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Abstract

In this work we present some new results concerning stochastic partial differential
and integro-differential equations (SPDEs and SPIDEs) that appear in non-linear
filtering. We prove existence and uniqueness of solutions of SPIDEs, we give a com-
parison principle and we suggest an approximation scheme for the non-local inte-
gral operators. Regarding SPDEs, we use techniques motivated by the work of De
Giorgi, Nash, and Moser, in order to derive global and local supremum estimates,
and a weak Harnack inequality.
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Chapter 1

Introduction

1.1 Motivation

The present thesis is focused on qualitative properties of solutions of stochastic par-
tial differential equations (SPDEs), and stochastic partial integro-differential equa-
tions (SPIDEs), as well as on developing numerical methods for solving them.

The theory of SPDEs finds applications in many scientific fields, such as physics,
biology, chemistry and finance. The main motivation for studying this type of equa-
tions is the filtering of partially observable processes. There, under consideration
is a system whose evolution is modeled by a stochastic differential equation (sig-
nal process). One has access only to a noisy partial observation of the signal (ob-
servation process), and the classic problem is to estimate the probability density
function of the signal at time ¢ by using the information obtained from the observa-
tion process up to time ¢. It turns out that the distribution of the best estimate (in
mean square sense) of the signal at ¢ given the observation until ¢ satisfies a nonlin-
ear SPDE, called Kushner-Shiryaev equation, which can be transformed to a linear
SPDE, called the Zakai equation. The Zakai and the Kushner-Shiryaev equations
have been extensively studied in the past decades in the case when the signal and
observation are diffusion processes. In applications, however, one should often deal
with more general signal and observation models where jumps in the signal or/and
in the observation jumps may occur. This motivates recent interest in models with

[td6-Lévy processes. In this case, the corresponding Zakai equation is a linear SPIDE.

1.2 OQutline of the results and structure of the thesis

The results of this thesis are organized in two chapters, Chapter[2Jand[3] Each chap-

ter is divided into sections. Each section is then divided into subsections. The main
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results of each section are stated in the first subsection and their proofs are given in
the last one. In the intermediate subsections, technical lemmas (which are of their
own interest) are proved, in order to be used for the proofs of the main results.

In more detail:

In Chapter [2, we deal with two types of stochastic partial integro-differential
equations driven by Lévy noise. In Section [2.1)we prove existence and uniqueness
of solutions in Ly-spaces for these two classes of equations. We also prove an Itd
formula for the square of the L,-norm of the positive part, which is then applied
in order to obtain a comparison principle. In Section we suggest a discretiza-
tion scheme (in space) for the non-local integral operators, which is combined with
a finite difference scheme for the differential operators, to obtain that the rate of
convergence of the scheme to the solution is one.

In Chapter |3| we turn our attention to stochastic partial differential equations
driven by Wiener processes. Although the notion of SPDE:s is less general than SPI-
DEs, we have decided to present our results concerning SPDEs in Chapter 3} since
they seem to be more interesting from analytical point of view, and their proofs are
more technical. The results in Chapter [3|rely on the De-Giorgi-Nash-Moser theory
of elliptic and parabolic PDEs. In Section[3.I|we present global L,-estimates for the
solution of the Cauchy problem with zero boundary condition. We apply then these
estimates in Section in order to construct solutions for a certain class of semi-
linear SPDEs in Section[3.2] In Section [3.3|we obtain local L.-estimates for convex
functions of solutions of equations with no boundary conditions and then we use

these estimates to obtain a weak Harnack inequality for solutions of SPDEs.

1.3 Notation and useful lemmas

Let us introduce some basic notation that will be used through the rest of this the-
sis. Let (Q,.%, P) be a probability space equipped with a right-continuous filtration
(Z 1) =0, such that .% contains all P-zero sets. We consider a o-finite measure space
(Z,Z,v). Let N(dt,dz) be an .%,— Poisson random measure on [0,00) x Z. We as-

sume that its compensator is dtv(dz) and we use the notation
N(dt,dz) = N(dt,dz) - dtv(dz).

We also consider a sequence of independent real valued .%;-Wiener processes {w f Yout:
The notation & is used for the predictable o-algebra on Q x [0, T].
A process ¢ = () rejo,7) With values in a topological space X will be called cadlag

if with probability one the trajectories of ¢ are continuous from the rightin z € [0, T)
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and have limits from the left at every ¢ € (0, T] in the topology of X. If a process
¢ takes values in a Banach space Y, it will be called strongly cadlag if it is cadlag
with respect to the norm topology in Y. For a cadlag process ¢ = () rejo,7) we will
write ¢;— = limg,¢, for £ € (0,T] and ¢;— = &, for £ = 0. Also when we deal with
(stochastic) integrals that are cadlag in the time variable ¢, with the notation fot -, we

mean f(o,z] ..

If X is a topological space then #(X) is the Borel o-algebra on X. If X is a
normed linear space then |x|x denotes the norm of x € X, X* is the dual of X, and
(x*, x) denotes the action of x* € X* on x € X. If A is a set, then I, will denote the
indicator function of A. The notation Q stands for the whole space R¢, for an integer

d =1, or for a bounded Lipschitz domain in R4. We write

ou 0°u

oju:=——,0;jjUu:=———
! axi’ 1 axiaxj

,fori,j=1,..,d,
for the first and second order partial derivatives of a function u defined on Q. Let
us also denote by dy the identity operator and 0_; = —0; for i = 1, ...,d. For a multi-

index a = (ay,...,a4) € N4 of order |a| := oy +...+ a4, we write

0!y

0u=———.
0%1x1...0% x4

We write C2°(Q) for the set of all smooth functions that are compactly supported in
Q. As usual, for an integer m = 0 and areal p = 1, we denote by Wy"(Q) the space of
functions u € L,(Q), whose generalized derivatives up to order m lie in L,(Q). We
set H™(Q) := W,"(Q) and we write Hé (Q) for the closure of C°(Q) in H!(Q) under

the norm

d ) 5 \1/2
ulg = (100, +1ui?,)
i=1

The inner product in L, (Q) will be denoted by (:,-). We will use the notation H (o)

for the dual of H& (Q). The space of all square-summable sequences will be denoted
by l 2.

Lest us now introduce the concept of a Gel'fand triple. Let (H, (:,) ) be a sepa-
rable Hilbert space and let (V, |- |y) be a separable reflexive Banach space such that
V is continuously and densely embedded in H. By identifying H with its dual H* by
the help of the inner product (-,-) iy in H, we get

Ve H=H"— V",
where H* — V* is the adjoint embedding of V — H. It also follows that the embed-
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ding H* — V* is continuous and dense. Notice that (v*, v) = (v*, v)y when v* € H.
The triad (V, H, V*) will be called a Gel'fand triple.
Finally, we note that unless otherwise indicated, the summation convention is

used with respect to repeated integer-valued indices throughout this thesis.

1.4 Stochastic Evolution Equations

The SPDEs and SPIDEs under consideration, will be understood as stochastic evolu-
tion equations on the Gel'fand triple (H& (Q),L(Q),H -1 (Q)). Avariational approach
for stochastic evolution equations driven by continuous martingales where intro-
duced in [43], and by semimartingales, in [22]. The ones that we will present here
are a particular case of [22]. Let (V, H,V*) be a Gel'fand triple. Let us also consider
the mappings &7 : Q x [0, T] x V — V*, PB*.Qx[0,T|xV - H, forkeN,, and ¢ :
Qx[0,T]xV — L,(Z,v; H) that are & x 44(V)-measurable, and an .%,—measurable

random variable ¥ with values in H. We pose the following conditions:

Assumption 1.4.1. There exist constants L = 0, ¥ > 0, and a predictable process

g = (81 tepo, 1), such that

I) “Semicontinuity of «7”: For any v, vy, v2 € V, and (w, t) € Q x [0, T, the func-

tion (v, & (v1 + Av»)) is continuousin A on R,
II) “Monotonicity ”: For any vy, v» € V, and (w, 1) € Q x [0, T,
o | ok k 2
20y (1) — A (V2), V1 — V2) + Y | B (1) — By ()

k=1
+le‘€t(z, V1) =Gz, v2)[5v(d2) < Livy — val5;,

III) “Coercivity ”: Forany v € V, and (w, ) € Q x [0, T,

2(et,(v), vy + Y I%f(V)I%+fZ|‘5t(z, V)I5v(da) < g+ Livlg, —ylvli,
k=1

IV) “Restriction of growth on /" : Forany v € V, and (w, t) € Q x [0, T,

|\, (), < g +LIvl .

V) Elyl,+E [ gdt <oo.
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Let us consider now the problem

du; = m(ut)dt+@f(ut)dwf+fz%t(z, u;_)N(dt,dz) (1.4.1)
U=y (1.4.2)
We will say that u is a solution of (1.4.1)-(1.4.2) if
* u=(ug)eo,1) is an adapted, strongly cadlag H-valued process,
e us;eVfor dP ® dt-almost every (w, t) € Q x [0, T], and EfOT | utlﬁ/dt < 00,

e for each ¢ € V, almost surely

t t
(s, ) =u/+f0 <»<z%t(us),</>>ds+fO (B (ug), p)dw*
t
+ f f (€1(z,us_),p)N(ds,dz),
0 JZ
forany ¢t € [0, T].

Two solutions u and v will be considered identical if with probability one, u; = v;
forall £ € [0, T] (as elements of H).

The following theorem is a simple consequence of Theorems 2.9 and 2.10 from
[22].

Theorem 1.4.1. Under Assumption|1.4.1, there exists a unique solution of (L.4.1)-
(1.4.2). Moreover, the following estimate holds:

T T
E sup Iut|§1+Ef |ut|%,dtsc(E|w|§{+Ef gtdt),
t€(0,T] 0 0

where C is a constant depending only on L andy.

15



16



Chapter 2

Stochastic partial integro-differential

equations

As already mentioned, stochastic partial integro-differential equations play an im-
portant role in non-linear filtering of jump-diffusion processes. For more informa-
tion on the subject, and in particular, derivation of the Zakai equation, we refer the
reader to [20] and [21]. In this chapter, we introduce the notion of SPIDE, we prove
existence and uniqueness of the solutions, we derive a comparison principle, and

we give a numerical approximation scheme.

2.1 Solvability and Comparison Principle

Our goal in this section is to prove existence and uniqueness of solutions, as well as
comparison principles, for stochastic partial integro-differential equations driven
by Lévy processes. The existence and uniqueness of solutions, is a simple conse-
quences of the results concerning general stochastic evolutions equations driven
by semi-martingales that exist in [22]. For the comparison principles, we need to
obtain an It6 formula for the square of the Ly-norm of the positive part of (possi-
bly) discontinuous semimartingales with values in H™! that have dP ® d t-versions
in H&. Our formula extends an It6 formula from [44] proved for continuous semi-
martingales.

Comparison principles are powerful tools and play important role in PDE the-
ory. Comparison theorems for SPDEs are known in various generalities in the liter-
ature. To the best of our knowledge, the first results on comparison of solutions of
SPDEs appear in [38] and [15]. Recent results appear in [44], [13], [11] and [12]. In
[11] and [13] quasi linear SPDEs, and in [12] quasi-linear SPDEs with obstacle are

studied. In the above publications, the equations under consideration are driven by
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Wiener processes, or cylindrical Wiener processes, and only differential operators

are present. Here, in Theorems [2.1.2| and [2.1.4} we present comparison theorems

for two classes of quasilinear SPIDEs, linear versions of which, arise in non-linear
filtering.

The results in this section are from [7], a joint work with Istvdn Gyongy.

2.1.1 Existence, uniqueness and Comparison Theorems

In this section we will be dealing with two types of equations. In order to introduce
these equations, together with the space (Z, Z) and the random measure N(dt, dz)
of Chapter 1, let us consider another measurable space (F,§), an .%,—Poisson ran-
dom measure M(dt,d{) on [0,00) x F and two o—finite measures 7', 7% on F. We

assume that the compensator of M(dt,d() is d t1® (d(¢) and we write
M(dt,d¢) = M(dt,d0) - dtn® (dQ).
First we consider the equation
dug(x) = (Leue(0) + fo(6, u(x), Vi () + 0, £ (0)) dit

+ Gy (ndwk + f g:(x,z,u;_(x)N(dt,dz),
7

(2.1.1)
for (¢, x) € [0, T] x Q, with initial condition
up(x) =y (x), xeQ, (2.1.2)
where

Lou(x) = 8;(a) (x)0;u(x) + 7V 1, (x),

IV u(x) = fF [(x + (%, 0)) — u(x) — ¢1(x,0) - Vi) m, (x, )P (d0),

G* () () = pIF(0)0; u(x) + o F (x, u(x)).

In the formulas above as well as in (2.1.1), the summation takes place over i, j €

{1,...,d} and k € N. We make the following assumptions. Let K > 0 denote a constant.

Assumption 2.1.1.
i) The coefficients a’/, are real-valued & ® Z(Q) measurable functions on Q x
[0, T] x Q and are bounded by K for every i, j = 1,...,d. The coefficient c/)i = (([)ik)i":l
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isan l,-valued Z®%(Q)-measurable function on Qx [0, T]xQ forevery i = 1,2, ...,d,
such that

ZZ|¢§k(x)|2 <K forallw, tand x.
ik

ii) f is a real valued & ® %(Q) ® Z(R) ® Z(R?) -measurable function on Q x
[0,T] x QxR xR? and o = (ak)%":1 isa & ® A(Q) ® A(R)-measurable function on
Qx[0,T] x Q xR, with values in l,. The function g is defined on Q x [0, T] x Q x Z xR
with values in R and it is &2 ® Z(Q) ® Z ® Z(R)-measurable. We assume that there
exists a predictable process h, with values in L, (Q), such thatforall w, t, x, z, 1, 1’

Ifee, TP+ Y 1ok (e, n? + fz 1g:(x, 2, 1)*v(dz)
k

< K|rl2+ KIr' 2 + 1k, (012,
and

T
12

iii) v is an .%y-measurable random variable in L,(Q) with E leiz < oo.
iv) There exists a constant k¥ > 0 such that for all w, ¢, x and for all { = ({3, ...{4) €
R% we have

ii 1 i .
al e - 5</>tk(x)</>ik(x)cfi€ j=xlE.

v) Forallw, t,x,z,1r1, 12

k k 2 2
Y loF(x, 1) — 07 (x,12)|° < K|y — 2l
k

vi) Foralli e {1,...,d}, f " are L,(Q)-valued &2-measurable functions on Q x [0, T
such that

T d
12
Efo i_zllf"lle(Q)dKoo-

We will refer to the constant « as the parabolicity constant. If k, as in our case, is
strictly positive, the corresponding equation will be called non-degenerate, while if
it is zero, then the equation will be called degenerate. For solvability of degenerate
SPIDEs we refer the reader to [49] and [4].

Assumption 2.1.2. The function f;(x, r, ') is continuous in r, for each w, t, x and r’.
Assumption 2.1.3. Forall w, t,x,71,72,7], 7,
2(r1 = r)) (fe(x, 11, 1)) = fr(x, 12, 71))
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+fZ lg:(x,2,11) — 8/(X, 2, 12)|*v(dz) < K|r — 12]?,

and

| feCx,r1, 1)) = fi(x, 11, 1)1 < Ky — 13l
Assumption 2.1.4. The function r + g;(x, z, ) is non-decreasing in r for all w, , x, z.

Assumption 2.1.5. The function ¢ maps Q x [0, T] x R? x F into R?, itis 2 ® Z(R%) ®
§-measurable, and there exists an §-measurable real function ¢ on F such that

@ ler(x, Ol =), forall w, ¢, x,(,

(i) f[re* Qe nV(do) <K,

(i) lc;(x,) —c: (1, Ol = cQ)x—yl, forall w, t, x, y,(.

Assumption 2.1.6. The function m maps Qx [0, T]xR%x F into R, it is Z® B(R%) & F-
measurable, and we have

@Wo=mi(x,0) <K, forallw, ¢, x,(,

(i) |ms(x,0) —m:(y, )| < K|x -yl forallw, t, x, y,(.

Assumption 2.1.7. The functions c!(x,{), [ = 1,...,d, are twice continuously differ-
entiable in x, for each w, t,{, and

@ 10;cl(x, D1 <K, 10;jcl(x,QI = K, forall i, j,I=1,...d,

(i) K~ <|det(l+0Vc,(x,0)]
forall w, t, x,{ and 6 € [0, 1], where | denotes the identity matrix.

Remark 2.1.1. Denote by Ty ;  the mapping x — x +0¢(x,(), for fixed w, £,6 and (.
By virtue of the inverse function theorem, it follows from (ii) of Assumption [2.1.7]
that Ty ;¢ is a local diffeomorphism. In addition, by the first inequality in (i) and
by (ii) of Assumption[2.1.7} there exists a constant y > 0, such that the norm of the
matrix (1+0Vc;(x,{)) ! is uniformly bounded by y. Hence, by Hadamard’s theorem
(see, eg, Theorem 5.1.5 in [1]), Ty ;¢ is a global diffeomorphism, for fixed w, t,0
and ¢. We denote by Jp ;; the inverse of Ty ;. Notice that for fixed w, £,0,( and for
all j =1,...,d, the functions ]é, : Z(x) are twice continuously in x, and their first and

second order derivatives are uniformly bounded.

We want to give a meaning to equation as a stochastic evolution equation
on the Gel’'fand triple (HO1 (Q), L2(Q), H1(Q)), where the embedding H& (Q)— L2 (Q)
is the identity.

To this end, let us see how the operator Jt(l) acts on functions u € H& (Q): Under
Assumptions through ﬂt(l) is a bounded linear operator from Hy (Q) into
H™1(Q) for fixed (w, 1), and for all u, v € H} (Q) the process (.#," u, v) is predictable.
To see this, consider first the case Q = R4. Forue Cgo(Rd)(even forue W22 (R%)) one
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can easily see that JI(U u(x) is a function in Ly(R%). For § € (0,1), let us also denote
by .#19 and .#19 the operators defined as .# " but with F replaced by F5 = {{ € F:
() < 6} and by F; = F\ Fs respectively. Then for v € CZ° (R%) we have by Taylor’s
formula

(ﬂt(l) u,v) = (J[(l‘s) u,v)+ (jt(w) u,v)
1 .
- fo 1-0) fF fR 0Ty, )¢5, ek (e D my (D v() dcn ™ (d0) 6
)

+ch[u(x+ ct(x,0)) — u(x) — c;(x,0) - Vu(x)m(x,)v(x) dx a1 (d0)

&

1 ..
=f (9—1)f fdaiu(x+9ct(x,())aj(q;f(x,c,9)u(x))dxn(”(d() do
0 Fs JR

+ fF ulx+cr(6,0) = ulx) = ¢ (x,0) - V)l my (x,0) v(x) dx 10 (d0),

o

(2.1.3)

where the last equality is obtained by integration by parts, and g/ is given by

. d . .
q;] (x)() 9) = Z Cf'(x) () C; (x) ()ml’(x){)al]é,ty((TG,t,((x))-
=1

Due to Assumptions through for a constant N = N(d, K),
(jl.(l)u, U) < NluIHl(Rd)|v|H1(Rd)’

which shows that ﬂt(l) extends uniquely to a bounded linear operator from H! to
H~! and the duality product <Jt(1) u, vy is given by the right-hand side of (2.1.3).
In case Q is a bounded Lipschitz domain, one can define the action of ﬂt(l)u on

VE H& (Q) again by (2.1.3), where u and v this time are extended to zero outside of
Q. For further study of these operators we refer to [17].

Definition 2.1.1. A strongly cadlag (continuous if v = 0) adapted process u with
values in L, (Q) is called a solution of the problem 2.1.1)-(2:1.2) if

i)use H& (Q) for dP ® dt almost every (w, 1) e Q x [0, T,

.s T 2

i) E f, IutlHé(Q)dt<oo,

iii) forall p € H& (Q) we have almost surely
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t .. .
(Ur, @) :(w,¢)+f0 ((afg](?iuﬁft],@_j(p)+(fs(us,Vus),cp)+<J§”us,<p>)ds
t .
+ f (%0 us + o (1), ) dwk
0
t
+f f(gs(z, us-),p)N(dz,ds)
0 JZ

forall ¢ € [0, T], where recall that (-,-) is the inner product in L(Q).

Theorem 2.1.1. Let Assumptions through(2.1.3 and[2.1.5 through hold.
Then there exists a unique solution of the problem (2.1.1)-(2.1.2). Moreover the fol-
lowing estimate holds

T
E sup Iutli +Ef Iulz1 dt<N
e 2@ Ty T HQ

T d
2 712 12
E|¢|L2(Q)+Ef0 (|ht|L2(Q)+Zi|ftl|Lz(Q))dt '
1=

where N is a constant depending onlyond,x,K and T.

After some preliminaries we will see that Theorem follows easily from The-
orem|1.4.1|(i.e. Theorems 2.9 and 2.10 from [22]).

Together with (2.1.1)-(2.1.2) let us also consider the problem

dvi(x) = (Levi(0) + Fy(x, v, Vor(0) + 0, (x))
+GF ) dwk + f g:(x, 2, vi_ (X)) N(dt,d2), 2.1.4)
Z

vo(x) =¥ (x), (2.1.5)

where F satisfies ii) from Assumption and V¥ is an .%(-measurable random vari-
able in L, (Q).

Theorem 2.1.2. Suppose that Assumptions[2.1.1 and[2.1.4 through[2.1.7 hold. Let
u and v be solutions of the problems 2.1.1)-(2.1.2) and (2.1.4)-@2.1.5) respectively.
Suppose that either f or F satisfy Assumption[2.1.3 Let f < F andy < ¥. Then
almost surely, for all t € [0, T] we have u;(x) < v;(x) for almost every x € Q.

Remark 2.1.2. For equations driven by continuous noise, under the assumptions
posed for existence-uniqueness of the solutions, one gets the comparison principle
with no extra conditions. Notice that this is not the case when jump-type noise is
present. Namely, Assumption [2.1.4|needs to hold. Notice also that this assumption
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is not satisfied even by linear functions of the form f(r) = Cr, when C < —1. How-
ever, Assumption [2.1.4] cannot be omitted in Theorem [2.1.2] Consider for example
the SDE .

u;=1 —fo 2u,_dNj,

where N; is a Poisson process with intensity one. Let T be the time that the first

2

jump of N occurs. Then P(r < T) > 0. Since u; = e ! on [0,7), one can see that on

the set {T < T} we have u(r) = —e~ %7 < 0.

The second equation that we will deal with is

duy () = (Lo () + f6,u(0), Vu, (x)) + 0, £ () dt

+GFu) (dwk + f Syt (x) M(ds, d0) (2.1.6)
F

for (¢, x) € [0, T] x R?, with initial condition
up(x) =w(x), xeRY 2.1.7)
where

Lru(x) = Lu(x) + .22 u(x),
I u(x) = fF Ae(x+ D), Qulx+ b () — A(x, O ulx)

—by(Q)- VA (x5, Qu)n® (dy), (2.1.8)
Steu(x) = Ap(x + b (), u(x + b () — As(x, ) u(x) (2.1.9)
+ (As(x, ) = Du(x).

Obviously, if we ask later for some of the previous assumptions to hold for equation
(2.1.6), we mean with g=0.

Assumption 2.1.8. The function b maps Qx [0, T]x F into RY itis 22 ®%F-measurable,
and there exists an §-measurable real function b on F, such that for all w, t and { we

have

1b,()| < b(Q), fF b* Q) Ab©) n?(d)) < K.

The function A maps Q x [0, T] x R4 x F to [0,00), is Z ® B(R%) ® F-measurable, it is
twice continuously differentiable in x for all w, ¢,{, and we have

12601+ VA0 + IV A (6, () < K,
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11-2:(x,0)] < bQ), forallw, £, x,{.

It is easy to see that due to Assumption for every ¢t € [0, T] and w € Q the
mapping Jt(z), defined in the same way as J[(D, is a bounded linear operator from
H& to H!, and (#@u,v)isa predictable process for any u, v € H!.

The solution of the problem (2.1.6)-(2.1.7) is understood in the same sense as
that of (2.1.1)-(2.1.2), and we have the following existence and uniqueness result.

Theorem 2.1.3. Let Assumptions through(2.1.3 and|[2.1.5 through hold.

Then there exists a unique solution of the problem (2.1.6)-(2.1.7). Moreover the fol-
lowing estimate holds

T
E sup |ul} +Ef lul2, dt<N
t€[0.T] 2(Q) 0 H0 (Q)

T _ d .
E"/’ﬁ:z(QﬁEfO (|ht|12t2(o)+Zl|ftl|%2(@)d’f)’
1=

where N is a constant depending onlyond,x,K and T.

We also consider the problem

dvy(x) =(Levi0) + Fy(x, 0,0, Yoy (0) + 0; £ (0)) dt
+ G () dwk +f Stcv(x) M(ds,dQ), (2.1.10)
F

vp(x) =¥ (x), (2.1.11)

where F and W are as in (2.1.4)-(2.1.5).

Theorem 2.1.4. Suppose that Assumptions[2.1.1, and[2.1.5 through|2.1.§ hold. Let u
and v solve -2.1.7) and (2.1.10) - (2.1.11) respectively. Suppose that either f or
F satisfy Assumption[2.1.3, Let f < F andy < Y. Then almost surely, for all t € [0, T}
we have u;(x) < v;(x) for almost every x € R%.

2.1.2 Itd’s formula for the square of the norm of the positive part

In order to prove our comparison principles, we want to obtain an Itd’s formula for
Iu;rliz(o), where u; is an H™ ' (Q)-valued semimartingale taking values in H&(Q) for
dP®dt almost every (w, t) € Q x [0, T]. Our approach to obtain it is similar to that in
[44]. To state the formula we set

Vi=H;(Q), H:=0Q), V':=HQ,
and we consider the following processes

v:Qx[0,T]—V, v*:Qx[0,T]—V*, h*:Qx[0,T] — H,
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K:Qx[0,T]xZ— H,

for integers k = 1, where v is progressively measurable, v* and h* are .%#;-adapted,
measurable in (w,t), and K is & ® Z measurable. We consider also v, an .%;-
measurable random variable in H.

We make the following assumption.
Assumption 2.1.9.

(i) Almost surely
g k
f (| vl +vf e+ Y Ihf 1% +fZ|K;(z)|%{v(dz))dt <00,
0 k
(ii) for each ¢ € V and for dP ® dt-almost every (w, t), we have

t t
(vt,</>)=(w,<p)+f0 <v:,¢>ds+f0 (hk, p)dw*

t
+ f f (Ks(2),p)N(ds,dz).
0 JZ

Theorem 2.1.5. Suppose that Assumption[2.1.9 is satisfied. Then there exists a set
Q c Q of probability one, and an H-valued strongly cadlag adapted process u; such
that u; = v; for dP ® dt-almost every (w, t). Moreover for w € Q, t € [0, T] we have

t t t
) ut:w+f u;‘ds+f hfdw§+f st(z)N(ds,dz), (2.1.12)
0 0 0 JZ

t t
i) uf 1% = |w+|§l+2f0 <uj,u;>ds+2fo (hk, unHdw*

t
+2f f(Ks(z),uj_)N(dz,ds)Jrf N ys0ht 13, ds
0 Jz 0,11 g

t
# [ ] Ve K@)y = By - 20K 2, w0 Nz, ),
0Jz
To prove Theorem|2.1.5{we need two lemmas.

Lemma 2.1.6. Let (X, Z, u) be a measure space, and let u,, u € L (X)such that u, — u
in L1 (X) as n — oo. Then there exists a subsequence {un(k)}‘]’cozl and a function v €

Ly (X) such that for all k = 1 we have |u,)(x)| < v(x) for all x € X, and u,)(x) —
u(x) for u-almost every x as k — oo.

Proof. There exists a subsequence u,,x) such that

U — Ul 0 < 1/2% fork=1.
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Set v(x) = |u(x)| + Xk |lunm (x) — u(x)|. Then v has the desired properties. More-
over, Y i | Unk+1) — Un(o L, (x) < 0o, which implies that u, ) converges u-almost ev-

erywhere. O

The next lemma is from [13].

Lemma 2.1.7. Let 2 be a bounded Lipschitz domain inR%. Take ¢, € C(2), neN,
with

i) 0<so,=<1
i) pp=1lon{xe2,r(x)=1/n}
i) pp,=00n{xe2,r(x)<1/2n}

iv) (¢n)x,| < Cn,

where C is a constant and r(x) = dist(x,02). Then ¢,v — v in H& (L) forallv e

H& (L), and for some constant C we have
n

Remark 2.1.3. One can easily see the existence of a sequence (¢b,,) ,en satisfying the
conditions of the previous lemma. Then note that (,b% also satisfies i)-iv). Hence,

P%v — vin H)(2), for all v € H} (2), and for some constant C we have
supl¢yvlpi o) < Clul o),  YvEHy(2).
n

We introduce now the functions as(r), Bs(r) and ys(r) on R, for § > 0, given by

ifr>06
if0sr<6
ifr<o,

as(r) =

O Ol

ﬁa(r)=](; as(s)ds, )fa(r):fo Bs(s)ds.

For all r € Rwe have as(r) — I;>¢, B5(r) — r* and y5(r) — (r*)?/2 as § — 0. Also, for

all r, r1, r» and 9, the following inequalities hold

2

las(MI <1, 1Bs(r) < Irl, lys(r)] < %
|Y5(rl+r2)_7/6(r1)_ﬁ6(r1)1’2|S|I’2|2. (2.1.13)

We are now ready to prove Theorem[2.1.5
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Proof of Theorem|2.1.5, We only prove ii) since the rest of the assertions are proved
in [26], in greater generality. First we prove the statement when Q = R4. We have
that equality (2.1.12) is satisfied if and only if, almost surely, for all ¢ € V and ¢ we
have

t
(ut,q))z(w,wnf(o ]<v;‘,<p>ds+f0 (h, p)dw*
N3

t
+f f(KS(z),(p)N(ds,dz). (2.1.14)
0 JZ

Let ¢ be a mollifier with compact support and set ¢ (x) := e %¢p(x/e). For fixed x,
the function ¢¢(x —-) is in V, so we can plug it in instead of ¢, to get that
almost surely, for all # € [0, T

t

t
us(x) = ug(x)+f v;“(x)ds+f hke(x)dw*
0

0

t
+f fKﬁ(z,x)N(ds,dz),
0 JZ

where for g € V* we use the notation g¢(x) := (g,¢e(x —)). Note that uf is .y ®
AR measurable. Also uf, v*¢ and h*¢ are jointly measurable in (f,w,x), .%; ®
PB(R%) measurable for each ¢, and K€ is & ® Z ® Z(R%) measurable. It is also easy

to see that there exists a constant C,, depending on ¢, such that for all t,w, x, z
[ (0)] < Celugl g, 1u§(0)| < Celuol g, |V < Celvy v

05| = Celvf v+, 1hFE ()] = Cel L,
|K? (x,2)| < Cel K¢(2) | 1.
One can also check that for a constant C, for all €

luilg < Cludl, lugla < Cluolw, |K; (2)|u < CIK (2|1

ki k
|1 < Clhg , [vilve < Clvglyvs, [ufly < Clugly.

Now let ags, B5,Ys be as before, and fix x. By It6’s formula (see for example [35] or
[60]), for each x there exists a set Q2 of full probability, such that for all w € Q, and
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te€ [0, T] we have

t
Yo (UE () =5 (UG (x)) + fo B (U (0) I (x)dis
t

+ [ potusconte st
k Y0
1 t

+—Zf as () ke ()2 ds
2 = Jo

t

+f fﬁé(ui_(X))Kf(z,x)N(ds,dz)

0 JZ

t
+f f)/a(ui(xHKf(z,x))
0 JZ

—ys(us_(x) — Bs(us_ (X)) K (2, x) N(dz,ds). (2.1.15)

One can redefine the stochastic integrals such that (2.1.15) holds for all (w, t, x). In-
tegrating (2.1.15) over R?, taking appropriate versions of the stochastic integrals and

using the Fubini and the stochastic Fubini theorems we get for each ¢ € [0, T,

t
f)fa(ui(x))dx=f Ya(uS(x))dx+ff Bs (us(x) v (x) dxds
R4 R4 0 Jrd
t
+ff Bs (. (x) h¥e (x) dx dw*
0 Jrd

1
+ = as (X)) hXe ()12 dxds
:2%;];J]J;d o\Ug | t |

t
+fff Bs (us_ (X)) KS (2, x)dxN(ds,dz)
0 JzJrd

t
+fff ys(Ws_(x) + K (2, x))
0 JzJRrd

—ys(Ws_ (%) — Bs(us_(x)KE (2, x)dxN(dz,ds) (a.s.). (2.1.16)

For a stochastic Fubini theorem we refer to [45], noting that the Fubini theorem
there can be extended easily, by obvious changes in its proof, to our situation. Since
each term in the above equation is a cadlag process in t, we see that holds
almost surely, for all £ € [0, T]. We claim that for each ¢ € [0, T'] both sides of
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converges in probability as € — 0 to give that

t
fYé(ut(x))dx:f Ya(uo(x))dx+f<v§,ﬁ5(us)>ds
R4 R4 0
t
+ff B (us(x)) X (x)dxdw*
0 Jrd
t
+%Xk:f0 ‘[[de as(us(x)) | hE (x)2dxds

t
+fff Bs(us—(x))Ks(z, x)dxN(ds, dz)
0 JzJRrd

t
+fff Yo (us—(x) + Ks(z, x))
0 JzJrd

— Y6 (Us—(x)) — Bs(us— (x))Ks(z, x)dxN(dz,ds). (2.1.17)

holds almost surely for each ¢ € [0, T]. We are going to show that each term in
converges in probability to the corresponding one in (2.1.17). Since for
any sequence €y | 0 we have u}* — u; in Ly (R%) for every w € Q, by the equality
a® - b? = (a—b)(a+ b) we have (u¥)? — u? in L1(RY). Thus for every w € Q by
Lemma there exist g € L;(R%) and a subsequence, denoted again by ey, such

thatforall k=1 €k 2
uf(x
( tz( ) < g(x) fo

r all x.

lys (usk (X)) <

Since yg(uik (x)) — ys(us(x)) for almost every x, as k — oo, by Lebesgue’s theorem

on dominated convergence we obtain

f}f@(uik(x))dxﬁf Ys(u:(x))dx as k — oo.
R4 R4

Thus, for € | 0 the left-hand side of converges to the left-hand side of
for every w € Q, and hence also in probability, for each ¢ € [0, T']. To see the conver-
gence of the second term in the right-hand side of we fix (s,w) such that
us € V. Then it is straightforward to check that

|85 (u$) — Bs(us)ly — 0, ase — 0.

Taking into account the well-known fact that there exist f° and f! € L?(R?) for i =
1,...,d such that

vi =7 +0if,
we have

*€ _ r0e s
Vs —Js +alfs )
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which gives

d
vy —vilve < ) Ifif = filu—0, ase — 0.
i=0

Hence we conclude

fRd Bs (Wi (x) v (x)dx = (vg¢, Bs(ul))y — (vy, Bs(us)).

Notice that there is a constant C such that
\ fR ) ﬁa(ui(x))v:f(x)dx( < Clluslf +1vi 5
foralle >0, w € Qand s € [0, T]. Therefore, almost surely

t t
f f ﬁ(s(u‘;(x))v;‘e(x)dxds—»[ (v, Bs(uy)yds forall t.
0 Jrd 0

For the sum of the stochastic integrals against the Wiener processes we just note
that almost surely for all s € [0, T']

2
Z’fwﬁa(u‘;(x))hfe(x)dx—fRdﬁg(us(x))hf(x)dx‘ —0 asel0,
k
and

‘2

Y| BsChedx— | Bs(us(x)hE(x)dx
2 Rd Rd

< 4sup|ut|i2 Y Ihfli2 foralle > 0.
=T k

Hence almost surely

T r 2
fZU ﬁg(ui(x))hff(x)dx—f Bs(us(x) ki (x)dx| ds—0,
0 % 'Jrd R

which implies that fore | 0

t t
ff ﬁ5(u§(x))hf€(x)dxdwf—>ff Bs (us(x) hX(x) dx dwk
0 Jrd 0 Jrd

in probability, uniformly in ¢ € [0, T]. Note that for each k we have

| fR a5 CDIREE (0)* — s (s (0) g (0 dax

- f (e (x))? — (hF ()P dx
Rd
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[ o as o) - s sl — o

for each w € Q and s € [0, T']. Moreover,
[, astusconint<coitax| = wi,
R

where the right-hand side is almost surely integrable on [0, T]. Hence the almost
sure convergence of the fourth term in the right-hand side of follows. By
the inequalities in (2.1.13), similar arguments show the convergence of the last two
terms in probability. We conclude that for each ¢ € [0, T] equation holds
almost surely. Since the stochastic processes in both sides of are cadlag pro-
cesses, equation holds almost surely for all 7 € [0, T1.

Now by letting 6 — 0 in (2.1.17), using arguments similar to the previous ones,
and keeping in mind the inequalities (2.1.13) and the fact thatforall ve V'

1Bs(0) = v¥lv =0, IBs(W)lv < |vly,

we can finish the proof of the theorem for Q = R?.

We reduce the case of a bounded Lipschitz domain Q to that of the whole space
by using the sequence ¢, from Lemmal|2.1.7] Remember that ¢, has compact sup-
port in Q. Thus for a function 7 on Q we denote by ¢,n, not only the function de-
fined on Q by the multiplication of ¢, and n, but also its extension to zero outside
of Q. Notice that when u satisfies on Q, then ¢, u satisfies

t t
c/)nut:gbnu0+f0 gbnv;‘ds+/0 gbnhfdwf

t
+ f f $nKs(2)N(ds,dz)
0o Jy
on the whole R?, where the functional ¢,,v* is defined by
(Pnvg,8) =(vs,Pn8o

for g € H'(R%). The notation (-, - means the duality product between H&(Q) and
H _I(Q). Notice that (v{,¢,g)q is well defined, since the restriction of ¢,g to Q
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belongs to H& (Q). Then by the result in the case of the whole space, we have

t
fQ¢;21|u;L|2dx:le(/>nug|2dx+2f0 (U:,gbflu:)st
t

+2f f(l)ihfu;rdxdwf

0 JQ

t
+f fZII{¢nuS>O}¢nh§|2dde

0 JQ k

t
+[ ffz[(s(z)(piu:_dxﬁ(ds,dz)
0 JzJQ

t
+fff|¢>n(us_+1<s(z))+|2—|¢>nu:_|2
0 JzJg
—2K,(2)p2 ut_dxN(dz, ds), (2.1.18)

since ¢, is supported in Q. It is now easy to take n — oo here to finish the proof of

the theorem. We only note that for the second term on the right-hand side we have

by Lemma and Remark
(U;‘,(,biu;“)o —(v5, ud)g forallw,s,
and for a constant C,

<V:»¢31MS+>Q < Clv{ly+lusly forall n.

2.1.3 The main estimates

In this section we present some lemmas that we will need for the proofs of Theorems
through The following is well known (see, e.g., [50], or exercise 1.3.19 in

[41], or some more general results in [58]).

Lemma 2.1.8. Letu e W;(Q). Let u, € Wl} (Q) such that \u, — u'w; — 0 as n — oo.

Then we have |u;, — u™ |1 — 0.
p

For the next three lemmas, we assume that Assumptions through
hold. For u € ch([Rad), let us define the quantities,

or(u):= fR ) fF s (x+ b () u(x+ by (O)* = A (x, O u(x))?

—2b(2) -V (A (%, u(x) Ay (x,0) u(x) 1 (d0)dx,
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0:(u) = fR ) fF [(Ar (x+ by () u(x+ b (N2 = 1A (x, O u(x) 1

—2b,(2) -V (A (5,0 u(x) Ay (x,0) ut (x) 7@ (d))d x.

Lemma 2.1.9. Foranyue CX[R?), we Q, t€ [0, T] and & > 0 we have

fw jt(l) u?(x) dx <e| ulip ®d) T N(E)IuliZ(Rd), (2.1.19)
fR ) SV W (x) dx <elut s, @+ N(£)|u+|iZ(Rd), (2.1.20)
0:(10) se|u|§p(w) +N(e)|u|§2(w), (2.1.21)

0:(w) <elu* |2, @) +N(e)|u+|iZ(Rd), (2.1.22)

where the constant N (€) depends onlyone, K and d.

Proof. We prove (2.1.20). Clearly,
f VW (x)dx = f S W () dx+ f FOwhH2wdx.  (2.1.23)
R R R4

The first term on the right-hand side is equal to

1
f(l—e)f f 0;j(u)*(x+0c(x,0)
0 F5 JRA

xcl(x, O el (x, O my(x, O dxn (d0)do
= E1(t,6) + Ex2(t,0),

where

1
Ei(1,6) = f 1-0) f f 201t (x + 0c(x, {310 (x+ 01 (x,0))
0 F5 JRd

xch(x,0)¢] (x, O)ym (x, O dxn ™ (dQ) d,
1

Ez(t,6):f (I—H)f f 2u (X +0c:(x,0)0; ju(x + 0 (x,0))
0 Fs Jrd

xch(x,0) el (x,0ymy (x, ) dxn® (d ) ab.

Using Assumptions|2.1.5}[2.1.6(and [2.1.7, we see after a change of variables that

|Ev(2,0)] < COICIu™ 3, ay,

where C() = f Fy ¢?(()m(dz) and C is a constant depending only on K and d. For E,
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we have

1
Ez(r,a):fu—e)f f 20;(0;1(x +0c,(x,0))
0 Fs5 JR4

xqt! (x,,0)u* (x+0c¢,(x,0) dxn™(dQ) do.

By integration by parts and using the Assumptions[2.1.5}[2.1.6/and[2.1.7]again we see
that

|E2(1,8)] < COClu* 13,1 -

For the second term in (2.1.23) by Young’s inequality and Assumptions 2.1.6} [2.1.5]

we have

fRd jt(l‘”(u*)z(x) deYluﬁp(Rd) +C(y)|u|i2(Rd),

for all y > 0, where C(y) depends only on y and K. Putting these estimates together
and choosing § and y sufficiently small, we finish the proof of (2.1.20). One can
repeat the same calculation with c replaced by b, m =1 and Au in place of u to get

(2.1.22). Also (2.1.19) and (2.1.21) can be proved in the same way. O

Lemma 2.1.10. Foranyue H&(Q), weQ,tel0,T] ande >0 we have

(@) 2 2
2(S; u,u)selulH&(Q)+N(£)|u|L2(Q), (2.1.24)
1) + +2 +,2
2F 5 u,u) < €lu |Hé(Q)+N(g)|u |L2(Q), (2.1.25)

where the constant N (€) depends only one and K and d.

Proof. We prove (2.1.25). It suffices to prove it for Q = R. Due to Lemma and
the continuity of the operator J[(D : H' — H™!, we may and will also assume that
ue C?O([R{d). Notice that for any a, f € R

28-a)at < (B’ -(aN)?- (BT —a")? < (- (ah)? (2.1.26)
Consequently, for any a, 8,y € R
28—a-ypat < (BH-(ah)?-2ya’.

Using this with a@ = u(x), f = u(x+ ¢;(x,{)) and y = ¢;(x,{)Vu(x), and taking into

account that 2Vuu* = V(u*)?, we can easily see that
2V u,uty =2V u,ut) < fdjt(”(uﬂz(x) dx.
R

Hence (2.1.25) follows from Lemma One can prove (2.1.24) in the same way,
by using the inequality 2(8 — a)a < 2 — a2, instead of (2.1.26). O
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For u € H' (R?) we set

pr(u) = fF fR Qx4+ i@, Oulx + b7 = [u(x)]?

—2u(X)[A(x+ by (), O ulx + by()) — u(x)1dxn® (d0),
0:(w) :=2(F P u, uy + . (w), (2.1.27)
fir(w) ::fFfRd [(A(x+ by (), Dulx + b ()12 = [u* (x)]?

—2u™ ()[4 (x + be(), Qulx + by () — u(x)1dxa'® (dQ),
pr(w) :=2(FPu, u*y + i (w). (2.1.28)

Using the simple inequality |[(x+y)*]?> - [x*]>~2x* y| < 2|y|?, and Assumption[2.1.§]
one can see that ji,(u) is continuous in u € H'(R?). It can be shown similarly that

¢ (w) is continuous in u € H! ([R{d).

Lemma 2.1.11. Foranyue H' (RY), (w,t) € Q xR and & > 0 we have

o) < £|u|§{1(Rd) +N(s)|u|§2(Rd), (2.1.29)
pr(u) <elu™?, @) +N(e)|u+|§2(w). (2.1.30)

Proof. Since (2.1.29) can be shown in the same way as (2.1.30), we only prove the
latter one. Clearly it suffices to prove it for u € CS"(IRd). A simple calculation shows
that

pr(w) =9,(u) + fF fR dmt(x,()—1)2[u+(x)12dxn(2)(da

+fpfw2bt(0'V(u(xm(x,())u*(xmt(x,()_ Ddxr® o)

By Young’s inequality, Assumption and (2.1.22) we get that
pr(u) < sluﬂilw) +N(£)|u+|iz(w).

O

Lemma 2.1.12. LetAssumption hold. Then for all (w,t) e Qx[0,T], ue H&(Q)

and e > 0 we have

2(frw, V) - fr(v, Vo), u - v)+fZ|gt(z, u) - g:(z, V)I7, ) V(d2)

2

Sglu—lel(Q)
0

+N@©)lu-vlf, ) (2.1.31)
2(ft(u,Vu) - fi (v, Vo), (u- v)+)+fZ|Iu>u(gt(z, u) - g1(z, V)7, v(d2)
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2

<el(u- U)+|H5(Q)

+N@)w- 0717, (2.1.32)

where N (€) depends only on € and K.

Proof. We show (2.1.32). Using the second part of Assumption and Young’s
inequality we have

K
2(fr(w, V) = fi(v, Vo), (u-v)") < — - 3o +EIVu—-0"1 o

+f (fe(x, u, V) — fr(x, v, V) (u(x) — v(x) " dx.
Q

This combined with Assumption gives (2.1.32). Inequality (2.1.31) can be shown
in the same way. O

2.1.4

2.1.4 Proofof Theorems 2.1.3/and

2.1.1)

2.1.2,

We are now ready to proceed with the proofs of the main theorems.

Proof of Theorems|2.1.1jand|2.1.3. We prove Theorem It suffices to show that
conditions I) through IV) from Assumption are satisfied. The growth condition

of the operator

u-iLtu+ft(u,Vu)+6,~fi

can be verified easily. Notice that for every w, t and x, the function f;(x,r,r’) is
continuous in (r,r'). Using this, ii) from Assumption and the fact that L; is
a bounded linear operator from Hé (Q) into H1(Q), we see that A is semicontinu-
ous. Now, by ii) and iv) from Assumption the boundedness of ¢ and
we see that for a 6 > 0 and a constant C we have

2(Lyu, u) +2(u, f(u, V) = 2(f, Diw) + Y_IGF W13 o) + fz gt (WI, o, v(d2)
k

d
2 2 12 i2
= —Bluly o)+ ClulL, g + Clhulg, g + CYfilL0-
i=1

forall 7, w and u € Hy (Q). This shows that the coercivity condition is satisfied. Using
i), iv), v) from Assumption[2.1.1|and (2.1.24) we see that for all (#,w) and y >0

2ALiu—Liv,u—v)+ ) IG*w) - G*W)IZ,
k

2 2
= =lu— vl g+ COIu=viL, g
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forall u,v e Hé (Q), where « is the ellipticity constant form part (iv) of Assumption
Combining this with we have that the monotonicity condition is also
satisfied. The proof of Theorem2.1.3|goes in the same way. We omit the details, we
only note that one also has to use (2.1.29). O

Proof of Theorem[2.1.2. Without loss of generality we can assume that Assumption
is satisfied by f. For the difference h = u— v we have

t
ht:h0+f Lsh5+f3(u3!vus)_Fs(vs,vvs)ds
0
t .
+f0 Qbflaihs+(TI§(us)—(ff(vs)dwfgC
t
+f fg(s’z’ us_)_g(syz! vs—))N(ds,dZ),
0 JZ

By Theorem we have

4
\hj 12, = fo AL + AP + AP + 2(I P hg, hY) ds+my

for a martingale m;, where
AW :fQ{—2a§f(x)a,~hs+(x)a,~h;(x)
+ % ‘IhS>OZ(p’§i(x)6ihs(x) T I (0 (x, us(20)) — 0K (x, v5(2))) ‘z}dx (2.1.33)
z
AP =2 fQ (fs (3, us, Veg) — Fy(x, vs, VU by (x)dx (2.1.34)
AP = fz fQ {[hs(x) + &5(x, 2, Us— () — g5 (X, 2, Us— ()] 12 = | g (x) *
—2hY (X)[gs(x, 2, us(x)) — gs(x, 2, vs(x)1dxv(dz).

One can easily see that for every € > 0, there exist C(¢) > 0 depending only on ¢, K
and d, such that
1 2 2
AV < (—K+£)|h:|Hé(Q) +C@Ihg 17,

By Assumption we obtain
Af’) = foQIhs>0|gs(x, z,ug) — gs(x, 2, v) Pdxv(dz).

Hence, by (2.1.32) we have

AL + AT = el o)+ CEIRS T, g
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Combining these estimates and using (2.1.25) we have a constant C such that, al-

most surely

t
1520y = cfo {150 ds+my  forall £€ 0, T],

Then we have,

t
ElRf 12, < cfo E|R{ |} ds <o forallz€[0,T],

and the result follows by Gronwall’s lemma. O

Proof of Theorem|2.1.4. We assume again that Assumption is satisfied by f. For
the difference h = u— v we have

t
hy :h0+[) {gshs"'fs(us:vus) — Fs(vs,Vvg)} ds

t . t .
+f0 {¢f’6ih5+af(us)—Uf(vs)}dwf+f0 sts,(hs_M(ds,d()

By Theorem we have
2 e 2 1
e T gy = fo AL + AP + pyths) + IV g, hY) ds+ my

for a martingale m,. Here AW, A® are as in 2.1.33), (2.1.34) (with the integration
over R instead of ), and p is defined in @2.1.28). By using the same arguments as
in the previous proof, this time also using (2.1.30), we bring the proof to an end. [

2.2 Numerical approximation

In the previous section we showed that the equations under consideration are solv-
able. However, to obtain an explicit solution is usually impossible, and therefore we
are interested in approximating them numerically.

Various methods have been developed to solve SPDEs numerically (see, for ex-
ample, [19], [24], [23] and [29]). Among the various methods considered in the lit-
erature is the method of finite differences. For second order linear SPDEs driven
by continuous martingale noise it is well-known that the error of approximation in
space is proportional to the parameter h of the finite difference (see, e.g., [34]). In
[29], I. Gyongy and A. Millet consider abstract discretization schemes for stochas-
tic evolution equations driven by continuous martingale noise in the variational
framework and, as a particular example, show that the rate of convergence of an

Euler-Maruyuma (explicit and implicit) finite difference scheme is of order one in
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space and one-half in time. More recently, it was shown by I. Gyongy and N.V.
Krylov that under certain regularity conditions, the rate of convergence in space
of a semi-discretized finite difference approximation of a linear second order SPDE
can be accelerated to any order by Richardson’s extrapolation method. For the non-
degenerate case, we refer to [27] and [28], and for the degenerate case, we refer to
[25]. In [30] and [31], was proved that the same method of acceleration can be ap-
plied to time-discretized SPDEs.

Concerning equations involving non-local operators, in spatial dimension one,
a finite difference scheme for degenerate integro-differential equations (determin-
istic) has been studied in [3]. The authors in [3] first approximate the integral op-
erator near the origin with a second derivative operator. The resulting PDE is then
non-degenerate and has an integral operator of order zero. The error of this approx-
imation is obtained by means of the probabilistic representation of the solution of
both the original equation and the non-degenerate equation. In the second step
of their approximation, the authors consider a finite difference scheme and obtain
pointwise error estimates of order one in space. As a consequence of the two-step

approximation scheme, there are two separate errors for the approximation

In this section, we consider a non-degenerate linear SPIDE and we give a spa-
tial approximation scheme whose error is proportional to the parameter of the dis-
cretization. The approximations of the non-local integral operators that we suggest
are natural and they fit in the finite-difference framework. We are able to treat the
singularity of the integral operators near the origin directly, and therefore we only
have to control one error. To obtain error estimates for our approximations, we
use the approach of [34], where the discretized equations are first solved as SDEs
in Sobolev spaces over R? and an error estimate is obtained in Sobolev norms. Af-
ter obtaining error estimates in Sobolev norms, the Sobolev embedding theorem is

used to obtain pointwise error estimates.

For a space-time discretization of these equations we refer to [8], where using
the spatial approximation presented here, in combination with an Euler scheme in
time we fully discretize the SPIDE under consideration, in a joint work with James-
Michael Leahy.

2.2.1 A spatial discretization scheme

In this section, N(dt,dz) and v(dz) are as in the previous section, with Z = R%, and

in addition we consider a o-finite measure y on R%. On the cylinder [0, T] x R, we
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consider the stochastic integro-differential equation

d .
du;(x) = (.Ztut(x) +Fu(x)+ ) 0;iff ()| dr+ (tCu(x)+ g% (x)) dw?
i=0

+ f I @ (x) N(dz,drt) (2.2.35)
R
with initial condition
Uup(x) = (x), xeRY,

where

Lrp(x) = al! (0)0;;p(x), MEP(x) = b(X)3;,  (sum over i, j € {0,..., d})

FP(x) = fd (([)(x+ z) — ¢p(x) —Oicp(x)zi) u(dz) (sumoverie{l,.., d}),
R
(2.2.36)
F(2)Pp(x) = p(x+2) — Pp(x),

and where for i, j € {0,...,d} and p € N, aij, ft b;‘), and gf are random functions
depending on (t, x) € [0, T] x R4,

Through this section we will assume that

fRdlzlzl\Izl w(dz) < oo, fRd|z|2/\ 1 v(dz) < oco. (2.2.37)

Let m = 0 be an integer.

Assumption 2.2.1. For i,j € {0,...,d}, aij = aij (x) are real-valued functions that
are & ® B([R%)-measurable and bé = (b;p (x))go:1 are ¢,-valued functions that are

2 & B(R%)-measurable. Moreover,

(i) for each (w, ) € Q x [0, T, the functions a’/ are max(m, 1)-times continuously
differentiable in x for i, j € {1, ..., d} and m-times continuously differentiable in
xfori=0orj=0. Foreach (w, t) € Qx[0, T], the functions b' are m-times con-
tinuously differentiable in x for i € {0, ..., d}. Moreover, there exists a constant
K, = 0 with such that for all (w, t, x) € Q x [0, T] x R,

0% | < Ky, Vlal<max(m,1), Vi,jell,...,d)
10%a% | v 10%al®| v 10%bilg, v 10 byle, < K, Ylal< m, Vi{0, ..., d}.

(ii) there exists a positive constant x > 0 such that for all (w, t,x) € Q x [0, T] x R4
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and ¢ e R4
.il (2a§f' - bﬁ%{p)fif,- > K|&[2,
ij=
We define the following spaces:
H™:= Ly(Q x [0, T], 2; H™), H™(3) := Ly(Q x [0, T, 2; H™(£2))
HY'(v) := Ly (Q x [0, T] xR, 2 © BRY),dP @ dt ® dv; H™).

Assumption 2.2.2. The random function v is a H™-valued .%,-measurable random

variable, f’ € H" for i € {0,...,d}, and g € H"*(¢,). Furthermore,

d

12 2
Z |f51|Hm + |gs|Hm((2) ds < oo.
i=0

T
K,zn = El’(IIl%Im +Ef0

For a real-valued twice continuous differentiable function u on R, it is easily
seen that

d . 1 d .
ux+2)—u@) -y duxz = | Y 0ijulx+02)2z'2/1-0)do, xeR?
i=1 0 ,j=1

Due to [2.2.37), there exists 6 > 0 such that

K

2 K 2
z v(dz)<—,f z|“uldz) < —,
flzlsél | 12 |z|s5| r 12

f |z|v(dz) + u({lz] = 6}) + v({lz| = 6}) < co. (2.2.38)
|z|>0

Let us fix such 6 and notice that . = .%5 + %5c, where

1 d o
Ja(,b(x):f f Y 0ijp(x+02)z'z' 1-6)do
|z|<6 JO

ij=1

and where .%5¢ is defined as in (2.2.36) with integration over {|z| > §} instead of R4,
The solution of equation (2.2.35) is understood as in the previous section, that
is, an L, (R%)-valued strongly cadlag adapted process u such that

(i) u;e€ H' for dP ® dt-almost every (w, t) € Q x [0, T1;
(i) Efy lugl?,ds<oo;
(iii) there exists a set Q  Q of probability one such that for all (w, t) € [0, T'] x Q and
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¢ € CPRY),

t

()= @)+ [ ((071000-1@9) + (o) + (fi0-109) ds
0

t . t
+f (b;paius+gf,gb) dwf+f f (us—(-+2) - us-, ) N(dz,ds).
0 0 JR?

(2.2.39)

The proof of the following theorem is a simple consequence of Theorem 1.4.1]

and can be found in [8].

Theorem 2.2.1. If Assumptions|2.2.1l and|2.2.2 hold with m = 0, then there exist a
unique solution u of (2.2.35). Furthermore, u is a strongly cadlag H" -valued process

with probability one and there exists a constant N depending only ond, m,«x, K,,, and

v such that

T
EsuIT)IutI%{m + Efo Iuslilmﬂds < NK%n. (2.2.40)
<

We turn our attention to the discretisation of equation (2.2.35). For each h €
R\ {0} and standard basis vector e;, i € {1,...,d}, of R we define the first-order dif-

ference operator 6j,; by

¢(x+ he;) —d(x)

Onip(x) = .

for all real-valued functions ¢ on R?. We define &, to be the identity operator.
Notice that for all y, ¢ € Ly(R% and i € {1,...,d}, we have

(), 6_p,iw) =—=0n,idh, V).

We introduce the grid Gh = {hzy : zi € 7%, k € N} with meshsize |h|. Let ?5(Gy) be

the set of real-valued functions ¢ on Gy, such that

b7, = 11T 3 190 <co.

XeGh

We approximate the operators £ and .4 by

Lo = al (061,61, jp0),
M P(x) = b ()51, 1 p(x).

In order to approximate the operator .#, we approximate .#5 and .#sc separately. For
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keNand h #0, let AZ be the rectangle

h h h h
h_u’ T |2|]x (dh ||, s |2|’

where z, i = 1,...,d are the coordinates of 2K € 7% and set

k’

Bl:=Aln{lzI<8}, Bl:=Aln{lzl=d).

We approximate .%5c by

00 _ d .
Fhu(x)=Y ((u(x+ hzi) = u(x)) (= ) 5}1k5h,iu(x)), (2.2.41)
k=0 i=1

where
S _ .
Chi:=p(By) and &) ) = féhz’,u(dz).

k

We continue with the approximation of the operator .#5. Notice that

) 1 d L
Isp(x) =) f f Y 2'20;jp(x+02)(1-0)dOu(dz),

k=0/B;Jo ;=1
where there are only a finite number of non-zero terms in the infinite sum over k.
The closest point in G, to any point z € BZ is clearly hz;. This simple observation

leads us to the following (intermediate) approximation of .Zs¢(x):
f izjdi ib(x+0hzp)(1-0)dOu(dz).
0 jj=1
However, in order to ensure that our approximation is well-defined for functions

¢ € £,(Gy), we need to approximate the integral over 8 € [0, 1]. For fixed h # 0 and
k € Nu {0}, there exist o(h, k) € N, rlh’k e Nu {0}, for [ € {0,...,0(h, k) — 1}, and real

numbers (Hh k)U(h k) satisfying 0 = Hh’k L=gh (’;l p=L such that the line segment
{0hzileeio,1) is contained in the set Ua(h k)= 1Ahhk, and for 0 € (Bh k,thJi), we have

Ohz € Ahhk. In particular, for k = 0, we have o(h,0) =1, ro =0, Hho =0, and
rl !
96”1 = 1. Since the diagonal of a d-dimensional hypercube with side length |h| has

length V/d|h|, for each ke NU {0}, z€ BZ, and [ € {0,...,0(h, k) — 1} we have,

02— hz nil <102 — 60zl + |0 hz — hz wel < V|, (2.2.42)
1 I
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forall 6 € (0]"F,0)"*). Set

h,k

0
ij _ T Ahk 1+1
(h,k—thztzlu(dz), 6, _feh’k (1-6)d6

k l

and define the operator

oo o(h,k)-1
I =y, Y oMF Z ¢ 6h,l~6_h,]-<p(x+ Rz ). (2.2.43)
k=0 I=0 i,j=1

There are only finitely many non-zero terms in the infinite sum over k. We set .#" =

Jah + J(shc. Let us now introduce the following martingales:
mbbh f f Z'N(dz,dt), mP"=N@B,10,1), (2.2.44)

and let us consider the equation

d . )
di(x) = (54’1 0l + (0 + Y Bpif] (x)) dr+ Y (J%t’""a?(x) + gf(x)) duw?®

i=0 =1

hk)-1 ; °°
> 91}1’k5h,iﬁ?(x+Zr,h’k))dm]tc’l'h“L > (a?(x+ hzy) = (x)) e,
1=0 k=1

(2.2.45)

with initial condition

al(x) = w(x), (2.2.46)

for (t,x) € [0, T] x G".

Remark 2.2.1. Tt is known that for n > d/2, H" is embedded into Cj,(R%), the space
of continuous bounded functions on R?. Whenever a function isin H" and n > d/2,
we always take its continuous version. Moreover , for || < 1, there exists a constant

N depending only on d and n such that for all ¢ € H”,

g, @m < NIgpl5. (2.2.47)

For a proof of this embedding we refer to [27]. By (2.2.47), under Assumptions
(i) and with m > d/2, @2.2.45) is an Itd equation in ¢»(G")— with Lipschitz con-

tinuous coefficients, and therefore, it has unique cadlag ¢, (G")—valued solution.

Theorem 2.2.2. Let Assumptions|2.2.1land|2.2.2 hold with m >2+d /2, and let u and
" be the solutions of [2.2.35) and ([2.2.45), respectively. Then the following estimate
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holds

Esup sup |us(x) — lft?(x)l2 + Esup|u;— ﬂhllz(ﬁh) < N|h)?, (2.2.48)
r<T xeGh (=T

where N is a constant depending only d, m,x, Ky, x4, and v.

2.2.2 Estimates for the approximation of the operators

In this section, we present some results that will be needed for the proof of Theorem
Let us introduce the operators

0 ohk)-1d

FACTOEDWMOEDIEDY 01 2164, ip(x + hz i), (2.2.49)
k=0 =0 i=1 !

jg’c(z)d)(x) = Z IBI? (2)[p(x + hzy) — P(x)], (2.2.50)
k=0

I = 7L 2Dpx) + FL (D). (2.2.51)

where éf - Hﬁli - 9? ok , and consider the following Itd equation in L, (R%),

dul(x) = (LIl %) + 5" ul ) + () d e+ ()P ul () + g2 dw?
+ f ) I ul Nz, dp. (2.2.52)
R
We will show later that if u” is a solution of (2.2.52) and u”" € H™ with m > d/2, then
it can be restricted to the grid G”, and it agrees with i".

The following is very well known and a proof for a more general statement can
be found in [27].

Lemma 2.2.3. Let m = 0 be an integer. Then for allue H™?2, ve H" and i, j €
{1,..,d} we have

1
|6h_,-u—65u|Hm < E|h||u|Hm+2,
|6h,i6_h,ju—6iju|Hm < N|hl||ulgm+s,

where N depends only on d and n.

Lemma 2.2.4. Let m = 0 be an integer. For all u € H™"3 we have
.2 u—F " ulgm < Nl ) gymes, (2.2.53)
where the constant N depends onlyond, n andv.

Proof. 1t suffices to show (2.2.53) for u € CSO(Rd). We begin with m = 0. A simple
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calculation shows that
Fseu(x) — S u(x)

00 da .
=) 0 (u(x+ 2)—u(x+hzp) - Y z'(0;u(x) —6?u(x)) u(dz)
= k

i=1

f Z(z —hzk)d u(x+hzp+0(z—hzy))dOu(dz)

3 Zz (0;u(x) — 6] u(x)u(dz).
k=0

=1

By Minkowski’s inequality, we get

Fpeu—hul, <y [ le — hz 110 ulr, p(dz)
k=0 =1

n Z Z 12'110; () — 8" u(x)| [, pu(d2)
k=0 =1

d
< Nihllulys + N Y 10;u(x) - 6" u(x),,
i=1

since |z — hzi| < |h|vVd/2. Thus, by Lemma ; we have
| Fseu— Il ulr, < NIhl|ulgs. (2.2.54)

We also have
Fsu(x) — fah u(x) =
o a(hk)-1 pe™k

Z Z o Z z'z0[0; Oju(x+0z)
k=0

B;}CL =0 i,j=1

- 6h,,-6_h,j ulx+ thh,k)] (1-0)dOu(dz). (2.2.55)
1

Notice that for each i, j € {1,...d},
0;0ju(x+60z)—6p;6_pjulx+ thh,k)
1

=0;0ju(x+60z)—0;0ju(x+ thh,k)
1
+0;0ju(x+hz h,k)—éhié_hju(x+hz h,k)
Z(Bz" hz hk)aqa 0, u(x+hz we+p(0z—hz hk))
0 g=
+6iju(x + thh,k) - 5h,i6_h,ju(x+ thh,k)-
1 l
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and also by|[2.2.42, we have |0z7 — hz? h .| = N|h|. Hence, substituting the above rela-
tion in (2.2.55), using Minkowski’s 1nequa11ty, (2.2.38), and Lemma[2.2.3} we obtain

| Fsu— I ulr, <|hINIulys.

(2.2.56)

Combining (2.2.54) and (2.2.56), we have (2.2.53) for m = 0. The case m > 0 follows

from the case m = 0, since for a multi-index a, we have

0% Fu—"u) =96 - .#"6%u.

Lemma 2.2.5. Let m = 0 be an integer. For all u € H™*? we have

fR L @u- F@ubyuvidz) < NIRPIul e

where the constant N depends only on n,d and v.

Proof. It suffices to prove the lemma for u € C2°(R%) and m = 0. We have

Is@ux) - FR@)ulx) =

olhk)-1 p0"% a4

Z IS o

Notice that

l i=
0iu(x+0z)—bp,;ulx+ hzrh,k)
1

1d . .
:f Z6i6ju(x+92+p(92—hzrlh,k))(ﬁzf—hzih,k)dp

0 ]:1 l

+0;u(x+ thh,lc) —Opiu(x+ thh,k).
I

Thus, by Remark[2.2.42Jand Lemma|2.2.3} we get

I3 @Du— F5(@)ulf, < I=5lz>NIhPlul?,
and hence by (2.2.38), we obtain

| Vk@u= gs@uit, vidz) = NP1t

47

Zz Oju(x+02z2) — 5hlu(x+hz hk))dH.

(2.2.57)
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We also have
| o (D) u(x) = Foe(Du)l = 3 Ipn(@)lulx+2) - ulx+ hzy)|
k=0

1d . .
Z 10;u(x + hz + p(z— hz)|z' — hz;ldp.

o0
<Y Iz(z)
k=0 ¥ 0 j=1

Consequently,
| I (Du— Fse(@ulf, < Iz 5s NIRPuly,

which implies that
fw | Zr (@ u— Fse(2)ul7, v(dz) < NIhP|ul3,. (2.2.59)

Combining (2.2.59) and (2.2.58), we have (2.2.57) for m = 0. The case m > 0 follows

from the case m = 0, since for a multi-index a, we have

6“(]u—jhu) :]6“u—jh6“u.

Lemma 2.2.6. Let Assumption hold. Then for any ¢ € L, (R?) we have 0
h S K & 2 2
2(, L)+ Y 1M CPI, < -3 Y 16mi¢l7, + NIl (2.2.60)
Q:l i=1

Q) :=2(p, L) + 20, F ) + Y 102,

o=1
d
+fuw BAGERICEE —g > 18n,ipl7, + NIoIF,, (2.2.61)
i=1
d
fRd 12" (2)pl7,v(dz) < % Y 18n,ipl7, + NIpI7,, (2.2.62)
i=1

where N depends onlyonx,Ky,d, andv.
Proof. Inequality (2.2.60) is proved in [27]. For (2.2.61) it suffices to show that

d
20, 5" p) + fR 1" @0F vida) < gzl S1ibl2, + NIIZ .

We have

00 o(k,h)-1

2(p,.501p) = kzo M lzl gk iz fR | Snid-nj$l+ hz bR dxp(da).
—Jsr £
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Since

f 5h,i5_h,j¢(x+ hzrh,k)(,b(x)dx :f 6h_i(,b(x+ hzrh,k)5h,j(p(x)dx,
R4 l R4 l

we get by Holder’s inequality
h 2 & 2 Kk & 2
2(¢, 55 ‘/’)Sf |Z| Z|6h,,-<p|L2,u(dz)sEZ|6h,i<p|L2. (2.2.63)
i=1 i=1

lz|=

We calculate

2(¢,J5}icp) =2 Z fgh fqud [Pp(x+ hzy) —Pp(x) — zi6h,i¢(x)]gb(x)dxu(dz)
k=0Y D

i d , 12
Szfll 5° |‘5h,i</’|Lz|<PIL2u(dz)52f |z|u(dz)(Z|6h,i¢|L2) 1011,

|z|=6 i=1

d
K
=15 - Z 18niI7, + NIIL,, (2.2.64)
i

where the last follows from Young’s inequality. We also have

o(k,h)-1

Ij(sh(z)gbli2 f(z h(Z) Y Hh z6hlgb(x+z;zk)) dx

1=0

Z Bh(z)|z| Z 161, pl7,,

k=0 =1

and

|5 (@PI7, <43 Ign(DIPI7,-
k=0
Hence,
d
K
fR MDD = 5 5 01, + NIOE,

which, proves (2.2.62) and also combined with (2.2.63) and (2.2.64) proves (2.2.61).
0

The proof of the following theorem goes in the same way as the proof of Theorem

3.2 from [27], but we include it for the convenience of the reader.

Theorem 2.2.7. Let f' € H™ for i € {0,...,d}, g € H™(l,) and r € H™(v). Suppose
that Assumption (i) holds. For any h # 0, there exists a unique Lz(Rd)—valued
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solution of

dul (x) = (LMl () + I Ul ) + 65 LAt + (O ul (x) + g° () dw?

+ f ) FMu (x)+r/(x,2)N(dz,dr), (2.2.65)
R

forany H™ —valued .7y—measurable initial conditionw. This solution is H" —valued
cadlag process. Moreover, if Assumption|2.2.1| (ii) holds, then

T d
h\2 h2 2
Esupluflym+E | Y 16piuflim < NE[W|m
t<T 0 j=1

T,d
+NE[0 (Z;)If;l%[m+|gt|§{mwz)+fRd|rt(z)|§1mv(dz))dt, (2.2.66)
1=

where N depends onlyond, m,x,K;,, T andv.

Proof. Note that is an SDE in L, (R%) with Lipschitz continuous coefficients,
and consequently there exists a unique solution. Similarly, it has a unique solution
with values in H™, and since H™ < L, (R%), the first assertion of the theorem follows.
It is also easy to see that estimate holds with a constant depending on h. By
[to’s formula we have

lul}, = @) +\gilE 0+ [ I, vid2)
+206 5, ul, f1) + 20106, ul, g°) +2 f (A @uf r(2)vda)dr
R
+2(ul, b5y ul + g2 dw? + sz (" @ul +ri(2),u )Nz, dp

+ f NI @uf+ (27, N(dz,dn) (2.2.67)
R

Using Young’s inequality, (2.2.61) and (2.2.62) we obtain

t

ne2 K h2 2

Elut|L2+§E A Y 16niugls,ds < Elyl;,
i#0

T d )
+N_Ef0 (lu?liﬁ > Ifgliz+Igt|§2w2)+fwlrt(z)|%2v(dz))dt<oo. (2.2.68)
i=0
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By Gronwall’s lemma we get

t d
E i > 16p,ulls ds< NE@y[,
i=0
rd 2 2 2
l
+NEfO (i;)lftle+|gt|L2(€2)+fRd|rt(z)|L2v(dz))dt. (2.2.69)

Going back to (2.2.67) and applying Davis’ inequality (Chapter IV, Theorem 4.1 in
[56]) where appropriate, we get

EstE;T)mtﬁz <N'A1+N'A; + NEly ],

T, d
+NE [ (L1771 + gl e+ [ @i, viaa)at

T
+2f f Ijh(z)u?+rt(z)|% v(dz)dt
0o Jrd 2

where

TR hi ho 02 g ?
AI:E( 0 S wh, b6, ul + g% dt)
o=1

T d
< (4N)"'Esup|ul'?, +NEf0 (X 18n,iull?, + 184170, A1,
t<T i=0

r oy h hy2 12
AZ:E(f f (A" @ult + (2, ul?vd2)di)
0 R4

T d
< (4N")"'Esup|ul?, + NE[O O 18n,iull3, +fRd Ir(2)I7,v(dz))dt.
t<T i=0

Using this, (2.2.62) and (2.2.69) we see that

T d
Esup|ul?, +Ef Y 16p,iurls di< NEWyl
t<T 0 j=0

T d
+NEf0 (lgolft’liz +18113, 0, +fRd |rt(z)|§2v(dz))dt. 2.2.70)

This proves the theorem for m = 0. Now suppose we have (2.2.66) with n instead of
m, for some n € {0, ..., m — 1}. Let a be a multi-index, with |a| = n + 1. By differenti-
ating (2.2.65) and using the notation ¢ = 3¢, we have

dil (x) = (LMl )+ "1l ) + 65, F ) d it + (PPl (x) + 80 () d w?

+ f ) FM2a" (x)+F(x,2)N(dz,dt),
R
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where

Fi=flizo, =+ (a)aa_ﬂ“ij‘shvi@—h,j@ﬁuh»

B<a

gl=g+y (“)a“—ﬁbwah,iaﬁuh.

B<a
We proceed as before, and for || = n and j # 0 we use the estimate
fRd |i!61,:0p, ;0P ullldx < y10;0P6p;ul 7 +y 'all3,

h,2 -1, ~h2
<y 3 16ni0ulz, +y adl,,
|{|=n+1

where y > 0 is arbitrary, to obtain

t d
Elft?li2 + Efo Y |6h,,-a?|§2ds < NE|1;/|§2
i=0

t
+(2d")—115f > 1850 ull3 ds
0 1¢1=n+1
i€{0,..,d}

t d
+NE fo (128, + 3 1 R + 181 s )+ fR r@F . v(da)dr.
i=0

By writing the above relation for all multi-indices @, with |@| = n+ 1, and summing

them up, we see that the term with the factor (2d™)~! can be dropped. After that, by

proceeding as before we obtain

T d
~h\2 ~n\2 2
Esuplut|L2+Ef E I(Sh,iusIdesSNEIu/IL2
=T 0 =0

T,d
12 2 2
+NE fo (;)|fZ|HM +18 el gy * fR ) |rt(z)|Hn+1v(dz))dt, (2.2.72)

which combined with the induction hypothesis, gives estimate (2.2.66) with n + 1

instead of m. This brings the proof to an end.

2.2.3 Proof of Theorem 2.2.2]

Theorem 2.2.8. Let Assumptions|2.2.1 and|2.2.2 hold with m = 2, and let u and u"
be the solutions of (2.2.35) and (2.2.52), respectively, with initial condition y. Then

T d
2 h2 2.2
EsulT)Iut—utle_2+E | Z|5h,iut—6h,iutIHm_stsNIhI Ko
< i=1
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where N is a constant depending only on d, m,x, K, and v.

Proof. Set r":= u"" — u, and set

d .
Fl'i= (L] - L+ 9" - Fus+ Y 6 -0 f},

i=1

G?'Q = (./%th’g - Mtp) Ug,

H?(Z) = (jh(Z) —j(z)) Up-—.

By virtue of Assumption (i), Lemmas [2.2.3} [2.2.4} |2.2.5] and estimate (2.2.40),

we have

2
|ut|Hm+1 +

1

T T d
Ef |Fyl3moadt < Nlhlef
0 0 =

|ft"|Hm) dt < N|h|*k?,
1

and

T
Ef (|G?|€2(Hm2)+f IHf(z)IiIm_zv(dz))dt
0 R4

T
< Nlhlef lugl3mdt < NIhI*2,,
0

where N is a constant depending only on d, m, K,;;, and v. Therefore, F h e gm-2,
G" e H™2(¢,), and H" e H™ 2(v). Note that r" is a H™ ?-valued strongly cadlag

process, satisfying the equation

drth = ((,%th+fh)rth+Fth)dt+ (/%th’grf%G?’Q)dwf

+ f ) ( Ihrl + ch(z)) N(dz,dt), te(0,T], (2.2.74)
R

with rg’ = 0. Hence, by Theorem ‘

T d
Esuplrthlim_2 +Ef |6h,irf|§{m_2dss Nlhlzkfn, (2.2.75)
t<T 0 =1
where N is a constant depending only on d, m, x, K;;;, and v. O

By virtue of Sobolev’s embedding theorem and (2.2.47), as in [27], we obtain
the following direct corollary of Theorem [2.2.8, with the convention that {1,...,d}° =
{0,...,0}.

Corollary 2.2.9. Suppose the assumptions of Theorem[2.2.8 hold with m > n+2 +
d/2, where n = 0 is an integer. Then for all A = AL .. AN eql,...,dY" and Opy =

53



Oparee-Opan, we have

Esup sup |6, 41 (x) = 5 a1l (x)]?
t=T xeRd

h2 2.2
+Esupl|épaus—Op Uy |Zz(Gh) < N|h|°x3,,
t<T

where N is a constant depending only on d, m,x,K,,v and n .

Proof of Theorem[2.2.3, Let u" be the unique solution of (2:2.52) with initial condi-
h

tion . By virtue of Theorems[2.2.1{and 2.2.7} u, u
h

are strongly cadlag H"-valued

process. Notice that u, u" are cadlag processes with values in Cj,(R?). We only need
to show that almost surely 12? (x) = u?(x), forall t € [0, T] and x € Gy, and then Theo-
rem2.2.2|follows from Corollary[2.2.9] To this end, let J be the embedding operator
form H™ to ¢,(Gy). By applying J to both sides of we see that Ju" satis-
fies and therefore the result follows from the uniqueness of the solution of

(2.2.45). O
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Chapter 3

Stochastic Partial differential

equations

In this chapter we turn our attention to Stochastic PDEs. The equation under con-

sideration is

du; = (Lour+0; fi + fOdt + (MFu, + ghHdwE, up =1, (3.0.1)
for (t,x) € [0, T] x Q, where the operators £;, and .4 ,f“ are given by

ZLiu= aj(aifa,-u) + biaiu +cru, Jlfu = aikaiut + ,ullfu. (3.0.2)

Here, Q is a bounded Lipschitz domain in R and he summation for the parameters

i and j takes place over the set {1,...,d}, and for k over the positive integers.

Solvability of these type of equations in Sobolev spaces has been extensively
studied, mainly through a variational approach (L-theory, see for example [43],
[57], and [54]) and an analytic approach (Lj,-theory, see [40], [37]). By the results
in these two approaches, one can obtain regularity (integrability or/and differentia-
bility) of the solution under the assumption that the data of the equation are regular
enough. In this chapter we deal with another question. Under the minimal condi-
tions that guarantee the existence of a solution, can we derive some further infor-

mation for the solution? As we will see in the next sections, the answer is affirmative.

The results of this chapter are from [6] and [5], two joint works with Maté Gerenc-

2

Ser.

In order to ease the notation followed in the previous chapter, for p,r, g € [1,00],
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let us set

Log= L0, T} Lg(Q)
Ly = Ly (@, Fo; Ly(Q))
Ly () = Ly(@x [0, T1, 25 Ly (Q; 1))

and also

I Ip =1L, 1 llng =110, -1 =11 s

The assumptions posed are the following.

Assumption 3.0.3. i) The coefficients a'/, b’ and c are real-valued & x & (Q) mea-
surable functions on Q x [0, T] x Q and are bounded by a constant K = 0, for any
i,j=1,..,d. The coefficients o’ = (U"’C),‘f’:1 and y = (,uk)%":1 are l,-valued & x Q-

measurable functions on Q x [0, T] x Q such that

Y Yotk + Y lukP <K forallw, tand x,
ik I

ii)fl, for 1 € {0,...,d}, and g = (gk)%":1 are & x A(Q)-measurable functions on Q x
[0, T] x Q with values in R and I,, respectively, such that

d
EQ I3+ 11gls, %) < oo
=0

iii) v is an .%p-measurable random variable in L,(Q) such that E leg <00

Assumption 3.0.4 (Parabolicity). There exists a constant A > 0 such that forall w, £, x
and for all & = (¢1,...¢7) € R we have

a, (0)&:&; - Eatk(x)aik(x)éifj > A&,

We will refer to the constants K, T, A, d and |Q|, where the latter is the Lebesgue
measure of Q, as structure constants.

The solution of equation (3.0.1) is again understood to be an L, (Q)-valued, .% ,—adapted,
strongly continuous process (i) te[o, 1], such that

i) u € Hy(Q), for dP x dt almost every (w, 1) € Qx [0, T]

i) B f, (lul2+Vu, ) dt < oo
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iii) for all ¢ € C°(Q) we have with probability one

t .. . .
(un, @) = (¥, ) + f (ag' 0;us+ fi,0- )+ (DL0;us + csus + O, Pp)ds
0

t
+f UFus+ gk, praw,
0

forall £ € [0, T].

3.1 Global Boundedness

We are interested in boundedness properties of solutions of under Assump-
tions and The corresponding problem in the deterministic case, has
been extensively studied. The first results for non-degenerate equations in diver-
gence form are due to [18] and [51] for the elliptic case and [53] for both elliptic and
parabolic equations. Later, the techniques of [51] were extended to the parabolic
case in [52]. The approach of [18] was also applied for parabolic equations (see for
example [48]). In these articles, boundedness is obtained as an intermediate step
in order to prove Holder continuity and Harnack inequalities. Another proof of the
parabolic Harnack inequality was given in [16]. Hélder estimates and Harnack in-
equality were also obtained in [59] and [47], for elliptic and parabolic equations in
non-divergence form. More recently, these results were also proved for a wider class
of parabolic equations, including, for example, the p-Laplacian as the driving oper-
ator (see [14] and references therein).

Boundedness of solutions of SPDEs can be proved through embedding theo-
rems of Sobolev spaces. Such results can be obtained from L,—theory, see e.g.
[40], for equations considered on the whole space. This approach, however, re-
quires some regularity of the coefficients. For SPDEs where these regularity as-
sumptions are dropped or weakened, the literature has been expanding recently.
In [55] a maximum principle is obtained for a class of backward SPDEs. Under
the additional assumption o = 0, variants of the problem are treated in [9], [33],
and [36], with methods that strongly rely on the absence of derivatives of u in the
noise term. In [10], through the technique of Moser’s iteration, introduced in [51],
boundedness results are derived without posing regularity assumptions on the co-
efficients, for a class of quasilinear equations, by staying in the L, —framework. This
served as a main motivation to our work. However, in [10], it is assumed that there
exist constants A > > 0, such that for any ¢ € RY, one has a'/¢;¢; = Al{|? and
(72 + 1/2)0ik0jk€i€j < BI¢|?, which seems a rather strong condition. In the work

presented here, only the classical stochastic parabolicity condition will be assumed
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in order to get estimates for the uniform bound of the solution of equation (3.0.1).
We note that the results of this section can also be extended to quasilinear equa-
tions under suitable conditions. Having accessibility in mind, such generalizations

are not included here.

3.1.1 The global L -estimates

Notice that under Assumptions|3.0.3|and|3.0.4} by virtue of Theorem for exam-
ple, equation (3.0.1) admits a unique solution u, and the following estimate holds

d
E sup |ugds < NE(yl3+ Y IF05+1gl,l13), (3.1.3)
0<t<T 1=0
where N=N(d,K,A, T).
Let
rdz{(r,q)e (1,00]?

1 d }
-4+ —<1y.
r 2q

The following is our main result.

Theorem 3.1.1. Suppose that Assumptions|3.0.3 and (3.0.4 hold, and let u be the
unique solution of equation (3.0.1). Then for any (r,q) €I’z andn >0,

d .
Elulldo < NEQ@IS%+ 1017 g+ 2 115,54 + 11gIL13, 5,), (3.1.4)
i=1

where N=Nn,r,q,d,K,A,|Q|,T).

Remark 3.1.1. Notice that in particular we obtain

d
Ellul?, < NE(wiZ+ Y IFIZ5 + gl 1), (3.1.5)
=0

and by interpolating between (3.1.3) and (3.1.5), for any p = 2, one obtains

Eoigmtﬁ, < NE(yl5 + lio £+ gl 15)
where N can be chosen to be independent of p. In fact, such a uniform estimate for
the L,-norms of the solutions is equivalent to (3.1.5).

Theorem will be proved in Section We will adapt the technique of
Moser from [51] and [52]. The strategy, in short, and for the moment ignoring the
contributions from the initial and free data, is the following: with a suitable in-

termediate norm [u],, we obtain estimates of the form E|| ullzmwn+1 < N(n)E[u]Z,
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Elul] < N(n)E||u||?n,qn, with r,,g, / co. The constants N(n) in these estimates

are controlled so that one can iterate this procedure, take limits, and finally obtain

estimates for the supremum norm.

3.1.2 Itd’s formula for the L,-norm and energy-type estimates

In this section we gather some results that we will need for the proof of Theorem
First let us invoke (I1.3.4) from [48].

Lemma 3.1.2. Suppose thatv € L,([0, T, H(} (Q))NL([0,T],L2(Q)). Let 1, g € (2,00),
satisfying1/r + d/2q = d/4. Then v belongs to L ([0, T1, L4(Q)), and

T riq 2/r T
(f (f Ivtl"dx) dt) SN( sup f Ivtlzdx+f fletlzdxdt)
0 Q 0<t<TJQ 0 JQ

with N = N(d,|Q|, T).

The right hand side of the inequality in the above lemma plays the role of the
“suitable norm" (for n = 2), which was discussed at the end of the previous section.
We are also going to use the following result (see Proposition IV.4.7 and Exercise
IV.4.31/1, [56]).

Proposition 3.1.3. Let X be a non-negative, adapted, right-continuous process, and

let A be a non-decreasing, continuous process such that
E(X;|.%0) < E(A:|%0)
for any bounded stopping timet. Then for anyo € (0,1)

EsupX? <07 7(1-0) 'EAY.
t<T
In order to obtain our estimates, we will need an It6 formula for |, II’Z. The differ-
ence between the next lemma and Lemma 8 in [10], is that we obtain supremum (in
time) estimates, that are essential for having (3.1.7) almost surely, for all ¢ € [0, T].

Therefore, we give a whole proof for the sake of completeness.

Lemma 3.1.4. Suppose that u satisfies equation 3.0.1), f' € Ly, forl€{0,..,d}, g€
L,(l2), andy € Ly, for some p = 2. Then there exists a constant N = N(d, K, A, p), such
that

T d
Esup|ut|5+15f0 wiusﬁmsW‘dedssNE(W|5+Z||f’||Z+|||g|lz||Z). (3.1.6)
t<T =0
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Moreover, almost surely

[ .
flutlpdx:f Iuol”dx+pf f(Uékaius+,uku5+gk)u5|us|p_2dxdwf
Q Q 0 JQ
t .. .
+f f—p(p—l)aéjaiusluslp_zajus—p(p—l)fslaiusluslp_zdxds
0 JQ
t .
+f [p(béaius—i-csus+fso)us|u5|p_2dxds
0 JQ

1 t o] .
+—p(p—1)f f 1050, us + uFus + g1 uglP2dxds, 3.1.7)
2 0 Joio

foranyt<T.

Proof. Consider the functions

Ba(r) { Tald if [r] < n
n\r)=

_ -1 _ .
nP ZMPT)(IrI—n)2+pn” Yrl=n)+nP if|r|=n.

Then one can see that ¢, are twice continuously differentiable, and satisfy

lpn ()| < NixI?, 1¢p,(x)] < Nlxl, ¢/ (x)] < N,

where N depends only on p and n € N. We also have that for any r € R, ¢, (r) —
71P, ¢}, (r) = plrIP~2r, §y(r) — p(p—DIr|P~2, as n — oo, and

Gn(r) < NIr|P, ¢, (r) < NIr|P~L, @l(r) < NIr|P~2, (3.1.8)

where N depends only on p. Then for each n € N we have almost surely

t .
f(pn(ut)dx:f¢n(u0)dx+f f(a§k6,-u3+,uku5+gk)(/>;1(us)dxdwéC
Q Q 0 JQ
t .. .
+f0 fQ—aéjdius<p',’l(us)6jus—f’(/)%(us)diusdxds
t .
+ fo fQ blo;use),(us) + csust), (us) + fOp), (us)dxds

1ptp o
+‘ffZlffik@iuswkus+gf|2</>§§(us)dxds, (3.1.9)
2Jo Joioy

for any ¢ € [0, T'] (see for example, Section 3 in [42]). By Young'’s inequality, and the
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parabolicity condition we have for any € > 0,
f Pn(u)dx<m” +f Pnlug)dx
Q Q

d .
Y 1R P us)dxds

i=1

t
+f f(—A|Vus|2+g|Vus|2+N
0 JQ
t ) k
+f f(equS|2+N|us|2+NZ|gs 1Y (us)dxds
0 JQ k=1

+f0th(b§aius+csus+fs°)¢’n(us)dxds, (3.1.10)
where N = N(d, K,¢€), and mﬁ”) is the martingale from (3.1.9). One can check that
the following inequalities hold,

i) [r¢,(N] < ppn(r)
ii) [r2¢" (| < p(p—Dpn(r)
iii) |, (NI* < 4p §(r)pu(r)
iv) [} (NP P2 < [p(p—DIP' P2, (),
which combined with Young’s inequality imply,
D) 0;uspy, (us) < el (15)10; usl* + Nep (us)
i) |us),(us)l < ppn(us)
iii) | £, )l < | fP w2 dp(us)|''? < NIfP + Ny (1)
iv) |usl®@l(us) < Nepp (1)
V) ElghPu) < Nou(ws) + N(£ilgh?)”
vi) XL I (us) < Npp(ug) + NXL 1117,

where N depends only on p and e.

By choosing € sufficiently small, and taking expectations we obtain
t t
Ef ¢n(ut)dx+EIAf f IVuslz(p;fL(us)dxdssNEJ,’t+Nf Ef bnug)dxds,
Q 0 JQ 0 Q
where N = N(d, p,K, 1) and

rd

Jat:|w|§3+f0 Y1715 + 1gelds.
1=0
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By Gronwall’s lemma we get

f¢n(ut)dx+Ef f \Vus|*@) (u)dxds < NE#;

for any ¢ € [0, T], with N = N(T,d, p,K,1). Going back to (3.1.10), using the same
estimates, and the above relation, by taking suprema up to T we have

Esup an(ut)dXSNE[AJ,/t+ESup|m§”)|.
t<T JQ i<T

1/2

2
<NEJ{T+NE(f Z([ 1050 us+ pFug + gkl (us)cpn(us)ll/zdx) d )

1/2
<NEXr+ NE f f(qusl +ugl? +Z|gs| )b (us)dxf (,bn(us)dxds)

<NEX7T+ Esup/ dn(uy)dx < oo,
t<T

where N = N(T,d, p,K,1). Hence,

Esup (pn(ut)dx+Ef f \Vus|*¢) (us)dxds < NEKr,
t<T JQ
and by Fatou’s lemma we get (3.1.6). For (3.1.7), we go back to (3.1.9), and by letting
a subsequence n(k) — oo and using the dominated convergence theorem, we see
that each term converges to the corresponding one in (3.1.7) almost surely, for all
t < T. This finishes the proof.
O

Corollary 3.1.5. Let y > 1 and denote x = 4y/(y —1). Suppose furthermore that
rr',q,q € (1,00), satisfying1/r+2/r' =1 and 1/ q+2/q' = 1. Suppose that u satisfies
the conditions of Lemmal|3.1.4 for any p € {2y",n € N}. Then, for any p € {2y",n e N},
almost surely, forallt < T

2 rt
flutldeHp—f fIVutIZIutlp_zdxdssN’mt
Q 4 Jo Jq

d .
N ([l + PNl i+ PPN g+ 15, 0 + 1181 1G,5,) | (B-11D)

i=1

where m; is the martingale from (3.1.7), and N, N’ are constants depending only on
K» d) T)A’) |Q|) r) q

Proof. By Lemma(3.1.4} the parabolicity condition, and Young’s inequality we have
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2 pt
flutlde+p—f fIVuSIZIuSI”_dedssN’mt+N1
Q 4 Jo Jo

f lw|Pdx
Q

d .
przmsW +pIfNusl P+ p? D1 f P lusl P72 + p?lgslT luslP~2dx

i=1

t
+f
0

Then by Holder’s inequality we have

|

p-1
ff|fs||us| dxds <Ot

and by Young’s inequality we obtain

-p
plf° ”rq”u”q(p D2 rp-12 =P 1017+ P* ||u||,(p 12,4 (p-1)/2

< PPN g+ Nap Nl o

Similarly, forn>1,

2
p f f|fs| |us|p dde<]9 ”f ”2r2q”u”r(p 2)/12,q'(p-2)/2

-p
<pPlf! ”2r2q+p ”u”r(p ~2)/2,q'(p-2)/2

< PPN+ Nap Nl

The same holds for g in place of f’. The case n = 0 can be covered separately with
another constant N4, and then N can be chosen to be max{/N; (N> + N3), N4}. This
finishes the proof.

O

Lemma 3.1.6. Suppose that u satisfies equation (3.0.1), fl €ly, forlelo,..,d}, g€
L,(l2), andy € L, for some p = 2. Then for any0 <n < p, and for anye > 0,

nlp
(suplut|p+— f fIVuI lug|P™ deds)

=T

<eE|ulll, + N, PE
i=1

d .
lwl+ 11T+ X1 + 11l ||Z]

where N (€, p) is a constant depending only one,n,K,d, T, A,1Q|, and p.

Proof. As in the proof of corollary(3.1.5] for any .%,—measurable set B, we have al-

most surely

2 t
IBf Iutlpdx+p—13f f IVuslzluslp_zdxdsSN’IBmt+N1[B(f lw|Pdx
Q 4 0 Jo Q
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a

i (2 2, 21 2 2
Y 1 fiPluglP 2 + pPIgol? luslP 2 dx | ds |,
i=1

t
« przmsV’ +pl f2llusl?™ 4 p?

(3.1.12)
for any ¢ € [0, T]. The above relation, by virtue of Gronwal’s lemma implies that for

any stopping time 7 < T

T
supEIBf |um|f’dx+EIBf fIVuSIZIuSI”_dedssNEIB“//T, (3.1.13)
t<T Q 0 JQ

where

t d .
V2 ::f |w|de+f f Nl P~ 31 P lusl P2 + gl lus| P~ dxdes.
Q 0 JQ i=1
Going back to (3.1.12), and taking suprema up to 7 and expectations, and having in
mind (3.1.13), gives

Esuplp | |usPdx < NEsuplg|m|+ NEIg¥;.

<7 Q I<T
By the Burkholder-Gundy-Davis inequality and (3.1.13) we have

T 2 1/2
EsupIBImtISNEIB(fO (leutl”_z(IVutI+|ut|+|g|12)dx) dt)

I<T

T 1/2
sNEIB(fO fQ|ut|defQ(|Vut|2+|ut|2+|g|?2)|u|l’—2dxdr)

<t

1
< zEsupIBf |u\Pdx+ NEIgV;.
Q

Hence,
EsupIBf |u\Pdx < NEIgVs;,
Q

<7

which combined with (3.1.13), by virtue of Lemma gives

p2 T n/p ,
E(suplutlz+—Ef0 fQIVuSIZIuSI”_dedS) SNE”I/T’7 P

t<T 4

n/p
<NE

d
-1, 00 -2 [ 12 2
llp + el 51O+ ullSs (Z||f’||2+|||g|12||2)
i=1

<eE|ull,+ NE

d .
Wl + 10T+ 2 1+ |||g|12||;7‘ :

i=1

which brings the proof to an end. O
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3.1.3 Proof of Theorem

Proof. Throughout the proof, the constants N in our calculations will be allowed to
depend on 7,1, g as well as on the structure constants. Notice that we may, and we
will assume that r, g < co. Without loss of generality we assume that the right hand
side in is finite. Also, in the first part of the proof we make the assumption
that v, fl, [=0,...,d, and g are bounded by a constant M. in particular, by (3.1.6),
ue Ly(Q,Ly4) foranyn,r,q.

Let us introduce the notation
0P d i P p
My q,p(0) = 1L10,0 " Il q + Y I, f! 157,24 + 1L10,111812, 11, 54
i=1

Since (r,q) € Ty, if we define r’ and g’ by 1/r+2/r'=1,1/g+2/q' = 1, we have

d 1 d d
—<—+—=1y—
4 1" 2q 4

for some y > 1. Then 7 = yr’ and g = yq' satisfy

da d

+—==-—.
2q 4

~>| =

By applying Lemma to 7,4, and v = |v|”/?, we have, for any p = 2

T R f/ﬁ Zn/fp
E |w|20vf (flvtl"”/zdx) dt
o g

pz T n'p
ElwlgovN”/”(sup f |vt|de+—f fletlzlvtlp_zdxdt) .
Q 4 Jo Jo

0=<t=<T

(3.1.14)

<

To estimate the right-hand side above, first notice that, if p = 2y" for some n, then
by taking supremum in (3.1.11), we have for any stopping time 7 < T, and any .%—
measurable set B,
Ig sup [ |vsPdx
0<s<71JQ

< NI (leé’o + P 101V s+ p‘Pﬂr,q,p(r)) +N'Ip Sup mgl, - (3.1.15)
<S=<T

By the Davis inequality we can write

1/2
Elp sup |mg| < NEIp

0<s<t

T . 2
f Z(f p((fi’“aivs+ukvs+gk)vs|vs|’”‘2dx) ds)
0 \JQ
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12 ( pr ' 1/2
sNEIB(suprIUSI”dx) (fo prZZI(Iékaivs—i-,ukvs+gk|2|v5|p_2dxds) .
k

0<s<t

Applying Young’s inequality and recalling the already seen estimates in the proof of
Corollary[3.1.5] (i) for the second term yields

Elg sup |mg| <eElg sup | |vs|Pdx
0<s<t 0<s<tJQ

N T _ _
+ By (p2 | fQ Vol ugP 2 dxds+ P ILiom vl oo+ 0P Li0nlgl s,
i | ,

for any € > 0. With the appropriate choice of ¢, combining this with (3.1.15) and
using (3.1.11) once again, now without taking supremum, we get

2 T
EIB(supflvslpdx+p—f fleslzlvsl”_zdxds)
0<s<7JQ 4 Jo Jo

T
< NEIg|ly|5, + p? IVusl*lvs|P~2dxds+ p“ I vl , . +p Py g, (@)
0 Jo r'pl2,q'pl2

< NEIg (|w|53o + P 110,01V 0 g ™ p‘”./%r,q,p(r)) +N'Elgmy,

and the last expectation vanishes. Now consider

2 ot
thlwlgov(supflvslpdx+p—f f IVvslzlvslp_zdxds)
Q 4 Jo Jo

0<s<t

and
Ar=Cp (W 0,017, o+ PP Ml (D)

for a large enough, but fixed C. The argument above gives that

2 pT
ElIgzX, <Elp (lefo+ sup Ivslpdx+%f f IVvslzlvslp_zdxds)
0 JQ

0<s<7JQ

< NEIg (1918 + P W01V g + PPl qp(D) < Elg Ar.

Therefore the condition of Proposition is satisfied, and thus for n < p we obtain

2 AT n/p
E(lefov(sup f Ivtlpdx+p—f fletlzlvtlp_zdxdt))
0=t<TJQ 4 Jo Jg
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n/p
< NPT B (L VN1 g1+ PPl p(T))

S(Np“l)"/ppljn (W NN,y s Pl g (D). (3.1.16)

Let us choose p = p, = 2y" for n = 0, and use the notation c, = (NpX+1)"/Pn Lo o 17

Upon combining (3.1.14) and (3.1.16), for p, > n we can write the following inequal-

ity, reminiscent of Moser’s iteration:

EWISVIVIT, o apninia < CnE WISV IV o o+ NPy llygn(T) |-
(3.1.17)
Consider the minimal ny = ng(d,n) such that p,, > 2n. Taking any integer m = ng

we have

m m
n n
l_[ Cp < H (N,yK+1)nn/2y 621]/27

n=np n=ngpy

= exp

m
log(NY**1) Z 2y + ) ln]sNo,
n=n

n=ngpy

where Ny does not depend on m. Also,

m
N )Y p."<N,

n=ngpy

where N; does not depend on m. Therefore, by iterating (3.1.17) we get

liminf Ely|% v vl <NoNy Ely, (T

"om!2,q" pmi2 —
n
+ NoE|Y|oo V ||U||r (Prgs1)12, (Prg 1) 12”

and thus by Fatou’s lemma

Ellvld = NE(ylk v vl + My, q.n(T)), (3.1.18)

' (Prg+1)/2,q" (Pry+1)/2

in particular, the left-hand side is finite. By Lemma we get

pz T nlp
E(lefov(sup [ Ivtlpdx+—f fletlzlvtlp_zdxdt))
0=<t<TJQ 4 Jo Jo

<eE|vlL + Nie, P E (1wl + A1,1,5(T)) (3.1.19)

for any € > 0. Combining (3.1.14) and (3.1.19) for p = pj, gives

Elwll v vl = Elyll v v|!

' (Prg+1)12,q" (Png+1)12 P Dng!2,q' Py 12
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<€E||vlldy+ N(€, pug) E (19loo + A1,1,9(T)). (3.1.20)

Choosing € sufficiently small, plugging (3.1.20) into (3.1.18), and rearranging yields

the desired inequality
Ellvld, < NEGWIL + My g0 (T)). (3.1.21)
As for the general case, set
v =mvan), FPP=cEnvian, g8 =(nik)vgtamik),

define ./ r(’;) p

tion. This new data is now bounded by a constant, so the previous argument applies,
and thus

correspondingly, and let v” be the solution of the corresponding equa-

Elv" 1% = NE(1y ™|k + 47 (T) < NE(1@|% + My, g, (])).

k(n)

Since v" — v in L, for a subsequence k(n), v — v for almost every w, t,x. In

particular, almost surely || V||, < liminf;,,_. || pkm oo, and by Fatou’s lemma

Ellvl|d < Uiminf B v*" |, < NE(W1% + 41,q,1(T)).

3.2 Application to semilinear equations

In this section, we will use the uniform norm estimates obtained in the previous

section, to construct solutions for the following equation
dus = (ZLrus+ fr(u))de + (/%tkut + gf)dwf, U=y (3.2.22)

for (t,x) € [0, T] x Q, where f is a real function defined on Q x [0, T] x Q x R and is
P x BRY) x B(R)-measurable.

Assumption 3.2.1. The function f satisfies the following

i) for all r, ¥’ € R and for all (w, ¢, x) we have
(r=r)(filx,r) = filx,r) < Klr—r'f?

ii) For all (w, t, x), f;(x, r) is continuous in r
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iii) for all N > 0, there exists a function A" € L, with E||h"V |« < 0o, such that for
any (w, t, x)
|fe(x, Dl < |RY (),

whenever |r| < N.

iv) Elu/loo"'El”gllg"oo <oo

Definition 3.2.1. An B-solution of equation (3:2.22) is an .#;—adapted, strongly
continuous process (1) tefo,77 With values in L, (Q) such that

i) u € Hy(Q), for dP x dt almost every (w, 1) € Qx [0, T]

.oy T 2

i) J, IutlHé(Q)dt < oo (a.s.)

iii) almost surely, u is essentially bounded in (¢, x)

iv) for all ¢p € C2°(Q) we have with probability one

t .. .
(un, @) = (¥, ) + fo (as'0;us,0_jp) + (bi0; us + Cstts, ) + (fs(us), P)ds
t
+f0 (MFug+ gk, pawt,
forall r€ [0, T].

Notice that by Assumption iii), and (iii) from Definition [3.2.1, the term
o (fs(us), p)ds is meaningful.

Theorem 3.2.1. Under Assumptions|3.0.3,(3.0.4, and|3.2.1}, there exists a unique B-

solution of equation (3.2.22).

Remark 3.2.1. From now on we can and we will assume that the function f is de-

creasingin r or else, by virtue ofAssumption we can replace f;(x,r) by f(x,7) :
fi(x,7) = Kr and c¢;(x) with &:(x) := ¢;(x) + K.

Proof of Theorem We truncate the function f by setting

fikx,m) ifr>m
) = fitx,r) if-n<r<m

filx,—n) ifr<-n,

for n, m e N'we consider the equation

Aul™ = (LouP™ + f ™) dt+ (U + ghdw,

=y (3.2.23)
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We first fix m € N. One can easily check that under Assumptions 3.0.3, and

3.2.1, by virtue of Theorem [2.1.1, equation (3.2.23) has a unique solution (in the
sense of definition D (U™ tef0,11- We also have that for n' = n, f nim s frm By
Theorem we get that almost surely, for all ¢ € [0, T

u’;”m(x) > up"™(x), for almost every x. (3.2.24)

We define now the stopping time
TR™M = inf{t > 0 :f (up™ +R?% dx >0 T.
Q

We claim that for each R € N, there exists a set Qp of full probability, such that for

each w € Qg, and for all n = R we have that
ul™=uf™ for te[0,78™]. (3.2.25)
Notice that by and the definition of 7%, forall n = R
e, P (x0) = FR e ul ™ (x)), for e [0,7R™).
This means that for all 2 > R the processes u;"" satisfies

dv,= (L, + R w))dt+ (UF v, + gbdwk,
vy =, (3.2.26)

on [0, 7%™]. The uniqueness of the L,—solution of the above equation shows (3.2.25).
Notice that by Assumption (iii) and (iv), Theorem guarantees that u"" is
almost surely essentially bounded in (¢, x). Therefore, for almost every w € Q, ghm
T for all R large enough. On the set Q := NgenQp we define u?™™ = limp,_.oo u"™,
where the limit is in the sense of L,(Q). Since for each w € Q, we have u?>"™ = u}"™
for all t < ™™, and for any n = R, it follows that the process (ufo’m)te[o,ﬂ is an
adapted continuous L (Q)—valued process such that

i) uS>™ € Hy (Q), for dP x dt almost every (w, 1) € Qx [0, T]

ii) fOT|u<;°>m|§{é (@@t <oo@s)

iii) u‘t’om is almost surely essentially bounded in (%, x)

iv) for all ¢ € C2°(Q) we have with probability one
t .. .
W™, ) :fo (ag’0;uS>™,0_ i) + (bL0; uS>™ + csull, ) + (f" W™), p)ds
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t .
; fo (01 0;u%M +vE oM 1 gk by awk + (y, ¢),

forall ¢ € [0, T'], where

filx,m) ifr>m

filx,r) ifr<m.

e, = {
Now we will let m — oco. Let us define the stopping time
R .=inf{r=0 :f (u?o'1 - R)idx >0AT.
Q

As before we claim that for any R > 0, there exists a set Q, of full probability, such

that for any w € Q, and any m, m’ = R,

oco,m’ _

uS>™ = uS™™ on [0,77]. (3.2.27)

To show this it suffices to show that for each R € N, almost surely, for all m = R, we

have 1™ = u™® on [0, 7%] for all 1 € N. To show this we set

15 =inf{r=0 :f (u’;'1 ~R%dx>0}AT.
Q

For all m = R we have that the processes u;"" satisfy the equation

dvy= (o%[vt+ft"’R(vt))dt+ (J%tkvt+gf}dwf,
vo(x) =y (x), (3.2.28)

for t < 7. It follows that almost surely, u/*" = u/"® for t < 7%, for all n. We just

R

note here that by the comparison principle again, we have 7% < 7% and this shows

(8-2.27). Also for almost every w € Q, we have 7% = T for R large enough. Hence we
can define u; = lim,;,—. u?"m , and then one can easily see that u; has the desired

properties.

For the uniqueness, let uY and u® be B-solutions of (3.2.22). Then one can
define the stopping time

rN:inf{tzozf(|u§”|—N)idxvf(|u§2)|—N)idx>0},
Q Q

to see that for ¢ < 7y, the two solutions satisfy equation (3.2.23) with n = m = N,
and the claim follows, since 7y = T almost surely, for large enough N.
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3.3 Weak Harnack inequality

Harnack inequalities, introduced by [32], provide a comparison of values at dif-
ferent points of nonnegative functions which satisfy a partial differential equation
(PDE). This type of inequalities have a vast number of applications, in particular,
they played a significant role in the study of PDEs with discontinuous coefficients
in divergence form. This is the celebrated De Giorgi-Nash-Moser theory ([18], [53],
[51]), in which Hoélder continuity of the solutions is established. Later, by using a
weaker version of Harnack’s inequality, a simpler proof in the parabolic case was
given in [39]. Harnack inequality and Holder estimate for equations in non diver-
gence form, also known as the Krylov-Safonov estimate, was proved in [47] and [59].
Since then, similar results have been proved for more general equations, including
for example integro-differential operators of Lévy type (see [2]) and singular equa-

tions (see [14] and references therein).

It is well known (see e.g. [43], [40]) that the stochastic partial differential equa-
tions (SPDEs)
du; = Lourdt+ MFu; dwk, (3.3.29)

are in many ways the natural stochastic extensions of parabolic equations du; =
Ziurdt. Tt is therefore also natural to ask whether the above mentioned results,

fundamental in deterministic PDE theory, have stochastic counterparts.

Here, following the approach of [39], we derive a stochastic version of the afore-
mentioned weak Harnack inequality in Theorem Here “weak” stands for that
in order to estimate the minimum of a nonnegative solution u, not only the max-
imum of u is required to be bounded from below by 1, but u itself on at least half
of the domain. In the deterministic case such an inequality yields the Holder conti-
nuity of the solutions almost immediately. This last step appears to be more elusive
in the stochastic setting, but a weaker type of continuity is nevertheless obtained
in Theorem We note that Harnack inequalities for solutions of SPDEs - not
to be confused with Harnack inequalities for the transition semigroup of SPDEs, for
which we refer the reader to [61] and the references therein - have not been previ-
ously established even for equations with smooth coefficients. We also remark that
the supremum estimates needed in the proofs are local, as opposed to the global
ones established in the previous Section. The latter is proved through a stochastic
Moser’s iteration, while here, for the sake of novelty we use a stochastic version of

De Giorgi’s iteration.

Let us introduce some notation used in this section. For R > 0, let B = {x € R% :
|x| < R}, Gg = [4—R?,4] x B, and G := G,». We will also assume that for simplicity that
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T =4 and Q = B,. Subsets of R?*! of the formJ x (Bg + x), where J is a closed interval
in [0,4] and x € R, will be referred to as cylinders. For p € [1,00] and a subset A of
R? or R%*1, the norm in L, (A) will be denoted by | -1, 4 and || - [l », a, respectively. For
areal function defined on a set A c R? we write osc 41 := sup 4 u — inf 4 u. By inf,sup

we always mean essential ones.

3.3.1 Formulation and main results

Notice that neither boundary nor initial condition is posed on (3.3.29). We will de-
note by .# the set of all strongly continuous L, (B)-valued predictable processes
u = (Ug)repo,a) on Q x [0,4] such that u; € H'(B,) for dP ® dt-almost every (w,t) €
Q x [0,4], and

4
Esup|u,l5 +Ef f IVu,|*dxdt < co.
<4 0 JBy

Definition 3.3.1. We will say that u satisfies (or is a solution of) (3.3.29), if u € A
and for each ¢ € C°(B,), with probability one,

roo.,. ro,
(ur, ) = (o, ) + fo (a 0;uy,0_jp)dr+ fo (04%0;ur, p)dwf,
for all ¢t € [0,4].

Denote by A the set of functions v on [0,4] x B, such that v = 0 and
1
l{x € Bo| vp(x) = 1}| = §|Bz|-

Let us recall the Harnack inequality that is essentially proved in [39] : If u is a solu-
tionofdu = ai(aifaju)dt andu € A\, then

infu=nh
G

with h = h(d, A, K) > 0. In the stochastic case clearly it can not be expected that such
a lower estimate holds uniformly in w. It does hold, however, with & above replaced

with a strictly positive random variable, this is the assertion of our main theorem.

Theorem 3.3.1. Let u be a solution of (3.3.29) such that on an event A€ %, u € A.
Then for any N > 0 there exists a set D € .F, with P(D) < CN~%, such that on An DF,

inf wu,(x)=e V.
(t,x)eGy

where C and 8, are positive constants depending onlyond, A and K.
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Later on we will refer to the quantity e~V above as the lower bound correspond-
ing to the probability CN 9. With the help of Theorem we obtain the following

continuity result.

Theorem 3.3.2. Let u be a solution of (3.3.29) and (ty, xo) € (0,4) x By. Then u is

almost surely continuous at (ty, Xo)-

Remark 3.3.1. Notice that Theorems [3.3.1l and [3.3.2 remain valid if £ u and .« *u
are replaced by Pu= di(aij(u)aj w), and 4 u = Uik(u)di u where the function

= 2a () - a*()aTk ()4

(@ (e, i,j=1

i,j=1
takes values in the set {(,Bif)?j=1 VzeR4 A Y z)2 = ﬁijzizj > A|z|?} for some A > 0.
Also, we only consider equations with higher order terms, in the same spirit as in
[52], since the lower order terms with bounded and measurable coefficients can be

easily treated.

3.3.2 Martingale growth estimates and It6’s formula

The first three lemmas might be considered standard in the context of stochastic
processes and parabolic PDEs, respectively. For the sake of completeness we pro-

vide short proofs.

Lemma 3.3.3. Let T > 0 and let (my)c(0,1) be a continuous local martingale. Then

foranya >0, andx =2

<Ccx 12

P( inf my;=-a, sup m;=zxa)<C
tel0,T] te[0,T]

V/logk
K

with an absolute constant C.

Proof. Without loss of generality, we can assume that our probability space can sup-

port a Wiener process B for which By;;y, = m;. Then for any a, f = 0,

P( inf m;=—-a,(m)r=p)<P( inf Bs=-a).
te(0,T] s€[0,p]

Using the well-known distribution of the minimum of B,

; 2 (0 -x?12 a
P(inf Bi=—-a)= —[ e dx<C——.
s€l0,p] nfJ-a VB
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On the other hand, for any S,y

P((m)r < B, sup m;=vy)<P(sup Bs=7),
1€[0, T se[0,p]

[ 2 B (X _2p B 228
P(sup Bs=y) < ——f —e "' Pdx=Cy/=e VP, (3.3.30)
s€[0,6] =7 apyJy B Y2

Substituting B = (ka)?/logx? and y = ax yields the first inequality, while the second

and

one is obvious. O

Lemma 3.3.4. For any c >0, there exists Ny(c) > 0, such that for any continuous local

martingale m;, and for any N = Ny,

P|sup(m;—c(m);) > N| < Ce N¢/4,
20

with an absolute constant C.

Proof. Again, we can assume that our probability space can support a Wiener pro-
cess B for which By;;y, = m;. Then for any >0

P(sup(m;—c{m);) > N) <P (sup(Bs —cS)>N

=0 §=0

<P(sup B;>N)+) P( sup B;>icf).

s€[0,p] i=1 s€[0,(i+1)f]
By (3.3:30),
B _n2 12p (+1) —c2i2BI2(i+1)
p — >N|=C C
sup(m, = c{my,) ) \ nze Z 225°
Choosing f = N/c yields the claim. O

Lemma 3.3.5. Suppose that u € L,([0,4], H' (B2)) N Loo([0,4], Ly (B,)). Let J < [0,4] be
a subinterval, Q = B, for some0< p <2, p € C°(Q), anda > =0. Then

I(w—PB)* 2, x @
Il(u—a)+¢||§,1xo5C(I¢|§o+|v‘ﬂ|§o)[ e }

a-p

x [sup|(u— a)” |2Q+”Iu>avu”2]x ];
te]

withC=C(d).
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Proof. By Holder’s inequality,

4/d+2
=@ QI3 o < 1= P35 4nysa o usall3 [

Noticing that

_ +
Iu>a = (L; _ﬁﬁ) )

and using the embedding inequality

|IvI|2(d+2),dG_C(d) sup IUIZB +IIVVI|2G
te[0,4]

for v e L,([0,4], H& (B2)) N L ([0,4], L2(Bo)) (see, e.g. Lemma 3.2, [52]), applied to the
function (u— a)* I;¢, we get the required inequality. O

Finally, let us formulate the version of It6’s formula we will use later. We denote
by 2 the set of twice continuously differentiable functions f from R to R, such that
f" is bounded. Notice that if f € 9, then there exists a constant K such that for all
reR

IF(I<KA+Ir, If' (< KA +]|r)).

We denote by € the set of twice continuously differentiable functions f from R to
R, such that both f’ and f f” are bounded.

Lemma 3.3.6. Let u satisfy (3.3.29), and let g € 9, ¢ € C°(B»), and ¢ € C*[0,4].
Then almost surely,

t
*yigu)dx = f @* 58 (ug)dx + f f 2y i gus)dxds
By By 0 JBy

t .. t .
—f f Zwicpdjcpg'(us)aéjaiusdxds+f f wi(ng’(us)a’kéiusdwf
0 JB, 0 JB,

1
f f vip?g" (us) asja us0; us—ia’ka]ka us0jusldxds, (3.3.31)
forallte0,4].

Proof. Let x be nonnegative a C* function on R%, bounded by 1, supported on {| x| <
1}, and having unit integral. We denote «.(x) = e “x(x/¢), for € > 0 and for v €

L,(By) we write
uf(x):(u)f(x)zf Ke(x— y)v(y) dy, for x € R?.
B

Let us choose € > 0 small enough such that ¢ is supported in B,_,. Then for
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X € B, . we have

t .. ro
ut(x) = ug(x)+f (aéjdjus,aikg(x—-))dt+f (aékaius)g(x)dwf.
0 0

Then one can write 1t6’s formula for the processes @?(x)y?g(ué(x)) for x € By, use

Fubini and stochastic Fubini theorems (for the latter, see [46]), and integrate by
parts to obtain that almost surely,

t
f @’ yig(up)dx = f P Yog(uf)dx + f f 2y @’ gw)dxds
B, By 0 JBy

t g t .
—fo fB Zwiwdng’(ui)(aéjaius)gdxds+f0 fB v2p?g () (00 ug)fdxdw*
2 2

t . 1 . )
—fo fB w?wzg”(ui)[(aéjajus)gaiui—5(Uikaius)g(aikajus)eldxds,
2

for all ¢ € [0,4]. Then for fixed ¢ one lets € — 0 to obtain that (3.3.31) holds almost
surely, and the result follows since both sides of (3.3.31) are continuous in ¢. O

Lemma 3.3.7. Let u satisfy (3.3.29) , and let g € €, ¢ € C°(By), andy € C*[0,4]. Set
ve=(g(u)*. Then v e #, and almost surely,

oW vel3 = |<prvO|§+f0thz 2w§w2vsaik0ivsdxdwf+f0thszsw’s<p2v§dxds
_foth w§¢2[2a§j6iv36jvs—Uikajkaivsajvs]dxds
2
_foth w2p?vsg" (ug)(2ak 0;us0 jus — 0™ 070, u0 jus dxds
2
_fothz 4w§(p6j(pvsa§j6ivsdxds, (3.3.32)

forallte[0,4].

Proof. Since g has bounded first derivative, it follows easily that v € .#. We intro-

duce now the functions as(r), B5(r) and y5(r) on R, for 6 > 0, given by

2 ifr>6

as(r) = ‘%r if0<r=<é

0 ifr<o,

ﬂé(r)=f0 as(s)ds, Yﬁ(r)=f0 Ps(s)ds.

For all r € R we have as(r) — 21,59, B5(r) — 2r* and y5(r) — (r™)? as § — 0. Also,
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for all r, 1, 2 and 6, the following inequalities hold
a5 (N1 <2, 1Bs()<2Ir], lys(n)] < 2.

It follow then that since g € €, the function (5(r) := ys(g(r)) lies in 2. Hence, by
virtue of Lemma one can write Ito’s formula for |y ¢{s(u,) |2, i.e. (3.3.31) with
g,g' and g" replaced by y5(g), Bs(g)g’ and as(g)|1g'1> + Bs(g) g’ respectively. Then
we let  — 0 to obtain (3.3.32).

O

3.3.3 Local supremum estimates

While supremum estimate have been obtained in Section there are two dif-
ferences to that in the following version. First, the estimate presented here is local,
and therefore no initial or boundary condition needs to be specified. Second, we
need the estimates to hold not only for the solutions, but for certain functions of

solutions as well.

Theorem 3.3.8. Let f € € such that f f" = 0, and let u be a solution of (3.3.29). Then
there exist positive constants 6, C, C, dependingonlyond, A, K, such that forany a >0

andx =1

@ PUf@ 2, g = Cra, I f@* 15, <a)<Cx,

@) PUf@IZ, g = Cra, I fl3 g, <a)<Cx™
Proof. First we prove (i). It is easy to see that it suffices to show the existence of
¥,01,62,C > 0 such that

PUF@ %6, 2 LIF@ I3 6,, <k %) < Cx ™%, (3.3.33)

since by plugging in f = (y/x% a)'"? in place of f, we obtain the desired
inequality with & = §,/6; and C =1/7.

To this end, take r € [0,4], p € [1,2], w € C*°([0,4]) withy =0 on [0,r], and ¢ €
CZ°(By). For j=0,1,... let gj(u) =fw-(Q1 —27h, vl = (gj(u))+, and let us apply
Lemmawith g/*!. Using the parabolicity condition and Young’s inequality, as
well as the nonnegativity of v/*!(g/*1)", we get for any £ > 0

f(p ]+1 dx
=m]"+ ff 2y P vl dxds—ff MW@ Vu! T R dxds
r JBp
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t
+ff [81// KZIVVJHI +16/€u/s|V<p| Iv]+1| ldxds
r JBp

almost surely for all for ¢ € [r,4], where
j+1 ! +1 +1
mi :f f 2<p2w§ vﬁ ] dxdw
r Bp

Choosing ¢ sufficiently small, we arrive at

f oy ]HI dx+ff P22V uIt 2dxds

. t .
sc’m{“+cfL<p2w5w;|ug“|z+|w|2 21pi* 2 dxds. (3.3.34)
r o

Now let us choose r =r;j = 3-(5/4)2 7 andp = pj= 1+(1/2)277, thatis, [ro, 4] xBp, =
Gs/2. Also we introduce the notation F; = [r},4] x B, ;i Furthermore, choose y = 1//j

and ¢ = ¢/ such that
D 0=yl <1, 9o, =0, 9/l 0 = 1;
(i) 0=¢/<1,¢/€CPBy), ¢/l5,, =1;
(i) 10,97|+ |Vl |?> < C4J.
Then by running ¢ over [r;,4], by we obtain

j+12 j+1 j+1
sup |v; ZBPJ,+1+||W 15, < C4 IV M5 +C sup m{".

te[rjy1,4] telrj,4]

j+12 (3.3.35)

Notice that, since the left-hand side of (3.3.34) is nonnegative, running ¢ over I;
gives

inf, ]m]+1 > —Cal ||/ (3.3.36)
tefrj,4 !

Applying Lemma|3.3.5\with @ =1 -2"U*D =1-277 and ¢ = p/*!, we get

j+1 ji+1_,j+1
(R Y 1772t el PR

4/d+2 j+1,2
Yol 72N AT

sup |vy
te[rjr1,4]

+ VoI g
2 Bpj+1 ” ||2,F]+1

Combining this with (3.3.35) yields

j+12 < (T, 4 d+2 j+1
107 5 L, < IV IRES |1

1
||2F + sup m!*|.
IEU]M
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Since for j > i, we have v/ < vl and F; c F;, we obtain for V; = || v ||§Fj

172/ (d+2 i j+1
V]-+25C]Vj (d+2) 4'V;+ sup m]

tE[rj,4]

Let yo,y € (0,1) and suppose that V; < Yoy’ on a set Q; < Q. By (3.3.36) we have

. il .
inf my" =-Ca/||v/" IIZ,FJ,Z—C4]V]-,

and Lemma can be applied with a = C4/y(y/, and « replaced by x4/. That is
we obtain a subset Q> < Q; such that P(Q;\ Q) < Cx~1227J and on Q2

- S
sup m!" <xC167y,y’.
t€[rj,4]

Consequently, on Q;,

2/(d+2),,2j/(d+2)
0

Vjsa < Clyg/ @2y Yor! A +x) < yoy/*?,

provided that

Proceeding iteratively, we can conclude that on N0, V; — 0, and therefore

+2
If @126 <1,
and moreover,

P(Q0\Nj20Q2;) = Y P(Q2j\ Qpj42) < 2Ck M2,
j=0

This proves (3.3.33), since Qg = {|| f (1)* II§'G3/2 = Vp < 70 = x~@*2/291 with a constant
7 =7(d,AK).

For part (ii), we have
PUIfwlZ, g, = Cxa, I fw)l5 g, < @)

< PUlf w156 = Cxa, If @5, < @)
+PUFW 15,6, = Cxa, I f )15 ,, < @),

which by virtue of (i) and the fact that —f satisfies the conditions of the lemma,

finishes the proof. O
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Let us consider the case when the initial value is 0. Note that in this case in the
proof of Theorem the time-cutoff function ¥ can be omitted. Doing so and
repeating the same steps afterwards, we get the following.

Theorem 3.3.9. Let f € € such that f " =0, u be a solution of (3.3.29) on [s,r] x By,
where0 < s < r <4, and suppose that f (v)(s,-) = 0. Then there exist positive constants
5,C,C, depending only on d, \, K, such that for any @ >0 andx = 1

@) PUFATZ (e, Z CROIF@T IS yep, S @) <CK0,

@ii) P(ll f(w)|? > Cxa, || f(w)] <a)<Ck?2.

0o,[s,r]xBy 2,[8,r1xBy

Recall that from [57] it is known that solutions of (3.3.29) with 0 boundary and
L, initial conditions are weakly continuous in L, for any p € (0,00). A simple con-
sequence of Theorem is that in fact strong continuity holds, away from 7 = 0.

Corollary 3.3.10. Let u be a solution of (3.3.29) and p € (0,00). Then
(@) (Ug)re3,a) is strongly continuous in Ly(B1);
(b) If furthermore ulsp, = 0, then (u;) te(3,4) is strongly continuous in L,(By).

Proof. (a) First notice that the supremum in time can be taken to be real (and not
only essential) supremum: the function |(# — |#lleo,G,) 2,5, is 0 for almost all ¢,
hence by the continuity of u in L; it is 0 for all ¢, and therefore, for all #, almost
every x, us(x) < |ulloo,g,- Now fix ¢ € [3,4], and take a sequence t, — f. Then
Uy, — Uy in Ly(By), hence for a subsequence t,, for almost every x. On the other
hand, Iutnk Ip,| < llulleo,G, < oo, therefore by the dominated convergence theorem,
U, — UrinLp.

For part (b), notice that when u € H& (B2) for almost all w, ¢, then in the spe-
cial case f(r) = r the space-cutoff function ¢ in the proof of Theorem can be
omitted. We then obtain that || #|l,3,4)xB, < 00 with probability 1, and by the same

argument as above we get the claim. O

3.3.4 Proof of Theorem

Before turning to the proof we need one more lemma, which can be considered as a
weak version of Theorem

Lemma 3.3.11. Let u be a solution of (3.3.29), such that on A€ ¥, u€ A. Then for
any N > 0, there exists a set D, € %, with P(D) < Ce N, such that on An DS, forall
te[0,4],
_N 1
H{(xeBylv(t,x)=e "} = ngplr

81



where p is defined by
3
B,| =—|B,|,
|Bpl 4| 2

and the constants c,C > 0, depend onlyon d, A, K.

Proof. Clearly it is sufficient to prove the statement for N > N, for some Nj. Intro-

duce the functions
apx+by ifx<-h/2

logt - ifx=-h/2,

x+h

fh(x):{

for h > 0 where aj, and by, is chosen such that fj and f}'l are continuous. Let x be
nonnegative a C* function on R, bounded by 1, supported on {|x| < 1}, and having

unit integral. Denote x,(x) = h~'x(x/h) and
Fp = fn * Knya
We claim that F, has the following properties:
(i) Fp(x)=0forx=1;
(ii) Fp(x) <log(2/h) for x = 0;
(iii) Fp(x) =log(1/2h) for x < h/2;
(iv) Fj €2 and F)/(x) = (F} (x))* for x = 0.

The first three properties are obvious, while for the last one notice that Fj, has bounded

second derivative, }’l’ (x) = ( f}’l (x))? for x = —h/2, and therefore, for x >0

2
(F (x0))* = ( f frx =23 (25 (2) dz

< f(f/,(x— 2)*xp4(2) dz

< ff;l’(x— 2)Kpa(2) dz = F}(x).

Let us denote v = Fj(u). Applying Lemma [3.3.6/and using the parabolicity condi-

tion, we get

t
(pzvtdx—f <p2u0dxsf CoVpVv— (A/2)@*F, (W) (Vw?* dxds
By By 0 JBy

t
+f p* M vdxdw* (3.3.37)
0 JB;
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for any ¢ € Cg°. Let us denote the stochastic integral above by m;, and notice that

provided |¢| <1,
t
(m)tSCf f (pz(Vv)zdxds.
0 JB,

Let ¢ be such that ¢cC < A/4. From Lemma [3.3.4} there exists a set D with P(D;) <

Ce~N¢/4 such that on D{ we have

P*vidx— | ¢*vodx
By By

t
<N+ f CoVVv — (A12)9*F) (1) (Vu)* + cCp*(Vv)* dx ds. (3.3.38)
0 JBy

On An D‘f , by the property (iv) above, we have F ,’l’ (u) (Vu)? = (Vv)?, and therefore

) Urdx<N+C IV(pI dx+f 0 vodx (3.3.39)
B,

Let us denote
O¢(h) = {x € By : u(t,x) = h}.

Choosing ¢ to be 1 on B, by properties (i), (ii), and (iii) of Fj, and (3.3.39), on AN DY,
for all 7 € [0,4]

1 2
1By \01(hI2)[10g(1/2h) < C+ N+ Z10g(2/ )| Byl = C + N+ Z10g(2/ )| By.

Hence
C+N 2 log(2/h)

log(1/2h) 3log(1/2h)| Bpl.

|6 (h/2)| = |B,| -

and choosing Ny = C and h = 2¢ N fora sufficiently large C’ finishes the proof of

the lemma. O

Proof of Theorem|3.3.1|By Lemma|3.3.11} there exists a set D; with P(D;) < Ce™ N
such that on An D{ we have

1
{xeBylv(t,x)=e V| > 5/Bol (3.3.40)

for all £ € [0,4]. Let us denote h:= e N. For 0 < € < h/2, we introduce the function

a€x+b ifx<—e/2

fe(x) ={

log* x+e ifx=-€/2,

where a, and b, is chosen such that f; and f; are continuous. Let x be a nonnegative
C® function on R, bounded by 1, supported on {|x| < 1}, and having unit integral.

83



Denote k. (x) = ¢ 'k (x/¢) and

Fe = fe % Ke/a.

Similarly to F}, in the proof of Lemma(3.3.11} F; has the following properties:
(i) Fe(x)=0forx=h;
(ii) Fe(x) <log(2h/e) for x = 0;
(iii) Fe(x)=log(h/(x+e€))—1forx=0;
(iv) Fe€2 and F!(x) = (F.(x))? for x> 0.

Let us denote v = F.(u). Similarly to (3.3.38), there exists a set D, with P(D,) <

Ce™N¢, such that on DS we have

@*vidx— | @*vadx
By B

t
<N+ f f CoVOVv — (A12)p*F! () (Vu)* + (A14) > (Vv)* dx ds.
0 JBy

On An D3, by property (iv), we have,

4
f G \VvPdxdt<C(N+ | |Voldx+ | ¢*vedx). (3.3.41)
0 JB, B,

B

By choosing ¢ € CZ°(Bz) with0 < ¢ <1 and ¢ =1 on B, we get,

4
f Vv > dxdt < C(N + IV(pIde+f @*vydx).
0 JB, B,

B,

Hence, by property (ii),
4 ) 2h
f IVvi|“dxdt < CN+C+Clog—. (3.3.42)
0o JB, €

Using property (i), by a version of Poincaré’s inequality (see, e.g., Lemma I1.5.1, [48])

we get for all ¢
2(d+1)

v, Pdx<ct Vv, 2dx,

B, 10:(h)I? JB,
which, by virtue of (3.3.40) and (3.3.42) implies

4 ) 2h
f lvi“dx < C+CN+Clog—.
0 JB, €
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on An D{n Dj5. By Theorem and noting that Gsz/» < [0,4] x B, we get that there
exists a set D3 € .Z with P(D3) < CN~%, such thaton An D{nD$n D; we have

2h
sup v¢(x) <[N(C+CN+Clog— )]1/2'
(t,x)eGy €

By applying property (iii), we get

sup log——— < [N(C+CN+Clog—)] "“+1,
(e — Ur(x)+e €

and therefore,

—[N(C+CN+Clog2h—Cloge)]'2-1

inf u;(x)=he —€.
(t,x) Gy
Letting € = e~“N with a sufficiently large ¢/, it is easy to see that the right-hand side
above is bounded from below by ¢, finishing the proof. O

3.3.5 Proof of Theorem[3.3.2

Proof. Consider the parabolic transformations P, ¢
t—a’t+t,

x—ax+x.

It is easy to see that if v is a solution of on a cylinder V, then v O(‘B;,lﬂ,x’ is
also solution of (3.3.29), on the cylinder 3, » V, with another sequence of Wiener
martingales on another filtration, and with different coefficients that still satisfy As-
sumptions [3.0.3}{3.0.4] with the same bounds. To ease notation, for a cylinder V let
By denote the unique parabolic transformation that maps V to G, if such exists.
Also, for an interval [s,r] < [0,4] let By, r) = Po, 7=s,-a5/(r—s5,0- Thatis, Pis,rls, 1] x
B; =[0,4] x BZ/\/E’ which, when r — s < 1, contains G.

Without loss of generality xo = 0 can and will be assumed, as will the almost sure
boundedness of u on G, since these can be achieved with appropriate parabolic
transformations, using the boundedness obtained on sub-cylinders in Also
let us fix a probability 6 > 0, denote the corresponding lower bound 3¢, obtained
from the Harnack inequality, and take an arbitrary 0 < e; <e»/2.

Apply Theorem[3.3.9] (i) twice, with the function f(r) = r, with the interval [#, —

4s, o + s], and with solutions v = u —supy;, _4qp, ¥ and v = —u+infy;_45 x5, u. Also
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notice that (for both choices of v)
+12 2
V0% 03 1y 5,551, < Sl 6 — 0

as s — 0 for almost every w, and thus in probability as well (recall that the fact that
the functions v are well-defined and that the above - seemingly trivial - inequality
holds, is justified in the proof of Corollary|3.3.10). In other words,

+ 2
P(llv ”2,[t0—4s,to+s]><Bg > a)

can be made arbitrarily small by choosing s sufficiently small. Therefore, we obtain
an s > 0 and an event Qg, with P(Qg) > 1 -9, such that on Q,

sup u— sup u<€%/6
[to—4s,tp+S]x By {to—4s}x By
inf u— inf u>-€/6.
[to—4s,to+S]x By {to—4s}x By

Let us rescale u at the starting time:

u(t,x)— SUPy 7 —asjxB, Y

ul, (t,x)=%|2 +1],

SUPy{z,—4s}xB, U~ infis,-a5xB, U
thatis, supp, u, (fo—4s,-) = 1,infp, 1/}, (fo—4s,) = —1. Now we can write Qg = Q1UQ3,

where

* On Qy, 0SCiyy-453xB, U < €1/3, and therefore, 0SC{z)—4s,1y+5)xB, U <€1/3 + 26%/6 <

€1
* OnQg, U] <1+2(€}/6)/(€1/3) =1+e€y, on [ty —4s, to+ ] x By.

Notice that in the event Qp, on the cylinder [, —4s, fy + s] x By, the functions ui_L /(1+
€1) + 1 take values between 0 and 2. Therefore one of (u/,/(1+€1)+1) Om[_t;—u sl

(see Figure[3.1), denoted for the moment by u”, satisfies the conditions of Theorem
with A=Qgp.

We obtain that on an event O/
infu' > 3e,,
G

and thus

(2—362)(1 +€1)
oscyu < > OSCizy—4s}x B, U < (1 —€2)0SCyz)—45}x B, U,
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(f(»-‘())

A
[to — 4s,to + s] x By

M. . -1
PBlto—ds.to+s] PBlro—as,to+s]

] .
\ /

L]
(16/5,0)

L—

Gy

Figure 3.1:

where V = ‘B[‘t; G;. Moreover, P(Qp\ Q%) < §. Also, notice that (£, 0) € V. Let
us denote Q1 = Q4 U QY. We have shown the following lemma:

—45,ty+S5]

Lemma 3.3.12. Letd > 0 and let 3e, be the lower bound corresponding to the proba-
bility 6 obtained from the Harnack inequality. For any u that is a solution of (3.3.29)

on G, ty > 0, and for any sufficiently smalle; > 0 there exists an s > 0 and an event ),
such that

(i) P(Q;)>1-26;
(i) On,, at least one of the following is satisfied:

(a) oscyu<ey;

(b) oscyu< (1-es)oscgu,

whereV = ‘,B[‘t;_%ytoﬂ] (Gy).

Now take u = u® and ¢, = téo) from the statement of the theorem and a sequence

(ei”))ffzo | 0, and for n = 0 proceed inductively as follows:

 Apply Lemma [3.3.12{with 1", t(()"), and 6‘(1"), and take the resulting ng and
V(n);
e Let u™™D =y osp-l and (té”“),O) :mv(n)(té”),O).

v
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On limsupnqooﬂgn) the function u is continuous at the point (#,0). Indeed,
the sequence of cylinders V(O),‘B;%O] V(D,‘B;}O)‘B%) v®@ ... contain (fy,0), and the
oscillation of u on these cylinders tends to 0. However, P(limsup,,_, Q(l")) =>1-29,
and since 6 can be chosen arbitrarily small, u is continuous at (fy, 0) with probability
1, and the proof s finished.

O

Remark 3.3.2. Itis natural to attempt to modify the above argument to bound expec-
tations and higher moments of the oscillations, in the hope to apply Kolmogorov’s
continuity criterion and obtain Holder estimates. The main obstacle appears to be
to establish a uniform integrability property to a family of (normalized) oscillations.
Indeed, the present Harnack inequality can bring down the oscillation by a given
factor outside of a small event, and therefore one would like to exclude the possi-
bility that the majority of the oscillation’s mass is concentrated on that exceptional

event.
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