e M, and y( " e M,. Furthermore, for each n we can demand that
the yj are orthogonal in L*(N,) and have ||ly;||, = 1. We write Ey, for the
conditional expectation onto N» (regarded as C1® N, - a von Neumann subalgebra
of Ny®N,), and note that

En, (zn) Z tr(z 1 ® y(").

17 Compare with taking an infimte von Neumann tensor product of II; factors - this always
produces a I' factor.

181 contrast with Proposition 1.2.13.

19T}his is the diffuse von Neumann subalgebra version of Lemma 4.6 of [18] and, just as there,
it follows directly from the definition.
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We now estimate ||z, — En, (2,)]|,, using (1.2.1):

mMn 2
120 = En, (za)ll3 = || D (5" = tr(z{)1) @ 4
=1 0
My, 2
= xg.")—tr(xg."’)luz (1.2.2)
7j=1
myg |
w, . . m|?
<K Y3 ||ofu — wial|| (1.2.3)
Jj=1 i=1
l
=K |lza(ui ® 1) = (u; ® 1)z4][5 - (1.2.4)
=1

Here (1.2.2) and (1.2.4) follow from our additional hypotheses on the form of the
y](-"), and (1.2.3) follows from (1.2.1). Since (2,)%, is w-centralising for N;®N5,

we see that

lim ||z, — En, (2n)ll, = 0,
n—ow

which is the w-equivalence of (2,)32; and (Ey, (2,))%2, which lies in (1 ® M,)v.
O

1.2.6 Automorphisms of II; factors

The group of automorphisms of a separable II; factor N is a well studied ob ject.
Equipped with the so called u-topology® of pointwise norm convergence on the
predual N,, as defined in [22], Aut(N) is a Polish space - that is a complete
metric space - see [6]. We shall prefer to work with pointwise ||.||,-convergence,
which gives the same topology on Aut (N). It is necessary though to ensure we
genuinely work with this only on the automorphism group. Suppose we have
automorphisms 6, of N and some 6 such that

Tim [18a(z) — 8(z)]l, = 0. (1.2.5)

Then 6§ is necessarily an injective *-homomorphism, but not necessarily an au-
tomorphism.”! If we know that 8 is an automorphism though, then (1.2.5) is
equivalent to the convergence of 6,, to 6 in the u-topology.

The normal subgroup of inner automorphisms, written here as Inn (N),22 con-
sist of all automorphisms of the form Ad u : z — uzu* for some unitary u € N.

The quotient Aut (V) /Inn (N) is the outer automorphism group of N, written
Out (N).

20Formally, a net (6, ), in Aut (N) convergesto 8 € Aut (N) if and only if ||¢ o 6, — $of||—0
for all ¢ € N,.

E;Indeed examples can be given in the abelian von Neumann algebra L°°[0,1] of this failure.
Also denoted Int N in the literature, due to the French tradition in the subject.

18



The approzimately inner automorphisms, namely the u-topology closure Inn (V)
of the inner automorphisms, was examined by Connes in [6]. He showed that the
inner automorphisms of N are closed in Aut (N) if and only if N fails to have
property I'. In his classification of injective factors ([7, Theorem 3.1]) he went on
to characterise the approximately inner automorphisms precisely, Theorem 1.2.16
below. He noted, see [69, Theorem XIV.2.16], that all automorphisms of the hy-
perfinite II; factor are approximately inner, and characterised hyperfiniteness |7,
Theorem 5.1], amongst other ways, by the property that the swap automorphism
on N®N taking z ® y to y ® = is approximately inner. In section 3.5, we shall

examine these ideas in the relative context of masas inside 1I; factors.

Theorem 1.2.16 (Connes). Let N be a factor of type 11, with separable predual
acting on L>(N). Then the following conditions are equivalent for 6 € Aut(N):

1. 8 € Inn(N);

2. There exists an automorphism of the C*-algebra generated by N and N’ in
L?(N) which is 8 on N and the identity on N';

3. For any unitary operators uy,...,u, € N and any € > 0 there is a £ €
L*(N), with ||¢]l, = 1 and ||0(uk)JurJE — ||, <€ forallk=1,...,n;

4. There exists a bounded sequence (x,)2; in N, not converging strongly to 0,

such that z,y — 0(y)z, converges to O strongly, for any y € N.

1.3 Conditional expectations, the basic construc-
tion and the Jones index

Throughout this thesis we will be examining a variety of inclusions 1 € M C N of
von Neumann algebras with the same unit. A key tool to study this situation is a
conditional expectation operator, namely a norm 1, M-bimodule projection from
N onto M. For general N and M, the existence of these conditional expectations
is not guaranteed. Furthermore, the theory is also fairly involved - the enthusiastic
reader will find a full account in [65]. Fortunately when N is a finite von Neumann
algebra, as it is throughout, things are much easier. As usual in this situation we
fix a normalised faithful normal trace tr on N, and now look only for conditional
expectations preserving this trace.

In this case a trace preserving conditional expectation onto M not only exists,
it is also unique and can be explicitly constructed. We write ey for the orthogonal
projection from L%(N,tr) onto L?(M,tr). If we regard N and M as subspaces of
L?(N,tr) and L*(M, tr) respectively, then it can be easily checked that ey (V)
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is actually contained in M. We write Ejs for the restriction of ey to N, the
(trace-preserving) conditional ezpectation from N onto M, which is the unique

bounded linear map from N into M satisfying
° ]EM (1) =1.

e M-bimodularity, i.e. Ey (mizms) = mEp (z) mo for all my,my, € M and
z€N.

e troEy =tr

all of which can be easily verified from the construction. The uniqueness of the
conditional expectation has many useful applications, for example it allows us to

immediately deduce that
Eumor () = uBpy (u*zu) u¥, (1.3.1)

for any unitary u € N and all z € N. We shall also require a result of Christensen,

for computing conditional expectations, which can be found in [4].

Proposition 1.3.1 (Christensen). Let M be a von Neumann subalgebra of the
I, factor N. For each x € N, let cop(z) denote the convex hull of the set
{ uzu* |u a unitary in M }. Let E(x) denote the element of minimal ||.||, in the
\I.||,-closure of com(z). This E(z) lies in N, and has E(z) = Eppan (2).

1.3.1 The basic construction and Jones index

The basic construction, which dates back to [64] and [4], and was developed
extensively by Vaughan Jones in [28], associates to an inclusion 1 € M C N of
finite von Neumann algebras with fixed trace tr on N, the extension (N,ey),
defined to be the von Neumann algebra acting on L?(N,tr) generated by N and
em. We shall not be heavily involved with the basic construction in the main
body of this thesis, so content ourselves here by just stating the basic properties
we shall need. A full discussion of these results can be found in a number of
sources, including [28, Section 3.1] and [26, Chapter 3].

emTey = Ey (z) epr = epEpy (z), for all z € N.

(N,enm) = JM'J where, as usual, J denotes the modular conjugation oper-
ator on L%(N, tr).

® (N,en) is a factor if and only if M is a factor.

e The central support of ey in (N, eym) is 1.
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The Jones indez, [N : M], for our inclusion M C N can be defined using
a variety of different methods: Murray and von Neumann’s coupling constant
(I36]) was used in Jones original paper [28]; other definitions involve examining
the dimension of L?(N,tr) as an M-bimodule, which is the approach taken in
Chapter 2 of [26]. We shall only be interested in the case where M and N are

finite factors, so we are able to follow [75] and define the index, [N : M], of M in
N by

-1 . .
(N : M) = { Tr(en) (N,epn) is a finite factor , (1.3.2)

00 (N,en) is an infinite factor
where in the first case, Tr denotes the unique normalised faithful trace on the finite
factor (N, epr). That this definition agrees with the more general non factor case
is Proposition 3.1.7 of [28]. When the index is finite, we have the Markov property

Tr(emz) = [N : M] 'tr(2), (1.3.3)

for every x € N. It is also important to note that, see for example [26, Corollary
2.3.6(b)], when we have a tower of inclusions of II; factors, M C P C N, the

index is multiplicative in the sense that
[N:M]=[N:P|P: M].B (1.3.4)

The other elementary result we shall need in the sequel, is how the index interacts
with tensor products. Let M; C N; and M, C N, be inclusions of II; factors.
Working in the Hilbert space tensor product L2(N;) ® L%(N,) & L2(N,®N,), the
operator ey g, Of projection onto L?(M;®M,) factorises as epr, ® epr,. In this

way, (N1®N2, erronr,) factorises as (N, epr, ) ® (N, epr,) and then

ﬁ<N1§N2,eM1§M2> (eM1§M2) = Tr<N1 €M, > (eMl )TI‘<N2,3M2> (eMg)a

or alternatively
[ngNg . MlgMz] = [Nl . M]_][N2 : MQ] (135)

The main result of [28], is the striking observation that the index [N : M]
must take values in { 4 cos?(7/k) |k = 3,4,5,... }U[4, 00]. Jones also constructed
examples showing all these values can be obtained when N is the hyperfinite II,
factor. When [N : M] < 4, M is automatically irreducible, i.e. M'NN = C1, see
[28, Corollary 2.2.4]. All of Jones’ initial examples with index greater than 4 are
not irreducible; and the full range of all possible values for the index of irreducible

subfactors is still unknown. In the sequel, we shall mainly be interested in the

23Here we have the usual convention that zoo = oo for any z.
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inclusion of a regular subfactor?® — in this case Jones has shown the following

additional restriction on the values of the index.

Proposition 1.3.2. If1 € M C N is a unital inclusion of I, factors with M
reqular in N, then [N : M] € NU {oc}.

In the case when M is also assumed to be irreducible, which is all we shall
use later, this can be found in [24]. The more general case is dealt with by the

observation

A more refined analysis based on [27] shows that all regular subfactors
have integer index.

found on page 150 of Jones’ book [21] with Goodman and de la Harpe.

1.3.2 Inclusions of index 2

Historically, the case of index 2 inclusions was the first to be considered. In
1960, Goldman characterised index 2 subfactors?> as being those coming from
cross products over Z,, ([20], see also [28, Corollary 3.4.3]). More precisely, if
1 € M C N is a unital inclusion of II; factors with [N : M] = 2, then there
exists a non-inner automorphism 6 of M of order 2 such that N is *-isomorphic
to M x4 Z,. Although we have not introduced cross products,?® we shall briefly
use this formulation. For our purposes, it is enough to regard M x4 Z, as a
*-subalgebra of the 2 x 2 matrices over M, by

NngeZz={(9(a;) 9(yx))

Here M is included in M x¢ Z,, by regarding M as isomorphic to the algebra of

all matrices of the form
r 0
0 0(z))"

Four years later, in her work [70] on semi-regular masas of varying lengths
which we examine in section 2.3, Tauer distinguishes between subfactors of R
using the following property for a subfactor M.

T,yeEM } : (1.3.6)

The invariant is the fact that the product of two operators in M~ i
always in M.

24 A pedagogical choice has left us with the undesirable situati
specified until Definition 1.4.5 in the next section’

25Before the concept of index had been explicitly defined.
26and have no intention of doing so!

on of this concept not being

22



We have changed the notation slightly from the original statement, in the proof
of Lemma 6.7 of [70]. The set M~ consists, as one would expect, of all operators
z € R orthogonal to M in the sense that Eys (z) = 0.2 We can see that any
unital inclusion of subfactors 1 € M C N of index 2 satisfies Tauer’s property.
Indeed, given such an inclusion, use Goldman’s Theorem to write N in the form
(1.3.6) for some 6 € Aut (M) of order 2. Two elements of N orthogonal to M are

then of the form 0 0
n Y2
d
(e(yn o) a (9<y2) o)

for some y;,y, € M. These elements have product

(y19(§yz) 9(3/?)3/2) !

which lies in M. In fact Tauer’s property also essentially characterises inclusions
of index 2 although, unlike Goldman who, as noted in [28], more or less explicitly
defines the index by means of the M-dimension of L?(N), she was most likely

unaware of this.

Proposition 1.3.3. Let 1 € M C N be a finite index unital inclusion of 1I;
factors. The following two statements are equivalent:

1. [N: M) =2
2. If z,y € N have Ep (z) = Eps (y) =0 then zy* € M.

We have chosen to use the expression essentially characterises index two in-
clusions as it has proved awkward to extend this Proposition to show that no
infinite index inclusion can satisfy condition 2 above. Let us first quickly see why,
under the assumption of finite index, condition 2 guarantees that [N : M| = 2.
The method we shall use here is the generic nature of the basic construction, [28,
Corollary 3.1.9].

Proposition 1.3.4. Let 1 € M C N be a finite indezx, unital inclusion of 11,
factors. Then there is a subfactor P C M with [M : P} = [N : M| such that
<M, €p> = N.

We apply this by considering the element z = 1 — [N : M]ep € (M, ep). Since
Eu (ep) = [N : M]711,%® we have Ey (z) = 0. On the other hand

zz* = (1 - [N: Mlep)? =1+ ([N: M)* - 2[N : M) ep,

27Formally, we should perhaps speak of orthogonality to L?(M) but, as we have previously
noted, Epr (z) = epm (z) for z € N.

28We are regarding N as (isomorphic to) (M, ep), so that ep is an element of N and Ey, is
the conditional expectation from N onto the subfactor M.
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so that zz* € M if and only if [N : M]?> — 2[N : M] = 0, from which we can
deduce that [V : M] = 2. This concludes the proof of Proposition 1.3.3.

There is no hope of generalising the proof above to the case of an infinite
index inclusion M C N. It is possible to give another, more involved proof, of
the implication 2 = 1 using Pimsner-Popa bases for the inclusion M C N. It
is possible that this idea might generalise, for there is a notion of a generalised
orthogonal basis for an infinite index inclusion ([47]), but this will consist of
unbounded operators affiliated to M. An intricate analysis of these generalised
orthogonal bases is needed, to determine whether these operators can be found
in L?(M). In this thesis, we have been assiduous in our policy of only working

with bounded operators - we leave the infinite index case as a conjecture.

Question 1.3.5. How do we extend Proposition 1.3.3 to the infinite index situ-

ation?

We shall briefly need these orthogonal bases in section 2.4. We will not develop |
the theory and just state exactly what we need. The result, which is well known,
can easily be established by manipulating facts, from [39], about these Pimsner-

Popa orthogonal bases. We give a proof which uses these facts implicitly.

Proposition 1.3.6. Suppose that M C N is an inclusion of Il; factors, and
that there are n unitaries (u;)7; in N with Ep (uu}) = 8;;1 for all i,5, then
[N : M] > n.

Proof. We assume that [NV : M] < oo, otherwise the result is trivial. In (N, ep),
each epu; 1s a partial isometry with domain projection ufeju; and range pro-
jection epr. The hypothesis ensures that these domain projections are pairwise
orthogonal, so that

n
E uieMu;‘ S 1.
i=1

Take the trace of both sides to see that nTr(ey) < 1, from which the result
follows. O

1.3.3 Inclusions of finite dimensional C*-algebras

Here, we give a brief exposition of the theory of inclusions of finite dimensional C*-
algebras, which are also necessarily weakly closed and so von Neumann algebras.
All of this material can be found a variety of sources, such as [21, Section 2.3]
and [26, Section 3.2]. Firstly, recall that every finite dimensional C*-algebra is

isomorphic to a direct sum of matrix algebras, see for example [10, Theorem
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II1.1.1]. Suppose that we have the identification
M = Mat,, (C) & Mat,,(C) @ - - - @ Mat,,_, (C),
where Mat;(C) denotes the algebra of k x k matrices over C, then
a=(ay,...,ay,)" € N",

is called the dimension vector of M. Similarly, let N have direct sum decompo-
sition
N = Mat,, (C) @ Mat,, (C) @ - - - & Mat,, (C),

with corresponding dimension vector b € N*. An inclusion 1 € M C N or, more
precisely, a unital injective *~homomorphism from M into N, is determined (up to
unitary conjugation in N) by an n x m inclusion matriz A over Ny, with Aa = b.%°
The i, j-th entry X;; of A is naively defined to be the number of times the ith
component Mat,, (C) of M is repeated in the jth summand Mat, (C) of N.%

The data for a finite dimensional inclusion is also often contained in a Brattels

diagram, an concept best explained by example. The Bratteli diagram

TN,

represents the unital inclusion of M, with dimension vector (2,1,1)T, into N,

with dimension vector (2,5)T, by the inclusion matrix

100
A=(1 2 1)'

Since the dimension vector of N is determined from that of M and A, the dimen-
sions of NV are often omitted from the diagram.
Since there is a unique normalised trace on any matrix algebra (as with any

finite factor), a normalised trace tr on M is determined by a trace vector
s=(s1,...,5m) €E RY,

with sa = 1. The components are given by s; = tr(p;), where p; is a minimal

projection in the ith summand Mat,, (C) of M, and tr is then a faithful trace

29There is no agreement in the literature about the orientation of the inclusion matrix. The
convention we have chosen agrees with Davidson in [10] and Jones in [21], whereas Wenzl ([75])
and Jones (again!) in [28] and [26] prefer to work with row vectors and the transpose of this
matrix.

30Formally we should examine the representation structure of M and N, defining ); ; to be
the number of times the ith irreducible representation of M occurs in the restriction to N of
the jth irreducible representation of N but, as noted in [26], this does not provide additional
illumination.
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if each s; > 0. If the trace on N is given by the trace vector t € R}, then the
restriction of tr to M has trace vector s = tA.

In this finite dimensional situation, the basic construction, (NV,e)s) decom-
poses into m factors €, (NV,en);. A minimal projection for (N, ep); can be
found of the form epsp;, where p; is a minimal projection in the ith summand of
M. With this ordering of the decomposition of (NV, exr), the inclusion matrix of
1 € N C (N,epn) is given by AT. Since the inclusion matrix for a chain of finite
dimensional inclusions is obtained by matrix multiplication®! (e.g. [26, Corollary
2.3.2]), the inclusion matrix for 1 € M C (N, ey) is ATA.

1.3.4 The Wenzl index formula

It is possible to construct an inclusion of factors by a chain of inclusions of finite
dimensional C*-algebras. The Wenzl index formula, Theorem 1.5 of [75], allows us
to compute the resulting index for suitably periodic inclusions which will appear
later. In fact we shall need a very slight extension of Wenzl’s work which we
formulate in this section. We begin with a definition of commuting squares [26,
Definition 5.1.7], an idea originally due to Popa, who began the examinination of

commutating conditional expectations in [43].

Definition 1.3.7. Let N, be a finite von Neumann algebra with fixed faithful

trace tr. Consider the square of inclusions of von Neumann subalgebras of N,

Ny—— N,

b

with conditional expectations E,s, from N; onto M;, and E,;, from N, onto M,
obtained from the trace tr on N, in the usual way. The square is said to commute

when Ey, (2) = Epy, (2) for all z € Ny or, more formally, when

N{— N,

lEMl lEMZ

M,“~— M,

is a commutative diagram of maps in the usual way. A diagram consisting of

multiple (and possibly infinitely many) squares is a commutative diagram if each
constituent square commutes.

We shall examine infinite commutative diagrams of inclusions of finite di-
mensional C*-algebras M,, and N, of the form of Figure 1.1, where A, is the

31 - . . .
With our choice of notation, this happens in a contravariant way.
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N N s N C N, 1€ o N
My My s s M€ s

Figure 1.1: The setup for the Wenzl index formula

inclusion matrix of 1 € M,, C N,,. We shall insist that the *-algebras J;-, M,
and |J;2; N, are infinite dimensional. Suppose that there is a unique normalised
trace on the *-algebra | J. | N,,, then N, defined to be the weak closure of the im-
age of |J - ; N,, under the GNS representation corresponding to tr, is a II; factor,
which is hyperfinite by construction. We shall also require that the restriction of
tr to (U,_; M,, is the unigue normalised trace on |J°°, My, so that M, defined to
be the von Neumann subalgebra of N generated by | Jo-; M, is also a hyperfinite
II; factor. Actually, we only need to establish the uniqueness of these traces in

the very limited situation covered by the next proposition.

Proposition 1.3.8. Suppose that we have a chain of inclusions of finite dimen-

sional C*-algebras, with inclusion matrices I',, as indicated below.

I I'n

N,C > .. .C N,— N, ..

N;¢

If, for infinitely many n, every entry in the inclusion matriz T, is identical, then

there is at most one normalised trace on | Joo_; Np,.

Proof. Take some n with the described property, so I', has identical entries - say
C,. Consider a normalised trace tr on | J -_, N,, with trace vector ¢t on N, ;. The
trace vector s of N,, given by s = tI',, has s; = C, Y i bis for each i. Hence, the
restriction of tr to IV, is unique by normalisation. As there are infinitely many n
for which the restriction of tr to N, is unique, we see that there is at most one

normalised trace on | Jo-_; Ny O

If in addition we had supposed that all the inclusion matrices I',, in Propo-
sition 1.3.8 had the described property, then an easy argument would also yield
the existence of a normalised trace on (J . ; N,. Despite this being exactly the
situation occurring later, this is unnecessary as all of the algebras NV, and M, will
in fact lie in a larger hyperfinite II; factor, giving us the existence of a normalised
trace by restriction.

The Wenzl index formula, Theorem 1.5 of [75], deals with diagrams of inclu-
sions of the form of Figure 1.1 where we have additional periodicity requirements

on the inclusions. We state the version of the formula from [21, Theorem 4.3.3],
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recalling that a matrix A (with entries in R, ) is primitive when there is some

| € N such that all the entries of A’ are strictly positive.

Theorem 1.3.9 (Wenzl index formula). Suppose we have finite dimensional
C*-algebras M, and N, as in the commutative diagram Figure 1.1. Suppose that
there ezists ng > 1 and p > 1 such that (with an appropriate ordering of the

matriz algebras in the decompositions of M, and N, ), we have for each n 2 no:

1. The inclusion matriz for N, C Ny41 is the same as that for Npyp C Npipia,

and the inclusion matriz for M, C M, is the same as that for My, C

Mn+p+1 y
2. The inclusion matrices for N, C Ny, and M, C M, , are primitive;
3. Ay = Angyp.
Then M C N is an inclusion of II; factors with
IV : M] = A%,
for every n > ny.

As noted in [21] the periodicity data for the inclusions N, C N,y is only
required to establish that NV is a factor. While the index formula as stated will
suffice to compute the index in one of the situations we shall require, in another
case the size of the inclusion matrices A, will increase with n, although they will
retain the same structure so some periodicity will remain. We shall establish a
version of the Wenzl index formula in this situation as a corollary of the next

Theorem, in which Wenz] examines the structure of general extensions of the

basic construction in finite dimensions.

Theorem 1.3.10 (Wenzl - [75, Theorem 1.1]). Let 1 € M C N be an
inclusion of finite dimensional C*-algebras acting on the Hilbert space ‘H, with

dimension vector a = (ay,...,a,) for M. Fiz a normalised faithful trace tr on

N, whose restriction to M has trace vector s. Suppose that e is a projection in
B(H) such that

o exe =eEy (z) =Ep (z)e forallz € N

o eM =M = Me,

and let (N, e) be the (finite dimensional) C*-algebra generated by N and e.

1. {N,e) = (N, en) ® K where K is isomorphic to a subalgebra of N .
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2. The central projection z in (N,e) onto (N,ep) (under the isomorphism of

1) coincides with the central support of e in (N, e).

3. Let Tr be a trace on (N,e) extending tr. Then Tr(e) > dTr(z), where
d= min_i. . m ai/(ATAa)i-

4. Let t be the trace vector of Tr|(n,) (under the isomorphism in 1), then
tATA < s pointwise.

We now come to our well trailed corollary designed for application in section
2.4. It should be noted that the proof is a combination of Lemma 1.4 and Theorem
1.5(i) of [75] - we include it for completeness.

Corollary 1.3.11. Suppose that in the situation of the commutative diagram of
Figure 1.1 there is a unique faithful normalised trace onJ;.., N, and on |Joo ; M,.

Suppose also that the dimension vectors a'™ for M, are of the form
a™=4,(11.. 1),

for some constants A,, and that there exists an integer A > 2 such that each of

the inclusion matrices A, takes the form

where I is some identity matriz (whose size may vary with n).3> Then M C N

is an inclusion of 11y factors with
[N : M] =\

Proof. By hypothesis 1 € M C N is an inclusion of II; factors. Let Tr be
a (possibly semifinite) faithful normal trace on the basic construction (INV,exr).
Since ey (M, en) enr = Mey = M is finite, Tr(ep) < o0o.

Observe that the hypothesis on the form of the a(™ and A,, guarantee that

ATAna™ = o™, (1.3.7)

The extensions (N, eyr) satisfy the hypothesis of Theorem 1.3.10, and so writing
z,, for the central support of ey in (N, ep), part 3 of this Theorem and (1.3.7)

gives the estimate
Tr(z,) < ANTr(epn).

32Note that it is the possible change in size of these identity matrices which prevents us from
using the usual Wenzl index formula in this situation.
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Since U32; (Nn, eu) is dense in (N, epr), these 2, converge to 1, the central support
of ey in (N, epr). In particular Tr(1) < ATr(ep) < oo, so Tr is a finite trace, and
normalisation gives the estimate

[N:M] <A

For the reverse inequality, recall from subsection 1.3.3, that we can find a
minimal projection in the ith summand of (N,,e ) of the form p;ep,, for some
minimal projection p; in the ith summand of M,. Let ¢ be the trace vector of
Tr on (N,,exr,) and s be the corresponding trace vector on M,,. By the Markov
property, (1.3.3), we have

ti = Tr(eani) = TI'(GMp,) = Tl'(pz)[N : M]_l = S,‘[N . M]—-l.
Part 4 of Theorem 1.3.10 then gives
&[N : M] > (tATA),, (1.3.8)

for every i. As each ((ATA); is the sum of A elements t;, we have (tATA); >
Amin, t;, for each i. Plug this into (1.3.8) and minimise the left hand side over i

to obtain

[V M] > A,

as required. OJ

1.4 Masas in II; factors

The study of maximal abelian self-adjoint *-subalgebras of II, factors, called
masas hereafter, dates back to Murray and von Neumann’s foundation of the
subject in [35] and [36], where they appear naturally in a cross-product construc-
tion. By Zorn’s lemma, these masas exist in abundance inside any II; factor,
although for some considerable time the main emphasis has been on explicitly
constructible masas.

In [11], Dixmier perhaps began the modern study of masas when he classified
them by their normalisers, using this idea to define Cartan and singular masas
- discussed later in subsection 1.4.2. Early in the 60’s, Pukanszky ([51]) and
Tauer ([70]) both gave countable families of pairwise non-conjugate masas in the
hyperfinite II; factor. Both these classes of examples will appear within: the idea
behind Tauer’s construction makes up the main body of the thesis and her masas
can be found in sections 2.2 and 2.3; Pukanszky’s idea will be touched upon

again after Definition 1.4.5 and developed fully in Chapter 3. More recently,
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masas have been used as tools in various areas of von Neumann algebra theory;
Sinclair and Smith ([58]) showed that a separable II, factor containing a Cartan
masa has vanishing continuous Hochschild cohomology - a concept we have no
intention of allowing further discussion of here!*® Sorin Popa, in [49], uses the
uniqueness of a certain Cartan masa®* to demonstrate that £ (SL(2,Z) x Z,) has
a trivial fundamental group. Over the last couple of years this amazing technique
of Popa’s has been used to resolve many major problems in the classification of
II; factors, [40, 41, 23].

I would like to end these introductory remarks with a plug for Allan Sinclair
and Roger Smiths’ forthcoming book, [56], which will cover in full detail almost
all the material in this section. Indeed, the concept of strong-singularity, see sub-
section 1.4.3, was initially developed to produce a cleaner proof of the singularity

of certain masas for this work.

1.4.1 Basic properties of masas

As von Neumann algebras, masas inside separable II; factors are all the same.

This result dates back to Murray and von Neumann, a proof can also be found
in [57, Lemma 5.3.4].

Proposition 1.4.1. Let A be a masa in a separable 11, factor N. There is a
*-isomorphism from A onto L*°[0, 1] which induces an isometry between L?(A, tr)
and L%[0,1].

We should study the inclusion A C N of a masa inside a II; factor, rather

than just the masa itself. The terminology in the literature is that of conjugacy.

Definition 1.4.2. Two masas A and B in a II; factor N are said to be conjugate
via an automorphism of N, or sometimes lazily just conjugate in N, if there exists
an automorphism 6 of N with §(A) = B. They are unitarily conjugate in N if §

is an inner automorphism of N.

We wait until the next subsection to see some non-conjugate masas. In the
remains of this subsection we collate some well known basic properties of masas.
It is immediate that a von Neumann subalgebra A of a II; factor N is a masa if
and only if it is its own relative commutant, that is A = A’ N. By thinking of
A as L*[0,1], we can find a chain, A; C A, C ..., of finite dimensional abelian
C*-algebras generating A as a von Neumann algebra. Popa connected these two

observations to give the following criterion for determining when such a chain

33Gee [57] for an account of this cohomology theory.
343 so called HT masa.
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generates a masa, which he used to good effect in [45]. A proof can also be found
in [57, Lemma 5.3.2].

Proposition 1.4.3. Given a chain (An)2., of finite-dimensional abelian C*-
algebras in a I} factor N, let A = (U;L, A,)" be the abelian von Neumann

algebra it generates. Then A is a masa in N if and only if

lim ”]EA,. (:B) - EA;,nN (:c)||2 = 0, (1.4.1)

n—ro0

for allz € N.

Both the conditional expectations appearing in (1.4.1) can easily be calculated.
Suppose B is a finite dimensional abelian C*-algebra with minimal projections
(e;),, contained in a II; factor N. Then (e;/ llesll, )7, is an orthonormal basis
for L?(B) so that

n

Eg (z) = Z tr(ze;)e;

2
= lellz
for all z € N. It is also well known that the conditional expectation onto the

relative commutant is given by

n

IEB’(‘]N (.’17) = Zeixei, (142)

i=1
for all z € N. This can be seen by checking that (1.4.2) defines a conditional
expectation, then appealing to uniqueness.

In the case of von Neumann algebras coming from groups, we have a well
known criterion for an inclusion of groups to give rise to a masa, which dates
back to Diximer, [11].

Proposition 1.4.4. Let H be an abelian subgroup of the countable discrete group
G. Then L (H) is a masa in L (G) if and only if the set

{hgh™'|he H},

is infinite, whenever g € G\ H.

1.4.2 Normalisers of masas

When M C N is an inclusion of von Neumann algebras, we consider the group
N (M) of all unitary normalisers of M in N given by

N(M)={uel(N)|luMu*=M}.

When the larger von Neumann algebra is not obvious, we write Ny (M) for
N (M). These groups where introduced by Dixmier ([11]) to classify masas by

examining how many normalisers there are, with the Cartan masas at one extreme
and the singular masas at the other.
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Definition 1.4.5 (Dixmier). A von Neumann subalgebra M of a von Neumann
algebra N is said to be Cartan or regular when N (M)" = N3 and singular
when N (M)" = M. A masa A in N is called semi-reqular when N (A)” is a
proper subfactor of N.

These concepts gave the first examples, also in [11], of non-conjugate masas
in a II; factor. One of the principal successes of this classification program is the
remarkable result of Connes, Feldman and Weiss, (8] (see also [46]), Theorem 1.4.6
below, on the uniqueness of the Cartan masa in R. Examples of non-conjugate
Cartan masas in a non-injective II; factor were later given in [9]. In [45], Popa
showed that singular masas can always be found in any separable II; factor, on
the other hand, Cartan masas are not always present; Voiculescu (in [73]) has

shown that no Cartan masa exists in a free group factors, £ (IFy).

Theorem 1.4.6 (Connes, Feldman and Weiss). Any two Cartan masas in

the hyperfinite I1, factor R are conjugate via an automorphism of R.

Pukanszky’s examples ([51]) gave countably many pairwise non-conjugate sin-
gular masas in the hyperfinite II; factor R. His method, for showing this non-
conjugacy is now known as the Pukdnszky invariant for a masa, an idea dis-
cussed at length in chapter 3, and which has recently been used by Stgrmer
and Neshveyev ([38]) to give uncountably many pairwise non-conjugate singular
masas in R. In section 3.3 we will give an alternative method of obtaining un-
countably many pairwise distinct singular masas in R. It will not be possible to
use Pukanszky’s invariant to distinguish between these masas.

When a masa is Cartan, one can normally verify this be writing down a
collection of normalisers which generate the underlying II, factor. Similarly in
the case when A is a semi-regular masa in N with A" (4)" = M for some given
subfactor M of N, the inclusion M C N (A)" should be easy to verify simply
by exhibiting enough normalisers. To do this, it is often helpful to look at the
groupoid normaliser of A, GN (A), consisting of all partial isometries v € N
with initial and range projections in A and which normalise A, in the sense that
vAv* = Avv*. This groupoid normaliser generates the same von Neumann algebra
as the normalisers do, as (see [25, 46]) elements of GA (A) are precisely of the
form ue for some u € N (A) and projection e € A.

However, the reverse inclusion, N (A)” C M is in general much harder to

establish. Proving that a given masa is singular is of a similar level of difficulty,

35Cartan is used in the context of masas, while other von Neumann algebras are called regular.
Indeed, currently the expression Cartan subalgebra is used in the literature to mean a Cartan

masa.
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as the same style of inclusion has to be shown. Currently, the preferred method
of establishing singularity is to use strong singularity, as the name suggests, a
stronger concept than singularity which is often easier to verify in practice. We
will discuss this idea further in subsections 1.4.3 and 1.4.4. Here we give a brief
discussion of other methods for establishing upper bounds for A" (A) that are
either historically interesting or appear later, concentrating mainly on the singular
case.

We have already mentioned, in subsection 1.2.3, that Popa used orthogonality
to give a method for controlling the location of normalising unitaries. The main
technical result is Corollary 2.6 of [44], which we state for completeness. We
remind the reader that a diffuse von Neumann algebra is one with no minimal

projections.

Proposition 1.4.7 (Popa). Let M be a von Neumann subalgebra of the finite
von Neumann algebra N and u be a unitary in N. If there exists a diffuse von
Neumann subalgebra My of M such that uMou* is orthogonal to M, then u is
orthogonal to N (M)".

This proposition was particularly useful in the context of group von Neumann

algebras, where it gives Proposition 4.1 of [44] below.

Corollary 1.4.8 (Popa). Let H C H; C G be an inclusion of infinite discrete
groups. If gHg ' N H = {1} for all g € G\ H,, then whenever M is a diffuse
von Neumann subalgebra of L (H), we have N'(M)" C L (H,).

If we take H = H, in the above then we obtain the group theoretic condition of
malnormality, namely that for every g € G\'H we have gHg 'NH = {1}. Suppose
in addition that H is abelian, then £ (H) is a masa in £ (G) by Proposition 1.4.43
and so is diffuse. In this instance Corollary 1.4.8 gives the singularity of £ (H) in
L(G).

Popa is also responsible for two other methods of demonstrating the singularity
of a masa. In [46], he gave a connection between the Pukinszky invariant of a
masa and its normalisers - this is discussed in section 3.1, where the Pukanszky
invariant is defined. The tool he used in [45], to show that singular masas exist in
any separable II; factor was a d-invariant. Formally when A is a masa in N, and

v € N is a partial isometry in N such that v*v and vv* are mutually orthogonal
projections in A define

5(’0) = sup H.’E — ]EA (.CB)“2

zE€vAv* ||z||<1 II’U*’U“2

)

361t is easily checked that the malnormalit in  imnli
yof Hin G li -1 . e o
for every g € G \ H. implies that { hgh lh €H } is infinite
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which takes values in [0,1], and measures the distance between vAv* and A.%
When v is a groupoid normaliser of A (i.e. vAv* C A), then §(v) = 0. Popa’s

d-invariant is defined to be the infimum of these distances
6(A) = inf { §(v) | v*v, vv* are mutually orthogonal projections in A }.

If 6(A) > 0, then A is necessarily singular, and indeed in [45] Popa obtains
singular masas by showing that a masa with §(A) > 10~ can be found in any
separable II, factor. More recently, in (48], Popa has gone on to show that any
singular masa in a separable II; factor has §(A) = 1, so the d-invariant only takes
the values 0 or 1. We can view this result as a starting point for the perturbation
work of Popa, Sinclair and Smith, [50], which we discuss in the next subsection.
As noted in [45], if A is a masa in N with §(A) > 0, then A“ is a singular masa in
N“, whenever w € SN\ N.3® In particular, any singular masa A in N, must then
give rise to a singular masa A“ in N“. On the other hand, when D is the Cartan
masa in R, D¥ is not Cartan in R“. In [44], Popa showed that if N is a separable
IT; factor then N* contains no Cartan masas. Recently, in [18, Corollary 6.2], it
was observed that the same method can be used to see that there are no Cartan
masas in R N R/.

We end this section by noting that in matrix algebras, a.k.a. finite type I
factors, these concepts are moot. Here, by the elementary process of simultaneous

diagonalisation, all masas are unitarily conjugate and Cartan.

Proposition 1.4.9. Let N be a finite type I factor. Any two masas A and B in

N are unitarily conjugate and

{ueU(N)|udu* =B} = N.

1.4.3 A metric on masas and strong singularity

We begin by introducing a norm for bounded linear maps between II; factors,
which naturally gives a metric on the set of all von Neumann subalgebras of a II;

factor.

Definition 1.4.10 (Sinclair and Smith). Let M and N be II; factors. Given a
bounded linear map ® : M — N, we define ||®]|, , to be the norm of ® regarded
as an operator from M into L?(N). Formally, we have

”q)”oo,z = sup ||‘1>(3?)||2

zeM,|z]|<1

37More accurately, the distance between vAv* and Avv*.
38That a masa A in N gives rise to a masa A“ in N“, in this situation is an easy calculation
that can be found in [44], where Popa also shows that there are no Cartan masas in N“.
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This norm gives rise to a metric dy 2 on the von Neumann subalgebras M of a

II; factor by
doo,Q(Ml, M2) = ”EMl - ]EMZ ”00,2 :

As noted in [50], the metric do, 2 is equivalent to an older metric on this space
defined by Erik Christensen in [4]. Although we do not define Christensen’s metric
here, preferring to work with the do, 2-metric throughout, we shall collate various

properties which appear in his work.

Proposition 1.4.11 (Christensen). The dy 2-metric makes the set of all von
Neumann subalgebras of a II; factor N into a complete metric space. The map
taking M to its relative commutant M' NN is dy 2-continuous, and the following

sets are do 2-closed:
1. The set of all masas in N;
2. The set of all singular masas in N,
3. The set of all subfactors of N;
4. The set of all subfactors with trivial relative commutant in N.

In [59] and [54] the concept of a strongly singular von Neumann subalgebra
of a II; factor was introduced. The idea, based on Popa’s §-invariant (which we
could have couched in terms of the d., »-metric) is to control the distance of a
unitary u to the subalgebra M by the distance between M and uMu*.

Definition 1.4.12 (Sinclair and Smith). Let M C N be a von Neumann
subalgebra of the II; factor N. For a € (0, 1], M is said to be a-strongly singular
if for every unitary u € N we have

allu —Ey (u)|ly < [Epr — Eypsoe

00,2 — d0°,2(Ma UM'U'*) (143)

We write a(M) for the supremum of all such o for which (1.4.3) holds for every

unitary u € N, if such a exist, otherwise we take a(M) = 0. If a(M) =1, then
we say that M is strongly singular.

Indeed it is immediate that any a-strongly singular von Neumann subalgebra
is singular, and any abelian a-strongly singular von Neumann subalgebra is a sin-

gular masa. Every singular masa A for which the a-invariant has been computed

has turned out to be strongly singular: see [59] for generator masas coming from

prime elements of hyperbolic groups; [60] for the Laplacian masa in a free group

factor; and, in appendix B, we use these methods to give the analogous calculation
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for certain radial masas coming from free products of finite groups. In the spirit

of Proposition 1.4.11, the appropriate closure result holds for strongly-singular
masas.

Proposition 1.4.13 ([50, Corollary 6.7]). For each a > 0, the set of a-strongly

singular masas in a separable II; factor N is dy 2-closed.

Motivated at least in part by Popa’s work ([48]) on the distance between masas
in II; factors, showing that the d-invariant of a singular masa is 1, Popa, Sinclair
and Smith have recently examined exactly how two von Neumann subalgebras of
a II; factor can be close in the d, »-metric, [50]. This work applies in the general
setting of all von Neumann subalgebras, but was originally done in the masa case
which is all we shall give here. The starting point is to note that two masas
are close in d 2-metric when there are large cutdowns of these masas which are
unitarily conjugate via a unitary u close to 1. This is an easy estimate, versions
of which can also be found in [59).

Proposition 1.4.14 ([50, Theorem 6.5(i)]). Let A and B be masas in the
separably acting 11, factor N, such that there are projections p € A and q € B
and a unitary in N with u(Ap)u* = Bq. Then

doo2(A, B) = |[E4 — Epllo » < 4lu—Ep (u)ll, + |1 = pll, + [11 - qll,.-

In their perturbation work ([50]) Popa, Sinclair and Smith, have shown that
this is essentially the only way two masas can be close in the d o-metric. More
precisely, they show that if two masas are sufficiently close in the d 2-metric,

then there are large cutdowns of these masas which are unitarily conjugate.

Theorem 1.4.15 ([50, Theorem 6.5(ii)]). There are constants 0 < § < 1 and
K., K5 such that, whenever A and B are masas in a separable 11, factor N with
|E4 — EB|loo = € < §, there exist projections p € A and q € B and a unitary
u € N such that:

e u(Ap)u* = Byg;
o [[1=plly=11—qll, < Kie;
o lu—Es (u)l; < Kee.

We shall use this deep theorem to establish the d »>-continuity of the Pukan-
szky invariant and of a new I'-invariant for masas in chapter 3. To this end, we

state exactly what we need as a corollary.
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Corollary 1.4.16. There ezists constants 0 < § < 1 and K such that, whenever
A and B are masas in a separable I, factor N with |E4 — Eg||, , = € <, then

a masa By in N can be found with:
e B, = uAu* for some unitary u in N;
e B,p= Bp for a projection p € B; N B with |1 — p||, < Ke.

Proof. Take § and K to be the constants 6 and K, of Theorem 1.4.15. Let u be
the unitary resulting from Theorem 1.4.15, p be the projection g appearing there,
and take B; = uAu*. a

Popa, Sinclair and Smith’s perturbation work also gives a partial converse to
the observation that every strongly singular masa is singular. They are able to
show that every singular masa is a-strongly singular for some o > 0, and in fact
that a > ap for some absolute constant og > 0, which does not even depend on
the underlying separable II; factor in which the masas live. The method used
to obtain this result, is to bound from below the d., 2 distance between A and
a unitary perturbation uAu* of A, by the distance between u and N (A4). The
best value of ag is not yet known, although it seems reasonable to hope, based
on Popa’s result [48] for the §-invariant, that every singular masa will turn out
to be strongly singular - we record this conjecture formally as Question 1.4.18 for
later reference. The version of this result appearing as Theorem 6.4 of [50] gives
ap > 1/90, although we should observe that this is certainly not the best value
of this constant. It is noted in [50], that using methods specific to masas®® leads
to the estimate ag > 1/31. For the purposes of this thesis, the exact value of o

will not be important.

Theorem 1.4.17 (Popa, Sinclair, Smith). There ezists a constant 0 < ag < 1
such that whenever A is a masa in a separably acting type 11, factor N and u is

a unitary in N, we have
oda(u, N (A)) < I(I ~ Euaw )Ball s < doo,2(A4, udu®) < ddy(u, N (4)).
In particular any singular masa A is a-strongly singular for some a > ay.

Question 1.4.18. Is every singular masa in a separable II; factor necessarily
strongly singular?40

39Recall that [50] treats the more general case of perturbations of von Neumann subalgebras
of II; factors throughout.

“*Since this thesis was written, this question has been answered. See Addendum 1.1.1 for
further comments.
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1.4.4 Establishing strong singularity: asymptotic homomor-
phism properties

To demonstrate the strong singularity of certain masas, the concept of an asymp-
totic homomorphism was introduced in [59] and [54]. The definition we give is
the hypothesis of Lemma 2.1 of [54].

Definition 1.4.19. Let M be a von Neumann subalgebra of the II; factor N.
We say that M has the weak asymptotic homomorphism property if and only if,
for all ¢ > 0 and z,,...,z,, € N, we can find a unitary v € M with

||IEM (m,vx;‘) — Enr (z;) vEpy (a:;‘) ||2 < €, (1.4.4)
for every 1, j.

The original asymptotic homomorphism property,*' defined in [59, Definition
4.1], required that we could find a unitary v in M such that
lim ||[Eup (zv"y") — Em (2) v"En (y7)l, = 0,

n—0o0

for every z,y € N. Both these concepts were introduced as they imply strong
singularity, (|59, Theorem 4.7] and [54, Lemma 2.1]) the proof of which we use
to obtain Lemma 1.4.24. Not all strongly singular masas have the asymptotic
homomorphism property, [54, Remark 3.3]. At present though, no singular masa
is known for which the weak asymptotic homomorphism property fails, and so
accordingly it is this property we shall focus on in relation to attempting to

determine the singularity of a masa henceforth.

Question 1.4.20. Does every singular masa A in a separable II; factor have the

weak asymptotic homomorphism property?4°

We can use these ideas to give a criterion for bounding the normalising algebra

N (M) from above in the more general non-singular situation.

Definition 1.4.21. Let M C B be von Neumann subalgebras of the II; factor
N. We say that M has the weak asymptotic homomorphism property away from
B if and only if, for all € > 0 and z1,...,2m € N with Ep (z;) = 0 for all ¢, we
can find a unitary v € M with

|Ear (zivz}) ||, < e (1.4.5)

for every ¢ and j.

41T which, by contrast with the weak version, something does appear to be asymptotically
a homomorphism!
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Observe that, with the notation of the definition above, if we take z,y € N
and v € M, we have

E,, (xvy*):]EM<(m-EB (z))v (y* — Eg (y*) ))+]EM<]EB Jv(y" —Ep (y*)))
+ By (o~ Ep (2)) vE5 () ) + Eae (Ep ()vE5 (7))
=EM((IL'—EB(.’E)) v(y*—Es (y")) )—I—EM(EB z) vEp (¥ ))

En (Es (2) v (4"~ Es (")) ) = Ear (2 — B () vEs (u) ) =0,
since M C B, so By = EyEg. This equality links the two notions of weak

asymptotic homomorphism property, and will be repeatedly used in the sequel.

Proposition 1.4.22. Let M C B be von Neumann subalgebras of the 111 factor
N. Forz,y € N and v € M we have

En (z0y") — Ent (Ep (2) vEp (%) ) = Eu ( (¢ —Es (2)) v (y ~ Es (¥)))
(1.4.6)
Hence, M has the weak asymptotic homomorphism property away from B if and
only if, for alle >0 and 1,...,Z, € M we can find a unitary v € M with

“]EM (:czvm;‘) Er (IEB (z;) UIEB )“ < €, (1.4.7)

for every i and j. In particular, M has the weak asymptotic homomorphism
property away from M precisely when M has the weak asymptotic homomorphism
property as given in Definition 1.4.19.

In section 2, we shall use the weak asymptotic homomorphism criterion for
singularity repeatedly in the context of direct limits of commuting squares, (see

Definition 1.3.7). In this situation a density argument makes things slightly easier.
We state this here for later use.

Lemma 1.4.23. Let M C B be von Neumann subalgebras of the 11, factor N.
Suppose that for each n we have von Neumann subalgebras B, C N, with each
B, C Bnyy and Ny, C Ny 1. Suppose further that B and N are the direct limits of
the B, and N, respectively and that Figure 1.2 is made of commutating squares.
If, for eachn >1, € > 0 and z,,...,z, € N, with Eg_(z;) = 0, we can find
a unitary v € M with
[Ew (wvz;)

L <e

for all 1,5, then M has the weak asymptotic homomorphism property away from
B.
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Figure 1.2: Commutative diagram for Lemma 1.4.23.

Proof. Since (U2 N,)" = N, the elements of U%_; N,, are 2-norm dense in N. By
the preceding proposition, it is sufficient for the weak asymptotic homomorphism
property away from B, to show that for given operators yi,...,Ym in some N,
and € > 0, we can find a unitary v € M with

B (zs3)]], <

for all < and j, where we have taken z; = y; —Eg (y;). Now note that, since Figure
1.2 commutes, z; = y; — Ep_(y;) € N,, so the condition we are required to check
reduces precisely to the hypothesis of the lemma. O

We are now in a position to state the technical result, generalising Lemma
2.1 of [54], which allows us to give an upper bound for the algebra generated by
normalisers. It should be noted that very few modifications to the proof in [54]

are required, although we give the details for completeness.

Lemma 1.4.24. Let M C B be von Neumann subalgebras of the 11, factor N. If

M has the weak asymptotic homomorphism property away from B, then we have

lu—Es @l < |( ~ Euwr) Batllr < [Burrr —Enallpnr  (148)

for every unitary u € N and so N (M)" C B. In particular, if A is an abelain
subalgebra of N with the weak asymptotic homomorphism property, then A is

strongly singular and so a singular masa in N.

Proof. Let u be a unitary in the underlying II; factor N. Fix € > 0 and find, a
unitary v € M such that

|Ex (u*vu) — Ey (Eg (u*) vEg (v))], <€
Now compute
(7 = Buntur ) B[22 2 1[0~ Bungur (0)ll5
=1 — |[Ea (u*vu)|3
2
>1- (H]EB (u) vEp (u)][, + 6)

> 1 ||Bp (u) vEp (u)||; — (2¢ + €?)
> |lu—Eg (w)]l; — (2¢ + €%),
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and as € > 0 was arbitrary we have the desired first inequality of (1.4.8). The
second inequality is immediate, and since (1.4.8) then implies that any unitary
normaliser of M must lie in B, we have N (M)" C B, as required. O

Equation (1.4.8), in the proceeding lemma is the strong-singularity require-
ment when B = M. We can extend the definition of strongness from Definition

1.4.12 to non-singular algebras.

Definition 1.4.25. Let M be a von Neumann subalgebra of N. We say that M
is strongly normalised by B when, (1.4.8) holds for every unitary v € N.

When we work with subfactors, we fill not always get the weak asymptotic ho-
momorphism property. The metric methods of Lemma 1.4.24 will still be used to
control the location of normalisers by giving algebras B which strongly normalise
M.

Lemma 1.4.26. Let M C B be von Neumann subalgebras of the 11, factor N.
Suppose that for every unitary u € N and € > 0, there ezists a unitary v € M
with

1Eas (w*vw)]l; < IIEs (u*) Es (W), + ¢ (1.49)

then M is strongly normalised by B.

Proof. The deduction of (1.4.8) follows in the same way as the proof of Lemma
1.4.24. O

The weak asymptotic homomorphism property is easily applied in the context
of group algebras. Here we have a sufficient condition for this property, and
Lemma 1.4.24 gives the next result. Again, we should note that the strongly

singular case below follows from [54, Lemma 2.1] and is stated explicitly in section
5 of [61].

Corollary 1.4.27. Let H C Gy C G be inclusions of countable discrete groups.
Suppose that for g1, ..., gn € G\ Gy there exists some h € H with g;hg;"* ¢ H for
all 3,7, then L(H) is strongly normalised by L (Gy) in L(G) so N (L (H))" C
L (Go). In particular, if in addition H = G,, then L(H) is strongly singular in
L(G).

At present, all the calculations of normalisers of group von Neumann algebras
I am aware of can be performed in this way. In particular, one can calculate the
normalisers of Dixmier’s original masas of [11] and Pukanszky’s examples, [51],
quickly with this tool.

We end this section by returning to tensor products. Observe that the weak

asymptotic homomorphism property is preserved when taking tensor products.
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Proposition 1.4.28. Let M; C B; and My C B, be von Neumann subalgebras
of the I1; factors Ny and N respectively. If each M; has the weak asymptotic ho-
momorphism property away from B; in N; then Mi®M; has the weak asymptotic
homomorphism property away from B;®B; in Ni®N,.

Proof. We use the formulation of Proposition 1.4.22. Observe that by linearity
and ||.||,-density, it is enough to take finitely many elementary tensors z; = z; ®y;
in Ny®QN, and € > 0, then find a unitary v € M;®M; with

*
HEM@Mz(Zi’UZj) EM1®M2(EBI®BZ (2:) vEp,ms, (2 )H <€

for all ¢ and j. By applying the weak asymptotic homomorphism property, again
in the form of Proposition 1.4.22, we are able to find unitaries u; € M; and
U9y € My with

. 1
l‘EMl (a:,-ulxj) EMl (IEB1 (33,) ’UqlEBl ) “ <€ 2sup Hy“27

and
1

€ 5
2 sup; |||

[Ess (si0205) — B (B () 2B 57) )|, <

Now take v = u; ® u» and estimate as follows:

[Euiones (50%) — Erizne (Esiom, (2) Enie, () )|
= B (wi12;) @ En (s
— B, (IEBI (z:) wEp, (2 J)) ® Eur, (lEsz (%) u2Ea, (y; )H
< || (Basy (miwiz;) — Ea (s, (2))wiEs, (25) ) ) ®En, (wiws )|
+ [ B (B, (@) s, (5) ) @ (Ene (ymzy,) Evs, (s, (v) wEs () ) )|,

H]EMz (yiu2y;) ‘ ‘]EMI (]EBI (wz u2]EBl )H
<€ 5 + €
2 sup; ||yl 2 sup; ||z’

2

0

Given masas A; and A, in the II; factors N; and N, respectively, consider
the masa A;®A, in Ny®N,. Is it the case that if A; and A, are both singular,
then so too is A;®A,? If A; and A, both have the weak asymptotic homomor-
phism property, then we have a positive answer to this question. The other two
methods used to demonstrate singularity of an explicit masa also lead one to this
conclusion. Remark 3.1.4 shows that, when we are able to use the Pukanszky
invariant to show that two masas are singular, then their tensor product is also
necessarily singular. It is also not difficult to check that when we are able to use

the orthogonality method of Proposition 1.4.7 to exhibit two singular masas A
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and B, then this result can also be used to see that AQB is singular. On the
other hand, this question seems not to have been addressed in the literature, and
it seems difficult to apply Popa’s result, of [48], on the d-invariant, or Popa, Sin-
clair and Smith’s perturbation work (Theorem 1.4.17) to achieve this aim. The
latter work, for example, would allow us to control how far an elementary tensor
Uy ® uy of two unitaries u; € N; and uy € Ny is from Ny zn, (A1®A,). However,
unlike the weak asymptotic homomorphism property, we are unable to handle
linear combinations of such elementary tensors using this method. We state this

problem formally, in the more general non-singular situation.

Question 1.4.29. Given masas A; and A, in the II; factors N; and N, respec-

tively, do we have
Ny, (AiB4As)" = N, (41)" ®N, (42)"?

Note that here also, if each A; has the weak asymptotic homomorphism prop-
erty away from Ny, (4;)”, then Proposition 1.4.28 gives a positive answer to this
question. We should observe that if we were to state Question 1.4.29 for a gen-

eral inclusion M; C N;, (i = 1,2), of von Neumann algebras, then we would not
always have Ny zn, (Mi®M,)" = N, (My)" ®Ny, (Ms)".

Example 1.4.30. Let N be the algebra of 4 x 4 matrices, thought of as the tensor
product Mat,(C) ® Mat,(C). We use matrix units (e; ;); j=01 for Mat,(C) and
take B = ego ® Mat,(C) @ e; 1 ® Dy, where D, is the algebra of diagonal matrices
in Mat,(C). It is easy to check that Ny (B)" = Dy ® M,. Indeed pictorially, we
have

*x x 0 0 *x x 0 0

_ *x *x 0 0 "n_ t T O O
B = 0 0 x 0 ’ Ny (B) = 0 0 % =
0 0 0 = 0 0 *x x

Consider the inclusion B® B C N ® N. The automorphism of N ® N given
by T ® y = y ® z is, like all automorphisms of finite dimensional factors, inner.
Any unitary v € N ® N implementing this automorphism certainly normalises

B ® B. We can find such a unitary u explicitly. Indeed, it is easily checked that

U= § : €ij QerlBej; ey,
i,5k,1=0,1

does exactly what we require. On the other hand, u ¢ ANy (B)" ® Ny (B)" =

D2 X Matz((:) X D2 ® Matz(C), so that NN@N (B X B)” 2 NN (B)” X NN (B)”.
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This example might lead one to believe that there is no hope of a positive
answer to Question 1.4.29, even in the restricted case of singular masas. How-
ever, even in finite dimensions we can not easily obtain a counter example in the
manner of Example 1.4.30, for all masas in finite dimensions are Cartan. In the
I factor situation, Sakai’s Theorem ([55]) ensures that the ‘swap automorphism’
of N®N is not inner, so we can not obtain extra normalisers in this way. Fur-
thermore, as part of his classification of injective factors, Connes has shown that
the hyperfinite II; factor is the only II; factor for which this swap automorphism
is even approximately inner, [7, Theorem 5.1: 1 < 3]. It is not then unreasonable
to hope for a positive answer to Question 1.4.29, at least in the singular situa-

tion. For singular Tauer masas, we are able to resolve this problem positively in
Corollary 4.1.2.

1.4.5 Centralising sequences lying in masas

In a property I' II; factor N, asking whether centralising sequences for N can be
found inside a masa A, is often a useful technique for showing that two masas are
non-conjugate. Despite the difficulty, in general, of showing non-conjugacy, this
idea is perhaps under emphasised in the literature. We attempt here then, to give
an account of where centralising sequences in masas have appeared previously.
This will probably not prove definitive, a fact for which I can only apologise. To
save us from constantly referring to non-trivial centralising sequences henceforth,
we say that an inclusion A C N is I" when A contains non-trivial centralising
sequences for N. Even more lazily, we shall also refer to I masas A in N in this
case.

We start with an obvious piece of folklore. The Cartan masa D in the hyperfi-
nite II; factor R is I'. This is immediately seen by writing R as the von Neumann
tensor product of infinitely many copies of the 2 x 2 matrices M, when the Cartan

masa D is realised as the infinite von Neumann tensor product of copies of the

(1) _01 , when (1®" ® r) , is patently a non-trivial
centralising sequence for R lying in D. One could ask whether all Cartan masas

diagonal matrices. Let r =

in a property I' II; factor N are automatically I'? This is not the case as Connes
and Jones in [9], use the existence of centralising sequences to give an example
of a II, factor containing two non-conjugate Cartan masas - an interesting follow
up to the Connes, Feldman Weiss uniqueness result, Theorem 1.4.6.

In his orthogonality paper ([44]) Popa notes that when G is an I.C.C. group
and H a subgroup with gHg ' N H = {1}, for some ¢ € G \ H, then L(H)

can not contain any non-trivial centralising sequence of £ (G). This observation
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has already appeared as Proposition 1.2.12, but here we apply it to see that the
inclusions of group von Neumann algebras £ (H) C L(G) arising from Corollary
1.4.8 are not I'.

The only other example I am are aware of is in [25]. Some background on the
inclusion of masas in subfactors is in order. When A is a semi-regular masa in
N, it is then contained in a proper subfactor M = N (A)" of N. The question
of which subfactors M in N contain masas for N dates back to Kadison. Such
a subfactor must be irreducible, as the following well known observation makes

clear.

Proposition 1.4.31. Let A be a masa in a II; factor N. Suppose that M is a
subfactor of N containing A then

M NN =Cl1.

Proof. Under the given hypotheses, we have M'NN C A'NN = A C M. Hence,
M NNc MnM=Cl, as claimed. O

Popa showed that this is the only obstruction to a subfactor containing a
masa. In [42], he demonstrated that any irreducible subfactor of a separable II;
factor N contains a masa of N. Furthermore, he went on to show that, given an
irreducible factor M of a separable II; factor N, then a singular masa A for N
can be found inside M. In the continuation ([25]) of this work, Jones and Popa
establish the next result, again using centralising sequences to see that two masas

are non-conjugate.

Theorem 1.4.32 ([25, Theorem 3.1]). Let R be the hyperfinite 11; factor.
Given an irreducible regular subfactor N of R, there exists masas A, and A, in
R with N (A1) = N (A3)" = N, such that A; is T while Ay is not.

As a consequence of this they are able, again in [25], to produce uncountably
many pairwise non-conjugate semi-regular masas in R. This result requires lots of
technical machinery, not least the previous theorem! We will give an elementary

and explicit construction of such a family of masas in section 2.4, using Tauer’s
length ideas.

1.4.6 Invariants for singular masas

We end our initial discussion of masas by summerising the methods available for
showing that two singular masas are not-conjugate via an automorphism of the

underlying II; factor. These methods fit into two categories, those coming from

‘yes/no’ properties such as the asymptotic homomorphism property, and those
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coming from conjugacy invariants of singular masas. Of course, we could think
of the first type as being Z,-valued invariants, but this seems somewhat perverse.
However, as we shall later see, in section 3.3, there is a method of defining an
Invariant to be the size of a maximal cutdown on which a property holds.

Currently, all known invariants for singular masas are either naturally discrete
or are not known to take values in a continum. For example, the Pukanszky in-
variant, which we shall eventually formalise in Definition 3.1, associates to each
masa A a subset of NU{co}. While the power set 28{} is uncountable, and in-
deed the Pukanszky invariant was used in [38] to give uncountably many pairwise
non-conjugate singular masas in the hyperfinite II; factor, it is naturally topol-
ogised with the discrete topology. Furthermore, we shall establish a continuity
result, Theorem 3.1.5, which shows (Corollary 3.1.8) that it is not possible to
find a continuous map ¢ — A(t) from [0, 1] into the set of masas in a II; factor,
equipped with the d o-metric, for which each A(t) has a different Pukanszky
invariant.

Alternatively, Popa’s d-invariant naturally takes values in the continuous in-
terval [0, 1] but, as we have already seen, only the values 0 and 1 can be attained.
The a-invariant of Sinclair and Smith, also takes values naturally in the interval
[0, 1], but here too not all values are possible, see Theorem 1.4.17, and it is not
known whether o takes values other than 0 or 1. At present then we should not
regard o as a continuous-valued invariant.

As there are uncountably many singular masas in R, no pair of which is
conjugate by an automorphism of R, it would be desirable to have an invariant,
which we will temporarily denote by ¢, taking values in an interval I such that the
map taking masas to the invariant is continuous with respect to the dy 2 metric
on masas and the Euclidian metric on I. Furthermore, it would also be desirable
if we could exhibit a right inverse to ¢, which will be a continuous map t — A(t)
with +(A(t)) = t giving a continuous path of pairwise non-conjugate masas.*?> We
shall call such an invariant a genuinely continuous invariant, and use centralising

sequences to exhibit one in section 3.3.

42Thereby excluding the é-invariant from consideration.
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2.1 Defining Tauer masas

Our starting point is the following observation, Theorem 2.5 of [70], which gives
a method for constructing masas inside the hyperfinite II; factor. Accordingly,

we shall call masas constructed using this method Tauer masas.

Proposition / Definition 2.1.1. Let (NV,)%_ be an increasing sequence of finite
type I subfactors generating the hyperfinite II; factor R. Suppose we have masas
A, in N, with A, C A, for all n, then

A = (Uzo=1An)”,

is a masa in R.

A masa A in the hyperfinite II; factor R is then said to be a Tauer masa
if there exists such an increasing sequence (N,)%, of finite type I subfactors

generating R such that AN N, is a masa in N,, for each n. In this case we shall

write A, for AN N, and say for emphasis that A is a Tauer masa with respect
to the subfactors (N,)S2

n=1-

Originally this was established by taking an element z of R commuting with
A and approximating z inside the weakly dense subfactors N, by (a, + z,) with
a, € A, and z, € N, © A,. An e-argument was then used to demonstrate
that lim,_, ||Znl|l, = 0, which established the result. In his brief discussion of
Tauer’s examples ([44, 5.2.2]) Sorin Popa observes that under the hypothesis of

the proposition we have

Iim ”]EAn (33) - EA;,NR (33)”2 = 0, (211)

n—oo
for all z € R, and so A is a masa in R by Proposition 1.4.3. For z € N,,, it is
immediate that E4, () = E4 ng (), from which (2.1.1) follows by density. We
shall often use this tool for calculating the conditional expectation onto a Tauer

masa and so we record it formally.

Proposition 2.1.2. Let A be a Tauer masa in R with respect to the subfactors
(N,)2.,. For each x € N,,, we have

EA,, (CE) = EA (CU) = EAQ,OR (CE) .
In particular Figure 2.1, overleaf, is made up of commuting squares (in the sense

of Definition 1.3.7).

oo

> 1, we may write them as a

Given a chain of finite type I subfactors (N,)

tensor product. Namely we can find subfactors (M,)3>; such that

N, = ®M 212
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N~— Ny"—-- - —— N,"“— N, )~ .- — R,

I I J

Alc >A2( ""L*AnL—*AnH( - ...—5 4

Figure 2.1: Inclusions of masas A, C N, giving rise to a Tauer masa A C R.

for every n, with the inclusion N,, C N,4; given by the natural map z — z ® 1.
In particular, if A is a Tauer masa with respect to the chain (N,)52,, then for

m > n we can write the finite dimensional approximation A,, in the form

An= P e0Al,. (2.1.3)
€€Pmin(An)
The direct sum in (2.1.3) is over the set Ppin(A,) of all minimal projections e for
A,, and each Aﬁﬁ)n is a masa in @, .., M;. _

Tauer produced her examples inside the copy of the hyperfinite factor obtained
by repeatedly embedding the 2™ x 2" matrices inside the 2"*! x 2"*1 matrices. In
the formulation above, we take each M,, to be a copy of the 2 x 2 matrices, and
write D,, for the n-fold tensor product of the algebras of diagonal 2 X 2 matrices,
which is a masa in N,,. Tauer’s first example, Theorem 3.2 of [70], is that of the
Cartan masa in the hyperfinite factor.! In this result, she demonstrates that the
Tauer masa D generated by the approximates D,, in N, is Cartan in R. We can see
this immediately, as any unitary in N,, which normalises D,, actually normalises
all of D. By Proposition 1.4.9, D, is Cartan in N,, so we have N,, C N/ (D)" for
each n, and hence N (D)" = R.

To construct her other examples, Tauer used a sequence of unitaries u,, with
each u, € N, N D;_,. Define masas A, in N,, by

A, =uy...upDyuy ... uj, (2.1.4)

and observe that, as u,4; commutes with D,,, we have A, C A1 50 a Taver masa
A is obtained from this sequence of unitaries. Properties of the masas resulting
from certain sequences of unitaries were then deduced by intricate calculations,
[70, Sections 4,5 and 6]. We note that given any Tauer masa A with respect to the
subfactors (N,)72,, one can find unitaries u, € N, N D’,_, such that (2.1.4) holds
by repeatedly appealing to the uniqueness up to unitary conjugation of masas in
finite type I factors.

In examining Tauer’s examples we shall consider both the formulations (2.1.3)

and (2.1.4). The first presentation, combined with modern methods for examining

IConn(.as, Feld.mar.l and Weiss’ result, Theorem 1.4.6, on the uniqueness of the Cartan masa
up to conjugacy justifies referring to the Cartan masa in R.

a0



the von Neumann algebra generated by normalisers will be used to demonstrate
singularity and semi-regularity in the next two sections. The unitaries required for
the second characterisation will sometimes be explicitly given, both for complete-
ness and as they are naturally generalisable to give further interesting examples
of masas.

Tensor products appear regularly in this thesis. We end this section by noting

that the class of Tauer masas is closed under tensor products.

Proposition 2.1.3. Let A and B be Tauer masas in the hyperfinite 11, factor R.
Then A®B is a Tauer masa in R®R. More generally if, for each m € N, A(™)

is a Tauer masa in R, then (Q>_, A™)" is a Tauer masa in R®.

Proof. For the first statement, let (M,)%; and (N,)%.; be chains of finite di-
mensional subfactors in R such that A and B are Tauer masas with respect
to the subfactors (M,)22, and (N,)%, respectively. Write A, = AN M, and
B, = B N N, for the finite dimensional approximates generating A and B.
The chain (M, ® N,)2, certainly generates RQR, and A, ® B, is a masa
in each M, ® N,, which is contained in A,,; ® Bny;. It is immediate that
(Us>, A, ® B,)" = A®B in R®R, so that AQB is a Tauer masa with respect to
the chain of subfactors (M, ® N,)%,. :
For the more general claim, we need a triangular argument to ensure every-
thing remains suitably finite. Let (N,S’")):’:l be a chain of finite dimensional
subfactors, with respect to which A(™ is a Tauer masa with approximates de-
noted by A = N™ A A™). Write R(™ for the copy of the hyperfinite II; factor

obtained as the direct limit of the N\™. For each m € N, let
M,=NPe N2 e N, oo N o N,

a finite dimensional subfactor of RVYRA® ... ®R™, which itself is included
naturally in (®>_, R(™)". With the natural inclusion of M, inside M1, we
have a chain (M,)2_, which generates (®°_, R(™)". Furthermore,

m=1

A, =A0 @ A® 94¥ g...0 ATV e AM

is a masa in M, for every n, and A, C A,.;. Hence, (U2, 4,)" = (Q5_, A™)"

is a Tauer masa in (®Q°_, R™)". O

2.2 Tauer’s singular masa

In section 4 of [70], Tauer demonstrated the existence of a sequence of unitaries

yielding a singular Tauer masa A from the approximates of (2.1.4). A complicated
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approximation argument was used in [70] to show directly that any element in
N (A)" can be approximated by elements in the chain (An)2, generating the
Tauer masa. This method involves looking at infinitely many of the inclusions
A, C N, simultaneously. Alternatively, as noted in [44], it is possible to proceed
using Popa’s orthogonality method, Proposition 1.4.7. By verifying that Tauer’s
singular masa has the weak asymptotic homomorphism property of Definition
1.4.19, we are able to establish the singularity of A in a much more routine
fashion below. In particular, we shall only ever need to look at one inclusion
A, C N, at once. To do this we set out how Tauer’s singular masa appears when

examined in the form (2.1.3), which we shall take as the definition.

Construction 2.2.1 (Tauer’s Singular Masa). Let N, be the n-fold tensor
product of the I, factor of 2 x 2 matrices with normalised trace. Take A, to be the
diagonal masa D; in N;. Given the 2!-th approximation Ay, index the minimal

projections of A, by

Prin(Azt) = { fi(t)

i € {0,1}? }

and take Ajt+1 to be the masa in Ny:+1 given by

ot
Aperr = @ fz(t) X ®(birD1b*ir). (221)

ic{0,1}2* r=1

Here D, is the algebra of diagonal 2 x 2 matrices and b denotes the self-adjoint

s 4):

which conjugates D, onto bD;b* - an orthogonal masa to D; in N,. In this way

unitary

we obtain a Tauer masa A in the copy of the hyperfinite II; factor generated by
the (N,)p2,, which we refer to? as Tauer’s singular masa. Observe the lacunary
nature of this construction, in that we are really working with respect to the chain

(Nat )2, of type Iy factors generating R. In fact, the only reason for introducing
n is to tie up our formulation with Tauer’s original definition later.

2.2.1 Establishing singularity

We begin our proof that Tauer’s singular masa is indeed singular by rephrasing
Lemma 1.4.23, which deals with the weak asymptotic homomorphism property
in a commuting squares context, to suit the Tauer masa, situation.

2slightly ahead of the game
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Proposition 2.2.2. Let A be a Tauer masa with respect to the subfactors (N, )o

n=1-
Suppose that, for infinitely many n, each minimal projection e € A, and € > 0,

we can find m > n and a unitary in w, € ASn,® with

[, ()

for every minimal projection f # e in A,. Then A has the weak asymptotic

) <, (2.2.2)

homomorphism property, and so is a strongly singular masa in R.

Proof. Using the commutative diagram Figure 2.1 from Proposition 2.1.2, Lemma
1.4.23 demonstrates that it suffices to prove that, given operators z;,...,z,, in

some N, with E4_(z;) =0 and € > 0, we can find a unitary v € A with

Ba (ziva3)

<6

for all 7 and j. By increasing n if necessary, we can assume that n belongs to the
infinite set of the hypothesis.

We shall take v = Zee’Pmin( A,) € ® We, where the w, are the unitaries in ASS?n
satisfying (2.2.2) guaranteed by the hypothesis of the proposition. Suppose that
u is a partial isometry in N, with uu* = f € Ppin(An) and v*u = € € Prin(4n),
with e # f. As uvu* = f ® we, we have

I ()l = 151 || Egp, (we)

< | €.
- 1f1l5€

If v’ is another partial isometry with u'u’*, u*u' € Ppin(A) and one of uu* # f or

u*u # e, then it is immediate that
E4 (vvu™) = Eq (v'vu®) = 0.

The result now follows, as by taking matrix units, any operator z € N, with
E4, (z) = 0, can be written as a linear combination of partial isometries u in N,
with initial and range projections orthogonal minimal projections for A,. Any
two distinct partial isometries u and u' in this combination must have either

u*u # u™*u' or uu* # u'u”. O

Theorem 2.2.3. Tauer’s singular masa A produced by Construction 2.2.1 above,

has the weak asymptotic homomorphism property and so is indeed singular.

Proof. Fix t > 0 and an index i € {0, 1}*. We claim that the unitary u; in

A0
B3 ).

2t+1 ,2t glven by
r=1

3Recall that A'S), is defined by equation (2.1.3).

33



has

( oy (W) =

2t+1 ot
for every j € {0,1}* with j # i. The theorem then follows from this claim and

Proposition 2.2.2.
Using (1.3.1) for the second identity we see that

Eup (w)= éEbfrDI(b*wr (bi’ ( é _01 ) (b*)i')
= gbﬁ (IEDl (bir-jr ( (1) _01 ) (b*)i"j’")) (b*)7r. (2.2.3)

As bDyb* and D, are orthogonal masas in the algebra of 2 X 2 matrices, we have

w03 4)0) o

The claim then follows by examining the r** component of the tensor product in
(2.2.3), for some r with i, # j,. O

The orthogonality used in the last step of Theorem 2.2.3 can be used, with a
bit more work, to establish the hypothesis of Proposition 1.4.7 for an appropriate
set of unitaries, giving the alternative proof of the singularity of Tauer’s masa
hinted at in [44]. We shall also see this orthogonality technique at work in section
3.3 in combination with Popa’s observation, Proposition 1.2.10, that large families
of pairwise orthogonal masas can be found in appropriately large matrix algebras,

to produce singular Tauer masas which do not contain centralising sequences of
R.
2.2.2 A reformulation and the 6-masas

Our next objective is to write down a sequence of unitaries (un)2, giving Tauer’s
singular masa in the form (2.1.4). Fix matrix units (e; ;)! =0 for the 2 x 2 matrices
Ni. We first inductively index the minimal projections Prin(A2t), introduced in

Construction 2.2.1. Namely we take féo) = ep0 and fl(o) = €1,1. For an index
i€ {0,1}2"" let f**V be given by

(t+1) i ir
zlt®®(b Cisepraty, ) (2.2.4)

where we write i|y = (41, ...,14), for the restriction of i to the first 2¢ entries.

o4



Set u; = 1 and assume inductively that we have found us, ..., ug, for some
t > 0, such that

2t
Ut ... Ugt (@ e> whe . out = 19 (2.2.5)
r=1
for all i € {0,1}*. For n = 2t +r, with 1 < r < 2¢, define
Uy = 1®(r—1) X (60’0 X 1®(n—r) -+ €11 X 1(®n—r-—1) X b) , (226)

which is readily seen to lie in N, N D],_;. Then

2t 2t
Ugt41U2t42 - - - Ugt+l = E (® € iy & ®bz’> )

ic{o,1}2t \r=1 s=1

which combines with the inductive hypothesis (2.2.5) and the inductive indexing

of the fi(t) to ensure that we have

2t+1

* * (t+1)

Up ... Ugt+1 (® eir,ir> Ugt+1 ... Uy = fz .
r=1

The sequence of unitaries given by (2.2.6) then satisfies (2.1.4) and so represents
the singular Tauer masa in this form. Careful examination of part 4.5 of [70]
confirms that these unitaries are exactly those used by Tauer to give an example
of a singular masa.

We can naturally generalise Tauer’s singular masa by allowing the conjugating

unitary b to depend on the stage n.

Construction 2.2.4. Given a sequence (6,)2, of real numbers in the interval
[0, 7 /4], we define a Tauer masa corresponding to this sequence with respect to the
subfactors (N, )2, isomorphic to the n-fold tensor product of the 2 x 2 matrices
with matrix units (e;;); ;—o- As above, we write D, for the n-fold tensor product
of the diagonal 2 X 2 matrices - a masa in N,.

Take u; = 1 and for n > 1, writen = 2! +r with 1 <r < 2¢ and set

Un = 180D @ (0o ® 18 46, @1V R 0by,),

where by, denotes the reflection matrix

cosf, sinf,

6., = ( sind, —cosf, ) ' (2.2.7)

This sequence has u, € N, N D, _, and so gives a Tauer masa A by

Ap=1uy...u,Dyu; ... uj.
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The calculations above show that Tauer’s singular masa corresponds to taking
each 6, = m/4 in this construction.

To express these Tauer masas in the form of (2.1.3) we reverse the calculation
following the proof of Theorem 2.2.3. Write D% for the masa of diagonal matrices

in N;, with minimal projections

10 o _ (00
eg’):(o 0) nd ¢ (0 1

Given 6 € [0,7/4], let D®) = byD©p} - a masa in the algebra of 2 X 2 matrices
with minimal projections

(€ = beelb3)iz0,

The first approximation is given by A; = D, with minimal projections fi(o) =
e§°) for i = 0,1. Suppose that the set of minimal projections of Ay is fi(t) indexed
by i € {0,1}?, then the 2¢*1-th approximation is given by

ot
A2t+1 — @ f (t) ® ® bz (O)bz,;t+r* — @ fi(t) ® ® D(J.-r,lezt_'_r)

ie{0,1)?" ie{0,12" r=1

Finally, for i € {0,1}%"", let

2t
f! (¢+1) f(t) e(airy162t+r)

("'la 1"'2t) i2t+r !
r=1

giving us the minimal projections for Age+1.4

Remark 2.2.5. Working with the reflection matrices of (2.2.7) was just an aes-
thetic choice based on the Tauer’s extensive use of the reflection matrix b (of
Construction 2.2.1) in constructing her singular masa, [70, Section 4]. We could
have equally used rotation matrices for this construction, as these give rise to the

same masas in the 2 X 2 matrices. More formally, let

cosf, —siné,
Cg,, = . .
sinf, cosé,

1 0
ben ( 0 _1 ) =an,

so that bgnD(O)b;,1 = anD(o)c Hence, if we replace all the bg, in Construction
2.2.4 with the appropriate cy,, then we obtain the same Tauer masa A.

Then, for each n,

4The § appearing here and above, is the Kroneker §-

symbol. As 1 ; . _
and 0 otherwise. usual §;, ; is 1 when i, = 1,
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Obviously not all the masas constructed above can be singular, for example if
each 6, = 0, then we obtain the Cartan masa in R. We can, however characterise

singularity of these masas as follows.

Theorem 2.2.6. Let (6,)%, be a sequence of reals in the range [0,7/4]. The
Tauer masa A obtained from Construction 2.2.4 corresponding to this sequence

1s singular if and only if, for every r, the sum

> 6, (2.2.8)

t>[logy r}

diverges.

We could prove this theorem now, using a much more involved calculation
based on the proof of Theorem 2.2.3 to obtain the weak asymptotic homomor-
phism property and hence singularity of A when the divergence criterion is sat-
isfied. A perturbation argument, using Theorem 1.4.17, can be used to establish
the converse. In Theorem 4.1.3, we shall characterise singularity for any Tauer
masa in terms of a convergence criterion, using these ideas, and so we prefer to
deduce Theorem 2.2.6 from this result in section 4.2. These masas will also make
an appearance in section 4.3, where additional properties will be investigated. For
example, we show in Corollary 4.3.12, that all these #-masas contain non-trivial

centralising sequences for R.

2.3 Tauer’s semi-regular masas

2.3.1 Tauer’s length invariant

Tauer’s length invariant for semi-regular masas, is the natural continuation of
Diximer’s original classification of masas into singular, semi-regular and Cartan
masas by looking at the algebra generated by the normalisers. Her original con-
cept, which we give below, was of finite length masas. In section 2.4, we will

extend this idea to produce masas of infinite length.

Definition 2.3.1. Given a masa A in a von Neumann algebra N, we define for

each integer n > 0, the n-fold normalising algebra, N™ (A), inductively by

" A n=20
N (A):{N(Nn_l(A)),, n=0

A masa A is then, not quite following Tauer®, said to have length | if N' (A) = N
and N*71(A) # N.

STauer defined a masa to be of length [ when the | + 1-fold normalising algebra is the first
to generate NNV.
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We briefly digress here to note it is enough to check that N (A) is a factor
to see that all the normalising algebras of A are factors.

Proposition 2.3.2. If A is a semi-regular masa in a type 11, factor N, then each
N™(A) is an irreducible subfactor of N.

Proof. Suppose inductively that N™ (A) is an irreducible subfactor of N. The

inclusion
N™L(A) NN (A) € NN (A) ¢ NN (A) =C1,
shows that A™*1(A) is also an irreducible subfactor of N. O

In section 5 of [70], Tauer exhibited semi-regular masas in the hyperfinite II,
factor R of all finite lengths greater than 1, while in section 6 she went on to
give two such masas of length 2 which are not conjugate by an automorphism of
R. The invariant she used to show this non-conjugacy, in Lemma 6.7 of [70], was
condition 2 of Proposition 1.3.3. As that proposition shows, Tauer’s idea was an
early appearance of Jones’ index for subfactors, for her condition is exactly the
statement [N? (A) : N1 (A)] = 2.9

Tauer’s second example of a length 2 semi-regular masa A has [N? (A) :
N1 (A)] = 4. The Jones index [N?(A) : N (A)], gives an invariant for length
2 masas, which must take values in N U {00} \ {1} by Proposition 1.3.2. In
subsection, 2.3.5, we indicate how to construct a Tauer masa of length 2 for each
of these possible values.

More generally, the (I — 1)-tuple ((N™ (A) : N™ (A)]):-1, gives an invariant
for semi-regular masas of length . By repeated application of Proposition 1.3.2
and the tower law (1.3.4), this (I — 1)-tuple must consist of elements from N U
{oo} \ {1}. In [71], Tauer followed up her work of [70] to indicate how one
could construct 2!~! pairwise non-conjugate semi-regular masas of length [ in the
hyperfinite II; factor. The product-type invariant she used to do this was really a
determination of which m the iterated normaliser algebra N™ (A) has index 2 in
N™F1(A). We shall not give these examples, preferring in this section to give just
the examples appearing in [70]. In the next section, 2.4, we shall examine infinite
length masas, the definition of which is obvious but is nevertheless spelt out in
full there. Using the methods there, it will be clear how to construct a Tauer
masa of length [ for which each [N™*! (A4) : N™ (4)] = 24m for some s € N7

This gives countably many pairwise non-conjugate masas of length 1.

Under the additional assumption that [ (4) : A1 (4)] < 0.
7 As we shall subsequently argue, there should be no intrinsic

difficulty i ini
value in NU {oo} \ {1} for these [N+ (4) : N (4)] 1ificulty in obtaining any other

, merely a calculational inconvenience.

98



2.3.2 Tauer’s examples of finite length masas: Setup

Our next objective will be to give an account of the masas constructed in section
5 of [70]. For most of this section, [ will be a fixed integer with { > 2, the length of
the masa we shall produce. We begin by giving an initial instalment of notation

which will remain fixed for the remainder of this section.

Notation 2.3.3. Let M denote the algebra of 2 x 2 matrices and let (e 00))z =0
be the standard matrix units for M. Write D(® for the masa in M consisting of
the diagonal matrices, which then has minimal projections eg?(’) ) and e(o 9. Asin

the previous section, we write b for the unitary

, 1 /1 1
=r=7(1 ).

and D = bD®p* a masa in M which is orthogonal to D©. Givens,#,j,j' € Z,

write
(1' J') bz 0 0) b*j'

€ij
a partial isometry in M with initial projection e(J ) and range projection e( ),
For brevity we adopt the convention that if only one index appears in the subscrlpt
or superscript it should be regarded as being repeated. In particular, we shall

(z A')

write e( Y) for e, With this convention, the minimal projections of D) are

( ) and N (),
Given indices zr ) and ]r ) in Zo,for 1 <m<Il—1and 1 <r <n, we define
equivalence relations ~ by i ~ j if and only if Y., (ir % j,gm)) = 0in Z,. Here

())

and throughout, we write ¢ = (ir ), and similarly for 5. We write f; ; for the

element of M®"!~1) given by

-1 n

1 1
fii= O B it
,] — (m)’JSm) )

m=1 r=1

where the sums Y ;_; L;tm=1) and S 5™ are taken in Z,, and are defined to
be zero when they make no sense (i.e. when m =1 or r = 1). Note that these f;

are matrix units for M®(-1 and, following the precedent set earlier, we make

the convention that f; = f;; here also.

Before setting up our Tauer masa, we record an easy feature of the egfj’j ) which

will be critical later in this section.

Proposition 2.3.4. With the previous notation we have

et — o) = egll-}—t) Le (1+t)

)

fort € Zy.
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Proof. This proposition can be readily checked by a simple 2 x 2 matrix calcula-
tion. O

We are now in a position to describe the Tauer masas we shall study in this

section, which are an alternative formulation of those examined by Tauer.

Construction 2.3.5. Let N, = M®"-1)g M@ (1) Write ¢, for the embedding
of M®" inside M®™+1) given by t,(z) = z ® 1, so B @ B gives an
embedding N, < N,;;. In this way, we obtain a chain of finite dimensional
factors generating the hyperfinite II; factor R.

Let A, be the masa in N,, given by

n

-1
A= P £0QRQRDE=, (2.3.1)

i,(-m)EZQ m=1 r=1

1<m<I-1
1<r<n

Observe that when we embed N,, into N,,.1, we have A, C A, 1, giving rise to a

Tauer masa A in R.

Our objective is to show that the masa constructed above has length [, this
result being the main thrust of section 5 of [70]. The discussion in subsection
2.3.1, motivates the calculation of the index of each of the inclusions of the m-
fold normalising algebras of these masas. Before getting underway, we note that
we could use the same methods as in the previous section to give an explicit
characterisation of a sequence of unitaries yielding the masa of Construction 2.3.5
in Tauer’s form (2.1.4). The sequence of unitaries obtained in this instance, would
then coincide with those which can be carefully extracted from 5.14 of [70], and

so we are dealing with Tauer’s original semi-regular masas here.

Theorem 2.3.6. For each | > 2 the Tauer masa A produced by Construction
2.8.5 is a semi-regular masa of length l. Furthermore, [N™t! (A) : N™ (A)] =2
form=1,...,1—1.

In the next subsection, we shall embark upon the details for this Theorem.
We end this subsection by outlining the plan of campaign.

1. Write down explicitly generators for a subfactor S of R (and check that it
is indeed a subfactor).

9. Demonstrate that S is indeed the first normaliser algebra N (A)".

o~

3. Describe explicitly a subfactor T of R containing S with [f : 5] = 2.
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4. Demonstrate that this T is generated, as a von Neumann algebra, by the

normalisers of S.

5. Repeatedly apply steps 3 and 4 to write down explicit formulations of all
the normaliser algebras N™ (A).

2.3.3 Parts 1 and 2 of the proof of Theorem 2.3.6

The underlying hyperfinite II; factor, R, naturally factorises as the von Neumann

tensor product R;®R,, where R; and R, are hyperfinite factors, both generated

as the direct limit of the chain (2.3.2).

,®(-1) BU-1) 8- ®(1-1) LBU=1)
MOU-1) ey pre20-1) 2 TN pren(i-l) ey pentn-1) EL

(2.3.2)

We shall obtain our target subfactor, S , in the form S®R, - for an explicit

subfactor S of R;, which we now construct.

Write S, for the subspace of M®"(-1) generated by those f;; with i < j, in
the sense of Notation 2.3.3, for each m = 1,...,l — 1. Since this is an equiv-
alence relation and the (f;;) are matrix units for M®"!~1) we see that S, is a
*-subalgebra of M® (-1 Each S, is included into Spi; by ¢& (1_1), SO we can
define S to be the von Neumann subalgebra of R; generated by the S,.

To see that S is a subfactor of R, it is enough to check that S is a subfac-
tor of R;. We shall do this by examining the Bratteli diagram of the inclusion
S, C Spt+1. For each kM), ... kU1 € Z,, the subspace of S, generated by those
fij with 57 if™ = 5" 5™ = g(m) for all m, is a factor, which we temporar-
ily denote by S,(k™M,...,k%"1). One can see this, as these f;; are evidently
matrix units for S,(kW,...,k(=Y)8 By counting the matrix units, we see that
each S, (k®,..., kU~Y) is a type Iyn-1u-1 factor. In conclusion we note that S,

decomposes into the direct sum of 2!=! type I,n-1a-1) factors:

Sa= P Sk, BT

kD). k(-DeZ;

The inclusion (2“7 includes each factor S,(k@,...,k¢=1) in the decompo-
sition of S, precisely once into every factor Spyi (K'Y, ..., k'¢=V). The Bratelli

diagram of the inclusion S, C S,;; connects every element in each row once to
every element of the next row, as indicated in the example corresponding to the

case [ = 3 in Figure 2.2. In this instance we can immediately deduce that S is a

81t is easy to find 41,12, j1 and j, with f;, ;, and f;, ;, in S,, while f; ;, € S,. In this way,
all the f; ; with i < j, for each m, do not give matrix units for S.
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Sn+1(0, O) Sn+1 (Oa 1) Sn+1(1a O) Sn+l(1a 1) )

===

Sx(0,0) Sa(0,1) Sn(1,0) Sn(1,1)
Figure 2.2: Bratteli diagram for the inclusion of 1 € S,, C S,41, with [ = 3.

factor from Proposition 1.3.8.
For the next stage we demonstrate that S=N (A)". As usual this splits into

two parts.
Proposition 2.3.7. With the notation above:
1. §C GN (A) = N (A)";
2. A has the weak asymptotic homomorphism property away from S.

Proof of 1. For each integer n, we shall demonstrate that S, @ M®"(-1) regarded
as a subalgebra of N,, is contained within GA'(4)".? For 1 < r < mnand 1 <
m < | — 1, fix indices i,(‘m), j,gm) € Z, with i < j for each m, and unitaries z{™ in

M. Take

n

-1
v=fi; ® ® ® ™ e S, ® Meri-1),

m=1 r=1
We consider vA,,v*, for n; > n. Suppose we have indices k,gm) € Z» and elements
y,(-m) € D(Z:ﬂkgm)) for1<r<mand1<m<I[-1,so that

-1 n,

y=fk®®®y1('m)’

m=1 r=1

is a typical generator of A,,. We have vyv* = 0, unless k™ = jr(m) for1<r<n
and 1 <m <[ —1. In this case

n

-1 n
oy = fr8 R <®m£m)y1(‘m)$£m)* % ® yrm)> ,
m=1 r=1

r=n+1

where k™ is defined by

L _ i r<n
k™) n<r<m

Under what conditions does vyv* lie in A4,,? Observe that, for » > n and

all m we have yﬁm) e D&t kgm)), since Z:le z‘S’") = :‘_1 j,gm). To ensure that

9Recall from subsection 1.4.2 that the equality G (A)" = N (A)

! .
p is well known for masas
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$1(~m)y£m)m1(~m)* € D&ix ™) for 1 < r < n, we require that the unitaries 7™

satisfy
H

xgm)D(Z:=IJt ):csm)* = D&% (2.3.3)

foralll1 <m <Il—1and 1 <7 <n. Under these conditions v lies in the groupoid
normaliser, GN (A).

Such v generate S, ® M®™D=1 a5 the z{™ allowed by (2.3.3) generate
M, by Proposition 1.4.9. Since n was arbitrary, it follows that S C GN (A)" as
required. O

Before proving part 2 of Proposition 2.3.7, we need to examine the conditional

expectation onto S.

Proposition 2.3.8. The square in diagram 2.8 commutes in the sense of Defini-
m

tion 1.3.7. For indices i™,j™ (1 <r<n,1<m<1—1), withit j for some

m, we have Eg (f; ;) = 0.

M®n(l—1)L_._) M®(n+1)(l——1)

Jn( Sn+1

Figure 2.3: Commuting square

Proof. Since the f;; are matrix units for M ®n(1-1) we note that
tr(f,',j i"",j’) = 0,

whenever ¢ ;Z j and 7' X j' for some 1 < m <[l — 1. In this way, Es, (fi;) =0,
whenever 1 7nZ j for some m. Once we have shown the commutativity of Figure
2.3, we will be able deduce that Eg, (f;;) = 0 for all n’ > n, and hence that
Es (fi;) = 0.

To show that Figure 2.3 commutes, it suffices to check that L?(l_l)(IEsn (fi;) =
Es, ., (Lf(’“”( fi,j)), for all indices i, j. When i < j for all m, this is immediate
from the fact that 21 includes S, into Sp.1. Suppose instead that there is

m
some m with i o k, and let mo be the minimal m with this property. We must

show that Eg, _, (Lg(l—l)(fi,j)) =0.

Now Lf(l_l)( fi;) is an elementary tensor with the identity 1 in the r =n +1,

1 < m < myg positions of the tensor product. In these positions, we have

(m— Am— (m=-1 n  (m-1
(ZZ‘=1 ’gm ”,Z?ﬂ Jt(m 1)> ( ?:1 1§m )’Et=1 Jt(m )>
]. = 60 + el )
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as ) 0 (m_l) =3, jt(m_l) by the minimality of mg. In this way, we can write
B4 (fi,j) as a linear combination of f; ; such that

Z':(m) — i,(,m), ]’(m) — ](m)

whenever 1 <m<[l—1and1<7r<nand

51
m
for m < my.1° Such (7, j') inherit 4’ 72 4' from the pair (i, 5), so that 2= 1)(fm)

1s a linear combination of elements which are orthogonal to S, ;. d

Proof of Proposition 2.3.7: Part 2. We shall work with a slightly different chain
of finite approximations to R compared with the previous part. We approximate
R,, as before using the chain (2.3.2), however in the approximation of R,, we
start our approximating chain one stage behind. More precisely, we work in the
chain (M&"(-D) g, 2l D (pre(m-10-1)))  with repeated inclusion (¢ Vg 20~
which also generates R.1! The factor S is then generated by the chain (S, ®
ey D (Me0-10- D)) ,. The square in Figure 2.4 commutes, as a consequence
of Proposition 2.3.8.

Men(l- 1)® (- 1)(M®(n (- 1)))c__> MOn+1)(1- 1)®L®(l 1) (M®n(l 1)))

S. ® Lfgl-l)(Mqa(n—l)(l—l))( > Sl ® L?(l—l)(Mcgn(l—l))

Figure 2.4: Inclusions approximating S inside R

We are now in a good position to appeal to Lemma 1.4.23. Fix n and take
indices i{™ ),],gm) z'r(m),ji(m) €Zy,forl1<r<nand1<m<I-1withi % j
and ¢ 7 j', for some m, and m,. We also take elements z{™ and y™ of M and

set

-1 n-—1 -1 n—-1
=/ ® '1><®®xm>> andy—f”®a®(’1)( y5m>>.

m=1 r=1 m=1 r=1

Observe that such elements have linear span (M®"(-1) o Sn) ®L§£’1‘ 1) ( M®(n-1)(l—1))

and so it is enough to find a unitary v € A4, depending only on n (and explicitly
not on = and y) such that E4 (zvy*) = 0.

10We can make no comments about the values of ;' i ™ and Intd ™) for m > me.

11To be excessively precise, the repeated inclusion is actually the restriction of L®(l b Rtn ®(-1)
to the domain.
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Unsurprisingly, based on the calculation yielding Theorem 2.2.3, we take

n (m) n (m)
> fk®®(1®(n D@ (elZr1k") _ o(Timikr )))’

k(m)€22
1<m<I-1
1<r<n

a unitary in A,. As zvy* lies in N,, we can use the commuting squares of
Proposition 2.1.2 to observe that E4 (zvy*) = E4, (zvy*). It is apparent that

E4, (zvy*) = 0 unless both ¢ = i’ and j = j'. In this case we have

" n (m) n .(m)
oo = 16 @ (@i o (77 - E 3™ )

which is orthogonal to A,. For this, recall that > 12, ™) o Y 5{™) " and
then we have

(ml) n
B, i) ( o) - (E"”r )) =0,

as D© and D™ are orthogonal masas in M. O

This completes the second step of the plan. Before progressing, we observe
that for us to obtain the weak asymptotic homomorphism property for A away
from S above, it was crucial that it was only necessary to work with the case
i =1 and j = j'. If we are unable to make this simplification then the weak
asymptotic homomorphism property may turn out not to be available. At the risk
of preempting matters, we point now to Appendix A, where a subfactor failing
to have the weak asymptotic homomorphism property away from the algebra
generated by its normalisers will be given. This subfactor is in fact the S C R,
obtained by taking [ = 3, and if we attempt to demonstrate the weak asymptotic
homomorphism property, then we will not be able to make the same simplifying

reduction that was possible for the masa A.

2.3.4 Parts 3 — 5 of the proof of Theorem 2.3.6

Stage three calls for the explicit construction of a von Neumann subalgebra T
of R which will turn out to be generated by the normalisers of S and so will
automatically be an irreducible subfactor by Proposition 2.3.2. We will take
T = T®R,, for a von Neumann subalgebra T of R;, which of course will turn
out to be that generated by the normalisers of S in R;. Let T, be generated as

a subset of M®"(=1) by elements f; ; where ™ ™) are indices with i % j for

m = 1,...,1 — 2 and we impose no condition on the values of i1 and ](l b,

Since this condition on the pair (¢, j) is an equivalence relation, we have in fact

65



defined a von Neumann subalgebra of M®"(~1) containing S,. The embedding
Lf’(l_l) embeds T, into T,,;, and so we obtain a von Neumann subalgebra T of
R, as the direct limit of these T,,. This T contains S.

At this point we jump to stage 5 and demonstrate why consideration of S and
T suffice to establish Theorem 2.3.6. For the most part in this section, the length
[ has been fixed. The induction to follow will be over [/, and so we shall need to
briefly consider the factors S for varying values of /. We append the superscript
) to one of our von Neumann algebras to explicitly refer to the value of [ in
question. We shall only use this when necessary, the rest of the time [ should be
considered fixed. The tensor product is associative so we are able to repeatedly

rebracket M®(-1) a5
MenI-1) o pren(i-2) g pren (2.3.4)

The inclusion also factorises as (&1 = 182 ® 1,,. Regarded inside M®"(!-2 ®
M®" T, is then generated by f(l Y@ M®" where i % jfor 1 <m <[ —2, and
the indices 7 and j are indexed by 1 <m <1 —2 (and 1 < r < n as before), so

rl(ml)

n r—1 (m 1)
£ Jop il vrin B )
im) (m) )
r o sdr

m=1 r=1
here. We can factorise R; as R; 1®R; 3, where R; ; is the direct limit of the chain

(‘ 2) L2 ®(1-2) (ll 2) ,8=2) ill 2)
M®(l 2) c_) M®2(l 2) R SN M®"(l—2) ";) M®("+1)l 2) nL_.)

and R, » the direct limit of

[3 [3 Ln—l n Ln
M S M®? S pen &y @) TR

The key point here is each that T factorises as S¢" V@M ®n and so T® factorises
as S(-U®R, 5. Crucially, we have

T = SV (RUBRY) = SE-VgRID = §t-1),

D=pl) ;. - : _

as Rg,)2®R§) is isomorphic to Rg Y as both are hyperfinite II, factors. Hence, if
~\ N -~

we able to show that N (S) = T then, on noting that T = R§2), we deduce

that our original Tauer masa A® is of length 1. Furthermore, to observe that

[N (A) : N™(A)] = 2 for each m, it is enough by (1.3.5), to check that
T : S] = 2. We record the conclusion of this discussion formally.

Lemma 2.3.9. To complete the proof of Theorem 2.3.6, it suffices to show that
N(S(’)) =T and [T : 501 =2, for all 1 > 2.
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We now crack on with stages 3 and 4, verifying the hypothesis of the previous
lemma.

Proposition 2.3.10. With the notation above, [T : 5] = [T : §] = 2.

Proof. Equation (1.3.5) ensures that [T : §] = [T : S], and we will calculate this
second index using Wenzl’s formula, Theorem 1.3.9. To do this we must examine
the squares

T‘n;> Tn+1

JTLL—> Sn+1

which commute, by restriction of the commutative diagram, Figure 2.4. To apply
the Wenzl formula, we will check that the inclusion matrices of S, C Spy1, Ty C
Tny1 and S, C T, are independent of n. We will then have [T : S] = ||A||?, where
A is the inclusion matrix of S,, C T,,.

We have already seen that S, decomposes as the direct sum of factors

Sa= P Salk®,.. k),

kD, k(-1 72

with each factor embedding once in each factor in the decomposition of S, ;.
The matrix for the inclusion is then the 2'~! x 2!~1 matrix with 1 in each position
and certainly independent of n.

The factor decomposition of Ty, is also easy to come by. Given k1), ... k(=2 ¢
Z,, we define T,, (k) .. ., k=2)) to be the subspace of M®"(!~1) generated by those
fiywith 3" ™ =5 5™ = k™ form = 1,...,1—2. Since such f; ; provide
matrix units, we have a factor of type Iyn-10-2+n. Furthermore, it is apparent
that (for the same reasons as the S, case) each of these factors embeds into each
of the factors in the decomposition of T,,,;. In this case each embedding has
multiplicity 2, leaving us again with an inclusion matrix independent of n.

We are now able to see that each S,(k(M,... k42 k(-1) embeds precisely
once into the corresponding T,,(k(), ..., k!~2). This gives us a 2/~2 x 2!~ inclu-

sion matrix A which can be taken of the form
A=(I 1),

where I is the identity 2/=2 x 2!=2 matrix. This is certainly independent of n and

so we can compute

[T: 8] = [|AI” = ||AAT|| = |]21]| = 2. O
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~\ !

! ~
We now reach stage four, where we must demonstrate that N { S ) = T. Once
we have established the difficult inclusion N (S) C T, it is enough to exhibit one

non-trivial normaliser of S. We then ask, ‘What is the index of the inclusion

o~

N (S)" c T? Since [T : S] = 2, either N (§)” =Tor N (S)” = 3, so rejecting
the second possibility is enough for our purposes. We proceed like this, as we
do not know that the groupoid normalisers and the unitary normalisers generate
the same von Neumann algebra outwith the context of masas. We prefer to work

mainly in the factor R; and extend the result to R later, by tensoring with R,.

Proposition 2.3.11. S is not a singular subfactor in Ry, so S is not singular in

R.

Proof. We give an normaliser in 77 not lying in S. Consider the unitary
4= 19 o]+,

in M®1(-1) which is orthogonal to S; and so orthogonal to S. Fix n and
ism),jﬁm) €Z,forl <r<nandl <m< | — 1 with ¢ < j for each m.

Then uf; ju* = fs j, where

r Z1(‘m)

sy _ J 107 m=l-landr=1
B otherwise

and o)
1(m 1-j; " m=Il—-landr=1
]1()2{ (m) _

Ir otherwise

. g m . . . .
In particular, i’ ~ j' for each m, so that uf; ;u* lies in S,,. Hence, u normalises

S, and, as n was arbitrary, u normalises S as required. O]

It remains to demonstrate the more difficult inclusion N (§ ) C T. We have
already said that we will be unable to use the weak asymptotic homomorphism
property - see appendix A for the details. Instead, we use Lemma 1.4.26 and
an induction argument, based on [70, Part (ii) of the proof of lemma 5.30] in
Tauer’s original proof of the length statement in Theorem 2.3.6. First we need
to introduce yet more von Neumann algebras into the equation. Define von
Neumann subalgebras UL of M® -1 for s = 0,...,1—2 to be those generated
by all the f; ; with i i e 7, (for 1 <r <nand1<m<1—1) satisfying
i ~ j, for1 < m < s. Write U®) for the von Neumann algebras (actually
subfactors) resulting as the direct limit of these U® inside R,. Observe that

=2) — T,, for each n, so U2 = T. We also have UL® = 31®n(-1) for each n
and so U® = R;. Finally we write UG = U®)®R,, a von Neumann subalgebra
of R. Our inductive plan is contained in the next lemma.
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Lemma 2.3.12. Let N be a finite factor. For eachn € N and 0 < s <1 —2,

there is a unitary v € S,41 such that

|Esnsnon (u(v ® 1n)u’) , (2.3.5)

2

|2 < l‘E (s+1) @ (U) E (s+1) @ 1y (U*)
whenever u is a unitary in U @ N.

Proof. Fix n and s. A typical unitary in UL ® N can be written as

u= Y fi;©1% Ve,

i™ (™ ez,

1<m<i-1
1<r<n

i~j for 1<m<s

where the u; ; lie in N. The unitary nature of u yields the relation

> wipuly =6, (2.3.6)
ki
1<m<s
for all indices i, with ¢ ~ j for 1 < m < s. We can easily compute the target
estimate of the right hand side of (2.3.5) by using

IEU(s+1)®N (U) = Z fi,j X 1®(l—1) X Us,j- (237)

n
i™ M ez,
1<m<I-2
1<r<n

i~j for 1<m<s+1
There will be no surprise in our choice of the unitary v. Namely, we take v to

be the unitary in S,4+; ® N given by

n (s+1) n (s+1)
Z fk,k ® 1®(S+1) ® (egzr=1 T ) _ e§2r=l kr )) ® 1®(l—s—3) ® ]-N,

k™ ez,
1<m<s
1<r<n

the idea being that v has a Rachemacher style unitary in the m = s+2,r =n+1
term of the tensor product, and appropriate identity contributions elsewhere. We

are able to evaluate uvu* as

E f . R 1®(s+1) ® (6821;1 k£s+l)) _ egZLl k1("5+1))> ® 1®(l—s—3) R u; ku"f "
12V} 2, 1,k

tr Todr
1<m<l-2
1<r<n

i j~k for 1<m<s

(2.3.8)
We compute the conditional expectation onto S,1; ® N of (2.3.8) considering
each term separately. Suppose 3, j, k have i ~ j ~ k for all 1 < m < s. The term

of (2.3.8) corresponding to i, j, k is orthogonal to Sp41 ® N, unless we also have
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i X j. We now consider the two cases i **? jandi 3;62 j separately. If ¢ o j and
k 8;61 i, then Proposition 2.3.4 shows that the term is orthogonal to Sp+1 ® N. If
1 8;62 j and k X i, then the term is also orthogonal to S,,; ® N.

If 4 8;22 j, then (2.3.6) gives

E : * § : gk
ui,ku‘,k - = uz,kuj,k'

AN kX
K ki
1<m<s 1<m<s

Using this, and the proceeding calculations, we see that

”E5n+1®N (UW*)”zSC Z Z Ui k|
i~j ki

1<m<s+1 ||1<m<s+1 2

where C = ||fi;||5 - a constant. Equation (2.3.7), shows that this is precisely the
required estimate (2.3.5). O

We are now able to complete the proof of Theorem 2.3.6. Given any unitary
u, in some U®®) ® R, (for some s with 0 < s < [ —2), and € > 0, we are able to
find some n and a unitary u € U ® N with lus — u||, < e. Lemma 2.3.12 gives
a unitary v € S, ® N with

|IIE5n+1 ®R; (U(U ® 1R2)U*)

0 < H]EU,(,’“)®R2 (U)“2 = ||EU(’+1)®R2 (u)“2

We deduce that

Esgr, (11(v ® 1r)udll, < [[Byerngr, (w)|l, + 3¢,

and then as € is arbitary we obtain that Ny« gg, (S®R2) C UCTURR,. Apply
this [ — 1 times to obtain

NU(O)§R2 (S@Rg) C U(’“2)®R2.

Since U = R;, and U¢-? = T, this is precisely the inclusion A/ (§) C fl~“, as
required.

2.3.5 Other semi-regular masas with length 2

In this subsection we discuss issues arising from Tauer’s construction, Theorem
2.3.6, of semi-regular masas of finite length. As the title suggests we shall mainly

be interested in length 2 masas. We should first note that the existence of these
masas follows from Jones and Popa’s work, Theorem 1.4.32,
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example of a length 2 masa, and those coming below are of a much more explicit
nature. A semi-regular masa of length 2 in R with [R : N (A)"] = 2, such
as Tauer’s example, has what we should consider as the largest possible set of
normalisers for a semi-regular masa. Jones and Popa’s construction shows that,
unlike the Cartan masa in R, length 2, index 2 semi-regular masas are not unique
up to conjugacy - for both I and non I' length 2 masas can be found. We should
then determine whether Tauer’s masas have centralising sequences - fortunately
this is straight forward.

Proposition 2.3.13. For each integer | > 2, Tauer’s masa of length | given in
Construction 2.3.5 contains non-trivial centralising sequences for the hyperfinite
IT; factor R in which it lives.

Proof. This works in the same way as the Cartan masa is shown to be I' in R.

For each n, take

-1
= ), [i®Q (1®(”‘1) @ (T ))> )
m=1

i™ez,
1<m<I-1
1<r<n

for r(@) = eg”

— {9 In this way each z, is a unitary in A, with tr(z,) = 0.12 It
is immediate that z, commutes with elements of M®n(-1) g , 2D (38(n-1)(-1)),
and then, as the union of these algebras is weakly dense in R, the sequence (z,)32,

is a non-trivial centralising sequence. O

We shall now give Tauer’s second example of a length 2 masa from section
6 of [70] which has [R : N (A)"] = 4, and then explain how to extend the ele-
mentary matrix methods of the previous subsections to obtain any other value
in NU {oo} \ {1} which, by Proposition 1.3.2, are the only possible values of
[R : N'(A)"] for a length 2 masa A. First up is Tauer’s example - as with all
her masas, this was originally expressed in terms of unitaries (u,)32, defining a
Tauer masa as in equation (2.1.4). Actually, her example is much easier to de-
scribe than this. Let A C R be the length 2 masa with [R : N (A)"] = 2 given by
Theorem 2.3.6, which of course was Tauer’s original example of a length 2 masa
in section 5 of [70]. Now form the masa AQA in R®R. Part 2 of Proposition
2.3.7, shows that A has the weak asymptotic homomorphism property away from
N (A)", which we will denote here by S. Proposition 1.4.28, then ensures that
A® A has the weak asymptotic homomorphism property away from S®S and so

12\We have seen this unitary before - it appeared as v in the proof of part 2 of Lemma 2.3.7,
where it was used to establish that A has the weak asymptotic homomorphism property away
from N (A)".

71



Nrsr (ARA)" = S®S. Equation (1.3.5) gives [R®R : S®S] = 4, and it is im-
mediate that Npgr (S®S)" = R®R, so that we have a masa of length 2. It is
possible to give an explicit formulation of ARA as a Tauer masa in R®R, and
then carefully check that this agrees with the formulation given by the unitaries
given in Definition 6.1 of [70], and so Tauer’s second example of a length 2 semi-
regular masa in the hyperfinite II; factor is (isomorphic to) the tensor product of
her first example with itself. In particular, this example also contains non-trivial
centralising sequences for the underlying hyperfinite II, factor. We shall also see,
in section 4.3, that Tauer’s singular masa given in section 2.2 also contains non-
trivial centralising sequences so that all Tauer’s original examples of masas have
this property. In contrast, Pukanszky’s examples ([51]) come from inclusions of
groups H C G with gHg ' N H = {1} for every g € G\ H. We have already
seen, in subsection 1.4.5, that masas arising in this way do not contain non-trivial
centralising sequences.

To show that a length 2 Tauer masa A in R exists, for any possible value of
[R: N (A)"] € NU {oo} \ {1}, it suffices to deal with the [R: N (A)"] = p case,
where p is a prime. We will then be able to take finite tensor products as in the
preceding paragraph to obtain any member of N\ {1} for [R : N (A)"]; we obtain
the index value co by taking the infinite tensor product A®® C R®>® of Tauer’s

original example of a length 2 masa with itself.

Construction 2.3.14. Fix a prime p > 2, and let M be the algebra of p x p

matrices, with matrix units (e; ;)i jez,. Choose, by Proposition 1.2.10, a family

of orthogonal masas (D®);cz in M. Take N, = M®" ® M®" with the natural

inclusionz®y — (r®1) ® (y ® 1) of N, into N,1. Let R be the hyperfinite II;

factor obtained as the direct limit of the chain (N,)% ;.
Take A,, to be the masa

A, = @ ®eir,ir ® ® D(Zizyie)

i1,0resbm €Zp T=1 r=1
in N,, with the sums above taken in Z,. As A, is included into Ant1, we obtain
a Tauer masa A inside R. As is becoming familiar, we factorise R as Ri®R;
with R; and R; both being obtained as the direct limits of the natural inclusions
M®" — M®™t1. Let S, be the subspace of M®" generated by all @

r=1 einj"
satisfying

n n
D= i

in Z,. The methods of the previous subsections apply here showing that each
Sn is actually a *-subalgebra of M®" and the direct limit is a subfactor S of R,

72



with [Ry : S] = p. Furthermore, the proof of Proposition 2.3.7, carries over to
this situation and demonstrates that A (A)" = S®R, with A having the weak
asymptotic homomorphism property away from S®R,.

Since [R : S®R;] = p, to complete our objective of explicitly producing a
length 2 Tauer masa A with [R : N (A)"] = p we must show that S is Cartan
in B;. As [N (S)” : S] must be an integer dividing p, primality tells that § is
either regular or singular. Just as in the index 2 case, u = Zz’ez,, eii+1 € M is a

non-trivial normaliser of each S, so that S is regular.

We are unable to use the exactly the same method to give other Tauer masas
of length longer than 2. In demonstrating the difficult inclusion, namely that the
normalisers of S are contained in f, we appealed to Lemma 1.4.24 several times
to deduce the containment. Unlike the calculation, Proposition 2.3.7, of the nor-
maliser of A, we do not obtain the weak asymptotic homomorphism property for
N™ (A) away from N™*1 (A) for any 1 < m < [ —1 from this calculation. Hence,
in the absence of an answer to Question 1.4.29,'3 we are unable to tensor different
masas together and retain control over the m-fold normalising algebras for m > 2.
We do not know whether N (A) is strongly semi-regular in N™*! (4) but, as
claimed earlier, we can not get the weak asymptotic homomorphism property.
The details are reserved for Appendix A, where we show this failure for Tauer’s
length 3 masa and m = 1. This is the first known failure of the weak asymptotic

homomorphism property of a von Neumann algebra away from its normalisers.

2.4 Masas of Infinite Length

In this section we construct semi-regular masas in the hyperfinite II; factor, of

infinite length, i.e. masas A for which the chain
ACN' (A CN*(A)cC---CN" (A CN" I (N)C...

is strictly increasing. Motivated by our use of the Jones index in the previous
section, associate to each masa of infinite length, the indez sequence, ([N"*! (A) :
N™(A)])%,, which, by Proposition 1.3.2, takes values in (NU {o0}) \ {1}. Our
objective will be to construct semi-regular masas with enough different index

sequences to deduce the next result.

Corollary 2.4.1. There ezist uncountably many semi-reqular Tauer masas in the

hyperfinite 11, factor R, no pair of which is conjugate by an automorphism of R.

13More accurately an answer to the appropriate restatement of this question for general von
Neumann subalgebras of II; factors rather than just masas.
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It is almost surely' the case that any sequence in {2,3,...} U {oo} can be
obtained as an index sequence for some semi-regular masa in R; at present though,
we are unable to achieve this. Here, our main objective is the next theorem, from

which Corollary 2.4.1 follows immediately.

Theorem 2.4.2. Given a sequence (11,)%2; in N, we can find a semi regular

Tauer masa A in the hyperfinite I1; factor R such that
(VT (A) : N (A)] = 27,

for each n.

2.4.1 Defining the subfactors N (A)

An attempt to generate infinite length Tauer masas by crudely generalising the
examples of the previous section fails as we would end up taking an infinite tensor
product of M to get our chain of finite dimensional subfactors - this is patently
not possible. More care is required; a diagonal argument will be used to offset
this difficulty. Unfortunately this, in addition to the extra details required to vary
the values of the index sequence, lead to a significantly more unpleasant setup
compared with section 2.3. We follow the same outline'® as before, although we
proceed more formally due to the extra complications.

Fix the sequence (u,)%, in N for the rest of this section. We will use the
conventions of the first part of Notation 2.3.3, regarding the elements egf;’j') in
the algebra M of 2 x 2 matrices throughout.

Definition 2.4.3. For integers n > [ > 1, let A (n,l) be the finite set consisting
of all quadruples (r, s, t;,t2) such that:

1. r and s are integers with [ <r, 1 <sand r+s<n+1;
2. t; and ¢, are integers with 1 <¢; < p, and 1 <5 < 4.

We shall work in the tensor product M®2(™) Given functions i, j : A (n,l) —=
Z,, we write

s—2 Br42 . -2 17 R
(n,l)f _ ® ( u=1 t’2=1 1(7‘+1,u,t2,t'2),2f‘=1 Zt'27‘=+12 J(’I‘+1,u,t2,t'2))
W ei(nsatlvt?),j(r,satl ,t2) ’ (2'4'1)

(T,s,tl ,t2 )GA(n,l)

where, as before, the sums are taken in Z, and defined to be zero when they

would make no sense, i.e. when sis 1 or 2.

141p the non technical sense!
15 Albeit in a different order.

74



Proposition 2.4.4. The ™V f; ;. as defined in (2.4.1) give matriz units for MOAmL),

Proof. Since it is apparent that (™ [l = (n.l) fji, it is only necessary to check
that

(n’l)fi,j(n’l)fj',k = 5j,j'(n’z)fi,k, (2.4.2)

for all 4, j, 5, k. We perform a downwards induction on r. Suppose inductively
that j(r+1,s,t1,t2) = j/(r +1, s,t1,t;) for some r and all possible s,t;,¢,. In the
starting case, r = n, no assumption is made. Now (™ f; ("D £, | is an elementary
tensor, with the element

Byt B
(T i) S S ittty
ei(r 8 tl,tz),](’l‘ 8,t1,t2)

2 [
(Zf‘ 1 Zt/r+12 3 (r+1ut2,t5),3 "0 1 E::r+12 k(r+1,u,t2 ,t’2))
] "(r,s,t1,t2) k(r 8,t1,t2)

= Z“’“ i(r+1u,ta,th), 3005 002 k(r+1,u,tz,t'z))
:6j(ras)t1 ,t2),j'(7‘,8,t1 ’tz) i(r,s 2t1,t2), k(’l‘ 8,t1,t2) ’

appearing in the (r, s, ¢;,t,) position, as the inductive hypothesis ensures that the
inner sums (those over j and j') in the superscripts are identical. Hence (2.4.2)
evaluates to zero unless j(r,s,ti,ty) = j'(r,s,t1,ts) for all allowed (r,s,t,t,).

When j = j/, putting all the components above together gives the result. O

We are now in a position to define von Neumann algebras, which will turn out

to give the iterated normalisers of the Tauer masa we shall eventually construct.
Definition 2.4.5. For integers n > [ > 1, write 4 s j when the functions
1,7 A (n,l) = Z, satisfy

MBr4+1 n4+l1—r

Z Z ’f‘ § tl’t2 ](TaS,tlat2)) = O,

to=1 s=1

forall =1I,...,nand 1 < t; < pu,. Write 'S, for the subspace of M®2(ni)
generated by all the (™) fi,; with 1 o 7. Since % is an equivalence relation and

the (™) f; . are matrix units for M®2(™H 1S is a *-subalgebra of M®A(n),

Think of M®2(+LD) a5 jsomorphic to M®2M) @ MAM+LINAMD - We then
embed M®2(M!) in MOA(+LY) i the natural way - by  — 2®1. The direct limit
of the chain

MOAWY y presl+L) ey MOAMD y gLt

is a copy of the hyperfinite II, factor, which we denote ‘R.
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M®A(l,l)(—> M®A(l+1,l)( > .. .C > M®A(n,l)L_> M®A(n+l’l)( N ¢ > lR

I | P

C > 1 C .. .C > 1Q C > 1 C — s
ISI Sl+1 Sn n+1 i

Figure 2.5: Diagram of inclusions defining 'S

Proposition / Definition 2.4.6. With the notation above, 'S, is included in
!S.+1 by the inclusion M®2(W) ¢ MOA(+LD We define 'S to be the direct limit
of these !S,, as in Figure 2.5, a von Neumann subalgebra of !R, and then Figure

2.5 is a commutative diagram.

Proof. If i,7 : A(n,l) — Z, have ¢ ~ j then as an element of M®A(+Ll)
(0 f, ;®1 is the sum of all the elements (n+1.D) £, . where ¢, j' are functions from
A (n+1,1) into Z, such that:

e i’ and j' extend 7 and j respectively;
e i and ' agree on A (n+1,1) \ A (n,).

Such (7', ') have ¢’ mEA j', so that (™) f; :®1 is a linear combination of generators
of !S,+1. In this way, we see that 'S, is included inside 'S,.,;.
n,l
Ifi,5: A(n,l) = Z, have i 4 j, then Eg_ (("”)fi,j) = 0. To complete the
proof, we must show that Eg_ (("”) fi,j) = 0 also. Let ry be maximal (in the
range | < ry < n) such that there is some 1 < ¢} < pu,, with

Hr+1 n+l—1g Br+1 nd+1—1g

z z i(ro’satll’t2)7éz z j(TOaSatllﬁt2)'

to=1 s=1 ta=1 s=1

For r > 7o, we consider the (r,n + 2 — r,t;,t,)-positions of the tensor product
M®2 (Ll - The maximality of ry implies that

n—r fr42 n—r Hr+42
DD i+ Luta,ty) =D j(r+1,u,ty, 1),

for all 1 < ¢ < ptr41. In these positions, the elementary tensor (™) fi,; ®1 has the
identity, which we can write as the linear combination

n—r —Hr42 . -
( u=1 i'2=1 z(r+1,u,t2,t'2)) (E:zf 2:‘7‘:12 i(r+1,u,t2,t’2))
1 =e, + e, 2 .

Decomposing (™) f; ; ® 1 in this way, we can write it as a linear combination of
(n+1.D) £, . for pairs (7', §') of functions from A (n+1,1) into Z, with

Uam) =1, 5'|amy = j
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and

il(r)n + 2 — Tatlat2) = jl(’r)n + 2 — T)t17t2)
n+1,l
for all 7 > 7o, 1 < ¢; < p, and 1 < t3 < ptry1.'% These pairs inherit ¥ £ 5’ from

n,l

i % 7, so that they each have g, ., ((n+1’l)fi',j’) = 0. Hence, Eg_,, ((n’l)fi,j) =0,
as required. -

We wish to demonstrate that 'S is a subfactor of ! R, for which we shall examine
the inclusion data for 'S, C 'S4, then appeal to Proposition 1.3.8.

Proposition 2.4.7. Fizxn > 1 > 1. Let I (n,l), denote the set of all pairs of
integers (r,ty) with! <r <n, and1 < t; < pu,. For a function k : I (n,l) = Zs,
define 'S, (k) to be the subspace of M®2D) defined by those fij such that

Hr+1 ntl—7r Br+1 nt+l—1r

YN i st ty) = >N st ta) = k(r, 1), (2.4.3)

ta=1 s=1 to=1 s=1

for every (r,t1) € I (n,l). Each'S,(k) is a factor, and

‘So= D 'Salk). (2.4.4)

k:[(n,l)—)Zg

Furthermore, in the inclusion 1 € 'S, C 'S4, every 'S,(k) is included ezactly

the same number of times into each 'S, 1(k').

Proof. Fix a function k : I (n,l) — Z,. Since the condition (2.4.3) is an equiva-

lence relation, Proposition 2.4.4 shows that 'S, (k) is a *-algebra with unit

Z ) f iie

:A(n,l)>Z;
St T skt

The collection of all ™! f; . generating 'S, (k) are matrix units for 'S, (k) and so
'S, (k) is a factor.!” The direct summation (2.4.4) follows immediately.

A generator (™) f; ; for 1S, (k) is included into 'S, ., as the sum

> (n+1D £, (2.4.5)

i :A(n+1,1)>Zs
V| am,y=t and | a(n,1)=J
Y am+1,0\A )= [ Am+1,\A (D)

16 We can say nothing about the values of i'(r,n + 2 — r,t1,t2) and j'(r,n + 2 — 7, t1,¢3) for
r<rg.
17By contrast, the generators (™) fi.; of 1S, are not matrix units for 'S, as they do not all

l 1 : . . .
lie in the same 'rlx’a—equlvalence class. Compare with footnote 8 on page 61, which discusses this
in the finite length case.
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Each such ™19 f; . lies in 'S, (k'), where k' is the function givenon I (n+1,1)
by

K(r,t) = o (e TTi(ry s b, ) + i (rn+ 2 — ti,t2)) < <n
i gn+122,(n+1)1at17t2) r=n+1 )

Now fix k. For each r and t;, there are 2#r+1~1 choices of values i'(r,n + 2 —
rti1,t2) = 5 (r,n+ 2 —r,t,ts) € Zy, so that

Hr+1 n+42—r Hr+1 n+2—7

/
E E i'(r,s,t1,t2) = E E 7'(r, s,t1,t2) = K'(1,t1).
t2=1 s=1 ta=1 s=1

(n+LD) £, & lies in S,41(K'). In total there are 2Xr=i#r(#r+1=1) choices of ' and 7'
for which ™+, . lies in 'S, ,1(k'). Hence, 'S, (k) is included 2%r=i#r(kr+1-1)
times in 'S, (k') independently of the functions k and k', as required. O

Now Proposition 1.3.8, demonstrates that there is at most one normalised
faithful trace on | o=, 'S, and, since there is such a trace, obtained by restriction
of that on ‘R, we deduce that 'S is a II; factor.

Corollary 2.4.8. The direct limit'S, defined by Figure 2.5, is a subfactor of 'R.
By commutativity of the tensor product we have the identification

M@A(n,l) o M®A(n,l+1) ® M®A(nal+1)\A(n,l). (246)

Define 'T;, to be the subalgebra of M®2() given, under the isomorphism above,
by
IT l+IS ® M®A(n IH1\A(n, l) (247)

Write 'T for the von Neumann subalgebra of ‘R generated by these !T,, and
observe that the commutativity of Figure 2.5 restricts to show that Figure 2.6
commutes.

lq-‘l-}-lL_) lq"l+2( >« . .C lTnC——). ITn-}—lC_—). PPN G lT

J ]

Sl-}-lL—) Sl+2;> ;*IS ;)lsn*_l;),,_;)lsn
Figure 2.6: Commuting diagram, giving rise to the inclusion 1 € !S C !T

The identification (2.4.6), can be repeated for each n, to see that ! R naturally
factorises as the von Neumann tensor product

‘R =""RQ'R,, (2.4.8)
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say. Here ! R, is the hyperfinite II; factor obtained as the direct limit of the chain

MEAUFLHINAGLY oy |y pr@AMIINAMY  prOAM+LIFINAMAL) .y

with the natural inclusions. Under the factorisation (2.4.8), we have !T = 1S®'R,
- a subfactor of 'R, as !*1S is a subfactor of ‘'R by Corollary 2.4.8.

We can not use the Wenzl index formula to compute [T : !S] as the number
of components in the decomposition of !5, into subfactors goes to infinity with
n, so there is no possibility of the inclusion matrices for 1 € !S,, C !T,, satisfying
the periodicity requirements of Theorem 1.3.9. Fortunately, we have prepared for
this situation in subsection 1.3.4.

Theorem 2.4.9. For each [, we have
[T 18] = 2m. (2.4.9)

Proof. Proposition 2.4.7, shows that there are 2//(m0l = 2utmrit+bn gubfactors
in the direct sum decomposition of !S,, furthermore each of these factors has
the same dimension. The decomposition of each !T;, into a direct sum of factors
follows from the decomposition of the 'S, in Proposition 2.4.7, where the 'S, (k)

are defined. Namely, we have

lTn = @ lTn(k)’

k:I(n,l+1)—>Z

where, again under the identification of (2.4.6), we have
lTn(k) — l+1Sn(k) ® M®A(n,l)\A(n,l+1)'

We see that there are then 2//(m+1l = Qm+1+-+kn factors in the direct sum de-
composition of !T;,.

Let ¢ denote the map including I (n,l+ 1) into I (n,l). For each function
k : I(n,1) = Zy, the summand 'S,(k), is included precisely once into T (ko).
The inclusion matrix for 1 € 'S, C 'T, is then a 2M+1tThn 5 Qptip1tFhin
matrix consisting of 2% copies of the 2411 Fhn x 21T Fhn identity matrix I,

as indicated below: ”

.

o~

(11 ..1).

We have now verified all the conditions of Corollary 1.3.11, from which we imme-
diately deduce (2.4.9). 0
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2.4.2 Computing the normaliser of S

Having constructed subfactors with the required Jones index, we now proceed
to demonstrate that these subfactors give a tower of normalising algebras. The
main statement we shall need is Theorem 2.4.10, which is the objective of this
subsection. We choose to make the additional assumption that these normalisers
are known to generate a subfactor. This is unnecessary and only included because
we have only developed the theory of the index for subfactors rather than more
general finite von Neumann algebras. This assumption causes no problems - the

easy observation Proposition 2.3.2 will eventually be used to show that it is valid.

Theorem 2.4.10. Let R be any hyperfinite 11, factor. Fiz Il and suppose that
Nig (1S)" @R is a subfactor of 'RBR. Then Nipgg (SBR)" = 'TBR.

As with the finite length case, we first show that there are enough normalisers

to generate all of !T, then go on to show that all the normalisers are contained in
'T.

Proposition 2.4.11. For each l, there are 2" unitaries (ux) in N (lS’) with
]EIS (ukluzz) = 5k1,k21- (2410)

Proof. We shall index these unitaries by k = (ky,...,k,,) € Zy*. Define

_ (k)
Up = ® Ly s.t1,ta

(ry8,t1 1t2)€A(l+1al)

k e :
where the xs s),tl,tz are unitaries in M given by

(k) _ eéof+e(0) r=lLs=1ty=1k, =1
™81tz 1 otherwise

We should check that these unitaries do normalise !S. Fix n and take some

2 Br42
® (Z:‘ 1 Ztlr-l-l 1,(1‘+1 u t2’t,2) u—l Z:"lr+12 ](r+1,u,t2,t'2))

z(r 8,t1 ,tz),](‘r sty ,tz)

(n’l)f‘l] —
(ry8,t1,t2) EA(n])

] .n,l l l *
with i ~ j so that ™) f;; € !S,. Now uy( (™) fij)u is also an elementary tensor
with

ﬁ‘r—|—2 1]
) ( o Et, o, Hr+Lutaty), 303 Zt,rff](r-i—l,u,tg,t’z))

) (k) %
r8,t1,t2 ~i(r,s tl,tz),](r 8,t1,t2)

T Tr i1ty (2.4.11)

in the (r,s,%1,12) position, where we have extended the definition of x£ 8) ¢4, LO
1,12

A (n,1) by taking z, ¢, 1, = 1on A (n, )\ A (I + 1 ,1). When mﬁ’?tl t, 7 1, we must
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have s = 1 so the sums appearing in the superscript on the €;(; s, t),i(rs,t1,t2) 10
(2.4.11) are zero by definition in this case. Furthermore, no terms i(l, u, 3, ;) or
3(1,u,ts,t,) appear in any of these superscripts. Hence, uy ™) f; jup = ™D f, o)
where

Y _ 1—'i(7",8,t1,t2) T———l,8=1,t2=1,kt1=1
P(r s b, t2) = { i(r,s,t1,t2)  otherwise ’

and
1-j(ra3,t1)t2) T=l,3=1,t2=1,ktl:1
j(r,s,t1,t2)  otherwise

j,(ra s’tl)tZ) = {

The form of these i’ and j' ensures that ¢’ ~ j' follows from 4 s 7, showing that
uy normalises each 'S,. As n was arbitrary, u; normalises 'S as claimed.

We now return to check (2.4.10). This is straightforward. Given kM) # k® ¢
75", we find some t; = 1,...,y; with kt(ll) # kt(lz) Now ugyuy e, is an elementary
tensor of unitaries, which has ef)?% + eg?()) in the (I,1,¢;,1) position, and 1 in the
(I,1,t1,t2) positions for t5 # 1. When we write Up 1)Uy (z) AS & linear combination

of (D f, 5 these 4, j will necessarily have

1 Ui 1 Hi4+1
Z Z Z(l’ S)tl)t2) 7é Z Z](l) S, tl)t2),
s=1 ta=1 s=1 to=1

onl . .
so that they do not have % = j. Hence, z,0)x} ) i8 orthogonal to 'Sy, and so

orthogonal to !S as claimed. O

We now start work on the difficult inclusion of Theoig{xll 2.4.10. The idea is to
show that for any n >l and 4,5 : A (n,l) — Zy with i + j, the element (D f, 5
is orthogonal to Mig (‘R). From this we deduce that Mg (‘R) C 'T, as such
(rol) fi.; span the orthogonal complement of T in 'R. The stronger statement that
Niggr (1S®S) C 'TQR for any II, factor R follows from showing that ), @z
is orthgonal to Niggr (lS'QER) - our actual objective. To establish this, we shall
require some more machinery.

Fix n > l; 7o with | + 1 < ry < n and some tj with 1 < ¢} < p,. Write
(””)U,,O,t/1 for the unital *-subalgebra of M®2(™!) generated by all (nd) f, ; where

the functions i, 7 : A (n,l) — Z, satisfy

Brg+1 n+1-—7rg Hrg+1 n+l—rg
. ! . /
E , E , Z(TO)S)tlytZ) = E E ](r0a31t17t2)-
to=1 s=1 to=1 s=1

This is an equivalence relation on pairs (i, j) so that Proposition 2.4.4 demon-
strates that ("’I)U,.O,t'1 is a *-subalgebra of M®2() spanned by these (nd) £, 18 We

18We will not be trying to include ("”)Uro,t/1 into *19U, ;, in the sequel. One good rea-
son for this is that the inclusion of M®2(M™ into M®A(+LI) does not map ("'I)Uro.t’l into
(n+1’l)U7'01t’l.
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also decompose 'S, into the direct sum *S&®%)(0) @ 15rot) (1), where 'S% (rot) ()
is generated by those (™ fi; with ¢ s J and

Bro+1 n+l—rg

> D i(ro,s,t, ) = k. (2.4.12)

ta=1 s=1
Proposition 2.4.12. With the notation above, and k € Z, define a unitary y;, €
MEALWALINAMD) 16 pe the elementary tensor with e(()k) —e® in the (ry—1,no+3~
T0y tro—1,11)- posz’tz’on and the identity in all other positions. Then T Yk € Spt1,
whenever z € 'S\ 1)(k); and Eig (x ® yi) = 0, whenever x € glrott) (1-k).

Proof. By linearity, it suffices to establish the claims when z = ™0 f; .. Suppose
that ¢,7 : A(n,l) = Z, have ¢ e J, and satisfy (2.4.12). In just the same way as
Proposition 2.4.6, ™! f; ; ® y is then a linear combination of elements "+ f;, .,
with
Uamn =% Jlamy =17
and
Y(rn+2—rt,t) =3 (r,n+2—rt,t)

for all (r,n+2 —r,t;,t5) € A(n+1,1)\ A(n,l). All these pairs (7, ;') have
it " j' so that ("")fi,j Qyk € 'Sny1.
Now suppose that i, j have ¢ s J but

Hro+1 n+1—-rg

Z Z i(ro, s,t],t2) =1 — k.

to=1 s=1
The methods of Proposition 2.4.6 combine with Proposition 2.3.4 to show that
(D) £, ; ® yx is a linear combination of ("+14) fu.; satisfying:

® U|amy =1, §'lamy = 5
® i’(TO - 1, n -+ 3— To,/.t,-o_l,t,l) ;é j’(’l‘o - 1,n +3 - rO)/Jfro—latll);

o i'(r,n+2—rt,t) = j(r,n+2— r,t1,t2), for all (r,n + 2 — r,t1,ts) €
A (TL + 1’l) \ (A (n’ l) U {(TO — 1,Tl + 3 — TO)/Jfro—latll)})-

n+1,l
Such ', j' have ¢’ #£ j, so that Eg,__, (("’l)fi,j ® yk) = 0. The result then follows
from Proposition 2.4.6. O

Proposition 2.4.13. Suppose that z € ’Sff"’t,‘)(k), Y1,Y2 € ™, 4 and 21,2, €
1bq )
M®2MmD) paye IEH,IUO o (2:) =0. Then
T0.t]

Es (y1zys) € 1St (), (2.4.13)
and
Es (zn1z2) C 'STot)(1 - ). (2.4.14)
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Proof. By linearity, we may assume that y; = ™f; ;= () firi and ya =
(n.0) fia,j» for appropriate functions 1, ia, j1,J2 : A (n,1) = Z,. In this way ylxyg
(n.d) ) fi1.52» Which is orthogonal to 'S unless 4, ® jo. Since MU ;€ Lglrots ( )

and ™, € DU, . we have

Brog+1 nd+l1—7rg Bro+1 n+1—rg
. ' . . '
E : E : Zl(rﬂas’tl’t2) - E : E : ]1(r0,3’t1at2) = k7
ta=1 s=1 ta=1 s=1

so that ™9 f; . e 1SV (k) when i; % j,, establishing (2.4.13).
We establish (2.4.14) in a similar way, taking z; = ™0f, .z = (If,

. . . on,l o,
and z = (™) fis,jo for functions with j; ~ i,

Hrog+1 n4+1—rg HBrg+1 n+l—7rg
E E i1(ro, 5,17, t2) # E E Ji(ro, s, 17, t2),
ta=1 s=1 to=1 s=1

and
Hro+1 ntl—rg Hro+1 n+l—mrg
E E i2(T0, 8,11, t2) # E E  ja(ro, 8,1, t2).
to=1 s=1 ta=1 s=1

Again z172z, = (™ f, . and if 4 s J2, we can check that

Hro+1 n+l—rg

Z Z il(TOaS’tllvt2) =1- k7

ta=1 s=1

as required. O

We are now in a position to give the technical lemma from which Theorem
2.4.10 will follow.

Lemma 2.4.14. Fix a hyperfinite II; factor R, n € N and ¢ > 0. Let u be a
unitary in M®>(™) @ R (regarded as a von Neumann subalgebra of 'R®R) such

that
(I — Eiggrluzu*|l, < €|z}, (2.4.15)

for allz € !SRR. For each vy and t}, withl+1<rg <nand 1<t <y, we

have
”U, — E(n,l)U .+ ®R (U)” S_ 2\/€
rQ.t] 2

: _ _ e |
Proof. Write vy = E‘"’”Uro,tg®R (u) and v; = u — E"’”Uro,t;@m (u). Since 'S, C

(DY, +, we have
*
Eis,er (vozvy) = Eg or (v1205) = 0,

whenever z € 'S, ® R, by applying Ew.yy, L OR"
TO 1
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Now take z € ’S’,(.m’t,‘)(k) for some k € Z,, and consider z ® yx ® 1gr, Where
Yk is the unitary of Proposition 2.4.12. The hypothesis (2.4.15) gives

lu(z ® 1p)u” — Eig,gr (vo(z ® 1r)vg + vi(2 ® 1g)01)]], < €|z

and
|u(z ® ye ® 1p)u* — Bug,,,0r (u(z @ i ® 1g)u")

2 S ellzll-

Putting these two equations together with the fact that u, vy, v; allcommute with

(1peamn ® yi ® g, we get
Hu(m ® Yy @ 1p)u’

— Eis,, 0r (Bis,er (Vo(z ® 1r)vy + v1(z @ 1r)v]) (1 yeamy @ Yk @ 1g)) ”2
< 2|z . (2.4.16)

Note that Eig gp (vi(z ® 1g)v7) lies in ’S,(,m’t,l)(l — k) by Proposition 2.4.13, so
that the second case of Proposition 2.4.12 gives

Es . or(Es.er(vi(z ® 1p)v]) (1yeamn @ yx @ 1g)) = 0.
Similiarly, the first cases of Proposition 2.4.12 and 2.4.13 show that
Es,er (Vo(z ® 1r)v5) (1preamn @ Y ® 1) € 'Spiy ® R.
Substituting these identities into (2.4.16), we obtain
1B s.0r (v0(2 ® 1R)v5) (1ysamn ® i @ 1r)ll, > |lu(z ® yi ® 1g)u*||, — 2¢|z],
whenever € ’S,(fo’t,l)(k) ® R, which simplfies to give
1E:s,0r (vo(z ® 1R)U)|l, > [lzll, — 2¢ ||| .

Now take z}, € ’S,(,ro’t'l)(k), fork € Z,. Since Eig gp (vo(zk ® 1g)0g) € IST(lTO’t'l)(k)
we have

)

|Es,or (vo((zo + 1) ® 1r)v})|;
= ||Es,0r (vo(zo ® 1r)v3)|l5 + IEs, 0k (vo(z1 ® 1r)v5)ll;
> (llzolly — 2€ l|zol|)* + (ll1ll, — 2€ ]|z, ]|)?
> ||lzoll; + 121115 — 2€(lizoll, l|zol + ||z ]I, [l1]])

2
= llzo + 1l — 2e(llzoll, [|zol| + ||z1]], [l )

Take z} = IE{SS‘,.OJII)(’C)M (1), so that 2o + z, = 1. In this way, we have

2
lvolly = 1Bis, 0 (vovd)[2 > 1 — 4,
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or alternatively
HU — ]E(n’l)Uro,t’l®R (U)”2 S 2\/E
O

Proof of Theorem 2.4.10. To establish M ggn (‘S®R) C 'T®R, it suffices to

n,l+1
show that, for any pair of functions 4,5 : A(n,l) — Z, withi % k and any

z € R, the element (™) f; ; ® z is orthogonal to Mipgg (S ®R). Fix such i, j and
let 79 be maximal with

n+1—rg Hrg+1 n+1—rg Brg+1
E E i(1o,8,t7,t) # E E J(ro, 8,1}, t2),
s=1 t3=1 s=1 ty3=1

for some 1 < ¢} < p,,. The maximality of r ensures that for ng > n, we can write

nl i,j as a linear combination of (no,l) fir y» with

ng+1—rg Kro+1 no+1—rg Hrg+1

Z Z TO)S tl)t2 Sé Z Z TO)S tl)t2

s=1 t2 1 s=1 t2 1

Note that such (" f; ., are orthogonal to (no U, ++ and hence so too is ™V f; ..

Fix € > 0. Take a unitary u € 'R®R normalising 'S®R, and find by density
no > n and a unitary ug € M®2") @ R with ||u — ||, < €/4. The estimates of
Proposition 1.4.14 ensure that

(I — Eisgr) (uozug)ll, < €|z,
for all z € !S®R. Lemma 2.4.14 gives

Huo ~Eeony, , 0n (Uo)“2 < 2V
Now

I tr( (nvl)fi’ju*)

1
< Jer( ™0 figug) | + g€ [0 sl
1 "
< (Ze + 2\/2) ||("’l)fi,j||2 + .tr( (n’l)fi,j]E(no»l)Uro’t,l (Uo))
1
= (Ze + 2\/E> “(n’l)fi,jllz,

since (™ f; ; is orthogonal to ("O’I)U,.O,tfl . As e > Ois arbitary, we obtain tr( (™ f; ;u*)

0, which we have already seen is enought to show that
Nirgr ((S®R)" C 'TSR. (2.4.17)

We are assuming that Nip (‘S)” ®R is a subfactor of 'R®R. We can tensor the

unitaries ux in Proposition 2.4.11 by 1 to give 2¥ unitaries vx in Nip (1 )n BR,
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with E ggp ('v,cl v,";2) = Ok, k,1. The observation on orthogonal bases, Proposition
N —

1.3.6, applies to show us that [Mip (’S ) ®R: 'S®R] > 2#. On the other hand
Theorem 2.4.9, is that [T : 'S] = 2* and tensoring by R gives [T®R : 'S®R| =
2# see (1.3.5). Hence, using the inclusion (2.4.17), we must actually have

MR@R (lS@ZR)” = lT@R O

2.4.3 Defining the required infinite length masa

All the hard work for Theorem 2.4.2 is done. It remains only to construct a Tauer
masa A inside ' R®R for which

N (A)" ='SBR,

for some hyperfinite II; factor R. In this case Proposition 2.3.2 ensures that
N (1S®R)" is a subfactor, so Theorem 2.4.10 allows us to compute

N?*(A)='TR®R=?S®'R®R.

We can repeatedly apply Theorem 2.4.10 and the definitions, (2.4.7) of ‘T and
(2.4.8) of 'Ry, to obtain

N A=T®("'R®"°Ri ®...® 'R ® R)
= "5 ('R®"'"R®...® 'R ® R),

for all I > 1. The required hypothesis that A ('S® "'R®... 'R®R) " is a factor
comes from Proposition 2.3.2, just as in the [ = 1 case above. Theorem 2.4.9 then
gives

W (A) - N (A)] = 2,

for every .
Looking back at the first two stages in the finite length case allows us to see

how this masa should be constructed.

Construction 2.4.15. For each n > 2, define J (n) to be set of all triples of
integers (r,s,t;) with1<r<n-1,1<s<n-rand1 <t < pu,.. We have
natural inclusions J (n) C J(n+ 1) C ..., giving rise to inclusions

M®I() — pr®J(n+1)

We let R be the II; factor obtained as the direct limit of these inclusions, with

respect to the unique normalised trace, or alternatively as the von Neumann
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infinite tensor product of M over the set of all (r,s,t,) with s,7 € Nand 1 <
tl S ,ufr-lg

The chain of finite dimensional factors
- C MEAED @ MBI ALY @ peI(nt)) - (2.4.18)

with the natural inclusions, generates the II; factor LR®R. Let A, be the direct
sum

D e D(Eim Tt itrwtita) (2.4.19)

:A(n,1)—>Z2 (r,8,t1)EJ(n)

a masa in M®2(1) @ N®J(n) 20 Under the inclusion (2.4.18) we have A,, C Apq,
so the direct limit A is a Tauer masa in !RQR.

It now remains to check that Miggg (A)” = 'S®R. The reader must now be
as tired as the author of the arguments necessary to demonstrate this — since we

have proceeded formally so far in this section, we reluctantly include the details.

Proposition 2.4.16. With the notation above,
ISR C N (A)".

Proof. Fix n, and consider v € M®2(™1) @ M®J(") of the form

(n’l)fi,j (%) ® Trst1s

(rys,t1)€I(n,1)

where:
e i,7:A(n,1) = Zy With’i?\’}j;
e each z,,,, is a unitary in M with

x’l‘ st D(zi=l Z:Z:ll j(rauytlat2))x:st — D(Zz=1 E,:zrill i(r’u,tlatZ)).

»S,11 18,01

Such v are partial isometries generating 15, ® M®/(™) as a *-algebra so, as
GN (A)" = N (A)", it is sufficient to demonstrate that these v normalise A,,

for all n; > n.

Take a typical generator

2 = (nl’l)fk,k ® ® y‘r,s,tl)

(r,s,t1)eJ(n1)

19This tensor product is taken with respect to the unique trace.
201t is worth noting that the (r,u,t;,¢;) appearing in the superscripts in (2.4.19) all lie in

A(n—' 111)
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in An,, where k : A(ny,1) = Z; and the y,,,, lie in pEZia T k(rust1,ta))

Either by the usual induction procedure of Proposition 2.4.4, or by writing

)1 _ ny,l) £ |
- )fi,j = Z (m )fi,ja
2,3:A(n1,1)_—>zz
ilA(n,l)z'i and le(n,l)=j
i=j away from A(n,1)
we see that vzv* = 0, unless k is identical to 5 on A (n,1). When this is the case,

we have

vzv*t = (nl’l)fk’,k' X ® xr,s,tlyr,s,hx:,s,t] ® ® Yrisitrs
(rys,t1)€J (n) (r,8,t1)€J (n1)\J(n)
where k' : A (ny,1) = Z, is defined so that k'|a(n,1) = ¢ and, away from A (n,l),
k' coincides with k.

The definition of z,,,, ensures that the z, 4 Yrs+ Ty, appearing above lie
in DTtz Zeff K nwtita)) - g (r,s,t1) € J(n1) \ J (n), the remaining y,,;,, lie
in D(Zi=1 T2 krti2) and we must check that this is D(Zt=1 Teg2i ¥ (rutta),
Note that s > n + 1 — r, and split the sum appearing in the superscript at

u=mn+1—17r to obtain

8 Mr41 n+1—r fr41 L] Hr+1
ZZk(T,U,tl,tz) = Z Zk(T,U,tl,tz) + Z Zk(rvu)tlat2)
u=]1 ta=1 u=1 ta=1 u=n+2—r ta=1
n+l—r lry1 K} Mr4+1
= Z Zj(r’u)tl)t2) + Z Zk(r,u,tl,tz) (2420)
u=1 ta=1 u=n+2—r ta=1
n+1—r firy1 s Hr41
=Y Dinutt)+ > > k(ruty,t) (2.4.21)
u=1 t2=1 u=n+2—r ty=1
S Hr41
=Y > K(r,u,ty,ty). (2.4.22)
u=1 ta=1

The identity (2.4.20) follows as all (r,u,t;,#) with 1 < 4w < n+ 1 — r lie in
A (n,1), on which k agrees with j. Then, as all (r,u,t;,t;) withu >n+1—7r
lie in A (n1,1) \ A (n,l) where k and k' agree, the two sums of (2.4.21) can be
reassembled to give (2.4.22), completing the proof. O

Proposition 2.4.17. With the standing notation of this section, let A be the
masa in ' R®R produced in Construction 2.4.15. This A has the weak asymptotic
homomorphism property away from 'S®R of 1.4.21 and so

N (A)" Cc 'SRR.
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o 1 r®A(n,1) ® M () —s MOL(n+11) R M®J(n+1)C oG lR®R

PN G 1Sn ® M®J(n)( ISn+1 ® M®J(n+1)( e 1S'®R

Figure 2.7: Commuting diagram giving rise to the inclusion of !S®R C 'RQR.

Proof. We shall use Lemma 1.4.23, in the context of Figure 2.7 overleaf, which
commutes as a consequence of the commutativity of Figure 2.5 in Proposition

2.4.6. Fixing n, we shall find a unitary v in A,; so that

IEAn+1 (a:vy*) =0,

whenever z and y take the form

r= (n,l)fi,j ® ® xr,s,tl and y — (n’l)fi',j/ ® ® y’l‘,s,t17
(ras7t1 )EJ(TL) (r,s,t1 )EJ(TL)

where 1,7, 7,7 : & (n,1) — Z, have 1 1;’\1« 7 and ¢’ 7\1‘ 7', and the z, ¢ and Y, 4,
are unitaries in M. This will be enough to satisfy the hypothesis of Lemma 1.4.23,
as the linear span of all such z and y is (M®2(D) @ M®/ ™) o (15, @ M™).
Lemma 1.4.24 will then show that A (A4)" C !S®R, as needed.

Take
v = Z b fo ® ® 1®®1®Uk7

k:A(n,1)—Z2 A(n+1,1)\A(n,1) J(n)
where vy, is the unitary in M®’ (n+1\J(n) given as an elementary tensor by

- H
® T(Ez:} " Et;:ll k(rauatlat2))

(ryn+1—rt1)€J(n+1)\J(n)

Ve =

)

with (@ the Rademacher style unitary egQ) — eg‘I). To check this makes sense, we
observe that all (r,u,t;,t;) appearing in the sum above lie in A (n,1). We then
examine zvy* which, for familiar reasons, will be zero unless j = 4’ and will be

orthogonal to A,4; unless i = i’ — assume both of these identities hold henceforth.

Then
zoy* = MUfL® ® 1® ® 1 ® v,
J(n)

Aln+1,1)\A(n,1)

so, using the commuting squares property (Proposition 2.1.2) of Tauer masas, we
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have

E4 (zvy*) = ]EAn+1 (zvy®)
="e Q) 18QIGE (muy,) ()

A+LINA(RD)  J(n) Antin
= (n’l)fi,i ® ® 1® 1
AMm+LINA(RD  J(n)
a T it t
® 0% B (spi-r sttt i) (7”(2 H e ”)))

(ryn+1-rt1)eJ(n+1)\J(n)
(2.4.23)

As 1 /7~1 J, there is some r and ¢; so that

n+l—r fr41 n+1—r r41
Z Zi(rasvtl)tZ) 7é Z Zj(r)satlat2)°
s=1 =1 s=1 ta=1

The (r,n+ 1 — r,t;) component of the last tensor product in (2.4.23) must then
be zero, as required, by the orthogonality of D(® and DM, O

2.4.4 Thoughts on infinite length masas

We first note that all the infinite length masas we have constructed are all T

masas. The proof is the same as Proposition 2.3.13 and so is omitted.

Proposition 2.4.18. The Tauer masas of infinite length ezhibited to prove The-
orem 2.4.2 all contain non-trivial centralising sequences for the hyperfinite 1I;
factor in which they live.

Recent work of Dykema, Sinclair and Smith ([17]) enables us to use the masas
of Theorem 2.4.2 to produce uncountably many pairwise non-conjugate semi-
regular masas inside II; factors arising from a free product with the hyperfinite
IT, factor. As free products and free group factors are not the main object of
study here, economy dictates that we shall assume familiarity with this material
- all of which can be found in [16]. Our starting point is the observation that no
extra normalisers are obtained when we take an appropriate von Neumann free

product.

Proposition 2.4.19. Let N be a diffuse von Neumann subalgebra of the hy-
perfinite Iy factor R and Q be a separable diffuse finite von Neumann algebra
with fized faithful normal trace trg. Denote the unique faithful normal trace on
R by trr, and form the von Neumann free product R x Q with respect to trg
and trg. Under these hypothesis, R x Q is q II, factor, which contains N and
Nr (N)" = Npg (N)". Finally, if A is a masaq in R, then A is also a masa
inside R x Q.
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Some comments on the proof. That R * Q is a II; factor in this situation is well
known, [17, Remark 2.6]. In our terminology, the key technical result - Lemma 2.2
of [17], ensures that any diffuse N C R has the weak asymptotic homomorphism
property in R * () away from R. The statement about the normalisers, [17,
Theorem 2.3], then follows from Lemma 1.4.24. Finally, the statement about
masas follows, as any unitary commuting with A normalises A and so lies in M.
This too can be found in Theorem 2.3 of [17]. O

We will apply this result to our infinite length semi-regular masas in the
hyperfinite II; factor R. Take a separable diffuse finite von Neumann algebra Q
with fixed faithful normal traace. Proposition 2.4.19, ensures that when A is a

semi-regular masa in R, we have
Np (4) = Npag (4),

for every I, as Proposition 2.3.2 ensures that each N} (A) is a subfactor of R
so diffuse. In particular, the uncountable family of pairwise non-conjugate semi-
regular masas in R of Theorem 2.4.2 remain pairwise non-conjugate when viewed
in R+Q; the index sequence ([N}g, (A) : Mh,o (A)])f2, is preserved as an invariant
demonstrating this non-conjugacy. Finally, observe that taking Q = L*[0,1],%
we have the isomorphism R * Q = L (F3), see [16]. A further free product can
be used to obtain uncountably many, pairwise non-conjugate semi-regular masas

inside any free group factor.

Theorem 2.4.20. Let Q be any finite diffuse von Neumann algebra with fized
faithful normal trace trg. Let R be the hyperfinite II; factor and M = R * Q).
There is an uncountable family of semi-regqular masas in the 1I; factor M no
pair of which is conjugate via an automorphism of M. In particular, for each
k=23,...,00, we can take M = L (Fy) the II; factor corresponding to the free

group with k generators.

Currently, we have defined the iterated normaliser algebras N™ (A) of an in-
clusion A C N for all n € N. The definition naturally extends to any ordinal a.

Namely, for successor ordinals we define
NFL(A) = Ny (N2 (4))",

and, when « is a limit ordinal, take

N°(A) = (U N (A)) .

B<a

21Equipped with the canonical trace, tr(f) = fol f(t)dt.
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The infinite length Tauer masas constructed in this section have length w in the
sense that their w-fold normaliser algebra is the underlying hyperfinite II; factor,
and w is minimal with this property. To see this we recall that this hyperfinite

IT; factor was realised as 'R®R, and the Tauer masa 4 had N' (4) = 'S®R.
Now repeatedly use the factorisation (2.4.8) to see that

1R®R= 2R§1R1§R=...= I+IR®(1R1@l_lRl---FélRl)@R,

and so ”
'R®R= (U linig ® ( 'R®"IR,...® 1R1)® R) .
=1

We have already seen at the beginning of subsection 2.4.3 that

NH—I(A)____ l+15§(’R1@l—lRl...@lRl)@R,

"

from which we can see that (U, N'(4)) = 'Ri®R.

Proposition 2.4.21. Let w be the limit of all the finite ordinals, the first count-
able infinite ordinal. The Tauer masas A C R constructed to establish Theorem
2.4.2 in subsections 2.4.1, 2.4.2 and 2.4.8 all have N* (A) = R.

In the free product situation of Theorem 2.4.20, the semi-regular masas pro-
duced have N“ (A) = R C R * Q, a singular subfactor of R * Q. At this point
then the chain of normalising algebras terminates as any ordinal @ > w has
Ne“(A) =R

In the separable case, we only consider countable ordinals; as separability
will ensure the chain of normalising algebras terminates, as described above, for
uncountable ordinals. At the time of writing we do not have an example of a
semi-regular masa of length w + 1, although it is easy to see what we should
arrange to happen. We look for a unitary normalising N = (|J;2, N! (4))" but
not lying in N. Any u with uN™ (A)u* C N™ (A) for each n will give us a
normaliser of V - we should aim to ensure that such a u can be found orthogonal
to each N (A). We state this problem formally.

Question 2.4.22. For each countable ordinal o, does there exist a semi-regular

masa A in the hyperfinite II; factor such that o is minimal with the property
that N (A) = R?

Addendum 2.4.23. Since the completion of this thesis, we have been able to
extend the methods in this chapter to show the existance of infinite semi-regular

Tauer masas with all possible index sequences. In [76], we establish this result
and give a positive answer to Question 2.4.22.
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3.1 Pukanszky’s invariant: definition and back-
ground

In [51], Pukanszky exhibited countably many singular masas in R no pair of which
are conjugate via an automorphism of R. The procedure used to demonstrate this
non-conjugacy was to examine the abelian algebra A generated by the left and
right actions of 4 on L?>(R). The type decomposition of the commutant A’ is then
an invariant of the original masa A, which is now referred to as the Pukdnszky
Invariant.

More formally, given a masa A in a separably acting type II, factor IV, we
define A by

A= (AUJAJ)" c B(L*(N)),

where J denotes the usual modular conjugation operator on L?(N) given by
extending the map z — z* from the dense subset N.! This A is then an abelian
algebra, so has a type I commutant A’ in B(L?(NN)). We have seen, in subsection
1.4.1,2 that the orthogonal projection e4 from L?(N) onto L?(A) can be written
as a strong limit of projections of the form ) . p;Jp;J, where the p; are projections
in A. In this way e4 lies in A - the centre of A’. It is easy to see that Aey = Aey,
a maximal abelian subalgebra of B(L?(A)). Hence, A'ey = Aey, is a non-zero
type I, part of A’ which is always present. As we wish to be able to distinguish
between masas A where A'e4 is the only type I; part of A’ and those with a
larger type I, part, the Pukénskzy invariant of A is defined by examining the
type decomposition of A'(1 —ey).

Definition 3.1.1. Let A be a masa in the separably acting type II, factor N.
With the notation above, we define the Pukdnszky invariant of A to be the subset
Puk (A) of N, = NU{oo} consisting of those n for which there exists a non-zero
projection p < 1 —e4 in A for which A'p is type I,.

It is not difficult to see that we have an isomorphism invariant here, in that
if two masas A and B are conjugate by an automorphism of the underlying II;
factor N, then they must necessarily have the same Pukanszky invariant — this is
done formally in Pukanszky’s original paper, [51].

Around the same time as Pukanszky, Ambrose and Singer also considered
A= (AUJAJ)". In work, which unfortunately was unpublished, they introduced
the concept of a masa A in N being simple when A is also a masa in B (L%(N)).
The largest mention of this project is found in [29], Kadison’s account of the life

'Note that Jz*J : y = yz is the operator of right multiplication by z.
2Using a combination of Proposition 1.4.3 and equation (1.4.2)
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and work of Singer, where it is noted that all that remains is a one line abstract.
In terms of the Pukanszky invariant, A is simple precisely when Puk (A4) = {1}.

A formal definition of simplicity in this way is also given in [25].°

3.1.1 Known values of the Pukianszky invariant

The discussion preceding the definition, shows us that Puk (A) is always a non-
empty subset of N,,. It is not yet known which subsets of N,, are attainable
as the Pukanszky invariant of some masa. Pukinszky’s original examples used
groups to produce a singular masa in the hyperfinite II; factor with invariant {n},
for each n € N,,. Recently, progress has been made by Stgrmer and Neshveyev
in [38], who used the ergodic methods of [33] to show that any subset containing
1 arises as the Pukanszky invariant of some singular masa in the hyperfinite II;
factor R. In particular, there exists uncountably many singular masas in R, no
pair of which is conjugate by an automorphism of R. In [61], Sinclair and Smith
noted that the invariant is well behaved under tensor products and so obtained
sets of the form {m, n,nm} as possible Pukinszky invariants of masas in R. More

generally, for any n,,...,n; € N they produce

-

Jj€J

@#JC{I,Z,...,k}},

as the Pukanszky invariant of a masa in the hyperfinite II; factor, obtained by

tensoring k copies of Pukanszky’s examples together.*

Proposition 3.1.2 ([61, Theorem 2.1]). Let A and B be masas in the II,
factors M and N respectively. Then A®B is a masa MN with

Puk(A®B) = Puk(A) U Puk(B)U{mn|m € Puk(A),n € Puk(B) }.

The main thrust of Sinclair and Smith’s work in [61] is to give a method for
calculating the Pukanszky invariant for masas arising from inclusions H C G,
where H is an abelian subgroup of the discrete 1.C.C. group G which satisfies the
requirements of Proposition 1.4.4 for £ (H) to be a masa in £(G). Using their
machinery, they are able to produce examples of such groups yielding {2, 3,12},
and more generally {n,m,knm} for any m,n € N and k € N, as possible
Pukéanszky invariants of masas in the hyperfinite II; factor.® It is still unknown

whether the set {2, 3} is attainable as the Pukanszky invariant of some masa in

3Takesaki ([66]) also has a definition of a simple masas A which, inconveniently, means
something entirely_ dig?rent!

4Recall that RRR® ... ®R is hyperfinite, so isomorphic to R.

5The groups for these examples are all amenable, so £ (G) is injective.
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R, or whether, if 2 and 3 are present in Puk (A), it is necessary to also have some
common divisor® or common multiple of 2 and 3 in the Pukanszky invariant.

In the free group factor case, things are different. In [15], Dykema extended
the result of Voiculescu ([73]) that no Cartan masa exists in a free group factor,

to show that when A is a masa in £ (IF;) we have
sup Puk (4) = oo.

It is, therefore, certainly not possible to obtain all non-empty subsets of N, as
Pukénszky invariants of masas in £ (F;). Very recently, Dykema, Sinclair and
Smith have used a free product construction, [17], to show that any subset of
N, containing co can be obtained as the Pukanszky invariant of some masa in
L (Fr). At present it is not known whether oo must always be present in such a
Pukanszky invariant, or whether it is possible to construct a masa in £ (Fy) with

invariant N, say.

3.1.2 The Pukanszky invariant and normalisers

As we have just hinted at, there is a strong connection between the Pukanszky
invariant and the classification of masas by their normalisers into singulars, semi-
regulars and Cartans. Indeed the next theorem, which can be assembled from
Corollary 3.2 and Remark 3.4 of [46]7, makes this connection clear.

Theorem 3.1.3 (Popa). Let A be a masa in a separable 11, factor N.
1. If A is Cartan, then Puk(A) = {1}.
2. If N (A) ¢ A, then 1 € Puk(A).
3. If 1 ¢ Puk(A), then A is singular.

The converse to part 3 is not true, as can be seen from Pukanszky’s example
of a singular masa with invariant {1} in [51]. 1t is worth asking whether the first
part of Theorem 3.1.3 extends to finite length masas, i.e. if a A is a masa of finite
length in R, must we then have Puk (4) = {1}, or is Puk (A) necessarily bounded?
If either of these statements hold, then Dykema’s result in the previous section
would imply that no finite length masa exists in a free group factor. Popa’s work
reinvigorated interest in the Pukanszky invariant, with various authors (see for

example [52], [3]) using it as a method of demonstrating singularity of masas.

®For example, {1,2,3} is attainable using the ergodic methods of [38].
"Unfortunately there are two results in [46] numbered 3.4

— the remark of interest to us is
the first of these.
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In subsection 1.4.4, we indicated that the Pukanszky invariant gives a positive
answer to Question 1.4.29 when Theorem 3.1.3 applies. It is only necessary then,

to address Question 1.4.29 in the case when 1 lies in the Pukanszky invariant of
A or B.

Remark 3.1.4. Let A and B be singular masas with 1 ¢ Puk(A) and 1 ¢
Puk (B). Proposition 3.1.2 ensures that 1 ¢ Puk (A®B), so that AQB is singular
by part 3 of Theorem 3.1.3.

How good is the Pukanszky invariant at distinguishing between different sin-
gular masas? The ergodic methods of Stgrmer and Neshveyev, [38] allowed them
to construct two singular masas in R with Pukénszky invariant {1} which are
not conjugate by an automorphism of R. They used the existence of centralising
sequences for R inside these masas to distinguish between them. In section 3.3 we
shall extend this idea further, to give uncountably many non-conjugate singular
masas with the same Pukanszky invariant.

As discussed in [61], the relationship between the Pukanszky invariant and
standard constructions other than the tensor product is not yet well understood.
In the sequel we shall touch upon the possibility of such a relationship for direct
sums. Given two masas A and B in the same II, factor N, we can form the II;
factor, Maty(N) = N®Miat,(C), of 2 x 2 matrices over N. Define

A@Bz{(gg)

a masa in Maty(N). Recall that when N is hyperfinite, then Maty(N) is also
hyperfinite so we can view A® B as being another masa in R. In [61] the question
of how to relate Puk (A & B) to Puk (A) and Puk (B) was asked. At present only

the trivial case when A and B are unitarily conjugate appears to be known.

aeA,beB},

3.1.3 Continuity prdperties of the Pukanskzy invariant

We end this section by examining how the Pukanszky invariant behaves under
taking limits. The result, which is deduced from the perturbation work [50] of

Popa, Sinclair and Smith, is joint work with Allan Sinclair, and will be given in
[63].

Theorem 3.1.5. Let A, be a sequence of masas in a separable 11, factor N
converging in the do 2-metric of Definition 1.4.10 to a von Neumann subalgebra
B of N. In this case B is a masa in N and

Puk(B) C G ﬁ Puk(A,) . (3.1.1)

r=1n=r
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Proof. That the set of masas is d o-closed dates back to Christensen ([4]), see
Proposition 1.4.11. Find, by Corollary 1.4.16, masas B, in N and projections
pn € BN B, such that:

e A, and B, are unitarily equivalent in V;
e B.p, = Bp, for all such n;

o limy o ||1 = pull, = 0.

Note that Corollary 1.4.16 is only used for those large n making de,2(An, B)
sufficiently small.8 For the finite initial segment of small n, take B, = A, and
pn=0.

For any z € N,

Hanan:I: - 37“2 = ”pnmpn - -77“2 < ”pnx - 33”2 + Hpn(xpn - m)”2
< lpn = 1ly (llz]] + [|Paz]|)
< 2|zl |pn — 15,

so that the projections p,Jp,J in B, N B converge strongly to 1, by density of N
in LZ(N).

Given some m € Puk (B), there must be a central projection g € B=B'NB
with ¢ < 1 — ep, such that B'q is of type 1,,. As p,Jp,Jq converges strongly to
q we must have p,Jp,Jq # 0 for all n sufficiently large, those with n > n,, say.
For these n,

B.paJpnJ = B'ppJpnJ,

a type I von Neumann algebra with centre B,p,Jp,J = Bp,Jp,J. For n > ny,
PndpnJq # 0 lies in this centre and B/ p,Jp,Jq is then a central cutdown of By,
a type I, von Neumann algebra.

Now observe that p, and Jp,J commute with both eg and ep_, as p, € BNB,.
We also have p,ep, = prep and Jp,Jep, = Jp,Jep, as B,p, = Bp,. In this way,
PndpnJq < 1—ep,, so that m € Puk (B,), for n > n;. As B, and A, are unitarily
equivalent, we have m € Puk (A4,) for all n > n,, exactly as required. O

In the special case when the Pukanszky invariant of each A, is {n}, the only

possibility for the Pukanszky invariant of the limit masa B is also {n}.

Corollary 3.1.6. Let N be a separable 11, factor. For each n € Ny, the set of
all masas with Pukdnszky invariant {n} is closed with respect to the metric dy 5.

8Less than the § given in the corollary.
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It is not hard to produce examples showing we cannot in general have equality
in (3.1.1). The method used to do this is essentially that of direct sums - we will

see more of these in section 3.3.

Example 3.1.7. Let A be a masa in R with Pukénskzy invariant {1}. Find
projections p, € A with p, — 1 strongly and p, # 1, for each n. For each n, let
By, be a masa in (1 — p,)R(1 — p,) with Pukinszky invariant {2}.2 Define

A,={ap,+blac Abe B, },

a masa in R. These A, converge to A in the do, 3-metric by Proposition 1.4.14. It
is immediate that 1 and 2 lie in each Puk (A,), although our lack of understanding
of the relationship between the Pukanszky invariant and direct sums prevents us

from determining fully the Pukénskzy invariant of the masas A,,.

Finally, we use Theorem 3.1.5 to show that the Pukanszky invariant is not a
genuinely continuous invariant of singular masas, in the sense of subsection 1.4.6.
To do this we should note that we could have stated Theorem 3.1.5 in terms of

convergent nets of masas - no essential changes to the proof would be required.

Corollary 3.1.8. There does not exist a continuous map t — A(t) from [0,1]
into the set of masas in some 11, factor, equipped with the do, »-metric, such that

each A(t) has a distinct Pukdnszky invariant.

Proof. Let t — A(t) be a continuous map from [0, 1] into the masas in some II;
factor N equipped with the d., o-metric. A ‘net-version’ of Theorem 3.1.5 ensures
that, for each ¢ € (0, 1), we are able to find an open interval I, containing ¢, such
that Puk (A(s)) D Puk (A(t)), whenever s € I.

Suppose, by way of obtaining a contradiction, that ¢t — Puk (A(¢)) is injective.
Fix ty € (0,1) and find an open interval I, containing o, such that Puk (A(s)) D
Puk (A(tg)), whenever s € Iy. Choose t; € Iy, with t; # tg, and find an open
interval I, C I containing t;, such that Puk (A(s)) D Puk(A(¢;)), whenever
s € I. Next we find ¢, € I, strictly between ty and #;, with |t; — ;| < 1/2, and
an open interval Iy C I, containing t, and such that Puk (A(s)) D Puk(A(¢,)),
whenever s € I,. Continue in this way to find distinct points ()%, and nested
open intervals Iy D I} D I, O ... such that:

° tnEIn;

o Puk (A(s)) D Puk(A(t,)), whenever s € I,;;

9Such a masa exists, for example using Pukanszky's original examples, in [51], as -
pn)R(1 — pn) is a hyperfinite II, factor.
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o |t, — tn_1]| < 2™ for each n > 1;
e For m >n > 0, t,, lies between ¢,, and ¢,,_;.

The second condition guarantees that (t,)32, is Cauchy, so convergent to some
t € [0,1]. For each n, the interval between ¢, and ¢,,_; is a closed subinterval of
I._1, so the third condition ensures that t € (o,
I, containing t such that Puk (A(s)) D Puk (A(¢)), whenever s € I. There is some
ng such that t, € I, for n > ng, and so Puk (A(t,)) D Puk (A(t)), for these n. On
the other hand, ¢t € (1o, I,,, so we also have Puk (A(t,)) C Puk (A(%)), for every
n. The injectivity of ¢t — Puk (A(t)) then implies that ¢, = ¢, for every n > nyg -

I,. Now find some open interval

contradicting the requirement that the (t,)52, are distinct points in [0, 1]. O

3.2 The Pukanszky invariant of a Tauer masa

Let A be a Tauer masa in R with respect to the subfactors (N,)32 ;. Consider
the algebras A, = (4, U JA,J)" generated by the actions of the approximation
A, on the left and right of L?(R). By counting dimensions it is clear that A, is
a masa in B(L%(N,)). In the same way that the approximates A, generate A,
we have that A is generated, as a von Neumann algebra, by the .4, and so it is
reasonable to hope that A is then necessarily a masa in B (L?(R)), or equivalently
that Puk (A) = {1}. This indeed turns out to be the case. The next result and

its proof, making up subsection 3.2.1, are to appear in [77].

Theorem 3.2.1. Let A be a Tauer masa in R, then A has Pukdnszky invariant

{1}.

3.2.1 Proof of Theorem 3.2.1

It is well known, see for example [10, Theorem II1.2.2], that when A is an abelian
von Neumann algebra acting on a separable Hilbert space H, then A is a masa
in B(#) if and only if it has a cyclic vector, by which we mean that there is some
¢ € H with Af = H. We shall prove Theorem 3.2.1 by giving an algorithm for
the construction of such a cyclic vector for A in L?(R), when A is a Tauer masa in
R. We pretfer this to making the brief discussion preceding the theorem rigorous,
as a method for producing cyclic vectors is more likely to be of use elsewhere. We

shall use the following easy observation repeatedly, so record it as a proposition.

Proposition 3.2.2. Let A be a masa in a type Iy factor N. If X is a finite subset
of N such that

Span(AzA) L y, (3.2.1)
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whenever x,y € X with  # y, then given minimal projections e; and ey for A,

there exists at most one x € X with
eizey # 0.

Proof. Take matrix units (e;;)f;_, for N such that (e;;){_, are the minimal pro-
jections of A. Given z,y € X, write z = Zf,j:l T je;; and y = Zf’jzl Yi j€ij, for

some scalars z; ;,y; ; € C. Note that for any ¢, j we have

* 2
0 = tr(esize;;y") = lleiilly i 0is,
so one of €iil€;5 5 = T ;€ j, OT €,;YE; ;i = Y; ;€ j, must be zero. O

The first use of this uniqueness is to demonstrate that we can test for the or-

thogonality of A-cyclic subspaces generated by elements of the chain of subfactors
(Na)3

n=1-

Proposition 3.2.3. Let A be a Tauer masa with respect to the subfactors (N,),.
For z,y € N, with
Span (Ap,zA,) L y. (3.2.2)

we have

Az 1 Ay. (3.2.3)

Proof. Suppose that z and y lie in N,, and satisfy (3.2.2). Now, given m > n and
minimal projections fi, fo in A,,, find minimal projections e; and e; for A, with
fi < e; and f, < e;. By Proposition 3.2.2, either e;zes = 0 or ejye; = 0. In
either case

tr(fizfoy®) = tr(fi(eizes) fa(eryez)™ f1) = 0,

and so by linearity
Span (AnzAn) L y.

It is then clear that
Span ((Upr—1 Am)Z(Unm—14m)) L v,

and taking the closure gives Az L y. If ay,a, lie in A C B(L?*(R)) then

(le, a2y>L2(R) = (agala:, y>L2(R) = 0,
establishing (3.2.3). 0O

We now start to construct our cyclic vector for A, operating initially in the
subfactors (N,)2,.
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Lemma 3.2.4. Let A be a Tauer masa with respect to the subfactors (Nn)ax;-

There exists a sequence (z,)5%, in R with the following properties:
(i) z; € N;, for each i;

(i) ||z:|l, = 1 or z; = 0 for each i;

(iii) Span(A;z;A;) L z;, whenever i < j;

(iv) @._, Span (Aiz;4) = N, for each l.

Proof. We proceed by induction. Take matrix units (e; (1 )), =y for Ni with

A, = Span (egli, . efcl,)c)

then
1 &
=2 2 c
i,j=1
satisfies the requirements. Assume inductively that we have already found z1,. .., Z,.

Let X be a maximal family of elements of N,y with ||z]|, = 1 for each z € X
such that
Span (An+1.’17An+1) 1 x;, (324)

forze X,1=1,2,...n and
Span (Ap+124n+1) L v,

whenever z,y lie in X with z # y. If X is non-empty, we take

Ln+1 = \/l—f Z

rzeX

otherwise we take z,4; = 0. Either way z, satisfies (i) and (ii). Condition (iii)
follows from (3.2.4), so it remains to establish condition (iv) for | = n + 1. By
Proposition 3.2.3, we have

Span (An417:Ant1) L Span (Anp12An41),

whenever 1 <1 < 7 <n+ 1, and so the direct sum

n+1

@ Spa'n (An+1$iAn+1)

i=1

exists. If this direct sum of is not the whole of N,,,;, then we would be able to find
an element y in Np, orthogonal to it. In particular y is then orthogonal to each
Span (An41%iAnt1) for i =1,2,...,n and, using Proposition 3.2.2, orthogonal to
each Span (Ap+12An41) for £ € X, which contradicts the maximality of X. O
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The following lemma now completes the proot of Theorem 3.2.1 by exhibiting

the required cyclic vector.

Lemma 3.2.5. Let A be a Tauer masa with respect to the type I, subfactors
(N).,. Write A, = AN N, and let (z,);2, be a sequence in R satisfying the

n=1

conditions of Lemma 3.2.4. Then
- 1
— L2
is a cyclic vector for A= (AUJAJ)".

Proof. Since k, > 2", the sum defining ¢ converges. Fix n > 1 and matrix
units (e; ;)%= _y for Ny, such that the projections (eii)', generate A,. We shall
demonstrate that e; ; lies in the closure of A¢, for each ¢ and j, the result then
follows immediately from the density of U, N, in L*(R).

Fix ¢ and j, then Proposition 3.2.2 and property (iv) of the (z,) combine to
show that there exists a unique ly € {1,...,n} with e;;z,e;; = Ae;; for some
constant A # 0. Let m > n, and write (f (m))ff__‘l/k”
A,, underneath e;;. Define a,, € A by

= X AP

(s,t)ESm

for the minimal projections in

where

S = { (s,t)ll < 8.t < km/kn and fMay, I # 0 }
Observe that ||am|| < |Sm| < (km/kn)? and
A, (Z kr—n3xm) = k‘l—OBG,m(.’ElO) = k1;3ei,ixloej,j = )\kl;3€i,j,
=1

by applying the uniqueness result of Proposition 3.2.2. ln particular

i k7,

lam(€) = Meileisll, < llamll

r=m+1 9
k2 o=, _3
m —
< Bk
" r=m-+1
1 o0
-1
S EQ— Z kr
N or=m+1

which converges to zero as m — oo since k, > 2". Hence, e; ; does indeed lie in
A€, as required. O
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masa constructed in the infinite tensor product of the 3 x 3 matrices is in general
a Tauer masa, or whether it must have Pukanszky invariant {1}.

There is a related problem here. Given a Tauer masa A in R, which chains
of generating subfactors for R make A Tauer? More formally, we define a Glimm

power type invariant for Tauer masas.

Definition 3.2.7. Let (NV,)22, be a chain of finite type I, factors, with N,, C
N,+1 being a unital embedding. For a prime p, as k;|ka|ks|..., we can define
€p € N by

€, = sup { m|p™ divides k, for some n }.

The formal product
Glimm ((Na)32,) = []

p prime
was shown by Glimm?'® in [19], to be a complete *-isomorphism invariant for the
uniformly hyperfinite C*-algebra obtained as the direct limit of (N,)22,; see also
[10, Theorem II1.5.2] whose notation we have used.
Given a Tauer masa A in R, define Glimm (A) to be the set consisting of all
Glimm ((NV,)$2 ;) whenever (N,,)%2, is a chain of type I factors generating R such
that A is a Tauer masa with respect to (N,)S,. This is evidentally a conjugacy

invariant of A as a masa in R.

Our problem then becomes to determine Glimm (A) for a Tauer masa A. We
only have an answer in the most trivial case, namely that of the Cartan masa D
in R. Here, Connes, Feldman and Weiss’ result on the uniqueness of the Cartan
masa in R up to conjugacy by an automorphism ([8], see also [46]) allows us to
see that Glimm (D) consists of the set of all allowed formal products.'!

Motivated by Corollary 3.1.6, which shows that the set of all masas in R
with Pukanszky invariant {1} is closed in the d o-metric, we ask, ‘What about
the Tauer masas?’ It seems unlikely that these masas should be closed as the
definition involves the existence of an appropriate chain of subfactors (N,)o>,. It
might be possible to construct a sequence of Tauer masas which converges but
the underlying generating chains change sufficiently that the limit masa can no
longer be Tauer. Currently however, we have no methods other than examining
the Pukanszky invariant for showing a masa is not Tauer, which suggests the

following question.

Question 3.2.8. Working with the d »-metric on von Neumann subalgebras of
R, is the closure of the Tauer masas the set of all masas with Pukanszky invariant
{1}7

10who interestingly was Tauer’s PhD supervisor.
je. those with [], . P = oo.
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Not all masas in R are Tauer masas, but this does mean we can not hope to
use matrices to get a handle on other masas. Let (N,), be a chain of matrix
algebras generating the hyperfinite II; factor. Given a masa A, we can take
A, = AN N,, an increasing chain of finite dimensional subalgebras of A, which
might be identically trivial. If A is not Tauer with respect to (IN,)5%;, then we
can not have E4, () = Ea qr(z) whenever z € N,, as having this condition
for infinitely many n is enough to get a Tauer masa. We can hope though, to
find k, > n such that E4,_(z) = Eg AR (z) whenever z € N, and, by omitting
unnecessary stages, we may assume that k, = n + 1 for each n. In this case
Ea,, () = Ea, g (z) = Ea (z), whenever z lies in N,, and m > n. By density we
have

lim ”]EA,, —Eanr (:1c)||2 =0,

n—oo

for all z € R which is precisely the condition appearing in Proposition 1.4.3 for

the A, to generate A. This situation is summerised in Figure 3.1.

N{——> Ny—> .- .c—> N, ¢ e - -

N

A A > A s A s

?

o0
n=1

Figure 3.1: A masa A approximated in a chain (N,)

Definition 3.2.9. Given a chain of matrix algebras (IV,)32; generating the hy-
perfinite II; factor R, say that a masa A in R is approzimated in the (N,)2, when
we have Eann,,, (z) = Eunn,,,yor (z) for all z € N,. Say that A is approzi-
mated by matrices if there is some chain of matrix algebras (IV,)2.; generating R
such that A is approximated in this chain. In this case, we write A, = N,, N A.

A reasonable project for further investigation of the possible values of the
Pukanszky invariant in R would be to calculate the Pukanszky invariant for some
masas approximated by matrices. Time has not allowed this be done, but we
can give a result showing that ‘up to an €' all masas in R are approximated by
matrices. The € involved arises as the projection of elements in N,, onto Apyr is
not guaranteed to agree with the projection onto A - only be a good approximation
to it.

Theorem 3.2.10. Let A be a masa in the hyperfinite 11, factor R, and let (€n)24

be a sequence of strictly positive reals. There exists a chain (M., of matriz

algebras with
0o "
n=1
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such that, upon setting A, = M, N A, we have

“ (EA,,+1 —Ear +lnR) En, < €n,

00,

for each n.

If one could control the Pukanszky invariant of masas approximated by matri-
ces then one should be able to use this result to extend this control to determine
the possible values of the invariant for masas in R. Another possible use of this
theorem is to investigate Question 3.2.8 - if we also know that a masa has Pukan-
szky invariant {1}, can we deduce anything else from Theorem 3.2.107?

To prove Theorem 3.2.10, we use the methods of Murray and von Neumann
developed ([37]) to show that the hyperfinite II; factor is unique up to conjugacy.

We have already stated the technical lemmas we need in subsection 1.2.2.

Lemma 3.2.11. Let A be a masa in R and (€,)5, be a given sequence of positive
reals. Fiz an increasing sequence of finite dimensional subspaces (V,,)52, of R with

(UL, Vo) = R. Let (0,)3%, be a sequence of strictly positive reals converging to
zero.

There exist Ny C Ny C -+ C N, C ..., unitaries (u,)>>, in R, and B; C
B, C - C B, C ... such that, for each r, we have:

1. N, is a type I subfactor of R containing B,, with

H(I - ]ENr)EVr ||oo’2 S 6”‘;

2. B, is a 2% -dimensional abelian *-subalgebra of u, ... uy Aug . . . uy with equiv-

alent minimal projections in R;
3. u, € Bl._;;

4 Nlun =1, <277

H (EB,+1 — Ep +1nR) En,

< €n.

00,2

Proof. Define B; = C1 and u; = 1. By Lemma 1.2.6, we can find a type I
subfactor N; C R with

“(I - ]ENI)IEVI ”00,2 < 6.

Suppose inductively that we have found all the required objects upto the n-
th stage. We start the construction of N,i1, Bnpy1 and unyy by finding some

2¢n+1_dimensional abelain subalgebra C with equivalent minimal projections, such
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that B, C C C u,...u1Au}...u}. By Proposition 1.4.3, applied to the masa

n

Up - .. urAuj ... u, we can demand that

I(Ec — Ecrar) En, || oo 2 < 53’1 (3.2.5)

Let | = gny1 — qn > 1, set Dy = B, and My = N,,. We shall find Dy C D, C
Dy---Cc D =C, My C My C My C---C M; and unitaries vy, ..., € R with:

i D, is a 29t dimensional *-algebra with equivalent minimal projections;
ii M; is a type Iy subfactor of R;
iii v; liesin (vj_y...vy D10} ...v}_,) and has ||v; — 1]|, < min{2~("*Y) ¢, /12} /I

v ViVi—1 ... 'UlDi’UI ce ’Ui_l’l): - Mi.

Suppose this has been achieved, define u,y; = v}...v] which commutes with
Dy = B,,, and has

l
|unsr — 1|5 < Z Jvi = 1], < min{2~("*Y), ¢, /12},

i=1

so conditions 3 and 4 hold. Let B,,; = u,4+1Cu}_,, which contains B, and is

contained in Uny ... u1Auj ... u; , so satisfies condition 2. Observe that

| (Bonss = Bog o) B,

< ”(IEC - ]EC’OR) IEIVn ”00,2 + ”IEBn+1 - ]Ecl|oo,2 + “IEB;H_IOR - EC’ﬁR”

00,2

1
< gen+ 4lunes = 1 + 4 Juni — 1, < e

verifying condition 5. Finally, we use hyperfiniteness in the form of Lemma 1.2.6
to find N,41 D M; D u;,,,Cupnt1 which satisfies condition 1.

Now, we must perform the second induction. Suppose we have completed
the (¢ — 1)-th stage for some 1 < ¢ < I. Temporarily fix a minimal projection
e € vi—y...v1D;_yv7 ...v;_;. Choose projections e; and ey inv;_; . .. v Col ... v,
with e = e; + e and tr(e;) = tr(ez). For > 0, to be specified later, use Lemma
1.2.6 to find M; D M;_; such that

“(1 —En) Boi_yovcugnr

<.

1
00,2

Set h = Ey, (e1) which then has ||e; — h||, < 5. We can crudely estimate
Ih = R*[l, < B —ell, + ||(e2)? — 12|,
< (14 lleall + (IRl 1B = eq]], < 3.
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Provided 35 < 1/4, which we can certainly insist upon, Lemma 1.2.5 shows that

1h = gll; < 2+/3n,

when g is the spectral projection of h corresponding to the interval [1 — /37, 1],
which lies in M;.

We now adjust g so that it has the same trace as e;. Let f; be a projection
in M; with tr(fi) = tr(e;) and such that, either f; < g or fi > ¢, so that
11 = gll, = V/Itr(g — e1)]. We have

| lex = fil|l, = llex = full,
< llex —glly + llg = fill,
= llex — gll, + VItr(g — e1)]

< llex =gl + /llex — glly < 7,

' = (2v/3n+n) +1/2¢/3n+ 1.

Work in the II; factor eRe and find, by Lemma 1.2.4, a unitary w. € eRe with
weerw; = fi and |w, — | < \/§|el — fil. Set fo = e — f1 so that weeow? = fo.

Do this for each minimal projection e € v;_; ... v D;_1v}...v;_1*. The chosen

where

* *

projections in v;_; ...vCvy ... v} are used to define v;_; ...v;D;v} ... v}, and
so D;. By construction, all the minimal projections of D, have the same trace.
Let v; = ), we, the sum of all the unitaries produced above. By construction,
v; commutes with v;_; ... v1D;_4v] ... v} ,, and we have v; ... v D;vt ... v;* C M;.
Finally
o =1l < 37 | e — ef |, < 2+ /3,
e

so we are done if we choose 1 so that this last quantity is small enough, that is
less than min{2~("*1) ¢, /12} /1. O

Proof of Theorem 3.2.10. Let A be a masa in R. Given a sequence (€,)%, of
strictly positive reals, fix an increasing sequence of finite dimensional subspaces
(Vo) of R with (U2, V)" = R. Let (6,)%, be a sequence of strictly positive
reals converging to zero.

Find (Nn)32,, (un)$, and (B,)%, as in Lemma 3.2.11. Condition 1 ensures

n=1» n=1
that (Use; Nx)" = R. Let B = (|J>, B,)", which is a masa in R by condition
5 and Proposition 1.4.3. Furthermore, we have B, C N,, so condition 5 shows
that the masa B is expressed exactly in the form with respect to the N,, that we

wish our A to be. It will then be enough to show that B is conjugate to A via

109



an automorphism of R. For suppose that § € Aut (R) has §(B) = A, then take
M, =06(N,),and A, = ANM,.
Our automorphism @ arises as the limit of Ad u}...uZ in the u-topology on

automorphisms. For each z € R, the bounded sequence (u} ... ukTuy, ... u1)3, is

||.||,-Cauchy, for

* * % * . *
luf. . uroun. . u — U} .. U TUnr - u1”2 = || = Unt1"TUns1]|y

< 2|z Junsr — Ll < 27" 2]

The sequence then converges in L%(R) to some 6(z). This 6(z) actually lies
in R, as the unit ball in a separable II; factor is ||.||,-closed. This 6 then de-
fines an injective *-homomorphism of R into R. To see that it is an automor-
phism, we must check that it is invertible. This is immediate, as for each = € R,
(Un ... wzug ... us)2, converges to some ¢(z) € R exactly as before. This ¢ is
also a *~homomorphism which is obviously 7!.
Observe that
0(By) =uj...u;Bpun ... u3 C A,

by condition 2, as u,, commutes with B, for m > n, by condition 3. Hence
6(B) C A, but as both A and B are masas, we have §(B) = A, exactly as
required. O

The matrices produced by this proof have Glimm ((N,),) = 2%*. Only
minor modifications would have been required to obtain any other legal Glimm
invariant, so Theorem 3.2.10 might also be useful in investigating the range of

Glimm-invariants of a Tauer masa, as discussed earlier.

3.3 Uncountably many singular masas with the
same Pukanszky invariant

Corollary 2.4.1, giving us uncountably many semi-regular Tauer masas no pair of
which are conjugate by an automorphism of R, combines with Theorem 3.2.1 to
ensure that each of these have Pukinszky invariant {1}. We will not be able to
generalise this idea to produce uncountably many pairwise non-conjugate singular
masas with the same Pukinszky invariant, as the distinguishing feature of the
masas of Corollary 2.4.1 was the difference in the structure of the normalising

algebras A (A)". Parts of the next three subsections, including Theorem 3.3.5,
will appear in [63].
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3.3.1 The plan

We look instead for a different idea. Folklore gives another method of obtaining
uncountably many pairwise non-conjugate masas in the hyperfinite II; factor.
If we take a projection p # 0,1 in R then both pRp and (1 — p)R(1 — p) are
hyperfinite II; factors so isomorphic to R.1> Take a Cartan masa A; inside pRp
and a singular masa A, inside (1 — p)R(1 — p) and consider the abelian von
Neumann subalgebra A in R generated by A; and A,. This is necessarily a masa
in R, which when tr(p) = 1/2 is the direct sum of 4; and A, as mentioned at the
end of section 3.1. We regard A as the tr(p)-direct sum of A; and A, in R, which

we view pictorially in Figure 3.2, and occasionally write as A, Dir(p) A2

Ay 0 P pRp PR(1 - p)

/

p 1-p (1-p)Rp

(1 -p)R(1 - p)

Figure 3.2: The masa A inside R.

We can immediately compute A (A)" as expressed in Figure 3.3. Observe that
p is the only non-trivial minimal projection in the centre of N (A)". Take another
projection ¢ # 0,1 in R and construct a masa B as the direct sum of a Cartan
masa B; in ¢Rq and a singular masa B; in (1 — q)R(1 — q). If tr(p) # tr(q) then
A can not be conjugate to B via an automorphism of R, as N (A)" is certainly
not conjugate to N (B)"” via any such automorphism.

It is possible to introduce an invariant demonstrating this lack of automorphic

equivalence, namely for a masa A in a II; factor N
sup { tr(p) | p is a projection in A with Ap a Cartan masa in pNp}  (3.3.1)

is a conjugacy invariant of A lying in [0, 1].'3 It is immediate that when A is the

tr(p)-direct sum of A; and A, as described above, then this invariant is tr(p). In

12This is the well known result that the fundamental group of R is all of R, , but we have
no plans to involve ourselves in a potentially lengthy discussion of fundamental groups of von
Neumann algebras here.

13This gives a genuinely continuous invariant of masas, in the sense of subsection 1.4.6, but
of course not one for the singular masas - where it is identically zero.
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p l1-p
Figure 3.3: Pictorial form of N (A)"

this way we obtain uncountably many masas in R no pair of which is conjugate
via an automorphism of R.

Of course, there are two problems here in using this method to produce un-
countably many pairwise non-conjugate singular masas in R with Pukanszky in-

variant {1}, namely:
1. these masas are not singular;

2. we can not in general control the Pukanszky invariant of a direct sum of

masas.

The second difficulty is outflanked by using Tauer masas in the manner sug-
gested by Remark 3.2.6. The first problem would seem more fundamental, but
the method above allows us to produce an uncountable infinity of pairwise non-
conjugate masas in R whenever we can construct two masas A; and A, in R such
that A; has a certain property in R and for all projections e € Ay, Aye does not
have this property in eRe.!* Following Stgrmer and Neshveyev’s use ([38, Corol-
lary 4.12]) of centralising sequences in masas to give two non-conjugate singular
masas with Pukanszky invariant {1}, it should come as no surprise that the prop-
erty we shall use here is the existence in A of non-trivial centralising sequences for
R, as discussed in subsection 1.2.4. We make a formal definition of the invariant

for masas which arises in the same manner as (3.3.1) using centralising sequences.

Definition 3.3.1. Let A be a masa in a II; factor N. Define I'(A) to be the

supremum of tr(p) over all projections p € A such that Ap contains non-trivial

centralising sequences for pNp.

4In the proceeding discussion the property is being Cartan, and it is immediate that when
A, is singular in R, then so is Aze in eRe.
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It is immediate that this I'(A) is a conjugacy invariant of A, in the sense that
for an automorphism 6 of N, we have I'(§(A)) = I'(4). Conveniently, the masas
A we have been occasionally calling I' masas, are precisely those with I['(A) =1.
As we have suggested, if we form a tr(p)-direct sum of two masas A; and A,
such that A; contains non-trivial centralising sequences and no Ase does, then
we should obtain I'(A; @) A2) = tr(p). This is essentially obvious, but we

record it formally, as it will be a calculational tool in the sequel.

Proposition 3.3.2. Let A be a masa in a 11, factor N. Suppose that there is a
projection p € A such that:

o Ap contains non-trivial centralising sequences for pNp;

e For every projection e < 1 — p in A, Ae does not contain non-trivial cen-

tralising sequences for eNe.
Then T'(A) = tr(p).

Proof. Take a projection 7 € A such that Ar contains non-trivial centralising
sequences for rN7. To obtain a contradiction, suppose that r € p. Let (Xn)22,
be a non-trivial centralising sequence for rNr in Ar, then write Yn = Tppr and
Zn = Za7(1 — p), so that z, = y, + 2, for all n. The sequence (z,)%, is a
centralising sequence of (1 —p)Nr(1—p) and so is trivial by hypothesis. Without
losing generality, we may assume that z, = r(1 — p) for all n.

Take a partial isometry v € N with v*v < r(1 —p) and vv* = py < pr, so that

YnV = Tpv and v = vz, = vz,. Now
[ (yn — 1)po||2 = |lynv - ")Hz = “mnv - Umn”z — 0, (3.3.2)

as n — 0o. Find orthogonal projections (p,,)me; in A, with p,, < pr and tr(p,,) <
tr(r(1 — p)), for each m, so that >.7° . p,, = pr. By (3.3.2), we have

mo
92 = 1l < D 1 (¥n — Dpmll, = 0,
m=1

so that ()52, is a trivial centralising sequence. This contradiction ensures that

r < p and so
[(4) = tr(p),

as required. O

The second condition in the preceding proposition will appear again, so we

introduce some nomenclature for this situation.
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Definition 3.3.3. The inclusion A C N of a masa in a II; factor is called com-
pletely non T if, for every projection e € A, all the centralising sequences in Ae
for eNe are trivial. Equivalently this is when I'(A) = 0.

In this way, the hypothesis of Proposition 3.3.2 becomes that A is the tr(p)-

direct sum of a " masa and a completely non I' masa.

3.3.2 The execution

Our objective is to demonstrate that I' gives us, what we called in subsection
1.4.6 a genuinely continuous invariant for singular masas. We first show that I’

is infinity-two norm continuous.

Proposition 3.3.4. There exist constants 0 < § < 1 and K > 0 such that if A

and B are masas in a separable 11, factor N with

IEa — Ep|l 0 =€ <9, (3.3.3)
then

IT(A) — T(B)| < Ke. (3.3.4)
In particular, if A, is a sequence of masas in N with

lim |[E4, —Epl/o, =0,

n—o0

for some masa B in N, then I'(A,) — I'(B) as n — oo.

Proof. Let § and K be the § and K; of Theorem 1.4.15 respectively. Given masas
A and B in N satisfying (3.3.3), Theorem 1.4.15 gives us projections p € A and
q € B and a unitary u € N with u(Ap)u* = Bq and

I1=pll,,11—qll, < Ke.

Given a projection e € A such that Ae has non-trivial central sequences for
eNe, take f = uepu® - a projection in B under q. Since u(Aep)u* = Bf, we can
use u to conjugate the centralising sequences in Ape for pe Rpe into centralising

sequences for fRf lying in Bf. Therefore,
P(B) 2 tr(ep) = tr(e) — tr(e(1 — p)) = tr(e) — llefl, |1 — pll, > tr(e) — Ke,
for every such e, and hence
I'(B) > T(A) — Ke.
By interchanging the roles of A and B we have

I'(A) > T(B) - Ke

H

and these two inequalities combine to give (3.3.4), as required. O

114



To complete our objective, we now exhibit a continuous path through the
singular masas from I’ = 0 to I’ = 1. Since this path can be found in the set of
masas with Pukanszky invariant {1}, this gives us our desired uncountably many

different singular masas with the same Pukanszky invariant.

Theorem 3.3.5. There is a map t — A(t), taking each t € [0,1] to a masa A(t)
in the hyperfinite 11, factor R such that:

® do2(A(s),A(t)) = 0 as |s—t| = 0,

o Every A(t) has Pukdnszky invariant {1};
o Each A(t) is strongly singular;

o T'(A()) =t, for each t;

Corollary 3.3.6. There exist uncountably many singular masas in the hyperfinite
II; factor R, each with Pukdnszky invariant {1}, such that no pair of these masas

s conjugate by an automorphism of R.

The plah is fairly simple, we shall construct Tauer masas A(t) for a dense set
of t in [0, 1] satisfying the conditions of Theorem 3.3.5. We will then use the d, o-
completeness of the set of masas in R, Proposition 1.4.11, to extend the domain
of definition of A to all of [0,1]. That these A(t) satisfy the last three conditions
in Theorem 3.3.5 will then follow by continuity arguments. Let us start with the

construction of Tauer masas for a dense collection of t.

Construction 3.3.7. Let k; = 2 and, for each n > 2, take k, to be a prime
exceeding k... k,_1. Let M, be the algebra of k, x k, matrices. By Proposition
1.2.10, there is a family (’D(m))f;;:'"l of pairwise orthogonal masas in M,. Let
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