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Abstract

Time series datasets are usually composed of a variety of sequences from the
same domain, but from different entities, such as individuals, products, or
organizations. We are interested in how time series models can be specialized to
individual sequences (capturing the specific characteristics) while still retaining
statistical power by sharing commonalities across the sequences.

The major contribution of this thesis is the multi-task dynamical system
(MTDS); a general methodology for extending multi-task learning (MTL) to
time series models. Our approach endows dynamical systems with a set of hi-
erarchical latent variables which can modulate all model parameters. To our
knowledge, this is a novel development of MTL, and applies to time series both
with and without control inputs. This thesis provides a formulation of three
example MTDS models: a multi-task linear dynamical system, a multi-task
recurrent neural network (RNN) and a multi-task pharmacodynamic model.

The use of MTDS models is demonstrated in detail on three datasets. For a
synthetic physical dataset, we demonstrate that our learning and inference al-
gorithms are able to recover a model that is indistinguishable from the optimal
one, and provide substantial improvements in prediction over gated RNN mod-
els. We apply the MTDS to motion-capture data of people walking in various
styles, which results in improved performance, style transfer and the ability
to morph between walking styles. Finally, using patient drug-response data,
we show that our MTDS approach can result in significant improvements over
modern pharmacodynamic (PD) models without deviating from the trusted
PD model form.
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CHAPTER 1

Introduction

This thesis concerns the personalisation or customisation of models in the context of
time series data. A time series dataset often consists of multiple sequences which are
similar, but with certain characteristic differences between them, forming a related ‘family’
of sequences. Examples include the differing styles of handwritten text (Graves, 2013),
the differences in human walking style between individuals (Ghosh et al., 2017), or the
differing response of patients to an anaesthetic agent (Bird et al., 2019). In all these
cases, the individual sequences share common features, but also exhibit some idiosyncratic
characteristics. The central question of this thesis is how such variation can be captured
successfully and efficiently.

This inter-sequence variation is not limited purely to human individuality; it can arise from
a great many sources, and is common to most collections of time series data. For instance,
there may be high level similarities in data derived from different hospitals or care homes,
but there will also be inter-organisational differences based on geography, demographics,
specialism and staffing. Different product categories in retail data may react to seasonal or
promotional events differently. Longitudinal surveys of animals may reveal differences in
population growth of predators and prey based on species and location. Even mechanical
objects, such as wind turbines, can often exhibit unique operational characteristics.

A concrete example of such ‘similar-yet-distinct’ time series data is provided in Figure
1-1. The panels show five days of electricity consumption from 3 different clients from
Dua and Graff (2017). There is some commonality between all clients (such as a daily
seasonality, with the lowest consumption at night), but also major differences, such as the
overall magnitude of usage, different weekday shapes (such as spikes in the morning and/or
evening) and weekend usage. No side information (such as demographics) is provided with
this dataset, and hence a time series model cannot use external supervision to ‘explain’
these differences.

1
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Figure 1-1: Electricity usage (kilowatt hours) of three clients in Q1 2014 from
Dua and Graff (2017).

1.1 Modelling time series data

How can this inter-sequence variation be modelled? It is difficult to provide an answer to
this question in the abstract, due to the wide variety of models available for time series
data. In order to give the necessary context, let us first provide a brief (non-exhaustive)
history of time series modelling.

Systematic analysis of time series data did not perhaps appear until Graunt’s analysis of
the Bills of Mortality in London in 1662 (Glass, 1964), but records of time series data
can be found as far back as the Zhou dynasty (1046 – 771 BCE; see Xu, 1989). The
most prominent examples of early time series models are of physical data, beginning in
earnest after the advent of calculus in the 17th century. Well-known examples include
Newton’s application of differential equations to Kepler’s three laws (Hirsch et al., 1974),
or Verhulst’s logistic model of population growth (Bacaër, 2011). Formalising such mathe-
matical modelling into the modern field of continuous-time dynamical systems owes much
to Poincaré’s work in the late 19th century (Aubin and Dalmedico, 2002).

However, most sources of time series data follow no obvious (or at least tractable) natural
law. In answer to this problem, modelling of stochastic time series data began to gain
traction in the 1920s via the autoregressive theory developed by Yule. ARMA models
were proposed later that same decade by both Yule and Slutsky, although it was Wold
who later proved their theoretical validity (for the history of this period, see Makridakis,
1976). From the 1950s onwards a variety of other dynamic models proliferated, such as
forms of exponential smoothing (see §1.4, West and Harrison, 2006 for further details),
unified in part by Harrison and Stevens (1971) via use of a general dynamic linear model.
This ‘state space’ approach was enabled by use of the Kalman filter (Kalman, 1960).

The last third of the 20th century saw further development of ‘state space models’ (SSMs),
including discrete latent variables (e.g. Rabiner, 1989) and mixed continuous and discrete
variables (e.g. Shumway and Stoffer, 1991). SSMs are a convenient form of time series
model, encompassing many of the above methods, and can even be used as an approx-
imation to continuous-time dynamical systems (see e.g. Section 2.2.2.7). More recently,
modern ‘neural’ methods have facilitated the modelling of highly structured complex se-
quences, such as natural language, speech, music and video (see Goodfellow et al., 2016,



Chapter 1. Introduction 3

chs. 10, 12).

For many of the above model types (including SSMs), it is common to use a ‘one-size-
fits-all’ model applied to all sequences in the dataset, but this fails to specialise to the
individual-level characteristics. Alternatively, one might learn one model per sequence.
In the case of the data from Figure 1-1, the former approach results in inappropriate
averaging over many orders of magnitude, and the latter approach may perform poorly
due to lack of data. In contrast, modern ‘black box’ models (such as a recurrent neural
network, or RNN) may be able to adapt to the inter-sequence variation. But this is an
unsatisfying solution, which limits the types of model that can be used, as well as our
understanding of how the sequences are being modelled. Delegating the responsibility of
modelling to a ‘black box’ is undesirable in many circumstances, and we wish to explore
a more generally applicable approach.

1.2 A multi-task approach

Our observation is that the modelling of various related sequences is a similar problem to
that of multi-task learning (MTL), usually encountered in the iid context.12 MTL is an
approach for improving the performance of multiple related tasks, which are most com-
monly standard supervised learning problems. This improvement is achieved by sharing
information about the learned relationships between the task models. The models are en-
couraged to use similar relationships to each other, resulting in a reduction in overfitting
– especially for tasks with small datasets.

A standard iid supervised learning scenario can be described as follows. The goal is to
learn a model f from a dataset D = ({u1, . . . ,uT }, {y1, . . . ,yT }) consisting of inputs
and outputs respectively.3 This is performed such that f approximates the relationship
between inputs and outputs, i.e.:

yt ≈ f(ut), (1.1)

for all t = 1, . . . , T . The model f is usually learned via empirical risk minimisation (ERM),
where a loss function L measuring the mismatch between f(ut) and yt is minimised over
all training examples in D, i.e.

f? = arg min
f∈Ω

1
T

T∑
t=1
L
(
f(ut),yt

)
, (1.2)

1iid refers to ‘independent and identically distributed’ random variables.
2For clarity, the phrase ‘iid context/setting’ in this thesis refers to modelling assumptions which include

mutual independence of observations within a dataset, and iid model residuals.
3It is conventional to use x for the input variable in supervised learning; we follow the convention from

the time series literature where x is reserved for the latent state, and u is used for control inputs. For
similar reasons we will use the index set t = 1, . . . , T for the datapoints.
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for some model class Ω.

If there are N tasks, described by datasets, D(1), . . . ,D(N), the ERM approach may learn
a model f (i) for each dataset D(i). However, when the N tasks are related in some way,
this is not an efficient use of the data: each model is learned in isolation and similarities
between the tasks are ignored. The contribution of MTL is to couple the model training
such that the {f (i)}Ni=1 are in some sense ‘similar’. Most approaches achieve this by
learning a restricted model class H such that f (i) ∈ H for all i = 1, . . . , N (see Section 2.3
for some common approaches). The aim is to make H small enough to reduce overfitting,
but large enough to capture the differences between tasks.

In this thesis we extend MTL to time series models. In this case, each time series is now
considered as a ‘task dataset’, requiring its own bespoke model. By sharing information
between the tasks (analogously to the iid case), we can learn powerful models despite the
limited data of each time series. This is nevertheless more challenging than the iid case,
notably because time series models must learn a sequence of models: y1 ≈ f1(u1), y2 ≈
f2(u1:2,y1), . . . , yT ≈ fT (u1:T ,y1:T−1) rather than a single model f(ut), t = 1, . . . , T .
This requires us to share relationships between models within each time series as well
as between each time series. We present our methodology for the application of MTL
to general classes of dynamical systems in Chapter 3. Naturally, we call such models
‘multi-task dynamical systems’ (MTDSs).

We must note that this is not the first attempt to apply MTL to time series models, but
other approaches tend to be limited or specialised to a particular model class. Perhaps
the best known example is for use with RNNs: one can append a unique index for each
sequence to the input (perhaps via one-hot encoding). However, this is not a general pur-
pose approach, cannot generalise to new sequences, and obtains mixed results in practice
(see e.g. Spieckermann et al., 2015; Martinez et al., 2017). For other existing work, see
Section 3.7.

1.3 Online customisation

Application of MTL may result in good performance on the data in the training set, but it
does not immediately apply to novel sequences encountered at test time. Novel sequences
are to be expected: for instance, new patients at a hospital, new customers using an online
platform, or new clients using an energy provider. How can these benefit from the MTL
approach?

As in the case of iid data, application of MTL to time series data results in learning a model
class H, containing at minimum all of the multi-task models in the training set. Consider
this to be an estimate of the sequence family underlying the data generating process; we
may then hope that any novel time series data can be well approximated by some model
f ′ ∈ H. Hence, for a novel dataset D′, we search H for the most appropriate model.
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Figure 1-2: (top) Bayesian linear regression of observations at t = 0, . . . , 4,
showing 90% credible intervals, units are kWh; (bottom) posterior over the slope
and intercept, with the level curves showing the central 80%, 95% and 99% credible
interval.

To avoid overfitting f ′ ∈ H, one can use Bayesian inference, which further presents the
opportunity of online updates, where f ′ achieves increasing customisation to the sequence
as the length T of the test data increases.

This online customisation is somewhat similar to the well-known online approach to
Bayesian linear regression. A simple example is the linear model yt = θ0 + θ1ut + εt,
where a target yt is predicted from an affine function of ut in the presence of Gaussian
noise (εt). By considering θ = (θ0, θ1) as a latent variable with prior p(θ), one can
iteratively improve one’s estimate of the parameters via the update:

p(θ |u1:t,y1:t) ∝ p(yt |ut,θ) p(θ |u1:t−1,y1:t−1). (1.3)

This update can be calculated in closed form for all t due to the linear Gaussian assump-
tions. An illustration is given in Figure 1-2 for ut = t, where the top panel shows for
increasing t the model fit and predictions for {yt+k : k ≥ 1} with 90% credible intervals.
With more observations, the belief state of θ contracts around the optimal values as shown
in the bottom row of Figure 1-2.

How can we perform online customisation for multi-task dynamical models? We assume
a parametric form, where the model has parameters θ, together with a prior, p(θ), which
is commonly available from the MTL training. Similar to the above, we can recursively
update the belief state of the parameters by incorporating the observations at time t via:

p(θ |u1:t,y1:t) ∝ p(yt |u1:t,y1:t−1,θ) p(θ |u1:t−1,y1:t−1). (1.4)

However, due to the more complex dependency structure and generally a nonlinear/non-
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Figure 1-3: (top) Online inference of the electrical consumption at t = 8, 24, 48
hours. The observed section is highlighted in blue, and the true sequence continua-
tion is shown in dotted blue in the final panel. (bottom) Posterior distribution of the
dynamical parameters (kernel density estimate of the first 2 principal components).
As per Figure 1-2, the level curves show the 80%, 95%, 99% CIs.

Gaussian model form, Equation (1.4) is much more challenging to compute than in the
case of linear regression. We present a practical approach for its computation in Chapter
3.

Figure 1-3 provides an example of online customisation for a multi-task RNN with θ ∈
R3360 trained on the electricity dataset of Dua and Graff (2017). The input data consists
of the day of the week, and day of the month. After the first 8 hours (t = 8), there is
high uncertainty about the parameters, and hence the forecast (top left). However, after
24 hours, we can see the presence of a daily oscillation, and an approximate idea of its
magnitude. After 48 hours (top right), there is enough information to refine this further,
including information about the weekend consumption. The model is able to capture both
the weekday and weekend level, and the asymmetric nature of the daily shape, which peaks
late into the evening. The belief state over the model parameters is shown in the bottom
panels, which shows increased certainty with increasing t. (Note that only the first two
principal components of this distribution are shown due to the higher dimensional nature
of θ here: these encompass 64% of the posterior variation.)

This is a fundamentally different approach to handling uncertainty than existing proba-
bilistic dynamical models such as state space models and Gaussian Processes (for more on
which, see Section 2.2). These models are well known for ‘data fusion’, incorporating input
and observational data over time, but this typically results only in local adjustments to the
fit. The unique characteristics of a sequence are assigned to local aberration rather than
consistent idiosyncrasy, and the long term prediction will usually return to a simple mean
function. Our approach retains the inferred customisation for arbitrarily long forecasts by
capturing it as part of the model f (a static quantity) rather than a dynamic latent state.
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1.4 Contributions and benefits

This major contribution of this thesis is applying MTL to the class of dynamical systems.
In detail, our contributions split into three areas: methodology, applications, and empirical
evaluation of benefits.

Methodology We provide the methodological basis for learning and forecasting from
MTDS models, including:

• Learning and inference methods We provide two practical methods for learning
general MTDS models. For inference, our online approach is (to our knowledge)
a novel and efficient approach to Monte Carlo inference in a wider class of static
problems (Chopin, 2002), and may have further application elsewhere.

• Specific model parameterisations Some care must be taken when applying MTL
to dynamical systems. We provide examples of SSMs, RNNs and a pharmacody-
namic model within Chapters 3-6 together with discussion of their motivation.

Applications The benefits of the MTDS depend especially on the amount of data, the
comparison point (i.e. allowable alternative models), and domain-specific concerns. Our
three detailed studies, outlined below, provide insight into these on a variety of applica-
tions:

• 1-D (synthetic) physical data using linear dynamical systems (Chapter 4). This
enables us to understand how to apply the MTDS approach to SSMs, how this com-
pares to existing methods (including RNN approaches), and whether our inference
and learning algorithms can recover an approximately optimal representation of a
sequence family.

• 64-D motion capture data of differing walking styles using RNNs (Chapter 5).
This provides a study of how to apply the MTDS to flexible neural models, and the
advantages of doing so. In particular, we demonstrate that the MTDS can perform
style transfer, and style morphing over time.

• 3-D drug response data using pharmacodynamic models (Chapter 6). In this
example, we show that we can achieve state-of-the-art results for a healthcare prob-
lem while remaining within the model class of existing medical practice. This is a
practical step along the journey to personalised drug infusions.

Benefits The specific benefits are elaborated in the relevant chapters, and an overall
summary is given in Chapter 7. A brief summary is provided below.

• Performance gains over SSMs, and RNNs under limited data (Chapters 4, 5, 6).
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• Increased interpretability over RNNs (via use of standard dynamical systems)
while retaining similar or better performance (Chapters 4, 6).

• A low-dimensional representation of sequences via their inferred parameters.
Instead of focusing on high variance components in data space, this representation
captures high-level sequence characteristics, such as oscillation frequency or walking
style (Chapters 4, 5).

• Controllable predictions, allowing a user to consider different predictions for the
same data by changing the specialisation type. This may be of particular interest
to artists using sequence models, e.g. for human motion (Chapter 5) or physical
modelling (Chapter 4). Alternatively, controlling the predictions can be used for
‘what-if’ planning or gauging uncertainty of a forecast.

See Section 3.3 for further details on the uses of MTDSs.

Papers Some sections of this thesis are available in the following papers:

• A. Bird, C. K. I. Williams, and C. Hawthorne. Multi-Task Time Series Analysis
applied to Drug Response Modelling. In The 22nd International Conference on
Artificial Intelligence and Statistics, 2019 (Chapter 6).

• A. Bird and C. K. I. Williams. Customizing Sequence Generation with Multi-Task
Dynamical Systems. arXiv preprint arXiv:1607.06450, 2020 (Chapters 3-5).

Code The code for a variety of MTDS models has been refactored into a Julia library,
which can be found at https://github.com/ornithos/MTDS.jl. This includes a notebook
indicating the intended use.

1.5 Thesis structure

The remainder of this thesis is structured as follows: Chapter 2 provides an overview of the
background material required for this thesis. This includes latent variable models, time
series modelling, and multi-task learning. The methodological contributions can primarily
be found in Chapter 3, which includes an overview of the MTDS, its specialisation to
some specific model types, learning and inference algorithms, model uses, and related
work. Chapter 4 provides a thorough exploration of the MTDS on synthetic physical
data, serving both as a validation of the methodological work of the prior chapter, and an
exploration of the model properties. Chapter 5 applies the MTDS to motion capture data,
which provides an insight into the application to RNNs and its performance on challenging,
highly-structured data. Our experimental work concludes in Chapter 6 with an application
to drug response data; we demonstrate that the MTDS can substantially improve existing
clinical models without the need for black-box approaches. Finally, Chapter 7 summarises
the conclusions in the preceding chapters and includes suggestions for future work.

https://github.com/ornithos/MTDS.jl


CHAPTER 2

Background

This chapter provides a targeted overview of the areas on which our contributions build.
In what follows, we assume some prior knowledge of probability distributions, graphical
models, and neural networks. The first Section (2.1) introduces the key concept of a
latent variable model and provides some examples. Section 2.2 provides an overview of
some classical and modern time series methods, including autoregressive moving average
(ARMA), linear dynamical system (LDS) and recurrent neural network (RNN) models.
Section 2.3 introduces multi-task learning (MTL) and surveys some common approaches
and related paradigms.

2.1 Latent variable models

In many modelling problems, some aspects of the data generating process are considered
unknown. For instance, answers to a questionnaire may exclude questions of political
affiliation, or patients may respond differently to treatment based on unavailable genetic
information. In such cases, these latent properties can induce a rich structure of responses,
such as a correlation between answers to politically relevant questions, or correlations
between treatment response and its side effects. This section will introduce some basic
forms of latent variable models which can be used as building blocks in more complex
scenarios.

We restrict our attention to the simple iid case where the observation y ∈ Y depends only
on the latent variable z ∈ Z (Figure 2-1a). A good example of this setup are images of
handwritten digits (see Figure 2-1b). While the images are 784-dimensional, the variation
can be mostly explained using just a few latent attributes, such as the intended digit and
the handwriting style. Notably, most 784-D vectors generated uniformly at random will
not correspond to valid handwritten digits, implying that such images are confined to a
small – and hopefully structured – subset of Y.

9
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Figure 2-1: (a) Graphical model of a basic iid latent variable model, observed
node shaded purple. (b) Example of iid latent variable model: 784 pixel images
generated from two latent attributes (shown above).

A simple iid latent variable model is specified with the two distributions p(z) and p(y | z),
called the generative model, which results in the distribution over observations p(y) =∫
p(y | z) p(z) dz. Given an observation y from such a model, it is often useful to determine

the most likely values of z which gave rise to it. This may be of interest for a variety of
unsupervised tasks (such as interpretative analysis, imputation and de-noising) as well as
for downstream supervised tasks. The answer is achieved through probabilistic inference
which proceeds via Bayes’ rule:

p(z |y) = p(y | z) p(z)
p(y) . (2.1)

In many cases inference is difficult, and typically no closed form solution exists. However,
there are certain choices of generative model which admit closed form solutions (see Section
2.1.2 for an example); otherwise various approximate answers may be obtained.

2.1.1 Learning latent variable models

If a generative model is not known a priori, one may choose a parametric form for the
model, and learn the parameters from data. In the case of the handwritten digits, assuming
Z = Rnz , nz < 784, a parametric latent variable model learns a low-dimensional manifold
embedded in Y which lies close to the observed images. More generally we seek a high
probability over areas in Y near the data, and a low probability over areas far from the
data. We can achieve this by maximising the marginal likelihood (see e.g. Berger, 2013,
§3). For a model indexed by a parameter θ, and datapoints y1, . . . ,yT , the marginal
likelihood is defined by:

T∏
t=1

p(yt;θ) =
T∏
t=1

∫
p(yt | zt;θ) p(zt;θ) dzt. (2.2)

For complicated models, p(yt;θ) is generally not available in closed form. In this case,
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while we may not directly optimise the marginal likelihood, we may consider a variational
lower bound (see e.g. Jordan et al., 1999), sometimes called the evidence lower bound, or
ELBO:

log p(y) = log
∫
p(y|z)p(z) dz = log

∫
p(y|z)p(z)

q(z) q(z) dz (2.3)

≥
∫ [

log p(y, z)
q(z)

]
q(z) dz =: L, (2.4)

where we introduce an auxiliary probability distribution q(z) and make use of Jensen’s
inequality in Equation (2.4). The bound is tight when q(z) = p(z |y), since Equation (2.4)
may be rearranged as:

L = log p(y)−KL
(
q(z)

∥∥ p(z |y)
)
. (2.5)

The integral in Equation (2.4) is still generally intractable (for exceptions see Wainwright
et al., 2008), but low-variance estimates of its gradient may be estimated via Monte Carlo
(see Kingma and Welling, 2014; Rezende et al., 2014).

2.1.2 Factor analysis

Our first example of a latent variable model is factor analysis (FA). FA assumes that the
latent variable z ∈ Rnz is drawn from a unit Gaussian, and observed noisily after a linear
transformation:

p(zt) = N (0, I) , (2.6)

p(yt | zt) = N (C zt, R) , (2.7)

for observations yt ∈ Rny , t = 1, . . . , T , where R ∈ Rny×ny is a non-negative diagonal
matrix and C ∈ Rnz×ny is the factor loading matrix. (We assume that the data are
centered, and hence have zero-mean.) For this model, the marginal likelihood can be
calculated in closed form:

p(y) =
∫
p(y | z) p(z) dz = N

(
0, CCT +R

)
, (2.8)

with the resulting distribution over the data also being Gaussian.

The geometric interpretation of factor analysis is that data are generated in a lower-
dimensional subspace (determined by the matrix C), then perturbed by independent
Gaussian noise in Y. The goal is to locate this lower dimensional subspace which cap-
tures the important correlations in the data. An example of this is given in Figure 2-2(a)
for 2-D data. Notice that most of the datapoints lie near the 1-D (red) manifold, and
hence this manifold ‘explains’ most of the structure of the data.

Factor analysis is useful for dimensionality reduction, and we briefly remark upon its
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(a) Factor analysis (b) Variational autoencoder

Figure 2-2: Manifolds (red line) learned by latent variable models on an example
2-D dataset (blue). Only the central 99% of manifold is shown (according to p(z)).

relation to principal components analysis (PCA). Unlike PCA, FA allows varying noise
levels across the dimensions of the data. However, in setting R = σ2I for some σ ∈ R
(known as probabilistic PCA, see Tipping and Bishop, 1999) and taking the limit σ → 0,
we recover PCA. Hence PCA can yield a good initialisation for C, and can be a reasonable
approximation to FA if the noise level is approximately uniform across dimensions.

Finding the most likely projection of each datapoint in the manifold learned by FA (and
its uncertainty) can be achieved via posterior inference. For FA, this can be performed in
closed form1:

p(z |y) = N
(
CT Σ−1

yy y, I − CT Σ−1
yy C

)
, where Σyy = (CCT +R). (2.9)

A straight-forward approach to learning the parameters of the model is to use the Ex-
pectation Maximisation algorithm (Dempster et al., 1977) with the posterior distribution
given in Equation (2.9).

2.1.3 Variational autoencoders

Factor analysis is frequently useful, but sometimes limited due to the assumption that
the data lie close to a linear subspace. Figure 2-3 gives an example dataset where these
assumptions are inappropriate. Variational autoencoders (VAEs) (Kingma and Welling,
2014; Rezende et al., 2014) are a generalisation of FA to nonlinear manifolds. The latent
variable z ∈ Rnz is again drawn from a unit Gaussian, but its transformation is now via
a neural network gθ(·). Where observations are real-valued, a common forward model is:

p(zt) = N (0, I) (2.10)

p(yt | zt) = N
(
gθ(zt), R

)
(2.11)

where again, R is a non-negative diagonal matrix. Examples of fitted VAEs are given in
Figures 2-2(b), 2-3(b) using a multilayer perceptron (MLP) for gθ with one hidden layer.

1See the Gaussian identities in appendix A.1.
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(a) Factor analysis (b) Variational autoencoder

Figure 2-3: Manifolds (red line) learned by latent variable models on a second
example dataset. Only the central 99% of manifold is shown (according to p(z)).

In both cases the VAE has learned a one-dimensional manifold (shown in red) which
captures the structure of the data well.

Unlike factor analysis, there is generally no closed form distribution for p(y), or p(z |y),
and we instead optimise the evidence lower bound (described above). To complete the
specification of the VAE, we seek a q(z) which achieves a tight bound of the ELBO.
The VAE learns a parametric approximation qλ(z |y) to the posterior p(z |y) termed the
‘variational posterior’. A common choice is a diagonal Gaussian for each observation yt:

qλ(z |yt) = N
(
µt, diag(st)

)
, (2.12)

where λ = {µt, st}Tt=1. The variational parameters, λ, and the model parameters, θ, are
learned jointly via stochastic gradient ascent on Equation (2.4). Where T is reasonably
large, it can be sensible to use amortised inference, where the parameters λt for each yt
are predicted by a neural network (as proposed in Kingma and Welling, 2014; Rezende
et al., 2014).

Various other generalisations of factor analysis to nonlinear manifolds are available, in-
cluding kernelised PCA, principal curves/surfaces (Hastie et al., 2009), Gaussian process
latent variable models (GPLVM, Lawrence, 2005), generative topological mappings (GTM,
Bishop et al., 1998). Many further methods exist for nonlinear dimensionality reduction
which do not admit a clear latent variable interpretation. Such methods are elaborated
upon elsewhere, and are not of primary importance in what follows.
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2.2 Time series models

Many datasets possess an important temporal structure, from areas as diverse as natu-
ral language processing (e.g. Cho et al., 2014), electronic health data (e.g. Schulam and
Saria, 2015), financial data (e.g Stock and Watson, 1999), and human locomotion (e.g.
Fragkiadaki et al., 2015). Time series models move beyond iid assumptions and are spe-
cialised to exploit this temporal structure. We discuss three well-known classes of these
models: ARMA-type models (Section 2.2.2), linear dynamical systems (Section 2.2.3) and
recurrent neural networks (Section 2.2.4).

We define a time series as a collection of data {y(t) : t ∈ T }, where each observation
is recorded at a specific time t from an index set T . Mathematically, a distribution
over a time series is specified by a stochastic process, a collection of random variables
indexed by T . If the distribution is time invariant it is called a stationary stochastic
process. In this thesis we consider discrete-time time series where the index set T is the
set of integers 1, 2, . . . , T (possibly with missing values), and hence write yt := y(t), and
y1:τ := {y1, . . . ,yτ}. We will also assume in what follows that the observation space is a
real vector space, i.e. yt ∈ Rny .

2.2.1 Introduction

There are two common approaches to time series modelling. Firstly, the autoregressive
approach, where observations yt are a (stochastic) function of a fixed-size subset of the
previous observations y1:t−1. Secondly, the state space approach, where observations are
a function of a fixed-size vector variable (called the ‘state’), which is updated at each
timestep, and attempts to summarise the relevant information from the entire y1:t−1.2

Both are attempts to model a causal process with a variable-sized history using a finite
set of parameters. Sections 2.2.2 – 2.2.4 explore many important time series models in
use today, all of which can be interpreted as dynamical systems, i.e. state space models
(SSMs).

Dynamical systems take the following form, where the hidden state xt follows a (possibly
stochastic) dynamical model, and optionally takes control inputs ut:

xt ∼ p(x | xt−1, ut ; θ), (2.13)

yt ∼ p(y | xt, ut ; θ), (2.14)

for t = 1, . . . , T , with parameter vector θ ∈ Rd. Dynamical systems have a number of
desirable properties in general, such as time-invariant feature extraction, linear complexity
in T , and in principle, an unbounded length of temporal dependence.

2This definition follows a predictive rather than a generative perspective, which has the advantage of
applying even under model misspecification.
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In practice, time series models can be used in a number of different ways. A common
task is prediction (or forecasting), for instance via the quantity E[yt+1:t+k |y1:t] for some
window length k. This is notoriously difficult for large k due to incomplete information
and changepoints in the underlying data generating process. However, where the data are
of physical and/or highly structured phenomena, long term prediction may be possible.
Alternatively, models may be used for smoothing or imputation where data are noisy
or missing, a form of ‘post’-diction. A generative time series model may also be used
for anomaly detection by monitoring the likelihood of a sequence over time (for example
Quinn et al., 2009, in the context of healthcare).

2.2.2 Linear ARMA-type models

In 1970, Box et al. popularised a cluster of related models, including the well-known
autoregressive moving average (ARMA) model, which are still in wide use today. We will
briefly describe a number of these below, including AR, MA, VAR, VARX and ARMA
models. For further information see e.g. Box et al. (2008); Hamilton (1994); Shumway and
Stoffer (2017).

2.2.2.1 Autoregressive models

Linear autoregressive (AR) models are among the simplest non-trivial time series models.
An order-p AR model, denoted AR(p), assumes each observation is a linear function of
the p previous observations3, perturbed by white noise4 (with variance σ2):

yt =
p∑
j=1

ajyt−j + εt, εt ∼ WN (0, σ2). (2.15)

Figure 2-4 shows the graphical model for an AR(1) process. For ease of exposition, our fo-
cus will be on Gaussian white noise, in which case the model defines a zero-mean Gaussian
process (Rasmussen and Williams, 2006).

Not every set of parameters {aj}pj=1 will result in a sensible model. To see this, the
definition in Equation (2.15) may be recursively unrolled to present the AR(p) purely in
terms of the noise process. For the AR(1) model (we assume for convenience that y0 = 0),
this gives:

yt =
t∑

j=1
at−j1 εj (2.16)

3Extensions to non-consecutive / dynamically selected previous observations are possible, as e.g. in the
‘method of analogues’. See e.g. Moore and Little (2014); Viboud et al. (2003) and refs. therein.

4Extensions beyond white noise assumptions include Gaussian mixtures (e.g. Roberts and Penny, 2002),
(generalized) autoregressive conditionally heteroscedastic models ((G)ARCH models, e.g. Brockwell et al.,
2002, §7) and bilinear models (e.g. Douc et al., 2014, §3.4).
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Figure 2-4: A comparison of order-1 autoregressive and moving average models.
Here we assume εt ∼ N

(
0, σ2). The definitions are given under the graphical

models (note the negative coefficient in the MA model), and both models result
in a Gaussian joint distribution over sequences. For large t, these approach the
stationary distribution, where the covariance over consecutive observations is given.
The inverse covariance (precision) is also shown to highlight the relationship between
the models. Note that the precision for the MA(1) model is not exact due to the
first and last entries on the diagonal of the covariance. For an exact inverse, see
Hu and O’Connell (1996).
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for all t. We see that each yt is a linear combination of all previous {εj : j ≤ t}. Since the
coefficients of each noise term grow geometrically with t, we must employ the constraint
that |a1| ≤ 1 in order to avoid the process ‘blowing up’. If the inequality holds strictly,
the sum in Equation (2.16) converges for t → ∞ to some stationary distribution. For
such coefficients, the impact of any impulses or ‘shocks’ observed in the data will decay
geometrically over time. See e.g. Box et al. (2008) §3.2 for the conditions on general AR(p)
processes.

2.2.2.2 Moving average models

Moving average (MA) models employ a different but equally simple relationship. The
MA(q) model is defined as:

yt = εt +
q∑
j=1

cjεt−j , εt ∼ WN (0, σ2) (2.17)

for all t, see Figure 2-4 for a graphical model. Here the observations are a linear function
of the q most recent noise variates. Unlike an AR model, the impact of impulses are
bounded in time, for instance in the MA(1) process, Cov(yt, yt−2) = 0. For this reason,
there need be no restriction on the parameters {cj}qj=1.

2.2.2.3 ARMA models

Figure 2-4 provides a side-by-side comparison of order-1 AR and MA models. When t is
large enough, the distribution implied by both models is a stationary zero-mean Gaussian
process (assuming Gaussian white noise). As shown in Figure 2-4, the MA(1) model
naturally parameterises the covariance, and the AR(1) model similarly parameterises the
inverse covariance (precision). This correspondence is formalised in the well-known duality
between AR and MA processes: a (weakly) stationary AR(p) process may be expressed as
an MA(∞) process, and an MA(q) process may be expressed as an AR(∞) process5 (see
e.g. Box et al., 2008, §3.3.5).

For a parsimonious model, one may wish to combine both representations, which is known
as an ARMA model. The ARMA(p, q) model can be written for all t:

yt −
p∑
j=1

ajyt−j = εt −
q∑
j=1

cjεt−j , εt ∼ WN (0, σ2). (2.18)

Generalisations beyond white noise processes for {εt} are possible, as in footnote 4 (page
15), but we will not consider such models further in this thesis.

5The MA process must be invertible, see Box et al. (2008), §3.1.3.
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2.2.2.4 Vector AR models

The AR model can be readily extended to vector-valued observations yt ∈ Rny . A vector
autoregressive (VAR) model of order 1 is defined as:

yt = Ayt−1 + εt, (2.19)

t = 1, . . . , T for some matrix A ∈ Rny×ny and noise process {εt}. It is convenient to
assume that εt

iid∼ N (0, Ω). The parameter A must be chosen carefully (as for the AR
model) to avoid a geometric explosion in ‖yt‖2 over time. Rewriting the VAR(1) model
in terms of the noise process gives yt =

∑t
j=1A

t−jεj , and the expected 2-norm of the
observation yt can be bounded as follows:

E ‖yt‖2 ≤ E
t∑

j=1
‖A‖t−j2 ‖εj‖2 (triangle inequality) (2.20)

=
t∑

j=1
‖A‖t−j2 E

(
εTj εj

)1/2
(2.21)

≤ Tr(Ω)1/2
t∑

j=1
‖A‖t−j2 . (Jensen’s inequality) (2.22)

Here, ‖ · ‖2 is the induced 2-norm (i.e. the largest singular value), and hence Equation
(2.20) follows by definition and use of the triangle inequality. Geometric growth of the
yt can thus be avoided by constraining the spectral radius of A to be bounded by unity.
Such models will be denoted as ‘stable’.6

An additional ‘control input’ or ‘exogenous’ variable ut ∈ Rnu may often be available
alongside each yt. A VARX model (a VAR model with eXogenous inputs) incorporates
these as follows:

yt = Ayt−1 +But + εt, εt ∼ N (0, Ω) , (2.23)

for some matrix B ∈ Rnu×ny . An order-p VARX model will generally include p autore-
gressive matrices A1, . . . , Ap as well as p regression matrices Bj , j = 1, . . . , p for lagged
inputs ut−1, . . . ,ut−p.

2.2.2.5 Connection between VAR(1) and AR(p) models

Any AR(p) model may be represented by a VAR(1) model with y ∈ Rp. The AR(p) model
may be written:

yt+1 =
〈

(a1, a2, . . . , ap), (yt, yt−1, . . . , yt−p+1)
〉

+ εt. (2.24)

6These models are Lyapunov stable in expectation (cf. e.g. Aström and Murray, 2010, §4.3).
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Define an augmented observation vector yt as follows to yield a VAR(1) model:

yt+1

yt

yt−1
...

yt−p+2


︸ ︷︷ ︸

yt+1

=



a1 a2 . . . ap−1 ap

1 0 . . . 0 0
0 1 . . . 0 0
...

...
. . .

...
...

0 0 . . . 1 0


︸ ︷︷ ︸

A



yt

yt−1

yt−2
...

yt−p+1


︸ ︷︷ ︸

yt

+



εt

0
0
...
0


︸ ︷︷ ︸
εt

, (2.25)

with a degenerate Ω. Thus a VAR(1) model in Rp is a more expressive model than an
AR(p) model. This idea can also be applied to writing a VAR(p) model in Rny as a VAR(1)
model in Rny×p.

2.2.2.6 What does a sample from a VAR process look like?

Let us consider the qualitative features of data generated from a VAR model. Consider
first the noiseless case with Ω→ 0 which starts from a known y0 6= 0. Let {λi} and {vi}
be the eigenvalues and eigenvectors of A, and y0 =

∑ny
i=1 bivi. Then:

yt = At y0 =
ny∑
i=1

biA
t vi =

ny∑
i=1

bi λ
t
i vi. (2.26)

Assuming a stable VAR process, the spectral radius of A is bounded by 1, and so |λi| ≤ 1
for all i. We can categorise the action of A on y0 in the subspaces spanned by each vi
according to their eigenvalue λi:

• λi ∈ {−1,+1}. bi is unchanged over time (λi = 1) or oscillates with period t = 2
about the origin (λi = −1).

• λi ∈ (−1, 1). |bi| shrinks geometrically over time, and if λ < 0, oscillates about the
origin with period t = 2.

• λi ∈ C \ R. In this case there will exist a corresponding complex conjugate, say
λi+1. The components {bi, bi+1} will decay geometrically and rotate with constant
angular velocity arctan(Im(λi)/Re(λi)) about the origin of the subspace spanned by
vi, vi+1.

Hence for an initial shock, yt will follow a linear combination of various geometric decay
and damped harmonic functions. See Figure 2-5a for examples. Since VAR(p) models may
be rewritten as (larger) VAR(1) models, higher order models differ only in the number of
components; the qualitative action of A remains the same.

As the noise covariance Ω increases, the sequence will appear more complex, but these
qualitative phenomena are still present in expectation, and hence in the autocorrelation
function. See Figure 2-5b for samples from stochastic VAR(1) models. A VARX model
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(a) Deterministic VAR(1)

(b) Stochastic VAR(1)

Figure 2-5: Example samples from different VAR(1) processes with ny = 4, each
dimension plotted in a different colour. Each column in (a) and (b) has the same
parameters and initial conditions.

introduces what might be called ‘supervised disturbances’, wt(ut) := But + εt, which
follow the same dynamics as the VAR process. Hence the functional relationship to the
inputs can also be described by geometric decay and damped harmonic oscillation.

2.2.2.7 Connection between VAR models and ODEs

Deterministic VARX models are the discrete time analog of forced linear ordinary differ-
ential equations (ODEs). Consider the following order-1 multivariate ODE:

dy
dt = Ãy(t) + B̃u(t) (2.27)

with parameters Ã ∈ Rny×ny and B̃ ∈ Rnx×nu . Recall that order-p differential equations
may also be written in this form, see e.g. Gelb (1974, §3.1). Suppose that u(t) is a
piecewise constant function with changepoints in the set T = {∆t, t ∈ Z} and values
{. . . ,u−1,u0,u1, . . .}. Equation (2.27) may be discretised to T via:

yt+1 = Ayt +B ut, (2.28)

A := eÃ∆, (2.29)

B :=
(∫ ∆

0
eÃs ds

)
B̃ = Ã−1

(
eÃ∆ − I

)
B̃, (2.30)

where eÃ∆ is a matrix exponential (see Aström and Murray, 2010, §5.3 for more details).
Hence a (forced) linear ODE can be approximated in discrete time by a VARX(1) model.
As we have seen, the expected samples of VAR(1) models mirror those of linear ODE
solutions (see e.g. Strogatz, 2018, §5). An equivalent identification can be made in the
stochastic case (Särkkä and Solin, 2019, §6). For more details on stochastic differential
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Figure 2-6: Graphical model of a linear dynamical system: observed variables
shaded purple.

equations and their relationship to Gaussian time series models, see Särkkä and Solin
(2019) and Rasmussen and Williams (2006, appendix B).

2.2.3 Linear dynamical systems

We now move to a different philosophy of modelling, which involves a state space approach.
A ‘state’, xt ∈ Rnx , is a time-varying unobserved quantity which, from a predictive per-
spective, functions as an approximately sufficient statistic of the past. From a generative
perspective, the latent state defines the true dynamic process, which is observed only in-
directly via yt. In this section we introduce the linear dynamical system (LDS), leaving
examples of nonlinear systems to Section 2.2.4.

The LDS is well-known for having early application during the Apollo missions. For
navigation, the crucial quantities of position and velocity of the spacecraft (the ‘state’)
could not be observed, but orientation, acceleration, and relative position of the stars were
available. These quantities could be resolved into an estimate of position and velocity via
an LDS, which became a critical part of the navigation system.7 LDS models are now
used in a wide variety of domains: they are useful as general purpose time series models,
which provide interpretable states, and which allow embedding of domain knowledge. In
this section, we introduce LDSs, their relationship to ARMA models, and inference of
their latent state.

2.2.3.1 Definition

The latent states xt ∈ Rnx in an LDS evolve according to VARX(1) dynamics, observed
indirectly by yt via a noisy linear transformation. As in the previous section, we assume
Gaussian noise, yielding:

xt = Axt−1 +B ut + b + vt, vt ∼ N (0, R) , (2.31)

yt = C xt +D ut + d + wt, wt ∼ N (0, S) . (2.32)
7While this problem is not linear, early work used linearisation, for which LDS assumptions then applied.

For further details of this application see e.g. McGee and Schmidt (1985); Hoag (1969); Murtagh (1967).
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for all t. Where control inputs ut ∈ Rnu are available, they can enter the LDS both within
the latent VARX(1) process and as a regression within the emission equation. See Figure
2-6 for a graphical model. One may also interpret the LDS as a dynamic factor analysis
model (cf. Section 2.1.2) where the latent variable is now correlated in time (e.g. Roweis
and Ghahramani, 1999). This model is again jointly Gaussian in {yt} due to the linear
Gaussian relationships.

2.2.3.2 Stability and identifiability

Since the system equation (Equation 2.31) is a VARX(1) process, we require the same
stability requirement as in Section 2.2.2.4, namely that the spectral radius of A is bounded
by unity. In some cases, learning the model from data will rule out an unstable matrix,
but it is often useful to enforce the constraint, see e.g. Siddiqi et al. (2008).

The LDS is also non-identifiable up to an arbitrary invertible matrix. The latent space
used to define xt may be squashed and/or rotated arbitrarily, since these (linear) opera-
tions may be undone by the emission matrix, C. Specifically, for any invertible matrix
G, the distribution over the observations y1:T is invariant to the following parameter
transformations:

A← G−1AG, B ← G−1B, b← G−1b, R← G−1RG−T, (2.33)

C ← CG, D ← D, d← d, S ← S. (2.34)

We provide a proof in appendix A.2.1 for completeness. This unfortunately complicates
the issue of interpreting the parameters and states of learned LDS models, and impedes
comparisons between models.

2.2.3.3 Equivalence of LDS and ARMA models

It can be shown that for any ARMA model there is an equivalent LDS and vice versa.
This might be expected since the LDS defines a Gaussian distribution over the {yt} and
ARMA models are dense in Gaussian processes (see e.g. Brockwell et al., 1991, §13.4).
The LDS approach is hence not more expressive in principle than ARMA models, but is
often more parsimonious and interpretable in practice. We provide some brief intuition
of the formal equivalence below; for ease of exposition, we assume that the LDS has no
control inputs, and x0 = 0.

To show that an ARMA(p, q) model can be written as an LDS, we begin with the repre-
sentation of an AR(p) model represented as a VAR(1) model (Section 2.2.2.5). Following
Hamilton (1994, §13.1) we extend this construction with the emission matrix:

yt =
[
1 c1 c2 . . . cr

]
︸ ︷︷ ︸

CARMA

xt, (2.35)
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with r = min(p, q + 1). This is equivalent to an ARMA(p, q) model where the MA model
has parameters {c1, . . . , cr}, some of which may be zero (proof in appendix A.2.2). This
is easily extended to vector-valued ARMA models.

On the other hand, any LDS can be written in the form of a MA(∞) model. From (2.31),
(2.32), we can write the observations purely in terms of the noise processes:

yt = wt +
t∑
i=1

CAt−ivi (2.36)

=
[
0ny×nx Iny

]
εt +

t∑
i=1

CAt−i
[
Inx 0nx×ny

]
εi (2.37)

where εt :=
[
vT
t wT

t

]T
, which is the form of an MA(∞) model. When ‖A‖2 � 1, this can

be well approximated by a finite order MA model. See Gilbert (1993), Hamilton (1994,
§13.5), for a formal proof and further discussion.

2.2.3.4 Inference

To perform inference over xt, we can use the well-known Kalman filter (Kalman, 1960).
For predictive tasks, the crucial quantity is the filtering distribution p(xt |y1:t) which
summarises our belief state over xt for the observations up to time t. Since the joint
distribution over (x1:T ,y1:T ) for an LDS is Gaussian, this distribution is also Gaussian
and available via recursive computation. We recapitulate the derivation in appendix A.2.3,
but a summary of the algorithm is given below, following Särkkä (2013). For convenience,
we assume that no inputs are available. More details can be found e.g. in Barber (2012,
§24.4), and a general presentation including extensions can be found in Särkkä (2013).

Kalman Filter The filtering distribution may be computed using the well-known re-
cursion introduced by Kalman (1960). The filter is usually initialised from the prior
distribution over x1, and the filtering distribution for each time t,

p(xt |y1:t) = N (mt, Pt) , (2.38)

is calculated recursively via the below calculations:

m−t = Amt−1,

P−t = APt−1A
T +R.

Kt = P−t C
T(CP−t CT + S)−1.

mt = m−t +Kt(yt − Cm−t ),

Pt = P−t −KtCP
−
t .
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Figure 2-7: One-step-ahead prediction of an LDS shown as a deterministic
graphical model. Control inputs are suppressed for clarity.

These updates may be implemented in a variety of other forms for computational and
numerical reasons (see e.g. Durbin and Koopman, 2012, §4.3, §6.3, Barber, 2012, §24.4)
but the underlying idea remains the same.

The Kalman Filter can also be used to calculate the likelihood of an LDS:

p(y1:T ) =
T∏
t=1

p(yt |y1:t−1) (2.39)

where

p(yt |y1:t−1) = N
(
Cm−t , CP−t CT + S

)
. (2.40)

See appendix A.2.3, especially Equation (A.26) for further details.

Rauch-Tung-Striebel (RTS) Smoother One may also be interested in using future
information to obtain greater precision for the latent variable:

p(xt |y1:T ) = N (ms
t , P

s
t ) . (2.41)

This is known as the smoothed distribution, and can be obtained via the backward RTS
recusion (note that one must first perform the forward recursion above):

Gt = PtA
T
[
P−t+1

]−1
,

ms
t = mt +Gt

(
ms
t+1 −m−t+1

)
,

P st = Pt +Gt
(
P st+1 − P−t+1

)
GT
t .

The recursion is initialised from the distribution p(xT |y1:T ) = N
(
ms
T , P

s
T

)
obtained

from the Kalman Filter, and the quantities m−t+1, P
−
t+1 are from the one-step predictive

distributions also from the Kalman Filter (above). For a proof, see Särkkä (2013, §8.2).
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2.2.3.5 Steady state inference

As may be observed from the Kalman equations, the posterior covariance matrices of an
LDS, {Pt}, are independent of the data, and are often known to converge quickly to a
fixed point:

P = (APAT +R)− (APAT +R)CT (C(APAT +R)CT + S)−1C (APAT +R), (2.42)

which we call the steady state of the Kalman filter. This is derived by setting Pt = Pt−1

(see the relevant quantities in Equation 2.38); further discussion can be found in Harvey
(1990, §3.3.3). The Kalman gain (Kt) and ‘smoother gain’ (Gt) depend on time only
through Pt, so these quantities also converge to a fixed point if Pt does. Let us refer to
these steady state quantities as K and G respectively. Pre-calculating P , K and G by
solving Equation (2.42) either by spectral methods (e.g. Laub, 1979) or simple iteration
can allow for dramatic improvement in efficiency of both filtering and smoothing, since it
reduces all necessary calculations in eqs. (2.38, 2.41) to linear operations.

2.2.3.6 Steady state prediction via a deterministic model

Using the above quantities, the one-step likelihood (Equation 2.40) at steady state may
be written in the following simplified form:

mt = Amt−1 +K(yt − CAmt−1) (2.43)

yt+1 |y1:t ∼ N
(
CAmt, C(APAT +R)CT + S

)
. (2.44)

This follows directly from setting Kt ← K and Pt ← P in eqs. (2.38, 2.40). It is notable
that the algorithm for calculating the likelihood of an LDS itself forms a deterministic LDS
(Figure 2-7). Writing eqs. (2.43 - 2.44) as mt = Ãmt−1 + B̃yt and yt+1|yt ∼ N

(
C̃mt, S̃

)
,

and learning the matrices Ã, B̃, C̃, S̃ directly from the data, we see that for every stochastic
LDS model at steady state, there exists an equivalent deterministic LDS with the same
likelihood over y1:T . Hence one may simply learn this deterministic version instead of
the more challenging stochastic variant. This may be seen as an analogy of the ‘teacher
forcing’ criterion used to train recurrent neural networks (see e.g. Goodfellow et al., 2016,
§10.2.1).

This idea has some deficiencies: it is only strictly applicable at steady state, and ignores
any increased uncertainty at the beginning of the sequence. It also fails to incorporate the
state uncertainty for k-step ahead predictions yt+k |y1:t, k > 1. Tasks such as smoothing,
imputation, and anomaly detection are also not immediately possible, and it is arguably
less interpretable. Nevertheless, such a model is mathematically and computationally
much simpler both for learning and inference if it is to be used solely for prediction. It
also permits a variety of extensions, such as more expressive dynamics or emissions, or
hierarchical models of LDSs, which efficient inference would normally preclude.
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Algorithm 1: Expectation Maximisation of a LDS
Result: Optimised parameter θ̂
Inputs: θ(0), niters ;
for n = 1 :niters do

p(x1:T |y1:T , θ
(n−1)) ← RTSSmoother(θ(n−1), y1:T );

θ(n) ← arg maxθ Ep(x1:T |y1:T , θ
(n−1))

∑T
t=1 log p(xt |xt−1; θ) + log p(yt |xt; θ);

end

2.2.3.7 Learning

Learning a LDS usually proceeds via maximum likelihood estimation (MLE), defined as:

θ̂ := arg max
θ

p(y1,y2, . . . ,yT ;θ) = arg max
θ

p(y1;θ)
T∏
t=1

p(yt |y1:t−1;θ), (2.45)

with θ := {A,B,b, R, C,D,d, S}. Each of the one-step conditional distributions on the
RHS can be obtained from the Kalman filter using Equation (A.26), or equivalently Equa-
tion (2.44). However, taking the derivatives of the Kalman filter updates is laborious
and error-prone. It is more common to use expectation maximisation (EM, Dempster
et al., 1977), an alternative optimisation strategy which makes use of the lower bound in
Equation (2.4). The EM algorithm for LDS models proceeds iteratively from an initial
θ(0) following the high-level steps in algorithm 1. The optimal parameters of the inner
optimisation loop can be found in closed form for an LDS, for which details may be found
e.g. in Särkkä (2013) §12.3.

Expectation maximisation is often observed to converge quickly to the vicinity of an
optimum, but slowly thereafter. Second order techniques (e.g. Shumway and Stoffer, 2017,
§6.3) may be preferred if convergence to optima is important, but for machine learning
applications this is rarely required (see e.g. Prechelt, 1998).8 A more serious problem with
EM is convergence to suboptimal local optima, similarly to use of gradient methods. In
order to avoid such local optima, subspace identification methods may be used, which
approximate a global solution via spectral methods (see e.g. Van Overschee and De Moor,
2012).

2.2.4 Recurrent neural networks

Recurrent neural networks (RNNs) are a class of nonlinear state space models with deter-
ministic state. RNNs can respond to data with far greater flexibility than LDS or ARMA
models, but cannot calibrate uncertainty well out-of-the-box. In this section we will in-
troduce basic RNNs, discuss optimisation issues, and present two common architectures:
long short term memory (LSTM) and gated recurrent units (GRUs).

8In a nutshell, the optimisation objective of minimising training error is different to the true objective,
that of minimising generalisation error.
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2.2.4.1 A basic RNN

We begin with one of the simplest architectures of RNNs (Elman, 1990), which can be seen
as a deterministic generalisation of the LDS. The basic RNN is described by the following
dynamics:

xt = f (Axt−1 +But + b) (2.46)

for t = 1, . . . , T , with parameters x0, A,B,b. The vector-valued f is an ‘activation function’
which acts elementwise on its inputs; common choices include an elementwise tanh or
ReLU9. Usually a RNN defined by Equation (2.46) is coupled with an emission model, for
which the most straightforward is a linear transformation of the state, i.e.:

yt = C xt + εt, εt
iid∼ N

(
0, σ2I

)
. (2.47)

In the same way that an LDS can be seen as a dynamic factor analysis, the RNN is
sometimes motivated by augmenting an artificial neural network (e.g. Goodfellow et al.,
2016, §6) with ‘memory’ or ‘state’, i.e. where xt−1 represents the neuron activations after
previous computation. Such a model is surprisingly expressive; with a sufficiently large
state dimension, it is universal, in the sense that it can approximate any function that can
be computed by a Turing machine (e.g. Siegelmann and Sontag, 1991; Hyötyniemi, 1996).

2.2.4.2 Do RNNs need a stochastic state?

While RNNs have a deterministic state, they can approximate a stochastic state via use
of a teacher forcing setup. This is motivated by the decomposition of a joint probabilistic
distribution:

p(y1,y2, . . . ,yT ) = p(y1)
T∏
t=1

p(yt |y1:t−1), (2.48)

where each factor p(yt |y1:t−1) is approximated by the RNN. This approximation requires
only the previous observation yt−1 as an input for each factor; the information from
previous ones can be kept in the hidden state, xt−1. This is a nonlinear version of the
deterministic model of p(yt |y1:t−1) for LDSs at steady state in Section 2.2.3.6. However,
implicitly learning a stochastic model in this way is data intensive, may not be robust to
shifts in the data generating process, and can be difficult to regularise (Chung et al., 2015,
§2.1). Explicitly stochastic versions of RNNs have also been explored, where the dynamics
are subject to a noise process. Practical architectures and learning algorithms have been
proposed, which include variational Bayes approaches (e.g. Fraccaro et al., 2016; Goyal
et al., 2017) or Monte Carlo objectives, with inference performed by sequential Monte

9The rectified linear unit is defined as ReLU(x) := max(x, 0).
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Carlo (SMC, see e.g. Maddison et al., 2017; Naesseth et al., 2018; Le et al., 2018). However,
in many important examples, the implicit stochasticity learned by a deterministic model
appears to be adequate.

2.2.4.3 Optimisation of RNNs

Learning a RNN is generally performed by gradient methods, such as those used for
feedforward neural networks. However, unlike in the feedforward case, backpropagating
gradients does not occur in a fixed-size computational graph, but effectively traverses the
dynamical system in reverse. This is avoided in the LDS via use of EM (information
is propagated backwards via the RTS smoother instead), but this is not possible with
RNNs. The resulting backpropagation through time (BPTT) is notorious for several
reasons. Firstly the gradient signal itself undergoes an autoregressive process backward in
time, and after a number of time-steps may either decay to zero (the ‘vanishing gradient
problem’) or explode (Hochreiter, 1991; Bengio et al., 1994). Hence determining the
optimal step size is challenging. A common related problem is of poor conditioning of the
optimisation landscape of RNNs (e.g. Pascanu et al., 2013).10 Thirdly, the length of the
dynamical chain is variable, which prohibits certain computational optimisations, and the
memory needed to store the intermediate computation for a backward pass grows linearly
with time. With T = 100 timesteps (for example), a RNN requires the same computation
per gradient-update as a 100-layer neural network.

There have been various proposals to alleviate these problems; we can only provide a review
of some highlights here. Williams and Peng (1990) propose truncated BPTT (TBPTT),
where the gradient signal is truncated after some pre-specified window of time-steps to
reduce the computation and memory burden for large T . Pascanu et al. (2013) demon-
strate that the highly nonlinear nature of the RNN loss surface can benefit from ‘gradient
clipping’, where the gradient is projected onto a L2 ball with some pre-specified radius.
Martens and Sutskever (2011) propose an optimisation method which can incorporate
second-order information without explicitly calculating the Hessian. Sutskever et al. (2013)
demonstrate that one can achieve similar results to Martens and Sutskever (2011) by use
of momentum and careful initialisation, avoiding the need for second-order information.

The initialisation of RNN parameters is a crucial choice for effective optimisation. Sutskever
et al. (2013), following the Echo State Network of Jaeger and Haas (2004) suggested ini-
tialising the transition matrix A to have a sparse initialisation with a spectral radius of
1.1. They also required a hyperparameter for the scale of the input matrix B. In the
case of feedforward neural networks, Glorot and Bengio (2010); He et al. (2015) proposed
initialising weights from a distribution designed to ensure the variance of the activations
(and gradients) remained unchanged during the forward (resp. backward) pass. These
ideas have been applied (without modification) to RNNs and appear to be the current

10i.e. some of the Hessians evaluated during the optimisation trajectory are poorly conditioned.
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de facto standard. Layer normalisation (Ba et al., 2016) may also be performed, which
standardises the activations within each layer at runtime, reducing the need for careful
initialisation.

We now introduce two important model architectures that are easier to optimise by de-
sign. It is often easier to modify an optimisation problem than improve an optimisation
algorithm (cf. preconditioning, see Nocedal and Wright, 2006, §5.1), and this is especially
crucial for neural architectures, as argued in Goodfellow et al. (2016), §8.7.5.

2.2.4.4 Long Short-Term Memory (LSTM) networks

LSTM networks were introduced in Hochreiter and Schmidhuber (1997), motivated by
avoiding the vanishing/exploding gradient problem described above. Learning long-range
dependencies with RNNs was deemed difficult at the time, for which this problem ap-
peared fundamental. The key feature of this architecture was the so-called Constant
Error Carousel (CEC) which simply copied the state from the previous timestep, thereby
ensuring a unit norm gradient which would neither decay nor explode. Hochreiter and
Schmidhuber showed that very few other choices of architecture could satisfy this require-
ment. However, since the state could no longer ‘forget’ information, the input weights
were responsible both for passing through critical information and blocking irrelevant in-
formation. Due to the apparent difficulties of learning such weights (and related difficulties
with the output transformation), Hochreiter and Schmidhuber introduced input and out-
put ‘gates’, which provided an additional mechanism to block information flow. Together
with the ‘forget’ gate introduced by Gers et al. (2000), the modern LSTM cell can be
described by the following equations:

git = f
(
W iot−1 +Biut + bi

)
(input gate) (2.49)

got = f (W oot−1 +Bout + bo) (output gate) (2.50)

gft = f
(
W f ot−1 +Bfut + bf

)
(forget gate) (2.51)

xt = gft � xt−1 + git � tanh (W sot−1 +Bsut + bs) (state update) (2.52)

ot = got � tanh(xt) (output) (2.53)

where we assume yt = ot + εt for some εt ∼ N
(
0, σ2

)
. The parameters are {W i,W o,

W f ,W s, Bi, Bo, Bf , Bs, bi,bo, bf ,bs} and the gates use an elementwise logistic sig-
moid f . A visualisation is provided in Figure 2-8a. There are many variations upon this
basic definition including different choices of gates and different quantities used in their
calculation. For a fairly comprehensive survey, see Greff et al. (2016).

LSTMs are known to substantially outperform basic RNNs on many sequential tasks, such
as speech recognition (Graves et al., 2013) and machine translation (Sutskever et al., 2014;
Bahdanau et al., 2015). While the LSTM was motivated by avoiding the autoregressive
challenges with gradient flow, its impressive performance may in part be explained by the
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Figure 2-8: Schematic of LSTM and GRU cells. Gates are highlighted in blue,
with their multiplicative action marked by the

⊗
symbol. The aim is to highlight

the relationship to a standard dynamical system; transformations are not shown to
reduce clutter.

gates, allowing multiplicative relationships between inputs, outputs and state which are
unavailable in basic RNNs (cf. Jayakumar et al., 2020). We will encounter an example in
Chapter 5 with short-term relationships which performs better with a gated architecture;
and Martens and Sutskever (2011) found that with appropriate optimisation methods,
basic RNNs could achieve similar (or improved) performance to LSTMs on tasks with
long-term dependencies.

2.2.4.5 Gated Recurrent Units

Another popular recurrent cell is the GRU, developed by Cho et al. (2014), which has
only two gates. This simpler model retains an analogy to the CEC of the LSTM, whereby
information (and gradients) can be retained in principle over long time intervals. The
GRU is defined by the following equations:

grt = f (Arxt−1 +Brut + br) (reset gate) (2.54)

gst = f (Asxt−1 +Bsut + bs) (update gate) (2.55)

x̂t = tanh
(
Ax(grt � xt−1) +Bxut + bx) (new state proposal) (2.56)

xt = (1− gst )� xt−1 + gst � x̂t (state update) (2.57)

where f is an elementwise logistic sigmoid. See Figure 2-8b for a visualisation. This model
has fewer parameters than the LSTM, but often enjoys similar or better performance to an
LSTM (see e.g. Chung et al., 2014). The LSTM and GRU share the idea of a CEC paired
with a forget gate, which appears to be a powerful combination (van der Westhuizen and
Lasenby, 2018). Nevertheless, the GRU is fundamentally different to the LSTM, and was
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derived from a different motivation.11 Crucially, the GRU couples the input and forget
gates via convex combination, and allows the new state proposal (Equation 2.56) to ‘forget’
some of the current state. To the best of our knowledge, there is no principled reason for
choosing one architecture over the other, both appear to have advantages for different
datasets, however the GRU is sometimes preferred due to its lower parameter count.

2.2.5 A note on continuous time models

The aim of the section above is to provide an overview of discrete-time models where the
index set T ⊂ Z. An extensive presentation of continuous-time models i.e. where T ⊂ R
is also possible, but out of scope for this thesis. The choice of continuous- vs discrete-time
can divide opinion into camps. In principle continuous-time models dominate discrete-time
models in terms of generality, since the former can be immediately applied to irregularly
sampled time series while the latter cannot. However, continuous-time models can suffer
from increased complexity of their derivation and/or implementation, and often an in-
crease in computational complexity. This can limit their applicability in practice, if not in
principle. It is also possible to coerce discrete-time models to apply to irregularly sampled
time series by increasing the model’s effective sampling frequency, handling missing values
appropriately, and/or using nonparametric or semiparametric interpolation methods (e.g.
Shukla and Marlin, 2019; Li and Marlin, 2016).

A classic approach to continuous-time modelling is via Gaussian processes (see e.g. Ras-
mussen and Williams, 2006, and especially Appendix B on Gaussian Markov Processes).
Some relevant work in this area which pertains to the contributions of this thesis is given
in Section 3.7. Gaussian processes have previously been considered problematic for longer
time series due to a complexity of O(|T |3) for vanilla implementations. We will simply
note that more efficient methods are possible (see Liu et al., 2020, for a recent review),
especially for time series models (Hartikainen and Särkkä, 2010). Furthermore, flexible
‘neural‘ models for continuous time series data have also been proposed recently (Chen
et al., 2018; Rubanova et al., 2019), including architectures which embed physical priors
(Greydanus et al., 2019; Cranmer et al., 2020), which can be useful for modelling physical
time series data.

11GRUs were apparently developed fairly independently of LSTMs (Cho, 2015, §4.2.3). They are
motivated by considering the read and write access patterns from/to a CPU cache. Whereas a basic RNN
CPU ‘reads’ and ‘writes’ to the entire memory, xt, at each time t, a CPU typically reads and writes from
a sparse subset of memory locations, motivating the use of gated updates.
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p(u) U p(y|u) Y Paradigm

3 3 3 3 single task
3 3 7 · multi-output task
7 3 · · homogeneous feature MTL
7 3 3 3 – covariate shift tasks
7 3 7 3 – domain adaptative tasks
7 7 · · heterogeneous feature MTL

Table 2.1: A classification of MTL according to which quantities are shared between
tasks. From left-to-right, (3) indicates sharing of p(u) (input distribution), U
(input domain), p(y|u) (output conditional distribution), Y (output domain);
an orange dot (·) indicates that the quantity can be shared or unshared. Two
well-known special cases of homogeneous feature MTL are shown below it; other
cases are possible. This table draws from multiple sources (Zhang and Yang, 2017;
Sugiyama and Kawanabe, 2012; Redko et al., 2019).

2.3 Multi-task learning

Machine learning is commonly engaged with a single learning task. In the context of super-
vised learning (which is our focus in this thesis), a task T is a set of input-output pairs12

(u,y) ∈ U × Y with density ptrue(u,y) for which the goal is to learn an approximation
to the conditional density ptrue(y |u). Where data are not plentiful, the mapping U → Y
can be severely underdetermined, and the learned model generalises poorly. Multi-task
learning (MTL) seeks to share information between multiple tasks, {Ti}Ni=1, and thereby
improve the model estimates for each Ti. MTL can thus allow learning of a more complex
model than each task’s data can reliably support.

There are a variety of MTL setups under various different names, and not every set of tasks
is considered to result in MTL. Table 2.1 provides an overview of some cases, including
‘covariate shift’ and ‘domain adaptive’ types (Sugiyama and Kawanabe, 2012; Redko et al.,
2019, §2).13 Our focus will be on the ‘homogeneous feature’ class of MTL, where the
support of the inputs, U , is the same across all tasks. The complement of this class,
‘heterogeneous feature MTL’ (Zhang and Yang, 2017) is more challenging and is less well
studied. We will also focus this survey on iid problems; one of our core contributions is to
extend a general form of MTL to time-structured problems.

In the below, we provide an introduction to MTL (Section 2.3.1) along with some common
approaches (Section 2.3.2). We note that this is a vast area of machine learning; for a
more thorough review, see the survey paper by Zhang and Yang (2017). Due to the
proliferation of related paradigms, we provide a clarification of the relationship of MTL
to transfer learning, meta learning and random effects models (among others) in Section
2.3.3.

12It is conventional to use x for the input variable in supervised learning; we follow the convention from
the time series literature where x is reserved for the latent state, and u is used for control inputs. For
similar reasons we will use the index set t = 1, . . . , T for the datapoints.

13We borrow this terminology from transfer learning, more on which in Section 2.3.3.
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Figure 2-9: Graphical model of MTL for conditionally iid data. Each task for
i = 1, . . . , N is represented in blue, where θ(i) governs the task relationship.

2.3.1 Introduction

Intelligence in the natural world is marked by its ability to learn efficiently from a series
of tasks (see e.g. Kemp et al., 2007). In contrast, most applications of ML are in a
tabula rasa setting, where relationships are learned from scratch from a potentially large
set of hypotheses. Finding those hypotheses that generalise well usually requires a large
amount of data, resulting in a high sample complexity for each task. In order to avoid this
requirement, one may specify an inductive bias, H, a probability measure which specifies
a priori more likely hypotheses (Mitchell, 1991; Baxter, 2000). An example of a useful
inductive bias for image classification might be to remove all hypotheses which are not
functions of predefined features such as Gabor filters, face detectors, wheel detectors etc.

Multi-task learning seeks to learn an inductive bias, H, by finding one which performs well
for all tasks in a training set. We are usually interested in learning a H which improves
the generalisation error of the training tasks, as well as novel tasks. However, without
constraints, such a procedure may simply return the union of the single task models. The
key question is how to define the search space for H; what are the admissable inductive
biases? We will provide a number of common answers in Section 2.3.2.

Our presentation will follow a probabilistic approach where each task Ti is defined by a
likelihood p(y |u; θ(i)), parameterised by θ(i) ∈ Θ. MTL is then defined as learning a
density over Θ from the tasks {Ti}Ni=1, resulting in an inductive bias that improves the
average performance of the tasks. This is a hierarchical model (see Figure 2-9) defined by:

θ(i) ∼ p(θ ; φ) (2.58)

y(i)
t ∼ p(y |u(i)

t ; θ(i)), t = 1, . . . , T (i), (2.59)

for some prior density p(θ ; φ) parameterised by φ, and T (i) is the number of observations.
This model may be learned via MAP optimisation (with point estimates for {θ(i)}) or
in a fully Bayesian manner. This description is easily extended to generative models by
specification of some parametric distribution p(u(i)

t ;θ) common to all i. If a vector of
task-specific attributes is available for each task (known variously as ‘task descriptors’,
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Figure 2-10: Implicit prior structure of various MTL models as graphical models.
MT parameters are generated probabilistically, possibly via a continuous latent
variable z ∈ Rnz and a discrete random variable s ∈ {1, . . . ,K}.

‘metadata’, or ‘side information’), these can be used to augment the task parameters, see
e.g. Bonilla et al. (2008).

2.3.2 Common approaches

While we have suggested an abstract formulation of MTL above, it remains to consider:
(i) what classes of prior p(θ ; φ) may be appropriate; (ii) which collections of tasks may
be improved by MTL. We will treat each point in turn in the below. Our treatment here
is applicable to all types of MTL in Table 2.1; further specialisations may be possible in
individual cases.

2.3.2.1 Types of inductive bias

In many cases, each task has some task-specific parameters, tuned without reference to the
other tasks. Partitioning the parameter space into task-specific and multi-task parameters
yields Θ = Θtask × ΘMT, where the inductive bias is limited to θMT ∈ ΘMT. In principle
a wide variety of choices of p(θMT; φ) may be used (see the survey paper by Zhang and
Yang, 2017). However, there are a few common choices in practice:

(a) Learning shared representations across tasks. This approach is often applied in deep
models (often called a ‘multi-head’ architecture), where the θMT are the parameters
of the lower layer(s), fixed to some θ0 across tasks (Caruana, 1993). (This is similar
to use of pre-trained nets such as VGG or Inception for image classification.) We
may interpret this model probabilistically by giving the MT parameters θMT the
hard ‘shared’ prior of Figure 2-10(a).

(b) Shrinking parameter estimates towards a common value θ0. It is common to use θ0 =
0 and a sparsity inducing distribution (e.g. Laplace) to perform feature selection
(Argyriou et al., 2007). This is a softer version of the above approach, see Figure
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2-10(b). A wide variety of penalties (or prior distributions) may be used here, see
§2.1, Zhang and Yang (2017) for more details.

(c) Learning a low rank structure over the task parameters (Ando and Zhang, 2005).
This approach assumes that the {θMT

(i)}Ni=1 can be found in a common low-dimensional
subspace (see Figure 2-10(c)). This approach has the alternative dual interpretation
of finding a low-dimensional feature subspace common to all models.

(d) Clustering the tasks via the parameters (Bakker and Heskes, 2003), see Figure 2-
10(d). This approach partitions the tasks, and only borrows strength across tasks
which appear to be similar. One may use either hard-clustering (as in K-means) or
soft clustering (as in a Gaussian mixture model). Where the number of clusters is
not known, one may use a nonparametric approach such as in Xue et al. (2007).

More generally we may use any latent variable model in parameter space, such as the
nonlinear VAE described in Section 2.1.3. Furthermore, we may use various approaches in
combination since they have complementary properties. The ‘shared representation’ prior
is used to find a common (possibly large and possibly nonlinear) feature space, which can
be used for all tasks. The ‘subspace’ prior restricts to a low-dimensional subspace of this
feature space which forces tasks to use similar combinations of features. The ‘cluster’ prior
provides some automation of selection of similar tasks, grouping relevant tasks together.

2.3.2.2 Which tasks are related?

If tasks are unrelated, a learned inductive bias H will either provide little benefit, or be
overfit to the peculiarities of the given tasks {Ti}Ni=1. Such overfitting can result in negative
transfer between tasks (Pan and Yang, 2010). However, to the best of our knowledge, no
generally accepted definition of ‘related tasks’ is available to aid this choice.14 Tasks are
usually chosen via human intuition; see Caruana (1998), §3, for some heuristics and further
discussion. Examples of related tasks include different image classification problems (e.g.
Lu et al., 2017), predicting treatment success across different hospitals (Caruana, 1998,
§4), or sentiment analysis of different products (e.g. Zhang and Yeung, 2010).

Tasks which intuitively share some aspects of information processing are likely to obtain
some benefit when learned together. However, as tasks become less similar to each other,
it may become more difficult to learn their commonalities; a feature shared by humans (e.g.
Hume and Pazzani, 1996). Furthermore it may be unclear how to partition the parameter
space into Θtask and ΘMT. Since task selection, and choosing the right type of inductive
bias (Section 2.3.2.1) is difficult, it will often be necessary to perform model selection and
hyperparameter tuning to avoid negative transfer and capitalise on task commonalities.
If sufficient computational resource is available, a sensible approach to task selection is

14Attempts to define task relatedness include Ben-David and Schuller (2003) via PAC bounds (who
require existence of a function that can transform one task into another) and Mahmud and Ray (2008) via
compression (using Kolmogorov complexity). A heuristic but easily computable metric is given in Thrun
and O’Sullivan (1996) via calculation of all pairwise task performances.
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to provide a large candidate pool of tasks, and allow such techniques to choose a useful
subset.

2.3.3 Related paradigms

A number of paradigms related to MTL are defined based on availability and importance
given to the different tasks. Below we discuss transfer learning, meta-learning and random-
effects models.

Transfer learning. Whereas MTL is concerned (in principle) with improving perfor-
mance on all the tasks in the training set, transfer learning (TL) is concerned primarily
with future as-yet-unknown tasks; see Pan and Yang (2010) for a useful overview. The
goal is to use the information extracted from the source tasks at training time in order to
learn the target task more efficiently. See Figures 2-11a, 2-11b for a schematic illustration
of this comparison. Special cases include domain adaptation and covariate shift, defined in
Table 2.1. Where strong performance is expected after only a small number of examples
of each class, TL may be called ‘one-shot learning’ or ‘few-shot learning’ (see e.g. Fei-Fei
et al., 2006; Lake et al., 2015).

Models learned by MTL may also be intended for use on unseen tasks (e.g. Xue et al., 2007),
which blurs the line somewhat. We consider a hybrid MTL and TL approach to require
strong performance on both the training tasks and the unseen test task(s) (see Figure
2-11c). Another distinction is lifelong machine learning (Thrun, 1996; Chen and Liu,
2016) which may be seen as a repeated application of TL (Figure 2-11d) where previous
task data cannot be revisited.15 Lifelong learning without ‘catastrophic forgetting’ of
previous information (McCloskey and Cohen, 1989) is an important challenge on the path
to creating intelligent agents.

15This is sometimes also known as continual learning, usually (not always) in the context of reinforcement
learning.
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Meta learning. Meta-learning, or learning to learn (e.g. Schmidhuber, 1987; Bengio
et al., 1992) is a field pertaining to models that can ‘improve themselves’ which has recently
seen renewed interest. In contrast to standard MTL and TL approaches, meta-learning em-
phasises learning the entire process of model learning, including the optimiser.16 However,
due to the well-known problem of induction (Mitchell, 1991), statistical efficiency must be
gained through extracting knowledge from the training set, and despite some philosoph-
ical differences, meta-learning and transfer learning appear to be practically equivalent.
Indeed, if we are to take the definition of ‘learning to learn’ in Thrun and Pratt (1998)
seriously, it is equivalent to TL, or a hybrid MTL / TL paradigm. With that said, fram-
ing the problem with a different narrative appears to have resulted in some significant
advances (e.g. Santoro et al., 2016; Vinyals et al., 2016; Ravi and Larochelle, 2017; Finn
et al., 2017).

Mixed effects models. Mixed effects (ME) models (which can be traced back at least
to Fisher, 1919) allow different experimental units, such as people or organisations, to use
related but distinct models. (It is assumed that each unit produces multiple observations.)
These models share the same architecture, but some parameters are considered latent, spe-
cific to each unit, known as random effects. The other parameters are shared and known
as fixed effects; a mixed effect model has both kinds of effect. Clearly when each unit
corresponds to a task, mixed effects models are a form of MTL. This is equivalent to the
‘shrinkage’ approach discussed in 2.3.2.1, where θMT has the prior of Figure 2-10(b). How-
ever, due to their frequentist interpretation, ME models integrate out the latent variable,
attributing it to ‘nuisance variation’ rather than considering it of direct interest (see e.g.
Pinheiro and Bates, 2000, §1.1). Furthermore, due in part to the requirement of deriving
various statistical quantities for parameters (such as confidence intervals and hypothesis
tests), ME models tend to have a fairly simple structure. It is relatively uncommon to
find complex base models or random effects with non-Gaussian distributions.

Most importantly, the goal is not to learn an inductive bias over parameters, but to induce
a task-aware covariance structure between observations, in order to estimate underlying
parameters better. To the best of our knowledge, gaining statistical strength across tasks
by use of correlation, low rank structure or nonlinear dependency between latent variables
does not feature much, if at all in the ME literature. Hence for the purposes of MTL,
ME models appear in practice to be limited. The difference is mostly one of philosophy
and intention, however. ME models may also be interpreted in a Bayesian manner (see
e.g. Gelman and Hill, 2007) as hierarchical models, and hence may be readily extended to
more powerful MTL models.

16Note that ‘meta-learning’ is sometimes (but less frequently) used to refer to architecture optimisation
and other hyper-parameter prediction (e.g. Vanschoren, 2018).



CHAPTER 3

Multi-Task Dynamical Systems

Perhaps the most important class of time series models today are dynamical systems (in-
troduced in Chapter 2), which encompass a wide variety of models. Applications may
be found in domains as diverse as physical modelling (Linderman et al., 2017), activity
monitoring (Nweke et al., 2018), drug response (White et al., 2008), system failure logs
(Zhang et al., 2016), public transport demand forecasting (Toqué et al., 2016), motion cap-
ture (Martinez et al., 2017), retail sales data (Rangapuram et al., 2018), automatic speech
recognition (ASR, Chiu et al., 2018), and natural language processing (NLP, Wu et al.,
2016). Since such time series data can arise from various sources (such as different people,
systems, locations or organisations), each dataset often comprises a variety of sequences
with different characteristics. For instance, motion capture data might include different
styles of walking, and healthcare data might exhibit a variety of personalised responses to
the same drug. These characteristic differences often require different dynamics, which a
single dynamical system is unable to provide – at least explicitly.

The goal of this thesis is to allow dynamical systems to take advantage of this inter-
sequence variation, enabling ‘personalisation’ or ‘customisation’ of models in a given con-
text. The present chapter introduces our proposed approach: the multi-task dynamical
system (MTDS), together with the central methodological details. Section 3.1 provides an
introduction to the model, and Section 3.2 examines two special cases (the multi-task LDS,
and multi-task RNN). Section 3.3 provides further motivation for the MTDS, discussing a
variety of ways it may be used. Section 3.4 provides methods to learn the model and Sec-
tion 3.5 discusses task inference and proposes an efficient approach. Section 3.6 discusses
some adaptations to the learning procedure that we have found helpful in learning these
models. Finally, Section 3.7 closes with a discussion of related work.

38
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Figure 3-1: Comparison of approaches for modelling multiple sequences. (a)
single task approach, where each sequence is learned separately; (b) the multi-task
dynamical system; (c) the pooled approach.

3.1 The Multi-Task Dynamical System (MTDS)

There are two common approaches1 to modelling this inter-sequence variation: the most
flexible option is to train an individual model per sequence (as per the graphical model in
Figure 3-1a). An individual model can in principle capture these features, but suffers from
overfitting and fails to exploit the regularities between the sequences in the training set.
More commonly, the different sequences are pooled together to train a single dynamical
system, despite the inter-sequence variation (a one-size-fits-all approach, Figure 3-1c).
This may fail to capture the idiosyncratic features at all; a simple model such as a linear
dynamical system (LDS) will learn only an average effect.

In contrast to these approaches, we aim to learn a family of dynamical systems that is
consistent with the sequences in the training set. Each training sequence is given a bespoke
model from the ‘sequence family’, but this family exploits the regularities observed across
all sequences, which will often substantially reduce overfitting. We achieve this via use of
a set of hierarchical latent variables, similar to the approach used in multi-task learning
for iid models, now with each sequence treated as a task. We hence call this approach the
multi-task dynamical system (MTDS). The MTDS learns a low dimensional manifold in
parameter space, indexed by a latent code z ∈ Z, which corresponds to the specialisation
of each sequence model. See Figure 3-1b for a graphical model.

The choice of a low dimensional manifold enables the MTDS to determine directions in
parameter space with respect to which the parameters θ ∈ Θ need not change, sharing
strength across sequences. This avoids considering directions in Θ which result in unlikely
or uncharacteristic predictions, as well as ignoring so-called ‘sloppy directions’ (Transtrum
et al., 2011), which can add great complexity to inference, with little benefit in terms of
fit or generalisation. But it can also find the key direction(s) of variability in Θ between
training sequences. As a simple example, consider sequences generated from the family

1We address more sophisticated approaches in the related work in Section 3.7.



Chapter 3. Multi-Task Dynamical Systems 40

of dth order linear ODEs. Such sequences may vary in terms of oscillation frequencies,
magnitude, half life to an input impulse, etc. As discussed in Section 2.2.2.7, this sequence
family may be approximated by a LDS, but while the ODE has d+1 degrees of freedom,
the LDS has O(d2). An MTDS approach can learn the relevant d+1 degrees of freedom
of the LDS in Θ simply by training on example sequences, as well as learning the relative
probabilities of each configuration (for an example of this, see Chapter 4).

Unlike previous efforts to customise time series models, our MTDS construction allows
application to general classes of dynamical systems. This is available due to our choice of
learning an arbitrary manifold over all the model parameters (both system and emission),
rather than being constrained to pre-determined parameter sets (see related work, Section
3.7). This allows the MTDS to model variability in observation space (such as magnitude
or offset), as well as different responses to inputs, different sensitivity to initial conditions,
and differences in dynamic evolution. The MTDS can thus be applied to classical ARMA
models, state space models, and modern recurrent neural networks (RNNs).

The MTDS provides user visibility of the task specialisation, as well as the ability to control
it directly if desired via use of the hierarchical latent variable, z. This stands in contrast
to a RNN approach, which also has the flexibility to model inter-sequence variation, but
does so in an implicit and opaque ‘black-box’ manner. This prohibits interpretability
and end-user control, but also can suffer from mode drift where the personalisation erro-
neously changes over time. For example, in Ghosh et al. (2017) a RNN generates a mocap
sequence which performs an unprompted transition from walking to drinking. Our con-
tributions with respect to such end-user control will be explored further in the empirical
work, especially in Chapter 5.

The following material will define and develop the necessary technical aspects for learning
and inference of such a model. Discussion of the practical uses of the MTDS is given in
Section 3.3 in advance of demonstrating its benefits in our experimental work in Chapters
4 - 6.

3.1.1 Model definition

Consider a collection of input-output sequences D =
{

(u(i)
1:Ti , y(i)

1:Ti )
}N
i=1

consisting of
inputs and outputs respectively, where Ti is the length of sequence i. Each sequence i
is described by a different dynamical system, whose parameter θ(i) ∈ Θ depends on the
hierarchical latent variable z(i) ∈ Z. See Figure 3-1b for a graphical model, where the
state variables are denoted xt ∈ X , t = 1, . . . , T . The MTDS is defined by the equations:

θ(i) = hφ(z(i)), z(i) ∼ p(z) (3.1)

x(i)
t ∼ p(x | x(i)

t−1, u(i)
t , θ

(i)), (3.2)

y(i)
t ∼ p(y | x(i)

t , u(i)
t , θ

(i)), (3.3)
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for t = 1, . . . , Ti for each i = 1, . . . , N . (Unless otherwise specified, we assume x0 := 0,
but other choices are possible). In this thesis we further assume Z = Rk which the vector-
valued function hφ(·) transforms to conformable model parameters θ ∈ Rd. By restricting
the parameter manifold to k � d dimensions, eqs. (3.1-3.3) result in a multi-task model
rather than simply a hierarchical model.

In order to complete the specification of the MTDS model we must specify three key
quantities:

1. The base model (eqs. 3.2-3.3), such as a LDS or RNN.

2. The dimensions of θ that depend on the latent variable z (for example, one might
choose the emissions (Equation 3.3) to be constant wrt. z, or to modulate only the
offset/bias terms of eqs. (3.2) and (3.3) wrt. z).

3. The choice of prior p(θ), that is, the choice of distribution p(z) and transformation
hφ.

The choice of quantities (1) and (2) will be problem-specific (we give examples in Section
3.2), but the choice of prior (3) can be discussed in a more general context.

3.1.1.1 Choice of prior

A general purpose choice for the prior over θ is a nonlinear factor analysis model, described
by:

θ = hφ(z), p(z) = N (0, I) , (3.4)

where hφ is some deterministic function, such as a multilayer perceptron (MLP), (cf.
Kingma and Welling, 2014; Rezende et al., 2014). This permits the parameter density to
be non-Gaussian (via use of hφ) and/or lie on a nonlinear manifold. Other choices are
possible, but this choice can make use of a vast literature, and a variety of implementations
and generalisations. (Clearly if conjugate distributions (see e.g. Bernardo and Smith, 2009,
§5.2) are available for a given time series model, a conjugate prior may be a better choice.)

Unlike the standard usage of such architectures (VAEs, Section 2.1.3), the dimension d of
the output space Θ = Rd, corresponding to the system and emission parameters, may be
very large, e.g.O(106) for RNNs. The parameter φ will therefore be even larger; in the case
of an affine hφ, the parameter will have (k+1)×d dimensions, and for an MLP, φ could
be orders of magnitude larger even than this. Practical choices of prior will restrict the
final layer of such an MLP to be relatively small, reducing the flexibility of this nonlinear
approach. Nevertheless, use of an MLP may still be advantageous since, for example:

(i) The MLP can result in non-Gaussian densities in parameter space, even if the re-
sulting manifold is approximately linear.
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(ii) A linear space of recurrent model parameters can yield highly non-linear changes
even to simple dynamical systems via bifurcation (see e.g. Strogatz, 2018, §8). We
speculate it might be advantageous to curve the manifold to avoid such phenomena.

(iii) More expressive choices may help utilisation of the latent space (see e.g. Chen et al.,
2017).

Nonetheless, it may often be reasonable to use a linear factor analysis model (i.e. hφ
is affine) when θ is large. Empirically we have observed higher marginal likelihoods for
smaller state space models when using a nonlinear manifold (see Section 4.2.2), but affine
and nonlinear manifolds may work equally well for larger RNN models (see Section 5.1.2.1).
We note finally that when the number of tasks is fairly small, a Gaussian Process Latent
Variable Model (GPLVM, Lawrence, 2005) may also be appropriate.

3.2 Examples

In order to make the framework described more concrete, we present two general choices of
the base model and their dependence on z: a multi task linear dynamical system (MT-LDS)
and a multi-task RNN (MT-RNN). In order to reduce the notational clutter, dependence
on z is indicated with a subscript (e.g. Az := A(z)).

3.2.1 Multi-task linear dynamical systems (MT-LDS)

We first show how the linear dynamical system (LDS), introduced in Section 2.2.3, may
be extended to learn a family of sequence models via a multi-task construction. While
powerful, LDS models are unable to perform much in the way of customisation to inter-
sequence variation; the multi-task LDS (MT-LDS) offers far greater flexibility. For a given
z, a MT-LDS can be described by:

xt = Azxt−1 +Bzut + bz + wt, (3.5)

yt = Czxt +Dzut + dz + εt, (3.6)

for wt ∼ N (0, Rz) , εt ∼ N (0, Sz), with θz = {Az, Bz,bz, Cz, Dz,dz, Rz, Sz} = hφ(z).
The parameterisation of θz must satisfy the constraints of positive definite Rz and Sz and
usually a stable Az (i.e. ‖Az‖2 ≤ 1) for all z. We discuss parameterisations of each of
the matrices A, B, R, S below. We will make use of the fact that the same model over
the observations can be achieved with different configurations of A,B,b, C,Q (i.e. LDS
models are overparameterised, see Section 2.2.3.2).
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Parameterisation of A. For the vast majority of applications, we require that the
matrix A satisfies the stability constraint:

‖A‖2 ≤ 1, (3.7)

(see Section 2.2.2.4). However, for sequences with medium/long-term dependencies, we
require ‖A‖2 ≈ 1, and hence Az is likely to violate the stability constraint for some z.
This is an example of a bifurcation (Strogatz, 2018, §8), where a small change in the
parameters can yield a qualitatively different behaviour of a system. Since Equation (3.7)
must be satisfied for all z, we cannot rely on projection methods, such as Siddiqi et al.
(2008) to enforce the constraint. For univariate autoregressive time series models, one
may consider a partial autocorrelation parameterisation and constrain the parameters
within the interval [−1, 1]. We instead choose a general parameterisation that respects
the constraint by construction.

Equation (3.7) is equivalent to ensuring that the singular values of A lie within the unit
hypercube (since singular values are non-negative). Consider the singular value decom-
position (SVD), A = UΣVT. Instead of learning A, we can learn each of these factors,
learning two orthogonal matrices U and V , and enforcing the constraint on Σ using an
elementwise nonlinearity. The orthogonal matrices can be parameterised in a number of
ways (see e.g. Khuri et al., 1989). A straight-forward choice is the Cayley transform. If Q
is an orthogonal matrix that does not have the eigenvalue -1, then it may be written in
Cayley’s form:

Q = (I − S)(I + S)−1, (3.8)

where S is skew-symmetric (Khuri et al., 1989). In order to permit negative eigenvalues,
we can pre-multiply each orthogonal matrix by a diagonal matrix E with elements in
{−1,+1}. We then have A = UEUΣEV V

T, with two such diagonal matrices EU , EV

corresponding to the two orthogonal matrices, and these may be absorbed into Σ. In our
implementation we have used Σ = diag{tanh (υ)} for some vector υ, which constrains the
diagonal elements within [−1, 1] as required. As a final point of implementation, we have
found it necessary to reduce the scale of the inputs to the Cayley transformation relative
to the other parameters, otherwise learning can become unstable. See appendix A.3.1 for
further discussion of the Cayley transformation and other learning-related issues.

However, a further simplification is possible. Due to the degeneracy of the LDS, we may
transform any set of LDS parameters with an arbitrary invertible G, without affecting
the distribution over y1:T (see Section 2.2.3.2, eqs. 2.33, 2.34). Under the transformation
A← G−1AG,2 choosing G = U , i.e. the left singular values of A, we have:

A = U−1UΣVTU = ΣVTU =: ΣQ (3.9)
2The parameters B, b, R, and C are also affected by the transformation, but it is not relevant here.
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for some orthogonal matrix Q. This follows from the closure of the orthogonal group
under multiplication, which is easily verified. This can be performed without loss of
generality; application of G = U corresponds merely to a change of basis; the effect on
the other parameters in the LDS (Section 2.2.3.2) can be safely ignored. It thus suffices to
parameterise A by a diagonal matrix with entries in [−1, 1] and only a single orthogonal
matrix Q.

The parameterisation A = ΣQ results in only nx(nx + 1)/2 degrees of freedom; less than
the n2

x of the original A in Equation (3.5). This is in fact a desirable result: the standard
LDS is highly overparameterised (see appendix A.2.1). Reducing the parameter count
helps inference and parameter identification, while retaining straight-forward optimisation.
This is not merely a mathematical convenience. Preliminary experiments parameterising
A = UΣVT (i.e. with two orthogonal matrices) demonstrated slower and at times highly
unstable optimisation.

Parameterisation of B. Consider changing the basis of the system equation by G =
κ−1I (again via eqs. 2.33, 2.34). Due to the similarity transform applied to A, the overall
scale of the latent system, κ, is independent of the choice of A. This is a further degeneracy
that we wish to avoid; a hierarchical model may otherwise waste statistical strength and
computation on learning equivalent representations. One solution is to fix the scale of B.3

A straight-forward approach, which appears to work in practice, is to upper bound the
magnitude of each element of B. Let B̃ be the relevant elements of θ, arranged in a con-
formable nx×nu matrix. We might, for example, choose the transformation B = tanh(B̃)
where tanh acts element-wise. This does not entirely remove the scale degeneracy, but we
have found it to work well in practice. A direct fixed-norm approach appears more difficult
to optimise. If a sparse B is desired, one may wish to use an over-parameterisation, using
two matrices B̃1, B̃2, with B = σ(B̃1) ◦ tanh(B̃2), where ◦ is element-wise multiplication,
and σ a logistic sigmoid. This is motivated by the fact that the gradient of tanh is greatest
at 0, and hence the former parameterisation is unlikely to result in a sparse representation.

Parameterisation of R, S. The covariance matrices R, S must be in the positive def-
inite cone. Where a diagonal covariance will suffice, any parameterisation for enforcing
positivity can be used, such as exponentiation, squaring or softplus. A number of param-
eterisations are available for full covariance matrices (see Pinheiro and Bates, 1996). A
simple choice is to use a product of ‘square root’ matrices, R = LLT, e.g. where L is a
lower triangular Cholseky factor. As before, it is useful to enforce uniqueness, which can
be done by ensuring the diagonal is positive.

Further implementation details can be found in appendix A.2.2.
3One may instead fix the scale of C or Q, although the latter may require more work to achieve.
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Figure 3-2: Interpolating between two sequences (red/blue) along the sequence
manifold learned by an MTDS. Data are for illustrative purposes only.

3.2.2 Multi-task recurrent neural network (MT-RNN)

The dynamics of a basic multi-task RNN (MT-RNN) are described by:

xt+1 = tanh (Azxt +Bzut + bz), (3.10)

yt = Czxt +Dzut + dz + εt, (3.11)

where εt ∼ N (0, Sz) . We use an affine emission model for simplicity (extensions are
straight-forward), resulting in θz = {Az, Bz,bz, Cz, Dz,dz, Sz} = hφ(z). Due to the
nonlinearity of an RNN, enforcing stability of Az is not required (see e.g. Miller and
Hardt, 2019, §4.4) and empirically, learning appears to be more straight-forward than an
MT-LDS. Where long-term dependencies are present, bounding the spectral radius may
be important (see e.g. Pascanu et al., 2013), in which case use of orthogonal matrices, as
in the MT-LDS, may be appropriate. (cf. Helfrich et al., 2018).

RNNs are observed to utilise different regions of the state for different dynamic regimes,
depending on the context. Sussillo and Barak (2013) demonstrate an RNN trained on a
simple 3-bit memory task learns 8 fixed points corresponding to each of the 23 possible
memory states, with saddle points functioning as junctions, directing a state xt towards
the appropriate fixed point. Changing the offset term b can then result in bifurcations in
behaviour, resulting in a ‘jump’ to a different fixed point. Hence smooth variation of the
bias parameter may result in ‘jumps’ between the dynamic regimes. If we wish to ensure
a smooth interpolation between dynamics, it can be useful to make the bias constant wrt.
z (see also Section 5.1.2.1).

3.3 Some uses of the MTDS

A trained MTDS model can be used in many ways depending on the context. While mo-
tivated by providing customisation to individual sequences, the hierarchical construction
confers other benefits too. Chapters 4-6 provide detailed investigations into some of these
aspects, but we collect a number of possible uses here for motivation and reference.
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Figure 3-3: Improving predictive accuracy as more data are seen. Top panel shows
observation space, with samples from the predictive posterior (shown in blue) and
ground truth (shown in orange); bottom panel shows the input. Observed data are
marked by the shaded area. Data are for illustrative purposes only.

Customised dynamical system modelling This was the original motivation for the
MTDS. We may learn individualised sequence parameters for each sequence in the training
set, even when the sequences are short. This allows an improved model fit and predic-
tive accuracy even for AR or simple state space models (which may be important for
interpretability, especially for use in scientific contexts).

Improved data efficiency When applied to a flexible time series model on limited data,
the MTDS can often result in improved performance. Conditioned on an input sequence,
the MTDS learns a low dimensional manifold embedded in sequence space. See Figure
3-2 for an example of travelling along the manifold between two sequences. Optimising
the marginal likelihood encourages such interpolations to lie close to the training set, and
hence provides an important regularisation effect, favouring a simpler hypothesis class.
Training individual models via MLE will generally not favour simple hypotheses, and the
usual regularisation strategies (such as penalising the L2 norm of the parameters) may
reduce performance generally, and capacity to learn long-term relationships in particular.
As well as calibrating the regularisation more carefully, the MTDS also supports the use
of Bayesian inference over z at test time to reduce the effect of overfitting.4

Unsupervised adaptation to novel tasks When predictions are required for a never-
before-seen task, we can infer its parameters online. The prediction defaults to using the
prior p(z) where no data are available, but we can update the model whenever new data
become available. See Figure 3-3 for an illustration of how this can work. Suppose we

4Bayesian inference over the parameters of any time series model is always possible in principle, but a
sensible prior may not be available, and it can be highly impractical for complex models. See Section 4.3.2
for a failure case in the context of LDS models.
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Figure 3-4: Visualisation of latent embedding of damped harmonic oscillation
data using MTDS, coloured by the true frequency.

have seen observations y1:t up to time t, and a control sequence u1:T . Then:

p(yt+1:T |u1:T , y1:t) =
∫
p(yt+1:T |u1:T , θ) p(θ |y1:t, u1:t) dθ (3.12)

=
∫
p(yt+1:T |u1:T , hφ(z)) p(z |y1:t, u1:t) dz (3.13)

≈ 1
M

M∑
m=1

p(yt+1:T |u1:T , hφ(zm)), (3.14)

for zm ∼ p(z |y1:t, u1:t). The approximated predictive posterior (Equation 3.14) should
result in improved predictions as t increases. If the MTDS model has learned the appropri-
ate degrees of freedom, and the time series is stationary, this procedure should concentrate
on the true model for large t. To this end, we demonstrate in Section 4.2.2 that with suf-
ficient data, the correct degrees of freedom can indeed be learned by the MTDS. Even if
the MTDS does not learn all the required degrees of freedom, the inductive bias for θ will
often result in much better performance on novel sequences than a tabula rasa model due
to data efficiency, even though the latter might be consistent. See Section 4.2.2 for an
example. As always, we must keep in mind the bias-variance trade-off.

Improved predictive uncertainty The integral
∫
p(y1:T |u1:T , hφ(z)) p(z) dz induces

a long term correlation structure across y1:T (see e.g. Figure 3-3). A simple pooled state
space model (SSM) must account for any such correlation within localised noise variables,
and hence may achieve a lower likelihood than an MTDS. Since the MTDS thereby reduces
the amount of variance explained by the state, the variance of the predictive posterior will
be reduced compared to a standard SSM as p(z |y1:t, u1:t) becomes more concentrated. In
some circumstances, the uncertainty from standard SSM predictions can quickly become
vacuous, and unlike the MTDS, observing more data will not reduce this substantially, if
at all.

Anomaly detection Substantial deviations from expected trajectories of a SSM may
be tolerated due to larger system or emission variances learned by a pooled approach. By
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Figure 3-5: (a) Adjusting the prediction of a double pendulum bob by use of
latent z. Prediction begins at green dot; a variety of predictions from different z
(changed after ‘vary z’) are shown in different colours. (b) Co-ordinate-wise view
of the previous panel over time.

learning a customised model, anomalies may be identified faster or more reliably. The
MTDS does not generally admit a closed form for this likelihood, but a relatively efficient
estimate can be made using an importance sampling method (we suppress inputs for
simplicity):

p(y1:T ) =
∫
p(y1:T , z) dz =

∫
p(z)

q(z |y1:T ) p(y1:T | z) q(z |y1:T ) dz (3.15)

≈ 1
M

M∑
m=1

wm∑M
j=1wj

p(y1:T | zm) (3.16)

where q(z |y1:T ) is the (approximate) posterior, zm ∼ q(z |y1:T ) and wm ∝ p(zm)
p(y1:T , zm) are

the (un-normalised) importance weights.

Visualisation / dimensionality reduction Each sequence in a dataset is represented
by its task code z ∈ Rk, which can be useful for visualisation, especially if k ∈ {2, 3}.
Note that this visualisation does not require the sequences be of the same length, unlike
many alternatives. This can be a useful way of summarising the variability in the dataset,
discovering structure within the dataset and relationships between the sequences. See
Figure 3-4 for an example for sequences generated by a damped harmonic oscillator (see
Chapter 4). Here, a trained MTDS has successfully learned that frequency and decay rate
are the major axes of inter-sequence variation for this dataset.

Controllable predictions An MTDS model may be considered an (infinite) ensemble
of time series models which are consistent with the training set, and the choice of model
is controlled by the latent z. This in turn can be used to control the trajectory of the
predictions. Further, since the model learns the relevant degrees of freedom in parameter
space, implausible predictions can largely be avoided.

In the case that predictions are highly uncertain (the posterior over z has high variance), it
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may be helpful to adjust the latent code to visualise different scenarios and select a more
plausible point forecast than the mean, e.g. via use of prior knowledge. Alternatively,
models used for artistic purposes may be adapted freely by an artist. For example, Figure
3-5 shows the trajectory of a bob of a double pendulum. Unlike a standard sequence model,
the user can control this trajectory – the figure shows a variety of available trajectories
starting from the point marked ‘vary z’. The learned manifold can further be useful for
morphing such predictions over time via a continuously and continually changing value of
z.

3.4 Model learning

An MTDS can be learned according to a variety of objectives; our focus in this thesis will
be the marginal likelihood, introduced in Section 3.4.1. Since this is intractable, Sections
3.4.2 and 3.4.3 provide two options for approximating the optimisation objective.

3.4.1 Objective

The parameters φ of an MTDS can be learned from a dataset D := {Y (i), U (i)}Ni=1, defining
Y := y1:T , U := u1:T to reduce the notational burden. We can learn the parameters via
maximum marginal likelihood:

φ∗ = arg max
φ

N∑
i=1

log p(Y (i) |U (i),φ), (3.17)

where

log p(Y |U,φ) = log
∫
Z
p(Y |U,hφ(z)) p(z) dz. (3.18)

The first term in this integrand,

p(Y |U,hφ(z)) =
∫
XT

p(Y |X,U,hφ(z)) p(X|U,hφ(z)) dX, (3.19)

is generally intractable for stochastic dynamics (with notable exceptions of discrete and
linear-Gaussian models). A common approach is to use a variational evidence lower bound
(ELBO) see e.g. Goyal et al. (2017); Miladinović et al. (2019) or a Monte Carlo objective
(MCO) e.g. Maddison et al. (2017); Le et al. (2018); Naesseth et al. (2018). We assume
that a low variance estimate is possible using existing techniques, and refer the reader to
the references for further details. More simply, the use of deterministic state models (as
in this thesis, see discussion in Section 3.6.3) avoids the integral in Equation (3.19).

We then turn to the integral in Equation (3.18). Generally, this also cannot be computed
in closed form, and must be approximated. In the following sections we describe two
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practical approaches. Firstly a variational approach optimising the ELBO, which bene-
fits from recent work and the widespread usage of VAE-like architectures (Section 2.1.3).
Secondly, we describe a MCO approach which we believe to be somewhat novel; while
it is generally slower, it can form an arbitrarily tight bound and appears to be better at
avoiding poor local minima. We note finally that other approaches could be used, such
as a MAP approximation of Equation (3.18), or a Monte Carlo EM approach (McLachlan
and Krishnan, 2007, §6), using e.g. HMC for the posterior approximation at each iteration.

3.4.2 Variational approach

We may bound log p(Y |U,φ) for an individual sequence using the ELBO (derived in
Section 2.1.1). Note that we may be using a stochastic estimate of the ELBO (where only
a stochastic estimate of log p(Y |U,hφ(z)) is available). The ELBO is:

L(Y,U ;φ,λ) = Eq
λ
(z |Y,U)

[
log p(Y |U,hφ(z))

]
−KL

(
qλ(z |Y, U)

∥∥∥ p(z)
)
, (3.20)

where KL is the Kullback-Leibler divergence and qλ(z |Y, U) is an approximate posterior
for z. The lower bound

∑N
i=1 L(Y (i), U (i);φ,λ) may then be optimised via reparame-

terisation (Kingma and Welling, 2014; Rezende et al., 2014), with minibatches of size
Nbatch < N . We will generally choose qλ(z |Y, U) = N

(
µλ(Y,U), sλ(Y, U)

)
, where µλ,

sλ are inference networks (as e.g. Fabius and van Amersfoort, 2015) or learned directly
as parameters. These variational parameters may of direct interest (e.g. for visualisation),
but may alternatively be an auxiliary artifact to be discarded after optimisation. In all our
experiments, we chose the sλ(Y,U) to be diagonal matrices. If p(Y |U,hφ(z)) is a powerful
base model such as an RNN, the ELBO is well-known to exhibit latent collapse: a higher
value of the ELBO can be achieved if the model is able to avoid using the latent z (e.g.
Chen et al., 2017). In order to avoid this, we used a form of KL annealing (Bowman et al.,
2016).

3.4.3 Monte Carlo objective

Monte Carlo objectives (MCOs, Mnih and Rezende, 2016) construct a lower bound for
marginal likelihoods via a transformation of an appropriate Monte Carlo estimator. Our
MCO approach considers the logarithmic transformation of the approximation:

p(Y ) = 1
M

M∑
m=1

Ep(zm)
[
p(Y | zm)

]
(3.21)

≈ 1
M

M∑
m=1

p(Y | zm) for zm ∼ p(z), (3.22)
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m = 1, . . . ,M , which uses M replicas {zm}Mm=1. Then:

log p(Y ) = logEp(z1:M )

 1
M

M∑
m=1

p(Y | zm)

 (3.23)

≥ Ep(z1:M )

log 1
M

M∑
m=1

p(Y | zm)

 =: LMCO (3.24)

where p(z1:M ) := p(z1)...p(zM ). The tightness of the bound can be increased by increasing
the number of replicas M (Burda et al., 2016), and an unbiased estimate of LMCO can be
made by sampling from p(z1:M ).

Assuming p(z) is parameter-free (perhaps via re-parameterisation), we can easily calcu-
late the gradient (if not, see Mnih and Rezende, 2016). By exchanging integration and
differentiation, the gradient is:

∇φLMCO =
∫
· · ·
∫
Z
∇φ log

 1
M

M∑
m=1

p(Y | zm)

 p(z1:M ) dz1:M (3.25)

= Ep(z1:M )

[
∇φ

∑M
m=1 p(Y | zm)∑M

m=1 p(Y | zm)

]
(3.26)

= Ep(z1:M )

[∑M
m=1 p(Y | zm)∇φ log p(Y | zm)∑M

m′=1 p(Y | zm′)

]
(3.27)

= Ep(z1:M )

 M∑
m=1

w̃m∇φ log p(Y | zm)

 , (3.28)

with the equivalent of ‘self-normalised importance weights’:

w̃m := p(Y | zm)∑M
m′=1 p(Y | zm′)

(3.29)

for each of the M replicas. An unbiased estimate of the gradient in Equation (3.28) can
be calculated by drawing a small number of samples from each p(zm); in our experiments,
a single sample for each replica worked sufficiently well.

Note that Equation (3.28) is an importance sampled version of the Fisher identity (see
e.g. Douc et al., 2014, §D.2):

∇ log p(Y ) =
∫
p(z | Y ) ∇ log p(Y, z) dz. (3.30)

This follows from our assumption that p(z) is parameter free. The Fisher identity can be
derived (for instance) via use of similar arguments to EM (McLachlan and Krishnan, 2007,
§3.4), and was the original motivation for our approach here. The use of self-normalised
weights as in Equation (3.29) accounts for why Equation (3.30) is the gradient of the log
likelihood, and Equation (3.28) is the gradient of a lower bound.
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Algorithm 2: Importance Sampled Optimisation for Uncontrolled MTDS
Result: Optimised parameter φ̂
Inputs: {Y (n)}Ni=1,φ,M,Mrsmp,nepochs, optimiser;
for epoch = 1:nepochs do

for minibatch S in {1, . . . , N} do
// calculate posterior samples;
zm

Sobol∼ p(z), m = 1, . . . ,M ;
// calculate importance weights (Equation 3.29);
W ← construct_weights

(
log p(Y = · | hφ(·)), {zm}Mm=1, {Y (n)}i∈S

)
;

// compute gradient;
g← 0;
for i in S do

for _ in {1, . . . ,Mrsmp} do
j ∼ Categorical

(
W(i)

)
;

g + = ∇φ log p(Y (i) | hφ(zj));
end

end
Optimise(optimiser, φ, 1

Mrsmp
g);

end
end

The approximation of Equation (3.24) via Monte Carlo might be expected to suffer from
high variance due to the fact that the prior is usually a poor proposal for the poste-
rior.5 Nevertheless, it should not be a poor proposal for the aggregate posterior, i.e.
1
N

∑N
i=1 p(z |Y (i)). One should expect the divergence between the prior and aggregate

posterior (i.e. KL
(

1
N

∑N
i=1 p(z |Y (i))

∥∥∥ p(z)
)
)) to be small after optimising the marginal

likelihood, provided the model is well-matched to the data. Further details and related
observations can be found e.g. in Hoffman and Johnson (2016); Seth et al. (2019); Tomczak
and Welling (2018).

This suggests an idea in the case that the number of distinct tasks is relatively small
(perhaps for k ≤ 100), and when the likelihood does not contain any exogenous inputs
(i.e. U = ∅). In this case, we can sample M latent variables across a batch of Nb tasks,
and from the above argument, we can expect the prior to be fairly well-matched to the
aggregate posterior 1

Nb

∑Nb
i=1 p(z |Y (i)). The model need only be run forward M times,

since the corresponding Ŷm contain no task-specific inputs {U (i)}Nbi=1 by assumption. The
likelihood for all tasks (Y (i), i = 1, . . . , Nb) can therefore be calculated inexpensively
from the {Ym}Mm=1, and the importance-weighted samples can thus result in a efficient
and relatively low-variance estimate of the gradient. We can further take advantage of
low-discrepancy random variates such as Sobol sequences (e.g. Lemieux, 2009) to reduce
the variance.

5Using the prior as a proposal for the posterior has nonetheless seen successful use in Tang and
Salakhutdinov (2013) and implicitly in Dauphin and Grangier (2016).
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Algorithm 2 provides our implementation of these ideas. Note that when calculating the
gradient, we resample a small numberMrsmp ≤ 5 of particles from the importance weights
(for each task i) to reduce the cost of backpropagation (a similar resampling scheme is
suggested in Burda et al., 2016). We anticipate an objection that the prior may not be
a good proposal for the aggregate posterior during the earlier stages of optimisation –
the above argument holds only close to convergence. However our practical experience
in Chapter 4 suggests that it often converges faster than use of the variational approach
of Section 3.4.2. Importance sampling from the prior may in fact serve as a useful bias
earlier in the optimisation, drawing in posterior distributions which are far from the prior,
and expanding those which are overly concentrated.

In the case where tasks include exogenous inputs (i.e. where each observation Y (i) has
a different input U (i)), running the dynamics forward from a particle zm can no longer
be amortised over all {Y (i)}Nbi=1 since the prediction Ŷ (i) depends on U (i). In this case,
the importance weighted autoencoder (IWAE) of Burda et al. (2016) may be preferred.
Our observation is that Algorithm 2 converges faster than the IWAE6 where no inputs
exist, and often finds better solutions. Unlike the variational qλ, this sampling-based
approach cannot get ‘stuck’ in a local optimum, there are no constraints on the shape of
the posteriors, and there are fewer parameters to learn.

3.5 Inference

A key quantity for prediction is the posterior predictive distribution. For an unseen
test sequence {Y ′, U ′}, the posterior predictive distribution is p(y′t+1:T |y′1:t, u′1:T ) =∫
Z p(y′t+1:T |u′1:T , z) p(z |y′1:t, u′1:t) dz, usually estimated via Monte Carlo. We must there-
fore have access to the posterior over z. When we use variational methods to learn the
model, inference for training examples may be performed using the variational distribu-
tions qλ, but these may not generalise to t > T or to out-of-sample sequences. Furthermore,
such qλ may not be available if using an MCO approach. We turn instead to a more general
method of inference.

Inference of z can be performed by any number of variational or Monte Carlo approaches.
However, given the sequential nature of the model, it is natural to consider exploiting the
posterior at time t for calculating the posterior at time t+1. Bayes’ rule implies an update
of the following form:

p(z |y′1:t+1,u′1:t+1) ∝ p(y′t+1 |y′1:t,u′1:t+1,hφ(z)) p(z |y′1:t,u′1:t), (3.31)

following the conditional independence assumptions of the MTDS. This update (in princi-
ple) incorporates the information learned at time t in an optimal way. We are interested in
inferential methods which can exploit this prior information efficiently. Below we discuss

6Which includes, as a special case, the VAE.
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existing work using both Monte Carlo (MC) and variational inference, before discussing
our preferred approach in Section 3.5.1 using adaptive importance sampling.

Monte Carlo inference A gold standard of inference over z may be the No U-Turn
Sampler (NUTS) of Hoffman and Gelman (2014) (a form of Hamiltonian Monte Carlo),
provided k is not too large and efficiency is not a concern. However, Equation (3.31)
casts doubt on the use of Markov Chain Monte Carlo (MCMC) methods, since it is not
obvious how to incorporate at time t+ 1 the samples of z obtained at time t. Perhaps a
more relevant approach is Sequential Monte Carlo (SMC, e.g. Doucet et al., 2001) which
is designed for use in a sequential context. Unfortunately, naïve use of SMC (particle
filtering) will result in severe particle depletion over time. To see this, let the posterior
after time t be p(z |y′1:t,u′1:t) = 1

M

∑M
m=1wmδ(z − zm). Then the updated posterior at

time t+ 1 will be:

p(z |y′1:t+1,u′1:t+1) ∝ 1
M

M∑
m=1

wmp(y′t+1 |y′1:t,u′t+1,hφ(z))δ(z− zm), (3.32)

⇒ p(z |y′1:t+1,u′1:t+1) = 1
M

M∑
m=1

w̃mδ(z− zm), (3.33)

where w̃m = wmp(y′t+1 |u
′
t+1,hφ(zm))∑M

j=1 wjp(y
′
t+1 |u

′
t+1,hφ(zj))

, simply a re-weighting of existing particles. The

number of particles with significant weights wm will reduce quickly over time. But since
the model is static with respect to z (see Chopin, 2002), there is no dynamic process to
‘jitter’ the {zm} as in a typical particle filter, and hence a resampling step cannot improve
diversity.

Chopin (2002) discusses two related solutions: firstly using ‘rejuvenation steps’ (cf. Gilks
and Berzuini, 2001) which applies a Markov transition kernel to each particle. The down-
side to this approach is the requirement to run until convergence; and the diagnosis thereof,
which can result in substantial extra computation. The second alternative given is to
sample from a ‘fixed’ (or global) proposal distribution (accepting a move with the usual
Metropolis-Hastings probability) for which convergence is more easily monitored. This
introduces a further difficulty, however, of appropriately tuning the proposal distribution.
Neither option appears practical as an efficient inner step for iterations of Equation (3.31).

Variational inference Variational inference (VI) considers a parametric approximation
to the posterior p(z |y1:t, u1:t); variational approaches may not be statistically consistent,
but they can be much faster than MC methods. A well-known approach to problems
with the structure of Equation (3.31) is assumed density filtering (ADF, see e.g. Opper
and Winther, 1998). For each t, ADF performs the Bayesian update and the projects the
posterior into a parametric familyQ. The projection is done with respect to the reverse KL
Divergence, i.e. qt+1 = arg minq∈QKL

(
p(z |y′1:t+1,u′1:t+1)

∥∥∥ q). Intuitively, the projection
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finds an ‘outer approximation’ of the true posterior, avoiding the ‘mode seeking’ behaviour
of the usual forward KL, which is particularly problematic if it attaches to the wrong mode.

Clearly the performance of ADF depends crucially on the choice of Q. Unfortunately,
where Q is expressive enough to capture a good approximation, the optimisation problem
will usually be challenging, typically requiring a stochastic gradient approach, resulting
in an expensive inner loop. Furthermore, when the changes from qt to qt+1 are relatively
small, the gradient signal will be weak, resulting perhaps in misdiagnosed convergence
and hence accumulation of error over increasing t. Some improvements are possible, such
as re-use of stale gradients (Tomasetti et al., 2019) or standard variance reduction tech-
niques. Nevertheless, given the possible inefficiencies of stochastic gradient approaches,
compounded errors, and inaccuracies derived from Q, ADF may be considered unreliable
for general use.

Computational complexity of inference Bayesian updating as in Equation (3.31)
suggests that a constant time update is possible wrt. t (at least at first glance). However,
by explicitly considering the latent state:

p(z |y′1:t+1,u′1:t+1) ∝
∫
p(y′t+1 |xt+1, u′t+1,hφ(z)) p(xt+1 |xt) p(z, xt |y′1:t,u′1:t) dxt+1,

(3.34)

we see that a constant time algorithm will require the inference of the joint posterior
p(z, xt |y′1:t,u′1:t) which may dramatically increase the dimensionality of the inference
problem. MC methods cannot obtain this constant time performance except by reweight-
ing particles as in Equation (3.33), which should be avoided. (Use of MCMC-type methods
would require the calculation of the full joint density up to time t for the acceptance prob-
ability.) In principle, variational methods can still obtain constant time updates, but in
exchange for a more challenging optimisation problem, and (most likely) poorer posterior
approximation. It is also challenging for deterministic state problems since the joint pos-
terior will be highly degenerate in (z,x). In many practical applications, it may be easier
and more efficient to accept the linear time complexity of each update, due to running the
dynamics forward for p(y′t+1 |u′1:t+1,hφ(z)) (and its derivative) for each z. In practice,
sequential incorporation of previous information will perform a kind of annealing (Chopin,
2002) which reduces the difficulty, and hence hopefully the runtime of inference at each
stage.

3.5.1 An adaptive importance sampling approach

Having discussed an overview of the possible options, we can now introduce our proposed
method: a sequential application of adaptive importance sampling (IS). This blends the ad-
vantages of both MC and VI methods by using a parametric posterior approximation qprop
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which is fitted via Monte Carlo methods, specifically, adaptive IS (see below). The para-
metric posterior generates the required diversity in samples without resorting to MCMC
moves, and the use of IS accelerates convergence and avoids the compounded errors of
ADF. The key quantity for IS is the proposal distribution qprop: IS will not perform well
unless qprop is well-matched to the target distribution. Our observation is that the natural
annealing properties of the filtering distributions (Equation 3.31) allow a slow and reliable
adaptation of the proposal distribution. To the best of our knowledge, this is a novel
approach to inference in static sequential problems such as Equation (3.31).

The target distribution (the posterior) can be multimodal and highly non-Gaussian, but
in practice can usually be well approximated by a Gaussian mixture model (GMM). We
have found this to be a good choice for qprop in our experiments. At each time t, the
proposal distribution qprop is improved over NAdaIS iterations using adaptive importance
sampling (AdaIS), described for mixture models in Cappé et al. (2008). We briefly review
the methodology for a target distribution p∗. Let the AdaIS procedure at the nth iteration
fit the proposal:

qnprop(z) :=
J∑
j=1

αnjN
(
z | µnj , Σn

j

)
, (3.35)

with αj ∈ R+ such that
∑J
j=1 αj = 1. For each iteration n, perform:

zm ∼ qn−1
prop, m = 1, . . . ,M (sample) (3.36)

w̃m ∝ p∗(zm)/qn−1
prop(zm), m = 1, . . . ,M (calculate weights) (3.37)

(where q0
prop is the prior). The nth proposal distribution qnprop is then fitted to the resulting

empirical distribution
∑M
m=1 w̃mδ(z − zm), estimating {αnj ,µnj ,Σn

j }Jj=1 via weighted Ex-
pectation Maximisation (see Cappé et al., 2008, for details). We can monitor the effective
sample size (ESS, see Ch. 9, Owen, 2013) every iteration to understand the quality of
qprop, and stop once the ESS has reached a certain threshold Mess, or when n = NAdaIS;
see Algorithm 3.

In our sequential setting, we fit a sequence of proposal distributions q1, q2, . . . , qT , with
each proposal qt being tuned via AdaIS (using up to NAdaIS adaptations), and qt−1 forming
the prior for qt. (We can define q0 := p(θ) for the MTDS.) The method is thus able to
make use of the previous posterior without suffering from accumulated errors, and the
AdaIS updates benefit from the fast initial convergence of the EM algorithm (see e.g.
Xu and Jordan, 1996). The method is a little more challenging in the case where p∗
is intractable, but it can be achieved by integrating ideas from Chopin et al. (2013), for
example. Typically only a small number of AdaIS iterations are required (usually NAdaIS ≤
5 for our problems), rendering the procedure substantially faster than MCMC moves—and
by avoiding stochastic gradients—substantially faster than variational approaches. Finally,
we have found the use of low-discrepancy MC samples such as Sobol sequences helpful in
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Algorithm 3: Filtered inference via Iterated AdaIS.
Result: Approximate posteriors {qt}Tt=1
Inputs: y1:T , u1:T , φ, M, Mess, NAdaIS, J ;
q0 ← p(z);
for t = 1 : T do

ess← 0;
q0

prop ← qt−1;
for n = 1 : NAdaIS do

for m = 1:M do
zm ∼ qn−1

prop;
wm ←

p(y1:t |u1:t,hφ(zm))p(z)
qn−1

prop(zm) ;
end
w̃m ← wm∑M

`=1 w`
, m = 1, . . . ,M ;

qnprop ←WgtExpectationMaximisation
(
{zm}Mm=1, {w̃m}Mm=1, J ; init = qn−1

prop

)
;

ess ← EffectiveSampleSize
(
{w̃m}Mm=1

)
;

if ess > Mess then
break;

end
end
qt ← qnprop

end

reducing sampling variance and further speeding convergence.

Application of adaptive importance sampling in a sequential context is a novel development
as far as we are aware; and it is has proved superior in our experiments (in terms of speed,
accuracy and robustness) to the alternative approaches discussed above. The viability of
this approach is perhaps questionable for larger values of k (we use k ≤ 10), but it is unclear
whether larger latent spaces will be commonplace. Recall that k refers to the degrees of
freedom of the model family rather than the models themselves, which can have many
orders of magnitude more parameters. For relatively small deterministic LDS models, and
k = 4, inference has taken O(100ms) on a standard laptop per posterior qt, and one may
choose to thin the sequence of posteriors to multiples of ω steps (t = ω, 2ω, 3ω) rather
than every step.

We observed in these experiments that posteriors are often multimodal for t ≤ 20 and
sometimes beyond (especially when using the MCO objective), motivating the GMM pa-
rameterisation (for example, see Figure A-6 in the appendix). In these experiments, the
GMM appears to capture the salient characteristics of the target distribution well. The
runtime is usually dominated by the data generating process, so there is little disadvantage
in using a GMM over a simple Gaussian proposal.
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Figure 3-6: Example training sequences for which information about the long
term trajectory will typically be ignored by a standard MTDS approach. The initial
section of each sequence contains a code (highlighted in blue/red) which indicates
the level shift expected after the halfway point (see text). Most base models used
will consider this to be ‘noise’, and fail to adapt the latent z accordingly.

3.6 Some modifications used in practice

A well-known adage in machine learning is that the objective function used during training
should be well tailored to a model’s use at test time. The MTDS may be used for a number
of downstream tasks, some of which are given in Section 3.3. In order to obtain better
task-specific performance, changes in objective function and heuristics may be helpful. In
this section we detail three such modifications that we have found useful in experiments:
discriminative adaptation of the latent z, improving variance estimation via regularisation,
k-step objectives for long term predictions.

3.6.1 Posterior inference using a discriminative approach

We have seen in Section 3.3 that one can use the MTDS for prediction via the predictive
posterior p(yt+1:T |y1:t) =

∫
p(yt+1:T | z) p(z |y1:t) dz (suppressing inputs for simplicity).

Predictions ŷt+1:T are tailored based on the observations so far (y1:t) via use of the gen-
erative model. However, if the model family represented by the MTDS does not contain
the true model, predictions may be arbitrarily poor, even for t→∞. Worse, this may not
be obvious from the fit of the training data.

A demonstration of this is provided in the data in Figure 3-6. The sequences approximately
follow zero mean Gaussian white noise up until t = 100, but then receive an input impulse
(of unit magnitude) which changes the process mean. This new level differs between
sequence instances, and an MT-LDS will model the level change as entirely stochastic via
the latent z. However, the interval t ∈ [1, 100] in fact contains a code which indicates
the level change. The encoding is via short signatures highlighted in Figure 3-6: blue
segments raise the level shift by 0.2 units, and red segments lower the level shift by 0.2
units. Modelling such signatures would require use of a very complex generative model,
and would not substantially improve the model fit over a MT-LDS during training. But in



Chapter 3. Multi-Task Dynamical Systems 59

1.5

1.0

0.5

0.0

0.5

1.0

1.5
Ge

ne
ra

tiv
e

0 50 100 150 200
1.5

1.0

0.5

0.0

0.5

1.0

1.5

Di
sc

rim
in

at
iv

e

0 50 100 150 200 0 50 100 150 200

prediction 95% CI

Figure 3-7: 95% predictive credible interval using generative approach (top) and
discriminative approach (bottom) on an example test sequence. Observed data are
marked by the blue shaded area.

ignoring these minor departures from LDS assumptions, the model will fail to exploit the
information at test time when calculating p(yt+1:T |y1:t). The predictive posterior would
then be entirely agnostic before the level shift occurs.

For the purposes of illustration, we learn an MT-LDS on this data, using the MCO ap-
proach of Section 3.4.3. The predictive posterior of the MT-LDS (using the sequential
AdaIS inference approach, Section 3.5.1) is displayed in the top row of Figure 3-7 after
t = 40, 90, 120 with 95% credible intervals. As expected, no information is gained from ob-
serving the first 90 observations, and the prediction is entirely agnostic. The appropriate
level shift is only captured after it has occurred (top right). But using a discriminative
approach we can do better. In this case, instead of learning a generative model p(y1:T , z)
which is inverted at test time to calculate p(z |y1:t), we choose to learn a distribution
qλ(z |y1:t) on the training set, using a parametric model. See the bottom row of Figure
3-7, where z is inferred by a trained RNN.

How might such a discriminative network be learned? One can consider this to be a
sequence-to-sequence (seq2seq) learning problem with a learnable encoder qλ(z |y1:t) and
fixed decoder p(yt+1:T |y1:t, z), where the latter is learned via the methods in Section 3.4.
However, a naïve implementation will generally result in a collapse of the variance over z.
As an alternative, consider the following objective, justified by the ELBO:

log p(yt+1:T |y1:t) ≥

Eq
λ
(z |y1:t)

[
log p(yt+1:T |y1:t, hφ(z))

]
−KL

(
qλ(z |y1:t)

∥∥∥ p(z |y1:t)
)
. (3.38)

The posterior p(z |y1:t) can be obtained either from the initial MTDS optimisation, or
as a separate inference problem.7 There are two notable distinctions of Equation (3.38)

7The ‘conditional VAE’ of Sohn et al. (2015) learns this posterior, but I believe this to be an unsound
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compared to standard variational objectives. Firstly, only the variational parameters (λ)
are optimised; secondly only the first t observations, y1:t, are used for conditioning qλ.
The objective in Equation (3.38) ostensibly requires learning separate models for each
time step t. One might circumvent this via implementing qλ via a RNN and summing the
criterion of Equation (3.38) over multiple t, and iterating the qλ RNN in each case for
the relevant number of steps. Other approaches include that of Ivanov et al. (2019) which
supports arbitrary conditioning.

In general, generative and discriminative approaches will extract different information.
Where the MTDS has learned the true model, the generative approach is optimal, but
otherwise the discriminative approach has the potential to perform better. However, the
discriminative approach may still perform worse if there are insufficient data to learn the
conditional distribution reliably. We do not advocate for one approach over another in this
thesis – the generative approach is a safer choice since it requires no learning, but possibly
poorer where data are plentiful. We note in closing that this example is quite extreme, and
the examples in Chapters 4 - 6 did not appear to benefit from a discriminative approach.

3.6.2 Learning the emission variance

It is relatively common to use an unweighted mean squared error (MSE) objective when
learning time series models, which implicitly assumes isotropic Gaussian noise for the
emission distribution. This can be reasonable if the observations are standardised prior
to learning (autocorrelations can be modelled by the state when using SSMs). Learning
the magnitude of the variance can then be ignored during learning and calculated post-
hoc. However, for a MTDS, the concentration of the posterior will depend directly on
this variance, and hence so will the latent representation. A model with small variance
may obtain ‘sharper’ reconstructions but poorer interpolation between training sequences;
a high variance model may achieve the opposite. The principled approach is therefore to
learn the variance along with the model parameters.

However, learning the variance introduces its own challenges when the model can obtain a
low variance fit of the observations. This may occur either via overfitting of the sequence,
or in the case that the true emission variance is low. In the extreme case of noiseless
observations, the learned variance may become arbitrarily small, and the reconstruction
term (the first term in the ELBO, Equation 3.20) can become very large, dwarfing the
impact of any prior regularisation (e.g. the second term in the ELBO, Equation 3.20).
The modelling implications of this problem are serious. In this case, the model manifold
can interpolate the observed sequences almost exactly, reducing the posterior covariance
towards zero, and effectively removing the regularisation of the model manifold between
the training sequences. An example of this phenomenon for a VAE learned on 3-D iid
data is shown in Figure 3-8. (Visualising this problem in sequence space is much harder.)

approach, equivalent to introducing a latent variable without a prior, and would therefore suffer from
collapsing variance. Their qualitative results support this.
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(a) (b)

Figure 3-8: Comparison of VAE with 2-D latent space (embedding shown in blue)
fitted on 3-D data (orange). (a) Model fit with correctly specified variance; (b)
model fit with low emission variance. Data are for illustrative purposes only.

A possible remedy is to inflate the emission variance via use of a prior distribution. This
inflates the posteriors, and allows them to cover more of the model manifold, resulting in
greater regularisation. A similar observation is made in (Svénsen, 1998, §3) in the context
of latent variable models for iid data.

3.6.3 Long term prediction

The final modification detailed in this section is not specific to MTDS models, but it is
an important consideration for learning a sequence family. MTDS models may often be
used for sequence generation or long term prediction (Section 3.3) which requires greater
care in choosing the objective function. Perhaps counter-intuitively, the use of maximum
(marginal) likelihood estimation (MLE) can perform much worse than a direct k-step
objective, such as:

θ̂ = arg min
θ∈Θ

T−k∑
t=1

Eptrue(y1:t) KL
(
ptrue(yt+1:t+k |y1:t)

∥∥∥∥ q(yt+1:t+k |y1:t; θ)
)

(3.39)

where ptrue is the true distribution and q(y1:T ; θ) is the model, parameterised by θ. An
extended discussion on this point is provided in Appendix A.7. To be more precise, using
an objective such as Equation (3.39) is likely to be beneficial where the true model is not
contained in the model class {q(y1:T ; θ) : θ ∈ Θ}.

In practice, calculating the likelihood terms q(yt+1:t+k |y1:t; θ) in Equation (3.39) can be
computationally expensive, perhaps requiring Monte Carlo approximation. This can be
circumvented by using deterministic state models. This model class is not as limiting as it
may first appear, as we have discussed in Sections 2.2.3.6 and 2.2.4.2. Deterministic state
models are capable of learning the inference procedure which is hard-coded into stochastic
state models.8 An alternative may be to use locally linear state space models, such as

8This is especially noticeable for RNNs. Results even in the few domains where stochastic RNNs have
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Figure 3-9: Comparison of MTL for an (a) iid model; and (b) dynamical system.

those in Fraccaro et al. (2017); Karl et al. (2017)

3.7 Related work

There are a variety of ideas related to the MTDS across the fields of machine learning
and statistics. This is indicative of the number of circumstances in which such problems
arise. Therefore while we hope to provide a helpful overview of this area, we can make no
claim to an exhaustive summary. We note that there is relatively little which is explicitly
multi-task, and none with the kind of generality we have discussed in this chapter. One of
our core contributions is to extend ideas from MTL (derived from an iid context) to the
time series context (see Figure 3-9). Other uses of latent variables in a RNN context are
discussed in the recent review paper of Girin et al. (2020).

Supervised adaptation Probably the simplest form of MTL for time series is when
side information is available about the sequences (in the form of a label or ‘task descriptor’
per sequence). For RNNs, this is commonly exploited in two ways: the label can be used to
customise the x0 (‘initial state customisation’) or appended to the inputs for each t (‘bias
customisation’), see Goodfellow et al. (2016, §10.2.4). In the former approach, we may
expect that the customisation will be lost for large t, whereas the latter at least ensures
the customisation is not forgotten. However, this ‘bias customisation’ (so-called because
it implicitly provides a customised bias to the dynamics) is limited in its expressiveness,
and regardless, assumes that the available descriptors contain the information needed to
customise the model fully. We show in Chapter 5 an example of where a much richer
description is possible than the labels suggest. We can accommodate labels within the
MTDS in a more expressive way by augmenting the latent variable z.

demonstrated advantage over deterministic models (e.g. speech modelling) have recently been challenged
(Lai et al., 2019).
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Unsupervised bias customisation A number of dynamical models following an un-
supervised ‘bias customisation’ approach have been proposed recently. Miladinović et al.
(2019) and Hsu et al. (2017) propose models where the biases of an LSTM cell depend on
a (hierarchical) latent variable. Yingzhen and Mandt (2018) propose a dynamical system
where the latent dynamics are concatenated with a time-constant latent variable prior to
the emission. In contrast, our MTDS model performs full parameter customisation, both
on the dynamics and emission distributions. Note in particular that bias-customisation is
a highly inflexible strategy for simpler models such as the LDS.

Modulating linear dynamical systems Various approaches modulate the parameters
of linear dynamical systems for the purpose of local linear approximation. This is similar
to the idea of switching models (see e.g. Chang and Athans, 1978; Murphy, 1998; Fox et al.,
2009) which switch over time between parameters from a discrete set. Such models have a
hierarchical structure, like the MTDS, but are far more limited in their customisation and
base model, and are used to capture intra-sequence rather than inter -sequence variation.
Luttinen et al. (2014) propose a local linear model for use in non-stationary environments,
with a latent variable selecting the parameters within the convex hull of a learned set of
basis matrices (sometimes called ‘three-way weights’). Karl et al. (2017) extend this idea
to nonlinear emission models, using inference networks for the latent variables. A different
approach is taken by Rangapuram et al. (2018), who apply linear models in a MTL context,
using an RNN to predict time-varying parameters. However, unlike the previous models
and MTDS, this prediction is supervised, inferring the parameters entirely from the inputs
U .

Adjusting transition weights in nonlinear models In the context of autoregressive
or ‘gated’ Boltzmann machines, Memisevic and Hinton (2007) propose a transition based
on the sum of transition matrices, weighted by a (binary-valued vector) latent variable.
This idea is extended in Memisevic and Hinton (2010) to be a sum of low rank transition
matrices, which substantially lowers the parameter count. Moving closer to the MTDS
framework, Spieckermann et al. (2015) uses a similar idea for the transition matrix of an
RNN, although the latent variable z is a real-valued vector and optimised as a parameter.
The MTDS goes beyond these models by modulating all weights via nonlinear manifolds
in parameter space. Further, we use a theoretically justified probabilistic objective, and
develop its application for a more general class of models.

Clustering via time series dynamics A related idea is to cluster a collection of time
series via their dynamics. This is useful in a variety of circumstances including scientific
discovery, exploratory analysis and model building (we note the MTDS may also be used
for these purposes). Generally such clusters must be learned jointly with the model; post-
hoc analysis of learned parameters is problematic due to non-identifiability (see Section
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2.2.3.2). This can be performed in a number of ways: for instance with each task associated
with a single dimension of a multivariate latent process (e.g. Inoue et al., 2007), different
projections of one of many independent latent processes (e.g. Chiappa and Barber, 2007),
or independent dynamical systems which merely share parameters, similar to the MTDS
(e.g. Lin et al., 2019). A different approach is proposed by Saad and Mansinghka (2018)
who use a nonparametric model with discrete (non-Markov) latent dynamics, where the
latent dynamics are shared within each cluster to gain statistical strength. The latent z
used in the MTDS can be seen as a relaxation of the cluster assumption, which we apply
to more general multivariate models.

x1 x2 x3 . . .
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1 y(1)

2 y(1)
3
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2 y(2)
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Figure 3-10: Multi-task GP following the lin-
ear model of coregionalisation (LMC). Other
configurations of MTGP are possible (see Ál-
varez et al., 2012), but our conclusions remain
the same. A thick horizontal bar represents a
set of fully connected nodes.

Multi-task GPs (MTGPs) Multi-task GPs
(Bonilla et al., 2008) are commonly used for
sequence prediction. Examples include those
in Osborne et al. (2008); Titsias and Lázaro-
Gredilla (2011); Álvarez et al. (2012); Roberts
et al. (2013). MTGPs however can only be lin-
ear combinations of (a small number of) latent
functions (see Figure 3-10). Since the sharing of
information is mediated via the latent process,
an MTGP can only provide different projections
of the same underlying phenomena. Distinct se-
quences (i.e. those that are not co-located in
time or space) cannot obviously benefit from
this approach. In contrast, an MTDS can allow entirely different realisations of the latent
process, with a soft constraint of sharing dynamics. Furthermore, inputs are not easily
integrated into the MTGP and predictions depend critically upon often unknown mean
functions. The MT GP dynamical system of Korkinof and Demiris (2017) mitigates some
of these limitations, but it retains a simple linear combination of latent dynamics with a
Gaussian prior over the combination.

Application to video data Controlling and customising sequence prediction has re-
ceived much attention in the case of video data. As in the MTDS, these approaches can
learn features that are constant (or slowly varying) within a subsequence. Denton and
Birodkar (2017) propose a method to decompose time-varying and static features of a
video by using an adversarial loss. Villegas et al. (2017) also decompose frames into time-
varying and static features, but use architectural constraints to enforce the separation.
Hsieh et al. (2018) extends these approaches by learning a parts-based scene decomposi-
tion, and applying such a latent decomposition to each part. Tulyakov et al. (2018) use
a GAN architecture where z factorises into content and motion components. However,
as before, the dynamic evolution cannot be easily customised with these methods; the



Chapter 3. Multi-Task Dynamical Systems 65

contribution of the MTDS is orthogonal and could be usefully combined with the dynamic
learning in these methods.

Multiplicative RNN architectures When applied to an RNN, the MTDS architec-
ture results in multiplicative interactions between z and the hidden state. Sutskever et al.
(2011) propose a RNN architecture where the inputs ut interact multiplicatively with the
hidden state xt, modulating the transition matrix via tensor factorisation. The ‘Hypernet-
works’ of Ha et al. (2016) ‘predict’ the parameters of networks (including RNNs) using a
further network. Unlike the MTDS, the purpose is primarily to modulate the parameters
over time, which can result in fewer parameters. The prediction is either conditioned on
some function of the inputs xt and the hidden state or some learned embedding z, and
neither paper provides experiments to demonstrate the effectiveness of estimating z in this
way.

Mixed effects and hierarchical models We have already noted the connection be-
tween MTL and mixed effects models in Section 2.3.3. Mixed effects models have been
extended for use in time series models for the purposes of gaining strength over parameters.
However, such models are usually designed in a bespoke way, or use slow MCMC methods
to perform inference. Random effects are often specified in simple ways to avoid mathe-
matical difficulties (e.g. Tsimikas and Ledolter, 1997). Where more general application is
proposed (e.g. Zhou et al., 2013), bespoke and complex learning algorithms are utilised
which do not generalise easily. The Bayesian (‘hierarchical’) version of these models are
also widely used, e.g. in healthcare (Aguilar and West, 1999), ecology (Royle and Dorazio,
2008) and retail (Chapados, 2014), although efficient inference and learning is often chal-
lenging. As discussed in Section 2.3, our philosophy is different: we are looking to exploit
relationships between parameters to facilitate faster adaptation and improved prediction
in an MTL sense. To this end, the MTDS learns a low dimensional manifold over the
parameters; mixed-effects or hierarchical models usually learn a simple Gaussian density
over (a pre-specified subset of) parameter space.



CHAPTER 4

Application to Physical Synthetic Data

Our first investigation with the MTDS aims to demonstrate that we can learn an inductive
bias that is almost indistinguishable from that of the true sequence family. This will
provide evidence that the methodology can also capture unknown sequence families, and
shed light on any difficulties that might be encountered. For this purpose, we consider
data generated by (the sum of) damped harmonic oscillators (DHOs). A DHO models
an oscillating particle losing energy to forces such as heat and friction, a phenomenon
encountered widely in nature. The sum of two DHOs may occur, for example, in a simple
acoustical system.

This data exhibits many of the properties that motivated this project. While each sequence
is relatively simple, the relationship between the sequences in the family is quite complex
(for examples, see Figure 4-1). This is likely to be the case for any physical or clinical data
where models need to generalise across different dynamics, such as harmonic frequencies or
decay profiles. The MT-LDS method investigated in this chapter may be used in such cases
provided individual sequences can be modelled via a LDS (or linear ODEs of arbitrary
order). In contrast to standard mathematical modelling, the MT-LDS automatically learns
the degrees of freedom, and parameter estimation can be performed efficiently online. We
will investigate extensions to more complex nonlinear dynamical systems in Chapters 5
and 6.

This chapter considers two experiments. The first experiment investigates how closely the
true model can be approximated via the procedures detailed in Chapter 3. Further exper-
iments are performed to understand the sample complexity of learning such a model, and
the impacts of various architectural changes. The second experiment seeks to understand
how effective such a learned model is in the predictive setting: including the impact of
training set size, and the comparative performance vs. existing approaches. Our conclu-
sions are that the MT-LDS can learn a good approximation of the true sequence family
from a practical number of instances, performing on par with the true physical model. By

66
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Figure 4-1: Example traces of damped harmonic oscillation with different angular
frequencies and damping: (above) single DHO; (below) superposition of two DHOs.

comparison with existing sequence models, we show that this can facilitate state-of-the-art
predictive performance for this dataset.

The data and basic MT-LDS model are introduced in Section 4.1. The details of the first
experiment (learning the true model) follows in Section 4.2 with results given in Section
4.2.2. The details of the second experiment (predictive performance) are given in Section
4.3 with results in Section 4.3.2.

4.1 Common experimental setup

This section describes the data generating process (Sections 4.1.1 - 4.1.2) and the form of
the MT-LDS to be used in all experiments (Section 4.1.3).

4.1.1 Damped harmonic oscillation

A particle undergoing damped harmonic oscillation follows an ordinary differential equa-
tion (ODE) for the distance from the origin, y, which may be written as:

d2y

dt2 + b
dy
dt + cy = 0. (4.1)

for parameters b ≥ 0 and c > 0. The RHS of Equation (4.1) is zero since we are not
considering a driven system. The ODE may be solved in closed form as:

yt = Aρt sin(ωt+B), (4.2)

where ρ is the decay constant (|ρ| ≤ 1), ω is the angular increment, and A, B are the
magnitude and phase of the motion. The parameters {ρ, ω,A,B} are functions of b, c and
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the initial conditions. In our experiments we use two sets of initial conditions:

(i) y(0) = 0, ẏ(0) = ω ⇒ A = 1, B = 0 (4.3)

(ii) y(0) = 0, ẏ(0) = −1
2ω ⇒ A = 1

2 , B = π. (4.4)

These may be interpreted as striking the particles in with a force proportional to the
frequency; the latter strikes the particle with a smaller force in the opposite direction to
the former.

Instead of the nonlinear DHO equation (4.2), the DHO may be sampled at t = 1, . . . , T
and written as a two-dimensional linear dynamical system:

xt = ρ

 cos(ω) sin(ω)
− sin(ω) cos(ω)

xt−1 (4.5a)

yt =
[
1 0

]
xt (4.5b)

with initial state (i) x0 = [0 1]T ; (ii) x0 = [0 − 0.5]T . It is easily shown that the
representations of eqs. (4.2) and (4.5) are equivalent for t = 1, . . . , T .1 This state space
formulation demonstrates that the sequences can be learned with an LDS with a stable
transition matrix for all ω, |ρ| ≤ 1, as per the MT-LDS assumptions.

4.1.2 Data generating process

Defining a sequence family requires us to specify distributions over the parameters. We
will define two sequence families of length T = 80 for our experiments: a simple DHO, with
a prior over the parameters ω, ρ, and a double DHO family with parameters ω1, ρ1, ω2, ρ2.
Some examples from each family are shown in Figure 4-1. We propose that angular
frequencies be generated in the interval

[
6.75
180 π,

36
180π

]
, ensuring that 1.5 to 8 cycles are

performed during the sequence. This avoids very high and low frequencies, which may
be problematic under noisy measurement due to aliasing or insufficient variation. For
the decay constant, the values of ρ which yield interesting time series are heavily skewed
towards 1, for example, any ρ ∈ [0, 0.5] will decay the magnitude below 0.01 by t = 7. A
more useful representation of ρ is its half-life, defined as the ν which satisfies ρν = 0.5.2

For our data, we propose generating a half life in the interval [4, 80].

The angular frequency and half-life values are generated uniformly at random from their
support.3 For a single DHO, we use the intervals discussed above; for the double DHO data,
we assume the first DHO has a lower frequency, and the second DHO has a higher frequency

1For example, via use of the double angle formulae sin(α + β) = sin(α) cos(β) + sin(β) cos(α) and
cos(α+ β) = cos(α) cos(β)− sin(α) sin(β).

2The decay constant can be recovered from ν via ρ = 2−1/ν .
3The resulting density over ρ for the above interval is p(ρ) = log(2)

76
1

ρ log2(ρ) , with support [0.841, 0.991]
to 3 decimal places. See Appendix A.4.1.
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Figure 4-2: Prior densities of ω (shown in degrees) and ρ chosen for the DHO
experiments.

Generating Process ω1 ν1 ω2 ν2

Single DHO U[6.75, 36] U[4, 80] - -
Double DHO U[6.75, 27] U[4, 80] U[22.5, 36] U[8, 60]

Table 4.1: Priors for generating process for linear DHO experiments. ν is the
half-life of ρ.

with a smaller range for half-life. The choices used in our data generation are shown in
Table 4.1 and the resulting density functions visualised in Figure 4-2. In both cases for
each training set size N = 21, 22, . . . , 27, we generate datasets DN = {Y (1), . . . Y (N)}, with
each sequence Y (i) := y

(i)
1:T of length T = 80. Each sequence i is generated using Equation

(4.5) with additive white noise (σ = 0.05) on the yt. The parameters are drawn from the
priors in Table 4.1. Hence the true distribution for the single DHO is defined as:

ŷsingle
t (ν, ω) = 2−t/ν sin(ωt), t = 1, . . . , T (4.6a)

psingle(Y ) =
∫∫
N
(
Y | ŷsingle

1:T (ν, ω), σ2I
)
psingle(ν) psingle(ω) dθ1 (4.6b)

where θ1 := {ν, ω}. The double DHO is similarly defined as:

ŷdouble
t (ν1, ω1, ν2, ω2) = 2−t/ν1 sin(ω1t)− 0.5× 2−t/ν2 sin(ω2t), t = 1, . . . , T (4.7a)

pdouble(Y ) =
∫
· · ·
∫
N
(
Y | ŷdouble

1:T (ν1, ω1, ν2, ω2), σ2I
)
pdouble(ν1)×

pdouble(ν2) pdouble(ω1) pdouble(ω2) dθ2, (4.7b)

where θ2 := {ν1, ω1, ν2, ω2}. In both cases, the priors are defined in Table 4.1.
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4.1.3 MTDS model

We will use the same MT-LDS model architecture for the MTDS in all experiments, pa-
rameterised as in Section 3.2.1 (with B = 0, D = 0). For a given latent code z, the LDS
model is:

xt = Az xt−1 (4.8a)

yt = Cz xt + dz + εt, (4.8b)

t = 1, . . . , T , with εt ∼ N
(
0, σ2

)
. For generality, we make x0 a function of z, hence

θz = {Az,x0z, Cz, dz}. The transition matrix Az uses a two-matrix Cayley parameteri-
sation (Equation 3.9) with a scaled input (γ = 0.1) to the skew-symmetric matrix for a
better conditioned optimisation problem (see appendix A.3.1, also Section 3.2.1). x0,z is
parameterised in the same way as Bz in Section 3.2.1 to avoid a scale degeneracy in the
latent dynamics.

For the ‘single DHO’ dataset, the model will use a state dimension d = 2; for the ‘double
DHO’ data, we assign the state dimension d = 4. A standard LDS model following
Equation (4.8) with the Cayley parameterisation of A has 1

2nx(nx + 5) + 2 degrees of
freedom (d.o.f.). This results in 9 d.o.f. for the single DHO model and 20 d.o.f. for the
double DHO model, but by construction each dataset has only 2 and 4 d.o.f.s respectively
(eqs. 4.6 - 4.7). Hence we assign latent ‘task variable’ dimensions of k = 2 and k = 4
respectively. The parameters θz are generated via a nonlinear factor analysis (‘VAE-like’)
prior:

θz = hφ(z) z, ∼ N (0, Ik) , (4.9)

where hφ(·) is an MLP with one hidden layer of 64 units, and a logistic sigmoid activation
function, parameterised by φ. We choose a nonlinear generative model due to its greater
flexibility, but note also that the parameters ω and ν enter nonlinearly into eqs. (4.6-4.7).
The learnable parameters are {φ, σ}, with the latter from the noise model in Equation
(4.8b). The model is learned via maximum marginal likelihood (ML-II) using the Monte
Carlo Objective MCO of Section 3.4.3. Each model is optimised using a batch size of 20
and 800 prior samples4, increased to 3000 samples at the end of training for fine tuning.
Further details can be found in appendix A.4.2.

There was evidence of some overfitting when training the models, especially for smaller
datasets. We have discussed this phenomenon in Section 3.6.2 (see Figure 3-8 for an
example in the iid case). Preliminary experiments suggest that a sensible emission variance
– allowing smooth interpolation between examples in the training set – could often be
achieved using σ = 0.2. The standard deviation of all models is set to this value during
the final stages of optimisation.

4The prior samples are Quasi Monte Carlo samples which make use of a low-discrepancy Sobol sequence.
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Table 4.2: Interpretation of Bayes Factors given by Kass and Raftery (1995)

Bayes Factor (K) logK Interpretation

1 to 3 0 to 1 Barely worth mentioning
3 to 20 1 to 3 Positive evidence
20 to 150 3 to 5 Strong evidence
> 150 > 5 Very strong evidence

4.2 Experiment 1: Learning the true model

Our first objective is to understand how well the MT-LDS has captured the true sequence
family implied by the above generating process. This cannot be easily ascertained via
comparison of the parameters, since the same distribution over sequences Y permits var-
ious transformations of the latent state, and aliased versions of the cycle. Let φ∗ be the
parameter of the MT-LDS which corresponds to the true generating process5, and the
parameter learned via ML-II on the training set DN be φ̂N . We expect asymptotically for
N →∞ that the Bayes factor,

K = p(Y | φ∗)
p(Y | φ̂N )

→ 1 (4.10)

for Y drawn from a test set, provided that one of the global optima can be found. For
finite N , we can expect K > 1, but at what value might we say that the ratio is ‘close
enough’ to 1?

A widely used interpretation of the log of the ratio in Equation (4.10) is given in Kass and
Raftery (1995), see Table 4.2. This provides us with a heuristic for determining whether
our learned model is ‘close enough’ to the true model; specifically for Y drawn from the true
model, if log p(Y | φ̂N ) ≥ log p(Y | φ∗)−1, then the difference is ‘barely worth mentioning’.
We will report the average logK for a large number of test examples, Ntest, in order to
estimate convergence to the entire distribution p(Y ). This may alternatively be interpreted
as estimating the Kullback-Liebler (KL) Divergence between the true distribution p, and
the model p̂ = p(Y | φ̂N ):

DKL(p || p̂) ≈ 1
Ntest

Ntest∑
i=1

log p(Y (i) | φ∗)
p(Y (i) | φ̂N )

, Y (i) ∼ p(Y (i) | φ∗); (4.11)

the above argument implies DKL(p || p̂) ≤ 1 is ‘close enough’.

4.2.1 Experimental setup

For each training set size N = 21, 22, . . . , 27 we generate 10 training sets on which MT-
LDS models are trained from scratch. This allows us to estimate the distribution of the

5If the MLP construction of the prior does not admit such a φ∗, a close approximation will be possible.
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test marginal log likelihood due to sampling variance and model initialisation. We are
interested in how this approaches its true value over increasing N . The chosen model
has been described in Section 4.1.3, but we will also investigate the impact of alternative
model configurations (size of system dimension, latent dimension and the prior p(θ)).

To estimate the marginal log likelihood of the model we average over Ntest = 10 000 test
examples, and the marginal log likelihood w.r.t. the true process is calculated via Monte
Carlo integration over the distribution of the parameters (using 10 000 Sobol samples).
Since we have used a standard deviation of σ = 0.2 for the MT-LDS models to reduce
overfitting, we estimate the true marginal log likelihood using this value too.

4.2.2 Results

Visualising the simple DHO model We begin by visualising the results from a psingle

model. This permits easy visualisation since both the data and the model have 2 d.o.f.s.
We may hope that the resulting intution transfers to more complex models.

The coverage of the psingle distribution learned by an MT-LDS model from N = 2 and
N = 16 examples is visualised in Figure 4-3. The figures show grid samples of psingle

with increasing frequency on the horizontal axis and increasing decay rate on the vertical
axis, coloured by their log probability under the learned model. Figure 4-3(a) shows
that a model trained on just two sequences can still perform sensible interpolation and
extrapolation, giving high probability to approx. one-quarter of the true sequence space.
Crucially, this generalisation happens in latent space, with respect to frequency and decay
rate, rather than observation space, as per e.g. a Multi-task GP. After N = 16 examples,
Figure 4-3(b) shows that the model manifold grows to fill almost the entire sequence space.
These figures also provide a suggestion of when convergence to the true model can be slow.
The learned model is much better at interpolation than extrapolation, and hence benefits
more from training examples marking out the extremes of the distribution than typical
cases.

A visualisation of the learned latent space is given in Figure 4-4, with the embedding of
the training set coloured by the true frequency and half-life. Remarkably, for this example,
z1 broadly captures the frequency of the sequence, and z2 captures the decay rate. While
the model does not always learn a ‘disentangled’ relationship, such disentangled results are
typical of the representations with a higher marginal likelihood. No methods/heuristics
from the disentanglement literature (e.g. Makhzani et al., 2015; Higgins et al., 2017) have
been used here.

Does the learned model converge to the true model? Figure 4-5 shows the dis-
tribution of the average test marginal log likelihood for both single and double DHO
datasets, for each training set size N = 21, . . . , 27. The right hand panel is a ‘zoomed-in’
view near the true average log marginal likelihood with the interpretations of Kass and
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Figure 4-3: Grid-sampled visualisation of the true distribution over sequences
(horizontal axis shows increasing ω, vertical axis shows decreasing half-life ν).
Samples coloured according to log probability under the learned model. The closest
samples to sequences in the training set are highlighted with a black border. Learned
model shown for two different sizes of training set, N = 2 and N = 16.



Chapter 4. Application to Physical Synthetic Data 74

1 0 1 2 3
z1 
 (a)

2

1

0

1

2

3

z 2

1 0 1 2 3
z1 
 (b)

2

1

0

1

2

3

0.2

0.3

0.4

0.5

0.6

10

20

30

40

50

60

70

Figure 4-4: MAP Embedding of DHO training sequences coloured by (a) true
frequency ω and (b) true half-life ν.
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Figure 4-5: Average marginal likelihood of true data distribution under the DHO
model learned from N examples, plotted against N (x-axis, log scale). Boxes
show the distribution over 10 repetitions of each experiment, with training sets
drawn randomly (low discrepancy) from the true distribution. Boxes show median,
inter-quartile range (IQR) and whiskers show most extreme point within 1.5× IQR
above/below each box. Results for (a) the Single DHO dataset and (b) the Double
DHO dataset are shown. In each case, the RHS panels are rescaled to show the
upper end of the plot with Bayes Factor interpretations overlaid.
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N

model prior nx k 4 32 128

original MLP 4 4 27.4 (4.0) 40.9 (0.4) 42.1 (0.2)
linear prior Linear 4 4 19.1 (5.0) 38.1 (0.4) 39.3 (0.3)

2× state dim. MLP 8 4 15.0 (7.4) 39.7 (0.6) 42.0 (0.2)
4× state dim. MLP 16 4 15.1 (9.1) 39.5 (0.7) 42.0 (0.1)
2× latent dim. MLP 4 8 25.1 (6.0) 40.9 (0.4) 41.8 (0.1)
2× both dims. MLP 8 8 21.7 (3.6) 40.8 (0.5) 42.0 (0.1)

Table 4.3: Average test marginal log likelihood of double DHO data for different
MT-LDS architectures. Values are the mean (standard deviation) over 5 random
training sets of size N . Average marginal loglikelihood under true model ≈ 42.9.

Raftery (1995) overlaid. As the size of the training set increases, the objective appears
to converge to the true value. The single DHO is ‘close enough’ by N = 16; the double
DHO appears to need N = 128 examples to reach a similar level. These results give us
confidence that our model and training procedure can learn the true model given sufficient
data, and the quantities required are by no means unfeasibly large.

4.2.3 Sensitivity to hyperparameters

The above results provide evidence that an appropriately chosen MTDS architecture can
learn a good approximation to a true sequence family of interest. While this is encouraging,
it is not yet clear whether we require the architecture to match the true underlying model
(as in Section 4.1.3). In this section, we consider the sensitivity to the choice of hφ(·),
state dimension, and latent dimension.

The test marginal log likelihood for various hyperparameter choices for pdouble are given in
Table 4.3. We first wish to address the question: is a nonlinear/non-Gaussian prior over
θ necessary to obtain this performance? The second row of Table 4.3 shows the results
from using a linear hφ; i.e. the use of a factor-analysis-style prior. The model performs
significantly worse6 for all N . After N = 128 examples, the MT-LDS model with the
nonlinear prior is close to the true model, but the linear-Gaussian prior variant still has
‘positive’/‘strong’ evidence against it.

We next consider the choice of state dimension, nx: will the model overfit as nx increases?
For small values of N , there is some evidence of overfitting (see rows 3, 4 in Table 4.3), but
with sufficient data, and certainly by N = 128, there is very little difference in performance
even with a fourfold increase in nx. Finally turning to the choice of k, will the model overfit
if the latent dimension k is increased by a factor of two? The results are not significantly
different (see penultimate row), except perhaps for N = 128. We may expect this result
since z is (approximately) integrated out. This equivalence in performance is largely
sustained even when doubling the state dimension nx (bottom row).

6A two-sample t-test with α = 0.05 is used for all significance statements.
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We conclude that at least for this problem, the performance is not especially sensitive to
the model architecture, provided we use a MLP for hφ.

4.3 Experiment 2: Prediction

The trained MTDS models (or rather, families of models) can be used to provide person-
alised or ‘customised’ predictions at test time. The following experiments will demonstrate
the benefit of this customisation compared to standard time-series approaches.

4.3.1 Experimental setup

Suppose we have a novel test sequence y1:T for which we have seen the first t observations.
The predictive posterior (following Equation 3.14) can be approximated as:

p(yt+1:T | y1:t, φ̂) ≈ 1
M

M∑
m=1

p(yt+1:T | zm φ̂), zm ∼ p(z | y1:t φ̂), (4.12)

assuming we have estimated the posterior over z as e.g. in Section 3.5.1. The performance
of this prediction for t = 5, 10, . . . , 80 on novel sequences will be quantified using Root
Mean Squared Error (RMSE), averaged over the T − t timesteps of the predictive mean.
For brevity, we only report the results for the more challenging double DHO sequence
family.

We report the results for training set sizes N = 4, 32, 128, each averaged over 10 randomly
generated training sets. The RMSE is averaged over 20 test examples drawn from the true
distribution in each case. An example of this experimental setup is shown in Figure 4-6
on page 79; the entire training set (in this case N = 8) is shown in the top panel, and the
bottom panels show predictions after t = 15, 25, 35 for two example test sequences.

4.3.1.1 Benchmark models

We are interested in two classes of benchmarks for these experiments. Firstly, ablation
tests, comparing the MT-LDS against other LDS configurations. We will consider: (i) the
‘pooled’ approach, which is a popular choice for state space models (Section 3.1, i.e. using
a single model for all sequences); (ii) a bias-customised model (where only b depends
on z); and (iii) a single task (STL) approach, where a LDS is inferred from scratch for
each sequence. Secondly, we provide a comparison against modern RNN models. We will
also consider the recent extension to bias-customised variants (Miladinović et al., 2019,
see Section 3.7), which is a limited form of MT-RNN. Each benchmark model is detailed
below.
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Pooled LDS This is a linear dynamical system using essentially the same architecture
as the MT-LDS except the parameters θ are the same for all sequences in the training set.
We allow a standard deviation σt that depends on t, since the magnitude of all sequences
decays over time, which can affect the effective weighting of each datapoint during training.
The model is:

xt = Axt−1 + b (4.13a)

yt = C xt + d + σtεt, (4.13b)

εt ∼ N (0, 1), with parameters θ = {A,x0,b, C, {σt}Tt=1}. This model was initialised using
spectral methods and fine tuned using Adam.

MT-Bias LDS This is a restricted form of the MT-LDS model where only the dynamics
bias b depends on z (cf. Miladinović et al., 2019). The model is as per eqs. (4.13a,b) but
with a latent variable z ∼ N (0, I) which only affects the latent bias, i.e. bz = hφ(z). The
learned parameters are {A,x0, C, {σt},φ}. As per the MT-LDS, we have z ∈ Rk with
k = 4. This model is trained via the MCO approach, in the same way as the MT-LDS.

Single task ST-LDS The ST benchmark uses an individual LDS model per sequence,
learning the parameters online. In order to avoid overfitting, we use Bayesian inference for
all parameters, A(i) ∈ R4×4, x(i)

0 ∈ R4, C(i) ∈ R1×4, σ(i) ∈ R for each model i. We use the
same two-matrix Cayley construction for A(i) as the MT-LDS in order to avoid unstable
transition matrices. In order to simplify inference, we remove the biases (b, d) since these
are not needed to fit the data, and A already has reduced degrees of freedom (10) due to
the Cayley construction. The resulting parameter vector has 19 dimensions7 and is given
a prior of N

(
0, 102I

)
, which achieves a good trade-off between an uninformative prior

and stable inference.

Pooled RNN We use a standard RNN architecture (similar to Section 2.2.4.1) with
affine emissions:

xt = tanh (Axt−1 +B ut + b) (4.14a)

yt = C xt + d + εt, (4.14b)

with parameters {A,x0, B,b, C,d}. The size of the hidden state is chosen from nx ∈
{32, 64, 128} and L2 regularisation of all parameters with the coefficient chosen from
{0, 10−6, 10−5, 10−4, 10−3, 10−2, 10−1} by cross validation on an additional validation set
of size Nvalid = 20. The model was trained using the Adam optimiser.

If the RNN has no access to inputs, it will not be able to perform much better than
the Pooled LDS. In order to take advantage of the model’s known ability to adapt to

7The parameters A,x0, C, σ have 10, 4, 4, 1 degrees of freedom respectively.
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sequence characteristics, it will be trained via a teacher forcing setup (e.g. Goodfellow
et al., 2016, §10.2.1) where for all t, the observation yt−1 is given as input for predicting
yt. At test time, long term predictions can be obtained via ancestral sampling. This is a
more advantageous training regime than for the LDS models, but we wish to use RNNs
in their most common form.

Pooled GRU The GRU architecture follows the specification in Section 2.2.4.5, with lin-
ear emissions as in Equation (4.14b). The dynamics parameters are {Ar, As, Ax, x0, B

r, Bs,

Bx,br,bs,bx} where the superscripts refer to the reset gate, state update gate and new
state proposal respectively. Cross validation for the optimal hyperparameters was per-
formed as above, and the model was trained via teacher forcing using the Adam optimiser.

MT-Bias RNN This is a restricted form of MT-RNN where only the dynamic bias b
depends on a latent variable z ∼ N (0, I) (similar to Miladinović et al., 2019). The base
model is the same as the Pooled RNN in eqs. (4.14a,b) and as above, we use z ∈ Rk,
k = 4. The model is trained using the variational criterion in Section 3.4.2, using a
separate posterior per training example rather than an inference network, and optimised
via Adam. Unlike the pooled variant, we do not provide observations yt−1 as inputs at
time t, as otherwise the model broadly ignored the task variable z.

MT-Bias GRU This is a restricted form of MT-GRU, in analogy to the MT-Bias RNN.
Here, all of the dynamic biases br,bs,bx depend on a z ∼ N (0, I) with k = 4. The model
is trained as per the MT-Bias RNN.

4.3.1.2 Inference

The MT-LDS, ST-LDS and various MT-Bias models require inference over {z, log σ} for
t = 5, 10, . . . , 80 to calculate the predictive posterior (Equation 4.12). We chose to infer
log σ as it is held artificially high (σ = 0.2) for learning to avoid overfitting (see above).
For the MT-LDS and MT-Bias models (LDS, RNN, GRU) we used the sequential adaptive
importance sampling (AdaIS) method detailed in Section 3.5.1. The approximate posterior
for each t uses a Gaussian mixture model (GMM) with J = 3 components. An example of
a posterior for the double DHO data is given in appendix A.4.5, demonstrating the need
for a multi-modal approximation.

The AdaIS approach cannot be used for the ST-LDS since the posteriors tend to lie close to
a low dimensional manifold, causing numerical issues. We therefore found it necessary to
use Hamiltonian Monte Carlo (HMC, Neal et al. 2011). The sampler was initialised from a
(local) MAP value, 1000 samples were used for burn-in/tuning, and 600 samples were used
for inference, for which the autocorrelation-based sample size (Gelman et al., 2013, Ch.
11.5) typically exceeds 100 for each parameter. Since we cannot easily or efficiently perform
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Figure 4-6: Multi-DHO Example Task. Top panel: training set for MTDS (N = 8).
Bottom panels: example predictions (95% C.I.s) shown in orange for new sequences
at t = 15, 25, 35. Observed values shaded blue, future sequence values (unseen)
shown in dotted blue.
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Figure 4-7: Predictive performance for t = 10, 20, 40 (x-axis) on the double DHO
data. Violin plots show a kernel density estimate of the RMSE over sequences in
the test set; horizontal bars show min, median, max scores.

sequential inference using MCMC (see Section 3.5), inference at each time t proceeds from
scratch. For further details on all inference methods, see appendix A.4.3.

4.3.2 Results

An example of the prediction task is given in Figure 4-6 for N = 8 training examples. Two
test sequences are shown at the bottom, with the blue area demonstrating the observations
seen so far. MT-LDS predictions p(yt+1:T | y1:t, D) are shown in orange with 95% pointwise
credible intervals shaded. We can see that even with a relatively small number of training
sequences, the model is able to learn a helpful inductive bias for predicting novel sequences.
Note that neither test sequence is especially similar to any sequence in the training set,
and useful personalised predictions are available even by t = 15. However in the upper
sequence, the magnitude of the peaks/troughs falls slightly short in the predictions for
t = 15, 25, 35, and in the bottom panel, the model is unable to account for the dip at
t ≈ 27. This demonstrates that these features are not available within the sequence family
learned by the MT-LDS; it is not able to extrapolate far enough with N = 8 training
sequences.

4.3.2.1 Standard LDS approaches

Figure 4-7 provides a violin plot comparing the RMSE of the Pooled, Multi-Task and
Single-Task LDS approaches at various time intervals (t = 10, 20, 40) for the 20 test
examples. The Pooled LDS, trained on N = 128 sequences, is unable to improve upon
its fairly poor predictions even as more data are seen. The ST-LDS performs very poorly
initially, but does improve with t. Three MT-LDS models are shown for training set sizes
N = 4, 32, 128, with the latter performing close to optimally after t = 40. (The dashed
line shows the optimal performance, since the test set have a noise level of σ = 0.05.) The
MT-LDS performance compares favourably to the Pooled approach even for a very small
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Model Time to t = 40 Per prediction

Pooled < 0.01 < 0.01
MT-LDS 1.93 0.24
ST-LDS 2776.28 347.03

Table 4.4: Inference CPU time (seconds) per approach. Inference follows a
sequential schedule for t = 5, 10, . . . , 40, ‘per prediction’ times are the average
time per prediction.

training set size of N = 4. Results for more combinations (t,N) of the MT-LDS are given
in Appendix A.4.4.

The STL approach performs worse than the Pooled approach at t = 10 (as may be
expected), but by t = 40 it has adapted with some success to the data. It is nevertheless
not much better than the N = 4 MT-LDS. Moreover, inference is extremely expensive
compared to the inference required in an MT-LDS (see Table 4.4). Posterior inference of
the STL approach is extremely poorly conditioned, requiring the use of expensive methods
(HMC, see Section 4.3.1.2) and careful tuning, and could not obviously benefit from the
sequential structure of the problem. The difference in runtime is partly attributable to the
inference method, but on the other hand, the MT-LDS model learns a low-dimensional
representation which allows more efficient inference than HMC. In particular, it permitted
the development of an efficient sequential approach described in Section 3.5.1.

4.3.2.2 Comparison to RNN approaches

We now turn to the comparison with more flexible RNN models. Table 4.5 provides results
for all benchmark models for training sets of size N = 4, 32, 128 and predictive posteriors
at time t = 20, 40. The best performing model for each (N, t) combination is highlighted,
together with any model which does not score significantly worse than this (according to
a one-sided α = 0.05 t-test). The standard Pooled RNN/GRU models have significantly
worse performance than the MT-LDS for all N and t. These are data intensive models and
there is no mechanism to impose interpolation between the dynamics seen in the training
data. Nevertheless, these models are able to perform better than the Pooled LDS due
both to the ‘teacher forcing’ setup and their increased flexibility.

The bias-customised versions of these models are more interesting. With N = 128 exam-
ples, the MT-Bias RNN is able to show improvement over the Pooled RNN, but struggles
to achieve the same performance as the MT-LDS; an RNN cannot easily change dynamic
frequencies by changing the bias. However, with a training set size of N = 128 the
MT-Bias GRU can perform almost on par with the MT-LDS. This is likely because the
GRU can change frequencies via the bias due to the multiplicative gates; see Section 4.5
for a demonstration.8 Nevertheless, the MT-Bias GRU has a greater sample complexity

8This contrasts with the usual motivation of GRU/LSTM architectures of permitting long-term
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DHO RMSE

N = 4 N = 32 N = 128

Model t = 20 t = 40 t = 20 t = 40 t = 20 t = 40

ST-LDS* 0.36 0.11 - - - -
Pooled models
Pooled LDS 0.37 0.31 0.36 0.31 0.36 0.31
Pooled RNN 0.35 0.25 0.23 0.17 0.24 0.16
Pooled GRU 0.30 0.33 0.27 0.19 0.23 0.17
Bias-customisation
MT-Bias LDS 0.41 0.33 0.37 0.30 0.33 0.27
MT-Bias RNN 0.37 0.36 0.26 0.24 0.16 0.12
MT-Bias GRU 0.36 0.25 0.16 0.13 0.11 0.06
Fully customised MT-LDS
MT-LDS (original) 0.18 0.12 0.11 0.07 0.09 0.06
MT-LDS (Linear hφ) 0.21 0.15 0.13 0.08 0.12 0.07
MT-LDS (nx = 8) 0.22 0.15 0.11 0.08 0.09 0.06
MT-LDS (nx = 16) 0.22 0.15 0.11 0.08 0.09 0.06
MT-LDS (k = 4) 0.18 0.13 0.11 0.07 0.10 0.06
MT-LDS (nx = 8, k = 8) 0.19 0.12 0.10 0.07 0.10 0.06

Table 4.5: DHO results using LDS models, with training set size N shown.
Predictive RMSE after t = 20, 40. (*) The ST-LDS trains from scratch, and hence
on N = 0 sequences. The best performing models (t-test with α = 0.05, see main
text) for each (N, t) are highlighted in bold, except for (N = 4, t = 20) due to
high variance of the results.

than the MT-LDS, and is much less interpretable. At the other end of the spectrum, the
MT-Bias LDS can perform very little useful adaptation simply by varying its dynamical
bias, motivating the need for more flexible adaptation for SSMs than the simple bias
customisation of Miladinović et al. (2019).

The performance of the variants of MT-LDS models discussed in Section 4.2.3 is also
given in Table 4.5. Regardless of the state dimension nx or the latent dimension k, all
variants perform close to optimally with N = 128 by t = 40, demonstrating again that the
MT-LDS is robust to over-parameterisation. The slightly poorer performance of the linear-
Gaussian prior version reflects the suboptimal model learning in Section 4.2.3, although
it still improves upon most RNN/GRU approaches.

4.4 Conclusion

This chapter has provided a thorough review of the performance of MT-LDS models on a
univariate physical time series dataset. The learning algorithm proposed in Section 3.4.3
has been shown to be effective in closely approximating the true sequence family. For
the double DHO dataset, this can be performed with N ≤ 128 examples, moreover the
MT-LDS can outperform most Pooled and MT-Bias RNN/GRU approaches for predictive

dependencies or writing to a ‘CPU cache’ (Section 2.2.4). The inputs of such gated models can perform
bias modulation, facilitating customisation (which can further be ‘locked in’ via the gates).
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tasks with as little as N = 4 examples. This strong performance may be explained by the
MT-LDS learning to approximate the true degrees of freedom of the DHO (as exemplified
in Figure 4-4 for the case of a single DHO). This permits interpolation to never-before-
seen sequence examples. However, Figure 4-3 suggests that extrapolation may be more
challenging. We should therefore be careful of using a learned MT-LDS on highly novel
sequences, but this form of extrapolation is difficult for most modelling approaches.

4.5 Appendix: MT-Bias GRUs can approximate adjustable
latent autoregressive systems

It is interesting that the MT-Bias GRU can perform on par with an MT-LDS for the
‘double DHO’ data with N = 128 examples. In this section we show that the MT-Bias
GRU can learn an equivalent model to an MT-LDS for this data. Section 4.5.1 provides a
detailed demonstration for the case of AR(2) data. The same method can be used to show
that the MT-Bias GRU can approximate any adjustable latent VAR system, as discussed
in Section 4.5.2. We have nevertheless seen the advantages of using an MT-LDS approach:
greater data efficiency, interpretability, and smaller model size.

4.5.1 Approximating an adjustable AR(2) system by a GRU

For a standard RNN, the state dynamics are updated via the equation:

(RNN) xt = tanh
(
Axt−1 + b(ut, z)

)
(4.15)

where we write b(ut, z) := B
[
ut z

]
which encompasses both MT-Bias RNNs and stan-

dard RNNs (where z = 1). Contrast this with the system dynamics of a LSTM cell:

(LSTM) xt = it � tanh
(
A(rt � xt−1) + b(ut, z)

)
+ ft � xt−1 (4.16)

where it, rt, ft are the input, reset and forget gates respectively; each is a function of
(ut, z,xt−1) and has support [0, 1]nx . The implicit LSTM transition matrix at time t is:

Ãut,z := A diag(rt) (4.17)

which is a function of rt and hence (ut, z). Implementations differ in exactly where the
reset gate applies in Equation (4.16) both for GRUs and LSTMs (see Section 2.2.4), but
the representative power is broadly equivalent.

The comparison of eqs. (4.15-4.16) suggests that modulation of the system’s dynamical
properties (e.g. frequency, decay rate etc.) by external inputs is much easier for gated
architectures than basic RNNs. However, it is not clear exactly what degrees of freedom are
possible from Equation (4.16) (with the transition matrix of Equation 4.17) by changing
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the inputs (ut, z). We will show that there exist a single set of parameters such that
Equation (4.16) can model all deterministic AR(2) processes, with the particular process
selected by the inputs. This includes all DHO sequences as per this chapter, but also
includes non-oscillating sequences. In what follows, we restrict our attention to time-
independent b(ut, z) = Bz, i.e. ut = 0 for all t; and a GRU architecture, hence it := 1−ft.
This is due to our particular interest in MT-Bias GRU models, but our discussion thus
also applies to the more general case without these restrictions, extending to standard
GRUs and LSTMs with ut 6= 0.

4.5.1.1 Constructing the approximation

Consider a GRU where the input gate is fully open, i.e. it = 1 for all t and hence ft = 0
in Equation (4.16). This simplified model can be written

(‘reset’ gate) r(z) = σ(Hxt−1 + Lz + d), (4.18a)

(system dynamics) xt = tanh

A diag
(
r(z)

)︸ ︷︷ ︸
Ãz

xt−1 +Bz

 , (4.18b)

where σ is a logistic sigmoid applied elementwise. We compare this to an AR(2) system
in VAR(1) form, which can be written for xt ∈ R2 as:

xt = AAR(2)xt−1 (4.19a)

with the transition matrix,

AAR(2) =

α1 α2

1 0

 . (4.19b)

The d.o.f.s are the parameters α1, α2; the lag-1 and lag-2 coefficients respectively. We seek
to show that with a state dimension of nx = 5, the matrix Ãz can achieve an equivalent
system where the range of z ∈ R2 includes all stable combinations of (α1, α2). The required
region is shown in Figure 4-8 (see Box et al. 2008, §3.2.4 for a proof). It is sufficient to find
a system that approximates all AR(2) processes with values (α1, α2) ∈ [−2, 2]× [−1, 1].

Proof. By comparison of Equation (4.18b) with Equation (4.19a), we set B = 0 and
assume (wlog) that |xt| � 1 for all t, hence tanh is well approximated by the identity.
Since r(z) is implicitly a function of xt−1, we set H = 0 which removes any multiplicative
relationships in xt−1 in Equation (4.18b). This results in Equation (4.18) describing a
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Figure 4-8: Values of (α1, α2) resulting in stable AR(2) processes. All values
outside the shaded triangle are unstable.

VAR(1) model for every z:

r(z) = σ(Lz + d) (4.20a)

xt ≈ Ãzxt−1. (4.20b)

Here Ã is a function of r(z) as defined in Equation (4.17), and the approximation in
Equation (4.20b) can hold arbitrarily closely. It suffices to find parameters A,L,d such
that for all values (α1, α2) ∈ [−2, 2]× [−1, 1] in Equation (4.19), there exists an equivalent
system in Equation (4.20) by choice of an appropriate z ∈ R2.

To this end, consider the following form of Ãz:

Ãz xt−1 = A diag
(
r(z)

)
xt−1 (4.21)

=



1 0
1 0
0 1
0 1
1 0


2 −2 1 −1 0

0 0 0 0 1


︸ ︷︷ ︸

A

diag(r(z))xt−1 (4.22)

=



1 0
1 0
0 1
0 1
1 0


︸ ︷︷ ︸

E

2r1(z) −2r2(z) r3(z) −r4(z) 0
0 0 0 0 r5(z)


︸ ︷︷ ︸

value matrix

xt−1 (4.23)

= E

2r1(z)xt−1
1 − 2r2(z)xt−1

2 + r3(z)xt−1
3 − r4(z)xt−1

4
r5(z)xt−1

5

 (4.24)

where rj ∈ [0, 1] is the jth element of r, and (with a small abuse of notation) xtj is the jth
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element of xt. The ‘copy matrix’, E takes three copies of the first element in the value
matrix and two copies of the second element. This means that xt−1

1 = xt−1
2 = xt−1

5 and
xt−1

3 = xt−1
4 , hence:

Ãxt−1 = E

2(r1(z)− r2(z))xt−1
1 + (r3(z)− r4(z))xt−1

3
r5(z)xt−1

1

 . (4.25)

Now let us turn to the form of r. We set L,d as follows:

r(z) = σ




1 0
−1 0
0 1
0 −1
0 0


︸ ︷︷ ︸

L

z1

z2

+



0
0
0
0
γ


︸︷︷︸

d

, (4.26)

with γ →∞. Using these values of L and d, define a1 as follows:

a1 := r1(z)− r2(z) = σ(z1)− σ(−z1) (4.27)

= σ(z1)− (1− σ(z1)) (4.28)

= 2σ(z1)− 1 ∈ [−1, 1]. (4.29)

Similarly define a2 := r3(z) − r4(z) ∈ [−1, 1]. Finally r5(z) = σ(γ) → 1. Therefore
substituting Equation (4.26) in Equation (4.25) gives us:

Ãxt−1 = E

2a1x
t−1
1 + a2x

t−1
3

1× xt−1
1

 . (4.30)

where a1 ∈ [−1, 1] and a2 ∈ [−1, 1]. Apart from the duplication of state variables, and up
to re-indexing, this is exactly the same form of update as given in the AR(2) equation
in eqs. (4.19), with the lag-1 and lag-2 coefficients given by (2a1, a2) ∈ [−2, 2] × [−1, 1]
chosen by z ∈ R2 as required.

4.5.2 Discussion

As a direct corollary of this demonstration, a MT-Bias GRU with nx = 10 latent states
can in principle model the ‘double DHO’ data with high accuracy. (However it may
require a large amount of data, and perhaps a large number of optimisation epochs; this
construction requires the relevant gates to saturate.) This goes some way to explain the
strong results of the MT-Bias GRU with 128 examples.

In fact, a GRU can approximate an arbitrary transition matrix A for a VAR(1) model.
We have presented a demonstration for the AR(2) model (written in VAR(1) form) for
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ease of exposition, and due to its relevance to this chapter. However, the same method
of approximation can be applied mutatis mutandis to any transition matrix. Each real-
valued parameter of A requires two columns in the ‘value matrix’ in Equation (4.22), and
hence a fully-adjustable transition matrix of size nx× nx can be approximated by a GRU
with 2n2

x hidden units. A lower bound on the requirement is n2
x hidden units, due to

the required degrees of freedom. Our MTDS method assumes that the d.o.f.s between
sequences will not be very large, hence our use of a low-dimensional manifold.

In the (typical) case where LSTM and GRU models are provided with inputs {ut}, these
are able to learn the equivalent of a deterministic LDS with customisable and time-
dependent parameters. Using their gates, LSTM and GRU models may be able to ‘lock
in’ the customisation for indefinite periods of time. So far as we are aware, this is a novel
observation, and provides evidence that the benefits of gates in RNNs may in part be
attributed to their capability of customising the system dynamics, or performing ‘task
inference’. Standard RNNs in contrast cannot easily perform any such modulation; they
are restricted to changes in the biases. This is an alternative and complementary perspec-
tive to the common understanding of gated architectures, which includes the benefits of
learning long term dependencies, fixing ‘vanishing gradient’ issues, and ‘reading’/‘writing’
to a ‘CPU cache’.



CHAPTER 5

Modelling the Style of Human Locomotion

We now turn to real-world applications of the multi-task dynamical system. This chapter
details the first of two such applications: modelling human locomotion. This is a clear
example of a sequence family: each person has a particular walking style (e.g. Lee and
Grimson, 2002), yet by its very nature, there is an intrinsic similarity between all human
locomotion. We can therefore expect the majority of such differences to be captured with
relatively few degrees of freedom. Unlike in Chapter 4, the data are multivariate, with a
rich structure between dimensions and nonlinear input-output relationships.

We will be using motion capture (mocap) data for the purposes of modelling – converting to
or from video data may be considered separate problems (see e.g. Rogez and Schmid, 2016
for the latter). The MTDS can help to address several outstanding problems for mocap
data: training dynamical models in the presence of limited data, robustness to dataset
shift, and style transfer for generative models. Furthermore, learning the sequence family
via a latent manifold allows us to interpolate or morph style over time (see Figure 5-1),
which, to the best of our knowledge, is an entirely novel contribution.

In this chapter, Section 5.1.1 introduces the data representation and preprocessing, and
Section 5.1.2 discusses the choice of MTDS model and experimental setup. Section 5.2

Figure 5-1: Morphing the style of a human locomotion sequence over time: (red)
from neutral to childlike; (blue) from neutral to proud; (bottom) interpolation
schedule.
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(a) (b)

Figure 5-2: (a) Example frames from mocap dataset, together with ±1 second
ground trajectory shown in grey. (b) Example subsequence where the skeleton
rotates in the opposite direction to the corner.

gives a brief overview of the related work for mocap modelling. Section 5.3 provides
the results of a variety of experiments, looking at latent representations, data efficiency,
dataset shift and style transfer. Section 5.4 concludes the chapter.

5.1 Experimental setup

This section provides an introduction to the mocap data (Section 5.1.1), modelling choices
and competitor models (Section 5.1.2).

5.1.1 Mocap data

The data are obtained from Mason et al. (2018) which consists of planar walking and
running motions in 8 styles recorded with a motion capture (mocap) suit. These styles
are: ‘angry’, ‘childlike’, ‘depressed’, ‘neutral’, ‘old’, ‘proud’, ‘sexy’, ‘strutting’. The path
(or ‘trajectory’) along which the skeleton is walking is provided as an input, in order to
avoid modelling the random/complex choices of the actor. See Figure 5-2 for examples.
In this case the sequence family corresponds to the possible walking styles humans exhibit
while following a pre-determined path.

The original data is recorded at 120 fps; we downsample to 30 fps as per Martinez et al.
(2017); Pavllo et al. (2018). Each style has 3 - 5 individual sequences of varying length,
totalling ca. 2000 frames per style. The data are mapped to a 21-joint skeleton used in
the codebase of Holden et al. (2016), shown in Figure 5-3a, which is a subset of the CMU
skeleton (De la Torre et al., 2009). Unlike Mason et al. (2018), we do not perform any
data augmentation such as mirroring. Our interests are primarily in the contribution of
the MTDS in modelling style, rather than in producing high fidelity computer graphics.
For inputs to the model, we provide the ground trajectory, the gait cycle (a value in [0, 2π)
corresponding to the phase of the leg motion), and a Boolean indicator for the rotational
direction while traversing a corner (see below for further details).
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Figure 5-3: (a) The 21-joint skeleton. (b) Eulerian representation. (c) Lagrangian
representation.

5.1.1.1 Data representation

We choose a Lagrangian representation (Figure 5-3c) where the coordinate frame is cen-
tered at the root joint of the skeleton (joint 1 in Figure 5-3a, the pelvis), projected onto
the ground. The frame is rotated such that the z-axis points in the ‘forward’ direction,
roughly normal to the body.1 This is in contrast to the Eulerian frame, which has a fixed
position for all t (Figure 5-3b). In the Lagrangian frame, the joint positions are always
relative to the root joint, which avoids confusing the overall trajectory/rotation of the
skeleton (captured primarily by the root joint) with the local motions of the other joints.

The relative joint positions within a Lagrangian frame may be represented either by spatial
position or joint angle. For the latter, the spatial positions of all joints can be recovered
from the angle made with their parent joint via use of forward kinematics (FK). This
construction enforces the constraint of constant bone length for the skeleton over time,
which is a desirable property. However, it also substantially increases the sensitivity of
internal joints. For instance, the rotation of the trunk will disproportionately affect the
error of the joints in both arms. For this reason, as in Mason et al. (2018), we have chosen
to model the spatial position of joints, which may result in violations of bone length, but
avoids these sensitivity issues. See also §2.1, Pavllo et al. (2018).

A further decision is whether to encode the joint positions via velocity (i.e. differencing)
which is purported to result in smoother predictions. We encode the root joint (i.e. the
position/rotation of the co-ordinate frame) in this way, but not joints 2 to 21 (relative joint
motion) due to the problem of accumulating errors over time. Modelling the root joint
via velocity is standard in mocap models, not least in order to provide greater control
to animators: one can then amend the trajectory of a mocap model with ease. Hence
our per-frame representation consists of the ‘velocity’ ẋ, ż, ω̇ of the co-ordinate frame,
the vertical position of the root joint, and 3-d position of the remaining 20 joints, which

1The ‘forward’ direction of a skeleton contains some ambiguity especially due to the small-scale rotations
induced by the walking style. We use the direction normal to the shoulder blades (under an 8 frame, or
250ms moving average) similarly to Holden et al. (2016).
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Figure 5-4: Principal components analysis of processed data {yt} for all styles

gives yt ∈ R64. Finally, the {yt} are standardised to have zero mean and unit variance per
observation channel. A principal components analysis indicates that at least 19 dimensions
are required in order to retain 95% of the variation (Figure 5-4).

5.1.1.2 Model inputs

Our choice of inputs reflects controls that an animator may wish to manipulate. The first
input is the trajectory that the skeleton is to follow. As in Holden et al. (2017), we provide
the trajectory over the next second (30 frames), sampled every 5 frames. Unlike previous
work, the trajectory history of the prior 30 frames is omitted, since it can be retained in the
dynamic state. The (2-d) trajectory co-ordinates are given wrt. the current (Lagrangian)
co-ordinate frame, and hence can vary rapidly during a tight corner. In order to provide
some continuity in the inputs, we also provide a first difference of the trajectory in absolute
(Eulerian) co-ordinates.2

The velocity implied by the trajectory does not disambiguate the gait frequency vs. stride
length. The same motion may be achieved with fast short steps, or slow long strides.
We therefore provide the gait frequency via a phasor (as in Holden et al., 2017), whose
frequency may be externally controlled. This is provided by sine and cosine components to
avoid the discontinuity at 2π. This may also be useful to an animator. A final ambiguity
exists from the trajectory at tight corners: the skeleton can rotate either towards the
focus of the corner, or in the opposite direction. Figure 5-2b demonstrates the latter,
which appears not infrequently in the data. We provide a boolean indicator for each of
the 6 sampled trajectory timesteps, indicating corners for which this happens.

Altogether we have ut ∈ R32: 12 inputs each for the Lagrangian trajectory and differenced
Eulerian trajectory, 2 inputs for the gait phase and 6 inputs for the turning indicators.
These inputs {ut} are standardised to have zero mean and unit variance. Construct-
ing these inputs was not straight-forward, and we provide details of the most significant

2Here we are using a simple first-difference operator on the raw values. It may be noted that this
operation amplifies high frequency components in the signal (e.g. Oppenheim et al., 1999, §2.9), but
smoother alternatives appeared not to be necessary for these experiments.
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pre-processing steps in Appendix A.5.1. A particular problem was the stylistic sway-
ing/movement of the root joint which had to be removed from the trajectory. This leaked
information about the style, and moreover prevented customisation of the pelvic movement
when performing style transfer. Future work might consider attempting to automate this
process. For instance one could try to learn an intermediate representation ut → ũt which
functions as the input to the mocap model, but with an adversarial objective to predict
the style from the {ũt}.

5.1.2 Models

Our goal is to demonstrate that the style of human locomotion can be modelled inde-
pendently of its trajectory via use of the latent variable z. This should enable a variety
of benefits discussed above, not least end user control. This section will motivate and
describe our MTDS model, and provide a brief description of the competitor models.

5.1.2.1 MTDS model

In contrast to Chapter 4, a linear dynamical system (LDS) is not well suited to modelling
mocap data. Our preliminary work demonstrated empirically poorer performance for LDS
models compared to RNNs even when trained on a single style. A particular problem is
that the trajectory and limb positions appear to be highly nonlinear functions of the inputs
when turning corners. Unfortunately, since the physical space used by Mason et al. (2018)
was relatively small, turning corners is a very common feature in the data. The data
also exhibit a variety of asymmetric quasi-periodic sequences which cannot be modelled
efficiently using an LDS. See Figure A-9 in the Appendix for an example. Such problems
are compounded by the fact that classic subspace identification methods for LDSs (e.g.
Van Overschee and De Moor, 2012) scale poorly with the size of the data.

A natural choice is therefore a MT-RNN (or gated variant such as MT-GRU or MT-LSTM)
as shown in Figure 5-5a. Preliminary MT-RNN experiments showed strong performance
on the training data, but on changing the value of z, predictions either did not change,
or became implausible. This appears to be because the input trajectories are not inde-
pendent of the style (even after removing the information leakage described above). This
resulted in style inference being partially performed by the RNN rather than the latent z.
Furthermore, since certain features such as corner types, or extreme values of speed, and
gait frequency may be found only within a single style (or group of styles), the response
to such unique inputs was only learned for certain values of z.

In order to capture the global input-output relationships across all styles, we propose a
two-layer RNN structure, where the first layer is not multi-task and is able to learn a
shared representation across all tasks. The second layer is a MT-RNN which performs
specialisation to the style using the latent variable z. The separation of responsibility be-
tween layers is assisted by three important refinements. The first layer passes information
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Figure 5-5: Graphical model of a standard MT-RNN and the proposed MTDS,
for a single style i. For clarity, the superscript i is omitted, and the dependence on
z is shown in a different colour.

to the second layer via a bottleneck of ` units, encouraging the first layer to focus on the
globally most important features. Secondly, we omit a skip connection from the first layer,
which would undermine the bottleneck. Finally, the MT-RNN is given a relatively higher
learning rate, providing a preference to model greater variation than the first layer, but it
only has access to the inputs via the shared representation from the first layer, forcing z
to explain more of the variance.

In detail, our proposed MTDS model is a 2 hidden-layer recurrent model where the first
hidden layer is a 1024 unit GRU and the second hidden layer is a 128 unit MT-RNN,
followed by a linear decoding layer. Explicitly, omitting index i, the model for a style
represented by the task variable z is:

[ψ2(z), C(z),d(z)] = hφ(z), (5.1)

x1,t = GRUCell1024{x1,t−1, ut; ψ1}, (5.2)

x2,t = RNNCell128{x2,t−1, Hx1,t−1; ψ2(z)}, (5.3)

ŷt = C(z)x2,t + d(z), (5.4)

for t = 1, . . . , T . See Figure 5-5b for a graphical model. The parameters which depend
on z are θ = {ψ2, C,d} ∈ Rp and the learnable parameters are thus {ψ1, H,φ}.3 In our
experiments, we use ` = 24 units for the bottleneck matrix H.4 The first layer GRU uses
1024 units primarily for qualitative reasons, since it was observed to produce smoother
animations than smaller networks.5 Using a MT-GRU instead of a MT-RNN in layer
two produced worse style transfer; changing the value of z in this case often made little

3The parameters which depend on z have the following dimensions; ψ2: 128× 128 + 128; C2: 128× 64;
and d: 64. This results in a total of p = 24, 768 dimensions for the base parameters of the MT-RNN.

4The number of bottleneck units ` was the first one that was tried, motivated in part by the effective
degrees of freedom of the inputs found by PCA (Figure 5-4).

5Use of 512 instead of 1024 units in initial experiments did not significantly affect the held-out
performance during training, but the animations were noticeably more jerky.
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difference to the style. This may be related to the fact that GRUs can innately perform
style inference via use of gates (see Section 4.5).

The choice of hφ appeared to be less important than in Chapter 4. We used an affine
approach (which calculates the parameters θ ∈ Rp using a k×p matrix and p-dimensional
bias) instead of an MLP approach (for which see Appendix A.5.2) since the performance
was similar, inference of the latent z was often faster, and the parameters were apparently
more robust to choice of initialisation. A nonlinear hφ may be more important when the
base model is simpler as in e.g. Section 4.1.3. In contrast to a MT-LDS, the increased
flexibility of a MT-RNN may permit the model to more easily find a linear subspace which
contains the required sequence family parameters.

In order to ensure smooth variation of the dynamics wrt. z, it proved important to fix the
dynamical bias of the MT-RNN layer to a single point estimate (i.e. no dependence on
z). Smooth variation of this parameter can otherwise result in ‘jumps’ while interpolating
between sequences. A particularly stark example is given in Figure 5-6 which visualises
various sequence predictions of a given joint while interpolating the latent z from a ‘strut-
ting’ (blue) to ‘angry’ (red) style. The top figure shows the model output for the MT-RNN
model where the bias is fixed wrt. z, the bottom shows the output for the model where
only the bias depends on z. We speculate that modulating the bias induces bifurcations
in the state space, whereas adapting the transition matrix allows for smooth interpolation
(as discussed in Section 3.2.2).

5.1.2.2 Benchmark models

For comparison, we implement a standard 1024-unit GRU pooled over all styles, which
serves both as a competitor model (Martinez et al., 2017) and an ablation test. Unlike
the pooled LDS of Section 4, this pooled model can perform some ‘multi-task’-like cus-
tomisation, but in an implicit and black-box manner. Style inference follows the approach
in Martinez et al. (2017) who pass an initial seed sequence y1:Tenc to the network before
prediction. In our experiments we use Tenc = 64 frames. This is a form of sequence-to-
sequence (seq2seq) learning with shared weights between the encoder and decoder.

Secondly, we provide a restricted form of MT-RNN, following recent work from Miladinović
et al. (2019), where only the bias/offset of the RNN is a function of z (named ‘MT-Bias’).
The architecture is otherwise the same as the MTDS model above. We also provide
constant baseline predictions of (i) the training set mean and (ii) the last observed frame
of the seed sequence (‘zero-velocity’ prediction). We do not compare against any other
models listed in the related work of Section 3.7 since any advantage would be derived from
an orthogonal contribution to our own. We wish to isolate the benefits due to the latent
z. See Section 5.2 below for further discussion.
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Figure 5-6: Sequence interpolation for model of joint 11 (x direction) over time
t = 1, . . . , 100 with latent z varied from ‘strutting’ (blue) to ‘angry’ (red) style.
(top) MTDS model; (bottom) MT-Bias model.

5.1.2.3 Learning and Inference

All models were learned using an ‘open-loop’ objective, i.e. the yt are not appended to
the inputs during prediction as in ‘teacher forcing’ or standard MLE training (‘closed
loop’).6 This forces the model to recover from its mistakes and was first introduced in
this context in Martinez et al. (2017). To demonstrate the advantage of this, we also
provide results for the standard GRU models trained using a closed loop criterion (i.e. via
teacher forcing). We give some model-specific training details below; more can be found
in Appendix A.5.2.1.

MTDS, MT-Bias models Each sequence was broken into overlapping segments of
length 64 (approx. two second intervals), with a different z per segment. Unlike open-loop
training in prior work, we do not append the model predictions ŷt to the inputs at the
following time step (ut+1). This is performed in previous work since observations y1:Tenc
are required at the encoding stage, and hence predictions are used in their place for the
decoding stage. By use of an explicit latent z, we avoid the need to perform encoding via
the sequence model, and hence avoid the need to append the predictions to the inputs;
the information from the inputs is already contained in the recurrent state.

The model was optimised using the variational procedure in Section 3.4.2, using a slower
learning rate (by O(10)) for the first layer parameters (i.e. ψ1, H,C1) to obtain a more
descriptive z. We used standard variational inference for each z(i) (i.e. each posterior is

6We borrow the terms ‘open-’ and ‘closed-loop’ from control theory, e.g. Aström and Murray (2010), §1.
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parameterised directly), which worked better in general than amortised inference using
an inference network. A form of KL annealing (Bowman et al., 2016) was also used for
improving the quality of the latent description. Hyperparameters were chosen both via
reference to the ELBO and the qualitative training set fit, together with plausible style
transfer capabilities. We report results for latent dimensions k = 3, 5, 7 to provide the
reader with an intuition of this hyperparameter’s importance. See Appendix A.5.2.1 for
further details.

Benchmark models The models are trained on predicting length 64 sequences (chosen
at random at each iteration), using the encoding from the previous Tenc = 64 frames. The
hyper-parameters were chosen using a grid search over learning rate, regularisation, and
optimiser {Adam, SGD}. We perform the search over the pooled data for all 8 styles, with
a stratified sample of 12.5% held out for a validation set. The models for each experiment
were trained using early stopping, with the model chosen on a 12.5% validation set.

Inference The sequential AdaIS approach of Section 3.5.1 was used to understand the
nature of the MTDS posteriors over z. Each observation sequence has 64 frames each of
dimension 64 and the posterior is fairly concentrated. Since forward simulation is relatively
expensive for our chosen MTDS model, AdaIS is slower than for the DHO experiments
(Chapter 4). For example, our k = 3 experiments took approx. 24 seconds for inference
per 64-frame sequence. During preliminary investigation, each posterior was unimodal and
approximately Gaussian, and for prediction, the MAP value performed similarly to the
posterior predictive mean, perhaps due to the posterior concentration. Our experiments
hence used a MAP estimate of z at test time to approximate the posterior.

5.2 Related work

Many generative models have been proposed for mocap data. Earlier approaches include a
nonlinear dynamical system parameterised by Gaussian processes (Wang et al., 2008) and a
recurrent Restricted Boltzmann Machine (Taylor et al., 2010). Holden et al. (2016) propose
a nonlinear autoregressive model which is extended in Holden et al. (2017) by making the
network weights a function of the gait phase. Competitive RNN-based approaches are
introduced in Fragkiadaki et al. (2015), and Martinez et al. (2017) introduce the idea
of open loop or ‘sampled’ training (cf. Bengio et al., 2015) in order to avoid predictions
converging to a mean pose. Pavllo et al. (2018) include quaternion arithmetic within a
recurrent model, but due to a wide variety of pre-processing changes, the value of these
improvements is not clear.

Style transfer has been widely explored for mocap data e.g. Hsu et al. (2005); Min et al.
(2010); Xia et al. (2015), to name only a few. However, there has been comparatively little
work for style transfer in generative models. Recently Mason et al. (2018) proposed style
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Figure 5-7: k = 8 mean embedding of each sequence segment, visualised via
t-SNE, coloured by its (unseen) task label.

transfer via residual adapters to the approach of Holden et al. (2017), but does not provide
quantitative results. We are not aware of any work which applies generally to dynamical
systems, much less of any existing work that permits style interpolation.

Some inspiration for style transfer in RNNs may be taken from other applications (see
Section 3.7). Miladinović et al. (2019); Hsu et al. (2017) propose modulating dynamical
biases in order to disentangle sources of variation. Yingzhen and Mandt (2018) modulate
an auxiliary input to the emission network. Other authors have proposed architectural
changes or adversarial objectives to disentangle static and dynamic features in video data.
Generally applicable examples include Tulyakov et al. (2018); Hsieh et al. (2018); Kosiorek
et al. (2018), however in all cases, such features are modulated simply via changing the
bias or input to the recurrent generation network. This motivates our decision in 5.1.2.2
to include bias-customised variants as our primary point of comparison, isolating the
contribution of our latent z.

5.3 Results

Figure 5-7 shows a t-SNE plot (Van der Maaten and Hinton, 2008) of the mean embedding
of z for each of the 64-frame segments in the dataset, coloured by the true style label.7 (We
remind the reader that this label is unavailable during training.) Our MTDS model can
successfully disambiguate the styles without supervision, and moreover provides a more
fine-grained representation than the original labels. Many styles have at least two sub-
styles (e.g. ‘childlike’ comprises both skipping and juggling motions). This visualisation
suggests that our MTDS model can indeed learn a useful manifold over sequence styles;
further investigation in Section 5.3.4 validates the intermediate points on this manifold,
and demonstrates the potential of style interpolation.

7A direct plot for a k = 2 MTDS is also provided in Appendix A.5.3.1; while there are insufficient
degrees of freedom in this case, styles are merged in sensible places.
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This granular description of sequence style, and customisation of predictions is unavailable
from any of our competitor models. In the case of standard GRUs, some customisation
is occurring, but it is entangled in the various hidden units, and unavailable to an end
user. Moreover, it cannot be controlled should a different style be desired. In the case of
bias-customisation (MT-Bias models, related to e.g. Miladinović et al., 2019, Hsieh et al.,
2018 and Kosiorek et al., 2018), the latent representation appears to be much poorer.
Appendix A.5.3.1 provides a comparison of latent representation between the MTDS and
MT-Bias models, where the MT-Bias shows substantial conflation of styles. This results in
significantly less control over style than our MTDS model (see style transfer experiments
in Section 5.3.3), alongside the aforementioned problems with interpolation (as e.g. in
Figure 5-6).

To demonstrate the benefit of the MTDS approach quantitatively, we provide results from
three experiments, considering (i) data efficiency, (ii) performance on unseen walking styles,
and (iii) style transfer.

5.3.1 Data efficiency

We test the conventional advantage of MTL by considering reduced subsets of the original
dataset. We use six training sets with 28 to 213 frames per style (logarithmically spaced),
with sampling stratified carefully across major variations of all styles. A ‘single-task’ 1024-
unit GRU model is also included for comparison, which is trained and tested on a single
style. In all cases, the test performance (MSE) is calculated from 4 held-out sequences
from each style (64 frames each), and averaged over all styles.

The results for the six dataset sizes are shown in Table 5.1. Some example animations
can be found from the linked video in Section 5.3.4. The open-loop GRU (Martinez et al.,
2017) performs far better than the standard closed-loop variant, and we will omit the latter
from further discussion. The results show strong performances for the MTDS approach,
which tends to perform best for k > 3.8 For small datasets (< 50% of the dataset), we
observe advantages from all multi-task models (including the Pooled GRU) over a STL
approach. However, the MTDS demonstrates far superior performance than the other
MT approaches for smaller datasets; achieving 0.27 MSE after only 7% of the dataset.
The MT-Bias model requires more than twice this amount of data to obtain the same
performance, and the Pooled GRU requires more than four times this amount. These
results are plotted graphically in Figure 5-8a.9 Note that for dataset sizes up to (and
including) 13% of the original, the MTDS is equal or better across all styles and dataset
sizes except for the {‘angry’, ‘sexy’} styles for the smallest dataset. See Appendix A.5.3.2
for a per-style breakdown.

8Results for k = 5 and k = 7 are statistically equivalent, using a paired t-test with significance level
α = 0.05.

9Standard errors are omitted from this graph for clarity; but see Table 5.1 where the best performing
model for each training set size is highlighted, together with any models that did not perform significantly
worse according to a one-sided paired α = 0.05 t-test.
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MSE

Training set size
Model 3% 7% 13% 27% 53% 97%

Training mean 0.76 0.76 0.72 0.73 0.73 0.73
Zero-velocity 1.23 1.23 1.23 1.23 1.23 1.23
STL GRU (open loop) 1.11 0.88 0.40 0.33 0.18 0.18
Pooled GRU (closed loop) 0.79 0.61 0.82 0.87 0.76 1.21
Pooled GRU (open loop) 0.69 0.52 0.36 0.29 0.16 0.16
MT Bias (k = 3) 0.93 0.44 0.30 0.21 0.14 0.16
MT Bias (k = 5) 0.98 0.44 0.30 0.20 0.14 0.16
MT Bias (k = 7) 0.94 0.49 0.30 0.21 0.15 0.16
MTDS (k = 3) 0.62 0.34 0.35 0.21 0.21 0.19
MTDS (k = 5) 0.53 0.29 0.22 0.19 0.15 0.16
MTDS (k = 7) 0.51 0.27 0.24 0.20 0.16 0.18

Table 5.1: Experiment 1 (data efficiency): MSE for length-64 predictions where
training set size is expressed as a fraction of the original dataset. The best
performances for each training set size (up to α = 0.05 significance) are highlighted.
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Figure 5-8: (a) Experiment 1 (data efficiency): out-of-sample MSE by % of
training set seen. The performance achieved by the GRU models for the entire
training set is shown as the ‘Optimal’ dashed line. (b) Experiment 2 (novel test
data): MSE performance (avg over folds).
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5.3.2 Novel test data

Our second experiment investigates how well the MTDS can generalise to novel sequence
styles. This is similar to a domain adaptation or zero-shot learning task. We consider a
leave-one-out (LOO) procedure with eight folds, where each fold has a training set compris-
ing 7 styles, and a test set comprising the held-out style. We consider the deterioration of
predictive MSE over a large time window (τ ≤ 200, ca. 7 seconds). It can be relatively easy
to predict τ -steps ahead for τ ≤ 10 (see Martinez et al., 2017) even for novel sequences,
but the error usually deteriorates with increasing τ . Our results report the predictive MSE
for each τ averaged over the 8 folds, and over 32 different starting locations within each
fold. The competitor models are as above (excluding the STL model), but we also include
a 2-layer GRU (with 1024 units in each layer) as the training set is generally larger.

A summary of results is shown in Figure 5-8b, where the axes are truncated for clarity
(for the full range see Appendix A.5.3.3). The standard Pooled GRUs work well for small
values of τ but degrade very quickly. The closed-loop variants perform better for τ ≤ 5
but degrade even more rapidly than the open-loop approach. The deteriorating results
for these models are consistent with the inputs moving the state into an area where the
dynamics have not been trained. In contrast, the MTDS and MT-Bias models find a
better customisation which evidences very little worsening over the predictive interval.
Importantly, these models are able to ‘remember’ their customisation over long intervals
via the latent z.

A per-style breakdown comparing the MTDS to the pooled GRU approach can be found
in Appendix A.5.3.3. The k = 7 MTDS shows equal or better performance to the pooled
GRU on all styles for τ ≥ 10, and its initial performance may perhaps be improved via
interpolation from the seed sequence given the performance of the ‘zero-velocity’ baseline
for τ ≤ 5. The results of the 2-layer competitors are shown in Table 5.2, but they achieve
similar performance to the 1-layer models on aggregate (a similar result is suggested in
Martinez et al., 2017).

These experiments demonstrate that it can be crucial to retain control over the task in-
ference for novel data, rather than delegating it to a black-box procedure; the implicit
inference of standard GRU networks can perform very poorly when presented with un-
expected inputs. For this experiment, while the full MTDS consistently outperforms the
MT-Bias approach, the difference is not large. In practice, perhaps either could be used.
We note that all models struggle to capture the arm movements of novel styles, since
these are often entirely novel. Customisation to the legs and trunk is easier since less
extrapolation is required (see animation videos linked in Section 5.3.4).

5.3.3 Style transfer

Finally, we investigate how much control is available via the latent code, z. Style transfer
is a further property of MTDS-type models available by virtue of the latent variable. It is
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MSE

Model τ = 5 τ = 10 τ = 20 τ = 50 τ = 100 τ = 200

Training mean 1.04 1.04 1.05 1.04 1.06 1.07
Zero-velocity 0.69 1.20 1.37 1.21 1.35 1.48
Pooled 1-layer GRU (closed loop) 0.35 0.64 0.81 1.00 1.45 7.28
Pooled 2-layer GRU (closed loop) 0.34 0.61 0.79 0.97 1.41 6.34
Pooled 1-layer GRU (open loop) 0.56 0.56 0.60 0.73 0.83 0.92
Pooled 2-layer GRU (open loop) 0.53 0.55 0.59 0.73 0.85 0.94
MT Bias (k = 3) 0.60 0.60 0.58 0.59 0.64 0.63
MT Bias (k = 7) 0.50 0.48 0.53 0.57 0.55 0.63
MTDS (k = 3) 0.61 0.62 0.59 0.61 0.63 0.63
MTDS (k = 7) 0.49 0.46 0.50 0.54 0.53 0.61

Table 5.2: Experiment 2 (novel test data): average predictive MSE at τ =
5, 10, 20, 50, 100, 200. The best performing model(s) (up to α = 0.05 significance)
for each t is highlighted in bold.

unavailable from standard pooled GRU approaches, and hence in this section we can only
compare the full MTDS with the restricted MT-Bias model. For each pair of styles (s1, s2)
we investigate style transfer from a source sequence of style s1 to a target style s2. Due
to the within-style variation, we use four different source sequences for each pair (s1, s2),
and choose the latent encoding z of s2 from the posterior mean (µλ) of an appropriate
sequence in D. Evaluation is performed via use of a classifier, for which we use a 512-unit
GRU to encode the sequence followed by a 300-unit hidden layer MLP with multinomial
emissions.10 The classifier is trained on the complete data using the (previously unused)
labels from Mason et al. (2018). Qualitative results are available via the videos linked in
Section 5.3.4, and further experimental details are given in Appendix A.5.3.4.

Target MT Bias MTDS

Angry 0.78 0.86
Child 0.59 0.95
Depr. 0.65 0.81
Neut. 0.79 0.93
Old 0.55 0.86

Proud 0.71 0.82
Sexy 0.55 0.90
Strut 0.71 0.92

Table 5.3: Experiment 3 (style trans-
fer): classifier probability of target
style averaged over all input styles.

The results are summarised in Table 5.3, which pro-
vides the average ‘probability’ assigned by the classifier
for each target style s2, averaged over all the input se-
quences where the source s1 6= s2. (The best perform-
ing model for each style is highlighted in bold; stan-
dard errors are omitted, but see below for a per-style
breakdown.) Successful style transfer should result in
the classifier assigning a high probability to the target
style. The results suggest that the style can generally
be well controlled by z in the case of the full MTDS,
but the MT-Bias model exhibits reduced control for
some (source, target) pairs.

The breakdown of these results into their (source, tar-
get) pairs are given in Figure 5-9. The cells provide the average classifier probability for
the target style over each combination (averaged over the four source sequences). Success-

10The classifier did not need much architectural tuning. The hyperparameters were chosen here as
sensible defaults, and after training achieved greater than 99% accuracy on held-out data across all styles.
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Figure 5-9: Average classification accuracy for style transfer using inputs from
source style (columns) and latent code z from target style (rows). There is no style
transfer on the diagonal.

angry child depr. neut. old proud sexy strut.
source

strut.

sexy

proud

old

neut.

depr.

child

angry

ta
rg

et

1.00

0.98

0.02

1.00

0.00

0.58

0.99

0.96

0.99

0.97

0.49

1.00

0.00

0.99

0.88

0.98

0.94

0.14

0.99

1.00

0.99

1.00

0.34

1.00

0.95

0.41

1.00

1.00

0.97

1.00

0.89

0.99

0.85

0.01

1.00

1.00

1.00

0.74

0.92

1.00

0.96

0.89

0.99

1.00

0.91

0.99

0.71

0.99

0.90

0.01

0.98

1.00

0.99

0.55

0.77

1.00

0.38

0.93

1.00

1.00

1.00

1.00

0.74

0.99

(a) MT-Bias

angry child depr. neut. old proud sexy strut.
source

strut.

sexy

proud

old

neut.

depr.

child

angry

ta
rg

et

1.00

0.99

0.98

1.00

0.83

0.97

0.60

0.94

1.00

0.98

1.00

1.00

0.99

0.98

0.98

0.99

0.96

0.96

1.00

1.00

1.00

1.00

1.00

1.00

0.97

0.99

1.00

1.00

1.00

1.00

0.99

1.00

0.95

0.99

1.00

1.00

1.00

1.00

0.99

1.00

0.86

0.99

0.94

1.00

1.00

1.00

1.00

0.99

0.93

0.98

0.99

1.00

1.00

1.00

1.00

1.00

0.98

0.99

1.00

1.00

1.00

1.00

0.98

1.00

(b) MTDS

Figure 5-10: Average classification accuracy for style transfer where only a single
source input is used for each (source, target) pair. The configuration of the matrix
is the same as Figure 5-9.
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ful style transfer should result in a high score in every cell. For most (source, target) pairs,
the full MTDS model substantially outperforms the MT-Bias model, resulting in superior
user control in the majority of cases. We can gain some insight into the MT-Bias perfor-
mance via its latent representation (Appendix A.5.3.1), where we see it has conflated a
variety of styles, which are disambiguated therefore only via the inputs. It is therefore not
surprising that changing the latent z often results in unrecognisable changes.

It is notable that both models exhibit worse results when styles are associated with ex-
tremes of the input distribution. Specifically, both the ‘childlike’ and ‘angry’ styles have
unusually fast trajectories, and the ‘old’ style has unusually slow ones. The lowest scores
tend to involve these styles as either the source or the target. This suggests that the
first layer (GRU) fails to provide a coherent shared representation of these behaviours,
and/or there is some information leakage from the inputs. Further improvements may
be available, perhaps by using an adversarial loss, or applying domain knowledge to the
model. Since our goal is to demonstrate the contributions of the MTDS on generic model
architectures, we leave this to future work.

Providing style transfer from a wide variety of source styles is a challenging task. We are
attempting to find a single latent code (z(s2)) for each target style s2 which can reliably
transfer style from 28 different source sequences, many of which are mismatched to the
target style. We consider a more pragmatic experiment where the variety of source styles
is reduced to a single example each. Note nevertheless that the same z(s2) is used across
all sources s1. The results of this secondary experiment are provided in Figure 5-10.
In this case, the MTDS achieves successful style transfer for almost all (source, target)
combinations. The MT-Bias model still has many notable failures.

5.3.4 Qualitative results

Qualitatively, the MTDS appears to learn a sensible manifold of walking styles. Figure 5-7
(at the beginning of Section 5.3) provides a visualisation of this latent space where similar
motions are placed close to each other. For instance, the neighboring ‘old’ and ‘depressed’
styles both involve leaning over, and the neighboring ‘childlike’ and ‘sexy’ clusters are
both ‘skipping’-type motions. This suggests that the embedding is more informative than
the original labels.

Visualisations of sequence interpolation, such as Figure 5-6 (top) suggest that smooth
interpolation is available through these styles in latent space, but we must animate the
results for verification. This is indeed the case, and evidence is provided below. Moreover,
we can take advantage of this by morphing styles dynamically, allowing smooth changes
over time for a mocap character between any of the eight styles in the dataset.

Smooth interpolation between styles is also available from the full MTDS model as sug-
gested by Figure 5-1 (page 88), and Figure 5-6 (top, page 95); this can be verified in
the animations linked below. Interpolation of the style manifold of the MT-Bias model
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tends to result in ‘jumps’, as suggested by Figure 5-6 (bottom). The full MTDS model
can hence be used to morph styles dynamically, allowing smooth changes over time for a
mocap character between any of the eight styles in the dataset.

Animations The animations for all experiments have been collected into a project web-
page11. They form a crucial part of the model evaluation, which cannot be adequately
summarised in a non-dynamic medium such as this thesis. A brief description of all ani-
mations is provided below.

1. In-sample predictions https://vimeo.com/362069486. The goal is to showcase
the best possible performance of the models by visualising their performance on the
training set.

2. MTL examples https://vimeo.com/362122944. Examples from Section 5.3.1. We
compare the quality of animations and fit to the ground truth for two limited training
set sizes (6.7% and 13.3% of the full data). For both models, MSE to the ground
truth is given, averaged over the entire predictive window (length 256). This is
different to the experimental setup, which uses only the first 64 frames.

3. Novel test examples https://vimeo.com/362068342. Examples from Section 5.3.2.
We show the adaptions obtained by each model to novel sequences. Again, MSE is
given averaged over the predictive window (length 256).

4. Style morphing https://vimeo.com/361910646. This animation demonstrates the
effect of changing the latent code over time. This also provides evidence of style
transfer and style interpolation from Section 5.3.3.

The animations provide a comparison between the ground truth, the relevant MTDS
model, and the (1 layer, open loop) pooled GRU model (where applicable). In all cases,
animations are a complete predictive rollout with no access to the ground truth.

5.4 Conclusion

This chapter has investigated the use of MTDS models on a rich high-dimensional time-
series with highly nonlinear relationships. This has corroborated an observation in Chapter
4 that GRUs (and to a lesser extent RNNs) are able to perform some implicit style infer-
ence, and hence the construction of MTDS models requires care when using these base
models. Appropriately defined MTDS models are able to learn a highly informative latent
representation of dynamic differences between sequences (which is unavailable from exist-
ing latent variable models). Furthermore, this representation can be used to control the
model predictions, and interpolate between members of the sequence family (i.e. style of
human locomotion).

11https://sites.google.com/view/mtds-customized-predictions/home

https://vimeo.com/362069486
https://vimeo.com/362122944
https://vimeo.com/362068342
https://vimeo.com/361910646
https://sites.google.com/view/mtds-customized-predictions/home
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Individual experiments have shown that the MTDS can substantially outperform existing
methods in small data settings, as well as avoid performance deterioration under dataset
shift. The same model can also be used to perform highly effective style transfer. A
simpler MTDS variant which only customises the dynamic bias (MT-Bias, proposed most
notably by Miladinović et al., 2019) provides an interesting comparison point. This model
is similarly robust to dataset shift, but at least for these data, cannot capture such a rich la-
tent representation, permit reliable style transfer or morphing, and performs substantially
worse when data are scarce.



CHAPTER 6

Unsupervised Personalization of Pharmacodynamic Models
for Anaesthetic Induction

Our final application of multi-task dynamical systems is in the medical domain. In this
context (unlike many high profile applications of machine learning) sample sizes are small,
and mistakes can have severe consequences. To avoid making serious mistakes, existing
models tend to be simple, inflexible and predict average effects. Personalising or improving
these models is often thought to require larger samples and more covariates (e.g. genomic
and proteomic data). In this case it may be many years before the required datasets are
widely available to researchers, and it is not clear which features will be sufficient to effect
the desired personalisation.

Our notion of a sequence family, modelled by a multi-task dynamical system (MTDS),
allows us to take a step towards personalisation without any additional data. This chapter
presents an example of predicting patient response to an anaesthetic agent. We will use a
MTDS to model the family of possible responses to the drug, and personalise the prediction
over time according to the observed response. We can apply this method to any base model
class, but our goal is to personalise the one that is currently used in clinical practice, with
a view to improving predictions while maintaining trust by anaesthetists. The effective
personalisation of such models presents the possibility of a control system which can safely
induce and maintain anaesthesia automatically, at least in the absence of surgical stimuli.

We discuss the modelling background in Section 6.1, our proposed base model and MTDS
variant in Section 6.2, and related work in Section 6.3. The experimental setup is detailed
in Section 6.4 with results in Section 6.5. A conclusion is given in Section 6.6 followed in
Section 6.7 by an appendix regarding the need for experimental design.
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Figure 6-1: Differing systolic blood pressure (mmHg) responses to a drug infusion
(mg/s) shown in the bottom panel. The responses follow individual PD models
trained offline.

6.1 Background

In this section, we provide an introduction to the task in Section 6.1.1, an overview of
the most common modelling paradigm (PK/PD models) and some current methods of
personalisation (Section 6.1.2).

6.1.1 The modelling task

In order to sedate a patient, an anaesthetist initially targets a certain blood concentration
of an anaesthetic agent. In the case of propofol, this may be between 2.5-5.0 µg/ml. The
drug is administered via use of an intravenous infusion pump, which uses an internal model
to provide the desired concentration. The response of the patient is quantified via vital
signs, providing an important feedback loop to anaesthetists; in our case the vital signs
are systolic and diastolic blood pressure and BIS1, a measure of consciousness. BIS is
known to be somewhat unreliable (see e.g. Lobo and Schraag, 2011; Schuller et al., 2015),
but is nevertheless commonly used in practice, and perhaps the best quantitative proxy
for consciousness in general use today.

The patient response to the drug infusion depends on their physiology, resulting in sub-
stantial inter-patient variation. Some examples of modelled responses to the same infusion
sequence are shown in Figure 6-1 for systolic blood pressure; real data exhibit similar inter-
patient differences. The initial dosage targets a BIS value in the range 40-60, but the vital
signs must be monitored on a continual basis to ensure the patient stays within the ther-
apeutic window. This task is made substantially harder due to the lag between dose and
response.

1The Bispectral Index (BIS) of Myles et al. (2004) is a proprietary scalar-valued transformation of EEG
signals which attempts to quantify the level of consiousness. BIS incorporates time-domain, frequency-
domain, and bispectral analysis of the EEG to obtain a scalar between 0 (deep anaesthesia) and 100
(awake).
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When a patient is in the operating theatre, the anaesthetist’s job can be much more com-
plex, requiring additional drugs and further adjustments in anticipation of and response
to the various surgical operations on the patient. This is perhaps necessarily an ad-hoc
procedure, and may require human attention for many years to come. The scope of our
work here will be predicting patient response to a single drug in the absence of such ex-
ternal stimuli. This is an important first step towards a control system for steady state
anaesthetic maintenance, with the potential to free up considerable time from practicing
anaesthetists.

6.1.2 PK/PD models

The dominant paradigm for modelling drug response is the pharmacokinetic/pharmaco-
dynamic (PK/PD) approach. This decomposes the problems into two sub-tasks:

• Pharmacokinetics (PK) is the study of drug concentrations in the tissues of
the body. A PK model describes the distribution of a drug bolus2 or infusion
within an organism, including major blood vessels, under effects such as absorption,
metabolism and elimination.

• Pharmacodynamics (PD) studies the relationship between drug concentration
and physiological effect. The classical approach to pharmacodynamics assumes that
drug molecules bind reversibly to receptors at some effect site in order to exert the
desired effect.

There are a variety of reasons for modelling these effects separately, of which we mention
two. Firstly, a drug is usually not administered at the required effect site, and we must
model the lag induced by this discrepancy, as well as the elimination process. Secondly, PK
mechanisms are better understood and the models more easily fitted (via blood samples);
PD relationships are complex, highly variable and further obscured by disease progres-
sion and measurement difficulty (Lin, 2007, §3). The following sections discuss common
modelling approaches for both PK (Section 6.1.2.1) and PD (Section 6.1.2.2) processes.

6.1.2.1 PK models

The most common PK model in anaesthesia is the three-compartment model (3CM). This
is a vector-valued ordinary differential equation (ODE) describing drug concentrations
for differently perfused physiological compartments under a continuous time infusion (see
e.g. Bailey and Haddad, 2005). These compartments, denoted C1, C2, C3, are sometimes
interpreted as blood, muscle and fat, and can be conceptualised with the latter two as
‘peripheral’ compartments each connected only to the central compartment, blood. See
Figure 6-2 for a pictorial representation.

2A bolus is the administration of a discrete amount of a drug, often given via an injection.
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Figure 6-2: A three-compartment model for propofol pharmacokinetics.

The drug in-flow from a Target Controlled Infusion (TCI) pump, ω(t) enters the cen-
tral compartment and the concentrations c(t) = (c1(t), c2(t), c3(t))T of all compartments
evolve as:

dc
dt = Ac(t) + e1ω(t) (6.1a)

with

A =


−(k10 + k12 + k13) k21 k31

k12 −k21 0
k13 0 −k31

, e1 =


1
0
0

 . (6.1b)

It is easy to see that when ω(t) = 0, the total concentration
∑3
j=1 cj(t) is conserved iff

k10 = 0. Hence k10 ≥ 0 is called the ‘elimination rate’. For a given set of parameters,
Equation (6.1a) under a bolus infusion (delta function) can be solved analytically to yield
a linear combination of three exponential decay functions.

Statistical modelling of pharmacokinetic effects has been an active field for over 50 years,
dating back at least as far as Jelliffe (1967). While the interpretation of compartmental
models may be disputed, the model is established in clinical practice; its continued use
and development is indicative of its surprising effectiveness. These models are trusted
by anaesthetists, and the rate constants appear now to be part of standard anaesthetic
vocabulary.

6.1.2.2 PD models

Most PD models propose that the physiological effect can be determined directly (up
to random noise) from the drug concentration at some effect site.3 Let us denote this
concentration as x(t). The effect site (Ce) is assumed to be distinct from any of the
PK compartments but connected to the central compartment (C1); see Figure 6-3. In
practice, the compartment Ce need not exist in any discrete physiological sense, but it is
an important degree of freedom in fitting the data, allowing for a lag between c1(t) and
the observed effect. This lag may be caused by multiple factors such as distribution time,
receptor binding time and effects relating to intermediate substances – for further details,

3For a wider variety of PD models see the review in Mager et al. (2003).
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Figure 6-3: A PD model in the context of a PK/PD approach. The effect com-
partment Ce attaches to the central compartment of a PK model. The calculated
concentration in Ce is assumed to be directly related to the pharmacodynamic
effect.

see e.g. Holford (2018).

Denoting the rate of the in-flow to the effect site as k1e and the elimination rate as ke0,
the effect site concentration x(t) is modelled by the equilibrating process:

dx
dt = k1ec1(t)− ke0x(t); (6.2)

i.e. the effect site concentration increases/decays exponentially towards that of the central
compartment. The volume at the effect site is assumed to be negligible, so no adjustment
is made to c1(t) due to the out-flow to x(t). Where multiple effects are observed simul-
taneously (e.g. BPsys, BPdia, BIS), it is common to use one effect site per observation
channel, resulting in effect site concentrations xj(t) for j = 1, . . . , ny.

The relationship of x(t) to the observations y(t) is usually modelled by some nonlinear
transformation gη plus white (Gaussian) noise, i.e. for a given time t,

yj(t) = N
(
gηj(xj(t)), ν

−1
j

)
(6.3)

for j = 1, . . . , ny with parameters η,ν. Most common choices of gη(·) are sigmoidal
in nature and include the Hill function (Wagner, 1968) and generalised logistic sigmoid
(Georgatzis et al., 2016). In practice, the assumption of white noise seems to be violated
– one can observe correlated noise processes (such as artifacts, dropouts and unexplained
deviations from steady-state) even in the relatively ‘clean’ research data.4

In practice, drugs act through an interplay of numerous factors, and it is not possible to
analytically relate the drug effect to blood concentration or the number of bound receptors
(see e.g. Bailey and Haddad, 2005, and refs. therein). Our focus on such PD models stems
not from a strong belief in the existing paradigm, but a pragmatic concern to avoid

4The impact of correlated noise is reduced by our sampling rate of 1/15 Hz. There is relatively little
current work which accounts for the noise processes mentioned above, but since such concerns are orthogonal
to our interests in this Chapter, we leave this to future work.
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substantial change from trusted models; better results may be possible with more flexible
models.

6.1.2.3 Personalisation

The models discussed above take a pooled, or one-size-fits-all approach, and fail to take
into consideration inter-individual variation. We provide here a very brief overview of
existing work relating to personalisation.

PK models A number of studies have proposed 3CM models which depend on com-
monly available patient covariates such as age, gender, height or weight. These include
Marsh et al. (1991); Schnider et al. (1998); White et al. (2008); see Eleveld et al. (2018)
for a combined study. These models regress the rate constants in Equation (6.1) on the
covariates, and are fitted using a nonlinear mixed effects approach5 using the software
package NONMEM (Sheiner and Beal, 1981). Details of the parameterisation proposed by
these authors may be found in Appendix A.6.1. A number of validation studies exist
(see e.g. Glen and Servin, 2009; Masui et al., 2010; Glen and White, 2014; Hüppe et al.,
2019) which compare the predictive performance of such models in clinical practice. These
studies have confirmed a degree of bias and inaccuracy of the models but overall their per-
formance is considered by most clinicians to be adequate for clinical use (at least within
the populations in which they were developed).

PD models There is comparatively little work to personalise the rate constants of the
PD model. In most commercially available implementations of the Marsh and Schnider
models, fixed k1e, ke0 parameters are used, as well as constant parameters in the emission
function gη(·). It is widely accepted by practicing anaesthetists that there is a significant
amount of inter-individual variability in PD response to propofol which is largely unac-
counted for in existing models. Eleveld et al. (2018) adjust the PD parameters based on
age, but this results in less than 10% improvement compared to the original pooled model.

Discussion Unfortunately, personalisation based on patient covariates appears to be
somewhat limited. Notwithstanding the many advances of the last 40 years, the following
words of Hull (1979) retain some relevance:

the clinical anaesthetist may . . . be forgiven for feeling the sources of variation
are so legion that in the case of many drugs used in anaesthetic practice it is
better to titrate dose against response than to attempt to predict the correct
dose on theoretical groups. He is, of course, right.

5A brief discussion of mixed-effects models and their relationship with MTL can be found in Section
2.3.3.
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Forty years later, the retrospective study of Hüppe et al. (2019) suggests (even in the case
of well-studied PK models) that existing covariates will not result in a MDAPE6 below
20%. The metabolism of propofol is known to be subject to various factors for which data
are unlikely to be available for the foreseeable future, such as individual genetic influence,
alcohol consumption, and drug utilisation. A practical personalised model must hence
make use of the only other available data: the observed response. The following section
introduces our proposal for this using the MTDS.

6.2 Proposed model

In this section, we consider learning a sequence family of PD responses, conditioned on a
propofol infusion sequence. In learning this sequence family (via an MTDS), we can adapt
the predictions based on the posterior probability of possible responses. This automates
the adjustment of model parameters as more observations are seen. The parameterisation
of the base PD model is described in Section 6.2.1 followed by the MTDS version in Section
6.2.2 which enables online personalisation.

In this work, we choose not to personalise the PK component beyond the existing work
of White et al. (2008). Our preliminary work showed that substantial gains were possible
via effective personalisation of the PD model alone, and retaining the PK component
results in a reduced change to current clinical practice. While we have judged this to be a
favourable trade-off between performance and clinical confidence, we leave the evaluation
of this decision to future work.

6.2.1 Base PD model

Our proposed base model is a relaxation of the PD model in Section 6.1.2.2 in discrete
time. We assume access to the PK model prediction applied to each TCI infusion sequence.
Specifically, let the inputs {ut} be the modelled central compartment discretised on the
unit grid t = 1, . . . , T , using the parameters of White et al. (2008). Let the effect site
concentration at time t be denoted xt, then Equation (6.2) may be discretised as:

xt = β1xt−1 + β2ut−1 (6.4)

for some β1, β2, with no loss of generality if c1(t) is constant in each interval (t − 1, t].
These coefficients are related to the rate constants as:

β1 = e−ke0 ⇒ β1 ∈ (0, 1) (6.5)

β2 = k1e
ke0

(
1− e−ke0

)
⇒ β2 > 0 (6.6)

6MDAPE is an initialism of median average prediction error.
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since the rate constants are positive. These relationships were derived via use of Laplace
transforms and the convolution theorem (see Appendix A.6.3.1 for further details). Since
β1 ∈ (0, 1), the ARX(1) process in Equation (6.4) is stable and non-oscillating.

The nonlinear emission is modelled via a function gη(·) with parameter vector η. We have
found the choices in previous work (generalised sigmoid, Hill function) to be numerically
unstable for gradient-based optimisation, or insufficiently flexible. Instead we use a basis
of logistic sigmoid (σ) functions and express:

gη(x) =
L∑
r=1

ηr σ( ar(x− br)), (6.7)

with constants ar < 0 and coefficients ηr ≥ 0 for all r. These constraints enforce the
desired monotonicity that as concentration increases, the observations (blood pressure
etc.) are non-increasing. We have fitted an 8 dimensional basis with pre-selected constants
{ar, br}8r=1 chosen by optimising the fit to the learned generalised sigmoid functions used
by Georgatzis et al. (2016). One may choose to interpret Equation (6.7) as a constrained
2-layer MLP with one input and one output, but its motivation is quite different.

To complete the model, we introduce additional parameters β3 and α which provide
personalised offsets to the values of the effect site dynamics and the emission respectively.
These are degrees of freedom one might expect in a dynamical system, but are not present
in the usual PD formulation. The full model for a given patient can be written with
xt ∈ Rny and yt ∈ Rny as:

xt = β1 � xt−1 + β2ut (6.8a)

ytj = gηj(xtj + β3j) + αj + εtj , (6.8b)

εtj ∼ N
(
0, ν−1

j

)
for j = 1, . . . , ny and t = 1, . . . , T .

This results in a nonlinear deterministic state dynamical system (see Figure 6-4a), where
each dimension is independent. A stochastic state might be considered as an extension
to the standard PD approach, but preliminary investigation showed superior predictions
with the deterministic approach (see also Appendix A.7). The parameters of the model
are ν and θ = {α, β1, . . . ,βny , η1, . . . ,ηny} ∈ Rd, d = 36, while a,b are constants. In
principle, α may be estimated prior to anaesthetic induction since it relates to pre-infusion
patient-specific vitals levels.

6.2.2 MTDS model

We now discuss a version of eqs. (6.8) which can perform increasing personalisation of
the model over time. A naïve approach would be to place uninformative priors over all
dimensions of θ and perform Bayesian inference online. We have previously called this the
‘single task’ (STL) approach, and it is deficient in at least two ways. Firstly, the inference
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Figure 6-4: Graphical model of (a) the base PD model and (b) the MTDS variant
for an individual patient; the independence of the channels is not shown. For clarity,
the superscript i is omitted, and the dependence on z is shown in a different colour.

will be poorly conditioned and very expensive. Secondly, it fails to take advantage of the
inductive bias available from the training data. The MTDS approach avoids both of these
limitations; we describe its implementation below.

We assume that each patient i can be described by the PD model with a different θ. Let
the parameters required by patient i be denoted as θ(i) corresponding to a latent code
z(i) ∈ Rk. The parameters for this patient are calculated from z(i) via:

θ(i) = [α(i),β
(i)
1 ,β

(i)
2 ,β

(i)
3 ,η

(i)
1 , . . . ,η(i)

ny ] = hφ(z(i)), (6.9)

where the latent code has the prior:

z(i) ∼ N (0, Ik) , (6.10)

with hφ(z) = f(Φz + c) for some ‘loading matrix’ Φ, offset c and elementwise transfor-
mation function f (see below). The resulting parameters are used in the PD model in eqs.
(6.8), and the resulting MTDS is shown as a graphical model in Figure 6-4b. The improve-
ments over the STL approach are made possible by virtue of learning an appropriate Φ
and c from the training data.

The function f consists of elementwise univariate transformations which ensure that each
parameter satisfies the required constraints. For example, the unit interval constraints for
β

(i)
1 can be enforced via a logistic sigmoid, and the non-negativity constraints for β(i)

2 by
softplus(x) = log(1 + ex) etc. If parameters are unconstrained, no nonlinearity is applied.
This choice of hφ is a constrained version of the affine approach investigated in Chapters
4 and 5, which may result in a more interpretable latent code for clinical practice. The
meaning of each dimension of z can be obtained via inspection of the matrix Φ ∈ Rd×k.

We have formulated this model for an unknown z which is inferred over time. However,
some information may be gleaned from covariates ζ such as age, height, weight etc. To
the extent that these covariates ‘describe’ the differences between patient responses, we
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can set z ← ζ which we call a task-descriptor approach. In this case, test time inference
is not required, but the model cannot adapt to the response. A hybrid approach is also
possible, which performs inference only on a subset of the dimensions of z.

6.3 Related work

There has been a variety of recent work considering personalised treatment response mod-
elling. We provide some examples here, excluding deep learning methods, since we are
considering data from clinical trials with small sample sizes. The work in this chapter uses
the same dataset as Georgatzis et al. (2016) who demonstrate that relaxing the PK/PD
model class to a SSM can result in improved model fit and in-sample prediction. Our
work is orthogonal to this, as the goal is to demonstrate how to generalise or adapt to
out-of-sample patients.

Multi-task GPs (MTGPs) have been proposed on a number of occasions for healthcare
modelling. For instance, Dürichen et al. (2015) use MTGPs in the context of condition
monitoring, but the multi-task application is with respect to observation channels, not
patients. This is to be expected given our argument in Section 3.7 that MTGPs are
limited to differing views of the same underlying phenomena. Alaa et al. (2018) consider
a mixture of GPs, which can be applied to multiple patients. But here, personalisation is
limited to use of covariates, restricted to a fixed set of subtypes, and not applicable for
data with control inputs.

Schulam and Saria (2015) propose a form of generalised linear mixed effects (GLME)
model, which assumes an additive decomposition of population, individual and (GP-based)
noise components. This can adjust models to an individual, but only via linear coefficients
and is unable to customise dynamical parameters. Some extensions are proposed in Xu
et al. (2016); Futoma et al. (2016), but these limitations remain. The most similar work
is perhaps that of Soleimani et al. (2017), who extend the GLME approach to include
convolutions (or equivalently linear ODEs) of control inputs. Nevertheless, these still relate
additively to the observations (exploiting the linearity of GPs); extensions to nonlinear
dynamical systems (e.g. PK/PD models) are not straight-forward. Furthermore, no multi-
task ideas are used; adaptivity is restricted to simple random effects.

6.4 Experimental setup

This section describes the experimental setup for the evaluation of our model. Section
6.4.1 describes the data, Section 6.4.2 describes the form of evaluation, and the model
details and benchmarks are given in Section 6.4.3.
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Figure 6-5: Predictions of White et al. (2008) PK model for each of the 40
patients, split by infusion schedule type: (left) high-low-high, (right) low-high-low.
The inter-individual differences seen here are primarily due to the raw infusion
chosen by the anaesthetist, rather than the modelled inter-patient variation.

6.4.1 Data

The data were obtained from an anaesthesia study carried out at the Golden Jubilee
National Hospital in Glasgow, Scotland, as described in Georgatzis et al. (2016). These
consist of N = 40 time series of Caucasian patients; the median length is 36 minutes (range
approx. 27 - 50 mins) and the data are subsampled to 15 second intervals. Each patient
was assigned to one of two pre-operative infusion schedules of propofol. The schedules
split the time into three consecutive segments of 10-15 minutes each, within which the
TCI pump targeted a high-low-high, or a low-high-low concentration of propofol. The two
schedules are visualised in Figure 6-5 using the propofol concentration predicted via the
White et al. (2008) model. Each patient has additional covariates of age, gender, height,
weight (and BMI). Some pre-processing details are provided in Appendix A.6.2.

There are usually ny = 3 channels comprising the vital signs: systolic blood pressure
(BPsys), diastolic blood pressure (BPdia) and BIS7. BIS is the most informative metric
for consciousness, but is only available for 27 of the patients. A variety of noise processes
corrupt the underlying signal, including those derived from:

• anxiety prior to the operation,
• movement by the patient,
• clinical interventions,

as well as other unknown deviations. We leave the modelling of such features (e.g. via
methods similar to Quinn et al., 2009) to future work.

An example time series is shown in Figure 6-6. The data for this patient consists of the
three vital signs (top) and a drug infusion input (bottom). The schedule is indicated via the
vertical dotted lines with the middle section targeting a higher propofol concentration. One
can observe many of the discussed features here including lagged and nonlinear responses,
and missing values.

7For the definition of BIS, see the footnote on page 107.
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Figure 6-6: Vital signs BPsys, BPdia (mmHg), BIS, and drug infusion (mg/s) for
an example patient

6.4.2 Evaluation

A clinically useful PK/PD model will be able to provide accurate predictions over a 5-
10 minute forecast window; the response to a propofol bolus dose is typically evident
within this time. We therefore evaluate the out-of-sample predictions of the MTDS and
all competitor models (see below) within a 20 and 40-step ahead window (5, 10 mins).
The performance is measured via Root Mean Squared Error8 (RMSE) – we believe this
to be more appropriate for personalised predictions than Mean Average Error (as used in
various other studies such as Eleveld et al., 2018; we want to ensure strong penalisation of
poor predictions for unusual patients). We report these scores both after 12 minutes and
24 minutes of observations, which we can use to understand if a model is improving over
time.

We design the experiment in a leave-one-out (LOO) manner due to the relatively small
number of patients (in machine learning terms). For each of 40 folds, a model is learned
on 39 patients and tested on the held-out patient, and the results are averaged. During
training, the RMSE is weighted such that each patient has equal contribution to the
objective despite differing sequence lengths, to avoid a bias towards patients with longer
sequences.

6.4.3 Model details

This section provides a review of the MTDS model and benchmarks used in our exper-
iments. Section 6.4.3.1 describes the various PD models compared in our experiments,
including the MTDS approach. An LSTM benchmark is described in Section 6.4.3.2. All
models are fitted using stochastic gradient methods unless specified.

8More clinically relevant metrics, perhaps via assigning different penalties to different regions of BIS or
BPsys/BPdia scores may be considered in future work.
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Name Parameters Adapt-
ive α

Details

Pooled θ = θ0 7 One-size-fits-all model.
Pooled-α θ = θ0 3 As above, but with adaptive α.
Task-ID θ = hφ(ζ) 7 Customised using patient covariates.
Task-ID-α θ = hφ(ζ) 3 As above, but with adaptive α.
MTPD-k θ = hφ(z),

z ∼ N (0, Ik)
3 k = 5, 7 chosen by AIC, BIC on

preliminary experiments.
Single Task θ ∼ N

(
0, 1002I33

)
3 (Relatively) uninformative Gaussian

prior on all dimensions of θ.

Table 6.1: Versions of the pharmacodynamic model in considered in our experi-
ments.

6.4.3.1 PD models

We consider a number of variants of the PD model described in Section 6.2.1. See Table 6.1
for an overview. The most basic benchmark will be a one-size-fits-all Pooled model, and a
task-descriptor (‘Task-ID’) version. The Task-ID model adapts θ from known covariates
or ‘task-descriptors’ of the patients (ζ); this approach resulted in a small improvement
on the training set, but regularisation of the parameters of hφ was essential to to avoid
poor performance on the validation set.9 These models estimate parameters only via use
of the training set, and perform no online adaptation. This provides a proxy for state-
of-the-art models such as Jeleazcov et al. (2015); Eleveld et al. (2018). We also provide
variants of these benchmarks which adapt the ‘offset’ or ‘level’ online, denoted ‘Pooled-α’
and ‘Task-ID-α’ respectively. This is motivated by the importance of the parameter α in
fitting patient data (see Figure 6-1).

The MTDS model is implemented according to eqs. (6.8) and (6.9) in Section 6.2. In order
to choose k (the dimension of z), preliminary experiments following the LOO protocol
above were performed, and the values k = 5 and k = 7 were chosen by information criteria
(AIC, BIC; for more details of the model selection see Appendix A.6.4.1). We refer to these
two models as MTDS-k for k = 5, 7.10 The single-task version of the PD model is the
most flexible variant, and requires no learning. Instead, a relatively uninformative prior
is placed on each parameter (parameters are constrained to their support via sigmoidal
or softplus transformations where relevant, cf. Section 6.2.2.) Due to the difficulty of the
inference problem, use of HMC (via Stan, Carpenter et al., 2016) proved essential here.

The MTDS model was trained via a MAP approximation of the objective in Section
3.4.1. These experiments were performed prior to the development of much of Chapter 3
and published in Bird et al. (2019). Later experiments using the variational criterion of
Section 3.4.2 saw no significant improvement upon the published results; the procedural
difference compared to previous chapters appears not to be especially important for this

9Regularisation hyperparameters were tuned on a validation set of size N = 4.
10The degrees of freedom of α are not included in k, which is adapted separately from the MT parameters

in order to compare all models like-for-like.
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Figure 6-7: Example predictions (mean and 90% CI) for BIS channel of a patient
at t = 10, 20, 30 minutes using Pooled and MTDS-5 models. The PK central
compartment concentration (µg/ml) is shown in the bottom panel. Retrospective
fits are shown without intervals for clarity.

set of tasks. Inference was performed via the approaches discussed in Section 3.5. Further
details regarding learning and inference can be found in Appendix A.6.5.

6.4.3.2 LSTM Benchmark

It is unlikely that more complex/‘neural’ models such as RNNs will be accepted by prac-
ticing anaesthetists in the near future for a variety of reasons. The sample complexity of
a RNN is poorly matched to the typical sample size of a clinical trial, predictions may
perform very poorly under dataset shift (see Section 5.3.2), and the model is inscrutable,
which precludes both an understanding of the prediction, and the ability to alter it. Nev-
ertheless, it is still useful to provide a ‘neural’ benchmark to help us understand the
opportunity cost of using simpler models. Note that if black box models are permissible,
we might also expect improvements to RNNs using an MTDS approach (as in Chapter 5).

For the benchmark, we use a one-layer LSTM, with a hidden layer size of 32 and L2
regularisation coefficient 10−3 chosen by grid search from {16, 32, 128} ×{10−5, 10−4,

10−3, 10−2, 10−1}, and fitted via use of the Adam optimiser. As in Chapter 5 we train
the model in an an open-loop (or seq2seq) fashion, encoding 40 timesteps of inputs and
outputs prior to a 40-step prediction. In each training iteration, the starting time t is
randomised. Observations with missing values required transformation for the ‘encoder’
section of the LSTM: this were handled by zero-imputation, concatenated with a one-hot
encoding of the pattern of missingness.

6.5 Results

The results are split into three sections. Firstly, an introduction (Section 6.5.1), which
presents an example MTDS prediction over time, and provides the best possible results
(in-sample) that can be achieved from our PD class. The main out-of-sample results for
all models are then presented in Section 6.5.2. Finally Section 6.5.3 provides a closer look
at the performance over time for three selected models.
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t = 12 m t = 24 m

RMSE RMSE RMSE RMSE
20-ahead 40-ahead 20-ahead 40-ahead

BPsys 5.40 5.31 5.43 5.19
BPdia 3.63 3.79 3.55 3.75
BIS 7.42 7.35 7.68 7.81

Table 6.2: Optimal PD fit: The 20 and 40-step predictive RMSE calculated
in-sample for an individual model fitted to each patient after t = 12, 24.

6.5.1 Introduction

Example predictions from both the MTDS-5 and Pooled-α models can be seen in Figure 6-
7 for the BIS channel. One can see the models adapting over time at t = 10, 20, 30 minutes,
where the credible intervals show the predictive posterior for the underlying PD function.
While the adaptive Pooled-α model (green) is fixed in shape and only updates its offset,
the MTDS permits much greater flexibility, providing continual adaption over increasing
t. The MTDS can further share information between the 3 channels via inference on z,
unlike the Pooled model. Further examples can be seen in Appendix A.6.6.

The best performance that the PD model class described in Section 6.2.1 can achieve (for
this dataset) is shown in Table 6.2. This is the average in-sample error for 20-step and 40-
step ahead predictions at t = 12, 24 minutes for each channel trained on a per-patient basis.
The RMSE of the BIS channel is relatively high, in part due to noise processes, but also
since the PD model class is insufficiently flexible for this channel.11 For an example of BIS
violating the PD model assumptions, see the step-change in the BIS channel observations
at t = 30 in Figure 6-7 which may perhaps correspond to a phase change in patient state
(see e.g. Mukamel et al. 2014) or some form of hysteresis.

6.5.2 LOO results for all models

The out-of-sample performance (LOO average) relative to the optimal performance (per
Table 6.2) is shown in Table 6.3 for all models. This is reported as Standardised RMSE
(SRMSE), which is a ratio of the model RMSE to the optimal fit in Table 6.2. A value
of 1.00 indicates the same level of performance as the optimal PD fit, and a higher value
indicates a worse fit. Results for the three channels are listed separately. One can see that
the non-adaptive approaches often proposed in the literature (both Pooled and Task-ID)
are highly suboptimal; for the blood pressure channels, the RMSE is more than twice that
of the optimal fit.

By t = 24 there is a clear win for the MTDS models over all other PD approaches. The
11BIS is known not to follow PD assumptions: it is a composition of many signals and suffers from the

difficulty of defining consciousness (especially as a scalar value); see e.g. Lobo and Schraag (2011); Schuller
et al. (2015).
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20-step performance is essentially optimal for the BPsys and BPdia channels, and further,
the performance is substantially better than the flexible black-box LSTM model. For BIS,
an optimal performance is not achieved by any approach within the class of PD models,
but the MTDS results are a promising step forward (for the LSTM results, see below).
For a discussion of the important degrees of freedom and a visualisation of a learned Φ,
see Appendix A.6.6.2.

The STL approach performs relatively poorly for all channels, and takes 5 - 10× longer
for inference, although its performance is expected to improve with increasing t. The
adaptive Pooled-α model performs better initially, but it is not flexible enough to provide
much customisation, and shows no improvement over time. Adapting the offset α of
the Pooled-α model nevertheless allows a substantial improvement over the non-adaptive
version; the level is among the most important degrees of freedom (see also Figure 6-1).
The performance of the patient covariate model Task-ID (both adaptive and non) is similar
to or worse than the Pooled version. While Task-ID models clearly suffer from overfitting,
the in-sample improvement is fairly small, suggesting the available patient covariates may
lack the required information to attain meaningful improvement.

There appears to be some performance advantage for using the LSTM model for BIS
(although the MTDS is able to reduce the gap by t = 24). This may be due to the
particularly serious mis-specification of the PD model for this channel, as mentioned above.
The SRMSE of 0.88 for the BIS prediction at t = 24 indicates that the LSTM can fit the
data better than the in-sample PD model. In particular, the 1-d linear dynamics of the
PD model cannot fit the stepped level changes and hysteresis sometimes observed. The
latter results in correlated noise to the fit, which further misleads online inference for the
MTDS.

6.5.3 Improvement over time

The average 20-step-ahead predictive RMSE for t = 3, . . . , 31 is provided in Figure 6-8a
for the Pooled-α, MTDS-5 and STL models. The optimal PD performance is shown by
the dotted black line for each channel, and the coloured dots under the graph denote
where the respective model is significantly better than its competitors12. The benefit of
the MTDS over the STL approach is sustained across all time points for the given period,
although the STL model appears to be ‘closing the gap’ for BPsys near the 30 minute
mark. We see that the advantage of the MTDS-5 over the Pooled-α model opens up
after t ≥ 13 minutes for the BPsys and BPdia channels, but that the error has some
dependence on time, notably at 12-14 and 27-29 minutes, which is when the infusion
sequences change (see Figure 6-5). Section 6.7 argues that this performance degradation
is in part inevitable, since multiple changepoints are required to determine the required
model parameters, motivating improved experimental design of the {ut}.

12Significance is at the α = 0.05 level using a nonparametric test (Wilcoxon signed-rank test, see Scheff,
2016, §8). Note that no adjustment has been made for multiple testing, e.g. via a Bonferroni correction.
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t = 12 m t = 24 m

SRMSE SRMSE SRMSE SRMSE
20-ahead 40-ahead 20-ahead 40-ahead

Pooled 2.86 2.65 3.25 3.11
Task-ID 2.84 2.64 3.23 3.10

Pooled+α 1.23 1.31 1.37 1.41
BPsys Task-ID+α 1.26 1.37 1.55 1.67

STL 2.10 2.29 1.29 1.60
MTDS-5 1.18 1.30 1.00 1.15
MTDS-7 1.19 1.31 1.00 1.12
LSTM (open loop) 1.59 1.76 1.46 1.48

Pooled 2.42 2.37 2.59 2.35
Task-ID 2.40 2.35 2.57 2.34

Pooled+α 1.03 1.13 1.21 1.15
BPdia Task-ID+α 1.16 1.30 1.23 1.24

STL 1.50 1.74 1.57 1.58
MTDS-5 1.12 1.24 1.01 1.03
MTDS-7 1.15 1.25 1.02 0.99
LSTM (open loop) 1.61 1.80 1.26 1.41

Pooled 1.66 1.87 2.08 1.82
Task-ID 1.69 1.90 2.11 1.84

Pooled+α 1.45 1.67 1.47 1.49
BIS Task-ID+α 1.66 2.01 1.65 1.69

STL 1.97 3.16 1.31 1.61
MTDS-5 1.35 1.81 1.21 1.29
MTDS-7 1.32 1.85 1.19 1.28
LSTM (open loop) 1.19 1.55 0.88 1.28

Table 6.3: The out-of-sample performance of each model standardised by the
optimal PD results in Table 6.2 (lower is better). For each channel, models
are split into standard approaches, adaptive (MTDS) approaches, and non-PD
approaches. As per Table 6.2, the results give the 20 and 40-step predictive RMSE
after t = 12, 24. The results highlighted in bold are the best performance from a
PD model.
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Figure 6-8: Performance over time (in mins). In 6-8a, the lower dotted line
indicates the avg. error for the retrospective fit of the optimal PD function over
each task. If the MTL or Pooled model is significantly better than the other (see
text), it is shown as the relevant coloured dot below. Best viewed in colour.

Figure 6-8b shows the retrospective RMSE as a function of time for the different models,
based on “post-dicting” the the data seen up to time t given the inferences for z at time
t. These plots show that the MTDS-5 model is substantially better at this task than the
Pooled-α and STL models for both BP channels. The fact that the Pooled-α model does
not fit well retrospectively indicates that it cannot capture the inter-patient variation well,
and hence little performance improvement is expected over time.

6.6 Conclusion

The application of the MTDS framework to PK/PD modelling problem provides a novel
approach to personalised medicine, which (for our propofol dataset) shows substantial
promise over traditional approaches using patient covariates. Clinicians often perform
mental adjustments of models, titrating the dose to the response. The MTDS facilitates
the automation of this practice. This may be a necessary direction for PK/PD models for
many years to come, since common patient covariates appear to have insufficient informa-
tion for full personalisation as noted by Hüppe et al. (2019) for PK models, and observed
in our own results for PD models.

The experiments have highlighted a number of areas for further improvement. Firstly, the
BIS channel may benefit from a more flexible PD model class. This can be seen from the
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relatively poor performance of optimal PD fits, visual inspection, and comparison with
LSTM models. Possible directions include a higher dimensional state, nonlinear dynamics,
and/or switching latent state variables, but the design should be carefully constructed
alongside domain experts. Secondly, model predictions can likely be improved via better
experimental design of the infusion sequence, and avoid the performance degradation
at 27-29 minutes (see also Section 6.7 below). Finally, incorporating artefact models
should reduce the sensitivity of the inference to correlated noise and artefacts, reducing
suboptimal predictions.

6.7 Appendix: The need for experimental design

In this section we show that the information required to predict the response after the
second changepoint (t ≈ 27 minutes for this dataset) may not be contained in the obser-
vations preceding it. This suggests the need for a careful design of the infusion sequence
in the pre-operative window to extract maximum information.

Consider the following nonlinear dynamical system, which is a generalisation of the PD
model:

xt = Axt−1 + But (6.11a)

ytj = gηj(xtj + βj) + αj + εtj , (6.11b)

εtj ∼ N
(
0, ν−1

j

)
for t = 1, . . . , T and j = 1, . . . , ny. It is well-known that state space

models are non-identifiable (see Section 2.2.3.2). In the case of eqs. (6.11), it is easy
to construct an example where two different parameter settings can generate the same
observations to time t but result in quite divergent forecasts.

We provide an example of this phenomenon in Figure 6-9a, with inputs ut ∈ R (bottom),
state xt ∈ R (middle), and outputs yt ∈ R (top). The emission functions gη are shown in
Figure 6-9b; the first is linear, the second sigmoidal. The observed yt’s for t ≤ 200 are
almost identical up to the noise process, but after the changepoint at t = 200, the systems
evolve very differently. This is because the nonlinear function obscures the different latent
states. The first system (blue) in Figure 6-9a converges to the low value of yt ≈ 30 via
the AR process; the second system (orange) converges to yt ≈ 30 due to the sigmoidal
gη. The best prediction we can make when xt is unknown is shown in red in Figure 6-9c
(although this will depend on the prior probability of each case).

A similar property exists in the propofol dataset when the vital signs have converged to
some level for the first time. We do not know whether the steady-state response is finely
balanced, or whether the response is ‘saturated’, i.e. the drug infusion exceeds the amount
needed to keep the patient in the current state. This ambiguity can only be resolved via
observing a further changepoint in the ut’s. For our data, this changepoint happens at
t ≈ 28 and results in suboptimal predictions at this time. We emphasise this is related
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Figure 6-9: Synthetic data generated from two different dynamical systems. See
text for more details.
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not to the absolute value of t, but rather the number of changepoints that have been seen.
Changepoints in the infusion sequence must therefore be carefully planned in order to
gain the maximum information while minimising the amount of time t required to obtain
it. We suggest that future work employs the use of optimal experimental design (see e.g.
Huan and Marzouk, 2013) in order to improve the accuracy of forecasts for smaller values
of t.



CHAPTER 7

Conclusion

In this thesis, we have shown how to construct, train, and perform inference in a new class
of time series model: the multi-task dynamical system. Through empirical work we have
shown that this hierarchical model can learn an embedding of sequence characteristics,
which can be used to improve performance and/or modulate time series forecasts depend-
ing on the goals of an end user. In this work we have successfully applied the MTDS
to linear dynamical systems, recurrent neural networks, and standard pharmacodynamic
models, and investigated the concomitant benefits.

We have claimed that time series data often arise in ‘families’ of related sequences, and
Chapters 4-6 have investigated some examples of this. However, almost all datasets which
contain multiple time series manifest such inter-sequence differences. We can find further
examples in the context of natural language or video data; other examples might regularly
be found in a business context, albeit rarely in the public domain. Given the truth of this
claim, predicting time series data accurately must require task inference (in the sense of
this thesis), unless one can use a separate model for each time series. The only existing
models which appear to perform task inference are neural models (such as RNNs), which
perform this implicitly. Our MTDS approach provides an explicit alternative to the task
inference in RNNs, and an explicit approach may in many circumstances be preferred. A
discussion of these circumstances is provided in Section 7.1; possible further extensions to
the model are discussed in Section 7.2.

7.1 When to use a MTDS

We have provided a fairly comprehensive demonstration of the properties and benefits
of the MTDS in Chapters 4-6. The MTDS has been shown to yield improvements in
predictive accuracy in limited data scenarios, but standard GRUs have sometimes shown
comparable or better performance when the amount of data is larger. Due to the increased
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In-sample sequences Novel sequences
Dataset size small large small large

vs SSMs Ô Ô Ô Ô

vs RNNs Ô

Ô

Ô Ô/

Ô

Table 7.1: Expected performance benefit of using an MTDS compared to both
SSMs and RNNs, where Ô indicates improved performance for an MTDS approach,
and

Ô

indicates worse performance.

complexity of training and using MTDS models, it may be helpful to summarise the
situations which appear to benefit from an MTDS approach. We first address predictive
accuracy, which is often the key consideration for academic work. However, there are a
variety of other reasons that an MTDS may be of use in practice such as interpretability
or control, which are also discussed below.

Predictive accuracy A qualitative summary of the situations where the MTDS can be
expected to yield improvement is shown in Table 7.1. The table summarises the perfor-
mance seen in our experimental work, split by dataset size (small and large datasets), and
whether the predictions are for sequences in the training set, or entirely novel sequences.
If one is restricted to using SSMs (e.g. for reasons of interpretability), one can usually
expect a MTDS approach to perform better, or at least not worse than a SSM. This has
been the case both in Chapter 4 and Chapter 6. In the case where a black-box model such
as a GRU is permitted, a MTDS approach will likely be beneficial under limited data; but
has the potential to result in reduced accuracy with larger datasets. However, the MTDS
is more robust to dataset shift, and may perform better on novel out-of-sample data.

Interpretable modelling In a variety of applications, such as healthcare, science or
business, interpretable models (such as state space models) are very important. These not
only provide a window into the process underlying the data, but also allow domain knowl-
edge and constraints to be built into the model. The MTDS approach allows improved
performance of such models and may be considered a much more favourable trade-off
between interpretability and performance than a black-box approach.

Low-dimensional representation Sequence data is (in principle) of unbounded di-
mension, and collections of sequence data are often not aligned in time. Standard di-
mensionality reduction techniques will cope poorly with these problems. Furthermore,
standard approaches such as PCA focus on high variance discrepancy in data space such
as differences in magnitude and struggle to incorporate control inputs u1:T . The MTDS
approach in contrast learns a generative model of the sequence, capturing an estimate of
the true degrees of freedom. This avoids the above problems, resulting in a low dimensional
representation which captures intuitive qualitative differences between sequences.
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z1

z2

z1

z2

Figure 7-1: Effect of latent adjustment on generation of double pendulum data.
The two panels represent two different initial conditions, within which the predictions
for different values of (z1, z2) are shown. The increasing brightness shows the flow
of time; only the second bob is shown for clarity.

Controlling long-term predictions Animators require fine-grained control over mod-
els, which is not possible with most existing approaches. The MTDS supports a large
number of different possible roll-outs which are consistent with a sequence so far. An
example is given in Figure 7-1 of a video generation model of a double pendulum, where
the trajectory is modulated by the latent variable z. The two panels shows two different
initial conditions; the horizontal and vertical positions within each panel correspond to the
value of z1 and z2 respectively. z1 relates to the relative kinetic energy between the bobs,
and z2 corresponds to the total energy of the system. Other domains may also benefit
from this control, especially where domain knowledge can be used in order to determine
the value of z.

7.2 Future work

There are many extensions available to the work described in this thesis. The MTDS
already incorporates ideas from fields including MTL, (deep) generative models, time
series models, recurrent neural networks, variational inference, Monte Carlo integration;
and the applications have required further background still. The following suggestions are
ideas which we have been unable to explore due to time constraints, as well as avoiding a
further increase in scope.

Stochastic state models Stochastic state models have been avoided in this work for
two reasons: firstly because the available datasets did not demand it, and secondly since
long term predictions appear to benefit from the deterministic state (see Section 2.2.3.6
and Appendix A.7 for further discussion). Additional challenges for learning and inference
exist for stochastic state MTDSs, since the latent dynamical state must be integrated
out. This is less problematic for LDS models, which allow closed-form integration, and
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this benefit may in principle be extended to nonlinear models too as in e.g. Karl et al.
(2017). More generally, Sequential Monte Carlo (SMC, e.g. Doucet et al., 2001) might
be considered for approximate integration. Stochastic state models may be particularly
important for anomaly detection tasks; the MTDS allows us to tailor the model to an
individual person, organisation, hospital, machine etc. which may reduce false positives.

Dynamic customisation In this thesis, we have assumed that each time series has a
customisation which remains static in time. This is not necessarily the case: for instance,
mocap data can comprise a variety of styles and activities over time, or the patient re-
sponse to a drug infusion may undergo a phase change. This might be handled by a
time-dependent zt which varies smoothly over time, or makes use of a switching model.
One could use this (for instance) to perform activity recognition for mocap data in a fully
unsupervised manner.

‘Closed loop’ amortised inference There are many advantages to the Monte Carlo
inference routine proposed in this thesis. Most importantly, we are guaranteed that the
inference routine cannot overfit, and it is robust to dataset shift. On the other hand,
real-world applications often require faster response times than are possible using a MC
approach. This may be facilitated by an amortised approach, but use of standard encoders
(such as RNNs, as discussed in Chapter 3) may perform poorly online and suffer from
overfitting to the training data. While standard amortised approaches use an open-loop
discriminative approach (i.e. they are ‘blind’ to the appropriateness of their output), one
might consider a closed-loop variant. For instance, one could ‘learn’ an optimiser (cf.
Andrychowicz et al., 2016) for accelerating standard variational inference as per Marino
et al. (2018), making use of gradient and loss information.

Lifelong learning The MTDS is necessarily limited by the sequence family H that is
learned from the training set. Where H does not capture the characteristics of a new test
sequence, the MTDS is unable to extrapolate effectively. From Equation (3.18), we have
for a given test sequence y′1:t with inputs u′1:t:

log p(y′1:t |u′1:t, φ) = log
∫
Z
p(y′1:t|u′1:t, hφ(z)) p(z) dz. (7.1)

If this log probability falls below some threshold, we might consider updating the pa-
rameters φ to provide a better prediction. However, to avoid catastrophic forgetting
(McCloskey and Cohen, 1989), it will be important to ensure that the training set se-
quences retain a high log likelihood. This might be achieved by taking gradient steps in
the direction of maximising Equation (7.1), while also maximising the log likelihood of
samples (or ‘hallucinations’) generated from the existing model (as per e.g. Shin et al.,
2017).
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MTPD model extensions We have seen in Chapter 6 that the existing pharmacody-
namic (PD) model class is unable to model various aspects of the observations such as
phase changes or hysteresis. This suggests expanding the model class to incorporate a
larger, stochastic, and possibly nonlinear latent state. This must be constructed with do-
main experts in order to retain interpretability where possible, as well as obey physiological
constraints. In order to avoid being misled by artefacts in the observations, integrating the
model with the Factorial Switching Linear Dynamical System (FSLDS, Quinn et al., 2009)
may yield substantial improvements, especially in test time inference. Finally, results of
this model may be substantially improved by better experimental design, as argued in the
conclusion of Chapter 6.
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APPENDIX A

Appendix

A.1 Gaussian identities

In this thesis, we make use of the following Gaussian conditioning formulae:

1. Gaussian conditional → joint distribution. Let y depend on x through some
affine transformation with Gaussian noise, and x have a Gaussian prior distribution,
i.e.

p(y |x) = N (Hx + u, R) , p(x) = N (m, P ) . (A.1)

Then the joint distribution over x and y is:

x
y

 ∼ N

 m
Hm + u

 ,
 P PHT

HP HPHT +R


 . (A.2)

2. Gaussian joint → conditional distribution. Let:

x
y

 ∼ N

µx

µy

 ,
Σxx Σxy

Σyx Σyy


 . (A.3)

Then the conditional distribution of x given y is:

p(x|y) = N
(
µx + ΣxyΣ−1

yy(y− µy),Σxx − ΣxyΣ−1
yyΣyx

)
(A.4)

The first identity (eq. A.2) follows from various applications of the law of total expectation.
The second identity requires a bit of extra work, but a proof can be found e.g. in Bishop
(2007), §2.3.1.
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A.2 Background

This section contains three proofs regarding linear dynamical systems omitted from the
time series section of the background material (Section 2.2) in the interests of brevity.

A.2.1 Non-identifiability of an LDS

The linear dynamical system with state dimension nx > 1 is non-identifiable due to over-
parameterisation. That is, there are infinitely many ways of specifying the parameters
while maintaining the same distribution over observations. As discussed in Section 2.2.3.2,
this is due to the basis of the hidden state (and directions thereof) being unspecified by
the usual formulation. As a result we can rotate/reflect the hidden state by any invertible
linear transformation G and obtain the same distribution over Y .

Proof. Consider the LDS py,x(y1:T ,x1:T ) as parameterised in Equation (2.31)-(2.32), and
the change of basis vt = G−1xt for an invertible matrix G:

p(y1:T ) =
∫
py|x(y1:T |x1:T )px(x1:T ) dx1:T (A.5)

=
∫
py|x(y1:T |Gv1, . . . , GvT )︸ ︷︷ ︸

(i)

|G|T px(Gv1, . . . , GvT )︸ ︷︷ ︸
(ii)

dv1:T (A.6)

which follows from the change of variables formula. To remove ambiguity, we subscript each
density by the variables which define them. By Equation (A.6), the implied distributions
wrt. v in the integrand, py|v(y1:T |v1:T ), pv(v1:T ) have the same marginal density over y1:T .
We will show below that these distributions remain LDSs and have the parameterisation
given in Equation (2.33)-(2.34) of Section 2.2.3.2. We can therefore conclude that this
reparameterisation defines the same distribution over y1:T and holds for any invertible G.

To demonstrate this, we consider the terms in the integrand in turn, working in log space
for convenience.

(i) The emission distribution:

log py|x(y1:T |Gv1, . . . , GvT ) =
T∑
t=1

log py|x(yt |Gvt) =
T∑
t=1

logN
(
yt |CGvt, S

)
(A.7)

=:
T∑
t=1

log py|v(yt |vt) =: log py|v(y1:T |v1:T ) (A.8)

The emission distribution py|v(yt |vt) hence uses the parameters of Equation (2.34).



Chapter A. Appendix 152

(ii) The transition distribution:

log px(Gv1, . . . , GvT ) + T log |G| (A.9)

=
T∑
t=1

log px(Gvt |Gvt−1) + log |G| (A.10)

=
T∑
t=1

logN
(
Gvt |AGvt−1, R

)
+ log |G| (A.11)

= −1
2

T∑
t=1

[
log |R| − 2 log |G|+ const + (Gvt −AGvt−1)TR−1(Gvt −AGvt−1)

]
(A.12)

= −1
2

T∑
t=1

[
log |G−1RG−T|+ const+ (A.13)

(vt −G−1AGvt−1)T
(
G−1RG−T

)−1
(vt −G−1AGvt−1)

]
(A.14)

=
T∑
t=1

logN
(
vt |G−1AGvt−1, G

−1RG−T
)

=: pv(v1:T ). (A.15)

Hence the emission distribution pv(v1:T ) is a VAR(1) system using the parameters
of Equation (2.33).

We therefore conclude that the integrand does define a LDS wrt. v with the parameters of
Equation (2.33)-(2.34).

A.2.2 An ARMA(p, q) process can be written as an LDS.

The proof here broadly follows Hamilton (1994), §13.1. We will use the same transition
matrix for the ARMA(p, q) model as when writing an AR(p) model as a VAR(1), i.e. as
in Equation (2.25), but now with nx = r = min(p, q + 1), using aj = 0 where j > r.

We will first need to rewrite the ARMA model in Equation (2.18) using the lag operator
L, defined such that Lzt = zt−1, L2zt = zt−2, . . . , etc. applied to any variable zt. Then
the ARMA(p, q) model in Equation (2.18) may be written:

1−
p∑
j=1

ajL
j

 yt =

1−
q∑
j=1

cjL
j

 εt, εt ∼ N
(
0, σ2

)
, (A.16)

where cj = 0 for j > q. We will find this form useful for algebraic manipulation in what
follows.
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Proof. Consider the observation process:

yt =
[
1 c1 c2 . . . cr

]
︸ ︷︷ ︸

CARMA

xt, (A.17)

observed without noise. Explicitly, writing xjt for the jth element of xt, we have:

yt = x1t +
r∑
j=2

cj−1 xjt = x1t +
r∑
j=2

cj−1 x1,t−j+1, (A.18)

since by the choice of matrix A we have xjt = xj−1,t−1 which can be recursively applied
for j > 1. Using the lag-operator form of the model from Equation (A.16), we can write
(A.18) as:

yt =
(

1 +
r−1∑
j=1

cjL
j

)
x1t, (A.19)

where L is the lag operator. Now multiplying through by the AR polynomial 1−
∑r
j=1 ajL

j

(cf. eq. A.16) gives:(
1−

r∑
j=1

ajL
j

)
yt =

(
1 +

r−1∑
j=1

cjL
j

)(
1−

r∑
j=1

ajL
j

)
x1t (A.20)

since the polynomials commute. The structure of the matrix A gives us that x1t =∑r
j=1 ajL

j x1t + εt and hence (1−
∑r
j=1 ajL

j)x1t = εt. Therefore,(
1−

r∑
j=1

ajL
j

)
yt =

(
1 +

r−1∑
j=1

cjL
j

)
εt (A.21)

which is the form of the ARMA model in Equation (A.16).

A.2.3 Derivation of the Kalman Filter.

The Kalman Filter is a recursive procedure for calculating p(xt |y1:t) in an LDS. This can
be derived fairly simply using the Gaussian identities in A.1. Using Bayes’ rule, we have:

p(xt |y1:t) ∝ p(xt, yt |y1:t−1) (A.22)

= p(yt |xt,y1:t−1) p(xt |y1:t−1) (A.23)

= p(yt |xt)
∫
p(xt |xt−1) p(xt−1 |y1:t−1) dxt−1︸ ︷︷ ︸

prediction

(A.24)

where p(yt|xt) in Equation (A.24) follows from the conditional independence assumptions
of eqs. (2.31 - 2.32). Let the previous filtering distribution p(xt−1|y1:t−1) = N (mt−1, Pt−1),
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calculated from the previous recursion. The recursive update follows two steps: firstly the
‘prediction’ step (highlighted in eq. A.24), and then the ‘update’ step, which incorporates
the information from the observation and renormalises the result.

Prediction step Using Gaussian identity (A.2), the ‘prediction’ of the latent xt given
y1:t−1 is:

p(xt|y1:t−1) = N (m−t , P−t ), (A.25)

where

m−t = Amt−1,

P−t = APt−1A
T +R.

Update step We now incorporate the information from the emission process into the
prediction and renormalise. This follows two steps. Firstly we combine the emission
distribution p(yt |xt) with the predictive state equation above (eq. A.25), using Gaussian
identity (A.2):

p


xt

yt

∣∣∣∣∣∣ y1:t−1

 = N


 m−t
Cm−t

 ,
 P−t P−t C

T

CP−t CP−t C
T + S


 . (A.26)

We then condition on the observed yt using identity (A.4), which yields:

p(xt |y1:t) = N (mt, Pt) (A.27)

where

mt = m−t +Kt(yt − Cm−t ),

Pt = P−t −KtCP
−
t ,

Kt = P−t C
T(CP−t CT + S)−1.

Equations (A.25) and (A.27) define the Kalman filter updates, where Kt is the Kalman
gain. These updates are often implemented in other forms to provide computational and
numerical benefits (see e.g. Durbin and Koopman, 2012, §4.3, §6.3, Barber, 2012, §24.4)
but the underlying idea remains the same. A visualisation of these steps is provided in Fig-
ure A-1 for 1-D data. The prediction step in Figure A-1(b) (orange) moves p(xt−1|y1:t−1)
(blue) towards the origin, adding Gaussian noise. Some sample distributions for yt condi-
tioned on different values of xt are given in A-1(c), with their peak height proportional to
the prior probability. The level curves of the complete joint distribution of p(xt,yt|y1:t−1)
are given in Figure A-1(d). The update step is shown in Figure A-1(d) -(e), where the
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p(xt−1 |y1:t−1)
Previous filter.
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Prediction.

(A.25)
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yt predictions
given xt.
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p(xt,yt |y1:t−1)

Joint.
(A.26)

(e)
p(xt |y1:t)
Update.
(A.27)

Figure A-1: Example of Kalman Filter update for 1D state and emission. Joint
distribution shows 1,2,3 s.d. level curves; dashed blue lines show the values ±2 s.d.

joint distribution (A.26) is conditioned on the observed yt (shown with the vertical black
line), resulting in the updated distribution of Figure A-1(e).

A.3 Multi-Task Dynamical Systems

This section contains some additional material primarily regarding the development of the
MT-LDS parameterisation.

A.3.1 Parameterising using the Cayley transformation

We investigate the properties of the Cayley transformation1 for 2-dimensional orthogo-
nal matrices, since they are easily represented as rotation matrices (note the positive
determinant implied by the Cayley transform). Let a 2-D skew-symmetric matrix S be
parameterised by an input ψ:

S(ψ) =

0 −ψ
ψ 0

 . (A.28)

How does the input ψ affect the resulting matrix? Solving for ω in the orthogonal matrix
Q using the Cayley parameterisation (eq. 3.8):

Qrotation(ω) = Qcayley(ψ) (A.29)

⇒

 cos(ω) sin(ω)
− sin(ω) cos(ω)

 = (I − S(ψ))(I + S(ψ))−1 (A.30)

⇒ ω = 2 arctan(ψ) (A.31)
1While we have used the Cayley transformation to construct orthogonal matrices, alternative approaches

are possible, such as the matrix exponential. See Everson and Roberts (1999) for an example application.
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Figure A-2: (a) Relationship between input to 2D Cayley form (ψ) and resulting
rotation ω in radians. (b) Example prior distribution in ψ – passing through
nonlinearity (red) results in skewed distribution (c). (d) Example prior distribution
in ψ – passing through nonlinearity (red) results in bimodal distribution (e).

(see appendix A.3.2 for a proof). Thus the relationship between the input value to the
Cayley form and the implied rotation is sigmoidal in nature. For small angles, |ω| <
π/4 (i.e. less than 45 degrees) the function is fairly well approximated by the first order
Maclaurin expansion ω = 2ψ, and hence:

Qcayley(ψ) ≈

 cos(2ψ) sin(2ψ)
− sin(2ψ) cos(2ψ)

 for ψ ∈ [−π/8, π/8]. (A.32)

Changing the frequency of oscillation is a global (not local) event, and hence the resulting
transition matrix is extremely sensitive to small changes in ψ. (This assumes the model is
using oscillations in the latent system to explain the observations as illustrated in Section
2.2.2.6.) Furthermore, density estimation in sequence space will be challenging, since
larger values of ψ will begin to saturate the sigmoid (arctan) which can result in skewed
or bimodal results (see Figure A-2 for an example).

It is therefore common that we should want the inputs to the Cayley transformation, ψ,
to be small and have a tightly concentrated distribution. On the other hand, the diagonal
matrix Σ = diag{tanh (υ)} will often require the elements of υ to be close to the interval
[3, 5] in order to ensure the magnitude of the latent space does not decay too fast (see
Section 2.2.2.6). Due to the gradient of the sigmoid in this interval, the distribution over
inputs may be quite wide. The result is a badly scaled optimisation problem, resulting
in highly unstable / non-monotonic learning curves when using the methods detailed in
Section 3.4.

An example of the learning curve of the (negative) marginal log-likelihood obtained while
optimising a DHO model (Section 4.1.3, using the MCO objective) is shown in Figure
A-3b. The blue curve shows the instabilities encountered during learning. Figure A-3a
(bottom) shows the value of the gradient per iteration for one of the weights associated
with the Cayley input variable. The weight experiences high magnitude oscillation in
value, where large deviations appear to correlate with large divergences in the objective
value. A simple (and effective) remedy has been to employ a constant scalar γ to shrink
the inputs to the skew-symmetric S, i.e. S(γψ). The value γ = 0.1 has worked well in
practice (see for example the gradient values in Figure A-3a (top) and the optimisation
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Figure A-3: Optimisation of a 2-D MT-LDS on a simple DHO problem (see
Chapter 4), epochs on x axis. (a) The gradient of a single weight in the network
responsible for ψ, bottom panel shows the values without the rescaling strategy
(γ = 1), the top panel uses γ = 0.1. (b) The (negative) marginal log likelihood
during optimisation both with (γ = 0.1) and without (γ = 1) the rescaling strategy.

trace for γ = 0.1 in Figure A-3b).

In all our experiments we use Adam (Kingma and Ba, 2014), which does not obviously
adapt to the poor scaling of the optimisation problem.2 One might instead consider using
second-order optimisation methods. However, it is not straight-forward to use these to-
gether with stochastic gradient estimates, and it may also hurt generalisation performance.
This is made more challenging due to the sequential nature of the problem (for an example
method, see Martens et al. 2018). In principle one could instead reduce the overall learning
rate to mitigate this problem, if one is willing to accept the increase in optimisation time.
Nevertheless, even in this case, we have observed examples where diffusion sets in a long
way from any optimum, and one might erroneously diagnose convergence. An example is
given in Appendix A.3.3.

A.3.2 Proof of 2-D Cayley parameterisation of rotation matrix

The Cayley transformation of a 2D skew-symmetric matrix

S(ψ) =

0 −ψ
ψ 0

 (A.33)

results in a rotation matrix of angle ω = 2 arctan(ψ) for a skew-symmetric matrix, as
stated in the previous section. (Note that both matrices only have one degree of freedom.)

2Note that while some have considered the use of squared gradients in Adam as an estimate of the
(diagonal) inverse Fisher Matrix, it may be better understood as a variance adaptive trust region. Indeed,
Balles and Hennig (2018) argue that Adam uses the sign of the gradient as the direction as opposed to any
first or second order approximation.
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Proof. The Cayley transformation of S is (eq. 3.8):

Qcayley(ψ) = (I − S(ψ))(I + S(ψ))−1 =

 1 ψ

−ψ 1

1 −ψ
ψ 1

−1

(A.34)

= 1
1 + ψ2

 1 ψ

−ψ 1

 1 ψ

−ψ 1

 = 1
1 + ψ2

1− ψ2 2ψ
−2ψ 1− ψ2

 (A.35)

Comparing to the rotation matrix

Qrotation(ω) =

 cos(ω) sin(ω)
− sin(ω) cos(ω)

⇒ ω = arccos
(

1− ψ2

1 + ψ2

)
(A.36)

Using the identity arccos(z) = 2 arctan
(√

1−z2

1+z2

)
, we have:

ω = 2 arctan


√

1− (1−ψ2)2

(1+ψ2)2

1 + 1−ψ2

1+ψ2

 = 2 arctan

√(1 + ψ2)2 − (1− ψ2)2

(1 + ψ2)2
1 + ψ2

1 + ψ2 + 1− ψ2


(A.37)

= 2 arctan(ψ). (A.38)

A.3.3 Reducing Adam’s step size to improve optimisation stability

We have noted in Section A.3.1 that scale differences can cause problems in optimisation.
An obvious (if slow) solution is to reduce the step size to one which suits the smallest scale
parameter in the model. We will consider this approach instead of scaling the inputs to
the Cayley matrix as in Section A.3.1. The below explores a toy experiment that suggests
this may be a poor strategy.

We choose a simple MT-LDS model class where the true generating process is known. Let
ψ be the input to the orthogonal Cayley matrix, and s be the damping factor of the latent
system. Following the Cayley parameterisation of eq. (3.8) gives us:

A(ψ, s) = (sI2)Q(ψ) (A.39)

xt = A(ψ, s) xt−1, (A.40)

yt = C xt (A.41)
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for t = 1, . . . , T where the parameters ψ, s are generated by:

z ∼ N (0, I2) (A.42)

ψ = tan(ω/2); ω =
(
10σ(wz1) + 4

) 2π
360 (A.43)

s = σ(z2 + b). (A.44)

φ = {w, b} are the learnable parameters, and C is considered fixed. We set the true
parameters as w∗ = 1.7 and b∗ = 5.0.

The training set consists of N = 100 sequences of length T = 80 from the true parameters
φ∗ with additive white noise of standard deviation 0.05. A model is initialised with
parameters w0, b0 and optimised using the MCO method. We are interested in how the
iterates φk = (wk, bk) – the value of the parameters after the kth optimisation iteration –
approach φ∗.

A.3.3.1 Experimental Results

Figure A-4 shows the progress of various optimisation runs using Adam for arg maxφ log p(Y ;φ)
with the same initialisation. The different panels show step sizes η ∈ {10−3, 5·10−3, 10−2, 10−1}
respectively. The only learning rate which reaches the optimum in less than 1 000 steps
by Adam is η = 10−1.3 Table A.1 shows the average effective step size within each 200
step “chunk” of the 1000 step optimisation. We can see that for η = 5 · 10−3: the effective
step size taken in the direction of b has reduced by a factor of 5 by k = 800, and one
might easily imagine that it has converged. The learning rate η = 10−2 performs better,
but convergence to the optimum is still extremely slow. The fast convergence of η = 10−1

suggests that large step sizes can be highly beneficial, and extremely slow convergence
can be expected for small learning rates. Use of (Nesterov) momentum in preliminary
experiments appeared not to help, perhaps because steep valleys and large gradients can
be expected close to an optimum in dynamical models (Bengio et al., 1994; Pascanu et al.,
2013). The re-scaling proposed in Section A.3.1 appears to be a superior strategy.

A.3.4 MT-LDS parameterisation

In this section, we will review how each of the parameterised matrices has been constructed
in practice. We first discuss construction of the component parts and conclude with the
implementation of the matrices A, B, R, S (we assume C and D are unconstrained).

A skew-symmetric matrix of order d requires a d(d− 1)/2 dimensional vector of param-
eters v. We reshape v into a strictly lower triangular matrix, an operation we will refer

3While η = 10−3 is considered a good default choice, it would take 4150 steps to achieve the optimum
even if all step sizes were of maximum length – which will not be the case. Default settings cannot be used
blindly.
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Figure A-4: Progress towards known optimum using Adam for simple model (eq.
A.41). All panels show the contours of the objective function log p(Y ) with w on
the x-axis, and b on the y-axis, and the progress of an optimisation routine. The
optimum is shown at (1.7, 5.0). The step size of each optimisation trajectory is
given in the title, along with the number of steps taken. Function contours are
estimated via Monte Carlo and smoothed using Gaussian convolution.

Average η̂b in chunk

η 200 400 600 800 1000

10−3 0.0011 0.0011 0.0011 0.0011 0.0010
5 · 10−3 0.0053 0.0051 0.0033 0.0018 0.0012

10−2 0.0103 0.0051 0.0022 0.0013 0.0008
10−1 0.0211 0.0022 0.0032 0.0038 0.0043

Table A.1: Average effective step size for b within the iteration chunks k ∈
(0, 200], (200, 400], . . . etc. for Adam optimiser with max. step size η shown.
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to as ‘tril’, and add the resulting matrix to its negative transpose, i.e.

S(v) = − tril(v) + tril(v)T. (A.45)

A box-constrained diagonal matrix of order d requires a d dimensional vector v. Pass
v through a sigmoidal function g such as σ, tanh or softsign4 (Glorot and Bengio, 2010)
to enforce the box constraints B,5 then project the vector onto the diagonal of a d × d
matrix, i.e.

DB(v) = diag
(
g(v)

)
. (A.46)

Different sigmoid functions g will have different scale/sparseness properties due to different
saturation characteristics.

A diagonal covariance matrixmay be parameterised as above, but now with a diverging
nonlinear function g such as exp or softplus.6

A full covariance matrix may be parameterised in various ways. We choose to parame-
terise via Cholesky factors, i.e. using the fact that a positive definite matrix CPD may be
decomposed as CPD = LLT for lower triangular L. The decomposition can be made unique
by enforcing a positive diagonal of the L. Hence for a 1

2d(d + 1) dimensional parameter
vector v we construct

L(v) = tril
(
v1:d(d−1)/2

)
+D[0,1](vd(d−1)/2+1:d(d+1)/2)), (A.47)

CPD(v) = L(v)L(v)T. (A.48)

A.3.4.1 Implementation of MT-LDS parameters

A parameter vector θ can be instantiated as a vector of parameters for various operations
in a given model. We will define θψ to be the subset of the elements corresponding to a
model parameter ψ. For instance, in an MT-LDS with a full covariance matrix, θR will
be the 1

2m(m + 1) elements corresponding to the positive definite covariance matrix R.
We will also define the projection Π(r,s) to reshape a length rs vector into a r × s matrix.

Transition Matrix A. The vector θA contains elements for the diagonal matrix and
the orthogonal matrix which we denote θA1 and θA2 respectively.

A(θ) = D[0,1](θA1)(I − S(θA2))(I + S(θA2))−1. (A.49)

If not stated otherwise, we use g = σ, the logistic sigmoid, within D[0,1](·).
4softsign(x) := x/(1 + |x|)
5Since box constraints in d-dimensions are isomorphic to each other, we will assume that the necessary

affine transformations are applied to the image of the chosen sigmoid function.
6softplus(x) := log(1 + exp(x))
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Input Matrix B. The vector θB contains elements for the sigmoid and tanh operations
which we denote θB1 and θB2 respectively.

B(θ) = σ
(
Π(d,s)θB1

)
tanh

(
Π(d,s)θB2

)
, (A.50)

where σ and tanh operate elementwise on matrix inputs.

Covariance Matrix R. This follows the standard positive definite construction of eq.s
(A.47), (A.48):

R(θ) = L(θR)L(θR)T. (A.51)

Covariance matrix S is implemented equivalently.

A.4 Application to Damped Harmonic Oscillation

A.4.1 Prior density assumed for ρ

The explicit density of ρ can be calculated analytically. Let the uniform distribution over
ν be pν(ν) = U[a, b] and the change of variables be ρ = g(ν) = exp{− log(2)/ν}. We have
via change of variables (see e.g. Casella, 1985, Ch. 2) that p(ρ) =

∣∣∣ d
dρg
−1(ρ)

∣∣∣ pν(g−1(ρ)).
Since g−1(ρ) = − log(2) log−1(ρ) for ρ > 0, and d

dyg
−1(ρ) = log(2)

ρ log2(ρ) , we have

p(ρ) =
∣∣∣∣∣ log(2)
ρ log2(ρ)

∣∣∣∣∣ 1
b− a

1
{
− log(2) log−1(ρ) ∈ [a, b]

}
= log(2)

b− a
1

ρ log2(ρ)
1

{
ρ ∈

[ 1
21/a ,

1
21/b

]}

since log(2)
ρ log2(ρ) is always positive for ρ ∈ (0, 1). We presume we can exclude the endpoints

of the interval since they correspond to a half-life of zero and infinity respectively. For our
specific choice of (half-life) prior, pν(ν) = U[4, 80], we have

≈ log(2)
76

1
ρ log2(ρ)

1
{
ρ ∈ [0.8409, 0.9914]

}
.

A.4.2 Optimisation parameters

We use the Adam optimiser (Kingma and Ba, 2014) initially with a max step size of
3×10−3, with the default moving average parameters of β1 = 0.9, β2 = 0.99. In each epoch,
M = 800 samples were taken for the (shared) MCO proposal. Each epoch contained 20
iterations (one per sequence, although all are updated in each iteration), and the learning
rate is decayed by 0.99 at the end of each one in a geometric decay schedule. Each sequence
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Epochs η decay log σ mean M Mrsmp

250 3× 10−3 0.99 n/a 800 1
50 2.4× 10−4(∗) 0.99 -2.0 2 000 3

Table A.2: Double DHO schedule. (*) Effective learning rate after 250 epochs of
the decay schedule.

initially resamples a single posterior sample (Mrsmp = 1) from the prior to estimate its
gradient. After 250 epochs, the model is usually within a useful basin of convergence, and
we switch to 50 epochs of a more intensive schedule (larger M , larger Mrsmp) to ensure
lower variance updates. It is at this stage where it has proved important to enforce the
(soft) constraint of σ = 0.2 via a prior. These details are summarised in Table A.2. The
single DHO models are easier to train, and in particular, require fewer MCO samples. In
all cases, this training schedule has proved highly reliable.

A.4.3 Inference parameters for DHO Predictions

MT-LDS We use the AdaIS scheme described in Section 3.5.1. The proposal distribu-
tion qprop is a k = 3 component Gaussian mixture model (GMM) refined over up to 7
iterations for each t. All algorithm parameters are given in Table A.3. As stated in the
main text, we additionally inferred the emission standard deviation σ. However, inferring
σ close to its true value of 0.05 is extremely challenging for any method (including MCMC
methods) since the posterior of a sequence often concentrates close to a lower dimensional
manifold. This results in high condition numbers / numerical issues for any covariance
calculations (required for estimating the GMM during AdaIS or for the mass matrix in
HMC). We imposed a prior of log σ ∼ N

(
−2.0, 0.12

)
(note that σ = exp(−2) ≈ 0.13) to

stabilise the problem. We have found the procedure to be robust in practice, only twice
failing to produce samples with ESS > 100 out of almost 1000 runs.7. These two failures
were alleviated by choosing a slightly higher prior mean of log σ. We also experimented
with a more sophisticated variant: Adaptive Multiple Importance Sampling (Corneuet
et al., 2012) but did not see any improvement.

ST-LDS Inference of the single task models is performed using the NUTS criterion
(Hoffman and Gelman, 2014) for Hamiltonian Monte Carlo (HMC). Tuning is performed
using ideas from Hoffman and Gelman (2014, Algorithm 4, 5), and the mass matrix is
estimated from the warmup phase.8 We initialised samplers from the MAP value, obtained
via optimisation with 10 random restarts. The burn-in/tuning phase used 1000 samples
and the subsequent 600 samples were used for inference. For both MAP optimisation
and sampling, we found it essential to enforce a low standard deviation (we used σ = 0.2

7The inner loop of AdaIS is used 20× 3× 16 = 960 times (# sequences × # models × # timepoints
per sequence).

8Implementation https://github.com/tpapp/DynamicHMC.jl, author Tamas K. Papp.
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Parameter Description Value

k Num. mixture components 3
iters Max num. of adaptive IS iterations 7
nsmp Num. samples per IS iteration 1 000
init_nsmp Num. samples for first proposal 3 000
final_nsmp Num. samples for final proposal 3 000
tilt Exponential tilt of proposal 2.0
min_ESS Minimum eff. sample size 100
n_retry Num. retries if ESS < min_ESS 2
EM_iters Num. EM iters in GMM fit 3
kmeans_iters Max. kmeans iters for init 100

Table A.3: DHO Inference parameters

and log σ ∼ N
(
−2, 0.22

)
respectively) similarly to the MTL experiments. The choice of

600 samples represents a trade-off between accuracy and runtime reduction. (We wish to
benchmark the runtime as well as the performance of each method.)

A.4.4 Results for prediction tasks

Additional experiments were run for the MT-LDS on the double DHO data (beyond those
stated in the main text). These were to understand the sensitivity on the choice of training
set size N ∈ {2, 4, 8, 16, 32, 64, 128} and the amount of time observed t ∈ {5, 10, 15, . . . , 75}.
The RMSE of all combinations of these values is shown in A-5a and the standard deviation
across the 5 replications is shown in Figure A-5b. It is perhaps impressive that the MT-
LDS can perform close to optimally on 20 test examples having seen only 8 examples in
training.

A.4.5 Necessity of GMM proposal for inference

Learning an MTDS generally results in much simpler posteriors than one would find from
performing inference on the parameters of the base model directly (e.g. on a small LDS
model). Both MCO and variational methods of learning regularise the posteriors on the
training set – with the variational method placing even greater restriction on the form
of posterior. Nevertheless, the resulting posteriors are often non-Gaussian – especially
on novel test sequences – and using a Gaussian posterior or proposal distribution may
perform poorly at test time. A fairly typical example from the double DHO experiments
(using an MT-LDS) is shown in Figure A-6.
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Figure A-6: Pairwise scatter plot of posterior samples for double DHO data using
an MT-LDS model trained by MCO (at t = 30). The importance weight is indicated
by transparency. The diagonal shows a marginal histogram of the samples for each
dimension of z.

A.5 Application to Human Locomotion

A.5.1 Data preprocessing

There was a substantial amount of pre-processing for the mocap data. The observations
{yt} broadly followed the ideas in Mason et al. (2018). However a proportion of this is
implemented in a large C# codebase written for the Unity game engine, which makes use
of various internal representations that are poorly documented. The implementation used
here (currently at https://github.com/ornithos/mocap-mtds) attempts to perform the ge-
ometric and forward/inverse kinematic transformations based on the available descriptions
in various papers/code including Holden et al. (2016), Mason et al. (2018), De la Torre
et al. (2009).

Calculating the inputs {ut} was especially difficult, and involved solving some issues re-

https://github.com/ornithos/mocap-mtds
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Figure A-7: Comparison of trajectory smoothing methods. Each row (a-d), (e-h)
shows a different trajectory segment in blue, with the results of different methods
(Gaussian filtering with bandwidths σ = 8, 18; RDP, and RDP+spline) shown in
orange.

garding information leakage, as well as automatic annotation of foot placement and reverse
corner rotation. Details of each are given below.

A.5.1.1 Removing information leakage from the root trajectory

The root trajectory is computed by projecting the root joint onto the ground. However,
this projection leaks information about the style of locomotion, for instance via swaying.
We wish to remove all such information, since a model can otherwise learn the style from
the {ut} and ignore the latent z. Our goal is to find an appropriately smoothed version of
the extracted trajectory T .

Figure A-7 provides two example trajectories (blue) which contain information about the
locomotion style. In this case the low frequency swaying suggests that the trajectory
is from the ‘sexy’ style. In order to remove this information leakage, we must smooth
over this trajectory, without destroying any information about the underlying path. The
example shown here is particularly challenging, since the swaying motion is of a similar
magnitude to some of the real features of the data. We cannot use simple smoothing
methods; for instance a Gaussian filter9 results either in undersmoothed corners (Figure
A-7 (a), (e) using σ = 8) or oversmoothed corners (Figure A-7 (b), (f) using σ = 18).

9i.e. convolving with a Gaussian kernel (see e.g. Prince, 2012, §13.1.3).
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Figure A-8: Comparison of (a) normal corner rotation vs. (b) reverse rotation.
The trajectory is shown in blue in the top panel in the xz plane, with the body
direction shown in green. The bottom panel shows the difference between the
angle of the body and the angle of the trajectory.

We instead use a heuristic approach which first attempts to find the true corners of the
motion, and then uses these as control points in a cubic B-spline fit. In order to find
these ‘corners’, we fit a polygonal approximation to T using the Ramer-Douglas-Peucker
algorithm (RDP, e.g. Ramer, 1972). The RDP algorithm seeks a polygonal approximation
to a curve via a divide-and-conquer approach which greedily chooses points that minimise
the Hausdorff distance. Figure A-7, panels (c), (g) shows the control points chosen by the
RDP algorithm for two different trajectories. A B-spline is then fitted to T with these
control points using a least squares criterion. Some per-style tuning of the RDP parameter
ε, and a small number of manually added control points rendered this a semi-automatic
process.

A.5.1.2 Extracting the gait phase

Foot contacts are calculated via the code used by Holden et al. (2017), which is based on
thresholding of vertical position and velocity of each foot. As in Mason et al. (2018) we
check visually for outliers and correct misclassified foot contacts manually. The leading
edge of each foot contact is taken to represent 0 (left) and π (right), and the gait phase is
calculated by interpolation.

A.5.1.3 Annotating reverse rotations

To establish whether the body has turned the reverse direction around a corner, one can
investigate the relative angle the body makes with the root trajectory. The direction of
the body is calculated via the normal of the plane defined by the two shoulders (smoothed
over time). See Figure A-8a, where the green arrows indicate the body direction, and the
relative angle (∆θ) is the angle the body direction makes with the trajectory.
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Figure A-9: Left toe joint position and velocity (first difference) for subset of
“angry” style.

When the body turns with the corner, this relative angle, ∆θ, will be relatively low. Figure
A-8a demonstrates this case, where the relative angle is shown in the bottom panel. On the
other hand, if the body turns in the reverse direction, this ultimately results in a 2π radian
relative rotation. This scenario is shown in Figure A-8b. In this case we highlight the
entire section preceding the corner with the boolean indicator, where the RDP algorithm
is used to partition the trajectory into segments.

A.5.2 Models

This section includes some additional details regarding the MTDS and competitor models
used in the experiments.

Difficulty of using LDS The main text mentions problems of highly nonlinear rela-
tionships with the trajectory when turning corners, as well as sequences which cannot
be efficiently modelled using an LDS. As an example of the latter, see Figure A-9, the z
position of the left toe, which follows an almost sawtooth-like pattern. The first difference
is shown on the right which demonstrates the difficulty of modelling via a combination of
linear functions.

MTDS hφ The MLP variant of hφ (which was used for comparison in preliminary
experiments) used one hidden layer with 300 hidden units and tanh activations. The final
affine layer used a rank 30 matrix, since [ψ2, C2,d] comprise almost 25 000 dimensions (see
calculation in the main text), and a full rank final layer would thus require over 7 000 000
tunable parameters (cf. Section 3.6).

A.5.2.1 Learning

All models use a sequence prediction length of L = 64 and a batch size of Nbatch = 16.
Since the max. sequence length L = 64 is relatively short, truncated backpropagation
through time did not prove necessary.
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Model Optimiser η Multi-task η Regularisation

MT-RNN Adam 3× 10−5 1× 10−3 1× 10−2

GRU-1L (closed loop) Adam 5× 10−4 - 5× 10−4

GRU-2L (closed loop) Adam 1× 10−4 - 5× 10−4

GRU-1L (open loop) Adam 5× 10−4 - 0
GRU-2L (open loop) Adam 1× 10−4 - 0

Table A.4: Hyper-parameters of mocap models. η denotes the learning rate.

MTDS The qualitative investigation into learning smooth animations and style transfer
motivated split learning rates between shared and multi-task networks (Section 5.1.2.1),
and the amount of L2 regularisation. See Table A.4 for the chosen values. The main
learning rate η applies to the fixed parameters wrt. z (i.e. ψ1, H), and the multi-task
learning rate applies to the parameter generation parameters φ and inference parameters
λ. Standard variational inference proved more reliable than amortised inference: we used
a Gaussian with diagonal covariance (parameterised using softplus) for the variational
posterior over each z. L2 regularisation was applied to φ,ψ1, H.

Each model was optimised for 20 000 iterations. The ELBO had often reached a plateau by
this time, and training longer often resulted in a worse latent representation (as evidenced
through poor style transfer). As noted in the main text, we perform a form of KL annealing
in order to learn a descriptive latent z. This is performed by removing the KL penalty
of the ELBO (KL

(
p(z|y)

∥∥ p(z)
)
) for the initial 2 000 iterations, and enforcing a small

posterior standard deviation (sλ = 10−3) for the same duration. This is similar to finding
a MAP estimate for the {z}. For the remaining iterations, the original ELBO criterion
is used, and sλ is initialised from 10−3. The model is implemented in PyTorch (Paszke
et al., 2017) and trained on a GPU.

GRU benchmarks These models (in contrast to the MTDS) predict the difference (or
‘velocity’) from the previous frame via a residual architecture, as this performs better in
Martinez et al. (2017). Hyperparameters were chosen via grid search over learning rate
(η ∈ {1× 10−5, 5× 10−5, 1× 10−4, 5× 10−4, 1× 10−3, 5× 10−3, 1× 10−2}), regularisation
(γ ∈ {1 × 10−5, 1 × 10−4, 1 × 10−3, 1 × 10−2, 1 × 10−1}), and optimisers {Adam, SGD}.
Once the hyperparameters were chosen (Table A.4), the benchmark models were trained
for 20 000 iterations, recording the validation error every 1 000 iterations on a stratified
12.5% held out sample. The model with the lowest validation error during optimisation
was chosen.
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Figure A-10: k = 2 mean embedding of each sequence segment, coloured by its
(unseen) task label.

A.5.3 Experiments

A.5.3.1 Qualitative Results

We have seen a t-SNE plot of the k = 8 embedding in the main text, which shows that
the MTDS can separate all sub-styles into different clusters. Figure A-10 provides a
raw embedding for when k = 2. There are apparently insufficient degrees of freedom to
separate all styles10, so some (in particular, some sub-styles of ‘sexy’ and ‘childlike’) are
amalgamated. Nevertheless, given the similarity of the styles, this is broadly sensible.

Figure A-11 compares the t-SNE embeddings between the MTDS and MT-Bias models for
a variety of perplexity parameter values. Clusters only become visible by perplexity p = 5;
the MTDS maintains well-defined homogeneous clusters throughout, but in the MT-Bias
case there are many clusters which ‘bleed into each other’. This means that some differing
styles are closer to each other in latent space than some instances of the same style. This
problem is visible across all larger values of perplexity, where ‘childlike’, ‘sexy’ and ‘proud’
have substantial overlap, likewise do ‘depressed’, ‘old’ and ‘angry’.

A.5.3.2 Data efficiency

Data The training data for each style uses 4 subsequences chosen carefully to represent
the inter-style variation. Obviously it is important that frames are consecutive rather than
randomly sampled. Over the increasing size training sets, each of these subsequences is a
superset of the previous one. The 6 training set sizes (28, 29, 210, 211, 212, 213 frames per
style) are not exact since short subsequences are discarded (e.g. at file boundaries), and
the largest set contains all the training data except the test set11, where data are not

10Every model run using k = 8 produced distinct clusters for all styles, every run using k = 2 resulted in
amalgamating some styles.

11This final set averages 7680 ≈ 212.9 frames per style.
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Figure A-11: Mean embedding of latent z coloured by true style of the proposed
MTDS model vs. a MT-Bias approach. Figure shows t-SNE plot for perplexity
2,5,20,50. Original data have k = 8 dimensions and standardised to have zero
mean, unit variance.



Chapter A. Appendix 173

evenly distributed over styles. The test set comprises 4 sequences from each style, each
of length 64, and is the same for all experiments. A length-64 seed sequence immediately
preceding each test sequence was used for inference for all models.

Single task models The STL models use an identical architecture to the pooled 1-layer
GRU models, except they are trained only on the data for their style. Since there is less
data for these models, we train them for a maximum of 5 000 iterations. We omit 2-layer
GRUs for this experiment since the amount of data is mostly small.

Per-style results The results in the main text are averaged over all eight styles. Figure
A-12 provides graphs of results for each individual style. The graphs here also provide the
result for the final training set size (97% of the data) for transparency, but we are most
interested in the results for the smaller datasets. For the initial three datapoints (3%, 7%,
13%), the MTDS model provides equal12 or better results for all styles. Note that the
‘angry’ and ‘childlike’ styles appear to be harder than the others, most likely due to their
relatively high speed.

A.5.3.3 Novel test data

Results for all τ-step ahead errors Figure A-13 shows the τ -step errors for all
τ ∈ 1, . . . , 320. We can see that the predictions of Pooled GRUs (only implicitly multi-
task) deteriorate rapidly as τ increases, although the closed loop variant performs markedly
worse, with an almost exponentially increasing error over τ . The open-loop models de-
teriorate roughly linearly with τ , and hence are fairly well represented by the truncated
graph in the main text.

The improvement of the MTDS over the pooled GRU approaches is sustained over almost
all styles, except at the very beginning, as discussed in the main text, and can be seen in
Figure A-14. The only exception is style 8 (‘strutting’) for which the MTDS is not clearly
better until after about τ = 75 prediction steps.

A.5.3.4 Style transfer

The MTDS and MT-Bias models used for these experiments use a k = 8 latent code (due
to the 8 classes) and are trained on all styles.

Classifying the style The classifier is learned on the original observations to distinguish
between the 8 styles. We use a 512-unit GRU to encode an observation sequence (usually
of 64 frames), and transform the final state via a 300-unit hidden layer MLP with sigmoid
activations into multinomial emissions. The model is trained via cross-entropy with 20% of

12In the sense of statistically indistinguishable at an α = 0.05 level.
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Figure A-12: Per style MSE of Experiment 1 plotted against the fraction of
training data available.



Chapter A. Appendix 175

0 50 100 150 200 250 300
Prediction frame

0.4

0.6

0.8

1.0

1.2

1.4

1.6

1.8

2.0

Te
st

 M
SE

(a)

0 50 100 150 200 250 300
Prediction frame

10 1

100

101

102

Te
st

 M
SE

GRU-1L (closed loop)
GRU-2L (closed loop)
GRU-1L (open loop)
GRU-2L (open loop)
MT Bias (k = 3)

MT Bias (k = 7)
MTDS (k=3)
MTDS (k=7)
Zero-velocity
Training Mean

(b)

Figure A-13: Results for Experiment 2 for all models on (a) truncated scale, (b)
log scale.

the training data held out as a validation set; training was stopped as the validation error
approached 0. We perform a standardisation of the gait frequency across all styles, since
some styles can be identified purely by calculating the frequency. The mean frequency
across all styles (1 cycle per 33 frames) is applied to all sequences via linear interpolation.
In this we make use of the instantaneous phase given in the inputs.

Experimental setup The experimental setup is as follows. We carefully choose four
segments of length 64 for each of the styles s1 = 1, . . . , 8 which represent the variability
within each style. These correspond to the inputs U (s1)

j for each source style s1, with
examples j = 1, . . . , 4. We next seek the ‘archetypal‘ latent code z associated with each
target style s2. For each s2, we optimise z over 20 candidate values, for which we use the
posterior means of examples of style s2 in the training set. Data are generated from all
{U (s1)

j } and the z which provides the greatest success in style transfer is chosen. The 32
highly varied input sequences guard against overfitting – the ‘archetypal’ codes for each
style must perform well across much of the variety of the original dataset. We provide
a scalar measurement of the ‘success’ of style transfer for each pair (s1, s2) by using the
resulting ‘probability’ that the classifier assigns the target style s2, averaged across the
four input sequences for the source s1.

A.5.4 Visualisation tools

Unlike standard work in 3D Graphics, we used a more lightweight solution to visualisation
than large frameworks such as e.g. Blender or Unity. The visualisations here are via use of
three.js via the interface provided by MeshCat.jl and WebIO.jl. This allowed visualisations
to be piped to a local web browser directly from Julia code and investigated interactively.
The skeleton was a custom implementation consisting of cylinders and lines programmed
to follow the model output. Due to the interface provided by MeshCat.jl, each shape had

https://threejs.org/
https://github.com/rdeits/MeshCat.jl
https://github.com/JuliaGizmos/MeshCat.jl
https://github.com/rdeits/MeshCat.jl
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Figure A-14: Per style MSE of Experiment 2 plotted against time.
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to be mapped via 3D transformation from the origin for each frame. Finally, a camera
was programmed to follow a smoothed path behind the modelled trajectory.



Chapter A. Appendix 178

A.6 Application to pharmacodynamic modelling

A.6.1 Background - personalisation of PK models

In this section, we review the modelling details of three important propofol PK studies.
The resulting parameter estimates in each case are shown in Table A.5.

• Marsh model. The Marsh model (Gepts et al., 1987; Marsh et al., 1991) was an
early clinical study of 18 Caucasian adults (5 female, 13 male) estimating the vol-
umes and clearances within the 3 compartment model. The data were fitted by a
triexponential model using a nonlinear least squares fit. Calculated volumes were
found to have a significant relationship with weight, however, individual pharma-
cokinetic parameters did not correlate with weight, and no other comparisons were
mentioned in the original paper. The effect of volume parameters in this model
affects only the normalisation of the infusion rate u(t).

• Schnider model. The Schnider Model (Schnider et al., 1998) was the first study
to systematically estimate Propofol PK parameters from patient covariates. The
clinical study involved 23 patients (11 female, 12 male), stratified within ages 18-
34, 35-65, 66+; no details of race are given. Compartment models (with two and
three compartments) were fitted to each patient via NONMEM, using three volume and
three clearance parameters, each of which had lognormal random effects per patient.
The fitted (inferred) parameter values per patient were then extracted and predicted
using a Generalised Additive Model (GAM) from the patient covariates, and after
variable selection, the resultant features were used in a final model. NONMEM was
used again to calculate these coefficients directly.

• White model. The White model (White et al., 2008) is a larger study of 113 pa-
tients (59 female, 54 male; no details of race were given) which provides a further
personalisation of the Marsh Model. Based on a heuristic threshold from the dimin-
ishing gains of maximising model likelihood, only the central compartment volume
and clearance rate were optimised.

A.6.2 Data processing

We use the data from Georgatzis et al. (2016), but nonetheless, the data required substan-
tial processing. The following sections describe the munging and pre-processing performed;
this will unfortunately not be exhaustive, but we provide a write-up where we have records.
We believe this is a useful practice for future work.

A.6.2.1 Data munging

In this section we make a record of the data sources and any pre-processing involving
extracting, aligning, and merging.
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Parameter Marsh Schnider White

v1 0.228 l kg-1 4.27 l 0.176 + 4.6× 10−5 × age×
male + 0.192 + 6.7×

10−4× age× female l kg-1

v2 0.463 l kg-1 18.9− 0.391 (age− 53) l 0.463 l kg-1

v3 2.893 l kg-1 238 l 2.893 l kg-1

k10 (min-1) 0.119 0.443 + 0.0107 (weight−
77)− 0.0159 (LBM− 59) +

0.0062 (height− 177)

(26.9− 0.029× age×
male + 37.9− 0.198×
age× female)/v1

k12 (min-1) 0.114 0.302− 0.0056 (age− 53) 0.114
k13 (min-1) 0.042 0.196 0.042
k21 (min-1) 0.055 [1.29− 0.024 (age−

53)]/[18.9−0.391 (age−53)]
0.055

k31 (min-1) 0.0033 0.0035 0.0033

Table A.5: Compartment model parameters by study. Covariates in bold.
‘male’/‘female’ factors should be interpreted as indicators in {0, 1}. Age is given
in years, height in cm, LBM = Lean Body Mass, calculated via the James formula.
As a consequence, the model is invalid for patients with a high (> 37) Body Mass
Index (BMI).

Data sources The data were not provided in a single merged source, and some partial
pre-processing had been performed. Not all details of the provenance or preprocessing
of the data were clear, but that which was ascertained is recorded here. The data were
provided in a variety of text files, spreadsheets and MATLAB datafiles; we list each source
below:

1. Infusion data From 40× Agilia pump data files. Cumulative volume and pump
target and calculations given. Files have some (apparently) free text and sometimes
different numbers of columns.

2. BIS data From 27× BIS data files. Recording started earlier than in other files,
but start time of experiment usually given on the second sheet in cell (3, 2). This
start time is used for an offset in the extracted vector.

3. Blood samples Sparse blood samples taken, often both arterial and venous recorded
in 40× spreadsheets.

4. Patient covariates Given in a single spreadsheet. The patient ID is coded under
a different system to that used in the rest of the files.

5. Vital Signs MATLAB file with each patient vital signs saved as a cell of time series
objects. Some pre-processing done, apparently this is primarily from a script of
Martin Shaw (not verified).

6. Administered drug records A spreadsheet records the various drugs, including
Propofol that were administered, and the time. In principle, alignment could be
ensured by matching the Propofol protocol times with those in the Agilia files. How-
ever, it is not always obvious exactly how to match these since the spreadsheet is
over a superset (in both directions).
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These different data sources caused some issues when merging due to different file struc-
tures, different clocks, and different instruments.

Inconsistent data file structure The raw data files do not conform to a single standard
layout. The working assumption is that different instruments were used for different
patients, or that data were poorly tokenised by an initial ingestion. The infusion files are
particularly problematic. Columns do not always contain a single variable type and data
are sometimes interspersed by rows of free text (for instance warnings). Different files may
contain different variables/columns. Each file was therefore manually inspected to ensure
the correct information is collected; it is not easy to discover this programatically.

Alignment of BIS data We have had to assume the vital signs data and infusion data
is aligned to the same clock. Presumably this was done during pre-processing, although
it is not possible to verify this due to the absence of the raw blood pressure files. It has
been discovered that patient 72 has a different set of columns for BIS, which was manually
handled in the ingestion script. The original scripts obtained from Georgatzis et al. (2016)
did not appear to align these correctly, although this perhaps is due to versioning problems.
We avoid using the processed MATLAB data files and use the raw data in order to obtain
the correct start time – this provides a superior alignment between BIS and the propofol
infusion.

A.6.2.2 Data pre-processing

In this section we record any pre-processing which involves changing the data from the
raw sources.

Infusion Dropout The infusion rate is calculated by differencing the cumulative amount
infused. For 3 patients (patient 8, 34, 35), instrument dropout caused an under-reporting
of Propofol infusion near the start of the sequence, and some unexpected values as the
amount administered was recalculated. An example (patient 8) is shown in Figure A-15
(top left). To correct this, we assume that the cumulative amount after the corruption
is correct (green section, middle right) and extrapolate the gradient of the cumulative
infusion back to the origin (green section, bottom right). We then use this to replace the
corrupted infusion rate in the original differenced form, and transform the offset at the
origin into an initial bolus dose (green section, bottom left). The result appeared to be
similar to sequences for patients with uncorrupted infusion sequences.

Unexpected changes in infusion Some patients exhibit unusual spikes or reductions
in infusion rate after about 40 minutes. All of these features correspond to unusual effects
in blood pressure. It has been presumed that these unexpected changes correspond to
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Figure A-15: Correcting the infusion data for patient 8 (see text). Left hand
column is the infusion rate rime series, right hand column is the cumulative sum.
(Top row) shows the raw time series. (Middle row) identifies the problematic region
(red), and a ‘clean’ region in the cumulative graph in green. (Bottom row) applies
the ‘clean’ trend identified above to the time series; the offset in the cumulative
data is applied as a Bolus dosage at t = 1.
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medically appropriate responses to the patient as they are approaching surgery, and hence
all data at and subsequent to these events has been removed.

Elevated vitals near t = 0 Many patients had elevated vital signs at the beginning of
their observations (some had systolic BP above 200). Our clinical collaborator suggested
this can often be because a patient is anxious prior to the operation. Since we have no
record of the steady state blood pressure for each patient, but the MTL fit showed strong
evidence of downwards bias in the first two minutes, we discarded these initial datapoints
during inference at test time.

A.6.3 Model

This section provides some additional details about our PD base model and MTDS ap-
proach in Section 6.2: in particular, derivation of the discrete time approximation (Section
A.6.3.1); and model selection details (Section A.6.4.1). Section A.6.4 provides further in-
formation regarding information criteria and parameter counting for model selection.

A.6.3.1 Derivation of discrete-time relationship for piecewise constant u(t)

Equation (2) can be solved by integration using Laplace transformations. Let U(s) be
the Laplace transform of u(t), and X(s) the Laplace transform of x(t). Define further a
piecewise u(t) =

∑T−1
i=0 R(t − i)ui with a slight abuse of notation for u, and for R(·) the

the unit rectangle function. Then we have:

sX(s) = k1eU(s)− ke0X(s) (A.52)

⇒ X(s) = k1eU(s)
s+ ke0

. (A.53)

Recognising the RHS as the product of two known Laplace transformations gives:

L(x(t)) = L(k1eu(t)) · L(e−ke0tH(t)) (A.54)
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for the Heaviside step function H(t). Then using the convolution theorem:

⇒ x(t) = k1e

∫ t

0
e−ke0τu(t− τ) dτ (A.55)

= k1e

t−1∑
i=0

ui

∫ t

0
e−ke0τR(t− τ − i) dτ

 (A.56)

= k1e

t−1∑
i=0

ui

∫ t−i

t−i−1
e−ke0τ dτ

 (A.57)

= k1e

t−1∑
i=0

ui
1
ke0

[
e−ke0(t−i−1) − e−ke0(t−i)

]
(A.58)

=
t−1∑
i=0

k1e
ke0

ui
(
1− e−ke0

)
e−ke0(t−i−1) (A.59)

= k1e
ke0

(
1− e−ke0

) t−1∑
i=0

ui(e−ke0)t−i−1. (A.60)

Equation (3) can be written explicitly as xtj = β1j
∑t−1
i=0 β

t−i−1
2j ui by unrolling the re-

cursion. The relationships given in Section 3.1 are then derived by comparison with eq.
(A.60).

A.6.4 Choosing the value of k

Since we do not know a priori the number of degrees of freedom needed to model the
data, we perform a series of experiments to ascertain the optimal value of k. For each
k ∈ 1, . . . , 20, a 40-fold LOO experiment is performed where we calculate the RMSE of
the optimal fit to the remaining patient. This section describes initial exploratory work
that was undertaken prior to the development of the full MTDS. In the full Bayesian
framework, the optimal value of k may have been obtained via use of shrinkage priors /
automatic relevance determination (for a classic introduction, see MacKay, 1992).

We expect to see the performance decrease monotonically for increasing k until the sub-
space of parameter variation is found. Once this subspace is captured by span(Φ), the
error is expected to remain constant. A number of model selection criteria are available to
locate this optimal value of k, such as the Akaike Information Criteria (AIC) and Bayesian
Information Criteria (BIC) (see e.g. Claeskens et al., 2008). However, these are not strictly
valid for time series models. Sophisticated adaptations are required to deal with the time-
structured nature of the observations and the non-identifiability of the model from the
matrix factorisation, ΦZ.13 We may nevertheless use them as a heuristic for penalising
overly complex models.

In order to understand how well these criteria perform as heuristics, we generate synthetic
data according to our model assumptions with a known value of k = 3. After performing

13Z is defined as the matrix where each column j corresponds to the latent code z(j).
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Figure A-16: Optimised RMSE with increasing k – synthetic data. Training and
LOPO test set error are shown. The best objective achieved by individual models
is shown by the dashed red line.
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Figure A-17: Model selection information criteria for synthetic data (smaller is
better).



Chapter A. Appendix 185

0 3 6 9 12
k

0

1

2

3

4

5

6

7

8

RM
SE

Ch. 1 (BPsys)

Train
LOPO Test

0 3 6 9 12
k

0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

4.0

Ch. 2 (BPdia)

0 3 6 9 12
k

0

2

4

6

8

10

Ch. 3 (BIS)

Figure A-18: Optimised RMSE with increasing k – patient data. Training and
LOPO test set error are shown. The best objective achieved by individual models
is shown by the dashed red line.

the 40-fold experiments, the RMSE over increasing values of k per channel is shown in
Figure A-16. This follows the expected behaviour of monotonically decreasing error until
the required subspace (k = 3) is found, and a constant error thereafter, corresponding
to the irreducible noise in the data. The AIC and BIC criteria are shown in Figure A-
17. Observe that in both cases, k = 3 appears to be a minimum (i.e. has the ‘greatest
evidence’), but higher values of k are not penalised as strongly for the AIC. In this case,
the BIC correctly determines that k = 3 corresponds to the true model. Details of the
AIC and BIC calculations are given in Section A.6.4.1.

We now perform the same experiment for the real data, as shown in Figures A-18, A-19.
Figure A-18 demonstrates that the associated parameter subspace for the patient data is of
higher dimension than for the synthetic data. It requires between 7 - 12 degrees of freedom
to perfectly match the individual model performance, and perhaps subsequently, the test
set performance suffers a little due to overfitting the subspace. Nevertheless, optimality
is seldom required, and the gap between the global and individual models is substantially
reduced after 3 dimensions. Using the same information criteria heuristics as before, we
see in Figure A-19 that BIC chooses a latent dimension of k = 5 whereas AIC is more
equivocal, with the minimum value giving evidence for a latent dimension of k = 8.

A.6.4.1 Details of the information criteria

We use the following definitions of the model selection criteria:

AIC = 2d− 2`n,d (A.61)

BIC = log(n)d− 2`n,d (A.62)

where n is the number of observations, d is the number of parameters and `n,d is the
log-likelihood. Since the factors Φ and Z are non-identifiable up to any invertible d × d
matrix, we need to reduce the parameter count by these degrees of freedom.

We have seen in Section 6.2.1 that the number of parameters in an individual model is
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Figure A-19: Model selection information criteria for patient data (smaller is
better).

d = 36. We will exclude the individual offsets fitted to each model since these are not
shared, which reduces the number by 3, so we have:

d = 33× (k + 1)︸ ︷︷ ︸
Φ,c

+ k ×N︸ ︷︷ ︸
Z

− k × k︸ ︷︷ ︸
over-param

+
N∑
i=1

n(i)
y︸ ︷︷ ︸

α

(A.63a)

= (33 +N − k)k + 33 +
N∑
i=1

n(i)
y (A.63b)

where n(i)
y is the observation dimension of patient i. The contribution of each parameter

in the PD model is shown underneath. It is not sensible to have k > min(N, 33) since
the latter is the rank of the original matrix before factorisation. Thus (A.63b) shows us
that the parameter count interpolates between the number of parameters in the global
model (k = 0, d = 33 +

∑N
i=1 ny(i)) and approximately the number of parameters in the

individual models (k = 33, d = 33 + 33N +
∑N
i=1 n

(i)
y ), although it cannot achieve equality

if constant terms are included.

A.6.5 Experimental details

In this section we provide additional details regarding learning and inference.

A.6.5.1 Learning

The models were implemented in PyTorch (MTDS, STL, Pooled, TaskID) and Julia
(LSTM); the gradients were calculated via backpropagation. Since we used the MAP
approximation for the MTDS, all gradients could be calculated exactly, and we used the
Adam optimiser in all cases. The gradients for the LSTM were not exact since we were
optimising for 40-step prediction over all t, and the starting t was randomly sampled
within each iteration. The grid search for the LSTM was performed using a nested cross-
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validation procedure with a validation set of size 2 in each fold. Missing values for the
observations in the log likelihood were handled by zeroing both the relevant observed and
predicted values.

A.6.5.2 Inference of the MTDS and STL models

We use the Stan implementation of HMC for inference where required. This was especially
important for the STL models in order to accurately capture the poorly conditioned and
highly non-Gaussian posteriors. In all cases we used two chains of 3000 samples each. Each
chain was initialised at a MAP value and the mass matrix was estimated during a burn-in
period of 1500 samples. These settings usually resulted in over 100 effective samples (using
split-R̂, Gelman et al. 2013, §11.4). For some STL experiments, the estimate of the mass
matrix essentially failed, resulting in very poor samples. In these cases, we overrode Stan’s
mass matrix estimate with a diagonal matrix; the per-dimension scales were calculated
from the average mass matrices from experiments with sensible performance.

In practice the iid modelling assumptions are violated significantly. This was not espe-
cially problematic during training, but caused substantial problems for inference on short
sequences at test time. On a number of occasions, un-modelled noise processes in the data
resulted in implausible predictions with high confidence. In order to avoid this situation,
one cannot simply increase the noise standard deviation; by the time it is high enough
to ignore these noise processes, very little attention is paid to the underlying trend. A
simple approach that appears to alleviate this problem is to downsample the observation
data given to the inference algorithm by a factor of 4. This removes all significant partial
autocorrelations seen in the residuals; predictions are still made on the full data.

A.6.6 Results

In this section we provide some additional examples of MTDS vs (adaptive) Pooled model
predictions (Section A.6.6.1) and an example of the ‘loading matrix’ Φ of a learned MTDS-
5 model (Section A.6.6.2.

A.6.6.1 Example prediction plots

Some example plots are provided in Figure A-20 to give the reader an intuition for the
multi-task model. The examples were chosen to demonstrate the benefit of the MTDS
over the (adaptive) Pooled model, and also the situations in which the model can perform
worse. The first two examples (patient 12 and 19) demonstrate the model successfully
adapting to patient dynamics for different channels. The example of patient 34 is one
of a significant violation to modelling assumptions; no PD model is able to account for
the uplift at 20 minutes. Patient 36 does not obviously follow the pattern of expected
vital signs; the MTDS predicts an uplift at T = 30 as expected from a reduction in dose,
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Figure A-20: Example predictions for various patients and channels. Each row is
a given (patient, channel) combination; columns show 90% predictive intervals at
increasing points in time (T = 10, 20, 30 minutes).
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Figure A-21: Hinton plot of the k×d weight matrix ΦT split by the corresponding
parameter sets (positive values are shown in white). The k = 5 degrees of freedom
corresponding to z are shown as rows. The relevant parameters are superimposed,
but correspond in general to an elementwise nonlinear transformation of this affine
space.

but the vitals instead reduce. Patient 27 shows an example where the MTDS is a little
over-confident after 30 minutes; the Pooled model out-performs the MTDS at this stage
by predicting a flatter curve.

A.6.6.2 Interpreting the latent code

An example of the weight matrix Φ within the multi-task network hφ is shown via Hinton
plots in Figure A-21 for a trained k = 5 MTDS model. This was achieved using L1
regularisation to obtain a fairly sparse solution. The dynamics parameters β1 and β2 for
channels 1 and 2 (BPsys and BPdia) appear to be highly correlated, as might be expected.
z3 is an important degree of freedom which allows BIS to have a different AR coefficient
to the blood pressure channels. The effect of z on the emission function is more difficult
to interpret: see Figure A-22 overleaf, which shows the effect of changing each dimension
in isolation. Broadly speaking, increasing the value for any dimension of z results in a
flatter and lower emission function, except for dimension 4 where the effect is relatively
smaller.

A broad summary of the effect of each latent dimension is given in Table A.6. (We allow
for some over-generalisation to permit a more parsimonious description – ideas from the
disentangled literature, such as Makhzani et al. (2015); Higgins et al. (2017) should be
used if a more easily interpretable model is desired). We interpret β2 as the sensitivity to
propofol (magnitude of the latent xt), and β3 as the ‘level’, since it determines the offset
to gη (a higher β3 results in lower observations). Unfortunately, the observed level is a
function of β3, η and the inferred α, all of which affect the emissions in different ways,
and a direct interpretation is difficult.

In general, we should not expect the same interpretations of the latent dimensions (up
to permutation) even when trained on the same data. Different combinations of features
might be equally valid. Nevertheless, it is gratifying that some interpretation can be
placed upon the latent code.
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Figure A-22: Impact of each dimension of z on emission function with Φ given
as in Figure A-21.

dim lag/smooth sensitivity to propofol level emission transform

1 ↑ all ↓BIS ↓BP flatter/lower
2 - - - flatter/lower
3 ↑BP ↓BIS ↓ all ↓ all flatter/lower
4 ↓ all ↑ all ↑BP -
5 ↓ all - ↑ all flatter/lower

Table A.6: Summary (coarse-grained) of the effect of each dimension of z on the
PD model (from an example MTDS).
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A.7 Objectives for long term prediction

The various time series models discussed in this thesis (e.g. ARMA, LDS, RNN) are most
often trained via maximum likelihood estimation (MLE), i.e. maximising the probability
of the data, p(y1:T ;θ). This often results in sensible short term predictions. However,
in our empirical work (chapters 4 - 6) we have found that using MLE can produce poor
long term predictions. Other authors, such as Bengio et al. (2015) and Chiappa et al.
(2017) have made similar observations. In what follows, we will discuss the nature of the
problem and some alternative objectives (Section A.7.1), present some examples of the
problem (Section A.7.2), and a discussion (Section A.7.3) including related work.

A.7.1 Suboptimal prediction via MLE

A joint distribution can be decomposed into the product of 1-step ahead conditionals via
the ‘chain rule’ of probability: p(y1:T ;θ) = p(y1;θ)p(y2|y1;θ) . . . p(yT |y1:T−1;θ). Any
other causal (and hence valid) decomposition can be reduced to this form. To see this
consider three cases:

• There exists a term p(yt+1 |y1:t \yj) for some j ≤ t. In this case we require another
term p(yj |y1:t+1 \ yj) which is not causal.

• There exists a term p(yt+j |y1:t) for some j > 1. Similarly to the above, this will
ultimately require non-causal terms, such as p(yt+1 |y1:t,yt+j).

• There exists a term p(yt+1:t+j |y1:t) for some j > 1. But this itself may be reduced
to one step terms, which satisfies the above via induction.

Hence for time series, MLE is equivalent to maximising all of the 1-step probabilities
within the dataset. This fact is exploited by dynamical systems, which seek a parametric
form of the one-step conditional p(yt+1 |y1:t) for all t.

If one wishes to predict over a longer time horizon, the key quantity is the k-step predictive
distribution p(yt+k |y1:t;θ), for k > 1. While this is not one of the terms in the one-step
decomposition, it can be computed as:

p(yt+k |y1:t;θ) =
∫
p(yt+k |y1:t+k−1;θ) . . . p(yt+1 |y1:t;θ) dyt+1:t+k−1. (A.64)

This uses the component one-step distributions from the joint distribution p(y1:T ; θ) and
hence it is often argued that optimal k-step predictions follow directly from learning the
optimal joint distribution via MLE. In this section, we claim that this conclusion is well-
founded only if the true distribution ptrue(y1:T ) is contained in the model class under
consideration. If this is not the case, better predictions are often available through direct
minimisation of the k-step error.

To elaborate upon this argument, it is helpful to maintain the distinction between the true
distribution ptrue(y1:T ) and the parametric model, which for clarity we denote q(y1:T ; θ).
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Figure A-23: Example distributions ptrue(y1:3) /∈ Q where θ̂MLE results in poor
2-step predictions. Q is the class of order-1 linear autoregressions. Each figure (a),
(b) shows samples from ptrue via the 3 bivariate marginal distributions (y1, y2),
(y2, y3), (y1, y3) and the Gaussian models q(yt|yt−1; θ̂MLE), q(y3|y1; θ̂2-step) are
visualised via their level curves (central p = 0.90, 0.95).

MLE can be formulated as the empirical (approximate) minimisation of:

θ̂MLE = arg min
θ

KL

ptrue(y1:T )

∥∥∥∥∥∥ q(y1;θ)
T−1∏
t=1

q(yt+1 |y1:t;θ)

 (A.65)

for a model class Q := {q(y1:T ; θ) : θ ∈ Θ} with parameters in Θ. Suppose we are really
interested in optimal 2-step predictions q(yt+2 |y1:t; θ). A natural way to express this
objective is:

θ̂2-step = arg min
θ

T−2∑
t=1

Eptrue(y1:t)

[
KL

(
ptrue(yt+2 |y1:t)

∥∥∥∥ q(yt+2 |y1:t;θ)
)]

. (A.66)

Now in the case that ptrue ∈ Q, this second objective is minimised by setting θ̂2-step such
that q(yt+2 |y1:t;θ) = ptrue(yt+2 |y1:t) for all t,14 and hence via Equation (A.64), θ̂MLE

is a minimiser of Equation (A.66). However there is no reason to believe that θ̂MLE is a
minimiser of Equation (A.66) if ptrue /∈ Q, due to the compounded errors of the suboptimal
one-step components in Equation (A.64).

We provide two basic examples for T = 3 in Figure A-23 where MLE performs worse
than a 2-step objective. In each row, the empirical distribution ptrue(y1:3) is visualised by
its bivariate marginals, and Q is the class of AR(1) models defined by q(yt+1 | y1:t; θ) =

14This follows since KL (p ‖ q) ≥ 0 and KL (p ‖ p) = 0.
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Figure A-24: (a) Linear autoregressive fit with and without outliers (highlighted
in red). (b) RMSE for k-step predictions with autoregression fitted by MLE, robust
MLE, 2-step objective (eq. A.66). (c), (d) Example 3-step cobweb plot (iterated
prediction) from yt using θ̂2-step and θ̂MLE; black dashed line is the identity
function.

N
(
ayt, s

2
)
. In both cases, clearly ptrue /∈ Q. The marginal (Gaussian) distributions of

the model fits are shown by level curves, and we see in both cases that the distribution
q(y3 | y1; θ̂MLE) (orange), fit by MLE, substantially overestimates the variance, and models
y1 and y3 as almost uncorrelated, resulting in highly suboptimal predictions compared to
θ̂2-step.

A.7.2 Examples of time series with outliers

This section investigates the impact of MLE on two time series examples where the mis-
specification is limited to outliers.

AR model with outliers Our first example uses an order-1 AR model class for Q, and
the true distribution is given by:

ptrue(xt|x1:t−1) = N
(
0.9xt−1, 0.12

)
(A.67)

ptrue(yt|xt) =

xt with p = 0.95

N
(
0.4, 0.12

)
with p = 0.05.

(A.68)

Consecutive pairs (yt, yt+1) generated from this model are shown in Figure A-24(a). The
basic autoregressive relationship (eq. A.67) is shown by the grey regression line, but the
MLE fit, using θ̂MLE, is shown by the orange regression line, which takes into account
the outliers. Figure A-24(b) compares the k-step performance of θ̂MLE versus a robust fit
which excludes the outliers, as well as the two-step objective (using θ̂2-step) of Equation
(A.66). The 1-step error is smallest for the MLE fit, as expected, but the performance of
the MLE fit quickly degrades for larger k; the 2-step fit performs the best for k > 1.

It is instructive to consider why the MLE performance degrades with k, via a closer look
at the 3-step predictions, shown as a cobweb diagram in Figures A-24(c,d), which compare
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the predictions when using θ̂2-step and θ̂MLE. The estimate of the autoregressive coefficient
a (shown by the coloured line) is much smaller for θ̂MLE than for θ̂2-step. The former is
the optimal trade-off for the outliers in the first step – but when performing a k-step
prediction, this same trade-off is applied to every intermediate step of the prediction via
Equation (A.64), shrinking the prediction towards zero, as in Figure A-24(d). A direct
k-step objective such as Equation (A.66) is more robust to mis-specification, as it pays
more attention to the long term impact of the trade-offs that are made.

ARMA model with outliers Our second example is an ARMA(3,2) model defined
by:

ptrue(xt |xt−1) = N (0.8xt−1, 0.15) (A.69)

ptrue(yt |xt) = cos
(2πt

45

)
+ xt. (A.70)

visualised in Figure A-25 (top left), with the deterministic sinusoid shown in dashed
black.15 The bottom row shows the same sequence, but corrupted by outliers between
t = 105 and 108. We will choose Q to be a LDS with nx = 3 dimensional latent state,
and hence ptrue ∈ Q, but the sequence with outliers in the bottom row is not. In both
cases, we train the model on the first 150 datapoints, and test on the final 50. In the first
case, where ptrue ∈ Q, MLE provides a sensible forecast (top middle). In the bottom row
(bottom middle) where ptrue /∈ Q, the MLE fit results in a poor long term prediction, due
to a myopic focus on the 1-step fit.

We compare these results to the prediction of an LDS trained via a k-step objective,
optimising all predictions in a k = 50-step ahead window according to the objective:

θ̂
k-step
1-step = arg min

θ

T−k∑
t=1

Eptrue(y1:t) KL
(
ptrue(yt+1:t+k |y1:t)

∥∥∥∥ q(yt+1:t+k |y1:t; θ)
)
. (A.71)

The predictions from the optimised θ̂
50-step
1-step are shown in the final column in Figure A-25.

The resulting model is able to perform close to optimal for the predictive window even
when the model class is misspecified. The training set likelihood of the θ̂MLE model is
25% higher per observation than that of the θ̂

50-step
1-step model, which underlines the problem

of relying upon likelihood for long term predictive accuracy.

A.7.3 Discussion

There have been a number of recent papers that have observed the poor performance
of MLE for long term prediction. Some of these have proposed objectives similar to
Equation (A.71), including Bengio et al. (2015), Martinez et al. (2017) and Chiappa et al.

15 Note that sinusoidal motion can be written as a deterministic AR(2) process, and the sum of an
AR(1) and AR(2) model can be written as ARMA(3,2), see §4.7, p108, Hamilton, 1994.
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Figure A-25: Example ARMA(3,2) dataset (top), and with additional noise at
t = 105 (bottom). The underlying sinusoidal motion is shown in black. The second
column shows predictions on the test set with a stochastic state LDS, and the final
column shows predictions for a deterministic state LDS.

(2017). Karl et al. (2017) pursue an alternative approach, changing the model and using
regularisation to encourage better use of the dynamic transition. Lamb et al. (2016)
address the problem adversarially by using a classifier to enforce similar distributions of
hidden states for k-step predictions vs. 1-step predictions. Our main contribution here is
to provide intuition for why MLE performs poorly for long term predictions.

In the context of generative models, Huszár (2015) suggests that MLE might perform
poorly due to the mode-averaging nature of minimising KL (p ‖ q) wrt. q. In our context,
it is more helpful to consider this as the spreading of probability mass over a diffuse area.
This is typical under mis-specification, since the MLE objective places a large penalty
on observations that are poorly modelled. In the previous example, this manifests in
an inflated estimate of the noise variance, and a consequent poor fit of the underlying
dynamic evolution.

However, Huszár argues against the proposed k-step objective of Equation (A.71), showing
that it is inconsistent; i.e. in the case where ptrue ∈ Q, predictions from the learned model
converge to

∏k
j=1 ptrue(yt+j |y1:t) rather than the predictive joint ptrue(yt+1:t+k |y1:t).

While this may be a problem for generating plausible samples in generative models, the
mean and marginal variance are often the only moments used for time series prediction,
in which case we consider Equation (A.71) to be an appropriate objective. Furthermore,
the product distribution

∏k
j=1 ptrue(yt+j |y1:t) may be more reliably estimated from a sub-

optimal model class Q. The proposed solution of Huszár is to instead use a generalised
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Jensen-Shannon divergence JSπ
(
ptrue(y1:T ) || q(y1:T ;θ)

)
where

JSπ
(
p || q

)
= πKL

(
p

∥∥∥∥πp+ (1− π)q
)

+ (1− π)KL
(
q

∥∥∥∥πp+ (1− π)q
)
. (A.72)

However, it is not necessarily obvious that this performs better than a direct k-step pre-
diction in the time series context, and no empirical results are given in its support.

A further cause of poor predictive performance may be the numerical optimisation of
Equation (A.65). Optimisation may suffer from overfitting to small samples, or converging
to poor optima. Even simple LDSs are known to have parameter estimation problems
for practical sample sizes (e.g. T ≈ 100, see e.g. Dent and Min; Auger-Méthé et al.,
1978; 2016). System noise may be confused with emission noise with a dramatic impact
upon predictive accuracy (e.g. Dennis et al., 2006; Auger-Méthé et al., 2016). Where
the objective is intractable, standard approximations may not converge to an optimum
(Turner and Sahani, 2011).

In the case of long term predictions, it may often be more practical to use a deterministic
state model. We have seen that deterministic state models can often approximate stochas-
tic state models (e.g. Section 2.2.3.6, Section 4.3.2). Integrating the system dynamics in
stochastic nonlinear models is often impractical, due to the computational requirements
of Monte Carlo sampling, which is further exacerbated by requiring the calculation of the
k-step predictive distribution. Finally, a deterministic state appears to improve parameter
identification substantially, since stochasticity cannot ‘explain’ deviations from the model
under suboptimal parameter estimates. While the deterministic approach rules out a di-
versity of predictions, stochastic models will not necessarily provide useful diversity either
(see e.g. Bayer and Osendorfer, 2014), by modelling correlations in the system dynamics
with iid noise. Such diversity is of central interest to our work; the MTDS is able to model
latent correlations via use of deterministic dynamical systems. See Chapters 3 - 6.
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