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Lay Summary

For decades cosmologists have been searching for a simple and elegant model that describes
our Universe, its components and laws. Right now, the standard cosmological model, fully
described by six parameters, is the gold standard of the field. It tells us that all matter in
the Universe interacts according to the laws of General Relativity and that the majority
of this matter is invisible dark matter. Another dominating component of the model
with a mysterious origin is called dark energy. It causes the accelerated expansion of
the Universe. Despite the lack of clear understanding about the nature of dark matter
and dark energy, their existence within the standard cosmological model is required to
explain numerous observations. One of these observations is the relic light, called Cosmic
Microwave Background, which was emitted just 370 thousand years after the hot Big Bang.
Small temperature fluctuations in the relic light correspond to small matter fluctuations
that eventually grow due to gravitational interactions into all of the structures we observe
around us today: from stars to galaxies and galaxy clusters.

In this thesis, we discuss two ways of looking at galaxies in the late-time Universe, 5-14
billion years after the Big Bang: spectroscopic galaxy clustering and weak gravitational
lensing. In the first approach, we treat galaxies as points and analyse their distributions
across the sky and along time. In the second approach, we treat distant galaxies as ellipses
and analyse how their observed shapes are weakly distorted, or sheared. The distortion
is caused by the bending of their light on its way to us by gravitationally intervening
massive structures. Interestingly, galaxy clustering and weak lensing measurements
both consistently result in a lower amount of matter clustering than the one expected
from the Cosmic Microwave Background measurement. This disagreement between the
observations implies that in the standard cosmological model it is impossible to bridge
the amplitude of matter fluctuations measured at late times with the one measured at
early times.

As a potential solution for this intriguing conundrum we propose the so-called extended
cosmologies. Such cosmological models extend the standard parameter space of six
cosmological parameters by introducing several additional parameters. The additional
parameters correspond to modifications of gravity or dark energy. These modifications
impact structure formation on all scales. In particular, we are interested in the alternations
of structure growth on smaller scales as they correspond to the regime of complex nonlinear
physics. The older the Universe becomes, the more nonlinear structures evolve. Despite its
complexity there is a great amount of cosmological information in this regime, especially
helpful to distinguish between various non-standard cosmologies. Hence, we must develop
and test robust modelling tools for extended cosmologies down to smaller scales.

Here, we address this challenge in the light of the newest generation of cosmological
surveys. Dark Energy Spectroscopic Instrument (DESI), Euclid, Vera Rubin Observatory
(VRO/LSST) — these powerful surveys have started (DESI, Euclid) or will soon
start (VRO/LSST) observing millions of galaxies, their positions and shapes. Their



excellent measurements will unambiguously weaken or strengthen the tension between
the clustering amplitudes. The only restriction of our knowledge of the Universe will be
the efficiency of our methods and accuracy of our models.

In this thesis, we apply advanced theoretical models and state-of-the-art numerical
methods to study the interplay between numerous different parameters. For instance,
these parameters aim to capture the complexity of nonlinear structure formation, or the
connection between visible and non-visible matter. Extended cosmologies introduce an
additional degree of complexity that we investigate with simulated and real data. The
methods and techniques developed and tested in this thesis are timely given the beginning
of the precision cosmology era with the new generation of surveys. Most of the codes used
in our projects are (or soon will be) publicly available. They will facilitate efficient and
accurate probing of the Large Scale Structure, and help us to determine the correct model
describing our Universe.
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Abstract and QOutline

The new generation of cosmological surveys, called Stage-IV surveys, provides measure-
ments of unprecedented volume and quality. This, in turn, leads to increased statistical
precision. Now our knowledge of the Universe is restricted by the efficiency of our
methods and accuracy of our models, rather than by our measurements (assuming that
observational systematics are fully understood). Therefore, our goal is to develop and
test methods and models for analysing the data in order to reliably extract as much
information as possible. We do so by extending standard modelling techniques into
the nonlinear regime. We apply the nonlinear techniques to non-standard cosmological
models, such as evolving and interacting dark energy models, modified gravity theories,
and massive neutrinos. These alternative models attempt to resolve tensions between
the cosmological parameters extracted from the early-time (high-redshift) and late-time
(low-redshift) Universe, which arise in the paradigm of the standard cosmology, ACDM.

We refer to the measurements with which we study the laws and constituents of our
Universe as cosmological probes. In this thesis we work with two cosmological probes of
the late-time Universe: galaxy clustering and weak lensing. The redshifts of galaxies
can be precisely measured with spectroscopic instruments. From the distribution of
galaxies in redshift space we can build and then model summary statistics. Here we
focus on the power spectrum and bispectrum multipoles as our main galaxy clustering
observables. Regarding weak gravitational lensing, this phenomenon corresponds to the
coherent distortion in the observed shapes of distant galaxies due to the bending of light
by the Large Scale Structure. The degree of distortion, or shear, depends on the amount
and concentration of matter along the propagation of light. Based on the measured galaxy
shape distribution from photometric images, we again can build various statistics. In this
thesis we focus on the cosmic shear power spectrum as our main weak lensing observable.

The goal of Chapter 1 and Chapter 2 is to provide the background information required
to grasp the findings of the latter chapters. Chapter 1 familiarises the reader with the
main cosmological and theoretical concepts that are necessary to understand the modelling
of our main observables. We motivate our interest in the extensions of the standard
cosmological model, as well as demonstrate explicitly what changes they introduce at
the level of the observables. Chapter 2 establishes the notion of probability in two
frameworks, Bayesian and Frequentist, that allows us to assess the accuracy of a model
given the data. In the same chapter we also describe the mechanisms of the probability
distribution sampling, i.e., the mechanisms of geometrically exploring the regions of the
model’s parameter space that describe the data best.

In Chapter 3, we analyse the redshift space power spectrum and bispectrum multipoles
of dark matter halos from a large set of simulations. Interacting dark energy, in particular
the “Dark Scattering” model in which dark energy and dark matter are coupled by pure
momentum exchange, is the main focus of this chapter. We find a substantial improvement
of constraints on the dark energy parameters when the bispectrum multipoles are
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combined with the power spectrum multipoles. In Chapter 4, using the same perturbative
framework, we analyse the power spectrum multipoles from a Stage-III spectroscopic
survey, BOSS DR12. Now we focus on constraining a generalised parameterisation of
modified gravity via the growth index and massive neutrinos. Albeit without a crucial
statistical significance, we find values of the growth index which deviate from its ACDM
limit and lead to the suppression of structure growth at late-times. Such behaviour might
resolve the so-called Sg tension. In a nutshell, this cosmological tension corresponds to the
contradiction between the high- and low-redshift measurements of the matter fluctuation
amplitude in the standard cosmological model. Additionally, in both chapters we observe
strong projection effects in the parameter space, which are pedagogically introduced in
Chapter 2. We explore the projection effects in the context of spectroscopic surveys and
propose possible solutions.

In Chapter 5, we develop a model-independent approach with a generalised screening
function to model the nonlinear matter power spectrum for many dark energy and
modified gravity models. Screening is a mechanism that allows for a theory to recover the
classical gravitational interactions at small scales and in dense regions, such as our Solar
System. This time we work in the halo-based reaction framework. Then, in Chapter 6,
we apply this approach in the modelling of the cosmic shear power spectra. When
tested on mock Stage-IV cosmic shear data, we discover promising hints of detecting
the screening transition. We also explore a strong degeneracy between baryonic physics
and the screening transition, as well as the impact of massive neutrinos.

In the final chapter, Chapter 7, we summarise the studies presented in this thesis
and list our next steps in probing and constraining extended cosmologies with galaxy
clustering and weak lensing.
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Left panel: the linear growth factor fractional deviation relative to the
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the ACDM value facpm = 0.861. Both growth parameters are computed
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the posterior-averaged theoretical predictions of the joint model with IDE
for the following scale cuts (dashed vertical lines): E=02 0 — 0.225 h Mpe ™,

max, P

Keap = 01 h Mpc™' and kS 5 = 0.111 h Mpc™'.  Lower panel:
measurements of the halo bispectrum monopole (green crosses). Note that
the Poisson shot noise contribution is not subtracted. Shaded areas denote

the uncertainties on the mean of the observables. The lower panels show

the ratio of residuals to errors on the mean of the observables. . . . . . . .

Performance measures as a function of the maximum wave-number of the
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to the best scale cut kf;?fp = 0.225 h Mpc™' from the left panel.
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Marginalized posterior distributions for the IDE parameters in the base
model and with the scale cuts as specified on the plot. The power spectrum
monopole and quadrupole analysis is denoted by the dotted blue line,
constraints from all power spectrum multipoles are given by the solid orange
line, the joint analysis of the power spectrum monopole plus quadrupole
and bispectrum monopole is presented by the dotted-dashed light-green
line, and the full joint analysis is shown with the dark-red line. Clearly,
inclusion of the bispectrum monopole improves constraining power by
~ 30%. The thin grey lines correspond to the fiducial values from the
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Implementation of the bias relations into the joint analysis of all power
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mance metrics as a function of the maximum wave-number of the power
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bispectrum monopole set to the moderate value of k) 5 = 0.08 h Mpc .
Right panel: performance metrics as a function of the maximum wave-
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the power spectrum multipoles set to kfn:a?fp = 0.225 h Mpc' and
kp = 01 h Mpc™!. The dark-red triangles correspond to the base

model with 13 parameters, the olive crosses denote the tidal bias relation,
the purple stars represent the bo-relation, the dark-cyan squares denote
the combined relation of b, and bg,. Note that the application of the
combined or the tidal-bias relation leads to stronger constraining powers
on the IDE parameters. This is especially prominent in the right panel for
kﬁ;‘;y 5 >0.09 h Mpc ™. The confidence intervals for FoB are calculated as
in Fig. 3.3. . . . . L
Joint analysis of all power spectrum multipoles with the bispectrum
monopole (dark-red triangles) and quadrupole (purple stars). The perfor-
mance metrics, FoM and FoB, are presented as a function of the maximum
wave-number on both multipoles of the bispectrum. FEvidently, inclusion
of the bispectrum quadrupole leads to tighter constraints on the IDE
parameters for kf:a(jfB > 0.09 h Mpc™'. The confidence intervals for the
FoB are calculated as in Fig. 3.3. . . . . . . ... ... ... .. ...
Left panel: analysis with the simulated data. Dashed olive lines and purple
contours show results with the Gaussian prior on Ay around its fiducial
value with 3 standard deviations from the CMB analysis. Right panel:
analysis with the synthetic data and flat priors. Grey lines denote the
fiducial values. In both cases the AP-effect is mimicked by a tight Gaussian
prior on w around its fiducial value and with o,, = 0.02. Red contours
represent the joint analysis, dark cyan lines represent the analysis with
power spectrum multipoles only. Scale cuts are the same as in Fig. 3.4.

Marginalised posterior distribution for the cosmological parameters for the
~vCDM cosmology and the three prior choices, as detailed in the legend.
We fit all three multipoles and use kmax = 0.2 h Mpc ™. Grey dashed lines
mark the Planck best-fit values (ACDM prediction for v). . . . . . . . . ..
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A rough schematic of the map from the Horndeski action in the EF TofDE
parameterisation (H, a;,&/) and nonlinear parameterisations (p; or ¢;) to
R(k,t). The yellow rectangles indicate the input functions of time (here
parameterised by the scale factor a) or constants. The orange rectangles
indicate the modifications to the Poisson equation. u(k,a) is bi-coloured
indicating we may choose to parameterise it directly instead of starting
at the action level. We provide the main sources in the literature for each
piece of the map along with a dotted box roughly indicating their associated
piece. Note that the solid arrows can only reconstruct G; to the linear and
quasi-nonlinear levels, which can in turn inform choices for p;. The p;
provide the nonlinear complement in the G;. . . . .. . ... ... .. ...
Ratio of the quasi-static approximated (QS) nonlinear spectrum to the
exact calculation. We show the results for four EFTofDE models with
{ak,ap} non-zero and all other a parameters set to 0 and a ACDM
background expansion, at z = 0 (left) and z = 1 (right). The exact
calculation uses Eq. 5.4 with an EFTCAMB linear spectrum while the QS
uses Eq. 5.4 with a rescaled ACDM linear spectrum using the modified
growth equations, making use of Eq. C.1. The orange band represents the
error coming from cosmic variance assuming an effective survey volume of
Vg = 20 Gpc®/h®. We assume F = pu — 1 and £ = 1 in all nonlinear
computations. The dotted lines mark 1% deviations which is an optimistic
estimate on the modelling errors of the halo model reaction framework.
Ratio of the approximated reaction to the full calculation. The approxi-
mation assumes £ = 1 in Eq. 5.6 which is approximately equivalent to no
higher order perturbative, screening terms i.e, 75 = v3 = 0. We show Hu-
Sawicki f(R) gravity on the left and the normal branch of DGP on the right
for varying modifications to GR. For f(R) we show predictions for when the
model parameter takes the value of |frg| = 107° (moderate modification,
blue), |fro| = 107¢ (low modification, red) and |fro| = 1077 (very low
modification, green). For DGP we show predictions for when the model
parameter is ;. = 0.25 (moderate modification, blue) and ©,. = 0.01 (low
modification, red). We also show the comparison over two redshifts, z = 0
(solid lines) and z =1 (dotted lines). . . . . .. ... ... ... .. ....
Top panel: The ratio of the wCDM nonlinear power spectrum to the
ACDM nonlinear power spectrum computed using the EuclidEmulator2
(black) and halofit together with the halo model reaction (see Eq. 5.3) for
the minimal general model (blue) as outlined in the right most column
of Tab. 5.2. Middle panel: The ratio between theoretical and emulator
predictions for the ratio between wCDM to ACDM spectra, i.e., the ratio
of blue to black top panels curves. Bottom panel: The ratio of the exact
halo model reaction to the minimal general model. We plot the ratio for
two observationally relevant redshifts, z = 0 (solid) and z = 1 (dotted).
We show these results for wyg = —1.2 and w, = 0.4. The minimal general
model also has y =055 and g1 =g =q@g=qu=1. . . . . ... ... ...
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Top panels: The ratio of the DGP nonlinear power spectrum to the ACDM
nonlinear power spectrum computed using halofit and the halo model
reaction (see Eq. 5.3) for the exact (black) and Erf (blue) cases. We do not
show the nPPF case as it reduces to the exact solution for specific choices of
its parameters. The Erf model assumes 7, = 73 = 0. We have normalised
the ratio to unity at large scales for easier comparisons. Bottom panels:
The ratio of halo model reactions; the Erf model Rg,¢ to the exact solution.
This is equivalent to the ratio of the top panel blue to black curves. We
show these results for a moderate modification, Q,. = 0.25 (left) and a low
modification, £2,. = 0.01 (right). We plot the ratio for two observationally
relevant redshifts, z = 0 (solid) and z =1 (dotted). . . . . . .. ... ...
Top panel: The ratio of the f(R) nonlinear power spectrum to the ACDM
nonlinear power spectrum computed using HMCode2020 and the halo model
reaction (see Eq. 5.3) for the exact (grey), Erf (blue) and nPPF (red)
cases. The fofr emulator is also shown in black. Middle panel: The ratio
between theoretical and emulator predictions for the ratio between f(R)
to ACDM spectra, i.e., the ratio of grey, blue and red to black top panels
curves. Bottom panel: The ratio of halo model reactions; the parameterised
models to the exact solution. This is equivalent to the ratio of the top panel
coloured curves to the gray curves. Note that both parameterised models
have 75 = 3 = 0. We plot the ratio for two observationally relevant
redshifts, z = 0 (solid) and z = 1 (dotted). We show these results for a
moderate modification, |fro| = 107°. The orange bands indicate the 2%
region which is the current absolute accuracy of the exact R. . . . . . . ..
Same as Fig. 5.6 for a low modification, |fgre] = 107% (top) and a very
low modification, |fro| = 1077 (bottom). Note that the fofr emulator for
| fro| = 1077 gives the ACDM prediction and so we omit the middle panel.

Upper panel: left — linear modification to the Poisson equation for nDGP
gravity with strong modification of €2,. = 0.25 (red solid line), GR (black
line) and different growth index values specified in the colour-bar; right —
nonlinear modification to the Poisson equation for the same nDGP scenario,
and growth index with v = 0.4 and various values of the screening scale
q1 at z = 1.25 as a function of the normalised halo radius ,, defined in
Eq. C.44. Lower panel: ratio between the growth factors computed for
various values of 7; left — with respect to the growth in GR, middle and
right — with respect to nDGP for time-independent and time-dependent
growth index respectively. Dashed black lines denote the 1% range.

Marginalised posterior distribution for the cosmological parameters. Mock
data: ACDM scenario (see Subsection 4.2.2). Models: the time-independent
growth index parameterisation with screening (green) and without screen-
ing (orange). We fit the cosmic shear power spectra with £, = 3000. Solid
lines and filled contours correspond to BP®¥°" = 1 from Eq. 6.5 (for both
— data and models), while dashed lines and empty contours correspond to
the baryonic feedback contribution with varying M. and fixed values of the
other baryonic parameters as detailed in the main text. Grey lines mark
the true values of the syntheticdata. . . . . . ... ... ... ... ....
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Left panel: the variation in the ratio PMS/P4CPM at redshift zero for
the screened, v + ¢, and unscreened, v, models drawn from the posterior
distributions in Fig. 6.2 within a lo deviation around the posterior
maximum for 7. Right panel: marginalised posterior distribution in €2, —~
for the same models on the mock GR data with ¢,,., = 3000 (filled contours)
and fpa. = 1000 (unfilled contours). . . . . . . . ...
Left panel: power spectrum ratios at redshift z = 0 for the screened (green
lines) and unscreened (orange line) models with nonlinear prescriptions
described in the text. Grey line denotes k. = 5 h/Mpc that we compute
and emulate with ReACT, for higher values we extrapolate the MG boost as
a power law. Right panel: corresponding ratios of the shear angular power
spectra. Central redshifts: for bin 1 z. = 0.21, for bin 2 z. = 0.49. We fix
all cosmological parameters to the fiducial values. . . . . . . . . . ... ..
Marginalised posterior distribution for the cosmological and extended
parameters analysed with ¢, = 3000. Mock data: nDGP cosmology with
Q. = 0.25 (see Subsection 4.2.2). Models: the time-dependent growth
index parameterisation with screening when both v-parameters are varied
(green) and with v; fixed (orange). Grey solid lines mark the true values of
the synthetic data, grey dashed lines mark the GR-limit. Orange dashed
lines denote the best fit values from the plotted MCMC chain for the second
model. . . ..
Marginalised posterior distribution for the cosmological and extended
parameters analysed with £,,., = 3000. Mock data: nDGP cosmology with
Q. = 0.25 (see Subsection 4.2.2). Models: the time-dependent growth
index parameterisation with screening when both ~-parameters are varied
(green) and with 7, fixed (orange). Grey solid lines mark the true values of
the synthetic data, grey dashed lines mark the GR-limit. Orange dashed
lines denote the best fit values from the plotted MCMC chain for the second
model. . . ..
Left panel: power spectrum boost at redshift zero for the MG contribution,
v = 0.4 and varying ¢; (green lines), and baryonic feedback (orange lines).
Right panel: marginalised posterior distributions using cosmic shear power
spectra with £, = 3000 for the MG and baryonic parameters with
different priors on the latter, as detailed in the legend. Mock data and
model: minimal parameterisation with the time-independent growth index
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(see Subsection 4.2.2). Grey lines mark the true values of the synthetic data.175

Left panel: power spectrum boost at redshift zero for the MG contribution
with v = 0.4, M, = 0 and ¢ varied (green lines), and v = 0.4, ¢, =
0.76, M, varied (orange lines). The boosts for various neutrino masses
are normalised to the value at the largest scales computed. Right panel:
marginalised posterior distributions using the cosmic shear power spectrum
with {1, = 3000 for models with different cosmological parameters varied,
as detailed in the legend. Mock data and model: minimal parameterisation
with the time-independent growth index (see Subsection 4.2.2). Grey lines
mark the true values of the synthetic data. . . . . . . .. .. ... .. ...
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A3

A4

Marginalised posterior distribution for the cosmological and MG parame-
ters with massive neutrinos and baryonic feedback with a tight uniform
prior on the baryonic parameter, using cosmic shear power spectra up
to lmax = 3000. Mock data: nDGP cosmology with €,. = 0.25
(see Subsection 4.2.2). Models: the time-independent growth index
parameterisation with screening (green), the time-dependent growth index
parameterisation with screening and fixed 7, (orange), nDGP (purple).
For nDGP and 7+ ¢; the prior on log,, M, is U(13.12,13.52), while for the
v(z) + ¢1 model it is ¢(13.3,13.34). Grey lines mark the true values of the

synthetic data. . . . . . . . ...

Posterior distributions for the base model with the scale cuts given in the
triangle plot. The power spectrum monopole and quadrupole analysis
is denoted by the dotted blue line, constraints from all power spectrum
multipoles are given by the solid orange line, joint analysis of power
spectrum monopole plus quadrupole and bispectrum monopole is presented
by the dotted-dashed light-green line, and the full joint analysis is shown
by the dark-red contours. Thin grey lines correspond to the fiducial values
known from the fiducial cosmology and previous analysis of this data set

in Refs. [7-9] .. . . o o o

Posterior distributions for the Py + P, + Py + By models with bias relations
at the scale cuts given on the triangle plot. The joint analysis with the
base model is shown by the dark-red dotted-dashed lines, olive dotted lines
denote the tidal bias relation, purple solid lines represent the bo-relation, the
dark-cyan contours denote the combined relation of by and bg,. Thin grey
lines correspond to the fiducial values known from the fiducial cosmology

and previous analysis of this data set in Refs. [7-9]. . . . ... .. ... ..

Posterior distributions for the base model with and without the bispectrum
quadrupole at the scale cuts given on the triangle plot. The joint analysis
with the bispectrum monopole is shown by the dark-red dotted-dashed
lines, the joint analysis with the bispectrum monopole and quadrupole is
denoted by the purple contours. Thin grey lines correspond to the fiducial
values known from the fiducial cosmology and previous analysis of this data

set in Refs. [7-9]. . . . . . . o

Posterior distributions for the wCDM model for four models at the scale
cuts given on the triangle plot. The joint analysis with the bispectrum
monopole is shown by the solid dark-red lines, the joint analysis with
the bispectrum monopole with the combined bias relation is given by
the dotted-dashed dark-cyan lines, the joint analysis with the bispectrum
monopole and quadrupole is denoted by the purple contours, constraints
from all power spectrum multipoles are shown by the dotted orange line.
Thin grey lines correspond to the fiducial values known from the fiducial

cosmology and previous analysis of this data set in Refs. [7-9]. . . . . . ..
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B.2

B.3

C.1

C.2

C.3

Posterior distributions for the demonstration of the AP-effect with the three
power spectrum multipoles. The analysis with the variation of the scalar
amplitude with a flat prior and addition of the AP-effect is shown by the
solid dark-cyan lines, the analysis for variation of the IDE and nuisance
parameters only with the addition of the AP-effect is shown with olive
contours and constraints from all power spectrum multipoles without the
AP-effect are given by the solid orange line (same as in Fig. A.1). Thin grey
lines correspond to the fiducial values known from the fiducial cosmology

and previous analysis of this data set in Refs. [7-9]. . . . ... .. ... ..

Posterior distributions for IDE model with the power spectrum multipoles
only (the AP-effect included). The analysis with flat priors on all
parameters is shown by the solid dark cyan lines, the analysis with the
CMB prior on the primordial slope ng is shown by the dark purple lines,
the analysis with the CMB prior on the scalar amplitude Ag is shown by
the olive dashed lines, the analysis with the CMB priors on both primordial
parameters is shown by dark red contours. Thin grey lines correspond to
the fiducial values known from the fiducial cosmology and previous analysis

of this data set in Refs. [7-9]. . . . . ... ... .. .o L.

Two-dimensional marginalised posterior for all parameters for the BOSS
analysis for YCDM and kyayx = 0.2 h Mpc ™ (see Fig. 4.1). We use the same
color scheme as the main text to show the three prior choices. Dashed grey

lines mark the Planck best-fit values (ACDM prediction for v). . . . . . . .

Two-dimensional marginalised posterior for all parameters for the BOSS
analysis with yvCDM and kma.x = 0.2 h Mpc™! (see Fig. 4.2). We use the
same color scheme as the main text to show the three prior choices. Dashed
grey lines mark the Planck best-fit values (with the ACDM prediction for

v and minimal neutrino mass M, =0.06 eV). . ... ... ... ...

Marginalised posterior distribution for the cosmological parameters for
ACDM with massive neutrinos and the three prior choices, as detailed
in the legend. We fit all three multipoles and use kmax = 0.2 h Mpc™t.

Grey dashed lines mark the Planck best-fit values. . . . . . . . .. ... ..

The modification to the Poisson equation 1 + F (see Eq. 5.13) in DGP
gravity for Q,. = 0.25 (left) and Q, = 0.01 (right). We plot the
modifications as a function of normalised halo top-hat radius parameter
for three different redshifts, z = 0 (red), z = 1 (green) and z = 4 (blue).
The solid curves are the exact solution while the dashed curves are made
using a single parameter fit to the exact R using Eq. 5.41 (see Tab. 5.3).

The modification to the Poisson equation 1 + F (see Eq. 5.13) in Hu-
Sawicki f(R) as a function of log,,(M) and top-hat radius parameter yj,.
We set |fro| = 1075 and 9eny = 1. The top panels show the exact solution,
the middle panels show the phenomenological solution based on the error
function and the bottom panels show the nPPF function. The left most
column shows the functions for z = 0, the middle for z = 1 and the right

most column for z =4. . . . . . .
Same as Fig. C.2 but with ey =0.3. . . . . . . . . ...
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D.1

D.2

D.3

D4

D.5

D.6

D.7

Full posterior distribution for validation with GR mock data for a Stage-IV
cosmic shear setup with £,,,, = 3000. Different colours correspond to the
growth index model with screening (green), the growth index model with
unmodified nonlinear growth (orange), and the model used to produce the
mock data (purple). The dashed lines denote models with an additional
baryonic feedback parameter. . . . . .. .. .. oL
Varying only €),,, Ss, 7 with re-scaled covariance and using linear scales.
Left panel: constraints from the first redshift bin. Time evolution of
Ss(z) in the standard cosmology (purple crosses) and ~y-parameterisation
(v-pseudo, orange crosses). Green solid line denotes the combination
of the lensing and IA kernels (re-scaled and shifted for visualisation
purposes). Black solid line denotes the maximum of the kernel and same
constraints on Sg(z) in both models. Middle panel: marginalised posterior
distributions for log 10*° A, from the first bin (upper plot) and combined
first two bins (lower plot) in the standard cosmology (purple lines) and
v-parameterisation (orange lines). Right panel: marginalised posterior
distribution for v and log10'® A, with the first photometric bin (orange
contour) and combined with the second photometric bin (pink contour).
Dashed lines denote the fiducial values. . . . . . . . ... ... ... ... ..
Left panel: parameter dependence of the shear angular power spectrum
in the 3-3 redshift bin without shape noise. Right panel: change in the
orientation of degeneracies between parameters depending on the scale-
cuts and priors used. . . . .. ...
Full posterior distribution for showcasing the screening impact with nDGP
mock data for a Stage-IV cosmic shear setup. Different colours correspond
to the screened growth index model with /., = 3000 (green) and the
pseudo model with modified linear growth and standard nonlinear structure
formation with ¢,,x = 1000 (orange). Solid grey lines mark the true values
of the synthetic data, dashed grey lines mark the parameter values in the
standard cosmology. . . . . .. ..
Full posterior distribution for tests with nDGP mock data for a Stage-IV
cosmic shear setup with ¢, = 3000. Different colours correspond to the
time-dependent growth index model (green) and the same model but with
the second coefficient fixed to 73 = —0.19 (orange). Grey lines mark the
true values of the synthetic data. . . . . . . ... ... ... ... .....
Full posterior distribution for investigating the degeneracy between the
screening and baryonic parameters on v + ¢; mock data for a Stage-IV
cosmic shear setup with £, = 3000. Different colours correspond to a
flat broad prior on the baryonic feedback parameter log;, M., (green) and
a flat tight prior ¢/(13.12,13.52) on it (orange). Grey lines mark the true
values of the synthetic data. . . . . . .. ... ... ... ... ... ...,
Full posterior distribution for the nDGP model with €2,.. = 0.25 for a Stage-
IV cosmic shear setup with /., = 3000. Different colours correspond to
the v 4+ ¢; model (green), the v(z) + ¢; model with 7, = —0.2 (orange),
and the exact nDGP model (purple). For nDGP and 7 + ¢; the prior on
log,o M. is U(13.12,13.52), while for the v(z)+¢; model it is U(13.3,13.34).

Grey lines mark the true values of the synthetic data. . . . . . . . . .. ..
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Chapter 1

Cosmology with Galaxy Clustering and
Weak Lensing

According to the standard cosmological model, today our Universe features ~ 5% of
baryonic matter, ~ 25% of cold dark matter (CDM), negligible contribution from radiation
and ~ 70% of dark energy. The simplest model of the latter is the cosmological constant
(A), whose energy density is constant in time and space everywhere in the Universe. It
exerts negative pressure causing the accelerated expansion. The standard concordance
model, ACDM, shows excellent agreement with various observations, ranging from Solar
System tests to the detection of gravitational waves. However, the nature of both dark
components, matter and energy, of ACDM is unknown. Moreover, in recent years tensions
related to the determination of the expansion rate and matter clustering amplitude
between the early-time and late-time Universe have emerged. The search for alternatives
to ACDM that could also explain the apparent tensions has led to a plethora of exotic dark
energy, dark matter, and modified gravity theories. In this chapter we will introduce a
set of dark energy models, modifications of General Relativity (GR) on large cosmological
scales, and massive neutrinos — three extensions of the standard cosmological model, which
we also call beyond-ACDM and extended cosmologies. We will discuss the corresponding
effects these extensions have on cosmological probes — spectroscopic Galaxy Clustering
(GC) and Weak gravitational Lensing (WL). We will also layout the foundation of the
GC and WL formalism. Lastly, we will describe the cosmological probes crucial for
understanding of our results, as well as the Stage-IV cosmological experiments that will
provide us with their powerful measurements. When not explicitly cited, the introductory
background is based on Refs. [12, 13].



1.1 Correlation Functions and Expansions

Prior to introducing the background on cosmology, we lay out the mathematics behind
the correlation functions of random fields. Practically, a random field is a continuous
and infinite collection of random variables in space and time. In cosmology we refer to
the notion of random fields when dealing with fluctuations in density or temperature,
for example, with respect to a smooth background. The observed galaxies trace these
density fluctuations in the underlying Large Scale Structure (LSS) that is not randomly

distributed and exhibits interesting correlations.

Correlation Functions

The two-point correlation function of random fields A and B in three-dimensional real
space, x, is given by:
|z — ') = (A(z) B* (")) (1.1)

with brackets (...) denoting an ensemble average over many realisations of the fields, and
* denoting the complex conjugate operation. Realistically, we have only one observable
Universe, hence, only one realisation of a random field. The assumption of ergodicity helps
to relate our theory and observations. Ergodicity states that for infinitely large volumes,
ensemble averages become equal to spatial averages. Again, in reality, we do not observe
an infinite volume. The finite volume of a survey or simulation introduces statistical
fluctuations, called sample variance. If the finite volume is the size of the observable
Universe itself, then the corresponding sample variance is called cosmic variance.
With the Fourier transforms of the fields

Ak) = / dzA(z)e KT BK) = / da' B()e— K ' (12)

we can relate the cross-correlation power spectrum Psp(k) in Fourier space to the two-

point correlation function as
(A(k)B*(K")) = (2m)36p(k — k') Pap(k) (1.3)

with a Dirac delta function ép. Here, we assume that the fields are statistically
homogeneous (£ is invariant under translation) and isotropic (£ is invariant under
rotation). Therefore, the power spectrum only depends on the norm of the vector k
and not on its direction.

Analogously, we can define a bispectrum of three random fields:

(A(k)B*(E)C(E") = (2n)%0p(k — k' + k") Bagc (k. K k") | (1.4)



which vanishes for perfectly Gaussian fields. For a Gaussian random field the probability
of realising some field configuration is a Gaussian functional. In other words, the density-
values at different spatial locations are drawn from a Gaussian (also called normal)
distribution. It also means that all joint probability distributions of the density at
different points in space can be expressed as multivariate normal distributions. The
initial conditions of the Universe are well described by a random Gaussian field according
to inflation predictions (more on that in Subsection 1.2.2). Mathematically it means that
we can completely specify the initial density field via the initial (linear) power spectrum,
which prescribes the fluctuation amplitude as a function of scale. While the amplitude
for each scale (or mode) is specified by the power spectrum, the corresponding phase
is uniformly random. Later the density fluctuations evolve in time, their gravitational
evolution induces non-Gaussianity: modes begin to couple and phases become non-
random. However, in the linear regime on large scales, where the Fourier modes evolve
independently, the statistics remains Gaussian.

In numerical simulations, the initial density field is often specified on a grid and follows
the main principle described above. Namely, the distribution of a finite number of dark
matter point particles is fully described by random phases and a linear power spectrum
rescaled to the initial redshift of the simulation. Once these linear density fluctuations
are specified, the equal-mass particles are displaced from a uniform grid with positions

and velocities assigned via Zel’dovich approximation or a perturbative approach.

Legendre Expansion

In redshift space we cannot assume isotropy anymore (more on this in Section 1.4) and
the power spectrum now depends not only on the norm of the vector k but also on its
position with respect to the line-of-sight u = k-f'. These anisotropies are apparent due
to the additional contribution in observed redshifts from peculiar velocities of the observed
objects. Another source of anisotropies is a potential discrepancy between the fiducial
cosmology, assumed to measure distances, and the true cosmology. The redshift space
anisotropies are symmetric around the line-of-sight and follow a reflectional symmetry
along the same axis in the distant-observer limit. Thus these field anisotropies can be
written as a function of 2. Because of the symmetries, we can expand the power spectrum
in a subset of the spherical harmonics that is invariant under the rotation about the line-

of-sight axis — Legendre polynomials:

Pap(k, 1) = Pu(k)Pe(p) (1.5)
=0

IHatted vector properties denote unit vectors, while hatted scalars denote functions in Fourier space.



with the power spectrum multipoles

Py(k) = ? » dMPAB(k,M)Pe(u). (1.6)

The first Legendre polynomials with even f-values are given by

3u? —1
2

354 — 30u2 + 3

Po(p) =1, Pa(p) = g ;

, Palp) =

while the odd powers of i are integrated to zero.

Expansion in Spherical Harmonics

Angular correlation functions are widely used in cosmology. For example, Cosmic
Microwave Background anisotropy or cosmic shear maps can be represented as a spherical
surface with fluctuations filtered by a smoothing kernel. We denote the angular two-point
correlation function for fields A and B with points on the spherical surface n and m,
correspondingly, as wag(7e - ™). It is connected to the spherical harmonic transform,

Cap(?), also known as the angular power spectrum, as:

was() = 3 2 Cun 0P (18)
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where i = m - ™ corresponds to the cosine of the separation angle between points on
the sphere. We can project the fields into the sphere using some kernels F4 g(r) which

control the sensitivity of our observation in the radial direction, 7:

A(R) = / drF,(r)A(riv), B(r) = / drFg(r)B(rm). (1.9)

On a sphere we can express unit vectors, 7 and 7, in spherical coordinates 2 = (6, ¢).
We can also expand the projected field in spherical harmonics Yy, with the corresponding

harmonic coefficients:
oo V4 ~
=3 3 Auonl) A = [ Q4@ () (1.10)
=0 m=—¢

with similar expressions for the field B. In the Fourier transformation (Eq. 1.2) we have
a “plane wave”-like term that we can express as a linear combination of spherical waves

with the spherical Bessel function, j,:

00 V4
Z Z i (k) Yo () Vi () (1.11)



With the plane-wave expansion and the normalisation f dnY, (7)Y (1) = dpp Oy We

derive ,

A = —— [ @rAG)YE (k) / drFa(r)je(kr) (1.12)
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Note that d3k = k2 sin #dfdpdkk. Overall the angular power spectrum is given by

2k2Pp(k
Can0) = (A B) = [ k222 F ) 2 1 (1.13)
with the Bessel function kernels X = A, B
Fr = /Fx(r)jg(kr)dr. (1.14)

For numerical methods to evaluate this projection integral see Refs. [14-18]. The
projection integral in k£ is well-behaved since the power spectrum P4p generally decays
for small and large wave-numbers. It is the kernel integral, JF,, that is hard to
evaluate, especially for large values of multipole moment ¢, as the Bessel functions grow
monotonically from zero to kr = ¢ 4+ 1/2 and start to oscillate rapidly afterwards. The
Limber approximation [19] approximates the peak of the spherical Bessel function by a

Dirac delta function:
T

gelkr) =\ 5

Sp(£+1/2 — kr) (1.15)

This approximation is widely used in the context of WL that we discuss in detail in
Section 1.5.

1.2 Standard Cosmology

Throughout this work the speed of light is set to ¢ = 1.

1.2.1 Background Evolution

On large scales (greater than 100 Mpc) the Universe looks isotropic (the same in
all directions) and homogeneous (the same at every point in space). Isotropy and
homogeneity introduce symmetries which significantly restrict the metric choice of the
corresponding spacetime. Requiring further that the fundamental observer’s proper time
be equal to the coordinate time, we obtain a simple description of the spacetime geometry
via the Friedmann-Lemaitre-Robertson-Walker (FLRW) metric:

ds® = dt* — a*(t) [dz® + f7(x)(d6” + sin® 0dy?)] | (1.16)



with z denoting comoving radial coordinate, 6 and ¢ are spherical spatial coordinates, and
a(t) is the (dimensionless) scale factor, which describes the expansion of a homogeneous,
isotropic universe. The scale factor can be set to unity at the current time. The function

fr(x) depends on the curvature parameter, k, as

sinhxz k = —1 hyperbolic space,
fe(z) =S = k=0 flat space, (1.17)

sinx k=1 spherical space.

In our works we always assume spatial flatness, i.e., k = 0, as supported by observations
[20-22].
The dynamics of the FLRW metric reduce to the dynamics of the scale factor. They

are governed by the so-called Friedmann equations:

. 2
SrCG A
= (%) 22,0 8 1.18
(&) =503, (118)
a A7 A
2 3 - 1.19

where H is the Hubble parameter, p = p(t) is the matter energy density of a
(homogeneous) perfect fluid and p = p(t) is the corresponding pressure. Thus, in order
to specify the dynamics of the scale factor, the prescription for the scaling behaviour
of the density p(t) is required. This is defined by the equation of state of the density

components, expressed as the ratio of pressure and density:

g
Il
DI

(1.20)

Pressureless cold dark matter is characterised by w = 0, relativistic matter by w = 1/3
and the value w = —1 corresponds to the cosmological constant A. We can define the
critical density in a flat universe as pei(a) = 3H?(a)/(87G) and express the dimensionless

density parameters as

Q(a) = pi’;f?i) . (1.21)

For the density parameters at a = 1 we omit the brackets with the scale factor dependency.
This allows us to bring the first Friedmann equation (Eq. 1.18) into the familiar and widely
used form:

2 2 (S
The subscripts “m” and “r” denote the matter and radiation energy densities respectively,

and the present value of the Hubble parameter is given by H(a = 1) = Hy = 100h



km s~! Mpc~!. Since the radiation density component at the redshifts of our interest is
very low we will omit its contribution in this work. However, it should not be ignored in
the early-time Universe at redshifts z > 3400, i.e., before the matter-radiation equality.
The redshift and scale factor are related via a = 1/(1 + z2).

1.2.2 Structure Formation

Isotropy and homogeneity on large scales are the foundation of the cosmological principle.
One of the main evidences of the cosmological principle’s validity is the Cosmic Microwave
Background (CMB), which corresponds to the relic electromagnetic radiation from the
epoch of recombination. These relic photons decoupled from matter after the early
Universe was cool enough for protons and electrons to form neutral hydrogen. After
this epoch of recombination, the photons could travel uninhibited trough the Universe,
without being constantly absorbed or scattered by charged particles in the baryonic
plasma as before. The CMB radiation we observe is highly isotropic but not perfectly
isotropic: the observed temperature, and hence, the matter density fluctuations indicate
an anisotropy of order 107°. Thus, the inhomogeneities on small scales already existed
in the very early Universe, reflecting the initial state of the gravitationally evolved highly
inhomogenous cosmic structures we see today. Currently, the widest accepted mechanism
for the generation of these primordial fluctuations is inflation: the fluctuations are seeded
by quantum fluctuations of the inflaton field, which drives an era of rapid accelerated
expansion in the early Universe.

Another observed feature that propagates from the epoch of recombination is called
Baryonic Acoustic Oscillations (BAO). Before decoupling, the “gravity versus radiation
pressure” interaction in the photo-baryon plasma caused acoustic waves in the matter
content of the early Universe. After decoupling, these oscillations are frozen. We
can see them in the CMB angular power spectrum in the form of acoustic peaks,
but also in the distribution of galaxies in the late Universe. As galaxies are forming
from the concentrations of mass, there is an excess of galaxies at the separation length
corresponding to the first acoustic peak, or the distance travelled by a sound wave between
the Big Bang and the recombination epoch. This imprint looks like a “bump” in the two-
point correlation function of galaxies at ~110 Mpc A1, which in Fourier space corresponds

to the oscillations in the galaxy power spectrum.

Linear Growth

To map small inhomegenities observed in the CMB to today’s LSS, we first introduce
linear perturbation theory. We can apply the linearised perturbative approach to describe
the evolution of inhomogeneities, as long as they remain small. Here, we outline the

formalism in Newtonian gravity, but the same can be done in full GR. The Newtonian



framework is a good approximation when all velocities are slower than the speed of light
and spacetime curvature is not important (i.e., on scales smaller than the Hubble radius,
1/H). As the matter budget of the Universe is dominated by cold dark matter, the focus
is on a collisionless, self-gravitating medium in a homogeneous and isotropic background
expanding at the Hubble rate. Its density is decomposed into a homogeneous time-
dependent background part, p, and its small perturbation, dp(a,t), which includes the
density contrast, §(x,t), defined as

S, 1) = L&D =P (1.23)

Under the assumption that cold dark matter behaves like a collisionless fluid on large
scales and 0 < 1, its dynamics are described by the following set of fluid equations,

namely, the continuity equation, the linearised Euler equation and the Poisson equation:

— ‘v = 1.24
an +V.v , (1.24)
ov
— =-Vo 1.2
an +Hv Vo, (1.25)
V2® = 47Gopa* = ng(a)H2(5. (1.26)

The conformal time, 7, is related to the time coordinate by dn = dt/a, H = aH is the
conformal Hubble factor, Q,(a) = 87Gp(a)/(3H?(a)), V is the spatial derivative with
respect to the comoving distance x, v = dax/dn is the velocity field of the cosmic fluid
and ® the gravitational potential. The comoving coordinate is connected to the proper
distance or the position vector in spherical physical coordinates as € = r/a.

We obtain the evolution of the density contrast by combining the linearised fluid

equations in comoving coordinates:

d? 1 (3 dlnH) dd  3Qu(a)

da? ' a dlna ) da 242

5. (1.27)

The second term, proportional to dé/da, acts as a friction term and is sometimes called
the Hubble drag, since it reflects the Hubble expansion counteracting the attraction due
to gravity. Although the density contrast depends on the comoving space coordinates as
well as on time, Eq. 1.27 does not contain derivatives with respect to position, nor does
x appear explicitly in the coefficients. Therefore, the solution of this equation can be

decomposed into separated time- and space-dependent components as
o(x,a) = Dy(a)dy(x) + D_(a)i—(x), (1.28)

in which D4 (a) are the linear growth factors of the growing (4) and decaying (—) modes.



During the matter-dominated era the density contrast grows proportionally to D, (a)
and is responsible for structure growth on large scales. The second solution decays
with time and consequently cannot describe the amplification of density perturbations.
Another quantity for description of structure growth is called the growth rate, f(a), and

is expressed as a derivative of the linear growth factor with respect to the logarithm of

the scale factor f =dInD/dIna.

Linear Structure Formation

The density fluctuations, d(«,t), are considered to be Gaussian random variables with
(0(x)) =0 at a fixed time. By calculating the variance of the density contrast in Fourier
space we define the matter fluctuation power spectrum, Pys(k), with independent modes

as (see Section 1.1)
(k)" (K')) = (2m)6n (k — k') Pss (k). (1.29)

The shape of the primordial spectrum is determined by the mechanism of inflation. Most

models predict a power law [23]:
Prsini(k) oc k™, (1.30)

where ng is known as the spectral index. Then there are two effects that should be
considered: linear growth of the density perturbations in time and different growth of
super- and sub-horizon perturbations. The first effect is established by the growth factor,
D, = D, from the previous subsection. The second effect is accounted for by the transfer
function, 7'(k). The main idea behind the transfer function is based on the fact that
before the equality epoch, i.e., before the transition from the radiation domination to
matter domination, matter perturbations grow differently. The ones that are larger than

2 while the growth of perturbations within the horizon is

the horizon size grow o a
suppressed to be logarithmic in the scale-factor. After the equality epoch, both types of
perturbations begin to grow at the same rate o« a. Combining the described effects we

arrive at the following expression for the linear power spectrum of density fluctuations:
Py (k,a) o< D*(a)T? (k) Pssini(k) - (1.31)

The linear clustering and evolution of the total matter density, as well as other components
of the Universe, can be computed numerically by Boltzmann solvers, such as CAMB [24]
and CLASS [25]. Statistical homogeneity is preserved in the linear power spectrum: the
redshift evolution only changes the amplitude of the spectrum, not its shape. However,
as we will see in the next section, the redshift dependence for nonlinear wave-numbers

with & > 0.1 h Mpc™' is less trivial due to the mode-coupling. To fully describe the linear



power spectrum, in addition to the spectral index and the transfer function, the matter
fluctuation amplitude must be provided. At early times, the amplitude is described by
the primordial amplitude Ay, while at later times the normalisation is often characterised
by the og parameter. The latter corresponds to the variance of the density field smoothed
within a radius R = 8 Mpc h™1:

2(a) = —— / AER2 Py (k, a) W2 (kR) (1.32)
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where W (kR) denotes a top-hat filter function.

Nonlinear Structure Formation

The linear theory is a valid approach on scales bellow 0.1 A Mpc™! in Fourier space or
above 100 Mpc h~! in configuration space. At smaller length scales the collisionless fluid
approximation breaks, wave-number modes couple, and the density contrast becomes

d > 1. There are roughly three options? to include nonlinear scales:

1. Numerically: N-body and hydrodynamical simulations, allow us to trace the
structure formation evolution in a controlled way. For hydrodynamical simulations
the sizes of the simulation boxes are small in comparison to CDM only simulations,
which does not allow to easily bridge a vast range of large scales. Additionally,
hydrodynamical simulations demonstrate a strong dependence on the sub-grid
physics (any unresolved physical processes on small scales, e.g., black hole accretion),
and are hard to calibrate with real observations. However, the summary statistics
from N-body and hydro-simulations are the gold standard for stress-testing the
validity of our analytical models. In Chapter 3, we work with measurements from the
Minerva simulations [30]. Recently, several emulators trained with neural networks
on large sets of simulations, such as bacco [31] and EuclidEmulator2 [32], were
offered as a fast and reliable modelling option for the matter power spectrum.
However, such emulators are restricted by the parameter range and gravity laws
of the corresponding simulations. Additionally, the validity of the nonlinear power
spectrum breaks at scales dictated by the resolution of a simulation. For instance,

the largest wave-number for the nonlinear bacco emulator is 5 h Mpc™.

2. Analytically: one expands the density contrast and velocity around their linear
solution in a perturbative way, so that the higher-order corrections become
progressively smaller, thus the theory is convergent. Various perturbation theories
have been developed [33, 34]. In this thesis, we use the Effective Field Theory

2We do not explicitly mention semi-analytical methods, e.g., PATCHY [26], Pinocchio [27], or hybrid
methods [28, 29]. The former is, however, a practical tool for covariance matrix production, while the
latter allows to include scales beyond the standard perturbative regime. In Chapter 3 and Chapter 4, we
use covariance matrices computed from mock catalogs created by the semi-analytical methods.

10
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Figure 1.1 Matter power spectrum with the bacco emulator. Left panel: ratios between
linear power spectra at various redshifts specified in the legend with respect to
the linear power spectrum at redshift z =0 (dashed lines); ratios between the
nonlinear and linear power spectra for each redshift (solid lines). Right panel:
sensitivity of the nonlinear matter power spectrum to cosmological parameters
in ACDM cosmology at two redshifts z = 0 (solid lines) and z = 1 (dashed
lines). The units of the power spectra are [Mpc?/h3)].

of Large Scale Structure (EFTofLSS), which takes into account the large scale
effects of poorly understood small-scale physics (more on this in Section 1.4). The

perturbative approach breaks at wave-numbers above k = 0.3 — 0.4 h Mpc ™.

3. Phenomenologically: the halo-model approach [35] is a phenomenological approach

where the nonlinear power spectrum is a sum of two terms — the one-halo and two-
halo contributions. The two-halo term, corresponds to the clustering of individual
halos on large and quasi-linear scales, whereas the one-halo term corresponds
to the clustering of dark matter particles within the same halo on small scales.
Separate components of the recipe for the halo-model can be fitted and calibrated
on simulations. Still this approach is less accurate than simulations and less
theoretically motivated than the perturbative approaches. The halo-model allows

to include nonlinear scales up to ~ 5 h Mpc™.

Above we have introduced the key 6 parameters of the standard cosmological model,
ACDM: © = {Q,, O, A, h,ng, As(or og)}. These parameters describe the time evolution
of the components, the expansion history, the geometry and the formation of structures
Taking the total matter power spectrum as our structure formation
summary statistics, in Fig. 1.1 we show how structures evolve with redshift in the left
panel. On linear scales the growth is scale-independent (dashed lines), while on nonlinear

scales structure growth is a scale-dependent and nonlinear function of redshift (solid lines).
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In the right panel of the same figure, we demonstrate the sensitivity of the nonlinear
power spectrum at two redshifts z = 0 (solid lines) and z = 1 (dashed lines) in the
ACDM scenario to the cosmological parameters on different scales using the state-of-the-
art bacco emulator. In the following we briefly discuss the dependencies of the matter
power spectrum on ©, and, hence, the origin of constraints on these parameters. The
amplitude parameters, A, and og, show a similar trend in their impact on the power
spectrum at different scales. Their lines (blue and brown) would overlap for variations
in oy and \/A;, because P, x A, and P, < 02 by definition. From Eq. 1.26 we see that
Pss o< k*(Qmh?)"2Ppe. Combining it with Eq. 1.31 we get Pr, oc D?(2) Ak Q 2h T2

In the linear regime, the transfer function can be approximated as

1 k< kg,

Tk(kf) ~ 2
(%*) In <k—’;)ap(wm,wb) k> keq

(1.33)

with w; = Q;h%, and the matter-radiation equality scale keq = GeqH (aeq) X Quh? = wy
for fixed w,. We can integrate the transfer function squared to assess the amplitude of
the power spectrum, this leads to o2 oc D?(2) A QLR35 for n, ~ 1 and fixed baryonic
density [36]. For fixed og this explains the behaviour of the orange and green lines that
correspond to ), and h, respectively (note that we use units with A for the wave-numbers
and the power spectrum, that absorbs some contribution of h). At large scales we notice
a change in dependence on €2, with redshift, this is due to the dependence of D(z) on
Qu: at redshift z = 0 this can be estimated as D oc Q%23 while at 2 = 1 we find a
weaker dependence D oc Q%06 We find these relations by solving the growth equation
from Eq. 1.27. In the nonlinear regime the sensitivity to A grows slightly with redshift,
while the 2, sensitivity remains weak. Both trends can be interpreted in the halo-model
framework via the 1-halo term contribution (for more details see Ref. [11]). The behaviour
of the 1-halo term also explains the “bump” around k ~ 1 h Mpc™' in the og and A,
dependencies. The dependence on the spectral index (purple line) is straightforward
to read out from P, oc k"T7. Finally, the variation in the baryon density is mostly
contributing to the slope of the linear power spectrum at very large scales. The main
effect of the baryons in the transfer function, beyond the introduction of oscillations, is
the suppression of power below the sound horizon in the 1/k? tail, i.e., the suppression
in growth rates between the equality and the drag epochs. Bellow the sound horizon the
photon-baryon plasma is pressure supported, this prohibits baryons from clustering at
smaller scales. As already discussed above, in the radiation-dominated epoch the growth

2

of density perturbations outside the horizon is o< a? or oc k%, while inside the horizon

the growth is logarithmic. From Eq. 31 in Ref. [37] we can approximate the function
ar x wl3%w-02 leading to an additional contribution of w,®* to 2. This explains the

red curve for fixed og.
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1.3 Extended Cosmologies

In the standard cosmological model, the laws of gravity are fully described by Einstein’s
theory of GR. GR is indeed in remarkable agreement with a plethora of observations from
the Solar System: such as the anomalous perihelion of Mercury, the Shapiro time-delay
measured by the Cassini spacecraft and Lunar laser ranging experiments. GR works not
only in our neighbourhood, the tests in the so-called strong gravity regime around black
holes (e.g., the imaging of the black hole in M87 [38]) and pulsars [39] align perfectly
with Einstein’s theory. Another test of GR that it passed with flying colours was the
detection of gravitational waves emitted by merging black holes [40] and neutron stars,
simultaneously with the detection of their electromagnetic counterpart [41].

The standard cosmological model requires an additional dark energy component to
explain the observed accelerated expansion of the Universe via Supernovae type la
(SNIa) [42], as well as CMB and BAO observations (see The road to dark energy in
Ref. [43]). In the standard model the Cosmological Constant (CC), A, is responsible for
the accelerated expansion. However, the introduction of the cosmological constant poses
certain theoretical problems (below we repeat our arguments from Ref. [44]).

Testing GR and various dark energy scenarios at a sub-percent level on cosmological
scales is a primary motivation behind both current and upcoming surveys. Uncovering
the physical mechanism responsible for the accelerated expansion remains one of the
most significant unresolved issues in modern physics. In addition to that, recent
LSS observations (e.g., [45-47]) point towards discrepancies between the cosmological
parameters derived from the early-time and late-time cosmological probes. These so-called
tensions, which we discuss in this section, provide further motivation to test alternatives

for the standard cosmological model.

Tensions

The first tension we consider is the Hubble tension. The inferred value of the expansion
rate from the CMB is equal to Hy ~ 67 km s' Mpc™'[22]. 1In contrast, direct
measurements of the Hubble constant from low redshift data via the standard distance
ladder yield Hy ~ 71-73 km s=! Mpc~!. The higher value of Hy corresponds to SNIa
distance measurements calibrated on cepheids [48]. The lower value corresponds to
calibrations on the Tip of Red Giant Branch (TRGB) [49]. Both analyses were done with
the Hubble Space Telescope (HST) data and performed by the “Supernovae and H, for
the Equation of State of DE” (SHOES) collaboration. This disagreement between Planck
and the local distance ladder is quantified by a 4-50 tension. As one of the attempts to
resolve the Hubble tension was a class of early dark energy models proposed [50] (which
alone will always fall short to fully resolve the tension according to Ref. [51]).

However, recently new results with the James Webb Space Telescope (JWST) were
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obtained by the Chicago-Carnegie Hubble Program (CCHP) [52]: while the values of H
via cepheids and TRGB distance calibrations are slightly lower but still in agreement
with SHOES, a new distance indicator — Carbon-rich J-region Asymptotic Giant Branch
(JAGB) stars [53] — leads to Hy ~ 68 km s~! Mpc~'reconciling with the CMB value of
the expansion rate. Immediate response from the SHOES collaboration explained CCHP’s
findings by the sub-sample bias and various decisions made in their analysis [47]. Based
on their previous studies (e.g., Ref. [54]) SHOES argued for the synergy between HST and
JWST. In addition, they found an excellent agreement between the combined 3 distance
indicators with JWST and SNIa-Cepheid measurement with HST for the same (larger
than CCHP’s one) sample of SNla, recovering the tension with Planck and Hy ~ 73
km s~! Mpc~!. Nevertheless, there is an additional disagreement between SHOES’ findings
for SNIa calibrated via the direct distance ladder at redshifts z < 0.01 and the Dark
Energy Survey’s (DES) Year 5 findings from SNIla calibrated on BAOs via the inverse
distance ladder at redshifts z > 0.1 [55]. The latter is in excellent agreement with the
CMB value of Hy, while also keeping the window of possibility open for non-standard
cosmologies [56]. The dispute continues with local measurements of the Coma Cluster
at z ~ 0.023 with DESI via the fundamental plane (FP) relation arguing for even larger
Hy ~ 76 km s~ Mpc~1[57, 58]. The latest findings of the strong lensing community in
Ref. [59], also seem to imply larger value of the expansion rate than the one from the
previous studies of TDCOSMO+SLACS [60], and closer to the one from HOLICOW [61].
For more examples of Hy probes see the Review [1]. Clearly, the Hubble tension is a topic
of high interest and active discourse in the age of precision cosmology.

The second tension we consider is called the Sg or og tension, and corresponds to
certain inconsistencies in the strength of matter clustering, i.e., the amplitude of density
fluctuations. The parameter Sg is directly measured with WL and is closely related to
fog measured by GC. While having a smaller significance than the Hubble tension, i.e.,
only ~ 20, the matter clustering tension is consistently found in GC and WL probes.
These probes measure Sg ~ 0.75 [62], which is in disagreement with the CMB prediction
under the assumption of the standard cosmology, Ss ~ 0.83 [22]. Currently, there are
two possible explanations for the fact that the clustering amplitude at lower redshifts is
smaller than the one extrapolated from the high redshift measurements: a) unaccounted
systematic effects, such as uncertainties in either observational systematics or inaccurate
modelling of the nonlinear scales (e.g., for WL probes this might contaminate the angular
spectra at all multipoles [63, 64]); b) new physics (beyond-ACDM cosmologies) [65-67].
Regarding the latter, any modification of structure growth, which leads to a growth rate at
late times weaker than in ACDM, would qualify for a potential solution of the Sg-tension,
as long as it does not significantly change other physical effects like galaxy formation or
CMB.

In Fig. 1.2 we demonstrate the Hubble and clustering tensions from different probes
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Figure 1.2 Tensions from various probes in the flat ACDM framework. Left panel: Hy
constraints with CMB (blue), direct measurements of the expansion rate with
the Hubble diagram via the local distance ladder (green), via the inverse
distance ladder (purple), via FP distances with the Coma cluster (orange),
strong lensing constraints (red). Right panel: Ss = 08+/Qm/0.3 constraints
in the early-time probes (blue) and late-time probes (green). Values with
corresponding 68% errors are taken from Ref. [1] and other references in the
main text.

discussed above. Can we solve both tensions simultaneously, if we believe that both
of them have a physical nature? One can find various attempts in the literature (e.g.,
Ref. [68]), but we are yet to find a single alternative cosmological model that would be in

agreement with both cosmological and astrophysical observations.

Cosmological Constant Problem(s)

The cosmological constant is measured to be non-zero by a suite of cosmological probes
such as the CMB [22], SNIa [42, 69], and optical galaxy surveys (see, for example,
Ref. [70]). Consistently, we would expect a non-zero cosmological constant from quantum
field theory (QFT) predictions, as all vacuum states of standard model particle fields
will contribute an energy density, pya.c, to the Universe that appears as a constant in the
model’s action. Unfortunately, this results in one of the biggest problems in physics (see
Ref. [71] for a review). The first aspect of the problem is that our naive QFT predictions
for the energy density of A is at least 60 orders of magnitude larger than the cosmological
measured value®. We can still make a fine-tuning of the “bare” constant, Apae, in the
potentials of these fields to cancel the other vacuum energy contributions to yield the
observed value for A.

One might be fine with this, after all QFTs are used to removing divergences through
renormalisation techniques. The real problem is that we need to repeatedly fine-tune
every time a new energy scale or particle field is considered which changes py.. (this can
also happen through phase transitions, see Ref. [72] for an overview). In other words, the

cosmological value of A, which is a low energy physics parameter, is incredibly sensitive

3This depends on the energy scales we are considering in the QFT calculation.
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to the high energy physics, which is not technically natural and in apparent opposition to
our wide spread employment of effective field theories. These two aspects of the problem
are often referred to collectively as the “cosmological constant problem”. We refer the
interested reader to the seminal paper — Ref. [73] — for a review and the famous no-go
theorem which implicitly delineates possible solutions to the problem.

Prospective solutions to these problems include gravitationally screening the vacuum
energy from our observations by using a scalar field [74-77] or using extra spacetime
dimensions [78]. These solutions would of course also need to produce a small residual
energy that can be used to explain our cosmological measurements, in particular those
associated with an accelerated spatial expansion. This distinct issue can be called the
“dark energy problem”, which may be explained through a variation in the fundamental
constants of nature such as Newton’s gravitational constant, or having the acceleration
driven by a scalar field.

Another perplexing feature of the measured value of the cosmological constant is that
we appear to be living at a very special moment of the history of the Universe. Namely,
because of Q5 ~ €, the dark energy domination started fairly recently. This appears to
be further fine-tuning of the model’s parameters, and is known as the coincidence problem
or “new cosmological constant problem” [79]. The coincidence problem was historically
one of the motivations for the class of interacting dark-energy models, a promising sub-

class of which we study in Chapter 3.

1.3.1 Dark Energy and Modified Gravity

In order to resolve the apparent tensions and CC problems various alternative models

have been suggested. We start their introduction from Einstein’s field equations:
G+ ANgy = 87GT, . (1.34)

Here, A is the cosmological constant, and G, is the Einstein field tensor that can be
directly computed from the first and second derivatives of the metric tensor as G, =
R, — g R/2 with the Ricci scalar R, the Ricci tensor Ry, and the energy-momentum
tensor T}, of the cosmic fluid. On the one hand, we can modify its left-hand-side, for
example, by modifying the Einstein—Hilbert action. On the other hand, we can modify
the right-hand-side with the stress-energy tensor. The first type of modification can be
understood as changing the gravitational sector and, hence, is called Modified Gravity
(MG). The second type of modification is an alteration of the content of the Universe by
adding a new component, hence, it is called Dark Energy (DE). Interacting Dark Energy
(IDE) further includes a non-gravitational coupling between dark energy and dark matter.
Although there are models which unambiguously belong to one category or the other, for

various models a strict division into these two categories is to some extent cumbersome.
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Figure 1.3 Time evolving dark energy: the expansion history ratio to the reference
ACDM model (left panel) and the nonlinear matter power spectrum ratio
at two different redshifts z = 0 (solid lines), z = 1 (dashed lines) computed
with an HMcode emulator for model parameters specified in the legend. The
emulator was produce for our work in Ref. [2].

For alternative classifications, we refer the reader to Ref. [80] or Ref. [81].

Dark Energy

In general, DE models are distinguished from a cosmological constant in that they are
dynamical, meaning that the equation-of-state parameters from Eq. 1.20 is not fixed
at w = —1 at all times. One can either assume some functional form of the time-
dependence w(z), or be agnostic about it and reconstruct it from data by either applying
a Principle Component Approach (PCA) [82] or a direct binning-scheme [83, 84]. In our
works we assume the following time-evolution: in the wCDM model w(a) = wy = const,
while in the wow,CDM model w(a) = wy + w,(1 — a). We forecast the corresponding
constraints in Chapter 3 in a Stage-IV setup. The time-dependent model is sometimes
called the Chevallier-Polarski-Linder (CPL) parameterisation [85-87]. It has been studied
extensively in the literature [88, 89] and we discuss it in Chapter 5 as part of our “minimal
parameterisation”. Especially, the latest DESI Year 1 BAO results [90, 91], seem to prefer
CPL over the standard cosmology. It can fit many scalar field theories* and some MG
expansion histories [94, 95]. However, can we say something about the microphysics of DE,

i.e., about the fundamental mechanism at play which is driving the accelerated expansion,

4Here, by “scalar field theories” that can be described by the CPL parameterisation, we mean a subset
of Horndeski theories, where an additional scalar field ¢ appears in the action S = [ d*z/=glw(¢)R —
K(X,9)]/(26%) with k? = 87G and X = —V"V,¢/2 being the canonical kinetic term of the scalar field.
For GR w = 1, K = A, while for quintessence [92] w = 1, K = X — V with V being a scalar field’s
potential. This potential can be mapped to the CPL parameterisation [93].
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Figure 1.4 Interacting dark energy: the nonlinear matter power spectrum ratio measured
from simulations to the reference ACDM model (i.e., £ = 0, w = —1) at
two different redshifts z = 0 (left panel), z = 0.5 (right panel) for model
parameters specified in the legend. Image credit: Ref. [3].

if we find precise values of wy and w, far away from their ACDM values? Ref. [96]
argues that the CPL parameterisation is too ambiguous to reconstruct the corresponding
potential V' (¢). Instead they suggest a parameterisation in terms of (Vg, V") [97, 98]. In
any case, both parameterisations, w = const and w(a), affect the background evolution,
i.e., they modify Friedmann equations, but not the form of the Euler or Poisson equations.
Changing the amount of DE in the Universe with respect to the standard cosmology
impacts the structure formation as well. In Fig. 1.3 we show the effects on the expansion
history (left panel) and power spectrum (right panel) in these scenarios.

In Chapter 3, we work with a sub-class of DE models that are interacting with dark
matter. It is a rich class of models that assume energy and/or momentum exchange
between the two components of the dark sector: dark energy and dark matter. More
information about the model we specifically consider is provided in the corresponding
Chapter 3. The model has been tested with the Kilo-Degree Survey (KiDS-1000) cosmic
shear data [67] and the Baryon Oscillation Spectroscopic Survey (BOSS DR12) data using
a full-shape analysis [99], providing a potential solution for the Sg tension in both cases. In
Fig. 1.4 we demonstrate the impact on the power spectrum of the two model parameters,
w and &, as measured from N-body simulations [3]. The parameter w is the constant DE
equation-of-state we have already defined, while the parameter £ characterises the rate of
interaction between CDM and DE.

In Chapter 5, we introduce the Effective Field Theory of Dark Energy (EFTofDE).
Despite having DE in the title, this framework incorporates MG as well. This framework
reformulates in the unitary gauge the full covariant approach of adding a scalar field

into the action. In Chapter 5, we discuss different EFTofDE parameterisations, the most
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popular in the literature being the a-parameterisation. These 4 functions of time describe
the evolution of linear cosmological perturbations in Horndeski theories and have the

following physical meaning [100]:

e ag: the kineticity term corresponds to the kinetic energy of the scalar field.
Large values of aj correspond to the suppression of the sound speed of scalar
perturbations. However, a does not enter the equations of motion in the quasi-

static approximation, and, hence, is unconstrained by the current WL and GC data.

e ap: the braiding term corresponds to the mixing of the scalar field with the metric

kinetic term. This can be interpreted as a fifth force (see Modified Gravity next).

e o) the Planck-mass running corresponds to the time-evolution of the effective

gravitational coupling.

e ar: the tensor speed excess corresponds to the deviations of the propagation speed

of gravitational waves from the speed of light.

The EFTofDE framework describes linear perturbations, although there have been
attempts to include higher-order corrections [101, 102]. Whereas, the fully nonlinear

EFTofDE modelling requires a different, non-perturbative approach (see Chapter 5).

Modified Gravity

Starting from the action, a coupling of a scalar field with the Ricci scalar or energy
components in the Universe (one is equivalent to another by going from the Jordan to
the Einstein frames [103]) introduces an additional fifth force in the equations of motion.
The fifth force typically leads to stronger gravitational interactions than in GR. However,
as listed above, GR satisfies various small scale experiments, typically within our Solar
System [104]. In order to comply with these small-scale constraints, any viable MG theory
should be able to suppress the fifth force on these scales. The mechanism of restoring the
gravitational interaction to that of GR on small scales is called screening and is discussed
in Chapter 5 and Chapter 6. Comprehensive reviews on screening mechanisms can be
found in Refs. [81, 105, 106]. Screening mechanisms are activated in regions where either
the gravitational potential or its derivatives become large, which leads to the following

classification:

e Large ®: the coupling of the scalar field with matter weakens, or the mass of the
scalar field increases, or the self-coupling to the field becomes large. An example
of such screening is the Chameleon mechanism. Chameleon screening occurs in
theories where the scalar field takes a background value ¢ determined by the
background density or curvature. The potential introduces a mass term for the

scalar field perturbation m(¢) which depends on the background field. The scalar
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Figure 1.5 Modified gravity: matter power spectrum fractional enhancements relative to

GR for nDGP with rcHy = 0.5 or Q.. = 1 (left panel) and for f(R) gravity
with |fro| = 107° (right panel). The data points correspond to the results
from simulations at z = 0 (blue squares) and z = 1 (red triangles). Coloured
lines denote predictions based on the halo-model reactions at z = 0 (dashed
blue) and z = 1 (dot-dashed red). The linear theory predictions are denoted
as dashed grey lines. Image credit: Ref. [4}].

field perturbations do not propagate beyond the Compton wavelength m~1. Dense
regions on small scales lead to a large m(¢) and hence to the screening activation.
On the other hand, on large scales the density is low, allowing for a large Compton

wavelength and, hence, deviations from GR.

an example is given by the k-mouflage type screening. In dense

Large Vo:
environments of mass M, the screening scale — the scale below which GR is recovered
— goes as M'/2. Note that it is not capable of screening large cosmological structures

effectively.

Large V2®: the case for models where nonlinearities of the second derivative of
the scalar field are present in the equation of motion. An example is Vainshtein
screening that introduces a clear screening scale within which GR is recovered.
This screening scale is at smaller scales than in k-mouflage, with a dependence on

the environmental mass being M1/3.

Note that for MG models, screening is not a phenomenological “fudge” factor imposed

artificially to reconcile them with the Solar System observations.

In contrast, it is a

natural part of a model, arising through the choice of the interaction potential.

In our studies we focus mainly on two models, nDGP and f(R). Both models should be

treated as representative models for the class of MG theories with scale-independent linear

growth with Vainshtein screening and scale-dependent linear growth with Chameleon
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screening, respectively. In Fig. 1.5, we show the nonlinear power spectra for these models
as measured from numerical simulations and the semi-analytic halo-reaction approach

predictions (see Section 5.2 and Subsection 6.1.1).

e The DGP model, proposed by Dvali, Gabadadze and Porrati in Ref. [107], belongs

to the group of higher dimensional modifications. Its main principle is based on the

assumption that in the corresponding Universe matter lives on a four-dimensional
brane which is embedded in a five-dimensional Minkowski spacetime. In this way,
gravity operates in five dimensions on large scales which gets reduced to four
dimensions on small scales, where the model mimics an effective scalar-tensor theory
with a massless scalar degree of freedom. This degree of freedom, also known as the
brane-bending mode, shows a strong self-coupling in high-density regions, which
leads to restoring GR through the Vainshtein mechanism. In our work we focus
on the normal branch of this model, nDGP. The other branch is called the self-
accelerating branch (sDGP). sDGP leads to the self-acceleration of the Universe
at late times without any cosmological constant needed. However, it suffers from
a ghost instability [108] (a ghost is a mode with a negative kinetic energy). The
normal branch is indeed free from ghost instabilities, but requires an additional
dark-energy contribution on the brane in order to reproduce the observed expansion
history (see Section D.4). The strength of deviation from GR is characterised either
by Hor. or by Q.. = 1/(4HZr?) with the GR limits being Hor. — oo or ,. = 0,
where r, is defined as a ratio between gravitational coupling constants in 5 and 4
dimensions. The screening mechanism for nDGP is Vainshtein screening. The fifth
force in this scenario for two test particles separated by r has the following form
o< r72(r/ry)?[\/1 + (ry/r)3 — 1], which recovers Newtonian gravity with oc r=2 deep
within the Vainshtein radius, i.e., for » < ry. The Vainshtein radius depends on

the strength of modification, redshift and mass of the screening object.

e f(R) models introduce field equations that are higher order in the Ricci scalar R.
This is done by the addition of a nonlinear function of the Ricci scalar to the
Einstein-Hilbert action. This additional function introduces a light scalar degree of
freedom, which leads to a long-range fifth force, hence a dissociation of the space-
time curvature with the matter density. An accelerated expansion of the Universe in
f(R) theory is produced in a natural fashion by generating an effective cosmological
constant instead of introducing it explicitly. The functional form of f(R) should
satisfy two basic requirements: stability and agreement with cosmological and Solar
System tests. The model by Wayne Hu and Ignacy Sawicki [109] does indeed satisfy
the requirements. In the Hu-Sawicki model of f(R) gravity the function of the Ricci

scalar is given by
o c(R/m?)"

f(R) =—m e (Rjm2) i1 (1.35)
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with free dimensionless parameters n (typically 1), ¢; and ¢o, and the mass scale
m? = H3Q,,. These specific models mimic the background expansion of the ACDM

model if we fix

C1 QA Cq 1 QA (e
-2 == =__13(14+42 1.36
o 0. c% - { ( + Qm):| Jro» ( )

in which the parameter fgq is the value of frp = df(R)/dR today, whose absolute
value is much smaller than one. The screening mechanism for f(R) is the Chameleon
mechanism and the corresponding mass of the scalar field is given by m(¢) = my, =
(3frr)~Y? o p3l%, where frp is the second derivative of f(R) with respect to
R. The fifth force in this scenario has a Yukawa-type potential and for two test
particles separated by r decays exponentially as oc r~2 exp (—m,7), which recovers

Newtonian gravity for high density regions.

Models like DGP and f(R) models are fairly well studied, they are equipped with
linear and nonlinear prescriptions, CDM simulations and observational (astrophysical and
cosmological) constraints. However, there is still a large amount of other theories without
a comparable degree of development. Instead of studying each MG model on a case by
case basis, we can develop a generalised approach, i.e., a parameterisation, which, when
constrained, could narrow down the class of realistic models. Analogously to the CPL
parameterisation (see Dark Energy above) of w(a) for various DE quintessence models, we
can assume a parameterisation of the linear growth as a function of time. One example is
the a-parameterisation from EFTofDE mentioned above (see Subsection 5.4.4). Another
example is the growth index vy-parameterisation discussed in Chapter 4 and Chapter 6.
Both of these approaches can be extended to incorporate a scale-dependence in the linear

growth. In principle, they can also be mapped to specific MG models.

(-2 Parameterisation

Another commonly used approach for MG parameterisation involves a direct modification
of the Poisson equations. Considering linear scalar perturbations on a FLRW metric, one

can write the spatially flat line element in the conformal Newtonian gauge as
ds? = — (14 2®)dt* + a*(1 — 2W)dz?, (1.37)

with ® being the Newtonian potential and the intrinsic spatial curvature potential being

V. We can then modify the linear Poisson equations in Fourier space neglecting the
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anisotropic shear as

__< k ) i(k¢w::39m&0u@;awﬂk¢w, (1.38)

¥ =n(k,a)d, (1.39)

where 7 is the slip parameter, and which simplifies to the standard GR case for y =n = 1.
We now obtain a Poisson equation for the Weyl potential, Uy = (& + ¥) /2, as

2
—-(55%5> ®“4k¢w::392“”tha)&kﬂﬂ, (1.40)
with X(k,a) = p(1 + n)/2, which equals unity in the GR case. The functions p and %
are often referred to as Gatter and Giighy: the gradient of ® determines the force felt by
non-relativistic particles, while the gradient of Wy determines the geodesics of massless
particles. Generally, most viable MG theories exhibit a strong preference to a no-slip
condition so that ® ~ U (see Fig. 2-4 in Ref. [110]), hence, ¥ ~ p.

The main advantage of this parametric approach is that it is model-agnostic and allows
us to test gravity with few assumptions, e.g., assumptions about the time-dependence of
growth. The scale-dependence in g and X can be expressed via a ratio of quadratic
polynomials in k& [111]. Additionally, it is worth noting that an established mapping
to the general properties of Horndeski theories is feasible in this approach [112]. The
main disadvantage, however, is a great degree of freedom: a discretisation or binning of
@ and X introduces 2 x N, x N, free parameters. Attempts to explore this approach
without scale-dependency and with additional constraints from theoretically motivated
priors can be found in Refs. [98, 113]. While Refs. [89, 114, 115] show constraints under

some assumptions on the functional form for the time-dependent p(z) and X(z).

1.3.2 Massive Neutrinos

Finally, we discuss the least speculative extension of the standard cosmological model:
massive neutrinos. Neutrinos are neutral leptonic particles produced by weak force
interactions. They come in three flavours associated with the corresponding charged
leptons: electron, muon and tau neutrinos. Neutrinos oscillate between these three
flavours as has been demonstrated by solar and atmospheric neutrino experiments
[116, 117], which implies that they have finite mass eigenstates. The current best fits to
the particle physics oscillation experiments measure two square mass splittings between
neutrino flavours Am3, &~ 7.4 x 107 eV? (from solar neutrinos) and |Am2,| ~ 2.5 x 1073
eV? (from atmospheric neutrinos) [118, 119]. These experiments also imply that at least
two of the neutrino types have a non-vanishing mass. The sign of Ams; is unknown,

which suggests two possible mass hierarchies: normal with m; < my < mgy (2 light
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neutrinos and 1 heavy one) and, hence, the lower bound »_ m, > 0.06 eV; or inverted
with m3 < mj < mgy (2 heavy neutrinos and 1 light one) and the lower bound > m,, > 0.1
eV. While particle physics can put constraints on the mass splittings and the upper bound
from the beta decay of tritium [120, 121], cosmology can constrain the total mass of
neutrinos through their indirect effects on CMB and LSS (see Ref. [122] for a review).
The current typical constraints are around » ,m, < 0.1 — 0.2 eV [123]. Therefore, in the
following arguments we will always assume that the mass of neutrinos is in this range.

We will now provide a brief summary of the role of neutrinos in the thermal history
of the Universe. In the beginning neutrinos are coupled to the thermal plasma in the
hot bath of elementary particles. However, they soon decouple when the expansion
rate becomes comparable with the rate of the weak interactions, and the latter become
less frequent. After decoupling neutrinos are still relativistic and they propagate freely,
following the Fermi-Dirac distribution. With the further expansion, neutrinos follow the
same temperature as the plasma.

The next event in the thermal history is the electron-positron annihilation, after which
the photon plasma gets reheated. After this, the photon temperature is higher than
the temperature of the earlier decoupled neutrinos. By comoving entropy conservation,
we can relate these temperatures as T, = (4/11)Y/3T,. This relation holds until today,
allowing us to find the neutrino background temperature from the CMB temperature
T, =~ 2.73 K, giving T,,o ~ 1.95 K. Of course, in reality the processes of annihilation
and neutrino decoupling do not happen instantaneously. Neutrinos in the high-energy tail
of their distribution that are still not decoupled from the plasma will feel the reheating
effect too. This leads to a higher neutrino temperature than the one we get from the
simplification above. This can be taken into account by introducing the effective number

of relativistic degrees of freedom, Ngg, so that the total energy density of radiation in the
early Universe is given by

T\ 7 7,\" 74\
= () =Y (=) =1+ (=) Nalp,. 1.41
pr = Py <T7) tg2uP (T) +8(11) i| Py (1.41)

The factor (7/8) comes from the integration of the Fermi-Dirac distribution. The energy

densities of neutrinos and photons, p, and p,, include the same statistical weights g = 2
(due to 2 polarisation/helicity options). Neg = 3.044 is computed within the standard
model of particle physics when neutrino oscillations and quantum electrodynamical effects
are taken into account [124]. This value is in agreement with the findings from CMB
experiments [89].

Massive neutrinos start behaving non-relativistically when the Universe cools down to
a temperature of the same magnitude as the mass of neutrinos. With the temperature

scaling linearly with redshift 7, (z) = T,0(1 + z), the average energy density of neutrinos
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(analogous to other fermions) is (F) ~ 3.157,,. For each neutrino species with mass m,,,

the non-relativistic transition happens at redshift

~ 189— Y (1.42)

14 my
an ~
3.15 T, 0.1 eV

From this we see that different neutrino species become non-relativistic at slightly different
times. We also see from Eq. 1.42 that neutrinos of O(0.1) ¢V mass and smaller become
non-relativistic during the matter domination era.

In the non-relativistic limit, the neutrino energy density is a function of mass: p, =
n, Y m, with the number density per flavour, n,, being determined by integrating the

Fermi-Dirac distribution function. We can now express the present day energy density of

0 — Ny Y My N > m,
YT e 9314 h2 eV

massive neutrinos as

(1.43)

From this, we can see that neutrinos of O(0.1) eV mass today contribute to less than 1%
of the present-day total energy budget.

Neutrinos’ large momentum prevents them from clustering on scales smaller than they
can move in a Hubble time. In other words, neutrinos cannot remain confined inside

potential wells with wavelength smaller than the horizon. We can define the free-streaming

3H H(z)m,
kps = ([ 2= o 2w 1.44
= o e (144

scale as

where we approximate the neutrino sound velocity, ¢s, by the neutrino velocity dispersion

after they become non-relativistic following Ref. [125]. The free-streaming scale is close

1/2 yntil the non-relativistic transition.

-1/2

to the horizon size with ¢, — 1 and ks o< (1 + 2)
Afterwards, the free-streaming wave-number increases as krs o (142) with decreasing
redshift. The minimum of the free-streaming scale is at the moment neutrinos become

non-relativistic, which can be approximated by

my

v 1/2hM -1 1.45
0.1ev> pe (1.45)

kor = kps(zm) & 0.0057 QY2 (

From this we see that neutrinos of O(0.1) eV mass start to suppress growth already in
the linear regime with k,, ~ ©(0.001) h Mpc™! . Neutrino perturbations are completely
erased at length scales much smaller than the free-streaming scale which leads to the
suppression of the matter power spectrum, i.e., damping of structure growth on small
scales. On scales larger than the free-streaming scale neutrino perturbations act like
CDM perturbations. For more details see the review in Ref. [126].

The main feature of massive neutrinos becomes measurable at late times after the
non-relativistic transition. With late-time probes, GC and WL, we can constrain Ng

and > m, by their impact on structure formation. Both parameters have similar effects
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Figure 1.6 Upper left panel: ratios of the total linear matter power spectrum to the linear
power spectrum without the massive neutrino contribution at redshifts z = 0
(solid lines) and z = 1 (dashed lines) for two different values of the sum
of neutrino masses specified in the legend with N, = 3 and computed with
CAMB. Dotted lines denote the asymptotic limit. Upper right panel: ratios at
z = 0 of the total linear matter power spectrum (solid lines) and no-neutrino
linear power spectrum (dashed lines) to the ACDM prediction. Dash-dotted
and dotted lines denote the asymptotic limits. Lower left panel: ratios at
z = 0 of the total (solid lines) and no-neutrino linear power spectra (dashed
lines) with respect to the linear CAMB prediction for 8 massive neutrinos
species given different codes, number and total mass of neutrinos specified
in the legend. Lower right panel: the same colour-coding as on the lower
left panel but for nonlinear power spectrum ratios with respect to the ACDM
expectations computed with the bacco emulator (red and green) and with the
HMcode emulator (blue and orange).
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on the level of the two-point statistics. In our work we focus only on constraining the
total mass of neutrinos. At later times massive neutrinos contribute to the background
expansion but cluster only on length scales larger than the free-streaming scale. This way
of clustering clearly introduces a scale-dependent linear growth that we showcase in the
top right panel of Fig. 1.6.

In our work we use two different approaches for massive neutrino contributions to the

linear and nonlinear clustering of matter:

e In Chapter 4 we use the linear bacco emulator. The simulations on which the
nonlinear power spectrum emulator is trained are initialised with the CLASS linear
power spectra prediction, computed for 3 massive neutrinos of the same mass, i.e.,
N, = 3. Linear power spectra for the linear emulator are computed with the
same settings and the same Boltzmann solver. This approach is widely used in
the literature, for example, in Refs. [84, 89, 127].

e In Chapter 6 we compute transfer functions with CAMB for 2 massless/relativistic
neutrinos and one massive neutrino that is equal to the total mass > m, with
N, = 1 and the number of relativistic species today N, = 2.046. In other words,
the two lower mass neutrino species are set to zero in the normal hierarchy. This
approach is also common in the literature, for example, in Refs. [21, 128, 129].
The nonlinear structure growth is then modelled with the reaction function in the

halo-model framework following Ref. [130].

In the top left panel panel of Fig. 1.6 we show the ratio of the total matter, P{°*, and
no-neutrino, Pp°™ = PSDMH’ ® linear power spectra for 3 massive neutrino species and
different total mass choices with redshifts specified in the legend. In the top right panel of
the same figure we show the ratio of the linear power spectra for 3 massive neutrinos with
the respect to the case without massive neutrinos, PP and different mass choices with
the same colour-coding and at redshift z = 0. As quantified in Ref. [131], the suppression

is proportional to the neutrino mass fraction, f, = Q,/Qy,, as

Pt (fos Q)
PI/‘\CDM(fV = 07 Qm)

B (s )

~1 - V)
8f PII}CDM(.}CV = Oa Qm)

~1-6f,. (1.46)

In the bottom left panel panel of Fig. 1.6 we demonstrate the linear growth for 1 and 3
massive neutrinos for different mass choices specified in the legend and redshift z = 0.
Even for extreme cases of very massive neutrinos we are always bellow 4% deviation. The
observed difference between 1 and 3 neutrino species of the same total mass is explained
by the difference in the free-streaming scale (see Eq. 1.45): while the total matter density

is the same, ky, is v/3 times smaller for 3 neutrinos case since the individual masses are

5 . . . . . .
°This means a power spectrum of CDM and baryonic matter in a cosmology with massive neutrinos.
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smaller. For one massive neutrino of the same total mass, the free-streaming length scale
is smaller (k,, is larger), hence there is more clustering on the large scales which is what
we observe in the “bump” in blue and orange curves. The top panel plots in the one
massive neutrino species scenario look similar but the non-relativistic transition happens
earlier at larger k., hence the analogous curves are shifted towards higher wave-numbers.
Both configurations are unique: matching k,, between 1 and 3 neutrino species would
imply changes in the CDM and baryonic density component, i.e., in €2, —€2,. In the same
figure we note the slight difference between CAMB and bacco (CLASS) for the same setup
of neutrinos, i.e., same number of species, same total mass. This leads to a 1% deviation
at high k-values, which is a known difference between the two Boltzmann solvers for the
massive neutrino case [132, 133].

In the bottom right panel of the same figure we show the nonlinear power spectrum
from simulations emulated with bacco and from the halo-model with HMcode for 3 massive
neutrinos species of the same mass. In the nonlinear regime we observe a well-known
spoon-like shape [134, 135], characterised by a dip around k ~ 1 h Mpc™'. This
form can be explained by the combination of the matter clustering suppression induced
by neutrinos’ free streaming, combined with a rise at smaller scales occurring due to
insensitivity of the most massive halos to neutrinos. Despite observing a significant
difference between no massive neutrinos and N, > 0, the difference between 1 and 3
massive species is such that the data considered in Chapter 4 and Chapter 6 is not capable
to distinguish between these scenarios. However, the combined measurements of Stage-IV
WL, GC and CMB experiments might be sensitive to it. For a comparison of different
models for massive neutrinos see, for example, Ref. [136]. For a comparison of different
nonlinear models and codes for massive neutrinos see Ref. [137], for a fully relativistic
simulation see Ref. [138]. Finally we note that the no-nu matter power spectrum is more
useful for the various GC and halo statistics (e.g., Refs. [131, 139]), but the total matter

power spectrum is practical for WL analyses.

1.4 Galaxy Clustering

Formalism

In Subsection 1.2.2 we discussed the formation of structures, linear and nonlinear, in three
spatial dimensions. When observing galaxies, their positions are informed with redshifts
that can be measured either with spectroscopic methods, or via photometric methods
(derived from broad-band colours with larger uncertainties). In this thesis, we work only
with spectroscopic GC, and, hence, will focus on it here. The measured redshift, z.,
captures velocities due to the expansion of the Universe, z, as well as due to the peculiar

motion of the objects, v = v +v_. Therefore, instead of working with three-dimensional
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Figure 1.7 Effect of the RSDs in the Sloan Digital Sky Survey (SDSS) galazxy distribution:
before (left panel) and after (right panel) FoG compression. Image credit:

Ref. [5].

space coordinates & = (1,2, 3), we observe the position of an object in redshift-space

s = (1, %2, zops). Both can be mapped to each other as
i (1.47)

with the contribution due to the peculiar motion in the radial, line-of-sight direction,
vy. This peculiar velocity introduces Redshift Space Distortions (RSDs) that lead to
anisotropies in correlation functions. At large scales, objects tend to move coherently
towards high-density regions, causing the density field in redshift space to become
“squashed” and the clustering amplitude to increase along the line-of-sight, a phenomenon
known as the Kaiser effect [140]. Conversely, at small scales, objects are virialised and
moving randomly, leading to a stretched density field in redshift space and a reduced
clustering amplitude in the radial direction, referred to as the Finger-of-God (FoG) effect.
In Fig. 1.7 the SDSS galaxy distributions with (left panel) and without (right panel) the
FoG effect are demonstrated.

Galaxies, quasars and other light emitting sources are biased tracers of the underlying
CDM distribution. Note that CDM halos from numerical simulations are also biased
tracers of the CDM distribution. On large scales we can assume a linear bias, i.e., direct
proportionality between observed objects and underlying invisible matter: 0, = b10y,.
When including nonlinear scales, the bias can either be treated perturbatively or derived
from simulations. In simulations, halos are populated with galaxies following an analytical

Halo Occupation Distribution (HOD) [141] prescription calibrated on observations or
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subhalo abundance matching methods (SHAM) [142]. In Chapter 3 and Chapter 4 (with
CDM halos and galaxies as tracers, respectively) we apply the perturbative approach [33]
and expand the bias up to the corresponding order. In broad strokes, the matter-to-tracer

correspondence depends on (for more details see Subsection 3.2.1)

e Local effects: by, bs, ... bias-parameters correspond to the expansion in a power series

in 0, are also called local-in-matter-density bias, they emphasise collapsed regions.

e Environmental effects: tidal or shear fields, formation history of halos and galaxies

— effects that enhance the sheet-like and filament-like structure of the cosmic web.

e Higher-derivatives: they correspond to the Laplacian of d, physically they cap-

ture the smoothing effects of collapsed regions and also take into account non-

gravitational physics that impacts the galaxy formation process.

e Properties of the observed objects, such as the mass and luminosity; e.g., red

galaxies are more clustered than blue galaxies of the same mass.

In general, there are two ways of looking at the CDM fluid: Eulerian and Lagrangian
approaches. Standard Perturbation Theory (SPT) uses the Eulerian ansatz, where the
evolution of the CDM fluid is considered at specific locations in space, where we can study
its density and velocity fields. Lagrangian approach suggests to track the trajectories of
CDM particles: we start with some initial distribution of comoving particles that are then
mapped into their final position by means of a displacement field [143]. Lagrangian bias
is more physically motivated, however it can be mapped into the Eulerian bias approach
(144, 145].

In the linear regime, after applying the conservation of matter density field in both
coordinates, p? (s)ds = py(x)dx, and the linearised continuity equation (see Eq. 1.24)
0, = 0, with 6 = —Vv/(a H(a) f), we can connect the observed density perturbation in

galaxies with the underlying CDM distribution in Fourier space as

Out (k) = (L+ fu?)o(k),
oyt (k) = (by + fu*)o (k). (1.48)

This is the famous Kaiser formula [140]. It is based on the following assumptions: distant
observer and plain-parallel approximation (the wide angle effects [146] are ignored), and
no velocity bias. From the Kaiser formula, we can find an expression for the linear

power power spectrum of the observed tracers and expand it in Legendre polynomials (as
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explained in Section 1.1) with 8 = f/b;:

Pryo(k) = (1 B8 2) biPL(k),

3
Pl = (3 + 25 ) k0,

8 2
s = ?f,) bIPE (k). (1.49)

We can see that in the linear regime the ratio between the monopole and quadrupole is
constant. RSDs give rise to a measurable quadrupole and hexadecapole, and enhance
the isotropic part, the monopole, by 23/3 + $%/5. While the monopole provides good
constraints on (by0g), (fos) is best measured by the anisotropic power spectrum. Here,
oy is the redshift zero value of the matter density fluctuation variance from Eq. 1.32 within
R =8 Mpc h™%.

In the nonlinear regime, in order to include smaller scales we expand the density and
velocity fields (Eulerian PT) or the displacement field (Lagrangian PT) perturbatively
[33]. However, any PT suffers from divergencies when integrating the PT-kernels up to
k — oo. To avoid the divergencies, we can introduce a cut-off scale following an Effective
Field Theory (EFT) philosophy. The EFTofLSS framework [147-149] also treats the
CDM fluid as a non-ideal fluid and includes marginalised contribution from astrophysical
scales. Currently, the EFTofLSS is established in the field as an accurate and well-
tested modelling tool for a full-shape analysis [150, 151]. There are several codes and
approaches for the power spectrum and bispectrum modelling with the EFTofLSS that
slightly vary in their parameterisation of nuisance parameters and Infrared-Resummation
(IR) implementations: pyBIRD [152], CLASS-PT [150], PBJ [153] — Eulerian PT (for a
comparison between the so-called East and West Coast codes see Ref. [154], for mapping
between parameters see Ref. [155]), and Velocileptors [156, 157] — Lagrangian PT. We
work with PBJ, the model is similar to the one in CLASS-PT, but the calculations are
faster due to the usage of the FAST-PT algorithm [158, 159] and the bacco emulator for
the linear power spectrum. In general, any PT in redshift space starts to deviate from
the exact solution at larger scales than in real space, because the redshift-space mapping
is only treated approximately.

Infrared-resummation schemes are important for the EFTofLLSS. A straightforward
implementation of the SPT fails around the BAO scale because the wiggly part of the
power spectrum gets a large contribution from the infrared or long-wavelength scales in

the loop integral®. We demonstrate it here via several approximations. The 1-loop integral

6Tn perturbative theories correlation functions in the density contrast are convolutions of the initial
density fields, they can be expressed as momentum integrals over a corresponding number of initial linear
power spectra. We call these integrals loop integrals (see, e.g., Ref. [160]).

31



has the following form:

Hﬁwwwx/&éq;”wuw—qD+Paw+qD—ﬂummam» (1.50)

On very large scales, in the linear regime we can approximate the linear power spectrum
as a non-wiggly power law P} o< k™ (with n = ns &~ 1 before the turn-around peak, i.e.,
equality scale, and n = ny, — 4 &~ —3 afterwards) and we find that the square brackets can
be Taylor expanded to P™(k)q?/k?. Hence, the loop correction to the smooth non-wiggly
power spectrum from large scales is negligible with

1—loop

p<k
P o0 (k) ochW(k)/ d*qPiv(q) < 1. (1.51)
0

However, when we apply the same logic to a wiggly part of the matter power spectrum
around the BAO scale, los, by approximating P}’ o sin (kfs), the square brackets
in the integrand yield P}'(k) [cos (qlosc) — 1]. Therefore, the contribution to the wiggly
component is not negligible anymore with

W 2 pw g 3 Plvlv(q) W
Py yoop (k) o K2 PF (k) d’q " ~ P (k). (1.52)

—1
Zosc

This leads to percent-level oscillatory inaccuracies. In order to avoid insufficient damping
of the baryon acoustic oscillations, we apply the wiggle-no-wiggle decomposition. We
discuss the details of the IR implementation in our analyses in Subsection 3.2.2 and
Subsection 4.1.3 (for massive neutrinos).

Lastly, in Chapter 3, we also work with the leading-order contribution from the
bispectrum in redshift space. Analogously to the power spectrum, the information on
RSDs is contained in the quadrupole and hexadecapole of the bispectrum. However, the
isotropic part, i.e., the bispectrum monopole, allows to break the (b;05) degeneracy present
in the power spectrum monopole. To demonstrate this, similar to the power spectrum
case in Eq. 1.49, we can write the leading contribution of the bispectrum monopole (or

“linear squashing” in Ref. [161]) as:

2 2 b
Bgvg:()(kfl, k?g, k?g) = (1 + ?/8 + %) b?Pr%l(kl)Pr%l(kQ) |:F2(k1, k?g) + b_2:| + CYCI. (153)
1
with a quadratic SPT kernel
5 ky-ky [k k2
Fy(ki, ky) = = — 4+ —= =1S(ky, k 1 1.54
) = 2+ FE (422 4 Sk ko) 1 (154
and b 2
S(kil,kQ): (’;31";32)2—1: ( 1; 22) —1 (155)
kiks
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The different behaviour of the first (function of the triangular configuration) and second
terms (an additive constant) in the squared brackets in Eq. 1.53 allows for constraining
the linear and quadratic bias simultaneously. This is why bispectrum greatly improves

constraints of the galaxy bias parameters.

Observations

A spectroscopic survey provides a catalog with millions of galaxies where each single
galaxy is recorded with its position (ra, dec, z). The observed power spectrum and
bispectrum multipoles are constructed from catalogues with corresponding estimators
[162-164]. Of course, no survey is ideal and various systematics should be taken into
account. This is done via assigning weights to the galaxies to correct for redshift failures,
fiber collisions, and seeing conditions. Additionally, all measured multipoles are averaged
within their k-bins (see a discussion on binning in Subsection 3.3.4).

With the power spectrum and bispectrum multipoles we are working with observables
in Fourier space, while the observations are done in the real (configuration) space. The
transformation involves a Fourier integral over the infinite space, while in reality we
observe only a finite volume of the survey. The measured field statistics are always
convolved with the surveys window function that takes into account the geometry of
the survey. As a consequence, in the analysis the model must be convolved with the
window function as well. The window function convolution is a standard procedure
for the power spectrum [165, 166], but is much less trivial for the bispectrum [167].
Alternatively, the multipoles can be computed from a catalogue with the so-called
Windowless Estimator [168-170]. This is the approach we use in Chapter 4.

Another observational effect that one must take into account at the level of modelling
is the assumption of the fiducial cosmology when redshift is converted to radial comoving
distances. This effect is called Alcock-Paczynski (AP) effect [171]. Suppose we have
assumed a wrong fiducial cosmology and we measure a distance to the galaxy to be

true - The component parallel to

rid = rﬁd + 74 while the true comoving distance is 7
the line-of-sight is r| = 7 = cz/H(z) (first-order approximation), while the component
perpendicular to the line-of-sight and separated from it by an angle Af equals r; =

ry/ 1 — p? = (1+ 2)Da(2)A0 with the angular distance

1 = dY
Datz) = (1+z)H0/0 E(2) (1.56)

and p = cos Af. We can assume that, if geometries of space and time in both cosmologies

do not differ significantly, then the true and assumed parallel and perpendicular
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components are proportional to each other by a constant:

.- 7,ﬁrue _ Hﬁd(z) "= ,r,‘ji"ue _ D‘Kue(z) (1 57)
I Tﬁid Htrue(z)7 rﬁd D£d<z) : :

Then we can construct a map between the true and assumed space coordinates rfid =

Sr with the diagonal matrix

¢’ 0 0
0 0 qr

Clearly, the Fourier transform coordinates are related via k¢ = S7'k"™°. Hence, the

observed power spectrum is related to the true power spectrum by
1.Ad
Pﬁd(kﬁd) — /d3Tﬁd§ﬁd(Tﬁd)elk fid — AAPPtrue<Skﬁd) 7 (159)

with the matrix determinant A*Y = |S| = (¢¢))~!, k™™ = Sk, and where we use
the fact that the measured density correlations are equal in both geometries ¢fid(rfid) =

gtrue(ptrue) | Finally, from

k‘f‘id Lfid Iuﬁd kjﬁi_d B kﬁd W (1 60)

q) = kﬁrue - ktrueutrue’ 9L = k:ji“ue - ftrue, /1 — (Mtrue>2

we can express the corrected coordinates as

B 1 — 2 2
H:H( ;L+ﬂg, (1.61)
ay q
2 2 2\ —1
N e
fi :——( +——) , (1.62)
g\ @ q?

where barred variables are computed in the true cosmology, while un-barred variable are
calculated in the assumed fiducial cosmology. The same transformation is applicable for
the bispectrum too. Note that in our code we use comoving units h/Mpc and Mpc?/h3,

which implies
Eﬁd (Z) htrueDKue (2)
- = -
qi Etrue()’ ca hﬁdDid(Z)

This also means that there is no direct dependence on h in the AP-effect for comoving

(1.63)

coordinates, for a flat cosmology it only depends on A indirectly via the expansion function
E(w./h? wy/h?, Q2 (w)). These parameters should not be confused with the dilation scale
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factors

B Hﬁd(z)rgd B hﬁdEﬁd(Z)ng

o) = H(Z)Td - hE(Z)’l“d (164)
Dy (2)rfid
o = %, (1.65)

where the sound horizon at the drag epoch is computed with the following approximation
[172]:

_ 55.154exp [~72.3(w, + 0.0006)2]
- wl()).12807 (Wc + wb)0.25351 pc.

Ta (166)
These dilation scale factors are what we call BAO-measurements in Chapter 4. Alter-
natively, the sound horizon at the drag epoch can be computed via a Boltzmann solver,

which is a slower but more accurate computation than the approximation above.

Beyond-ACDM Effects

RSDs are sensitive to any modification of the gravitational potential, p from Eq. 1.38,
and any extended cosmology that changes structure growth can be tested with RSDs.
Any extended parameters impacting the overall amplitude of the clustering introduce
degeneracies with the linear bias, by, and clustering amplitudes, A; and og. This can be
improved by better constraints on the bias parameters with higher-order statistics (see
Chapter 3) or by measurements from various redshift bins combined (see Chapter 4). In
general, higher-order statistics, such as the bispectrum, can improve constraints on the
parameters that control the clustering amplitude (not only due to better constraining
the bias parameters, but also by breaking degeneracies and adding more data points).
At the same time, higher-order statistics also probe non-Gaussianity in the LSS. Hence,
any extended cosmology that changes the growth parameters (e.g., MG) and/or adds
non-Gaussianity (e.g., massive neutrinos) would benefit from the inclusion of higher-
order statistics into the analysis. The drawback, however, is that the main advantages
from including the bispectrum are first noticeable either from considering the anisotropic
bispectrum multipoles or from inclusion of the semi-nonlinear scales, i.e., after the

inclusion of a very large number of triangular configurations. We discuss this in Chapter 3.

1.5 Weak Lensing

Formalism

One of the main GR predictions is that gravity causes light to be distorted and bent

in ways different from the predictions of Newtonian gravity. This was confirmed by Sir
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CAPTION

Figure 1.8 [llustration of the weak gravitational lensing effects. Image credit: Agency of
the Ruhr-Bochum University, April 2020.

Arthur Eddington during the solar eclipse in 1919. Later experimental confirmations,
such as the Twin Quasars, the first observations of Einstein Rings, were followed by
manifestation of gravitational lensing in various cosmological surveys: e.g., weak and
cluster lensing with HST [173], or CMB lensing with Planck [174].

Gravity of massive objects bends the light of distant sources like in a presence of an
optical lens — hence, the name of the phenomenon. Unlike strong gravitational lensing,
which creates visible distortions, like arcs, and multiple images, WL results in subtle,
small distortions that can only be detected statistically by analysing the shapes of many
background galaxies (see Fig. 1.8). The light is bent not only by visible objects, such as
massive galaxy clusters, but also by the CDM distribution, which does not emit light and
is otherwise invisible. Therefore, WL is an excellent method to map CDM distributions in
an unbiased way. In other words, it allows us to map CDM distributions directly, without
assuming any galaxy-CDM connection. Overall, the integrated distortion of galaxy images
by the LSS is called cosmic shear.

To first order, distortions of galaxy images due to the lensing effects can be
characterised by two properties: convergence x — an isotropic dilation, and shear v — an
anisotropic distortion. To understand these WL components, we start from the lensing
equation (for comprehensive reviews, see Refs. [175-177]). The lensing equation maps the
observed angle between an observer and object’s image, #, to the true angle between an

observer and an object, 3:
B=0—-a, (1.67)
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where « is a reduced deflection angle, related by Fermat’s principle to the deflection

potential, ¢, as & = Vy¢. The Jacobian matrix of this map is given by

A:gg: S B (1.68)
0 I=r T2 TN
which allows us to express convergence and shear as
=5 (o o) = 5 109
)
V2 = % : (1.71)

From this form of the Jacobian we can easily interpret the geometrical impact of
convergence — isotropic stretching of the image, and shear — elongation of the image.
Its determinant characterises the magnification due to lensing. Note that the coordinates
0; are Cartesian coordinates in the plane perpendicular to the line-of-sight. We can express
shear as a complex property with v = v + ive = |y|exp (2ip), with the polar angle .
Shear transforms as an ellipse, i.e., as a spin-2 quantity.

In the space-time defined by Eq. 1.37, the deflection potential at the position & =
(x0, x) with x corresponds to the radial separation in the line-of-sight direction is defined
by the Weyl potential as

6(6.) =2 / A Ty (10, X) % (1.72)

under the assumption of spatial flatness, and integration in Born’s approximation, i.e.,

along the unperturbed light path. With Eq. 1.69 we can now express the convergence as

X BN AW

H(O,X)Z/ dy’ V*¥w(x'0,X') M7 (1.73)
0 X

keeping in mind the connection between derivatives V| = x'"'V,. This allows us to

connect the averaged convergence to the matter distribution via the Poisson equation in
Eq. 1.40:

K(0) = SQ‘;HS /0 o dy ( / - dx'p(x") w) (1+2)x25(x0, x)d(x0,x) (1.74)

where the weight function p() describes how the sources are distributed along the line-of-

sight and 3(x@, x) corresponds to the modification of the Weyl potential in real space. We
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can now write the convergence as a compact expression x(0) = [ dxq(x)d(x0, x). Hence,
under the assumption that only modes perpendicular to the line-of-sight contribute, the

two-point correlation function equals to

ko —ixAbOk
WP&;(]{)G s (175)

with @ = 0+ A0, so that the angular power spectrum of the convergence can be expressed

£(26) = (00" (8) = [ dxa(v) |

as

Cre(e) = (2%(2?5(15@_ ) 77 = / AAGE™ (AG) = / dxq>£;<>P55(€/x). (L.76)

Using the definitions from Equations 1.69-1.71, we find that in Fourier space x and v are
connected as RTRY

(1) = %H _ 2Rl (1.77)
with the wave-vector I = (ly,[5) being the Fourier space coordinate for @ in real space
and ¢; being the polar angle of the complex wave-vector. From this we can see that the
power spectra of shear and of convergence are equal C**(¢) = C"({).

In observations, we assign galaxies to different bins according to their redshifts, z; and
z;. The slices of galaxy populations in each z-bin, n;(z), are related to the distribution
along the line-of-sight via n;(z)dz = p;(x)dx (see the left panel of Fig. 1.9 for Euclid-
like n;(2)). Now, the intra- and inter-bin correlations of the cosmic shear field can be

computed as
Cir(0) = 5 (0) = / %qi(x)qj(x)Pda(ﬁ/x), (1.78)

with the lensing kernels (see the right panel of Fig. 1.9)

 3Q,H?

1 s0oisea00) [ avne) B2 )

X

i(x)

From this we see that the angular power spectra are sensitive to the matter distribution
via the matter power spectrum, Pss(¢/x). In the left panel of Fig. 1.10, we show the
correspondence between wave-numbers (for which we have developed an intuition in the
previous sections) and angular scales within a fiducial cosmology. At the same time,
in Eq. 1.79 the geometrical factor (x — x’)/x’ implies sensitivity of the angular power
spectra to the distance-redshift relation and, hence, the geometry of a cosmological model.
Unfortunately, due to the 2-dimensional projection, i.e., the integration along the line-of-
sight, the redshift-evolution information gets erased. Separating galaxies into redshift bins
reduces the range of the projection to the width of the bins and allows for substantial gain
of information through their cross-correlations. Still, in the projection, different spatial

scales are mixed, which leads to the loss of sensitivity to parameters that impact nonlinear
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Figure 1.9 FEuclid-like photo-z binning. Left panel: number density distribution of
galaxies in 10 redshift bins. Right panel: lensing kernels of the same binned

galazies. Lensing kernels peak around half way between the observer (z = 0)
and the source galaxies.
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Figure 1.10 FEuclid-like photo-z binning with fiducial standard cosmology. Left panel:
angular scales £ as a function of wave-numbers k for different redshifts z.
Right panel: the response function from Eq. 1.80 for the auto-correlation
in the 3-8 redshift bin, this showcases that a single angular scale £ contains
projected information from various k-scales.
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scales. We illustrate this mixing in Fig. 1.10, where we plot the response of the angular

shear power spectrum from Eq. 1.78 to the wave-number k = ¢/ x:

'dln cm‘ _ alt/R)a (/) Prs() (1.80)

dk Cr by

We see that for the shear angular power spectrum due to the width of the lensing kernel
a broad range of the wave-number contribute to a single ¢-value. This makes it hard to
separate the scales in our analysis where we believe our model is insufficiently accurate.
The derivation above is done under the flat-sky approximation, we use it in Chapter 6.
However, on large scales where the curvature of the space becomes important, derivatives
must be expressed in terms of the 0 operator and its complex conjugate, and the shear,
convergence and lensing potential should be expanded in spherical coordinates. When

properly derived on a sphere, the shear angular power spectra is given by [178]

1 +2)!
Cij' = 4& 2;, ’(0)
= %gf; / dxai(x) / dx'q;(X) / dk kzPaa(k,x,x’)jflii;? ]f,g?;?) ., (L81)

where j, are spherical Bessel functions. Analogously, we can derive the angular power

spectrum for convergence [179]:

(0 + 1)
4

((0+1)

¢
Gy = (¢ —1)(+2)

Ci* = Ci(l). (1.82)
From this we can conclude that the convergence power spectrum is larger than the shear
power spectrum: by 7% for £ = 5, by 1.85% for ¢ = 10, by 0.5% for ¢ = 20, and by less
than 0.1% for ¢ > 45.

In our projects, we apply the Limber approximation, i.e., k = (¢ + 1/2)/x and the
Bessel functions are approximated by a Dirac delta function (see Section 1.1). According
to Ref. [180], this decreases the error in the first order Limber approximation in comparison
to k = ¢/x. In the same work, the authors derive a second-order correction to the Limber
approximation, which works well for large multipoles and slowly varying kernels, and
performs better than the standard approach for more widely separated redshift bins.
Note that for Stage-IV surveys with their huge survey volume, the Limber approximation
is not sufficient at all, when large angular separations ¢ < 100 are considered. For ¢ > 100
due to the high resolution of Stage-IV surveys, the first order Limber approximation is
again insufficiently accurate, while the second-order approximation might suffice (see, e.g.,
Refs. [179, 181]).
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Beyond-ACDM Effects

WL is sensitive to the lensing mass proportional to the Weyl potential. This implies that
WL is a probe sensitive to extended cosmologies via two channels: changes in structure
growth in gt = Gpatter and modifications in the propagation of light in ¥ = Glign
(see Eq. 1.40). Cosmic shear essentially measures the late-universe amplitude and
probes the redshift-regime most impacted by the extended cosmologies we consider.
On top of the clustering amplitude, DE models also affect the comoving distances and
expansion function, introducing additional sensitivity to the DE parameters in the shear
angular power spectrum. Therefore, the ultimate advantage of WL in probing extended
cosmologies is the coverage of a broad redshift range. Additionally, WL’s high sensitivity
to nonlinear scales in the new generation of surveys allows us to explore scenarios with non-
standard nonlinear dynamics (e.g., screening mechanisms). This blessing is simultaneously
a curse, since the nonlinear scales are extremely hard to model accurately (see Chapter 6).
Finally, similar to the GC discussion, inclusion of the bispectrum in weak gravitational
lensing breaks degeneracies in amplitude-controlling parameters and helps constraining

massive neutrinos [182].

1.6 Cosmological Surveys

In the following chapters we will refer to various cosmological surveys — either to extract
cosmological information from, or to put extra constraining power, or to forecast Stage-IV
cosmological constraints. Here, we list brief descriptions of the cosmological surveys and

probes necessary for understanding of our results.

e The Planck Satellite: the CMB telescope conducted observations from 2009 to 2013,
it was launched by the European Space Agency and positioned at the L2 Lagrangian

point of the Earth-Sun system. The Planck Satellite was equipped with highly
sensitive detectors capable of measuring the polarisation of CMB photons with
exceptional accuracy and the temperature spectrum with remarkable resolution.
Collecting data across nine different frequencies, the Planck Collaboration has
released three sets of cosmological parameter estimates: Planck 2013 [20] with data
from the first 15.5 months of the operation, Planck 2015 [21] and 2018 [22] — both
using data from the full mission. The main observables used in the cosmological
inference included temperature and polarisation auto- and cross-power spectra, and
CMB lensing. The most recent findings [22], represent some of the most precise and
reliable cosmological measurements to date, providing percent-level constraints on
early Universe parameters such as the primordial power spectrum amplitude, Aj;
the scalar spectral index, n,; and the optical depth of reionisation, 7. We use these

constraints as priors on the primordial parameters in Chapter 3, Chapter 4 and
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Chapter 6.

Big Bang Nucleosynthesis (BBN): observations of helium, deuterium and hydrogen

emission lines from metal-poor extragalactic regions allow us to compute abundances
of the “light elements” — first nuclei formed at the early stages of the Universe (see
Ref. [183] for a review). The fractions of deuterium and helium with respect to
hydrogen are sensitive to the baryonic content of the Universe. After formation of
the neutral hydrogen and decoupling of photons, the equilibrium between neutrons
and protons is broken. First, deuterium is formed from a proton and a neutron
via strong-force interactions. Although some newly formed deuterium nuclei get
destroyed by the abundant photons, the Universe continues to expand and cool.
Then the density of the deuterium becomes sufficient to build a helium nucleus from
two deuterium nuclei. From this it follows that for larger baryon-to-photon ratio
less deuterium would be destroyed by photons and more helium would be formed.
It also means that deuterium would be converted into helium more efficiently
leading to smaller residual deuterium abundance. We use our knowledge of the
baryonic fraction from BBN calculations based on deuterium and helium abundances
[184, 185] as prior on w, = Q,h? in our analyses (Chapter 4 and Chapter 6).
Finally, neutrinos, fully relativistic at the time of BBN, impact the resulting helium
abundance too: larger N, or smaller density of electron neutrinos would imply a

decay of fewer neutrons, which results in more helium cores formed.

Baryon Oscillation Spectroscopic Survey (BOSS): the largest Stage-III galaxy sur-
vey, part of the Sloan Digital Sky Survey (SDSS) Phase-III, ran from 2008 to
2014 and used a multiple-object spectrograph located in New Mexico. The last
BOSS data release, DR12, is the main dataset used in Chapter 4. Together with

the main objectives of the survey, such as measuring BAOs in the distribution of

galaxies and quasars, BOSS data allowed for exploration of various cosmological
topics of interest listed in Fig. 1.11. For example, the Collaboration obtained
angular diameter distance and expansion rate measurements with approximately
2% precision for intermediate redshifts using Luminous Red Galaxies (LRGs), with

a similar precision attained using Ly-a quasars at higher redshifts [186].

Dark Energy Spectroscopic Instrument (DESI): a spectroscopic instrument [187]
located at the Kitt Peak National Observatory in Arizona, USA. It was designed to

capture precise positions of millions of galaxies and quasars using a robotic fiber-

optic system. The main mission operation started in 2021 and is planned to run
for five years. The main scientific objective (see also Fig. 1.11) is to investigate
the effects and properties of dark energy. The first year data release already shows
hints of evolving dark energy, as reported in Ref. [90]. DESI covers a broad range

of redshifts and all samples can be separated into the following groups: low redshift
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Figure 1.11 Cosmology from galaxy redshift surveys. Image credit: W. Percival’s talk
“Measuring Hy and dark energy with DESI” at the Royal Observatory
Edinburgh, April 2024.

Bright Galaxy Sample (BGS), LRGs, Emission Line Galaxies (ELGs), and quasars.

We use DESI galaxy samples in our forecasts in Chapter 4.

e Euclid Satellite: a European Space Agency mission launched in July 2023. The

mission will perform 6-10 years long near-infrared and optical observations of nearly

one third of the whole sky. The telescope is equipped with two instruments:

— Visible Imaging Channel (VIS) for high-resolution photometric imaging in the

visible spectrum;

— Near-Infrared Spectrometer and Photometer (NISP) for photometry and slit-

less spectroscopy in the near-infrared range, essential for measuring redshifts

and galaxy shapes.

This means that Euclid is simultaneously a spectroscopic galaxy and weak lensing
survey, making it ideal for cross-correlations and combined probes analyses.
Combining these probes is key to achieve Euclid’s main science goals [188], namely
measuring and constraining the following parameters: the evolution of the dark
energy equation-of-state, w(z); the growth index as a probe of modified gravity,
7; the sum of neutrino masses, Y m,; and the non-Gaussianity parameter, fy,

connected to inflationary models. A FEuclid-like setup is our primary forecasting
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setup for GC probes in Chapter 3 and WL probes in Chapter 6. Together with
DESI, they are part of the ground-breaking Stage-IV era of precision cosmology.
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Chapter 2

Cosmological Inference

In this thesis, we refer to cosmological inference as the likelihood analysis of the surveys
or simulation data that aims to provide information about the cosmological parameters.
Essentially, we want to answer what are the values and probabilities of the parameters,
cosmological and nuisance, that optimally describe some given data, d, within a model, M.
To quantify the uncertainty of these parameter values one can either perform a Bayesian
analysis to find credible intervals, or perform a Frequentist analysis to define confidence
regions. In this chapter we review both approaches, in Section 2.1 and Section 2.2, as
well as the corresponding prior-volume or projection effects in Section 2.3. Finally, we
describe the sampling tools used in our works in Section 2.4. When not explicitly cited,
the inference background is based on Refs. [189, 190].

2.1 Bayesian Inference

The Bayesian approach relies on Bayes’ theorem [191] that states that the probability of
obtaining parameters 0 given data d, model assumptions M and prior beliefs about these

parameters I1(0) is expressed by

£(d|6, M)I1(0)

P(Old, M) = =2

(2.1)

Here, £(d|6, M) is the likelihood function that represents the distribution of the data
given the model and the parameters. In the denominator we have a normalising factor
Z(d|M) called evidence that has no dependence on the model parameters. Evidence can
be used for model comparison and convergence tests.

The probability from Eq. 2.1 is called the posterior distribution. It is sampled in the

full parameter space, which typically has a large number of dimensions. We usually (e.g.,
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Fig. 2.1) plot posterior distributions as 2- and 1-dimensional marginalised distributions:

From these marginalised posteriors we can summarise the results of our analysis in the
form of point estimates with their corresponding errors: e.g., the maximum a posteriori
probability (MAP) estimator, or the 1D marginalized mean. Ideally, these marginalised
posteriors provide an unbiased estimation. An estimation is unbiased if the expectation
value, i.e., the value of the parameter weighted by the posterior function, is the true value
of the parameter . In reality, when data is not a noiseless synthetic data-vector, this is
rarely the case and we always expect statistical fluctuations. For instance, in Chapter 3
and Chapter 6 we run “precision versus accuracy” tests by assessing our analytical models
against simulations or against other models. There we aim for the point estimates of each
cosmological parameter to have a bias, with respect to the fiducial parameters within
the 20 credible interval. The Bayesian credible interval corresponds to a region of the
parameter space that contains X% of the posterior distribution. It is a common practice
to refer to 68.3%, 95.5%, 99.7% credible intervals as 1o, 20, 30 credible regions.!

From the fact that the true parameter values correspond to the maximum likelihood,

we can expand the log-likelihood around them and obtain

1
with the Hessian matrix H;; = — gzilgé. This matrix also represents the level of correlation

between the parameter estimates ¢; and 0;. The expectation value of the Hessian, is called
the Fisher matrix [192, 193] and is often used for future experimental design under the
Gaussian likelihood assumption: F;; = (H;;). The minimum standard deviation of the

parameter follows from the Cramer-Rao inequality [194] for an unbiased estimator:
o0 = \JFi". (2.4)

This is also called the marginal error. However, in the presence of data, the posterior
is probed via sampling techniques (see Section 2.4), and marginalisation is performed

numerically.

'For instance, 68.3% of the values lie within one standard deviation, i.e., 1o, from a mean under the
assumption of a normal distribution.
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Figure 2.1 Prior-volume or projection effect: 2-dimensional example with 2- and 1-
dimensional marginalised posterior distributions within 1o (dark blue) and
20 (blue) confidence region. Image credit: Ref. [6].

2.2 Frequentist Approach

Instead of applying the Bayesian approach and quoting credible intervals, one can compute
confidence regions in the Frequentist approach. The confidence region corresponds to a
subset of the parameter space, which contains the true parameters in repeated trials. It
represents a probability distribution in the dimension of all possible observations for each
specific parameter value. However, it does not represent a probability distribution in the
parameter dimension. Since it is not a probability density, in the Frequentist approach,
the best estimator of the parameter is the value that maximizes the likelihood function.
There are various codes that perform this computation: e.g., minuit [195], Procolli [196],
PROSPECT [197], CONNECT [198].

A 68% confidence interval means that there is a 68% probability that the true value
of a parameter will be inside that interval when the measurement is repeated. A 68%
credible interval means that there is a 68% “degree of belief” that the true value of a
parameter will be inside that interval. In cosmology the inferred errors are sometimes
interpreted in a Frequentist way: 1o discrepancies are considered normal as they have
a 31.7% probability of occurring, while a 30 difference between two measurements is
interpreted as a real discrepancy because there is only a 0.3% probability for this to

happen.
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2.3 Projection Effects

The Bayesian approach relies on the prior information on the parameters we aim to
estimate. The contribution of the prior-volume can bias the MAP with respect to its true
value when the non-Gaussian posterior is marginalised over multi-dimensional parameter
space. As shown in Fig. 2.1 for a case of a non-Gaussian 2-dimensional posterior, while
the posterior maximum in the full parameter space is centered around the true values,
after the marginalisation of the nuisance parameter, Onuisance, the peak of the probability
distribution (i.e., the marginalised MAP) for the target parameter, Opaget, is shifted from
its true value. We first use a toy model to explain the nature of such projection effects, then
we continue with examples from cosmological analyses, and finally we discuss different
techniques to minimise the projections. We emphasise that the prior-volume or projection
effects are a natural part of the Bayesian analysis and a consequence of our complex

modelling for cosmological and systematical parameters.

2.3.1 Toy Model

Before moving to complex models with high-dimensional parameter spaces, we construct
a toy model to illustrate the main concepts of the projection or prior-volume effects.

Consider a simple model:

M(Q,n) =nk® (2.5)

where €2 contains cosmological information that we want to constrain, n is a nuisance
parameter controlling the amplitude, k is some variable in the range of k£ € [1,10] binned
into Ny, = 32 log-bins. We pick a toy model of this form, because, for instance, in
the EFTofLLSS model of the power spectrum we have nuisance parameters that appear
linearly in the model as factors in front of nonlinear functions that depend on cosmological
parameters (for example, the counterterms in Eq. 3.16). For the Bayesian analysis we
compute a noiseless mock data vector, d, with the same model and true values ngq = 4,
Qsa = 1.5; we assume the covariance to be a diagonal matrix Covgy = 021y, xny,; We
also assume a Gaussian likelihood, Gaussian priors n € N (ngq, 0y,), and no prior on .
Our goal is to find the posterior distribution marginalised over the nuisance parameter,

n. First, we compute the marginalised posterior function, P, = P(Q|d), explicitly:

2
Pn = /dn P(Q,n|d) = exp [—%1 /dnexp [—M}

o I, F?
_ _ 2.6
FQexp{ 5 +2FJ, (2.6)
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where

]H(n), (2.7)

2
n — Nfdq
Nbin ]2 9
_ ki | Mq
=) —5+5 (2.9)
j=1 n
Nbin Q
kide, | nga
_ J J
E‘Zﬁﬁ*}? (2.10)
j=1 n
Nbin (kQ)2 1
_ J
B—Z(ﬂ+;~ (2.11)
j=1 n

In terms of the marginalised goodness-of-fit or “chi—squared” we define:

F2
2 (Q) = Fy — Fl + In F5 + const (2.12)
2
where x2, = —2InP,. We then repeat the computation using the approach from

Ref. [199], where we approximate the marginal distribution using a second-order Taylor
expansion around the best-fit value of the nuisance parameter. The best-fit value of the

nuisance parameter maximises the posterior and is defined for a fixed (2-value as:
n.(2) = arg max, P(Q2,n|d) , (2.13)

where, by construction in our example, 1.(Qgq) = ngq. It also follows that the first
derivative of x> = —2InP with respect to n evaluated at n, equals zero. From this
condition we find for our example from Eq. 2.7:
dy?
—1 =0=n,.(Q
i (€)

M

Fy

=7 (2.14)

We expand x? with x2(Q2) = x*(Q, n.) and An = n — n, up to the second order as

XA n) =\ + FAn? (2.15)
where
1 82X2
F.o= 392 (2.16)
For our case we find
F2
ﬁz%—é,ﬁzg. (2.17)
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Figure 2.2 Toy model: (normalised) marginalised posterior distributions. See a detailed
description in the text.

Marginalising the posterior over n with P = exp [~x?/2] and x? from Eq. 2.15 results in

the marginalised chi-squared given by
X2 () = x2(Q) + In F, () + const . (2.18)

Both approaches, Taylor expansion and direct analytical marginalisation, result in the
same marginalised distribution in Eq. 2.18 and Eq. 2.12, because a) n appears linearly in
the model and, hence, quadratically in the likelihood; b) the covariance is parameter-
independent, and c) the likelihood is Gaussian. These factors make the Laplace
approximation exact [200]. The first term in Eq. 2.18 is what we call the “profile
likelihood”, while the second term is called the Laplace term. This Laplace term is
responsible for the prior-volume effects: the volume in the nuisance parameter space
when integrated over fixed €. In other words, this term corresponds to the shift in
the maximum of the marginalised distribution with respect to the maximum of the full
distribution, because the process of marginalisation favours regions of parameter space
that cover a larger volume of the probability density in the direction of integration.

In Fig. 2.2 we demonstrate how the marginalised posterior distribution and the profile
likelihood depend on the choice of the nuisance-parameter prior, o, and the quality of the
data (more constraining data has smaller uncertainty on the measurements, i.e., smaller
o). In the upper panel in green, we see that if the data is not constraining enough, the
Laplace term becomes significant for larger nuisance-priors and is dragging the peak of
the marginalised posterior distribution towards smaller and negative values of 2. While
in the lower panel we demonstrate the weak sensitivity to the prior-volume when data is
well-constraining.

From the expression for the Laplace term, In F,(2), we can see that it also depends
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on the specific parameterisation of the nuisance parameter. For instance, let us re-define
our model to 7i(k/ko)* with some fixed quantity ko greater than any value of k;. In this
case, the first right-hand-side-term in the above definition of F5 in Eq. 2.11 implies for the
case of poorly constrained data, that the re-parameterisation leads to a negative Laplace
term. As a consequence, it shifts the peak of the marginalised posterior towards higher
values than (gq. It also changes the width of the marginalised posterior distribution as
we can see in the top right panel of Fig. 2.2 in dashed green.

Alternatively, we can apply Jeffreys prior [201] on the nuisance parameters, n:

oM , _,0MT
II(n) = \/det (ani Cov on, ) : (2.19)

which simplifies to II(n) = /Fy from Eq. 2.11 for a broad flat prior on the nuisance

parameter with o, — oo in our one-dimensional case. We can see from Eq. 2.12; the

Jeffrey prior on n would cancel the impact of the prior-volume effects. Marginalisation
with Jeffreys priors is equivalent to profiling the posterior over the same parameters for
Gaussian data with parameter-independent covariance and linear nuisance parameters
[200].

All in all, the prior-volume effects are an inescapable feature of the Bayesian method
and depend on the choice of the nuisance-prior, parameterisation of the nuisance
parameters, and covariance of the data. Assuming broad flat priors on nuisance
parameters leads to a large Laplace term, while over-constrained priors are poorly
physically motivated. One solution is to use Jeffreys prior or profile the full likelihood
(which is constructed in such a way to peak at the best-fit values of the nuisance
parameters). Ideally, we compute Jeffreys priors not only for nuisance parameters but
for cosmological parameters as well. This will help with entangling degeneracies not only
between nuisance but cosmological parameters too. However, analytical computation of
the marginalised posterior in this case becomes already complicated even for our toy
model. Auto-differentiable techniques [202] will become important for this issue in the

future.

2.3.2 Cosmological Application

Marginalisation over nuisance parameters can be performed numerically or analytically.
Here, we introduce analytical marginalisation of nuisance parameters that appear linearly
in the model on the example of the EFTofLLSS power spectrum multipoles (counter-terms,
noise-terms and higher order bias parameters) [152, 203]. This analysis can be easily
expanded to include other observables like BAO or bispectrum multipoles. We separate

the power spectrum multipoles into analytically non-marginalised (nm) and marginalised
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(m) parts:
Pi(k) = P (k) + ) b Pi(k) (2:20)

with the bias parameters with superscript “m” appearing linearly in the model and having
Gaussian priors. With Einstein notation and A;(k) = P"™(k)— D, (k) we find the posterior

distribution marginalised over all nuisance parameters with Gaussian priors:

1 1
P = Hnm/d”bm exp |:—§(b;nFQ’”b;n — Qb;nFlyl):| exp <_§FO) (221)
with II"™ being the prior on the analytically non-marginalised parameters, Cov being the
covariance matrix for the data, and C;; being the covariance for the priors on nuisance

parameters, that are Gaussian with the means p;. The terms above are defined as

Fy = AlCOV;l/lAZ/ + LLZC;I/L] , (222)
Fl,i = —PiriCOVl_l/lAl/ + Cz_jly,] , (223)
Fy 45 = PfjCovy,' Pl + CL. (2.24)

The integral can be solved analytically, which leads to the following y?:

X*=—2IPy = —-2In[I" +Indet F, —nln2r — F ;5 Fyj + Fp . (2.25)

By minimising x? we find the best-fit values for the marginalised nuisance parameters (as
a function of all other parameters):

b = Fy;Fy) (2.26)

2,45

with an uncertainty (unmarginalised over the cosmological parameters)

G; = /diag(Fy ). (2.27)

The fact that we can analytically find the best-fit values for the nuisance parameters
means that we can perform the likelihood profiling analytically too.

Similarly to the toy model example described above, the source of the projection effects
is the Laplacian term Indet F5, where from the definition of F5;; we see that it depends
on a) the modelling and parameterisation of P™; b) how constraining is the data via Cov;
¢) the size of the prior-volume in the marginalised nuisance parameters via C. Therefore,
we can consider the following options to minimise the impact of the prior-volume effects:
a) parameterise the model in terms of parameters with less degeneracy (e.g., sample in

l~)1 = b A, or Z~)1 = byog) or vary the nonlinear scales parameters in the perturbative model
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Figure 2.3 Prior-volume effects in extended cosmologies for a Euclid-like spectroscopic
setup. The standard cosmology is represented by purple contours, evolving
dark energy — by the green omnes, dark energy with a constant equation of
state — by the orange ones. The solid gray lines denote the fiducial values of
the cosmological parameters in the noiseless mock-data.

analogously to kg in our toy model; b) decrease the size of the error bars with more
data and larger survey volumes (e.g., Euclid’s total effective volume will be ~ 10 times
larger than the BOSS DR12 volume); ¢) constrain prior-volumes based on simulations or
semi-analytical approaches (e.g., HOD inspired priors in Ref. [204, 205]); d) use profile
likelihood or Jeffreys priors (synonymous in case of linear parameters, an approximation
in case of nonlinear parameters), ideally we would use Jeffreys priors on all parameters,
cosmological ones included. In Fig. 2.3 we show marginalised posterior distributions for
a Euclid-like spectroscopic analysis on a noiseless mock-data. There we see that with
Euclid-like observational error bars the projection effects in the standard cosmology are
negligible: the inferred values of h and Ay are not biased with respect to their fiducial
values. However, in this exemplary setup, the projection effects are severe for the DE
models wCDM and wyw,CDM. The reason for these projections is in the degeneracies of
the extended parameters, w and wow,, with the standard cosmological parameters and
their weak sensitivity to the probed redshifts (here the spectroscopic redshift bins are
z=10.9,1.2,1.5,1.8]).

Weak lensing analyses are also affected by the projection effects, as they encompass
a large number of nuisance parameters to model systematics (e.g., 10 z-bins for WL

probes versus 4 bins for GC probes in Euclid). We briefly mention application cases
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for analytical profile likelihood in the nuisance parameters for WL analyses: a) the
photometric redshift distribution (linearised after calibration with external data); b)
intrinsic alignment parameters; c¢) galaxy biases for photometric galaxy clustering (appear
quadratically in the model, but still can be well-approximated [200]). Alternative solutions
to overcome projection effects due to nuisance parameters are based on a posteriori
comparisons: e.g., picking a simpler model for systematic effects [206] or restricting the
prior-ranges [6]. However, in the case of Stage-III WL surveys, it is not only the nuisance
parameters that cause prior-volume effects. There, the projection effects in the parameters
of interest, Q,, and Sg (or og), appear due to the marginalisation over poorly constrained
cosmological parameters h, ng, )y, €2, that are correlated with the parameters of interest.
By “poorly constrained” we mean that their posterior distributions are limited by the
assumed priors. For example, see Ref. [207] with KiDS for a discussion of the impact of
the A prior. Or in Refs. [208] and [209] with a DES setup the authors demonstrated how
the projection bias also depends on the true value of the poorly constrained parameters

and their displacement from the centre of the corresponding prior-range.

2.4 Posterior Sampling

In practice, we can rarely solve Eq. 2.1 analytically. Instead, we usually draw samples
from the posterior distribution, reconstruct the complete density function or calculate its
summary statistics. In the following section, we review the use of various Monte Carlo
sampling methods for practical sampling from posterior densities important for our work.
Namely, we will describe the principles of three samplers: emcee [210], pocoMC [211] and
Nautilus [212]. There are many other samplers that are worth mentioning that we did

not apply in our analyses, e.g., dynasty [213] and PolyChord [214].

2.4.1 Markov Chain Monte Carlo Methods

Markov Chain Monte Carlo (MCMC) methods provide us with an efficient technique of
sampling regions of high probability density in a high-dimensional parameter space. The
main idea of the method is to generate a Markov chain — a series of steps in the parameter
space, where each step depends probabilistically only on the position of the previous step.
The goal of each chain is to converge to the target density distribution, which in our case
is the posterior distribution. To ensure convergence to the posterior distribution, a chain

must satisfy two conditions:

e Detailed balance between the Markov chain and the posterior distribution: all points
in the chain converge to the target distribution when the equilibrium (convergence)
is achieved, i.e., the posterior distribution is a stationary distribution of the Markov

chain.
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e Ergodicity: any point in the chain can be reached from any other point, the

stationary distribution does not depend on the starting point of the Markov chain.

Regarding the starting point, in case of it being in a region of low probability density, the
random-walk in the parameter space will require some number of steps before a region
with high probability density is reached. These initial steps are called the “burn-in”
period and are usually removed from the final set of samples.

Regarding the equilibrium state, commonly, the Gelman-Rubin convergence test [215]
is applied. The chains have to be independent and their variances (between-chains and
within-chain) in agreement with R < 1.03, where R is a defined statistic computed on a
parameter-by-parameter basis. For C' chains and N number of steps, it depends on the

variance of the individual chain means B, and the mean of the individual chain variances
V:
N-1 (C+1B
= =. 2.2
i \/ N TNV (2:28)

In general, for different sampling strategies different convergence criteria are appropriate.

There is no formal and ultimate definition of the convergence, careful comparison and

adaptation to a problem of interest is always required.

2.4.2 Metropolis-Hasting

The Metropolis-Hasting (MH) algorithm [216-218] is a basic sampling scheme that follows

the following iterative steps:

1. From a proposal distribution @Q(6;:1|6;) propose a next position in the parameter

space 6,11 given the current position 6;;

1 P(ai+1|d)cz<9¢|ai+1>> :

2. Compute the probability ¢ = min ( AL YOS

3. Draw a random number 7 from the uniform distribution #/(0, 1);

4. If r < g move to the proposed next step, otherwise remain at the current position.

The acceptance probability ¢ satisfies the detailed balance condition, while a reasonable
choice of proposal distribution () (normally a multivariate Gaussian centered at the
current position with a tuned or adaptive covariance tensor) leads to ergodicity. The
fraction of proposed steps that are accepted is called the acceptance rate. As a rule of
thumb, the optimal value of the acceptance fraction is between 0.2 and 0.5. The covariance

tensor of the proposal distribution can be adapted to tune the acceptance rate.

2.4.3 Affine-Invariant Stretch Move

The standard MH algorithm is hardly efficient for problems with a large number of

parameters. There are various extensions of this algorithm that we will apply in our
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analyses. One is the so-called an affine-invariant ensemble sampling algorithm proposed
in Ref. [219] and implemented in emcee [210]. In this method we specify a number of
walkers and a maximum number of steps. The walkers are moving in the parameter space
in such a way that the proposal distribution for one walker depends on the positions of
all other walkers in the ensemble. For instance, for each walker k£ at the current position

0% the following procedure is repeated in series:

1. From the ensemble pick a walker j # k with the current position 67;

2. Propose a next position in the parameter space 0F,; = 20F + (1 — 2)67) where z is a
scaling variable randomly drawn from a probability distribution with a symmetrical
condition g(z7!) = zg(2):

1

7 if z € [i,a},

9(z) (2.29)

0 otherwise,

where usually a = 2 (but can be adapted to improve the acceptance rate);

k
3. Compute the probability ¢ = min (1,2NP“1%> with Npar being the

dimension of the parameter space;
4. Draw a random number 7 from the uniform distribution ¢(0, 1);

5. If r < ¢ move to the proposed next step, otherwise remain at the current position.

In order to parallelise this algorithm without violating the detailed balance condition, the
full ensemble can be separated into two subsets. This allows to update all walkers from
one subset based on the positions of walkers from the other subset in a parallel manner.
In order to ensure ergodicity the minimum number of walkers must be Ny, + 1. A great
advantage of this method is its affine invariance, meaning that it is insensitive to the linear
transformations and covariances among parameters. Which implies the independence on
the level of anisotropy in the density distribution.

The convergence criterion for this so-called stretch-move algorithm is controlled by the
auto-correlation time?. In general, for any sampler the auto-correlation time quantifies
the Monte Carlo error and quantifies the robustness of the MCMC analysis, i.e., the time
it takes a chain to forget where it started. For a chain # with N samples and means
in parameters pu, the auto-covariance for a time-lag AT that corresponds to a discrete

number of steps is given by

N-AT
1

Cov(AT) = %7 > (= 1) Oisar — 1), (2.30)

=1

2We cannot apply the Gelman-Rubin criterion using multiple walkers in the same ensemble because
the samples in the chain are not independent.
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where with AT = 0 we get the variance within the chain. The corresponding normalised

auto-correlation function is expressed by

~ Cov(AT)

PAT = CT(O)’ (2.31)

where +1 would imply fully correlated states, —1 fully anti-correlated states, and 0
uncorrelated samples. The stronger correlated is the chain, the longer it takes for par to

reach zero. We can define the integrated auto-correlation time as

=142 Z PAT , (2.32)

which unfortunately becomes very noisy for large N. Instead, we evaluate

M
(M) =1+2 Z OAT (2.33)
AT=1
with M = {My, My, ...} being a number of steps in the chain dividable by 100, for instance.
We stop a chain after M; iterations if 507;(M;) < M; and [r(M;_1) — 7(M;)] /n(M;) <
0.01. The smaller is the auto-correlation time, the less samples we must generate to

produce a representative sampling of the target density — the more efficient is the analysis.

2.4.4 Sequential and Preconditioned Monte Carlo

The basic idea of Sequential Monte Carlo (SMC) is evolving a starting population of Ny,
particles drawn from a known distribution towards the target distribution via a number
of intermediate steps [220]. In other words, we aim to bridge points selected from the

prior distribution with the posterior distribution:
P(0) o< LOAOTIB), 0=F1<Po<...<Bm=1 (2.34)

with £ being the effective inverse temperature parameter. The ladder parameter § gets
gradually increased in each iteration by a small step size, which is either fixed or adapted to
maintain a constant number of effective particles. Number of effective particles correspond
to a fraction of all particles, aNjye, inside the effective sample size (ESS) with a typical

value o ~ 0.95. ESS can be estimated as
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where the importance weights are computed as
wz(t) _ Wi(t_l)cﬁt—ﬁt—l (@gt—l)) (236)

with the normalised weights given by W; = w;/ Zﬁilve w;. After drawing (61, 0&1), o HJ(Vll)ive)
from the prior with initial weights VVZ-(I) = 1/Njye we repeat the following procedure before

By = 1 is achieved:

1. Find fB; by solving ESS; = aNj., re-weight the particles, update the evidence

estimate;

2. Re-sample th_l) according to wZ@: particles with small weight values are removed,
particles with large weight values are multiplied in number proportionally; new

weights are set to 1/Njy. again;

3. Update particles using MCMC (with, e.g., random Metropolis walk or using
t-preconditioned Crank-Nicolson instead of Gaussian kernels in the proposed
distribution): the chain stops when the mean correlation coefficient between the
initial and current position of the particles in this iteration becomes lower than a
threshold with a typical value of 0.75.

A novel Monte Carlo method that facilitates efficient sampling of probability distri-
butions with non—trivial geometry was introduced in Refs. [211, 221] and implemented
in pocolMC, a sampler we used in various projects (see Chapter 3 and Chapter 4). The
basic idea is to 1) apply Normalising Flow (NF) to simplify complex correlations between
parameters and continue sampling from the resulting latent space in which correlations
are substantially reduced; 2) sample via an adaptive SMC scheme; 3) compute the model
evidence, use it to control the convergence and compare models. The convergence is
reached when (; = 1.

2.4.5 Nested Sampling

The main idea of Nested Sampling (NS) [222] is to approximate the model evidence Z in
shells of constant likelihood and provide weighted samples from the posterior distribution
[223]. If the prior volume confined within the iso-likelihood contour of £(#) = A is defined

as

X(\) = /ﬁ - 11(6)do, (2.37)

then we can write the evidence integral as a one-dimensional integral

Z = / 1 L(X)dX (2.38)
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with £(X) being a monotonically decreasing function of X. Thus, we can compute the

evidence integral numerically:

Z = ZE Kion = Xint Zﬁwz (2.39)

with discrete values of X: 0 < X, < ... < Xy < X; < Xy = 1. Of course, due to
finite amount of steps, we deal with a truncation error, so we can estimate the remaining
evidence with AZ = £,,.x X, (or with the mean of the likelihood among the live points
instead of the maximum). In the context of parameter estimation, we find the normalised

weights for samples in the posterior distribution are given by

ﬁiwi
Z .

Di = (2.40)
After drawing Njye points (9%,02 e 0(1) _) from the prior with initial volume X = 1
and evidence Z = 0 we repeat the followmg procedure before the condition “AZ/Z <

tolerance threshold” is satisfied:

1. Find the minimum likelihood out of all points (£L* = £; corresponding to X;) and

replace it with a new point of higher likelihood;

2. Update the weights, evidence and volume with the compression factor, e.g.,
exp (—1/Niive)-

The most difficult step is finding a replacement point with £ > L£* from the prior
distribution. As the latter’s volume shrinks exponentially with each iteration, it becomes
hard to efficiently draw points. To find samples from the likelihood-constrained priors
we can either use MCMC steps or apply region samplers. The later is implemented in
MultiNest, which samples inside clustered ellipsoids based on mean and covariances of
the live points [224]. In our projects (see Chapter 6) we used a novel sampler, Nautilus
[212], which, during its exploration phase, follows a similar principle of sampling within
an estimated boundary around the points with highest likelihood. However, it has the
following improvements with respect to the standard NS techniques: a) the new proposal
volume does not assume ellipsoidal shape, instead it uses neural networks to determine a
part of the ellipsoidal where the predicted likelihood score corresponds to the edge of the
live set. In other words neural networks help to find the iso-likelihood boundaries of the
shells and improve the sampling efficiency; b) after the exploration phase, the evidence
and posterior are refined with additional points in individual shells with the corresponding

assigned importance weights.
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Chapter 3

Interacting Dark Energy: Joint Power

Spectrum and Bispectrum Analysis

This chapter is based on the following peer reviewed publication:

e M. Tsedrik, C. Moretti, P. Carrilho, F. Rizzo, A. Pourtsidou, 2023, Interact-
g dark energy from the joint analysis of the power spectrum and bispectrum
multipoles with the EFTofLSS. Published in MNRAS: doi:10.1093/mnras/stad260,

arxXiv:2207.13011.

Here we aim to quantify the impact of the inclusion of the bispectrum multipoles

on top of the power spectrum multipoles in redshift space, when constraining extended

cosmological models. As examples of extended cosmologies we take a class of the

interacting dark energy model and the wCDM model. Given a state-of-the-art large

set of simulations, i.e., knowing the true cosmology, in this chapter we try to answer the

following questions:

a) What are the optimal scale cuts for the power spectrum and bispectrum multipoles
in a Stage-1V like setup with the Effective Field theory of the Large Scale Structure
(EFTofLLSS) model? By saying optimal, we mean the scales that lead to maximising

information and minimizing uncertainty on the model parameters without causing

biased results.

b) We focus on Dark Scattering, a phenomenologically interesting class of interacting

dark energy models that is characterised by pure momentum exchange between dark

energy and dark matter. This model extends the parameter space with respect to

ACDM by two parameters, w and A, which define the dark energy equation of state

and the strength of the coupling between dark energy and dark matter, respectively.

How does the addition of the bispectrum monopole to the power spectrum multipoles

improve constraints on the dark energy parameters, without introducing biases in

the parameter estimation?
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c) Can we achieve a similar level of improvement with more moderate scale cuts
by applying bias relations, hence by decreasing the parameter number when
some relations between nuisance parameters are imposed? Alternatively, can

improvement be achieved by adding the bispectrum quadrupole?

d) When allowing the main cosmological parameters to vary as well, what are
the degeneracies with the extended parameters, w and A, that are the driving
force behind the corresponding projection effects? Does adding the bispectrum

information impact the prior-volume (projection) effects?

Contributions

I led the main analysis for the project, which includes running all MCMC chains
presented in the paper, interpreting results, and drafting the majority of the text.
Chiara Moretti provided the likelihood pipeline, PBJ, and shared her expertise on the
modelling part and simulation set used in this project. I modified PBJ to incorporate
a new dark energy model and performed various checks (such as different samplers and
binning schemes). Pedro Carrilho and Alkistis Pourtsidou made significant contributions
in interpreting the results. Federico Rizzo provided power spectrum and bispectrum

measurements, as well as the covariances from the simulations used in this work.

3.1 Interacting Dark Energy Modelling

In this work we focus on the subclass of Interacting Dark Energy (IDE) models which
exhibits no coupling at the background level and introduces a pure momentum transfer at
the level of linear perturbations. In general, non-gravitational interaction between dark
matter and dark energy can be introduced either at the level of the action [225-227] or
more phenomenologically at the level of the fluid equations [228, 229]. This leads to two
different approaches for our model of interest.

The first approach corresponds to the “T'ype 3” class of models from the action-based
derivation in Ref. [225]. There, the pure exchange of momentum is generated by a coupling
between the dark matter velocity field and the covariant derivative of the dark energy
scalar field. In this case, the two parameters describing the extension with respect to the
standard cosmological model are given by the coupling strength § and the exponential
factor of the quintessence potential A\. These parameters are included in the action as

follows:

Sy = /dt d*z a® [%(1 —2B)¢? — %WW — Voe™? | (3.1)

where ¢ is the scalar field (quintessence), the last term is the quintessence potential of
the single exponential form, the dot represents a derivative with respect to cosmic time

and a is the scale factor. This model is explicitly studied in Refs. [230, 231] and has been
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implemented into the CLASS [25, 232] and CAMB [24] Boltzmann codes. These analyses
vary [ and A, while the quintessence potential normalisation, Vj, is varied automatically
by the Boltzmann solver in order to match a given 4 today.

The second approach is derived in the elastic scattering formalism in Ref. [229]. The
main idea is that a dark matter particle moves through the isotropic dark energy fluid and
experiences a drag-force proportional to the scattering cross-section between the particle
and the fluid. Since a dark matter particle is more massive than the energy exchange with
the dark energy fluid, they interact via elastic scattering, in a way that resembles Thomson
scattering between non-relativistic electrons and photons in the radiation-dominated era.

Such interaction involves no energy transfer and hence it leaves the energy conservation
equation unchanged with respect to the standard cosmology. Moreover, we assume that
the dark energy density and velocity fields are homogeneous (i.e., dpg = 0pg = 0), since
dark energy perturbations are damped within the cosmic horizon. This follows from the
assumption of the dark energy speed of sound being equal to the speed of light, and
was confirmed numerically in Ref. [3]. While these fluctuations become non-negligible at
super-horizon scales, even the most extreme modifications do not contradict the CMB
measurements due to the presence of cosmic variance [230]. In presence of momentum
exchange between the two components of the dark sector, and with the approximation of

homogeneity in dark energy, this IDE model modifies only the Euler equation to

PDE aaaH VQq)
aaa@+(2+(1+w)§—+ >® pyie)

=0 3.2
oe 2ok , (32)

where £ = op/m,. with op is the cross-section of the dark energy - dark matter interaction
and m, the mass of dark matter particle, and © = 6./aH with 6. the dark matter velocity
divergence. H = a/a is the Hubble rate and it describes the expansion history in the flat

universe composed only of dark matter and dark energy by
H? = H3 (Qp a™® + Qpro a 50T | (3.3)

where as above w is the dark energy equation of state parameter. Hy, 0, {dpgo are
the values of Hubble parameter, dark matter density and dark energy density parameters
today. Additionally, the gravitational potential stays unchanged and is given by the
following Poisson equation:

V20 = ;aQHQQCcSC, (3.4)

where (). is the background dark matter density parameter at the scale factor a and ¢, is
the corresponding density contrast.

Although there is no direct mapping between the elastic scattering and the “Type 3”
models, a particular subclass of “Type 3” models can reproduce the drag-like behaviour

[233]. In Ref. [234] the authors show how these models can be matched approximately.
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Dipr/Dacom fior/ facom

Figure 3.1 Left panel: the linear growth factor fractional deviation relative to the A\CDM
case with Dacpm = 0.475 for varying values of IDE parameters, w and A.
Right panel: the logarithmic growth rate fractional deviation from the ACDM
value facpm = 0.861. Both growth parameters are computed at redshift z = 1.
Parameter A, defining the coupling strength between dark energy and dark
matter, is given in the units of b GeV~'. The red patches in the upper left
and the lower right corners denote the forbidden area of the IDE parameter
space due to the condition A/(1+ w) > 0.

In this work we use the phenomenological approach with parameters w and A = £(1 +
w), which characterise the equation of state for dark energy and the coupling strength,
respectively. We assume that w is constant, it affects the expansion history in Eq. 3.3 as
well as structure formation in Eq. 3.2. At the same time, A impacts only the perturbation
growth and is chosen in this form (i.e., a combination of £ and w) for the purposes of
parameter inference. This is particularly important for w =~ —1, where we can constrain
A while ¢ could take an arbitrary large value.

Parameters w and A modify the linear growth factor D(a) and the logarithmic growth
rate f = dlnD/dIna. For a constant value of w in the late Universe with redshift
z < 10, in the canonical (phantom) case of wpg > —1 (wpg < —1) the growth factor
is decreased (increased) with respect to ACDM. The effect gets more prominent as
the redshift decreases, and for larger values of £&. This leads to a scale-independent
suppression (enhancement) of the power spectrum at large scales. On smaller scales,
the modification comes from the drag term in Eq. 3.2: for wpg > —1 (wpg < —1) there
is a dissipation (injection) of kinetic energy within collapsed structures. In other words,
for wpg > —1 (wpg < —1) particles inside collapsed objects experience additional friction
(drag), hence it becomes harder (easier) for them to stream away, with a strong and
scale-dependent enhancement (suppression) of the growth of structure in the nonlinear
regime. This behaviour, anticipated from the theory, has been shown to hold true in
N-body simulations in Refs. [3, 234] (see Fig. 1.4).

In this work we consider only one redshift z = 1, at which the impact of the IDE

parameters is observable but not as prominent as at lower redshifts. In Fig. 3.1 we show
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the impact of different values of w and A on the growth parameters at the redshift of
our interest. The ratios are taken with respect to the ACDM values: Dxycpy = 0.475
and facpm = 0.861 for our choice of cosmological parameters. The red patches in the
upper left and the lower right corners denote the forbidden area of the IDE parameter
space: the sign of A and (1 + w) has to be the same, since £ = A/(1 + w) from Eq. 3.2
has to be non-negative. For w < —1 dark energy starts to dominate over matter at later
times than in ACDM, hence with decreasing w the growth rate quickly becomes 1 (as in
the matter-dominated epoch) nearly independent from the value of A. The linear growth
factor is also independent of A and is slightly larger than the ACDM case for w < —1.
For w > —1 the expected power suppression at linear scales is present, with a stronger

effect for larger values of A.

3.2 Power Spectrum and Bispectrum Modelling

Halos and galaxies are biased tracers of the matter density field [145]. Their clustering
properties up to mildly nonlinear scales can be described using the perturbative
framework. The EFTofLSS formalism is based on perturbation theory, with the addition
of counterterms to account for the impact of unknown small-scale physics, such as galaxy
formation, on large-scale modes. The functional form of the counterterms is specified by
the symmetries of the density field, while the nuisance parameters are determined by the
data. We note that application to data would not be possible without huge effort in the
development on the theoretical side (see, for example, Refs. [33, 34, 147, 235-240], and
for a more comprehensive list for the development of the EFTofLLSS see the footnote in
Ref. [241]).

3.2.1 Bias Expansion

Both dark matter halos (the focus of this study) and galaxies are biased tracers of
the underlying matter distribution. The halo overdensity can be expanded as 9, =
>, bn/nld", where 0™ are higher powers of the matter density contrast and b, are the
corresponding local bias terms [242]. Halos are formed by the gravitational collapse of
matter from a spatially finite region. Anisotropies created by this process impact the
local distribution of objects, and thus the bias parameters, with tidal effects [243, 244]
and introduce scale dependency by breaking the local assumption [245]. Effects from
an ellipsoidal gravitational collapse are encoded in the non-local operators, dubbed G,
and I's': the first one represents the tidal stress tensor produced by the gravitational

potential, while the second one acts like a velocity tidal tensor. Effects due to the finite

IThe exact expression for these operators as functions of gravitational and velocity potentials are
Ga(Pg) = (vivjq)g)Q - (VQ(I)g)Q and I's = Go(®g) — G2(Py).
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size of the collapsing region are taken into account by the higher-order derivative of the
matter field V2§. Additionally, the relation between matter and galaxies is also affected by
stochasticity, whose impact can be modeled as an additional contribution to Poisson shot
noise on large scales [246, 247], while on small scales it can exhibit a scale-dependence due
to the halo-exclusion effect [248, 249]. We consider the bias expansion given by [145, 250]

b
5p = b6 + 5252 + bg,Gs + br,I's + by2s V20 + € + €50 , (3.5)

where b; and by are the linear and quadratic bias, and the last two terms correspond to
stochasticity contributions. Note that the higher derivative term gives rise to a k?Pr (k)
correction, which is degenerate with one of the counterterms. Therefore, we omit byg2s in
our analysis, as previously done in Ref. [8]. Moreover, we omit from Eq. 3.5 all operators
that do not contribute to our chosen theoretical models for the power spectrum and
bispectrum. Note that this bias expansion was derived in the context of ACDM cosmology.
However, it is still applicable in our model, since IDE features a scale-independent linear
growth, implies the same structure of the SPT kernels (see the next subsection) and
obeys the same symmetries as in ACDM (for more information on bias expansion from
symmetries see Refs. [251, 252]).

3.2.2 Power Spectrum and Bispectrum

The mildly nonlinear power spectrum and bispectrum in real space using the EFTofLLSS
can be modeled with three ingredients: a) the leading-order contribution in SPT at one-
loop for the power spectrum with the addition of the EFTofLLSS counterterms, and at
tree-level for the bispectrum, b) a bias expansion, and ¢) an infrared-resummation routine
to take the damping of the oscillatory features into account [253, 254]. In addition to that,
to model redshift space quantities we should take the distortions due to peculiar velocities
into consideration. This introduces an additional dependency of the observables on the
direction of separation between the objects with respect to the line-of-sight, §. For the
power spectrum this dependency is characterized by the cosine of the angle formed by
the separation wave-number with the line-of-sight, 1 = (k - §)/k. For the bispectrum we
need two cosines, py and po, of k; and ks with the line of sight 8, with the condition
k14 ks + k3 = 0. However, it is more convenient to describe triangle configurations with
three wave-numbers (ki, k2, k3), and two angles, § = arccos p; and £ being the azimuthal
rotational angle of ky around k; [255]. In total, the redshift space bispectrum depends
on five variables, three of which determine the shape of the triangle while the remaining
two define its orientation with respect to the line-of-sight.

The complete set of equations we use in this work will be detailed in a forthcoming
paper by Chiara Moretti et al., where we also give a detailed description of the code used

to perform the analysis. Here we briefly highlight the main formulae and techniques used.
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These formulae are the same as in ACDM, as the interaction under consideration only
modifies the linear growth factor, D (appearing below via Pp) and the linear growth rate
of structure, f.

The expression for the halo power spectrum in redshift space that we adopt in our

analysis is given by
Phh(ka ,u) = PSPT(k) + Pctr(k) + Pstoch(k) ) (36)
in which the first term equals

PSPT(k) = PKaiser<k> + Plfloop(k) = Zl (k)PL(k)

) / d*q(Z(q, k — q)]P1(q) Pr(k — q)

162, (k) Py (k) / $qZs(k,q,—q)P1(q) (3.7)

with Pp, being the linear power spectrum and Z;(k), Zs(kq, ko) and Zs(kq, ks, k3) the

redshift space kernels for the loop corrections [255]:

Zy(k) = by + fu? (3.8)

b
Zy(ky, ko) = b1 Fo(k1, ko) + 52 + bg, S (K1, k2) + f1*Go(k1, k2)

k

LR 7 ) 4+ 22 7, (k) (3.9)
2 |k ko
by fuuk
Zs(k1, ko, k3) = b1 F3(kq1, ko, k3) + baFy(kq, k) + 2];,u % + 2bg, S(k1, ka3) Fa(ko, ks3)
1
4
+ bnguk%s(k% ks) — ;brss(kh k23)S(ko, ks) + f11°Gs(kq, ko, ks)
1

k 2
- (f1ik) Z1(k?1)u2u3 + f[zk‘Z1(k1)@G2(k2,k3)

2 k’gk’g k23
+ f/ik% [bng(kl, kig) + f,LL%ZGQUCM kg)} . (310)

3

Where the symbols without subscripts in the n-th order kernel are k = k; + ... + k,, and
= 12:-2, while k;; = k;+k; and p;; = I%ij-é, F,, and G,, are SPT kernels, and Z3 should be
symmetrised with respect to Fourier momenta. Note that the computation is done under
the assumption of the Einstein-de Sitter (EdS) approximation, i.e., the SPT kernels are
computed with Q.o = 1 in the absence of dark energy, while the time-dependence of
density perturbations is captured by the linear growth factor from the IDE model. The
scale-independent linear growth in IDE and the redshift of our interest being z = 1 allow
us to conclude that EdS is a good approximation accurate at the sub-percentage level (for
a detailed study of the EAS approximation in redshift space see Refs. [256, 257]).

We then apply IR-resummation [253, 254], following the procedure described in detail
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in Ref. [258]. This gives us the re-summed version of the terms above:

Picaser = (b + [ [ PP + e Py (14 1257,

nw —kZEQO W
P1—100p - 1—loop +e ‘ tPl—loop? (311)

where Y. is given by [258]:

Sen() = (L+ fr* (24 )E? + f2u*(0® — 1)6% (3.12)
that depends on
I
2 = @ qunW(Q) [1 - jO(qéosc) + 2j2(qgosc)] (313)
0
1 [k
0% = o2 dgP™(q)j2(qlosc) (3.14)
™ Jo

with the spherical Bessel functions jg o, the separation scale ks = 0.2 h/Mpc, the BAO
scale losc = 102.707 Mpc/h and P™ = P — PY. The wiggle-no-wiggle splitting is
performed using the Eisenstein-Hu (EH) fitting function [37]: the smooth no-wiggle
component is computed from the convolution of the EH fit for the linear matter power
spectrum with a Gaussian filter with width A = 0.25. The redshift space loop corrections
lead to 28 independent integrals, which we compute using the FAST-PT algorithm
[158, 159].

The stochastic power spectrum is given by [249]
Pstoch(k> = (1 +ap + €k2k2)ﬁ_1 s (315)

with two free parameters, ap and €2, describing a constant deviation from purely Poisson
shot noise 77!, and higher-order scale dependent corrections generated to account for
the short-range non-locality, respectively. The physical meaning of ap can be explained
with the halo exclusion effect [248, 259]; its value can be either positive (e.g., in galaxy
populations with high satellite fractions) or negative (e.g., in central galaxies of massive
halos) [248]. The term (1 + ap)n~' corresponds to the noise parameter N usually
used in the literature, which denotes a scale-independent noise power spectrum. In this
work we include scale-dependency into the shot noise, a feature which is supported by
numerical simulations [260]. Furthermore, as we show below, the data prefers a strong

scale-dependence in the shot noise (see Subsection 3.3.1 and Fig. 3.2).
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The EFTOfLSS counterterms for this model are

Pk, 1) = —2¢0k> Py (k) — 26.k% f i Py (k)
— 284k f2p* Pr(k) + Pewwis(k, 1) (3.16)

with the IR re-summed linear power spectrum

Pp(k) = P + ¢ ¥ py (3.17)

and an additional counterterm proportional to u*k*Py (k) to include higher-order contri-

butions and model to some extent the Finger of God effect (FoG):
Pctr,V45<k7 :u) = CV45k4f4:u4(bl + f:uz)QPL(k) . (318)

Overall, this power spectrum model includes in total 10 parameters: {b1, bq, bg,, br,, Co,
627 647 ap, €2, Cy4s }

For the tree-level bispectrum the expression at tree-level is given by

By(k1, k2, 8) = Bstoen(k1, k2, 3)
+ Y 2Z4(ki) Za(ky) Za(ki ) Pr (ki) P (k) (3.19)

k1<k;<k;<ks3

with the stochastic contribution
3 ~
Buoch (K1, k2, 8) = (1+ap)n™" > Z7 (ki) Pr(k:) + 077, (3.20)
i=1

where ap describes a deviation from the Poisson limit. In contrast to Ref. [151], we do
not include the FoG modelling and its corresponding parameter in our tree-level model,
since such a contribution is expected only at 1-loop level and our data consists of halos
only. This leaves the halo bispectrum to be described by 4 parameters: {b1, by, bg,, ap }.
Overall, we express our theoretical prediction in terms of multipoles, in order to
eliminate the u-dependence. For the power spectrum we compute
1
R =25 [ duPu(kwPin) (3.21)
where P;(p) are the Legendre polynomials of order | and Py, (k, i) is the redshift space
power spectrum given by Eq. 3.6. In this analysis we use the monopole (I = 0), quadrupole
(I = 2), and hexadecapole (I = 4). Studies have shown that these three multipoles contain
most of the cosmological information (e.g., Refs. [34, 165, 261]).

An analogous expansion can be applied to the bispectrum, by expanding in terms of
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spherical harmonics as

!
Bu(k1, ko, ks,0,€) = > " Bim(kn, ko, k)Y, (6, ) (3.22)

I m=-—l

with the same convention for triangle description as above [255]. The expansion

coefficients are given by

1

27
B (k. K, ) — / dcosd / A€ By (b, ko, ki, 0, €)Y (6,) (3.23)
0

—1
As is typical in the literature, when we describe the redshift space multipoles of the
bispectrum, we consider only the case with m = 0, as it has been shown that such
seemingly strong compression does not lead to a significant loss of information [262]. This
allows us to write the bispectrum version of Eq. 3.21, since the spherical harmonics reduce

to Legendre polynomials in the m = 0 case:

20+1 [* 1 [
Bl(k}l,/{?g,/{?3> = T dcosf 2— ngh(kl,kg,kg,e,g) P[(COS@). (324)
-1 ™ Jo
Let us briefly list the known degeneracies, which follow from previous studies, our tests

and theory directly:

1. f — by are anti-correlated: both parameters control the amplitude on large scales,
they occur combined with various powers in the model, hence if one gets larger the

other should decrease.

2. The counterterms ¢y, ¢o, ¢4 and cyas are all slightly degenerate with one another, but
especially strong is the anti-correlation between ¢4 and ¢;. This becomes clear after
the projection of Eq. 3.16 into multipoles: for the monopole the first three terms
in this equation yield —1/2 (2¢q + 0.7 Cof + 0.4 ¢4 f?) k* Pr, while for the quadrupole
we obtain —5/2 (0.3 ¢y f + 0.2¢4f%) k*fPp. For instance, for f ~ 1 the counterterm
parameters ¢4 and ¢, cancel each other out if ¢4, & —¢é,. In these ad-hoc calculations,
we have neglected the angle-dependence in the linear power spectrum due to IR-
resummation, which however will affect the counterterms in the same way and does
not impact our argument. Additionally, ¢4 cannot be constrained without the power
spectrum hexadecapole data. This can be seen directly from Eq. 3.16 where there are
three terms with coefficients ¢y, 2, ¢4 that all of them have a form of k2P (k). From

this it follows that we need all three multipoles to constrain all three parameters.

3. The nonlinear bias parameters by, bg, and br, are all degenerate: by is correlated

with bg,, while bg, and br, are strongly anti-correlated. The power spectrum model
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includes overall 30 independent contributions (28 for the loop-corrections and 2 for
the shot noise), in which the bias parameters come as products with various powers
and various combinations: for instance, by appears as bybs, b3, bo f, so that it can be
constrained with power spectrum data only, while br, appears only twice and only
linearly in combination with b; and f, which makes it harder to constrain. However,
the inclusion of the tree-level bispectrum solves this issue, since the bispectrum
model does not include br,. Additionally, due to the absence of br,, b and bg, are
better constrained since the strong degeneracy is not present anymore. Therefore, we
expect measurements of by and bg, to be more precise from bispectrum measurements

only, although b, is better constrained by power spectrum only measurements.

4. The noise parameters are anti-correlated with one another since they both control
the deviation from Poisson shot noise (constant and scale-dependent). They
dominate on small scales together with other effects like FoG and the monopole

counterterm, hence we expect correlations between ap, €2 and ¢y, cyas.

3.3 MCMC Analysis

3.3.1 Data

In this work we analyse halo power spectrum and bispectrum measurements in redshift
space from the large set of 298 Minerva N-body simulations [30, 263]. These follow
the evolution of 1000 dark matter particles in a cubic box of side L = 1500 Mpc h~!,
corresponding to a total effective volume of ~ 1,000 Gpc® h=3. The mass cut in the
halo catalogues is set to 1.12- 10" Mg h™!, with a resulting halo mean number density of
n = 2.13-10"* h3 Mpc—3. We limit this study to a single redshift 2 = 1. The binning
scheme we apply is given by: k; = (2 + (i — 1))ks, with the fundamental frequency
k; = 2nL~', the bin size is Ak = ky, and the total number of bins is N, = 128 for
the power spectrum and Ny = 29 for the bispectrum (with a total number of triangles
N, = 2766). For a detailed description of the measurements, the halo catalog construction
and the estimators, we refer the reader to Refs. [7-9].

The fiducial cosmology of the simulations is the ACDM best-fit of the combined analysis
of WMAP and BOSS DR results [264] and is given by: h = 0.695, Q,, = 0.285, ), =
0.046, ny = 0.9632, og = 0.828. This means that the fiducial IDE parameters we should

recover are w = —1 and A = 0.

3.3.2 Covariance

The covariance matrix is constructed from 10,000 mock halo catalogues produced with
the Pinocchio code [27, 265], 298 of which have initial conditions chosen to match the
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initial conditions of the 298 Minerva simulations, while the rest have different initial
seeds. The total halo power spectrum of the mock catalogs is matched to the one of
the N-body simulations at large scales by adjusting the mass threshold [7]. The large
number of mocks allows us to suppress the noise in the off-diagonal components, giving a
more accurate covariance, which allows us to better assess the goodness of the fit of the
theoretical models we study.

The uncertainties associated to a measurement inferred from this covariance correspond
to the volume of a single realisation. However, in our analysis we fit the 298 realisations
simultaneously by summing up their log-likelihoods (see Subsection 3.3.3), thus we
effectively fit for the full simulation volume of ~ 1000 Gpc® h~=3. This volume is
unrealistically large when compared to a typical redshift survey, but can be used to study
the theoretical systematics of the model. To perform a more realistic analysis, the volume

can be decreased in two ways:

1. Fitting fewer measurements: it is sufficient to decrease the number of measurements
(e.g., in our case 4 realisations correspond to 13.5 Gpc® h=3), while using the same
covariance for a single measurement. However, during various tests we found that
the resulting parameters and the goodness-of-fit vary substantially depending on
the particular set of simulations selected. We interpret this as a consequence of the
fact that the volume of a single simulation is large, since we obtain large amount of

low wave-number modes, which are heavily affected by cosmic variance.

2. Rescaling the covariance: this mimics the effect of analysing a subset of measure-
ments, but with the same suppression in cosmic variance as if we were fitting all of
them. Unfortunately, due to the artificial rescaling of the covariance we cannot use
the traditional measure of goodness-of-fit, the y?-statistic, because the increased

error bars do not match the scatter in the measurements.

In order to mimic the error budget of Stage-IV spectroscopic galaxy surveys, we rescale

the measured covariance C;; by a factor 7:

n Nr+Nc
orese — X* — Z Y& — 7 3.25

where Nr and N¢ are the number of measurements from the simulations and catalogs,
X,Y € {P,, B;,} with [ being the multipole order, « is the realisation index, i and j
denote indices of the wave-number or triangle configuration bin. This factor n is a ratio
between the effective volumes of all simulation realisations and a typical Stage-IV survey

with V' ~ 8 Gpc® h™3 at z = 1, giving n &~ 126. The effective volume is computed as [266]

P (k) 17
*)} v, (3.26)

‘/'e = | 7
ff |:1—|—ﬁphh(/€
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Figure 3.2 Upper panel: measurements of the halo power spectrum multipoles — monopole
(I =0, blue crosses), quadrupole (I = 2, purple dots) and hexadecapole (I =
4, orange triangles). The solid curves correspond to the posterior-averaged
theoretical predictions of the joint model with IDE for the following scale cuts
(dashed vertical lines): kﬁfagfp =0.225 h Mpc™!, kfa‘f{’p =0.1 h Mpc~! and
kf;g(’B =0.111 h Mpc~t. Lower panel: measurements of the halo bispectrum,
monopole (green crosses). Note that the Poisson shot noise contribution is
not subtracted. Shaded areas denote the uncertainties on the mean of the
observables. The lower panels show the ratio of residuals to errors on the

mean of the observables.
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where 7 is the mean number density, V' is the volume of the measured simulation and
k* = 0.1 h Mpc™! is the reference scale. This allows us to roughly match our simulation
data to that expected from future surveys, giving similar constraining power and signal-
to-noise ratio. It also allows us to extend the range of validity of the theoretical model
up to higher values of k.« with respect to the cuts we would have to adopt in the case
of the non-rescaled covariance and the full volume of the simulations.

It is important to notice that shot noise is not subtracted from our measurements
(both the Minerva and the Pinocchio ones). This is particularly prominent in the power
spectrum monopole, as can be seen at small scales in Fig. 3.2. In this figure we show
the average of the measurements with the corresponding error bars from the rescaled
covariance, the chain averaged model from the joint Bayesian analysis (described below)
and their residuals. Notice that the very small scatter in the residuals of the monopole
and quadrupole (middle-left panel) is an artifact of our inflated error bars, while for the
hexadecapole (bottom-left panel) we have some residual scatter due to the fact that we

evaluate the model on the effective modes rather than performing the full average binning.

3.3.3 Likelihood Evaluation

In a Bayesian framework [189, 191], the probability of a model given some data is
proportional to the product between the probability of obtaining the data under the
assumption that the model is correct and the probability of the model parameters to have
the corresponding values. In other words, the posterior distribution is proportional to the
likelihood function multiplied by the prior distribution (Eq. 2.1).

In our analysis we choose the priors on nuisance parameters to be non-informative:
they are uniform and very broad. We consider as fiducial values for these parameters
the best fit values obtained in previous studies [8, 9]. Tests were performed to verify
that the prior choice does not influence the parameter inference process. However, the
priors on the IDE parameters w and A are informative and depend on each other. The
equation of state parameter w has a flat prior with size [-2,—0.5]. For w < —2 dark
energy starts to dominate over matter at a later epoch than our redshift of interest z = 1,
so that the growth rate converges quickly to 1 independent from ¢ as in the matter-
dominated epoch. As for the upper bound, we have observational evidence of the late
time acceleration, which implies w < —1/3. The parameter A also has a flat prior with
size [—20,20], but with the additional condition that A must have the same sign as
1 + w. The upper limit for A is given under the consideration of the upper bound for
w and the most extreme value of £ = 50 b GeV~! tested out in simulations [3], while
the lower limit is chosen to have a symmetric prior around the fiducial value of A = 0.
Later, when varying additional cosmological parameters, we expand the prior on A to
[—500,500] b GeV~!. The additional condition on the sign is explained by the fact that
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the parameter £ = A/(1 4 w) has to be non-negative, since it represents the ratio of two
positive quantities: the cross section of dark sector interactions and the mass of dark
energy particles (see discussion at the end of Section 3.1).

Given Nr = 298 independent realisations, we evaluate the total likelihood as the
product of individual likelihoods, under the assumption that each is well described by a
multivariate Gaussian. As already mentioned, instead of fitting the mean of all realisations

with the total volume covariance, we fit each individual simulation and compute

NR NR Nb
—2InLi =—2) InLo=) > (X—X")Cxh (X5 = X) (3.27)
a a=11,5=1

where X is the power spectrum or bispectrum multipole measurement from the a-
realisation of the i-th Fourier bin from the total number of bins N},, X2 is the theoretical
prediction and Cj; is the rescaled covariance matrix from equation Eq. 3.25. We also test
applying the correction to the likelihood function suggested in Ref. [267], which should
take into account the finite number of mocks used in the construction of the covariance

matrix:

2
X
—21 =Nyln |1+ —"— 2
H[,a MH( +NM_1>, (3 8)

where Ny is the number of mock catalogs. We found no impact on the posterior
distributions, which confirms our expectation of a negligible effect given the large number
of mocks catalogues used.

Our likelihood pipeline uses the emcee package [210] to sample the posterior distribu-
tion. We run the MCMC with 300 walkers, and assume them to have reached convergence
after 30000 steps in the analysis which only includes the power spectrum multipoles, and

after 15000 steps when the bispectrum multipole(s) is (are) included.

3.3.4 Model Evaluation

The evaluation of the theoretical model should in principle be performed on the same
grid that is used for the measurements, and the model should be binned in the same way.
This can be understood as the resolution of the following discrepancy: the theoretical
prediction assumes an infinite universe with an infinite number of k-values, while in our
case the measurements are performed in boxes with periodic boundary conditions, hence

over a restricted number of k-bins. In general, there are four approaches to resolve this:

1. Full binning: compute an exact average of the theoretical predictions for the
observables over each bin in Fourier space. In other words, calculate the theoretical
model at each ¢; € k;, with k; being a Fourier bin and ¢; denoting all discrete wave-
numbers in a bin of size Ak;, and then find a mean value. In our work the bin

size equals the fundamental frequency Ak = 27/L. Advantage: this is the most
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consistent way; disadvantage: it is computationally demanding especially when re-

computing the model at each step of the likelihood evaluation.

2. Effective binning: evaluate the theoretical predictions only at one “effective” wave-
number, which is computed as the average over each bin centered at k for the power
spectrum multipoles, while for the bispectrum the “effective” triplet is computed
in a similar but hierarchical way (see equation B.2 in Ref. [9]). Advantage: less
computationally expensive; disadvantage: it might introduce systematic errors

comparable to the statistical uncertainties for the full volume of our data set [7].

3. Expansion approach [8]: this is an extension of the effective approach which includes
a Taylor expansion of the theoretical model around the effective wave-number up
to second order. Advantage: high accuracy, especially for the hexadecapole of the
power spectrum; disadvantage: it can be computationally demanding if a large

number of terms is involved.

4. Integration approach: similar to the averaging approach, but the integral is
computed instead of building an average as a sum over the multipoles, divided
by the number of all discrete vectors in a bin. This approach is popular in the
literature [151, 268] but similarly to the effective binning it can introduce non-
negligible systematic errors, especially for folded triangles. However, this issue can

be bypassed by introducing “discreetness weights” as corrections [151].

In our study we choose the effective binning for power spectrum and bispectrum
multipoles. Our tests show that this type of binning does not have an impact on the
inferred parameters due to the enhanced size of our uncertainties after rescaling the
covariance, while being the most computationally efficient.

We also note that in the bispectrum case we include all triangular configurations with
k1 > ky > k3 in our analysis, and do not separate them into squeezed /equilateral /isosceles
configurations as is common in the literature. Previous studies (e.g., Refs. [7, 268, 269])
show that the signal-to-noise ratio and the accuracy of a model increase for high k.
if nearly equilateral triangle bins are excluded, while still including elongated triangle
configurations. Whether or not this selection improves our constraints of dark energy
models when adopting realistic error bars is a subject of our future studies. However, we

expect the effect to be minimal.

3.3.5 Model Selection

Our goal is to determine the appropriate scale cuts and forecast the constraining power
of future surveys for the IDE parameters, w and A. It is crucial to determine the largest

range of scales which can be used to extract information from the data in an unbiased
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manner and tighten the cosmological constraints. This can be also achieved by removing
or alleviating degeneracies between the parameters of the theoretical model. For instance,
bias relations (i.e., the relations between bias parameters based on their connection due
to the underlying physics of gravitational collapse) are able to reduce the parameter
space without introducing bias in the estimated parameters. In order to evaluate whether
a certain scale cut or a reduction of degeneracies in parameter space provide a better
description of the observables we need a way to quantitatively compare the posterior
distributions from our Markov chains. Since the y2-statistic is not valid anymore as a
measurement of the goodness-of-fit, due to the rescaling of the covariance matrix (see
discussion in Subsection 3.3.2), we make use of two performance metrics to select the best

scale cut and/or reduced model (see a similar approach in Refs. [249, 270]):

1. the Figure of Bias (FoB) quantifies the relative separation of the measured
parameters from their fiducial values in terms of the variance of the posterior
distribution. We calculate the 68% - 95% percentile thresholds for the FoB by
assuming the posterior distribution of the parameters of interest to be Gaussian.
Hence, for one parameter the 68% threshold equals 1, while for two parameters the
integration of two-dimensional Gaussian over an ellipse results in a FoB of 1.52. It

is defined as

FoB = \/ (s — )5~ (6 — 0) (3.29)

where 6 and g4 are vectors labeling, respectively, the posterior averages and fiducial
values of the parameters we want to measure, and S = cov(f) is the covariance
matrix of the parameters calculated from the chains. In our case, § = [w, A] and
0sa = [—1,0];

2. the Figure of Merit (FoM) shows the merit of the considered model with respect
to the parameters varied in the fit. It is the inverse of the volume of the 68%
contours of the parameters, effectively giving a global measure of the inverse size of

the uncertainties obtained on the parameters [271]. This is given by

1
FoM = —— (3.30)

Vdet(S)
3.4 Results

3.4.1 Joint Base Model

In total our base model contains 13 parameters: {w, A, by, ba, bg,, br,, o, C2, C4, Qp, €2,
cvag, ap }. Firstly, we aim to find the highest kp,.x at which the model parameters are not

biased while the constraints on the dark energy parameters are the most informative (i.e.,
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Figure 3.3 Performance measures as a function of the mazrimum wave-number of the
observable(s) for the following models. Left panel: the model includes only
the monopole and quadrupole of the power spectrum (blue crosses). Middle
panel: the hexadecapole (orange crosses) is added to the lower order power
spectrum multipoles with their highest Fourier mode fized to the best scale cut
kffagfp = 0.225 h Mpc™! from the left panel. Right panel: the joint models —
the power spectrum monopole and quadrupole with the bispectrum monopole
(light-green crosses), the power spectrum monopole and quadrupole plus the
bispectrum monopole and one counterterm parameter set to zero (dark-green
dots), all power spectrum multipoles and the bispectrum monopole with the
highest Fourier mode for the hexadecapole kfrfaip = 0.1 h Mpc™! (dark-red
triangles). The dashed grey lines correspond to the values of kmax used in
the joint analyses: for the power spectrum monopole and quadrupole (left
panel) and the hexadecapole (middle panel). The confidence intervals for
FoB are calculated by direct integration of a two-dimensional Gaussian over
an ellipse between + FoB and equating the integral to the 68% and 95%
percentile thresholds, which results in FoB equal to 1.52 and 2.49, respectively.

FoM reaches its maximum). For this purpose we run our likelihood pipeline, calculate the
performance metrics and check the posterior distributions for the nuisance parameters.
The latter is done in order to avoid any deviation larger than two standard deviations
from the fiducial values for by, by, bg,, br, ap, €2 and ap as determined in the previous
analyses of Refs. [7-9]. Note that the counterterms in real space and in redshift space are
not the same.

We vary the value of k... jointly for the power spectrum monopole and quadrupole,
as is typically done in analyses of observational data [165]. The scale cut is varied in the
range of kfa?fp € [0.1,0.3] » Mpc™" and is found to maximize the FoM while keeping
the FoB within one standard deviation at 0.225 A Mpc~'. This can be seen in the left

panel of Fig. 3.3, where blue crosses correspond to the joint analysis of the lower order
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power spectrum multipoles. Keeping this value fixed, we then add the hexadecapole with
kf:ai p €1[0,0.2] h Mpc™'. We expect our model to describe it less efficiently than the
lower order multipoles, therefore the range of scales included for P, is smaller than for
Py and P,. Unsurprisingly the addition of the hexadecapole allows us to constrain ¢, and
hence improve significantly the constraints on ¢;, as well as on the other counterterms,
though less significantly. However, we see in the middle panel of Fig. 3.3 no improvement
in the constraints of the IDE parameters, the hexadecapole only slightly decreases the FoM
and increases the FoB. This finding is in agreement with the conclusions of Ref. [272].

Next we include the bispectrum monopole, By. This is shown in the right panel of
Fig. 3.3. We perform the analysis by adding it to Py + P», since the power spectrum
hexadecapole does not contribute to the improvement of the constraints in the IDE
parameters. The results are denoted by the light green crosses connected by a solid
line. We observe an increase in the FoB and no improvement in the FoM for scales up to
K20 5 =0.08 h Mpc™" for Py + Py + By. However, for k25 5 > 0.08 A Mpc™" we notice
a steep growth in the FoM as we add more k-bins. Clearly, inclusion of the small-scale
information contained in the higher k-bins provides better constraining power, especially
since the number of triangles increases significantly with each bin. The results do not show
a bias in any of the parameters of the model, at least up to the 27-th k-bin (corresponding
to kind p=1.12h Mpc™!) from the total 29 bins of our measurements.

Additionally, we perform a joint analysis with the hexadecapole of the power spectrum
included up to 0.1 h Mpc™', which is rather conservative and common in the literature.
This model with all power spectrum multipoles and By shows a mild but continuous
improvement of the FoM in comparison to the model with only lower order power spectrum
multipoles (see the dark red triangles in the right panel). Noticeably, adding the power
spectrum hexadecapole in the joint analysis with the bispectrum monopole always results
in a smaller FoB (and thus bias) of the IDE parameters. We check whether the same
effect could be achieved by setting the otherwise unconstrained ¢4 to zero in the model
with the monopole and quadrupole only. As expected, the constraints of the Py + P, + By
model are not sensitive to this change. This is shown by the dark-green dots in the
right panel, which overlap with the light-green crosses of the base model with ¢4, # 0.
We therefore conclude that the inclusion of the hexadecapole of the power spectrum, in
combination with the bispectrum monopole, can help (especially at lower scale cuts) by
breaking degeneracies between the counterterms and bias parameters.

The full posterior plot is shown in Fig. A.1 of Section A.1. Additionally, we present in
Fig. 3.4 the triangle plot for the marginalized posterior distribution of the IDE parameters.
The characteristic “butterfly” pattern, in which the posterior distribution is present only
in two quadrants — upper-right and lower-left, is the consequence of the priors on the
IDE parameters with the condition A/(1+w) > 0, as described in Subsection 3.3.3. The

w — A contour shows a strong degeneracy: as argued in Section 3.1, a very negative value
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Figure 3.4 Marginalized posterior distributions for the IDE parameters in the base model
and with the scale cuts as specified on the plot. The power spectrum monopole
and quadrupole analysis is denoted by the dotted blue line, constraints from all
power spectrum multipoles are given by the solid orange line, the joint analysis
of the power spectrum monopole plus quadrupole and bispectrum monopole is
presented by the dotted-dashed light-green line, and the full joint analysis is
shown with the dark-red line. Clearly, inclusion of the bispectrum monopole
improves constraining power by ~ 30%. The thin grey lines correspond to the
fiducial values from the ACDM cosmology. Note that parameter A is given in
the units of b GeV~'. The fact that the contour shows non-vanishing values
for the forbidden regions with A/(1+ w) < 0 is an artifact of the smoothing
used for plotting.
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of w leads to a later start of the dark energy dominated epoch, hence to a longer matter
domination which is associated with increased growth of structures. A negative value of A
leads to extra drag in Eq. 3.2, and thus to an enhancement of the growth of structures in
the linear regime (the opposite is true for the nonlinear regime, as discussed in Section 3.1).
On large scales the drag term acts in the same direction as the gravitational acceleration,
since the velocity field is always aligned with the spatial gradient of the gravitational
potential in the linear regime. The opposite happens for w > —1 and A > 0. This is in
line with what can already be seen in Fig. 3.1 and its diagonal (from upper left to lower
right) pattern in the growth rate f, and is particularly prominent in the upper right corner
(for positive values of A and (14 w)). There we observe the same level of suppression for
either a larger w value with A fixed, or for a larger A value with w fixed. It is therefore
apparent how the two effects are strongly degenerate, which results in larger uncertainties
on them, especially in biased cases. Such a conclusion is in agreement with the findings
of Ref. [272].

In addition to the base model with 13 parameters, we run the joint analysis adopting
some assumptions that are common in the literature: br, = 0 and/or €z = 0. Assuming
that noise is scale-independent (as opposed to leaving the €2 parameter free), results in
no improvement and no bias in the constraints. This is a consequence of the rescaled error
bars, since we know from the real space analysis with the full volume of the simulations
by Ref. [8] that the scale-dependent term in shot noise is relevant at larger Fourier modes
due to accounting for additional corrections beyond the assumed one-loop model. The
assumption of bp, = 0 does not yield improved constraints, but it biases the noise
parameters ap, €2 and ag by more than 20 with respect to the fiducial values. This
is in line with the joint analysis performed on the same data set in real space, which
measures br, = 0 to be inconsistent with zero at more than 20 [8]. The assumption of
both conditions results in bias in the noise parameters and bg, at more than 2o level,
while ap gets biased at more than 30 level. From this we conclude that, when including

the bispectrum monopole, bp, should not be set to zero.

3.4.2 Bias Relations

Although the strong degeneracy between bg, and br, is broken by the inclusion of the
bispectrum monopole in the analysis, we are still interested in the impact of bias relations
for two reasons: firstly, to reduce the dimensionality of the parameter space; secondly, we
know that both A and w are correlated with b;, hence a tighter constraint on the latter
will lead to tighter constraints on the IDE parameters.

We investigate the full joint analysis of Fy+ P>+ P,+ By for the following bias relations:
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Figure 3.5 Implementation of the bias relations into the joint analysis of all power

spectrum multipoles with the bispectrum monopole. Left panel: performance
metrics as a function of the maximum wave-number of the power spectrum
momnopole and quadrupole with the highest Fourier mode of the bispectrum
monopole set to the moderate value of k;frfa(;’B = 0.08 h Mpc~!. Right
panel: performance metrics as a function of the mazximum wave-number of the
bispectrum monopole with the highest Fourier modes of the power spectrum
multipoles set to kﬁ:agfp = 0.225 h Mpc™! and k]l;ai,P = 0.1 h Mpc L.
The dark-red triangles ’correspond to the base model with 13 parameters, the
olive crosses denote the tidal bias relation, the purple stars represent the
ba-relation, the dark-cyan squares denote the combined relation of by and
bg,. Note that the application of the combined or the tidal-bias relation leads
to stronger constraining powers on the IDE parameters. This is especially
prominent in the right panel for kf;ggB > 0.09 h Mpc~!. The confidence
intervals for FoB are calculated as in Fig. 3.3.
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1. the fit from the separate universe simulations presented in Ref. [273]? :

4
ba(by, bg,) = 0.412 — 2.143b; + 0.929b? + 0.008b% + 30 (3.31)

2. the fit from the excursion set approach of Ref. [249]:

bg, (b1) = 0.524 — 0.547b; + 0.046b ; (3.32)

3. the combination of both relations: by (by, bg,(b1)).

These relations have been shown to improve the fits of the power spectrum and bispectrum
in Refs. [7-9]. Results for the individual relations as well as for the combined one are
shown in Fig. 3.5 in terms of the FoM and FoB metrics. We notice that the by(by, bg,)
relation, denoted by purple stars, does not impact our constraints both when varying the
maximum wave-number for the power spectrum (left panel) and for the bispectrum (right
panel). This can be explained by a combination of two factors. Firstly, the fact that
in our base model the by-relation always stays consistent with the fiducial value of b,
that measured from the real space analysis of Refs. [7-9], which implies that we are not
introducing any new information with the bias relation. Then, while a different behaviour
has been seen in the analysis of Ref. [8] in Fig. 8 with very small error bars, the fact that
ours are “realistic” (larger) for Stage-IV surveys means that we cannot detect this effect.
On the other hand, the tidal bias relation (olive crosses) and its combination with the
bo-relation (dark-cyan squares) lead to a reduction in the constraints on w, A, b; and
bs. This improvement is particularly prominent in the right panel, where the number
of modes in the bispectrum monopole is varied while the scale-range of power spectrum
multipoles is fixed. At k:ffa?g 5 = 0.1 h Mpc™* we see the bg,(v,) has a higher value of FoM,
which equals ~ 7.5 and is larger than FoM~ 4 of the base model with the same largest
Fourier mode. However, for k2.9 ; > 0.1 h Mpc™" cases (ii) and (iii) cause a continuous
shift of the IDE parameters to the positive values of A and (1 + w). Nonetheless, even
for kffaoxﬂ = 0.111 h Mpc™" all nuisance and IDE parameters stay within 2 standard
deviations of their fiducial values (see the full posterior distribution in Fig. A.2), FoM
reaches ~ 11 for both relations. From the lower right panel we see that the combined bias
relation results in the less biased dark energy parameters, in contrast to the tidal-relation
only.

We note that the bias relations applied here are derived in the context of the ACDM
cosmology. From the simulations performed in Ref. [3], we know that at the redshift

of our interest deviations of the halo mass function from the standard cosmology are

negligible. Moreover, the measurements in our analysis do not include modifications in

2The additional term %bg2 is due to the difference in the definition of the tidal-bias operator in the
reference and our notation.
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Figure 3.6 Joint analysis of all power spectrum multipoles with the bispectrum monopole
(dark-red triangles) and quadrupole (purple stars). The performance metrics,
FoM and FoB, are presented as a function of the mazximum wave-number
on both multipoles of the bispectrum. Evidently, inclusion of the bispectrum

quadrupole leads to tighter constraints on the IDE parameters for kf;ng >

0.09 h Mpc—t. The confidence intervals for the FoB are calculated as in
Fig. 3.3.

the gravitational interaction. Therefore, the application of the bias relations is justified.
Nevertheless, we aim to study the impact of the interactions between dark matter and

dark matter on the bias relations in our future work.

3.4.3 Bispectrum Quadrupole

Recent progress in measuring the bispectrum multipoles from simulations [9] showed that,
while the monopole constrains mostly the bias parameters by, by and bg,, the quadrupole
can break the by — f degeneracy and can constrain the growth factor even in the case of
a bispectrum only analysis. These constraints on the growth rate from the bispectrum
multipoles are weaker than the ones that can be obtained from the power spectrum
multipoles. The argument for the inclusion of higher order multipoles of the bispectrum
is also discussed in Refs. [274, 275].

However, it raises the question: if including the bispectrum quadrupole improves the
constraints on the growth rate, does it also do so for the IDE parameters, w and A? In
particular, it is interesting to investigate if this holds also in the case of Stage-IV-like error
bars, such as the ones we employ here. We run our likelihood pipeline for the base model
and find that indeed, for kz:o,?B > 0.09 h Mpc ™!, the addition of the quadrupole improves

max
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the constraints on the dark energy parameters. Our results are shown in Fig. 3.6, where
dark-red triangles denote the power spectrum multipoles plus the bispectrum monopole,
while the addition of Bj is denoted by purple stars. We note that the FoB and FoM
as functions of k., resemble the trend obtained in the previous section with the bias
relations, with the exception that in the present case the slope of the FoM in the upper
panel is steeper at large wave-numbers. For instance, for kffa?fB = 0.1 h Mpc™', we get
FoM ~ 9. while with the tidal bias relation from the previous section and without the
bispectrum quadrupole we obtained FoM ~ 7.5. The full posterior distribution for the
kf:a(jfB = 0.111 h Mpc™" can be seen in Fig. A.3. The increase in the FoM is the result of
an improvement in the constraints on the IDE parameters and the linear bias. Moreover,
because of the degeneracy between the linear bias and the other bias parameters, a tighter
constraint on the former leads to the latter being more constrained too. This effect
is more significant than in the case of the bias relations, and avoids resorting to such
relations, which might not be valid in extended cosmological models. This is a hint that
the bispectrum quadrupole might play a crucial role in constraining extended cosmological

models with spectroscopic galaxy clustering data.

3.4.4 Forecast for wCDM

In addition to IDE, we repeat our analysis for the simplest extension to ACDM model in
which w = wy is constant, but can assume values different from —1 (see Subsection 1.3.1).
We assume the same flat prior of w as described in Subsection 3.3.3 without imposing
any additional theoretical constraints (similar to Ref. [203]). However, w < —1 leads to
gradient instabilities and should not be considered as a viable smooth quintessence theory
in which the dark energy speed of sound equals the speed of light. See Ref. [276] for the
analysis with the theoretical prior on w in smooth quintessence, as well as the case of
w < —1 in clustering quintessence.

Based on what we have learned with the IDE model we perform the following analyses:

1. base model with k50 5 =0.111 A Mpc™';

ax

2. combined bias relations with k=0 , = 0.095 h Mpc ™'

max,

3. bispectrum monopole and quadrupole with E=02 = 0.09 Mpct.

max,B

We obtain the following constraints on the dark energy equation of state parameter for
the three runs respectively: w = —0.99 4+ 0.10, —0.98 + 0.10, —0.99 £ 0.09. The full
posterior is shown in Fig. A.4. All three cases result in similar level of uncertainty on
the inferred parameters, except on the shot noise parameter of the bispectrum for which
both the bias relations and the inclusion of By yield tighter constraints. However, the

improvement with respect to the analysis with the power spectrum only is apparent,
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roughly 38%, demonstrating once again that the inclusion of the bispectrum does increase
the cosmological information that can be extracted from the data.

With the same setup of ki = 0.225 h Mpc ™', klod p = 0.1 h Mpe™" and k55 5 =
0.111 A Mpc™" we obtain larger uncertainties on w for the wCDM cosmology than in the
IDE case. This may seem counter-intuitive, since wCDM contains one fewer parameter.
However, when we compare posterior distributions against each other, the contours in
wCDM are always tighter or equal to the IDE case and the difference in o, can be
explained by the non-Gaussian form of the posterior distribution and the corresponding
projection effects in the IDE case (for more about projection effects of marginalisation

see Ref. [277]).

3.4.5 Degeneracies with Cosmological Parameters

We discussed above the degeneracies between nuisance and IDE parameters in the case of
fixed cosmology. Now we aim to understand the interplay between w, A and cosmological
parameters. We first consider the scalar amplitude A with a flat prior 1 < In10°A, < 4.
Since w and A enter the model through the linear growth factor, they are degenerate
with any parameter controlling the amplitude of the power spectrum (as argued above
for the degeneracy with the linear bias b1). Hence, there is a strong degeneracy between
IDE parameters and the primordial amplitude Ay, which limits the measurement of those
parameters individually in an analysis where the full cosmological parameter space is
explored.

However, in such a realistic cosmological analysis, one should also take into account the
Alcock-Paczynski effect (AP) [171], arising from the assumption of a particular cosmology
when converting redshifts to distances in the measured data. This results in a re-scaling
of the k-modes and angles, which is sensitive to w as well as to Q,, and h (see Eq. A.11 in
Ref. [258] and the Observations discussion in Section 1.4). Including that in the analysis,
we find that, even when varying only the nuisance parameters in addition to the dark
energy parameters, taking into account the AP-effect tightens the constraint on w by
nearly 5 times (see Fig. A.5 in Appendix)?.

We then perform the analysis with the inclusion of the AP-effect and varying Ag with
the power spectrum multipoles only, and find a strong positive correlation between Ay and
A and a negative one with b; (analogous to the findings of Ref. [99], e.g., Figure 7 and

18). This can be understood as follows: a very negative value of A corresponds to more

3The analysis in this section is performed with the pocoMC sampler [211, 221] with the standard
convergence criterion, 103 live points and 3 x 10* additional sampling points. We switch to this MCMC
sampler from emcee after reproducing results from the previous sections with the new sampler. This
change is justified by the fact that this sampler is more computationally efficient and better suited to
explore a parameter space with strong degeneracies. Moreover, we compute the linear power spectrum
with the bacco linear emulator [31] instead of calling a Boltzmann solver at each step of the chain, which
significantly speeds up the analysis.
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Figure 3.7 Left panel: analysis with the simulated data. Dashed olive lines and purple
contours show results with the Gaussian prior on Ay around its fiducial value
with 8 standard deviations from the CMB analysis. Right panel: analysis with
the synthetic data and flat priors. Grey lines denote the fiducial values. In
both cases the A P-effect is mimicked by a tight Gaussian prior on w around its
fiducial value and with o, = 0.02. Red contours represent the joint analysis,
dark cyan lines represent the analysis with power spectrum multipoles only.
Scale cuts are the same as in Fig. 3.4.

power at linear scales, which requires a smaller value of the magnitude A and larger value
of the linear bias b; to compensate. As a result, we find that the AP-effect confines the
equation-of-state parameter to w = —1.03+£0.02. We use this as a tight Gaussian prior on
w in the following analysis. Note that a significant shift from the fiducial values is present
only in w, A, As and by, while the rest of the nuisance parameters remain unbiased and
are not dominated by priors.

Next we perform an analysis with a tight Gaussian prior on w around its fiducial
value in order to mimic the AP-effect and study whether the addition of the bispectrum
monopole can break the strong degeneracy between A and A,. The reason for avoiding
a direct implementation of the AP-effect for the bispectrum is the high computational
demand when taking into account all possible triangle configurations, a solution for which
we leave for future work. As can be seen in the left panel of Fig. 3.7, the addition of the
bispectrum (red contours) to the power spectrum multipoles (dark cyan lines) makes the
marginalised posterior distributions more Gaussian, reduces constraints on A and Ag by
25 — 27%, while bringing the mean and best-fit values closer to the fiducial values of
these parameters. Constraints on the linear bias b; obtained with the power spectrum
multipoles only are very broad, and prefer values close to the upper limit of its prior
[0.9,3.5]. Should this be increased, the degeneracy would drive b; to higher values, A to

even lower values, and make A more negative. Analogous to findings from the previous
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sections, the bispectrum improves constraints on all bias parameters, including b, and
shifts its best-fit value closer to the fiducial one. As a consequence, it drives the peaks of
the A and A, distributions to their true values too. A similar effect is seen for fixed A in
Fig. 3.4: with the power spectrum multipoles only, there is a clear asymmetry in the 2-D
“butterfly” towards negative values of w and A, while adding the bispectrum monopole
visibly improves the symmetry of the contour.

Although we recover the true values within 2 standard deviations, the degeneracy
between A and A still leads to a preference of lower values for Ag and A. This degeneracy
is decreased if one applies a Gaussian prior on Ay, centered on its fiducial value and with a
size of 30 from the WMAP+BOSS DR results [264]. We can impose a CMB-based prior
because the IDE model introduces deviations to ACDM only in the late Universe, thus
results obtained from CMB data assuming ACDM would still be valid. In this case, w fills
in the prior without preferring values smaller than —1, Ay is fully defined by its prior as
well, and the 16% improvement in constraints on A after adding the bispectrum monopole
(purple contours) to the power spectrum multipoles (olive dashed lines) is explained by
the 38% shrinking in the constraints on the linear bias b;.

The fact that a strong degeneracy leads to a bias in the parameters hints at the
existence of projection effects of the marginalisation. In order to verify this, we create
synthetic data for the same fiducial cosmology, using the best-fit values obtained from the
ACDM fits for the nuisance parameters. As before, we mimic the AP-effect by setting
a tight prior on w around its true value. As can be seen from the results in the right
panel of Fig. 3.7, a flat prior on the primordial scalar amplitude results in biases towards
negative and smaller values in A and Ag respectively, which are similar to the biases
appearing in the analysis of the simulated data on the left panel of the same figure.
Also analogously to the results with data from the simulations, in the analysis with the
power spectrum multipoles only, the linear bias b; tends to the upper limit of its prior
range. However, the addition of the bispectrum monopole improves constraints of galaxy
bias parameters, reduces the degeneracy between amplitude-controlling parameters, and
decreases the shifts due to marginalisation in A and As. Thus it shows that the bispectrum
is a promising tool for improving this type of projection effects.

It is important to note that, in spite of projection effects explaining some of the biases,
the joint analysis on simulation data still favours a more negative value for A and w than
the same analysis on synthetic data. We know that these biases are not caused by the
invalidity of the model at the chosen scale cuts when the parameter space is opened to
the additional cosmological parameters. Tests in ACDM and more importantly wCDM
scenarios when Ay is varied do not demonstrate any significant deviations from the fiducial
values. The actual reason for this is the following. As can been seen from the orange lines
in Fig. 3.4, the model already slightly prefers the negative values of A and w < —1. This

implies that the presence of a strong degeneracy on top of even slight theoretical errors
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(discrepancies between a theory and data) amplifies the effects from the latter. Similar
conclusions can be found in the analysis for DGP gravity in Ref. [278].

We now discuss the degeneracies appearing when varying additional cosmological
parameters. Two other cosmological parameters enter the Euler equation (Eq. 3.2) and the
AP-effect through the Hubble function: the fractional energy density of non-relativistic
matter €, and the expansion rate h. Our tests with the power spectrum multipoles only,
including the AP-effect (see Fig. A.6) agree with the results from Ref. [99], showing the
degeneracy between these parameters and the IDE parameters is not as substantial as that
with the scalar amplitude A;. Parameters w and h are strongly degenerate, since both
of them affect the expansion history: smaller h or very negative w both lead to smaller
value of the Hubble function; the same holds for w and €2,,, though the degeneracy is
less severe. We obtain an estimate of the expansion rate h biased towards higher values,
which is a consequence of its degeneracy with w. For the same setup in the ACDM
scenario this effect is not present. This degeneracy between w and h can be broken by
combining data from different redshifts or from BAOs (e.g., as in Ref. [203]). BAO data
also constrain ,,h%, which breaks its degeneracy with the spectral index n,. We can
achieve a similar effect by imposing a CMB prior on ng (analogous to Refs. [46, 62]),
essentially bringing both parameters closer to their fiducial values. Note that, in our
case, degeneracies between ng and other cosmological parameters are not as strong as in
analyses of the BOSS data, since the largest scale we consider is ki = 0.004 h Mpc™?,
while for BOSS ki, = 0.01 A Mpc_l. In other words, due to the size of the simulation,
we have more information from large-scale modes and can constrain the primordial slope
better. We then impose a Planck prior on the scalar amplitude: separately as well as in
combination with ng. The conclusion is that the unbiased cosmological parameters are
reproduced only with the informative prior on the primordial parameter A;. Again, notice
that the rest of nuisance parameters is only slightly affected by the choice of priors on Ag
and ng: they remain unbiased and are not dominated by priors.

When varying all cosmological parameters, we expect the inclusion of the bispectrum
monopole will tighten the constraints on Ay, ng, A, Quh?, h, because a) all of them are
degenerate with each other, and improvement on one of them shrinks the contours for
the others, b) the bispectrum significantly improves constraints on b; and alleviates the
w—+ A+ Ag+b; degeneracy coming from the amplitude of the power spectrum, ¢) in contrast
to the previous analyses in the literature, we include information from smaller scales, since
our model is still valid up to k50 5 = 0.111 A Mpc !, hence the improvement of constraints
on cosmological parameters in the case of our joint analysis will be more prominent than
in the previous studies (e.g., ~ (5 — 15)% improvement relative to the power spectrum
analysis after the addition of the bispectrum monopole with k50 5 = 0.08 A Mpc ™! in

Ref. [151]). Additionally, we expect the bispectrum monopole to reduce the role of the

choice of priors and decrease the effects of marginalisation by making the probability
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distribution closer to a multivariate Gaussian. A proper investigation of these effects is

the topic of our future work.

3.5 Conclusions

In this chapter we have performed a detailed analysis of the role of the bispectrum
multipoles in constraining an interacting dark energy model. This is relevant for Stage-IV
spectroscopic surveys, as a validation test and a comprehensive case study for the joint
power spectrum and bispectrum analyses of extended cosmological models.

We modelled the power spectrum and bispectrum multipoles with the EFTofLLSS at
one-loop and tree-level, respectively. We computed the linear growth factor and the
logarithmic growth rate by solving the growth equation for the IDE model. As input data
(the fiducial data vector in our likelihood pipeline) we used a large set of simulations at
a single redshift z = 1, complemented with a rescaled numerical covariance constructed
from 10,000 mock catalogues. Our fits used an effective volume that mimics the error
budget of Stage-IV spectroscopic galaxy surveys, and we run our MCMC analyses with a
Gaussian likelihood function.

Using this setup, we first added more observables in sequence and studied them in
terms of their ability to constrain the IDE parameters w and A without introducing
a bias in the dark energy and nuisance parameters of the model. For the latter, we
adopted as fiducial values the best fit values from previous studies performed in the
context of standard ACDM [7-9]. We found that the tree-level model for the bispectrum

! close to the largest value available in our

monopole is still valid up to & ~ 0.11 h Mpc™
measurements. In contrast to adding the hexadecapole to the lower-order multipoles of
the power spectrum, the addition of the bispectrum monopole improved the constraints
on the IDE parameters by ~ 30% for the equation of state parameter w, and ~ 26% for
the coupling parameter A. We also found that the Py + P> + P, + By combination yields
better constraints and less bias in the inferred parameters than Py + P, + By.

In general, the large number of triangular configurations over which the bispectrum
model has to be evaluated when including such nonlinear scales results in a rather
computationally expensive analysis. Hence, we studied two approaches, which could allow
us to get the same level of constraints but at smaller scales. The first approach aims at
reducing the parameter space, which in our base case included 13 parameters, by means
of bias relations. We tested the validity of two bias relations, and found that the tidal bias
relation and its combination with the by relation are the most suitable for this goal. In the
second approach we added the bispectrum quadrupole to our Bayesian analysis. We found
that either applying the bias relations or including the bispectrum quadrupole allows us
to efficiently constrain the IDE parameter at more moderate values of k., than in the

base model Py + P> + P, + By. For instance, to achieve the same level of constraints with
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FoM ~ 6 one can use either of the following: a) use only the bispectrum monopole in the
base model, but include it up to high Fourier mode of £!=° 0.111 h Mpc™!, b) apply

max,B T

the tidal bias relation in the scale range with the highest mode k=9 5=0095" Mpc ™, c)

max

add the quadrupole measurements and evaluate the model up to kf;ng =0.09 h Mpc™*.

We then forecasted the constraining power of Stage-IV spectroscopic galaxy surveys
on the IDE parameters and the dark energy equation of state parameter in wCDM for
fixed cosmological parameters. At z = 1 we found o,, = 0.08 and 04 = 2.51 b GeV~!
for the IDE case, while for the wCDM case, we found o,, = 0.1. The first values are in
a good agreement with the results of Ref. [272] for the same redshift, where o, = 0.06
and 04 = 2 b GeV~! were found when only power spectrum multipoles were used in
the MCMC analysis. However, in Ref. [272] the simulated data contained more than one
order of magnitude less shot noise in comparison to our case, while the volume of the
measurements was smaller with V' ~ 4 Gpc® h™3. Additionally, the covariance in the
previous work was computed analytically up to the linear order, while the one used in
this work is based on mocks, which is more realistic and contributes to larger uncertainties
on the inferred parameters.

For comparison, we cite here the results of the full-shape analyses (FS) with the
EFTofLSS from the BOSS survey of Refs. [99, 203]. We stress that the analysis of
BOSS data takes advantage of two redshift bins and four different sky cuts (three cuts in
Ref. [203]), with the addition of BAO measurements, while the total volume of 6.5 Gpc?
h~? and mean number density of 2.2 x 10~* h® Mpc~2 are very comparable with our values.
In Ref. [203], the authors mention that F'S analysis with the power spectrum alone is not
sufficient to constraint w, due to strong degeneracies. They measure w = —1.1017911,
which is still a stronger limit than the one obtained from Planck2018 data with lensing
[279] alone: w = —1.577015. These values of w from the power spectrum analysis are
in agreement with our forecast with fixed cosmological parameters without inclusion of
the Alcock-Paczynski effect, when the bispectrum is not included (see Fig. A.4). They
also agree with the recent findings of Ref. [99] with w = —1.17701] for wCDM without a
CMB prior in the FS+BAO analysis. For IDE the authors of Ref. [99] find it necessary to
include the CMB prior on Ag and ng (without BAOs), their analysis produces the following
constraints: w = —0.9547003 and A = 4.872% b GeV~! in the base model. In our setup
for the analysis with power spectrum multipoles we find (see Fig. A.6) w = —1.14 +0.09
and A = —4.454+ 3.9 b GeV~!. The discrepancy in the error on w can be explained
by the fact that the base model in Ref. [99] assumes informative priors on the nuisance
parameters, when this assumption is alleviated and the priors are broader by 3 times (10
times) they find w = —0.98570 058 (w = —0.9947505%), which is closer to our uncertainties,
despite them using BAO data in Table 8. In this work we assume broad flat priors on the
nuisance parameters, hence our results are more in agreement with the BOSS analysis for

uninformative priors on the nuisance parameters.
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Without a CMB prior on the primordial parameters the model fails to accurately
reproduce the true values used in the simulations in the case of the dark scattering model,
while we do not observe similar behaviour in the case of the standard cosmological model
or wCDM. The reason for that is a strong degeneracy between Ay and IDE parameters
that drives the model prediction towards negative values of w and A, small values in the
scalar amplitude Ag, and large values for the linear bias b;. This hints to the presence of
projection effects due to marginalisation of a strongly non-Gaussian posterior distribution.
We demonstrate with synthetic data that such projection effect disappears when we
include the bispectrum monopole to the analysis. Unfortunately, this is less prominent
in the analysis with simulated data, since they already prefer more negative values of
w, and hence of A. The fragile symmetry around A = 0 and w = —1 is restored if the
amplitude Ay is fixed to the fiducial value with an informative CMB prior. However, even
in this case the addition of the bispectrum improves the constraints on A. This suggests
that a joint power spectrum and bispectrum analysis can lead to improved constraints
also on the other cosmological parameters, even when adopting informative priors on the
primordial parameters. This will be the next step in our ongoing investigation.

A number of interesting questions remain to be answered. The first natural step would
be to perform this analysis with the data from the BOSS survey to improve the constraints
from the power spectrum analysis of Ref. [99] with the bispectrum. Additionally, it
would be interesting to study the time-dependent dark energy equation of state, for
example, in the CPL parameterisation [85, 86], which would allow for different effects of
the interaction. This study requires data at different redshift bins, in order to constrain wy
and w,. In the case of IDE, the time-dependent equation of state promises to have weaker
impact on the nonlinear scales than the constant-w models [234]. Another potential
direction of our study is the inclusion of one-loop effects in the bispectrum model, as
was recently done for ACDM cosmology in Refs. [241, 280]. In the latter the authors
show that the one-loop corrections for the bispectrum start to be significant already at
k=0 > 0.1 h Mpc™'. This is also expected to extend the reach of the model and therefore

max,B

its constraining power.
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Chapter 4

Growth Index Parameterisation: BOSS
DR-12 Analysis

This chapter is based on the following peer reviewed publication:

e C. Moretti, M. Tsedrik, P. Carrilho, A. Pourtsidou, 2023, Modified gravity
and massive neutrinos: constraints from the full shape analysis of BOSS galax-
ies and forecasts for Stage-1V surveys. Published in JCAP: doi:10.1088/1475-
7516/2023/12/025, arXiv:2306.09275.

Here, we constrain the growth index v by performing a full-shape analysis of the power
spectrum multipoles measured from the BOSS DR12 data. We adopt a theoretical model
based on the Effective Field theory of the Large Scale Structure (EFTofLSS) and focus
on two different cosmologies: yCDM and yvCDM, where we also vary the total neutrino
mass. We explore different choices for the priors on the primordial amplitude A, and
spectral index ng, finding that informative priors are necessary to alleviate degeneracies
between the parameters and avoid strong projection effects in the posterior distributions.
Despite the model being purely phenomenological, a measurement of v inconsistent with
its ACDM prediction would provide a clear detection of deviations from the standard
cosmological model.

Precise measurement of the growth index v is among the key objectives of ongoing
Stage-1V surveys [10, 80, 281]. In addition to testing the theory of gravity, a key science
goal of Stage-IV galaxy surveys is a measurement of the neutrino mass. It is well known
that massive neutrinos can suppress structure formation below a specific free streaming
scale, thus leaving a distinct signature on cosmological observables (see Ref. [282] for a
review, or our discussion in Subsection 1.3.2). However, current LSS data alone are not
sufficiently accurate to constrain the neutrino mass, or even provide competitive upper
bounds with respect to CMB measurements. This picture is expected to change with

Stage-IV measurements of the LSS, that promise to achieve sufficient precision to allow
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for a detection of the neutrino mass. With this in mind, we produce forecasts for a
Stage-IV spectroscopic galaxy survey (DESI-like). We fit synthetic data-vectors for three
different galaxy samples generated at three different redshift bins, both individually and
jointly.

Contributions

The main analysis and drafting for this paper was led by Chiara Moretti, using her
modelling code PBJ and including massive neutrinos. I co-led the main analysis, which
consisted of coding an independent likelihood pipeline for comparison with Chiara’s
results, running all MCMC chains from the paper without massive neutrinos, testing
different samplers and effects of analytical marginalisation, running profile likelihood
analysis, producing and analysing BOSS-like and DESI-like synthetic data (noiseless and
with noise). Pedro Carrilho and Alkistis Pourtsidou made significant contributions to

discussions and the draft.

4.1 Theoretical Model

We model the nonlinear galaxy power spectrum in redshift space using the EFTofLLSS
[239, 283-285], which allows to model the effects of unknown small-scale physics on mildly
nonlinear scales with the introduction of scale-dependent terms in the theoretical model.
In particular, we follow a prescription analogous to the one of Ref. [150], but employ
an independent implementation [7-9], whose redshift space modelling for the power
spectrum has been validated on N-body simulations [272, 286]. The model features several
ingredients, including loop corrections, EFTofLLSS counterterms, a bias prescription and
an infrared-resummation routine; we outline these below, but refer to Ref. [99] and

Subsection 3.2.2 for a more detailed description.

4.1.1 Nonlinear Power Spectrum

The modelling we apply here is similar to the previous chapter. The bias expansion we
adopt is based on a perturbative expansion of the galaxy density field 6, [145, 245, 250,
287], which includes contributions from the underlying matter density field and large-scale

tidal fields. Here we only consider terms up to third order in perturbations of §:

by

(59 = b15 —|— 5(52 —f- bg2g2 + bF3F3 —|— €, (41)

where b; and by are respectively the linear and quadratic local bias parameters, G, and

I'3 are non-local functions of the density field and € is a stochastic contribution. The one
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loop anisotropic galaxy power spectrum can then be written as:
Pyy(k) = Pspr(k) + Pe(k) + Pec(k) (4.2)

with the one-loop power spectrum Pspr from Eq. 3.7', the EFTofLSS counterterms
contribution Pspr from Eq. 3.16, and the stochastic power spectrum P.. Following
Ref. [150], we re-define the k*-counterterm parameters in order to have separate
contributions to each multipole: & — ¢; for i € {0,2,4}. We model the noise contribution
as:

P.(k, ) = N + egk® + exk*1i? (4.3)

where p is the cosine of the angle between the wavevector k and the line of sight, N
is a constant that includes deviations from pure Poisson shot noise, and we have two
additional scale-dependent terms. We account for the nonlinear evolution of the BAO
peak [235, 236, 289] by means of an infrared-resummation routine, applied by splitting
the linear power spectrum in a smooth broadband component (computed using the fit of
Ref. [37]) and a wiggle part. Full details of the approach we use can be found in Sec. 2.2.2
of Ref. [99] and in Subsection 3.2.2 with additional variation of fu as a function of
cosmology given in Eq. 1.66. In total we have a set of 11 nuisance parameters per redshift
bin:

0 ={b1, by, bg,, bry, N, e, €2, Co, C2, Ca, Cyvis} . (4.4)

In our baseline analysis we keep the total neutrino mass fixed to its fiducial value
M, = 0.06 eV. We model the scale-dependent suppression induced by massive neutrinos
by computing the CDM+baryon linear power spectrum and using it as input for the
theoretical model (instead of the total matter one, which also includes the neutrino
contribution). Additionally, we consider a cosmology with free neutrino mass, and we
modify the theoretical model as described in more detail in Subsection 4.1.3.

In order to include the impact of the fiducial cosmology assumed when converting
redshifts to distances in the data, we correct wavenumbers and angles by applying Alcock-

Paczynski distortions [171] (see the corresponding discussion in Section 1.4):

k? = k? <HF6?>2 ((%)Q/K + (g—‘ffy (1- u2)> : (4.5)

o () () o (B @) o

IFor all analyses performed here we consider a massive neutrino component, even when we do not
vary the total neutrino mass as a free parameter. Motivated by Refs. [131, 288], we always use the Cold
Dark Matter (CDM) + baryon as linear power spectrum in Eq. 4.2 and following equations.
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as well as re-scaling the power spectrum by a factor

Jyfid 3 H Dfid 2
Ao — 0 A 4.
w= (1) g (B (4.7

where H, is the Hubble factor today, D4 is the angular diameter distance, and i refers to

quantities evaluated in the fiducial cosmology. Finally, we project the anisotropic power
spectrum to multipoles in the usual way:

Pik) = 22 [ g Py (RO, ), 1, 1) Pl (43)

2 Ja
where Py(p) is the Legendre polynomial of order /.
As before, our implementation allows for bypassing the CAMB Boltzmann solver [290]
in order to use linear power spectrum emulators, namely bacco [133] and/or CosmoPower
[291]. We note that this speeds up the model evaluations by roughly two orders of

magnitude.

4.1.2 The Growth Index v Parameterisation

In order to check for deviations from ACDM, we adopt the phenomenological param-
eterisation proposed in Refs. [292, 293]. Specifically, we compute the growth rate
f=dInD/dIna as:

f(a) = Qn(a)”, (4.9)
where Q,,(a) = Q007 /E?(a) is the time dependent matter density parameter, with E(a)

the dimensionless Hubble factor. Eq. 4.9 has been shown to be 0.2% accurate for ACDM
scenarios, with v = 0.55 [293]. We compute the linear growth factor D by numerically

D,(a) = exp {— / dd/ M} | (4.10)

a/

integrating Eq. 4.9:

We normalise the growth rate to its ACDM value at high redshift, i.e., during matter
domination. The growth functions from Eq. 4.9 and Eq. 4.10 are then used to re-scale
the linear power spectrum computed at redshift z = 0 and construct the redshift space
multipoles as described in Subsection 4.1.1. An analysis of the behaviour of v over
cosmic history can be found in Refs. [294, 295], while Ref. [296] proposes an alternative

parameterisation, that extends v to be a function of redshift.

4.1.3 Massive Neutrinos

The scale-dependent suppression in growth induced by massive neutrinos free streaming

(see a review in Ref. [282] as well as the discussion in Subsection 1.3.2) is modelled
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following the prescription of Ref. [288], which consists in using the CDM + baryon
power spectrum P, instead of the total matter P,, = P, to compute the galaxy power
spectrum multipoles. While not exact, this approach was shown to be sufficiently accurate
for survey volumes similar to that of BOSS in Ref. [297], especially for small neutrino
masses. For our baseline analysis with fixed > m, = M, = 0.06 eV we modify the model
described in Subsection 4.1.1 by substituting ¢ with d., in Eq. 4.1, and thus P, with P,
in what follows.

For the case where the neutrino mass is varied as a free parameter, given the bigger
impact that neutrino masses larger than the minimal one have on the power spectrum,

we perform the following modifications to the model:

e we compute the linear P, twice, once for each effective redshift of the galaxy sample,
in order to properly model the scale-dependent suppression introduced by massive

neutrinos;

e we modify our infrared-resummation routine, since the Eisenstein-Hu prescription
we adopt for the broadband power spectrum does not include a dependence on
massive neutrinos. We use instead a discrete sine transform approach to perform

the wiggle-no wiggle decomposition [298, 299];

e we compute the growth rate of Eq. 4.9 using only the CDM+baryon density €2
[300];

e the resulting growth factor is normalised to its ACDM counterpart at the effective

redshift, so that differences in the amplitude only come from the + parameter.

In principle, a more accurate modelling of the impact of massive neutrinos would
require a modification of the perturbation theory kernels and the use of a scale dependent
growth rate (see, e.g., Refs. [301-305]). However, we do not expect any relevant effect for

the case of BOSS measurements given the size of the error bars [297].

4.2 Data and Analysis Setup

Our main analysis setup and dataset follow the ones described in Ref. [99]. We summarise

here the main points, but refer to that work for more details.

4.2.1 Dataset

We use the galaxy power spectrum multipoles of BOSS DR12 [306-308], which is split in
two galaxy samples (CMASS and LOWZ) and covers two different sky cuts (NGC and
SGC). The measurements are performed by splitting the sample into two redshift bins,
with effective redshift z; = 0.38 and 23 = 0.61 and widths Az = 0.3 and 0.25, respectively.
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In particular, we use the windowless measurements provided in Ref. [62], based on the
windowless estimator [168, 169]. The power spectrum measurements are complemented
with BAO measurements of the Alcock-Paczynski parameters o, o) obtained from the
same BOSS data release and also provided by Ref. [62], as well as pre-reconstruction
BAO measurements at low redshift (6DF survey [309] and SDSS DR7 MGS [310]) and
high redshift measurements of the Hubble factor and angular diameter distance from the
Ly-a forest auto and cross-correlation with quasars from eBOSS DR12 [311]. We model
them with Eq. 1.64 and Eq. 1.65. For BOSS power spectrum multipoles and BAOs we use
a numerical covariance matrix computed from 2048 “MultiDark-Patchy” mock catalogs

[312, 313], also provided in its windowless form [62].

4.2.2 Analysis Setup

We fit all three multipoles of the galaxy power spectrum up to kmax = 0.2 h Mpc™'. The
nonlinear power spectrum is modelled with the EF TofLLSS as described in Subsection 4.1.1,
with a custom implementation which takes advantage of the FAST-PT algorithm [158, 159]
to compute the convolution integrals of Eq. 4.2 in O(1072) seconds. The theoretical
prediction is then combined with an independently developed likelihood pipeline, where we
sample the parameter space by means of the affine-invariant sampler implemented in the
emcee package [210], using the integrated auto-correlation time* as convergence diagnostic
for our MCMC chains [219]. For the Stage-IV forecasts presented in Subsection 4.3.3
we use the pre-conditioned MonteCarlo method discussed in Subsection 2.4.4 and
implemented in pocomc [211, 221], which allows for a speed up in the sampling of
parameters. We check the two samplers give consistent results.

We marginalise analytically over the nuisance parameters that enter the model linearly
[152, 203], namely the EFT counterterm parameters, the noise parameters, and brs. The
parameter space is thus restricted to 18 free parameters (19 when we also vary the total
neutrino mass):

{Wca Wh, h7 Nns, Asa Y, (M,,); b1> b2a bgz}a (4‘11)

where the bias parameters assume different values in each redshift bin and sky cut (e.g.,
by — [pNCGCzl }SGCzl NGCz3  1SGC.23
1 — 1 ) 1 y Y1 s Y1 )

Concerning priors®, we impose a Gaussian BBN prior on w,*, and broad, flat priors

on the cosmological parameters, matching the ranges of parameters allowed by the bacco

2In particular, we compute 7 every 100 steps of the chain and check that, for each parameter, two
conditions are satisfied: 7 < nstep/50 and Ar/7 < 0.01, with A7 the difference between the current
value of 7 and its value at the previous check. For more details see Subsection 2.4.3.

3We denote the uniform distribution with edges a, b as U(a, b), and the normal distribution with mean
a and standard deviation b as N (a, b).

4We use the results of Refs. [184, 185, 314], so that w, € N(0.02268,0.00038)
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linear emulator:
Qu € U(0.06,0.7), h € U(0.5,0.9), M, € U(0,1), (4.12)

where and 4 = Q. + Q,. We impose no prior on the other cosmological parameters in
our baseline analysis, but we also explore the impact of including Planck priors on the
primordial parameters A, and n,. In particular, for each cosmology explored (yCDM,

~vCDM), we have three options:
e one with no priors on A, n, (labelled baseline);

e one with a 30 Gaussian Planck prior on A,: In(10' A,) € N(3.044,0.042) (labelled
prior Ag);

e and one with a 30 Gaussian Planck prior on both A, and n,: In(10'° A,) €
N (3.044,0.042) and ng € N(0.9649,0.0126) (labelled prior As,ny).

For both parameters, the Gaussian priors are centered on the best-fit values from Planck
2018 [22] and have width corresponding to the 30 error from the same work. For the

nuisance parameters, we adopt those of Ref. [62]:

by €U(0,4), by € N(0,1), bg, € N(0,1), br, eN(%(bl—l),l) ,

NEJ\/(l 3>,eoeN(o,%>,ezeN(0 2 > D N(0,30),
nkg

nn "nk%, ) 7 [Mpc/h]?
(4.13)
e N(30,30), —L € N(0,30), —Y ¢ AF(500,500)
[Mpc/h]? "7 [Mpe/h)? 77 [Mpe/h)t o

4.3 Results

4.3.1 BOSS Analysis

Here we present the main results of the analysis of the galaxy power spectrum multipoles
measured from the BOSS DRI12; we cover the two extensions of the base ACDM
scenario discussed in the previous sections: YCDM and yvCDM. For each cosmology,
we explore the three options for priors described in Subsection 4.2.2. We show the
posterior distributions for the yCDM case with fixed neutrino mass M, = 0.06 eV
in Fig. 4.1 and summarise the 68% c.l., mean and best-fit values for the cosmological
parameters in Tab. 4.1. Plots for the full parameter space can be found in Appendix B.1.
We obtain v = 0.00775379 (0.149) for the baseline priors, shown by green contours,
v = 0.617139% (0.614) (prior on A, orange contours) and v = 0.647 & 0.085 (0.655)
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Parameter baseline prior on Ag prior on Ay, ng

. 0.1208+9-5076 0.1157+0-4072 0.11861-002
(0.1216) (0.1165) (0.1196)
0.02267 4 0.00039  0.02265 + 0.00038 ~ 0.02266 + 0.00038
wp
(0.02298) (0.02292) (0.02275)
) 0.680 & 0.010 0.675+0.011 0.678 £ 0.010
(0.682) (0.682) (0.681)
In(10% A,) 2.03010:37 3.034 +0.042 3.033 +0.042
n s
(2.190) (3.055) (3.065)
0.973 + 0.057 0.99675-0%2 0.966 + 0.012
Ng
(0.970) (0.994) (0.970)
0.00710:3%9 0.61770:998 0.647 +0.085
N
(0.149) (0.614) (0.655)
0.49810:05% 0.796 + 0.030 0.801 + 0.029
o]
(0.534) (0.807) (0.819)

Table 4.1 Mean values and 68% c.l. values for yCDM with fixed neutrino mass M, =
0.06 eV for the three prior choices. We show the best-fit values in parentheses,
and include derived constraints on og.

(prior on Ay and ng, purple contours), where values in parentheses refer to the best-fit
values, obtained as the maximum of the analytically marginalised posterior.

We first note that our baseline analysis is affected by strong projection effects (also
known as prior-volume effects), in particular involving the parameters regulating the
amplitude of the power spectrum, A, and 7: when no CMB priors are imposed, the
two-dimensional marginalised posteriors are shifted towards extremely low values of A
and v, along the degeneracy between the two. In fact, lowering the primordial amplitude
A, or introducing a low value for -, which effectively increases the growth factor, result
in two opposite effects which can balance out and give the same power spectrum. An
analogous behaviour for extensions of the standard model was highlighted in Ref. [99],
especially for the case of exotic (interacting) dark energy cosmology (see their Fig. 7).
Other works focusing on the full-shape analysis of the same dataset also highlighted issues
when trying to constrain extended parameter models [154, 278]. In particular in Ref. [278§]
the authors provide constraints on nDGP modified gravity [107] using a similar EF TofL.SS-
based model, and discuss the presence of projections due to the degeneracy between the
primordial amplitude A; and the nDGP Q. parameter (see Subsection 1.3.1). We study
the presence of prior-volume effects in more detail in Subsection 4.3.2 by generating and
fitting synthetic data, adopting the same covariance matrix used for our main BOSS
analysis, and by profiling the posterior.

Imposing a prior on A, breaks these degeneracies and shifts the two-dimensional
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Figure 4.1 Marginalised posterior distribution for the cosmological parameters for the

~vCDM cosmology and the three prior choices, as detailed in the legend. We

fit all three multipoles and use kmax = 0.2 h Mpc™!. Grey dashed lines mark
the Planck best-fit values (ACDM prediction for ).
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marginalised posterior closer to the Planck best-fit and ACDM values, as can be seen
in the orange contours of Fig. 4.1. In fact, the other cosmological parameters are mostly
unaffected, but the error on ~ is reduced by ~ 48%. Moreover, adopting a prior on ng
yields an additional ~ 18% improvement on . Both the mean and best-fit values obtained
in these cases are slightly larger than the ACDM prediction of v = 0.55, though still ~ 1o
consistent. This slight deviation is likely equivalent to the finding in previous full-shape
BOSS analyses of a low value of A,° [99, 152, 258] (In(10' A,) ~ 2.8 as opposed to the
Planck value In(10'® A,) = 3.044): when we impose a prior on A, the model tries to
compensate by lowering the amplitude with a larger value for . We also notice that the
degeneracy with A, was masking a degeneracy between v, w. and ng, which emerges when
we impose a prior on A, and is then broken when we apply a Planck prior on ng.

We then open up the parameter space and allow the neutrino mass to vary as a free
parameter. It is worth noting that we do not expect to obtain tight constraints on the
neutrino mass, as previous analyses already highlighted the inability of BOSS data alone
to do so [152, 315, 316]; in fact, as discussed in Ref. [152] the precision of BOSS data
does not allow to detect the step in the power spectrum which marks the free streaming
length of massive neutrinos, restricting detectable signatures only to changes to the overall
amplitude. Nevertheless, our goal is to study possible degeneracies between v and M,
and the impact of massive neutrinos on the constraints on . We modify the theoretical
model as described in Subsection 4.1.3, and explore the same three options for priors
as for the yCDM case. The marginalised posteriors for yvCDM are shown in Fig. 4.2,
and the 68% c.l., mean and best-fit values for the cosmological parameters are listed in
Tab. 4.2.

We first note that the baseline shows a similar shift in the two-dimensional marginalised
posteriors for v and A, as the one of Fig. 4.1. This is again due to the presence of strong
degeneracies between the parameters that control the amplitude of the power spectrum.
However, the error on 7 is not affected by the introduction of M, and in fact there seems
to be no degeneracy between the two. This is actually due to the fact that such degeneracy
is mild compared to the others and to the size of the error bars on BOSS data (see, e.g.,
Fig. 4.12 where we perform forecasts for Stage-IV surveys, an anti-correlation between
and M, can clearly be seen).

When we impose Planck priors on the primordial parameters on the other hand we can
see a mild degeneracy emerge between v and M,,, which leads to marginally lower values
for v with respect to yCDM. Concerning neutrinos, as expected the data are not very
constraining, and we only provide (somewhat large) upper limits. It is worth commenting

on the case with a CMB prior on Ay, where the model seems to be picking up a large

5This low amplitude is possibly arising due to prior-volume/projection effects as seen in Refs. [99, 154,
241]. We explore some of these effects in Subsection 4.3.2, but leave a more complete analysis for future
work.
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Figure 4.2 Marginalised posterior distribution for the cosmological parameters for

yvCDM for the three prior choices. We use kmax = 0.2 h Mpc™! and a flat
prior M, ~ U(0,1) eV for the neutrino mass. Grey dashed lines mark the
Planck best-fit values (with the ACDM prediction for v and minimal neutrino
mass M, = 0.06 eV ).
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Parameter baseline

prior on Ag

prior on Ag,ng

0.0072
0.119379 0%z

0.0070
0.1146 756050

0.0054
0.120250 00as

e (0.1173) (0.1184) (0.1195)
0.02266 4 0.00038  0.02265 + 0.00039  0.02267 + 0.00038
wb (0.02284) (0.02292) (0.02264)
) 0.678 +0.011 0.673 4 0.011 0.6779 4+ 0.010
(0.675) (0.683) (0.681)
In(10% A,) 2.004179-29% 3.035 4 0.042 3.034 4 0.042
(2.290) (3.028) (3.040)
1.00979-081 1.043 +0.079 0.967 +0.012
" (0.977) (1.028) (0.957)
0.001+5:255 0.53415:951 0.612+9-975
! (0.183) (0.526) (0.61)
M < 0.372 < 0.478 < 0.298
(0.038) (0.362) (0.016)
o 0.49675-954 0.80615-05% 0.809 + 0.031
(0.550) (0.818) (0.806)

Table 4.2 Mean values and 68% c.l. values for yv CDM for the three prior choices. We
show the best-fit values in parentheses, and include derived constraints on og.

value for M,: we argue that this is to be ascribed to the model trying to lower the
amplitude by exploiting the degeneracy between M, and n,. More specifically, in the
baseline case the amplitude is mostly controlled by A,; when that is fixed by the prior,
other parameters change to compensate: mostly 7, but also the neutrino mass, resulting
in a looser constraint on M, in that case. However, this is only possible if the change in
the shape of the power spectrum due to massive neutrinos is compensated by a change in
ns. When ny is also fixed by the Planck prior, there is less freedom in the shape and thus
the constraint on M, tightens again.

In Fig. 4.3 we plot the one-dimensional marginalised posterior distributions for « for all
cases described in this section, to allow for an easier comparison between the constraints
we get for this parameter. We mark the best-fit values with dashed lines, following the
same color scheme of Fig. 4.1 and Fig. 4.2, and the ACDM prediction with solid grey
lines. As we can see, adopting CMB priors on the primordial parameters shifts the peak
of the posterior from (projection affected) negative values to values consistent with the
ACDM prediction, albeit slightly larger. Moreover, the difference between the peak of the
posterior and the best-fit for the case without CMB-based priors is a hint of the projection
which affects the marginalised posteriors.

Our results are broadly consistent with previous analyses of the BOSS data, although
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Figure 4.3 Marginalised one-dimensional posterior distribution for the v parameter for
vCDM (left) and yvCDM (right), for the three prior choices as stated in
the legend. Dashed vertical lines mark the best-fit values corresponding to
the maximum of the marginalised posterior distribution; the solid grey line
corresponds to the ACDM prediction.

an exact comparison is difficult due to different choices in the analysis setup and datasets
included. The main novelty of this work is the use of a full-shape approach, as opposed to
template fitting adopted in the official BOSS analysis, and the exploration of the impact
of priors on the inferred parameters. Moreover, most previous works take advantage of a
joint analysis with CMB data, which results in generally tighter constraints. Nevertheless,
we report here some of the recent measurements of + that used BOSS galaxies as the
main dataset for comparison, highlighting the main differences with respect to this work:
Ref. [317] found v = 0.566+0.058 combining BOSS DR12 galaxies with Planck CMB data
and SNla data. Additionally, Ref. [318] provides joint constraints on v and the neutrino
mass M, although they used a previous data release (DR11) and again performed a joint
fit with CMB data: they found v = 0.67 4+ 0.14, M, = 0.25%033. A joint analysis with
the galaxy bispectrum was performed in Ref. [319], finding v = 0.733750%3. All these
works are official analyses from the BOSS collaboration, and adopt a fixed template for
the power spectrum multipoles. More recently, Ref. [66] performed a similar analysis
combining data from BOSS, DES and Planck, finding v = 0.6331005>. Also in this case
the power spectrum was fitted using a fixed template, as opposed to the full-shape fit we
perform in this work.

Overall, our strongest constraints (those where we impose CMB-based priors on the
primordial parameters) show a marginal preference for a high value of ~, consistent for
example with Ref. [66]. However, in our case the deviation from the ACDM prediction is
~ 1o, as opposed to the ~ 40 discrepancy found in that work. In general, our constraints
are weaker than those obtained in previous works. This can be attributed to the fact
that we only rely on LSS data and include CMB information merely in terms of priors

on the primordial parameters: given the degeneracies between the additional parameters
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of yCDM and yvCDM and the other parameters, some of which are tightly constrained
by the CMB, it is no surprise that performing a joint analysis with Planck data can
yield tighter constraints. This can also be approximated by including Gaussian priors
derived from Planck on all cosmological parameters, see Appendix F of Ref. [320] for a
comparison.

Another possible way of gaining in constraining power without resorting to CMB
information would be to use higher-order statistics such as the galaxy bispectrum. Indeed,
the tree-level bispectrum does not depend on br,, and its inclusion in the analysis can
therefore break the degeneracy between bg, and br,, leading to improved constraints on
the linear bias by (see Refs. [62, 152] for a full-shape joint analysis of BOSS data). While
the impact on cosmological parameters is somewhat marginal in the context of ACDM
and Stage-IIT surveys, it can become significant for extended models where there are
strong degeneracies between parameters controlling the amplitude: a tighter constraint
on b; implies a more precise measurement of Ay and therefore of v. Some work towards
quantifying the impact of including the bispectrum for beyond-ACDM models has already
been done in Chapter 3 in the context of simulations, where a ~ 30% improvement was
found for a power spectrum and bispectrum joint analysis for an interacting dark energy
model. We leave a proper exploration of the impact of the bispectrum in the context of

~vCDM and yvCDM to a future work.

4.3.2 Projection Effects

In this section we study in more details the prior-volume effects found for yCDM and
~vCDM when no CMB priors are applied (green contours in Fig. 4.1 and Fig. 4.2, in
particular the A,—y plane). The presence of projection effects is already highlighted by
the shift between the peak of the one-dimensional marginalised posterior and the best-fit
point, see Fig. 4.3. To better investigate this we adopt two approaches: first we perform
a consistency check using synthetic data, then we carry out profiling of the posterior. For
the consistency check we perform the same analysis described in Subsection 4.3.1 on a
synthetic datavector generated with a fiducial cosmology and set of nuisance parameters.
We note that the ability of our pipeline to recover the cosmological parameters correctly
has been validated with N-body simulations, and we are using the same theoretical
model to generate the datavector and fit it, which should lead to perfect agreement
between the input and inferred parameters. We use the same covariance computed from
the “MultiDark-Patchy” mock catalogues adopted in the BOSS analysis, and include
(synthetic) BAO information. As fiducial parameters we adopt the best-fit values of
Planck [22], while the nuisance parameters are determined by maximising the BOSS
likelihood with cosmology fixed to the Planck values. Our results are plotted in Fig. 4.4

(purple contours and lines), where we also include the baseline result of Fig. 4.1 for
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Figure 4.4 Posterior distribution for the cosmological parameters for the BOSS data
(green) and synthetic data generated with the Planck fiducial cosmology
(purple). We fix the total neutrino mass to M,, = 0.06 eV and use a scale-cut
of kmax = 0.2 h Mpc™L. Grey dashed lines mark the fiducial cosmology used
to generate the synthetic data.
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comparison (green contours and lines).

The two-dimensional marginalised posteriors for the synthetic data exhibit a very
similar behaviour as the one we observed in the BOSS data, with a strong shift in the
posterior towards low values of A; and v and almost perfect overlap with the posterior
obtained from BOSS data. As discussed above, this effect can be ascribed to the presence
of extreme degeneracies in the extended parameter space, which lead to a highly non-
Gaussian posterior. As a consequence, the marginalisation process can result in apparent
biases in the two-dimensional confidence regions, as discussed thoroughly in Ref. [277].°
In that work, the author proposes to use profile distributions to assess the impact of
marginalisation. As opposed to marginalisation, this profile likelihood (PL) approach
allows one to obtain a one-dimensional distribution by evaluating the posterior over a
scan of a parameter of interest, 6;, while maximising the posterior with respect to all
other parameters 05, k # i. This profile distribution is not biased by projection effects,
since it is centred on the maximum of the full posterior. For non-Gaussian posteriors, as
is the case here, the resulting distribution will be different than the usual marginalised
distribution obtained via integration over the marginalised parameters. Depending on the
type of non-Gaussianity, this distribution can be broader or narrower over the parameter
of interest. This difference between integration and maximisation of the posterior is
approximately given by the so-called Laplace term, which accounts for volume effects as
explained in Ref. [200].

Ref. [277] suggests performing this profiling step directly on the MCMC samples.
However, in addition to resulting in noisy distributions, this is not ideal in our case,
since we sample over the analytically marginalised posterior and we therefore expect
additional projection due to that pre-marginalisation step. We profile instead the full
posterior using the MINOS algorithm implemented in the iminuit package [195]. Our
parameter of interest is the growth index v, for which we plot the PL in the left panel
of Fig. 4.5, and compare to the one-dimensional marginalised posterior from the MCMC
in the right panel. Additionally, we compare the confidence intervals obtained from the
MCMC to those obtained from the profiling in Fig. 4.6.

Fig. 4.5 shows a clear shift of the PL towards the ACDM prediction with respect to
the marginalised posterior. Moreover, the confidence intervals are larger in the case of
the PL, making the results consistent with ACDM. We also note how the best-fit points
from the MCMC (orange crosses in Fig. 4.6) are close to the PL results, though still
somewhat lower in A,. This demonstrates the presence of additional projection effects
due to the analytic marginalisation of linear nuisance parameters in the posterior sampled
in the MCMC. Overall, the use of the profile likelihood shows a more conservative result,
which appears, at least in this case, to reflect better the effect of the large degeneracy

between the amplitude parameters on the final one-dimensional constraint on +. Note that

6See also Ref. [200] for further explanation of the origin of these biases and our discussion in Section 2.3.
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determine confidence intervals. Right: comparison between the marginalised
posterior obtained from the mcme (green curve) and the PL (orange curve
and datapoints). The dashed vertical line marks the ACDM prediciton.
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Figure 4.6 Comparison between the mean values and confidence intervals obtained from
the marginalised posterior (green points and error bars) and the PL (orange
points and error bars) for v (left) and In(10*° Ay) (right). We show the best-
fit points obtained from the MCMC with crosses. The dashed vertical line
marks the ACDM prediciton.
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should the posterior be closer to the Gaussian case, the difference between marginalising
and profiling would disappear, so we expect projection effects to disappear with more
constraining data.

As mentioned already in Section 4.3, the presence of volume (or projection) effects
was already highlighted in a number of recent works performing the full-shape analysis
of BOSS data in the context of beyond-ACDM models [99, 154, 278, 321]. It is expected
that the higher precision of forthcoming data will mitigate this effect, as also suggested by
the forecasts we present in Subsection 4.3.3. However, projections can also be alleviated
by the combination with additional probes or the inclusion of higher order correlation
functions. In general, we recommend extreme care in the choice of priors, especially when

constraining beyond-ACDM models.

4.3.3 Forecasts for Stage-1V Surveys

In this section we present forecasts for a Stage-IV spectroscopic galaxy survey, focusing
in particular on DESI-like galaxies. Similarly to what described in Subsection 4.3.2,
we generate and fit synthetic datavectors with the same EFTofLLSS theoretical model.
The aim is twofold: on one hand, we wish to provide forecasted constraints on v and
jointly on v and M,,, on the other hand, we can assess the ability of the higher precision
measurement of reducing the projection effects. Despite a number of approximations we
make in our forecasting strategy, which we highlight below, we expect the results to give a
more realistic picture of the outcome of future surveys, as opposed to the standard Fisher
matrix approach. The latter, while extremely useful due to its low computational cost,
has been shown to be unable to capture complex features in the likelihood, which can
arise in the context of strong degeneracies between parameters and highly non-Gaussian
posteriors (see, e.g., Refs. [322-325]).

We generate three sets of synthetic datavectors, assuming Planck values for the
cosmological parameters and simulating the three galaxy samples that are the target of
DESI: the bright galaxy sample (BGS), luminous red galaxies (LRGs), and star-forming
emission line galaxies (ELG). We follow Ref. [10] and compute expected values for the
linear bias and number density of the samples, which we list in Tab. 4.3 together with the
respective effective volume. Specifically, we assume constant values for the combination
b1(z)D(z), where D(z) is the linear growth factor evaluated at the central redshift of each
bin, and use brrg(2)D(z) = 1.7, bpra(2)D(z) = 0.84, and bpas(z)D(z) = 1.34.

All redshift bins have size Az = 0.4 and are centered on the z.¢ values listed in the

table. We compute an analytic covariance matrix, assuming no cross correlation between
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Galaxy sample zgz Vi [Gpc®/h3] b @ [h®/Mpc?]

BGS 0.2 1.8 1.135 0.013
LRGs 0.8 12 256 3.2x 1074
ELG 1.2 17 1.51  3.7x10™*

Table 4.3 Parameters used to generate the synthetic DESI-like datavectors for the
forecasts.  We follow Ref. [10] in computing the effective redshift zog, the
volume Vs and number density n, and determine the linear bias by assuming
constant, sample-specific values for the combination by(z)D(z) as specified in

the text.
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Figure 4.7 Power spectrum multipoles for the three galary samples in our synthetic
DESI-like dataset: BGS (green, triangle markers), LRGs (orange, round
markers) and ELGs (blue, crosses). The error bars are the square roots of
the diagonal elements of the analytic covariance matriz.

the redshift bins / samples. Specifically, we use the following [34]:

1
[ atmtntu) [P+ 1] P+ 1]

(4.14)
where p; is the cosine between k; and the line of sight, £, is the Legendre polynomial of
order ¢, i is the number density and N = 4wk*Ak V;/(2m)? is the number of Fourier

modes within a given k-bin of size Ak, V, being the survey volume. For the power

(201 +1)(205 + 1)
N

Coye, (ki kj) =

spectrum P(k) in Eq. 4.14 we use the Kaiser approximation [140]:
P(k) = (b + fu?)* Pr(k). (4.15)

As for priors, we use the same ones we adopted for the baseline BOSS analysis of
Subsection 4.2.2; specifically we impose no prior on the primordial parameters A, and ny,
both to showcase the constraining power of LSS alone and to assess potential projection
effects in the context of Stage-IV surveys. The resulting power spectrum multipoles for
the three samples, with corresponding error bars, are shown in Fig. 4.7.

We fit the three galaxy samples separately and then combine them, and explore two

options for the scale cuts: a pessimistic one with kyax = 0.15 A Mpc™' and an optimistic
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one with k. = 0.25 h Mpc ™. Our results for YCDM are shown in Fig. 4.9 (Fig. 4.8) for
the optimistic (pessimistic) case, and summarised in Tab. 4.4. Moreover, we perform the
same analysis for yvCDM and show the results in Fig. 4.11 (Fig. 4.10) for the optimistic
(pessimistic) case, while the constraints are listed in Tab. 4.5.

For the joint analysis in yCDM we find o(v) = 0.058 (0.072) for the optimistic
(pessimistic) case, which represents an improvement of ~ 85% with respect to the
BOSS results when no CMB priors are imposed. For yvCDM we find the same values,
despite the introduction of M, as a free parameter. As for massive neutrinos, we get
M, < 0.27 (< 0.314) at 68% c.l. for the optimistic (pessimistic) case, with a very modest
improvement with respect to the constraints obtained from BOSS data. Such a dramatic
improvement in the constraints on v is due to the combination of the different samples:
each sample features a slightly different orientation of the degeneracy between A, and ~,
which is then broken when we perform the joint fit.

Focusing on the projection effects which heavily affected the BOSS analysis, we can
clearly see how they are strongly mitigated by the increased precision of the mock data
and the combination of multiple samples at different redshifts. In fact, for the joint
analysis of the three galaxy samples the deviation between the input and best-fit values
for v is ~ 0.1, with the exception of the yvCDM cosmology in the optimistic case where
the deviation is ~ 0.40. On the other hand, some projection is still present in the fits
for the single samples, although we can always recover the input value at the 1o level.
It is also worth noting how the inclusion of more nonlinear modes can further alleviate

the projection. For example, from the BGS sample we obtain v = 0.4375:35 (0.37) in the

pessimistic case and v = 0.68752% (0.521) in the optimistic case, with the shift between
the best-fit point and the input value reduced from 0.37¢ to 0.060.

A proper comparison to other forecasts in the literature is complicated, because the
results depend strongly on the forecasting strategy. Nonetheless, we try to summarise
previous results and highlight the differences with this work. Overall we find weaker

constraints on 7, which can mainly be attributed to the following reasons:

e most works rely on the Fisher matrix formalism, known to be unable to properly

describe the likelihood in presence of strong degeneracies in the parameter space;

e most works use a linear model for the power spectrum, with a significantly smaller

number of nuisance parameters;

e most works perform a joint analysis with CMB information, which, as discussed
above, can tightly constrain some of the parameters which are most degenerate

with ~.

Forecasts for the v parameterisation for Stage-IV surveys can be found in Ref. [326].

The authors use a Fisher matrix approach and a linear model for the power spectrum,
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Figure 4.8 Marginalised posterior for vCDM for the pessimistic case with kyax =
0.15 h Mpc~t. We fit the three samples separately and jointly, as detailed in
the legend. Dashed grey lines mark the fiducial values.
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Figure 4.9 Marginalised posterior for vCDM for the optimistic case with kpax =
0.25 h Mpc~t. We fit the three samples separately and jointly, as detailed in
the legend. Dashed grey lines mark the fiducial values.
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Figure 4.10 Marginalised posterior for yvCDM for the pessimistic case with kymax =
0.15 h Mpc™. We fit the three samples separately and jointly, as detailed
in the legend. Dashed grey lines mark the fiducial values.
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Figure 4.11 Marginalised posterior for yvCDM for the optimistic case with kpax =
0.25 h Mpc™!. We fit the three samples separately and jointly, as detailed
in the legend. Dashed grey lines mark the fiducial values.
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Parameter BGS ELGs LRGs joint
Pessimistic kpax = 0.15 A Mp(f1
. 0.14870-635 0.124215-00%8 0.125610-0%7° 0.12501 90059
(0.1352) (0.1202) (0.1228) (0.1212)
0.02268 4 0.00038  0.02269 + 0.00037  0.02268 4 0.00038  0.02268 + 0.00038
Wy
(0.02255) (0.02230) (0.02306) (0.02303)
) 0.70015:052 0.675 +0.014 0.676 & 0.011 0.6765 4 0.0078
(0.688) (0.671) (0.679) (0.676)
(1010 A.) 2.41 £ 0.55 3.067058 2.9070 1% 3.00 £0.11
(2.27) (3.26) (3.27) (3.04)
0.80170:990 0.935 + 0.066 0.93310-059 0.930 = 0.041
N
(0.752) (0.955) (0.950) (0.950)
. 0.4310:33 0.64% 055 0.4510-18 0.587 4 0.072
(0.37) (0.94) (0.81) (0.57)
o 0.651019 0.8410:32 0.8019-43 0.804 4 0.037
(0.55) (0.903) (0.912) (0.809)
Optimistic kmax = 0.25 h Mp(f1
. 0.A8TTRON 01206700 0128170000 0.12217008
(0.1298) (0.1175) (0.1176) (0.1135)
0.02269 4 0.00038  0.02268 + 0.00038  0.02268 4 0.00037  0.02267 + 0.00038
Wy
(0.02205) (0.02245) (0.02196) (0.02139)
) 0.6887003% 0.676 + 0.013 0.6752 4+ 0.0087  0.6755 & 0.0067
(0.679) (0.676) (0.669) (0.662)
In(10% 4,) 3.047057 3.0119-29 2.96 + 0.48 3.063 + 0.074
(2.81) (2.91) (3.51) (3.10)
0.80 4 0.10 0.949 + 0.052 0.947 + 0.056 0.947 + 0.034
N
(0.872) (0.975) (0.965) (0.982)
0.6810:32 0.47 £ 0.75 0.4710:57 0.584 4 0.058
”
(0.521) (0.287) (1.016) (0.549)
o 0.8570 31 0.8270 32 0.8170 33 0.822 + 0.026
(0.737) (0.754) (1.015) (0.816)

Table 4.4 Mean values and 68% c.l. values for yCDM with fixed neutrino mass M, =
0.06 eV for the three DESI-like galaxy samples fitted separately and jointly.
We show the best-fit values in parentheses, and include derived constaints for

Jsg.
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Parameter BGS ELG LRGs joint
Pessimistic kpax = 0.15 A Mp(f1
. 0.14970-638 0.124315-005¢ 0.125710-097" 0.1242719-0069
(0.1431) (0.1171) (0.1181) (0.1212)
0.02269 + 0.00038  0.02269 + 0.00038  0.02268 + 0.00037  0.02268 4 0.00038
0 (0.02322 ) (0.02274) (0.02261) (0.02273)
N 0.701+5-929 0.670 4 0.015 0.672 4 0.011 0.6745 + 0.0081
(0.698 ) (0.676 ) (0.675) (0.68)
In(10% 4,) 2.47 +0.61 3.0219-79 2.8510-9¢ 3.087012
(1.25) (3.32) (3.25) (2.99)
o 0.84 +0.11 0.967 + 0.075 0.97175:9%8 0.95870 02
(0.816 ) (0.969) (0.979) (0.95)
0.4340.23 0.51 4+ 0.71 0.3670 58 0.590 + 0.072
! (-0.07) (0.04) (0.81) (0.563)
M — < 0.434 < 0.494 < 0.314
(0.017) (0.024) (0.026) (0.032)
o 0.631035 0.79+9-22 074193 0.801700%%
(0.351) (0.925) (0.900) (0.798 )
Optimistic kyax = 0.25 h Mpc™*
. 0.1398T0 6137 0.121610 5055 0.123719:6072 0.121977504¢
(0.1308) (0.1197) (0.1208) (0.1203 )
0.02268 + 0.00038  0.02269 + 0.00038  0.02268 + 0.00037  0.02267 + 0.00037
wb (0.02265) (0.02278) (0.02325) (0.02207)
. 0.69070058 0.672 +0.013 0.673 = 0.009 0.675 =+ 0.007
(0.684) (0.678) (0.683) (0.671)
In(101° A.) 3.10675:55 2.98970-6a4 2.89370:51% 3.11610 9%
(2.87) (3.12) (3.26) (3.07)
o 0.844 4 0.110 0.97875-058 0.983 + 0.067 0.96870032
(0.877) (0.958) (0.979) (0.962)
0.6551 5352 0.405 + 0.668 0.366 + 0.462 0.588 4 0.058
! (0.539) (0.748) (0.795) (0.598)
M — < 0.368 < 0.489 < 0.270
(0.214) (0.039) (0.052) (0.082)
o 0.817+9-181 0.77619-328 0.73810-35% 0.81519:926
(0.732) (0.841) (0.910) (0.822)

Table 4.5 Mean wvalues and 68% c.l.
galaxy samples fitted separately and jointly.

parentheses, and include derived constraints for og.

values for yvCDM for the three DESI-like
We show the best-fit values in
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limiting their analysis at ky. < 0.1 A Mpc ™!, and find an overly optimistic () = 0.0096
for the case with fixed neutrino mass and dark energy parameter. This result is mainly
driven by the differences in the dimensionality of the parameter space considered: their
modelling only involves six parameters (nine when they also consider massive neutrinos
and evolving dark energy), with only one (linear) bias, and no parameter controlling the
overall amplitude of the power spectrum, whose inclusion can undermine the ability to
measure 7.

A more comprehensive collection of forecasts for future experiments can be found in
Ref. [327], that however still relies on a Fisher matrix approach. All forecasts presented
there include Planck CMB and are limited to a linear model for the power spectrum, and
can therefore be expected to be more constraining than our analysis. Nonetheless, the
authors find o(y) = 0.025, which is closer to our forecasted o(y) = 0.058 than the results
of Ref. [326].

We note that lifting some of the simplifications we make when generating the synthetic
dataset could improve our constraints. For example, considering several redshift bins per
sample can yield more precise measurements of the cosmological parameters, including
[328, 329], but it also leads to an increased number of nuisance parameters and increased
shot-noise per redshift bin. Moreover, some of the effects we are not accounting for
are expected to result in reduced constraining power, for example the assumption of a
Gaussian covariance, neglecting the convolution with the survey window function and in
general additional observational systematics which can increase the size of the error bars
on the measurements [330, 331].

We finally comment on our forecasts on massive neutrinos. A measurement of the
neutrino mass is one of the main goals of Stage-IV surveys, with predicted errors well
below the detection threshold (e.g., Refs. [320, 327, 332]). In this sense, our forecasts
might seem too pessimistic, given our best case scenario gives M, < 0.27 ¢V at 68% c.l.
Once again, most previous forecasts take advantage of a combined analysis with CMB
data from Planck, able to put tight constraints on the primordial parameters A, and n,.
The latter are degenerate with the neutrino mass M, as can be seen in Fig. 4.11 (or
equivalently and more clearly in the green contours of Fig. 4.12): we therefore expect a
joint analysis to be extremely beneficial. We do not perform such an analysis here, but we
can get a sense of the impact by imposing a 30 Planck prior on the primordial parameters,
as done in Subsection 4.3.1 for the BOSS analysis. We only focus on the combination of
the three redshift bins for the optimistic case with kmax = 0.25h Mpc™. Our results are
shown in Fig. 4.12 and Tab. 4.6. As expected, the CMB prior on A, and n, breaks the
degeneracies and brings the upper limit on the neutrino mass down to M, < 0.175 eV at
68% c.l., with a 35% improvement over the case with no priors.

Despite being quite large in the context of a detection of the neutrino mass, our results

are generally compatible with Ref. [297]; there, the authors performed a validation against
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Figure 4.12 Comparison between the forecast when no CMB prior is imposed (green lines
and contours) and the case with 30 Planck priors on As and ns (purple lines
and contours). We use kypax = 0.25 h Mpc™1.
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Parameter baseline prior on Ag,ns

. 0121970005 0.12157 )00
(0.1203 ) (0.1211)
0.02267 & 0.00037  0.02268 + 0.00037
! (0.02207) (0.02266)
. 0.6746 + 0.0069  0.6758 & 0.0062
(0.6712) (0.6767)
In(10% A,) 3.116709%%¢ 3.052 + 0.037
(3.074 ) (3.016 )
o 0.96870032 0.963 +0.011
(0.962) (0.957)
0.588 £ 0.058 0.568 + 0.045
! (0.598) (0.554)
" < 0.270 <0.175
(0.082) (0.033)
o 0.81570:02¢ 0.804 =+ 0.020
(0.822) (0.807)

Table 4.6 Best-fit and 68% c.l. values for the DESI forecasts with 30 Planck priors on
Agng. We use kmax = 0.25 h Mpc™!.
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N-body simulations of a similar 1-loop model for the power spectrum as the one adopted
here. For a 25 Gpc®/h3 survey, similar in volume to our combined DESI-like mocks, they
found M, < 0.49 eV at 68% c.l. and conclude that 2-point summary statistics from
spectroscopic clustering alone might not be sufficient detect the neutrino mass. Beside
the combination with CMB data, we expect the combination with higher order statistics
such as the bispectrum to bring significant improvements [333, 334]. We leave the study
of the impact of the bispectrum on the determination of the neutrino mass scale to a
future work. Further improvement should come from using photometric probes, namely

cosmic shear and galaxy-galaxy lensing [281].

4.4 Conclusions

In this chapter, we presented the full-shape analysis of the power spectrum multipoles
measured from BOSS DR12 galaxies with the inclusion of post-reconstruction BAO data.
We used the windowless measurements of Ref. [62] combined with BAO measurements
obtained from a variety of data-sets [62, 309-311]. We provided constraints on a single
parameter extension of ACDM which allows for deviations from the standard scenario
in the growth functions, the so-called growth index (or «) parameterisation. We also
explored the case with the total neutrino mass as a free parameter, and provided joint
constraints for v and M,. Our theoretical model for the power spectrum is based on the
EFTofLLSS and takes advantage of the bacco emulator for the linear power spectrum and
the FAST-PT algorithm for a fast evaluation of the likelihood.

We explored different options for the priors on the parameters that determine the
primordial power spectrum, A, and ng, finding that strong degeneracies in the extended
parameter space result in large projection effects, especially concerning the parameters
which regulate the amplitude of the power spectrum. For this reason, we applied a
30 Planck prior on A, and on both A, and ng, and obtained v = 0.647 4+ 0.085 and
v = 0.612155%  respectively, ~ 1o consistent with the ACDM prediction v = 0.55. For
neutrinos we found M, < 0.478 eV (Planck prior on Ay) and M, < 0.298 eV (Planck
prior on A, ng), consistent with previous EFTofL.SS-based studies of the BOSS dataset
that did not perform a full joint analysis with CMB data [152, 315].

To assess the presence of projection effects in the case when no priors are imposed
on the primordial parameters we generated synthetic datavectors with a fiducial set of
cosmological and nuisance parameters, and then fitted them using the same numerical
covariance used for the BOSS analysis. We found a similar shift of the posterior in the
Ag—y plane as the one found in our baseline BOSS analysis. Additionally, we performed
a profile likelihood analysis, finding the maximum of the PL to be closer to the ACDM
prediction than the peak of the marginalised posterior, and the confidence intervals derived
from the PL to be larger and consistent with v = 0.55 at 68% c.l..
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Overall, we find the EFTofLLSS model complemented with Planck priors to provide
constraints on 7 that are only ~ 30% larger than the official BOSS analysis [317], despite
the fact that we did not perform a full joint analysis with CMB data. Additionally, our
theoretical model features a significantly larger number of parameters, which is expected
to degrade the constraints to some extent. On the other hand, the full-shape approach
allows to provide direct constraints on the cosmological parameters.

In the second part of this work we presented forecasts for a Stage-IV spectroscopic
survey, focusing on a DESI-like galaxy sample. We generated three synthetic datavectors
at three redshifts using different values for the nuisance parameters, to match the expected
BGS, LRGs and ELGs samples that are the target of DESI. We computed Gaussian
covariance matrices neglecting the cross-correlation between samples, and adopted two
different scale-cuts: kyax = 0.15 h Mpc™' (pessimistic) and kpa = 0.25 A Mpc™*
(optimistic). We performed separate fits for each sample and then combined them in a
joint analysis, finding the combination to provide significantly tighter constraints, yielding
o(y) = 0.058 (0.072) in the optimistic (pessimistic) case, with a ~ 85% improvement with
respect to our baseline BOSS analysis without CMB-based priors. Concerning neutrinos,
we found that the improvement with respect to Stage-III constraints is only marginal,
M, < 0.27 eV (M, < 0.314 eV) in the optimistic (pessimistic) case at 68% c.l..

In order to reduce the error bars on v and M,,, but also to keep the projection effects
under control, we advocate the combination with additional observables. For example,
a joint analysis with Planck data (or the inclusion of CMB-based priors, at least on the
primordial parameters), can have a significant impact on the constraints. We explored
this by performing a fit of the synthetic DESI-like data where we adopted 3o Planck priors
on A, and n,. We obtained a ~ 20% improvement in the measurement of v, and ~ 35%
for M, with respect to the case with no priors. Similarly, a combination with weak lensing
can alleviate the degeneracies and yield tighter constraints [281]. However, an optimal
exploitation of galaxy clustering data alone can already go in this direction: as shown
in Chapter 3, the ability of the bispectrum to better determine the bias parameters can
prove crucial in the context of extended models. We leave the study of the impact of the

bispectrum for yCDM and yvCDM to a future work.
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Chapter 5

Model-Independent Approach for Dark
Energy and Maodified Gravity

This chapter is based on the following peer reviewed publication:

e B. Bose, M. Tsedrik, J.Kennedy, L. Lombriser, A. Pourtsidou, A. Taylor,
2023, Fast and accurate predictions of the nonlinear matter power spectrum for
general models of Dark Energy and Modified Gravity. Published in MNRAS:
d0i:10.1093 /mnras/stac3783, arXiv:2210.01094.

Here we introduce linear and nonlinear parameterisations of beyond standard cosmo-
logical physics in the halo model reaction framework, providing a model-independent
prescription for the nonlinear matter power spectrum. As an application, we focus
on Horndeski theories, using the Effective Field Theory of Dark Energy (EFTofDE)
to parameterise linear and quasi-nonlinear perturbations. In the nonlinear regime we
investigate both a nonlinear parameterised-post Friedmannian (nPPF) approach as well
as a physically motivated and approximate phenomenological model based on the error
function (Erf).

The main focus is modelling the nonlinearities, as well as testing and justifying
the assumptions made. We compare the parameterised approaches’ predictions of the
nonlinear matter power spectrum to the exact solutions, as well as to state-of-the-art
emulators, in an evolving dark energy scenario and two popular modified gravity models.
We also suggest a minimal model parameterisation that is expanded into the nonlinear
regime and is valid for a broad class of dark energy and modified gravity models.

Contributions

Benjamin Bose and I co-led this paper. Benjamin implemented new parameterisations
into the ReACT code, performed thorough comparison tests, and drafted the paper. My
contribution consists of a comprised literature review on EFTofDE, drafting various

sections of the paper, reproducing calculations, investigating the optimal functional form
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of the screening term, and performing validation checks of the code. I also produced a
pedagogical Jupyter notebook to replicate the results from the paper. Lucas Lombriser
and Andrew Taylor contributed to this project via valuable comments and discussions.

Alkistis Pourtsidou and Joe Kennedy greatly contributed to the final draft of the paper.

5.1 Introduction

Fundamental models of nature generally begin with an action, which when combined with
the principle of least action, gives us the temporal and spatial dynamics of the system.
For the physical system that is our Universe (U), the action is widely accepted to be the
action associated with general relativity (GR), the Einstein-Hilbert (EH) action, together

with a matter contribution and cosmological constant:

SU:SEH+SM:/d4x\/—_g {ﬁ—ﬁ} + Swu (5.1)
22 R?

where k2 = 871Gy, Gn being Newton’s gravitational constant and R is the 4-dimensional
Ricci scalar that gauges the curvature of spacetime. Sy is the action of the matter content
of the Universe, usually approximated by a perfect, pressureless fluid, but in general will
contain all standard model fields. A is the cosmological constant that can appear naturally
in a 4-dimensional action without violating preferred symmetries [335]. This constant is
measured to be non-zero by a suite of cosmological probes such as the CMB radiation
[22], SNIa [42, 69], and optical galaxy surveys (see, for example, Ref. [70]). This has led
to the standard model of cosmology, ACDM, where CDM stands for cold dark matter!.
We introduce the basic concepts of the standard cosmological model in Section 1.2.

The dark energy and cosmological constant problems (see Section 1.3) motivate a
minimal extension of Eq. 5.1 to include a single extra scalar degree of freedom, ¢. It is
both physically and theoretically acceptable, i.e., not allowing for negative energies for
example, and can encapsulate one or more cosmological constant problem solutions. Such
an extension is found in the well studied Horndeski (H) scalar-tensor theory [336]. This is
the most general, Lorentz-covariant scalar-tensor theory in 4 spacetime dimensions that
yields second-order equations of motion, a basic condition for the physical viability of the

theory, i.e., it is ghost-free. A universe described by Horndeski gravity is given as

Sty = S+ Sy = / d'oy/=4[Ga(6, X) — Gs(9, X)06 + G, X)R
T Cux (6, X)[(O0)? — (V,9,6)7] + Gs(6, X)Gru V9 V70
~ SGsx(6, )00 — 300(V,Vu6) + 2V, Va0)]] + S, (5.2

LCDM is the primary matter component in this model, outweighing baryonic matter five fold according
to cosmological and astrophysical measurements such as the CMB.
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where each G;(¢, X), 1 = 2,3,4,5 is a free function of the scalar field ¢ and its canonical
kinetic term X = —(9¢)?/2, and G; x(¢, X) = 0G;/0X .

This opens up a very large theory space which needs to be trimmed down with
observational data. We have very strong data constraints at small spatial scales, i.e.,
within the Solar System and at astrophysical scales [104, 337], showing gravity is highly
consistent with GR in this regime. We also have high quality observational data from
cosmology, primarily from the CMB which is associated with early cosmological times.
This allows new theoretical models most phenomenological freedom at large temporal
and spatial scales as they must recover CMB and solar system observations. The small
spatial scale constraints can be evaded using so called screening mechanisms (for reviews
see Refs. [106, 338], also see Subsection 1.3.1) that force predictions of modified gravity
models back to those of GR locally, while early time measurements like the CMB can
easily be recovered through appropriate time evolution of ¢.

An obvious late time cosmological data set directly related to gravity is the Large Scale
Structure (LSS). A key summary statistic of this is the two point correlation function or
power spectrum (in Fourier space) of the cosmological matter field. A prime science goal
then becomes the production of accurate predictions of the matter power spectrum in
general theories beyond-ACDM. For the Horndeski class of models, this is a nontrivial task
as there are an additional four free functions of space and time to contend with, beyond the
matter content and metric freedoms. Of course, one can always choose particular forms
for the G;(¢, X) and then produce predictions for the 2-point correlations of matter. This
approach allows one to fully specify how matter should cluster at all physical scales,
and there are many tools and models that do just that to varying degrees of accuracy
[4, 130, 339-347].

If, on the other hand, we choose not to specify a particular model, we are required to
parameterise both the linear and nonlinear scales i.e., the large and small physical scales
of LSS respectively. At linear scales and for the Horndeski class of models, we can opt
to perform a Taylor expansion of the GG; functions and truncate at some order. Linear
theory can then be characterised by a small number of free functions of time but with no
unique specification in the nonlinear regime. This describes the approach of the Effective
Field Theory of Dark Energy (EFTofDE) [348, 349] (also see Ref. [350] for a great review).
Note that if we wish to be even more general than Horndeski we can directly parameterise
the linear relation between matter and the gravitational potential (see Eq. 1.38 and the
corresponding discussion in Subsection 1.3.1).

On nonlinear scales, a parameterisation framework one can consider is the nonlinear
parameterised post-Friedmannian (nPPF), which captures modified gravity or dark energy
effects [351]. Both linear and nonlinear parameterisations then need to be consistently
embedded in some more comprehensive predictive framework in order to be able to

confront theory with LSS observations.
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For past galaxy surveys the precision of the data did not call for high accuracy in the
power spectrum modelling, as argued in Refs. [352, 353]. This changes with the next
generation of Stage-IV surveys such as Euclid [354] and the Vera C. Rubin Observatory’s
Legacy Survey of Space and Time (VRO/LSST) [355]. These surveys will provide a
significant reduction in statistical errors, errors which will be lowest in the nonlinear
regime. With such precision, we have the opportunity to greatly constrain deviations
to ACDM, including the well defined model space within Eq. 5.2. This is contingent on
whether or not we can accurately and efficiently map these deviations to the matter power
spectrum. Typically, to remain unbiased in our cosmological constraints, O(1)% is quoted
as being the target accuracy for theoretical predictions (see, for example, Ref. [281]). But
this is not sufficient. We also require this map to be computationally efficient enough to
perform data analyses. Without accuracy, we forfeit trust in our constraints. Without
conciseness and efficiency we face major computational issues.

This work provides a balance that satisfies these criteria. We mainly focus on the
Horndeski class of models, embedding the EFTofDE and nPPF approaches into the halo
model reaction framework [4, 130, 299, 356-358|, which is able to predict the nonlinear
power spectrum for specified theories beyond-ACDM at O(1)%-level accuracy. We also
present a completely model independent parameterisation of beyond-ACDM physics at
nonlinear scales, which can be combined with similar parameterisations for the Universe’s
background expansion history and linear structure formation, giving a parameterisation

for general deviations to ACDM.

5.2 Halo Model Reaction

We begin at the observational end and look how to model the halo model reaction. The
leading order moment of the cosmological matter distribution is the nonlinear matter
power spectrum, Pyp,(k,z). This Fourier space quantity captures most of the matter
clustering information at all scales (for a review see Ref. [33]). Following the halo model
(see Ref. [359] for a review) based approach of Ref. [4], in a target theory of cosmology

and gravity this quantity can be modelled as
Pap(k, 2) = R(k, z)PﬁiBUdo(k:, z), (5.3)

where PlgsLeudo(k:,z) is called the pseudo power spectrum. This is defined as the power
spectrum of a ACDM universe but whose initial conditions have been set so as to match
the target, beyond-ACDM, theory’s linear total matter power spectrum Py (k, z) at some
target redshift, z. The reason for making such a definition is that it guarantees the halo
mass functions in the target and pseudo universes are similar since they will have the

same linear clustering by definition. This results in a smoother transition between the
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clustering statistics in the inter- and intra-halo regimes. This quantity can be modelled
in a number of ways, for example, by using existing halo model based fitting functions
such as HMCode [360-362] or for target theories that only predict a redshift dependent,
but scale independent rescaling of the linear spectrum, ACDM-based emulators such
as EuclidEmulator2 [32] or bacco [31] can be used by tuning the spectrum amplitude
parameter to match the modified cosmology’s linear spectrum.

The reaction function R(k, z) represents all the corrections to the pseudo spectrum
coming from nonlinear beyond-ACDM physics. Following Refs. [356, 363] (where the halo
model reaction is derived and discussed in detail, as well as tested against numerical

simulations) we can write this as

(L= £,)* P () +2£, (1 = £,) P& (k) + 2R (k)
B (k. 2)

R(k) = : (5.4)
with the subscript ‘hm’ standing for halo model, (m) = (cb + v), c¢b for CDM and
baryons, v for massive neutrinos and f, = €, 0/, 0 being the massive neutrino energy
density fraction at z = 0. The effects of massive neutrinos are included linearly through
the weighted sum of the nonlinear c¢b halo model and linear massive neutrino spectra
following the findings of Ref. [364]. We note that we do not consider massive neutrino
effects in this work, but have included them in the expressions to highlight the generality
of this approach (for a study with massive neutrinos see Ref. [363]).

The individual components are given by

B () ) P (k) P (1) (5.5)
PP (k) =[(1 = &)e ™ + €] B (k) + PSP (k) (5.6)
PO 2) =Py (k, 2) + PR(k, 2), (5.7)

where the parameters are given by

2 p(cb)
E(z) =lim (L= fo)" Py, (R, Z), (5.8)

G0 PR ()
-1
) . (5.9)

Tl(l_e,z) :ETQ( Z)
We take the “+” root if £ > 1, otherwise we take the “-” root. The T} terms are given by

k(2)=—k (ln

F,
(1= £,)2PIP (&, 2)(1 - £(2))

Ti(k, z) =f2P"(k, z) + PP (k, 2)Repr(k, 2)

— (1= £)E) P (k, 2) + PEY (k. 2)], (5.10)
Ty(k, 2) =2/ F2PE (1, 2) P (h, =) Rspr (K, 2) (5.11)
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where Rgpr(k, 2) is the 1-loop Standard Perturbation Theory (SPT) [33] prediction for
the reaction given by Eq. 5.4-Eq. 5.7 but with the replacements Py (k, z) — Pi_joop(k, 2)
and Pp(k, 2) — P _jo0p(k, 2)(® and € = 1. As in Ref. [4] the default scale where we
calculate k, is set to k = 0.06 h Mpc_l.

We see that Eq. 5.4 depends on three general predictions for beyond-ACDM theories:
the 2-halo term which we have approximated by the linear power spectrum P, the
quasi-nonlinear power spectrum given by the 1-loop perturbation theory power spectrum
Py _i00p, and the highly nonlinear power spectrum given by the 1-halo term Py,
The computation of these quantities requires the specification of the matter density
fluctuations at different physical scales. The first two regimes (linear and quasi-nonlinear)
are perturbatively derived up to 3rd order in the linear density fluctuation 07, while the
fully nonlinear quantity, dnr,, can be obtained using the assumptions of spherical collapse
[359]. Both these routes require us to solve differential equations representing energy and
momentum conservation on a cosmological background. Our Universe’s spacetime metric
is well described by the Friedman-Lemaitre-Robertson-Walker (FLRW) metric, whose
background expansion is described by the Hubble parameter H(a) = a/a, where a is the
scale factor and an over-dot represents a derivative with respect to the metric time ¢.

Further, the conservation equations rely on the relation between the gravitational
potential and the matter density fluctuation: the Poisson equation. In particular, we
consider the Poisson equation in the perturbative limit, only valid up to quasi-nonlinear

scales, as well as the fully nonlinear expression, valid at all scales

- <—a;(a)> boni (k. a) 2392(@#(/‘%@) doni(k, a) + S(k,a), (5.12)
(L N ey 3@ _—
(CLH(CL)) (I)NL(k’ ) 2 [1 +‘F<k7 )] 5NL(k77 )7 (513)

where Oy, (a) = QuoHE/(H(a)?a®), Qmo being the total matter fraction today. ® is the
gravitational potential in the time-time component of the perturbed FLRW metric. This
can be identified with the Newtonian gravitational potential in the non-relativistic limit,
valid for the curvatures and velocities we consider. The subscripts QNL and NL denote
“quasi-nonlinear” and “nonlinear” respectively. One should further note that Eq. 5.12
and Eq. 5.13 also assume a spherically symmetric density distribution.

The additional functions in Eq. 5.12 and Eq. 5.13 are as follows: u(k,a) characterises
the linear modification to GR, F(k,a) is the nonlinear modification and S(k,a) is a

source term capturing modifications at 2nd and 3rd order in the linear matter density

128



perturbations. The source term is given by [365]

S(k,a) = / % 0n(k — ki2)72(k1, k2, a)d (k1) 0 (k)

Bk Pk d®k
/%5]}(’6 — k123)y3(k1, ko, ks, a)

x 6(k1) (k) d(Ks) , (5.14)

introducing two additional functions 5 and 73 characterising quasi-nonlinear modifica-
tions to the Poisson equation (for explicit expressions for these in the Horndeski class
of models see Ref. [365]). The functions s, 73 and F all encode details regarding the
potential screening mechanism of the theory under consideration. On this point, it is worth
noting that for general theories beyond-ACDM such mechanisms may not be present, in
which case the spherical density distribution approximation assumed in Eq. 5.12 and
Eq. 5.13 may break down [366]. For the modified gravity models considered in this work,
which have some method of screening, this appears to be a reasonable approximation [367].
For a study of screened and unscreened models in the Horndeski class see Ref. [368].

In total, the halo model reaction, and so the nonlinear power spectrum, requires
specification of four functions of space and time - one for the background H (a), one for the
linear regime p(k, a), two for the quasi-nonlinear regime vo(k1, k2, a) and v3(k1, k2, k3, a)
and finally one for the fully nonlinear regime F(k, a). In principle these functions are not
completely independent, and one should have F — p in the linear limit. We investigate
the importance of respecting this limit in Section 5.5. Finally, we remind the reader that
all these functions are required to compute the key ingredients of R (and hence Pyr): Py,
Pkloop and Pyy.

The right half of Fig. 5.1 summarises the map from background and Poisson equations
to the halo model reaction as described in this section. The left half of the figure will be

the focus of the next section.

5.3 Parameterisations

We now move away from the observational end and return to the starting point, the
fundamental action. In particular, here we mostly focus on the Horndeski action given in
Eq. 5.2, but the approach can be trivially extended to further generality.

As pointed out, given a specific form of the GG; functions, the explicit functional forms
of H, p, 72, 73 and F can be directly derived. But rather than specifying the full covariant
theory, i.e., 4 free functions of space and time, we ultimately wish to parameterise the
action’s predictions for cosmological matter clustering in terms of a few free constants.

To do this, we split LSS into three regimes: the background and linear, quasi-nonlinear

and the nonlinear. The background, linear and quasi-nonlinear regimes will follow the
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Figure 5.1 A rough schematic of the map from the Horndeski action in the EFTofDE
parameterisation (H,;, &) and nonlinear parameterisations (p; or g;) to
R(k,t). The yellow rectangles indicate the input functions of time (here
parameterised by the scale factor a) or constants. The orange rectangles
indicate the modifications to the Poisson equation. p(k,a) is bi-coloured
indicating we may choose to parameterise it directly instead of starting at
the action level. We provide the main sources in the literature for each piece
of the map along with a dotted box roughly indicating their associated piece.
Note that the solid arrows can only reconstruct G; to the linear and quasi-
nonlinear levels, which can in turn inform choices for p;. The p; provide the
nonlinear complement in the G;.

well studied EFTofDE program [348, 349]. For the nonlinear regime we will consider
two different parameterisations. One is the established nonlinear parameterised post-
Friedmannian (nPPF) approach [351]. The other parameterisation we propose here is
phenomenological and is based on some well known screening mechanisms. We begin by

parameterising the background and linear regime.

5.3.1 Background and Linear: Effective Field Theory of Dark
Energy

Among the methods to generically parameterise beyond-ACDM physics on cosmological
scales, the methods of Effective Field Theory (EFT) have proven to be particularly useful.
It is simply necessary to determine which symmetries one wishes the action to have before
constructing various operators out of the fields and derivatives of the fields. One can trust
the predictions made with an EFT as long as it is made at an energy scale below the
“cutoff” of the theory, beyond which the validity of the EFT breaks down.

While not being an EFT in this strict sense, the EFTofDE is constructed in a similar
manner and is capable of describing the dynamics of the cosmological background and
perturbations in Horndeski theory in a generic manner. The EFTofDE approach breaks
time diffeomorphism invariance of the cosmological background by choosing a particular
gauge. By doing this one is able to form a theory out of operators which only respect

spatial diffeomorphism invariance.
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In constructing the EFTofDE action one begins by foliating spacetime with constant-
time hypersurfaces. Utilising the complete freedom one has in choosing the coordinates of
the theory we can set the scalar field to be only a function of time such that ¢(x,t) — ¢(t).
In particular, we can choose

¢ =t/K*. (5.15)

This choice is called the unitary gauge and in this gauge the scalar field perturbations
vanish, being absorbed into the time-time component of the metric. The operators in the
EFTofDE are the cosmological perturbations themselves. In the unitary gauge we are free
to include operators in the EFT which are only spatially diffeomorphism invariant, such
as g%,

Let us denote the normal vector to each spatial hypersurface as

B

e

The induced spatial metric of each hypersurface is then given by h,, = g + nun..

(5.16)

This allows us to include the extrinsic curvature which is given by the projection of
the derivative of the normal vector along the the hypersurface, onto the hypersurface
K, = h,:V7n,. With the induced metric, one can also compute the intrinsic curvature
of each hypersurface given by the three-dimensional Ricci scalar R®).

Collecting relevant combinations of the invariants under residual spatial diffeomor-
phism symmetry gives the EFTofDE action, which is capable of describing the dynamics
of the background and linear perturbations of Horndeski theory. The action is given by
[101]

SU,L = S(O’l) + 5(2) + SM[g/w; ‘Ijm] ) (517)
SO — /d4x\/—g {Z(Z)R —A(t) — c(t)6goo} : (5.18)
K
4 73
S(Z) :/d4$\/—_g[M22(t) (5900)2 o Ml2(t) 5K5900
— M3(1) (OK2 = K61, %5R<3>5900>} . (5.19)

where Sy 1, represents the action of a Horndeski-universe that describes field dynamics up
to the linear level in the matter and velocity perturbations. The (0, 1,2) represent the
order in the perturbed quantities. The action is reduced to the standard cosmology from
Eq. 5.1 for Q(t) = 1, A(t) = A/x? and ¢ = My = M} = M2 = 0.

In front of each term we include a free function of time called an EFT coefficient,
giving a total of six free functions, {Q(t), A(t), c(t), My (t), M3(t), M2(t)}. Once we specify
a metric, we also introduce any metric degrees of freedom. For FLRW this is the scale

factor a, or equivalently the Hubble parameter H(a). We can then employ the field
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equation constraints, which in the FLRW are the Friedmann equations:

0 =K>(2c — A+ pm) — 3H*(Q + af?') (5.20)
0 =k*A + H[aH'(2Q + aQY') + H(3Q + 3aQ + a*Q")], (5.21)

where we have dropped the time dependence in constituent parameters for compactness,
and use the scale factor to parameterise time. A prime denotes a scale factor derivative
and p, is the matter density at a. The Friedmann equations reduce the number of
free functions describing the background and linear perturbations to five. Solving these

equations yields

P aH[H'(2Q + aQ) + aHQ"
C(a) = —7 — [ ,{/2 ] s (522)
HlaH' (22 4 af)') + H(3Q QO+ a*Q
Ag) = — HlaH 20 +a an(g +3all + a’V)] (5.23)

This means the free functions of the scale factor defining the background and linear theory
would be {Q, H, My, M}, M2}, which we will refer to as the M-basis. We can alternatively

write the Hubble function as the solution to

w2
B ZHC (5.24)

H 0= (29 OH' HQ"
(a) 2Q+aQ)H +a +aH I

if we wish to specify ¢ instead of H, for example.
Common in the literature is the a-basis {H, oy, ap, ak,ar} which has a clearer
physical interpretation of the effects of each function (see, for example, Ref. [100] and

Subsection 1.3.1). We provide the map between the a- and M-bases?

anm “%jy o (5.25)
ag = —%j};ﬂﬁ, (5.26)
ax 26]\}—22]\2451 , (5.27)
ar = —%22 , (5.28)

where M? = Q k=2 + M2. Note that one can alternatively specify M? and solve for H.
To end this section, another basis worth considering is the basis introduced in
Ref. [370]: {H, M? % a,apo} (also see Ref. [371]), which implicitly assumes az = 0 (see

Subsection 5.4.3 for motivation). This basis allows for some simple priors on the functions

that ensure the theory has no ghost or gradient instabilities, i.e., negative energies or

2Note the factor of “~1/2” difference in ap between our expression and that of EFTCAMB [369] or [370],
for instance.
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imaginary sound speeds. We will refer to this basis as the s-basis. The priors to ensure
stability on these functions are then simply M?, ¢ o > 0, and ap is constant®. The map

between the s- and a-bases is given by

2 rac 2
Cg _Z [(IOZB _ (1 4 OéT) (1 — 04_3)

al 2 2
aH’ ap Pm
+<1+aM— H>(1—7)—2H2M2}, (5.29)
3
a=ak + 50423 , (5.30)

where ¢, is the speed of sound, while agg = ag(a = 1) is the boundary condition (apg’s
value today) specified to solve the differential equation given by Eq. 5.29.

In what follows we will stick with the a-basis and implement this as the default basis
in the accompanying code ACTio et ReACTio. We provide the explicit form of the linear
modification to the Poisson equation in this basis in Subsection C.1.1. We leave it to the
user to perform the transformation from their preferred basis to the a-basis, and provide

an accompanying notebook GtoPT.nb that performs some of these transformations.

5.3.2 Quasi-Nonlinear: Covariant Theory Map

To fully specify the halo model reaction, we need to go beyond the linear matter
perturbations. In particular, we also require the 2nd and 3rd order density perturbations
to solve for the 1-loop power spectrum entering Rgpr in Eq. 5.10-Eq. 5.11. This requires
us to expand to fourth order in the metric perturbation d¢°° and extrinsic curvature § K*
in Eq. 5.17. This has been done in Ref. [102] and has been used to calculate the 1-loop
spectrum in Ref. [373]. Further, in Ref. [101] the authors relate the EFTofDE functions

up to a given order to the corresponding covariant theory’s Lagrangian G; functions as

where g;, i € {2,3,4,5}, are well-defined functions of ¢, X and the lower order EFTofDE

parameters, e.g., { H, ays, ap, ax, ar}. The other terms are given as

NGy =3 €29(g) (1 + X/<L4>n , (5.32)
n>2

AGys =3 ¢9(g) (1 n X/#)" , (5.33)
n>3

where AG; are higher order corrections to the covariant action and & (¢) are higher order

EFTofDE functions, X again being the scalar field canonical kinetic energy term.

3We note that this basis does not ensure the absence of a tachyonic instability [372].
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A particular covariant theory is specified once ¢ are given for all n € N, but if we
truncate at some order n;, we specify the subset of Horndeski theories which are identical
on scales described by the EFTofDE up to 5}#. Up to 3rd order in the matter density
perturbation, we introduce 6 new functions with n, = 4. Together with the background
and linear order functions, this gives a total of 11 free functions of time for the quasi-
nonlinear scales. The G; given in Eq. 5.31 can then be related to u, 75 and ~3 by the map
provided in the Appendices of Refs. [365, 374].

In Section C.1 we provide the map between the 5 linear EFTofDE functions in the
a-basis and the linear modification to the Poisson equation, u, used in Eq. 5.12. The 2nd
and 3rd order functions 7, and 73 (see Eq. 5.14) are significantly more complicated but
can be derived by using the map from the EFTofDE to G;(¢, X) provided in Ref. [101] and
then the G;(¢, X) to v and 73 given in Ref. [365]. The map, although not reproduced here
in full, is given in detail in a Mathematica notebook provided in the ACTio et ReACTio
repository, GtoPT.nb. This being said, in Section 5.4 we give support for the omission of
2 and 3 in the calculation of R for moderate to low modifications to gravity, and given
the additional degrees of freedom we will introduce in the nonlinear regime.

Having specified a route between the Horndeski action and the linear and 1-loop
power spectra, Pp,(k,a) and Pi_j,0p(k, a), we now look at two methods of parameterising
clustering in the highly nonlinear regime, characterised by the 1-halo term, Py, (k, a). This
will then specify a full parameterisation of the halo model reaction R, and consequently

the nonlinear power spectrum, Py (k,a).

5.3.3 Nonlinear

The effects of modified gravity on the nonlinear cosmic structure formation are captured
by the effective deviation F from the gravitational constant in the nonlinear Poisson
equation given in Eq. 5.13 and the cosmological background evolution. Specifically, the
modified Poisson equation alters the evolution equation for the halo top-hat radius Rty
[375]. This quantity gives an estimate for dnr,, needed to compute the 1-halo power

spectrum. Here we discuss two parameterisations of F.

Nonlinear Parameterised Post-Friedmannian Framework

Following the nPPF approach in Ref. [351], the effective gravitational coupling for generic
screening mechanisms and other suppression effects can be decomposed as a function of

scale r

No N;
L+ Fla,r)=A+> B[] Fi. (5.34)
( J

where F;; are some transition functions encapsulating screening or other suppression

effects such as a Yukawa suppression. Ny and N; characterise their respective number.
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In the fully screened limit, the effective coupling reduces to A, typically unity, whereas it
becomes B; in the fully unscreened limit, matching linear theory. To parameterise these
transitions, Ref. [351] adopted a generalised form of the Vainshtein screening effect in the
DGP braneworld model [107]

f~b<r;>af{[1+ (rjfr)af]l/b—l} , (5.35)

where 1y, denotes the screening scale, which in general can be time, mass, and

environment dependent. The parameter ay (not to be confused with the scale factor)
determines the radial dependence of the coupling in the screening limit along with b that
characterises an interpolation rate between the screened and unscreened limits.

Screening effects such as the chameleon [376-378] symmmetron [379, 380], k-mouflage
[345, 381], and Vainshtein [107, 339, 382] mechanisms as well as other suppression effects
such as the linear shielding mechanism [383] or Yukawa suppression, can be analytically
mapped onto Eq. 5.35 by matching expressions in the limits of large and small r» and
r — rser. The relevant expressions may be found in Ref. [351]. It is worth highlighting
that the parameters of Eq. 5.35 for a given screening model may in principle be directly
read off from Eq. 5.2 by employing the scaling method of Refs. [384, 385] and counting
the powers of second and first spatial derivatives and the scalar field potential. Note
that the parameter b may be understood as the choice of transition template used to
approximately cast the screening effect into. Alternatively to Eq. 5.35, one could also
adopt other transition functions such as a hyperbolic tangent, a sigmoid or an error
function as we will propose in Subsection 5.3.3. For DGP, the choice of Eq. 5.35 with
b = 2 becomes exact.

To implement Eq. 5.35 in the spherical collapse model, one replaces r/rsec = ¥/Yser,
where y is the normalised top-hat radius (Eq. C.44). A single general element Ny = Ny = 1
can then be described by seven parameters (or functions) p;_7 in addition to py = A
(typically = 1). The first three, p;_3, determine ay, b, and B. The other four are
used to generally capture possible time, mass, and environmental dependencies of the

dimensionless screening scale, which can be modelled as [351]

b7
Yser = p4ap5 (QGN -[{0]\4\&1“)106 (y;:/) ) (536)

where vy, and ye,, refer to the normalised radii of the the halo and the environment

respectively, Hy is the Hubble constant and M, is the virial mass of the halo*. In this

4Note that in ReACT we use the initial comoving top-hat radius, Ry, (see Subsection C.2.4), as an
input parameter instead of mass, related as My, = 47pm (1 + §;)(a; Ren)?/3 ~ 47er70pcritR§h/3 with
the critical density pepit and 1+ 6; =~ 1.
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way, we can simplify Eq. 5.35 to [351]

(14 s%)m —1

FuPPF = P1P2 Y ) (537)
where
P1
ar = D3 5.38
A (5.38)
and s = Yser/yn. Note we have set pg = 1. The parameters p;_7 can be computed

from theory and in many cases take on trivial values (see Subsection C.2.2). It is
worth highlighting here that the nPPF formalism has also been implemented in N-body
simulations and cast into Fourier space [386], where it was shown to accurately match
simulations of exact model implementations.

Finally, we consider the large, linear scale limit of F. Eq. 5.39 provides a parameterised
function for the screening regime, where we have a transition to GR from some large scale
modification. In this form, it does not capture any additional effects coming from say
Yukawa suppression, typical of chameleon theories. Such phenomena may become relevant
for the spherical collapse calculation at early times or for very large halo masses. In
order to correctly capture this, we could either model the Yukawa suppression as another
transition cast into Eq. 5.37 or simply augment Eq. 5.37 with the linear modification
p(k,a) as

(1+ szi L (1= u(k ). (5.39)

FaPPF = P12

In this case we also need to perform the Fourier transform of zu(k, a), which is non-trivial.
As a first order approximation, we parameterise this with a simple scaling of the inverse

of the comoving initial top-hat radius Ry, as

~ 10vs
k= R (5.40)
where the dimensionless constant pg calibrates the Yukawa suppression. The Fourier
transform can be made more sophisticated [386] but in Section 5.5 we find the impact of
Yukawa suppression is negligible for the f(R) models we consider, and so only include
this augmentation for completeness. Further, Eq. 5.39 would only be meaningful for a
non-trivial scale dependent u(k,a). For scale-independent theories one can absorb the

scaling provided by pu(a) in the ps(a) parameter of Eq. 5.37.

Phenomenological Parameterisation

With its full freedom, the nPPF parameterisation is a very flexible way of modelling
the nonlinear scales. It is able to capture various specific covariant theories exactly or

to high accuracy (see Subsection C.2.2 and Section 5.5), and given a covariant theory,
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say from the Horndeski class, we can map its nonlinear Poisson modification to the p;
parameters. On the other hand, if we remain agnostic about the covariant theory, 8
additional parameters, some of which may also be time dependent, poses computational
issues as well as degrades the amount of cosmological and gravitational information we
can extract due to degeneracies between these nuisance and the physical parameters of
interest.

With this in mind, we propose the following general and reduced parameterisation of
F based on the error function (Erf). We have found this mimics the general profile of the
effective gravitational constant in various modified gravity theories. Essentially we wish
to capture a basic transition from unscreened to screened regimes. The simple form we
adopt is given by

Frpf = Erf[ayhl()j] x (1 —p(k,a)), (5.41)

where as in the nPPF case, we use

- ]_Oqu
e — 5.42
azthth ( )
and
J=q — @ log(Run) + g3 10g(aYeny) - (5.43)

i is the linear modification to gravity. In the EFTofDE parameterisation p is given in
Eq. C.1, but this can also be parameterised more generally [370, 387, 388].

The Erf model introduces 4 free constants:
q:1: This parameterises the screening scale and goes as its inverse.
qz2: This gives the halo mass dependency of the screening scale.
qs: This gives the environment dependency of the screening scale.
q4: This calibrates any existing Yukawa suppression scale.

The time dependence of Fg,¢ is fixed and so for a specified cosmology and set of EFTofDE
parameters, we only need to adjust the constants {q1, g2, ¢s3,qs}. To provide some insight,

we note the following limits

q}i_r}noo 1 4+ Fgrr = p — Unscreened limit , (5.44)
qll_igl_loo 1+ Fgir = 1 — GR limit (5.45)
q;grl)o 1 4+ Fgr¢ — Vainshtein type models, (5.46)

qlgigo 1 4+ Frrt — k — mouflage type models, (5.47)

gz > 0: 1+ Fgiy — chameleon type models, (5.48)
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where we refer to the main types of screening mechanisms typical of scalar-tensor theories
(see Subsection 5.3.3). Note that all parameters lose their meaning as u(k,a) — 1, which
in the EFTofDE case is when the relevant parameters assume their GR values.

Given this, we can take ¢ and g3 to be positive. Being exponents of the top-hat radius
and environment parameter, they are also not expected to be very large, and as we will
see in Section 5.5, they turn out to be O(1). Further, since in the GR limit x — 1, and
so Frre — 0 irrespective of the value of ¢;, we can also take ¢; to be positive. We also
find ¢, to be an O(1) parameter.

Parameter g4, which calibrates the Yukawa suppression scale, is generally only relevant
for theories where the linear growth factor, or Poisson modification p, is scale-dependent.
As we will show in Subsection 5.5.3, g4 does not appear to be relevant for the scales
associated with spherical collapse. We note ¢4 can in principle take on negative values,
pushing the Yukawa suppression to smaller scales. As g4 — oo the Yukawa suppression
scale also goes to infinity. We leave its relevance for more general theories for a future
work.

We provide a Mathematica notebook, Nonlinear.nb, with all the forms of F
considered in this chapter along with comparisons. Finally, the left half of Fig. 5.1
summarises the map from the parameterised action, together with additional parameters,
to the Poisson equation modifications as described in this section, completing the map

from action to reaction.

5.4 Approximations and Overview

We have outlined a map that goes from the parameterised action and structure
formation {H}b,{OéM,OéB,OéK,OéT}L,{ﬁg,fz,fg,fff,fff,fZ}QNL,{plypzap3>p4,p5,p6,p7,p8}NL
or {qi1,¢2,q3,q4}n1 to the nonlinear effects on the power spectrum R(k,a), where “b”
stands for background, “L” for linear, “QNL” for quasi-nonlinear and “NL” for nonlinear.
A schematic of this map is given in Fig. 5.1. An important point worth stressing is that
our nonlinear parameterisations are completely general, and not specific to the Horndeski
class of theories. They do however rely on u(k,a), which one can always choose to
parameterise in a model independent way.

Considering the Horndeski class for concreteness, the EFTofDE and nonlinear
parameterisations constitute a very large set of arbitrary functions of time and constants.
Despite it being significantly less than the infinite number of theories contained within
the Horndeski class, it is still arguably too many for statistical data analyses, both on
computational and scientific grounds. Thankfully, as we will shortly motivate, these sets
can be yet reduced significantly.

To reduce or optimise the parameter space without sacrificing accuracy for the

forthcoming surveys, we consider the following:
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(1) We assume the quasi-static approximation (QS) for all perturbative calculations
(see, for example, Ref. [389, 390]). In other words, we ignore the effects from time
derivatives in the Einstein equations for perturbations at scales larger than the

cosmological horizon.
(2) We assume 7, = 73 = 0, i.e., no loop-corrections.
(3) Existing observational and theoretical constraints.
(4) Time parameterisations of EFTofDE functions, «;(a).

(5) The parameterised nPPF (see Eq. 5.39) or phenomenological (see Eq. 5.41) form of

F is flexible enough to capture general modifications to gravity.

In this section we will motivate approximations (1) - (4) with direct reference to the
accompanying code ACTio et ReACTio. Assumption (5) will be addressed separately in
Section 5.5.

5.4.1 Quasi-Static Approximation

We begin by noting that the QS in linear theory can be easily avoided by using a
Boltzmann code such as EFTCAMB [391, 392] to calculate the linear input spectrum or
transfer function®. This option is available in our code, but the default setting assumes a
ACDM linear spectrum or transfer function at z = 0 and rescales it using the internally
calculated growth functions of the desired theory. This is done using the linear form of
Eq. 5.12 (see Eq. C.1) which assumes the quasi-static approximation. Being able to use a
ACDM linear spectrum enhances the computational efficiency of our code as it avoids a
call to EFTCAMB. EFTCAMB is significantly slower than CAMB [290], which already takes O(1)
seconds to produce a linear spectrum. In this case one can also use a linear spectrum
emulator like CosmoPower [291] or bacco [133], which takes O(0.1) seconds to produce
the linear spectrum. Note that one can also employ CosmoPower to construct an emulator
for the linear power spectrum in the EFTofDE based on EFTCAMB output, overcoming the
QS and computational inefficiency issues.

Given the utility in using the QS, we want to get an idea of its validity. In Fig. 5.2 we
show the effects of the QS at z = 0 and z = 1 for models with non-zero ax and ap KGB
[393], on the nonlinear spectrum as given by Eq. 5.3. We use the halofit [394] formula
for P2"% and assume a ACDM background expansion, H(a) = Hxcpu(a) as well as no
screening effects, i.e., F = p— 1 and v = v3 = 0.

We find that the QS is valid for these mild to moderate parameter choices on scales

of £ > 0.1h/Mpc. Upcoming surveys will probe scales larger than this which may be

5The QS can be partly circumvented in the nonlinear regime, Eq. 5.39 and Eq. 5.41, by also using the
prediction of u(k,a) taken from say EFTCAMB.
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Figure 5.2 Ratio of the quasi-static approzimated (QS) nonlinear spectrum to the eract
calculation. We show the results for four EFTofDE models with {ax,ap}
non-zero and all other o parameters set to 0 and a ACDM background
expansion, at z = 0 (left) and z = 1 (right). The exact calculation uses
Eq. 5.4 with an EFTCAMB linear spectrum while the QS uses Eq. 5.4 with a
rescaled ACDM linear spectrum using the modified growth equations, making
use of Fq. C.1. The orange band represents the error coming from cosmic
variance assuming an effective survey volume of Veg = 20 Gpc®/h3. We
assume F = p—1 and € =1 in all nonlinear computations. The dotted lines
mark 1% deviations which is an optimistic estimate on the modelling errors
of the halo model reaction framework.

an issue. Taking into account cosmic variance assuming a galaxy survey volume similar
to the effective volume of forthcoming surveys, Vg = 20 Gpc®/h? [10, 354, 395], the
QS is still a sub-dominant source of error for even extreme choices of ap and ag (see
Subsection 5.4.3). Note that time derivatives of the fields drop out from the calculation
of p for k — oo in Horndeski theories [390, 396]. We note at small scales, modelling
inaccuracies and shot noise errors will arguably dominate any inaccuracies incurred from
using the QS.

We do however warn that the QS begins to break significantly for beyond Horndeski
theories [396]. For large modifications to GR within Horndeski, we advise comparing
the resulting nonlinear spectrum with and without the QS against the predicted errors
on the specific data that is being analysed. Further, we have implemented the following
necessary condition for the QS to hold in our code [110]

k 2
H () > ci(a), (5.49)

where ¢? is given by Eq. 5.29, with its violation producing a warning prompt.

5.4.2 Loop-Corrections Approximation

We begin by noting that setting 7, = v3 = 0 implies we have Rgpr ~ 1 in Eq. 5.10 as the
1-halo terms are subdominant. This forces the argument of the logarithm in Eq. 5.9 to be
very close to unity, giving a very large k,. Effectively, this is the same as setting £ = 1 in

Eq. 5.6. This is the choice we take when adopting this approximation. We should remark
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Figure 5.3 Ratio of the approximated reaction to the full calculation. The approximation
assumes € = 1 in Eq. 5.6 which is approximately equivalent to no higher
order perturbative, screemning terms i.e, o = v3 = 0. We show Hu-Sawicki
f(R) gravity on the left and the normal branch of DGP on the right for
varying modifications to GR. For f(R) we show predictions for when the
model parameter takes the value of |fro| = 107° (moderate modification,
blue), |frol = 107° (low modification, red) and |fro| = 1077 (very low
modification, green). For DGP we show predictions for when the model
parameter is Q. = 0.25 (moderate modification, blue) and Qe = 0.01 (low
modification, red). We also show the comparison over two redshifts, z = 0
(solid lines) and z =1 (dotted lines).

that simply setting 72 = 3 = 0 leaves one slightly sensitive to the k, correction through
the 1-halo terms and consequently on the particular choice of halo mass function.

Using the exact forms of v, and ~3 as described in Subsection 5.3.2 is a big challenge.
This is primarily for computational reasons as it involves numerical time derivatives.
Smoothness of such derivatives is difficult to ensure and can affect results. In particular,
the exponential dependence of R on k, (see Eq. 5.4) makes it very sensitive to inaccuracies
in the 1-loop calculation. Further, the full map to 7, and 73 from the EFTofDE
would increase computational time significantly, degrading our code’s ability to perform
statistical analyses on data.

To test the impact of setting 7o = 73 = 0 we compare Eq. 5.4 with and without these
terms switched on for two different theories of gravity, DGP and the Hu-Sawicki f(R)
model [109]. The former is an instance of derivative or Vainshtein screening and the latter
of potential or chameleon screening, covering two main types of screening mechanism.

This comparison is shown in Fig. 5.3. We find that in the case of DGP, the correction
coming from the 1-loop computation is negligible for small and moderate modifications
to GR at all scales. On the other hand, the corrections to the f(R) theory can be up
to 1.5% at z = 0 for moderate modifications to GR. This may be acceptable if these
inaccuracies can be partially absorbed into the nonlinear degrees of freedom. We explore
this in Section 5.5.
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scalar tensor

no ghost ar + %aQB >0 M? >0 1100

Low gradient stability >0 ar > —1
Energy (sub)luminality large ax ar <0 [397]
no GW-induced instability |ay + ap| < 1072 [398]
High scalar-scalar scattering ap < lzng [399]
Energy  scalar-matter scattering ar >0 [400]
Data GW propagation speed lap| < 10715 [401]
CMB and LSS laas], lag| < O(0.1) [352]

Table 5.1 Theoretical and observational constraints on a-parameters from references in
the right column. Theoretical constraints are coming from low-energy (EFT)
and high-energy (positivity bounds) physics. Note that ax is not constrained
by data, hence the subluminality condition does not impose any constraining
power on the scalar mode perturbations. Also note the contradiction in the
condition for GW propagation: subluminal versus superluminal speed. The
positivity bounds do mot hold in general, they are derived for a quadratic
subclass of Horndeski theories with G3 = G5 = G5 x = 0 in Fq. 5.2. Data
driven constraints strongly depend on the imposed theoretical priors and time-
dependent parameterisation of a-functions. Here we mention only two prior-
independent observational constraints.

5.4.3 Observational and Theoretical Constraints

Firstly, we want to eliminate a range of a-parameter values that lead to two pathological
instabilities: ghost (i.e., negative kinetic energy) and gradient (i.e., imaginary speed of
sound). These constraints for the Horndeski theories were first derived in Ref. [402]. In
terms of the a-functions, Ref. [100] found that the stability of the background requires

a>0, >0, (5.50)
from Eq. 5.29 and Eq. 5.30 for scalar modes, and
M?*>0, ¢&=1+ar>0, (5.51)

for tensor modes of perturbations. An additional theoretical constraint is the stability
of scalar modes in the presence of gravitational waves of large amplitude, for instance,
sourced by massive binary systems [398]. Mapped to the parameterisation used in this

work this requires the following bound [403]:

laar + ap| <1072, (5.52)
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Previously, it was argued that the constraining power of upcoming cosmological surveys
will allow us to pin down the a-parameters at the O(0.1)-level [404]. For the condition
above this implies that a); ~ —ap. However, in such forecasts nonlinear scales were
ignored with a typical highest mode around kyay &~ 0.15 h Mpc~!. We speculate that this
constraint may be improved upon by inclusion of the nonlinear scales. Therefore, in our
code we treat ag and «p; independently.

Secondly, one may consider that the new physics should not modify the speed of
gravitational wave propagation [397, 401, 405-412], and so ap = M2 = 0. This luminality
condition has been argued to not be as clear cut a constraint through EFT considerations
[397, 413] as well as through the positivity bounds from high energy physics [400], so in
our code we keep the ar dependence in p. Subluminality, stated in the former references,
follows from the existence of a Wilsonian UV completion [414] and dependence on the
theory’s “cutoft” scale. From Eq. 5.29 it can be seen that subliminality of scalar modes
is guaranteed for large values of ag, while for tensor modes subluminality requires ar <
0. Superluminality, stated in Ref. [400], is a consequence of the positivity bounds for
scattering between scalar and matter fields. Such positivity bounds require a unitary,
causal, local UV completion of our low-energy EFT theory. However, superluminality
does not necessary result in casual paradoxes [415, 416]. In general, the notion of causality
in terms of the low-energy EFT is a rather subtle topic (for instance, see Refs. [417, 418]).

Thirdly, in the QS ax does not enter the equations of motion [100]. Therefore, it is
completely unconstrained in our approach, or for any model with ¢ ~ 1. However, in the
exact computation oy affects only the largest scales (see Fig. 5.2), which are dominated
by cosmic variance. This can be a motivation to not consider ax in data analyses, leaving
only aps and ap in a “bare-bones” case. We do not impose any of these reductions in our
code and leave it to the user to specify well motivated priors on the full set of EF TofDE
parameters in their analyses.

Lastly, we note that there are a host of data driven constraints that one can put on
the EFTofDE parameters [352, 399, 400, 403, 419-421]. Such constraints strongly depend
on the imposed theoretical priors and time-dependent parameterisation of the a-functions
(see Subsection 5.4.4). However, they all agree that the uncertainties and values of the
a-parameters are of order @(0.1). The future CMB and LSS surveys promise to improve
the constraints up to at least one order of magnitude o(|a;|) ~ O(0.01) (see, for example,
Ref. [422]). One may also assume a ACDM background, well motivated by CMB data
[22], and so set H(a) = Hacpm(a)®. We summarize the constraints discussed above in
Tab. 5.1.

50ur code defaults to this assumption, but there is the option to parameterise the background too.
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5.4.4 Parameterising Time Dependence

Here, we look at how one can parameterise the time dependence of the EF TofDE functions.
To first order this can be approximated by a Taylor expansion, 6;(a) =~ ;0 + 0;,(1 — a),
leaving at least 6 free constants characterising deviations from ACDM. In typical data
analyses, only a 1-parameter time dependence is considered. For example, in Ref. [421]

the authors consider the following three parameterisations for the oy, i € {M, B, K, T}

(1) :a4(a) = ¢, (a), (5.53)
(2) :i(a) = ga, (5.54)
(3) :a;(a) = ¢a™ (5.55)

where ¢; and n; are free constants and 2, (a) is the ACDM cosmological constant energy
density fraction as a function of time. For a comprehensive list of various other time
parameterisations see Appendix B of Ref. [350]. These all draw on the motivation that
modifications should only become relevant at late times. In our code, the default is set
to (2) for all ;. We note that such parameterisations may exclude well-known theories
as shown in Ref. [370], which motivated the s-basis introduced in Subsection 5.3.1.

We can also adopt similar parameterisations for the background H(a), but a more gen-
eral choice would be, for example, the Chevalier-Polarski-Linder (CPL) parameterisation
[85, 86], which parameterises the dark energy equation of state w(a) in terms of two free
constants, {wg,w,} as

w(a) = wy + we(l —a), (5.56)

which gives the following form for H(a)

H*(a) = H? (Qm,oa—i’) 4 Qpe <1+w<a>>d1°ga) . (5.57)

5.4.5 Nonlinear Parameterisation

The nPPF form for F given in Eq. 5.39 captures dependencies of the nonlinear
modification to the Poisson equation on the relevant variables, namely {yn, @, Myir, Yoy }-
Being motivated by the form of F in DGP (Eq. C.41), it can recover the DGP form given
appropriate choices for p; albeit with a non-trivial dependency of p, on a (see Eq. C.49).
Eq. 5.39 becomes approximate when moving beyond DGP. On the other hand, the Erf
form, Eq. 5.41, is completely phenomenological and is an approximation even in DGP.
Note that the nPPF is also more directly relatable to specific actions and gravity
models, in which case its degrees of freedom can be significantly restricted. It is thus

far more suitable when particular models are being targeted for analysis. The Erf model
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Maximal Reduced Minimal (Horndeski) Minimal

Background H(a) H(a) H(a) wo, Wq

. am(a),apla)  am(a),ap(a), ap(a), ap(a) ¥
Linear

ak(a),ar(a) ak(a), ar(a)

Quasi- 53( a),§ 2( )€ g(a) ) ) )
nonlinear 54 (a),& 4( ), & i(a)
Nonlinear p1—7(a) + ps p1-7(a) q1, G2, q3 q1, G2, q3
Total 18+1 12 3 + 3 constants 6 constants

Table 5.2 A maximal, reduced and minimal set of parameters needed for a comprehensive
nonlinear power spectrum analysis of the unrestricted theory space of Eq. 5.2,
together with a proposed minimal set for more general theories. The Horndeski
minimal set assumes ar = ag = 0 and Eq. 5.43, while the maximal and the
reduced assume full freedom of Eq. 5.39. Both reduced and minimal assume
vo = 73 = 0. The totals show the number of free functions of time plus
any free constants. We note qq and pg are found in Section 5.5 to be likely
irrelevant for the 1-halo computation, and so we do not consider them in the
reduced or minimal cases. We also note very tight constraints on ap — aps
(see Subsection 5.4.3) relevant to the minimal case.

on the other hand is completely general and has no direct relation to specific actions
of gravity. It is thus more suitable when no specific model is being targeted and we
want to place constraints on general models of gravity. In Section 5.5 we test these two

approximations in both DGP and f(R) gravity.

5.4.6 Overview

With all these approximations and constraints, the arguable minimal parameter space
characterising deviations to ACDM is 3 free functions of time and 4 constants. Without
approximations or constraints, the maximal is 18 free functions of time and a constant.
Of course we can also find intermediate reduced sets, such as using the nPPF but with
v9 = 73 = 0. Given we need to parameterise these functions of time, the maximal set is
currently an unfeasible parameter space to probe comprehensively, both in terms of data
processing as well as parameter degeneracies which limits the amount of useful physical
information one can extract from the data.

Finally, we have focused on the Horndeski class of models, but one can extend this
to larger generality by considering, for example, the growth index ~ parameterisation
for p(a) [292, 423] explicitly, see Eq. 47 in Ref. [370] and Eq. 5.57 for H(a). Combined
with the Erf model, this would constitute a minimal set of 6 free constants for general
modifications to ACDM. This minimal model-independent parameterisation has also been

implemented into the code.
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We summarise these parameterisations in Tab. 5.2.

5.5 Testing the Nonlinear Parameterisations

In this section we compare the predictions for the halo model reaction R, using the
various nonlinear parameterisations of modifications to the Poisson equation outlined in
Subsection 5.3.3, to exact solutions as well as state-of-the-art emulators within an evolving
dark energy scenario (wCDM), DGP and Hu-Sawicki f(R) gravity (see Subsection 1.3.1
and Subsection 1.3.1 for more details on these models). Note that the exact solutions for
the reaction have in turn been themselves compared to full N-body simulations in other
works (see, for example, Ref. [4]), exhibiting O(1)% agreement. These models cover a fair
range of theoretical and phenomenological features typical of modified gravity and dark
energy models, making them good representatives and test cases.

We look to test predictions for R using Eq. 5.39 (nPPF) and Eq. 5.41 (Erf) with
Y9 = 73 = 0 against the full calculation which computes R using exact forms for o, 3
and F (see Appendices of Ref. [130] for all relevant expressions). We further employ the
EuclidEmulator2 emulator [32] and the fofr emulator [424] for the wCDM and f(R) cases
respectively. These emulators have been trained on high quality N-body simulations and
are 1-2% accurate within the scales we examine, providing a good benchmark for our
predictions. One should keep in mind that the halo model reaction approach’s accuracy
is limited by the pseudo power spectrum employed. For example, if we use HMCode2020
[362] for the pseudo, which is claimed to be 2.5% accurate down to k£ < 10 h/Mpc, we
then expect any power spectrum comparisons to then be ~ 4.5% consistent with N-body
at k < 3 h/Mpec, which assumes the result of Ref. [425], i.e., that the exact solution for R
is ~ 2% accurate at these scales. In the wCDM and DGP cases, both ACDM and PR
are computed using the halofit fitting function [394], but the f(R) case uses HMCode2020.

The computation of R requires us to solve the evolution equations for the spherical
top-hat radius parameterised by y, (Eq. C.44). This necessitates the specification of F
at all redshifts up to the target redshift. We then should test approximations for F even
at high redshifts, which is done in Subsection C.2.3, where we compare F at z = 0,1, 4.
For comparisons of the halo model reaction, we only consider z = 0,1 which are more
observationally relevant.

We fit {q1,q2, q3,q4} for the Erf model, Fgys. In the nPPF case, we do not fit all the
8 free parameters of F,ppr, and only consider p; and pg, treating both as constants. In
principle, and indeed for unspecified theories of gravity, all 8 parameters will be fit to the
data. For the comparisons made here, py_7 are fixed to the theoretically predicted values
quoted in Section C.2. Fitting such a high dimensional parameter space is beyond the
scope of this work.

In what follows we fit the free parameters by performing a least square fit to the exact
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nPPF Erf

Qre b1 Ds q1 q2 q3
0.25 - - 0.76 0 0

0.01 - - 071 0 0

|frol | P2 Ps a1 a2 a3

1075 3 -0.8 09 035 0.65
10°%] 85 -05 1.65 0.7 245
1077 | 5.65 -045 06 0.8 215

Table 5.3 Best fit parameter values for the DGP and f(R) models. The fit is performed
to the exact solution for R in the range 0.1 h/Mpc < k < 3 h/Mpc and at
z=0,1 as described in the main text. For the Erf model, we do not fit q2, q3
and qy for DGP and for f(R) we find the quality of fit with and without q4 is
similar. For all fits we thus set g4 = 0. The nPPF is exact for DGP and so
we only consider f(R), fizing all po—7 to the values given in Eq. C.50.

R prediction. We choose to fit our parameterised models to the exact predictions for
R, rather than the emulator predictions for Pyp,(k) for two reasons. First so as to test
the ansatz for the phenomenological screening and the consistency of the predictions (see
Section C.2). Second, we do not want to assume anything about the pseudo spectrum in

these fits. To fit we minimise the following merit function

max max

82 _ Z Z [Rexact(ki> Zj) - Rapprox(kia Zj)]2

2. 2. =y , (5.58)
j=min {=min 2y
where we assume error bars on Reyacy coming from cosmic variance [281, 426, 427] and a
constant systematic error added in quadrature
47?2
2 2
o;:(k,2) = ——— 4054, (5.59)
J k?ZQAI{?Z‘/s,] Y
where V,; € {0.3,8} Gpc®/h3 is taken to be a Stage-IV survey-like volume for each bin
z; € {0,1} respectively [10, 354, 395, 427]. We fit in the range kyin = 0.1 < k; <
3 = kmax which is the range over which the exact computation of R is 2% accurate [4],
sampling logarithmically, with Ak; being the bin width. We take o5 = 0.02 to reflect the
systematic error in the parameterised reaction when compared to simulations by proxy of

the exact solution. The best fit parameter values are shown in Tab. 5.3.
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5.56.1 Evolving Dark Energy Example: wCDM

Here we perform a sanity check that the general minimal model outlined in Tab. 5.2
produces consistent results for a wCDM cosmology, and is at least as accurate as the
exact solution. To do this we compare a minimal model with CPL parameters wy = —1.2
and w, = 0.4, and a growth index of v = 0.55 to the exact solution as well as predictions
from EuclidEmulator?2 using the same CPL parameters. We further set the nonlinear
parameters of the Erf model (g;) to unity, but check that they have no impact on the
results as expected from Eq. 5.41 (u =~ 1 for v = 0.55).

We show our results in Fig. 5.4. We see that the minimal model is both completely
consistent with the exact solution which has no nonlinear or linear modification to the
Poisson equation, as well as 1% consistent with the emulator down to k < 2 h/Mpc and
2% down to k < 3 h/Mpc. The minimal general model could feasibly outperform the
exact solution given its degrees of freedom. In a future work we plan to check forecasted
constraints and possible biases on cosmological parameters for the minimal general model,

in full posterior estimation analyses employing N-body simulation measurements.

5.5.2 Vainshtein Example: DGP

For DGP the nPPF parameterisation reproduces the exact form of F (Eq. C.41)
for specific choices of the p; parameters (Eq. C.49). On the other hand, the Erf
parameterisation (Eq. 5.41) is approximate and we fit the associated parameters. We note
that DGP has no Yukawa suppression at large scales and produces a constant enhancement
of the ACDM linear growth factor. This enhancement is controlled by the DGP degree
of freedom Q.. = 1/(4H3r?) where 1, is the cross-over scale dictating where gravity goes
from behaving 4-dimensionally to 5-dimensionally. We consider two levels of deviation to
ACDM: a moderate modification given by €2, = 0.25 and a small modification given by
Qe = 0.01.

We only fit ¢; as we do not have any mass, environment or Yukawa-suppression scale
dependence, and so we set ¢ = g3 = g4 = 0 in this case. The best fit values of ¢; are
given in Tab. 5.3. Further, we employ the exact form of p(a) in Eq. 5.41 for the explicit
expression see Appendix in Ref. [130].

In the top panels of Fig. 5.5 we show the ratio of a DGP power spectrum to a ACDM
spectrum with the same background expansion history, normalised to unity at linear scales
for easier comparisons of nonlinear effects. The DGP spectrum is given by Eq. 5.3. We
see the moderate modification gives up to a 6% deviation from ACDM (above the linear
growth enhancement) for £ < 3h/Mpc while the small modification can reach 2% over the
same range of scales. Reassuringly, in the bottom panels we find sub-percent agreement
between the Erf and exact predictions down to k = 5 h/Mpec, with a smaller disagreement
for the smaller deviation from ACDM.

148



Figure 5.4
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Top panel: The ratio of the wCDM nonlinear power spectrum to the ACDM
nonlinear power spectrum computed using the EuclidEmulator2 (black) and
halofit together with the halo model reaction (see Eq. 5.3) for the minimal
general model (blue) as outlined in the right most column of Tab. 5.2. Middle
panel: The ratio between theoretical and emulator predictions for the ratio
between wCDM to ACDM spectra, i.e., the ratio of blue to black top panels
curves. Bottom panel: The ratio of the exact halo model reaction to the
minimal general model. We plot the ratio for two observationally relevant
redshifts, z = 0 (solid) and z = 1 (dotted). We show these results for wy =
—1.2 and w, = 0.4. The minimal general model also has v = 0.55 and

g1 =q2=q3=qs = 1.
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Figure 5.5 Top panels: The ratio of the DGP nonlinear power spectrum to the ACDM
nonlinear power spectrum computed using halofit and the halo model reaction
(see Eq. 5.3) for the exact (black) and Erf (blue) cases. We do not show
the nPPF case as it reduces to the exact solution for specific choices of its
parameters. The Erf model assumes vo = v3 = 0. We have normalised
the ratio to unity at large scales for easier comparisons. Bottom panels:
The ratio of halo model reactions; the Erf model Ryt to the exact solution.
This is equivalent to the ratio of the top panel blue to black curves. We
show these results for a moderate modification, Qe = 0.25 (left) and a low
modification, Q. = 0.01 (right). We plot the ratio for two observationally
relevant redshifts, z =0 (solid) and z = 1 (dotted).
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One can further parameterise the time dependence of ¢; which would alleviate some of
these deviations, but we find these differences to be more than acceptable given the relative
size compared to the modification to ACDM shown in the top panels. Moreover, a large
number of additional degrees of freedom will be introduced in real data analyses such as
intrinsic alignments and parameterisations of baryonic physics. These will be degenerate
to some level with modified gravity effects [428], allowing lower accuracy demands in the
modelling of R.

This additional time dependence is highlighted in Fig. C.1, where we find that the
Erf model can match the exact form of F extremely well at a fixed redshift. Upon
investigation, we found this dependence to be highly degenerate with ¢, which prompted
us to not introduce new freedom to the model, especially because we can achieve very
good fits already, even without g¢s.

Note we have not compared the parameterised model to an emulator nor simulations in
this case. Given the excellent agreement with the exact solution we can infer its accuracy
is at least as good as the exact solution, given it employs 3 additional degrees of freedom.
We remind the reader that the exact reaction was found to be 2% accurate when compared

to N-body simulations in Ref. [4].

5.5.3 Chameleon Example: Hu-Sawicki f(R)

For this theory we consider both the nPPF and Erf models for R, and compare them to
the exact solution (Eq. C.46) as well as at the power spectrum level to the fofr emulator
[424]. This model makes use of the chameleon screening mechanism which exhibits an
environmental and mass dependence. It also has a Yukawa suppression which returns it
to GR at large scales. The additional degree of freedom is the value of the background
scalar field at z = 0, fro, which controls the level of deviation from GR. We consider
three levels of deviation from ACDM, |frg| = 1075 (moderate modification), | fro| = 107°
(low modification) and |froe| = 1077 (very low modification). We note that the moderate
f(R) modification is already ruled out by data (for example, see Refs. [340, 429-431]),
but provides a good flexibility test of the parameterisation.

In the nPPF case, we choose the theoretically motivated parameters given in Eq. C.50.
These emerge from a parameterised form of f(R) gravity [378] and so are approximate.
p1 and our new parameter pg remain free. Treating them both as constants, we fit them
in the same way that we fit the Erf model’s parameters, by minimising Eq. 5.58. We
note that the other nPPF parameters, ps — p7, take on different forms for the chameleon
screening and Yukawa suppression regimes. We only consider the screening regime which
is more relevant for the spherical collapse calculation, and rely on ,u(l%, a) appearing in
Eq. 5.39 to take care of the Yukawa suppression.

Yukawa suppression is relevant for large masses, large ye,, or small values of frg. Given
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Figure 5.6
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Top panel: The ratio of the f(R) nonlinear power spectrum to the ACDM
nonlinear power spectrum computed using HMCode2020 and the halo model
reaction (see Eq. 5.3) for the exact (grey), Erf (blue) and nPPF (red) cases.
The fofr emulator is also shown in black. Middle panel: The ratio between
theoretical and emulator predictions for the ratio between f(R) to ACDM
spectra, i.e., the ratio of grey, blue and red to black top panels curves. Bottom
panel: The ratio of halo model reactions; the parameterised models to the
exact solution. This is equivalent to the ratio of the top panel coloured curves
to the gray curves. Note that both parameterised models have v = v3 = 0.
We plot the ratio for two observationally relevant redshifts, z = 0 (solid)
and z = 1 (dotted). We show these results for a moderate modification,
|fRo| = 107°. The orange bands indicate the 2% region which is the current
absolute accuracy of the exact R.
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Figure 5.7 Same as Fig. 5.6 for a low modification, |frol = 107% (top) and a very

low modification, |fro| = 10=7 (bottom). Note that the fofr emulator for
|fRo| = 1077 gives the ACDM prediction and so we omit the middle panel.
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this, we do not expect pg or ¢4 to be relevant for spherical collapse where 4, < Yeny < 1, and
even less for the 1-halo spectrum where the Sheth-Torman mass function down-weights
large masses (see, for example, Ref. [375]). We verify this by performing two separate
fits: the first only including the parameter sets {p; } and {q1, g2, g3} for the nPPF and Erf
model respectively, while the second extending these sets to include pg and g4 respectively.

We find that values of g4, ps > 0 negligibly change the goodness of fit for the low and
very low modification strengths, while sufficiently negative values degrade the fit, which
is expected as the Yukawa scale begins to overlap with the screening scale. Further, we
observe only a marginal improvement at z = 0 for |fgo] = 107° in the Erf case. Given
this, all fits shown and quoted here set g4 = 0 for the Erf case. In the nPPF case, we
observe a moderate improvement for |frg| = 107 and so keep ps. We report the best-fit
parameters in Tab. 5.3.

The f(R) results are shown in Fig. 5.6 and Fig. 5.7. We see the moderate modification
can reach a 20% deviation from ACDM for & < 3h/Mpc while the low and very low
modifications reach 10% and 3% respectively. Both parameterisations do well in modelling
the moderate modification case | fro| = 1077, shown in Fig. 5.6. The Erf model prediction
for R stays within 1% of the exact solution for k& < 3h/Mpec. Similarly, the nPPF remains
within 2% for k& < 2h/Mpc. The situation improves for the lower modification cases,
shown in Fig. 5.7. These comparisons exhibit sub-1% agreement between the Erf (nPPF)
model and exact solution for & < 5(3) h/Mpc at z =0 and z = 1.

All power spectra predictions are ~ 3% consistent with the fofr emulator which mainly
demonstrates the accuracy of HMCode2020. Interestingly, we find that the additional
degrees of freedom within the nPPF and Erf models are degenerate with possible
inaccuracies in the pseudo, even down to kK = 5 h/Mpc. Again, we leave it to a future
work to see if these additional degrees of freedom can improve constraining power on
cosmological and gravitational parameters while remaining unbiased.

Our comparisons indicate that for the Erf model, degeneracies between ¢;_3 and ¢y
make the latter parameter unnecessary. We note that the fit of ¢;_3 becomes insensitive
to the value of g4 if it is sufficiently large, here found to be g4 = 0. For the nPPF model,
the additional freedom provided by pg is necessary to improve the fit, but it does not help
substantially for observationally viable values of fro. Further, we remind the reader that
we do not know py_7 a priori for unspecified theories of gravity, and so the importance of
ps is likely to be minimal when considering these additional degrees of freedom.

Lastly, we remark that the Erf model gives a good fit for a range of values for q;_3".
The values quoted in Tab. 5.3 are only the best fit values, which are also very dependent
on Eq. 5.59. This makes it hard to extract any further dependence on frg in Eq. 5.41 (note
this already depends on u(k,a)), which is also beyond the scope of this parameterisation

which aims to be general in terms of gravitational degrees of freedom.

"Similar fits were found for (0(0.1) values for these parameters.
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5.6 Summary

In this chapter we have presented a significant extension of the code described in Ref. [130]
which produces nonlinear corrections to the matter power spectrum coming from beyond-
ACDM physics in the form of the halo model reaction R. In particular, we have focused
on implementing parameterisations of key equations, such as the background expansion
history and the linear and nonlinear Poisson equations.

For the linear scales and background we have considered the effective field theory
of dark energy (EFTofDE) while for the nonlinear scales we have considered two distinct
parameterisations, a nonlinear parameterised post-Friedmannian (nPPF) based model and
a more phenomenological model based on the error function (Erf). Together, these give
a general parameterisation of the nonlinear matter power spectrum in Horndeski models.
We neglect loop corrections in these parameterisations but leave these as viable additions
and we provide theoretical and numerical means of deriving these for the Horndeski class of
theories. This being said, we remark that the nonlinear parameterisations are completely
general, and so to move beyond the Horndeski class it is sufficient to parameterise only
the background expansion history and the linear modification to the Poisson equation.
Further, the nonlinear parameterisations also have unscreened limits, and so we are not
restricted to theories exhibiting screening. In summary, this work presents a fast, accurate
and highly general nonlinear power spectrum predictor for non-standard models of gravity
and cosmology including massive neutrinos, parameterised with a minimal set of free,
physically meaningful constants.

We have tested these parameterisations against the full solutions for R in three beyond-
ACDM models, wCDM, Hu-Sawicki f(R) and DGP gravity. This has identified a minimal
set of 3 free functions of time and 3 dimensionless, positive, O(1) dimensionless constants,
which can replicate the exact solutions to within 1% at & < 5h/Mpc and at z < 1 for
modifications to GR within current data constraints and within the Horndeski class.
This level of imprecision is sub-dominant to the 2% accuracy currently achieved by
the reaction method at these scales [4, 356], and further to the inaccuracies in current
pseudo spectrum prescriptions [358, 363]. We have seen that the additional parameters
have some degree of degeneracy with pseudo spectrum inaccuracies, which may improve
the scales of validity for the nonlinear power spectrum, Py, as predicted within the
halo model reaction framework. We thus suspect that this minimal parameterisation
is acceptable for upcoming Stage-IV cosmic shear analyses given the flexibility of the
nonlinear parameterisation and the many other nuisance degrees of freedom entering a real
data analyses, such as those characterising baryonic physics or intrinsic galaxy alignments
[432].

The Erf model is also highly model independent, capturing the basic phenomenology

of screening mechanisms. It can thus be suitable for analyses targeting general deviations
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from ACDM. For example, one may perform a model independent analysis combining the
Erf parameterisation with the linear theory growth index 7-parameterisation [292, 423|
(also see Eq. 47 of Ref. [370]) and say the background parameterisation of Refs. [85,
86], giving 6 free constants characterising general deviations from ACDM in the matter
power spectrum at a wide range of scales. On the other hand, the nPPF approach is
complementary as it can be directly related to specific actions, making it very suitable
when we look to constrain more specific classes of theories. Both approaches have a clearly
defined unscreened limit.

In future work we will test the robustness of the minimal parameterisation, and
forecast constraints on deviations to ACDM by performing full Markov chain Monte Carlo
(MCMC) analyses on mock data of the cosmic shear spectrum. Consistency and accuracy
checks can also be performed using recently developed parameterised modified gravity
simulations [386, 388, 433-435]. On this note, our code is as fast as the original ReACT and
so is capable of running MCMC analyses. Despite its appreciable baseline speed, we aim to
make this even faster by creating emulators based off halo model reaction predictions using
the recently released CosmoPower code [291] which will highly optimise such analyses. It
is a future plan to also perform real data analyses on currently available cosmic shear
data to constrain deviations to ACDM using the general minimal parameterisation given
in Tab. 5.2.

It is currently an ongoing project to also extend the halo model reaction to redshift
space and biased tracers in a vein similar to Ref. [357]. We also plan to include interacting
dark energy parameterisations [436, 437] from Chapter 3, a scenario where essentially one
decouples the baryons from ACDM modifications, contrary to the scenario considered in

this chapter where all matter is coupled to the scalar field.
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Chapter 6

Growth Index Parameterisation with

Cosmic Shear

This chapter is based on the following peer reviewed publication:

e M. Tsedrik, B. Bose, P. Carrilho, A. Pourtsidou, S. Pamuk, S. Casas, J. Les-
gourgues, 2024, Stage-1V cosmic shear with modified gravity and model-independent
screening. Published in JCAP. doi:10.1088/1475-7516,/2024/10/099, arXiv:2404.11508.

Here we apply the minimal parameterisation introduced in the previous chapter. This
phenomenological parameterisation was developed with galaxy clustering probes in mind
and has been used to look for deviations from standard cosmology [66, 153, 438]. In
Ref. [439] it was demonstrated that v can be constrained with weak lensing probes as
well. Constraining the growth index is one of the main objectives of Stage-IV surveys.
We should note that this parameterisation assumes that the linear growth factor and rate
are scale-independent which is not the case for some Modified Gravity (MG) models, such
as f(R).

The novelty is the implementation of the screening. To our knowledge, attempts to
take the screening effects into account have been made in Refs. [352, 440-442]. Therein,
screening was modeled as an exponential cut-off in the a-parameters with a characteristic
screening scale at which the screening mechanism becomes effective. This scale was either
varied as a free parameter or fixed to the value motivated by simulations [443]. However,
the performance of this approximation across various MG scenarios remains to be tested,
in order to understand if the corresponding accuracy suffices for Stage-IV surveys.

In this chapter, we investigate whether we could provide constraints on the minimal
model-independent parameterisation of MG, including nonlinear scales with forthcoming
Stage-IV cosmic shear data. We investigate the importance of including the screening
scale, the degeneracy between the screening scale and baryonic feedback, and the effects

from massive neutrinos. For acceleration of our analysis we emulate our models of interest,
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trained with CosmoPower on power spectra generated using the halo model reaction. We
have made a public repository for this and related emulators.

Contributions

['led the main analysis of the paper, including writing a new likelihood pipeline, adding
a new model to MGCAMB and ReACT, emulating models of interest with CosmoPower, running
all MCMC chains, interpreting the results, and drafting the majority of the paper. Alkistis
Pourtsidou, Benjamin Bose and Pedro Carillho contributed to the interpretation of the
results. Benjamin Bose provided his pipeline for data production. Part of Sefa Pamuk’s
and Santiago Casas’s original code was used in the development of my pipeline. They

and Julian Lesgourgues provided comments for the final version of the draft.

6.1 Modelling

For a generic theory of gravity, the cosmic shear power spectrum can be derived from
the lensing potential, also known as the Weyl potential. The Weyl potential is intricately
linked to the underlying matter density fluctuations via a corresponding Poisson equation.
Therefore, we can obtain the cosmic shear power spectrum by integrating the nonlinear

matter power spectrum along the line-of-sight under the Limber approximation ! [441]:

vy = [ Z—VV;/(Z)M/](Z) 2Tko(2), 2 2), 2
OO = [ 4 I ) AP ). 2. (6.)

Zmin=0

where we set the speed of light to ¢ = 1, ky = (£ + 1/2)/x(2), x(z) signifies the radial
comoving distance from an observer at z = 0 to an object at redshift z, H(a) represents
the Hubble function, ¥(k, z) denotes the modification to the Poisson equation for the
Weyl potential in MG theories, and z,., stands for the maximum redshift of the source

distribution in a survey. The weighting functions W, are defined as:

Zmax

W (2) = S B2 (2)(1 + 2) /

2 Zmin=0

— x(z)
dz'n;(2") [1 — X(z’)} : (6.2)
where Q,, = Qu,(z = 0) denotes the total matter density fraction today, Hy represents
the Hubble constant in Mpc ™!, and n; is the redshift distribution for bin 7. The observed
lensing signal C"(¢) is contaminated by the intrinsic alignment contribution (IA, see
Ref. [444] for a recent review). IA represent correlations in the orientation between
galaxies which are not caused by lensing but rather by the same gravitational field in which

these galaxies evolve. We model this using the redshift-dependent nonlinear alignment

1As we have discussed in Section 1.5, the Limber approximation might be insufficient for Stage-IV
surveys. The goal of this chapter is to study nonlinear effect at scales not strongly affected by this
approximation. In a real data analysis the model must be computed without employing the Limber
approximation (e.g., with BLAST [18]).
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(zNLA) model [445, 446]. Additionally, we account for the shape-noise contribution due
to the intrinsic ellipticity field (unlensed). These effects introduce the following additional
contribution to the signal:
2
WL\ _ I I Oe K
where (55 is the Kronecker’s delta, o, stands for the variance of the intrinsic ellipticity

distribution, 7 = n/Nyi,s with n being number of galaxies per radians squared, and the

superscript I denotes the contribution from the IA with the following kernel:

Qm
(k,z)/D(k,0)

Wik, z) = —ApnCra(1 + z)"IAD ni(z)H(z), (6.4)
where D(k, z) denotes the growth factor? — the general definition for MG theories includes
a scale dependence, but in this work we only study models with scale-independent linear
growth. We set Cry = 0.0134 (its conventional value®, as it is degenerate with Ars),
while Ajpx and mpa are additional nuisance parameters in our modelling. Ay is called
the alignment amplitude. It quantifies the strength of the IA signal given the underlying
matter density distribution. The TA signal evolves with redshift and depends on galaxy
type [448, 449]. The redshift evolution of the IA amplitude is controlled by the redshift
scaling parameter npa. We also assume that the redshift at which we observe the TA signal
is lower than the redshift at which the alignment was initiated. In this framework, the
ellipticity of a galaxy is linearly related to the gravitational potential at the time when the
IA signal is set. Therefore, it is related to the density perturbations and the matter power
spectrum via the Poisson equation. In zNLA, we extend this connection into the nonlinear
regime by using the full nonlinear matter power spectrum. It has been widely applied
to Stage-111 galaxy survey measurements (see, for instance, Refs. [450-453]) that seem to
prefer simpler IA models. The zZNLA model allows for amplitude and redshift dependence
of the TA signal from any MG model through D(k, z) in Eq. 6.4 and Pyy, in Eq. 6.1. Unlike
other TA models where tidal physics is taken into account and perturbatively re-derived
for MG scenarios, this does not affect NLA [115]. While there is still debate on whether
or not zNLA captures all TA effects sufficiently well for Stage-1V surveys [447, 454], we
leave a detailed exploration of more complex models for future work. In general, TA
occurs on small astrophysical scales, where we assume that all modifications of gravity
are screened [350]. However, a more complex IA model may introduce degeneracies with
cosmological and MG parameters, and, hence, degrade the inferred constraints. We note

that by choosing a simpler IA model, our forecasts may underestimate uncertainties of

2This is found by solving the linearised growth equation in the cosmological scenario of interest, which
we compute using MGrowth: github.com/MariaTsedrik/MGrowth.

3The definition of this constant includes critical density and another normalisation constant frequently
set to C =5 x 10*14M51h*21\/1pc3 in the literature (e.g., Ref. [447]): Cia = Cperit-
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the inferred parameters.
The main component from Eq. 6.1 that we model and modify in our analysis is the

nonlinear power spectrum:

PNL(k, Z) — Pl\l}/iG—l—V(k’ Z) ™ Bbaryons(k:7 Z) — BMG+V % Bbaryons % PKI\I(J]DM’ (65)
where the nonlinear ACDM power spectrum without neutrinos, P§CPM| is combined

with the emulated boosts due to effects from baryonic feedback, BP#¥°"s and MG with
massive neutrinos, BMGTY = pM&+/pACDM = Thig prescription is described in detail in

the following subsections.

6.1.1 Nonlinear Power Spectrum Modelling

We model the nonlinear power spectrum similar to the prescription from Chapter 5. In the
halo model reaction framework? [4], based on the halo-model approach (see Ref. [35] for
a recent review), we can compute the nonlinear power spectrum in a modified theory
of gravity including massive neutrinos as (see a discussion on massive neutrinos in
Subsection 1.3.2):

PYGH (k. 2) = R(k, 2) PR (k, 2) (6.6)

where P2"%°(k, z) is called the pseudo power spectrum. This is defined as a nonlinear
power spectrum, evolved in a ACDM universe with adjusted initial conditions in order
to match the linear clustering of the MG model of interest at the target redshifts,
ie., PPk z)) = PMG(k,z). In the context of N-body simulations it can be
understood as follows: initial conditions are generated from a power spectrum computed
as PP (k, zin) = D3 cpn(2ini)/ D3cpn (%) PMC(k, z;) while the evolution up to z; is
done with standard gravity and ACDM expansion. In the context of HMcode it can be
understood as using D3 cpy(z = 0)/D%cpm(25) PME(k, 2;) as input linear power spectrum
at redshift z = 0. Since in our case the re-scaling of the initial conditions is scale-
independent (as we are dealing with MG theories with scale-independent linear growth),
one can also compute a pseudo power spectrum at the target redshift simply by re-scaling
the primordial amplitude as AP*v° = D2 (z;)/D3cppn(2i)As. Instead of utilising a
ACDM nonlinear power spectrum with the same cosmological parameters and modelling
the reaction as an expected ratio Py /PACPM with halo model, we opt for the pseudo
cosmology, which implies the halo mass functions of both MG and pseudo cosmologies are

similar. As a consequence, the transition between 2- and 1-halo terms becomes smoother.

4The series of papers “On the road to percent accuracy” covers the developments of the framework
including the basic foundation [4], an emulator for the pseudo power spectrum [299], inclusion of massive
neutrinos [356], the first forecasts for an LSST-like survey and the ReACT code release [130], a comparison
with simulations and simulation-based emulators including baryonic contribution in [363], and interactions
between dark matter and dark energy [358].
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For example, in Fig. 5 and 7 of Ref. [4], when comparing PYG /PACPM and PG/ pRievde.
the latter clearly appears as a smoother function.

We compute the pseudo power spectrum using HMCode [360, 361, 455, 456], in particular
its 2020-version. Alternatively, the pseudo power spectrum can be computed with HaloFit
[457] or for MG theories with scale-independent linear growth, ACDM-based emulators
such as EuclidEmulator2 [32, 458] or bacco [31] can be used by adjusting the spectrum
amplitude parameter, A, or og, to match the modified cosmology.

The reaction function R(k, z) contains all nonlinear corrections to the pseudo spectrum
coming from modifications of gravity and massive neutrinos. We refer the reader to
Refs. [4, 130] and Section 5.2 for more details on how to model the reaction function. In
a nutshell, similar to the halo-model approach, there are three distinct regimes in scale:
linear (2-halo term), quasi-nonlinear (1-loop corrections and smoothing), and nonlinear
(1-halo term). For each we need to follow a certain prescription within our framework.
These three regimes are demonstrated clearly in the Poisson equations 5.12-5.13.

In the linear regime, the enhancement or suppression of structure formation relative
to ACDM is controlled by pr,(k,a). In the quasi-nonlinear regime, the modifications at
second and third orders are captured by a source term S(k,a) (see Eq. 5.14). Within
the reaction function, two parameters guarantee a smooth transition between the 2- and
1-halo terms in the quasi-nonlinear regime: £ and k,. The first parameter corresponds
to the 1-halo power spectrum ratio in the modified and pseudo cosmologies at very large
scales, tuning the similarities in their halo mass functions. The second parameter controls
the rate of the transition, and for that parameter the one-loop corrections given by S(k, a)
are essential.

In the nonlinear regime, the modification to gravity is governed by unr(k,a), which
should recover GR at very nonlinear scales (k> 10 h/Mpc) in the screened MG theories
punt, — 1 or un, = pg, in the unscreened MG theories. This function is then considered
when solving the gravitational collapse equation for the top-hat radius. From the solution
of the gravitational collapse equation and Virial theorem, we derive the density at the
collapse, virial scale factor and virial density, which are then used for computing the halo-
mass function [459, 460] and halo density profile [461] — two essential properties of the
1-halo term power spectrum.

All in all, to fully describe PMS*¥ we require the following information: the total
neutrino mass M, (or equivalently the neutrino density parameter, related to the mass
by M, =~ 93.14 Q,h? eV), and 5 functions — the expansion history H(a), the modification
of gravity on linear scales pup(k,a), two functions ~, and 73 included in the source
term S(k,a) that modifies quasi-nonlinear scales, and the modification of gravity in the
nonlinear regime pun,(k,a). In the subsequent subsection, we discuss these functions for
the MG theories of interest.
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Figure 6.1 Upper panel: left — linear modification to the Poisson equation for nDGP
gravity with strong modification of Qp. = 0.25 (red solid line), GR (black
line) and different growth index values specified in the colour-bar; right —
nonlinear modification to the Poisson equation for the same nDGP scenario,
and growth index with v = 0.4 and various values of the screening scale q1 at
z = 1.25 as a function of the normalised halo radius yy, defined in Eq. C.44.
Lower panel: ratio between the growth factors computed for various values of
~; left — with respect to the growth in GR, middle and right — with respect
to nDGP for time-independent and time-dependent growth index respectively.
Dashed black lines denote the 1% range.

6.1.2 Modified Gravity Scenarios

In the previous Chapter 5, we studied Horndeski theories employing the Effective Field
Theory of Dark Energy (EFTofDE). Horndeski theories [462] encompass the most general
class of scalar-tensor theories of gravity in 4 dimensions that are Lorentz-covariant, ghost-
free and have second-order equations of motion. However, in this work, we specifically
focus on a popular example of scalar-tensor theories with Vainshtein screening [382] —
the normal branch of DGP theories (nDGP, [107]). We aim to recover its main features
with the phenomenological growth index parameterisation [292, 293, 423] extended to the
nonlinear regime (see the “minimal parameterisation” in Tab. 5.2).

For our theories of interest the modification of the Weyl potential from Eq. 1.40 is
Y = 1, ie., lensing is not affected: for nDGP this is derived in Refs. [463, 464] and
for the ~-parameterisation we set it by hand. Therefore, in this work, in Eq. 6.1 we set
Y (k,z) = 1 and modify Pyp, only.

Below is a summary of the functions required for the reaction calculations and our

assumptions:

1. The background expansion is set to be equal the standard cosmology: H(a) =
}I()\/Qmaf3 + (1 — Qm)
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2. Modifications in the linear regime:

1+ % for nDGP
p(a) = § 2007 (a) [ (a) + 2 — 37y 4+ 3(y — 1/2)Qu(a)]  for v = const  (6.7)

30 (@)nla —1/a) log Qu(a) + p =" (a)  for y(a)

with B(a) defined as

Bla) =1+ Hh(,oa> \/;2_ (1 + 3%?2)) , (6.8)

where dot denotes a derivative with respect to the time coordinate and §2,.
corresponds to the strength of modification in the nDGP cosmology (€2, = 0 in
GR). The derivation of pj, for nDGP can be found in Ref. [463], while for the
growth index parameterisations one inserts the growth rate, f(a) = [Quw(a)]’®@,
into the linearised growth equation

/

P+ £+ (24 ) 1) = S (6.9)
with © = d/dIna, to find the expression for up. In addition to the standard
(constant) growth index parameter, we consider a time-dependent version of the
form v(a) = 70 + 71 (a + 1/a — 2) from the recent work of Ref. [296]. We add this
model to our MGCAMB branch. The latter parameterisation was recently proposed
because it captures the time-evolution of growth in Horndeski theories better than
the constant growth index. We demonstrate this in the lower right panel of Fig. 6.1.
Additionally, in the same figure, we illustrate the impact different choices of pur,
have on the growth factor D for the time-independent growth index. Indeed, for
nDGP the time-dependent parameterisation of the growth index provides a better
fit than the constant one. However, for the standard cosmology, the growth index
parameterisation remains excellent, whereas, for a scalar-tensor theory like nDGP,
it does not. Further discussion on the correspondence between the constant growth
index and DGP theories is provided in Appendix D.1. In all models, we ensure
a match with General Relativity at high redshifts. In other words, we introduce
modifications of the standard cosmology only in the late universe, while the early

universe remains ACDM.

3. In the quasi-nonlinear regime for nDGP 7- and ~y3-functions® within S(k,a) are

specified in Ref. [365], while for the scale-independent growth index parameterisation

5Note that the vo- and ~ys-functions are not related with the growth index parameterisation despite
having similar notation. These functions, v2(k1, k2, a) and v3(k1, ko, k3, a), characterise quasi-nonlinear
modifications to the Poisson equation.
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we set them to zero. In Subsection 5.4.2 we demonstrated that the 1-loop corrections
impact the reaction function very weakly for nDGP, less than 1%. However, this

might become a consideration when scale-dependency in the linear growth is present.

. Modifications in the fully nonlinear regime:

%@_&;3—1 +1 for nDGP

(6.10)
(¢ (a) — Derf(ay,107) +1  for v parameterisations.

pxr(a) =

The expression for nDGP is derived in Ref. [339] following the solution of a

spherically symmetrical overdensity with

and d being the nonlinear over-density given by
6=y (14 6mi) — 1, (6.12)

with 0y, being the initial over-density and

_ RTH/Q
N Ri/aini ’

Un (6.13)
Rty and R; being the physical halo top-hat radius at the target scale factor a and at
the initial scale factor a;,;, respectively. The second expression is phenomenological
and was demonstrated in Subsection 5.5.2 to reproduce the Vainshtein screening
behaviour within 1% up to kK = 5 h/Mpc when compared against the exact solution.
By the exact solution we mean the halo-based reaction computation for the exact
expression of pyr, in nDGP from Eq. 6.10. This exact ReACT solution, in turn, shows
percent-level agreement when tested against numerical simulations in Ref. [4]. The
error function form in uyp, guarantees a smooth transition from the modified into
the screened regime: on large scales in the linear regime pny — pp,, while on small
scales uny, — 1. The parameter ¢; corresponds to the screening scale, and its
impact is demonstrated in the right upper panel of Fig. 6.1 (for a case of v = 0.4
that matches the linear modification of nDGP with €2,. = 0.25 at redshift z = 1.25).
From this figure, we see that the higher ¢; the deeper into the halo the transition
from modification to no modification happens. The opposite is also true, the lower
¢1 the farther outside the halo uxr, = 1. The GR-limit is fully recovered at all scales
when ¢ — —oo. Values of ¢; 2 2 correspond to a screening scale deep within a
halo, indicating that we will observe no effect of screening in the nonlinear power

spectrum at the scales of our interest.
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6.1.3 Baryonic Effects

The last missing component from Eq. 6.6 is the boost from the baryonic feedback,
Bbayons Tt is well-known that astrophysical processes significantly impact the matter
power spectrum in the nonlinear regime. For instance, active galactic nuclei (AGN),
supernovae, and stellar winds repulse matter from clustered centralised clumps into
intergalactic medium, causing a suppression of the observed structures on small scales.
On even smaller astrophysical scales, the observed structures get boosted by gas cooling
and star formation. The effects of baryonic processes have been extensively studied in
various hydrodynamical simulations, including BAHAMAS [465], Illustris-TNG [466], and
more recent FLAMINGO [467], among others. However, these effects are sensitive to the
sub-grid physics and can vary significantly between different simulations (as depicted in
Fig. 9 of Ref. [468]).

Instead of running computationally expensive hydro-simulations and fine-tuning them
to match observations, the impact of baryons can be modelled using a baryonification
model [468, 469]. In this approach, halo profiles, the outputs of a dark-matter-
only simulations, are modified by slightly displacing particles around halo centres in a
spherically symmetric way. This displacement is characterised by 7 baryonic parameters:
{logyg M., Oei, fibar; Yoars Obars Msbars Mhary (the first five describe the gas distribution,
while the last two are related to the stellar abundances)®, along with one cosmological
parameter, the baryonic fraction fi, = Qp/Qcamsp. In our analysis we use the baryonic
emulator BCEMU [470], which accurately reproduces the power spectra of state-of-the art
hydrodynamical simulations even with a reduced number of parameters. This emulator
has been employed to analyse cosmic shear data in Ref. [471], and provides a robust and
flexible tool for incorporating baryonic effects into our analyses. In Subsection 6.3.3 we
discuss the cosmology dependence in the context of MG theories for the baryonification
approach.

The importance of baryonic feedback becomes evident on scales comparable to the size
of a halo, which coincides with the scales where screening is crucial for MG theories.
In this work, we aim to investigate whether an independent parameterisation of the
screening scale can be decoupled from the effects of baryons. To achieve this, when
exploring the generalised parameterisation in Subsection 6.3.3 and Subsection 6.3.5, we

only vary log,, M. (similarly to the DES Y3 shear analysis in Ref. [472]), while keeping the

Slog;q M. defines the characteristic mass scale where the slope of the gas profile becomes shallower
than —3 (i.e., shallower than the Navarro-Frenk-White profile) for small halos with M, < M!. The
critical mass M, is given in the solar mass units M, := M// (M@ hil). Ibar defines how fast the slope
of the gas profile becomes shallower towards small halo masses. 6,; specifies the maximum radius of gas
ejection relative to the virial radius. Ypar and dpay control the slope of the gas profile falling beyond the
virial radius. nmpar specifies the total stellar fraction within a halo (including central galaxy, satellites,
and halo stars). sy defines the difference between the total stellar fraction and the one of the central
galaxy.
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others fixed at their fiducial values. Exploring degeneracies with the full set of baryonic
parameters will be explored in future work. The log,, M. parameter controls the slope
of the gas density distribution: smaller haloes with masses less than M, have shallower
profiles. Both the screening and baryonic feedback effects display weak cosmological
dependence and result in the suppression of growth on approximately the same scales.
Already from this fact alone we can highlight the urgency of accurately measuring baryonic
parameters.

Fortunately, there exists a well-established connection between the baryonic effects on
the power spectrum and the gas and stellar fractions in haloes [469]. This suggests that
additional secondary CMB observables and/or X-ray measurements of galaxy groups and
clusters can help constrain these parameters or impose physically motivated priors. For
instance, in Ref. [473] authors measured log,, M. = 14.53 4+ 0.20 with a compilation of
Bayesian population studies of galaxy groups and clusters and with cluster gas density
profiles derived from deep, high-resolution X-ray observations. While Ref. [471] found
logg M, ~ 13.2 £ 0.4 from the combination of the KiDS-1000 cosmic shear data with
the gas profiles from kinematic Sunyaev—Zeldovich (kSZ) observations and X-ray data.
Recently, Ref. [474] found a significantly stronger baryonic feedback suppression than in
previous studies with log,, M. = 13.22%595 using the DES Y3 cosmic shear and CMASS
+ ACT DRb5 kSZ observations. In these three works all 7 parameters of the model were
varied. Interestingly, it has been demonstrated in Ref. [428] that with the addition of
mock gas fractions from eROSITA a Euclid-like setup finds o144, , a1,/ logyg M. ~ ©0(0.001)
when log; M. is varied together with fip,, and 6. This implies that future surveys can
decrease baryonification model errors by more than an order of magnitude. However,
whether or not the model with only 3 baryonic parameters, {log,q M., fibar, 0ej }, qualifies
for Stage-IV surveys without introducing biases is still under investigation. Additionally,
the percent and sub-percent level of precision assumes that the baryonification model is
correct and complete. This as well requires further exploration, especially for the newest
generation of surveys.

Alternative approaches to mitigate the baryonic effects include a) a slightly different
model of baryonification called Baryon Correction Model [475, 476] that was applied to
DES Y3 data [64, 472], b) halo model [456, 477], and c¢) Principal Component Analysis
(PCA) [478-480).

6.2 Analysis Setup

The survey specifications in our pipeline are chosen to mimic Stage-IV specifications: sky
fraction fg, = 0.4, number density of galaxies per arcminute squared n = 30 arcmin2,
and per-component dispersion in the intrinsic galaxy ellipticities 0. = 0.3. We take

10 equipopulated tomographic bins between redshifts z € [0.001,2.5]. The photometric
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redshift distribution of galaxies is following n;(z) o (z/z0)%exp — (2/20)** with z =
0.9/+/2 [481] . The uncertainty on the photometric redshift is modeled as the sum of two
Gaussian distributions: one for the well determined photometric redshifts and another for
the outliers (we follow the prescription in Section 3.3.1 of Ref. [281]).

As input we use synthetic data, namely angular power spectra, Cy, computed according

to Eq. 6.3, with the fiducial cosmology in three scenarios:

1. ACDM scenario in Subsection 6.3.1: nonlinear power spectrum is calculated with

HMcode2020 in which linear input is computed with bacco;

2. nDGP scenario in Subsections 6.3.2 and 6.3.5 with strong deviation from the
standard cosmology €),.. = 0.25: nonlinear power spectrum computed with reaction

from ReACT and pseudo-power spectrum from HMcode2020;

3. minimal parameterisation in Subsections 6.3.3 and 6.3.4 with v = 0.4, ¢; = 0.76:
nonlinear power spectrum computed with reaction from ReACT and pseudo-power

spectrum from HMcode2020.

We use these scenarios to validate the pipeline and then test the performance of the
growth index parameterisation. We model the angular power spectra from Eq. 6.3, where
the background remains unaffected and the MG modification impacts the linear growth
parameter and the nonlinear power spectrum. In total, we emulate 3 models for BM&+
from Eq. 6.5 using cosmopower [482]: nDGP7, v+ ¢; and (z) + ¢; in the ranges specified
in Table 6.2 and the accuracy of emulators provided in the corresponding code repository®.
We compute our models for the nonlinear matter power spectrum boost in the wavenumber
range of k € [0.01,5] h/Mpc. For smaller k-values we extrapolate the boost to be constant
and equal to its value at k& = 0.01 h/Mpc, while for larger k-values we extrapolate the
boost as a power law. For the ACDM nonlinear power spectrum from Eq. 6.5 we use
HMcode2020. Finally, the baryonic boost, B in Eq. 6.5 is computed with BCEMU.
The likelihood is computed as (see Appendix B.2 of Ref. [332]):

log £ = L 3 20+ 1 dznix | d?wdd N, 14
0g L = _§ gzl:o( + )fsky dznodel +1In d;lata — 4 Vbins (6 )

where Ny, is the number of photometric bins and d, denote the determinants of C’éj . the

mock data and model are both computed with Eq. 6.3, and d is defined as

) Npins Cmodel g lf . k’
ap = 3" det [ (O itj#k) (6.15)
—1 Co () ifj=k

TAlternative emulators for nDGP trained on numerical simulations: BRIDGE [483] and
github.com/BartolomeoF /nDGPemu [484].
8github.com /nebblu/ReACT-emus/emulators/Accuracy Plots
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The modelling and likelihood function we use were validated in Ref. [485]. The priors are
given in Tab. 6.1, and the fiducial values for the fixed baryonic parameters are: 8 = 4.235,
Mpar = 0.93, Yoar = 2.25, Obar = 6.4, Tsbar = 0.14, Tlbar = 0.15.

Effect Parameter Prior Fiducial
We 4(0.11,0.13) 0.12
Wp N (0.02268,0.00038)  0.02268
Cosmological h U(0.63755,0.7305) 0.68
log (10" Ay)  U(2.7081,3.2958) 3.044
Ng N(0.97,0.004) 0.97
Intrinsic Alignments A% u0,12.1) b7
nt4 U(-7,6.17) -0.41
logqo Qe U(-3,2) 0.25
Modified Gravity B u©.1) )
gl U(-0.7,0.7) -
@ U(-2,2) -
Baryonic logqo M. U(11.4,14.6) 13.32
Massive Neutrinos M, U(0,0.1576) 0.06

Table 6.1 Sampling parameters, prior ranges and fiducial values in the model and mock
data respectively. The spectral index ng has tight Planck prior and the baryonic
density component has a BBN-prior, both motivated by weak constraints on
these parameters from cosmic shear data [11].

Qm Qy Q, h g A, Y, M1 @1 logy Qe 2
lower 0.2899 0.04044 0. 0.629 0.9432 1.5 x107° 0. -0.7 -2 -3 0.
upper 0.3392 0.05686 0.00317 0.731 0.9862 2.7 x10~° 1. 07 3 2. 2.4

Table 6.2 Prior ranges for the emulators.

The posterior distribution is sampled with Nautilus [212] for 3 x 103 live points.
This sampler is based on the importance nested sampling (INS) technique combined with
deep learning via neural network regression. Nested sampling-based samplers tend to
under-predict the size of the posterior contours when compared to much slower but more
accurate samplers (see, for example, Appendix D of Ref. [453]). However, Nautilus does
not suffer from this tendency (see Appendix H of Ref. [486]). We varied the number of live
points to guarantee the convergence and to control the differences in posterior-volumes

when comparing between models with different number of parameters.
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Figure 6.2 Marginalised posterior distribution for the cosmological parameters. Mock
data: ACDM scenario (see Subsection 4.2.2). Models: the time-independent
growth index parameterisation with screening (green) and without screening
(orange). We fit the cosmic shear power spectra with lyax = 3000. Solid
lines and filled contours correspond to B*Y" =1 from Eq. 6.5 (for both —
data and models), while dashed lines and empty contours correspond to the
baryonic feedback contribution with varying M. and fized values of the other
baryonic parameters as detailed in the main text. Grey lines mark the true

values of the synthetic data.

6.3 Results

We first validate our models on synthetic data in ACDM, i.e., data with GR as the model
of gravity. Then we test how the index growth models — with and without screening —
perform when the true cosmology is nDGP, i.e., with enhancement of structure on large
scales and recovering of GR on small-scales via Vainshtein screening. After that, we
produce synthetic data with the screened v + ¢; model, and study degeneracies between
the screening scale and baryonic feedback, and massive neutrinos. Finally, we compare
the performance of the exact nDGP model versus the model-independent growth index

approach on a mock data vector assuming nDGP gravity, baryonic feedback and massive

neutrinos.

6.3.1 Validation with GR

In order to validate our likelihood pipeline, we perform MCMC analyses on mock data

in the standard cosmology (without massive neutrinos). For the scale-cut we take
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Figure 6.3 Left panel: the wvariation in the ratio Pl\l}/iG PI(I\EDM at redshift zero for
the screened, v + q1, and unscreened, v, models drawn from the posterior
distributions in Fig. 6.2 within o 1o deviation around the posterior mazrimum
for v. Right panel: marginalised posterior distribution in Qy — v for the
same models on the mock GR data with lymax = 3000 (filled contours) and
lmax = 1000 (unfilled contours).

lmax = 3000, which is considered a middle value between “pessimistic” ({pax = 1500)
and “optimistic” (fmax = H000) scenarios for Stage-IV surveys [281]. We test two models
— the growth index parameterisation without screening via a pseudo-power spectrum ()
and with screening (v + ¢1). In Fig. 6.2 we show posterior distributions for the main
parameters of interest in weak lensing as well as the expansion rate today, h. The latter
is added to demonstrate its anti-correlation with the extended parameter v, while the h
degeneracy with wy, and n, is broken by informative priors on the latter two parameters.
The full posterior distribution is demonstrated in Fig. D.1 of Appendix D.2 together
with a detailed discussion on the various degeneracies and the parameters controlling the
amplitude’.

In Fig. 6.2, both models recover all cosmological parameters correctly, and the value
of the growth index is ~ 0.55 as expected, with uncertainties 0., = 0.03 for v + ¢; and
0., = 0.04 for v without screening. The fact that a model with more parameters results in
tighter constraints is explained by the functional form of uny, (see Eq. 6.10): any deviation
from v ~ 0.55 or up, = 1 opens the possibility of constraining ¢;, which leads to a worse
fit or smaller likelihood due to nonlinear signatures that are very different from the GR
predictions. We illustrate this in the left panel of Fig. 6.3, where we plot the power spectra
ratio PG/ PRCPM at 2 = 0 from the posterior distribution’s 1o y-constraints. We see
that broader uncertainty on v in the pseudo model manifests on linear scales, however for

k > 1 h/Mpc the variation in the power spectrum becomes larger for v+¢; than for v only.

9For the amplitude of the power spectrum we present both — the sampled parameter of the primordial
amplitude Ag, and its derived late-Universe counterpart og = D, (z = 0)/Dacpm(z = 0) 02PM with
og being the r.m.s. density variation when smoothed with a top-hat filter of radius 8 Mpc/h, and
Ss = 081/ /0.3. We also show the derived matter density parameter Q,, = (w. + wp)/h?.
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Figure 6.4 Left panel: power spectrum ratios at redshift z = 0 for the screened (green
lines) and wunscreened (orange line) models with nonlinear prescriptions
described in the text. Grey line denotes kmax = 5 h/Mpc that we compute
and emulate with ReACT, for higher values we extrapolate the MG boost as
a power law. Right panel: corresponding ratios of the shear angular power
spectra. Central redshifts: for bin 1 z. = 0.21, for bin 2 z. = 0.49. We fix all
cosmological parameters to the fiducial values.

This also implies that for more conservative scale-cuts we should not obtain differences in
0, this effect is purely due to the inclusion of nonlinear scales and high sensitivity to these
scales in a Stage-IV-like setup. As an additional proof of this conclusion we demonstrate
the Q,, — v contours for stricter scale-cuts of £, = 1000 in the right panel of Fig. 6.3.
The 1o ranges are visibly in better agreement between the models now. The inclusion
of a baryonic feedback model increases the errors for the pseudo model to o, = 0.04
and o, ~ 0.05 for the screened model. In this case the strong degeneracy between the
screening scale and baryonic parameters explains a more significant broadening of the

contours. We study this degeneracy in detail in Subsection 6.3.3.

6.3.2 Screening Scale with nDGP Gravity

Next we validate our model on a theory with the Vainshtein screening mechanism on
nonlinear scales and a strong deviation from GR on linear scales (~ 14% more structure
than in GR on linear scales at lower redshifts). In the left panel of Fig. 6.4 we show
the ratio of power spectra PMC/PAPM at z = 0 for the nDGP model with ,. = 0.25
(black solid line). For the same fiducial cosmological parameters, we show also this ratio
for the screened (green line) and pseudo (orange line) growth index models. The pseudo
approach captures the bump-feature in the range of k ~ 0.2—0.9 h/Mpc but overpredicts
its amplitude. The screened model reproduces this feature extremely well, at the percent
level for £ < 3 h/Mpec. In the right panel, we show ratios of the corresponding angular

power spectra, Cy, for the three models with respect to GR for the same set of cosmological
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Figure 6.5 Marginalised posterior distribution for the cosmological and extended
parameters analysed with lya.x = 3000. Mock data: nDGP cosmology with
Qe = 0.25 (see Subsection 4.2.2). Models: the time-dependent growth index
parameterisation with screening when both y-parameters are varied (green)
and with v1 fized (orange). Grey solid lines mark the true values of the
synthetic data, grey dashed lines mark the GR-limit. Orange dashed lines
denote the best fit values from the plotted MCMC' chain for the second model.

parameters. The bump-feature in the nonlinear regime is visible in the cross-correlated
redshift-bins, while in the auto-correlated bins we see characteristic curves that tightly
converge for all models at smaller scales. However, we notice a shift at linear scales for
the v-models. The reason for this shift is the difference in the time evolution between
nDGP and the growth index parameterisation as discussed in Subsection 6.1.2: while the
growth modification is matched between different models at z = 0, this is no longer the
case for higher redshifts.

We consider the same two models: models with screening in the reaction function
(7 4+ ¢1) and without screening via a pseudo-power spectrum (7) and repeat our analysis
on the mock nDGP data with ¢, = 3000 and using the same setup. We show the
marginalised posterior distribution in Fig. 6.5. The full posterior distribution for the
sampled cosmological parameters is shown in Fig. D.4 of Appendix D.4 with a more
detailed description. Overall, our model with screening (green contours and lines)
correctly captures the fiducial cosmology, detects a y-value lower than its GR-limit as
expected, namely v = 0.384+0.03, and detects a screening transition with ¢; = 0.29+0.10.
We notice a lo-bias in ), and a 20-bias in Sg. Both shifts are consequences of fitting a

model, v + ¢q1, to data with small error bars, while there is no accurate mapping of the
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Figure 6.6 Marginalised posterior distribution for the cosmological and extended
parameters analysed with € = 3000. Mock data: nDGP cosmology with
Qe = 0.25 (see Subsection 4.2.2). Models: the time-dependent growth index
parameterisation with screening when both y-parameters are varied (green)
and with v1 fized (orange). Grey solid lines mark the true values of the
synthetic data, grey dashed lines mark the GR-limit. Orange dashed lines
denote the best fit values from the plotted MCMC' chain for the second model.

time-evolution of linear growth between the growth index parameterisation and nDGP.
We check whether this can also be connected to projection effects [153]. In other words
whether the likelihood maxima (green dashed lines) are at the true values of cosmological
parameters and not at the posterior maximum values. From the MCMC chain, we derive
the best-fit value QPt=fit ~ 0.306, which is closer to the fiducial value of Qfid ~ 0.309
than the posterior mean of M ~ 0.304. Also the best-fit values for 4**'~f* ~ .42 and
Sgest=hit ~ 0.898 very close to the true value of SEPSP =~ 0.895. We use the likelihood
minimiser iminuit [195] and obtain similar values for the best-fit parameters. This implies
a presence of projection or prior-volume effects. Lastly, we note that this bias vanishes
when more parameters are varied and the contours are broadened (see Subsection 6.3.5).
Overall, the agreement within 20 satisfies the “precision versus accuracy” test for our
model.

In Fig. 6.5, we notice that even for scale-cuts below the pessimistic scenario for Stage-
IV surveys, namely for £,,,x = 1000, there is a significant bias in Sg and {2, for the model
without screening (orange contours and lines), with Sg being closer to its GR value.
Moreover, the value of v does not correspond to the expected behaviour on large scales

but rather points towards suppression of structure formation relative to the standard
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cosmology. This signals that ignoring a correct screening implementation will result in
the wrong extracted cosmology.

In the nonlinear regime our model-independent screening scale seems to be in a good
agreement with nDGP theory which includes Vainshtein screening mechanisms. The
disadvantage of this model is the inaccurate representation of time evolution of growth on
linear scales. We can improve this by introducing the time-dependent y-parameterisation
from Ref. [296] (also see Subsection 6.1.2). The results are shown in Fig. 6.6 and Fig. D.5
for the same setup as before. From the green contours in Fig. 6.6 we see that while fiducial
values lay within 1o of all parameters, the screening scale is not properly constrained
with cosmic shear information alone. Note how in general, extended parameters make the
posterior distribution non-Gaussian by bringing additional degeneracies with cosmological
parameters and with each other. Two extended parameters vy and 7, are strongly anti-
correlated, so we can aim to break degeneracies by fixing v;. We find from fitting to the
boost at lower redshifts that v; = —0.19 is a good fit and it breaks the degeneracy and
allows us to constrain the screening parameter ¢, = 0.57190% with 7o = 0.4740.02 (orange
contours and lines). In Fig. 6.6, we clearly see that while Q,, is still lo-biased towards
lower values, the bias in Sg towards higher values decreases to 1o contrary to the time-
independent growth index. We again compute and plot best-fit values (dashed orange
lines) from the MCMC chain, for fixed ; they are QP*'=fit ~ (0.304 (0.306 from minuit),
APest=fit ~ 0.49, and St x~ 0.894. The model with more accurate time-evolution of
growth seems to decrease the projection effects. The necessity of tight constraints on ~;
implies that additional measurements from clustering will improve our constraints. We

aim to investigate probe combinations in future work.

6.3.3 Screening Scale versus Baryons

Here we explore the degeneracy between the suppression due to the screening mechanism
and baryonic feedback effects. In the left panel of Fig. 6.7 we demonstrate the comparison
between MG and baryonic boosts for different parameters. The larger the value of ¢, the
less is the suppression due to screening. The larger the value of log,, M., the stronger is
the suppression due to baryonic feedback at nonlinear scales. It is clear that both effects
become noticeable at scales k 2 1 h/Mpc, since they demonstrate similar scale-dependence
and overall amplitude. Already from this we can conclude that our model-independent
screening scale, gy, is highly degenerate with the baryonic suppression parameter log,, M..

In order to avoid biases due to different time evolution of growth structure on linear
scales, we perform an MCMC analysis on the mock data computed with the v + ¢;
model directly with 714 = 0.4 and ¢f? = 0.76. We show the marginalised posterior
distribution for v — ¢; — log,, M. in the right panel of Fig. 6.7, while the corresponding

full posterior distribution is shown in Fig. D.6. The unbiased determination of v, as
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Figure 6.7 Left panel: power spectrum boost at redshift zero for the MG contribution,
v = 0.4 and varying q1 (green lines), and baryonic feedback (orange
lines). Right panel: marginalised posterior distributions using cosmic shear
power spectra with £y = 3000 for the MG and baryonic parameters with
different priors on the latter, as detailed in the legend. Mock data and
model: minimal parameterisation with the time-independent growth index (see
Subsection 4.2.2). Grey lines mark the true values of the synthetic data.

well as other cosmological parameters, is not affected by the inclusion of the baryonic
feedback. However, the screening scale demonstrates a very strong positive correlation
with the baryonic parameter and prefers the unscreened regime of ¢; > 1.5. The baryonic
parameter absorbs the suppression due to screening and, as a result, gets biased towards
higher values with respect to the fiducial value. This degeneracy persists, when testing
variations in the fiducial values of log,, M. within the same v + ¢; model, while also
examining different fiducial values of v + ¢; while keeping log,, M. constant. We perform
these checks to mitigate potential coincidences in the choice of fiducial parameters.
However, we find that when we impose a tight flat prior on log;, M., the screening scale
is recovered unbiased. This means we require a good understanding of baryonic physics
for the detection of the model-independent screening transition: for instance, tight priors
on baryonic parameters of the order oiog  p, = 0.1 or Ol0g,, 1./ 10g1g Me =~ 1%.

Note that an incorrectly inferred prior imposed on baryonic feedback would bias MG
parameters due to their strong degeneracy. Instead of imposing priors, for example,
based on independent galaxy cluster X-ray observations, a better approach will be the
cross correlation or the joint analyses of weak lensing and X-ray/kSZ probes like in the
works mentioned in Subsection 6.1.3. We also highlight the importance of non-standard
hydro-dynamical simulations. The BCEMU emulator we use in this work was trained for
standard cosmologies. Despite the flexibility of the baryonification model with 7 or 3
parameters, we still do not know whether this is accurate enough to model nonlinear

baryonic physics in beyond-ACDM cosmologies. Reassuringly, Refs. [361, 487] show
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Figure 6.8 Left panel: power spectrum boost at redshift zero for the MG contribution
with v = 0.4, M, = 0 and q1 varied (green lines), and v = 0.4, ¢ =
0.76, M, wvaried (orange lines). The boosts for various neutrino masses
are normalised to the wvalue at the largest scales computed. Right panel:
marginalised posterior distributions using the cosmic shear power spectrum
with Lmax = 3000 for models with different cosmological parameters varied,
as detailed in the legend. Mock data and model: minimal parameterisation
with the time-independent growth index (see Subsection 4.2.2). Grey lines
mark the true values of the synthetic data.

both within the halo model and in N-body simulations that baryons and MG physics
can be modelled independently to a large extent. For our fiducial nDGP model with
Q,. = 0.25 or N1, Ref. [488] demonstrates with full-physics hydrodynamical simulations
a percent level agreement between separate and combined responses of the nonlinear
matter power spectrum to MG and baryons. A promising argument for this would
be that the astrophysics responsible for baryonic effects is happening on the scales in
the screened regime, hence there is no reason to believe that it is significantly different
from the standard baryon feedback processes. Especially since these are only weakly
cosmology dependent (up to several percent for small variations in cosmology) and mainly
depend on the fraction of baryons to the total matter according to various studies (e.g.,
Refs. [489, 490]). However, more work is needed to confirm whether these assumptions

satisfy the requirements of Stage-IV surveys [491].

6.3.4 Screening Scale versus Neutrinos

The last nonlinear effect to consider is the suppression of structure growth due to the
contribution of massive neutrinos (see Subsection 1.3.2). In the left panel of Fig. 6.8

we demonstrate the comparison between MG boosts for different values of screening and
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neutrino mass parameters. The larger the value of ¢;, the smaller the suppression due
to screening. The larger the value of M, the stronger is the suppression due to massive
neutrinos. However, massive neutrinos lead to suppression of growth already at mildly
nonlinear scales k& 2 0.1 h/Mpc. Furthermore, the scale-dependency in the suppression
due to massive neutrinos is drastically different form the suppression due to screening:
there is no clear feature in the power spectrum in a constrained scale range. We still
expect a positive correlation between ¢; and M, but this will be in addition to noticeable
degeneracies with other cosmological parameters controlling the amplitude and slope of
the power spectrum at all scales, and not only in the nonlinear regime. For instance,
the primordial amplitude A,, the expansion rate h, and the matter density €2,. In
the right panel of Fig. 6.8, for the same fiducial v + ¢; cosmology as in the previous
section with the addition of massive neutrinos with Mid = 0.06 eV, we showcase how
the more parameters we vary the more sensitivity to the neutrino mass we are losing.
For example, the prominent and expected negative correlation between v and M, (pink
contour) disappears even if just one additional parameter is varied (purple contour). We
conclude that Stage-IV cosmic shear measurements alone are not sufficient to put any
constraints on the neutrino mass, which is in agreement with the findings of other works,
for example, Ref. [492].

6.3.5 Combined Nonlinear Effects

Finally, we combine our findings in the previous sections to demonstrate how our model-
independent approach performs if the underlying cosmology is nDGP with massive
neutrinos (with M, = 0.06 e¢V) and known baryonic feedback effects (within some prior).
All background properties and the growth factor in the [A terms are computed with the
total matter density including neutrinos via €2,,,, while for the baryonification, since it was
trained without neutrinos and is relevant on nonlinear scales, we exclude the neutrinos
contribution in f, = O,/ (2 — Q).

In our main result of this work, Fig. 6.9 (the full posterior distribution can be found
in Appendix D.5), we compare our model independent approach (green colour for time-
independent v, orange colour for time-dependent ) against the exact MG model (purple
colour). Overall, for the fiducial value of logy, 2. = —0.6, we get the mean value of
logyg Qe = —0.867059, which corresponds to v = 0.447508 with ¢; = 0.33707 or 7 =
v = 047003 with 4, = —0.2 and ¢; = 0.5870%%. The differences in the Sg uncertainties
between models are due to the strong v-dependence of the growth at lower redshifts
(this is discussed in Appendix D.2). However, the inferred value of Sg agrees between
all models. This shows that the growth index parameterisation seems to be a reasonable
approximation in the late universe. It is in the connection to the earlier universe where we

see discrepancies in the primordial amplitude, due to different growth evolution. For the
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Figure 6.9 Marginalised posterior distribution for the cosmological and MG parameters
with massive neutrinos and baryonic feedback with a tight uniform prior on
the baryonic parameter, using cosmic shear power spectra up to fmax = 3000.
Mock data: nDGP cosmology with Q. = 0.25 (see Subsection 4.2.2). Models:
the time-independent growth index parameterisation with screening (green),
the time-dependent growth index parameterisation with screening and fixed
7 (orange), nDGP (purple). For nDGP and vy + q1 the prior on logq M. is
U(13.12,13.52), while for the v(z) + g1 model it is U(13.3,13.34). Grey lines
mark the true values of the synthetic data.
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time-dependent growth index we infer slightly biased €2,, but more accurate log 101° A,.
The tighter constraint on €, with v(z) is due to a tighter prior on the baryonic parameter.
In general, we notice that the uncertainties on cosmological parameters are in a good
agreement between the exact and model-independent approaches. Therefore, we advocate
that our model-independent approach performs as well as the exact modelling, but is more
general.

In Fig. 6.9 we also notice that log;, M. is biased towards higher values in all
models. It is highly degenerate with the extended parameters log,, (.., v, as well
as with Q.,, h, log10' A,. We impose an informative prior on the baryon feedback
[log,o M4 — 0.2, log;y M4 + 0.2] for nDGP and v + ¢; based on the investigation
from Subsection 6.1.3. For the 7(z) + ¢ model, we require tighter priors on the
baryonic feedback and screening parameters: [log,, M — 0.02,log,, M + 0.02] and
[—1, 1] respectively. Otherwise their prominent degeneracy is weakening the constraints
of cosmological parameters, and the screening transition is poorly constrained while
preferring larger values closer to the unscreened limit. The total neutrino mass is not
constrained in the range of values that we emulated.

For completeness we list forecasted constraints on the nDGP parameter log, (2.
from the literature. In Ref. [493], for a setup similar to ours and with survey area of
15,000 deg?, the authors get from combined cosmic shear, photometric clustering and
their cross-correlation analysis with the same fiducial value of log;; 2,.: Olog,,0,. = 0.3
(pessimistic) and 01g,,0,. = 0.12 (optimistic). However, this study does not include
baryonic feedback effects, which we demonstrated to be degenerate with the extended
parameters. In Ref. [483], for a different setup (5 redshift bins, number of galaxies
per arcminute squared per tomographic bin n = 6, similar shape noise, survey area
5,000 deg?®) and for a comparably strong modification ,. = 0.36, the authors find
in the optimistic scenario for cosmic shear 0y, ,. = 0.07, varying three cosmological

parameters (2, Ss, h), and omitting baryonic effects.

6.4 Conclusions

The growth index parameterisation is a single parameter extension of the standard
cosmology which allows for deviations in the linear growth functions. Originally developed
in the context of spectroscopic measurements, it serves as an indicator of the detection
of MG theories. Previous studies have demonstrated its effectiveness for a few close-
positioned redshift bins and up to mildly nonlinear scales [153]. In this chapter, we
presented an analysis with this parameterisation extended to the nonlinear regime with a
model-independent screening parameterisation, and applied this to cosmic shear forecasts.
For weak lensing, most of the information comes from the small, nonlinear scales and is

integrated over a broad range of redshifts, in our case z € [0.001,2.5]. Our theoretical
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model for the shear angular power spectrum is based on the halo-based parameterisation
introduced in Chapter 5 and was emulated with the CosmoPower emulator. We also take
advantage of the following emulators to accelerate computation of the nonlinear matter
power spectrum model: BCEMU for baryonic contribution and bacco [133] for the linear
power spectrum as an input to HMcode.

To validate our model, we first tested it on noiseless mock data generated in the
standard (ACDM) cosmology in a Stage-IV setup with a scale-cut fp,.x = 3000. We
recovered unbiased cosmological parameters and found the expected uncertainty on the
growth index, 7, to be o, =~ 0.05, noting a slight asymmetry in the errors when one
baryonic feedback parameter is included. For a model without screening and employing
standard structure formation rescaled to match the modifications on large scales, the
obtained constraint was o, = 0.04. We further compared the performance and differences
between these two y-models in the absence of baryonic feedback. We found that the form
of our screening model at nonlinear scales results in tighter constraints on the growth
index.

We then conducted a similar analysis on noiseless mock data computed in an nDGP
cosmology. This MG theory exhibits enhanced structure growth on linear scales that
transitions to GR behaviour on nonlinear scales via a screening mechanism. The analysis
was performed on mock data with a rather strong deviation from GR (by 14% at low
redshifts in the linear regime). We aimed to demonstrate the robustness of our modelling
in this relatively extreme scenario to guarantee its validity in more realistic scenarios
with a weaker deviation from the standard cosmology. We found that our model with
screening, v + qi, performs well: it recovers cosmological parameters within 20, finds
v ~ 0.38 lower than its GR-limit v ~ 0.55, and detects a screening transition with its
associated parameter ¢q; ~ 0.29.

We also obtained a bias towards higher values in the primordial amplitude A,. This
bias arises from differences in the time evolution of the linear growth factors between the
growth index parameterisation and the nDGP model. This inaccurate representation of
the time evolution of structure growth for scalar-tensor theories via a constant growth
index parameterisation has been pointed out in Ref. [296]. To address this issue, we
explored a time-dependent functional form v(z) = vy + 712%/(1 + 2). Incorporating this
time-dependent growth index, we found that the bias in the amplitude vanishes. However,
the constraints on the expansion rate and screening transition are weakened significantly
when we considered this model. By fixing 74 = —0.19, we broke the corresponding
degeneracies, and we recovered unbiased cosmological parameters with ~, ~ 0.47 and
q1 ~ 0.57.

We found that ignoring the screening transition leads to biases in the expansion rate
and matter density, as well as to a false detection of v that exceeds its GR-limit. This

happens even with scale-cuts lower than the “pessimistic” scenario in Ref. [281], with
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lax = 1500. This demonstrates the importance of the correct inclusion of a screening
scale when extended cosmologies are considered.

We proceeded to study the degeneracies between the screening transition parameter
q1, baryonic feedback, and massive neutrinos. All three effects are nonlinear and result
in the suppression of structure formation at small scales. As before, we explored the case
with only one free baryonic feedback parameter M., which controls the slope of the gas
distribution. We found a strong positive correlation between the screening and baryonic
parameters. The suppression due to the screening was absorbed by the baryonic feedback
if no priors on the latter were imposed. Both effects are prominent in the same range of
scales and are highly degenerate. For this reason, we conclude that using cosmic shear
alone a detection of the model-independent screening transition is possible only if tight
priors on the baryonic parameters are imposed. We used the uniform prior [log,, M4 —
0.2,10g;0 M8 + 0.2] motivated by cluster measurements in Ref. [473]. Alternatively, a
cross-correlation of cosmic shear with X-ray/kSZ observations can break this degeneracy
too. With the total neutrino mass as a free parameter, we found that it cannot be
constrained with the cosmic shear data alone. This is in agreement with findings in
Stage-11I surveys [129] as well as in forecasts for Stage-IV experiments [492]. We also
found no strong degeneracy between the screening transition and neutrino mass — while
they have similar impact on structure formation, their scale-dependence and strength of
impact differ.

Combining all the aforementioned nonlinear effects, we found that our model-
independent approach performs well when compared against the exact modelling, and
derived the following constraints in the full analysis on nDGP data with massive neutrinos
and baryonic feedback with a narrow flat prior: o1, .. = 0.53 (88%), 0, = 0.06 (13%),
o4 ~ 0.19 (58%).

To conclude, we outline the next necessary steps in preparation for a fully model-
independent analysis for beyond-ACDM cosmologies with Stage-IV cosmic shear surveys.
In order to reduce the error bars on extended and baryonic parameters, we advocate for
the combination of cosmic shear with photometric galaxy clustering and the corresponding
cross-correlation, i.e., the 3x2-point analysis. Similarly, a combination with spectroscopic
galaxy clustering can alleviate the degeneracies and yield tighter constraints [281]. After
demonstrating the robustness of the y(z) approach, we aim to explore a more agnostic
approach, that would not require any assumption of the time-evolution in the linear
growth. For example, we can bin p(z) from Eq. 6.7 in redshift directly [113, 388]. The
goal would be to find an optimal binning scheme. Additionally, as demonstrated before in
Chapter 5, we can extend our modelling to include not only MG theories but also exotic

dark energy models.
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Chapter 7

Conclusion

The New York Times headline from the 4" of April 2024 pointed at A Tantalizing “Hint”
That Astronomers Got Dark Energy All Wrong when discussing the first year DESI results
[90]. Even for a broader audience it became evident that we are privileged to witness
the era of precision cosmology, where the standard cosmological model is scrutinised
by data of unprecedented quality and quantity. In lieu of the standard cosmology, a
number of non-standard models have been proposed to resolve various conflicts between
the observations and our cosmological theory. Some of the extended models attempt to
shed light on the dark sector of the Universe, namely to provide insights on the nature
of dark energy and dark matter. Another subclass, called modified gravity, offers an
alternative for the case that gravitational interactions might not follow Einstein’s theory
of gravity on large cosmological scales. Powerful surveys, like DESI and Euclid, resolve
small spatial separation scales and improve the signal-to-noise ratio allowing us to include
smaller nonlinear scales in our analysis. In this thesis, our goal was to exploit these scales
beyond the linear regime in order to probe dark energy and modified gravity models for
galaxy clustering and weak lensing observables with the latest generation of cosmological

surveys.

Summary

This thesis started with an introduction to cosmology in Chapter 1. We introduced
ACDM, the standard cosmological model with the cosmological constant (A) and Cold
Dark Matter (CDM). Within this standard model, we discussed how Large Scale Structure
(LSS) forms and evolves in the Universe. We also discussed how we can test the rate of
structure growth at various scales via measurements of the galaxy positions in redshift
space (galaxy clustering) and the observed shapes of galaxies distorted by LSS (weak
gravitational lensing). We also discussed 3 classes of extended cosmologies — Dark
Energy models (DE), Modified Gravity (MG) models, massive neutrinos (v) — and their

impact on structure formation. We also discussed the Hubble and Sg tensions, and
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several problems with the cosmological constant. In Chapter 2 we outlined the basics
of the cosmological statistical analysis, such as Bayesian versus Frequentist approaches
to probability and Markov-Chain Monte-Carlo (MCMC) methods. In this chapter, we
provided the reader with the details essential to reproduce and understand our findings.
We also underlined the importance of the projection or prior-volume effects by providing
a toy-model investigation, examples for real cosmological analyses and various potential
solutions.

In Chapter 3, we introduced the Interacting Dark Energy model (IDE) we focus on.
That is the so-called Dark Scattering model, characterised by pure momentum exchange
between dark energy and dark matter. This IDE model extends the parameter space with
respect to ACDM by two parameters, w and A, which define the DE equation of state
and the strength of the coupling between dark energy and dark matter, respectively.
We studied the power spectrum (Fourier transformed two-point correlation function)
multipoles P, and the bispectrum (Fourier transformed three-point correlation function)
multipoles By of dark matter halos in redshift space. We modeled our observables with the
Effective Field Theory of Large Scale Structure (EFTofLSS), and we performed validation
tests by means of an MCMC analysis using a large set of N-body CDM-only simulations.
The simulations were run in the standard cosmology framework. We fixed the standard
cosmological parameters to their true values from simulations, we varied the IDE and
EFTofLLSS nuisance parameters and studied their degeneracies. Our studies revealed that
adding the bispectrum monopole with a scale cut k20 p = 0.111 h Mpc™' to the power
spectrum multipoles improves the constraints on the IDE parameters by ~ 30% without
introducing biases in the parameter estimation. Unbiased parameter estimation here
means that for the measurements from the ACDM simulations we recovered w = —1 and
A =0 as well as the bias parameters previously determined in Refs. [7-9] within the 20
region.

Additionally, we found that the same improvement on the IDE parameter constraints
can be achieved with kffag(,B = 0.1 h Mpc™' when the bias relations are used. The
fit function from the excursion set approach alone or combined with the fit from the
separate universe simulation, imposes a connection between the bias parameters and,
hence, shrinks the number of the varied parameters in the analysis. These fits in the
bias relations rely on the simulations performed in the standard cosmological scenario. In
contrast, the inclusion of the bispectrum quadrupole evades any assumptions about the

cosmology or bias parameter relations. With an even lower scale cut for the bispectrum
1=02 _
max,B ~

the constraining power on the IDE parameters as in the base analysis. Such reduction in

monopole and quadrupole & 0.09 h Mpc~! we again achieved the same strength of
the scale cut might seem insignificant. However, one should keep in mind that the number
of triangles for the bispectrum evaluation grows nonlinearly with the number of k-modes.
For instance, for our choice of binning, the difference between k!=° 0.111 A Mpc™!

max,B —
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and k50 p = 01 h Mpc™' corresponds to a significant difference of 2054 versus 1475
triangles.

Next, we forecasted constraints assuming Stage-IV spectroscopic galaxy surveys
specifications at z = 1 in the IDE scenario: o, = 0.08 and 04 = 2.51 b GeV~L
Additionally, we repeated the same base analysis for the dark energy model wCDM in a
single redshift-bin. The constraint on the DE equation of state parameter we inferred is
o, = 0.1.

Finally, we know that w and A, the linear bias parameter b; and the primordial
clustering amplitude A, — all four of them control the amplitude of the multipoles. Hence,
when we varied A, together with the previous set of parameters in the last step of our
investigation, we obtained the expected degeneracies and shifts away from the fiducial
values in the power spectrum multipoles analysis. The shift towards lower A, values is
a projection effect that we demonstrated via synthetic data. This bias can be avoided
under the assumption of an informative Planck prior on the primordial amplitude. With
or without the informative prior, the addition of the bispectrum monopole improved
constraints on the linear bias parameters significantly, partially broke the amplitude
related degeneracies and weakened the corresponding projection effects. This highlights
that the inclusion of the bispectrum multipoles can play a crucial role in constraining
extended cosmological models with spectroscopic galaxy clustering data.

Next, in Chapter 4, we moved from simulated to real data: we analysed the BOSS
DR12 data using the same modelling code as in the previous chapter. We performed a
Full-Shape (FS) analysis of the windowless power spectrum multipoles of the BOSS DR12
galaxies with the inclusion of post-reconstruction Baryonic Acoustic Oscillations (BAO)
data. Additionally, we included BAO measurements obtained from a variety of datasets.
Various previous studies of this dataset obtained cosmological constraints hinting at the Sg
tension, i.e., the growth of structure seems to be weaker at lower redshifts than predicted
by the standard cosmological model. We studied a simple single parameter extension of
ACDM, the so-called growth index (or ) parameterisation. This parameterisation allows
for deviations from the standard scenario in the growth functions: any value of the growth
index larger than its ACDM limit v ~ 0.55 implies smaller growth rate. We also explored
the case with the total neutrino mass as a free parameter, as they lead to the structure
growth suppression as well.

Similar to the previous chapter, we found that informative priors proved crucial in
alleviating parameter degeneracies and preventing strong projection effects in the posterior
distributions. By applying a 3o Planck prior on the primordial amplitude A, and spectral
index n,, we obtained the tightest constraints of v = 0.647 4+ 0.085 that is larger than
(but still ~ 1o consistent with) the ACDM prediction. Similarly, for the massive neutrino
scenario with the tight priors on both primordial parameters we obtained v = 0.6127) 97

while M, < 0.298 eV. These constraints point towards a resolution of the Sg tension,
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albeit without a large statistical significance.

We also investigated projection effects in the absence of priors on the primordial
parameters with generated synthetic data-vectors and via a profile likelihood (PL)
analysis. The former demonstrated a similar shift of the posterior in the A,—y plane
as the one found in our baseline BOSS analysis. The latter revealed that the maximum of
the PL was closer to the ACDM prediction than the peak of the marginalized posterior.

Additionally, we generated forecasts for a Stage-IV spectroscopic galaxy survey,
specifically focusing on the DESI-like samples. To this end, we fitted synthetic data-
vectors for three galaxy samples — BGS, LRGs and ELGs — each corresponding to different
redshift bins, individually and jointly. Concentrating solely on the constraining power of
the LSS, i.e., without priors on the primordial parameters, we found that forthcoming
data can improve the measurement of v by up to ~ 85% compared to the BOSS dataset.
However, when neutrino mass is varied too, we found its constraints to be only marginally
better than the current ones. Nevertheless, when we again adopted 30 Planck priors on
A, and ng, we obtained a ~ 20% improvement in the measurement of v, and ~ 35% for
M, with respect to the case with no priors.

Overall, we advocated for the combination of the power spectrum FS+BAO analysis
with additional observables. Further investigation of the joint probes would be worth
pursuing: either a joint analysis with Planck or Stage-IV Cosmic Microwave Background
(CMB) experiments, or with weak lensing, or with the bispectrum as we argued in the
previous chapter.

In the second part of the thesis, we switched our focus from the FS analysis of halos
and galaxies in redshift space towards the development of modelling tools for the weak
lensing observables. If for the spectroscopic measurements it was sufficient to modify only
the linear growth functions, with extended cosmologies in the weak lensing framework
deviations from ACDM on nonlinear scales cannot be neglected anymore. The small
nonlinear scales of the cosmic shear measurement exhibit the highest signal-to-noise ratio
for Stage-1V surveys. Their inclusion will be of utmost importance to distinguish between
competing DE and MG models with distinct nonlinear behaviours.

Instead of studying DE and MG models on a case by case basis, in Chapter 5, we
introduced a model-independent prescription for the nonlinear matter power spectrum.
The calculation of the power spectrum is done in the halo model reaction framework that
requires certain ingredients. Among them are the parameterisations of the background
expansion history and of the linear as well as nonlinear growth equations. For
the background and linear growth we considered the Effective Field Theory of Dark
Energy (EFTofDE), specifically we implemented the corresponding a-parameterisation.
Alternatively, we introduced the “minimal parameterisation” that includes the evolving
DE parameters wow, for the background and the growth index = for the linear growth

modifications. In the nonlinear regime, we explored two approaches: a nonlinear
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parameterised-post Friedmannian (nPPF) method and an approximate phenomenological
model based on the error function (Erf). Both of these nonlinear parameterisations are
general and capture different screening mechanisms. Screening is a key phenomenological
aspect of all viable MG theories, allowing recovery of General Relativity (GR) on small
scales. The recovery of GR is mandatory to pass the Solar System tests, where GR exhibits
highly accurate observational consistency. Further, both nonlinear parameterisations also
have unscreened limits, hence, we are not restricted to theories exhibiting screening.

To evaluate the effectiveness of the parameterised approaches, we compared their
predictions for the nonlinear matter power spectrum to exact reaction solutions and
state-of-the-art emulators in three beyond-ACDM models: wCDM, Hu-Sawicki f(R)
and nDGP gravity. Being a DE model wyw,CDM includes no screening, and we could
directly compare the halo model reaction approach with the emulator trained on numerical
simulations. We obtained a 2% consistency with the emulator for & < 3 h Mpc™' at
redshift z = 0 for a model with a moderate deviation from ACDM. For the f(R) and
nDGP models we fixed their background to ACDM and the linear growth to their true
parameterisations via fgr, and 2., respectively. For the f(R) gravity with moderate
deviation from ACDM, we found that the Erf model prediction for the reaction function
stays within 1% of the exact solution for & < 3 h Mpc™. While the reaction function
with the nPPF model stays within 2% of the exact solution for k& < 2 h Mpc™t. For
weaker modifications these comparisons exhibited sub-1% agreement between the Erf
model and the exact solution for &k < 5 h Mpc™' at both redshifts z = 0 and z = 1.
For the nPPF model the sub-1% agreement was achieved for k < 3 h Mpc™'. However,
the most remarkable agreement was established in the nDGP scenario: we found sub-
1% agreement between the Erf and exact predictions down to k& = 5 h Mpc™! even
for a moderate modification at all redshifts. These tests suggested only an addition of
(maximum of) 3 free constants within the Erf model, above the background and linear
theory parameters, might be sufficient to model nonlinear, non-standard cosmology in the
matter power spectrum at scales down to k < 3 h Mpc ™! within 2% accuracy. Overall, the
biggest inaccuracy is coming not from the reaction function but from another component
of the halo model reaction approach, the so-called pseudo power spectrum. Improving the
accuracy of the pseudo spectrum prescriptions will be important for Stage-IV surveys.

Lastly, we released an updated version of ReACT which includes the nonlinear power
spectrum code and pedagogical Jupyter notebooks. In summary, this code presents a
fast, accurate and highly general nonlinear power spectrum predictor for DE and MG
models including massive neutrinos cosmologies. The parameters required are a minimal
set of free, physically meaningful constants: either H(a)+ 4 o’s (EFTofDE) or wow,7y
(“minimal parameterisation”) for the background and linear scales, and 3 ¢’s (Erf) or 6
p’s (nPPF) for the screening transition at nonlinear scales.

Following up from the promising conclusions of Chapter 5, in Chapter 6, we explored
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the robustness of the “minimal parameterisation” on mock Stage-IV cosmic shear data.
We compressed the parameterisation even further, up to v + ¢; — the growth index
and the screening scale. We performed an MCMC analysis on synthetic data in an
nDGP cosmology with moderately enhanced growth on linear scales. We successfully
identified a transition scale as well as the v-value corresponding to the fiducial €2,.-value.
However, we discovered that a constant y-parameterisation is not sufficient to describe
the time evolution of the structure growth for a broad class of scalar-tensor theories
like nDGP: although the matter fluctuation amplitude can be constrained in the late
Universe, its matching to the primordial amplitude fails. Nonetheless, a time-dependent
growth index parameterisation, 7(z), which we applied in our analysis mimics the time
evolution of the nDGP linear growth much better. Its drawback is that it introduces extra
freedom and degeneracies into the model that require more information than the cosmic
shear measurements alone can offer. Cosmic shear measurements are also insufficient to
constrain the total mass of neutrinos. And yet, the most important take-home message of
Chapter 6 is that the screening transition and baryonic feedback are extremely degenerate.
As a consequence, we strongly argue for using external information on the baryonic
parameters or for the combination of the weak lensing probes with photometric clustering
and their cross-correlation, or other additional probes, such as X-ray measurements, for
example.

Lastly, we released the accompanying code repository, which includes the reaction
boosts emulated for various extended models, as well as the corresponding data production
pipeline. We also made public our MGrowth package for the calculation of the linear growth

functions for various extended cosmologies, including the ones discussed in this thesis.

Prospects

As a continuation of Chapter 3, we have been working on jointly analysing the bispectrum
and power spectrum multipoles for a Key Project paper of the Euclid collaboration. For
that purpose we extended the official modelling code to include analytical marginalisation
and the Alcock—Paczynski (AP) and Finger-of-God effects for the bispectrum. The
implementation of the AP-effect is a Taylor expansion, assuming the true cosmology
is close to the fiducial one. A detailed assessment of this approximation is part of our
future investigations. Right now we have the first forecasting results and we are studying
projection effects as an essential part of the preparations for Euclid’s first data release.
As a continuation of the last project from Chapter 6, we have been studying
the degeneracies with baryons and massive neutrinos in various DE and MG models
(their descriptions are provided in Subsection 1.3.1): wCDM, wow,CDM, nDGP, ~,
v(2), binned-p with 3x2-point correlation functions (cosmic shear, photometric galaxy
clustering, and their cross-correlation) for photometric observables. For that purpose

we have extended the prior range of the emulators discussed in Chapter 6, as well as
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trained an HMcode emulator that proved to be of use not only for Euclid but for the DES

collaboration as well.

In conclusion, our ultimate goal is to find an optimal model-independent approach for
extended cosmologies and apply it to Stage-IV real data in the (ideally joint) spectroscopic
and photometric analysis. This thesis contains important steps in this direction:
modelling techniques and computational tools, which were validated on simulations and
applied to real data. We hope they will prove to be useful for the new generation of the
cosmological surveys, as we gradually learn to get cosmology All Right (in opposition to
the New York Times headline).
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Appendix A

Appendix to Chapter 3

A.1 Full Posterior Distributions

We collect here the full posterior distributions for the different runs described in the text.
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Figure A.1 Posterior distributions for the base model with the scale cuts given in
the triangle plot. The power spectrum monopole and quadrupole analysis
is denoted by the dotted blue line, constraints from all power spectrum
multipoles are given by the solid orange line, joint analysis of power spectrum
monopole plus quadrupole and bispectrum monopole is presented by the
dotted-dashed light-green line, and the full joint analysis is shown by the
dark-red contours. Thin grey lines correspond to the fiducial values known
from the fiducial cosmology and previous analysis of this data set in Refs. [7-

9.
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Figure A.2 Posterior distributions for the Py + P> + Py + By models with bias relations
at the scale cuts given on the triangle plot. The joint analysis with the
base model is shown by the dark-red dotted-dashed lines, olive dotted lines
denote the tidal bias relation, purple solid lines represent the ba-relation, the
dark-cyan contours denote the combined relation of by and bg,. Thin grey
lines correspond to the fiducial values known from the fiducial cosmology and
previous analysis of this data set in Refs. [7-9].
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Figure A.3 Posterior distributions for the base model with and without the bispectrum
quadrupole at the scale cuts given on the triangle plot. The joint analysis
with the bispectrum monopole is shown by the dark-red dotted-dashed lines,
the joint analysis with the bispectrum monopole and quadrupole is denoted
by the purple contours. Thin grey lines correspond to the fiducial values

known from the fiducial cosmology and previous analysis of this data set in
Refs. [7-9].
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Figure A.4 Posterior distributions for the wCDM model for four models at the scale
cuts given on the triangle plot. The joint analysis with the bispectrum
monopole is shown by the solid dark-red lines, the joint analysis with the
bispectrum monopole with the combined bias relation is given by the dotted-
dashed dark-cyan lines, the joint analysis with the bispectrum monopole and
quadrupole is denoted by the purple contours, constraints from all power
spectrum multipoles are shown by the dotted orange line. Thin grey lines
correspond to the fiducial values known from the fiducial cosmology and
previous analysis of this data set in Refs. [7-9].
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Figure A.5 Posterior distributions for the demonstration of the AP-effect with the three
The analysis with the variation of the scalar
amplitude with a flat prior and addition of the AP-effect is shown by the
solid dark-cyan lines, the analysis for variation of the IDE and nuisance
parameters only with the addition of the AP-effect is shown with olive
contours and constraints from all power spectrum multipoles without the A P-
effect are given by the solid orange line (same as in Fig. A.1). Thin grey
lines correspond to the fiducial values known from the fiducial cosmology and
previous analysis of this data set in Refs. [7-9].

power spectrum multipoles.
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Figure A.6

Posterior distributions for IDE model with the power spectrum multipoles
only (the AP-effect included). The analysis with flat priors on all parameters
is shown by the solid dark cyan lines, the analysis with the CMB prior on
the primordial slope ng is shown by the dark purple lines, the analysis with
the CMB prior on the scalar amplitude As is shown by the olive dashed lines,
the analysis with the CMB priors on both primordial parameters is shown by
dark red contours. Thin grey lines correspond to the fiducial values known
from the fiducial cosmology and previous analysis of this data set in Refs. [7-

9].
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Appendix B

Appendix to Chapter 4

B.1 Full Contourplots

We show here the two-dimensional marginalised posteriors for the full parameter space
sampled in the BOSS analysis presented in Subsection 4.3.1. The results for yCDM are
shown in Fig. B.1, corresponding to the constraints on cosmological parameters shown in
Fig. 4.1, while yvCDM results are plotted in Fig. B.2, corresponding to the constraints
on cosmolofical parameters shown in Fig. 4.2. The additional model parameters not
shown are the ones we analytically marginalise over, namely bp,, the EF'T counterterm
parameters and the noise parameters. We follow the same color scheme as the main text

for the three prior choices, and mark Planck best-fit values with dashed grey lines.

B.2 Massive Neutrinos with Fixed ~

We perform a complementary analysis of the BOSS data with free neutrino mass but with
the v parameter fixed to its ACDM value, v = 0.55. The two-dimensional marginalised
posteriors are shown in Fig. B.3, and the best-fits are summarised in Tab. B.1. We impose
a wide, flat prior on the neutrino mass U(0, 1) eV, covering the parameter space allowed
by the emulator for the linear power spectrum. We explore again the three options for
the priors on the primordial parameters, and obtain the following constraints for the total
neutrino mass: M, < 0.319, best-fit 0.137 (baseline), M, = 0.341)33 best-fit 0.141 (prior
on A,), M, = 0.297033 best-fit 0.111 (prior on A, and n,), where values are expressed
in eV. Additionally, for the baseline analysis we find a higher value of the amplitude:
log(1010 A,) = 2.901037, as opposed to log(10'® A,) = 2.67 + 0.17 found in the ACDM
analysis of Ref. [99] (that used the same pipeline and priors adopted here).

Comparing to previous constraints on the total neutrino mass from the full-shape
analysis of BOSS data, we find our results to be in excellent agreement with Ref. [315].

There, the authors perform a similar EFT-based analysis of ACDM + massive neutrinos,
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Two-dimensional marginalised posterior for all parameters for the BOSS
analysis for yCDM and kuyax = 0.2 h Mpc™t (see Fig. 4.1). We use the
same color scheme as the main text to show the three prior choices. Dashed
grey lines mark the Planck best-fit values (ACDM prediction for ~y).
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Figure B.2 Two-dimensional marginalised posterior for all parameters for the BOSS
analysis with yv CDM and kpyax = 0.2 h Mpc™! (see Fig. 4.2). We use the
same color scheme as the main text to show the three prior choices. Dashed
grey lines mark the Planck best-fit values (with the ACDM prediction for ~y
and minimal neutrino mass M, = 0.06 eV ).
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also finding that having the neutrino mass as a free parameter allows for a slightly larger
value of A, closer to the Planck best-fit value, which is then balanced by a peak in the
posterior at M, = 0.29%53% eV. The same EFTofLSS model adopted in this work was
also used in Ref. [123] to constrain the total neutrino mass from BOSS data. However,
in that work the fit is performed jointly with CMB data from Planck, which results in
significantly tighter constraints: M, < 0.16 ¢V at 95% c.l..

Parameter baseline prior on A, prior on Ay, ng
. 0.118970:0650 0.115375:0055 0.1195%5 00ea
(0.1147) (0.1099) (0.1132)
0.02267 & 0.00038  0.02265 + 0.00038  0.02266 + 0.00038
wh (0.02237) (0.02241) (0.02260)
. 0.677 + 0.011 0.6739 +0.0097  0.6770 + 0.0096
(0.675) (0.676) (0.676)
log(10194,) 2.9010-37 3.037 £ 0.041 3.024 + 0.040
(3.00) (3.07) (3.04)
0.998 +0.071 1.03215:05% 0.968 & 0.012
" (0.997) (1.048 ) (0.9691)
M < 0.319 0.3410:53 0.297023
(0.137) (0.141) (0.111)
o 07631001 0.8075533 0.80270033
(0.783) (0.802) (0.779)

Table B.1 Best-fit and 68% c.l. walues for the analysis with free neutrino mass and
~v = 0.55 for the three prior choices. We also derive best-fit values for og.

199



B baseline
BN prior A
BN prior Agng

0,023

W

25 30 35 08 12 02 05 08
We Wy h log(1010 A) N M,

Figure B.3 Marginalised posterior distribution for the cosmological parameters for
ACDM with massive neutrinos and the three prior choices, as detailed in
the legend. We fit all three multipoles and use kyax = 0.2 h Mpc™t. Grey
dashed lines mark the Planck best-fit values.
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Appendix C

Appendix to Chapter 5

C.1 Linear Poisson Modifications

C.1.1 Horndeski in the o-Basis

The linear modification to the Poisson equation in the Horndeski class of EFTofDE, under

the quasi-static approximation, and in the a-basis, {H, ay, ap, ak, ar}, is given by

2 fila) + fola)a®/k? (C.1)

M) =S )+ A

where the constituent functions are given by

f1 =B:C3 — C1 B3, (C.2)
f2 =B2Cr (C.3)
fa =A1[B3Cy — BiCy(k, )] + As[BiCy — BaCh) + A3[ByC — B3 () (C.4)
fo =[A3Bs — A\ B)]C,. (C.5)
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Finally, we give the A, B and C functions in terms of the a-basis as [112]

Ay =2M*, (C.6)

Ay =agHM?, (C.7)

As =0, (C.8)
1

B1 - — C—2 , (09)
T

B, =1, (C.10)

B, ={Zou ton)d (C.11)

‘r
Cl = — BgMQC% s (C]_Q)
A

Cs :72, (C.13)
HM?

Cy =c+ [ —2arH + a3, H + aHaly + aHoly,

+aapHohy, + 2aapH' + a*op H' + apl(1+ ay)H + aH'|
+ ay[H(1 — ar + 2aaly) + achH') + a2Hoz%] : (C.14)
1
O, =— ZaH[12cH’ + HM?(6a2,cAHH'
+ 60 (2a(H")? + H[(4 + ay)H' + aH"))
+ an(c(12a(H')? — R') + 6H(2(2¢% + acy)H' + ac2-H"))
+a[12(ar + ack)(H')?
— op R + 6H(H'(o/y + 3y, + baly + act) + ac, H'))) | (C.15)

where ¢2 = (1+ar) and R is the background Ricci scalar. The c(a) parameter (Eq. 5.22)

in the a-basis is given by

3H2§2m 1
cla) = =M?| 5528 4 ~H (aH'[(2+ au)ch + aah]
+ H(cH[(an — Dans + ady] + 2aapaly + aQa%))] : (C.16)

where we have used p,, = 3HZQ0/(k%a?), with Q,, ¢ being the matter density fraction
today and Hy = H(a = 1) is the Hubble constant.

We note that in our code we make the redefinition M?x? = M?/m32 — M? where m?
is the Planck mass. Further, we comment on the flexibility offered here. One can choose
to specify any two of {ay;, M2, H}. If H is specified then either a;; or M? must also be
specified, with the third function given by the relation in Eq. 5.25. If H is not specified,
then we must solve the Friedmann equations to obtain H. As a default in our code, H is

specified and it is assumed that the specified expressions for a;; and M? are consistent
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with Eq. 5.25.
We can also take the small scale (k — oo) limit of Eq. C.1 to get a simpler expression
valid at scales where the QS is a safer approximation and for models exhibiting negligible

scale dependence in the linear growth. This is given by

1
oo = 5 (1 ar + ) (C.17)
where 5 )
ap
Be = cg_a<C2T7 + o — aT) (C.18)

with ¢? and « and « given by Eq. 5.29 and Eq. 5.30.

C.1.2 Example: Hu-Sawicki f(R)

In this section we derive the relevant EF TofDE parameters and linear Poisson modification
for the Hu-Sawicki form of f(R) gravity [109]. This exercise is also performed in the GtoPT
notebook provided in the ACTio-ReACTio github repository.

The action in f(R) gravity is given by

/d4:)3\/_ (R + f(R ))
/d4x\/_ (R + f(R) + fr(R)(R - R))
:/d‘ix\/—_g@ ((1 + frR)R+ [ — fRR> , (C.19)

where fr = df(R)/dR and we have performed a Taylor expansion in the second line. We
can then map this action onto the functions given in Eq. 5.2 together with an identification
of the scalar degree of freedom ¢ = (1 + fr)/k? [494]:

G2 = —L(Rf}g — f), Gg = 0, and G4 = L(1 + fR) . (C20)

2K2 2k2

If we now write down the action in the ADM formalism and use the Gauss-Codazzi

relation, we can compare to Eq. 5.18 and Eq. 5.19 to get

1 _ . _
Q:(1+fR),A:2—K2(f—RfR), c=M2=DM=M;=0. (C.21)
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Using Eq. 5.25 - Eq. 5.27 we have

aJr
=R C.22
M + /r ( )
ap = 0, (023)
afp

_ — 3 C-24
ap 1+ fn ( )
g = O, (C25)

with 1+ fo)

2 + JR

where a prime denotes a scale factor derivative. When substituting into the expressions

in Appendix C.1.1 we get the following solution for x (Eq. C.1)

1 kN2 1
P s [1 * (E) 3ﬁ(k’a)] ’ (C.27)
where
) _
(k,a) = (S) + (1+ fR)% ; (C.28)
" R :@—fl(—g> (C.29)
f= de — JRR\ — f;g . .

In the Hu-Sawicki model we have the following choice for f(R)

— —m? ci(R/m?)"
JOR) = =m0 R oy 11 (C.30)

where in this work we set the index n = 1 and the mass scale m?, ¢; and ¢y are free
parameters to be constrained by data. Taking the derivative of Eq. C.30 with respect to
R and the high curvature limit (R > m?) gives

2

fr= _%<%>2 : (C.31)

By rearranging this equation and evaluating at the background level at a = 1 (today), we

can apply the following standard reparameterisation
C1 = Ro > 2
e - C.32
3 Jro (m2 ’ ( )

where fro is the background value of fz evaluated today and is a free parameter governing

the level of modification to ACDM at the level of structure formation. Substituting
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Eq. C.32 into Eq. C.31 gives

s RaN2
fr = fro <EO> : (C.33)
Further, we have -
_ /Ro\21
= ~2fm(72) 5. 34
JRrR Jro ) R (C.34)
Using the background expression for frg in Eq. C.29 and substituting into Eq. C.28 gives
1(k, a) (k>2+(1+f) L (C.35)
,a) = | — _ .
a 6| fro| R2

Now if we approximate the background to be close to ACDM, as supported by
observations and by construction for |fre| < 1, we have
_ H?
R~3-0 <Qm’0 + 4a3QA,O) , (C.36)
a
where Q) g = 1 — €, for a flat ACDM universe. Taking a = 1 we have the curvature

today
Ry ~ 3H? (4 - 3Qm,0) . (C.37)

Finally substituting R and Ry in Eq. C.35 we get the expression for x as it appears in
ACTio-ReACTio [130]

ke 1

1 (B .
p +<a> 301(k,a) ' (C-38)

with
E\° =(a)?

M(k,a) = (~ .

ko= (5) 4 g (©.30)
3

=(a) =m0 t;a Do, (C.40)

where fo = |frol/Hp-
We make the crucial note here that in the derivation above we have over-constrained

our system. Namely we have specified all of €2, c as well as set H = Hycpum. If we use
Eq. C.22-Eq. C.26 together with H = Hjcpwm we find that ¢ # 0 and we don’t recover
Eq. C.38. This follows directly from the fact that Hycpy is not an exact solution for the
Friedmann equations in f(R) which implicitly assumes ¢ = 0.

In our code we give the option to over constrain by specifying c(a). Alternatively,
one can code in the Friedmann equations and solve for H(a). This of course increases
computational inefficiency. To partially alleviate this issue, we can also place the
additional constraint on ¢?(a) instead of ¢ which has well motivated physical priors (see
text around Eq. 5.29). The relationship between ¢2(a) and c(a) is derived from Eq. 5.29

S

and Eq. C.16. It is given explicitly in the GtoPT notebook as well as the Actio-Reactio
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source code.

The derivation of the 2nd and 3rd order modifications to the Poisson equation (see
Eq. 5.14) from the ADM decomposed action requires us to go to higher order in the metric
perturbations. We do not do this here as we omit these corrections from our code due to
computational difficulty and the low level of impact they have on the final nonlinear power
spectrum (see Section 5.5). However, in the provided Mathematica notebook, GtoPT, one
can go from a specified G; of the Horndeski Lagrangian to u, 72 and ~3 following the
map given in Ref. [365]. We provide a number of examples in that notebook and refer
the reader to Refs. [130, 365] for the forms of u, v, and 73 in DGP and Hu-Sawicki f(R)
gravity.

C.2 Nonlinear Poisson Modifications

C.2.1 Exact Forms

We provide the exact forms for the nonlinear modification to the Poisson equation (see
Eq. 5.13) in DGP and f(R) gravity, which are reproduced from Ref. [130].
The modification in DGP is given by [339]

2 V1i4+s3-1

Fpep = 353(a) = : (CA41)
where )
3
[
0 being the nonlinear over-density given by
=y 3(1+6)—1, (C.43)
with ¢; being the initial over-density and
y = };T%a , (C.44)

Rty and R; being the physical halo top-hat radius at the target scale factor a and the
initial scale factor a; respectively. Q,. = 1/(4H3r?) where r. is the cross-over scale and

is the free parameter of the theory governing the level of modification. Finally, f(a) is

- H 1 aH'

given by
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The fully nonlinear modification in Hu-Sawicki f(R) is given by [378]

: , 031
i RO RE1 A (c.46)
where ; a0 .
_ Joyn@ m,0 — ~ A
0= Qmo(Rifa;)? X [G(yenv) G(yh)] , (C.47)
and
: o 2 ) C.48
= | +4—14 |
G(y) { o) T m,o} ’ (C.48)

where yj, is the quantity solved for using f(R) halos whereas yeyy is that solved for in the

environment, which is approximated by performing the same calculation but with fy = 0.

C.2.2 nPPF Forms

We also reproduce the nPPF expressions for both of these theories from Ref. [351]. In
DGP we have the following values for the p; parameters in Eq. 5.39

3
P =2, p2 =1, Ps =3
Qo 1 13
= - = —1 = O
p4(a) <4Qrc 95(@)2> ) Ds ) DPe )

which reproduce Eq. C.41 exactly. Note if using Eq. 5.37 we simply set py = #@
On the other hand, the Hu-Sawicki f(R) parameterisation is not exact but is closely
matched by the following parameters in the screening regime [351] for a given choice of

p1 (using Eq. 5.39)

p2:17 p3:77

1/
pi = 2005 Qg +4(1 — Q) 2]
3| frol
2 6
ps = —1, Pe = 3—2937 b7 = —?7 (0-50)

where we used a = 1/(n + 1) = 0.5 [378] in Equation 5.6 of Ref. [351]. Again, if using
Eq. 5.37 we set py, = %

C.2.3 Comparisons

Here we provide some comparisons of the approximate expressions for F given by the
nPPF model (Eq. 5.39) and the Erf model (Eq. 5.41) against the exact expressions in
DGP (Eq. C.41) and f(R) (Eq. C.46). Since the nPPF form is exact for DGP, we only
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compare it in the f(R) case. Unless otherwise stated, the fits are performed as described
in Section 5.5 and shown in Tab. 5.3.

DGP

In Fig. C.1 we show the nonlinear modification to the Poisson equation, 1 + F, in DGP
for Q.. = 0.25 and €2, = 0.01 as a function of top-hat radius parameter y,. We plot
the exact solution given by Eq. C.41 given as solid curves to the best fit Erf model
given as dashed curves. We see an additional redshift dependence of the screening scale
becoming important for high z. As modifications to GR are expected to be small at
high redshift, this deviation may not be so important, which is supported by Fig. 5.5.
We have performed a fit of this redshift dependence and find it behaves very well as a
power law, with an O(0.1) exponent (specifically < 0.15), which is first of all small and
second of all degenerate with ¢, and g3, meaning the model likely has sufficient freedom
to very well capture a DGP type of modification to gravity without biasing cosmological

or gravitational constraints.

Hu-Sawicki f(R)

Here we check that the nPPF and Erf models can qualitatively reproduce the exact form
of F (Eq. C.46) across all scales, masses and environments for Hu-Sawicki f(R) gravity.

Before showing the results, we make a note on the best fitting parameters for the
Erf model. We find that the fits in Tab. 5.3, performed by fitting the exact prediction
for the reaction R, do not give a very good agreement when comparing to the exact
form of F. In particular, we find that the mass dependence parameter, ¢s, seems to be
underestimated when fitting R. This parameter dictates the left hand slope in the contour
plots in this section. Such a discrepancy may be due to a number of factors including a
missing redshift dependency, the details of the fit, degeneracies with ¢3 and failings of the
power law description. We find a better by-eye fit for Fg,; across redshifts z = 0,1, 4 and
all values of frg is g = 0.85. All other parameters are as in Tab. 5.3 unless otherwise
stated.

In Fig. C.2 we show 1+ F for the exact (top panels), the Erf (middle panels) and the
nPPF (lower panels) cases with |fro| = 107°, characterising a moderate modification to
ACDM. We do not show the |fro| = 107%,1077 cases which are qualitatively similar.

To check the effects of Yukawa suppression, we set yeny = 1, which is the maximum
value considered in the spherical collapse computation. We then plot F as a function
of dimensionless top-hat radius parameter 1, and halo mass, which shows the screening
regime and the onset of Yukawa suppression. For large masses and redshifts, screening
occurs at larger physical scales while Yukawa suppression occurs at smaller scales. In all

cases, the Yukawa suppression is only mildly relevant for y, — yeny and very large masses.
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Figure C.1 The modification to the Poisson equation 1+F (see Eq. 5.13) in DGP gravity
for Qe = 0.25 (left) and Q. = 0.01 (right). We plot the modifications as
a function of normalised halo top-hat radius parameter for three different
redshifts, z =0 (red), z =1 (green) and z = 4 (blue). The solid curves are
the exact solution while the dashed curves are made using a single parameter
fit to the exact R using Eq. 5.41 (see Tab. 5.3).

The nPPF best fit value of pg gives a wrong Yukawa suppression scale, which is likely due
to its global fit over all values of ye,,. Similarly, the Erf best fit screening scale, ¢, is also
underestimated, likely for the same reasons.

Further, the nPPF shows a good match for the redshift dependence of the screening
scale, while the Erf fit does significantly worse. We recall the nPPF uses a theoretically
matched power law for this dependence (see Eq. 5.36 and Eq. C.50), while this dependence
is fixed for the Erf case.

In Fig. C.3 we show 1+ F for | fre| = 107°, with 9, = 0.3, again for all cases. We find
a good qualitative agreement between the nPPF and exact solutions. On the other hand,
the comparisons again show there is an inaccurate redshift dependency in the screening
scale of the Erf model, set by ¢;. This was also seen in the DGP case. Despite this,
the flexibility of the model still allows us to produce very accurate results at the power
spectrum level (see Fig. 5.6) and so we do not feel introducing new freedom is warranted.

We leave this issue to be further investigated in future work.

C.2.4 A Note on Notation

We would like to briefly discuss the inconsistency in the notation of previous related
publications. The physical top-hat radius is denoted by Rty in Refs. [130, 356], r in
Ref. [358], R in Ref. [495] and £ in Ref. [378]. From the definition of the physical top-
hat radius and the conservation of mass M = 47y, (6 + 1) R3y;/3 the expression for the
nonlinear over-density is correctly given in Eq. C.43. Note the corresponding typos in the
definition of the nonlinear over-density of Refs. [130, 356, 358] in Equations 34, B3 and 28
respectively. The connection between the physical top-hat radius and the initial comoving

1

radius Ry, * of the over-density is linear Rry(a;) = R; = a; Ry, initially but then due to

1Denoted Rth in the ReACT code.
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Figure C.2 The modification to the Poisson equation 14+ F (see Eq. 5.13) in Hu-Sawicki
f(R) as a function of log;o(M) and top-hat radius parameter y,. We set
|frol = 107 and yeny = 1. The top panels show the exact solution, the
middle panels show the phenomenological solution based on the error function
and the bottom panels show the nPPF function. The left most column shows
the functions for z = 0, the middle for z =1 and the right most column for
z=4.

the nonlinear evolution of the over-density it becomes Rrp(a) = yaRy,. This nonlinear
evolution is encoded in the nonlinear scale factor ya with y given in Eq. C.44. Note that
the expression for F in f(R) gravity in Equation A2 of Ref. [356] and Equation. C15
of Ref. [130] is taken from Ref. [378] and includes Rty which should be replaced by
Rin = R;i/a;. While F in nDGP model from Ref. [495] is correctly given in these ReACT

papers.

210



log10[M] log10[M]

log10[M]

=
N
]

=
©
o

N
U

12.5

10.0

7.5

f(R) : |fR0| =10"° » Yenv=0.3
z=1 z=4

103

10-* 107107 10~ 10-3 101107 10°%
Yh Yh Yh

Figure C.3 Same as Fig. C.2 but with Yeny = 0.3.
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Appendix D

Appendix to Chapter 6

D.1 Connection between the Growth Index and nDGP

For DGP models without an additional dark energy component, we have ypgp ~ 11/16
(e.g., Ref. [423]). Here we will derive the value for when we include a dark energy
contribution. Following the same steps as in Ref. [423], one can arrive to the following
expression for the growth index by solving the linearised growth equation, taking a matter
dominated era limit of €, (a)/Qn(a) < 1, Q,, being the dark energy density fraction, and
(u, — 1) < 1 (Eq. 22 in Ref. [423]):

1 1 Ldu | 3 ' du
_ 1 /20) -2 [ = — 1u/? D.1
v 2 + 4Qw(a) /(; U u w(au) ZQw(a) /(; u [ML(GU) ]u ) ( )

with Q,(a) = 1 — Qu(a). For early times Q,(a) o< a3 and pp, — 1 = AQy(a), with A

being a parameter to be determined. We can integrate the equation for v to get

3(1—w—A)

5—6w (D:2)

f}/ =
where for GR w = —1 and A = 0, so one obtains the standard result of ygr = 6/11.
Now, the Friedman equation for flat DGP models is given by (“+” for the normal
branch or nDGP, “-” for the self-accelerating branch or sDGP):
H 8nG

H>+— =—"——9. D.3
- 5 P (D.3)

We have 2 options: assume that a) p = py,, hence the additional H/r.-contribution acts

like an effective dark energy component p,, = q:%rﬂ; or b) p = pm + ppr, hence the
effective dark energy has two contributions p,, = ppg F %rﬂ

For the first case without dark energy we find from the Friedman equation: ,(a) =

1+ 2yQ../E(a) or E(a) = FvVQe + Ve + Qma=3. The former implies that from
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E(a = 1) =1 follows F2v/€Q,. = 1 — Q. Hence, for all realistic {,, < 1 only the self-
accelerating branch is relevant. From p,, = —3H(1 4+ w)p,, and a derivative of Eq. D.3

we find w = —1/(1 4+ Qu(a)). From Eq. 6.8 and Eq. 6.7 we compute § = —igé‘gzg and

p, — 1 = —%ig%gzg = AQ,(a) with A = —%ﬂgzgzg Combining these findings together

with the limit of a — 0, i.e., A - —1/3 and w — —1/2, one gets v = 11/16 from Eq. D.2
exactly like in Ref. [423] (recall Eq. D.1 is derived for early times).

Overall, for small values of Q,., v = 11/16 is a good approximation at all redshifts
for this particular case of the flat DGP or sDGP model, where the value of the extended
parameter is directly related to the matter density. While for larger values of €. (hence
smaller values of Q,,) as a — 1, A — —1/3 and w — —1 (mimicking a cosmological
constant today). This decreases the value of the growth index to v — 7/11, when
computed according to Eq. D.2. Even the most extreme values of €2,. show at most 2%
deviation at lower redshifts when compared against solutions from numerically equating
pf = pPCSF at each redshift individually. However, note that in this scenario the growth
index value is always larger than its GR limit. In other words, the structure growth is
suppressed relative to the standard cosmology.

For the second case with the cosmological constant, {2,.. becomes an independent
parameter. We discuss only the case of including the cosmological constant, but
the same logic can be applied to any other parameterisation of the dark energy
component. We fix the expansion to the ACDM cosmology: from Eq. D.3, we have
Ea) = FvVQe + / Qe+ Qa3 + Qpg(a), and from the equality E = Eacpu we
get Qpgla) = (1 — Q) £ 2\/Q_m\/Qmaﬁ3+ (1-9,). From Eq. 6.8 and Eq. 6.7
pr—1 = 2‘/:,?7” 2miE(i)[2—Qm(a)] with “4” for nDGP and “-” for sDGP. The corresponding
limits are: pup, — 1 — ié\/—\/%fafg/ 2 for early times, while the late-time limit tends to

2/ e 1
pr — 1 — =5 Vot [2— O]

(ur, — 1)/Q(a) ~ const is not valid in this case as Q,(a) o< a®, while (ur, — 1) < a

This means that at high redshift the assumption of
3/2

As a consequence the integration in Eq. D.2 for the early-time limit yields a diverging
value of v = 1gr F %7 with “-” for nDGP, “4” for sDGP. We can repeat this

calculation for ¢« — 1 and get v = ygr — g(ZMi[ﬁ]})(lme) , with “+” for nDGP,
“-7 for sSDGP. Therefore, the addition of the dark energy component in the nDGP model
leads to v < 0.55 for any 2., > 0, resulting in enhanced growth at linear scales and in
agreement with our findings. We can insert our values for €2,. and €, for the late-time
limit and obtain v ~ ygg — 0.11 =~ 0.44, which is in excellent agreement with our findings

in Subsection 6.3.2 and Subsection 6.3.5.
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Figure D.1 Full posterior distribution for wvalidation with GR mock data for a Stage-
1V cosmic shear setup with {max = 3000. Different colours correspond to
the growth index model with screening (green), the growth index model with
unmodified nonlinear growth (orange), and the model used to produce the
mock data (purple). The dashed lines denote models with an additional
baryonic feedback parameter.
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Figure D.2 Varying only Qn, Ss, v with re-scaled covariance and using linear scales.
Left panel: constraints from the first redshift bin. Time evolution of Sg(z) in
the standard cosmology (purple crosses) and y-parameterisation (y-pseudo,
orange crosses). Green solid line denotes the combination of the lensing and
IA kernels (re-scaled and shifted for visualisation purposes). Black solid line
denotes the maximum of the kernel and same constraints on Sg(z) in both
models. Middle panel: marginalised posterior distributions for log 1010 A,
from the first bin (upper plot) and combined first two bins (lower plot) in
the standard cosmology (purple lines) and ~y-parameterisation (orange lines).
Right panel: marginalised posterior distribution for v and log 10'° A, with
the first photometric bin (orange contour) and combined with the second
photometric bin (pink contour). Dashed lines denote the fiducial values.

D.2 Validation with GR: Full Posteriors and Discussion

In Fig. D.1 several degeneracies are apparent due to the fact that C, oc 02€,: the
negative correlations of og — ), and 7 — g, and the positive correlation of v — Q. We
overlay contours from the ACDM modelling to showcase the strong positive correlation
between log 101° A, and og, which is weakened when an additional parameter controlling
the amplitude of the power spectrum on large scales, 7, is added. However, in all
scenarios log 1010 A, is strongly anti-correlated with h and w,. We also note that the
zNLA parameters A" and n™ are not strongly degenerate with any other parameters
but are anti-correlated with one another; their constraints are model-independent. From
the full posterior we also see that the screening scale is not detected, which is to be expect
for 4}~ ~ 1 (see Eq. 6.10). Additionally, the growth index is anti-correlated with the
expansion rate h, which is due to the inclusion of large scales, 10 < ¢ < 100, and tight
informative priors on wy, and n, (see discussion in Appendix D.3).

From the same full posterior distribution we also notice that the y+g¢; (solid green lines)
and ACDM (solid purple lines) models constrain the background cosmological parameters,
Qum, h, to the same level of uncertainty. This is well understood since v only impacts the
amplitude of the power spectrum and not the background. However, we notice drastically
different constraints on og and Sg: the contours are much broader in the v models than

in the ACDM case. This difference arises due to strong sensitivity of the linear growth
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Figure D.3 Left panel: parameter dependence of the shear angular power spectrum in the
3-8 redshift bin without shape noise. Right panel: change in the orientation
of degeneracies between parameters depending on the scale-cuts and priors
used.

factor to the deviation of the growth index from its GR value at lower redshifts (see
Fig. 6.1). To demonstrate this we fix all parameters in the model to their fiducial values
and vary €1, Ss and 7 in the first redshift bin with a re-scaled covariance by a factor of
250 (corresponding to smaller error bars), and using linear scales only, £, = 500. In the
left panel of Fig. D.2 we show that, as expected, both models measure the same value of
Sg(2) = 05(2)\/n/0.3 around the peak of the first lensing kernel at z = 0.125. Therefore,
it is the variation in y-values that affects the inferred constraints of Sg at redshift z = 0.
For the first redshift bin, the constraints of the primordial amplitude demonstrate the
same trend (see the upper middle panel of Fig. D.2). This changes as soon as we add
additional redshift bins (in the lower middle panel). Overall, in Fig. D.1 with 10 redshift
bins the constraints on the primordial amplitude are identical between both models since
we match the growth at high redshift. Contrary to Stage-III surveys (see, for example,
Ref. [207]), a Stage TV-like setup constrains the primordial amplitude well due to its wide

redshift range and large number of redshift bins.

D.3 Expansion Rate: Note on Degeneracies and Priors

In Fig. D.1 we see strong degeneracies between all cosmological parameters and the
expansion rate h. Fig. D.3 shows the derivatives of C; in the 3—3 photo-z bin with respect
to the parameters listed in the legend. From this figure, it is clear that C} is insensitive
to h in the region of 102 < ¢ < 103. We also note the change in the dependence of C; on
h in the ¢ < 10? (prominent negative) and ¢ > 10 (weak positive) regimes. From Eq. 6.3,
we see that the impact of h on C} is coming purely from the matter power spectrum. In
the linear regime, i.e., low ¢ and k, the matter power spectrum is an approximate power

law with its slope depending on h, ns and wj, (for more detailed discussion see Ref. [11]).
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We impose a Planck prior on ng and a BBN prior on wy, which breaks this degeneracy.
In the right panel of Fig. D.3, we demonstrate the rotation of degeneracy between og
and h, when these informative priors are imposed in the analysis with GR model on GR
mock data. For f,.x = 700, dInCy/dlnh and dInCy/dlnog have opposite signs, hence the
orange contour demonstrates a positive correlation. The situation changes to the negative
correlation for ¢ € [200, 2000] (the purple contour). When all scales are combined (the pink
contour), the orientation of the degeneracy still slightly prefers the positive correlation
characteristic for lower ¢-values. However, this is no longer the case, when the priors
are omitted (the dashed green contour). Similar arguments are applicable to all other
cosmological parameters and their degeneracies with h. Also note that due to the choice

of a diagonal Gaussian covariance, our constraints can be considered optimistic.

D.4 Test with nDGP: Full Posteriors and Discussion

In Fig. D.4 we show the two-dimensional marginalised posteriors for the full parameter
space in v + ¢; (green) and y-pseudo (orange) models with £, = 3000 and ¢y, = 1000,
respectively. The only significantly biased parameter is log 10'° A, which is explained
by a different time evolution of the linear growth factor in nDGP and the growth index
parameterisation. In Fig. 6.1 we see that for values of v ~ 0.3 — 0.4 we obtain an offset
of D,/Dypgp ~ 0.97 —0.98. From the posterior maxima and the input fiducial values
Amean /Afid — 1 06 (AA, = 6%). Therefore, lower (than in nDGP) values of the growth
factor in the growth index model are compensated by a higher value of the primordial
amplitude. We note that while the posterior-maxima of w. and h are unbiased, their 2-
dimensional contour demonstrates a 1o bias that later propagates to a 1o lower posterior
maximum for Q,,. We also found this bias when sampling in €2, directly.

We notice that even for £,,,, = 1000, there is a significant bias in h as well as in 7.
Surprisingly, the pseudo v model finds a value of oy at its GR value (a lower than expected
value compared to nDGP), which is compensated by high values of €, (1o bias towards
lower values in w, and 30 bias towards lower values in h).

In Fig. D.5 we show the two-dimensional marginalised posteriors for the full parameter
space in the v(z) + ¢; model. Clearly, the bias towards higher values in log 1010 A,
vanishes due to a more accurate representation of the growth evolution. However, we
notice significantly weaker constraints on h. This is expected from the degeneracy between
the expansion rate and 7 (in this case 7o, 71). We show that this degeneracy is broken

when v, is fixed.
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Figure D.4 Full posterior distribution for showcasing the screening impact with nDGP
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standard cosmology.
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D.5 Other Full Posteriors

In Fig. D.6 and Fig. D.7 we show the two-dimensional marginalised posteriors for the full

parameter space in the analyses mentioned in the main text.
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