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Abstract

As results from the Large Hadron Collider (LHC) begin to shed light on the

physics of the electroweak scale, which has been of primary interest to theorists

for many years, we have entered a phase where critical judgement of the many

models of electroweak symmetry breaking (EWSB) that have been developed in

recent years will be possible.

As this process continues, those models which are not additionally constrained

by emerging data attract increased scrutiny and interest. In this respect,

technicolor models, in which EWSB occurs dynamically through the spontaneous

chiral symmetry breaking in a new strongly coupled sector, are the subject of

growing research activity.

The focus of this work is a program of investigation of Minimal Walking

Technicolor (MWT), a candidate theory for the new strongly coupled sector of a

model of dynamical EWSB using Lattice Gauge Theory (LGT) techniques.

We have performed an improved comprehensive study of mesonic spectral

observables within MWT, with emphasis on finite volume effects arising from

finite temporal and spatial boundaries. Our results clarify the role of finite

volume effects in such studies, while confirming the near-conformal behaviour

of the theory in the infra-red, and indicating a relatively small value of the mass

anomalous dimension, in agreement with other studies.

We also describe a calculation of the leading order hadronic vacuum polarisa-

tion contribution to the anomalous magnetic moment of the muon from a lattice

simulation of 2+1 flavour lattice QCD using Domain Wall Fermions (DWF).

We investigate in detail a number of systematic uncertainties involved in this

calculation, determining how to effectively bring them under control, and obtain

a result in close agreement with previous determinations from LGT studies, from

calculations based on independent experimental data, and from experimental
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measurements.

We present a preliminary calculation of the contribution to the electroweak

S parameter from MWT, using a mixed-action simulation involving the DWF

action used for the valence sector combined with gauge configurations generated

using the Wilson fermion action for sea quarks.
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Chapter 1

Introduction

1.1 Dynamical Electroweak Symmetry Break-

ing at the LHC

The Standard Model of particle physics [1, 2] has been established as the

description of electroweak and strong interactions for many decades. Discounting

gravity, it provides a quantitative explanation of the forces between all known

fundamental particles. It has been verified repeatedly through experiment, and

has accurately predicted the existence of several particles which were subsequently

discovered. There has been no measurement or discovery which has contradicted

the predictions of the Standard Model save the recent observation of neutrino

oscillations [3].

There is, however, one element of the Standard Model, which has not yet

been verified [4–6]. The Standard Model is usually considered to include an

explanation for the breaking of the electroweak symmetry of nature, that is, the

most naive mechanism, involving an elementary Higgs field. However, this model

is certainly not the only such method that can be considered, and in fact involves

some undesirable features.

As such, much effort has been devoted to formulating a more desirable

mechanism, with some success. Many candidate models have been developed,

with varying degrees of attractiveness. Considerable effort has gone into studying

these models, and determining their phenomenological consequences and the

constraints on their parameters which emerge from existing experimental data.

This effort has become more intense in recent years as the date of the
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1.2. Present Work and Thesis Outline

commencement of the operation of the LHC approached and continues to increase

as the LHC has started to produce results which are already impacting the

constraints on these models and promise to have sweeping implications as the

gratifying large amounts of data being generated are analysed.

This work is concerned with the investigation of one of these candidate models,

called technicolor. This model has been around for a long time, but is still

generating significant interest and attention. In the LHC era it remains one of

the foremost candidates for the explanation of electroweak symmetry breaking

and the continued results of the searches for signals of technicolor at the LHC are

eagerly awaited. Here, we focus on numerical simulations investigating a theory

which is a candidate for the key sector in a technicolor model. Such simulations

aim to detect renormalisation behaviour which is deemed necessary to allow such

theories to avoid constraints from existing experimental results.

Because of the strongly coupled nature of these theories, we turn to the

non-perturbative power of lattice gauge theory to tackle these questions. This

formulation has been heavily developed over a number of years in order

to make accurate calculations in the low-energy strongly coupled regime of

QCD. Improvements in theoretical understanding, algorithmic efficiency and

computational power have led to significant advances in the precision of such

studies, crucially with the important inclusion of fully dynamical fermions,

resulting in many low energy quantities being calculated with remarkable

accuracy. With the majority of the ground-work for the application of these

techniques being completed, attention has turned in recent years to other

applications of the formulation, of which one of the most fruitful is the

investigation of technicolor models.

1.2 Present Work and Thesis Outline

In Chap. 2 we introduce the model involved, building from the Standard Model to

electroweak symmetry breaking through to the formulation of technicolor models,

in particular introducing the particular model we will study, minimal walking

technicolor (MWT). In Chap. 3 we describe numerical studies of MWT and

other technicolor models using the formulation of lattice gauge theory, which will

also be the method of our study. We outline the goals and the techniques used

2



1.2. Present Work and Thesis Outline

to detect the desired signals.

In Chap. 4 we present a comprehensive study of sytematic uncertainties in

spectroscopic analyses of MWT, focusing on finite-volume effects present in the

results for spectroscopic observables. This study highlights the important nature

of competing finite-volume effects in such simulations, while supporting existing

conclusions concerning the conformal nature of this theory in the infra-red.

Chap. 5 presents a computation of the leading order QCD vacuum

polarisation contribution a
(2)had
µ to the anomalous magnetic moment of the muon

aµ, through a fully dynamical 2+1 flavour simulation of lattice QCD using domain

wall fermions (DWF). This project was chosen for this work because of the

similarity of the methods involved to the procedure required for the final project

in this work on the S parameter in MWT. Our computation of a
(2)had
µ discusses

some of the systematic uncertainties present in the calculation in detail, and

identifies a prescription for bringing them under control. We find a competitive

result for a
(2)had
µ in the limit of physical quark masses

a(2)had
µ = 641(33)(32)× 10−10 (1.1)

Finally Chap. 6 presents preliminary results of a computation of the

contribution to the S parameter from MWT, using a mixed-action calculation

involving the DWF valence action combined with gauge ensembles generated

using the Wilson fermion action. While we are not in a position to present

quantitative results for the MWT contribution to S, we have illustrated the

feasibility of one of the crucial steps in the computation, the tuning of the DWF

action to match the Wilson sea.

3



Chapter 2

Minimal Walking Technicolor

2.1 Electroweak Symmetry Breaking from an

Elementary Higgs

In this section we will describe one candidate description of electroweak symmetry

breaking (EWSB), which provides the model to be tested through simulation in

this thesis. In order to do this we will first describe in detail the most naive model

which could explain electro-weak symmetry breaking (EWSB), which is usually

considered as an ingredient of the Standard Model.

2.1.1 Non-Abelian Gauge Theory

The Standard Model is a quantum field theory built by combining a number of

different sectors, each of which independently constitutes a non-Abelian gauge

theory. Such a theory is defined by considering a theory of matter fields χ(x)

which is symmetric under a local symmetry defined by a representation D of a

Lie group G on the space of χ fields V

χ(x)→ D(g(x))χ(x) (2.1)

where g(x) ∈ G for each x in Minkowski space-time. In order to define such a

theory we must construct the covariant derivative Dµ as

Dµχ(x) = ∂µχ(x) + d(Aµ(x))χ(x) (2.2)

4



2.1. Electroweak Symmetry Breaking from an Elementary Higgs

where Aµ(x) is a vector field, a spin 1 representation of the Poincare symmetry

group. Aµ(x) are elements of the Lie algebra L(G), so we can write Aµ(x) =

Aaµ(x)Ta in terms of Ta the generators of L(G), and d is the representation of

L(G) induced by D. For the theory to be symmetric under the action of G, Aµ(x)

must transform as

Aµ(x)→ g(x)Aµ(x)g−1(x)− (∂µg)(x)g−1(x) (2.3)

so as to ensure that

Dµχ(x)→ D(g(x))Dµχ(x) (2.4)

We define the field strength tensor Fµν as

Fµν(x) = [Dµ, Dν ] =∂µd(Aν(x))− ∂νd(Aµ(x)) + [d(Aµ(x)), d(Aν(x))]

=∂µd(Aν(x))− ∂νd(Aµ(x)) + d([Aµ(x), Aν(x)])

=(∂µA
a
ν(x)− ∂νAaµ(x) + cbc

aAbµ(x)Acν(x))d(Ta)

≡F a
µν(x)d(Ta) (2.5)

This ensures that

Fµν → D(g(x))FµνD−1(g(x)) (2.6)

From this we can see that the coefficients of Fµν are independent of the

representation used, and so we can define a kinetic term for the vector fields

Aµ(x) which will appear in the Lagrangian density of the theory in terms of F f
µν ,

the field strength tensor in the fundamental representation, as

L ⊃ 1

4g2
κ(F f

µν , F
f µν) (2.7)

where κ is the Killing form on G and g is the coupling constant of the theory. In

the case of the compact groups we will consider, κ(Ta, Tb) = κab = −δab and this

reduces to

L ⊃ − 1

4g2
F a
µν(x)F aµν(x) (2.8)

If we take χ(x) to be a scalar field, i.e. a spin zero representation of the

5



2.1. Electroweak Symmetry Breaking from an Elementary Higgs

Poincare group, written Φ(x), the standard kinetic term for φ(x) is written1

L ⊃ 1

2
(∂µΦ)†(x)∂µΦ(x) (2.9)

This term is rendered gauge invariant by making the substitution ∂µ → Dµ:

L ⊃ 1

2
(DµΦ)†(x)DµΦ(x) (2.10)

This is called the principle of minimal coupling. Similarly for a fermionic field

ψ(x), a spin 1
2

representation of the Poincare group, the Dirac action is also

rendered gauge invariant through the principle of minimal coupling, becoming

L ⊃ ψ̄(x)(iγµDµ −m)ψ(x) (2.11)

where the γµ are the Dirac matrices and ψ̄(x) = ψ†(x)γ0, and m is the mass of

the fermion described by ψ(x).

2.1.2 The Standard Model

The Standard Model involves three gauge symmetries, those of colour, weak

isospin and hypercharge, with gauge groups, SU(3), SU(2) and U(1) respectively.

The action of the theory contains a term of the form (2.7) (or equivalently (2.8))

for each symmetry, involving distinct coupling constants gs, g and g′ respectively.

Together, the weak isospin and hypercharge sectors make up the electro-weak

theory, while the colour sector considered in isolation is referred to as quantum

chromo-dynamics (QCD).

The fermions coupling to these gauge theories come in two categories. The

leptons do not transform under the colour gauge symmetry of SU(3), and as a

result they do not couple to the gauge bosons of QCD, the gluons. The quarks

however, are charged under colour SU(3), as well as under the weak isospin and

hypercharge symmetries. The leptons come in pairs. That is, if we describe the

fields representing the two lightest leptons (the electron e+ and the neutrino νe),

the rest of the leptons are described by exact copies of the same fields. These

copies are called generations. The only difference between the generations is the

physical mass of the particles, to which we will return shortly. There are three

1We allow φ(x) to be a complex field

6



2.1. Electroweak Symmetry Breaking from an Elementary Higgs

generations in the case of the leptons. There are also three generations of quarks,

but in this case they must be introduced in a combined fashion. The relationship

between the three generations of quarks and leptons remains unexplained, as does

the vast hierarchy in their masses.

The leptons are defined as follows. Let us introduce fermion fields L(x)

and R(x). As stated the leptons are invariant under the colour SU(3) gauge

transformation. L(x) is defined to transform in the fundamental of the weak

isospin SU(2) while R(x) is invariant. This means that, L(x) is in fact a doublet

of fermion fields. Taking the family involving the electron as an example, L(x)

and R(x) would be defined in terms of the physical electron e and neutrino νe as

L(x) =

(
νe(x)

eL(x)

)
R(x) = eR(x) (2.12)

where

eR/L(x) = PR/Le(x) =
1

2
(1± γ5)e(x) (2.13)

The representations of U(1) are 1-dimensional, and can be written D(z) = zY

for some real Y . For our purposes we call Y the hypercharge and assign it as

Y = −1 for R(x) and Y = −1
2

for L(x). It is this choice that results in the

correct electromagnetic charges of 0 for νe and −1 for e, along with the correct

couplings to the electro-weak gauge bosons.

Kinetic terms for these leptons can be introduced very easily:

L ⊃ L̄(x)iγµDµL(x) + R̄(x)iγµDµR(x), (2.14)

however there is no gauge invariant mass term which can be constructed from

the fields L and R. A mass term for these fields will be generated from a Yukawa

coupling to an additional SU(2) doublet, called the Higgs field, which will aquire

a non-zero vacuum expectation value (VEV). The Higgs field,

φ(x) =

(
φ1(x)

φ2(x)

)
, (2.15)

is scalar under Lorentz transformations and carries hypercharge Y = 1
2
. The

7



2.1. Electroweak Symmetry Breaking from an Elementary Higgs

Higgs sector of the Lagrangian is

L ⊃ (Dµφ(x))†Dµφ(x)− V (φ(x)) (2.16)

The potential V (φ(x)) is assumed to have a minimum at φ0(x) with |φ†0φ0| = 1
2
v2,

i.e. the field φ has a non-zero VEV, in contrast to every other field in the model.

It is entirely trivial to construct a functional form for V (φ(x)) with this property,

but how such a form involving an elementary Higgs field might arise will not be

discussed here. The physical degrees of freedom can be seen by expanding φ(x)

about this minimum φ0, which because of the gauge symmetry can be written

without loss of generality as

φ0 =
1√
2

(
0

v

)
φ(x) = φ0 +H (2.17)

The electro-weak gauge bosons are coupled to the Higgs field through the

covariant derivative Dµ, and when the Higgs field is expanded around its VEV,

mass terms for the physical W and Z bosons arise, and thus the electro-weak

gauge symmetry is broken [4–6]. The photon remains massless, and so the U(1)

of electro-magnetism remains unbroken.

Gauge invariant mass terms for the leptons can be generated by including

Yukawa terms of the form

L ⊃ −
√

2G[L̄(x)φ(x)R(x) + R̄(x)φ†(x)L(x)]. (2.18)

Taking L and R to again relate to the electron family, when expressed in

terms of the physical degrees of freedom, this coupling would produce a mass

for the electron of the form m = Gv. This term does not generate a mass for

the related neutrino field, which requires the inclusion of an accompanying right

handed neutrino which is invariant under the weak isospin transformation, or

alternatively a term which has mass dimension 5 in the Lagrangian, making it

non-renormalisable.

The inclusion of the quarks into the theory is very similar to that of the

leptons, although in the case of the quarks there are no accompanying neutrinos,

the left-handed SU(2) quark doublet comprises the left-handed component of

the “up-type” quark with electromagnetic charge 2
3

in units of the charge on the

8



2.1. Electroweak Symmetry Breaking from an Elementary Higgs

electron, and the left-handed component of the “down-type” quark with charge

−1
3
. Both up and down-type quarks have right handed components which are

included as singlets under SU(2). The process is further complicated by non-

trivial relations between the quark families parameterised by a complex rotation

matrix known as the Cabibbo-Kobayashi-Maskawa (CKM) matrix [7, 8].

Despite these intricacies, the couplings of the quarks to the Higgs field are

introduced in a very similar manner to those of the leptons, with the conjugate

field φc(x) = iτφ∗(x) providing an additional combination of fields which allows

for the generation of masses for the up and down-type quarks. As such the

non-zero VEV of the Higgs generates the required quark masses in an analogous

fashion to the mechanism for the leptons.

This method of coupling the electro-weak gauge bosons and fermion content

of the model to an elementary scalar Higgs field which is forced to attain a VEV

then exhibits all the required features of EWSB, including fermion masses, in

the most simple way possible, and it is this powerful elegance that has led to

importance of the Higgs mechanism in the Standard Model.

2.1.3 Problems with the Standard Model

Despite the attractiveness of this simple model, on closer inspection it has

some features which commonly lead to the conclusion that this model, while

undoubtedly applicable to physics at or below the energy scale of EWSB, is in

fact most likely to be an effective description of a more complex theory which

provides the true description of nature above the EWSB scale.

Besides the obvious question of how the required potential might be generated

correctly, there are two main commonly raised issues which we will describe.

1. Triviality

The simplest parameterisation of the Higgs potential V (φ(x)) which

produces the correct VEV for Higgs field is written

V (φ) = λ(φ†(x)φ(x)− v2)2 (2.19)

with v2 ≥ 0. However, an analysis of the running of the parameter λ under

the renormalisation group indicates that on the removal of the cut-off Λ

needed to regularise the theory, i.e. sending Λ → ∞, the self-coupling
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2.1. Electroweak Symmetry Breaking from an Elementary Higgs

λ approaches zero. This indicates that a model with the potential (2.19)

can only describe physics up to a certain scale above which new physics

must be relevant, that is it can only be an effective description of a more

complex and more fundamental theory. This is significant because any form

of V (φ(x)) which produces the correct VEV will be well approximated by

(2.19) near the vacuum state.

2. Naturalness

If the field responsible for EWSB is determined to be an elementary spin

zero scalar, it would be the first such particle observed in nature, all the

other fields which are currently believed to be elementary being either spin

one-half fermions, or spin one vector bosons. Despite the fact that this

would be a novel discovery, it would be surprising because of the symmetry

properties of scalar fields.

One important feature of the fermion and gauge boson fields of the standard

model is that in each case there is a symmetry of the theory which prevents

the inclusion of explicit mass terms for these fields in the bare Lagrangian

of the theory. Gauge symmetries are responsible for this in the case of the

vector bosons. This restriction means, in turn, that these mass terms cannot

be generated immediately through quantum effects, and as a result, that

the gauge bosons and fermions do not receive large additive renormalisation

shifts to their masses.

In the case of a scalar field, there are only two symmetries which could do

this job. They are

(a) a shift symmetry, φ(x) → φ(x) + f(x), however requiring that the

Higgs field respect this symmetry would restrict the Higgs to derivative

couplings, making it appear as a Goldstone boson of some other broken

symmetry.

(b) supersymmetry [9–11], which requires that each particle in the theory

be accompanied by a super-partner field with a spin differing by one-

half. The loop corrections to many quantities involving these fields

then cancel due to the minus sign associated with a fermionic loop,

meaning that the mass of a scalar field will not receive a large additive

renormalisation shift. This property was described in the context of
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2.1. Electroweak Symmetry Breaking from an Elementary Higgs

theories with a compactified extra dimension, both in the continuum

and on the lattice in [12].

In addition to this attractive feature, supersymmetry is a very

appealing theoretical construct with many other beautiful properties.

As such it has attracted significant interest, both in efforts to

understand how it might be realised as an extension of the Standard

Model and the resulting phenomenological implications, and also in

independent research involving many different theories not necessarily

directly related to the Standard Model.

Given that neither of these symmetries are realised in the Standard Model,

there is a significant question as to whether this theory can be viewed as

natural. The problem is that without an appropriate symmetry to protect

it, the mass of the Higgs boson would receive a large additive shift after

renormalisation of the theory. This shift would be of the order of the

ultra-violet cut-off of the theory, and so if we expect this theory to be

an accurate representation of physics up to energies up to and beyond the

TeV-scale, then the bare Higgs mass would require significant fine-tuning

in order to produce the expected physical Higgs mass around the 100-200

GeV scale. Called the hierarchy problem, this has been very important in

particle physics for many years and has motivated a huge effort to construct

a valid, sensible theory as a solution.

2.1.4 Solutions to the hierarchy problem

Numerous extensions of the Standard Model have been invented, designed to

alleviate these problems while still representing observed low-energy physics [13].

Invariably these models are motivated by simple attractive concepts, but often

result in a large amount of complexity at intermediate and high energies in order

to produce a consistent model.

Supersymmetric models for example, while solving the hierarchy problem in

a very simple and elegant manner, produce many phenomenological questions.

The most obvious of these is the observation that we have not detected any

superpartners of Standard Model particles in experiments up to now. This means

that supersymmetry must be broken at some energy above the scale of EWSB.
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2.2. Dynamical symmetry breaking from QCD

This can be achieved in a number of ways, but after this and other issues have

been addressed, the model no longer appears anywhere near as simple or powerful

as the initial idea.

In this way, an expansive and diverse collection of models are currenty in

circulation and development, vying to be perceived as the most elegant and

comprehensive candidate for the mechanism responsible for EWSB, and the most

effective solution to the ills of the Standard Model. Proponents of each model

also hope that their favourite theory will receive supportive indications from

experimental data that continues to emerge from runs at the Tevatron collider at

Fermilab in Illinois, US, and the enormous bulk of early data that is beginning

to be delivered from the various experiments at the LHC at CERN.

There have been some interesting suggestions from this large volume of LHC

data, and while there are indications they may be on the verge of finding the

elusive Higgs boson [14, 15], there is, at the moment, what is for many, a surprising

absence of new particles being discovered at the record energies which are being

probed [16, 17]. The situation is very preliminary, and will no doubt develop very

quickly in the months and years ahead.

The model of EWSB which is the focus of this work comes under the broad

title of Technicolor, although the class of models to which this title pertains

has evolved significantly over the years since the term was coined. This type of

model, while addressing the issues with the Standard Model almost immediately,

is not at all immune to the feature of expanding complexity required to make

it consistent on all levels. In addition, Technicolor models have been received

with significant criticism over the lifetime of the concept due to difficulties in

constructing a model which avoids existing low-energy experimental constraints.

However, in recent years the idea has been viewed with renewed interest due

firstly to the development of a number of variants which do better at avoiding

experimental constraints, and also because of the difficulties encountered by many

models when attempting to resolve them with existing constraints.

2.2 Dynamical symmetry breaking from QCD

Technicolor models achieve EWSB through a mechanism that initially appears

quite different to that of the Standard Model Higgs mechanism. In fact the
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2.2. Dynamical symmetry breaking from QCD

formulation is analogous, despite the fact that the field playing the role of the

Higgs in Technicolor models is not explicitly included in the formulation of the

model.

The motivation for the original idea of Technicolor arose from the hope that

the process responsible for EWSB could be described without resorting to a model

involving parameters which would be required to take values in a certain restricted

range in order for the model to work as necessary, i.e. that the model would be

free from fine-tuning. This is clearly not the case for the Standard Model Higgs

mechanism given that the Higgs potential is required to take on quite a specific

form to give the Higgs a VEV and lead to EWSB, and when expanded about its

minimum, the parameter v2 in (2.19) is required to be positive.

This leads to the question of whether a symmetry breaking of the type required

for EWSB can exist more naturally, without undesirable tuning of the model being

necessary. The answer came from another sector of the Standard Model, where

such a process had been observed for many years.

2.2.1 QCD dynamics

The theory of QCD introduced in Sec. 2.1.2 is the only observed case of a non-

Abelian gauge theory whose gauge symmetry remains unbroken at low-energies.

The Lie group which defines QCD is the special unitary group SU(3), a close

relative of the SU(2) and unitary group U(1) which define the electroweak theory.

SU(Nc) theories are markedly different from Abelian gauge theories, as was

notably described by [18, 19] for which a Nobel prize was awarded.

We can see where this difference arises by analysing a quantity called the β

function of the theory. This object defines how the gauge coupling g of the theory

will evolve as a function of the renormalisation scale.

β(α) =
∂α

∂(log µ2)
(2.20)

with α(µ) ≡ g(µ)2

4π
. For small couplings, the β function of a gauge theory can be

written as a power series in the coupling constant as

β(α) = −β0α
2 − β1α

3 − β2α
4 + . . . . (2.21)
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2.2. Dynamical symmetry breaking from QCD

The coefficients βn are calculated through computing all loop diagrams of the

theory up to a certain order. In a non-Abelian gauge theory with gauge group

SU(Nc), i.e. having Nc colours, and Nf flavours of quarks in the fundamental

representation, the first coefficient in this expression is given by the expression

β0 =
1

4π

(
11

3
Nc −

2

3
Nf

)
. (2.22)

The sign of this term is very important. This expression leads the β function to

be negative at weak couplings, in contrast to the result in the Abelian theory. As

a result of this the gauge coupling runs in the opposite direction as a function of

the energy scale. At high energies, the theory becomes weakly coupled and can be

described accurately using perturbation theory, a property known as asymptotic

freedom, while at low energies the coupling becomes strong.

This behaviour has two important consequences. Firstly it means that the

theory is consistent and predictive at arbitrarily high energy-scales, very different

from the behaviour of the Abelian theory which encounters a singularity called

a Landau pole. Secondly, perturbation theory can only be applied to this theory

down to a certain energy scale where the coupling becomesO(1), i.e. perturbation

theory breaks down at low energies. Clearly a more powerful description is

required to explain the properties of this sector of the theory at low energies.

Such a description emerged from observations of the structure of the hadronic

matter of the Standard Model.

Another property of QCD at low energies is the breaking of chiral symmetry,

the symmetry involving rotations between the quark fields and between their

left and right handed components. The strong dynamics of the theory produce

a vacuum expectation for the quark condensate, and hence a dynamical quark

mass which breaks the total chiral symmetry to a vector subgroup. This process

arises totally naturally, without any semblance of fine-tuning, and bears some

of the properties required of the process responsible for EWSB. We might then

ask, if there is a construction which would allow this symmetry breaking to be

communicated to the electro-weak sector.
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2.2. Dynamical symmetry breaking from QCD

2.2.2 EWSB from chiral symmetry breaking

The answer is suspiciously fortunate. In fact, the QCD and electro-weak sectors,

when coupled in the nature of the Standard Model, but omitting the Higgs sector,

is perfectly sufficient for this. The dynamical breaking of the chiral symmetry in

the QCD sector commmunicates itself to the electroweak theory and breaks the

gauge symmetry in precisely the manner required to mimic the Standard Model

Higgs mechanism. This is a remarkable feature of this model, and would lead to

an extremely satisfying explanation of EWSB.

Unfortunately while the model provides a simple and appealing description of

EWSB, it does not, in itself represent a valid model of electro-weak scale physics,

as it does not reproduce the correct scale. In addition the model is far from a

complete description of all the features of the Standard Model.

In this section we will outline the mechanics of this process, and deduce

the disappointing cause for its failure. In order to do this we must discuss

chiral symmetry in detail, and from it determine an effective description of QCD

dynamics at low energies.

Each generation of quark comprises a pair of quarks, with both composed of a

left and right-handed component which are introduced separately. As in the case

of the leptons, the left-handed components make up a doublet transforming in

the fundamental representation of the local weak isospin SU(2) gauge symmetry,

while the right-handed components transform trivially under this symmetry.

The full theory involves three generations, but for now we will introduce only

the first generation involving the up and down quarks. This generation is the

most relevant at low energies, due to the relative lightness of the up and down

quarks. Being almost degenerate, they are often referred to collectively as the

light quarks. In addition, the study of the light quarks alone allows for the

simplest analysis of the effects of the QCD dynamics on the electro-weak sector.

We can arrange the left-handed (uL(x), dL(x)) and right-handed (uR(x),

dR(x)) components of the quarks in doublets qL/R(x) as

qL/R(x) =

(
uL/R(x)

dL/R(x)

)
. (2.23)

Quark masses are also found to be a sub-dominant effect in the dynamics of

QCD, and so we will first consider the case where the quarks are massless, and
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afterwards relax this assumption. The massless theory respects a global U(2) ×
U(2) symmetry whereby

qL(x)→ ULqL(x) qR(x)→ URqR(x) (2.24)

with UL/R ∈ U(2). This chiral symmetry is commonly labelled U(2)L × U(2)R.

Clearly if we include further quark generations this chiral symmetry will be

extended to involve all the quark fields, replacing U(2) with U(Nf) for Nf flavours,

i.e. Nf

2
generations.

The chiral symmetry of the light quarks is often referred to as isospin. While

the left isospin symmetry is clearly closely related to the weak isospin gauge

symmetry, importantly they are distinct.

We can rewrite this symmetry as a vector symmetry U(2)V where UL = UR and

an axial symmetry U(2)A with UL = U †R. Deconstructing these U(N) symmetries

using U(N) = SU(N) × U(1) we can express the full symmetry of the theory

as SU(2)V × SU(2)A × U(1)V × U(1)A. In fact the axial U(1) is broken by a

quantum anomaly, and so is not a symmetry of the theory. Further, the vector

U(1) symmetry represents the conservation of quark number, and so is relatively

uninteresting. It is the SU(2)V × SU(2)A which represents the symmetry of the

theory under rotations of the quark fields, and so we will restrict ourselves to this

from here on.

In order to have a quantitative tool to describe the low energy dynamics of

QCD, we would like to construct an effective field theory of the low-lying hadron

spectrum, specifically the light pseudoscalar mesons, and their interactions. This

is done by introducing an object Σ which transforms in the adjoint representation

of SU(2)V, Σ→ UΣU †.

Parameterising Σ as Σ = e
2iφ
f , with φ an element of the SU(2) Lie algebra,

transforming in the adjoint representation of the algebra φ→ [U, φ]. The constant

f is related to the decay constant of the pion fπ and in turn to the scale of the

QCD strong dynamics ΛQCD.

Decomposing the Lie algebra in an appropriate basis, we identify the

coordinates of φ with bosonic fields representing the three pseudoscalar mesons,

i.e. φ = πaτa, with {πa} = {π0, π+, π−} and τa the generators of the SU(2) Lie

algebra, which can be defined using the three Pauli matrices σa. This process

defines chiral perturbation theory, originally developed in [20, 21] and reviewed in
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[22].

We can then write a kinetic term for the meson fields as

Leff ⊃
1

8
f 2Tr[(DµΣ)†DµΣ] (2.25)

The covariant derivative Dµ includes the couplings to the electroweak gauge fields

and is written

DµΣ = ∂µΣ− ig
2
τaAaµΣ + i

g′

2
Στ 3Bµ (2.26)

Aaµ and Bµ are the weak isospin and hypercharge gauge fields respectively, while

g and g′ are their respective gauge couplings. After a field redefinition

{A′aµ} ≡ {A1
µ, A

2
µ, A

3
µ −

g′

g
Bµ} (2.27)

the argument of the trace in the kinetic term of the effective Lagrangian becomes

|DµΣ|2 =
g2

4

(
A′

a
µ −

4

fg
∂µπ

a

)2

(2.28)

and a few other terms with zero trace. Clearly this corresponds to a mass term

for the gauge field

W a
µ ≡ A′

a
µ −

4

fg
∂µπ

a (2.29)

and that is all. The πa fields are completely removed from the Lagrangian by this

redefinition. The W a
µ field encodes the massive W and Z gauge bosons. They are

not degenerate due to the definition necessitated to return the kinetic terms to

canonical form, and in fact produce the correct ratio observed in the Standard

Model.
m2

W

m2
Z

=
g2

g2 + g′2
= cos2 θW = 0.77 (2.30)

This fact however, is not entirely surprising. It can be shown to be a feature of

any model which breaks the symmetry in the correct way.

Clearly this model is highly attractive from an aesthetic point of view. It

requires no additional input to the theory other than the two main gauge sectors

which we know to exist, requires no tuning to produce the correct features and

relies upon dynamics with which we are already very familiar to do the job. This

type of model where the EWSB proceeds automatically due to the strong gauge
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dynamics of another sector has been termed dynamical electro weak symmetry

breaking, DEWSB.

Firstly, the masses of the W and Z bosons which would arise from this

mechanism can be calculated, from the experimentally observed value of fπ, to

be ∼ 50 MeV. Comparing this to the observed values of these masses ∼ 100 GeV

we see that the two scales are utterly incompatible.

In addition, there are a number of features of the Standard Model which this

model fails to reproduce. Most importantly, there is no mention of fermion masses

in this model. Explicit mass terms remain forbidden by the gauge symmetries,

and there is now no additional VEV aquiring field to which we can couple the

fermions to produce Yukawa terms which might do the job.

As a result, this simple model can not provide the explanation of EWSB

which we seek. However it does indicate that EWSB could be achieved through

a dynamical mechanism which would remove the necessity for the inclusion of an

elementary scalar field or for the fine-tuning of its potential. The effort to modify

this model in order to generate EWSB at the correct scale, while keeping all the

desirable features of this model, lead to the development of Technicolor.

2.3 Naive technicolor

Technicolor, as it quickly became to be known, refers to the extension of the

concept of DEWSB to construct a model of EWSB which operates at the correct

energy scale, producing the physical masses of the W and Z gauge bosons and all

other features required of a sensible description of EWSB. Recent reviews of the

background to this subject can be found at [23, 24].

2.3.1 Technicolor

The original idea [25–27] involved a straghtforward extension of the Standard

Model, with the Higgs sector omitted, to include an additional non-Abelian gauge

sector with symmetry group SU(NTC). This new sector would come equipped

with corresponding fermionic content, referred to as techniquarks, and as is

expected for a non-Abelian gauge sector, would become strongly coupled at some

low energy scale ΛTC. As long as it is ensured that at least some of this fermion

content is coupled to the electro-weak gauge forces, the chiral symmetry breaking
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induced by the strong dynamics of this new sector would then be communicated

to the electro-weak sector in an analogous fashion to that outlined for QCD in

Sec. 2.2.2 producing the desired EWSB.

Given that we have no observational experience of any non-Abelian gauge

theory except for QCD, we cannot speculate as to what value the scale ΛTC would

likely take. We are free to speculate that there is some value of NTC along with a

particular fermion content which would result in a value of ΛTC at the weak scale,

generating EWSB in the correct manner. Such a construction defines a technicolor

model, providing an attractive solution to the core problem of EWSB. However,

this concept does not provide any explanation for the generation of Standard

Model fermion masses, and a number of other features that are required. We will

discuss how to tackle these issues in Sec 2.3.2.

One feature of such a model which is undesirable is the contribution of the

new matter content in the theory to a quantity know as the S-parameter of the

theory. This quantity is tightly constrained from experiment, and it is necessary

that the contribition from any new physics be small. We will define this quantity

and discuss its contribution from technicolor models in Sec. 2.3.3.

2.3.2 Extended technicolor

While this simple model is capable of generating EWSB in the correct manner and

thus in turn the correct gauge boson masses, it makes no claim to generate the

masses of any fermions in the model. While the techniquarks and quarks would

receive dynamical masses through the spontaneous breaking of the technicolor and

QCD chiral symmetries respectively, they would have no hard masses, which is

impossible to reconcile with the large masses of all but the three lightest quarks.

The pseudoscalar mesons of QCD would be almost massless, and the leptons

would be necessarily so. In order to begin to generate these masses, it is necessary

to augment the theory further.

The symmetry breaking that is responsible for EWSB in this model occurs in

the technicolor sector, and is communicated to the electro-weak gauge symmetries

via the Nambu-Goldstone bosons of the breaking of the chiral symmetry on the

techniquarks, the technipions. The Standard Model fermions are oblivious to this

process, as they are not coupled to the technicolor sector.

To couple these Standard Model fermions to the technicolor sector, we must
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extend the gauge symmetry of the model to involve additional interactions under

which the leptons, quarks and techniquarks are charged, and we call such a

construction a model of extended technicolor (ETC) [28, 29]. This larger group is

then hypothesised to be broken by some unspecified mechanism at a scale ΛETC,

to produce the gauge symmetries of the Standard Model plus the technicolor

sector at energies below ΛETC.

The process responsible for this symmetry breaking might be a dynamical

process in the vein of technicolor, or possibly a more conventional Higgs

mechanism involving an elementary scalar Higgs field contained in a super-

multiplet of some supersymmetric model. It is sometimes speculated that there

might be a series of such symmetry breakings occuring at different scales, each

often connected with a different generation of fermion, possibly providing an

explanation for the large flavour hierarchies we see in the spectrum of the

Standard Model [30]. However, we will not discuss the nature of this process

further here. For our purposes we simply require that it couples to our fermions

in the correct way, and is broken down to the required symmetry at ΛETC.

To analyse the consequences of a generic such model let us consider the

effective operators induced in the low-energy theory below the ETC scale. We

denote the Standard Model quarks and leptons as belonging to a collective vector

ψ, and the techniquarks to a similar object Ψ.

The original ETC gauge interaction must be coupled to currents of the form

ΨΓT aΨ, ΨΓT aψ and ψΓT aψ, where T a are the generators of the Lie algebra of

the ETC gauge group, and the Γ represent some gamma matrix structure which

can allow for a chiral theory where the left and right handed fermions couple to

the ETC interaction differently.

The coupling to these currents in the high energy theory leads to a number

of effective interactions in the low energy theory after integrating out the extra

ETC gauge bosons. They can be written

ΨΓT aΨΨΓT bΨ

Λ2
ETC

,
ΨΓT aΨψΓT bψ

Λ2
ETC

, and
ψΓT aψψΓT bψ

Λ2
ETC

. (2.31)

Three of the terms which have the greatest phenomenological consequences are
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the interactions of the scalar densities

L ⊃ αab
ΨT aΨΨT bΨ

Λ2
ETC

+ βab
ΨT aΨψT bψ

Λ2
ETC

+ γab
ψT aψψT bψ

Λ2
ETC

(2.32)

where αab, βab and γab denote the coefficients of these terms appearing in the

Lagrangian, and will also be used to label the terms. These quantities will remain

unknown, but there is no reason to expect that they would be anything other than

O(1).

These three terms each have different but important implications for the low

energy theory:

α terms: Technipion masses

The four-techniquark interaction can produce a contribution to the mass of the

Nambu-Goldstone bosons of the techniquark chiral symmetry breaking. While

three of these states are eaten by the electro-weak gauge bosons, to become their

longitudinal component and provide the boson with a mass, a generic technicolor

model may have a chiral symmetry breaking pattern which produces additional

such states. These states emerge as massless bosons, and there is nothing in the

technicolor model to provide the with a mass, so the generation of this mass in

ETC is a welcome effect, as these states are not observed in current experiments.

β terms: Hard fermion masses

The presence of these effective interactions below ΛETC leads to the generation

of masses for the Standard Model fermions below ΛTC. This can be seen as a

coupling of the fermions to the techniquark condensate, through the propagation

of an ETC gauge boson. We can estimate the VEV of the techniquark condensate

by assuming it behaves analogously to the QCD quark condensate, giving 〈ΨΨ〉 ∼
NTCΛ3

TC. The scale of the generic mass shift generated by this coupling is then

given by

m ∼ 〈ΨΨ〉
Λ2

ETC

∼ NTCΛ3
TC

Λ2
ETC

(2.33)

γ terms: Flavour interactions

The four-quark interaction generates a more undesirable feature of the theory.

These terms leads to flavour changing interactions, called flavour changing neutral

currents (FCNCs) which are heavily constrained from existing observational data.
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Any model of EWSB resulting in such interactions will also have to provide an

explanation for why they appear to be so suppressed in nature.

To estimate the constraints put on the scales of our theory by requiring this

suppression, let us consider one of the tightest constraints, arising from the KL-

KS mass difference, denoted here by δm. The constraint on this quantity arising

from experiment is roughly δm2

m2
K
. 10−14 while an estimate of the contribution to

such a quantity arising from the effective interaction in (2.32) would be γ
f2
Km

2
K

Λ2
ETC

,

where mK is the kaon mass, fK the kaon decay constant, and γ a representative

value of the coefficients γab.

Even after taking into account the Cabibbo angle which might produce a

coefficient γ ∼ 10−2, this still results in a constraint on the ETC scale of roughly

ΛETC & 103 TeV (2.34)

Substituting this value into (2.33), and assuming that the technicolor scale ΛTC

lies relatively close to the weak scale, leading to a rough estimate of ΛTC ∼ 1 TeV,

indicates that an ETC theory with such a high ΛETC could only generate hard

fermion masses of the order of

m . 100 MeV (2.35)

even allowing for a coefficient β ∼ 10 and number of technicolours NTC ∼ 10.

While this might be enough to cater for the light quarks, such a model can clearly

not explain the higher mass of the charm, bottom, or top quarks.

2.3.3 Precision electroweak constraints

When we add a new sector to the interactions of the Standard Model, we must be

careful to keep track of the effect of this new sector on the familiar processes which

at tree-level involve only Standard Model particles, but may receive quantum

corrections from any new physics.

The weakly coupled sector of the Standard Model, the electroweak sector,

is particularly amenable to a high level of experimental accuracy, because the

initial and final states in the relevant processes can be relatively easily identified.

The precision involved is more than sufficient to identify and quantify quantum
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corrections to the tree-level results for these interactions. In addition, the

theoretical values for these corrections can be calculated to a high degree of

accuracy, due to the perturbative nature of this sector.

One of the ways to study these corrections is through the accurate investiga-

tion of four-fermion interactions, which receive dominant contributions from the

propagation of electroweak gauge bosons. Distinctions have been made between

various types of contributions to such processes:

Direct corrections: Quantum corrections to four-fermion processes which

are dependent on which initial and final states are involved, are termed direct

corrections. These arise through corrections to interaction vertices, and also

through box diagrams which are of a markedly different form to the tree-level

interaction.

Oblique corrections: Another set of corrections contributes only by altering

the propagation of the intermediate electroweak gauge boson, and are indepen-

dent of the initial or final states. These are termed oblique corrections. They are

also known as vacuum polarisation contributions or self-energy corrections to the

gauge boson propagator.

When considering constraints on models of DEWSB, the more relevant of

these categories are the oblique corrections. Constraints from direct corrections

are less strong, because these contributions are typically suppressed by a factor

such as
m2

f

m2
Z

where mf is the mass of the external fermion.

The oblique corrections were formulated conveniently in 1991 [31, 32] into

three parameters, S, T and U . Most electroweak observables can be described

as linear combinations of these quantities. The parameter U is found to play a

relatively unimportant role, as most precisely measured observables are insensitive

to U . In addition, in most models, U is found to be sub-dominant to S and T ,

and so electroweak constraints are often visualised in the S − T plane.

The oblique correction parameters are defined in terms of the vacuum

polarisation amplitudes ΠXY(q2) where (XY) is one of (11), (22), (33), (3Q),

(QQ). These labels refer to the currents involved in the two-point function defining
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2.3. Naive technicolor

ΠXY(q2)

igµνΠXY (q2) +O(qµqν) ≡
∫
d4x e−iqx〈JµX(x)JνY(0)〉 (2.36)

JQ is the electromagnetic fermion bi-linear current, and Ji are the equivalent

weak-isospin currents. The S-parameter is defined as

S ≡ 16π
d

dq2
[Π33(q2)− Π3Q(q2)]|q2=0 (2.37)

As they arise from the vacuum polarisation, the dominant contributions of

distinct sectors to the S-parameter are additive in nature. For this reason, by

convention, experimental results for S and T are quoted after subtraction of the

predicted Standard Model results, so that agreement with the Standard Model is

indicated by measured values of S and T consistent with zero.

Collating independent measurements of electroweak observables, restricts the

allowed values of the oblique correction parameters to an ellipse in the S − T

plane. The most up to date measurement of the oblique correction parameters

are [2]

S = 0.03± 0.09, T = 0.07± 0.08 (2.38)

consistent with S = T = 0 and thus consistent with the simple Standard Model

prediction.

Any model of new physics must contribute to S and T a value in agreement

with these bounds, and this restriction is usually a tight constraint on viable

models. While T can receive significant contrbutions from ETC models, the

S-parameter is more restrictive as it is sensitive simply to the extra strongly

coupled sector involved in technicolor models. As a result, S has become one of

the strongest direct constraints on technicolor.

There are a number of sensible ways to compute a contribution to S, however,

due to the strongly coupled nature of a proposed technicolor sector, a perturbative

calculation in the full high-energy theory is not expected to be reliable. In order

to do better, we can resort to a low-energy model of a strongly interacting theory,

or attempt to make inference from observation of low-energy QCD.

In [32] the calculation using a dispersion integral over the e+e− → hadrons

cross-section assumed to be dominated by vector meson propagation, is in
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2.4. Near-conformal technicolor

reasonable agreement with the same integral performed over experimental data

for such a cross-section from QCD. For a technisector involving a symmetry

group SU(NTC) and ND doublets of Dirac techniquarks in the fundamental

representation, the result is roughly

S ' 0.3ND
NTC

3
(2.39)

Comparing to (2.38), this result is worryingly large. In fact this feature has

proven problematic for technicolor models, and has led to significant doubt as

to whether they can be made to agree with existing experimental constraints.

Restrictions on the value of T have an impact on the design of ETC models,

but it is the restrictions on the allowed values of S that are seen as the most

significant hurdle for technicolor models to overcome.

In Sec. 2.4 we will describe one powerful alteration to the standard technicolor

picture, and how it might alleviate some of the difficulties which have disfavoured

technicolor, and in Sec. 2.4.4 how they relate in particular to the S-parameter.

2.4 Near-conformal technicolor

The two main issues raised above;

1. the need to suppress FCNCs leading to a diminished ability to generate

significant fermion masses

2. and the problematic contributions to the S-parameter

cause significant problems for ETC models, and for long periods have lead

to the impression among a large portion of the particle physics community

that technicolor was an invalid model, and had been ruled out as a candidate

explanation for EWSB.

However this impression has been weakened over recent years by two main

factors:

1. Tight constraints are being encountered by most, if not all candidate models

for EWSB, including possibly the most prevalent candidate, supersymmetry

[16]. This has led to increased acceptance of problems within candidates,
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2.4. Near-conformal technicolor

and more willingness to expend considerable effort to find ways that such

models might be altered to reconcile these issues.

2. Against this backdrop, it is also becoming widely understood that the

calculations of the constraints on technicolor models derived from current

experimental data have, without exception, been performed under the

assumption that the dynamics of the technicolor sector, aside from involving

a different strong scale ΛTC 6= ΛQCD, are otherwise entirely identical to

those of QCD, and this has a large impact on the evaluation of the model.

The reason for this assumption is clear. QCD is the only non-Abelian

gauge theory realised at low energies in nature, and as a result is the only

strongly-coupled gauge theory with which we are at all familiar. Restricting

ourselves to considering similar theories allows us to avail of observational

and theoretical experience gained over decades of trying to understand

QCD, to make predictions on the behaviour and features of such technicolor

models.

However, it is a tight constraint on the theory-space that we are willing

to consider, and rules out many different classes of theories with dynamics

that are significantly different to those of QCD, which can have considerable

phenomenological implications.

As we saw in Sec. 2.2.1, the most important property of QCD, asymptotic

freedom, can be seen to originate from the properties of the β function of

the theory. As a result we may hope that by analysing the possible different

behaviours of the β function of a non-Abelian gauge theory, we might deduce

some interesting dynamics possible in such theories. By then considering such

theories as the technicolor sector in a model of DEWSB, we might determine

whether any such theory would allow us to build a complete technicolor model

better able to overcome the issues encountered by the original model.

2.4.1 The conformal window

An interesting set of distinct behaviours of these theories can be determined

from the first two coefficients of the β function, defined in (2.21). These two

coefficients are universal, that is they are independent of the regularisation scheme

used to control the divergences of the theory, which cannot be said for the other
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2.4. Near-conformal technicolor

coefficients in the expansion of β. In a theory with Nc colours, and Nf flavours

of Dirac fermion in the fundamental representation they are

β0 =
1

4π

(
11

3
Nc −

2

3
Nf

)
(2.40)

β1 =
1

4π2

[
34

3
N2
c +

(
1

Nc

− 13

3
Nc

)
Nf

]
(2.41)

The sign of these two terms will determine the low-order behaviour of β. We see

that for any value of Nc (Nc ≥ 2 for SU(Nc)), and a low value of Nf , that both

of these coefficients are positive. As a result, to O(α3), β(α) is a monotonically

decreasing function of α, ensuring asymptotic freedom at high energies.

If we are to increase the amount of fermion content in the theory, increasing

Nf , then to this order, the first significant development encountered would be a

change of sign, in the second coefficient β1. If we choose a Nf such that β1 < 0

then the β function looks markedly different. As we increase α, β(α) will at some

point begin to increase, until it reaches zero, at a value α∗ = −β0

β1
.

A theory with such a β function would appear drastically different to QCD.

The ultra-violet properties of asymptotic freedom would not be affected, as

β(α) < 0 for α ∼ 0. However, in the infra-red, the dynamics would be very

different. The zero of the β function at α∗ indicates a non-trivial fixed point of

the theory, i.e. in the infra-red, the gauge coupling would plateau at α∗, and in

the deep infra-red, the theory would become perfectly conformal.

If we take a large enough Nf , then α∗ can be driven to a small value, meaning

that the perturbative approximation is valid. For small enough α∗, our two-loop,

O(α3) truncation of the β function, becomes an accurate approximation, and the

theory is completely described by this β function. This scenario was first studied

in [33], and the fixed point at α∗ has been coined a Banks-Zaks fixed point.

If α∗ is not small, and the fixed-point is therefore not in the perturbative

regime, then the truncated description is not reliable in the infra-red. In order

to determine the infra-red dynamics, it would be necessary to perform a non-

perturbative analysis of the dynamics.

If we are to consider the implications of further terms in the perturbative

expansion of the β function, we must bear in mind that all terms beyond β1 are

renormalisation scheme dependent, and so the detailed profile of the β function

is not truly reliable. However, it can be shown that the existence of a non-trivial
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2.4. Near-conformal technicolor

zero in the β function is a scheme independent property.

As a result, we can divide the theories with β1 < 0 into those which retain

the non-trivial infra-red fixed point after taking into account all non-perturbative

information, and those which do not. Theories with the fixed point will look

very much like the Banks-Zaks theory, except the infra-red theory will not be

describable perturbatively. Theories without the fixed point will look more like

QCD in the infra-red, with the onset of chiral symmetry breaking, confinement,

and the expected strong dynamics.

If we were to increase Nf still further, then we would eventually change the

sign of β0. This would result in the loss of asymptotic freedom, and the theory

would more closely resemble the dynamics of QED rather than QCD. We will not

consider such theories in any detail.

The range of Nf , between the value resulting in the development of an infra-

red fixed point, and the value at the loss of asymptotic freedom, is said to define

the conformal window, for a certain value of Nc.

2.4.2 Walking coupling

In building a model of DEWSB, we need to choose a technicolor sector with a

certain number of properties. As a stand-alone theory, the interaction describing

this sector must be asymptotically free, and must also be truly strongly coupled

in the infra-red, in order to bring about the chiral symmetry breaking which will

be responsible for EWSB.

This rules out the set of theories in the conformal window, as described in Sec.

2.4.1, as they retain their chiral symmetry in the infra-red. It should be noted

however, that when such a theory is attached to the theory of the Standard

Model interactions, the situation is more complex. The technicolor sector would

be conformal assuming the techniquarks obtained no hard mass terms. As we

will discuss in Sec. 3.2, any techniquark masses, or a number of other more

complicated possible interactions, would drive the theory away from the conformal

fixed-point, and towards chiral symmetry breaking.

Restricting to the massless case however, we can assume that there is a range

of Nf , for which our theory will not lie in the conformal window, but will lie

close to it. Such a theory would not be truly conformal in the infra-red but

would display some properties of being near to conformality, i.e. near-conformal
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behaviour.

While the exact non-perturbative profile of the β function is not thought to

be scheme independent (excepting the presence or lack thereof of a zero), we can

deduce the expected behaviour of a near-conformal theory from a deformation of

a β function which exhibits a zero.

We hypothesise that a near-conformal theory has a β function which decreases

from zero as α increases from zero, then at some point begins to increase, but

rather than reaching another zero, reaches a local maximum near zero, and then

begins to descend as α increases further. Such a theory would be expected to

have a coupling with a very particular renormalisation behaviour.

Still being asymptotically free, the theory would have a small coupling at

large renormalisation scales. The negative β function near α ' 0 then determines

that the coupling increases as the scale decreases. When the β function begins

to increase, this running slows, until the point where the β function nears zero,

where the running becomes very slow. Eventually, the β function decreases again,

the running accelerates as we move to the infra-red, producing a strong coupling,

chiral symmetry breaking, etc.

This behaviour, where the coupling is supposed to run very slowly over

an extended range of renormalisation scales, has been termed walking. This

behaviour is very different to that of QCD, where the coupling runs very quickly

over the whole range of scales.

2.4.3 Walking and ETC

The inclusion of a technicolor sector associated with a walking dynamics, into a

model of DEWSB, has implications for the tension between the need to suppress

FCNC’s, and the need to generate significant fermion masses in such a model.

As described in Sec. 2.3.2, the fermion masses generated through ETC

interactions are estimated as m ∼ 〈ΨΨ〉
Λ2
ETC

, where 〈ΨΨ〉 is the techniquark

condensate. In fact, more specifically, what is involved here is the techniquark

condensate evaluated at the extended technicolor scale ΛETC : 〈ΨΨ〉ETC . This is

related to its equivalent at the technicolor scale ΛTC by a renormalisation factor

〈ΨΨ〉ETC = Z(ΛTC ,ΛETC)〈ΨΨ〉TC (2.42)
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This factor Z is given by

Z(ΛTC ,ΛETC) = exp

(∫ ΛETC

ΛTC

dµ

µ
γ(µ)

)
. (2.43)

The integral is over the renormalisation scale µ, and γ(µ) is the anomalous

dimension of the techni-quark condensate at the scale µ.

In QCD, where asymptotic freedom sets in rapidly above ΛQCD, the anomalous

dimension is roughly proportional to the coupling γ(µ) ∼ α(µ) which vanishes

rapidly α(µ)→ 0 when µ > ΛQCD. As a result, if the dynamics of the technicolor

sector in our model were similar, the integral in Z would have very little support,

meaning Z ' 1.

If however, the coupling were expected to run very slowly above the scale of

strong dynamics associated with this sector ΛTC , then the anomalous dimension

would also be expected to be roughly constant in this range. The result for Z

would then be Z(ΛTC ,ΛETC) =
(

ΛETC
ΛTC

)γ
, giving

〈ΨΨ〉ETC =

(
ΛETC

ΛTC

)γ
〈ΨΨ〉TC (2.44)

In such a model, γ would be expected to be O(1), so taking this estimate γ = 1

we would obtain for the estimate of fermion masses generated through ETC

interactions

m ∼
(

ΛETC

ΛTC

)
NTCΛ3

TC

Λ2
ETC

(2.45)

Then, using the same constraints as in our previous estimate, ΛTC ∼ 1 TeV

to produce the scale of EWSB, and ΛETC & 103 TeV to satisfactorily suppress

FCNC’s, we obtain a new estimate

m . 100 GeV (2.46)

Clearly this enhancement of the techniquark condensate at the ETC scale, has

allowed the theory to generate far larger fermion masses while still suppressing

FCNC’s. The scale of fermion masses generated may not be at a sufficient scale to

accommodate the top quark, but it is a significant step in the right direction, and

there have been additional proposals of how the top mass might be generated.

It has been observed that a technicolor model with a near-conformal dynamics
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will exhibit a spectrum with a number of particles at relatively low mass, and well

within reach of the LHC [34], in particular the vector mesons ρTC and ωTC are

particularly interesting discovery candidates. Recent searches based on current

data have ruled out these particles below the 400− 500 GeV scale [17].

2.4.4 Walking and the S-parameter

As described in Sec. 2.3.3, many models of technicolor encounter difficulties

due to their relatively large contribution to the oblique elctroweak correction

parameter S. However, the calculations of the S contributions outlined in Sec.

2.3.3 were based on the assumption that the dynamics of the technicolor sector are

similar to those of QCD. Under this assumption, many theoretical uncertainties

are under control, and we can draw inference from our extensive observations from

QCD to draw conclusions about the contribution to S in a technicolor model.

In the case where the technisector exhibits a near-conformal dynamics in the

infra-red, there is far less certainty about what the resulting contribution to S

might be, in fact arguments have been made to suggest that the contribution to S

could be suppressed in this case [35, 36]. There remains no clear way to conduct

a theoretical estimate for S in this scenario, in order to study this problem there

is a need for fully non-perturbative first-principles calculations.

2.4.5 Higher representations

In Sec. 2.4.1 we described how varying the number of fermion flavours included

in a non-Abelian gauge theory can drastically alter its dynamics, by moving the

theory closer to, or into the conformal window. We can also alter the fermionic

content of our gauge theory by considering some, or all, of the fermions to be in

a representation of the gauge group other than the fundamental. The screening

effect of a fermion is proportional to the dimension of the representation of the

gauge group under which it transforms [37].

Because of this it is possible for a theory to attain a zero of the β

function with a lower number of flavours of fermion, if some, or all, of those

fermions transform under a representation of the gauge group other than the

fundamental. It is expected that the enhanced screening contribution of higher

representation fermions dominates the increased contribution of such fermions to
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the S parameter.

2.5 Minimal walking technicolor

In Sec. 2.4 we have motivated the concept of near-conformal technicolor, where

the difficulties encountered by naive technicolor models, such as the tension

between suppressing FCNC’s and generating reasonable fermion masses in ETC,

and the large contribution to the S-parameter, are alleviated by the proposal

of a technicolor model whose technisector has a fermion content such that its

renormalisation dynamics contrast strongly with those of QCD, in that they

display a slow running of the gauge coupling over a large range of energy scales

as we approach the infra-red.

Given that we have no observational experience of any strongly coupled gauge

theory other than QCD, verifying near-conformal behaviour in any theory is a

difficult proposition. Perturbative and quasi-perturbative arguments have been

made for a number of interesting theories to have these properties [37]. Focus has

centered on theories with a low number of technicolors NTC, and a low number

of flavours of techniquark NTF.

In this regard, one of the most interesting candidates that has emerged is

the SU(2) gauge theory with two flavours of Dirac fermion transforming in the

adjoint or symmetric representation.

The conformal nature of this theory was first highlighted in the context

of planar equivalence [38, 39], which establishes the correspondence between

the bosonic sector, of the large-N limit, of so called orientifold theories, with

N = 1 super Yang-Mills theories. This correspondence means that some of the

conformal properties of the supersymmetric parent theory, should also hold in

the non-supersymmetric daughter theory. The orientifold theories are vector-like,

containing fermions in the rank-two antisymmetric, or symmetric representation.

In the SU(2) theory, the symmetric representation equates to the adjoint,

and the possible benefits of the use of this theory in a model of technicolor were

illustrated in [40]. The SU(2) theory with two adjoint fermions involves the lowest

number of colour and flavours, while believed to lie in, or near to, the conformal

window, and has come to be know as minimal walking technicolor (MWT) [41].

In a valid MWT model we must [40] include an additional family of heavy
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leptons in order to cancel the Witten anomaly [42], but otherwise the construction

of such a model is straightforward. The phenomenology of such models has been

studied extensively ([43, 44], and more recently [45] and [46]) and it is thought

that such models are entirely consistent with current experimental constraints,

arising from both flavour changing processes, and electroweak precision tests.
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Chapter 3

MWT on the lattice

In Sec. 2.4 we outlined the motivation for, and consequences of, models

of technicolor with a new strongly-coupled sector involving near-conformal

renormalisation dynamics. Despite the convincing nature of the origins of the

concept of near-conformal dynamics, because of the non-perturbative nature of

the phenomenon, quantitative conclusions on its existence or consequences are few

and far between. To make matters worse, we have no observational experience

to guide us, as the only strongly-coupled gauge theory observed so far in nature

displays no features of this behaviour.

For these reasons, over the past few years, attention has turned to lattice

gauge theory (LGT) in the hope that it could provide answers to some of the

many questions surrounding near-conformal gauge theories. LGT is the only

formalism allowing a fully non-perturbative, robust, first principles approach to

strongly-coupled gauge theories. The formalism of LGT is described in App. A

and many of the tools used in common simulations, as well as those used for the

studies in this work are introduced.

3.1 Strategies for lattice technicolor

To investigate near-conformal dynamics on the lattice, there have been two major

approaches adopted:
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3.1.1 Renormalisation studies:

We can seek to identify and explore near-conformal behaviour in a gauge theory

by examining the behaviour of the theory under renormalisation flow. There are

a number of schemes available within a LGT framework which allow this type of

study, and they have been put to good use in recent years in confronting these

questions.

Primarily the Schrödinger functional has been utilised to investigate the

running of the coupling, [47, 48] and the quark mass [48] in a number of theories

which are good candidates for posessing near-conformal dynamics. More recently,

the Monte-Carlo renormalisation group (MCRG) has been implemented to tackle

some of these questions [49].

3.1.2 Spectral studies:

Alternatively, we can attempt to discern near-conformal behaviour by measuring

the major phenomenological features of a theory, and detecting properties

associated with near-conformality.

In this vein, many studies have measured the low-lying mesonic spectrum

of candidate theories, and studied how the spectrum scales as the quark mass

(usually taken to be degenerate) is varied [50–54]. In Sec. 3.2 we will describe

the scaling expected, and its origin in near-conformal theories.

Another line of investigation under this heading is the investigation of the

contribution to electroweak oblique correction parameters from theories which

are candidates for near-conformal behaviour. In Sec. 2.4.4 we described the

predicted effect of near-conformal behaviour on the S-parameter, and in order to

confirm these expectations, results from LGT would be very helpful.

Efforts in this area began with a study of the QCD contribution to S within

the Standard Model [55, 56], to avail of existing QCD data, expertise and

simulation frameworks, while also verifying the methodology required for similar

computations involving interesting technisector candidates. Subsequently, studies

involving potential technicolor sectors have emerged [57], and the indications are

that the contribution to S from a theory closer to the conformal window is indeed
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likely to be reduced.

3.2 Mass-deformed conformal theories

As mentioned in Sec. 3.1.2, many lattice studies of theories thought to exhibit

near-conformal behaviour have focused on properties of the low-lying mesonic

spectrum of the theory, in an effort to identify scaling associated with near-

conformal theories. Here we will describe this scaling, and its origins in near-

conformal theories.

Strategies such as those described in Sec. 3.1.2 investigate theories which are

believed to lie in or near the conformal window. As we shall see, differentiating

between these two scenarios is difficult using only results of lattice simulations.

The reasons for this are the limitations on LGT simulations, where a finite volume

and non-zero quark mass are necessary for practical purposes.

Either of these restrictions alone means that a theory with a true conformal

symmetry can not be simulated on a lattice. By construction, a conformal theory

must not involve any scale, like a mass or length. The lattice formalism requires

several of these, and so does not allow the study of a true conformal theory.

Thankfully, this does not preclude the type of study necessary. In fact, the

departure of the theory from conformality, when described correctly, will encode

the main features of the theory which will allow us to identify near-conformal

behaviour.

3.2.1 Hyperscaling

These features are discussed in [58–61] in which the renormalisation behaviour of a

gauge theory which posesses an infra-red fixed point, perturbed from conformality

by the presence of fermion mass m, is studied. Such a model is termed a mass-

deformed infra-red conformal gauge theory.

From experience of statistical mechanics, critical phenomena and phase

transitions, it is known that near the fixed point at m = 0, all observables

with the same dimension will scale to zero with the same critical exponent, a

property known as hyperscaling. In order to determine the expected value of this

exponent, we consider the theory around the infra-red fixed point g(µ) → g∗ as

µ → 0. The renormalisation flow of the mass is determined by its anomalous
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dimension, which is the negative of that of the quark condensate operator,

µ d
dµ
m(µ) = −γ(g(µ))m(µ). At the fixed point, this will take a value γ(µ) → γ∗

as µ→ 0.

In [58] it is shown that as we return to the conformal case, by taking the chiral

limit m→ 0, all physical observables MX with the dimensions of a mass will scale

to zero with an exponent determined by the value of the anomalous dimension

at the fixed point:

MX ∝ m(µ)
1

1+γ∗ . (3.1)

As a result, if the chiral theory is indeed conformal, we would expect to observe

simultaneous scaling of all mass observables to zero in the chiral limit. The

mass-splitting between bound states would be expected to be heavily suppressed.

3.2.2 Deducing conformality

This property is in stark contrast to the expected behaviour in a theory which

breaks chiral symmetry in the infra-red. In such a theory all hadronic states

of quarks would be expected to have a mass of the order of the scale of strong

dynamics of the theory, except that is for the pseudoscalar mesons corresponding

to the Goldstone bosons of the chiral symmetry breaking, analogous to the pions

of QCD.

The pseudoscalar states can be expected to become massless in the limit

of zero quark masses, scaling as the square root of the quark mass, while the

remainder of the spectrum retains a mass at the order of the strong scale of the

theory, staying roughly constant in the immediate vicinity of the chiral point.

This behaviour can be derived from chiral perturbation theory, and is clearly

verified in lattice simulations.

The distinction between these behaviours provides a clear candle-stick which

should allow us to discriminate between the possible dynamics of a gauge theory

which have been discussed. In a lattice simulation this would be studied by

measuring the mass, in lattice units, amΓ of the ground-state mesons in each

channel of quantum numbers, and determining their scaling with the quark mass,

also in lattice units, am.

If the spectrum develops a large splitting between the pseudoscalar states

and others, then this indicates strong chiral symmetry breaking, and the absence
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of any near-conformal behaviour. If, on the other hand, this splitting is not

observed, and the whole spectrum scales to be simultaneously massless at the

chiral point, this illuminates the conformality of the massless theory, within the

precision of the study.

If the massless theory were not quite conformal, but in fact near-conformal,

in the sense of Sec. 2.4.2 then depending on the proximity to conformality, such

a study would observe a hyperscaling behaviour for a range of masses before

at some point in approaching the chiral limit, the chiral symmetry breaking in

the infra-red would dominate over the near-conformal behaviour, and the mass-

splitting between the pseudoscalar states and others would become significant,

with the pseudoscalar states scaling to zero in the truly chiral limit and others

remaining massive.

In addition to simply identifying the presence of some near-conformal

behaviour, this method will also allow us to quantify the impact of the feature on

the viability of a technicolor model with this technisector, by providing a simple

measure of γ, the anomalous dimension of the quark condensate in the theory

concerned. This is of great interest phenomenologically because it determines

the level of enhancement of the techniquark condensate, and thus the Standard

Model fermion masses, in a model of walking technicolor (2.44).

As discussed in Sec. 2.4.2, the technisector of a technicolor model cannot be

truly conformal in the infra-red, and as such, in this limit the mass anomalous

dimension cannot be constant. However, the analysis leading to (3.1) shows that,

even in a theory perturbed from conformality, the scaling behaviour is determined

by properties of the theory at the conformal point. Similarly, the value of the mass

anomalous dimension in a near-conformal theory comprising the technisector of

a technicolor model can be expected to be well approximated by the value of the

anomalous dimension at the fixed point in the chiral theory.

As a result, we can in principle fit the behaviour of the meson masses amΓ as

a function of the quark mass am, according to a fit ansatz of the form (3.1), using

γ∗ as a free parameter, and hence obtain an estimate of the anomalous dimension.

In a theory which breaks chiral symmetry but in which the coupling runs

very slowly over a large range of renormalisation scales, γ is expected to remain

roughly fixed over this range of energies, close to its value at the theory’s scale of

strong dynamics, where it is expected to be O(1). It is estimated that a value of γ

38



3.2. Mass-deformed conformal theories

in this range is required for the enhancement of the condensate which is required

to generate sufficiently heavy fermion masses.

3.2.3 Difficulty of the chiral limit

These features indicate some of the difficulty in drawing firm conclusions from

these studies. Firstly, the strength of the conclusions we can draw will be governed

by how close we can get to the chiral point in our simulations. The difficulty of

this approach to the chiral limit is a familiar problem in LGT, where it has been a

primary obstacle to the power of lattice QCD throughout the history of its study.

Typically simulations of QCD using LGT have used quark masses which

are significantly heavier than those in nature, and by observing the scaling of

results with the quark mass, an extrapolation to the physical point can be

performed, producing the desired quantity in the fundamentally relevant physical

theory. Simulating light quarks on the lattice is difficult because of the increasing

difficulty involved in inverting the Dirac matrix as we reduce the quark mass.

Secondly, clearly any computation performed on a computer can only involve

pure numbers. In the case of lattice simulations this operates through the

rescaling of all fields so that they become dimensionless quantities, reabsorbing

the scale emerging from space-time integrals when they are transformed into

discrete sums.

This scale is most easily represented by the variable a which represents the

physical distance represented by the gap between sites of the lattice. All couplings

are also rescaled to have a dimensionless representation on the lattice, e.g. a

mass variable m is represented in lattice units am. This means that a lattice

simulation cannot by itself provide any information on the scale of the physics

being calculated, all quantities emerge in lattice units.

In order to relate results of lattice simulations to physical scales, it is necessary

to find a way to determine the lattice scale a in any simulation. In the study of

QCD on the lattice, this is achieved by choosing a quantity which is well known

experimentally, and which can be expected to be relatively reliably measured in

the relevant lattice simulation, albeit in lattice units.

We can then compare these two quantities, and by insisting that the simulation

should reproduce the physical parameter, we can deduce the value of a. This

process is known as setting the scale. Using this we can then convert all
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3.3. Candidate theories

other quantities into physical units, and determine the level of agreement

with corresponding experimental values, as well as make predictions concerning

quantities which are not otherwise well known.

In contrast to the study of QCD, the scale cannot be set definitively in studies

of other gauge theories, because there is no experimental determination of any

quantity with which we can compare our results. This leaves us in the difficult

position of being unable eventually to physically quantify our results. While in

QCD, we can establish how close any simulation is to the physical point, we can

only determine the proximity of any simulation to the interesting chiral point

in terms of lattice units. This weakens the conclusions that can be drawn from

lattice simulations of theories other than QCD, but does not preclude us from

drawing inference, so long as we qualify our results with this uncertainty.

3.3 Candidate theories

In this short section we will briefly describe the main results of searches for near-

conformal dynamics in theories other than MWT, in order to set the scene and

give an indication of the amount of work going on in this field, as well as the

interesting results that have emerged, along with some of the more controversial

cases which are currently attracting significant debate.

3.3.1 Fundamental fermions

Nc = 2

The SU(2) theory with Nf = 6 fundamental Dirac fermions has been studied

in [62] where it is determined that the gauge coupling runs relatively slowly in

this theory, when compared to the result from a truncated perturbation theory

result. In addition a suggestion of an enhanced anomalous mass dimension in the

infra-red is detected.

Nc = 3

Because the SU(3) theory with Nf = 6 fundamental fermions amounts to QCD

(although lattice simulations of QCD rarely need considerNf > 3), a large amount

of simulation infrastructure is easily adapted to studying SU(3) with any Nf . For
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3.4. Results from MWT

this reason a large amount of work has been done analysing theories with a value

of Nf such that the theory is expected to be in or near the conformal window

while retaining asymptotic freedom, which suggests a range of 6 ≤ Nf ≤ 12.

The phase diagram of the SU(3) theory as a function of Nf was first studied

on the lattice in [63, 64], where they conclude that the conformal window begins

at Nf = 7. Later studies [65, 66] found that the theory with Nf = 8 breaks chiral

symmetry in the infra-red. In [67] the Nf = 10 theory was determined to be infra-

red conformal. There are a number of independent programs of investigation

being conducted into the Nf = 12 theory. The authors of [65, 68–72] have all

concluded that the theory is conformal in the infra-red, however separate studies

[73, 74] have deduced that this theory is chirally broken in the infra-red. This

issue is still being debated and was discussed at length in [75].

3.3.2 Sextet fermions

The symmetric representation of SU(3) is six dimensional and so is also known

as the sextet. As described in Sec. 2.5, theories with fermions in the symmetric

or anti-symmetric representation are termed orientifold theories, and as such

the SU(3) theory with sextet fermions is in the same class as MWT. This has

led to the SU(3) theory with Nf = 2 flavours of Dirac fermion in the sextet

representation to be termed next to minimal walking technicolor (NMWT) [76].

The theory was first studied on the lattice in [77], where evidence was found

for conformality. This has been supported by evidence from a diverse selection

of studies [78–81], while a separate study has found evidence for the opposite

conclusion [82, 83].

3.4 Results from MWT

As discussed in Sec. 3.3, lattice simulations are in heavy use in the effort to

determine the limits of the conformal window for different gauge groups and

fermion representations, and the impact of near-conformal dynamics on the

phenomenology of a theory. There are also clearly some uncertainties in the

interpretation of results, as is evidenced by the opposite conclusions reached by

different research groups regarding certain theories.

In this section we will attempt to summarise in more detail the results
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3.4. Results from MWT

pertaining to possibly the most interesting candidate theory, MWT. Several

studies investigating the renormalisation behaviour of the theory, and also directly

analysing the phenomenology of the theory have been performed.

3.4.1 Renormalisation

In [47, 48] analyses of the running coupling in MWT using the Schrodinger

functional were carried out. Evidence for the conformality of the theory from the

behaviour of the coupling was presented in [47], while in [48] more modest claims

on this basis were made, fully taking into account their uncertainties. However

evidence was presented for a non-zero mass anomalous dimension in [48], which,

while not O(1) as would be preferred in order to best allow the theory to generate

sufficient fermion masses, is an indication of near-conformal behaviour.

A study with equivalent goals, but using an alternative method, the Monte-

Carlo renormalisation group (MCRG) was performed in [49]. This detected

supporting evidence for near-conformal behaviour, but was qualified with similar

uncertainties.

3.4.2 Spectroscopic

Significant attention has been paid to analysing the spectrum of MWT in order

to ascertain the presence, or lack thereof, of near-conformal behaviour. This was

initially explored in [50] wherein on a number of small lattices they find intriguing

if inconclusive suggestions of near-conformal behaviour.

Such studies were expanded into more thorough programs in [51, 54, 58, 59]

and also [53]. In these works significant evidence was accumulated that the

spectrum of these theories is heavily influenced by an underlying near-conformal

dynamics. The most significant conclusions are:

• The phenomenon of hyperscaling is observed with considerable clarity. The

ground-state meson masses in the channels analysed are seen to scale

together very closely as the quark mass m is varied. This feature is

highlighted by considering the ratio between the pseudoscalar (PS) meson

mass mPS and that of the vector (V) mV. This quantity is observed, as

expected to be > 1 for all quark masses, but appears to be constant as
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m → 0, indicating the retention of chiral symmetry, and the hyperscaling

feature.

• The scaling of mPS with m also indicates near-conformal behaviour, most

clearly seen in the ratio
m2

PS

m
. This quantity would be expected to be

constant as m → 0 in a chirally-broken theory, but is seen to scale to

zero in the chiral limit.

• The anomalous dimension governing the scaling of the meson masses in the

chiral limit is found to be small, certainly not O(1). This is determined

through simple fits to the m dependence and also through finite size scaling

(FSS) analyses.

3.4.3 Summary

Combining the evidence from all these studies, the most ready conclusion is that

the MWT theory lies within the conformal window, and posesses an infra-red

conformal fixed point. In order to increase the certainty of this statement it is

necessary to push closer to the chiral limit and to ensure that finite-size effects,

lattice artifacts and all other systematic uncertainties are under control.
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Chapter 4

Improved Mesonic Spectroscopy

of MWT

In this section we will describe the first project comprising this work. The aim of

this study is to conduct a robust exploration of systematic effects present in the

results of spectroscopic studies of MWT searching for evidence of near-conformal

dynamics. We follow on from work conducted over recent years [51, 54, 58, 59].

As described in Sec. 3.4.2, these studies attempt to identify signals of near-

conformal dynamics from the properties of the low-lying mesonic and, in the case

of [54, 58], gluonic states of the theory. We focus on the ground-state mesons,

their masses and decay amplitudes.

4.1 Introduction

As described in Sec. A.6, the standard way to extract masses from lattice

simulations is to look at the exponential decay of correlators of operators with

the quantum numbers of interest. For infinite separation between the source and

sink operator, the exponential decay is governed by the ground state mass in the

channel being explored. At finite time extent, this leading behaviour receives

corrections that are exponentially suppressed in the mass difference between

the ground state and the excitations. Underestimating the importance of these

corrections leads to systematic errors in the determination of the ground state

mass. In addition to the effects of the finite maximal separation between the

source and the sink (often referred to as finite temperature effects), the finite
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spatial extension of the lattice can also give sizeable corrections to the spectral

masses.

The simplest source and sink observables to study for mesons are fermion

bilinears in which the two fermion fields are at the same lattice point (point

sources). These sources have been widely used in previous investigations of

the spectrum of MWT. However, the experience accumulated over 30 years of

numerical studies in lattice QCD favours the use of extended sources, which are

gauge-invariant combinations of two fermion fields at different points, engineered

for reducing the contamination from the excited states. In lattice QCD masses

extracted from correlators of extended sources prove to be affected by smaller

systematic errors. In this study, we investigate whether this proves to be the

case also for MWT. Specifically, we perform a study of mesonic observables

extracted from extended sources using the configurations presented in [51, 54, 59].

We explore a large set of schemes for building extended operators and we

systematically analyse their efficiency for the computation of meson masses and

decay constants, comparing the results with results obtained using point sources.

With this study, we expect to determine the size of systematic uncertainties in

current studies, which have as yet been largely unexplored, and to assess their

impact on the physical picture emerging from the previous spectroscopical studies.

Some of the results presented here have already appeared in Ref. [84].

The rest of the chapter is organised as follows. In Sec. 4.2 we describe

the background to this study and briefly illustrate the effects of the use of

different smearings on effective observables. Technical details on the smearing

procedures and the resulting observables can be found in Appendices A.5 and

A.6 respectively. In Sec. 4.3 we quantify the consequences of the smearing both

for autocorrelation times and quality of plateaux. A full set of results obtained

using wall smearing are presented in Sec. 4.4, while in Sec. 4.5 we comment on the

significant finite-volume effects highlighted by the smeared results. Finally, our

conclusions are reported in Sect. 4.6. This work has been presented previously

[84] and recently published [85].
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4.2. Systematic Spectroscopy

4.2 Systematic Spectroscopy

This study builds on the work described in [51, 59] where spectroscopic observ-

ables of MWT were measured through lattice simulations. The computation

was performed using the HiRep code, designed to simulate theories of generic

number of colours, and with fermions in a generic representation of the gauge

group. The simulations used the Wilson gauge action, and the Wilson fermion

formulation along with the RHMC algorithm. A number of lattice volumes have

been analysed, from 16× 83 to 64× 243 with a range of bare quark masses. The

majority of the ensembles have been generated at β = 2.25, although we do here

present the results of some additional runs on the largest lattice at β = 2.1.

For this study we have performed some alternative analyses to those in

[59]. The Chroma suite of lattice software [86] has been extended to operate

with several fermionic representations other than the fundamental, including the

adjoint. This will allow us to utilise the in-built smearing routines of Chroma for

our spectroscopic study.

In order to test the modified Chroma, we measured the local correlators as

defined in (A.49), with Γ = Γ′ both with HiRep (f
(h)
Γ (t)) and Chroma (f

(c)
Γ (t)).

We used an ensemble of configurations on a 8 × 43 lattice with β = 2.25 and

fermion bare mass am0 = −1. Fig. 4.1 illustrates the agreement between the two

determinations, defined as:

D1 =

√∑
t

(
f

(c)
Γ (t)− f (h)

Γ (t)
)2

D2 =

√√√√∑
t

(
f

(c)
Γ (t)− f (h)

Γ (t)

f
(h)
Γ (t)

)2

. (4.1)

We proceeded to utilise the in-built smearing routines found in Chroma to

perform measurements on the gauge configurations generated with HiRep using

a number of different quark smearings. We have investigated the use of both

wall-smearing and a gauge invariant gaussian smearing, as defined in App. A.5.2.

Definitions of all observables discussed can be found in App. A.6.

Gaussian smearing involves two parameters, which can be chosen to optimize

the technique. They are the width of the smearing function and the number of

applications of the smearing operator, which must be large enough to reasonably

approximate the gaussian form. These two parameters have been adjusted in
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Figure 4.1: Discrepancies between local correlators from HiRep and Chroma,
computed to test the extension of Chroma (for working with adjoint fermions)
against HiRep. The quantities D1 and D2 defined in (4.1) are shown in Figs.
4.1(a) and 4.1(b) respectively.

order to maximize the overlap of the smeared operator with the ground state.

On the other hand, the wall-smearing is a parameter-free procedure.

We systematically compared local, gaussian (with optimised parameters) and

wall-smeared sources on our ensembles. At our lightest masses, the wall-smeared

sources have the largest overlap with the ground state, which is reflected in the

flattest effective masses. In Figs. 4.2, 4.3, 4.4 we show respectively the PCAC

and PS effective masses and the PS effective decay constant computed with the

three methods.

Making an initial cursory examination of these graphs we note, firstly, that

there is reasonable agreement between the different effective observables at the

largest temporal values available, and we will make a detailed analysis of this

apparent agreement, and the significance of any discrepancies in Sec. 4.4.

We also note that the temporal dependence of the smeared results is less

than that of the local result. This is an indication of the expected reduction in

the contamination from excited states in the smeared correlators, and allows the

extraction of a more reliable result from the effective observable. We will discuss

quantitatively the improvement in the stability of the result over the temporal

range in Sec. 4.3.2.

Qualitatively we note that the profile of the effective observables is improved

most significantly by the wall smearing on the low mass ensembles. Since we are
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4.3. Effectiveness of the wall-smeared sources

mainly interested in the light masses, we will focus on the wall-smeared results

in the rest of this work.
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Figure 4.2: Comparison of the PCAC mass from different smearings at am0 =
−1.175 on a 16× 83 lattice (Fig. 4.2(a)) and a 24× 123 lattice (Fig. 4.2(b).
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Figure 4.3: Comparison of the pseudoscalar mass from different smearings at
am0 = −1.175 on a 16 × 83 lattice (Fig. 4.3(a)) and a 24 × 123 lattice (Fig.
4.3(b).

4.3 Effectiveness of the wall-smeared sources

Using smeared sources allows us to choose an operator with a larger projection

onto the ground state of a given channel. The wave-function of the ground
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Figure 4.4: Comparison of the pseudoscalar decay constant from different
smearings at am0 = −1.175.

state is spread over many lattice sites, and we can improve the overlap of the

operator with the ground state by giving a spatial size to the source. The smeared

correlator will be less contaminated by the excited states, and therefore it will

be characterized by a single cosh signal for a larger temporal separation than the

one constructed with point operators. This is reflected in a longer plateau in the

effective mass. On the contrary one drawback of using smeared sources is that

it makes the analysis more sensitive to the algorithm’s autocorrelation time. In

this section we propose a quantitative study of these two aspects: the behaviour

of the size of the plateaux for different kinds of sources, and the autocorrelation

time connected with the use of these sources.

4.3.1 Autocorrelations

Correlators generated using sources with an extended spatial profile are expected

to be associated with longer autocorrelation times, due to the fact that the low

energy modes of the fields need more Monte-Carlo time to propagate. This effect

is observed throughout our study, indeed the autocorrelation time associated with

the results from smeared correlators is generically at least of the order of twice

that of those involved with the local correlators. This is supported both by the

direct measurement of the integrated autocorrelation time [87] associated with

the observables, and by the analysis of the behaviour of the standard deviation

of the observables.
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Both the aforementioned studies have been performed by grouping the N data

into N/b blocks of a given length b. A reduced dataset of length N/b is created

by averaging the required statistic over each block. A bootstrap analysis is then

performed on the reduced dataset. By increasing the block size b, we are creating

effective estimates less and less autocorrelated, hence when the block size is bigger

than the autocorrelation we expect to see a plateau appearing in the standard

deviation, signaling that the reduced dataset is decorrelated. We observe that

the plateau starts at a block size corresponding to an integrated autocorrelation

time of order 1.

Our analysis of the autocorrelation is illustrated in Fig. 4.5, for the PS effective

mass obtained with both local (L), and wall-smeared (W) sources, evaluated at

two temporal points.
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Figure 4.5: Autocorrelation analysis conducted on a 24 × 123 lattice at am0 =
−1.175, for the PS effective mass in two temporal points. In Fig. 4.5(a),
integrated autocorrelation time as a function of the block size b. In Fig. 4.5(b),
relative error as a function of the block size b. The plateaux in the relative error
set in when the integrated autocorrelation time becomes of order 1.

From the left panel of Fig. 4.5 we see that the measured autocorrelation time

for the smeared results are generically larger than those for the local results. From

the right panel of Fig. 4.5 we see that the standard deviation of our observable

increases for both sets of correlators as we increase the block size from zero, up

to a point where it appears to reach a plateau for a significant range of b for both

cases. The value of b where this plateau sets in is interpreted as the length in

simulation time over which the data are uncorrelated. From the right panel of

Fig. 4.5 we would conclude that the autocorrelation time of our local result was
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∼ 30 while that of the smeared result was ∼ 80. Indeed returning to the left

panel of Fig. 4.5 we see that at this value of b, the corresponding value of the

integrated autocorrelation time is close to 1, which supports our conclusion.

This picture is replicated across our ensembles, and we have accounted for this

in our results by conducting our bootstrap analysis over appropriately reduced

datasets.

4.3.2 Plateaux of the effective masses

If the smearing procedure is effectively suppressing the contribution of the excited

states to the correlators, one has to observe the effective masses flattening around

the midpoint t = Lt/2, and the plateaux becoming longer when visible. We can

quantitatively estimate the flatness of the effective mass using the absolute value

of the incremental ratio of the effective mass between t = Lt/2 and t = Lt/2−∆t:

∆mPS

∆t
≡
∣∣∣∣mPS(Lt/2−∆t)−mPS(Lt/2)

∆t

∣∣∣∣ . (4.2)

A value for ∆mPS/∆t compatible with zero implies that the plateau in the

effective mass is at least ∆t points long. For very small values of ∆t the

incremental ratio is dominated by the statistical error. On the other hand the

effective masses obtained with smeared sources are sometimes non monotonic.

In this case the incremental ratio defined with a too large value for ∆t is not a

good estimate for the flatness of the plateau. An intermediate range of values

for ∆t exists, in which our analysis makes sense. We explicitly checked that our

conclusions do not change choosing ∆t in such a range, and we chose ∆t = 4 for

definiteness.

In general the smaller ∆mPS/∆t is, the flatter the plateau. Notice that it is

important to take the absolute value in the definition above: while the effective

mass defined from local correlators is always decreasing, it is not so for smeared

correlators.

In Fig. 4.6, the quantity ∆mPS/∆t is plotted for all our pseudoscalar effective

masses on the 16 × 83, 24 × 123 and 32 × 163 lattices, both for local and wall-

smeared correlators.

One expects that at small masses the wave function of the pseudoscalar meson

is more spread, hence the wall-smeared source should have a larger overlap with
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Figure 4.6: Incremental ratio ∆mPS/∆t as a function of the bare mass. The
smaller this quantity, the better the quality of the plateau of the PS effective
mass. On the 16 × 83 lattice, the local correlators give flatter plateaux for bare
masses larger than −0.8, while the smearing is effective below −0.9. On the
24×123 lattice, the local and smeared sources give plateaux of similar quality for
the two heaviest masses, while the smearing is effective for all the other masses.
Finally the smearing is always effective on the 32× 163.
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the ground state. On the contrary at large masses the wave function is more

localised therefore the local sources should work better. Our analysis presented

in Fig. 4.6 substantiates this expectation. On the 16×83 lattice the wall-smeared

sources give better or comparable plateaux than the local sources for masses

am0 ≤ −0.9. On the 24 × 123 and 32 × 163 lattices the wall-smeared sources

are to be (sometimes marginally) preferred to the local ones for all the simulated

masses.

In the presentation of the results obtained from wall-smeared sources we will

always cut the masses in the 16×83 lattice for which the local sources are actually

preferable to the wall-smeared ones, unless otherwise stated.

Finally, we point out that the same analyses using the effective V meson mass

and the effective PS decay constant produce very similar results.

4.4 Results

In the present section, we will present our results for the mesonic observables

from the wall-smeared sources. For the full local results, the reader is referred

to [59].

We will consider only those fermionic masses for which the wall-smeared

sources give an improvement on the plateaux of the effective masses with respect

to the local sources, as discussed in Sec. 4.3.2. For all these masses, the wall-

smeared results have to be trusted more than the local ones. The disagreement

between the two determinations gives an estimate of the systematic error due to

a bad determination of the plateaux, mainly affecting previous results obtained

from local sources.

In order to quantify this disagreement we use two different estimators: the

pull and the relative discrepancy. We will denote OL ±∆OL and OS ±∆OS the

determination of the generic observable O using respectively local and smeared

sources. The pull estimates the relative size of the systematic and statistical

errors and is defined as:

P (O) =
|OL −OS|√
∆O2

L + ∆O2
S

. (4.3)

A small value for the pull is desirable, indicating that the systematic errors are
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smaller than the statistical ones. However a small value for the pull can be

obtained either with a small systematic error or with a large statistical one.

Therefore it is not an absolute estimator of the goodness of a measurement. The

relative discrepancy estimates the systematic error, relative to the average of the

two determinations:

D(O) =
2|OL −OS|
OL +OS

. (4.4)

A small value for the relative discrepancy indicates that the systematic effects

contribute to a small fraction of the determination of the observable O.

In what follows, we will consider separately the PCAC quark mass, the PS

and V masses and their ratios, the PS and V decay constant. Again, we refer the

reader to Appendix A.6 for the definition of these observables. We will present

the results for the wall-smearing sources, and we will discuss the differences with

the local-source results using the pull and the relative discrepancy.

4.4.1 PCAC mass

In Fig. 4.7 results for the PCAC mass from the wall-smeared correlators on all

β = 2.25 ensembles are presented. The inset illustrates a close up of the approach

to the chiral limit, with a linear extrapolation to zero quark mass. Using this

we find the critical bare quark mass to be amc = −1.2022(14), from a fit using

the three lightest points on the 24× 123 lattice, which compares very well to the

result obtained from the local data [59].

In Fig. 4.8 we show the stability of this fit against varying the number of points

used. We compare this to the result obtained from local correlators, noting the

agreement. It is also clear that finite volume effects for this quantity are at most

comparable with the statistical uncertainty, which is to be expected as m is a UV

quantity.

In Fig. 4.9 we show the pull and the relative discrepancy as defined in

Eqs. (4.3) and (4.4) between the local and wall-smeared determinations of the

PCAC quark mass. We include all the masses at which the wall-smeared sources

give an improvement of the plateaux in the effective masses over the local sources.

As shown in the left panel of Fig. 4.9, the pull is always smaller than 1 (or

marginally larger than 1 for the smallest volume), indicating that the systematic

error due to a short temporal direction is of the order of the statistical uncertainty.
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Figure 4.7: PCAC quark mass for ensembles at β = 2.25, computed with wall-
smeared sources, as a function of the quark bare mass. The result of the linear
fit for extracting the critical bare mass is also shown. In the inset, the lightest
masses are zoomed in.
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Figure 4.8: Critical quark mass extracted from a linear fit with different fit ranges.
The critical mass as obtained from local data is shown as a grey band.
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The right panel of Fig. 4.9 shows that the systematic error is of order of a few

percents for the PCAC mass.
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Figure 4.9: Pull and relative discrepancy as defined in Eqs. (4.3) and (4.4) for
the PCAC quark mass (β = 2.25).

4.4.2 Meson masses

Fig. 4.10 shows the results obtained for the pseudoscalar mass MPS as a function

of the PCAC quark mass m, from the β = 2.25 data. Fig. 4.11 shows the ratio

MV /MPS. We recall that the existence of a plateau at small masses of this ratio

was one of the main ingredients for arguing in favour of an IR fixed point in [54]

and [59]. We notice that the smeared results stabilize the plateaux at very small

masses (especially by smoothing the behaviour of the largest volumes), while

making more visible some finite-volume effects at intermediate masses. We will

discuss the finite-volume effects in Sec. 4.5.

We also report the pull and relative discrepancy as defined in Eqs. (4.3)

and (4.4) between the local and wall-smeared determinations of the PS mass

in Fig. 4.12. Again, we include all the masses at which the wall-smeared sources

give an improvement of the plateaux in the effective masses over the local sources.

The local and smeared sources give quite different results at small masses. The

relative discrepancy has a very regular behaviour: it is larger for lighter masses

or smaller volumes. For bare masses below −1.15 one has to use lattices larger

than the 24× 123 in order to keep the relative discrepancy below the 10% level.

Although the relative discrepancy can get fairly large at these masses, the pull is

always below 3 which means that the two determinations are compatible within
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Figure 4.10: Pseudoscalar meson mass for ensembles at β = 2.25, computed with
wall-smeared sources, as a function of the PCAC mass. In the inset, the lightest
masses are zoomed in.
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Figure 4.11: Ratio of MV to MPS for ensembles at β = 2.25, computed with
wall-smeared sources, as a function of the PCAC mass. The plateau in this ratio
at small masses has been interpreted in our previous works [54, 59] as a signal for
IR-conformality. The smeared sources have amplified the finite volume effects at
masses around am ' 0.3. This effect will be discussed in Sec. 4.5
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the 3σ range. This effect is generated by an increase of the relative statistical

error at light masses.
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Figure 4.12: Pull and relative discrepancy as defined in Eqs. (4.3) and (4.4) for
the PS mass (β = 2.25).

Fig. 4.13 shows the pull and relative discrepancy between the local and wall-

smeared determinations of the MV /MPS ratio. The situation is better here. The

central values of the two determinations never differ by more than 5% (relative

discrepancy), and they are generally compatible (except the smallest volume)

within the 2σ range (pull).
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Figure 4.13: Pull and relative discrepancy as defined in Eqs. (4.3) and (4.4) for
the ratio of the V mass over the PS mass (β = 2.25).
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4.4.3 Decay constants

Among the observables considered in this study, the PS decay constant is the

quantity most affected by systematic errors due to a short temporal dimen-

sion. The relative discrepancy between the local and smeared determinations

(Fig. 4.14) is almost always very large. On the 24 × 123, 32 × 163 and 64 × 243

lattices, this large relative discrepancy is partly compensated by a large statistical

error. In most of the cases the two determinations are compatible (sometimes

marginally) within 3σ of the statistical uncertainty (pull). On the 16×83 lattice,

the difference is more dramatic. However for intermediate masses, the wall-

smeared source gives a better defined plateau in the effective PS decay constant

as discussed in Sec. 4.3.2, and therefore the smeared results have to be trusted

more than the local ones.
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Figure 4.14: Pull and relative discrepancy as defined in Eqs. (4.3) and (4.4) for
the PS decay constant (β = 2.25).

Fig. 4.15 shows the results for the PS decay constant from wall-smeared

sources. The difference between the results on the 16 × 83 and 24 × 123 lattices

are striking (and was absent in the local determination). This finite-volume effect

will be discussed in Sec. 4.5. We also show for completeness the ratio FV /FPS in

Fig. 4.16.

4.5 Comments on finite-volume effects

The wall-smeared results helped us to better understand how finite spatial volume

affects the mesonic observables. In Fig. 4.17 we plot the PS and V masses,
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Figure 4.15: Pseudoscalar decay constant for ensembles at β = 2.25, computed
with wall-smeared sources, as a function of the PCAC mass.
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Figure 4.16: Ratio of vector and pseudoscalar decay constants.
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their ratio and PS decay constant on the 16 × 83 and 24 × 123 lattices for

am0 = −1.05 and β = 2.25, both from local and wall-smeared sources. For each

observable, the gap between the two lattices becomes wider when wall-smeared

sources are considered. Having only the data from local sources, there is a risk

of underestimating the finite-volume errors. This would be a mistake: the mild

dependence on the volume of the local data is actually given by a cancellation of

two larger effects: the finite volume and the bad determination of the plateaux

in the effective masses.
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Figure 4.17: PS and V masses, their ratio and PS decay constant on 16× 83 and
24× 123 lattices for am0 = −1.05 and β = 2.25 (L=local, W=wall).

In order to clarify this point, it is useful to look directly at the effective PS

mass (Fig. 4.18) and the effective PS decay constant (Fig. 4.19). We will comment

on the effective PS mass, but all the observations will be equally valid for the

effective PS decay constant.

The first observation is that the effective masses from local sources are always

decreasing with the Euclidean time. Therefore, if the temporal size is not large

enough to contain the plateau of the effective mass, the estimated mass will be

larger than the real one. On the other hand the effective masses from wall-

smeared sources on this ensemble are increasing (although this is not true across
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all ensembles). Therefore, if the plateau is not reached, the estimated mass will

be smaller than the real one.
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Figure 4.18: Effective PS mass on different volumes for am0 = −1.05 and β = 2.25
(L=local, W=wall). At t larger than 21, this quantity (on the 64× 83) becomes
much noisier and we cut it for sake of clarity.

Consider now the 24 × 123 effective masses in Fig. 4.18. The local and wall-

smeared sources give effective masses whose quality in terms of flatness is similar

(compare with Fig. 4.6(b)), and the plateau is not clearly visible in any of the

effective masses. However since the gap between the local and wall-smeared

effective masses closes down in the midpoint t = 12, one can argue that the

plateau is effectively reached there.

The situation is completely different for the 16 × 83. The gap between the

local and wall-smeared effective masses is always quite big. The wall-smeared

source gives a much flatter effective mass than the local source (compare with

Fig. 4.6(a)). In order to obtain a more precise estimate for the pseudoscalar mass

on the spatial volume 83, we simulated on a 64 × 83 lattice. In this case the

temporal extent is large enough to obtain very good plateaux for both the local

and wall-smeared effective masses.

By comparing the effective masses on the 24×123 and 64×83 lattices it is clear

that the finite volume has the effect of making the pseudoscalar meson lighter.
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Figure 4.19: Effective PS decay constant on different volumes for am0 = −1.05
and β = 2.25 (L=local, W=wall). At t larger than 21, this quantity (on the
64× 83) becomes much noisier and we cut it for the sake of clarity.

What is happening then with the 16 × 83 lattice? The mass estimated with the

local sources is affected by two relatively large effects: the finite volume, which

decreases the mass and the bad determination of the plateaux, which increases

the mass. Having opposite sign and accidentally the same magnitude, these two

effects cancel each other. Therefore the finite volume effects are actually larger

than what we estimated on the basis of the local sources, and they are better

estimated using the wall-smeared source at light enough masses.

The conclusions above are valid also for the vector meson mass and for

the ratio MV/MPS. In particular from Fig. 4.11 it is clear that on increasing

the spatial volume, the ratio MV/MPS slightly increases, and this effect was

completely hidden in the local-source determination.

4.6 Conclusions

In this project we have studied systematic effects on the PCAC mass, the mesonic

masses and decay constants due to a short temporal size on the SU(2) gauge
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theory with two Dirac fermions in the adjoint representation. In order to isolate

the ground state in correlators one should take the source and sink infinitely

distant. In practice one defines effective quantities (masses and decay constants)

which depend on the time separation between source and sink, and which show

a plateau at large distances. The value of the plateau gives an estimate for the

corresponding mass or decay constant. At fixed temporal extent one can increase

the relative amplitude of the ground state in correlators, using smeared sources

and/or sinks. This translates into flatter and longer plateaux in the effective

quantities.

We have extended the Chroma suite of software in order to operate with

fermions in the adjoint representation of the gauge group, and we have used the

Chroma built-in routines for measuring mesonic correlators with both Gaussian

and wall-smeared sources. We observe that at our lightest masses the wall-

smearing gives always the best overlap with the ground state. At heavy masses

the mesonic wave functions are more localized and the local sources give a better

overlap with the ground state. There is an intermediate regime of masses in which

the local and wall-smearing sources yield plateaux of similar quality. In this case a

Gaussian smearing with properly chosen width might be desirable. If one wants

a procedure that enhance the overlap with the ground state at any mass, one

should use a variational method with a large set of smeared sources. However,

since the interesting physical region is close to the chiral limit, we chose simplicity

against generality and we focused our detailed analysis on the wall-smearing only.

The enhancement of the plateaux with smeared sources does not come for

free. Observables obtained with smeared sources have longer autocorrelation

times. For a fixed set of configurations, a better control on the systematic error

with respect to local sources is generally obtained at the cost of a larger statistical

uncertainty.

Among the observables that we have considered, the PCAC mass is the least

affected by the systematics, as expected since this is a UV quantity, while the

decay constants are the most affected. In the region aMPS < 0.5, the 16 × 83

lattice yields relative systematic errors for the PS mass larger than 10%. At least

the 24× 123 lattice is needed in order to stay below 10%.

We also investigated how the finite temporal extent can conspire to partially

mask effects due to finite spatial volume, and discovered that finite-volume effects
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were underestimated in our analysis with local sources. The relative difference

between the determinations of the PS mass on the 16×83 and 24×123 lattices is

of order 5% at aMPS ' 1 and it goes up to 14% at about aMPS ' 0.3. Again, in

the interesting region of masses, the 16×83 lattice appears to be way too far from

the infinite volume limit. A detailed study of finite-volume effects is extremely

important in order to address issues like IR-conformality, and represents one of

our major research lines.

Finally we notice that our conclusions regarding the near-conformal dynamics

of this theory are robust, since the main qualitative features already presented in

Refs. [54, 59] are confirmed by the present analysis.
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Chapter 5

The Vacuum Polarisation

Contribution to the Muon

Anomalous Magnetic Moment

from DWF

The second project contained in this work departs somewhat from the main

theme. It was chosen, in addition to the reasons of the topical and interesting

nature of the project, because it formed a natural connection with previous work

on the S parameter in QCD [56] which was intended to lay the foundations for a

calculation of the S parameter in MWT, which itself comprises the latter project

in this thesis.

In this chapter, we present a calculation of the leading order hadronic

contribution to the anomalous magnetic moment of the muon for a dynamical

simulation of 2+1 flavour QCD using domain wall fermions. The electromagnetic

2-point function is evaluated on the lattice gauge configurations and this is fitted

to a continuous form motivated by models of vector dominance. We find broad

agreement with previous lattice results for this quantity, while improvements in

simulation and theory are clearly needed in order to produce satisfactorily precise

results.
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5.1 Introduction

The anomalous magnetic moment a of a lepton, is half the discrepancy from 2

(a = g−2
2

) of g, the gyromagnetic ratio or Landé g-factor, which relates the spin
~S of the lepton to its magnetic moment ~µ as

~µ = g
e

2m
~S. (5.1)

It is given the name “anomalous” because it is a purely quantum effect and so is

zero in a classical theory.

The one-loop computation of the electron anomalous magnetic moment ae

by Schwinger [88] was one of the first such calculations, and provided strong

evidence in support of the young theory of quantum electrodynamics (QED)

by explaining observed hyper-fine phenomena which were not well understood.

Since then ae has become possibly the most accurately determined quantity in

science, being known to a precision better than one part per billion [89]. The

corresponding theoretical calculation has achieved similar accuracy [90]. Because

of the relatively light mass of the electron, the calculation is strongly dominated

by QED contributions with virtual electrons, which are known to a good accuracy

to four-loops. Using an independent determination of the fine-structure constant

α from atomic interferometry results in a value of ae which agrees with the

experimental result, with an uncertainty over 30 times greater. Combining the

experimental and theoretical results for ae in terms of the fine structure constant

α provides the most accurate available determination of α [89].

Because of its heavier mass,
m2
µ

m2
e
' 40000, the muon anomalous magnetic

moment aµ is far more sensitive to contributions from other sectors of the standard

model, as well as to any potential new-physics contributions. This makes it a far

more robust test of the standard model, and a much more interesting searching-

ground for signals of new physics. The current experimental result, while not

nearly as accurate as that for ae is still remarkably precise [91]:

aµ = 11659208.0(6.3)× 10−10, (5.2)

which remains a precision of better than one part per million.

Obtaining a theoretical result for aµ of comparable precision has proved a
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more difficult task than in the case of ae [92]. This is because, as stated above,

the contributions from other sectors of the standard model are more significant.

However the calculation has been brought to a point where the uncertainty is

of the same order as the experimental uncertainty. Interestingly however, there

is a discrepancy between the two values which exceeds the current uncertainty.

This has attracted a huge amount of interest to aµ and led to significant efforts

to calculate contributions from potential new-physics sectors.

The current uncertainty in aµ is strongly dominated by hadronic contributions,

specifically the leading order hadronic, and hadronic light-by-light contributions.

The light-by-light contribution has attracted significant theoretical interest, and

has recently become the focus of considerable work using lattice simulations [93,

94].

This work involves the leading order hadronic contribution, which we denote

as a
(2)had
µ , the best estimate of which is currently obtained by relating the hadronic

vacuum polarisation of the photon to the cross section for e+e− decay into

hadrons, allowing a dispersive integral over experimental data for the cross section

[95].

Despite the apparent accuracy of the results obtained from this procedure,

there remain discrepancies between results from different data sets. As a result,

it is not clear if this method of obtaining the vacuum polarisation is under good

control [92, 95]. Attempts have also been made to estimate this quantity using

models of low energy QCD [96]. It would, however, be preferable to obtain the

hadronic contribution to aµ from a first principles approach. For this the only

valid candidate is lattice QCD which alone is capable of producing quantitative

results from fully non-perturbative QCD.

This quantity was first tackled through lattice computation in quenched

simulations with domain wall fermions [97] , followed by a calculation with

improved Wilson fermions [98]. The first dynamical simulation followed [99, 100]

using 2+1 flavour staggered quarks, and several studies of this quantity are

ongoing, using 2 flavours of improved Wilson fermions [101] and twisted mass

fermions [102]. We present a calculation of a
(2)had
µ from a dynamical simulation

of 2+1 flavour QCD with domain wall fermions. This work has been previously

released as an eprint [103].
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5.2 Background

The Landé g-factor of a fermion can be expressed in terms of the electromagnetic

form factors F1 and F2 as

g = 2 [F1(0) + F2(0)] . (5.3)

These form factors are defined in the effective electromagnetic scattering vertex

whereby the expression for the tree-level graph

�
q, µ

p p′

= −ieγµ (5.4)

is replaced by its equivalent including all quantum corrections

�
q, µ

p p′

= −ieΓµ(p′, p) ≡ −ie
[
γµF1(q2) +

iσµνqν
2m

F2(q2)

]
. (5.5)

From the Born approximation it can be seen that F1(0) = 1 to all orders, and so

a =
g − 2

2
= F2(0). (5.6)

We seek to compute the effect of hadronic vacuum polarisation contributions to

aµ which are obtained by calculating contributions to the graph in (5.5) of the

form

�
q, µ

p p′
had

. (5.7)
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As described in [97] the contribution to aµ from the one-loop diagram equivalent

to the graph (5.7) with the hadronic blob removed can be expressed as

� −→ a(1)
µ =

α

π

∫ ∞
0

dQ2 f(Q2) (5.8)

where the kernel function f(Q2) is divergent as Q2 → 0 and can be expressed

f(Q2) =
m2
µQ

2Z(Q2)3(1−Q2Z(Q2))

1 +m2
µQ

2Z(Q2)2
Z(Q2) = −

Q2 −
√
Q4 + 4m2

µQ
2

2m2
µQ

2
.(5.9)

From this, the expression for the hadronic vacuum polarisation contribution can

be obtained with the insertions:

�had
−→ a(2)had

µ =
(α
π

)2
∫ ∞

0

dQ2 f(Q2)× Π̂(Q2) (5.10)

where Π̂(Q2) is the infra-red subtracted transverse part of the hadronic vacuum

polarisation

Π̂(Q2) = Π(Q2)− Π(0) Πµν(q) = (q2gµν − qµqν)Π(q2) (5.11)

�

q, µ q, νhad ≡ iΠµν(q) (5.12)

at Euclidean momentum Q2 = −q2. The hadronic vacuum polarisation function

Πµν(q) can be computed as the Fourier-transformed two-point correlator

Πµν(q) =

∫
d4x eiq·(x−y)〈Jµ(x)Jν(y)〉 (5.13)
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involving the electromagnetic current

Jµ(x) =
∑
i

Qiψ̄
iγµψ

i (5.14)

where ψi is the quark field of flavour i and Qi is its charge. The path-integral used

in the expectation value in (5.13) will involve only hadronic fields, i.e. quarks

and gluons.

5.2.1 Simulation

Our computation is performed using configurations generated by the RBC &

UKQCD collaborations as part of their program of investigation using 2+1

flavours of domain-wall fermions (DWF). The definition of the DWF fermion

action is presented in A.4.3.

We investigate three lattice volumes, each with several ensembles at different

values of the light quark mass mu. The parameters of these ensembles are given

in Table 5.1. The ensembles at β = 1.75 have been generated using a dislocation

suppressing determinant ratio (DSDR) in conjunction with the Iwasaki gauge

action, with a fifth dimension whose extent is L5=32 [104, 105]. The lighter of

these ensembles is very near to the physical point with a pion mass of mπ ' 180

MeV. The other ensembles used only the Iwasaki action and L5 = 16 [106, 107].

V β a−1 GeV q̂2
min GeV2 amh amu

243 × 64 2.13 1.73(2) 0.028 0.04 0.02
243 × 64 2.13 1.73(2) 0.028 0.04 0.01
243 × 64 2.13 1.73(2) 0.028 0.04 0.005
323 × 64 2.25 2.28(3) 0.05 0.03 0.008
323 × 64 2.25 2.28(3) 0.05 0.03 0.006
323 × 64 2.25 2.28(3) 0.05 0.03 0.004
323 × 64 1.75 1.375(9) 0.018 0.045 0.0042
323 × 64 1.75 1.375(9) 0.018 0.045 0.001

Table 5.1: Parameters of the lattice ensembles used in our study.
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β amu ZV amV amPS afV

2.13 0.02 0.696(2) 0.579(6) 0.3227(7)
2.13 0.01 0.700(2) 0.529(5) 0.2422(5)
2.13 0.005 0.699(2) 0.505(6) 0.1904(6)
2.25 0.008 0.7380(5) 0.388(6) 0.1727(4) 0.078(6)
2.25 0.006 0.7385(6) 0.366(5) 0.1512(3) 0.076(5)
2.25 0.004 0.7387(7) 0.356(6) 0.1269(4) 0.070(11)
1.75 0.0042 0.664(5) 0.570(25) 0.1809(3) 0.102(6)
1.75 0.001 0.669(8) 0.558(44) 0.1249(3) 0.105(15)

Table 5.2: Relevant observables measured on our lattices. Results on the β = 1.75
lattices are preliminary and will be outlined in a forthcoming publication [105], results
for fV on the 64× 243 lattices are currently unavailable.

5.2.2 Vacuum polarisation

We compute the lattice vacuum polarisation as

Π̃µν(x) = ZV
∑
i

Q2
i a

6〈V iµ(x)V i
ν (0)〉, (5.15)

where we have omitted the flavour-nondiagonal terms as they contain only

“disconnected” contributions which are expected to be sub-dominant, as will be

discussed further below. At the sink we use the DWF conserved vector current

[108]

V iµ(x) =

L5∑
s=1

1

2

[
ψ̄i(x+ µ̂, s)(1 + γµ)U †µ(x)ψi(x, s)− ψ̄i(x, s)(1− γµ)Uµ(x)ψi(x+ µ̂, s)

]
(5.16)

while at the source we have the local vector current V i
ν (x) = q̄i(x)γνq

i(x) where

qi(x) = P+ψ
i(x, L5 − 1) + P−ψ

i(x, 0), and P± = 1
2
(1± γ5). Because of the use of

the local vector current, a factor of the vector current renormalisation constant,

ZV , is included in our definition of the vacuum polarisation. The values of ZV

used on each ensemble are given in Table 5.2, as measured in [107].

These correlators were generated for, and used in, the measurement of the

QCD contribution to the electro-weak S-parameter [56]. However, they will prove

perfectly sufficient for our purposes, as long as we are mindful of Ward Identity

violations, which will be discussed in Sec. 5.2.3.

There are two possible ways to perform a Wick contraction of the fermionic

72



5.2. Background

fields in the correlator (5.15). In order to estimate the correlator, we will compute

only the connected contraction. We will make an estimate of the corresponding

systematic uncertainty in our results. By calculating the relevant correlation

functions to NLO in chiral perturbation theory, it has been shown [109] that,

in the Nf = 2 theory, the disconnected contribution is suppressed relative to its

connected counterpart by a factor of 10.

We Fourier transform into momentum space:

Π̃µν(q̂) ≡ ZV
∑
i

Q2
i

∑
x

eiqxa6〈V iµ(x)V i
ν (0)〉 (5.17)

using the discrete momenta qµ = 2πnµ
Lµ

where nµ is a 4-tuple of integers, and Lµ

is the length of the lattice in the µ direction. From here, we will use the lattice

momentum

q̂µ =
2

a
sin

(
πnµ
Lµ

)
. (5.18)

We associate the quantity q̂2 =
∑

µ q̂
2
µ with the continuum momentum Q2.

5.2.3 Ward identities

In order to ensure that this reproduces a vacuum polarisation of the form (5.11)

we must verify that this lattice correlator satisfies the Ward identity qµΠµν = 0

which in general is not the case, as although both operators V i and V i have the

correct continuum limit

V iµ, V i
µ
a→0−→ J i = ψ̄iγµψ

i (5.19)

the additional irrelevant operators introduced into the lattice action modify the

Ward identity for Π̃µν . In coordinate space, the Schwinger Dyson equation for

Π̃µν reads

〈(∆µV iµ(x))V i
ν (0)〉+

〈(
V i
ν (0)
←−
∂

∂ψi(x)
ψi(x)

)
−

(
ψ̄i(x)

~∂V i
ν (0)

∂ψ̄i(x)

)〉
= 0 (5.20)

where ∆µ is the backward lattice derivative. Because the local current used is

not point-split, the second term in (5.20) vanishes and we have as a result that

e
iaqµ

2 q̂µΠ̃µν = 0.

This is illustrated in Fig. 5.1 where we see that it is necessary to include
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the factor ei
aqµ

2 in the Ward identity for the first index of Π̃µν , while there is no

fulfilled Ward identity for the second index.
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Figure 5.1: Illustration of Ward identity violations in Πµν on 323×64 lattice at β = 2.25
and amu = 0.004.

5.2.4 Decomposing the vacuum polarisation

We must extract from Π̃µν(q̂) the scalar vacuum polarisation Π̃(q̂2) which,

corresponding to the continuum (5.11), are related by

Π̃µν(q̂) = (q̂2δµν − q̂µq̂ν)Π̃(q̂2) (5.21)

In practice, in order to avoid any longitudinal contribution which might arise

due to the non-conservation of Ward identities, for each momentum orientation

we choose directions µ such that q̂µ = 0 and compute

Π̃(q̂2) =
Π̃µµ(q̂)

q̂2
(5.22)

where in the above there is no sum over µ.

In Fig. 5.2 we show an example of the resulting vacuum polarisation function,

and compare this to the three-loop continuum perturbation theory result from

[110], using two massless flavours of quarks and one massive flavour which we

associate with the strange quark. This result is quoted in the MS scheme and as

such we require the strange quark mass in our simulations expressed in MS.
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The non-perturbative renormalization factor ZMS
mh relating the bare strange

quark mass in physical units m̃h and the renormalised mass in the MS scheme

mh,

ms = ZMS
mh m̃s (5.23)

is determined in [107] by first calculating the renormalisation factor in a non-

perturbative lattice scheme before converting to MS using perturbative results.

The result is extrapolated to the chiral limit, with a very slight chiral dependence,

and then further extrapolated to the continuum limit. They obtain

ZMS
mh = 0.1533(6)(33) (5.24)

and using this we calculate the renormalised strange quark mass in the MS scheme

in lattice units from the bare strange quark mass in lattice units on each of our

ensembles

ams = ZMS
mh ams. (5.25)

5.3 Deducing a
(2)had
µ

In order to infer the value of a
(2)had
µ from our data we must carry out the integral

(5.10) which we split into high and low momentum regions at some momentum

cut Q2
C

a(2)had
µ = 4α2

[∫ Q2
C

0

dQ2f(Q2)× Π̂(Q2) +

∫ ∞
Q2
C

dQ2f(Q2)× Π̂(Q2)

]
. (5.26)

A continuous description of Π(Q2) at low momenta is obtained by performing

a fit to our lattice data, which allows us to perform the low Q2 integral. The value

of Π(0) from this fit combined with a high-momentum description of Π(Q2) from

perturbation theory allows us to perform the high momentum integral. As we

shall see, the integral is strongly dominated by the low momentum contribution.

75



5.3. Deducing a
(2)had
µ

0 5 10 15 20

Q
2
 (GeV

2
)

-0.12

-0.1

-0.08

-0.06

-0.04

Π
(Q

2 )

Lattice data
Perturbation Theory

Figure 5.2: Vacuum polarisation function Π(Q2) as measured on 64 × 323 lattice at
β = 2.25 and amu = 0.004.

5.3.1 Fitting the low Q2 region

We have attempted to fit a continuous form to our lattice data for the vacuum

polarisation using a number of different fit forms. The effect that the choice of

fit function can have on the result for a
(2)had
µ has been highlighted in previous

studies [100], and this behoves us to ensure that the systematics with regard to

this choice are under control.

The suitability of a given fit-form should be judged on two main criteria:

• Firstly, the chosen expression must describe the data closely, and must do

so regardless of the range of data included in the fit. As such we require

the reduced χ2 of the fit to be consistently low as a function of Q2
C which

defines the range of data in the fit.

• Secondly, in order to deduce that the fit-form results in an integral over

momentum which is relatively stable, we desire that the result for a
(2)had
µ is
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again relatively stable as a function of Q2
C .

Ref. [100] also illustrated the use of a fit form originating in the expression for

the vacuum polarisation calculated in chiral perturbation theory. The dominant

component of this expression is due to the vector meson contribution, which at

tree-level is

Πtree
V (Q2) =

2

3

f 2
V

Q2 +m2
V

(5.27)

where the vector decay constant fV is defined

〈Ω|Jµ|V, p, ε〉 = mVfV εµ(p). (5.28)

Motivated by this expression the fit-form we use is closely related, differing

only in the inclusion of the contribution of an additional vector resonance,

Π(Q2) = A− F 2
1

Q2 +m2
1

− F 2
2

Q2 +m2
2

. (5.29)

The one-loop contribution from the pseudoscalar sector, shown in [100] to have

small momentum dependence, will not strongly affect our results and so, in our

effort to make a continuous description of the lattice data, it will be omitted from

our fit ansatz.

We fit the lattice vacuum-polarisation data in two ways:

• Firstly using A, F1,2 and m1,2 as free parameters.

• Also, fixing the parameter m1 to the mass of the vector meson mV as

measured in [107]. This we do by constraining m1 to lie in the one-sigma

band defined by the estimate of mV and its variance. This method was

found to maintain the stability of the fit routine, while incorporating the

extra information provided by mV. In this fit A, F1,2 and m2 remain as true

free parameters.

The behaviour of such fits are shown in Fig. 5.3. Clearly such a form is a

very good representation of the data, over practically the whole range of Q2
C . In

addition the results for a
(2)had
µ using such fits are very stable as the fit range is

varied, allowing far greater confidence in the reliability of the result. In particular

we conclude that using a fit form (5.29) with the mass of the first pole fixed to
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Figure 5.3: Properties of fits to the lattice vacuum polarisation using the ansatz (5.29)
on the β = 2.25 lattice at amu = 0.004. Only points for which the fitting procedure
was reasonably stable are shown.

the ground-state vector meson mass to be the optimal method of describing the

lattice data for the hadronic vacuum polarisation.

In Fig. 5.4 we see the value of the fit parameter m1 from (5.29) as determined

from fits to the lattice vacuum polarisation. The value of mV obtained in [107]

is shown in green, and this defines the band in which m1 was constrained to

reside in the fixed version of this fit. We have not attempted to model O(4)

breaking effects present in our data. Though such effects do appear to be present

to a moderate degree on certain ensembles, they do not prevent the extraction

of a reasonable signal from our data at this point. These effects could also be

alleviated by the use of twisted boundary conditions [111].
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Figure 5.4: Value of the fit parameter am1 in fits using the ansatz (5.29) on the
β = 2.25 lattice at amu = 0.004. The vector mass amV as determined on this lattice
is shown in green. Note in the fit where m1 was fixed, it was only constrained to lie
within the green band. It is clear that for a high Q2

C , m1 will emerge at the upper limit
of the band, indicating some tension between the fit-form and the data, but as can be
seen in Fig. 5.3, this has very little impact on the goodness of the fit.

5.3.2 Evaluation of (5.26)

Illustrations of the integrand can be seen in Fig. 5.5. Because the integrand

is dominated by contributions in the low momentum region, we change our

integration measure to better sample the region of interest. To do this, we make

the change of variables

t =
1

1 + log
Q2
C

Q2

(5.30)

and so the integral over the low-momentum region becomes

∫ Q2
C

0

dQ2f(Q2)× Π̂(Q2) −→
∫ 1

0

dt f(Q2)× Π̂(Q2)× Q2

t2
. (5.31)
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Overlaid on the depiction of the integrand in Fig. 5.5 is the appropriately

subtracted and rescaled vacuum polarisation data. We see from this that, while

a large portion of the constraint on the fit is consistently derived from data at

higher momentum, the fit is always consistent with the data at low momentum,

the region where the integral receives the dominant contribution.

In particular in Fig. 5.5(b) we see that on the larger lattices at β = 1.75 using

the Iwasaki+DSDR action, the data point at the lowest momentum sits exactly

where the integrand reaches a maximum, and there are numerous data points in

the dominant region, constraining the fit. Clearly using lattices of such size will

help in obtaining a precise result for this quantity, and this must be combined

with the use of twisted boundary conditions [101] in order to access data at lower

values of the lattice momentum.
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Figure 5.5: Examples of the integrand in the rescaled integral (5.31).

5.4 Results

We extract our final results from the fit using (5.29) with the first mass fixed to

that of the vector meson as measured on each ensemble. Observing the behaviour

of the reduced χ2 as the fit range is varied, we choose a suitable value for Q2
C for

each ensemble which provides the most reliable result. We attempt to choose a

cut which provides a low reduced χ2 preferably where the parameter m1 agrees

without tension with mV. This produces the results shown in Table 5.3, where

we also quote the reduced χ2 of the fit, and the resulting values of the remaining

associated free parameters.
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These results are also shown as a function of m2
π in Fig. 5.6, where we compare

them to previous 2+1 flavour results from [100]. Also shown is an extrapolation

to the physical point, using a quadratic chiral ansatz. This produces a final result

for the leading order hadronic vacuum polarisation contribution the anomalous

magnetic moment of the muon

a(2)had
µ = 641(33)× 10−10. (5.32)
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Figure 5.6: Integrated result for a(2)had
µ as a function of the pseudoscalar mass squared.

We have also investigated the effect of modifying the kernel function in the

integrand (5.10) in the manner outlined in [102], where in an effort to moderate

the variation of the outcome of the integral as a function of the quark mass, the

momentum argument of the kernel function is rescaled by a factor of the ratio of

the value of a relevant observable H (the mass of the vector meson appears to be

an optimal choice) measured at the simulated quark mass to its physical value.

This effectively defines the calculation of a new quantity which approaches the

desired a
(2)had
µ in the physical limit. We show the results of such a calculation

81



5.4. Results

in Fig. 5.7(a), along with an accompanying chiral extrapolation. The chiral

variation in this redefined quantity is 5.3 since for this ensemble the measured

vector mass mV is consistent with the physical value. This method does indeed

moderate the chiral behaviour of the result, however it has little effect on our

data at light quark masses, primarily because the lattice vector meson masses are

very near that of the physical ρ meson, and, as of now, are not determined to any

great precision on these lattices. As such this technique does not improve our

chiral fit at this time, producing a compatible result with a similar uncertainty:

a(2)had
µ = 605(24)× 10−10 (5.33)

In Fig. 5.7(b) we compare both chiral extrapolations, with H = 1 denoting the

standard method, and H = mV indicating the modified prescription of [102] using

the vector mass mV.
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(a) Results using prescription H = mV.
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Figure 5.7: Analysis of results for modified prescription using H = mV.

In Fig. 5.8, our result (5.32) is compared to recent 2+1 flavour lattice

results [100] along with a recent result arising from a dispersion integral over

experimental data from e+e− scattering data. We note that our result appears to

be slightly lower than expected, however this could be explained by our omission

of the disconnected contribution.

In Table 5.4 we attempt a comparison of the value of F1 (defined in (5.29) )

resulting from our fit, to the vector decay constant as measured on each lattice,

according to the relation expressed in (5.27). Note, we do not have a result for fV

on the 64× 243 lattices at this time, although the ratio of the vector coupling to
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Figure 5.8: Comparison of recent results for a(h)
µ

the vector and tensor currents was studied in [112]. We also make the comparison

suggested by the one-loop correction to (5.27) as computed in [100] whereby the

relation F 2
1 ∼ 2

3
f 2
V is replaced by F 2

1 ∼ 2
3
f 2
V × C2 where

C2 = 1− 6

(4πfπ)2

[
m2
π log

(
m2
π

µ2

)
+m2

K log

(
m2
K

µ2

)]
(5.34)

with mπ and mK the pion and kaon meson masses, fπ the pion decay constant,

and µ the chiral scale, taken as 1 GeV. In this comparison, we are neglecting the

one-loop contribution from the pseudoscalar sector, and so, while neither of these

comparisons emerges particularly convincingly, this indicates that the vacuum

polarisation is reflective of the analytic approximation.
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5.5 Conclusions

We present a fully dynamical calculation of the leading-order hadronic vacuum

polarisation contribution to the anomalous magnetic moment of the muon, using

a 2+1 flavour simulation lattice QCD using domain wall fermions. Although we

have an expensive fermion discretisation, we improve the accuracy of our result

by convolving an accurate determination of the ground-state vector meson mass

with our determination of the lattice hadronic vacuum polarisation in order to

suppress the systematic uncertainty associated with the choice of fit ansatz. Our

chiral extrapolation involves lattices at different bare couplings, and thus different

lattice spacings, however at this level of precision we do not detect any significant

discretisation, or finite volume errors in our result. Our final result we take to be

a(2)had
µ = 641(33)(32)× 10−10 (5.35)

where the first error is statistical and the second is an estimate of the systematic

error arising from the extrapolation to the chiral limit, taken as 5%, motivated

by the variation between the results (5.32) and (5.33). Our largest systematic

uncertainty arises from the omission of the disconnected contributions and is

of the order of 10% [113]. In order to obtain a more comprehensive and

accurate result, we must include the disconnected contributions in our calculation.

Furthermore, this being a first effort at deducing this quantity from our lattices,

we have plans to improve it in a number of ways. In addition to the enhancement

of our statistics, we would like to obtain a higher momentum resolution through

the use of twisted boundary conditions, and also to explore the use of stochastic

sources to further enhance our signal.
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β amu Q2
C GeV2 χ2

n.d.f
a

(h)
µ × 1010 aF1 am2 aF2

2.13 0.02 4 0.38(17) 345(16) 0.114(4) 1.48(19) 0.31(5)
2.13 0.01 3.5 0.07(6) 430(22) 0.110(4) 1.50(23) 0.32(7)
2.13 0.005 3.5 0.14(5) 436(50) 0.097(14) 1.16(18) 0.24(3)
2.25 0.008 6 0.18(11) 452(23) 0.079(2) 1.14(4) 0.26(1)
2.25 0.006 6 0.10(6) 484(33) 0.075(3) 1.07(7) 0.24(2)
2.25 0.004 9 0.06(3) 568(29) 0.079(2) 1.23(3) 0.28(6)
1.75 0.0042 2.5 0.16(9) 536(36) 0.108(20) 1.27(20) 0.26(3)
1.75 0.001 2.5 0.27(13) 646(55) 1.06(11) 1.58(61) 0.37(27)

Table 5.3: Results for the hadronic contribution to the muon anomalous magnetic
moment.

β amu fV MeV
√

3
2
F1 MeV

√
3
2
F1

C
MeV

2.13 0.02 242(10) 179(7)
2.13 0.01 234(8) 166(6)
2.13 0.005 205(30) 144(20)
2.25 0.008 178(13) 221(6) 155(5)
2.25 0.006 174(11) 211(10) 147(7)
2.25 0.004 160(26) 222(5) 155(4)
1.75 0.0042 140(9) 192(27) 129(19)
1.75 0.001 144(20) 179(18) 127(12)

Table 5.4: Comparison of the vector decay constant as measured on our lattices, to
the amplitude of the lowest resonance contribution emerging from our fit to the lattice
vacuum polarisation.
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Chapter 6

A Mixed Action Determination

of the MWT contribution to the

S Parameter

6.1 Introduction

In Sec. 2.3.3 we outlined the importance of the S parameter (2.37) in constraining

technicolor models, while in Sec. 2.4.4 we described how the contribution to S

from a technisector which is near-conformal in the infra-red would be expected

to be suppressed. However, there remains to evaluate S quantitatively in a such

a theory through analytic methods.

As such, it is possible that LGT calculations may contribute significantly

to this area. The S parameter contribution from QCD was calculated recently

on the lattice [55, 56], while the first calculation in a candidate theory for

near-conformal technicolor [57] showed some evidence that the contribution to

S becomes suppressed in a theory closer to the conformal window.

Being calculated from the low-momentum behaviour of the difference of the

vector and axial two-point functions, the contribution to the S-parameter is

very sensitive to the breaking of chiral symmetry. As such it is necessary to

use a fermion formulation which preserves chiral symmetry in the correct way.

The best such formulation is that of Domain Wall Fermions (DWF), however

performing a simulation with this formulation is for our purposes prohibitively

expensive, due to the involvement of an extensive fifth-dimension in the Domain
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Wall formulation.

However it may be possible to achieve the necessary chiral symmetry by

performing a mixed-action simulation using DWF for the valence action, and

a cheaper but chirally less well behaved action for the sea-quarks. This method is

widely used for this purpose of restoring chiral symmetry, for example [114, 115],

and the details involved in the practice of this method are given in [116]. In our

case it is attractive due to the availability of a suite of ensembles of MWT gauge

configurations generated using the Wilson fermion action.

Aside from the necessary tuning involved in this project due to mixed-action

nature of the study, the procedure required is directly analogous to that used in

the lattice determination of the hadronic vacuum polarisation contribution to the

anomalous magnetic moment of the muon as described in Chap. 5.

A set of vacuum polarisation functions is calculated from lattice correlation

functions over the maximum possible range of momenta. These functions are

then fitted with a continuous form using a suitable ansatz, and the result is

extracted from the properties of this continuous vacuum polarisation function.

In the case of the S parameter, the relevant property is the slope of the function

at zero momentum, as opposed to a re-weighted integral over the whole range of

momenta as is the case for the contribution to aµ.

We emphasise that presently this is not a complete, finalised project. Indeed

as the progress stands we are not in a position to present quantitative results for

the S parameter in MWT. However, we outline the steps required in this project,

and present the data as obtained up to now. As such this represents a preliminary

investigation of this topic, which it is intended, by the author, to pursue strongly

in the near future.

6.2 The DWF Dirac operator inverted on MWT

Wilson configurations

The Dirac operator of the Domain Wall Fermion formulation (DF) has three input

parameters. They are denoted L5, M5 and mf , corresponding to the L5, M5 and

mf of, for example [117]. In this section I will describe attempts to choose suitable

values of L5 and M5 for use in our study. In Sec. 6.3 I will outline how we choose

the appropriate value of mf .
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Data presented in this section always involve a value of mf reasonably close to

(within∼ 10−20% of) the appropriate value as outlined in Sec. 6.3. Furthermore,

data presented in this and later sections are extracted simply from the largest

time value of the relevant effective operator. An accurate study would require

the performance of a fit of the effective observable over some large-time region

for each observable considered here, but for the moment this is not carried out.

In the absence of this procedure, we are unable to draw accurate conclusions

from our data as they must be qualified with this systematic uncertainty.

However, at this point we do not attempt to draw significantly precise quantitative

conclusions from our data, and so at this time we do not see this omission as a

hindrance.

6.2.1 L5 and mres

L5 defines the extent of the fifth dimension involved in the formulation. As such,

L5 has a large impact on the cost of working with this formulation, but it also

regulates the extent of unwanted chiral symmetry breaking present, and so we

must choose a value of L5 which provides an acceptable compromise between

these two effects.

We monitor the level of unwanted chiral symmetry breaking in our

measurements through the residual mass parameter mres defined as

mres =
〈Ja5q(x)Ja5 (y)〉
2〈Ja5 (x)Ja5 (y)〉

(6.1)

where Ja5q(x) and Ja5 (x) are the pseudoscalar correlator defined at the mid-point,

and across both extremes of the fifth-dimension respectively, a is a flavour index.

mres is expected to depend strongly on the value of L5 implemented. In a

unitary DWF simulation, we expect [117]

mres ∼ A
e−λL5

L5

+B
1

L5

(6.2)

It will be necessary to study in detail the expected behaviour of mres in our

mixed-action simulation, but for the moment we will compare to this behaviour.

In Fig. 6.1 we show the behaviour of the mres as obtained from inversions of

the DWF operator on one ensemble of our MWT Wilson gauge configurations.
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6.2. The DWF Dirac operator inverted on MWT Wilson configurations

From the data in Fig. 6.1(a) we can see that mres is a rapidly decreasing function

of L5.
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Figure 6.1: Behaviour of residual mass mres as we vary the extent of the fifth
dimension L5, resulting from inversions of the DWF operator on MWT Wilson
gauge configurations on a 24× 123 lattice at β = 2.25 and am0 = −1.180.

From this behaviour we must deduce a value of L5 with which to generate

data for our study which will provide an adequate suppression of chiral symmetry

breaking. This choice was discussed in [114] where the initial criterion used to

decide on a value of L5 was that the residual mass would be less than 10% of the

quark mass on each lattice, i.e. mres

m
. 0.1. From Fig. 6.1(b) we can see that on

this particular ensemble, using the unsmeared data, we would require a value of

L5 > 16 in order to attain this suppression.

The smeared data in Fig. 6.2 are obtained by performing one HYP smearing

[118] step on the SU(2) gauge field before performing the inversion of the DWF

Dirac operator. The parameters used in this smearing were the same as those

found to be optimal for use when smearing with SU(3) gauge fields. From Fig.

6.2 we see clearly that this smearing produces a huge suppression of mres which

would allow the use of a reasonable value of L5.

The desire to obtain some alternative control over the chiral symmetry

breaking in our study apart from the brute force handle of increasing L5 is made

even more accute after observing Fig. 6.3.

Here we illustrate the behaviour of the residual mass on ensembles with

different quark masses. In Fig. 6.3(a) we see that mres does not appear to

vanish in the chiral limit, and so the ratio mres

m
will diverge as we approach zero
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6.2. The DWF Dirac operator inverted on MWT Wilson configurations
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Figure 6.2: Behaviour of residual mass mres as we vary the extent of the fifth
dimension L5 from inversions on smeared and unsmeared gauge fields.

quark mass, as show in Fig. 6.3(b). This will make it significantly more difficult

to achieve a factor of 10 in this ratio when working with data at lighter quark

masses.

6.2.2 M5 and the spectral flow

M5 must be chosen to lie in the “eye” defined by the spectral flow of the

Hermitised DWF Dirac operator HW = γ5DW . The spectral flow involves the

behaviour of the lowest eigenvalues of HW as a function of M5. This was analysed

in the case of QCD in [117]. In Fig. 6.4 we show the spectral flow of our DWF

operator both with and without HYP smearing. Clearly the implementation of

a HYP smearing procedure greatly opens up the “eye” of the spectral flow, and
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6.3. Tuning the DWF fermion mass
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Figure 6.3: Behaviour of residual mass mres as a function of the quark mass
m, resulting from inversions of the DWF operator on MWT Wilson gauge
configurations on a 32× 163 lattice at β = 2.25.

this is related to the suppression of chiral symmetry breaking discussed in Sec.

6.2.

6.3 Tuning the DWF fermion mass

Assuming we have determined appropriate values of the parameters L5 and M5

to use in our study, it remains to ensure that our inversions of the DWF Dirac

operator on the MWT Wilson configurations produce data that encode the desired

physics. We do this by ensuring that the masses of the lightest mesons in the

theory as measured using the mixed-action DWF-Wilson inversions, match up

with the same quantities measured in the unitary Wilson simulation.

The remaining handle on the DWF Dirac operator that we will use to ensure

this matching is the quark mass parameter mf . In a unitary DWF simulation

this parameter would determine the quark mass of the simulation.

In a unitary Wilson simulation, one measures the actual quark massm through

the partially conserved axial current. When using the DWF Dirac operator, we

will do the same, ensuring to use the conserved DWF axial current, denoting the

result as m′. The bare result from this procedure will also contain contribution

from the residual chiral symmetry breaking of the DWF operator, in the form

of mres. We expect that the measured quantity m′ − mres will equal the input

fermion mass mf .
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6.3. Tuning the DWF fermion mass
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Figure 6.4: Spectral flow of the DWF Dirac operator computed on a single MWT
Wilson configuration with a 24× 123 lattice, at am0 = −1.180.

We test this hypothesis in Fig. 6.5 where we see broad agreement with this

assertion. The saturation is more pronounced on the lighter ensemble. In what

follows we will work with the subtracted quark mass m = m′ −mres.

We will attempt to match the meson masses determined from the mixed-

action DWF inversions to those determined from the unitary Wilson simulation by

varying the quark mass parameter to the DWF operator mf . What is important

is that the meson masses are simultaneously tunable, but we will also keep track

of the tuning of the quark mass m.

In Fig. 6.6 we show the tuning of the quark mass parameter mf on two

ensembles. In Figs. 6.6(a) and 6.6(c) it can be seen that the mass of the ground

state pseudoscalar meson, mPS, and that of the ground state vector meson, mV,

are simultaneously tunable, while in Figs. 6.6(b) and 6.6(d) we see that the
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Figure 6.5: Reproduction of the fermion mass mf in two ensembles, one heavier
6.5(a), and one lighter 6.5(b) resulting from inversions of the DWF operator on
MWT Wilson gauge configurations on a 32× 163 lattice at β = 2.25.

quark mass m = m′ −mres is not simultaneously tunable with mPS. This could

be explained by differing values of the renormalisation constant Zm in the unitary

Wilson theory, and the mixed-action theory.

Then in Fig. 6.7 we show the analogous tuning of the data obtained from

the inversions on gauge fields which had undergone one step of HYP smearing.

We see from Fig. 6.7(a) that the pseudoscalar and vector meson masses are

simultaneously tunable in the same way as in the unsmeared case, but the quark

mass is not tunable in the same way.

6.4 Ward identities of Conserved-Local correla-

tors

The correlators we require for the computation of the S-parameter are the

“conserved-local” vector and axial two-point functions. They are defined as

ΠaV
µν(q) =

∑
x

eiq·x〈0|Vaµ(x)V a
ν (0)|0〉

ΠaA
µν(q) =

∑
x

eiq·x〈0|Aaµ(x)Aaν(0)|0〉 (6.3)
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Figure 6.6: Tuning of the meson masses by varying the parameter mf in a mixed-
action DWF inversion on two 32× 163 lattices at β = 2.25.
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Figure 6.7: Tuning of meson masses by varying the parameter mf in a HYP
smeared mixed-action DWF inversion on a 32× 163 lattice at β = 2.25.
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6.4. Ward identities of Conserved-Local correlators

where V a
µ (x) = q̄(x)γµλ

aq(x) and Aµ(x) = q̄(x)γ5γµλ
aq(x), where q(x) =

P+ψ(x, L5 − 1) + P−ψ(x, 0), and P± = 1
2
(1 ± γ5), are the local vector and axial

currents and V(x) and A(x) are their conserved counterparts, defined

V iµ(x) =

L5∑
s=1

jaµ(x, s)

Aiµ(x) = −
L5∑
s=1

sign

(
L5 + 1− s

2

)
jaµ(x, s) (6.4)

jaµ(x, s)
1

2

[
ψ̄(x+ µ̂, s)(1 + γµ)U †µ(x)λaψ(x, s)− ψ̄(x, s)(1− γµ)Uµ(x)λaψ(x+ µ̂, s)

]
(6.5)

6.4.1 Exact VV WI

In a full, unitary DWF simulation, the invariance of the lattice action under

a chiral symmetry results in the Ward Identity
∑

µ e
iaqµ

2 q̂µΠaV
µν(q) = 0. This

identity was exhibited in the QCD data presented in Sec. 5.2.3, and we will

represent some of those data here for the purpose of comparison.

Note that in the following graphs, data for each momentum configuration is

averaged over available statistics and presented independently, as such there is

some residual momentum structure present which we do not always attempt to

explain.

In Fig. 6.8(a) we illustrate the expression of this Ward Identity in data arising

from a full DWF simulation of 2+1 flavour QCD, on a 64×323 lattice at β = 2.25

with a light quark mass amu = 0.006 and heavy quark mass ams = 0.03. In Fig.

6.8(b) we can see that the WI is expressed equally as well in correlators arising

from a mixed-action study on the MWT configurations, specifically in this case

from a 32 × 163 lattice at β = 2.25 and am0 = −1.150. In fact, it appears that

the expression of this identity is significantly stronger in the MWT data.

6.4.2 Cancellation of divergence under VV-AA

Due to the asymmetry of the conserved-local correlators (6.3) there is no simple

Ward Identity for the second index of the individual correlators ΠV
µν(q) and

ΠA
µν(q), as was discussed in relation to the QCD data in Sec. 5.2.3. However,
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6.4. Ward identities of Conserved-Local correlators

(a) Unitary DWF simulation of 2+1 flavour
QCD.

(b) Mixed action MWT simulation.

Figure 6.8: An illustration of the expression of the WI e
iaqµ

2 q̂µΠV
µν(x) = 0 in both

a unitary DWF simulation of 2+1 flavour QCD and a mixed-action simulation of
MWT.

it can be shown that in a chirally symmetric theory, the subtracted correlator,

ΠV−A(q) = ΠV (q)− ΠA(q) is expected to obey q̂νΠ
V−A
µν (q) = 0.

(a) Unitary DWF simulation of 2+1 flavour
QCD.

(b) Mixed action MWT simulation.

Figure 6.9: An illustration of the expression of the WI q̂νΠ
V−A
µν (x) = 0 in both a

unitary DWF simulation of 2+1 flavour QCD and a mixed-action simulation of
MWT.

In Fig. 6.9 we show the expression of this identity in the data from both a full

DWF simulation of QCD, and a mixed-action simulation of MWT, on the same

ensembles as Fig. 6.8. The identity is clearly satisfied on the QCD data, but the

cancellation is not so satisfactory on the MWT data.
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6.4. Ward identities of Conserved-Local correlators

(a) Not a result of residual chiral symmetry
breaking.

(b) But appears to resulting from explicit
chiral symmetry breaking.

Figure 6.10: An illustration of the dependence of the expression of the WI
q̂νΠ

V−A
µν (x) = 0 on both L5 and m.

In Fig. 6.10 we show that the violation of this identity does not appear to be

resolved by suppressing the residual chiral symmetry breaking by increasing L5

(Fig. 6.10(a)), but does appear to be reduced on lighter ensembles (Fig. 6.10(b)).

(a) The Vector WI on the smeared data. (b) The V-A cancellation on the smeared
data.

Figure 6.11: The expression of the Ward Identities on the HYP smeared data.

In Fig. 6.11 we show the expression of both of these Ward Identities in the

HYP smeared data. Fig. 6.11(a) is the equivalent of Fig. 6.8(b), and shows a

comparable, satisfactory agreement. Fig. 6.11(b), the equivalent of Fig. 6.9(b)

shows that this cancellation is even less apparent in the smeared data.
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6.5. The V-A correlator

6.5 The V-A correlator

In order to determine the MWT contribution to the S-parameter we need to

analyse the low momentum behaviour of the subtracted correlator ΠV−A(Q2),

which is the transverse component of ΠV−A
µν (q). In Fig. 6.12 we show a comparison

of ΠV (Q2) and ΠA(Q2) from both a full DWF QCD simulation, and our mixed

action MWT study. The separation between vector and axial channels appears to

be enhanced in the latter case Fig. 6.12(b) over the former Fig. 6.12(a). This is

contrary to our expectation based on the near-conformality of MWT, and would

result in an enhanced result for the S-parameter.

(a) Unitary simulation of 2+1 flavour QCD. (b) Mixed-action MWT simulation.

Figure 6.12: The vector and axial correlators from a full DWF QCD simulation
and mixed-action MWT.

In Fig. 6.13 we show several examples of ΠV−A(Q2). In Fig. 6.13(a) we

show that this enhanced separation between vector and axial channels does not

appear to be related to the residual chiral symmetry breaking, and is not reduced

through the use of a HYP gauge smearing. In Fig. 6.13(b) we show that the

low momentum behaviour of ΠV−A(Q2) does moderate to some extent on lighter

ensembles, but the function remains quite steep at low momenta.

As described in Sec. 6.1 the next step necessary to extract quantitative results

for the S parameter from these data is to fit the discrete lattice data for the

function ΠV−A(Q2) with a continuous form. Due to the considerable slope of the

lattice data at low momentum, it does not seem feasible to carry out this process

on the current data. The choice of fit ansatz used to perform the fit would have

a large bearing on the result, due to the large slope, and at the moment we see
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6.5. The V-A correlator

no way to control this uncertainty.

As such, it is clear that what is necessary for the immediate progression of this

project is a more careful analysis of the quantities required for the computation

of the S parameter in this mixed-action study. We can only deduce from the

observed behaviour of ΠV−A(Q2) that there is an undesired contribution to our

data which must be subtracted in order to allow the extraction of the desired

result. However, the opportunity to progress this project further from its current

status for presentation in this work is not available.

(a) Not a result of residual chiral symmetry
breaking.

(b) But appears to resulting from explicit
chiral symmetry breaking.

Figure 6.13: An illustration of the dependence of ΠV−A
µν (x) on both L5 and m.
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Chapter 7

Conclusions

After introducing and explaining the concept of near-conformal technicolor in

Chap. 2, and describing the ongoing efforts of the LGT community to evaluate

the feasibility of such scenarios through simulations, Chap. 3, we presented in

Chap. 4 the results of a comprehensive investigation of systematic uncertainties

in recent spectroscopic studies of MWT searching for near-conformal dynamics,

focusing on finite-volume effects.

This study illuminated the combination of spatial and temporal finite-volume

effects present in such studies, and how in some cases these two effects can

have opposite signs, leading to at least a partial cancellation, which can lead to

significant underestimation of the finite-volume effects present in the final results

for some observables.

We have quantified these effects as they pertain to the results of our

simulation, and concluded that while indicating in general larger finite-volume

effects, they do not alter the overall conclusion relating to the apparent

conformality of MWT in the infra-red, as determined through a scaling analysis

of the spectrum.

Though it remains difficult to extract results for the anomalous dimension

governing the chiral scaling of the spectral observables, we find no evidence

supporting large values of the mass anomalous dimension in MWT.

We have also presented in Chap. 5 the results of a calculation of the

leading order vacuum polarisation contribution a
(2)had
µ to the anomalous magnetic

moment of the muon aµ from a dynamical simulation of 2+1 flavour QCD using

domain wall fermions. We find an effective prescription for bringing one of the
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dominant systematic uncertainties involved in this calculation under control, and

determine a competitive result for a
(2)had
µ in the limit of physical quark masses

a(2)had
µ = 641(33)(32)× 10−10 (7.1)

Finally in Chap. 6 we present a preliminary report on an ongoing project

to compute the MWT contribution to the S parameter through a mixed action

simulation involving the DWF valence operator combined with gauge ensembles

generated using the Wilson fermion action. Although final results for this quantity

are not available to us at the moment, we have illustrated the steps involved in

this calculation, including a difficult tuning of the DWF action, and determined

the course of action necessary to lead us to a successful computation of this

quantity.
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Appendix A

Lattice Gauge Theory

Lattice QCD is a non-perturbative technique for performing calculations in

Quantum Chromodynamics. It was first proposed by Wilson in 1974 [119].

It corresponds to a momentum cut-off regularisation technique, removing the

ultraviolet infinities present in quantum field theory. To begin with we will

describe the lattice version of a pure gauge theory containing no matter fields.

A.1 Pure gauge theory

In order to ensure that the action is real, we move to Euclidean space by

performing a Wick rotation t → τ = it. In this metric the gauge action is

written

SG =
1

2

∫
d4xTr

[∑
µ,ν

F 2
µν

]
(A.1)

where

Fµν = ∂µAν − ∂νAµ + g[Aµ, Aν ] (A.2)

and the gauge field Aµ is given in terms of the generators of the algebra of the

gauge group T a by Aµ ≡ AaµT
a. We construct the lattice theory by moving from

a theory with fields defined as functions continuous space-time variables xµ ∈ R4

to one where the space-time variables take only discrete values xµ = anµ where n

is a four-vector with integer components. We then confine our theory to a finite

volume V = (aN)4 by restricting nµ to the range −N
2
< nµ < N

2
, so we have a

simple hypercubic lattice with N4 sites, and lattice spacing a.
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A.1. Pure gauge theory

The action now becomes a sum over lattice points

SG =
1

2
a4
∑
x,µ,ν

Tr[F 2
µν(x)] (A.3)

It can be shown that after discretisation, the field strength tensor Fµν can

be expressed in terms of elements of the Lie group U which are associated with

links between lattice sites. This is related to the interpretation of a gauge field as

a path-dependent phase factor, whereby the wave function of any particle with

gauge charge g propagating in a gauge field Aµ picks up a path-dependent phase

factor given by

ψ → exp

(
ig

∫
P

Aµ dxµ

)
ψ = UPψ (A.4)

If we consider such a particle propagating from lattice site xλ to its neighbour in

the µ direction xλ + eµ, we can aproximate this phase factor taking the value of

the field at the midpoint of the path xλ + eµ
2

. We then have

Uµ ≡ exp
[
igaAµ

(
x+

aeµ
2

)]
(A.5)

The full action can then be written as

SG =
∑

�

2Nc

g2

(
1− 1

Nc

<Tr[U�]

)
(A.6)

where the sum is over all plaquettes, defined by

UµUνU
−1
µ U−1

ν ≡ U� (A.7)

Note we get a factor of 2 from the equivalence of (µ, ν) and (ν, µ) planes.

This convenient form is known as the Wilson action and is often written as

SG =
∑

� S� where

S� ≡
β

Nc

(1−<Tr[U�]) (A.8)

where β = 2Nc

g2 . The constant term is discarded as it has no effect on the dynamics.

If we now consider the expectation value of an observable O in the path integral

formalism of this pure gauge theory, we see it becomes a path integral over the
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A.1. Pure gauge theory

gauge group

〈O〉 =
1

Z

∫
DU O e−SG . (A.9)

Z, which in continuum QFT is called the generating functional, becomes a

partition function

Z =

∫
DU e−SG (A.10)

The measure DU is a product over all the link elements

DU = Πn,µdU
µ
n (A.11)

We have reduced the expectation value to a finite dimensional integral, which

could in theory be calculated explicitly. However, the dimensionality of the

integral, though finite, is still prohibitively high. We can proceed by noting that

the exponential factor ensures that the integral is dominated by configurations

of the gauge fields for which the action is small. If we evaluate the integrand

on a set of configurations with distribution e−SG we can then approximate the

whole integral. First proposed by Metropolis in 1953 [120], this is called a Monte

Carlo technique and is used widely in statistical physics. In order to generate

gauge field configurations, we begin with some initial configuration and generate

a series of others by making consecutive pseudo-random alterations such that

the resulting series has the appropriate probability distribution. The simplest

algorithm to implement this procedure is the one originally suggested in 1953

[120], the Metropolis algorithm. It proceeds from the initial configuration by

successively modifying each link variable U . The algorithm randomly selects a

trial replacement U ′ and calculates the action of the configuration with U replaced

with U ′, S(U ′). If the action of theory involves only local interactions, then the

deviation of S(U ′) from the original action S(U) will depend only on the nearest

neghbours of U . If S(U ′) − S(U) < 0 then the change is accepted. If not, the

change is accepted with probability e−[S(U ′)−S(U)]. This operation is performed on

each link to produce the next configuration in the series.
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A.2. Introducing fermions

A.2 Introducing fermions

We now turn to the quark fields which will be present in full QCD.We will firstly

examine the action for a single free fermion on the lattice. Working in a Euclidean

representation of the Dirac matrices such that γµ, γν = 2δµν , explicitly

γ0 =

(
I2 0

0 I2

)
γi =

(
0 σi

σi 0

)
γ5 = γ1γ2γ3γ0 =

(
0 iI2

iI2 0

)
(A.12)

the action for the fermion is given by the Dirac action

SF =

∫
d4xψ̄(/∂ +m)ψ (A.13)

where /∂ = γµ∂µ. Note the action is symmetric under the transformation ψ →
eiθψ. In the massless or chiral limit m → 0, there is another symmetry under

ψ → eiθγ5ψ called chiral symmetry. If we use the finite difference relation f ′(x) '
1
2a

[f(x+a)−f(x−a)] for the derivative, when we move to the lattice this becomes

SF = a4
∑
n

(
ψ̄n
∑
µ

γµ
1

2a
(ψn+eµ − ψn−eµ) +mψ̄nψn +O(a2)

)
(A.14)

This can be written in terms of an N ×N matrix M as

SF ≡ ψ̄mMmnψn (A.15)

where

Mmn =
1

2
a3
∑
µ

γµ(δm+eµ,n − δm−eµ,n) + a4mδm,n (A.16)

It is the inverse of this matrix that will make up the lattice propagator for our

theory. In order to find an expression for it we move to momentum space.

We write the Dirac spinors in terms of their lattice Fourier transform as

ψn = N−4
∑
k

ψ̃ke
−2πik·n/N ψ̄m = N−4

∑
l

¯̃
ψle

2πil·m/N (A.17)
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A.2. Introducing fermions

Inserting these into (A.14) and using the orthogonality identity∑
k

e−2πik·n/N = N4δn,0 (A.18)

we obtain

SF = a4N−4
∑
k

∑
k

¯̃
ψkM̃kψ̃k (A.19)

with

M̃k = m+
i

a

∑
µ

γµ sin

(
2πkµ
N

)
(A.20)

From the expression for M in terms of M we can construct M−1

Mmn =a4N−4
∑
k

M̃ke
2πik·(n−m)/N (A.21)

⇒M−1
mn =a−4N−4

∑
k

M̃ke
2πik·(m−n)/N (A.22)

=a−4N−4
∑
k

e2πik·(m−n)/N

m+ i
a

∑
µ γµ sin

(
2πkµ
N

) (A.23)

Because of the commutation properties of the γµ we have that(∑
µ

γµ sin

(
2πkµ
N

))2

=
∑
µ

sin2

(
2πkµ
N

)
(A.24)

and so we can manipulate (A.23) to

M−1
mn = a−4N−4

∑
k

(
m− i

a

∑
µ γµ sin

(
2πkµ
N

))
e2πik·(m−n)/N

m2 + 1
a2

∑
µ sin2

(
2πkµ
N

) (A.25)

This can be shown to reduce to the usual fermion propagator in the continuum

limit a → 0 by introducing the continuous momentum variable pµ = 2πkµ
Na

and

replacing the sum with an integral as

a−4N−4
∑
k

→
∫

d4p

(2π)4
(A.26)

Poles in (A.25) will correspond to particles. We have proceeded from the action
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for a single fermion on the continuum and thus expect to recover a single pole.

Unfortunately this is not the case, the discretisation of the theory introduces a

degeneracy in the spectrum. This is easiest to see in the chiral limit m→ 0. Let

kν be the only non-zero component of k. We get a pole where the sin function

vanishes. This occurs at k = 0 which corresponds to the original fermion, but

also on the boundary of the first Brillouin zone at kν = N
2

. We have additional

fermions in the theory. This occurs for each direction ν and so we have a total of

24 = 16 different fermion species called tastes. This problem is known as fermion

doubling. There are a number of ways of getting around this problem, and in

Sec. A.4 I will outline the most important and frequently used of these.

A.3 Single flavour QCD

We are now in a position to examine the lattice scheme for QCD with one

quark flavour. This theory can be constructed by combining the pure gauge

and free fermion theories and including the interaction between them. This is

done according to the principle of minimal coupling, by replacing the derivative

in (A.13) with a covariant derivative

∂µ → Dµ = ∂µ + igAµ (A.27)

The leading order correction to M (A.16) due to this alteration is the insertion

of phase-factors Uµ in the kinetic term

Mmn =
1

2
a3
∑
µ

γµ(Uµδm+eµ,n − U−1
µ δm−eµ,n) + a4mδmn (A.28)

The action of the theory is then

S = SG + SF SF = ψ̄mMmnψn SG =
∑

�

S� (A.29)

The expectation value of an observable O is given by

〈O〉 =
1

Z

∫
DUDψDψ̄ O e−S (A.30)
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where now Z, is written

Z =

∫
DUDψDψ̄ e−S (A.31)

and

Dψ = Πn dψn Dψ̄Πn dψ̄n (A.32)

Writing the Dirac action as in (A.29) the fermionic integrals in (A.31) can be

performed to give

Z =

∫
DU det(M)e−SG (A.33)

Comparing (A.33) to (A.10) we see that they differ only in the presence of the

determinant det(M). This factor leads to considerable difficulties when it comes

to performing calculations. In order to generate our gauge field configurations we

will have to alter our Monte Carlo algorithm to include the determinant in the

measure. Unfortunately, using the Metropolis algorithm, every time we update

one of our link variables, we must recalculate the determinant. In contrast with

calculating the new action, this is a global rather than local operation. As such,

computing the determinant is a very time consuming process, even on powerful

computers using the most advanced algorithms. This issue led many practitioners

to perform simulations in the quenched approximation, that is, setting det(M) ≡
1. This corresponds to neglecting the contributions of closed quark loops in the

path integral. However, this procedure leads to uncontrollable errors, typically

of the order of 10-20%, depending on the quantity involved.

We can avoid this assumption if we first note that the time needed to compute

the determinant is heavily dependent on the value of the quark mass m, in fact

it goes like O( 1
m

). As a result, if we perform our simulations at unphysically high

quark masses the operation is no longer prohibitively time consuming. It is then

possible to extrapolate to the observed value of the quark mass and recover the

physical result. This is usually done through reference to an effective field theory

which can yield the behaviour of the parameter as a function of the mass scale.
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A.4 Solutions to fermion doubling

A.4.1 Wilson fermions

The first solution to the issue of fermion doubling was put forward by Wilson

himself [121]. He suggested adding another term to the fermion action which

would vanish in the continuum limit. Explicitly

SF →
∫
d4x ψ̄

(
/∂ +m− ar∂2

2

)
ψ (A.34)

In order to ensure that we have nearest-neighbour interaction only, to convert to

the lattice, we use the approximation f ′(x) ' 1
a
[f(x+a

2
)−f(x−a

2
)] in decomposing

the ∂2 term so that

SF =a4
∑
n

ψ̄n

[
mψn +

∑
µ

(
γµ

1

2a

(
ψn+eµ − ψn−eµ

)
− r

2a

(
ψn+eµ − 2ψn + ψn−eµ

))]

=a4
∑
n

ψ̄n

[(
m+

r

a

)
ψn +

∑
µ

1

2a

(
(γµ − r)ψn+eµ − (γµ + r)ψn−eµ

)]
(A.35)

Following the same procedure as in Sec. A.2 we see that there is another term in

the denominator of the lattice propagator

M̃k = (m+
r

a
) +

i

a

∑
µ

[
γµ sin

(
2πkµ
N

)
+
r

a

(
1− cos

(
2πkµ
N

))]
(A.36)

Note that when a→ 0 the additional term is O(a) and so drops out. However,

near the Brillouin zone boundary, when kµ = N
2

the mass of the unwanted

doublers is raised by 2r
a

. Thus in the continuum limit all the unwanted states

go to infinte mass and only one, the desired fermion remains. This method of

overcoming fermion doubling is attractive because of its simplicity, making it

easy to implement. However it has its disadvantages. Most worrying is that the

procedure violates the chiral symmetry of the theory. This is a problem because

it is chiral symmetry which protects the mass from an additive renormalisation.

For this reason people have sought other methods of getting around the issue

of fermion doubling. Also, from (A.34) we see that we have added O(a)
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discretisation errors to the action, whereas previously they were O(a2) (A.14).

A.4.2 “No-go” theorem and the Ginsparg-Wilson relation

We have seen that it is possible to remove the unwanted doubler fermions from

the theory through the Wilson prescription, if we sacrifice chiral symmetry.

Through the staggering process we can partially remove the taste degeneracy

while retaining the chiral symmetry. Is it possible to construct an acceptable

technique which does both? Such a prescription must result in an action with

the following properties:

1. We must have a real bi-linear action, i.e. SF must be expressable in the

form (A.15) with M hermitian. For simplicity we work in the chiral limit,

m = 0.

2. The theory must be translation invariant, requiring Mmn = D(xn − xm).

3. It must be local, requiring that the Fourier transform D̃(p) of D(xy) must

be analytic throughout the Brillouin zone.

4. Far below the cut-off (away from the zone boundary) it must approach the

continuum expression in a certain way, i.e. D̃(p)
|p|→0
' i/p+O(p2)

5. The theory must be free of doubler fermions, equivalent to requiring D̃(p)

to be invertible for all non-zero momenta.

6. We must have chiral symmetry which can be expressed in the form

{γ5, D} = 0.

Unfortunately however, an action with all of these properties does not exist This

result is the Nielsen-Ninomiya “no-go” theorem of 1981 [122]. We are thus

required to relax at least one of the above requirements. In 1982 [123] it was

suggested that we relax our chiral symmetry requirement from that in 6 to

{γ5, D} = 2aDγ5D (A.37)

called the Ginsparg-Wilson relation. It emerged in a theory constructed from a

chirally symmetric continuum fermion action through a spin-blocking operation.
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For the propagator S = D−1 it implies

{γ5, S(xy)} = 2aγ5δ(xy) (A.38)

i.e. the propagator is chirally invariant at all non-zero distances. In 1998 Lüscher

[124] found that the remnant chiral symmetry has the infinitesimal form

ψ → ψ + εγ5(1− aD)ψ (A.39)

Under this transformation however, the fermion measure transforms anomalously.

It can be shown that this produces the exact chiral anomaly expected from

perturbation theory. The result of these discoveries is that we can simulate a

single taste of fermion with the correct chiral physics using the Ginsparg-Wilson

relation. A number of methods for doing just this have been devised but we shall

describe only one.

A.4.3 Domain wall fermions

It is possible to describe chiral fermions in 4 dimensions by writing a theory of

fermions in 5 dimensions in such a way that there are excitations bound to a 4

dimensional cross section of the space. If we use the 5 dimensional Dirac operator

D = (/∂ + γ5∂s −m(s)) (A.40)

where m(s) is a mass term varying with s. The exact form of m(s) is not

important, only that it be monotonic with the asymptotic form

m(s)
s→±∞−→ ±1 (A.41)

Therefore m(s) = 0 at s = 0 and so we expect solutions which are massless states

on the 4 dimensional s = 0 cross-section. This subspace is a domain wall between

regions with m > 0 and m < 0. In order to describe massless propagation on the

domain wall these solutions must obey DΨ = /∂Ψ. As such, they must be of the

form

Ψ± = eip·xφ±(s)u± (A.42)
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u± are constant 4 component chiral spinors with γ5u± = ±u± satisfying

(±∂sm(s))φ±(s) = 0 (A.43)

with solution

φ± = exp

(
±
∫ s

0

m(s′)ds′
)

(A.44)

i.e. the massless states decay exponentially in the s direction, and as such are

bound to the domain wall. Additionally, only the φ− solution is normalizable and

so we are left with one massless state propagating on the domain wall.

In 1992 Kaplan [125] showed that this scenario is reproduced on an infinite

lattice, with some differences. In this case both solutions φ± become normalisable.

This amounts to a doubler fermion in the s direction. Additionally we still have

doublers in the space-time directions at the boundary of the Brillouin zone. It

turns out, however, that with this prescription we are free to add a Wilson term to

the full action to remove these doublers, without mutilating the chiral symmetry.

So we return to one species of fermion on the domain wall. When we move to the

finite lattice we induce another domain wall in the s direction. This is the feature

which allows us to evade the Nielsen-Ninomiya theorem. Fermions simulated with

this prescription are called domain wall fermions (DWF). It can be shown that

the action on the domain wall obeys the Ginsparg-Wilson relation (A.37).

Modern applications of DWF use a formulation developed in [108, 126]. The

definition used in this and related works is outlined in [127]. The prescription is

defined by the action

SF(ψ̄, ψ, U) = −
∑
x,y,s,s′

DF(M5,mf)x,s;y,s′ψy,s′ , DFx,s;y,s′ = δs,s′D
‖
x,y(M5) + δx,yD

⊥
s,s′(mf).

(A.45)

The Dirac matrix DF(M5,mf) is defined

D‖x,y(M5) =
1

2

∑
µ

[
(1− γµ)Ux,µδx+µ̂,y + (1 + γµ)U †y,µδx−µ̂,y

]
+ (M5 − 4)δx,y

D⊥s,s′(mf) =
1

2
[(1− γ5)δs+1,s′ + (1 + γ5)δs−1,s′ − 2δs,s′ ]

−mf

2
[(1− γ5)δs,L5−1δ0,s′ + (1 + γ5)δs,0δL5−1,s′ ] . (A.46)
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The quantity M5 is reminiscent of the negative of the usual fermion mass in the

Wilson fermion prescription, however it is mf that denotes the quark mass in this

description. L5 denotes the extent of the fifth dimension. The formulation also

involves a set of scalar fields necessary to cancel some lattice artifacts of the five

dimensional fermions, but we will not discuss them further here.

A.5 Correlators and smearings

We have illustrated the basics of the Lattice scheme for QCD and described some

of the difficulties that must be overcome in order to make calculations feasible.

We will now briefly describe some of the details involved in calculating physical

quantities on the lattice.

A.5.1 Local correlators

In order to measure mesonic observables on the lattice we measure zero-

momentum correlators of the form

fΓΓ′(t) =
∑
~x

〈OSINK
Γ

†
(~x, t)OSRCE

Γ′ (~0, 0)〉, (A.47)

where OSRCE,SINK
Γ are interpolating quark bilinear operators with the correct

symmetries under spin and parity. We require the isospin non-singlet correlators

and so, for example, we could construct a local correlator with the most immediate

choice

OSRCE
Γ (~x, t) = OSINK

Γ (~x, t) = ψ̄1(~x, t)Γψ2(~x, t), (A.48)

where the labels i on the quark fields ψi denotes the fermion flavour. Here Γ is

a matrix in the Dirac algebra, which determines the symmetries of the operator.

This choice reproduces the correlators considered in [59]:

fLΓΓ′(t) =
∑
~x

〈
(
ψ̄1(~x, t)Γψ2(~x, t)

)†
ψ̄1(~0, 0)Γ′ψ2(~0, 0)〉, (A.49)
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where here the superscript on fΓΓ′ indicates the local choice. This correlator is

measured by computing the quark propagator S(~x, t; ~x′, t′), in terms of which

fLΓΓ′(t) = −a
3

Vs

∑
~x

Tr[γ0Γ†γ0S(~x, t;~0, 0)Γ′γ5S(~x, t;~0, 0)†γ5]. (A.50)

The propagator is computed by solving the equation

a4
∑
y

D(x; y)S(y, z) = Iδx;z, (A.51)

where the boldface variables denote the full space-time coordinate, I denotes the

identity matrix in spin and colour space, and D(x; y) is the Dirac matrix.

A.5.2 Extended quark fields

In order to obtain an optimum signal for the masses we aim to extract from these

correlators, we should construct interpolating operators with a maximised overlap

with the desired ground state. The local operators (A.48) are not expected to

satisfy this requirement well, as the mesons typically have an extension of many

times the lattice spacing in a typical simulation. We can improve the situation

by considering an operator which is extended spatially over the lattice:

OΓ(~x, t) =
∑
~y1,~y2

Ψ(~x, ~y1, ~y2)ψ̄1(~y1, t)Γψ2(~y2, t). (A.52)

Usually shell-model wave functions are used [128], meaning the positions of the

quark and antiquark are decoupled:

Ψ(~x, ~y1, ~y2) = φ(~x, ~y1)φ(~x, ~y2). (A.53)

The choice φ(~x, ~y) = δ~x,~y reproduces the point-point case (A.48).

In general, such wave functions are not gauge invariant, and as such any

expectation value over an ensemble of gauge configurations, in which they are

used, must vanish, according to Elitzur’s theorem [129]. To avoid this we can fix

the gauge on each configuration, being careful to check for errors introduced by

the issue of Gribov copies.

Using φSRCE/SINK to define OSRCE/SINK we see that our correlation function
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can be computed as

fΓΓ′(t) = −
∑
~x

Tr[γ0Γ†γ0Ŝ(~x, t;~0, 0)Γ′γ5Ŝ(~x, t;~0, 0)†γ5], (A.54)

where Ŝ(~x, t; ~x′, t′) is defined as

Ŝ(~x, t; ~x′, t′) =
∑
~y,~y′

S(~y, t; ~y′, t′)φSINK(~x, ~y)φSRCE(~x′, ~y′). (A.55)

It can be easily seen that if we solve for S ′, the system

a4
∑
y

D(x,y)S ′(y, z) = φSRCE(~z, ~x)δx0,z0 , (A.56)

we can compute Ŝ as

Ŝ(~x, t; ~x′, t′) =
∑
~y

S ′(~y, t; ~x′, t′)φSINK(~x, ~y). (A.57)

In fact it is the choice of a shell-model type wave-function (A.53) that allows us

to calculate the correlation function using only one inversion of the Dirac matrix

(per colour and spin index).

A.5.3 Smearing examples

A simple guess for an effective form of φ(~x) is in the form of a Gaussian

φ(~x, ~y) = e−( |~x−~y|R )
2

, (A.58)

where R > 0 is some effective radius chosen to represent the wave function of the

meson of interest. The choice 1
R
→ 0 results in φ(~x, ~y) having equal weight over

the whole lattice, and is termed a wall smearing.

On a lattice we can approximate the Gaussian as the limit of the iterative

form

φ(~x, ~y) =

(
1− w2

4N
�

)N
δ~x,~y, (A.59)
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where � is the lattice version of the Laplacian

�(~x, ~y) =
3∑
i=1

(
δ~x,~y−î + δ~x,~y+î

)
. (A.60)

(A.59) then approximates (A.58) in the limit N → ∞, with the radius R being

determined by w. Replacing � with its covariant form

�(~x, ~y; t) =
3∑
i=1

(
Ui(~x, t)δ~x,~y−î + U †i (~x− î, t)δ~x,~y+î

)
, (A.61)

results in a gauge invariant operator, negating the requirement for gauge fixing.

This choice of φ is called gauge-invariant Gaussian smearing.

We have utilised both a wall-smearing (denoted W ) and a gauge-invariant

Gaussian smearing (denoted G) in our study.

A.5.4 Gauge fixing

When constructing a correlator involving the gauge-dependent wall-smeared

quark bilinear, we must fix the gauge on each configuration with which we wish to

work. We fix to Coulomb gauge by generating a gauge-fixed gauge configuration

from the original by maximising the quantity
∑
x

3∑
i=1

Re (Tr[Ui(x)]) which ensures

the necessary gauge fixing condition ∂iAi = 0. The standard mechanism for

achieving this on the lattice was described in [130] and the status of the topic

was recently reviewed in [131].

A.6 Meson correlator phenomenology

A.6.1 Meson masses

We extract the meson masses from our theory by analysing correlators of the

form (A.47) in the case where we consider source and sink operators with equal

symmetries, i.e. Γ = Γ′, and so we shall write fΓΓ = fΓ. We can write fΓ explicitly

as an expectation value on the vacuum state |0〉 :
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fΓ(t) =
∑
~x

〈0|OSINK
Γ

†
(~x, t)OSRCE

Γ (~0, 0)|0〉. (A.62)

Labelling the energy eigenstates of the theory as |n, ~p〉, we can write a complete

set of states as ∑
n

∫
d3p

(2π)32En(~p)
|n, ~p〉〈n, ~p|. (A.63)

We can insert this in fΓ producing

fΓ(t) =
∑
n

∑
~x

∫
d3p

(2π)32En(~p)
〈0|OSINK

Γ

†
(~x, t)|n, ~p〉〈n, ~p|OSRCE

Γ (~0, 0)|0〉. (A.64)

Translating OSINK(x) to the origin produces eiP·xOSINK(0)e−iP·x where the four-

momentum operator P = { ~P ,H} giving

〈0|OSINK
Γ

†
(~x, t)|n, ~p〉 = 〈0|OSINK

Γ

†
(0)|n, ~p〉e−ip·x, (A.65)

where p = {En(~p), ~p}. As a result, the sum over the spatial position ~x collapses

the sum onto zero-momentum

fΓ(t) =
∑
n

1

2En
〈0|OSINK

Γ

†
(~0, 0)|n〉〈n|OSRCE

Γ (~0, 0)|0〉e−iEnt, (A.66)

where we denote |n,~0〉 as |n〉 and En(~0) as En. The overlaps 〈0|O(0)|n〉 will

vanish for all states except those with the same symmetries as OΓ and we can

see that at large Euclidean time τ = it the correlator is dominated by the lowest

in energy of such states which we denote |Γ〉 with energy EΓ which as we are at

zero momentum equals the mass of the state EΓ = mΓ:

fΓ(τ)
τ→∞−→ 1

2mΓ

〈0|OSINK
Γ

†
(~0, 0)|Γ〉〈Γ|OSRCE

Γ (~0, 0)|0〉e−mΓτ

≡AΓe
−mΓτ . (A.67)

On a lattice with finite temporal extent 0 < τ < Lt, this asymptotic behaviour

is modified by the appearance of an extra term corresponding to a quark
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propagating backward from source to sink through the anti-periodic boundary:

fΓ(τ)→AΓ

(
e−mΓτ + e−mΓ(Lt−τ)

)
≡AΓhc(τ,mΓ, Lt). (A.68)

In this way we can extract the meson masses from the exponential behaviour

of the fΓ at large Euclidean time.

As in [59], we use the Prony method [132] to solve this system, to produce

an “effective mass” mΓ(τ) which as a function of the lattice temporal coordinate

is expected to approach the desired mass in the limit of large times mΓ(t)
τ→∞−→

mΓ. The meson mass is extracted by choosing a region around the centre of the

temporal axis and fitting the effective mass to a constant in this region.

In our study we have considered the case Γ = γ5, defining the pseudoscalar

channel, with mass mPS and the degenerate cases Γ = γi i ∈ {1, 2, 3}, defining

the vector channel with mass mV. In practice the correlators fγi are averaged to

produce a single correlator for the vector channel. We call the resulting vector

correlator fVV and the pseudoscalar correlator fPP.

The masses can be extracted identically from these correlators regardless of the

smearing used. In practice it is found that correlators with a smeared source are

preferred to local correlators for this purpose, in that they produce an improved

signal to noise ratio for the masses. Correlators with smearing at both the source

and sink are found to be disfavoured because of enhanced fluctuations.

A.6.2 Amplitudes

If local quark fields are used, OSRCE/SINK
Γ (x) = ψ̄1(x)Γψ2(x) = OL

Γ(x). In the case

of both the pseudoscalar and vector channels, we are interested in the quantity

|〈0|OL
Γ(0)|Γ〉| although they have different meanings:

|〈0|OL
γ5

(0)|γ5〉| ≡GPS,

(A.69)

|〈0|OL
γi

(0)|γi〉| ≡εiFVmV,

where εi is a polarisation tensor. We call GPS the pseudoscalar vacuum to meson

amplitude (or, more commonly, simply the psuedoscalar amplitude), and FV is
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the vector decay constant. We can easily construct effective observables for these

quantities from the local correlators fL
PP and fL

V V :

GL
PS(τ) =

√
2mPS(τ)fL

PP(τ)

hc(τ,mPS(τ), Lt)
,

(A.70)

F L
V(τ) =

√
2fL

VV(τ)

mVhc(τ,mV(τ), Lt)
.

If we wish to use smeared operators to extract these quantities, the amplitudes

in (A.67) are, in general, no longer related to the quantities of interest (A.69).

However, if our correlator involves only a smearing at the source, with a local sink,

we see that the sink amplitude in (A.67) is still of the correct form (A.69). We

need cancel the other undesired amplitude, introduced by the smearing. We can

do this by combining our local-smeared correlator (fLS
Γ ) with a smeared-smeared

correlator (fSS
Γ ). Effective observables equivalent to (A.69) can be defined from

smeared correlators as

GS
PS(τ) =

√
2mPS(τ)

hc(τ,mPS(τ), Lt)

fLS
PP

2
(τ)

fSS
PP(τ)

,

(A.71)

F S
V(τ) =

√
2

mVhc(τ,mV(τ), Lt)

fLS
VV

2
(τ)

fSS
VV(τ)

.

A.6.3 Quark Mass

As our simulation is based on the Wilson quark formulation, the physical quark

mass in our simulation m is related to the bare quark mass which is an input to

the simulation m0 by an additive renormalisation, which being a non-perturbative

quantity can not be calculated a priori. As such we must have a method of

determining the physical quark mass in the simulation in order to determine

our proximity to the chiral point m = 0 and to observe the scaling of mesonic

observables with m.

The most straight-forward such method is via the partially conserved axial

current mass or PCAC mass. We define the continuum non-singlet axial and
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pseudoscalar currents as

Aµ(x) = ψ̄1(x)γµγ5ψ2(x), P (x) = ψ̄1(x)γ5ψ2(x). (A.72)

We see that these are continuum versions of our OLγµγ5
and OLγ5

. From the Ward

identity for the axial transformation ψ → eiαγ5ψ we obtain for the divergence of

the axial current

∂µAµ(x) = −2mP (x), (A.73)

where m is the physical quark mass, as above. From this we obtain

∂

∂t

∫
d3x 〈A0(~x, t)Oγ5〉 = −2m

∫
d3x〈P (~x, t)Oγ5〉, (A.74)

where Oγ5 is any bilinear quark operator with the symmetries of a pseudoscalar

current. Taking a lattice version of this, and choosing for Oγ5 any of the local or

smeared lattice pseudoscalar currents we have previously constructed, we see we

can define an effective PCAC quark mass via

m(τ) =
mPS

sinh(amPS)

fLS
AP(τ − a)− fLS

AP(τ + a)

4fLSPP (τ)
, (A.75)

where we define fAP to be fγ0γ5,γ5 . The prefactor of mPS

sinh(amPS)
arises by a choice

of the lattice finite difference operator which more accurately represents the

continuum derivative on fAP. The correlators fLS are constructed with a local

sink, and a source which can be local, or involve any smearing.

A.6.4 Pseudoscalar decay constant

Similarly to (A.67) the correlator fAP has an asymptotic behaviour:

fAP(τ)
τ→∞−→ 1

2mPS

〈0|OSINK
γ0γ5

†
(~0, 0)|γ5〉〈γ5|OSRCE

γ5
(~0, 0)|0〉e−mPSτ

≡AAPe
−mPSτ . (A.76)

In contrast to (A.68) however, the contribution to fAP from propagation around

the lattice comes with the opposite sign, so on a lattice with finite temporal
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extent,

fAP(τ)→AAP

(
e−mPSτ − e−mPS(Lt−τ)

)
≡AAPhs(τ,mPS, Lt). (A.77)

Now we define the pseudoscalar decay constant FPS as

mPSFPS = 〈0|OL
γ0γ5

(~0, 0)|γ5〉. (A.78)

Combining this with the Ward identity for fAP we can define an effective

observable for FPS as

F S
PS(τ) =

2m(τ)GS
PS(τ)

m2
PS(τ)

. (A.79)

The superscript S here indicates that this is valid for observables obtained from

any smeared correlator, provided the corresponding definition of GPS is used,

from (A.70) or (A.71).
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