
 
 

 

 

 

This thesis has been submitted in fulfilment of the requirements for a 

postgraduate degree (e. g. PhD, MPhil, DClinPsychol) at the University of 

Edinburgh. Please note the following terms and conditions of use: 

• This work is protected by copyright and other intellectual property rights, 

which are retained by the thesis author, unless otherwise stated. 

• A copy can be downloaded for personal non-commercial research or 

study, without prior permission or charge. 

• This thesis cannot be reproduced or quoted extensively from without 

first obtaining permission in writing from the author. 

• The content must not be changed in any way or sold commercially in 

any format or medium without the formal permission of the author. 

• When referring to this work, full bibliographic details including the 

author, title, awarding institution and date of the thesis must be given.



Probing Dark Energy and Modified Gravity
with Galaxy Clustering and Weak Lensing

Maria Tsedrik

T
H

E
U

N I V E
R

S

I
T

Y

O
F

E
D

I N B
U

R

G
H

Supervised by Alkistis Pourtsidou

Doctor of Philosophy

The University of Edinburgh

October 2024



Lay Summary

For decades cosmologists have been searching for a simple and elegant model that describes
our Universe, its components and laws. Right now, the standard cosmological model, fully
described by six parameters, is the gold standard of the field. It tells us that all matter in
the Universe interacts according to the laws of General Relativity and that the majority
of this matter is invisible dark matter. Another dominating component of the model
with a mysterious origin is called dark energy. It causes the accelerated expansion of
the Universe. Despite the lack of clear understanding about the nature of dark matter
and dark energy, their existence within the standard cosmological model is required to
explain numerous observations. One of these observations is the relic light, called Cosmic
Microwave Background, which was emitted just 370 thousand years after the hot Big Bang.
Small temperature fluctuations in the relic light correspond to small matter fluctuations
that eventually grow due to gravitational interactions into all of the structures we observe
around us today: from stars to galaxies and galaxy clusters.

In this thesis, we discuss two ways of looking at galaxies in the late-time Universe, 5-14
billion years after the Big Bang: spectroscopic galaxy clustering and weak gravitational
lensing. In the first approach, we treat galaxies as points and analyse their distributions
across the sky and along time. In the second approach, we treat distant galaxies as ellipses
and analyse how their observed shapes are weakly distorted, or sheared. The distortion
is caused by the bending of their light on its way to us by gravitationally intervening
massive structures. Interestingly, galaxy clustering and weak lensing measurements
both consistently result in a lower amount of matter clustering than the one expected
from the Cosmic Microwave Background measurement. This disagreement between the
observations implies that in the standard cosmological model it is impossible to bridge
the amplitude of matter fluctuations measured at late times with the one measured at
early times.

As a potential solution for this intriguing conundrum we propose the so-called extended
cosmologies. Such cosmological models extend the standard parameter space of six
cosmological parameters by introducing several additional parameters. The additional
parameters correspond to modifications of gravity or dark energy. These modifications
impact structure formation on all scales. In particular, we are interested in the alternations
of structure growth on smaller scales as they correspond to the regime of complex nonlinear
physics. The older the Universe becomes, the more nonlinear structures evolve. Despite its
complexity there is a great amount of cosmological information in this regime, especially
helpful to distinguish between various non-standard cosmologies. Hence, we must develop
and test robust modelling tools for extended cosmologies down to smaller scales.

Here, we address this challenge in the light of the newest generation of cosmological
surveys. Dark Energy Spectroscopic Instrument (DESI), Euclid, Vera Rubin Observatory
(VRO/LSST) – these powerful surveys have started (DESI, Euclid) or will soon
start (VRO/LSST) observing millions of galaxies, their positions and shapes. Their
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excellent measurements will unambiguously weaken or strengthen the tension between
the clustering amplitudes. The only restriction of our knowledge of the Universe will be
the efficiency of our methods and accuracy of our models.

In this thesis, we apply advanced theoretical models and state-of-the-art numerical
methods to study the interplay between numerous different parameters. For instance,
these parameters aim to capture the complexity of nonlinear structure formation, or the
connection between visible and non-visible matter. Extended cosmologies introduce an
additional degree of complexity that we investigate with simulated and real data. The
methods and techniques developed and tested in this thesis are timely given the beginning
of the precision cosmology era with the new generation of surveys. Most of the codes used
in our projects are (or soon will be) publicly available. They will facilitate efficient and
accurate probing of the Large Scale Structure, and help us to determine the correct model
describing our Universe.
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Abstract and Outline

The new generation of cosmological surveys, called Stage-IV surveys, provides measure-
ments of unprecedented volume and quality. This, in turn, leads to increased statistical
precision. Now our knowledge of the Universe is restricted by the efficiency of our
methods and accuracy of our models, rather than by our measurements (assuming that
observational systematics are fully understood). Therefore, our goal is to develop and
test methods and models for analysing the data in order to reliably extract as much
information as possible. We do so by extending standard modelling techniques into
the nonlinear regime. We apply the nonlinear techniques to non-standard cosmological
models, such as evolving and interacting dark energy models, modified gravity theories,
and massive neutrinos. These alternative models attempt to resolve tensions between
the cosmological parameters extracted from the early-time (high-redshift) and late-time
(low-redshift) Universe, which arise in the paradigm of the standard cosmology, ΛCDM.

We refer to the measurements with which we study the laws and constituents of our
Universe as cosmological probes. In this thesis we work with two cosmological probes of
the late-time Universe: galaxy clustering and weak lensing. The redshifts of galaxies
can be precisely measured with spectroscopic instruments. From the distribution of
galaxies in redshift space we can build and then model summary statistics. Here we
focus on the power spectrum and bispectrum multipoles as our main galaxy clustering
observables. Regarding weak gravitational lensing, this phenomenon corresponds to the
coherent distortion in the observed shapes of distant galaxies due to the bending of light
by the Large Scale Structure. The degree of distortion, or shear, depends on the amount
and concentration of matter along the propagation of light. Based on the measured galaxy
shape distribution from photometric images, we again can build various statistics. In this
thesis we focus on the cosmic shear power spectrum as our main weak lensing observable.

The goal of Chapter 1 and Chapter 2 is to provide the background information required
to grasp the findings of the latter chapters. Chapter 1 familiarises the reader with the
main cosmological and theoretical concepts that are necessary to understand the modelling
of our main observables. We motivate our interest in the extensions of the standard
cosmological model, as well as demonstrate explicitly what changes they introduce at
the level of the observables. Chapter 2 establishes the notion of probability in two
frameworks, Bayesian and Frequentist, that allows us to assess the accuracy of a model
given the data. In the same chapter we also describe the mechanisms of the probability
distribution sampling, i.e., the mechanisms of geometrically exploring the regions of the
model’s parameter space that describe the data best.

In Chapter 3, we analyse the redshift space power spectrum and bispectrum multipoles
of dark matter halos from a large set of simulations. Interacting dark energy, in particular
the “Dark Scattering” model in which dark energy and dark matter are coupled by pure
momentum exchange, is the main focus of this chapter. We find a substantial improvement
of constraints on the dark energy parameters when the bispectrum multipoles are
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combined with the power spectrum multipoles. In Chapter 4, using the same perturbative
framework, we analyse the power spectrum multipoles from a Stage-III spectroscopic
survey, BOSS DR12. Now we focus on constraining a generalised parameterisation of
modified gravity via the growth index and massive neutrinos. Albeit without a crucial
statistical significance, we find values of the growth index which deviate from its ΛCDM
limit and lead to the suppression of structure growth at late-times. Such behaviour might
resolve the so-called S8 tension. In a nutshell, this cosmological tension corresponds to the
contradiction between the high- and low-redshift measurements of the matter fluctuation
amplitude in the standard cosmological model. Additionally, in both chapters we observe
strong projection effects in the parameter space, which are pedagogically introduced in
Chapter 2. We explore the projection effects in the context of spectroscopic surveys and
propose possible solutions.

In Chapter 5, we develop a model-independent approach with a generalised screening
function to model the nonlinear matter power spectrum for many dark energy and
modified gravity models. Screening is a mechanism that allows for a theory to recover the
classical gravitational interactions at small scales and in dense regions, such as our Solar
System. This time we work in the halo-based reaction framework. Then, in Chapter 6,
we apply this approach in the modelling of the cosmic shear power spectra. When
tested on mock Stage-IV cosmic shear data, we discover promising hints of detecting
the screening transition. We also explore a strong degeneracy between baryonic physics
and the screening transition, as well as the impact of massive neutrinos.

In the final chapter, Chapter 7, we summarise the studies presented in this thesis
and list our next steps in probing and constraining extended cosmologies with galaxy
clustering and weak lensing.
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mance metrics as a function of the maximum wave-number of the power
spectrum monopole and quadrupole with the highest Fourier mode of the
bispectrum monopole set to the moderate value of kl=0

max,B = 0.08 h Mpc−1.
Right panel: performance metrics as a function of the maximum wave-
number of the bispectrum monopole with the highest Fourier modes of
the power spectrum multipoles set to kl=0,2

max,P = 0.225 h Mpc−1 and

kl=4
max,P = 0.1 h Mpc−1. The dark-red triangles correspond to the base

model with 13 parameters, the olive crosses denote the tidal bias relation,
the purple stars represent the b2-relation, the dark-cyan squares denote
the combined relation of b2 and bG2 . Note that the application of the
combined or the tidal-bias relation leads to stronger constraining powers
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kl=0
max,B ≥ 0.09 h Mpc−1. The confidence intervals for FoB are calculated as

in Fig. 3.3. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81
3.6 Joint analysis of all power spectrum multipoles with the bispectrum

monopole (dark-red triangles) and quadrupole (purple stars). The perfor-
mance metrics, FoM and FoB, are presented as a function of the maximum
wave-number on both multipoles of the bispectrum. Evidently, inclusion
of the bispectrum quadrupole leads to tighter constraints on the IDE
parameters for kl=0,2

max,B ≥ 0.09 h Mpc−1. The confidence intervals for the
FoB are calculated as in Fig. 3.3. . . . . . . . . . . . . . . . . . . . . . . . 83

3.7 Left panel: analysis with the simulated data. Dashed olive lines and purple
contours show results with the Gaussian prior on As around its fiducial
value with 3 standard deviations from the CMB analysis. Right panel:
analysis with the synthetic data and flat priors. Grey lines denote the
fiducial values. In both cases the AP-effect is mimicked by a tight Gaussian
prior on w around its fiducial value and with σw = 0.02. Red contours
represent the joint analysis, dark cyan lines represent the analysis with
power spectrum multipoles only. Scale cuts are the same as in Fig. 3.4. . . 86

4.1 Marginalised posterior distribution for the cosmological parameters for the
γCDM cosmology and the three prior choices, as detailed in the legend.
We fit all three multipoles and use kmax = 0.2 h Mpc−1. Grey dashed lines
mark the Planck best-fit values (ΛCDM prediction for γ). . . . . . . . . . . 100
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4.2 Marginalised posterior distribution for the cosmological parameters for
γνCDM for the three prior choices. We use kmax = 0.2 h Mpc−1 and a
flat prior Mν ∼ U(0, 1) eV for the neutrino mass. Grey dashed lines mark
the Planck best-fit values (with the ΛCDM prediction for γ and minimal
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4.3 Marginalised one-dimensional posterior distribution for the γ parameter for
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(green) and synthetic data generated with the Planck fiducial cosmology
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4.5 Left: ∆χ2
min for a set of values for γ obtained from profiling the likelihood
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min = 1, which is

used to determine confidence intervals. Right: comparison between the
marginalised posterior obtained from the mcmc (green curve) and the PL
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4.12 Comparison between the forecast when no CMB prior is imposed (green
lines and contours) and the case with 3σ Planck priors on As and ns (purple
lines and contours). We use kmax = 0.25 h Mpc−1. . . . . . . . . . . . . . . 119

xvi



5.1 A rough schematic of the map from the Horndeski action in the EFTofDE
parameterisation (H,αi, ξ

j
i ) and nonlinear parameterisations (pi or qi) to

R(k, t). The yellow rectangles indicate the input functions of time (here
parameterised by the scale factor a) or constants. The orange rectangles
indicate the modifications to the Poisson equation. µ(k, a) is bi-coloured
indicating we may choose to parameterise it directly instead of starting
at the action level. We provide the main sources in the literature for each
piece of the map along with a dotted box roughly indicating their associated
piece. Note that the solid arrows can only reconstruct Gi to the linear and
quasi-nonlinear levels, which can in turn inform choices for pi. The pi
provide the nonlinear complement in the Gi. . . . . . . . . . . . . . . . . . 130

5.2 Ratio of the quasi-static approximated (QS) nonlinear spectrum to the
exact calculation. We show the results for four EFTofDE models with
{αK , αB} non-zero and all other α parameters set to 0 and a ΛCDM
background expansion, at z = 0 (left) and z = 1 (right). The exact
calculation uses Eq. 5.4 with an EFTCAMB linear spectrum while the QS
uses Eq. 5.4 with a rescaled ΛCDM linear spectrum using the modified
growth equations, making use of Eq. C.1. The orange band represents the
error coming from cosmic variance assuming an effective survey volume of
Veff = 20 Gpc3/h3. We assume F = µ − 1 and E = 1 in all nonlinear
computations. The dotted lines mark 1% deviations which is an optimistic
estimate on the modelling errors of the halo model reaction framework. . . 140

5.3 Ratio of the approximated reaction to the full calculation. The approxi-
mation assumes E = 1 in Eq. 5.6 which is approximately equivalent to no
higher order perturbative, screening terms i.e, γ2 = γ3 = 0. We show Hu-
Sawicki f(R) gravity on the left and the normal branch of DGP on the right
for varying modifications to GR. For f(R) we show predictions for when the
model parameter takes the value of |fR0| = 10−5 (moderate modification,
blue), |fR0| = 10−6 (low modification, red) and |fR0| = 10−7 (very low
modification, green). For DGP we show predictions for when the model
parameter is Ωrc = 0.25 (moderate modification, blue) and Ωrc = 0.01 (low
modification, red). We also show the comparison over two redshifts, z = 0
(solid lines) and z = 1 (dotted lines). . . . . . . . . . . . . . . . . . . . . . 141

5.4 Top panel: The ratio of the wCDM nonlinear power spectrum to the
ΛCDM nonlinear power spectrum computed using the EuclidEmulator2

(black) and halofit together with the halo model reaction (see Eq. 5.3) for
the minimal general model (blue) as outlined in the right most column
of Tab. 5.2. Middle panel: The ratio between theoretical and emulator
predictions for the ratio between wCDM to ΛCDM spectra, i.e., the ratio
of blue to black top panels curves. Bottom panel: The ratio of the exact
halo model reaction to the minimal general model. We plot the ratio for
two observationally relevant redshifts, z = 0 (solid) and z = 1 (dotted).
We show these results for w0 = −1.2 and wa = 0.4. The minimal general
model also has γ = 0.55 and q1 = q2 = q3 = q4 = 1. . . . . . . . . . . . . . 149
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5.5 Top panels: The ratio of the DGP nonlinear power spectrum to the ΛCDM
nonlinear power spectrum computed using halofit and the halo model
reaction (see Eq. 5.3) for the exact (black) and Erf (blue) cases. We do not
show the nPPF case as it reduces to the exact solution for specific choices of
its parameters. The Erf model assumes γ2 = γ3 = 0. We have normalised
the ratio to unity at large scales for easier comparisons. Bottom panels:
The ratio of halo model reactions; the Erf model RErf to the exact solution.
This is equivalent to the ratio of the top panel blue to black curves. We
show these results for a moderate modification, Ωrc = 0.25 (left) and a low
modification, Ωrc = 0.01 (right). We plot the ratio for two observationally
relevant redshifts, z = 0 (solid) and z = 1 (dotted). . . . . . . . . . . . . . 150

5.6 Top panel: The ratio of the f(R) nonlinear power spectrum to the ΛCDM
nonlinear power spectrum computed using HMCode2020 and the halo model
reaction (see Eq. 5.3) for the exact (grey), Erf (blue) and nPPF (red)
cases. The fofr emulator is also shown in black. Middle panel: The ratio
between theoretical and emulator predictions for the ratio between f(R)
to ΛCDM spectra, i.e., the ratio of grey, blue and red to black top panels
curves. Bottom panel: The ratio of halo model reactions; the parameterised
models to the exact solution. This is equivalent to the ratio of the top panel
coloured curves to the gray curves. Note that both parameterised models
have γ2 = γ3 = 0. We plot the ratio for two observationally relevant
redshifts, z = 0 (solid) and z = 1 (dotted). We show these results for a
moderate modification, |fR0| = 10−5. The orange bands indicate the 2%
region which is the current absolute accuracy of the exact R. . . . . . . . . 152

5.7 Same as Fig. 5.6 for a low modification, |fR0| = 10−6 (top) and a very
low modification, |fR0| = 10−7 (bottom). Note that the fofr emulator for
|fR0| = 10−7 gives the ΛCDM prediction and so we omit the middle panel. 153

6.1 Upper panel: left – linear modification to the Poisson equation for nDGP
gravity with strong modification of Ωrc = 0.25 (red solid line), GR (black
line) and different growth index values specified in the colour-bar; right –
nonlinear modification to the Poisson equation for the same nDGP scenario,
and growth index with γ = 0.4 and various values of the screening scale
q1 at z = 1.25 as a function of the normalised halo radius yh, defined in
Eq. C.44. Lower panel: ratio between the growth factors computed for
various values of γ; left – with respect to the growth in GR, middle and
right – with respect to nDGP for time-independent and time-dependent
growth index respectively. Dashed black lines denote the 1% range. . . . . 162

6.2 Marginalised posterior distribution for the cosmological parameters. Mock
data: ΛCDM scenario (see Subsection 4.2.2). Models: the time-independent
growth index parameterisation with screening (green) and without screen-
ing (orange). We fit the cosmic shear power spectra with ℓmax = 3000. Solid
lines and filled contours correspond to Bbaryons = 1 from Eq. 6.5 (for both
– data and models), while dashed lines and empty contours correspond to
the baryonic feedback contribution with varying Mc and fixed values of the
other baryonic parameters as detailed in the main text. Grey lines mark
the true values of the synthetic data. . . . . . . . . . . . . . . . . . . . . . 169
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6.3 Left panel: the variation in the ratio PMG
NL /PΛCDM

NL at redshift zero for
the screened, γ + q1, and unscreened, γ, models drawn from the posterior
distributions in Fig. 6.2 within a 1σ deviation around the posterior
maximum for γ. Right panel: marginalised posterior distribution in Ωm−γ
for the same models on the mock GR data with ℓmax = 3000 (filled contours)
and ℓmax = 1000 (unfilled contours). . . . . . . . . . . . . . . . . . . . . . . 170

6.4 Left panel: power spectrum ratios at redshift z = 0 for the screened (green
lines) and unscreened (orange line) models with nonlinear prescriptions
described in the text. Grey line denotes kmax = 5 h/Mpc that we compute
and emulate with ReACT, for higher values we extrapolate the MG boost as
a power law. Right panel: corresponding ratios of the shear angular power
spectra. Central redshifts: for bin 1 zc = 0.21, for bin 2 zc = 0.49. We fix
all cosmological parameters to the fiducial values. . . . . . . . . . . . . . . 171

6.5 Marginalised posterior distribution for the cosmological and extended
parameters analysed with ℓmax = 3000. Mock data: nDGP cosmology with
Ωrc = 0.25 (see Subsection 4.2.2). Models: the time-dependent growth
index parameterisation with screening when both γ-parameters are varied
(green) and with γ1 fixed (orange). Grey solid lines mark the true values of
the synthetic data, grey dashed lines mark the GR-limit. Orange dashed
lines denote the best fit values from the plotted MCMC chain for the second
model. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 172

6.6 Marginalised posterior distribution for the cosmological and extended
parameters analysed with ℓmax = 3000. Mock data: nDGP cosmology with
Ωrc = 0.25 (see Subsection 4.2.2). Models: the time-dependent growth
index parameterisation with screening when both γ-parameters are varied
(green) and with γ1 fixed (orange). Grey solid lines mark the true values of
the synthetic data, grey dashed lines mark the GR-limit. Orange dashed
lines denote the best fit values from the plotted MCMC chain for the second
model. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 173

6.7 Left panel: power spectrum boost at redshift zero for the MG contribution,
γ = 0.4 and varying q1 (green lines), and baryonic feedback (orange lines).
Right panel: marginalised posterior distributions using cosmic shear power
spectra with ℓmax = 3000 for the MG and baryonic parameters with
different priors on the latter, as detailed in the legend. Mock data and
model: minimal parameterisation with the time-independent growth index
(see Subsection 4.2.2). Grey lines mark the true values of the synthetic data.175

6.8 Left panel: power spectrum boost at redshift zero for the MG contribution
with γ = 0.4, Mν = 0 and q1 varied (green lines), and γ = 0.4, q1 =
0.76, Mν varied (orange lines). The boosts for various neutrino masses
are normalised to the value at the largest scales computed. Right panel:
marginalised posterior distributions using the cosmic shear power spectrum
with ℓmax = 3000 for models with different cosmological parameters varied,
as detailed in the legend. Mock data and model: minimal parameterisation
with the time-independent growth index (see Subsection 4.2.2). Grey lines
mark the true values of the synthetic data. . . . . . . . . . . . . . . . . . . 176
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6.9 Marginalised posterior distribution for the cosmological and MG parame-
ters with massive neutrinos and baryonic feedback with a tight uniform
prior on the baryonic parameter, using cosmic shear power spectra up
to ℓmax = 3000. Mock data: nDGP cosmology with Ωrc = 0.25
(see Subsection 4.2.2). Models: the time-independent growth index
parameterisation with screening (green), the time-dependent growth index
parameterisation with screening and fixed γ1 (orange), nDGP (purple).
For nDGP and γ+ q1 the prior on log10Mc is U(13.12, 13.52), while for the
γ(z) + q1 model it is U(13.3, 13.34). Grey lines mark the true values of the
synthetic data. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 178

A.1 Posterior distributions for the base model with the scale cuts given in the
triangle plot. The power spectrum monopole and quadrupole analysis
is denoted by the dotted blue line, constraints from all power spectrum
multipoles are given by the solid orange line, joint analysis of power
spectrum monopole plus quadrupole and bispectrum monopole is presented
by the dotted-dashed light-green line, and the full joint analysis is shown
by the dark-red contours. Thin grey lines correspond to the fiducial values
known from the fiducial cosmology and previous analysis of this data set
in Refs. [7–9] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 190

A.2 Posterior distributions for the P0+P2+P4+B0 models with bias relations
at the scale cuts given on the triangle plot. The joint analysis with the
base model is shown by the dark-red dotted-dashed lines, olive dotted lines
denote the tidal bias relation, purple solid lines represent the b2-relation, the
dark-cyan contours denote the combined relation of b2 and bG2 . Thin grey
lines correspond to the fiducial values known from the fiducial cosmology
and previous analysis of this data set in Refs. [7–9]. . . . . . . . . . . . . . 191

A.3 Posterior distributions for the base model with and without the bispectrum
quadrupole at the scale cuts given on the triangle plot. The joint analysis
with the bispectrum monopole is shown by the dark-red dotted-dashed
lines, the joint analysis with the bispectrum monopole and quadrupole is
denoted by the purple contours. Thin grey lines correspond to the fiducial
values known from the fiducial cosmology and previous analysis of this data
set in Refs. [7–9]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 192

A.4 Posterior distributions for the wCDM model for four models at the scale
cuts given on the triangle plot. The joint analysis with the bispectrum
monopole is shown by the solid dark-red lines, the joint analysis with
the bispectrum monopole with the combined bias relation is given by
the dotted-dashed dark-cyan lines, the joint analysis with the bispectrum
monopole and quadrupole is denoted by the purple contours, constraints
from all power spectrum multipoles are shown by the dotted orange line.
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A.5 Posterior distributions for the demonstration of the AP-effect with the three
power spectrum multipoles. The analysis with the variation of the scalar
amplitude with a flat prior and addition of the AP-effect is shown by the
solid dark-cyan lines, the analysis for variation of the IDE and nuisance
parameters only with the addition of the AP-effect is shown with olive
contours and constraints from all power spectrum multipoles without the
AP-effect are given by the solid orange line (same as in Fig. A.1). Thin grey
lines correspond to the fiducial values known from the fiducial cosmology
and previous analysis of this data set in Refs. [7–9]. . . . . . . . . . . . . . 194

A.6 Posterior distributions for IDE model with the power spectrum multipoles
only (the AP-effect included). The analysis with flat priors on all
parameters is shown by the solid dark cyan lines, the analysis with the
CMB prior on the primordial slope ns is shown by the dark purple lines,
the analysis with the CMB prior on the scalar amplitude As is shown by
the olive dashed lines, the analysis with the CMB priors on both primordial
parameters is shown by dark red contours. Thin grey lines correspond to
the fiducial values known from the fiducial cosmology and previous analysis
of this data set in Refs. [7–9]. . . . . . . . . . . . . . . . . . . . . . . . . . 195

B.1 Two-dimensional marginalised posterior for all parameters for the BOSS
analysis for γCDM and kmax = 0.2 h Mpc−1 (see Fig. 4.1). We use the same
color scheme as the main text to show the three prior choices. Dashed grey
lines mark the Planck best-fit values (ΛCDM prediction for γ). . . . . . . . 197

B.2 Two-dimensional marginalised posterior for all parameters for the BOSS
analysis with γνCDM and kmax = 0.2 h Mpc−1 (see Fig. 4.2). We use the
same color scheme as the main text to show the three prior choices. Dashed
grey lines mark the Planck best-fit values (with the ΛCDM prediction for
γ and minimal neutrino mass Mν = 0.06 eV). . . . . . . . . . . . . . . . . 198

B.3 Marginalised posterior distribution for the cosmological parameters for
ΛCDM with massive neutrinos and the three prior choices, as detailed
in the legend. We fit all three multipoles and use kmax = 0.2 h Mpc−1.
Grey dashed lines mark the Planck best-fit values. . . . . . . . . . . . . . . 200

C.1 The modification to the Poisson equation 1 + F (see Eq. 5.13) in DGP
gravity for Ωrc = 0.25 (left) and Ωrc = 0.01 (right). We plot the
modifications as a function of normalised halo top-hat radius parameter
for three different redshifts, z = 0 (red), z = 1 (green) and z = 4 (blue).
The solid curves are the exact solution while the dashed curves are made
using a single parameter fit to the exact R using Eq. 5.41 (see Tab. 5.3). . 209

C.2 The modification to the Poisson equation 1 + F (see Eq. 5.13) in Hu-
Sawicki f(R) as a function of log10(M) and top-hat radius parameter yh.
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D.1 Full posterior distribution for validation with GR mock data for a Stage-IV
cosmic shear setup with ℓmax = 3000. Different colours correspond to the
growth index model with screening (green), the growth index model with
unmodified nonlinear growth (orange), and the model used to produce the
mock data (purple). The dashed lines denote models with an additional
baryonic feedback parameter. . . . . . . . . . . . . . . . . . . . . . . . . . 214

D.2 Varying only Ωm, S8, γ with re-scaled covariance and using linear scales.
Left panel: constraints from the first redshift bin. Time evolution of
S8(z) in the standard cosmology (purple crosses) and γ-parameterisation
(γ-pseudo, orange crosses). Green solid line denotes the combination
of the lensing and IA kernels (re-scaled and shifted for visualisation
purposes). Black solid line denotes the maximum of the kernel and same
constraints on S8(z) in both models. Middle panel: marginalised posterior
distributions for log 1010 As from the first bin (upper plot) and combined
first two bins (lower plot) in the standard cosmology (purple lines) and
γ-parameterisation (orange lines). Right panel: marginalised posterior
distribution for γ and log 1010 As with the first photometric bin (orange
contour) and combined with the second photometric bin (pink contour).
Dashed lines denote the fiducial values. . . . . . . . . . . . . . . . . . . . . 215

D.3 Left panel: parameter dependence of the shear angular power spectrum
in the 3-3 redshift bin without shape noise. Right panel: change in the
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D.4 Full posterior distribution for showcasing the screening impact with nDGP
mock data for a Stage-IV cosmic shear setup. Different colours correspond
to the screened growth index model with ℓmax = 3000 (green) and the
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D.5 Full posterior distribution for tests with nDGP mock data for a Stage-IV
cosmic shear setup with ℓmax = 3000. Different colours correspond to the
time-dependent growth index model (green) and the same model but with
the second coefficient fixed to γ1 = −0.19 (orange). Grey lines mark the
true values of the synthetic data. . . . . . . . . . . . . . . . . . . . . . . . 219
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D.7 Full posterior distribution for the nDGP model with Ωrc = 0.25 for a Stage-
IV cosmic shear setup with ℓmax = 3000. Different colours correspond to
the γ + q1 model (green), the γ(z) + q1 model with γ1 = −0.2 (orange),
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Chapter 1

Cosmology with Galaxy Clustering and

Weak Lensing

According to the standard cosmological model, today our Universe features ∼ 5% of

baryonic matter, ∼ 25% of cold dark matter (CDM), negligible contribution from radiation

and ∼ 70% of dark energy. The simplest model of the latter is the cosmological constant

(Λ), whose energy density is constant in time and space everywhere in the Universe. It

exerts negative pressure causing the accelerated expansion. The standard concordance

model, ΛCDM, shows excellent agreement with various observations, ranging from Solar

System tests to the detection of gravitational waves. However, the nature of both dark

components, matter and energy, of ΛCDM is unknown. Moreover, in recent years tensions

related to the determination of the expansion rate and matter clustering amplitude

between the early-time and late-time Universe have emerged. The search for alternatives

to ΛCDM that could also explain the apparent tensions has led to a plethora of exotic dark

energy, dark matter, and modified gravity theories. In this chapter we will introduce a

set of dark energy models, modifications of General Relativity (GR) on large cosmological

scales, and massive neutrinos – three extensions of the standard cosmological model, which

we also call beyond-ΛCDM and extended cosmologies. We will discuss the corresponding

effects these extensions have on cosmological probes – spectroscopic Galaxy Clustering

(GC) and Weak gravitational Lensing (WL). We will also layout the foundation of the

GC and WL formalism. Lastly, we will describe the cosmological probes crucial for

understanding of our results, as well as the Stage-IV cosmological experiments that will

provide us with their powerful measurements. When not explicitly cited, the introductory

background is based on Refs. [12, 13].
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1.1 Correlation Functions and Expansions

Prior to introducing the background on cosmology, we lay out the mathematics behind

the correlation functions of random fields. Practically, a random field is a continuous

and infinite collection of random variables in space and time. In cosmology we refer to

the notion of random fields when dealing with fluctuations in density or temperature,

for example, with respect to a smooth background. The observed galaxies trace these

density fluctuations in the underlying Large Scale Structure (LSS) that is not randomly

distributed and exhibits interesting correlations.

Correlation Functions

The two-point correlation function of random fields A and B in three-dimensional real

space, x, is given by:

ξ(|x− x′|) ≡ ⟨A(x)B∗(x′)⟩ (1.1)

with brackets ⟨...⟩ denoting an ensemble average over many realisations of the fields, and
∗ denoting the complex conjugate operation. Realistically, we have only one observable

Universe, hence, only one realisation of a random field. The assumption of ergodicity helps

to relate our theory and observations. Ergodicity states that for infinitely large volumes,

ensemble averages become equal to spatial averages. Again, in reality, we do not observe

an infinite volume. The finite volume of a survey or simulation introduces statistical

fluctuations, called sample variance. If the finite volume is the size of the observable

Universe itself, then the corresponding sample variance is called cosmic variance.

With the Fourier transforms of the fields

Â(k) =

∫
dxA(x)e−ik·x, B̂(k′) =

∫
dx′B(x′)e−ik′

·x′
, (1.2)

we can relate the cross-correlation power spectrum PAB(k) in Fourier space to the two-

point correlation function as

⟨Â(k)B̂∗(k′)⟩ ≡ (2π)3δD(k − k′)PAB(k) (1.3)

with a Dirac delta function δD. Here, we assume that the fields are statistically

homogeneous (ξ is invariant under translation) and isotropic (ξ is invariant under

rotation). Therefore, the power spectrum only depends on the norm of the vector k

and not on its direction.

Analogously, we can define a bispectrum of three random fields:

⟨Â(k)B̂∗(k′)Ĉ(k′′)⟩ ≡ (2π)6δD(k − k′ + k′′)BABC(k, k
′, k′′) , (1.4)
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which vanishes for perfectly Gaussian fields. For a Gaussian random field the probability

of realising some field configuration is a Gaussian functional. In other words, the density-

values at different spatial locations are drawn from a Gaussian (also called normal)

distribution. It also means that all joint probability distributions of the density at

different points in space can be expressed as multivariate normal distributions. The

initial conditions of the Universe are well described by a random Gaussian field according

to inflation predictions (more on that in Subsection 1.2.2). Mathematically it means that

we can completely specify the initial density field via the initial (linear) power spectrum,

which prescribes the fluctuation amplitude as a function of scale. While the amplitude

for each scale (or mode) is specified by the power spectrum, the corresponding phase

is uniformly random. Later the density fluctuations evolve in time, their gravitational

evolution induces non-Gaussianity: modes begin to couple and phases become non-

random. However, in the linear regime on large scales, where the Fourier modes evolve

independently, the statistics remains Gaussian.

In numerical simulations, the initial density field is often specified on a grid and follows

the main principle described above. Namely, the distribution of a finite number of dark

matter point particles is fully described by random phases and a linear power spectrum

rescaled to the initial redshift of the simulation. Once these linear density fluctuations

are specified, the equal-mass particles are displaced from a uniform grid with positions

and velocities assigned via Zel’dovich approximation or a perturbative approach.

Legendre Expansion

In redshift space we cannot assume isotropy anymore (more on this in Section 1.4) and

the power spectrum now depends not only on the norm of the vector k but also on its

position with respect to the line-of-sight µ = k̂ · n̂1. These anisotropies are apparent due

to the additional contribution in observed redshifts from peculiar velocities of the observed

objects. Another source of anisotropies is a potential discrepancy between the fiducial

cosmology, assumed to measure distances, and the true cosmology. The redshift space

anisotropies are symmetric around the line-of-sight and follow a reflectional symmetry

along the same axis in the distant-observer limit. Thus these field anisotropies can be

written as a function of µ2. Because of the symmetries, we can expand the power spectrum

in a subset of the spherical harmonics that is invariant under the rotation about the line-

of-sight axis – Legendre polynomials:

PAB(k, µ) =
∞∑

ℓ=0

Pℓ(k)Pℓ(µ) (1.5)

1Hatted vector properties denote unit vectors, while hatted scalars denote functions in Fourier space.
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with the power spectrum multipoles

Pℓ(k) =
2ℓ+ 1

2

∫ +1

−1

dµPAB(k, µ)Pℓ(µ) . (1.6)

The first Legendre polynomials with even ℓ-values are given by

P0(µ) = 1 , P2(µ) =
3µ2 − 1

2
, P4(µ) =

35µ4 − 30µ2 + 3

8
, (1.7)

while the odd powers of µ are integrated to zero.

Expansion in Spherical Harmonics

Angular correlation functions are widely used in cosmology. For example, Cosmic

Microwave Background anisotropy or cosmic shear maps can be represented as a spherical

surface with fluctuations filtered by a smoothing kernel. We denote the angular two-point

correlation function for fields A and B with points on the spherical surface n̂ and m̂,

correspondingly, as wAB(n̂ · m̂). It is connected to the spherical harmonic transform,

CAB(ℓ), also known as the angular power spectrum, as:

wAB(µ̃) =
∞∑

ℓ=0

2ℓ+ 1

4π
CAB(ℓ)Pℓ(µ̃) , (1.8)

where µ̃ = n̂ · m̂ corresponds to the cosine of the separation angle between points on

the sphere. We can project the fields into the sphere using some kernels FA,B(r) which

control the sensitivity of our observation in the radial direction, r:

Ã(n̂) =

∫
drFA(r)A(rn̂) , B̃(m̂) =

∫
drFB(r)B(rm̂) . (1.9)

On a sphere we can express unit vectors, n̂ and m̂, in spherical coordinates Ω = (θ, ϕ).

We can also expand the projected field in spherical harmonics Yℓm with the corresponding

harmonic coefficients:

Ã(n̂) =
∞∑

ℓ=0

ℓ∑

m=−ℓ

AℓmYℓm(n̂) , Aℓm =

∫
dΩÃ(n̂)Y ∗

ℓm(n̂) (1.10)

with similar expressions for the field B. In the Fourier transformation (Eq. 1.2) we have

a “plane wave”-like term that we can express as a linear combination of spherical waves

with the spherical Bessel function, jℓ:

eik·x = 4π
∞∑

ℓ=0

ℓ∑

m=−ℓ

iℓjℓ(kr)Y
∗
ℓm(k̂)Yℓm(n̂) . (1.11)

4



With the plane-wave expansion and the normalisation
∫
dn̂Y ∗

ℓm(n̂)Yℓ′m′(n̂) = δℓℓ′δmm′ we

derive

Aℓm =
iℓ

2π2

∫
d3kÂ(k)Y ∗

ℓm(k̂)

∫
drFA(r)jℓ(kr) . (1.12)

Note that d3k = k2 sin θdθdϕdkk̂. Overall the angular power spectrum is given by

CAB(ℓ) = ⟨AℓmB
∗
ℓm⟩ =

∫
dk

2k2PAB(k)

π
FA

ℓ (k)FB
ℓ (k) (1.13)

with the Bessel function kernels X = A,B

FX
ℓ =

∫
FX(r)jℓ(kr)dr . (1.14)

For numerical methods to evaluate this projection integral see Refs. [14–18]. The

projection integral in k is well-behaved since the power spectrum PAB generally decays

for small and large wave-numbers. It is the kernel integral, Fℓ, that is hard to

evaluate, especially for large values of multipole moment ℓ, as the Bessel functions grow

monotonically from zero to kr = ℓ + 1/2 and start to oscillate rapidly afterwards. The

Limber approximation [19] approximates the peak of the spherical Bessel function by a

Dirac delta function:

jℓ(kr) →
√

π

2ℓ+ 1
δD(ℓ+ 1/2− kr) (1.15)

This approximation is widely used in the context of WL that we discuss in detail in

Section 1.5.

1.2 Standard Cosmology

Throughout this work the speed of light is set to c = 1.

1.2.1 Background Evolution

On large scales (greater than 100 Mpc) the Universe looks isotropic (the same in

all directions) and homogeneous (the same at every point in space). Isotropy and

homogeneity introduce symmetries which significantly restrict the metric choice of the

corresponding spacetime. Requiring further that the fundamental observer’s proper time

be equal to the coordinate time, we obtain a simple description of the spacetime geometry

via the Friedmann-Lemâıtre-Robertson-Walker (FLRW) metric:

ds2 = dt2 − a2(t)
[
dx2 + f 2

k (x)(dθ
2 + sin2 θdφ2)

]
, (1.16)
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with x denoting comoving radial coordinate, θ and ϕ are spherical spatial coordinates, and

a(t) is the (dimensionless) scale factor, which describes the expansion of a homogeneous,

isotropic universe. The scale factor can be set to unity at the current time. The function

fk(x) depends on the curvature parameter, k, as

fk(x) =





sinhx k = −1 hyperbolic space,

x k = 0 flat space,

sinx k = 1 spherical space .

(1.17)

In our works we always assume spatial flatness, i.e., k = 0, as supported by observations

[20–22].

The dynamics of the FLRW metric reduce to the dynamics of the scale factor. They

are governed by the so-called Friedmann equations:

H2 ≡
(
ȧ

a

)2

=
8πG

3
ρ+

Λ

3
, (1.18)

ä

a
= −4πG

3
(ρ+ 3p) +

Λ

3
, (1.19)

where H is the Hubble parameter, ρ = ρ(t) is the matter energy density of a

(homogeneous) perfect fluid and p = p(t) is the corresponding pressure. Thus, in order

to specify the dynamics of the scale factor, the prescription for the scaling behaviour

of the density ρ(t) is required. This is defined by the equation of state of the density

components, expressed as the ratio of pressure and density:

w ≡ p

ρ
. (1.20)

Pressureless cold dark matter is characterised by w = 0, relativistic matter by w = 1/3

and the value w = −1 corresponds to the cosmological constant Λ. We can define the

critical density in a flat universe as ρcrit(a) = 3H2(a)/(8πG) and express the dimensionless

density parameters as

Ωi(a) ≡
ρi(a)

ρcrit(a)
. (1.21)

For the density parameters at a = 1 we omit the brackets with the scale factor dependency.

This allows us to bring the first Friedmann equation (Eq. 1.18) into the familiar and widely

used form:

H2(a) = H2
0

(
Ωm

a3
+

Ωr

a4
+ ΩΛ

)
= H0E(a) . (1.22)

The subscripts “m” and “r” denote the matter and radiation energy densities respectively,

and the present value of the Hubble parameter is given by H(a = 1) = H0 = 100h
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km s−1 Mpc−1. Since the radiation density component at the redshifts of our interest is

very low we will omit its contribution in this work. However, it should not be ignored in

the early-time Universe at redshifts z ≥ 3400, i.e., before the matter-radiation equality.

The redshift and scale factor are related via a = 1/(1 + z).

1.2.2 Structure Formation

Isotropy and homogeneity on large scales are the foundation of the cosmological principle.

One of the main evidences of the cosmological principle’s validity is the Cosmic Microwave

Background (CMB), which corresponds to the relic electromagnetic radiation from the

epoch of recombination. These relic photons decoupled from matter after the early

Universe was cool enough for protons and electrons to form neutral hydrogen. After

this epoch of recombination, the photons could travel uninhibited trough the Universe,

without being constantly absorbed or scattered by charged particles in the baryonic

plasma as before. The CMB radiation we observe is highly isotropic but not perfectly

isotropic: the observed temperature, and hence, the matter density fluctuations indicate

an anisotropy of order 10−5. Thus, the inhomogeneities on small scales already existed

in the very early Universe, reflecting the initial state of the gravitationally evolved highly

inhomogenous cosmic structures we see today. Currently, the widest accepted mechanism

for the generation of these primordial fluctuations is inflation: the fluctuations are seeded

by quantum fluctuations of the inflaton field, which drives an era of rapid accelerated

expansion in the early Universe.

Another observed feature that propagates from the epoch of recombination is called

Baryonic Acoustic Oscillations (BAO). Before decoupling, the “gravity versus radiation

pressure” interaction in the photo-baryon plasma caused acoustic waves in the matter

content of the early Universe. After decoupling, these oscillations are frozen. We

can see them in the CMB angular power spectrum in the form of acoustic peaks,

but also in the distribution of galaxies in the late Universe. As galaxies are forming

from the concentrations of mass, there is an excess of galaxies at the separation length

corresponding to the first acoustic peak, or the distance travelled by a sound wave between

the Big Bang and the recombination epoch. This imprint looks like a “bump” in the two-

point correlation function of galaxies at∼110 Mpc h−1, which in Fourier space corresponds

to the oscillations in the galaxy power spectrum.

Linear Growth

To map small inhomegenities observed in the CMB to today’s LSS, we first introduce

linear perturbation theory. We can apply the linearised perturbative approach to describe

the evolution of inhomogeneities, as long as they remain small. Here, we outline the

formalism in Newtonian gravity, but the same can be done in full GR. The Newtonian
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framework is a good approximation when all velocities are slower than the speed of light

and spacetime curvature is not important (i.e., on scales smaller than the Hubble radius,

1/H). As the matter budget of the Universe is dominated by cold dark matter, the focus

is on a collisionless, self-gravitating medium in a homogeneous and isotropic background

expanding at the Hubble rate. Its density is decomposed into a homogeneous time-

dependent background part, ρ̄, and its small perturbation, δρ̄(x, t), which includes the

density contrast, δ(x, t), defined as

δ(x, t) =
ρ(x, t)− ρ̄(t)

ρ̄(t)
. (1.23)

Under the assumption that cold dark matter behaves like a collisionless fluid on large

scales and δ ≪ 1, its dynamics are described by the following set of fluid equations,

namely, the continuity equation, the linearised Euler equation and the Poisson equation:

∂δ

∂η
+∇ · v = 0 , (1.24)

∂v

∂η
+Hv = −∇Φ , (1.25)

∇2Φ = 4πGδρ̄a2 =
3

2
Ωm(a)H2δ . (1.26)

The conformal time, η, is related to the time coordinate by dη = dt/a, H = aH is the

conformal Hubble factor, Ωm(a) = 8πGρ̄(a)/(3H2(a)), ∇ is the spatial derivative with

respect to the comoving distance x, v = dx/dη is the velocity field of the cosmic fluid

and Φ the gravitational potential. The comoving coordinate is connected to the proper

distance or the position vector in spherical physical coordinates as x = r/a.

We obtain the evolution of the density contrast by combining the linearised fluid

equations in comoving coordinates:

d2δ

da2
+

1

a

(
3 +

d lnH

d ln a

)
dδ

da
=

3Ωm(a)

2a2
δ . (1.27)

The second term, proportional to dδ/da, acts as a friction term and is sometimes called

the Hubble drag, since it reflects the Hubble expansion counteracting the attraction due

to gravity. Although the density contrast depends on the comoving space coordinates as

well as on time, Eq. 1.27 does not contain derivatives with respect to position, nor does

x appear explicitly in the coefficients. Therefore, the solution of this equation can be

decomposed into separated time- and space-dependent components as

δ(x, a) = D+(a)δ+(x) +D−(a)δ−(x) , (1.28)

in which D±(a) are the linear growth factors of the growing (+) and decaying (−) modes.
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During the matter-dominated era the density contrast grows proportionally to D+(a)

and is responsible for structure growth on large scales. The second solution decays

with time and consequently cannot describe the amplification of density perturbations.

Another quantity for description of structure growth is called the growth rate, f(a), and

is expressed as a derivative of the linear growth factor with respect to the logarithm of

the scale factor f = d lnD/d ln a.

Linear Structure Formation

The density fluctuations, δ(x, t), are considered to be Gaussian random variables with

⟨δ(x)⟩ = 0 at a fixed time. By calculating the variance of the density contrast in Fourier

space we define the matter fluctuation power spectrum, Pδδ(k), with independent modes

as (see Section 1.1)

⟨δ̂(k)δ̂∗(k′)⟩ = (2π)3δD(k − k′)Pδδ(k) . (1.29)

The shape of the primordial spectrum is determined by the mechanism of inflation. Most

models predict a power law [23]:

Pδδ,ini(k) ∝ kns , (1.30)

where ns is known as the spectral index. Then there are two effects that should be

considered: linear growth of the density perturbations in time and different growth of

super- and sub-horizon perturbations. The first effect is established by the growth factor,

D+ = D, from the previous subsection. The second effect is accounted for by the transfer

function, T (k). The main idea behind the transfer function is based on the fact that

before the equality epoch, i.e., before the transition from the radiation domination to

matter domination, matter perturbations grow differently. The ones that are larger than

the horizon size grow ∝ a2, while the growth of perturbations within the horizon is

suppressed to be logarithmic in the scale-factor. After the equality epoch, both types of

perturbations begin to grow at the same rate ∝ a. Combining the described effects we

arrive at the following expression for the linear power spectrum of density fluctuations:

PL(k, a) ∝ D2(a)T 2
k (k)Pδδ,ini(k) . (1.31)

The linear clustering and evolution of the total matter density, as well as other components

of the Universe, can be computed numerically by Boltzmann solvers, such as CAMB [24]

and CLASS [25]. Statistical homogeneity is preserved in the linear power spectrum: the

redshift evolution only changes the amplitude of the spectrum, not its shape. However,

as we will see in the next section, the redshift dependence for nonlinear wave-numbers

with k > 0.1 h Mpc−1 is less trivial due to the mode-coupling. To fully describe the linear
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power spectrum, in addition to the spectral index and the transfer function, the matter

fluctuation amplitude must be provided. At early times, the amplitude is described by

the primordial amplitude As, while at later times the normalisation is often characterised

by the σ8 parameter. The latter corresponds to the variance of the density field smoothed

within a radius R = 8 Mpc h−1:

σ2
R(a) =

1

2π2

∫
dkk2PL(k, a)W

2(kR) , (1.32)

where W (kR) denotes a top-hat filter function.

Nonlinear Structure Formation

The linear theory is a valid approach on scales bellow 0.1 h Mpc−1 in Fourier space or

above 100 Mpc h−1 in configuration space. At smaller length scales the collisionless fluid

approximation breaks, wave-number modes couple, and the density contrast becomes

δ ≫ 1. There are roughly three options2 to include nonlinear scales:

1. Numerically: N-body and hydrodynamical simulations, allow us to trace the

structure formation evolution in a controlled way. For hydrodynamical simulations

the sizes of the simulation boxes are small in comparison to CDM only simulations,

which does not allow to easily bridge a vast range of large scales. Additionally,

hydrodynamical simulations demonstrate a strong dependence on the sub-grid

physics (any unresolved physical processes on small scales, e.g., black hole accretion),

and are hard to calibrate with real observations. However, the summary statistics

from N-body and hydro-simulations are the gold standard for stress-testing the

validity of our analytical models. In Chapter 3, we work with measurements from the

Minerva simulations [30]. Recently, several emulators trained with neural networks

on large sets of simulations, such as bacco [31] and EuclidEmulator2 [32], were

offered as a fast and reliable modelling option for the matter power spectrum.

However, such emulators are restricted by the parameter range and gravity laws

of the corresponding simulations. Additionally, the validity of the nonlinear power

spectrum breaks at scales dictated by the resolution of a simulation. For instance,

the largest wave-number for the nonlinear bacco emulator is 5 h Mpc−1.

2. Analytically: one expands the density contrast and velocity around their linear

solution in a perturbative way, so that the higher-order corrections become

progressively smaller, thus the theory is convergent. Various perturbation theories

have been developed [33, 34]. In this thesis, we use the Effective Field Theory

2We do not explicitly mention semi-analytical methods, e.g., PATCHY [26], Pinocchio [27], or hybrid
methods [28, 29]. The former is, however, a practical tool for covariance matrix production, while the
latter allows to include scales beyond the standard perturbative regime. In Chapter 3 and Chapter 4, we
use covariance matrices computed from mock catalogs created by the semi-analytical methods.
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Figure 1.1 Matter power spectrum with the bacco emulator. Left panel: ratios between
linear power spectra at various redshifts specified in the legend with respect to
the linear power spectrum at redshift z = 0 (dashed lines); ratios between the
nonlinear and linear power spectra for each redshift (solid lines). Right panel:
sensitivity of the nonlinear matter power spectrum to cosmological parameters
in ΛCDM cosmology at two redshifts z = 0 (solid lines) and z = 1 (dashed
lines). The units of the power spectra are [Mpc3/h3].

of Large Scale Structure (EFTofLSS), which takes into account the large scale

effects of poorly understood small-scale physics (more on this in Section 1.4). The

perturbative approach breaks at wave-numbers above k = 0.3− 0.4 h Mpc−1.

3. Phenomenologically: the halo-model approach [35] is a phenomenological approach

where the nonlinear power spectrum is a sum of two terms – the one-halo and two-

halo contributions. The two-halo term, corresponds to the clustering of individual

halos on large and quasi-linear scales, whereas the one-halo term corresponds

to the clustering of dark matter particles within the same halo on small scales.

Separate components of the recipe for the halo-model can be fitted and calibrated

on simulations. Still this approach is less accurate than simulations and less

theoretically motivated than the perturbative approaches. The halo-model allows

to include nonlinear scales up to ∼ 5 h Mpc−1.

Above we have introduced the key 6 parameters of the standard cosmological model,

ΛCDM: Θ = {Ωm,Ωb,Λ, h, ns, As(or σ8)}. These parameters describe the time evolution

of the components, the expansion history, the geometry and the formation of structures

in the Universe. Taking the total matter power spectrum as our structure formation

summary statistics, in Fig. 1.1 we show how structures evolve with redshift in the left

panel. On linear scales the growth is scale-independent (dashed lines), while on nonlinear

scales structure growth is a scale-dependent and nonlinear function of redshift (solid lines).
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In the right panel of the same figure, we demonstrate the sensitivity of the nonlinear

power spectrum at two redshifts z = 0 (solid lines) and z = 1 (dashed lines) in the

ΛCDM scenario to the cosmological parameters on different scales using the state-of-the-

art bacco emulator. In the following we briefly discuss the dependencies of the matter

power spectrum on Θ, and, hence, the origin of constraints on these parameters. The

amplitude parameters, As and σ8, show a similar trend in their impact on the power

spectrum at different scales. Their lines (blue and brown) would overlap for variations

in σ8 and
√
As, because PL ∝ As and PL ∝ σ2

8 by definition. From Eq. 1.26 we see that

Pδδ ∝ k4(Ωmh
2)−2PΦΦ. Combining it with Eq. 1.31 we get PL ∝ D2(z)Ask

nsΩ−2
m h−4T 2

k .

In the linear regime, the transfer function can be approximated as

Tk(k) ≈




1 k ≪ keq ,(

keq
k

)2
ln
(

k
keq

)
αΓ(ωm, ωb) k ≫ keq

(1.33)

with ωi = Ωih
2, and the matter-radiation equality scale keq = aeqH(aeq) ∝ Ωmh

2 = ωm

for fixed ωr. We can integrate the transfer function squared to assess the amplitude of

the power spectrum, this leads to σ2
8 ∝ D2(z)AsΩ

1.05
m h3.5 for ns ≈ 1 and fixed baryonic

density [36]. For fixed σ8 this explains the behaviour of the orange and green lines that

correspond to Ωm and h, respectively (note that we use units with h for the wave-numbers

and the power spectrum, that absorbs some contribution of h). At large scales we notice

a change in dependence on Ωm with redshift, this is due to the dependence of D(z) on

Ωm: at redshift z = 0 this can be estimated as D ∝ Ω0.23
m , while at z = 1 we find a

weaker dependence D ∝ Ω0.06
m . We find these relations by solving the growth equation

from Eq. 1.27. In the nonlinear regime the sensitivity to h grows slightly with redshift,

while the Ωm sensitivity remains weak. Both trends can be interpreted in the halo-model

framework via the 1-halo term contribution (for more details see Ref. [11]). The behaviour

of the 1-halo term also explains the “bump” around k ∼ 1 h Mpc−1 in the σ8 and As

dependencies. The dependence on the spectral index (purple line) is straightforward

to read out from PL ∝ knsT 2
k . Finally, the variation in the baryon density is mostly

contributing to the slope of the linear power spectrum at very large scales. The main

effect of the baryons in the transfer function, beyond the introduction of oscillations, is

the suppression of power below the sound horizon in the 1/k2 tail, i.e., the suppression

in growth rates between the equality and the drag epochs. Bellow the sound horizon the

photon-baryon plasma is pressure supported, this prohibits baryons from clustering at

smaller scales. As already discussed above, in the radiation-dominated epoch the growth

of density perturbations outside the horizon is ∝ a2 or ∝ k2, while inside the horizon

the growth is logarithmic. From Eq. 31 in Ref. [37] we can approximate the function

αΓ ∝ ω0.36
m ω−0.2

b , leading to an additional contribution of ω−0.4
b to σ2

8. This explains the

red curve for fixed σ8.
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1.3 Extended Cosmologies

In the standard cosmological model, the laws of gravity are fully described by Einstein’s

theory of GR. GR is indeed in remarkable agreement with a plethora of observations from

the Solar System: such as the anomalous perihelion of Mercury, the Shapiro time–delay

measured by the Cassini spacecraft and Lunar laser ranging experiments. GR works not

only in our neighbourhood, the tests in the so-called strong gravity regime around black

holes (e.g., the imaging of the black hole in M87 [38]) and pulsars [39] align perfectly

with Einstein’s theory. Another test of GR that it passed with flying colours was the

detection of gravitational waves emitted by merging black holes [40] and neutron stars,

simultaneously with the detection of their electromagnetic counterpart [41].

The standard cosmological model requires an additional dark energy component to

explain the observed accelerated expansion of the Universe via Supernovae type 1a

(SNIa) [42], as well as CMB and BAO observations (see The road to dark energy in

Ref. [43]). In the standard model the Cosmological Constant (CC), Λ, is responsible for

the accelerated expansion. However, the introduction of the cosmological constant poses

certain theoretical problems (below we repeat our arguments from Ref. [44]).

Testing GR and various dark energy scenarios at a sub-percent level on cosmological

scales is a primary motivation behind both current and upcoming surveys. Uncovering

the physical mechanism responsible for the accelerated expansion remains one of the

most significant unresolved issues in modern physics. In addition to that, recent

LSS observations (e.g., [45–47]) point towards discrepancies between the cosmological

parameters derived from the early-time and late-time cosmological probes. These so-called

tensions, which we discuss in this section, provide further motivation to test alternatives

for the standard cosmological model.

Tensions

The first tension we consider is the Hubble tension. The inferred value of the expansion

rate from the CMB is equal to H0 ∼ 67 km s−1 Mpc−1[22]. In contrast, direct

measurements of the Hubble constant from low redshift data via the standard distance

ladder yield H0 ∼ 71-73 km s−1 Mpc−1. The higher value of H0 corresponds to SNIa

distance measurements calibrated on cepheids [48]. The lower value corresponds to

calibrations on the Tip of Red Giant Branch (TRGB) [49]. Both analyses were done with

the Hubble Space Telescope (HST) data and performed by the “Supernovae and H0 for

the Equation of State of DE” (SH0ES) collaboration. This disagreement between Planck

and the local distance ladder is quantified by a 4-5σ tension. As one of the attempts to

resolve the Hubble tension was a class of early dark energy models proposed [50] (which

alone will always fall short to fully resolve the tension according to Ref. [51]).

However, recently new results with the James Webb Space Telescope (JWST) were
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obtained by the Chicago-Carnegie Hubble Program (CCHP) [52]: while the values of H0

via cepheids and TRGB distance calibrations are slightly lower but still in agreement

with SH0ES, a new distance indicator – Carbon-rich J-region Asymptotic Giant Branch

(JAGB) stars [53] – leads to H0 ∼ 68 km s−1 Mpc−1reconciling with the CMB value of

the expansion rate. Immediate response from the SH0ES collaboration explained CCHP’s

findings by the sub-sample bias and various decisions made in their analysis [47]. Based

on their previous studies (e.g., Ref. [54]) SH0ES argued for the synergy between HST and

JWST. In addition, they found an excellent agreement between the combined 3 distance

indicators with JWST and SNIa-Cepheid measurement with HST for the same (larger

than CCHP’s one) sample of SNIa, recovering the tension with Planck and H0 ∼ 73

km s−1 Mpc−1. Nevertheless, there is an additional disagreement between SH0ES’ findings

for SNIa calibrated via the direct distance ladder at redshifts z < 0.01 and the Dark

Energy Survey’s (DES) Year 5 findings from SNIa calibrated on BAOs via the inverse

distance ladder at redshifts z > 0.1 [55]. The latter is in excellent agreement with the

CMB value of H0, while also keeping the window of possibility open for non-standard

cosmologies [56]. The dispute continues with local measurements of the Coma Cluster

at z ≈ 0.023 with DESI via the fundamental plane (FP) relation arguing for even larger

H0 ∼ 76 km s−1 Mpc−1[57, 58]. The latest findings of the strong lensing community in

Ref. [59], also seem to imply larger value of the expansion rate than the one from the

previous studies of TDCOSMO+SLACS [60], and closer to the one from H0LiCOW [61].

For more examples of H0 probes see the Review [1]. Clearly, the Hubble tension is a topic

of high interest and active discourse in the age of precision cosmology.

The second tension we consider is called the S8 or σ8 tension, and corresponds to

certain inconsistencies in the strength of matter clustering, i.e., the amplitude of density

fluctuations. The parameter S8 is directly measured with WL and is closely related to

fσ8 measured by GC. While having a smaller significance than the Hubble tension, i.e.,

only ∼ 2σ, the matter clustering tension is consistently found in GC and WL probes.

These probes measure S8 ∼ 0.75 [62], which is in disagreement with the CMB prediction

under the assumption of the standard cosmology, S8 ∼ 0.83 [22]. Currently, there are

two possible explanations for the fact that the clustering amplitude at lower redshifts is

smaller than the one extrapolated from the high redshift measurements: a) unaccounted

systematic effects, such as uncertainties in either observational systematics or inaccurate

modelling of the nonlinear scales (e.g., for WL probes this might contaminate the angular

spectra at all multipoles [63, 64]); b) new physics (beyond-ΛCDM cosmologies) [65–67].

Regarding the latter, any modification of structure growth, which leads to a growth rate at

late times weaker than in ΛCDM, would qualify for a potential solution of the S8-tension,

as long as it does not significantly change other physical effects like galaxy formation or

CMB.

In Fig. 1.2 we demonstrate the Hubble and clustering tensions from different probes
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Figure 1.2 Tensions from various probes in the flat ΛCDM framework. Left panel: H0

constraints with CMB (blue), direct measurements of the expansion rate with
the Hubble diagram via the local distance ladder (green), via the inverse
distance ladder (purple), via FP distances with the Coma cluster (orange),
strong lensing constraints (red). Right panel: S8 = σ8

√
Ωm/0.3 constraints

in the early-time probes (blue) and late-time probes (green). Values with
corresponding 68% errors are taken from Ref. [1] and other references in the
main text.

discussed above. Can we solve both tensions simultaneously, if we believe that both

of them have a physical nature? One can find various attempts in the literature (e.g.,

Ref. [68]), but we are yet to find a single alternative cosmological model that would be in

agreement with both cosmological and astrophysical observations.

Cosmological Constant Problem(s)

The cosmological constant is measured to be non-zero by a suite of cosmological probes

such as the CMB [22], SNIa [42, 69], and optical galaxy surveys (see, for example,

Ref. [70]). Consistently, we would expect a non-zero cosmological constant from quantum

field theory (QFT) predictions, as all vacuum states of standard model particle fields

will contribute an energy density, ρvac, to the Universe that appears as a constant in the

model’s action. Unfortunately, this results in one of the biggest problems in physics (see

Ref. [71] for a review). The first aspect of the problem is that our naive QFT predictions

for the energy density of Λ is at least 60 orders of magnitude larger than the cosmological

measured value3. We can still make a fine-tuning of the “bare” constant, Λbare, in the

potentials of these fields to cancel the other vacuum energy contributions to yield the

observed value for Λ.

One might be fine with this, after all QFTs are used to removing divergences through

renormalisation techniques. The real problem is that we need to repeatedly fine-tune

every time a new energy scale or particle field is considered which changes ρvac (this can

also happen through phase transitions, see Ref. [72] for an overview). In other words, the

cosmological value of Λ, which is a low energy physics parameter, is incredibly sensitive

3This depends on the energy scales we are considering in the QFT calculation.
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to the high energy physics, which is not technically natural and in apparent opposition to

our wide spread employment of effective field theories. These two aspects of the problem

are often referred to collectively as the “cosmological constant problem”. We refer the

interested reader to the seminal paper – Ref. [73] – for a review and the famous no-go

theorem which implicitly delineates possible solutions to the problem.

Prospective solutions to these problems include gravitationally screening the vacuum

energy from our observations by using a scalar field [74–77] or using extra spacetime

dimensions [78]. These solutions would of course also need to produce a small residual

energy that can be used to explain our cosmological measurements, in particular those

associated with an accelerated spatial expansion. This distinct issue can be called the

“dark energy problem”, which may be explained through a variation in the fundamental

constants of nature such as Newton’s gravitational constant, or having the acceleration

driven by a scalar field.

Another perplexing feature of the measured value of the cosmological constant is that

we appear to be living at a very special moment of the history of the Universe. Namely,

because of ΩΛ ∼ Ωm, the dark energy domination started fairly recently. This appears to

be further fine-tuning of the model’s parameters, and is known as the coincidence problem

or “new cosmological constant problem” [79]. The coincidence problem was historically

one of the motivations for the class of interacting dark-energy models, a promising sub-

class of which we study in Chapter 3.

1.3.1 Dark Energy and Modified Gravity

In order to resolve the apparent tensions and CC problems various alternative models

have been suggested. We start their introduction from Einstein’s field equations:

Gµν + Λgµν = 8πGTµν . (1.34)

Here, Λ is the cosmological constant, and Gµν is the Einstein field tensor that can be

directly computed from the first and second derivatives of the metric tensor as Gµν =

Rµν − gµνR/2 with the Ricci scalar R, the Ricci tensor Rµν , and the energy-momentum

tensor Tµν of the cosmic fluid. On the one hand, we can modify its left-hand-side, for

example, by modifying the Einstein–Hilbert action. On the other hand, we can modify

the right-hand-side with the stress-energy tensor. The first type of modification can be

understood as changing the gravitational sector and, hence, is called Modified Gravity

(MG). The second type of modification is an alteration of the content of the Universe by

adding a new component, hence, it is called Dark Energy (DE). Interacting Dark Energy

(IDE) further includes a non-gravitational coupling between dark energy and dark matter.

Although there are models which unambiguously belong to one category or the other, for

various models a strict division into these two categories is to some extent cumbersome.
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Figure 1.3 Time evolving dark energy: the expansion history ratio to the reference
ΛCDM model (left panel) and the nonlinear matter power spectrum ratio
at two different redshifts z = 0 (solid lines), z = 1 (dashed lines) computed
with an HMcode emulator for model parameters specified in the legend. The
emulator was produce for our work in Ref. [2].

For alternative classifications, we refer the reader to Ref. [80] or Ref. [81].

Dark Energy

In general, DE models are distinguished from a cosmological constant in that they are

dynamical, meaning that the equation-of-state parameters from Eq. 1.20 is not fixed

at w = −1 at all times. One can either assume some functional form of the time-

dependence w(z), or be agnostic about it and reconstruct it from data by either applying

a Principle Component Approach (PCA) [82] or a direct binning-scheme [83, 84]. In our

works we assume the following time-evolution: in the wCDM model w(a) = w0 = const,

while in the w0waCDM model w(a) = w0 + wa(1 − a). We forecast the corresponding

constraints in Chapter 3 in a Stage-IV setup. The time-dependent model is sometimes

called the Chevallier-Polarski-Linder (CPL) parameterisation [85–87]. It has been studied

extensively in the literature [88, 89] and we discuss it in Chapter 5 as part of our “minimal

parameterisation”. Especially, the latest DESI Year 1 BAO results [90, 91], seem to prefer

CPL over the standard cosmology. It can fit many scalar field theories4 and some MG

expansion histories [94, 95]. However, can we say something about the microphysics of DE,

i.e., about the fundamental mechanism at play which is driving the accelerated expansion,

4Here, by “scalar field theories” that can be described by the CPL parameterisation, we mean a subset
of Horndeski theories, where an additional scalar field ϕ appears in the action S =

∫
d4x

√−g[ω(ϕ)R −
K(X,ϕ)]/(2κ2) with κ2 = 8πG and X = −∇ν∇νϕ/2 being the canonical kinetic term of the scalar field.
For GR ω = 1,K = Λ, while for quintessence [92] ω = 1,K = X − V with V being a scalar field’s
potential. This potential can be mapped to the CPL parameterisation [93].
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Figure 1.4 Interacting dark energy: the nonlinear matter power spectrum ratio measured
from simulations to the reference ΛCDM model (i.e., ξ = 0, w = −1) at
two different redshifts z = 0 (left panel), z = 0.5 (right panel) for model
parameters specified in the legend. Image credit: Ref. [3].

if we find precise values of w0 and wa far away from their ΛCDM values? Ref. [96]

argues that the CPL parameterisation is too ambiguous to reconstruct the corresponding

potential V (ϕ). Instead they suggest a parameterisation in terms of (V0, V
′′) [97, 98]. In

any case, both parameterisations, w = const and w(a), affect the background evolution,

i.e., they modify Friedmann equations, but not the form of the Euler or Poisson equations.

Changing the amount of DE in the Universe with respect to the standard cosmology

impacts the structure formation as well. In Fig. 1.3 we show the effects on the expansion

history (left panel) and power spectrum (right panel) in these scenarios.

In Chapter 3, we work with a sub-class of DE models that are interacting with dark

matter. It is a rich class of models that assume energy and/or momentum exchange

between the two components of the dark sector: dark energy and dark matter. More

information about the model we specifically consider is provided in the corresponding

Chapter 3. The model has been tested with the Kilo-Degree Survey (KiDS-1000) cosmic

shear data [67] and the Baryon Oscillation Spectroscopic Survey (BOSS DR12) data using

a full-shape analysis [99], providing a potential solution for the S8 tension in both cases. In

Fig. 1.4 we demonstrate the impact on the power spectrum of the two model parameters,

w and ξ, as measured from N-body simulations [3]. The parameter w is the constant DE

equation-of-state we have already defined, while the parameter ξ characterises the rate of

interaction between CDM and DE.

In Chapter 5, we introduce the Effective Field Theory of Dark Energy (EFTofDE).

Despite having DE in the title, this framework incorporates MG as well. This framework

reformulates in the unitary gauge the full covariant approach of adding a scalar field

into the action. In Chapter 5, we discuss different EFTofDE parameterisations, the most
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popular in the literature being the α-parameterisation. These 4 functions of time describe

the evolution of linear cosmological perturbations in Horndeski theories and have the

following physical meaning [100]:

• αK : the kineticity term corresponds to the kinetic energy of the scalar field.

Large values of αK correspond to the suppression of the sound speed of scalar

perturbations. However, αK does not enter the equations of motion in the quasi-

static approximation, and, hence, is unconstrained by the current WL and GC data.

• αB: the braiding term corresponds to the mixing of the scalar field with the metric

kinetic term. This can be interpreted as a fifth force (see Modified Gravity next).

• αM : the Planck-mass running corresponds to the time-evolution of the effective

gravitational coupling.

• αT : the tensor speed excess corresponds to the deviations of the propagation speed

of gravitational waves from the speed of light.

The EFTofDE framework describes linear perturbations, although there have been

attempts to include higher-order corrections [101, 102]. Whereas, the fully nonlinear

EFTofDE modelling requires a different, non-perturbative approach (see Chapter 5).

Modified Gravity

Starting from the action, a coupling of a scalar field with the Ricci scalar or energy

components in the Universe (one is equivalent to another by going from the Jordan to

the Einstein frames [103]) introduces an additional fifth force in the equations of motion.

The fifth force typically leads to stronger gravitational interactions than in GR. However,

as listed above, GR satisfies various small scale experiments, typically within our Solar

System [104]. In order to comply with these small-scale constraints, any viable MG theory

should be able to suppress the fifth force on these scales. The mechanism of restoring the

gravitational interaction to that of GR on small scales is called screening and is discussed

in Chapter 5 and Chapter 6. Comprehensive reviews on screening mechanisms can be

found in Refs. [81, 105, 106]. Screening mechanisms are activated in regions where either

the gravitational potential or its derivatives become large, which leads to the following

classification:

• Large Φ: the coupling of the scalar field with matter weakens, or the mass of the

scalar field increases, or the self-coupling to the field becomes large. An example

of such screening is the Chameleon mechanism. Chameleon screening occurs in

theories where the scalar field takes a background value ϕ̄ determined by the

background density or curvature. The potential introduces a mass term for the

scalar field perturbation m(ϕ) which depends on the background field. The scalar
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Figure 1.5 Modified gravity: matter power spectrum fractional enhancements relative to
GR for nDGP with rcH0 = 0.5 or Ωrc = 1 (left panel) and for f(R) gravity
with |fR0| = 10−5 (right panel). The data points correspond to the results
from simulations at z = 0 (blue squares) and z = 1 (red triangles). Coloured
lines denote predictions based on the halo-model reactions at z = 0 (dashed
blue) and z = 1 (dot-dashed red). The linear theory predictions are denoted
as dashed grey lines. Image credit: Ref. [4].

field perturbations do not propagate beyond the Compton wavelength m−1. Dense

regions on small scales lead to a large m(ϕ) and hence to the screening activation.

On the other hand, on large scales the density is low, allowing for a large Compton

wavelength and, hence, deviations from GR.

• Large ∇Φ: an example is given by the k-mouflage type screening. In dense

environments of massM , the screening scale – the scale below which GR is recovered

– goes as M1/2. Note that it is not capable of screening large cosmological structures

effectively.

• Large ∇2Φ: the case for models where nonlinearities of the second derivative of

the scalar field are present in the equation of motion. An example is Vainshtein

screening that introduces a clear screening scale within which GR is recovered.

This screening scale is at smaller scales than in k-mouflage, with a dependence on

the environmental mass being M1/3.

Note that for MG models, screening is not a phenomenological “fudge” factor imposed

artificially to reconcile them with the Solar System observations. In contrast, it is a

natural part of a model, arising through the choice of the interaction potential.

In our studies we focus mainly on two models, nDGP and f(R). Both models should be

treated as representative models for the class of MG theories with scale-independent linear

growth with Vainshtein screening and scale-dependent linear growth with Chameleon

20



screening, respectively. In Fig. 1.5, we show the nonlinear power spectra for these models

as measured from numerical simulations and the semi-analytic halo-reaction approach

predictions (see Section 5.2 and Subsection 6.1.1).

• The DGP model, proposed by Dvali, Gabadadze and Porrati in Ref. [107], belongs

to the group of higher dimensional modifications. Its main principle is based on the

assumption that in the corresponding Universe matter lives on a four-dimensional

brane which is embedded in a five-dimensional Minkowski spacetime. In this way,

gravity operates in five dimensions on large scales which gets reduced to four

dimensions on small scales, where the model mimics an effective scalar-tensor theory

with a massless scalar degree of freedom. This degree of freedom, also known as the

brane-bending mode, shows a strong self-coupling in high-density regions, which

leads to restoring GR through the Vainshtein mechanism. In our work we focus

on the normal branch of this model, nDGP. The other branch is called the self-

accelerating branch (sDGP). sDGP leads to the self-acceleration of the Universe

at late times without any cosmological constant needed. However, it suffers from

a ghost instability [108] (a ghost is a mode with a negative kinetic energy). The

normal branch is indeed free from ghost instabilities, but requires an additional

dark-energy contribution on the brane in order to reproduce the observed expansion

history (see Section D.4). The strength of deviation from GR is characterised either

by H0rc or by Ωrc ≡ 1/(4H2
0r

2
c ) with the GR limits being H0rc → ∞ or Ωrc = 0,

where rc is defined as a ratio between gravitational coupling constants in 5 and 4

dimensions. The screening mechanism for nDGP is Vainshtein screening. The fifth

force in this scenario for two test particles separated by r has the following form

∝ r−2(r/rV)
3[
√

1 + (rV/r)3−1], which recovers Newtonian gravity with ∝ r−2 deep

within the Vainshtein radius, i.e., for r ≪ rV. The Vainshtein radius depends on

the strength of modification, redshift and mass of the screening object.

• f(R) models introduce field equations that are higher order in the Ricci scalar R.

This is done by the addition of a nonlinear function of the Ricci scalar to the

Einstein-Hilbert action. This additional function introduces a light scalar degree of

freedom, which leads to a long-range fifth force, hence a dissociation of the space-

time curvature with the matter density. An accelerated expansion of the Universe in

f(R) theory is produced in a natural fashion by generating an effective cosmological

constant instead of introducing it explicitly. The functional form of f(R) should

satisfy two basic requirements: stability and agreement with cosmological and Solar

System tests. The model by Wayne Hu and Ignacy Sawicki [109] does indeed satisfy

the requirements. In the Hu-Sawicki model of f(R) gravity the function of the Ricci

scalar is given by

f(R) = −m2 c1(R/m2)n

c2(R/m2)n + 1
, (1.35)
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with free dimensionless parameters n (typically 1), c1 and c2, and the mass scale

m2 ≡ H2
0Ωm. These specific models mimic the background expansion of the ΛCDM

model if we fix

c1
c2

= 6
ΩΛ

Ωm

,
c1
c22

= − 1

n

[
3

(
1 + 4

ΩΛ

Ωm

)]n+1

fR0 , (1.36)

in which the parameter fR0 is the value of fR = df(R)/dR today, whose absolute

value is much smaller than one. The screening mechanism for f(R) is the Chameleon

mechanism and the corresponding mass of the scalar field is given by m(ϕ) = mfR =

(3fRR)
−1/2 ∝ ρ

3/2
m , where fRR is the second derivative of f(R) with respect to

R. The fifth force in this scenario has a Yukawa-type potential and for two test

particles separated by r decays exponentially as ∝ r−2 exp (−mfRr), which recovers

Newtonian gravity for high density regions.

Models like DGP and f(R) models are fairly well studied, they are equipped with

linear and nonlinear prescriptions, CDM simulations and observational (astrophysical and

cosmological) constraints. However, there is still a large amount of other theories without

a comparable degree of development. Instead of studying each MG model on a case by

case basis, we can develop a generalised approach, i.e., a parameterisation, which, when

constrained, could narrow down the class of realistic models. Analogously to the CPL

parameterisation (see Dark Energy above) of w(a) for various DE quintessence models, we

can assume a parameterisation of the linear growth as a function of time. One example is

the α-parameterisation from EFTofDE mentioned above (see Subsection 5.4.4). Another

example is the growth index γ-parameterisation discussed in Chapter 4 and Chapter 6.

Both of these approaches can be extended to incorporate a scale-dependence in the linear

growth. In principle, they can also be mapped to specific MG models.

µ-Σ Parameterisation

Another commonly used approach for MG parameterisation involves a direct modification

of the Poisson equations. Considering linear scalar perturbations on a FLRW metric, one

can write the spatially flat line element in the conformal Newtonian gauge as

ds2 = −(1 + 2Φ)dt2 + a2(1− 2Ψ)dx2 , (1.37)

with Φ being the Newtonian potential and the intrinsic spatial curvature potential being

Ψ. We can then modify the linear Poisson equations in Fourier space neglecting the
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anisotropic shear as

−
(

k

aH(a)

)2

Φ̂(k, a) =
3Ωm(a)

2
µ(k, a) δ̂(k, a) , (1.38)

Ψ̂ = η(k, a)Φ̂ , (1.39)

where η is the slip parameter, and which simplifies to the standard GR case for µ = η = 1.

We now obtain a Poisson equation for the Weyl potential, ΨW = (Φ + Ψ)/2, as

−
(

k

aH(a)

)2

Ψ̂W(k, a) =
3Ωm(a)

2
Σ(k, a) δ̂(k, a) , (1.40)

with Σ(k, a) ≡ µ(1 + η)/2, which equals unity in the GR case. The functions µ and Σ

are often referred to as Gmatter and Glight: the gradient of Φ determines the force felt by

non-relativistic particles, while the gradient of ΨW determines the geodesics of massless

particles. Generally, most viable MG theories exhibit a strong preference to a no-slip

condition so that Φ ≈ Ψ (see Fig. 2-4 in Ref. [110]), hence, Σ ≈ µ.

The main advantage of this parametric approach is that it is model-agnostic and allows

us to test gravity with few assumptions, e.g., assumptions about the time-dependence of

growth. The scale-dependence in µ and Σ can be expressed via a ratio of quadratic

polynomials in k [111]. Additionally, it is worth noting that an established mapping

to the general properties of Horndeski theories is feasible in this approach [112]. The

main disadvantage, however, is a great degree of freedom: a discretisation or binning of

µ and Σ introduces 2 × Nk × Nz free parameters. Attempts to explore this approach

without scale-dependency and with additional constraints from theoretically motivated

priors can be found in Refs. [98, 113]. While Refs. [89, 114, 115] show constraints under

some assumptions on the functional form for the time-dependent µ(z) and Σ(z).

1.3.2 Massive Neutrinos

Finally, we discuss the least speculative extension of the standard cosmological model:

massive neutrinos. Neutrinos are neutral leptonic particles produced by weak force

interactions. They come in three flavours associated with the corresponding charged

leptons: electron, muon and tau neutrinos. Neutrinos oscillate between these three

flavours as has been demonstrated by solar and atmospheric neutrino experiments

[116, 117], which implies that they have finite mass eigenstates. The current best fits to

the particle physics oscillation experiments measure two square mass splittings between

neutrino flavours ∆m2
21 ≈ 7.4× 10−5 eV2 (from solar neutrinos) and |∆m2

31| ≈ 2.5× 10−3

eV2 (from atmospheric neutrinos) [118, 119]. These experiments also imply that at least

two of the neutrino types have a non-vanishing mass. The sign of ∆m31 is unknown,

which suggests two possible mass hierarchies: normal with m1 < m2 < m3 (2 light
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neutrinos and 1 heavy one) and, hence, the lower bound
∑

mν ≥ 0.06 eV; or inverted

with m3 < m1 < m2 (2 heavy neutrinos and 1 light one) and the lower bound
∑

mν ≥ 0.1

eV. While particle physics can put constraints on the mass splittings and the upper bound

from the beta decay of tritium [120, 121], cosmology can constrain the total mass of

neutrinos through their indirect effects on CMB and LSS (see Ref. [122] for a review).

The current typical constraints are around
∑

mν ≤ 0.1− 0.2 eV [123]. Therefore, in the

following arguments we will always assume that the mass of neutrinos is in this range.

We will now provide a brief summary of the role of neutrinos in the thermal history

of the Universe. In the beginning neutrinos are coupled to the thermal plasma in the

hot bath of elementary particles. However, they soon decouple when the expansion

rate becomes comparable with the rate of the weak interactions, and the latter become

less frequent. After decoupling neutrinos are still relativistic and they propagate freely,

following the Fermi-Dirac distribution. With the further expansion, neutrinos follow the

same temperature as the plasma.

The next event in the thermal history is the electron-positron annihilation, after which

the photon plasma gets reheated. After this, the photon temperature is higher than

the temperature of the earlier decoupled neutrinos. By comoving entropy conservation,

we can relate these temperatures as Tν = (4/11)1/3Tγ. This relation holds until today,

allowing us to find the neutrino background temperature from the CMB temperature

Tγ,0 ≈ 2.73 K, giving Tν,0 ≈ 1.95 K. Of course, in reality the processes of annihilation

and neutrino decoupling do not happen instantaneously. Neutrinos in the high-energy tail

of their distribution that are still not decoupled from the plasma will feel the reheating

effect too. This leads to a higher neutrino temperature than the one we get from the

simplification above. This can be taken into account by introducing the effective number

of relativistic degrees of freedom, Neff , so that the total energy density of radiation in the

early Universe is given by

ρr = ργ

(
Tγ

Tγ

)4

+
7

8

∑
ρν

(
Tν

Tγ

)4

=

[
1 +

7

8

(
4

11

)4/3

Neff

]
ργ . (1.41)

The factor (7/8) comes from the integration of the Fermi-Dirac distribution. The energy

densities of neutrinos and photons, ργ and ρν , include the same statistical weights g = 2

(due to 2 polarisation/helicity options). Neff = 3.044 is computed within the standard

model of particle physics when neutrino oscillations and quantum electrodynamical effects

are taken into account [124]. This value is in agreement with the findings from CMB

experiments [89].

Massive neutrinos start behaving non-relativistically when the Universe cools down to

a temperature of the same magnitude as the mass of neutrinos. With the temperature

scaling linearly with redshift Tν(z) = Tν,0(1 + z), the average energy density of neutrinos
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(analogous to other fermions) is ⟨E⟩ ≈ 3.15Tν . For each neutrino species with mass mν ,

the non-relativistic transition happens at redshift

1 + znr ≈
mν

3.15 Tν,0

≈ 189
mν

0.1 eV
. (1.42)

From this we see that different neutrino species become non-relativistic at slightly different

times. We also see from Eq. 1.42 that neutrinos of O(0.1) eV mass and smaller become

non-relativistic during the matter domination era.

In the non-relativistic limit, the neutrino energy density is a function of mass: ρν =

nν

∑
mν with the number density per flavour, nν , being determined by integrating the

Fermi-Dirac distribution function. We can now express the present day energy density of

massive neutrinos as

Ων =
nν

∑
mν

ρcrit
≈

∑
mν

93.14 h2 eV
. (1.43)

From this, we can see that neutrinos of O(0.1) eV mass today contribute to less than 1%

of the present-day total energy budget.

Neutrinos’ large momentum prevents them from clustering on scales smaller than they

can move in a Hubble time. In other words, neutrinos cannot remain confined inside

potential wells with wavelength smaller than the horizon. We can define the free-streaming

scale as

kFS =

√
3

2

H
cs

∝ H(z)mν

(1 + z)2Tγ,0

, (1.44)

where we approximate the neutrino sound velocity, cs, by the neutrino velocity dispersion

after they become non-relativistic following Ref. [125]. The free-streaming scale is close

to the horizon size with cs → 1 and kFS ∝ (1 + z)1/2 until the non-relativistic transition.

Afterwards, the free-streaming wave-number increases as kFS ∝ (1+z)−1/2 with decreasing

redshift. The minimum of the free-streaming scale is at the moment neutrinos become

non-relativistic, which can be approximated by

knr = kFS(znr) ≈ 0.0057 Ω1/2
m

( mν

0.1 eV

)1/2
h Mpc−1 . (1.45)

From this we see that neutrinos of O(0.1) eV mass start to suppress growth already in

the linear regime with knr ∼ O(0.001) h Mpc−1 . Neutrino perturbations are completely

erased at length scales much smaller than the free-streaming scale which leads to the

suppression of the matter power spectrum, i.e., damping of structure growth on small

scales. On scales larger than the free-streaming scale neutrino perturbations act like

CDM perturbations. For more details see the review in Ref. [126].

The main feature of massive neutrinos becomes measurable at late times after the

non-relativistic transition. With late-time probes, GC and WL, we can constrain Neff

and
∑

mν by their impact on structure formation. Both parameters have similar effects
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Figure 1.6 Upper left panel: ratios of the total linear matter power spectrum to the linear
power spectrum without the massive neutrino contribution at redshifts z = 0
(solid lines) and z = 1 (dashed lines) for two different values of the sum
of neutrino masses specified in the legend with Nν = 3 and computed with
CAMB. Dotted lines denote the asymptotic limit. Upper right panel: ratios at
z = 0 of the total linear matter power spectrum (solid lines) and no-neutrino
linear power spectrum (dashed lines) to the ΛCDM prediction. Dash-dotted
and dotted lines denote the asymptotic limits. Lower left panel: ratios at
z = 0 of the total (solid lines) and no-neutrino linear power spectra (dashed
lines) with respect to the linear CAMB prediction for 3 massive neutrinos
species given different codes, number and total mass of neutrinos specified
in the legend. Lower right panel: the same colour-coding as on the lower
left panel but for nonlinear power spectrum ratios with respect to the ΛCDM
expectations computed with the bacco emulator (red and green) and with the
HMcode emulator (blue and orange).
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on the level of the two-point statistics. In our work we focus only on constraining the

total mass of neutrinos. At later times massive neutrinos contribute to the background

expansion but cluster only on length scales larger than the free-streaming scale. This way

of clustering clearly introduces a scale-dependent linear growth that we showcase in the

top right panel of Fig. 1.6.

In our work we use two different approaches for massive neutrino contributions to the

linear and nonlinear clustering of matter:

• In Chapter 4 we use the linear bacco emulator. The simulations on which the

nonlinear power spectrum emulator is trained are initialised with the CLASS linear

power spectra prediction, computed for 3 massive neutrinos of the same mass, i.e.,

Nν = 3. Linear power spectra for the linear emulator are computed with the

same settings and the same Boltzmann solver. This approach is widely used in

the literature, for example, in Refs. [84, 89, 127].

• In Chapter 6 we compute transfer functions with CAMB for 2 massless/relativistic

neutrinos and one massive neutrino that is equal to the total mass
∑

mν with

Nν = 1 and the number of relativistic species today Nr = 2.046. In other words,

the two lower mass neutrino species are set to zero in the normal hierarchy. This

approach is also common in the literature, for example, in Refs. [21, 128, 129].

The nonlinear structure growth is then modelled with the reaction function in the

halo-model framework following Ref. [130].

In the top left panel panel of Fig. 1.6 we show the ratio of the total matter, P tot
L , and

no-neutrino, P no−nu
L = PCDM+b

L
5, linear power spectra for 3 massive neutrino species and

different total mass choices with redshifts specified in the legend. In the top right panel of

the same figure we show the ratio of the linear power spectra for 3 massive neutrinos with

the respect to the case without massive neutrinos, PΛCDM
L , and different mass choices with

the same colour-coding and at redshift z = 0. As quantified in Ref. [131], the suppression

is proportional to the neutrino mass fraction, fν ≡ Ων/Ωm, as

P tot
L (fν ,Ωm)

PΛCDM
L (fν = 0,Ωm)

≈ 1− 8fν ,
P no−nu
L (fν ,Ωm)

PΛCDM
L (fν = 0,Ωm)

≈ 1− 6fν . (1.46)

In the bottom left panel panel of Fig. 1.6 we demonstrate the linear growth for 1 and 3

massive neutrinos for different mass choices specified in the legend and redshift z = 0.

Even for extreme cases of very massive neutrinos we are always bellow 4% deviation. The

observed difference between 1 and 3 neutrino species of the same total mass is explained

by the difference in the free-streaming scale (see Eq. 1.45): while the total matter density

is the same, knr is
√
3 times smaller for 3 neutrinos case since the individual masses are

5This means a power spectrum of CDM and baryonic matter in a cosmology with massive neutrinos.
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smaller. For one massive neutrino of the same total mass, the free-streaming length scale

is smaller (knr is larger), hence there is more clustering on the large scales which is what

we observe in the “bump” in blue and orange curves. The top panel plots in the one

massive neutrino species scenario look similar but the non-relativistic transition happens

earlier at larger knr, hence the analogous curves are shifted towards higher wave-numbers.

Both configurations are unique: matching knr between 1 and 3 neutrino species would

imply changes in the CDM and baryonic density component, i.e., in Ωm−Ων . In the same

figure we note the slight difference between CAMB and bacco (CLASS) for the same setup

of neutrinos, i.e., same number of species, same total mass. This leads to a 1% deviation

at high k-values, which is a known difference between the two Boltzmann solvers for the

massive neutrino case [132, 133].

In the bottom right panel of the same figure we show the nonlinear power spectrum

from simulations emulated with bacco and from the halo-model with HMcode for 3 massive

neutrinos species of the same mass. In the nonlinear regime we observe a well-known

spoon-like shape [134, 135], characterised by a dip around k ∼ 1 h Mpc−1. This

form can be explained by the combination of the matter clustering suppression induced

by neutrinos’ free streaming, combined with a rise at smaller scales occurring due to

insensitivity of the most massive halos to neutrinos. Despite observing a significant

difference between no massive neutrinos and Nν > 0, the difference between 1 and 3

massive species is such that the data considered in Chapter 4 and Chapter 6 is not capable

to distinguish between these scenarios. However, the combined measurements of Stage-IV

WL, GC and CMB experiments might be sensitive to it. For a comparison of different

models for massive neutrinos see, for example, Ref. [136]. For a comparison of different

nonlinear models and codes for massive neutrinos see Ref. [137], for a fully relativistic

simulation see Ref. [138]. Finally we note that the no-nu matter power spectrum is more

useful for the various GC and halo statistics (e.g., Refs. [131, 139]), but the total matter

power spectrum is practical for WL analyses.

1.4 Galaxy Clustering

Formalism

In Subsection 1.2.2 we discussed the formation of structures, linear and nonlinear, in three

spatial dimensions. When observing galaxies, their positions are informed with redshifts

that can be measured either with spectroscopic methods, or via photometric methods

(derived from broad-band colours with larger uncertainties). In this thesis, we work only

with spectroscopic GC, and, hence, will focus on it here. The measured redshift, zobs,

captures velocities due to the expansion of the Universe, z, as well as due to the peculiar

motion of the objects, v = v∥+v⊥. Therefore, instead of working with three-dimensional
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Figure 1.7 Effect of the RSDs in the Sloan Digital Sky Survey (SDSS) galaxy distribution:
before (left panel) and after (right panel) FoG compression. Image credit:
Ref. [5].

space coordinates x = (x1, x2, x3), we observe the position of an object in redshift-space

s = (x1, x2, zobs). Both can be mapped to each other as

s = x+
(1 + z)v∥(x)

H(z)
x̂ (1.47)

with the contribution due to the peculiar motion in the radial, line-of-sight direction,

v∥. This peculiar velocity introduces Redshift Space Distortions (RSDs) that lead to

anisotropies in correlation functions. At large scales, objects tend to move coherently

towards high-density regions, causing the density field in redshift space to become

“squashed” and the clustering amplitude to increase along the line-of-sight, a phenomenon

known as the Kaiser effect [140]. Conversely, at small scales, objects are virialised and

moving randomly, leading to a stretched density field in redshift space and a reduced

clustering amplitude in the radial direction, referred to as the Finger-of-God (FoG) effect.

In Fig. 1.7 the SDSS galaxy distributions with (left panel) and without (right panel) the

FoG effect are demonstrated.

Galaxies, quasars and other light emitting sources are biased tracers of the underlying

CDM distribution. Note that CDM halos from numerical simulations are also biased

tracers of the CDM distribution. On large scales we can assume a linear bias, i.e., direct

proportionality between observed objects and underlying invisible matter: δg = b1δm.

When including nonlinear scales, the bias can either be treated perturbatively or derived

from simulations. In simulations, halos are populated with galaxies following an analytical

Halo Occupation Distribution (HOD) [141] prescription calibrated on observations or
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subhalo abundance matching methods (SHAM) [142]. In Chapter 3 and Chapter 4 (with

CDM halos and galaxies as tracers, respectively) we apply the perturbative approach [33]

and expand the bias up to the corresponding order. In broad strokes, the matter-to-tracer

correspondence depends on (for more details see Subsection 3.2.1)

• Local effects: b1, b2, ... bias-parameters correspond to the expansion in a power series

in δ, are also called local-in-matter-density bias, they emphasise collapsed regions.

• Environmental effects: tidal or shear fields, formation history of halos and galaxies

– effects that enhance the sheet-like and filament-like structure of the cosmic web.

• Higher-derivatives: they correspond to the Laplacian of δ, physically they cap-

ture the smoothing effects of collapsed regions and also take into account non-

gravitational physics that impacts the galaxy formation process.

• Properties of the observed objects, such as the mass and luminosity; e.g., red

galaxies are more clustered than blue galaxies of the same mass.

In general, there are two ways of looking at the CDM fluid: Eulerian and Lagrangian

approaches. Standard Perturbation Theory (SPT) uses the Eulerian ansatz, where the

evolution of the CDM fluid is considered at specific locations in space, where we can study

its density and velocity fields. Lagrangian approach suggests to track the trajectories of

CDM particles: we start with some initial distribution of comoving particles that are then

mapped into their final position by means of a displacement field [143]. Lagrangian bias

is more physically motivated, however it can be mapped into the Eulerian bias approach

[144, 145].

In the linear regime, after applying the conservation of matter density field in both

coordinates, ρsm(s)ds = ρm(x)dx, and the linearised continuity equation (see Eq. 1.24)

δL = θL with θ = −∇v/(a H(a) f), we can connect the observed density perturbation in

galaxies with the underlying CDM distribution in Fourier space as

δ̂s,Lm (k) = (1 + fµ2)δ̂Lm(k) ,

δ̂s,Lg (k) = (b1 + fµ2)δ̂Lm(k) . (1.48)

This is the famous Kaiser formula [140]. It is based on the following assumptions: distant

observer and plain-parallel approximation (the wide angle effects [146] are ignored), and

no velocity bias. From the Kaiser formula, we can find an expression for the linear

power power spectrum of the observed tracers and expand it in Legendre polynomials (as
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explained in Section 1.1) with β = f/b1:

P L
g,ℓ=0(k) =

(
1 +

2β

3
+

β2

5

)
b21P

L
m(k) ,

P L
g,ℓ=2 =

(
4β

3
+

4β2

7

)
b21P

L
m(k) ,

P L
g,ℓ=4 =

8β2

35
b21P

L
m(k) . (1.49)

We can see that in the linear regime the ratio between the monopole and quadrupole is

constant. RSDs give rise to a measurable quadrupole and hexadecapole, and enhance

the isotropic part, the monopole, by 2β/3 + β2/5. While the monopole provides good

constraints on (b1σ8), (fσ8) is best measured by the anisotropic power spectrum. Here,

σ8 is the redshift zero value of the matter density fluctuation variance from Eq. 1.32 within

R = 8 Mpc h−1.

In the nonlinear regime, in order to include smaller scales we expand the density and

velocity fields (Eulerian PT) or the displacement field (Lagrangian PT) perturbatively

[33]. However, any PT suffers from divergencies when integrating the PT-kernels up to

k → ∞. To avoid the divergencies, we can introduce a cut-off scale following an Effective

Field Theory (EFT) philosophy. The EFTofLSS framework [147–149] also treats the

CDM fluid as a non-ideal fluid and includes marginalised contribution from astrophysical

scales. Currently, the EFTofLSS is established in the field as an accurate and well-

tested modelling tool for a full-shape analysis [150, 151]. There are several codes and

approaches for the power spectrum and bispectrum modelling with the EFTofLSS that

slightly vary in their parameterisation of nuisance parameters and Infrared-Resummation

(IR) implementations: pyBIRD [152], CLASS-PT [150], PBJ [153] – Eulerian PT (for a

comparison between the so-called East and West Coast codes see Ref. [154], for mapping

between parameters see Ref. [155]), and Velocileptors [156, 157] – Lagrangian PT. We

work with PBJ, the model is similar to the one in CLASS-PT, but the calculations are

faster due to the usage of the FAST-PT algorithm [158, 159] and the bacco emulator for

the linear power spectrum. In general, any PT in redshift space starts to deviate from

the exact solution at larger scales than in real space, because the redshift-space mapping

is only treated approximately.

Infrared-resummation schemes are important for the EFTofLSS. A straightforward

implementation of the SPT fails around the BAO scale because the wiggly part of the

power spectrum gets a large contribution from the infrared or long-wavelength scales in

the loop integral6. We demonstrate it here via several approximations. The 1-loop integral

6In perturbative theories correlation functions in the density contrast are convolutions of the initial
density fields, they can be expressed as momentum integrals over a corresponding number of initial linear
power spectra. We call these integrals loop integrals (see, e.g., Ref. [160]).
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has the following form:

P1−loop(k) ∝
∫

d3q
(q · k)2

q4
[PL(|k − q|) + PL(|k + q|)− 2PL(|k|)]PL(q) . (1.50)

On very large scales, in the linear regime we can approximate the linear power spectrum

as a non-wiggly power law P nw
L ∝ kn (with n = ns ≈ 1 before the turn-around peak, i.e.,

equality scale, and n = ns− 4 ≈ −3 afterwards) and we find that the square brackets can

be Taylor expanded to P nw
L (k)q2/k2. Hence, the loop correction to the smooth non-wiggly

power spectrum from large scales is negligible with

P nw
1−loop(k) ∝ P nw

L (k)

∫ p≪k

0

d3qP nw
L (q) ≪ 1 . (1.51)

However, when we apply the same logic to a wiggly part of the matter power spectrum

around the BAO scale, ℓosc, by approximating Pw
L ∝ sin (kℓosc), the square brackets

in the integrand yield Pw
L (k) [cos (qℓosc)− 1]. Therefore, the contribution to the wiggly

component is not negligible anymore with

Pw
1−loop(k) ∝ k2Pw

L (k)

∫ k

ℓ−1
osc

d3q
Pw
L (q)

q2
≈ Pw

L (k). (1.52)

This leads to percent-level oscillatory inaccuracies. In order to avoid insufficient damping

of the baryon acoustic oscillations, we apply the wiggle-no-wiggle decomposition. We

discuss the details of the IR implementation in our analyses in Subsection 3.2.2 and

Subsection 4.1.3 (for massive neutrinos).

Lastly, in Chapter 3, we also work with the leading-order contribution from the

bispectrum in redshift space. Analogously to the power spectrum, the information on

RSDs is contained in the quadrupole and hexadecapole of the bispectrum. However, the

isotropic part, i.e., the bispectrum monopole, allows to break the (b1σ8) degeneracy present

in the power spectrum monopole. To demonstrate this, similar to the power spectrum

case in Eq. 1.49, we can write the leading contribution of the bispectrum monopole (or

“linear squashing” in Ref. [161]) as:

Bg,ℓ=0(k1, k2, k3) =

(
1 +

2β

3
+

β2

9

)
b31P

L
m(k1)P

L
m(k2)

[
F2(k1,k2) +

b2
b1

]
+ cycl. (1.53)

with a quadratic SPT kernel

F2(k1,k2) =
5

7
+

k̂1 · k̂2

2

(
k1
k2

+
k2
k1

)
+

2

7
[S(k1,k2) + 1] (1.54)

and

S(k1,k2) = (k̂1 · k̂2)
2 − 1 =

(k1 · k2)
2

k2
1k

2
2

− 1 . (1.55)
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The different behaviour of the first (function of the triangular configuration) and second

terms (an additive constant) in the squared brackets in Eq. 1.53 allows for constraining

the linear and quadratic bias simultaneously. This is why bispectrum greatly improves

constraints of the galaxy bias parameters.

Observations

A spectroscopic survey provides a catalog with millions of galaxies where each single

galaxy is recorded with its position (ra, dec, z). The observed power spectrum and

bispectrum multipoles are constructed from catalogues with corresponding estimators

[162–164]. Of course, no survey is ideal and various systematics should be taken into

account. This is done via assigning weights to the galaxies to correct for redshift failures,

fiber collisions, and seeing conditions. Additionally, all measured multipoles are averaged

within their k-bins (see a discussion on binning in Subsection 3.3.4).

With the power spectrum and bispectrum multipoles we are working with observables

in Fourier space, while the observations are done in the real (configuration) space. The

transformation involves a Fourier integral over the infinite space, while in reality we

observe only a finite volume of the survey. The measured field statistics are always

convolved with the surveys window function that takes into account the geometry of

the survey. As a consequence, in the analysis the model must be convolved with the

window function as well. The window function convolution is a standard procedure

for the power spectrum [165, 166], but is much less trivial for the bispectrum [167].

Alternatively, the multipoles can be computed from a catalogue with the so-called

Windowless Estimator [168–170]. This is the approach we use in Chapter 4.

Another observational effect that one must take into account at the level of modelling

is the assumption of the fiducial cosmology when redshift is converted to radial comoving

distances. This effect is called Alcock-Paczynski (AP) effect [171]. Suppose we have

assumed a wrong fiducial cosmology and we measure a distance to the galaxy to be

rfid = rfid
∥ + rfid

⊥ , while the true comoving distance is rtrue. The component parallel to

the line-of-sight is r∥ = rµ = cz/H(z) (first-order approximation), while the component

perpendicular to the line-of-sight and separated from it by an angle ∆θ equals r⊥ =

r
√
1− µ2 = (1 + z)DA(z)∆θ with the angular distance

DA(z) =
1

(1 + z)H0

∫ z

0

dz′

E(z′)
(1.56)

and µ = cos∆θ. We can assume that, if geometries of space and time in both cosmologies

do not differ significantly, then the true and assumed parallel and perpendicular
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components are proportional to each other by a constant:

q∥ =
rtrue∥

rfid∥
=

Hfid(z)

Htrue(z)
, q⊥ =

rtrue⊥
rfid⊥

=
Dtrue

A (z)

Dfid
A (z)

. (1.57)

Then we can construct a map between the true and assumed space coordinates rfid =

Srtrue with the diagonal matrix

S =




q−1
⊥ 0 0

0 q−1
⊥ 0

0 0 q−1
∥




. (1.58)

Clearly, the Fourier transform coordinates are related via kfid = S−1ktrue. Hence, the

observed power spectrum is related to the true power spectrum by

P fid(kfid) =

∫
d3rfidξfid(rfid)eik

fid
·rfid

= AAPP true(Skfid) , (1.59)

with the matrix determinant AAP = |S| = (q2⊥q∥)
−1, ktrue = Skfid, and where we use

the fact that the measured density correlations are equal in both geometries ξfid(rfid) =

ξtrue(rtrue). Finally, from

q∥ =
kfid
∥

ktrue
∥

=
kfidµfid

ktrueµtrue
, q⊥ =

kfid
⊥

ktrue
⊥

=
kfid
√

1− (µfid)2

ktrue
√

1− (µtrue)2
(1.60)

we can express the corrected coordinates as

k̄2 = k2

(
1− µ2

q2⊥
+

µ2

q∥2

)
, (1.61)

µ̄2 =
µ2

q∥2

(
1− µ2

q2⊥
+

µ2

q∥2

)−1

, (1.62)

where barred variables are computed in the true cosmology, while un-barred variable are

calculated in the assumed fiducial cosmology. The same transformation is applicable for

the bispectrum too. Note that in our code we use comoving units h/Mpc and Mpc3/h3,

which implies

q∥ →
Efid(z)

Etrue(z)
, q⊥ → htrueDtrue

A (z)

hfidDfid
A (z)

. (1.63)

This also means that there is no direct dependence on h in the AP-effect for comoving

coordinates, for a flat cosmology it only depends on h indirectly via the expansion function

E(ωc/h
2, ωb/h

2,ΩΛ(w)). These parameters should not be confused with the dilation scale
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factors

α∥ =
Hfid(z)rfidd
H(z)rd

=
hfidEfid(z)rfidd

hE(z)rd
, (1.64)

α⊥ =
DA(z)r

fid
d

Dfid
A (z)rd

, (1.65)

where the sound horizon at the drag epoch is computed with the following approximation

[172]:

rd =
55.154 exp [−72.3(ων + 0.0006)2]

ω0.12807
b (ωc + ωb)0.25351

Mpc . (1.66)

These dilation scale factors are what we call BAO-measurements in Chapter 4. Alter-

natively, the sound horizon at the drag epoch can be computed via a Boltzmann solver,

which is a slower but more accurate computation than the approximation above.

Beyond-ΛCDM Effects

RSDs are sensitive to any modification of the gravitational potential, µ from Eq. 1.38,

and any extended cosmology that changes structure growth can be tested with RSDs.

Any extended parameters impacting the overall amplitude of the clustering introduce

degeneracies with the linear bias, b1, and clustering amplitudes, As and σ8. This can be

improved by better constraints on the bias parameters with higher-order statistics (see

Chapter 3) or by measurements from various redshift bins combined (see Chapter 4). In

general, higher-order statistics, such as the bispectrum, can improve constraints on the

parameters that control the clustering amplitude (not only due to better constraining

the bias parameters, but also by breaking degeneracies and adding more data points).

At the same time, higher-order statistics also probe non-Gaussianity in the LSS. Hence,

any extended cosmology that changes the growth parameters (e.g., MG) and/or adds

non-Gaussianity (e.g., massive neutrinos) would benefit from the inclusion of higher-

order statistics into the analysis. The drawback, however, is that the main advantages

from including the bispectrum are first noticeable either from considering the anisotropic

bispectrum multipoles or from inclusion of the semi-nonlinear scales, i.e., after the

inclusion of a very large number of triangular configurations. We discuss this in Chapter 3.

1.5 Weak Lensing

Formalism

One of the main GR predictions is that gravity causes light to be distorted and bent

in ways different from the predictions of Newtonian gravity. This was confirmed by Sir
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Figure 1.8 Illustration of the weak gravitational lensing effects. Image credit: Agency of
the Ruhr-Bochum University, April 2020.

Arthur Eddington during the solar eclipse in 1919. Later experimental confirmations,

such as the Twin Quasars, the first observations of Einstein Rings, were followed by

manifestation of gravitational lensing in various cosmological surveys: e.g., weak and

cluster lensing with HST [173], or CMB lensing with Planck [174].

Gravity of massive objects bends the light of distant sources like in a presence of an

optical lens – hence, the name of the phenomenon. Unlike strong gravitational lensing,

which creates visible distortions, like arcs, and multiple images, WL results in subtle,

small distortions that can only be detected statistically by analysing the shapes of many

background galaxies (see Fig. 1.8). The light is bent not only by visible objects, such as

massive galaxy clusters, but also by the CDM distribution, which does not emit light and

is otherwise invisible. Therefore, WL is an excellent method to map CDM distributions in

an unbiased way. In other words, it allows us to map CDM distributions directly, without

assuming any galaxy-CDM connection. Overall, the integrated distortion of galaxy images

by the LSS is called cosmic shear.

To first order, distortions of galaxy images due to the lensing effects can be

characterised by two properties: convergence κ – an isotropic dilation, and shear γ – an

anisotropic distortion. To understand these WL components, we start from the lensing

equation (for comprehensive reviews, see Refs. [175–177]). The lensing equation maps the

observed angle between an observer and object’s image, θ, to the true angle between an

observer and an object, β:

β = θ −α , (1.67)
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where α is a reduced deflection angle, related by Fermat’s principle to the deflection

potential, ϕ, as α = ∇θϕ. The Jacobian matrix of this map is given by

A =
∂βi

∂θj
=



1− κ 0

0 1− κ


−



γ1 γ2

γ2 −γ1


 , (1.68)

which allows us to express convergence and shear as

κ =
1

2

(
∂2ϕ

∂(θ1)2
+

∂2ϕ

∂(θ2)2

)
=

∇2
θϕ

2
, (1.69)

γ1 =
1

2

(
∂2ϕ

∂(θ1)2
− ∂2ϕ

∂(θ2)2

)
, (1.70)

γ2 =
∂2ϕ

∂θ1∂θ2
. (1.71)

From this form of the Jacobian we can easily interpret the geometrical impact of

convergence – isotropic stretching of the image, and shear – elongation of the image.

Its determinant characterises the magnification due to lensing. Note that the coordinates

θi are Cartesian coordinates in the plane perpendicular to the line-of-sight. We can express

shear as a complex property with γ = γ1 + iγ2 = |γ| exp (2iφ), with the polar angle φ.

Shear transforms as an ellipse, i.e., as a spin-2 quantity.

In the space-time defined by Eq. 1.37, the deflection potential at the position x =

(χθ, χ) with χ corresponds to the radial separation in the line-of-sight direction is defined

by the Weyl potential as

ϕ(θ, χ) = 2

∫ χ

0

dχ′ ΨW(χ′θ, χ′)
(χ− χ′)

χχ′ , (1.72)

under the assumption of spatial flatness, and integration in Born’s approximation, i.e.,

along the unperturbed light path. With Eq. 1.69 we can now express the convergence as

κ(θ, χ) =

∫ χ

0

dχ′ ∇2ΨW(χ′θ, χ′)
(χ− χ′)χ′

χ
, (1.73)

keeping in mind the connection between derivatives ∇⊥ = χ′−1∇θ. This allows us to

connect the averaged convergence to the matter distribution via the Poisson equation in

Eq. 1.40:

κ(θ) =
3ΩmH

2
0

2

∫ χmax

0

dχ

(∫ χmax

χ

dχ′p(χ′)
(χ′ − χ)

χ′

)
(1 + z)χΣ(χθ, χ)δ(χθ, χ) (1.74)

where the weight function p(χ) describes how the sources are distributed along the line-of-

sight and Σ(χθ, χ) corresponds to the modification of the Weyl potential in real space. We
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can now write the convergence as a compact expression κ(θ) =
∫
dχq(χ)δ(χθ, χ). Hence,

under the assumption that only modes perpendicular to the line-of-sight contribute, the

two-point correlation function equals to

ξκκ(∆θ) = ⟨κ(θ)κ∗(θ′)⟩ =
∫

dχq2(χ)

∫
d2k

(2π)2
Pδδ(k)e

−iχ∆θk , (1.75)

with θ′ = θ+∆θ, so that the angular power spectrum of the convergence can be expressed

as

Cκκ(ℓ) =
⟨κ̂(ℓ)κ̂∗(ℓ′)⟩

(2π)2δD(ℓ− ℓ′)
=

∫
d∆θξκκ(∆θ)eiℓ∆θ =

∫
dχ

q2(χ)

χ2
Pδδ(ℓ/χ) . (1.76)

Using the definitions from Equations 1.69-1.71, we find that in Fourier space κ and γ are

connected as

γ̂(l) =
(l1 + il2)

2

l2
κ̂ = e2iφlκ̂(l) , (1.77)

with the wave-vector l = (l1, l2) being the Fourier space coordinate for θ in real space

and φl being the polar angle of the complex wave-vector. From this we can see that the

power spectra of shear and of convergence are equal Cκκ(ℓ) = Cγγ(ℓ).

In observations, we assign galaxies to different bins according to their redshifts, zi and

zj. The slices of galaxy populations in each z-bin, ni(z), are related to the distribution

along the line-of-sight via ni(z)dz = pi(χ)dχ (see the left panel of Fig. 1.9 for Euclid-

like ni(z)). Now, the intra- and inter-bin correlations of the cosmic shear field can be

computed as

Cκκ
ij (ℓ) = Cγγ

ij (ℓ) =

∫
dχ

χ2
qi(χ)qj(χ)Pδδ(ℓ/χ) , (1.78)

with the lensing kernels (see the right panel of Fig. 1.9)

qi(χ) =
3ΩmH

2
0

2
χ(1 + z(χ))Σ(ℓ/χ, z(χ))

∫ χmax

χ

dχ′pi(χ
′)

(χ′ − χ)

χ′ . (1.79)

From this we see that the angular power spectra are sensitive to the matter distribution

via the matter power spectrum, Pδδ(ℓ/χ). In the left panel of Fig. 1.10, we show the

correspondence between wave-numbers (for which we have developed an intuition in the

previous sections) and angular scales within a fiducial cosmology. At the same time,

in Eq. 1.79 the geometrical factor (χ − χ′)/χ′ implies sensitivity of the angular power

spectra to the distance-redshift relation and, hence, the geometry of a cosmological model.

Unfortunately, due to the 2-dimensional projection, i.e., the integration along the line-of-

sight, the redshift-evolution information gets erased. Separating galaxies into redshift bins

reduces the range of the projection to the width of the bins and allows for substantial gain

of information through their cross-correlations. Still, in the projection, different spatial

scales are mixed, which leads to the loss of sensitivity to parameters that impact nonlinear
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Figure 1.9 Euclid-like photo-z binning. Left panel: number density distribution of
galaxies in 10 redshift bins. Right panel: lensing kernels of the same binned
galaxies. Lensing kernels peak around half way between the observer (z = 0)
and the source galaxies.
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Figure 1.10 Euclid-like photo-z binning with fiducial standard cosmology. Left panel:
angular scales ℓ as a function of wave-numbers k for different redshifts z.
Right panel: the response function from Eq. 1.80 for the auto-correlation
in the 3-3 redshift bin, this showcases that a single angular scale ℓ contains
projected information from various k-scales.
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scales. We illustrate this mixing in Fig. 1.10, where we plot the response of the angular

shear power spectrum from Eq. 1.78 to the wave-number k = ℓ/χ:

∣∣∣∣
d lnCγγ

ij (ℓ)

dk

∣∣∣∣ =
qi(ℓ/k)qj(ℓ/k)Pδδ(k)

Cγγ
ij (ℓ)ℓ

. (1.80)

We see that for the shear angular power spectrum due to the width of the lensing kernel

a broad range of the wave-number contribute to a single ℓ-value. This makes it hard to

separate the scales in our analysis where we believe our model is insufficiently accurate.

The derivation above is done under the flat-sky approximation, we use it in Chapter 6.

However, on large scales where the curvature of the space becomes important, derivatives

must be expressed in terms of the ð operator and its complex conjugate, and the shear,

convergence and lensing potential should be expanded in spherical coordinates. When

properly derived on a sphere, the shear angular power spectra is given by [178]

Cγγ
ij =

1

4

(ℓ+ 2)!

(ℓ− 2)!
Cϕϕ

ij (ℓ)

=
2

π

(ℓ+ 2)!

(ℓ− 2)!

∫
dχqi(χ)

∫
dχ′qj(χ

′)

∫
dk k2Pδδ(k, χ, χ

′)
jℓ(kχ)

(kχ)2
jℓ(kχ

′)

(kχ′)2
, (1.81)

where jℓ are spherical Bessel functions. Analogously, we can derive the angular power

spectrum for convergence [179]:

Cκκ
ij =

ℓ2(ℓ+ 1)2

4
Cϕϕ

ij (ℓ) =
ℓ(ℓ+ 1)

(ℓ− 1)(ℓ+ 2)
Cγγ

ij (ℓ) . (1.82)

From this we can conclude that the convergence power spectrum is larger than the shear

power spectrum: by 7% for ℓ = 5, by 1.85% for ℓ = 10, by 0.5% for ℓ = 20, and by less

than 0.1% for ℓ ≥ 45.

In our projects, we apply the Limber approximation, i.e., k = (ℓ + 1/2)/χ and the

Bessel functions are approximated by a Dirac delta function (see Section 1.1). According

to Ref. [180], this decreases the error in the first order Limber approximation in comparison

to k = ℓ/χ. In the same work, the authors derive a second-order correction to the Limber

approximation, which works well for large multipoles and slowly varying kernels, and

performs better than the standard approach for more widely separated redshift bins.

Note that for Stage-IV surveys with their huge survey volume, the Limber approximation

is not sufficient at all, when large angular separations ℓ < 100 are considered. For ℓ > 100

due to the high resolution of Stage-IV surveys, the first order Limber approximation is

again insufficiently accurate, while the second-order approximation might suffice (see, e.g.,

Refs. [179, 181]).
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Beyond-ΛCDM Effects

WL is sensitive to the lensing mass proportional to the Weyl potential. This implies that

WL is a probe sensitive to extended cosmologies via two channels: changes in structure

growth in µ = Gmatter and modifications in the propagation of light in Σ = Glight

(see Eq. 1.40). Cosmic shear essentially measures the late-universe amplitude and

probes the redshift-regime most impacted by the extended cosmologies we consider.

On top of the clustering amplitude, DE models also affect the comoving distances and

expansion function, introducing additional sensitivity to the DE parameters in the shear

angular power spectrum. Therefore, the ultimate advantage of WL in probing extended

cosmologies is the coverage of a broad redshift range. Additionally, WL’s high sensitivity

to nonlinear scales in the new generation of surveys allows us to explore scenarios with non-

standard nonlinear dynamics (e.g., screening mechanisms). This blessing is simultaneously

a curse, since the nonlinear scales are extremely hard to model accurately (see Chapter 6).

Finally, similar to the GC discussion, inclusion of the bispectrum in weak gravitational

lensing breaks degeneracies in amplitude-controlling parameters and helps constraining

massive neutrinos [182].

1.6 Cosmological Surveys

In the following chapters we will refer to various cosmological surveys – either to extract

cosmological information from, or to put extra constraining power, or to forecast Stage-IV

cosmological constraints. Here, we list brief descriptions of the cosmological surveys and

probes necessary for understanding of our results.

• The Planck Satellite: the CMB telescope conducted observations from 2009 to 2013,

it was launched by the European Space Agency and positioned at the L2 Lagrangian

point of the Earth-Sun system. The Planck Satellite was equipped with highly

sensitive detectors capable of measuring the polarisation of CMB photons with

exceptional accuracy and the temperature spectrum with remarkable resolution.

Collecting data across nine different frequencies, the Planck Collaboration has

released three sets of cosmological parameter estimates: Planck 2013 [20] with data

from the first 15.5 months of the operation, Planck 2015 [21] and 2018 [22] – both

using data from the full mission. The main observables used in the cosmological

inference included temperature and polarisation auto- and cross-power spectra, and

CMB lensing. The most recent findings [22], represent some of the most precise and

reliable cosmological measurements to date, providing percent-level constraints on

early Universe parameters such as the primordial power spectrum amplitude, As;

the scalar spectral index, ns; and the optical depth of reionisation, τ . We use these

constraints as priors on the primordial parameters in Chapter 3, Chapter 4 and
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Chapter 6.

• Big Bang Nucleosynthesis (BBN): observations of helium, deuterium and hydrogen

emission lines from metal-poor extragalactic regions allow us to compute abundances

of the “light elements” – first nuclei formed at the early stages of the Universe (see

Ref. [183] for a review). The fractions of deuterium and helium with respect to

hydrogen are sensitive to the baryonic content of the Universe. After formation of

the neutral hydrogen and decoupling of photons, the equilibrium between neutrons

and protons is broken. First, deuterium is formed from a proton and a neutron

via strong-force interactions. Although some newly formed deuterium nuclei get

destroyed by the abundant photons, the Universe continues to expand and cool.

Then the density of the deuterium becomes sufficient to build a helium nucleus from

two deuterium nuclei. From this it follows that for larger baryon-to-photon ratio

less deuterium would be destroyed by photons and more helium would be formed.

It also means that deuterium would be converted into helium more efficiently

leading to smaller residual deuterium abundance. We use our knowledge of the

baryonic fraction from BBN calculations based on deuterium and helium abundances

[184, 185] as prior on ωb = Ωbh
2 in our analyses (Chapter 4 and Chapter 6).

Finally, neutrinos, fully relativistic at the time of BBN, impact the resulting helium

abundance too: larger Nν or smaller density of electron neutrinos would imply a

decay of fewer neutrons, which results in more helium cores formed.

• Baryon Oscillation Spectroscopic Survey (BOSS): the largest Stage-III galaxy sur-

vey, part of the Sloan Digital Sky Survey (SDSS) Phase-III, ran from 2008 to

2014 and used a multiple-object spectrograph located in New Mexico. The last

BOSS data release, DR12, is the main dataset used in Chapter 4. Together with

the main objectives of the survey, such as measuring BAOs in the distribution of

galaxies and quasars, BOSS data allowed for exploration of various cosmological

topics of interest listed in Fig. 1.11. For example, the Collaboration obtained

angular diameter distance and expansion rate measurements with approximately

2% precision for intermediate redshifts using Luminous Red Galaxies (LRGs), with

a similar precision attained using Ly-α quasars at higher redshifts [186].

• Dark Energy Spectroscopic Instrument (DESI): a spectroscopic instrument [187]

located at the Kitt Peak National Observatory in Arizona, USA. It was designed to

capture precise positions of millions of galaxies and quasars using a robotic fiber-

optic system. The main mission operation started in 2021 and is planned to run

for five years. The main scientific objective (see also Fig. 1.11) is to investigate

the effects and properties of dark energy. The first year data release already shows

hints of evolving dark energy, as reported in Ref. [90]. DESI covers a broad range

of redshifts and all samples can be separated into the following groups: low redshift
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Figure 1.11 Cosmology from galaxy redshift surveys. Image credit: W. Percival’s talk
“Measuring H0 and dark energy with DESI” at the Royal Observatory
Edinburgh, April 2024.

Bright Galaxy Sample (BGS), LRGs, Emission Line Galaxies (ELGs), and quasars.

We use DESI galaxy samples in our forecasts in Chapter 4.

• Euclid Satellite: a European Space Agency mission launched in July 2023. The

mission will perform 6-10 years long near-infrared and optical observations of nearly

one third of the whole sky. The telescope is equipped with two instruments:

– Visible Imaging Channel (VIS) for high-resolution photometric imaging in the

visible spectrum;

– Near-Infrared Spectrometer and Photometer (NISP) for photometry and slit-

less spectroscopy in the near-infrared range, essential for measuring redshifts

and galaxy shapes.

This means that Euclid is simultaneously a spectroscopic galaxy and weak lensing

survey, making it ideal for cross-correlations and combined probes analyses.

Combining these probes is key to achieve Euclid’s main science goals [188], namely

measuring and constraining the following parameters: the evolution of the dark

energy equation-of-state, w(z); the growth index as a probe of modified gravity,

γ; the sum of neutrino masses,
∑

mν ; and the non-Gaussianity parameter, fNL,

connected to inflationary models. A Euclid-like setup is our primary forecasting
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setup for GC probes in Chapter 3 and WL probes in Chapter 6. Together with

DESI, they are part of the ground-breaking Stage-IV era of precision cosmology.
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Chapter 2

Cosmological Inference

In this thesis, we refer to cosmological inference as the likelihood analysis of the surveys

or simulation data that aims to provide information about the cosmological parameters.

Essentially, we want to answer what are the values and probabilities of the parameters,

cosmological and nuisance, that optimally describe some given data, d, within a model,M .

To quantify the uncertainty of these parameter values one can either perform a Bayesian

analysis to find credible intervals, or perform a Frequentist analysis to define confidence

regions. In this chapter we review both approaches, in Section 2.1 and Section 2.2, as

well as the corresponding prior-volume or projection effects in Section 2.3. Finally, we

describe the sampling tools used in our works in Section 2.4. When not explicitly cited,

the inference background is based on Refs. [189, 190].

2.1 Bayesian Inference

The Bayesian approach relies on Bayes’ theorem [191] that states that the probability of

obtaining parameters θ given data d, model assumptions M and prior beliefs about these

parameters Π(θ) is expressed by

P(θ|d,M) =
L(d|θ,M)Π(θ)

Z(d|M)
. (2.1)

Here, L(d|θ,M) is the likelihood function that represents the distribution of the data

given the model and the parameters. In the denominator we have a normalising factor

Z(d|M) called evidence that has no dependence on the model parameters. Evidence can

be used for model comparison and convergence tests.

The probability from Eq. 2.1 is called the posterior distribution. It is sampled in the

full parameter space, which typically has a large number of dimensions. We usually (e.g.,
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Fig. 2.1) plot posterior distributions as 2- and 1-dimensional marginalised distributions:

Pm(θ1, θ2|d,M) =

∫
dθ3...dθnP(θ|d,M), Pm(θ1|d,M) =

∫
dθ2...dθnP(θ|d,M) . (2.2)

From these marginalised posteriors we can summarise the results of our analysis in the

form of point estimates with their corresponding errors: e.g., the maximum a posteriori

probability (MAP) estimator, or the 1D marginalized mean. Ideally, these marginalised

posteriors provide an unbiased estimation. An estimation is unbiased if the expectation

value, i.e., the value of the parameter weighted by the posterior function, is the true value

of the parameter θ0. In reality, when data is not a noiseless synthetic data-vector, this is

rarely the case and we always expect statistical fluctuations. For instance, in Chapter 3

and Chapter 6 we run “precision versus accuracy” tests by assessing our analytical models

against simulations or against other models. There we aim for the point estimates of each

cosmological parameter to have a bias, with respect to the fiducial parameters within

the 2σ credible interval. The Bayesian credible interval corresponds to a region of the

parameter space that contains X% of the posterior distribution. It is a common practice

to refer to 68.3%, 95.5%, 99.7% credible intervals as 1σ, 2σ, 3σ credible regions.1

From the fact that the true parameter values correspond to the maximum likelihood,

we can expand the log-likelihood around them and obtain

L(d|θ,M) = L(d|θ0) exp

[
−1

2
(θi − θ0i)Hij(θj − θ0j)

]
, (2.3)

with the Hessian matrix Hij = −∂2 lnL
∂θi∂θj

. This matrix also represents the level of correlation

between the parameter estimates θi and θj. The expectation value of the Hessian, is called

the Fisher matrix [192, 193] and is often used for future experimental design under the

Gaussian likelihood assumption: Fij = ⟨Hij⟩. The minimum standard deviation of the

parameter follows from the Cramer-Rao inequality [194] for an unbiased estimator:

σθi ≥
√

F−1
ii . (2.4)

This is also called the marginal error. However, in the presence of data, the posterior

is probed via sampling techniques (see Section 2.4), and marginalisation is performed

numerically.

1For instance, 68.3% of the values lie within one standard deviation, i.e., 1σ, from a mean under the
assumption of a normal distribution.
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Figure 2.1 Prior-volume or projection effect: 2-dimensional example with 2- and 1-
dimensional marginalised posterior distributions within 1σ (dark blue) and
2σ (blue) confidence region. Image credit: Ref. [6].

2.2 Frequentist Approach

Instead of applying the Bayesian approach and quoting credible intervals, one can compute

confidence regions in the Frequentist approach. The confidence region corresponds to a

subset of the parameter space, which contains the true parameters in repeated trials. It

represents a probability distribution in the dimension of all possible observations for each

specific parameter value. However, it does not represent a probability distribution in the

parameter dimension. Since it is not a probability density, in the Frequentist approach,

the best estimator of the parameter is the value that maximizes the likelihood function.

There are various codes that perform this computation: e.g., minuit [195], Procolli [196],

PROSPECT [197], CONNECT [198].

A 68% confidence interval means that there is a 68% probability that the true value

of a parameter will be inside that interval when the measurement is repeated. A 68%

credible interval means that there is a 68% “degree of belief” that the true value of a

parameter will be inside that interval. In cosmology the inferred errors are sometimes

interpreted in a Frequentist way: 1σ discrepancies are considered normal as they have

a 31.7% probability of occurring, while a 3σ difference between two measurements is

interpreted as a real discrepancy because there is only a 0.3% probability for this to

happen.
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2.3 Projection Effects

The Bayesian approach relies on the prior information on the parameters we aim to

estimate. The contribution of the prior-volume can bias the MAP with respect to its true

value when the non-Gaussian posterior is marginalised over multi-dimensional parameter

space. As shown in Fig. 2.1 for a case of a non-Gaussian 2-dimensional posterior, while

the posterior maximum in the full parameter space is centered around the true values,

after the marginalisation of the nuisance parameter, θNuisance, the peak of the probability

distribution (i.e., the marginalised MAP) for the target parameter, θTarget, is shifted from

its true value. We first use a toy model to explain the nature of such projection effects, then

we continue with examples from cosmological analyses, and finally we discuss different

techniques to minimise the projections. We emphasise that the prior-volume or projection

effects are a natural part of the Bayesian analysis and a consequence of our complex

modelling for cosmological and systematical parameters.

2.3.1 Toy Model

Before moving to complex models with high-dimensional parameter spaces, we construct

a toy model to illustrate the main concepts of the projection or prior-volume effects.

Consider a simple model:

M(Ω, n) = nkΩ , (2.5)

where Ω contains cosmological information that we want to constrain, n is a nuisance

parameter controlling the amplitude, k is some variable in the range of k ∈ [1, 10] binned

into Nbin = 32 log-bins. We pick a toy model of this form, because, for instance, in

the EFTofLSS model of the power spectrum we have nuisance parameters that appear

linearly in the model as factors in front of nonlinear functions that depend on cosmological

parameters (for example, the counterterms in Eq. 3.16). For the Bayesian analysis we

compute a noiseless mock data vector, d, with the same model and true values nfid = 4,

Ωfid = 1.5; we assume the covariance to be a diagonal matrix Covkk′ = σ21Nbin×Nbin
; we

also assume a Gaussian likelihood, Gaussian priors n ∈ N (nfid, σn), and no prior on Ω.

Our goal is to find the posterior distribution marginalised over the nuisance parameter,

n. First, we compute the marginalised posterior function, Pm = P(Ω|d), explicitly:

Pm =

∫
dn P(Ω, n|d) = exp

[
−F0

2

] ∫
dn exp

[
−n2F2 − 2nF1

2

]

=

√
2π

F2

exp

[
−F0

2
+

F 2
1

2F2

]
, (2.6)
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where

P(Ω, n|d) = exp

[
−(d− nkΩ)T · (d− nkΩ)

2σ2

]
Π(n) , (2.7)

Π(n) = exp

[
−(n− nfid)

2

2σ2
n

]
, (2.8)

F0 =

Nbin∑

j=1

d2kj
σ2

+
n2
fid

σ2
n

, (2.9)

F1 =

Nbin∑

j=1

kΩ
j dkj
σ2

+
nfid

σ2
n

, (2.10)

F2 =

Nbin∑

j=1

(kΩ
j )

2

σ2
+

1

σ2
n

. (2.11)

In terms of the marginalised goodness-of-fit or “chi–squared” we define:

χ2
m(Ω) = F0 −

F 2
1

F2

+ lnF2 + const , (2.12)

where χ2
m = −2 lnPm. We then repeat the computation using the approach from

Ref. [199], where we approximate the marginal distribution using a second-order Taylor

expansion around the best-fit value of the nuisance parameter. The best-fit value of the

nuisance parameter maximises the posterior and is defined for a fixed Ω-value as:

n∗(Ω) = arg maxnP(Ω, n|d) , (2.13)

where, by construction in our example, n∗(Ωfid) = nfid. It also follows that the first

derivative of χ2 = −2 lnP with respect to n evaluated at n∗ equals zero. From this

condition we find for our example from Eq. 2.7:

dχ2

dn

∣∣∣∣
n∗

= 0 ⇒ n∗(Ω) =
F1

F2

. (2.14)

We expand χ2 with χ2
∗(Ω) = χ2(Ω, n∗) and ∆n = n− n∗ up to the second order as

χ2(Ω, n) ≈ χ2
∗ + F∗∆n2 , (2.15)

where

F∗ =
1

2

∂2χ2

∂n2

∣∣∣∣
n∗

. (2.16)

For our case we find

χ2
∗ = F0 −

F 2
1

F2

, F∗ = F2 . (2.17)
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Figure 2.2 Toy model: (normalised) marginalised posterior distributions. See a detailed
description in the text.

Marginalising the posterior over n with P = exp [−χ2/2] and χ2 from Eq. 2.15 results in

the marginalised chi-squared given by

χ2
m(Ω) ≈ χ2

∗(Ω) + lnF∗(Ω) + const . (2.18)

Both approaches, Taylor expansion and direct analytical marginalisation, result in the

same marginalised distribution in Eq. 2.18 and Eq. 2.12, because a) n appears linearly in

the model and, hence, quadratically in the likelihood; b) the covariance is parameter-

independent, and c) the likelihood is Gaussian. These factors make the Laplace

approximation exact [200]. The first term in Eq. 2.18 is what we call the “profile

likelihood”, while the second term is called the Laplace term. This Laplace term is

responsible for the prior-volume effects: the volume in the nuisance parameter space

when integrated over fixed Ω. In other words, this term corresponds to the shift in

the maximum of the marginalised distribution with respect to the maximum of the full

distribution, because the process of marginalisation favours regions of parameter space

that cover a larger volume of the probability density in the direction of integration.

In Fig. 2.2 we demonstrate how the marginalised posterior distribution and the profile

likelihood depend on the choice of the nuisance-parameter prior, σn, and the quality of the

data (more constraining data has smaller uncertainty on the measurements, i.e., smaller

σ). In the upper panel in green, we see that if the data is not constraining enough, the

Laplace term becomes significant for larger nuisance-priors and is dragging the peak of

the marginalised posterior distribution towards smaller and negative values of Ω. While

in the lower panel we demonstrate the weak sensitivity to the prior-volume when data is

well-constraining.

From the expression for the Laplace term, lnF∗(Ω), we can see that it also depends
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on the specific parameterisation of the nuisance parameter. For instance, let us re-define

our model to ñ(k/k0)
Ω with some fixed quantity k0 greater than any value of kj. In this

case, the first right-hand-side-term in the above definition of F2 in Eq. 2.11 implies for the

case of poorly constrained data, that the re-parameterisation leads to a negative Laplace

term. As a consequence, it shifts the peak of the marginalised posterior towards higher

values than Ωfid. It also changes the width of the marginalised posterior distribution as

we can see in the top right panel of Fig. 2.2 in dashed green.

Alternatively, we can apply Jeffreys prior [201] on the nuisance parameters, n:

Π(n) =

√
det

(
∂M

∂ni

Cov−1∂M
T

∂nj

)
, (2.19)

which simplifies to Π(n) =
√
F2 from Eq. 2.11 for a broad flat prior on the nuisance

parameter with σn → ∞ in our one-dimensional case. We can see from Eq. 2.12, the

Jeffrey prior on n would cancel the impact of the prior-volume effects. Marginalisation

with Jeffreys priors is equivalent to profiling the posterior over the same parameters for

Gaussian data with parameter-independent covariance and linear nuisance parameters

[200].

All in all, the prior-volume effects are an inescapable feature of the Bayesian method

and depend on the choice of the nuisance-prior, parameterisation of the nuisance

parameters, and covariance of the data. Assuming broad flat priors on nuisance

parameters leads to a large Laplace term, while over-constrained priors are poorly

physically motivated. One solution is to use Jeffreys prior or profile the full likelihood

(which is constructed in such a way to peak at the best-fit values of the nuisance

parameters). Ideally, we compute Jeffreys priors not only for nuisance parameters but

for cosmological parameters as well. This will help with entangling degeneracies not only

between nuisance but cosmological parameters too. However, analytical computation of

the marginalised posterior in this case becomes already complicated even for our toy

model. Auto-differentiable techniques [202] will become important for this issue in the

future.

2.3.2 Cosmological Application

Marginalisation over nuisance parameters can be performed numerically or analytically.

Here, we introduce analytical marginalisation of nuisance parameters that appear linearly

in the model on the example of the EFTofLSS power spectrum multipoles (counter-terms,

noise-terms and higher order bias parameters) [152, 203]. This analysis can be easily

expanded to include other observables like BAO or bispectrum multipoles. We separate

the power spectrum multipoles into analytically non-marginalised (nm) and marginalised
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(m) parts:

Pl(k) = P nm
l (k) +

∑

i

bmi P
m
i,l (k) , (2.20)

with the bias parameters with superscript “m” appearing linearly in the model and having

Gaussian priors. With Einstein notation and ∆l(k) = P nm
l (k)−Dl(k) we find the posterior

distribution marginalised over all nuisance parameters with Gaussian priors:

Pm = Πnm

∫
dnbm exp

[
−1

2
(bmi F2,ijb

m
j − 2bmi F1,i)

]
exp

(
−1

2
F0

)
(2.21)

with Πnm being the prior on the analytically non-marginalised parameters, Cov being the

covariance matrix for the data, and Cij being the covariance for the priors on nuisance

parameters, that are Gaussian with the means µi. The terms above are defined as

F0 = ∆lCov
−1
ll′ ∆l′ + µiC

−1
ij µj , (2.22)

F1,i = −Pm
i,lCov

−1
ll′ ∆l′ + C−1

ij µj , (2.23)

F2,ij = Pm
i,lCov

−1
ll′ P

m
j,l′ + C−1

ij . (2.24)

The integral can be solved analytically, which leads to the following χ2:

χ2 = −2 lnPm = −2 lnΠnm + ln detF2 − n ln 2π − F1,iF
−1
2,ijF1,j + F0 . (2.25)

By minimising χ2 we find the best-fit values for the marginalised nuisance parameters (as

a function of all other parameters):

bmi,∗ = F1,jF
−1
2,ij , (2.26)

with an uncertainty (unmarginalised over the cosmological parameters)

σ̃i =
√
diag(F−1

2,ij) . (2.27)

The fact that we can analytically find the best-fit values for the nuisance parameters

means that we can perform the likelihood profiling analytically too.

Similarly to the toy model example described above, the source of the projection effects

is the Laplacian term ln detF2, where from the definition of F2,ij we see that it depends

on a) the modelling and parameterisation of Pm; b) how constraining is the data via Cov;

c) the size of the prior-volume in the marginalised nuisance parameters via C. Therefore,

we can consider the following options to minimise the impact of the prior-volume effects:

a) parameterise the model in terms of parameters with less degeneracy (e.g., sample in

b̃1 = b1As or b̃1 = b1σ8) or vary the nonlinear scales parameters in the perturbative model
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Figure 2.3 Prior-volume effects in extended cosmologies for a Euclid-like spectroscopic
setup. The standard cosmology is represented by purple contours, evolving
dark energy – by the green ones, dark energy with a constant equation of
state – by the orange ones. The solid gray lines denote the fiducial values of
the cosmological parameters in the noiseless mock-data.

analogously to k0 in our toy model; b) decrease the size of the error bars with more

data and larger survey volumes (e.g., Euclid’s total effective volume will be ∼ 10 times

larger than the BOSS DR12 volume); c) constrain prior-volumes based on simulations or

semi-analytical approaches (e.g., HOD inspired priors in Ref. [204, 205]); d) use profile

likelihood or Jeffreys priors (synonymous in case of linear parameters, an approximation

in case of nonlinear parameters), ideally we would use Jeffreys priors on all parameters,

cosmological ones included. In Fig. 2.3 we show marginalised posterior distributions for

a Euclid-like spectroscopic analysis on a noiseless mock-data. There we see that with

Euclid-like observational error bars the projection effects in the standard cosmology are

negligible: the inferred values of h and As are not biased with respect to their fiducial

values. However, in this exemplary setup, the projection effects are severe for the DE

models wCDM and w0waCDM. The reason for these projections is in the degeneracies of

the extended parameters, w and w0wa, with the standard cosmological parameters and

their weak sensitivity to the probed redshifts (here the spectroscopic redshift bins are

z = [0.9, 1.2, 1.5, 1.8]).

Weak lensing analyses are also affected by the projection effects, as they encompass

a large number of nuisance parameters to model systematics (e.g., 10 z-bins for WL

probes versus 4 bins for GC probes in Euclid). We briefly mention application cases
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for analytical profile likelihood in the nuisance parameters for WL analyses: a) the

photometric redshift distribution (linearised after calibration with external data); b)

intrinsic alignment parameters; c) galaxy biases for photometric galaxy clustering (appear

quadratically in the model, but still can be well-approximated [200]). Alternative solutions

to overcome projection effects due to nuisance parameters are based on a posteriori

comparisons: e.g., picking a simpler model for systematic effects [206] or restricting the

prior-ranges [6]. However, in the case of Stage-III WL surveys, it is not only the nuisance

parameters that cause prior-volume effects. There, the projection effects in the parameters

of interest, Ωm and S8 (or σ8), appear due to the marginalisation over poorly constrained

cosmological parameters h, ns,Ωb,Ων that are correlated with the parameters of interest.

By “poorly constrained” we mean that their posterior distributions are limited by the

assumed priors. For example, see Ref. [207] with KiDS for a discussion of the impact of

the As prior. Or in Refs. [208] and [209] with a DES setup the authors demonstrated how

the projection bias also depends on the true value of the poorly constrained parameters

and their displacement from the centre of the corresponding prior-range.

2.4 Posterior Sampling

In practice, we can rarely solve Eq. 2.1 analytically. Instead, we usually draw samples

from the posterior distribution, reconstruct the complete density function or calculate its

summary statistics. In the following section, we review the use of various Monte Carlo

sampling methods for practical sampling from posterior densities important for our work.

Namely, we will describe the principles of three samplers: emcee [210], pocoMC [211] and

Nautilus [212]. There are many other samplers that are worth mentioning that we did

not apply in our analyses, e.g., dynasty [213] and PolyChord [214].

2.4.1 Markov Chain Monte Carlo Methods

Markov Chain Monte Carlo (MCMC) methods provide us with an efficient technique of

sampling regions of high probability density in a high-dimensional parameter space. The

main idea of the method is to generate a Markov chain – a series of steps in the parameter

space, where each step depends probabilistically only on the position of the previous step.

The goal of each chain is to converge to the target density distribution, which in our case

is the posterior distribution. To ensure convergence to the posterior distribution, a chain

must satisfy two conditions:

• Detailed balance between the Markov chain and the posterior distribution: all points

in the chain converge to the target distribution when the equilibrium (convergence)

is achieved, i.e., the posterior distribution is a stationary distribution of the Markov

chain.
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• Ergodicity: any point in the chain can be reached from any other point, the

stationary distribution does not depend on the starting point of the Markov chain.

Regarding the starting point, in case of it being in a region of low probability density, the

random-walk in the parameter space will require some number of steps before a region

with high probability density is reached. These initial steps are called the “burn-in”

period and are usually removed from the final set of samples.

Regarding the equilibrium state, commonly, the Gelman-Rubin convergence test [215]

is applied. The chains have to be independent and their variances (between-chains and

within-chain) in agreement with R < 1.03, where R is a defined statistic computed on a

parameter-by-parameter basis. For C chains and N number of steps, it depends on the

variance of the individual chain means B, and the mean of the individual chain variances

V̄ :

R =

√
N − 1

N
+

C + 1

CN

B

V̄
. (2.28)

In general, for different sampling strategies different convergence criteria are appropriate.

There is no formal and ultimate definition of the convergence, careful comparison and

adaptation to a problem of interest is always required.

2.4.2 Metropolis-Hasting

The Metropolis-Hasting (MH) algorithm [216–218] is a basic sampling scheme that follows

the following iterative steps:

1. From a proposal distribution Q(θi+1|θi) propose a next position in the parameter

space θi+1 given the current position θi;

2. Compute the probability q = min
(
1, P(θi+1|d)Q(θi|θi+1)

P(θi|d)Q(θi+1|θi)

)
;

3. Draw a random number r from the uniform distribution U(0, 1);

4. If r ≤ q move to the proposed next step, otherwise remain at the current position.

The acceptance probability q satisfies the detailed balance condition, while a reasonable

choice of proposal distribution Q (normally a multivariate Gaussian centered at the

current position with a tuned or adaptive covariance tensor) leads to ergodicity. The

fraction of proposed steps that are accepted is called the acceptance rate. As a rule of

thumb, the optimal value of the acceptance fraction is between 0.2 and 0.5. The covariance

tensor of the proposal distribution can be adapted to tune the acceptance rate.

2.4.3 Affine-Invariant Stretch Move

The standard MH algorithm is hardly efficient for problems with a large number of

parameters. There are various extensions of this algorithm that we will apply in our
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analyses. One is the so-called an affine-invariant ensemble sampling algorithm proposed

in Ref. [219] and implemented in emcee [210]. In this method we specify a number of

walkers and a maximum number of steps. The walkers are moving in the parameter space

in such a way that the proposal distribution for one walker depends on the positions of

all other walkers in the ensemble. For instance, for each walker k at the current position

θki the following procedure is repeated in series:

1. From the ensemble pick a walker j ̸= k with the current position θj;

2. Propose a next position in the parameter space θki+1 = zθki + (1− z)θj) where z is a

scaling variable randomly drawn from a probability distribution with a symmetrical

condition g(z−1) = zg(z):

g(z) ∝





1√
z
, if z ∈

[
1
a
, a
]
,

0 otherwise,
(2.29)

where usually a = 2 (but can be adapted to improve the acceptance rate);

3. Compute the probability q = min

(
1, zNpar−1P(θki+1|d)

P(θi|d)

)
with Npar being the

dimension of the parameter space;

4. Draw a random number r from the uniform distribution U(0, 1);

5. If r ≤ q move to the proposed next step, otherwise remain at the current position.

In order to parallelise this algorithm without violating the detailed balance condition, the

full ensemble can be separated into two subsets. This allows to update all walkers from

one subset based on the positions of walkers from the other subset in a parallel manner.

In order to ensure ergodicity the minimum number of walkers must be Npar + 1. A great

advantage of this method is its affine invariance, meaning that it is insensitive to the linear

transformations and covariances among parameters. Which implies the independence on

the level of anisotropy in the density distribution.

The convergence criterion for this so-called stretch-move algorithm is controlled by the

auto-correlation time2. In general, for any sampler the auto-correlation time quantifies

the Monte Carlo error and quantifies the robustness of the MCMC analysis, i.e., the time

it takes a chain to forget where it started. For a chain θ with N samples and means

in parameters µ, the auto-covariance for a time-lag ∆T that corresponds to a discrete

number of steps is given by

Cov(∆T ) =
1

N −∆T

N−∆T∑

i=1

(θi − µ)(θi+∆T − µ) , (2.30)

2We cannot apply the Gelman–Rubin criterion using multiple walkers in the same ensemble because
the samples in the chain are not independent.
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where with ∆T = 0 we get the variance within the chain. The corresponding normalised

auto-correlation function is expressed by

ρ∆T =
Cov(∆T )

Cov(0)
, (2.31)

where +1 would imply fully correlated states, −1 fully anti-correlated states, and 0

uncorrelated samples. The stronger correlated is the chain, the longer it takes for ρ∆T to

reach zero. We can define the integrated auto-correlation time as

τI = 1 + 2
N∑

∆T=1

ρ∆T , (2.32)

which unfortunately becomes very noisy for large N . Instead, we evaluate

τI(M) = 1 + 2
M∑

∆T=1

ρ∆T (2.33)

withM = {M1,M2, ...} being a number of steps in the chain dividable by 100, for instance.

We stop a chain after Mj iterations if 50τI(Mj) < Mj and [τI(Mj−1)− τI(Mj)] /τI(Mj) <

0.01. The smaller is the auto-correlation time, the less samples we must generate to

produce a representative sampling of the target density – the more efficient is the analysis.

2.4.4 Sequential and Preconditioned Monte Carlo

The basic idea of Sequential Monte Carlo (SMC) is evolving a starting population of Nlive

particles drawn from a known distribution towards the target distribution via a number

of intermediate steps [220]. In other words, we aim to bridge points selected from the

prior distribution with the posterior distribution:

Pt(θ) ∝ Lβt(θ)Π(θ), 0 = β1 < β2 < ... < βm = 1 (2.34)

with β being the effective inverse temperature parameter. The ladder parameter β gets

gradually increased in each iteration by a small step size, which is either fixed or adapted to

maintain a constant number of effective particles. Number of effective particles correspond

to a fraction of all particles, αNlive, inside the effective sample size (ESS) with a typical

value α ∼ 0.95. ESS can be estimated as

ESSt =

(∑Nlive

i=1 w
(t)
i

)2

∑Nlive

i=1

(
w

(t)
i

)2 , (2.35)
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where the importance weights are computed as

w
(t)
i = W

(t−1)
i Lβt−βt−1(θ

(t−1)
i ) (2.36)

with the normalised weights given by Wi = wi/
∑Nlive

i=1 wi. After drawing (θ11, θ
(1)
2 , ..., θ

(1)
Nlive

)

from the prior with initial weights W
(1)
i = 1/Nlive we repeat the following procedure before

βt = 1 is achieved:

1. Find βt by solving ESSt = αNlive, re-weight the particles, update the evidence

estimate;

2. Re-sample θ
(t−1)
i according to w

(t)
i : particles with small weight values are removed,

particles with large weight values are multiplied in number proportionally; new

weights are set to 1/Nlive again;

3. Update particles using MCMC (with, e.g., random Metropolis walk or using

t-preconditioned Crank-Nicolson instead of Gaussian kernels in the proposed

distribution): the chain stops when the mean correlation coefficient between the

initial and current position of the particles in this iteration becomes lower than a

threshold with a typical value of 0.75.

A novel Monte Carlo method that facilitates efficient sampling of probability distri-

butions with non–trivial geometry was introduced in Refs. [211, 221] and implemented

in pocoMC, a sampler we used in various projects (see Chapter 3 and Chapter 4). The

basic idea is to 1) apply Normalising Flow (NF) to simplify complex correlations between

parameters and continue sampling from the resulting latent space in which correlations

are substantially reduced; 2) sample via an adaptive SMC scheme; 3) compute the model

evidence, use it to control the convergence and compare models. The convergence is

reached when βt = 1.

2.4.5 Nested Sampling

The main idea of Nested Sampling (NS) [222] is to approximate the model evidence Z in

shells of constant likelihood and provide weighted samples from the posterior distribution

[223]. If the prior volume confined within the iso-likelihood contour of L(θ) = λ is defined

as

X(λ) =

∫

L(θ)>λ

Π(θ)dθ, (2.37)

then we can write the evidence integral as a one-dimensional integral

Z =

∫ 1

0

L(X)dX (2.38)
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with L(X) being a monotonically decreasing function of X. Thus, we can compute the

evidence integral numerically:

Z =
m∑

i=1

Li
Xi−1 −Xi+1

2
=

m∑

i=1

Liwi (2.39)

with discrete values of X: 0 < Xm < ... < X2 < X1 < X0 = 1. Of course, due to

finite amount of steps, we deal with a truncation error, so we can estimate the remaining

evidence with ∆Z = LmaxXm (or with the mean of the likelihood among the live points

instead of the maximum). In the context of parameter estimation, we find the normalised

weights for samples in the posterior distribution are given by

pi =
Liwi

Z . (2.40)

After drawing Nlive points (θ11, θ
(1)
2 , ..., θ

(1)
Nlive

) from the prior with initial volume X = 1

and evidence Z = 0 we repeat the following procedure before the condition “∆Z/Z <

tolerance threshold” is satisfied:

1. Find the minimum likelihood out of all points (L∗ = L1 corresponding to X1) and

replace it with a new point of higher likelihood;

2. Update the weights, evidence and volume with the compression factor, e.g.,

exp (−1/Nlive).

The most difficult step is finding a replacement point with L > L∗ from the prior

distribution. As the latter’s volume shrinks exponentially with each iteration, it becomes

hard to efficiently draw points. To find samples from the likelihood-constrained priors

we can either use MCMC steps or apply region samplers. The later is implemented in

MultiNest, which samples inside clustered ellipsoids based on mean and covariances of

the live points [224]. In our projects (see Chapter 6) we used a novel sampler, Nautilus

[212], which, during its exploration phase, follows a similar principle of sampling within

an estimated boundary around the points with highest likelihood. However, it has the

following improvements with respect to the standard NS techniques: a) the new proposal

volume does not assume ellipsoidal shape, instead it uses neural networks to determine a

part of the ellipsoidal where the predicted likelihood score corresponds to the edge of the

live set. In other words neural networks help to find the iso-likelihood boundaries of the

shells and improve the sampling efficiency; b) after the exploration phase, the evidence

and posterior are refined with additional points in individual shells with the corresponding

assigned importance weights.
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Chapter 3

Interacting Dark Energy: Joint Power

Spectrum and Bispectrum Analysis

This chapter is based on the following peer reviewed publication:

• M. Tsedrik, C. Moretti, P. Carrilho, F. Rizzo, A. Pourtsidou, 2023, Interact-

ing dark energy from the joint analysis of the power spectrum and bispectrum

multipoles with the EFTofLSS. Published in MNRAS: doi:10.1093/mnras/stad260,

arXiv:2207.13011.

Here we aim to quantify the impact of the inclusion of the bispectrum multipoles

on top of the power spectrum multipoles in redshift space, when constraining extended

cosmological models. As examples of extended cosmologies we take a class of the

interacting dark energy model and the wCDM model. Given a state-of-the-art large

set of simulations, i.e., knowing the true cosmology, in this chapter we try to answer the

following questions:

a) What are the optimal scale cuts for the power spectrum and bispectrum multipoles

in a Stage-IV like setup with the Effective Field theory of the Large Scale Structure

(EFTofLSS) model? By saying optimal, we mean the scales that lead to maximising

information and minimizing uncertainty on the model parameters without causing

biased results.

b) We focus on Dark Scattering, a phenomenologically interesting class of interacting

dark energy models that is characterised by pure momentum exchange between dark

energy and dark matter. This model extends the parameter space with respect to

ΛCDM by two parameters, w and A, which define the dark energy equation of state

and the strength of the coupling between dark energy and dark matter, respectively.

How does the addition of the bispectrum monopole to the power spectrum multipoles

improve constraints on the dark energy parameters, without introducing biases in

the parameter estimation?
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c) Can we achieve a similar level of improvement with more moderate scale cuts

by applying bias relations, hence by decreasing the parameter number when

some relations between nuisance parameters are imposed? Alternatively, can

improvement be achieved by adding the bispectrum quadrupole?

d) When allowing the main cosmological parameters to vary as well, what are

the degeneracies with the extended parameters, w and A, that are the driving

force behind the corresponding projection effects? Does adding the bispectrum

information impact the prior-volume (projection) effects?

Contributions

I led the main analysis for the project, which includes running all MCMC chains

presented in the paper, interpreting results, and drafting the majority of the text.

Chiara Moretti provided the likelihood pipeline, PBJ, and shared her expertise on the

modelling part and simulation set used in this project. I modified PBJ to incorporate

a new dark energy model and performed various checks (such as different samplers and

binning schemes). Pedro Carrilho and Alkistis Pourtsidou made significant contributions

in interpreting the results. Federico Rizzo provided power spectrum and bispectrum

measurements, as well as the covariances from the simulations used in this work.

3.1 Interacting Dark Energy Modelling

In this work we focus on the subclass of Interacting Dark Energy (IDE) models which

exhibits no coupling at the background level and introduces a pure momentum transfer at

the level of linear perturbations. In general, non-gravitational interaction between dark

matter and dark energy can be introduced either at the level of the action [225–227] or

more phenomenologically at the level of the fluid equations [228, 229]. This leads to two

different approaches for our model of interest.

The first approach corresponds to the “Type 3” class of models from the action-based

derivation in Ref. [225]. There, the pure exchange of momentum is generated by a coupling

between the dark matter velocity field and the covariant derivative of the dark energy

scalar field. In this case, the two parameters describing the extension with respect to the

standard cosmological model are given by the coupling strength β and the exponential

factor of the quintessence potential λ. These parameters are included in the action as

follows:

Sϕ =

∫
dt d3x a3

[
1

2
(1− 2β)ϕ̇2 − 1

2
|∇ϕ|2 − V0e

−λϕ

]
, (3.1)

where ϕ is the scalar field (quintessence), the last term is the quintessence potential of

the single exponential form, the dot represents a derivative with respect to cosmic time

and a is the scale factor. This model is explicitly studied in Refs. [230, 231] and has been
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implemented into the CLASS [25, 232] and CAMB [24] Boltzmann codes. These analyses

vary β and λ, while the quintessence potential normalisation, V0, is varied automatically

by the Boltzmann solver in order to match a given Ωϕ today.

The second approach is derived in the elastic scattering formalism in Ref. [229]. The

main idea is that a dark matter particle moves through the isotropic dark energy fluid and

experiences a drag-force proportional to the scattering cross-section between the particle

and the fluid. Since a dark matter particle is more massive than the energy exchange with

the dark energy fluid, they interact via elastic scattering, in a way that resembles Thomson

scattering between non-relativistic electrons and photons in the radiation-dominated era.

Such interaction involves no energy transfer and hence it leaves the energy conservation

equation unchanged with respect to the standard cosmology. Moreover, we assume that

the dark energy density and velocity fields are homogeneous (i.e., δDE = θDE = 0), since

dark energy perturbations are damped within the cosmic horizon. This follows from the

assumption of the dark energy speed of sound being equal to the speed of light, and

was confirmed numerically in Ref. [3]. While these fluctuations become non-negligible at

super-horizon scales, even the most extreme modifications do not contradict the CMB

measurements due to the presence of cosmic variance [230]. In presence of momentum

exchange between the two components of the dark sector, and with the approximation of

homogeneity in dark energy, this IDE model modifies only the Euler equation to

a ∂aΘ+

(
2 + (1 + w) ξ

ρDE

H
+

a ∂aH

H

)
Θ+

∇2Φ

a2H2
= 0 , (3.2)

where ξ = σD/mc with σD is the cross-section of the dark energy - dark matter interaction

and mc the mass of dark matter particle, and Θ = θc/aH with θc the dark matter velocity

divergence. H = ȧ/a is the Hubble rate and it describes the expansion history in the flat

universe composed only of dark matter and dark energy by

H2 = H2
0

(
Ωc,0 a−3 + ΩDE,0 a−3(1+w)

)
, (3.3)

where as above w is the dark energy equation of state parameter. H0, Ωc,0, ΩDE,0 are

the values of Hubble parameter, dark matter density and dark energy density parameters

today. Additionally, the gravitational potential stays unchanged and is given by the

following Poisson equation:

∇2Φ =
3

2
a2H2Ωcδc , (3.4)

where Ωc is the background dark matter density parameter at the scale factor a and δc is

the corresponding density contrast.

Although there is no direct mapping between the elastic scattering and the “Type 3”

models, a particular subclass of “Type 3” models can reproduce the drag-like behaviour

[233]. In Ref. [234] the authors show how these models can be matched approximately.
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Figure 3.1 Left panel: the linear growth factor fractional deviation relative to the ΛCDM
case with DΛCDM = 0.475 for varying values of IDE parameters, w and A.
Right panel: the logarithmic growth rate fractional deviation from the ΛCDM
value fΛCDM = 0.861. Both growth parameters are computed at redshift z = 1.
Parameter A, defining the coupling strength between dark energy and dark
matter, is given in the units of b GeV−1. The red patches in the upper left
and the lower right corners denote the forbidden area of the IDE parameter
space due to the condition A/(1 + w) ≥ 0.

In this work we use the phenomenological approach with parameters w and A = ξ(1 +

w), which characterise the equation of state for dark energy and the coupling strength,

respectively. We assume that w is constant, it affects the expansion history in Eq. 3.3 as

well as structure formation in Eq. 3.2. At the same time, A impacts only the perturbation

growth and is chosen in this form (i.e., a combination of ξ and w) for the purposes of

parameter inference. This is particularly important for w ≈ −1, where we can constrain

A while ξ could take an arbitrary large value.

Parameters w and A modify the linear growth factor D(a) and the logarithmic growth

rate f = d lnD/d ln a. For a constant value of w in the late Universe with redshift

z ≤ 10, in the canonical (phantom) case of wDE > −1 (wDE < −1) the growth factor

is decreased (increased) with respect to ΛCDM. The effect gets more prominent as

the redshift decreases, and for larger values of ξ. This leads to a scale-independent

suppression (enhancement) of the power spectrum at large scales. On smaller scales,

the modification comes from the drag term in Eq. 3.2: for wDE > −1 (wDE < −1) there

is a dissipation (injection) of kinetic energy within collapsed structures. In other words,

for wDE > −1 (wDE < −1) particles inside collapsed objects experience additional friction

(drag), hence it becomes harder (easier) for them to stream away, with a strong and

scale-dependent enhancement (suppression) of the growth of structure in the nonlinear

regime. This behaviour, anticipated from the theory, has been shown to hold true in

N-body simulations in Refs. [3, 234] (see Fig. 1.4).

In this work we consider only one redshift z = 1, at which the impact of the IDE

parameters is observable but not as prominent as at lower redshifts. In Fig. 3.1 we show
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the impact of different values of w and A on the growth parameters at the redshift of

our interest. The ratios are taken with respect to the ΛCDM values: DΛCDM = 0.475

and fΛCDM = 0.861 for our choice of cosmological parameters. The red patches in the

upper left and the lower right corners denote the forbidden area of the IDE parameter

space: the sign of A and (1 + w) has to be the same, since ξ = A/(1 + w) from Eq. 3.2

has to be non-negative. For w < −1 dark energy starts to dominate over matter at later

times than in ΛCDM, hence with decreasing w the growth rate quickly becomes 1 (as in

the matter-dominated epoch) nearly independent from the value of A. The linear growth

factor is also independent of A and is slightly larger than the ΛCDM case for w < −1.

For w > −1 the expected power suppression at linear scales is present, with a stronger

effect for larger values of A.

3.2 Power Spectrum and Bispectrum Modelling

Halos and galaxies are biased tracers of the matter density field [145]. Their clustering

properties up to mildly nonlinear scales can be described using the perturbative

framework. The EFTofLSS formalism is based on perturbation theory, with the addition

of counterterms to account for the impact of unknown small-scale physics, such as galaxy

formation, on large-scale modes. The functional form of the counterterms is specified by

the symmetries of the density field, while the nuisance parameters are determined by the

data. We note that application to data would not be possible without huge effort in the

development on the theoretical side (see, for example, Refs. [33, 34, 147, 235–240], and

for a more comprehensive list for the development of the EFTofLSS see the footnote in

Ref. [241]).

3.2.1 Bias Expansion

Both dark matter halos (the focus of this study) and galaxies are biased tracers of

the underlying matter distribution. The halo overdensity can be expanded as δh =∑
n bn/n!δ

n, where δn are higher powers of the matter density contrast and bn are the

corresponding local bias terms [242]. Halos are formed by the gravitational collapse of

matter from a spatially finite region. Anisotropies created by this process impact the

local distribution of objects, and thus the bias parameters, with tidal effects [243, 244]

and introduce scale dependency by breaking the local assumption [245]. Effects from

an ellipsoidal gravitational collapse are encoded in the non-local operators, dubbed G2

and Γ3
1: the first one represents the tidal stress tensor produced by the gravitational

potential, while the second one acts like a velocity tidal tensor. Effects due to the finite

1The exact expression for these operators as functions of gravitational and velocity potentials are
G2(Φg) = (∇i∇jΦg)

2 − (∇2Φg)
2 and Γ3 = G2(Φg)− G2(Φv).
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size of the collapsing region are taken into account by the higher-order derivative of the

matter field∇2δ. Additionally, the relation between matter and galaxies is also affected by

stochasticity, whose impact can be modeled as an additional contribution to Poisson shot

noise on large scales [246, 247], while on small scales it can exhibit a scale-dependence due

to the halo-exclusion effect [248, 249]. We consider the bias expansion given by [145, 250]

δh = b1δ +
b2
2
δ2 + bG2G2 + bΓ3Γ3 + b∇2δ∇2δ + ϵ+ ϵδδ , (3.5)

where b1 and b2 are the linear and quadratic bias, and the last two terms correspond to

stochasticity contributions. Note that the higher derivative term gives rise to a k2PL(k)

correction, which is degenerate with one of the counterterms. Therefore, we omit b∇2δ in

our analysis, as previously done in Ref. [8]. Moreover, we omit from Eq. 3.5 all operators

that do not contribute to our chosen theoretical models for the power spectrum and

bispectrum. Note that this bias expansion was derived in the context of ΛCDM cosmology.

However, it is still applicable in our model, since IDE features a scale-independent linear

growth, implies the same structure of the SPT kernels (see the next subsection) and

obeys the same symmetries as in ΛCDM (for more information on bias expansion from

symmetries see Refs. [251, 252]).

3.2.2 Power Spectrum and Bispectrum

The mildly nonlinear power spectrum and bispectrum in real space using the EFTofLSS

can be modeled with three ingredients: a) the leading-order contribution in SPT at one-

loop for the power spectrum with the addition of the EFTofLSS counterterms, and at

tree-level for the bispectrum, b) a bias expansion, and c) an infrared-resummation routine

to take the damping of the oscillatory features into account [253, 254]. In addition to that,

to model redshift space quantities we should take the distortions due to peculiar velocities

into consideration. This introduces an additional dependency of the observables on the

direction of separation between the objects with respect to the line-of-sight, ŝ. For the

power spectrum this dependency is characterized by the cosine of the angle formed by

the separation wave-number with the line-of-sight, µ = (k · ŝ)/k. For the bispectrum we

need two cosines, µ1 and µ2, of k1 and k2 with the line of sight ŝ, with the condition

k1 +k2 +k3 = 0. However, it is more convenient to describe triangle configurations with

three wave-numbers (k1, k2, k3), and two angles, θ = arccosµ1 and ξ being the azimuthal

rotational angle of k2 around k1 [255]. In total, the redshift space bispectrum depends

on five variables, three of which determine the shape of the triangle while the remaining

two define its orientation with respect to the line-of-sight.

The complete set of equations we use in this work will be detailed in a forthcoming

paper by Chiara Moretti et al., where we also give a detailed description of the code used

to perform the analysis. Here we briefly highlight the main formulae and techniques used.
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These formulae are the same as in ΛCDM, as the interaction under consideration only

modifies the linear growth factor, D (appearing below via PL) and the linear growth rate

of structure, f .

The expression for the halo power spectrum in redshift space that we adopt in our

analysis is given by

Phh(k, µ) = PSPT(k) + Pctr(k) + Pstoch(k) , (3.6)

in which the first term equals

PSPT(k) = PKaiser(k) + P1−loop(k) = Z1(k)PL(k)

+ 2

∫
d3q[Z2(q,k − q)]2PL(q)PL(|k − q|)

+ 6Z1(k)PL(k)

∫
d3qZ3(k, q,−q)PL(q) (3.7)

with PL being the linear power spectrum and Z1(k), Z2(k1,k2) and Z3(k1,k2,k3) the

redshift space kernels for the loop corrections [255]:

Z1(k) = b1 + fµ2 (3.8)

Z2(k1,k2) = b1F2(k1,k2) +
b2
2
+ bG2S(k1,k2) + fµ2G2(k1,k2)

+
fµk

2

[
µ1

k1
Z1(k2) +

µ2

k2
Z1(k1)

]
(3.9)

Z3(k1,k2,k3) = b1F3(k1,k2,k3) + b2F2(k1,k2) +
b2fµk

2

µ1

k1
+ 2bG2S(k1,k23)F2(k2,k3)

+ bG2fµk
µ1

k1
S(k2,k3)−

4

7
bΓ3S(k1,k23)S(k2,k3) + fµ2G3(k1,k2,k3)

+
(fµk)2

2
Z1(k1)

µ2µ3

k2k3
+ fµkZ1(k1)

µ23

k23
G2(k2,k3)

+ fµk
µ3

k3

[
b1F2(k1,k2) + fµ2

12G2(k1,k2)
]
. (3.10)

Where the symbols without subscripts in the n-th order kernel are k = k1 + ...+ kn and

µ = k̂·ẑ, while kij = ki+kj and µij = k̂ij ·ẑ, Fn and Gn are SPT kernels, and Z3 should be

symmetrised with respect to Fourier momenta. Note that the computation is done under

the assumption of the Einstein-de Sitter (EdS) approximation, i.e., the SPT kernels are

computed with Ωc,0 = 1 in the absence of dark energy, while the time-dependence of

density perturbations is captured by the linear growth factor from the IDE model. The

scale-independent linear growth in IDE and the redshift of our interest being z = 1 allow

us to conclude that EdS is a good approximation accurate at the sub-percentage level (for

a detailed study of the EdS approximation in redshift space see Refs. [256, 257]).

We then apply IR-resummation [253, 254], following the procedure described in detail
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in Ref. [258]. This gives us the re-summed version of the terms above:

PKaiser → (b1 + fµ2)2
[
P nw
L + e−k2Σ2

totPw
L (1 + k2Σ2

tot)
]
,

P1−loop → P nw
1−loop + e−k2Σ2

totPw
1−loop , (3.11)

where Σtot is given by [258]:

Σ2
tot(µ) = (1 + fµ2(2 + f))Σ2 + f 2µ2(µ2 − 1)δΣ2 (3.12)

that depends on

Σ2 =
1

6π2

∫ ks

0

dqP nw(q) [1− j0(qℓosc) + 2j2(qℓosc)] (3.13)

δΣ2 =
1

2π2

∫ ks

0

dqP nw(q)j2(qℓosc) (3.14)

with the spherical Bessel functions j0,2, the separation scale ks = 0.2 h/Mpc, the BAO

scale ℓosc = 102.707 Mpc/h and P nw = P − Pw. The wiggle-no-wiggle splitting is

performed using the Eisenstein-Hu (EH) fitting function [37]: the smooth no-wiggle

component is computed from the convolution of the EH fit for the linear matter power

spectrum with a Gaussian filter with width λ = 0.25. The redshift space loop corrections

lead to 28 independent integrals, which we compute using the FAST-PT algorithm

[158, 159].

The stochastic power spectrum is given by [249]

Pstoch(k) = (1 + αP + ϵk2k
2)n̄−1 , (3.15)

with two free parameters, αP and ϵk2 , describing a constant deviation from purely Poisson

shot noise n̄−1, and higher-order scale dependent corrections generated to account for

the short-range non-locality, respectively. The physical meaning of αP can be explained

with the halo exclusion effect [248, 259]; its value can be either positive (e.g., in galaxy

populations with high satellite fractions) or negative (e.g., in central galaxies of massive

halos) [248]. The term (1 + αP ) n̄
−1 corresponds to the noise parameter N usually

used in the literature, which denotes a scale-independent noise power spectrum. In this

work we include scale-dependency into the shot noise, a feature which is supported by

numerical simulations [260]. Furthermore, as we show below, the data prefers a strong

scale-dependence in the shot noise (see Subsection 3.3.1 and Fig. 3.2).
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The EFTofLSS counterterms for this model are

Pctr(k, µ) = −2c̃0k
2P̃L(k)− 2c̃2k

2fµ2P̃L(k)

− 2c̃4k
2f 2µ4P̃L(k) + Pctr,∇4δ(k, µ) , (3.16)

with the IR re-summed linear power spectrum

P̃L(k) = P nw
L + e−k2Σ2

totPw
L (3.17)

and an additional counterterm proportional to µ4k4P̃L(k) to include higher-order contri-

butions and model to some extent the Finger of God effect (FoG):

Pctr,∇4δ(k, µ) = c∇4δk
4f 4µ4(b1 + fµ2)2P̃L(k) . (3.18)

Overall, this power spectrum model includes in total 10 parameters: {b1, b2, bG2 , bΓ3 , c̃0,

c̃2, c̃4, αP , ϵk2 , c∇4δ }.
For the tree-level bispectrum the expression at tree-level is given by

Bg(k1,k2, ŝ) = Bstoch(k1,k2, ŝ)

+
∑

k1≤ki≤kj≤k3

2Z1(ki)Z1(kj)Z2(ki,kj)P̃L(ki)P̃L(kj) , (3.19)

with the stochastic contribution

Bstoch(k1,k2, ŝ) = (1 + αB)n̄
−1

3∑

i=1

Z2
1(ki)P̃L(ki) + n̄−2 , (3.20)

where αB describes a deviation from the Poisson limit. In contrast to Ref. [151], we do

not include the FoG modelling and its corresponding parameter in our tree-level model,

since such a contribution is expected only at 1-loop level and our data consists of halos

only. This leaves the halo bispectrum to be described by 4 parameters: {b1, b2, bG2 , αB }.
Overall, we express our theoretical prediction in terms of multipoles, in order to

eliminate the µ-dependence. For the power spectrum we compute

Pl(k) =
2l + 1

2

∫ 1

−1

dµPhh(k, µ)Pl(µ) (3.21)

where Pl(µ) are the Legendre polynomials of order l and Phh(k, µ) is the redshift space

power spectrum given by Eq. 3.6. In this analysis we use the monopole (l = 0), quadrupole

(l = 2), and hexadecapole (l = 4). Studies have shown that these three multipoles contain

most of the cosmological information (e.g., Refs. [34, 165, 261]).

An analogous expansion can be applied to the bispectrum, by expanding in terms of
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spherical harmonics as

Bh(k1, k2, k3, θ, ξ) =
∑

l

l∑

m=−l

Blm(k1, k2, k3)Y
m
l (θ, ξ) (3.22)

with the same convention for triangle description as above [255]. The expansion

coefficients are given by

Blm(k1, k2, k3) =

∫ 1

−1

d cos θ

∫ 2π

0

dξBh(k1, k2, k3, θ, ξ)Y
m
l (θ, ξ) . (3.23)

As is typical in the literature, when we describe the redshift space multipoles of the

bispectrum, we consider only the case with m = 0, as it has been shown that such

seemingly strong compression does not lead to a significant loss of information [262]. This

allows us to write the bispectrum version of Eq. 3.21, since the spherical harmonics reduce

to Legendre polynomials in the m = 0 case:

Bl(k1, k2, k3) =
2l + 1

2

∫ 1

−1

d cos θ

[
1

2π

∫ 2π

0

dξBh(k1, k2, k3, θ, ξ)

]
Pl(cos θ) . (3.24)

Let us briefly list the known degeneracies, which follow from previous studies, our tests

and theory directly:

1. f − b1 are anti-correlated: both parameters control the amplitude on large scales,

they occur combined with various powers in the model, hence if one gets larger the

other should decrease.

2. The counterterms c̃0, c̃2, c̃4 and c∇4δ are all slightly degenerate with one another, but

especially strong is the anti-correlation between c̃4 and c̃2. This becomes clear after

the projection of Eq. 3.16 into multipoles: for the monopole the first three terms

in this equation yield −1/2 (2 c̃0 +0.7 c̃2f +0.4 c̃4f
2) k2PL, while for the quadrupole

we obtain −5/2 (0.3 c̃2f + 0.2 c̃4f
2) k2fPL. For instance, for f ≈ 1 the counterterm

parameters c̃4 and c̃2 cancel each other out if c̃4 ≈ −c̃2. In these ad-hoc calculations,

we have neglected the angle-dependence in the linear power spectrum due to IR-

resummation, which however will affect the counterterms in the same way and does

not impact our argument. Additionally, c̃4 cannot be constrained without the power

spectrum hexadecapole data. This can be seen directly from Eq. 3.16 where there are

three terms with coefficients c̃0, c̃2, c̃4 that all of them have a form of k2PL(k). From

this it follows that we need all three multipoles to constrain all three parameters.

3. The nonlinear bias parameters b2, bG2 and bΓ3 are all degenerate: b2 is correlated

with bG2 , while bG2 and bΓ3 are strongly anti-correlated. The power spectrum model
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includes overall 30 independent contributions (28 for the loop-corrections and 2 for

the shot noise), in which the bias parameters come as products with various powers

and various combinations: for instance, b2 appears as b1b2, b
2
2, b2f , so that it can be

constrained with power spectrum data only, while bΓ3 appears only twice and only

linearly in combination with b1 and f , which makes it harder to constrain. However,

the inclusion of the tree-level bispectrum solves this issue, since the bispectrum

model does not include bΓ3 . Additionally, due to the absence of bΓ3 , b2 and bG2 are

better constrained since the strong degeneracy is not present anymore. Therefore, we

expect measurements of b2 and bG2 to be more precise from bispectrum measurements

only, although b1 is better constrained by power spectrum only measurements.

4. The noise parameters are anti-correlated with one another since they both control

the deviation from Poisson shot noise (constant and scale-dependent). They

dominate on small scales together with other effects like FoG and the monopole

counterterm, hence we expect correlations between αP , ϵk2 and c̃0, c∇4δ.

3.3 MCMC Analysis

3.3.1 Data

In this work we analyse halo power spectrum and bispectrum measurements in redshift

space from the large set of 298 Minerva N-body simulations [30, 263]. These follow

the evolution of 10003 dark matter particles in a cubic box of side L = 1500 Mpc h−1,

corresponding to a total effective volume of ∼ 1, 000 Gpc3 h−3. The mass cut in the

halo catalogues is set to 1.12 · 1013M⊙ h−1, with a resulting halo mean number density of

n̄ = 2.13 · 10−4 h3 Mpc−3. We limit this study to a single redshift z = 1. The binning

scheme we apply is given by: ki = (2 + (i − 1))kf , with the fundamental frequency

kf = 2πL−1, the bin size is ∆k = kf , and the total number of bins is Nk = 128 for

the power spectrum and Nk = 29 for the bispectrum (with a total number of triangles

Nt = 2766). For a detailed description of the measurements, the halo catalog construction

and the estimators, we refer the reader to Refs. [7–9].

The fiducial cosmology of the simulations is the ΛCDM best-fit of the combined analysis

of WMAP and BOSS DR9 results [264] and is given by: h = 0.695, Ωm = 0.285, Ωb =

0.046, ns = 0.9632, σ8 = 0.828. This means that the fiducial IDE parameters we should

recover are w = −1 and A = 0.

3.3.2 Covariance

The covariance matrix is constructed from 10,000 mock halo catalogues produced with

the Pinocchio code [27, 265], 298 of which have initial conditions chosen to match the
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initial conditions of the 298 Minerva simulations, while the rest have different initial

seeds. The total halo power spectrum of the mock catalogs is matched to the one of

the N-body simulations at large scales by adjusting the mass threshold [7]. The large

number of mocks allows us to suppress the noise in the off-diagonal components, giving a

more accurate covariance, which allows us to better assess the goodness of the fit of the

theoretical models we study.

The uncertainties associated to a measurement inferred from this covariance correspond

to the volume of a single realisation. However, in our analysis we fit the 298 realisations

simultaneously by summing up their log-likelihoods (see Subsection 3.3.3), thus we

effectively fit for the full simulation volume of ∼ 1000 Gpc3 h−3. This volume is

unrealistically large when compared to a typical redshift survey, but can be used to study

the theoretical systematics of the model. To perform a more realistic analysis, the volume

can be decreased in two ways:

1. Fitting fewer measurements: it is sufficient to decrease the number of measurements

(e.g., in our case 4 realisations correspond to 13.5 Gpc3 h−3), while using the same

covariance for a single measurement. However, during various tests we found that

the resulting parameters and the goodness-of-fit vary substantially depending on

the particular set of simulations selected. We interpret this as a consequence of the

fact that the volume of a single simulation is large, since we obtain large amount of

low wave-number modes, which are heavily affected by cosmic variance.

2. Rescaling the covariance: this mimics the effect of analysing a subset of measure-

ments, but with the same suppression in cosmic variance as if we were fitting all of

them. Unfortunately, due to the artificial rescaling of the covariance we cannot use

the traditional measure of goodness-of-fit, the χ2-statistic, because the increased

error bars do not match the scatter in the measurements.

In order to mimic the error budget of Stage-IV spectroscopic galaxy surveys, we rescale

the measured covariance Cij by a factor η:

Cresc
ij =

η

NR +NC

NR+NC∑

α=1

(Xα
i −Xi)(Y

α
j − Yj) , (3.25)

where NR and NC are the number of measurements from the simulations and catalogs,

X, Y ∈ {Pl1 , Bl2} with l being the multipole order, α is the realisation index, i and j

denote indices of the wave-number or triangle configuration bin. This factor η is a ratio

between the effective volumes of all simulation realisations and a typical Stage-IV survey

with V ∼ 8 Gpc3 h−3 at z = 1, giving η ≈ 126. The effective volume is computed as [266]

Veff =

[
n̄Phh(k

∗)

1 + n̄Phh(k∗)

]2
V , (3.26)
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Figure 3.2 Upper panel: measurements of the halo power spectrum multipoles – monopole
(l = 0, blue crosses), quadrupole (l = 2, purple dots) and hexadecapole (l =
4, orange triangles). The solid curves correspond to the posterior-averaged
theoretical predictions of the joint model with IDE for the following scale cuts
(dashed vertical lines): kl=0,2

max,P = 0.225 h Mpc−1, kl=4
max,P = 0.1 h Mpc−1 and

kl=0
max,B = 0.111 h Mpc−1. Lower panel: measurements of the halo bispectrum

monopole (green crosses). Note that the Poisson shot noise contribution is
not subtracted. Shaded areas denote the uncertainties on the mean of the
observables. The lower panels show the ratio of residuals to errors on the
mean of the observables.
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where n̄ is the mean number density, V is the volume of the measured simulation and

k∗ = 0.1h Mpc−1 is the reference scale. This allows us to roughly match our simulation

data to that expected from future surveys, giving similar constraining power and signal-

to-noise ratio. It also allows us to extend the range of validity of the theoretical model

up to higher values of kmax with respect to the cuts we would have to adopt in the case

of the non-rescaled covariance and the full volume of the simulations.

It is important to notice that shot noise is not subtracted from our measurements

(both the Minerva and the Pinocchio ones). This is particularly prominent in the power

spectrum monopole, as can be seen at small scales in Fig. 3.2. In this figure we show

the average of the measurements with the corresponding error bars from the rescaled

covariance, the chain averaged model from the joint Bayesian analysis (described below)

and their residuals. Notice that the very small scatter in the residuals of the monopole

and quadrupole (middle-left panel) is an artifact of our inflated error bars, while for the

hexadecapole (bottom-left panel) we have some residual scatter due to the fact that we

evaluate the model on the effective modes rather than performing the full average binning.

3.3.3 Likelihood Evaluation

In a Bayesian framework [189, 191], the probability of a model given some data is

proportional to the product between the probability of obtaining the data under the

assumption that the model is correct and the probability of the model parameters to have

the corresponding values. In other words, the posterior distribution is proportional to the

likelihood function multiplied by the prior distribution (Eq. 2.1).

In our analysis we choose the priors on nuisance parameters to be non-informative:

they are uniform and very broad. We consider as fiducial values for these parameters

the best fit values obtained in previous studies [8, 9]. Tests were performed to verify

that the prior choice does not influence the parameter inference process. However, the

priors on the IDE parameters w and A are informative and depend on each other. The

equation of state parameter w has a flat prior with size [−2,−0.5]. For w < −2 dark

energy starts to dominate over matter at a later epoch than our redshift of interest z = 1,

so that the growth rate converges quickly to 1 independent from ξ as in the matter-

dominated epoch. As for the upper bound, we have observational evidence of the late

time acceleration, which implies w < −1/3. The parameter A also has a flat prior with

size [−20, 20], but with the additional condition that A must have the same sign as

1 + w. The upper limit for A is given under the consideration of the upper bound for

w and the most extreme value of ξ = 50 b GeV−1 tested out in simulations [3], while

the lower limit is chosen to have a symmetric prior around the fiducial value of A = 0.

Later, when varying additional cosmological parameters, we expand the prior on A to

[−500, 500] b GeV−1. The additional condition on the sign is explained by the fact that
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the parameter ξ = A/(1 + w) has to be non-negative, since it represents the ratio of two

positive quantities: the cross section of dark sector interactions and the mass of dark

energy particles (see discussion at the end of Section 3.1).

Given NR = 298 independent realisations, we evaluate the total likelihood as the

product of individual likelihoods, under the assumption that each is well described by a

multivariate Gaussian. As already mentioned, instead of fitting the mean of all realisations

with the total volume covariance, we fit each individual simulation and compute

− 2 lnLtot = −2

NR∑

α

lnLα =

NR∑

α=1

Nb∑

i,j=1

(
Xα

i −Xtheo
i

)
C−1

X,ij

(
Xα

j −Xtheo
j

)
, (3.27)

where Xα
i is the power spectrum or bispectrum multipole measurement from the α-

realisation of the i-th Fourier bin from the total number of bins Nb, X
theo
i is the theoretical

prediction and Cij is the rescaled covariance matrix from equation Eq. 3.25. We also test

applying the correction to the likelihood function suggested in Ref. [267], which should

take into account the finite number of mocks used in the construction of the covariance

matrix:

−2 lnLα = NM ln

(
1 +

χ2
α

NM − 1

)
, (3.28)

where NM is the number of mock catalogs. We found no impact on the posterior

distributions, which confirms our expectation of a negligible effect given the large number

of mocks catalogues used.

Our likelihood pipeline uses the emcee package [210] to sample the posterior distribu-

tion. We run the MCMC with 300 walkers, and assume them to have reached convergence

after 30000 steps in the analysis which only includes the power spectrum multipoles, and

after 15000 steps when the bispectrum multipole(s) is (are) included.

3.3.4 Model Evaluation

The evaluation of the theoretical model should in principle be performed on the same

grid that is used for the measurements, and the model should be binned in the same way.

This can be understood as the resolution of the following discrepancy: the theoretical

prediction assumes an infinite universe with an infinite number of k-values, while in our

case the measurements are performed in boxes with periodic boundary conditions, hence

over a restricted number of k-bins. In general, there are four approaches to resolve this:

1. Full binning: compute an exact average of the theoretical predictions for the

observables over each bin in Fourier space. In other words, calculate the theoretical

model at each qi ∈ ki, with ki being a Fourier bin and qi denoting all discrete wave-

numbers in a bin of size ∆ki, and then find a mean value. In our work the bin

size equals the fundamental frequency ∆k = 2π/L. Advantage: this is the most
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consistent way; disadvantage: it is computationally demanding especially when re-

computing the model at each step of the likelihood evaluation.

2. Effective binning: evaluate the theoretical predictions only at one “effective” wave-

number, which is computed as the average over each bin centered at k for the power

spectrum multipoles, while for the bispectrum the “effective” triplet is computed

in a similar but hierarchical way (see equation B.2 in Ref. [9]). Advantage: less

computationally expensive; disadvantage: it might introduce systematic errors

comparable to the statistical uncertainties for the full volume of our data set [7].

3. Expansion approach [8]: this is an extension of the effective approach which includes

a Taylor expansion of the theoretical model around the effective wave-number up

to second order. Advantage: high accuracy, especially for the hexadecapole of the

power spectrum; disadvantage: it can be computationally demanding if a large

number of terms is involved.

4. Integration approach: similar to the averaging approach, but the integral is

computed instead of building an average as a sum over the multipoles, divided

by the number of all discrete vectors in a bin. This approach is popular in the

literature [151, 268] but similarly to the effective binning it can introduce non-

negligible systematic errors, especially for folded triangles. However, this issue can

be bypassed by introducing “discreetness weights” as corrections [151].

In our study we choose the effective binning for power spectrum and bispectrum

multipoles. Our tests show that this type of binning does not have an impact on the

inferred parameters due to the enhanced size of our uncertainties after rescaling the

covariance, while being the most computationally efficient.

We also note that in the bispectrum case we include all triangular configurations with

k1 ≥ k2 ≥ k3 in our analysis, and do not separate them into squeezed/equilateral/isosceles

configurations as is common in the literature. Previous studies (e.g., Refs. [7, 268, 269])

show that the signal-to-noise ratio and the accuracy of a model increase for high kmax

if nearly equilateral triangle bins are excluded, while still including elongated triangle

configurations. Whether or not this selection improves our constraints of dark energy

models when adopting realistic error bars is a subject of our future studies. However, we

expect the effect to be minimal.

3.3.5 Model Selection

Our goal is to determine the appropriate scale cuts and forecast the constraining power

of future surveys for the IDE parameters, w and A. It is crucial to determine the largest

range of scales which can be used to extract information from the data in an unbiased
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manner and tighten the cosmological constraints. This can be also achieved by removing

or alleviating degeneracies between the parameters of the theoretical model. For instance,

bias relations (i.e., the relations between bias parameters based on their connection due

to the underlying physics of gravitational collapse) are able to reduce the parameter

space without introducing bias in the estimated parameters. In order to evaluate whether

a certain scale cut or a reduction of degeneracies in parameter space provide a better

description of the observables we need a way to quantitatively compare the posterior

distributions from our Markov chains. Since the χ2-statistic is not valid anymore as a

measurement of the goodness-of-fit, due to the rescaling of the covariance matrix (see

discussion in Subsection 3.3.2), we make use of two performance metrics to select the best

scale cut and/or reduced model (see a similar approach in Refs. [249, 270]):

1. the Figure of Bias (FoB) quantifies the relative separation of the measured

parameters from their fiducial values in terms of the variance of the posterior

distribution. We calculate the 68% - 95% percentile thresholds for the FoB by

assuming the posterior distribution of the parameters of interest to be Gaussian.

Hence, for one parameter the 68% threshold equals 1, while for two parameters the

integration of two-dimensional Gaussian over an ellipse results in a FoB of 1.52. It

is defined as

FoB =
√
(θfid − θ̄)S−1(θfid − θ̄) , (3.29)

where θ̄ and θfid are vectors labeling, respectively, the posterior averages and fiducial

values of the parameters we want to measure, and S = cov(θ) is the covariance

matrix of the parameters calculated from the chains. In our case, θ = [w,A] and

θfid = [−1, 0];

2. the Figure of Merit (FoM) shows the merit of the considered model with respect

to the parameters varied in the fit. It is the inverse of the volume of the 68%

contours of the parameters, effectively giving a global measure of the inverse size of

the uncertainties obtained on the parameters [271]. This is given by

FoM =
1√

det(S)
. (3.30)

3.4 Results

3.4.1 Joint Base Model

In total our base model contains 13 parameters: {w, A, b1, b2, bG2 , bΓ3 , c̃0, c̃2, c̃4, αP , ϵk2 ,

c∇4δ, αB }. Firstly, we aim to find the highest kmax at which the model parameters are not

biased while the constraints on the dark energy parameters are the most informative (i.e.,
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Figure 3.3 Performance measures as a function of the maximum wave-number of the
observable(s) for the following models. Left panel: the model includes only
the monopole and quadrupole of the power spectrum (blue crosses). Middle
panel: the hexadecapole (orange crosses) is added to the lower order power
spectrum multipoles with their highest Fourier mode fixed to the best scale cut
kl=0,2
max,P = 0.225 h Mpc−1 from the left panel. Right panel: the joint models —

the power spectrum monopole and quadrupole with the bispectrum monopole
(light-green crosses), the power spectrum monopole and quadrupole plus the
bispectrum monopole and one counterterm parameter set to zero (dark-green
dots), all power spectrum multipoles and the bispectrum monopole with the
highest Fourier mode for the hexadecapole kl=4

max,P = 0.1 h Mpc−1 (dark-red
triangles). The dashed grey lines correspond to the values of kmax used in
the joint analyses: for the power spectrum monopole and quadrupole (left
panel) and the hexadecapole (middle panel). The confidence intervals for
FoB are calculated by direct integration of a two-dimensional Gaussian over
an ellipse between ± FoB and equating the integral to the 68% and 95%
percentile thresholds, which results in FoB equal to 1.52 and 2.49, respectively.

FoM reaches its maximum). For this purpose we run our likelihood pipeline, calculate the

performance metrics and check the posterior distributions for the nuisance parameters.

The latter is done in order to avoid any deviation larger than two standard deviations

from the fiducial values for b1, b2, bG2 , bΓ3 αP , ϵk2 and αB as determined in the previous

analyses of Refs. [7–9]. Note that the counterterms in real space and in redshift space are

not the same.

We vary the value of kmax jointly for the power spectrum monopole and quadrupole,

as is typically done in analyses of observational data [165]. The scale cut is varied in the

range of kl=0,2
max, P ∈ [0.1, 0.3] h Mpc−1 and is found to maximize the FoM while keeping

the FoB within one standard deviation at 0.225 h Mpc−1. This can be seen in the left

panel of Fig. 3.3, where blue crosses correspond to the joint analysis of the lower order
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power spectrum multipoles. Keeping this value fixed, we then add the hexadecapole with

kl=4
max, P ∈ [0, 0.2] h Mpc−1. We expect our model to describe it less efficiently than the

lower order multipoles, therefore the range of scales included for P4 is smaller than for

P0 and P2. Unsurprisingly the addition of the hexadecapole allows us to constrain c̃4 and

hence improve significantly the constraints on c̃2, as well as on the other counterterms,

though less significantly. However, we see in the middle panel of Fig. 3.3 no improvement

in the constraints of the IDE parameters, the hexadecapole only slightly decreases the FoM

and increases the FoB. This finding is in agreement with the conclusions of Ref. [272].

Next we include the bispectrum monopole, B0. This is shown in the right panel of

Fig. 3.3. We perform the analysis by adding it to P0 + P2, since the power spectrum

hexadecapole does not contribute to the improvement of the constraints in the IDE

parameters. The results are denoted by the light green crosses connected by a solid

line. We observe an increase in the FoB and no improvement in the FoM for scales up to

kl=0
max, B = 0.08 h Mpc−1 for P0 + P2 +B0. However, for k

l=0
max, B > 0.08 h Mpc−1 we notice

a steep growth in the FoM as we add more k-bins. Clearly, inclusion of the small-scale

information contained in the higher k-bins provides better constraining power, especially

since the number of triangles increases significantly with each bin. The results do not show

a bias in any of the parameters of the model, at least up to the 27-th k-bin (corresponding

to kl=0
max, B = 1.12 h Mpc−1) from the total 29 bins of our measurements.

Additionally, we perform a joint analysis with the hexadecapole of the power spectrum

included up to 0.1 h Mpc−1, which is rather conservative and common in the literature.

This model with all power spectrum multipoles and B0 shows a mild but continuous

improvement of the FoM in comparison to the model with only lower order power spectrum

multipoles (see the dark red triangles in the right panel). Noticeably, adding the power

spectrum hexadecapole in the joint analysis with the bispectrum monopole always results

in a smaller FoB (and thus bias) of the IDE parameters. We check whether the same

effect could be achieved by setting the otherwise unconstrained c̃4 to zero in the model

with the monopole and quadrupole only. As expected, the constraints of the P0+P2+B0

model are not sensitive to this change. This is shown by the dark-green dots in the

right panel, which overlap with the light-green crosses of the base model with c̃4 ̸= 0.

We therefore conclude that the inclusion of the hexadecapole of the power spectrum, in

combination with the bispectrum monopole, can help (especially at lower scale cuts) by

breaking degeneracies between the counterterms and bias parameters.

The full posterior plot is shown in Fig. A.1 of Section A.1. Additionally, we present in

Fig. 3.4 the triangle plot for the marginalized posterior distribution of the IDE parameters.

The characteristic “butterfly” pattern, in which the posterior distribution is present only

in two quadrants – upper-right and lower-left, is the consequence of the priors on the

IDE parameters with the condition A/(1 +w) ≥ 0, as described in Subsection 3.3.3. The

w−A contour shows a strong degeneracy: as argued in Section 3.1, a very negative value
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power spectrum multipoles are given by the solid orange line, the joint analysis
of the power spectrum monopole plus quadrupole and bispectrum monopole is
presented by the dotted-dashed light-green line, and the full joint analysis is
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for the forbidden regions with A/(1 + w) < 0 is an artifact of the smoothing
used for plotting.
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of w leads to a later start of the dark energy dominated epoch, hence to a longer matter

domination which is associated with increased growth of structures. A negative value of A

leads to extra drag in Eq. 3.2, and thus to an enhancement of the growth of structures in

the linear regime (the opposite is true for the nonlinear regime, as discussed in Section 3.1).

On large scales the drag term acts in the same direction as the gravitational acceleration,

since the velocity field is always aligned with the spatial gradient of the gravitational

potential in the linear regime. The opposite happens for w > −1 and A > 0. This is in

line with what can already be seen in Fig. 3.1 and its diagonal (from upper left to lower

right) pattern in the growth rate f , and is particularly prominent in the upper right corner

(for positive values of A and (1+w)). There we observe the same level of suppression for

either a larger w value with A fixed, or for a larger A value with w fixed. It is therefore

apparent how the two effects are strongly degenerate, which results in larger uncertainties

on them, especially in biased cases. Such a conclusion is in agreement with the findings

of Ref. [272].

In addition to the base model with 13 parameters, we run the joint analysis adopting

some assumptions that are common in the literature: bΓ3 = 0 and/or ϵk2 = 0. Assuming

that noise is scale-independent (as opposed to leaving the ϵk2 parameter free), results in

no improvement and no bias in the constraints. This is a consequence of the rescaled error

bars, since we know from the real space analysis with the full volume of the simulations

by Ref. [8] that the scale-dependent term in shot noise is relevant at larger Fourier modes

due to accounting for additional corrections beyond the assumed one-loop model. The

assumption of bΓ3 = 0 does not yield improved constraints, but it biases the noise

parameters αP , ϵk2 and αB by more than 2σ with respect to the fiducial values. This

is in line with the joint analysis performed on the same data set in real space, which

measures bΓ3 = 0 to be inconsistent with zero at more than 2σ [8]. The assumption of

both conditions results in bias in the noise parameters and bG2 at more than 2σ level,

while αB gets biased at more than 3σ level. From this we conclude that, when including

the bispectrum monopole, bΓ3 should not be set to zero.

3.4.2 Bias Relations

Although the strong degeneracy between bG2 and bΓ3 is broken by the inclusion of the

bispectrum monopole in the analysis, we are still interested in the impact of bias relations

for two reasons: firstly, to reduce the dimensionality of the parameter space; secondly, we

know that both A and w are correlated with b1, hence a tighter constraint on the latter

will lead to tighter constraints on the IDE parameters.

We investigate the full joint analysis of P0+P2+P4+B0 for the following bias relations:
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Figure 3.5 Implementation of the bias relations into the joint analysis of all power
spectrum multipoles with the bispectrum monopole. Left panel: performance
metrics as a function of the maximum wave-number of the power spectrum
monopole and quadrupole with the highest Fourier mode of the bispectrum
monopole set to the moderate value of kl=0

max,B = 0.08 h Mpc−1. Right
panel: performance metrics as a function of the maximum wave-number of the
bispectrum monopole with the highest Fourier modes of the power spectrum
multipoles set to kl=0,2

max,P = 0.225 h Mpc−1 and kl=4
max,P = 0.1 h Mpc−1.

The dark-red triangles correspond to the base model with 13 parameters, the
olive crosses denote the tidal bias relation, the purple stars represent the
b2-relation, the dark-cyan squares denote the combined relation of b2 and
bG2. Note that the application of the combined or the tidal-bias relation leads
to stronger constraining powers on the IDE parameters. This is especially
prominent in the right panel for kl=0

max,B ≥ 0.09 h Mpc−1. The confidence
intervals for FoB are calculated as in Fig. 3.3.
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1. the fit from the separate universe simulations presented in Ref. [273]2 :

b2(b1, bG2) = 0.412− 2.143b1 + 0.929b21 + 0.008b31 +
4

3
bG2 ; (3.31)

2. the fit from the excursion set approach of Ref. [249]:

bG2(b1) = 0.524− 0.547b1 + 0.046b21 ; (3.32)

3. the combination of both relations: b2(b1, bG2(b1)).

These relations have been shown to improve the fits of the power spectrum and bispectrum

in Refs. [7–9]. Results for the individual relations as well as for the combined one are

shown in Fig. 3.5 in terms of the FoM and FoB metrics. We notice that the b2(b1, bG2)

relation, denoted by purple stars, does not impact our constraints both when varying the

maximum wave-number for the power spectrum (left panel) and for the bispectrum (right

panel). This can be explained by a combination of two factors. Firstly, the fact that

in our base model the b2-relation always stays consistent with the fiducial value of b2,

that measured from the real space analysis of Refs. [7–9], which implies that we are not

introducing any new information with the bias relation. Then, while a different behaviour

has been seen in the analysis of Ref. [8] in Fig. 8 with very small error bars, the fact that

ours are “realistic” (larger) for Stage-IV surveys means that we cannot detect this effect.

On the other hand, the tidal bias relation (olive crosses) and its combination with the

b2-relation (dark-cyan squares) lead to a reduction in the constraints on w, A, b1 and

b2. This improvement is particularly prominent in the right panel, where the number

of modes in the bispectrum monopole is varied while the scale-range of power spectrum

multipoles is fixed. At kl=0
max,B = 0.1 h Mpc−1 we see the bG2(b1) has a higher value of FoM,

which equals ≃ 7.5 and is larger than FoM≃ 4 of the base model with the same largest

Fourier mode. However, for kl=0
max,B > 0.1 h Mpc−1 cases (ii) and (iii) cause a continuous

shift of the IDE parameters to the positive values of A and (1 + w). Nonetheless, even

for kl=0
max,B = 0.111 h Mpc−1 all nuisance and IDE parameters stay within 2 standard

deviations of their fiducial values (see the full posterior distribution in Fig. A.2), FoM

reaches ≃ 11 for both relations. From the lower right panel we see that the combined bias

relation results in the less biased dark energy parameters, in contrast to the tidal-relation

only.

We note that the bias relations applied here are derived in the context of the ΛCDM

cosmology. From the simulations performed in Ref. [3], we know that at the redshift

of our interest deviations of the halo mass function from the standard cosmology are

negligible. Moreover, the measurements in our analysis do not include modifications in

2The additional term 4
3bG2

is due to the difference in the definition of the tidal-bias operator in the
reference and our notation.
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Figure 3.6 Joint analysis of all power spectrum multipoles with the bispectrum monopole
(dark-red triangles) and quadrupole (purple stars). The performance metrics,
FoM and FoB, are presented as a function of the maximum wave-number
on both multipoles of the bispectrum. Evidently, inclusion of the bispectrum
quadrupole leads to tighter constraints on the IDE parameters for kl=0,2

max,B ≥
0.09 h Mpc−1. The confidence intervals for the FoB are calculated as in
Fig. 3.3.

the gravitational interaction. Therefore, the application of the bias relations is justified.

Nevertheless, we aim to study the impact of the interactions between dark matter and

dark matter on the bias relations in our future work.

3.4.3 Bispectrum Quadrupole

Recent progress in measuring the bispectrum multipoles from simulations [9] showed that,

while the monopole constrains mostly the bias parameters b1, b2 and bG2 , the quadrupole

can break the b1 − f degeneracy and can constrain the growth factor even in the case of

a bispectrum only analysis. These constraints on the growth rate from the bispectrum

multipoles are weaker than the ones that can be obtained from the power spectrum

multipoles. The argument for the inclusion of higher order multipoles of the bispectrum

is also discussed in Refs. [274, 275].

However, it raises the question: if including the bispectrum quadrupole improves the

constraints on the growth rate, does it also do so for the IDE parameters, w and A? In

particular, it is interesting to investigate if this holds also in the case of Stage-IV-like error

bars, such as the ones we employ here. We run our likelihood pipeline for the base model

and find that indeed, for kl=0,2
max,B > 0.09 h Mpc−1, the addition of the quadrupole improves
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the constraints on the dark energy parameters. Our results are shown in Fig. 3.6, where

dark-red triangles denote the power spectrum multipoles plus the bispectrum monopole,

while the addition of B2 is denoted by purple stars. We note that the FoB and FoM

as functions of kmax resemble the trend obtained in the previous section with the bias

relations, with the exception that in the present case the slope of the FoM in the upper

panel is steeper at large wave-numbers. For instance, for kl=0,2
max,B = 0.1 h Mpc−1, we get

FoM ≃ 9, while with the tidal bias relation from the previous section and without the

bispectrum quadrupole we obtained FoM ≃ 7.5. The full posterior distribution for the

kl=0,2
max,B = 0.111 h Mpc−1 can be seen in Fig. A.3. The increase in the FoM is the result of

an improvement in the constraints on the IDE parameters and the linear bias. Moreover,

because of the degeneracy between the linear bias and the other bias parameters, a tighter

constraint on the former leads to the latter being more constrained too. This effect

is more significant than in the case of the bias relations, and avoids resorting to such

relations, which might not be valid in extended cosmological models. This is a hint that

the bispectrum quadrupole might play a crucial role in constraining extended cosmological

models with spectroscopic galaxy clustering data.

3.4.4 Forecast for wCDM

In addition to IDE, we repeat our analysis for the simplest extension to ΛCDM model in

which w = w0 is constant, but can assume values different from −1 (see Subsection 1.3.1).

We assume the same flat prior of w as described in Subsection 3.3.3 without imposing

any additional theoretical constraints (similar to Ref. [203]). However, w < −1 leads to

gradient instabilities and should not be considered as a viable smooth quintessence theory

in which the dark energy speed of sound equals the speed of light. See Ref. [276] for the

analysis with the theoretical prior on w in smooth quintessence, as well as the case of

w < −1 in clustering quintessence.

Based on what we have learned with the IDE model we perform the following analyses:

1. base model with kl=0
max,B = 0.111 h Mpc−1;

2. combined bias relations with kl=0
max,B = 0.095 h Mpc−1;

3. bispectrum monopole and quadrupole with kl=0,2
max,B = 0.09 h Mpc−1.

We obtain the following constraints on the dark energy equation of state parameter for

the three runs respectively: w = −0.99 ± 0.10, −0.98 ± 0.10, −0.99 ± 0.09. The full

posterior is shown in Fig. A.4. All three cases result in similar level of uncertainty on

the inferred parameters, except on the shot noise parameter of the bispectrum for which

both the bias relations and the inclusion of B2 yield tighter constraints. However, the

improvement with respect to the analysis with the power spectrum only is apparent,
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roughly 38%, demonstrating once again that the inclusion of the bispectrum does increase

the cosmological information that can be extracted from the data.

With the same setup of kl=0,2
max,P = 0.225 h Mpc−1, kl=4

max,P = 0.1 h Mpc−1 and kl=0
max,B =

0.111 h Mpc−1 we obtain larger uncertainties on w for the wCDM cosmology than in the

IDE case. This may seem counter-intuitive, since wCDM contains one fewer parameter.

However, when we compare posterior distributions against each other, the contours in

wCDM are always tighter or equal to the IDE case and the difference in σw can be

explained by the non-Gaussian form of the posterior distribution and the corresponding

projection effects in the IDE case (for more about projection effects of marginalisation

see Ref. [277]).

3.4.5 Degeneracies with Cosmological Parameters

We discussed above the degeneracies between nuisance and IDE parameters in the case of

fixed cosmology. Now we aim to understand the interplay between w, A and cosmological

parameters. We first consider the scalar amplitude As with a flat prior 1 ≤ ln 1010As ≤ 4.

Since w and A enter the model through the linear growth factor, they are degenerate

with any parameter controlling the amplitude of the power spectrum (as argued above

for the degeneracy with the linear bias b1). Hence, there is a strong degeneracy between

IDE parameters and the primordial amplitude As, which limits the measurement of those

parameters individually in an analysis where the full cosmological parameter space is

explored.

However, in such a realistic cosmological analysis, one should also take into account the

Alcock-Paczynski effect (AP) [171], arising from the assumption of a particular cosmology

when converting redshifts to distances in the measured data. This results in a re-scaling

of the k-modes and angles, which is sensitive to w as well as to Ωm and h (see Eq. A.11 in

Ref. [258] and the Observations discussion in Section 1.4). Including that in the analysis,

we find that, even when varying only the nuisance parameters in addition to the dark

energy parameters, taking into account the AP-effect tightens the constraint on w by

nearly 5 times (see Fig. A.5 in Appendix)3.

We then perform the analysis with the inclusion of the AP-effect and varying As with

the power spectrum multipoles only, and find a strong positive correlation between As and

A and a negative one with b1 (analogous to the findings of Ref. [99], e.g., Figure 7 and

18). This can be understood as follows: a very negative value of A corresponds to more

3The analysis in this section is performed with the pocoMC sampler [211, 221] with the standard
convergence criterion, 103 live points and 3× 104 additional sampling points. We switch to this MCMC
sampler from emcee after reproducing results from the previous sections with the new sampler. This
change is justified by the fact that this sampler is more computationally efficient and better suited to
explore a parameter space with strong degeneracies. Moreover, we compute the linear power spectrum
with the bacco linear emulator [31] instead of calling a Boltzmann solver at each step of the chain, which
significantly speeds up the analysis.
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Figure 3.7 Left panel: analysis with the simulated data. Dashed olive lines and purple
contours show results with the Gaussian prior on As around its fiducial value
with 3 standard deviations from the CMB analysis. Right panel: analysis with
the synthetic data and flat priors. Grey lines denote the fiducial values. In
both cases the AP-effect is mimicked by a tight Gaussian prior on w around its
fiducial value and with σw = 0.02. Red contours represent the joint analysis,
dark cyan lines represent the analysis with power spectrum multipoles only.
Scale cuts are the same as in Fig. 3.4.

power at linear scales, which requires a smaller value of the magnitude As and larger value

of the linear bias b1 to compensate. As a result, we find that the AP-effect confines the

equation-of-state parameter to w = −1.03±0.02. We use this as a tight Gaussian prior on

w in the following analysis. Note that a significant shift from the fiducial values is present

only in w, A, As and b1, while the rest of the nuisance parameters remain unbiased and

are not dominated by priors.

Next we perform an analysis with a tight Gaussian prior on w around its fiducial

value in order to mimic the AP-effect and study whether the addition of the bispectrum

monopole can break the strong degeneracy between A and As. The reason for avoiding

a direct implementation of the AP-effect for the bispectrum is the high computational

demand when taking into account all possible triangle configurations, a solution for which

we leave for future work. As can be seen in the left panel of Fig. 3.7, the addition of the

bispectrum (red contours) to the power spectrum multipoles (dark cyan lines) makes the

marginalised posterior distributions more Gaussian, reduces constraints on A and As by

25 − 27%, while bringing the mean and best-fit values closer to the fiducial values of

these parameters. Constraints on the linear bias b1 obtained with the power spectrum

multipoles only are very broad, and prefer values close to the upper limit of its prior

[0.9, 3.5]. Should this be increased, the degeneracy would drive b1 to higher values, As to

even lower values, and make A more negative. Analogous to findings from the previous
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sections, the bispectrum improves constraints on all bias parameters, including b1, and

shifts its best-fit value closer to the fiducial one. As a consequence, it drives the peaks of

the A and As distributions to their true values too. A similar effect is seen for fixed As in

Fig. 3.4: with the power spectrum multipoles only, there is a clear asymmetry in the 2-D

“butterfly” towards negative values of w and A, while adding the bispectrum monopole

visibly improves the symmetry of the contour.

Although we recover the true values within 2 standard deviations, the degeneracy

between A and As still leads to a preference of lower values for As and A. This degeneracy

is decreased if one applies a Gaussian prior on As, centered on its fiducial value and with a

size of 3σ from the WMAP+BOSS DR9 results [264]. We can impose a CMB-based prior

because the IDE model introduces deviations to ΛCDM only in the late Universe, thus

results obtained from CMB data assuming ΛCDM would still be valid. In this case, w fills

in the prior without preferring values smaller than −1, As is fully defined by its prior as

well, and the 16% improvement in constraints on A after adding the bispectrum monopole

(purple contours) to the power spectrum multipoles (olive dashed lines) is explained by

the 38% shrinking in the constraints on the linear bias b1.

The fact that a strong degeneracy leads to a bias in the parameters hints at the

existence of projection effects of the marginalisation. In order to verify this, we create

synthetic data for the same fiducial cosmology, using the best-fit values obtained from the

ΛCDM fits for the nuisance parameters. As before, we mimic the AP-effect by setting

a tight prior on w around its true value. As can be seen from the results in the right

panel of Fig. 3.7, a flat prior on the primordial scalar amplitude results in biases towards

negative and smaller values in A and As respectively, which are similar to the biases

appearing in the analysis of the simulated data on the left panel of the same figure.

Also analogously to the results with data from the simulations, in the analysis with the

power spectrum multipoles only, the linear bias b1 tends to the upper limit of its prior

range. However, the addition of the bispectrum monopole improves constraints of galaxy

bias parameters, reduces the degeneracy between amplitude-controlling parameters, and

decreases the shifts due to marginalisation in A and As. Thus it shows that the bispectrum

is a promising tool for improving this type of projection effects.

It is important to note that, in spite of projection effects explaining some of the biases,

the joint analysis on simulation data still favours a more negative value for A and w than

the same analysis on synthetic data. We know that these biases are not caused by the

invalidity of the model at the chosen scale cuts when the parameter space is opened to

the additional cosmological parameters. Tests in ΛCDM and more importantly wCDM

scenarios when As is varied do not demonstrate any significant deviations from the fiducial

values. The actual reason for this is the following. As can been seen from the orange lines

in Fig. 3.4, the model already slightly prefers the negative values of A and w < −1. This

implies that the presence of a strong degeneracy on top of even slight theoretical errors
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(discrepancies between a theory and data) amplifies the effects from the latter. Similar

conclusions can be found in the analysis for DGP gravity in Ref. [278].

We now discuss the degeneracies appearing when varying additional cosmological

parameters. Two other cosmological parameters enter the Euler equation (Eq. 3.2) and the

AP-effect through the Hubble function: the fractional energy density of non-relativistic

matter Ωm and the expansion rate h. Our tests with the power spectrum multipoles only,

including the AP-effect (see Fig. A.6) agree with the results from Ref. [99], showing the

degeneracy between these parameters and the IDE parameters is not as substantial as that

with the scalar amplitude As. Parameters w and h are strongly degenerate, since both

of them affect the expansion history: smaller h or very negative w both lead to smaller

value of the Hubble function; the same holds for w and Ωm, though the degeneracy is

less severe. We obtain an estimate of the expansion rate h biased towards higher values,

which is a consequence of its degeneracy with w. For the same setup in the ΛCDM

scenario this effect is not present. This degeneracy between w and h can be broken by

combining data from different redshifts or from BAOs (e.g., as in Ref. [203]). BAO data

also constrain Ωmh
2, which breaks its degeneracy with the spectral index ns. We can

achieve a similar effect by imposing a CMB prior on ns (analogous to Refs. [46, 62]),

essentially bringing both parameters closer to their fiducial values. Note that, in our

case, degeneracies between ns and other cosmological parameters are not as strong as in

analyses of the BOSS data, since the largest scale we consider is kmin = 0.004 h Mpc−1,

while for BOSS kmin = 0.01 h Mpc−1. In other words, due to the size of the simulation,

we have more information from large-scale modes and can constrain the primordial slope

better. We then impose a Planck prior on the scalar amplitude: separately as well as in

combination with ns. The conclusion is that the unbiased cosmological parameters are

reproduced only with the informative prior on the primordial parameter As. Again, notice

that the rest of nuisance parameters is only slightly affected by the choice of priors on As

and ns: they remain unbiased and are not dominated by priors.

When varying all cosmological parameters, we expect the inclusion of the bispectrum

monopole will tighten the constraints on As, ns, A, Ωmh
2, h, because a) all of them are

degenerate with each other, and improvement on one of them shrinks the contours for

the others, b) the bispectrum significantly improves constraints on b1 and alleviates the

w+A+As+b1 degeneracy coming from the amplitude of the power spectrum, c) in contrast

to the previous analyses in the literature, we include information from smaller scales, since

our model is still valid up to kl=0
max,B = 0.111 hMpc−1, hence the improvement of constraints

on cosmological parameters in the case of our joint analysis will be more prominent than

in the previous studies (e.g., ∼ (5 − 15)% improvement relative to the power spectrum

analysis after the addition of the bispectrum monopole with kl=0
max,B = 0.08 h Mpc−1 in

Ref. [151]). Additionally, we expect the bispectrum monopole to reduce the role of the

choice of priors and decrease the effects of marginalisation by making the probability
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distribution closer to a multivariate Gaussian. A proper investigation of these effects is

the topic of our future work.

3.5 Conclusions

In this chapter we have performed a detailed analysis of the role of the bispectrum

multipoles in constraining an interacting dark energy model. This is relevant for Stage-IV

spectroscopic surveys, as a validation test and a comprehensive case study for the joint

power spectrum and bispectrum analyses of extended cosmological models.

We modelled the power spectrum and bispectrum multipoles with the EFTofLSS at

one-loop and tree-level, respectively. We computed the linear growth factor and the

logarithmic growth rate by solving the growth equation for the IDE model. As input data

(the fiducial data vector in our likelihood pipeline) we used a large set of simulations at

a single redshift z = 1, complemented with a rescaled numerical covariance constructed

from 10, 000 mock catalogues. Our fits used an effective volume that mimics the error

budget of Stage-IV spectroscopic galaxy surveys, and we run our MCMC analyses with a

Gaussian likelihood function.

Using this setup, we first added more observables in sequence and studied them in

terms of their ability to constrain the IDE parameters w and A without introducing

a bias in the dark energy and nuisance parameters of the model. For the latter, we

adopted as fiducial values the best fit values from previous studies performed in the

context of standard ΛCDM [7–9]. We found that the tree-level model for the bispectrum

monopole is still valid up to k ≃ 0.11 h Mpc−1, close to the largest value available in our

measurements. In contrast to adding the hexadecapole to the lower-order multipoles of

the power spectrum, the addition of the bispectrum monopole improved the constraints

on the IDE parameters by ∼ 30% for the equation of state parameter w, and ∼ 26% for

the coupling parameter A. We also found that the P0 + P2 + P4 +B0 combination yields

better constraints and less bias in the inferred parameters than P0 + P2 +B0.

In general, the large number of triangular configurations over which the bispectrum

model has to be evaluated when including such nonlinear scales results in a rather

computationally expensive analysis. Hence, we studied two approaches, which could allow

us to get the same level of constraints but at smaller scales. The first approach aims at

reducing the parameter space, which in our base case included 13 parameters, by means

of bias relations. We tested the validity of two bias relations, and found that the tidal bias

relation and its combination with the b2 relation are the most suitable for this goal. In the

second approach we added the bispectrum quadrupole to our Bayesian analysis. We found

that either applying the bias relations or including the bispectrum quadrupole allows us

to efficiently constrain the IDE parameter at more moderate values of kmax than in the

base model P0 +P2 +P4 +B0. For instance, to achieve the same level of constraints with
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FoM ∼ 6 one can use either of the following: a) use only the bispectrum monopole in the

base model, but include it up to high Fourier mode of kl=0
max,B = 0.111 h Mpc−1, b) apply

the tidal bias relation in the scale range with the highest mode kl=0
max,B = 0.095 h Mpc−1, c)

add the quadrupole measurements and evaluate the model up to kl=0,2
max,B = 0.09 h Mpc−1.

We then forecasted the constraining power of Stage-IV spectroscopic galaxy surveys

on the IDE parameters and the dark energy equation of state parameter in wCDM for

fixed cosmological parameters. At z = 1 we found σw = 0.08 and σA = 2.51 b GeV−1

for the IDE case, while for the wCDM case, we found σw = 0.1. The first values are in

a good agreement with the results of Ref. [272] for the same redshift, where σw = 0.06

and σA = 2 b GeV−1 were found when only power spectrum multipoles were used in

the MCMC analysis. However, in Ref. [272] the simulated data contained more than one

order of magnitude less shot noise in comparison to our case, while the volume of the

measurements was smaller with V ∼ 4 Gpc3 h−3. Additionally, the covariance in the

previous work was computed analytically up to the linear order, while the one used in

this work is based on mocks, which is more realistic and contributes to larger uncertainties

on the inferred parameters.

For comparison, we cite here the results of the full-shape analyses (FS) with the

EFTofLSS from the BOSS survey of Refs. [99, 203]. We stress that the analysis of

BOSS data takes advantage of two redshift bins and four different sky cuts (three cuts in

Ref. [203]), with the addition of BAO measurements, while the total volume of 6.5 Gpc3

h−3 and mean number density of 2.2×10−4 h3 Mpc−3 are very comparable with our values.

In Ref. [203], the authors mention that FS analysis with the power spectrum alone is not

sufficient to constraint w, due to strong degeneracies. They measure w = −1.101+0.14
−0.11,

which is still a stronger limit than the one obtained from Planck2018 data with lensing

[279] alone: w = −1.57+0.16
−0.33. These values of w from the power spectrum analysis are

in agreement with our forecast with fixed cosmological parameters without inclusion of

the Alcock-Paczynski effect, when the bispectrum is not included (see Fig. A.4). They

also agree with the recent findings of Ref. [99] with w = −1.17+0.12
−0.11 for wCDM without a

CMB prior in the FS+BAO analysis. For IDE the authors of Ref. [99] find it necessary to

include the CMB prior on As and ns (without BAOs), their analysis produces the following

constraints: w = −0.954+0.024
−0.046 and A = 4.8+2.8

−3.8 b GeV−1 in the base model. In our setup

for the analysis with power spectrum multipoles we find (see Fig. A.6) w = −1.14± 0.09

and A = −4.45 ± 3.9 b GeV−1. The discrepancy in the error on w can be explained

by the fact that the base model in Ref. [99] assumes informative priors on the nuisance

parameters, when this assumption is alleviated and the priors are broader by 3 times (10

times) they find w = −0.985+0.081
−0.038 (w = −0.994+0.083

−0.046), which is closer to our uncertainties,

despite them using BAO data in Table 8. In this work we assume broad flat priors on the

nuisance parameters, hence our results are more in agreement with the BOSS analysis for

uninformative priors on the nuisance parameters.
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Without a CMB prior on the primordial parameters the model fails to accurately

reproduce the true values used in the simulations in the case of the dark scattering model,

while we do not observe similar behaviour in the case of the standard cosmological model

or wCDM. The reason for that is a strong degeneracy between As and IDE parameters

that drives the model prediction towards negative values of w and A, small values in the

scalar amplitude As, and large values for the linear bias b1. This hints to the presence of

projection effects due to marginalisation of a strongly non-Gaussian posterior distribution.

We demonstrate with synthetic data that such projection effect disappears when we

include the bispectrum monopole to the analysis. Unfortunately, this is less prominent

in the analysis with simulated data, since they already prefer more negative values of

w, and hence of A. The fragile symmetry around A = 0 and w = −1 is restored if the

amplitude As is fixed to the fiducial value with an informative CMB prior. However, even

in this case the addition of the bispectrum improves the constraints on A. This suggests

that a joint power spectrum and bispectrum analysis can lead to improved constraints

also on the other cosmological parameters, even when adopting informative priors on the

primordial parameters. This will be the next step in our ongoing investigation.

A number of interesting questions remain to be answered. The first natural step would

be to perform this analysis with the data from the BOSS survey to improve the constraints

from the power spectrum analysis of Ref. [99] with the bispectrum. Additionally, it

would be interesting to study the time-dependent dark energy equation of state, for

example, in the CPL parameterisation [85, 86], which would allow for different effects of

the interaction. This study requires data at different redshift bins, in order to constrain w0

and wa. In the case of IDE, the time-dependent equation of state promises to have weaker

impact on the nonlinear scales than the constant-w models [234]. Another potential

direction of our study is the inclusion of one-loop effects in the bispectrum model, as

was recently done for ΛCDM cosmology in Refs. [241, 280]. In the latter the authors

show that the one-loop corrections for the bispectrum start to be significant already at

kl=0
max,B > 0.1 hMpc−1. This is also expected to extend the reach of the model and therefore

its constraining power.
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Chapter 4

Growth Index Parameterisation: BOSS

DR-12 Analysis

This chapter is based on the following peer reviewed publication:

• C. Moretti, M. Tsedrik, P. Carrilho, A. Pourtsidou, 2023, Modified gravity

and massive neutrinos: constraints from the full shape analysis of BOSS galax-

ies and forecasts for Stage-IV surveys. Published in JCAP: doi:10.1088/1475-

7516/2023/12/025, arXiv:2306.09275.

Here, we constrain the growth index γ by performing a full-shape analysis of the power

spectrum multipoles measured from the BOSS DR12 data. We adopt a theoretical model

based on the Effective Field theory of the Large Scale Structure (EFTofLSS) and focus

on two different cosmologies: γCDM and γνCDM, where we also vary the total neutrino

mass. We explore different choices for the priors on the primordial amplitude As and

spectral index ns, finding that informative priors are necessary to alleviate degeneracies

between the parameters and avoid strong projection effects in the posterior distributions.

Despite the model being purely phenomenological, a measurement of γ inconsistent with

its ΛCDM prediction would provide a clear detection of deviations from the standard

cosmological model.

Precise measurement of the growth index γ is among the key objectives of ongoing

Stage-IV surveys [10, 80, 281]. In addition to testing the theory of gravity, a key science

goal of Stage-IV galaxy surveys is a measurement of the neutrino mass. It is well known

that massive neutrinos can suppress structure formation below a specific free streaming

scale, thus leaving a distinct signature on cosmological observables (see Ref. [282] for a

review, or our discussion in Subsection 1.3.2). However, current LSS data alone are not

sufficiently accurate to constrain the neutrino mass, or even provide competitive upper

bounds with respect to CMB measurements. This picture is expected to change with

Stage-IV measurements of the LSS, that promise to achieve sufficient precision to allow
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for a detection of the neutrino mass. With this in mind, we produce forecasts for a

Stage-IV spectroscopic galaxy survey (DESI-like). We fit synthetic data-vectors for three

different galaxy samples generated at three different redshift bins, both individually and

jointly.

Contributions

The main analysis and drafting for this paper was led by Chiara Moretti, using her

modelling code PBJ and including massive neutrinos. I co-led the main analysis, which

consisted of coding an independent likelihood pipeline for comparison with Chiara’s

results, running all MCMC chains from the paper without massive neutrinos, testing

different samplers and effects of analytical marginalisation, running profile likelihood

analysis, producing and analysing BOSS-like and DESI-like synthetic data (noiseless and

with noise). Pedro Carrilho and Alkistis Pourtsidou made significant contributions to

discussions and the draft.

4.1 Theoretical Model

We model the nonlinear galaxy power spectrum in redshift space using the EFTofLSS

[239, 283–285], which allows to model the effects of unknown small-scale physics on mildly

nonlinear scales with the introduction of scale-dependent terms in the theoretical model.

In particular, we follow a prescription analogous to the one of Ref. [150], but employ

an independent implementation [7–9], whose redshift space modelling for the power

spectrum has been validated on N-body simulations [272, 286]. The model features several

ingredients, including loop corrections, EFTofLSS counterterms, a bias prescription and

an infrared-resummation routine; we outline these below, but refer to Ref. [99] and

Subsection 3.2.2 for a more detailed description.

4.1.1 Nonlinear Power Spectrum

The modelling we apply here is similar to the previous chapter. The bias expansion we

adopt is based on a perturbative expansion of the galaxy density field δg [145, 245, 250,

287], which includes contributions from the underlying matter density field and large-scale

tidal fields. Here we only consider terms up to third order in perturbations of δ:

δg = b1δ +
b2
2
δ2 + bG2G2 + bΓ3Γ3 + ϵ , (4.1)

where b1 and b2 are respectively the linear and quadratic local bias parameters, G2 and

Γ3 are non-local functions of the density field and ϵ is a stochastic contribution. The one
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loop anisotropic galaxy power spectrum can then be written as:

Pgg(k) = PSPT(k) + Pctr(k) + Pϵϵ(k) , (4.2)

with the one-loop power spectrum PSPT from Eq. 3.71, the EFTofLSS counterterms

contribution PSPT from Eq. 3.16, and the stochastic power spectrum Pϵϵ. Following

Ref. [150], we re-define the k2-counterterm parameters in order to have separate

contributions to each multipole: c̃i → ci for i ∈ {0, 2, 4}. We model the noise contribution

as:

Pϵϵ(k, µ) = N + e0k
2 + e2k

2µ2 , (4.3)

where µ is the cosine of the angle between the wavevector k and the line of sight, N

is a constant that includes deviations from pure Poisson shot noise, and we have two

additional scale-dependent terms. We account for the nonlinear evolution of the BAO

peak [235, 236, 289] by means of an infrared-resummation routine, applied by splitting

the linear power spectrum in a smooth broadband component (computed using the fit of

Ref. [37]) and a wiggle part. Full details of the approach we use can be found in Sec. 2.2.2

of Ref. [99] and in Subsection 3.2.2 with additional variation of ℓosc as a function of

cosmology given in Eq. 1.66. In total we have a set of 11 nuisance parameters per redshift

bin:

θ = {b1, b2, bG2 , bΓ3 , N, e0, e2, c0, c2, c4, c∇4δ} . (4.4)

In our baseline analysis we keep the total neutrino mass fixed to its fiducial value

Mν = 0.06 eV. We model the scale-dependent suppression induced by massive neutrinos

by computing the CDM+baryon linear power spectrum and using it as input for the

theoretical model (instead of the total matter one, which also includes the neutrino

contribution). Additionally, we consider a cosmology with free neutrino mass, and we

modify the theoretical model as described in more detail in Subsection 4.1.3.

In order to include the impact of the fiducial cosmology assumed when converting

redshifts to distances in the data, we correct wavenumbers and angles by applying Alcock-

Paczynski distortions [171] (see the corresponding discussion in Section 1.4):

k̄2 = k2

(
Hfid

0

H0

)2
((

H

Hfid

)2

µ2 +

(
Dfid

A

DA

)2

(1− µ2)

)
, (4.5)

µ̄2 = µ2

(
H

Hfid

)2
((

H

Hfid

)2

µ2 +

(
Dfid

A

DA

)2

(1− µ2)

)−1

, (4.6)

1For all analyses performed here we consider a massive neutrino component, even when we do not
vary the total neutrino mass as a free parameter. Motivated by Refs. [131, 288], we always use the Cold
Dark Matter (CDM) + baryon as linear power spectrum in Eq. 4.2 and following equations.
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as well as re-scaling the power spectrum by a factor

AAP =

(
Hfid

0

H0

)3
H

Hfid

(
Dfid

A

DA

)2

, (4.7)

where H0 is the Hubble factor today, DA is the angular diameter distance, and fid refers to

quantities evaluated in the fiducial cosmology. Finally, we project the anisotropic power

spectrum to multipoles in the usual way:

Pℓ(k) =
2ℓ+ 1

2

∫ 1

−1

dµPgg

(
k̄(k, µ), µ̄(k, µ)

)
Pℓ(µ) , (4.8)

where Pℓ(µ) is the Legendre polynomial of order ℓ.

As before, our implementation allows for bypassing the CAMB Boltzmann solver [290]

in order to use linear power spectrum emulators, namely bacco [133] and/or CosmoPower

[291]. We note that this speeds up the model evaluations by roughly two orders of

magnitude.

4.1.2 The Growth Index γ Parameterisation

In order to check for deviations from ΛCDM, we adopt the phenomenological param-

eterisation proposed in Refs. [292, 293]. Specifically, we compute the growth rate

f = d lnD/d ln a as:

fγ(a) = Ωm(a)
γ , (4.9)

where Ωm(a) = Ωm,0a
−3/E2(a) is the time dependent matter density parameter, with E(a)

the dimensionless Hubble factor. Eq. 4.9 has been shown to be 0.2% accurate for ΛCDM

scenarios, with γ = 0.55 [293]. We compute the linear growth factor D by numerically

integrating Eq. 4.9:

Dγ(a) = exp

[
−
∫

da′
fγ(a

′)

a′

]
. (4.10)

We normalise the growth rate to its ΛCDM value at high redshift, i.e., during matter

domination. The growth functions from Eq. 4.9 and Eq. 4.10 are then used to re-scale

the linear power spectrum computed at redshift z = 0 and construct the redshift space

multipoles as described in Subsection 4.1.1. An analysis of the behaviour of γ over

cosmic history can be found in Refs. [294, 295], while Ref. [296] proposes an alternative

parameterisation, that extends γ to be a function of redshift.

4.1.3 Massive Neutrinos

The scale-dependent suppression in growth induced by massive neutrinos free streaming

(see a review in Ref. [282] as well as the discussion in Subsection 1.3.2) is modelled
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following the prescription of Ref. [288], which consists in using the CDM + baryon

power spectrum Pcb instead of the total matter Pm = Pcb+ν to compute the galaxy power

spectrum multipoles. While not exact, this approach was shown to be sufficiently accurate

for survey volumes similar to that of BOSS in Ref. [297], especially for small neutrino

masses. For our baseline analysis with fixed
∑

mν ≡ Mν = 0.06 eV we modify the model

described in Subsection 4.1.1 by substituting δ with δcb in Eq. 4.1, and thus PL with Pcb

in what follows.

For the case where the neutrino mass is varied as a free parameter, given the bigger

impact that neutrino masses larger than the minimal one have on the power spectrum,

we perform the following modifications to the model:

• we compute the linear Pcb twice, once for each effective redshift of the galaxy sample,

in order to properly model the scale-dependent suppression introduced by massive

neutrinos;

• we modify our infrared-resummation routine, since the Eisenstein-Hu prescription

we adopt for the broadband power spectrum does not include a dependence on

massive neutrinos. We use instead a discrete sine transform approach to perform

the wiggle-no wiggle decomposition [298, 299];

• we compute the growth rate of Eq. 4.9 using only the CDM+baryon density Ωcb

[300];

• the resulting growth factor is normalised to its ΛCDM counterpart at the effective

redshift, so that differences in the amplitude only come from the γ parameter.

In principle, a more accurate modelling of the impact of massive neutrinos would

require a modification of the perturbation theory kernels and the use of a scale dependent

growth rate (see, e.g., Refs. [301–305]). However, we do not expect any relevant effect for

the case of BOSS measurements given the size of the error bars [297].

4.2 Data and Analysis Setup

Our main analysis setup and dataset follow the ones described in Ref. [99]. We summarise

here the main points, but refer to that work for more details.

4.2.1 Dataset

We use the galaxy power spectrum multipoles of BOSS DR12 [306–308], which is split in

two galaxy samples (CMASS and LOWZ) and covers two different sky cuts (NGC and

SGC). The measurements are performed by splitting the sample into two redshift bins,

with effective redshift z1 = 0.38 and z3 = 0.61 and widths ∆z = 0.3 and 0.25, respectively.
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In particular, we use the windowless measurements provided in Ref. [62], based on the

windowless estimator [168, 169]. The power spectrum measurements are complemented

with BAO measurements of the Alcock-Paczynski parameters α⊥, α∥ obtained from the

same BOSS data release and also provided by Ref. [62], as well as pre-reconstruction

BAO measurements at low redshift (6DF survey [309] and SDSS DR7 MGS [310]) and

high redshift measurements of the Hubble factor and angular diameter distance from the

Ly-α forest auto and cross-correlation with quasars from eBOSS DR12 [311]. We model

them with Eq. 1.64 and Eq. 1.65. For BOSS power spectrum multipoles and BAOs we use

a numerical covariance matrix computed from 2048 “MultiDark-Patchy” mock catalogs

[312, 313], also provided in its windowless form [62].

4.2.2 Analysis Setup

We fit all three multipoles of the galaxy power spectrum up to kmax = 0.2 h Mpc−1. The

nonlinear power spectrum is modelled with the EFTofLSS as described in Subsection 4.1.1,

with a custom implementation which takes advantage of the FAST-PT algorithm [158, 159]

to compute the convolution integrals of Eq. 4.2 in O(10−2) seconds. The theoretical

prediction is then combined with an independently developed likelihood pipeline, where we

sample the parameter space by means of the affine-invariant sampler implemented in the

emcee package [210], using the integrated auto-correlation time2 as convergence diagnostic

for our MCMC chains [219]. For the Stage-IV forecasts presented in Subsection 4.3.3

we use the pre-conditioned MonteCarlo method discussed in Subsection 2.4.4 and

implemented in pocomc [211, 221], which allows for a speed up in the sampling of

parameters. We check the two samplers give consistent results.

We marginalise analytically over the nuisance parameters that enter the model linearly

[152, 203], namely the EFT counterterm parameters, the noise parameters, and bΓ3. The

parameter space is thus restricted to 18 free parameters (19 when we also vary the total

neutrino mass):

{ωc, ωb, h, ns, As, γ, (Mν); b1, b2, bG2} , (4.11)

where the bias parameters assume different values in each redshift bin and sky cut (e.g.,

b1 =
[
bNGC,z1
1 , bSGC,z1

1 , bNGC,z3
1 , bSGC,z3

1

]
).

Concerning priors3, we impose a Gaussian BBN prior on ωb
4, and broad, flat priors

on the cosmological parameters, matching the ranges of parameters allowed by the bacco

2In particular, we compute τ every 100 steps of the chain and check that, for each parameter, two
conditions are satisfied: τ < nstep/50 and ∆τ/τ < 0.01, with ∆τ the difference between the current
value of τ and its value at the previous check. For more details see Subsection 2.4.3.

3We denote the uniform distribution with edges a, b as U(a, b), and the normal distribution with mean
a and standard deviation b as N (a, b).

4We use the results of Refs. [184, 185, 314], so that ωb ∈ N (0.02268, 0.00038)
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linear emulator:

Ωcb ∈ U(0.06, 0.7) , h ∈ U(0.5, 0.9) ,Mν ∈ U(0, 1) , (4.12)

where and Ωcb = Ωc + Ωb. We impose no prior on the other cosmological parameters in

our baseline analysis, but we also explore the impact of including Planck priors on the

primordial parameters As and ns. In particular, for each cosmology explored (γCDM,

γνCDM), we have three options:

• one with no priors on As, ns (labelled baseline);

• one with a 3σ Gaussian Planck prior on As: ln(10
10 As) ∈ N (3.044, 0.042) (labelled

prior As);

• and one with a 3σ Gaussian Planck prior on both As and ns: ln(1010 As) ∈
N (3.044, 0.042) and ns ∈ N (0.9649, 0.0126) (labelled prior As,ns).

For both parameters, the Gaussian priors are centered on the best-fit values from Planck

2018 [22] and have width corresponding to the 3σ error from the same work. For the

nuisance parameters, we adopt those of Ref. [62]:

b1 ∈ U(0, 4) , b2 ∈ N (0, 1) , bG2 ∈ N (0, 1) , bΓ3 ∈ N
(
23

42
(b1 − 1), 1

)
,

N ∈ N
(
1

n̄
,
2

n̄

)
, e0 ∈ N

(
0,

2

n̄k2
NL

)
, e2 ∈ N

(
0,

2

n̄k2
NL

)
,

c0
[Mpc/h]2

∈ N (0, 30) ,

(4.13)
c2

[Mpc/h]2
∈ N (30, 30) ,

c4
[Mpc/h]2

∈ N (0, 30) ,
c∇4δ

[Mpc/h]4
∈ N (500, 500) .

4.3 Results

4.3.1 BOSS Analysis

Here we present the main results of the analysis of the galaxy power spectrum multipoles

measured from the BOSS DR12; we cover the two extensions of the base ΛCDM

scenario discussed in the previous sections: γCDM and γνCDM. For each cosmology,

we explore the three options for priors described in Subsection 4.2.2. We show the

posterior distributions for the γCDM case with fixed neutrino mass Mν = 0.06 eV

in Fig. 4.1 and summarise the 68% c.l., mean and best-fit values for the cosmological

parameters in Tab. 4.1. Plots for the full parameter space can be found in Appendix B.1.

We obtain γ = 0.007+0.170
−0.229 (0.149) for the baseline priors, shown by green contours,

γ = 0.617+0.098
−0.110 (0.614) (prior on As, orange contours) and γ = 0.647 ± 0.085 (0.655)
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Parameter baseline prior on As prior on As, ns

ωc

0.1208+0.0076
−0.0086 0.1157+0.0072

−0.0090 0.1186+0.0052
−0.0058

(0.1216) (0.1165) (0.1196)

ωb

0.02267± 0.00039 0.02265± 0.00038 0.02266± 0.00038

(0.02298) (0.02292) (0.02275)

h
0.680± 0.010 0.675± 0.011 0.678± 0.010

(0.682) (0.682) (0.681)

ln(1010 As)
2.030+0.248

−0.371 3.034± 0.042 3.033± 0.042

(2.190) (3.055) (3.065)

ns

0.973± 0.057 0.996+0.072
−0.062 0.966± 0.012

(0.970) (0.994) (0.970)

γ
0.007+0.170

−0.229 0.617+0.098
−0.110 0.647± 0.085

(0.149) (0.614) (0.655)

σ8

0.498+0.047
−0.096 0.796± 0.030 0.801± 0.029

(0.534) (0.807) (0.819)

Table 4.1 Mean values and 68% c.l. values for γCDM with fixed neutrino mass Mν =
0.06 eV for the three prior choices. We show the best-fit values in parentheses,
and include derived constraints on σ8.

(prior on As and ns, purple contours), where values in parentheses refer to the best-fit

values, obtained as the maximum of the analytically marginalised posterior.

We first note that our baseline analysis is affected by strong projection effects (also

known as prior-volume effects), in particular involving the parameters regulating the

amplitude of the power spectrum, As and γ: when no CMB priors are imposed, the

two-dimensional marginalised posteriors are shifted towards extremely low values of As

and γ, along the degeneracy between the two. In fact, lowering the primordial amplitude

As or introducing a low value for γ, which effectively increases the growth factor, result

in two opposite effects which can balance out and give the same power spectrum. An

analogous behaviour for extensions of the standard model was highlighted in Ref. [99],

especially for the case of exotic (interacting) dark energy cosmology (see their Fig. 7).

Other works focusing on the full-shape analysis of the same dataset also highlighted issues

when trying to constrain extended parameter models [154, 278]. In particular in Ref. [278]

the authors provide constraints on nDGP modified gravity [107] using a similar EFTofLSS-

based model, and discuss the presence of projections due to the degeneracy between the

primordial amplitude As and the nDGP Ωrc parameter (see Subsection 1.3.1). We study

the presence of prior-volume effects in more detail in Subsection 4.3.2 by generating and

fitting synthetic data, adopting the same covariance matrix used for our main BOSS

analysis, and by profiling the posterior.

Imposing a prior on As breaks these degeneracies and shifts the two-dimensional
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Figure 4.1 Marginalised posterior distribution for the cosmological parameters for the
γCDM cosmology and the three prior choices, as detailed in the legend. We
fit all three multipoles and use kmax = 0.2 h Mpc−1. Grey dashed lines mark
the Planck best-fit values (ΛCDM prediction for γ).
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marginalised posterior closer to the Planck best-fit and ΛCDM values, as can be seen

in the orange contours of Fig. 4.1. In fact, the other cosmological parameters are mostly

unaffected, but the error on γ is reduced by ∼ 48%. Moreover, adopting a prior on ns

yields an additional ∼ 18% improvement on γ. Both the mean and best-fit values obtained

in these cases are slightly larger than the ΛCDM prediction of γ = 0.55, though still ∼ 1σ

consistent. This slight deviation is likely equivalent to the finding in previous full-shape

BOSS analyses of a low value of As
5 [99, 152, 258] (ln(1010 As) ≃ 2.8 as opposed to the

Planck value ln(1010 As) = 3.044): when we impose a prior on As the model tries to

compensate by lowering the amplitude with a larger value for γ. We also notice that the

degeneracy with As was masking a degeneracy between γ, ωc and ns, which emerges when

we impose a prior on As and is then broken when we apply a Planck prior on ns.

We then open up the parameter space and allow the neutrino mass to vary as a free

parameter. It is worth noting that we do not expect to obtain tight constraints on the

neutrino mass, as previous analyses already highlighted the inability of BOSS data alone

to do so [152, 315, 316]; in fact, as discussed in Ref. [152] the precision of BOSS data

does not allow to detect the step in the power spectrum which marks the free streaming

length of massive neutrinos, restricting detectable signatures only to changes to the overall

amplitude. Nevertheless, our goal is to study possible degeneracies between γ and Mν ,

and the impact of massive neutrinos on the constraints on γ. We modify the theoretical

model as described in Subsection 4.1.3, and explore the same three options for priors

as for the γCDM case. The marginalised posteriors for γνCDM are shown in Fig. 4.2,

and the 68% c.l., mean and best-fit values for the cosmological parameters are listed in

Tab. 4.2.

We first note that the baseline shows a similar shift in the two-dimensional marginalised

posteriors for γ and As as the one of Fig. 4.1. This is again due to the presence of strong

degeneracies between the parameters that control the amplitude of the power spectrum.

However, the error on γ is not affected by the introduction of Mν , and in fact there seems

to be no degeneracy between the two. This is actually due to the fact that such degeneracy

is mild compared to the others and to the size of the error bars on BOSS data (see, e.g.,

Fig. 4.12 where we perform forecasts for Stage-IV surveys, an anti-correlation between γ

and Mν can clearly be seen).

When we impose Planck priors on the primordial parameters on the other hand we can

see a mild degeneracy emerge between γ and Mν , which leads to marginally lower values

for γ with respect to γCDM. Concerning neutrinos, as expected the data are not very

constraining, and we only provide (somewhat large) upper limits. It is worth commenting

on the case with a CMB prior on As, where the model seems to be picking up a large

5This low amplitude is possibly arising due to prior-volume/projection effects as seen in Refs. [99, 154,
241]. We explore some of these effects in Subsection 4.3.2, but leave a more complete analysis for future
work.
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Figure 4.2 Marginalised posterior distribution for the cosmological parameters for
γνCDM for the three prior choices. We use kmax = 0.2 h Mpc−1 and a flat
prior Mν ∼ U(0, 1) eV for the neutrino mass. Grey dashed lines mark the
Planck best-fit values (with the ΛCDM prediction for γ and minimal neutrino
mass Mν = 0.06 eV).
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Parameter baseline prior on As prior on As,ns

ωc

0.1193+0.0072
−0.0088 0.1146+0.0070

−0.0090 0.1202+0.0054
−0.0063

(0.1173) (0.1184) (0.1195)

ωb

0.02266± 0.00038 0.02265± 0.00039 0.02267± 0.00038

(0.02284) (0.02292) (0.02264)

h
0.678± 0.011 0.673± 0.011 0.6779± 0.010

(0.675) (0.683) (0.681)

ln(1010 As)
2.004+0.298

−0.412 3.035± 0.042 3.034± 0.042

(2.290) (3.028) (3.040)

ns

1.009+0.061
−0.074 1.043± 0.079 0.967± 0.012

(0.977) (1.028) (0.957)

γ
0.001+0.165

−0.232 0.534+0.091
−0.12 0.612+0.075

−0.090

(0.183) (0.526) (0.61)

Mν

< 0.372 < 0.478 < 0.298

(0.038) (0.362) (0.016)

σ8

0.496+0.054
−0.108 0.806+0.031

−0.034 0.809± 0.031

(0.550) (0.818) (0.806)

Table 4.2 Mean values and 68% c.l. values for γνCDM for the three prior choices. We
show the best-fit values in parentheses, and include derived constraints on σ8.

value for Mν : we argue that this is to be ascribed to the model trying to lower the

amplitude by exploiting the degeneracy between Mν and ns. More specifically, in the

baseline case the amplitude is mostly controlled by As; when that is fixed by the prior,

other parameters change to compensate: mostly γ, but also the neutrino mass, resulting

in a looser constraint on Mν in that case. However, this is only possible if the change in

the shape of the power spectrum due to massive neutrinos is compensated by a change in

ns. When ns is also fixed by the Planck prior, there is less freedom in the shape and thus

the constraint on Mν tightens again.

In Fig. 4.3 we plot the one-dimensional marginalised posterior distributions for γ for all

cases described in this section, to allow for an easier comparison between the constraints

we get for this parameter. We mark the best-fit values with dashed lines, following the

same color scheme of Fig. 4.1 and Fig. 4.2, and the ΛCDM prediction with solid grey

lines. As we can see, adopting CMB priors on the primordial parameters shifts the peak

of the posterior from (projection affected) negative values to values consistent with the

ΛCDM prediction, albeit slightly larger. Moreover, the difference between the peak of the

posterior and the best-fit for the case without CMB-based priors is a hint of the projection

which affects the marginalised posteriors.

Our results are broadly consistent with previous analyses of the BOSS data, although
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Figure 4.3 Marginalised one-dimensional posterior distribution for the γ parameter for
γCDM (left) and γνCDM (right), for the three prior choices as stated in
the legend. Dashed vertical lines mark the best-fit values corresponding to
the maximum of the marginalised posterior distribution; the solid grey line
corresponds to the ΛCDM prediction.

an exact comparison is difficult due to different choices in the analysis setup and datasets

included. The main novelty of this work is the use of a full-shape approach, as opposed to

template fitting adopted in the official BOSS analysis, and the exploration of the impact

of priors on the inferred parameters. Moreover, most previous works take advantage of a

joint analysis with CMB data, which results in generally tighter constraints. Nevertheless,

we report here some of the recent measurements of γ that used BOSS galaxies as the

main dataset for comparison, highlighting the main differences with respect to this work:

Ref. [317] found γ = 0.566±0.058 combining BOSS DR12 galaxies with Planck CMB data

and SNIa data. Additionally, Ref. [318] provides joint constraints on γ and the neutrino

mass Mν , although they used a previous data release (DR11) and again performed a joint

fit with CMB data: they found γ = 0.67 ± 0.14, Mν = 0.25+0.13
−0.22. A joint analysis with

the galaxy bispectrum was performed in Ref. [319], finding γ = 0.733+0.068
−0.069. All these

works are official analyses from the BOSS collaboration, and adopt a fixed template for

the power spectrum multipoles. More recently, Ref. [66] performed a similar analysis

combining data from BOSS, DES and Planck, finding γ = 0.633+0.025
−0.024. Also in this case

the power spectrum was fitted using a fixed template, as opposed to the full-shape fit we

perform in this work.

Overall, our strongest constraints (those where we impose CMB-based priors on the

primordial parameters) show a marginal preference for a high value of γ, consistent for

example with Ref. [66]. However, in our case the deviation from the ΛCDM prediction is

∼ 1σ, as opposed to the ∼ 4σ discrepancy found in that work. In general, our constraints

are weaker than those obtained in previous works. This can be attributed to the fact

that we only rely on LSS data and include CMB information merely in terms of priors

on the primordial parameters: given the degeneracies between the additional parameters
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of γCDM and γνCDM and the other parameters, some of which are tightly constrained

by the CMB, it is no surprise that performing a joint analysis with Planck data can

yield tighter constraints. This can also be approximated by including Gaussian priors

derived from Planck on all cosmological parameters, see Appendix F of Ref. [320] for a

comparison.

Another possible way of gaining in constraining power without resorting to CMB

information would be to use higher-order statistics such as the galaxy bispectrum. Indeed,

the tree-level bispectrum does not depend on bΓ3 , and its inclusion in the analysis can

therefore break the degeneracy between bG2 and bΓ3 , leading to improved constraints on

the linear bias b1 (see Refs. [62, 152] for a full-shape joint analysis of BOSS data). While

the impact on cosmological parameters is somewhat marginal in the context of ΛCDM

and Stage-III surveys, it can become significant for extended models where there are

strong degeneracies between parameters controlling the amplitude: a tighter constraint

on b1 implies a more precise measurement of As and therefore of γ. Some work towards

quantifying the impact of including the bispectrum for beyond-ΛCDM models has already

been done in Chapter 3 in the context of simulations, where a ∼ 30% improvement was

found for a power spectrum and bispectrum joint analysis for an interacting dark energy

model. We leave a proper exploration of the impact of the bispectrum in the context of

γCDM and γνCDM to a future work.

4.3.2 Projection Effects

In this section we study in more details the prior-volume effects found for γCDM and

γνCDM when no CMB priors are applied (green contours in Fig. 4.1 and Fig. 4.2, in

particular the As–γ plane). The presence of projection effects is already highlighted by

the shift between the peak of the one-dimensional marginalised posterior and the best-fit

point, see Fig. 4.3. To better investigate this we adopt two approaches: first we perform

a consistency check using synthetic data, then we carry out profiling of the posterior. For

the consistency check we perform the same analysis described in Subsection 4.3.1 on a

synthetic datavector generated with a fiducial cosmology and set of nuisance parameters.

We note that the ability of our pipeline to recover the cosmological parameters correctly

has been validated with N-body simulations, and we are using the same theoretical

model to generate the datavector and fit it, which should lead to perfect agreement

between the input and inferred parameters. We use the same covariance computed from

the “MultiDark-Patchy” mock catalogues adopted in the BOSS analysis, and include

(synthetic) BAO information. As fiducial parameters we adopt the best-fit values of

Planck [22], while the nuisance parameters are determined by maximising the BOSS

likelihood with cosmology fixed to the Planck values. Our results are plotted in Fig. 4.4

(purple contours and lines), where we also include the baseline result of Fig. 4.1 for
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comparison (green contours and lines).

The two-dimensional marginalised posteriors for the synthetic data exhibit a very

similar behaviour as the one we observed in the BOSS data, with a strong shift in the

posterior towards low values of As and γ and almost perfect overlap with the posterior

obtained from BOSS data. As discussed above, this effect can be ascribed to the presence

of extreme degeneracies in the extended parameter space, which lead to a highly non-

Gaussian posterior. As a consequence, the marginalisation process can result in apparent

biases in the two-dimensional confidence regions, as discussed thoroughly in Ref. [277].6

In that work, the author proposes to use profile distributions to assess the impact of

marginalisation. As opposed to marginalisation, this profile likelihood (PL) approach

allows one to obtain a one-dimensional distribution by evaluating the posterior over a

scan of a parameter of interest, θi, while maximising the posterior with respect to all

other parameters θk, k ̸= i. This profile distribution is not biased by projection effects,

since it is centred on the maximum of the full posterior. For non-Gaussian posteriors, as

is the case here, the resulting distribution will be different than the usual marginalised

distribution obtained via integration over the marginalised parameters. Depending on the

type of non-Gaussianity, this distribution can be broader or narrower over the parameter

of interest. This difference between integration and maximisation of the posterior is

approximately given by the so-called Laplace term, which accounts for volume effects as

explained in Ref. [200].

Ref. [277] suggests performing this profiling step directly on the MCMC samples.

However, in addition to resulting in noisy distributions, this is not ideal in our case,

since we sample over the analytically marginalised posterior and we therefore expect

additional projection due to that pre-marginalisation step. We profile instead the full

posterior using the MINOS algorithm implemented in the iminuit package [195]. Our

parameter of interest is the growth index γ, for which we plot the PL in the left panel

of Fig. 4.5, and compare to the one-dimensional marginalised posterior from the MCMC

in the right panel. Additionally, we compare the confidence intervals obtained from the

MCMC to those obtained from the profiling in Fig. 4.6.

Fig. 4.5 shows a clear shift of the PL towards the ΛCDM prediction with respect to

the marginalised posterior. Moreover, the confidence intervals are larger in the case of

the PL, making the results consistent with ΛCDM. We also note how the best-fit points

from the MCMC (orange crosses in Fig. 4.6) are close to the PL results, though still

somewhat lower in As. This demonstrates the presence of additional projection effects

due to the analytic marginalisation of linear nuisance parameters in the posterior sampled

in the MCMC. Overall, the use of the profile likelihood shows a more conservative result,

which appears, at least in this case, to reflect better the effect of the large degeneracy

between the amplitude parameters on the final one-dimensional constraint on γ. Note that

6See also Ref. [200] for further explanation of the origin of these biases and our discussion in Section 2.3.
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should the posterior be closer to the Gaussian case, the difference between marginalising

and profiling would disappear, so we expect projection effects to disappear with more

constraining data.

As mentioned already in Section 4.3, the presence of volume (or projection) effects

was already highlighted in a number of recent works performing the full-shape analysis

of BOSS data in the context of beyond-ΛCDM models [99, 154, 278, 321]. It is expected

that the higher precision of forthcoming data will mitigate this effect, as also suggested by

the forecasts we present in Subsection 4.3.3. However, projections can also be alleviated

by the combination with additional probes or the inclusion of higher order correlation

functions. In general, we recommend extreme care in the choice of priors, especially when

constraining beyond-ΛCDM models.

4.3.3 Forecasts for Stage-IV Surveys

In this section we present forecasts for a Stage-IV spectroscopic galaxy survey, focusing

in particular on DESI-like galaxies. Similarly to what described in Subsection 4.3.2,

we generate and fit synthetic datavectors with the same EFTofLSS theoretical model.

The aim is twofold: on one hand, we wish to provide forecasted constraints on γ and

jointly on γ and Mν , on the other hand, we can assess the ability of the higher precision

measurement of reducing the projection effects. Despite a number of approximations we

make in our forecasting strategy, which we highlight below, we expect the results to give a

more realistic picture of the outcome of future surveys, as opposed to the standard Fisher

matrix approach. The latter, while extremely useful due to its low computational cost,

has been shown to be unable to capture complex features in the likelihood, which can

arise in the context of strong degeneracies between parameters and highly non-Gaussian

posteriors (see, e.g., Refs. [322–325]).

We generate three sets of synthetic datavectors, assuming Planck values for the

cosmological parameters and simulating the three galaxy samples that are the target of

DESI: the bright galaxy sample (BGS), luminous red galaxies (LRGs), and star-forming

emission line galaxies (ELG). We follow Ref. [10] and compute expected values for the

linear bias and number density of the samples, which we list in Tab. 4.3 together with the

respective effective volume. Specifically, we assume constant values for the combination

b1(z)D(z), where D(z) is the linear growth factor evaluated at the central redshift of each

bin, and use bLRG(z)D(z) = 1.7, bELG(z)D(z) = 0.84, and bBGS(z)D(z) = 1.34.

All redshift bins have size ∆z = 0.4 and are centered on the zeff values listed in the

table. We compute an analytic covariance matrix, assuming no cross correlation between
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Galaxy sample zeff Vs [Gpc3/h3] b1 n̄ [h3/Mpc3]

BGS 0.2 1.8 1.135 0.013

LRGs 0.8 12 2.56 3.2× 10−4

ELG 1.2 17 1.51 3.7× 10−4

Table 4.3 Parameters used to generate the synthetic DESI-like datavectors for the
forecasts. We follow Ref. [10] in computing the effective redshift zeff , the
volume Vs and number density n̄, and determine the linear bias b1 assuming
constant, sample-specific values for the combination b1(z)D(z) as specified in
the text.
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Figure 4.7 Power spectrum multipoles for the three galaxy samples in our synthetic
DESI-like dataset: BGS (green, triangle markers), LRGs (orange, round
markers) and ELGs (blue, crosses). The error bars are the square roots of
the diagonal elements of the analytic covariance matrix.

the redshift bins / samples. Specifically, we use the following [34]:

Cℓ1ℓ2(ki, kj) =
(2ℓ1 + 1)(2ℓ2 + 1)

Nk

∫ 1

−1

dµ Lℓ1(µi)Lℓ2(µj)

[
P (ki) +

1

n̄

] [
P (kj) +

1

n̄

]
,

(4.14)

where µi is the cosine between ki and the line of sight, Lℓ is the Legendre polynomial of

order ℓ, n̄ is the number density and Nk = 4πk2∆k Vs/(2π)
3 is the number of Fourier

modes within a given k-bin of size ∆k, Vs being the survey volume. For the power

spectrum P (k) in Eq. 4.14 we use the Kaiser approximation [140]:

P (k) =
(
b1 + fµ2

)2
PL(k) . (4.15)

As for priors, we use the same ones we adopted for the baseline BOSS analysis of

Subsection 4.2.2, specifically we impose no prior on the primordial parameters As and ns,

both to showcase the constraining power of LSS alone and to assess potential projection

effects in the context of Stage-IV surveys. The resulting power spectrum multipoles for

the three samples, with corresponding error bars, are shown in Fig. 4.7.

We fit the three galaxy samples separately and then combine them, and explore two

options for the scale cuts: a pessimistic one with kmax = 0.15 h Mpc−1 and an optimistic
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one with kmax = 0.25 h Mpc−1. Our results for γCDM are shown in Fig. 4.9 (Fig. 4.8) for

the optimistic (pessimistic) case, and summarised in Tab. 4.4. Moreover, we perform the

same analysis for γνCDM and show the results in Fig. 4.11 (Fig. 4.10) for the optimistic

(pessimistic) case, while the constraints are listed in Tab. 4.5.

For the joint analysis in γCDM we find σ(γ) = 0.058 (0.072) for the optimistic

(pessimistic) case, which represents an improvement of ∼ 85% with respect to the

BOSS results when no CMB priors are imposed. For γνCDM we find the same values,

despite the introduction of Mν as a free parameter. As for massive neutrinos, we get

Mν < 0.27 (< 0.314) at 68% c.l. for the optimistic (pessimistic) case, with a very modest

improvement with respect to the constraints obtained from BOSS data. Such a dramatic

improvement in the constraints on γ is due to the combination of the different samples:

each sample features a slightly different orientation of the degeneracy between As and γ,

which is then broken when we perform the joint fit.

Focusing on the projection effects which heavily affected the BOSS analysis, we can

clearly see how they are strongly mitigated by the increased precision of the mock data

and the combination of multiple samples at different redshifts. In fact, for the joint

analysis of the three galaxy samples the deviation between the input and best-fit values

for γ is ∼ 0.1σ, with the exception of the γνCDM cosmology in the optimistic case where

the deviation is ∼ 0.4σ. On the other hand, some projection is still present in the fits

for the single samples, although we can always recover the input value at the 1σ level.

It is also worth noting how the inclusion of more nonlinear modes can further alleviate

the projection. For example, from the BGS sample we obtain γ = 0.43+0.25
−0.22 (0.37) in the

pessimistic case and γ = 0.68+0.22
−0.19 (0.521) in the optimistic case, with the shift between

the best-fit point and the input value reduced from 0.37σ to 0.06σ.

A proper comparison to other forecasts in the literature is complicated, because the

results depend strongly on the forecasting strategy. Nonetheless, we try to summarise

previous results and highlight the differences with this work. Overall we find weaker

constraints on γ, which can mainly be attributed to the following reasons:

• most works rely on the Fisher matrix formalism, known to be unable to properly

describe the likelihood in presence of strong degeneracies in the parameter space;

• most works use a linear model for the power spectrum, with a significantly smaller

number of nuisance parameters;

• most works perform a joint analysis with CMB information, which, as discussed

above, can tightly constrain some of the parameters which are most degenerate

with γ.

Forecasts for the γ parameterisation for Stage-IV surveys can be found in Ref. [326].

The authors use a Fisher matrix approach and a linear model for the power spectrum,
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Parameter BGS ELGs LRGs joint

Pessimistic kmax = 0.15 h Mpc−1

ωc

0.148+0.016
−0.023 0.1242+0.0088

−0.012 0.1256+0.0095
−0.011 0.1250+0.0059

−0.0069

(0.1352) (0.1202) (0.1228) (0.1212)

ωb

0.02268± 0.00038 0.02269± 0.00037 0.02268± 0.00038 0.02268± 0.00038

(0.02255) (0.02230) (0.02306) (0.02303)

h
0.700+0.020

−0.027 0.675± 0.014 0.676± 0.011 0.6765± 0.0078

(0.688) (0.671) (0.679) (0.676)

ln(1010 As)
2.41± 0.55 3.06+0.56

−0.43 2.90+0.71
−0.55 3.00± 0.11

(2.27) (3.26) (3.27) (3.04)

ns

0.801+0.090
−0.11 0.935± 0.066 0.933+0.060

−0.069 0.930± 0.041

(0.752) (0.955) (0.950) (0.950)

γ
0.43+0.25

−0.22 0.64+1.1
−0.63 0.45+0.76

−0.58 0.587± 0.072

(0.37) (0.94) (0.81) (0.57)

σ8

0.65+0.11
−0.19 0.84+0.15

−0.25 0.80+0.15
−0.31 0.804± 0.037

(0.55) (0.903) (0.912) (0.809)

Optimistic kmax = 0.25 h Mpc−1

ωc

0.137+0.014
−0.019 0.1216+0.0068

−0.0088 0.1231+0.0076
−0.0098 0.1221+0.0048

−0.0055

(0.1298) (0.1175) (0.1176) (0.1135)

ωb

0.02269± 0.00038 0.02268± 0.00038 0.02268± 0.00037 0.02267± 0.00038

(0.02205) (0.02245) (0.02196) (0.02139)

h
0.688+0.016

−0.021 0.676± 0.013 0.6752± 0.0087 0.6755± 0.0067

(0.679) (0.676) (0.669) (0.662)

ln(1010 As)
3.04+0.57

−0.42 3.01+0.46
−0.51 2.96± 0.48 3.063± 0.074

(2.81) (2.91) (3.51) (3.10)

ns

0.80± 0.10 0.949± 0.052 0.947± 0.056 0.947± 0.034

(0.872) (0.975) (0.965) (0.982)

γ
0.68+0.22

−0.19 0.47± 0.75 0.47+0.57
−0.50 0.584± 0.058

(0.521) (0.287) (1.016) (0.549)

σ8

0.85+0.17
−0.21 0.82+0.12

−0.25 0.81+0.15
−0.23 0.822± 0.026

(0.737) (0.754) (1.015) (0.816)

Table 4.4 Mean values and 68% c.l. values for γCDM with fixed neutrino mass Mν =
0.06 eV for the three DESI-like galaxy samples fitted separately and jointly.
We show the best-fit values in parentheses, and include derived constaints for
σ8.
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Parameter BGS ELG LRGs joint

Pessimistic kmax = 0.15 h Mpc−1

ωc

0.149+0.016
−0.024 0.1243+0.0086

−0.012 0.1257+0.0091
−0.011 0.1242+0.0060

−0.0069

(0.1431 ) (0.1171 ) (0.1181) (0.1212)

ωb

0.02269± 0.00038 0.02269± 0.00038 0.02268± 0.00037 0.02268± 0.00038

(0.02322 ) (0.02274) (0.02261) (0.02273)

h
0.701+0.020

−0.027 0.670± 0.015 0.672± 0.011 0.6745± 0.0081

(0.698 ) (0.676 ) (0.675) (0.68)

ln(1010 As)
2.47± 0.61 3.02+0.79

−0.41 2.85+0.96
−0.46 3.08+0.12

−0.19

(1.25 ) (3.32) (3.25) (2.99)

ns

0.84± 0.11 0.967± 0.075 0.971+0.068
−0.079 0.958+0.043

−0.058

(0.816 ) (0.969) (0.979) (0.95)

γ
0.43± 0.23 0.51± 0.71 0.36+0.66

−0.55 0.590± 0.072

(-0.07) (0.04) (0.81) (0.563)

Mν

— < 0.434 < 0.494 < 0.314

(0.017 ) (0.024) (0.026) (0.032)

σ8

0.63+0.11
−0.22 0.79+0.22

−0.25 0.74+0.19
−0.30 0.801+0.037

−0.046

(0.351 ) (0.925) (0.900) (0.798 )

Optimistic kmax = 0.25 h Mpc−1

ωc

0.1398+0.0137
−0.0198 0.1216+0.0065

−0.0087 0.1237+0.0072
−0.0095 0.1219+0.0046

−0.0054

(0.1308) (0.1197) (0.1208) (0.1203 )

ωb

0.02268± 0.00038 0.02269± 0.00038 0.02268± 0.00037 0.02267± 0.00037

(0.02265) (0.02278) (0.02325) (0.02207)

h
0.690+0.016

−0.021 0.672± 0.013 0.673± 0.009 0.675± 0.007

(0.684) (0.678) (0.683) (0.671)

ln(1010 As)
3.106+0.666

−0.393 2.989+0.644
−0.496 2.893+0.615

−0.516 3.116+0.084
−0.145

(2.87) (3.12) (3.26) (3.07)

ns

0.844± 0.110 0.978+0.058
−0.065 0.983± 0.067 0.968+0.035

−0.045

(0.877) (0.958) (0.979) (0.962)

γ
0.655+0.202

−0.180 0.405± 0.668 0.366± 0.462 0.588± 0.058

(0.539) (0.748) (0.795) (0.598)

Mν

— < 0.368 < 0.489 < 0.270

(0.214) (0.039) (0.052) (0.082)

σ8

0.817+0.181
−0.205 0.776+0.174

−0.250 0.738+0.166
−0.239 0.815+0.026

−0.031

(0.732) (0.841) (0.910) (0.822)

Table 4.5 Mean values and 68% c.l. values for γνCDM for the three DESI-like
galaxy samples fitted separately and jointly. We show the best-fit values in
parentheses, and include derived constraints for σ8.
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limiting their analysis at kmax < 0.1 h Mpc−1, and find an overly optimistic σ(γ) = 0.0096

for the case with fixed neutrino mass and dark energy parameter. This result is mainly

driven by the differences in the dimensionality of the parameter space considered: their

modelling only involves six parameters (nine when they also consider massive neutrinos

and evolving dark energy), with only one (linear) bias, and no parameter controlling the

overall amplitude of the power spectrum, whose inclusion can undermine the ability to

measure γ.

A more comprehensive collection of forecasts for future experiments can be found in

Ref. [327], that however still relies on a Fisher matrix approach. All forecasts presented

there include Planck CMB and are limited to a linear model for the power spectrum, and

can therefore be expected to be more constraining than our analysis. Nonetheless, the

authors find σ(γ) = 0.025, which is closer to our forecasted σ(γ) = 0.058 than the results

of Ref. [326].

We note that lifting some of the simplifications we make when generating the synthetic

dataset could improve our constraints. For example, considering several redshift bins per

sample can yield more precise measurements of the cosmological parameters, including γ

[328, 329], but it also leads to an increased number of nuisance parameters and increased

shot-noise per redshift bin. Moreover, some of the effects we are not accounting for

are expected to result in reduced constraining power, for example the assumption of a

Gaussian covariance, neglecting the convolution with the survey window function and in

general additional observational systematics which can increase the size of the error bars

on the measurements [330, 331].

We finally comment on our forecasts on massive neutrinos. A measurement of the

neutrino mass is one of the main goals of Stage-IV surveys, with predicted errors well

below the detection threshold (e.g., Refs. [320, 327, 332]). In this sense, our forecasts

might seem too pessimistic, given our best case scenario gives Mν < 0.27 eV at 68% c.l.

Once again, most previous forecasts take advantage of a combined analysis with CMB

data from Planck, able to put tight constraints on the primordial parameters As and ns.

The latter are degenerate with the neutrino mass Mν , as can be seen in Fig. 4.11 (or

equivalently and more clearly in the green contours of Fig. 4.12): we therefore expect a

joint analysis to be extremely beneficial. We do not perform such an analysis here, but we

can get a sense of the impact by imposing a 3σ Planck prior on the primordial parameters,

as done in Subsection 4.3.1 for the BOSS analysis. We only focus on the combination of

the three redshift bins for the optimistic case with kmax = 0.25h Mpc−1. Our results are

shown in Fig. 4.12 and Tab. 4.6. As expected, the CMB prior on As and ns breaks the

degeneracies and brings the upper limit on the neutrino mass down to Mν < 0.175 eV at

68% c.l., with a 35% improvement over the case with no priors.

Despite being quite large in the context of a detection of the neutrino mass, our results

are generally compatible with Ref. [297]; there, the authors performed a validation against
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Figure 4.12 Comparison between the forecast when no CMB prior is imposed (green lines
and contours) and the case with 3σ Planck priors on As and ns (purple lines
and contours). We use kmax = 0.25 h Mpc−1.
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Parameter baseline prior on As,ns

ωc

0.1219+0.0046
−0.0054 0.1215+0.0028

−0.0034

(0.1203 ) (0.1211)

ωb

0.02267± 0.00037 0.02268± 0.00037

(0.02207) (0.02266)

h
0.6746± 0.0069 0.6758± 0.0062

(0.6712) (0.6767)

ln(1010 As)
3.116+0.084

−0.14 3.052± 0.037

(3.074 ) (3.016 )

ns

0.968+0.035
−0.045 0.963± 0.011

(0.962) (0.957)

γ
0.588± 0.058 0.568± 0.045

(0.598) (0.554)

Mν

< 0.270 < 0.175

(0.082) (0.033)

σ8
0.815+0.026

−0.031 0.804± 0.020

(0.822) (0.807)

Table 4.6 Best-fit and 68% c.l. values for the DESI forecasts with 3σ Planck priors on
As,ns. We use kmax = 0.25 h Mpc−1.
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N-body simulations of a similar 1-loop model for the power spectrum as the one adopted

here. For a 25 Gpc3/h3 survey, similar in volume to our combined DESI-like mocks, they

found Mν < 0.49 eV at 68% c.l. and conclude that 2-point summary statistics from

spectroscopic clustering alone might not be sufficient detect the neutrino mass. Beside

the combination with CMB data, we expect the combination with higher order statistics

such as the bispectrum to bring significant improvements [333, 334]. We leave the study

of the impact of the bispectrum on the determination of the neutrino mass scale to a

future work. Further improvement should come from using photometric probes, namely

cosmic shear and galaxy-galaxy lensing [281].

4.4 Conclusions

In this chapter, we presented the full-shape analysis of the power spectrum multipoles

measured from BOSS DR12 galaxies with the inclusion of post-reconstruction BAO data.

We used the windowless measurements of Ref. [62] combined with BAO measurements

obtained from a variety of data-sets [62, 309–311]. We provided constraints on a single

parameter extension of ΛCDM which allows for deviations from the standard scenario

in the growth functions, the so-called growth index (or γ) parameterisation. We also

explored the case with the total neutrino mass as a free parameter, and provided joint

constraints for γ and Mν . Our theoretical model for the power spectrum is based on the

EFTofLSS and takes advantage of the bacco emulator for the linear power spectrum and

the FAST-PT algorithm for a fast evaluation of the likelihood.

We explored different options for the priors on the parameters that determine the

primordial power spectrum, As and ns, finding that strong degeneracies in the extended

parameter space result in large projection effects, especially concerning the parameters

which regulate the amplitude of the power spectrum. For this reason, we applied a

3σ Planck prior on As and on both As and ns, and obtained γ = 0.647 ± 0.085 and

γ = 0.612+0.075
−0.090, respectively, ∼ 1σ consistent with the ΛCDM prediction γ = 0.55. For

neutrinos we found Mν < 0.478 eV (Planck prior on As) and Mν < 0.298 eV (Planck

prior on As, ns), consistent with previous EFTofLSS-based studies of the BOSS dataset

that did not perform a full joint analysis with CMB data [152, 315].

To assess the presence of projection effects in the case when no priors are imposed

on the primordial parameters we generated synthetic datavectors with a fiducial set of

cosmological and nuisance parameters, and then fitted them using the same numerical

covariance used for the BOSS analysis. We found a similar shift of the posterior in the

As–γ plane as the one found in our baseline BOSS analysis. Additionally, we performed

a profile likelihood analysis, finding the maximum of the PL to be closer to the ΛCDM

prediction than the peak of the marginalised posterior, and the confidence intervals derived

from the PL to be larger and consistent with γ = 0.55 at 68% c.l..
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Overall, we find the EFTofLSS model complemented with Planck priors to provide

constraints on γ that are only ∼ 30% larger than the official BOSS analysis [317], despite

the fact that we did not perform a full joint analysis with CMB data. Additionally, our

theoretical model features a significantly larger number of parameters, which is expected

to degrade the constraints to some extent. On the other hand, the full-shape approach

allows to provide direct constraints on the cosmological parameters.

In the second part of this work we presented forecasts for a Stage-IV spectroscopic

survey, focusing on a DESI-like galaxy sample. We generated three synthetic datavectors

at three redshifts using different values for the nuisance parameters, to match the expected

BGS, LRGs and ELGs samples that are the target of DESI. We computed Gaussian

covariance matrices neglecting the cross-correlation between samples, and adopted two

different scale-cuts: kmax = 0.15 h Mpc−1 (pessimistic) and kmax = 0.25 h Mpc−1

(optimistic). We performed separate fits for each sample and then combined them in a

joint analysis, finding the combination to provide significantly tighter constraints, yielding

σ(γ) = 0.058 (0.072) in the optimistic (pessimistic) case, with a ∼ 85% improvement with

respect to our baseline BOSS analysis without CMB-based priors. Concerning neutrinos,

we found that the improvement with respect to Stage-III constraints is only marginal,

Mν < 0.27 eV (Mν < 0.314 eV) in the optimistic (pessimistic) case at 68% c.l..

In order to reduce the error bars on γ and Mν , but also to keep the projection effects

under control, we advocate the combination with additional observables. For example,

a joint analysis with Planck data (or the inclusion of CMB-based priors, at least on the

primordial parameters), can have a significant impact on the constraints. We explored

this by performing a fit of the synthetic DESI-like data where we adopted 3σ Planck priors

on As and ns. We obtained a ∼ 20% improvement in the measurement of γ, and ∼ 35%

for Mν with respect to the case with no priors. Similarly, a combination with weak lensing

can alleviate the degeneracies and yield tighter constraints [281]. However, an optimal

exploitation of galaxy clustering data alone can already go in this direction: as shown

in Chapter 3, the ability of the bispectrum to better determine the bias parameters can

prove crucial in the context of extended models. We leave the study of the impact of the

bispectrum for γCDM and γνCDM to a future work.
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Chapter 5

Model-Independent Approach for Dark

Energy and Modified Gravity

This chapter is based on the following peer reviewed publication:

• B. Bose, M. Tsedrik, J.Kennedy, L. Lombriser, A. Pourtsidou, A. Taylor,

2023, Fast and accurate predictions of the nonlinear matter power spectrum for

general models of Dark Energy and Modified Gravity. Published in MNRAS:

doi:10.1093/mnras/stac3783, arXiv:2210.01094.

Here we introduce linear and nonlinear parameterisations of beyond standard cosmo-

logical physics in the halo model reaction framework, providing a model-independent

prescription for the nonlinear matter power spectrum. As an application, we focus

on Horndeski theories, using the Effective Field Theory of Dark Energy (EFTofDE)

to parameterise linear and quasi-nonlinear perturbations. In the nonlinear regime we

investigate both a nonlinear parameterised-post Friedmannian (nPPF) approach as well

as a physically motivated and approximate phenomenological model based on the error

function (Erf).

The main focus is modelling the nonlinearities, as well as testing and justifying

the assumptions made. We compare the parameterised approaches’ predictions of the

nonlinear matter power spectrum to the exact solutions, as well as to state-of-the-art

emulators, in an evolving dark energy scenario and two popular modified gravity models.

We also suggest a minimal model parameterisation that is expanded into the nonlinear

regime and is valid for a broad class of dark energy and modified gravity models.

Contributions

Benjamin Bose and I co-led this paper. Benjamin implemented new parameterisations

into the ReACT code, performed thorough comparison tests, and drafted the paper. My

contribution consists of a comprised literature review on EFTofDE, drafting various

sections of the paper, reproducing calculations, investigating the optimal functional form
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of the screening term, and performing validation checks of the code. I also produced a

pedagogical Jupyter notebook to replicate the results from the paper. Lucas Lombriser

and Andrew Taylor contributed to this project via valuable comments and discussions.

Alkistis Pourtsidou and Joe Kennedy greatly contributed to the final draft of the paper.

5.1 Introduction

Fundamental models of nature generally begin with an action, which when combined with

the principle of least action, gives us the temporal and spatial dynamics of the system.

For the physical system that is our Universe (U), the action is widely accepted to be the

action associated with general relativity (GR), the Einstein-Hilbert (EH) action, together

with a matter contribution and cosmological constant:

SU = SEH + SM =

∫
d4x

√−g

[
R

2κ2
− Λ

κ2

]
+ SM , (5.1)

where κ2 = 8πGN, GN being Newton’s gravitational constant and R is the 4-dimensional

Ricci scalar that gauges the curvature of spacetime. SM is the action of the matter content

of the Universe, usually approximated by a perfect, pressureless fluid, but in general will

contain all standard model fields. Λ is the cosmological constant that can appear naturally

in a 4-dimensional action without violating preferred symmetries [335]. This constant is

measured to be non-zero by a suite of cosmological probes such as the CMB radiation

[22], SNIa [42, 69], and optical galaxy surveys (see, for example, Ref. [70]). This has led

to the standard model of cosmology, ΛCDM, where CDM stands for cold dark matter1.

We introduce the basic concepts of the standard cosmological model in Section 1.2.

The dark energy and cosmological constant problems (see Section 1.3) motivate a

minimal extension of Eq. 5.1 to include a single extra scalar degree of freedom, ϕ. It is

both physically and theoretically acceptable, i.e., not allowing for negative energies for

example, and can encapsulate one or more cosmological constant problem solutions. Such

an extension is found in the well studied Horndeski (H) scalar-tensor theory [336]. This is

the most general, Lorentz-covariant scalar-tensor theory in 4 spacetime dimensions that

yields second-order equations of motion, a basic condition for the physical viability of the

theory, i.e., it is ghost-free. A universe described by Horndeski gravity is given as

SU = SH + SM =

∫
d4x

√−g
[
G2(ϕ,X)−G3(ϕ,X)□ϕ+G4(ϕ,X)R

+G4,X(ϕ,X)[(□ϕ)2 − (∇µ∇νϕ)
2] +G5(ϕ,X)Gµν∇µ∇νϕ

− 1

6
G5,X(ϕ,X)[(□ϕ)3 − 3□ϕ(∇µ∇νϕ)

2 + 2(∇µ∇νϕ)
3]
]
+ SM , (5.2)

1CDM is the primary matter component in this model, outweighing baryonic matter five fold according
to cosmological and astrophysical measurements such as the CMB.
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where each Gi(ϕ,X), i = 2, 3, 4, 5 is a free function of the scalar field ϕ and its canonical

kinetic term X = −(∂ϕ)2/2, and Gi,X(ϕ,X) = ∂Gi/∂X.

This opens up a very large theory space which needs to be trimmed down with

observational data. We have very strong data constraints at small spatial scales, i.e.,

within the Solar System and at astrophysical scales [104, 337], showing gravity is highly

consistent with GR in this regime. We also have high quality observational data from

cosmology, primarily from the CMB which is associated with early cosmological times.

This allows new theoretical models most phenomenological freedom at large temporal

and spatial scales as they must recover CMB and solar system observations. The small

spatial scale constraints can be evaded using so called screening mechanisms (for reviews

see Refs. [106, 338], also see Subsection 1.3.1) that force predictions of modified gravity

models back to those of GR locally, while early time measurements like the CMB can

easily be recovered through appropriate time evolution of ϕ.

An obvious late time cosmological data set directly related to gravity is the Large Scale

Structure (LSS). A key summary statistic of this is the two point correlation function or

power spectrum (in Fourier space) of the cosmological matter field. A prime science goal

then becomes the production of accurate predictions of the matter power spectrum in

general theories beyond-ΛCDM. For the Horndeski class of models, this is a nontrivial task

as there are an additional four free functions of space and time to contend with, beyond the

matter content and metric freedoms. Of course, one can always choose particular forms

for the Gi(ϕ,X) and then produce predictions for the 2-point correlations of matter. This

approach allows one to fully specify how matter should cluster at all physical scales,

and there are many tools and models that do just that to varying degrees of accuracy

[4, 130, 339–347].

If, on the other hand, we choose not to specify a particular model, we are required to

parameterise both the linear and nonlinear scales i.e., the large and small physical scales

of LSS respectively. At linear scales and for the Horndeski class of models, we can opt

to perform a Taylor expansion of the Gi functions and truncate at some order. Linear

theory can then be characterised by a small number of free functions of time but with no

unique specification in the nonlinear regime. This describes the approach of the Effective

Field Theory of Dark Energy (EFTofDE) [348, 349] (also see Ref. [350] for a great review).

Note that if we wish to be even more general than Horndeski we can directly parameterise

the linear relation between matter and the gravitational potential (see Eq. 1.38 and the

corresponding discussion in Subsection 1.3.1).

On nonlinear scales, a parameterisation framework one can consider is the nonlinear

parameterised post-Friedmannian (nPPF), which captures modified gravity or dark energy

effects [351]. Both linear and nonlinear parameterisations then need to be consistently

embedded in some more comprehensive predictive framework in order to be able to

confront theory with LSS observations.
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For past galaxy surveys the precision of the data did not call for high accuracy in the

power spectrum modelling, as argued in Refs. [352, 353]. This changes with the next

generation of Stage-IV surveys such as Euclid [354] and the Vera C. Rubin Observatory’s

Legacy Survey of Space and Time (VRO/LSST) [355]. These surveys will provide a

significant reduction in statistical errors, errors which will be lowest in the nonlinear

regime. With such precision, we have the opportunity to greatly constrain deviations

to ΛCDM, including the well defined model space within Eq. 5.2. This is contingent on

whether or not we can accurately and efficiently map these deviations to the matter power

spectrum. Typically, to remain unbiased in our cosmological constraints, O(1)% is quoted

as being the target accuracy for theoretical predictions (see, for example, Ref. [281]). But

this is not sufficient. We also require this map to be computationally efficient enough to

perform data analyses. Without accuracy, we forfeit trust in our constraints. Without

conciseness and efficiency we face major computational issues.

This work provides a balance that satisfies these criteria. We mainly focus on the

Horndeski class of models, embedding the EFTofDE and nPPF approaches into the halo

model reaction framework [4, 130, 299, 356–358], which is able to predict the nonlinear

power spectrum for specified theories beyond-ΛCDM at O(1)%-level accuracy. We also

present a completely model independent parameterisation of beyond-ΛCDM physics at

nonlinear scales, which can be combined with similar parameterisations for the Universe’s

background expansion history and linear structure formation, giving a parameterisation

for general deviations to ΛCDM.

5.2 Halo Model Reaction

We begin at the observational end and look how to model the halo model reaction. The

leading order moment of the cosmological matter distribution is the nonlinear matter

power spectrum, PNL(k, z). This Fourier space quantity captures most of the matter

clustering information at all scales (for a review see Ref. [33]). Following the halo model

(see Ref. [359] for a review) based approach of Ref. [4], in a target theory of cosmology

and gravity this quantity can be modelled as

PNL(k, z) = R(k, z)P pseudo
NL (k, z) , (5.3)

where P pseudo
NL (k, z) is called the pseudo power spectrum. This is defined as the power

spectrum of a ΛCDM universe but whose initial conditions have been set so as to match

the target, beyond-ΛCDM, theory’s linear total matter power spectrum PL(k, z) at some

target redshift, z. The reason for making such a definition is that it guarantees the halo

mass functions in the target and pseudo universes are similar since they will have the

same linear clustering by definition. This results in a smoother transition between the

126



clustering statistics in the inter- and intra-halo regimes. This quantity can be modelled

in a number of ways, for example, by using existing halo model based fitting functions

such as HMCode [360–362] or for target theories that only predict a redshift dependent,

but scale independent rescaling of the linear spectrum, ΛCDM-based emulators such

as EuclidEmulator2 [32] or bacco [31] can be used by tuning the spectrum amplitude

parameter to match the modified cosmology’s linear spectrum.

The reaction function R(k, z) represents all the corrections to the pseudo spectrum

coming from nonlinear beyond-ΛCDM physics. Following Refs. [356, 363] (where the halo

model reaction is derived and discussed in detail, as well as tested against numerical

simulations) we can write this as

R(k) =
(1− fν)

2 P
(cb)
hm (k) + 2fν (1− fν)P

(cbν)
hm (k) + f 2

νP
(ν)
L (k)

P pseudo
hm (k, z)

, (5.4)

with the subscript ‘hm’ standing for halo model, (m) ≡ (cb + ν), cb for CDM and

baryons, ν for massive neutrinos and fν = Ων,0/Ωm,0 being the massive neutrino energy

density fraction at z = 0. The effects of massive neutrinos are included linearly through

the weighted sum of the nonlinear cb halo model and linear massive neutrino spectra

following the findings of Ref. [364]. We note that we do not consider massive neutrino

effects in this work, but have included them in the expressions to highlight the generality

of this approach (for a study with massive neutrinos see Ref. [363]).

The individual components are given by

P
(cbν)
hm (k) ≈

√
P

(cb)
hm (k)P

(ν)
L (k) , (5.5)

P
(cb)
hm (k) =

[
(1− E)e−k/k⋆ + E

]
P

(cb)
L (k) + P

(cb)
1h (k) , (5.6)

P pseudo
hm (k, z) =PL(k, z) + P pseudo

1h (k, z), (5.7)

where the parameters are given by

E(z) = lim
k→0

(1− fν)
2P

(cb)
1h (k, z)

P pseudo
1h (k, z)

, (5.8)

k⋆(z) =− k̄

(
ln

[
T1(k̄, z)± T2(k̄, z)

(1− fν)2P
(cb)
L (k̄, z)(1− E(z))

])−1

. (5.9)

We take the “+” root if E > 1, otherwise we take the “-” root. The Ti terms are given by

T1(k, z) =f 2
νP

(ν)
L (k, z) + P pseudo

hm (k, z)RSPT(k, z)

− (1− fν)
2[E(z)P (cb)

L (k, z) + P
(cb)
1h (k, z)] , (5.10)

T2(k, z) =2

√
f 2
νP

pseudo
hm (k, z)P

(ν)
L (k, z)RSPT(k, z) , (5.11)

127



where RSPT(k, z) is the 1-loop Standard Perturbation Theory (SPT) [33] prediction for

the reaction given by Eq. 5.4-Eq. 5.7 but with the replacements PL(k, z) → P1−loop(k, z)

and PL(k, z)
(cb) → P1−loop(k, z)

(cb) and E = 1. As in Ref. [4] the default scale where we

calculate k⋆ is set to k̄ = 0.06 h Mpc−1.

We see that Eq. 5.4 depends on three general predictions for beyond-ΛCDM theories:

the 2-halo term which we have approximated by the linear power spectrum PL, the

quasi-nonlinear power spectrum given by the 1-loop perturbation theory power spectrum

P1−loop, and the highly nonlinear power spectrum given by the 1-halo term P1h.

The computation of these quantities requires the specification of the matter density

fluctuations at different physical scales. The first two regimes (linear and quasi-nonlinear)

are perturbatively derived up to 3rd order in the linear density fluctuation δL, while the

fully nonlinear quantity, δNL, can be obtained using the assumptions of spherical collapse

[359]. Both these routes require us to solve differential equations representing energy and

momentum conservation on a cosmological background. Our Universe’s spacetime metric

is well described by the Friedman-Lemâıtre-Robertson-Walker (FLRW) metric, whose

background expansion is described by the Hubble parameter H(a) ≡ ȧ/a, where a is the

scale factor and an over-dot represents a derivative with respect to the metric time t.

Further, the conservation equations rely on the relation between the gravitational

potential and the matter density fluctuation: the Poisson equation. In particular, we

consider the Poisson equation in the perturbative limit, only valid up to quasi-nonlinear

scales, as well as the fully nonlinear expression, valid at all scales

−
(

k

aH(a)

)2

Φ̂QNL(k, a) =
3Ωm(a)

2
µ(k, a) δ̂QNL(k, a) + S(k, a) , (5.12)

−
(

k

aH(a)

)2

Φ̂NL(k, a) =
3Ωm(a)

2
[1 + F(k, a)] δ̂NL(k, a) , (5.13)

where Ωm(a) = Ωm,0H
2
0/(H(a)2a3), Ωm,0 being the total matter fraction today. Φ is the

gravitational potential in the time-time component of the perturbed FLRW metric. This

can be identified with the Newtonian gravitational potential in the non-relativistic limit,

valid for the curvatures and velocities we consider. The subscripts QNL and NL denote

“quasi-nonlinear” and “nonlinear” respectively. One should further note that Eq. 5.12

and Eq. 5.13 also assume a spherically symmetric density distribution.

The additional functions in Eq. 5.12 and Eq. 5.13 are as follows: µ(k, a) characterises

the linear modification to GR, F(k, a) is the nonlinear modification and S(k, a) is a

source term capturing modifications at 2nd and 3rd order in the linear matter density
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perturbations. The source term is given by [365]

S(k, a) =

∫
d3k1d

3k2

(2π)3
δD(k − k12)γ2(k1,k2, a)δ̂(k1) δ̂(k2)

+

∫
d3k1d

3k2d
3k3

(2π)6
δD(k − k123)γ3(k1,k2,k3, a)

× δ̂(k1) δ̂(k2) δ̂(k3) , (5.14)

introducing two additional functions γ2 and γ3 characterising quasi-nonlinear modifica-

tions to the Poisson equation (for explicit expressions for these in the Horndeski class

of models see Ref. [365]). The functions γ2, γ3 and F all encode details regarding the

potential screening mechanism of the theory under consideration. On this point, it is worth

noting that for general theories beyond-ΛCDM such mechanisms may not be present, in

which case the spherical density distribution approximation assumed in Eq. 5.12 and

Eq. 5.13 may break down [366]. For the modified gravity models considered in this work,

which have some method of screening, this appears to be a reasonable approximation [367].

For a study of screened and unscreened models in the Horndeski class see Ref. [368].

In total, the halo model reaction, and so the nonlinear power spectrum, requires

specification of four functions of space and time - one for the background H(a), one for the

linear regime µ(k, a), two for the quasi-nonlinear regime γ2(k1,k2, a) and γ3(k1,k2,k3, a)

and finally one for the fully nonlinear regime F(k, a). In principle these functions are not

completely independent, and one should have F → µ in the linear limit. We investigate

the importance of respecting this limit in Section 5.5. Finally, we remind the reader that

all these functions are required to compute the key ingredients of R (and hence PNL): PL,

P1−loop and P1h.

The right half of Fig. 5.1 summarises the map from background and Poisson equations

to the halo model reaction as described in this section. The left half of the figure will be

the focus of the next section.

5.3 Parameterisations

We now move away from the observational end and return to the starting point, the

fundamental action. In particular, here we mostly focus on the Horndeski action given in

Eq. 5.2, but the approach can be trivially extended to further generality.

As pointed out, given a specific form of the Gi functions, the explicit functional forms

of H, µ, γ2, γ3 and F can be directly derived. But rather than specifying the full covariant

theory, i.e., 4 free functions of space and time, we ultimately wish to parameterise the

action’s predictions for cosmological matter clustering in terms of a few free constants.

To do this, we split LSS into three regimes: the background and linear, quasi-nonlinear

and the nonlinear. The background, linear and quasi-nonlinear regimes will follow the
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Figure 5.1 A rough schematic of the map from the Horndeski action in the EFTofDE
parameterisation (H,αi, ξ

j
i ) and nonlinear parameterisations (pi or qi) to

R(k, t). The yellow rectangles indicate the input functions of time (here
parameterised by the scale factor a) or constants. The orange rectangles
indicate the modifications to the Poisson equation. µ(k, a) is bi-coloured
indicating we may choose to parameterise it directly instead of starting at
the action level. We provide the main sources in the literature for each piece
of the map along with a dotted box roughly indicating their associated piece.
Note that the solid arrows can only reconstruct Gi to the linear and quasi-
nonlinear levels, which can in turn inform choices for pi. The pi provide the
nonlinear complement in the Gi.

well studied EFTofDE program [348, 349]. For the nonlinear regime we will consider

two different parameterisations. One is the established nonlinear parameterised post-

Friedmannian (nPPF) approach [351]. The other parameterisation we propose here is

phenomenological and is based on some well known screening mechanisms. We begin by

parameterising the background and linear regime.

5.3.1 Background and Linear: Effective Field Theory of Dark

Energy

Among the methods to generically parameterise beyond-ΛCDM physics on cosmological

scales, the methods of Effective Field Theory (EFT) have proven to be particularly useful.

It is simply necessary to determine which symmetries one wishes the action to have before

constructing various operators out of the fields and derivatives of the fields. One can trust

the predictions made with an EFT as long as it is made at an energy scale below the

“cutoff” of the theory, beyond which the validity of the EFT breaks down.

While not being an EFT in this strict sense, the EFTofDE is constructed in a similar

manner and is capable of describing the dynamics of the cosmological background and

perturbations in Horndeski theory in a generic manner. The EFTofDE approach breaks

time diffeomorphism invariance of the cosmological background by choosing a particular

gauge. By doing this one is able to form a theory out of operators which only respect

spatial diffeomorphism invariance.
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In constructing the EFTofDE action one begins by foliating spacetime with constant-

time hypersurfaces. Utilising the complete freedom one has in choosing the coordinates of

the theory we can set the scalar field to be only a function of time such that ϕ(x, t) → ϕ(t).

In particular, we can choose

ϕ = t/κ2 . (5.15)

This choice is called the unitary gauge and in this gauge the scalar field perturbations

vanish, being absorbed into the time-time component of the metric. The operators in the

EFTofDE are the cosmological perturbations themselves. In the unitary gauge we are free

to include operators in the EFT which are only spatially diffeomorphism invariant, such

as g00.

Let us denote the normal vector to each spatial hypersurface as

nµ = − ∂µϕ√
−(∂ϕ)2

. (5.16)

The induced spatial metric of each hypersurface is then given by hµν = gµν + nµnν .

This allows us to include the extrinsic curvature which is given by the projection of

the derivative of the normal vector along the the hypersurface, onto the hypersurface

Kµν = hµσ∇σnν . With the induced metric, one can also compute the intrinsic curvature

of each hypersurface given by the three-dimensional Ricci scalar R(3).

Collecting relevant combinations of the invariants under residual spatial diffeomor-

phism symmetry gives the EFTofDE action, which is capable of describing the dynamics

of the background and linear perturbations of Horndeski theory. The action is given by

[101]

SU,L = S(0,1) + S(2) + SM [gµν ,Ψm] , (5.17)

S(0,1) =

∫
d4x

√−g

[
Ω(t)

2κ2
R− Λ(t)− c(t)δg00

]
, (5.18)

S(2) =

∫
d4x

√−g
[M4

2 (t)

2
(δg00)2 − M̄3

1 (t)

2
δKδg00

− M̄2
2 (t)

(
δK2 − δKµνδKµν −

1

2
δR(3)δg00

)]
. (5.19)

where SU,L represents the action of a Horndeski-universe that describes field dynamics up

to the linear level in the matter and velocity perturbations. The (0, 1, 2) represent the

order in the perturbed quantities. The action is reduced to the standard cosmology from

Eq. 5.1 for Ω(t) = 1, Λ(t) = Λ/κ2 and c = M4
2 = M̄3

1 = M̄2
2 = 0.

In front of each term we include a free function of time called an EFT coefficient,

giving a total of six free functions, {Ω(t),Λ(t), c(t),M4
2 (t), M̄

3
1 (t), M̄

2
2 (t)}. Once we specify

a metric, we also introduce any metric degrees of freedom. For FLRW this is the scale

factor a, or equivalently the Hubble parameter H(a). We can then employ the field
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equation constraints, which in the FLRW are the Friedmann equations:

0 =κ2(2c− Λ + ρm)− 3H2(Ω + aΩ′) , (5.20)

0 =κ2Λ +H[aH ′(2Ω + aΩ′) +H(3Ω + 3aΩ′ + a2Ω′′)] , (5.21)

where we have dropped the time dependence in constituent parameters for compactness,

and use the scale factor to parameterise time. A prime denotes a scale factor derivative

and ρm is the matter density at a. The Friedmann equations reduce the number of

free functions describing the background and linear perturbations to five. Solving these

equations yields

c(a) = −ρm
2

− aH[H ′(2Ω + aΩ′) + aHΩ′′]

κ2
, (5.22)

Λ(a) =− H[aH ′(2Ω + aΩ′) +H(3Ω + 3aΩ′ + a2Ω′′)]

κ2
. (5.23)

This means the free functions of the scale factor defining the background and linear theory

would be {Ω, H,M4
2 , M̄

3
1 , M̄

2
2}, which we will refer to as theM -basis. We can alternatively

write the Hubble function as the solution to

H(a) : 0 = (2Ω + aΩ′)H ′ + aHΩ′′ +
κρm
aH

+
2κc

aH
, (5.24)

if we wish to specify c instead of H, for example.

Common in the literature is the α-basis {H,αM , αB, αK , αT} which has a clearer

physical interpretation of the effects of each function (see, for example, Ref. [100] and

Subsection 1.3.1). We provide the map between the α- and M -bases2

αM =
a(M2)′

M2
, (5.25)

αB = −aHΩ′ + κ2M̄3
1

HM2κ2
, (5.26)

αK =
2c+ 4M̄4

2

M2H2
, (5.27)

αT = −M̄2
2

M2
, (5.28)

where M2 = Ω κ−2 + M̄2
2 . Note that one can alternatively specify M2 and solve for H.

To end this section, another basis worth considering is the basis introduced in

Ref. [370]: {H,M2, c2s, α, αB0} (also see Ref. [371]), which implicitly assumes αT = 0 (see

Subsection 5.4.3 for motivation). This basis allows for some simple priors on the functions

that ensure the theory has no ghost or gradient instabilities, i.e., negative energies or

2Note the factor of “−1/2” difference in αB between our expression and that of EFTCAMB [369] or [370],
for instance.
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imaginary sound speeds. We will refer to this basis as the s-basis. The priors to ensure

stability on these functions are then simply M2, c2s, α > 0, and αB0 is constant
3. The map

between the s- and α-bases is given by

c2s =
2

α

[aα′
B

2
− (1 + αT )

(
1− αB

2

)2

+

(
1 + αM − aH ′

H

)(
1− αB

2

)
− ρm

2H2M2

]
, (5.29)

α =αK +
3

2
α2
B , (5.30)

where cs is the speed of sound, while αB0 = αB(a = 1) is the boundary condition (αB’s

value today) specified to solve the differential equation given by Eq. 5.29.

In what follows we will stick with the α-basis and implement this as the default basis

in the accompanying code ACTio et ReACTio. We provide the explicit form of the linear

modification to the Poisson equation in this basis in Subsection C.1.1. We leave it to the

user to perform the transformation from their preferred basis to the α-basis, and provide

an accompanying notebook GtoPT.nb that performs some of these transformations.

5.3.2 Quasi-Nonlinear: Covariant Theory Map

To fully specify the halo model reaction, we need to go beyond the linear matter

perturbations. In particular, we also require the 2nd and 3rd order density perturbations

to solve for the 1-loop power spectrum entering RSPT in Eq. 5.10-Eq. 5.11. This requires

us to expand to fourth order in the metric perturbation δg00 and extrinsic curvature δKµν

in Eq. 5.17. This has been done in Ref. [102] and has been used to calculate the 1-loop

spectrum in Ref. [373]. Further, in Ref. [101] the authors relate the EFTofDE functions

up to a given order to the corresponding covariant theory’s Lagrangian Gi functions as

Gi(ϕ,X) = gi(ϕ,X) + ∆Gi(ϕ,X) , (5.31)

where gi, i ∈ {2, 3, 4, 5}, are well-defined functions of ϕ, X and the lower order EFTofDE

parameters, e.g., {H,αM , αB, αK , αT}. The other terms are given as

∆G2,3 =
∑

n>2

ξ(2,3)n (ϕ)
(
1 +Xκ4

)n
, (5.32)

∆G4,5 =
∑

n>3

ξ(4,5)n (ϕ)
(
1 +Xκ4

)n
, (5.33)

where ∆Gi are higher order corrections to the covariant action and ξin(ϕ) are higher order

EFTofDE functions, X again being the scalar field canonical kinetic energy term.

3We note that this basis does not ensure the absence of a tachyonic instability [372].
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A particular covariant theory is specified once ξin are given for all n ∈ N, but if we

truncate at some order nt, we specify the subset of Horndeski theories which are identical

on scales described by the EFTofDE up to ξint
. Up to 3rd order in the matter density

perturbation, we introduce 6 new functions with nt = 4. Together with the background

and linear order functions, this gives a total of 11 free functions of time for the quasi-

nonlinear scales. The Gi given in Eq. 5.31 can then be related to µ, γ2 and γ3 by the map

provided in the Appendices of Refs. [365, 374].

In Section C.1 we provide the map between the 5 linear EFTofDE functions in the

α-basis and the linear modification to the Poisson equation, µ, used in Eq. 5.12. The 2nd

and 3rd order functions γ2 and γ3 (see Eq. 5.14) are significantly more complicated but

can be derived by using the map from the EFTofDE to Gi(ϕ,X) provided in Ref. [101] and

then the Gi(ϕ,X) to γ2 and γ3 given in Ref. [365]. The map, although not reproduced here

in full, is given in detail in a Mathematica notebook provided in the ACTio et ReACTio

repository, GtoPT.nb. This being said, in Section 5.4 we give support for the omission of

γ2 and γ3 in the calculation of R for moderate to low modifications to gravity, and given

the additional degrees of freedom we will introduce in the nonlinear regime.

Having specified a route between the Horndeski action and the linear and 1-loop

power spectra, PL(k, a) and P1−loop(k, a), we now look at two methods of parameterising

clustering in the highly nonlinear regime, characterised by the 1-halo term, P1h(k, a). This

will then specify a full parameterisation of the halo model reaction R, and consequently

the nonlinear power spectrum, PNL(k, a).

5.3.3 Nonlinear

The effects of modified gravity on the nonlinear cosmic structure formation are captured

by the effective deviation F from the gravitational constant in the nonlinear Poisson

equation given in Eq. 5.13 and the cosmological background evolution. Specifically, the

modified Poisson equation alters the evolution equation for the halo top-hat radius RTH

[375]. This quantity gives an estimate for δNL, needed to compute the 1-halo power

spectrum. Here we discuss two parameterisations of F .

Nonlinear Parameterised Post-Friedmannian Framework

Following the nPPF approach in Ref. [351], the effective gravitational coupling for generic

screening mechanisms and other suppression effects can be decomposed as a function of

scale r

1 + F(a, r) = A+

N0∑

i

Bi

Ni∏

j

Fij , (5.34)

where Fij are some transition functions encapsulating screening or other suppression

effects such as a Yukawa suppression. N0 and Ni characterise their respective number.
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In the fully screened limit, the effective coupling reduces to A, typically unity, whereas it

becomes Bi in the fully unscreened limit, matching linear theory. To parameterise these

transitions, Ref. [351] adopted a generalised form of the Vainshtein screening effect in the

DGP braneworld model [107]

F ∼ b

(
r

rscr

)af
{[

1 +
(rscr

r

)af]1/b − 1

}
, (5.35)

where rscr denotes the screening scale, which in general can be time, mass, and

environment dependent. The parameter af (not to be confused with the scale factor)

determines the radial dependence of the coupling in the screening limit along with b that

characterises an interpolation rate between the screened and unscreened limits.

Screening effects such as the chameleon [376–378] symmmetron [379, 380], k-mouflage

[345, 381], and Vainshtein [107, 339, 382] mechanisms as well as other suppression effects

such as the linear shielding mechanism [383] or Yukawa suppression, can be analytically

mapped onto Eq. 5.35 by matching expressions in the limits of large and small r and

r → rscr. The relevant expressions may be found in Ref. [351]. It is worth highlighting

that the parameters of Eq. 5.35 for a given screening model may in principle be directly

read off from Eq. 5.2 by employing the scaling method of Refs. [384, 385] and counting

the powers of second and first spatial derivatives and the scalar field potential. Note

that the parameter b may be understood as the choice of transition template used to

approximately cast the screening effect into. Alternatively to Eq. 5.35, one could also

adopt other transition functions such as a hyperbolic tangent, a sigmoid or an error

function as we will propose in Subsection 5.3.3. For DGP, the choice of Eq. 5.35 with

b = 2 becomes exact.

To implement Eq. 5.35 in the spherical collapse model, one replaces r/rscr → y/yscr,

where y is the normalised top-hat radius (Eq. C.44). A single general elementN0 = N1 = 1

can then be described by seven parameters (or functions) p1−7 in addition to p0 = A

(typically = 1). The first three, p1−3, determine af , b, and B. The other four are

used to generally capture possible time, mass, and environmental dependencies of the

dimensionless screening scale, which can be modelled as [351]

yscr = p4a
p5 (2GN H0Mvir)

p6

(
yenv
yh

)p7

, (5.36)

where yh and yenv refer to the normalised radii of the the halo and the environment

respectively, H0 is the Hubble constant and Mvir is the virial mass of the halo4. In this

4Note that in ReACT we use the initial comoving top-hat radius, Rth (see Subsection C.2.4), as an
input parameter instead of mass, related as Mvir = 4πρ̄m,i(1 + δi)(aiRth)

3/3 ≈ 4πΩm,0ρcritR
3
th/3 with

the critical density ρcrit and 1 + δi ≈ 1.
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way, we can simplify Eq. 5.35 to [351]

FnPPF = p1p2
(1 + saf )

1
p1 − 1

saf
, (5.37)

where

af =
p1

p1 − 1
p3 (5.38)

and s = yscr/yh. Note we have set p0 = 1. The parameters p1−7 can be computed

from theory and in many cases take on trivial values (see Subsection C.2.2). It is

worth highlighting here that the nPPF formalism has also been implemented in N -body

simulations and cast into Fourier space [386], where it was shown to accurately match

simulations of exact model implementations.

Finally, we consider the large, linear scale limit of F . Eq. 5.39 provides a parameterised

function for the screening regime, where we have a transition to GR from some large scale

modification. In this form, it does not capture any additional effects coming from say

Yukawa suppression, typical of chameleon theories. Such phenomena may become relevant

for the spherical collapse calculation at early times or for very large halo masses. In

order to correctly capture this, we could either model the Yukawa suppression as another

transition cast into Eq. 5.37 or simply augment Eq. 5.37 with the linear modification

µ(k, a) as

FnPPF = p1p2
(1 + saf )

1
p1 − 1

saf
× (1− µ(k̃, a)) . (5.39)

In this case we also need to perform the Fourier transform of µ(k̃, a), which is non-trivial.

As a first order approximation, we parameterise this with a simple scaling of the inverse

of the comoving initial top-hat radius Rth as

k̃ =
10p8

a2yhRth

, (5.40)

where the dimensionless constant p8 calibrates the Yukawa suppression. The Fourier

transform can be made more sophisticated [386] but in Section 5.5 we find the impact of

Yukawa suppression is negligible for the f(R) models we consider, and so only include

this augmentation for completeness. Further, Eq. 5.39 would only be meaningful for a

non-trivial scale dependent µ(k, a). For scale-independent theories one can absorb the

scaling provided by µ(a) in the p2(a) parameter of Eq. 5.37.

Phenomenological Parameterisation

With its full freedom, the nPPF parameterisation is a very flexible way of modelling

the nonlinear scales. It is able to capture various specific covariant theories exactly or

to high accuracy (see Subsection C.2.2 and Section 5.5), and given a covariant theory,
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say from the Horndeski class, we can map its nonlinear Poisson modification to the pi

parameters. On the other hand, if we remain agnostic about the covariant theory, 8

additional parameters, some of which may also be time dependent, poses computational

issues as well as degrades the amount of cosmological and gravitational information we

can extract due to degeneracies between these nuisance and the physical parameters of

interest.

With this in mind, we propose the following general and reduced parameterisation of

F based on the error function (Erf). We have found this mimics the general profile of the

effective gravitational constant in various modified gravity theories. Essentially we wish

to capture a basic transition from unscreened to screened regimes. The simple form we

adopt is given by

FErf = Erf[ayh10
J̄ ]× (1− µ(k̃, a)) , (5.41)

where as in the nPPF case, we use

k̃ =
10q4

a2yhRth

, (5.42)

and

J̄ = q1 − q2 log(Rth) + q3 log(ayenv) . (5.43)

µ is the linear modification to gravity. In the EFTofDE parameterisation µ is given in

Eq. C.1, but this can also be parameterised more generally [370, 387, 388].

The Erf model introduces 4 free constants:

q1: This parameterises the screening scale and goes as its inverse.

q2: This gives the halo mass dependency of the screening scale.

q3: This gives the environment dependency of the screening scale.

q4: This calibrates any existing Yukawa suppression scale.

The time dependence of FErf is fixed and so for a specified cosmology and set of EFTofDE

parameters, we only need to adjust the constants {q1, q2, q3, q4}. To provide some insight,

we note the following limits

lim
q1→∞

1 + FErf = µ → Unscreened limit , (5.44)

lim
q1→−∞

1 + FErf = 1 → GRlimit , (5.45)

lim
q2,q3→0

1 + FErf → Vainshtein typemodels , (5.46)

lim
q3→0

1 + FErf → k−mouflage typemodels , (5.47)

q3 > 0 : 1 + FErf → chameleon typemodels , (5.48)
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where we refer to the main types of screening mechanisms typical of scalar-tensor theories

(see Subsection 5.3.3). Note that all parameters lose their meaning as µ(k, a) → 1, which

in the EFTofDE case is when the relevant parameters assume their GR values.

Given this, we can take q2 and q3 to be positive. Being exponents of the top-hat radius

and environment parameter, they are also not expected to be very large, and as we will

see in Section 5.5, they turn out to be O(1). Further, since in the GR limit µ → 1, and

so FErf → 0 irrespective of the value of q1, we can also take q1 to be positive. We also

find q1 to be an O(1) parameter.

Parameter q4, which calibrates the Yukawa suppression scale, is generally only relevant

for theories where the linear growth factor, or Poisson modification µ, is scale-dependent.

As we will show in Subsection 5.5.3, q4 does not appear to be relevant for the scales

associated with spherical collapse. We note q4 can in principle take on negative values,

pushing the Yukawa suppression to smaller scales. As q4 → ∞ the Yukawa suppression

scale also goes to infinity. We leave its relevance for more general theories for a future

work.

We provide a Mathematica notebook, Nonlinear.nb, with all the forms of F
considered in this chapter along with comparisons. Finally, the left half of Fig. 5.1

summarises the map from the parameterised action, together with additional parameters,

to the Poisson equation modifications as described in this section, completing the map

from action to reaction.

5.4 Approximations and Overview

We have outlined a map that goes from the parameterised action and structure

formation {H}b,{αM , αB, αK , αT}L,{ξ23 , ξ24 , ξ33 , ξ34 , ξ44 , ξ54}QNL,{p1, p2, p3, p4, p5, p6, p7, p8}NL

or {q1, q2, q3, q4}NL to the nonlinear effects on the power spectrum R(k, a), where “b”

stands for background, “L” for linear, “QNL” for quasi-nonlinear and “NL” for nonlinear.

A schematic of this map is given in Fig. 5.1. An important point worth stressing is that

our nonlinear parameterisations are completely general, and not specific to the Horndeski

class of theories. They do however rely on µ(k, a), which one can always choose to

parameterise in a model independent way.

Considering the Horndeski class for concreteness, the EFTofDE and nonlinear

parameterisations constitute a very large set of arbitrary functions of time and constants.

Despite it being significantly less than the infinite number of theories contained within

the Horndeski class, it is still arguably too many for statistical data analyses, both on

computational and scientific grounds. Thankfully, as we will shortly motivate, these sets

can be yet reduced significantly.

To reduce or optimise the parameter space without sacrificing accuracy for the

forthcoming surveys, we consider the following:
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(1) We assume the quasi-static approximation (QS) for all perturbative calculations

(see, for example, Ref. [389, 390]). In other words, we ignore the effects from time

derivatives in the Einstein equations for perturbations at scales larger than the

cosmological horizon.

(2) We assume γ2 = γ3 = 0, i.e., no loop-corrections.

(3) Existing observational and theoretical constraints.

(4) Time parameterisations of EFTofDE functions, αi(a).

(5) The parameterised nPPF (see Eq. 5.39) or phenomenological (see Eq. 5.41) form of

F is flexible enough to capture general modifications to gravity.

In this section we will motivate approximations (1) - (4) with direct reference to the

accompanying code ACTio et ReACTio. Assumption (5) will be addressed separately in

Section 5.5.

5.4.1 Quasi-Static Approximation

We begin by noting that the QS in linear theory can be easily avoided by using a

Boltzmann code such as EFTCAMB [391, 392] to calculate the linear input spectrum or

transfer function5. This option is available in our code, but the default setting assumes a

ΛCDM linear spectrum or transfer function at z = 0 and rescales it using the internally

calculated growth functions of the desired theory. This is done using the linear form of

Eq. 5.12 (see Eq. C.1) which assumes the quasi-static approximation. Being able to use a

ΛCDM linear spectrum enhances the computational efficiency of our code as it avoids a

call to EFTCAMB. EFTCAMB is significantly slower than CAMB [290], which already takes O(1)

seconds to produce a linear spectrum. In this case one can also use a linear spectrum

emulator like CosmoPower [291] or bacco [133], which takes O(0.1) seconds to produce

the linear spectrum. Note that one can also employ CosmoPower to construct an emulator

for the linear power spectrum in the EFTofDE based on EFTCAMB output, overcoming the

QS and computational inefficiency issues.

Given the utility in using the QS, we want to get an idea of its validity. In Fig. 5.2 we

show the effects of the QS at z = 0 and z = 1 for models with non-zero αK and αB KGB

[393], on the nonlinear spectrum as given by Eq. 5.3. We use the halofit [394] formula

for P pseudo
NL and assume a ΛCDM background expansion, H(a) = HΛCDM(a) as well as no

screening effects, i.e., F = µ− 1 and γ2 = γ3 = 0.

We find that the QS is valid for these mild to moderate parameter choices on scales

of k ≥ 0.1h/Mpc. Upcoming surveys will probe scales larger than this which may be

5The QS can be partly circumvented in the nonlinear regime, Eq. 5.39 and Eq. 5.41, by also using the
prediction of µ(k, a) taken from say EFTCAMB.
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Figure 5.2 Ratio of the quasi-static approximated (QS) nonlinear spectrum to the exact
calculation. We show the results for four EFTofDE models with {αK , αB}
non-zero and all other α parameters set to 0 and a ΛCDM background
expansion, at z = 0 (left) and z = 1 (right). The exact calculation uses
Eq. 5.4 with an EFTCAMB linear spectrum while the QS uses Eq. 5.4 with a
rescaled ΛCDM linear spectrum using the modified growth equations, making
use of Eq. C.1. The orange band represents the error coming from cosmic
variance assuming an effective survey volume of Veff = 20 Gpc3/h3. We
assume F = µ− 1 and E = 1 in all nonlinear computations. The dotted lines
mark 1% deviations which is an optimistic estimate on the modelling errors
of the halo model reaction framework.

an issue. Taking into account cosmic variance assuming a galaxy survey volume similar

to the effective volume of forthcoming surveys, Veff = 20 Gpc3/h3 [10, 354, 395], the

QS is still a sub-dominant source of error for even extreme choices of αB and αK (see

Subsection 5.4.3). Note that time derivatives of the fields drop out from the calculation

of µ for k → ∞ in Horndeski theories [390, 396]. We note at small scales, modelling

inaccuracies and shot noise errors will arguably dominate any inaccuracies incurred from

using the QS.

We do however warn that the QS begins to break significantly for beyond Horndeski

theories [396]. For large modifications to GR within Horndeski, we advise comparing

the resulting nonlinear spectrum with and without the QS against the predicted errors

on the specific data that is being analysed. Further, we have implemented the following

necessary condition for the QS to hold in our code [110]

k

aH(a)
> c2s(a) , (5.49)

where c2s is given by Eq. 5.29, with its violation producing a warning prompt.

5.4.2 Loop-Corrections Approximation

We begin by noting that setting γ2 = γ3 = 0 implies we have RSPT ≈ 1 in Eq. 5.10 as the

1-halo terms are subdominant. This forces the argument of the logarithm in Eq. 5.9 to be

very close to unity, giving a very large k⋆. Effectively, this is the same as setting E = 1 in

Eq. 5.6. This is the choice we take when adopting this approximation. We should remark
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Figure 5.3 Ratio of the approximated reaction to the full calculation. The approximation
assumes E = 1 in Eq. 5.6 which is approximately equivalent to no higher
order perturbative, screening terms i.e, γ2 = γ3 = 0. We show Hu-Sawicki
f(R) gravity on the left and the normal branch of DGP on the right for
varying modifications to GR. For f(R) we show predictions for when the
model parameter takes the value of |fR0| = 10−5 (moderate modification,
blue), |fR0| = 10−6 (low modification, red) and |fR0| = 10−7 (very low
modification, green). For DGP we show predictions for when the model
parameter is Ωrc = 0.25 (moderate modification, blue) and Ωrc = 0.01 (low
modification, red). We also show the comparison over two redshifts, z = 0
(solid lines) and z = 1 (dotted lines).

that simply setting γ2 = γ3 = 0 leaves one slightly sensitive to the k⋆ correction through

the 1-halo terms and consequently on the particular choice of halo mass function.

Using the exact forms of γ2 and γ3 as described in Subsection 5.3.2 is a big challenge.

This is primarily for computational reasons as it involves numerical time derivatives.

Smoothness of such derivatives is difficult to ensure and can affect results. In particular,

the exponential dependence ofR on k⋆ (see Eq. 5.4) makes it very sensitive to inaccuracies

in the 1-loop calculation. Further, the full map to γ2 and γ3 from the EFTofDE

would increase computational time significantly, degrading our code’s ability to perform

statistical analyses on data.

To test the impact of setting γ2 = γ3 = 0 we compare Eq. 5.4 with and without these

terms switched on for two different theories of gravity, DGP and the Hu-Sawicki f(R)

model [109]. The former is an instance of derivative or Vainshtein screening and the latter

of potential or chameleon screening, covering two main types of screening mechanism.

This comparison is shown in Fig. 5.3. We find that in the case of DGP, the correction

coming from the 1-loop computation is negligible for small and moderate modifications

to GR at all scales. On the other hand, the corrections to the f(R) theory can be up

to 1.5% at z = 0 for moderate modifications to GR. This may be acceptable if these

inaccuracies can be partially absorbed into the nonlinear degrees of freedom. We explore

this in Section 5.5.

141



scalar tensor

no ghost αK + 3
2α

2
B > 0 M2 > 0

[100]
Low gradient stability c2s ≥ 0 αT ≥ −1

Energy (sub)luminality large αK αT ≤ 0 [397]

no GW-induced instability |αM + αB| ≤ 10−2 [398]

High scalar-scalar scattering αB ≤ 2αT
1+αT

[399]

Energy scalar-matter scattering αT ≥ 0 [400]

Data GW propagation speed |αT | ≤ 10−15 [401]

CMB and LSS |αM |, |αB| ≤ O(0.1) [352]

Table 5.1 Theoretical and observational constraints on α-parameters from references in
the right column. Theoretical constraints are coming from low-energy (EFT)
and high-energy (positivity bounds) physics. Note that αK is not constrained
by data, hence the subluminality condition does not impose any constraining
power on the scalar mode perturbations. Also note the contradiction in the
condition for GW propagation: subluminal versus superluminal speed. The
positivity bounds do not hold in general, they are derived for a quadratic
subclass of Horndeski theories with G3 = G5 = G5,X = 0 in Eq. 5.2. Data
driven constraints strongly depend on the imposed theoretical priors and time-
dependent parameterisation of α-functions. Here we mention only two prior-
independent observational constraints.

5.4.3 Observational and Theoretical Constraints

Firstly, we want to eliminate a range of α-parameter values that lead to two pathological

instabilities: ghost (i.e., negative kinetic energy) and gradient (i.e., imaginary speed of

sound). These constraints for the Horndeski theories were first derived in Ref. [402]. In

terms of the α-functions, Ref. [100] found that the stability of the background requires

α > 0 , c2s ≥ 0 , (5.50)

from Eq. 5.29 and Eq. 5.30 for scalar modes, and

M2 > 0 , c2T = 1 + αT ≥ 0 , (5.51)

for tensor modes of perturbations. An additional theoretical constraint is the stability

of scalar modes in the presence of gravitational waves of large amplitude, for instance,

sourced by massive binary systems [398]. Mapped to the parameterisation used in this

work this requires the following bound [403]:

|αM + αB| ≤ 10−2 . (5.52)
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Previously, it was argued that the constraining power of upcoming cosmological surveys

will allow us to pin down the α-parameters at the O(0.1)-level [404]. For the condition

above this implies that αM ≈ −αB. However, in such forecasts nonlinear scales were

ignored with a typical highest mode around kmax ≈ 0.15 h Mpc−1. We speculate that this

constraint may be improved upon by inclusion of the nonlinear scales. Therefore, in our

code we treat αB and αM independently.

Secondly, one may consider that the new physics should not modify the speed of

gravitational wave propagation [397, 401, 405–412], and so αT = M̄2
2 = 0. This luminality

condition has been argued to not be as clear cut a constraint through EFT considerations

[397, 413] as well as through the positivity bounds from high energy physics [400], so in

our code we keep the αT dependence in µ. Subluminality, stated in the former references,

follows from the existence of a Wilsonian UV completion [414] and dependence on the

theory’s “cutoff” scale. From Eq. 5.29 it can be seen that subliminality of scalar modes

is guaranteed for large values of αK , while for tensor modes subluminality requires αT <

0. Superluminality, stated in Ref. [400], is a consequence of the positivity bounds for

scattering between scalar and matter fields. Such positivity bounds require a unitary,

causal, local UV completion of our low-energy EFT theory. However, superluminality

does not necessary result in casual paradoxes [415, 416]. In general, the notion of causality

in terms of the low-energy EFT is a rather subtle topic (for instance, see Refs. [417, 418]).

Thirdly, in the QS αK does not enter the equations of motion [100]. Therefore, it is

completely unconstrained in our approach, or for any model with c2s ≈ 1. However, in the

exact computation αK affects only the largest scales (see Fig. 5.2), which are dominated

by cosmic variance. This can be a motivation to not consider αK in data analyses, leaving

only αM and αB in a “bare-bones” case. We do not impose any of these reductions in our

code and leave it to the user to specify well motivated priors on the full set of EFTofDE

parameters in their analyses.

Lastly, we note that there are a host of data driven constraints that one can put on

the EFTofDE parameters [352, 399, 400, 403, 419–421]. Such constraints strongly depend

on the imposed theoretical priors and time-dependent parameterisation of the α-functions

(see Subsection 5.4.4). However, they all agree that the uncertainties and values of the

α-parameters are of order O(0.1). The future CMB and LSS surveys promise to improve

the constraints up to at least one order of magnitude σ(|αi|) ∼ O(0.01) (see, for example,

Ref. [422]). One may also assume a ΛCDM background, well motivated by CMB data

[22], and so set H(a) = HΛCDM(a)
6. We summarize the constraints discussed above in

Tab. 5.1.

6Our code defaults to this assumption, but there is the option to parameterise the background too.
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5.4.4 Parameterising Time Dependence

Here, we look at how one can parameterise the time dependence of the EFTofDE functions.

To first order this can be approximated by a Taylor expansion, θi(a) ≈ θi,0 + θi,p(1− a),

leaving at least 6 free constants characterising deviations from ΛCDM. In typical data

analyses, only a 1-parameter time dependence is considered. For example, in Ref. [421]

the authors consider the following three parameterisations for the αi, i ∈ {M,B,K, T}

(1) :αi(a) = ciΩΛ(a) , (5.53)

(2) :αi(a) = cia , (5.54)

(3) :αi(a) = cia
ni , (5.55)

where ci and ni are free constants and ΩΛ(a) is the ΛCDM cosmological constant energy

density fraction as a function of time. For a comprehensive list of various other time

parameterisations see Appendix B of Ref. [350]. These all draw on the motivation that

modifications should only become relevant at late times. In our code, the default is set

to (2) for all αi. We note that such parameterisations may exclude well-known theories

as shown in Ref. [370], which motivated the s-basis introduced in Subsection 5.3.1.

We can also adopt similar parameterisations for the background H(a), but a more gen-

eral choice would be, for example, the Chevalier-Polarski-Linder (CPL) parameterisation

[85, 86], which parameterises the dark energy equation of state w(a) in terms of two free

constants, {w0, wa} as

w(a) = w0 + wa(1− a) , (5.56)

which gives the following form for H(a)

H2(a) = H2
0

(
Ωm,0a

−3 + ΩΛe
−3

∫
(1+w(a))d log a

)
. (5.57)

5.4.5 Nonlinear Parameterisation

The nPPF form for F given in Eq. 5.39 captures dependencies of the nonlinear

modification to the Poisson equation on the relevant variables, namely {yh, a,Mvir, yenv}.
Being motivated by the form of F in DGP (Eq. C.41), it can recover the DGP form given

appropriate choices for pi albeit with a non-trivial dependency of p2 on a (see Eq. C.49).

Eq. 5.39 becomes approximate when moving beyond DGP. On the other hand, the Erf

form, Eq. 5.41, is completely phenomenological and is an approximation even in DGP.

Note that the nPPF is also more directly relatable to specific actions and gravity

models, in which case its degrees of freedom can be significantly restricted. It is thus

far more suitable when particular models are being targeted for analysis. The Erf model
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Maximal Reduced Minimal (Horndeski) Minimal

Background H(a) H(a) H(a) w0, wa

Linear
αM (a), αB(a) αM (a), αB(a), αM (a), αB(a) γ

αK(a), αT (a) αK(a), αT (a)

Quasi-
nonlinear

ξ23(a), ξ
2
4(a), ξ

3
3(a),

- - -
ξ34(a), ξ

4
4(a), ξ

5
4(a)

Nonlinear p1−7(a) + p8 p1−7(a) q1, q2, q3 q1, q2, q3

Total 18+1 12 3 + 3 constants 6 constants

Table 5.2 A maximal, reduced and minimal set of parameters needed for a comprehensive
nonlinear power spectrum analysis of the unrestricted theory space of Eq. 5.2,
together with a proposed minimal set for more general theories. The Horndeski
minimal set assumes αT = αK = 0 and Eq. 5.43, while the maximal and the
reduced assume full freedom of Eq. 5.39. Both reduced and minimal assume
γ2 = γ3 = 0. The totals show the number of free functions of time plus
any free constants. We note q4 and p8 are found in Section 5.5 to be likely
irrelevant for the 1-halo computation, and so we do not consider them in the
reduced or minimal cases. We also note very tight constraints on αB − αM

(see Subsection 5.4.3) relevant to the minimal case.

on the other hand is completely general and has no direct relation to specific actions

of gravity. It is thus more suitable when no specific model is being targeted and we

want to place constraints on general models of gravity. In Section 5.5 we test these two

approximations in both DGP and f(R) gravity.

5.4.6 Overview

With all these approximations and constraints, the arguable minimal parameter space

characterising deviations to ΛCDM is 3 free functions of time and 4 constants. Without

approximations or constraints, the maximal is 18 free functions of time and a constant.

Of course we can also find intermediate reduced sets, such as using the nPPF but with

γ2 = γ3 = 0. Given we need to parameterise these functions of time, the maximal set is

currently an unfeasible parameter space to probe comprehensively, both in terms of data

processing as well as parameter degeneracies which limits the amount of useful physical

information one can extract from the data.

Finally, we have focused on the Horndeski class of models, but one can extend this

to larger generality by considering, for example, the growth index γ parameterisation

for µ(a) [292, 423] explicitly, see Eq. 47 in Ref. [370] and Eq. 5.57 for H(a). Combined

with the Erf model, this would constitute a minimal set of 6 free constants for general

modifications to ΛCDM. This minimal model-independent parameterisation has also been

implemented into the code.
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We summarise these parameterisations in Tab. 5.2.

5.5 Testing the Nonlinear Parameterisations

In this section we compare the predictions for the halo model reaction R, using the

various nonlinear parameterisations of modifications to the Poisson equation outlined in

Subsection 5.3.3, to exact solutions as well as state-of-the-art emulators within an evolving

dark energy scenario (wCDM), DGP and Hu-Sawicki f(R) gravity (see Subsection 1.3.1

and Subsection 1.3.1 for more details on these models). Note that the exact solutions for

the reaction have in turn been themselves compared to full N -body simulations in other

works (see, for example, Ref. [4]), exhibiting O(1)% agreement. These models cover a fair

range of theoretical and phenomenological features typical of modified gravity and dark

energy models, making them good representatives and test cases.

We look to test predictions for R using Eq. 5.39 (nPPF) and Eq. 5.41 (Erf) with

γ2 = γ3 = 0 against the full calculation which computes R using exact forms for γ2, γ3

and F (see Appendices of Ref. [130] for all relevant expressions). We further employ the

EuclidEmulator2 emulator [32] and the fofr emulator [424] for the wCDM and f(R) cases

respectively. These emulators have been trained on high quality N -body simulations and

are 1-2% accurate within the scales we examine, providing a good benchmark for our

predictions. One should keep in mind that the halo model reaction approach’s accuracy

is limited by the pseudo power spectrum employed. For example, if we use HMCode2020

[362] for the pseudo, which is claimed to be 2.5% accurate down to k ≤ 10 h/Mpc, we

then expect any power spectrum comparisons to then be ∼ 4.5% consistent with N -body

at k ≤ 3 h/Mpc, which assumes the result of Ref. [425], i.e., that the exact solution for R
is ∼ 2% accurate at these scales. In the wCDM and DGP cases, both ΛCDM and P pseudo

NL

are computed using the halofit fitting function [394], but the f(R) case uses HMCode2020.

The computation of R requires us to solve the evolution equations for the spherical

top-hat radius parameterised by yh (Eq. C.44). This necessitates the specification of F
at all redshifts up to the target redshift. We then should test approximations for F even

at high redshifts, which is done in Subsection C.2.3, where we compare F at z = 0, 1, 4.

For comparisons of the halo model reaction, we only consider z = 0, 1 which are more

observationally relevant.

We fit {q1, q2, q3, q4} for the Erf model, FErf . In the nPPF case, we do not fit all the

8 free parameters of FnPPF, and only consider p1 and p8, treating both as constants. In

principle, and indeed for unspecified theories of gravity, all 8 parameters will be fit to the

data. For the comparisons made here, p2−7 are fixed to the theoretically predicted values

quoted in Section C.2. Fitting such a high dimensional parameter space is beyond the

scope of this work.

In what follows we fit the free parameters by performing a least square fit to the exact
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nPPF Erf

Ωrc p1 p8 q1 q2 q3

0.25 - - 0.76 0 0

0.01 - - 0.71 0 0

|fR0| p1 p8 q1 q2 q3

10−5 3 -0.8 0.9 0.35 0.65

10−6 8.5 -0.5 1.65 0.7 2.45

10−7 5.65 -0.45 0.6 0.8 2.15

Table 5.3 Best fit parameter values for the DGP and f(R) models. The fit is performed
to the exact solution for R in the range 0.1 h/Mpc ≤ k ≤ 3 h/Mpc and at
z = 0, 1 as described in the main text. For the Erf model, we do not fit q2, q3
and q4 for DGP and for f(R) we find the quality of fit with and without q4 is
similar. For all fits we thus set q4 = 0. The nPPF is exact for DGP and so
we only consider f(R), fixing all p2−7 to the values given in Eq. C.50.

R prediction. We choose to fit our parameterised models to the exact predictions for

R, rather than the emulator predictions for PNL(k) for two reasons. First so as to test

the ansatz for the phenomenological screening and the consistency of the predictions (see

Section C.2). Second, we do not want to assume anything about the pseudo spectrum in

these fits. To fit we minimise the following merit function

s2 =
max∑

j=min

max∑

i=min

[Rexact(ki, zj)−Rapprox(ki, zj)]
2

σ2
i,j

, (5.58)

where we assume error bars on Rexact coming from cosmic variance [281, 426, 427] and a

constant systematic error added in quadrature

σ2
i,j(k, z) =

4π2

k2
i∆kiVs,j

+ σ2
sys , (5.59)

where Vs,j ∈ {0.3, 8} Gpc3/h3 is taken to be a Stage-IV survey-like volume for each bin

zj ∈ {0, 1} respectively [10, 354, 395, 427]. We fit in the range kmin = 0.1 ≤ ki ≤
3 = kmax which is the range over which the exact computation of R is 2% accurate [4],

sampling logarithmically, with ∆ki being the bin width. We take σsys = 0.02 to reflect the

systematic error in the parameterised reaction when compared to simulations by proxy of

the exact solution. The best fit parameter values are shown in Tab. 5.3.
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5.5.1 Evolving Dark Energy Example: wCDM

Here we perform a sanity check that the general minimal model outlined in Tab. 5.2

produces consistent results for a wCDM cosmology, and is at least as accurate as the

exact solution. To do this we compare a minimal model with CPL parameters w0 = −1.2

and wa = 0.4, and a growth index of γ = 0.55 to the exact solution as well as predictions

from EuclidEmulator2 using the same CPL parameters. We further set the nonlinear

parameters of the Erf model (qi) to unity, but check that they have no impact on the

results as expected from Eq. 5.41 (µ ≈ 1 for γ = 0.55).

We show our results in Fig. 5.4. We see that the minimal model is both completely

consistent with the exact solution which has no nonlinear or linear modification to the

Poisson equation, as well as 1% consistent with the emulator down to k ≤ 2 h/Mpc and

2% down to k ≤ 3 h/Mpc. The minimal general model could feasibly outperform the

exact solution given its degrees of freedom. In a future work we plan to check forecasted

constraints and possible biases on cosmological parameters for the minimal general model,

in full posterior estimation analyses employing N -body simulation measurements.

5.5.2 Vainshtein Example: DGP

For DGP the nPPF parameterisation reproduces the exact form of F (Eq. C.41)

for specific choices of the pi parameters (Eq. C.49). On the other hand, the Erf

parameterisation (Eq. 5.41) is approximate and we fit the associated parameters. We note

that DGP has no Yukawa suppression at large scales and produces a constant enhancement

of the ΛCDM linear growth factor. This enhancement is controlled by the DGP degree

of freedom Ωrc ≡ 1/(4H2
0r

2
c ) where rc is the cross-over scale dictating where gravity goes

from behaving 4-dimensionally to 5-dimensionally. We consider two levels of deviation to

ΛCDM: a moderate modification given by Ωrc = 0.25 and a small modification given by

Ωrc = 0.01.

We only fit q1 as we do not have any mass, environment or Yukawa-suppression scale

dependence, and so we set q2 = q3 = q4 = 0 in this case. The best fit values of q1 are

given in Tab. 5.3. Further, we employ the exact form of µ(a) in Eq. 5.41 for the explicit

expression see Appendix in Ref. [130].

In the top panels of Fig. 5.5 we show the ratio of a DGP power spectrum to a ΛCDM

spectrum with the same background expansion history, normalised to unity at linear scales

for easier comparisons of nonlinear effects. The DGP spectrum is given by Eq. 5.3. We

see the moderate modification gives up to a 6% deviation from ΛCDM (above the linear

growth enhancement) for k ≤ 3h/Mpc while the small modification can reach 2% over the

same range of scales. Reassuringly, in the bottom panels we find sub-percent agreement

between the Erf and exact predictions down to k = 5 h/Mpc, with a smaller disagreement

for the smaller deviation from ΛCDM.
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Figure 5.4 Top panel: The ratio of the wCDM nonlinear power spectrum to the ΛCDM
nonlinear power spectrum computed using the EuclidEmulator2 (black) and
halofit together with the halo model reaction (see Eq. 5.3) for the minimal
general model (blue) as outlined in the right most column of Tab. 5.2. Middle
panel: The ratio between theoretical and emulator predictions for the ratio
between wCDM to ΛCDM spectra, i.e., the ratio of blue to black top panels
curves. Bottom panel: The ratio of the exact halo model reaction to the
minimal general model. We plot the ratio for two observationally relevant
redshifts, z = 0 (solid) and z = 1 (dotted). We show these results for w0 =
−1.2 and wa = 0.4. The minimal general model also has γ = 0.55 and
q1 = q2 = q3 = q4 = 1.
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Figure 5.5 Top panels: The ratio of the DGP nonlinear power spectrum to the ΛCDM
nonlinear power spectrum computed using halofit and the halo model reaction
(see Eq. 5.3) for the exact (black) and Erf (blue) cases. We do not show
the nPPF case as it reduces to the exact solution for specific choices of its
parameters. The Erf model assumes γ2 = γ3 = 0. We have normalised
the ratio to unity at large scales for easier comparisons. Bottom panels:
The ratio of halo model reactions; the Erf model RErf to the exact solution.
This is equivalent to the ratio of the top panel blue to black curves. We
show these results for a moderate modification, Ωrc = 0.25 (left) and a low
modification, Ωrc = 0.01 (right). We plot the ratio for two observationally
relevant redshifts, z = 0 (solid) and z = 1 (dotted).
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One can further parameterise the time dependence of q1 which would alleviate some of

these deviations, but we find these differences to be more than acceptable given the relative

size compared to the modification to ΛCDM shown in the top panels. Moreover, a large

number of additional degrees of freedom will be introduced in real data analyses such as

intrinsic alignments and parameterisations of baryonic physics. These will be degenerate

to some level with modified gravity effects [428], allowing lower accuracy demands in the

modelling of R.

This additional time dependence is highlighted in Fig. C.1, where we find that the

Erf model can match the exact form of F extremely well at a fixed redshift. Upon

investigation, we found this dependence to be highly degenerate with q2 which prompted

us to not introduce new freedom to the model, especially because we can achieve very

good fits already, even without q2.

Note we have not compared the parameterised model to an emulator nor simulations in

this case. Given the excellent agreement with the exact solution we can infer its accuracy

is at least as good as the exact solution, given it employs 3 additional degrees of freedom.

We remind the reader that the exact reaction was found to be 2% accurate when compared

to N -body simulations in Ref. [4].

5.5.3 Chameleon Example: Hu-Sawicki f(R)

For this theory we consider both the nPPF and Erf models for R, and compare them to

the exact solution (Eq. C.46) as well as at the power spectrum level to the fofr emulator

[424]. This model makes use of the chameleon screening mechanism which exhibits an

environmental and mass dependence. It also has a Yukawa suppression which returns it

to GR at large scales. The additional degree of freedom is the value of the background

scalar field at z = 0, fR0, which controls the level of deviation from GR. We consider

three levels of deviation from ΛCDM, |fR0| = 10−5 (moderate modification), |fR0| = 10−6

(low modification) and |fR0| = 10−7 (very low modification). We note that the moderate

f(R) modification is already ruled out by data (for example, see Refs. [340, 429–431]),

but provides a good flexibility test of the parameterisation.

In the nPPF case, we choose the theoretically motivated parameters given in Eq. C.50.

These emerge from a parameterised form of f(R) gravity [378] and so are approximate.

p1 and our new parameter p8 remain free. Treating them both as constants, we fit them

in the same way that we fit the Erf model’s parameters, by minimising Eq. 5.58. We

note that the other nPPF parameters, p2 − p7, take on different forms for the chameleon

screening and Yukawa suppression regimes. We only consider the screening regime which

is more relevant for the spherical collapse calculation, and rely on µ(k̃, a) appearing in

Eq. 5.39 to take care of the Yukawa suppression.

Yukawa suppression is relevant for large masses, large yenv or small values of fR0. Given
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Figure 5.6 Top panel: The ratio of the f(R) nonlinear power spectrum to the ΛCDM
nonlinear power spectrum computed using HMCode2020 and the halo model
reaction (see Eq. 5.3) for the exact (grey), Erf (blue) and nPPF (red) cases.
The fofr emulator is also shown in black. Middle panel: The ratio between
theoretical and emulator predictions for the ratio between f(R) to ΛCDM
spectra, i.e., the ratio of grey, blue and red to black top panels curves. Bottom
panel: The ratio of halo model reactions; the parameterised models to the
exact solution. This is equivalent to the ratio of the top panel coloured curves
to the gray curves. Note that both parameterised models have γ2 = γ3 = 0.
We plot the ratio for two observationally relevant redshifts, z = 0 (solid)
and z = 1 (dotted). We show these results for a moderate modification,
|fR0| = 10−5. The orange bands indicate the 2% region which is the current
absolute accuracy of the exact R.
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Figure 5.7 Same as Fig. 5.6 for a low modification, |fR0| = 10−6 (top) and a very
low modification, |fR0| = 10−7 (bottom). Note that the fofr emulator for
|fR0| = 10−7 gives the ΛCDM prediction and so we omit the middle panel.
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this, we do not expect p8 or q4 to be relevant for spherical collapse where yh ≤ yenv ≤ 1, and

even less for the 1-halo spectrum where the Sheth-Torman mass function down-weights

large masses (see, for example, Ref. [375]). We verify this by performing two separate

fits: the first only including the parameter sets {p1} and {q1, q2, q3} for the nPPF and Erf

model respectively, while the second extending these sets to include p8 and q4 respectively.

We find that values of q4, p8 ≥ 0 negligibly change the goodness of fit for the low and

very low modification strengths, while sufficiently negative values degrade the fit, which

is expected as the Yukawa scale begins to overlap with the screening scale. Further, we

observe only a marginal improvement at z = 0 for |fR0| = 10−5 in the Erf case. Given

this, all fits shown and quoted here set q4 = 0 for the Erf case. In the nPPF case, we

observe a moderate improvement for |fR0| = 10−5 and so keep p8. We report the best-fit

parameters in Tab. 5.3.

The f(R) results are shown in Fig. 5.6 and Fig. 5.7. We see the moderate modification

can reach a 20% deviation from ΛCDM for k ≤ 3h/Mpc while the low and very low

modifications reach 10% and 3% respectively. Both parameterisations do well in modelling

the moderate modification case |fR0| = 10−5, shown in Fig. 5.6. The Erf model prediction

for R stays within 1% of the exact solution for k ≤ 3h/Mpc. Similarly, the nPPF remains

within 2% for k ≤ 2h/Mpc. The situation improves for the lower modification cases,

shown in Fig. 5.7. These comparisons exhibit sub-1% agreement between the Erf (nPPF)

model and exact solution for k ≤ 5(3) h/Mpc at z = 0 and z = 1.

All power spectra predictions are ∼ 3% consistent with the fofr emulator which mainly

demonstrates the accuracy of HMCode2020. Interestingly, we find that the additional

degrees of freedom within the nPPF and Erf models are degenerate with possible

inaccuracies in the pseudo, even down to k = 5 h/Mpc. Again, we leave it to a future

work to see if these additional degrees of freedom can improve constraining power on

cosmological and gravitational parameters while remaining unbiased.

Our comparisons indicate that for the Erf model, degeneracies between q1−3 and q4

make the latter parameter unnecessary. We note that the fit of q1−3 becomes insensitive

to the value of q4 if it is sufficiently large, here found to be q4 = 0. For the nPPF model,

the additional freedom provided by p8 is necessary to improve the fit, but it does not help

substantially for observationally viable values of fR0. Further, we remind the reader that

we do not know p2−7 a priori for unspecified theories of gravity, and so the importance of

p8 is likely to be minimal when considering these additional degrees of freedom.

Lastly, we remark that the Erf model gives a good fit for a range of values for q1−3
7.

The values quoted in Tab. 5.3 are only the best fit values, which are also very dependent

on Eq. 5.59. This makes it hard to extract any further dependence on fR0 in Eq. 5.41 (note

this already depends on µ(k, a)), which is also beyond the scope of this parameterisation

which aims to be general in terms of gravitational degrees of freedom.

7Similar fits were found for O(0.1) values for these parameters.
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5.6 Summary

In this chapter we have presented a significant extension of the code described in Ref. [130]

which produces nonlinear corrections to the matter power spectrum coming from beyond-

ΛCDM physics in the form of the halo model reaction R. In particular, we have focused

on implementing parameterisations of key equations, such as the background expansion

history and the linear and nonlinear Poisson equations.

For the linear scales and background we have considered the effective field theory

of dark energy (EFTofDE) while for the nonlinear scales we have considered two distinct

parameterisations, a nonlinear parameterised post-Friedmannian (nPPF) based model and

a more phenomenological model based on the error function (Erf). Together, these give

a general parameterisation of the nonlinear matter power spectrum in Horndeski models.

We neglect loop corrections in these parameterisations but leave these as viable additions

and we provide theoretical and numerical means of deriving these for the Horndeski class of

theories. This being said, we remark that the nonlinear parameterisations are completely

general, and so to move beyond the Horndeski class it is sufficient to parameterise only

the background expansion history and the linear modification to the Poisson equation.

Further, the nonlinear parameterisations also have unscreened limits, and so we are not

restricted to theories exhibiting screening. In summary, this work presents a fast, accurate

and highly general nonlinear power spectrum predictor for non-standard models of gravity

and cosmology including massive neutrinos, parameterised with a minimal set of free,

physically meaningful constants.

We have tested these parameterisations against the full solutions forR in three beyond-

ΛCDM models, wCDM, Hu-Sawicki f(R) and DGP gravity. This has identified a minimal

set of 3 free functions of time and 3 dimensionless, positive, O(1) dimensionless constants,

which can replicate the exact solutions to within 1% at k ≤ 5h/Mpc and at z ≤ 1 for

modifications to GR within current data constraints and within the Horndeski class.

This level of imprecision is sub-dominant to the 2% accuracy currently achieved by

the reaction method at these scales [4, 356], and further to the inaccuracies in current

pseudo spectrum prescriptions [358, 363]. We have seen that the additional parameters

have some degree of degeneracy with pseudo spectrum inaccuracies, which may improve

the scales of validity for the nonlinear power spectrum, PNL, as predicted within the

halo model reaction framework. We thus suspect that this minimal parameterisation

is acceptable for upcoming Stage-IV cosmic shear analyses given the flexibility of the

nonlinear parameterisation and the many other nuisance degrees of freedom entering a real

data analyses, such as those characterising baryonic physics or intrinsic galaxy alignments

[432].

The Erf model is also highly model independent, capturing the basic phenomenology

of screening mechanisms. It can thus be suitable for analyses targeting general deviations

155



from ΛCDM. For example, one may perform a model independent analysis combining the

Erf parameterisation with the linear theory growth index γ-parameterisation [292, 423]

(also see Eq. 47 of Ref. [370]) and say the background parameterisation of Refs. [85,

86], giving 6 free constants characterising general deviations from ΛCDM in the matter

power spectrum at a wide range of scales. On the other hand, the nPPF approach is

complementary as it can be directly related to specific actions, making it very suitable

when we look to constrain more specific classes of theories. Both approaches have a clearly

defined unscreened limit.

In future work we will test the robustness of the minimal parameterisation, and

forecast constraints on deviations to ΛCDM by performing full Markov chain Monte Carlo

(MCMC) analyses on mock data of the cosmic shear spectrum. Consistency and accuracy

checks can also be performed using recently developed parameterised modified gravity

simulations [386, 388, 433–435]. On this note, our code is as fast as the original ReACT and

so is capable of running MCMC analyses. Despite its appreciable baseline speed, we aim to

make this even faster by creating emulators based off halo model reaction predictions using

the recently released CosmoPower code [291] which will highly optimise such analyses. It

is a future plan to also perform real data analyses on currently available cosmic shear

data to constrain deviations to ΛCDM using the general minimal parameterisation given

in Tab. 5.2.

It is currently an ongoing project to also extend the halo model reaction to redshift

space and biased tracers in a vein similar to Ref. [357]. We also plan to include interacting

dark energy parameterisations [436, 437] from Chapter 3, a scenario where essentially one

decouples the baryons from ΛCDM modifications, contrary to the scenario considered in

this chapter where all matter is coupled to the scalar field.
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Chapter 6

Growth Index Parameterisation with

Cosmic Shear

This chapter is based on the following peer reviewed publication:

• M. Tsedrik, B. Bose, P. Carrilho, A. Pourtsidou, S. Pamuk, S. Casas, J. Les-

gourgues, 2024, Stage-IV cosmic shear with modified gravity and model-independent

screening. Published in JCAP. doi:10.1088/1475-7516/2024/10/099, arXiv:2404.11508.

Here we apply the minimal parameterisation introduced in the previous chapter. This

phenomenological parameterisation was developed with galaxy clustering probes in mind

and has been used to look for deviations from standard cosmology [66, 153, 438]. In

Ref. [439] it was demonstrated that γ can be constrained with weak lensing probes as

well. Constraining the growth index is one of the main objectives of Stage-IV surveys.

We should note that this parameterisation assumes that the linear growth factor and rate

are scale-independent which is not the case for some Modified Gravity (MG) models, such

as f(R).

The novelty is the implementation of the screening. To our knowledge, attempts to

take the screening effects into account have been made in Refs. [352, 440–442]. Therein,

screening was modeled as an exponential cut-off in the α-parameters with a characteristic

screening scale at which the screening mechanism becomes effective. This scale was either

varied as a free parameter or fixed to the value motivated by simulations [443]. However,

the performance of this approximation across various MG scenarios remains to be tested,

in order to understand if the corresponding accuracy suffices for Stage-IV surveys.

In this chapter, we investigate whether we could provide constraints on the minimal

model-independent parameterisation of MG, including nonlinear scales with forthcoming

Stage-IV cosmic shear data. We investigate the importance of including the screening

scale, the degeneracy between the screening scale and baryonic feedback, and the effects

from massive neutrinos. For acceleration of our analysis we emulate our models of interest,
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trained with CosmoPower on power spectra generated using the halo model reaction. We

have made a public repository for this and related emulators.

Contributions

I led the main analysis of the paper, including writing a new likelihood pipeline, adding

a new model to MGCAMB and ReACT, emulating models of interest with CosmoPower, running

all MCMC chains, interpreting the results, and drafting the majority of the paper. Alkistis

Pourtsidou, Benjamin Bose and Pedro Carillho contributed to the interpretation of the

results. Benjamin Bose provided his pipeline for data production. Part of Sefa Pamuk’s

and Santiago Casas’s original code was used in the development of my pipeline. They

and Julian Lesgourgues provided comments for the final version of the draft.

6.1 Modelling

For a generic theory of gravity, the cosmic shear power spectrum can be derived from

the lensing potential, also known as the Weyl potential. The Weyl potential is intricately

linked to the underlying matter density fluctuations via a corresponding Poisson equation.

Therefore, we can obtain the cosmic shear power spectrum by integrating the nonlinear

matter power spectrum along the line-of-sight under the Limber approximation 1 [441]:

Cγγ
ij (ℓ) =

∫ zmax

zmin=0

dz
W γ

i (z)W
γ
j (z)

H(z)χ2(z)
Σ2[kℓ(z), z]PNL[kℓ(z), z] , (6.1)

where we set the speed of light to c = 1, kℓ = (ℓ + 1/2)/χ(z), χ(z) signifies the radial

comoving distance from an observer at z = 0 to an object at redshift z, H(a) represents

the Hubble function, Σ(k, z) denotes the modification to the Poisson equation for the

Weyl potential in MG theories, and zmax stands for the maximum redshift of the source

distribution in a survey. The weighting functions W γ
i are defined as:

W γ
i (z) =

3

2
H2

0Ωmχ(z)(1 + z)

∫ zmax

zmin=0

dz′ni(z
′)

[
1− χ(z)

χ(z′)

]
, (6.2)

where Ωm = Ωm(z = 0) denotes the total matter density fraction today, H0 represents

the Hubble constant in Mpc−1, and ni is the redshift distribution for bin i. The observed

lensing signal CWL
ij (ℓ) is contaminated by the intrinsic alignment contribution (IA, see

Ref. [444] for a recent review). IA represent correlations in the orientation between

galaxies which are not caused by lensing but rather by the same gravitational field in which

these galaxies evolve. We model this using the redshift-dependent nonlinear alignment

1As we have discussed in Section 1.5, the Limber approximation might be insufficient for Stage-IV
surveys. The goal of this chapter is to study nonlinear effect at scales not strongly affected by this
approximation. In a real data analysis the model must be computed without employing the Limber
approximation (e.g., with BLAST [18]).
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(zNLA) model [445, 446]. Additionally, we account for the shape-noise contribution due

to the intrinsic ellipticity field (unlensed). These effects introduce the following additional

contribution to the signal:

CWL
ij (ℓ) = Cγγ

ij (ℓ) + CIγ
ij (ℓ) + CII

ij (ℓ) +
σ2
ϵ

n̄
δKij , (6.3)

where δKij is the Kronecker’s delta, σϵ stands for the variance of the intrinsic ellipticity

distribution, n̄ = n/Nbins with n being number of galaxies per radians squared, and the

superscript I denotes the contribution from the IA with the following kernel:

W I
i (k, z) = −AIACIA(1 + z)ηIA

Ωm

D(k, z)/D(k, 0)
ni(z)H(z) , (6.4)

where D(k, z) denotes the growth factor2 – the general definition for MG theories includes

a scale dependence, but in this work we only study models with scale-independent linear

growth. We set CIA = 0.0134 (its conventional value3, as it is degenerate with AIA),

while AIA and ηIA are additional nuisance parameters in our modelling. AIA is called

the alignment amplitude. It quantifies the strength of the IA signal given the underlying

matter density distribution. The IA signal evolves with redshift and depends on galaxy

type [448, 449]. The redshift evolution of the IA amplitude is controlled by the redshift

scaling parameter ηIA. We also assume that the redshift at which we observe the IA signal

is lower than the redshift at which the alignment was initiated. In this framework, the

ellipticity of a galaxy is linearly related to the gravitational potential at the time when the

IA signal is set. Therefore, it is related to the density perturbations and the matter power

spectrum via the Poisson equation. In zNLA, we extend this connection into the nonlinear

regime by using the full nonlinear matter power spectrum. It has been widely applied

to Stage-III galaxy survey measurements (see, for instance, Refs. [450–453]) that seem to

prefer simpler IA models. The zNLA model allows for amplitude and redshift dependence

of the IA signal from any MG model through D(k, z) in Eq. 6.4 and PNL in Eq. 6.1. Unlike

other IA models where tidal physics is taken into account and perturbatively re-derived

for MG scenarios, this does not affect NLA [115]. While there is still debate on whether

or not zNLA captures all IA effects sufficiently well for Stage-IV surveys [447, 454], we

leave a detailed exploration of more complex models for future work. In general, IA

occurs on small astrophysical scales, where we assume that all modifications of gravity

are screened [350]. However, a more complex IA model may introduce degeneracies with

cosmological and MG parameters, and, hence, degrade the inferred constraints. We note

that by choosing a simpler IA model, our forecasts may underestimate uncertainties of

2This is found by solving the linearised growth equation in the cosmological scenario of interest, which
we compute using MGrowth: github.com/MariaTsedrik/MGrowth.

3The definition of this constant includes critical density and another normalisation constant frequently
set to C̄ = 5× 10−14M−1

⊙ h−2Mpc3 in the literature (e.g., Ref. [447]): CIA = C̄ρcrit.
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the inferred parameters.

The main component from Eq. 6.1 that we model and modify in our analysis is the

nonlinear power spectrum:

PNL(k, z) = PMG+ν
NL (k, z)×Bbaryons(k, z) = BMG+ν ×Bbaryons × PΛCDM

NL , (6.5)

where the nonlinear ΛCDM power spectrum without neutrinos, PΛCDM
NL , is combined

with the emulated boosts due to effects from baryonic feedback, Bbaryons, and MG with

massive neutrinos, BMG+ν = PMG+ν
NL /PΛCDM

NL . This prescription is described in detail in

the following subsections.

6.1.1 Nonlinear Power Spectrum Modelling

We model the nonlinear power spectrum similar to the prescription from Chapter 5. In the

halo model reaction framework4 [4], based on the halo-model approach (see Ref. [35] for

a recent review), we can compute the nonlinear power spectrum in a modified theory

of gravity including massive neutrinos as (see a discussion on massive neutrinos in

Subsection 1.3.2):

PMG+ν
NL (k, z) = R(k, z)P pseudo

NL (k, z) , (6.6)

where P pseudo
NL (k, z) is called the pseudo power spectrum. This is defined as a nonlinear

power spectrum, evolved in a ΛCDM universe with adjusted initial conditions in order

to match the linear clustering of the MG model of interest at the target redshifts,

i.e., P pseudo
L (k, zj) = PMG

L (k, zj). In the context of N-body simulations it can be

understood as follows: initial conditions are generated from a power spectrum computed

as P pseudo
L (k, zini) = D2

ΛCDM(zini)/D
2
ΛCDM(zj) PMG

L (k, zj) while the evolution up to zj is

done with standard gravity and ΛCDM expansion. In the context of HMcode it can be

understood as usingD2
ΛCDM(z = 0)/D2

ΛCDM(zj) P
MG(k, zj) as input linear power spectrum

at redshift z = 0. Since in our case the re-scaling of the initial conditions is scale-

independent (as we are dealing with MG theories with scale-independent linear growth),

one can also compute a pseudo power spectrum at the target redshift simply by re-scaling

the primordial amplitude as Apseudo
s = D2

MG(zj)/D
2
ΛCDM(zj)As. Instead of utilising a

ΛCDM nonlinear power spectrum with the same cosmological parameters and modelling

the reaction as an expected ratio PMG+ν
NL /PΛCDM

NL with halo model, we opt for the pseudo

cosmology, which implies the halo mass functions of both MG and pseudo cosmologies are

similar. As a consequence, the transition between 2- and 1-halo terms becomes smoother.

4The series of papers “On the road to percent accuracy” covers the developments of the framework
including the basic foundation [4], an emulator for the pseudo power spectrum [299], inclusion of massive
neutrinos [356], the first forecasts for an LSST-like survey and the ReACT code release [130], a comparison
with simulations and simulation-based emulators including baryonic contribution in [363], and interactions
between dark matter and dark energy [358].
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For example, in Fig. 5 and 7 of Ref. [4], when comparing PMG
NL /PΛCDM

NL and PMG
NL /P pseudo

NL ,

the latter clearly appears as a smoother function.

We compute the pseudo power spectrum using HMCode [360, 361, 455, 456], in particular

its 2020-version. Alternatively, the pseudo power spectrum can be computed with HaloFit

[457] or for MG theories with scale-independent linear growth, ΛCDM-based emulators

such as EuclidEmulator2 [32, 458] or bacco [31] can be used by adjusting the spectrum

amplitude parameter, As or σ8, to match the modified cosmology.

The reaction functionR(k, z) contains all nonlinear corrections to the pseudo spectrum

coming from modifications of gravity and massive neutrinos. We refer the reader to

Refs. [4, 130] and Section 5.2 for more details on how to model the reaction function. In

a nutshell, similar to the halo-model approach, there are three distinct regimes in scale:

linear (2-halo term), quasi-nonlinear (1-loop corrections and smoothing), and nonlinear

(1-halo term). For each we need to follow a certain prescription within our framework.

These three regimes are demonstrated clearly in the Poisson equations 5.12-5.13.

In the linear regime, the enhancement or suppression of structure formation relative

to ΛCDM is controlled by µL(k, a). In the quasi-nonlinear regime, the modifications at

second and third orders are captured by a source term S(k, a) (see Eq. 5.14). Within

the reaction function, two parameters guarantee a smooth transition between the 2- and

1-halo terms in the quasi-nonlinear regime: E and k⋆. The first parameter corresponds

to the 1-halo power spectrum ratio in the modified and pseudo cosmologies at very large

scales, tuning the similarities in their halo mass functions. The second parameter controls

the rate of the transition, and for that parameter the one-loop corrections given by S(k, a)

are essential.

In the nonlinear regime, the modification to gravity is governed by µNL(k, a), which

should recover GR at very nonlinear scales (k ≫ 10h/Mpc) in the screened MG theories

µNL → 1 or µNL = µL in the unscreened MG theories. This function is then considered

when solving the gravitational collapse equation for the top-hat radius. From the solution

of the gravitational collapse equation and Virial theorem, we derive the density at the

collapse, virial scale factor and virial density, which are then used for computing the halo-

mass function [459, 460] and halo density profile [461] – two essential properties of the

1-halo term power spectrum.

All in all, to fully describe PMG+ν we require the following information: the total

neutrino mass Mν (or equivalently the neutrino density parameter, related to the mass

by Mν ≈ 93.14 Ωνh
2 eV), and 5 functions – the expansion history H(a), the modification

of gravity on linear scales µL(k, a), two functions γ2 and γ3 included in the source

term S(k, a) that modifies quasi-nonlinear scales, and the modification of gravity in the

nonlinear regime µNL(k, a). In the subsequent subsection, we discuss these functions for

the MG theories of interest.
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Figure 6.1 Upper panel: left – linear modification to the Poisson equation for nDGP
gravity with strong modification of Ωrc = 0.25 (red solid line), GR (black
line) and different growth index values specified in the colour-bar; right –
nonlinear modification to the Poisson equation for the same nDGP scenario,
and growth index with γ = 0.4 and various values of the screening scale q1 at
z = 1.25 as a function of the normalised halo radius yh, defined in Eq. C.44.
Lower panel: ratio between the growth factors computed for various values of
γ; left – with respect to the growth in GR, middle and right – with respect
to nDGP for time-independent and time-dependent growth index respectively.
Dashed black lines denote the 1% range.

6.1.2 Modified Gravity Scenarios

In the previous Chapter 5, we studied Horndeski theories employing the Effective Field

Theory of Dark Energy (EFTofDE). Horndeski theories [462] encompass the most general

class of scalar-tensor theories of gravity in 4 dimensions that are Lorentz-covariant, ghost-

free and have second-order equations of motion. However, in this work, we specifically

focus on a popular example of scalar-tensor theories with Vainshtein screening [382] –

the normal branch of DGP theories (nDGP, [107]). We aim to recover its main features

with the phenomenological growth index parameterisation [292, 293, 423] extended to the

nonlinear regime (see the “minimal parameterisation” in Tab. 5.2).

For our theories of interest the modification of the Weyl potential from Eq. 1.40 is

ΣL = 1, i.e., lensing is not affected: for nDGP this is derived in Refs. [463, 464] and

for the γ-parameterisation we set it by hand. Therefore, in this work, in Eq. 6.1 we set

Σ(k, z) = 1 and modify PNL only.

Below is a summary of the functions required for the reaction calculations and our

assumptions:

1. The background expansion is set to be equal the standard cosmology: H(a) =

H0

√
Ωma−3 + (1− Ωm).
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2. Modifications in the linear regime:

µL(a) =





1 + 1
3β(a)

for nDGP

2
3
Ωγ−1

m (a) [Ωγ
m(a) + 2− 3γ + 3(γ − 1/2)Ωm(a)] for γ = const

2
3
Ωγ−1

m (a)γ1(a− 1/a) log Ωm(a) + µγ=const
L (a) for γ(a)

(6.7)

with β(a) defined as

β(a) = 1 +
H(a)

H0

1√
Ωrc

(
1 +

Ḣ(a)

3H2(a)

)
, (6.8)

where dot denotes a derivative with respect to the time coordinate and Ωrc

corresponds to the strength of modification in the nDGP cosmology (Ωrc = 0 in

GR). The derivation of µL for nDGP can be found in Ref. [463], while for the

growth index parameterisations one inserts the growth rate, f(a) = [Ωm(a)]
γ(a),

into the linearised growth equation

f ′(a) + f 2(a) +

(
2 +

H ′(a)

H(a)

)
f(a) =

3

2
µL(a)Ωm(a) (6.9)

with ′ = d/d ln a, to find the expression for µL. In addition to the standard

(constant) growth index parameter, we consider a time-dependent version of the

form γ(a) = γ0 + γ1(a + 1/a − 2) from the recent work of Ref. [296]. We add this

model to our MGCAMB branch. The latter parameterisation was recently proposed

because it captures the time-evolution of growth in Horndeski theories better than

the constant growth index. We demonstrate this in the lower right panel of Fig. 6.1.

Additionally, in the same figure, we illustrate the impact different choices of µL

have on the growth factor D for the time-independent growth index. Indeed, for

nDGP the time-dependent parameterisation of the growth index provides a better

fit than the constant one. However, for the standard cosmology, the growth index

parameterisation remains excellent, whereas, for a scalar-tensor theory like nDGP,

it does not. Further discussion on the correspondence between the constant growth

index and DGP theories is provided in Appendix D.1. In all models, we ensure

a match with General Relativity at high redshifts. In other words, we introduce

modifications of the standard cosmology only in the late universe, while the early

universe remains ΛCDM.

3. In the quasi-nonlinear regime for nDGP γ2- and γ3-functions
5 within S(k, a) are

specified in Ref. [365], while for the scale-independent growth index parameterisation

5Note that the γ2- and γ3-functions are not related with the growth index parameterisation despite
having similar notation. These functions, γ2(k1,k2, a) and γ3(k1,k2,k3, a), characterise quasi-nonlinear
modifications to the Poisson equation.
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we set them to zero. In Subsection 5.4.2 we demonstrated that the 1-loop corrections

impact the reaction function very weakly for nDGP, less than 1%. However, this

might become a consideration when scale-dependency in the linear growth is present.

4. Modifications in the fully nonlinear regime:

µNL(a) =





2
3β(a)

√
1+s3−1
s3

+ 1 for nDGP

(µγ
L(a)− 1)erf(a yh10

q1) + 1 for γ parameterisations .
(6.10)

The expression for nDGP is derived in Ref. [339] following the solution of a

spherically symmetrical overdensity with

s =

[
2Ωm(δ + 1)

9a3β(a)2Ωrc

] 1
3

, (6.11)

and δ being the nonlinear over-density given by

δ = y−3
h (1 + δini)− 1 , (6.12)

with δini being the initial over-density and

yh ≡ RTH/a

Ri/aini
, (6.13)

RTH and Ri being the physical halo top-hat radius at the target scale factor a and at

the initial scale factor aini, respectively. The second expression is phenomenological

and was demonstrated in Subsection 5.5.2 to reproduce the Vainshtein screening

behaviour within 1% up to k = 5 h/Mpc when compared against the exact solution.

By the exact solution we mean the halo-based reaction computation for the exact

expression of µNL in nDGP from Eq. 6.10. This exact ReACT solution, in turn, shows

percent-level agreement when tested against numerical simulations in Ref. [4]. The

error function form in µNL guarantees a smooth transition from the modified into

the screened regime: on large scales in the linear regime µNL → µL, while on small

scales µNL → 1. The parameter q1 corresponds to the screening scale, and its

impact is demonstrated in the right upper panel of Fig. 6.1 (for a case of γ = 0.4

that matches the linear modification of nDGP with Ωrc = 0.25 at redshift z = 1.25).

From this figure, we see that the higher q1 the deeper into the halo the transition

from modification to no modification happens. The opposite is also true, the lower

q1 the farther outside the halo µNL = 1. The GR-limit is fully recovered at all scales

when q1 → −∞. Values of q1 ≳ 2 correspond to a screening scale deep within a

halo, indicating that we will observe no effect of screening in the nonlinear power

spectrum at the scales of our interest.
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6.1.3 Baryonic Effects

The last missing component from Eq. 6.6 is the boost from the baryonic feedback,

Bbaryons. It is well-known that astrophysical processes significantly impact the matter

power spectrum in the nonlinear regime. For instance, active galactic nuclei (AGN),

supernovae, and stellar winds repulse matter from clustered centralised clumps into

intergalactic medium, causing a suppression of the observed structures on small scales.

On even smaller astrophysical scales, the observed structures get boosted by gas cooling

and star formation. The effects of baryonic processes have been extensively studied in

various hydrodynamical simulations, including BAHAMAS [465], Illustris-TNG [466], and

more recent FLAMINGO [467], among others. However, these effects are sensitive to the

sub-grid physics and can vary significantly between different simulations (as depicted in

Fig. 9 of Ref. [468]).

Instead of running computationally expensive hydro-simulations and fine-tuning them

to match observations, the impact of baryons can be modelled using a baryonification

model [468, 469]. In this approach, halo profiles, the outputs of a dark-matter-

only simulations, are modified by slightly displacing particles around halo centres in a

spherically symmetric way. This displacement is characterised by 7 baryonic parameters:

{log10Mc, θej, µbar, γbar, δbar, ηδbar, ηbar} (the first five describe the gas distribution,

while the last two are related to the stellar abundances)6, along with one cosmological

parameter, the baryonic fraction fb = Ωb/Ωcdm+b. In our analysis we use the baryonic

emulator BCEMU [470], which accurately reproduces the power spectra of state-of-the art

hydrodynamical simulations even with a reduced number of parameters. This emulator

has been employed to analyse cosmic shear data in Ref. [471], and provides a robust and

flexible tool for incorporating baryonic effects into our analyses. In Subsection 6.3.3 we

discuss the cosmology dependence in the context of MG theories for the baryonification

approach.

The importance of baryonic feedback becomes evident on scales comparable to the size

of a halo, which coincides with the scales where screening is crucial for MG theories.

In this work, we aim to investigate whether an independent parameterisation of the

screening scale can be decoupled from the effects of baryons. To achieve this, when

exploring the generalised parameterisation in Subsection 6.3.3 and Subsection 6.3.5, we

only vary log10Mc (similarly to the DES Y3 shear analysis in Ref. [472]), while keeping the

6log10 Mc defines the characteristic mass scale where the slope of the gas profile becomes shallower
than −3 (i.e., shallower than the Navarro-Frenk-White profile) for small halos with Mvir ≪ M ′

c. The
critical mass Mc is given in the solar mass units Mc := M ′

c/
(
M⊙ h−1

)
. µbar defines how fast the slope

of the gas profile becomes shallower towards small halo masses. θej specifies the maximum radius of gas
ejection relative to the virial radius. γbar and δbar control the slope of the gas profile falling beyond the
virial radius. ηbar specifies the total stellar fraction within a halo (including central galaxy, satellites,
and halo stars). ηδbar defines the difference between the total stellar fraction and the one of the central
galaxy.

165



others fixed at their fiducial values. Exploring degeneracies with the full set of baryonic

parameters will be explored in future work. The log10Mc parameter controls the slope

of the gas density distribution: smaller haloes with masses less than Mc have shallower

profiles. Both the screening and baryonic feedback effects display weak cosmological

dependence and result in the suppression of growth on approximately the same scales.

Already from this fact alone we can highlight the urgency of accurately measuring baryonic

parameters.

Fortunately, there exists a well-established connection between the baryonic effects on

the power spectrum and the gas and stellar fractions in haloes [469]. This suggests that

additional secondary CMB observables and/or X-ray measurements of galaxy groups and

clusters can help constrain these parameters or impose physically motivated priors. For

instance, in Ref. [473] authors measured log10Mc = 14.53 ± 0.20 with a compilation of

Bayesian population studies of galaxy groups and clusters and with cluster gas density

profiles derived from deep, high-resolution X-ray observations. While Ref. [471] found

log10Mc ≈ 13.2 ± 0.4 from the combination of the KiDS-1000 cosmic shear data with

the gas profiles from kinematic Sunyaev–Zeldovich (kSZ) observations and X-ray data.

Recently, Ref. [474] found a significantly stronger baryonic feedback suppression than in

previous studies with log10Mc = 13.22+0.42
−0.29 using the DES Y3 cosmic shear and CMASS

+ ACT DR5 kSZ observations. In these three works all 7 parameters of the model were

varied. Interestingly, it has been demonstrated in Ref. [428] that with the addition of

mock gas fractions from eROSITA a Euclid-like setup finds σlog10 Mc/ log10Mc ∼ O(0.001)

when log10Mc is varied together with µbar and θej. This implies that future surveys can

decrease baryonification model errors by more than an order of magnitude. However,

whether or not the model with only 3 baryonic parameters, {log10Mc, µbar, θej}, qualifies
for Stage-IV surveys without introducing biases is still under investigation. Additionally,

the percent and sub-percent level of precision assumes that the baryonification model is

correct and complete. This as well requires further exploration, especially for the newest

generation of surveys.

Alternative approaches to mitigate the baryonic effects include a) a slightly different

model of baryonification called Baryon Correction Model [475, 476] that was applied to

DES Y3 data [64, 472], b) halo model [456, 477], and c) Principal Component Analysis

(PCA) [478–480].

6.2 Analysis Setup

The survey specifications in our pipeline are chosen to mimic Stage-IV specifications: sky

fraction fsky = 0.4, number density of galaxies per arcminute squared n = 30 arcmin−2,

and per-component dispersion in the intrinsic galaxy ellipticities σϵ = 0.3. We take

10 equipopulated tomographic bins between redshifts z ∈ [0.001, 2.5]. The photometric
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redshift distribution of galaxies is following ni(z) ∝ (z/z0)
2 exp− (z/z0)

3/2 with z0 =

0.9/
√
2 [481] . The uncertainty on the photometric redshift is modeled as the sum of two

Gaussian distributions: one for the well determined photometric redshifts and another for

the outliers (we follow the prescription in Section 3.3.1 of Ref. [281]).

As input we use synthetic data, namely angular power spectra, Cℓ, computed according

to Eq. 6.3, with the fiducial cosmology in three scenarios:

1. ΛCDM scenario in Subsection 6.3.1: nonlinear power spectrum is calculated with

HMcode2020 in which linear input is computed with bacco;

2. nDGP scenario in Subsections 6.3.2 and 6.3.5 with strong deviation from the

standard cosmology Ωrc = 0.25: nonlinear power spectrum computed with reaction

from ReACT and pseudo-power spectrum from HMcode2020;

3. minimal parameterisation in Subsections 6.3.3 and 6.3.4 with γ = 0.4, q1 = 0.76:

nonlinear power spectrum computed with reaction from ReACT and pseudo-power

spectrum from HMcode2020.

We use these scenarios to validate the pipeline and then test the performance of the

growth index parameterisation. We model the angular power spectra from Eq. 6.3, where

the background remains unaffected and the MG modification impacts the linear growth

parameter and the nonlinear power spectrum. In total, we emulate 3 models for BMG+ν

from Eq. 6.5 using cosmopower [482]: nDGP7, γ+ q1 and γ(z)+ q1 in the ranges specified

in Table 6.2 and the accuracy of emulators provided in the corresponding code repository8.

We compute our models for the nonlinear matter power spectrum boost in the wavenumber

range of k ∈ [0.01, 5]h/Mpc. For smaller k-values we extrapolate the boost to be constant

and equal to its value at k = 0.01h/Mpc, while for larger k-values we extrapolate the

boost as a power law. For the ΛCDM nonlinear power spectrum from Eq. 6.5 we use

HMcode2020. Finally, the baryonic boost, Bbaryons, in Eq. 6.5 is computed with BCEMU.

The likelihood is computed as (see Appendix B.2 of Ref. [332]):

logL = −1

2

ℓmax∑

ℓ=10

(2ℓ+ 1)fsky

(
dmix
ℓ

dmodel
ℓ

+ ln
dmodel
ℓ

ddataℓ

−Nbins

)
(6.14)

where Nbins is the number of photometric bins and dℓ denote the determinants of Cij
ℓ : the

mock data and model are both computed with Eq. 6.3, and dmix
ℓ is defined as

dmix
ℓ =

Nbins∑

k=1

det






Cmodel

ij (ℓ) if j ̸= k

Cdata
ij (ℓ) if j = k


 . (6.15)

7Alternative emulators for nDGP trained on numerical simulations: BRIDGE [483] and
github.com/BartolomeoF/nDGPemu [484].

8github.com/nebblu/ReACT-emus/emulators/Accuracy Plots
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The modelling and likelihood function we use were validated in Ref. [485]. The priors are

given in Tab. 6.1, and the fiducial values for the fixed baryonic parameters are: θej = 4.235,

µbar = 0.93, γbar = 2.25, δbar = 6.4, ηδbar = 0.14, ηbar = 0.15.

Effect Parameter Prior Fiducial

Cosmological

ωc U(0.11, 0.13) 0.12

ωb N (0.02268, 0.00038) 0.02268

h U(0.63755, 0.7305) 0.68

log
(
1010 As

)
U(2.7081, 3.2958) 3.044

ns N (0.97, 0.004) 0.97

Intrinsic Alignments
AIA U(0, 12.1) 1.72

ηIA U(−7, 6.17) -0.41

Modified Gravity

log10Ωrc U(−3, 2) 0.25

γ, γ0 U(0, 1) -

γ1 U(−0.7, 0.7) -

q1 U(−2, 2) -

Baryonic log10Mc U(11.4, 14.6) 13.32

Massive Neutrinos Mν U(0, 0.1576) 0.06

Table 6.1 Sampling parameters, prior ranges and fiducial values in the model and mock
data respectively. The spectral index ns has tight Planck prior and the baryonic
density component has a BBN-prior, both motivated by weak constraints on
these parameters from cosmic shear data [11].

Ωm Ωb Ων h ns As γ, γ0 γ1 q1 log10 Ωrc z

lower 0.2899 0.04044 0. 0.629 0.9432 1.5 ×10−9 0. -0.7 -2 -3 0.

upper 0.3392 0.05686 0.00317 0.731 0.9862 2.7 ×10−9 1. 0.7 3 2. 2.4

Table 6.2 Prior ranges for the emulators.

The posterior distribution is sampled with Nautilus [212] for 3 × 103 live points.

This sampler is based on the importance nested sampling (INS) technique combined with

deep learning via neural network regression. Nested sampling-based samplers tend to

under-predict the size of the posterior contours when compared to much slower but more

accurate samplers (see, for example, Appendix D of Ref. [453]). However, Nautilus does

not suffer from this tendency (see Appendix H of Ref. [486]). We varied the number of live

points to guarantee the convergence and to control the differences in posterior-volumes

when comparing between models with different number of parameters.
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Figure 6.2 Marginalised posterior distribution for the cosmological parameters. Mock
data: ΛCDM scenario (see Subsection 4.2.2). Models: the time-independent
growth index parameterisation with screening (green) and without screening
(orange). We fit the cosmic shear power spectra with ℓmax = 3000. Solid
lines and filled contours correspond to Bbaryons = 1 from Eq. 6.5 (for both –
data and models), while dashed lines and empty contours correspond to the
baryonic feedback contribution with varying Mc and fixed values of the other
baryonic parameters as detailed in the main text. Grey lines mark the true
values of the synthetic data.

6.3 Results

We first validate our models on synthetic data in ΛCDM, i.e., data with GR as the model

of gravity. Then we test how the index growth models – with and without screening –

perform when the true cosmology is nDGP, i.e., with enhancement of structure on large

scales and recovering of GR on small-scales via Vainshtein screening. After that, we

produce synthetic data with the screened γ + q1 model, and study degeneracies between

the screening scale and baryonic feedback, and massive neutrinos. Finally, we compare

the performance of the exact nDGP model versus the model-independent growth index

approach on a mock data vector assuming nDGP gravity, baryonic feedback and massive

neutrinos.

6.3.1 Validation with GR

In order to validate our likelihood pipeline, we perform MCMC analyses on mock data

in the standard cosmology (without massive neutrinos). For the scale-cut we take
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Figure 6.3 Left panel: the variation in the ratio PMG
NL /PΛCDM

NL at redshift zero for
the screened, γ + q1, and unscreened, γ, models drawn from the posterior
distributions in Fig. 6.2 within a 1σ deviation around the posterior maximum
for γ. Right panel: marginalised posterior distribution in Ωm − γ for the
same models on the mock GR data with ℓmax = 3000 (filled contours) and
ℓmax = 1000 (unfilled contours).

ℓmax = 3000, which is considered a middle value between “pessimistic” (ℓmax = 1500)

and “optimistic” (ℓmax = 5000) scenarios for Stage-IV surveys [281]. We test two models

– the growth index parameterisation without screening via a pseudo-power spectrum (γ)

and with screening (γ + q1). In Fig. 6.2 we show posterior distributions for the main

parameters of interest in weak lensing as well as the expansion rate today, h. The latter

is added to demonstrate its anti-correlation with the extended parameter γ, while the h

degeneracy with ωb and ns is broken by informative priors on the latter two parameters.

The full posterior distribution is demonstrated in Fig. D.1 of Appendix D.2 together

with a detailed discussion on the various degeneracies and the parameters controlling the

amplitude9.

In Fig. 6.2, both models recover all cosmological parameters correctly, and the value

of the growth index is ∼ 0.55 as expected, with uncertainties σγ = 0.03 for γ + q1 and

σγ = 0.04 for γ without screening. The fact that a model with more parameters results in

tighter constraints is explained by the functional form of µNL (see Eq. 6.10): any deviation

from γ ∼ 0.55 or µL = 1 opens the possibility of constraining q1, which leads to a worse

fit or smaller likelihood due to nonlinear signatures that are very different from the GR

predictions. We illustrate this in the left panel of Fig. 6.3, where we plot the power spectra

ratio PMG
NL /PΛCDM

NL at z = 0 from the posterior distribution’s 1σ γ-constraints. We see

that broader uncertainty on γ in the pseudo model manifests on linear scales, however for

k > 1 h/Mpc the variation in the power spectrum becomes larger for γ+q1 than for γ only.

9For the amplitude of the power spectrum we present both – the sampled parameter of the primordial
amplitude As, and its derived late-Universe counterpart σ8 = Dγ(z = 0)/DΛCDM(z = 0)σΛCDM

8 , with
σ8 being the r.m.s. density variation when smoothed with a top-hat filter of radius 8 Mpc/h, and
S8 = σ8

√
Ωm/0.3. We also show the derived matter density parameter Ωm = (ωc + ωb)/h

2.
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Figure 6.4 Left panel: power spectrum ratios at redshift z = 0 for the screened (green
lines) and unscreened (orange line) models with nonlinear prescriptions
described in the text. Grey line denotes kmax = 5 h/Mpc that we compute
and emulate with ReACT, for higher values we extrapolate the MG boost as
a power law. Right panel: corresponding ratios of the shear angular power
spectra. Central redshifts: for bin 1 zc = 0.21, for bin 2 zc = 0.49. We fix all
cosmological parameters to the fiducial values.

This also implies that for more conservative scale-cuts we should not obtain differences in

σγ, this effect is purely due to the inclusion of nonlinear scales and high sensitivity to these

scales in a Stage-IV-like setup. As an additional proof of this conclusion we demonstrate

the Ωm − γ contours for stricter scale-cuts of ℓmax = 1000 in the right panel of Fig. 6.3.

The 1σ ranges are visibly in better agreement between the models now. The inclusion

of a baryonic feedback model increases the errors for the pseudo model to σγ = 0.04

and σγ ≈ 0.05 for the screened model. In this case the strong degeneracy between the

screening scale and baryonic parameters explains a more significant broadening of the

contours. We study this degeneracy in detail in Subsection 6.3.3.

6.3.2 Screening Scale with nDGP Gravity

Next we validate our model on a theory with the Vainshtein screening mechanism on

nonlinear scales and a strong deviation from GR on linear scales (∼ 14% more structure

than in GR on linear scales at lower redshifts). In the left panel of Fig. 6.4 we show

the ratio of power spectra PMG
NL /PΛCDM

NL at z = 0 for the nDGP model with Ωrc = 0.25

(black solid line). For the same fiducial cosmological parameters, we show also this ratio

for the screened (green line) and pseudo (orange line) growth index models. The pseudo

approach captures the bump-feature in the range of k ∼ 0.2−0.9 h/Mpc but overpredicts

its amplitude. The screened model reproduces this feature extremely well, at the percent

level for k ≲ 3 h/Mpc. In the right panel, we show ratios of the corresponding angular

power spectra, Cℓ, for the three models with respect to GR for the same set of cosmological
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Figure 6.5 Marginalised posterior distribution for the cosmological and extended
parameters analysed with ℓmax = 3000. Mock data: nDGP cosmology with
Ωrc = 0.25 (see Subsection 4.2.2). Models: the time-dependent growth index
parameterisation with screening when both γ-parameters are varied (green)
and with γ1 fixed (orange). Grey solid lines mark the true values of the
synthetic data, grey dashed lines mark the GR-limit. Orange dashed lines
denote the best fit values from the plotted MCMC chain for the second model.

parameters. The bump-feature in the nonlinear regime is visible in the cross-correlated

redshift-bins, while in the auto-correlated bins we see characteristic curves that tightly

converge for all models at smaller scales. However, we notice a shift at linear scales for

the γ-models. The reason for this shift is the difference in the time evolution between

nDGP and the growth index parameterisation as discussed in Subsection 6.1.2: while the

growth modification is matched between different models at z = 0, this is no longer the

case for higher redshifts.

We consider the same two models: models with screening in the reaction function

(γ + q1) and without screening via a pseudo-power spectrum (γ) and repeat our analysis

on the mock nDGP data with ℓmax = 3000 and using the same setup. We show the

marginalised posterior distribution in Fig. 6.5. The full posterior distribution for the

sampled cosmological parameters is shown in Fig. D.4 of Appendix D.4 with a more

detailed description. Overall, our model with screening (green contours and lines)

correctly captures the fiducial cosmology, detects a γ-value lower than its GR-limit as

expected, namely γ = 0.38±0.03, and detects a screening transition with q1 = 0.29±0.10.

We notice a 1σ-bias in Ωm and a 2σ-bias in S8. Both shifts are consequences of fitting a

model, γ + q1, to data with small error bars, while there is no accurate mapping of the
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Figure 6.6 Marginalised posterior distribution for the cosmological and extended
parameters analysed with ℓmax = 3000. Mock data: nDGP cosmology with
Ωrc = 0.25 (see Subsection 4.2.2). Models: the time-dependent growth index
parameterisation with screening when both γ-parameters are varied (green)
and with γ1 fixed (orange). Grey solid lines mark the true values of the
synthetic data, grey dashed lines mark the GR-limit. Orange dashed lines
denote the best fit values from the plotted MCMC chain for the second model.

time-evolution of linear growth between the growth index parameterisation and nDGP.

We check whether this can also be connected to projection effects [153]. In other words

whether the likelihood maxima (green dashed lines) are at the true values of cosmological

parameters and not at the posterior maximum values. From the MCMC chain, we derive

the best-fit value Ωbest−fit
m ≈ 0.306, which is closer to the fiducial value of Ωfid

m ≈ 0.309

than the posterior mean of Ωmean
m ≈ 0.304. Also the best-fit values for γbest−fit ≈ 0.42 and

Sbest−fit
8 ≈ 0.898 very close to the true value of SnDGP

8 ≈ 0.895. We use the likelihood

minimiser iminuit [195] and obtain similar values for the best-fit parameters. This implies

a presence of projection or prior-volume effects. Lastly, we note that this bias vanishes

when more parameters are varied and the contours are broadened (see Subsection 6.3.5).

Overall, the agreement within 2σ satisfies the “precision versus accuracy” test for our

model.

In Fig. 6.5, we notice that even for scale-cuts below the pessimistic scenario for Stage-

IV surveys, namely for ℓmax = 1000, there is a significant bias in S8 and Ωm for the model

without screening (orange contours and lines), with S8 being closer to its GR value.

Moreover, the value of γ does not correspond to the expected behaviour on large scales

but rather points towards suppression of structure formation relative to the standard
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cosmology. This signals that ignoring a correct screening implementation will result in

the wrong extracted cosmology.

In the nonlinear regime our model-independent screening scale seems to be in a good

agreement with nDGP theory which includes Vainshtein screening mechanisms. The

disadvantage of this model is the inaccurate representation of time evolution of growth on

linear scales. We can improve this by introducing the time-dependent γ-parameterisation

from Ref. [296] (also see Subsection 6.1.2). The results are shown in Fig. 6.6 and Fig. D.5

for the same setup as before. From the green contours in Fig. 6.6 we see that while fiducial

values lay within 1σ of all parameters, the screening scale is not properly constrained

with cosmic shear information alone. Note how in general, extended parameters make the

posterior distribution non-Gaussian by bringing additional degeneracies with cosmological

parameters and with each other. Two extended parameters γ0 and γ1 are strongly anti-

correlated, so we can aim to break degeneracies by fixing γ1. We find from fitting to the

boost at lower redshifts that γ1 = −0.19 is a good fit and it breaks the degeneracy and

allows us to constrain the screening parameter q1 = 0.57+0.07
−0.12 with γ0 = 0.47±0.02 (orange

contours and lines). In Fig. 6.6, we clearly see that while Ωm is still 1σ-biased towards

lower values, the bias in S8 towards higher values decreases to 1σ contrary to the time-

independent growth index. We again compute and plot best-fit values (dashed orange

lines) from the MCMC chain, for fixed γ1 they are Ωbest−fit
m ≈ 0.304 (0.306 from minuit),

γbest−fit ≈ 0.49, and Sbest−fit
8 ≈ 0.894. The model with more accurate time-evolution of

growth seems to decrease the projection effects. The necessity of tight constraints on γ1

implies that additional measurements from clustering will improve our constraints. We

aim to investigate probe combinations in future work.

6.3.3 Screening Scale versus Baryons

Here we explore the degeneracy between the suppression due to the screening mechanism

and baryonic feedback effects. In the left panel of Fig. 6.7 we demonstrate the comparison

between MG and baryonic boosts for different parameters. The larger the value of q1, the

less is the suppression due to screening. The larger the value of log10Mc, the stronger is

the suppression due to baryonic feedback at nonlinear scales. It is clear that both effects

become noticeable at scales k ≳ 1 h/Mpc, since they demonstrate similar scale-dependence

and overall amplitude. Already from this we can conclude that our model-independent

screening scale, q1, is highly degenerate with the baryonic suppression parameter log10Mc.

In order to avoid biases due to different time evolution of growth structure on linear

scales, we perform an MCMC analysis on the mock data computed with the γ + q1

model directly with γfid = 0.4 and qfid1 = 0.76. We show the marginalised posterior

distribution for γ − q1 − log10Mc in the right panel of Fig. 6.7, while the corresponding

full posterior distribution is shown in Fig. D.6. The unbiased determination of γ, as
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Figure 6.7 Left panel: power spectrum boost at redshift zero for the MG contribution,
γ = 0.4 and varying q1 (green lines), and baryonic feedback (orange
lines). Right panel: marginalised posterior distributions using cosmic shear
power spectra with ℓmax = 3000 for the MG and baryonic parameters with
different priors on the latter, as detailed in the legend. Mock data and
model: minimal parameterisation with the time-independent growth index (see
Subsection 4.2.2). Grey lines mark the true values of the synthetic data.

well as other cosmological parameters, is not affected by the inclusion of the baryonic

feedback. However, the screening scale demonstrates a very strong positive correlation

with the baryonic parameter and prefers the unscreened regime of q1 > 1.5. The baryonic

parameter absorbs the suppression due to screening and, as a result, gets biased towards

higher values with respect to the fiducial value. This degeneracy persists, when testing

variations in the fiducial values of log10Mc within the same γ + q1 model, while also

examining different fiducial values of γ + q1 while keeping log10Mc constant. We perform

these checks to mitigate potential coincidences in the choice of fiducial parameters.

However, we find that when we impose a tight flat prior on log10Mc, the screening scale

is recovered unbiased. This means we require a good understanding of baryonic physics

for the detection of the model-independent screening transition: for instance, tight priors

on baryonic parameters of the order σlog10 Mc = 0.1 or σlog10 Mc/ log10Mc ≈ 1%.

Note that an incorrectly inferred prior imposed on baryonic feedback would bias MG

parameters due to their strong degeneracy. Instead of imposing priors, for example,

based on independent galaxy cluster X-ray observations, a better approach will be the

cross correlation or the joint analyses of weak lensing and X-ray/kSZ probes like in the

works mentioned in Subsection 6.1.3. We also highlight the importance of non-standard

hydro-dynamical simulations. The BCEMU emulator we use in this work was trained for

standard cosmologies. Despite the flexibility of the baryonification model with 7 or 3

parameters, we still do not know whether this is accurate enough to model nonlinear

baryonic physics in beyond-ΛCDM cosmologies. Reassuringly, Refs. [361, 487] show
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with the time-independent growth index (see Subsection 4.2.2). Grey lines
mark the true values of the synthetic data.

both within the halo model and in N -body simulations that baryons and MG physics

can be modelled independently to a large extent. For our fiducial nDGP model with

Ωrc = 0.25 or N1, Ref. [488] demonstrates with full-physics hydrodynamical simulations

a percent level agreement between separate and combined responses of the nonlinear

matter power spectrum to MG and baryons. A promising argument for this would

be that the astrophysics responsible for baryonic effects is happening on the scales in

the screened regime, hence there is no reason to believe that it is significantly different

from the standard baryon feedback processes. Especially since these are only weakly

cosmology dependent (up to several percent for small variations in cosmology) and mainly

depend on the fraction of baryons to the total matter according to various studies (e.g.,

Refs. [489, 490]). However, more work is needed to confirm whether these assumptions

satisfy the requirements of Stage-IV surveys [491].

6.3.4 Screening Scale versus Neutrinos

The last nonlinear effect to consider is the suppression of structure growth due to the

contribution of massive neutrinos (see Subsection 1.3.2). In the left panel of Fig. 6.8

we demonstrate the comparison between MG boosts for different values of screening and
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neutrino mass parameters. The larger the value of q1, the smaller the suppression due

to screening. The larger the value of Mν , the stronger is the suppression due to massive

neutrinos. However, massive neutrinos lead to suppression of growth already at mildly

nonlinear scales k ≳ 0.1 h/Mpc. Furthermore, the scale-dependency in the suppression

due to massive neutrinos is drastically different form the suppression due to screening:

there is no clear feature in the power spectrum in a constrained scale range. We still

expect a positive correlation between q1 and Mν , but this will be in addition to noticeable

degeneracies with other cosmological parameters controlling the amplitude and slope of

the power spectrum at all scales, and not only in the nonlinear regime. For instance,

the primordial amplitude As, the expansion rate h, and the matter density Ωm. In

the right panel of Fig. 6.8, for the same fiducial γ + q1 cosmology as in the previous

section with the addition of massive neutrinos with Mfid
ν = 0.06 eV, we showcase how

the more parameters we vary the more sensitivity to the neutrino mass we are losing.

For example, the prominent and expected negative correlation between γ and Mν (pink

contour) disappears even if just one additional parameter is varied (purple contour). We

conclude that Stage-IV cosmic shear measurements alone are not sufficient to put any

constraints on the neutrino mass, which is in agreement with the findings of other works,

for example, Ref. [492].

6.3.5 Combined Nonlinear Effects

Finally, we combine our findings in the previous sections to demonstrate how our model-

independent approach performs if the underlying cosmology is nDGP with massive

neutrinos (with Mν = 0.06 eV) and known baryonic feedback effects (within some prior).

All background properties and the growth factor in the IA terms are computed with the

total matter density including neutrinos via Ωm, while for the baryonification, since it was

trained without neutrinos and is relevant on nonlinear scales, we exclude the neutrinos

contribution in fb = Ωb/(Ωm − Ων).

In our main result of this work, Fig. 6.9 (the full posterior distribution can be found

in Appendix D.5), we compare our model independent approach (green colour for time-

independent γ, orange colour for time-dependent γ) against the exact MG model (purple

colour). Overall, for the fiducial value of log10Ωrc = −0.6, we get the mean value of

log10Ωrc = −0.86+0.69
−0.36, which corresponds to γ = 0.44+0.06

−0.05 with q1 = 0.33+0.21
−0.17 or γ0 =

γ = 0.47+0.03
−0.04 with γ1 = −0.2 and q1 = 0.58+0.08

−0.14. The differences in the S8 uncertainties

between models are due to the strong γ-dependence of the growth at lower redshifts

(this is discussed in Appendix D.2). However, the inferred value of S8 agrees between

all models. This shows that the growth index parameterisation seems to be a reasonable

approximation in the late universe. It is in the connection to the earlier universe where we

see discrepancies in the primordial amplitude, due to different growth evolution. For the
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time-dependent growth index we infer slightly biased Ωm but more accurate log 1010 As.

The tighter constraint on Ωm with γ(z) is due to a tighter prior on the baryonic parameter.

In general, we notice that the uncertainties on cosmological parameters are in a good

agreement between the exact and model-independent approaches. Therefore, we advocate

that our model-independent approach performs as well as the exact modelling, but is more

general.

In Fig. 6.9 we also notice that log10Mc is biased towards higher values in all

models. It is highly degenerate with the extended parameters log10Ωrc, γ, as well

as with Ωm, h, log 1010 As. We impose an informative prior on the baryon feedback

[log10M
fid
c − 0.2, log10M

fid
c + 0.2] for nDGP and γ + q1 based on the investigation

from Subsection 6.1.3. For the γ(z) + q1 model, we require tighter priors on the

baryonic feedback and screening parameters: [log10M
fid
c − 0.02, log10M

fid
c + 0.02] and

[−1, 1] respectively. Otherwise their prominent degeneracy is weakening the constraints

of cosmological parameters, and the screening transition is poorly constrained while

preferring larger values closer to the unscreened limit. The total neutrino mass is not

constrained in the range of values that we emulated.

For completeness we list forecasted constraints on the nDGP parameter log10Ωrc

from the literature. In Ref. [493], for a setup similar to ours and with survey area of

15, 000 deg2, the authors get from combined cosmic shear, photometric clustering and

their cross-correlation analysis with the same fiducial value of log10Ωrc: σlog10 Ωrc = 0.3

(pessimistic) and σlog10 Ωrc = 0.12 (optimistic). However, this study does not include

baryonic feedback effects, which we demonstrated to be degenerate with the extended

parameters. In Ref. [483], for a different setup (5 redshift bins, number of galaxies

per arcminute squared per tomographic bin n̄ = 6, similar shape noise, survey area

5, 000 deg2) and for a comparably strong modification Ωrc = 0.36, the authors find

in the optimistic scenario for cosmic shear σlog10 Ωrc = 0.07, varying three cosmological

parameters (Ωm, S8, h), and omitting baryonic effects.

6.4 Conclusions

The growth index parameterisation is a single parameter extension of the standard

cosmology which allows for deviations in the linear growth functions. Originally developed

in the context of spectroscopic measurements, it serves as an indicator of the detection

of MG theories. Previous studies have demonstrated its effectiveness for a few close-

positioned redshift bins and up to mildly nonlinear scales [153]. In this chapter, we

presented an analysis with this parameterisation extended to the nonlinear regime with a

model-independent screening parameterisation, and applied this to cosmic shear forecasts.

For weak lensing, most of the information comes from the small, nonlinear scales and is

integrated over a broad range of redshifts, in our case z ∈ [0.001, 2.5]. Our theoretical
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model for the shear angular power spectrum is based on the halo-based parameterisation

introduced in Chapter 5 and was emulated with the CosmoPower emulator. We also take

advantage of the following emulators to accelerate computation of the nonlinear matter

power spectrum model: BCEMU for baryonic contribution and bacco [133] for the linear

power spectrum as an input to HMcode.

To validate our model, we first tested it on noiseless mock data generated in the

standard (ΛCDM) cosmology in a Stage-IV setup with a scale-cut ℓmax = 3000. We

recovered unbiased cosmological parameters and found the expected uncertainty on the

growth index, γ, to be σγ ≈ 0.05, noting a slight asymmetry in the errors when one

baryonic feedback parameter is included. For a model without screening and employing

standard structure formation rescaled to match the modifications on large scales, the

obtained constraint was σγ = 0.04. We further compared the performance and differences

between these two γ-models in the absence of baryonic feedback. We found that the form

of our screening model at nonlinear scales results in tighter constraints on the growth

index.

We then conducted a similar analysis on noiseless mock data computed in an nDGP

cosmology. This MG theory exhibits enhanced structure growth on linear scales that

transitions to GR behaviour on nonlinear scales via a screening mechanism. The analysis

was performed on mock data with a rather strong deviation from GR (by 14% at low

redshifts in the linear regime). We aimed to demonstrate the robustness of our modelling

in this relatively extreme scenario to guarantee its validity in more realistic scenarios

with a weaker deviation from the standard cosmology. We found that our model with

screening, γ + q1, performs well: it recovers cosmological parameters within 2σ, finds

γ ∼ 0.38 lower than its GR-limit γ ∼ 0.55, and detects a screening transition with its

associated parameter q1 ∼ 0.29.

We also obtained a bias towards higher values in the primordial amplitude As. This

bias arises from differences in the time evolution of the linear growth factors between the

growth index parameterisation and the nDGP model. This inaccurate representation of

the time evolution of structure growth for scalar-tensor theories via a constant growth

index parameterisation has been pointed out in Ref. [296]. To address this issue, we

explored a time-dependent functional form γ(z) = γ0 + γ1z
2/(1 + z). Incorporating this

time-dependent growth index, we found that the bias in the amplitude vanishes. However,

the constraints on the expansion rate and screening transition are weakened significantly

when we considered this model. By fixing γ1 = −0.19, we broke the corresponding

degeneracies, and we recovered unbiased cosmological parameters with γ0 ∼ 0.47 and

q1 ∼ 0.57.

We found that ignoring the screening transition leads to biases in the expansion rate

and matter density, as well as to a false detection of γ that exceeds its GR-limit. This

happens even with scale-cuts lower than the “pessimistic” scenario in Ref. [281], with
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ℓmax = 1500. This demonstrates the importance of the correct inclusion of a screening

scale when extended cosmologies are considered.

We proceeded to study the degeneracies between the screening transition parameter

q1, baryonic feedback, and massive neutrinos. All three effects are nonlinear and result

in the suppression of structure formation at small scales. As before, we explored the case

with only one free baryonic feedback parameter Mc, which controls the slope of the gas

distribution. We found a strong positive correlation between the screening and baryonic

parameters. The suppression due to the screening was absorbed by the baryonic feedback

if no priors on the latter were imposed. Both effects are prominent in the same range of

scales and are highly degenerate. For this reason, we conclude that using cosmic shear

alone a detection of the model-independent screening transition is possible only if tight

priors on the baryonic parameters are imposed. We used the uniform prior [log10M
fid
c −

0.2, log10M
fid
c + 0.2] motivated by cluster measurements in Ref. [473]. Alternatively, a

cross-correlation of cosmic shear with X-ray/kSZ observations can break this degeneracy

too. With the total neutrino mass as a free parameter, we found that it cannot be

constrained with the cosmic shear data alone. This is in agreement with findings in

Stage-III surveys [129] as well as in forecasts for Stage-IV experiments [492]. We also

found no strong degeneracy between the screening transition and neutrino mass – while

they have similar impact on structure formation, their scale-dependence and strength of

impact differ.

Combining all the aforementioned nonlinear effects, we found that our model-

independent approach performs well when compared against the exact modelling, and

derived the following constraints in the full analysis on nDGP data with massive neutrinos

and baryonic feedback with a narrow flat prior: σlog10 Ωrc ≈ 0.53 (88%), σγ ≈ 0.06 (13%),

σq1 ≈ 0.19 (58%).

To conclude, we outline the next necessary steps in preparation for a fully model-

independent analysis for beyond-ΛCDM cosmologies with Stage-IV cosmic shear surveys.

In order to reduce the error bars on extended and baryonic parameters, we advocate for

the combination of cosmic shear with photometric galaxy clustering and the corresponding

cross-correlation, i.e., the 3×2-point analysis. Similarly, a combination with spectroscopic

galaxy clustering can alleviate the degeneracies and yield tighter constraints [281]. After

demonstrating the robustness of the γ(z) approach, we aim to explore a more agnostic

approach, that would not require any assumption of the time-evolution in the linear

growth. For example, we can bin µ(z) from Eq. 6.7 in redshift directly [113, 388]. The

goal would be to find an optimal binning scheme. Additionally, as demonstrated before in

Chapter 5, we can extend our modelling to include not only MG theories but also exotic

dark energy models.
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Chapter 7

Conclusion

The New York Times headline from the 4th of April 2024 pointed at A Tantalizing “Hint”

That Astronomers Got Dark Energy All Wrong when discussing the first year DESI results

[90]. Even for a broader audience it became evident that we are privileged to witness

the era of precision cosmology, where the standard cosmological model is scrutinised

by data of unprecedented quality and quantity. In lieu of the standard cosmology, a

number of non-standard models have been proposed to resolve various conflicts between

the observations and our cosmological theory. Some of the extended models attempt to

shed light on the dark sector of the Universe, namely to provide insights on the nature

of dark energy and dark matter. Another subclass, called modified gravity, offers an

alternative for the case that gravitational interactions might not follow Einstein’s theory

of gravity on large cosmological scales. Powerful surveys, like DESI and Euclid, resolve

small spatial separation scales and improve the signal-to-noise ratio allowing us to include

smaller nonlinear scales in our analysis. In this thesis, our goal was to exploit these scales

beyond the linear regime in order to probe dark energy and modified gravity models for

galaxy clustering and weak lensing observables with the latest generation of cosmological

surveys.

Summary

This thesis started with an introduction to cosmology in Chapter 1. We introduced

ΛCDM, the standard cosmological model with the cosmological constant (Λ) and Cold

Dark Matter (CDM). Within this standard model, we discussed how Large Scale Structure

(LSS) forms and evolves in the Universe. We also discussed how we can test the rate of

structure growth at various scales via measurements of the galaxy positions in redshift

space (galaxy clustering) and the observed shapes of galaxies distorted by LSS (weak

gravitational lensing). We also discussed 3 classes of extended cosmologies – Dark

Energy models (DE), Modified Gravity (MG) models, massive neutrinos (ν) – and their

impact on structure formation. We also discussed the Hubble and S8 tensions, and
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several problems with the cosmological constant. In Chapter 2 we outlined the basics

of the cosmological statistical analysis, such as Bayesian versus Frequentist approaches

to probability and Markov-Chain Monte-Carlo (MCMC) methods. In this chapter, we

provided the reader with the details essential to reproduce and understand our findings.

We also underlined the importance of the projection or prior-volume effects by providing

a toy-model investigation, examples for real cosmological analyses and various potential

solutions.

In Chapter 3, we introduced the Interacting Dark Energy model (IDE) we focus on.

That is the so-called Dark Scattering model, characterised by pure momentum exchange

between dark energy and dark matter. This IDE model extends the parameter space with

respect to ΛCDM by two parameters, w and A, which define the DE equation of state

and the strength of the coupling between dark energy and dark matter, respectively.

We studied the power spectrum (Fourier transformed two-point correlation function)

multipoles Pℓ, and the bispectrum (Fourier transformed three-point correlation function)

multipoles Bℓ of dark matter halos in redshift space. We modeled our observables with the

Effective Field Theory of Large Scale Structure (EFTofLSS), and we performed validation

tests by means of an MCMC analysis using a large set of N-body CDM-only simulations.

The simulations were run in the standard cosmology framework. We fixed the standard

cosmological parameters to their true values from simulations, we varied the IDE and

EFTofLSS nuisance parameters and studied their degeneracies. Our studies revealed that

adding the bispectrum monopole with a scale cut kl=0
max,B = 0.111 h Mpc−1 to the power

spectrum multipoles improves the constraints on the IDE parameters by ∼ 30% without

introducing biases in the parameter estimation. Unbiased parameter estimation here

means that for the measurements from the ΛCDM simulations we recovered w = −1 and

A = 0 as well as the bias parameters previously determined in Refs. [7–9] within the 2σ

region.

Additionally, we found that the same improvement on the IDE parameter constraints

can be achieved with kl=0
max,B = 0.1 h Mpc−1 when the bias relations are used. The

fit function from the excursion set approach alone or combined with the fit from the

separate universe simulation, imposes a connection between the bias parameters and,

hence, shrinks the number of the varied parameters in the analysis. These fits in the

bias relations rely on the simulations performed in the standard cosmological scenario. In

contrast, the inclusion of the bispectrum quadrupole evades any assumptions about the

cosmology or bias parameter relations. With an even lower scale cut for the bispectrum

monopole and quadrupole kl=0,2
max,B = 0.09 h Mpc−1 we again achieved the same strength of

the constraining power on the IDE parameters as in the base analysis. Such reduction in

the scale cut might seem insignificant. However, one should keep in mind that the number

of triangles for the bispectrum evaluation grows nonlinearly with the number of k-modes.

For instance, for our choice of binning, the difference between kl=0
max,B = 0.111 h Mpc−1
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and kl=0
max,B = 0.1 h Mpc−1 corresponds to a significant difference of 2054 versus 1475

triangles.

Next, we forecasted constraints assuming Stage-IV spectroscopic galaxy surveys

specifications at z = 1 in the IDE scenario: σw = 0.08 and σA = 2.51 b GeV−1.

Additionally, we repeated the same base analysis for the dark energy model wCDM in a

single redshift-bin. The constraint on the DE equation of state parameter we inferred is

σw = 0.1.

Finally, we know that w and A, the linear bias parameter b1 and the primordial

clustering amplitude As – all four of them control the amplitude of the multipoles. Hence,

when we varied As together with the previous set of parameters in the last step of our

investigation, we obtained the expected degeneracies and shifts away from the fiducial

values in the power spectrum multipoles analysis. The shift towards lower As values is

a projection effect that we demonstrated via synthetic data. This bias can be avoided

under the assumption of an informative Planck prior on the primordial amplitude. With

or without the informative prior, the addition of the bispectrum monopole improved

constraints on the linear bias parameters significantly, partially broke the amplitude

related degeneracies and weakened the corresponding projection effects. This highlights

that the inclusion of the bispectrum multipoles can play a crucial role in constraining

extended cosmological models with spectroscopic galaxy clustering data.

Next, in Chapter 4, we moved from simulated to real data: we analysed the BOSS

DR12 data using the same modelling code as in the previous chapter. We performed a

Full-Shape (FS) analysis of the windowless power spectrum multipoles of the BOSS DR12

galaxies with the inclusion of post-reconstruction Baryonic Acoustic Oscillations (BAO)

data. Additionally, we included BAO measurements obtained from a variety of datasets.

Various previous studies of this dataset obtained cosmological constraints hinting at the S8

tension, i.e., the growth of structure seems to be weaker at lower redshifts than predicted

by the standard cosmological model. We studied a simple single parameter extension of

ΛCDM, the so-called growth index (or γ) parameterisation. This parameterisation allows

for deviations from the standard scenario in the growth functions: any value of the growth

index larger than its ΛCDM limit γ ≃ 0.55 implies smaller growth rate. We also explored

the case with the total neutrino mass as a free parameter, as they lead to the structure

growth suppression as well.

Similar to the previous chapter, we found that informative priors proved crucial in

alleviating parameter degeneracies and preventing strong projection effects in the posterior

distributions. By applying a 3σ Planck prior on the primordial amplitude As and spectral

index ns, we obtained the tightest constraints of γ = 0.647 ± 0.085 that is larger than

(but still ∼ 1σ consistent with) the ΛCDM prediction. Similarly, for the massive neutrino

scenario with the tight priors on both primordial parameters we obtained γ = 0.612+0.075
−0.090

while Mν < 0.298 eV. These constraints point towards a resolution of the S8 tension,
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albeit without a large statistical significance.

We also investigated projection effects in the absence of priors on the primordial

parameters with generated synthetic data-vectors and via a profile likelihood (PL)

analysis. The former demonstrated a similar shift of the posterior in the As–γ plane

as the one found in our baseline BOSS analysis. The latter revealed that the maximum of

the PL was closer to the ΛCDM prediction than the peak of the marginalized posterior.

Additionally, we generated forecasts for a Stage-IV spectroscopic galaxy survey,

specifically focusing on the DESI-like samples. To this end, we fitted synthetic data-

vectors for three galaxy samples – BGS, LRGs and ELGs – each corresponding to different

redshift bins, individually and jointly. Concentrating solely on the constraining power of

the LSS, i.e., without priors on the primordial parameters, we found that forthcoming

data can improve the measurement of γ by up to ∼ 85% compared to the BOSS dataset.

However, when neutrino mass is varied too, we found its constraints to be only marginally

better than the current ones. Nevertheless, when we again adopted 3σ Planck priors on

As and ns, we obtained a ∼ 20% improvement in the measurement of γ, and ∼ 35% for

Mν with respect to the case with no priors.

Overall, we advocated for the combination of the power spectrum FS+BAO analysis

with additional observables. Further investigation of the joint probes would be worth

pursuing: either a joint analysis with Planck or Stage-IV Cosmic Microwave Background

(CMB) experiments, or with weak lensing, or with the bispectrum as we argued in the

previous chapter.

In the second part of the thesis, we switched our focus from the FS analysis of halos

and galaxies in redshift space towards the development of modelling tools for the weak

lensing observables. If for the spectroscopic measurements it was sufficient to modify only

the linear growth functions, with extended cosmologies in the weak lensing framework

deviations from ΛCDM on nonlinear scales cannot be neglected anymore. The small

nonlinear scales of the cosmic shear measurement exhibit the highest signal-to-noise ratio

for Stage-IV surveys. Their inclusion will be of utmost importance to distinguish between

competing DE and MG models with distinct nonlinear behaviours.

Instead of studying DE and MG models on a case by case basis, in Chapter 5, we

introduced a model-independent prescription for the nonlinear matter power spectrum.

The calculation of the power spectrum is done in the halo model reaction framework that

requires certain ingredients. Among them are the parameterisations of the background

expansion history and of the linear as well as nonlinear growth equations. For

the background and linear growth we considered the Effective Field Theory of Dark

Energy (EFTofDE), specifically we implemented the corresponding α-parameterisation.

Alternatively, we introduced the “minimal parameterisation” that includes the evolving

DE parameters w0wa for the background and the growth index γ for the linear growth

modifications. In the nonlinear regime, we explored two approaches: a nonlinear
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parameterised-post Friedmannian (nPPF) method and an approximate phenomenological

model based on the error function (Erf). Both of these nonlinear parameterisations are

general and capture different screening mechanisms. Screening is a key phenomenological

aspect of all viable MG theories, allowing recovery of General Relativity (GR) on small

scales. The recovery of GR is mandatory to pass the Solar System tests, where GR exhibits

highly accurate observational consistency. Further, both nonlinear parameterisations also

have unscreened limits, hence, we are not restricted to theories exhibiting screening.

To evaluate the effectiveness of the parameterised approaches, we compared their

predictions for the nonlinear matter power spectrum to exact reaction solutions and

state-of-the-art emulators in three beyond-ΛCDM models: wCDM, Hu-Sawicki f(R)

and nDGP gravity. Being a DE model w0waCDM includes no screening, and we could

directly compare the halo model reaction approach with the emulator trained on numerical

simulations. We obtained a 2% consistency with the emulator for k ≤ 3 h Mpc−1 at

redshift z = 0 for a model with a moderate deviation from ΛCDM. For the f(R) and

nDGP models we fixed their background to ΛCDM and the linear growth to their true

parameterisations via fR0 and Ωrc, respectively. For the f(R) gravity with moderate

deviation from ΛCDM, we found that the Erf model prediction for the reaction function

stays within 1% of the exact solution for k ≤ 3 h Mpc−1. While the reaction function

with the nPPF model stays within 2% of the exact solution for k ≤ 2 h Mpc−1. For

weaker modifications these comparisons exhibited sub-1% agreement between the Erf

model and the exact solution for k ≤ 5 h Mpc−1 at both redshifts z = 0 and z = 1.

For the nPPF model the sub-1% agreement was achieved for k ≤ 3 h Mpc−1. However,

the most remarkable agreement was established in the nDGP scenario: we found sub-

1% agreement between the Erf and exact predictions down to k = 5 h Mpc−1 even

for a moderate modification at all redshifts. These tests suggested only an addition of

(maximum of) 3 free constants within the Erf model, above the background and linear

theory parameters, might be sufficient to model nonlinear, non-standard cosmology in the

matter power spectrum at scales down to k ≤ 3 h Mpc−1 within 2% accuracy. Overall, the

biggest inaccuracy is coming not from the reaction function but from another component

of the halo model reaction approach, the so-called pseudo power spectrum. Improving the

accuracy of the pseudo spectrum prescriptions will be important for Stage-IV surveys.

Lastly, we released an updated version of ReACT which includes the nonlinear power

spectrum code and pedagogical Jupyter notebooks. In summary, this code presents a

fast, accurate and highly general nonlinear power spectrum predictor for DE and MG

models including massive neutrinos cosmologies. The parameters required are a minimal

set of free, physically meaningful constants: either H(a)+ 4 α’s (EFTofDE) or w0waγ

(“minimal parameterisation”) for the background and linear scales, and 3 q’s (Erf) or 6

p’s (nPPF) for the screening transition at nonlinear scales.

Following up from the promising conclusions of Chapter 5, in Chapter 6, we explored
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the robustness of the “minimal parameterisation” on mock Stage-IV cosmic shear data.

We compressed the parameterisation even further, up to γ + q1 – the growth index

and the screening scale. We performed an MCMC analysis on synthetic data in an

nDGP cosmology with moderately enhanced growth on linear scales. We successfully

identified a transition scale as well as the γ-value corresponding to the fiducial Ωrc-value.

However, we discovered that a constant γ-parameterisation is not sufficient to describe

the time evolution of the structure growth for a broad class of scalar-tensor theories

like nDGP: although the matter fluctuation amplitude can be constrained in the late

Universe, its matching to the primordial amplitude fails. Nonetheless, a time-dependent

growth index parameterisation, γ(z), which we applied in our analysis mimics the time

evolution of the nDGP linear growth much better. Its drawback is that it introduces extra

freedom and degeneracies into the model that require more information than the cosmic

shear measurements alone can offer. Cosmic shear measurements are also insufficient to

constrain the total mass of neutrinos. And yet, the most important take-home message of

Chapter 6 is that the screening transition and baryonic feedback are extremely degenerate.

As a consequence, we strongly argue for using external information on the baryonic

parameters or for the combination of the weak lensing probes with photometric clustering

and their cross-correlation, or other additional probes, such as X-ray measurements, for

example.

Lastly, we released the accompanying code repository, which includes the reaction

boosts emulated for various extended models, as well as the corresponding data production

pipeline. We also made public our MGrowth package for the calculation of the linear growth

functions for various extended cosmologies, including the ones discussed in this thesis.

Prospects

As a continuation of Chapter 3, we have been working on jointly analysing the bispectrum

and power spectrum multipoles for a Key Project paper of the Euclid collaboration. For

that purpose we extended the official modelling code to include analytical marginalisation

and the Alcock–Paczynski (AP) and Finger-of-God effects for the bispectrum. The

implementation of the AP-effect is a Taylor expansion, assuming the true cosmology

is close to the fiducial one. A detailed assessment of this approximation is part of our

future investigations. Right now we have the first forecasting results and we are studying

projection effects as an essential part of the preparations for Euclid’s first data release.

As a continuation of the last project from Chapter 6, we have been studying

the degeneracies with baryons and massive neutrinos in various DE and MG models

(their descriptions are provided in Subsection 1.3.1): wCDM, w0waCDM, nDGP, γ,

γ(z), binned-µ with 3x2-point correlation functions (cosmic shear, photometric galaxy

clustering, and their cross-correlation) for photometric observables. For that purpose

we have extended the prior range of the emulators discussed in Chapter 6, as well as
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trained an HMcode emulator that proved to be of use not only for Euclid but for the DES

collaboration as well.

In conclusion, our ultimate goal is to find an optimal model-independent approach for

extended cosmologies and apply it to Stage-IV real data in the (ideally joint) spectroscopic

and photometric analysis. This thesis contains important steps in this direction:

modelling techniques and computational tools, which were validated on simulations and

applied to real data. We hope they will prove to be useful for the new generation of the

cosmological surveys, as we gradually learn to get cosmology All Right (in opposition to

the New York Times headline).
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Appendix A

Appendix to Chapter 3

A.1 Full Posterior Distributions

We collect here the full posterior distributions for the different runs described in the text.
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multipoles are given by the solid orange line, joint analysis of power spectrum
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dark-red contours. Thin grey lines correspond to the fiducial values known
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9].
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Appendix B

Appendix to Chapter 4

B.1 Full Contourplots

We show here the two-dimensional marginalised posteriors for the full parameter space

sampled in the BOSS analysis presented in Subsection 4.3.1. The results for γCDM are

shown in Fig. B.1, corresponding to the constraints on cosmological parameters shown in

Fig. 4.1, while γνCDM results are plotted in Fig. B.2, corresponding to the constraints

on cosmolofical parameters shown in Fig. 4.2. The additional model parameters not

shown are the ones we analytically marginalise over, namely bΓ3 , the EFT counterterm

parameters and the noise parameters. We follow the same color scheme as the main text

for the three prior choices, and mark Planck best-fit values with dashed grey lines.

B.2 Massive Neutrinos with Fixed γ

We perform a complementary analysis of the BOSS data with free neutrino mass but with

the γ parameter fixed to its ΛCDM value, γ = 0.55. The two-dimensional marginalised

posteriors are shown in Fig. B.3, and the best-fits are summarised in Tab. B.1. We impose

a wide, flat prior on the neutrino mass U(0, 1) eV, covering the parameter space allowed

by the emulator for the linear power spectrum. We explore again the three options for

the priors on the primordial parameters, and obtain the following constraints for the total

neutrino mass: Mν < 0.319, best-fit 0.137 (baseline), Mν = 0.34+0.13
−0.28, best-fit 0.141 (prior

on As), Mν = 0.29+0.12
−0.24, best-fit 0.111 (prior on As and ns), where values are expressed

in eV. Additionally, for the baseline analysis we find a higher value of the amplitude:

log(1010 As) = 2.90+0.17
−0.21, as opposed to log(1010 As) = 2.67 ± 0.17 found in the ΛCDM

analysis of Ref. [99] (that used the same pipeline and priors adopted here).

Comparing to previous constraints on the total neutrino mass from the full-shape

analysis of BOSS data, we find our results to be in excellent agreement with Ref. [315].

There, the authors perform a similar EFT-based analysis of ΛCDM + massive neutrinos,
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Figure B.1 Two-dimensional marginalised posterior for all parameters for the BOSS
analysis for γCDM and kmax = 0.2 h Mpc−1 (see Fig. 4.1). We use the
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grey lines mark the Planck best-fit values (ΛCDM prediction for γ).
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Figure B.2 Two-dimensional marginalised posterior for all parameters for the BOSS
analysis with γνCDM and kmax = 0.2 h Mpc−1 (see Fig. 4.2). We use the
same color scheme as the main text to show the three prior choices. Dashed
grey lines mark the Planck best-fit values (with the ΛCDM prediction for γ
and minimal neutrino mass Mν = 0.06 eV).
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also finding that having the neutrino mass as a free parameter allows for a slightly larger

value of As, closer to the Planck best-fit value, which is then balanced by a peak in the

posterior at Mν = 0.29+0.31
−0.18 eV. The same EFTofLSS model adopted in this work was

also used in Ref. [123] to constrain the total neutrino mass from BOSS data. However,

in that work the fit is performed jointly with CMB data from Planck, which results in

significantly tighter constraints: Mν < 0.16 eV at 95% c.l..

Parameter baseline prior on As prior on As, ns

ωc

0.1189+0.0076
−0.0090 0.1153+0.0058

−0.0072 0.1195+0.0053
−0.0063

(0.1147) (0.1099) (0.1132)

ωb

0.02267± 0.00038 0.02265± 0.00038 0.02266± 0.00038

(0.02237) (0.02241) (0.02260)

h
0.677± 0.011 0.6739± 0.0097 0.6770± 0.0096

(0.675) (0.676) (0.676)

log(1010As)
2.90+0.17

−0.21 3.037± 0.041 3.024± 0.040

(3.00) (3.07) (3.04)

ns

0.998± 0.071 1.032+0.054
−0.048 0.968± 0.012

(0.997) (1.048 ) (0.9691)

Mν

< 0.319 0.34+0.13
−0.28 0.29+0.12

−0.24

(0.137) (0.141) (0.111)

σ8
0.763+0.049

−0.081 0.807+0.029
−0.033 0.802+0.027

−0.032

(0.783) (0.802) (0.779)

Table B.1 Best-fit and 68% c.l. values for the analysis with free neutrino mass and
γ = 0.55 for the three prior choices. We also derive best-fit values for σ8.
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the legend. We fit all three multipoles and use kmax = 0.2 h Mpc−1. Grey
dashed lines mark the Planck best-fit values.
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Appendix C

Appendix to Chapter 5

C.1 Linear Poisson Modifications

C.1.1 Horndeski in the α-Basis

The linear modification to the Poisson equation in the Horndeski class of EFTofDE, under

the quasi-static approximation, and in the α-basis, {H,αM , αB, αK , αT}, is given by

µ(k, a) =
2

κ2

f1(a) + f2(a)a
2/k2

f3(a) + f4(a)a2/k2
, (C.1)

where the constituent functions are given by

f1 =B2C3 − C1B3 , (C.2)

f2 =B2Cπ , (C.3)

f3 =A1[B3C2 −B1C3(k, a)] + A2[B1C1 −B2C2] + A3[B2C3 −B3C1] , (C.4)

f4 =[A3B2 − A1B1]Cπ . (C.5)
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Finally, we give the A, B and C functions in terms of the α-basis as [112]

A1 =2M2 , (C.6)

A2 =αBHM2 , (C.7)

A3 =0 , (C.8)

B1 =− 1

c2T
, (C.9)

B2 =1 , (C.10)

B3 =
(−αM + αT )H

c2T
, (C.11)

C1 =−B3M
2c2T , (C.12)

C2 =
A2

2
, (C.13)

C3 =c+
HM2

2

[
− 2αTH + α2

Mc2TH + aHα′
B + aHα′

M

+ aαTHα′
M + 2aαTH

′ + a2α′
TH

′ + αB[(1 + αM)H + aH ′]

+ αM [H(1− αT + 2aα′
T ) + ac2TH

′] + a2Hα′′
T

]
, (C.14)

Cπ =− 1

4
aH
[
12cH ′ +HM2(6α2

Mc2THH ′

+ 6αB(2a(H
′)2 +H[(4 + αM)H ′ + aH ′′])

+ αM(c2T (12a(H
′)2 − R̄′) + 6H(2(2c2T + aα′

T )H
′ + ac2TH

′′))

+ a[12(αT + aα′
T )(H

′)2

− α′
T R̄

′ + 6H(H ′(α′
B + c2Tα

′
M + 5α′

T + aα′′
T ) + aα′

TH
′′)])
]
, (C.15)

where c2T = (1+αT ) and R̄ is the background Ricci scalar. The c(a) parameter (Eq. 5.22)

in the α-basis is given by

c(a) = −M2
[ 3H2

0Ωm,0

2a3κ2M2
+

1

2
H
(
aH ′[(2 + αM)c2T + aα′

T ]

+H(c2T [(αM − 1)αM + aα′
M ] + 2aαMα′

T + a2α′′
T )
)]

, (C.16)

where we have used ρm = 3H2
0Ωm,0/(κ

2a3), with Ωm,0 being the matter density fraction

today and H0 = H(a = 1) is the Hubble constant.

We note that in our code we make the redefinition M2κ2 = M2/m2
0 → M2 where m2

0

is the Planck mass. Further, we comment on the flexibility offered here. One can choose

to specify any two of {αM ,M2, H}. If H is specified then either αM or M2 must also be

specified, with the third function given by the relation in Eq. 5.25. If H is not specified,

then we must solve the Friedmann equations to obtain H. As a default in our code, H is

specified and it is assumed that the specified expressions for αM and M2 are consistent
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with Eq. 5.25.

We can also take the small scale (k → ∞) limit of Eq. C.1 to get a simpler expression

valid at scales where the QS is a safer approximation and for models exhibiting negligible

scale dependence in the linear growth. This is given by

µ∞ =
1

M2κ2

(
1 + αT + βξ

)
, (C.17)

where

βξ =
2

c2sα

(
c2T

αB

2
+ αM − αT

)2
(C.18)

with c2s and α and α given by Eq. 5.29 and Eq. 5.30.

C.1.2 Example: Hu-Sawicki f(R)

In this section we derive the relevant EFTofDE parameters and linear Poisson modification

for the Hu-Sawicki form of f(R) gravity [109]. This exercise is also performed in the GtoPT

notebook provided in the ACTio-ReACTio github repository.

The action in f(R) gravity is given by

S =

∫
d4x

√−g
1

2κ2

(
R + f(R)

)

≈
∫

d4x
√−g

1

2κ2

(
R + f(R̄) + fR(R̄)(R− R̄)

)

=

∫
d4x

√−g
1

2κ2

(
(1 + fR)R + f − fRR̄

)
, (C.19)

where fR = df(R)/dR and we have performed a Taylor expansion in the second line. We

can then map this action onto the functions given in Eq. 5.2 together with an identification

of the scalar degree of freedom ϕ ≡ (1 + fR)/κ
2 [494]:

G2 = − 1

2κ2
(R̄fR − f), G3 = 0, and G4 =

1

2κ2
(1 + fR) . (C.20)

If we now write down the action in the ADM formalism and use the Gauss-Codazzi

relation, we can compare to Eq. 5.18 and Eq. 5.19 to get

Ω = (1 + fR), Λ =
1

2κ2
(f − R̄fR), c = M̄2

2 = M̄3
1 = M4

2 = 0 . (C.21)
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Using Eq. 5.25 - Eq. 5.27 we have

αM =
af ′

R

1 + fR
, (C.22)

αT = 0 , (C.23)

αB = − af ′
R

1 + fR
, (C.24)

αK = 0 , (C.25)

with

M2 =
(1 + fR)

κ2
, (C.26)

where a prime denotes a scale factor derivative. When substituting into the expressions

in Appendix C.1.1 we get the following solution for µ (Eq. C.1)

µ =
1

1 + fR

[
1 +

(k
a

)2 1

3Π̃(k, a)

]
, (C.27)

where

Π̃(k, a) =

(
k

a

)2

+ (1 + fR)
R̄f

3
, (C.28)

and

R̄f ≡ dR̄

dfR
= f−1

RR

(
=

R̄′

f ′
R

)
. (C.29)

In the Hu-Sawicki model we have the following choice for f(R)

f(R) = −m2 c1(R/m2)n

c2(R/m2)n + 1
, (C.30)

where in this work we set the index n = 1 and the mass scale m2, c1 and c2 are free

parameters to be constrained by data. Taking the derivative of Eq. C.30 with respect to

R and the high curvature limit (R ≫ m2) gives

fR = −c1
c22

(m2

R

)2
. (C.31)

By rearranging this equation and evaluating at the background level at a = 1 (today), we

can apply the following standard reparameterisation

c1
c22

= −f̄R0

( R̄0

m2

)2
, (C.32)

where f̄R0 is the background value of fR evaluated today and is a free parameter governing

the level of modification to ΛCDM at the level of structure formation. Substituting
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Eq. C.32 into Eq. C.31 gives

fR = f̄R0

(R̄0

R

)2
. (C.33)

Further, we have

fRR = −2f̄R0

(R̄0

R

)2 1
R

. (C.34)

Using the background expression for fRR in Eq. C.29 and substituting into Eq. C.28 gives

Π̃(k, a) =

(
k

a

)2

+ (1 + fR)
1

6|fR0|
R̄3

R̄2
0

. (C.35)

Now if we approximate the background to be close to ΛCDM, as supported by

observations and by construction for |fR0| ≪ 1, we have

R̄ ≈ 3
H2

0

a3

(
Ωm,0 + 4a3ΩΛ,0

)
, (C.36)

where ΩΛ,0 = 1 − Ωm,0 for a flat ΛCDM universe. Taking a = 1 we have the curvature

today

R̄0 ≈ 3H2
0

(
4− 3Ωm,0

)
. (C.37)

Finally substituting R̄ and R̄0 in Eq. C.35 we get the expression for µ as it appears in

ACTio-ReACTio [130]

µ = 1 +
(k
a

)2 1

3Π(k, a)
, (C.38)

with

Π(k, a) =

(
k

a

)2

+
Ξ(a)3

2f0(4− 3Ωm,0)2
, (C.39)

Ξ(a) =
Ωm,0 + 4a3ΩΛ,0

a3
, (C.40)

where f0 = |fR0|/H2
0 .

We make the crucial note here that in the derivation above we have over-constrained

our system. Namely we have specified all of Ω, c as well as set H = HΛCDM. If we use

Eq. C.22-Eq. C.26 together with H = HΛCDM we find that c ̸= 0 and we don’t recover

Eq. C.38. This follows directly from the fact that HΛCDM is not an exact solution for the

Friedmann equations in f(R) which implicitly assumes c = 0.

In our code we give the option to over constrain by specifying c(a). Alternatively,

one can code in the Friedmann equations and solve for H(a). This of course increases

computational inefficiency. To partially alleviate this issue, we can also place the

additional constraint on c2s(a) instead of c which has well motivated physical priors (see

text around Eq. 5.29). The relationship between c2s(a) and c(a) is derived from Eq. 5.29

and Eq. C.16. It is given explicitly in the GtoPT notebook as well as the Actio-Reactio
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source code.

The derivation of the 2nd and 3rd order modifications to the Poisson equation (see

Eq. 5.14) from the ADM decomposed action requires us to go to higher order in the metric

perturbations. We do not do this here as we omit these corrections from our code due to

computational difficulty and the low level of impact they have on the final nonlinear power

spectrum (see Section 5.5). However, in the provided Mathematica notebook, GtoPT, one

can go from a specified Gi of the Horndeski Lagrangian to µ, γ2 and γ3 following the

map given in Ref. [365]. We provide a number of examples in that notebook and refer

the reader to Refs. [130, 365] for the forms of µ, γ2 and γ3 in DGP and Hu-Sawicki f(R)

gravity.

C.2 Nonlinear Poisson Modifications

C.2.1 Exact Forms

We provide the exact forms for the nonlinear modification to the Poisson equation (see

Eq. 5.13) in DGP and f(R) gravity, which are reproduced from Ref. [130].

The modification in DGP is given by [339]

FDGP =
2

3β(a)

√
1 + s3 − 1

s3
, (C.41)

where

s =

[
2Ωm,0(δ + 1)

9a3β(a)2Ωrc

] 1
3

, (C.42)

δ being the nonlinear over-density given by

δ = y−3(1 + δi)− 1 , (C.43)

with δi being the initial over-density and

y ≡ RTH/a

Ri/ai
, (C.44)

RTH and Ri being the physical halo top-hat radius at the target scale factor a and the

initial scale factor ai respectively. Ωrc ≡ 1/(4H2
0r

2
c ) where rc is the cross-over scale and

is the free parameter of the theory governing the level of modification. Finally, β(a) is

given by

β(a) ≡ 1 +
H

H0

1√
Ωrc

(
1 +

aH ′

3H

)
. (C.45)
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The fully nonlinear modification in Hu-Sawicki f(R) is given by [378]

FfR = min

[
O −O2 +

O3

3
,
1

3

]
, (C.46)

where

O =
f0yha(3Ωm,0 − 4)2

Ωm,0(Ri/ai)2
×
[
G̃(yenv)− G̃(yh)

]
, (C.47)

and

G̃(y) =

[
Ωm,0

(ya)3
+ 4− 4Ωm,0

]−2

, (C.48)

where yh is the quantity solved for using f(R) halos whereas yenv is that solved for in the

environment, which is approximated by performing the same calculation but with f0 = 0.

C.2.2 nPPF Forms

We also reproduce the nPPF expressions for both of these theories from Ref. [351]. In

DGP we have the following values for the pi parameters in Eq. 5.39

p1 = 2, p2 = 1, p3 =
3

2
,

p4(a) = 2
(Ωm,0

4Ωrc

1

9β(a)2

)1/3
, p5 = −1, p6 = 0,

p7 = 0 , (C.49)

which reproduce Eq. C.41 exactly. Note if using Eq. 5.37 we simply set p2 =
1

3β(a)
.

On the other hand, the Hu-Sawicki f(R) parameterisation is not exact but is closely

matched by the following parameters in the screening regime [351] for a given choice of

p1 (using Eq. 5.39)

p2 = 1, p3 = 7,

p4 = 2Ω
1/3
m,0

[
(Ωm,0 + 4(1− Ωm,0)

−2 p1
3|fR0|

]1/p3
,

p5 = −1, p6 =
2

3p3
, p7 = −6

7
, (C.50)

where we used α = 1/(n + 1) = 0.5 [378] in Equation 5.6 of Ref. [351]. Again, if using

Eq. 5.37 we set p2 =
1
3
.

C.2.3 Comparisons

Here we provide some comparisons of the approximate expressions for F given by the

nPPF model (Eq. 5.39) and the Erf model (Eq. 5.41) against the exact expressions in

DGP (Eq. C.41) and f(R) (Eq. C.46). Since the nPPF form is exact for DGP, we only
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compare it in the f(R) case. Unless otherwise stated, the fits are performed as described

in Section 5.5 and shown in Tab. 5.3.

DGP

In Fig. C.1 we show the nonlinear modification to the Poisson equation, 1 + F , in DGP

for Ωrc = 0.25 and Ωrc = 0.01 as a function of top-hat radius parameter yh. We plot

the exact solution given by Eq. C.41 given as solid curves to the best fit Erf model

given as dashed curves. We see an additional redshift dependence of the screening scale

becoming important for high z. As modifications to GR are expected to be small at

high redshift, this deviation may not be so important, which is supported by Fig. 5.5.

We have performed a fit of this redshift dependence and find it behaves very well as a

power law, with an O(0.1) exponent (specifically ≤ 0.15), which is first of all small and

second of all degenerate with q2 and q3, meaning the model likely has sufficient freedom

to very well capture a DGP type of modification to gravity without biasing cosmological

or gravitational constraints.

Hu-Sawicki f(R)

Here we check that the nPPF and Erf models can qualitatively reproduce the exact form

of F (Eq. C.46) across all scales, masses and environments for Hu-Sawicki f(R) gravity.

Before showing the results, we make a note on the best fitting parameters for the

Erf model. We find that the fits in Tab. 5.3, performed by fitting the exact prediction

for the reaction R, do not give a very good agreement when comparing to the exact

form of F . In particular, we find that the mass dependence parameter, q2, seems to be

underestimated when fittingR. This parameter dictates the left hand slope in the contour

plots in this section. Such a discrepancy may be due to a number of factors including a

missing redshift dependency, the details of the fit, degeneracies with q3 and failings of the

power law description. We find a better by-eye fit for FErf across redshifts z = 0, 1, 4 and

all values of fR0 is q2 = 0.85. All other parameters are as in Tab. 5.3 unless otherwise

stated.

In Fig. C.2 we show 1 +F for the exact (top panels), the Erf (middle panels) and the

nPPF (lower panels) cases with |fR0| = 10−5, characterising a moderate modification to

ΛCDM. We do not show the |fR0| = 10−6, 10−7 cases which are qualitatively similar.

To check the effects of Yukawa suppression, we set yenv = 1, which is the maximum

value considered in the spherical collapse computation. We then plot F as a function

of dimensionless top-hat radius parameter yh and halo mass, which shows the screening

regime and the onset of Yukawa suppression. For large masses and redshifts, screening

occurs at larger physical scales while Yukawa suppression occurs at smaller scales. In all

cases, the Yukawa suppression is only mildly relevant for yh → yenv and very large masses.
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Figure C.1 The modification to the Poisson equation 1+F (see Eq. 5.13) in DGP gravity
for Ωrc = 0.25 (left) and Ωrc = 0.01 (right). We plot the modifications as
a function of normalised halo top-hat radius parameter for three different
redshifts, z = 0 (red), z = 1 (green) and z = 4 (blue). The solid curves are
the exact solution while the dashed curves are made using a single parameter
fit to the exact R using Eq. 5.41 (see Tab. 5.3).

The nPPF best fit value of p8 gives a wrong Yukawa suppression scale, which is likely due

to its global fit over all values of yenv. Similarly, the Erf best fit screening scale, q1, is also

underestimated, likely for the same reasons.

Further, the nPPF shows a good match for the redshift dependence of the screening

scale, while the Erf fit does significantly worse. We recall the nPPF uses a theoretically

matched power law for this dependence (see Eq. 5.36 and Eq. C.50), while this dependence

is fixed for the Erf case.

In Fig. C.3 we show 1+F for |fR0| = 10−5, with yenv = 0.3, again for all cases. We find

a good qualitative agreement between the nPPF and exact solutions. On the other hand,

the comparisons again show there is an inaccurate redshift dependency in the screening

scale of the Erf model, set by q1. This was also seen in the DGP case. Despite this,

the flexibility of the model still allows us to produce very accurate results at the power

spectrum level (see Fig. 5.6) and so we do not feel introducing new freedom is warranted.

We leave this issue to be further investigated in future work.

C.2.4 A Note on Notation

We would like to briefly discuss the inconsistency in the notation of previous related

publications. The physical top-hat radius is denoted by RTH in Refs. [130, 356], r in

Ref. [358], R in Ref. [495] and ξ in Ref. [378]. From the definition of the physical top-

hat radius and the conservation of mass M = 4πρ̄m(δ + 1)R3
TH/3 the expression for the

nonlinear over-density is correctly given in Eq. C.43. Note the corresponding typos in the

definition of the nonlinear over-density of Refs. [130, 356, 358] in Equations 34, B3 and 28

respectively. The connection between the physical top-hat radius and the initial comoving

radius Rth
1 of the over-density is linear RTH(ai) = Ri = aiRth initially but then due to

1Denoted Rth in the ReACT code.
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Figure C.2 The modification to the Poisson equation 1+F (see Eq. 5.13) in Hu-Sawicki
f(R) as a function of log10(M) and top-hat radius parameter yh. We set
|fR0| = 10−5 and yenv = 1. The top panels show the exact solution, the
middle panels show the phenomenological solution based on the error function
and the bottom panels show the nPPF function. The left most column shows
the functions for z = 0, the middle for z = 1 and the right most column for
z = 4.

the nonlinear evolution of the over-density it becomes RTH(a) = yaRth. This nonlinear

evolution is encoded in the nonlinear scale factor ya with y given in Eq. C.44. Note that

the expression for F in f(R) gravity in Equation A2 of Ref. [356] and Equation. C15

of Ref. [130] is taken from Ref. [378] and includes RTH which should be replaced by

Rth = Ri/ai. While F in nDGP model from Ref. [495] is correctly given in these ReACT

papers.
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Figure C.3 Same as Fig. C.2 but with yenv = 0.3.
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Appendix D

Appendix to Chapter 6

D.1 Connection between the Growth Index and nDGP

For DGP models without an additional dark energy component, we have γDGP ≈ 11/16

(e.g., Ref. [423]). Here we will derive the value for when we include a dark energy

contribution. Following the same steps as in Ref. [423], one can arrive to the following

expression for the growth index by solving the linearised growth equation, taking a matter

dominated era limit of Ωw(a)/Ωm(a) ≪ 1, Ωw being the dark energy density fraction, and

(µL − 1) ≪ 1 (Eq. 22 in Ref. [423]):

γ =
1

2
+

1

4Ωw(a)

∫ 1

0

du

u
u5/2Ωw(au)−

3

2Ωw(a)

∫ 1

0

du

u
[µL(au)− 1]u5/2 , (D.1)

with Ωw(a) = 1 − Ωm(a). For early times Ωw(a) ∝ a−3w and µL − 1 = AΩw(a), with A

being a parameter to be determined. We can integrate the equation for γ to get

γ =
3(1− w − A)

5− 6w
, (D.2)

where for GR w = −1 and A = 0, so one obtains the standard result of γGR = 6/11.

Now, the Friedman equation for flat DGP models is given by (“+” for the normal

branch or nDGP, “-” for the self-accelerating branch or sDGP):

H2 ± H

rc
=

8πG

3
ρ . (D.3)

We have 2 options: assume that a) ρ = ρm, hence the additional H/rc-contribution acts

like an effective dark energy component ρw = ∓ 3
8πG

H
rc
; or b) ρ = ρm + ρDE, hence the

effective dark energy has two contributions ρw = ρDE ∓ 3
8πG

H
rc
.

For the first case without dark energy we find from the Friedman equation: Ωm(a) =

1 ± 2
√
Ωrc/E(a) or E(a) = ∓√

Ωrc +
√
Ωrc + Ωma−3. The former implies that from
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E(a = 1) = 1 follows ∓2
√
Ωrc = 1 − Ωm. Hence, for all realistic Ωm < 1 only the self-

accelerating branch is relevant. From ρ̇w = −3H(1 + w)ρw and a derivative of Eq. D.3

we find w = −1/(1 + Ωm(a)). From Eq. 6.8 and Eq. 6.7 we compute β = −1+Ω2
m(a)

1−Ω2
m(a)

and

µL − 1 = −1
3
1−Ω2

m(a)
1+Ω2

m(a)
= AΩw(a) with A = −1

3
1+Ωm(a)
1+Ω2

m(a)
. Combining these findings together

with the limit of a → 0, i.e., A → −1/3 and w → −1/2, one gets γ = 11/16 from Eq. D.2

exactly like in Ref. [423] (recall Eq. D.1 is derived for early times).

Overall, for small values of Ωrc, γ = 11/16 is a good approximation at all redshifts

for this particular case of the flat DGP or sDGP model, where the value of the extended

parameter is directly related to the matter density. While for larger values of Ωrc (hence

smaller values of Ωm) as a → 1, A → −1/3 and w → −1 (mimicking a cosmological

constant today). This decreases the value of the growth index to γ → 7/11, when

computed according to Eq. D.2. Even the most extreme values of Ωrc show at most 2%

deviation at lower redshifts when compared against solutions from numerically equating

µγ
L = µDGP

L at each redshift individually. However, note that in this scenario the growth

index value is always larger than its GR limit. In other words, the structure growth is

suppressed relative to the standard cosmology.

For the second case with the cosmological constant, Ωrc becomes an independent

parameter. We discuss only the case of including the cosmological constant, but

the same logic can be applied to any other parameterisation of the dark energy

component. We fix the expansion to the ΛCDM cosmology: from Eq. D.3, we have

E(a) = ∓√
Ωrc +

√
Ωrc + Ωma−3 + ΩDE(a), and from the equality E = EΛCDM we

get ΩDE(a) = (1 − Ωm) ± 2
√
Ωrc

√
Ωma−3 + (1− Ωm). From Eq. 6.8 and Eq. 6.7:

µL−1 = 2
√
Ωrc

3
1

2
√
Ωrc±E(a)[2−Ωm(a)]

with “+” for nDGP and “-” for sDGP. The corresponding

limits are: µL − 1 → ±2
√
Ωrc

3
√
Ωm

a3/2 for early times, while the late-time limit tends to

µL − 1 → 2
√
Ωrc

3
1

2
√
Ωrc±[2−Ωm]

. This means that at high redshift the assumption of

(µL − 1)/Ωw(a) ≈ const is not valid in this case as Ωw(a) ∝ a3, while (µL − 1) ∝ a3/2.

As a consequence the integration in Eq. D.2 for the early-time limit yields a diverging

value of γ = γGR ∓
√
ΩrcΩm

4(1−Ωm)a3/2
, with “-” for nDGP, “+” for sDGP. We can repeat this

calculation for a → 1 and get γ = γGR − 2
5

√
Ωrc

(2
√
Ωrc±[2−Ωm])(1−Ωm)

, with “+” for nDGP,

“-” for sDGP. Therefore, the addition of the dark energy component in the nDGP model

leads to γ ≤ 0.55 for any Ωrc ≥ 0, resulting in enhanced growth at linear scales and in

agreement with our findings. We can insert our values for Ωrc and Ωm for the late-time

limit and obtain γ ≈ γGR− 0.11 ≈ 0.44, which is in excellent agreement with our findings

in Subsection 6.3.2 and Subsection 6.3.5.
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Figure D.2 Varying only Ωm, S8, γ with re-scaled covariance and using linear scales.
Left panel: constraints from the first redshift bin. Time evolution of S8(z) in
the standard cosmology (purple crosses) and γ-parameterisation (γ-pseudo,
orange crosses). Green solid line denotes the combination of the lensing and
IA kernels (re-scaled and shifted for visualisation purposes). Black solid line
denotes the maximum of the kernel and same constraints on S8(z) in both
models. Middle panel: marginalised posterior distributions for log 1010 As

from the first bin (upper plot) and combined first two bins (lower plot) in
the standard cosmology (purple lines) and γ-parameterisation (orange lines).
Right panel: marginalised posterior distribution for γ and log 1010 As with
the first photometric bin (orange contour) and combined with the second
photometric bin (pink contour). Dashed lines denote the fiducial values.

D.2 Validation with GR: Full Posteriors and Discussion

In Fig. D.1 several degeneracies are apparent due to the fact that Cℓ ∝ σ2
8Ωm: the

negative correlations of σ8 − Ωm and γ − σ8, and the positive correlation of γ − Ωm. We

overlay contours from the ΛCDM modelling to showcase the strong positive correlation

between log 1010 As and σ8, which is weakened when an additional parameter controlling

the amplitude of the power spectrum on large scales, γ, is added. However, in all

scenarios log 1010 As is strongly anti-correlated with h and ωc. We also note that the

zNLA parameters AIA and ηIA are not strongly degenerate with any other parameters

but are anti-correlated with one another; their constraints are model-independent. From

the full posterior we also see that the screening scale is not detected, which is to be expect

for µγ∼0.55
L ≈ 1 (see Eq. 6.10). Additionally, the growth index is anti-correlated with the

expansion rate h, which is due to the inclusion of large scales, 10 < ℓ < 100, and tight

informative priors on ωb and ns (see discussion in Appendix D.3).

From the same full posterior distribution we also notice that the γ+q1 (solid green lines)

and ΛCDM (solid purple lines) models constrain the background cosmological parameters,

Ωm, h, to the same level of uncertainty. This is well understood since γ only impacts the

amplitude of the power spectrum and not the background. However, we notice drastically

different constraints on σ8 and S8: the contours are much broader in the γ models than

in the ΛCDM case. This difference arises due to strong sensitivity of the linear growth
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Figure D.3 Left panel: parameter dependence of the shear angular power spectrum in the
3-3 redshift bin without shape noise. Right panel: change in the orientation
of degeneracies between parameters depending on the scale-cuts and priors
used.

factor to the deviation of the growth index from its GR value at lower redshifts (see

Fig. 6.1). To demonstrate this we fix all parameters in the model to their fiducial values

and vary Ωm, S8 and γ in the first redshift bin with a re-scaled covariance by a factor of

250 (corresponding to smaller error bars), and using linear scales only, ℓmax = 500. In the

left panel of Fig. D.2 we show that, as expected, both models measure the same value of

S8(z) = σ8(z)
√

Ωm/0.3 around the peak of the first lensing kernel at z = 0.125. Therefore,

it is the variation in γ-values that affects the inferred constraints of S8 at redshift z = 0.

For the first redshift bin, the constraints of the primordial amplitude demonstrate the

same trend (see the upper middle panel of Fig. D.2). This changes as soon as we add

additional redshift bins (in the lower middle panel). Overall, in Fig. D.1 with 10 redshift

bins the constraints on the primordial amplitude are identical between both models since

we match the growth at high redshift. Contrary to Stage-III surveys (see, for example,

Ref. [207]), a Stage IV-like setup constrains the primordial amplitude well due to its wide

redshift range and large number of redshift bins.

D.3 Expansion Rate: Note on Degeneracies and Priors

In Fig. D.1 we see strong degeneracies between all cosmological parameters and the

expansion rate h. Fig. D.3 shows the derivatives of Cℓ in the 3−3 photo-z bin with respect

to the parameters listed in the legend. From this figure, it is clear that Cℓ is insensitive

to h in the region of 102 < ℓ < 103. We also note the change in the dependence of Cℓ on

h in the ℓ < 102 (prominent negative) and ℓ > 103 (weak positive) regimes. From Eq. 6.3,

we see that the impact of h on Cℓ is coming purely from the matter power spectrum. In

the linear regime, i.e., low ℓ and k, the matter power spectrum is an approximate power

law with its slope depending on h, ns and ωb (for more detailed discussion see Ref. [11]).
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We impose a Planck prior on ns and a BBN prior on ωb, which breaks this degeneracy.

In the right panel of Fig. D.3, we demonstrate the rotation of degeneracy between σ8

and h, when these informative priors are imposed in the analysis with GR model on GR

mock data. For ℓmax = 700, dlnCℓ/dlnh and dlnCℓ/dlnσ8 have opposite signs, hence the

orange contour demonstrates a positive correlation. The situation changes to the negative

correlation for ℓ ∈ [200, 2000] (the purple contour). When all scales are combined (the pink

contour), the orientation of the degeneracy still slightly prefers the positive correlation

characteristic for lower ℓ-values. However, this is no longer the case, when the priors

are omitted (the dashed green contour). Similar arguments are applicable to all other

cosmological parameters and their degeneracies with h. Also note that due to the choice

of a diagonal Gaussian covariance, our constraints can be considered optimistic.

D.4 Test with nDGP: Full Posteriors and Discussion

In Fig. D.4 we show the two-dimensional marginalised posteriors for the full parameter

space in γ + q1 (green) and γ-pseudo (orange) models with ℓmax = 3000 and ℓmax = 1000,

respectively. The only significantly biased parameter is log 1010 As, which is explained

by a different time evolution of the linear growth factor in nDGP and the growth index

parameterisation. In Fig. 6.1 we see that for values of γ ∼ 0.3 − 0.4 we obtain an offset

of Dγ/DnDGP ∼ 0.97 − 0.98. From the posterior maxima and the input fiducial values

Amean
s /Afid

s = 1.06 (∆As = 6%). Therefore, lower (than in nDGP) values of the growth

factor in the growth index model are compensated by a higher value of the primordial

amplitude. We note that while the posterior-maxima of ωc and h are unbiased, their 2-

dimensional contour demonstrates a 1σ bias that later propagates to a 1σ lower posterior

maximum for Ωm. We also found this bias when sampling in Ωm directly.

We notice that even for ℓmax = 1000, there is a significant bias in h as well as in γ.

Surprisingly, the pseudo γ model finds a value of σ8 at its GR value (a lower than expected

value compared to nDGP), which is compensated by high values of Ωm (1σ bias towards

lower values in ωc and 3σ bias towards lower values in h).

In Fig. D.5 we show the two-dimensional marginalised posteriors for the full parameter

space in the γ(z) + q1 model. Clearly, the bias towards higher values in log 1010 As

vanishes due to a more accurate representation of the growth evolution. However, we

notice significantly weaker constraints on h. This is expected from the degeneracy between

the expansion rate and γ (in this case γ0, γ1). We show that this degeneracy is broken

when γ1 is fixed.
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D.5 Other Full Posteriors

In Fig. D.6 and Fig. D.7 we show the two-dimensional marginalised posteriors for the full

parameter space in the analyses mentioned in the main text.

220



0.29 0.32

Ωm

13.0

13.5

14.0

lo
g 1

0
M

c

−0.6

−0.4

η
IA

1.6

1.8

A
IA

0.5

1.0

1.5

q 1

0.3

0.4γ

0.96

0.97

0.98

n s

0.88

0.90S 8

0.85

0.90

σ 8

3.0

3.1

lo
g

10
10

A
s

0.67

0.69

0.71

h

0.022

0.024

ω
b

0.11

0.12

0.13

ω
c

0.11 0.13

ωc

0.021 0.024

ωb

0.67 0.71

h
3.0 3.1

log1010As

0.86 0.90

σ8

0.88 0.91

S8

0.96 0.98

ns

0.3 0.4

γ
0.5 1.5

q1

1.6 1.8

A IA
−0.5 −0.3

η IA
13 14

log10 Mc

log10 Mc ∈U (11.4,14.6)

log10 Mc ∈U (13.12,13.52)

Figure D.6 Full posterior distribution for investigating the degeneracy between the
screening and baryonic parameters on γ+q1 mock data for a Stage-IV cosmic
shear setup with ℓmax = 3000. Different colours correspond to a flat broad
prior on the baryonic feedback parameter log10Mc, (green) and a flat tight
prior U(13.12, 13.52) on it (orange). Grey lines mark the true values of the
synthetic data.

221



0.30 0.32

Ωm

13.2

13.4

lo
g 1

0
M

c

−0.6

−0.4

η
IA

1.6

1.7

1.8

A
IA

0.05

0.10

M
ν

[e
V

]

−0.8

0.0

0.8

q 1

0.4

0.6

γ

−2

0

lo
g 1

0
Ω

rc

0.96

0.97

0.98

n s

0.86

0.90

S 8

0.85

0.90

σ 8

3.0

3.2

lo
g

10
10

A
s

0.65

0.70

h

0.022

0.023

0.024

ω
b

0.11

0.12

0.13

ω
c

0.11 0.13

ωc

0.022 0.024

ωb

0.65 0.70

h
3.0 3.2

log1010As

0.83 0.90

σ8

0.87 0.91

S8

0.96 0.98

ns

−2 0

log10 Ωrc

0.35 0.55

γ
−0.5 0.5

q1

0.03 0.10

Mν [eV]

1.64 1.82

A IA
−0.5 −0.3

η IA
13.2 13.4

log10 Mc

γ + q1

γ(z)+ q1 with γ1 =−0.2
nDGP

Figure D.7 Full posterior distribution for the nDGP model with Ωrc = 0.25 for a Stage-
IV cosmic shear setup with ℓmax = 3000. Different colours correspond to the
γ + q1 model (green), the γ(z) + q1 model with γ1 = −0.2 (orange), and the
exact nDGP model (purple). For nDGP and γ + q1 the prior on log10Mc is
U(13.12, 13.52), while for the γ(z)+ q1 model it is U(13.3, 13.34). Grey lines
mark the true values of the synthetic data.

222



Bibliography

[1] Elcio Abdalla et al. Cosmology intertwined: A review of the particle physics,
astrophysics, and cosmology associated with the cosmological tensions and
anomalies. JHEAp, 34:49–211, 2022. doi: 10.1016/j.jheap.2022.04.002.

[2] Maria Tsedrik, Benjamin Bose, Pedro Carrilho, Alkistis Pourtsidou, Sefa Pamuk,
Santiago Casas, and Julien Lesgourgues. Stage-IV Cosmic Shear with Modified
Gravity and Model-independent Screening. arXiv e-prints, art. arXiv:2404.11508,
April 2024. doi: 10.48550/arXiv.2404.11508.

[3] Marco Baldi and Fergus Simpson. Simulating momentum exchange in the dark
sector. Mon. Not. Roy. Astron. Soc., 449(3):2239–2249, May 2015. doi: 10.1093/
mnras/stv405.

[4] Matteo Cataneo, Lucas Lombriser, Catherine Heymans, Alexander Mead,
Alexandre Barreira, Sownak Bose, and Baojiu Li. On the road to percent
accuracy: non-linear reaction of the matter power spectrum to dark energy and
modified gravity. Mon. Not. Roy. Astron. Soc., 488(2):2121–2142, 2019. doi:
10.1093/mnras/stz1836.

[5] Mark Subbarao, Miguel Aragon-Calvo, Hsiao-Wen Chen, Jean Quashnock,
Alexander Szalay, and Donald York. Visualization of large scale structure from
the sloan digital sky survey. New Journal of Physics, 10:125015, December 2008.
doi: 10.1088/1367-2630/10/12/125015.

[6] Bernardita Ried Guachalla, Dylan Britt, Daniel Gruen, and Oliver Friedrich.
Informed Total-Error-Minimizing Priors: Interpretable cosmological parameter
constraints despite complex nuisance effects. arXiv e-prints, art. arXiv:2405.00261,
April 2024. doi: 10.48550/arXiv.2405.00261.

[7] Andrea Oddo, Emiliano Sefusatti, Cristiano Porciani, Pierluigi Monaco, and
Ariel G. Sánchez. Toward a robust inference method for the galaxy bispectrum:
likelihood function and model selection. JCAP, 2020(3):056, March 2020. doi:
10.1088/1475-7516/2020/03/056.

[8] Andrea Oddo, Federico Rizzo, Emiliano Sefusatti, Cristiano Porciani, and Pierluigi
Monaco. Cosmological parameters from the likelihood analysis of the galaxy power
spectrum and bispectrum in real space. JCAP, 2021(11):038, November 2021. doi:
10.1088/1475-7516/2021/11/038.

[9] Federico Rizzo, Chiara Moretti, Kevin Pardede, Alexander Eggemeier, Andrea
Oddo, Emiliano Sefusatti, Cristiano Porciani, and Pierluigi Monaco. The halo

223



bispectrum multipoles in redshift space. JCAP, 2023(1):031, January 2023. doi:
10.1088/1475-7516/2023/01/031.

[10] DESI Collaboration, A. Aghamousa, et al. The DESI Experiment Part I:
Science,Targeting, and Survey Design. arXiv e-prints, art. arXiv:1611.00036,
October 2016. doi: 10.48550/arXiv.1611.00036.

[11] Alex Hall. Cosmology from weak lensing alone and implications for the Hubble
tension. Mon. Not. Roy. Astron. Soc., 505(4):4935–4955, 2021. doi: 10.1093/mnras/
stab1563.

[12] Scott Dodelson and Fabian Schmidt. Modern Cosmology. Elsevier Press, Cambridge,
2020. doi: 10.1016/C2017-0-01943-2.

[13] Daniel Baumann. Cosmology. Cambridge University Press, July 2022. ISBN 978-
1-108-93709-2, 978-1-108-83807-8. doi: 10.1017/9781108937092.
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[408] Jose Maŕıa Ezquiaga and Miguel Zumalacárregui. Dark Energy After GW170817:
Dead Ends and the Road Ahead. Phys. Rev. Lett., 119(25):251304, 2017. doi:
10.1103/PhysRevLett.119.251304.

255



[409] T. Baker, E. Bellini, P. G. Ferreira, M. Lagos, J. Noller, and I. Sawicki. Strong
constraints on cosmological gravity from GW170817 and GRB 170817A. Phys.
Rev. Lett., 119(25):251301, 2017. doi: 10.1103/PhysRevLett.119.251301.

[410] Jeremy Sakstein and Bhuvnesh Jain. Implications of the Neutron Star Merger
GW170817 for Cosmological Scalar-Tensor Theories. Phys. Rev. Lett., 119(25):
251303, 2017. doi: 10.1103/PhysRevLett.119.251303.

[411] Richard A. Battye, Francesco Pace, and Damien Trinh. Gravitational wave
constraints on dark sector models. Phys. Rev., D98(2):023504, 2018. doi:
10.1103/PhysRevD.98.023504.

[412] Paolo Creminelli, Matthew Lewandowski, Giovanni Tambalo, and Filippo Vernizzi.
Gravitational Wave Decay into Dark Energy. JCAP, 1812(12):025, 2018. doi:
10.1088/1475-7516/2018/12/025.

[413] Tessa Baker et al. Measuring the propagation speed of gravitational waves with
LISA. JCAP, 08(08):031, 2022. doi: 10.1088/1475-7516/2022/08/031.

[414] Allan Adams, Nima Arkani-Hamed, Sergei Dubovsky, Alberto Nicolis, and Riccardo
Rattazzi. Causality, analyticity and an IR obstruction to UV completion. JHEP,
10:014, 2006. doi: 10.1088/1126-6708/2006/10/014.

[415] Eugeny Babichev, Viatcheslav Mukhanov, and Alexander Vikman. k-Essence,
superluminal propagation, causality and emergent geometry. JHEP, 02:101, 2008.
doi: 10.1088/1126-6708/2008/02/101.

[416] Clare Burrage, Claudia de Rham, Lavinia Heisenberg, and Andrew J. Tolley.
Chronology Protection in Galileon Models and Massive Gravity. JCAP, 07:004,
2012. doi: 10.1088/1475-7516/2012/07/004.

[417] Claudia de Rham and Andrew J. Tolley. Causality in curved spacetimes: The speed
of light and gravity. Phys. Rev. D, 102(8):084048, 2020. doi: 10.1103/PhysRevD.
102.084048.

[418] Harvey S. Reall. Causality in gravitational theories with second order equations of
motion. Phys. Rev. D, 103(8):084027, 2021. doi: 10.1103/PhysRevD.103.084027.

[419] Zhiqi Huang. Observational effects of a running Planck mass. Phys. Rev. D, 93(4):
043538, 2016. doi: 10.1103/PhysRevD.93.043538.

[420] Emilio Bellini, Antonio J. Cuesta, Raul Jimenez, and Licia Verde. Constraints on
deviations from ΛCDM within Horndeski gravity. JCAP, 2016(2):053–053, February
2016. doi: 10.1088/1475-7516/2016/02/053.

[421] Johannes Noller and Andrina Nicola. Cosmological parameter constraints for
Horndeski scalar-tensor gravity. Phys. Rev. D, 99(10):103502, 2019. doi: 10.1103/
PhysRevD.99.103502.

[422] Kevork N. Abazajian et al. CMB-S4 Science Book, First Edition, 10 2016.

[423] Eric V. Linder and Robert N. Cahn. Parameterized Beyond-Einstein Growth.
Astropart. Phys., 28:481–488, 2007. doi: 10.1016/j.astropartphys.2007.09.003.

256



[424] Hans Winther, Santiago Casas, Marco Baldi, Kazuya Koyama, Baojiu Li, Lucas
Lombriser, and Gong-Bo Zhao. Emulators for the nonlinear matter power spectrum
beyond ΛCDM. Phys. Rev. D, 100(12):123540, 2019. doi: 10.1103/PhysRevD.100.
123540.

[425] Matteo Cataneo, David Rapetti, Lucas Lombriser, and Baojiu Li. Cluster
abundance in chameleon f(R) gravity I: toward an accurate halo mass function
prediction. JCAP, 12:024, 2016. doi: 10.1088/1475-7516/2016/12/024.

[426] Gong-Bo Zhao. Modeling the Nonlinear Clustering in Modified Gravity Models. I.
A Fitting Formula for the Matter Power Spectrum of f(R) Gravity. Astrophys. J.
Suppl., 211:23, 2014. doi: 10.1088/0067-0049/211/2/23.

[427] Michele Mancarella, Joe Kennedy, Benjamin Bose, and Lucas Lombriser. Seeking
new physics in cosmology with Bayesian neural networks: Dark energy and modified
gravity. Phys. Rev. D, 105(2):023531, 2022. doi: 10.1103/PhysRevD.105.023531.

[428] Aurel Schneider, Alexandre Refregier, Sebastian Grandis, Dominique Eckert, Nicola
Stoira, Tomasz Kacprzak, Mischa Knabenhans, Joachim Stadel, and Romain
Teyssier. Baryonic effects for weak lensing. Part II. Combination with X-ray data
and extended cosmologies. JCAP, 04:020, 2020. doi: 10.1088/1475-7516/2020/04/
020.

[429] Matteo Cataneo, David Rapetti, Fabian Schmidt, Adam B. Mantz, Steven W. Allen,
Douglas E. Applegate, Patrick L. Kelly, Anja von der Linden, and R. Glenn Morris.
New constraints on f(R) gravity from clusters of galaxies. Phys. Rev. D, 92(4):
044009, 2015. doi: 10.1103/PhysRevD.92.044009.

[430] Harry Desmond and Pedro G. Ferreira. Galaxy morphology rules out astrophysically
relevant Hu-Sawicki f(R) gravity. Phys. Rev. D, 102(10):104060, 2020. doi: 10.
1103/PhysRevD.102.104060.

[431] Philippe Brax, Santiago Casas, Harry Desmond, and Benjamin Elder. Testing
Screened Modified Gravity. Universe, 8(1):11, 2021. doi: 10.3390/universe8010011.
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