THE UNIVERSITY
of EDINBURGH

This thesis has been submitted in fulfilment of the requirements for a postgraduate degree
(e.g. PhD, MPhil, DClinPsychol) at the University of Edinburgh. Please note the following
terms and conditions of use:

This work is protected by copyright and other intellectual property rights, which are
retained by the thesis author, unless otherwise stated.

A copy can be downloaded for personal non-commercial research or study, without
prior permission or charge.

This thesis cannot be reproduced or quoted extensively from without first obtaining
permission in writing from the author.

The content must not be changed in any way or sold commercially in any format or
medium without the formal permission of the author.

When referring to this work, full bibliographic details including the author, title,
awarding institution and date of the thesis must be given.



On the dynamics of measure flows
and multi-agent and mean-field
financial games

Vadim Platonov

Doctor of Philosophy
University of Edinburgh
2022






Declaration

I declare that this thesis was composed by myself and that the work contained therein is my
own, except where explicitly stated otherwise in the text.

(Vadim Platonov)



To Pouzya and all Poupouzyas



Abstract

This thesis comprises two different collection of results. We present several [t6-Wentzell
formulae on Wiener spaces for real-valued functional random field of It6 type that depends on
measure flows. We distinguish the full- and the marginal-measure flow cases in the spirit of
mean-field games without or with common noise respectively.

Second part studies several portfolio management problems featuring many-player and
mean-field competition and relative performance concerns under the forward performance pro-
cesses (FPP) framework. In the first problem, we focus on agents using power (CRRA) type FPPs
for their investment-consumption optimisation problem under a common noise Merton market
model. We solve both the many-player and mean field game providing closed-form expressions
for the solutions where the limit of the former yields the latter. In our case, the FPP frame-
work yields a continuum of solutions for the consumption component as indexed to a market
parameter we coin “market-risk relative consumption preference”. The parameter permits the
agent to set a preference for their consumption going forward in time that, in the competition
case, reflects a common market behaviour. We show the FPP framework, under both competi-
tion and no-competition, allows the agent to disentangle their risk-tolerance and elasticity of
intertemporal substitution (EIS). This, in turn, allows a finer analysis on the agent’s consump-
tion “income” and “substitution” regimes, and, of independent interest, motivates a new strand
of economics research on EIS under the FPP framework. We find that competition rescales the
agent’s perception of consumption in a non-trivial manner in addition to a time-dependent
Elasticity of Conformity of the agent to the market-risk relative consumption preference. In the
follow-up problem, we solve the forward-utility finite player and mean-field investment game
for the agent following exponential (CARA) type FPPs. We explicitly derive best response and
equilibrium strategies in the single common stock asset and the asset specialisation with com-
mon noise. As an application, we draw on the core features of the forward utility paradigm and
discuss a problem of time-consistent mean-field dynamic model selection in sequential time-
horizons.



vi



Lay summary

In the first part of this thesis lay the results on generalised It6-type expansions for the
measure-dependent random fields. It is common in natural sciences that the measuring func-
tional experiences the perturbation of the same nature as the underlying signals. These signals
can be modelled as trajectories of the idiosyncratic particles. For the large number of particles
the first simplification occurs, when substituting the multiple effects of them all by the one of
distribution of the particles’ paths.

In Lions calculus, the dynamics of the functional of measures is determined by the average
trajectory across the whole field of particles. When the functional has an It6 differential (ran-
dom field), the expected contribution of cross-correlation between the noises of the random
field and generic particle does not appear. This phenomenon can be understood as an effect
of the ‘mean-field’ regime, where the whole system is independent of one particle (even when
the latter is treated as ‘representative’ of all the others). When the functional and the cloud of
particles are subjected to the common noise, and conditioned on it, the cross-variation becomes
non-trivial.

The second part conveys the study of financial games of investment and consumption un-
der relative performance concerns and forward utility framework. Both the investment game
under CARA preferences and the investment-consumption game under CRRA preferences are
analytically solvable. We determine the finite-player Nash equilibria and explicitly derive the
mean-field equilibria, the former converges to the latter.

Under the CRRA preferences, the forward performance setting allows assigning different
time dynamics for utilities from wealth and consumption. Their dissimilarity is captured by the
new parameter of modelling, market-risk relative consumption preference. Within this frame-
work one can further observe the non-canonical dependency between Elasticity of Intertempo-
ral Substitution and risk-aversion with both the absence and presence of competition.
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Introduction






Chapter 1

Measure flows

1.1 Motivation and background

The last century’s development of statistical physics gave inspiration for the new modelling
techniques in the field of Partial Differential Equations and Stochastics. One of the examples of
the latter is the so-called mean-field or McKean-Vlasov Stochastic Differential Equations, usually
denoted by

dXt = b(t,Xt,lLLt)dt + O'(t,Xt,‘LLt)th, He = LaW(Xt), XO = f, (11.1)

where W is a standard Brownian motion, ¢ is a random variable independent of W and, b and
o are measurable functions for some stochastic basis (2, 7, F, P).

Here the measure flow ¢ — yu; for any ¢ € [0, T belongs to the space P2(R?) of probability
measures with finite second moments. This space is Polish (complete and separable) under the
Wasserstein distance

1
Wauo) = it ([ jo-yPrldedy)’ v e PR,
well(p,v) R xRd

where I, v) is the set of couplings for p and v such that = € II(u, v) is a probability measure
on R% x R? such that 7(- x R?) = p and 7(R? x -) = v. We refer to the space P»(R?) as the
2-Wassertein space.

Equation postulates the dynamics of the stochastic process X . For smooth functional
u : R — R the application of the classical Itd formula gives the dynamics of ¢ — u(X;) in terms
of differential of X. One may ask on what is the expansion for ¢ — u(u:), where u : Py(R) —
R. The explicit dependence of the coefficients on the timed measure flow does not allow to
apply classical It6 formula and requires to differentiate with respect to measure leading to the
necessity of building calculus on the Wassertein space.

Lions derivative

To consider a variational calculus for functional of measure one requires to build a suitable
differentiation operator on the 2-Wasserstein space. Among the several notions of differentia-
bility of a functional u defined over P, (R?) we follow the approach introduced by Lions in their
lectures at Collége de France [[76] and further developed in [[18]. A comprehensive presentation
can be found in the joint monograph of Carmona and Delarue [21]],[22].

We consider the canonical lifting of the function u : P2(R%) — R to @ defined as @ :
L2(Q, F,P;RY) > X — 4(X) = u(Law(X)) € R, where L%(Q, F,P;R?) is a space of square
integrable random variables. We can say that « is L-differentiable at p, if @ is Frechét differ-
entiable (in L?) at some X, such that ; = P o X(=V, Denoting the gradient by D% and using
a Hilbert structure of the L? space, we can identify Da as an element of its dual, L? itself.
It was shown in [18, Theorem 6.2] that Du(X) is a o(X)-measurable random variable that
depends only upon the p and not upon the particular random variable X with law u. Now



Lifting

u(y) a(X)
lFrechét
Po(RY) Di(X) Ly(Q, F;RY)
' lStructure (118
aﬂu(:u’v ) D'I.L(/J,, )

Definition

Figure 1.1.1: Schematic construction of the Lions derivative

Theorem 6.5 from [18] proves the existence of a function d,u(u, ) € L*(R?, B(R?), u;RY)
such that d,u(p, X) = Du(X). Hereinafter, we define the L-derivative of u at ;. as the map
dpulp, ) : RT3 v — dyu(p,v) € RY, satisfying Da(X) = d,u(u, X). We refer to Figurem
for scheme of the construction.

For deterministic functionals of measures, extending the classical It6 formula to the so-called
It6-Lions formula, there are several approaches and results available in the literature. The clas-
sical difference of increments approach is used in [[15]] under a strong regularity assumption
of existence of second order Fréchet derivatives. In [26] an approach using projections over
empirical measures is used allowing for minimal regularity assumptions. Both approaches are
neatly reviewed in [21, Chapter 5]. Linked to the existence of a regular solution to the master
equation for mean-field games with common noise is the approach by [20, Appendix 6]. Their
proof is carried out using Ito6-Taylor type expansions (similar to [|15]]) and requiring the involved
maps to be twice Fréchet differentiable. Lastly, another approach is to use a semi-group type
approach to describe the flow of measures and obtain the necessary infinitesimal expansions
see [19, Appendix A]. More recently [25] present such It6-Lions formula for maps belonging
to Sobolev spaces, [55}[87]] provide also such formula for semi-martingales — these three works
leave out the conditional measure-flow case.

Ito-Wentzell formula

The extension of the celebrated Itd chain rule from deterministic regular functions to ran-
dom fields of Itd type was proposed originally by Wentzell [90] and later generalised in [47./67,
69,|70L[84]. This successful result has appeared in Stochastic Partial Differential Equations prob-
lems from wellposedness to numerical methods and applications to fluid dynamics modelling
[124,32./47.53/84], in stochastic regularisation problems [39]], filtering [|68]], and mathematical
Finance [2,/43,/77].

Let (92, F,F,P) be a stochastic basis satisfying usual conditions. We first introduce the
stochastic process (X¢).co,] satisfying the dynamics

dX,; = B,dt + v,dW,, and initial condition X, 1.1.2)

where W is a d-dimensional Brownian motion. The involved parameters satisfy the next condi-
tion.

Assumption 1.1.1. Let X, € L3(Q, Fo,P;R) (X, is Fo-measurable and independent of Wy, t €
[0, 7). Take 3 : Q x [0,T] — R and v : Q x [0,T] — R4 such that (B¢)iec(o,17, (Vt)tefo,1] are
[F-progressively measurable processes and satisfy

T
/ (18| + |7s)?)ds < o0, P-a.s..
0

We recall the [t6-Wentzell formula in the style of [[19] Section A.3.1].

Theorem 1.1.2 (It6-Wentzell). Take (X¢);c[o,1) given by (1.1.2)) under Assumption Let a
map V : Q x [0,T] x R? — R be such that:

i) Fix z € R, (Vi(2))iepo, ) is a continuous adapted process taking values in R;

4



ii) Fixt €[0,T], w € Q, R? > 2 — V,(z) is a C*(R?)-mapping with values in R;

iii) (Vi(2))iepo, 1), © € R? is a random field that admits the It6 dynamics

Vi) = vo<x>+/0'¢s<x>ds+/0'ws<x> AW, te[0.7],

where (¢¢(-))tefo,r] and (Y4(+))ie[o,r) are F-progressively measurable processes with values in
C%(R4,R) and C?(R?, R?) respectively, such that for any compact K C R

T
| 6.0l + 1Ol s < o 2

The maps ¢, v are called the characteristics of the random field V.

Then (Vi(X¢))ie[o, is an Itd process and it satisfies P-a.s. the following expansion

T T T
Vr(Xr) — Vo(Xo) =/ ¢S(Xs>ds+/ Bo(X) -dWs+/ 0.V, (X,) - Buds
0 0 0
+/T8 Vi(Xs) - vsdW. +/T1Trace{62 Vi(Xs) vs(7s)T pds
0 Vs s s s . 9 rx Vs s s\Vs

+ /T Trace{0,vs(Xs)(7s)T }ds.
0

The first two terms correspond to dynamics of the field V;(-) within installed X;-trajectories.
The subsequent three terms correspond to the usual Itd6 formula. The last term is a cross-
variation of the diffusion coefficient of the process with the same noise induced by the stochastic
field V;(-).

Proof. In this formulation, we state conditions on the differentiability of ¢, ) directly as opposed
to the original formulation by [|70, Theorem 3.3.1] where conditions over the characteristics of
the driving semimartingale were given; [|70, Exercise 3.1.5] closes the gap. O

Imagine now that V, ¢ and 1 are measure functionals, i.e., V, ¢, : [0, T] x Po(R%) — R and
satisfy for some P (R?)

m<u>:%<u>+/0 ¢s(u)d5+/0 bolu) - AW, te 0.7

Take X satisfying equation (1.1.2), and p; := Law(X;). Consider the map ¢ — V;(X;) for any
te[0,T].
We ask the following questions:

* How would V;(u;) expand? In other words, what is the corresponding It6-Wentzell for-
mula for the functional dependent on measure flow?

* How would a joint (in space and measure) chain rule look like?

Considering further two independent F-Brownian motions W°, W1, let the random field V/
and its characteristics ¢, 1 satisfy the expansion

t t t
Vi) =Val) + [ oulds+ [ 0200w+ [ ule)-awl, te o,
0 0 0
Now let the process (X;);co,r] satisfy

dX; = Bedt +42dW? +~2dW?, and initial condition Xj.



We view W° and W as common noise and idiosyncratic noise respectively. Let y; a law of X
conditioned on common noise W° (we formally define y; in Section [4.2)). Consider the map
t = Vipe)-

We ask the follow-up questions:

* What is the expansion of V;(u;) under a common noise setting?

* In this case, how would a joint (in space and measure) chain rule look like?

We shall answer these questions in Part

1.2 Methodological perspective

To prove the chain rule for ¢ — V;(u;) as describe above we combine two techniques. The
first one is the projection over empirical measures approach of [21,/26]], which has the benefit
of yielding lower regularity requirements on the underlying coefficients. The other approach
is to use Taylor-like expansions in the vein of [69] — we argue next that this is the suitable
methodology for this result.

The chain rule in the measure component first appears in [[15] making use of the telescopic
summation technique and building on a strong assumption of a second order Fréchet differ-
entiability of the lifting map. To overcome the requirement of a second Fréchet derivative and
reduce it to just first order Fréchet derivative (in fact the so-called Partial-C? regularity) for full
measure case, the approach of empirical projection was introduced [21}22,26]: this is the ap-
proach we follow. In [[19] the It6-Wentzell-Lions formula is shown under the constant diffusion
of the random field. The authors follow the semi-group approach and require the existence of
the density.

Recently, [55]] introduced the use of cylindrical polynomials approximation to build a mea-
sure chain rule for the measure flow of semimartingales, i.e., an It6-Lions formula for semi-
martingales. Finally, [87]] shows an It6-Lions formula for semimartingales with jumps (the ex-
act same result of [[55]) but using the mechanisms of [15]]. Concretely, they make use of a
telescopic summation technique building on the functional linear derivative instead of the Li-
ons one. This approach relies on the assumptions of growth and boundedness of the functional
linear derivative and its partial derivative with respect to new spatial variable. For both [55[87]
the conditional measure flow case is left unaddressed.

We already argued that neither the proof techniques of [19] or [[15]] are appropriate as
proofs for our results. The former requires constant diffusion coefficients to ensure existence
of densities while the latter requires higher Fréchet regularity than needed. Hence the reason
we follow [21},/22][26]. Two recent works [55},|87]], posterior to ours, use new techniques to
prove the Ito6-Lions formula for general semimartingales (for deterministic fields) — it is not
clear if those techniques can be adapted to prove the It6-Wentzell-Lions formulae we present in
this manuscript under the same minimal regularity constraints we impose. The difficulty stems
from our use of random fields while in [55,/87] the fields are deterministic.

Concretely, to prove the It6-Wentzell-Lions formula of this manuscript with the same method-
ology of [|55]] one would require a Leibniz rule to interchange the Fréchet derivative symbol with
the stochastic integral one and thus would demand further regularity assumptions on top of the
existing ones — a general Leibniz rule within this framework is presently an open questiorﬂ
Moreover, such a result is not needed in [[55/87]] due to their use of deterministic fields! The
telescopic summation approach from [87]] has another limitation in the context of proving an
It6-Wentzell-Lions formula. One needs to expand the local difference of integrands by the appli-
cation of the classical It6-Wentzell formula which requires the existence and well-definiteness
of the random fields spanned by the differentiation in measure (in sense of Lions or linear
functional; see our Theorem|[1.1.2). This limitation could be avoided by proving the aforemen-
tioned Leibniz rule which in turn would demand stronger regularity for the random field and its
characteristics as mentioned earlier. For these reasons, we argue that the ‘empirical projection’
technique [21},22,26] is the suitable methodology.

Ipreliminary work on exchanging Fréchet derivatives with the Lebesgue’s integral has been carried in a note by
O. Kammar [63]. It is unclear presently under which minimal conditions can one exchange Fréchet derivatives (and
later the Lions derivatives) with the stochastic (Itd) integral.



1.3 Contribution

In Chapter [4| we propose an It6-Wentzell formulae for random fields that embed measure-
functionals in a way that is amenable to an analysis in the sense of Lions derivatives. We es-
tablish two formulae, and two further corollaries, all decoupled from the applications either in
mean-field game theory in finance [21,[22,(55,/87], fluid mechanics [13}/59,/65]], neuroscience
modeling [45]], population dynamics models [7]] or further related stochastic analysis problems
[134,71]] albeit motivated by them.

To the best of our knowledge we have found only one It6-Wentzell-Lions type formula in
the literature, [[19, Appendix A]. Their approach is set in relation to an existing regular solution
to a certain master equation for mean-field control games with common noise. Their proof is
carried out via expansions of the densities of the underlying (conditional) measure flow but
where the involved diffusion components are constants.

Our first result is for the full flow of measures (the measure is deterministic) while the
second is for a partial flow of measures (the measure is random). Each result is then further
extended to a full joint chain rule allowing for the an additional driving stochastic processes
(Xt)t>0 having a semi-martingale expansion. In particular, we recover the results in [[19, Ap-
pendix A] while finessing their assumptions, see our Remark [4.1.5| below. A by-product of our
results is a clarification on the necessity of the assumptions on the classical It6-Wentzell formula
[70, Theorem 3.3.1] (see our Theorem below). Namely, we prove that one can require
one order of regularity less from the drift and diffusion coefficient of the random vector field to
which the It6-Wentzell formula is applied to (see our Theorem [3.2.1)). This smaller result is of
its own independent interest.

The usefullness of these result is manyfold. Direct applications within mean-field optimal
control could be envisaged in neuroscience modeling [45]]; extending the contribution of [41,
771, where the classical It6-Wentzell formula is used to develop a consistent forward utilities
of investment and consumption — introducing the relative performance concerns (see [2)). Also
building from [7]], where a mean-field games with Fisher-Wright common noise is discussed.
This model is used in the evolution of population genetics and where it would be natural to
update the model to support the distributional component, making use of the results we provide
in order to establish the verification procedure. In fluid dynamics these formulae would allow
to expand the dynamics of driving signals against the underlying vector field [13}(59,/65].

Lastly, our work can be extended in several directions to include anticipative processes [83]],
general semimartingale dynamics [|55,/87]], path dependent functionals in combination with
functional It6 calculus [29]], or extensions to K-forms for SPDEs in fluid dynamics [|32].






Chapter 2

Financial games

2.1 Motivation and background

Consider the market with one riskless asset and n risky securities which serve as proxies for
two distinct asset classes. The price of risky asset is assumed to be of log-normal type, driven
by two independent Brownian motions. Precisely, the price (S});>¢ of stock i traded exclusively
by the i-th agent solves

ds;
S

= j;dt + v, dW) 4 0,dB;,  Sh = sh >0, (2.1.1)

with constant market parameters ji; € R, o; > 0 and v; > 0 with o;+v; > 0. We refer the reader
to [72,|73]] for an in-depth motivation of the model. The one-dimensional standard Brownian
motions B, W', ..., W" are independent. When o; > 0, the process B induces a correlation
between the stocks, and thus we call B the common noise and W an idiosyncratic noise. The
independent Brownian motions B, W!, ... , W™ are defined on a probability space (2, F, F,P)
endowed with the natural filtration F = (F;):>¢ generated by them and satisfies the usual
conditions. We recall the case of single common stock, where for any ¢ = 1,...,n, (f;,0;) =
(fi,0), v; = 0, for some i € R, o > 0 and independent of zﬂ

All the agents follow one of the two different risk preferences frameworks: constant absolute
risk aversion (CARA) or constant relevant risk aversion (CRRA). These regimes are characterised
by the choice of underlying utility function (exponential utility for CARA and power utility for
CRRA). For clarity of presentation we explicitly define them in Chapter [6] and Chapter [7] (for
CARA and CRRA respectively).

Under each of these frameworks we differently define the wealth process X* of manager i
and their strategies. Namely, for CARA preferences each agent i = 1,...,n trades using a self-
financing strategy, (7} ):>0, representing the amount of wealth to invest in i-th stock. At the same
time under CRRA preferences each agent i = 1,...,n forms their portfolio by having (7¢);>0
— fraction of wealth invested in the i-th stock and consumption policy, (ci);>0, representing
the instantaneous rate of consumption per unit of wealth. These differences are reflected in the
corresponding dynamics of the wealth processes, given by Equation[5.2.1]and respectively.

In contrast with the standard Merton portfolio problem [78]], each agent seeks to maximise
utility not purely their own wealth, but their relative performance X, given by

(CARA) Xi—xi_gx"", where XU 7= ni . g;iX’“,
~. X ~, . n 15
(CRRA) X'=—" -  where X(V= (ka) ,
(X(—i)) ) k#i

IFor the sake of simplicity we work with one-dimensional stocks S, however the generalisation to the vector of
stocks available to agent ¢ is straightforward. Furthermore, the single stock framework will correspond to the realistic
situation of a large number of agents trading in the same vector of stocks.



where 6, reflects the competition preference of manager i. For CRRA preferences we define the
relative consumption ¢~ in a similar way.

The quantities X and X (=9 capture the average wealth of a population of managers in a
arithmetic and geometric way respectively. The agent is not purely concerned about their own
wealth (and consumption for CRRA), but compares it with the same of the others through the
lens of their competition tolerance.

Benchmarking is critical for fund managers who need to keep the fund competitive and
attractive for future investments. We refer to the excellent economic and finance motivations
found in [3] and also [|11,|72}/73]]. In this work, we build on the structure proposed firstly in
[[46] and then in [48] and [11,[33,|72,73]]. Additionally, we point the reader to the beautiful
introductions of [72,/73] who brought those concepts to the framework of mean field games.
Further, those works also make for an excellent review of mean field games in the context
of the Merton problem. Investment under performance concerns has been taken up in many
variants, most recently: [|33]] analyse a partial information finite-player CARA utility game with
performance concerns employing Forward Backward SDE (FBSDE) machinery (market model
with stochastic coefficients), see [[33, Table 1]. [49]] works in the same context but addresses
the mean field game in the full non-Markovian framework using mean field FBSDEs, see also
[[49] Table 1]. Aspects of investment under relative consumption are much less explored, only
in [72]].

Throughout we consider fund managers that trade between their individual stock and com-
mon riskless asset, the so-called problem of asset specialisation. This problem was addressed
initially by [14}(78] and further developed in [3,/61,/72}(73,/89]. These works report on asset
specialisation for a variety of reasons: asset familiarity, trading costs and constraints, reduction
of learning costs or industry specialisation. Competition games, of finite-player or mean field
type, in the context of asset specialisation has received much attention recently and we defer to
[13,[36,/72,|73] for an overview that relates to our context. For a long-view of mean field games
theory and its applications we refer to the monographs [23]].

2.2 Mathematical framework

At the core of our work, are the ideas behind the forward investment performance criteria
introduced by Musiela and Zariphopoulou [81]] and [57]] as a way to solve portfolio optimi-
sation problems without the specific drawbacks of the classical utility theory. When entering
the market, investors prescribe their risk profile at horizon time and therefore cannot adapt it
to changes in market conditions or update risk preferences; additionally, the investment time
horizon is fixed, and the portfolio is derived in respect to this temporal reference point. The
forward criteria (portfolio) optimisation problem is formulated as a maximisation of the condi-
tional expectation of a stochastic utility function across all points in time. Hence, time-horizons
are arbitrary which is more realistic for practitioners. In essence, the forward dynamic perfor-
mance mabp is built with the property of dynamic consistency taken as the starting point.

We recall the concept of the forward performance processes (FPP) from [79] (for simplicity
we present the FPP from the perspective of wealth optimisation, the wealth-consumption FPP
criteria is set out further in Chapter [5)).

Definition 2.2.1 (Forward performance process). Let X* is a stochastic process governed by
admissible control o.. Let U : @ x R x [0,00) — R be an F-progressively measurable random field.
U is a forward performance process if

* Forallt > 0 the map x — Ul(x,t) is P-a.s. increasing and concave;
* It satisfies U(x,0) = uo(x);

e For all T > t and each strategy, represented by «, the associated process X< satisfies a
supermartingale property

E[U(X%, T)|F] < UX,t) P-as.
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* For all T > t there exists a strategy, represented by «*, for which the associated discounted
wealth X* satisfies a martingale property

E[U(X},T)|F] = U(X;,t) P-as.

The Forward performance processes capture the time evolution of such stochastic utility
functions and since then much progress has been done in characterising such processes in a va-
riety of settings and assumptions [10}28L41-43,/62,|75,/93]]. For excellent literature overviews
on the developments of FPP we point the reader to [4},[27,162,|77]. Particularly clear is [62]]
who provides a near taxonomic breakdown of the literature of the forward criteria with respect
to their behaviour in time along with approaches used. Here, as in [|62] or [4], we focus on
the class of forward investment-consumption criteria with the specific property that they are
differentiable in time (a dynamics without volatility). In [4] the authors study an optimal port-
folio selection problem (no consumption, no competition) under the FPP of power form in an
incomplete market. Their arguments make use of HJB machinery and, like in this work or [28]],
an assumption of “separable power factor form” for the FPP is made (Assumption[7.3.3|below).
Lastly, a general form of the utility dynamics is made with a non-zero diffusion component and
the driving market model is fully stochastic multi-factor one coined “EVE correlation” models.
The study of consumption with FPPs (or forward utility) was considered in [10}[28,/41]; in-
teresting is [28] who manage the difficulty associated to having a FPP dynamics featuring a
volatility component by assuming the volatility to be exogenously postulated by the agent as a
market perception. Their FPP consumption optimisation problem yields non-uniqueness.

Competition within the framework of FPP is in its infancy. The concept originated in [52]]
for a two-player game in the CRRA context with a Merton market model, and its vision is ex-
panded upon in [3], still within a two-player game but allowing for random coefficients in an
incomplete market model. Inspired by [52]] and [[73], the formulation of mean field forward per-
formance games and the concept of mean field forward equilibrium was proposed by [36]]. From
a competition perspective, the FPP approach reflects that agents need not all have the same
time-horizons since under asset specialisation different industries have different timeframes
(although quarterly reporting are common points of reference), see [3]] for a full discussion.

The FPP framework is not the only theory seeking to overcome limitations of the classical
utility theory. An alternative from the 90s are the so-called Epstein-Zin preferences within the
recursive utility framework [44,(92] expanding on the theoretical framework of Kreps-Porteus
[66l.

One of cornerstones of the Epstein-Zin model was the idea of disentagling agent’s risk tol-
erance ¢ and Elasticity of Intertemporal Substitution (EIS) defined as

d(@tct/ct)

EIS: = T d(0Vi(crz, 1) Vi(crz, 1)

for some z > (ﬂ The classic CRRA utility optimisation yields a strict relation between the ¢
and EIS, namely that EISi¢ 721 — § (e.g., see [72]). As discussed in [88] regarding EIS,
higher interest rates increase the overall wealth of the consumer due to higher cash-flows in
future periods. The effect that consumers spend a part of this higher future income already
today is called “income effect”. On the other hand, with higher interest rates a smaller fraction
of today’s consumption has to be saved in order to have an additional unit of consumption
tomorrow. This motivation to save more today and postpone today’s consumption is called the
“substitution effect”. Consumers with a high EIS are more willing to substitute consumption
over time, which has a direct impact on the “substitution effect”. Now, classic theory yields
EIslassic: 721 — 5 however, the risk tolerance is atemporal relating how a consumer substitutes
consumption across different states of the world while EIS is intertemporal relating how a
consumer substitutes consumption between now and later [31]]. Thus classic utility framework
cannot capture how agent competition with or without performance concerns changes EIS.
Time-continuous stochastic preferences capturing “intertemporal substitution” of Hindy-
Huang-Kreps [58]] have been used to understand consumption optimisation [[9] and Arrow-

2Here V can be seen as utility from consumption, and z is some fixed level of wealth.
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Debreu equilibria [6]]. More recently, [1]] revisited the EIS discussion using [40]’s stochastic
recursive utility in continuous time specified to the Kreps-Porteus [66]] family. Forthcoming is
[[12] who recast the MFG of [73]] under the Epstein-Zin/Kreps-Porteus recursive utility frame-
work. Nonetheless, inspecting this reference one sees several of the criticisms aimed at the
standard utility framework appearing again (see [3]]): [16]] emphasises the dependence on in-
vestment’s horizon (“The investor’s horizon also plays a crucial role in optimal policies”) and
that the underlying model is fixed throughout the investment time frame. In a nutshell, the FPP
works with the forward point of view to investment (risk profile is prescribed at ¢ = 0) while
the recursive utility still works within the backward one (risk profile is prescribed at a horizon
time 7" > 0.

We study many-player games of investment-consumption optimisation under the forward
performance framework in a Merton market model featuring common-noise. In each game, the
agents trade in a specific stock affected by a common market signal and seek to optimise their
wealth and consumption process while having relative concerns towards the average wealth
and consumption of the other agents. The core features of our model are (a) relative con-
sumption concerns, (b) relative wealth concerns, (c) asset specialisation, (d) game competition
(finite-player and mean field games) and (e) the forward performance processes (FPP) view.
The former (a)-(d) have been analysed in [72] through the lens of the classical utility frame-
work. In this work we subscribe to the elegantly argued (and supported by empirical evidence)
FPP paradigm of [3]] to view the earlier work [[72] through its light. The arguments we make us-
ing FPPs, competition and the presence of consumption make the analysis involved and reveal
elements not present in [72]] (despite the similarity to (a)-(d)) or [|64].

We ask the following question:

* How to establish a n-player and mean-field game-theoretical framework under CARA and
CRRA FPP preferences in a Merton market model under common noise? What is a Nash
equilibrium and MF-equilibrium? How to derive them?

CARA preferences are more accessible for derivation of optimality principles. We addition-
ally investigate the wealth-consumption optimisation of CRRA framework by asking with the
following questions:

* Under CRRA preferences how to derive both the utilities of investment and consumption
from the single PDE? What assumption to make?

* How to interpret the results?

We shall answer these questions in Part

2.3 Contribution

We contribute to the literature on mean field games and FPP by also providing an explicitly
solvable example. Outside linear-quadratic structures it is very uncommon, as argued in [72],
and this is one of these rarities we bring here. We work with the very tractable model
and include common noise, heterogeneous agents, a mean field interaction through the controls
in addition to the state processes and FPPs.

With this work, we investigate an n-player and mean field game for asset specialising agents
who optimise investment-consumption (or investment only) under with relative-wealth and
relative-consumption concerns through the lens of the FPP framework. The tractability of our
setting yields findings not seen in the classic utility theory. Namely, our contributions are:

(I) We expand the concept of CARA (investment only) and CRRA FPP to a game-theoretical
framework both for finite-player games and mean field games within the common-noise
Merton market model. The MFG approach is based on the simpler concept work [[73]]
for CARA FPP (wealth optimisation only), and [72] for the classical CRRA investment-
consumption utility problem. For both games, we provide explicit expressions for the
quantities of interest. From a methodological point of view, we solve the control problem
by combining convex duality with HJB-type arguments.

12
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(1)

av)

We introduce the dynamic model selection procedure under CARA preferences: the player
can dynamically update the market model and their risk and competition parameters. We
show that the utility coming from the new investments horizon is contributing towards
total utility in a multiplicative way, while the latter accumulates the optimisation results
from the past horizons.

With the inclusion of consumption, the CRRA FPP wealth-consumption problem does
not have a unique solution but a class of them indexed by a certain parameter k € R
interpreted as market-risk relative consumption preference. This parameter is present in
the single-agent optimisation (no competition/performance concerns) and both games
settings. Under the competition environment it is common to all players and reflects how
the environment weights the utility from consumption in respect to the one from wealth.
The tractability of our setting, exposes the x parameter to clearly enable an extra layer of
interpretable market modelling (see Section and, critically, when x = 0 we recover
classic utility theory results [72]] also [64].

We show that without competition the CRRA FPP framework encapsulates the same key
feature of the Epstein-Zin preferences recursive utility. It breaks the strict relation be-
tween risk tolerance § and Elasticity of Intertemporal Substitution (EIS) of the classi-
cal utility theory, and at the same time keeps its core features of independence from
the investment time-horizon and flexibility towards updating risk preferences. Namely,
EIgRo competition(6=0) _ .5 " wvith  spanning another dimension of the agent’s risk prefer-
ence.

We show that performance concerns (6 € (0, 1]) re-scale the agent’s perception of con-
sumption. Namely, for ¢ > 0

ith tition(0#£0 iti = iti =
EIS\tNl competition(6+£0) =P, x EIS™® competition (6 0)’ gno competition(6=0) _ /6(5,

where EI
where P, is a random stochastic process depending on risk-competition preferences, the
market-risk relative consumption preference « (that is uniform for the entire population
of competitors) and equilibrium consumption. The time-dependence of P is intimately re-
lated to the use of the FPP framework with competition and discussed in detail in Section
(see Equation (7.4.2))). Similar results using Epstein-Zin’s recursive utility exist [12]].
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Chapter 3

Preliminaries

3.1 Notation and Spaces

Let N be the set of natural numbers starting at 1, R denotes the real numbers. For collec-
tions of vectors in {z'}; € R, let the upper index | denote the distinct vectors, whereas the

lower index the vector components, i.e. ! = (z},...,2!) € R? namely z! denotes the j-th
p 1 s d Y 7 J

component of [-th vector. For x,y € R? denote the scalar product by = -y = Z?:1 x;y;; and

lz] = (Z;l:l :v?)l/ 2 the usual Euclidean distance; and r®y denotes the tensor product of vectors
x,y € R Let 1,4 be the indicator function of set A C R?. For a matrix A € R%**" we denote
by AT its transpose and its Frobenius norm by |A| = Trace{ AAT}'/2. Let I; : R? — R be the
identity map.

We denote by C(A, B) for A, B C R%, d € N, the space of continuous functions f : A — B.
In terms of derivative operators and differentiable functions, J; denotes the partial differential
in the time parameter ¢ € [0, 7T]; J,, denotes the gradient operators in the spatial variables = in
R? while 92,02, the Hessian operator in z or y € R%.

For p,d, m € N denote C?(R?, R™) the space of p-times continuously differentiable functions
from R to R™. The space C'(R?,R™) is equipped with a collection of seminorms {||g/|c1 (k) =
supge i (l9(z)| + 1029(2)]), g € CP(RY)}, indexed by the compact subsets K C R<. The space
C%*(R?) is equipped with a collection of seminorms {|\gllcz(x) := sup,e(|9(x)| + [0z9(x)| +
|02,9(x)]), g € CP(R?)}, indexed by the compact subsets K C R?; we refer to C*2 = C12([0, T x
R R™) as the usual space of maps f : [0,7] x R? — R™ that are once continuously differ-
entiable in the first variable, twice so in the second variable (as in C?(R? R™)) and jointly
continuous across the several derivatives.

We say that the function is locally bounded, when its restriction to every compact set is
bounded.

Spaces

We recall the Wassertein space from Subsection|1.1

Throughout set some 0 < T < +o0o and we work the finite time interval [0,7]. Let our
probability space be a completion of (2, FF, F,P) with F = (F;);c[o,7) carrying a d-dimensional
Brownian motion W = (W7y,..., W;) generating the probability space’s filtration, augmented
by all P-null sets, and with an additionally sufficiently rich sub s-algebra Fy independent of
W. Let our probability space be an atomless Polish. We denote by E[ - | = EF[ - ] the usual
expectation operator with respect to P.

We adopt the following convention, that for d-dimensional random vector X = (X1,..., Xg)
we understand denote E[X] by the d-dimensional vector (E[X}],...,E[X,4]). The convenience
of this notation will become apparent in the later Section

We define L?(Q, Fy, P, R?) as the space of Fy-measurable random variables ¢ : Q — R¢ that
are square integrable EF[|¢[*] < oo. Given two processes (X;):c(o,r) and (¥3)iepo, 7] let (X, V),
or (X;,Y;) denote its’ cross-variation up to time ¢ € [0, 7.
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Lastly, for convenience we choose to work over 1-, d- and d x d-dimensional spaces. This
is particularly helpful in lowering complexity of the presentation of the later sections where
many sequences of approximating vector-valued stochastic processes are pushed through the
It6 and It6-Wentzell formula. At the same time we emphasise that generalisation of our results
to arbitrary dimensions is straightforward.

3.2 The Ito-Wentzell formula (classic)

We recall the Itd-Wentzell formula introduced in [1.1]

A close inspection of Theoremand its proof ([69],[70]) reveals that the theorem holds
under reduced regularity requirements. We explore this observation with our next result.

Theorem 3.2.1 (It6-Wentzell under reduced regularity). The conclusion of Theorem still
holds for (Vi(Xt))teo,m) if in condition iii) the constraints on ¢, are replaced by:

(#¢(-))tejo,m) are (¥4 (+))iepo, 1) F-progressively measurable processes with values on the spaces
C°(R%, R) and C* (R4, R?) respectively, such that for any compact K C R¢

T
/O (Ies(lleocrey + 145 () Er (1) )ds < 00 P-as. 3.2.1)

Proof. The arguments we use are classical. We mollify V| ¢, in their spatial components by
convolution with a smoothing kernel and obtain a sequence (V",¢",4"), n € N, such that for
each n € N (¢} (-))efo,r] are (¥ (+))iepo,r) F-progressively measurable processes with values in
C!(R4,R) and C?(R¢, R?) respectively (in fact even more due to the mollification), such that for
any compact K C R?, P-a.s.

T

T
/ (65 Oller o) + ||¢?(-)|\32<K))ds+§up/ (165 Olleoczy + 142 12 (1) )ds < oo
0 neNJO
(3.2.2)

Lastly, P-a.s. for t € [0,T] a.e. we have that ¢}, ¥}, 0,9} converge to ¢, Yy, 0,1, uniformly (in
n) on compact sets. It is clear that V™ retains the properties of V, uniformly over n for the 0-th,
1-st and 2-nd derivative. In particular, P-a.s. for any ¢ € [0,7] V}"*, 0, Vt", 92,V* converge to
Vi, 0, Vi, 02, V; uniformly on compact sets. We conclude via Theorem that (V" (Xt))te[o 7]
is an Itd process satisfying the expansion given. The passage to the limit as n — oo is also
argued in a classical way. First we make use of a localizing sequence (7™),,cn over X defined
as 7™ := inf{t > 0 : |X;| > m}, m € N which in turn allows us to make use of the uniform
convergence over compacts for the maps’ sequence (in n) and (3.2.1)-([3.2.2) repeatedly, i.e. we
can assume that X is bounded. Arguing convergence of the Lebesgue integrals follows via
continuity of the maps, integrability of the coefficients (see Assumption [3 and dominated
convergence theorem taking advantage of uniform convergence over compacts given that X is
assumed to take values in a bounded set. The stochastic integral terms requires an additional
argument which we provide for the 2nd integral (the 1st is handled similarly),

sup |/ 0, VI(X,) - sd W, — /a AG SEER AN

0<t<T
< E[/ 0.V (X0) = V(X))
0
Since 9,/ V, 9, V™ are jointly continuous in their variables and converge uniformly over compacts,

X is assumed to take values in a bounded set and ~ satisfies Assumption [3.4.1} then the RHS
converges to zero as n — oo. O
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3.3 The Lions derivative

3.3.1 The Lions derivative and notational conventions

We recall the notation of L-derivative introduced in Subsection [1.1]

We always denote 0, u as the version of the L-derivative that is continuous in the product
topology of all components of u. Moreover, let 83 denote second derivative in measure and
0,0, u denote the derivative with respect to new variable arisen after applying derivative in
measure. The notion of 97, is chosen in favour of 92 ,, as the latter may be hinting at the linear
nature of L-derivative, that is not the case at all.

When we do the lift £ and ¢ are the lifted random variables defined over the twin stochastic
spaces (Q, F,P) and (), F,P) respectively, having the same law 1. We form a new probability
space (Q, F,P) x (€, F,P) and consider random variables &(w,&) = &(@). Since this proce-
dure is valid for the stochastic processes on respective stochastic bases (Q, F,F = (ﬁt)te[&T] ,P)
and (Q, F,F = (]}t)te[O,T]’ PP), one can consider (X;, X;, X;) as a triple of independent identi-
cally distributed processes. The same applies to a finite amount of copy spaces (!, F!,F! =
(F)iepo,r): P, 1 <1 < N € N to form a new product space and the respective tuple (X, X,
X, X}, ..., X}) remains mutually independent.

We will add the bases (QJE ,]R]f”) and (Qﬁ I, ]f") and further use them as an environ-
ment for model representatives of the mean-field (each living in the distinct respective space),
whereas sampling from the mean-field will give us N particles living within respective spaces
QL FLF = (F)ieo,r)s P, 1 <1< N, to be used within the propagation of chaos procedures
below. Hereinafter E denotes the expectation acting on the model twin space (2.

Over the present work we omit the re-notation after adding some new probability spaces,
but will assume that adding a copy processes automatically intimates the procedure described
above. The common noise setting given in Section 4 requires a slightly variation of this approach
which we disclose in the proof of Theorem |4.2.2

3.3.2 Regularity in the measure argument

In this section we recall several spaces of measure-regularity arising in the literature on
Wasserstein calculus.

Definition 3.3.1. We say the functional u : P2(R?) — R is Fully C?(P2(R%)) if

i) uis L-differentiable at every point i € P2(R?), and d,u : P2(R?)xR? — R is joint-continuous
at every pair (i, v) € Pa(RY) x R%

it) For any u € Pa(R?), the map v — 9 u(p,v) € RY is Re-differentiable at every point v € R%;
and 9,0,u : P2(R%) x RY — R?*4 is joint-continuous at every pair (u1,v) € Po(R?) x RY;

iii) For any v € RY, the map p — d,u(u,v) :€ R? is L-differentiable at every point y € R<, and
8lzu : Po(R?) x RY x R? — RI¥4 is joint-continuous at every triple (j,v,v') € Po(R?) x R? x
R®.

We next restrict the regularity with respect to the space variable arising after taking measure
derivative to the Supp(u), since in our probabilistic setting the process sitting there obviously
will not escape this set. This restriction comes from the interplay with the Partial-C?-regularity
of [21, Chapter 5.6.4].

Definition 3.3.2. We say the function u : P2(R%) — R is Partially C*>(P2(R)) if

i) u is L-differentiable at every point u € P2(R?), such that d,u is locally bounded and joint-
continuous at every pair (i, v), u € Po(R?), v € Supp(p);

ii) For any v € R% the map R? 5 v — J,u(u,v) € R is Re-differentiable at every point
v € Supp(p). Moreover, 9,0,u : P2(R?) x R? — R? ® RY is locally bounded and joint-
continuous at every pair (i, v), u € P2(R%), v € Supp(p).

19



This regularity level does not require a second Frechét derivative of the lift to exist. Looking
ahead, we do not expect to receive any second-order terms in the expansion of the measure
component, hence it is quite essential not to demand such a regularity (see Theorem |4.1.8| or

Theorem below).
For the purpose of Theorem [3.4.4] we require the regularity in all components, and we
introduce the following definition.

Definition 3.3.3. A function u : [0, T] x R? x Py(R%) — R is 121 if

i) For any p € P2(R%) the map [0,T] x R? > (t,7) v+ uy(w, p) is C12, and the maps du, Opu
and 02 u are joint-continuous at every triple (t,x, ;1) € [0,T] x R% x Py(R%);

ii) For any (t,x) € [0,T] x RY, the map u — uy(x, 1) is continuously L-differentiable at every
point p € P2(R?). Moreover, d,u : [0,T] x R x Py(R?) x R — R? is joint-continuous and
locally bounded at every quadruple (t,x, u,v), with (t,z,u) € [0,T] x R x Py(R?), v €
Supp(p);

iii) For any (t,z,p) € [0,T] x R? x Py(R?), the map v +— O us(w, p,v) is continuously R9-
differentiable at every point v € R%. Moreover; its derivative 8,0,u : [0,T] x R? x Py(R?) x
R? — R4*4 is continuous and locally bounded at every quadruple (t,x, p,v), with (t,z, p) €
[0, T] x RY x Po(R?), v € Supp().

3.3.3 The Empirical projection map

We recall the concept of empirical projection map given in [26] which will be one of the
main workhorses throughout our work.

Definition 3.3.4 (Empirical projection of a map). Given u : Po(R?) — R and N € N, define the
empirical projection u™ of u via u™ : (R*)N — R, such that
| X
N1 Ny._ (=N LN I omd 7 _
uN (2t 2N ) = (pY), with § .—N;(sz and z' €R% 1=1,...,N.

We recall [21, Proposition 5.91 and Proposition 5.35] which relates the spatial derivative of
uV with the L-derivative of w.

Proposition 3.3.5. Let u : Po(R?) — R be Fully-C?(Py(R?)), then, for any N > 1, the empirical

projection uN is C% on (RY)N and for all z',..., 2N € R? we have the following differentiation
rules

Dyiu™ (! xN)zlﬁu(lzN:(Szxj)
xd 90ty N 14 Nl:1:p7 )

N N
1 1 . 1 1 .
N1 Ny _ 2 k
Ok Opiu” (z, ..., )——&,aﬂu(ﬁ lg_l 5rl,xj)1j:k+78#u(— lg_l Opt, ), )

3.4 Ito-Lions chain rule along a full flow of measures (clas-
sic)

For the clarity of writing we again present the process (X;);c[o,7) from Section satisfying
the dynamics

dX; = p;dt + ~,dW,, and initial condition X, (3.4.1)

where W is a d-dimensional Brownian motion. The involved parameters satisfy the next condi-
tion.
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Assumption 3.4.1. Let X, € L?(Q, Fo,P;R) (X, is Fo-measurable and independent of Wy, t €
[0,T]). Take 8 : Q x [0,T) — R and v : Q x [0,T] — R¥? such that (8;)ico, 17, (Ve )tepo,r) are
[F-progressively measurable processes and satisfy

T
[ 8+ s <0, Pas.
0

Alongside (X;):c[o,7] We introduce another process (Y;).c[o,r) and its law (¢)¢cjo,7]- Take
W as a d-dimensional Brownian motion and let (Y}).co, 7 satisfy the dynamics

dY; = b;dt + 0,dW,, and initial condition Yj, (3.4.2)

where we denote the law of Y; by u; := Po Yt(fl), t

satisfy the below assumption.

€ [0,7T] and the associated coefficients

Assumption 3.4.2. Let Yy € L2(Q, Fy,P) (Y, is Fo-measurable and independent of Wy, t €
[0,T]). Take b : Q x [0,T] — R¥ and o : Q x [0,T] — R such that (b;):e(o,1]: (0¢)efo,r) are
F-progressively measurable processes and satisfy

T
E[/ 1ba]? + [0 *ds] < oo,
0

Remark 3.4.3. One can take "closed-loop" type dependence for the coefficients, i.e. coefficients of
the form by = be(Yi, pue) and 6 = o(Yy, ue), since our setting covers all the special cases. In
fact, an existence & uniqueness result for the SDE for Y allows to freeze the components inside the
coefficients and with sufficient integrability the "frozen" SDE follows the dynamics (3.4.2)).

For completeness we recall the It6-Lions formula [21} Proposition 5.102] for deterministic
maps following the framework Section recall that E denotes the expectation acting on
the model twin space (Q, F,P) and let the processes (f’t, bt,7¢)tejo,r) be the twin processes of
(Y, bt, 0¢)¢ejo,7) respectively living within.

Theorem 3.4.4. Let u : [0,7] x R? x Py(R?) — R be 1>V, Furthermore, for any compact
K C R4 x Py(R?) we have

sup {/ [\3 w (2, 1, 0)|* + 000y (z, 1, v) 2}u(dv)} < oo, P-as.
Ix K

(t,z,u)€l0,T

Take (Xt):e[o, 1) given by (3.4.1) under Assumption and take p associated to ([3.4.2)) under
Assumption 3.4.2} Then (u(X¢, pt))ieo,) is an It6 process satisfying P-a.s.

ur (X, pr)—uo(Xo, to)

T T T
:/ atus(Xsa,us)dS +/ {87;’663()(57#8) Béds +/ 3wus(Xs,us) : ’VdeS
0 0 0
T
1
+/ 5 Trace{ 92, us (X, ps) vs(7vs)T }ds
0

T o T :
+/ E[auus(xs,us,ys)-bs}dw/ 5E{Trace{@vauus(Xs,us,YS) &S(&S)T}}ds.

0 0

3.5 Probability space under conditional measure flows

Now we introduce the construction of the probability space in presence of the common noise
to be used in Section [4.2]

We consider (Q°, FO,F° = (F)seqo,r7, P°) and (@, F*,F! = (F})se(o,, P*) atomless Polish
probability spaces to be the respective completions of (Q°, ]FO ,P%) and (Q! Fl ,P1) carrying a re-
spective d-dimensional Brownian motions W = (W?),c(o,r) and W' = (W}'),c(0,7] generating
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the probability space’s filtration, augmented by all P°- and P!'-null sets respectively. We aug-
ment (Q°, 7O, F0 = (F?)¢eqo,1, P°) with a sufficiently rich sub o-algebra F{ independent of W°
and W'. We denote by (2, F, P) the completion of the product space (20 x Q!, FO @ F1, P’ @ P!)
equipped with the filtration F obtained by augmenting the product filtration F® ® F! in a right-
continuous way and by completing it. We let E° and E! taking the expectation on the first and
second space respectively. We adopt the following convention, that for d-dimensional random
vector Y = (Y7, ...,Y,) we denote E[Y] by the d-dimensional vector (E[Y1],...,E[Yy]).

We define L2(Q, Fy, P, R?) as the space of Fy-measurable random variables ¢ : Q — R? that
are square integrable EF[|£]?] < oo.

3.6 Ito-Lions chain rule along a conditional flow of measures
(classic)

Take measurable (b, 00, 01) : Q x [0, T] — R% x R4 x R4*4 and define the following process
dY; = bidt + o?dW? 4 o dW}', and initial condition Y, € L*(Q, Fo, P), (3.6.1)

and p; = Law(Y;(wo,-)) for P’-almost any wy. Here Law(Y;(wp,-)) can be understood as RV
from (Q°, 79, P%) into P(R?) (for further details see discussion in [22, Section 4.3]).
Moreover, the involved coefficients satisfy the next conditions

Assumption 3.6.1. (Y}).c(o, 1) satisfies Assumption|3.4.2\with oy := (002 01> and Wy .= (W2, WhHT.

Ty

Take (X¢):e[o,1) satisfying dynamics
dX; = Bydt +~PdW? + ~dW}, and initial condition X, € L?(§2, Fo, P), (3.6.2)

with coefficients satisfying

Assumption 3.6.2. (X;).c[o, 1) satisfies Assumption|(3.4.1|with ~; := (":)? 701) and Wy .= (W2, WhHT.

We name (Wto)te[o,T] as a common noise affecting the whole setting, whilst (th)te[O,T] is
the idiosyncratic chaos for the random field and all processes within. For the purposes of Section
we fix the common noise and derive the dynamics of the random field by conditioning on
wo,

We recall the It6-Lions formula for the flow of marginals [22, Theorem 4.17].

First, we provide the regularity assumption as given in [22, Subsection 4.3.4].

Definition 3.6.3. A function u : [0, T] x R? x Py(RY) — R is CH>) if

i) For any p € Po(R?) the map [0,T] x R? 3 (¢, z) > us(w, p) is 1%, and the maps dyu, O u
and 02 u are joint-continuous at every triple (t,x, 1) € [0,T] x R% x Py(R%);

ii) For any (t,x) € [0,T] x RY, the map u + uy(x, 1) is continuously L-differentiable at every
point p € P2(R?). Moreover, d,u : [0,T] x R x Po(R?) x R — R? is joint-continuous and
locally bounded at every quadruple (t,x, u,v), with (t,z,u) € [0,T] x R x Py(R?), v €
Supp(p);

iii) For any (t,z,pu) € [0,T] x R? x Py(R?), the map v — 9 ui(z,p,v) is continuously R?-
differentiable at every point v € R%. Moreover; its derivative 9,0,u : [0,T] x R? x Py(R?) x
R? — R4*4 s continuous and locally bounded at every quadruple (t,x, u,v), with (t,z, u) €
[0, 7] x R? x Py(RY), v € Supp();

iv) Forany (t,z, u,v) € [0, T]xR%x Py (R?) x Supp (1), the map v +— d,,u;(x, 1, v) is continuously
L-differentiable at every point i € Po(R?). Moreover, its derivative du : [0, T] xR x Py (R?) x
R? x R? — R4*? is continuous and locally bounded at every quintuple (t,x, ju,v,v"), with
(t,z, 1) € [0,T] x R x Po(RY), v, 0" € Supp(u);

22



v) Forany (t,z,p,v) € [0, T] xR x Py(R?) x Supp(v), the map = +— 9, us(w, p, v) is continuously
R4-differentiable at every point x € R%. Moreover, its derivative 8,9,u : [0, T] x R? x P (R%) x
R? — R4*? s continuous and locally bounded at every quadruple (t,x, p,v), with (t,z,u) €
[0, T] x RY x Po(R?), v € Supp(p);

Theorem 3.6.4. Let u : [0,7] x R? x Py(R?) — R be C**?). Furthermore for any compact
K C R? x Py (R?) we have

sup { [ [t a0+ 10,8, .0 + 100,01, p10) ()
R

(t,z,pn)€[0,TIX K
+/ [|3Zut(x,u,v,v')z}u(dv)u(dv/)} < oo, P-as.
Re x R4

Take (pu1)iepo,r) associated to (3.6.1) under Assumption Take (X¢)iepo,) to be a d-
dimensional It6 process with dynamics (3.6.2)) satisfying Assumptlon
Then (u:(X¢, f1¢))eefo, 1) i an Itd process satisfying P-a.s.

ur (X, pr) — uo(Xo, to)

T T T
:/ atus(XsalJ/s>ds+/ a:vus(Xsaus) ﬁsd5+/ 89:“3()(8;,“8) ’YSdWsO

0 0 0

T T 1
+ / Oatts (X, ) - 73 dW + / 5 Trace{ 07, us (X, ps) (00 (0)T + 75 (7)) }ds

0
s;/J/sa S)Bs:|d8+/ El |:( )TaMuS(XSmuS) S):| dWO
0

Tmce{aa s (X, s, Vo) (62(60)T + 61 (61)T )}}ds

[\D\H

+

/ ! [Trace{ 0,0, (X, s, Vo) 2L (51T} ds
"L @ 8 [1race (0 (X T2, ¥2) 22697} |
) 3 { {Trace{ s (Xs, s, Ys, Ys) 65(65) }H S

where E denotes the expectation acting on the model twin spaces (Q, F,P) and ({2, F, P) and let the

processes (f@,f)t,&t)te[oﬂ and (ﬁ,i)t,&t)te[m be the twin processes of (Yi,bt,0¢)iejo,1) Tespec-
tively living within.

Remark 3.6.5 (On measurability). The measurability of the measure expansion component is
deeply discussed in [|21, Remarks 5.101 and 5.103]. Within the present work we are interested in
conditioning on the field noise, the matter of which is discussed in [22, Section 4.3]. We refer the
reader to this monograph for comprehensive and detailed approach.
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Chapter 4

Ito-Wentzell-Lions formula

4.1 It6-Wentzell-Lions chain rule with a full flow of measures

As it was shown in [[26]], one can apply an approach based on empirical projections to built
the chain rule. This approach is very convenient since with it we are able require (loosely) the
same regularity as in Theorem [3.4.4] above. One can notice that the second measure derivative
term of the formulae appearing within measure argument expansion vanishes when applying
the limit procedure. Nonetheless, in order to argue via Taylor expansions the second derivative
in measure has to exist which is a very strong assumptions. We can avoid this requirement using
this technique.

Letu : Q x [0,T] x R? x P(R4) — R be a random field, satisfying the expansion

dut(l"»ﬂ) = ¢t($>u)dt + he(@, ) - AWy, wo(z, 1) = f(z, 1), (4.1.1)

where f(z,p) : R x Po(R?) — R is a deterministic function, (W;);e(o,7] is a d-dimensional
F-Brownian motion, (¢, ) : Q x [0, 7] x R? x Py(R?) — R x R are F-progressively measurable
processes.

Throughout we will work with the law (j4¢);c[o,] of the process (Y}):c[o,r] given in (3.4.2)
under Assumption In the second portion of the section, we additionally work with (X;),c(0,1]
solution to under under Assumption [3.4.1}

4.1.1 It6-Wentzell-Lions formula for measure functionals

We start by discussing the measurability of the involved structures and for which the follow-
ing remark addresses the issue for the whole manuscript.

It6-Wentzell expansion

In this subsection we work with the It6 random field (4.1.1) and we keep = € R? at some
fixed value for the whole subsection and hereinafter we will omit its presence within u, ¢ and
1, i.e. we set

(t,2, 1) € [0,T] x R x Po(RY) we(p) = we(w, ), () = de(w, ), and () := i (w, ).

Similarly to the full- and partial-C? maps concept in Definition and [3.3.2) we introduce
the concept of a partially-C? Ité random field, describing the field’s regularity in the measure
component and we coin it RF-Partially C2.

Definition 4.1.1. We say the random field u : Q x [0, T x P2(R%) — R given in (&.1.1)) (for some
x € R? fixed) is RF-Partially-C? if

i) For any pn € P2(R?), (us(1t))iepo,r) is a continuous adapted process taking values over R* and
(D¢ (1) tefo,1), (Ve(p))efo,r) are F-progressively measurable processes with values in R and R*
respectively;
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ii) For almostallt € [0,T), themaps v — ¢(11), p+— Ye(p) are P-a.s. continuous in the topology
induced by the Wasserstein metric for any u € Po(R?);

iii) For any t € [0,T] the map p > u:(p) is P-a.s. continuous in topology, induced by Wasserstein
metric and L-differentiable P-a.s. at every u € Po(RY). Moreover, 0,,u;(u,v) is P-a.s. joint-
continuous at every triple (t, ju,v) with (t, ) € [0,T] x Pa(R), v € Supp(u), P-a.s.;

iv) For any (t,u) € [0,T] x P2(R?) the map v — 9,u;(u,v) is Re-differentiable P-a.s. at every
v € Supp(p). Moreover, the map 0,0, u: (i, v) is P-a.s. joint-continuous at every triple (t, i1, v),
with (t, ) € [0,T] x P2(R?), v € Supp(u), P-as..

Remark 4.1.2. In contrast with [21},22]], where the local boundedness condition is present in the
regularity conditions, we restrict ourselves to the continuous version of the Lions derivative from
the beginning, hence local boundedness is automatically implied by the continuity.

The main proof mechanics relies on the projection over empirical distributions technique
as explored in [21}/26]. Recall that E denotes the expectation acting on the model twin space
(Q,F,P) and let the processes (f’t, b, Gt )iefo, 1) be the twin processes of (Y3, by, 0¢);e[0,7] TESPEC-
tively living within (see Section [3.3.1)).

Theorem 4.1.3. Let u be the RF-Partially-C? It6 random field (4.1.1) (where x € R¢ is fixed and
omitted throughout, also for ¢ and 1). Assume for any compact K C P2(R%) and for any t € [0, T)
that

/(t sup {I(bs(u)\ + st(u)l2}ds < oo, Pas.,

) peK

and

sup { / “auut(/%v)P + |avaﬂut(,uﬂ’l))‘2:| ’u(dv)} < o0, ]P)_a'su (4'1'2)
(t,n)€[0,TTx K Rd

Let (j11):¢[0,1) be the law of the solution to (3.4.2) satisfying Assumption[3.4.2] Then (us(11t))rejo,1)
is an It6 process P-a.s. satisfying the expansion

rlr) o) = [ st + [ vt Wk [ B[ V) 5]

T .
+/ 3 E{Trace{@vﬁuus(us,n) Cfs(5s)T}]d5-
0

Remark 4.1.4. Following from Theorem we have that for fixed r € [0, T, ¢t — u(r, ut) P-a.s.
satisfies the expansion

T
wr(jur) — up (o) = /0 B[O (e, Vo) B s
Ty .
+/ 5 ]E[Trace{avauur(umys) 53(58)T}}d5-
0

Remark 4.1.5. We note that our result is a generalisation of the It6-Wentzell formula of [|19,
Appendix A], where in contrast with our setting, the involved diffusion components are constants.
Furthermore, we highlight the requirement of the square integrability on 9,,u and 0,0,,u in
which is not present in [|19, Appendix A]. The requirement is necessary for the intermediary step
of Ws-convergence of the empirical measure appearing in those terms.

Remark 4.1.6. Here we write Trace within last term assuming the symmetry of respective matrix
holding P-a.s. for any t € [0,T]. One can see that within the approximating procedure, i.e. the
distance between the Hessian of the mollified empirical projection and the 0,0, u-term is controlled
through the decreasing sequence e \, 0, thus the symmetry follows by approximation. See [21}
Remark 5.98] for details.
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Proof of Theorem For this proof we follow as guideline the proof of Theorem 5.99 in [21].
Let throughout ¢ € [0, T. Recall that E!»" denotes an expectation with respect to the product
of sample twin spaces (2, FL PL) x .- x (QV,FN,PYN). We again underline that we act on an
atomless Polish space.

Step 1: Mollification & compactification. If the desired expansion holds true for any u - RF-
Partially C?, bounded and uniformly continuous (in space and measure arguments), then the
formula holds for u satisfying the conditions of the theorem. This fact is straightforward by
applying a two-step mollification procedure in the vein of |21, Theorem 5.99] and which we
introduce next.

Defining for any ¢ € [0, T the (u % p)¢ (1) := us( o p~1) with p : R? — R smooth function
with compact support, the P-a.s. boundedness of (uxp).(1), 0, (uxp)¢ (1, v) and 0,0, (ukp): (1, v)
follows from P-a.s. local boundedness of w;, 9, u:(p, v) and 0,0,,u.(u, v) respectively. We also
notice that d,(u * p)¢(11, v) and 9,0, (u * p):(p, v) are P-a.s. joint-continuous in every triple ¢ €
[0,T], n € P?(R%),v € Supp(y). In order to obtain continuity over the whole space we smooth
out the distribution by convolution with a Gaussian density, i.e. considering p — (uxp)(p* ¢¢)
instead of u — (u * p)(u) with ¢ - density of standard d-dimensional Gaussian distribution
N(0,1I5) on R and (ux¢q)(z) := [pa dc(x—y)du(y). Now the support of pux g is the whole R¢
and 9, (uxp) and 0,0, (uxp) are P-a.s. continuous at every triple (¢, u* ¢g,v),t € [0,T],v € R%

Now we introduce ¢. ¢ - Gaussian densities N (0,el;). Letting € \, 0 one can see conver-
gence of ¢. ¢ to Dirac measure at 0 for the W, distance and thus convergence of 0, (u x p):(p *
¢e,c,v) and 0,0, (u * p)e(p * ¢e ¢, v) to Oy(u * p)(p,v) and 9,0, (u * p)+ (1, v) respectively for
any t € [0,7T],v € Supp(u). Now picking p,, in a way that (p,, 0.pn,02.pn)(2) — (2,14,0) as
n — oo, we can conclude that 9,,(u * py,):(, v) and 0,0, (u * pr)¢(, v) converge to 9, us (i, v)
and 0,0, u¢ (1, v) P-a.s.. One should notice that all the conditions in the theorem hold true while
doing mollification. Thus we can assume that » and its first and partial second order derivatives
are P-a.s. uniformly bounded and uniformly continuous, and Y is a bounded process.

Now we are to show the well-posedness of the mollification scheme, i.e. that chain rule
applied to u,, := ux* p, converges to the one for u. It is straightforward to verify that u,, satisfies
P-a.s. uniformly in n > 1. We apply the dominated convergence theorem twice to
conclude the P-a.s. convergence for all the terms but the stochastic integral. To handle the latter
one additionally requires an argument across the quadratic variation as written in Theorem
and localisation.

Step 2. Wellposedness and approximation. For a smooth compactly supported density p on R?
we define, for n € N, the mollified version u”'" of v (introduced in Deﬁnition for any
t€[0,T),any y',...,yN € R? by

N
u1€V7n(y17"'7yN) P= nNd/ ug\/'(yl 72,17.”,1!]\7 7ZN)Hp(TLZl)Hle’
=1

(RN =1

where p is a smooth and compactly supported density. We define ¢V, 1)":", in the same way
as uN"". One can notice that u;" ", ¢; ", ;"™ are maps in C?((R?)") and thus all derivatives
up to second order exist and are regular. Furthermore, to u”"" one can apply the standard
It6-Wentzell formulae, since it satisfies all the conditions of Theorem [1.1.2] (verified below).

Now we describe the approximation procedure. From the properties of the Wasserstein met-
ric for finitely supported measures with uniformly bounded second moments, we have

1N 1 X 2 C
WQ(N;(Syi’N;éyi_Zi/") S n2’

where C' depends on the support of p.

We generate the processes ((Y}):e(0,7]) - the independent twin processes of (Y;),c(o, -

I=1,...,

We underline that processes (Y}, b, o}) ,l=1,...N areii.d. P-a.s. and the random vari-

t€[0,T]
ables Y{ are i.i.d P-a.s. as well.
The technique is as follows: we mollify the empirical projection u}' and obtain uév " this

way we can take second-order derivatives and afterwards apply the "propagation of chaos"
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argument to approximate u; by u!', namely for any ¢ € [0, 7] one have P-a.s.

sup El""’N“ NnO/t ,---7Y'tN)_ut(M)|:|

t€[0,T]

< sup BV N[l (YY) =l (0L ) 4 s BR[|
te[0,T] te[0,T

< épt+eEn,

where (g1)>1 is a sequence of random variables P-a.s. converging to 0, as k — oo uniformly in
time, this is seen via a propagation of chaos argument, continuity of v, dominated convergence
theorem and the fact that convergence in Wasserstein metric only depends on the moments of
the distribution.

By the P-a.s. boundedness of v one can get for any p > 1

=

sup Eb- N[uiv’"(Ytl,...,Y;N)—ut( )Pl <€51)—|—85\1;), (4.1.3)

where (e} (), e is a sequence converging P-a.s. to 0.

Now we use the Proposition [3.3.5]to get for any ¢ € [0, 7], P-a.s.

N N
8yiuiv"n(y1,...,yN) :nNd/ Oy (vt — 2.y sz)Hp(nzl)Hdzl

(R4)N =1 =1

nNd N N
=— 9 Syl 2,y NTTd-"
ot s =) Tl [T
Applying the same argument as above we get P-a.s., p > 1

1
sup B [|Na A ,...,nN)—auut(m,ni)ﬂp <e® 4, (4.1.4)
te[0,T]

Now we differentiate once again with respect to y*
Nd+1 N

N N
1
ayiayiuiv’”(yl,...,yN):nN 8Hu£V(N g §z,z,y —z)®8zpnz ||pn2 ||dzl7
RN =1 1£i 1=1

with standard tensor product operating on elements of R¢.
To the previous identity we add and subtract a perturbation term focusing on the contribu-

tion by 4§,

N@Q Luivn(yl,...,yN)
N

N N
1 1 ) , .
Nd+1 i 1 : 1 l !
=n /(Rd)N 8Hut(—N g Oyt + —Néy Y — 2z ) ® 0,ip(nz") I I p(nz') I | dz

[ I#i =1

_|_nNd+1/(Rd)N [%ut(;[ﬁ:(sylzhyi _ zi) _8Nut( 25 1y + Oy LY )}

1#1
® 0ip(nz') Hp nz Hdz
1#1

_TlN( )+T2N( Ly,

n,t

We integrate by parts TiZN with respect to the space variable y (that appears from the derivative
in measure and notice the two minus signs), use the compact support of p for the boundary
term, and to the resulting integral term we add and subtract a 9,0, u}’ over the whole empirical
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measure, this yields

N N
1
71 LN(yla 7yN) Nd/( ) a’ua,uut(ﬁzéyl—zlay Zz) Hp(nzl)Hdzl
=1 =1 =1

_ &,auut( Z(S L,y )] ﬂp(nzl)ﬁdzl

N N
=N N )JrTii (..., y™).

n,t

For Til-’N we have, as previously due to uniform continuity of 9,0, u;, P-a.s., p > 1
1
sup Eb- [|T11 N YN = 0,0, (e, YIP| T < P+ ES\I;). (4.1.5)
t€[0,T)

Uniform continuity of 9,0,u (in space-measure variables) together with the properties of the
Wasserstein metric over finitely supported measures gives

( Z‘sy—Z’*N y’N25 ‘Zl) Nc

which in turn implies P-a.s., p > 1

sup Eb-N[IT2N (v Ly NP < W) (4.1.6)
te[0,T] ’
The procedure to deal with Tii-’N also applies to Tj:ZN and yields P-a.s. for any ¢ € [0, T
1
sup Eb- UTQN( L YNP]R < nsg\z;), 4.1.7)
t€[0,T]

with an additional multiplicative factor n appearing after differentiating the regularisation ker-
nel.

We say that ¢;(+),1:(-) = 0 for all other ¢, where ¢, ¢ are not defined. Now the same tech-
nique is valid to ¢™>", )™V:" to get P-a.s for almost all ¢

]El""’N [(biv’n()/fl,,y;N)} — th(:u‘t)a as ang) 00,

Hence, P-a.s.,p > 1

t 1
sup Eb-N [|/ oV (YL, .. ds—/ bs(pts dsﬂ” <e® 40 (4.1.8)
o<t<T 0

t 1
sup EboN [|/ wéV’"(Ysl,...,YSN)-dWS—/ zps(ﬂs)-dwsﬂ” <e® 4P (4.1.9)
ot<T 0 0

¢™'" satisfy condition (3.2.1) of Theorem due to mollification and the identification from
Proposition 3.3.5

Without loss of generality we pick the (g4)ren the same as for u. One can notice that ™",
h

Step 3: Applying the classical It6-Wentzell to the approximation. Under our assumptions and
the mollification argument in combination with Proposition [3.3.5] we have sufficient regularity
that we can apply the standard It6-Wentzell formula (see Theorem and Theorem [3.2.1)
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to ™™ and obtain

0=u (Ytl,...,YtN)fut Y, YY)

_NZ/ Opul (V) . .., YN) - blds (4.1.10)
0

Z/ Trace{a2 wl Yl YY) ol(oh)T)ds.

Note two important simplifications. Firstly, one would expect the second-derivative term to
contain a Hessian, but for independent processes Y;*,Y/2,l; # I, we have d(Y",Y%), =
]l{h:b}aﬁl(ai?)Tdt and hence only diagonal terms appear. Secondly, no cross-variation term
d(0,u™N", Yy, appears, this is due to the independence of the field’s noise W; and noise of
the particles {W/},—1 ... v within empirical approximation (this will not be the case in the next
section).

Now we can proceed with the expected result. Define AN:" as the difference between the
RHS of and the RHS of the below equation, we then have for any ¢ € [0, 7] P-a.s. (the
tautology)

.....

AN — wy (pg) — o (o) —/0 ¢s(ﬂs)d5—/ Vs (ps) - dWs — *Z/ Ouus(ps, V) - bids

— —Z/ Opus(ps, Y - oldwl — —Z/ Trace{0, 0, us(1s, Y. No i)T}ds.

It is clear that [0,7] 5 ¢ — A" is continuous. Moreover, collecting the inequalities (#.1.3)-
[@.1.9) we have supy;<p [EVN [AY"]| < ey + (1 + n)en, P-ass.

We let N — oo to get by Fatou’s lemma, the law of large numbers and the joint-continuity of
all derivatives with localisation argument for stochastic integral term, P-a.s. that supy, < |A}| <
3¢, where P-a.s.

AT = uilp) = uo(po) = [ 6u(uds = [ () - aw,

_/t [a MR AN, }ds—Q/tIE[Trace{&,BHué(ué,Y)ag(a&) }}ds, (4.1.11)

0 0

where A} :=lim,,_, Aiv ' and we applied Fubini’s theorem to interchange the Lebesgue inte-
gral with the expectation. Note that to handle the stochastic integral we apply the localisation
technique and use dominated convergence theorem once more. Letting n — oo in the equa-
tion above, we conclude that A} — A = 0, P-a.s., which finishes this part of the proof. The
measurability of the involved coefficients follows the guidelines set in Remark|[3.6.5] O

4.1.2 The joint chain rule

Now we are ready to provide a joint chain rule formula expanding the nature of the random
field to support a space variable dependence, i.e. the case t — wu(X;, ut) for p the law of ([3.4.2)
and X solution to ([3.4.1). Let us start by inheriting the structure and properties of the setup of

Theorem

Definition 4.1.7. We say the random field u : Q x [0,T] x R¢ x Py(R?) — R given in (4.1.1)) is
RF-Joint-Partially-C? if
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i) Forany (z,p) € RYxPa(R?), (u(x, 1))sejo,7) is a continuous adapted process taking values in
R and (¢¢(x, it))eejo, 1), (e, 1)) ieo, ) are F-progressively measurable processes with values
in R and R respectively;

ii) For almost any t € [0,T], the maps (z,p) — ¢¢(x, 1), (z, 1) — Yi(x, u) are P-a.s. jointly-
continuous in the product topology of R% x Py(R?) at every pair (z, 1) € R? x Py(R?);

iii) For any (t,p) € [0,T] x P2(R%), the map = + us(z, p) is C2(RY), P-a.s. at every x € R?, with
dpu, 0%, u being P-a.s. joint continuous at every triple (t,x, 1) € [0,T] x R? x Py(R?), P-a.s.;

iv) For almost any t € [0,T], for any u € Pa(R?), the map x — 1y (z, p) is C*(RY), P-a.s. at every
r € R with 0,1 being P-a.s. joint continuous at every pair (z, 1) € R? x Py(RY), P-a.s.;

v) Forany (t,z) € [0, T]xR%, the map u + us(x, 1) is P-a.s. continuous in the Wasserstein metric
and L-differentiable P-a.s. at every u € P2(R%). Moreover, 0,,u:(z, j1,v) is P-a.s. joint contin-
uous at every quadruple (t,z, u, v), with (t,z, 1) € [0, T] x R? x Po(R%), v € Supp (), P-a.s.;

vi) Forany (t,x,u) € [0,T] x R? x Py(R%), the map v — 0, u;(z, 1, v) is Re-differentiable P-a.s.,
at every v € Supp(u). Moreover, 0,0,u:(x, i1, v) is P-a.s. joint continuous at every quadruple

(t, z, p,v), with (t,z, 1) € [0,T] x R? x Py(RY), v € Supp(u), P-a.s..

Theorem 4.1.8. Let u : Q x [0, T] x R x Po(R?) — R defined by (4.1.1)) to be RF-Joint-Partially-
C2. Assume that for any compact K C R% x Py(R%) and t € [0, T we have

t
/ s {166, 0)] + 0y (2, I + |02, (2, )| ds < o0, P-as, (4.1.12)

z,u)EK

and

sup {/}Rd U(%ut(x,,u,v)ﬁ + |8v8#ut(ac,u,v)\2]u(dv)} < oo, P-as. (4.1.13)

(t,z,n) €0, TIx K

Let (pt)se(0,7) be the Zaw of the solution to (3.4.2 satisfying Assumption Let (Xy);e(0,1) be
the solution process to under Assumptlon
Then the process (ut(Xt, tt))tejo,r) is an Ité process P-a.s. satisfying the dynamics

up (X7, pr) — uo(Xo, po)

/¢ Q7uds+/ws o) -dW,

+/ Bmus(Xs,,uS)-%dWs—i—/ Trace{0,vs(Xs, ps) (vs)T }ds (4.1.14)
0 0

T T4

amus(Xsnus)'ﬂsd5+/ 3 Trace{ 92, us(Xs, t1s) vs(7s)T }ds
0

T T
—|—/ E[@Hus( s s, S) }ds—&—/ §E[Trace{87j8uus( S,MS,YS) s(0s)T }}ds,

0 0

with uo(Xo, o) = f(Xo, fto)-

Observe that the terms of the first and the last line on the RHS of the formula are the
ones from our Theorem |4.1.3] whereas the middle two arise from the standard It6-Wentzell
formulae.

Proof. In view of the proof of Theorem [4.1.3| we assume a compactification/mollification ar-
gument in the measure component has been applied. In this way we avoid a repetition of
arguments.
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We start by fixing a time T and let Ax = {0 =t; < t; < --- < tx = T} be a partition of
[0, 7] with modulus |A x| = minggj<x—1 |tj+1 — tj| > 0. Then

ur (X, pr) — uo(Xo)

=

[
I\

|:ut1',+1 (Xt'H»l ) /’Lti+1) — Ut (Xti )y Mt )}

S

K-1

K K
[uti+l (th‘+1 ) :u'ti+1) — Uy, (Xtmutﬁl)] + Z {uti (Xti’lu’tiJrl) — Uy, (Xtmuti)} = Il( ) + Ié )
=0

Il
=]

%

Now we see that IQ(K) is amenable to Remark which together with the joint time-space
continuity of the measure derivatives, a localisation procedure for X, applying twice the domi-
nated convergence theorem in combination with Assumption yields

K-1

I§K>=Z[

=0
T o LT )
S AL TRC A R AR -l LT CE NG AR SEACHIILR
0 0

tita1

tig1 _ 5 1
/ Bl (Xo, 10, Vo) -Bilds + /

ti ti

E [Trace{i?vauuti (X, s, Ys)Gs(66)T }} ds} ,

where we have taken the limit |A x| — 0.

The measure increment is forward in time for I{K), however its flow is deterministic al-
lowing to directly pass to the limit, after applying the Theorem [3.2.1} whose assumptions are
satisfied, having

K-1

tiga tit1
K
Il( ) = Z |:/; ¢S(Xsauti+1)d5 + s wS(XS’:utHl) -dW
i=0 i ’

tir1 tit1
+ / aacus (Xsa ,u‘t1',+1) ° ,Bst + / 83?’“8 (Xsa :u‘f/1,+1) : ’ygdWs‘]
t t;

i i
tit1

1 ti+1

+ 3 / Trace{aizus(Xs, Ptiyy) 'ys('ys)T}ds + / Trace{BIwS(Xs, ,utiﬂ)(vs)T}ds .
ti t;

Now one can pass to the limit in Il(K) as |[Ax| — 0, by applying joint-continuity of « and

its derivatives, alongside Lebesgue dominated convergence theorem, localisation procedure to

deal with X, and standard quadratic variation argument to handle stochastic integral, so

T T
Il(K) - / ¢s(Xs, ps)ds +/ ¥s(Xs, ps) - AW
0 0

T T
+/ Orus(Xs, t1s) - Bsds —|—/ Orus(Xs, tts) ~'ySdWS] (4.1.15)
0 0

T T
+ %/ Trace{02,us(Xs, 1ts) s (7s)T }ds +/ Trace{ 0,5 (X, p1s) (vs)T }ds.
0 0

Joining all the limits we see that (4.1.14)) immediately follows. Measurability is dealt by Remark

B.6.5
O

4.2 TIto-Wentzell-Lions chain rule with a conditional flow of
measures

The setting discussed in this section is inspired by the developments in the theory of mean-
field games with common noise, [[19] and [22]. Since the framework evolves from that in the

32



previous chapters we set up our probability spaces and notation anew.

For the purposes of this section the probability space inherits the structure outlined in Sec-
tion [3.5] We refer to Section [3.6]for introduction of the processes and existing Itd-Lions expan-
sion.

Letu: Q x [0,T] x R? x Py(R%) — R be a random field, satisfying the dynamics
dut('rhu) = ¢t(1‘7lt)dt+¢?(l’aﬂ) 'th0+w151($vU) 'th17 UO(xa,u) = f(l‘,u), (4.2.1)

where f(z,p) : R? x Po(R?) — R is a deterministic function, W° = (W?),c0,r) and W' =
(W{)tepo,r) are independent d-dimensional F° and F!-Brownian motions respectively; (¢, ¢°, ¢') :
0 x [0,7T] x R? x Py(RY) — R x R? x R? are F-progressively measurable processes.

4.2.1 It6-Wentzell-Lions formula for measure functionals

For the derivation of the expansion in measure component, and as in Theorem [4.1.3] we fix
x € R? then omit its dependence, i.e.

ur(p) = ur(z, ), Ge() = de(w, 1), ¥f(n) = (2, 1) and i () = ¥y (, ).
Now we introduce the regularity for random field given by (4.2.1) which inherits Definition
and requires additionally a second-order Fréchet differentiability.

Definition 4.2.1. We say the random field u :  x [0, T] x P2(R%) — R given in (£.2.1)) (for some
x € R? fixed) is RF-Generally-C? if

i) w is RE-Partially-C2 for ¢, := (¢9,v})T and W, := (W2, Wh)T;

it) For any (t,v) € [0,T] x Supp(w), the map p — 0 ,u,(p,v) is L-differentiable P-a.s. at ev-
ery point i € Pa(R?). Moreover, 8iut(u, v,v") is P-a.s. joint-continuous at every quadruple
(t, p,v,0"), with (t, 1) € [0;T] x Po(R?), v,v" € Supp(u), P-a.s.;

iii) For almost any t € [0,T), the map p — (u) is L-differentiable P-a.s. at every point u €
Pa(R4). Moreover, 9,49 (u, v) is P-a.s. joint-continuous at every pair (u,v), u € P2(RY), v €

Supp(p), P-as.

We highlight the slight abuse of notation in the way point i) in the above Definition is
formulated. This avoids re-stating a full assumption that is nonetheless clear to understand.

Theorem 4.2.2. Let u be RF-Generally-C? It6 random field (4.2.1) (where € R? is fixed and
omitted throughout, also for ¢ and 1). Assume for any compact K C P2 (R?) we have

T
| s {10l + 10800 P +102GP + [ 10,00, 0)P(an) s < oo, Pas,
0 Rd

pneEK

and

sup  { / (10300 (1 0) 2+ 10,1011, 0) P () (4.2.2)
(t,pn)€[0,T]x K R4

—|—/ \Qiut(,u,v,v’\zu(dv)u(dv')} < oo, P-as..
R4 xR

For almost all w° € Q take (pt)iepo 1] = (Law(Y’t(wo,~)))t€[O ot with Y solution to (3.6.1)
under Assumption [3.6.1}
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Then (u¢(j¢))eefo,r) is an Itd process P-a.s. satisfying the expansion

T

T T
ur(pr) —uo(po) = [ bs(ps)ds + [ ¢%(us) - dW2 + [ 0 (us) - dW}
0 0 0

T B B 5 T ~ B
+/ El[auus(us,}/;ybs}ds—i—/ oy [(a—g)Tauus(ﬂs,Ys)}.de
0 0
T
+ / %El {Trace{&,aﬂus(us,YQ)(&Q(&S)T+&i(5—;)T)}}dS (4.2.3)
0
1
Rl

E!|E! [Trace{@ius(us, Y,,Ys) 5?(50)T}] } ds

T .
+/ E! [Trace{auzbg(us,Ye)([’g)T}}d‘s’
0

where the formula above E and [ denote the expectation acting on the model twin spaces (Q,F, P)
and (€2, IF, P) respectively, and let the processes (Y3, bs, Gt )iefo,r) and (Yz, by, 6¢)iefo, 1) be the inde-
pendent twin processes of (Y3, bt, 0¢)¢cjo,1) respectively living within.

One can notice two new terms appearing in contrast with the formula in Theorem |4.1.3
Whilst the 3311 term appears as a cross-variation of two model particles Y and Y experiencing
the same noise W° and is present in Theorem [3.6.4} a brand new 9,,4° term now indicates an
interaction of the field « with the model particle Y through the same W°.

In contrast to the proof of Theorem[4.1.3] the arguments here are far more straightforward.
This is due to the fact that we now expect to receive a 8ﬁu term within the expansion, so we
should assume the respective regularity, whilst the same situation in the proof of Theorem|4.1.3

requires another round of mollification.

Proof of Theorem Step 1. Mollification. We carry out mollification in two steps - firstly we
construct the mollifying sequence and later show its convergence. As in the proof of Theorem
we pick a smooth function p : R? — R? with compact support, letting for any ¢ € [0, 77,
(uxp)e(p) = us(pop=t) and for any ¢ € [0, 7] having u P-a.s. bounded and continuous at every
pair (t,u) € P2(R?), d,u and 8,0,u P-a.s. bounded and continuous at every triple (¢, u,v)
for v € Supp(p) and 8Zu P-a.s. bounded and continuous at every quadruple (¢, u,v,v’) for
v,v" € Supp(u), what follows from local boundedness of « and its derivatives. Now picking the
sequence (p,)n>1 in a way that (pn, Oupn, 02, pn)(x) — (x,14,0) as n — oo, we can conclude
that (ux pp)e (1), Op(u % pn )i (11, v), 00, (u * pn)i(p,v) and 92 (u x py)¢(p, v,v") converge P-a.s.
t0 wy (p1), Oy (1, v), DpBpue (1, v) and O2uy(p, v, ') respectively. Thus we can assume w and its
derivatives to be P-a.s. bounded.

Again as in Theorem we consider p — (u* p)(u * ¢g) instead of p — (ux p)(u) with
$¢ - density of standard d-dimensional Gaussian distribution N (0, I;) on R? and (u * ¢¢)(z) :=
Jga 9c(z — y)du(y). Now the support of p * ¢¢ is the whole R? and d,,u, 0,0, u and 82u are
P-a.s. continuous at every triple (¢, 1 0 g, v),t € [0,T],v € RY. Installing ¢. ¢ - d-dimensional
Gaussian distribution N(0;el;) and letting £ N\, 0, we conclude the P-a.s. convergence of
Opur(p * ¢e,c, ), OpOpur(p * ¢2,r,v) and (‘32114(# * ¢e.,0,0") 10 Opug(p,v), 0y0pus(p,v) and
8ﬁut(u, v,v") respectively. Thus we can assume P-a.s. uniform continuity of measure expansion
terms for the whole R?.

Now we are to show that mollification procedure is well-posed. It is straightforward to ver-
ify that u,, := u * p,, satisfies P-a.s. uniformly in n > 1. Applying twice the dominated
convergence theorem we conclude the P-a.s. convergence for all the terms but the stochas-
tic integral. To handle the latter one additionally requires an argument across the quadratic
variation, as written in Theorem and localisation.

As before we define ¢; = ) = v} := 0, for those t where the functions are not well-defined.
We copy the procedure above to conclude that ¢, 1", ¢! P-a.s. have compact support.

Step 2. Approximation. By our mollification argument one can assume the u, 9,,u, 0,0,,u, 050,
and 8iu to be P-a.s. bounded and P-a.s. uniformly continuous in respective topology spaces.

We construct twin processes (Y{)icpo,r), | = 1,..., N of (Y;):e[0,7] €ach supporting its own in-
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dependent Brownian motion (th’l)te[oj] that generate (O, FL.UFLE PLY) alongside with F,
altogether forming a copy of (%, 71, F1, P1). Since the stochastic basis (2, F, F,P) of our initial
space is constructed as a completion of (Q° x Q! F0 @ F! F° @ F!, P’ @ P!) augmented in a
right-continuous way and then completed, we introduce a new product basis (!, 7, F!, P!) to
be completion of (20 x Qb FO @ FLUFY @ F1 PO @ PL!) augmented in right-continuous way
and then completed. Now we copy the dynamics of (Y;):c(o,r), as

dyy = bldt + opldwdt + o tdWH, Y =Y,

where Y{,b., 00" and o} are copies of Y° bt,a?,atl respectively. Now we construct a total
stochastic basis (Q1+N, FLN FlLe N PNy "where

N N
- N =t x JTaY, FN=Fer e @FH,

=1 =1

N N
Fl,...,N — FO ® Fl ® ®F1’l, Pl,...,N — PO ® ]P)l ® ®Pl,l,

=1 =1

where we again and finally augment the filtration in a right-continuous way and complete. We
underline that processes ((Y;)(w®, ), b(w?, ), ap" (w0, ), o (WO, '))te[o rp l=1...Nareiid.
PY-a.s.

Hereinafter while fixing the w® € Q°, and for the sake of simplicity we will omit adding the
(w, ) to the processes Y;, by, 02, o} to highlight the respective relation to w?, but will leave in
after iV as to underline the nature of this dependency.

Denoting the flow of marginals for almost all w* € Q0 as M (w°,-) :== &+ S, Oy} (w0, for

t € [0,7] and the empirical projection of u as u¥ we proceed by applying Itd-Wentzell formula
(Theorem[3.2.1)) to u}¥ and using Proposition [3.3.5/to expand P-a.s.

t t
a0 ) = 0 V) = [ W0 s+ [ ) aw
/w (B (0, ) - AW + 2/ Opy (il (0, ), Y1) - blds
+12/t8 ug (Y (W0, ), YD) -ao’ldWO—FlZ/t@ ug (N (W0, ), YY) - obtaw !
Nl:1oués v )y ts s s Nl:10/tés v )y Ts S s
1Lt
2 / Trace {8, Bty (1 (0, ), Y1) (02 (004)T + o (o1)T) }ds

T > / Trace {33, (i (&, ), Y1, Y1) 00 (627 ) ds

I,i'=1

+ o3 Z/ Trace {9} u.( iy (w0,), YL Y obl (ol T hds

+*Z/ Trace{ 0, ¥ (a2 (w°,-), Y)) (02T }ds.

We highlight that we do not have §,¢" terms due to the fact that (W, Whl), =0, | =
., N, whilst one of the 8ﬁu terms is summed up diagonally, due to independence of W, W7, i,j €

1,...,N, i # j. Taking conditional expectations on the above formula E'-1-V[.] := LS -
| FOoF 1} we have by the stochastic Fubini theorem (see [91}, Theorem 3.5]) and boundedness
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of @2u for any ¢ € [0, 7], P-a.s.

t
b [ B (0010 (w0, )] - aw? (4-24)
0
1 t
+0+ 5/0 ELL-N [Trace{avauus(ﬂf(wo, 9, YD) (0P (00T + (U;’l)(ai’l)T)}}ds
t
+ %/ ELLN {Trace{@ius(ﬂiv(wo, SR AR 02,1(02,2)7}}@
0

o [ B [Tace (0,00 (.. Y2027 ds + O ),

with O(1/N) standing for the Bachmann-Landau big-O notation (sequence bounded by %, for
some C > 0) which appears from the second 1/N? summation term (notice the sum is over
only one index).

Lifting to Lo-space and using continuity of the underlying process, as in [22, Theorem 4.14],
we conclude that P° @ P!-a.s.

. _ 2
hmsupEl’l’”'N[ sup Wa (s (w0, ), s (@, ) } = 0.
N—o00 0<s<T

Now due to the continuity in the measure-component and dominated convergence theorem
we can pass to the limit in (as N — o0) to conclude the formula. The convergence of
stochastic integral is secured by localisation and arguing across quadratic variation. We swap
the integral and expectation by stochastic Fubini theorem. Finally we rewrite the expectations in
the RHS upon dependance on two model particles (living on (Q° x ', FO@ F!, FO@F!, PO @ P')
and (Q° x Q!, FO® F1, FO@F!, PO @ P!) respectively). Measurability is again secured by Remark
3.6.5] O

4.2.2 The joint chain rule

Now we are ready to prove a joint chain rule for u :  x [0, 7] x R% x P;(RY) — R as given
by (4.2.1). We introduce minimal regularity requirements.

Definition 4.2.3. We say the random field u :  x [0, T] x R? x Po(R?) — R given in (4.2.1)) is
RF-Joint-Generally-C? if

i) u is RE-Joint-Partially-C? for ¢ := (¢, 4})T and W, := (W2, W})T;

ii) For almost any t € [0, T, the maps (x, 1) — ¢¢(z, 1), (z, 1) = VP (z, 1), (z, 1) = ¥} (x, 1),
are P-a.s. joint-continuous in product topology of R? x Py(R?) at every pair (z, 1) € RY x
732 (Rd),‘

iii) For almost all t € [0,T)], the map p ~ P (u) is L-differentiable P-a.s. at every point u €
P2 (R%). Moreover, 0,49 (i, v) is P-a.s. joint-continuous at every pair (i, v), u € Pa(RY), v €
Supp(u), P-a.s.;

iv) For any (t, u,v) € [0,T) x Po(R?) x Supp(u), the map = — d,us(z, p,v) is Re-differentiable

P-a.s. at every point x € R® Moreover, 0,0, us(x, u,v) is P-a.s. joint-continuous at every
quadruple (t,x, ju,v), with (t,z,p) € [0,T] x R? x Po(R?), v € Supp(u), P-a.s.;

36



v) For any (t,z,v) € [0,T] x R? x Supp(u), the map pu + O,us(x, u,v) is L-differentiable P-
a.s. at every point i € Po(R?). Moreover, aiut(x, w,v,v") is P-a.s. joint-continuous at every
quintuple (t,z, p, v,v"), with (t,x, 1) € [0,T] x R? x Po(R?), v,v’ € Supp(u), P-as..

We highlight again the slight abuse of notation in the way point i) in the above Defini-
tion is formulated. This avoids re-stating a full assumption that is nonetheless clear to
understand.

Theorem 4.2.4. Let u be RF-Joint-Generally-C? It6 random field (4.2.1)). Assume for any compact
K C R4 x Py(RY) that

T
[ sw {lonteml+ 102 + 10,08 P + [ 10,0800 Patar)

(z,n)EK
T ) + |axw;<m,u>|2}ds <o, Pas,
and

sup [ [0 o)+ 10,0,1(z 1, 0) P + 1020, ) ()
(t,z,m)€[0,T]x K R4

+/ |8ﬁut(u7v,v’)|2u(dv)u(dv’)} < oo, P-as.
R x R4

Take (p1¢)iejo.1] = (LaW(Yt(wO,-)))te[QT] with (Y;)sep0,1) solution to (3.6.1) under Assumption
B-6.7Jand (X:)sc(o,r) given by (3:6.2) under Assumption 3.6.2]

Then (u(X¢, 11¢))eefo, 1) i an Itd process P-a.s. satisfying the expansion

T T T
wr (X ) — (X, o) = / 65(X s, 13)ds + / WO(X o) - dWO + / P (X o) - AW
0 0 0
T T T
+ / Dutte(Xo, p1s) - Bods + / Dutis(X, 1) - A0dWO + / Doty (Xo p1y) -y W]
0 0

/fTrace{ﬁ us (X, prs) (vg (V)T + 75 (7)7) }ds

/ Ot (X, o, Vo) }ds+/o EL[(6) 0y0a (X, 10, Vo) | - V2

+/ %El [Trace{@vapus(Xs,us,175)(60( T 455 ))}}ds (4.2.5)
oT1 o B

+/O s B! []El [Trace{agus(xs,us,n,ys) 62(&2)T}Hds

T T
+/ E! [Trace{azaﬂus(Xs,us,f’s) 72(&2)T}}ds+/ Trace{ 9,92 (X, ps) ()T }ds
0

0

T T
+ [ tracefo, vl (X p) (AT s + [ B Trace{0,00(X. V) (307} ds,
0 0

where the formula above E and | denote the expectation acting on the model twin spaces (Q,F,P)
and (€2, IF, P) respectively, and let the processes (Y3, s, 04 )efo,r] and (Y, by, 6¢)ieo, 1) be the inde-
pendent twin processes of (Yy, bt, 0¢)scjo,1) respectively living within.

It is interesting to mention the 0,0,u term, which also appears in Theorem it is
nothing else but the cross-variation of the process X and the model particle Y. The very last
two lines contain all the possible ways of cross-interactions, namely, between the random field
u, the process X and the random measure .

Remark 4.2.5. According to [30l, 0,0, u = 0,,0,u, when both crossed derivatives exist and are
Lipschitz. However, as one can notice in the proof, within our mollification procedure for empirically
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projected mapping the space derivatives could be swapped in the convenient way to secure the
existence of the limit - desired derivative. Thus in the Definition one can equally demand the
existence of 9,0, u instead of 9,0,,. The same applies for respective derivatives for ¢,¢° and .

The proof used in Theorem does not carry directly to this case, crucially due to the
passage to the limit in as the measure flow is random. Of the possible angles of attack
to show the result the direct application of the empirical projection approach is the simplest.
We follow it and provide alternative arguments when the passage to the limit issue arises.

Proof of Theorem In view of the proof of Theorem [4.2.2) we assume a compactification &
mollification argument in the measure component as been applied and hence we do not repeat

its construction. Moreover, without loss of generality assume (b;);c(o,7] and (o¢):e[o,] to be
bounded.

Again as in previous theorem, we consider u/V- empirical projection of u, and construct
generic (Y});e[0,7] in the same way, underlining that the processes Y} (w°, -), b} (w°, ), o (w?,"),

1, ,0 _ iid AT d (70 TINT
op(w?,),t€[0,T],l =1,...N arei.i.d. For ¢;, v, .—<Owi)an Wy = (W2, WHT we copy

the same procedure as before to have for almost all ¢, P-a.s.
Ebb Mol (X, Vi YY) = 00(Xe ) and EVS N[ (X YY) ] (X ),

as N — oo, together with
t t
Elvlv-wN{/ O (Xo, Y, Y )ds] —>/ e(X s, p1)ds,
0 0

t t
]ELLM’N[/ in(XsaYslv--wYtsN) dWs} — / %(Xs,/ls) 'dWsa
0 0

P-a.s.as N — oo for all t € [0, T). As before, for the sake of simplicity we omit adding the (w", -)
to the processes Y;, b;, 0¥, 0}, but will leave one for i}Y.
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Since all conditions of Theorem hold we apply it to ul¥ (X;, Y}, ..., YV,V) getting
T
uN(XT,YTl,...,YTN)—uN(XO,Yol...,YON):/ oN(X,, Y, . .., YN)ds
0
T T
+/ ¢27N(X87Y;1""ay;~N) dWB+/ ¢61'7N(XS’}/517"'5}2N)'dW5‘1
0 0
T T
amuiv(Xs,Y'S17...7YSN)~B§ds+/ Dpul (X5, Y)Y ) 4 2aw?
0 0
1 T
/ dpul (X, Y}, YN)-’yél,dWé}+§/O Trace{0,,ul) (X,, Y, ..., YN) 72(70)T}ds
+§/0 Trace{dpoul (X, Y}, ..., YN) 7vi(72)T }ds
T T
+/O Trace{ax@Dg’N(Xs,Ysl,...,YSN)(’yE)T}ds+/ Trace{d, s ™ (Xs, Y, ..., Y) ()T }ds
N T
+Z/ dpul (X, Y1 ... Y, ﬁlds+z/ pul (X, Y. . YN oOlaw?

+Z/ Opul (X, YE . YN oltdw !

i Z/ Trace{d,,»u) (X, Yy, YSN)US’I(US’N)T}dS

ll/ 1

1

+ 3 Z/o Trace{ayzyuuiv(Xs, Ysl, e YSN) U;’l(o;’l)T}ds
N T

+3 / Trace {0, (X, Y2, ..., YY) 7002 }ds

+Z/ Trace{ 0, 0N (X,, Y, ..., YV )(02h)T }ds.

We again underline that we do not have additional d,,,u and 9,:¢ terms due to the fact that
(WL Whh, =0, 1=1,...,N, at the same time diagonally summing one of 2u, due to mutual
independence of W*, W7, i, €1,...,N, i #j.

Now we transform the equation according to Proposition 3.3.5| and applying E*! N [.] :=
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E[-|F°® F'], law of large numbers, Fubini theorem and boundedness of 92u we get P-a.s

T
El,l,...,N[u(XT,ﬂII\[)] _ El,l,...,N[uN(XO,ﬂ(I)V)] _ / ELLN [(Zﬁév(Xs,ﬂiV(woa ))}ds
0

T _ T
b [ RN [N Y W0, )] a4 [ [ (0 0] -

T /TE ----- N[O (X Y (@, )] - Bids + /TE ***** V[0 (X, B (0, )] 22
0 - 0

. /T]E N D (X, Y (&0, )] A2
T1

+ [ g B [race {00, (Xo, 22 (0, D027 + 2017 Hds
T T

4 [ E e [0 P ] fds [N [0l (X Y (00, )]s

+

T T
/ B [ (X 00,2 1o 4 [ BN (00 (K Y (0, )] v

0

(==}

Trace{a Opus( X, i (w°, ), Y (0% (o) ‘*‘U;’I(U;’l)T)}}ds

S

+ o+

o— o—
! ~

[\3\>— l\DM—‘

1,1,...,.N Trace{a ug s ,L_l‘iv(wo, ,), }/8173/32) 0231(0'0,2)1'}}(15

T
+/ El LN TraCe{a 19) Us S?ﬂ.iv(w()’.)’}/sl) fyg(dgl)T}}dS

[=)

+ / El’le[Trace{aﬂwi’(Xs,néV(wﬂ~),Y3><02’1)T}]ds+0(%)-
0

We note that the expectation taken on the term in the fifth line does not charge the process
(v°(v°)T + 41 (41)T), we write it as it is to preserve the matrix-trace notation.

According to the conditional propagation of chaos argument, as given in Theorem [4.2.2]
dominated convergence theorem (twice for the terms from the last five lines), localisation for
X and joint continuity and integrability of involved terms one can conclude the convergence of
the above formula to (4.2.5). We argue additionally across convergence of quadratic variation
to handle the stochastic integral terms.

As before we switch to two model particles (living on (Q° x Q', FO @ F!,F° @ F',P° @ P')
and (Q° x O, FO @ F1,FO @ 1, PO @ P') respectively) and swap the integral and expectation
by stochastic Fubini theorem. Again and finally, we assert the measurability of involved terms

by Remark

O
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Part III

Investment-consumption
many-player and mean-field games
under relative performance
concerns






Chapter 5

Preliminaries

5.1 Notation and spaces

Throughout Part [l we work on stochastic basis (2, 7, F,P), satisfying standard conditions.

For functional U : QxR x [0, 00) — R, U; denotes the partial derivative in the time parameter
t € [0, 00); U, denotes the partial derivative in the spatial variable = € R whilst U,,, the second
derivative in = € R.

5.2 Relative performance concerns for CARA preferences

We recall the market structure outlined in Chapter [2| For the clarity of presentation we
present some concepts anew.

Agents’ wealth. Each agent i = 1,...,n trades using a self-financing strategy, (m}):>0, which
represent the (discounted by the bond) amount invested in the i-th stock. The i*" agent’s wealth
(X})¢>o then solves

ax} = i (pedt + vidWj + 0,dBy),  with X = aj € 52D

We recall that the strategy is self-financing, when the agent wealth evolve from the starting
capital only by agent’s investment decisions in the market without any external sources of
income and this evolution is described by respective SDE (5.2.1)).

A portfolio strategy is said admissible if it belongs to the set A?, which consists of
Al = {wi : F-progressively measurable R-valued processes (7} );>0,

t
and self-financing such that E| / |7s|2ds] < oo, forall t > 0}.
0

The agents’ social interaction.

Each manager measures the performance of their strategy taking into account the policy of
the other. Each agent engages in a form of social interaction (in the sense of [|11,{46]]) that affects
the agent’s perception of wealth, all in an additive fashion modelled through the arithmetic
average wealth of all agents (this model is largely inspired in [[11}/46}48}(73]]). The way the
agent assesses and optimises their relative performance is explored through Definition [5.3.1
in the latter Section So far we introduce the relative performance metric of manager i €

1We emphasise that our results can be generalised by allowing for alternative investment in the risk-free bond with
rate r. We fully investigate r # 0 for the CRRA preferences, where we study its interplay with other parameters. Under
CARA preferences we assume r = 0.
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{1,...,n}, denoted X' is defined to be

_ S — 1

Xt=X"-0,X, where X::fE Xk and 6; €0,1], (5.2.2)
n
k=1

where deterministic ¢; stands for the competition weight for agent i. We easily obtain a dynam-
ics for X and X*, namely

dX; = (% kzi;ﬂ'f,uk)dt + (% ki:lﬂfukdwtk) + (% znjﬂfak)dBt

k=1
= (mp),dt + (ﬁ ;qudetk) + (m0),dB;, Xo =70 = o ’;3715
. . S , : 1«
AR = (i =0T )t + (i} = 04( Y- b))
k=1
+ (mjoi — 0:(n0),)dBy,  X§ =z — 0o, (52.3)

where T, 7z and 7o are identified as averages (as seen from the 1st equation to the 2nd).

Similarly to [[73, Remark 2.5], it is natural to replace the average wealth X i 1n - by the av-

erage over all other agents With that in mind we define for convenience X'~ = L3 2 X

and Y(-9) = ﬁX =" This leads us to recast as

S ; —(—i —(—i 1
Xi—x—0,X""  where X"= 3 Xk, (5.2.4)
n—1 Py

We easily obtain a dynamics for X and X7, namely

(i) _ (=) 1 (=) D (e
dxX\ =) dt+<n_12wfudetk>+(wa)t dB,, x5 =z{"

ki
dxXi i =0 i i 1 ok k
¢ = (mpi — O;(wp), )dt+ (’/TtVith - Gz(m Zﬂ't vpdW, ))
ki
+ (rios — Oi(mo). V)dB,,  Xi =) — 0,75, (5.2.5)

We also define the quantities

7oV .= Zﬂak, W/L(l)_*ZT(/J,kand(ﬂ'VQ(l)_7Z7TV]€ ,

k;éz k#i k#i

where we have the following relations between 75, 76~ and 7o

ARSI T SISO N ) (5.2.6)
n—1 n—1 n—1
and 70" = 77 — l7r o;. We do not write it explicitly but we extend the same notation and

relations to 75", 79 and 7.
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5.3 Forward relative performance criteria for wealth optimi-
sation

5.3.1 Forward relative performance criteria

Each manager measures the output of their relative performance metric using a forward
relative one as modelled by an JF;-progressively measurable random field U? : R x [0,0) — R
fori € {1,...,n}. The below criteria follows those proposed in [52].

The main idea here being a formulation inspired in the first step in the usual strategy of
solving a Nash game, namely the best response of an agent to the actions of all other agents.
Take manager i and assume all other agents j # i have acted with an investment policy 7/ then
for any strategy 7* € A‘, the process U?(X},t) is a (local) supermartingale, and there exists
7% € Al such that U'(X/*,t) is a (local) martingale where X' and X®* solves with
strategies 7¢ and 7"* respectively.

This version of a relative criterion is (implicitly and) exogenously parametrised by the poli-
cies of all other managers j # ¢ over which there is no assumption on their optimality. In
Nash-game language, we solve the so-called best response.

Definition 5.3.1 (Forward relative performance for the manager). Each manageri € {1,...,n}
satisfies the following. Let w7 € A7, for any j # 1 be arbitrary but fixed admissible policies, in other
words, the other managers have fixed their admissible strategies.

An F-progressively measurable random field U'(z,t) is a forward relative performance for
manager i if, for all t > 0, the following conditions hold:

i) The mapping x + U'(x,t), is P-a.s. strictly increasing and strictly concave;

ii) For any m € A, U'(X!,t) is a (local) supermartingale and X' is the relative performance

metric given in (5.2.4);

iii) There exists w* € A? such that U L()A(Z*, t) is a (local) martingale where Xi* solves (5.2.4)
with strategies m** being used.

In the above definition, we do not make explicit references to the initial conditions U (z,0)
but we assume that admissible initial data exists such that the above definition is viable. Con-
trary to the classical expected utility case, the forward utility process is an investor-specific
input. Once it is chosen, the supermartingale and martingale properties impose conditions on
the drift of the process. Under enough regularity, these conditions lead to the forward perfor-
mance SPDE (see [|82]).

Since we are working in a log-normal market, it suffices to study smooth relative perfor-
mance criteria of zero volatility (of the forward utility map). Such processes are extensively
analysed in [80] in the absence of relative performance concerns. There, a concise charac-
terisation of the forward criteria is given along necessary and sufficient conditions for their
existence and uniqueness. In that setting, the zero-volatility forward processes are always time-
decreasing processes. We point to the reader that this does not have to be case if relative
performance concerns are present (see also [|52]).

5.4 Relative performance concerns for CRRA preferences with
consumption

Mimicking the presentation of Section [5.2| we introduce the setting anew.
The market. The market environment is the same as in with one notational change.
Now the price (S}):>0 of stock i traded exclusively by the i-th agent solves

dsi

5 = fiidt + v, dW) + 0;dB,;,  Sh = si >0, (5.4.1)
t
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with constant parameters ji; € R, o; > 0 and v; > 0 with o; + v; > 0. This is in contrast with
where we set different notation for the drift. The convenience of this notation could be
understood through the next paragraphs, when we introduce the risk-free rate r.

v

We recall the case of single common stock, where for any i =1,...,n, (f;,0;) = (it,0), v; =
0, for some ji € R, o > 0 and independent of i.

We again point out that we contribute to the literature on mean field games and FPP by also
providing an explicitly solvable example.

Agents’ wealth. Each agent i = 1,...,n trades using a self-financing strategy, (r}):>0, rep-
resenting the fraction of wealth invested in the i-th stock and consumption policy, (ci);>o,
representing the instantaneous rate of consumption per unit of wealth. The i-th agent’s wealth
dynamics (X});>o is given by

dXi = rXidt +miXi (pidt + v dWi + oidBt> —dXidt, with X\ =g)>0, p=j—r
(5.4.2)

We interpret u; as an excess return. A portfolio investment-consumption strategy is deemed
admissible if it belongs to the admissibility set A”,

Al = {(wi, c') : F-progressively measurable R x (0, co)-valued process (7}, ci)i>o,
t . .
such that IE[/ (J7%)? + |c73’|2)ds} < oo, for any ¢ > 0}.
0

As in [72]] we do not allow a consumption rate of zero. It is also clear that for any admissible
strategy we have X} > 0 forall ¢t > 0.

The agents’ interaction and relative performance concerns. Each manager measures the
performance of their strategy taking into account the policies of the others. Each agent engages
in a form of social interaction that affects that agent’s perception of wealth, all in a multi-
plicative fashion modelled through the geometric average wealth of all the agents, excluding

themselves. The relative performance wealth process of manager i € {1,...,n}, denoted X* is
defined to be
S Xt <l - =
Xi=—" . where X09= (HXk) " (5.4.3)
( X(fi)) ' ki

In the same vein we introduce the relative consumption metric
¢ - =
Ad ~(—7 n—1
&= e where 79 = (H ck) ) (5.4.9)

(5(*1')) k#i

We emphasise that both relative metrics (hat and tilde) can be equivalently reformulated such
that the respective geometric average include the agent themselves. This becomes an equivalent
problem that can be reduced to the original one by rescaling the parameters, see [|73, Remark
3.3], 72! Section 2] or [|36, Section 2].

By an application of It&’s formula we obtain the dynamics for the average performance wealth
Y = X9 as follows,

dy; —q 1 [(—=—=(-i .
= (e g (S e

1 ——0\ (=i
3 —(vm)? ) o >) dt
1 n ) n ﬁ
+ > werfdWE + o TdB, Y = (Hx’(?) ,

n—1 ki ki
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where we define the helpful auxiliary quantities for ¢t > 0

n

(i ( 1) 1 (=
k;ﬁt k#i k#i
2772( v_ 1 zn:Ek(ﬂf)Q, ’§ n_ 1 Zn:cf, Y = of + Vi,
n—1 Py n—1 Py

Via It&'s formula one finds the dynamics of relative performance wealth X' to be

Xm - i
= &dt — (¢} — 0;6") (5.4.5)
¢
1 n ' _
<Vﬂl’tth — 'L(n — Z Vkﬂ'detk)) + (O’,‘ﬂ'; — Hiam(_’)>dBt,
ki
where
i — (i) 91‘72(—1')
& =r(1—0)+ pmy — Oy + 527775
[ —a 1 (i) R
- ? (( . )) + o= 1(1/7rt)2 ) — Oioimio, (Y.

5.5 Forward relative performance criteria for wealth-consumption
optimisation
5.5.1 Forward utility of investment and consumption (classical)

We recall the classic forward utility formulation in presence of consumption preferences. We
define a forward dynamic utilities in the context of the probability space (2, F, 7, P). We denote
by ug : R — R, vy : R — R the initial data. As a standard forward utility the forward utility of
investment and consumption is constructed based on the martingale optimality principle (see
[10] and [41]]).

Definition 5.5.1 (Forward dynamic utilities of investment and consumption). Let Q,U,V :
QxR x [0,00) — R be an F-progressively measurable random fields such that Q(x,t) = U(t,x) +
fot V(cx, s)ds for any ¢ > 0. Q is a forward dynamic utility if

* Forallt > 0the map x — Ul(x,t), x — V(x,t) is P-a.s. increasing and concave;

o It satisfies Q(x,0) = ug(z);

* Forall T > t and each self-financing strategy, represented by (m, ¢), the associated discounted
wealth process X™ satisfies a supermartingale property

e For all T > t there exists a self financing strategy, represented by (n*,c*), for which the
associated discounted wealth X* satisfies a martingale property

EQ(X}, T)|F] = Q(X;,t) P-as.

The above definition assumes the optimiser is attained. We refer the reader to [41]] for the
discussion on consistency and well-posedness.
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5.5.2 Forward relative performance criteria

Each manager i € {1,...,n} measures the output of their relative performance metric using
a forward relative utility as modelled by an F;-progressively measurable random field Q' :
0 x (0,00) x [0,00) = R fori € {1,...,n}. The below criteria follows those proposed in [52]
(power-type) and later in [|36] (exponential-type) for a forward-performance game.

The formulation here is inspired in the first step of the usual strategy of solving Nash equilib-
ria games, namely, the best response of an agent to the actions of all other agents. This version
of a relative criterion is (implicit and) endogenously parametrised by the policies of all other
managers j # ¢ over which no assumption on their optimality is made.

Definition 5.5.2 (Forward relative performance for the manager). Each manageri € {1,...,n}
satisfies the following conditions: let for any j # i, (n7,¢’) € A’ be arbitrary but fixed and
admissible policies, in other words, the other managers have fixed their investment-consumption
admissible strategies.

For (7%, c') € A* and subjective discount factor p; > 0, define the F-progressively measurable
random field Q* : Q x (0,00) x [0,00) — R

t
Q' (z,t) = e PU (2,t) +/ e PisVi(éla, s)ds, (5.5.1)
0

where & is given by and U, Vi : Q x (0,00) x [0,00) — R are two other F-progressively
measurable random fields.

The random field Q' is a forward relative performance process for i-th manager if, for all
t > 0, the following conditions hold:

* The mappings x + U'(x,t) and x +— V¥(x,t) are P-a.s. strictly increasing and strictly
concave;

* Forany (n',c") € A, Q'(Xi,t) is a (local) supermartingale, where X' is the relative perfor-
mance wealth process given in (5.4.3));

* There exists (7%, c*) € A such that Q*(X!"* ) is a (local) martingale, where X** solves
(5.4.3) with the strategies (7**, c**) being used. The strategy (m**, ¢**) is said to be optimal.

In the above definition, we do not make explicit references to the initial conditions U*(x, 0),
Vi(z,0) but we assume that admissible (F,-measurable) initial data exists such that the above
definition is viable. Contrary to the classical expected utility case, the forward performance
process is a manager-specific input. Once it is chosen, the supermartingale and martingale
properties impose certain conditions on the drift of the process. Under enough regularity, these
conditions lead to the forward performance SPDE (see [43],82]]) which, in our case, reduces to
a PDE with stochastic coefficients (see Proposition [7.1.3]below).

Remark 5.5.3. The first term of corresponds to the utility that the agent derives at time t
from owning the amount of wealth . The second term captures the utility the agent accumulates
from time 0 up to time t from consuming at the rate of ¢'x. Hereinafter, and for simplicity, we call
U the utility from wealth and V the utility from consumption.

Since we are working in a log-normal market, it suffices to study smooth relative perfor-
mance criteria of zero volatility (of the FPP map). Such processes are extensively analysed
in [80] in the absence of relative performance concerns. There, a concise characterisation of
the forward criteria is given along necessary and sufficient conditions for their existence and
uniqueness. In that setting, the zero-volatility forward processes are always time-decreasing
processes. We point to the reader that this does noeh have to be case if relative performance
concerns are present (see also [36},52]).
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Chapter 6

Investment games under constant
absolute risk aversion preferences

6.1 Best responses

Before proving the main result of the subsection, we make a standing assumption regarding
the regularity of the forward utility maps

Assumption 6.1.1. Assume that the derivatives Uj(x,t), Ul(x,t) and U:,(x,t) exist for t >
0, z € R, P-a.s.

From Assumption [6.1.1] the It6 decomposition of the forward utility map is
dU*(z,t) = Uf(x,t)dt, foriec {1,...,n}. (6.1.1)

We next derive a PDE with random coefficients and an optimal investment strategy for a
smooth relative performance criteria of zero volatility of some agent 7 assuming that all other
agents j # i have made their investment decisions.

Proposition 6.1.2 (Best responses). Fix i € {1,...,n} and the agent’s initial preference uj.
Assume that each manager j # i follows w7 € AJ. Consider the PDE with stochastic coefficients for
(z,t) € R x [0,00)

(=) )
i ——(=i)  pibioi(To) ; % (U;)?
Ui = (ei(ﬂﬂ)t 2y O'-Qt )Um + 22 +0?) UL
1, —(-\2/ o} 07 3=
U0 ") Gz = 1) — @ (61.2)

and assume that for an admissible initial condition U(-,0) = u}(-), the PDE has a smooth solution
U satisfying Assumption [6.1.1] such that x — U'(x,t) is strictly increasing (U, > 0) and strictly
concave (U, < 0) for each t > 0, P-a.s.

Define the strategy m"*

—— UL(X5P* 1)
Oioi(mo), ~ — zm), t>0,
T t

G¥

ot = =
t 2 2(
vy +o;

where Xi* solves (5.2.5) with ©** being used.
If 7 € A" and X* are well-defined, then U(x,t) is a forward utility performance process.
Moreover, the policy m"* is optimal (in the sense of Definition .

Remark 6.1.3. Note that the randomness in PDE (6.1.2)) is coming from =« only.

By direct inspection of the expression for 7* one sees that if the local risk tolerance function
ri(z,t) = r* = Const, for all t > 0 (e.g. the utility is of Constant Absolute Risk Aversion (CARA)
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type — then the optimal strategy will be constant throughout time if additionally all other agents
also choose a constant strategy.

Corollary 6.1.4 (Constant strategies under CARA). Assume that all agents j # i invest according
to constant strategies ) € R and that the local risk tolerance function r* is constant. Then ©** is
constant.

We now prove the previous “best responses” proposition above.

of Proposition From (5.2.4) we have the dynamics of dX* (and hence that of d(X* —
QiY(ﬂ))). We now apply the Itd formula to U'(X{,t) = U (X} — QiYEﬂ), t),

RPN RPN Lo~ ~. 1. .. A~ ~.
dU*(X¢,t) = Uy (X, 6)dt + Ug (X7, )X + 5 Use (X, 1)d(X3)
i i i — (=9
= UH(X,, t)dt + UL(X,, t) (mip; — 0;(wp), )dt
i3 i i 1 - k k
YUK ) (th/ith ~0i(— ; 7k dW )) (6.1.3)

+ UN(RE ) (rhos — 0(m). V)dB
Lo o i\2 07 (=9)
S UL (i) + —=

e

+ (7(20’1' - Gi(ﬂa)iii))Q] dt,
with U#(X3,0) = U (i — 6,7, ", 0) and we used that the B, W7 are all i.i.d.
By Definition |5.3.1} the process U’(X{,t) becomes a Martingale at the optimum 7. Direct

computations using first order conditions (9, “drift” = 0) yield

0+ U; (ui — 0) + %Ufm [27#1/3 +0+ 2(71'20,; - 0,;(71'0)&4))0,;] =0

= U;Tﬂ'Z(V? + U?) = fU;ui + U;m&ai(ﬂ'a)iii) (6.1.4)
1 (i) UL(XEt)
N i (9, _ tf)
7 E A N Re o)

Injecting the expression of 7} in the drift term of (6.1.3) and simplifying we arrive at the
consistency condition (6.1.2), we do not carry out this step explicitly, nonetheless, using that
U* solves (6.1.2) equation (6.1.3)) simplifies to (exact calculations are carried out in the Section
A1),

AU’ (X}, t)

s ) . 1 n
= UL ) (rivid Wi = 0(—— > nlved )
ki

+ U;()?f, t) (Wiai - Hi(ﬂa)iﬂvdBt

1. o 1 , S—— UL(XG, ) \ |2

+ UL (X)) ——— |7 (v + 0F) — (Hiai(ﬂ'o) - ,ulmiA)‘ dt. (6.1.5)
2 ¢ )uf +07? ’ Ui, (X}, t)

The concavity assumption of U’ (z, t) implies that the drift term above is non-positive and van-

ishes when (6.1.4) holds. We can conclude that, if ;" = 7} € A’ and the associated process

X is well-defined (solution to (5.2.5) with *), the process U* ()?Z *.t) is a local-martingale,
otherwise it is a local supermartingale. O
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Examples: CARA case

Example 6.1.5 (The classic CARA case - exponential case). The exponential criterion takes as
initial condition the map U(z,0) (x € R) defined as

Ui(z,0) = —e~ %% with §>0. (6.1.6)

In this case, the local risk tolerance function r = —U! /UL = .

In our case accounting for social interaction between agents in the form of performance
concerns, the i-th agent’s utility is a function U’ : @ x R x R x [0,00) — R of both their
individual wealth = and the average wealth wealth of all agents, m. The initial/starting utility
map is of the form

Ul(x,m,0) = —exp{ — (%(JJ - 9im)}7

where we refer to the constants ¢; > 0 and 6; € [0, 1] as personal risk tolerance and competition
weight parameters, respectively.

Example 6.1.6 (The time-monotone forward utility with starting exponential). Fori € {1,...,n},
let the dynamics of U* be given by (6.1.1)) and assume U’(z,0) = —e~*/% with §; > 0. Then the
solution to the PDE (6.1.2) is given by

Uilz,t) = —e 5750 with 8, >0, 6.1.7)

where (f;(t))i>0 is the random map given below independent of x satisfying f;(0) = 0, sufficiently
integrable and t — f;(t) is differentiable. Note that in this case, the local risk tolerance function
satisfies r* = —UL /UL, = 6.

Injecting U'(x,t) above in yields an ODE for f; (we omit the time variable),

(=1)
0; (—(—i)  pioi(mo) ,u2
! P — 1
fi= 0; ((Wﬂ) v+ o? ) * 212 + 02)
2

b [T ) (2% 1) - g ]

bi — (=) 1 i —=(=0\?2
T o et )
2

a 20(;12 [(@5%)>2 + n i 1(7”’)2(71.)} =:17;.

Hence, f;(t) = fot n:(s)ds. In particular, if all coefficients and strategies are constant, then (with
a slight abuse of notation) f;(t) = tn; for a constant n; given by the RHS of the above ODE.

Example 6.1.7 (No performance concerns: §° = 0). We continue to work under the time-
monotone forward utility case of the previous example. Without performance concerns, i.e. ; = 0,

then n; = m and we recover well-known results. We have from Proposition [6.1.2|that
wir = SO and Uit = e { - L),
l/i2 + 022 6@ ’
(0;=0) _ I

with the constant 7, = 24l

6.1.1 The Forward Nash equilibrium

In view of the best responses discussed in Proposition [6.1.2| we now investigate the simulta-
neous best responses as to establish the existence of a Nash equilibrium.

Definition 6.1.8 (Forward Nash equilibrium). A forward Nash equilibrium consists of n-pairs of
F-adapted maps (U*, ©**) such that for any t > 0 the following conditions hold.
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i) Foranyi€ {1,...,n}, % € A%

ii) For each playeri € {1,...,n} the following holds: given the strategies ©/* € A’ (any j # i)
the processes U'(X}(n*~%),t) is a (local) supermartingale where X'(m*~*) solves (5.2.5)
with all managers j # i acting according to 7*;

iii) For each player i € {1,...,n} the following holds: the process U'(X " (x*~%),t) is a (local)
martingale where X*(7* ") solves (5.2.5) with all managers j acting according to m*.

If all the optimal strategies are constant we say we have a constant forward Nash equilibrium.

Remark 6.1.9. The equilibrium strategies in this manuscript should be formally understood as
open-loop equilibria, and our choice is motivated by better analytical tractability. At the same
time, the open-loop and close-loop controls coincide in case of deterministic equilibrium, and our
choice of utility framework ((6.1.1))6.1.6] (7.1.1)) and[7.2.5) guarantees that. We highlight that
comparative study of open-loop and closed-loop controls under FPPs remains an open question and
is outside the scope of this work.

Under appropriate integrability conditions plus the martingale/supermartingale characteri-
sations, we have for some agent i for any * € A’

B[ (Xp* (x5 7), 1)) = B[U* (X5 (v 1), 0)] = B[ (af — 6i7; ", 0)]
= U'(zh — 0y ,0) > E[U(X{ ("), 1)].
As expected, no manager can increase the expected utility of their relative performance metric
by unilateral decision.
The solvability of the general forward Nash equilibrium seems very difficult for a general

forward criteria as one needs to solve the following system for the 7** (see Proposition [6.1.2]
in particular (6.1.4)) and the corresponding PDEs for the U?, i € {1,...,n}:

(6.1.8)

i 1 - . U (X" (00, t
L (Vi2+0-z‘2):9i0'i(7 E o Uk)—,ui f”( L ( ) )
— 1,% —
n—1 k=1 ki Ui, (Xp™ (w71, t)

Equilibrium with time-monotone forward utilities and exponential initial condition

In order to obtain explicit results we focus on the time-monotone case presented in Example
for which U!/U!, = —6;. More notably, at the level at which we have formulated our
problem we can easily recover the results of [[73, Theorem 2.3] for which one has U /U}, =
—¢;, for any t (note their Remark 2.5).

Theorem 6.1.10. Assume the conditions of Proposition hold for all agents i € {1,...,n}.
Assume furthermore that agents have time-monotone forward utility U* with initial condition

(6.1.6).
Define the quantities ©? and ¢¢ by

0-—1277:5- L% and 47 = — f:e‘ i (6.1.9)
T N e (1 ) 1S 2o (L ) a

If Y7 # 1, then a constant forward Nash equilibrium exists and is unique, with the constant
optimal strategies w** given by
1

F gy o () g ) 610

The forward Nash equilibria is given by the n-pairs {(U"*,7%*)};_1, ., where the U"* is the
solution of (6.1.2) (see Example|6.1.6]) under the optimal constant strategies 7 *.
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The term n); (see Example[6.1.6), at equilibrium, is given by

e ) B L)
= 5 n_1 T T v+ o? n—1" " =17

N e
— 7o — T
20 +02)  282Llln—1 n—1 v+ o?

ﬁ(wiwf}], (6.1.11)

(7-”/)2 —

Ae1e

where the relevant expressions for 7o, 7fi and (wv)? are given below in (6.1.12), (6.1.13) and
(6.1.14).

Remark 6.1.11. We note that we do not solve the same problem studied at [[73]] but an equivalent
one. However, imposing the scaling factor given by [73, Remark 2.5] we recover the same results
as in [[73, Theorem 2.3].

Proof. Injecting the condition U, /U,, = —§; in (6.1.8), the system to be solved in order to

ascertain the Nash equilibrium is, across i € {1,...,n},

(v +of) = 91'01'(7_ T Z o ak) + 1:6;
T Sk

1.
= 91'01'(” — 1(70)t I 1771’*%) + pids
. 1 n [
e 1/124-01-2(1—1——”@1)(1U’n—1(ﬂ0)t+m !

The final line yields the expression for 7%* as a function of the unknown 7. To determine
the latter, multiply both sides by o; and average over i € {1,...,n}, this yields a solvability
condition

— _— e

(ro), = Grol s + 97 & 77 = o0

aslongas ¢ #1. (6.1.12)

Plugging the expression (7o) in that for 7* yields the result. That the optimal strategies are
constant is now obvious.

It remains to derive the expression for the ;’s. Just like for 7&, we obtain an expression for
7 by multiplying 7%* by u; and averaging on both sides, we have

L RN < SV FIE ) B L Sy 6.1.13
(i — Y+ ¢, and Th e Kl e S (6.1.13)
where we used (5.2.6) and the quantities ¢*, 1)# are defined as
ol = 1 Zn:(;k Il and H = 1 zn:gk PkOk
ton—~ v+ o3(1+ -0 Ton~ v+ op(1+ -0
Similarly, defining (v)? := ;15 >, (7 vx)* we have
1 n 1/20740'2 . % . lfig + I/z,uz(sl 2
w7 =—3 ( 2 ) (6.1.14)
e e
Similarly to (5.2.6), we have (7w)2(7i) = - (nv)? — L5 (v'v;)?. Replacing these expressions
in that for n; in Example the expression in the result’s statement follows. O

From the forward utility machinery one can easily recover the classical case of utility opti-
misation where one prescribes the utility map for the horizon time T then proceeds to optimise.
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Example 6.1.12 (Recovering the classical utility problem from the forward one.). If one would
start the forward utility with (for some 0 < T < o)

ub(z) := —e~®/%=Tni
then computations like those presented yield the forward utility map U(x,t) as
Uiz, t) = —e @5+ ¢ ¢ (0,7

and in particular U(x, T) = —e~*/%. In other words, our forward utility recovers as a particular
case the classical exponential utility maximisation problem (discussed in [|73]).

Corollary 6.1.13 (Single stock). Let y; = >0, 0, =0 >0andv; =0, foranyi =1,...,n.
Let the constants

K3

oo._ 1i 0i and ° = 1
SOn._ni:11+% "on—1s

K2

o (6.1.15)
1+

n
0, °
=1 n—1

If Y7 +# 1, then a constant forward Nash equilibrium exists, with the constant optimal strategies
w'* given by

T = ﬁ(@i(lJr ni1>1f§bg +5¢).

6.2 Forward mean-field game

By inspection of Theorem [6.1.10| one sees that the optimal strategy and forward utility
map for some agent depend on that agent’s specific parameters (model parameters, initial
wealth, risk tolerance and performance concern) and on certain averages of the parameters
of all agents. This makes a case for a MFG approach to the game.

In this section and inspired by the results in the previous one, we formalise the concept of
forward mean-field Nash game. We use the concept of type distributions introduced in [60] and
[[72,73]]. We follow the construction presented in the latter.

We focus on initial forward utilities at time ¢ = 0 that are of exponential type,

U(xz,m,0) = —exp{ - %(CL — Qim)}7

where we refer to the constants ¢; > 0 and 6; € [0, 1] as personal risk tolerance and competition
weight parameters, respectively.
For the n-agent game, we define for each agent i = 1,...,n the type vector

Ci = (:E%)a 5i7 eiv,uh Vivai)7

which characterises perfectly each agent ¢. These type vectors induce an empirical measure,
called the type distribution, which is the probability measure on the type space

Z¢:=R x (0,00) x [0,1] x (0,00) x [0,00) X [0, 00), (6.2.1)

given by
1 n
my(A) = - Z; 14(¢;), for Borel sets A C Z°.

Assume now that as the number of agents becomes large, n — oo, the above empirical measure
m,, has a weak limit m, in the sense that | ze fdm, — | =« f dm for every bounded continuous
function f on Z°. For example, this holds almost surely if the (;’s are i.i.d. samples from m. Let
¢=(&,6,0,u,v,0) denote an Z¢-valued random variable with this limiting distribution m.

The mean field game (MFG) defined next allows us to derive the limiting strategy as the
outcome of a self-contained equilibrium problem, which intuitively represents a game with a
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continuum of agents with type distribution m. Rather than directly modelling a continuum
of agents, we follow the MFG paradigm of modelling a single generic agent, who we view as
randomly selected from the population. The probability measure m represents the distribution
of type parameters among the continuum of agents; equivalently, the generic agent’s type vector
is a random variable with law m. Heuristically, each agent in the continuum trades in a single
stock driven by two Brownian motions, one of which is unique to this agent and one of which is
common to all agents. We extend the Forward Nash equilibrium of Definition to the MFG
setting below.

6.2.1 Agents through type-distribution and the market

Let (2, F,F = (F)i>0,P) be a stochastic basis supporting two independent Brownian mo-
tions W = (Wy)t>0 and B = (By):>o together with a random vector ¢ having distribution m
and given by

C = (57&97/171/70)’

with values in the space Z¢ defined in and independent of W and B. Let F = (F;)¢c[o,1)
denote the smallest filtration satisfying the usual assumptions for which ¢ is Fy-measurable and
both W and B are adapted. Let also F¥ = (F);c[0,71 denote the natural filtration generated
by the Brownian motion B.

The generic agent’s wealth process solves

dXt = 7Tt(,U/dt + Vth + O‘d.Bt)7 XO = g, (622)

where the portfolio strategy must belong to the admissible set Ay of self-financing F-progressively
measurable real-valued processes (7;);>¢ satisfying the square-integrability condition E| fOT | |2dt] <
oo for any T € [0, 0). The generic agent’s initial wealth is given by ¢, whereas (u, v, o) are the
market parameters. In the sequel, the parameters § and 0 will affect the risk preferences of the
generic agent. Each agent among the continuum will have different preference parameters and
hence these six parameters are Fy-random, and each has the exact same interpretation an in

the n-player game of the earlier section.

6.2.2 The mean-field equilibrium

The formulation of the forward Nash game of Section drives the formulation of the
Mean-field game we discuss here. Recall that in the MFG-formulation the generic agent has no
influence on the average wealth of the continuum of agents, as but one agent amid a continuum
of agents. We next introduce the concept of the main object of interest the MF-Forward relative
performance equilibrium.

We introduce the regularity requirements for the utility.

Assumption 6.2.1. Assume that the derivatives U;(x,t), U, (x,t) and U, (x, t) exist fort > 0, x €
R, P-a.s.

As in Section |5.3.1] Assumption implies the It6 decomposition of map U
dU (z,t) = Ug(z, t)dt.
Given this market setup we next define our concept of equilibrium.

Definition 6.2.2 (MF-Forward CARA relative performance equilibrium (for the generic man-
ager)). Let (X);>o be the FB-adapted square integrable stochastic process representing the aver-
age wealth of the continuum of agents. Let 7 € AM¥ and X™ solve with .

The FMF -progressively measurable random field (U (z,t));>0 is an MF-forward relative perfor-
mance for the generic manager if, for all t > 0, the following conditions hold:

i) The mapping x — U(x,t), is P-a.s. strictly increasing and strictly concave;

ii) Forany m € AMF, U(XT — 0X,,t) is a (local) supermartingale and X™ is the generic agent’s
wealth process solving (6.2.2) for the strategy ;
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iii) There exists 7 € AMF such that U(X; — 0X,,t) is a (local) martingale where X* solves
(6.2.2) with ©* plugged in as the strategy;

iv) We cdll 7 of point iii) a MF-equilibrium if X, = E[X;|F?] for all t > 0 where where X*
solves (6.2.2) with * plugged in as the strategy.

We denote the triplet (U,n*, X, ) satisfying i)-iv) the MF-Forward relative performance equilib-
rium. An MF-equilibrium is constant if there exists an F)f-measurable RV ©* such that 7, = 7%,
forallt > 0.

The last point can be understood as a fixed point argument which creates a compatibility
condition between the generic agent within the continuum of agents. In fact, conditionally
on the BM B each agent faces an independent noise W and an independent type vector (.
As in Mean-field games [72}/73]l, conditionally on B, all agents faces i.i.d. copies of the same
optimisation problem. The law of large numbers suggests that the average terminal wealth of
the whole population should be E[X; | FZ].

Our construction allows us to identify E[X;| 7] with a certain dynamics and, in turn, treat
this component as an additional uncontrolled state process. This avoids altogether the concep-
tualisation of the master equation for models with different types of agents. The latter is left for
future research.

6.2.3 Solving the optimisation problem

We now present the main result of this section which is the existence of a MF-Forward CARA
relative performance equilibrium for the generic manager according to Definition [6.2.2| within
the context of time-monotone forward utilities.

From the methodological point of view, the problem is solved as before. Apply It6 formula
to U(ZT,t), determine the optimal strategy 7* and the consistency condition (the PDE) for U
such that the first three conditions of Definition hold. The last condition, to show that 7*
is indeed the MFG Forward equilibrium follows by construction as we will see.

Theorem 6.2.3. Take a generic agent ¢ = (&,0,0, u,v,0) and assume that § > 0, 6 € [0,1], u > 0,
o >0, v > 0such that o2 + 2 > 0.
Assume the following constants are finite

2

Y7 =k [Qﬁ}, 7= ]E|:§I/2/f0'2:|,

2

e ::]E[QL], and " = {5%]

v2 402

Assume that 1° # 1. Then there exists a unique constant MF-Forward CARA relative performance
equilibrium in the sense of Definition
The constant MF-equilibrium strategy is unique and is given by

o

1 2
.= 0 ) 2.
" u2+02<01—1/1‘7+’u5’ (6.2.3)
constrained to the identity
Elon*] = T fW’ < 0.

The MF-forward CARA relative performance utility map under Assumption is the unique
solution of the PDE with stochastic coefficients

o o

© o ©
U, =0 . : U,
‘ (1—1/;0 Ve e s 1—1/;0) g
2 2 o 2
p (Uz)* 1 of Y7 N ©
Uy -0 —1). 2.
+2(V2+0'2) Usa +2U'm (1—¢”> (1/2+02 ) (6.2.4)
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When the initial condition is U(x,0) = ug(z) = —e~*/%, i.e. the exponential preferences, U is given
explicitly by U(x,t) = ug(x)e' with n given by

0 1 o N\ 02 2
= gt (pu+ 20o7w) — (o7 2.
i L TP (’” 5‘””) 252 (‘”) ’ (6.2.5)

where o7 and i are given by (6.2.9) and (6.2.10) respectively. If 1)° = 1, then there exists no
constant MF-equilibrium.

By comparing the statements of Theorem|[6.1.10/and Theorem [6.2.3] (and same happens for
the respective Single (common) Stock Corollaries) one easily sees that as n — co the strategies,
weights (¢;, and ;) and forward-utility map in Theorem converge to the respective
quantities appearing in Theorem [6.2.3

Remark 6.2.4. We point out that the interaction of the generic agent with the continuum is only
performed through the common noise B. That can be seen by the term ;-5 (v)? — ﬁ (miy;)?
fromn;’s in converging to zero as n — oo, as we have by (compare with (6.2.5)).
We can interpret it via the standard mean-field approximation, the individual’s impact on the others
is negligible for the infinite system.

Remark 6.2.5. In contrast with Remark |6.1.11} here we recover the result from [73, Theorem
2.10] as the scaling factors converge to 1 (as n — oc). Hence, due to space constraints we defer the
reader to [|73, Section 2.3] for the discussion of the equilibria.

Proof. We proceed in several steps in order to construct the constant MF-equilibrium. To that
end we must solve ii)-iii) in Deﬁnitionfor a given X process associated to 7 € Ayg. Con-
dition iv), for MF-equilibrium allows us to focus only on processes of the form X, = E[X[|F7]
where X™ solves for a constant strategy « (i.e. F)'F-measurable) satisfying E[r?] < oc.

Step 0. The dynamics of the average wealth process. To solve the above problem given (X;):>o
it suffices to restrict ourselves to processes (X;);>o satisfying X, = E[X[|F?], P-a.s.. We then

have

¢ t t
X, =E[XT|FP] = E[f —|—/ pmds —|—/ vrdW; —|—/ omdBs
0 0 0

]-}B}
B t t
:§+/ stJr/ om.dBs, (6.2.6)
0 0

where, for consistency of notation with the previous section, we denote

¢:=E[§], pm:=E[unr] and o7 :=E[on].

Hence for 7 € AMF and as in the previous section we can define the dynamics of the process
7" = X" - 0X

dz7 = (uﬂ't — Gﬁ) dt + vm, dW; + (cr7rt — Gﬁ)dBt, ZF =& —0¢,

and solve the MFG Forward utility problem in Definition with its help.
Hence applying It&’s formula to U(Z], t) yields

dU(Z7,t) = U (Z] , t)dt + U, (Z] , t)dZ] + %Um(Zf,t)d@f)
= [uzr 1) + U (27 1) (um, — Oir)

+ %Um(Zf, t) ((wrt)2 + (om — 90777)2” dt, (6.2.7)
+ UI<ZZT, t)l/T(tth + UZ<ZZT, t) (O'ﬂ't — Oﬁ)dBt,

with U(ZF,0) = U(¢ — 0€,0) = —exp{—(¢ — 0£)/5} and we used that the B, W are all i.i.d.
Exact calculations on deriving (6.2.7) are presented in the Section[A.1]
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Step 1. Finding the candidate optimal strategy n*. As before, the process U(Z],t) becomes a
Martingale at the optimum =. Direct computations using first order conditions (9, “drift” = 0)
yield

0+ Uy (n—0)+ %Um [27T1/2 +2(om — Hﬁ)a} =0

Uz (27, 1)

* 2 2 —_—
= m(v° +0°) =bloom —

= foom + pd, (6.2.8)
where we injected the CARA constraint U, /U,, = —d, for all ¢. By inspection it is clear that 7*
is a 7)F-measurable RV which is independent of time and is well-defined as long as &7 is finite.

Step 2. The optimality of the strategy. The argument is similar to that in [73]]. The original
constant strategy = if a MF-equilibrium if and only if for all ¢t > 0

E[X[|FP] = E[XT |FP] a.s.
& (+pmt+onBr =&+ pr*t+on* By a.s.

Taking expectations on both sides implies that 7 is a MG-equilibrium if and only if the following
two conditions holds
ww = pn* and oW =on*.

Using (6.2.8) with U, /U,, = —d and the expressions for ¢, 1° one derives that

ot =0—-2 _Fr+ot2_ o on* =omy’ + %,
using that o7 = or* yields solvability if 17 = E[Gﬁz‘gz} # 1. The same procedure deals with
the condition 7 = un*. We then have

o

P
1— ¢
(pO'
1—¢°

Injecting these identities in the expression for 7* we find (6.2.3)).

For the non-solvability statement, if the equation has ¢° = 1 and ¢° # 0 then the
equation has no solution and hence no constant MF-equilibrium exists. The case ¥° = 1 and
©? = 0 is impossible. Since ;1 > 0 and § > 0 by assumption, it implies that ¢ = 0 and hence
that 1° = 0 contradicting the condition )7 = 1.

Step 3. Finding the consistency PDE and the Utility map. We do not carry out this step ex-
plicitly, nonetheless, injecting the expression of 7*, o7 and &7 in the drift term of and
simplifying, we find the necessary equation (6.2.4), i.e. the consistency condition the random
field U must satisfy to that the required properties in Definition hold.

Just like in Example[6.1.6] the time-monotone forward utility equation can be solved
and indeed one has a simplified version. We have

= Const, (6.2.9)

&
3
Il

T =

Q

T =

" + o = Const. (6.2.10)

=

E
3
I

Ulz,t) = —e@/0%t, (6.2.11)

where the F)f-measurable RV 7 is given by (using (6.2.9) and (6.2.10))

0 1 6  \2 02 ;N2
n=—5hm + m (/L + goaﬂ') ~ 952 (mr) (6.2.12)
_ 0T e o i il
- 5(1—¢a L e Jpe 1—1/10)

2 2 o 2
+2(z/2’u—|—02)+2052(1f1/)‘7)2<1/23—02 _1>'

Step 4. The MFG forward utility dynamics. Injecting the consistency PDE (6.2.4) in the ex-
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pression for dU(ZT,t) given in (6.2.7) yields,

L 1U(Zr.t o >
dU(ZF,t) = 2@2(+t02’)) T2+ o?) — (90. e +u5)‘ dt
+ UL(ZF, t)wmdW, + Uy (ZF 1) (am —0- - fW)dBt.

We close with a corollary regarding the common stock case.
Corollary 6.2.6 (Single stock). Let u, o, v be deterministic with v = 0, i, 0 > 0. Let the constants

¢ :=E[§] and o :=E[f)]. (6.2.13)
Then, if 1) # 1 then a constant MF-equilibrium exists, with the constant optimal strategy ©* given
by

ﬁ."zg(eﬁ +9).

6.2.4 Mean-field dynamic model selection with large horizons

Over the time interval [0, co) our generic agent selects a sequence of horizon time (7}) e,
(such that Ty = 0, Tj41 —T; > 0 and lim; T} = oc) on which the agent assesses and updates the
market model by adjusting the model’s coefficients. Comparing with (6.2.2) the agent models
the stock as

ds)

i

det + Z/det + deBt7 STJ- = Sj, t e [Tj,TjH], (6.2.14)

where the index j represents the model specification at time T}. The associated wealth process
of the generic agent is

dX] = m(p;dt + v;dWy + 0,dBy), X1, =&, t € [Ty, Tj11)-

Following the earlier constructions of this section, assume that at time 7y = 0 the agent starts
with initial utility uo(z) = —e~*/%. Then using the results of Theorem|6.2.3| the agent’s forward
utility map is given by

Uz, t) = =% = ug(z)e!™, t € [Ty, Ti] = [0,T1],
where 1) is the version of (6.2.12) for the type of the agent over the time interval [Tp, 73] and

all the coefficients correspond to a type (o, i.e. 7({y) = 1o, with

() =~ Jiw s (et o) = L () (6:2.15)
= = — = um 5 57 —<0oT — —5 |07 . L.
o= TR0 STy T 252

At time T7, the generic agent assesses the previous model specification and chooses new coeffi-
cients (leading to a change in type, say from (, to (;). The agent then carries out the optimisa-

tion program over ¢ € [T3, T3] but starting from initial utility U(x,T1). Under the assumption of
constant coefficients Theorem [6.2.3] yields,

Ule,t) = (wo(@)e™™ )=, ¢ € 13,3,
where 71 = n({1) (given by (6.2.15)) depends only on information at time 7;. Quick calcu-

lations generalise to any time horizon 7;. Assume we work on the time interval [T}, T} 1].
Stemming from previous calculations, it is easy to see that the initial condition for the forward
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utility problem is
J
Uz, Tj) = uo(x) H e(Tr=Tr—1)1k—1
k=1
(with the convention that if j < 1 then Hizl -+ = 0) and the MFG forward utility is for all
t € [T},Tj11], j > 1 and using that n; = 7({;).

J
Ulx,t) = U(x7Tj)e(t—Tj)77j = () H eTe=Th—1)me—1 . o(t=T5)n;
k=1

= uo(z) exp {T1(770 — )+ Tolm — ) + -+ T (-1 — nj)}etm.

There are two points to highlight. Firstly, the agent needs to carry information of what hap-
pened in the past in order to have time-consistency at present time. Secondly, this construction
also allows the agents to change not just the model specification (u, v, o) but also their type
including risk parameter 0 and performance-concern level 6. The initial wealth is fixed from the
previous time interval.
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Chapter 7

Investment-consumption games
under constant relative risk
aversion preferences

7.1 Best responses
We make a standing assumption regarding the regularity of the FPP map.

Assumption 7.1.1. Assume the partial derivatives U} (x,t), Ui(x,t), UL, (x,t) and Vi (x,t), Vi (z,1)
exist forallt > 0, z > 0, P-a.s.

The maps, x + U'(z,t) and x — V'(x,t) are strictly increasing (UL, V) > 0) and strictly
concave (U!,, Vi < 0) forany t > 0, x > 0, P-a.s.. Furthermore, fot |U(z, 5)|?ds < oo, for any
x>0,1t>0, P-a.s.

From Assumption|7.1.1] for ¢ € {1,...,n} the It6 decomposition of the forward map is

in(m,t) = e“’?‘th(x,t)dt — pie_”'itUi(x,t)dt + e_”itVi(é;‘;x,t)dt, Qi(x,O) = uf)(:lc)
(7.1.1)

For posterior use, we recall the notion of Fenchel-Legendre transform applied to a random
field V under the above assumption.

Definition 7.1.2. Let V : Q x (0,00) x [0,00) — R be a random field such that x — V(z,t) is a
P-a.s. strictly concave function for all t > 0. Define the random field V : Q x (0,00) x [0,00) — R
as V(2',t) :==sup,~o {V(2,t) — 2’2} forany 2’ > 0, t > 0 and w € Q.

Then, we call V the Fenchel-Legendre transform of V.

For a map V satisfying Assumption |7.1.1} its differentiability and strict concavity ensures V
is always well-defined and can be computed (up to a closed form).

Here we derive a PDE with random coefficients and an optimal investment-consumption
strategy for a smooth relative performance criteria of zero-volatility of some agent ¢ assuming
that all other agents j # i have made their investment decisions.

Proposition 7.1.3 (Best responses). Fixi € {1,...,n}. Assume that each manager j # i follows
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(w7, ¢7) € AJ. Consider the PDE with stochastic coefficients for (z,t) € (0,00) x [0, 00) given by

. i . Hiaimrt(_i) (s — 91'0'1‘0'7Tt(_i)) 0; === (-9
Ui =p:U" + (9i/~”7t( D—r(1-6)— V21 o2 - 5277?
62 B 1 — )
(om0 L mp ))xUm (7.12)

02 — (i .
Lmr e,

(wi — Oroom )2 (U2 1 —(-\? o}
+ 2(v2 + 02) Uz, +2 (Gzom ) ( 24 o2 1)

v + 0;
+ 0,6 — VUL p),

K2 3

where V' stands for Fenchel-Legendre transform of V' in variable . Assume that for admissible
initial conditions U'(-,0) = u}(-), Vi(-,0) = v}(-), the PDE has a smooth solution (U*,V?), that
is not necessarily unique, but satisfy Assumption

Define the strategy (w**, c*)

, 1 o oy UNXE b
7TZ’* = 91-(71*0'71'( R Z‘—eiJiO'ﬂ'( 2 % P (713)
= g (e - o)
i\ — i/ v,k ~(—i)\ 0 ~(—i)\ 0
L DT UEE O ET) ) @)
¢ = oy , (7.1.4)
Xy

where X* solves (5.4.5) with (7t ¢4*) being used.

Then, in the sense ofDeﬁ'nition if (%, ¢*) € A' and if X** is well-defined, then Q" (z, t)
is a forward relative performance process for manager i and, moreover, the policy (m%*,c"*) is
optimal.

Let us recall the concept of a CRRA utility map. Following [79} Section 5], we say a utility
map U is of Constant Relative Risk Aversion (CRRA) type if the local risk tolerance function
r: Q x (0,00) x [0,00) — R, given by the quotient r(x,t) = —U,(z,t)/Uy:(x,t) is linear in
space, i.e. r(z,t) = dx, forany > 0 and ¢ > 0, = > 0. This is the case for the classical power
utility function, see Section [7.2] next.

By direct inspection of the expression for 7** in (7.1.3), if the local risk tolerance function
satisfies r*(z, t) = 0;x, for any ¢t > 0 (e.g., a CRRA utility) then the optimal investment strategy
is constant throughout time if additionally all other agents also choose a constant investment
strategy.

Corollary 7.1.4 (Constant investment strategies under CRRA). Assume U and V'* to be of CRRA
type, i.e., the local risk tolerance function is linear in space uniformly. Assume further that all
agents j # i invest according to constant investment strategies m € R. Then, n** is constant.

At this point it is not clear that if the agents j # ¢ use deterministic continuous consumption
strategies ¢’ then the optimal consumption strategy ¢** in (7.1.4)) is also so. We next prove the
“best responses” result, Proposition|7.1.3

Proof of Proposition From (5.4.3) we have access to the dynamics of d(X} (Yiii))fe"’)
and dX*. Using (7-1.1), we apply the It6 formula to Q' (X},t) = Q'(X; (Yg_l))fe",t), and
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obtain using the notation set before (5.4.5)
o o o o ~ 1 . A .
dQ'(X/,t) = e 7! [UZ(XL t)dt — psU'(X¢, t)dt + Ug (X, 0)dX; + S Uy (X, £)d(X7)
+ Vi(éi)?;t)dt}

_ [Ugu?;', DAt — piU (X2, )dE + U3 (R, 1) (WT; 0 +r(1— 0)

Oic—a(=i) | 07/ (_ip2 1 (=) i (i) \ i
+ 5127(‘? + 5 ((O’ﬂ't( )) + — (vmmy)? ) - Hz-o'iﬂ'toﬂ't( ) X, dt
+ U;()A(Za t) (UﬂTi — eiﬁ(_i))XZdBt (7.1.5)
N 1 n
+ UK (a0, (21 D wntant) )

ki

1. .. A~ ) 02 — (. . N\ 2 ~.
+ 5 Una(Xi,1) ((m;)2 + wmpe Y+ (mg - al-afwﬂ)) > (X})%dt
—UN(X], ) (- 6,8 Xidt + Vi(éi)?f,t)dt}
with Q¥(X4,0) = Q' («} (f((fi))“gi,o) = u} (:v(")(fffi))‘ai) and that the B, W7 are all i.i.d.

By Definition [5.5.2] the process Q?(X},¢) becomes a martingale at the optimal (%*, ¢+*),
hence, direct computations using first order conditions (9, “drift” = 9, “drift” = 0) yield

) 1 iy Ui(j\(i,t)
{— (=) _ (. — 0.5 5 (D)) _Za\ Pt
T = 1/ (9 00T (ul O,0,0m; ) x Atl_y ) Atl) o6
‘7 (7 —1 ~(—i)\ 0 N

C

Xi

Injecting 7} in the drift term of (7.1.5) and simplifying we arrive at the consistency condition
(7-1.2), we do not carry out this step explicitly, nonetheless, using that the pair (U?, V) solves
(7.1.2), equation ([7.1.5) simplifies to

Ny U . . 1 &
k#i
2 A~ .
(X2
(7.1.7)

I Ui (XE ¢
2 2+ o Ui (Xi )X}

T (i +of) — (aiaigiﬂ't(ii) = i

+ VHEX! t)dt — UL(X] t)d X dt — VIUL(X] ), t)dt} .

The concavity assumption of U(x,t) implies that the third term of the expression above is

non-positive and vanishes when (7.1.6) holds. At the same time by the definition of 1~/i, the
Fenchel-Legendre transform of V', we notice that

VIUL(XG ). 0) = VI XLt — U (XY e X,

that yields non-positivity and extremality of the last line of (Z.1.7), when ¢ = ¢"*. We can
conclude that, if (7/*,¢i*) = (nf,¢i) € A’ and the assoc1ated process X~ is well-defined

solution to wi ,c*)), the process ,t) is a local-martingale, otherwise i
(solution to (5:4.5) with (7%*, ¢*)), the p UY(X* local-martingale, oth t
is a local supermartingale. The result concludes. O

In contrast with [[72]] we do not know the explicit form of the utility as it is part of the so-
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lution. Hence we exploit convex duality properties to prove the extremality argument in com-
bination with HJB-type methodology. In [52] or [|36] the authors only explored the investment
problem and this issue does not appear.

7.2 Forward performance with initial CRRA power prefer-
ence

For i € {1,...,n}, the dynamics of Q' is given by (7.1.1). Then, the solution to the PDE
given in Equation (7.1.2)) has the following form

115 r . ,
Ul(z,t) = =T fit®), b # L 0> 0, (7.2.1)
log(z) fi(t) + hi(t), 0; =1,

where z > 0 and (f;(¢))i>o0, (hi(t))i>0 are the maps independent of z satisfying f;,(0) = 1 and
h;(0) = 0, are sufficiently integrable and ¢ — f;(t), t — h;(t) are differentiable.

Remark 7.2.1. For the sake of simplicity we omit the presentation for the logarithmic utility and
emphasise that the optimal policy for this case coincides with the general power case with §; = 1
plugged inside.

The structure of the consistency condition (7.1.2) implies V* (see [41] Proposition 4.5]) as

. 1 1 _1
Vit = -1 () (7.2.2)
v 8

where x > 0 and (g¢;(t)):>0 is a map independent of x satisfying ¢;(0) = 1 and sufficiently
integrable. We refer to the constants §; > 0, é; # 1, and 6; € [0, 1] as personal risk tolerance
and competition weight, respectively, whereas ¢; > 0 captures the relative importance the agent
assigns to the wealth compared to consumption. Finally, p; stands for personal discount rate of the
agent.

In this case of initial power preferences we have that the local risk tolerance function for U’
satisfies r’ = —U: /U!, = 6;x, and hence

Ty% 1 —(—1 —(—1
m = Viz m 012 (91-01-07&( ) 4 (ui — Giaiom( )) (5i>.

We now proceed to find this case’s optimal consumption map ¢* and utility fields. Injecting the

expressions above for U(x,t), Vi(xz,t) in (7.1.2) together with the optimal consumption policy
given by (7.1.6) yields an ODE system for (f;, g, ¢'). We have

5
; —i)\0:(1=6:) 5, ( gi(E) \
¢ = (é§ ))9(1 6)€i 51(9()> ,

fi() 5 0\ (7.2.3)
! . — 1)g.e-D) £ & L (=N 0i(1=83) o 9i _
10+ (e (1= 2)0el™) 00 + 5 @) R0 (45) =0,
where
. 1 (5(,ui — Qoo (1 — %))2 0= (=)
i_ (1L ey — g 4 iy
= (1 5)( o r(1=6) — 6,7 ) + S5 (7.2.4)

02 /2 1 —(—0) 1
+5((07Tt( )) +n_1(l/7Tt)2 )(:l—(st)>—pZ

We have two equations for three unknowns, now we need one further assumption for the nature
of f; and g, in order to solve the system.

Assumption 7.2.2. Let g;(t) = fi(t)' ™", where r; € R.
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Remark 7.2.3. Here, as opposed to [72]] or [64] where one is naturally led to x; = 1, we find
a non-trivial time-dependence structure of the consumption utility. We highlight that the FPP ap-
proach naturally supports the time dynamics of the utilities in contrast to the HJB approach that
does not additionally weight the integrand with a function of time.

We have two distinct cases.
Case 1: Let x; # 0. We obtain and solve a classical ODE of Bernoulli equation type (we omit
the dependence in ¢ for simplification)

, —0 N0, (1—5,
Fi+ i) fi+ b7 = 0 for ai(t) =nj — 0,7~ and bi(t) = “—(g~")"" .

Substituting k;(t) := f;(t) "% we find the ODE for k;(t),

1
k. —a;(t)k; — b (t) = 0.
i~ @ik — i)

Hence, solving the ODE we have

t
k‘z(t) — 6;@-6,; Jo a;(s)ds + Hiéi eni& js a(r)drbi(s)ds’
0

and f;(t) = k;(t) i , 0i(t) = fil)t=ri = ki(t)%. Plugging the f;, g; expressions in the first
equation of (7.2.3) along with the general form of the consumption strategy we can extract the
form of optimal consumption map.

Case 2. Let k; = 0. In this case, the optimal consumption policy of agent i simplifies consid-
erably. More precisely, from (7.2.3) we obtain

= (@)
7.2.1 The Forward Nash equilibrium

In view of the best responses of Proposition we now solve for the simultaneous best
responses as to establish the existence of a Nash equilibrium.

Definition 7.2.4 (Forward Nash equilibrium). Let for any i € {1,...,n}, (7**,c"*) € A" and
(wi*, ¢h*) is the optimal strategy in the sense of Proposition|7.1.3| Let (n*,¢') € A. Let Q" be the
[F-progressively measurable random field satisfying

t
Q'(x,t) := e PU (a,t) +/ e PEVi(ELr, s)ds,
0

where & is given by with ¢/ = ¢@*, j #iand U, V' : Q x (0,00) x [0,00) — R are two
other F-progressively measurable random fields.

A forward Nash equilibrium consists of n-triples of F;-adapted maps (Q°, ©**,c**) with i =
1,...,n such that for any t > 0 the following conditions hold.

i) The mappings x — U'(z,t) and x ~ V(x,t) are P-a.s. strictly increasing and strictly
concave;

ii) Let managers j # i acting according to (7/*, ¢’*), manager i acts according to (', c) € AY,
and take X' as the associated relative performance wealth process (5.4.5) and relative
consumption metric ¢ given by (5.4.4). Then Q"(X},t) is a (local) supermartingale.

iii) Let all managers acting according to (w9*,¢?*), and take Xi* as the associated relative
performance wealth process (5.4.5) and relative consumption metric ¢** given by (5.4.4).
Then Q*(X,",t) is a (local) martingale.
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Equilibrium with FPPs of separable power factor form

In order to obtain explicit results we focus on the separable power factor form case of (7.2.1))-
for which U:/U:, = V}/Vi = —§;x. More notably, at the level at which we have
formulated our problem, we recover the results of [72, Theorem 3] for which one has U: /U?, =
—0;x, for all t and z > 0 (note their Remark 5).

Assumption 7.2.5. Set g;(t) := fi(t)! ™" in (7.2.1)-([7.2:2) for some x € R for any i = 1,.

One can see that the PDE depends on the two unknown functions U and V, and thus
makes for an under-determined system. Hence, Assumption[7.2.5]is essential to ensure that the
equation is solvable for the unique Nash equilibrium. At the same time we have to assume « to
be constant across the whole population in order to get a solution for the Nash equilibria.

Theorem 7.2.6. Let the conditions of Proposition hold for all agents i € {1,...,n}. As-
sume furthermore that agents have separable power factor form forward maps U®, V' with initial
conditions.

. , 1 1
U'(w,0) = V' (,0) = +— 27 6 >0, 8,0, 6 #1,
T

as in (7.2.1)-(7.2.2). Define the quantities

1 < Ok flke 1 O op
SOZ = - 6/(: ) wg = 9k(1 - 6/6) ) — )

D Ty Ry

5 0;(1—8;)
A = € 1+ 1(1 5;) (65> (9(1—5)—1)(14-79_%(1—51‘)) ’ Bi 1 < 01(1 - 5%) % _ 771’61‘),
b(1-6)\0(1—0) -1

5 (o) pr g 1 Z k5k
- k 9 9
k=1 14 25 (1 — 0k)
n

and m: ni 1 Z 1 _fk( 1(15—)5k)

Let as well, for i = 1,...,n, the map n; be defined as

—i)

I N
- 7“(1 — 91> — QiW(_” + 527‘('2(

, §(ni — Gioam (1 — L))
f=n=(1 1)((“ oom (1= 3)) (7.2.5)

5 2(v? +0?)

62 2 1 ——(—9) 1

Zi (7= 2 — ) -,
+5 ((0’7(' )+ — 1(1/7r) )(1 5i)> Di,
where the explicit expressions for om(~" | fw(~?, (1/7r)2(7i) and sz(_i) are found in the supple-
mentary material in (A.2.1), (A.2.2), (A.2.3), (A.2.4) respectively.

If ¥7 # 1 and Hypothesis holds (k; = & for all i) then a unique optimal candidate
strategy exists with the optimal ©** and ¢** given by

s (11+ iy (Bt = 0 (14 =) 720 + ) (7.2.6)
-1
co* = (ﬁl + (% - &-)eﬂﬁ"t) B #0, (7.2.7)

(—/ﬁ:t'f‘)\*l)il, 5@207

and n} in is constant in time. Moreover, optimal candidate strategy is a forward Nash
equilibrium strategy if either k < 0or x > 0, §; > ;.

The forward Nash equilibria is given by the n-triples {(Q%*, 7", ¢»*)},—1 .., where the Q**(z,t) =
e PitUs* (z,t) +f0 e PisVi*(¢lx, s)ds, with U*, V'* the solution of (of the form (7.2.1)-
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(7.2.2)) with the optimal strategies w*, ¢* plugged-in. The maps f;, g; can be determined up to a
closed formula given below in (A.2.12).
IfY? =1or k>0, 5; < A, then there exists no Nash equilibrium.

Proof. The complete proof can be found in Section of the supplementary material. O

The parameter « is interpreted as the market-risk relative consumption preference and in
Section below we discuss at length its economic features and comparative interpretation.
The investment strategy is a classical expression matching that of [36}72,|73]]. The
expression for the consumption strategy has similarities to the results found in [[72,
Equation (5)] with the crucial difference of x. When x = 1 then the results coincide with [72].

For some combination of parameters \;, 5; and x, (c¢;™):>o is not admissible due to the
finite-time blow-up. We comment further on the admissibility of ¢* in Section

Remark 7.2.7 (Open question). To obtain a Nash equilibria result, we are restricted to « being
constant across the agents, and the same will happen for the MFG case in the next Section. The
constraint is technical and stems from the difficulty in expressing the consistency equation for the
averages of all ¢' (i.e., (A.2.8)) is not longer reachable) and without such an equation the system
cannot be solved. At the same time, for a “best response” all k;’s may be distinct. The open question
is then if one allows for different r;’s, how to carry out the aggregation procedure as to express the
consistency equation for the averages of all ¢'?

In [[11] An example of how this problem was overcome can be found . There, aggregation was
achieved through the so-called weighted-dilated inf-convolution, and the authors found the dynamic
equation of the Representative agent of their economy, which allowed them to solve their Nash-
equilibrium problem. The representative agent methodology remains unexplored in the context of
the FPP. For instance, it is unclear how inf-convolution can be carried out in this framework as
the FPP is not known in advance. It is endogenously found as part of the problem’s solution in
opposition to the classic utility game-type problems.

Lastly, if one sets x = 1 then our FPP solution can be rewritten in respect to a time horizon
T to recover exactly the results of [[72] (and [73] if V? = 0) and those of [52]] for two players
and no consumption. Such calculations are straightforward hence omitted. We close the section
with a corollary for the single stock case.

Corollary 7.2.8. Let p; = p, 0; = o, v; = 0, forall i = 1,...,n and p,0 > 0. Then
Aiy Bi, Oqie, pd, O are expressed as

. ;ﬁ () T e g L Zk; m

gznilZZ 5@_%) ;E:Pwkéw

e lﬁ<1a>>@“1+n§ﬁ150)(1— mt1+ i 2) Gt g -9))
a0 () 1(1_5» 5 00+ i

Then, if Ouie # 1 the optimal candidate strategy exists with the optimal (7*, ¢'*)

¥ = 57, — (1 — 57, R
" 0'2(1 + neil (1- (Sl)) ( * acrit( ))
—1
s J(F+ G -g)en) L sz
(—ntt )" 6 =0,

Furthermore, the optimal candidate strategy is a Nash equilibrium, if either k < 0, or k > 0, \; <

Bi-

67



7.3 Forward mean-field game

The following section mimics one of for completeness and clarity of presentation we
repeat these arguments and emphasise the notable discrepancies.

As in the CARA result, one sees that the optimal strategy and forward utility map of
for some agent depend on that agent’s specific parameters (model parameters, initial wealth,
risk tolerance and performance concern, etc.) and on certain averages of the parameters of all
agents. This makes a case for a MFG approach to the game. In this section, and inspired by
[I361, we formalise the concept of CRRA forward mean field Nash game with consumption. We
use the concept of type distributions introduced in [|73]].

We focus on forward maps that at time ¢ = 0 are of power type,

. , L (zm~% 1_Tli, §>0, 8 #1,
U'(x,m,0) = &V (z,m,0) = =3 ( ) #
log(zm %), 6 =1,

where z > 0,m > 0 denote the wealth of agent and the average wealth of other agents
respectively (for U?) or the consumption of the agent and the average consumption of the
other agents respectively (for V). We refer to §; > 0 and 6; € [0,1] as personal risk tol-
erance, competition weight parameters, respectively, whereas ¢; > 0 captures the relative im-
portance the agent assigns to the wealth compared to consumption. Finally, for admissible set
of strategy pairs (7%*,c"*), i = 1,...,n, we recall the Forward relative performance process
Q'(x,t) := e PitU Nz, t) + [y e P*Vi(&lx, s)ds, where ¢! is given by (5.4.4). We refer to p; as
personal discount rate. Here, as in the corresponding n-player game (see Remark|[7.2.1)), we skip
the logarithmic case.
For the n-agent game, we define for each agenti = 1,...,n the type vector

<i = (x6>6i; 91" €y pi7ﬂi7 Vi7gi)7

which characterises uniquely each agent i. These type vectors induce an empirical measure,
called the type distribution, which is probability measure on the type space

Z°:=(0,00) x (0,00) x [0,1] x (0,00) x [0,00) x (0,00) % [0,00) X [0, 00), (7.3.1)
given by
1 n
mn(A) = ~ Z; 14(¢;), for Borel sets A C Z°.

Recalling Section[6.2we assume that as the number of agents becomes large, n — oo, the above
empirical measure m,, has a weak limit m in the sense that [, fdm, — [,. fdm for every
bounded continuous function f on Z¢. For example, this holds almost surely if the (;’s are i.i.d.
samples from m. Let ¢ = (£, 0,0, ¢, p, i, v,0) denote a Z¢-valued random variable with limiting
distribution m.

Asin SectionThe mean field game (MFG) we define next allows us to derive the limiting
strategy as the outcome of a self-contained equilibrium problem, which intuitively represents
a game with a continuum of agents with type distribution m. Rather than directly modelling a
continuum of agents we follow the MFG paradigm of modelling a single generic agent who we
view as randomly selected from the population. The probability measure m represents the dis-
tribution of type parameters among the continuum of agents, equivalently, the generic agent’s
type vector is a random variable with law m. Heuristically, each agent in the continuum trades
in a single stock driven by two Brownian motions, one of which is unique to this agent and one
of which is common to all agents. We extend the Forward Nash equilibrium of Definition [7.2.4]
to the MFG setting below.

7.3.1 Agents as type-distribution samples and the market

Let (2, F,F = (F)i»0,P) be a stochastic basis supporting two independent Brownian mo-
tions W = (Wy)t>0 and B = (Bi):>o together with a random vector ¢ having distribution m
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and given by
C = (f,é,@,e,p,,&,u,a), (732)

with values in the space Z¢ defined in (7.3.1)), and independent of W and B. Let F = (F3),cj0,1)
denote the smallest filtration satisfying the usual assumptions for which ¢ is F)F-measurable
and both W and B are adapted. Let also F? = (F);c[o,7) denote the natural filtration gener-
ated by the Brownian motion B.

The generic agent’s wealth process is

dXt = T'Xt + 7TtXt<(/1 — T)dt + l/th + O'dBt) - CtXtdt7 XO = 57 (73.3)

for a self-financing strategy, (m:):>0, standing for the fraction of wealth invested in the risky

asset and consumption policy (c});>0, representing the instantaneous rate of consumption per
unit of wealth. Together they must belong to the admissible set

Amr = {(w, ¢) : F-progressively measurable R x (0, co)-valued process (m, ¢;)¢>o0,
t
E[/ (Jms|® + |es|?)ds| < oo, for any t > 0}.
0

The risk-free interest rate r is deterministic and fixed for the entire population. The random
variable ¢ is the initial wealth of the generic agent, whereas (i, v, o) are the market param-
eters. As in previous sections we denote u := ji — r as a “excess return”. In the sequel, the
parameters 0, 6, ¢ and p will affect the risk and consumption preferences of the generic agent.
Each agent among the continuum will have different preference parameters and hence these
eight parameters are JFy-random, and each has the exact same interpretation an in the n-player
game of the earlier section.

7.3.2 The mean field equilibrium

The formulation of the forward Nash game of Section[7.2]drives the formulation of the mean
field game we discuss here, see also [36}/72]]. Recall that in the MFG-formulation the generic
agent has no influence on the average wealth of the continuum of agents, as but one agent amid
a continuum.

We next introduce the concept of mean field (MF)-forward relative performance, ©*, ¢* is the
MF-equilibrium and, the main object of interest the MF-Forward relative performance equilibrium.

Assumption 7.3.1. Assume the derivatives Uy (x,t), Uy (z,t), Ugz(x,t) and V,(y,t), Viz (2, t) exist
forallt > 0, © > 0, P-a.s. and furthermore, x — U(x,t) and x — V(x,t) are strictly increasing
(U, V, > 0) and strictly concave (U, Vo < 0) forany t > 0, x > 0, P-a.s.

Given this setup we next define our concept of equilibrium (see also [36]]).

Definition 7.3.2 (MF-CRRA-Forward relative performance equilibrium (for the generic man-
ager)). Let (X;)i>0 and (T;);>0 be FP-adapted positive square integrable stochastic processes
representing the geometric average wealth and geometric average consumption of the continuum
of agents respectively. Let (r,c) € AMF and X™° solve with 7 and c.

Set a FMF-progressively measurable random field (Q(z,t)):>0 having, for some p > 0, the
dynamics

t
Q(z,t) = e P'U(x,t) —|—/ e PV (ésx, s)ds, (7.3.4)
0

where ¢, = ctfife and U,V : 2 x (0,00) x [0,00) — R are two other F-progressively measurable
random fields.

The field @ is an MF-forward relative performance for the generic manager if, for all t > 0,
the following conditions hold:

i) The mappings x — U(z,t), x — V(x,t), are P-a.s. strictly increasing and strictly concave;
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ii) For any (r,c) € AMF, Q(X7°X,” t) is a (local) supermartingale and X™¢ is the generic
agent’s wealth process solving (7.3.3) for the strategy (,c);

iii) There exists (7*,c*) € AM such that Q(X; X, ? t) is a (local) martingale where X* solves
(7.3.3) with (7*, c*) plugged in as the strategy;

iv) We call (7*,c*) of iii) a MF-equilibrium if
X, =expEllog X;|FP] and T;=expE[logc;|FP] forallt >0, P-as.,

where X* solves (7.3.3) with (7*, ¢*) plugged in as the strategy.

We denote the sextuple (U,V,n*, c¢*, X,T) satisfying i)-iv) the MF-Forward relative performance
equilibrium.

The last point can be understood as a fixed point argument which creates a compatibility
condition between the generic agent within the continuum of agents. In fact, conditionally on
the Brownian motion B each agent faces an independent noise W and an independent type
vector (. As argued in [36}/72,|73]], conditionally on B, all agents faces i.i.d. copies of the same
optimisation problem. The law of large numbers suggests that the geometric average terminal
wealth of the whole population should be exp E[log X;|F/7].

Our construction allows us to identify exp E[log X;|FF] with a certain dynamics and, in
turn, treat this component as an additional uncontrolled state process. This avoids altogether
the conceptualisation of the master equation for models with different types of agents.

It is unclear if the definition for forward MFG we propose is sufficiently tractable (concretely
point iv)) to address the case of random coefficients or the general setting of a forward utility
map with a full It6-field representation (with volatility). This same issue is already present in
the earlier works [72,73]] if one wanted to generalise to random coefficients there. Nonetheless,
the definition works very well within the Merton market model setup, yielding a particularly
tractable framework of study to understand the inherent difficulties of the general case. Addi-
tionally, our goal is to further interpret the results as this is one of the first works combining
MFGs with forward performance criteria.

7.3.3 Solving the optimisation problem

We now present the main result of this section which is the existence of a MF-Forward
relative performance equilibrium for the generic manager according to Definition within
the context of a structural assumption similar to (7.2.1).

From the methodological point of view, the problem is solved as before. Apply It6’s formula
to Q(Z{“,t), determine the optimal strategy (7*, c*) and the consistency condition (the PDE)
for @ such that the first three conditions of Definition hold. The last condition, to show
that (7*, ¢*) is indeed the MFG Forward equilibrium will follow by construction as the whole
formulation is built with the fixed-point condition embedded from the start.

We next present the separable power factor form assumption for U and V.

Assumption 7.3.3. Let U(z,t), V(z,t) admit the following form, for x > 0, t > 0,

1-3 11 1

dTEf(R),  V(nt)=-——alTig(t),

Ulz,t) =
(2,1) T

-7
for t — f(t) differentiable for any t > 0 and f(0) =
g(t) = f(t)'=" for some k € R (where we have g(0)

0, fo |f(s)]?ds < oo, P-as.

The parameter 6 > 0, # 1 represents the agent’s risk tolerance while ¢ > 0, associated
to the consumption element, represents the relative importance the agent assigns to the con-
sumption when compared to the wealth. The parameter x represent the market-risk relative
consumption preference (in Section[7.4 we discuss its economic features).

As in the previous section, this assumption is a natural one to make in order to solve
below (see additionally [[41]], [|4, Definition 2.9] or [28] Section 4]).

1, for some random variable ¢ > 0 and
= 1'% = 1). Moreover, let for any t >
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Theorem 7.3.4. Assume that 6 > 0, 6 € [0,1], 4 > 0, 0 > 0, v > 0 such that 0> + v? > 0.
Define constants 7, 7, H, o, assume they are finite and have explicit form given by

2 2

1/)“21@[9(1—6)#],@“ [5 Ho }z/}“:]E[Q(l—(S) Ho 2},¢HZE[5 o }

v2+o v2+o v2 + o2

Assume further ¢ # 1 and define for some x € R,

-1
1 1 _1),—kB
o 2 (00— 00—+ ), o= (‘3+<A ) t> 070 g3
vit+o 1 —4e 1\-1
(vt +3) -
where
— og e % 91_6
A=¢"(e [‘Hg’]) =t 5:13[9(1(_5)])_1]E[’75]_775’
and
B 1\ [ 6(n— foom (1 — 1))
n=(1-3) ( IO A 7:36)

e 0P 2 1
_N. * _ *\2 * - — —
O;pm* + 22(7r )2+ 5 (o) (1 5)) 05

where or*, ur* and X (7*)?2 are given by (A.3.4), (A.3.7) and (A.3.8)) respectively.

Take the field Q of ([7-3:4) with U,V satisfying Hypothesis [7.3.1 and [7.3.3] (for the  above),
and the consistency PDE

o 01— b0 120) by 0/ ¢ 2
— woyon 150 197/ (10— 252 — 2 (¥
U, 9( TV e e r(1—0) = 35(r) 2(1_w0) 2U,

2
+pU +

(lu o 6)2 U, 2 1 i 2 g
i—y7) (Uz) +792( p ) (
2(v2 4+ 02) Uss 1—q° V2 4 o2
+ 06U, — V(Uy, t),

_ 1):52(1mc (7.3.7)

where % (n*)2 is given by (A.3.8), ¢ = |, where ¢* is from (7.3.5) and V is Fenchel-Legendre
transform of V' (with initial condition of power type according to Hypothesis with t = 0).

Then, if k < 0or k > 0, 8 > X there exists a unique (parameterised by ) MF-Forward CRRA
relative performance equilibrium in the sense of Definition The MF-equilibrium strategy is
given by (7*, ¢*) from (7.3.5) and MF-forward CRRA relative performance utility is given by @), for

U,V satisfying (7:3-7) and X; = expE[log(X7 )], T; = expE[log(c;)]. Finally, utility time
dynamics f and g satisfy

N AN
£(t) = {((Ct) (@)™ e) PEO and () = fo) (7.3.8)
exp{ (0(} - DEN —n-3)t}, x=0,

IfYy? =1or k> 0,5 < )\ then there exists no MF-equilibrium.

Proof. The complete proof can be found in Section of the supplementary material. O

We address the admissibility of ¢* in Section [7.4}
We now provide the single stock case result.

Corollary 7.3.5 (Single stock). Let u, o, v be deterministic with v = 0 and pu,o > 0. Then A, 8
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are expressed as

A=¢9 (eEw logel)%, (7.3.9)
2
7 0 0 0 E[pd]
= 1-— 1-6)(1— ——(1—
ﬁ (202 (6 * ecrit( 5)) + T>( 6)( crit) * gcrit E[(ﬂ ( 6) + p&
where 0. = %.

IfE[O(1 — 9)] # 1 then a optimal candidate strategy exists, with the optimal strategy (7*, c*)
given by

1 (1 _ 1) kBt
=L (o4 4 (1-4)) and ¢ = (B*(A 5)e ) P70 (7.3.10)
g crit <7I€t+%)71, 6:0

Furthermore, the optimal candidate strategy is a MF-equilibrium, if either k < 0, or kK > 0, A < .

Remark 7.3.6 (On convergence of the Nash equilibria of n-player game). We can see that the
MF-equilibrium agrees with the limit of the n-player game equilibrium strategies, as n — +oo, P-
a.s.. The respective parameters and their functions converge to the averages of type distributions by
the strong law of large numbers.

7.4 A discussion of the results

In this section, we focus on the interpretation of the results obtained by way of analyzing the
single stock case of the mean field game given as by Corollary [7.3.5| (compare with Corollary
[7.2.8). This approach provides already valuable insights on the model, capturing the relations
and their interpretation whilst avoiding the complex, intricate dependencies of the general case.
This case also allows for easier comparison with the results from [|72]] who used standard utility
maps. For the sake of simplicity, if not specified, we write =, ¢ to refer to (7*,c¢*) the mean
field single stock optimal candidate strategy given by (7.3.10). For a full overview, we keep
mention of the inadmissible equilibria cases, even though our discussion focuses on the MF-
equilibrium strategy. We do not discuss the optimal investment strategy = and omit some details
on the optimal consumption strategy c since these overlap with preceding work [37}/72,/73]. We
restrict our attention to the market-risk relative consumption preference « and its interplay with
the other parameters in the scope of the optimal consumption c. The case x = 1 is just that of
[[72, Section 4] and we point the reader to the discussion there. Before starting, we emphasize
that the behaviours found here, when x # 1, are not a symmetrised version of those of [72] -

this is easily seen in Figure and Table

Classical parameters

Recovering classical results. Under no performance concerns and no competition (e.g., 8 = 0)
we recover the classical results by Merton [78]] and Samuelson [85] in (7.3.10): agents invest
a constant fraction of wealth in the stock, the consumption strategy is time-dependent, and
both investment and consumption strategies are independent — this holds for the classic utility
results in [[73]]. Both here and in [|37]] the results differ from the mentioned ones as the classical
results encapsulate a dependence on the time horizon. When x = 1 we recover the results in
[172]].

The market parameters 3, X in (7.3.9). As in [[72] and Corollary[7.3.5|we rewrite 3 in (7.3.9)
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as

2
B = %(1 — Oetf)Oett + 7(1 — Jeg) + p(scleffa
0 0 0 0
where Jeg = (1 — o _t)5+ O and g = (1— 0/7)5"‘ 7
ri Til crit crit
1 - E[§(1 - 6)] 1 - E[§(1 - 8)]
f = ——" / .= —_— .
or ecrt E[(ﬂ and ecrlt P E[ép]

/

When p is deterministic across the population we have e = 0. and feric = 6., Furthermore,

B reduces to the following expression § = %(1 —06)0 4+ r(1 —0) + pd, which is reminiscent of
the classical Merton result. Additionally, setting » = p = 0, we can rewrite 3 as

B = %w@ - 1)(6:7:it - 1>7

which shows that § is, in fact, the expected return times some additional risk (on top of the
log risk-tolerant investor) and a different competition proportion (on top of 6.-competitive
investor). We hence interpret § as the expected effective portfolio return.

When it comes to A (see (7.3.9),

1 1
0(1—0 E[s1 3 )
>\ = — X (Hpopulation) ( ) Where Hpopulation — (6 [ og 6]) E0(1—-96)]—1 ,

o
the main relation to notice is its inverse dependence on the agent’s relative perception of wealth
relative to consumption e and scaled with the risk tolerance 4, and then adjusted by the agent’s
specific weighting (associated to the agent’s risk aversion and competition preferences) of the
population parameter Hpopylation-

Hence, we treat A as an “effective” e. As originally e captures the linear relation between
utility from wealth and utility from consumption in the general FPP process (see Hypothesis
7.3.3), we characterise )\ as the effective relative perception of wealth with respect to consumption.

The market-risk relative consumption preference ~

Before fully diving into the analysis of x, we differentiate between two settings and their
interpretations. An agent in the absence of competition (§ = 0) or purely looking for a “best
response” to the actions undertaken by the other agents (see Remark can determine
its own idiosyncratic «. At the same time, for the Nash forward equilibrium, all players must
interact through a common «. In either case, we interpret x as a market-risk relative consumption
preference observing that when the agent is free to choose « for herself (§ = 0 case or just best
response), the agent looks for the most suitable market investment-consumption environment
via the choice of k.

The concept of Elasticity of intertemporal substitution (EIS)

We start by calculating one of the main parameters in models of dynamic choice of con-
sumption in macroeconomics and finance [88]]. The elasticity of intertemporal substitution (EIS)
measures the agent’s willingness to substitute future consumption for present consumption in
response to changes in investment opportunities and is given by [5,/56]

d(atct/ct)

EIS: = —
d(0:Va(crz, 1)/ Va(cz, t))’
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for someE] z > 0. EIS measures the response of consumption growth to the deviation of real
interest rate, the latter captured by the denominator of the above expression.

If EIS < 0, the agent is subjected to income effect. On the contrary, EIS > 0 is known
as substitution effect (see introduction). Finally, EIS = 0 corresponds to a case of constant
consumption rate where the agent is indifferent about the real-time growth and would like to
spend the constant fraction of income all over the time.

We introduce the reader to the new concept of Elasticity of Conformity.

Definition 7.4.1 (Elasticity of Conformity (EC)). Let ¢, and ¢ be the consumption of the generic
agent and geometric average (5.4.4)) respectively. We define Elasticity of Conformity ~; as

L d (atCt/Ct)

[ e .V VA 4.1
B d (0¢Ct/¢4) 741

The Elasticity of Conformity (EC) captures how the change in the agent’s consumption is
affected by the deviation in the consumption of the typical agent (as compared against the
geometric average) across time. The EC’s negative/positive sign reflects that the agent’s decision
aligns with the primary trend of investors, i.e., to increase/decrease consumption in response
to the decaying geometric average consumption. Moreover, the choice of the agent to maintain
a non-zero level of consumption is captured by their EIS asymptotically going to 0 as t — oo

(see Figure a) and 0)).

We now calculate the EIS of the generic agent

EIS - — d(Osce/ct) o d(Dsee/c)
C o d(0Va(erz, )/ V(e t)) ] Vo (Coz, D)0scez + V(a2 1) agé(;t()t)
Va(crz,t)
d(@tct/ct)

A(3(@ucr/cr) — (29(0)/91)))

o—

K1
given the CRRA property V,./V,, = —dz. Injecting (7.3.8), g(t) = ((ct)% (Et)g(%_l)e) " yields

= ey e (5 ) = e (- )

g(t) ¢ K O c: K 1) ¢ K G,
o Oer /et . . .
where G, := PR Returning to the EIS expression from before, we find
tCt/Ct
RIS — d(atct/ct) ok

d(%(atct/ct) o HT_I%<1 + 0(1 - 5)ét) (&m/q)) B 1—- 6(1 - /‘i)(5 — 1)% ’

In contrast with the classic utility optimisation approach where one has EIS?®¢ — § the
FPP approach allows an intrinsic time-dependence of V' and thus of the EIS. Namely

EIS(H:O) .
EIS{"7") = ., where EIS(’=0) = k¢ = x x EISIasic, (7.4.2)
1—0(1—k)(6—1)5

with v, standing for the time-dependent Elasticity of Conformity (EC).

The FPP here allows one to disentangle risk tolerance § and FElasticity of intertemporal
substitution (EIS) — standard utility theory does not allow this. This same feature has been
reported in [[12, Slide 22] through the use of recursive utilities (in a more restricted Merton
market framework than ours but within MFGs) and which is close to our result (7.4.2). In

1The formula presented has stated the agent’s rate of consumption equal to c;z, where c; is a rate of consumption
for unit of wealth and z > 0 some fixed amount of wealth. On the one hand, fixing the amount of wealth helps us to
purely investigate the relative effect of consumption, on the other, it allows to assess its time differential to calculate
EIS, in contrast with ¢; X; having an It6-differential form and thus not computable.
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contrast with standard utility theory, the FPP setting captures the different dimensions of risk,
represented by «, that purely comes from the consumption environment and further scales
the EIS. When x = 1, the case of standard CRRA utility framework and analysed in [[72],
immediately yields EIS = § = EISasic,

a) Consumption dynamics c(t) b) Utility dynamics f(t)
25
12
— 1
b 2 1
2.0 10 )
— 3
- 3
1.5 —_— 0.8 g
T 6 0.6 6
1.0 7 7
z 0.4 8
0.5 10 9
0.2 10
\ m— Average
0.0 \ 0.0
00 05 10 5 20 25 30 00 05 10 15 20 25 30
t t
; c) Elasticity of Conformity (EC) d) EIS
35 6
3.0 |
— —1
25 2 9 2
_ 3 — 3
2.0 — — 4 [ R — — 4
- — //7/
O 15 5 2] 5
@ — 6 Wy — 6
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Figure 7.4.1: Simulated agents’ types as a function of time: a) Optimal consumption (7.3.10);
b) Utility dynamics f ; ¢) Elasticity of Conformity (EC) ; d) EIS (7.4.2). All the
parameters are independent as a components of joint type’s distribution and simulated as fol-
lows: §/2 ~ Beta(1.5,1.5), § ~ Beta(3,5), p ~ Beta(1,19), r = 0.05, A =1, u =5, 0 =
1, kK = =2, Ouir = 0.375, where Beta(-, ) refers to the Beta distribution.

Figure displays simulations of consumption, utility, EC and EIS for a collection of
agents with a certain fixed distribution of the type vector. Looking into Figure[7.4.Th) it is worth
pointing out that, within our simulations, the average (geometric) consumption asymptotically
decays to 0 due to the behaviour of the majority of the agents being under the income effect.
As 3 is bounded from above but not from below, and given the symmetric distribution of type
component for § and 6 around critical values of 1 and 6,..;; respectively, the simulated 3 is much
more likely to be negative and hence driving the consumption to 0 on the long run. Agents
that do not reduce their consumption to a zero constant level over time are indifferent to the
main herd of investors, and one sees their Elasticity of Conformity (Figure [7.4.1k)) converging
to zero. Moreover, their consumption behaviour is becoming perfectly inelastic in the long run
(EIS — 0 as t — oo in Figure[7.4.1d)).

In contrast, agents that choose to gradually cut their consumption to 0 (following the market
trend) have a constant positive EC and a constant negative EIS in the long term.

The market-risk relative consumption preference x under no performance concerns: § = 0
(no competition)

Choosing different EIS and Risk Tolerance. In the absence of competition, i.e., when 6 = 0,
(7.4.2) already yields a non-standard EIS¢=Y — 4, whereas standard utility theory with CRRA
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type utilities yields EIS®"¢ = §. Without competition, as we no longer require « to be uniform
and deterministic across the whole population, the agent can choose in which consumption
environment he is willing to invest, hence, as opposed to [72]], the agent can determine her
own risk tolerance § and EIS?=") independently.

For > 0 then EIS®=% > 0 and hence the agent is subjected to income effect, otherwise,
when x < 0 then EIS?=?) < 0 and the agent allows for a substitution effect. Finally, x = 0
reflects a constant consumption rate as EIS®=) — 0. This last scenario is particularly important
as empirical research finds EIS in general to be around 0 for the average household (see [56],
1171, [31]). In our framework, EIS = 0 may simply mean x = 0 instead of a low risk tolerance
0=0.

We do not present any formal proof but argue that x cannot be made to disappear from the
problem at the expense of redefining the remaining model parameters (namely, r, p, v, €, 8, \)
and then referring to a variant of the model (with the redefined parameters). In effect, « repre-
sents a new degree of freedom in modelling. Nonetheless, a scaling effect between «, 3, A at the
level of consumption strategy is present. Concretely, given 3 and ), define 8 := k3, \ := k),
and ctﬁ’A’“) := ¢} with ¢} the expression given in (7.3.10) for x # 0 (and 3, \). Then (% *)
can be rewritten as follows

BAR) _ =1 (BAn=1)

It is important to remark that for x = 1 the consumption cB:Ar=1) is that of [[72]. By construc-
tion A > 0 but A € R, on the other hand, for x > 0 the parameters 3, A preserve the original
sign of 5 and A.

The market-risk relative consumption preference » under performance concerns: 6 # 0

The agents are now synchronised on their consumption preference as they compete (x is the
same for all agents, see Remark[7.2.7)). From the agent sees her consumption dynamics
being re-scaled by competition (¢ # 0) and the market environment (x # 0). The agents can
access their EIS, (7.4.2), by adjusting the risk-competition preferences (the EC depends on 3
and ) as implied by the agents’ parameters).

The “market-risk relative consumption preference” parameter . This parameter appears in
Hypothesis and to weigh the utility of wealth versus consumption through g(¢) =
f(t)t=". It reflects the weight in time the environment assigns to the consumption process
compared to the accumulation of wealth. In parallel with the risk tolerance § of the standard

utility ug(z) = 1_1;951" we interpret x as a parameter of market risk, reflecting how the
s

market is encouraging its agents to prefer consumption over wealth and vice versa. Recalling
for simplicity the no-competition EIS, EIS’=% = x§, we can see that « appears as another
dimension of risk, further adjusting each agent’s consumption response to the deviations in the
real interest rate.

Figure displays the effect of k on consumption and utility dynamics for the generic
agent. When x > 0, the agent’s utility is more sensitive to deviations of wealth than to con-
sumption (as g(t) = f(t)!~") and two cases need to be distinguished: x > 1 and 0 < x < 1.
The market environment for large « makes the agents’ utility from wealth and consumption in-
versely related. In this scenario, the percent increase in utility from wealth will correspond to a
decrease in utility from wealth and vice versa, making the agent consumption-to-wealth averse.
On the other hand, when 0 < x < 1 the environment pushes the agent to derive a moderate
utility from consumption relative to the utility from wealth. From a percent increase or decrease
in utility from consumption, the agent will obtain a much larger respective change in her utility
from wealth.

If k < 0 the general trend is reversed from that of 0 < x < 1. The changes in consumption
utility have a larger weight relative to those of the wealth utility dynamics. We refer to all sub-
cases of xk < 1 as consumption-to-wealth tolerant, indicating that the agents’ utilities from the
accumulation of wealth and consumption are aligned. Still, we emphasise that the quality of
their mutual relation is subjected to the magnitude of «. Finally, x = 0 prescribes f = ¢, and
the environment tells the agent to prefer wealth and consumption equally. Here, ¢; = X for all

76



a) Consumption c(t)
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Figure 7.4.2: Plots of different elements from a single agent’s optimization problem for  from
—2 to 2: a) Consumption dynamics ¢(¢) with lower asymptote at Zero and upper asymptote at
B; b) Wealth utility dynamics f(t); ¢) Consumption utility dynamics g(¢). The parameters are
§=05,0=06 p=0.04, r=0.05 3=216 A=1, pn=5, o = 1.

t > 0 (see (7.3.10)), in other words, the agent has no dynamic preference to deviate from the
effective relative perception of wealth with respect to consumption A. Looking back at (7.3.10)),
one can rewrite ¢ as

Ct = (; + (% — ;)eﬁﬂ")_l — (; (1 — effﬂt) + ienﬁf)

Roughly, with k = 0, the market does not have the agent competing their )\ against their
expected effective portfolio return 3.

Figure displays the effect of x on the consumption map for different combinations of
A, 8. When k € (—1, 1) the steady-state of consumption (the asymptote) is reached much later.

In this model, a unique macro-economics cause-effect phenomenon of « is noteworthy. As-
sume a central planner that can control  then, given market parameters, by manipulating «
the central planner can encourage or discourage consumption across the whole market. This is
a well-known (Keynesian economics) policy for economic stimulus in recession times.

We briefly discuss the effect of the discounting factor p and the riskless rate r. By looking
into (7.3.9), one can notice the additive effect of » and p on the expected effective portfolio
return. The sign of 3 affects the direction and rate of the agent’s consumption (7.3.10). Thus,
by choosing the personal discount factor appropriately the agent can adjust for 3, making it
larger/smaller, as to exceed the important thresholds of A and 0 (that take place in ¢*
—see Table|7.4.1).

The finer interplay of k with 3 and ) on the consumption policy c. We refer to [72], Section 4]
comprising the analysis for p = r = 0 and k = 1. This reduction, upon inspection, extends to
our case when « > 0, thus we focus on the case where x < 0, i.e., the market encourages the

-1
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Figure 7.4.3: Plots of optimal ¢ of (7.3.10) for various combinations of parameters with a high-
light on the monotonic behaviour of x — (¢;);>0 by way in which the asymptote is reached.

substitution effect.

In terms of market behaviour, there are 4 cases to be distinguished: 3 > )\, 0 < 8 < A,
B <0 < Aand f = X and we summarise them in Table (by monotonic behaviour,
associated asymptotes, and admissibility). If 3 = A then & plays no role in ¢, but it does affect
the utility map. We emphasise that the expected rate of return of wealth, 9;E[log X;|F;], follows
the opposite direction of the monotonicity of c.

First, ¢; is increasing in time, when 8 > ). Indeed, when the relative perception of wealth
is big, i.e., if ¢ /* co then A \, 0T, the agent’s consumption does not vanish and monotonically
increases to (3; this is in stark contrast with the case 8 > )\ under x > 0, where ¢; \, 07 mono-
tonically as ¢ — co (compare Figure[7.4.3|b) and d). From the beginning, the agent has a focus
on wealth thus intends to consume less in the short-term (Figure b). However, in the long
run, the agent follows the market preference towards consumption (see Figure b) and c)
for negative x’s), and raises her proportion of consumption up to some asymptotically stable
level (= ). As the agent’s wealth increases, she cannot resist the environment’s push to spend
more despite her preference for wealth. This particular situation mimics a “keeping up with the
Joneses” [51]] behaviour given a population of ultra-rich agents: the effective utility from get-
ting richer comes from increasing the level of consumption and is accelerated by competition
and the intensive consumption environment.

The trend is similar to when 8 < A, which is monotonically decreasing. Indeed, when
e \, 07, X " +oo, the agent prefers consumption over wealth (while the market pushes
agents to consume x < 0), so the agent consumes at a higher rate from the onset. However,
we distinguish two sub-cases here. The agent with an expected effective portfolio return 5 > 0,
who seeks to stabilise her consumption and thus decrease it asymptotically up to the safe rate
B (Figure a). When the agent chooses 8 < 0, she monotonically reduces her consumption
rate to 0, even if she had started from a higher level. That is the case when the agent is very
risk-tolerant (§ > 1) or very competitive (6 > 6.4) or both, so the agent accumulates wealth
even if she is deriving more utility-value from consumption over time (Figure o).

Figure d) features the income effect. The agent is pushed to asymptotically decrease
her consumption to 0, due to the environment promoting utility from wealth over utility from
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consumption — see the positive « cases of Figure b) and ¢).

Finally, when « = 0 or 8 = ) the consumption ¢, is constant equal to A. In the former
scenario, x = 0, the dynamics of the agent’s preferences towards consumption and wealth is
identical (captured by f(¢) = ¢(¢) and thus EIS = 0). Hence, the agent’s optimal consumption
policy is the constant effective relative perception of wealth A. Nonetheless, the agent’s utility is
affected by «. All cases are neatly summarised in Table See also Figure C.1 in the supple-
mentary material in [35, Appendix C] (see arXiv:2012.01235) for the regions of monotonicity
for ¢; as function of &, 9, 6.

Table 7.4.1: Behaviour of (¢):>¢ of (7.3.10) as a map of its parameters. Here \,, ~* denote
convergence from above/below respectively (as ¢ — o). Apparent is the asymmetry of cases
for k < 0 against x > 0.

Parameters \ Consumption c of (7.3.10)
k | B | A—=pB | optim. candidate | admissibility | cpast — 0o
>0 NS
>0 [ <0 /B
<0 =0 v 4 constant throughout
=0 >0 )
<0| >0 N O
>0 v b 4 finite-time blow-up
>0[ <0 v v 0
>0 =0 4 v constant throughout
=0] >0 v X finite-time blow-up
<0| >0 v 4 finite-time blow-up
=0 |any | any | v | v | constant throughout

The environment’s influence on the agents

One may wonder about the environment’s impact on the agent in the particular case of EIS
being close to zero. When the environment hardly distinguishes the long-run preference for
consumption from the one for wealth (x — 0), the agent who wants to faster reach a constant
level of consumption needs to adapt by changing her risk and competition parameters in order
to increase the absolute value of /3. For example, assume further no-discounting and zero risk-
free interest rate, e.g., p = r = 0, a highly risk-tolerant market with E[§] — oo and mutually
independent types # and ¢, hence from we have 6 = E[f]. Then, the agent changes in
the following ways: the agent avoids the competition but accepts more risk (6 — 0, § > 1); or
competes at the average market level and accepts even more risk (6§ — E[f], § > 1); or accepts
being highly competitive, but risk-averse (8 > E[f], § < 1).

Lastly, we note that 3, as a quadratic function of d.¢, is bounded from above by 87722 but
is not bounded from below. That means that under a mild substitution regime (v — 07), the
rational agent cannot outperform the upper-bound effective rate of portfolio return 8 (shown
in Fig[7.4.2p and Fig[7.4.3p). Nevertheless, by adjusting the risk-competition parameters (4, 6),
the agent can decrease her consumption to zero as fast as he wants to. Notably, the choice of p
helps the agent adjust the magnitude of 8 and hence the consumption preferences.

At this point, the market highly influences the choices of the player. Suppose the agent
wants to maintain a desired level of consumption. In that case, she can do so by re-setting her
risk-competition preferences (and in accordance to remain optimal “as a martingale”).

7.5 Open questions

From the construction we provided, here and in the much simpler case [36], it is still open
how to tackle the full MFG generalisation to market models featuring random coefficients. Here
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the mean field aggregation approach created in [73]] is not possible anymore and a new tool is
needed. We refer to Remark|[7.2.7|regarding the open issue of allowing agent to choose different
K parameters.

Open is the so-called mean-field aggregation problem where different agents use utility
maps from different families, e.g. CRRA and CARA: [[42]] would be a starting point for the finite-
player case while the mean-field case would requires the multi-class approach of [|8 Section 8]
with the parameterisation technique of from our Section Many other questions can be
posed in this context of mean-field forward utilities, ranging from possible non-solvability [48]],
to risk-sharing [[11]], ergodic problems [50]] and associated numerics [|54].

Generalising the dynamics of the forward performance utility map or outside
Assumption to a fully It6-dynamics and stochastic strategies is also open. A crucial tool
for such would be a general [t6-Wentzell-Lions chain rule as developed in [|38]] and would likely
build along [43]] or [82]]; or alternatively, an approach similar to [28]] can be taken where the
volatility of the FPP is exogenously postulated as the agent’s preferences (Forward-Backward
SDE:s is the tool of choice there). It is also open exploring game competition in the setting of
[[28] either for the finite-player game or the MFG as in [3,/36}/52]]. As pointed in [36} Section 5],
many other questions can be posed in this context of mean field FPP, ranging from possible non-
solvability [48]], to risk-sharing pricing [[11]], indifference-pricing [27,|74], ergodic problems
[[50]. The cases and analysis of [3]] can be extrapolated to the MFG case as well.

A particular case of interest playing to the strengths of the forward performance process
framework, and which we do not explore here, is the dynamic model selection problem. FPPs
allow for a dynamic update of market parameters to accommodate a switch in the market
environment or the agent’s perception of risk which the standard utility theory does not allow.
In fact, [[36, Section 4.4] carries over to the construction we have provided here — such would
allow the agent to update the market-risk relative consumption preference x. An alternative
view to this problem exploiting FPPs and time dependent risk parameters can be found in [86].

Lastly, a comparative study between the capabilities of forward utility maps versus Epstein-
Zin preferences within the Kreps-Porteus recursive utilities is to the best of our knowledge an
open question. As shown, the forward performance criteria features the crucial property of the
recursive utility and hence this work stands to span new economics studies on EIS [|1,[31,88] .
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Appendix A

Proofs of Part I1I

A.1 Supplementary calculations

Proof of Proposition We recall the optimal strategy is given by (6.1.4), where we define

Oy G
0:=(no), , B} := 02 E Z )%, M} =6, (Wﬂ =

k#i k;éz

The drift of (6.1.3) becomes (we omit the argument in U, U,, U,, and use ¢ := (7o),
i i( i Lo i v —(=i)\2
U} + UL (i — M}') + §U,m [(ﬂ'tuq;)Q + BY + (wjo; — 0;(n0), ) }

— (72} + o)

2

(Ui - MUz + %U;'IB;) + %U;; [(Hﬁ)

; , N 1 proo 1 (UL)?
=U} U {91 i ii_M“} =
t T Oauuf—l—of ¢ 2 V2402 U,
Ly {Bv 4 (05)? - — 1 (0,05
+§ ma:{ t +( ia) - l/2+0'2( iaio—) }

i g [Mibioio ) (i) o (UL)?
=Ui + U3 T to 2_9( me - 2002 + %) U

2
i ~\2 g;
+2Um{ 22”‘5”’“ (6:5) [1_v§+o—?”'

Equation (6.1.2) now follows as U; needs to be chosen such that the equation is zero. We
inject in the drift of (6.1.3) the expression (6.1.2) and obtain a simplified version

4 R 1 pr o1 (UL)? N2
—U; {91‘ i ii—Mﬂ} . Ut { + (6;
{ r UO.MZ/E-FO’? ¢ 2V+O’2 Uz, +2 e ( 0)
1 ~\2 i i
ﬁ(@'oiff) }}JFUz(Wtui—Mt“)
+ 2Ufu [(71'21/,’)2 + By + (71'201-)2 —27l0i0,5 + (91»8)2}
U, 1 N2/, 2 212 ) 2 ~ U:
_zr - @ 7 2\2 _ 9 (i(1)3 2 ( 0.5 — 1 z ))
2 v2+o? ((Wt> (v +07) (mt (7 + 7)) (0:0:6 — Uty

_qulLUiQUgm sz {U;; [Qidialh} - %f (g}%) + 2U‘,,f/,m{ — <9i0¢3)2}}

Uss o o ~ Us \ |
=7 Tt o2 m(v; +07) — (Uﬂm—uz‘U;m) ;
which results in (6.1.5)). O
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Proof of Equation (6.2.7). We take up the drift of (6.2.7) and we have just by re-organizing the
terms

1
0=U(Z],t) + Uy (Z] , t) (um — Opimy) + §UM(ZZ‘,t)<(mrt)2 + (om — Hg—m)z)

1
- (Ut — U, 077 + 5U,;Iez(aTrt)Q)
2 (v? +0?)

(ﬂ'?(l/2 +02)? = 2m, (V2 + 02){90ﬁ - ,ugm })

We recall the optimal strategy given by (6.2.8]), where we complete the square inside the U,
term in the SPDE above we have

0= {Ut +U,- O‘ﬁ —Hm) + %Um -92(07@)2(1 — "72)
U

V2 + o2

(v + 0?) — (GJTM - u[JUI )‘2

Under the CARA condition U, /U,, = —§ and the choice of the optimal strategy, the remaining
drift must zero-out. We then have

Us
2(v2 + 0?)

(00 77) L (077) + U, (9W>

U, = — ~ - - v
! 2% +02) 2

. (u@aoTrt + 5u2) 4+ Uss

A.2 Proof of Theorem

We prove Theorem in full detail.

Proof. Step 1. Finding the investment strategy.
First, we deal with the investment policy. Injecting the condition U, /U,, = —d;x in (7.1.6)
leads to the system (i € {1,...,n})

) 1 n n
7= 0;0:(1 — 0; 45) where == ox
T (1 SO ( SETE ) =

n—

The last identity expresses 7** as a function of the unknown &7;. To determine it we multiply
both sides of the 7** expression by o; and average overi € {1,...,n}. This yields the solvability
condition

oM = oMy + 9l & om = ¥n aslong as 7 # 1. (A.2.1)

- — [oa
1 n

Plugging the expression &7 into that for 7%* yields the result. That the optimal strategies
are constant is now obvious and one finds that the corresponding n (see (7.2.5)) is time-
independent with 7} = ;.

If ¢ = 1, then there exists no Nash equilibrium.

Step 2. Finding the explicit form of ;.

Just like for o7, we obtain an expression for iy = 1 Zle umf " by multiplying 7* by u;
on both sides and averaging over i. We have
(—iy _ M 1

. n o . .
ATy = — =l + ol g = ATy —
n n —

e A.2.2
n—11- g HiTt (A.2.2)
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where ¥, y# are defined as

n

1 we 1 HETK
== "0 i YR = 0 (1 — k) 91 s
ni= o+ 719(71711‘)) n—1& vp +op(1+ ki( k))

Similarly, defining

1 n 1 n VkekO'k-Ll- 2
omP == (k) = | o) (A23)
Lt gt Vi + Uk(l + M)
together with (vr,)2 = - (vm)2 — —L— ()2 Finally $? = (vm,)2 + (o7m,)2, and like for
(A:2:3) we have
1 < N . RPT N
Pon Yy (P ) (a2
k=1 Vi +op(1+550)

with Sr? = ni 12 — — v+ od)(m)”.

Replacing these expressions in that of the constant 1} = 7; in Equation (7.2.4) of Section
one obtains the sought expression (in the Theorem’s statement).

Step 3. Finding the consumption strategy and the relative performance utilities.

The system of Equations (7.2.3) under Hypothesis|7.2.5] i.e., g;(t) = fi(t)! =", becomes

ch= e ()

N CONACEE A2.5
f/( ) + (772 + 9 (1 — 7) (= Z))fz(t) + %(EE_Z))Ol(l 5Z)fi(t)17'%6i _ 0’ ( )

where 7 is given by (7.2.5). We mainly follow the machinery of the proof [72, Theorem 2.2]
to obtain the closed form solution. We repeat these arguments and emphasise the notable dis-
crepancies. Substituting the LHS of the first equation of into the second, we obtain the
linear ODE which solves as

¢
fi(t) = exp (/ <77i +0; <1 - 1) &=+ 1ci> ds) .
0 d; i

Now plugging it back into the first equation of (A.2.5])) we obtain
t

t X .
Ci exp ( _ IQ/ ngS) — 6;51' (6£_1))9i(1—5i)671€6i7ht exp ( _ Ii(l _ 57’)01/ (62*2))d5>
0

0

3=

After rewriting it with respect to ¢; = (HZ:1 cf) and ¢, = L 37 cf, we get

5@' n 0;(1-6;) — Km0,

) t -1 % (1-5,) T 0i . .
ct exp(_ "f/ 02d5> =€ e )Ct T e (A.2.6)
0
0;(1 -, K
Xexp(—fi n Z( i) / Esds).
—11 + (1 —0; ) 0
We take the geometric average of Equation (A.2.6) over i = 1,...,n to obtain

_ t ~\ s - 6(1-5)
Gy €Xp ( — H/o csds) = (65) e (ct exp ( — H/o csds)) , (A.2.7)
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where

5 1
~ n Te (1—ar) n - 1 & 77.5.
65: 6IJrT,l( k ’ 5= = 104 ,
< k n n Z 1+ 23 (1 _ 51@)

k=1 k=1 n—1
and 1 8) = 3 1= %)
n-— 1 k=1 1+ n_kl(]' _616)

Hence we obtain that

t AN —— s
Cy €Xp ( — I*i/ Esds) = (65) 9(1_5)_169“*53*1)5. (A.2.8)
0

Using the previous equation we rewrite (A.2.6) as

¢
clexp ( - n/ cids) = \je Pt (A.2.9)
0

where

% n 0,(1-8;)

0. N —
HRaT (-0 " @A D) (i (1-83)
Ai=¢ " (e5> n—1 ,

i 1 ( no 0,146

1+-5(1-6) n—10(1—5)—177 K )

Bi

Now consider two distinct cases x # 0 and x = 0.
Case 1: Let k # 0. Integrating (A.2.9) from 0 to ¢ and taking logarithms we get

o —log (14 4 (e "fit — 1 i # 0
/{/ dds = Og( 5 (e ))’ fi 70, (A.2.10)
0 —log(1 — A\;kt), Bi = 0.
Finally differentiating (A.2.10]) with respect to ¢, we obtain
-1
) 1 1 1)\ kBt )
i = (za,- (L -4)e > » Bi#0, (A.2.11)
(—mt+5)7, Bi = 0.

By direct inspection it is obvious that for certain combinations of parameters, namely < >
0, 8; < M; and k > 0, 5; = 0, the optimal consumption ¢ in not continuous and can even
be negative. These cases are not admissible. Admissibility against parameter combinations is
summarised in Table

Now, from the first line of (A.2.5), we get that

fi(t) = ((cg)%(5§*i))9i($‘1)6i)_% and gi(t) = fi(t) " (A.2.12)

Case 2: Let k = 0. Then (A:2.9) immediately yields ¢ = \; which is the same result if one
sets k = 0 in (A.2.11). O

A.3 Proof of Theorem

We prove Theorem [7.3.4|in full detail.

Proof. We proceed stepwise in order to construct the constant mean field-equilibrium. To that
end we must solve ii)-iii) in Definition for given processes X, I associated to some (7, ¢) €
Awmg. Condition iv) of the MF-equilibrium allows us to focus only on processes of the form
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X, = expE[log X;|FP] and T; = expE[log ;| F”] where X solves for some strategy
(7T C) € Ayr.

Step 0. The average wealth process. To solve the above problem given (X;);>o it suffices to
restrict ourselves to processes (X;);>o satisfying X; = exp E[log X[|F7], P-a.s. We then have
via It&’s formula and the arguments from [[73] P-a.s.

X, = expE[log X;|F7]

¢
= exp]E[log{ —|—/ (,wrs - %7@@2 + 02))ds
0

t t t
—|—/ Vﬂdeg+/ awsst—/ csds‘ff}
0 0 0

t t t
= exp [logf—i—/ (pms — %Tﬁ)dﬁ/ omsd B, —/ Esds}
0 0 0

t t t
=£4+ (/ nX ds —|—/ o7 X ,dB, — Esysds),
0 0 0

where, for consistency of notation with respect to the previous section, we denote

—_

n =, — — (X2 — o752), &:=expE[logé], mms := Elum,], o7 := Elow,], ¢=E[.

Hence, for (m,c) € AMF we can define the process Z™¢ = xmexme ' By Itd’s formula we
derive its SDE dynamics as

dzre 0—s 62
ZTt’C = (um, — O + 52772 + ?0771}2 — fomor)dt + vmdW, + (om — 6o7;)dBy,
t

— (v —Oe)dt, 25 =¢(€)7°

We proceed to solve the MFG Forward performance problem of Definition with its help.
Applying Itd’s formula to U (Z;",t) yields

1
dQ(Z7°t) = U( 2, t)dt + U (Z]°, )dZ° + iUM(ZZ“C, td(zZy + V(Z]°, t)dt
- 2
= [Ut(Zf’c,t) + U (2, t) (pme — O + gZﬂQ + %ﬁQ — Gomom) Z{¢
1

+ 5Ueal(Z°,1) ((wm)? + (om — 05m)") (27)% (A3.1)

+ U (ZTr € )VT('tZTr cht + U (ZTr C7 )(O’T('t — Qﬁ)Ztﬂ’cht

+ U (Z78) ey — 0c)dt + V (e, 2,7, t)dt,

with U(Z5,0) = U(£(£)7%,0) = 2+ (5(5)*9)17% and using that B, W are i.i.d.
5

Step 1. The candidate best responses strategies *,c*. As before, the process U(Z;"“,t) be-
comes a Martingale at the optimum 7. Direct computations using first order conditions (9, “drift” =
0. drift” = 0) yield

0+ Uy (p—0—0007) 27 + Ups (2m2 +2(om — eﬁ)g) (Z;r’cf -0,

~U(Z] )27+ Vi (e Z7°, ( : g;) =0,
Uy
— V2+ . (9007rt +(p— Goaﬂt)U ZW’C)’
rxxr Lt
Ct = er’c .
Now we inject into the first equation the CRRA constraint U, /U,, = —dz and use Hypothesis
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to obtain

T = (GUTM + (= 900771})5) and ¢ = 65(1_5)]”(15)_5'{.

V2 4 o2
By inspection, it is clear that 7* is a F)F-measurable RV which is independent of time and is well
defined as long as o7 is finite. The derivation of the closed form of the optimal consumption
needs further work and is carried out further below.

Step 2. The optimality of the strategy. In contrast to the n-player optimisation the mean
field game is defined with reference to a pair of average processes X; and I'; against which
the equilibrium is defined through a fixed-point stationarity identity. We provide a verification
procedure similar to that in [36] Proof of Theo. 2]. The original constant strategy = is a MF-
equilibrium if and only if for all ¢ > 0, P-a.s.

Ellog e;| 7] = Ellog cf | 771,

log€ + [ (@ms — 3Ea2)ds + [, omydB, — [ cods
= =Tog€ + [y (s — §E(m1)%)ds + [y omidB, — [y cids,

5 mx
Ct—Ct,

{EﬂogXMfﬂ = Eflog X7 | F2],

where we denote & := expE[log ;| FP] = expE[logc}|FP] =: & . After taking expectations
in the first equation it follows that 7 is a MF-equilibrium if and only if the following three
conditions hold P-a.s.

oM = o7y,
fot (7w — 38n2)ds — fg c.ds = f(f (pmf — 35(wx)?)ds — fot cids, (A.3.3)
& =c.

Using (A.3.2) (with U, /U,, = —dx replaced in) one derives (using the expressions ¢7, 1)

2 Lo

om; =60(1—-9) 2Tm+5y . =  on* =0T + ¢°.

v2+o

Using that 7y = o, yields solvability if v7 = E[6(1 — 6)#202] # 1. Thus

g
F_==_ _ ¥
on* =07

=T
and the 7* expression of (7.3.5) follows. To exploit the next condition, we solve PDE ([7.3.7)
under Hypothesis Together with the optimal candidate consumption we have
ci = (@)’ fi(t) 7,
_ s
f(@t) + (x —0(1— ) (pm — 357 — Et))f(t) + S (6)0=D f(1)tr0 =0,

= constant, (A.3.4)

(A.3.5)

with

= (- D S - —ra-0) -

Plugging the first equation of (A.3.5) into the second one, we solve for f to obtain
t 1 1— 1
— _ _ _ _ 2 _ = _a%
f(t) =exp ( /0 (X 6(1 5)(,mrs 227rs ) + (;C(s)dS)-
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Now we substitute it back into the first equation of to get
t
C: exp ( — /{/ C:dS) = 6*5(609(17(5)6)(5/%
0
t 17
X exp (9(1 —0)(k — 1)/ (pms — =Xm2 — Es)ds).
0 2
Now we substitute according to second equilibrium identity of (A.3.3) to obtain
t t
ciexp (— I*i/ cids) = e 0(E) 0 =0 endnt oxpy (—0(1— (5)/1/ cids), (A.3.6)
0 0
where
1. (— 1l
m=x—0(1— <) urf —5%(m)? ).
) 2
Taking the logarithm, expectation and exponent on both sides of we get
b ~ -1 =% N ()]
Er exp ( — /1/ c:ds) = (66) 161177515 (ét exp ( — l‘i/ CZdS)) s
0 0

where ¢ = expE[dloge], nd = E[nd] and 6(1 — §) = E[#(1 — §)]. Using the last equilibrium
identity, ¢; = ¢;, we rewrite the expression as

t 1 ev3
B NE e — nd Kt
Gexp(— /i/ cids) = 00O B
0

Plugging it back into (A.3.6) we obtain

t
ciexp (- H/ cids) = Ae =Pt
0

where

B 0(1—5) 9(1 _ 5)
_ 6 ( E[6log €]\ B[o(1—0)]—1 e S _
A=¢"(e ) ) Ié] Eo(—0)] 11E[775] 79.

The same arguments used in the proof of Theorem 7.2.6] yield

-1
1 1 1) ,kBt
o= (B+(A L)e ) . B#0,
-1
(—rkt+73) 7, B=0.
As in Theorem[7.2.6} one finds that for certain combinations of parameters, namely x > 0, 3 <
Aand k > 0, g = 0, the optimal consumption ¢ in not continuous and even can be negative.

These cases are not admissible and admissibility against parameter combinations is summarised
in Table

Finally, from the first line of (A.3.5), we get that

_1 k—1

7ty = ((e)? (@) Ve) " andhus g(t) = ((e)* ()" Ve)

Now we are left to conclude using the closed forms of p7; and X (7} )2. First, we have

ury = 1 <p¢0 Y + @' = constant, (A.3.7)

using ¢*, p*. Finally, we find the expression for X72. Multiplying separately the 7* of (7.3.5)
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by ¢ and v, squaring, taking expectation and summing the results, we have

S 1 o 2
2 —
S? = E[VQ (00 - 00 5t o) } (A.3.8)
The explicit form of the expression 7 follows by injecting these identities in (7.3.6).

Step 3. The MFG forward performance process dynamics. Injecting the consistency PDE (7.3.7)
in the expression for dU(Z]“, t) given into (A.3.1)) yields

dQ(z[",t)
T,C @U ,C
= Uw(Zt ’ ,t) (I/Tf'tth + (O'ﬂ't — Hw)d3t> Zt s
1 ™,C - 2 2\ o 900 ? T,c\2
+ U200 gy | + %) @ o +ud)| (27t

F V(2] 1) — Up(Z7 1) 25 — V(Un (256, 1),1).

A.4 Regions of monotonicity of optimal consumption

We enhance Fig. 3 (case x = 1) of the earlier contribution to the context of our work
and comment further on the finer interplay of x with 5 and A on the consumption policy ¢ (see
end of Section [7.4).

In Figure we have two pictures of the regions of monotonicity of ¢; for x > 0 and
k < 0. We can see that having x across the region given by § = 1 symmetrically reverses
the direction of monotonicity for c¢. The region of consumption in the plot having a constant
consumption regime has a constant color (we do not mark such level curves apart from the
region boundaries).

region where consumption decreases for £ > 0 region where consumption decreases for k < 0

800 800

600 600

0, %o

(8-t

400

200 200

Figure A.4.1: The regions of monotonicity for ¢; for k > 0 and x < 0 as function of § and 6
(in %o0), the agent lying inside (outside) the coloured region decreases (increases) consumption
rate over time. The agents on the border consume at a constant rate. The colour gradient relates
to the speed of monotonicity characterised by 5 — \ or a function of it. The set of parameters is
taken from Fig. 3 (case k = 1)], namely u =5, 0 =1, e = 1, Elloge] = 0, E[f(1 — )] =
~1.6, E[6] =5, feric = 0.52, p=1 = 0.
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