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Abstract

We present results for the matrix elements relevant for proton decay in Grand Unified Theories
(GUTSs), using two methods. In the indirect method, we rely on an effective field theory de-
scription of proton decay, where we need to estimate two low energy constants. We then relate
these low energy constants to the proton decay matrix elements using leading order chiral per-
turbation theory. In the direct method, we calculate the required matrix elements directly; this
is computationally more expensive, but the calculation has no systematic error from the use of
chiral perturbation theory.

The calculations are performed with 2+1 flavors of domain wall fermions on lattices of size
163 x 32 and 243 x 64 with a fifth dimension of length 16. We work at fixed inverse lattice
spacing, a~! = 1.73(3) GeV, leading to physical volumes of (1.8 fm)3 and (2.7 fm)? for the
163 x 32 and 242 x 64 lattices respectively.

In the first four chapters we present the background theory. We start with a brief review of
the standard model and the motivation for GUTs. We show that GUTs must lead to proton
decay, and that the proton lifetime is an experimentally testable prediction which can be used
to constrain GUT parameters, or rule out classes of GUT which predict a minimum lifetime
shorter than the experimental minimum bound. We then review continuum and lattice QCD,
including outlines of the lattice methods used to calculate the proton decay matrix elements.

In the last three chapters we present the results and analysis. We calculate the nucleon and
pion two—point correlation functions, and determine their ground state masses and amplitudes.
These quantities will then be used to calculate the matrix elements using the indirect and direct
methods outlined above. The matrix elements can then be combined with experimental bounds

on the proton lifetime to bound parameters of individual GUTs.
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Chapter 1

Introduction

1.1 The Standard Model

The Standard Model [3, 4] describes fundamental particles and their interactions via the strong,
weak and electromagnetic forces. It is the subject of many review articles, lecture courses and
text books and the following arguments were based on those found in Refs. [5, 6, 7, 8, 9].

The Standard Model describes 6 flavours of quarks arranged into three generations each
with one up type quark and one down type quark. Also present are 6 leptons, again arranged

into three generations (see Table 1.1).

we (3) (2) (1) ~(3)
e (1) (£) (2) ~(2)

Table 1.1: The quark and lepton content of the Standard Model. The far right column introduces
notation involving a generation index i, which runs from 1 to 3.

As well as these matter fields, the Standard Model describes the interactions of these fields.
The Standard Model is a gauge theory, a theory which is invariant under local group transfor-
mations. For the case of the Standard Model, the gauge group is SU(3) x SU(2) x U(1). SU(3)
is the group of the strong interactions, mediated by 8 gluons. Together SU(2) x U(1) form the
gauge group for the electroweak interactions which are mediated by 3 + 1 electroweak gauge

bosons. The forces and their associated gauge bosons are summarised in Table 1.2.



Force ‘ Gauge group ‘ Gauge bosons ‘ Symbol
Strong SU(3) 8 gluons A
Electroweak | SU(2) x U(1) | 3+1 electroweak gauge bosons | Wi, B,

Table 1.2: The forces, gauge group and gauge bosons of the Standard Model.

1.1.1 The Standard Model Lagrangian

The particles and their interactions are described by the Standard Model Lagrangian, which is
composed of:
Lsm = Lpirac + £Gauge + Lyukawa + £Higgs' (1'1)

LDirac contains kinetic terms for all of the matter fields. In order to write this down we define
the left and right handed fields,

U%/L:PR/LUi dZR/L:PR/LdZ

epr, = Pryre’ vy = Ppv’ (1.2)

where P/, = % (1 £5) is a two—index spin tensor and all spin indices have been suppressed.

Note that there are no right handed neutrinos. We then arrange these such that the left handed

I = ( ‘L ) , (1.3)
L

and the right handed fields are arranged in weak singlets, u%, d%, e%. We can now write down

fields are arranged in weak doublets,

an expression for Lpirac,

Loivac = D@17 Dydi, + Ty Dyl + diy Dyudiy
7

+ A" DY + ey Dyely (1.4)

where the the sum over i is a sum over generations and D, is covariant derivative with space—

time index u. The covariant derivative acts differently upon the different quark and lepton



fields,

Dyup =
D,d; =

[8 + ngZVVZ +1ig'Y (ur) By + igsTsaAZ] ur,

[0, + ng’WZ +ig'Y (dp) By +igsTe AG] dp,

Dyur = [0, +ig'Y (ur)By +igsTe ASl ur

Dudr = [0 +1ig'Y (ur) By +igsTe AS] dr

Dyer, = [8 + ngaWa + ig Y(eL)BM] er,

Dy = [0+ igT*Wy +ig'Y (v)B,] vr,
[0

Dyer = +ig'Y (eg Bu] eR. (1.5)

The terms of the form igT ’Wfl contain a sum over the generators of SU(2), T® withi =1...3,
and the associated SU(2) gauge bosons W*. The terms of the form ig'Y (ur,)B,, contain the U(1)
gauge boson B, and the factor Y, Which is the hypercharge of the field being acted upon by
the derivative, Y(¢}) = &, Y(ul) = 3, Y(dy) = —%, Y(I) = —4 and Y(eg) = —1. Together,
these give the SU(2) x U (1) electroweak interactions with the matter fields. The terms of the
form igsT§' Aj, contain a sum over the generators, Ty’ a = 1...8, and associated gauge bosons,
Af,, of the group SU(3) for the strong interactions.

The gauge term, Lgauge contains the kinetic and self interaction terms for the gauge bosons,

1 1
Loage =~ F Fl, = JWHWi, — 1 B" By, (1.6)

where the field strength tensors are,

Fi, = 0,AL — 0,A% + g f**° AW AY
Wi, = 0,W.—0,W, — gel"wirwr
By, = 0.B,—0,By, (1.7)

with fe¢ the structure constants of the Lie algebra of SU(3) and €* (the totally antisymmetric
tensor) the structure constants of the Lie algebra of SU(2).
The kinetic, gauge interaction and potential terms for a scalar field, known as the Higgs

field, are contained within Lyjggs,

Lttiges = (D) Dup = V(9), (1.8)

where ¢ is the complex Higgs scalar which is a doublet under SU(2),



D, is the covariant derivative,
Dy =0, +igT*"W + ig'Y (q)By, (1.10)
and the potential term V' (y) is,

V(p) = 1ol + Mol o). (1.11)

Finally, the Yukawa term, Lyukawa iS,
_EYukawa = Z FZQZL@U%% + F%Q_ZLW& + Ffj_i(peg%? (112)
4,

where again the sum over ¢,j are sums over generations and I'{; are the Yukawa couplings

between the flavours 4, j of fields of type a = u, d, e.

1.1.2 The Higgs mechanism

Under the constraint that the Standard Model Lagrangian must be invariant under local gauge
transformations, explicit mass terms for the fermions and gauge bosons are forbidden. It is for
this reason that we have added the Lyykawa and Lpiggs terms to the Standard Model Lagrangian,
to give masses to the fermions and gauge bosons in a gauge invariant way. This is known as the
Higgs mechanism [4] which we now summarise.

First we introduce a complex vector,
v = (0p|0), (1.13)

which has components equal to the vacuum expectation values (VEVs) of the components of

the Higgs doublet. We can write the Higgs doublet as,

Jr .
‘2 ©1 — 12
¥ P3 — P4

and then choose the axis in this four-dimensional space such that (0|¢;]|0) = 0, for i = 1,2,4

1 {0
¢:E<U>. (1.15)

The Higgs potential from Eq. 1.11 may therefore be rewritten as a function of v,

and (0]p3|0) = v giving,

L o

1
V(p) = V(v) = S v? + Zx\v4. (1.16)



Figure 1.1: The Higgs potential V(v) = 2p%0? + $Av* for the cases p? > 0 (dotted line) and

u? < 0 (solid line). Figure taken from [9].

For the case u? > 0, A > 0 the minimum of the potential is at v = 0 and the ground state
leaves the SU(2) x U(1) electroweak gauge symmetry intact. However, for u? < 0, A > 0 the

minimum is instead at,

—H
=\ —. 1.1
v=1/ = (1.17)

Now the VEV is no longer at v = 0, and the new VEV spontaneously breaks the SU(2) x U(1)
electroweak gauge symmetry, see Figure 1.1. So through Goldstone’s theorem [10], we expect
the appearance of massless Goldstone bosons for every broken generator in the broken symmetry
group. In this case, we have three broken generators from the SU(2) x U(1) symmetry, so we
expect three massless Goldstone bosons.

To see why this is not the case, we now consider fluctuations around the VEV,

1 0
¢ZE<U+H)’ (1.18)

where H represents the as yet undiscovered, massive spin 0 gauge boson called the Higgs boson.

Inserting 1.18 into the scalar kinetic term from Lyiggs gives,

1 " 1% (0
(D;L‘P)TDMP = 3 (0,v) [’%TGW;} + %Bu] ( > + H terms
v

M2
= MWW, + TZZ“ZM + H terms, (1.19)

where the kinetic and gauge interaction terms of the Higgs field H have been omitted. W+, Z



are now physical massive fields given by,

1
wE = — (W Fiaw?
7 W Fiv)
Z = —sinfy B+ cosby W3, (1.20)
with masses given by,
v
My = T
M
My = V@R+g%=—2, (1.21)
2 cosOw
The photon field,
A = cosby B + sinfyy W3, (1.22)

remains massless.

The angle Oy is known as the Weinberg angle, and is defined as

~

Q

tanfy = =—. (1.23)

@ |

As our theory is a gauge theory, the Higgs mechanism [4] which we have just outlined means
that the massless goldstone bosons are “eaten” by the gauge bosons, giving them a mass. In
the case of electroweak symmetry breaking, the three broken generators give masses to three of

the four electroweak gauge bosons.

1.1.3 CP violation

The mass eigenstates (the physical quarks) of the Standard Model Lagrangian are not the same

as the eigenstates of the electroweak interactions. The weak force acts on the left handed

doublets,
U S t
-, A - ), 1.24
where,
d d
c = Vokm c , (1.25)
b b



and Vegw is a 3 X 3 unitary matrix known as the CKM matrix [11, 12],

Vud Vus Vub
Vekm = | Vea Ves Vo |- (1.26)
Via Vis Vi

The CKM matrix can be parametrised by 3 mixing angles and a complex phase responsible
for CP violation in the Standard Model. A CP transformation combines a charge conjugation
(particles and anti-particles are interchanged) with a parity transformation where ¥ — —Z.
Weak interactions are not symmetric under C or P transformations, as W bosons for example
couple only to left handed particles and right handed anti—particles. CP symmetry violation
was first observed in neutral kaon decays [13]; it has since been observed in B decays [14, 15].

As we already mentioned, the CP violation is related to the complex phase in the CKM
matrix. If all the elements of the CKM matrix were real, then the quark weak eigenstates
would be real superpositions of the quark mass eigenstates. As the mass eigenstates are a CP
eigenstate, so the superposition would also be a CP eigenstate, and there would be no CP
violation. Introducing a complex component to the CKM matrix means the superposition of
mass eigenstates is no longer a CP eigenstate, and hence CP violation can occur.

In total the Standard Model without neutrino masses has 19 free parameters, 6 quark masses,
3 lepton masses, 4 CKM-mixing matrix parameters, 3 gauge coupling constants, gs, g and ¢’, the
QCD vacuum angle fqcp and two parameters from the Higgs potential, the Higgs self coupling
and the Higgs quadratic coupling. For the Standard Model with neutrino masses, there are
also an additional 9 parameters, 3 neutrino masses and 6 MNS—mixing matrix parameters.
The MNS-mixing matrix is analogous to the CKM matrix, but mixes the neutrinos, rather
than quarks. Using these as inputs, the Standard Model can then be used to make predictions
for other quantities. The success of the model can then be gauged by how accurately these

predictions agree with experiment.

1.1.4 Successes of the Standard Model

One example of an accurate prediction from the Standard Model is the prediction for the

anomalous magnetic moment of the muon. The spin (§) and magnetic dipole moment (fi) are

=g <L> g, (1.27)

2my,

aligned as,

where e is the electric charge of the muon, and m, the mass. The factor g is known as the
gyromagnetic ratio; and in the classic Dirac theory, the gyromagnetic ratio is exactly 2. In the
Standard Model, quantum corrections lead to a small deviation from g = 2, parametrised by

the anomalous magnetic moment, a, = (g, — 2).



Many experiments have been undertaken to measure the muon’s anomalous magnetic mo-
ment. The latest results from experiments at Brookhaven National Laboratory [16], give
ay, = 11659208.0(5.4)(3.3) x 107!, where the first error is statistical and the second is sys-
tematic. This is calculated by studying the precession of the spin axis of muons, as they circle
around a storage ring in a constant magnetic field. For comparison, the latest standard model
prediction is a, = 116591788(2)(46)(35) x 10! [17], where now the errors are from the different
contributions to the magnetic moment. The first error is from the electroweak contributions,
while the second and third are from lowest order and higher order hadronic contributions re-
spectively. This gives an agreement between experiment and theory up to 6 significant figures.
The difference between experimental measurements and theoretical predictions is therefore,

Aay, = aS® — al = 292(63)(58) x 1071, (1.28)

a discrepancy of only 3.40 at this high degree of accuracy.
A second prediction from the Standard Model are the accurate fits to numerous data sources
giving the values of the CKM matrix elements. In the Standard Model, the unitarity of the

CKM matrix elements gives us several consistency checks,
S ViV =0k > ViViy = O (1.29)
i J

Where the § does not vanish, we get relations such as, |Viyg|? + |Vus|? + |Vas|?> = 1. Using
Via = 0.97418(27) and Vs = 0.2255(19) [17]; and ignoring Vi ~ 1 x 107> as it is negligible in
comparison, gives:

[Vadl? + [Vius|? + [Vip]? = 0.9999(10). (1.30)

This is in extremely good agreement with unitarity.
Where the § vanishes, the equations can be represented by triangles in the complex plane.

The most commonly used unitarity triangle is:
VuaVap + VeaVep + ViaVip = 0, (1.31)

where each term corresponds to one side of the triangle. If we divide through by the best known
term (VeqV}), we get a triangle with two vertices fixed at exactly (0,0) and (1,0) and the third
vertex at some co-ordinates (p, 7). Figure 1.2 shows many experimental constraints upon the

lengths of the sides of the triangle, and upon the internal angles of the triangle [17].
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Figure 1.2: Constraints on the p,7 plane. The shaded areas have 95% CL. Figure taken from
[17]

1.2 Baryon number

An important conserved quantum number of the Standard Model Lagrangian is baryon number.
Quarks have baryon number +%, antiquarks have baryon number —% and the remaining particles
of the Standard Model (leptons and gauge bosons) have baryon number 0. Therefore, baryons
(which consist of three quarks) have baryon number +1 and mesons (a quark and an antiquark)

0

have baryon number 0. Proton decay, by the reaction p — 7, e for example, is therefore ruled

out in the Standard Model as it violates baryon number conservation.
To see why baryon number is conserved in the Standard Model, we take a closer look at
the symmetries of the Standard Model Lagrangian from Eq. 1.1. For Ny flavours of massless

quarks, Eq. 1.4 has a U(Ny)r x U(Ny)g flavour symmetry,
L= U, fh— UL F, (1.32)

where fr7,/g is a quark field with flavour given by the indices 7, 7 which now run from 1... Ny.

If we now add a mass term for the quarks,
L = mytipuy +mitsuly + mgdedy +mgdy dy, (1.33)
then this breaks the U(Ny) x U(Ny)r symmetry, leaving a global U(1) vector symmetry,

fi, =B, fh— e fh, (1.34)



where the factor of 1/3 is purely for convention, so that the baryon number of the proton will

be +1. There is a conserved Noether current given by,

gt = Zé (@'y"u’ + d'yHd') (1.35)

i

and a conserved charge given by,

Q= [daf

Z%/dllx (ﬂiyoui +Ji70di)
— Z % /d4a: (u“uz + dT’idi)
1 , .
- EZ (NL+ N7, (1.36)

where N! and Né are the number of up type quarks and down type quarks respectively. Com-
bined with the factor of %, this means the conserved charge is baryon number. This conserved
charge is a consequence of a symmetry of the matter content of the standard model. As we shall
see in Section 1.3, if we change the representation of the matter content, then this symmetry

will no longer exist.

1.3 Grand Unification

Although the Standard Model has been very successful, it leaves many unanswered questions.
Why are the electroweak and strong interactions different? Why does the Standard Model have
so many arbitrary parameters? Why are there three generations of quarks and leptons? Grand
Unified Theories (GUTSs) attempt to address these concerns.

A GUT attempts to embed the strong and electroweak interactions within a single theory.
The interactions in the model are described by a single gauge group with a single unified
coupling constant at the GUT scale. At lower energies this is then spontaneously broken to the
SU(3) x SU(2) x U(1) structure that we observe in nature. The three different couplings we
observe are a consequence of the theory, and not an experimental input.

The Standard Model couplings g, ¢, gs are running couplings, they change with energy. The
left hand plot of Figure 1.3 shows the running of the three couplings and how close they come
to meeting at a point ~ 10'*GeV. If we add new physics beyond the Standard Model at a scale
of ~1 TeV, then this changes the running of the couplings through virtual loop corrections
involving the new heavier particles. For example, the right hand plot of Figure 1.3 shows
the running of the three couplings in the Minimal Supersymmetric Standard Model (MSSM)

[18, 19, 20, 21]. In this case, the coupling constants come even closer to unification at a slightly

10
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Figure 1.3: The approximate gauge coupling unification in the Standard Model (left) and the
MSSM (right). Instead of the standard model couplings g, ¢’, g5, both plots show «; 23, where

2.2 2.2 2 . . .
a) = w, ay = % and a3 = 4=, sin®fy is related to the couplings g and ¢ by
. ,2 .
sin?fy = gQiW Figure taken from [17]

higher scale ~ 10'6GeV.

Although there are many different classes of GUTs, they all share many of the same fea-
tures. One such feature is baryon number violation. As we saw in Section 1.2, baryon number
conservation is a consequence of the symmetry of the matter content of the standard model
Lagrangian. In grand unified theories, the matter content is arranged differently, in multiplets
containing quarks and leptons. In the Standard Model, our weak multiplets contained only
quarks or only leptons, so these were unable to mix. In GUTs, this is no longer the case. The
violation of baryon number leads to a prediction common to all GUTs. Unlike in the Standard

Model where the proton is stable, in GUTs, protons can decay.

1.4 Proton Decay

Experiments have searched for proton decay and although this has not yet been directly ob-
served, this lack of observation constrains the proton lifetime. The proton lifetime predicted by
a particular GUT is therefore a test of the validity of that GUT.

By integrating out the heavy degrees of freedom from the GUT, we can write down an

effective Lagrangian expressed in terms of only the usual Standard Model fields. Generically,

11



this will be of the form [22],

4 6

L%~ 3 S el + 3 S o, (1.37)

d=1,2 i=1 d=1,2 i=1

where d denotes the generation of the lepton produced in the decay, 4 is a label for the baryon
number violating operators and the coefficients of these operators Cc(li) and CN’C(;) are known as
Wilson coefficients. The first sum contains four operators, Q(¥), for decays to nonstrange final
states. The second sum contains 6 operators, Q) for decays to strange final states. These
operators were identified on symmetry grounds in [23, 24, 25], and will be discussed in more
detail in Section 2.4.

For a particular GUT, the decay width I' for a proton N decaying to a pseudoscalar meson

M and a lepton [ is,

PN — M 41) = — [1— <m—M>2]

16T mpy mn

2
, (1.38)

> CHM,I|OY|N)

where my is the proton mass, myy is the pseudoscalar meson mass and (M,I|O!|N) are QCD
matrix elements between the Proton and Meson states. Depending on the process, different
operators O (and corresponding Wilson coefficients) will contribute to the sum. These matrix
elements, and the exact relation to the form factors we are interested in will be discussed in
detail in Chapters 2 and 6.

Note that the sum in Eq. 1.38 is decomposed into Wilson coefficients which will vary
depending on which GUT we are dealing with, and matrix elements which are the same for all
GUTs. The aim in this thesis will be to calculate these matrix elements, to allow the proton

decay width, and hence the lifetime 7 = 1/T" to be determined.

1.4.1 The minimal SU(5) GUT

The minimal SU(5) GUT was proposed by H. Georgi and S. L. Glashow, in 1974 [26]. In this
GUT, the quarks and leptons sit in two irreducible representations, a 10 (Q, u¢, ) and a 5 (d¢,
L), where the superscript ¢ represents charge conjugation.

In the gauge sector, SU(5) has 24 generators corresponding to 24 gauge bosons, compared
with 12 from the Standard Model. The extra 12 gauge bosons are usually split into two sets
of 6 denoted as X and Y. As these new gauge bosons carry colour and flavour, they may

mediate Baryon and Lepton number violating interactions, such as the interaction shown in
Figure 1.4(a).

12



(a) X boson (b) Colour triplet Higgs boson

Figure 1.4: Baryon number violating interactions

1.4.2 Other GUTs

The Pati-Salam model [27] adds a fourth quark colour and identifies this with the leptons.

In Supersymmetric (SUSY) GUTs [28], proton decay can also be mediated by additional
Higgs bosons contained in an enlarged Higgs sector (see Figure 1.4(b)), the simplest Supersym-
metric GUT is the Supersymmetric SU(5) GUT.

GUTSs based upon larger Groups, such as SO(10) [29, 30, 31] are also possible, but these
will still contain the same proton decay interactions as in Figures 1.4(a) and 1.4(b). Different
GUTs will predict different lifetimes due to the differences in the Wilson Coefficients from the

effective Low—Energy Lagrangian.

1.5 Experimental evidence for GUTs

Experiments such as Super-Kamiokande have been searching for proton decay. Though proton
decay has not yet been observed, the lack of observation can be used to set stringent limits on
the proton partial lifetimes [32, 33], see Table 1.3.

Decay Mode Partial Lifetime Bound (years)

p — etn? > 8.2 x 1033
p— ptmd > 6.6 x 1033
p— Kt > 2.3 x 1033
n— KO > 1.3 x 1032
p— put KO > 1.3 x 1033
p— et KO > 1.0 x 1033

Table 1.3: The minimum bound on the partial lifetimes for proton decay via various decay
modes. Lifetimes were taken from Ref. [32] for decay modes p — et7¥ and p — pt7¥, and
from Ref. [33] for decay modes p — 7K+, n — vK° p — put K% p — et K°. All bounds are at
a 90% confidence level.
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Together, the experimental lifetimes and measurements of the QCD form factors from Eq.
1.38 can be used to constrain GUT parameters, or even entirely rule out a particular GUT.
The minimal SU(5) and minimal SUSY SU(5) GUTSs have both already been ruled out [34, 35]

because of the experimental bounds on the proton lifetime.

1.6 Summary

The conservation of baryon number in the Standard Model is a consequence of the U(1) global
symmetry of the matter content of the Standard Model Lagrangian. In GUTs, this acciden-
tal symmetry no longer exists to protect baryon number, leading to proton decay mediated
by massive gauge bosons at the GUT scale. Although heavily suppressed, this proton decay
should still be observed in current experiments such as that at Super-Kamiokande. The cur-
rent non-observation of proton decay places strong constraints on the proton lifetime, which

can potentially be used to rule out certain classes of GUT.
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Chapter 2

Quantum Chromodynamics

In this thesis, I shall concentrate on the theory of strong interactions, quantum chromodynamics
(QCD), as this is what will be important for calculating the proton decay matrix elements. In
this chapter, I shall first discuss the QCD Lagrangian in Section 2.1 and then discuss some of
its important symmetries in Section 2.2. I then move on to discuss Chiral Perturbation Theory
(xPT) in Section 2.3. How to incorporate proton decay from GUTs into QCD is discussed in
Sections 2.4. Finally in Section 2.5, we briefly discuss the need for renormalisation of scale

dependent quantities, such as the proton decay matrix elements.

2.1 The QCD Lagrangian

The QCD Lagrangian is:
1 a rrapy i (s AL ij J
Lacp = =7 Tx [Fa, F + (i DYy - maﬁff,)%f,] , (2.1)

where the indices a, b, ¢ represent colour in the adjoint representation, while the indices i, j, k
will represent colour in the fundamental representation. The indices f, f’ represent flavour, o, 3
are spinor indices and pu, v are space-time indices and the trace is over all indices. (this follows
the conventions in Ref. [5]).

The first term in the Lagrangian contains F**"  the field strength tensor, which is con-

structed from the gauge fields A%,
FOV — i AW _ gY AGH + gfabcAb,u,Acu’ (22)

where g is the strong coupling constant and f%¢ are the structure constants of the Lie algebra
for SU(N.) where N, is the number of colours. The field strength tensor can also be formed

from the commutator,
F T = [DH, D"], (2.3)
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where T are the generators of the group SU(N,) and D" is the covariant derivative,
DF = 9" + ig A® T, (2.4)

Fj, F" contains the kinetic term and self interactions of the gauge fields A%, which for
QCD are the gluons. Both F* and A?" belong to the Lie algebra of the group SU(N,).
The second term in the Lagrangian is the fermionic term. Here the ¢ and 1) represent quark

and antiquark fields. In 4 dimensions they are 4 component spinors, ¥, o = 1...4. They are

also charged under colour, ¥, a = 1... N.. If there are several flavours, then we have f)f,
with f =1... Ny, where N; is the number of flavours. The matrix m is the quark mass matrix,

it is diagonal in flavour, spinor and colour indices. Finally the slashed notation (/?) means,
E = ’WLD Ma (2'5)
where v, are the Dirac v matrices, defined by the anticommutation relations,

et =29, (2.6)

and where g, is the metric in Minkowski space.

2.2 Symmetries

We have already seen that baryon number is conserved in the Standard Model and hence in

QCD. But the QCD Lagrangian is also invariant under a number of other important symmetries.

2.2.1 Gauge symmetry

The QCD Lagrangian is invariant under a local gauge transformation,

P(z) — ¢P(2)=G@)v(), (2.7)
d(a) — () = P(@)G(2), _ (2.8)
AT — AT = G(2) A TG (2) + <§8"G(m)> G (), (2.9)
FowTe . RO — Q(z)FH TG (), (2.10)

where G(x) = " @T" is an element of the gauge group (G(z) € SU(N,)) and the quark fields
Y(x) and v(x) have had all indices suppressed. Note that if the QCD Lagrangian contained
just a derivative, rather than a covariant derivative, the action would not be invariant under

this local gauge transformation.
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2.2.2 Chiral Symmetry

In the limit of massless quarks, the QCD Lagrangian is also invariant under independent U (Ny)
rotations of the left and right handed fields.

v — eWiA) g

vp — RN yp, (2.11)

where A* are the generators of U(Ny), acting upon flavour space.

This U(Ny) x U(Ny) symmetry can be decomposed into SU(Ny)r, x SU(Nf)r x U(1)y x
U(1)a. As we saw in Section 1.2 the U(1)y symmetry is associated with baryon number
conservation and is not broken even when the quarks are given a mass. The SU(N¢),xSU(Ny¢)r

is known as chiral symmetry and is spontaneously broken by the quark condensate,

() = (YRYL + VLYR), (2.12)

to an SU(Ny)y symmetry,

Y, — @)

vp — @A) yp (2.13)

This symmetry is then explicitly broken by the quark masses. The u, d and to some extent
s quarks are all much lighter than the typical scale of hadrons ~ 1GeV and so they can be
thought of as approximately massless. The QCD Lagrangian therefore exhibits an approximate
SU(2) or SU(3) chiral symmetry.

For two flavours of massless quarks, u and d, the SU(2) x SU(2) symmetry is therefore
broken to an SU(2)y symmetry, this is known as isospin. Goldstone’s theorem [10] states that
whenever a symmetry is spontaneously broken, one massless scalar particle appears in the theory
for each broken generator of the spontaneously broken symmetry group. These are known as
Goldstone bosons and for the case of SU(2) x SU(2), these are the pions, 7%, 7°. As the u and
d quarks are only approximately massless, the SU(2) x SU(2) symmetry is not exact, and so
the pions do have a small mass. They are therefore known as pseudo Goldstone bosons.

For three flavours of massless quarks, u, d and s, the SU(3) x SU(3) symmetry is therefore
broken to an SU(3)y symmetry, spontaneously breaking 8 generators and leading to 8 pseudo
Goldstone bosons. In this case, as well as the pions, we have the kaons (K*, K9, K 0) and the
7. The s quark has a higher mass than the v and d quarks, so this approximate symmetry holds
less well. The masses of the K+, K%, K0 and the 7 are therefore higher than the masses of the

pions.
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2.2.3 Classification of Hadrons

The bound states of QCD are the hadrons. These consist of several valence quarks, bound
together to form a colourless particle. There are therefore two different types of hadron; mesons
consist of one quark and one antiquark, while baryons consist of 3 quarks, one of each colour.
Different mesons and baryons can be classified according to their valence quark flavour content.

For three flavours of quarks, there are nine possible meson flavour combinations of a quark

and an antiquark. These can be decomposed into a meson octet and a singlet,
3R3=8a1. (2.14)

These are irreducible representations of SU(3). The octet (see Figure 2.1) contains the eight

pseudo—goldstone bosons discussed in the previous section, while the singlet contains the /.

K(] K+

I
Figure 2.1: Showing the pseudo—scalar meson octet, arranged according to strangeness S and
isospin 3.

Baryons can also be classified in the same way, where this time the 27 flavour combinations

of a three quark state can be decomposed into irreducible representations of SU(3) as follows,
3R33=1008®8® 1. (2.15)

Of the four multiplets, the decuplet contains the states which are completely symmetric in
quark flavour, while the singlet contains the completely flavour antisymmetric state. The two
octets contain the states which are antisymmetric under interchange of two of the three quarks

flavours. The first octet, which contains the proton and neutron, is shown in Figure 2.2.
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n p

Figure 2.2: Showing the classification of baryons into an octet. The second octet, the decuplet
and the singlet which are also part of the baryon decomposition are not shown. The octet shown
is arranged according to strangeness S and isospin [3.

2.3 Chiral Perturbation Theory

As we have seen, the QCD Lagrangian exhibits an approximate chiral symmetry for the lightest
three flavours. Due to quark confinement, the states in the spectrum of QCD are the baryons
and mesons, rather than individual quarks. At low energies we can therefore write an effective
field theory with only light mesons, baryons and their interactions. This effective theory is
known as Chiral Perturbation Theory (xPT). The following arguments are based on those
appearing in Ref. [22]
In order to develop xPT, we define a matrix ¢ containing the meson octet of pseudo Gold-
stone bosons,
70 4+ %77 \/§7r+ \/5 K+
¢ = Vorm o —n%+ en VEZEO | (2.16)
V2K~ V2K - \/é "
We can then form the SU(3) matrix X,
S —ef, (2.17)
which transforms under an SU(3)r x SU(3)r transformation as,

> — LYRT, (2.18)

where L is an element of SU(3);, and R an element of SU(3)r.
Baryons can also be included in the effective theory, by again collecting together the lightest
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baryon octet into the matrix,

1 50 4 1 AO +
\/§Z+\/€A by D

B = ¥ —%20 + %AO n . (2.19)

= = 2
= =0 —\/;AO
These baryon fields transform under an SU(3)r, x SU(3)g transformation as,
B — UBUT, (2.20)
with U defined from the transformations of the matrix &,
io
E=el — LEUT = UERT. (2.21)

We form a general SU(3)r, x SU(3)g invariant Lagrangian, by writing all possible terms for

interactions involving strong interactions of baryons and mesons,
f? .
Lo :§Tr(8ME)(8uET) + TrB(v,0, + Mg)B
+ 5TeBy, [0,6! +€10,6) B+ STrBy B [0, €1 + (9,67 ¢]
(D = F)TeBy,sB (0,0 €' (9,67 €]

(D + F)Tr By [&9#5* - 5*%5} B, (2.22)

_|_

N =N =

where the i, jth element of the matrix B is given by

Byj = 0B8], (2.23)

The first term in this Lagrangian, when expanded to lowest order, gives a kinetic term for the
mesons. Similarly the second term in the Lagrangian is a kinetic term for the baryons. The
remaining terms give interactions between the mesons and baryons.

The low energy constants, f, D, F' encode the information on non—perturbative strong dy-
namics, and need to be extracted from phenomenological analyses. In particular, following the
notation in Ref. [22], f is the pion decay constant in the chiral limit, 130(5) MeV [17]. The
combination F'+ D yields the nucleon axial charge, g4 = 1.2695(29) [17], while the combination
F — D is related to the ratio of the zero-momentum form factors for semileptonic hyperon decay,
g1/f1 [36]. Together these give, F' = 0.47(1) and D = 0.80(1).

So far we have assumed the quarks are exactly massless. We can add in chiral symmetry
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breaking terms to the effective theory by introducing a diagonal quark mass matrix:

My
M = mgq 5 (224)

ms

and then adding the following symmetry breaking terms:

L1 =—*Tr (ZTM + MZ) — i TrB (gTMgT + §M§) B — ayTrBB (gTMgT + §M§)

— b TrBrs (g*MgT . §M§) B — byTrBsB (5TM5T - fo) . (2.25)

The low energy parameters a; and ag are symmetry—breaking parameters which are not required
in this work. The parameters by,bo are not precisely determined, and where they are required,

we will set them to 0. This will therefore introduce an extra source of systematic error.

2.4 Proton decay in QCD

As we have already seen, a GUT will have baryon number violating terms which are not nat-
urally present in the QCD Lagrangian. By integrating out the heavy particles from the GUT
Lagrangian, we are left with a low—energy effective Lagrangian describing nucleon decay written
only in terms of the QCD fundamental fields.
The baryon number violating terms added to the QCD Lagrangian can be written generically
as in Eq. 1.37,
4 6
AP =55 ePl + S Y elay. (2.26)
d=1,2 i=1 d=1,2 i=1
Refs. [23, 24, 25| identified the operators, Q; and Q; on symmetry grounds. These operators
must contain at least 3 quark fields in order to be a colour singlet, and must contain at least
four fermion fields in order to be a Lorentz scalar. The lowest dimension operators which
contribute to proton decay are therefore dimension 6, and contain 3 quark fields and a lepton
field. Although higher dimension operators with more fields / derivatives are possible, these are
suppressed by additional powers of the GUT-scale mass, and hence are ignored.

There are only four different types of dimension 6 operators for proton decay,

OW, = (Di U r(ghe, 15 e e?,

02, = (g g% L(UF,1%) ke,

@ﬁ)cd = (qﬁf‘,qiﬁ)L(q’Sﬁlfl)Le"j’“eaﬁeW,

08y = (DiU)R(UE IR, (2.27)
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where [ is a generic lepton field, g is a left handed quark field, U and D are up and down
type right handed fields respectively, a, b, c,d are generation indices, labelling w,c,t or e, u, T
ete, i,j,k,l label colour and a,f3,v,0 are SU(2) indices. The inner product (x,y) denotes
(mTC’PR/Ly). C' is the charge conjugation matrix, and Pg/;, = %(1 + 75) are the right and left
handed projection matrices. The operators Q*, Q" from Eq. 1.37 are just linear combinations
of the four operators in Eq. 2.27.

There are four linearly independent operators, @°, which contribute to nucleon decay to

nonstrange final states,

Q(l) = Ogll)n»

Q(Q) = _%Oﬁ)ny

Q(S) = @ﬁ)w

QW = o (2.28)

For nucleon decay to strange final states there are 6 linearly independent operators, Qi,

which are given by,

Q(l) = Oéll)uv

Q(Q) = 08)21’

Q(3) = Og)uv

QW = 204, +Oh,
Q¥ = Ogy - 05y
QY = O, (2.29)

11>

In order to calculate the decay width for proton decay, we need to evaluate the amplitude,
(M,I|O|N), Where O is one of the baryon violating operators from Eqs. 2.28 and 2.29. We can

factor out the leptonic part of the matrix element to give,
<M7 Z‘O‘N> = <M|O|N>QCD7TL(Q7 5)7

where u(q, s) is a Dirac spinor for the outgoing antilepton of momentum g, spin s and mass m;.

(M|O|N)qcp is a pure QCD matrix element between nucleon and meson states. This is a three
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quark operator, whose structure is given by that in Eqgs. 2.27, but without the antilepton field,

Off = (Wpvg)r(Un)r = Gijk(lﬁjc’TC'PR%)PLl/J;]%
O = Wy L(n)r = 6ijk(¢j?TCPL¢§)PR¢}]§7
Ofth = Wy L(n)L = Eijk(lﬁjv’TCPL%)PL%Di]i,
OfF = (Wsg)r(Wn)r = Eijk(lﬁjc’TCPR%)PR%bﬁ- (2.30)

We use the notation O?gh to represent the possible spin (I', TV = R, L) and flavour (f,g,h =
u,d, s) of the possible baryon number violating operators.

It is important to note that the operators in Eq. 2.30 contain only Standard Model quark
fields. Therefore, in order to calculate the matrix elements in Eq. 1.38, we do not need to add
an explicit, GUT dependent, baryon number violating sector to the QCD Lagrangian. All of
the GUT-scale physics is contained within the Wilson coefficients.

A parity transformation gives the following relation between matrix elements of opposite

chirality,

(M ()| 0" |N (k,
k

s) = —(M@)OFN(,s)), (2.31)
(M (p)| O™ N (, k

s)) = —(M(@)O"F|N(k,s)), (2.32)

such that only two of the four operators are independent. Without loss of generality, we can

OFL and OLL. We shall occasionally use the notation

therefore consider only the operators
OR/LL ¢4 refer to either of these two operators.

Now we assume the up and down quarks are degenerate in mass, i.e. isospin symmetry.
This is a good approximation for the range of accuracy expected from our calculations. By

exchanging up and down quarks we get the relations:

(OO ) = (@ OlOk T i), (233)
(wH oM ) =~ |0F ), (2:34)
(KOORE p) = —(KF 05 n), (2.35)
(KHOM gy = (K0 n), (2.36)
(KON p) = (K0 n), (237)
(KHOW )y = (KON Fn), (2.38)
108 ) = —°lOf T i, (2.39)

In the isospin limit, there is a further relation between matrix elements involving 7% /7~ and
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7T b
(x| ORE Ly = V2(x0| ORI ) (2.40)
— (7 |Ogly FIn) = V2(rOl03 Fn) (2.41)

Such that the 12 matrix elements on the left hand side of Eqgs. 2.33 and 2.35-2.39 can be used

to reconstruct any of 28 possible nucleon decay matrix elements.

2.4.1 Proton decay form factors

We wish to write down an expression for the QCD matrix elements in terms of form factors.
Under the requirement of Lorentz and parity invariance, the proton decay QCD matrix elements

are parametrised by two form factors which encode the non—perturbative dynamics:
(M (P)|OA|N(E, 5)) = Py [WG(N — M;¢?) — igW (N — M;q*)] u(k, s), (2.42)

where M (p) is a meson with momentum 7, N(k, s) is a nucleon with momentum & and spin s
and ¢ = k — p is the four-momentum transferred to the outgoing antilepton. ©4 is a baryon
number violating operator as given in Eq. 2.30 and A is a collective label for the operators
spin and flavour structure. Under multiplication with the leptonic structure from Eq. 2.30 this

gives,
(M,IOIN) = (P [WAN — M; %) — W AN — Mig®)] ulk,s) alg.s).  (243)

To calculate the decay width of the proton (see Eq. 1.38) we need to square the amplitude from
Eq. 2.30. Substituting in the form factor representation of the QCD matrix element and using
the notation, Wi'(N — M;¢?) = Wy and WqA(N — M;q?) = W, for simplicity gives,

(M, UOIN)[?

D T (P [Wo — igW,] ulk, s)) a(q, s )ulg, s') (a(k, s) [Wo + igW,] Pr)

8,8’

= Tr(kd) (W5 + *W5)
= kq(W§ + Wy

2
_ mT?V (1 = <@> ) (W2 +q*W2), (2.44)

my
where we have also used the approximation m; < mys, my. We see that the term in Eq. 2.44
involving W;‘(N — M;¢?) is multiplied by ¢* = m?, which is negligible and can be ignored.
The decay rate therefore depends only on Wg(N — M;q?). For this reason, Wi (N — M;q?)

is known as the relevant form factor, and W;l(N — M;q?) is known as the irrelevant form

factor. If we substitute this expression for the matrix element into the equation for the proton
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partial decay width (Eq. 1.38), then we get,

2 2
P(N—>M+l):g;—];<1—<2—]‘;>)

When we do our QCD calculation however, we calculate the QCD matrix element from Eq.

2
S TCWHN = M +1)| (2.45)

2.42, which contains contributions from both the relevant and irrelevant form factors. In this
case, there is no reason to assume that the W;l(N — M; ¢?) term is negligible, and therefore we
must disentangle the irrelevant form factor, in order to find W64(N — M; ¢?) and calculate the
proton partial decay width. We will come back to this point in Chapter 6, when we calculate

the proton decay QCD matrix elements.

2.4.2 Proton decay and yPT

If we add a baryon number violating sector to the chiral Lagrangian, then we can form expres-
sions relating the baryon number violating matrix elements to the two new low energy constants
in the chiral Lagrangian. Measuring just these two low energy constants can then be used to
reconstruct all of the proton decay matrix elements.

The operators from Eqgs. 2.28 and 2.29 can be written in terms of the chiral perturbation
theory matrices B, ¢ and ¢ as follows [37],

QW = a(&TrFeBLE — D TrFEBLE),

Q¥ = aéf%TrfﬁTBRfT>

Q¥ = 5<écLTrf§BL5T—ﬂgﬁf/sBLfT),

QW = peRTrFe Brg,

on = o (giTr]?gBLg - ﬂ,‘{ﬁf’fBLi) ;

Q¥ = aéﬁgTrﬁfTBRny

o® = ﬂ<éiTr}~"§BL§T—I?]C;Tl"ﬁlfBLfT>7

QW = pesTrFelBge,

QB = ap¢TrF'¢BLE,

G = BrTF"eBE, (2.46)
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where the matrices F, F', F,F', and F" are projectors in flavour space:

00 0 00 0 00 0
F={ooo|, #={o0oo0oo0 |, F==|10 0|,
100 01 0 00 0
00 0 00 0
F=-lo10], F 00 0 (2.47)
000 001

and « and (§ are the two new low—energy constants.
Using these expressions for the baryon number violating operators, we can add baryon

number violating terms to the chiral Lagrangian [22],

2
EAB =« Z {Cy) [edLTl"}_fBLf - I/dLTI‘]:/fBLf]
d=1

+ CPegpTeret Bret + Y [edLTrﬁfBLf — vt TeF'EBLE

+CP ean T FE Bret + CPvar TeF ¢ Bre b+

2

33 {0 [eanTFeBLel — v i e €T
d=1

+ Oy ean T FE Brg + CF) |ea, TrFEBLET — var TrF lgBLfT]

+C M eqr e FE Be + O\ vap TeF"¢ B €1 } +hee. (2.48)

We can then find expressions for matrix elements (M (p), [(q)|O|N (k, s)), in terms of the parame-
ters from the chiral Lagrangian «, G, f, D, F... and the kinematic variables p, k, ¢, my, maz, my....
To do this, we expand all exponentials in the Lagrangian, and collect together the leading order
terms with the correct fields for the process we are interested in, i.e. one nucleon field, one
meson field and one lepton field.

Consider the matrix elements, (7 (5)|OFE |p(k, s)) and (x(5)|OLE |p(k, s)). There are two
diagrams which contribute to this, see Figure 2.3.

The first of these diagrams consisting of a single baryon number violating vertex comes
from expanding the terms in Eq. 2.48, while the second diagram contains a baryon number

conserving vertex where a proton radiates a pion, this comes from expanding the terms in Eq.

26



Y
=~

P > > I D ¥ -

Figure 2.3: The chiral perturbation theory diagrams contributing to proton decay to a pion and
a lepton.

2.22. To leading order, the two diagrams yield,

—
)

(x| O |k, s) = aPpu(F s>[

udu

1 D+F—¢+m§ 4h mumN]
V2f  V2f A -mi V2f ¢ - my

L D+ F 2my 4bq My
— aPriqu(k, s [ + } , 2.49
L R T R
- 1 D+F—¢@?4+m2%  4by mumy
70| OFF p(k, s = (Pru(k,s [ — No_
(| O ple ) N VT T - Sy e
e D+ F 2mpy 4b, My
- ﬁPLzﬁu(k,s)[ + ] (2.50)
V2f =@ —my  V2f —¢* —m}
In the limit where ¢ < m?\, and bym, < my, these expressions simplify to:
1 D+ F
0| HRL 2, 2
0] k,s)) ~ aPpulk,s)|— 0) , 2.51
F1O™ plks)) = aPpulics) | DA O k). @1
1 D+ F
0| nLL 2/ 2
o k, ~ [BPru(k, —+—|+0 , 2.52
#1OM lpllen) = APrules) |+ DA Ot ). 23

So the matrix element can be written in terms of the low energy constants « and [ along
with some known QCD-scale constants f, D, F' as given in Section 2.3. Table 2.1 gives similar

relations for all of the different proton decay matrix elements which we are interested in.
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Matrix Element xPT prediction
WO | m(+D+F)
(7|0 Ip) S+ D+ F)
(KOlO@lp) | —$(1+(D—-F)3E)
(K°|05Ip) E(1— (D — F)m)
(K*|Ogglp) R
(K+OLLp) b2Dmy
(K*0ggle) | §(1+ (5 +F) 32
(KHowilp) | F(1+(F+F) 5
(KHO&lp) | §(1+ (5 - F) 5
KOk | 2 (1 (B - F) 2x)
(IO lp) |~ (14D~ 3F)
POl | 23— D+ 3F)

Table 2.1: The xPT predictions for various proton decay matrix elements. f, D, F are QCD-
scale constants with values given earlier in Section 2.3. my is the nucleon mass, mp is an
average baryon mass mp = my = mp. All of these YPT predictions are leading order, and
computed in the limit m, 4 < ms; < my B, P < m?\f,B and b;m, < my.

2.5 Renormalisation of Operators in the Continuum

As we saw in Section 1.3, the strong coupling constant is a running coupling, and changes with
the energy scale being considered. Similarly, the masses and fields from our QCD Lagrangian
are also running quantities. Any physical quantity that we measure should be scale invariant, for
example the mass of the proton. The baryon number violating operators we wish to measure
however, are not physical quantities, and so will have a scale dependence. Once we have
measured these quantities, we will therefore need to convert to a standard renormalisation
scheme at a specified scale, such that the results will be readily comparable with other results
which may have been calculated in a different way.

The baryon number violating operators, OiFjI,;/, which we will have to renormalize are com-
posite operators and may require a renormalisation beyond the simple renormalisation of their
component fields. This is because unlike the quark fields, which all have unique quantum num-
bers, there may be a class of composite operators which all have the same quantum numbers,

and so will mix under renormalisation. In order to renormalize the operator, we must therefore

consider the renormalisation matrix Z4Z, which renormalizes an operator OF as,

o4 = 74808, (2.53)

ren
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where A, B represent composite indices for the spin and flavour structure of the operator O.
The sum over B is therefore the sum over all operators which have the same quantum numbers,

and hence mix under renormalisation.

29



Chapter 3

Lattice QCD

At energies much greater than the energy scale of hadrons, the strong coupling constant is
small enough that we can use perturbative methods to evaluate observables. This is known as
asymptotic freedom [38, 39]. At the hadronic energy scale, this is no longer the case and we
must use a non—perturbative approach. The subject of lattice QCD was started by KG Wilson
in 1974 [40] and was introduced as a way of analysing QCD in the non—perturbative regime.
It involves discretising space-time into a lattice of points in a finite box (see a 2-dimensional
example in Figure 3.1). The main advantage to this is that it introduces a natural ultraviolet
regularisation to the theory. A second advantage is that with a finite number of discrete space—
time points this reduces the number of degrees of freedom to a finite number, allowing numerical
simulations to be undertaken

To perform the discretisation, we replace continuum of space-time with a discrete lattice
of points. This four-dimensional grid has axes given by the unit vectors i and the spacing
between neighbouring lattice sites is aji. a is therefore known as the lattice spacing and the

1 acts as a cut—off in momentum space which regulates the theory.

inverse lattice spacing, a™
Continuum results are obtained by taking the limit @ — 0, after having properly normalised the
theory. Results obtained at finite lattice spacing should therefore be extrapolated to a = 0. The
total volume of the lattice is V = a3L3 x aL;, where we allow different sizes for the spatial (L)
and temporal (L;) axes. The fact that this volume is not infinite introduces a second source of
systematic error into our calculation, this is the finite volume error.

The continuum space-time variables, x,, are now discrete points on the lattice, £,. Quark
fields, v (z), are replaced by @@(fi‘), which are now functions of the discrete space-time variable
and can be thought of as being situated at sites on the lattice. Derivatives d,, are replaced with
symmetric finite difference operators é/ﬂ/}(j) = ﬁ (1[1(33 +0) —h(E— /l)) . Finally the fields and

masses are rescaled by powers of the lattice spacing, such that each of them is dimensionless.

30



Y (y)

ajl

Figure 3.1: Representation of a 2-dimensional lattice with lattice spacing a, Quark fields v are
situated on lattice sites, while link variables U are situated on the links between sites

The full list of lattice variables and fields is:

at, = Ty
AT (@) = (),
a3(E) = (),
A 29,0(2) = Ou(x),
aAu(i“) = Au(z),
alih = m. (3.1)

From now on we ignore the hat notation, and all variables will be considered to be their rescaled
lattice equivalents.

In order to introduce gauge fields on the lattice we define the link matrices,

Uz, z + ) = Uylz) = 994n@) (3.2)
Ul(z) = e 0eiu(®), (3.3)

These are the parallel transporters of the matter fields along the links between lattice points.
For this reason we associate the link matrices with the links between sites on our lattice (see
Figure 3.1). Rather than writing the QCD Lagrangian in terms of the gauge fields A,(x), we
shall instead write expressions in terms of these link matrices.

In this chapter, we will first discuss the calculation of observables in the path integral
formulation (Section 3.1), and then move on to discuss some of the problems associated with
the discretisation of Lattice QCD, starting with the discretisation of the gauge action (Section

3.2) and then moving onto the discretisation of the fermionic action (Sections 3.3-3.6).
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3.1 Observables

In the path integral formalism, the expectation value of an observable O in Minkowski space is,

_ [[DY)[DY][DUO ¢S U]
= [[DY][D)[ DU eiS™ .01 (3.4)

Due to the oscillating nature of the exponential, a numerical evaluation of this is difficult.

We perform a Wick rotation to Euclidean space, defined as

oy =iz’ af =) (3.5)

where the superscript E represents Euclidean space, and M represents Minkowski space. We

also need to use Euclidean gamma matrices,

W= v =-i (3.6)

which obey Euclidean commutation relations
(1} = 20 (3.7)
Substituting these into the action from Eq. 2.1 gives,
SE = —isM, (3.8)
and the expectation value of an observable in Euclidean space can therefore be written as,

_ [IDY)[DY][DA]O e 5 1Al
= [[D][Dp][DA] e=SElww,A] 7 (3.9)

where the decaying exponential in the integrand can now be thought of as a statistical weight,
allowing the possibility of numerical methods to be used to calculate the integral. From now

on, unless explicitly stated, we shall work in Euclidean space and drop the E superscripts.

3.2 The discrete gauge action

The simplest object we can form on the lattice, which is constructed purely from the gauge fields
(link matrices) and preserves all of the symmetries of the QCD Lagrangian, is the plaquette

U,w. This is defined as a path ordered product of link matrices forming a one by one loop in
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the p and v directions (see Figure 3.2),
U (2) = Up(2)Uy (x + U (x + D)U (z + D). (3.10)
Under a local gauge transformation, G(x), U,(x) transforms as,
Un(@) = G(0)Uu(@)G (@ + i), (3.11)
so the plaquette is gauge invariant.

x4+ av x+aft + av

A

y A Aar

Y

x x + aji

Figure 3.2: Graphical representation of a plaquette U, (z).

The simplest gauge action we can write is that proposed by Wilson, where we sum over all
possible plaquettes:
¢_ B
S ——EEP:ReTr(Up), (3.12)

where 3 = 6/g3 and Up = Uy, (z) labels a plaquette.
In order to see that this is equivalent to the continuum gauge action (see Eq. 2.1) we write

the plaquette in terms of the gauge field A,

Uw = Un@)Uy(z+ p)Uf(z + 0)UJ(x)
eiagoAu (x)eiagoAV(x+ﬂ)efiagoAu(erl?)efiagoAy(x) ) (3 13)

Then we make repeated use of the Baker—Campbell-Hausdorff formula to combine the four
exponentials into a single exponential,
eAeBCoD — eA+B+C+D+%([A,B]-}—[C,D]-}—[A,C}+[A,D}+[B,C}+[B,D])+...7

(3.14)
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and expand A, (z 4+ 0) = A,(x) + ad,Au(x) + ... to show that,

Uw = exp (igoa28uA,, +0,A, + iQaQQ(Q)[AH, Al + O(a4))
exp (igoa®Fy, + O(a?)) . (3.15)

If we expand this exponential, and substitute this into Eq. 3.12 then we get

S¢ = —gZReTr(Up)
P

4
- —QZT&" (FuFu +0(a?)), (3.16)

and so we see that this gauge action is equivalent to the gauge action in the continuum with
F,,, the lattice field strength tensor. It is also important to note that the discritisation errors
are of order a?.

There are other gauge invariant loops we can form from link variables, for example there
are three different six link objects, see Figure 3.3. These six link loops are usually referred to as
Rectangles, Chairs and 3D type loops. We can write an improved gauge action with a generic

combination of these six and four link gauge invariant loops as [41],

sG:—g coy Tr(Up)+ery Tr(Ur)+ex)y Tr(Up)+es) Tr(Up)|. — (317)
P R R R

where the restriction that this must equal the continuum gauge action gives the renormalisation
condition [42],
co+ 8¢y 4+ 8¢y +c3=1. (3.18)

There is therefore a family of improved gauge actions which all give the same continuum limit.
One example of an improved action is given in Ref. [43], which expands the action given in 3.17
in a similar way to the expansion of the plaquette action above. It then sets the ¢;’s such that
the errors of order a? are also cancelled. This gives ¢; = —%, co = 0 and c3 = 0 with ¢y then
fixed by the renormalisation condition.

In this thesis, we will use the Iwasaki gauge action [42, 44, 45], which uses a renormalisation
group analysis to set the constants c; such that the action is close to the normalised trajec-
tory. On the normalised trajectory, the scaling of observables with the coupling constant g is
minimised. Choosing the observable to be the plaquette, it is shown that on the normalised
trajectory the constants co and cz are small. Therefore, as they would have a large impact on
the time taken to compute the gauge action, they are set to zero. c¢; is found to be —0.3375

and c¢g is then fixed by the renormalisation condition.
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(a) Rectangle (b) Chair (c¢) 3D loop

Figure 3.3: Graphical representations of the three different types of 6 link gauge invariant loops.

3.3 Naive fermion discretisation

The discretisation of the fermionic action introduces many problems. As an example, let us

consider the simplest lattice fermionic action,

Sp =Y (2)(Diate(z,y) + MOy )(y), (3.19)

where 1 and v label quark fields with spin, colour and flavour indices suppressed, = and y label

discretised four—dimensional space—time coordinates and Dy, is given by,

1 "
Drass(@,y) = 57" (Un@)3ris = Ul@ = )35 ) (3.20)

and the presence of the link matrices, U, (z), ensures that the fermionic action is gauge invariant.
A major problem with this naive fermion action is called the fermion doubling problem. If

we consider the fermion propagator,

(W(@)Y(Y)) = (Diase(zy) +mdyy) ™

w/a 4 [ZM ’Yup:u + m} )
= lim d p4 —1 = o8 gil=y) | 4 O(a®), (3.21)
a—0 —7/a (27T) EH p% + m?2
where )
B =~ sin(pya), (3.22)

then in the limit where a — 0 this is the same as in the continuum with the replacement
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Py — p:M. This is fine for small values of p, where p,, ~ p:u, but towards the edge of the Brillouin
zone, there are additional poles in the integral which do not appear in the continuum. In four
dimensions there are 2* = 16 poles to this equation rather than 1 in the continuum. One way
to interpret these additional poles is as extra fermions, so our integral has given us 16 fermions
rather than 1.

3.4 Wilson Fermions

In order to counter the doubling problem, we must alter the action. One possible modified

action is the Wilson action [40],

SE = > (@) (D (x,y) + mday ) (y), (3.23)
Ty
Dllg/"ct (.T, y) = Dlatt(xa y) - ag‘ja (324)

where,

Oy(z) = a28ua“¢(a:)
1

= 5 (Vuayte + i) — 20(2) + U (@ — pyla — ) (3.25)

is the four—dimensional laplacian operator on a lattice. The extra term in the action is known
as the Wilson term and r is the Wilson parameter. As this term varies linearly with a, it
disappears in the continuum limit and so does not affect physical results.

The net effect of this modification to the action is to change Eq. (3.21) to the following:

i ( [Sed )
WO = | et \ T s G

ey | (3.26)

where m(p) = m + 2 o sin(p,a/2). As a — 0, m(p) — m for any fixed value of p,. Near
the edges of the Brillouin zone, however, the sine tends to 1 and m(p) is O(a™!). Therefore the
mass of the additional fermions becomes large as a — 0. The action therefore tends to 0 thus

suppressing the additional fermions and eliminating the doubling problem.

3.4.1 Chiral symmetry breaking with Wilson fermions

In the limit of massless quarks, our continuum QCD Lagrangian from Eq. 2.1 is invariant under
vector and axial vector flavour transformations. We will now show that the additional Wilson

term in our Lagrangian is responsible for breaking this chiral symmetry. Consider a vector
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flavour transformation,

<

=

2
Il

1
’L.Oé%/ 5)‘(11/)('1‘)’
- 1
pola) = —ib(x)af (3.27)

where of, is the infinitesimal parameter of the transformation, and A are the generators of
SU(Ny).
Without the Wilson term (r = 0) and with equal bare quark masses, the lagrangian is

invariant under this vector flavour transformation and there is a conserved vector current,

a

?'yuUu(x)@b(x) + h.c} . (3.28)

11
Vie) = 5 |+ )
When we add the Wilson term, although the Lagrangian itself is still invariant, the conserved

vector current from Eq. 3.28 is not. We can instead form a new current,

~ ror-

Vi(a) = V@) = 2 [B@)Ua @) + ) — do + U @)e()] (3.29)

which is exactly conserved for equal bare quark masses, under the vector flavour transformation,
even for r # 0.

Now we consider an axial flavour transformation,

a1
0q(z) = 20745)\a751/1($),
- 1
() = ip()ah A s, (3.30)
Again, without the Wilson term and with zero bare quark masses, the lagrangian is invariant
under this transformation and we can define a conserved axial current,

_ a

As(w) = 3 |9+ 1) e s U)o@) + he| (3:31)

When we add the Wilson term however, the lagrangian is not invariant under this axial
transformation. We can therefore not define a conserved axial current in analogy to the new
vector current introduced in Eq. 3.29. The cost of the Wilson term is therefore the non—
conservation of the axial vector current, meaning chiral symmetry is explicitly broken for Wilson
fermions.

To see how much the chiral symmetry is broken, we follow the arguments from Ref. [46]

37



and consider the functional integral from Eq. 3.4,

_ [[DY)[DY)[DU|O ¢SVl
o= [[D)[Dy][DU] e=Sl4.U] (3.32)

Substituting the axial flavour transformations from Eqs. 3.30 into Eq. 3.32 we get,

00 08

where,
o~ 08 L a - A% “
O35 o) = Vi{OAL(2)) — (O |¥(a){ -, miysi(z) + X% (z) ), (3.34)
A
and the notation V% f(z) is shorthand for
1 .
Vief(@) =~ (f(z) = flz - ). (3.35)
The functional derivative of O is defined such that,
00
00 = /d$5a?4 o, (3.36)

and X“(x) is the chiral variation of the Wilson term,

X(0) = 5o 3 |F) Gl + i)+
I
0o+ )3 sUL)) + (o = 0 = )~ 46(0) gobla)]| (33T

Using Eq. 3.33, we can now obtain the partial conservation of the axial current,

a

(@I, 4515) = (ol [ )5 mbsw(o) + X2 19). (3.38)

Let us now define a new operator, X°(z), which is multiplicatively renormalisable and its

on—shell matrix elements vanish in the continuum limit, then we get [46],

X*(2) = X°(0) + @)y mbrsth(w) + (Za — 10, AL (3.39)

where Z 4 is the axial vector current renormalisation and m is a matrix in flavour space. Inserting
X4(z) into Eq. 3.38 gives,

ZAllalV*A%[3) = (o [ S@){ 5 m —mirsi(a) | 16) + (ol X°]5). (3.40)
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Using the fact that we defined on shell matrix elements X® to vanish in the continuum, we get

the continuum limit equation,

_ A\ _
Za{|al9uAu1B) = (ol |d(@){ 5, m — m}ysy(z) | 6). (3.41)
The effect of the chiral symmetry breaking in Wilson quarks, is therefore an additive renormal-

isation of the mass m — m — m.

3.5 Ginsparg—Wilson Fermions

As discussed in the previous chapter (see Sections 2.2 and 2.3), the chiral symmetry of the QCD
Lagrangian is explicitly broken by the quark masses, but for the light quarks whose masses are
much less than Aqcp, this symmetry holds approximately. An example of this effect is the light
pseudo-scalar mesons of QCD, with masses which are small in comparison to Aqcp, and which
can be thought of as the pseudo—goldstone bosons of the approximate chiral symmetry. This
symmetry allows us to treat the finite light quark masses as perturbations and we can construct
an effective field theory called chiral perturbation theory.

Simple discretisations such as that proposed by Wilson break this approximate chiral sym-
metry still further. In fact Nielsen and Ninomiya proposed a no go theorem [47] which states

that if the fermionic action satisfies the following properties,
e hermiticity
e locality
e translational invariance

then you cannot solve the doubling problem without explicitly breaking chiral symmetry.

The chiral symmetry is important for two reasons. Firstly in current lattice calculations,
the quark masses are set to unphysically large values. As such, we need to extrapolate to the
physical quark masses, and chiral perturbation theory provides a controlled way to do this.
Secondly, renormalisation of operators in a chirally symmetric theory is simpler, as there is no
mixing between operators of the opposite chirality.

To get around the no go theorem, Ginsparg and Wilson proposed that if the lattice Dirac
operator obeyed the Ginsparg-Wilson relation, [48],

{757 D} = 20’D75D7 (342)
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then the theory is invariant under a lattice chiral symmetry [49]:
S(z) = ievs Z 2y — 5 Day)¥(y),
S(z) = e Z Yy ya:)% (3.43)
Substituting Eqs. 3.43 into an action with a Ginsparg—Wilson lattice Dirac operator,

Séw = Zw (Drast (2, y) + mday )Y (y), (3.44)

yields a variation of the action, 5S£W, of:

5SGw = iea’ Z ) + 2map(z)ys1(x) + A(x))
F(z) = (¢D)( )v59(x) + ()5 (DY) (x) — a(dD)(2)ys(Dy)(x),
Afz) = —% (D) (x)ys59(x) + P(2)ys (D) (x)) - (3.45)

Using Egs. 3.42 and 3.45 gives,

8SEw =Y _ (@) [{5, D} — aDys D] (2,y)¥(y) + O(m). (3.46)

So in the limit of massless quarks, chiral symmetry is conserved.
The solution to the Ginsparg—Wilson relation is not unique, and the Dirac operator chosen

must also eliminate species doubling. Any matrix of the form:

1
D=-(1-V), (3.47)

where,
VIV = VsV =1, (3.48)

satisfies the Ginsparg—Wilson relation. Neuberger suggested an explicit expression for D giving

rise to overlap fermions [50],

V o= AAtA)2, (3.49)
A = 1-—a(D}, +m), (3.50)

where Dl‘gt is just the Wilson Dirac operator from Eq. 3.24.
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3.6 Domain Wall Fermions

Another type of Ginsparg—Wilson fermions are Domain Wall Fermions. In order to simulate
chiral fermions, Kaplan [51] suggested a method to recover a chiral gauge theory in 2n dimen-
sions, by simulating a gauge theory of massive fermions in 2n 4+ 1 dimensions. So to simulate a
4-dimensional chiral fermions, we need a gauge theory of massive 5-dimensional fermions. This
idea was further refined by Furman and Shamir [52] where the fermions in this framework are
now known as Domain Wall Fermions (DWF).

The basic idea is to introduce a space-dependent mass term to the fermionic action with a

domain wall defect. Shamir’s DWF action [53] is given by:

Spwr = Sr + Spv,

3
Sr = Z Z b(z, ) [D]];)WF(mi§$75:yuSI)DDWF(mi;l‘,S,y,S,)}

i=1 x,s;y,s’

[N

Y(y,s')

D=

3
SPV = Z Z ng(JL‘,S) |:D]J5WF(1;$7S¢y>SI)DDWF(1;x78>y¢S/):| qb(yvsl)' (351)

=1 x,s;y,s’

Dpwr(m;x,s,y,s’) is the DWF Dirac operator for one flavour of fermion with mass m, x and
y represent traditional four—dimensional space time co-ordinates, while s and s’ represent fifth—
dimensional co-ordinates and 1 < s,s' < Nj5. Nj is therefore the size of the 5th dimension.
Dpwr(m;x,s,y,s’) is also a function of the domain wall height M and will be defined shortly.
Sp is the fermionic term, where the fermion fields v, 1 are now 5-dimensional fields. Every
5—-dimensional field describes one light 4-dimensional field, and N5 — 1 4-dimensional fields
whose mass is of the order of the cutoff [52]. Spy is the Pauli-Villars term [54], this contains
bosonic field variables ¢ and ¢, and is introduced to cancel the N5 — 1 unwanted massive fields,
which would otherwise dominate the effective action in the limit N5 — oo.

Dpwr(m;z, s,y,s’) is defined as follows:

DDWF(m; z,s,Y, 5/) = DH(.T, y)éss’ + DJ_(ma S, 5/)593347

1
D”(ijy) = Z 5 (((1 + V) Uzpbtpy) + (1 — 'Yu)Ug}Luéax—ﬂ,y> + (M — 4)dgy,
I

Prosy — mPLons — d1s, if s=1,
D*(m;s,8") = { Prigiry + Pros_1e — s, if 1<s< Ns, (3.52)
—mPRO1y + PLong—1,s — Ongsrs if 5= Ns,

where indices g will run over only the four physical dimensions.

Five-dimensional fields are represented by ¥ and 1, and the physical four-dimensional quark

41



fields, ¢ and ¢ are therefore given by:

q(x) = Ppy(x,1) + Pry(z, Ns),
q(z) = (z,N5)Pp+¢(x,1)Pp.

(3.53)

With this action, fermionic states of opposite chiralities are localised on opposite boundaries of

the fifth dimension.

3.6.1 Chiral symmetry breaking in DWF

The full five-dimensional action is invariant under a global U(Nf) symmetry with a five-

dimensional conserved current given by,

-q Lrs a 7
]“(1375) = 5 (@bx,st,u/\ ¢$+ﬁ,s - ¢$+ﬁ,sU;,M)\a1/}x,s) s

Q/_Jac,sPR)\al/)ac,s—I—l - &IB,S-FIPL)\aw:B,Sv it 1<s<Ns,

Js(x,s) =  _ _
Q/)$,N5PR)\GQ/)$,1 - "pa:,lPL)\aQ/);B,Nm

which satisfies a continuity equation:

—j8(x,1) — mjg(x, Ns), if
D Auds = —Asje, if
8 j2(x, N5 — 1) + mjé(z, Ng), it

and where the operator A is defined as,

if 8:N5,
s =1,

1 < s < N5,
s = N,

A,uf(xﬂg) = f(.I‘,S) - f(l‘ - ﬂvs)a

A5f($78) = f(va) - f($78_ 1)'

We now define a four—dimensional vector and axial current. The vector current,

Ns
Vi(z) = jul,s),
s=1

is conserved due to the cancellation of the surface terms in Eq. 3.55.

For the axial current, we define the axial transformation as:

5%@&1,5 = +iq(S)Aa¢I,Su
5?477;1,5 - _Z‘Q(S)J}x,s)‘aa
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with

1, if 1<s< i
q(s) = N (3.59)
~1, if &2 <s<Ns

Therefore the fermion fields have opposite charges in each half of the fifth dimension.

The corresponding axial currents are then,

Al N 1
. 5 .
AZ(]}) = _ Zagn <? — 5+ 5) jZ(JL‘, s), (3.60)
s=1
and these satisfy the divergence equation,
AL AT (z) = 2mjg (x, N5) + 25 (2, N5 /2). (3.61)
Now we define,

Js(@) = Jj§(z, Ns) = q(x)1sA"q(x),

J5(x) = j5(z,N5/2). (3.62)
Jg(x) is therefore just the usual continuum axial current, while Jg () is an additional term not
present in the continuum. If we define the residual mass myes as the ratio of Jg, (x) to Jg(z),

ie..

J5q(T) = MyesJ5 (2), (3.63)

then Eq. 3.61 becomes,
ApAL(z) = 2(m 4 mues) j5 (2, Ns). (3.64)

The residual mass can therefore be thought of as an additive quark mass renormalisation

which parametrises the chiral symmetry breaking present in the DWF action.

3.6.2 Reducing m,.
It has been shown in Ref. [55], that,

cee_’\N5 q

N5 +N5'

Mipes R (3.65)
The first term on the RHS arises from the contribution of extended modes, while the second
term is from the local modes of the DWF Dirac operator. A is an eigenvalue of the DWF Dirac
operator and the constants ¢, and ¢; depend on the density of extended and localised eigenvalues
of the DWF Dirac operator respectively.

In the limit N5 — 00, myes — 0 and the chiral symmetry is exact, with no overlap between
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the left and right handed quark fields on the boundaries of the fifth dimension. However,
simulating with an N5 high enough to reduce m.es to machine precision is costly, so instead,
studies in Ref. [55] show that for the lattices I shall be using, mes can be reduced to an
acceptable level by choosing N5 > 16. At this level, any systematic error due to chiral symmetry

breaking will be much less than other systematic and statistical errors.

3.7 Renormalisation of Lattice Operators

As we saw in Section 2.5, the QCD Lagrangian is a function of running parameters, and as
such any operators we calculate must be renormalised to some scale p. In the continuum this
renormalisation is done perturbatively, and this same approach can be used when we move to
a lattice theory.

By expanding out the link variables in the Lagrangian, we get terms involving multiple gauge
and fermion fields. Exactly as in the continuum, these terms can be represented graphically as
n—point diagrams with increasing numbers of loops.

The first problem with lattice perturbation theory is the addition of non—physical vertices,
for example the two—quark, two—gluon vertex, which do not appear in continuum perturbation
theory. These lattice artifacts appear with additional positive powers of the lattice spacing, and
so disappear in the continuum limit, reproducing the correct continuum results. However, their
appearance serves to complicate the perturbative expansion.

A second problem, is that our lattice theory, and hence the operators we wish to renormalise,
can break certain continuum symmetries. In general when renormalised, operators will mix with
all operators with the same symmetries. If a symmetry is broken on the lattice, then that means
that some operators which could not mix in the continuum, are now free to do so. Of particular
importance is the inexact chiral symmetry on the lattice. However, the exponentially accurate
chiral symmetry of the domain wall fermion action should suppress the mixing between operators
of different chirality.

The final problem is that in cases where the results from lattice perturbation theory, can be
checked using non-perturbative methods, there is generally a significant discrepancy, see Ref.
[56]. This is due to the poor convergence of lattice perturbation theory.

To get around these problems, we instead use a non—perturbative renormalisation (NPR)

procedure, which is described in detail in Section 6.4.
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Chapter 4

Lattice Methods

4.1 Monte Carlo Methods

In order to calculate the expectation value of observables we need to evaluate the integral given
in Eq. 3.4, but to do this requires the integration over a large number of integration variables
which make this practically impossible. For a 10* lattice there are approximately 4 x 10% link
variables, and each is a function of 8 real parameters, hence there are of the order of 320,000
integrations to be done [57].

The integral must therefore be evaluated using statistical methods, where the expectation

value of an observable (O) is approximated by,

% ' 0; —— (0), (4.1)

2

where O; represents the value of O calculated on the ith of a set of N configurations. A
configuration is a set of values for the fields at each point on the lattice. These configurations
must be selected with a probability according to their weight () in the path integral in Eq.
3.4.

There are therefore two stages to the calculation of an observable. First, configurations of
link variables must be produced with the correct probability, then the value of an observable

must be calculated on each configuration.

4.1.1 The Hybrid Monte Carlo algorithm

The Hybrid Monte Carlo (HMC) Algorithm [58] combines the molecular dynamics [59, 60] and
Metropolis [61] algorithms in a series of alternating steps. A molecular dynamics step is followed
by a Metropolis step, which is then followed by another molecular dynamics step etc.

For the molecular dynamics step, we introduce fictitious momenta P;, conjugate to the
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variables we wish to integrate. In our case these variables are link variables U; for the bosons in
our theory (fermions are treated slightly differently as shown in Section 4.2). The link variables
are SU(3) matrices, and the conjugate momenta belong to the Lie algebra of SU(3). We can

then write a Hamiltonian,

H[U, P => UP, - L[U], (4.2)
!

where L[U] is the Lagrangian for our bosonic variables. We evolve the link variables and
momenta for time 7 (known as the trajectory length) using Hamilton’s equations of motion,
which requires the use of a numerical integrator such as a leapfrog integrator (see Section 4.1.2).

After the molecular dynamics step, we arrive at a new configuration of link variables and

momenta, which is then accepted or rejected with probability,

HIU',P']
P=min1,——|. (4.3)

eH[U,P]

This is known as a Metropolis accept /reject step and eliminates the systematic error introduced
by a finite time step in the molecular dynamics step.

In summary, the algorithm is as follows [57],
e Choose a starting SU(3) link matrix configuration Uj,

e Refresh the momenta P;. I.e. choose momenta P, from the Gaussian distribution with

Boltzmann factor efé P

e Allow the link matrices and canonical momenta to evolve for time 7 using Hamilton’s

equations of motion:

U = iPU, (4.4)
: a8

P = ——. 4.
: U, (4.5)

e Accept the new configuration {U’, P’} with probability,
SHIU' P
P = min 1, W . (46)

e Store the new or old configuration as appropriate, and then start again from the second

step.
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4.1.2 Leapfrog integrators

The time evolution of the SU(3) link variables and their momenta (which belong to the Lie
algebra of SU(3)) in the third step of the algorithm is realised by using a leapfrog integration
technique [57]. We first introduce a time-step, €, and expand the fields U;(7 + €) and their
momenta Pj(7 + €) in a Taylor series giving,
. €2 ..
Ul(r+e) = Ulr)+eUl(r)+ EUl(T) +0(é¥), (4.7)

R(r+0 = R +ehi(r) + SBE) + O (4.8)

From Hamiltons equations of motion we get,

UZ(T) = PB(r), (49)
Uir) = R = _%’ (4.10)
5 0%S
P(r) = —;Wﬂn(ﬂ

_ 1 oS L )

R <3Uz(7 +e€) aUl(T)> +0O(e). (4.11)

These expressions involve differentiating the action (a scalar) by a link variable (an SU(3)

matrix), for example:

(4.12)

The i, jth element of the matrix P is given by the differential of S by the i, jth element of the
matrix U.

Taylor expanding Fj(7 + §) and substituting from Eq. 4.10 implies the following,

A(r+3) = B(r)+50+0)

2
= A0 - S5

s T O(?). (4.13)

Substituting Eqs. 4.9-4.11 into Eqgs. 4.7 and 4.8, then using Eq 4.13 gives,

Ul(r+e) = Ulr)+eB(T+ %) +0(é%), (4.14)
3e oS

B(r+3) = R(r+3)

When iterated this amounts to integrating the equations of motion, with an error of O(e?).

P/(1) = —3S/dU;(7) is known as the force term. As the force increases, the updates to
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the link momenta (and hence to the link variables) become larger and so the acceptance of the
Metropolis step decreases for fixed step—size.

Decreasing the step—size will decrease the step—size error, which has the effect of increasing
the percentage of steps which are accepted by the Metropolis accept-reject step of the HMC

algorithm. The cost of this is that neighbouring trajectories are more correlated.

4.2 Pseudofermions

The HMC algorithm is only suitable for producing sets of bosonic field variables, but our action
also contains fermionic fields which must be treated separately. The following discussion is
based upon arguments in Ref. [57]. The fermionic fields can be integrated out of Eq. 3.4 to
give,

/ (D] [Dy][DU]O e~ StwU] — / [DU] Qg ¢S U] (4.16)

where the effective action Seg[U] is given by,
Set[U] = S¢|U] — In [det(Dpwr[U])] , (4.17)

and we must therefore evaluate the determinant of the DWF Dirac matrix. This matrix can be
very large, so the determinant would be expensive to compute exactly.

In the quenched approximation, the fermionic determinant is set to 1, which has the effect
of reducing the amount of computing power required to perform the simulation. However, the
cost is that we are no longer simulating full QCD, but ignoring all fermions in the vacuum (i.e..
no sea quarks), this introduces difficult—to—estimate systematic errors. All the results presented
in this thesis will be unquenched, but we will compare with previous quenched determinations.

For an even number of degenerate flavours, the effective action can be written,

Seall] = SalU] — S n (det(QIU))) . (4.18)
where,
Q[U] = Diwp U] Dpwr (U], (4.19)

and IN)]T)WF[U] is the DWF Dirac matrix for a single flavour. This is important as it means
that Q[U] is a positive hermitian matrix, with positive determinant and we can therefore take
its logarithm. For an odd number of flavours, the determinant is no longer guaranteed to be
positive, and so we must use a modified algorithm (see Section 4.2.1).

We can now replace det@ with the integral,

det@ = / D¢De*e™ Lnm $n@umdm, (4.20)
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This integral is now over bosonic degrees of freedom, known as pseudo—fermion fields. We there-

fore have an effective action, involving @ ~2, which can be evaluated using the HMC algorithm.

4.2.1 Rational HMC

We wish to simulate with 2 degenerate light quarks and one strange quark (known as a 2+1
flavour simulation). Traditionally, odd numbers of quark flavours have been simulated using
the R algorithm [62], but this is not an exact algorithm, i.e the results depend on the step size
in the numerical integrator. HMC would be an exact algorithm, but the pseudo—fermion trick
introduced in Section 4.2 can only work with an even number of quark flavours.

The solution is to use the rational hybrid monte carlo (RHMC) algorithm from Refs. [63,
64, 65]. In the RHMC algorithm we take fractional powers of the Dirac matrix itself, rather
than its square, and then replace the non—local Dirac matrix by a rational approximation, r(D),
such that:

det(D%) ~ / D¢D¢*re=¢ D9 (4.21)
where « is a fractional number.

4.2.2 Pseudofermions and the 241 flavour Domain Wall action

For the case of the DWF Dirac operator defined in Eq. 3.52, integrating out the fermionic fields

as in Ref. [66] gives the following ratios of determinants,

det [ Dy (1) Dowee ()| det? [ Dl (ms) Dowes ()]

det [DEWFQ)DDWF(D} det? [D]TDWF(l)DDWF(l)]

, (4.22)

with Dpwr(m) the DWF Dirac operator with quark mass m = my for the degenerate light
quarks and m = my for the strange quark. The required determinants are calculated using the
RHMC algorithm. The terms in the denominator result from integrating out the Pauli—Villars
fields.

4.3 Correlation Functions

For our calculations, the relevant observables (see Eq. 3.4) are N-point correlation functions,

GM(zy...zy) = OT{O(x1)..0(zy)}|0)

N
0
- TI(- zl| (4.23)
i1< fU(l‘i)) o
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with Z[J] the generating functional,

f D¢ef(5+fd4xJ(x)O(x))

217) TDaes

(4.24)
which is normalised so that Z[0] = 1.

We shall calculate 2 and 3—point correlation functions, where the operators O(x;) are meson,
baryon, or other interpolating operators. As an example, consider the pseudo—scalar meson

correlation function,

(Oum(z)Om(y)), (4.25)

where Op(z) = q(z)v5G(x) and with ¢(z) a quark field at position z. The source of the
correlation function is the position of the last operator, in this case y and is often set to the
origin. Similarly the sink is the position of the first operator, in this case x. In three point
functions, there is also an intermediate operator at some position z’.

We can simplify the expressions for GV (z; ... zy) by using Wick’s theorem. The contrac-
tion of two quark fields yields the propagator,

VN

Sab,aﬁ(y - w)dfg = Qafoz(y)ngﬁ(x)a (4'26)

where the quark fields have now been explicitly labelled with spin index «, 8, colour a,b and
flavour f,g. Wick’s theorem states that the product of operators in Eq. 4.23 can be replaced
by a sum over all sets of contractions between the quark and anti—quark fields. For the pseudo—

scalar meson correlation function we have,

Ga(w,y) = (Y (S(x = y)15" (@ = y))), (4.27)
contr
where the sum is over all sets of contractions. In order to calculate any N—point correlation
function, we therefore need to calculate the quark propagators (in this case S(z — y)).
The quark propagator is the inverse of the Dirac matrix, which as we noted before in Section

4.2 is a very large sparse matrix. This inverse can be calculated from the equation,

This is a large system of equations, which is solved using the conjugate gradient algorithm [67].
The conjugate gradient algorithm is an iterative method. The more iterations the closer the

solution comes to the exact solution, but the greater the computational cost.
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4.4 Smearing

Instead of using local functions of the fields ¢(z) in correlation functions, we could also use

extended or smeared fields,
q(z) — Vg(x). (4.29)

This can have the effect of improving the overlap of the correlation function with the state we
are interested in, often the ground state. We can smear quark fields at the source and the sink
of our correlation function. For the smearing of quark fields at the source, this is equivalent
to solving Eq. 4.28 using an extended operator instead of the delta function on the right hand
side.

The types of smearing and sources we shall use are discussed in [68, 69, 70, 71], they are
Gaussian smearing (G), Hydrogen-like wavefunction smearing (H), Wall smearing (W), Box

smearing (B) and Kenway sources (K).

4.4.1 Gaussian Smearing

For Gaussian smearing [68], the quark fields are smeared with the function,

0'2 "
v = (1—Ev2> : (4.30)

V() = Y 2q(@) = Uul@)g(e + ) = Ul(z - pa(z — ). (4.31)

This tends to a Gaussian in the limit n — oo,

272

U —e 2 . (4.32)

The radius of this Gaussian function, ¢ can be tuned, with a larger radius smearing out the
field over a larger spatial volume. The factor n is another parameter, though in this case all

that is required is that n is sufficiently large such that the approximation in Eq. 4.32 holds.

4.4.2 Hydrogen-like wavefunction smearing

For some operators, a better overlap can be found from smearing the quark fields to look more

like the nth hydrogen wavefunction [69],

N 1 2 r—1
W)= 3 (r+3) o) | T Ot )| (4.33)
r=0 2 pn Lm=0
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with the spatial dependence in ¢, (x) chosen to resemble the hydrogenic wavefunction,

dn(z) o e RIL,(F), (4.34)
_— |z|
T = 7(7}—1—1)7“0’ (4.35)
Lo(#) = %%(ine*f). (4.36)

The L,, are the Laguerre polynomials and rq is the radius. This radius and the value of n can
be tuned, in order to maximise the overlap with the states we are interested in.

4.4.3 Box and Wall smearing and sources

For box smearing, the quark fields are smeared with a function which is just a spatial box of

3
V()= D ) §&-19). (4.37)

size n°:
y1=0y2=0y3=0
Wall smearing is similar, but with a box the size of the entire lattice.

Similarly a box source is just an extended source term, replacing the delta function on the

right hand side of Eq. 4.28 with a spatial box of size n?:
n n n
Dz, y,UlS(y,2) = Y Y Y dx—z—a'). (4.38)
) =025=0x%=0

3

A Wall source is again similar, but instead of a spatial box of size n°, we use a spatial box

with a size equal to the spatial volume of the entire lattice.

4.4.4 Momentum and Kenway sources

For a momentum source, we replace the source in Eq. 4.28, by a momentum based phase,
Dlx,y,U)S(y, z) = &%), (4.39)

This has the effect of giving the quark field a spatial momentum p. Notice that for p'= 0, this
phase is constant, and hence this is equivalent to a wall source.

Often we will fix the gauge of a momentum source to Coulomb gauge where,
V.A=0. (4.40)

Where we do not fix the gauge, we will call this a Kenway source.
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Figure 4.1: Two diagrams of a 3—point function for proton decay to a pion. The left hand
diagram is a spatially oriented diagram with a proton on the right decaying to a meson on
the left. The right hand diagram is rotated to show the 2—point-like function for the same
process, involving two normal propagators and one sequential propagator. In both diagrams
the blue lines represent quark propagators, while the red line represents the extended part of
the sequential propagator.

4.4.5 Sequential Propagators

We will want to evaluate 3—point functions which are products of four propagators and are given

by the expression,
G®)(z,y,0) = Tr [S(z — y)y5S(y — 0)I'S(z — 0)I'S(x — 0)] + other contractions, — (4.41)

where I" and IV are two index spin matrices, the exact spin structure and all possible contractions
for the three point functions we are interested in are given in Appendix B.

Diagrammatically, these 3—point functions look a lot like a 2-point functions with an ex-
tended propagator, see Figure 4.1. Instead of a 3—point function with source at position 0, sink
at position y and intermediate operator at position x, we instead treat this as a 2—point function
with source and sink at 0 and x respectively.

One of the propagators in this 2—-point-like diagram contains the insertion point for the
intermediate operator at position y, and this is known as the extended propagator or sequential
propagator.

Going back to the example 3—point function given in equation 4.41, if we define a sequential

propagator as:
Sseq(® — 0) = S(z = y)55(y — 0), (4.42)

then we can rewrite Eq. 4.41 as,
S(y —0)I'S(z — y)S(x — 0)S(z — 0) = Sseq(z — 0)L'S(z — 0)I'S(z — 0). (4.43)

This sequential propagator can be calculated by using a propagator, multiplied by any

required spin structure I'; as the source in Eq. 4.28. Expressions involving propagators can be
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written in terms of this sequential propagator,
Sseq(z —y) = _ Sy — 2)TS(x — 2)e7. (4.44)
T

where I represents the spin structure required and p’is the momentum inserted at the extension

point.

4.4.6 Gauge smearing

Gauge smearing, or link smearing [70, 71] is the process of smoothing out the gauge fields by
averaging over several neighbouring link configurations. When calculating observables, anytime
we need to use a link U,(x), we can average together this, with the 6 spatial “staples” around
it:

Up(x) = Ul(z) = cUp(z) + Y Up(@)Uy(z + 1)Ul (x + p), (4.45)

vEp

see Figure 4.2. This new link U} (z) must then be projected back onto the gauge group SU(3).
The ratio of the original link to the smeared links is parametrised by the constant c. The
smearing can be carried out multiple (N) times, with the factor N also a parameter which can
be tuned.

»
>

staple

U,M('T)

Figure 4.2: Showing one of the six possible staples around a link U, (x)

Studies into the effects of gauge smearing have been carried out by [72], the effect is to
increase the stability and speed of the inversion of the Dirac operator by removing eigenvalues
of the Dirac operator close to 0.

4.5 Autocorrelations and thermalisation

Each gauge configuration is an update of the previous gauge configuration, therefore neighbour-

ing gauge configurations are heavily correlated. We wish to average our data into bins, such
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that each bin is sufficiently separated that it can be considered independent.

The integrated autocorrelation time [73] for an observable O(t) is,

Naata—t
1 _ _
)= —— o) —-0) (0 +t)-0), 4.46
p(t) Ndata—tt,zl(() ) (Ot +1t) - 0) (4.46)
where,

Ndata
0= > o), (4.47)

t'=1

and can be used to judge how quickly the gauge configurations decorrelate. The integrated au-
tocorrelation time depends upon the observable being studied, and upon the lattice parameters
in the simulation.

For our ensembles, the integrated autocorrelation time of the pseudo—scalar two—point corre-
lation function was studied in Ref. [66]. See Section 5.4 for details of pseudo—scalar correlation
functions. We define 7,y = p(12) to be the integrated autocorrelation time on time-slice 12
(a typical time-slice used in our fits, see Section 4.6), Ref. [66] plotted the integrated auto-
correlation time as a function of separation between bins of configurations, this plot is shown
in 4.3, and shows a plateau at a separation of around 20-25 trajectories, meaning that the
configurations for our pseudo—scalar correlation function become decorrelated after a separa-
tion of approximately 27,1 = 40 — 50 trajectories. The propagators for our n—point correlation
functions shall therefore be measured at some frequency (for example every 10 configurations)
and then binned to be in groups separated by at least 40 configurations.

We will also discard the first several gauge configurations until they have become ther-
malised. Ref [66] shows that for the plaquette, this happens after roughly 500 configurations,
see Figure 4.4. We will therefore always discard at least the first 500 configurations of each

ensemble.
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Figure 4.3: Integrated auto—correlation time for the two—point pseudo—scalar correlation func-
tion at timeslice 12 as a function of separation between neighbouring bins. The correlation
function was calculated on the am,, = 0.01, 162 ensemble described in Section 5.2. Figure taken
from [66].
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Figure 4.4: Evolution history of the plaquette calculated on the am, = 0.01,0.02 and 0.03,
V = 162 x 32 ensembles described in Section 5.2. The horizontal lines are the ensemble average
from configurations 2000-4000 for each ensemble. Figure taken from [66].
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4.6 Fitting

We can generate data for two and three—point functions as in Eq. 4.27, Fourier transformed in
Z, with momentum p. As an example, the two—point pseudo—scalar correlation function with

momentum p = 0 is,
F(t) = 3 T [{a(@ )15a(7, Ha(0,0)350(0,0)] . (4.48)

where the trace is over spin and colour indices. This has time dependence (see Chapter 5 for
details),

=3 a, [e_m”t + e—mn<T—t>} , (4.49)

where the sum over n represents a sum over states with different energies m,, and amplitudes
Gpn. T is the time extent of the lattice. m,, and G, are parameters of the pion correlation
function which we wish to measure. Specifically, mg is the pseudo—scalar ground state mass

and to find this we can form an effective mass,

fE+D)+fE=1)
f(t)

This effective mass tends to the ground state mass m, when the excited states from the sum

Meg(t) = cosh™? < > —-m;y 0<<tKT. (4.50)

in Eq. 4.49 have died away. Statistical noise will mean that the resulting data is not exactly
constant, so in order to find the constant value, we will have to perform a fit to the data, over
a time-range starting after the data becomes constant.

For other quantities we will use functions, or ratios of correlation functions to cancel the
time dependence. The aim will always be to reduce the fitting procedure to one where we only

need to fit to a constant.

4.6.1 Fitting to a constant

Suppose we start with a series of Ny distributions of values {f;(¢)}, where i = 1... N¢opng, and

t =1...N;, which we wish to fit to a constant p. We can do this by minimising x? where,

XP0) =3 (F(t) = p) (o0e) ™ (F(E) —p), (4.51)

t,t

where f(t) = 5= ->_; fi(t) and oy is the covariance matrix (more detail about the computation

of the covariance matrix can be found in Section 4.6.3). This can be minimised by setting
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_ 1
0 = d_p %; (f(t) —p) (Ut,t/) (f(t ) —p)
= di; Z f(@) (o) f(t/) +p? ((Tt,t’)_l — f(t) (Jtvt/)_lp —p (O'tt/)_l )
t,t!
= 2292 (Ut,t’ - 22 f Ut t’ ) (4.52)
t,t t,t

and solving for p, giving:

Et v (Ut,t’)il f(t/)
t — ’ . 453
- i (one) ™ 9

The x? of this fit can then be calculated by substituting p = pg; in Eq. 4.51.

4.6.2 Error Bars

The above gives us a central value for a fit, but no error bar. The error on the fitted value
can be calculated using a bootstrap resampling scheme [74]. Again, we start off with a series
of N distributions of values {f;(t)}, where i = 1... Neons, and ¢t = 1... Ny. We can form a
bootstrap sample by taking Ncons random elements from within {f;(¢)} allowing repeats, thus
sampling the distribution {f;(¢)} with a uniform probability. If we do this Nyt times then this
forms a distribution of distributions {fjl-’(t)}, with j = 1... Neont, and b = 1... Npoot. On each

bootstrap sample we can now calculate x; (p?),
_ -1 ,_
=Y (e -r) (o) (FPE)-1"), (4.54)
£t/

which is minimised by,
-1 _
Zt,t’ (let),t/) Fot)
— (4.55)
Dot (#t/)

Now we have a distribution of values for pgy, and the width of this distribution is an estimate

b _
Pay =

of the variance of the fitted value.

4.6.3 Correlations

The covariance matrix Jf » contains any information about how correlated the data we are fitting
is. For uncorrelated data, the covariance matrix will be diagonal, with elements equal to the

variance of each datapoint. In general however, the data we generate will contain correlations
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between timeslices, which we must take into account when fitting. Unfortunately, we do not

know the exact covariance matrix, we must estimate it from the sample data.

In order to do this we have three options

e Ignore any correlations completely, by using a diagonal covariance matrix

b Mo (PP = (FON(FO () = (F(1))), ift=t",

0, otherwise,

(4.56)

where,

() = 5 2P0 = 57— 5 3 3 ). (457
oot b oot +Vcon: b P

Estimate the covariance matrix from all of the original data and use this same covariance

matrix for each bootsample,

D) = (FON) = (FH)). (4.58)

This is known as a frozen covariance matrix.

Use only the data contained in each bootsample to estimate the covariance matrix. The
covariance matrix will therefore be different for each bootsample. To do this we need
to form a secondary bootstrap sample from our data. Starting from the distribution of
distributions { fjl-’(t)} for each b we take Nonf random elements, allowing repeats as before.
Doing this Npeot times gives {f,’;bl(t)} where k = 1... Neour and b/b" = 1... Npoo- Then

the covariance matrix is

ot = o SO~ PON ) - (PO (4.59)
where,

WW—N;kﬂ@ (4.60)

szﬁigﬁmﬂﬁw;;§#w (1.61)

This is known as an unfrozen covariance matrix.

As we are dealing with correlated data, it is unsatisfactory to use an uncorrelated fit. If

possible we wish to use correlated fits. For estimating the covariance matrix, [75] shows that the

unfrozen estimate has a smaller bias, so this is the method we shall use. However, [76] warns of
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the dangers of using correlated fits with insufficient data. For N data samples and a fit function
with D parameters [76] suggests not using correlated fits unless N > max(D?,10(D + 1)). For
our case, where we typically fit to a constant (D = 1), we therefore require N > 20. The
drawback of using an unfrozen covariance matrix is that the condition number of the covariance
matrix can be higher than that of the frozen covariance matrix, and so the numerical inversion
which we require to perform the fit can be more unstable. Where this is the case, we shall use

an uncorrelated fit.

4.6.4 Fitting real data

We will be interested in fitting data which is a function of one or more parameters, often
involving an exponential decay. There are algorithms which can fit directly to a function of
data but in some cases it may be beneficial to find a function of the data which is either
constant, or tends to a constant, and to fit to that using the algorithm outlined in Section 4.6.1
above.

As already mentioned, for the example of the pion, we can isolate the ground state mass
by forming an effective mass as shown in Eq. 4.50 and explained in detail in Section 5.4. In
general, if there is a function g[f({p;};t)] — p; at large times, then we can fit to this to find one

parameter instead of using a more complicated algorithm to find all the parameters at once.

4.6.5 Fit Algorithm Summary

The full fitting algorithm, using an unfrozen covariance matrix to fit a constant to a function

of the raw data, is summarised below in Figure 4.5.
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Start with {f;(t)}
i=1.. Neyandt=1...N,
+ J
<
Bootstrap {fi(t)} to get {f7(t)}
j: 1...Nconf andbzl...Nboot
\ g
P
Calculate correlation matrix o},
P
Form a secondary bootstrap sample {2 ()} from { JHON
k=1... Nups and b/ =1... Nyoor.
‘ +
[ Calculate
1 / =7 /
ow =5 (O = (LONT ) = (F ()
boot
N
N
N
Calculate o
S (ote) )
Dgy = b L
Zt,t/ (Jt,t’>
+ J
<
Calculate
. -1
s h) =D (P = phe) (ob)  (F2(t) — o)
6t
J

Figure 4.5: An algorithm for fitting a constant to some data
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Chapter 5

Meson and Baryon Results

In this chapter, I shall give results for baryon and meson 2—point functions. Although not
directly related to proton decay, some of these results are required to properly normalise the
proton decay matrix elements, as shown Chapter 6. First I shall give some general notation for
two—point functions in Section 5.1, then I shall describe the ensembles we used in the baryon
and meson calculations in Section 5.2. Next I will talk about baryon correlation functions,
specifically the proton correlation function and its mass and amplitude in Section 5.3. Finally

I will discuss pseudo—-scalar meson correlation functions in Section 5.4.

5.1 General Notation

At this stage, it is useful to define two general classes of operators. Firstly a three quark

operator,

O(I;ngrqz = eabc(quCFmQ?)FHQIia (51)

and secondly a two quark operator,

Oy = (@ Thgf). (5.2)

4idj
In both cases I';, are 2 index spin matrices and ¢f are quark fields with flavour 4 and colour a.
The matrix C' = 974 is the charge conjugation matrix. Note that all spin indices have been
suppressed. We have already seen operators of the type in Eq. 5.1 when discussing the baryon
number violating operators in Section 2.4.

We also introduce a labelling for the possible spin matrices, I'y,, which is shown in Table 5.1.

We can form 2-point correlation functions from these operators

FAB() =Y PPy [Spmjwf‘(f, HOB(0,0))] , (5.3)
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Label | Spin structure
S 1
P Vs
|4 o
A TuV5
Jj Oy = %[7}”7}/]
T V50 uv
L | PL=301-n5)
R | Pr=35(1+")

Table 5.1: Labelling of combinations of spin matrices

with A, B collective indices representing the flavour and spin structure of either 2 quark or 3
quark operators and the trace is over all spin and colour indices. This is a 2—point function for
a hadron created at the origin, and then annihilated at (Z,t). Spro;j is a spin projection matrix.
In baryons Spyo; = (14 74) projects out the positive parity state, while Sproj = (1 —74) gives
the negative parity state. The pseudo—scalar meson states have negative parity, so there is no
need for a parity projection and we use Spo; = 1. p'is the momentum of the state we wish to
study.

We sum over the spatial co-ordinate Z, to leave a two—point correlator as function of time.
As we shall see later, the long time exponential fall off of this correlation function can be used

to study the ground state mass.

5.2 Ensemble details

Gauge configurations were generated with the RHMC algorithm with a trajectory length of
7 = 1. These ensembles are the same as those described in [66] and [77]. There are ensembles
for two different lattice volumes, V = L3 x L; x Ls = 163 x 32 x 16, and 243 x 64 x 16,
with L, the size of the lattice in each of the three spatial directions, L; the size in the time
direction and Ls the size in the 5th dimension. Both of these lattices have a fixed inverse
lattice spacing of a=1 = 1.73(3) GeV. For each volume, ensembles with light sea quark masses
of amyg = 0.01,0.02,0.03 were produced, while on the 242 x 64 x 16 volume lattice, we produced
an additional ensemble with sea quark mass am,q = 0.005. The mass of the strange quark in
the sea remained fixed in each ensemble at amg = 0.04.

Quark propagators were then calculated on configurations separated by A gauge config-
urations, such that there were no significant autocorrelations (see Section 4.5). The exact
configuration ranges and A for the ensembles used to generate nucleon and meson correlation
functions are given in Tables 5.2 and 5.3 respectively. The propagators were calculated using

valence quark masses equal to either the light sea quark mass, or the strange sea quark mass as
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appropriate. These propagators were then combined and contracted with the appropriate spin
/ colour structure to form the two—point correlation functions. For the case of the 24 x 64 x 16

lattice, there are two independent propagator runs for each light quark mass.

V x L amug | Nigaj A Ngg  Nge  Npin | Smearing

0.01 | 500-4000 10 175 4 8 LL, GL, GG
163 x 32 x 16 0.02 | 500-4000 10 175 4 8 LL, GL, GG
0.03 | 500-7580 10 177 2 8 LL, GL, GG
0.005 | 900-4500 10 90 2 8 LL, HL
10 90 2x2 8 G'L, G’G’
243 x 64 x 16 0.01 | 1500-3860 10 59 2 8 LL, GL
40 39 2 2 G’L
0.02 | 1800-3600 10 45 2 8 LL, HL
40 45 2 2 G’L
0.03 | 1020-3060 20 51 1 2 LL, HL
40 51 1 1 G’L

Table 5.2: RHMC 2+1 flavour datasets used for the proton mass and amplitude calculations. V'
is the space-time volume of the lattice, L is the extent of the fifth dimension, am,g is the light
sea quark mass (am is kept fixed at 0.04), Ny, is the lowest to highest trajectories analysed
with correlation functions calculated every A trajectories, Ngg is the number of configurations,
Nge is the number of quark propagators solved with different source locations and Ny, is
the bin size. For the 243 x 64 x 16 data, there are two independent runs for each of the sea
quark masses. These independent runs used different smearings, A, source locations and Ng.
Smearing shows the multiple different smearing of the quark fields used. Each smearing is a 2
letter code to denote the smearing of the three quark fields at the source and sink respectively,
L is for local smearing, G and G’ are Gaussian smearing with different smearing radii, H is
hydrogen—like wavefunction smearing.

The abbreviations for the different smearings given in Tables 5.2 and 5.3 correspond to the
smearing at source and sink. In all cases all of the quarks at the source or sink are smeared in the
same way, this is the same convention as used in [78]. For the baryon correlation functions, this
abbreviation is always a two letter code, with the first letter referring to source smearing and
the second to sink smearing. L refers to local or unsmeared quark fields, G and G’ both refer to
Gaussian smeared quark fields, but with a different smearing radius, H refers to Hydrogen-like
wavefunction smearing. For the meson correlation functions, GK corresponds to a Gaussian
smeared Kenway source, while the third letter, L or G, corresponds to either Local or Gaussian
sink smearing. We have used different smearing parameters for the Gaussian smearing of the

meson and baryon fields. For details of each of these smearing functions, see Section 4.4.
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V x Ly AMyd Niraj A Neg Nge Npin | Smearing
0.005 | 900-4350 50 70 1 1 GKL, GKG
243 x 64 x 16 0.01 | 1540-7500 80 75 1 1 GKL, GKG
0.02 | 1620-3600 40 50 1 1 GKL, GKG
0.03 | 1260-3040 40 45 1 1 GKL, GKG

Table 5.3: RHMC 241 flavour datasets used for the pseudo—scalar meson mass and amplitude
calculations. V is the space-time volume of the lattice, L, is the extent of the fifth dimension,
amyq is the light sea quark mass (ams is kept fixed at 0.04), Niaj is the lowest to highest
trajectories analysed with correlation functions calculated every A trajectories, Ncg is the
number of configurations, N is the number of quark propagators solved with different source
locations and Ny, is the bin size. All propagators used are solved with a gaussian smeared
Kenway source, denoted GK. The sink smearing is either Local L, or Gaussian G.

5.3 The proton correlation function

We wish to calculate the proton correlation function, fPS’PS which involves the operators

udu,udu’

Ofdi. For momentum p'= 0 and writing all fields and indices explicitly we get,

1
PS,PS be d
fudu,udu = Z e Ef§ (1 + 74)57 (54)

xT

(u () (Cys sl ) ()5 (0) (0)(Cs) L (0)) (55)

See Appendix A for details. The sum over all possible Wick contractions between quark and

antiquark fields gives two different sets,

| i i | | |
(ut (@) (@) (@)ag O)E(O)aL (0)) = (@)l () (2)af (0)d (0)f (0)

+ g (x)dj(x)us (2)ug (0)dg (0)

S

L(0). (5.6)

We exchange pairs of quark fields until each contraction is between quark fields which appear
next to each other in Eq. 5.6. Each interchange introduces a minus sign, as the quark fields
anticommute. The first set of contractions requires an odd number of interchanges, while the
second requires an even number.

We are then left with a series of contractions, each contraction gives us a propagator, e.g..

1

ug(x)ﬂ%(o) = Sg%(a;). (5.7)
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Substituting these contractions back into Eq. 5.5 gives:

PS,PS 1 -
T = D 5 (1 1)57€ € (C3)as(C5)

—

xT

[52L() 8% ()85 ) — 823 () SHL (2)555(2)] (58)

Although some of the propagators are between up quarks/antiquarks and some between down
quarks/antiquarks, from now on we ignore this distinction as the masses of the up and down
quarks in our simulation are equal, and therefore the propagators are the same.

On each ensemble, a propagator was calculated with a valence quark mass equal to the light

quark mass in the sea. This propagator was then used multiple times, and its loose spin and

PS,PS

colour indices contracted together in the appropriate ways as in Eq. 5.8 to form f i

The time dependence of the proton correlation function can be found if we substitute,
(On(z Zem (On(K)On(K)), (5.9)

and insert a complete set of states,

1
2B zn: Z In(k,s))(n(k,s)|, (5.10)

to give:
Fuinu(t) = TrZZSpmJe DLON (K, 5) Z [k, s))(n(k, 5)| O (k. )
= TrZ(S Sproje FFHON (K, 5) Zm (k, s))(n(k, s)| On(k, s))
-3 2E1 57 TSy (O (k. 5)10) 01O (s, £)3(F)
= Z2E(k TS 0 G (K)u(k, s)Gn (k)a(k, s)8(k), (5.11)

k

where we have defined the proton amplitude Gy (k),
(On(k,9)|0) = Gy (k)u(k, s). (5.12)
Now tracing over the spin indices using,

Tr [u(k, s)a(k, s)] 6(k) = [yky + E(R)] 6(K) = [1 + 4] E(k)3(k), (5.13)
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and inserting Sproj = %(1 + v4) we get,

RO = Y gam S O R FI T (14 (14 )

udu,udu

= QZG?V( (5.14)

We can split the sum over energies into two, a sum over positive energies, and another over
negative energies. The negative energy states can be thought of as a backwards propagating
positive energy states, and therefore we write the correlation function as,

fPS,PS _9 Z 2 o E(k)t (G;)2 o E'(k)(T—1) (5.15)

udu ,udu

For 0 <« t < T'/2, only the forward propagating ground state will contribute leaving,

Fumnnga() = 2(Gn)? eV, (5.16)

my is the mass of ground state and Gy is the ground state amplitude. The aim of this section

shall be to calculate the ground state mass and amplitude, my and Gy.

5.3.1 The proton mass

my can be found by considering an effective mass,

megg = log <%> —my 0Lt <T/2. (5.17)
Over the appropriate time range, this effective mass should tend to a constant, we will call this
flat region a plateau. We can therefore perform a fit to the effective mass over a window between
timeslices fin and tmax, With an unfrozen correlation matrix using the algorithm described in
Section 4.6.

tmax is chosen so that the contribution from the backwards propagating state does not
contaminate the signal from the forward propagating state we are trying to measure. In practice,
the signal in a baryon correlation function is statistically noisy, and this noise increases with
t, so any signal has degenerated into noise well before the backward propagating state has any
sizeable effect. Therefore, any reasonable choice of ¢, does not greatly affect the fit. However,
it is important to cut off the fit range at a point when the error bars are still reasonable, as
otherwise a poor fit to the first few points in the fit window, can be disguised by the large errors
(and hence small contributions to x?/d.o.f) on the final few points in the fit window.

tmin must be high enough such that the excited state contributions have died out from the

sum in Eq. 5.15. Obviously the choice of t,;, will affect the fitted value for the effective mass.
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As the plateau is approached from above, fitting to a timeslice which is too early will tend to
increase the fitted value for the mass. The stability of the fit to sensible variations in the fit
range is an important test of the accuracy of the fit itself. For each fit, we will check that the
fitted value does not change noticeably within ty;, + 1.

The effective mass of the proton correlation function, with the number of configurations we
have generated, can be very noisy. The result of this is that the fitted value for the proton mass
will have a large statistical error. However, it also makes determining the exact location of
the plateau difficult, thus increasing the systematic error. To overcome these problems, we can
perform a simultaneous fit to the effective mass of multiple correlation functions with the same
exponential time dependence. As the data just tends to a constant, this is simple to do, and does
not introduce any additional fit parameters. Firstly, the operator Ofdi, which appears in the
correlation function f@i’f:ﬁu, is only one possible operator. Another choice is the operator (’);‘C‘l‘f ,
with a correlation function fﬁfﬁlis which has the same exponential time dependence. Secondly
we can fit to multiple correlation functions with different smearing combinations, as described
in Section 4.4. The types of smearing we have used for each ensemble are given in Table 5.4.
All of these additional correlation functions will be correlated, as they are all calculated on the
same gauge configurations. We will call each operator / smearing combination a fit channel.

One extra possible advantage of different channels is that they can have a different (and

hopefully better) overlap with the ground state than the unsmeared f@i’iﬁu

correlation function.
A better overlap means that the excited states die out sooner and the plateau begins at an
earlier timeslice, allowing a fit to more datapoints. To fully maximise this possible benefit, it is
important to choose fit ranges separately for each channel.

Results for the proton mass calculated on each of the ensembles described in Section 5.2 are
given in Table 5.5 and example effective mass plateaus are shown in Figure 5.1. The different

channels and the corresponding time ranges used in each fit are given in Table 5.5.
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Figure 5.1: Effective mass (Eq. 5.17) plots for the 243 x 64 ensemble with different light valence
quark masses. (a) is for am, = 0.01, (b) is for am, = 0.02 and (c) is for am, = 0.03. The
different colours correspond to different smearings. Those datasets labelled with a 2 use the

operator f{;“u‘g’;;gzs(t), the rest use f2 "9 (). Horizontal lines show the fit to the plateau.

udu,udu
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V =163 x 32 V =243 x 64
My, Fit Range Fit Range
Smearing o my Gn || Smearing o' mpy Gn
0.005 LL ors - 9-12
HL oFfs  6-12 -
HL 0445 6-12 -
G'L oFrs  6-12 -
eXeX ofs  6-12 -
0.01 LL ors 912 912 LL ors 912 9-12
LL 0445 9-12 - LL 0445 9.12 -
GL oFs 912 - GL ors 812 -
GL 0OAS 912 - GL 0445 812 -
G'L ors 712 -
0.02 LL ors 912 912 LL ors 910 9-12
LL 0445 912 - LL 0445 910 -
GL ors 812 - HL ofs 911 -
GL 0445 8-12 - HL 0445 911 -
GG oFs 811 - G'L ors 911 -
GG oA 811 -
0.03 LL oFfS 10-12 9-12 LL oS 10-12 9-12
LL 0445 10-12 - LL 0445 10-12 -
GL ors 812 - HL oFfs 912 -
GL 0445 812 - HL 0445 9-12 -
GG ors 812 - G'L ors 812 -
GG 0445 812 -

Table 5.4: Smearings, operators and fit ranges used for the calculation of nucleon masses and
amplitudes. The smearing is a two letter code denoting smearing at the source and sink re-
spectively, with L for Local smearing, G and G’ for Gaussian smearing with different smearing
radii, and H for Hydrogen-like wavefunction smearing.

70



V x L, amyq/ams ‘ amy Gn

0.03/0.04 | 0.908(6) 0.01387(36)

163 x 32 x 16 0.02/0.04 | 0.819(8) 0.01198(35)
0.01/0.04 | 0.722(19) 0.00996(22)

e 0.606(24)  0.00745(50)

0.03/0.04 | 0.892(10) 0.01362(41)

24% x 64 x 16 0.02/0.04 | 0.805(12) 0.01156(57)
0.01/0.04 | 0.720(10) 0.00990(31)

0.005/0.04 | 0.671(5) 0.00789(24)

& 0.588(9)  0.00651(36)

Table 5.5: Results from fits to the nucleon mass and amplitude, as a function of the quark
masses and lattice volume. Also shown are the results of the linear extrapolation of the nucleon
mass and amplitude to the chiral limit.
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5.3.2 The proton mass: error scaling

For the case of the am,, = 0.005 ensemble on the 243 x 64 lattice, the plateau was not stable
within variations of i, see Figure 5.2. To account for this additional source of error, we
fitted across a large time range spanning the multiple potential plateau. The incompatibility of
the multiple plateau is reflected in a poor value for x? per degree of freedom of 4.3. We then
rescaled the errors on each datapoint by \/W and performed a second fit to this rescaled
data. This gave a x2/d.o.f of 1, as expected, and a fitted mass compatible with the all of the
previous best fit values, but with a larger error. This larger error reflects both the statistical
error and the additional systematic error of choosing the correct plateau region. The fits to the
effective mass on this ensemble before and after rescaling are shown in Figure 5.2. This fitted

value from the rescaled data is the one given in Table 5.5.
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Figure 5.2: Effective mass (Eq. 5.17) plots for the 243 x 64 ensemble with different light
valence quark masses am, = 0.005. (a) shows the fit across the two incompatible choices for
the plateau (b) shows the fit to the combined plateau after rescaling the errors. The different

colours correspond to different smearings. Those datasets labelled with a 2 use the operator
AsS,AaS () 4y ¢ PS,PS
fudu,udu ( )’ € Test use fudu,udu( )

5.3.3 The proton mass: extrapolation

The proton masses for the different ensembles, are compatible with a linear extrapolation in
the quark mass,
my = A(my + myes) + B. (5.18)

The value of the proton mass in the chiral limit defined as the value of my at a(m,, 4+ myes) = 0.
Graphs of these extrapolations are shown in Figure 5.3 and the value of the proton mass in the
chiral limit is shown in Table 5.5. Within errors, the proton mass calculated on ensembles with
the same valence quark mass are compatible, as are the extrapolated values.

We can calculate the proton mass in the chiral limit in physical units by multiplying our
result in lattice units by the inverse lattice spacing a=! = 1.73(3)GeV. This gives my =
1.04(4)GeV and 1.02(2)GeV for the 163 x 32 x 16 and 243 x 64 x 16 lattices respectively. The
error quoted does not include any additional systematic errors, but is already close to agreement

with the experimentally measured values for the nucleon mass my = 0.938272013(23)GeV .
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Figure 5.3: Chiral extrapolations of the proton mass for (a) the 163 x 32 lattice and (b) the
243 x 64 lattice. The results on both lattices (both on individual data points, and in the chiral
limit) are compatible within errors.

5.3.4 The proton amplitude

The proton amplitude G, can now be calculated by considering an effective amplitude,

1

PS,PS
Ghretr(t) = 5 Fudurnuau (D™ (5.19)

where my is the proton ground state mass that we just calculated. In this case, the different
smearings and operators we used to calculate the mass cannot be used, as they will each have
different amplitudes. Apart from this difference, we can perform a fit to this effective amplitude
in the same way as for the effective mass, choosing an appropriate time range for the fit as
before.

Results for the proton amplitude calculated on each of the ensembles described in Section
5.2 are given in Table 5.5 and example effective amplitude plateaus are shown in Figure 5.4.
The different channels and the corresponding time ranges used in each fit are given in Table
5.4.

Again we see that the proton amplitude is consistant with a linear extrapolation
Gn = A(my + Mmyes) + B. (5.20)

This extrapolation is shown in Figure 5.5. Within errors, the amplitudes calculated on ensembles
with the same valence quark mass are compatible, as are the extrapolated values.

Values for the nucleon amplitude in the chiral limit, (am, + ames) = 0, are given in Table
5.5.
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Figure 5.4: Effective amplitude (Eq. 5.19) plots for the 243 x 64 ensemble with different light
valence quark masses. (a) is for am, = 0.01, (b) is for am,, = 0.02 and (c) is for am, = 0.03.
Horizontal lines show the fit to the plateau.
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Figure 5.5: Chiral extrapolations of the proton amplitude for (a) the 163 x 32 lattice and (b)
the 243 x 64 lattice.
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5.4 Mesons

5.4.1 The meson correlation function

For a pseudo—scalar meson correlation function we use the operator quj. We divide these
mesons into two types, pion correlation functions and kaon correlation functions. For pions ¢;
and ¢; are both light quark fields (i.e. up / down). For kaons, ¢; is a light quark field and g¢; is
a strange quark field.

In the same way as for the proton correlation function, we write out the pseudo—scalar meson

correlation function explicitly, but this time we add a momentum p),
bi Ty bi
JEE oy = Ze””< () (95)as @3 ()3, 0)(35),505 (0)) (5.21)

There is therefore only one contraction we can make,

(a6 @) @ 045 ) = e @) @ 05 0) (522)

So in terms of propagators, the meson correlation function is,

quQJ7QZQJ = tr [Z elp xSab 7550‘[1( ) ] . (523)

We now make a distinction between the flavour of the quark propagator, as some will be between
strange quarks and some between light quarks. We produce one propagator with a mass equal
to the light quark mass in the sea and one propagator with the mass equal to the strange quark
mass in the sea. These can then be combined, with the appropriate spin / colour structure, to
produce either a two—point function with two light propagators (a pion correlation function) or
a two—point function with one light and one heavy propagator (a kaon correlation function).
We still make no distinction between up and down type correlation functions, and hence the

i,O)

different pion correlation functions (i.e.. 7 are all equal.

The time dependence of the meson correlation function is given by,

2
PP _ (Gn) —FEnt —FE,(T—t
q9i9;5,9i9;5 (t) - Z 2En (e te ( )) ) (524)

where the + sign depends on the transformation under parity of the operator Og g; I 5;]1;%%.

The pseudo—scalar operator is odd under time reversal, so the pseudo—scalar correlation function
is even, and we have a + sign.

In a similar way as for the nucleon correlation function, in the limit 0 < ¢ < T this looks
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like,
(Gu)?
2F

where G = Gy is the ground state meson amplitude and Fj; = Ej is the ground state meson

PP
qz'q]qu'q]'( )

(e_EIMt + e—E]\/[(T_t)) , (525)

energy. The pion correlation function has a momentum p, so E = m3 + p°.

5.4.2 The meson ground state energy

To find the ground state energy, we can form an effective energy,

PP PP
Jaayaiq; (E+1) + fo.q0;(t — 1)

PP
f%%’v‘]i‘]j (t)

FEg(t) = cosh™? ( > —Fy 0<tkT. (5.26)

We use mesons with three different momenta, p = %’r (0,0,0), %’r (1,0,0) and %’r (1,1,0). We
use multiple smearings and fit to the plateau over appropriate time ranges, see Table 5.6 for

details. Examples of the plateau are shown in Figure 5.6 while the results for the meson mass

are given in Tables 5.7 and 5.8.

Fit Range
My /M Momentum  Smearing | E, G, FEx Gk
0.005 / 0.04 zTW(O,O,O) GKL,GKG | 6-20 6-20 6-20 6-20
3(1,0,0) GKL,GKG | 620 620 6-20 6-20
%(1,1,0) GKL,GKG | 6-15 6-15 6-15 6-15
0.01 /0.04 | 2£(0,0,0) GKL,GKG | 620 6-20 6-20 6-20
3(1,0,0) GKL,GKG | 7-20 7-20 820 8-20
%(1,1,0) GKL,GKG | 6-15 6-15 6-15 6-15
0.02 /0.04 | 2£(0,0,0) GKL,GKG | 520 520 520 520
3(1,0,0) GKL,GKG | 7-20 7-20 7-20 7-20
%(1,1,0) GKL,GKG | 515 515 7-15 7-15
0.03 /0.04 | 25(0,0,0) GKL,GKG | 620 620 620 6-20
31(1,0,0) GKL,GKG | 620 620 6-20 6-20
%(1,1,0) GKL,GKG | 6-15 6-15 6-15 6-15

Table 5.6: Fit ranges used for the calculation of pseudo—scalar meson masses and amplitudes.
All on the V = 243 x 64 x 16 lattice, with the smearing, momenta and valence quark masses
shown.

In practice, the results for meson energies where the mesons have large momenta can be
noisy. We can calculate the ground state energy for p'= (0,0, 0) as above, then use the dispersion
relation E? = m? + p? to get the energies at higher momenta, these are shown in Tables 5.7 and
5.8, and have smaller error bars than the results from when the energy is computed directly
from the correlation function with momentum. For this reason, these values of the meson energy

are preferred, and used to calculate the meson amplitude below.
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My /M Momentum E, Vm2 + 2 Gr

0.03 /0.04 | 27(0,0,0) | 0.3896(8)  0.3896(8) 0.2538(34)
% (1,0,0) | 0.4714(14)  0.4694(7)  0.2544(36)

22(1,1,0) | 0.5430(23) 0.5375(6)  0.2554(33)

0.02 /0.04 | 27(0,0,0) | 0.3242(10) 0.3242(10) 0.2310(32)
%(1, 0,0) | 0.4162(16) 0.4167(8)  0.2312(36)

22(1,1,0) | 0.5020(28) 0.4921(7)  0.2326(38)

0.01 /0.04 | 27(0,0,0) | 0.2433(8)  0.2433(8)  0.2062(22)
% (1,0,0) | 0.3588(25) 0.3574(6)  0.2095(28)

21(1,1,0) | 0.4557(41)  0.4430(5)  0.2119(37)

0.005 / 0.04 | 27(0,0,0) | 0.1924(10) 0.1924(10) 0.1944(23)
%(1,0,0) 0.3384(30)  0.3249(7)  0.1915(31)

2T(1,1,0) | 0.4331(59) 0.4172(5)  0.1960(48)

I %

X 22(0,0,0) | 0.0020(16) 0.1754(35)
21(1,0,0) | 0.1959(49) 0.1910(51)

2(1,1,0) | 0.3202(81) 0.2036(69)

Table 5.7: Results for the pseudo-scalar pion masses (E;) and amplitudes (G,) for pion corre-
lation functions with light quark masses am,, = 0.005,0.01,0.02 and 0.03. The final three rows
contain the results of an extrapolation to the chiral limit. The y/m2 + p? column shows the
result of the pion mass calculated using the dispersion relation E? = 5 + m?.

The pseudo—scalar pion and kaon masses are consistant with linear extrapolations in the

square root of the light quark mass,

Eps = Avmy + myes + B. (5.27)

The results of these extrapolations are shown in Figure 5.7. Values of the meson masses in the
chiral limit, am, + am.s = 0 are given in Tables 5.7 and 5.8. Note that chiral perturbation
theory predicts that in the chiral limit the pion mass should go to 0, this behaviour can be seen

in the plots.
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Figure 5.6: Pseudo-scalar effective energy (Eq. 5.26) plots for the 243 x 64 ensemble with
light valence quark masses am,, = 0.01, strange valence quark mass amg = 0.04 and momentum
= %—:(1, 0,0). (a) is from a pion pseudo-scalar correlation function with two light propagators,
(b) is from a kaon pseudo—scalar correlation function with one light and one heavy propagator.
The different colours correspond to different smearings. Horizontal lines show the fit to the
plateau.
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Figure 5.7: A linear extrapolation of the pseudo—scalar meson masses to the chiral limit. Both
plots show results from the 242 x 64 ensembles with strange valence quark mass amg = 0.04.
The different colours represent the different momenta p = %—:(0, 0,0), %—:(1, 0,0) and %—:(1, 1,0).
(a) is from a pion pseudo—scalar correlation function with two light propagators, (b) is from a
kaon pseudo—scalar correlation function with one light and one heavy propagator.
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My /Mg Momentum Ex \/m3 + p? Gk

0.03 /0.04 | 25(0,0,0) | 0.4177(8)  0.4177(8)  0.2608(35)
25(1,0,0) | 0.4945(12)  0.4930(7)  0.2619(35)

22(1,1,0) | 0.5629(21)  0.5582(6)  0.2630(34)

0.02 /0.04 | 2£(0,0,0) | 0.3867(8)  0.3867(8)  0.2450(33)
25(1,0,0) | 0.4660(13)  0.4670(7)  0.2455(34)

22(1,1,0) | 0.5379(27)  0.5353(6)  0.2467(37)

0.01 /0.04 | 2£(0,0,0) | 0.3529(7)  0.3529(7)  0.2269(24)
25(1,0,0) | 0.4376(18)  0.4394(6)  0.2305(24)

22(1,1,0) | 0.5163(28) 0.5115(5)  0.2317(26)

0.005 / 0.04 | 2£(0,0,0) | 0.3332(9)  0.3332(9)  0.2141(23)
25(1,0,0) | 0.4334(16)  0.4237(7)  0.2119(23)

22(1,1,0) | 0.5130(33)  0.4981(6)  0.2180(30)

X 22(0,0,0) | 0.2503(14) 0.2014(33)
21(1,0,0) | 0.3659(34) 0.2122(34)

22(1,1,0) | 0.4568(48) 0.2226(50)

Table 5.8: Results for the pseudo—scalar kaon masses and amplitudes for kaon correlation func-
tions with light quark masses am, = 0.005,0.01,0.02 and 0.03 the final three rows contain the

results of an extrapolation to the chiral limit. The ,/m%( + p? column shows the result of the

pion mass calculated using the dispersion relation E? = p? + m?.

5.4.3 The meson amplitude

We could find the meson amplitude from a fit to an effective amplitude of the unsmeared
correlation function, as we did for the proton amplitude in Section 5.3. However, we can also
find the amplitude from a ratio of smeared correlation functions.

Consider two meson correlation functions f°% and f°%, the first with some smearing S at
the source and the same smearing at the sink and the second with S smearing at the source

but no smearing at the sink (labelled with L for Local smearing),

G3.GL
oo, (GhG) (e Bt 4o BnT0) gt (5.28)
2F
S S
ss (GG —Eupt | —Epn(T—t)
795 = (e +e ) 0<t<T. (5.29)
(5.30)

In both cases we can form effective amplitudes,

—1
G (t) = 2BEpf%" (e*EMt+e*EM<T*t) - Gy5GY o<t (5.31)

—1
GS2(t) = 2Epf% (e*EMt + e*EM(T*t) —GY,GY <t < T, (5.32)
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Figure 5.8: Pseudo-scalar effective amplitude (Eq. 5.33) plots for the 24% x 64 ensemble with
light valence quark masses am,, = 0.01, strange valence quark mass amg = 0.04 and momentum
p= %—:(0, 0,0). (a) is from a pion pseudo-scalar correlation function with two light propagators,
(b) is from a kaon pseudo—scalar correlation function with one light and one heavy propagator.
Horizontal lines show the fit to the plateau.

so that the ratio,
GS’L (t)
Geg(t) = V2B — 2 . ¢t 0<t<T, (5.33)
G (1)
can be used to find the unsmeared amplitude that we are looking for.

We use this method, with the smearing and fit ranges given in Table 5.6, to find the meson
amplitude. Example plateau are shown in Figure 5.8, while the results are given in Tables 5.7
and 5.8.

The pion and kaon amplitudes on each of the ensembles are plotted in Figure 5.9. Both

pion and kaon amplitudes are consistant with a linear extrapolation
Gps = A(my, + myes) + B. (5.34)

The extrapolations are shown in Figure 5.9. The values of the meson amplitudes in the chiral

limit, am, + am,es = 0 are given in Tables 5.7 and 5.8.
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Figure 5.9: A linear extrapolation of the pseudo—scalar meson amplitudes to the chiral limit.
Both plots show results from the 243 x 64 ensembles with strange valence quark mass am, = 0.04.
The different colours represent the different momenta p = %—:(0, 0,0), %—:(1, 0,0) and %—:(1, 1,0).
(a) is from a pion pseudo-scalar correlatiqy function with two light propagators, (b) is from a
kaon pseudo—scalar correlation function with one light and one heavy propagator.



Chapter 6

Matrix Element Results

We can now calculate the matrix elements relevant for proton decay. As shown previously in

Eq. 2.45,
22
mpy mar
(N —M+1)=2N(q_ (M
(V= M+1) 327r< <mN>>

So the proton decay width can be decomposed into a sum of products of Wilson coefficients and

2
> CWHN = M +1)| . (6.1)

QCD matrix elements. The Wilson coefficients contain the high energy GUT—scale physics and
will in general depend on the particular GUT being considered. The matrix elements contain
the low energy hadronic physics, are the same for all GUTs and can be calculated in Lattice
QCD.

There are two methods we can use to calculate these matrix elements. In the direct method,
we calculate a three—point correlation function involving a baryon number violating operator. In
the indirect method, we use yPT (see Sections 2.3 and 2.4.2) and the relations from Table 2.1
to relate the three—point function to the two low—energy constants from the baryon number
violating sector of the chiral lagrangian. As we shall see, these low—energy constants can be
calculated from proton—to—vacuum two—point functions.

In the following sections we first give the details of the ensembles used to calculate the
proton decay matrix elements in Section 6.1, we then use both methods to calculate the matrix
elements, firstly using the indirect method in Section 6.2 and then using the direct method in
Section 6.3.

6.1 Ensemble details

For the indirect matrix elements, the ensembles used are the same as those used to calculate
the proton mass and amplitude, and are given in Table 5.2.
The ensembles used to calculate the direct matrix elements are given in Table 6.1.

The ensembles used for the NPR calculation are given in Table 6.2. In this case, our main

83



results are calculated using the ensembles generated on the lattice with volume V = 163 x 32 x 16

and the lattice with volume V = 243 x 64 x 16 was used to check for finite volume effects.

V x Ly AMyd Niraj A Neg Ngec Npin | Smearing
0.005 | 900-8500 50 155 1 1 GKL, GKG
243 x 64 x 16 0.01 | 1540-7500 40 75 1 2 GKL, GKG
0.02 | 1620-3600 40 50 1 1 GKL, GKG
0.03 | 1260-3040 40 45 1 1 GKL, GKG

Table 6.1: RHMC 2+1 flavour datasets used for the pseudo—scalar meson mass and amplitude
calculations. V is the space-time volume of the lattice, L is the extent of the fifth dimension.
The light quark mass is am,q, correlation functions with two values of the strange valence
quark mass ams = 0.04,0.0343 were calculated for each light quark mass. The strange sea
quark mass is kept fixed at 0.04. Ny, is the lowest to highest trajectories analysed with
correlation functions calculated every A trajectories, N is the number of configurations, N
is the number of quark propagators solved with different source locations and Ny, is the bin
size. All propagators used are solved with a gaussian smeared Kenway source, denoted GK.
The sink smearing as Local L.

NPR
V' x L My d Ntraj A chg Nsre  Npin
0.01 | 1000-4000 40 75 4 1
163 x 32 x 16 0.02 | 1000-4000 40 75 4 1
0.03 | 1000-4000 40 75 4 1

Table 6.2: RHMC 241 flavour datasets used for the non-perturbative renormalization. V
is the space-time volume of the lattice, Ly is the extent of the fifth dimension, am,, is the
up sea quark mass (the strange sea quark mass is kept fixed at 0.04), Ni,j is the lowest to
highest trajectories analysed with matrix elements calculated every A trajectories, Ngg is the
number of configurations, Ng. is the number of quark propagators solved with different source
locations and Ny, is the bin size. 243 x 64 x 16 data were generated for the non-perturbative
renormalization calculation, however, it was only used as a check for finite volume errors and
so does not appear here.

6.2 The indirect method

The discussion and results from the indirect method are based upon work published in Ref.
[1]. There have been many previous calculations of the proton decay matrix elements using the
indirect method. For example, Refs. [37, 79] use quenched Wilson fermions while Ref. [80] uses
domain wall fermions with both quenched and 2 flavours of dynamical quarks. This work is the

first to use 2+1 flavours of dynamical domain wall fermions.
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Table 2.1 shows the relations between matrix elements and the low energy constants (LECs)
«a and (. For example,

(n%|Opifulp) = 1+ D+ F). (6.2)

ff

The aim in this section shall be to calculate these LECs so that the matrix elements can be
reconstructed.

The advantage of the indirect method is that it only requires the calculation of two low energy
constants from two—point functions. This is much simpler, and computationally cheaper, than
the full calculation of the three—point functions which is required for the direct method.

The disadvantage of the indirect method is that the yPT introduces an additional source
of systematic error. In previous studies (e.g.. Ref. [80]), there has been seen to be a consid-
erable discrepancy of up to a factor of 2, between the direct and indirect methods, with the
indirect approach tending to underestimate the matrix elements. For example, in Ref. [80],
(m0|OLL |p)y = —0.060(18) for the direct measurement, while the indirect reconstruction of the
same matrix element gives —0.125(15).

Expanding the baryon violating terms from the chiral lagrangian in Eq. 2.48 to zeroth order
in the meson fields, shows that the low—energy constants a and 3 can be determined from the

proton to vacuum matrix elements:

(OIOJLIN(k,5)) = aPpu(k,s), (6.3)
(0|05 IN(k,s)) = BPru(k,s). (6.4)

Using the same notation from Section 5.1, we can form two—point functions involving the
R/LL,

operators O, 7,

Fua(t) = Grae™™" >0, (6.5)
FLEDS (1) — GuBe™ ™t £330, (6.6)

where G is the proton amplitude as defined in Eq. 5.12. As these have the same timede-
pendence as the nucleon two—point correlation function, we can find o and §# by forming the

ratios,

LL,PS
S

Rs(t) = QGN%—W t>>0. (6.7)

In order to calculate the ratio, we therefore need to use the values for the proton amplitude,

calculated in Section 5.3.4.
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The two point functions fﬁi’igu and fzfcﬁfigu

. . . PS,P
two—point correlation function, f, diugu’

contractions are the same as in Eq. 5.6, all that changes is the spin structure. With momentum

contain the same quark fields as the proton

that we used in Section 5.3. Because of this, the

P =(0,0,0), the two—point function is given by,

1 -
fheals = 5 (1 7)5y €™ e (CPRy ) o (Pr) 10 (Cs)
>[5 2)Sh (@) S () — S2(@) Y ()85 ()] (6.8)

T

Again, we compute propagators with mass equal to the light sea quark mass, and contract the
spin and colour indices together as in Eq. 6.8 to form the two point functions.

We shall compute the matrix elements at p'= k = 0 and hence ¢ = m?\, — m?\/[ Therefore,
especially for the case of the proton to pion matrix elements, the required inequality ¢ < m?\,
does not hold well. We will come back to this source of systematic error when we compare the

two methods of estimating the matrix elements in Section 7.3.

6.2.1 Results for the low energy constants

The denominator of the ratios from Eq. 6.7, is the proton correlation function f PS.PY - and is

udu,udu’
chosen so as to cancel the time dependence in the numerator. E.g.. for the low energy constant
a7
RL,PS
f (t)

udu,udu

udu,udu
—mnyt

(6.9)

Therefore fitting to a constant using the algorithm in Section 4.6 will yield the low energy
constants « and (.

Again, we fit to multiple smearings and choose time ranges appropriately. The smearings
and time ranges used are given in Table 6.3. Note that in general, the fit ranges for this ratio
start earlier than for the proton and meson effective mass and amplitude calculations. This is
because the contributions from excited states in the numerator of the ratio from Eq. 6.7 are
also present in the denominator and hence both should cancel each other out. However, the
results are also in general more noisy, and so the maximum fit range is earlier too.

Results for the low energy constants are given in Table 6.4 and example plateaus for a and

0 are shown in Figures 6.1 and 6.2 respectively.
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Figure 6.1: The ratio R, in Eq. 6.7 for the 243 x 64 dataset with am, = 0.005,0.01,0.02 and
0.03 respectively. The different colours correspond to different source smearing. Horizontal lines

show the fit

to the plateau.
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V =16% x 32 V =243 x 64
My, Fit Range Fit Range
Smearing « Ié) Smearing « I}
0.005 LL 5-8 59
HL 4-10 49
0.01 LL 5-8  5-8 LL 7-11  5-10
GL 3-8 3-8 GL 7-11  4-10
0.02 LL 6-12  5-12 LL 7-11  5-10
GL 6-10 4-14 HL 7-11  7-10
0.03 LL 7-11  6-11 LL 9-13 9-11
GL 7-11  8-12 HL 9-13 9-11
Table 6.3: Smearings and fit ranges used for the calculation of the low energy constants o and
B.
V x Ly amyq/ams ‘ ao a3
0.03/0.04 | -0.00695(19) 0.00719(21)
163 x 32 x 16 0.02/0.04 | -0.00605(31) 0.00606(30)
0.01/0.04 | -0.00478(43) 0.00511(47)
chiral -0.00349(64)  0.00369(63)
0.03/0.04 | -0.00689(33) 0.00621(38)
243 x 64 x 16 0.02/0.04 | -0.00571(32) 0.00598(38)
0.01/0.04 | -0.00508(29) 0.00486(28)
0.005/0.04 | -0.00397(18) 0.00400(22)
chiral -0.00326(27)  0.00348(32)

Table 6.4: Results from fits to the LECs « and 3, reported as a function of the quark masses,
for two different lattice volumes. The results of linear chiral extrapolations are also reported.
All the results are given in units of the lattice spacing a ~ 0.12 fm.

Again we can perform a linear fit for both of the low energy constants,

The results of this fit as well as an extrapolation to the chiral limit, a(m, 4+ mws) = 0, are

shown in Figure 6.3. The values from this chiral extrapolation are also given in Table 6.4.
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6.2.2 Systematic Errors on the LECs

The errors on the LECs have so far been purely statistical. From the results in Table 6.4 we
can see that for the statistics available, there are no significant finite volume effects in either «
or 3 as the results on both volumes agree within errors. Figure 6.4 shows the agreement for «
between the two volumes.

As already described in Section 5.3.2, there were problems with determining the plateau
position for the nucleon mass on the V = 243 x 64 x 16, am, = 0.005 ensemble. Through the
nucleon amplitude calculation, this result indirectly effects the calculation of o and 3. For a
conservative analysis we performed a chiral extrapolation for o and § both with and without
this lightest point. This gave a result which differed by 18% for  and 17% for 3 as shown in
Figure 6.5. We use this as an estimate of the error in extrapolating to the chiral limit.

It should be noted that in our simulation, the strange quark mass is held fixed and hence in
the extrapolation, only the light quarks are taken to the chiral limit. However, if we compare
our result with the Ny = 2 results from Ref [80] we see there is very good agreement an,—2 =
—0.0100(19), Bn;=2 = 0.0108(21). For Ny = 2, the strange quark mass is effectively infinite, so
this agreement signifies that « and § have little dependence on the strange sea quark mass.

Working at fixed lattice spacing, we are not able to present a continuum extrapolation for
the LECs. Nonetheless, it should be noted that DWFs are automatically O(a) improved and
are therefore expected to have a good scaling behaviour.

We leave a final numerical value for the LECs, with all systematic errors included, until
after we have calculated the non—perturbative renormalisation in Section 6.4 and its associated

systematic and statistical errors.
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6.3 The direct method

We can define three point correlation functions C;f(qQ) of the form,

1 — B S APS e
Cila®) = tr |5 (L+ma) Y PENOF, (71, 4) 0T, )05, (0, t0)

T

_ GNGMefEM(tlft)eme(tfto) (W64(q2) + (my — Eu) WA(QQ)) ’
2E 4

1 N . R
CA@") = tr |5 (L +m)% Y PO, (#1,1)01 0, (0. 1))
T
_ _GNGMefE'M(tl7t)eme(t7t0)iqiwA(q2)’ (611)
2B a

where the index i runs from 1...3 only. O4(Z,t) are the baryon violating operators, where A is

PS

udu(6> tp) are nucleon

a collective index for the the spin and flavour structure of the operator. O
operators as in the proton correlation function and quj (Z1,t1) are meson operators as in the
meson correlation function.

The flavour content of the nucleon is fixed, and the flavour content of the mesons will vary
depending on whether we are considering a pion or kaon decay channel. The flavour content of
the baryon violating operator is then chosen so that each of the quark/antiquark fields in the
nucleon and meson operators are partnered with an antiquark/quark field of the same flavour.
For some decay channels this choice is unique, but for others there may be multiple choices
for the flavour content of the baryon violating operator. The full list of proton decay matrix
elements, and their baryon number operator structure is given in Eqgs. 2.33-2.39.

For the four quark / antiquark field pairs of varying flavour in our three point functions,
there are 24 possible contractions, although only some of these will be non—zero for each specific
flavour combination of the meson and baryon violating operators. The full list of contractions
is given in Appendix B. As for the indirect method, we can make light and heavy propagators
which can be tied together with the appropriate spin and colour structure to form the three point
function. In this case, the mesons have an injected momenta, so we need to create propagators
for each of the different momenta we wish to consider.

As shown in Appendix B, to calculate the three—point function we need two normal (non—
sequential) propagators and one sequential propagator and the spin and colour indices are then
contracted as appropriate. For the non—sequential propagators, we use a Gaussian smeared
Kenway source, with smearing radius 5 and a local sink. For the sequential propagators, we
take the non—sequential propagator and smear the Gaussian smear the sink with smearing
radius 3. This lower smearing radius matches the smearing for the pion correlation functions

we calculated in Section 5.4. This is then multiplied by the spin matrix v5 and Gaussian smeared
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again, using the same smearing radius of 3. Finally we perform a second inversion of the Dirac
operator using this smeared correlation function as a source.

In order to cancel the time dependence we also need to calculate the proton and pseudo—
scalar correlation functions, which both require the calculation of non—sequential propagators
with the same smearing as the propagators we used for the three point function. These prop-
agators therefore have a Gaussian smeared Kenway source, and a local sink. The propagators
that we will use to make the pseudo—scalar meson correlation function have Gaussian smearing
with smearing radius 3, while the those we will use to make the proton correlation function use
Gaussian smearing with smearing radius 5.

The matrix elements involving the 7 contain disconnected loops. Although these can be
evaluated in principle using Lattice QCD, in practice the disconnected loops lead to a very
noisy signal. This is due to the fact that disconnected loops have constant variance as the
spatial separation between the loop and the connected pieces of the matrix element increases.
For this reason, we ignore the NV — 7 decay channels, and concentrate solely on the remaining
10 matrix elements from Eqgs. 2.33 and 2.35-2.38.

The three—point functions have time dependence which we wish to cancel by forming ap-

propriate ratios with the proton and meson correlation functions,

CH¢?)
R?pt,,u(QQ) = PP £

—GyGNL. (6.12)
f th'zb' »qiqj (ﬁ) f ziii’,lzjgu (k )

Much like with the indirect method, we will use the nucleon amplitude Gy and the pseudo-scalar
meson amplitudes Gy = G, G as calculated in Sections 5.3 and 5.4 respectively.

The momenta p’ and k of the pion and nucleon correlation functions in the denominator of
Eq. 6.12 must match the values of p and k used in the three—point function in the numerator,
in order to correctly cancel the time dependence. We therefore calculate the ratios for the same

three values of momenta as we used in Section 5.4, p'= 27” (0,0,0), 27” (1,0,0) and 27” (1,1,0), the

momenta of the nucleon is held fixed at k = 0, so that the momentum transfer ¢ k— p=—p.
In order to extract the form factor Wy, we form the combination,
R/LL q4 .
W (@) = (Rapua) + 5 (i Rapy), (6.13)
j

and we use the values for my and Ey; = E,, Ex that we have calculated earlier in Sections 5.3
and 5.4, together with iqy = my — Ej. The factor of ¢; in the denominator of the fraction in
Eq. 6.13 means we cannot calculate Wy for § = —p = 27”(0,0, 0). We will therefore calculate
Wy for 7= 27 (1,0,0) and 27 (1,1,0) only.

94



6.3.1 Form factor results and extrapolation

The ratios from Eq. 6.12 are chosen such that the time dependence is cancelled, e.g..
Ripa(a®) = (W5'(¢*) + (my — Ea) Wi (a®) 0. (6.14)
Therefore each of the two terms on the RHS of Eq. 6.13 has had the time dependence cancelled,

(Rapt,a) + z;’—“ (iRspiy) — Wit(g®) ¢>0, (6.15)
J

and hence the whole expression should again tend to a plateau, once contributions from any
excited states have died away. We can fit simultaneously to the channels W(f /EL and —W(f / RR,
as these should be equal according to Eq. 2.32.

We can therefore fit a constant to the plateau, again using the fit algorithm of Section 4.6.
However, when fitting to these form factors, it was found that the covariance matrix for an
unfrozen correlated fit had a large condition number > 10°. This meant that the numerical
inversion of the matrix was unstable, and in some cases, the inversion algorithm (the SVD
algorithm, [81]) would not converge at all. As a measure of the stability of the inversion, we
calculated the following quantity,

% MMt -1, (6.16)

where M is an NV x N matrix. For an exact inversion with no rounding errors, this quantity
should be exactly zero. For the least stable covariance matrices, this quantity was ~ 107°. At
this level, the inaccuracies in the inversion were causing noticeable effects in the fitting algorithm,
and a correlated fit was deemed inappropriate. Instead we performed an uncorrelated fit for all
of the direct results presented in this section. The fit ranges used are given in Table 6.5 and
examples of the plateau are shown in Figure 6.6. The results are given in Tables 6.6 to 6.9.

We perform the extrapolation in two stages, first we perform a linear fit in ¢2,
Wo(mu,¢*) = A¢® + B, (6.17)

and then extrapolate or interpolate as appropriate to ¢> = 0. Examples of the momentum
extrapolation are given in Figure 6.7.

Secondly, we perform a linear fit in the light quark mass to the ¢> = 0 data—points,
Wo(mu,q? = 0) = C(my + Myes) + D, (6.18)

and extrapolate to the chiral limit, a(m, + myes) = 0. Examples of the chiral extrapolation are
given in Figure 6.8. The values of Wy after the momentum and chiral extrapolations are given
in Tables 6.6 to 6.9.
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Figure 6.8: Example chiral extrapolation of the form factor W

LL

v, to the chiral limit a(m, +

Myes) = 0. The form factors were calculated on the 243 x 64 lattice and interpolated to (aq)? = 0.
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am, | (aq)® fitrange | (aq)® fitrange
0.03 [ —0.123  2-16 |0.000  6-16
Wik, | 002 | —0.095 416 | 0.029 816
0.01 | —0.076 26 |0.050  4-12
0.005 | —0.040 26 | 0.081 3-8
0.03 [ —0.123  6-13 |[0.000 7-12
Wit | 0.02 | —0.095 415 | 0.029 512
0.0l | —0.076 39 |0.050 4-11
0.005 | —0.040  3-13 | 0.081  8-13
0.03 [ —0.123  1-16 |0.000  1-16
WEE 1 0.02 | —0.095 516 | 0.020 29
0.01 | —0.076  5-14 |0.050  3-14
0.005 | —0.040  7-11 | 0.081  1-10
0.03 [ —0.123  2-14 [0.000 3-15
WEL | 0.02 | —0.095 516 | 0.029  6-14
0.01 | —0.076  5-10 | 0.050  3-14
0.005 | —0.040  9-14 | 0.081  2-12
0.03 [ —0.123  2-16 |0.000 2-16
Wik | 002 | —0.095  5-16 | 0.029  6-16
0.01 | —0.076  2-10 |0.050  6-10
0.005 | —0.040  7-11 | 0.081  3-10
0.03 [ —0.123  2-16 |0.000 2-16
Wik, | 0.02 | —0.095  5-16 | 0.029  6-16
0.01 | —0.076  2-10 |0.050  6-10
0.005 | —0.040  2-11 | 0.081  2-8
0.03 [ —0.123  2-16 |0.000 2-16
Wit | 0.02 | —0.095  6-16 | 0.029  2-16
0.01 | —0.076  3-10 |0.050  5-10
0.005 | —0.040  7-11 | 0.081  3-11
0.03 [ —0.123  2-16 |0.000 2-16
Wil | 0.02 | —0.095  6-16 | 0.029  2-16
0.01 | —0.076  3-10 |0.050  5-10
0.005 | —0.040  6-14 | 0.081  3-11
0.03 [ —0.123  2-16 |0.000 2-16
Wiide | 002 | —0.095  6-16 | 0.029  6-16
0.01 | —0.076  2-10 | 0.050  6-11
0.005 | —0.040  7-11 | 0.081  2-10
0.03 [ —0.123  2-16 |0.000 2-16
Wit | 0.02 | —0.095  6-16 | 0.029  6-16

0.01 | —0.076  2-10 | 0.050  6-11
0.005 | —0.040  2-12 | 0.081  2-12

Table 6.5: Fit ranges for the fits to the proton decay form factors Wy. am,, is the light quark
mass, the strange quark mass for all ensembles is 0.04. ¢ = k — p is the four momentum transfer
between the nucleon and the meson.
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amyd/ams | (ag)? Wo (ag)? Wo (ag)? Wo
0.03/0.04 | —0.123 0.234(17) | 0.000 0.312(43) | 0  0.312(43)
0.02/0.04 | —0.095 0.198(22) | 0.029 0.303(53) | 0  0.278(41)
Wk, | 0.01/0.04 | —0.076 0.125(16) | 0.050 0.211(80) | 0  0.177(50)
0.005/0.04 | —0.040  0.093(12) | 0.081 0.118(47) | 0  0.101(17)
X 0  0.040(29)
amya/ams | (aq)? Wo (ag)® Wo (ag)? Wo
0.03/0.04 | —0.123 -0.278(22) | 0.000 -0.360(43) | 0  -0.360(43)
0.02/0.04 | —0.095 -0.211(22) | 0.029 -0.236(40) | 0  -0.230(32)
WL, | 0.01/0.04 | —0.076 -0.133(15) | 0.050 -0.198(62) | 0  -0.172(35)
0.005/0.04 | —0.040 -0.112(15) | 0.081 -0.182(56) | 0  -0.135(19)
X 0  -0.062(31)

Table 6.6: Results from fits to the form factor W(i{juj: (¢%;p — 7°) in lattice units. The three
columns of results correspond to the form factor calculated at two values of (aq)?, and then the
extrapolation or interpolation to (aq)? = 0. The results are for the 243 x 64 x 16 lattice with
quark masses am, = 0.005, 0.01, 0.02 and 0.03. Also shown is the extrapolation extrapolation
of the (aq)? = 0 results to the chiral limit a(m., + myes) = 0.

amya/ams | (aq)? Wo (ag)? Wo (ag)® Wo
0.03/0.04 | —0.103 0.063(5) | 0.015 0.100(12) | 0  0.095(11)
0.02/0.04 | —0.057 0.073(8) | 0.056 0.072(12) | 0  0.073(8)
WL, | 0.01/0.04 | —0.020 0.051(10) | 0.086 0.076(22) | 0  0.056(9)
0.005/0.04 | 0.016  0.047(8) | 0.113  0.030(9) 0 0.049(10)

& 0  0.033(11)
amyq/ams | (aq)? Wo (aq)? Wo (ag)? Wo
0.03/0.04 | —0.103 0.185(12) [ 0.015 0.246(23) | 0  0.239(21)
0.02/0.04 | —0.057 0.184(17) | 0.056 0.238(31) | 0  0.211(20)

WL, | 0.01/0.04 | —0.020 0.137(13) | 0.086 0.201(32) | 0  0.149(13)
0.005/0.04 | 0.016 0.081(13) | 0.113 0.067(11) | 0  0.084(15)

X 0  0.55(20)

R/LL

Table 6.7: Results from fits to the form factor Wousu (¢%;p — KV) in lattice units. The three
columns of results correspond to the form factor calculated at two values of (aq)?, and then the
extrapolation or interpolation to (ag)? = 0. The results are for the 243 x 64 x 16 lattice with
quark masses am,, = 0.005, 0.01, 0.02 and 0.03. Also shown is the extrapolation extrapolation

of the (aq)? = 0 results to the chiral limit a(m, + Myes) = 0.
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amya/ams | (ag)? Wo (ag)? Wo (ag)? Wo
0.03/0.04 | —0.103 0.260(20) | 0.015 0.334(36) | 0  0.324(31)
0.02/0.04 | —0.057 0.245(23) | 0.056 0.316(42) | 0  0.281(30)
Wk, | 0.01/0.04 | —0.020 0.181(18) | 0.086 0.213(36) | 0  0.187(17)
0.005/0.04 | 0.016  0.121(16) | 0.113 0.106(22) | 0  0.124(18)
& 0  0.072(25)
amya/ams | (ag)? Wo (ag)? Wo (ag)? Wo
0.03/0.04 | —0.103 -0.277(21) | 0.015 -0.333(39) | 0  -0.326(32)
0.02/0.04 | —0.057 -0.247(20) | 0.056 -0.275(41) | 0  -0.261(30)
WL, | 0.01/0.04 | —0.020 -0.177(20) | 0.086 -0.211(36) | 0  -0.184(17)
0.005/0.04 | 0.016  -0.090(9) | 0.113 -0.095(17) | 0  -0.089(10)
X? 0  -0.028(20)

Table 6.8: Results from fits to the form factor W(f @{ i,L(qQ; p — KT) in lattice units. The three
columns of results correspond to the form factor calculated at two values of (ag)?, and then
a linear extrapolation or interpolation to (aq)? = 0. The results are for the 243 x 64 x 16
lattice with quark masses am, = 0.005, 0.01, 0.02 and 0.03. Also shown is the extrapolation

extrapolation of the (aq)? = 0 results to the chiral limit a(my + Myes) = 0.

amyq/ams | (aq)? Wo (aq)? Wo (aq)? Wo
0.03/0.04 | —0.103  0.097(7) | 0.015 0.109(18) 0 0.108(15)
0.02/0.04 | —0.057 0.086(10) | 0.056 0.084(12) | 0  0.085(9)
WEE | 0.01/0.04 | —0.020 0.067(8) | 0.086 0.067(18) | 0  0.067(9)
0.005/0.04 | 0.016  0.038(7) | 0.113 0.038(11) | 0  0.038(8)
b 0  0.023(11)
amyg/ams | (ag)? Wo (ag)? Wo (ag)? Wo
0.03/0.04 | —0.103 -0.114(10) | 0.015 -0.149(18) | 0  -0.145(15)
0.02/0.04 | —0.057 -0.106(12) | 0.056 -0.112(17) | 0  -0.109(11)
WEL, | 0.01/0.04 | —0.020 -0.077(9) | 0.086 -0.099(21) | 0  -0.081(8)
0.005/0.04 | 0.016 -0.040(6) | 0.113 -0.034(8) | 0  -0.041(7)
& 0  -0.018(10)

Table 6.9: Results from fits to the form factor W(f 1{ SLdL(qQ; p — KT) in lattice units. The three
columns of results correspond to the form factor calculated at two values of (ag)?, and then
a linear extrapolation or interpolation to (ag)? = 0. The results are for the 243 x 64 x 16
lattice with quark masses am, = 0.005, 0.01, 0.02 and 0.03. Also shown is the extrapolation
extrapolation of the (aq)? = 0 results to the chiral limit a(my + Myes) = 0.
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amya/ams | (aq)? Wo (ag)® Wo (ag)? Wo
0.03/0.04 | —0.103 -0.162(12) | 0.015 -0.221(24) | 0  -0.214(20)
0.02/0.04 | —0.057 -0.162(17) | 0.056 -0.212(28) | 0  -0.187(19)
Wiide | 0.01/0.04 | —0.020 -0.115(12) | 0.086 -0.145(23) | 0  -0.121(11)
0.005/0.04 | 0.016  -0.084(9) | 0.113 -0.066(13) | 0  -0.087(11)
& 0  -0.050(14)
amya/ams | (ag)? Wo (ag)? Wo (ag)? Wo
0.03/0.04 | —0.103 -0.069(6) | 0.015 -0.091(13) | 0  -0.088(11)
0.02/0.04 | —0.057 -0.079(10) | 0.056 -0.108(19) | 0  -0.093(11)
Wi, | 0.01/0.04 | —0.020 -0.051(7) | 0.086 -0.090(17) | 0 -0.59(7)
0.005/0.04 | 0.016  -0.032(5) | 0.113  -0.031(8) 0 -0.032(5)
X 0  -0.020(8)

Table 6.10: Results from fits to the form factor W,

R/LL
0;dsu

(¢%;p — K7) in lattice units. The
three columns of results correspond to the form factor calculated at two values of (ag)?, and
then a linear extrapolation or interpolation to (aq)? = 0. The results are for the 243 x 64 x 16
lattice with quark masses am, = 0.005, 0.01, 0.02 and 0.03. Also shown is the extrapolation

extrapolation of the (aq)? = 0 results to the chiral limit a(my + Myes) = 0.

101



6.3.2 Form factor systematic errors

So far the errors which we have presented for the form factors have been purely statistical.
However, there are several sources of systematic error on our measurement and we shall now
attempt to address each of these in turn.

As for the indirect method, our chiral extrapolation was an extrapolation in the light quark
mass only, while the strange quark mass was held fixed. After the gauge configurations were
generated with am, = 0.04, analysis in Ref. [77] suggests the physical strange quark mass to
be amg = 0.0343(16). We performed a second analysis with this value for the valence strange
quark mass, while the sea quark mass was held fixed at 0.04. Figure 6.9 shows one example of
the form factor W(fzfsu(p — KY) in this case the difference between the fitted values is < 2%.
This is negligible when compared to the statistical error from the fit of ~ 20%.

Ideally, we would perform a calculation at multiple lattice spacings, and extrapolate to the
continuum limit. However, with only a single fixed lattice spacing we are unable to do this.
Nonetheless, it should be noted that DWF's are automatically O(a) improved and are therefore
expected to have a good scaling behaviour. Due to finite Lg there are small O(a) errors, which,
however are negligible compared to the other errors in this study.

Unlike for the indirect method, we have data for the direct method calculations on only
a single lattice volume. Although we cannot perform a finite volume comparison, the lack of
significant finite volume effects for the indirect method gives confidence that there will also be
no significant finite volume effects in our results for the direct method.

Finally, we have performed only a simple linear chiral extrapolation to the chiral limit. To
estimate the error in this approach, we can perform an extrapolation without the lightest point.
Figure 6.10 shows an example for the form factor W&fdu(p — 70). In this case the extrapolated
value from both extrapolations are consistant within errors, this behaviour is typical of the
extrapolations of all the matrix elements, due to the very large error on the extrapolated point
from chiral extrapolations involving only 3 light quark masses.

In summary, all sources of systematic error that we have considered here are negligible when
compared to the statistical error and so shall be ignored. We leave a full determination of the
matrix elements in physical units until after we have discussed the renormalisation of these

matrix elements in Section 6.4.
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Figure 6.9: (a) and (b) show the form factor W()L;fsu(p — KY) calculated with a strange valence
quark mass of 0.04 and 0.0343 respectively.
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Figure 6.10: Chiral extrapolation of the form factors W&fdu(p — %) and W(ffsu(p — K9)
for plots (a) and (b) respectively. The blue lines (and points) show the extrapolation (and
extrapolated point in the chiral limit) for only the three heaviest valence quark masses. The
red lines (and points) show the extrapolation (and extrapolated point in the chiral limit) from

all four valence quark masses.

103



6.4 Non—perturbative Renormalisation

For the operator renormalisation (see Sections 2.5 and 3.7), we use the non—perturbative MOM-—
scheme renormalisation technique of the Rome-Southampton group [56]. This method has
previously been used in Refs. [56, 80, 82] and the application of this method to the baryon
number violating operators we have calculated is found in Ref. [80].

As the direct and indirect methods both use the same operators, the renormalisation is the
same for both. Operators with different flavour structure (i.e.. udu, uds etc.) also have the
same renormalisation factor, which can be seen by noticing that the procedure we give below
is identical, regardless of the flavour structure. For this reason we drop the flavour structure of
the operators Ogil;;qk and instead refer to the operators purely by the spin structure, LL, RL
etc.

A

ren

A

[at¢ that we calculate

The renormalised operators O
by,

are related to the lattice operators O

A
Oren

= Z45 Olase (6.19)

where the compound index A, B represents the spin structure of our operators, i.e. A= LL, RL
etc. Znp is a mixing matrix, which mixes the operators we are interested in with other operators
with the same symmetries. Due to the exponentially accurate chiral symmetry afforded by
domain wall fermions and the fact that our baryon number violating operators are chirally
symmetric, the mixing between operators is expected to be small and so the off diagonal elements
of this mixing matrix should also be small. The goal of this section is therefore to calculate the

elements of this mixing matrix.

6.4.1 The parity and chirality bases

We can classify the baryon number violating operators into groups depending on their trans-
formations under parity P and the isospin symmetry S, the interchange of up and down quarks
in the Lagrangian. The isospin symmetry holds because the up and down quarks in our simu-
lation are degenerate in mass. Under this transformation, an operator will come back to itself
with a possible change of sign, depending on the spin structure. Operators can therefore be
categorised into ST and S~ sectors, depending on if the sign either does or does not change
under this switching symmetry. The classification of operators is shown in Table 6.11. This
classification is important, as operators with different symmetry properties (i.e.. different blocks
in Table 6.11) will not mix under renormalisation.

The operators in Table 6.11 are not the operators LL, RL that we have used earlier, but

do form a complete basis known as the parity basis of operators. This basis is related to the
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S~ St
P~ | SS, PP, AA | VV,TT
P+ | SP, PS, —AV | —VA, TT

Table 6.11: Classification of the O(I;il;;qk operators according to their transformation properties

under parity and switching transformations.

baryon number violating operators we are interested in via the transformation,

1 1
LL = (SS+PP)—~(SP+PS), (6.20)
1 1
RL = +(S§—PP)—1(SP—PS), (6.21)
1 1
ALV) = SAA=S(=AV),, (6.22)

where the basis of operators LL, RL and A(LV) is known as the chirality basis. The mixing

matrix in the chirality basis, Znp, and in the parity basis are therefore related via:

ZND = TZNDT_I, (6.23)
where
1/4 1/4 0
T=|1/4 —-1/4 0o |. (6.24)
0 0 1/2

In order to reconstruct the mixing matrix in the chirality basis, we therefore need only
consider the operators in the S~ sector of the parity basis. Futher, we note that there is a one

to one mapping between operators in the P~ and P sectors,
O(P*) = 30(P7), (6.25)

the renormalisation matrix for these two sectors is therefore identical, so we shall only calculate
the renormalisation for the O(P~) sector.
The strategy shall therefore be to calculate the mixing matrix for the basis SS, PP, AA,

then reconstruct the mixing matrix for the chirality basis using Eqgs. 6.20-6.24.

6.4.2 NPR formulation

We start from the Green’s function of the baryon number violating operator with three external

quark states,

GA (o, 21, 22, x3) = (O x)u(x1)d(x2)5(x3)), (6.26)
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Here the u, d and s do not represent the physical flavours, but are used to differentiate the
three different quarks. We then Fourier transform each external leg, with the same momentum

p, and then amputate to define the vertex function, A% (p?),

M@ = DTG (w0, w1, w2, 13)
r Amp
eabC(CFF/ (Su(p)Sa(p)Ss(p)) (6.27)

(S (NS () (S5 ()

where T' and I' are the spin matrices from the operator @4. The vertex function is related to

our renormalisation matrix by the renormalisation condition,
—3/27BC A\ C A _ sBA
Zq / ZND Aabc,aﬁ'yé abe,Bady — 4 ) (628)

where Z, is the quark wave function renormalisation, and P4 is a projection matrix. This
projection is chosen so that the renormalisation condition holds true in the free field case,
where Z, =1 and Zﬁg} = 048, Giving:

1

pSs — %eabc(cfl)ﬁaé&y’ (6.29)
1 _

PPP = et (3O g (6.30)
1 _

PAA — ﬁeabc(m’)’ﬂic 1),@0((75,}/#)67. (631)

For convenience, we define the matrix MAB,

AB A B
M = Aabc,aﬁ'yépabc,ﬂacSw (632)

which from Eq. 6.28 is equal to Zg/ QZI\_H%. To get Zxp, we therefore calculate Z, in Section

6.4.4 and M in Section 6.4.5.

6.4.3 Scheme matching and RG running

We wish to present results for the matrix elements in the MS scheme at some scale p. Our
results from Section 6.4.5 will be calculated in the MOM scheme at a scale p, so we must first
match to the MS scheme, and then evolve to the new scale p. This leads to the equation for
the evolution UMS—latt (),

ZM3(p)

Umglatt(ﬂ) = UW(M?ZJ)ZWWZND(Z’)7 (6.33)
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where Um(u;p) is the renormalisation group evolution factor from the scale p to scale pu.
S, _

ZZWA% matches the continuum MOM scheme to the MS scheme at scale p and Znp(p) is the

renormalisation matrix in the MOM scheme that we just calculated.

The matching factor is,

2 W) gy O 200 220 no
ZMOM (p) . I

ZMS () o [433 1123 587 317
In2 6.34
[180 oo m2Te < >] ’ (6:34)
as calculated by [80] to one loop in continuum perturbation theory. £ is the gauge parameter.
In our lattice calculation, we gauge fix to Landau gauge where £ = 0.

The MS evolution factor is,

- 70/280 3 o ( )_ o ( )
UMS (. as(p) 1 7 P s\H s\P 6.35
) = |2 e (o) e e
2 38
G = 11— ng, 61 =102 — ng, (6.36)
(6.37)
where the anomalous dimension, ~,
O Qg 2
TO= Yoo tm (E) ; (6.38)
14 4

of the nucleon decay operator has been calculated up to two loops in MS scheme in Ref [83]
and A = 0,—10/3 for LL, RL operators respectively.

For the running coupling as(p), we integrate numerically the four—loop [ function of Ref. [84],
starting from as(Mz) = 0.1176(2) [17], and match across the b, and ¢ thresholds.

6.4.4 Vector and axial vector bilinear current results

In order to calculate the NPR for the proton decay matrix elements, we shall also need a value
of Z,, the quark wavefunction renormalisation. However, we shall avoid calculating Z, directly,
and instead exploit the accurate determination of Z4 = 0.7162(2) in the chiral limit. This was
computed from ratios of hadronic matrix elements in Ref. [85].

We define the Fourier transformed amputated vector and axial vector bilinear vertex func-

107



tions,

AV (p?) = Zeip'$GV($0,JJ1,JJ2) ,
T Amp

AMP?) = D PTGz, m1,12)| (6.40)
T Amp

where GV (zg, 21, x2) and GA(zg, z1, z2) are the Green’s functions of the vector and axial vector

operators with external quark states,

GY(zo,21,72) = ((u(mo)yud(zo)) w(z1)d(x2)),

GAzo,x1,22) = ((u(zo)Vuy5d(x0)) Ulz1)d(22)), (6.41)

We then calculate the amputated vector and axial vector bilinear vertex functions for several

values of ap,

27 27 27 27
ap = (L—nm L—ny7 L_nz’ ftnt> ) (6.42)
T Yy z

where L, = L, = L, is the spatial size of the lattice and L; is the time extent. Combinations of
(ng, Ny, nz,ng) such that —2 < ng,ny,n, < 2and —4 < ny < 4 are chosen and then averaged into
equal p? values. Then we run the result for each value of (ap)? to a scale u = a~!. Figure 6.11
shows the average and difference of the amputated local axial vector and vector bilinear currents
at scale u = a~!, plotted as a function of the (ap)? at which they were calculated. The points
with (ap)? > 1.7 are used to extrapolate (ap)? — 0, in order to remove discretisation errors of
order (ap)?.

We can now use the average of the amputated vector and axial vector bilinear currents to
evaluate the quark wavefunction renormalisation Z, = $Z4(A? + AV). The non-zero difference
of the amputated vector and axial vector bilinear currents may be taken as a measure of the
systematic error of the renormalisation constant arising from the closing of the window where
the RI-MOM NPR can be safely applied. It may be observed that for (ap)? > 1.7 there is < 1%

effect, which is enhanced to 2% by extrapolation of (ap)? — 0.
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Figure 6.11: the average and difference of the amputated local axial vector and vector bilinear
currents, with am, = 0.01 and for the 163 x 32 dataset.

6.4.5 NPR results

Figure 6.12 shows the mixing matrix, MA5, in the chirality basis as a function of external leg
momentum for the three different light valence quark masses. The set of momenta used to
calculate the mixing matrix is the same as used for the calculation of Z; in Section 6.4.4.

Operator mixing is induced by chiral symmetry breaking. The extent to which chiral sym-
metry is broken in the domain wall action is parametrised by the residual mass, ames, and the
induced mixing is expected to be suppressed by a factor (amyes)? [86]. It may be seen from
Figure 6.12 that, in the window of momenta for which contributions from both hadronic effects
(low momenta) and contributions from discretisation effects (high momenta) are small, the chi-
ral symmetry afforded by the domain wall fermions suppresses the mixing between different
chirality operators and results in a mixing matrix which is essentially diagonal. This greatly
simplifies the calculation of the proton decay matrix elements compared to, for example, Wilson
fermions [37].

We then multiply by the appropriate factor of Z, from Section 6.4.4, rotate to the chirality
basis and perform a linear chiral extrapolation. The latter may be done very precisely, as the
mass dependence is extremely mild.

The MS renormalisation factors for the operators OXY and OFL are plotted at a fixed scale
i = 1/a in Figure 6.13 as a function of the square of the scale at which the lattice, MOM-
scheme, renormalisation calculation was performed. The remaining momentum dependence,
due to O(a?p?) discretisation errors, is removed by performing a linear extrapolation in (ap)? to

(ap)? = 0, which is also shown in Figure 6.13. This extrapolation is performed over the range
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Figure 6.12: The mixing matrix, M4Z, in the chirality basis as a function of external leg
momentum, as calculated on the am, = 0.01, 0.02 and 0.03, 16% x 32 dataset.
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Figure 6.13: The MS renormalisation factors, Eq. 6.33, for the LL and RL operators at a fixed
scale p = 1/a, plotted as a function of the square of the scale at which the lattice, MOM-
scheme, renormalisation calculation was performed. The blue points were those included in the
extrapolation to (ap)? = 0, while the red points were not.

1.7 < (ap)? < 2.5 where the non-perturbative effect, estimated at 2%, is expected to be small.
Using Eq. 6.35 to run from p = 1/a to p = 2 GeV we obtain:

UMSlatt () — 9 GeVrp = 0.662 + 0.010,
UmHlatt(M =9 GeV)RL = 0665 + 0008

The systematic error on the NPR consists of the 2% error in A4 due to the extrapolation
to (ap)? = 0 and the error from truncating the perturbative factor in the matching factor at
order a2 in Eq. 6.34. We estimate this latter systematic error to be 8%. Adding these errors

in quadrature gives a total systematic error for the NPR of 8%.
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Chapter 7

Conclusions

7.1 The indirect method

We now wish to calculate the values for the low energy constants, in physical units, renormalised
at 2 GeV. First, we multiply the lattice values of a and 8 by the NPR constants calculated

3. using the inverse

in Section 6.4, and convert the lattice units to GeV?® by multiplying by a~
lattice spacing a~! = 1.73(3) GeV. We then combine the statistical errors on a and 3, with the
systematic errors discussed in Section 6.2.2 and with the systematic errors from the NPR given

in Section 6.4, this gives our final results for a and 3 renormalised at 2 GeV,

a = —0.0112 £ 0.0012(y) =+ 0.0022(4y) GeV?, (7.1)
B = 0.0120 % 0.0013(ge0) £ 0.0023 (1) GeV>. (7.2)

The results for various determinations of a are summarised in Figure 7.1 and in Table
7.1. The agreement between recent lattice computations suggests that lattice QCD is being
successful at determining the low-energy constants describing nucleon decay with increasingly
smaller systematic uncertainty.

To reconstruct the proton decay matrix elements themselves we use the xYPT results from
from Table 2.1. The xPT requires the use of several QCD-scale constants. We use F' = 0.47(1)
and D = 0.80(1), as explained in Section 2.3. The remaining QCD-scale constants are taken
from Ref [17], giving my ~ 940MeV and f = 130MeV. The average heavy baryon mass is taken
to be mp ~ 1.15GeV. As the error on all of these QCD scale quantities are so much smaller

than the errors on «, 3, they are ignored. This gives:
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|of [GeV”]

Donoghue and Goldwich [87] 0.003 Bag model
Thomas and McKellar [88] 0.02 Bag model
Meljanac et al. [89] 0.004 Bag model
QCD model  Ioffe [90] 0.009 Sum rule
calculation Krasnikov et al. [91] 0.003 Sum rule
Ioffe and Smilga [92] 0.006 Sum rule
Tomozawa [93] 0.006 Quark model
Brodsky et al. [94] 0.03
Hara et al. [95] 0.03 WF, a =0.11 fm
Bowler et al. [96] 0.013 WF, a =0.22 fm
Lattice QCD  Gavela et al. [97] 0.0056(8) WF, a =0.09 fm
Ny =0 JLQCD [37] 0.015(1)  WF, a = 0.09 fm
CP-PACS & JLQCD [79] 0.0090(9)(*39) WTF, continuum limit
Aoki et al. [80] 0.0100(19)  DWF, a = 0.15 fm
Lat]tvl;e_QQCD Aoki et al.[80] 0.0118(21)  DWF, a = 0.12 fm
L;;“feQQle This work (Aoki et al. [1]) 0.0112(25)  DWF, a = 0.12 fm

Table 7.1: Comparison of the low energy parameter of the nucleon decay chiral Lagrangian «
among various QCD model calculation, lattice results in the literatures and the results from
this work. In lattice QCD calculations, WF and DWF mean Wilson and domain-wall fermions.
The results for Ny = 2, and our results for Ny = 2+ 1 are shown with the total error consisting
of statistical and systematic errors on the bare matrix element and renormalization constant.
The errors on the results from Ny = 0 are only statistical.
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T T T T | I[l]I T T T T T T | T T T T T T T T
[2] 1] D hue 82
[1] Donoghue
3] [2] Thomas 83
[3] Meljanac 82
[4] loffe 81
[5] )
[5] Krasnikov 82
6] [6] loffe 84
[7] Tomozawa 81
[8] Brodsky 84
[9] Hara 86
% [10] Bowler 88
[10] [11] Gavela 89
1 [12] JLQCD 00
{@l [13] CP-PACS & JLQCD 04
[12] 14] RBC 07
@1 u

[13] [15] RBC 07

@ [16] This work

1 1 1 1 | 1 1 1 1 | 1 1 1 1 | 1 1 1 1 | 1 1 1 1
0 0.01 0.02 0.03 3
a (GeV)

Figure 7.1: Summary of computations of the hadronic matrix element «, as given in Table 7.1.
Square points correspond to QCD model calculations, blue circles correspond to Ny = 0 lattice
QCD calculations, the green circle is from Ny = 2 and the result from our Ny = 24-1 calculation
is shown in red.

WEL (0 — ) = 0.147(33) GeV,

WL (0 — %) = —0.139(31) GeV,

WEE(p— K°) = 0.067(15) GeV,

WEL (0 — K°) = 0.110(25) GeV,

WEE (p— K*) = 0.020(5) GeV,

WL (p — K) = —0.019(4) GeV,

WL (p — KT) = 0.147(33) GeV,

Wiitas(p — K1) = —0.139(31) GeV,

Wk (p— KT) = —0.107(24) GeV,

Woideu(p — K*) = —0.072(17) GeV. (7.3)
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7.2 The direct method

As for the low energy constants from the indirect method, we wish to calculate the proton
decay form factors from the direct method in physical units and renormalised at 2 GeV. We
first multiply our form factors by the NPR constants calculated in Section 6.4, and convert the

3 using the inverse lattice spacing a=! = 1.73(3) GeV.

lattice units to GeV? by multiplying by a~
We then combine the statistical errors on the form factors, with the systematic errors calculated

in Section 6.3.2 with the NPR systematic errors in Section 6.4. This gives:

WL (0 — 7°) = 0.079(55) GeV,

WL (0 — %) = —0.125(57) GeV,

Wik (p— K% = 0.065(22) GeV,

WEL (0 — K°) = 0.110(37) GeV,

Wk (p— KT) = 0.045(20) GeV,

WEE (p— K*) = —0.037(21) GeV,

WL (0 — K+) = 0.141(49) GeV,

WEL (0 — K*) = —0.057(38) GeV,

WEL(p— K*) = —0.098(28) GeV,

Witk (p — K*) = —0.040(15) GeV. (7.4)

7.3 Comparison of the direct and indirect results

In order to compare the direct and indirect results, the absolute value of each of the form factors
calculated using both methods are plotted in Figure 7.2. Note that the indirect method tends
to give a lower answer than the direct method, with the results varying by up to a factor of 2

between the two methods in the worst cases.
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Figure 7.2: Summary of the absolute value of the renormalised matrix elements as calculated
using the direct method (black points) and indirect method (red points).

7.4 Application to GUTs

Finally, let us discuss one way to use our result to discriminate between GUTs. As shown in

Eq. 2.45, the proton partial decay width is:

2 2
F(N—>M+l):;r;—]jr(1—<2—ﬂjj>>

where the possible form factors Wg have now been calculated and are given in Egs. 7.3 and 7.4

2
S CWHN = M +1)| . (7.5)

for the indirect and direct methods respectively. Which form factors contribute to the sum, and

their associated Wilson coefficients, C?, will vary depending on which GUT is being considered.

7.4.1 The minimal SU(5) GUT

In the minimal SU(5) GUT, without super—symmetry, the possibly proton decay interactions
are via X—boson exchange, as given in Figure 1.4(a).

For this case, the dominant decay mode is p — 7 [17], and there are two relevant form
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factors,

(7.6)

=
X

Il
B
Iay
)

!

)
NS

We note that these two form factors are equal (in fact when calculating W(ﬁfdu

together the form factors W(ffdu and W&ﬁlu).

There are two corresponding Wilson coefficients which are non—zero [98],

we averaged

4 412
o) — o 954R
ML
X
) 4A2
c@ _ emu—gjﬂR (1+ [Vial?) (7.7)
X

where g5 is the unified coupling constant at the GUT scale Mgyt ~ 10. Mx ~ Mgur
is the mass of the X boson which mediates the decay and Apg is the renormalisation factor.
The phase factor ¢/®« factorises from the sum in the decay width (Eq. 2.45) and hence only
appears in the lifetime as |e’?«|?> = 1. We also require the well known CKM matrix parameter
Vua = 0.97418(27) from Ref. [17].

g5 can be found by running the coupling constant to the GUT scale. Ref. [100] gives
a5 = g2 /4m = 0.0242. Therefore g5 = 0.55. The renormalisation factor was calculated in Ref.
[100] to be 2.9.

The decay width is therefore,

2\ ? 442
m My A 2 2
T(p— 70et) = -2 <1— <—> ) LR+ 1+ V)| VR (78)
X

327 my

For the form factor Wdifdu, we have two estimates from the direct and indirect methods.
The weakest constraint for GUTs comes from a prediction of a higher lifetime, and hence we
choose the lowest value of the form factor, which in this case is the value from the direct method.
Finally, as a conservative measure, we take the lower bound on the direct measurement of the
form factor, rather than the average, again to give the weakest constraint.

We use the values of g5, Ag given earlier and choose Mx = 1 x 10'® GeV [17], which is the
approximate scale for unification of the coupling constants. We also use the nucleon and pion
masses: m, = 940 MeV, m, = 140 MeV. This gives:

WRL —2 M 4 4 /A -2
0 +\ 0;udu X 95 R 32
Tp e *(m) <1015Ge\/> (555) <ﬁ> X 1.9 10T years.  (7.9)

Using the proton partial lifetime for this decay channel from Ref. [32] 7 > 8.2 x 1033, we can see
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that for this particular choice of Mx, the GUT is ruled out as it predicts a lifetime over an order
of magnitude lower than the minimum experimental bound. This is in agreement with Ref. [34]
which ruled out the SU(5) GUT based upon then current, less stringent proton lifetime bounds
in 1987.

Alternatively, we can use the limit on the partial lifetime, together with values for W(f?fdu,

gs and Apg to place a constraint on Mx,
My > 1.9 x 10*° GeV (7.10)

This is greater than the unification scale, Mx = Mgyt ~ 10 GeV.

7.4.2 The SUSY SU(5) GUT

The minimal SUSY SU(5) GUT also allows the decay p — 7° by X boson exchange; and the

same form factors and Wilson coefficients appear in the decay width,

2\ 2 4A2
r 0pty= e [{_ (2= 953‘1 1 22‘ RL )2 11

This time however, the GUT-scale (and hence the X boson mass My) is ~ 2 x 10'6 GeV,
the unified coupling coupling as = 0.04, giving g5 = 0.71 and the renormalisation constant
Ar = 2.5 [98].

Putting this together gives an expression for the lifetime of,

WRL —2 M 4 -4 /A —2
0 _+ 0;udu X g5 R 37
— [ Dudu l 15 % 1 .
p—men) <0.07Ge\/) <2><1016GeV> (0.71) <2.5) x 15 107 years

(7.12)

Or equivalently using the bound on the proton partial lifetime for this decay channel from Ref.

[32] 7 > 8.2 x 1033, we can set a bound on My,
Mx > 2.3 x 101° GeV. (7.13)

In this decay channel, the proton lifetime bound is not enough to rule out the SUSY SU(5)
GUT with these parameters.

However, unlike in the SU(5) GUT, in the minimal SUSY SU(5) GUT, the dominant decay
mode is expected to be the p — K™ 1;, via colour triplet Higgs exchange (see Figure 1.4(b)),

with 4 a generation label for the neutrino [17].
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For this decay there are two important form factors:

W(l) — W({?i%sdv
w® =wik, (7.14)

and there are therefore two possible Wilson coefficients. In this case however they are both

equal [99], and given by:

oM — 0@ — 203 mcmdiewcvfdi%dvcsALAs

e (L+ ™) (Fwd) + flwe)) . (7.15)
These Wilson coefficients are functions of the CKM matrix elements Vu*di, V.q and V_,, the mass
of the W boson Myy, the quark masses m. and m,, and the SU(2) coupling ag = ga/47 at the
SUSY breaking scale.

Ag is the short distance renormalisation constant, representing the short range renormal-
isation effects between the GUT scale and the SUSY breaking scale. Ay, is the long distance
renormalisation constant, representing the long range renormalisation effects between the SUSY
breaking scale and the hadronic scale ~ 1GeV. By, y**, f(u,d) and f(u,e) are GUT parame-
ters, for a discussion of these parameters, see Ref. [99].

We therefore have several GUT-scale constants; and the parameter space is considerably
more complicated than for the minimal SU(5) GUT. However, we notice that as the Wilson
coefficients are equal, we can factor them out of the sum in the formula for the decay width
(Eq. 2.45), to give,

9\ 2
Pp—K*9)= 2 (1 - <Z—I;> > ‘cm‘? Wik + WL (7.16)
and given an experimental bound on the proton lifetime, we can now rearrange this equation
to give a bound for the Wilson coefficient C(1). We can use the limit on the proton partial
lifetime 7(p — VK T) > 2.3 x 1033 from [33], with the kaon and proton masses, m, = 940 MeV,
myg = 495 MeV. The form factors W(ffs 4 and W()L;fds are chosen from the direct method results
for the weakest constraint on the Wilson coefficients, and further we choose the lower bound of
the error on these matrix elements, rather than the matrix element itself.

This gives a constraint on the Wilson coefficient of,
M < 3.7x 1073, (7.17)

This constraint is valid for all GUTs where the dominant decay mode is p — K 7;, and where
the Wilson coefficients for the two relevant form factors are equal.

The analysis in Ref. [35] uses a conservative choice of the low energy constant 3 = 0.003GeV?
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renormalised at a scale of 1 GeV, to constrain the mass of the colour triplet Higgs sufficiently
to rule out the minimal SUSY SU(5) GUT. The higher value calculated in this work (running
our value of 3 to a scale of 1 GeV gives 3 = 0.0109 + 23 GeV? if we use Eq. 6.35) gives an
even stronger constaint on the mass of the colour triplet Higgs and so confirms the fact that
the minimal SUSY SU(5) GUT has been ruled out.

7.5 Summary

We have calculated the set of form factors which contribute to proton decay in grand unified
theories using two different methods. The direct calculates the form factors directly from three—
point correlation functions, while the indirect method relies on chiral perturbation theory and
the calculation of two low energy constants from two—point correlation functions. Both of these
methods give results which are generally consistant within errors, but with a factor of up to 2
difference in the worst cases between the two methods. This discrepancy is due to the use of
leading order chiral perturbation theory.

The values of these form factors, together with fundamental QCD-scale constants can be
used to set bounds on the Wilson coefficients in GUTSs, or even to set bounds on GUT param-
eters. In the case of the SU(5) and SUSY SU(5) GUTs, these constraints are enough to rule
out the GUTs entirely.
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Appendix A

Two—point nucleon contractions

The proton correlation function, in the notation of Eq. 5.1, is given by,

1 _
Fuiondn = 9 5 (1+7) (O (2)OLE (O)) (A1)

xT

The operator OF7 (z) is that defined by Eq. 5.1,

udu

udu «

O () = €l (2)(Cs)apdf ()us (z), (A.2)
and the operator (’353(0) is given by,

O (0) = e/ ag (0)dE (0)(Cys) el (0), (A.3)

udu

where we have used the fact that
C—’y5 = 075. (A4)

We can therefore insert Eqs. A.2 and A.3 into Eq. A.1 to get,

P = 30 5 (L) (™ @) (O )y (@) () OO (Cos)ecil (0))- (A5)

T

We now sum over all possible contractions of the quark and antiquark fields, where each

contraction yields a quark propagator,

ul () (0) = e (). (A.6)
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For the proton correlation function, there are two possible Wick contractions,

(utw)al () (2)ad(0)dE )L (0)) = ()l () () (0)d (0)a (0)

Giving,

PS,PS 1
fudu,udu = Z 5(1 + 74)5’Yeabced€f(075)aﬁ(0’)/5)€C

—

xT

(50 (2) (0)S580) — S2d(a) S () S0)].
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Appendix B

Three—point function contractions

For the case of our three point proton decay matrix elements, we need to calculate

(Ogg; WO (2)0,5,(0)).- (B.1)

qi9q;

Writing all indices out fully, gives the following,

(O s O @)OLT (o) = [T ®)(15)asd}sv)]
:EdeEkl(qz'y( )COP /L)wasza)(ﬂﬁ)PeLeq;ie(w)]
eI1(0)(d](0)(C5). 5 0)]
— ebc‘i T9e11(75)ap(CPRE) s P (Cs )
(@)aL0)d (0)m(0)] . (B2)

_cjia(y)qj,g(y)qm(w)%( ),

If we allow the flavours of the quark fields 4,7, k,I,m to be arbitrary, then there are 24

possible contractions:

2
2
—
N—
)
ES
)
—
~—
=
3
—
~—
K
3
o
—
SN—
=4
Q
—~
<
~—
;)
IS
"N
—
=]
~—
)
|
—
)
N—
=l
I
S
—
=]
~—
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0%5(1) b (2)af5 (1) (2)a% (1) (0) T, (0) 5, (0)

0551 ah () a5 () gl (2)T (1) T2 (0)T, (0) 5, (0)

935(9) 01y (2) a5 () g (2) T ()35, (0) 35, (0)5, (0)

4550 (2)gfs(2) gl (2)a ()@ (0) ], (0) 5, (0)

I f | | I T | |
435(9) 01y (2) a5 () g (2) T ()35, (0) 35, (0)5, (0)

 ——
r I 1 |
r I : 1
[ I I I I I |

45500 (2)afs(2) gl () ()@ (0) ], (0) 5, (0)




0550 (2)afs(2) gl () ()@ (0) ], (0) 5, (0)

0%5(0)dh ()85 () g (2) (1) T (003, (0)E, (0)
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These contractions correspond to the propagators,

5 50(0)05:9)7 (%) O 157,( ) 01455 a(l‘)fsmu
gga(0)5 5 (@)1 S5, ()15 () Srma
$40(0)8iSyL (2)8kaS 75 ()01 Sde ()0
+89%0 (00868} (2)0kaSF5, ()01 S oo ()
+8555a(0)d; Sm(x)é 15<($)5 S ()6
—S575a(0)0; Skw(x)d 157, )

(.1‘) dS dg (x 5mu

S;I%C(y)d a(l‘ )6kisl,5n(x)5ldsgfa(m)

S;%g(y)d a(x— )5kiSff;L(x)(5luSdf n(m)
(z

+85%:(Y)d5uS ($)5kdszaa( Y)61iSe ()6
— 855 (¥)d5uS ($)5kdsz,&( )01 S ea(ﬂ?—y)5mi
Sa,%g(yﬁ L(J?)5 WSfa (@ = Y)0SY o (2)0ma
m(y)é W(w)ék S (@)01a S8 o (2 = )i
(y) 83k (T = Y)0ki Sy 5 () 610 S ¢, () S
—S;J;n@) st (T = ¥)0ki ST, (2)1Sy? (%) S
—S;J;n@) 2 (2)0kuSF50 (2 — )01 o, ()0
b ()9 Sb%(x)«s 576 ()81 St col@ = 9)8mi
(y) 85057, (€)1 S§ G (. — )5lzsmgeg( ) 0mu
_S;J,;n(y) dSk 30(2) Ok 154( )5lu5m cal® = Y)Omi
—55%.(y)djuS a(l“ )5ki517 ()61 men($)5md
+55%,(Y)05uS a(l“ )5ki5f57,( z)01aS,, . dg (@)0mu
+55%,(y)d;uS g($)5ku51 Sa (T — )0 mm(fﬁ)(Smd
—S7%.(1)0juSyY. () Ik 157,(55)5ld5gfm( — Y)Omi
—85%.(y)djuS (3?)5de1 Sa (T —y)du meg( ) 6mu
+855%.(¥)dju kw(if) 15 (@) 81 S o (T = Y)Ormi- (B.3)

We now need to specify the quark content of the meson and baryon number violating op-
erators. Many of the contractions will vanish for a particular flavour combination due to the
delta—functions in Eq. B.3. Further, for a specific flavour combination and with appropriate
relabelling of dummy spin and colour indices, some of the contractions may result in identical

expressions which may therefore be combined. We shall also write the final results in terms of
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the sequential propagators,

Suaﬂ( y)( ),@stncS(y) = Sgécq;u;aé(x)7
Ssaﬂ( y)( ),@stncS(y) = Sgecq,s;aé(x)7 (B'4)

and then drop the position label from all propagators, as they will all be the same (z). This

gives expressions for the primary matrix elements,

(T PNOHEHIN(K, 5)) = edeTI(CPRIL) s PE(Cs)mbmal

udu
bg d
_QSseq suyyCug 5LSuf677 + 2Sseq su;eC

b d d b f
Ss:q U WLSZgagSufen 2Sseeq U eLSug»ygsz ;0m

) (B.5)
(KO@)O™ N (k,5)) = eeTI(CPRT) 5 PJ(Cys )i

de b ce qdg
+255eq HCH ’YT]S'U, 5CSu €L Sséfq 1SYM U;5LSu;eC

Sb ce

w;yn ;oL

(KT ()| O IN(k,s)) = edeclo(C Pl L)wcSPaLe(C%)m(
stdéyq s; eCSu P us wiby 2*S:sdeetll Th ebsz?wgszfén
) (B.7)
(KT (0)|OhtuIN(E,5)) = eeT9(C PR 5 Pf(Crys )
+280 S s — a8t S S
) (B.8)
(KT ()| OLIN (K, ) = e T9(CPR/L) s Pf(Cys )

dj b dj
+2Sseq 18;7¢ s 61,Sufen Ssgq ;S5 'yLSZgégsufen
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