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ABSTRACT

Computational neuroscience employs mathematical, computational
and physical abstractions of biological structures ranging from the
scale of ion channels to systems to investigate the brain and the cen-
tral nervous system. Computational neuroscience has a well-estab-
lished set of tools and methodologies which are used to handle the
available data. However, with the development of new experimental
techniques, automation of experiments and increased data-sharing,
different analytical tools may be necessary to best use and under-
stand the high volumes of novel data. In this thesis I use two tools
which have hitherto had limited application in computational neuro-
science — non-linear mixed effects modelling (NLME) and scientific
machine learning (SciML). NLME is a hierarchical modelling frame-
work that can account for the sources of within- and between-subject
variability. SciML is a discipline in which machine learning is blended
with classical mathematical models. By supplementing the set of exist-
ing computational neuroscience approaches with NLME and SciML,
I tackle three distinct topics that are related to synaptic plasticity and
neuronal function.

The first topic is related to the modelling of chemical reaction net-
works in neurons. There are many published studies containing a
relatively large amount of different protein species. Among them is
calmodulin, a Ca2+—binding molecule essential in cellular signalling,
particularly in synaptic plasticity, learning and memory. There are
many different published Calmodulin models, but there is no system-
atic comparison between the different models. I used the data from
Faas et al. (Faas et al.,, 2011) to fit and evaluate the existing Calmod-
ulin models. The Faas et al. data contains the most accurate mea-
surement of Calmodulin-Ca?"binding dynamics to date. However, it
suffers from uncertainties of important experimental factors which
were not possible to control fully. Therefore, I used NLME to account
for the uncertain experimental factors, using the data set to compare
various published Calmodulin-Ca2+binding schemes, analysing their
ability to fit the data, and showing that some schemes fail due to
structural limitations.

The second topic deals with the modelling of voltage-gated ion
channels. More specifically, the class of the Hodgkin-Huxley-like ion
channel models that assume independence between the different chan-
nel gating variables. I use the data of Ranjan et al. (Ranjan et al,,
2019) to fit and evaluate various models of the voltage-gated potas-
sium channel (Ky) gating dynamics. The data from Ranjan et al. con-
tain current recordings of many different K, types. However, their
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data showed significant heterogeneity in the gating kinetics of the
same K type. Therefore, I applied NLME to account for within- and
between-K type heterogeneity. Moreover, I applied SciML to facili-
tate the Hodgkin-Huxley-like model fitting to multiple different K,
types. Application of these tools led to the creation of a single neural-
network based model capable of accurately modelling the gating dy-
namics of 20 different K types.

The third topic I discuss is the application of NLME and SciML
in the modelling of synaptic plasticity. Modelling of synaptic plastic-
ity poses a significant challenge to the existing approaches used in
computational neuroscience. The number of different protein species
present in synapses, along with the heterogeneity of protein num-
bers in the same type of synapse, makes it very difficult to construct
kinetic schemes capable of explaining various observed forms of sy-
naptic plasticity. Therefore, I discuss various ways of applying NLME
and SciML which could be productive in creating models of synaptic
plasticity.

In conclusion, this thesis demonstrates the benefits of NLME and
SciML in supplementing the existing toolbox of computational neuro-
scientists. These two additional tools were applied successfully to two
challenging data sets and led to new insights, such as the limitations
of the Calmodulin models used in the literature and the possibility of
representing 20 different K, channels using a single model. A wider
adoption of these tools could result in solutions to a number of other
existing challenges in neuroscience.
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LAY ABSTRACT

Computational neuroscience uses a well-established set of mathemat-
ics and computer science tools to investigate the brain and the central
nervous system. However, with the development of new experimen-
tal techniques, different mathematical tools become necessary. I use
two new tools which have not yet seen wide application in compu-
tational neuroscience — non-linear mixed effects modelling (NLME)
and scientific machine learning (SciML). NLME is a framework that
allows us to model different sources of variability — within groups
and between groups. SciML is a discipline in which machine learn-
ing is combined with classical mathematical models. I used NLME
and SciML on three different topics in computational neuroscience.

The first topic is related to the modelling of chemical reactions in
neurons. Some experiments are not able to control all of the relevant
experimental factors. I used NLME to account for uncertainties in
experimental conditions in experiments investigating calmodulin, an
important cellular molecule. I compared various published calmod-
ulin models, analysing their ability to reproduce the experimental
data, highlighting that some models fail due to their structural limi-
tations.

The second topic dealt with the modelling of voltage-gated ion
channels, which are necessary for signal propagation in the brain.
Creating models of voltage-gated ion channels is a complex task since
they can exist in many different states, but only the states which con-
duct current are observable. Moreover, experimental data showed sig-
nificant differences in behaviour between cells that contained identi-
cal channel types. I applied NLME to account for the different sources
of variability between cells and channel types. Moreover, I applied
SciML to facilitate the creation of different ion channel gating mod-
els. Importantly, I created a single model able to reproduce data of 20
different channel types, whereas past approaches required a single
model per channel type.

The third topic I discussed is the application of NLME and SciML
to model synaptic plasticity, which is related to learning at the cellular
level. Modelling of synaptic plasticity is very complex due to many
different protein species involved and differences between synapses.
Therefore, I discussed various ways of applying NLME and SciML
which could help to create better models of synaptic plasticity.

In conclusion, this thesis demonstrates the benefits of NLME and
SciML as tools in computational neuroscience. These tools were ap-
plied successfully to two challenging problems and led to new in-
sights. A wider adoption of these tools could result in solutions to a
number of other existing challenges in neuroscience.
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Part 1

INTRODUCTION AND BACKGROUND

But Mousie, thou art no thy-lane,

In proving foresight may be vain:

The best laid schemes 0" Mice an” Men
Gang aft agley,

An’ lea’e us nought but grief an” pain,
For promis’d joy!

Excerpt from “To a mouse (On Turning her up in her Nest,
with the Plough)" by Robert Burns, November 1785






INTRODUCTION

Whether it is the oxygen molecules binding to haemoglobin in the
lungs of vertebrates or the photosynthesis reactions in the leaves of
plants, chemical reactions, transformations of a certain kind of chemi-
cal substance to a different kind, underpin all life on earth. Billions of
chemical reactions are occurring in our bodies each second, without
our conscious input or control. Chemical reactions generally do not
occur in isolation: the products of one reaction can be the reactants of
another, forming highly complex chemical reaction networks. There-
fore, characterization, description and understanding of the functions
of various chemical reaction networks is essential to understanding
life. Even though some of the chemical reaction networks are well-
understood, for example, the Krebs cycle, which is essential in uti-
lizing energy from nutrients, others, due to various reasons are not,
necessitating further investigations and research.

Describing a chemical reaction network is a difficult task as each
network is made up of multiple components. There are three key
pieces of information necessary to describe any chemical reaction net-
work: (i) the chemical species which are the basic building blocks
in the network; (ii) the chemical complexes formed out of the build-
ing blocks; (iii) the reactions describing which species produce other
species in the network (Feinberg, 2019). Whether it is the chemical
reactions occurring when a cake is being baked or the refining of oil,
knowing these three components is essential.

Some of the most complex phenomena that are possible to rep-
resent via chemical reaction networks can be found in the brain, for
example, biochemical signalling in learning and memory (Magee and
Grienberger, 2020) and information processing (Tozzi, 2015). The num-
ber of reactions underpinning complex neural phenomena is stagger-
ing — there are at least tens of thousands unique types of molecules
and hundreds of thousands of different protein-protein interactions
in the mammalian brain, forming various different local chemical re-
action networks within different cells, often in specific parts of cells
(Sorokina et al., 2021). Based on the nature and the amount of the
available knowledge, there are different challenges in describing and
understanding different types of chemical reaction networks which
can broadly be categorized into three different cases.

First, there are situations in which there is full knowledge about
the basic species present in the chemical reaction network, as well
as significant knowledge about the complexes which are formed and
reactions which are forming them. In such cases the main challenge
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is determining the parameters of the individual reactions such that
the observed data is explained well, distinguishing between the alter-
native possible reaction structures that may explain the data equally
well and accounting for the experimental noise and the uncertainties
in the experimental conditions. Of the three cases, finding an accurate
description of the underlying chemical reaction network is relatively
the easiest and most well-defined problem. However, due to the costs
associated with conducting the necessary experiments, it is the rarest.

Second, there are situations when a chemical reaction network is
used as an abstraction to represent, for example, ion channel gating
(Hodgkin and Huxley, 1952). Such cases generally have one or a few
observable variables which guide the creation of the model, for ion
channels it would be the recorded currents conducted by the channel.
However, in this case the states within the chemical reaction network
are generally used as abstractions without a clear correspondence to
conformational structure of the channel. Since it is not possible to
use observations to constrain the abstract states, they are underde-
termined, i.e. there are many different models that may fit the ob-
served data to the same degree. Therefore, some additional Occam’s
razor-like criteria may be necessary to produce models with the most
explanatory power while maintaining some level of parsimony. The
main area where these kinds of chemical reaction networks arise is
in the aforementioned modelling of the gating of ion channels, which
are an important subject in computational neuroscience and therefore
have received a lot of attention, coupled with significant amounts of
measured data.

Finally, the third and the most common situation arising in the
modelling of the chemical reaction networks present in the brain is
that there are significantly more species and complexes in the net-
work, than there is data to constrain the parameters of reactions that
produce them. Moreover, the species that are included in the model
contain only a small part of the real number of species (Heil et al.,
2018), making the models potentially both under-constrained and in-
complete. Even though the knowledge of what chemical species con-
stitute the neuronal proteome is expanding (Roy et al., 2018; Sorokina
et al., 2021), the knowledge of the kinetics behind the protein-protein
interactions is not keeping up due to its significantly larger exper-
imental cost. Therefore, this case, despite being the most common,
is also the most challenging, requiring different methodological ap-
proaches compared to the previous two.

Two common themes unify the three cases outlined above. First of
all, neuronal data is heterogeneous, whether it is the composition of
the synaptic proteome (Roy et al., 2018) or the kinetics of ion channels
(Ranjan et al., 2019). Secondly, there are many complex functional rela-
tionships involved in the neuronal chemical reaction networks. Some
examples are the incomplete and under-constrained models of the
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synaptic chemical reaction networks with many species (Heil et al.,
2018) or the voltage-dependent forward and backward reaction rates
used in the gating of ion channels (Ranjan et al., 2019). Therefore, in
order to deal with these challenges, I introduce additional methodolo-
gies which have been used in other scientific fields to deal with the
same challenges when dealing with the chemical reaction networks in
the brain. The two extensions to the current approaches are the non-
linear mixed effects (NLME) modelling and scientific machine learn-
ing (SciML; more details and background on both will be provided
in Chapter 2). Briefly, SciML refers to a set of approaches wherein the
classical scientific models, such as systems of ordinary differential
equations, or partial differential equations, etc. are integrated with
modern machine learning methodologies (Baker et al., 2019). I use
SciML to address the complex functional relationships present in the
neuronal chemical reaction networks (see below for specific applica-
tions in this thesis). NLME modelling is a methodology that takes
into account both within- and between-subject variability present in
many different data sources (Lindstrom and Bates, 1990), for example
the variability present in the data due to uncertainty in experimental
conditions (Faas et al., 2011) or the variability between kinetics of ion
channel gating present in cells expressing the same voltage-gated ion
channel type (Ranjan et al., 2019). I apply these two methodologies
to tackle three specific challenges, each corresponding to one of the
aforementioned cases of neuronal chemical reaction networks.

FIRST CONTRIBUTION In Chapter 3 I address an instance of the
first situation in which there is plenty of data and the components of
the chemical reaction network are relatively well known. Some of the
best characterized chemical reaction networks in the brain are those
that are involved in the postsynaptic Ca?" signalling cascade (Bartol
et al., 2015; Jedrzejewska-Szmek et al., 2017). Ca®" is a key ion in
various forms of synaptic plasticity, which is defined as cellular and
molecular changes in response to certain patterns of stimuli. Synaptic
plasticity is a molecular correlate of learning and memory (Magee
and Grienberger, 2020). There are multiple detailed empirical and
computational investigations into the intracellular control (buffering)
of Ca?* levels, as well as Ca?" involvement in synaptic plasticity via
the molecules that it interacts with (Jedrzejewska-Szmek et al., 2017;
Kim et al., 2011; Nair et al., 2014; Sabatini, Oertner, and Svoboda, 2002;
Scheuss et al., 2006). However, many of the chemical reaction network
models resulting from and used in the investigations of the Ca®"-
related reaction networks are poorly validated, lacking a systematic
comparison between different published models. Given the role that
Ca’" plays in neuronal chemical reaction networks and the available
amounts of data, it is essential to have well-validated models of the
Ca’"-related chemical reaction networks, especially if they are used
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as components in larger chemical reaction networks, reducing the
overall uncertainty in their parametrisation.

Chapter 3 provides an in-depth analysis, evaluation and fitting of
chemical reaction networks to data for one of the key neuronal mole-
cules Calmodulin (CaM; Berridge, Bootman, and Roderick, 2003; Xia
and Storm, 2005) and its interactions with Ca?*. The Ca?*-CaM cas-
cade has been one of the most common parts in the investigations
of the synaptic chemical reaction network (Heil et al., 2018). I use a
dataset presented in Faas et al. (2011), which contains fluorescence
measurements in a system where Ca?" is binding CaM. To fit mod-
els to the data, NLME modelling was necessary to address uncer-
tainty in the experimental conditions under which the binding was
investigated. Even though Ca”"-CaM interactions are a common com-
ponent of many different models, the different Ca®"-CaM models
used in various different studies have not been systematically inves-
tigated. Therefore, Chapter 3 fills this gap in the literature and pro-
vides additional insights into the structural features that are neces-
sary for an accurate Ca®"-CaM model, raising a question whether the
previously published larger models that use suboptimal Ca?*-CaM
schemes should be revisited in order to confirm their findings.

SECOND CONTRIBUTION In Chapter 4 I address an instance of the
second situation in which chemical reaction networks are used as
an abstraction of the underlying system, the voltage-gated potassium
channels (Ky). The dataset published in Ranjan et al. (2019) showed
that there is significant kinetic heterogeneity within the cells express-
ing the same K, type, in addition to the expected between channel
type variability. This kinetic heterogeneity presents a challenge to
the currently used modelling approaches, which do not inherently
include components to account for it. Therefore, I used NLME mod-
elling to account for the within-K; family heterogeneity in addition
to the between-K, family differences. Moreover, deriving models for
each Ky family is a complex task, therefore I used SciML to represent
the functions that are used in the gating models via neural networks,
fitting them in a data-driven manner. Importantly, previously used
approaches resulted in a single model per K, type, whereas, using
these two methodologies, I was able to construct a single unified K
model capable of fitting 20 different channel types. Therefore, Chap-
ter 4 addresses an important and practically relevant challenge in
computational neuroscience — modelling of the ion channel gating —
in a novel and more powerful way.

THIRD CONTRIBUTION Finally, in Chapter 5, I address the third
and final case, in which there is a large and complex chemical re-
action network, but there are significant gaps in knowledge about
a large number of its constituent species and reactions. The best ex-
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emplar of this case is the synaptic chemical reaction network. Many
attempts at modelling it have been made, yet most have included only
a very small fraction of the total number of unique proteins found in
a synapse (Heil et al., 2018). Since most of the chemical reaction net-
work is not observed, it is next to impossible to properly inform most
of the reaction parameters in it. Moreover, since a large part of the
species are not included in the model, the chemical reaction network
is fundamentally incomplete. Therefore, in Chapter 5 I discuss how
the SciML and NLME ideas can be used to circumvent both of these
challenges by representing the species not included in the chemical
reaction network as a black box neural network model, providing
concrete ideas to which species should it be linked to and how. Such
an approach would offer flexibility, removing the need to account for
the incompleteness of the chemical reaction network by adjusting the
reaction rates for parts of the network that are well-constrained. Fur-
thermore, it would provide additional clarity, delimiting the known
parts from the unknown parts. In particular I build on the work pre-
sented in Chapter 3, focusing on the Ca®"-CaM dependent cascade,
its involvement in synaptic plasticity, as well as presenting ideas on
how to best integrate it with other pathways that respond to different
stimulation protocols (Edelmann, Cepeda-Prado, and Leffimann, 2017;
Magee and Grienberger, 2020). The ideas presented in Chapter 5 form
a natural extension and a research plan using the ideas presented in
this thesis, which, unfortunately, I did not have the time to undertake.

These three chapters are followed by a higher level discussion in
Chapter 6, focusing on Chapter 3 and Chapter 4, discussing limita-
tions and presenting opportunities for future work. The thesis is con-
cluded with Chapter 7, returning back to the high level considerations
on the understanding of the brain and how the work undertaken in
this thesis contributes to this goal.






BACKGROUND

In this chapter I provide the background that is necessary to under-
stand the thesis at a technical level. The background starts with the
basic definition of what a chemical reaction network is. Next, a brief
overview of how chemical reaction networks are used in computa-
tional neuroscience is given, focusing on ion channel gating to illus-
trate their usage. Next, I overview the fitting of chemical reaction net-
works to data, making a distinction between the optimization of reac-
tion rate constants and the structure of the chemical reaction network.
Having described the basics of chemical reaction networks, I move on
to the description of nonlinear mixed effects (NLME) modelling, pro-
viding the basic definitions, the description of the optimization objec-
tives and algorithms used in NLME, followed by various examples
of NLME usage. This is followed by a section on scientific machine
learning (SciML), starting off with some basic definitions and exam-
ples of usage, describing three different existing approaches. With the
definitions of NLME and SciML present, I describe the combination
of these two tools and examples of studies where they have been
fruitfully combined to deal with complex scientific challenges.

2.1 CHEMICAL REACTION NETWORKS

There are multiple ways in which it is possible to build up to models
of chemical reaction networks from first principles (e. g. from Markov
chains as given in Anderson and Kurtz, 2011). I will be following the
theoretical framework set out in Feinberg (2019), presenting only the
necessary definitions with examples where appropriate. I start with
the basic definition of what a chemical reaction network is (Feinberg,

2019, p.24):
Definition 2.1.1. A chemical reaction network consists of three sets:

1. a finite set ., elements of which are the species of the network

2. a finite set € of vectors in ﬁf called the complexes of the network

3. aset # C € x € such that
a) foreachy € €, (y,y) ¢ Z
b) for each 'y € € there is a'y' € € such that (y,y') € Z or
(y'y) € 2.

Members of % are the reactions of the network. For each (y,y’) in %, we
say that complex y reacts to complex y’, and we write the more suggestive
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y — vy’ in place of (y,y’) € Z if and only if y reacts to y’. The vector y
is called the reactant complex of the reaction y —— y’, and y' is called its
product complex.

In this definition ﬁf is a vector of non-negative real numbers of
dimensionality equal to the number of species |”|. Also, note that
in this definition the usage of the word “complex" does not mean
two or more bound species, as it does in some modelling languages
(e.g. Kappa or BNGL) or natural language, rather it refers to vectors
of species participating in reactions. Moreover, if we take a species
A, the notation is overloaded in that A means an element of a set
when referring to A as a species and a vector when referring to A as
a part of a complex. The technical details (here omitted for brevity)
of how the two are linked can be found in Feinberg (2019, p.22). I
use a simple chemical reaction network with three species and two
reactions to illustrate the definition

A+B C (1)

where y —= y’ is a shorthand for the reactions y — y’ and
y’ —— y. For this chemical reaction network the set of species is
< ={A, B, C}, the set of complexes is ¢ = {A + B, C} and the set of re-
actions is Z ={A+B — C,C — A + B}. Since y € ¥ are vectors,
the complex A + B is also a vector

1o 1
A+B=lo|+|1| =1
0 0 0

Note that the Definition 2.1.1 only mentions the structural aspects
of a chemical reaction network. Before describing the dynamical as-
pects and kinetics of chemical reaction networks, I need to provide
a few additional definitions. The definition of support (used later) is
(Feinberg, 2019, p. 21)

Definition 2.1.2. Support of a vector x € R”, denoted supp(x), means
the subset .# on which x takes non-zero values

supp(x) ={i € & :xq # 0} (2)

Using the system in the example in Equation 1, if we have a vector
of concentrations of each species ¢ = [ca 0 ccl’, where co > 0 and
cc > 0, then supp(c) = {1, 3}. I next define a kinetics, where c is the
concentration of species (Feinberg, 2019, p. 25):

Definition 2.1.3. A kinetics for a reaction network {.7, ¢, %} is an assign-
ment to each reaction y — y' € % of a continuously differentiable rate

function Hy_y : ﬁf — Ry such that

Hy_syr(€) > 0 if and only if supp(y) C supp(c). (3)
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In plain terms the technical condition supp y C supp ¢ means that
all of the species in a given reactant complex y have non-zero con-
centrations. One of the most well-known and most commonly used
kinetics is the mass-action kinetics (Feinberg, 2019, p. 26), which I use
later on:

Definition 2.1.4. The kinetics ¢ for a reaction network {.#, €, %} is mass-
action if, for each' y — y' € %, there is a positive number Ky_,ys such
that

Hyyr(€) =Ky [ ] c¥e 4)

s€s

The number ky_,y is the rate constant for the reaction y — y’, c is the
concentration of species s in the current state of the system ¢ and ys is the
s’th element of the reactant complex vector'y.

Combining the definitions of a chemical reaction network and ki-
netics (2.1.1 and 2.1.3 respectively) we get the definition of a kinetic
system

Definition 2.1.5. A kinetic system is a reaction network {.#,€¢, %} taken
with a kinetics .

The next few definitions we present finally bring us to the defini-
tion of an ordinary differential equation that can be solved numeri-
cally in order to simulate the dynamics of a chemical reaction network

Definition 2.1.6. Let {7, €, %} be a reaction network. The reaction vector
corresponding to reaction y — y' € Z is the vectory' —y € %7 .

If we again take the example chemical reaction network given in
Equation 1, the two reaction vectors of this system would be:

A+B—C: C—A-B=|o| —
- - 2 (5

C— A+B: A+B—-C=|0o| +

With these definitions we have the essential parts necessary for the
simulation of the dynamics of a chemical reaction network

Definition 2.1.7. For a kinetic system {.*, €, %, %'} the species-formation-
rate function f(-) is defined by the requirement that, for all ¢ € ﬁf,

dc

a =f(c) = Z %Hy/(c)(yl —Y) (6)

y—=y' €Z
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With this definition we have a general ordinary differential equa-
tion that can be solved to simulate the dynamics of chemical reac-
tion networks. I will expand the basic definitions where appropriate,
e.g. to include voltage-dependent kinetics in ion channel gating, but
the basic definitions form the general backbone for all chemical re-
action networks used in this thesis. Moreover, these definitions and
basic features serve to inform and constrain the scientific machine
learning approaches used later in the thesis. I next describe the usage
of chemical reaction networks in computational neuroscience, with a
particular emphasis on ion channel gating.

2.1.1  Chemical Reaction Networks in ion channel gating

An important application of chemical reaction networks is the mod-
elling of ion channel gating. There are many different mechanisms
that can control the opening and closing of ion channels — for ex-
ample, various ligands (Alexander, Mathie, and Peters, 2011), intra-
cellular Ca%* (O’Reilly-Shah, Chagot, and Chazin, 2015), mechani-
cal stimuli (Kefauver, Ward, and Patapoutian, 2020) — some of which
can be represented as elements in a basic chemical reaction network
with mass-action kinetics. Recall that the species-formation-rate func-
tion (Definition 2.1.7) requires a reaction network {.*, ¢, Z} with a
kinetics #". Whereas the gating mechanisms due to the binding of
ligands or ions can be modelled via the mass action kinetics (Defini-
tion 4), different kinetics need to be used to model ion channel gating
which may be voltage-dependent. For example, fractal models of ion
channel gating assume that the reaction rate depends on the time the
channel spent closed (Sansom et al., 1989). Other types of ion channel
gating models assume specific reaction network structure, for exam-
ple, diffusion models assume that the channel has a large number
of identical closed states with identical parameters which are used
to model the channel “diffusing” away from the open state (Sansom
et al.,, 1989). However, in this thesis, the most important feature of
ion channel gating is its dependence on voltage (Ahern et al., 2015;
Ranjan et al., 2019) and the extensions to the basic chemical reaction
network machinery that are necessary to account for it.

In order to account for the voltage-gating of ion channels it is es-
sential to expand the mass-action kinetics by making the reaction rate
constant ky_,y+ voltage dependent.

Definition 2.1.8. The kinetics % for a reaction network {.¥, €, %} is
voltage-dependent mass-action if, for each' y — y' € %, there is a non-
negative function k(V)y_.y, where V is voltage, such that

Ji/y—>y/(cr V) = k(v)y—>y’ H C?S- (7)
ses
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An example chemical reaction network with voltage-dependent mass-
action kinetics is

(8)

where O denotes the open state, C denotes the closed state, the rate

of transitioning from C to O is «(V) = 0.01 exp(vvt% and the re-

10
verse rate is B(V) = 0.125 exp(%). The chemical reaction network in

Figure 8 along with the functions x(V) and (V) formed the basis
of voltage-gated potassium channel gating in the seminal work of
Hodgkin and Huxley (1952).

The chemical reaction networks that model ion channel gating in
the literature are generally tailored to different ion channel types and
can contain multiple closed, open or inactivating states, each with a
different reaction rate function. Due to their flexibility, such chemi-
cal reaction networks (also called Markov schemes) have been widely
and successfully applied to model many different types of ion chan-
nels (Lampert and Korngreen, 2014). For example, a cyclic reaction
network with open state O, closed state C and inactivated state I could
be (reaction rates omitted for clarity)

Y

Note that in this case the transition from the opened to the inactivated
state is unidirectional, i.e. an inactivated state cannot open directly
without passing through the non-inactivated closed state. There is no
theoretical limit to the complexity such chemical reaction networks
can take, which is both a strength and a weakness. The reason why
it is a strength is the expressiveness such networks can provide. The
main challenge is in determining which and how many states should
be used — the only state that is ever observable is the open state, there-
fore all other states, their number and the topology of the network are
under-parametrized and not identifiable from the data (more on that
in Section 2.1.2). Therefore, most current models of ion channel gating
use an approach first taken by Hodgkin and Huxley (1952).

The reaction networks used by Hodgkin and Huxley (1952) had
a relatively simple structure. They used chemical reaction networks
that could be decomposed into independent subnetworks of gating
“particles". For example, for the voltage-dependent sodium channel,
for which they observed activating and inactivating dynamics, they
used two basic gating particles m (with three units) and h (with one
unit) associated with a single channel in a patch of membrane. Each

9)
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of these particles had its own reaction network, independent of the
other particle, specifically

3am (V) 2om (V) am (V)
0 —]) My — My
Bm (V) 2Bm (V) 3Bm (V) (10)
an (V)

0 ~z 1

Br(V)

where a channel is said to conduct current only if the gates are in the
states m3 and h; respectively. However, the scheme can be written
jointly as well

mohp =——— mihy =——— myhy —— mshy (11)

| |

mohy =——— mih; =——— myh; —— m3hy

with the current conducting state in red. The gating particles are ex-
plicitly chosen to model certain features of the recorded data, such
as activation or inactivation, leaving the voltage-dependent functions
ax(V), Bx(V) and the “power" n, (the number of units for each gate,
nm = 3 and ny = 1) of each gate to be determined. Many different
functional forms for o, (V) and B(V) have been used (with some
models even using piece-wise definitions), but the generalized func-
tion that is used most commonly

Ap(V—Byp)
exp(vgfp) — Dy

(12)

resulting in a total of 4 parameters per gating particle, A, By, Cp
and D, For example, to obtain oy, (V) and (,(V) from Hodgkin and
Huxley (1952) one would need A, =0.01,B, =—10,D, =1,C, =10
and A, = %, B, =0,Dp, =0, Cp, = —80 respectively.

The gating model is an essential but not the only part necessary
to model the current conducted by a channel. The full equation used
to model the conducted current over time I(t) also depends on the
channel density in a given patch of membrane g, the reversal potential
for the ion being conducted by the channel E and the voltage V, where
o(t) is the open channel fraction at time t, whether from a Hodgkin-
Huxley-like or from a general Markov scheme

I(t) = o(t)g(V(t) —E) (13)

Combination of multiple such currents can explain complex electro-
physiological phenomena, such as action potentials, spread of signals
along dendritic trees, depolarization block and others. Therefore, ac-
curate modelling of ion channel gating is important when trying to
understand neuronal dynamics, signal processing and propagation.
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2.1.2  Fitting Chemical Reaction Networks to Data

Having provided some examples of chemical reaction networks in
modelling of synapses and ion channel gating, I will now overview
some methods of fitting them to data. I make a distinction between
the chemical reaction network structure and the reaction rate con-
stants used for a given structure. The distinction might initially seem
artificial since it is not possible to optimize the structure of a chem-
ical reaction network without having some values for the reaction
rates. However, it is practically relevant because a significant number
of publications assume the chemical reaction network structure and
then simply optimize the reaction rates. Therefore, I will describe al-
gorithms that optimize both the chemical reaction network structure
and the reaction rate constants, as well as algorithms that only opti-
mize the reaction rate constants. There is a family of novel approaches
that utilize machine learning as a core part, I discuss these as a part
of the scientific machine learning approach in Section 2.3.

Before going into the algorithms developed to optimize different
parts of the chemical reaction networks, it is important to discuss that
a significant portion of them have been hand-tuned. Hand-tuning is
a model optimization approach where a researcher uses some data,
accompanied by large amounts of common sense, intuition, domain
knowledge and, at times a large amount of, trial-and-error to find a
model that fits the data. At best, it is an unsystematic means of model
optimization that nonetheless has been used in many existing publi-
cations that produced many important results. It can be difficult to
determine when hand-tuning was used, and some publications do
not contain any information about how the model parameters or its
structure were arrived at. In such cases, where the means of finding
the parameters and/or the chemical reaction structure are not de-
scribed, I assume that the model has been hand-tuned. Hand-tuning
of models is not a scalable approach and therefore is progressively
falling out of favour. The work undertaken in this thesis aims to fur-
ther contribute to the deprecation of model hand-tuning.

2.1.2.1  Whole model optimization

Three sets are necessary to define a chemical reaction network, the
species ., the complexes ¢ and the reaction vectors # (see Defini-
tion 2.1.1). Of these three sets, the set of species . is usually possible
to determine empirically with relative certainty (but see Section 5.1).
It is generally more difficult to establish the reactions % and the re-
sulting complexes €. The difficulty lies in the discrete optimization
routines necessary to optimize %, as well as the fact that generally
a large amount of intermediate complexes are not observed empiri-
cally. Therefore, current approaches that attempt to infer the chem-
ical reaction networks from some chemical species utilize quantum
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mechanical simulations that directly simulate interactions between
molecules (Unsleber and Reiher, 2025). Basing the chemical reaction
network structure on quantum mechanical simulations allows to de-
termine which species can form complexes via physical interactions.
However, such quantum mechanical simulations are computationally
expensive, especially for large molecules. For example, Zhao and
Savoie (2021) investigate a system with 47 atoms and 11 rotatable
bonds and state that it is at the edge of what is computationally fea-
sible. For reference, a CaM molecule consists of 148 amino acids and
each amino acid can have around 20 atoms, resulting in 3000 atoms
to simulate. While there are more coarse grained simulation meth-
ods than quantum mechanical, e.g. molecular dynamics, which are
capable of simulating the interactions between CaM and parts of a
voltage-gated Ca**t channel (Yaduvanshi, Ero, and Kumar, 2021), a
simulation-based screening of possible interactions does not currently
seem feasible. Therefore, since such whole-model discovery and op-
timization techniques are not applicable to the chemical reaction net-
works of synapses and ion channel gating, they are outside the scope
of this thesis.

2.1.2.2 Reaction Rate Constants

The task of finding a set of reaction rate constants once the chemical
reaction network is fixed is significantly less complex. Since the re-
action rate constants can be expressed as variables on the real line
(by log transforming them before optimization to make them un-
bounded), there is an abundance of classical optimization techniques
that could be used. For example, it is possible to use gradient-based
approaches to fit reaction rate constants (Pepke et al., 2010). There
are many gradient-based approaches which can be used to find op-
timal parameter values, such as BFGS (Zhu et al., 1997) or conjugate
gradient, obtaining the gradients of the loss with respect to the pa-
rameters e.g. via sensitivity analyses (Turanyi, 1990) or other meth-
ods (Anand Krishna, Krishna Dutt, and Premchand, 2023). It is ad-
visable to use second order gradient-based methods that take into
account the curvature of the loss surface because it can be highly
elliptical with steps based only on the gradient being highly ineffi-
cient (Daniels et al., 2008; Gutenkunst et al., 2007). However, gradient-
based optimization techniques generally suffer from getting stuck in
local optima, as there are generally no guarantees that the loss sur-
face being optimized is convex. Therefore, some works have used al-
ternative approaches, for example, particle swarm (Byrne et al., 2009),
genetic algorithms (Polifke, Geng, and Dobbeling, 1998), or a mix of
approaches, e.g. initial fitting done via a genetic algorithm and fine-
tuning via a gradient-based approach (Maeder, Neuhold, and Puxty,
2004).
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An alternative to gradient-based optimization techniques, particu-
larly relevant to chemical reaction networks due to the necessity of us-
ing simulators, is simulation-based inference (SBI, Cranmer, Brehmer,
and Louppe, 2020). Simulation-based inference relies on simulators to
define statistical models on which the inference is done, specifically,
given a vector of parameters 0, the simulator produces a sample of
latent variables z; ~ pi(zil,0,z<i) (here the subscript ~; denotes the
state before i) which are used to produce the data vector x ~ p(x|6, z).
In the context of this thesis simulators are ODE solvers which sim-
ulate the dynamics of a chemical reaction network. More traditional
inference techniques usually require a likelihood function, but SBI
does not necessarily rely on it, using different means of establishing
the model fitness to data. Some examples of alternatives to the likeli-
hood function are approximate likelihood ratio estimation (Hermans,
Begy, and Louppe, 2020), neural-network based surrogates (Gloeckler
et al., 2025) and others (Cranmer, Brehmer, and Louppe, 2020). SBI ap-
proaches have been successfully applied in many scientific problems,
for example the inference of the densities of ion channels in a com-
partmental neuron model (Lueckmann et al., 2017), on gravitational-
wave data (Dax et al., 2025), and EEG, ECoG and LFP data (Vetter,
Macke, and Gao, 2024). Therefore, SBI should become a more preva-
lent modelling approach for models with intractable likelihoods once
a standard set of approaches that leverages the advances in machine
learning is converged to. However, not all SBI approaches require ma-
chine learning and I overview some of them next.

The Bayesian family of approaches deserves a particular focus due
to its prevalence and utility. These approaches result in a posterior
distribution of parameter values, resulting in a more detailed under-
standing compared to a point estimate obtained via the aforemen-
tioned approaches. For example, if a parameter has a wide posterior
distribution, it is likely under-constrained given the current data and
should be taken with more caution. Some Bayesian approaches used
in literature are approximate Bayesian computation (Eriksson et al.,
2019), which omits the usually costly likelihood-based evaluation of
the sampled parameters and uses an easier to compute rejection cri-
terion, as well as a full Markov Chain Monte Carlo approach, which
produces an approximation to the posterior by sampling from it (De
Oliveira et al., 2025). It is worth elaborating further on the MCMC
approaches, which are among the most often used tools.

There are many software suites that implement different types of
MCMC, for example, Hamiltonian Monte Carlo (HMC) implemented
in the Stan package (Carpenter et al., 2017), the PyMC package (Abril-
Pla et al., 2023), which contains the No U-Turns Sampler (NUTS), im-
plemented in Python, and the Turing.jl in Julia (Fjelde et al., 2025).
There are many factors that affect the practicality of Monte Carlo
based approaches. Fitting done in this thesis requires integrating the

17



18

BACKGROUND

model, a system of ODEs, over time, as well as being able to handle
large numbers of parameters arising from the usage of neural net-
works. Even though HMC has been used to optimize neural networks
(Neal, 1996), the cost of evaluating gradients over time introduces a
significant bottleneck, necessitating highly performant ODE solvers.
Benchmarks on non-stiff and stiff ODE problems (see https://docs.

sciml.ai/SciMLBenchmarksOutput/stable/MultiLanguage/ode_wrapper_

packages/) show that the ODE solvers in Julia are the most perfor-
mant, making them invaluable, enabling the work done in Chapter 4.
To conclude, the task of inferring the reaction rate constants once
the structure of a chemical reaction network is fixed, even though still
a complex problem, is significantly easier than the joint optimization
of both the structure and the reaction rate constants. Methods widely
applied in machine learning and optimization can also be applied to
this task as well, along with their caveats, strengths and weaknesses.

2.1.2.3 Model identifiability

Fitting of model parameters is a complex task that can be approached
in multiple different ways, as discussed above. However, even with
well-behaved and powerful algorithms and a rich data source, signif-
icant challenges may still remain. One of these challenges is identifi-
ability — the existence of a unique solution to the optimization of the
reaction rate constants or the chemical reaction network structure. In
fact, there are chemical reaction systems for which a set of unique
reaction rate constants may be impossible to determine (Craciun and
Pantea, 2008). Craciun and Pantea (2008) prove that the reaction rate
constants for a chemical reaction network are identifiable if the reac-
tion vectors are linearly independent. For example, the reaction rate
constants of the chemical reaction network in Figure 1 can not be
identified uniquely because r3 = ajr + a7 for some constants a;
and a;. Moreover, it is possible that two different chemical reaction
networks result in dynamics that are identical. Craciun and Pantea
(2008) provide the two networks shown in Figure 2.

A1+ A
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—
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2A1 2A5

Figure 1: An example of a chemical reaction network for which the reaction
rate constants are non-identifiable.
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Figure 2: An example of two structurally different chemical reaction net-
works that result in identical dynamics.

Therefore, even if a sufficiently rich data set is used, there are chem-
ical reaction networks which may not be distinguishable from one
another because, given mass-action kinetics, they result in identical
differential equations. Such chemical reaction networks are called con-
foundable. These two forms of non-identifiability are also known as
structural non-identifiability.

However, the model structure is not the only factor to consider.
As mentioned above, I assumed the availability of a sufficiently rich
data, which is not always the case. Therefore, another form of non-
identifiability is practical, or data, non-identifiability. Wieland et al.
(2021) define practical non-identifiability via confidence intervals — a
parameter is identifiable if, after fitting, it has a finite confidence in-
terval. In these terms structurally non-identifiable parameters have
infinite confidence intervals. It is important to note that identifiability
can be a feature of specific parameters, rather than of individual mod-
els. For example, if an experiment measures the dynamics of a suffi-
ciently large subset of the chemical reaction network, but contains
no information about other parts of it, the parameters in measured
parts may be practically identifiable, whereas the parameters in the
unmeasured parts may be practically non-identifiable.

Considering the synaptic and the ion channel gating chemical reac-
tion networks, it is immediately clear that most of their parameters
are currently practically non-identifiable due to the paucity of data.
Moreover, it has been shown that the voltage dependent equilibrium
fractions in the Hodgkin-Huxley-like models of ion channel gating
are structurally non-identifiable (Walch and Eisenberg, 2016). Given
these practical and theoretical results, identifiability concerns are an
important consideration in model fitting.

2.2 NON-LINEAR MIXED EFFECTS MODELLING

A large number of modelling paradigms rely on the assumption that
a single set of parameters coupled with a suitable model architecture
can be fit to a set of observations of interest which are independent
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Figure 3: A basic NLME model fitting example where the dynamics could
be solved analytically. The orange lines in the individual plots are
the individualized predictions, whereas the blue line is the popu-
lation level prediction with parameters tva, tvg and tvg, where tv
stands for typical value.

and identically distributed (iid). For example, in image classification
it is assumed that all the images used to train a classifier can be
classified successfully using a single set of parameters, or it is as-
sumed that a set of drug pharmacokinetics measurements can be fit
by a dynamical system via a single set of parameters. However, often
one sample provides information about another sample, thus break-
ing the iid assumption. For example, a gaze estimation data set can
contain multiple measurements from the same person (Xiong, Kim,
and Singh, 2019) or a psychological intervention data set can contain
multiple measurements from the same person (Laban, Chiang, and
Gunes, 2025). In such cases it is possible to distinguish between the
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variance between different measured entities (e.g. different people)
and the variance within a measured entity (same person).

One way to systematically account for the different sources of vari-
ance is mixed-effects modelling, specifically its most general form —
non-linear mixed effects modelling (NLME, see Figure 4 for a visual
representation and Figure 3 for an example data fitting procedure us-
ing a simple NLME model). In general, mixed effects models can have
an arbitrarily deep hierarchy, for example, repeated measurements
from students at particular schools in particular countries (three lev-
els), but this thesis uses only two levels due to the current restrictions
in the software used.

NLME modelling has historically been motivated by problems in
medical and clinical research (Pillai, Mentré, and Steimer, 2005). The
need to account for the within- and between-subject variability is im-
portant in, for example, estimating whether a drug or a treatment
had a significant effect on a cohort of patients. However, more re-
cently, the scope of NLME applications has expanded, tackling ques-
tions in biomedical sciences more broadly. NLME models have been
used in infectious disease modelling (Adéoti et al., 2025) with over
124 papers dealing with various infectious diseases such as COVID-
19, Ebola, Dengue and others. The NLME approaches are inherently
well-suited for such applications due to the heterogeneity of record-
ing lengths, robustness to missing data and model flexibility. NLME
has been applied to a systems biology problem of parameter infer-
ence for multiple cells and compared to a standard approach used in
the field, finding that NLME is favourable under conditions of lower
amounts of data (Karlsson et al., 2015). Notably, NLME has also been
applied in neuroscience, to analyse the electrophysiological features
of mouse stellate cells, such as their resonance frequency, spike max-
imum, membrane potential (Pastoll et al., 2020). Finally, NLME mod-
elling has also been applied in scientific fields other than biomedi-
cal sciences, for example, it was used it to model tree diameters (Xu
et al., 2014), vegetation moisture (Oddi et al., 2019) and energy de-
mands in buildings (Roach, Hyndman, and Ben Taieb, 2021). There-
fore, NLME modelling is finding more and more applications and, if
current trends hold, its usage will extend to more different scientific
fields.

I adapt the definitions of NLME provided in Duchesne et al. (2021)
and Rackauckas et al. (2022) which are more specific for dynami-
cal systems, compared to more generic definitions, e.g. Lindstrom
and Bates (1990). The NLME modelling framework comprises a two
level hierarchical structure, the fixed and the random effects. The up-
per level captures the between-entity variance in a set of parameters
called the fixed effects ©. Fixed effects can be broadly grouped into

* model parameters 0

¢ random effect prior distribution parameters Q
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* observation model noise parameters o

The lower level consists of random effects ., where n € [1,N] and N
is the number of entities in the data set and each n,, € R™, i.e. itis an
m-dimensional vector. Random effects account for the portion of the
variability of the observations that is not shared between different en-
tities by individualizing the model parameters 0. Therefore, contrary
to the fixed effects ®, random effects vary between observed entities
(which can be individual people, cells, etc.), the nth entity having its
own set of parameters 1y,. Furthermore, a set of covariates Z,, (which
are known at the outset) are associated with the nth entity, for exam-
ple, the age and weight of the nth person, or the temperature and
solution composition in which the nth cell was recorded, etc.

The three sets of values (6,1, and Z,,) are collated via the parame-
ter model function g into the dynamical parameter vector p,, for the
nth entity

Pn = 9(9/ Zn,Mn) (14)

Note that the covariates Z,, could impact the latter portions of the
model, e. g. the observational model via the function h; (h; is defined
below), but I omit repeated references to it for clarity. The dynami-
cal parameters p, are then fed into the structural model function f,
which in this thesis are usually systems of ordinary differential equa-
tions (ODEs)

B0t p (15)
where u,, are the dynamical variables being solved for. The final step
is to use the u,, values to derive the experimentally observed quanti-
ties Yyn;j (biomarker concentration in the blood, see Figure 3), where j
denotes the jth observed quantity for the nth entity. Since the relation
of Ynj to u, may be complex, I denote it as h;j(un(t)). Finally, each
observed quantity will generally be noisy, therefore an observational
model is necessary:

Ynj(t) ~ Dy (hy(un(t)), o) (16)

where Dj is the error model probability distribution and oj are the
parameters of the jth observational model. In most cases Dj is sim-
ply a normal distribution N(h;(un(t)), oj) with standard deviation oj
(overloading the notation slightly). Having presented the basic NLME
framework, I will briefly present examples of various applications
and link to relevant reviews for further reading.

There are many different optimization algorithms used to fit NLME
models. Some of the most popular are stochastic approximation ex-
pectation maximization (SAEM) approaches (Dempster, Laird, and
Rubin, 1977), likelihood-based approaches (Wang, 2007) and Markov
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Figure 4: Visual representation of an NLME model, rectangle nodes in the
top box denote parameters (fixed effects), circles denote random
quantities which are either latent (unfilled) or observed (filled),
diamonds are deterministic given the inputs, and nodes without a
border are constant.

Chain Monte Carlo-based approaches (Lunn and Aarons, 2002). In
this thesis I only use the likelihood-based approaches, therefore I will
forego description of other approaches that are not relevant to the
current work and instead delve deeper into the ones that are actually
used.

2.2.1  NLME Optimization Objectives

There are two distinct groups of optimization objectives for NLME
models that are used in this thesis; the first group optimizes the
marginal likelihood (Wang, 2007), whereas the second optimizes the
conditional likelihood (Sartori and Severini, 2004). Algorithms that
optimize the marginal likelihood generally consist of a two level op-
timization scheme (optimizing the fixed effects while random effects
are held constant and vice-versa), whereas conditional likelihood op-
timization is joint — the fixed and the random effects are optimized to-
gether. When creating the dynamical parameter vector p, (see Equa-
tion 14) we need a single value for 0, as well as 1.

Due to the different possible framings of the optimization objec-
tives (see below), there are multiple ways in which 0 and n,, values
can be obtained. In particular, these values can be maximum like-
lihood estimates (MLEs), point estimates obtained via optimization
procedures, or maximum a posteriori (MAP) estimates, modes of dis-
tributions, if fixed effects have priors (random effects by default are
assumed to have priors). For conceptual clarity, I will split the presen-
tation of the NLME optimization objectives along the lines in which
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the 0 and 1y, values can be obtained and whether the objective is the
marginal or the conditional likelihood.

MARGINAL LIKELTHOOD WITH MAXIMUM LIKELIHOOD ESTIMATES
The MLE marginal likelihood objective finds the vector of fixed effects
O* which maximizes the likelihood of the data set y. For numerical
precision reasons and framing the problem as minimization, rather
than maximization, the negative of the log of the marginal likelihood
is usually used as the objective. I will illustrate the negative log mar-
ginal likelihood objective in this one case and omit it from further
objectives because the derivations follow the same pattern:

0 = argngn[— logp(y | ©)]

N
= argmin [—log H Plyn | O)

n=1

(17)

N
~angagn |- 3 logpion O

where p(y | ©) is the total likelihood from all observed entities, p(yn |
©) is the total likelihood for the nth entity, taking into account differ-
ent observed quantities along with the number points over time and
N is the total number of observed entities. I will now focus on a sin-
gle term in the sum log p(yn | ©) because deriving the details for it is
enough to illustrate the general principle behind the optimization.

The marginal likelihood is called this because the random effects
Mn are marginalized out:

plyn |©) = jp(yn M1, ©) pl1n | ©)dn (18)

Unfortunately, the calculation of the marginal likelihood is generally
intractable and therefore requires approximations. In practice multi-
ple levels of approximation can be used, each progressively decreas-
ing in accuracy due to more restrictive assumptions:

1. Laplace approximation
2. First order conditional estimate (FOCE) approximation
3. First order (FO) approximation

For full derivations of each of them see Wang (2007), here I will show
the basic distinctions between each of these practically used approxi-
mations.

LAPLACE APPROXIMATION The Laplace marginal likelihood ap-
proximation is obtained via the second order Taylor expansion of the
marginal likelihood integral. For reasons that will become clear, let
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us assume that the fixed effects are not varying so that the marginal
likelihood is only a function of the random effects 1, and let

g(nn) =log f(nn) =log (p(yn [Mn, O)p(nn | ©)) (19)

The general form of the second order Taylor expansion of a function
g(mn) around a point ng is:

2
) ~ o) + (m —10)T@/tno) + 2 gung)  ao)

where g/ and g/ are the gradient vector and the Hessian matrix of
the function g (recall n,, € R™). There is a small technical difference
between cases where 1 is a mode of f(n,) (denoted n},) and when
it not, but I will skip these details and focus on the case where ¢ is
not a mode (see Wang, 2007, for full details). Given that 1 is not a
mode of f(ny), for now disregarding how we obtain it, from Equa-
tion 18, the above definitions of f(nn), g(nn) and using the Taylor
approximation and letting T = (nn —10) we get

[ Fm) @t = [ explgtnn) an
~ JeXP(Q(ﬂo) +17g/(no) + %TTglf(no)T) dnn  (21)
= fln0) [ exp(eT(grt0) + 397(n0))) it
Notice that the term in the integral is simply the moment generating
function of a multivariate Gaussian distribution with the mean g/(1o)

and variance g//(no). Therefore, the integral gets replaced with the
Gaussian density

plyn |©) = 1lno) | exple (g/(r0] + 597(0))) it
1

= f(no)

V27 ™[ = gn/(no)] 2

(22)

Initially it may seem that the approximated likelihood does not de-
pend on O, but recall that f(nn) = pyn | M, O)pMn | ©). The
final component we need to understand the successive approxima-
tion is expressing g/(1o) and g//(no) in terms of the conditional like-
lihood p(yn | NMn,®). Omitting some constant terms, but still follow-
ing Wang (2007), let the gradient of the conditional likelihood for

the entity yn w.r.t nn be I'(nn) = %@ and the Hessian be

An(m) = %T(l”]. It is possible to express g/(no) and g//(no) via I'h(n)
and A, (1) evaluated at 1o, whereas I, (1) and A (1) can either be
obtained via automatic differentiation (e.g. via forward mode using

(_gn/(nO)Tgn”(nO)_] gn’/(Mo)

)
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dual numbers) or, in rare cases, analytically. The only remaining ques-
tion is the choice of ng in Equation 21 around which the Gaussian ap-
proximation is done. This value is called the empirical Bayes estimate
(EBE) n;, of the random effect and is obtained by optimizing the con-
ditional likelihood with the current estimate of the fixed effects ©*

EBE, =1, = argmax (plyn | © = ©7,1a) - p(na | © = ©7)) (23)

Therefore, the initial assumption of a fixed © is necessary to find the
EBE values which would serve as the 1y around which the Gaussian
approximation in Equation 22 could be done. For simplicity the ob-
jective is written as maximization, but in practice it is often framed as
the minimization of the negative of the log of the conditional likeli-
hood. Using a gradient-based optimizer and given some initial values
for ©* and 1}, the optimization scheme consists of two stages: the in-
ner loop which finds an improved set of 1}, and the outer loop, which
uses the current nj, to find an improved estimate of the fixed effects
©*. This completes the brief description of the necessary terms re-
quired to approximate the marginal likelihood and solving the Equa-
tion 17 and Equation 23 via the Laplace approximation.

FOCE APPROXIMATION  The FOCE approximation starts off exactly
the same as the Laplace approximation until we come to the def-
initions of the gradient and the Hessian of the conditional likeli-
hood. The gradient is still defined as in the Laplace approximation,
Mnn) = W, however, due to the difficulty and the cost of
approximating the Hessian, it is instead approximated via the gra-
dients by taking an expected value over different measured entities
Yn, namely A (n) & Ey, [Im(m)Tn(n)"]. The FOCE approximation to
the marginal likelihood maintains many of the benefits of the Laplace
approximation but with a decreased accuracy.

FO APPROXIMATION  The final approximation to the marginal like-
lihood, FO, makes a much stronger assumption that may not always
hold, therefore further significantly decreasing the accuracy of the
marginal likelihood approximation. Specifically, it assumes that EBE,,
0 instead of finding a new value for it. Therefore, FO makes the marg-
inal likelihood approximation essentially a single, rather than two,
level optimization scheme, drastically reducing the computational
cost of the approximation, but at the cost of significantly reduced
accuracy which tends to significantly impact the quality of the model
fits.

CONDITIONAL LIKELIHOOD WITH MAXIMUM LIKELIHOOD ESTI-
MATEs Conditional likelihood is an alternative objective to the mar-
ginal likelihood approximations when training NLME models. It tra-
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des off reduced computational cost for an increased chance of over-
fitting when compared to the marginal likelihood. Contrary to the
marginal likelihood objectives, which require a two stage optimiza-
tion scheme (higher level for ©, lower level for EBE,, except for FO),
using the conditional likelihood optimization the fixed effects © and
the random effects 1 are optimized jointly, so the objective is (recall
that N is the total number of entities/individuals)

N
0", n° = argmax [ | p(yn |©,nn) - p(nn | ©) (24)
" n=1

Many different optimization algorithms can be used to optimize it,
but generally, due to the generally cheaper cost of computing the gra-
dients via automatic differentiation tools, gradient-based optimiza-
tion of the conditional likelihood is a viable means of fitting an NLME
model. Also, in practice, similarly to the marginal likelihood, instead
of directly maximizing the conditional likelihood, the negative log of
it is minimized to avoid numerical accuracy issues.

MAXIMUM A POSTERIORI (MAP) OBJECTIVES The basic idea be-
hind the maximum a posteriori objectives is to include prior knowl-
edge about the fixed effects into the optimization objective. Practi-
cally this means including penalties due to such priors into the op-
timization objective, while analytically the objectives are expressed
very similarly to the MLE objectives. For the marginal likelihood the
MAP objective is

0" = argm@ax P(@®)-py|O)

N (25)
—argmax p(©) - [] [plyn 1€,1)pl1n 1©) dny
© n=1
Note that now the fixed effects © are treated as a random variable
coming from a prior distribution p(©), rather than as a point estimate,
but the outcome of this objective is still a point estimate which is
a mode of the posterior, rather than the full posterior distribution.
Similarly, the conditional likelihood MAP objective is

N
©*,n* =argmax p(@)- [ [ p(yn |©,1n) - p(nn | ©) (26)
on n=1
where p(0) is again some prior distribution of the fixed effects.
Re-iterating, the MAP objectives have the same underlying machin-
ery as the MLE objectives, except there are prior distributions p(©)
over the fixed effects which are practically encoded as penalties in the
optimization. The prior distributions are generally chosen based on
domain expertise and then turned into optimization penalties either
analytically, e. g. the Gaussian prior, or can be used in gradient-based
optimizers in concert with automatic differentiation tools.
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2.3 SCIENTIFIC MACHINE LEARNING

Scientific machine learning (SciML, the research area, not to be con-
fused with the Julia ecosystem which implements it https://sciml.
ai/citing/) is the second tool applied to the problems in compu-
tational neuroscience in this thesis. SciML (a term seemingly first
coined in Baker et al., 2019) draws both from mechanistic mathemat-
ical modelling, data science and machine learning, combining them
to produce novel, more powerful data-driven models. Many differ-
ent approaches are under this umbrella term, most notably physics-
informed neural networks (Raissi and Karniadakis, 2018) and univer-
sal differential equations (Rackauckas et al., 2020). There are many
examples that illustrate the general idea in a wide variety of scientific
fields. For example, Dandekar, Rackauckas, and Barbastathis (2020)
used a neural network to augment the differential equations of the
epidemiological SIR model to account for unknown dynamics when
modelling the COVID-19 data. Furthermore, Virtanen et al. (2020)
used neural network terms in a partial differential equation system
modelling an advection-diffusion-sorption system. Martensen et al.
(2024) used a neural network to represent a feedback term in a phar-
macokinetics/pharmacodynamics model. The breadth of examples
showcases that these general ideas can be applied in many scientific
fields, including the field of chemical reaction networks.

The field of SciML is experiencing rapid growth, development and
validation of techniques and determination of the cases where and
when it is useful. Investigators in many other fields, e.g. chemical
engineering (Lima et al., 2023), pharmacology (Martensen et al., 2024),
geosciences (Shen et al., 2023), are starting to introduce techniques
from SciML to supplement the established mathematical modelling
techniques in their fields.

2.3.1  SciML and chemical reaction networks

There are many different ways in which machine learning could be
used in modelling chemical reaction networks. Here I will overview
some recent chemical reaction network modelling publications that
use machine learning to represent parts of the chemical reaction net-
work. There are other strands of work where machine learning is
used to improve the chemical reaction fitting process, for example,
to predict the reaction rate constants based on the inputted reactants
(Heid and Green, 2022; Liu, Mo, and Cheng, 2025) and these works,
while valuable, are outside the scope of this thesis.

One of the most obvious ways in which machine learning can be
used to model chemical reaction networks is by simply using univer-
sal function approximators to represent the species formation func-
tion. For example, neural ordinary differential equations (NODEs)
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modelling (Chen et al., 2018) has been used to represent the species-
formation-rate function as a neural network either in full, or in part,
by adding the NODE outputs to an existing model (Thoni et al., 2025).
However, naive usage of NODEs may result in models that do not re-
spect physical laws, and for example, result in systems that allow
concentrations of species to take negative values. To address this Ji
and Deng (2021) (also see Nieves, Dandekar, and Rackauckas, 2024)
set up a neural network architecture and non-linearities, encoding
conservation of mass and Arrhenius’ law, using log concentrations as
inputs, the outputs as the derivative entries in the species-formation-
rate function, and the intermediate weights interpretable as the re-
action rate constants and stoichiometric coefficients. Therefore, their
approach is a NODE with a specific architecture. The authors called
their approach the chemical reaction neural network (CRNN) and it
was tested on a few example chemical reaction networks.

Even though CRNN was able to infer the underlying data gener-
ating chemical reaction networks correctly, the validation of their ap-
proach contains several shortcomings. First of all, they assumed a
situation where every species in the system is observed. As argued
previously, this is seldom the case for more complex systems, and
at times, completely unfeasible (e.g. for models of ion channel gat-
ing where the states are useful abstractions). Secondly, the example
chemical reaction networks they tested CRNN on are rather relatively
simple, they do not contain bidirectional reactions, feedback terms or
more complex network motifs. Therefore, the CRNN approach, while
promising, requires further validation.

Another approach popular in the SciML literature is physics-in-
formed neural networks (PINNSs, Raissi, Perdikaris, and Karniadakis,
2019; Raissi and Karniadakis, 2018). PINNs take a different approach
to NODEs and instead of embedding a universal function approxima-
tor in an ODE system, take the states of the system x and time t as
inputs, outputting variables u subject to the (soft) physical constraints
of the system under consideration. For example, when chemical reac-
tion networks are modelled using PINNSs, the physical constraints
arise from conservation of mass and mass-action kinetics (Bibeau,
Boffito, and Blais, 2024); when wave propagation or flows are be-
ing modelled (Almanstotter, Vetter, and Iber, 2025; Wong et al., 2025),
the constraints arise from the respective partial differential equations
(Burger’s and Navier-Stokes equations, for example).

PINNs have shown good performance in many challenging prob-
lems, with main uses being in fluid and solid mechanics, as well as
earth sciences (Wong et al., 2025), however their application is not
without difficulties. Most notably, owing to the linear combination
of the loss terms due to errors in the data prediction and violation
of physical constraints, PINNs can suffer from ill-conditioned and
complex loss surfaces with many local optima (Krishnapriyan et al.,
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2021) making them difficult to train. More recent approaches are start-
ing to modify the way in which the data loss and constraint loss are
being combined, leading to significant improvements in training (Al-
manstotter, Vetter, and Iber, 2025; Krishnapriyan et al., 2021). Further
developments in PINN training methodologies that decrease the like-
lihood of the optimization getting stuck in local optima and promote
compliance to the physical constraints may increase their appeal in
modelling chemical reaction networks.

An additional way in which machine learning can be applied to the
data from chemical reaction networks is symbolic regression (Cava
et al., 2021) and sparse identification of dynamical systems (SINDY;
Brunton, Proctor, and Kutz, 2016). The symbolic regression objective
can be formulated via the following equation

X

3¢ = OX)= (27)

where X are the states of the system, O(X) = [1; X; XZ; ... sin(X); cos(X) ...]

is the library of candidate functions and = are the coefficients for the
candidate functions, with the objective being to find a = that fits the
observed data best. Moreover, in sparse symbolic regression, a prior
p(Z) on the coefficients is usually introduced to induce sparsity in the
functional bases, aiming for the most parsimonious fit. Considering
chemical reaction networks, it is possible to set up a library ©(X) cor-
responding to the mass action kinetics, which would generally scale
with the number of species N as O(N2) if we restrict it to bimolecu-
lar reactions. Using an appropriate prior = may reduce the number
of reactions to a sparse set. An additional approach where symbolic
regression can be used is by first fitting a black box model, for ex-
ample a neural network with strong regularization, and then fitting
symbolic regression to the neural network, as done in Martensen et al.
(2024). Such an approach essentially tries to interpret the neural net-
work using the library of functions provided, but still benefits from
the initial flexibility offered by the neural network. However, there are
still many open questions before the symbolic regression techniques
could be used in a streamlined manner. Sparse regression approaches
do not perform as well under noise levels observed in biological ex-
periments, can suffer from data undersampling (Prokop and Gelens,
2024), can display poor extrapolation qualities and may require differ-
ent approaches when some of the variables in the system are not ob-
served, as is common in most biological systems (Grigorian, George,
and Arridge, 2024; Somacal et al., 2022).

As presented above, SciML has been a useful tool in a number of
different fields. Therefore, it is also applied to the neuronal chemical
reaction networks and models of voltage-gated ion channels in this
thesis.
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The combination of mixed effects modelling and machine learning
has already been fruitfully applied in other published work. In this
section I will present some previous studies which combined these
two modelling approaches, outlining the main implications for the
present thesis. One of the first applications of mixed effects along
with neural networks was done in Xiong, Kim, and Singh (2019),
where the authors used a ResNet architecture (calling it I'(-)) together
with a mixed effects framework, calling the resulting model mixed ef-
fects neural network (MeNet). Using a MeNet they processed image
data X;, and then used the extracted features with the linear mixed
effects framework where 3 are the fixed effects, u,, are the random
effects and yn, is the dependent variable:

Yn = F(Xn)f’ + F(Xn)un (28)

Since the gaze estimation data they used were obtained by repeated
measurements from the same participants, taking into account these
correlations between the data resulted in up to 20% improvements in
errors over the state of the art. Note that their model is still linear
because the fixed effects and the random effects are summed. There-
fore, the authors demonstrate the benefit of combining a mixed effects
framework for the prediction task where a neural network was used.
Note that in this case the neural network did not process either the
fixed or the random effects, it was rather used as a feature extractor,
arguably not fully utilizing the power of the neural networks because
the function captured by the neural network is not personalised, does
not take random effects as its inputs.

The MeNet approach outlined in Xiong, Kim, and Singh (2019) has
been generalized in Wortwein et al. (2023). More specifically, instead
of placing a neural network as a feature extractor (a fixed effect), they
included random effects on the neural network weights, using both
person-generic parameters 0, person-specific parameters 0, and tak-
ing their sum

0=0+060, (29)

as the neural network parameters, calling their approach neural mixed
effects (NME). The authors used an assumption that the person-spe-
cific parameters come from a multivariate normal distribution with
zero mean and covariance matrix £, which was used as a regulariza-
tion term 0] £~10,,. NMEs were compared with MeNets from Xiong,
Kim, and Singh (2019) and outperformed them on six different tasks.
Therefore, the NME approach, individualization of the neural net-
work weights, provided additional benefits to performance. However,
caution should be used when allowing each parameter of a neural
network its own random effect as that may make it easy to over-fit,
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allowing the random effects to capture majority of the individuals
variance, unless strong regularization on X is used.

One of the potential shortcomings of the NME approach is the over-
parametrization of the random effects. Individual neural network
parameters are likely to have very little influence on its overall be-
haviour, therefore allowing each parameter to have an associated ran-
dom effect is inefficient both computationally, as well as conceptually.
An alternative approach to the NMEs has been used in Martensen
et al. (2024) (initially published in Rackauskas and Ivaturi, 2019). The
approach they used, called DeepNLME, instead of putting a random
effect on each parameter of the neural net fyn(-), uses random effects
NN as inputs to the neural network, in addition to its regular inputs
X0

x§ = oMl (30)
i = fan(x) .
This way the neural net weights are fixed effects, yet the resulting
functions fiN are individualized for the nth observed entity. More-
over, usage of NN as inputs results in a more efficient representation
of the random effects than the addition of random effects on each
parameter done in NMEs, since the random effect inputs percolate
throughout the whole neural network, affecting the function that it
represents. Therefore, such usage of random effects is more compu-
tationally efficient and likely much less prone to over-fitting via the
random effects, as there is simply not as many degrees of freedom as
in, for example, NMEs.

It is worth noting that the field of combining mixed effects frame-
works with machine learning is still young and therefore there are
many different competing approaches with best practices and stan-
dards still not yet fully developed. Moreover, neural networks are
not the only machine learning model that has been combined with
the mixed effects frameworks. For example, another popular machine
learning model that was used in many publications in combination
with mixed effects is the random forests (Hajjem, Bellavance, and
Larocque, 2011, 2014; Hajjem, Larocque, and Bellavance, 2017; Hu et
al., 2023). Concluding, the integration of a mixed effects framework
and a machine learning approach makes it possible to take advantage
of the hierarchical structure of the data with multiple studies show-
ing performance gains over approaches that do not take the structure
of the data into account. Therefore, this combination of approaches
offers a powerful means of tackling many real world challenges more
effectively.



Part II

APPLICATION OF NLME AND SCIML IN
COMPUTATIONAL NEUROSCIENCE

If you can dream — and not make dreams your master;
If you can think — and not make thoughts your aim;

If you can meet with Triumph and Disaster

And treat those two impostors just the same

If you can bear to hear the truth you’ve spoken
Twisted by knaves to make a trap for fools,

Or watch the things you gave your life to, broken,
And stoop and build ‘em up with worn-out tools:

Excerpt from “If" by Rudyard Kipling, 1895






FITTING Ca?*-CALMODULIN CHEMICAL
REACTION NETWORKS

This chapter tackles the challenge of fitting a chemical reaction net-
work in a situation where there is, arguably, a large amount of data,
as well as a significant amount of knowledge about the possible struc-
tures that the chemical reaction network can adopt. However, in ad-
dition to these two factors, there is uncertainty in experimental con-
ditions, necessitating the nonlinear mixed effects (NLME) modelling
approach.

One of the main motivations for the work undertaken in this chap-
ter is the importance of the Ca?*-Calmodulin cascade in synaptic
plasticity, occuring in almost two thirds of the current models (see
Figure 4 in Heil et al., 2018). A good understanding of the relative
merits of the different Ca®"-Calmodulin models is important, espe-
cially when they are used in a larger model of the synaptic chemical
reaction network. This understanding was lacking due to an absence
of comparison between the different Ca?"-Calmodulin models used
in different publications.

The bulk of this chapter is formed by the included publication:
Linkevicius, D., Chadwick, A., Faas, G. C., Stefan, M. 1., & Sterratt,
D. C. (2025) ‘Fitting and comparison of calcium-calmodulin kinetic
schemes to a common data set using non-linear mixed effects mod-
elling” PLoS ONE, 20. The publication is followed by the basic sup-
plemental information that was included with the publication, where
some parts have been extended with a more in-depth discussion of
the results included.

The published results showcase which published Ca®"-Calmodulin
models are not able to adequately fit the data from Faas et al. (2011)
and Shifman et al. (2006), derives new and improved parameter sets
for a number of different Ca?*-Calmodulin chemical reaction net-
work structures, as well as delves into the structural aspects which
are necessary for a Ca?*-Calmodulin model to be able to adequately
fit the data. This work forms a solid basis on which further work
including other molecular species, could be based on, namely inves-
tigating molecules like CaMKII (Shifman et al., 2006), various phos-
phodiesterases (Goraya and Cooper, 2005) and others.
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Abstract

Calmodulin is a calcium binding protein that is essential in calcium signalling in the brain.
There are many computational models of calcium-calmodulin binding that capture various
calmodulin features. However, existing models have generally been fit to different data sets,
with some publications not reporting their training and validation performance. Moreover,
there is no model comparison using a common benchmark data set as is common practice
in other modeling domains. Finally, some calmodulin models have been fit as a part of a
larger kinetic scheme, which may have resulted in parameters being underdetermined. We
address these three limitations of previous models by fitting the published calcium-calmodu-
lin schemes to a common calcium-calmodulin data set comprising equilibrium data from
Shifman et al. and dynamical data from Faas et al. Due to technical limitations, the amount
of uncaged calcium in Faas et al. data could not be predicted with certainty. To find good
parameter fits, despite this uncertainty, we used non-linear mixed effects modelling as
implemented in the Pumas . 71 package. The Akaike information criterion values for our
reaction rate constants were significantly lower than for the published parameters, indicating
that the published parameters are suboptimal. Moreover, there were significant differences
in calmodulin activation, both between the schemes and between our reaction rate and
those previously published. A kinetic scheme with independent lobes and unique, rather
than identical, binding sites fit the data best. Our results support two hypotheses: (1) partially
bound calmodulin is important in cellular signalling; and (2) calcium binding sites within a cal-
modulin lobe are kinetically distinct rather than identical. We conclude that more attention
should be given to validation and comparison of models of individual molecules.

Introduction

Calmodulin is among the most important calcium binding proteins in the brain. It is essential
in the translation of intracellular Ca®" signals to downstream processes, such as gene

PLOS ONE | https://doi.org/10.1371/journal.pone.0318646 February 7, 2025

1/30



FITTING CA2+-CALMODULIN CHEMICAL REACTION NETWORKS 37

PLOS ONE

Comparison of calcium-calmodulin kinetic schemes to a common data set

Funding: Domas Linkevicius was funded by a PhD
stipend by the United Kingdom Research and
Innovation (grant EP/S02431X/1), UKRI Centre for
Doctoral Training in Biomedical Al at the University
of Edinburgh, School of Informatics. Guido C. Faas
was funded by NIH grants NS027528 and
NS030549 and The Wendy and Leonard Goldberg
Endowment to UCLA. David C. Sterratt, Melanie I.
Stefan and Angus Chadwick did not receive any
specific funding for this work.

Competing interests: The authors have declared
that no competing interests exist.

regulation, protein activation, metabolic regulation and synaptic plasticity [1, 2]. Calcium sig-
nals can provide information both via their amplitude (nanomolar to millimolar) and via their
duration (microseconds to hours) [1, 2]. Calcium-calmodulin binding kinetics underlie the
translation of Ca** signals, therefore correct kinetic models of binding are an important aspect
in studying calcium signalling in the brain.

Calmodulin’s signalling properties arise from its structure—it comprises a 148 amino acid
residue polypeptide with four EF hands divided into C and N lobes capable of binding two cal-
cium ions per lobe [3]. It can adopt many conformational states, especially when bound to dif-
ferent molecules [4]. Moreover, calmodulin lobes have been reported to differ in their kinetics
and affinity for Ca®*~the N lobe binding faster with lower affinity and the C lobe binding
slower with higher affinity [5-7].

There are at least 19 published computational models of synapses that include various mod-
els of calmodulin in their chemical reaction network [8]. The published kinetic schemes
describing calcium-calmodulin binding vary significantly in the number of calmodulin fea-
tures they capture. For example, some calmodulin models do not have independent lobes [9-
11] while others do [5, 12, 13]. Some schemes are event-based—only concerned about the
Ca’" binding events [10, 11], whereas others explicitly indicate which lobe and/or site is being
bound to [5, 12, 13]. Moreover, some models assume that two Ca>" ions bind to a lobe at the
same time [9, 10, 12], others leave this dependent on reaction rate constants [5, 11, 13]. Some
models assume that Ca>* binding sites within a lobe are unique [11, 13] while others assume
that they are non-unique [5, 12]. Finally, some models include details such as calmodulin con-
formational states [14].

Most current computational calmodulin models suffer from three limitations. First of all,
different models have generally been tuned to different data sets, making their relative perfor-
mance difficult to compare. Secondly, most models have not been cross-validated, making
their generalization performance uncertain. Thirdly, some models have been tuned as a part of
a larger scheme, e.g. including CaMKII, potentially making calcium-calmodulin binding
parameters underdetermined. We discuss the sources of data to which calcium-calmodulin
models we investigate have been fit in the Methods section, therefore we will next elaborate on
the second and the third limitations.

The second limitation relates to cross-validation, a crucial step in the process of parameter
inference used to establish model performance outside of the training data and to avoid over-
fitting (see page 241 in [15]). Ideally different models are cross-validated on a single data set
across publications using consistent quantitative metrics. For example, the MNIST data set
[16] is used to compare the error rate of image processing models. Given the lack of rich open
access calmodulin data sets, none of the published calmodulin models were quantitatively
cross-validated during development. At best, publications that contain calmodulin kinetic
schemes include some indication (usually visual, rather than quantitative) of performance
compared to the source of data they are being tuned to. However, this is not a rigorous way of
ensuring that a model will perform well outside of the training data, leaving the generalization
performance uncertain.

The third limitation is that some calmodulin schemes have been tuned to data from experi-
ments that include other calmodulin-binding molecules, with large numbers of reaction rate
constants that have to be fit, for example the calcium-calmodulin-CaMKII cascade [13]. Sys-
tems biology models naturally exhibit sloppiness [17], which tends to get more pronounced
with an increasing number parameters being fit, resulting in loosely constrained parameter
values. It is often possible to trade off between reaction rate constants: a calcium-calmodulin-
CaMKII cascade being fit to CaMKII activity measurements may fit data better if Ca** binds
to calmodulin with higher affinity or calcium-calmodulin binds to CaMKII with higher
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affinity, or some mix of the two. Moreover, a similar trade-off is possible between the binding
sites and/or lobes even with only a calcium-calmodulin cascade. Because of these trade-offs,
the true reaction rate constants might be completely different to the ones obtained via the fit-
ting procedures. Some publications attempt to test for such parameter sloppiness via sensitivity
analyses [18] or by calculating the eigenvalues of the Hessian [17], but it usually is too difficult
to test the parameter combinations in a sufficiently dense and wide manner to ensure that the
reaction rate constants are not under-determined.

Calmodulin models, in particular some of the simpler ones [9, 12], have been used to inves-
tigate calmodulin interactions with other molecules [18-20] and in complex chemical reaction
networks [9, 21-23] to model higher order phenomena occurring in neurons, e.g. synaptic
plasticity. However, given the aforementioned model limitations, it is important to scrutinize
the previous modelling work, its basic assumptions, and to check whether the assumptions
made in previous work hold when tested under more rigorous conditions, with powerful
methods using richer data sets.

We address the three aforementioned limitations of existing calmodulin models by using a
common data set where the only free kinetic parameters are calcium-calmodulin binding reac-
tion rate constants. The common data set comprises subsets of data from Faas et al. [5] and
Shifman et al. [11]. Faas et al. [5] contains time-series of fluorescence measurements after
laser-induced Ca** uncaging and therefore is informative about calmodulin dynamics. In con-
trast, Shifman et al. [11] contains measurements of calmodulin properties at equilibrium. To
deal with incomplete experimental control of the amount of calcium uncaged by a laser flash
in Faas et al. [5] we use the novel and highly efficient non-linear mixed effects (NLME) model
fitting algorithms implemented in Pumas . j1 [24]. NLME is a hierarchical modeling frame-
work that can deal with phenomena where there are constant intra-individual parameters, but
significant inter-individual variability due to individual level parameters [24, 25].

We use the common data set to fit reaction rate constants from scratch and compare our
results to the reaction rate constants in the literature. By calculating the Akaike information
criterion (AIC) [26] values for both our and the published reaction rate constants we show
that the published reaction rate constants are suboptimal. Moreover, using the same criterion,
we show that some kinetic schemes are suboptimal and fail to fit calmodulin dynamics and
equilibrium behaviour at the same time. We then compare the Ca** signal integration proper-
ties of different calmodulin schemes when either the published reaction rate constants or the
ones determined by our approach are used. We show that there are significant differences in
calmodulin calcium integration properties when using the suboptimal published reaction rate
constants. Similarly, we show that the models using suboptimal calmodulin schemes display
qualitatively different calcium integration behaviour compared to better performing schemes.
Finally, we calculate the partial rank correlations between the reaction rate constants that we
fit and show that for some calmodulin schemes our parameter fits are highly correlated which
is indicative of parameter sloppiness or underdetermination.

Our results highlight that a sufficiently expressive calmodulin model structure is essential
for capturing both calmodulin dynamics and equilibrium behaviour. Moreover, we conclude
that, given the suboptimality of the previously published parameter sets, arguments and find-
ings built on these models may warrant re-visiting.

Methods
Data

Dynamical calmodulin data. We use the calcium uncaging data from Faas et al. [5], in
which different concentration mixes of the fluorescent Ca®" indicator OGB-5N, the light
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Fig 1. Relative fluorescence (AF/F,) time-series data from [5] for three different initial condition groups (A, B and G). Different lines within a plot
are due to different laser uncaging strength (the higher the laser strength, the larger the AF/F, value).

https://doi.org/10.1371/journal.pone.0318646.9001

sensitive Ca®* chelator DM-nitrophen (DMn), calmodulin and titrated free Ca** were used to
make seven different groups of solutions A-G (see S2 Appendix for specific concentrations).
For different batches of each group of solutions, a sequence of laser pulses of increasing
strength was used to induce Ca** uncaging from DMn while OGB-5N fluorescence was
observed at 35°C. The stronger the pulse, the more calcium is released. Due to technical limita-
tions, it was not possible to predict the amount of released calcium for each laser pulse pre-
cisely. We elaborate on how we model the fraction of uncaged Ca** below. Fig 1 shows the
fluorescence time courses for three of the seven groups—A, B and G—and different uncaging
laser strengths. We use a subset of the data and split it into training, validation and test data
sets (see Supplemental Text S1 Appendix for more information).

Calmodulin equilibrium data. Steady-state calcium-calmodulin binding came from an
experiment in Shifman et al. [11], which measured the number of Ca®* ions bound per cal-
modulin molecule at different free Ca** concentrations (their Fig 1B). Their experimental
chamber contained a fluorescent indicator Fluo4FF (5uM), calmodulin (5uM) and a varying
amount of free Ca®*. The amount of free Ca** was titrated until a required concentration
(between approximately 10~'M and 5.5 x 10"°M) was reached. We used a digital tool (https://
automeris.io/WebPlotDigitizer/) to extract this data from their plots, giving the 107 points
shown in Fig 2. This data was obtained at 25°C but calmodulin does not show significant tem-
perature dependent changes in equilibrium behaviour [27], so we do not adjust for tempera-
ture dependent changes in calmodulin kinetics.

Kinetic schemes and published reaction rate constants

We investigated six different calcium-calmodulin binding schemes from the literature that
span the complexity of the most commonly used calmodulin models (Fig 3). The reference we
give for a scheme may be its original source, or a source that is frequently cited for the scheme.
There are more complex published calmodulin schemes that we did not use [14], because they
would be prohibitively computationally expensive to fit.

The simplest scheme (Scheme 1, Fig 3), from Kim et al. [9], is made up of three calmodulin
states—CaMO0, CaM2Ca, CaM4Ca, respectively calmodulin bound to no, two and four Ca**
ions. In Scheme 1, Ca®" binding is assumed to be highly co-operative and binding of two Ca**
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Fig 2. Equilibrium measurements of the number of Ca>" ions per calmodulin molecule from [11]. Experiments were done using 5uM Fluo4FF and
5uM calmodulin.

https://doi.org/10.1371/journal.pone.0318646.9002

ions is treated as a single reaction. In principle Scheme 1 does not assume which lobe binds
first; the first two Ca** ions could bind to the C lobe or the N lobe. However, the parameterisa-
tion of Scheme 1 by Kim et al. [9] implies that they treat the first Ca** binding event as being
to the C lobe. The published reaction rate constants in Kim et al. [9] are based on stopped-flow
fluorescence measurements [7]. Scheme 1 is parameterised by four reaction rate constants

{ki};, which can be used to derive two dissociation constants: K, = :—f and K, = i—:
Scheme 1 Scheme 2 Scheme 3 Scheme 4 Scheme 5 Scheme 6
o |, B |.® 0
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Fig 3. Six calmodulin kinetic schemes to which we fit parameters, and compare to performance with published parameter values. Scheme 1—due
to strong co-operativity, each calmodulin lobe binds two Ca®* ions at a time, with the lobes modelled sequentially (first C lobe then N lobe). Scheme 1 is
parameterised by reaction rate constants {k, }+ ,. Scheme 2—due to co-operativity the first reaction has two Ca* ions binding as a single event and then
the next two Ca®* ions binding sequentially. It is parameterised by reaction rate constants {k,}° . Scheme 3—fully expanded sequential calmodulin
scheme where each binding event is represented individually. Depending on the reaction rate constants, the binding events could be mixed between the
lobes, e.g. first binding event could be in the C lobe, the second in the N lobe, or partial combinations of different lobes. The visualised scenario is where
the first two events are in the C lobe. This scheme is parameterised by reaction rate constants {k,}_,. Scheme 4—calmodulin binds two Ca®* ions at a
time and, contrary to Schemes 1-3, the lobes are independent. It is parameterised by eight reaction rate constants {k, };_ which, along with free Ca*",
are used to calculate the effective reaction rate constant {k*}. (see 53 Appendix for more details). Scheme 5—this scheme has independent N and C
lobes, with a single Ca®" ion binding at a time. Binding sites within a single lobe are identical. It is parameterised by reaction rate constants {k, }?Zl .
Scheme 6—this scheme has independent N and C lobes, with a single Ca>* ion binding at a time. In contrast to Scheme 5, the binding sites within a
single lobe are distinct (indicated by different shades of green/purple). The scheme is parameterised by 16 reaction rate constants {k;’ 15 Inall
schemes green circles indicate Ca>*-bound C lobe sites, purple circles indicate Ca**-bound N lobe sites and arrows indicate bidirectional reactions
(Ca®* ions not shown).

https://doi.org/10.1371/journal.pone.0318646.9003
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The next scheme (Scheme 2, Fig 3), from Bhalla and Iyengar [10], is made up of four cal-
modulin states—CaMO0, CaM2Ca, CaM3Ca, CaM4Ca, respectively calmodulin bound to no,
two, three and four Ca** ions. In Scheme 2, binding of the first two Ca* ions is assumed to be
highly co-operative and treated as a single reaction, whereas the next two Ca** ions bind indi-
vidually. The parameters in Bhalla and Iyengar [10] (as given in https://doqcs.ncbs.res.in/, also
see [28]) do not match neatly to either lobe and the description of how the rate constants were
derived was unavailable at the time of writing. Scheme 2 is parameterised by six reaction rate

6 . . . . L. k K,
constants {k;},_,, which can be used to derive three dissociation constants: K, = o Kp, =3

o T kg
and K;, = %
The final linear scheme that ignores calmodulin lobe-based structure (Scheme 3, Fig 3) is

from Shifman et al. [11]. It comprises five calmodulin states—CaMO0, CaM1Ca, CaM2Ca,
CaM3Ca, CaM4Ca—respectively calmodulin bound to no, one, two, three and four Ca** ions.
The dissociation constants based on experiments in Shifman et al. [11] are 7.9uM, 1.7uM,
35uM, 8.9uM respectively for Ca®* binding events one to four. Reactions in this scheme do not
neatly map onto individual Ca®* binding sites within calmodulin lobes; instead they are
abstract binding events where, depending on the parameters, they may be probabilistic combi-

nations between different binding sites. Scheme 3 is parameterised by eight reaction rate con-
—k

8 . . . . . k
stants {k;},_,, which can be used to derive four dissociation constants K, = i Kp, =1

K, = i—ﬁ and K, = 1;—8 This scheme is the most complex linear CaM scheme possible (without

adding conformational calmodulin changes), modelling each Ca®* binding site individually.

Our Scheme 4 (Fig 3) is from Pepke et al. [12] and comprises four states—CaMO0, CaM2C,
CaM2N, CaM4Ca—respectively calmodulin bound to no Ca?" ions, two at the C lobe, two at
the N lobe and four across both lobes. It is the simplest scheme that captures the lobe-based
structure of calmodulin. It has eight reaction rate constants {k,}; , and is based on Scheme 5
(described below), but was simplified used a quasi-steady state approximation for calmodulin
species that have a single bound Ca** ion. This approximation results in elimination of par-
tially bound species from simulations by setting their derivatives to 0 and expressing the par-
tially bound species in terms of the unbound and the fully bound species and permitting the
appropriate substitutions in the equations for the unbound and the fully bound species (see S4
Appendix).

We draw our Scheme 5 (Fig 3) from model 1 in Pepke et al. [12], which is identical to the
scheme used in [5]. It is made up of nine states—CaMO0, CaM1C, CaM1N, CaM2C, CaM2N,
CaM1CIN, CaM2CIN, CaM1C2N, CaM4—with the number of Ca** ions bound to calmodu-
lin indicated by numbers preceding C and N. Even though in total there are nine states, since
in this study calmodulin does not bind to any downstream species, we do not need to track
individual calmodulin molecules. Therefore, we simulate the lobes as independent species
which decreases the number of states we need to track from nine to six—CaMON, CaM1N,
CaM2N, CaM0C, CaM1C, CaM2C—without changing the scheme itself. Scheme 5 is parame-
terised by eight reaction rate constants {k,}; ,, which can be used to derive four dissociation
constants K, = i—f, K, = %, K, = i—z and K, = 1;—*; Pepke et al. [12] used two data sources on
calmodulin equilibrium behavior: (1) data from wild-type and tryptic calmodulin fragments
(one lobe expressed, other eliminated) [6]; (2) data from competition assays (calmodulin,
either wild type or mutants with one active and one inactive lobe, and fluorescent indicator
Fluo4FF) [11]. Pepke et al. [12] (in their supplemental information) give reaction rate con-
stants as ranges—we take specific numerical values from this model’s entry (model identifier:
MODEL1001150000) in the BioModels Database [29, 30]. Faas et al. [5] tuned the model to
their own UV-flash photolysis data.
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Finally, our Scheme 6 (Fig 3) is from Byrne et al. [13]. It is made up of sixteen states, but
similar to Scheme 5, we simulate the lobes as independent species which reduces the number
of states to eight—CaMON, CaMN,, CaMN,, CaM2N, CaM0C, CaMC,, CaMC,, CaM2C,
where CaMO0X denotes an unbound calmodulin lobe, CaMX; denotes Ca*" bound to the first
site of a lobe, CaMX, denotes Ca?" bound to the second site of a lobe and CaM2X denotes a

fully bound lobe. This scheme is parameterised by 16 reaction rate constants {k;"}; , which

on k;/" o/n ki/n c/n
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and competitive binding assay data [31].

For each of the six schemes we use the reaction rate constants from the associated publica-
tion (we use both Pepke et al. [12] and Faas et al. [5] for Scheme 5). All of the reaction rate con-
stants we used are given in S4 Appendix.

Ca”" uncaging model

Faas et al. [5] used a linear model for laser induced Ca®* uncaging

U(PCD, x) = 0.0011 x PCD — 0.39 + x (1)

where U is the uncaged DMn fraction, PCD is the specified Pockels cell delay, where a larger
value results in a higher energy laser pulse and more Ca®" uncaging, and x is used to account
for the uncertainty of the actual PCD value, i.e. the difference between the specified and physi-
cally realised values.

Even though Faas et al. [5] used the linear model successfully in their study, its performance
is not quantified and it has some limitations. Most importantly, U is not bounded to [0, 1] and
can take negative values or values above 1, which would result in physically unrealistic initial
conditions. Moreover, it is not clear that a simple linear relationship is optimal to accurately
model the relationship between the PCD value and the uncaging fraction. Finally, the variable
x is additive, and it is not clear that this formulation is optimal—it could be multiplicative or
some more complex functional relationship.

Due to lack of the necessary data, we could not develop our own model of how the fraction
of calcium uncaged depends on the PCD. Instead, of the linear model (Eq 1) we use an even
simpler model that performed better in practice than either the linear model from Faas et al.
[5] or a neural network. Our uncaging model does not take the specified PCD value and is a
simple sigmoid function, bounding its output to [0, 1].

U(x) !

“Tteps @

With this approach, we do not claim that uncaging is completely independent of PCD; rather
we use a single equation to capture both uncertainty in estimating the PCD, as well as other
sources of variance.

Fitting our reaction rate constants

We combine and adapt the definitions and notation of NLME provided in [24, 32] and we
present it using Scheme 1 as an example. NLME modeling framework comprises a two level
hierarchical structure (shown visually in Fig 4) with fixed effects © at the upper level, which
can be broadly grouped into
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Fig 4. Visual representation of an NLME model, rectangle nodes in the top box denote parameters (fixed effects), circles
denote random quantities which are either latent (unfilled) or observed (filled), diamonds are deterministic given the
inputs, and nodes without a border are constant. Each symbol in the node can be either a number or a vector depending on the

context.

https://doi.org/10.1371/journal.pone.0318646.9004

» model parameters 0, e.g. for scheme 1—reaction rate constants {k,.}f:1

« random effect prior distribution parameters Q, e.g. y and w used to parameterize the prior of
1, for the Ca®* uncaging fraction (see paragraph below)

« observation model noise parameters &

and do not vary between recordings.

The lower level is random effects 7,, which account for the inter-individual variability of the
observations y,, generally, by individualizing model parameters 6. We assume that both Ca**
and calmodulin molecules are identical between experiments, hence reaction rate constants do
not have the random effect-enabled individualization for each experimental run. The sole usage
of random effects in this paper is in fitting the fraction of uncaged Ca** by passing n, ~ N (i, @)
to Eq 2.

Furthermore, there is a set of covariates Z,, associated with each recording, i.e. the total con-
centration of calmodulin, Ca** and OGB5N, which are known. These three sets of values are
collated via the parameter model g into the dynamical parameter vector p,, of the nth record-
ing

r.=80,Z,1n,) (3)

The dynamical parameters p,, are then fed into the structural model (e.g. an ordinary differen-
tial equation (ODE) system)

u, :f<un’pn7t) (4)

where u are the dynamical variables being solved for (DMn, OGB5N, Ca®" and their combina-
tions and the various calmodulin species determined by the scheme being used). For Scheme 1
the system of equations (for brevity omitting DMn, OGB5N, Ca** and means of its input
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amplitude, frequency and duration into the model) would be
d[CaM0]/dt = —k, [Ca]*[CaMO] + k,[CaM2Ca]
d[CaM2Ca]/dt = k,[Ca]’[CaMO0] — k,[CaM2Ca]
—k,[Ca]’[CaM2Ca] + k,[CaM4Cal]

d[CaM4Ca]/dt = k,[Ca]*[CaM2Ca] — k,[CaM4Ca]

Note that {k,} , enter into Eq 4 via p,, which can also be used to initialize the ODE system.

The final step is to link the numerical solution of the ODE system to the experimentally
observed quantities. The jth observable quantity y,, for the nth entity is calculated using the
simulated variables u,,(t) and the times ¢, at which the observations were made via the obser-
vational model h

Yyt =1,) = hu,(t =1,),p,,Z,:1,) (6)

In this study there are two observable quantities: the relative fluorescence AF/F, over time
being fit to recordings from Faas et al. [5] and Ca®* per calmodulin at equilibrium being fit to
Shifman et al. [11]. AF/F, is derived from OGB5N as follows

[OGB5N](t = t,,) + (F, 00/ Foin) [CAOGB5N]| (t = £, .
[OGB5N](t = 0) + (F,../Fain) [CaOGB5N](¢ = 0) 7)

AF/F,(t=t,) =

where F,./Frin = 39.364 [5] and Fax, Finin are maximal and minimal recorded fluorescence
values. Ca** per calmodulin is simply the sum of calmodulin species multiplied by the number
of bound Ca** ions for each species divided by total calmodulin. After obtaining the observable
quantities a Gaussian observation model is used to account for observational noise.

There are many ways to fit NLME models, both frequentist and Bayesian [33]. In this study
we use the maximum aposterior (MAP) conditional log-likelihood objective which can be
stated as

©, 7" = argmax (p(@)) ' Hp(yn | ©,m,) - p(1, | ®)> (8)

where @ is the mode of the fixed effects, 17 is the mode of the random effects for each subject
and p(0) is the fixed effect prior distribution. Conditional likelihood is much more numeri-
cally efficient due to © and 7, being optimized jointly whereas, for example, marginal likeli-
hood generally requires a two level optimization scheme and Markov Chain Monte Carlo
requires many more likelihood evaluations due to sampling. However, conditional likelihood
requires appropriate handling (either fixing or priors, see next section) of Q to avoid overly
broad random effect distributions which barely penalize extreme 7,, values and effectively
result in different individual models due to the learning being offloaded mostly to the random
effects.

We use the Pumas . j1 [24] Julia package to fit to solve Eq 8. Pumas . j 1 contains efficient
and powerful algorithms for NLME modelling, which was essential when fitting the s used to
model the uncaging fraction. Specifically, we used the BEGS optimization algorithm from
Optim.Jjl with the gradient calculations handled by Pumas. j1.

All fitting was done on the JuliaHub (https://juliahub.com/) cloud computing platform
using nodes with 8 vCPUs and 64GB of memory. Individual fits took between one to ten min-
utes, depending on which scheme was used and whether some of the parameters were fixed.
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For each scheme we conducted 20 fitting runs with different initial conditions. All the code
that was used to define the models, run the simulations and perform the analysis is accessible
at https://github.com/dom-linkevicius/FaasCalmodulin.jl.git, the data is accessible at [34].

Prior distributions

We incorporated the existing knowledge about calmodulin reaction rate constants for different
kinetic schemes via per-scheme prior distributions that depend on the amount data available
for each scheme. All of our priors are in log;, space as optimizing rate constants in log-space
was more performant.

For Schemes 1 and 2, since they are simplified and contain fewer reaction rate parameters
than an actual calmodulin molecule would, mapping from experimental data to reaction rate
constants is difficult. Therefore, we opted to use wide uniform priors that reflects the small
amount of available prior information: /(2, 9) for the forward reaction rate constants (corre-
sponds to 10> M*ms™" to 10° M*ms™) and U(—9, —4) for the dissociation constants (corre-
sponds to a range of 1 nM? to 10 uM?).

For Scheme 3, which models Ca®* binding events individually, there is a significant amount
of prior information. Specifically, we use set priors on the dissociation constants based on Shif-
man et al. [11]. We used priors of the form A/ (r, 1), where r is a dissociation constant from
Shifman et al. [11] Table 2 in log;,. Unfortunately, setting a prior that could similarly constrain
the forward reaction rate constants was not possible, therefore we again opted for wide uni-
form priors that we used for Schemes 1 and 2: (2, 9).

For Schemes 4 and 5, since they share the same set of reaction rate constants, we used the
same set of prior distributions. For each forward reaction rate and dissociation constant we
used NV (r, 1), where r are reaction rate constants from Faas et al. [5] in log;o. We chose Faas
etal. [5], rather than Pepke et al. [12], because their rate constants are based on dynamical data
and upon initial simulation runs were performing better. Similarly for Scheme 6, we used the
same approach, but centered the Gaussian priors on parameters from Byrne et al. [13].

Finally, we restrict the values of ¢ and w which parameterize the prior distribution of ran-
dom effects n, ~ N (u, w) to avoid over-fitting due to the usage of the MAP conditional likeli-
hood as the optimization objective. Specifically, we use p(w) = A(0, 1) and limit its domain
to [1, oo], as well as limiting the domain of ¢ to be in [-5, 5]. We found that these were the
minimal set of restrictions that prevented over-fitting of Q.

Numerical ODE solving

We use the Julia programming language for numerical ODE solving both during and outside
of parameter fitting. Specifically, we use the DifferentialEquations.jl package [35].
We use the Roda s 5P numerical solver which can handle significant stiffness in the ODE sys-
tem and which performed the best of the methods tried. We used it with the default settings,
except for reducing the absolute error tolerance to abs tol = le-16 since some simula-
tions that contained low concentrations of species suffered from significant errors in the
numerical solution.

Model comparison

There are many ways to compare model performance, but for the purposes of this study we
use two metrics: root-mean-square error (RMSE) and the Akaike information criterion (AIC)
[26]. The RMSE for a single experimental observation vector y,, € R"™ and model prediction
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¥,; € R" is defined as

RMSE(y,, y,;) =

We calculated the RMSE values for each recording in each of the test data sets for each of the
20 optimization runs for a given scheme, pooling them. We also calculated the RMSE values
for the same scheme but with published reaction rate constants, again pooling them. This gave
us two samples of RMSE values, r, that was obtained using the reaction rate constants we fitted
and r, that was obtained using the published reaction rate constants. We then compared r,
and r, using a two sample T-test (assuming unequal variance) and calculated Cohen’s d to
establish the effect size of using our rates and the ones published in the literature. Cohen’s d is
defined as

rn—n

d= (10)

N

where 7, and 7, are the means of each sample and s is the pooled variance. We used the RMSE
to focus directly on a models predictive performance.

In contrast, we used the AIC for selecting the model that performs the best when its com-
plexity is taken into account. The AIC for model M with parameters 6 and given data d is
defined as

AIC(d, M, 0) = 2k — 2L(d| M, 0) (11)

where k is the length of the parameter vector 0 (in this paper—reaction rate constants for a par-
ticular scheme, noise parameter ¢ and random effect prior parameters y and w). Even though
in model optimization we use the conditional likelihood, in AIC calculations we used the mar-
ginal likelihood L obtained via the Laplace approximation [36]. The AIC is a measure that
evaluates model performance, but also penalizes model complexity via the 2k term. There are
many other model comparison metrics [37], but the AIC is sufficient for the present study due
to the inclusion of predictive model performance and penalizing model complexity along with
it being computationally simple to calculate. For each of the 20 different optimization runs we
calculated the AIC value for the test data set of a run using the given scheme with our reaction
rate constants, as well as if the published reaction rate constants were used. This gave us one
sample of AIC values per combination of scheme + reaction rate constants.

Results
General model fitting results

We fit each of the six kinetic schemes shown in Fig 3 to the fluorescence traces from Faas et al.
[5] and the steady state calcium-calmodulin binding data from Shifman et al. [11]. We used
the root mean square error (RMSE) to evaluate the goodness of fit between the models and the
data. The fitting procedure was repeated 20 times with different random seeds, which set the
random sampling of the training, validation and test data (see S1 Appendix) along with the ini-
tial parameters for optimization. Therefore, due to variability in training data and initial
parameters, RMSE values (especially for our parameter fits) for each seed can be significantly
different.

We now compare the performance of each kinetic scheme with the reaction rate constants
we fit and the published ones. Table 1 shows the training (split between dynamical data from
Faas et al. [5] and equilibrium data from Shifman et al. [11]), validation and test data set
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Table 1. Summary of training, validation and test performance (RMSE + SD) for different kinetic schemes with either parameters fit from scratch, fixed to values

from publications or our modifications.

Scheme + rate constants Training (Dynamical data) | Training (Equilibrium data) | Validation (Dynamical data) | Testing (Dynamical data) | Cohen’s d*
Scheme 1 + our fits 0.74 £ 0.12 1.47 £0.17 0.80 £ 0.16 0.77 £ 0.17 =
Scheme 1 + Kim et al. 1.51 +0.20 2.31 1.16 + 0.06 1.11 £0.08 * 2.07
Scheme 2 + our fits 0.72 £ 0.09 2.00 +0.28 0.85 £ 0.15 0.81 +£0.17 =
Scheme 2 + Bhalla and Iyengar 1.03 £ 0.04 2.23 1.16 £ 0.06 1.11 +£0.08 * 1.77
Scheme 3 + our fits 0.43 £ 0.03 0.83 + 0.46 0.48 £ 0.05 0.46 + 0.05 =
Scheme 3 + Shifman et al." 0.61 + 0.05 0.46 0.70 £ 0.11 0.66 +0.10 * 3.76
Scheme 4 + our fits 0.42 + 0.06 0.88 +0.10 0.46 + 0.12 0.44 +0.11 -
Scheme 4 + Pepke et al. 0.82 +0.05 0.78 0.84 + 0.06 0.82 + 0.09 ** 3.47
Scheme 5 + our fits 0.37 +0.02 044 +0.18 0.40 +0.03 0.38 + 0.04 -
Scheme 5 + Faas et al. 0.45 + 0.02 0.75 0.56 + 0.03 0.53 +0.03 ** 4.17
Scheme 5 + Pepke et al. 0.86 + 0.05 0.75 0.88 +0.07 0.86 + 0.09 ** 13.5
Scheme 6 + our fits 0.35 £ 0.02 0.35+0.03 0.38 £ 0.03 0.36 £ 0.03 =
Scheme 6 + Byrne et al. 0.47 £ 0.01 0.83 0.55 + 0.03 0.53 +0.02 ** 5.83

Highlighted rows were the best performing for that scheme. Note that for models with fixed reaction rate constants trained on Shifman et al. [11] data, no SD is given

since all of the data is used for training and there is no variance in this metric. T-tests are done with reference to our reaction rate constants.

T Shifman et al. [11] only contained dissociation constant values, therefore we had to fit on-rate constants while fixing to their K, values.

¥ Effect sizes evaluated via Cohen’s d over 1.2 are considered very large and over 2.0 are considered huge [38].

*p<107°
**P < 10—10

https://doi.org/10.1371/journal.pone.0318646.t001

performance summary statistics for the six investigated kinetic schemes, reporting the average
RMSE values for the 20 different seeds used. The distribution of the test RMSE values is shown
in Fig 5. On average Schemes 5-6 performed the best, whereas other schemes were not able to
capture either the equilibrium data (Schemes 3-4) or both the dynamical and the equilibrium
data (Schemes 1-2).
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Fig 5. Violin plots of RMSE values for the test data set for each seed for all schemes for our own and the published parameter sets.

https://doi.org/10.1371/journal.pone.0318646.9005
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Dynamical behaviour. To illustrate the differences between model fits, Fig 6 shows the
measured fluorescence traces that were used as the validation data set for seed 1 and corre-
sponding model predictions for each kinetic scheme with our fitted rate constants and the
published rate constants. Each row shows the same 24 experimental traces (black), split
between the seven groups of solutions which were used experimentally in Faas et al. [5].
Within each group, each trace corresponds to a different laser uncaging strength used—the
stronger the laser, the more calcium gets released, the larger the AF/F, values that are
measured.

The biggest differences in measured and predicted dynamics are for Scheme 1, for which
the RMSE differences are also the largest. In Fig 6 the main difference between our parameters
and rate constants from Kim et al. [9] is that our rate constants give rise to traces that follow
the experimental dynamics to some extent, whereas the published rate constants simply equili-
brate to a value and barely display any dynamics (e.g. groups D-G). However, even though
our rate constants result in dynamical behaviour, they do not show good equilibrium perfor-
mance and in fact do not reach equilibrium when the data has long reached it.

The comparison of dynamics for Scheme 2 is similar to that of Scheme 1. Comparing our
reaction rate constants with those in Bhalla and Iyengar [10], we see that the published reac-
tion rate constants make the system equilibrate and not follow the data closely, whereas our
reaction rate constants achieve a more accurate fit. However, with either our rate constants or
the published rate constants, the traces and the average RMSE values indicate that Scheme 2
fits the data quite poorly.

Models with the level of complexity of Scheme 3 and higher are able to capture the dynam-
ical data much better than the simpler Schemes 1 and 2. As shown in Fig 6, both Scheme 3
models perform adequately. However, our reaction rate constants trained from scratch still
perform better, especially in capturing the initial rise and fall in AF/F,, (for example see col-
umns D-F). Note that for this scheme the comparison is not entirely equivalent to other cases
as we had to fit the forward reaction rate constants while we kept the dissociation rate con-
stants fixed to those in Shifman et al. [11].

For Scheme 4, our reaction rate constants significantly outperform those of Pepke et al. [12]
as shown in Fig 6. This is reflected in a smaller mean RMSE value of our rate constants and is
evident in most experimental groups, where our rate constants result in reasonably accurate
predictions whereas the Pepke et al. rate constants significantly under-predict AF/F,,.

Looking at the dynamics for Scheme 5, based on the RMSE values in Table 1, our rate con-
stants perform significantly better than the rate constants from either Faas et al. [5] or Pepke
etal. [12], but the gap is much smaller for the former than the latter. The differences in dynam-
ics between our fits and rate constants in Faas et al. are subtle, but generally our rate constants
perform better for small amounts of uncaged Ca**. In contrast, comparing dynamics with our
rate constants to dynamics with rate constants in Pepke et al. [12], their reaction rate constants
result in significant mismatches to the data, to the point that the optimization procedure has to
inject amounts of Ca®* that lead to incorrect equilibrium levels (see Fig 7, which shows that
their dissociation constants can fit equilibrium data well).

Finally, for Scheme 6, the main differences between the dynamics resulting from our reac-
tion rate constants and those in Byrne et al. [13] are generally seen for small amounts of
uncaged calcium (columns D-G bottom traces). Our reaction rate constants (for this seed)
managed to capture calmodulin behaviour with low amounts of Ca®" more accurately. Even
though for some traces the published rate constants can outperform ours (e.g. top traces in
either groups A or C), our reaction rate constants on average show a smaller RMSE value.

Equilibrium behaviour. Fig 7 shows the equilibrium behaviours of our reaction rate con-
stants (for all 20 training seeds) and published ones. When using Scheme 1 (Fig 7, top row),
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Fig 6. Sample dynamics for validation data for seed 1 for all trained models. Each column is a single data group A-G from Faas et al.
[5], whereas each row is a different combination of scheme + reaction rate constants (specific combination given in the rightmost column).
In all subplots y axis is AF/F, and x axis is time. Black lines are empirical data and red lines are model outputs. Scale bars are given at the
bottom row, each tick on the y-axis corresponds to the same value in each column.

https://doi.org/10.1371/journal.pone.0318646.9006
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the fits to data from Shifman et al. [11] are generally poor. A single run was able to fit the equi-
librium data well, but in most fits, calmodulin was less sensitive to Ca®" than indicated by the
data. Some of this behaviour can be attributed to the prior because most of the runs hit the
uniform distribution limits (especially the dissociation constants). When the limits were
wider, there was a significant amount of training failures (up to 30%) and trained models
showed step-like equilibrium behaviour that was overly sensitive to Ca**. Therefore, we opted
to keep the narrower limits. Scheme 1 with our parameter sets is generally much more sensi-
tive to Ca”*than it is with the rate constants from Kim et al. [9], which result in calmodulin
behaviour that does not show appreciable Ca** binding in the relevant Ca®* range and is
significantly right-shifted (Fig 7, top row pink line).

For Scheme 2 (Fig 7 second row from the top), our fits result in behaviour that is signifi-
cantly more sensitive to Ca>" than the experimental data. Calmodulin would be close to fully
bound under resting neuronal Ca** levels, in contrast to the reaction rate constants from
Bhalla and Iyengar [10], which are significantly less sensitive to Ca** than the data indicate,
not reaching full calmodulin saturation in the experimental data range. The failure to fit the
equilibrium data is likely due to the inclusion of the dynamical data—reaction rate sets that
would allow this scheme to fit equilibrium data do not fit the dynamical data well. The failure
of Scheme 2 fitting both dynamical and equilibrium data is likely due to the first Ca** binding
event including two Ca®" ions and needing to be relatively fast to fit the dynamical data.

For Scheme 3 (Fig 7 third row from the top), the parameters from Shifman etal. [11] per-
form very well because they were explicitly tuned to only this data set. However, when the
dynamical data from Faas et al. [5] is included in the fitting procedure, the resulting equilib-
rium behaviour varies between runs (blue shaded area). Similarly to Scheme 2, our fits result
in behaviour that is much more sensitive to Ca** than the data indicates. However, contrary to
Scheme 2, the range of behaviours is much more varied and a significant portion of fits match
data from Shifman et al. [11] reasonably well.

For Scheme 4 (Fig 7, fourth row from the top), even though in general the fits are much bet-
ter, there are still a few runs that do not perform as well. Moreover, our mean RMSE value is
slightly worse than that parameters from Pepke et al. [12] for the equilibrium data in Shifman
etal. [11]. Curiously the mean RMSE for the dynamics predicted via Scheme 4 with our rate
constants is much smaller compared to the rate constants from Pepke et al. [12]. A possible
explanation for this is that rate constants from Pepke et al. were first derived using Scheme 5
and then reduced to Scheme 4. Scheme 5 is a more powerful model due to having more state
variables which could make optimization easier than simply using Scheme 4 (see results
below).

Our fits to the Shifman et al. [11] equilibrium data follow a similar pattern for Schemes 5
and 6. For both Schemes the noisiness in model behaviour that was present for Schemes 1-4 is
either gone or significantly smaller, and most fits match the data from Shifman et al. [11] rea-
sonably well. In both cases, the average RMSE value using our rate constants is significantly
smaller compared to the published reaction rate constants.

Model comparison via AIC

We now compare both the published reaction rate constants to our reaction rate constants and
between the kinetic schemes via AIC evaluated on the test set of a random seed. AIC is a useful
model comparison tool because it takes into account both model predictive performance as
well as model complexity (number of parameters). Fig 8 shows the box plots for the AIC values
for all the combinations of kinetic scheme and parameter set for all 20 seeds. As shown in
Table 2, our reaction rate constants have lower median AIC values (lose less information)
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Fig 8. AIC box plots for all the different combinations of kinetic schemes and either previously published or our own reaction rate constants.
Each box plot is based on training the model on 20 different random seeds, the AIC value is calculated on the test data set of a given seed.

https://doi.org/10.1371/journal.pone.0318646.9008

compared to the published ones. Moreover, the more complex the scheme, the lower the AIC
value, with Scheme 6 performing the best. The median AIC values seem to asymptote and
reach a lower value by Scheme 6 (the big change is after Schemes 2-3), so only qualitatively dif-
ferent model improvements are likely to decrease the AIC value more.

Calculating the relative likelihoods from median AIC values, where our reaction rate con-
stants are the reference, all the published parameter sets have negligibly low relative likelihoods
(largest being on the order of e '*°). Therefore, our reaction rate constants are significantly
more likely compared to the published ones.

Since our reaction rate constants have lower AIC values (lose less information) compared
to the published ones, we use our reaction rate constants to compare between different kinetic
schemes. Given the results in Fig 8 and Table 2 and using the median AIC for Scheme 6 with
our rate constants as reference, the other schemes with our parameter sets have a negligibly
small relative likelihoods (again on the order of ¢ '9%). Therefore, of the combinations of
schemes + reaction rate constants that we found, Scheme 6 with our reaction rate constants is
relatively the most likely.

Calmodulin Ca®* integration properties
Having established that our reaction rate constants are significantly more likely than the pub-

lished ones, we now ask whether this difference is meaningful practically. To answer this

Table 2. Median AIC values for all combinations of kinetic schemes and reaction rate constants (our fits or published).

Median AIC values (x10%)

Parameter source Scheme 1 Scheme 2 Scheme 3 Scheme 4 Scheme 5 Scheme 6
Ours 12.9 14.9 8.32 6.37 6.45 5.97
Published 17.9 18.4 11.5 14.2 10.27/ 14.8* 9.21

" when reaction rate constants from Faas et al. [5] are used.

* when reaction rate constants from Pepke et al. [12] are used.

https://doi.org/10.1371/journal.pone.0318646.t002
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question we probe the Ca®" signal integration properties of calmodulin. CA1 pyramidal cell
Schaffer collateral synapses undergo long-term potentiation dependent on CaMKII (and
therefore on calmodulin) in response to three 1s trains of 50Hz stimulation [39]. Given these
results, it is likely that calmodulin integrates the Ca®* signal within a single train. Therefore,
we set up a series of simulations where a model was stimulated by a 1s train of Ca** injections
but the frequency was varied from 2Hz to 100Hz. Based on the results in Sabatini et al. [40],
Ca’" influx due to single synaptic stimulation event for a neuron at resting voltage is around
0.7uM (this mimics the experimental setup in Bayazitov et al. [39] best). To mimic the compe-
tition between calmodulin and other buffers and pumps we implemented a minimal Ca**
extrusion model using values in Sabatini et al. [40] Table 1 for a CA1 pyramidal cell spine—
Ca®" decaying to a baseline of 100nM with a time constant 7 = 12ms. Finally, we use a biologi-
cally realistic calmodulin concentration of 20uM [41]. After the simulation, we evaluate the
calmodulin signal integration by calculating the area under the curve of both partially bound
calmodulin and fully bound calmodulin, where bigger values indicate a larger level of Ca** sig-
nal integration.

As shown in Fig 9 columns one and two, Schemes 1 and 2 are not capable of integrating
Ca®" signals in the tested frequency range (except for a few outlier runs with Scheme 2). For
Scheme 1 it is likely due to the fact that the models are not sensitive enough to Ca** (see Fig 7
top row). The same interpretation, however, does not hold for Scheme 2, whose equilibrium
behaviour with our parameter fits was usually too sensitive to Ca®" compared to experimental
data. This behaviour for Scheme 2 may be explained by slow reaction rate constants compared
to Ca®" decay.
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Fig 9. Ca** signal integration properties (measured as area under the curve) of partially (first row) and fully bound (second row) calmodulin
species in response to a 1sec train of 2-100Hz stimulation that delivers 0.7uM Ca** per spike (same general patterns hold if 12uM Ca®* per spike
is delivered, results not shown). A different calmodulin scheme is used in each column and shows our parameter fits (deep blue lines) and the
published parameter values (all other colours). The solid lines are median model behaviour and shaded areas are the 95% confidence intervals.

https://doi.org/10.1371/journal.pone.0318646.9009
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The results are somewhat different for Schemes 3 and 4 (Fig 9 columns three and four),
where both the published reaction rate constants and our own fits show significant Ca®" inte-
gration in the partially bound calmodulin species, but barely any in the fully bound calmodu-
lin. In both cases our reaction rate constants result in significantly higher Ca** signal
integration. However, results for Scheme 3 with our reaction rate constants which show signif-
icant Ca*" integration at 2Hz should be taken with caution due to the same fits being overly
sensitive to Ca®" at equilibrium (Fig 7 third row from the top).

Finally, for Schemes 5 and 6 we see integration of Ca®" signals that results in both fully and
partially bound calmodulin species (Fig 9 columns five and six). For both schemes our reaction
rate constants predict that Ca** signal integration would result in more partially bound cal-
modulin compared to predcitions from the published rate constants. As for fully bound cal-
modulin, our reaction rate constants predict a lower level of fully saturated calmodulin than
the predcitions from the published rate constants.

The difference between the partially and fully bound calmodulin signals is more pro-
nounced with our reaction rate constants than with the published ones. For Scheme 5 the dif-
ference is around an order of magnitude for our reaction rate constants and under 2-fold for
the published reaction rate constants, whereas for Scheme 6 the difference is around 4-fold for
our reaction rate constants and around 2-fold for the published reaction rate constants. Given
that our models reaction rate constants perform better, we predict that partially bound cal-
modulin species play a more significant part in Ca®* signalling integration and propagation
than predicted by previously published models.

Parameter correlations

We next examine the relationships between our parameter fits within a given scheme. Analys-
ing relationships between parameters may point future experimental research questions. For
example, if some reaction rate constants are correlated, they may be under-determined. There-
fore, future model development would benefit from additional, more directed data to better
constrain the correlated parameters. We use partial correlation as a measure of relationship
between parameters [19]. Briefly, partial correlation quantifies the degree of association
between two variables when the variance from a set of controlling variables is taken into
account. For example, in Scheme 1 the partial correlation between k; and k; would indicate
the relationship between these two rate constants when K, and K, is accounted for.

Since structurally there is nothing to distinguish between the C and the N lobes for Schemes
4-6, we calculate the dissociation constant for the two binding reactions in Scheme 4 and for
the first binding reaction for both lobes in Scheme 5 and Scheme 6 and compare their values—
the one that has a lower Kp, value we call the C lobe and the one that has a higher value we call
the N lobe. This is to avoid what we call the C lobe being functionally the N lobe and vice
versa, which would result in artificially higher parameter spread or obscure parameter correla-
tions. We show the parameter pair plots for all six schemes in the S5 Appendix, along with
tables of individual reaction rate fits. We show partial correlation coefficients for all schemes
in Fig 10.

First of all, even though the data set we use is richer, as it includes both the dynamical and
the equilibrium data, there is still significant variance in our model parameter fits. For some
parameters the pairs can span 5 to 10 orders of magnitude (see S5 Appendix). Moreover, there
are significant correlations between multiple parameters in most schemes.

There is only one significant negative correlation for Scheme 1, between K|, and K, . This
correlation is most likely due to a limited number of degrees of freedom offered by this
scheme. Assuming that a calmodulin molecule has an overall dissociation constant that is a
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Fig 10. Partial correlation coefficients for our reaction rate constant fits for all schemes. White stars in the rectangle indicate
P < 0.05 with null hypothesis that the partial correlation is zero.

https://doi.org/10.1371/journal.pone.0318646.9010
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function of the dissociation constants of individual reactions, the dissociation constants of
individual reactions have to co-vary in order to maintain the same overall behaviour.

Reaction rate constants for Schemes 2 have 8/15 significant correlations which indicates a
high level of sloppiness in the system. Similarly to Scheme 1, given the high level of simplifica-
tion used in this scheme, in order to maintain the same overall model behaviour, parameters
have to co-vary. This is especially true for the dissociation constants, which are all are nega-
tively correlated. We also see that the on-rate for the first reaction is not correlated to any
other parameter and is therefore fairly well-determined.

Scheme 3 has proportionally fewer correlations than Scheme 2 (7 out of 28 parameters cor-
related). Most correlations are with the dissociation constant for the final Ca** binding event.
This can be explained by thinking about a general dissociation constant for calmodulin, which
would be a function of K, , K, , K, and K}, —since K;, is likely better constrained due to the
first binding event needing to be of particular speed to fit the rising/falling phase of the indi-
vidual time series, the other dissociation constants may co-vary more freely and balance each
other out. The on-rate for the first binding event is only correlated to one variable, which indi-
cates that it is quite well determined.

Scheme 4 shows the largest fraction of correlations of all the schemes (15/28). This is most
likely due to the quasi-steady state approximation which results in steady state reaction rate
constants {kf‘}f:l that provide a lot of room for sloppiness via products and quotients of the

full set of reaction rate constants {k,}; ,.

The point that model structure is of utmost importance in determining the levels of sloppi-
ness in the system is further reinforced by Scheme 5, where 10 out of 28 reaction rate constants
were correlated. More importantly, a significant number of correlations are within-lobe, for
example k; and k;—the first and second on-rate constants. There are also some cross-lobe cor-
relations, for example K;, and K;, which are the second Ca’" binding events for C and N
lobes respectively.

Curiously, even though Scheme 6 is the most complex in terms of number of parameters
and number of states, it shows only six significant correlations between reaction rate constants.
Moreover, all correlations are within a lobe, rather than between lobes. More specifically, most
of them are for parameters in the C lobe, rather than the N lobe.

Necessary structural components of a calmodulin model

As shown in Table 1 and in Fig 6, there is a large gap in training performance between
Schemes 1-4 and Schemes 5-6. Even though training RMSE in both dynamical and equilib-
rium data significantly decreases going from Scheme 2 to Scheme 3, only from Scheme 5
onwards can both dynamics and equilibrium behaviour be captured well. There are two main
differences between Schemes 1,2,4 and and 5-6: independence of lobes and structural assump-
tion of co-operativity. Both Scheme 3 and Schemes 5-6 allow co-operativity (via reaction rate
constants) but do not assume it structurally. Schemes 3 does not allow for independence of
lobes, while Schemes 5-6 assume it structurally. In this section we provide an empirical argu-
ment that links model features to gaps in performance, focusing on event-based (as opposed to
binding site-based) and structurally co-operative (especially for the C lobe) schemes to model
calmodulin.

Assuming that the real calmodulin dynamics operate in a k-dimensional space, any model
capable of modeling the dynamics would have to have at least that many dimensions (along
with an appropriate structure). Calmodulin models framed in terms of events (fully abstracted
from binding sites) can operate at most in a four dimensional linear subspace (since rank of
such a network is four, see page 30 in [42]) of the five dimensional state space (see Scheme 3 in

PLOS ONE | https://doi.org/10.1371/journal.pone.0318646 February 7, 2025 21/30



PLOS ONE

FITTING CA2+-CALMODULIN CHEMICAL REACTION NETWORKS 57

Comparison of calcium-calmodulin kinetic schemes to a common data set

Fig 3). Therefore, an immediate conclusion of this may be that k > 4, real calmodulin dynam-
ics operate in a higher dimensional space than an event-based model allows for. However,
Scheme 5, which is able to model both calmodulin dynamics and equilibrium behaviour (see
Table 1), has rank 4 as well. The main difference between Schemes 3 and 5 are the indepen-
dence of the lobes: Scheme 5 contains two independent subnetworks (each of which is rank 2).
Therefore, based on our results, in order to accurately model both calmodulin dynamics and
equilibrium behaviour, two independent subnetworks (independence of lobes) is a necessary
model feature.

We next analyze whether a structural assumption of co-operativity, modelling the binding
of two Ca”" ions as a single event, within calmodulin lobes is reasonable. This is not the only
way of modelling co-operativity, but it results in models with a smaller state space vector and
therefore can be preferable computationally. Fractional calmodulin occupancy of the N and
the C lobes using a well performing model (Scheme 6 with parameters from Byrne et al. [13])
is shown in Fig 11 columns one and two. Starting with the dynamics of the partially occupied
N lobe, the model predicts around 20% of calmodulin molecules would have the first site occu-
pied, with a negligible fraction having the second site occupied. Moreover, the dynamics of
partially occupied sites in the N lobe do not show fast changes over the simulated time period,
so the quasi-steady state approximation would hold reasonably well. The dynamics of the C
lobe paint an opposite picture. It is immediately obvious that, due to its slower speed, the
quasi-steady state approximation (d[CaMC,]/dt = 0) does not hold for the C lobe as there are
calmodulin dynamics occurring over the whole simulated time of 35ms. Therefore, even
though it is a theoretically appealing tool to reduce the number of calmodulin states, the quasi-
steady state approximation is too inaccurate for the C lobe and results in significant errors in
either calmodulin dynamics or equilibrium behaviour.

Discussion

We used a rich dynamical [5] and equilibrium [11] data set to fit six calcium-calmodulin
kinetic schemes from scratch in order to compare to published models. Our comparison
resulted in a number of conclusions.First of all, the parameters we found, as opposed to the
published ones, resulted in significantly better fits on our dataset (Table 1). Secondly, we
showed that fully event-based schemes that do not utilize any features of the calmodulin physi-
cal structure (existence of C and N lobes) result in significantly worse generalization perfor-
mance as measured via AIC (Fig 8). Thirdly, we investigated calmodulin signal integration
properties by comparing our parameter fits to published reaction rate constants for different
calcium-calmodulin schemes. Some schemes showed no Ca>" signal integration in response to
a stimulation protocol mimicking an empirically effective plasticity induction protocol
highlighting the importance using more detailed calmodulin schemes (Fig 9). Fourthly, we cal-
culated the partial correlations between our parameter fits (Fig 10). Partial correlations
revealed that even with our data set, that is richer than anything used before, some parameters
were correlated and therefore under-determined. Finally, we investigated the validity of the
quasi-steady state approximation used in [12] and by using Faas et al. [5] data we showed that
it is not accurate for the C lobe. We next discuss each of these conclusions individually.

First of all, model performance depends on the data which was used to parameterise it.
Even though usage of multiple data sources to fit a calmodulin model is not new and was done
in Pepke et al. [12], we are the first to combine a data source on calmodulin dynamics [5] and
a data source on calmodulin equilibrium behaviour [11]. We used this combined data set to fit
six different calcium-calmodulin kinetic schemes previously used in the literature. We then
compared our parameters to the published ones which revealed that a significant number of
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Fig 11. Scheme 6 behaviour with parameters from Byrne et al. [13] on dynamical data from Faas et al. [5]. Each line is one of the initial conditions
(solution + uncaging strenght) Faas et al. used. Calmodulin has been normalized to total calmodulin used in an experiment, the first row shows N lobe
dynamics, the second row shows C lobe dynamics. Each column shows a different calmodulin state—completely unbound (first column), Ca** bound
to the first site on a lobe (second column), Ca** bound to the second site on a lobe (third column), Ca®* bound to both sites of a lobe (fourth column).
Above the plots we provide reaction rate constants from Byrne et al. [13] for the reactions a specific calmodulin state participates in. Note that time on
the x axis is in log10 space to better show the initial dynamics.

https://doi.org/10.1371/journal.pone.0318646.9011
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calcium-calmodulin models used in the literature are parameterized sub-optimally (see

Table 1). Most published models (except Faas et al. [5]) have relied on either only equilibrium
data [11, 12, 43] or dynamical data obtained under significant methodological limitations—
such as dead time in stopped flow fluorimetry or presence of other biochemical species [9, 13].
Undoubtedly, it would be unfair to criticize past work for operating under the limitations of
the day, but that does not prevent models from becoming outdated (much as this work will be
one day). Therefore, an important contribution in this paper are the improved model parame-
ters for calcium-calmodulin models—the best performing parameter sets for each scheme are
given in Table 3 (see S5 Appendix for all 20 parameter sets for each scheme).

Secondly, our calmodulin model comparison uncovered discrepancies in performance
between different kinetic schemes. The complexity of calmodulin schemes we investigated ran-
ged from a model with three states and four parameters [9] to a model with eight states and
sixteen parameters [13]. There were only two schemes (5 and 6, consisting of eight and sixteen
parameters respectively) that were able to fit both sources of data well—both schemes mod-
elled calmodulin lobes separately and consisted of individual, rather than lumped, Ca>* bind-
ing reactions. Two further schemes (3 and 4), one of which modelled calmodulin lobes but not

Table 3. Our reaction rate sets that performed best on the test data and the published reaction rate constants from literature. All parameters are in log,, but are in
different units, depending on the context: for second order reactions the forward reaction rate constants are in M 'ms™, dissociation constants in M, for third order reac-
tions the forward reaction rate constants are in M °ms ", dissociation constants in M>,

Source

Our fits

Kim et al.

Our fits
Hayer and Bhalla

Our fits

Shifman et al.

Our fits (S4)
Pepke et al.

Our fits

Faas et al.

Our fits
Byrne et al.

ky
5.41

ky
4.33
3.60

ky
4.50
4.90

ki
4.23
5.4

ky
8.10
3.60

ky
8.13
4.86

K
4.16
5.44

5.22

Parameters

Scheme 1 parameters

K,, ks Ky,
-9.00 4.00 -9.00
-5.69 5.0 -4.96
Scheme 2 parameters
Ky, ks Kp, ks Ky,
-9.00 2.25 -9.00 4.52 -6.40
-6.00 3.56 -5.55 2.67 -4.68
Scheme 3 parameters
Kp, ks Kp, ks Kp, k; Ky,
-4.87 2.36 -7.83 4.33 -6.40 5.04 -6.19
-5.10 - -5.77 - -4.46 - -5.05
Scheme 4 parameters
Kp, ks Kp, ks Kp, k; Ky,
-5.56 5.98 -6.01 7.03 -4.13 6.29 -5.73
-5.00 4.00 -6.03 5.0 -4.60 5.18 -5.30
Scheme 5 parameters
K, ks Kp, ks Kp, k; Ky,
-5.43 4.08 -5.84 5.69 -4.00 6.32 -5.30
-4.60 4.40 -6.60 5.90 -3.70 7.50 -6.10
Scheme 6 parameters
4 Kp, Kg, Kp, Kg, ki ki Kkt k7 Ky, K3, Kg, K3,
231 -5.40 -4.38 -5.38 -6.40 3.03 | 6.65 5.22 7.58 -4.06 -5.20 -2.88 -6.38
5.07 -4.73 -3.94 | -6.42 -7.22 544 | 544 | 571 5.70 -4.48 -5.46 | -3.64 | -631

3.57

Shifman et al. only contained the dissociation constants, so the forward reaction rate constants have no point of comparison. The same set of reaction rate constants

from Pepke et al. has been used in both Schemes 4 and 5, but they are only shown for Scheme 4 to avoid repetition and misleading as the implementation of Scheme 5 in

Faas et al. and Pepke et al. is slightly different, structurally kp,pke = 2Kkpqqs for some reaction rate constants.

https://doi.org/10.1371/journal.pone.0318646.1003
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individual binding, another which modelled individual binding but not lobes, were able to fit
dynamical data, but not equilibrium data, reasonably well. Both of these schemes consisted of
eight parameters, same as one of the schemes that fit both sources of data well, indicating that
the number of parameters is not the only factor necessary for an accurate calcium-calmodulin
model. Finally, two of the simplest schemes (Schemes 1 and 2) that did not model calmodulin
lobes and modelled Ca** binding as lumped reactions were not able to fit either the dynamical
data or the equilibrium data well. These results, along with median AIC values (Table 2) lead
to the second contribution of this paper—Scheme 6 is the most accurate calcium-calmoduling
binding scheme and, compared to some simpler schemes, by a significant margin.

Thirdly, our results provide implications for models that include calmodulin. We investi-
gated the Ca®" integration properties of calmodulin in response to a realistic Ca>" spike train
(see Fig 9). The biggest practical difference between our reaction rate constants and published
ones is that there is a much more significant contribution from partially bound calmodulin
species, rather than fully bound calmodulin. As shown in Shifman et al. [11], CaMKII can be
activated by partially bound calmodulin. Moreover, calmodulin has many binding partners,
such as Calcineurin [44], Phosphodiesterase 1 [45], Adenylyl cyclases 1 and 8 [46], Neurogra-
nin [47, 48] and others [2]. Our results bring into question the accuracy of the results of publi-
cations where poorer performing schemes or parameterisations are used in larger models [9,
18,19, 21-23, 49-52]. There are many ways to compensate for the poor performance of cal-
modulin scheme or parameters. For example, it is possible that in some cases the lack of cal-
modulin sensitivity to Ca®" has been compensated for by an increased Ca*" influx. However,
for example Scheme 1 is used in [23] in a dynamical setting, stimulating their large model with
many protein species with e. g. 180s of 5Hz or 1sec of 100Hz Ca®* pulses. As our results show,
the calmodulin Ca** integration properties are significantly different in this range when our
reaction rate constants are used. Our third contribution is support to the hypothesis that par-
tially bound calmodulin molecules arising in response to different Ca** stimuli is an additional
dimension of signal encoding and propagation towards downstream pathways compared to
spatial/concentration based fully bound calmodulin signalling. Future investigations into
other calmodulin binding partners and their activation by partially bound calmodulin species
would be able to falsify this hypothesis.

Fourthly, our results on the partial correlations between reaction rate constants form our
fourth contribution—the call for more empirical investigations to test the distinctness of Ca**
binding sites within a calmodulin lobe. Generally with increasing model complexity there
were fewer correlations (except for Scheme 4, which had more than Scheme 3) between
parameters, indicating the parameters were better determined by data. However, even for the
most complex Scheme 6, there were some correlations between parameters within the same
lobe. These correlations could only be eliminated by additional information on the properties
of individual binding sites. Existing studies with mutations of individual calmodulin binding
sites only include equilibrium measurements [11, 53, 54]. Since equilibrium behaviour only
informs the ratio between the Ca®* binding and unbinding rate constants, they are of limited
usefulness in fitting. The closest to the necessary measurements were done in Faas et al. 5]
where dynamical measurements with one inactive calmodulin lobe (either C or N) were made.

Finally, we investigated the validity of the quasi-steady state approximation used in [12].
Both Scheme 4, in which partially bound calmodulin species are not modelled due to the
quasi-steady state approximation, and Scheme 5, which models them, can model calmodulin
dynamics to a similar accuracy. The main difference between the schemes is in equilibrium
behaviour, where in Scheme 4 the modelling of dynamics impedes modelling of steady state
behaviour. These results imply that the quasi-steady state approximation used in Pepke et al.
[12] does not hold in the context of the Faas et al. [5] data, at least not without significant
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decrease in the accuracy of model behaviour. Ideally, an empirical measurement of the occu-
pancy of individual calmodulin sites in a dynamical setting would be definitive in falsifying
this approximation. Unfortunately, such data does not exist therefore we used Scheme 6 with
Byrne et al. [13] parameters (since they fit the data reasonably well) and simulated the frac-
tional occupancy of individual calmodulin sites under [5] experimental conditions (see Fig
11). These results support our fifth contribution—that the quasi-steady state approximation is
not valid and results in a significant loss of accuracy, especially for the C lobe.

Having discussed the contributions of this paper we now reflect on their wider implications
and practical reality of computational modelling. Suboptimal schemes or parameterisations of
calcium-calmodulin models used in large models are a difficult challenge. It is not necessarily
the case that the conclusions drawn from large models are made invalid. In large models it is
likely possible to correct for the model-data mismatch arising due to inaccurate calmodulin
behaviour via the parameters of reactions involving downstream molecules. This, however,
may result in a panoply of different mechanistic hypotheses if different publications correct for
these inaccuracies arising due to poor calmodulin models in different ways. A more co-ordi-
nated community effort with some agreed upon set of model tests (such as the FindSim plat-
form suggested by [55]), akin to continuous integration in GitHub, may be necessary to
resolve such issues in the future and build performant large models.

Limited computational resources and the difficulty of writing large models mean that in some
cases it may not be feasible to use a more detailed calmodulin scheme because of an exponential
explosion in the number of species to be modelled and the subsequent increase in the computa-
tional cost of simulations. Rule-based modelling [56] with its “don’t care, don’t write” approach
(only having to specify the features of a species which impact a reaction) allows models contain-
ing exponentially large numbers of complexes to be written down but may still be too computa-
tionally costly. Modeling is a complex task that involves many behind the scenes choices about
acceptable trade-offs. Our results provide the information about the trade-offs in model accuracy
being made when choosing one calmodulin scheme (or parameter set) over another.

In the final two paragraphs we discuss the methodology we used, the available alternatives
and limitations. We used NLME fitting algorithms implemented in Pumas . j1 to fit the reac-
tion rate constants of the different calcium-calmodulin kinetic schemes. There are many pub-
lished pipelines for fitting reaction rate constants of kinetic schemes. For example, Eriksson
etal. [57] propose and use a pipeline based on approximate Bayesian computation Markov
Chain Monte Carlo (ABC-MCMC, using R-vines). MCMC approaches are powerful tools
which benefit from inherently providing uncertainty on model parameters, rather than having
to run optimization on different random seeds as was done in this study. However, they are
generally much more computationally expensive. Another popular option is the Data2Dy-
namics toolbox [58], which streamlines construction of models of chemical reaction networks
and modeling of experiments while leveraging ODE solving capabilities of MATLAB, along
with stochastic optimization. However, there are few modern software packages that deal with
NLME models (which were required due to the nature of the dynamical data in Faas et al. [5]).
Of these packages Pumas . j1 is currently the most performant one [24]. This is in part
because Pumas . j1 is implemented in the Julia programming language which contains state
of the art ODE solving capabilities, outperforming its competitors in terms of speed by orders
of magnitude (see benchmarks.sciml.ai).

Even with a powerful computational pipeline, there are still many nuances, practical consid-
erations and limitations. For example, the length of the time series to which parameters are
being fit impacts the complexity of the loss surface—the more points, the more complex it is
[59]. Therefore, we downsampled the initial part of the dynamical data from Faas et al. [5] (see
S1 Fig). However, invariably, downsampling results in loss of signal, therefore more
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performant downsampling techniques or multiple shooting based approaches may have
resulted in even better fits. Moreover, we simplified the Ca** uncaging model used in [5] to
make parameter optimization more stable. Also, [5] used Pockels cell delay (PCD) as the inde-
pendent variable to predict the fraction of uncaged Ca** whereas we omitted this variable as it
did not perform as well in practice. More data on the relationship between PCD and Ca**
uncaging fraction would have allowed us to derive a better Ca®" uncaging model that poten-
tially could have improved model predictions with both published and our own reaction rate
constants. Finally, in order to prevent training failures due to numerical instabilities in ODE
solutions when using some schemes, we had to restrict the range of possible values taken by
their reaction rate constants. Usage of novel ODE solvers capable of handling stiff systems is a
potential avenue to remedy this limitation in future studies. Therefore, even with a more pow-
erful software pipeline, some trial and error and practical trade-offs were necessary to fit our
own parameters and efficiently and accurately compare different calmodulin models.

In conclusion, we believe that we have provided a number of important contributions that
advance calcium-calmodulin modelling. We conducted a data-driven evaluation of both cal-
cium-calmodulin kinetic schemes and parameter sets used in existing publications and showed
which schemes or parameter sets performed poorly. It may be argued that behaviour of single
molecules in large models matters less than the behaviour of the overall model. However, if
large models are to be useful in predicting the behaviour of real biological systems, the individ-
ual molecules and their accurate generalization performance are of utmost importance.
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S1 APPENDIX. SUBSET OF DATA USED AND ITS SPLITTING INTO
TRAINING, VALIDATION AND TESTING DATA SETS

The subset of data that we use from Faas et al. (2011) contains 94
recorded time series across 7 groups of initial conditions with varying
numbers of time series between the initial conditions. Each time series
contains data on fluorescence change divided by basal fluorescence
AF/Fo. Each time series is a record of either 35.204 ms (for group A) or
39.604 ms (all other groups) of AF/Fy after laser uncaging. Each time
series is made up of either 258 (group A) or 260 (all other groups)
points that were sampled unevenly — most points were focused in the
first 4ms of the time series. The first recorded time point after laser
uncaging was at 0.160 ms.

From the full 7 groups we removed two time series from group
C because the data in them were numerically identical but showed
as having two different Pockels cell density values. This left 92 time
series for us to use. We split the 92 time series into training, valida-
tion and test data sets. The training data set consisted of 7 randomly
selected (without replacement) samples from each of the different ex-
perimental conditions, leaving 45 time series. The validation data set
consisted of time series taken from the remaining 47 by randomly
selecting 2—4 time series (without replacement) per experimental con-
dition (due to imbalance in the group sizes). The remaining data was
left for final model testing. We repeated this splitting procedure for
20 different seeds in order to counteract the small data set size.

We sub-sampled the first 2.424 ms of each time-series due to heavy
over-sampling of this time period. As shown in Ribeiro et al. (2020),
the larger the number of points in a time series used when fitting
parameters of dynamical systems, the more complex the loss surface.
Therefore, sub-sampling was done to improve the gradient-based op-
timization done by Pumas . j 1. Namely, the original set of points {d;}?°}
was uniformly sub-sampled to {d1+201}320. The comparison of origi-
nal and sub-sampled data is shown in Figure 5 below.

S2 APPENDIX. CONCENTRATIONS OF SPECIES OF DIFFERENT GROUPS

OF SOLUTIONS USED IN FAAS ET AL. DATA

Table 1 below shows the initial concentrations for all groups. There
are some differences from those provided in the supplemental infor-
mation in Faas et al. (2011), which Guido Faas communicated in re-
sponse to queries.
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A B C D E F G
DMn 5.56mM | 3.64mM | 3.64mM | 3.64mM | 3.64mM | 3.64mM | 3.64mM
OGB-5N | 50uM 1oopM | 100uM | 100pM | 100uM | 100uM | 100uM
Ca?"free | 1.88uM | 1.10pM 0.73uM | 0.255uM | 0.41uM | 399uM | 394puM
CaM 123uM | 143pM 72uM 187uM 140pM 941M 47uM

Table 1: Initial conditions for the 7 experimental groups from Faas et al.
(2011).
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Figure 5: S1 Fig. Comparison of the original data set (black lines) and the
data with subsampled initial period (red lines).

S4 APPENDIX. DERIVATION OF STEADY-STATE REACTION RATE
CONSTANTS FOR SCHEME 4

Since we do not need to track the full CaM species (since it does not
bind anything downstream) we consider lobes individually, namely
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CaMo, CaM1x, CaM2x where x can be either the N or C lobe. This
results in a three dimensional ODE system with 8 reaction rate con-
stants (4 per lobe) ki*, i € (1, 2, 3, 4), x € (C, N). The resulting ODE
system for a single lobe is

d[CaMO0x]

s = —kj[CaMO0x][Ca] + k5 [CaM1x] (31)
d[C(;TlM = k7[CaMOx][Ca] — k5 [CaM1x] — k3[CaM1x][Ca] + k;[CaM2x]
(32)
d[CcclllJt/lZﬂ = k3[CaM1x][Ca] — k}[CaM2x] (33)
The quasi-steady state approximation means % = 0, therefore
we can express [CaM1x] via other terms
0 = kF[CaMOx][Ca] — k3 [CaMTx] (34)
—k3[CaM1x][Ca] + kz[CaM2x] (35)
k>[CaM1x] + k3 [CaM1x][Ca] = k7 [CaMOx][Ca] + k; [CaM2x]
(36)
[CaM1x](k5 + k3[Cal) = k7 [CaMOx][Ca] + k;[CaM2x] (37)
1 4 x
[CaM1x] = 5T E[Cd] (k7[CaMOx][Ca] + kx[CaM2x]) (38)
and then substitute back into equations for d[cﬂ/{oﬂ and d[cil,\fzx]:
dmﬂrmlzmﬁmwwﬂm@ (39)
k)2( X X
—_ 2
+ T[] (K7 [CaMO0x][Cal + ky[CaM2x])  (40)
d[CaM2x] . k?g( [Ca] x x x
i = g kg‘[Ca] (k7 [CaMO0x][Cal 4+ ky[CaM2x]) — ki [CaM2x]

(41)

which after multiplying through, gathering the terms and some sim-
plification becomes:

d[CaM0x] kyk3 2 K3k
=— — s 2
o 5+ K3 [Cal [CaMOx][Ca]* + K5 113 (Cd] [CaM2x]
(42)
d[CaM2x] kyk3 2 K3k
— M —— =2  [CaM2
dt K5 + k%[Cal [CaMOx[Cal K5 + k%[Cal [CaM2x]
(43)
which if we set
kXKkX
fx _ 1™3
kXKkX
k0¥ ([Ca]) = = (45)

~ K3+ K3[Cal
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makes the reduced system

69

AL s ((Cal)CamonliCal? + K53 ([Cal) [CaM2x
(46)
‘”C‘;TZX] = k{3 ([Ca))[CaMOx][Cal* — k5 ([Cal)[CaM2x] (47)

easy to interpret as a CaMOx +2Ca <= CaM2x with Ca®"-dependent
reaction rates for Ca’* binding to lobe x € (C, N).

S5 APPENDIX. PUBLISHED REACTION RATE CONSTANTS

Reaction 10g10(kfﬁm) 10g10(kf%) log;,(KaM)
CaM + 2Ca <= CaM, 3.60 -2.10 -5.70
CaM, + 2Ca < CaM, 5.0 0.04 -4.96

Table 2: Original parameters from Putkey et al. (2008) for Scheme 1 that
were used as a basis for Kim et al. (2010) reaction rate constants (in

log,, scale).

Reaction logm(kfm) logw(kf%) log,,(KqM)
CaM + 2Ca < CaM, 4.86 -1.42 -6.00
CaM, + Ca <= CaM;, 3.56 -2.00 -5.55
CaM; + Ca < CaM, 2.67 -2.01 -4.68

Table 3: Scheme 2 parameters used in Bhalla and Iyengar (1999) (in logi,

scale).

Reaction log;o (ki) | 10gqo(kers) | loggo(KaM)
CaM + Ca «<— CaM; - - -5.10
CaM; + Ca < CaM, - - -5.77
CaM, + Ca < CaM; - - -4.46
CaM; + Ca < CaM, - - -5.05

Table 4: Scheme 3 parameters from Shifman et al. (2006) (in log;, scale).

S6 APPENDIX. OUR PARAMETER FITS FOR ALL SCHEMES

All of our parameter fits can be downloaded as a spreadsheet at the
github repository https://github.com/dom-linkevicius/FaasCalmodulin.

v,


https://github.com/dom-linkevicius/FaasCalmodulin.jl/
https://github.com/dom-linkevicius/FaasCalmodulin.jl/
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Reaction logm(kfm) logm(kfmis) log,,(KgM)
CaM + Ca «— CaM,¢ 3.60 -1.40 -5.00
CaM,c + Ca <— CaM,c 4.00 -2.03 -6.03
CaM + Ca < CaMn 5.00 0.40 -4.60
CaM,;n + Ca <— CaM,yN 5.18 -0.12 -5.30

Table 5: Scheme 4 and 5 parameters from Pepke et al. (2010) (in log,, scale).

Reaction logm(kfm) logm(kfmis) log,,(KaM)
CaM + Ca < CaM;,c 4.90 0.30 -4.60
CaM,c + Ca <— CaM,c 4.40 -2.20 -6.60
CaM + Ca <= CaMn 5.90 2.20 -3.70
CaMn + Ca <= CaM,n 7.50 1.40 -6.10

Table 6: Scheme 5 parameters from Faas et al. (2011) (in logy, scale).

Reaction 10g10(kfm) 10g10(kf#) log,,(KgM)
CaMyn + Ca <= CaM;n 5.44 0.96 -4.48
CaMyn + Ca < CaM,n 5.44 -1.80 -3.64
CaMn + Ca <= CaM;n 5.71 0.24 -5.46
CaM,\ + Ca <= CaM;n 5.70 -0.60 -6.30
CaMyc + Ca < CaM,c 5.44 0.70 -4.73
CaMyc + Ca <= CaM,c 5.44 1.50 -3.94
CaM;c + Ca <= CaM;c 3.57 -2.85 -6.42
CaM,¢ + Ca <= CaM;c 5.07 -2.14 -7.22

Table 7: Scheme 6 parameters from Byrne et al. (2009) (in log;, scale).




FITTING CA2+-CALMODULIN CHEMICAL REACTION NETWORKS

i ki | Kp, | k. | Kp,
Seed1 | 849 | -9.0 | 8.99 | 9.0
Seed 2 | 2.02 | -9.0 | 7.13 | -4.99
Seed3 | 6.72 | -9.0 | 9.0 | -8.98
Seed4 | 81 | -9.0 | 3.92 | 9.0
Seeds5 | 828 | -9.0 | 3.98 | -9.0
Seed 6 | 837 | -9.0 | 6.42 | -9.0
Seed7 | 82 | -9.0 | 403 | 9.0
Seed 8 | 8.66 | -9.0 | 7.75 | -9.0
Seedg | 82 | -9.0 | 405 | 9.0
Seed 10 | 8.09 | -9.0 | 3.76 | -9.0
Seed 11 | 8.19 | -9.0 | 8.03 | -5.54
Seed 13 | 3.07 | -9.0 | 6.79 | -8.92
Seed 14 | 8.1 | 9.0 | 7.83 | -5.79
Seed 15 | 8.03 | -9.0 | 479 | -9.0
Seed 16 | 8.14 | -9.0 | 2.56 | -8.94
Seed 17 | 824 | -9.0 | 53 | -9.0
Seed 18 | 8.88 | -9.0 | 7.85 | -9.0
Seed 19 | 8.05 | -9.0 | 7.21 | -5.16
Seed 20 | 8.22 | -9.0 | 6.88 | -7.17

Table 8: Our reaction rate fits (in log;, scale) for Scheme 1 for alli € {1...20}
seeds. Seed 12 was removed due to training failures.
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Scheme 1
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Figure 6: Pair plots for our reaction rate constants for Scheme 1 (blue dots)
for all random seeds, along with the published reaction rate con-
stants from Kim et al. (2010) (all in log,, scale).



FITTING CA2+-CALMODULIN CHEMICAL REACTION NETWORKS

i k, | Kp, | k. | Kp, | k; | Kp,
Seed 1 | 8.18 | -9.0 | 2.04 | -8.53 | 4.67 | -4.03
Seed2 | 203 | -90 | 6.6 | -9.0 | 422 | -6.21
Seed3 | 6.43 | -9.0 | 9.0 | -9.0 | 438 | -6.36
Seed 4 | 8.07 | 9.0 | 207 | -9.0 | 4.58 | -6.42
Seed 5 | 8.84 | -5.96 | 2.08 | -8.87 | 4.46 | -8.85
Seed 6 | 8.24 | -9.0 | 2.41 | -9.0 | 4.56 | -6.41
Seed7 | 6.52 | 9.0 | 6.15 | -9.0 | 4.41 | -6.29
Seed8 | 9.0 | -8.99 | 7.69 | -5.27 | 2.87 | -9.0
Seedg | 838 | 9.0 | 2.52 | -8.98 | 2.92 | -4.03
Seed 10 | 6.51 | -9.0 | 6.35 | -9.0 | 4.39 | -6.37
Seed 11 | 6.72 | -9.0 | 6.43 | -9.0 | 4.5 | -6.4
Seed12 | 7.5 | -9.0 | 5.99 | -8.34 | 5.29 | -9.0
Seed 13 | 6.44 | 9.0 | 6.41 | -9.0 | 4.35 | -6.37
Seed 14 | 6.7 | -9.0 | 7.36 | -9.0 | 448 | -6.37
Seed 15 | 6.62 | 9.0 | 6.53 | -9.0 | 4.42 | -6.35
Seed 16 | 8.16 | -9.0 | 2.07 | -8.98 | 4.13 | 4.1
Seed 17 | 7.97 | -8.77 | 6.66 | -8.8 | 84 | -8.88
Seed 18 | 6.61 | -9.0 | 6.5 | -9.0 | 4.44 | -6.39
Seed 19 | 8.09 | -9.0 | 2.02 | -6.18 | 8.75 | -8.86
Seed 20 | 6.54 | -9.0 | 6.29 | -9.0 | 4.42 | -6.36

Table 9: Our reaction rate fits (in log;, scale) for Scheme 2 for alli € {1...20}

seeds.
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Figure 7: Pair plots for our reaction rate constants for Scheme 2 (blue dots)
for all random seeds, along with the published reaction rate con-
stants from Bhalla and Iyengar (1999) (all in log;, scale).



FITTING CA2+-CALMODULIN CHEMICAL REACTION NETWORKS

i k, | Kp, | k. | Kp, | k; | Kp, | k; | Kp,
Seed 1 | 4.28 | -6.26 | 5.81 | -4.83 | 7.67 | -3.61 | 7.91 | -5.74
Seed2 | 2.1 | -3.23 (397 | -944 | 438 | -6.27 | 5.4 | -5.3
Seed3 | 4.2 | -6.46 | 5.47 | -5.47 | 7.68 | -2.8 | 8.53 | -6.26
Seed 4 | 5.94 | -4.83 | 6.0 | -5.77 | 4.66 | -6.05 | 3.17 | -4.15
Seed 5 | 596 | -7.85 | 4.21 | -6.43 | 7.9 | -3.09 | 6.94 | -6.63
Seed 6 | 6.77 | -4.7 | 578 | -6.03 | 4.36 | -5.69 | 6.78 | -4.01
Seed 7 | 4.29 | -6.26 | 5.67 | -4.98 | 7.55 | -4.21 | 7.37 | -5.08
Seed 8 | 4.32 | -6.62 | 5.23 | -4.79 | 2.07 | -3.38 | 6.36 | -6.1
Seedg | 4.22 | -6.33 | 5.54 | -5.19 | 7.53 | -3-4 | 7.84 | -5.76
Seed 10 | 5.76 | -5.84 | 4.5 | -5.64 | 2.36 | -6.83 | 5.51 | -2.39
Seed 11 | 428 | -6.2 | 5.83 | -4.75 | 767 | -3.3 | 8.2 | -6.01
Seed 12 | 4.27 | -6.32 | 7.71 | -3.17 | 7.08 | -6.08 | 2.18 | -4.96
Seed 13 | 2.01 | -6.41 | 5.64 | -5.77 | 4.6 | -6.94 | 3.28 | -3.98
Seed 14 | 7.18 | -3.36 | 6.97 | -7.52 | 4.41 | -5.94 | 6.87 | -4.18
Seed 15 | 4.35 | -6.64 | 5.31 | -4.83 | 2.11 | -3.26 | 6.53 | -6.19
Seed 16 | 5.46 | -5.09 | 2.59 | -8.02 | 4.36 | -6.1 | 5.53 | -4.67
Seed 17 | 5.6 | -7.06 | 4.21 | -6.42 | 7.71 | -3.06 | 7.05 | -6.59
Seed 18 | 4.12 | -6.34 | 5.59 | -4.77 | 7.59 | -3.3 | 7.92 | -6.03
Seed 19 | 5.38 | -4.89 | 2.74 | -8.22 | 437 | -6.1 | 5.57 | -4.48
Seed 20 | 432 | -6.29 | 7.73 | -3.43 | 6.9 | -5.89 | 2.29 | -4.86

Table 10: Our reaction rate
20} seeds.

{1...

fits (in log;, scale) for Scheme 3 for all i €
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Scheme 3
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Figure 8: Pair plots for our reaction rate constants for Scheme 3 (blue dots)
for all random seeds, along with the published reaction rate con-
stants from Shifman et al. (2006) (all in log;, scale).



FITTING CA2+-CALMODULIN CHEMICAL REACTION NETWORKS

i ks | Kp, | k; | Kp, | ks | Kp, | k; | Kp,
Seed1 | 6.52 | -4.18 | 6.4 | -5.67 | 438 | -5.28 | 5.5 | -6.2
Seed 2 | 6.16 | -4.13 | 6.3 | -5.73 | 4.35 | -5.21 | 5.26 | -6.37
Seed3 | 2.1 | -4.06 | 7.51 | -4.44 | 6.9 | -5.32 | 4.02 | -7.73
Seed 4 | 6.68 | -4.07 | 6.31 | -5.66 | 4.35 | -5.1 | 5.19 | -6.33
Seeds5 | 585 | -4.27 | 6.46 | -5.7 | 438 | -5.37 | 548 | -6.31
Seed 6 | 4.34 | -5.57 | 7.5 | -598 | 5.9 | -4.69 | 5.89 | -5.23
Seed 7 | 6.09 | -4.17 | 6.37 | -5.69 | 4.37 | -5.22 | 5.42 | -6.22
Seed 8 | 6.12 | -4.13 | 6.31 | -5.71 | 4.32 | -5.34 | 5.36 | -6.4
Seedg | 435 | -5.51 | 7.36 | -6.04 | 6.37 | -4.62 | 5.8 | -5.24
Seed 10 | 6.92 | -3.19 | 5.5 | -5.71 | 2.59 | -5.2 | 5.64 | -6.02
Seed 11 | 6.59 | -4.08 | 6.3 | -5.67 | 4.37 | -5.16 | 5.25 | -6.33
Seed 12 | 6.93 | -4.08 | 6.29 | -5.68 | 4.35 | -5.28 | 5.26 | -6.44
Seed 13 | 6.15 | -2.65 | 4.77 | -5.77 | 7.0 | -5.42 | 3.9 | -7.95
Seed 14 | 7.12 | -4.08 | 6.24 | -5.74 | 4.35 | -5.44 | 5.66 | -6.23
Seed 15 | 6.86 | -4.12 | 6.3 | -5.72 | 4.34 | -5.56 | 5.92 | -6.07
Seed 16 | 5.8 | -4.25 | 6.57 | -5.57 | 4.33 | -5.25 | 5.51 | -6.17
Seed 17 | 5.86 | -4.21 | 6.41 | -5.69 | 4.36 | -5.4 | 5.55 | -6.27
Seed 18 | 4.93 | -6.7 | 7.46 | -7.14 | 6.06 | -3.38 | 4.42 | -5.38
Seed 19 | 6.25 | -4.06 | 6.35 | -5.64 | 4.31 | -5.16 | 5.44 | -6.58
Seed 20 | 7.03 | -4.08 | 6.27 | -5.71 | 4.36 | -5.4 | 5.63 | -6.19

Table 11: Our reaction rate fits (in log;, scale) for Scheme 4 for all i €
20} seeds. Note that parameters are not sorted according to
dissociation constants, therefore parameters indicated as being for

{1...

the C lobe may be representative of the N lobe.
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Scheme 4

Our rates #8 Pepke et al.
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Figure 9: Pair plots for our reaction rate constants for Scheme 4 (blue dots)
for all random seeds, along with the published reaction rate con-
stants from Pepke et al. (2010) (all in log,, scale).



FITTING CA2+-CALMODULIN CHEMICAL REACTION NETWORKS

i ks | Kp, | k; | Kp, | ks | Kp, | k; | Kp,
Seed 1 | 583 | -2.82 | 7.51 | -6.48 | 4.45 | -5.21 | 4.06 | -5.71
Seed 2 | 6.29 | -2.69 | 7.19 | -6.63 | 4.37 | -5.1 | 4.09 | -5.74
Seed 3 | 6.68 | -3.05 | 7.03 | -6.19 | 4.47 | -5.19 | 4.07 | -5.79
Seed 4 | 5.81 | -2.51 | 7.45 | -6.75 | 4.34 | -5.18 | 3.99 | -5.6
Seeds | 6.79 | -2.44 | 7.34 | -6.84 | 3.9 | -5.17 | 5.62 | -5.48
Seed 6 | 471 | -5.9 | 5.89 | -4.88 | 5.56 | -4.93 | 4.2 | -5.87
Seed7 | 585 | -2.69 | 7.29 | -6.59 | 4.37 | -5.13 | 4.03 | -5.64
Seed 8 | 6.52 | -2.63 | 7.26 | -6.59 | 4.35 | -5.07 | 4.02 | -5.64
Seedg | 3.91 | -5.16 | 5.47 | -5.56 | 6.67 | -2.38 | 7.4 | -6.92
Seed 10 | 6.81 | -2.29 | 7.53 | -6.98 | 3.88 | -5.23 | 5.4 | -5.51
Seed 11 | 565 | -3.0 | 7.1 | -6.2 | 4.44 | -5.24 | 4.04 | -5.69
Seed 12 | 6.86 | -2.26 | 7.63 | -7.0 | 3.91 | -5.35 | 5.26 | -5.52
Seed 13 | 5.62 | -2.93 | 7.52 | -6.27 | 4.44 | -5.11 | 4.02 | -5.67
Seed 14 | 6.77 | -2.6 | 7.34 | -6.63 | 4.41 | -5.24 | 4.01 | -5.66
Seed 15 | 6.51 | -2.64 | 7.38 | -6.62 | 4.39 | -5.19 | 3.99 | -5.64
Seed 16 | 5.03 | -6.53 | 5.66 | -4.95 | 3.91 | -5.27 | 2.32 | -4.24
Seed 17 | 491 | -6.54 | 5.7 | -5.07 | 3.89 | -5.4 | 1.98 | -4.13
Seed 18 | 4.01 | -5.6 | 7.51 | -4.44 | 5.11 | 4.4 | 2.42 | -5.27
Seed 19 | 543 | -1.77 | 8.53 | -7.41 | 4.36 | -5.24 | 3.94 | -5.56
Seed 20 | 5.0 | -6.37 | 5.81 | -4.94 | 3.95 | -5.44 | 2.29 | -4.2

Table 12: Our reaction rate fits (in log;, scale) for Scheme 5 for all i €
{1...20} seeds. Note that parameters are not sorted according to
dissociation constants, therefore parameters indicated as being for

the C lobe may be more representative of the N lobe.
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Figure 10: Pair plots for our reaction rate constants for Scheme 5 (blue dots)
for all random seeds i € {1...20} seeds, along with two sets of
published reaction rate constants orange crosses (Faas et al., 2011)
and green triangles (Pepke et al., 2010) (all in log,, scale).



FITTING CA2+-CALMODULIN CHEMICAL REACTION NETWORKS 81
U kg | kg, | Ky | kg | Ky, | Ky, | Kp, | kG | kG | ki | kG| Ky, | Kp, | Ky,
1 | 329 | 626 | 525 | 7.63 | -3.34 | -591 | -2.92 | 4.12 | 4.23 | 1.89 | 527 | -446 | -541 | -6.32
2 6.55 | 437 | 7.07 | 578 | -3.06 -6.2 -3.16 | 3.99 | 4.22 | 2.03 | 532 | 434 | -536 | -6.43
3 | 372 673|339 | 73 | 44 | 478 | 292 | 4.0 | 452 | 1.54 | 423 | -545 | 4.9 | -524
4 | 533 | 621 | 586 | 747 | -2.77 | 647 | -2.77 | 4.05 | 4.2 | 1.89 | 524 | -444 | -534 | -63
5 | 681 | 386 | 723 | 347 | -2.93 | 6.36 | -4.23 | 4.22 | 649 | 3.53 | 6.06 | -532 | -2.59 | -5.23
6 | 39 [ 387 | 532 | 547 | -523 | 542 | 498 | 544 | 692 | 357 | 747 | -239 | -2.53 | -6.93
7 | 342 | 666 | 523 | 735 | 40 | -527 | -2.82 | 433 | 6.12 | 3.68 | 6.16 | -5.4 -2.4 | -5.21
8 | 429 | 6.65 | 542 | 7.24 | -3.29 | -5.92 | -2.95 4.2 | 404 | 53 2.27 | -5.31 | -4.37 | -5.38
9 | 363 | 674 | 512 | 733 | -367 | -558 | -29 | 408 | 4.24 | 2.21 | 532 | -4.41 | -5.36 | -6.39
10 | 313 | 642 | 333 | 731 | -425 | 4.95 | -2.99 | 407 | 422 | 1.99 | 542 | -4.36 | -5.39 | -6.32
11 | 597 | 536 | 728 | 572 | -3.11 | -6.06 | -2.77 | 4.16 | 4.26 | 1.98 | 534 | 449 | -54 | -6.37
12 | 532 | 6.69 | 587 | 746 | -2.95 | -6.23 | -2.94 | 4.16 | 427 | 2,12 | 536 | -4.42 | -5.47 | -6.47
13 | 525 | 6.61 | 598 | 7.26 | -3.06 | -6.18 | -3.02 | 4.3 6.43 3.6 | 6.09 | -534 | -2.49 | -5.26
14 | 416 | 426 | 253 | 534 | 442 | 642 | -533 | 543 | 6.94 | 357 | 7.51 | -2.59 | -2.78 | -6.63
15 | 3.07 | 6.68 | 5.2 756 | -3.97 | -5.31 | -2.84 | 4.14 | 424 | 1.98 | 5.28 -4.4 -5.37 | -6.39
16 | 403 | 418 | 267 | 534 | 438 | -6.27 | -531 | 566 | 559 | 731 | 504 | -3.26 | -2.53 | -5.96
17 | 3.24 | 6.68 | 3.51 | 7.39 | 431 | -4.99 | 272 | 4.28 | 6.49 | 3.62 | 6.25 -5.3 -2.4 -5.25
18 | 567 | 54 | 733 | 561 | -3.12 | -6.12 | -2.69 | 439 | 3.92 | 411 | 1.88 | -5.12 | -5.24 | -5.54
19 3.8 416 | 461 | 6.49 | -5.82 | 401 | 479 | 541 | 545 | 033 | 537 | 462 | -1.72 | -5.11
20 | 417 | 428 | 252 | 536 | -4.48 | -6.41 | -5.36 | 541 | 6.79 | 3.57 | 7.4 -2.72 | -2.93 -6.5
Table 13: Our reaction rate fits (in log,, scale) for Scheme 6 for all i €

{1...20} seeds. Note that parameters are not sorted according to
dissociation constants, therefore parameters indicated as being for
the C lobe may be more representative of the N lobe. Also, note
that K, . and Kp | are absent as they are not free parameters, but
expressed via other dissociation constants due to microscopic re-

versibility constraints: K’]:‘)23 =

X

KX
Do2

K K
Do1 "Dj3
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Figure 11: Pair plots for our reaction rate constants for Scheme 6 (blue dots)
for all random seeds, along with the published reaction rate con-
stants from Byrne et al. (2009) (all in log;, scale).



FITTING CA2+-CALMODULIN CHEMICAL REACTION NETWORKS

CONCLUSIONS

This chapter dealt with the challenge of fitting a chemical reaction
network in the circumstances when the participant species and com-
plexes are reasonably well constrained. The main challenge was find-
ing reaction rate constants that would result in the best fit to the data
given the structure of the chemical reaction network. Moreover, the
data used in this chapter contained experimental conditions which
showed significant variability and therefore required NLME mod-
elling to account for.

Even with a relatively rich data set, the fitted parameters in some
cases spanned 5 or more orders of magnitude between different seeds
(Figures 6 to 11), implying that the data does not constrain the pa-
rameters sufficiently well. Therefore, additional data which would
include genetic manipulations isolating the individual Calmodulin
lobes may be necessary.

This chapter illustrates the benefit of comparing the chemical re-
action models used in computational neuroscience, which is seldom
done. The results showed that a number of previously used Ca?"-
Calmodulin schemes were not expressive enough to reproduce the ex-
perimental data (Faas et al., 2011; Shifman et al., 2006). Therefore, ad-
ditional research into the downstream consequences of using a poorly
performing Ca?*-Calmodulin scheme may be informative, especially
confirming the results of some publications which used them. One
additional important Ca®* signalling feature is its spatial distribution
(Lee et al., 2009; Wang and Augustine, 2015). It is possible that models
which include the spatial aspects of Ca" signalling may counteract
some of the shortcomings of more simplified schemes. For example,
see Figure g (in the publication) first column, where Scheme 1 does
not produce any Ca?" integration, whereas if the Ca?* was more con-
centrated in a smaller nanodomain, the Ca®" signal integration may
have occurred.

Future work could build upon the results presented in this chapter,
titting Calmodulin-CaMKII interactions to data and comparing the
performance of the newly fitted Ca®"-Calmodulin-CaMKII network
with respective schemes used in the literature. Finally, the work un-
dertaken in this chapter bears implication for situations when chem-
ical reaction networks are used as helpful abstractions — given that
it is difficult to constrain a reasonably structurally well-known chem-
ical reaction network if it only contains one observed entity, fitting
a chemical reaction network model when the structure is not well-
known is bound to pose an even greater challenge. In the next chap-
ter on the modelling of the voltage-gated potassium channel gating, I
delve deeper into the challenge of unknown underlying chemical re-
action networks, and how it can be addressed with scientific machine
learning.
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This chapter tackles the challenge of creating chemical reaction net-
work models when there are few constraints of its states. This is par-
ticularly prevalent when the states are may be useful abstractions,
not corresponding to real physical states. Specifically, chemical reac-
tion networks of varying complexity are used to model the voltage
gating of ion channels (Hodgkin and Huxley, 1952). Such models can
contain multiple non-conducting, as well as open states, or gating par-
ticles, if a Hodgkin-Huxley (HH) formalism is used. However, only
the dynamics of the open states are observable due to the conducted
current. Therefore, the closed states, which are often the majority, can
be difficult to constrain. Theoretical work shows that under certain
assumptions (stationary scheme, low levels of noise), the underlying
Markov schemes can be identified (Fredkin and Rice, 1985). However,
these assumptions do not always hold and practical considerations
need to be taken into account.

The work presented in this chapter showcases a way to address
multiple different challenges in the modelling of voltage-gated ion
channel gating. By using the recordings of 20 different K, channels
(Ranjan et al., 2019), scientific machine learning (5ciML) and nonlin-
ear mixed effects (NLME) modelling, I created K, models that repro-
duced the data better than existing baselines. Moreover, the classical
channel gating models require a single chemical reaction network per
channel type. My results show that it is possible to use a single HH
inspired model, with neural network-based equilibrium fraction and
time constant functions, to create a unified SciML HH model that cap-
tures the gating dynamics of 20 different K, channels. Importantly,
the unified SciML HH model performs similarly to individual SciML
HH Hodgkin-Huxley models fitted to individual channel data. More-
over, the unified SciML HH model exhibited significant imputation
capabilities by accurately reproducing the data for K, types that it
was not trained on. These results are an important step forward in
facilitating faster, more accurate, more general and streamlined cre-
ation of ion channel gating models.

The majority of this chapter is formed by the pre-print publication:
Linkevicius D., Chadwick A., Stefan, M. 1., & David C. Sterratt, D. C.
(2025) “One model to rule them all: unification of voltage-gated potas-
sium channel models via deep non-linear mixed effects modelling’
(https://www.biorxiv.org/content/10.1101/2025.04.24.650426v1).
At the time of writing it has been submitted to a journal and is un-
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dergoing peer-review. The publication is followed by a brief supple-
mental information as well as some additional concluding remarks.
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One model to rule them all: unification of voltage-gated
potassium channel models via deep non-linear mixed effects
modelling

Domas Linkevicius!, Angus Chadwick!, Melanie I. Stefan?, David C. Sterratt®"

1 Institute for Adaptive and Neural Computation, School of Informatics, University of
Edinburgh, Edinburgh, United Kingdom
2 Faculty of Medicine, Medical School Berlin, Berlin, Germany

* David.C.SterrattQed.ac.uk

Abstract

Ton channels are essential for signal processing and propagation in neural cells.
Voltage-gated ion channels permeable to potassium (K ) form one of the most
prominent channel families. Techniques used to model the voltage-dependent gating of
K, channels date back to Hodgkin and Huxley (1952). Different K, types can display
radically different kinetic properties, requiring different mathematical models. However,
the construction of Hodgkin-Huxley-like (HH-like) models is generally complex and time
consuming due to the number of parameters, their tuning and having to choose
functional forms to model gating.

In addition to the between-K, type heterogeneity, there can be significant within-K
type kinetic heterogeneity between different cells with genetically identical channels.
Since HH-like models do not account for such variability, extensions to it are necessary.
We use scientific machine learning (SciML), the integration of machine learning
methodologies with existing scientific models, and non-linear mixed effects (NLME)
modelling to bypass the limitations of HH-like modelling. NLME is a modelling
methodology that takes into account both within- and between-subject variability.
These tools allowed us to complement the HH-like modelling and construct a unified
SciML HH-like model that fits the recordings from 20 different K, types. The unified
SciML HH-like model produced closer fits to the data compared to a set of seven
previous HH-like models and was able to represent the highly heterogeneous data from
different cells. Our model may be the first step in producing a SciML foundation model
for ion channels that would be capable of modelling the gating kinetics of any ion
channel type.

Author summary

Ton channels are complex molecules embedded in the membranes of neurons — the cells
responsible for signal propagation and processing in the brain. Ion channels can open
and close in response to various types of stimuli, in particular the voltage difference
across the cell membrane . Computational modelling, usage of mathematical techniques
to represent a system and algorithmically solve for its dynamics, has been previously
used to understand the dynamics of voltage-gated ion channels. However, computational
modelling of voltage-gated ion channels requires costly and complex optimization
routines to fit their structure and parameters. We utilize two tools new to the modelling
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of voltage-gated ion channels — scientific machine learning and non-linear mixed effects
modelling — to bypass some limitations associated with the existing methods.

By using scientific machine learning and non-linear mixed effects modelling we were
able to create a unified model capable of modelling the gating dynamics of 20 different
ion channels. This is in stark contrast to the existing modelling approaches, where each
channel requires its own model. Moreover, our unified model performed better than
seven existing ion channel gating models. Therefore, the tools we used and the model
we created is a significant step forward in facilitating the modelling of ion channel
gating. Future work could include even more ion channels types within the scope of our
unified model.

Introduction

Ton channels are ubiquitous in cellular membranes and essential for various forms of
signal transduction. There are multiple different mechanisms by which ion channels can
be activated, such as different ligands, mechanical stimulation, and voltage, whereas
some channels are passively open [1]. Voltage-gated ion channels are important because
they are one of the main means of signal conduction in the nervous system and neural
cells [2,3]. An important feature of voltage-gated ion channels is their permeability to
one dominant ion type, with sodium, potassium and calcium being the most
prominent [1]. Moreover, even among voltage-gated channels that are permeable to the
same ion, there is significant functional and structural heterogeneity [4]. For example,
there are 40 different voltage-gated potassium channels expressed in the mammalian
brain, divided into 12 subfamilies called K,1-12 [5]. Different voltage-gated ion channel
types show different voltage dependencies, making their role in electrical signalling
functionally distinct, yet overlapping [6]. One way to understand the functional
complexity resulting from the abundance of different voltage-gated ion channel types is
computational modelling.

Mathematical models of ion channels found in the central nervous system can be
used in compartmental models of neurons to elucidate the importance and interactions
between various channel types, as well as the interaction between electrical and
biochemical signalling [7,8]. One of the most prominent and widespread paradigms of
voltage-gated ion channel modelling was first published in the pioneering work of
Hodgkin and Huxley [2]. Hodgkin and Huxley used various experimental manipulations
to characterize the voltage dependencies of the sodium and potassium channel gating in
the squid giant axon. The essence of their method is computational modelling of
hypothesised gating variables via differential equations. Adapting the notation in [9],
two voltage and temperature-dependent functions describe the dynamics of the ith
gating variable m;: the steady-state probability of the gate being open m; oo (V,T') and
the time-constant of the kinetics 7;(V,T'), where V is the membrane potential and T is
the temperature. These functions are used in an ordinary differential equation system
which can be solved numerically to obtain the dynamics of the gating variables over
time m;(t). The gating dynamics can then be used to obtain the current conducted over
time I(t). There are many possible functional forms used for m; oo (V,T) and 7(V,T)
(see various models in https://modeldb.science/ [7] for examples).

Even though the HH modelling paradigm was a breakthrough, its application can be
complex: 1) finding and tuning the parameters of the often numerically unstable
functional forms of m; «(V,T) and 7;(V,T) that can easily exhibit extreme behaviours;
2) setting up an appropriate m; structure often requiring either expensive discrete
optimization routines or manual hand-tuning; 3) assumption of independence between
the gating variables that may make it difficult to fit the data. The first two difficulties
are not unique to the HH paradigm, they also apply if Markov models, which are a
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generalization of the kinetic schemes used by Hodgking and Huxley [2], are used.
Markov models offer more flexibility, but can often result in parameter and kinetic
scheme structure unidentifiablity [10]. The difficulties of the Hodgkin-Huxley model
were highlighted with the publication of a data set described in Ranjan et al. [4].

The data recorded by Ranjan et al. [4] (see
https://channelpedia.epfl.ch/expdata) contains automated voltage-clamp
recordings of 40 different K, channels, one at a time expressed in CHO cells. They used
a set of voltage-clamping protocols to probe the activation, inactivation, deactivation
and recovery of K, channels, as well as their response to ramp and action potential-like
stimuli. One of the key insights from the Ranjan et al. [4] data is the inherent kinetic
heterogeneity of some K, subtypes: even though the K, channels expressed in the cells
were genetically the same, the recordings showed significant variability for some channel
types, e.g. for K,1.3 or K,3.4. The data showed variability in what using the HH
paradigm would be modelled as m; , as well as 7;.

The challenge posed by the data in Ranjan et al. [4] to the HH and Markov
paradigms is that the basic models have one set of parameters and are not built for
handling heterogeneity, i.e., different functional forms for m; oo (V,T) and 7;(V,T) and
number of gates m; with different functions may be required for different cells. Fitting a
model to a single current recording is a challenging task; fitting many such models via
the classical HH paradigm may be prohibitively expensive. Although there are
purpose-built approaches to identifying the Markov gating structure of a given current
recording [11], to the best of our knowledge, no approach currently used in
computational neuroscience can efficiently handle the challenge of data heterogeneity.

To address the challenge of heterogeneous channel behaviour, we apply modelling
tools used in pharmacokinetics and pharmacodynamics (PK/PD), where heterogeneous
populations of patients and complex dynamics are commonplace. The nonlinear mixed
effects (NLME) modelling [12] framework is common in PK/PD literature and is
well-suited to model complex dynamics in heterogeneous populations. NLME is a
hierarchical framework with the population level parameters (fixed effects) at the
highest level and individualized parameters (random effects) at the lowest level (see
Figure 2). This structure allows to both individualize predictions in the presence of
significant individual differences (for example, people in clinical trials), as well as
extract average, population level models useful for future predictions. Moreover, the
NLME approach allows for arbitrary nonlinear functions to be used, so long as the
gradient vectors with respect to both fixed and random effects can be calculated.
NLME modelling has been applied widely in PK/PD (e.g. see [13]), and infectious
disease modelling [14], but it is also gaining popularity in other domains, for example,
individualized predictions of mood [15], repeated measurements of individualized gaze
estimation [16] and many other applications where the hierarchical structure is more
faithful to reality than a single level structure.

Given nonlinear functions powerful enough to model any m; (V,T) and 7;(V,T)
present in the data and enough gates m;, the NLME approach would serve as a suitable
tool to handle the heterogeneity observed in the Ranjan et al. [4] data. We use NLME
and neural networks, which are universal function approximators [17], to represent
m;0o(V,T) and 7;(V,T) and fit a single HH-like model for all K, channels for which
Ranjan et al. [4] provide data. We first fit a unified K, channel model by pooling data
from different channel types into a single data set, relying on the power of neural
networks to provide functional flexibility and the random effects to capture the
heterogeneity present in the data. We then utilize the channel type and recording
temperature information of individual recordings to predict a portion of variability
inherent to the channel type and temperature that was initially captured by the random
effects. This step also allows the derivation of average models for different K, types.
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We then compare our unified model performance against multiple existing single
channel model baselines. We show that the predictions of our unified model result in
lower RMSE values than ones from models used in existing publications, even if random
effects are added to their parameters. This comparison proves that our unified model
that uses neural networks to represent m; oo(V,T) and 7;(V,T) learns representations
that can model the K, dynamics in response to protocols presented in the data more
accurately than the bespoke models . Moreover, the benefits of having a unified model
are shown via the superior performance of the unified model against multiple separate
models using the same neural network-based approach. We hypothesize that the unified
approach outperforms the multiple single channel modelling approach due to the
sharing of information between similar K types, especially when data is more limited,
and finding more universal m; o (V,T) and 7;(V,T) forms. Finally, we analyse the
Mi,00(V,T) and 7;(V,T) functions, and the temperature dependence of different K,
types.

Our results are practically useful in many ways, for example, by providing a
significantly simpler and more efficient way to represent different K, models, by
providing a workflow of voltage-gated ion channel model development that is
significantly faster and more powerful than the previously used methods and a set of
heterogeneous K, channel fits that are usable in traditional computational neuroscience
simulators, such as NEURON [18]. Finally, our results point to a set of new higher level
possibilities, such as a unified channel model representing both potassium and sodium
channels, as well as being able to more easily integrate information of how different
cellular factors affect channel dynamics.

Methods

Raw data

We downloaded the data for all cells that were classified as active by Ranjan et al. [4]
for further processing locally. For a full description of the data and the recording
conditions see the original publication. The raw current recording data used in this
study has been downloaded in the neurodata without borders (.nwb) format from
https://channelpedia.epfl.ch/expdata for the following 20 channel types: K,1.1,
K,1.2, K 1.3, K, 1.4, K 1.5, K, 1.6, K, 1.8, K, 2.1, K, 2.2, K, 3.1, K,3.1, K,3.3, K,3.4,
K.4.1, K 4.2, K,4.3, K,10.1, K10.2, K,12.1, and K,12.3. These channel types were
chosen based on a preliminary inspection of the number of cell recordings that showed a
good signal to noise ratio in a sufficient number of recordings over different
temperatures (15°C, 25°C and 35°C).

Voltage-clamp protocols used in Ranjan et al.

The current recordings in Ranjan et al. [4] were obtained by applying (often multiple
times) six voltage-clamp protocols. Each protocol began with a 100ms baseline period,
where in the first 40ms each cell was held at —80mV, then the holding voltage was set
to —90mV for 10ms and from 50ms to 100ms the voltage was set back to —80mV. After
this initial baseline period, each cell was exposed to one of six voltage clamp protocols —
activation, deactivation, inactivation, recovery, ramp and action potential-like
stimulation — meant to probe different K, channel properties. Each protocol consisted
of a specific number of sweeps where a single feature of the protocol was varied. After
each sweep, the cell was held at —80mV for the final 100ms. Generally, after the initial
activation protocol, the protocols in Ranjan et al. [4] were applied in a consistent order
(potentially multiple times): activation, ramp, deactivation, AP, inactivation. After the
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repetition of these five protocols, the recovery protocol was applied, potentially multiple
times. Due to the limitations of Pumas. j1 (its usage is described below), which
disallows continuously applied time-varying negative stimuli, we only used the first four
protocols — activation, deactivation, inactivation and recovery, described briefly below;
for full description, see Ranjan et al. [4].

Activation

The activation protocol consists of 18 sweeps at different holding voltages meant to
measure the steady state activation levels of K, channels. Specifically, after the baseline
period, cells were held between —90mV and +80mV (10mV increments) for 500ms.

Deactivation

The deactivation protocol consists of 12 sweeps meant to probe the deactivation kinetics
of K, channels. Each sweep includes two different voltage levels: during the first 300ms
the cells were clamped at +70mV, whereas for the subsequent 200ms the cells were held
at voltages between —80mV to +30mV (10mV increments).

Inactivation

The inactivation protocol consists of 12 sweeps meant to probe the inactivation kinetics
of K, channels. Each sweep includes two different voltage levels. During the first
1500ms the cells were held at voltages between —40mV to +70mV (10mV increments).
Afterwards, the holding voltage is switched to +30mV for 100ms.

Recovery

The recovery protocol consists of 16 sweeps intended to investigate the kinetics of K,
recovery after activation. For the first 1500ms the cells were held at +50mV to induce
channel activation and, potentially, inactivation. Then, each cell was held at —80mV for
a time period ranging between 50ms to 2300ms (150ms increments) during which the
channels recovered. Finally, the cells were held at +50mV for 200ms to measure the
levels of channel recovery after the recovery period.

Data processing

In order to make the data in Ranjan et al. [4] suitable for model training we undertook
a series of data processing steps (Figure 1). First, we filtered out inconsistent data. We
then applied a time series smoothing algorithm to reduce the noise levels, followed by
setting the current baseline to 0, normalization of the current, rescaling, exclusion of
systematic data artifacts and downsampling. All data processing, modelling and
analyses in this paper were performed using the Julia v1.10.4 programming
language [19].

Filtering out inconsistent data

We included only the second repetition of the activation protocol and the first repetition
of each other protocol for further processing instead of averaging the different
repetitions. We chose this approach due to frequent inconsistencies of current
amplitudes or time constants between subsequent repetitions. We assumed that the
earlier repetitions are of higher quality due to suffering from rundown less.

First, we visually inspected the second repetition of the activation protocol for all of
the cells and if any systematic irregularities were detected, we manually excluded the
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cells from further usage. This left a total of 2969 cells for further processing. For a more
detailed summary of the number of sweeps left after the data processing see Table 1.

Since the activation sweeps were recorded first, we treated them as the standard
reference point against which subsequent data is to be compared and scaled to. We
compared the sweeps from other protocols to the relevant parts of the activation
protocol using the mean absolute percentage error (MAPE), where m is the length of
the time series being compared, x is the reference time series and y is the time series
being evaluated:

(1)

Ti —Yi
Ly

1 m
MAPE@JU:;EE:
=1

Using cell and sweep-specific references we then excluded any subsequent sweeps that
were not consistent with the relevant activation sweep according to the following criteria:

e Deactivation — after the initial baseline period of 100ms, for the next 300ms in
all sweeps in the deactivation protocol the cells are held at +70mV. If after setting
the baseline to 0 (by subtracting the mean of the current during the first 40ms of
the baseline period), and scaling of the peak current to match the activation
protocol peak at +70mV, MAPE > 0.05, the sweep is not used.

e Inactivation — after the initial baseline period of 100ms, cells are held at voltages
ranging from —40mV to +70mV, which is a subset of the voltages used in the
activation sweeps. Therefore, we took the first 500ms post-baseline from the
inactivation sweeps and the activation sweeps held at the same voltage. We then
set both of their baselines to 0 (by subtracting the mean of the current during the
first 40ms of the baseline period) and scaled both inactivation and activation
sweeps by the ratio of the activation peak at +80mV divided by the peak of the
respective sweep (inactivation or activation). If MAPE > 0.05 for the inactivation
protocol compared against the matching activation protocol, the inactivation
sweep was not used. We chose to scale both sweeps to the activation peak at
4+80mV, which introduces a systematic bias, instead of the peak at the matching
activation voltage to avoid introducing additional noise which often resulted in
inconsistencies in inactivation peaks, where clamping to lower voltages resulting in
higher current peaks compared to higher voltages.

e Recovery — after the initial baseline period of 100ms, cells are held at +50mV for
the first 1500ms. Therefore, we took the first 500ms of that 1500ms and compared
against the 500ms of activation protocol at +50mV. We set the baseline of both
sweeps to 0, scaled both sweeps by the ratio of activation peak at +80mV divided
by the peak of the given sweep and calculated the MAPE values. Moreover, there
were multiple cases where the recovery sweeps were internally inconsistent; some
traces showed significantly different current values at the end the 1500ms.
Therefore, we calculated the median current value at 1500ms post-baseline over all
the sweeps of a given cell and we used recovery sweep only if MAPE < 0.05 and
the current value at 1500ms post-baseline was within one standard deviation of
the median.

These consistency checks were necessary to ensure that we kept only the sweeps that
were internally consistent with the activation sweeps, for example there were no
significant differences in time constants or large recording artifacts, etc. Usage of
inconsistent data would have significantly hampered model training by requiring
additional model mechanisms capable of accounting for the inconsistencies.
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Fig 1. Visual representation of data processing pipeline. Each row represents the processing undertaken by some
sample sweeps for each protocol: top row — activation, second row — deactivation, third row — inactivation, fourth
row — recovery. The legends for each row are given in the last column. The plot for MAPE exclusion for the
activation protocol is not shown because this step is not applied to the activation protocol. The down-sampling
was not applied to the deactivation protocol because MAPE > 0.05. The normalization and rescaling column
contains the relevant activation trace to which the other protocols were rescaled to.

Smoothing

After the filtering of the sweeps inconsistent with the second repetition of the activation
protocol, we smoothed the data using the Julia KissSmoothing.jl v1.0.8 package
(see https://github.com/francescoalemanno/KissSmoothing. j1). It implements a
smoothing function called denoise which transforms the signal using the discrete cosine
transform and convolves it with an Gaussian function (similar to the method outlined
in [20]). We use denoise with default parameters, except for setting the smoothing
intensity to factor=1.0.

Setting the baseline

Since the raw current recordings were often offset from 0 at —80mV, when there should
be no significant potassium current (due to the voltage being close to the reversal
potential and channels generally being closed), we calculated the mean of the first 40ms
of each sweep and subtracted it from the full sweep to set the mean during the baseline
period to 0.

Normalization

Since we were only interested in the channel gating dynamics, we normalized each sweep
by the current peak I,,,, of activation sweep when the cell was held at +80mV. This
allows us to model only the gating dynamics, reducing the number of parameters that
need to be fit.

Rescaling

For each sweep of each protocol other than activation, it was rescaled by ratio of the
matching activation sweep peak current divided by the given sweep peak current before
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Table 1. Number of sweeps of the data remaining after filtering of inconsistent data and irregularities.

Channel type | Total # of sweeps | 15°C | 25°C | 35°C | Activation | Deactivation | Inactivation | Recovery

All types 87640 25788 | 45535 | 16317 52020 17867 10785 6968
K 1.1 7024 2168 | 3417 | 1439 4716 1378 618 312
K 1.2 6010 1848 | 3165 997 3600 1462 503 445
K,1.3 8323 2042 | 4628 | 1653 6120 1403 493 307
K,1.4 5040 1169 | 2806 | 1065 3942 936 145 17
K,1.5 8788 1696 | 6234 858 4356 2030 1090 1312
K 1.6 3837 1312 | 1703 822 2394 817 376 250
K,1.8 1116 514 380 222 972 46 91 7
K,2.1 4552 1578 | 2471 503 1800 1180 699 873
K 2.2 4071 736 2464 871 2034 1134 475 428
K,3.1 4943 1882 1929 1132 2034 1286 949 674
K,3.2 6663 1678 | 4045 940 2700 1650 1259 1054
K,3.3 8087 1626 | 4595 | 1866 4104 1993 1180 810
K34 3421 1275 | 1308 838 2430 527 364 100
Ky4.1 2028 922 870 236 1512 319 141 56
K,4.2 1318 697 381 240 1134 53 117 14
K,4.3 2557 1009 | 1322 226 1908 477 128 44
K,10.1 3165 991 1547 627 1926 596 635 8
K,10.2 1238 386 242 610 1026 2 204 6
K,12.1 4161 1627 | 1638 896 2286 563 1061 251
K,12.3 1298 632 390 276 1026 15 257 0

normalization by I,,4.. Concretely, each sweep of the deactivation protocol was rescaled
by the activation sweep peak when the cell is held at +70mV. Each trace of the
inactivation protocol was rescaled by the matching activation sweep. Finally, each
sweep of the recovery protocol was rescaled by the activation sweep peak when the cell
is held at +50mV.

Excluding systematic recording artifacts

A significant number of sweeps showed fast negative deflection artifacts whenever
voltage-clamping level was changed. This behavior does not arise from channel gating
dynamics, therefore, after taking the previously described data processing steps, we
excluded any points that are more negative than —0.01. This is to avoid the model
being penalized for not fitting the data it by construction can not reproduce.

Down-sampling of sweeps

In order to speed up model training we down-sampled all the sweeps by using the M4
down-sampler. The M4 down-sampler was chosen because of its simplicity, efficiency
and preservation of extrema [21]. More specifically, for a given time-series 2 and number
of bins b, the M4 down-sampling algorithm starts by dividing = into b non-overlapping
bins and then takes the first and the last values in that bin, as well as the maximal and
the minimal remaining values. Therefore, the M4 down-sampler reduces the length of a
time-series from the initial length & to 4b.

Each initial 100ms baseline recording was reduced from 1000 to 9 points: 3 points
from the first 40ms, 3 points from 40ms to 50ms and 3 points from 50ms to 98ms, all
spaced equidistantly within each of these periods. The final 100ms was also
down-sampled to 3 equidistant points. For the activation protocol, the 4000 points
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starting from 100ms to 600ms were down-sampled to 120 points. For the deactivation
protocol, the 3000 points between 100ms to 400ms were down-sampled to 72 points,
while the points between 400ms to 600ms were down-sampled to 48 points. For the
inactivation protocol the 15000 points between 100ms and 1500ms were down-sampled
to 360 points, whereas the 1000 points between 1600ms to 1700ms were down-sampled
to 24 points. Finally, for the recovery protocol, the 15000 points between 100ms and
1600ms were down-sampled to 360 points, the period between the initial +50mV and
the test +50mV that was of variable length was down-sampled to 3 points spaced
equidistantly, and the second +50mV period of 150ms was down-sampled to 48 points.
Down-sampling was the final step of our data processing pipeline. The data remaining
at this point was split into training, validation and test data sets (described below).
The full raw and the processed data are available to be downloaded at [22]. Next we
move on to describe the general nonlinear mixed effects modelling approach.

Nonlinear mixed effects (NMLE) modelling

We adapt the definitions of NLME provided in [23,24]. The NLME modelling
framework comprises a two level hierarchical structure (Fig 2) with fixed effects © at
the upper level which do not vary between recorded entities. Fixed effects can be
broadly grouped into

e model parameters 0
e random effect prior distribution parameters €2
e observation model noise parameters o

The lower level consists of random effects n,, which account for the inter-individual
variability of the observations by individualizing the model parameters 6 for the nth
individual. In this study the inter-individual variability is between the recorded currents
yn for the nth cell. Furthermore, a set of covariates Z,, (which are known at the outset)
are associated with the nth cell, namely, the temperature of the recording (but see
below), as well as the channel type.

These three sets of values (0,7, and Z,,) are collated via the parameter model g
(note the similar but distinct notation g for the maximal channel conductance) into the
dynamical parameter vector p, of the nth cell

Pn :g(eavann) (2)

The dynamical parameters p,, are then fed into the structural model (e.g. an ordinary
differential equation (ODE) system)

U{n = f(unapnvt) (3)

where u,, are the dynamical variables being solved for, e.g. the gating variables in the
Hodgkin-Huxley formalism. The final step is to link the numerical solution of the ODE
system to the experimentally observed quantities y,;, where j denotes the number of
different observed quantities for the nth individual. In this study the only observable
quantity is the recorded normalized current defined in Equation 10. After numerically
solving Equation 3, the appropriate variables are derived and passed through a
Gaussian observational model to account for observational noise, giving yy,; (in this
study there is only one observed quantity, therefore j is omitted)

1

Nmaz

P(ynlt) | O.m0) = N ( [ (1) ,o) (4)
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Fixed effects 6

Observational noise Model parameters Random effect prior

o

0 Q

'

\__ Jth observable J Random effects

> D

ODE
solution

Yy In

o

nth entity 7

n
Subject covariates /

Fig 2. Visual representation of an NLME model, rectangle nodes in the top box denote parameters (fixed
effects), circles denote random quantities which are either latent (unfilled) or observed (filled), diamonds are
deterministic given the inputs, and nodes without a border are constant.

where II" @)

» is defined in Equation 10. In all following equations the dependence of ¥,
on time will be omitted to reduce visual clutter.

There are many ways to fit NLME models, both frequentist and Bayesian [25]. In
this study we used both the maximum a posteriori (MAP) conditional log-likelihood
objective which can be stated as

N
%, 0" = argmax (p(G) 1p@n 1©,70) - (0 | 9)) (5)

i=1

as well as the maximum a posteriori (MAP) first order conditional estimate (FOCE) of
the marginal likelihood [9]

N
0" = arg max (p(e) : H P(Yn | 9))
n=1
§ (6)
= argmgx (p(e) ’ H /p(yn | ©,1n) - p(nn | @)dﬂn>
n=1

with the random effects for individual cells set to their empirical Bayes estimate (EBE,,
values defined as

EBE, = 7, = argmax (p(y | © = 0", m) (1 | © = ©)) 7)

In both definitions ©* is the mode of the fixed effects and p(©) is the fixed effect prior
distribution. We specify how we used both of these objectives below.
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K, channel models

In this study we use four types of models which we evaluate and fit to the Ranjan et
al. [4] data, all of which follow the general HH equations for the gating variables m;
which form the function f in Equation 3:

dm; MooV, T) —m
dt N TZ(V,T)

(8)

These equations can be solved numerically to obtain the current I(¢) conducted by the
channels over time. I(¢) is the product of the gating variables m;(¢), the maximum
channel conductance g, the ionic reversal potential E and the gating variable power n;

I(t) = g(V(t) — E) H m;' (t) 9)

Since we are only interested in the channel gating dynamics captured by m;, instead we

derive the normalized current I(t)

It) _ gv@) -EB)Im"@t) 1 N
Iaz B g( mazr )H mf;mm V V(t Hm (t (10)

where V = Voo — E, Vinas = 80mV and IL m?;mm =1 by definition. We next
describe the four types of HH models that we used, which differ in their scope, the
functional forms used for m; oo (V,T') and 7;(V,T), the inclusion of the gating power n;
and the inclusion of random effects.

The first model type, which we call the classical HH models, is a set of K, models
from https://modeldb.science/. Since a systematic evaluation of existing K
channel models is outside the scope of this work, we selected a number of models based
on preliminary tests of their quality of fitting the Ranjan et al. [4] data for the K,
channel being modelled. The K, channels for which we found reasonably good baseline
models are K,1.1 [4], K,1.2 [26], K,1.5 [27], K\3.1 [28], K,3.3, K,3.4 and K,4.3 which
are all from [29] (see respective publications for specific model structure). The classical
HH models serve as the exemplars of the class of models that are currently among the
most prominent in computational neuroscience.

Since none of the classical HH models included random effects, in addition to the
original models, we also analysed the same models with random effects added on their
parameters. We used a standard multivariate Gaussian random effect prior and only
fitted the EBE,, for these models using the FOCE objective (see Eq. 6). Addition of
random effects allowed for a fairer comparison with the next two types of models and
the baseline models, helping to isolate the impact of using alternative functional forms
for m; oo (V,T) and 7;(V,T). We call this group of models the classical HH models with
random effects.

Our third model type is the individual SciML HH models. For this model type, we
use neural network-based m; o (V,T) and 7,(V,T') functions. The models follow the
classical HH formalism from Equation 8, but in this case

m") (V,Tu) = NNpw, _(Von") 03,00, Ty) and 70" (V, T,,) = NN, (V, "), 6; -, T,,) where
V is Voltage 75, are the random effects for the appropriate function f, ; .. and 6; ,
are neural network weights and biases of the ith respective neural network, NN,,  and
NN, are specific types of neural network architecture and T, is the normalized
temperature for the nth cell. Specifically, NN, _ is capped off with a sigmoid
nonlinearity and outputs in the range of (0,1), whereas NN, is capped off with a
softplus nonlinearity and outputs in the range of (0, 00). For all models we used i = 2
gates, therefore there were four vectors of neural network weights per model for a K,
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type, where each neural network had two hidden layers of 5 units each with L1
regularization of the weights with A = 10~%. Moreover, we used 8 random effects, two
for each function.

The fourth type of model we use is the unified SciML HH model. This model type is
used to model all of the K, types via the same set of fixed effects ©, largely following
the neural network-based mgl)o(V, T) and TZ-(")(V7 T) functions used in the individual
SciML HH models (including the same hyper-parameters). However, in this case the
random effects 7; y contain two components, the truly random effects n* and the

augmentation random effects nT which are added element-wise, i.e. 771(,7}) =n: +nl. The
augmentation random effects for the nth cell are based on the channel type c,, as well
as the normalized temperature T},. The channel type ¢, is encoded as a 19 dimensional
one-hot vector, where all zeros would correspond to K,1.1. A 19 dimensional, rather
than 20 dimensional one-hot vector was chosen to slightly reduce the number of
parameters in the neural network, as the expressivity of the one-hot encodings is
identical. It was assumed that the normalized temperature T}, is a noisy estimate of the
true temperature by adding a random effect 7;emp ~ N(0,1). The observation that the
temperature is a noisy estimate is based on the recordings of the electrode tip
temperature available in the original data set. We then pass the channel type vector
and the normalized temperature to an augmentation neural network

n;fl = NNgug(cn, T, Oaug) where 0,44 is the set of neural network weights. This model
structure allows the inherent heterogeneity present in the data to be accounted for,
while capturing the portion of its variance attributable to different K, types and
temperatures via NNgq4.

Data splitting into training, validation and test data sets

For the individual SciML HH model training we split the processed data using a
60%/20%/20% fraction for training, validation and test. We took the appropriate
fractions from each temperature for each channel type, rather than pooling the
temperatures together. The validation and test data derived in this fashion were used
for the validation and testing of all model types. However, the training data set for the
unified SciML HH model, due to its size, required a different approach.

For the unified SciML HH model, we took seven cells for each of the three measured
temperatures for each channel type, except for K,1.8, K 4.2, K,12.3. We took seven
cells because that was the maximal number of cells that we could take for each channel
type such that the resulting data set would be balanced for each temperature and each
channel type. This resulted in 357 cells in the training data. We left K, 1.8, K,4.2,
K,12.3 out of the training data in order to establish whether the unified SciML model
could generalize to channel types which were not in the training data set.

Model fitting

We use the Pumas. j1 [23] and DeepPumas. j1 [30] Julia packages to solve
Equations 5 and 6. Pumas.jl contains efficient and powerful algorithms for NLME
modelling, whereas DeepPumas. j1 contains the code infrastructure necessary to
incorporate neural networks into the NLME modelling. More specifically, it implements
algorithms to solve equations 6, 5 and 7 and uses forward-model automatic
differentiation to allow gradient-based optimization techniques. We used the BFGS
optimization algorithm from Optim.jl with the gradient calculations handled by
Pumas. jl and DeepPumas. j1.

Both the classical HH models with random effects and the individual SciML. HH
type models were fit to the individual K, channel type data, whereas the unified SciML
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HH model was fit to a unified data set described earlier. For the classical HH models
with random effects, we fixed the 6 and the 2 values and only fit the o and the 5,
values to data.

All fitting was done on the JuliaHub (https://juliahub.com/) cloud computing
platform using nodes with 8 vCPUs and 64GB of memory. Fits took between three and
twenty-four hours, depending on the K, type and the amount of data which was used.
All the code that was used to define the models, run the simulations and perform the
analysis is accessible at
https://github.com/dom-1linkevicius/SciMLHHModels. jl.git.

The first stage of fitting was shared between the individual and the unified SciML
HH models. In the first step of the fitting we used the conditional likelihood objective
(Eq. 5) to produce an initial fit of all of the fixed effects, except for the parameters of
the random effect prior €2 which was initialized to be standard normal and was held
constant throughout this step of the optimization.

We ran the optimization for 300 epochs, saving the results every 15 epochs,
evaluating the model performance on the validation data and selecting the set of
parameters that had the best performance on the validation data. Conditional
likelihood is much more numerically efficient due to © and 7,, being optimized jointly
whereas, for example, marginal likelihood generally requires a two level optimization
scheme. However, conditional likelihood requires appropriate handling of 2 to avoid
overly broad random effect distributions which barely penalize extreme 7, values and
effectively result in different individual models due to the learning being offloaded
mostly to the random effects.

In the second stage, which was only applied to the unified SciML HH model, we held
all of the fixed effect values constant, except for the random effect prior parameters §2.
Then we used the FOCE objective (Equation 6) to fit the 2. We ran the optimization
for 10 iterations. The objective changed very minimally during the 10 iterations (so the

quality of the data fit did not change), but the values in Q2 were adjusted appropriately.

Since the data fitting quality does not change in this step, we opted to omit the
individual SciML HH models from this step because our main focus is on the unified
SciML HH model (see Results and Discussion).

This two stage optimization procedure utilizes the numerical efficiency of the
conditional likelihood by first finding the neural network weights capable of representing
the functions necessary to model the current conducted via the K, channels. It also
safeguards against the over-fitting of the random effects by not allowing the penalty
coming from the random effect prior to become negligible via € assuming arbitrarily
large values. The second step in the optimization pipeline only optimizes {2 using an
approximation to the marginal likelihood. This step is meant to calibrate the spread of
the random effects in order to properly account for the inherent heterogeneity present in
the data that is not due to the differences in temperature or channel types. Under ideal
circumstances of large enough compute capabilities, joint fitting of all the fixed effects
using only marginal likelihood would be preferable, but was not feasible in the present
study.

Results

As described in detail in the Methods, we fitted two novel types of HH models to
voltage clamp data from 20 K channels collected by Ranjan et al. [4] and compared
them against a set of classical HH models with and without random effects. The first
set of seven classical HH models for different K, types was taken from the literature
(see Methods). The second set of models was produced by taking the models from the
first set and adding random effects on their parameters. The third set of 20 models was
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HH Model Type

. Unified SciML Individual SciML . Classical HH, no rand. eff. [ Classical with rand. eff.
Kv1.1 (n=51)
1.0
0.10
. w
~|f05- 2 |
@ 0.05 1 |
e e E— E— 000y
0 250 500 0 250 500 0 250 500 0 250 500 HH Model Type

Time (ms)

Fig 3. Comparison of the four different HH model types for the K, 1.1 channel. Left-most panel shows box plots
of the test data RMSE values (at the sweep level, e.g. activation at +80mV). The next four plots show 10
activation sweeps at +80mV (from different cells) from the test data set (black) and the matching model
predictions (coloured lines), providing a visual link between the RMSE values in the box plot and traces. The
classical HH model without random effects (green line) displays variance because even though the model
parameters do not have random effects on them, the temperature used in it (and the Q1o value which scales

them) does.

produced by using neural networks to represent the voltage-dependent gating functions
Mi,00(V,T) and 7;(V,T) and we call it the individual SciML HH models. The final
model again used neural networks to represent m; o(V,T) and 7,(V,T), but it was
fitted to a joint data set of different K, channels, we call this model the unified SciML
HH model.

We present the results of both the individual and the unified SciML. HH models that
we fit, along with the performance of the classical HH models and the classical HH
models with random effects. We only show the results of the best performing models
found during the optimization. For more detailed results of model selection see S1
Appendix.

Fig 3 shows the comparison of the different types of HH models for one example
channel, K, 1.1, chosen because Ranjan et al. [4] compare a model for this channel to
their data. The four leftmost plots in Fig 3 show the normalised voltage clamp currents
(see Methods) for 10 sweeps of the activation protocol at +80mV (black lines) along
with the respective model predictions (blue — unified SciML HH, yellow — individual
SciML HH, green — classical HH without random effects, pink — classical HH with
random effects. Visually, there is a clear difference between the fits for the SciML HH
models and the HH models, with the classical HH models performing poorly, the SciML
HH models fitting the data reasonably well. The box plots (rightmost plot in Fig 3) of
the root mean square error (RMSE) show that the SciML HH models significantly
outperform the classical HH models with or without random effects (for statistical test
results see Table 2). The individual SciML HH model significantly outperforms the
unified SciML HH model, but the size of the difference is small (Table 2).

Fig 4 shows the (RMSE) box plots for different model predictions compared to
normalised voltage clamp current at the protocol sweep level for individual channel
types. The four types of models — unified SciML HH (blue), individual SciML HH
(yellow), classical HH without random effects (green) and classical HH with random
effects (pink) display a consistent pattern of performance across different K, channel
types.

Firstly, the comparisons between the classical HH models with and without random
effects confirms the utility of the NLME approach in modelling the K, channel data of
Ranjan et al. [4]. In all seven cases (K 1.1, K,1.2, K,1.5, K,3.1, K3.3, K,3.4 and
K4.3) of the implemented classical HH models, the version of the model with random
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HH Model Type
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Fig 4. RMSE box plots obtained by comparing the data against model predictions at the sweep level,

e.g. Activation protocol at —10mV. Different colours represent different HH model types: blue — unified SciML
HH model, yellow — individual SciMLL HH models, green — classical HH models re-implemented from existing
publications without random effects, pink — classical HH models re-implemented from existing publications but
with random effects on their parameters. The number of different cells in the test data set is denoted by nsest
and shown above each subplot. The channel types (K,1.8, K,4.2 and K,12.3) not used in the training of the
unified SciML HH model have a light red background to distinguish them from the rest. Note that outliers are
not shown and the y axes are not identical between different subplots to enhance legibility.
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Table 2. Comparison of performance between different models on the test data set.

Channel type My Mo median(M; - My) W statistic (n = sample size) | Cohen’s df
K, 1.1 uSciML iSciML 0.0005 601731 (n = 1390) 0.10
K,1.1 uSciML cHH —0.0242 56 854" (n = 1390) 1.02
K, 1.1 uSciML | cHH with randeff. —0.0054 201 466" (n = 1390) 0.47
K, 1.1 iSciML cHH —0.0253 39686 (n = 1390) 1.06
K, 1.1 iSciML | cHH with randeff. —0.0055 131746" (n = 1390) 0.53
K, 1.1 cHH cHH with randeff. 0.0145 890562" (n = 1390) 0.63
K.1.2 uSciML iSciML 0.0010 527946  (n = 1269) 0.16
K,1.2 uSciML cHH —0.0463 25109" (n = 1269) 1.01
K,1.2 uSciML | cHH with randeff. —0.0075 108 906" (n = 1269) 0.58
K, 1.2 iSciML cHH —0.0494 24529" (n = 1269) 1.06
K,1.2 iSciML | cHH with randeff. —0.0107 91870" (n = 1269) 0.72
K,1.2 cHH cHH with randeff. 0.0317 773999" (n = 1269) 0.79
K,1.3 uSciML iSciML 0.0011 877521  (n = 1667) 0.06
K, 1.4 uSciML iSciML 0.0018 466 856" (n = 1049) 0.34
K, 1.5 uSciML iSciML 0.0009 1085000 (n =1770) 0.09
K, 1.5 uSciML cHH —0.0459 76 775" (n = 1770) 0.97
K,1.5 uSciML | cHH with randeff. —0.0095 178 057" (n = 1770) 0.59
K, 1.5 iSciML cHH —0.0475 52527" (n = 1770) 0.98
K,1.5 iSciML | cHH with randeff. —0.0105 141 359" (n = 1770) 0.63
K.1.5 cHH cHH with randeff. 0.0300 1438910 (n = 1770) 0.70
K.1.6 uSciML iSciML 0.0017 257406 (n = 801) 0.36
K.1.8 uSciML iSciML 0.0014 23208 (n = 282) 0.06
K,2.1 uSciML iSciML —0.0021 1503137 (n = 1014) 0.39
K, 2.2 uSciML iSciML —0.0007 136530 (n = 868) 0.27
K,3.1 uSciML iSciML —0.0006 206 663" (n = 1077) 0.24
K,3.1 uSciML cHH —0.0356 21131 (n = 1077) 1.15
K,3.1 uSciML | cHH with randeff. —0.0067 60015" (n = 1077) 0.61
K,3.1 iSciML cHH —0.0284 32108" (n = 1077) 1.03
K,3.1 iSciML | cHH with randeff. —0.0035 159664" (n = 1077) 0.43
K,3.1 cHH cHH with randeff. 0.0143 514572 (n = 1077) 0.70
K,3.2 uSciML iSciML —0.0122 71679:4n = 1517) 0.82
K,3.3 uSciML iSciML 0.0001 704918 (n = 1645) 0.01
K.3.3 uSciML cHH —0.1001 21429" (n = 1645) 1.42
K,3.3 uSciML | cHH with randeff. —0.0035 260294" (n = 1645) 0.56
K,3.3 iSciML cHH —0.1000 16364 (n = 1645) 1.42
K,3.3 iSciML | cHH with randeff. —0.0027 267241 (n = 1645) 0.56
K,3.3 cHH cHH with randeff. 0.0756 1240130" (n = 1645) 1.08
K,3.4 uSciML iSciML 0.0003 152095 (n = 737) 0.04
K,3.4 uSciML cHH —0.0839 10639 (n = 737) 1.27
K,3.4 uSciML | cHH with randeff. —0.0023 60 688" (n = 737) 0.28
K,3.4 iSciML cHH —0.0825 9386" (n = 737) 1.26
K.3.4 iSciML cHH with randeff. —0.0022 629717 (n = 737) 0.24
K,3.4 cHH cHH with randeff. 0.0705 264187 (n = 737) 1.16
K.4.1 uSciML iSciML 0.0001 55999 (n = 447) 0.04
K.4.2 uSciML iSciML —0.0014 17330 (n = 317) 0.10
Ky4.3 uSciML iSciML 0.0007 108 508" (n = 542) 0.16
K, 4.3 uSciML cHH —0.0433 5932" (n = 542) 1.17
K,4.3 uSciML | c¢HH with randeff. —0.0090 9552" (n = 542) 0.82
K, 4.3 iSciML cHH —0.0456 3513 (n = 542) 1.20
K,4.3 iSciML | cHH with randeff. —0.0105 46817 (n = 542) 0.91
K,4.3 cHH cHH with randeff. 0.0303 140229" (n = 542) 