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Abstract,.

In this thesis we study operators and spaces of operators on a
Hilbert space defined by intertwining relations.

fhe classical Hankel operators are those operators which intertwine
the unilateral shift and its adjoint. We considef generélised Hankel
operators relative to shifts and relative to families of shifts and
give generalisations of the classical theoréms of Nehari and Hartman,
In contrast to the classical approach our proofs are mainly geometric
and rest on the Sz-Nagy Foias lifting theorem.A

We show that the closed linear span of the positive Hankel
operators is a proper subspace of the Hankel operators and contains all
the compact Hankels. Part of this result is also obtained,via Douglas's
localisation theory for Toeplitz operators.from the fact that there exist.
Hankel 0perat6rs which do not lie in the C*-algebra generated by the
Toeplitz operators,

| In chapter 7 we see that cert#in sums of spaces of'intertwininng):

operators are closed and yield C*-algebras. In fact it is the aléebraic
properties of these spaces that ensure the automatic closure of their
sum. As a consequence we obtain odd/even decompositions for C*-algebras

and von Neumahn algebras and related double.commutant theorems.
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CHAPIER 1

. INTRODUCTION-

Let H be ; separgble complex Hilbert space with complefe
orthonormal basis len ; n=0,1,2,..}s A Hankel operator on H is
one whose representing matrix (a;ij) has the special fonn :
a5 = a(i + 3) (1,5 = 0,1,2500) o
Th;e two main éla.ssica.l theorems concerning Hankel operators are due
to Nehari [23] and Hartman [16] who found necessary and sufficient
" conditions for a Ha.nkel operator té be bounded and compact respéotively.
let L2 be the usual Hilbert spacé of square integrable
functions on the unit circle T , with complete orthonormal basis
{en ; n €2} , where e~ denotes the function z" . For an

essentially bounded measurable function ¢ on T the well known

_multiplication operator N " is defined by

uE = gf (£ e 1?) .
let J be the unitary operator on L2 defined by' .Jen =e_, and
. .

let P be the orthogonal projection of 'L° onto the Hardy subspace

H2 spanned by {en;naol. Then S¢

= PJM¢|H2 .

is defined by
S¢
Nehari's theorem shows that the Hankel operators on 1-12 are .

- precisely the opérators S s and moreover , for each Hankel Opérator
S , there existsa function ¢ € L” such that S = S, end l¢ 'II =lls]l.
Hartman's theorem aﬁows that S is compact if and only if the symbol
¢ can be chosen to be continuous. The classical proofs rest heavily
on the Mction theory of the underlying spaces and in pa.rticulaf on
the Caratheodory-Fejér interpolation theorem .

The Ha.ni:el operators are also characterised by the operator

equation .

SU=0US



o 2
where U is- the unilateral shift on .H. Page [24] has observed that
'this'characteris'ation and the elegant lifting theorem of Sz-Nagy and
Foias [20] yield a geometric or 'function free'>proof éf Nehari's
theorem which applies to certain generalised Hankel operators
intertwining a uniiateral shift of arbitrary multiplicity,

Motivated by the above characterisation we make the following
definition, Let U be a commutative family pf unilateral slﬁ.fts
acting on :; Hilbert space H .4 An operator . S -on H -is Hankel
relative to U if S € twi(U) where
‘ | gn(y_)::is«n(n);su:u's.u'ey_}

These are some of' the intertwining operators of the title of this
thesis. | _ |

In chapters 3 and 4 we shall prove Nehari and Hartman type
theorems for some of these generaliaeﬁ Hankel operators . The proofs
.ane éssentially geometric and use the Sg~Nagy Folas lifting theorem
and an extension of it to continuous Semigfoups of contractions. These
latter theorems and preliminary dilation theory are give>n in chapter 2;

In chapter 5 we discuss the lifting proble;n,foropex"ators
commutiﬁg with certain families of contractions. Although we do not
always have a Nehari theorem for Hankel operators relative to U (as
above) , we ask whether we do in the case when U consists of doubly
commuting isometries. In particular do we have Néhari and Hartman
theorems for Hankél operators on the Hardy space on the tofus ?

In chapter 6 we consider certain classical Hankel operators with
_discontinuous symbol and show that whilst the closed linear sfan of
the positive Hankel operators, P .say , contains all compact Hankel
operators ,.there are Hankel operators not in P.

For ¢ € L~ the Toeplitz operator T, on H is defined by

¢

T, = ‘%'Hz



)

Tﬁese. operators and their generaiisations, have been the object of
much study in the last twelve years (see for example{9]). Although :
Hankel opérators are formally rather similar to Toeplitz operators
they have received much less atteption and usually quite @iffemnt
techniqpea. are needed to study them, However we shall use Douglas's
localisation theory |9] to extend the results of chapter 6 mentioned
aboveby showing that there exist Hankel operators which do not lie
in the algebra generated by the Toeplits operators. |

An immediate corollary of Hartman's theorem is that H® + ¢(T)
is closed., This was first proved by Sarason [33] using a more direct
method. Subsequently Rudin [32] has given an elementary abstract theorem
applicable to more general situations. We give Rudin's theorem below
-and use it in chapters 3 and 4 to show that certain analoguea of

H + C(T) (not considered in [32]) are also olosed .

.THEOREM 1.} Let Y and .Z be closed subspaces of a Banach space X
and let ¥ be a family of bounded lineax_' maps A on X such that
a) A‘maps X into Y , A€V , |
b) A maps Z into 2 , Ae'\lf.,
o) supf flall ; Aev] <= ,
d) For each ye€Y and € > 0 thex;e exists A ¢ ¥ such that

I -yl <e.
Then Y 4+ 2 is closed

Proof. Let M be a constant such that [|A|| <M , Ae ¥, let y ¥,
z €Z, €¢>0 and choose A € ¥ such that ||Ay =y < € « Then

ly = 22|l «lly -yl +lly - 22| <€+ ¥|ly - 2]l ,
Since Az ¢ Y N2 we see that d(y,Y N z) < Ma(y,2) ,yé"Y, where -

a( ’ ) denotes the usual norm distance between sets . It follows that
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the canonical embedding of Y/ Y N:Zz in Y / Z 4is bicontinuous. Thus
Y/ Z 1is closed in X/:2 and its preimage under the canonical mapping

of X into X/ 2 1is closed, That 48 ; Y + 2 1s closed »

In chapter 7 we leave Hankel operators a.nd consider certain spaces
of intertwining operators. We will be concerned with the problem of
‘whether the sum of such spaces is closed (using techniques quite
different from those of Theorem 1.1).It turns out that the algebraic
properties of these spaces are sufficient to ensure the automatic
closure of their sum. For example , given a set of operators "F on a
Hilbert spac;a H 1let

fa € B(H) ; au = Aua , u € F} (rec) .

1]

com A(E)

. * '
Then if F=F , com(F) + cm_1(_§‘_) is a von Neumann algebra . Also ,

under natural conditions , we have the following double commutant

~ theorem

-com(com(F)) com(com_%(_l:‘)) + com_1(com_1(_1':_))

and in this situation we can identify the summands as the closed span.
in the weak operator topology of even (resp. odd) produéts of operators
~in F o The key result behind these theorems is the following ; Let A
be a C‘-algebra of operators and let B be a self-adjoint norm closed
linear space of opera.tt;rs such that BACB , ABCB and BBCA .
VThen ‘A + B 1is a C*-algebra .

We also obtain generalisations of the above to several spaces of
operators and give ‘roots .of' unity ' decompositions of C*-algebras and
related double commutant theorems.

We close with a list of some of the problems raised in the thesis.



CHAPTER 2. | | . | | 5
| LIFTING THEOREMS |
In this chapter we é.iscusg dilations of contractions on a"Hilbeﬁ
space. We prove the Sz-Nagy Foias lifting theorem [20] and an ektension

of it to strongly continuous semigroups of eontractions.

We first give some preliminary definitions .

let H be a subspace of a Hilbert space K and-let P be the
orthogonal projection of K onto H . For A € B(H) and B € B(K)
we write A = pr(B) when A = PB|H .

Let A= {A“;x ‘@ €0} be a family of operators on H. A familyb

B = iBux w € 1} of operators on K is called a dilation of A if

ng

Aau

oo ..Aw':r = pr(B‘:’.. ..}30::')
for By 20, 1 £1 «r , and every finite set of subscripts w; € Q,
1€i<¢r, ’

B is called a minimal dilation of A if the smallest reducing
subspace for B containing H is K .

.2; is called commuting (resp. isometric , unitary etc. ) when B
consists of commuting (resp. isometric , unitary etc. ) operators .

Two dilations B and B" acting on K and K' respectively
are isomorphic if there exists a unitary operato-r Z from K to K
such" that

(1) 2zh=h ,<'h€H-,

. o ‘
(ii) zB'2=B ,we€nN.
(] w

A celebrated theorem of Sz-Nagy [19) states that each contraction
on a Hilbert space possesses a minimal unitary dilation and that this
dilation is unique up to isomorphism . Inspired by a paper of Sarason

| 35) , Ss-Nagy and Foias [ 20] have shown that each operator in the



6
i commutaht of a contractiﬁn can be expressed a§ the compression-of
"an operator with the same norm in the commutant of the unitary
dilation. This result has proved quite useful in the recent work of -
several aﬁthora ([21j;l25J,l24J,[1BJ,[1OJ and |6]).

We first show that every family of doubly commuting coﬂtractidns
possesses a commuting unitary dilation. Thig is a well known result .
: whiéh of course extends Sz-Nagy's theorem and is proved in |22)] .

"The proof we give is somewhat more direct,

DEFINITION. Two operators T and S on a Hilbert space doubly

- .
commute if TS = ST and TS = S‘T .

PROPOSITION 2.1. Let I = i'r,ra ,@ € A} be a family of doubly - -
commutihg contractions on a Hilbert space H . Then there exists a
‘dilation ¥ = {V,Va »a € A} of doubly commuting contractions on
a Hilbert space K D H such that the following hold .

(i) H is invariant foﬁ V' and reduces V,, @€h.

(11) V|EH=1" ana vV IH="T, ,aAe A,

(iii) 'V is an isometry and v, is an isometry for each & such
that Ta is an isogetry.

(iv) K 1is the closed linear span of {V'H ; n € zZ, ! .

, . B 1 L -- V .
Proof. let R=(I~TT)® , R=(RH) and K=H®RQR @ .. .

Let V be the operator on K defined by the operator matrix

T

R
1 I

Thus for x = (h,x1,x

g» + + ) €K we have Vx = (Th,Rh,Ax1,x2, o)

and sO B



o 112 2 2 .2
v 12 = llzn 1%« lmn )2 4 =12+ U)I® o ..
' 2 2 .
B LY L B LY PY e

= I=1® .

. ' ’ *
Thus V 1is an isometry . Clearly H is invariant for V and
* * )
V|H=T . To see that (iv) observe that , identifying H with

' ﬁ@ {0} ® {0} ® e« , we have

Vh - Th = (0,Rh}0,0, .. )

V?h - VTh = (0,0,Rh,0, .. )

.etc.' s for h e H.
Since T doubiy commutes with T we see that TR = RTa‘ and
B reduces T , a €A . Lot V = Taegtrglg@ralg@' e s, @ €A,
define the operators Vd §n K . It is routine to E.heck that
v :,zva » @ €A} has the properties required of (i) , (ii) and (;ii)
thus completing the proof . Q GO o Wk Vs e dilakin N T )

Although the proof of the following theorem is rather involved
technically , it is essentially Proposition 2,1 used with Zorn's

Lemma

TESOREK 2.2 Let T be a family of doubly commuting contractions on
a Hilbert space . Then T has a minimal dilation V consisting of

doubly commuting isometries . Moreover V is unique up to isomorphism,

Proof.let T = {T ; a €A} . Let Q be the set of triples (o,V°,R%)
where
(1) oCA,

'(11) R® 1s a Hilbert space containing H ,



(ii1) Xo = {V: ; a € A} 1s a family of doubly commuting

. .

contractions on R% such that H is invariant for (V:) .

o\ * . : o
(va) |H = T, and V_ is an isometry for each a € 0.

" (iv)  The closed linear span of 1v1“‘.. N At FRAY v, n; enj
1s B7 .

We-define a partial ordering on Q as follows ;

i - [] ]

(o,V°,R?) < (o',v° ,R? ) - if and only if
(v) cC o ,

P g o'
(vi) R . is a subspace of R ,

: "e LR IS *

(vii) R? 4s invariant for (V) ) and (Vo) IR =(v), aea,

] U'

and V_  is
a

(viii) 1f V: is an isometry , then R° ‘reduces VZ

an isometry .
For exampie,note that if we are given m = (a,!a,Ro) in Q and
a € 0 such that VZ is hot an isometry , then Proposition 2.1 shows

that there exists m' = (o U ,{a},yf’ v i“}n" vl

“l) € Q such that
m<m'® but m£m' ,

Web show that « is an inductive ordering on Q « Let I be a
chain in‘ Q and without loss suppose that I has no maximal element

(for otherwise we have nothing to prove). Let veU o , where the .
' oel

notational abuse has its obvious meaning. Let Rj = U R’ and let R
oel

be the completion of R, with respect to the natural induced metric .

Define operators Vg on R by
Tfo =%VZ on Ro
L 8
o0 on(rR% .

Since |ﬁr':|| is bounded and R, is dense in R , it follows

0

from (vii) that there exists for each a an operator \_ld on R
such that the net -\7: converges to -\-Ia in the weak operator topology .
Set ’?“: i\_la ; @ €Al and let q = (V,E,R) . We claim that



q € Q. apd_ia an upper boﬁnd for T .Cleariy (1) and (ii) hold for q.
Since multiplicati;)n -of operators is continuous on bounded weak operator
' convergent nets it follows that V is a family of doubly commuting
contractions. From (iii) and (iv) we see that -V'a is an isometry
for @ € v and thus (4iii) holds for q . (iv) is easily checked and
thus q € Q. From the way we have constructed V¥ it follows that
"m€q forall m € T and thus that qi;anupperbound for T,

Since the ordering is inductive , by Zorn's Lemma Q has a maximal
element!.m'= (u,¥,K) « As we have already noted , if V_ is not an
isometry for some a € A -lPr0position 2.1 shows that there exists
m' € Q such that m' > ﬁ and m' # m. Since this contradicts the
maximality of m , V consists of doubly commuting isometries « By (iv)
V is a minimal dilation of T. |

It .remains to show that such minimal dilations are unique up to
isomorphism, We will just sketch here the standard technique for
proving this. let K, (resp Ro) be the linear span of {V1n? .“.Vrnrh; Vie'z}

(respe [W,"'.W ™ ™h; W, ¢ ¥} ) where ¥ = {V ; aea]l ana

1
W ={W,; a €A} are minimal dilations of T consisting of doubly

commuting isometries acting on K and R respectively. Define Qo

from K0 to Ro by

ns nr _ X}
%(Va, ..vmr h) = W

AR P (heH)

and by lineaz;ity. Using the fact that the V's and W's are doubly
commx‘t!i.ng isometries and that V;lﬂ = W;IH = Ta‘ s @ € A, One
can show that Qo is well defined , isometric and,by the minimality
conditions , extends to a-unitary. & from K to R such that
Q‘Waﬁ--va, @ €A, Flainly $h=h , heH, and 50 ¥ and § are

- isomorphic dilations.
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 Remark. If T;’“ + 0 strongly then V_ 1is a unilateral shift ,a € A.
We will return to this special case in chapter 5.

~ We now. prove the Sz-Nagy Folas 1ifting theorem,as given in [22] ,
and giye a simple extension to operators intertwining continuous
~~seinigroups' of contractions. These theorems will prove useful in

chapters 3 and 4 .

PROPOSITION 2.5. Let T be a cont;-action on -H with minimal isometric
dilatién V on K .~Le;h X be a bounded operator from K to H
suchv that XV = TX . Then there exlsts an operator Y on .K such
that the following hold.
(1) X = PY where P is the orthogonal projection of K onto H.
(1) Qe ll = Ixll . |
(1ii) YV = VY .

Proof. As in the proof of Proposition 2.1 we may assume that
" K=H@®R@®R@® «« , where R = (RH) . We may suppose that ||X]| = 1.

An operator Y on K satisfying (1) bas the form Y = X + Y, + Y, +..

where Yi is an operator from K to the :'l.th R summand , _Igi 838y o
Since VR; = R; , and V is isometric we may assume that Y has

the form Y = X «+ Bo + VB1 + V232 + ee where Bi is an operator

from K to R o For sucha Y (ii) holds if and only if

lye li® = ||,xguz+,02 Mgl < Bell® (ge® . (1)

€Ngeo
Also
VY -Y = VI~ + L V5 - L VB v
Osn<e B Osnce
= Z Vn(Bn_1 - an)

Ogn<e

where B_1=VI'XV.
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Thus (iii) holds if and only if
B_1 = Vx - XV .and an= Bn-1 o ns= 0,1,200 . (2)

We find Y satisfying (i) (ii) and (iii) by constructing the B

by recurrence to satisfy (1) and (2) .

Suppose for N 2 0 the B (n < N) are already determined so

that _ ' , ,
2 2 2
(& = llxell®+ L IBell® < el gek (3)
: N 0sn<N  ° ’ L
or equivalently
* L ]
-x'x- 2 B8 o0 ‘ (4)
IK Om<N P B ’ N
and
B, =VX-x ., BV=38_, 0sn<N., (8)y
Let D, be the positive square root of the left hand side of (4)N . |
We first show that | I p
2 2 -
By, & Il < llngve || » 8€K. - (8)y
For N =20
2 2
Ie_e I1* = B(vx - xgll? = [I(V - D)xg |2
2 2
= lxell® - llrxg |
2 2
= Ixel|® - llxvg |l : | (7)
2 2 2 :
< llve |® - llxvell® = lloge I® , g ek, .

For N> 0 (5)N implies

. |
s,(Ve) = llwvell® + L I3 ve |2
Osn<N
2
- e l? + llo_pll?+ 2 gl
Osm<N=-1
- lxell®+ & el by (7),
Osm<N=-1
- 58 - llz,_ el ., sk .

Thus (5)N implies
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2 2 . 2 =2
By, 1%« Hell® - sy(ve) = fvell® - sy(ve) = lIngveli®
and 80" (6)N holds for N 2 0 ., ' ‘
Define Cy on DVK by C.D.Vg =3B _ g ,5¢Ke By (6)N Cy
is well defined and extends to a contraction G on (DNVK)- .
Define CN to be zero on (DNVK)L to give a contraction on K .
Let By = C Dy o Clearly BV =B, _, and (5)N+1 holds.

Moreover

Izl < llepell® < logli? = lleli® - Ixell? - Z lls gl

0gn<N

Thus (5)m1 holds and we can define operators B , n==1,0,1,2..
. by recurrence so that (1) and (2) hold , hence giving Y satisfying
(1) , (11) and  (4ii) .

1.4
THEOREM,( Sz-Nagy and Foias) Let T be a contraction with minimal .
isometric dilation' V , For each operator X commuting with- T there
exists an operator Y commuting with V such that X = pr(Y)

and Il = Rx|| .

Proof. We may assume as in Proposition 2.1 that T acts on H and
V acts oﬁ K=H@QR®R ® +«. o If P is the orthogonal projection
of K onto H , then PV = TP , Let X' = XP so that

X'V = XPV = XTP = TXP = TX' . |
Proposition 2.3 applies to give Y € B(K) such that Y commutes with
v, lxl = Ixll = || ama x* = PY . Since pr(Y) = PY|H = X*'|H= X

the proof is complete .

The following two lifting theorems follow from the above using

standard techniques ,
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THEOREM 2.5. Let T be a contraction with minimal unitary dilation
W o Then for each X commuting withh T there exists Y commuting .

with W such that X =pr(Y) and ||Y{l = lIx]l «

Proof. let T act on the Hilbert space H and have minimal isometric
4 ,
dilation V acting on K D H . By Theorem 2,6 , for X ¢ B(H) such

that XT = TX , there exists Y, in B(K) such that Y,V = VY

0 0 o °*

”Ydl - lx}] amd X = pr(Yo) o Now it is a simple consequence of
the Wold decomposition for an isomet'ry.(see' for. vexample [22]) that
the minimal isometric dilation of V‘ is a unitary operator , W say ,
acting on R D K . Thus we can apply Theorem?%iqto ,Yo‘ and V# to
show that there exists an operator Y .on R such that YW = WY

and ﬁ(Y) = X . Since W is the minimal unitary‘dﬂation- of T the

proof is complete .

THEOREM 2.6, let T (resp. S) be a contraction acting on a Hilbert

space H, (resp. Hz) with minimal unitary dilation U (resp. V)

acting on a Hilbert space K, (resp. KZ) . For each operator X

from HZ to H1 such that TX

from K2 to K1 such that UY

where P 1is the orthogonal projection of 'K1 onto H1 .

XS there exists an operator Y

v , “Y" = IIXII and X=~PY'IH

Proof. Let G =T @S acting on H1 @H2 e« G is a contraction with
minix_nal unitary dilation F =U@® V acting on K1 @K2 o Let Xo be
the operator on H1 @H2 defined by the operator matrix

0 X

0 0

Since Xo commutes with G , by Theorem 2.5 there exists
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on K, & KZ" , commuting with F such that X, is the compression

of Y, to H @H, and I, I = 1x, ||_= [Ix ]| « It follows that

0
Y has the required properties .

Remarks. 1.-ThEOrems 2.4 , 2.5 a.nd 2.6 remainitmé even when the dilations
are not assumed to be minimal. For example , let W ,acting on R , be

a; unitary dilation of the contraction T actiné on H, If K is the
closed linear span of {W'H ; n € 2}, then K is a reducing subspace
for W, and W|K vis a minimal unitary dilation of T .*If X .. . i

comutes with- T , then by Theorem 2.5 there exists Y, in B(K)

0
commuting with T such that X = pr(Y)) amd ||Y |l = Ilx|l. 1f
"Y 4is the operator on R which is equal to Yo on K and is 0 on
(K)* thenY commutes with W, X = pr(Y) and N ll= x| .

2. An alternative proof of the Sz-Nagy Foias théorem has
been given by Dduglas)lduhly and Pearcy [12] . |

3. If T is a family of commuting contractions which happens
to possess a unitary dilation , then we do not necessarily have a °
lifting theorem for the commutant of T . Such counterexamples and

related lifting problems are discussed in chapter 5 .

The following lifting theorem for operators which intertwine
strongly continuous contractive semigroups of operators follows from
Theorem 2.6 . We shall use this in chapter 4 to prove theorems of

a 'Nehari type' .
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THEOREM 2.7 Let T = !Ta: a ¢ n;; (resp. g = [sas a« R;I) be a
strongly eontinuous semigroup of contractions on a Hilbert space
H, (resp. H2) clet U= |{Us: ac n+} (resp. Y = {V s a ¢ R+})
be a strongly continuous semigroup of unitary _operatofs acting on K1
(resp K2) such that erq(Ua) =T, (resp. PrKg:(Ya).’ > S, ) , a € R, .
- For each operator X from H2 to H, such that- Tax = xsa s G € R+ ’

1

there exists an Opérator Y from K, to K1‘ such that . UaY =YV,
a € R* > IIY || = lell and X = PY|H2 where P 1is the orthogonal

projection of K1 onto H1 o

Quuok. Wt Ty b T, ke W s\mn el wukt oot Yogdates

Notlee W™k W, &nsq RN “""L\"’D A odion o% N, &vesq S*\
Tas \'3 TWo L6 W txiske N e QL ) b e WY, Y X,
(’*‘\L\\-\l.x ¥ \\ Wl L S O D) B T, ek Y
crits sk €O 3 L ome™I ek W B, D) sl
b W ok X s Ty- vk N S Wky ANy,

WA e \L“UV\,{ =\<4\I\M_(' K_MC'W\\, Ciwn & € Q\‘\_ Oroose w0 ¢ W
S Tk mY S oo, S \IMLU)‘ ,"Q(\ W Ty Lnvenpnk onde

\I\ € G ¢ w o \qgw‘\.xb. T, (,om\M'SL.h\ \Mk *~ SkMQ\\z th-u)c\w\ 5\\)\;\ Lk
wl(s) ) . W‘L
\1\ m&_]’\\j \f'\L“j < \.S T v (M\V‘-S\'J\k b \‘\ \’ % \M\\O*(B \'7 ,\ \) W\\N‘BMW

O\S \ * V\ * u;»)~ [ \msvr&&b \\ctv:s WWBW R U‘»U\( WA Ste &\“‘k

wY ¥ Y i)
*
\J“L‘t‘\{‘: \}\Mb\‘ < T“' WV\BL'\)C ® \, *V* \kéx Q)u\k \/\1{ m&1\‘\<(\)\mkiﬁﬂ
P B A S N AT
Q\m.ng O\ ™M, =% o \\‘(\\ W ek W Qm\j Comgke .

/

Remark.Every strongly continuous semigroup of contractions is the
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compression of a strongly continmuous semigroup of unitaries.

We ask whether Theorem 2.7 remains true when we drop the
assumption of.étrOng’continuity o An example of such a situation

is the following.

let K be the Hilbert space of complex valued tunctions on the
reai line which are square integrable with respect to the counting
measure . Let H be the subspace of functions £ such that f£(x) = 0
for x< 0 and let U = {U(.zz ae .RJ be the_l semigroup of unilateral
shifts on H defined by

(U £)(x) = £(x = a) > X, a€R_
The semigroup W = iwa: a € R+} of bilateral shifts on K ,
‘similarly defined , form a commutative unitary dilation for U .

Can we 1ift twi(U) to twi(}) ? This seems -plausable and
an affirmative answer would yield a Nehari theorem for Hankel
operators on the Hardy spaces on the Bohr compactification of the
real line , See the conjecture at the end of chapter 4 for an

alternative approach to this problem.
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HANKEL OPERATORS RELATIVE TO SHIFTS
In this 'chapter we generalise Nehari's theorAem e.n_d Harfma’.n"s
tlf'leorem to Hankel operators relative to a shift of arbitrary

multiplicity .

Iet W be an arbitrary bilateral shift on a Hilbert space K ;
that is , W is' a uhitary operator on K and there exists a subspace
L of K such that | - .

k= @iw"_lL':nezl .
Let H= @ !Wn'L ine z+} s P the orthogonal projection of K onto
H and U=W|H. Then U is a unilateral shift on H with minimal
unitary dilation W on K , and every unilateral shift can be derived
from a bilateral shift in this way . By analogy with the classical
function spaée representation we denote by K® the commutant of W
and take H = {A €K : AHCH} . Let J .denote the unitary
operator on K such that |

W =W Op (feL,nez)
and let 7 denote the mapping given by |

n(4) = pr(JA) (aex”) .

Page [24] has observed that the Sz-Nagy Foias lifting theorem '
yields the following generalisati;m of Neharis theorem on classical

Hankel operators .
PROPOSITION 3.1, twi(U) = pr(twi(W)) = {n(4): A € K }. Moreover for
each B € twi(U) there exists A € K with B = n(a) and ||B|| =|la]||.

' *
Proof. It is elementary to check that J € twi(W) and J € tvri(W ) .

* - ©0
For C €K , JCW =JWC =W JC and thus JK C twi(W) . Conversely
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«
let T € twi(W) o« Then JTW = JW T = WIT . That is , JT € K .

- : .2 ' 0 ’ o : :
Since J° =1, T € JX and hence JK = twi(W) . From Theorem 2.6
it now follows that for each B € twi(U) there exists A € K with
B=7n(a) and ||B|| =32l = ||A}l . It remains to show that
pr(twi(w)) € twi(U) . Let C € twi(w) , D = pr(C) , x,y € H o Then

*
(DUx,y) = (CUx,y) =.(CWx,y) = (W Cx,y) = (Cx,Wy)
L .
= (Dx,Wy) = (Dx,Uy) = (U Dx,y) .

Thus D € twi(U) completing the proof .

A is called the symbol of the Hankel operator n(A). and 7 the
'symbol map . It is easily verified that the kernel of the mapping 7
- . w .
is WH .
. . K ’
let A denote the norm closure in B(}é) of the subalgebra
UiW "H_ : n € N} |
and B the least norm closed real subalgebra of B(H) containing

U and the identity operator I .

DEFINITION, An operator B on a Hilbert space H acts compactly on
a space of operators F C B(H) if the mapping S + AS from F to

B(H) is compact .

‘The following abstract Hartman theorem (Theorem 4 of [6])

‘characterises those Hankel operators relative to U with symbol in A.
THEOREY 3.2 Let B = n{A) with A € K . Then A € A if and only if
B acts compactly on B .

Proof. Suppose first that B acts compactly on B . Since " e B

(n = 1,2,.. ) there exists a subsequence {U™} and T € B(H) such that



19

|BuU™ = T|| 0 as k + =, Since B € twi(U) this gives

."U‘nkB -7|] +0 as k »w , But since U is a unilateral shift
the sequence IU‘n} converges to zero in the strong oﬁefatof |
topology « Therefore T = 0 , and so ﬂBUnkll »> 0' as k‘-'ﬂ o Since
this argument applie's with the sequence [U"} replaoéd by each of
its subsequences , it follows that IIBUn” +0 as n+=,

~ Since BU” € tw:!.(U) » Propogition 3.1 gives the existﬁixce of An €K .
with BU" = n(a_) and "An | =IBu®|| « We have n(aW?) = BU" and
so AW - A €kern = WH . Thus there exists T ¢ H with
AW - WTn = An s and, since W 1is unitary and commutes with Tn »
this gives

la - = llall = [IBe® | »0 , as n»w=.

~ Therefore A €A .
Suppose next that C =W 'T with T € H , n €N, Then
™! = WT € kern , and 80 77(C)Un"'1 = T}(CWPM) =0 . Therefore-
| m6) = eI - v,
But (I - U"*10"™*')p has finite - dimension. Thus n(C)B has finite
dimension and n(C) acts compactly on B.
Finally given A € A and € > O there exists C of this form
with ||]A =C|| < € o Then . '
o IBen)ll = lIn(a =)l <€ ’

and s0 B acts compactly on B,

Through the following theorem,due to F,F. Bonsall , we can deduce

a generalisation of the more significant direction of Hartman's Theorem,
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The following notation (and also the notation twi( ) ) was

introduced by Bonsall and Rosenthal in (5] .

DEFINITION. Given a set of operators § in B(K) let jor(g) be

. * .
the set of operators T such that ST =T S forall S in S.

THEOREM 3.35. Let B be a compact operator on H ., Then B acts

compactly on jor(B) .

Proof., Let F = jor(B) , let F, , H denote the unit balls in

F, H respectively , and let E denote the closure of BH1 in H.
*, :

Then {T |[E; T €F 1} is an equicontinuous family of mappings on

the compact space E . Also with T ¢ F, we have

1

T*BH1 = B’I'H1 C BH1 ;
-and s0 | |

TECE (Ter,) .

Tt follows that , for each x € E , the set’ [Tx; T € P} is
contained in the compact set E , and therefore the Ascoli-Arzela
theorem for metric space valued functions is applicable. Therefore ,
éiven T, € F, , there exists a subsequence Ink} such that the
sequence T*nklﬁ converges uniformly on E . Therefore the sequence
T*nkB converges uniformly on H1 ;3 that is , it converges in

*
t 'Y i 1 = P
operator norm. Finally , T nkB BTnk

THEOREM 3.4. Let B be a compact operator-on -H that is Hankel

relative to U . Then B = 7(A) for some A € A with [lall = ||B] .

Proof. Since B € twi(U) , we have U € jor(B). Therefore B C jor(B)
and Theorem 3.5 shows that B acts compactly on B . By Propositiond.1

there exists A € K~ with ||o|| =||B]| and n(A) =B . Then



by Theorem 3.2 , A € A .

COROLLARY 3.5.(Hartman[16], Page[24]) Let B be a Hankel operator
relative to a shift of finite multiplicity. Then B is compact if

and only if B = n(A) for some At}\\_-.l

Proof. In view of Theorem 3.4 it suffices to show that n(A) is
compact if A € A . Suppose that C = WPT with T € H . Then as
vefore m(C)U™*! = n(cW™*') = n(WT) = 0 . Thus

n(e) = n(e)(T - v
Since I - Un'HU“n*‘l is a finite rank projection when U has finite
‘multiplicity , n(C) is compact. The set of such C- is dense in A
and s0 , since 7 1is linear and contractive , 7(A) is compact for

A€p .

Re>marks. (1) The equality twi(U) = pr(twi(w)) and the existance for
each- B € twi(U) of A € twi(W) with B = pr(a) and ||B]| = ||a|l
hold> whe/n U is the restriction to a.n invariant subspace .of any
‘unitary W. - .

(2) Let B = n(A) with A € K o It follows easily from the
proof of Theorem 3.2 that A € A if and only if

~lim||BU" || = 0 .
n-o

Suppose now that L is separable ., We Show below' how we can
interpret the symbol set A in terms of a familiar function space

representation for U ,
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The following discusion of function space models for shifts of
countable multiplicity is essentialljr the developement giveh by Fillmore
[14]) and the details we omit can be found there . The se representations
and the characterisation of the reducing subspaces of :&- unilateral
shift will prove useful in chapter 5 where we develop models for doubly

commuting contractions in terms of the Hardy spaces on the torus ,

Let. L be & separable Hilbert_ spaée e A function f defined on
the unit circle and taking values in L 1is called measurable if the
complex valued function (f( ),x) is measurable for each x in L, °
Since L 1is separable , if f and g are measurable then so is
(£( ),e )) -. L2[L] is:.the Hilbert space of functions f on the unit

circle to' & »~which aremgasurable and such that

l#)2 = 1[ leco) 12 a0 < = ,
) 2%

functions which differ only on a set of measure zero being identified . |
(The ambiguous notation for norms should cause no confusion in practise).

The inner product on 'L2[L] is given by
(f,8) = 1 [(r(e).s(on a .
2n

Each £ in L°[L] admits a unique -orthogonal-expansian

= Z eika
f( 9) -o°<k'<coxk

’

w¥ith x, in L and ir H2 = le'xkﬂ2 o It follows that the maphing

@Wncn > Z cneine is a unitary mapping of K onto L2[Lj .
~oo<n< o :

Moreover this mapping sends 'H onto H [L] where

HL) = {f € (L] ; x, =0, k< 0} .
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| If x 1is the identity function on the unit circle then the
above unitary establlshea a unitary equivalence between W and the
multiplication 0perator Xif>xf on L [LJ .

An operator valued function A from the unit circle to B(L)
is measurable if A( )x 1s measurable for all x in L, Let
L[B(L)] denote the space of measurable functions A : T + B(L)
such that {JA( ) || 1is essentially bounded. For such A the multipticsticn.
operator X on L2[Lj is defined by -

(a£)() = a(0)e(0)
and we have |[Xl = A ]l = ess sw |la(e) || .

As in the classical single multiplicity case , the commutant of
the bilaterai shift ; .1s precisely the space of operators- 2 for
A dn LIRL)) . |

let H [B(L)] be the space of those & in L[B(L)] such that
(é(eie)X,y) is in H for each pair of vectors x and y in L
and let GC[B(L)] denote the subspace of functions & in LB(L) ]
such that U/Q(’TH\,ie’cont)au‘oue‘\ §_ A\ =7 GLL) 1 oo .

It is routine to check that , under the equivalence above s the
operators in A correspond to those operators on ﬁzlL] arising
from:. the Mctions ® in A where A is the closure in L7[B(L)] ef

Ux HIB(L)] .
néeN
We ﬁnmv use Rudin's theorem (Theorem 1e 1) to show that

H[mm1+umm1.

Cesaro Means. Let & € L'[B(L)] . Then

(xy) = 1 f e o)xy) a0
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is a bounded sesquilinear form on L x L, k € Z', with bound not

greater than || &d| . Thus there exists an operator & e B(L) such

k
that
-iké '
R D COPR LTI
2,
®  1s called the KB Fourier coefficient of ¢ . Let
sn(o) = Z eik%k s n=0,1,2 oo , and
-ngkgn
Tn(G) = 1;21 SJ(O) s N=1,2,.0 .
‘ n 0gj<n '

The function Tn( 6) 1is the nthCesaro mean of the Fourier series for

® .

PROPOSITION 3.6. Let & € G[B(L)] . Then T converges to & uniformly

on T,

Proof. The proof parallels the classical proof for Fejer's convergence
theorem . For x and y in L and & in C[B(L)] 1let

#e'®) = (0)x,y)
and | an(eie) = (Tn(a)x,y) s D=1,2,e0 .
The functions o, » n=1,2,.¢ , .are the usual Cesaro means for the
Fourier series of ¢ , Let

Kn(t) = [sin(nx) / sin(lt)]z /n  (x e [-mmn])
2 2

be the usual Fejer kernel so that

cn(eit) = 1 [ﬂeis)Kn(t-s) ds .
: an

Recall the following properties of K (See Hoffman [47] p17) for each n.
(1) Kn 20,
(ii) K has mean equal to 1 .
(iii) If I 1is any open interval about x =0 then

Lin sup |X ()| = O Sl <m
n-+o x#’I‘ .
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We haw-le . | ‘

on(eit) “We'®) = 1 f Le(ei(t3)y - ¢(eit)JKn(8)ds .
o . em ‘ |

Thus for & > 0.

lo (e¥%) = 9(e¥)| « .sup |#(eX¥)) = et & aldll_ suwp K (s) (1)
n ~555€8 : |s]28 @

Since & € C[B(L)] , ‘& is uniformly continuous , and given ¢ >. 0
there exists &'> 0 such that
|62 57%)) - ™| < 1K) - o(e?))x,0)
celxlivl » .
when Isl < 8', Moreover , note that &' is independant of x and y.

Thus,by (1) above ,

i i :
o (™) - el < clxll sl « zlell o x(0) o
_ 1s]2

Using property (iii) of the Fejer kernel it now follows that
lo (™) =™ < ellxlllyll + 2lebllxllyl «
for n > N(€) , where: ‘N(e¢) 4is ~-a- natural number independé.nt of
i and y , Thus
li(z, - &)™) ||

supl](o_(e™*) = (™| 5 llxl, lly Il < 1]
(1 +2lell) | |

when n > N(€) . Thus Tn + ¢ uniformly as n + completihg the proof .

n

THEOREM'3.7 A = H [B(L)] + c[B(L)] .

Proof. Let X = L°[B(L)] , Y =C[B(L)) and 2z = H[B(L)] . Let

¥ = iAn H An 1d » '._[‘n ,» & € X} o We intemi to apply Rudin's.theonem ,-ie.'
Theorem 1.1 . Clearly a) holds and b) follows easily from the definition
of H [B(L)] . Proposition 3.6 shows that d) holds .Assuming the

well known scalar case we also have IIAn“ €1 n=1,2 ¢o « In fact

if x, y » 2, ¢ ,'o'n . and Tn- are related as in the proof of

Proposition 3.6,except with & e L [B(L)] ,then



| (2 8)(e )3 = (T (e**)x,5)]
= o (') < lHell,
| = lICe(x3) NI, < lel 1=l v |
for xand y in L . Thus "An | €1 and part ¢) of Rudin's
theorem holds . It now follows that H [B(L)] + C[B(L)] is closed and
.80 contains A . But Proposition 3.6 shows that A D H [B(L)] + C[B(L)]

and the theorem f'c_)llows o

Remarks. 1. When U has infinite multiplicity some of the Hankel
operators 7(A) with A € A fail to be cOmpact.' Page [24] has
characterised the compact Hankel operators in this case,for countable
multiplicity ghif‘ts,in terms of the function space model above :, He
shows that a Hankel operator is compact if and only if its symbol
is in H[B(L)] + C[K(L)] , where C[K(L)] is the space of functions in
c{B(L)] taking values in - K(L) the ideal of compact Operatoré on L.’
The proof that this symbol set is closed uses duality techniques |
similar to Sarsson's original proof that H~ +C is closed [33]).
Such methods do not appear to be applica.ble. to A echept when L
is finite dimensional ., |

2, It is amusingto note that Hartman's théorem implies

that H” + C 1is closed , a fact not used in the original proof .

Problem, Let S be a closed linear space of operators on L .

Is H[B(L)] + G[S] closed ?

We complete this chapter by giving a characterisation of the
reducing subspaces of a unilateral shift (as given in [14]) « We

shall use this result in chapter 5.



-AIet V= -x'lﬁz[LJ be the unilateral shift on H2le + The
commutant of V 1is given by
R, =R|HIL), A ¢ HO[B(D) 1} o

In the fb_llmving lemma Awe identify L with the subép#ce of
HZI,LJ' consisting of const_ant. L valued functions on the unit circle,
LEMMA 3.8. Let A € HQI,B(L)J o Then the following statements are
equivalent,

(i) 'X+ and V‘>>commute .

(i1) ALcL.

(i1i) A 1is constant almost everywhere.

Proof. If A, and V' commute then VALC AV L= {0}, so

I+L is contained in L , the null space of V‘; .Conversely 5pppose

| 'A+L"C-L-'. Then K+v' =0= v'X+ on L, while for xin L and n> 0,
Z+V‘an K+Vn-1x = V‘VK+VH-1x = V*K+an ’

- »
. 80 A+ and V commute on VnL .

L}

Suppose K*L CL , and def'iﬁe an operator C on L by

C = K+|L « If {b } is an orthonormal basis of L, then for each a
there is a set N_ of measure zero such that A(6)b_ =Cb_ , 6 § N,
Since L is separable N = U'N, is of measure zero and A._(G) =C

for 6 ‘#“N . Cdnversely , if a(6) = C a.e. then for all x € L,

(Ax)(6) = Cx a.e. s0 that Ax € L ,

FROPOSITION 3.9 A subspace M of HZ[L] reduces V if and only if

M= HZ[GJ for some subspace G of L .

Proof. Let Q be the projection on a reducing subspace M , s0 that

. * *x
QV=VQ , QV =V Q and , by Lemma 3.8 , QL = L , This implies
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= QL 18 closed . Since GCM and ¥ dis invariant it follows that

Hz(G) CM . On the other hand , if L ann €M then
Ogn<e

Z\Tnxn = Q(Z'annj = ZVann € HZ(G) .
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CHAPTER 4

HANKEL OPERATORS ON THE LINE

In this' chapter we proVe'Neha;ri and Hartman theorems for Hankel
operators on HZ(R) e We also give thé essential spectfum of certain
(non compact) Hankel operators and show that 'H“KR) + AP is closed
where AP is the space of uniformly almost periodic functions on the

real line ,

“We first give two applications of Theorem 2.7.

Let Lz(R) be the Hilbert space of sqﬁére integrable functions
on the real 1line R , with subspace H = L2(R+) of functions vaﬁishing
on the non positive reai numbers, For @ € R , W(a) is the unitary
operator on LZ(R) defined by |

(W(a)e)(x) = £(x - a) (x €R) «

Clearly H is invariant for W(a) ,a > 0, and , if U(a) = W(a)|H
for @ > 0 then U= {U(a) ; a ¢ R+§ is a strongly continuous semigroup
of~isom§tries with minimal unitary dilation W = {W(a) ; a € R+} e Let
F be the unitary on L2(R) defined by |

(Ff)(x) = £(-x) (x €>R) .

The following theorem_characterises Hankel operators relative to U
THEOREM 4.1. twi(U) = pr(twi(W)) = pr{FA ; A € {}}' } . Moreover for
each S € twi(U) there eﬁists A € {W}' such that S = pr(FA)

and |lall = sl .

Proof. For f ¢ LZ(R) ard x €R we have
(Fi(a)£)(x) = ((W(a)£)(x)
= (FE)(x + a)

P(=x-= a) |
(W(=a)F£)(x) .
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Hence w((a) = w(.-a)f = w(a)'»r for a €R , Thus F ¢ twi(§) and |
F e twi(xf) « For C ¢ {W}' , the commuta,rit.of W, we have
FGW(a) = MW(a)C = W(a) FC , a> 0 . Thus ¥C ¢ twi(W) and F{g}'C twi(W).
Conversely let T € twi(W) o Then FMW(a) = FW(a).T = W(a)FT
for a >0 and FT C {W]' . Since F = I » T ¢ F{{]' and hence
Flg}' = twily) . |
If S e twi(U) by Theorem 2.7 there exists A € {W]' such that
=pr(FA) and [Fa] = |ls|l , te. flall = sl .
It remains to show that pr(twi(w)) < twi(U) and this follows

'in an eleméntary waypust as in the last part of the proof of Proposition3.1.

Let H2(R) be the Hardy subspace of LZ(R) consisting of boundary
value functions of those functions f , analytic in the open upper

half plane , such that

sup [ |£(x + iy)|2 dx < = .
O<y<e '

Let Q be the orthogonal projection of Lz(R) onto H2(R) o For

¢ € L(R) , M, is the multiplication operator on L2(R) defined by

¢

H¢f = ¢f (f € L2(R)) -

DEFINITION 4.2, For .¢ ¢ T’(R) , T, = QM IHz(R) is the TOeplltz

¢
operator on H (R) with symbol ¢ .

Such Toeplitz operators have been studied by Coburn and Douglas [7] .

DEFINITION 4.3. For ¢ € L(R) , S. = QFM ¢|H2(R) is the Hankel

¢
operator on 1—12(11) with symbol ¢ .

Let T, (resp. ’MA) denote the Toeplitz (resp. multiplication)

operator with symbol él)\x s A€R . Then T= {TA; A20}] isa
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strongly continuous semigroup of isometries on H (R) with minimal
unitary dilation ¥ = {, ; A > 0} on 1%(R) . The following Nehari type

theorem ‘characterises Hankel operators relative to T'.

THEOREM 4.4, twi(T) = pr{twi(¥)) = |s R L(R)} . Moreover for each
S € twi(T) there exists. ¢ € L (R) such that S =S o ond
lell = sl

Proof. It is well known that {M}' = {u¢ ; ¢ ¢ L°(R)} . Since F e twi(M)

*
-and F € twi(y' ) the theorem is proved in the same way as Theorem 4.1 «

' Remark. The Paley Wiener theorem ([17] p131) shows that the Plancherel
transform ([50]) prondes a unitary equivalence between U act1ng on

H and T acting on H2(R) . Tt follows that Theorems $:1 and $.4
are equivalent in the sense that each can be readily deduced from

the other,
We now consider Eartman theorems for-Hankel operators on HZ(R)

Notation. Let v be the symbol map defined by v(¢) = S s for o L7(R).
Let H (R) be the usual space of boundary functions of functions

bounded and a&lﬁic in the upper half plane . Since
HR) = {¢ € L "(®) 5 #E(R) < H(R)]
and since

FH2(R) 112(le

it follows that

kerv = H (R) .

It is not at first sight obvious which symbol sets may be appropriate

for theorems of a Hartman type . We shall consider the following
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CO(R) ¢ The space of continuous functions on the real line

vanishing at 4+ and =« ,

cw(R) ¢ The space of continuous functions on the real line
possessing limits (possibly different) at +» and ==,
- BUC ¢ The space of bounded uniformly continuous functions
on the real line,
AP : The space §f uniformly almost periodic functions

on the real line,

It is well known ([9] p200) that the Toeplitz operators on the
line are unitarily equivalent to the Toeplitz operators on the circle .
We show that the corresponding result is true fof the Hankel operators.
Using this equivalence we shall see that S¢ is compact if and‘only-
if ¢ € H(R) + CO(R) « We shall also use this equivalence to-comfute

the essential spectrum of S, when ¢ € H (R) + c_(R).

¢
It is natural to consider the following symbol set A , associated
with T , which corresponds to the A defired in chapter 3
v e‘i’*n”(n)> .
A0
sarason [34]- -has-shown-that—A = H(R)-+ BUC—~ We shall-characterise---
the Hankel operators with symbol in A 1in terms of a compact actlon
on an algebra of operators , in a similar way to that of Theorem Se20
We finish this chapter by showing that H (R) + AP is close&
(and thus the Hankel operators with almost periodic symbol form a
closed subspace). Wé also pose an abstract 'H + C clésure' problem
which contains the above and several other such theorems in the

literature,



The Unitary Equivalence between szT) and Hz(IQ.

‘The linear fractional map from the open unit disc D to the

upper half plane is given by

w=1i(1 - z (z €D) &
1 4+ 2
The inverse transformation
z2 = 1 + iw
1 - iw
shows that
- i6
e =1 + it (6 ¢ [=m,m] , t€R).
1 - it .
Thus
a6 = at .. - (1)
com 1 + t2) :

Define 2 from L2(T) to LZ(R) by the map 2f = g where

= . + i t )
g_(t) - V(1 -1it)‘<: - 1:) (v ex (2?

By (1) 2 is an isometry and , since the inverse is well defined ,

Z is unitary . Moreover Z maps ‘HZ(T) onto Hz(R) .

Let J be the unitary on L2(T) defined by
(3£)(e*®) = £(e™%) (£ € LX1).
For f ¢ Lz(T) we have , by (2),

(Fz2£)(t)

1 f1-1t)
va(1 + it) \1 + it

1 - it 1 (Jf)<1 R it)
1 + it Va1 - it) 1 - it

il
]

(2w 3£)(e) = (2o £)(¢) .

. *® .
Thus - M =ZFZ . (3)
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let P b ' ' ' 2 H
be the orthogonal projection of L“(T) onto (T)
so that for ¢ € L”(T) the Toeplitsz and Hankel operators with symbol

¢ acting on H2(T) are defined by

= FM¢|32(T) - and = RJﬁ¢|H2(T) . respectively .

T )

For ¢ € L (T) we define P € L°(R) vy

- e gt)

. ] L |
Since u;; = zm¢z_ ,» ® € L(T) , it now follows that

Ty = z'r¢z'-|H2(R) ' ‘ : (4)
and ' s?= zsz¢z'|H2(R) . | o (5)

(The dual use of -the notation S¢ should cause no confusion in praétise
-as it will be clear from the context whether ¢ is a function on R

- or T) ..

THEOREM 4.5 Let ¢ € L7(R) . Then s, is compact if and only if

¢ € H(R) + C,(R) -

Proof. Let ¢ € L'(T) be such that ¢ = ¢ o Then by (5) s, is compact,

if and only if Sz is compact. Thus by Hartman's theorem (Cor.3.5 and

¢

Theorem 3.7) S. is compact if and only if z¢ € H (T) + C(T) o But

¥
z¢ € H(T) + C(T) if and only if ¢ € H (R) + C,(R) , completing

the proof,

We now find the essential spectrum of S¢ when ¢ € H (R) + c(r) .
As one might hope , this can be expressed neatly in terms of the
limits at +« and == of the C_(R) component.



35

Notation. let ¢, be the function on the unit circle defined by
¢O(eit) = ( i(t + 1r)e1t 7-€ t < 0
it -met Oetcnw
Then ¢O is continuous a#part from a jump discontinuity at 1 .

In fact lim ¢o(eit) = -7y and 1lim ¢0(eit) = 7L « A simple
t0+ t-»0-

computation shows that
-
(S¢oen,e0) =(n + 1) n=0,1,2..

where Zen ;ne¢ Z+! is the standard orthonormal basis for H2(T) .

It fOllOWs‘that S¢° is the Hankel operator given by Hilberts matfix

(aij):; (L:+ 3 + 1) (L, 3 =0,1,2.0 )o |
Magnus [A1] has shown that the spectrum of S 5, 18 purely

continuous and is the interval [0,7] . Thus , denoting the essential

spectrum of an operator T by ae(T) ,4we have the following theorem.
THEOREM 4.6 (Magnus) oe(S s ) = [o,7] .
(o]

Notation. For ¢ € C;(R) let ¢_= 3lim (¢(x) - ¢(=x)).

X0

Pr ¢ e1ND) am aeTlet &7 - lim 3 (Ko™ - &™)
tra+

when this limit exists ;

e
THEOREM 4.7, let ¢ € C(R) ~Then o(s) =g ; 0 <t <1} .

Proof. Since ae(8¢ ) = [0,7] , and since , by Hartman's theorem
=== o .

Se is compact when € is a continuous function on T , it follows that

aegswow).-.iatn; 0t s 1} s, 2 €C . (6)



Now if c1(T) ='{a¢o +0; aeC, 0c¢ C(T); ,_then-" 01(T) _is‘ the
"spaqe.of all functions continuous on T. ap/y(art from possibly a jump
discontinuity at 1 . Mo;-eover', if 0 ¢ c'1(T) , then (6) shows that .
. ae(Sa) = {;Lvte(o) 508t &1} (7)
(since '_"4’0(0) =;Lm). | - , » .
Let W be the unitary operator on H2(T) defined by (Wf)(z)=f(-z).
, where qb‘(eit)_: ¢(-eit).

© R
Then WJ = JW and for ¢ ¢ L(T) WS W=S5

¢ ¢
If ¢ 1is continuous appart from a jump discontinuity at =1 then
plainly ¢' ¢ (}1(T). and also

o

"-'TT)V= ¢.(0) , ’ . ) (8)
Thus by (7) and (8)
ae(S¢)= if«w("’) ; 0sts1}] o (9)
Let ¢ be the function on the unit circle such that ¢ = ¢ ,
where ¢ € Cw(R). Then ¢ 1is continuous appart from (possibly) a jump
discontinuity at =1 and ¢( ) ~y_ o Thus ‘(z¢')(") = ¢_ , and from
(5) and (9) it follows that |

1
°e(8~¢)= vy _; 0 <t <1} .

" Notation. For A > 0 let BA ~denote the real norm closed algebra

generated by I and TA .
The following theorem is a Hartman type theorem for Hankel operators
on H(R) with symbol in A = H(R) .+ BUC .

THEOREM 4.8. Let S be a Hankel operator on Hz (R) , then the following

conditions are equivalent,

(1) S=S¢ for some ¢ €4 .

(ii) S acts compactiy on B, for some A>0.,
(iii) s acts compactly on B, for all A>0 o
(iv) ‘IISTA“[I’-/» 0 as n *>w for some A > 0 .

(v) fst," |l + 0 as n > for all A >o0.
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Proof, (1i) = (iv). Suppose that S acts compactly on -BA ‘for some

A> 0 . Since '.l‘)‘n € B, (n = 1,2.. ) there exists a subsequence iTAnk}.

ng

and .T e'B(HZ(R)) such that ST, =T *0 as k =, Since § is

*®

. ]
in twi(L) this gives T, 'S~T =0 as. k >, However , T, "

A
’ &
converges to zero in the strong operator topology (since T)\ is unitarily

L ]
equivalent to U(A) -on LZ(R+)). Therefore T = 0 , and 80 STAnk - 0,

as k -+ o, Since this argument applies with the sequence |{T n replaced

N

by each of its subsequences , it follows that S'J.‘An < 0as n -+ ~and
~ (4iv) holds. S\l“*\“\:ﬁ Gy = ).

(iv) => (i). et S =S, for some ¢ € L' (R) and suppose that

¢
c .
(iv) holds. Since S'Zl‘)‘.n ¢ twi(T) , Theorem 4.4 gives the existfnce of
© . : n ' n :
¢, € L(R) with ST, = S, and ||¢n|l = IISTA |l , n € N. It follows that

inAx

¢ =g =y e kery = HYR) o Thus [J¢ = Ty |

=llg,ll +0 as
n = «, which shows that ¢ € A and (i) holds. ‘
(i) = (dii), Let A > O . Suppose that ¢ = e Xy with ¢ ¢ HYR),
! .
neNo, Then ST =8, =0 and so S
. ¢ A ¢ ¢
(1 -1,%r, ")B, has finite dimension , S

*n .
= S¢(I - T;‘T)L ) - Since
¢BA has finite dimension and

so S, acts compactly on B, . Given 6 € A and €> 0 there eﬁsts

¢ A .
¢ of this form with ||6 - ¢ || < € . Since the symbol map is linear and

contractive and ¢ arbitrary we see that S, acts compactly on B, for

6 A

A>0, 6 €ep and (i) holds,
 gince (dii) => (ii) and (v) => (iv) trivially , the other

implications follow,.

We now show that if AP 1is the space of uniformly almost periodic
functions on R , that ié s, the uniform closure éf the trigonometric
polynomials , then H (R) + AP is closed o The proof uses Rudin's
theorem (Theorem 1.1) and certain Bochner-Fejér type maps which play

" the role of the linear maps A € ¥ .
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' The usual Fejgr kernel on R 1s given by

K (t) = Z 1-|v|> e A 1<sinnt2)2' ,neN

v<n -n \sin(t/2

Let K (t) = H K (ﬁit) where B ,ﬁ'z,.. »B_ are real linearly
3,2 15icp " ! P

independgnt numbersgand n, € N s 1 €1 <p o These are the Bochner- ows the
¢

i : komaks
Fejér kernels ([2] p46).

For f ¢ AP the mean

-T
u(£) = lim 1[- £(s) as
T+ 2T J,

. §
always exists ([2] p12). Thus for f € AP we can consider

(x) = M(f X _)

o
n,8 xn,B

where fx(t) = f(x + t) « We have

o {x) = . _‘ - |y e 1(v1,B1+..+v ﬁ)t x
g = 2 (- ) e r - | |>uzf<t> "t

valinp o 1(v1By +-+Vpﬂp)x .

o
97

The following approximation theorem can be found in [2] p50 .

- is the Bochner Fejer polynomial for f corresponding to n, §.

THEOREM 4.9. For each f € AP there exist Bochner Fe,je/r polynomials for

i 'conv-erging uniformly to f ,

THEOREM 4.10. H (R) + AP is closed .

Proof, Let M = {f € L(R) ; M(f) exists} . Then the mean , M( ) ,
is a bounded linear translation invariant functional on M such that
M(1) = “M" =1, let N be a translation inirariant functional on

L”(R) extending M such that B = M(1) = 1 o ( See gAbb),

|
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Define Mg o L°(R) by - |
(Ai‘)Et‘)(X) = ﬁifxxé)el - (f € Lw(R)) .
Since N 4is a state on L7(R) and K 4(t) 20 ,teR ,
n,8

I(Abgf)(x)l < |¢ IIEIK&EI =A||f4|| . (1)

gince N is translation invariant ,

(B, ) () = IZ (1 = |vs |) (1 - |3p'|)ﬁzf(t)e‘i("'ﬂ'*"*"p?p)";x
: ~ ‘ Ny np - ,‘ ’

V1|<n1
|v |<n e i(v1ﬁ1+..+vpﬂp)x . (2)
PP
©0
Thus A s L (R) » AP, (3)
n,E |

f‘or f € AP, by Theorem 4.9 , there exist A(k) € {An E] such that
A¥e ¢ 5n L™(R) . In view of this and (1) and (; above ,' to.
show that H (R) + AP is closed , it suffices , by‘Tiieorem 1.1 , to
show that AB; B s H“(R) + H (R) o Thus by (2) above , ;t suffices. to
show that ﬁif(t)eiM} =0 for A>0,f ¢HU(R) o

For £ €H(R) and A>0 ,

. .
‘ $ A .
'/ r(t)e at = f f(z)emz dz
-T C
where C is the semicircular arc from =T to T in the upper half plané.

Thus

iAz
< llell / le3%] |az|

T . :
’ f £(t)e ™ at
-7 c

< |lello/r ,

the last inequality following from Jordan's lemma . Thus M(f(t)eiM;).

exists and is zero , con_ipleting the proof .

5
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COROLLARY 4.11. The Hankel operators on H2(R) with uniformly almost

periodic-symbol form a closed subspéce of B(Hz(R)).
Proof. Immediate from Theorem 4.10 / and Theorem 4.4.

Ve close fhis chapter by posing the following abstract H +C
closure problem, It is easy to check that ;pecial cases of fhis'problem
inciudé 1) the result above 2) Sarason's classical result and:.3)
the generalisations to functions on the polydisc and the ball in Cn

discussed by Rudin in [32] .

Problem . Let F be a commutative family of operators on a Hilbert space.
Let H_  be the weakly closed algebra generated by F and let C be

% 00
the 'C —-algebra generated by F ¢« Is H + C closed ?
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CHAPTER 5

DOUBLY COMMUTING CONTRACTIONS

In this chapter we develop some canonical models fbr. doubly
Acommuting contractions in terms of the Hardy spaces on the torus .
We shall also -discuss the lifting problem for operators which
intertwine families of doubly commuting contractions and related :--

problems,

The following lemma shows how certain compressions of doubly

- commuting contractions are again doubly commuting .

IEMMA S5.1. Let '.I.‘1 and T_ Dbe doubly commuting operators on a

2
' Hilbert space. let M1 (resp. Mz) be a reducing subspace for T1

(resp. T2). If the projections onto M, and M, commute and if

S; = prM1n M2('1'1) 1 = 1,2, then S,  and S, doubly commute .

Proof, For i = 1,2 , let Pi be the projection onto M, so that

i
PiTi = Tipi e« For x , y in M1ﬂ M2 we have
* *

*® *
('1.‘2P2x,T1 P1y) = (1‘2:~c,1‘1 y)

(T1T2X,.Y) .
That is S 8, = pr(T,T,) (compression to M,N ¥, understood) .
* *
Similar computations show that 8,8, = pr(T2T1) » S, 8, = pr(T1 Tz)
* *® . E
and 5,5, = pr(T2T1 )e Since the T; doubly commute so do the Sy o

Notation, Let R be a Hilbert space and let K(R) be the Hilbert

space of square summable functions from Z.“2 to R . That is

K(R) = ‘[f;z+2 ~+R; 2 £(n,m) |2 < =}
: n,m€Z+ ,
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For convenience vectors in .K(I_t) willbe denoted by a double sequence

x'(xi,j)ij 0 * X3 €R.
Let U, (resp. U,) be the unilateral shift on K(R) defined

by (U.x = x (resp.- (Uzzc_)n’m = ) for x ¢ K(R) .

1~ n,m n+i,m n,m+1

One easily checks that Ui and U2 are doubly cOmmuting unilateral
shifts of infinite multiplicity °

- Remarks, The restriction of doubly commuting contractions to a common
invariant subspace need not doubly commuté « For exa;mple let M be
the subspace of 'K(_I_{) consisting of those vectors .x such that
Xo,0 = O Then M is invariant for U, and U, , but ip Sy = U, |u
i=1,2, then 5, and S, do not doubly commute. To see this take

a vector (xi j) in M such that x % 0 if and only if i=1 , j=0,
. »

i,J

Then st1 X = 0 and S1 825 o

The following theorem is a two dimensional version of a result

of deBranges and Rovnyak (see for example [14]) .

THEOREM 5.2 Let T1 and’ '1‘2 be doubly commuting contractions on
. TH '
a Hilbert space ,such that Tin + 0 strongly as n + «» , Then there
exists a Hilbert space R , a subspace G of AK(B_) invariant for
» . :
U1 and U2 and a unitary W from H to G such that
) * . : '

N[-

. *
| Proof. let Riz(I-TiTi) s»i = 1,2 . Then R1R2-R2R1 ,
R/ Tp = T,R, and RT =TR,.Lt R= R.R, and R = (RiRZH)

‘Define Z from H to K(R) by
) i .3
(Zx). ; = BT, Tz"x (1,5 €2) .
2 .
Since "R y“ = “T y“ ﬂT1n+1y Hz » 0 =012, .o ,y€H,

we have
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k.2 - k42
L IRk l2 =1 L v Sy 12
Ock<o - - 1 nwo Ogksn

2 2
nf 5] - |2,y 1|3
n-sco

Iy ll2 .

Thus

) [|R1R2T1 irz"x ll2
i,Jezq_ -

=4 L ||R1T1;R2T23x||'2

;]tz...ie'z+

llzx |2

= L Irm xl1® = lIx)? xen.
jez+ :

It follows that 2 1is a well defined isometry from H to K(R) .

. .
Moreover ZT, = Ui Z for i=1,2 o Thus G = ZH 1is invariant

i
* * :
for U1 and U2 o Let Zo be the unitary from H to G such
: & = * *
that 2, =2 |G o Then 2.T.2, =U, |6 , i =1,2, and thus taking
: 0 ' 071i"0 i
W= Zo completes the proof .

Notation, Let T, » Ty s B, » Ry sR, R, U, s Uy and G be as in the

proof of Theorem 5.2. In addition let gi = (RiH)-‘ and let Gi be the
closed linear span of iUinG 3 nez }e
. m .
LEMMA 5.3 G, = {x ¢ K(R); Xm = ReTg v With ¥ € _R1} (1)
. : p— . 'Y - n
and G, = {x € K(R); Xp,m = RT 'y, with y ¢ 32} . (2)

Proof, Let ?s(k) € 1lin span {U1nc; n € z+} be a Cauchy sequence converging

. (k) 4 (k) . .
toylnG1.Then x n,m"Rszx n where- x 'p 18 in -

lin span iR1T1iH , 1€ z+} . For fixed n

(k)n '(R x(k) ,R2T2x(k‘)n.,R2T22x(k)n,.. )

L

w
: : : (k) .. (k)
is a Cauchy sequence in ® R (since w is the image of xX' '



44

under the projectioulonto_ {l:_ s X =0 1 $ n}) e« As we have seen

i,
in the proof of Theorem 5.2

y - (RZ.YaR Tz.Vs oe )
(x)

is an isometry , Thus x is a Cauchy sequence (in k) converging
to Y, &Y in _131 s 88 k + o , Thus

- (k)
yn,m = 1licm x n,m = R2T2 I .

It follows that G, 1s contained in the right hand side of (1) .
To show the reverse inclusion , since G, is closed and invariant

under U, , it suffices to show that x!' € G, when

L B - g
xn’ §RT h'g n-Ov,yeg_1
0 n0
In fact we may assume that y =R y where y' €eH . But then
[ ] f - °
x' = Zy U1ZT1y € G1

Hence (1) holds and (2) is proved in a similar fashion .

Remark. The closed linear span of {UznG1; = K(R) and thus’ {U1 ,’U2}
is a minimal'dilatio'n of 1T1 ,Tzi consisting of doubly commuting
isometries .

R
PROPOSITION 5.4. Let ’g have closed range « Then G =G, NG,
G, is reducing for U, and invariant for UZ* and G_, is reducing

1 2
*
for U2 and invariant for U 4 "

Proof, If R = R1R2 has closed range, since

RRHCRR, NRR C (R,R.H) =R
we have RRH—R1_2 231.]:6*2 y(G1ﬂ G2 « By the above and
Lemma. 53 yo’o = R1R2y0 for some XO in H ., Since y € G1 by Lemmab5.3
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m
we have yo’m.= R?‘T2 Yo ° Since y € ~G2 this ixqpliea
m
Yn,m = R1"~l‘1nRZ"[‘2 Yo

n,

and thus y € G o Clearly G C (};l N G_. and the proposition followa .

2
Remarks. There are natural generalisations of the above fesults to finite
families of doubly commuting contractions .

Is G1“ﬂf}2 =G always ?

The thebrem of de Branges and Rovnyak shows. that if T is a
contraction such that T ™ + 0 strongly and I - T T is rank one
then T 1is the restriction of the uniiateral shift of multiﬁlicity
one‘to one of its iﬂva.riant subspaces . If we combine this with~Bem~ling's
characterisation [3] of the invariant subspaces of' the shift-we obtain
an explicit function representation for T in terms of the Hardy
space Hz (T) on the circle.

Ve obtain a similar representation below , using thg results

 already proved , in terms of the Hardy space on the torus .

Notatione Let UZ (resp. T) be the cartesian product of two copies
of the open unit disc (resp. circle) . LZ(Tz) is the Hilbert space of
square integrable functions on T2 with respect to normalised.Lebesgue

measure . If z, and z, are the coordinate functions (restricted

to TZ) then

{2% = z1a122a2 > a; € z}

is .a complete orthonormal basis for LZ(TZ) .

1-12(1'2) is the closed subspace of L2(T2)
2
J

spanned by

i2% ; (a,50,) €27} . If P is the orthogonal projection of 13(1%)

onto HX(T?) and if ¢ e L(T°) , then T, = H¢IH2(T2) is the

¢
Toeplitz operator on H2(T°) with symbol ¢ , where M , demotes the
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multiplication operator on L2(T?) defined by M ¢f' - ¢f , £ € LX19).
'. One readily sees that Tz. and TZ: ‘are doubly commuting'isometries
of infihite muitiplicit&. ﬁaing Proposition 5.1 we can obtain from
these operators a wid;'clasa of doubly commutipg contractions (see
Propogition 5.6).

Let ¢ be an inner function on the unit circle T , that is,
¢ € H”(i') and |¢(e19)| =1 a.e. on T o The following theorem,due to-

Beurling [3] , is well known and we omit the proof.,

THEOREM 5.5 A closed subspace M of H2(T) is invariant for Tz if

and only if there exists an inner function ¢ such that M = H(T) @ ¢H(T).

We will use the following notation : For an inner function ¢ in
HftT) let ¢i s 1 =1,2 , be the functions on T2 defined by

¢i(z1,zz) = ¢(zi) , (1=1,2 , 2, € T)

PROPOSITION 5.6. Let - @ , § be inner functions in H(T) . Let.
¥, = ﬂz(.sr?) 9"451}12(1*2) » M, = HZ(TZ’) B ;«2}12(1'2) and
* .
A Si = TZi IM1 fl"z
Then S1 and 82 are doubly commuting contractions such that S1n and

'(i= 1’2) .

] ) * *
82n converge to zero strongly and such that (I - s, S1)(I - 5, Sz) is

‘a finite rank operator of at most rank one;

Proof. T¢1

: i i
For if ¢1(r)(e 5e t) = ¢(reis) for 0 <r <1, then T¢‘(r) is

in the uniform algebra generated by Tz‘ and I , and T¢ )
1

is in the weakly closed algebra generated by I and Tz .
1

converges to T

2

ng is in the weakly closed algebra generated by T, and I.
. 2 .

as r + 1 in the weak operator topology . Similarly

Since T . and T  doubly commute it follows that P _ =T, T
Z4 Z2 : 1 b1 P2
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and P = T¢' T¢ commute. Since P1 (resp. P) is the orthogonal

3 3
projection onto ¢ H2(T ) (resp. ¢2H2(T2)) Proposition 5.1 shows tha.t
s1 a.nd' 32 are doubly commuting contractions.

Plainly Sin + 0 strongly as n » o since the same is true of -
*
the backward shift Tz, .
» *
Finally if Q=(I-T T XI=-T T ) the proof of Prop-
Z¢ 24 Z3 Zg
osition 5.1 shows that
. . . - _
(T-s, 8)I-5,8,)=pr(Q) .

Since Q is rank one , the proof is complete . ,

In order to prove a converse to the above proposition we will
‘consider the equivalence between the spaces HZ(Tz) R HZ[Hz(T)J R

H(T) @ HXT) and K(C) .

Let Hz[Hz(T),I be fhe Hilbert space defined in chaoter 3 where
we replace L by H2 '(’l‘) . Let U be the canonical unilateral shift
on HZ[Hz(T)J and V the operator defined by the analytic operator
valued function V(8) = sz R

Each f ¢ Hz[Hz(T)_I admits an orthogonal expansion

£ = E: gkelke » gk € H?(T) °
Ogk<oo

Moreover  each 8 has an ort.hOgonal' expansion

g = L

OsJ<w . J J
with respect to the usual orthonormal basis {ej;j-‘; of H (T) « Thus

we can define a unitary operator ¢ from I'lz[Hz(T)] to HZ(Tz) by

of = 2: kJ 1kz J '
05,k

Moreover , <I>T <I>=U and QT 6 vV .
H2(T2) is naturally isomorphlc to HZ(T) ® HZ(T) ~and the opera.tor

v defined by



n m
\i’z1 Zg =en®em

and linearity extends to a unitary ,also denoted ¥ , which implements
‘ ! - * ' * o
the equivalence . We have \I’Tz'\l’ =T ® I and \P'I‘za\l’ =I® T,

Thus , pictorially , we have the following equivalence .

e

(1) 1,0, V] y (D @ H(1),T, @ T,I® T}

NS

B, e, )

where 6 = ¥ is the unitary given by

of = & aij}ak@e‘j ‘ (£ ¢ E[E(D]) ,

k,j€Z+
(using the notation introduced for f above),
Note that if L is a closed subspace of Hz(T) then
ef[L] = (D@L . (2)
Note also that if ¢ is an inner 'function“i_n.'Hw(T)'" then , using -
the notation above ,

W, H(17)) = (1) © ¢1(T) . - (s)

Using the equivalences above we can now see what Proposition 3.9

says about Hz(Tz) .

FROPOSITION 5.7. Let M be a subspace of H (T2) which is invariant
*
for Tzz and reducing for Tzi o Then there exists an inner function

¢ € H(T) such that

¥ = H(T°) 8 ¢21-12(T2) .

, *
Proof, Since ¢ M 1is a reducing subspace of ° HZ[HZ(T)] for U, by
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Proposition 5.9 Q‘M's'Hz[LJ for some subspace L of Hz('l‘) e Also
since &M 1is invariant for V  , plainly , by considering constant
L va,luéd functions in H2LLJ , we see that L dis invariant for Tz..
Thus by Theorem 5.5 L= HZ(T) 8 ¢H2(T) for sbme inner function ¢ € H (T).
By (2) above | _ -
et(L] = K1) ® [K(D) & 91’(T)] .
Thus _

w = (1) & (1) & (1(1) @ #(1)

and thus by (3)

u = (1) 8 ¢,H(17) .

THEOREM 5.8, let S, and S, be doubly commuting contractions on H

such that S‘_.Ln + o gtrongly as n +e ,i =1,2 , and such that

L
(T - 81 S1 Nx - S2 sz) is a. rank one operator . Then there exist inner

functions ¢ and ¢ din H(T) and a unitary 2z from H to
u = [H(1) 6 ,H(1%)] N LHE(T%) B y H(1%)]
such that '

» % . .
2832 =T, | (1 =1,2) o

Proofe R = (I - s1's1)(1 - sz*sz) is a rank one operator and has closed
range which we identify with C . Thus by Theorem 5.2 there exists a
 subspace G of x(c) , invariant for 01‘ and Uz' , and a unitary
operator W fron H to G such that wsiw* = Ui'lc y 131,24

By Proposition 5.4 ,G & G1 ﬂGz where (;1 is reducing for IJ1 and

. ‘
invariant for U2 and 62 is reducing for U2 and invariant for U1‘ o

Using the natural identification of K(C) , U, , U, and H?(Tz) , Tz‘ »

ng and Proposition 5.7 above , the theorem follows .



Lifting Problems,

In chapter 2 we have seen that every family' T of doubly commuting
contractions possesses a unitary dilation U . It is natural to ask

whether we have a lifting theorem for the commutant of T .

Problem a) Let T be a family of doubly commuting contractions with
a minimal unitary dilation U . Does there exist a constant & > 0
such that for each X in {T}' there exists an operator Y in {U}®

such that X = pr(Y) anda [¥Y | <« x| ¢

Whilst it may be optimistic to think that this is true in genéral R
we may have lifting theorems for special cases other than trivial
extensions of the classical case e A special case of this problem
concerns the doubly commuting contractions we have charactérised above,
let 5, amd S, be as in Proposition 5.6 and let A, = S, si=1,2,

It follows that for ¢ € H (T°) that PTy A Ma(T ¢) commutes with A,

and A2 o Do we have the converse % -

Problem b) Let X commute with A, and A

, » Does there exist ¢ eH(T2)

such that X = PTy A MS(T¢) ?

In fact the single variable analogue of problem b) was solved
by Sarason [33] , using function theory techniques , and it was this
result which led Sz~Nagy and Foias to prove the lifting theorem.
Similarly here , problem b) might be settled b& considering the function
theory of the torus and in particular the relationship between H2 (Tz)
and H'(T%) . | |
Another special case of problem a) (more precisely of its intertwining
formulation) and more in line with the theme of this thesis , is
whether we have a Nehari theorem for Hankel oﬁera.tors on }-12('1‘2) o« We

consider this in more detail below .
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Notation. Let L be the unitary operator on LZ(TZ) defined by

n m -n_ -n
Ls, 8, =1z, 2, (_n,mez)

and for ¢ eLw(Tz) let S¢ be the operator defined by

Sd? = PLM¢ll‘12(T2) »

where P 1is the orthogonal projection of L2(T?) onto HZ(TZ) .

-

It is straightforward to verify , as in Proposition 3.1 , that

S, is Hankel relative to {Tz »T, ] , but do all such Hankel operators
' 1 2 -

¢
.arise in this way_ ?

Problem c) Does there exist & > 0 such that for each S € twiszi,’I‘z }
2

there exists ¢ € L°(T°) such that S =5, and |¢| <« |s]| 2

¢

As in problem b) , this may be settled by consié.ering the
relationship between H1(T2) and Hz(Tz) o In fact the_cléssical Neﬁari
theoreml may be proved using the fact that each f in H1(T) can be
"written as a product.of functions g and h in H2(T) such that

le ||22 - lln ll22 = e "1 (see for example [9] p204 problem.7.9) .
However such factorisation theorems do not _-hold*for-“Hj(Tq) if n-> 1
’ (see [31] , [28] ) « Nevertheless , one is able to show that the answer
to ¢) is yes if the unit ball of H1(T2) is the closed convex hull
of {fg. ;£ ,6 ¢H(T), }.
- The following example shows that if T is a family of commuting
isometries with minimal commuting unitary dilation U , then we do not
newsmrﬁy have a lifting theorem for twi(T)

~

let T ={T,,T,  }C B(H(T?)) . T is a family of commuting
isometries (not doubly commuting) with minimel commuting unitary
ailation F= M, , ¥, ] C B(L(T%)). let u = ker(TB‘.) and

for Y in B(M) let
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S = _(Y 0\
oo
. 1'12 2, . L '
with respect to the decomposition H(T”) = M @M - . We have
* * ‘
ST =T 8S=0 o Thus ST =T S=0 and S € twi(T) .
Zg 24 2123 24922 ~
Note however that S need not be in ~twi(Tzé) o(For example let Y
be the projection of M onto the linear span of {1,22}). It is easy
to verify that twi{y} = twifM, ¥ 1] = i, ;5 ¢ L”} + It follows
“that if T € twi{W} then Pry2 o2 (T) € twi(T ) o Thus
' i (%) _ %3
twi(?,-‘)‘t Pr(twj-iw) . _
It is clear what.is going 'wrong here ; _’.l:' has a 'large' kernmel
on which we can construct arbitrary operatorse This leads us to the

following interesting problem,

Problem'd) Let U be a commutative family of isometries with ninimal

unitary dilation W} « If U bas a cyclic vector is twi{U} = pr(tm{ﬂ}) ?

Rémarks o 1. 4 family of commuting isometries always possesses a
minimal commuting unitary dila.tior; which is unique up to isomorphism .
(see [22]) .
2. A simple closed graph argument sﬁ;)ws that if Problem d)
has an affirmative answer then there exists # > 0 such that for each
X € twi{U} there exists Y € twi{y] such that X = pr(Y) and
IY Il s «|lx|] + If this holds do we in fact have x =1 ?
3. Note that problem d) contains the problem mentioned At the

end of Chapter 2 .
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Lifting Theorems and Complemented Spaces . A

We finish this chapter by showing the following. If there exists a
bounded:weakLy continuags projection from B(Hz) onto the spacé of
(classical) Hankei épératora then ﬁe have a Nehari theorem for Hankel
operators on the_torua. |

This result is unsatisfactory in that we do not know whether such
a projection exists , but perhaps the result and the techniques used in

its proof may contribute to the eventual solution of the problem,

In what follows it will be cbnvenient to work with Hz[H?(T)]

instead of H2(T2) .

Notation. H° is the classical Hardy subspace of 12, HZ[H?J ’ L2[H2] ’
L?[LZ] are the usual Hilbert spaces of 1? valued functions as defined
in chapter 3 .
Let U be the canonical bilateral shift on L2[L2] ’
v = U|t?(#%] , a bilateral shift ,
and vt = U|H%[#°] , a unilateral shift .
Let W‘ be the bilateral shift on L2[L2] defined by the operator

valued function W(e1

6) =_Mz‘ 8eCe &
W .= wILz[nz] , a unilateral shift ,
W' = WIHZ[HZJ , a unilateral shift .
We have . {U,W}° = Latiuzic] ,where | -]}° denotes the commutant ,
and we denote this space by L°[L”] .
Let J be the unitary operator on ,L2[L2] defined ﬁy
(3£)(e*?) = £(e7?) (£ e 1°[17))
and ° J' = J|L[K?] , also a unitary . Let R be the unitary
operator on - 12 defined by (Rf)(eie) = f(é-ie) and let F be the
unitary on L2[L2] defined by

(re)(e™%) = R(é(e+ie)) (g ¢ L2[L24]) .
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We have J € twi(U) , F € twi(W) and JF = FJ € twi{U,w} . Since
{U,W}® = L[L”] it follows that

twi{U,w} = JFL[L"]

Remarks 1., Under the equivalence between ‘L2[L2] and LZ(TZ) given
earlier in this chapter JF corresponds to the operator L ,
2. Without any real confusion and for notational convenience ,

we iﬁentify operator valued functions and the operators they define .

The following proposition which we denote by (P) is equivalent to

problem c) .

(P) There exists a constant k > 0 such that for each S € twi{U'',w'']
there exists © € L[L”] such that

S=8g=pr(JF6) anda lo || <klls| .

Notation, For & € L”[B(H2)J CB(L2[HZJ) » Sg prﬂz[sz(Jw)

(!

and for © € Lf[B(L;z)J CB(L2[L2]) » Sg erZE‘}tZ](JFS)- .

Also let Ho“’[B(Hz)J { & € L”[B(Hz)J ; ék =0 for k g 0}

[ oL B0 5 (8 )xy) € By ¥ xy € B

ie,

(!

FPROPOSITION 5.9. Let S € twi{U''} . Then there exists ¢ ¢ L[8(s) J-
such that ﬂéll = "S " and S = erQ[HZJ(J'Q) = S@ "o Also
% o0

Sg € twi{W''] if and only if &' - W' & € Hy (B(H2)] .
Proof. Since {U']® = L"[B(¥°)] and J' ¢ twi(U') , as in Proposition 3.1
we see that twi(U') = J'L”[B(HZ)J . Since U' is a unitary dilation of
U'* +the first part of the proposition now follows from Theorem 2.6.

Let §=5, with @ ¢ L[B(H?)| . For f and g 1in (K] the

following equations are equivalent .



- 55

L (sw,) = (W s, g)
(SW'f.g) = (sf,W'g)

(Jrawtt,g) = (J'e0,W'g)

(&w'£,3%g) = (&,0'3'g)

((aw* - W' 2)£,3'g) = 0 | .

. . . e
Thus S € twi(W'') if and only if &W' - W' & € H, [B(Hz)] .

We will need the following technical lemma for Proposition 5.11 &

Notation. Since H° is separable , the weak Opérator to;;oloev,y (1'W topology)
on the unit ball of B(Hz) is metrizable . Thus there exists a sequence
{vmlm__: of open neighbourhoods of the origin such that if T, € B(Hz) ]

then Tn +0 (Tw) if and only if for each m there exists N such

that T €V for nz N,
- n m

DEFINITION, Let &, & ¢ L(B(#%)] . Then & +& uniformly in the
weak operator topology , or uniformly Ty ? if for each M there exists
N such that

Qn(ele) - @(ela) €V, 8eCe for n>N .

Rémarks, 1. This definition is independgnt of the choice of {vm}m_‘:’
2. The uniform To topology on Lw[B(Hz)J is weaker than

the norm topology but stronger than the weak operator topology e

IELMA 50,10 Let S be a subspace of B(Hz) which is closed in the
weak.operator topology. Then for each ¢ € Ln[s_l there exists wa
&, ¢ 1[5 n=1,2, .. such that

(1) £ 54 simple , n €N ,

(1) & | < el ,nen,

(111) o™ + ¢ uniformly L
«n)

In particular + & in the weak operator topology .
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Proof, Since" B(H2)1 is compact in the T_ topology there exists ’
for each n -, a finite collection of translates of V, » say i
’{E1n,..; ..,Er:} , covering ]:’5(1-12)1 .

Clearly it is sufficient to prove the lemma for those Q of nézﬁn
Mr—t—h&& 1 + So suppose that Hel ’/{1 and let |
Fkn = ieie; Q(eie) € Ekn ’ Q(eio) kEin » 16i<k]  , 1 skgr .
Then iFin ; 181« rn} is a partition of the unit circle into
mé:surable subsets. Let xin be the c}_w.racteristic fmctidn of Fin

for 1sisrn and n € N o If F," has measure zero set Sin=0,

i
. n n : n
otherwise choose S; €S NE; such that asi |l € 1 « Now let
NONNED YN
N 1
1€isry

80 that the Q(n) satisfy (i) and (ii) . From the way we have
constructed the & e see that Q(n)(ele) - 8(ef) e V_ =V for

(n)

all 6 appai-t from a set of measure zero. It follows that & )

uniformly in the weak operator topology and (iii) holds .

"PROPOSITION S5.11. Let & € LQ[B(Hz)J be Hankel operator valued almost
everywhere, Then there exists © ¢ Lw[Lw] such that “8 H = ||<I> || and
: ieé

#(e™")

or $

i

er%(Fe(eia)) 8e€6

prLz[ng(Fe).

i

Proof, By Lemma 5.10 there exist Hankel operator valued simple functions

Q(n) = 2 xinsin such that ||§>(n) | « 2|l ana 4§(n) converges
' 1<isr, '

to & in the weak operator topology. Here the Sin -are Hankel operators

and , for each n , {xin s 1 €£1's rn} is a set of characteristic
functions of a partition of the unit circle.
By the Sz-Nagy Foias lifting theorem or the classical Nehari

theorem , for each sin there exists ¢in.< L7(T) . such that
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s;7 = pry2(Rey™) and  Ig," | = [I5,”]] . Let

: e(n) - 2: x.n¢in

. 1elery. © _
so that & - pr(FG(n)) ‘and ||e(“) < fel . oln) is clearly
measurable and in L [L™) . Let. 8 be a 7. limit point of !G(n)} .

‘"It is now routine to check that © has the required properties,

Unfortunatgly we cannot combine Propositions 5.9 and 5.11 to
deduce that S = SQ = Sg o The & of Pr9positioni5.9 is‘not neceséafik}
Hankel operator valuéd almost everywhere. What we have is
T - B e Hb“TB(Hz)J (instead of &' - w''s = 0). Theorem 5413
shows that the existance of a '1% continuous bounded projection frop

B(H?) onto the space of classical operators can bridge this &8P o

First we show that proposition (P) is equivalent to the following
proposition (Q) concerning operator valued functions whose negative

Fourier coefficients are Hankel operators.

(Q)  There exists a constant « >.0 such that for each & € L[B(kZ)]
whose negative Fourier coefficients Qki sk € 0 , are. Hankel
’ o,
¢~ - -operators there exists ¥ € L [B(H2)] such that
() ¥, is a Hankel operator for all k.

©(44) W =% forall k<0,

(1id) lveld s« ]2l .

Remark. Of course one can ask whether similar propositions hold when
the Hankel operators are replaced by an arbitrary T closed space

of operators

,—%QQFGSI¥EGﬁ‘57127——6P}——he}&s—if—and—only—i#——ée)——hnlds_.



58

PROPOSITION 5.12.  (P) holds if and only if (Q) holds .

Proof, :(Q) = (P) « Let S € ﬁvi{U",W"} and let | & € Lf’(ﬁ(ﬂé)J

be the symbolof Proposition 5,9 so that S = S, and

%
. ® :
o - w' e e B IB(H)] . |
* & 0 .
R = -T * W = W
since (&' - W' @), = & T - T *& it follows that &' - W' & el (3() ]

if and only if ¢ 1s a Hankel operator for k € O, Thus if (Q) holds
‘there exists ¥ ¢ L[B(H?)] such that ¥ is Hankel operator valued
almost everywhere , (ie. ¥ is Hankel for all x), vl skll@ll and

¥ =& for k<0 . This last condition implies & = ¥ e Ho‘”[B(HZ) [
‘and thus § = Sg = Sy o Moreover , Proposition 5.11 applies to ¥ and
there exists © € L7[L”) such that |6 = ||| < «|le] =«|ls|l

and V = prLZ[H2J(F9) . Tmus S=85, =55 , and (P) 'holds.

(P) => (Q) » Let & e L[B(H%)] be such that §, 1is a Hankel
&
operator for k € 0, It follows that &W' - W' & ¢ Hb“TB(Hg)J (as we
noted above). By Proposition 5.9 Sé'e twi{U;‘,W"}. Thus if (P)
holds there exists © in L [LJ such that ||6]] € « ||¢|| ama
= - ' =
S = erZ[H?.J(JFe) . Thus S, = er2[H2](J ¥) = 5, where

¥ = prLZ[HQJ(FG) e Since V¥ is Hankel operator valued , ¥ is a

k
Hankel operator for all k ., Moreover ”W “ 3 “6|| <K "Q'" and
Sg= Sy imlies 2-¥c¢ HO”['B(H?)J > & =¥ for k<O anm
(Q) holds. ‘ |

THEOREM 5.13. Suppose there exists a T continuous bounded .projection
‘w7 of B(H°) onto the space of Hankel operators. Then (P) and (Q)

nold with « s ||=||
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Proof. Let $ denote the space of Hankel operators on H2 o Let ‘1:1‘ be
the projection of L7[B(H?)] onto L7[§] defined by
e )(e™?) = ma(e™®) (6 € [-m,7]) .
()

Then 7% € L[g) and |72|| < 7|l ]l « In fact if &7 , n=1,2..
are the simple S valued functions converging to' ¢ uniformly T
as in Lemma 5.11 , then 7® is the uniform 7_ linit of 36 ang
. ©0,
thus isin L [éj .
¥ 1is also continuous in the T, topology on L""I_B(,Hz),]1 o For
suppose &0 , €L [3(32)11 and & g ('rw) . To show that

?r'é(n)-o Pt > T » it suffices to show

(?é(n)fo.xE.g) *(?éxaf,xE.g) as- n*w ,
for arbitrary characteristic functions ’ and f , g € H2 C L2[H2J.
. o Xg2 X
~ (n

Since XE commutes with =nd we must show that

2T

27 G

Since Q(".) > 3 (i'rw-)»r it follows that @(n)(eie) - @(eie) and thus
that u@(n)(eie) -> nq;(éie) '_ ('rw) almost everywhere. Thus by dominated
convergence (1) - holds and we see that ‘;r' is Tw continuoﬁs on Lm[B(H?)J1.

To show that (Q) (and therefore (P)) holds , it will be |
sufficient to show that Vif the negative Fourier coefficients @k s k < 0.
are Hankel operators then (;@)k =& . (For if this is so we may take
v=m and «= |lv]l in (Q) ).

Let @ € L“[B(Hz),j and let & be Hankel for k < 0. let T be
the Cesaro means of ¢ as defined in chapter 3. Then , as in the classical
case, |7 |l < ||@]l enda T +@ in the 7_topology . Thus by the |
above ?:'Tn +7¢ ana (7)), +(79), . But

T(6) = L <1 - |x) 8, 6™
n |k|<n \
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and so '
(?z"rn)k=(1 -I_lgl) L ok €3z .
. o o
Thus for k € 0
(;Tn)k = (1 - [§|) ‘bk R Qk aAs‘ n-+>o,

Hence (?r'é)k = ¢ for k € 0 completing the proof,
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CHAPTER 6

HANKEL OPERATORS WITH DISCONTINUOUS SYMBOL

In this chapter we show that the closed linéar spén of the'positive
Hankel operators is a proper subspace of the Hankél operators and contains
all the compact Hankel operators . |

There is an elementary forﬁula¢ which relates products of Hankel
' operatoré to products of Toeplitz operators.which in particular shows
that each positive Hankel operator and the product of any two Hankel
operators lie in the C*-algebra T generated by thebTaeplifz operators.
We shall use the elegant localisation theory of Douglas [9]) 'to show
that there exist Hankel operators not in T . This may be regarded as an
extension of the resﬁlt above, The proof rests on the fact that the
adjoint of a Hankel operator does not depend locally on its symbol .
N&tation._ For 0 € a< 27 let ¢a(eit) = (it +7 - d)eit‘,a-nwst < a

% i(t = - a)eit »a-§ ti< a=m
Then ¢, is continuous gppart from a jump diséontinuity at éia R
and “¢a Il £ 7 « An elementary computation shows that

(S¢ en,eo) = eia(An+1)/(n+1)v = [ - zn dz . (1)

[ N . R
a

where Ra is the ray from 0 to gla .

We have already noted in chapter 4 that S¢ is the positive Hankel
operator given by Hilbert's matrix (L +3 + 1)-1 i, = 0p1yee
(1) shows that (S¢ en,eo)n_: is the moment sequence given by Lebesgue
o =

measure on [0,1] »

i+

In fact in order for the infinite Hankel matrix T = (c, .)
to be positive ie, |

2: c. ;. 2 O
Oci,ken I K d '
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fof all complex numbers 8y 2 800 c0s8 it is necessary and sufficient

1
that there exists & non decreasing function p on (-=,=) such that

—c0

o = /’”xi au(x) (3 = 041yes )

(for example see [43]).

The following theorem due to Widom [39] characterises the measures
# which correspond to Hankel 0perafor§. | |

If T is a bognded operator it is necessary that'the °j be
bounded and hence that p(x) be constant for x < -1 and x> 1 »

Thus we may assume that p is a non decreasing function on [=1,1] «

THEOREM 6.1. (Widom) The following aré equivalent .
a) T represents a bounded operator .
D) ey =0(3T) , .
c) 1) - ux) =0(1-x) as x-+>1 and

W(x) = u(-1) =0(1+x) as x-=>-1 ,

Proof, Ve may assume that pu = Hy + iy where H, is constant for-

x < 0 and Ko is constant for x> 0 . Let

1 1
k k
a, = [ t du1(t)» ’ b, = [t duz(t)
-1 . _1

so thgt Cp =8 + bk » kK 2 0 . Note that ay 20 forall k and
bk 20 for k even,

c) => b) Integrating by parts gives

1 5, 1
85 =_jj[ x [u1(1) - y1(x)J dx € Aj]. (1 - x) ax
-0 0

= A/(3+1)

for some constant A .
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Similarly lbdl" B/ (j+1) for some constant- B -and hence b) holds.
'b) = ¢)e If b) holds then since ak', bk are positive for k even

1 -1

€ Ck ' and bk € Ck -for k even and for,somelpoaitive constant C.

&x
Now { . ,
a, = J: xj dy1(x) > (1 - 5)4(#1(1) - #1(1’5)) .

0o . ‘ | |
Let j be the smallest even integer not less that & | , so that

8¢ <& 4+ 2. Then
- o =(& '
u1(1) - u,(1-8) ¢ aj(1 - 8™ <cs(1 - 8) ( +2) =-0(8)

as &8 >0 ., A similar argument shows that uz(x) - ﬂz(-1) = 0(1+x) as
x =1 and c) follo%s . - |

b) => a)e This follows from an elementary argument usihg the fact that
Hilbert's matrix defines a bounded oPérator.

a) => c)e Since

, 1 ] :
Zc. a.a = [ Iz_ajx‘]|2 ap(x)

S J+k ik
-1

for finite sums , wehave , if T 1is bounded ,

1 s ) |
f Laxd|? anx) _||T“Z|aj|2 ,

-1

. and this holds whenever the poweqﬁeries_is uniformly convergent on [=1,1].

If &5 = r! (0 <r < 1) we conclude

l, (=% 1 =17 |
and so
‘ES1)-gSr2 é j.1 dufx! £ ||T||
(1-= r2)2 r (1-rx)2 o 1 = p2

and a similar inequality for p(-r) - u(-1) giving c) .
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'DEFINITION 6.2. A function f on the unit circle has a jump

discontinuity at e'® if 1lim f(elt) and 1lim f(eit) exist and
L t»a- tra+

°

are d:"t.fferent.

Let _1: be the norm closed linear span of the positive. Hankel operators.

THEOREM 6.3. Let ¢ be a function on the unit circle which is continuous
ap}‘art from possibly a jump 'discontinuity at 1 and -1 . ‘

.Proof. Since S‘; = Sy where ¢(z) = ¢(z) (See Lemma 6.8) it will

¢
be sufficient to consider ¢ such that ¢ is continuous on
! = ielt 5 0€t< g} end vanishes on T\T By the Stone Weierstra.y{ss

theorem it suffices to show that S¢ € g where
n

¢!n(eit) = ielnt - 0Octs
0 T< t< 27
for ne€2Z2 .Fix neZ and € > 0 and let

-(n+1) 5 € T1

6.(2) = gz(€i+z)
0 4 zeTNT

Since 6€ converges uniformly to z % on T1 as € » 0 it will

be sufficient to show that Se € 2 + We have
€

2T . .
9 0 (elt)emt
— 6
2n

dt

(se em"eo)
€ ' 0
T

2] e
21ro

dt

1t( €i s elt.)-(n+1)eMt

1 -1 )
-2—:-;1.— f1 (€i + 2)-(n+1)zm dz (1)

Now (ei + s)'("+1) =h - h,+ i(h3 - h,) where 0 & h,(s) s« for
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'8 € [-1,1] and some constant «k . Let
s ,
uy(s) = f h(s) ds , s el-1,1],
for 1 £ i1 €4 o Theorem 6.1 applies and thus there exist positive Hankel

operators Si » 1 €1 €4 , such that

1 . .
(Sien,eo) = [ s" dui(s) »y 1si<c4.,

21
It follows that S, = -(21r1)'1is1 -5

€
completes the proof.

o + 1(s5 - s4_); € P and this

COROLLARY 6.4. P contains all the compact Hankel operators .
Proof. This follows immediately from Theorem 6,3 and Hartman's theorem .

Hankel Operators not in 13.

THEOREM 6.5, Let S be a Hankel operator such that i(Sen,eo); o 1is
the moment sequence of a finite regular Borel measure on a closed set W C
D\V where V is an open neighbourhood of ela in the closed unit

disc D o Then ||S, =S| > 1.
I :

Proof. lLet {(Sen,eo)}n_a; be the moment sequence of‘the finite regular

Borel measure ﬂ’ that is

(Sen,eo) = f s" d’A(S) .
W

Let x=z e ,‘;=Z 'Znen and p(A):Z e AR sA €D,
O€n<N OsneN OsnsN

Thenifwelet'sa=s¢ we have
: a
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(( S)x,x) = z fafk(s e,]’ek) = Z ejfk(sej’ek)

1]
™
™
Wm ‘
's'\
N

2 ejek[ 23%% apu(z)
W

3k R
= f p(N%an - f p(MNZap(n) . (1)
Rd ' w

Clearly (1) also holds for p analytic in a neighbourhood of D with
x the corregponding H2 function.. _

Let- p (Z) (2 - (1+€)e ) -1 , €> 0, Then- "Ipe(z)l € k for all

t €eD\V and €> 0 s for some constant « , Thus

I [ pS(MZau(n) | s M forall e>0 (2)
for some M . Let x° be the H2 function corresponding to -pe o Since

x|l + = as € -+0 it follows from (1) and (2) that it will be

sufficient to prove that there exists an GO > 0 such that

lf ()% ar | > Ix€ )% 0O<ec<e, (3)

Ra

For if (3) holds we have
Bs, = s HI=SHIXSN 5 1((s, - 9)x5,%9)

> ,lf P(W%ar | - If\pe(z\)zau(ix)l
R .

W
2 ||x‘||2-m ’ 0<e<e0 .
since ||X€ || = x|l and ||x°|| + = as e -0, ||Sa- sl 21 7.

We prove (3) and thus complete the proof of the theorem by proving

the following two lemmas .



" LEMMA Ai There exists

N _[_pe(/\)zdh | > 3

67

€ >0 such that

.for 0 < € < c1 .
R 4e ’
a.
IEMMA B, There exists '62 > 0 such that
=02 < 3 for 0<ece, .
4¢ -
Proof of Lemma A o
€ \2 .. 4 L ia '
pr(h)dA|=If et at |
lj. .
R, 0 &%t - (14¢))?
1
= f at = 1 = _1
0 (t-(1:)% € (1+€)
> _3 for € <'e1 .
4¢
Proof of Lemma B .
27 27"
=112 = 1 at SRS [ T
2100 e - (149)e™|? 2T Jo |e™* - (140)|?
with & > 0 fixed note that A / dt is bounded
e Jg |elt - (1+9)]?
as € » 0 where C = iels 3 § <s <2r -8} . Thus
€ 12 8
x|l = _1 —at + 0(1) as €-+>0.
s et - (140
) é
Now 1 dt = 1 dt
27 2

-5 |eit - (14¢)|2

: |
am

T (1 + (1+€)2 - 2(1+€)cos t)

)
dt

& . 2(14€)(1 = cos t)




Choose &' such that 1 - cos t > t%/4 , t € [-8',8"] , then

8. 8! . . . .
K] <_1 f dt = V2 €' tan! ( 8! >
’ 21’ _8. 2Tr -' k4 ) \ 2 €

5 & 4 t%/2

As €-+0 V2 tan-1 ( 6') + {1 <
T {2 € vy2

the lemma .

o This completes the proof of

i

COROLLARY 6.6, S, t P for a € (0,m) U (m2m) .

2
Proof. It follows from Theorem 6.1 that if S is a Hankel operator in
the linear span of the positive Hankels then {(Sen,eo)}n=: is the mOment
sequence of a finite regular Borel measure on [=1,1] . By Theorem 6.5

|[S¢ - S|| 21 for a such that eia k {=1,1} . Thus Ils - T|| 21
[+ 4 .

)

, a
for.all T € B .

COROLLARY 6.7 The linear space of Hankel operators is non sepérable;
_ ' %

Proof. Theorem 6.5 implies that {S¢ ; 0§ a<2r} is a non denumerable
a .

set of Hankel operators such that "S¢
a

- S |l 21 for at B,
B

Remark., Nehari's theorem shows that the space of Hankel operators is
isomorphic to Lu’/fﬁz (as a Banach space).It follows from Corollary 6.7
that Lw‘/ H; is non separable . See [1] for seven more proofs of _

this .
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" We now use the elegant localisation theory of Douglas'[Qj to
show that there are Hankel operators which do not lie in the C*-algebra
I genéréted hy.thb Toeplitz operators on H? « We shall see that this
may be regarded as a generaliéation of.Corollary 6.6 (since P CIEQ.
Moreover , here we avoid Widom's cha,raéteriéation of the positive

Hankel operators (Theorem 6.1) and the rather technical Theorem 6ok o

Notation. Let T¢ denote the Toeplitz operator on H2 ’ .f.or'¢ €L’ sie.

T¢ = P!-1¢|H2 , and let T be the C*-algebra generated by the '.F'oeplitz
operatorse. ' :

For ¢ € L7 let ¢*(z) = (z) and z) = ¢*(z) for z € T, ==
where T denotes the unit circle.;We have

M‘=MJ
g = et

where J is the usual 'flip' unitary defined by Je =e_  ,n¢€2Z, and

where ien ;s n € Z} is the standard basis of 1..2 o

LEMMA 6.8. S, =S% ¢l

"

Proof, For n , m €2 (S¢en,em) (JM¢en,em) = (M Jen’.em) _

(Feotiner) = (o 5550, .

. .
LEMMAS.?. $¢S¢=TW-Tz$Tzﬁ/ s P, €L

zy
Proof s.’s = PomePIM |HZ = PM_JPIM |H
Proof. ¢ 5 Ty ) 3y

Since MiJPJMz =1 - P we have

7]
!

2
1}1&(1 - P)M.z.¢|H

Tw - TzaTzw [}
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' COROLLARY 6.10 P CT .

Lad

Proof. It suffices to show that if S is a positive Hankel operator

then S € T . Lemma 6.9 shows that 82 € T , therefore,since S is

the unique positive square root of 82. ., and T 1is a C*-algebra ,

szo

'COROLLARY 6.11. If ¢ ,¢ € L° and if ¢ or ¢ is continuous then

T -T7T is com t .
" Ly s pac

Proof. Immediate from lemma 6.9 and Hartman's theorem .

Notation. let JA, be the .cloéed ideal in T generated by

1T¢;¢<C(T) s ®(A) =01} .

let T,=1/J, andlet @ : T >T.  be the natural quotient

~A A~ XA
#*~homomorphism . Let & be the ?*-homomorphism from T = Z ®2A
AeT
defined by B
§ = Z @ Q'A )
AeT ,

The following two theorems can be found in [9] . -

. s h ’
THEOREM 6.12. ker® contais the ideal of compact operators K and §

induces a *isometrical isomorphism <I>c

Q:T/K'—OZ@E
c A€T A

Notation. Let A be the maximal ideal space of L and let

FA={m€A;m(z)=A.}'

be the fibre in A over A for A €T,



74
n
1

4;;_3 on A and let AcT.Then @(ZH T ) depends only on the

THEOREM 6.13. Let - i¢ij}i 5= be functions in L~ with Gelfand transforms

- - n
functions wiJlF)\;i,jﬂ .

COROLLARY 6.14e If ¢ , ¢ € L” and ¢ 1is continuous on a neighbourhood

f A€ the ¢ (T, -T,T, ) =0,
o T n A(W ¢¢)

Proof. Theorem 6.13 implies that we can assume ¢ to be continuous on T.

Apply. Corollary 6.11 and Theorem 6.12

THEOREM 6.15. Let a € T, a f {1,-1} , and let ¢ be a function in L~
which is continuous on T ap}ﬁart from a proper discontinuity at a .

Then S¢k20

: ’ *
Proof.. By Lemma 6.9 S =T - T .T. o By Corollary 6.14
Froof-« By lemna $ 56~ Tlol? T TapEe Y i

&
QA(S¢S¢) =0, A+ a.

Suppose now that S¢ € T . Since ¢, is a * homomorphism

* » *
QA(S¢) @A(S(p) =0 for A 4: a o Similarly , since §y Lemma 6.8 S¢ = S$
and $ is continuous appart from a discontinuity at @ , it follows that
N (s¢)¢ (s )7 =0 for AdGE. Thus @ A(54) =0 forall A There-

($Rw Weeg a (»Mru*ﬂ

‘ fore by Theorem 6.12 S, is compact ., However,by Hartman's theorem , 4

¢
S'¢ is not compact « Thus we conclude that S ® #‘2 .

COROLLARY 6,16 Let ¢ be a function in L’ which is continuous appart

from a proper discontinuity at a :[: 1 or -1 o, Then ’S¢ k 2 o

" Proof. Immediate from Theorem 6.15 and Corollary 6.10 .
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CHAPTER 7

‘SPACES‘ OF OPERATORS WHOSE SUMS ARE C*"ALGEBRA_S

$1 Introduction,

Let X be an infinite dimensional Banach space with closed sub-
spaces Y and Z'. Then Y + Z need not be closed. In this chapter
we obtain algebraic hypotheses on closed spaces of operators on a’
Hilbert space which ensure that their sum is closed.

Conditions on 'Y and Z which ensure the automatic closure of
their sum have been investigatea by various authors., Not surprisingly ,
because of the generality of this problem , the results are rather
scattered in the literature over various topics , and the techniques
used peculiar to the context. For example,conditions on ideals in
Banach algebras have been considered by Reiter [29] (for ideals of L1(G)),
Detraz [40] (fﬁr function algebras), Stegenga [35] (for the disc algebra)
and.Rudin.[SZJ o Rudin's paper élso contains generalisations of Sarasan's
result that H + C(T) is closed (using Theqrem‘1.1 of chapter 1).
Further results concerned with this circle of_ideas have beep considered
by Stegenga ([56J‘and [37)) and in chapters 3 and 4 of this thesis,

The fol}owing result (Uylj cor 1.17.5) is nearer to what we shall
be considering here : Let A be a C*-algebra , B a C*-subalgebra of A
and I a closed two sided ideal of A . Then B + I is a C*-algebra.
In section.S we show that I can be replaced by certain C*-modules .
0f particular interest to us will be C*-modules which Arise as spaces
of intertwining operators.,

The general'phiIOSOPhy of this chapter is that ‘'algebraic and
adjoi;f closure' imply topological closure., We finish with two open
questions yhich reflect this beliéf and contain many of the theorems

we shall prove .
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' We first show that some conditions on spaces of operators,other
than just being self-adjoint , are necessary for closed sums. The
following lemma is an eleﬁxentary corollary of the open mapping theorem

and we omit its proof,

LEI.{MA. let X and ‘'Y be disjeint closed subspaces of a Banach space,%ka\.uk

3 Ko -i°& .
Then X + Y dis not closed if and only if there exist X, in X and
)
Yo in Y ,n = 1,2.. , such that i x, || .and IIyn Il are bounded
Oatoy oo 1T

above and besdew and ||xn+yn| 40, n->owo ',

PROPOSITION 7«1 There exist C*~algebras of operators A and B ona

Hilbert space K such that A + B 1is not closed.

Proof. Let M and N be closed subspaces of an infinite dimensional
Hilbert space K such that M + N 1is a non closed direct sum which

is dense in K.(ege see [15])e Let A (resp. B) be the C*-algebra of
Operators.a." (resp. b) such that M (respe N) reduces a (resp. b)
and a.IM'L =0 (respe b|NL = 0), Since M + N is not closed by the
lemma there exist real constants K, and Ky and x € M, y, € N
such that &, < len I, Ilyni Sk, L= 1,2.. , and

Ixn +y, |l 0 asn-»>w, Llet a (respe bn) be the operatof in
A (resp. B) defined by az = (z,:‘:n)xn (resp. ‘bnz = (z,yn)yn ) -forA

b4 inK’n=1,2-o .Wehave

(a, = b )z (z,x )x = (2,5)y,

(z,xn + yn)xn - (z,yn)(xn.-r yn)

Thus

M

e sy I g 1+ llyg Il 3,

s = b I

and so Ha -b } 0 asn->w, Since ANB= {0}, and
Han I I _lle x,? , n=1,2.., the lemma shows that A + B

is not norm closed .



Notation and Definithns.

Throughout thls chapter , unless otherwise stated K we shall
be concerned with spaces of operators acting on a fixed Hilbert space K.
Spaces of operators are denoted by capital letters and the operators -
themselves by lower case letters.

Given a set S of operators on K, let S denote the po:aitive
’ e SOSM .
0pera.tors in 8 .8 is self-adjoint if a € S implies a* € S , The
weak‘operator tppology and strong 0perator topology are denoted by T

and T, Tespe ctively.

DFINITION Iet A be a C*-algebra acting on K. A C*-bimodule of A 1is
a space of operators B on K such that ab , ba € B for all

a €A ,beB.,
‘Let F C B(K).

 DEFINITION 7.2 An even (resp. odd) product of F is an operator of

: a;_ Qg . ap
the form a, a2 ce eel where aieF,aieN and

2. @, is even (resp. o0dd).

{b € B(K); ba = Aab , a € F}

DEFINITION 7.3. For A € C comA(F)

i
]

and twiA(F) {b € B(K); ba = Aa*b , a € F|

Let Ae be the linear span of the identity and the even products

of F and A, the linear span of the odd products of F.
A=A +A and A", A, "

: w W w
o » Ay (respe A" , A" , A)") denote the

norm closure (resp. T, closure) of A, A, and A, respectively. When
F is self-adjoint it is quickly verified that Aon is a norm closed
self-adjoint C*:bimodule of A" such that (a )% c A"

Similarly when F is self-adjoint , com_1(F) j.s'a closed self-

adjoint C*-bimodule of com(F) such that (com_1(1?))2 C com(F)



It is precisely this odd/even situation which we consider in the
next section , where we also show how Aew and 'Aow‘ may be obtained
via the. com_1( ) operation,

For convenience we will refer to C*-bimodules of A as A-bimodules,

- 82 0dd Even Sums,

The following results have also appeared in .[26] .
. : chesed
THEOREM 7.4, Let A be a C*-algebra of operators on K,;,,v B a self-adjoint
A-bimodule of operators on K such that 82 ¢ A o Then thé following |
cqnditions are equivalent ¢
(1) ANB = {0},
(1) B, = {0},
(iii) a €A , b €B and a +b 20 imply a;d,
(iv) " a €A ,beB imply |la +b ] 2 maxi|lall, lvll} «
If the above conditions hold then A + B 1is a C*-algebra . Moreover

if A and B are Tw closed then A + B 'is Tw closede.

Proof. (i) = (ii). Let b € B_ . Since b2 € A and b is the unique
positive square root of b° , b €A o Thus b € ANB and b =0,
(ii) => (i). It is easy to see that A NB is a C*-algebra .
(A r\3)+ CB, = {0} , thus A NB = {0}
(i) => (iii)e. Let a €A, b € B and a +b > 0, then

*

. T * -
a=-a =b=b, Therefore by (i) a * +

a 4 hence a=a -a ,a 20,

+ - . -
a 20 and aa =0, Since a aa

- " <0 and a(a +b)a >0,

-(a

it follows that a ba > 0 o Thus (4ii) implies a ba = 0 and so
-(ag')"_5 =aa =a(a +bla >0 . Therefore (a)° =0, a =0 and
4_3,20 as required . ‘

To prove (iii) => (iv) we first show that (iii) holds with
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A replacéd by the C"--algebra A;l generated by A and I o Since 'A1

and B also satisfy the hypotheses of the theorem , it is enough to p
prove (ii) . If a € (A nB)+ , by (i1ii) =-a -+ a = 0 implies

-a > 0 and thus a =0. Since A NB is a C*-algebra and (A r\35+;1o},
ANB= {0} . This implies B_={0] as required . '

let a €A , b €B and':i”a +b]l €1 ¢ Then

0sI-(as+b)(asb)=I-aa-bb-(ba+ab).

By the above , I-a#a-b‘b 2 0 o Thus a*a si and b‘ﬁ € I, that is
"a" £ 1, ||b|| € 1 and hence (:’Lv) . |
' (iv) = (i) is clear .

Suppose now that (i)-(iv) hold. Since B = B , B2 CA and B
is an A-bimodule , it follows that A + B is a *-algebra of Qperators ’
and since A and B are norm closed ., (iv) shows tﬁat A+B isa
C*-algebra . _

Slippose further that A and B are Tw closed . lLet a, + ba be
a T  convergent net in (A + B)1 , the unit ball of A + B, with
a, €A, ba € B .>By (iv) Haa || £1, ||’ba|| € 1 r, and thus there exisfs

'a subnet @' and a €A, b €B such that é‘a' and b are

o
Tw cpnvergent to a , b respectively o But a,+ ba is also Tw'convergent
and so the T limit is a +b o Thus a + b is the TS limit of

a,+b, and (A + 13)1 is therefore 7_ closed . Therefore by

Kaplansky's density theorem ([8] pd3 ) , (A + B)1 - is the unit ball

-of the Ty closure of A + B . It follows that A + B 1is T, closed

(and thus T closed).

THEOREM 7.5, Let A be a C*-algebra of operators on K and let B be
a norm closed self-adjoint A-bimodule of operators such that B2 CA.
Then A +B is a C*-algebra . Moreover if A and B are T closed

then so is A + B «
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Proofs A + B is a *-algebra of operators and (A + B)  , its norm
closure , é. C*-algebra. 1t is easy to show that ANB is an A + B~‘bi-
ideal and thus an (A + B)” bi-ideal. Let C= (A +B)/ANB ,

Ay=A/ANB and B,=B/ANB. By the Gelfand Naimark theorem [2] ,

0

the C*-algebra C may be représented as an operator algebra on a

‘ .
Hilbert spaces A, 13 a C —-subalgebra of C with a norm closed self-

0

adjoint Ag-bimodule B, CC , such that B,” C Ay »

Let |x] denote the coset of x in C, for x €A +B, If

o then [x) =lal = [b] for some a€A,beB ., Thus

[_xjer,ﬂB
a~-be¢eANB and a € B, Hence a € ANB, |x] = |la] = |0} and

*
Ag NBy = {0} « By Theorem 7.4 A+B/AnB‘=Ao + B, 1is a C <algebra.,

Thus A +B/ANB=(A+B)/ANB and A+B=(a4+38) .

Now suppose that A and B are Tw closed. Let A1 » ~B1 and
(A + 3)1 be the unit balls of A , B and A + B respectively. From
the open mapping theorem , applied to the mapping (a,b)» a +b from

2
A@®B to A+ B, it follows that A, + B, ¢ 8(A + B), for some

1

positive 8. Since A, and B, are 7_compact, so is (A + B)1- .

1
Thus A + B is 7 _-closed ([8],Theorem2 ,p42) .

COROLLARY 7.6. Let A be a C*-algebra of operators (resp. a von

)

]
Neumann algebra) on K and let v be an isometry such that Av = vA ,

* .
Then A + vA is a C =-algebra (resp. a von Neumann algebra).

Proof.Since v is an isometry , vA is norm closed (resp T closed)_.

& ,
Also Av = vA implies'that vA 1is a self-adjoint A-bimodule of

s

*x
operators. Since (vA)2 = Av VA C A we may apply Theorem 7.5.
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COROLLARY 7.7, Let B be a norm closed (resp. T 'closed) self-adjoint
space of 0perat0rs such that 8° c B . Let A= {a € B(K) aBCB, Be. C Bl.

Then A + B is a C*-algebra (resp. a von Neumann algebra).

Proof, It is_eiementary to prove that A is a C*-algebra (resp. a von
Neumann algebra) and that B 1is an A-bimodule. Since B5 CB ,‘B2 CA

and we may apply Theorem 7.5 .

COROLLARY 7.8, Let S be a self-adjoint set of operators on K . Then

{s}' + twi1(S) is a von Neumann algebra .

Proof. Let x, y € tw11(S) » &' € {S}]' and a € S . Then the following
hold :

aXx =Xa,

* * ,
a'xa = a'lax=a a'x ,

*
a xa' ,

xaa'!
]
Xya = xa y

d

axy e

These equations show that twi1(s) is a self-adjoint §S}'-bimodule such
that (twi1(S))2 C {s}' . since twi1(S) is weakly closed , Theorem 7.5.

applies .

COROLLARY 7.9 Let a be a normal operator on K . Then the following
are von Neumann algebras.
(1) fa}* + com_(a) ,

(i1) f{a]' + twiy(a) for [A] =

Proofy . The Putnam Fuglede theorem ([27] p20) shows that com_1(a) and
{a}' are self—ad.)on.nt. It is easy to check that {a]' and Acom_1(a)

sat:.sfy the hypotheses of Theorem 7.5. , hence (i) .
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‘ * - B R—
Let x € twiA(a) , then xa = Aa x implies a x = Ax a . Since IAI =1,
o ' L.
x € twiA(_a) « By Fuglede's theorem fa}* = {a }' , thus if a' € {a}®
: ' * * '
a'xa = Aa'a x = A a'x ,
and
*
xa'a = xaa' = Aa xa'
Thus twis(a) is a self-adjoint f{a]'-bimodule . By the Putnam
o
Fuglede theorem if y € twiA(a) then ya = Aay . Thus
: : Y -
yYxa = Aya, X = myx = ayxX o
That is , (twiA(a))z C {a}' , and Theorem 7.5.completes the proof .

The following theorem may be regarded as a non commutative general-
isation of the fact that a continuous function on [=1,1] is the sum
of an odd and an even function. The notation of the theorem is that

given in section 1 for the case when F 1is self-adjoint .

THEOREM 7410 (1) A" =a"4+2",

(i1) A" =24+ " .

<

3
Proof. It is easy to check that Aen is a C -algebra of operators on K
and Aon a norm c;Losed self-ad joint Aen-bimodule of operators such that

. 2 .
(A™*? ca™. By Theorem 7.5 A B +A"™ isaC -algebra and so
o e : e o ,

n n n

A =Ae +A° o .

Iet a_ , b be 7_ convergent nets in A with limits a , b in A v,
a a w ) o
. w
Then 'aa'b = llmﬁ av,ab}9 and ab = lima a.ab show that ab € Ae e That is ,
\ 2 . . s .
(Aow) CAeW o Similarly A‘)W is a self-adjoint Aew-bmodule . By

Theorem 7.5 , AeW + Aow is rw-closed and thus equal to A" .

When the sum of Theorem 7.5 is direct the mapping 6 defined by

8a +b) =a=b  (aear” ,pbear’)



2.1 . Conversely , every such

is a *-automorphism of A" such that 6
(non trivial) automorphiém arises in this way . We now find a sufficient
condition under which the sum of Theorem 7.10 is direct and a necessary

and sufficient condition that 6 be spatial in this case. Moreover Aow

and Aew can be defined in terms of the com_1( ) operation

DEFINITION 7.11. A set S of operators on K is separating if the inter-

section of the null spaces.of the operators in S is !Of. '

THEOREM 7.12. Let S be a self-adjoint set of operators on K . Then
{s}' + com_1(S) is a von Neumann algebra and the sum is direct if and

only if S is separating.

Proof, If A = {S}' and B = com_1(S) , then. A and B satisfy the
hypothesesa: of Theorem 7.5 and therefore A + B is a von Neumann
algebra .
Let e be the orthogonal projection of K onto the intersection of
the null spaces of the operators in S . Since S = S# » we have
xe = ex = 0 for all xin.S e Thus e € S} f\g:om_‘l'(S) , and so , if the
sum is direct , e = 0 and S is separating . |
Conversely let S be separating and suppose x € {si'n 'com;1(S) R
Then xs = sx and xs = -sx , and s0 sx =0 for all s in S . Thus
x =0 and the sum is difect.
R AINE
THEOREM 7.15¢ If ,com_ (F) is separating then the following hold .
(1) A" = Aow + Aew; is a direct sum .
(ii) Aew = icom_1(F)}' and Aow = com_1(com_1(F)) .

do

..
L

(iii) 6 is spatial if and only if com_1(F) contains a unitary,
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" Proofe By Theorem 7.12., C = [dom_1(F)l' + com_{(com_1(F)) is a von
Neumann algebra and the sum is direct if com_1(F) is separating .

L _ ' o
It is easy to check that (com_1(F)) contains the even products of F

. 5 '
w . W

and hence A " ,and similarly that gom_1(com_1(F))¢A° « Thus /A"{/A/
A" =A" + A" isa direct sum.. To show that these inclusions are

in fact equalities , it will be sufficient to prove that C = A"

that
is , by von Neumann's double commutant theorem , that C = {F}'' .

Let x € \{F}]' , a € {com_1(F)}' , 8 € com_;l(F) e Then sx € com_1(F)
and thus a(sx) = (sx)a . Therefore sax = asx = sxa. Since’ com_1(F)
is separating , ax = xa , Thus icOm_1(F)]' C {F}rr, }

Similarly if b € com_1(com_1(F)) s X, 8 as before , sx ¢ com_1(F),
thus b(sx) = =(sx)b  Therefore =-sbx = bsx = -sxb- and since
com_1(F) is separé.ting bx = xb , Hence com_1(com_1(F)) C [F}'* and
c C iF}"' as required.

If 6 is spatial , -a = 6(a) = uau* for ail‘ a in F for some _
unitary on K . Clearly u € com_1(F) » Conversely if‘ cozn_1(F) contains

a unitary u it is eagy to see that u implements the automorphism 6

As an immediate corollary we have the following double commutant

theorem -

* i . :
COROLLARY 7.14¢ If F =F CB(K) and com_1(F) is separating- then

{Fj'* = icom_1(F)}' + com_1(com_1(F)) and the sum is .d.ir'ect .

Remarke Let F contain just the & x 3 diagonal matrix with eigenvalues
1,1 and =1 . Then com_ (F) is separating but ddes not contain

a unitary .
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3 Roots of unity sums .

In this section we consider some generalisations of the results of

section 2 to several spaces of operators .

Let E, ,'E1 sse sey B be k 7 closed linear subspaces of B(K)

k-1
such that
(1) EsE5 € By 5(mod k) (0 ¢ 1,5 < k)
*
and (i1) E; C E-i(mod ) (0 €1 <k) .

Then A = Eo + E1+.. cot Ek-1 is a self-adjoint algebra of operators .
Multiplicatively , the Ei > behave 1like the spectral subspaces of a

k = I o We shall see that

*—gutomorphism € of a C*-algebra such that 6
as in the case k = 2 , such spaces :arise naturally as certain spaces

of intertwining operators and as subgpaces of a Cf—algebra associated-with
its generators . We conjecture that A is always closed (and thus a
C*-algebra).We prove this for certain special cases involving direct sums
which will be sufficient to yield a 'roots of unity' generalisation of
Theorems 7.13 and 7.14

Assumption. Ve assume that E; N (E1 + E, +ee oo+ Ek_1) = {0] and that

2
Ice€ Eo .

et B = E1 + Ez +ee oo+ E o The following theorem géneralises

k-1
part of Theorem 7.4 .

THEOREM 7.15. The following conditions are equivalent .
(1) B, = {o} .
(ii) -a€E;j,be€B and a+b20 imply a>0.
(41ii) If a; €E, , 0si<k, then
llag + a,+ee eos o |l € max | llasll 5 0 R } .

(iv) A is a C*=-algebra ,
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‘Mofeover if the above cbnditions hold and if the Ei‘ are Tw closed then

A is a von Neumann algebra .

Proof. (1) => (ii). Let a€E), b €B and suppose & +b > 0 o Then

a - a* = b® ~b and our assumption implies that & = a* . Thus a = at - a

+

with a 20, a >0 and a'a =0 ., Moreover a* ’ a € EO since E

0
is a C*-algebra. Since a ba = (-a-)5 €0, and a(a +b)a 20, it
follows that a ba > O, But a ba ¢ 3 and so ,a-pa-.= 0 by (i)e Thus
aaa =a(a+bla >0, Since we also have a aa 0, a aa =0 o
Hence (a.-)5 =0,a =0 and a > 0 as required . |

(ii) = (iii). We may suppose that a, € E; ,0cick, and

i

that "ao.+ Botee oot ak_1" € 1 o Thus

¥

- &
I (ao + 31 +ee oot &k_1) (ao + 31 +oe oot ak_1) 20 o
. . . C s
Now a;*a, €Ej, 0 i<k, and a, 8, € B for i4j, thus

- (a.* * &
I-(ag*ag +a,*a, +eo et ay_ *a ) +D 20

for some b € B . By (ii) it follows that
- -3 *x
I (a0 8y + 8,%8, +eo cot By ak_1) >0 .

Thus a;*a, €I or "ai“ €1 for 0 «i<k and (iii) now follows .
(iii) => (iv). This is clear.,

(iv) =>.(i). Let a,

g €Ej 01 ¢ i<k, and b= a, +a, +.J.+xak_1>0

Since A is a C*-algebra the positive square root ¢ of b is in A .

Let © = cCy +C, +es oot O, with c, € Ei » 0 i<k, Then

1
= = c%*c = * * oo oo *
b c c*c co co + c1 c1 + + ck_1 ck_1 +d
where d € B, By our assumption b € B implies
* * * =
co co + 01 01 tea oot ck_1 Ok-1 0

Thus c¢; =0, 0 i<k, c=0 and b=0. That is, B, .= {0} o
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Suppose now that (1) - (iv) hold and the Ei are .rw-cloéed.
Let (Ei)1 be the unit ball of E1 s 0 €1 <k o From the 6pen'mépping
theorem applied to the mapping (ao,a1,.. .;,ak_1) »»go + B, 4 Tes eet ak-1
from Eo O_:-E1® ee oo @B Ek-1 to Eo + E1 4+ o0 o0 + Ek"1 » it follows
for

" that (Eo)1 + (E1)1 + oo oo + (Ek_1) D S(Eo +E 4+ c0 o0 +E

1 ‘1)1

some positive & . Since (E ) is 7_compact for 0 ¢ 1<k, it
1

follows that (Eo+ E, +ee oo+ Ek -1/ 1 = 3 ((E ) c+ (E1)1 +ee oo+ (Ek 1)1)nB(K)

is also T, compact o Thus E; +E, +eo oot By, is 7 closed ([8] pat)e.

COROLLARY 7,16, Let Eo contain finite rank projections Ph such that
Pn converges to I in the strong operator topology as n -+ « , Then
A 1is a C*-algebra . Moreover if the E; eare T closed then A 1is a

von Neumann algebra .

Proof. P AP =PEP +PEP +.iu. +PE P is a C*-algebra of finite
Pl hsithucte ) n nk1n

rank operators for each n . By Theorem 7Z.15,

(PEP +PEP +....+Pnk1n

P) ={0}.

Let b € (E, +E teo ot E,.,),  Since PDbP > 0 for alln, PP =0

2
for all n . But Pﬁth converges to b in the strong operator

top010gy and so b = 0 , Theorem 3.1 now completes the proof .

THEOREM 7.17. let k = 2" for some neN, Then A is a C*=-algebra

Moreover if the Ei are 7 closed then A 1is a von Neumann algebra.,

Proof. We prove the theorem by induction on n .

By Theorem 7.4 the theorem holds for n =1 .

Suppose now that the theorem is true for n = m=1 , m > 1, and we
are given Eo', E1 900 sey Eé~;1 satisﬂying the hypotheses at the

beginning of this section .



Let Ao = Eo + E2 + e oo + E and A‘ = E1 + E5 +o0 oo+ Ezm_1 °

It is easy to check that the 2m-1 spaces of operators , Eo ’ E2 s .,Ezm_2

2M-2

satiéfy the hypotheses of the theorem and so by the induction hypothesis

A is a C*éalgebra and T closed if the Ei are

0

We now show that A,  is L closed « Let @ = a8, + 8, +ee oo+ @

1 3 2M=1
e It will be sufficient to show that

1

. m—1
where &i € Ei » i= 153500 o092

lla]l € 1 implies Hai" €1, for i=1;3,00 e0,2"=1 o We have
0sI~-a*a=1-~- (&1‘8.1 A+ &5‘&3 +oee oot azm_1*32m_1) + C

where ¢ € E, + E; + e¢ oo + Egn_o o It follows from Theorem 7.15 (i1)

2

- * vy %
o that I (a1 8, +agta, +eo ot 8, ta, _1) 2 0 o Thus

. m .
ai*ai €I and "ai“ €1 fori= 1,500 #¢32 =1 o Thus A1 is 7, closed.

for A

Since A, and A, satisfy the hypotheses of the theorem for ‘n=1

1

A, + A1 is a C*-algebra. Theorem 7.15 now shows that A, + A, is

0 o %

T closed if the E; are. Thus the theorem is true fdr n=m, and

the proof is completed.

Remark. 1. We have seen in Theorem 7.4 that for k=2 E; NB = {0} 1is

equivalent to B_= {0} . Using the induction argument of Theorem 7,17
one can show that for k = 2" E,NB = {0} is equivalent to B, = {o} .
-It would be interesting to prove this for arbitrary k and hence deduce
.that A 1is always a C*=-algebra under our assumptions . |
2¢ It i3 not clear how the quotient techniques of Theorem 7.5

may generalise to deal with non direct sums ,

Nilpotent Automorphisms,

An immediate corollary of Theorem 7.17 is that if A is é C*-algebra
on which is defined a *-automorphism 6 such that Gk =1 and if
EO ’ E1 00 ooy Ek—1 are the k spectral subspaces of 6 , then

(E1 + E_ +ee ..+-Ek_1)+ = {0} « In fact it is easy to say much more .

2



Notation. Let A be a complex unital Banach algebra and let 6 be an
1sometr1c linear isomorphlsm of A such that 6(1) 1, BE:: I. Let
Wy s W, ,v;. cer @, be .t}_le kth roots qf unity in their usué.l order .
It is a simple algebraic fact that A = Ao + A1 +oee oot Ak-1 where

= {a € A; 6(a) = wiaf » 0 € i<k, In fact

Ai = {a + w, G(a) + w 29 (a) + oo oo + ;ik-16k—1(a) ; a € A}

let B = A1 + Az teo oo+t Ak-1 e« For a € A, let V(a) denote the

algebra numerical range of a (see [4]) .

THEOREM 7.18. For b ¢ B V(b) ﬁ -(x - 1)'1v(b) e Moreover k - 1 is

the best such constant .

Proofs Let f be a state on A , that is , a linear functional such
that |[f]| =£(1) =1 . Since 6 is isometric and 6(1) = 1 it follows

that the equation
£.(a) = £(6°(a)) (a €4)
defines a state fi on A, O0<sic<ko.let b= 8, + 8, +eo oot 8y
with a; €A, , 1 €1<k, and let f(ai) = A; 80 that

Ay o+ Ay tee eet A = £(b) « Clearly fi(aj) = mjlf(aj)#1sjkk; « Thus
i i i
fi(b) = w1»A1 +0A Hee eud Yy Ak-1 ¢ v(b)

for Ols i<k, Since'

Zikwjl=-1 ‘(1€j<k),
1gi<

we see that

2, £.(b)

1gic<k *

i ]

-()\1 + A?, 4+oe ..‘+ )&{_1) = =f(b) .

since V(b) is convex =(k - 1)7'£(b) € V(b) and hence the first part

of the theorem follows .



~To see that k = 1 1s the best such constant consider the linear
isomorphig@ 6 of the kx k matrices defined by

e(a)i,j = wij-iaij (1 & i)j & k) (]

It is esily checked that 6 is in fact an algebra *-automorphism and
isometric, Here B = | (aiJ) 5a,=0 for 1¢lsg k} « Let b be the
matrix in B whose entries are 1 off the mein diagonal and O on the

main diagonal., Then .V(b) = [-1,k=-1] .

Remarks., In view of Theorem 7.18 it is natural to ask %hen

co o(b) C —(k—1)-1co o(b) when 6 is an élgebpa automorphism. This is
true for commutative Banach algebras since the above proof works with
states replaced by multiplicative linear functionals (since fi is
again a multiplicative linear functional etc.). This result also holds
for the automorphism of ﬁhe k x k matrices defined in the proof above

and is a simple consequence of the fact that trace(b) =0 for b €B ,

&4 Sums of Intertwining Spaces.

The following definition generalises the odd and even products of

Definition 7.2 .

DEFINITION 7.19. Let k be a fixed positive integer and let F be a

family of operators on a Hilbert space K .

a) A j-product of F is an operator of the form u1a'u2a3.. ..urar
where u, €¢F ,t<isr, and 2: a; = (mod k) .
1gisr '

*
b) If FNF =48, a j*-product of F is an operator of the form
ay_ Qg ar , * .
Vy Vg ‘ee ooV ' where v, €eFUF ,1sicr,and L g
1<isr

’ [
where ﬂi = a for vi'e F and ﬁi = =ay for vy € F .

J (mod k)



: *
When FNF =g let E, be the norm closed linear span of the

i
1*—products of F, 0€i<k, Onecan verlfy tha.t the Ei satisfy

the conditions (i) and (ii) at the beginning of section 3 . Thus if
our conjecture there is true , the C*-algebra generated by F is
precisely EO + E +o0 oot Ek - Vie proveAthis below for certain special

situations and also identify the Ej in terms of the comA( -) operation

Where A is a kth root of unity,

~ L e . th .
As before let Wy » Wy see ooy W _, be the k ~ roots of unity
in their usual order . We first prove some elementary properties of

com F con F ee ooy COmM F) .
(B 4 com () sue auy con, ()

*® . * :
PROPOSITION 7.,20. (i) (comw (F)) = comaJ(F ) ,0¢j<ke
J

(ii) comwt(F)come(F) C comwwj(l“) , 0 €i,J _< k .

Proof. Elementarye.

PROPOSITION 7.21. Let F be a family of normal operators . Then

-
(com (F)) =com_(F) for 0 s j<k.,
wj @ j .

Proof. Let x ¢ come(F) so that xa = W;SX 5 8 € F . By the Putnam-
Fuglede theorem ([27] p20) xs* = sz‘x , 8 € F.o Thus sx* = wjx*S
and x¥s = szx* » 8 €F o That is x* ¢ com‘_dJ(F)- + Thus

(come(F))* commJ(F) o Similarly (com.a.)J_(F))* C come(F) and hence

(coma;J(lF))* = comBJ(F).

PROPOSITION 7.22. (i) comwj(comm(r-‘)) contains the j-products of F,
(ii) If F consists of normal operators and

*
FNF =g then com (com- (F)) contains the j*-products of F .
’ J W



_Proof. (i) We have xu = 31ux for x € com. (F) , u € F. Thus
Frool . v

ux = ©,xu for x € com.. (F) ueF . If y is a j-product of F then
1

yx = w13xyv,x € comm‘(F) e That is y ¢ come(comU‘(F)) .

| (ii) As in (i) we have ux = w,xu for x ¢ comza(F),, ueF,

By the Putnam-Fuglede theorem u*x = w, xu* , From the definition of a
- j*=-product , y say , it follows that yx = w1ny » X € com (F). That
1
is y € com (com. (F)) as required.
wj We .
The following theorem is an analogue of Corollary 7.12 involving

several spaces of operators, -

-DEFINITION: A family 'F of operators on a Hilbert space is strongly
-separating if for each operator T such that (Tf,f) 2 0 for

f € Range(u) , u € F it follows that T 2 0 .

Remarke 1. The definition says‘that if T is locally pOsitive on the
ranges of operators in F then T is positive .

2, If F contains an operator with dense range then clearly
F is strongly‘separatiﬁg.

3. If F 1is sfrongly separating then F* is separating ’

but the converse statement is false,

THEOREM 7.23. Let F° be a strongly separating family of normal operators,

Then
comwo(F) + comw‘(F) 4+ oo oo + comwk-‘(F)

is a von Neumann algebra and the sum is direct.

Proof. Let E; = com (F) , 0 < i < k . Propositions 7.20 and 7.21 show
[§
that (i) and (ii) of section 3 hold . Let a; € E; for some i,

and let u €.F . We have a;u = wua, ~and , by the Putnam-Fuglede theorem,



uf* = wiu°a e Thus u*a, = w.a,u* and

84 i 17 %%
* = *y = *
u*asu =w;a,uu = woutua, .
_ - NE)) J J_ -
Let a = 8, +85 + o0 00 + 8 and. a =W T8, + 078, +oee et O TEy
for 0 € j <k, where a, €¢E, for 1 ¢ J <k, '

i i .

Suppose first that a 2 0 . Then by the above 0 € u*au = a(1)u‘u =
weua?) | stnce al?) commutes with utu it follows that a{2,2) > 0
for f € Range(u*u)% = Rahge(u‘) « Since f* is strongly separating
we see that a(1)> 0 . Now O < u*a(j)u = a(z)u*u = u'ua(z) s and similar

computations show that a(z) 2 0 , By induction a(j) 20 for 0 g < k;

Thus =a ==2: a(j) 2 0 which implies a =0 , Thus
1¢j<k

lf B=E1+E2+0000+Ek-1

-t0o show that the sum is Tw closed it will suffice to show that

then B = {0} ¢ In view of Theorem 7.15

E, NB = {o} .

Let a , a(J) » 0 €J < k, be as above and suppose that a € E, N B,

0

Wie have u®*au = u*tua , u € F , since a.¢ E0 e On the other hand

(1) (1)

s W€F , Since F is séparating a=a

by induction , since u‘a(J)u = a(J+1)

(3)

u®all = u*ua
s we see that a = a for

0 €£j<k,o, Tus (k-1)a = Z: a(J) ==-ag and s0 a =0,
- 18j<k

F}nally suppose that a = ay +a, +°f oot ak_1 = 0 o "Then

0 . Since E

% : *» * -
a;%as '+ a.%, +e. oot g 81 NB = {0} it follows that

0

ai*ai =0 and a; = 0 o Thus the sum is direct .

THEOREM 7.24, lLet F be a family of normal operators and let com. (F)
1
. . *
contain a family S of normal operators such that S is strongly
separating . Then

LR ‘
F cémwo(coma‘(F» + éomwi(coma1(F» + oo oo + comwk_1(comwi(F)) .

Moreover the sum is direct and come(comEH(F)) is the T, closed linear

" span of the Jj*-products of F ,



a\

Proof. We first show that E, =‘comw (com.a_, (F)) cP',0¢t <k,
I : i 1

Lét X eF', ace E; end 8 € S Ccom (F) « Then sx € con (F) and thus
, S 1 _ 1

-(sza)x = (as)x = a(sx) = wj(sx)a .

Since S* 1s strongly separatiﬂg S 1s separating and ax = xa .
Th.us'EiCF'. 0

Let Fi.-:com_.(s) s0o that F, DE, , 0 € i < k , By Theorem 7.23

i i

A=PF  + F + oo oo + F is a von Neumann algebra and the sum is

0 k-1
direct o Thus by Theorem 7.15 if aj € Fj » O_s J <k, then
“8. + B. + o0 oo + ak‘1 " 2 Ila.'j “ » 0 < j < k o In pa.rticula.r

C=E, +E, + oo oo +E is norm closed . Since. Ei is T closed ,

0 1 : k-1

the_ open mapping argument of Theorem 7.23 shows that C1 s the unit
ball of C , is 7 compact . Thus C is 7_ closed ([8] p38) .

By Proposition 7.22 Ej .contains the j*-products of F, 0 ¢ j <k,
and therefore C CF'' , by von Neumann's double commutant theorem.

Thﬁs C =F'" . The sum is direct since , by Theorem 7.23 ,

A=F, +F +oooo+Fk

0 4 is a direct sum .This' completes the proof,

-1

Remarks., With the notation of section 3 , if we replace condition (ii)

- *
with (ii) E; =E; then A is again a self-adjoint algebra of oper-

q,
ators. Is it alredy closed ? Such spaces of operators arise when

we let F be a self adjoint set of operators and take E; = comw‘(F).



42

' § 5 Further Generalisations and Open Questions,

The following theorem generalises part of Theorem 7.4.

THEOREM 7.25. Let A be & C*-algebra and B a self-adjoint A-bimodule

such that B = {0} If A + B is an algebra then it is a C*-algebra.

Proof, Since A NB is a C*-algebra and A N B+ C B+ = {0} we have

ANB

-

{0}e Suppose that a +b 20 with a € A, b € B, Then since
ANB= {0}, a=a*and 'a.=a*-.a-with a+,a-€A+ and a‘*a = 0,
'Since a (a +b)a >0 implies a ba > -a aa = (a-.):5 2 0 by our
hypotheses aba =0 sand a =0 e Thus we have shown that a +b 20
a €A ,b €B implies a 20 .

Without loss we may suppose that A has an identity . let & ¢ A,

b€B||a+b“61.Then
O.SI—(a+b)‘(a+b)=I-a*a-b*b-b‘a -'a‘b ‘.
Since A + B iswdgebﬁ' b*b = a' + bt wifh al €A, b' € B . Since
b*b.> 0 , by what we have shown above a' > 0 , Thus |
0OcI-ata-a'+d

where d € B , Hence 0O €«I=-a*a~-a', a*a ¢« I and ||a||<f.Thuswe
have shown that |la]l ¢ |la +b|| for a €A and b ¢ B and it

follows that A + B 1is closed and therefore a C*-algebra.
In view of this result it would be interesting to settle the following
qﬁestion.

Problems Let A be a C*-algebra of operators and let B be a self-

adjoint A~bimodule. Is- A + B ‘closed ?
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The following question arises naturally from the considerations of

_ section 4 ,

Problem. Let G be a finite group and let [E, 5 & €G] bea fanily
of closed spaces of operators such that
(1) EgEg. C Eggc (8 s B' € ) ’

° )
and (il) Eg = Eg—1 (g € G) .

Is the linear span of iEg ; 8 € G} closed 7

One can construct such spaces as follows « Let G be a finite group
of order k with elements By » By so0 so9 By o Let FG(k) be the

free group on k symbols Vv, 5 V, see ey Vy_, and define ¢:FG(k) » G

1
by ¢(w) = w' where w is a word of FG(k) and w' is an element of
G obtained by substituting g; for v, , 0<ick.

Let F be a family of k unitaries {uo =1I, u, u2 see ooy u.k_1§
acting on K, and define & : FG(k) » B(K) as the map which substitutes
u. for v, .

i i

Let E, = closed linear span of <I>¢>-"1(gi) » 0 1<k o Then

1Eg : g € G} satisfies (i) and (dii) .

One can ask when we may have an odd even decomposition for certain
Banach algebras. Not surpr-.singly the appropriate generalisation of
Theorem 7.4 fails even for semisimple commutative Banach algebras as the

following simple example demonstrates.

Notation, D is a domain in the complex plane which contains.the origin
and has a simply connected compact closure D . Llet A be the function
algebra on D generated by the identity I and the function z . Let
c (msp; B) be the closed linear span in A of the non negative even

"(resp. 0dd) powers of z ,
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' PROPOSITION 7.26, C + B 1is closed if and oﬁly if Da-D.

Proof, f'irst notg that if f €CNB then for z € D f\ -i) we have
£(z)
£(z)

connected and f is analytic on D £ =0, and so CNB = {0},

£(-z) (since £ € C) and £(z) = =(-z) (since £ € B). Thus

0 for 2 in the non void open set D N -D ., Since D is simply

If C + B 1is closed then since the sum is direct we can define

~an automorphisxh 6 on A=C+B by
of +8) =f -¢g (feC, g e€B)

We have D = o(z) = 0(6(z)) = o(~z) = =D and thus D = -D .-
Conversely suppose that D=-D, Given a polynomial p define
(6p)(2) = p(-2) « D = -D dmplies |[l6p]l = llpll . If £ €A and p|
are poiynomials converging to £ in A then -é—(pn + 6(pn)) converges
to h e€C and %(pn - e(pn)) converges to g ¢ B and f =h + g .

That isy, A =C + B 1is closed .
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PROBLEMS

(Ch.2) Let ¥ = fwla) ; a € R+I be a semigroup of unitary operators
and let H be an invariant subspace for W . If U = {U(a) = Ww(a) |H}

then is twi(U) = pr(twi(W))?

(Che 3) Let S be a norm closed subspace of B(H) . Is H [B(H)] + c[s)

closed ?

(Che4) Let F be a commutative family of dberators on a Hilbert space.
Let C be the C*-algebra generated by F and let H be the weakly

closed operator algebra generated by F o Is H +C closed ?

(Ch.5) Let U be a family of doubly commuting isometries with

.

unitary dilation ¥ o Is twi(U) = pr(twi(y)) ?

(Ch.5) Does there exist a constant k > 0 such that for each
& e‘Lw[B(H)] whose negative Fourier coefficients ¢ ,k < 0, are
Hankel operators , there exists ¥ € L [B(H)] such that

(i) ¥ is a Hankel operator for all k ,

(ii) ¥ =

¢  forall kg0,

(1i1) lefl <« llefl 2

(Ch.5) Is the space of Hankel.operators complemented by a weakly closed

space of opefators ?

(Ch 7) Let A be a C*-algebra of operators and let ‘B be a self-

adjoint C*=bimodule of A « Is A + B closed ?
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8. (Che7) Let G be a finite group and let {Eg'; g € G} be a family of
closed spaces of operators on a Hilbert space such that

(1) EE, CEg (g, het) ,
E

(ii) Eg =Eg_, (g €G) .

Is 1lin span{Eg ; g8 €G] closed ?
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‘ AEEendix.

Notation. B(R) denotes the commutative C*-algebra 61_’ bounded functions
on the real line R . For f in B(R) and x in R let f_ be the

translate of f defined by fx(y) =f(y-x) ,y€eR .

DEFINITION (i) A functional m on B(R) is translation invariant if
m(fx) = m(f) for all x ¢R . - |
(ii) A state- £ on B(R) (or L(R)) is a bounded linear

functional such that ||£]] = £(1) =1 .

The foliowing theorem is a corollary of Theorem 17,5 in 'Abstract

Harmonic Analysis vol I ' by E. Hewitt and K.A. Ross (Spriiféér Verlag)e
THEOREM. There exists a translation invariant state on B(R) .

COROLLARY. Let M be a closed translation invariant subspace of L(R)
and let M be a translation invariant state-on Mo Then there exists

a translation invariant state M on LG_D(IR) extending M .,

Proof. let m be a translational invariant state on B(R) .

By the Hahn Banach theorem there exists a state- M, on L™(R)
extending M . For g € L' (R) define ¢g € B(R) by ¢$g(y) = M1(gy) for
y € R, Define ¥ on L7(R) by M(g) = m(¢g) . Then N is a translation

invariant state on L™ (R) extending M .
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