Ay

PROBABILITY DISTRIBUTIONS ASSOCIATED WITH

FINITE MARKOV CHAINS

Thesis

for the Degree of Doctor of Philosophy

Submitted by

JOHN LEONARD MOTT, M.A,.

University of Edinburgh
October, 1956,




Probability Distributions associated with
Finite Markov Chains,



I should like to thank Professor A,C. Aitken
both for the interest aroused in this field of mathematics
by his course of research lectures 'Linear Operations in
Probability', delivered in the University of Edinburgh in
the session 1950-51, and for his constant encouragement

and guidance throughout the time of preparation of this
thesis.




PROBABILITY DISTRIBUTIONS ASSOCIATED WITH
FINITE MARKOV CHAINS.

Page
Chapter 1. The Behaviour of Infinite Products of h &
Finite Stochastic latrices , . .
lel Introduction: stochastic matrices " 5 " 1
1.2 The existence of lim P~ ., . . . . 2
h~-3c0

1.3 Illustration of this result for a binomial matrix 6
1.4 Stable matrices . . . . . . 8
1.5 Discussion of .gig Py Baeel, . » . . 10
1.6 Range., Conditions for ultimate stability o « 12
1.7 Comparison of the variable and constant cases « 14
1.8 Range for binomial matrices . . . e 16

1.9 A more general condition for ultimate stability . 17

1.10 Ex&m@l@s . ° . . ° . v 18
1l.11 A second inequality for the range of a product
of matrices . . ° . . 21
1.12 A proof that the root A= 1 of P is simple
if P > 0 L ] [ ] * L ] L ] L 22
1.13 A second proof. . . . . . e 23
1.14 An inequality for the subdominant root of P « 24
Chapter 2. Conditions for the Existence of
lim P:PQoooP% . . . . 28
o 1¥.) - S
,4k#,_2*l._&nrexamp%e*in‘whichf'S’4iE§'*47;Pz....Pg exists . 28
©
2.2 Necessary conditions for the existence of & « 30
203 Sufficient conditions for the existence of § . 32

2otk Examples . . . . . . ° ° 35



Poge

2.5 The conditions for uniformly positive chains . 39
2.6 A remark on the product of regular matrices , 40
2.7 Sufficient conditions for the existence of 8§ if

the P¢ are regular. . . . . 41
2,8 Existence of S if P, — P>0 28 i > . 44
249 A generalisation of the conditions of 2.3 . 47

2410 Discussion of the case in which P¢—> I asg
i >0 o . e . . . ° 49

2,11 A remark on the Cesaro summability of the products
P’ ?1Q'QQPW L ] L] * L] L] L4 53

Chapter 3. The Frequenecy of the Occurrence of a State

in the Binomial Case . . 59
3¢l  Introduction . . . . . . 59
3.2 Numerical examples, Symmetric case, $> 0 " 60
3.3 Asymmetric case, & > O . . . . 64
3.4 Symmetric case, &< 0 o . . . 65
3¢5 The mean score in the constant case . . 67
3¢6  The normal law . . . . . . 68
3«7 A remark on the variance . . . . 73
Chapter 4. The Variance of the Frequency Distribution 76
41 The mean score . . . . . . 76
442 The c.f. of the score distribution. . . 79
mttom . . . . 8
4e4 A numerical illustration . . . . 82
4.5 The increments to 2 on passing from gtage to
stage, constant cage . . . . 84



Page

446 /Az in the gymmetric case ., a . & , 58
447 Limiting‘/ul in the symmetric case . . . 89
4.8 Extension to variable chains . . . . 90
449  Evaluation of M2 in some particular cases . 92
4410 M2 when P.—>P as 1 —»e , symmetric case, . 95
4411 The sign of the increments, constant case o . 97
4412 Proof thet ui’=.0(n) in the variable‘uniformly
posgitive/case . . . . . «101
4413 Extension to the general variable chain. . 104
4414 Mo, when P, —2> P as 1 -—>c0 , general case «108
Chapter 5. The Proof by the lNMethod of Increments of the
Normal Law for a Constant Binomial
Chain . . . . o «110
5¢1 Introduetion ., . . . . . «110
52  Proof that//b = 0(n) . . . . 110
5¢3 Consideration of’/uu . . . . . <115
5¢4  Consideration of us . . . . . «117
5¢5 Consideration of “v , . . . . <119
5¢6 Proof by increments of the normal law . . 121
Chapter 6. Proof of the Normal Law for a Variable
Binomial Chain . . . . «128
6.1 Introduction = . . N ‘ ¥ - .128
Ge2 Consideration'ofx/u¢ . . . . . «123
6e3  Consideration of iU, e . . . . 0132
6e4  Generalisation: score increments variable from

trial to trial . ° . .

«134



Chapter 7. Proof of the Normal Lew for a Trinomial Chain

Tel
Te2
Te3

Tad

Te5
76
TeT
Te8

and for a Chain of any Finite Oxrder .
Proof in the trinomial case of independent trials
Discugsion of the oxrder of the variance in this case

Proof by the method of increments in the independent

case » . . . . . .
First part of the proof in the case of a variable

trinomial chain. . . . . .
Discussion of the order of/ufﬁ. . . .
Particular recurrence relations . . .
Completion of the proof , . . . .

Extension of the proof to a chain with Xk states

Referenees . -

L L L 2 - .

Page

« 139
. 139
. 141

o 145

o 147
¢ 152
+ 155
» 156
+ 163

. 167




CHAPTER I.



_1‘

1.1, A sgtochastic matrix P of order k is a sguare matrix with

k rows for which p.j , the element of the 1™ 1oy ang 30 column,

is such that
(1) 0§ Piy S| for all 3
| .
(i1) Pij =1 for all T "

J=
If p;; >e>o0 for all i, J we write P >¢ and say that P is

positive,

A stochastic matrix can be considered more naturally as a

o T e

"matrix of transition probabilities'., Suppose that at successive
times an event E occurs and that in every case E is in fact
one of the events E;y E,,esesevey Eg s Suppose further that the
occurrencés of these events are not independent but are related in
the following way, that if the event E ¢ occurs at one time, or
stage, then the probability of transition at the next stage from
thies state E. to the state E; is p.; « Then clearly a
stochastic matrix can be considered as a matrix [pg{] of
transition probabilities, and conversely, To emphasise this it
would be natural to call such a matrix a 'transition matrix', but
this term has been used elsevhere®™ for a matrix of a different
kind, and the term 'stochastic matrix' is in common use,

Dependent processes of this kind were first studied by
Markov " and are known as llarkov chains, constant if the matrix
of transition probabilities is constant from stage to stage,

otherwise yarisble. | -

® Ledermann, (The names of authors that occur in footnotes
relate to their papers listed on p. /67 )

#% See, for example, Markov, 12, 13, 1L, 15,



Consideration of the frequencies of occurrence of the
various states leads to the discussion of probability
distributions, but our main purpose in this and the succeed-
ing chapter is the study of the related problem of the
behaviour, a8 n —» o , of a product PYY of variable

stochastic matrices each of order Lk :
P = BB.....P..

As an introduction, and.for comparison later with the more
general case, we consider first the particular, constant,
case in which P¢ = P for all 4i. This leads to a con-
siderable simplification, both of results and of proofs, for
it allows us to discuss the behaviour of the matrix power P

by the use of classical matrix theoxy.

le2s Let P 5[963 be a stochastic matrix of order k.
Then®;
(1) A =1 is a latent root of P.

For Px = %, where x is the column vector §tf,.....1{.,
(1) (3£ 1 <for every root A of P.

For let A be a root of P and o_c:{x,,-..,xﬁi be an

associated non-trivial column vector, so that

Pz =ax

# Fréchet, pp. 105-107.



"3“

Iet =x« be an element of x not exceeded in modulus by any
other element, Then, abstracting the «* pow from the matrix

equation above,

Axy = F&\"Kl T P"'&'xﬁ
so that
(7“[7‘“' S f’au l*—d + - 4 Fa.e‘ \‘x‘&)
£ (P{( .+ P“'&>"x"“
whence
(A1 s\
since | X<t 0 and  P«t too tp =l

(1ii) If the disgonal elements of P are positive there is
no complex root such that |Al=1

For, with the notation and method of (ii),
JA= P | 1%} (l—-Fau}{’k,‘\

from which, with pox>o 5 The result follows,

The root A= can be multiple, as it is for example in
the trivial case of P = I, and there can be complex roots
such that (*l=| , as there are for example in the ecase of the
binomial permutation matrix, but we can show that :

Theorem

If the root N=( is simple and dominates the other roots

in modulus, then ﬁﬁ:;Pm exists, and < of rank | ; and

conversely™,

# A slightly different proof of this theorem is given by
Aitken,



Proof.
Suppose that the roots of P are [ 9,, .. ;AL (not
necessarily distinet), where |acl<v for 4, (i <¢.

(1) If all the roots of P are simple, o non-singular H

exists such that

HPHﬂ = M‘a § Iy, A5 ... )?ﬁ}

so that . . N
MPUH = oiag {150, , Ap
“y ding 1505 >0k
a8 wn->200 since facl <t

Thus in this case P”¥a»U, where U dis a stochastic matrix in
which all rows ave identical,

(i1) If, however, onc¢ or more of the roots  Az,..., A4 is
multiple the same result holds, and the proof is similar, In
this case a non-singular H existe such that HFY = is in the

clagssical canonical forn

HPHT = oiog 1, Kason, Kud

where each K, is either one of the roots Az>----,42 OFr &

block matrix of the form

4N
C -
"
»J
-

]
>
H
EA
3
>
of
"
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3 ;
so that Vs'z, W see000e oOccupy successively higher superdiegonals
f—
and where, if 2 is an r~fold root, W = 0,

Thus

“—.‘f‘f [} Nl |

A (1) F W () AT W s 3(EOR W

— cting §0500,0}%

as n-»ax y since

S 1f (Wi kd
Thus HPH a‘wg 1605 Of , and the result follows as before,.
We see at once that the convérse of the result is true
also. For if the root A=\ of P is not simple, or if there
is a second root Al such that (A=l , then at least two of
the diagoral clements of the triangular matrix HPH ' ere not

‘only non-zerc but are of unit modulus for all n so that 4PW

clearly cannot tend to a limiting matrix of rank less than 2,
Then, since rank is invariant under a non-singular transform-
ation, it follows that P cannot tend to & limit motrix of
rank 1,

Thus if the root Aa=! of P is simple and dominant

U= fue P”  exists . This is the casc, for instance,
if P>0, as we shall prove in 1,12, Ve can, however, relate
U more directly to P. For the columns of H above are

column vectors associated with the roots 0H Az, A&  of P,

~ and the rows of H are the corresponding row vectors, Thus

each row of U, a matrix of rank 1, is the row vector u,



normalised so that the sum of its elements is unity, associated

with the dominent root =1 of P,

le3e We illustrate these results by an example, that in which
P 1ig the binomizal matrix

p= | * *’]
s f

A, = GP =
= 'i-l—F’—-l
= F’—'F'

Then )\ = and

Thus %2l <) 1f p-p < i, so in the binomial case (but not more
generally) the condition that P be positive is equivalent to
the condition that A=1 exceeds all other roots in modulus,

The row vector associated with the root A=t is, when

it is normalised,

f’-"';f [ s, rj

" _;__ S_/P
P — f’*i'[‘z’ F]'

g0 that




Then

~f ‘
HPH = [ : FS] > where S"fl-f})

so that

- - / +pS
HPZH' = (HPH )1 = [ ' F ;:. :} )
-l =
wpPH ' = ! p+pé+ P8
. ¢!
and, generally,

2 het P
HPFHJ . I PLL4S+§ +- 4+ § ) —s Py
Sl‘r . ’

whence
| g P
Q@ e -
P -‘? 1—8 { i' F J

as before, Ve have also, ineidentally, expressed P” simply
in terms of m and the elements of P%,

Thus in the binomial case we can express U in terms of
the elements of P; and this allows us to give, in this
particular cage, & proof of the existence of the limit U

without the use of matrix theory., Ve write

P = Vi+A X

2.

#® The same result is found by the equivalent method of
difference equations by Uspensky, ppe 7576



where
L A
Z = P&il -—i’ q—‘ 2

a matrix with row sums zero., Then

uP=v ’ “ZU =0 and z =Z

g0 that

and, generally,
Pw = UV 4'?:2-

Since |,|<! it follows that P2V as w-> o .

Lede Thus, under certain conditions, P° +tends to a limit-
ing matrix of a certain kind that we call stable: a stochastie
matrix of rank 1 in which all rows are the same,

Let T ©be such a stable stochastic matrix, Then T is
idempotent: 25 =1 ; eand, more generally, PT =T for any
stochastic matrix P, Similarly TP =S, a stable matrix;
but 8 =T if and only if T = U, where each rowof U is a
latent row vector associated with the root A=1! of P (which

root need not be simple here), The proofs of these results
are immediate.

Thus the product of a stochastic matrix and 2 stable matrix



.....

being of rank 1, is stable; and, in particular, the product of
two stable matrices is stables, The converse, that if the produet
of two stochastic matrices is stable then at least one of them is
itself stable is trve for binomial matrices but is not true in
general, The proofs are as follows,
(1) et P , P, be binomial stochastic matrices with roots
Ld and 1,3, respectively., Then since for any square
natrices A, B
(a) det (AB) = det A, det B

and
(b) det A = product of roots of A,

it follows, if the roots of B B, exe [»A , that A=d), o If
A=o then P P, is stable, and conversely, by the resulis of

lele And if A=0 then either M=o or p,=o, and hence either

Py or P, is stable,

(i1) Now suppose that P,, P, are stochastic matrices of order

k>3, Then if P} P, 1s stable and ¢ is a column of P, , then
o
X
fe=|:| = = ,sa

for some constant « , and if P, is non-singular,

-1
€ =0 o,

Thus the elements of ¢ are equal if and only if P,' has constent

row sumse This 1s not generally trues As an example consider




2 | 3 o1 L ~i ¥ =2
2 R for which P =4 |- t o
[ b

;! 3 2 i -5 -

1.5 Ve now turn to the more general problem mentioned in 1,1,

that of discussing the behaviour for large n of
PL‘O = P(Pz Pk..

We have seen thet under certain conditions P tends to a
stable limiting matrix, This behaviour we can interpret in
another way and relate the abstract problem of the behaviour
of matrix powers and products to the concrete problem of the
nature of a probability distribution associated with a Markov
chain, |

Consider a chain of k states in which the initial
probability distribution of the occurrence of the respective
states is specified by the row veetor w , so that the
probability distributions after 1, 2, ssse,n, stages are
WE, 3 WE P 000006, gfpo,.... o Then, in the constant case of
1.2, 1f 2" tends to & stable matrix, then wP"

(1) tends to independence of w;
(11) tends to a definite limit,
(1) is a consequence of the tendency to stability, and (ii) is

a consequéﬁ;é of the existence of a limit for Pw.



-l -

How congider PU°.

It is evident slrecady from the remarks
on stable matrices in 1l.4 that P* does not tend to a limit
in general, for consider a product of general stable matrices;
and it is only under restricted conditions that a definite limit
existse Ve discuss these conditions in Chapter 2., The general
non-cxistence of a limit for P constitutes the essential-
difference of the variable from the constant case.

But for a wide class of stochastic matrices P does tend

to stability. It is easy to verify the following

Lemma
w (W
gﬁ' tends to independence of w if and only if P tends

to a stable matrix.

Proof,
(a) The condition is sufficient. For suppose that no two

elements of the same column of P differ by more than € , Let

u” be any row of P, Then

LA

since the elements of w are positive, or zero, and sum to unity.
Here and elsewhere |P| <¢ means: each element of P 4is less

than ¢ in modulus,

(b) The condition is necessary., For suppose, for example,

that the first two elements of a given eolumn of 7 are ¢, and

c, » and consider the two distributions [l~d;«, 0>---.50 §  and

*4,1?:7;7F7~5;”_,,(>j."’Tﬁegéleﬁgﬂisin the corresponding column of



EP”’ are ¢ U-) +xc, and q(hfuﬁfcl respectively, and these
differ by less than ¢ if and only if |(a~f)(a-cadi<¢ 3 and
heneey If «#f, Ci-Gvoa8  A—p . The result follows,

1.6, Thus an initial problem is to f£ind necessary and
sufficient conditions under which PUQ tends to a stable matrix.
In fact it appears to be not possible to set down general broad
conditions of any usefulness; we can only give sufficient con-
ditions, but these are conditions satisfied by most chains,
Hatrix theory is not of use now and we have to turn to
other methods, It is not difficult to give a sufficient cone
dition; it is that the P; shall be uniformly positive, that

is, that there shall exist an e>0 such that P; > e for all
i+ The proof is as follows. '

Let /05 be the difference between the greatest and the
least clements of a colunm ¢ of P, and let [ = meX pc o
Call/o the xange of P, Thus P is stable if, and only if,

/o is zero.

If P>e then p» <t-ke , where Lk is the order of P,
as before, TFor, since the sum of the elements of any row is
unity and each element is not less than e, the greatest
element of any row (and hence of any eolumn) cannot exceed

[ — (k- e . Thug the difference between the greatest
and least elements of any column camnot exceed (-£e .

.
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We shall show first that if Pl Pa s /Qz ere the ranges
of », , P, , PP, respectively, then
P & - ke ps .
Let the elements of a given column of P be {Cp..- ,cg{, Tor
our present purpose we can suppose without loss of generality
that
'ﬁ' = féu‘ Gar--- » @ﬁ } 5
where Pe=by 34625 .... 3 ¢g=¢ » and consider the range of P, b.
Let (@1>--,a¢] and Eﬂ,“i.,qa] be two rows of P, .
The difference between the corresponding two elements of B b is

d = (n=a)by +(@a-al)6, + . .. tlag - al ye,
- =( @

where gq;, a. are subject to
slac= 3al =) end |ac-al]l $0,<1 . @)

Since any element a; of P, is such that
€ s ay g 1= (f-1)e,
the greatest possible value of d oeccurs when

A= = (k-e | w=2A3=coo =g = ¢

and

It y
Q| - q; - o a&_' = ‘e >

—

these values of ail, af‘ being consistent with (1) above. Then

ol = (l—{e) @,
so that

Since



ot

we have that
P & U-ﬂe)z
and /Oua ,  the range of PY, is such that
P s (- ke)”
Thus if the P, are uniformly positive, P tends to s stable

matrix.

Le7s ‘ The case of a congtant chain in which P is regular,
iecs such that :%;; P™ exists end is stable, is exceptional
in that the convergence to gtability is of a particular kind,
Thus if we denote by M,, and m,, a greatest element and a
least element respectively of a given column of P then, in

the constant case, it follows from the fact that P* ,P = P.P"
that

Mu >/Mvu| and Mu § Mgy 5

that is, the sequence {m,;} is monotonic decreasing ané the
sequence  §m,} is monotonic inereasing.

For a variable chain this is not always the case, as the
following simple example shows. TLet

e} .
ﬁ:{. 1] and Pz=[,,,]



il S

Then, for the first column My = 0 but I, = 1, end for the
second column m, =1 but m, = O. We can, of course, give
similar examples in which zero elements do not appear and in
which P, and P, are not stable, However, the significant
fact, vital to a discussion of the tendeney to stability, is
that, whatever the behaviour of the sequences §M,.%and {mJf,
the sequence {M,- m.} , i.e. the sequence of ranges of
corresponding columns of P“ﬁ is monotonic deereasing, in the
wide sense.

A second difference of the constant from the variable case
1s that P" tends to stability if P > 0 for some finite .
Thus suppose that P >e>0, Then, from the inequality of 1.6
for ranges of products of positive stochastic matrices we have,

t+av

on writing P = P , that

/o(P“) é/,,o (_PM‘> < /Oglof F(a--)*} s ,74

where ) =1 -ke<1l, whence the result follows on letting

n —»c0, But in the varieble case, if P > 0, we cannot draw
the same coneclusion, for suppose that P_ = I for i(>s , This
remark, trivial though it is, does underline this fact, that we
carmot infer the stability of e variable chain, in general, from
a consideration of a finite number of products. An exception to
this is, of course, the case when we lnow that stability has been

achieved for some finite n.
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1.8 For a binomial chain we can give a more precise result
than the inequality of l.6. We have already noted in l.4 that,
with the notation of that section,

N= A

for a bvinomial chain, If
9 P
P - il f?’

/

A= PP

then

so that
/O = )
It follows at once that
/olz =/’l/01.
Thus a condition both necessary and sufficient for a
binomial chain P to tend to stability is that

() i d

= TU o
/O L:\/o = &
as n-—2>c , Ve shall show later in 1,11 +that, for a tri-

nonial chain,

/21 = PR

s0 that

(e e .
r < Vel

]

(4

Thug the condition that ,l‘/oé—>'0 is, in this case, sufficient
[



w7

to engsure that /5”L?<3 s but it is not necessary. For, as we
have remarked in l.4, the product of two trinomial matrices can
be stable even if neither of its factors is stable. If we take
Py and P, as in the example of ls4, and P =1 for i>2

- we have an exanmple in which the condition _f% {=0 is not

¢=

satisfied although P . tends to stability.

1.9 We can generalise a little the result of 1.6, If we
suppose that P_. > e: we have by the argument of that section

that

/OLM $(l—'&{c)("‘ﬁ-ﬁz> ------ (l°.ﬁe“>>

so that o sufficient condition for P %o tend to a stable
matrix® is that

é;_QL—?oa as hWw—> oo .

Thus there is no need to require of the P uniform positivity,
but in the variable case positivity in itself is not enough. An
example below in 1.10 dillustrates this,.

The esufficient condition above clearly fails if every P_. of
the chain contains a zero element, but a slight adaptation of the
proof shows that /A”A tends to zero if each P, has a positive

# This condition is equivalent to that of Hajnal, p, 72, that
Qo T (100

R )=(>,but it indicates the more rapid convergence
to stability. Doth conditions fail if <=0 for all 4.
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column (not necessarily the same for each P;) and these columns
are uniformly positive, or satisfy the slightly more general con-
dition corresponding to the condition immediately above, Thus
suppose for definiteness that ¢, the first column of P/, is
positive and that e¢,> e+ Then the greatest possible value of

a-a] ig I-¢ s and the greatest value of d consistent with
this assumption occurs when

{ / /
a =1 , a = £, Ry = oo = dg., = O .

Then
A=(l-< ) £,

so that
0(.$ (l—é_ )/02)

and likewise for any positive column of P, 4 Thus, if the P
all have a positive column,
/Otuo < (l—L)K,

and, in the more general case of positivity without uniformity,

)

P & (Im« Y-y ) oo (1=ew),
where €. 1is defined in the obvious way,

1,10, Ve now illugtrate some of these results by examples,

EX&!IIE].G e
Let - , . _ o




w1 -

I ™
The P, are not uniformly positive, but 4= T and Lg‘, £~ o0
(5] C

as n>oo g0 that ©™5 0 . Tms P tends to stabvility,

But more than this: P tends to a definite 1imit. For

D w)
P, is symmetric and so P is symmetyic so that P tends to
the only symmetric stable matrix of oxder 2,

{L :
2 2
L '
3 z:'
Example 2.
Let , n
l_ .:,_ 'b,'
A
for 72 « Then ﬂﬁfi and the P are not uniformly positive,
9 |
lioreover 2 >

, > < go that the sufficiency test for staebility
(A

fails, In general we cannot conclude from this that P“ does

not tend to stability, but in the present binomial case we can

show that this is so. For sinece, from 1.8, /AazAfs in thie
case’ ’

1<%

@l =)

/0 b L‘\:\\ -

'—"> ’€-+0 > 88:{,

)
as w—>o0 « Since P; , and hence P

z s 1s gymmetric it
follows that

1+ ¢ 1-<
(G f
_? o
i - [ 1-¢ [+e,]'
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Here we have the occurrence of a posgibility that we have
not mentioned explicitly before, that of P’ tending to a
definite 1limit but not to a stable limit.

Example 3.
Let

o |N

-4 'L . "y
P. = ( - °2_] (b7 4)
: N =z .

)

Then <i= T s0 that [ > © , as in Exs 1, In fact, again
as in BEx. 1, P tends to a definite stable limit. To show
this we can use again the particular matrix transformation of

1'3.‘

- (I
Let H=[.'. |] 50 that H~[H1.

Then
'
"y ! T
HF,H = 3
=T
so that
HPW U - | 4’u
b
where
b = W UI=2) =20 a0 woo
=t
and
- (1 =34 -
o CPWH Nty % na /T

*1’,-, is stable for ¢=3 , We take H = P ==P



QLo

Clearly ¢. is monotonic increasing for ny4 eand so tends to
a positive limit, £ sey, which mey be infinite so far as we can

say at present, Then

HPYE [l 21

() /""e 'e']
P = [1~-{ L]

But, since P is a stochastic matrix, o< €« so that

go that

Pw tends to a2 definite stable matrix.

lells The convergence to stability is often more rapid than is
indicated by the bound of the inequality of 1,6, and we can give

a second inequality which is stronger in some cases and is particul-
arly relevant to {trinomiasl matrices, We have already proved, in
1,8, an exact result for binomial chaing and mentioned the corres-
ponding result for trinomial chainse The latter is a particular

case of the present more general result that:
for chains of order k, //"u. < [’i{i]/o,/oz,

Proofe.

With the notation of 1.6 we have that

&~
R A/L o —_—
5 (e -al) = af - a -

L=

so that the greatest possible value of d occurs when (aé —-a.&[:/o,



the first [&&j coefficients  a;—al=,  end the last
[S&-1] cocfficionts a;-al=—p0 , end with the

coefficient remaining if k is odd equal to zero, Thus

Pia € [g#.] iz
If k>4, Vel mist be sufficiently small for this inequality to
have any significance; and it is only of use in cases where the
general inequality of 1.6 is very obviously too rough or,
sometimes, if the P. contain zero elements., But the present
inequality is always significant in the trinomial case, and it
is stronger in this case than the sufficient conditions of 1.6
and 149, for it can apply to cases where the P; are not positive

and generally gives a better, and never a worse jbound for Q. .

1,12, After this discussion of the range of P we can
prove the result mentiored at the end of 1.2, that if P> 0
then the root A=! of P ig simple.
Proof.

For all stochastic matrices there is » stable U associated
with a root 2= of P such that UP = U; +the particular
consequence of positivity is that, by the inequality of 1.6, the

range of P tends to zero.

Write
P=U+E,
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so that E is a matrix with row sums zero, whence
2

p = e +epPr
= U+EP
and, generglly,
P - U+ EPY

for /o(fv“) « Then if

s €ach element of a given column of P can be

We introduce here the notation /o'-”J

/<’£'0 L

written as w+ A,

where |x,.{ <¢g o It follows that each

element of EP” does not exceed +¥¢, in modulus. Since £.-—o
as h-»e , 1t follows that EP —»© g0 that P"»U . Thus
U is unique and hence A=1 ig a simple root if /OC”L, Oa

Thus A= is o simple root, in particular, if PO,

1,13, We can prove this result in another way, by the use

in the k-dimensional case of the trensformation we have used in

1e3 and 1,10, ILet ? = [Py and

so that W' o= (1

Then



HPH

[}

where Q =[CL~J:] and 14 = ,3(;, = FIJ for i,j == ggyoooo,ku
Let Y be a root of Q and §31, ..... ’Jﬂ} be an associated

column vector. Then

laaffa toee F nifp =y g,
so that if G ie the greatest of the g¢ in modulus
(7] < (Gual +-- =+ (Qug\
< (‘Q-‘)/o .

Now consider P~ and supposc that /OM—-> 0 a8 w->os g0 that
-»/Ow < \;'2‘ for wn>n, , say. Then since the roots of HPH'

are precisely those of P, and if the roots of P are

{»P25-~. > Ag g0 that those of P are Las,. .. s ‘AE s 1t

follows that (3] <!  for wyn, » and hence that the root

A=i of P is simple.

lel4e  We have shown ineidentally sbove that if Y is a sub-

dominent roet of P, i.e., 2 root of P ereatost in modnlus
~— apart from A=! , them

(vi < (ﬁ-‘)/o.
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We can improve this inequality to

MEENETNPS
As in 1,11, the result is of significance, apart from the tri-
nomial case, only for sufficiently small /,o y for we already
know that MR .
We first note that if w-= [u.,-f---,u@ is a row vector

—

associated with a root @A+ of P, then wt.-+ug =0 , For

WP = 2au
s0 that
WP FUgpal b T U pgl = Al (€= Gy ) 1)
whence, on addition,
U -+ Ug = 7Y (L&\"‘-'*' tug )

so that, if QA+ ’

Wy 4----. + Ug = O, (2)

Suppose for definiteness that lwl >1%a2l, ., [U«) , and so

consider (1) in the case of i = 1, Using (2) we cen write
(1) as

Ut(((%*f’ou) +“2(F1'—PM) +eeennn t ug (Fﬁ«-Peu) = Ay

,2(7";( + 0(1l41 s + dt&uﬁ —_ FAL\‘
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Thus
(AL g Hdil #-- -+ de .

The cholce of X Iromt lyeeesesk 1o at our disposal, and the
problenm is to choose it so0 oo to ninimige the xizht-hond side of
this ineguality. It is equivelent to thiss we have Xk points
distributed in some woy over n range A and we have 4o find on
upper bound to the least of the sums of the distances of the &k
points from o choscn one of them, It is intuitive (and we could
glve o formal proof without difficulty) +that the upper bLound
corregponde to the greatest ppread of the points, thet is, hol?
the points at one extreme of the range and half ot the other;

if the nmuaber of points is 0dd the position of the remoining
point is erbitrary. Then the upper bound sought is [%%ﬁj ’
and the result follows. In particular, MRV for trinomiel

natricea.

The coefficient [%k] in this irequality for the upper
bound of the subdominant root Y of P eertainly cannot be
improved for trinomial matrices, that is, there are trinomisl
P for which (le/o o 4&B on exomple econaider

03 0-2 0-s

P - 02 0-s 03
/

0-7 0- 2. 0! I
Sl . S S ——

for which O = 0Os4e To find the roots 1, 4, A3 of P
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without further caleculation we can use the result® that the

roots of

03 ] .
Q = 02 03 =—02 5

0.7 . —O‘q'

which is derxrived from 'P by reducing the elements of the second
and third columns of P by 0,2 and 0.5, respectively, are

1 - (042 + 0,5) = 0,3 and A2, 2; « The roots of Q are clearly
6.3, 0¢3, =0.4, whence it follows that A, , A, are 0,3, -0.4,
so that (Ytz/o for this P.

» Brauer, pe. 88,
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241 We now consider the specisl case of stebility in which

P* tends not only to stability but to a definite gtable matrix

#

independent of ne We have noticed already two examples of

such chains in 1,10, but these were rather special examples in
that, in both cases, P.—> I as =n-> c ., The following
example is of a slightly more general kind,.

Let

where

A =[L-1] ana T = [i 2}'

Thus P,—»> T, a stable matrix, as n-+> 0, Ve shall show that

)
PP 1 glso.
L]
2
L >
2

the matrix P is doubly stochastic, i.e¢.,, not only each row

ple=id™

In the particular case in which a =1, so that T =[

but also each colunn sums to unity. In this case we can give
a simple proof, For ,u= 2’; g0 that /Omi~>o as wn-> o ,
Thus P Y tends to stability end, since P’ also is doubly
stochastie, P tends to the limlt T, the only stable
dou‘bl& stochastic matrix of order 2,

But this proof is not available in the more general case

of a¥ b, and we then proceed as follows, We have that
TA = (a=C)A | AT= o

A= 2A

so that

®# Sufficient conditions for this have been given by Hajnal.

Fno
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R = T+ Li71A +

L
2
. 3
P‘PQ.P;:T‘»-%TA-&;_L_Z‘TA')'-I-LA;

and, generally,

2 n~2 n~-1
P(w) = T + (a_..-(,..)A { J‘; + ¥ + 2 +..... 4 2 + 2 A
M.Ch=i ) nln-Y(m~2) n' n'
fet
= i + ( a-{ )Tn. A + ‘2‘ A
T
whexre
i~ . L & 3« + 9‘1 ;lh_l
n = Vi nln-1) ‘\Ttl) + . 4
nn—)w Nn(n—t ). a2
Thus
{ 2
= - e T
Tha nan n+ 1 v (1)
so that
N~ I
v - ‘(\Mf}\ - ;)—:\ T N4
A Ly 2 — 1 } n
> % R (n~. ) w (n..q)l»\. ( >/3 )

1

7 -

(\M
s

s|®
}
\a'aV)

> o
Thus the sequence {*.{ is monotonic decreasing for n>3, and

since  Yu>o  for all n, . <+< 20 ; and it follows from

(1) that in fact £=0 . since Z/h! Yo as n-sco we have

— the result that P> T,



w30

This last example can be regarded as a particular instance
of o more general situation, that in which P, — P70 as
n-0s o We ghould expeet in such a case that Pw~> U, where U
is the stable limiting matrix agssociated with P, although
possibly only provided that the convergence of P, to P is
not too slowe. liore generally, we should expect that if U, is
the stable limiting matrix associsted with P; , and if
U, —> U, then P‘d——) U, again perhaps with some restriction on
the slowness of convergence, We ghall discuss these conjectures
in 2.,7; but first we consider in more general terms conditions
that are necessary and conditions that are sufficient for -l

to tend to a stable limit,.

2e2, Theorene.

The following two conditions are necessary in oxder that
Pw——? S5, a stable matrix independent of n:
(L) PV o
(2) 8P, - 5 — 0.

Proof,
(L) We have merely to note that if
P™ = S+ Eu

then, since S is stable,

- pTEpES

and, since E,.—> 0, therefore /(EK) —% 0 .



(2) Write

P = s + Eu

for ell n, so0 that [EB.)| < ¢ for n>N, esay.
Then

P‘h“) = S Pnh + BEo PVH-' :
But
P("H) - S + Ewvii
so0 that
\SP“K—S ‘ = lE\n-u - Bu B \
£ £ + ke,

Hence the result,

These necéssary conditions for the existence of a stable
limit are not, however, sufficient, as the following example
shows,

Let

as in Exe. 1 of 1410, Then, as we have shown,

¢!
v 2 B
e A
2 2
{CY)
and f’ —2 0 « Also if
a &
T
then P =
TR ~T = L (4-a) [ _.]
so that TP -T -> 0 a¢ i—> e o But P> only if



.

The extreme nature of this example is evident; not only
are the P:; symmetric but, much more significant, P,—>1I sas

190, 1.0, P; tends to a decomposable matrix, a matrix

for which the root a=! is not simple. We should expect

in a less particuler case, say of P,— P > 0 or, more generally,
P, —> P which is regular, that 8P. « S5-—-0 implies

P> S; eand this we shall show later, in 2,7, to be the case.

2,3, Let /of?,’ denote the range 0f P, P, seeesese P, o Then;
Theorem,

Each of the following sets of conditions is sufficient in
order that P —» Sy a fixed stable matrix:

@) @)

fﬂ |SAR. -S| = K < e
n=1
(i1) W —>o0 as h->o6 o, Tor all i ;
or
(2) (1) sp. -8 —>0 as "n — oo

Y
(1) L 2 o < k<w , forall i,

W—¥os ez

Proof.

We prove (a) that each set of conditions implies that
SF2>»5, and (b) thet this in turn implies P o> S,

_ fa) Wette — — ——— — —

SPL‘_‘S =t FLA



Then
SP” = S+F

sP?

1]

SP, + R A

)

§+F2 4‘"_1?25
(3)

SP = SP; + R P +F;P1P3

= StR +RR + RRP
and, generally,
SP¥- s = FRG.. R + R Pa--- P * - +FRo B+ R

Iet (\Fd & £0<1, and let P be any stochastic matrix of

order k and range /o « Then gince each element of any given

column of P can be written in the form X +4p o where

(&1 s/o ¢ and the row sums of F, are zero,

(P € L&odl,
Thus

[SRos e s i dpn v fo0 s+ 400 § 44

~t /7 ()

= “i'&“'»

¢ SaYe

We now prove that the conditions (1) imply that -0 »

}
Since p::‘, —>0 88 wn-»s we can choose n, so large
W 2 g
that o, <€ for n3n, 5 and since 2 3¢ < o0 we can
W=

0
. P £
choose n, so that ;,-éy'. Fi<e for n» n, « Then, since

/\‘K) L.

Po <15 TuslHt for mymax fw, wi{ . Hence the

result in this case; and the proof for (2) is identical except



that the roles of £ and P are interchanged.
(b) Tet
‘F = 2?])”""") Fﬁ]
where p. 1is the mean of the extreme elements of the § v
column of P y and P, Dbe the stable matrix each of whose
rows is pe. Then
‘S\F(u)h PO' s _g__&f)u*\)'
But, in the case of (1) or of (2), /o("l—>o as n —» « , whence
[SP® —Po | < ¢
for n>n, , say. Also
IPY—Po | ¢S4
so that
\r)o\)“ Fe ‘ < &

for n>n, , say. But, from (a),
|sP™—~s | < ¢

for n » n;, say. Thus, since
[PP—s | = [P™=pP) + (Po—=SPFY) + (SPL s
$P™=p| + | SPY—R| 4 | SPY g
$ 3¢

£0r o> max §h >na, h3§ , it Pollows that P >S. Henee

the result™,

Cf. Hajnal, Corollary 2, p. Tl.



2s4. To illustrate these results, and to show that the two
sets of sufficient conditions are independdnt, we consider two
exanples.

Example 1.
et

Pe

)
M= N
Ni= N

— |
+-
Noi=-

o
+]c.
—

P -

- ]
—

Then /’L = ,i". and, since for binomial stochastic matrices

e /o,/oz s it follows that

W
/Ou:: = g
Thus

h

{ /}(‘:) = N4t 2

¢ c=t

whenee it follows that condition (2)(ii) does not hold, But
(L)(ii) does hold; and so does (1)(i), for SP; =8 =0 with

s[4,

M-

Exam-gle 2e
Let
F_ - 11 “i-.. 4 -L b= §
v I ,i v ¢ =1 ) % >/ 2
2 |




G

Then P. is stable for 2ll i, and so conditions (1)(i) and
(2)(i) both hold., Also, for any stable S,

SPL = P.’,

s0 that

Also, with

(S

i
2
\ 1
2 2

L

A

P, =-S—>0, so0 condition (2)(i) holds, But |P, =S| =
so that condition (1) (i) does not hold,

Thug there exist chains which satisfy elther one of the two
sets of conditions but not the other, so that neither set of
conditions implies the other, That igs, neither of the sets is
necessary in itself, DIut even taken jointly the occurrence of
one é;tother of the sets of sufficient conditions is not
necessarye. A simple example shows this: take P, =S and
Py =1 for i>2, 1In this case the P (apart from P, )
are not regular. But even if all the P. are regular the

conditions are not necessary, as the following example shows,

Example 3.
Let
l-g"- é.x
P, =
LY S S E R — — —
S — — = 'L’“ >

for 1 >, , as in Ex, 2 of 1.6 Then, as in 1.6, and with



the same notation,

) [- ¢ [ +¢
R =3 )

[+4 -4

v=a

W)
which is not stable so that /0;,~++ o as n —> o ond cone
dition (ii) of (1) and (2) fails. 3But if P, = T, any staeble

natrix, then fgi>s, a stable matrix, where

S = TP = [ } + é(A-.&)Z[:: :]
_ a G
= [ax ¢ |-

This last example illustrates one way in which the

vi—= Ni=
ple M=

and

sufficient conditions show themselvesg to be not necessary;
the following example illustrates a second, and perhaps more

natural, way.

Exemple 4.
Let

P. =

c-je
!

for i > 4 eas in Ex. 3 of 1,10, Then, with the notation of
that section,

Y /-t ¢ = S .
P { -t ¢

Thus condition (1)(ii) holds; but (1)(i) does not, for

[Seo—s | = = (3¢—1)



and {# 3% (as we can easily verify on noting that the leading
term of P is the greater of the two in the first column, and
that it decreases monotonically as n increases), so that

2 ([SP.—s| is divergent. On the other hand, |SR-S|-»>0 as

=

i-—> o0 s0 that (2)(i) holds; but, as we shall now show, (2)(ii)

does not.

As /0.7_70731 for a binomial chain we have to consider the
behaviour, as n —>- , of

B = (=3)um2 ) (1-2) + 03) o (2w e UmR),
Consider the last r terms of E . They are

(18) ¢ (m2)0=2) e (7)o (i)

3 %
Je2) s (g - ) e R 2D

_ ~.3
>(l"%> + (/“3-_-:—?- ”'“"'+(( h~~r+¢>

3
> e M . (+2 4--- +~€§
h =¥

32 F(¥+)

-3

i

h—~x+ !
Ly
" 2

for n sufficiently large. Since »r can be as great as we

please, the result follows,

* Bromwich, pe. 95.
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2,5, These remarks illustrate once agein the difficulty of
setting down useful sets of conditions that are both necessary
and sufficient, It is important to remark, that the set‘of .
wans {prety
conditions (2)(il) above is satisfied by chains that are posi-
tive, or uniformly column positive; such chains, as we saw
in 1,6 end 1,9, tend to stability, and this condition, tuken
in conjunction with the necessary condition (2)(i), is
sufficient in these cases to ensure the existence of a gtable
limit, In fact, in these cases, the condition (2)(ii) is not
essentially different from the more simply expressed condition
/f”t~> 0, as we now chow.
Consider firgt the case of a binomial chain, Then, since

< o< | Torall i and ,/alz/oyol y we have that
142

= ) 5
2 /Om € + + oo *
2 /P /pr /°
< e
for all n, and the equivalence of the two conditions follows.
Similarly, if the P_ are uniformly positive, or uniformly

column positive, and of any order, we have that

ihq (w) < £ % PR n
! /Och)“ 7 *58 d
¢

j == &)
where /) demotes [/~ke in the first case and /-¢ in the
__sccond, in the notation of 1.6 end L.9. —

We can therefore state the following,



Corollary.
If the P, are uniformly column positive and if there

exists a fixed stable S such that SP. = S->0 as n—»oo,
then PM———‘»S as n —> eo,

Since for trinomial stochastic matrices /@z é/@pz s 8
slicht adaptation of the argument shows that if a trinomial
chain is not column positive but is such ?hat the /o; satisfy

/o; Ln &ty then the same :resulﬁ holds.ﬁ.

2068 Ve now, and for the two following sections, restriet
attention to the case in which all the P, are reg lar; 1eC0ey
we suppose that U, = lim P  exists and is stable,

So far the various examples have been restricted, almost
without exception, to the binomial case, for the obvious
reason of the simplicity of caleculation that results from the
meltiplicative property of range peculisr to this case. This‘
restriction has prevented illustration of the faet that, although
in the binomial case the product of reguler matrices is regular
(this result was proved in 1,4), this may not be so in other

cases. As an example suppose that

Y3 Co.oL L
— % 4LL”L’—1’J‘ B
(= " i 3 . and P, = T o o
‘i L] L4 7_ L 12 » i n
T, . 4 FS I
- X Py y [- . » 2 2

Then
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so that P, P, are regular, each with limit U. But

AP =

. pI=pi-
s pPI= N

pre p=
pi= N

which igs not regular,.

2¢Te  With this restrietion of the P, to regular matrices we

can now prove the following theorem (which we shall afterwards

restate in a simpler form).

Theorem,

It (1) SPi—-s — o0 as ¢ —> 08

o |

(11) 2/.,(?;‘“) < o for all i,
e =

then U, —» S,

Proof.

Write

as in 243, so that

SPi~S = RP +FH{3~” +F P+ Fo

Then



|SPr -S| < W,‘[Ei]ﬁ +Pe+ PO+ +P~:~.z\
< L& {1 vp0 4 prPl) Fo s PRt
¢ Kdo, by oan s Jot all n.
Thus, by (1),
|sPl—s ) < ¢

for 1 > i, =aye.
But
P o= ve o+ KT
where K(-:’-? ©0as n —> o , since the P, are regular, so that
SP;_“b = Suy + sk
= Ug + SK(L“).
Since |l<§"’( < ¢« for n>n,, say, it follows that

ISP~ vey < ¢
for n>n, « Thus
(ve=S | = | (vi-SPl) 4+ (SP'—s))
& ISPt —uc |l + | sEC-s)

< 2 for YLy npn,,

It follows that U, —>S.
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We now consider condition (ii) of the theorem. It has
been given in the form natural to the proof of the theorem
but, just as in our discussion of the corregponding condition
in 2.5, we can simplify it. In fact, we can remove it
altogether, for it is a consequence of the supposition that
the P, are regular,

Suppose first that U.> 0, Then P;f‘> 0 for all =
sufficiently large, r > r,y say, so that

pPLPI) < n = I-ke,

where € > 0 isg the least element of Pf « Then, since

<
f’m. /02:° ) . 3
ZPLFL ) < G ot {0‘9 +To'7 +“‘0V) £ s
=y {0
- [*9 ]

and the result follows, If, however, U . is not positive, at
least one column of Pf. is positive for Y >Ye , say. The
result now follows as before on the use of 1,9, except that
now /) =l-¢

We can therefore restate the theorem in the following form,

and extend it slightly,

Theoxenm.
If all P. are regular and SF - S->0, then U, — 8.
Conversely, if U, —> 8, then SP.- S — 0,
— Proof - B

Write
S:UC'{'M@



Sy m

where |M;| <¢ for i>n, say. Then

SPe = (Vi +M) P
= Ui + MIP¢
= S — My +MP¢
so that
|SPi—s | = |MiPc —mcl

< ()¢ for i> n.

This proves the converse., Hence the result.

2,84 The conditions of 2,3, apart from being only sufficient
conditions for the existence of a limit o g y suffer from
this weakness, that they do not define the limit (if it exists)
in terms of the PL o It is true that the condition

SP, — 8 —~* 0 suggests, as we have remarked already in 2.1,
that the existence of S 1s related to the existence of a
limit of the sequence {U.{ in the case of regular P; and this
we have now proved in the case of P, vwhich satisfy the con-
dition (2)(ii) of 2.3. Thus, taking the latter theorem with
that of 2.%. we have, for sequences of regular P( that satisfy

the condition, and so in particular for uniformly positive ox

uniformly column positive stochastic matrices, the following
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Theorem.

If the P, sare regular and satisfy the condition (2)(ii)

of 2,3 then a necessary end sufficient condition for the exist-

ence of 1im P igs the existence of 1im U: ; and the two
h—>od c—> 08

limits are then equal,

We note that the example of 2,6 illustrates the fact that
even the condition U.. = U is not sufficient in iteself to

o
ensure that * —> U, For we have only to consgider (InPL)w .
As a corollary to the above theorem we have the
Theorems
(G
if P> P > 0, then P — U,

Proof,
Since the P, are uniformly positive, and so satisfy the
condition (2)(ii) <for i sufficiently large, we have merely

to verify that U.—=> U in this case, For a binomisl chain
this is immediate; for if

1 pi
k= [ " F!]
. P
L[ pe
Ve = peesh |,
G P

.LI( 7' r]
‘—9 4 3 S o o
— — B 0 R

as

then



T

4. pe 5 P 1
/ Y B ‘ ! ‘
g. Pe T f

But in general we cannot express U, s0 simply in terms of
the elements of P, 3 ue is the solution of the set of
consistent eguations

whbPo— w =o0

as given by Cramer's rule in terms of the cofactoxs of P.— I

end normalised so that 5ﬂ “Wwe=1 , DNow consider the variation

in the value of a cofactor when one of its elements is changed

by € « All elements of the cofactor lie bebtween -1 and 1 ;
so the greatest value of a cofactor of it (which is a2 determin-
ant of order k - 2) is certainly bounded by (x - 2)! = K,
say, at very mosts It follows that the variation in value of
the cofactor cannot exceed Ki@v numerieally. Since, what-
ever the veriation, all elements remain between -1 and 1 it
follows that if each of the (k - 1) elements of the cofactor
vary by not more than € , then the resultant variation in the
value of the cofactor is not more than (k = 1) Kie\e Now
interpret ¢ throughout as the respeetive elements of P.- P,
Then since by supposition €20 88 1 —> o 4 it follows that
U¢ =~ U, Hence the result,

We notice that, since P > 0, there is certainly no
~ regtriction on the speed of convergence, The cuestion whether

or not there is a restriction for regular P that are not positive
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is at present open, and this we now consider, Suppose, there-
fore, that P is regular., Then, just as gbove, U,—U; we
have to verify that, in addition, (2)(ii) is satisfied. Tet

[ P. = P\<2:<¢ , and consider the possible difference between

P, P, and P, We see at once that this difference is

l

bounded numerically by 3ke , and likewise that the difference
P - P?| is bounded vy 3 €% F Take n so0 large that at
least one column of P" is positive, greater than ¢ say;
this choice is certainly possible sinece P is regular, Now-
choose i so large, 1> i, say, thet |R-PI< 4 5—.;8.—‘,;“ "
Then the corresponding column of Py -.---- Piew is also
positive, and it £ollows by arguments similé.:: to those used
previously thaet (2)(ii) is satisfied. Ve have, therefore, as
a corollary to the theorem sbove the following

Theorem,

If P is regular and P.—» P, then P“> U,

2¢9a Our statement of sufficient conditions, in 2.3, for
the existence of 8§ = 1in P follows naturelly from the
Imown necessary condition that SP.—- S —>0 88 n —>oco e Ve

can, however, state the conditions in = form that appears to be

slightly more general, Ve replace condition 1(1) by 1(i') below

g’n‘;éim ,,,,the - 7fellmﬂg o

E—

® These bounds are very rough, but sufficient,
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Theorem. -
The two conditions below are sufficient in order that
)
P01-> 5y a fixed stable matrix;

(i') There exists a sequence §S:] of stable matrices such
that ©S¢—> & ag i — o and 2 [SeiPe —Sc ] <o

w =4
(ii) /"Lc, —>0 as n-—>c, for all i,

Proof.
The proof is almost identical with that of 2.3. We now
define S,

we have thal

P, -8, = P. and S, = I. Then, just as before,

- [¢]

Pw" Sn = Fu+ Fn—- Pun + Fi-a Pn—n Ph  pee v tRPRR. P""

The convergence to zero of the series on the right follows just
as vefore, Finally, writing

(~)

P-S. = (P*¥—=s) + (5~ S

it follows thet
P¥”— s .

This theorem is a slightly more general form of & known
theorem™ in that the condition 49 >0 88 n —» % ig implied
by ban | tT:(l ~-¢. ) =0 but not conversely, exeept in the binomial
eas;:?”

The condition (i') above is apparently more general than the

corresponding condition of 2.3 only if f? [S’ S} T, For,

_ ,,,,,7<L‘—l—f

S Pe =St = (SP=S) +(S=8) +(S—S)F, @

# Hajnal, ppe 69-71.
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we have that, if 2" [Sc—€| <o then % 1Se-iPe —Se |l < o8
if and only if 2 T:&‘P; —s| <o o

The eonditigé‘ (2) (1) of 2,3 is unchanged by the
present replascement of & by S, This follows at once from

(%) above,

2s10. We now return to the consideration of the existence
of '}%P "  and consider the case in which P.->I as

n —e-a.£; 1.4y & case in which P, tends to a (particular)
decomposable limit, In the light of the exaomples of 1,10 it
is perhaps reasonable to conjecture that if P.>I then PW
tends %o a limit, stable or otherwises. This result, however,
is not generally true, even in the binomial case,

We firet prove that the result is true for one particular
clags of binomial stochastic matrices, that of symmetrie
matricess Examples 1 and 2 of 1,10 arec instances of
this case,

Suppose that



Then each diagonal element of P; Pd' is

(1— ac Y =aj )+ alay

]

[~ (A+n ) + 2aiay ,

vhich is not greater than 1 = a; if &(I~2ai) 3o . If
P.~> I then a, < % for sufficiently large i whence,
in particular, the diagonal elements of P .P;., do not exceed
those of P, . By a repetition of this argument we see that
the sequence of diagonal elements of the successive P. ,
P;Pu » PiPuv Piys; sese 1is monotonic decreasing and, since it
is bounded, tends to a limit, It follows that the off-diagonal
elements of the matrix sequence also tend to a limit, and the
result follows,

But if we drop the condition that the matrices be
symmetric the result may fail, This can be shown by an
example, Suppose that

[ =% 9
X = [90‘ /-90..‘/] and YF B l: y J:(.

X [1"]1/; ana Yf:f"{" :]:-B

however small 6, or (FP may be, provided that 6, cPP So . We
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notice that AB = B and BA = A, A counter-example can now
be constructed roughly as follows. Each P is either an X
or a YF for some choice of 6, , 4? « For the first n, P.
choose a sequence of X, so that P approximates to A
for the next n, P, choose a sequence of Y, so that plh )
approximgteg to B; for the next n, P. choose a sequence
of Xy so that Ipﬁﬁzhu)approximates to A and so on, the
value of P oscillating roughly between the bounds A and
B, so that qu does not tend to a limit.

To make this argument precise, suppose that, given €%vo,

n, is chosen sufficiently large to ensure that
1-q Q
(hed °
P'z[l—-a'a.‘}=/4

where a,d <g , and n, is chosen sufficiently large to

ensure that
¥is (-1 o
P"“‘" oo PV“{’H')_ = [ 6” ‘__6_' } = 5

where % < € . Then we find that A°B° differs from B°

by not more than &€ ; and similarly for a produet B°A°., Each

n, of the sequence n,, N,y Nygeee is finite, and the sequence
itself can be continued indefinitely, It remains only to choose,
as we can, the sequences §, Oz, Os yeeees and ¢, ¢u, D ,ene

such that 6, and P, tend to zero with r, and the example

is complete, | B -
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Then, cexrtainly for a chain of oxder k > 3 it does not
necessaril& follow that P, >I. TFor example, if

I o

- P

e = :
O:T

u

where T is stable, then P“= P for all n, and P is not
stable. However, in the binomial case the existence of s non-

stable limit does imply that P,—> I. For in this case
) _
P i
s0 that if
(n)
£ ke

it follows that

/Jw—-?l

Thus

Po —> [[.'.] or [,‘]

We can exclude the second possibility by a direct argument,
Suppose that the first row of Pw) is (#,1-2} and the first

column of P, is 6, (-¢ §{ , where 6> ¢ can be as small

as we please if n is sufficiently large. The element in PU™

that corresponds to « differs from * by

[ (B~0) + (1~adU=¢) ]

= [ (-2 + x(6+¢) ~@|
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Unless |—2¢ =0 this difference cannot be made arbitrarily
small, and it follows that P* does not tend to a limit

unless ®x =% 3 and likewise for the other diagonal element,

w

Thus P does not tend to a2 limit unless this limit is

pi= P
pi= rp-

which is stable.s Hence if PUJ tends to a non-stoble limit

Fw_—> l:‘-‘\].

2411, We have seen that only under special conditions does
Uy = P* tend to a limit as n —> o6 3 Wwe have cited some
sufficient conditions (in 2.% and 2,9) and, in some cases,
conditions both sufficient and necessary (in 2,8). We now
congider whether or not the limit exists'if we widen ouxr

definition of convergence and consider the behaviour ags n —> o

of the more general

Vo= 5§ Vi+uz 4. +U. L (1)

We know, by the consistency theorem of Cesdro summability,

that if U = 1lim U, exists then so does V = 1lim V, . We also
)

" ~Pod

know that in the constant case of P, = P for all i , then V
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exists for all P. A proof of this is sas follows™, Pirstly,
Vo is itself a stochastic metrix for all n so that its
elements are positive (or zero) and bounded above by 1.
Consider a sequence of corresponding elements of the sequence
{v.} . Since this sequence is bounded it has st least one
point of accumulation, by the Dolzano-Weierstrass theorem, and
likewise, by the extension of this theorem to space of k*
dimensions, we have the corresponding result that the sequence
3V} has at least one 'point' of accumlationy, V say., To
establish our result we have to show that {V.} has no other
point of aceumlation, To prove this we notice that JV, }
includes a subsequence 3V, § having V as its limit, Then,

for each n; ,
PVe = VieP = Vuo +% (P™=p)
so that, on taking the limit as n —> o ,
PV = vp = V.
It follows that

v

PV

<

VP =V (2)

for all integral r., Now suppose that there exists {WK} s 2
subsequence of {V,§ having a limit W distinet from V.
Then, for each W, , we have from (1) and (2) that

\/Wln. = WK\/ =\

® See Doob, ps 175, Ccf. Fréchet, p. 109,
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given in 1.2 we see that the first superdiagonal of K. con-
tains terms of modulus n, that is, contains terms of unbounded
modulus. But since the elements of H and H  are of fixed
finite modulus and the elements of the stochastic matrix P"
do not exceed unity in modulus, this leads to a contradietion,
and the result is established.

The Cesaro summability now follows at once, Let

HPH—' = Mg g';-—'-) by M- 5 A > Koo, Ks}

where |2¢) =1, MN$tl, for 1 £1< r eand the block matrices
YA are associated with roots 2; for which (Mi< 1, Since
A4, +2 = 2 a5 n —>e it follows that

e ad %

-
1im H(P + P +eesse+P )  exists, and the result follows™,
L -4

We now consider the gquestion whether or not the correspond-

ing result is true in the variable case, i.e., we consider the

existence of

Giw N = Lo Tl: ng+Pa)

v

h—>o h—>00 Lt + P }
The following example shows that this limit does not always
exist. Consider the two binomial stochastic matrices

=[] e =[]

Then if each TP, is either I or J , so is each P for

e — —.1
T =T , IT=TT =V, Jg =X,

# A somewhat similar proof, due to D.G. Xendall, is given by
Bartlett, p. 32.
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It follows, further, that by a suitable choice of P, we can
ensure that P ig either I or J as desired. The necessary

and sufficient condition that lim V, shall exist is that

h~>o00
lin  "/u shall exist, where n, 1s the number of choices of
: :

I among Pf;..,.g, PtJ; and clearly this limit may not exist,
I¢ >
For example, suppose that P“) is I, P ® and 1@'(s are J , 80

) . ()
that ™/u et this stage is %5 , # Py P and P are I, so

v ) ~
$hat "fu 18 Y5 5 P sessesP are J , s0 that Ve is Y% ,
(13 (2w Ky 5
yecsveyl are I, so that 7w is 7, , and so on so that
the successive values of ", (n > 2) osecillate between the bounds
"3 and % ®
The Cesaro limit may not exist even if /ffl7 0, We can show
this by a slight modification of the preceding example, Ve re-
place I and J by two distinet stable matrices A and B,

Then

2 2

il
d

end it follows that by a suitable choice of P, , either as A
or as B, we can ensure that P is either A or B as
desired, The rest of the proof now follows as before on the

replacement of I and J by A and B respectively,
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Zede We now leave the consideration of P and turn to
the study of the frequenecy of occurrence of a given state.
We shall show that the relative frequency of the occurrence
of any given state in n stages tends to be normally dis-
tributed as n —>o0,

We congider first the binomial and constant case in which
there are two states, Eo and Eq, and such that the occurrence
of Eg ("failuret) or Eq (*success') results in the addition
of 0 or 1 respectively to the score, In this case of a
constant chain, with initial probability distribution [Zo,ro]
say, the probability generating function (pege.f.) of the dis-
trivution after n “triels is

(o1 | P08

where

7 b
PE) =

[

¢ f€

We wish to study the ultimate distribution of *%/, , where =,

is the number of successes, or score, after n +trials.
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Dels It is interesting to have at hand some numeriecal
examples of such probability distributions and to observe

in them the tendency of the (discrete) probability distribu-
tion to approximate more and more closely to a (continuous)
normal distribution.

We shall give some numerical examples of such distribu-
tions to show the way in which the distribution, and the rate
of convergence to a limiting distribution, depend upon the
parameters n and 5=,4-f , and also upon the initial dis-
tribution.

| Suppose first that

0-8 o2
P = 02 o«s’]

so that S = 0,6, and that the initial distribution is
[0.5, 0.5] « This is a case of complete symmetry; at every
stage and always the probability of m successes is equal to
the probability of m <failures. Thus the probability dis-
tribution is symmetric, and skewness does not appear in this
cases This simplification makes the example the more useful
for the gtudy of (i) the forms of the distributions of X

for successive values of n, and (ii) the limiting form of

the distribution about the mean of x,/n.
Lvidently a sufficient condition for the existence of a



61~

limiting non-zero variance of the distribution of (i1) is

that the increments to the variance of the distributions of

(1) for successive values of n shall tend to a non-zero
limit.

The successive probability distributions and variance
inerements are listed below, in Tables 1 end 2 at the end of
this chapter. They were found by direct computation of the
PeZef's for successive n, wusing a desk hand-operated cal-
culating machine and rounding off the entries to 5 places of
decimals at alternate stages. The protability distributions
as given may, therefore, be in error by a unit in the final
decimal place and the wvariance increﬁents in the third
decimal place; but these errors, if they occur, do not
sffect the general validity of the conclusions,

At first the distribution is U-shaped, but soon a low
crest rises from the centre of the trough., As n increases
the crest becomes more proncunccd; steadily the peaks at the
extremities of the range fall relatively to the crest until,
as the process develops, they lie below it.- At this stage
the curve approximating to the distribution still has two
hollow troughs; but these, too, disappear as the extremities
fall still farther, The shape of the curve ig then that of

an inverted U or, more exactly, of a bell, which is the

—— shape characteristic of an approximation to the normal curve,

We have to find the means in calculating the variances,
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and we find that the successive increments to the mean on
passing from one stage to the next are constant, and equal
to 0456 This is a result of the symmetry and what we
should expect, for the score increments consequent on
success and fallure are 1 and O regpectively,

‘The apparent convergence of the sequence of £>u2 "
the successive increments to the variance, is evident. 12,
as a first approximation, we Jjudge from the last three in-
crements that the successive increments decrease in geometric-
al progression with common ratio %2 we estimate the limit o
be 1,001, In fact it follows from the theory of 4,6 that
the limit is 1.000. |

We now congider the effect of a change of the initiasl
distribution from [0.5, 0.5] 4o [0.7, 0,3] . This
change destroys the symmetry of the successive probability
distributions; these are shown below in Table 3, They were
calculated in the seame way as before, but the ecalculations were
made more lengthy by the loss of symmetry.

Apart from this lack of symmetry the curves approximat-
ing to the succesgive probébility distributions show the same
trend as before. A curve of distorted U shape gives place
to a curve with a central crest lying between two troughs,

The extremities fall relatively to the erest and in consequence
one of the troughs disagppears. At the stage to which we have

" taken the calculations the second trough is still present but
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is about to disappear; the calculation of a few probabilities
of the distribution at the next stage shows that the trough
does then disappear. Apart from skewvness the approximating
probability curve is now of the same type as that of the
preceding example, ;

‘Finally we congidexr the effect of the further, and most
extreme, change in the initial distribution, to [1,;}.

This change increases the asymmetry, but once again we see,
from Table 4, that the asymmetry becomes less with increasing
n, At first the approximating probabiliiy curve is J-shaped
but with increasing n the stecepness of the centrel part of
the curve lessens and the curve comes to have one crest and
one t:ough. This is the genexal form of a curve at one stage
of the preceding example and we are led to assume that the
general development of the successive curves now proceeds

in essentially the same way as there,

Io sum up, this sequence of examples leads us to believe
that, whatever the initial distribution, the curve approxi-
mating to the discrete probability distribution tends, as n
increases, to be unimodal and bell-shaped, that asymmetry (if
present) tends to disappear, and that the variance of the

distribution of xn/n about the mean tends to a finite limit.
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Fe3e In the examples above P is symmetric, but the
introduction of asymmetry through the use of a more general

P produces an effect not essentially different from that pro-
duced above by a change of initial probability distribution.
The following example, in which

- 06 Ok
h 03 04

and the initial probability distribution is [1,-] illus-
trates this. Also, in this case $ = 0.3 as compared with
the previous 0.6, and we observe the effect of this differ-
ence on the convergence to a limit of the successlive incre-
ments to the variance, TFurther, we calculate the third
moment Mg and hence_/a3/>uf“', a measure of the skewness, of
the distributions for successive values of n,

The probability distributions are given in Table 5 below,
The approximating frequency curves are bell=-shaped, though
distorted, even for small values of n. A compaxrison of the
nature of these curves with those of the third of those of
the preceding set in which the initial distribution was [1,.]
as here -- or, in fact, with the curves in the other cases —-

shows clearly the steadying effect of the smaller S'.

The effect shows ggain in a comparison of the sequences
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of variance increments, given in Table 6, Despite the
presence of asymmetry these increments are now essentially
constant to 3 decimal places even for n = 6 . |

In the calculation of successive /Akg it was necessarxy
to retain 6 decimal places in the probability distributions.
We see in Table 6 that the skewness, at first positive,
decreases to zero and then becomes negative and is most
negative at the point where we have left the cazlculations.
But consideration of the sequence, or & graph, indicates a
tendency to return towards zero with increasing n. The
result of 3.6 of this chapter shows that, in fact, the

skewness does converge to zero,

Sede In the preceding section the value of S for the
P in question was positive, Certain difficulties appear when

we study en example in which §  is negative,

We consider a symmetric case corresponding to the first

exanple of the preceding seetion. We take

02 06
P =

0§ 02

B0 that § = -0.6, end initial probability distribution
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[0.5, 0.5] . In this case success and failure tend to
alternate, so we expect to find that the probability dis-
tribution‘of the score is bunched closely about a central
mean, The probability distributions for successive values
of n, found as before, are shown below in Table 7.

The probability curves are symmetric and bell-shaped
throughout, and closely bunched sbout the mean, But the
succegsive increments to the variance given in Table 8, do
not tend monotonically to a limit; they osecillate, If we

take alternative increments we have the two subsequences
0*130 ; 0087 ; 0°071 ;3 0066 3 wnessne

and
~0s050 5 02022 ; 0048 35 04057 5 040066 ; eoscee

each of which shows a téndency to convergence to some limit,
and possibly to the same limit., In fact later theory will
show that this is the case, and that the common limit is
0.0625« Ve notice also that the rate of convergence appears
to be slower than in the previous corresponding case.

We should expect that asymmetry, if introduced by the
choice of an initial probability distribution other than
[0.5, 0.5:] y would tend to disappear in the same manner

—as in ‘the preceding section.
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We notice further that, in the second sequence of in-
crements above, the first increment is negative., Thus there
is & decreage of the variance with increase in n . This
event could not occur in the case of a2 sum of independent
variables where the variance of the sum is the sum of the
variances of the terms of the sum, and in 4,11 we shall
comment further on the possibility of its occurrence for a

sum of dependent variables.

a5 It is not difficult to find directly the mean score

in the constant binomisl casce The mean after n +trials is

%o = (Zospe) §PH P 4. +P“}[;]

if the initiel distribution is [Jo, o] 5 for the mean of a sum
of random variables, independent or not, is the sum of the

4
meancs,

If P is regular, P —> U, so that

Hence
% —> w [ G0, pol U[J,

. If we take as before




=58~

I f’]
U"P+i‘ %’F

then

so that

|
Ry —P I’T‘Z' ioFJrroff

= l——S >

which is independent of the initial probability distridbu-
ticn [‘io; roj L]

If the initial distribution is the probability veector
w assoclated with the root A=1 of P, 4i,e, if

N
W = P‘S'«‘E""l’ pJ, then the mean after n trials is 1{%
for all n, I?, further, P is symmetric, so that

w= (05, 05] and F=§.Ll-—8) then m.=4in  for all

n + This was the case in the symmetric examples of the pre-

ceding sections.

000 In the case of a constant chain we are able, as in

. lel, to make use of canonical matrix theory, and this we now

do™; but we shall have to replace this powerful, but limited,

% Cf. Uspensky, ppe 297-301.
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variable case.

We consider the distribution of “*/n, y but first
‘change the origin' so that 'success' results in the addition
of 4[(s'+p) to the score end 'fallure' results in the
addition of —p/[(s'+p) « The asymptotic value of the meen,
given for score increments 1 and O in the preceding
section, is then zero.

If the initiel probability distribution is [Zo, Fo] ;
the characteristic function (c.f.) of the gcore distribution

is
-P &k 2 & Nak
66 = (e HE | pedt]frof],
where
- p & 2 «
9< ?IE? W FQQ,'J-,: "
PE) = , —£ &« ( ~‘Z"5
gle ferrn
Consider first
) W
bim § P
h—>cs ‘
The roots of P(t) are given by
- e g!
12- ‘5_‘4-r w . ’P\ FQ i'_u_F :‘,‘E
e = 6
P = e 94p W~ — A ’
T v Q. s"‘i&i,ij F w I



T () e

-p & AP Yo SEE
lec€e Rz*xgi-ﬁ ghep W —I-r‘.Q,SJPf w } + (3—{’"!’9)-& P T o (1)
The roots are expresgible as power series in "/w .
70 a first approximation they are 1 and iF’ -ps' s
i;ec, 1l and r‘—"‘)‘;ga ;

Since ¢y < | y  Lauw SK-; o  and we shall need a
=00
closexr epproximation only to the root gpproximating to unity.

To £ind a second gpproximation to it put

— <)
a=l+ = in
(1) and retain only terms

o(w') « Ve get

(1+2) = ()] arf v & (-

HEE0 ]
'l""") I+ i:fﬁ = 0 ,
(F-p) 3 T
= Ci*’r>+‘*[f’iq‘:i+¢ p )5~ F>]:o.

147

The coefficient of ‘-f is zero, because

-

[’i‘~ [’"i’ + (p=pllg~p) = Ps-p's +p's ~pg’ "FP'*]DZ
= PUSP) o pG—p) —ppf p
= 0

Hence
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This merely confirms the value found previously for the mean.
To get a third approximation, put N = l4-§; in (1).

We get

1+ &) = (g aef s

ACEARE L

+ o(w’) =0,

p_— ! r_ 1
f-p e @ (5D )

the terns G(n“l) canceles

siuée
Thus
é; (%*F> +1.@@ { ﬁFP:% + (p- P)(sz> i +0(<*) =0,

$iahrt = '-(;'f)r) S(F-pote-pd — PPt f

¢ §¢+r}3==—.gukfr¢ (s+p' )

It will follow that the variance of the distribution of

€//n 1is given by
o2 = pi(a+p)
(7-/"’[”)3

which is non-zexo since P > 0 ,
Column vectors assoclated with the roots approximating to

— H —= Tf"} %o the first order (which is



all we need here) so that, on replacing 57%' of the
preceding work by  Elovwn we have that  Qu(&) — ¢ ®)

asn —» c , where (. &) 1is the c.f, of the distridution
about its mean of ’)Cw,/o",/w and

‘ B T3 ‘ ! Ry
e 2 )

]
_Le"[ ._.L .,f._ |
= [2%(%] ¢’ SHP O gep ]
I

THp TP

"
©

which is independent of the initial distribution. Thus the
distribution of *“/r/n tends, for all initial distributions,
to a normal distribution, and the proof is complete".

% The theorem is proved similarly by the use of matrix
theory for a chain with k states in Aitkenj Dbut
in this general case no simple expression foér the
variance can be given, and a separate discussion

“of the positivity of the variance is needed, See
7.5 and the references there,
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BeTe The variance of the limiting distribution is
_fé_,'_gﬁ)%"‘—{ , end this allows us to calculate the limit-
ing values of the increments to the variaence that we have
already Quoted in 3.1, We notice again, as before in the
exaﬁples of %1, the effect of dependence : although P> U,
the limiting distribution of */Vn  differs from that of a
sequence of independent trials with probabilities of success
and failure proportional to q', p , <for the variance of the

independent case is now multiplied by a factor

S € . i-prp o LEE
g'4p (—P' +f 1—§

which is unity only if §=o0 s 1e€s only if successive
trials are, in fact, independent. We notice that thig factor
can take any value.between 0 and oo , these bounds being
given by §=-' and §=! zrespectively, and so correspond

to the (non-regular) matrices

[}‘.] , and [!',].

The first of these matrices corresponds to the case in
which successes end failures occur alternately, the first
trial being assigned arbitrarily either as success or failure,
s0 that the score after n trials is either [ﬁw] or [ﬁuj 41,
 from which it is evident that O >0  whatever the outcome



of the initial trial.

The second of the matrices corresponds to the cage in
which the result of n +trials consists entirely of n
successes or entirely of n failures; and which of the two
possibilities in fact occurs depends on the initlal distribu-
tion  [4,, f’o] o If Pedo © it .is evident that

> ot

If we make the restriction as in 3.6 above that P be
positive, P > e say, then the least possible, and greatest

possible, values of the variance occur when P = P, and
P = P, respectively, where
Fl__: . | —< and PJ.: | —€ Q.].
(—e < 2. =&

This is easy to see intuitively and not difficult to prove.

Por we can write

o dify (=802,

!

where § = p' ~ p, o0 that the least value of (p' =§)(1 - p'),
subjeet to the restriction mentioned, occurs when p' =1 - ¢

or % 4+ e, Then

RN ‘__t__g_ | - —‘SD)
G = £ ((A&.)JC €

and the least value occurs when S ¢ Which is now necessarily
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non-positive, is as negative as possible, 1,64 —8 =1 - 28,
so that P is 7, above, The corresponding result for the

greatest value of the variance follows likewlse,




- 0 1 2 3 N 5 6 7 8 9 10 11
v
1' OQL“ 002 O.L'.
2., | 0.32 0.18 0.18 0.32
3. 0.256 0.160 0.168 0.160 0.256
L, 0.2048 | 0.,1408 | 0.,154L4 | 0.,1544 | 0.1408 | 0.2048 :
5. 0.16384  0,12288 | 0,14016 | 0.14624 | 0.14016 | 0,12288 | 0,16384
6 0.13107 H 0,10650 | 0.,12595 | 0,13648 | 0.13648 | 0,12595 | 0,10650  0,13107
y 0,10486 | 0,09175| 0.,11223 | 0.12585 | 0,13062 | 0.12585 | 0,11223 | 0.,09175 | 0.10486
8. 0.,08389 | 0,07865 | 0,09928 | 0,11489 | 0.,12329 | 0,12329 | 0.11489  0.09928 | 0,07865 | 0.08389
9. 0.06711 | 0,06711 | 0.08730 | 0.10400 | 0,11503 | 0.11890 | 0.11503 | 0.10400 | 0,08730 | 0.06711 | 0.06711
10. 0.05369 | 0.05704 | 0,07634 | 0.09347 | 0,10629 | 0.,11517 | 0.11517 | 0.10629 | 0.09547 | 0.07634 | 0.0570L4 | 0.05369
TABLE 2.
n 1 2 3 4 5 6 7 8 9
(W ‘
4>ui 0.73 0.838 0,903 | 0,942 0.965 0.979 0.987 | 0.992 0.995




TABLE 3

x| 0 1 2 3 Iy 5 6 7 8 9 10 11

1./0.56 | 0.20 02U |
2./0.488 | 0,188 | 0.172 | 0.192 |
3./0.3584 | 0.1728 | 0.1680 | 0.1472 | 0.1536 |
L. 0.28672 0.15616 | 0.15984 0.148326 0,12544 ' 0.12288
5./0.22938 | 0.13926 | 0.,14912  0,1462L4 0.13120 | 0.10650  0,09830
6./0.18350 | 0.12238 | 0.13701 | 0.14039  0.13258 0.11489 | 0,09011 | 0.07864
7./0.14630  0,10748 0.12442 0,13248 0,13068 | 0.11920 | 0,10008 0,07598  0.06288
8.]0.11744 | 0.09332  0.11178 0.12326  0.12629 |0,12035 | 0,10654% 0.08679  0.06393 | 0.05030 |
9.[0.09392 | 0.08056 | 0.09966 0.11336  0,12010 |0.1189% | 0,11009 | 0,09458  0.07502 | 0.05362 | 0.04024
10.0.0751k4 | 0.06914 | 0,0881L | 0,10334 | 0.11235 0.11545 | 0,11091 | 0.09975 | 0.08360 | 0.06457 | 0,0L491 | 0.03219

11, |0.06008 | 0,05910 | 0,07748 50.09336 0.,10490 0,11058 0.,10972 0,10256 | 0,08996 | 0,07356 | 0.05538 @ 0.03756
|

|




» 0 1 2 ’ 3 I 5 6
1 0.8 0.2 |
2 | 0.64 0.20 0.16 ‘
3 0.512 0.192 | 0,168 0.128
4 | 0.4096 0.1792 | 0.1680 | 0.1408 0.102L
5 | 0.32768 | 0.1638h | 0.16256 | 0.14624 | 0.11776 | 0.08192
6 | 0.26214 | 0.14746 | 0.15360 | 0.1462h | 0.12672 | 0.09830 | 0.06554

|




- |
\ o | 1 2 3 L 5 6 7 8 9 10
i |
3| 0.216 | 0.288 | 0.300 | 0.196 |
L | 0.1296 | 0.2160 | 0.2736 | 0.2436 | 0.1372 |
5 | 0.07776 0.15552 | 0.,22896 | 0.24768 | 0.1940L  0.0960L |
6 | 0.04666 | 0.,10886 | 0.1814% | 0,22680 | 0,21672 | 0.15229 | 0.06723
7| 0.02799 | 0.07465 | 0.13841 | 0,19440 0.21449 0.18487 | 0.11813 | 0.04706
| 8 0.01679 | 0.05039 | 0.10265 0.15910 0,19673 0.19604 | 0.15460 | 0.09076 K 0.03294
9 | 0.01008 | 0.03359 | 0,07446 | 0.12579 | 0.17109 | 0.19099 | 0.17453 | 0.12723 | 0.06918 | 0.02306
10 | 0.00605 | 0.02217 | 0,05307 0.09680 | 0.14298 H 0,1753L4  0,17960 | 0,15213 0.10334 | 0.05238  0.01614
l |
3 ‘
TABLE 6.
) | !
D, 0.39% | 0.439 | 0.452 | 0.453 | 0.456 | 0.455 | 0.455 | 0.455  0.455
M/ 0.407 | 0.1 | 0,010 |=0.057 —  |-0.108 —  |=0.120 -— | -0.121 {
/ Ky
/ |




T 0 1 2 3 b 5 6 7 8 9 10
1.§ 0.1 | 0.8 Gisd
2, 0,02 0.8 0.8 |0.02
3. 0.004  0.160  0.672 | 0.160 0,004
4s 0.0008 | 0,0L48 | O.L4544 | 0.45LL | 0.0448 | 0.0008
5. 0.00016 0.01152§ 0.1958L4 | 0,58496  0,19584  0,01152 K 0,00016 |
6. 0,00003 | 0.,00282 0,06835  0,42880 0.42880  0,06835 | 0.00282 0.00003 |
7. | 0.00001 | 0.00066 | 0,02115 | 0.21693 0.52250 | 0.21693  0.02115 0.00066 0.00001
8. | 0,00000 | 0,00015 | 0,00605  0.08863 0.40517 0,40517 | J.,08863  0.00605  0,00015 | 0,00000
9. 0.00000 | 0.00004 0,00163  0,03163 0.,22891 | 0.47558 0,22891 0,03163 0,00163 | 0,00004 | 0.00000
|
|
TABLE 8,
- 0 1 2 3 4 5 6 7 8
5}«2” =0.05 0.130 | 0,022 | 0,087 | 0,048 | 0,071 0.057 0.066 0.061




CHAPTER 4,



4.1, We now extend the result of 3.6 to the case of a
variable chain, To do this we need to consider first the
mean, We have already found the asymptotic value of the mean
in the constant case; we now find the value of the mean for
any value of n for either a constant or a variasble chain,

dJust as in 345 we know that, if the initial distribution
is [1, -] ,

;w - £‘, . j g P(U + P(Z) $oo PU\) {.\} ) (1)

But now *+/w does not, in general, tend to a limit as

n —» o0 3 cxcept in a few particular cases P tends to a
stable matrix but one dependent on n, We discuss the value
of X, in this simple case by a method that we shall use
later to discuss the higher moments of the distribution:

we find the incrementg to X, on trensition from the 4B
stage to the (i + l)th and then sum these increments to

find x. . Consider, then, the increment to X, » The

£1, ‘_] P(L{-()[’.]

is added to the right-hand side of (1), and this term is the

term

Cd1)
element in the (1, 2) position of P . To find this

elenment consider first

PP, = i: Pll][ ‘izl Pz’]
Y P PR F’-



The element sought is

2 P2+ Ppa

"

(l—Pr)r'z + P| (Pz +8:)

]

Fz + Plgz)

and it follows that the corresponding term in P is

P+ pit §i + Praa S i #ooe b pSaSa S

Thus, on summation,

Q_aw = Fw + Fnu ((+SK) + Pk-z ('+ gh-‘ + Sp\—ugn) S N

______ -+ F|('+81+Szg3 L PP ‘('8’283-.-8341\)-

In the particular case of g constant chain the incre-
ment above becones

p o+ SF & 81/:» O ng

s B
x [ =2

(—s °
whence

X

= ;E“S {(I—S) + (1—-8) +.... + (HSM);z
S
R R I
n

- =

as before,



7S

; -\
We -can prove the result also by use of the HPH

transformation used previously in ls%. We have that

paee] e oo F [ I

since [|! -] 4is unchanged by post-multiplication by : 0

and {‘} is unchanged on premultiplication by Hs The

result now follows at once,.

If we take the initial score distribution as (- (]

instead of [ -] we have for the increment to T. the
(et1)

element in the (2, 2) position of P . Since Sn= S0

for binomial maetrices it follows that this increment is
Pi + P §i + pima St Si +oee 4 P& 5L+ 86 S
The effect of this is to add to the value of x, already

found for initial probability distribution [I 7] a term

§, +88, #5685+ + 5 6. K.

which, in the constant case, becomes

St—g")
[—§ °

s0 that xw —» [:;é as before,
By combining these two results we see that the inerement

to X, 1if the initial distribution is (o, ps ) is

FL + r(’.ﬂg; . l)l g:. gc + Po gqu.-—' é:_
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It follows that the increment to the mean, and the mean, tend

to independence of the initial distribution.

In the particular case of complete symmetry, in which
each P, is symmetric so that PL=-§C}-$¢) and the initial
distribution is [o-5, 0-5) we can verify that the formule
above for the increment gives a constant increment of 0,5

for all 1, This result is evident otherwise,

442, The matrix proof of the normal law in the constant
case was based on the use of the c.f.; and we uvge likewise
the cofs of the distribution in the extension of the result
to the variable case, If a typical matrix of the chain is

P {‘ % fﬁ']

t = { )

o 55 i

then o), the c.f. of the score distribution after
n trials, is

: L i {
() = [i"’f’“’w] AL E(ew)j(‘])
J=I
where
~Ble*) = fJ F;)¢



=30

We wish to gtudy the distribution of the score about the
meany and here we encounter the first difficulty resultent
on the generalisation to a variasble chain: the mean varies
from stage to stage and, moreover, does not generally tend
to a limit., We have no alternative, therefore, to the making
of a separate change of origin at each stage.
We illustrate the process of formation of successive

Pu(€) 5 where & (6) is the co.fs of the distribution of

score after n trials about the mean, by reference to a

particular numerical constant case, that of 3.3. We have
0 b O-‘Mw [
G'( Lb) = [l ’ ] “,'_ [l :}
03 0%

¢, &) is got from this by multiplying (5 (€) by ef°"*;'c

since the mean at this stage is 0.4, whence

- 04k 06k
¢ &) = o0be + 04 -

The mean at the next stage is 0,92 , so that

—092k . e ]t |
43@)= eon . 'j[ob ouic][.j)
03 07e (

and, generally,

— .

L
47.\&) _ e-"CmWD . 06 owe” [l]

03 07¢F !
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4eB0 We have already found a formula for X, in terms
of the elements of the matrices PJ' s 2nd hence the result
above allows us to calculate {,(€) for any particular n,

In the variable case this amounts to the evaluation of the

successive products

Tiawenf

for m = 2, 3,00eey n «» It is no more difficult to evaluate
the successive ¢, (&) themselves, and this we do by noting
the recurrence relation between ¢, (6) and its successor
Doy E)

To this end it is comvenient to tramsform P (¢%)

We replace %(e"‘) by HPj(¢¥) H , Where

_ { - . -(‘ (.
H = [;' ‘] and “+ = [ . ‘) '

Then
B e T[] H—‘{ T ij")}H{]
J:I
= 2 [v'3 I\ @'(e)")}{]
{ J:( J ‘ ?
where
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Then, writing

P = [on®) 3 13'““’)] {‘] >

we have that

G €) = X ().

To study the successive c?JLb) » therefore, is to study the
sequence of vectors

A = [4E) > BT ;
and for this sequence we have the recurrence relation

._Aqy

X = € 'l QJ+| (‘Q.x:)-

We have already a formula for the increment to the mean A%,

and so we can calculate the X successively.,

4v4e Ve illustrate the process in our present particular

casec .
—Crl &k 06 + 0t ek O'LH’"‘/C
' 03 +03o% 0-32
—0 L . .
= &4 [o-b + 04 ¥ 5 o-u--e"b:‘

= [1 + 0240 O +o.0ug0 @

L 4
b4 + 024 () +0 14 (KB + 0-0364(:3‘*9234--,‘].
2 '

Thus Mo = 0.240 and uy = 0.0480 .
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(ii) At the second stage the increment to the mean is

0,52, s0 that

~ 052k 06 +ouwet ol
°_§_7__ = £ Xy " - ,
~03 +03¢ o e
which gives
i .
A = [' + 06336 09" ¢ o pvasye &Y 4o
- 21 37

N3
052 + 0-321b () + 0-3161ba§ (L) +]
2!

Thus /M,_= 0,6336 and My = 0.072576, which values check

with those caleculated directly from the probsbility dis-
trivution given in 3.5.

(iii) At the third stage the increment to the mean is
0.556, so
- 0556 I+ 04(6) + 0-Ls Lié:_)?‘+-~-- y 04 + 04 ) +o-<+(€‘5)"+.--
X3 = & 2 al z!
T 03D v 03 @y, 53 403 fp3 @3
= * 2t
Thus
¢, (6) = § 1 = 055 () + 030‘7(36(2:_'21_,._,,.. I

- L2 ’
{ L+ (&) [0'4 +(03 )(O'b'l)J + (1"%’ [0t 406336 +(052)03) 43 (0'3126)(0'3)]"-}

(L= 0550 (& 4 0-309136 (v’f_,ﬁu-. D A
. *

"2.
r - 2,
* Q.f.) [ 13825 — 2 (p-s56) + o-3o‘il3c-,~,_] foono
<>
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A=
= 1+ @ [13sa50 — (osse) ] 4o
)

1]

|+ lo¥3uag (L

Py
Thus /ﬁﬁ_: 1.073424, as already found by direct calculation
from the probability distribution,

4.5 We have set out above the working involved in the

calculation of the successive‘/ul in some detail because it

gerves as a numerical illustration of our present consider-

ation of the increments to//u_ at each gstage in the general

case, We shall consider first a constant binomial chain and

use a method that is immediately extensible to the corres-
ponding variable case. Notice that, as we are dealing with
dependent variables, we have no direct method of caleculating
/,u;*‘ , the varience of the score distribution after n

trials, corresponding to that used for caleulating x. in
4.1, An expression for //u:ﬂ is found later,

The elements o;& , Fﬁ(&) of the vector %y above
are power series in (it); and, sinece ;&) is the c.f, of

a distribution with its mean as origin, *;(> has no term

in (it). ILet us suppose that

end that
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p=[’ﬁf’,).
i fF

Then, if for convenience we write A for Dx; ,/u,v for
. u’)
/0»0, s VMV

. -0 Q-I-f’&;'t f;L"t
e = & Ky 2 & |
= ~8+8e% §e

where S-»'- o Just as in 4.4, and 80, expanding the terms in
F=P

regpectively, we have

—

powers of (it), we have that
CPJ_‘,‘(C) = 0(J+(
, 2 > ’ .

= (- o « @ ) [1444 L;E’ﬁ s Vo v () 4, cgﬁ._,]ﬁ
where
Pr=diep@ s p @l ) S+ s@r, ]
N 2!
Thus
R b - _ . 2 i 2
$u€) = {1 - s CEW g

1+ (p+vs) @ 4 (_;‘f{zé)o-&/q,_p\?og $298) 4 }

= L +ERUP +u5-a)

-\
+Q—t) §P+/‘41+\)°S+2\5,5 - 25(’71-\1,,8) +62} +....

at
Since 4ju(Ed is the c.f, of a distribution with zero

meen the coefficient of (it) is zero so that
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S
Agein, from the coefficient of (&) /2! in ¢ (© ,
we have that 4>M:” s the increment to 4, on passing

e
from the Jtﬁ to the(d+‘)' stage, is given by

b/#fij’ = f+"05 298 — 28 (p+¥8) +n°
— i P j)
= 4 — o) 2y s | B

on using (1) above.

)
We need now to express \JP in terms of p and S .

From (1),
. o ol :
Bin = (1= 0w + £ )y pa
where . g X
- ; k) £ Seed + )
&,~§F+F(w)+f%!+,..., y e 8% 42.
so that

F\j*‘ -.-(‘94—\)05) +Q'/\:)[\> Y98 4§ — & Lf>+v,,S)]+._ )

Thus
ﬁm=F+£S (4)

whence, on comparison with (2),

p)
‘\)(;“4 =1 AJ.
Also,
(144 g < (J')
"J’T >: F+\)f,‘”g 4\)?,5’ — A(F‘l'\’o S)
v bj =07 + VS (5)

My
This recurrence formula enables us to express V, in

terms of P and & . TFor we have, from (5),



~a7-

-
O = A, = Aa. + SV,
~-t) (_k -2)
§ W 2 §bun-ni,) + 8y
' 3 (uz’)
gz \)'(k~7.) = SZ( An‘-s A w-3 ) + % 2
n-! o LK)

§ ) = 8 (bo-br) + &

If the initial probability distribution is [%es po) ,

w)

Vo = Fo(l"" Fo)

so we have, on addition, that
n—l "
o 2 (& -4 V4 g pe (1= Po) 6)
In the symmetric case, and with Pc = 0.5, we have that
B = ﬁ and so
' (w> \ {= S

) . L 9.

\ -4 (._.8 3
but in all cages for which 15) <1
. I
A; —» - = 4,

]

say, and
(289 —
Wy AUTA)
(— 9
88 N - 0 , For if we write

By 1=28;) =35 — § =5 0-2)
as J—-;oo y then

I R S pelizped§

g0 that

£ L= £.8" _
ofm—l-:—é_ = ;fl+8+§+'+gj vg; 'l-f’OU Po)g
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The result now follows if

2

30 g”-l * j( S’K* + - + gn-' —7F B

as n —>o , where

3J= :C\jﬁg—ao

as }—» o5 But the sum of the first [é:w:]terms does not
exceed K Sgyz]/(l-g) , where X is an upper bound of the
convergent sequence 3\;} ; and the sum of the remaining
terms does not exceed  Jgh / (1—§) « By taking n
sufficiently large each of these sums can be made
arbitrarily small. The result now follows, An incidental

consequence of this result is that »= o0,

By the use of (3) and (6) we can express A/u,f‘” s and
hence /Af‘) , in terms of p and § . This we do later,

in 4.8, but we Pfirst note the following particular case.

4464 In the case of symmetry OM»  can be expressed in
a concise form. For in that case
Wi
‘\)@0 _ | [""'—_g:ﬂ
Y T 4 s
so that JH -
P T A
9“1 4 (— & )

%)

|

o
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Hence
a ad
(W) Lo 148 _ 1 26 (‘“S )
M = RT3 4 /—8 N\ |—§
Thus /uiw tends to differ from L w ‘-i:—g by 2 constant;
and

[+ 5
/a"w—>‘q1:—_§

as n —> o

The expression for AQuz above shows that the two
occurrences we noted in the symmetrical examples of 3.2 and
%¢3 are typical of the symmetric case:
(1) the increments Ou. tend to a limit with the rapidity
of a geometrical progression;
(i1)  the convergence of the buma to their limit is mono-
tonic if $ >0 and oscillatory if §$<o .
In the example of 3.2 we estimated roughly the common ratio
of the G4P. as %3 ; we now see that it is, in Pact, 0.6 and

that the limit of the sequence of DMy is 1.0 precisely.,

w)
4aTe The limit of /a§ /w found above is but a particular
case of the general result., For, since
vf’_? A(t—bBD
L= &

as n —>o0 , it follows thaet
B = Bl—s)> + 25 A(1—8)
7 (— &



=00 -

— b(l"'A){-{ + 3’5}

- A(l—AB) ‘_*:f:j)

whence M2fw tends to the same limit. We have thus con-
firmed by the method of increments the limiting value of
the wvariance of the distribution of the score that we have

already found by o matrix method in 3.6.

4e3e We now extend the results of the previous sections
to variable chains. Ve use the fundamental recurrence

formula
i = 5”’“;‘* “ C\)J+‘ (ch)
of 44% and find from it, as in 4.5, that
Pirr vg)gﬁw'““ég = 1)

The only difference is the replacement of p and § ,
which were constant from stage to stage, by the variable
FJH and S:j +1 .

Likewise we find that

- =V W N (2)



9, s

and
) w
Uo = F\'),h + YV, Aj (3)

so that, by comparison of (1) and (3),

(J+)
‘\)o = AJ. 5

s before,

Also
U+ 2 o’
ST A T (4)

so that we can express the WJ?) successively in terms of
the various p; and &; of the matrices of the chain.

The general formuls fog /M£M simplifies in the
particular symmetric case, which we consider first. In that

case, as we have noted in 4.1, 04;=31 for all 3, so that

we.
‘\)’ = 'LL* +\){ gJ-lt-
It follows that

(n)

ViR LA S e 4 SuBu 6]
and that

1}

)
Henece

(a)
2

"

ﬁ§l+2&“+2&m$dmu +2&M$M“&}'

1}
-
+

p ii+as ) v L1428 +2853

+ L {+28 +2858, +2858,85 (4.

L 4L { [+ 28 % L8 Sus o & LB Sumr 84 § _
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449, This result allows us to evaluate 1lim /u,f" in

h—>00

particular cases in which this limit exists. Thus, to take
a simple example, if §:=§ for all i,

A/“f" = ‘:}% | +25 +28 + ... +28"“}

—~ st 2

L 1*e
= 4 =5
8o that
L=
a particular case of the result found for s general constant
chain in 4,7. ‘
Again, suppose that & =(")‘g , where >0, Then éug"
tends to one limit for n even and a second limit for n

odd; for n even

A/*zw —> [—28 —28 +28° Fagt—..

and
nit G
A/uﬁ.nu-a | +25 —2§ —a8>+28%+ ...,
so0 that
QY »h)
v oM — l§ l— 28 42 8%~ 2¢°4... 2
2
285
= ] = &5
= 2 [+ 5
T [+ g2



O,

[—§
/“:/“' -7 7:?:.'

In the particular case of symmetry we can, of course,
prove the result also by a matrix method corresponding to
that used already in 3.6, Thus, if we now suppose, in order
to preserve the symmetry, that the score increments corres-
ponding to 'failure' and ‘success' are -1 and 1 respect-

ively, the cefe of the distribution after 2n +trials is

(355 5] fre §T) ]

where

’5_(H-é‘)e:.Le é_(l-g).aa’ %_Uw?)e’a- ‘—l(u—g)e,‘:k
P) ‘

Jiu,g)g_"“ L(148) " lz(ug)g“‘ }5_(!—5‘)'1"‘

LS - (-80f L & Sues) + (-syed

LIu-80C™ p (o8l L fu-8*) v (6"}

We f£ind that the characteristic equation of P(t) is

W (=S 1@l — § =0,
retaining powers of (it) up to the second only. On replace-
ment of t by fn  the equation becomes

20 - 2. 2
Mol Ky~ 5 =0
The roots are ',*81 to a first epproximation., To find a

better approximation to the dominant root put

as e
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This gives

and hence the same value for /u;_ as before,

We notice that there is no trouble here in the extrenme
case of § =1 ; in this case Mo = O¢ This is otherwise
obvious on consideration of the possible outcomes of a

sequence of trials, for the outcome is determinate after the
first trial,

Now consider the case in which  §yvs.

glﬂ‘{-l-f are S’Sp‘—g,—g

y Ouver gq-w—s ’
respectively for any positive
integer =r. Then LI-A/MS‘) tends to one of the following four
forms according to the value of n:

@) |+ a5 +25*~28° +28*+ 28+ 28 —28 +28%.

% §
1) | +25 —2§ +28 +28" 135 -a§ +a§ +2f 4

[

&
& b 7 .
(111) [ — 28§ +a25" +283 cast 28 +28 +28 +28 -

" 8
g ragt —28’ -as -af +af e
@y (T TEE O

80 that the sum of the four increments tends to

4 + 85 + 2 8% b

. [ ."‘);é_ 4
+ +’“&“} -

1

Y
“ L+ &
[—§4

"



Thus g%
L I+
/“J'/w —> o (—§% *
In this case, in contrast to the preceding one, /M1 is

not O(n) for 5 = 1,

These two examples are particular instances of the
general situation in which the stochastic matrices P
"occur in regular cyeles; H“2/i  tends to g limit in all
such cases. We can calculate this 1limit in the same way for
all such cyclic cases althcugh_the details will generally be
more complicated. Thus, for example, even in the simple case
0f S30pi s Oxsa  » S343 =—9, -5, § respectively
we £ind that

G 2 - 83
4. /7: —7 3 [~ &2
v Sy s We showed in 2.8 that if P.—> P> 0 as 1 — eco

then P> U, where U is the stable limit of P~ . We

cen now prove the corresponding result for the score distrib-

ution associated with the convergent sequence J{P.} in the
present symmetric binomial case, that, with the previous

notation,

i L+ ¢
L.(
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1.4, that Au,  for the varisble chain tends to Aus®  for

the corresponding constant chain. We need the following

Let |§i| s <t for all i; ¢; = S+ and el s €
for all i.
Then

n-!

‘S‘Sz-u SK - SM—( & nad g,

Proof.
The result is clearly true in the case of n = 1. Now

assume that the result is true for n = m. Then

1S1 Buee = S L = | & B (S+8mn) = 6

hndo ‘

= | 816 6n =875 + g b Sl

Mt -
S fa + s d

I

2

by the assumption sbove, Thus

IS; gm“ __.gmul

and the truth of the result for all values of n follows by

taa 44
& (m+) d €,

induetion,
Now suppose, given €>©° that |%Ujs € for < 3n, ,
and take n2 no

Then

o e "L IV SRS ELWS wer e S % v S
= A+ B,

say. Since ¢ < AL <1 for all i,



W-“o +3 w—wo o w4t
BS"S.%”L 4.0(_ +.,-.,+DL}
V\““0+3
L
< 2 1= A
2 g

for n sgufficiently large, Also
W—hg 43
A = ";§ [+2§ + 26+ +2§& } + Ru

where, using the lemma,

“
Rl ¢ L5 ¢rane + 38 4. + (udl e
< L ¢ -
T2 (=A
Since ¢
W-up+2 [ +
‘ + 28’ + 2811’"'- + 28 p— }:‘Z“"‘ +- Cc

where, by the same argument as above, C < ¢ for n

gufficiently large, the result follows.

§55%, We know from the formula for /«f" in 4.6 that in
the present symmetrical binomial case with constant S  and
|§) <t , the variance 7/3;.719()}2,,311,,&14&&:&7&4&1&&%XS”*"”’/

“close to 1 results in o large value of a/i. and & value
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of § eclose to =1 results in a small value of Ju/uw ,

The extreme cases themselves, of & =1 and § = -1, corres-
pond to the limit of 2/n  being infinite and zero respect-
ively, and in both these cases the score distribution does not
tend to a normal distribution, as we have remarked in 3.7.

A sufficient, although a priori not & necegsary, con-
dition for the normal law %o hold is that “*/»  be
uniformly bounded from infinity and zero, i.c. Ma = o(w)
precisely, and we shall have t0o find conditions under which
this is so0 in the variable case, We shall certainly expect

to f£ind that Ma = o(w? provided that the P. are uniformly
positive so that

IN

(Sl

for all i. This 1s the case we investigate first,

5 < |

It is not difficult to show that  u,=0(w) at most, For

/
we have that

“w nd(
Vuy” & syl *tas 425t 428 §
N I ISt ity
* /—§
28 }
+ i 00
S { : =y
. L L+
% (=8 >

jé¥rmost followg,.
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To complete the proof we have to show that M2 = 0 (w2
at leasts If &% 0 for all i +this further result is
immediate, for then

b 5 4
for all n, Dut it is not so easy to establish this second
result in the more general case in which some or all of the
S, are negative., The difficulty of discussing the result

by consideration of the successive increments lies in the fact
that in this case an increment &AM may be negative., Ve
have already noticed an instance of this in 4.4, and it is
perhaps useful to illustrate the difficulty by first discuss-
ing briefly the constant case,

We then have, on putting $:= & for all i, that

(28 )
Al = E§ 1 tas saste v 287

= sy 3 18-

If §# 1, 50 that 1 -§> 0, then 4w <o ig
end only if

N+ 2
| + § = 2§ < 0 .

This cannot be so if &> 0 (as we already Xmow) for then

S e 5—-2 § =1—8 >p 5,

| +8-26§ =&

but it can be for & < 0., We can illustrate this by reference



w100

to the example of 4.4, If we take n =0, § = 0,6,

we have that

bua = & g fou —aesef

= — 008

>

L}
as we found. IHowever, if (§/<) , & —>0 ags n —>

so that

zlslmz < 1+ §

for all sufficiently large n so that the inerements are
ultinmately positive; the closer § is to -1, the longer
is this positivity deferred. We shall see that such an
argument cannot be used in the variable case.

Negative increments bdu, can occur likewise in
the variable case. For example, suppose that Sc= 6 for
i=1,2,e060eyn but that Sun= — 8§ s where 0 <& < 1,
Then

A/Mi” = g;-zg C1+8+-- +<§’“]}

= L %‘*25[/—% B zgjs]}
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If §<% , then A/u(f)>o for all n, But if S>3 ,

then gy*i" < 0 for sufficiently large n, This conclusion

merely confirms what we should expects For the effeet of the

first n transitions is to create a score distribution

which is widely scattered about the mean whereas the (n + l)th
transition tends to bunch the distribution more closely,

We notice, however, that we now have a proof that
/“§Q’=0(“) at least in a particular case where some or all
of the &¢ are negative. This is the case in which the S¢ ,
whe ther posi%ive or negative, are such that (§.) s § < 3

this follows at once from the expression sbove., However, we

wish to prove the same result undexr the nmuch less restrictive

assumption that |8¢) < §< | , and this we now do,

4el2, It is evident in the particular example given

above to show how a negetive increment can arise from a

varisble chein that, although  Aus" is negative, the

previous inecrements are all pogitive. And in the earlier

case of negative increments £>M§9 in a congtant chain,

the increments (after the first) are negative for all i

less than a certain fixed value of n (depending on §)

but are positive thereafter, In fact, to prove the result

that /Aé? =0(W) we haveiﬁpngggidq;,wnotﬂaupartieularﬁ*f""””’”“*
”éét{fﬁﬁ¥7fhéﬂgétéi£iéiof increments, We proceed as
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follows®, We can eXpress eyé? in the following form:

™ _ 2 2
ﬁA/“a. = Vark T O Vs

where for convenience we have written wv,. for the previous
CY
‘\)(

¢ This result follows from (2) and (4) of 4.,7. Tor

in the present particular case of A, =%  we have that

)

Bpua

W

\
21 + 2 gul—t v_l«

11

%, 2 2
(“i +2g&\+t\r‘~) - L“guhv:\

2 2
v

B 5 +8anvi) — 48

{

"

L 2 2
L ( Vs gv\h YV
from (5) of 445 We now have on summation that

z 2 %
A s b e () (- S ) e

% z &=
+ Ll-("ru—gu 1’7\-\>
which we can write in the fornm

| W 2 ES 2 x
N S (R B GO NN AR AR

1 %
,,,,, + (l‘g:)u:\*l v >

= L . Then, since 1§l s &

¥ The method is that of larkov, 14, pp. 32-33., It is
reproduced in Bernstein, pp. 30-31,
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Also, since

= L
v-v\h = G4 + gﬂk VD\ >

it follows that

2 QD
1"“: = IJI; + %gm-ﬂ LRV gn»‘ Vo,
so that
2 2
2 {
V‘i.'\-"\r“h = I + ‘lignh‘ru + (""g\'\h)"ru
.
= ks guh 7. S’
= 1+8‘h){«f;\+ ﬂ
L “rag ) a G U+ &)
S K
2
4 {6 '4_5‘““ J
L Sun
this value being given by V. T T4 TrsE
Thus
7 R o |
T +'\r‘|141 >/ ;!b— (+gz
and so

2.
Lo ] * g = on. L _l#— + W }
xun

m s n f —=d
M7 T
It follows that//q‘“'_ o(@) at least, as we wiched to prove.

This result is sufficient for our needs but it is

~evident~frvm”tﬁé‘ﬁéfﬁb&fafrbro5§:»and also otherwise, that
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¢
the bound for //A;v gbove is by no means a 'best possible’

bound, For exemple, if &.=—§ and §>o0.

*) L, =5
M2~ g (+ S
and
e 3
IZ8 ) =8 o (=8 .
I+85 2 148> (I+§)(t+ €2)

unless & = 1. It is natural to eonjecture (from the known
nature of the distribution in the constant case rather +than
this present result) that the best possible bound corresponds,
in fact, to the case of §{=—§& and to suppose that, if

1Scl s § <1 9 then

Ml > (-

g T ¢

b=

where ¢ > 0, for sufficiently large n and fixed arbitrary
€ « This conjecture we have been gble to prove only for

low values of n.

413, Ve now extend these resulte to the case of & general
binomiel chain end so make no assumptions of symmetry, We
have from 4.5 that

4/*2(.«.) = H - /.3: + 1\),““8(.“
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so that, on writing

2
A = Au = M e

we have

© = Mg t 25&‘4 Ml o+ 28{.{,‘ S; R 2(?[,1—1 smes S. Mg |

Y7
From 4,1, Oi=o() if [(&| € §< | s0 that, as before

buz = oW ,and M3= O(n) at moste To show that M2= 0w
precisely we use a transformation similar to that of the
preceding section. Firstly, we have from (1) above, on
addition of the increments, thet

(nwn)

My = My, g ( 1+ 28nn) + ma-e (14 2 8u b )
+ -z (14280 + 28,080 + 28,4 S Sun DI
+ wmeo (1 + 285, + 285 &+ 2861 8. ).

Now write

&L = ' + g(: +£(:- Sl:-"" +o.... # SL Sl'.-}\"" gn.\—\ 5. b\’\4-‘2--; ‘ .

Then
o= |1+ 8 Eia

and

_sothat
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M)

M2

2 B x 2 2, 2
My + Ma Ltﬂh —-S’M‘ eun. ) + Mu- Leu - gu Eni ) - -

2
+ W!o(élz“g(e:—>

2 2
= &h:'). (,W‘n-h - Sni ""'n) + Cus (M“‘- g"\ m“"') e -

2 2
B V- A N

We now consider the sign of a typical coefficient

1 e

say. Then
L = DL(_I—'/}L ) . g:; A(’,~| CI—AC-t)
= ,{PC-H +g&'.+‘ bi"‘)(id«ﬁ - gbh A(_-,) - g,‘i A(,_. (’I“Aé-u)

2

from 4.1, so that

*f = rc“ 9 ite +i£+t SL+: A.;-\ = FCM g(-u BDi-o — g::. A::t

2
= So b+ S b
= F\'A—( SiArv + A=y gé+\§ l_zP‘-'“"-‘g‘:“"}-

Suppose that Py is fixed. Then the least value of

Scu i (- 2?(4., = gé—l—(?‘

oceurs when
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géh = —-f’L-H ov g(h = | = Py
in general, DBut in the uniformly positive case, where we

suppose that each element of P(w 1s not less than e ,

the corresponding values are

S;: — Pt + < or Sire = l— pire — e,

for the previous values occur when an element of Piq  is
0 or 1 respectively. Thus in the uniformly positive case
the least value of (1) is

(- P 42 (L =piry = <)
which is negative or zero, Since 0 < Ac¢-« <) it

follows that
L 2 pi (L=pir)  + (= PpPin te W= Py -

= pon (t=pen ) = pin (U= pir =) Fe( l=pai—e)

= £ Ll-—-&) .
Thus €L » ¢= «U~-<) for all i, eo that
) 2 2 - e
My > ¢ § € + &1L +---  +tu ‘3'6\44.1,},

We now proceed much as in the preceding gection, We
have that

&= T F S ko
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go that
ESa b = ((+82) bun + 28 6 +
S A
> (+ 8§
i -
> (+§%
since (S| < & « It now follows that

v L JM
M 2 g e e

so that '/“:0 = 0(") gg in the previous particular case,
Once sgain this lower bound for //Aﬁo/bv is clearly

not the best possible and we conjecture that the best

possible lower bound corresponds ultimately to the same

constant, and in fact symmetric, chain as before.

4ol We can extend the result proved in 4.10 for the
symanetric binomial chain to the general binomisl chain,

i.ce we show that if P, - P, then the values of /ug" ,

for any n , of the score distributions associated with the
chains é? ;} and §P_} tend to equality. We have fronm
4413 that

[C)

A/“z = Mgy + 280y Ma 4 zgv\kgk Myoy +ooooo + 2 Su g“ g‘mo >

and
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Ao= pim + ga-ra + Sun St pemt + oo t 88 Simy .- 81}’"

We have in the present case that p;-» p and &—>§ as
i —»o , and we show first that, in consequence, A4A:—> A ,
where A is the corresponding score increment associated

with the chain P} . To do this we write
By = ; Phh + gm-l F“ o 4 g""“ gh &’“M' r"“}

+ §gv,‘m S—’mrw,-. F e - + gVH»l"' SFP'}
= Al + Al B)

says Congider the differences of the sums A, and A,
from the corresponding sums in the constant case., If these
differences are D; and D, respectively, and if n, is
chosen so large that |p; - p| € ¢ for w3n, , then

clearly
n-wy

Dy < & sl Daj < A
| Pl — am [ Ba —

2

using the notation and the lemma of 4,10, The result that
Ac—>  now follows and, as a corollary of this, we have

that m_->m. Finally we have, by essentially the some

argument as above but with m; in place of »p . 9 that

LWy

Bus'  for the variable chain tends to the bus™ of

the corresponding constant chain,



CIAPTLR 5,
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51, We have considered the mean and the variance for

a binomial chain and now congider the moments of higher
order by a similar method of increments. We shall once
again consider first the case of a congtant chain, and then
extend the results to the variable case in the next chapter.
We shall show that, in the uniformly positive case (to which

we restriet ourselves)

Mg = 0(n™D

for moments of odd order, and
M = (@ Ym=3) 3 S S e B ™)
for moments of even order, It then follows that the dis-
tribution of  *“//i. ebout the mean tends to the normal
distribution.

We shall consider first some moments of low order and
then, having noted the methods of proof in these particular
cases, use these methods and results to prove the general

results by induction.

502, We shOW first that /(4(,3= O(V\-«) ° It then fOllOWS,
gince M2=0(n)  that 'skewqfss', definedas//ﬁzaijé,

~ tends Yo zero as n —> e . We know that this is so, of
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course, in the constant case from our previous matrix
proof of 3.6, and we have noted the fact in the particular
numerical example o0f 3.3

Consider the increment to //M_g on passing from the
ith to the (i + l)th stege. Writing A for &0 ;3 §

" © (<

Cfoxr S... 5 g,V for . ’/(’{6) for the present, we have
that

e

— Ak 5 ok . 3 R
Rips = £ [1 +/42. (‘f)' +/M_3 (—"t}llj o 5 VY +V "“71(‘%—,‘)4“"]

7 _ ,
I+ P(«'/c) f-f‘(%’_?z + f’(‘_f_?' Foon P) F + f@k) J,_P(_\ic_):z P (1%2; o s

Seo + §@ 4s@, ., §rfW L el oof, | —w
! T 21 3!

whence

iw = J1— 86 K@ T 2 [y (s) o4

%) P
(E". §M1+r+v°8 r298) + (;—? (/43 +3puz +r+fo°S F3E 43V 5 ) 4o ] ,

so that A/u‘;’ , the increment to Mz on passing from the
ith to the @ + l)th stage, is given by

9“3 - [3[7‘424-P“’08 39§ +3\>25] "3A[/41+F+\>‘,S +29,8 )

38 (pens) ~&°

We know from 4.5 that Vo and ~, are 0(1) and, from 4.13,
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that /K'z. is G(n).' The order of Vi is unknown at

present, but we can sgy that

1

B

i

3 ('\)1" .O/Mz> S
since, from 4.5,

A: F‘F\"Og.

3(p=0Jmy 430§ + 0W)

+ oV

Thus 9&43 is 0(1) 4if and only if Vi-Vo 4z is 0(1).

We have now to consider YV

recurrence reclation (A) above that

We f£ind from the

(erd A+ 8) +A
Vs = A+V&z+8’(2v, #2) — 28 (H+Y
:;4A-2¢f + 5 +9, 8§ + puz + AV, (1-_A)1§.
(L) (€%
This result expresses Vv in terms of Va and

known functions and so we can express
in terms of kmown functions. However,
present only in the grder of V5

the dominant terms, It is easy to see

from

N i ((—-gk)
J s &

only by terms O0(1), For we can write

(L) (%)
'\)1 =r'/“z +'<;.)

vy recursively
we are interested at
s and hence only in

(s

that Dy differs
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where K: is O0(1) eand uniformly bounded ; K & X say,

(QE2Y
2

for all i, whence differs from

4 -s")
(— &

which is O(n), by less than K/(l—'g) y Which is 0(1),

Thus
2

WL B2 (- 5Y) 4 0.
| —

We have, from 4.5 and 4.1, that

©) F’("“Sé> 5

oY} =
° (- §
end so we see at once that Va-VoM2 = 0(1) o Thus
Aumz = 0(1) eand so, on sumnation, ’/ug = 0(m) at

most)as we wished to show,

We can, however, prove this result otherwise without

%) )

appeal to the explicit formulae for //ui end Vv, . It
is this more general method that we shall use in the proof
of the similar results that arise from the discussion of

noments of higher order. Thus we have as above

)

v, = f’/‘*f”+ Sv% . K

)
so that, since  Ou, = 0(1), S
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(L) © Iy
Vo ’f/‘Al + Svi’+l<lé >

/
where Ke = 0(1).

Then, using the result that

@a) K
Yo r + g\/( ))

it follows that

() 2 () G
V5 /Mz qﬁ S(vw Ahs vo”) +0o0)

)

-5 (3= uzvo) o (1) .

Thus, writing
C (_u
‘)2(-1—/"1 = "F".’)
we heve the recurrence relation

o-H = g¥ ¥l

where r, = 0(1). This is a recurrence relation of a

type we have met before, in 4.5. We find, as then, that

faad |
Fomvel b Svia v+ 85

< ?( + & + . + S‘-'}*‘

el
< s ’
where r = bd r, , this bound existing by definition since
T, = 0Q), Thus rv,, = vo/qg"’- owend  Bug=o@),

 as before,
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53 We now consider /u.* o« Ve have the general re-

~currence formuls for the c.f.

—A & w
Xiv = ¢ it pe

=5 Su

where

K< = o) )3 . . ;
gl [l +/“2. (-27 t M3 (‘_’_:_)! + M (_UE)!“+.., > Vo +V, (L) £y (2‘£|)l+_. . ] ‘
From this we find that

—Auc _ At
tin =<2 [t (pvs) 0+ @ (Mo + P+ 29,8 4, 8)

2"

v @

3!

((3 ’“3/“21> +ug LS + 398 +39.8)
3¢ -
+ Lb't;-. f/“‘ + ‘tﬁug H:f/uz P+ 438 HVNE Ly S g § ) F, — }

whence the increment to /“q- on transition from the ith
to the (1 + l)"’h stage is given by

2

9‘44 = EQVJ + Capql FP o+ 035 H69,8 + 498 4v§ | ~48{ p t3ugp
£ 8 4398 39,5 +eazguz tpr2avd #5%8 ) 48 (p+ns) £ p%.

In this expression /(43 ¥ /M-z and V3 are O(n) sand
all ffkie}'fi‘i@s apart from ~; , whose order is as yet R
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unknown, are O0(1l). Noting these facts and the relation
A=P S

the expression for A/Mu can be written more conecisely

in the fornm

éAAq, = 48(\734%3) 4.9“2 (b-8%) +68U~2a (V2=Voma) +0().
We know already, from (5.2) above, that V,_-quz = 0(1) ,
and we are therefore led to the study of ), _vwg .

- From the fundamental recurrence relation for the c.f.
we find that

(ua)

V3 17“3 +3V2 +p £V 8 t+ 398 + 39,8 +vi §

"3A[P+/u,_’> +Vp & +7—\’|g 4'"18]
F3g*[pav §r%s] =8 (paves)

© «) v W

= §v; FPus +300(=8)u; #3814 )(\’L—Vo/* ) +ou).

It follows that we can write the preceding equation in the

form

(e (""‘) (») © L") u-) _ ) |
v, - = § (% —v ) 380 B)M3" o )

/

(LH)

gince QOl=v s Whence, since OBuz= 0 (1) as M3 is 0(m),
?

() ) (aa « )
vy = = §(v3 —v ffJ) +'3AcCl~—b.\M ’+oo>.
7l o).

“In the present constant case we have that A—% 0 and
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hence

W] (u
\);a /suéu) s 30 (l /“:_ o) .

Thus
© § 3001—80 (9
“« T + . + 0 o BT 2
—s 3 /“7. (
= bu§ -0 + 280 A>A§
[— &
- L}u:’{ —Aa" 29 8¢
') <) (<)
/qu —> 49/0(; . A/“z
g0 that
2
g —F 55442
S5ebde We have now sufficient material to establish the

corresponding results for all moments by induction in the
constant case. But the general method of proof is perhaps
made clearer if, in this preliminary particular binomisl
case, we consider first //“g and //bte » the two moments
of next highest orxder.

From the fundamental recurrence relation for X< we

~ find that
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A/us = 5§ (\hpvyw) + 00D
so that bus = 0(n) if W-Vouy = 0(u),
Again consider the recurrence relation, and omit from
A¢  all terms O(n) or less. Ve know that Mar>Vy  and
/(,(3' are 0O(n), and so also is ~v; , for we have shown,
in 5.3, that V3 —Vom; = 0(n), and also Mz = 0(n).

4
Then we have that Vi is the coefficient of (S

13 Lo vl ] 1]

apart from terms O(n). Thus

in

(et ) ()

n

)

(= Vo Sa Jug? + SV k00,

"

CEt)
But A¢ =w>L so that

’\)‘f. - v(‘)/A(.") - g::*' ("\)(‘;‘-— \);;(,( (v)) + O(_,VL)

(e ) ©y

and thus, since Me My = oln),
) ) (u4> ©
-V — 3
\)‘(- 0/ guh ('\)4 \)/L,( ) + K

where X = 0(n), so that Xgu< Xn for all W. It now
follows, just as in the preceding gection, that

—

\)0«) _ '\)o (M _ ch)
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5e5s We now show that /(A(, »m 5.3./0‘:' e We find

Z}Mb ¢ the incremenj; to /Mb on passing from the 1th
to the (1 + 1) stage , from the recurrence relation; since
we are concerned with the ultimate order of /ub we retain
only terms O(nz') so that, to this order, Mé"w is the
coefficient of @—:Lf in d

..» : > )" et j o) o) ol dr)"]
gl Age) ¥+ (;:?fg/u.,(.‘? 745 @;fwb(p y Vi (_4..’ 4.\)5@5_.): oA (Z—{

{ | + po *f@gl]

Sy + & (V_f.)f '
We notice that the only relevant powers of (it) in z 8%
and the transformed characteristic trensition matrix are
those not grecater than the second. This has been so in
consideration of /uz. and /Mq s and will be =0 in
congideration of /Azf for any integral x. Thus

(L

/‘e :/QW,*— Gpub- +5“.3’> v F (95/“5’ 4—53.8\>q,)
- 6o ( Spuy + 56V, pus )+ S3me 8T+ 0D,

On substitution of A-"Vyd for p throughout we have that
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Bu, = L(8=%8 s 4 j5 (808 Juy + bSMs + 58w,
—308vp - 3¢>A(A~\>o$)/»uf ~busB ¥ 15U s’ 4 0(n)

-
—

“308[}('\7“__-\;,/““_) s l‘5§(\?q.~\7%q)
— IS+ ISup s+ 68 (N =ouy ) 4 O(n)

= 5AU-A) ¥ 685 (W=Voug) +0(nD.

We now consider V¢ .+ We have from the fundamental

(AP
recurrence relation that Vg
A/ -
W/ st 4

- ow [preesn) @+ & (Shuy puy s ous +w8)]

is the coefficicnt of

so that

G2V _
Vg = 6174“ 4—;(4; + 59,8 Vg8 — 54 (/@M._‘_-F\)q.g) + 0(w)

{

5(5‘905}“4 + (A‘vog}ﬂg v S8 4§

= 5By § —E0 (b —NE) Uy + 0()

whence

‘\]L“'"‘ g LUAJ (em)
S

Vo g = E(N- Y S"'uf”) tSAU=8)uy

58(/-A)L":)— . @)

0 M

+ o(w),
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(0.44’

O
where we have replaced /a; on the L..3. by /u;

s

this we can do since this adds only a term O(n). It now

follows, since \J“—v7u4 =o(w? , that

W spli—6)

(g
Vo =V Uy —> M +0(n) |

Thus

Bupy —> 15 AU=~B)ua + b & ié;%-'gé')/““ + 00n)

= 1:74,‘ All—=b) T,E%’ + 0(n)

- 15-/(44. 9’“2 + D(}'\,)
_ Is C3’/M.—:A/Mz) +oln).

: /“b > g,g/«f + oD,

564 The general pattern of proof in the constant case
has now become clear, The main general results, which we

have proved above in some particular cases, are:

e /u;::‘ = 0(W') for eny integer = .
24 g‘:’ = 0(_n¢> or more preccisely,

R T h e, AR N
B '7/'6(:3} = (2v=¢ )(2v=3) ... Ts;(u,_Tﬂ— O (W' )

To prove 1 we need



-l 22w

(w! (W (G0 -t
Be Vo = Yo p,. = 00 p;

To prove 2 we need

o) (w W _ A (‘ e ) ) -2
de Wonr = \70/4,(“_‘ = (2¢~\), l—é M-z + o(n p)

and

wy (s () _ (n (w 2
Se A/u(,,, - (T) AU"A)/“W—?. + 208 (Vae \’o/b(u-\) F0(5),

Ve have olready proved these resulis for ecextain low
values of r and we c¢an use induetive arzunments to conplete
the proof,

Ve verify firet that 4 end 5 dmply 2, Substituting
from 4 in 5,

1}

() 80-0)ken + axGedEOU=D) o)

x —85 /[

Bua

7

C:M“A gAU»o) + 28 ‘L%_';:S.?)} + 0T

n

() paea. Baa w005

(2e=1)(2v—3 Do... 3 g f/u:_ﬂ %23 + O(nv-z.),

assuming the result proved for all integers up to r -1, as
in later inductive argunments.

- /u”, = LQ_«'-—t )(_9-4'—-3)........ 3//0(:.‘, chvﬂ) ‘
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We now prove 1., We have, neglecting terms (D(mf" )

2944
that ™ is the coefficient of (it) / (2vt>' in

/ AV40

 2em ' 244 { r)
$1- A(d')}[/“" (f) * zen KL Ve O e ) } [ ;Er» }

w)! @) ! (2> (Avh y!

so that

()

: = 2 +o(w
S5 = e+ (3000 i+ e S = G Jtar s 0L,

whence

Nigeye = (2640 X (Var — 9M2¢) + o),
/

since A= P+Y% & . The result will follow from 3, to
which we now ‘turn, The detail in the proof herxre of the
general case is completely analogous to that of the particuler
case, with r = 3, conglidered above, and it is not necessary
to give it againe. The only point to notice is that we assume
in thig proof that 1 end 2 are Imown to be true for all

integers up to r - 1.

We now consider the more fundamental results of 4 and
5 « We have to consider V-1 « VWe uge the recurrence
relation for «c and omit all terms O (W™ ") , Then, to

) . A -t
this order, v(;:‘ is the coefficient of (&) / (-1 4n

V-2 vt s
SI‘A@')}[/AN 15 +,441,-.(w) 5 Vapa (_"‘:i_z $V,0 -.(_,/- 1( pr(w)k
i ng-z) / (=9 sz-z)’ QJV"') ~]La +51

le€. in
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1"‘

2'(-1 B i -
2 [ =~ A‘W}g(m et (ﬁ‘ﬂ,-,_-& SV;N,L) +(9.¢-‘) [(/9“2&: 4-\).11'—‘;) 4 (1( )spuz 3 +\)1V l)]g

We have assumed here that 1 and 2 have already' been

proved for all integers up to r - 2, It follows that

Lh) v-2
\)(2""‘ = lo/uz"" Va0 § + (av- )U‘A)(I&“z«—z 4\71':*2_8) + 0 CW ) -
4
o) (\_“) )
On replacing p by B~ 8V, end noting that <V, = Al
we have
) ) O B
\)2(.:: —\)O ,,“3(:{-\ S (\)2'(" }/uz¢— ) + (2—~(‘~ ( )A(‘ A) 22—\
/

+ (QJ‘—()(,‘*A) S (\)1{-1 o v},uu-g_> + O L\,\:‘— ) .

We now assume that 3 is proved for gll integers up to

r -1, and likewise for 1. 3By use of the latter we can

«©) et )

replace /uzm by M-, on the L.HeS., so that if

. ) w)
we write rﬁ' Tor Ve ~Vo Uge- s we have the recurrence

/
relation
v
H‘ gac o (}v- l) A (- A;>/b(2,,._. + O("‘- )

Hence

h n~L () =g
fu = U—*-l)f‘A;(FAJS W + 0w ),

c=\

Thus we have that

Sy (ae-o AUZS) @
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Finally we consider 5, If we negleet all terms ((u'™>)
we have from the recurrence relation that, to this order,

)

ar
Mae is the coefficient of (W) / (@) ! in

2y~

§1-8u0 mw} PG ey W2 + e ()" )
(2(—1.)‘ _/A (:hr ~t). (J.v')'
2,
-2 =i - Jg) 4 L_)
Vv 2N V), (‘k)z ) (‘k)z 1 ! .‘—F( f;_"g
B @) Taet T am! Seey 4 § W&
2!
and so0 in

. X
SU-bm A"’(%g}“ ; g/ PV O MY ) J;“ZM +(2e- ‘)(yuz«-:. ¥ 8"2*-’->]

G{_zj ' (J«‘—-‘)'

N

“)Jk + 2x (ﬁ“z«-. Fyems §) +(1:>(/Bw‘,z m},_,_ls)]

whence

A/“Z'{‘ = 2v (V‘zv-\ 0 8) F (::)(Vzv-z + \);,.,.zg>
~2¢ O [/"\u-\ + (2= >(P“2v-z ¥ Vaeoa 5 )]

* At<z: >/u2f—z + O (Mj-l >

il

4 8 ('\)ZV‘-\ -\)9’/‘42"-\) 2 (2:) (,AaAl%l(*l + 0 (.b;r_t >J

[(5)
on substituting O:- & Vo for p throughout snd assuming

that 3 is true for all values up to r - 1, This establishes



wl2T

5, and the truth of 1 - 5 now follows by induction.
The proof by the method of increments of the normal law

in the constant binomial case is thus complete,



CIAPTER 0.



=128

6;1. The proof that the score distribution about its
nean also tends to a normal distribution in the case of a
variable binomial chain is, in part, essentially the same
as the inductive proof by increments in the case of a
constant chain, and there is no need to repeat those parts
of the proof that are unchanged apart from slizght differ-
ences of notation. Thus, of the five results of that proof
in 5.6, the results 1 and 3 are the same, apart from
the replacement of the constant P Y by the variable

Fan ’ S¢+. ¢ DBut differences do appear in the results
corresponding to 2, 3 and 4 , sand to illustrate these
differences we shall first prove 2 in the particular case
of m = 2., This we do by showing, as before, that

) M)

-ézbf)-i—om.
fuats G B T

6e2. , We have in the variable case, corresponding to a
result of 5.3, that

O . © CI) () L
by’ = 48cen (957 Vo ") + b (b ai) w000,

provided that

") (G0 CY
- \
rvL - '\)O//ML ' 0 ( ) - .

We proved this latter result in the constant case in 5.2, and
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a slight adapggon of that proof shows that the result
certainly holds also in the variable case provided that
the ©P; are uniformly positive, PFor we have, corresponding
to a result of 5.2, that

w

SN = S P uNT) 4 o W

so that, on writing
< & 5 © :
\);)‘-/L(z.b Vs = 9‘)
we have the corresponding recurrence relation
Jiwt = §’¢+.g; XLy

where r: = 0(1), Thus

Sicveen 81
Joz Tex Siceer + 808 oo 3 S8 e

< i( E P “gif“‘

< % >
where T = bd r. as before., The result now follovs.

We also have, corresponding to g result of 5.3, that

(e © 9) ' . w
\é )= ;H\b + F%ng ¥ 3ALCV*A~)ML
W W

5]
£38uw =8V~ Yoy )+ 0()

which we can write, using the result just proved and the

result that - S
(e ©
Vo = rGH + g(.-}t\‘b 5



@l %0

in the forn
) (0 (uy) © © @
V3 —\)0/"(3 = (S:::'H (

Thug, if we writle

\)3(”-. \);;u:‘f‘ = £

end
A (1— A ) = mig,

we have

Bul' = 48, Fi # b + O,
where

Firi= Sear Fi + Swmin HO M

We hove alogo proved befoxe, in 4.13, thot
Z}uf’: Actl—Ac) + 5—’.;,,..2v“°
end
- se— Ak SV,

We now spee vhat these yesults, talien with our progpeective

reesult, that
& ) (0
Buy' = by Buz™ +o (),

imply. With (1)

(=8,
v3~\)y43) + 3B l—AL/Al

+ o0,

(1)

(2)

(3)

(4)

(5)
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é}u: A/M; = 4 Sun . + b A (‘-A«‘}M(:) + oy

and now, from (3),

é/uz [Aou 8Y #2285V | = ¢ Sende +(>A¢(l-—/.\;%,‘_”+ou)

so that
S «©) (i')
CF«, - ‘3/-’(2_ '\). + 0(‘) . (6)

The steps of this argument are reversible, so that if we
prove (6) we have in fact proved (5) « Ve have from (2)
and (4) that

Fore = Son i+ 3MM (V= Sy | + 0w
whence

) s«) < [
Fom = 3m v V= S (e- 3V ) o

(L)

which, on use of the results that M -—/M;’.. O (1) and

\}\“"‘3__._ o u) » We can write in the form
OCLH = 3/“(:“) ke gﬁ-! ('CF \):c) > + K
where K{S$ K for all i, It follows from this recurrence
relation that

3/“7_ U‘) = R

where

Qv\: Kp\ * gk K-y +(S)v\ gv\-l K, Hoe: ¥ ; 5:,\4 5) (Oe( - /M(;) o )



If we choose the K above so that 3(: —}qz‘"fv,(” < KK we
have that

(QW(<\<[«+Q+§;’°+ ..... +g]

where

§ = wax(Fc| <

so that
(Re| <« K[G=s> =ol.

The vesult now follows; and hence that

A/Mf’-.— ‘éu:qA/u;é’ + 0 (D

and
Q) Q) x
@ q' = 3 § U, } + OLK) s
7 /
)
GeDe The proof in the general case of /sz follows

a similar pattern. We have, corresponding to (1) and (2)

above, that

B = 3ok + ()il g, ¢ 0L, @)

where now

and

':FCH= gc‘m :JCL +(2¢~ 1) B¢ U~AL}M2.(,L_,,_ +0 ('f\f-l)) (2)



=153~

which was proved in the course of the proof of (4) in 5,6,
We use (3) and (4) unchanged, and have from (2) and (4) that

« (u-t) ¢ ~
:]CVH - (2= ‘/‘47.«-)2 = g § (v~ '/“7.‘/- “} + 0 ( o )
which, since
(4 ) (<) - =2
/“2:-7. T May-a T O(w )

we can write in the form

(L)

«) W i
QL’ ~(a¢- «)uz\,_,_\)‘ = g;,».g:ﬁ-(_lr-k}u,,_,_\)‘ } + \<"+‘,
where X, = O(n ) for all i, It follows, by
exactly the same argument as in the preceding section, that

o) W) -
J“ - (2~r-‘%w-z v(“ = 0 CV‘-‘ 1.)
and hence that

’-Y’ (&)

W)
/‘24’*2[6 (l A‘_) +Qg"‘1 '\J‘ ] - .2’(‘5“’4‘ :Fg ““(2:) AL' (l’—Aé}uz‘»—z # O(Wy-"-)
and so, from (1) and (3), that
. P W) «) ~2
A/hv '( 5 }/4,{2v_,_ [3/442 - O(,\A—* ))
whence, as in the constant case,

&
Mae = (ae=0)(av-3) . Bug w0 (W),

This completes the proof in the variable case ®

® 0f. the proofs in this binomial case given by Bernstein.



Gede In all the previous discussions the score increments
on each occurrence of the event EO ox El were O or 1

respectively, so that the score after the nth

stage is, in
fact, the number of occurrences of the event El in these
n stages. ¥We can generalise this and suppose that the
score increments on the occurrence of I, and El are O
and x vrespectively; but this clearly amounts to no more
than a change of scale, and, with this change, the previous
results still hold. Again, we can suppose that the score
inerements are x; and Xy , but this case is esgentially
‘the same as that in which the score increments arxe 0 and
X =Xy 3 the difference is merely that of a change of
origin,

An essentially different case arises if we suppose that
the score increments vary from stage to stage. By the same
argument as above, the case in which the score increments

consequent on the occurrence of EG and 'El at the jth

stage are Y and Y  is equivalent to that in which
the score increments are 0 and x(j> s @and this is the
case we now consider. The work runs parallel to that of
preceding sections end we give briefly the results, using
the previous notation.

From the recurrence formula (cf. 4.8)

—Ai:)' .
ﬁjh = <& NJQJ'{' (Q‘t)
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where

[+ Py ) 4%y L—?L+ , ﬁ;+fJXJ(k) *FJ"JL@ 4.
TN
QJ(L} g%l +§ z(°“>+ s gy H &y W +<§:,xd()

we find, corresponding to the results of 4.8, that

; (LY G .
A/“w' JH vy Jh ['\’o J * 2\)’ '>th§ e

and

(,jb\) ] .
(le= Xine [W‘]_} LY, &du

Thus, writing
‘\)(a) (-' __’ \)(Jl> - QJ)

we have that
1) . . . .
By = Xy § Qe ke + 285 %5 5500 + 2@ g S d] b

+ 2«:(,%5534«%‘..-‘ g?.gl}

t

ML i ¢ 28y ¢ 25 figp vt 2 G,

where
Ay T A,

(CW)

We now show that /u,_ = 0(n) if the P; are
uniformly positive., The method is analogous to that of
4¢13. Ve write ] U
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Yh-k ﬁgnu *cs’wnau + guu(g,naw" oo +<CH' §n é;.g’l Jo -

Then
YM, = Jun + Snre Y
and soO
Yor = S5 Nw = G § gran +2 Faii Xt 7.
Thus

} J 2 o
Mf)z 05:{\()4"-—5:]4"\{_}}

We note that, in the uniformly positive case, @ > o

for all Jje. For we see from the recurrence relation that, if

(l)looj _.ﬁ.,[( ’;] =[a“>(‘”~])

=1 ¢ [

then
P\}D('K"‘ '6-‘1':
oY) -
Thus Vo is the second element of
| (w
[_Zo>f’o}\?
whence
e & v s1—e
for all n if
PC > €

for all i. It follows that

a > e (t— =)
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where we heve written p , § for Py §' end v

-¢)
ror ¢ . The result that the oy are uniformly
positive now follows precisely as in 4,13,

Finally,
2
‘{f +«(J-f‘ = ‘(f + (aw + %H\(J)

2 X
= 335‘( v 2y Sin Yy SEXTDAS

2

=
S, _Zg“,;_
{+ 5:;';«
2.
N dom
7 l»-)— gz

i |&( > & for 811 j, in this uniformly positive case.
The result that /ug“:yo(n) therefore follows pro-
vided that ’

s

(?'f = o(w),

it

€=
This is the case if the x; are uniformly bounded above zerxo,
or more genei*ally, 32

Wy 2

j\ e = 0(w )

The rest of the arsument concerning the order of, and relations

~ between, the higher moments follows in essentially the same way

as before, We omit the detail here because it occurs in a more
genergl form in the next chapter in the corresponding trinomial

Cast «



CHAPTER 7.
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Tel, As a preliminary we consider first a sequence of n
independent trials with the probabilities of success variable
from trial to trial, Let the probabllities of the occurreneé
of the states E;, E,, E; Dbe F?) ’ ﬁf ’ l%f) at the jth
trial and, corresponding to 6,4, suppose that the occurrence
of these states results in the addition of x,, x,, X,
respectively to the score. The probability distribution o: the
score after n trials is a multinomial distribution which
tends, in general, to a normsl distribution as n tends to
infinity. A sketch of the usual proof is as follows,*®

The c.f, after n trials with the current mean as
origin (the increment to the mean varies from trial to trial)

is

M.__ —Ad'\k W € T ek W Gk f
¢ = 1 {@ (pre +f>(;”€x’ + st 1,
JE

where
&3 W) W
AJ' = F' Ky + Fl /xZ + Fs ’x3 .

Thus, writing p. for p::’) and A for A 5 ,

bult) = ’ﬁ“{[: - o) 8 W]

\'J:\

[.l + M) + (fncf‘ ﬂaxi +prx] ) (‘f_-f LR B } .

# Cramér, 215,
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It follows thaet

L Jc)z
(PKU:) = \I § I+ [(Fﬂ(l + L"z_ 4’?3"3) - (F«N 2 4’?3"‘3)_] &) 3’
J=
- ‘ { ‘+/M1 3 ':—;— 2
where /af’ ’ /qf, geseesces arc the second, third,eeececese

moments of the distribution sbout the mean of the inerement

to the score at the jth trial, Now replace t by t/c; ,

VS

~ (d) (J’ J) R 1§
= é\%{ f&*:"f Fz.xf P[’a'n; ("nm \/f(z’xl +f‘3"@3) ]

where

Then we can write @, ( E) in the form

gl g) = i se s,

J= 6"‘1‘ 2.} 0*2 3t

where Ay 1s a constant such that |dg)s<\ and /0J is the
third gbsolute moment of the distribution. Then, under
certain conditions

¢ul)

as n—> o , 80 that the distribution tends to a normal

distribution. A sufficient condition for this to be so is
that

B 23 ol.; % 270 =0 S

h—ob



If we suppose in the present case that the score inerements

X,y X,y X3 are bounded in modulus then clearly

3
PYRRIC
J=e
at most so that the condition certainly holds provided that
fo= O(w) preecisely. A sinmilaxr situation arises later
in the consideration of o sequence of dependent trials and

2
for that reason we now discuss O in more detail.

Tale Let us drop the suffix J <for the present and
suppose that p , p,» P; eare the probabilities of the
occurrence of E, E,, E3 in g typical trial., We know, in

this present sequence of independent trials, that
2 L S 2 =
B = poa #pa¥a 4 pas = (PP %)

is non-negative, Dut it can be zero, and this can happen
in two obvious cases:

(1) when x, =x, =x3 , so that the score increment is
independent of the outcome of the trial;

(1i) when one of p,, p,, P3 is unity.
But E can also be zero if neither (i) nor (ii) is true,
€ege if p) =0 and x, =%, « It is intuitive, in fact,

~ that the expression is zero if, and only if, there is no
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uncertainty in the score increment at that stage. This

result we shall now prove, First transform E by writing

x = x rx = E ., xg-m =Y

Then
E=px + F,,(;n)" + P2y +r) - ):P(* TPt ) 43 (Yax ﬂz
where p + p,+ pg =1, s0 that |
E = Ua~r§)§l - 1yzﬁf$7 +~LF3“F§>7Z-
If both p, =0 and pz;= 0 then p, =1 and the outcome

of the trial is fixed. Otherwise at least one of p, and p,

is non-zero., Suppose that p, # 0. Then
J_.. — 2 2 2 p:y % % }
= rrr:{[(rl P Y- ppy) +7 [EoptXppd) —plp ] 1

since p, - p;' # 0 if we exclude the case of p, = 1,

another case of certainty. Thus
. L _p2NE ‘ >
= &~r%§[(f” Y -ppp) t Rppsy

5 DPP 2
i
Now if p, =0, then 1 -p, = p, , so that

== a5 [ paps (290
f’zf.? (_?“’7)1

If we exclude cases of certainty neither p, nor p, can be

i

i




zero so that E is zero if and only if %=4 , in which
case X z X, = X3, and this again is a case in which the
score increment is fixed., DIikewise if p,; = O, If none of
Py» Py Py is zero and if »n > O then E>0, If Y =0
then E = (p, = p:' )7_2' so that E >0 except if p,; =0
or 1, each of which possibilities correspond to certainty, or
'7 = 0, ie€e X, = X; , which is also a case of certainty,
gince p, = O, Thus E > 0 except in cases of certeinty;
and in all these cases E = O,

We can set lower bounds to E, Thus we hsove the follow-
ing three typical cases;

(8) p p,p, ¥ Oy %/ # 0. Then

= > __f_‘.ﬁs———— 5)2 .
P\ 4'1’3
If we suppose that p; > e, this gives

(b) 1 =0. Then
A
E = p2lU-pa)3
2
> e t—-edf .
(0) p' = 0O, Then
2
E = Fz ,?3 (1“"))
2
> el (l-ec)(E=v) .
In a sequence of trials one or more of these cases can arise,

Suppose, however, that the pff’ are always positive and that

\i(-,lf';p > w3 then clearly
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Ed' > Jj_ej o
(in fact equality is not possible); and if we now suppose
further that ed- 2 e md->/ n, we have

for all d and 80

It follows that the score distribution tends to a normal

distribution in this case, and likewise in any case in which

the increment to the variance at any stage, E d‘ s is such that
i

p) Ej = o)
d:l

precisely. This argument leaves open the nature of the dis-
tribution where this is not so. For instance, suppose that
ZJ = 7.,}. = c

for all Jj. Then

1]

E 3@&&75 = 2p=ps ¢ (ps-ps ot

]

p ;3
RN o RGNS VN
= < pli=p ).

Now suppose that p“‘j' = 1/j. Then

{ .

" éﬁ Ej—>©

J=t

as n —> o0

and the condition above does not hold.

In fact,
since we have essentially here the distribution of the number
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of ocecurrences of one of two possible states in a certain
sequence of n trials we know™ that the distribution does

tend to a noxrmal distribution.

Te3e An essential feature of the proof of 7.l is the use

of the multiplicative property of the c.f.'s of the inde-
pendent variables of a sum; the result then follows from &
fundamental exponential limit theorem, But this multiplicative
property does not hold for depeﬁdent randonm variables, and we
now.give a second proof which, although longer, does generalise
to the dependent case. Suppose that efter n trials the c.f.

referred to the then current origin as mean is

_ (L&‘) () (w)ﬂ
cpu(.b) - g l+/“ 2.! f/u """ } .
After n + 1 trials the c.f. is

—4f L2

b €)= < { Ur/h‘“f? +/“3(‘—§~)! +o k
{ I + (&k)(F;’(( l'r:.'kz PFJ"’R) + ("5_):'(’)(7(3‘ 4,‘)2-7(;__ "fx’l% ) G }'
2%
= gM* { [+ 4u00 + @ [y + (pocd + puxy +paxa D]
2t

W [ k3 b, v (pat e pxd vpaad D)
3‘. /'/ /)

+L*

i“‘b ﬁ A “’&4 (”(7‘( Ff’z"z "f:"s) + (Fﬂ‘l 4‘1’2_"1 PPJ":?)]"’

% Cramér, 218,



- so that

o . 2 B e 2
4)-«4-« & = | + (%T) g/ul"' Cpou + f‘l": Vrsxs ) —2asa, +Ah}

3 5 N ) . . 3 g
r@ §/‘J "9/“} O P(rnq il i T < L ) 3‘6“;{*2 *'(Fﬂﬁtl axe PF:’CJ )] +3Bu Au}

3

)t R PR
+ (‘f)‘ g ;Mq. ' ju_-,bw b g (pou Hpxs Waxs )+ (Pt rpaxdd waxx‘*bj
ot
~ b [;/« F3ug b + (P + Paxa 4/"313 5]
4 O : 3 b 2 Rn
+ ebf;m e (pod rpxs b poxd )] - waY v AL

We wish to study the behaviour of 4 (0 as n —=>w ,
We have that
B = P b2 3%
so that
Ly = (poei + Fﬂf + r.w.x}) - AL
whence
W , , ;
A= 2 e ) - 0
as before, Suppose that the P:J-’ are such that /qf" = 0(n),

Now consider /Ag o« Ve have that

Q) p 3
/&3 :/M;J + le? 'I-Pz'xz +F3'l§ —26“(f?|1? 1-?1122 - P:;’lg") »l-:ZA‘i'

and we see at once that U3 = 0(n), for there is no ternm

in /427 o ILikewise when we consider/,uzﬂ. we find that there

is no term in MU s 0 that /M;n. is O(ns « Now
rd
consider /«A% o We have that
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A/(Aq. = /42 (_Fix% WZ’C: ‘T3x31> + (P(’X:*-t. rzx: +PJ'X;) - ‘%Z A:-

2

3 2 4§
~ 1 O (ang %) Pﬁgxf) +}uz D + b (P.x% iy Pfsxsz) -3 4, .
We notice that there is no term In u; We lmow that
A. = 0() eand M= 0(m), and we wish to show that

/MQ:;M§+OUJ-

Now
bu, = &425 (pxy Mz Hsxd ) — 202 480§ +o M
- 9&(1 6’/42 + O (\)

whenece
My = }«42 + 0>
and similarly for any /A:w y 28 in 6.3,
This sketch of a proof serves as a model for a proof
in the corresponding casge of a variable trinomiel chain, Ve

notice the dependence of the method of proof on the order of
¢

/4(2..

Tebe We shall now generalise the preceding proof to the
dependent case, and 80 consider a variable Markov chain with
three states E, E,, E; and such that the occurrence of one
of these states results in the addition of. x ., x,, x

respectively to the score. The proof follows the same general

pattern aé that of the proof we have alfeady given in” ‘biqe
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binomial cage; but the extension to the trinomial case, and
the use of the general inerements x , X,, X; which are
necessary here, instead of the previous particuler 0, 1,
both introduce new features, The final generalisation,
however, to a chain of k states with corresponding score
increments X geescees, Xy 1s almost immediate, and the
only additional difficulty is one of notation.

A typical trinomial stochastic matrix is

W &y g’

Pr p=> Po. |
S 41 ! W)
Fi=l 9 s7 555

rg) *i”' va
but for simplicity of writing we shall omit the suffixes J,
and likewise when they occur in association with other
variables, whenever their inclusion is not made necessary
by the context., If the initial probability distribution is
[«Jlx,7'j y the cefe after n 4rials is

-~ .
U} U thx )
w | Pie T pie o P '
TN c*%j f} - Dot | gy o l
X e 2 ) ) (¥ g’ 19 Q, X
L )/3 )7 e s>e 75 ‘ .
=i e J) ¢ W
J 1 < ' ’1"(2_ bbhq' Q 2 3

But at present the origin of score is not the mean; +the
gffect of referring the distribution to the then eurrent mesn

score %, as origin is to multiply the preceding c.f. by
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R o It is convenient %o utilize the particular nature

of the matrices, namely, that their row sume are unity, by
making the matrix transformation corresponding to that used
previously in the binomial case: replace each matrix ()

vy H( )E , vhere

H = -1 o and H

it

Under this transformation a typical 'characteristic matrix!

becones

: :
A, . .

F'e' Prz"-‘kkl VFR P ‘ FZL‘*"-z ) F.ZLMJ
[ N 2 7 Uy MB (V.90 TX _ a”)lg
Z-pi)e *(Zz’[’l) “ o r(samp)e T (7;1"”") ¢ » (Tap)e

{é‘""(")‘h( +(e-p> Pt (ﬁ"fs)am’, (Ya-p2) LMl, (% *ﬁ;) B—M‘SJ

Pe) =

The terms in this matrix can be expanded in powers of (it).
We shall find that we need not retain powers of (it) above
the second so that, to this order, the matrix P(t) is =as
shown overleaf, The definition of the various 5;& is as
shown there. In the previous binomial case we had, with a
corresponding notation, 8;. =-—§lz = “‘S‘ o This partic-
ularisation, however, tended to obscure the generslisation of
the proof to the trinomial, and higher, cases.

We now have that the c.f, after n +trials of the dis-

tribution referred to the current origin as mean isg
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. . W {
ploy = [ T g™ {0 ge ']

o w

iyt O :
o o " (e G al @5) oo W +L\)(q-) H.oz u;‘ ¥ 3
= [“-/Mz (;-9' Jy,(l (Ef o Vo VY k\k) +V, 4 > Vo 1 b

saye. If we denote the row vector above by
i“' ~ Ed.,‘_,Fu) '1.»\,:]
then, because of the effect of the column vector 1 = ¢ } in

post-multiplication, we have as a result of the transformation

that the first element of the row vector

L nA QU EYS

gives the c.fs at this stage. We have to study the change in
this c.fs on passing from the jth to the (i + l)th stage,
and to do this we consider the corresponding change in the
veetor «; o We have the fundamental recurrence relation

. —hjx
Ry LI

g@'FﬁﬂUﬂ,
where 48 1s the increment to the mean on passing from the
jth to the (j + l)th stagee It will simplify the expression
of these relations if we introduce & vector notation, ILet
§ = [56085 ), &= (6, &:, &), = Lpopop]
and
x =[x, %, %3 N R

Then with '.' denoting scalar product in the usual way we have,

omitting powers of (it) above the second, that
- 8 757 it

| + F.x(dd Vr,x (Z_l ,
PO = Gl v, o before

S m (k) ¥ Gl @)
PX,



We now have from the recurrence relation that

X = § 1= B ml(%ﬁ‘-...} § Ca@ed Cpx 490 (8220 o (§.%0)
Y S
PO [ pc® 29 (B0 b2 (G900 49 (Bu) dioe (G220 ]+

x) Vo §.%)
- [+(\k)£k/zg_4/f7 4t wo (&0 -—A]

+Qk) g;ﬂ «l—rx + 2y, (&;_’K) + 2w, (&’3 %) &V (8,7 S RIRN (é} x )]
-*:Lb[_ P #9% (82900 pu, (&33&)] M _z( ...

S4ince the distribution of score is referred to the mean as

origin, the coefficient of (it) here is zero so that
A= p>* A Vo (8,0, ) oy [ 85.% ).

Using this result we have that Q/u(‘“ s the inerement to/uz
on passing from the ath to the (j + 1)th stage, is given
by

!
A/“‘). =2y (J;_.?c) +2uw, CO(,;"") FV (8,%) 1, (62D +’r"”-z '—Az.

Te5e S0 far the pattern of proof has been directly
enalogous to that in the binomial case and, corresponding
to that case, the next step is to examine the order of /«S’ .

We ghall need in the completion of the proof the faet that

v
/uz = 0(n) preecisely. This fact is essential to the
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method of proof, although for the score distribution to tend
40 a2 normel distribution the condition is not necessany.ﬁ'
It is in this discussion of the order of‘/u$?7 that we en-
counter the essential difficulty of the proof. The discussion

of 4 in the independent case of 7.2 showed that, in
/

this case, /MSJ = 0(n) certainly if the score increments

were fixed and distinet (or, more generally, if their differ-
ences are uniformly bounded above zero) and also the probab-
ilities of occurrence of each event are uniformly positive.
This same condition is also sufficient in the case of a
constaent ehaﬁnﬁg, and it is natural to expect that the corres-
ponding conditions apply likewise in the more general case of
a variable chain, certainly provided that (i) the P& are
uniformly positive (ii) the x‘l"’ ’ xf’, xg) are not all equal
and such that the smallest difference is uniformly positive,
An exampleKKE shows that if these conditions do not hold then

(
/a;q cen be bounded. For suppose that x, = -1, x, =0,

x3=l and

ol
B fp e
rg( . FJJ

® See, €,84, Bernstein, 40,

%% Fréchet, p. 84 or Doeblin, p. 86, Romanoveky does not
discusgs the conditions under which the varisnce is non-zero.

#%% Doeblin, p. 90.
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for all je. Then clearly the score oscillates between the
bounds -1 and 1 whatever the initisl state, We should
expect that, ﬁith the conditions (i) and (ii) mentioned
above, ihe least value_of’/u£° would occur when there is the
greatest certainty of outcome, For instance, if we suppose
that the secore increments are 1, 0, 0, corresponding to the
distribution of the frequenecy of occurrence of a particular
state, we should expeet the result, analogous to the conject-

ure of 4412, that the least value of //é? oceurs when

2 I-2e ra £ ra (~2e
Ejz . ¢ I-2e [~2¢ 2 2
-1 '3 2 2. (—2¢ £
or

for all J so that the states tend strongly to occur in
cyclic order, These conjectures we have been unable to
prove, and we shall proceed under the asssumption that, under

| (v
the conditions stated above , //42 = 0(n)e
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Tebo Again, from the recurrence relation,
FYH = gl'— 0 4/61(‘_:21— }{(rz_i' gzz_‘\’o +&2."Jo)

+ (%) [(F7‘+ §a2v + 837.‘*’0)7(:_ 4z 832 k"]
4—&?’*— [(Fz $&2% + 800 )% 42 (b + S, + LF}AA,:& $av, v &, )] *Z(
= (Fz +522'\)° * J;”wo) +(e) [(Fl*‘g“’\% +&z°"° )(k,_——b) + (t‘)n,\’l + g.?z“’l)]

+ e irU”l Y *&1”")(,& -8y +2 (&-7—‘)! 00 -8) + (fj"‘z + 3,29, +&z“z)} e 5

2!

from which we have the particular recurrence relations

(Fi)
Vo = Pt $2aVo + 32190 ) (1)

(i) |
Vo= (F’ul- 822V ¥ 83, Wo Y-8 & (12 + §3290

(r44 D
= daav + cg;,_u' b (=0 Vy 5

on using (1), and

A Y R A L R JETURNRY AT R

+' Fy"(')_ + g?_')_\)L + Si??.-“’- *

(rr) (Y ) (Y
The corresponding results for W, , ) s Wy are

completely analogous.
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(W
TeTe We wish to show that, as n —> o , Mo, is

asymptotic 10 (2wm-1)(2w-3)..... ?fui;aand that the order of/;&ill,
is the same as, or no higher than, that of /A&Si « VWe
prove the first result as before; we show by induction that
B = 85 067
We notice that, since U, = 1, the result is true for m = 1.
From the fundamental recurrence relation we have that

{(at0)

. 2 |
M2 is the coefficient of (it) /(iv}. in

2 w2 tag~t

2
2ot ; :
_aco p B8 (), @ i
1o = });M’“‘" (Awem2)! RETY) Ll &

b (Bam () Y+ (Bem I (EXD Wanama |

LY
o (-\ﬁ%‘ 2 ""Qm(ﬁ.x/)um_‘ 2w (8 Vapms +‘QM(&'X)¢‘,2‘M_‘
(.’hw .

+ (;uw)(lm&}uh-z (20 (§08) Vaer + ia (2= ) (59¢) Wasoa ]}

We have used here the result, to be proved later, that the
orders of -vﬁf and ong are the same as, or not higher
than, that of //4SQ ; we have used this for values of
r up to 2m - 3, Then, using the result of 7.4 that

b = px = (62 )% + (&%) wo,

we have that
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A/M_M = 2w (\);‘“-‘ —\}“m_‘)(gl.m t+ 2 (Wan -w%h‘” )(53_k)
+ e (Bramed § ()t (809 Vpn + (&3> ) Qavuez §

2 £
— 2 (20=1) B gz b (B0 A/Ma«-z
/

A+ s (Ran~1) g(\?z‘“d - 74,(1,“_,_ Wéx2 + ( w,m_i—wyuz‘“q &% )}

+ o(wwd).

We have found above, in 7.4, that
duy = Pt 4 2y (8y0ed 420 (8> 4+, (80 by (&) — A%,
g0 the result that
G~ TN ) _
A/“zu“ ‘( 7_)/4&2-“4. 1}/‘41 + O(w" 1)

will follow if

QM (‘\)lm—t —'\)7{42»1" )(é’zx) t 2w (wz“‘" - (/Jy,{m“_. )(87'7‘)

* (2 =) g(gl'x} ) Vier * (‘S:?'xz ) wlt«-l.}
+ T (2m=1) {(V2m~t"\y*2m-z>(81'x) + (c\)z‘,‘_g_ 'M/D"‘Zm-z )(&x}}

- m(ﬁm-t)gh), (§,%) #2u, (8390 +p (817D +Wy (4’3.%‘)} +0(x*)

~ that ig, if , - R
QM{[@%‘-' *\)}Mzw—‘ ) - (2‘“">\)/“~1m—7- ] Lsz_"")

+ [(wluw\*' /“w-‘) - LQM_"WZM-Z] (832)}
+hﬂ(a-m-l)§(\)2m-1 ‘vyklm-z>(é\z'x> +(w2““2 —wfz“"z‘)('é}'x)} = O(me'.l)‘



This is so if

(l) )
(W oy Y-t

Vay = Vo May = Ow

and
“ (“') €] <! .

w;{& Aw.‘y(,(l( — O(VL 5

(2)
(y (W (W) ) (w0 B —y
(\\)2:4 -"7?/‘-":_‘(—« - (1'( 0 \’|/‘49.\r-2_ = O LV" )

and Wy ) _ o (wv-z > ‘

(@35, =it ) = e e T

We need, to complete the proof abrve, that (1) is already
proved for values of r up to 2m - 2 only, and not up to
om, This detail is impoxrtent in the sequence of the in-
duction, Since, as a particular case of the next result,
v§“= 0 (V) and \ﬁk2=0(0 it will follow from (1) and (2)
that the ordexsof vy and toim do not exceed those of
()

.//MY o This fact we have used earlier in the proof for

values of r up to 2m « 3,

We consider (1), and hence the recurrence relations
for Vi, and Wi , We have that vf“” is the coefficient
5
of () / (2v)! in
P=
é } Q"al,\),_,L) )""2\'() 822 .y
(2. @)’ (B, §
2
wvhere we have omitted all terms (O (n" « But

U
FI: Yo ~— Y g,n"""o‘g?z

so that
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-t

\)2{ —v(yu')-r = g;z ('\)Jr "'\)74*2.\') + 832 (wzf‘wyua.\') + O("‘- )

which, since
) W)

/{/(21 ~"./"(:w' = o(“v-‘) >
We can write as

\}(2{:‘_ V“;;;(;):) = g;z (*01,. - “’_7““) + &5 (wzr = ""y“zv) + O ("Cr-‘> _
Similarly ’ . )

(JP‘) (J“) UH) = g (v}h’ - Vo zv-) + 833 (""M’ - wy‘(zf > + O (b\ )
Wae wD/r‘:( - ©a3 /“

We wish to deduce from these two last egquations that

) W () -t
Var T —\)(O/“z« = 0 (‘“Y )
and
() pa 9 o, (_ww'

w2v - (A’V"‘ZV

If we write

‘ . y ) (Jd)
W) (A LIS ) ) L\)(J ( - )
Yy —-Jo/q” = X and Way — y‘*z« 2

the equations can be written
3T :le’kJ' + 01 4 + 0 (n™")

and

N~
&jﬂ = SzJ “ * &3;\;’ to(n >
or compactly in matrix notation as

x\jh = ’)CJ‘ D‘j,‘,, + ﬁ‘“

—

where
Y

. 5, &

z(_J e E%J'; 9\,] , DJ = 22 23

) g
b 033
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and @y 1is a row vector vhose elements are o) all
clements less than Kn ', say, for every j . Consider
the n» such equations for J = N, N = l,e00000y 2, l,o.v
lultiply these equations by Dayy, D, Dy, +.’¢ seovasey B
Dy D; seeseseDpy respectively and add. We then have x4,
expressed in terms of the D¢ and a;; the result that
x. = O(w™) follows if

Dy\, +DK—I Dh, LERR + Dl D2-—-- Dv\ -~ O(‘)_

Consider first the produet D). of two typical matrices
Djy D, » Ve can relate this produet to P,y , the product
of the two stochastic matrices P| and P, from which D,

and D, are derived, for we have

Rz Ea F7F£
g0 that
- -1 -
HP,H = HEHR HRH
that is,
[ ©x =« | x X I« ¥ x
.:;Dn. ., Dl : Do
and hence

e = DlD‘?_ .
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We now use the result of 1.6 that if the P, are such that
P, > e for all i then

2
P & Q-—3e,)/oz < (I—3e) .,
It follows that the greatest element of D, does not exceed
2.
(1 - %) in modulus. Thus the greatest element of

Eh\ + I>m-\ Ix‘ L I + I>\‘>l ..... IDV\

is not greater than

7Tt

in modulus, where 7 =1l - 3% < 1, and so doesg not exceed

N[(i~v ) » & fized constant, Thus x =0(@ ).

We now prove (2). Ve consider the recurrence relation

for Var—1

<) R 3
We have that -v:ﬁ; is the coefficient of (k) /(2v-)! in
A~
EI—A(W}g 03/1‘«(1«*1 + &2\).1&4- + &1“’2‘(“1 ) @,,__‘
(Rv-2)

¢~

n () 33 [Cf’}/“zv-l ﬁ-&l\)z«-. +£zz Wav-r) + (2r=)x2 (F/’v“zv”- *gzw_‘ﬁlwl

T (av =t
( " + J;z v~ )]}
whence, using the result that

Ur)

FZ_‘_"'\)b '—*voé;l—‘ubé’.?l)

we have that

N % T E N Y | . ¢ .

'\)24‘,‘ ‘\70 ‘/"(.‘Lv~t = 22 \);-,7’477&72: )W 7.‘. 7(5-}71 (‘\)1(_."@7&(1{") _

7

)

t (2= ) - )'\)o//u,_,,-z 0 ()
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gince
-2
Vze- “\)D/U‘Z\r-'). = 0 (w )
and )
~ -2
War-2 — wo/(A;_‘-_ = 0 Lw
7 /
o N U
Yy = gzz")y + &z Wy + (")Ql-——A)"\}O
s0 that
un?
(Y] UW ’
OS«’—! - \)o/MZ\r-( - (,2’!‘- l) 'V,/.uz,,._,_

= gzné ﬂi‘f—-“}‘,%u—\ - (2“‘)\7/!"‘2f‘1) + é;’- (w““ “t’}u"""‘ -("""-'{%2\:-7.)

+0 (W)

which we can write as

s Uk (40 U (e

'\)2.(..‘ - \90/‘421"-4 - (2'(" ‘)\}“/uz‘(,l

= as above

since
w) T

y-2
A/uz""l ) D/“ZV"' = OLK ) .

Y+ u+ou+«) ty"" L)
The corresponding result for ..~ /%m (2r-¢) t Mac-2

follows similarly. These two recurrence relations can be
combined into a single matrix relation in form identieal
with the one above, The rest of the proof then follows as

before. Thn.s completes the proof that

oo = () s 10 00,
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We now prove that  Alien = 0@ ). We have that
‘/Ai?) is the coefficient of er (2er)! 4n

gl-b@t)}g"‘l ()2" *‘@, [/“-17“ + Lg“‘*')/“zv (p

)’ (\.‘z\ru)

+ (204D 00 (82x) F (2r+1) Wax (8- x)]}

so0 that, using

A~ px = Vo (8y.%) t @o (87 =D

we have that

= (2{“‘( }(o}l‘\“ "\‘":M‘L*")(Sl'% ) + (QY‘-!- \)(wz.( - w}y.‘_,)d. ) ( 33 _")() X

Duse s

The result now follows since
Var ~Voray = 0 (W)

and

- (-Ki‘-\ > |

Wae — Wo (Ao v
S

The proof is now complete,

7.8. We now extend the theorem, just proved for a trinomial
chain, to a chain with any finite number of statés. As we have
already remarked the difficulty is only one of notation.

A typical matrix of transition probabilities is

5 = [poe ]




. T

vhere 0, ¢ = lgesesy k& and we suppose as before that

Pd' > e for all Jj, If the initial probability distribvution
is w = G’;,..... ’ w&] and the score increments resulting on
the occurvence of the states E jeeesy By are X peeeey X
then the e,f, after n trials is |

)

wOH Pl
J = ‘

l

vhere

A - [ FéJq: L(A—*‘P]

v = [0p*]

-1
we use the #{ )H  transformation once again, where now

and find as before that the e.f., of the distribution after n

trials, and referred to the then current mean es origin, is

W
ik g‘) 0;'—--,0}
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wy
and & satisfies the recurrence relation
Y ~Byk )
£V = e o Pl

Here AJ is the increment to the mean on transition from the
jm to the (;)+1)t‘h stage and Pd-(t) is the obvious generalisation
to a chain of k states of the particular case of 7.4 4in which
k=3,

The elements of gw can be e;tpr.esed as power series in

(it) 3 we write

=)

QY

Thus the term

Gy GV I
Vp Vi e e v, B4
2
of 7.4 would now be written
() ) ) oo Vt-)z'
/“ZJO */“2” (£ +/M2,2 (.;'- K s 238 R
and the term
" ((/t) w) ‘k)s
[+ oy -

would be written

W S I oY 'k)L
/{’(')v +/""b! (G2 "/‘4;,1 Q"z"{ s

wherein
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for all n.. These latter results arise likewise in the

present general case, for they are consequences of the fact

W) )

that once again the element 8 of is the c.f,

| R

of the distribution referred to the current mean as origin.,
The generalisation of the results from the trinomial
to the general case is now apparent from the use of a vector
notation in 7.4 and later so that, on making the equivalent
agsumption about the order of /,ng s the proof proceeds
as before, In particular the matrix results of 7.7 generélise
immediately; the matrices DC; are now of order k -!
instead of 2 and, correspondingly, n = 1 - ke »
A further generalisation arises from the replacement of
the constant score increments X jeceey X¢ by the
increments xf) pesteey xz? at the nth stage and variable

from stage to stage. The proof is essentially unchanged,
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