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Abstract

This thesis is about Fano varieties and their properties. We will determine the
K-stability of certain singular del Pezzo surfaces and smooth Fano 3-folds, the
existence of cylinders in singular del Pezzo surfaces, and also classify higher di-
mensional Fano varieties with certain properties. In dimension 2, many new
examples of K-stable polarized singular del Pezzo surfaces with du Val singular
points have been introduced and the existence of polarized cylinders in many
of these surfaces has been determined. We also completely solve the K- sta-
bility problem for singular del Pezzo surfaces that are index 2 hypersurfaces in
weighted projective space. In dimension 3, all deformation families of smooth
three-dimensional Fano varieties that contain K-polystable elements have been
described. In higher dimensions, a complete classification of smooth Fano va-
rieties of large index that have positive second and third Chern characters has
been given, and all rational homogeneous spaces of Picard rank 1 having posi-
tive second Chern character have been described. In particular, we prove that
the only rational homogeneous spaces of Picard rank 1 with positive second and
third Chern characters are projective spaces and quadric hypersurfaces. This
thesis also contains few auxiliary results, which are closely related to K- stability
of Fano varieties. For instance, for a reduced plane curve of degree d, the sixth
worst log canonical threshold that it can have, has been determined.
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Chapter 1

Introduction

Fano varieties are varieties with ample anticanonical class. These have been
intensively studied in the last few decades. In this thesis, we will study some
properties of Fano varieties, in detail. The thesis is split into chapters based on
the dimension of the variety that we study.

Throughout this thesis, the base field we work over is the complex numbers

C.

1.1 Curves

We begin by looking at plane curves of degree d in P? in Chapter |3l The main

motivation behind this chapter is to study singularities of such curves and to

explicitly have a way of measuring how singular a given curve is. This sets the

groundwork for understanding singularities of varieties in higher dimensions.
The main aim is to address the following question:

Question. Given a curve Cy of fixed degree d, what is the worst singularity that
the curve can have at the point P on Cy?

We can use various parameters to measure the singularity at the point P, such
as multiplicity of the curve at the point P, multp(Cy), Milnor number, p(P) and
log canonical threshold of the curve at the point P, letp(P?, Cy).

All three parameters mentioned earlier give the same answer to the above
question, since multp(Cy) < d and p(P) < (d — 1)* with multp(C;) = d and
u(P) = (d—1)? if and only if C, is a union of d lines. The following theorem
proves that computing the log canonical threshold of the curve at P also gives
the same answer to the above question.

Theorem 1.1. ([CO1, Theorem 4.1]) One haslctp(P? Cy) >
if and only if Cy is a union of d lines passing through P.

2 andlctp(P?,Cy) = 2

We can then ask the following question:

Question. What is the second worst singularity at the point P?
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To present this answer, we introduce certain types of singularities in Section
and we call these types of singularities K,,, T,,,K,,, T,, M,,, Mi,,, Ml,,, where
n = multp(Cy).

In [C17], the following result was obtained.

Theorem 1.2. Suppose d =5 and 2 < lctp(P?,Cy) < %. Then the curve Cy

has singularity of type Tq_1, Kq_1, Td,l, Kd,l at the point P and the values of

their log canonical thresholds at the point P are (fl‘ii’g < dz(zj) < dﬁ@il < d%zl:g)
respectively.

This result and Theorem give the five worst singularities of the curve Cj.
In Section [3.2] we will determine the sixth worst singularity that a curve can have
at the point P. That is, in Section [3.2] we prove the following.

Main Result 1. Suppose d = 6 and d%z:g) < letp(P?,Cy) < d22—dT_d7+1' Then
the curve Cy has singularity of type My_1, My_1 or My_1 at the point P with

ICtP(Pz, Cd) = %

1.2 Surfaces

In Chapter [4] Section and Section [4.2] we study the notion of K-stability
of Fano varieties of dimension 2, which are also called del Pezzo surfaces. In
particular, we are interested in the K-stability of del Pezzo surfaces with du Val
singular points (Section and that of hypersurfaces in weighted projective
space (Section . In Section , we also explicitly construct H-polar cylinders
for any ample divisor H, on singular del Pezzo surfaces.

1.2.1 K-stability of del Pezzo surfaces

The notion of K-stability was introduced to algebraic geometers very recently and
there has been enormous progress in this field of study since the development of
the minimal model program. Since concepts and techniques from minimal model
program were found to be closely related to the study of K-stability of Fano
varieties, there has been significant progress in the study of the same. Since then,
there have been numerous equivalent definitions of K-stability of Fano varieties
by Fujita, Li and many others. We study few such notions in Section [2.2]

One of the main motivations behind studying the notion of K-stability of Fano
varieties is the following conjecture:

Conjecture. (Yau-Tian-Donaldson) Let X be a smooth variety and let L be an
ample line bundle on X. Then X admits a constant scalar curvature Kdhler
(cscK) metric in c1(L) if and only of the pair (X, L) is K-polystable.

This gave an algebro-geometric method of establishing the existence of con-
stant scalar curvature metrics on varieties X.

In the case of smooth del pezzo surfaces, a lot is known about their K-stability.
For instance, the above conjecture is proven for smooth Fano varieties polarised
by anticanonical line bundles by Chen, Donaldson and Sun in [CDS15] and [T'15].
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Smooth del Pezzo surfaces are Kahler-Einstein and therefore K-stable for the
anticanonical polarization ([T90]). But determining if a given del Pezzo surface
is K-stable for any polarisation other that the anti-canonical is challenging. In
this regard, the Dervan’s criterion (Theorem comes in handy:.

1.2.1.1 Applicability of Dervan’s criterion

The criterion stated below was established by Dervan and gives a condition for
the K-stability of a polarised variety.

Theorem 1.3. [D15, Theorem 1.1] Let X be a Fano variety of dimension n, and
let L be an ample Q-divisor on it. Let v(L) = _KXL—F Then (X, L) is K-stable
of

1. the Q-divisor —Kx — 25v(L)L is nef,
2. and (X, L) > "=v(L).

n+1

Note that v(L) in Theorem is referred to as the slope and the quantity
a(X, L) is as defined in Section [2.2.2]

In Section we study the applicability of the above theorem to singular
del Pezzo surfaces, S.

Main Result 2. Let S be a del Pezzo surface of degree 1 with Ay, As or As
singularities. Let L be any ample divisor and v(L) = —Izg'L on S. If the Q-
divisor —Kg — 2v(L)L is nef, then (S, L) is K-stable.

1.2.1.2 K-stability of singular hypersurfaces

The main objects that we are interested in, in Section are quasismooth and
well-formed hypersurfaces S; in P(ag, a1, as, az) of degree d with index I=2.

Recall that the index of a Fano variety X is the largest integer that divides
—Kx in Pic(X). In the case of hypersurfaces Sy, index of Sy is given by I =
CL0+CL1+CL2+CL3—d.

These surfaces Sy are given by a quasihomogenoeus polynomial equation of
degree d

flx,y,z,t) =0 c Plag, a1, as, az) = Proj(Clz, y, z,t]),

where wt(z) = ag, wt(y) = a1, wt(z) = ay and wt(t) = az. Sy is said to be
quasismooth if the only singular point is at the origin in C*, which implies that
Sy has at most cyclic quotient singularities. It is well-formed if

ged(ag, as, az) = ged(ao, a, az) = ged(ag, aq,a3) = ged(ay, as, az) = 1.
Note that being well-formed implies that
—Kgd ~Q Op(ao,%%%)(ag +ay + ag + ag — d)

So suppose [ is positive, then Sy is a del Pezzo surface.
All possible quintuples (ag, a1, as, as, d, I), such that a quasismooth and well-
formed hyersurface S; in P(ag, a1, a9, as), of degree d and index I, exist, have

10



been described in [JKO1, Theorem 8] for I = 1, [CS13|, Corollary 1.13] for I = 2
and a complete classification is given in [P18].
The main problem that we are interested in, is the following:

Problem. Calabi Problem: Describe all K-polystable, quasismooth and well-
formed hypersurfaces Sy in P(ag, a1, as,as) of degree d and index I.

When I = 1, this is solved in [JK0I, Theorem 8], [A02, Theorem 4.1], [CPS10,
Theorem 1.10] and [CPS21, Theorem 1.7]. In the case of I = 2, this has been
studied in [BGNO3], [CPS10], [CS13|, [CPS21] and [KW21, Theorem 1.2]. In
Section we will solve the Calabi Problem for the remaining quasismooth,
well-formed hypersurfaces of index I = 2, thus giving a complete answer in the
case of Index 2. This is a joint work with Joonyeong Won and In-Kyun Kim. [

Main Result 3. Let S; be a quasismooth, well-formed hypersurface with I = 2.
The following hypersurfaces Sy in P(ag, a1, as,as) of degree d, are K-polystable.

No. (ag,ay,as, asz) d
1 (1,1,n,n), n>2 2n
2 | (L,2,n+2,n+3),n=0|2(n+3)
3 (1,3,4,6) 12
y (1,4,5,7) 15
5 (1,4,5,8) 16
6 (1,4,6,9) 18
7 (1,5,7,11) 99
8 (1,6, 10, 15) 30
9 (1,7,12,18) 36
10 (1,8,13,20) 40

1.2.2 Existence of Cylinders

In Section [4.3], we study the geometric property of the existence of H-polar cylin-
ders in S, for any ample divisor H. This is joint work with Grigory Belousov ]

Definition 1. [CPW16, Definition 1.3] Let M be an Q-divisor on a projective
normal variety X. An M-polar cylinder in X is an open subset

U = X\Supp(D)

defined by an effective Q-divisor D in the Q-linear equivalence class of M such
that U is isomorphic to Z x A' for some affine variety Z.

When H = —Kg,, these have been studied in [CPW16].

n this joint work, I independently proved Theorem [3| for the hypersurfaces in P(1,1,n,n)
when n > 2 and hypersurfaces in P(1,2,n + 2,n + 3). The remaining cases were a joint work
with my collaborators.

2In this work, I explicitly described all possible ample divisors for the surfaces with differ-
ent singularities and jointly, with the help and guidance of Dr. Grigory Belousov, explicitly
constructed cylinders for them, also having drawn figures to represent the same.
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Theorem 1.4. [CPW16, Theorem 1.5] Let Sy be a del Pezzo surface of degree
d with at most du Val singularities.

I. The surface Sy does not admit a (—Kg,)-polar cylinder when

1. d =1 and the surface Sq allows only singular points of types A1, Ao,
Az, Dy if any;

2. d =2 and Sy allows only singular points of type Ay if any;

3. d =3 and S, allows no singular point.

II. The surface Sq has a (—Kg,)-polar cylinder if it is not one of the del Pezzo
surfaces listed in 1.

In Section we prove the following.

Main Result 4. Let S be a del Pezzo surface with at least 1 singular point of
type Eg, FE;, Eg, Dy, D5, D¢, Dy or A;. Then S has a H-polar cylinder for
any ample divisor H # —Kg on S.

1.3 3-folds

Smooth Fano 3-folds have been classified in [Is77), Is78, MoMu83, MoMu03] into
105 families, which are labeled as Nel.1, Ne1.2, Ne1.3, ..., Ne9.1, Ne10.1, which is
the numeration followed in [TP99).

The main objective of this work is to answer the following question.

Calabi Problem. Find all K-polystable smooth Fano threefolds in each family.

This problem has already been solved for many families, and partial results
are known in many cases. (See [ACCFKGSSV] for the list of works that have
contributed to this problem.)

In particular, it has been proved in [F16] that all smooth threefolds in the 26
families

Ne2.23, Ne2.28, Ne2.30, Ne2.31, Ne2.33, Ne2.35, Ne2.36, Ne3.14,
Ne3.16, Ne3.18, Ne3.21, Ne3.22, Ne3.23, Ne3.24, Ne3.26, Ne3.28, Ne3.29,
Ne3.30, Ne3.31, Ned.5, Ne4.8, Ned.9, Ne4.10, Ned.11, Ned.12, Ne5.2

are divisorially unstable (see Definition , which implies that none of them are
K-polystable.

In [ACCFKGSSV], we show that all smooth Fano threefolds in the Family
Ne2.26 are not K-polystable, and therefore proving the following. This is a joint
work with Carolina Araujo, Ana-Maria Castravet, Ivan Cheltsov, Kento Fujita,
Anne-Sophie Kaloghiros, Jesus Martinez-Garcia, Constantin Shramov and Hen-
drik Siiss ]

3My contribution to this project was to explicitly compute the é-invariant using the Abban-
Zhuang Theory in few cases.
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Main Result 5. Let X be a general Fano threefold in the family Ne.V”. Then

2.23,2.26,2.28,2.30,2.31,2.33, 2.35,
2.36,3.14,3.16, 3.18, 3.21, 3.22, 3.23,
3.24,3.26,3.28,3.29, 3.30, 3.31, 4.5,
4.8,4.9,4.10,4.11,4.12,5.2.

X is K-polystable <= N ¢

As a consequence, we have
Corollary. Let X be a general Fano threefold in the family NV # 2.26. Then
X is K-polystable <= X 1is divisorially semistable <= X is K-semistable.

In Section [2.2] we will introduce the notions of K-stability and the various
results that we will need in order to prove the K-polystability of the 3-folds
belonging to Families Ne2.16, Ne2.24, Ne3.10, Ne4.13, Ne4.3, Ne5.1. Each case is
dealt in detail in Chapter 5] This gives a rough idea of the proofs involved in

the remaining cases. For further details and proofs of remaining cases, refer to
[ACCEFKGSSV].

1.4 Higher dimensions

The objective of Chapter [0] is to extend positivity conditions from that of Fano
manifolds to higher dimensions. Recall that Fano manifolds are complex pro-
jective manifolds with positive first Chern class ¢1(Tx) (See Section for the
definition). Examples include Projective Spaces, Grassmanians and other homo-
geneous spaces.

In [Mor79], Mori showed that any Fano manifold is covered by rational curves.
Later, in [KMM92] and [Cam92], a much stronger property was proven for Fano
manifolds, which is that any Fano manifold X is rationally connected, i.e. there
are rational curves connecting any two points of X. It is expected that such
interesting properties hold in Higher Fano manifolds too and thus, in recent years,
there has been a lot of work done in defining suitable higher analogues of the Fano
condition. Thus, this problem can be stated as follows:

Problem. Find natural geometric conditions R, on a manifold X such that if a
complex projective manifold satisfies R,., then X is covered by rational varieties
of dimension r.

For r = 1, this is the condition that X is rationally connected, or more
restrictively, that X is a Fano manifold.

In |[dJS064a], De Jong and Starr introduced the notion of 2-Fano manifolds as a
candidate for the condition fRy. A projective manifold X is said to be 2-Fano if it
is Fano and the second Chern character chy(Tx) = 3¢1(Tx)? — c2(Tx) is positive,
i.e., che(Tx) - S > 0 for every surface S in X, where Ty is the tangent bundle of
the manifold X. They also present some notions of rational simple connectedness.

In [dJSOT], it is shown that 2-Fano manifolds satisfying some mild assumptions
are covered by rational surfaces. In [ACI2|, Araujo and Castravet introduced

13



a new approach to study 2-Fano manifolds, via polarized minimal families of
rational curves (H,, L,). (See Section for details.) In [ACI2], many new
examples of 2-Fano manifolds have been described and this was followed by the
classification of 2-Fano manifolds with large index in [AC13].

In my joint work with Araujo, Beheshti, Castravet, Jabbusch, Makarova, Maz-
zon and Taylor, we suggest the following definition as a candidate for the condition

R,. [

Definition 2. We say that a Fano manifold X satisfies the condition §, if its
Chern characters ch;(X) are positive for all 1 < i < r. This positivity condition
means that ch;(Tx) - Z > 0 for every effective i-cycle Z in X.

As an encouraging step forward, in [Suz20] and [Nag19], it has been shown that
with further assumptions, Fano manifolds satisfying §, are covered by rational
r-folds. Given a Fano manifold X, with a polarized minimal family of rational
curves (H,, L,) that satisfies the condition §,, one can also ask if H, satisfies
condition §,_1.

With these motivating questions and observations, in Chapter [6], we study
examples of Fano manifolds that satisfy §» and §s.

Main Result 6. The following is the complete list of rational homogeneous spaces
of Picard rank 1 satisfying the condition §o:

- A,/PF, for k =1,n and for n = 2k — 1,2k when 2 < k < ™,
- B,/P*, for k =1,n and for 2n = 3k + 1 when 2 < k <n —1;

- C,/P*, for k=1,n and for 2n =3k —2 when 2 < k <n —1;

D,/P*, for k =1,n—1,n and for 2n = 3k + 2 when 2 < k <n — 1;

E,/P* forn=6,7,8 and k = 1,2,n;

- F4/P4:'
- Gy/PF, fork=1,2.

The notations used above to denote the various rational homogeneous spaces
of Picard rank 1 are as explained in Section [2.6]
However, we get no new examples of Fano manifolds satisfying §s.

Main Result 7. The only rational homogeneous spaces of Picard rank 1 satis-
fying s, are projective spaces P*, n = 3, and quadric hypersurfaces Q™ < P!,
n="T.

We also go through the list of 2-Fano manifolds with large index in [ACI3]
and check the §3 condition for those. We obtain the following classification.

4In this project, I primarily contributed to computing the bounds for the dimension n in
Main Result |§| and to also write up the results along with my collaborators.
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Main Result 8. Let X be a Fano manifold of dimension n = 3 and index
ix =n—2. If X satisfies §3, then X is isomorphic to one of the following.

o P,
o Complete intersections in projective spaces:

Quadric hypersurfaces Q™ < P**! with n > 6;

Complete intersections of quadrics Xo.o < P2 with n > 13;

- Cubic hypersurfaces X3 < P with n > 25;
- Quartic hypersurfaces in P with n > 62;
- Complete intersections Xo.5 < P"*2 with n > 32;

- Complete intersections Xo.0.0 < P"*3 with n > 20.

o Complete intersections in weighted projective spaces:

Degree 4 hypersurfaces in P(2,1,...,1) with n > 55;
Degree 6 hypersurfaces in P(3,2,1,...,1) withn > 181;
Degree 6 hypersurfaces in P(3,1,...,1) with n > 188;

- Complete intersections of two quadrics in P(2,1,...,1) with n > 6.

Note that here Xy, 4,.. 4, denotes the smooth complete intersection of hyper-
surfaces of degree d;.
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Chapter 2

Preliminaries

In this chapter, we will go through all the basic results that we will need in this
thesis, to prove the main results. Note that throughout this thesis, the base field
that we work with is the set of complex numbers.

2.1 Singularities of Pairs

Let X be a normal variety such that Kx is a Q-Cartier divisor, let 7: X — X be

its resolution of singularities. Denote the m-exceptional divisors by Fi, ..., E,,.
Then
KX—FZGZ‘EZ':W*(KX) (21)
i=1
for some rational numbers ey, ..., e,,. For each i € {1,...,m}, we let Ax(FE;) =

1 — e; and say that Ax(F;) is the log discrepancy of the divisor F;. We say that
e X has terminal singularities if each e¢; < 0,
e X has canonical singularities if each e; < 0,
e X has Kawamata log terminal singularities if each e; < 1,
e X has log canonical singularities if each ¢; < 1.

One can show that these definitions do not depend on the choice of the morphism
TT.

If X is smooth, then its singularities are terminal. Moreover, if X is a surface,
then X is smooth if and only if it has terminal singularities. Similarly, if X
is a surface, then it has canonical singularities if and only if X has Du Val
singularities. Likewise, if X is a surface, then it follows from [K97, Theorem 3.6]
that X has Kawamata log terminal singularities if and only if X has quotient
singularities. In all dimensions, Kawamata log terminal singularities are rational
by [K97, Theorem 11.1]. Starting from now, we assume that the variety X has
Kawamata log terminal singularities.
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Let Bx be an effective Q-divisor on X. Then

T

Bx = Z a; B;, (2.2)

i=1

where each B; is a prime Weil divisor on X, and each a; is a non-negative rational
number. We say that (X, Bx) is a log pair, By is its boundary, and Kx + By is
its log canonical divisor. Let us define singularity classes for the log pair (X, Bx)
following [K97, [KMO9S].

Let @1, .. .,ET be the proper transforms on X of the divisors B, ..., B,,
respectively. Let us also replace (if necessary) the resolution of singularities
XX by a slightly better one such that the divisor

i&+ia
=1 =1

has simple normal crossing singularities. Such resolution of singularities exists
[H64) [KOT], and it is often called a log resolution of the log pair (X, Bx). Suppose,
in addition, that the divisor By is a Q-Cartier divisor. Then there are rational
numbers dy, ..., d,, such that

KX-FZCZZ‘EZ'—FZCZZ‘E,'ZW*(Kx—FBx). (23)

i=1 i=1

Using this, we define the log pull back of the pair (X, Bx) as follows:

i=1 i=1

This new log pair is often denoted as ()A( , BX).
Definition 3. We say that

e (X, Bx) has Kawamata log terminal singularities if each a; < 1 and each
dj < 1,

e (X, Bx) has log canonical singularities if each a; <1 and each d; < 1.

Both these definitions do not depend on the choice of the log resolution
7: X — X. Note that BYX is not always effective. Nevertheless, our definition
still works in this case.

Remark 2.1. Moreover, it is easy to check (using the definition) that (X, Bx)

has log canonical singularities if and only if (X, BX) has log canonical singu-
larities. Similarly, one can show that the log pair (X, Bx) has Kawamata log

terminal singularities if and only if the log pair ()?, BX) has Kawamata log ter-
minal singularities.

Let P be a point in X. Then we can localize our definitions of singularities
at this point.
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Definition 4. We say that the pair (X, Bx) has log canonical singularities at P
if the following two conditions are satisfied:

o for every él in (2.3) such that P € B;, one has a; < 1,
e for every E; in (2.3)) such that P € w(E;), one has d; < 1.

Likewise, we say that the log pair (X, Bx) has Kawamata log terminal singulari-
ties at the point P if the following two conditions are satisfied:

e for every EZ in (2.3) such that P € B;, one has a; < 1,
o for every E; in such that P € w(E;), one has d; < 1.
Lemma 2.2. Suppose that X is smooth at P. Then the following assertions hold:
(1) if multp(Bx) < 1, then (X, Bx) is log canonical at P;
(i) if multp(Bx) < 1, then (X, Bx) is Kawamata log terminal at P;
(#3) if multp(By) > dim(X), then (X, Bx) is not log canonical at P;
(1) if multp(By) = dim(X), then (X, Bx) is not Kawamata log terminal at P.
Proof. This is [K97, Lemma 8.10] and [CKS03|, Exercise 6.18]. O

To measure how far the log pair (X, Bx) is from being log canonical, we can
use the following number, which is called log canonical threshold:

let(X, Bx) = sup{)\ € Q-9 | (X, ABx) has log canonical singularities}.
We can localize it at point P € X as follows:
letp(X, Bx) = sup{/\ € Q-9 | (X, ABx) has log canonical singularities at P}.
Similarly, if Z is an irreducible subvariety of the variety X, we let
letz(X, Bx) = sup{)\ € Q-9 ‘ (X, ABx) is log canonical at every point in Z}.

Now, let us denote by Nklt(X, Bx) the subset in X consisting of all points
where the singularities of the pair (X, Bx) are not Kawamata log terminal. To
be precise, let

Nklt(X, Bx) = <U BZ-> U <U W(Ei)> ¢ X.

a; =1 d;>1

This locus has been introduced in [S93, Definition 3.14] as the locus of log canon-
ical singularities of the log pair (X, Bx). Because of this, it is often denoted by
LCS(X, Bx). Observe that Nklt(X, Bx) = @ <= (X, Bx) has Kawamata log
terminal singularities.

Let X be a normal projective variety that has Kawamata log terminal sin-
gularities, and let By be an effective Q-divisor on the variety X that is given
by . The following result is commonly known as the inversion of adjunction.
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Theorem 2.3 ([KM98, Theorem 5.50]). Suppose that a; = 1, By is a Cartier
divisor, and By has Kawamata log terminal singularities. The following assertions
are equivalent:

e (X, By) is log canonical at every point of the divisor By;
e the singularities of the log pair (By,.;_,a;Bi|g,) are log canonical.

Let Z be a proper irreducible subvariety of the variety X. Following [K97,
Definition 1.3], we say that Z is a center of log canonical singularities or a log
canonical center of the log pair (X, By) if one of the following conditions is
satisfied:

e Z = B; for B; in (2.3) such that a; > 1,
o 7 = 7(E;) for some E; in (2.3)) such that d; > 1,

for some choice of the log resolution 7: X—>X. IfZisa log canonical center of
the log pair (X, Bx), then Z < Nklt(X, Bx).

Lemma 2.4 ([K97, Proposition 1.5]). Let Z" be a proper irreducible subvariety in
X. Suppose that Z and Z' are centers of log canonical singularities of the log pair
(X, Bx). Then every irreducible component of the intersection Z n Z' is a center
of log canonical singularities of the log pair (X, Bx).

If Z is a log canonical center of the log pair (X, Bx ), we say that it is a minimal
log canonical center if Z does not contain a proper irreducible subvariety that is
also a center of log canonical singularities of the log pair (X, By).

Theorem 2.5 (K98, Theorem 1]). Suppose that Z is a minimal center of log
canonical singularities of the log pair (X, Bx). Then Z is normal and has rational
singularities. Let H be an ample Q-Cartier Q-divisor on X. Then (Kx + Bx +
H)|z ~o Kz + Bz for an effective Q-divisor By on Z such that (Z,Bz) has
Kawamata log terminal singularities.

This result is Kawamata’s subadjunction theorem or Kawamata’s subadjunc-
tion.

Corollary 2.6. Suppose that —Kx is ample, Bx ~ A(—Kx) for a rational num-
ber \, and Z is a minimal log canonical center of (X, Bx), and Z is a curve.
Then Z is smooth. Moreover, if A\ < 1, then —Kx - Z < ﬁ and Z s rational.
IfA\>1, then —Kx - Z > %, where g is the genus of the curve Z.

Proof. By Theorem the curve Z is smooth. Let g be its genus. Choose
small rational number € > 0. Set H = ¢(—Kx). Then (A —1+¢)(—Kx - Z) =
(Kx + Bx + H)-Z = 2g— 2 by Theorem . Since € can be arbitrary small, we
get (A= 1)(—=Kx - Z) = 2g — 2, which implies all required assertions. O
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Results for surfaces

Let X be a surface that is smooth at P and Bx be an effective divisor on X. As
a consequence of Lemma [2.2] we have

Corollary 2.7. Suppose (X, Bx) is not log canonical at some point P € By, and
the curve By is smooth at this point. If a; <1, then

(iaiBQ B> muh:((iaiBi) -Bl) > 1.

i=2 i=2
The following result is very useful in the Sections that follow.

Lemma 2.8. Suppose (X, Bx) is not log canonical at P. Let 7 : X — X be the
blow up at the point P with E; as the exceptional divisor of the blow up. Suppose
multp(Bx) < 2. Then there exists a unique point in Ey such that (X, BX) is not
log canonical at it. Similarly, if (X, Bx) is not Kawamata log terminal at P, and
multp(Bx) < 2, then there exists a unique point in Ey such that (X, BX) is not
Kawamata log terminal at it.

Proof. Suppose (X, Bx) is not log canonical at P and multp(Bx) < 2 and suppose
there exist 2 distinct points P, and P, in F; at which (X, B¥) is not log canonical.
Then,

2 > multp(By) = BX - By > multp, (B - Ey) + multp,(BY - Ey) > 2

by Corollary 2.7, Thus, Remark [2.1) proves the first assertion. Similarly we can
prove the second assertion. O

Theorem 2.9. ([C14, Theorem 13]) Suppose X is as described above. Let A,
and Ao be two irreducible curves on X that are both smooth at P and intersect
transversally at P with a1 and as, rational numbers. Let Q be an effective Q-
divisor on the surface S whose support does not contain the curves Ay and As.
Thus, the boundary Bx = a1y + aslAy + Q. Suppose that the log pair (X, Bx)
is not log canonical at P. Put m = multp(Q)). Suppose that m < 1. Then
multp(Q.A1) > 2(1 — ag) or multp(Q.Ag) > 2(1 — ay).

Suppose that X is a surface with cyclic quotient singularity at point P of
type %(a, b) where a and b are coprime integers that are also coprime to n. Then

there is an orbifold chart 7: U — U for some open set P € U on X such that U
is smooth and 7 is a cyclic cover of degree n branched over P. Let P € U be a
point such that w(P) = P. Also let Bxy = Bx|y and By 5 = 7' (Bxu).

Lemma 2.10 ([K97]). The log pair (U, Bxy) is log canonical at the point P if
and only if the log pair (U, Bx,ﬁ) 1s log canonical at the point P.

Let Z be a Q-Cartier divisor of X. If any component of Z is not contained in
the support of Bx then we write

multp(Bx - Z) = mult3(By 5 - Zp)

where 2y = Z|U and Zﬁ = 7T71(ZU).
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Lemma 2.11. Suppose that no component of Z is contained in the support of
Bx. Then the inequality

Z. By > multp(Z) multp(Dx)
n
holds.
Proof. It immediately follows from Z- By = ZQE ¥ %QZ’BX), where the singular
type of ) is %(aQ, bg). ]

Let C' be a reduced irreducible curve on the surface X. Suppose the point
P is a smooth point of the curve C' and the boundary of X is given by Bx =
aC + A, where a € QQ such that @ > 0 and A is an effective Q-divisor such that

C ¢ Supp(A).
Lemma 2.12. Suppose that a < 1 and suppose that (X, Bx) is not log canonical
at P. Then we have

l<C-A.
n

Proof. See the proof of [CPS10, Lemma 2.5]. n

2.2 K-stability

Let X be a Fano variety of dimension n > 2 that has Kawamata log terminal
singularities and set L = —Kx. A (normal) test configuration of the (polarized)
pair (X; L) consists of

e a normal variety X with a G,, action,

e a flat G,,-equivariant morphism p: X — P!, where G,, acts naturally on
P! by
(t, [z y]) = [ta -yl

e a G,,-invariant p-ample Q-line bundle £ — X and a G,,-equivariant iso-
morphism

(0000, £] 1) = (X x (VO] pri(L)).
where pr, is the projection to the first factor, and 0 = [0 : 1].

For such test configuration, we let

1
DF(;L) = 7 (£ K + nLHm“). (2.4)

This number is called Donaldson—Futaki invariant of the test configuration (X, £).
Denote the central fibre p~1(0) by X}, and denote the fibre at infinity p~'(o0)
by X, where co = [1 : 0]. The test configuration (X, L) is said to be
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o trivial if there is a G,,-equivariant isomorphism
(X\Xw’ﬁ‘X\Xw) ~ (X X (Pl\oo),pr’l"(L)>,

e product-type if we have an isomorphism X\X, =~ X x (P'\c0),

e special if the fiber &j is irreducible, reduced, and (X, Xp) has purely log
terminal singularities, so that A is a Fano variety with Kawamata log
terminal singularities.

Definition 5. The Fano variety X is said to be K-semistable if for every test
configuration (X,L) one has DF(X;L) = 0. Similarly, the Fano variety X
is said to be K-stable if for every mon-trivial test configuration (X, L) one has
DF(X; L) > 0. Finally, the Fano variety X is said to be K-polystable if it is
K-semistable and

DF(X;L) =0 < (X, L) is of the product type.
Thus, we have the following implications:
X is K-stable = X is K-polystable = X is K-semistable.

If X is not K-semistable, we say that X is K-unstable. Similarly, if X is K-
semistable, but the Fano variety X is not K-polystable, we say that X is strictly
K-semistable.

The following results come in very handy, when determining the K-stability
of a Fano variety X.

Theorem 2.13 ([ABLX19,M57]). If X is K-polystable, then Aut(X) is reductive.
Theorem 2.14 ([BX19, Corollary 1.3]). If X is K-stable, then Aut(X) is finite.

Corollary 2.15. If Aut(X) is finite, then X is K-stable if and only if it is K-
polystable.

A longstanding conjecture is that a complex Fano variety with a compact
group G < Aut(X) acting on it is K-semistable if and only if it is equivariantly
K-semistable. This was initially confirmed in the case of smooth Fano varieties
with the additional condition that the group is reductive ([DS16]), but has been
later proven for non-reductive group actions too ([Z21]).

On the other hand, the K-polytability of a Fano variety X is implied by the
G-equivariant K-polstability of X, only when G is reductive.

So let G be a reductive subgroup in Aut(X). A given test configuration (X, £)
is said to be G-equivariant if the product G x G,, acts on (X, L) such that

e {1} x G,, acting on (X, £) is the original G,,-action,
e the G,,-equivariant isomorphism
(20 (0), £]yn0)) = (X % (BVO}), pri(D)).

is G' x G,,-equivariant.
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Definition 6. The Fano variety X is said to be G-equivariantly K-polystable if
for every G-equivariant test configuration (X,L) one has DF(X;L) = 0, and
DF(X; L) = 0 if and only if (X, L) is of the product type.

Remark 2.16. It has been proved in [LX14, [G19] that it is enough to consider
only special test configurations in Definitions[d and [0,

If X is K-polystable, then X is G-equivariantly K-polystable. Surprisingly,
we have

Theorem 2.17 ([DS16, LWX|, [LZ20, [Z21]). Suppose that X is G-equivariantly
K-polystable. Then X is K-polystable.

The notions of K-stability of Fano variety X can also be defined in terms
of various invariants that are now introduced in Section [2.2.1] Section and
Section

2.2.1 Valuative criterion

Let X be a Fano variety with Kawamata log terminal singularities, let G be
a reductive subgroup in Aut(X), let f: X — X be a G-equivariant birational
morphism, let F be a G-invariant prime divisor in X, and let n = dim(X).

Definition 7. We say that E is a G-invariant prime divisor over the Fano variety
X. If E is f-exceptional, we say that E is an exceptional G-invariant prime
divisor over X. We will denote the subvariety f(E) by Cx(FE). We say that E
1s dreamy if the algebra

D B (X, 05(f*(-mkx) - jE))

m,jeZ;o
15 a finitely generated C-algebra.

Let

1 T

Sx(F) = —”J vol(f*(—Kx) — zE)dx,
(=Kx)" Jo

where 7 = 7(F) is the pseudo-effective threshold of E with respect to —Kx, i.e.

we have

T(E) = sup{x € Qo | [f(—Kx) —zEis big}.

In some cases, it is not easy to compute Sx (F), but one can estimate it using
basic properties of the volumes. That is, for a € (0, 7(FE)) we have

7(E) a

J vol(f*(—Kx)—xzFE)dx < J vol(f*(—Kx)—zE)dz+(7(E)—a)vol(f*(—Kx)—aF)
0 0

because vol(f*(—Kx) — zF) is a decreasing function on x. This observation

is very handy, since the volume function vol(f*(—Kyx) — xFE) is often difficult

to compute for large x € (0,7(F)). Using log concavity of the volumes and
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the restricted volumes [LM09, [ELMNP09], we can improve the latter inequality.
Namely, arguing as in the proof of [Ful9:2l Proposition 2.1], we get

7(E) a
L vol( F*(—K) — 2E)dz < fo vol( f*(—K) — 2E)dz (2.5)
+ = Z -(7(B) — a)vol(f*(~Kx) —aE).  (2:6)

Let B(F) = Ax(E)—Sx(E), where Ax(E) is the log discrepancy of the divisor
E, defined as Ax(E) =1+ ordg(K¢ — f*(Kx)).

Theorem 2.18 ([Ful9:1) L17, BX19]). The following assertions hold:
o X is K-stable < B(F) > 0 for every prime divisor F' over X;

o X is K-semistable < [(F) = 0 for every prime divisor F' over X.

This criterion leads to the notion of divisorial stability, which is weaker than
K-stability, since it depends only on the value of S(FE) for all prime divisors E in
X. That is,

Definition 8 ([F'16, Definition 1.1]). The Fano variety X is said to be diviso-
rially stable (respectively, semistable) if B(F) > 0 (respectively, B(F) = 0) for
every prime divisor F' in X. We say that X is diwvisorially unstable if it is not
divisorially semistable.

To prove K-polystability, we can use the following handy criterion:

Theorem 2.19 ([Z21, Corollary 4.14]). Suppose that 5(F) > 0 for every G-
wmvaritant dreamy prime divisor F over X. Then X is K-polystable.

2.2.2 Tian’s criterion

Let X be a Fano variety with at most Kawamata log terminal singularities of
dimension n > 2. Let G be a reductive subgroup in Aut(X). Then

the log pair <X , iD) is log canonical for any m € Z-
ag(X) =supeeQ m

and every G-invariant linear system D c ‘ —mK X!

This number, also known as the global log canonical threshold (see [CS11], Def-
inition 3.1]) was defined by Tian ([T87],[T08, Appendix 2]). By [CS08, Theo-
rem A.3], both definitions coincide.

If the group G is a trivial group, then a(X) = ag(X) and so

X) =
a(X) Sup{EGQ Q — divisor D ~g —Kx

the log pair (X, eD) is log canonical for any effective}

This can also be extended to give the definition of o(X, L) for any ample divisor
Lon X.

a(X, L) = sup {6 eQ

the log pair(X, eD) is log canonical for any effective
Q — divisor D ~¢ L '
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Lemma 2.20. Suppose that G = G|, x B for some finite group B. Then

G-invariant effective Q-divisor D ~g —Kx

ag(X) = sup {e €

the log pair (X, eD) 1is log canonical for every}

Proof. See [ACCFKGSSV, Lemma 1.4.1]. O

Observe that the invariant «(X) has a global nature. It measures the sin-
gularities of effective Q-divisors on X that are Q-linearly equivalent to the anti-
canonical divisor —Kx. We can also localize a(X) as follows. Let Z be a proper
irreducible subvariety in X. Let

the log pair (X, AD) is log canonical at general point
az(X) =sup{ AeQ | of Z for every effective Q-divisor D on X
such that D ~g —Kx

Clearly, we have
a(X) = inf ap(X),

PeX

where the infimum is taken by all (closed) points in X. If the subvariety Z is
G-invariant, we can also define the number a¢ z(X) as follows:

the pair (X, AD) is log canonical at general point
agz(X) =sup AeQ | of Z for any effective G-invariant Q-divisor D on X
such that D ~g —Kx
Then ag(X) < agz(X).

Remark 2.21 ([F21, Lemma 2.5]). Let f: X — X be an arbitrary G-equivariant
birational morphism, let F' be a G-invariant prime divisor in X such that Z <

f(F), and let

T(F) = sup{a: € Quo| f*(—Kx) —aF is big}.

Then 2 )) > agz(X).

Lemma 2.22. With the notations and assumptions of Remark suppose in
addition that X is smooth and dim(Z) > 1. Then

Sy (F)

The a-invariants are important because of the following results, that help one
determine the K-stability of Fano variety X:

Theorem 2.23 ([DS16, [LZ20, [Z21], T87]). The Fano variety X is K-semistable
of

Oégjz(X).

n
n+1
Moreover, if ag(X) > 1, then X is K-polystable.

Theorem 2.24. If X is smooth and ag(X) = 15, then X is K-polystable.

ag(X) >
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2.2.3 Stability Threshold

Let X be a normal projective variety of dimension n, let A be an effective Q-
divisor on it such that the log pair (X, A) has at most Kawamata log terminal
singularities, and let L be an ample Q-divisor on X. Let f: Y — X be a projec-
tive birational morphism with normal variety Y, and let E be a (not necessarily
f-exceptional) prime divisor in Y. Then £ is a divisor over X. Let

Axa(E) =1+ ordg (Ky = f*(Kx + A)),

and we let

Su(E) = % fo vol(L — 2E)dz.

If (X,A) is a log Fano variety and L = —(Kx + A), we set Sx a(E) = Si(F) for
simplicity. Note that this (infinite) integral is actually finite, since vol(L—zE) = 0
for x > 7, (E), where 7, (F) is the pseudo-effective threshold:

TL(E) = sup{)\ €R.g | vol(L — AE) > O}.
Then the d-invariant is defined as

. Axa(E)
S(X.A: L) = inf XA
(X,A;L) )

where the infimum is taken over all prime divisors over X. The number 6(X, A)
is also known as the stability threshold, because of the following result (cf. Theo-

rem .

Theorem 2.25 ([FO18, [Ful9:1l [L17, B20) [CPL LXZ21]). If (X, A) is a log Fano
variety, then

e J(X,A)>1 < (X,A) is K-stable;
e (X, A) =21 = (X,A) is K-semistable.

We will now describe the local analogues of the Stability threshold, which

along with the Abban-Zhuang Theory in Section [2.2.3.2] is extremely handy in
computing §(X, A).

2.2.3.1 Local Analogues of the Stability Threshold

We will now define the local analogues of the d-invariant as follows,

. Axa(E)
Sp(X,A;L) = inf 22
P(X, A L) 0]

PECX (E)

We can also give an alternative definition to the d-invariant using log canonical
thresholds. In order to do this, we need the following definition.
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Definition 9. For effective Q-divisor D such that D ~qg L, we say that D is cool
if the inequality ordg (D) < SL(E) holds for every prime Weil divisor E over X.

Using this, we can now formulate an alternative definition of the J-invariant.
Proposition 2.26. Let P be a point in X. Then

the log pair (X, A+ )\D) 18 log canonical at P}

op(X,A; L) = A
p(X,A; L) SUP{ €Q for any effective cool Q-divisor D ~p —Kx

Then, we have

Corollary 2.27.
X, A L) = inf{lct (X, A; D) ’ D is cool effective Q-divisor such that D ~q L}.

Note that this notion has been mentioned previously in [CPS21], under the
assumption that the divisor D is a k-basis type divisor (see [FO1§]| for definition).

Recently, there has been a lot of progress in understanding the applications
of d-invariant. In this regard, we will briefly describe the theory developed by
Abban (Ahmadinezhad) and Zhuang in [AZ20].

2.2.3.2 General Abban-Zhuang Theory

Let X be a normal variety of dimension n that has at most Kawamata log terminal
singularities, let Z < X be an irreducible subvariety, let L be some big line bundle
on X, and let M (L) be the set consisting of all positive integers m such that
h(X,Ox(mL)) # 0. The d-invariant d7(X; L) along Z is defined by

Ax(E)

0z(X; L) = f

Z( ) ) él/lX SL(E>7
ZcCx (E)

where the infimum runs over all prime divisors E over the variety X such that
Z < Cx(E). In the case when X is a Fano variety and L = —Kx, we let

In this section, we explain how to estimate d(X; L) using the technique developed
in [AZ20].

Let Y be a prime Cartier divisor in X such that 7 < Y, and Y is not
contained in the supports of the negative part of the o-decomposition of L,
see [NO4, Definition II1.1.12]. The latter condition always holds if L is nef. Then
[AZ20, Theorem 3.3] implies the following

Theorem 2.28. Let 4(Y; W,Y,) be the number defined by
. Ay (F)
S, (Y WY,) = f —
AViWe) = b Sy

o)
ZQCy(F)

(2.7)

where the infimum is taken over prime divisors F' over the variety Y with Z <

Cy(F). Then

6z(X,L) = min{%,éz(Y; Wf,)}.
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We will now define the number S(WY,; F) and elaborate this computation in

the case of surfaces and 3-folds. For a more general description of the theory,
refer to [AZ20] and [ACCFKGSSV], Section 1.7].

2.2.3.3 Abban-Zhuang Theory for surfaces

Let S be a del Pezzo surface that has at most Kawamata log terminal singularities,
let p € S be a point. In this section, we will explicitly describe how to estimate
3,(5), using the technique developed in [AZ20].

Let Y be an irreducible curve in S such that p € Y. Assume that Y is
such that it is either Cartier on S or (S,Y") is purely log terminal. Then [AZ20,
Theorem 3.3] implies the following

Theorem 2.29. [ACCFKGSSV, Theorem 1.7.1], [AZ20, Lemma 2.21], [AZ20,
Corollary 2.22] Let S (W}:; p) be the number defined in Theorem . Then

: 1 Ay (p)
%(5) > min { Ss(Y) S(WY.;p) } '

Remark 2.30. [KMMS87, Lemma 5.1.9] [K91, Proposition 16.6/, [S93, Proposi-
tion 3.9] Recall that we have the following adjunction formula

(Ks+Y)|y =Ky +A
where A is called the different. Then,
Ay (p) = 1 — coeff(Al,).
Since Kg +Y 1s purely log terminal at p,
o coeff(A|,) = 0 when p is a smooth point of S,

m—1

o coeff(Al,) = ==L when p is a singular point of S and is of type C*\Zy,, for
m # 1.

The number S(W,

.; p) is defined in detail in [AZ20]. The following assertion
helps in computing it.

Theorem 2.31. [ACCFKGSSV], Theorem 1.7.13],[Fu, Theorem 3.16] For every
point p over'Y, let

h(u) = (P(u)-Y) - ord, (N(u)‘y> + JOOO vol(P(u)|, — vp) dv,

where P(u) and N(u) are the positive and negative parts respectively of the Zariski
Decomposition of the divisor —Kg —uY . Then one has

S(Wlip) = ﬁ JOT h(u) du.
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2.2.3.4 Abban-Zhuang theory for 3-folds

In the case of 3-folds, we have the following result, that makes the computa-
tions easy. Refer to [AZ20), Theorem 3.3] and [ACCEFKGSSV], Corollary 1.7.25,
Corollary 1.7.26].

Corollary 2.32. Let X be a smooth Fano threefold, letY be an irreducible normal
surface in the threefold X, let Z be an irreducible curve in'Y , and let E be a prime
divisor over the threefold X such that Cx(E) = Z. Then

—AX(E) = min{ ! ) ! } (2.8)
Sx(E) Sx(Y) S(WX,; Z)
and
S(WY,: 2) = ﬁﬁ) (P(u)?-Y) - ordz (N ()], )du

T o
+ ﬁfg L vol(P(u)|, —vZ)dvdu,
where P(u) is the positive part of the Zariski decomposition of the divisor —Kx —
uY, and N(u) is its negative part. Moreover, if the equality holds in , then
Ax(E) 1
Sx(B)  Sx(Y)

Next, we will look at the various notions that we require to study Fano vari-
eties in higher dimensions, as in Chapter [6]

2.3 Chern classes and Chern characters

Determining the intersection between subvarieties of a given variety, is vital in
completely understanding the variety. The basic step towards this is Bezout’s
theorem which states that two curves of degree d and d’ intersect in d - d’ points,
when counted with multiplicities. In this regard, one defines a ring A(X), called
the Chow ring of a variety X, in which the intersection product between elements
of the Chow ring, generalises Bezout’s theorem to higher dimensions. (See [EHI16]
for detailed descriptions.)

Let X be a smooth projective variety of dimension n. The group of cycles
on X, given by Z(X), is a free abelian group generated by the set of subvari-
eties of X. That is, Z(X) is graded by dimension k of the subvariety, where
every component of the group, denoted by Zi(X), is given by a formal linear
combination of subvarieties of dimension k (these are called k-cycles) and thus,

Z(X) = @), Zr(X).
Definition 10. [EH16, Definition 1.3] Let Z(X) be defined as above. Two cy-

cles are rationally equivalent if there is a rationally parametrized family of cycles
interpolating between them. The Chow group of X is the quotient

A(X) = Z(X)/Rat(X),

which 1s the group of rational equivalence classes of cycles on X.
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The Chow group when given a ring structure (See [EHI16, Definition 1.5] for
details) is called the Chow ring of X, denoted by A*(X). The Chow ring is graded
by codimension c, that is

AH(X) = @) Ac(X),

where A°(X) is the group Agim(x)—. where Ay, is the group of rational equivalence
classes of k-cycles.

The most interesting classes in a Chow group are those of vector bundles, for
which one can define what are called Chern classes.

Recall that the first Chern class of a line bundle £ is defined as follows:

Definition 11. [EHI16, Section 1.4] Let L be any line bundle on X. Then the
first Chern class
C1 (ﬁ) € An—l(X)

18 the rational equivalence class of the divisor o, for any nonzero rational section

o of L.
We then define the Chern classes of any rank r vector bundle ¢.

Definition 12. [EH16, Section 5.2] Let £ be a rank r vector bundle, with global
sections Tg, ..., Tr—1. Consider the bundle \" e, which is of rank 1. Then

ci(e) = e /\ ) € A (X),

is the class of the vanishing locus of the section 9 A ... AT.—1 € \ €. In general,
for any 1,

ci(e) = [D] e A,_i(X),

where [D] is the class of the vanishing locus of 7o A ... A To_j€ N e,

A certain power series in the Chern classes is called the Chern character. For a
detailed description of Chern characters of vector bundles, refer to [EH16l Section
14.2].

The following is the list of k-th Chern characters, chy(X), of varieties X,
([AC13, Section 3]), that we will be using in the computations in Sections that
follow. Note that chy(X) = chy(Tx) where Tx is the tangent bundle of X.

e Projective Space: Set h := ¢;(Opn(1)). Then

n+1 ,
! h". (2.9)

ch(P?) =n +
(") kz_:l k

e Weighted Projective Space: Let P = P(ag, ay, ..., a,) be weighted pro-
jective space with ged(ag, aq, ..., a,) = 1 and let H be the effective generator
of the class group CI(IP) =~ Z. From the Euler sequence, on the smooth locus
of P, we have

ak+ ...+ ak

ch(P) =n+ )] T”q(mk. (2.10)
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e Complete intersections:

If Y is a smooth variety and X is a smooth complete intersection of divisors
Dy,...,D.in Y, then

chy(X) = <chk(Y) —% C Df) : (2.11)
: x

In particular, we have the following:

— Complete intersections in P": If X is a complete intersection of
hypersurfaces of degree dy,...,d. in P", then

chp(X) = —((n+ 1) = > df)hfy, (2.12)

where h := Opn(1).

— Complete intersections in weighted projective spaces: Let P =
P(ag, a, ..., a,) be weighted projective space with ged(ag, aq, ..., a,) = 1
and let X be a smooth complete intersection of hypersurfaces with
classes diH,...,d.H in P. Assume X is smooth, and contained in the
smooth locus of P. Then the Chern character of X is given by

ctak =Y db

ch(X) = (n—c) Z 1 (Hx). (2.13)

ceey

the deﬁmtlon) and let o1 be the class of the hyperplane via the Plucker embeddlng
that generates Pic(Gr(k,n)).

e Grassmanians: Grassmanian Gr(k,n) parametrize k-dimensional sub-
spaces of an n-dimensional vector space V. Recall from [ACI3, Section
3.4] the following formula for the Chern character of Gr(k,n).

2 —2k —2-2k
ch(Gr(k,n)) = k(n — k) + noy + (n * o9 — n o11)

2 2
+n—2k
6

(0’3—0'271 +0'17171) +.... (214)

e Orthogonal Grassmanians: Let OG(k, n) be the subvariety of the Grass-
manian Gr(k,n) parametrizing linear subspaces that are isotropic with re-
spect to a nondegenerate symmetric bilinear form on an n-dimensional vec-
tor space V.

If n = 2k, OG(k, 2k) has two connected components: denoted by OG (k, 2k)
and OG_(k,2k). The two components are disjoint and isomorphic.
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For any component X of OG(k,n), we have the following description of the
Chern character of OG(k,n) [AC13, Section 6.2].

k(2n —3k—1
eh(x) = M2 > )t (= k= 1oy
n—3k—1 n—3k—3
+( 9 09 — 9 0'171)
n—3k—7 n—3k—4 n—3k—1
+ ( G o3 — 6 091+ Tglvlyl) + ...

(2.15)

e Symplectic Grassmanians: Let SG(k,n) be the subvariety of the Grass-
manian Gr(k,n) parametrizing linear subspaces that are isotropic with re-
spect to a nondegenerate anti-symmetric bilinear form on an n-dimensional
vector space V', with n even.

From [ACI3| Section 6.3], we have the following description of the Chern
character of SG(k,n).

k(2n — 3k + 1
h(SG (k. n)) = F1 - D k4 Doy
n—3k+3 n—3k+1
* (T@ a Tgl’l)
n—3k+1 n—3k+4 n—3k+7
+ (—6 03—~ 021t ——(—— oLia) + e

(2.16)

2.4 Polarised family of minimal rational curves

In this subsection, we will study the family of minimal rational curves on a smooth
projective variety X.

Let X be a Fano manifold and x € X be a general point. Then we can
construct a scheme RatCurves™ (X, x), which is a scheme of rational curves on X
through x. (See [Kol96l 11.2.11] for a detailed description of this construction.)

Let H, be a proper irreducible component of RatCurves”(X, x). We can take
it to be an irreducible component of RatCurves"(X,x) parametrizing rational
curves through = and having minimal degree with respect to —Kx. Using the
universal properties of A*(X), we get the following universal family diagram:

U, —— X,
H,

where 7 is a P!-bundle.
The variety H, comes with a natural finite morphism 7, : H, — P(T,X*)
sending a curve that is smooth at z to its tangent direction at z (see [Keb02,
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Theorems 3.3 and 3.4]). The morphism 7, is also birational by [HMO04]. There-
fore, H, has a natural polarization L, := 77O(1). The pair (H,, L,) is called a
polarized minimal family of rational curves through x.

In [AC12], Araujo and Castravet computed all the Chern characters of H, in
terms of the Chern characters of X and ¢;(L,). In order to state the result, first
we describe the relation between the Chow ring of X, A*(X) and H,.

Recall the definition of the Chow ring as described in Section . Let N*(X)
be the quotient of A¥(X) by numerical equivalence, where A*(X) is the k-th
graded piece of the Chow ring A*(X). Then, for any k£ > 1, we have

T := meev* : N¥(X)g — N*Y(H,)g.

By [ACI12, Proposition 1.3], we have

1
chy(H, Z Ajer(Le) - T(chyy1-5(X)) = er(Le ) (2.17)
where A; = # and the B;’s are the Bernoulli numbers.

Set d := dim(H,) and n := T(chy(X)) — Z=. Then, for 1 < k < 3, [2.17)
becomes:

(H) = T(eho(X)) + a1 (L) (2.18)
cha(H,) — T(chsy(X)) + %(cl(Hx) - ;l (L, ))L + %ﬁ (2.19)
chs(H,) = T(chy(X)) + %T(chg(X)) L, + 112T(ch2(X)) L2 — éLg

— T(eha(X) + 2T (chs(X)) - Ly + 22 (n - gL> 0

The following theorem provides few necessary conditions for X, in terms of
H, on X for z € X, to satisfy §», §3 and §4 conditions.

Theorem 2.33. Let X be a Fano manifold, and (H,, L,) a polarized minimal
family of rational curves through a general point v € X.

1. ([AC12, Theorem 1.4 (2)]) If X satisfies §2 and d > 1, then H, satisfies
1 (i.e., it is a Fano manifold).

2. ([AC1Z, Theorem 1.4 (3)]) If X satisfies §3 and d = 2, then H, satisfies
32 and p(Hx) =L

3. If X satisfies §4, d = 3 and n = Lm, then H, satisfies §3 and p(H,) = 1.
Here p(H,) denotes the Picard rank of H,.

Proof of (3). Suppose that the Fano manifold X satisfies §4, d > 3 and n > 3L,.
We know from (2) that H, is a Fano manifold satisfying §2 and p(H,) = 1.
Using the fact that the map T : N¥(X)r — N*1(H,)r preserves positivity for
k —1 < d, it follows from that ch3(H,) > 0, and thus H, satisfies §3. [
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A more precise description of the polarised family of minimal rational curves
(H,, L) when X is a Fano manifold satisfying §», can be given with the help of
the following theorem.

Theorem 2.34 ([AC12, Theorem 1.4 (2)]). Let X be a Fano manifold, (H,, L)
a polarized minimal family of rational curves through a general point x € X, and
set d = dim H,.

1. If X is 2-Fano, then H, is a Fano manifold with Pic(H,) = Z - [L,], except
if (Hy, L) is isomorphic to one of the following

(a) (Pm < P p*O(1) ®p;"(’)(1)>, with d = 2m,
(IP”"“ x P p*O(1 )®p;@(1)), with d = 2m + 1,
(c) (PWH( YD O(1)° ) : op(n), with d = 2m + 1,
(]Pm < QU prO(1 )®p;0(1)), with d = 2m + 1
(PWH Tooer) Op(l)), with d = 2m + 1.

(7 0). o

(0) (P1,003)).

2. Let b;(X) be the i-th Betti number of X. Suppose by(X) = 1. Then X is
2-Fano if and only if —2Ky, — dL, is ample.

2.5 Schubert Calculus

In this subsection, we recall the necessary background on Schubert calculus that
we will need, in order to study Grassmanians [C20), [EH16], [Ful97].

Let Gr(k,n) denote the Grassmanian that parametrizes k-dimensional linear
subspaces of a fixed n-dimensional vector space V. This can also be considered
as the parameter space of k — 1 dimensional projective linear spaces in P*~!. This
is a k(n — k) dimensional complex manifold. The cohomology ring of Gr(k,n)
can be explicitly described using Schubert cycles. In order to define these, fix a
‘flag’ of subspaces in the vector space V, that is a nested sequence of subspcaes,

F,:0=FcFc..cF,=V

where F; are vector subspaces such that dim(F;) = i. Let A = (Mg, Aa, ..., ) be
a partition satisfying

For a given partition A, we can define a Schubert Cycle, ¥, ,... » (Fs), to be
the closed subset

2)\17)\2 77777 )\k(F.) = {[Q] € Gr(k’,n) : dlm(Q M Fn—k-i—i—)\i) = Z}
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Note that dim(2y, x,,. a(Fo)) = k(n — k) — >, A

Since any two flags in a vector space V differ by the action of GL,, the class
XA 2o (Fo)] € A*(Gr(k,n)) does not depend on the choice of the flag F,
([EH16, Theorem 1.7]). These classes,

CDNID T P |Z>\1,)\2,---7)\k (F°)| e A* (G’l“(k’, n))’

are called Schubert classes and have codimension ), \; . These form the basis of
the Chow ring A*(Gr(k,n)) ([EH16, Corollary 4.7]). Note that when denoting
the Schubert cycles, any A; that is 0 is omitted.

Any Schubert cycle oy, »,,..x, can be represented by a Young diagram, which
is a collection of boxes placed from left to right, in rows, with the i-th row of
length A;,. That is, for example, 043211 can be represented as

The condition on the partitions A\; means that the Young diagram fits into a box
with k& rows and n — k columns and the rows of the diagram are non-increasing
in length from top to bottom.

Since Schubert cycles generate the cohomology ring of Gr(k,n), the inter-
section of two Schubert cycles represents the intersection of elements in the co-
homology ring and can in turn be written as a linear combination of Schubert
cycles. See [EH16, Chapter 4] for more details on computing the intersections of
Schubert cycles.

Here, we will recall a simple rule that can be used to find the intersection
of any Schubert cycle with a special Schubert cycle, which is a Schubert cycle
corresponding to a partition of the form A = (A1,0,0,..0). We will use this rule
frequently in our computations. This is called Pieri’s rule and is stated as follows:

Theorem 2.35. [EH10, Proposition 4.9] Let oy be a special Schubert cycle. Sup-
pose 0, is any Schubert cycle with parts iy, po, ..., pu.. Then,

O\ 0y = Z o,.

i SV i—1
PNZEL SN

Pieri’s rule can be described with the help of Young diagrams. The Young
diagram of the product o - 0, is obtained from that of o,, by adding A boxes,
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such that no two boxes appear in the same column. For example,

0'271 . 0'3 = . = +

= 0391+t 042 +0411+ 0571

In fact, this gives a complete algorithm for computing the product of any two
Schubert cycles, since any Schubert cycle can be expressed as a linear combination
of products of special Schubert cycles ([Ful97, Section 9.4], [EH16, Proposition
4.16)).

In the next subsection, we will recall the basic theory on Rational Homoge-
neous Varieties.

2.6 Rational Homogeneous Varieties

An algebraic variety is called homogeneous if there is an algebraic group acting
transitively on it. The classical theorem by Borel and Rummert [Ak95, page
101] states that any projective homogeneous variety can be decomposed into a
product of an abelian variety and a rational homogeneous space. That is, given
X, a projective homogeneous variety, we have

X =~ Abx X/,

where Ab is an abelian variety and X', a rational homogeneous space, described as
the quotient G/P of a semi-simple algebraic group G by P, a parabolic subgroup.
X' can be further decomposed into the following product,

X'~ G/Py x Gy/Py x ... x Gi/ P,

where G; are simple algebraic groups and P; are parabolic subgroups. So it is
enough if we consider GG, simple algebraic groups and P, parabolic subgroups, in
order to understand the complete classification of rational homogeneous varieties.
The most known examples of rational homogeneous varieties are projective spaces,
grassmanians and smooth quadric hypersurfaces.

The homogeneous space that is given by GG will only depend on its Lie algebra.
Refer to [Bou68, [FHI1, [Hum75, [Mil13, [Spr9§| for more details on the theory of Lie
algebras and their classification. This classification can be described pictorially,
with the help of Dynkin diagrams.
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That is, the list of simple Lie algebras can be classified into Classical and
Exceptional. The Classical Lie algebras are given by:

n—1
o0—0——0—0 0O—0—+—0—O0==0 0—0——0—0==0 o—o—
12 n 12 n 12 n 1 2 n

If the diagram has a symmetry, we can fold it along the symmetry and denote
this by drawing an arrow pointing away from the hinge.
The Ezceptional Lie algebras are given as follows:

E@ E7 Eg F4 GQ

o lo0 oodooo ooleoso oomo o

13456 134567 1345678 1234 21

Note that B, is a fold of D, 1, C, is a fold of As,_1, F} is a fold of Eg and
Gs is a fold of Dy (It is a double fold , i.e. it is Bs folded again!).

Let the nodes of the Dynkin diagram be labelled {1, 2, ...,1}. Choose a set of
labels I < {1,2,...,1} such that the labels in {1,2,...,I}\I correspond to marked
nodes in the Dynkin diagram. To a fixed set of nodes of the Dynkin diagram,
corresponding to the labels in I, we can assign a Parabolic subgroup. (see [?,
Section 3.2] for more details.) For example, if I = ¢J, then P; = B, the Borel
subgroup (a maximal closed and connected solvable algebraic subgroup) and if
I={1,2,.1}, then P = G. If {1,2, .[}\I = {k}, then we denote P; = P* which
is the mazimal parabolic subgroup. Thus, from the Dynkin diagram of a particular
Lie algebra, the corresponding homogeneous variety can be described and hence,
the classification of Lie algebras in turn give us an explicit classification of all
possible homogeneous spaces.

When G is simple, the quotients by maximal parabolic subgroups X = G/P*
are Fano varieties of Picard rank one. The following result comes in very handy
when studying rational homogeneous varieties of Picard rank one.

Lemma 2.36. When G is simple and P = P*, we have by(G/P*) = 1 and
by(G/P*) equals the number of simple roots adjacent to ay, where b;(G/P*) is the
i-th Betti number of G/P*.

Proof. See [?, Lemma 3.1]. O

For G simple and a parabolic subgroup P = P* corresponding to a non-short
root ay, i.e., a root such that no arrows in the diagram point in the direction of
the corresponding node in the Dynkin diagram, Landsberg and Manivel describe
the minimal family of rational curves H, through a point of X = G/P*:

Theorem 2.37 ([LMO03, Theorem 4.8], see also [LM04, Theorem 2.5] and the
subsequent paragraph). Let X = G/P* be a rational homogeneous variety such
that ay, is not short. Then H, is homogeneous and the associated marked diagram
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1s determined as follows: remove the node corresponding to k and mark the nodes
adjacent to k. Moreover, the embedding of H, in P(T,X) is minimal if and only
if the Dynkin diagram of G is simply laced, i.e., without multiple edges.

X = Eg/P% H, = Seg(OG, (5,10) x P?)

Example 1. EQ 4
2 is

13456738 1 12

In Section [6.1] we study Classical rational homogeneous varieties of Picard
rank one and check if they satisfy the §3 condition and in Section [6.2] we study
the Exceptional rational homogeneous varieties of Picard rank one, and check
which ones satisfy §, and §3 conditions.
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Chapter 3

Curves

Let Cy < P? be a reduced plane curve of degree d over C and P be a point on
Cy. In this chapter, we study the singularities of such curves by computing the
log canonical threshold of the curve C,; at a point P € Cj.

Recall that

letp(P?, Cyg)=sup{\ € Q| the log pair (P?, \C}) is log canonical at P}.

By [KSC04, Exercise 6.18] and [KSC04, Lemma 6.35], we have

L 2
;< letp (P2, Cy) < multp(Cy)

multp(Cy
This implies that the smaller the value of lctp(P?, Cy), the worse the singularity
of the curve C; at P.
The values of log canonical threshold of a given reduced curve C; of degree
d < 4 at a point P on C,; have been computed.

Example 2. Ifd =1 or d = 2, then lctp(P?,Cy) = 1.

Example 3. If d = 3, then the log canonical threshold of curves Cs of degree
3 at P, lctp(P?,C3) is one of {1, g, %, %} The worst singularity corresponds to
letp(P2,C3) = % and in this case, Cy is a union of 3 lines intersecting at P
(example of such a curve Cy is xy(x —y) = 0). Examples of curves with the given

values of log canonical threshold (2,2,3,1 resp.) are illustrated below:

37476

Pr

P -
P

Figure 3.1: (1)Cs : zy(z —y) = 0; (ii)Cs : y(z? —y) = 0; (iii))C3 : 22 — y* = 0;
(iv)Cs :zy(x —1) =0

Example 4 (Erik Paemurru). Let Cy be a quartic curve. The log canonical

threshold of Cy at the point P, lctp(P?, Cy) is one of {1, g, %, 1—70, %, g, %, g, %, g, % .
The worst singularity occurs when lctp(P?, Cy) = % and in this case Cy is a
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union of 4 lines passing through the point P (example of such a curve Cy is
zy(z —y)(x +y) = 0) as illustrated below.

Figure 3.2: Cy : ay(z? —y*) =0

For curves Cy with d < 3, letp(P?,Cy) correspond uniquely to a type of
singularity of Cy at the point P. When d = 4, this is not the case. For example,
both the curves illustrated below have lctp(P? Cy) = g but have very different
singularities at the point P.

Figure 3.3: (1)Cy:y(2? —93) =0 (ii))Cy : (z 4+ 22 + y*)(x +4*) =0

In Section [3.1}, we will study different types of singularities that a given curve
C, of degree d can have. Then in Section we will prove

Theorem 3.1. (Also Main Result Suppose d = 6 and dQ(?l g <lctp(P?,Cy) <
2d—7

o1 Lhen the curve Cy has singularity of type Mgy1, I\\/Jld 1 or Md 1 at the

point P with lctp(P?, Cy) = F415.

3.1 Singularities of curves

Let C' be a reduced curve on a smooth surface S and P be a point on C'. We try
to understand the singularities of the curve C' at the point P. In this section, we
introduce various types of singularities that we denote by T, K, Ty, K,, M,,
M, and M,,, where n = multp(C). We aim to describe the geometric properties
of the curve C having one of these types of singularities at P.

Let f; : S; — S be the blow-up of S at the point P. Let C! be the proper
transform in Sy of the curve C' and F4 be the exceptional divisor of the blow-up.
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3.1.1 Singularities of type K, (cusps)

Curve C' having singularity of type K, can be defined with the help of its geo-
metric properties as given below. These singularities are also called cusps.

1. multp(C)=n = 2,
2. Cl M E1 = Pl,

3. O! intersects F; tangentially at P, and is smooth at this point.

Figure 3.4: C with K,, singularity at P and its blow-up at P

Recall from [K99, Theorem 1.1], the log canonical threshold of a cuspidal

curve is ] ]
letp(S,C) = — + )
CP( ) n n+1

Remark 3.2. Suppose S = P2. Let C be a curve of degree d > 3 having K,
singularity at the point P. Thenn < d—1. If n = d — 1, then the curve C 1is
irreducible. Such curves do exist. For example, the curve C given by zx® ' +y? =
0 has singularity of type K41 at the point P = [0:0: 1].

3.1.2 Singularities of type T,

Curve C' having singularity of type T, at P can be defined using the following
geometric properties.

1. multp(C) =n > 3,
2. Ol M E1 = Pl,

3. The point P, is an ordinary double point of C*.

P

!
V El

Figure 3.5: C with T,, singularity at P and its blow-up at P
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Remark 3.3. Suppose S = P? and C is a curve of degree d. Let L be a line in
P? passing through the point P, whose proper transform L' in S, passes through
the point Py. If the curve C has singularity of type T,,, then C = L + Z, where
Z is a reduced curve of degree d — 1 that does not contain L as an irreducible
component. Since if not, then

d=LC=d—-1+2=d+1
which s absurd. Thus, C' = L+ Z and L n Z = P where Z has singularity of
type Kyq_o at the point P.

3.1.3 Singularities of type TTn

We will define curve C' having singularity of type ﬁ\f'n at P using the following
geometric properties.

1. multpC =n > 4,
2. Cl M El = {P17Q1}7
3. The point P, is an ordinary double point of C*,

4. C" intersects E,; transversally at (), and is smooth at this point.

O
P f h
C E

Figure 3.6: C' with T, singularity at P and its blow-up at P

Remark 3.4. Suppose S = P? and C is a curve of degree d. Let L be a line in
P? passing through the point P, whose proper transform L' in S, passes through
the point Py. Similar computations as the one in Remark[3.5 imply C = Z + L
such that L n Z = P, where Z s a reduced curve of degree d — 1 that does not
contain L as an irreducible component and Z has singularity of type Ky_o at the
point P, which is introduced in the following subsection.

3.1.4 Singularities of type ]Kn

Curve C with K, singularity can be defined using its geometric properties as
given below:

1. multp(C) =n = 3,
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2. Cl N El = {Plan}v
3. C! intersects F; tangentially at the point P, and is smooth at this point,

4. C'is smooth at Q; and intersects £ transversally at this point.

Ey

fl
P P,

e
C o

Figure 3.7: C' with ]Kn singularity at P and its blow-up at P

Remark 3.5. Suppose S = P? and C be a curve of degree d. Then C with
Ky—1 singularity at the point P exists. Such a C' can be reducible, for example
y(z72 —y471) = 0 or can be irreducible, for example x4 2y +y? + 2% = 0. If C is
reducible, then C' = L+ Z where Z is curve of degree d—1 which does not contain
L as an irreducible component and has singularity of type Ky_o at the point P.

3.1.5 Singularities of type M,

Curve C' that has singularity of type M, at P can be defined using the following
geometric properties:

1. multp(C) =n =5,
2. C'n Ey={P,Q1, R},

3. C!is smooth at the points Q; and R; where it intersects transversally with
E17

4. The point P, is an ordinary double point of C*.

S

L

Ey

Figure 3.8: C' with M, singularity at P and its blow-up at P

43



Remark 3.6. Suppose S = P? and C is a curve of degree d. C' having singularity
of type My_, at the point P exists, for example, x(x? — y?)(x4* — y?=3). It is
reducible and thus C' = Z + L where L is a line in S that contains the point P
such that its proper transform L' in Sy contains the point P, and Z is a reduced
curve of degree d — 1 which does not contain L as an irreducible component.

3.1.6 Singularities of type Mn

Curve C that has singularity of type M., at the point P can be defined using its
geometric properties.

1. multp(C) =n =5,
2. Cl N Elz{P17Ql}7
3. Py is an ordinary double point of C' with (C*.Ey)p, =n — 2,

4. C' intersects F; tangentially at the point Q; with (C'.F})g, = 2 and is
smooth at this point.

Py
/\p P

p
Q1
c L
Ey

Figure 3.9: C with Mn singularity at P and its blow-up at P

Remark 3.7. Suppose S = P? and C be a curve of degree d. Thenn =d —1 is
possible and curve C with My_, exists, for example, y(z2®+y3)(zy* 4 +2973) =0
has Md_l singularity at the point P = [0 : 0 : 1]. In this case, C is reducible
and thus, C = L + Z where L is the line in S containing P such that it’s proper
transform L' passes through the point Py in Sy and Z is a d — 1 degree reduced
curve that does not contain L as an irreducible component.

3.1.7 Singularities of type M,

Curve C' having singularity of type M, at the point P can be defined using the
following geometric properties.

\%

1. multp(C) =n =5,
2. Ol N Elz{P1>Q1}7
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3. Py is an ordinary double point of C* with (C}.E1)p, = n — 2,

4. @ is an ordinary double point of C* with (Cy.E})g, = 2.

i .

=

( = £,

Figure 3.10: C' with ML, singularity at P and its blow-up at P

Remark 3.8. Suppose S = P? and C be a curve of degree d having I\\7J1n singularity
at the point P. Then n = d — 1 is possible, for example C given by x(zz®* +
y3) (222 + 2%) = 0 has My_1 singularity at the point P = [0 : 0 : 1]. That is,
C =L+ Z where L is a line in S that passes through the point P whose proper
transform contains the point Py and Z is a reduced curve in S of degree d — 1
which does not contain L as an irreducible component.

3.1.8 Defining equations

In this subsection, we describe curve C' having any of the above types of singu-
larities using local equations. But these descriptions are indeed not essential to
prove Theorem [3.1] Upto analytic change of coordinates, the equation of curve
C with the respective singularities are given below:

n+1 ) )
1 Ky 2" + ™+ > a’y™™ 7+ HO.T. =0
i=1

n+1
2. Tp: x(z™ ' —y" + ) ™y ™"+ HO.T) =0
i=2
~ n+1 ) )
3. Tn: x(y(y"™!' —2"2) + > aiz"ly" ™= + H.O.T) = 0
i=2

~ n+1 ) )
4. Ky y(z™ ' —y™) + > qzhiy"™ T+ H.O.T =0
i=1

5. M:z((2? — y?) (2" % —y" ) + > az’y" T+ H.O.T) = 0

1=2
17
~ n ) ) n+1 ) )
6. M,,: y((«® +y*)(y" 3+ 2" %)+ > air'y™ "+ >, ba'y" "+ H.O.T) =0
i—1 i=0
1#N 1#n—2
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7. Mn . J]((ZEn_3 4 yn—2)<y2 4 134) 4 Z aixz—lyn-i-l—z + Z bixz—lyn+2—z
=
n+2 ) )
+ > gty + H.O.T) =0
25
The above set of equations comprise an exhaustive list of curves C' of a given
degree with the various types of singularities, upto analytic change of coordinates

and include the curves missing from the list in [C17), Definition 1.9].

3.2 Proof of Main Result [1

Let Cy be a reduced curve of degree d > 6 on a smooth surface S such that P € Cy
and let mo = multp(Cy). Suppose % < letp(S,Cy) < #‘d:l. This means
that there exists a A < d22—dT_d7+1 such that (S, \Cy) is not Kawamata log terminal
at a point P. Let us also assume that mg # d and thus Cy is not a union of d-lines.
We need to show that the curve C,; has singularity of type My_1, Mly_; or My_;
at the point P. It is important to notice that the arguments presented below are
very similar to the arguments in [C17]. Also, these are local arguments i.e. it is
not necessary for the curve C,; to be smooth everywhere outside of P. We assume
that the respective divisors on the surface S at various levels is Kawamata log
terminal (or log canonical) at a punctured neighbourhood of P.

Lemma 3.9. The following inequalities are used in the proof of the main result:

2

2. >\<2’Z—;1,f0rk€Z>o such that k < d—3

co

/\<i'§—ﬂf0rk€Z>0 such that k < d—5

A<

~

Ulw

A\ < -2

R

6. N < =5

7. A< 2
Proof. Straightforward. m

We will now introduce the notations used in the proof of the main theorem.
Let S = Sy = P? and D = (P?,\Cy). Consider a sequence of blow-ups f; : S; —
Si_1 such that f; is the blow-up of Py = P, f5 is the blow-up of the point P, and
so on, i.e. f; is the blow-up of the point P,_; € S;_1. We have,

Sy B g, fs L2 i

S3 S S1 So (3.1)

Also, let f : Spi1 — S be the composition of the blow ups i.e. f = fijo
fao....o fri1. The fi-exceptional divisors during each blow up is denoted by F;.
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The proper transform of the exceptional divisors E; in \S; are denoted by E]Z for
all 7 < 4. Also, after the f; blow-up, the curve Cy is denoted by C’ in S;. The
divisors comprising of the curve and the exceptional curves on every floor S; is
together denoted by D%. We will explicitly describe how each of these points of
blow-up are chosen.

Since (S, ACy) is not Kawamata log terminal at the point P € Cy, by Re-
mark one has that (S1, \C} + (Amy — 1) E}) is not Kawamata log terminal at
some point in E;. Let this point be P; and let m; = multp, (C}.E}).

Lemma 3.10. Amg < 2

Proof. Since mg < d — 1, we have Amg < A(d — 1). Using Lemma [3.9(1), we get
)\mo < 2. ]

From Lemma this implies that the point P; is a unique point on F; at
which (S;, D), that is, (S1, AC} + (Amg — 1) Ey) is not Kawamata log terminal.

Let L be the line in P? whose proper transform, L' in S, contains the point
Py.

Lemma 3.11. Suppose mg = d — 1. Then L is an irreducible component of the
curve Cy.

Proof. Observe that

Cé ~Q fl*(Cd) —mokn

If L is not an irreducible component of the curve Cy, then we have

my < C).L' = Cy.L — moE,. L' = d — my. (3.2)

Thus we have mg + m; < d. P, € C}, since if not then (S, (Amg — 1)F}) is
not log canonical at the point P;, which is not possible since Amg — 1 < 1 from
Lemma [3.10, Since mg = d — 1, m; = 1. Therefore, C is smooth at P;.

Let k=multp, (C}.E;). We claim that k¥ > d — 3. Indeed, suppose k < d — 3.
Since (S;, D) is not Kawamata log terminal at the point P, € Ey, by Defini-
tion , we have (S5, D*?) not Kawamata log terminal at some point in Es, where

D% = \C? + (Md —1) = 1)E? + (\d — 2)E,.

Let this point be P,. Note that all the coefficients of the curves in D*? are
less than 1. In particular, we have

d—2

M—2< 272
SE_dd+1

1.

Thus, by Definition |4} (S3, D) is not Kawamata log terminal at some point
in F3. Let this point be P;. Note that Py € C3 n E} n E3. Thus, f is a blow up
of P, € Cé N Fy, f3is the blow up of P, € C’g N E? N Ey and so on. One then has
the sequence as mentioned in Eq. .
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We require k£ + 1 blow-ups to ensure simple normal crossing of the elements of
the divisor over the point P. Here the points of blow up are such that P, = C*n E;
and using the notations described earlier, we have

Ks,., + ACHT 4+ (AM(d = 1) = DEF + (Ad = 2)ES + .+ (Mkd — 2k) By
~g [¥(Ks + \Cy). (3.3)

Let the coefficients of EF™ in ([3.3)) be denoted by b;. Then since

k
)\Cgﬂ + Z bz-Ef“rl + b1 Eps1,

=1

is a divisor with simple normal crossings over P, at least one of the b; > 1 or
bi+1 > 1. But the coefficients b; are such that b; < b; for all j < ¢ and we have

d?> —5d+6
d? —4d + 1

from Lemma (2) That is, in particular b; < byq <1 forall j <k + 1.
This contradiction implies that k > d — 3. We also know that,

bt = Med — 2k < <1,

k =multp, (Ch.Ey) < (C.E) =mg=d— 1.
Therefore, these inequalities imply
k=d—1ord—2
Thus, when

e k =d—1, then C, has singularity K;_; at P (See Section |3.1.1]).
e k =d—2, then Cj has singularity K4_; at the point P (See Section [3.1.4)).

If the curve C,; has either of the above singularities at the point P, then
letp (P2, Cd):% or letp(P?,Cy) = % respectively.

Since we assume lctp(P?, Cy) > % neither of these values for k are possible.
Therefore, this contradiction implies that L is an irreducible component of the

curve Cy. ]

IAJemma 3.12. Suppose my = d — 1. Then Cy has singularity My_q, I\N/[[d_l or
My_1 at the point P.

Proof. From Lemma|3.11|we know that L is an irreducible component of the curve
Cy ie. we have Cy = Cy_1 + L where Cy_; is a reduced curve of degree d — 1
which does not contain L as an irreducible component. Let ny = multp(Cy_1).
Since my = multp(Cy) =d — 1, we have ng =mog—1=d — 2.

Let fi : Sy — S be the blow-up at the point P and n; = multp, (C}_)).
We have, n; = m; — 1. We also have P, € C]_; since if not it would mean
that (S, A\L' + (A\(d — 1) — 1)E}) is not log canonical at the point P; which is
a contradiction since A < 1 and A\(d —1) — 1 < 1 and L', E| are simple normal
crossing divisors over P;. Thus, n; > 1.
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Consider
ny < Ll.C;_l =d—1- No,
that is, ng + n; < d — 1 and since ng = d — 2, we have ny = 1. Thus the curve
CJ_, is smooth at P;.

Let k = multp (C} |.E;). We claim k& > d — 5. Instead, suppose k < d — 5,
then using similar computations as in Lemma [3.11] after £ + 1 blow-ups, we get

Ks, ., + ACEH 4 ALFT + (A(d = 1) = DEF™ + ..+ (A(kd + 1) — 2k) Eg4q
~Q f* (KS + )\Cd)

where (Sy;1, D%+1) is not Kawamata log terminal at some point in Ej,, which
we take to be Py,1. Here again, f is a composition of the k£ + 1 blow ups and b;
are the coefficients of EF™! in the above equation.

Since the curves in the divisor

k
ACHEL 4 ALFT 4 Y b EF + by By
i=1
intersect at simple normal crossing at the point P after the k£ + 1 blow ups, one
of these coefficients should be such that b; > 1 or b1 > 1 but we have

(k+2)d -2k — 7
d? —4d + 1

from Lemma [3.9(3) and the coefficients are such that b; < b; for all j <. In
particular, b; < by < 1 for all 7 < £+ 1. This contradiction implies k > d — 5.
We also know,

byt = Aked + 1) — 2k =

< 1,

k=multp (C] ,.E) < (C]_,.E)) = multp(Cy_1) =ng = d — 2.
These inequalities imply that
k=d—2ord—3ord-—A4.
Thus, when
e k=d— 2, Cy has the singularity of type T,_; at P (see Section ,
e k=d—3, Cy has the singularity of type Ty_; at P (see Section .

If C4 has either one of the above singularities at the point P, then lctp(P?,Cy) =

230 or letp(P2, Oy) = respectively. Since we assume that lctp(P?, Cy) >

2d—5
(d—1)2 d2—3d+1

%, these values of k are not possible. Thus k& = d — 4, i.e. C,; has the
singularity of type My_1, Md,l or Md,l at P. O

Observe that Lemma [3.11] and Lemma |3.12| complete the proof of the main
result if mg = d — 1. In the remaining part of the section, we will prove that
mo < d — 2 is not possible. In particular, we prove the following proposition.

Proposition 3.13. If my < d — 2, then lctp(S, Cy) > 5.
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This in turn proves that for our choice of A and the assumption that (S, A\Cy)
is not Kawamata log terminal at a point P, my < d — 2 is not possible, since
A< %. Let us prove this proposition by the method of contradiction.

Proof. Suppose mo < d — 2 and let(S, Cy) < 2. Let p = 2. Then (S, uCy) is
not log canonical, in particular, is not Kawamata log terminal at a point, say P.
Let us now obtain the necessary contradiction.

Lemma 3.14. The line L is not an irreducible component of the curve Cy.

Proof. We shall prove this by contradiction. Suppose L is an irreducible com-
ponent of the curve Cy. Then Cy = L + Cy_q, where C;_; is a reduced curve
of degree d — 1 in P? and does not contain L as an irreducible component. Let
f1: 51 — S be the blow-up at the point P in Cy. Let ng = multp(Cy_1).

Since (S, uCy_1 + pL) is not log canonical at P, we have that (Sy, uCh_, +
pLt + (u(ng + 1) — 1)E}) is not log canonical at some point in F;. We choose
this point to be P;. Let ny = multp, (C}_,).

Consider

d— 1 — Ng = Cdlil.Ll Z 1

which implies that ng+n; < d—1. But ng = my—1 < d—3, using our assumption.

Also, 2n; < ng + nq which implies 2n; < d — 1. We can then conclude that
puny < 1. We also have L' and F; smooth at P, and intersecting transversally at
Py. Thus applying Theorem [2.9, we get

p(d =1 —mng) = pCy_.L" > 2(2 — p(ng + 1)) (3.4)
which implies that u(d — 1) > 2 or

png = pCy_y.Ey > 2(1 — p) (3.5)

which implies that pu(ng + 2) > 2.
These two inequalities imply that pu(d — 1) > 2 which is absurd. Thus, L is
not an irreducible component of CY. ]

Since L is not an irreducible component of the curve Cy, from the computa-
tions in (3.2)) we can also assume

m0+m1<d.

Since (S, uCy) is not log canonical at the point P and since p < 1, we have
that (Sy, uC} + (umg — 1)E}) is not log canonical at some point in Fy, say P;.
We also have that,

pmeg —1<p(d—2)—1=24d-2)-1=23 <1,

for d = 5. Thus, from Lemma there exists a unique point in Fs, say P, such
that (Sa, uC3% + (umo — 1)EF + (u(mo + my) — 2) E») is not log canonical at P;.

We know P, € C3 since, if not, it would imply (Ss, (umo — 1)E? + (u(mo +
mq) — 2)Es) is not log canonical at the point P,. This is not possible since
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pumoy —1 <1,
wimo +my) —2< pud—2 <1,

and E?, By are simple normal crossing divisors at P.

Lemma 3.15. P, ¢ E?

Proof. Suppose P, € EZ.
Observe that
Ci~ f5(Cy) —mE,

so that
C2E} =CLE, —miEy.E} = my—my
Also, since P, € C2 n E? n Fy we have
my = multp, (C?) < (C3.E?)
Therefore, ms < mg — my. Since mo < mq, we have
2my < my + mg < My

which implies

me S 5

From Lemma [3.9(5), we have
pmy < pie < pds? <1

We also know that El2 and Fs are smooth at P, and intersect transversally at
Ps.

Since (Sa, nC?% + (umo — 1)E} + (u(mg + my) — 2)E») is not log canonical at
the point P, Theorem [2.9] implies,

pu(mo —my) = puC2.E? > 2(3 — u(my + my))

or
)\ml = AC?[EQ > 2(2 — )\m0>
That is,
w(3mg +mq) > 6 or u(2mg +mq) >4

We have
3mg+mq =2my+mo+my <2(d—2)+d=3d—4, (3.6)
2mo +mi <d—2+d=2d—2 (3.7)
Since the above mentioned inequalities obtained from using Theorem [2.9|result
in contradiction, it proves our claim that P, ¢ E2. O

Lemma 3.16. P, ¢ L?

Proof. Suppose P, € L?. Since L is not an irreducible component of C;, we have
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d—mg—mq = L>.Ey > mo
and this implies that mg + m; + mq < d. Also, applying Lemma we get,
pd = p(mo +my +mg) > 3
which results in a contradiction since ud < 3. Thus P, # L? N E. O

Thus, we have
(82, uCF + (u(mo + mu) — 2) E»)
not log canonical at the point P. Then from Remark [2.1],
(3, uC3 + (p(mo + my) — 2)E3 + (pu(mo + mq + my) — 3)E3)

is not log canonical at some point in Ej3, say Ps.

We have
2my < mg +my <d,
and
p(mo +my + mo) < p(mo + 2my) < p(d—2+d) = 4. (3.8)
Therefore

w(mo +my +ms) —3 < 1.
P € (3 since if not, then this would imply that
(S, (u(mg + my) — 2)E3 + (u(mo + my + my) — 3)E3)

is not log canonical at the point P3;. But since the coefficients of the F; < 1 and
E3, E3 are simple normal crossing divisors over the point Pj, this is not possible.

Lemma 3.17. P ¢ E3
Proof. Suppose P5 € E3. Observe that
Ci ~o f3(Cq) — maEs
We thus have
C3.E3 = f3(C3.Ey) — my(Es.E3) = my — my
Therefore Theorem implies
p(my —ma) + (p(mo +my +ma) —3) = (uCi + (u(mo +my +my) —3)E3). By > 1,

which implies
pu(mo + 2mq) > 4.

From (3.8) we know that u(mg + 2m;) < 4. Thus this contradiction proves
our claim. O

Therefore, the log pair
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(S3, uC3 + ((mo + my + my) — 3)E3)
is not log canonical, at the point P;. Thus from Remark [2.1]
(S4, uCq + ((mo + my + mo) — 3)E3 + (u(mo + my + mo + m3) — 4)Ey)

is not log canonical at a point P; € E,, where m3 = multp,(C3). We have
m2+m3<2m2<mo+m1<d.

Thus,
2
w(mo +my + mo + ms) < p(2(mo + my)) < ﬁ%l < 5. (3.9)

Lemma 3.18. P, ¢ Ej

Proof. Suppose P, € F3. From the inequality (3.9)), we know mg+my +2my < ,%
Also, observe that

so that
CsEgl = Mg — Mg3.

Then from Theorem 2.3 we have
(1C + (u(mo +my +my +mg) — 4)Ey).Ef > 1,

which implies

5
mo + mq + 2mo > —.

This contradicts the inequality in (3.9). Thus P; ¢ E3. O

Thus, (Sy, pC5 + (u(mo + my + ma + m3) — 4)Ey) is not log canonical at the
point P;. From Theorem [2.3| we have

umultp4(0§) + (u(mo +my + mg + mg) — 4) >1

which implies

)
muth4(C'§) + mg + mp +mo + mg > ; (310)

Now using (3.10) and a geometric construction of a special curve in Sy we
will try to arrive at a contradiction. We may assume that the line L is given by
x=0,P=[0:0:1]. Let C be the conic in P? that is given by

rz + Axy + By* = 0,

where A, B € Cand B # 0. Then C is smooth and is tangent to the line L. Denote
the proper transform of C in S® by C'. It follows from Lemma [3.15, Lemma m,
Lemma Lemma [3.18] that there exists A and B # 0 such that C* on S°
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contains P, for i = 1,2,3. So we can assume that A, B are chosen this way. Then

we have
C* ~2L*+ E} + 2F; + E3.

Thus this pencil |C*| does not have base points.
Also, let £ be a pencil of conics in P? given by the following

s + t(zz + Awy + By?) = 0,

where s,t € C. This is generated by 2L and C.

Let @jcs : S* — P be the morphism defined by the pencil |C*|. Similarly, let
¢r : P2 ——s P! be the rational map defined by the pencil L.

These make the following diagram commutative.

P2 fi S, < f2 S, 4 f3 S fa S,

' %
]Pl

Choose a curve Z* in |C*| that passes through the point P;. Then Z? is a
smooth irreducible curve. Let the proper transform of Z* in P? be denoted by
Z. Thus Z is a smooth conic in the pencil £. Suppose Z is not an irreducible
component of the curve Cy, then we have

o,/

2d — (mg + my +mg +ms) = C1.Z* = multp, (C)) (3.11)

(3.10) and (3.11)) result in a contradiction since p < 2.

Thus, C; = Z + Cy_5 where C;_5 is an irreducible curve of degree d — 2 which
does not contain the conic Z as an irreducible component.

Let C} ,, C% ,, C3 ,, C_, be the proper transform of the curve Cy_5 on the
surfaces S, .55, 53 and Sy respectively.

Denote by ng = multp(Cy_s); ny = multp, (C) ,); ne = multp,(C3 ,); ny =
multp,(C3_,) and ny = multp,(C3 ). Thus we have,

(S4, uC o + nZ* + (((no + ny + ng + n3 +4) —4)Ey)

is not log canonical at Pj.
Thus, applying Theorem [2.3] to the above gives us

n(2(d—2)—ng—ny —ng—ng) + png+ny +ng+ng+4)—4>1
which implies
- 5
2d’

But p < % and thus this contradiction proves the proposition.

I

]

This in turn proves that mg < d — 2 is not possible for the chosen value of A,
hence completing the proof of Theorem [3.1]
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Chapter 4

Surfaces

In this chapter, the main objects of study are del pezzo surfaces Sy, of degree
d with at most du Val singular points. Recall that del Pezzo surfaces are Fano
varieties of dimension 2, that is, these are varieties of dimension 2 whose anti-
canonical divisor is ample. We are interested in determining the K-stability of
these surfaces and also, in constructing H-polar cylinders for any ample divisor
H. For a brief introduction about both these notions, see Section [1.2.1) and [1.2.2]

4.1 Applicability of Dervan’s criterion

4.1.1 Foundations

The applicability of Dervan’s criterion (Section [1.2.1.1]) for smooth del Pezzo
surfaces, has been studied by Cheltsov and Martinez-Garcia in [CM20]. We
briefly recall the results.

Theorem 4.1. [CM20, Theorem 1.1] Let S be a smooth del Pezzo surface such
that K% < 2, and let L be an ample Q-divisor on S. If —Kg — %#L s nef,
then (S, L) is K-stable.

The following negative result is also proven in [CM20)].

Theorem 4.2. [CM20, Theorem 1.5] Let S be a smooth del Pezzo surface such
that K% > 4, and let L be an ample Q-divisor on S. Then «(S,L) < §*[Z§'L.
Moreover, the equality holds if and only if K% = 4 and L € Q=¢[—K5s].

The following is a partial result for smooth cubic surfaces from [CM20)].

Theorem 4.3. [CM2(, Theorem 1.6] Let S be a smooth cubic surface in P3,
and let £y, Fy, F3, Ey, E5, Eg be disjoint lines on the surface S. Let L =
—Kg + xZ?Zl E;, where x is a non-negative rational number such that x < 1.

Then L is ample. Furthermore, if 0 < x < ﬁ), then (S, L) is K -stable.

Theorem [.1] Theorem and Theorem [4.3] have been proven using the
Dervan’s criterion, which we recall here (also Theorem [1.3)).
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Theorem 4.4. [D15, Theorem 1.1] Let X be a Fano variety of dimension n, and
let L be an ample Q-divisor on it. Let v(L) = _KXL—F Then (X, L) is K-stable
if

1. the Q-divisor —Kx — -2=v(L)L is nef,

T
2. and (X, L) > 25v(L).

Note that if v(L) = 0, that is, —Kx-L""! = 0, then the first condition requires
that —Kx is nef. But from [D15, Remark 11], we know that —Kx cannot be nef
and not be numerically zero: in other words, X has to be numerically either a
Calabi-Yau or Fano.

In Section [4.1.2] we establish the applicability of the above criterion to singular
del Pezzo surface of degree 1. In particular, we prove

Theorem 4.5. (Also Main Result @) Let S be a del Pezzo surface of degree 1
with Ay, Ag or Asz singularities. Let L be any ample divisor and v(L) = —fzg'L.
If the Q-divisor —Kg — 2v(L)L is nef, then (S, L) is K-stable.

4.1.2 Proof of Main Result [2

In this section, we prove Theorem [4.5]

Let S be a del Pezzo surface of degree 1 with singular points of type A;, A,
or As. Let L be an ample divisor on S such that —Kg — 2v(L)L is nef, where
v(L) = =E$L is the slope of L.

Let us now scale L by 2 KS L [, Scaling L will result in the slope, v(L) being
scaled accordingly, that is, after scaling, v(L) = =BgL = 3

This can be written as

L2 o2

(L — ;(KS)).L =0 (4.1)
Let B=—-Kg— L and e = —Kg.B. Since B #¢g 0, we have € > 0. We now need
to prove that «(S,L) > 1.

We will briefly describe the method used to prove this. First, for the various
singular del Pezzo surfaces S, we choose a § > 1 and prove that a(S, L) = § > 1 by
contradiction. That is, suppose «(S, L) < ¢. Then IX < § and D ~g L such that
(S, AD) is not log canonical at some point P € S. Then we get a contradiction
to this implication, which would in turn imply that «(S, L) = § > 1.

Let
2ife <1
5= {36’1 €>< (4.2)

Let D = aC + A, where a is a non-negative rational number, C' is a curve
in the pencil | — K| that passes through the point P. Let A = 3. ¢;C; be an
effective Q-divisor whose support does not contain the curve C'. Thus we have
that (S, A\aC+AA) is not log canonical at P € C.

Lemma 46. L 74@ %(—Ks)
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Proof. 1If L ~g 2(—Ks), then consider

2 3 3 3 9

— —( — = — —_ > —_——_— = -
([CK14, Example 1.27]) and this is a contradiction since (S, L) < § < 1t < 2
from our assumption. O

Lemma 4.7. a < 2/3

Proof. Suppose a > 2 , then
= L (L - 3(Ks) = L-(D— 3(Ks) = L-((a— )0+ &) > a— L€

Since L.C' > 0, a = 2 since if otherwise it contradicts the above inequality and
since L is ample, L.A > 0 and this implies that A = 0. This contradicts Lemma
4.6l O

w

4.1.2.1 Smooth point of surface

Suppose this point P on C' is not a point of singularity of the surface. Then the
curve C' can either be smooth at P or singular at P.

Let us consider each one of these cases.

C smooth at P: Since C' is smooth at P and A\a < %% < 1, Corollary

gives

$1<CA=C(D—-aC)=1-BC—-a<1-BC=1-¢
This implies that 6 > A > li > % which is a contradiction to our initial
assumption and ( . Therefore this is not possible.

C singular at P: Suppose C is singular at P. Since C' € | — Kgl, this
implies that C is either a cuspidal cubic or a nodal cubic curve and therefore,
multp C = 2. Let f: S! — S be the blowup at P and E; be the exceptional
divisor. Let C! and A! be the proper transforms of C' and A respectively in S?.
Let m = multp(A).

Also,

C' = f*(C) - 2E,
Al = f*(A) —mE,
—Kg = f*(—Kg) — Ey.

We can estimate a bound for the value of m using these equations, as given below.

0<AC'=AC-2m=1—€e—a—2m (4.3)

Since (S, AaC + AA) is not log canonical at P, (S, A\aC* + AA! + (A(2a +
m) — 1)E}) is not log canonical at some point P, € E;, by Remark

Lemma 4.8. \(2a+m)—1<1

57



Proof. Since a < %, and a + 2m < 1 from 1' 20 + m < % and therefore,

AM2a+m)—1<1. O

Py e C'. Suppose P, ¢ C'. Since E; is smooth at P, and A(2a + m) — 1 < 1, by
Corollary 2.7] we have,

oo

1 _1-a 1

> >m = (A'E s =
27 g 2o @) =3y
from (4.3)) and (4.2)). This contradiction proves the claim.

This implies that P, € C!' n E; is the only possibility.

Remark 4.9. (1) A < 2 and a < 2 which implies Aa < 1. (2) C* is smooth at
P and C'.E, = 2.

P, ¢ C' n E;. Suppose P, € C' n E,. Then Corollary implies,

1< C LA+ X\2a+m) —1)E;) = MA.C —2m) + 2\(2a +m) — 2
AMl—e—a—2m+4a+2m)—2
A

(1—€+3a)—2

Since € > 0 and @ < 2,3 < A(1+3a—¢) < A(3—¢€) < 3 which is absurd, therefore
proving our claim.

This contradiction proves that such a curve C' is not possible, when P is a smooth
point of the surface.
We will now look at the different singular points.

4.1.2.2 A, singularity

Suppose S has at least 1 singular point of type A; and P is the point of A;
singularity of S. Suppose C' is singular at the point P. Then C' could be one of
the following.

1. C'is a nodal curve with node at P.
2. C'is a cuspidal curve with cusp at P.

We will now look at both these cases and prove that neither is possible.

Let C be any one of the above curves and let f : S' — S, be the blow up of
the point P which is a point of singularity of type A; of S, and is the singular
point of the curve C' in | — Kg|. Since it is of A; type, we have

Kg = [*(Ks),
b= f*(C) - Ela :
Al = f*(A) — mlEl, (46)

where m; € Q. From the above we can estimate my,
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0< ALC = A.C —2my,

) <A.C’ l—a—c¢
IS = .
1= 2

(4.7)
Note that the log pullback is given by
Kgi + MaC" + AA' + Xa +my)Ey = f*(Kg + AaC + \A).

Since (S, \aC+AA) is not log canonical at P, (S*, \aC'+AA'+\(a + my)E))
is not log canonical at some point P, € Ey, by Remark

Lemma 4.10. A(a +m;) <1

Proof. Using (4.7)) and (4.2), we have
1-a 1+a )
- 2) <1
)\(a+m1)<)\<a+ 5 > >\< 5 )<>\(6)<

P, € C'. Suppose P, € Ey but P, ¢ C'. Since E) is smooth at P, and A(a+m;) <
1, from Corollary 2.7 we have,

]

1
1—e>2m1:A1.E1>X.

We get % < ﬁ < X which is a contradiction by ([4.2)). Therefore, P, € C*.

P, ¢ C' n E,. We will consider the different possibilities of the curve C.

Case 1: Suppose C' is the nodal curve with node at P. We have shown above
that if the point P, exists, then it is such that P, € C' n E;. We will now prove
that this is not possible.

Suppose P, € C' ~n E;. Since E; is smooth at P, and A(a + my) < 1, applying
Corollary 2.7, we get,
((aC* + AY).Ey)p, > &

But,
< ((@C'+AY).E))p =a+2m <a+l—a—e=1—c¢

since € > 0. This again contradicts (4.2), thus proving our claim.

This contradiction proves that such a P, does not exist, which contradicts our
assumption that (S, A\aC' + AA) is not log canonical at the point P. Therefore C'
cannot be a nodal curve with node at P.

Case 2. Suppose C is the cuspidal curve C in | — Kx| and P, € C* n E.
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Let f5: 5?2 — S! be the blow up of S! at the point P;. We get that

=T (C) 2E2, .
=T (A) mlE (m1 + WQ)EQ, (49)
—Ksz 7 (Kg) — s, (4.10)

where T = fi 0 fa, m1,m2 € Qxo.

Now we have that the log pair,
(52, X\aC? + AA? + Xa + m1)E? + (\(2a + my + my) — 1) Ey),

is not log canonical at some point P, € Ey, by Remark
Note that we have Aa < 1, A(a +m;) < 1 and

< AzEf = 2m1 — My,
<

0
0<A?2C*=1—€¢—a—2m; —ms.
We will use these inequalities in the results that follow.

Lemma 4.11. A\(2a +m; + my) — 1 < 1

Proof.

5 — 3e

AM2a+mi+mo) < A2a+1—a—e—mi) <A1l+a—¢)) <A 3

) <2.

]

Now we will look at the various possible positions of the point P;.

Py € E; n E? n C?%. Suppose P, ¢ E? U C?. Since E? and C? intersect Es at the
same point, this would then imply that P, ¢ E? and P, ¢ C?. Then, since F is
smooth at P, and A\(2a +m; + my — 1) < 1, Corollary gives the following:

§<A2.E2=m2 2mi <l—e—a—mos <1 —e.

This contradicts (4.2) since the above argument gives A\ > lie > % Thus
PQEE%(\EQ(\CZ.

Let f5: 5% — S? be the blow up of S? at the point P,. We have

C? = ¢*(C) — E} — 2E3 — 43,
A?) = ¢*(A) — mlEi)’ — (m1 + mg)Eg — (2m1 + mo + mg)Eg,
—Kgs = *(—Kg) — E3 — 2F;,

where 1 = fi 0 fa 0 f3, mi,ma, mz € Qx.
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Then
(5%, MaC? + AA® + Xa +my) B} + (A(2a + my + my) — 1)E}
+ (A(4a + 2my +mg +mg3) — 2)E3)

is not log canonical at some point P3 € Fj.

Note that we have the following inequalities

0<A3C3=1—a—e—2my —my—msg,

0< A?’.Ef = 2m; — my — Mg,

0 < AES = my —ms,

0 < A3 Ey = ms. (4.11)

Lemma 4.12. A(4a + 2my + mg +m3) —2 < 1
Proof. Using we get,
Ada +2my +mo+m3) <K AM1+3a—¢€) <A3—¢€) <3.
O

We now work through all the various possibilities for the position of the point Pj.

— Pye B2 U B3 U C3. Suppose Py € E3 and P3 ¢ E} U E3 U C3. Since Es is smooth
at Py and A(4a + 2mq + ma + m3) — 2 < 1, using Corollary 2.7, we have

1
X<A3.E3zmggl—a—e—2m1—m2<1—e

This implies % < i < A. This contradicts (4.2). This proves that P; €
E} U Es U C3.

— Py ¢ E3. Suppose Py € E3 N Es.

1 < E3.((M2a + my + mo) — 1)Ej + AA®) = A(2a + myq + ma + mg) — 1
<AMl4+a—e—my)—1
D—¢€
A
3

This implies that 52~ < =%- < A, which contradicts (4.2).

) 1.

— P3¢ E}. Suppose Py € E? n E3. We have that (5% AA% + Xa + m1)E} +

(A(4a + 2my + mg + mg) — 2)E3) is not log canonical at a point P; € E3. Since
A4a + 2my + mg +mg3) — 2 < 1, Corollary [2.7] gives

1

3 <Es.((a+m)E}+A) =a+mi+mg<l—e—mg—my<1—e

This implies that 52~ < 7=~ < A, which contradicts (4.2).
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— Py ¢ C3. Suppose P3 € C3 n Es;. We then have
(93, MaC? + NA3 + (A\(4da + 2my + my + m3) — 2)E3)

not log canonical at P3. Again since \(4a+2m; +msq+mg3) —2 < 1, Corollary
implies that,

1
X<E3.(aC'3+A3)<(a+m3)<1—e—2m1—m2<1—e.

This contradicts (4.2]) since the above inequality implies that % < Le < A\
This proves that P; ¢ C3.

From the above claims, we can now conclude that a point such as P3; does not
exist. This contradicts our initial assumption that (S, AaC + AA) is not log
canonical at the point P and hence C' cannot be this curve either.

Thus, in this subsection we have proved that if the surface S has A; singularity,
then the point P at which the log pair (S, \D) is not log canonical is not the
singular point of type A;. Hence, if the surface S has only singular points of type
Ay, then this completes the proof by contradiction. Thus, in this case, we have
now proven that a(S, D) > § > 1.

4.1.2.3 A, singularity

Suppose S has at least 1 singular point of type A; and P is the singular point of
type As. Then C can be one of the following.

1. C is a nodal curve with node at P,

2. (C'is a cuspidal curve with cusp at P.
We have that (S, AD) is not log canonical at the point P. Recall that D =
aC + A where C € | — Kgl|. So if C' is a cuspidal curve with cusp at P, then
2
0(5. D) < (S, ~Ks) = 2.

by [P03l Theorem 3.4]. Therefore, in this case, Dervan’s criterion is no longer
applicable. Hence we only look at C' which is a nodal curve with node at P.
Let f1 : S' — S be the blow-up of S at the point P. From Remark [2.1] we
have that
(ST, AaCt + AAY + Xa +my)Ey + Ma + my) Ey)

is not log canonical at some point P; € Fy u Ey. Here, m; and my are given by
the following:
Cl = fl*(C) - El - E27
Al = fl*(A) — m1E1 — ngg (412)
where my, ms € Q. Thus, we have
0<SAYCr=AC—mi—ma=1—a—e—mqg —mo,
Al.El = 2m1 — My,

A Ey = 2my — my. (4.13)

/

0
0

NN
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Lemma 4.13. AN(a+m;) <1

Proof. Ma +my) < A1 —e—my) <A1 —¢€) < 32(1—¢) <1 from ([{13) and

3

E2). 0

Similar argument proves the following.
Lemma 4.14. A(a + my) < 1

We will now look at the various possibilities for the position of P;.

P, e C' U E,. Suppose not, i.e. suppose P, € E; and P, ¢ C' and P, ¢ E5. Then,
we have that (S', A\A! + X\(a + m;)E)) is not log canonical at the point P;. Since
Ej is smooth at P, and A(a 4+ m;) < 1 from Lemma [4.13| Corollary implies

that ]
X<A1.E1:2m1—m2<m1+m2<1—a—6<1—6

from (4.13]). This implies that % < ﬁ < A and this contradicts (4.2). Thus,

this proves our claim that P, € C' U Ej.

P, e C' U E,. Suppose P, € E; and P, ¢ C! and P, ¢ E,. Similar argument as
above leads to a contradiction.

But we also know that P, € F; u E5. The following now proves that P, ¢
E1 M EQ.

P, e C'. Suppose P; ¢ C'. This would imply that P, € E; n E5 and therefore
(SL,AAY + Ma +mp) By + Ma + my) Ey)

is not log canonical at the point P;, by Remark 2.1l Let f, : S — S be the
blow up of the point P, with the exceptional divisor given by E3. We then have

C? =7*(C) — E} — E5 — 2E3,
A? = 7(A) — my B} — moE5 — (my + my + ms) Es,
—Ks2 = W*(—Ks> — Eg, (414)

where 7 := f o fo, my, mg, m3 € Q5. With this, we have the following inequali-
ties.

2E§ = 2m2 — myp — Ms. (415)
This implies that
(5%, XaC? + AA? + Xa +mqy) ET + Ma + ma) Ey + (M(2a +my +ma +m3) — 1)E3)

is not log canonical at some point P, € E3, by Remark
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Lemma 4.15. A\(2a + my + mg +m3) —1 <1
Proof. AM(2a +my +ma+m3) < AM2a+3—3a—3c—3my) <3A(1—¢€) <2. O

We will look at different positions of P,.

— P, ¢ E? Suppose not. That is, suppose P» € E? n E3. Since A(a + m1) < 1,
Corollary 2.7 gives

1 < E?.(AA% + (M(2a +my +my +m3) — 1)E3) < A(3my +2a) —1 < 3\(1 —¢) — 1.

This implies that 52~ < 3(12_6) < A, which contradicts (4.2).

— P, ¢ E3: Similar argument as above shows this.

— Py ¢ E3\E? U EZ: Suppose P, € E3\E? U E3. Then, (5% AA%+ (A\(2a+mq +my+
ms) — 1)E3) is not log canonical at P,. Using Corollary , we get

1
— < B3 A =m3<2mo—mi<mag+mi—msg<l—a—e—m3<1—e

A

This implies that 5>~ < = < A which is a contradiction.

e P ¢ C' n Ey: Suppose Py € C' " Ey. Then (S', \C' + AA! + A\(a +my) Es) is not
log canonical at P;. Let f : S2 — St be the blow up of P, with the exceptional
divisor given by Fs3. Then we have

C? =7*(C) — E} — E5 — 2E3,
A? = 7%(A) —m B} — moE3 — (mo + m3) Es,
—K52 = W*(—KS) — Eg, (416)

where m := f1 o fa, my, ma, m3 € Q. Using this, we have the following inequali-
ties.

0<A2C?*=1—a—e—m —my—ms,

0< A2.Ef = 2my — Mo,

0< AQ.Eg = 2mgy — my — mgs,

0 < A%E3; =ms. (4.17)

Thus,
(52, 2aC? + AA? + Na + my)E} + Ma + mo)ES + (A(2a + my + m3) — 1)E3)
is not log canonical at some point P, € E3, by Remark

Lemma 4.16. A\(2a +mg +m3) — 1 < 1.

Proof. )\(2a+m2+m3)<)\(1+a—e—m1)<@<2. O
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We will now look at different positions of the point P;.
— Py ¢ E2. Suppose P, € B3 n EZ. Using Corollary we get

1
X<E3.((a+m2)E§+A2)=a+m2+m3<1—e—m1<1—e.

This implies that 52~ < 7=~ < X which is a contradiction.
— Py ¢ C?: Suppose P; € E5 n C?. Using Corollary [2.7 gives

1
X<E3.(aC2—|-A2)=a+m3<1—6—m1—m2<1—e.

This implies that & < 1%6 < A which is a contradiction.

— Py ¢ E3\(F2 U C?). Suppose P3 € E3\(E2 U C?). Again, using Corollary we
have

X<Eg.A2=m3<1—a—e—m1—m2<1—6.

This implies that ;> < -= < A which is a contradiction.

We can thus conclude that such a point P; does not exist. But this contradicts
our initial assumption that (S, A\aC + AA) is not log canonical at the point P.
Therefore the point P at which the log pair (S, AD) is not log canonical cannot
be the singular point of type As. Thus, if the surface has only A, singular points,
of if S has singular points which are of type A; and Ay only, then Section [4.1.2.2
and Section proves our claim that a(S, D) > § > 1.

4.1.2.4 Aj singularity

Suppose S has at least 1 singular point of type A3 and P is the singular point
of type As. Then, the curve C' can only be a nodal curve with the node at the
point P.

Recall that we have (S, AaC + AA) not log canonical at the point P. Let
fi: St — S be the minimal resolution of S at the point P. This implies that

(SY, AaC" + AA + Xa + mq)Ey + Ma + ma) By + Ma + m3) Es)

is not log canonical at a point P, € FyuFyuU E3 by Remark[2.1], where my, ma, m3 €
Q=o. It satisfies the following equivalences.

C' = f{(C) = Ex — By — E,

Al = fH(A) = my By — myEy — mgFEs. (4.18)
Thus we have,
0<A'C'=1—a—ec—my —mao,
0<ALE, = 2m; —ms,
0< Al.EQ = 2m2 — ms,
0 < AL E3 = 2ms — my — mo. (4.19)
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Lemma 4.17. AM(a+m;) <1

Proof. From and (1.2), Ma+m1) S A1 —€e—mp) <A1l—¢) < 1. O
Similar argument proves the following.

Lemma 4.18. A(a +mgy) <1

Lemma 4.19. A(a +m3) <1

Proof. Using the inequalities in (4.19)), we can prove the claim in the 2 possible
cases.

If my < mg, Ma+m3z) < AMa+2mp) < AMa+mg+my) < ANa+1l—a—¢€) =
Al —€) < 1.

If mo < my, Ma+m3) < Ma+2mg) <MNa+1—a—¢€)=A1-¢) <.

We will now look at the various possible positions of the point P;.

Py ¢ E5\E, U E,. Suppose P, € E3\E; U Fy, the have that (S*, AA+X(a+m3)E3)
is not log canonical at the point P;. Since A(a + m3) < 1, applying Corollary
we get that

1
X < (Al.Eg)pl < Al.Eg = 2777,3 —MmpL—Me <My +mg <1—e.

3 1 . .
Thus we have >~ < ;— < 1 which contradicts (4.2).

P, ¢ E3 n E5. Suppose P € E3 n Ey. Then we have that
(S*, Ma + ma) By + Ma + m3) Es + AA')

is not log canonical at the point P;.
If m; < ms consider

multp, (AA') = Amultp, A' < dms < 2Amy < A(my +mg) < A1 —¢€) < 1.
If my < my, consider

multp, (AAY) = Amultp, A" < Mmg < 20my < A(my +mao) < A(1 —¢) < 1.
Similarly, we can show that P, ¢ F3 n Fy. From Theorem we have that

multp, (AA'. E3) > 2(1 — A(a + my))

which can be simplified as follows, If m; < ms, using inequalities in (4.19) we
have
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2
X<2m3—m1—m2+2a+2m2<3m1+m2—|—2a<1—|—a—e+2m1<2—26.

Thus this implies + < 1 — ¢ which contradicts (4.2)).

If my < my, using inequalities in (4.19]) we have

2
X<2m3—m1—m2+2a+2m2<1+a—6+2m2<2—2(—:.

Thus this implies + < 1 — ¢ which contradicts (4.2)).
Or
multp, (AA'.Ey) > 2(1 — Aa + ms3))

which when simplified using (4.19) gives

2
— < 2mg —ms3 + 2a 4+ 2ms = 2mo + 2a + m3 < 2mg + 2a + 2my

A
<2(1l—a—e€e+a)=2(1—¢).

Thus this implies % < 1 — e which contradicts (4.2)). Since both the inequalities
are not possible, this contradicts Theorem thus proving our claim.

Py ¢ Ey\F3 U C'. Suppose P, € Ey\F3 u C'. Then we have (S*, \A! + A(a +
mso)E5) is not log canonical at the point P;. Since A(a + my) < 1, from Corol-

lary [2.7] we have

1
X < (Al.Eg)p < A1E21 = 2my —ms < M3+ Mg — My < 2miy +mo —my

This contradicts (4.2)).

Py ¢ C'. Suppose P € C' n E,. Then (S, \aC' + AA! + X(a + my) Es) is not log
canonical at the point P;. Applying Corollary 2.7, we get that

1
h < EQ.(aCl—i—Al) =a+2mo—ms < a+mo+ms—m; < 1—€e—2m;+m3 < 1—e.
This implies that ﬁ < i < A which contradicts (4.2]). Similarly, we can prove
that P, ¢ C' n E.

We can thus conclude that such a point P; does not exist. But this contradicts
our initial assumption that (S, AaC' + AA) is not log canonical at the point P.

Therefore the point P at which the log pair (S,AD) is not log canonical
cannot be the singular point of type As. Thus, if the surface has only As sin-
gular points, of if S has singular points which are of type A;, Ay and As only,

then Section [{4.1.2.2] Section and Section proves our claim that
a(S, D) > 0 > 1. This completes the proof of Theorem (also Main Result [2).
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4.2 K-stability of hypersurfaces

In this section, we will determine the K-stability of quasismooth, well-formed
hypersurfaces Sy, of degree d, in weighted projective Space P(ag, a1, as, az), which
are of Index I = 2. To recall the main result that we will be proving in this section,

Theorem 4.20. (Also Main Result@ Let Sy be a quasismooth, well-formed hy-
persurface with I = 2. The following hypersurfaces Sq in P(ag, a1, as, az) of degree
d, are K-polystable.

No. (ag,ay, as, az) d
1 (1,1,n,n), n =2 2n
2 1 (L,2,n+2,n+3),n=0|2(n+3)
3 (1,3,4,6) 12
y (1,4,5,7) 15
5 (1,4,5,8) 16
6 (1,4,6,9) 18
7 (1,5,7,11) 22
8 (1,6,10,15) 30
9 (1,7,12,18) 36
10 (1,8,13,20) 40

The method we adopt is to compute 3(S) for Family No. 1 in Table using
the Valuative criterion (Section and for Family No. 2, we use the Abban-
Zhuang theory (Section to compute §(S). For Families No.3-No.10, we
estimate 6(S) using the method adopted in [CPS21]. Let us briefly describe this
method. Here, we study log pairs (Sg, D), where Sy are hypersurfaces of degree
d in weighted projective space and D is a k-basis type divisor for k£ » 1 (see
[FO1g| for definition) such that D ~g —Kg,. We then use Theorem and
Corollary to get bounds on the multiplicities of D along certain curves on
Sq. This then enables us to estimate §(5).

4.2.1 Foundations

In this subsection, we will present the notions and results that we will need, in
addition to results described in Section and Section [2.2] in order to prove
Theorem [4.201

Since S; is quasi-smooth, it can have at most cyclic quotient singularities.
Therefore, let S; have a cyclic quotient singularity of type %(a, b) at the point p
and let the weighted coordinates around this point p be z and y. Let D be an
effective Q-divisor on Sy.

Let ¢: Sy — Sy be the weighted blow-up at p of Sy with weights wt(z) = a
and wt(y) = b. Then we have the following:

N a b
K%NQ¢(KSd)+<_1+E+E>E

where F is the exceptional divisor of ¢ and
n

E?= ——.
ab
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Let C' be a curve on Sy that is locally given by x = 0 near p. Then we have
~ % a
C~q¢'(C)— - E

where Ciis the strict transform of C. N
Let D be the proper transform of D on S;. We have

for some non-negative rational number m.
If C is not contained in the support of the divisor D, we can bound m using

~

0<D-C=(¢*(D)—mE)-C=D-C—mE-C.

The log pullback is given by
~ +b—
Kz +D+ <m— %) E ~ f*(Kgs, + D).

This implies that

Proposition 4.21. The log pair (Sy, D) is log canonical at P if and only if the

log pair
(Sd,D+ <m— aro—n b n) E)
n

18 log canonical along the curve E.

If C' is in the support of the divisor D, write D = aC' + A where a is a non-
negative rational number and is such that C' ¢ Supp(A). Then we can use the
following results to bound the value of a.

Theorem 4.22 ([CPS21l, Theorem 2.9]). Suppose that D is a big Q-divisor of
k-basis type for k> 1. Then

1 O
aéﬁfo vol(D — uC') du + €
where €, is a small constant depending on k such that €, — 0 as k — c0.

The above theorem implies the following.

Corollary 4.23 (|[CPS21, Corollary 2.10]). Suppose that D is a big Q-divisor of
k-basis type for k> 1, and
C ~Q MD

for some positive rational number p. Then

1
a < — + €,
31 F

where €, is a small constant depending on k such that €, — 0 as k — o0.
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From the above results, it is evident that for a k-basis type divisor D =
aC + A, one can bound a by computing the volume of the pseudoeffective divisor
D — uC. Here, we recall how the vol(D) of an R divisor D is calculated. If
D is not pseudoeffective, then vol(D) = 0 ([L04, Definition 2.2.31]). If D is
pseudoeffective, then there exists a nef R divisor P on the surface S such that

DNRPJFZT:CLZ'CZ‘,
=1

1=

where each C; is an irreducible curve on S with P - C; = 0, each a; is a non-
negative real number and the intersection form of the curves Ci, (s, ..., C, is
negative definite (|[L04, Theorem 2.3.19]). Such a decomposition is unique and
vol(D) = vol(P) = P2

In the next subsection, we will detail the proof of the K-polystability of the
hypersurfaces S; enumerated in Theorem [4.20]

4.2.2 Proof of Main Result [3
4.2.2.1 Sy, in P(1,1,n,n)

In this section, we consider a quasismooth, well-formed hypersurface, Sy, of de-
gree 2n in P(1,1,n,n). After suitable changes of coordinates, we can assume that
the surface Sy, is given by

zt + f2n(x7y) = 07

where fo,(z,y) is a polynomial of degree 2n in = and y. Since S is quasismooth,
fon(x,y) does not have multiple roots. We are going to prove that Sy, is K-
polystable for n > 1, using Theorem [2.19]

In our case, we can explicitly describe the action of the group G = C* x s
on Sy, as follows

AN[r:y:z:t]—[z:y: A z: A '], for e C*
po -z y:z:it]—[r:y:t:z].

Here [0:0:1:0] and [0:0:0: 1] are the two singular points of the surface
Son. Let P be the pencil of G-invariant curves in S,, generated by the curves C,
and C,. Then —Kg, ~ 2C, and C2 = 2.

From the definition of the S-invariant of a prime divisor E over Ss,, we have
that . "

8(E) = A(E) ~ s L vol(— Ky — uE) du,
where A(F) is the log discrepancy of the divisor E.

So, we need to check S(F) for all E that are G-invariant prime divisors in Sy,
and all G-invariant prime divisors over Ss,,.

All G-invariant irreducible prime divisors in Sy, are irreducible curves in the
pencil P. Let C' be one such curve in S, in the pencil P, that is, C': ax+by = 0
for some [a : b] € P'. Consider the divisor —Kg — xC. Then we have that
7(C) =2 and o(C) = 2.
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Then
BC) =1 1f(z _u)du— )

We now need to consider only the G-invariant prime divisors over Ss,. These
divisors will be mapped to G-fixed points on S,,. These G-fixed points are the
singular points of the reducible curves in P. Let us now understand what these
G-fixed points are.

Observe that the reducible curves in P are cut out on Sy, by the linear factors
of the polynomial fo,(z,y). Since there are 2n such linear factors of the poly-
nomial fy,(x,y), we have 2n reducible curves in P. After a suitable change of
coordinates, we may assume that one such linear factor is the curve C), that is
cut out by x = 0, so that fs, = xgs,_1 for some polynomial go,_1(z,y) of degree
2n — 1.

This implies that the equation of S looks like

2t + xgon—1(x,y) = 0.

Substituting for x = 0, we see that we get reducible components z = z = 0;t =
x = 0. So the singular point of the curve C, : 2 = 0,is [0: 1 : 0 : 0]. Similarly,
for each of the linear factors h(x,y) of the polynomial go, 1(x,y), we get the
reducible components of the curve in P to be z = h(z,y) = 0 and t = h(z,y) =0
and we can then compute the singular points in each case. In total, we get 2n
singular points. These 2n points are all the G-invariant points on Sy,.

Consider one such reducible curve and let the irreducible components of it be
given by C; and Cy. The point of intersection of C; and Co is [0:1:0: 0]. We
will call this point p. Let 7 : §2n — Sap, be the blow up of p with the exceptional
divisor of the blow up denoted by F. Observe that the action of G lifts to Sy, and
thus the the morphism 7 is G-equivariant. Also observe that G doesn’t fix any
point on F'. Thus, the exceptional divisors upon blow up of the singular points of
the reducible curves in the pencil P, are the only irreducible G-invariant prime
divisors over Ss,, and in this case, this is F.

Consider the divisor

D =7*(—Ks, ) —uF = 2(Cy + Cs) + (4 — u)F,

where 6’1 and 52 are the proper transforms of ¢ and C5 on S and the pseu-

doeffective threshold, 7(D) = 4. Let us now compute the Seshadri constant,

o(D),

1—-2n
n

D-51=2( )+(4—u)>0.

This implies that o(D) = 2. For u € [0, 2], we have the following

vol(D) = vol(r*(—Kg,,) — uF) = 5 _ u?,
n
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For u € [2,4], the Zariski decomposition is given by

p- <D_(f:gg) (m@%(i:gﬁ) (Gh+5).

Therefore,

vol(D) = vol(r*(— K, ) — uF) — (4 — u)? <2n1_ 1) |

2 4

n 1 2n — 2
J (§—u2> du—i—f (4 —u)? du) _n-s

0 \n 2 2n —1 3n

Therefore, by Theorem [2.19, for all n > 1, this proves that all quasismooth
hypersurfaces Sy, of degree 2n in P(1,1,n,n) are K-polystable.

4.2.2.2 52n+6 in ]P)(l, 2, n —+ 2, n + 3)

Let S, 16 be a quasismooth, well-formed hypersurface of degree 2n+6 in P(1, 2, n+
2,n + 3). In this subsection, we will denote 55,46 with S. We may assume that
the surface S is given by

t2 + Z2y + f2n+6($7y) = OJ

where fo,16(,y) is a polynomial of degree 2n + 6 in x and y. When n is even,
the surface S is singular at the points p, := [0 : 0 : 1 : 0] of type n+r2(1, 1) and
Qr:=[0:1:a:0]; Qy:=1[0:1:75:0] of type %(1,1), where o and [ are
distinct real numbers and is smooth away from these points. Note that when
n = 0,the points p., @1 and Q5 are of type £(1,1).

When n is odd, the surface is singular at the points p; : [0: 0: 0 : 1] of type
—5(1,1) and the points Q1 :=[0:1:0:a]; Q2:=1[0:1:0: ] of type 3(1,1),
where v and 3 are distinct real numbers and is smooth away from these points.
Note that all the singular points lie on the curve C,. We also have
4 9 1

n+2 " n+2

— 2—
5=

We use the stability threshold from Theorem to conclude that the surface is
K-stable for all n > 0.

In order to prove the above claim, we will estimate the value of §,(5) using
Theorem for different positions of the point p € S.

Lemma 4.24. If p € C,, then §,(S) = 2.

Proof. Since p € C, we will take Y = (), according to the notations of Theorem

2.29, Note that Ag(C,) = 1. We will now compute S_g,(C,). Consider the
divisor —Kg — uC, = (2 — u)C,. With the help of intersection numbers of the
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divisor with C,., we can conclude that 7(C,) = 2 and that the divisor —Kg —uC,
is nef when u € [0, 2]. We then have that

1 e}
S_ k. (Cy) = —f vol(—Kg — uC}) du,
xs(Cx) K ), (—Ks )
9 (2
_nr J (2 —u)*du,
4 Jo
2
Therefore, for any point p on C,, % = % We will now use Theorem [2.31
"k (Cr

to compute S (W, o p) for different points p on C,.

Case 1: Suppose the point p = p, on C,. Recall that p, and p; are the
singular points of type —(1 1) when n is even and odd respectively. Since both
p. and p; lie on C,, the proof below works for both. So without loss of generality,
let us take p = p,. Note that Ac, (p) = #2 Therefore, using Theorem , we
get that

92 7(Cz)
S(WEsip) = | hwan

where

h(u) = (P(u) - Cy) - ord, (N(u) cz> + fooo Vol(P(u){Cz — vp) dv.

Since the divisor —K; — uC, = (2 — u)C, is nef when u € [0,7(C,) = 2],
P(u) = (2 —u)C, and N(u) = 0. Therefore,

o _n+2 2—u B 2
S(Weeip) = JJ (n+2 )dvd“_3(n+2)'

This implies that

Ac,(p) n+r2 _ 3

SWeeip) sy 2

From Theorem [2.29] we then get that for p = p,,

op(S) =

DN W

Case 2: Suppose the point p = @);. Since ()1 and @), are singular points of
type = (1 1), the proof below works for both points. So without loss of generality,
let us take p = Ql Note that Ac,(p) = 1. Similar to Case 1, we get that

S(Wff; p) = 3 +2) This implies that

Ac,(p) _ 5 _3(n+2)
S(Wes;p) 3(n2+2) 4
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From Theorem [2.29] we then get that for p = @)1 and p = Q,

0p(S) = =.
(9>

Case 3: Suppose the point p € C,\{p., @1, Q=2}. This implies that the point
p is a smooth point. Then Ac, (p) = 1. Again, similar to Case 1, we get that
S (Wff; p) = ﬁ This implies that

Ao(p) 1 3(m+2)

SWzip) sy 2
From Theorem [2.29] we then get that for p € C,\{p., @1, @2},

5,(5) = 5

This completes proof of the claim. m
Lemma 4.25. Ifp € S\C,, then 6,(S) > 1.

Proof. Since p ¢ C,, the point p is a smooth point of the surface. Note that there
is a curve from the pencil C,, : y = pa? for some p € R that passes through the
point p.

Case 1: Suppose the curve C), that passes through p is irreducible. Note that
Ag(C,) = 1. Consider the divisor —Kg — uC),, = (1 — u)C),. This implies that
7(C,) = 1 and that the divisor —Kg — uC), is nef when u € [0, 1]. We then have
that

1 0
SfKS(C“) = WJO Vol(—KS — UCM) du
1 ) 1
= 1—w)*du = —-.
| a—wrau—g
Therefore, for any point p € C,,, AsC) - _ 3,

S_kq(Cp)

Let us now try to bound 6, (.5) usfng Theorem . According to the notations
of Theorem 2.29, Y = C,. Note that A,(C,) = 1 since p is a smooth point.
When u € [0,7(C,) = 1], P(u) = (1 —u)C, and N(u) = 0 since the divisor
—Kg —uC), = (1 —u)C, is nef. Therefore,

L2 (P 41— ) 4
S (WSkip) = 2 Jf ==Y ) dvdu = ————.
(Wesip) 2 Jo Jo ntze ) 3(n+2)

This implies that

Ac,(p) _ 1 _3(n+2).

Cu. _4
S(W'ﬁ ) p) 3(n+2) 4
From Theorem [2.29] we then get that for p € C,\C, where C, is irreducible,

9p(S) = min {3, W} > 1,
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for all n > 0.

Case 2: Suppose the curve C), is reducible with C, = Z; + Z5 where Z; and
Zy are the irreducible components of the curve C,,.

Note that Ag(Z;) = 1. Consider the divisor —Kg —uZ; = (1 —u)Z; + Zs.
Since Z? = 72 = %, we can conclude that 7(Z;) = 1. From intersections
of the divisor with Z; and Z; we get that the divisor —Kg — uZ; is nef when

u € [0, -2:]. When u € [-2+,1], the Zariski decomposition is given by

’ n+3 n+3’
(1—u)(n+3) u(n+3) —2
—Kg—uZi=(1—-u)Z + Zy | + ———— 2.
ST (( W n+1 2 n+l 7
Therefore,
4(1 —u) — 1)u? 2
(RN EUEE T A
n n
vol(—Kg —uZy) = A — 17 5
u_
Au =17 ifuel ,1].
n+1 n+3
Using this, we get that
1 0 ¢]
S*KS(ZI) = WJO Vol(—KS - u21>du
2
2 [ (735 4(1 —u) — 1)u? Uod(u—1)?
_n+ (f 341 —u)—(n+ Du du+f (u )du>
4 0 n+ 2 2 n+l1
n+3
. n+4
~3(n+3)
Therefore, for any point p € 71, Sis(iz(lz)l) = 3(:;3).

Case 2a: Suppose the point p is on one of the components. Without loss of
generality, let us assume that p € Z;\Zs.

We will now bound 0,(S) using Theorem [2.29] In this case, we will take
Y = Z;. Note that Az (p) = 1. Recall that we have

—Kg —uZy = P(u) + N(u)

where
2
(1—U)Zl+ZQ lfUE[O, +3:|,
Plu) = (1= w(n +3) )
—u)(n .
(1—U>Zl+ n+1 Z2 lfUEln 371]
and
0 ifue{(], +3],
Nw) = (n+3)—2 )
un Lo 1fu€{ ,1]
n+1 n+3J3



Therefore,

S<W.zi;p>:n;2[m
f f+( _) v)dvdu]

2(2n +5)
3(n+2)(n+3)

2+u(n+1)

e (w _ v) dv du

n+2

This implies that

Anle) 1 3(n+2(n+3)
7. T 2(2n+45 - :

From Theorem [2.29, we then get that for p € (Z; U Z3)\C, where Z;, 75 are
irreducible components of the curve C),

. (3n+3) 3(n+2)(n+3) 3(n+2)(n+3)
5P(S)>mm{ n+4  22n+5) }: 2(2n + 5)
for all n > 0.

Case 2b: Suppose the point p is on both components of the curve Cy, i.e
pe Z1 M ZQ.
Let us consider the divisor —Kg—u2Z;. From the computations in Case 2a, we

see that SAIS; (Z(lz)l) = ::43 We will now bound §,(S) using Theorem [2.29, In order
—8S

to use this theorem, let Y = Z; by the notations of Theorem [2.29] Note that

Az (p) = 1. From the Zariski decompositions calculated earlier for the divisor

—Kg —uZy, we can compute the following.

z n+2 s (PR 2+u(n+1)
S(WZip) = f J STURT D ) dvdu

> 1,

n+2
(1 —u)(u(n+3)—2)(n+3)
( (n+1)%2(n+2) )du

n+3

S

n+4
3(n+2)

(o) dvdu]

This implies that
Azz(p) 1 3(n+2)
Zl_ - n+4 - :
S(Weeip) iy n+4
From Theorem [2.29, we then get that for p € (Z; n Z3)\C, where Z;, Zy are
irreducible components of the curve Cy,

. [3(n+3) 3(n+2) 3(n+2)
) > , = —=>1,
o(5) mm{ n+4 n+4 n+4 ~
for all n > 0. This completes the proof of the claim. O
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Proof of Main Theorem. From Lemma and Lemma [£.25] we can conclude
that

5(S) = inf 6,(S) > 1.

peS

Therefore, Theorem [2.25| implies that S is K-stable for all n = 0. ]

4.2.2.3 512 in P(1,3,4,6)

Let Si2 be a quasismooth, well-formed hypersurface of degree 12 in P(1,3,4,6).
By a suitable coordinate change we can assume that S, can be given by a quasi-
homogeneous polynomial

Byt raf(ry z)=0

where f(x,y, z) is a quasihomogeneous polynomial in z,y, z of degree 11.
In order to determine the singular points of the surface, we will take the
equation of the surface, obtained using coordinate change, to be

tlt +y°) + 2° + xf(x,y,2) = 0.

Therefore the points [0 :¢:0: 1] and [0 : —i : 0 : 1] are singular points of type
5(1,1) and the point Q1 := [0 : 0 : =1 : 1] is of type 3(1,1). Without loss of
generality take Qo :=[0:4:0:1].

Note that all singular points lie on the curve C, which is isomorphic to the
variety given by

P+ 4yt =0

in P(3,4,6). From this, we can see that C, is irreducible and smooth at these
singular points of the surface Sis.

Proposition 4.26. Let D be a Q effective divisor on Sia such that D ~qg —Kg,,
and D = aC,+ A where a is non-negative number and A is an effective Q-divisor
such that C,, & Supp(A). Let A = g and suppose also that a < 2. Then (S12,AD)
18 log canonical.

Corollary 4.27. §(S12) = 2.

Proof. Let D be a Q-divisor of k-basis type on Sy with £ >> 0. We write
D = aC, + A where a is non-negative number and A is an effective Q-divisor
such that C, ¢ Supp(A). By Corollary a < % for k >> 0. It implies that the
log pair (S12, D) is log canonical by Proposition [.26] Since §(S12) = 3a(S12),

in particular, we have that 6(S12) = 2. O

We will now prove Proposition [4.26]

Lemma 4.28. The log pair (S12, AD) is log canonical along S12\C.
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Proof. Suppose that the log pair (S12, AD) is not log canonical at some point
p € S12\C,. This implies that p is a smooth point of the surface Sij5. Since
p ¢ C,, pis in the chart given by x # 0 and by a suitable coordinate change we
can assume that p := p,.

For the purposes of this lemma, we consider the equation of the surface Sis
in the patch x # 0, as given by

G(1,y,2,t) + a1y + azz + ast = 0,

where ay, as, az are complex constants, G(1,y, z,t) is a quasihomogeneous poly-
nomial in y, z, t.

We will consider different curves through the point p, depending on the linear
terms in the equation of the surface Si,.

Suppose a; # 0 and as = az = 0. Then consider the curve C, which is
isomorphic to the variety given by

?+22=0

in P(1,4,6). Since the coefficient of the monomial ¢* is nonzero, mult,(C,) = 2.
We can see that C), is irreducible. Write

D =bC, +Q

where b is nonnegative constant and €2 is an effective Q-divisor such that C, ¢

Supp(£2). By Corollary we have b < % + €. By Lemma we have

2 (% - Qb) < mult, (Cy) mult,(D — bC,) < C, - (D —0C,) =1 — gb.
It implies that % < b. This is impossible. Thus the linear term in the equation
of the surface in the chart z = 1 cannot be y.
Suppose as # 0 and a3 = 0. Consider the curve C, which is isomorphic to the
variety given by
2 +yt=0.

Since the coefficient of the monomial ¢? is nonzero, mult,(C,) = 2.
We first consider the case when C, is irreducible. Write

D=cC,+V¥

where ¢ is a non-negative constant and W is effective Q-divisor such that C, ¢
Supp(V¥). By Corollary [4.23| we have ¢ < % + €.
By Lemma [2.11| we have

2 (% - 20) < mult,(C,) multy(D — ¢C,) < C, - (D —cCy) = % - ;C'

It implies that % < c¢. This is impossible. This implies that C, is reducible. Let
us rewrite the equation of the surface S, in such a way that it is given by

zg(z,y, 2,t) + (t + ary®)(t + agy® + aza®) =0
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where ay, as and a3 are constants and g(z, vy, z,t) is a quasihomogeneous polyno-
mial of degree 8. Then, the curve C, =: M is given by

M=L+R

where L is the curve that is given by z = t + a;y? = 0 in P(1,3,4,6) and R is the
curve that is given by z = ¢ + apy® + azx® = 0 in P(1,3,4,6). We then have the
following intersection numbers.

2 2
L-R=2, 17:3%=f§ —K%-Lz—K%-Rzg.

Since p € C,, w.l.o.g, we can assume that p € L and we write
D=dL+ A

where d is non-negative constant and A is an effective Q-divisor such that L 4
Supp(A). This gives us that (Sja, AdL + AA) is not log canonical at p.
We now bound d, using Theorem [4.22] Consider the following divisor,

1

1
—K512 —ul ~Q (5 - ’LL> L+ §R

This divisor is pseudoeffective for u < 3 and when u > 3, vol(—Kg,, — uL) = 0,
since the divisor —K,, — uL is no longer big. Thus 7(L) = 3.

Using the above intersection numbers we have that —Kg,, — L is nef for

r < L. Therefore, when x e [%, %], the Zariski decomposition of the divisor is

3
given as

K, —ul — ((% - u> (L + 3R)> - (Bu—1)R.

Thus we have

2 4 2, 1

— ——u——-u* foru< -,

3 3 3 3
vol(—Kg,, — uL) = 6 /1 9 | )

— | = — for - <wu<-.

3 <2 u) orgSusy

From this we have

1
3 (2
dgif vol(—Kg,, — uL) du + €
0
3((52 4 2 2161\
= - JS———U——UZdU-i-JQ— ——u | du| + €
o\), 373" "3 32
—9 €k.

This implies that Ad < 1. Applying Corollary to L, we have

1 2 2
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Thus we have d > }l and this is impossible. Thus, the only remaining case is
when a3 # 0. Consider the linear system of curves cut by M := azxy + fz = 0
where [a : 8] € P'. Any curve M € M passes through the point p,.

Let ¢: Siy — S be a blow-up at p,. Then we have

D ~q ¢*(D) —nE

where D is the strict transform of D, 7 is a constant and F is the exceptional
divisor of ¢. Since ¢ is a blow up of a smooth point of the surface Sis, the log
pullback is given by

Ks, +AD + (A — 1)E ~g ¢*(Kx + AD).

Then the log pair (S12, AD + (A — 1)E) is not log canonical at some point q € E.
Let M be the strict transform of M in Si2 and be such that it passes through the
point q.

Suppose that M is irreducible. We write
D=mM+ A

where m is non-negative constant and A is an effective Q-divisor such that M ¢
Supp(A). By Corollary we have Am < 1. Thus the log pair (Si2, \mM +
AA + (An — 1)E) is not log canonical at q. We have the following intersection
numbers.

— — 4 5)

A'Mz(D—aM)-Mzg—n—gm, E-M=1.

By Lemma [2.2] and Corollary 2.7, we have
- o _ 15
I <multy(AA + (Ap—1)E)- M < ()\A+(/\7]—1)E)-M=/\<———m> -1

This implies that —% > m and this is impossible. If the curve M is reducible,
then the same argument as given for the curve C, when reducible, works, thus
completing the proof of our claim.

m

Lemma 4.29. The log pair (Si2, AD) is log canonical along C,\ Sing(S2).

Proof. Suppose the log pair (S12,AD) is not log canonical at some point p €
C,\ Sing(S12). Note that this is a smooth point of the surface Sis.
Since Aa < 1, applying Corollary 2.7 to C,, we get

1 1 1
This implies that a < 0 and therefore this is impossible. ]

Lemma 4.30. The log pair (S12, AD) is log canonical at ()1 € Sing(S12).
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Proof. Let Q1 be a singular point of S5 with type %(1, 1). Suppose that (Sia, AD)
is not log canonical at ;. Since Aa < 1 and C}, is smooth at ()1, using Lemma
2.12| we have

! 11
o\ < mult,(Cy - A) < (Cy - A) = 3 g%
This implies that a < 0 which is impossible, thus proving our claim. O

Lemma 4.31. The log pair (Sia, AD) is log canonical at Q2 € Sing(Si2).

Proof. Let Q3 be a singular point of S, with type %(1, 1). Suppose that (Si2, AD)
is not log canonical at @)s.

Let 7y: §12 — S12 be the weighted blow-up at p with weight (1,1) = (z, 2).
Then we have

K§12 ~Q 7Tik([(Slz) - _E7 D ~Q WT(D) — mE,
~ 1
Cp ~o 71 (Cy) — §E’

where E is the exceptional divisor of m and m is a non-negative constant, and CN‘I
and A denoNte the~stric£ transforms of C, and A on S, respectively. Note that
we denote D = aC, + A.

The log pullback is given by

~ ~ 1
Kz, +XaCy + AA + <)\m + §> E ~q i (Kg,, + AD).

Thus, we have that (§12, AaCly+ AA + (/\m + %) E) is not log canonical at a point
g € E. Let us bound the value of m.
Consider

~ 2
1 (—=Kg,,) — uE ~g 7 (2C;) —uE ~q 2C, + <§ - u) E.

Since 02 = —1 < 0, 7(E) = 2. This divisor is nef when u € [0,1]. When
u € [3, %], we have the following Zariski decomposition

™ (—Kg,) — uE = <(4 —62)C, + (2 - u) E) + (6u — 2)C,.

3
Therefore,
* 2 2 2 1
(Wl(_KSu)_UE) :§_3U f01"0<U<§
(7 (—K —uE) =
R T I T
3 3 3 3



Then, by Theorem [£.22]

2
R
m< ——— f vol(mt (= Ks,,) — uE) du + e
0

352 ., o2
_§<L§—3u du—i—JéB(g—u) du>+€k
Ly

3

This implies that Am + < 1. We will now look at various possible positions of
the point q. Suppose that qe C,. Since \a < 1, by Corollary 2 . 7| we have

~ 1 ~ 1 a 1
A A —|E)- =\|l=+ - —.
<< +<m+3> >Cz (3+6>+3

It implies that A(a+2) > 4 and this is a contradiction. Thus q ¢ 5:5 This implies

that the log pair
~ ~ 1
(Sm, >\A + (/\m + g) E)

is not log canonical at q € E\CNY

Let my: Slg — 512 be the blow-up at q with exceptlonal divisor F. Let A and
E denote the strict transforms of A and E, in 512 respectively. Then we have

].’\ 2 ~
K3, ~om (Ksy,) = gE+3F, D ~gn'(D) —mE — (m+n)F,

where n = multq(ﬁ) and m = 7 0Ty,
Since

A~

0<A~E=3m—n—a,

we have that A(m +n) — 2 = A\(4m — a) — 2 < 1. Therefore, the log pair

A~ A~ ~ 1 ~
(Sm,)\aCx + AA + ()\m+ 5) F + </\(m+n) - ;) F)

is not log canonical at some point t € F'. We will now look at different positions
of the point t. If t € £ n F then applying Corollary to E, we get

~ 2 ~ 2
< (/\A+ <)\(m—|—n)—§) F) ‘Ez)\(4m—a)—§.

This implies that m > 12)\ + 4. This is a contradiction and thus t € F \E Then
the log pair

(§12, AA + ()\(m +n)— g) F)
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is not log canonical at t. Since (/\(m +n)— %) < 1, using Corollary , we get

<A~F:n.

> =

Consider the linear system £ := a(2%y + Gz +t) + f2% = 0 where [ :
] € P!, Since the base locus of £ is a finite set, there is a member M € £ such
that M & Supp(D). Let D = vM + A where A is an effective divisor such that
M ¢ Supp(A) and v is a non-negative constant. Note that Q2 € M and we can
choose M such that M e §12 passes through the point q € E\C’x and M e §12
passes through the point t € F’ \E

Let U be an open neighborhood at (). Then the local equation of S is given
by

t+ 17+ 20 + a12%7 + agza® + azx® + g(z,2) =0

where g(x, z) is a polynomial with deg(g(x,y)) > 3. Since M is given by t =
—(2% — (a2 + ba® on U the local equation of M is

2+ a1 2w+ (ay — )’z + (a3 — Q)2 + h(x,2) =0

where h(z, z) is a polynomial with deg(h(z, z)) > 3. Thus we have multg, (M) =
3. It implies that
~ 3 ~
7y (M) ~QM+§E=M+E

~

Note that M is a special member of M since M has to satisfy mult,(M) = 2 and
M-C, =0.

For the above local equation ay, as and ag are fixed and (; and (, are free to
be chosen. This shows that we can choose M such that the above conditions are
satisfied.

Thus we have

(M) ~g M+ E+(2+1)F=M+E +3F.

and we have the following intersection numbers,

M? = M?+ (2F)* = M*> + E* + (2F)* =

R ey —
346 ° ’

M-E=M-E+2 1F2=3-2=1,
M-F =2
Using this, we then obtain
0<AM=A-M-2n=(D-C,)-M—2n=2-3m-—2n.

This implies that 2 > % + 3m. However we have m > % It is impossible.
O

This completes the proof of Proposition and thus by Theorem [2.25] sur-
face Spo is K-polystable.
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4.2.2.4 S5 in P(1,4,5,7)

Let Si5 be a quasismooth, well-formed hypersurface in P(1,4,5,7). By suitable
change of coordinates, S5 can be given by a quasihomogeneous polynomial

tr+ty* + 22+ af(r,y,2) =0

of degree 15 where f(x,y, z) is quasihomogeneous polynomial of degree 14. The
surface S5 is singular at p, :=[0:1:0: 0] of type (1,1) and at p, :=[0:0:0:
1] of type £(4,5). Observe that both singular points lie on the curve C,. Note
that C), is isomorphic to the variety given by

ty* + 22 =0

in P(4,5,7). This shows that the curve C, is only singular at p;, and is smooth
at py.

Proposition 4.32. Let D be an effective Q-Cartier divisor of S15 such that D ~q
—Kg,,. We can write that
D=aC, + A

where a is non-negative rational number and A is an effective Q-divisor such
that C, & Supp(A). Let A\ = % and a < %. Then the log pair (Sis, AD) is log
canonical.

Corollary 4.33. 6(S15) > 13-

Let us now prove Proposition
Lemma 4.34. The log pair (S5, AD) is log canonical along Si5\C.

Proof. Suppose the log pair (S5, AD) is not log canonical at some point p €
S15\Cz. Then this point p is a smooth point of the surface Si5. There is a divisor
M € |Og,,(4)| passing through p € M. Then M is given by the hyperplane section
of y — Cz* = 0 in S5 where ( is a constant. It is isomorphic to the variety given
by

tr +t(Cx")? + 22 + af(z, (2t 2) = 0

in P(1,5,7). Note that the above quasihomogeneous polynomial is irreducible.
Thus M is irreducible. Since M has the monomial t*z, we have mult,(M) < 2.
Let

D =bM +Q

where b is nonnegative number and 2 is an effective divisor such that M <&
Supp(€2). Note that b < 1 from Corollary 4.23|
If M is smooth at p then we have

1 6 12
—<(Q M) <(D-bM)-M==—"b.
5 < )p < (D —bM) = b

This implies that b < 0 and therefore, this is impossible. Thus mult,(M) = 2.
Then we have

1
7

1
(——2())-2<multp(D—bM)mu1tp(M)<(D—bM)-Mz b.

A

~|
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It implies that b > Sl)\ — %. This is impossible. Therefore the log pair (Si5, AD) is
log canonical along S15\C,. O

Lemma 4.35. The log pair (Si5, AD) is log canonical along C,\ Sing(Sis).

Proof. Suppose that the log pair (S5, AD) is not log canonical at some point
p € Si5\ Sing(Si5). Since Aa < 1, using Corollary 2.7, we get

1 3 3
1< mult,(A-C,) <A-C, = (D —aC,)-C, = 1~ 28% (4.20)

It implies that a < 0 which is impossible. Thus the log pair (S5, AD) is log
canonical along p € 515\ Sing(S15). O

We will now show that the log pair (Si5, AD) is log canonical at the singular
points p, and p;.

Lemma 4.36. The log pair (S5, AD) is log canonical at p,,.

Proof. Suppose not, i.e. suppose that the log pair (Si5, AD) is not log canonical
at p,. Since p, € C, with C; smooth at p, and Aa < 1, by Lemma we have

1 3 3
o< mult,(A-C,) <A-Cp = (D —aCy) - C 1 25°

It implies that a < 0. It is impossible. O
Lemma 4.37. The log pair (Si5, AD) is log canonical at py.

Proof. Let m: Sis — Sy5 be the weighted blow-up at p; with weights wt(y) = 3
and wt(z) = 2. Then we have the following.

2 7 ~ 6
Ky, ~on*(Ksy) = 2B, D~oa*(D)=mE, G, ~om(Co) = 2F,

where F is the exceptional divisor and m is some non-negative number. Using
the above equivalences, we have

~ ~ ~ ~ ~ 3 3
0<A-C,=(D-aC,) -Cp=——m+ -a. (4.21)

From the above equations we have

~ 2
Kz +AD+ ()\m + §> E =1*(Kg,, + AD).

Thus the log pair (§15, AD + ()\m + %) E> is not log canonical at some point

qge k.
We will now bound m by computing the volume of the pseudoeffective divisor
7*(—Kg,;) — uE. Consider

~ 12
1 (—Kg,,) —ub = 7*(2C,) —uE = 2C, + (7 — u) E.
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Note that if 0 < u < & then 7*(2C,) — uFE is nef. Moreover if 2 < u < 22 then
the Zariski Decomposition is given by

. e B (5t e (12 dr 2
1 (—Kg,,)—uE = 7*(2C;) uE—((7 3U>Cx—|—(7 u)E)+(3 7)

We then have the following.

vol(m* (= Kg,;) —uF) = > 4 o4 5 19
<u<

Therefore,

It implies that Am + % < 1. Now we will consider different positions of the point
g.
Suppose q € E\C,. Then the point q is of type %(a, b) for < 3. We have

that the log pair
~ ~ 2
(515, A + (/\m + ?) E)

is not log canonical at q. Since Am + % < 1, using Lemma , we have

1 X x ~ 7
— < mult, <AE> <(A-E)=(D—-aC,)-E=—-m—a.
3\ 6

Using (4.21]) and that m < 1% + ¢, we get a contradiction. Hence q € E n C,.
This implies that q is a smooth point of S;5. Then we have

1 ~ 7 7(3 3a 1 Ta
— 1 Ey=-m<=-|—4+—)=-4+—.
)\<mutq(D E) 5 6<14+4> 173

Note that we have used the bound for m from (4.21)).

This implies that a > % — %, but a < % by assumption. Thus, this gives a

contradiction, hence proving our claim. O

This completes the proof of Proposition and thus by Theorem [2.25] sur-
face S5 is K-polystable.
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4.2.2.5 516 in ]P)(]_,4,5,8)

Let Si = P(1,4,5,8) be a quasismooth, well-formed hypersurface of degree 16.
By a suitable coordinate change we can assume that Sig is given by a quasiho-
mogeneous polynomial

22—yt a2+ x2f14(a:,y, z) =0

where fi4(z,y, 2) is a quasihomogeneous polynomial of degree 14. The surface
Si is singular at p, :=[0:0:1:0] of type £(4,3) and at @y :=[0:1:0: —1]
and Q2 :=[0:1:0: 1] of type $(1,1). Note that both these singular points lie on
the curve C, which is isomorphic to the variety given by (¢ + a;y?)(t + asy®) = 0
in P(4,5,8), where ay, ay are distinct non-zero complex numbers. Thus we have

O;B:Ll'i‘Lg

where L; is given by = t + a;4°> = 0 in P(4,5,8). In particular, C, is smooth
at the points ()1, )2 and is singular at p,. We have the following intersection
numbers

2 7 1
Ly Ly=— L= —— Cy - Li=— c?=_.
Py P20 20 10
Proposition 4.38. Let D be an effective Q-divisor on S such that
D ~g —Kg,-

Let D = aly + fLs + A, where a and [ are non-negative constants and A is an
effective Q divisor on the surface S whose support does not contain the curves L,

and Ly. Let A = %. Then the log pair (S, AD) is log canonical.

Since Ly ¢ Supp(A), we have

2 1 7

—a=aly Ly <(D—pLsy) Ly =—+ —p.

5a aly - Ly < ( BLy) - Ly 1O+205
It implies that

17
< -+ 5h. 4.22
@< 7+ 2f (4.22)

This will come in handy for computations later.
We will now bound the values of a and . Consider

Note that since L3 < 0, in order for the divisor 2C, — uL, to be pseudo-effective,
we have v < 2. By multiplying the above equation by L, we have

1 2
2C, —uls) - L = — — =u.
( e T
Thus i > u implies that 2C, — uL» is nef. For the case that 2 > u > %1, we have

Su — 2
7

8
QOx - ULQ = (2 - U) <?L1 + L2> + Ll.
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Thus

7 1 1
—2—0u2—5u+5 for0<u<1,

vol(2C, —ulLs) = 5 1
2—8(2—u)2 f0r1<u<2

We have

1 2

5/ 7, 1 2 23 )
S O L S P = (2 —u)?d
2<J0 5ot T EUT: quJ1 28( ) u> + €,

4

Nk A W
“o\3840 T256) T KT g T

Similar computations show that a < é—z + €. This implies that Aa < 1 and
MG < 1.
Let us now prove Proposition

Lemma 4.39. The log pair (Sis, \D) is log canonical along Si6\C..

Proof. Suppose the log pair (S16, AD) is not log canonical at a point p € Si6\C,.
This implies that p is a smooth point of the surface S;¢. Note that (), is isomorphic
to the variety given by

2+ 228 + 2% f14(2,0,2) = 0 (4.23)

in P(1,5,8). Since the quasihomogeneous polynomial (4.23) has the monomial
term xz%, it is irreducible. It implies that C,, is irreducible. Write

D =bC, +

where b is a nonnegative real number and € is an effective Q-divisor such that
C, ¢ Supp(Q2). From Corollary [£.23] we sce that b < i and this implies that
Ab < 1.

We know that mult,(C,) < 2. Suppose that C}, is smooth at p, that is
mult,(C,) = 1. Then we have
1 4 8
This implies that b < 0 and this is a contradiction. Thus we have mult,(C,) = 2.
Since p is a smooth point of Sig, we have that

1
1< mult, (D) = mult, (bCy, + Q) = 2b + mult, ()

Using this we have,

1 4
<X — 26) 2 < mult,(Q) mult,(Cy) < Q- C, = 5 gb,
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This implies that
2 4 —he 1
A b o5
From this we have % <\= 2, which is absurd. O
Lemma 4.40. The log pair (Sis, AD) is log canonical along C,\ Sing(S1e)-

Proof. We consider the case that p € C,\ Sing(S16). Without loss of generality
we can assume that p € L;. Then the log pair

(5167 /\aL1 + )\A)

is not log canonical at p. Since Aa < 1, using Corollary we get that

1 1 T«
S <AL =(D—al, - BLy) L < — + %
)\< 1= ( aLy — BL) 1<1O+2O
Thus we have 2 (1 — &) < a < £. This is a contradiction. O

Now we will prove that the log pair (Sig, AD) is log canonical at the singular
points of Sig.

Lemma 4.41. The log pair (Sie, AD) is log canonical at Q1 and Q5.

Proof. Observe that ()1 and ()5 lie on one of the components of C,,. Since (); and
(> are both of type }1(1, 1), the following proof works for both singular points.
Without loss of generality, we may assume that ), € L;. Suppose that the log
pair (S, Aaly + AA) is not log canonical at Q.

Since aL; < 1, using Lemma and the inequality (4.22)), we get that

1
ﬁ<(ALl)QgAle(D—CkLl—ﬂLg)Ll
172
:(W%“—gﬁ)
1 7/1 78\ 2
<_ — | — ] — —
(10+20(4+20> 5ﬁ)

:3<1_§).
6\ 2

This implies that 5 < 0, which is absurd. O
Lemma 4.42. The log pair (Sig, \D) is log canonical at the point p, .

Proof. Suppose that the log pair (Si6, AD) is not log canonical at the point p,.
Since p, € Ly n Lo, Ly, Ly are smooth at p, and A\a < 1, A\f < 1, using Lemma
2.12] we have

1 Ta 1
a<(D—O{L1)'L1=(ﬂL2+A)'L1=%4—1—0, (424)
L (D BLy) Lo = (@l + A) Ly — D 4 L (4.25)
3 2 = 27920 T 10 ‘
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These inequalities will come in handy in the computations that follow.
Let 7: Sig — Sig be the weighted blow-up at p, with weights wt(y) = 4 and
wt(t) = 3. Then we have

) -

Kgm ~Q W*(K516)—|-5E, DNQ W*(D)—mE,
T * 3 T * 3
Ll ~Q T (Ll) - gE, L2 ~NQ T (LQ) - EE’

where E is the exceptional divisor of 7. The log pair

<§167 )\5 + <)\m - %) E)

is not log canonical at some point q € E.
In order to bound the value of m, we will compute the volume of the pseudo-
effective divisor 7*(—Kg,,) — uE. This is given by

~ ~ 12
7T*(20x) —uF ~Q 201 4+ 2L + (E — U> E.

Since L; and L, are negative definite 7(E) = 2. This divisor is nef when u € [0, 2]

and the Zariski Decomposition of the divisor when u € [%, 132] is given by

~ ~ 12 ~ ~ 12 2 ~ ~
2L1+2L2+(€—U>E= <L1+L2+E> <€—u>+<u—g) <L1+L2>.

Using this we then have

(W*(_sz) - U’E)2 =-——u? for0<u<

olir (-Ks)-uB) =4 s e
c - — | == for — <
(L1+L2+E> (5 u) 60(5 u) or5

1 7(E) 14
m < mﬁ) VOI(—K516 —uE)du—i—ek = E—FEk.

Then

It implies that Am — 2 < 1. The point q € E is of type 1(a, b) where r < 4. Since
L E= i, L; n E is the point with type i(l, 1).

Suppose q € E\(zl V) f,g) Then q is either a smooth point or a singular point
of type $(1,1).

Since we have that the log pair (Sig, AA + (Am — 2)E) is not log canonical at

q and (/\m — %) < 1, using Lemma , we get ’



From (4.24)), this gives a contradiction, thus showing that q € Ly~ Ly n E. Note
that F n L1 = E' n Ly and hence this is the only remaining position of the point

q. - - - -
Then we have that the log pair (Sis, \aLy + Ly + AA + (Am — 2)E) is not

log canonical at q. Since Aa < 1, we can use Lemma on Zl, and we get that

1 ~ ~ 2 ~ 1 « 1
- MLy + AMA+(Mm—=)E ) - Li=A—=+=| ——. 4.26
4<<62+ + (m 5)) ! <10+2) 10 (4.26)
This implies that a > 10% — % Similarly, using Lemma we get that g >
71
08~ 5
Again using Lemma [2.12 we get that
1 ~ ~ o~ om
< (ali+pL+2) - E= 22
o= (ali+ oo+ 12
Note that we don’t get a contradiction in this case and thus we will consider a
weighted blow-up my: S — Si6 at p, with different weights, that is, let wt(y) = 1
and wt(z) = 2. From this we have

2 ~
K§16 ~Q W;(sz) - SF’ D ~Q W;(D) — nF,
7 * 2 T % 2
Li~om(L)=3F  Li~om(L) =R

where F'is the exceptional divisor of m5. The log pair

~ ~ ~ ~ 2
(5167)‘ (CkLl + 5[;2 + A) + ()\n + 5) F>
is not log canonical at some point q € F.
We will now bound n using Corollary for the divisor 73 (—Kjg, ) — uF.
~ ~ 8
W;(—Kgm) —ulF ~Q 2L1 + 2L2 + <5 - U) F.

Since Ly and Ly are negative definite we have 7(F') = %. This divisor is nef when

u € [0, %]. Therefore, the Zariski decomposition of the divisor when u € [{5, §]

is given by

* 32  4du ~ ~ 8 4 2 ~ ~
7T2(—K§16)—UF = (E — ?> <L1 + L2>+(g — u) F+ <? - E) <L1 + L2> .

We also have

(_Ksls_UF)2 0
4o 4a 278 21 /8 2 1 8
iAo+ F) (S—u) == (2- for — <u<-.
(3 Pyt > <5 “> 30(5 “) T S"S5

1 o I(—K F)d 17
< ——— — — + e = — + €.
n (—Ksm)Q L vol(—Kg,, — uF) du + ¢ 30 €L

I

\

|

|
I
g
[es}
N
IS
N

vol(—Kg,,—uF) =

Then
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It implies that An + % < 1.
If ge F\ (f/l U Zg>, then we have that the log pair <§16, AA + ()\n + %) F>
is not log canonical at the point q. Using Lemma we get

1 ~ omn

This, along with (4.26) and (4.22)) give a contradiction.
Therefore, F' € L u Ly. Without loss of generality, let us assume that q €

Fu 21. Then the log pair (316, A (ail + A) + (/\n + %) F> is not log canonical

at q. Using Lemma 2.12] we get
1 ~ A on
S < (ol A) =
\ < (a 1+ 5 6

Again, this using the inequalities in (4.26) and (4.22) give a contradiction. This
completes the proof of our claim. O

This completes the proof of Proposition [4.38 and thus by Theorem [2.25] sur-
face Sy is K-polystable.

4.2.2.6 S5 in P(1,4,6,9)

Let Sis be a quasismooth weighted hypersurface of degree 18 in P(1,4,6,9). By
a suitable coordinate change Sig is given by a quasihomogeneous polynomial

2yl af(r,y,2) =0

where f(x,y,z) is a quasihomogeneous polynomial of degree 17. The singular
points of the surface are p,, [0 : =1 :1:0], [0:0: —1: 1], of types }1(1,1),
5(1,1) and £(1,1) respectively. Note that all the singular points lie on C; which
is isomorphic to the variety given by the quasihomogeneous polynomial

P+ P2 =0
in P(4,6,9). From this we can check that C, is quasismooth.

Proposition 4.43. Let D be an effective Q-Cartier divisor of Sis such that D ~q
—Kg,,. We can write that
D=aC,+ A

where a is non-negative rational number and A is an effective Q-divisor such
that C, & Supp(A). Let A = % and a < %. Then the log pair (Sis, AD) is log
canonical.

Corollary 4.44. §(S15) > 3.
Let us now prove Proposition [4.43

Lemma 4.45. The log pair (Sis, AD) is log canonical along Sig\C.
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Proof. Suppose that the log pair (Sis, AD) is not log canonical at some point
p € S18\C;. This implies that the point p is a smooth point of the surface.
By a suitable coordinate change we can assume that p = p,. Note that C), is
isomorphic to the variety given by the equation

1?2 + a 2%t + 22 + a91%2% + azxt?z =0

in P(1,6,9) where a;, ay and a3 are constants. It is irreducible and mult,(C,) < 2.
Write
D =bCy, +Q

where b is non-negative constant and (2 is an effective Q-divisor such that C, ¢
Supp(Q2). From Corollary |4.23, we have that b < %
If mult,(Cy) = 1 then, by Corollary [2.7| we have

1
1<)\Q~C’y:/\(D—bCy)-Cy:g—gﬁb.
This implies that b < 0.
Thus mult,(Cy) = 2. Then we have
8 16 8 16
It implies that % < b. By Corollary 4.23, it is impossible. Therefore the log pair
(S18, AD) is log canonical along Sig\C\. O

Lemma 4.46. The log pair (Sis, AD) is log canonical along C,.

Proof. Suppose that the log pair (S5, AD) is not log canonical at some point
p € C,. Then the singular point p is of type 1(a,b) where r < 4. Since Aa < 1,
by Lemma [2.12| we have

1 1 1 a

- < A- z = D — z) Y = 47T 145

DS 8 G=Dal) Go=gm g
This implies that @ < 0 which is absurd. Thus the log pair (S, AD) is log canonical
along C,. O

This completes the proof of Proposition and thus by Theorem [2.25] sur-
face Sig is K-polystable.

4.2.2.7 522 in ]P)(l, 57 7, ]_1)

Let Sa2 be a quasismooth weighted hypersurface in P(1,5,7,11) of degree 22. By
a suitable coordinate change S is given by a quasihomogeneous polynomial

2 +yiz+af(z,y,2) =0

where f(z,y,z) is a quasihomogeneous polynomial of degree 21. The surface
Sy is singular at points p, and p,, with singularities of type %(1, 1) and %(5,4),
respectively. Note that both points lie on C, which is isomorphic to the variety
given by the quasihomogeneous polynomial

t2+y32=0

in P(5,7,11). From this we can check that C, is irreducible and is singular at p,.
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Proposition 4.47. Let D be an effective Q-Cartier divisor of Sao such that D ~q
—Kg,,. We can write that
D=aC,+ A

where a is non-negative rational number and A is an effective Q-divisor such that
C, ¢ Supp(A). Suppose that a < goii and let \ = }—2;. Then the log pair (Sa2, AD)
18 log canonical.

Corollary 4.48. §(Sy) > 15.

Let us now prove Proposition [4.47]
Lemma 4.49. The log pair (Saz, AD) is log canonical along Seo\C.

Proof. Suppose that the log pair (S2, AD) is not log canonical at some point
p € 995\C,. This implies that the point p is a smooth point of the surface. By a
suitable coordinate change we can assume that p = p,. Let £ be the linear system
that is given by ax?y + Bz = 0 with [a : 3] € P, Since the base locus of L is the
finite points set, there is an effective divisor M € L such that M ¢ Supp(D). We

have the inequality

1<)\D-M=E.
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It is impossible. Therefore the log pair (Sa2, AD) is log canonical along So\Cy. [
Lemma 4.50. The log pair (Saz, AD) is log canonical along C,\{p.}.

Proof. Suppose that the log pair (Ss, AD) is not log canonical at some point
p € C,\{p.}. Then the point p is of type %(a, b) where r < 5. Since \a < 1, by
Corollary 2.7, we have

1 1 72 36
- <-< M- C,=XD-aC,) Cp, = — — —a.
557 S (D = aCz) 595 595"
It implies that a < 0 which is impossible. Thus the log pair (S,AD) is log

canonical along C\{p.}. O
Lemma 4.51. The log pair (Sae, AD) is log canonical at p,.

Proof. Let m: Say — Sop be the weighted blow-up at p, with weights wt(y) = 2
and wt(t) = 3. Then we have

~ 6
E, DNQ W*(D)—mE, Cx ~Q W*(Ox)——E

K§22 ~Q W*(KSQQ) - -

7
where F is the exceptional divisor of 7. From the above equations we obtain

_ 2
Kg,, + AD + <)\m + ?> E ~g m* (Kgy + AD).

Then the log pair <§22,/\l~) + (/\m + %) E) is not log canonical at some point
qge k.
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We have the following intersection numbers:

E2:—6, r = T Cx=£—m, DEzém
Meanwhile, the inequality
0<A G =(D—al) Co= o —m+2a
35 5
implies that
m < 4 + éOL. (4.27)
35 5

Ifqe C, then, by Corollary we have the following inequality.
~ 2 ~ 4 4 2
1< (AA+ (Am%—?)E) - Cp = (—+—a) + =<1,
which is absurd. Thus q ¢ C,.

The point q € E\@x is of type %(a,b) with r < 3. Since Am + % < 1, by
Corollary and the inequality (4.27)) we have the following:

1 1 ~ 2
—<—<A~E=zm—a<——i.
3A A 6 15 15
This implies that a < 0, which is absurd. Thus the log pair (Ssg, AD) is log
canonical at p,. O

This completes the proof of Proposition and thus by Theorem [2.25] sur-
face Syy is K-polystable.

4.2.2.8 Sy in P(1,6,10,15)

Let S30 be a quasismooth weighted hypersurface in P(1,6, 10, 15) of degree 30.
By a suitable coordinate change Ssg is given by a quasihomogeneous polynomial

P+ 24y’ +af(r,y,2)=0

where f(x,y,z) is a quasihomogeneous polynomial of degree 29. The surface is
singular at points [0 : —1:1: 0] (of type 5(1,1)), [0: —=1:0: 1] (of type 5(1,1)),
[0:0: —1:1] (of type £(1,1)). Observe that all the singular points lie on
the curve C, which is isomorphic to the variety given by the quasihomogeneous
polynomial

2+ 2+ =0
in P(6, 10, 15). From this equation of C,, we can check that C, is quasismooth.

Proposition 4.52. Let D be an effective Q-Cartier divisor of Sso such that D ~q
—Kg,,. We can write that
D=aC, + A

where a is non-negative rational number and A is an effective Q-divisor such that
C, ¢ Supp(A). Suppose a < % and let \ = %. Then the log pair (Ssp, AD) is log
canonical.
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Corollary 4.53. §(S3) > 3.
Let us now prove Proposition [4.52]
Lemma 4.54. The log pair (Sso, AD) is log canonical along S3p\C..

Proof. Suppose that the log pair (S350, AD) is not log canonical at some point
p € S30\C,. This implies that the point p is a smooth point of the surface. By a
suitable coordinate change we can assume that p = p,. Let £ be the linear system
that is given by axty + Bz = 0 with [a : 3] € PL. Since the base locus of L is the
finite points set, there is an effective divisor M € L such that M ¢ Supp(D). We

have the inequality

1<)\D-M=§.

It is impossible. Therefore the log pair (S3g, AD) is log canonical along S30\C,. O
Lemma 4.55. The log pair (Ssp, AD) is log canonical along C,.

Proof. Suppose that the log pair (S3p, AD) is not log canonical at some point
p € C,. Then the point p is of type %(a,b) where » < 5. Since \a < 1, by
Lemma [2.12] we have the inequality

1 1 1 1

- < — Ax:D_ z) Yz = | T T S5A .
Sy A G =Dt C (15 30a>

It implies that a < 0. It is impossible. Thus the log pair (S, AD) is log canonical
along C,. [

This completes the proof of Proposition and thus by Theorem [2.25] sur-
face S3g is K-polystable. .

4.2.2.9 Sy in P(1,7,12,18)

Let Ss36 be a quasismooth weighted hypersurface in P(1,7,12,18) of degree 36.
By a suitable coordinate change Ssq is given by a quasihomogeneous polynomial

P+ 2+ af(ry 2)=0

where f(z,y, z) is a quasihomogeneous polynomial of degree 35. The surface Ss4
is singular at points p, and [0: 0 : —1: 1], of type %(2, 3) and %(17 1) respectively.
Observe that both points lie on the curve C,, which is isomorphic to the variety
given by the quasihomogeneous polynomial

?+22=0
in P(7,12,18). From this we can check that C, is irreducible and singular at p,,.

Proposition 4.56. Let D be an effective Q-Cartier divisor of Ssg such that D ~q
—Kg,s. We can write that

D=aC,+ A
where a is non-negative rational number and A is an effective Q-divisor such
that C, & Supp(A). Suppose also that a < % and let A = %. Then the log pair
(S36, AD) is log canonical.
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Corollary 4.57. One has 6(S) > £.
Let us now prove Proposition [4.56
Lemma 4.58. The log pair (Sss, AD) is log canonical along S3s\C..

Proof. Suppose that the log pair (S5, AD) is not log canonical at some point
p € S36\C,. This implies that the point p is a smooth point of the surface. By a
suitable coordinate change we can assume that p = p,. Let £ be the linear system
that is given by az®y + Bz = 0 with [a : 3] € PL. Since the base locus of L is the
finite points set, there is an effective divisor M € £ such that M ¢ Supp(D). We

have the inequality

1<>\D-M=§.
49

It is impossible. Therefore the log pair (Ss¢, AD) is log canonical along S36\Cy. O
Lemma 4.59. The log pair (Sse, AD) is log canonical along C,\{p,}.

Proof. Suppose that the log pair (Ss36, AD) is not log canonical at some point
p € C;\{py}. Then the point p is of type %(a, b) where r < 6. Since Aa < 1, by
Corollary 2.7, we have the inequality

1 1 1 1

- < - L = - z) Yz = a1 Ao .

<= <AA-Cr =MD —aCy)-C A(Ql 4f0

It implies that a < 0. It is impossible. Thus the log pair (S, AD) is log canonical
along C,\{p,} O

Lemma 4.60. The log pair (Sss, AD) is log canonical at p,,.

Proof. Let m: Sas — Ss6 be the weighted blow-up at p, with weights wt(z) = 2
and wt(t) = 3. Then we have

# 2 . ~ . 6
Ky ~o 7 (Ksy) = ;E, D ~g (D) —mE, Cyp ~g ™(Cy) — ?E

where F is the exceptional divisor of 7. From above equations we obtain

~ 2
K, +AD+ <)\m + ?> E ~om* (Kgy + AD).

Then the log pair <§36, AD + ()\m + %) E> is not log canonical at a point q € E.
We have the following intersection numbers:

7 ~ 5 ~ o~ 1 ~ 7
2ot 2_ 2 D-Cp=—— D-E=_m.
67 C;p 67 C 21 ma 6m

Meanwhile, the inequality

~ ~ L~ 1 5
D— O, = — — Za>
( aCy) - C, o1 m + 54 0
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implies that

1 5
— 4+ Za>=m. .
21+6a m (4.28)

Ifqe C, then, by Corollary we have the following inequality.

AN 2 1 5\ 2 195
1< (M + Om+2E) ) =a (= +2a) + 2 <2,
= < + (e )) (21+6“>+7 196

which is absurd. Thus q ¢ CN’m N N

Since q € E\C,, we have that the log pair (S35, AA + (Am + 2E)) is not log
canonical at q. The point q is a point of type %(a, b) with r < 3. Since )\m+% <1,
by Corollary and the inequality we have the following:

11 A 7 1 a
< <R E-(D-al) E=tm_oa<—_2
A S A (D~ aC) 6" PSS 18 36

which implies that a < 0. Thus the log pair (Ssg, %D) is log canonical at p,. [
This completes the proof of Proposition and thus by Theorem [2.25[ sur-

face Szg is K-polystable. .

4.2.2.10 Sy in P(1,8,13,20)

Let Sy be a quasismooth weighted hypersurface in P(1,8,13,20) of degree 40.
By a suitable coordinate change Sy is given by a quasihomogeneous polynomial

'+ 9’ +af(r,y,2) =0

where f(x,y, z) is a quasihomogeneous polynomial of degree 39. The surface Syo
is singular at points p, of type %(2, 5)and at Q :=[0:—1:0: 1] of type %1(17 1).
Note that the hyperplane section C', that is cut out by the equation z = 0 in 5,
is isomorphic to the variety given by the quasihomogeneous polynomial

t2+y5=0

in P(8, 13,20), and contains both the singular points of the surface Sy. From the
equation of C', we can also check that C, is irreducible and singular at p,.

Proposition 4.61. Let D be an effective Q-Cartier divisor of Sy such that D ~q
—Kg,,. We can write that
D=aC,+ A

where a is non-negative rational number and A is an effective Q-divisor such that
Cy ¢ Supp(A). Suppose that a < % and \ = ;—g. Then the log pair (S, AD) is log
canonical.

Corollary 4.62. 6(Sy) > 2.
Let us now prove Proposition [4.61]

Lemma 4.63. The log pair (Si, AD) is log canonical along Si\C.
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Proof. Suppose that the log pair (Sy, AD) is not log canonical at some point
p € S4\C,. This implies that p is a smooth point of the surface. By a suitable
coordinate change we can assume that p = p,. Let £ be the linear system that is
given by az’y + 8z = 0 with [a : 8] € P!. Since the base locus of £ is the finite
points set, there is an effective divisor M € £ such that M ¢ Supp(D). We have

the inequality

1<>\D-M=£.
156

It is impossible. Therefore the log pair (S4, AD) is log canonical along Sy\C,. O
Lemma 4.64. The log pair (S, AD) is log canonical along C,\{p.}.

Proof. Suppose that the log pair (Sy, AD) is not log canonical at some point
p € C;\{p.}. Then the point p is of type (a,b) where r < 4. Since Aa < 1, by
Corollary [2.7] we have the inequality

1 a

<1<AA-Cx=A<D—an>-Ox=A(___)'
;

1
4 26 52

It implies that a < 0. It is impossible. Thus the log pair (S, AD) is log canonical
along Cy\{p.}. O
Lemma 4.65. The log pair (Si, AD) is log canonical at p,.

Proof. Let 7: Si9 — Syo be the weighted blow-up at p, with weights wt(y) = 2
and wt(t) = 5. Then

* 6 N * ~ " 10
K§40 ~Q T (KS4O) - 1_3Ea D ~Q ™ (D) - mE, Cx ~Q T (CCC) _ 1_3E

where m is a non-negative constant and F is the exceptional divisor of .
From the above equations, we have

~ 6
Kg +AD+ (/\m + 1—3) E ~qom* (Kg,, + AD).

Then the log pair (§40, AD + ()\m + %) E) is not log canonical at some q € F.
We have the following intersection numbers:

13 . 3 o ) 13
E?=-— 2= —= D-Cp=— — D-E=—"m.
o G Co =55 =™ 10"

By Corollary we have a < 2 for k£ » 1. To find a bound of the constant
m we compute the volume of the pseudoeffective divisor 7*(—Kg,,) — uE where
u is a non-negative real number. Consider

~ 20
W*(—K&m) —ukF ~Q 201 + (E — ’LL) E.

Since 5’% < 0, we have 7(F) = 22, and vol(7*(—Kg,,) — uE) = 0 for u > 7(E).
Since

~ 20 ~ 1
(o (2 ) B) bk
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T (—Ksy,) — uE is nef for 0 < u < 55. Thus we have
. . 113
vol(m* (= Ks,y) — ub) = (7*(=Ks,,) —uk)* = — — v’
for 0 < u < 5;. We consider the case when o= < u < 7(E). Since
20 4~ ~
— - -C,+E| -C, =0,
(35+) (3¢ 7)
the Zariski decomposition of 7*(—Kg,,) — uk, in this interval, is
20 4 - 2 4 ~
S u) (G E) + (= +zu)C,
(13 u) (30 + >+( 39+3u)0
From this we have

. 20 24 /20 21
vol(m*(—Kg,,) —uFE) = (1—3 —u> (ng +E) = (E —u) 30

Consequently, we have

1 i3
m < —f ’ vol(m* (= Ks,,) — uFE) du + €
0

1
% 1 13 ™(E) 190 2 41
=13 S | = _ —du| +e = —
(L 13 10" “+LG (13 “) ) TR T T

where ¢ is a small constant depending on k such that ¢, — 0 as £ — 0. For
k > 1 we can assume that

m < g
S5
It implies that Am + 1% < 1.
Meanwhile, the inequality
~ 1 3
implies that
1 3
2_6 + ZCL =m

Ifqe C, then Corollary we have

1 ~ 13 13/1 3
<D E="<2(=4124).
2 C 10 S 10 <26 * 4a)
This contradicts 0 < a < %. Thus q ¢ C,. Thus the log pair <§40, AA + ()\m + %) E)

is not log canonical at the point q € E\C’x
Since the point q is of type %(a, b) with r < 5, by Corollary and the above
inequality, we have

1 1 ~ 13 1 a
—<—<A-F=—m—-a< ———.
B S A 10" S 20 10

It is impossible. Therefore the log pair (S0, AD) is log canonical at p,. O

This completes the proof of Proposition and thus by Theorem [2.25] sur-
face Syo is K-polystable.
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4.3 Existence of polar cylinders

In Section [4.3] we explicitly construct H-polar cylinders for any ample divisor H
on a del Pezzo surface S with du Val singular points.

Recall from Theorem [1.4], that we have a complete description of the existence
of (—Kg)-polar cylinders on del Pezzo surfaces with du Val singularities. We
consider the surfaces on which (—Kg)-polar cylinders exist and in this Section,
we prove

Theorem 4.66. (Also Main Result[]) Let S be a del Pezzo surface with at least
1 singular point of type Eg, E;, Eg, D4, Ds, Dg, D7 or A;. Then S has a
H-polar cylinder for any ample divisor H # —Kg on S.

4.3.1 Foundations
4.3.1.1 Ample divisors on surface S

Suppose S is a del Pezzo surface with du Val singular points and H is an ample
divisor on S.

Let us denote the type of singularity on S by Type(S). Take ¢ : S — S to be
the minimal resolution of the surface and let #(S) be the number of (—1)-curves
on the surface S.

Then, observe that the surface S is completely determined by the Type(S)
and #(.S), which are in fact finite.

Adopting the required terminology from [CP21], consider the following,.

Definition 13. An irreducible curve L < S is a line if L = ¢(L) for a (—1)-curve
Lcs,

We now recall some of the useful results that will help us in describing the
ample divisors on S.

Lemma 4.67. [CP21, Lemma 2.8/ Suppose that the degree of S is d < 7. For
any singular point of S there is a line passing through it.

Lemma 4.68. [CP21, Lemma 2.9] Suppose that d < 7, where d is the degree of
the surface S. Then the following assertions hold.

1. The group C1(S) is generated by the classes of lines in S.
2. If p(S) = 1 and S contains two distinct lines L and L', then L » L' and

L~qL.

3. Every extremal ray of the Mori cone NE(S) is generated by the class of
a line.

4. For every effective divisor D € CI(S), there are ag,aq,...,a, € Zsy such
that

D~ GO(_KS) + ZGZL,L
i=1
where Ly, ..., L. are lines in S, v = #(S), and ag = 0 if d # 1.
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Corollary 4.69. [CP21, Corollary 2.10] One has #(S) = p(S). Moreover, if
#(S) = p(S), then C1(S) is torsion free, and every line in S generates an extremal

ray of the Mori cone NE(S).

Observe that a line L on the surface S generates an extremal ray of NE(S)
— [?<0.

Lemma 4.70 ([M85], Proposition 1.2],[P01} § 7.1]). Let S be a surface that has
Du Val singularities, and let v: S — Y be an extremal Mori contraction. Then
one of the following holds:

1. either ¢ is a weighted blow up of a smooth point in Y with weights (1,n),

the exceptional curve E is smooth and rational, one has E? = —%, and

E n Sing(S) consists of one point which is of type A,y on S;

2. or 1 is a conic bundle, one has —Kg-F = 2 and F,eq = P! for any its
scheme fiber F, and if F is not reduced, then one of the following three
cases holds:

e '~ Sing(S) consists of two singular points of type Ay;
e ' n Sing(S) consists of one singular point of type As;

e F' N Sing(S) consists of one singular point of type D,,, where n = 4.
In the case |1}, we say that v is a (1,n)-contraction.
Applying this lemma to our du Val del Pezzo surface S, we get

Corollary 4.71. [CP21, Corollary 2.13] Let E be an irreducible curve on S
such that E* < 0. Then E is a line on S, and E is an exceptional divisor of
a (1,n)-contraction for some n = 1.

Corollary 4.72. [CP21, Corollary 2.14] Suppose there ezists a birational mor-
phism : S — Y that is a (1,n)-contraction, and let E be the exceptional curve
of the morphism . Then

e the point Y(E) is a smooth point of the surface Y ;
e Y is a Du Val del Pezzo surface, K& = d+n and p(Y) = p(S) — 1;
e the point Y(E) is not contained in a line in'Y.

Corollary 4.73. [CP21, Corollary 2.15] Let ¢: S — Y be a contraction of
a proper face of the cone NE(S). Then

e cither the morphism v is birational, Y is a Du Val del Pezzo surface, and
1 contracts a disjoint union of lines on the surface S,

e or the morphism 1 is a conic bundle and Y = P!,
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Notations: If ¢ is a birational contraction of a proper face of the cone NE(S)
that is generated by lines L; on S for ¢ = 1,.., (p(S) — 1), then ample divisor H,
upto scaling, is given by

p(S)-1
H=-Ks+ Y. alL;

i=1

where a; are non-negative constants. These curves L; are mutually disjoint and
their intersection numbers are negative definite.

Note: Not all a; = 0.

If the morphism 1 is a conic bundle, then, upto scaling,

p(S)—2
H=-Kg+bC+ ) aLy,

i=1

where a; are non-negative constants, b is a positive constant, C'is a generic fibre of
|C|; L; are mutually disjoint irreducible components of fibres of the conic bundle
given by |C| such that L; - C' = 0.

Note: At least one of a; or b is non-zero.

In Subsection m given a surface S of Type(S), we will explicitly give
all possible descriptions of ample divisors H on S depending on the geometry
of S which in turn determines the existence of the lines L; on S. Using these
descriptions for H, we will then construct an example of a H-polar cylinder for
every case.

4.3.1.2 Constructing the cylinder

We will now describe the method used to construct a H-polar cylinder on a del
Pezzo surface S with at most du Val singular points where H is any ample divisor
on S such that H ¢ R [—Kg].

Step 1: Consider either F; or Fy and take curves M, Fi,,... F,. where M is
the unique negative section on F,,, F}, ..., F, are fibres of F,,, with » < 4. Note
that we have

F\ (M + Fy + ...+ F.) = A x (A" ™",

This is the cylinder that we are going to work with. Observe that this is a
cylinder on F,. So we next birationally modify this cylinder, to give us the
required cylinder on the surface S.

Step 2: The birational modification of the curves can be described as below:

Gi=g T, g1l ™ gl TR G0

and where we denote m = m; o m;_1 0 ... o my.

Here, 7; : S9 — 5971 for 1 < j < r are the blow ups of points on fibres
Fi, ... F, of F, and for r + 1 < j <4, are the blow ups on the proper transforms
of these fibres Fi, ... F,.

To be explicit, we first blow up points on the fibres of I,, and then on the
proper transforms of these fibres, until we get the configuration of curves on S
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and we do this in such a way that we do not destroy the cylinder from Step 1.
This is achieved by performing these blow ups away from the negative section M.

Step 3: Now, observe that we can choose non-negative rational constants
a, B, v, 0 suchthat a+ f+y+d=3 (anda+ B +y+d=4)ifn=1(n=2
respectively) and thus have

_KIF,L =2M + o + ﬁFg + ’}/Fg + 0F}.

After the birational modifications performed in Step 2, we then take the log
pullback of D . That is, we now have

—Kg = W*(_K]Fn) + Z bka
k=1

where by, are non-zero constants and Cj are (—1) or (—2) curves in the boundary/
complement of the cylinder in Step 1.

Step 4: Let I' : S — S be the blow down of curves Cj, € S such that we get
the configuration on S, which is the minimal resolution of S. For simplicity, we
will order the curves C) such that I' contracts C} for 1 < k < m. This implies
that we have

~Kz =T, (1*(~Kz,)) Z biCh,
k=m+1
where Cj, are the proper transforms of Cj, on S. A priori, the divisor —K g may
not be effective.
Remark 4.74. Note that T : S — S could be identity.

Step 5: Since any ample divisor H on S is given by
p(S)—1
H=-Ks+ Y L,
1=1
we choose the proper transforms of L, on S to be boundary curves. That is,
for every 1 < I < p(S) — 1 one can write L, ~ Zk mi1 CeiCr Where ¢y are

non-negative constants, due to equivalence of fibres. Also, since S is the minimal
resolution of .S, we have

Li~¢*(Li) = ) diiCh,

k=m+1

where dj,; are non-negative constants.
This then implies that we have

o($)-1 1 [ )
— S+ Z CL[¢ Ll = ( *(_KIFn))+ Z ( Z (bk+al(ck,l+dk7l))(§’k>.

=1 k=m+1

This is done such that the divisor ¢*(H) = —Kg + ZP(S a,*(Ly) is effective.

Step 6: Next, let ¢ : S — S be the contraction of -2 curves among the curves
Cy for m+1 < k < i. Since these curves are in the boundary of the cylinder from
Step 1, this then gives a H-polar cylinder on S.
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Remark 4.75. The cylinder that we obtain at the end of this process in Step 6,
is the same cylinder that we started with on F,, in Step 1! This is because the
birational modifications from Step 2 to Step 5 are done carefully using curves in
the boundary of this cylinder, so that in the end this cylinder remains untouched.

This process is represented in the following diagram.

(S, Ds)
\ N
” (S, Dg)
L¢
(F,, Dp,) (S, Dg)

where ¢ is the minimal resolution of the surface S, 7 is the blow up of the fibres
of F,, for n = 0,1 which results in S, and I' are contractions of curves from S
to give S. Existence of such birational morphisms I and 7 shows that the given
surface S admits a H-polar cylinder since

A x (A*)"Y = F,\Supp(—K¥,) = S\Supp((¢ o I)*(H)) = S\Supp(¢*(H))
~ S\Supp(H).

Reversability of construction: A subtle detail in the above construction,
is that the construction of curves on S using (7 o T'*) : § — F,,, is an ezample of
a construction of curves such that we get a H-polar cylinder for a given ample
divisor H on S. Therefore, we need to prove that given a surface S of a given
Type, we can always construct a cylinder as shown in each construction!

This is done, by taking the given surface S, its minimal resolution S, and
the exceptional curves of ¢ : S — S, and proving the existence of the remaining
curves on S, that form a part of the construction of the cylinder in each example.
That is, we prove that the construction obtained to get an example of a H-polar
cylinder in each case, is in fact reversable!

To illustrate the procedure described above, we will explicitly explain the steps
involved in constructing an example of H-polar cylinder when the surface has F,,

singular point and also prove that such an example can always be constructed,
given a surface S of Type FE,. These are in Section [4.3.2.1] and Section [4.3.2.2]

4.3.2 Proof of Main Result 4

In this section, we will give a detailed proof of Main Result [ by explicitly con-
structing the cylinder on the surface, as described in Section [4.3.1]
For the remainder of this section, fix S to be a del Pezzo surface with at most
du Val singularities and let H be any ample divisor on S such that H # — K.
How to read the Figures? The figures in this section describe the config-
uration of curves on S or on S (as mentioned under each figure.)
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The proper transforms of the section M and fibres F}, Fy, F3, Fy of F,, on S
(on S) are denoted by M, Fy, Fy, F;, F, respectively (M, Fy, F,, F3, F,
respectively).

The proper transform of curves L, L;, C'on S are given by L, L Cand L, L;, C
on S, respectively .

The exceptional curves of the blow up 7 : S — T, (Step 2 described above) and
the subsequent blow down I' : S — S (Step 4 described above), are denoted by
Es, Es,....,Ey on S in the order of blow ups.

The solid and dashed curves without superscripts are (—2) and (—1) curves re-
spectively; the solid curves with the circled numbers as superscripts have self
intersection given by (—circled number). That is, for example F® denotes the
curve F| which is a (—4)-curve.

Note: Non-exceptional curves drawn in the Figures could intersect more curves
than as drawn in the corresponding configurations. The intersections that are
shown wn the Figures are the ones required to prove that the example is indeed
H-polar. The rest of the intersections are not drawn in order to maintain clarity
of configurations.

4.3.2.1 FE; singular point

Suppose S has exactly one singular point and it is of type E;. Since we want S
such that p(S) > 2, the only possible surface is of degree 1. Using Lemma [£.70)
we can conclude that v is a (1,1) contraction of the birational type. Therefore,
any ample divisor H on S is given by

H=—-Kg+alL

where L is a (—1) curve that does not pass through the singular point and 0 <
a <1

Take Fo with the (—2)-section given by M and 2 fibres F and F,. So the
cylinder that we consider on Fs is

Fo\ (M + Fy + F5) =~ A" x A*.

We will now birationally modify this cylinder, such that this remains a cylinder
on the surface S. This birational modification can be described as follows:

G=G9T ~g6 T, T gl TR, - g0

Here, m : S' — Fy and 7, : S? — S are blow ups of points on the fibres F}
and Fy, of Fy respectively. The morphisms 7; for 3 <@ < 7, are blow ups of points
on the proper transforms of F on St=1. This gives the followmg configuration on

S.
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L Mg
l /P 2 — FEg
E,
B, =1L
1 E
| @ E@
Figure 4.1: S

Note that here the configuration on S is the same as on S and hence I' : § — S
is an isomorphism.

We now prove that this cylinder is in fact a H-polar cylinder. Choose non-
negative constants «, [, such that

—I<]F2 =2M + OéFl + /BFQ’
where a + 3 = 4. After the blow ups described above, we get

~Kg=2M + BFy + aF, + (a = 1)Ey + (B — 1) E, + (28 — 2)E,
4 (28 —3)Ey + (28 — 4)Es + (28 — 5)Es + (26 — 6)E,.

We can now choose L = E,, where L is the proper transform of L on S, since L
on S is a (—1) curve that does not pass through the singular point. That is, on
S, we choose L = ¢(FE,). This then implies that we have,

¢*(H) =2M + BFy + aFy + (o =1+ a)L + (8 — 1)Ey + (26 — 2)E,
4+ (26— 3)Es + (28— 4)Es + (28 — 5)Eo + (28 — 6)E,.

Since a > 0, this divisor is effective and hence the cylinder that we have con-
structed is an example of a H-polar cylinder, for any ample divisor H on S.

We will now prove that this cylinder can be obtained on any such given surface
S of Type FEj;.

That is, suppose S is a del Pezzo surface of degree 1 of Type E7; and H, an
ample divisor on S. Then as explained above, H = —Kg+alL, for L a (—1) curve
on S that does not pass through the singular point and 0 < a < 1.

Then on S, the minimal resolution of S, we have the curves M, E, Ey, Es, E,
E,, E,, as these are the exceptional curves of the blow up ¢ : S — S. We also
have the curve F, as in the configuration above, as this is L= ¢*(L), the proper
transform of L on S.

So, in order to get the complete configuration in Fig. 4.1 we need to prove
the existence of the curves Fl and FE,, as in the configuration.
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Observe that F} is the proper transform of the anticanonical curve C € | — Kg
that intersects M as in Fig. . Also, since L- —Kg =1, we have that Fi-L=1.
In order to prove the existence of E,, contract Fy, M, Fy, E,, E,, E,, in
order. Then we have a smooth del Pezzo surface of degree 7, which has 3 (—1)
curves. This implies the existence of E, as in the configuration in Fig. [4.1]
This shows that the given example of a H-polar cylinder, can always be con-
structed on any given del Pezzo surface S of degree 1 of Type E-.

4.3.2.2 FEj singular point

Suppose S has at least 1 singular point of type Fg. We will now consider all
possible singularities that S can have, in addition to the Fjs singular point and
construct H-polar cylinders for every case.

. Eg: Suppose S has exactly 1 singular point and it is of type Eg. This implies

that p(S) < 3, that is the surface S is of degree 1 with p(S) = 3 or S is of degree
2 with p(S) = 2.

Using Lemma [4.70, we can conclude that any ample divisor H on S is given by

= —Kg+ a1 Ly + agLly with p(S) =3, 0 < ay,ay < 1,

= —Kg+ a1 Ly with p(S) =3,0 < a; <1,
H=—-Kg+ a1L; with p(S) =2,0<a; <1,
where L; and Ly are (—1) curves on S that do not pass through the singular
point. One can understand the above construction of surfaces by considering del

Pezzo of degree 1 of Type Eg to be the blow up of del Pezzo surface of degree 2
of Type Fjg, at a general point.

Suppose the ample divisor H on S is given by
= *KS + a1L1 + a2L2

where 0 < aj,as < 1, Ly, Lo are (—1)-curves that do not pass through any
singular point.

Without loss of generality, let us assume a; < as. Take Fy with the (—2)-section
M and fibres F; and F5. The cylinder that we consider on FFy is given by

Fo\ (M + Fy + F5) =~ A" x A*.

We will now birationally modify this cylinder on Fy to then give us a H-polar
cylinder on the surface S.
This birational modification can be described as follows,

ST=§17 g6 T, o9l YR, =80

Here, m; : S' — Fy and 73 : S — S? are blow ups of points on Fh and my : S? —
St is a blow up of a point on F;. The morphisms 7; for 4 < i < 7, are blow
ups of points on the proper transforms of F, on S*~!. This gives the following
configuration on S.
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Figure 4.2: S

In order to prove the existence of the curve E and Ly on S, contract E,, E, E,, E5,
in order, which gives a del Pezzo surface of degree 5 of Type A;. Using [CTS8S,
Proposition 8.5], we can show the existence of the curves E and L.

Note that here the configuration on S is the same as on S and hence I’ : § — S
is an isomorphism.

Consider the following non-negative constants, «, [ such that

_K]F2 =2M + OéFl + 6F27
with o + § = 4. This then implies that

~Kg=2M+aF, + (« = 1)Ey + BFy + (B—1)Ey + (3 — 2)Es + (8 — 3)Es
+(B-1E+ (B-2)Es + (8- 3)E,

Let us now prove that this is in fact a H-polar cylinder.

Let the curves Ly, L, on S be the proper transforms of Ly, Ly on S. In order
to show that this is a H-polar cylinder, we can take E, = Lo, since Ly on S is a
(=1) curve that does not pass through the singular point.

Consider the linear system |Ly + Es|. Since the curves in the divisor 2E, + 2E, +
2F, + 2F2 + Eg + M do not intersect the curves in the divisor L1 + Ey, and

~ ~\ 2
(2E@+2E@+2E@+2F2+E®+M> —0,

<2E® 4 2B, + 2B, + 2F, + Ey + M) .C =0, for Ce {E,, Ey, Ey, Fy, Ey, M)},

we can conclude that 2E, + 2E, + 2E, + 2F + E, + M is a (0)-curve and is a
fibre of the conic bundle |L; + E;|. Therefore, we have the following equivalence,

Li+ Ey ~2E, 4+ 2B, + 2E, + 2Fy + Ey + M.
Therefore,

¢ (H)

(2+a))M + aFy + (o — 14 as) Ly + (B + 2a1) Fh
+(B—14a)Es+(B—2)Ey +(B—3—a1)Es + (8 —1+2a1)E,
+(8—24+2a1)Ee + (8 — 3+ 2a;)E,.
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[11]

If a1 < a9, then the above divisor is effective. This shows that

Al x (A*) = F>\Supp(—K=,) = 5\Supp(¢*(H)) = S\Supp(H).

If a; = az = a, then using the conic bundle given by the linear system \FQ + M+
Fy + E, + Ey + E,|, we have

E,+E,+E~F,+M+F +E,+ Ey + E,.

Therefore,

¢*(H)= 2+ )M+ (a—a)Fi+ (a—€)La+ 3+ 2+ a)Fy + (2+ ¢+ a)E,
+(l+a)Es+ (2+2c+a)Ey+ (1 +2¢+a)Ey + (2¢ + a)E,
+(a—e)E.

In this case, the divisor ¢*(H) is effective and this proves that the same cylinder
is again a H-polar cylinder in this case too!

We will now show that the example that we have constructed, can be obtained
on any surface S of Type Eg and H, ample divisor given as in Case 1(a).
Consider S and S, the minimal resolution of S. The curves M, Fy, Ey, Ey, Ey, Eq
are the exceptional curves of ¢ : S — S and thus exist on S for any S of Type
Es. For the given H, we also have the curves L1 and F, = Lg as given in the
above configuration.

Therefore, we only need to prove the existence of the curves Fj, FE , Fy and F.
Observe that Fj is the proper transform of the anticanonical curve C € | — Kg|,
that passes through the singular point on S. In order to prove the existence of
the remaining curves, E E, and FE, , contract E,, Es, FEs, F2 in order. This
gives a del Pezzo surface of degree 5 of Type A;. Using [CT8Y, Proposition 8.5],
we can prove the existence of the curves E, E, and E,, as in the configuration
above.

Thus, this proves that given any surface S of Type Eg, we can always obtain the
configuration of curves as in Fig. and thus, can obtain a H-polar cylinder for
H given as in Case 1(a).

Remark 4.76. Note that the same construction above works for Case 1(c). Take
the configuration on S as in Fig. @ Contract the curve E, on S. Now this is
a configuration of curves on S which is the minimal resolution of S of degree 2
and the same arguments as above prove that the constructed example is a H-polar
cylinder, for H as described in Case 1(c).

Suppose that the ample divisor H on S is given by
H= _KS + CL1L1,

where 0 < a; < 1, p(S) = 3, Ly is a (—1) curve that does not pass through the
singular point. Let us now construct an example of a H-polar cylinder.

Here, we again take the same cylinder on Fy as in Case 1(a) and birationally
modify it as follows:

ST=6§1T .56 T, _TBogl UR, =50
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Here, the morphisms m; : S* — S, for 1 < ¢ < 3 are blow ups of points on F}
and Fy and 7; : S* — S, for 3 <4 < 7, are blow ups of points on the proper
transforms of the fibre F5 on Si~!. This gives the following configuration on S.

; By By
l E, FE, l
i 2 i
E@ ) ’// E@
F | M
E@ == .[:1 777777777777
Figure 4.3: S

Since the configuration on S is the same as on S, I': § — S is an isomorphism.
Consider non-negative constants, «,, [ such that

—I(]F2 =2M + O[Fl + /8F27
with o + 8 = 4. This then implies that

~Kg=2M+ BEy+aFy + (B—1)Ey + (B —2)Ey + (6 —3)Es + (B — 1)E,
+ (/8 - 2)E© + (ﬁ - 3)E® + (04 - 1)E®-

In order to prove that this is in fact a H-polar cylinder, for any ample divisor H
on S, we can take the curve Ly = E,, where L, is the proper transform of L; on
S, since L on S is a (—1) curve that does not pass through the singular point.
Note that ¢*(Ly) ~ Ly. Therefore, we get

¢*(H)=2M + Py + aFy + (B — 1)E, + (B8 —2)E, + (8 — 3)E, + (8 — 1)E,
+(B=2Es+ (B—=3)Es+ (a — 1+ ay) Ly,

which is effective if we choose € < a. This shows that
A" x (A*) = Fo\Supp(—Kg,) = S\Supp(¢*(H)) = S\Supp(H)

and therefore, the cylinder constructed above is a H-polar cylinder, for any ample
divisor H on S.

We will now prove that the cylinder constructed above, can be obtained on any
given surface S of degree 1 of Type EFg and ample divisor H on S given by Case
1(b).

Consider surface S and S, its minimal resolution. The curves E,, Eo, Fy, M, E,,
Eq, are the exceptional curves of the minimal resolution ¢ : S — S. Since H
is given as in Case 1(b), the curve L, exists as in the configuration Fig. |4.3
Therefore, we only need to prove the existence of the curves Fy, E, and Fy.
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Observe that £} is the proper transform of the anticanonical curve C' € | — Kg|
and thus exists as in Fig. In order to prove the existence of the curves Ej
and E,, contract Fy, M, F, in order. This gives a del Pezzo surface of degree 4
of Type 2A4;. Using [CT88| Proposition 6.1], we can prove the existence of the
curves Fy and F,, as in the configuration in Fig. [4.3]

This proves that we can always get the configuration of curves as in Fig. on
any surface S of degree 1 of Type Es and thus construct a H-polar cylinder for
any ample divisor H on S, as given in Case 1(b).

. Fs + A;: Consider surface S of degree 1 that contains Fg + Ay singularity. This
implies that p(9) < 2.

Using Lemma and the known result that there does not exist a degree 2 del
Pezzo surface of Type Eg + A;, we can conclude that any ample divisor H on S
is given by

H=—-Kg+al,

where L is a (5)-curve on S that passes through the A; singular point and
0<a<?2.

Let us now construct an example of a H-polar cylinder on S. Take [F, with the
(—2) section M and fibres F} and F,. Taking the same cylinder on Fy as in Case
1(a), we can birationally modify the cylinder as follows,

ST=617 g6 T, o9l YR, =80

Here, the morphisms 7; : S — S*~! for 1 < i < 2 are blow ups of points on F}
and Fy and m; : S* — S for 3 < i < 7, are blow ups of points on the proper
transforms of the fibre F» on S*!.

This gives the following configuration on S.

Figure 4.4: S

Contracting E,, Es, Ea, Fy gives a del Pezzo surface of degree 5 of Type 24;.
Using [CT88, Proposition 8.5], we can prove the existence of the curve L as in
the configuration above.
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Taking |f/ + FEs|, we see that E, and E, are sections, and thus we have
L+FE,~E,+Fi+M+Fy+ E,+ Ey + E,. (4.29)

Similarly, taking |I~/ + E., + E,|, the sections are given by E, and F}, and we get

L+ E,+Ey~ Ey+ M+ 2F, + 2E, + 2E, + 2E,,. (4.30)

Then, using (4.29)) and (4.30), we get

L ~3E,—2E; + E, + 2F, + M — E,. (4.31)

Using the conic bundle given by the linear system |E, + Ey + F. o+ FEy+ Es+ E,
we get

Y

E@>+2E@+Fl ~E®+E@+FQ+E@+E@+E@. (4.32)

Note that we have L ~g ¢*(L) — 1E,. Using this and (4.29), (4.30), ([4.32), we
get

—_

¢*(L) == | Fy — By + 2M + Ey + 3F, + 3E, + 3E, + 3F, |.

[\

Therefore, we have

¢*(H) = —Kz + ag*(L) = (2 + a)M + (o + g)ﬁl +(a—1)E, + (2a — 2)E,

+(6+3§)FQ+(B—1+§)E@+(B—1+3§)E@
S8 =24 BB+ (584 SVE, + (B2 D)EL.

This is an effective divisor.

We now prove that the above example of H-polar cylinder, for H given by H =
—Kg + al, where L a (%)—curve that passes through the A; singular point, can
always be constructed on a given degree 1 del Pezzo surface S with any ample
divisor H.

Consider S and its minimal resolution S. Then the curves M, Fy, Ey, Ey, Ey, F.,
F exist on S, since these are the exceptional curves of the minimal resolution
o : S — S. Also the curve L = L exists as in Fig. , since L on S passes
through the A; singular point.

Therefore, we only need to prove the existence of F,, FE, and E,, as in the
configuration. F, is the proper transform of the unique curve C' € | — Kg|. In
order to prove the existence of Fy and E,, contract FE,, FEs, Fq, FQ in order and
this gives a del Pezzo surface of degree 5 of Type 2A;. Using [CT88| Proposition
8.5], we can prove the existence of the curves E, and E, as in the configuration
in Fig. [£.4] This completes the proof.
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4.3.2.3 D; singular point

Suppose the surface S has at least 1 singular point of type D7. Then p(S) < 2.
Consider del Pezzo surface S of degree 1 of Type D7. Then p(S) = 2.

Using Lemma |4.70| and the known result that there does not exist a degree 2
del Pezzo surface of Type D7, we can conclude that any ample divisor H on S is
given by

=—Kg+ bC,

where (' is a fibre of the conic bundle given by |C| and b > 0.
Blowing up fibres of Fy,we get the following configuration on S.

Figure 4.5: S

Note that we can choose C such that
C =2E, + 2E, + 2Fy + 2M + 2F, + 2E, + Eo + E.,

where C is the proper transform of C'in S and ¢* (€)= ~C~Y . Here, we use the conic
bundle given by the linear system [2E; +2FE, 4+ 2Fy + 2M +2F, + 2E; + Eq + Ey|.
Therefore, we have
O*(H) = (2+20)M + (a + 2b)Fy + (o — 1 + b)Ey + (2 — 2 + 2b) E,
+ (20 —3+b)Es+ (20 —4)Eqy + (B +20)Fy + (B — 1)Ey + (3 — 1 + 2b)E,
+ (8 —2+2b)E,

The above divisor is effective and hence proves that the above construction
gives an example of a H-polar cylinder for H as described above.

4.3.2.4 Dg singular point
Suppose the surface S has at least 1 singular point of type Dg. Then p(S) < 3.

1. Dg singularity: If the surface S has exactly 1 singular point and it is of type
Dg, then p(S) < 3. The surface S can be either of degree 1, with p(S) = 3 or
of degree 2, with p(S) = 2.

Since there does not exist a cubic del Pezzo surface S of Type Dg, using
Lemma we can conclude that any ample divisor H on S is given by
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= —Kg+aL +bC with p(S)=3,6>0,0<a <1,
= —Kgs+ aL with p(S) =3,0<a < 1,

= —Kg + bC with p(S) =3,b >0,

= —Kg + bC with p(S) =2, b >0,

where L is a (—1)-curve that does not pass through the singular point and C
is a (0)-curve.

Counsider
H=—-Kgs+alL + bC,

with p(S) = 3, where 0 <a <1 and b > 0.
Constructing S from Fy, we get the following configuration.

E;

©
®

Figure 4.6: S

Note that we can choose C on S such that
C ~2E, + 2F, + 2M + 2F, + 2E, + E, + E,,

where C' is the proper transform of C' in S and ¢*(C) = C’; Here, we use the
conic bundle given by the linear system [2E, +2Fy+2M +2F, +2E, + Ey+ Ey|.
Therefore, we have

¢*(H) = (2+b)M + (a + 20)Fy + (a — 1 + D) Ey + (20 — 2 + 20)E,
+ (20— 3+ b)Es + (2a —4)Ey + (8 + 20)F5 + (8 — 1 + 20)E,
+(B=1)Es+vE5+ (y— 1+ a)E,.

Since a > 0, this divisor is effective.

Remark 4.77. Note that contracting L in the above configuration, gives an
example of a H-polar cylinder, when H = —Kg + bC' for a del Pezzo surface
of degree 2 of Type Dg, as in Case 1(d), described above.

Suppose the ample divisor H = —Kg + bC, where S is a degree 1 del Pezzo
surface of Type Dg, with p(S5) = 3.

In this case, constructing S from Fy, we get the following configuration.
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Figure 4.7: S

Using the conic bundle given by the linear system |E, + Eg + 2F) + 2M +
2F; + 2F, + 2E,|, we can choose C on S such that

¢*(C) ~ Ey + Ey + 2F, + 2M + 2F, + 2E, + 2E,.
Therefore, we get the following:
o*(H)= (24 20)M + (0 + 20)Fy + (0« — 1+ b)Ey + (a — 2)Es + (o — 1 + D) Ey
F(@=2)Ey+ (B+20)Fy + (B —1+20)E, + (6 — 1)E,
+ (8 — 2+ 2b)E;.

This divisor is effective and hence the above construction is an example of a
H-polar cylinder for H as described above.

. D¢+ Ay singularity: Consider del Pezzo surfaces of degree 1 of Type Dg+ A;.
Then p(S) = 2.
Using Lemma and the result that there does not exist cubic del Pezzo
surface of Type Dg, we can conclude that any ample divisor H on S is given
by

H=—-Kgs+alL
with 0 < a < 1, where L is a (—1)-curve on S that does not pass through any
singular point.
Constructing S from Fy by blowing up the fibres of Fy appropriately, we get
the following configuration,

Ee
it —
B — B
//~// E@ = _Z
Rl EEEEE TR oA
Figure 4.8: S
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Note that ¢*(L) ~ L and therefore, we get
¢*(H) = 2M + oF, + (0 — 1)Ey + 200 — 2)Ey + (200 — 3) Ey
+(2a —4)Ey + BE + (8- 1)Ey + (28— 2)Ey + vFs + (v — 1 + a) L.

This is an effective divisor.

4.3.2.5 Ds singular point

Suppose the surface S has at least 1 singular point of type Ds. This implies that
p(S) < 4.

D5 singularity: Suppose S has at most 1 singular point and this is of type
Ds. Then p(S) < 4. The surface S can be of degree 1 (p(S) = 4), of degree 2
(p(S) = 3) or of degree 3 (p(S) = 2).

Using Lemma [4.70, we get that any ample divisor H on S can be given by

H=—-Kg+ a1Li + asLly + azLz, with p(S) =4, 0 < a1, as,a3 < 1,

H = —KS + bC + a1l + CLQLQ, with ,O(S) = 4, 0 < a1,y < 1, L17 Lo are
irreducible components of |C| such that Ly -C' = Ly - C = Ly - Ly = 0,

H=—-Kg+a1Li + asly, with p(S) =3,0<a; <1,0<as <1,

H=—-Kg+bC+ayLy, with p(S) = 3,0 < a; <1, L; is an irreducible component
of a fibre of the conic bundle given by |C| such that L, - C' = 0,

H=—-Kg+ aL, with p(S) =2,0<a <1,
= —Kg + bC, with p(S) =2, 0 < b,

where Ly, Lo, Lz are (—1)-curves on S that do not pass through the singular
point, C'is a fibre of the conic bundle given by |C/|.

Let p(S) = 4. That is, the surface S is of degree 1.
Suppose ample divisor H on S is given by
H=—-Kgs+al,

where p(S) =4, L is a (—1)-curve on S that does not pass through the singular
point and 0 < a < 1.
We blow up fibres of Fy to get the following configuration.

Figure 4.9: S
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(1]

Therefore, we get

¢*(H) =2M + oF, + (0 — 1)Ey + (a — 1)Ey + (o — 2) By + (o — 2) Ey + v F}
+(y=1)Es+ (y—1Es+ BF+ (B—1+a)L.

This is an effective divisor for a sufficiently small e.
Suppose ample divisor H on S is given by

H= —KS + CllLl + GQLQ + bC,

with p(S) =4, b > 0and 0 < a1 < ay < 1. Blowing up the fibres of Fy
accordingly, we get the following configuration on .S,

Figure 4.10: S

In order to understand how the curve L, is, in the above configuration, consider
the linear system |FE, + F3 + M + Fy + E, + E;|. Note that this linear system is
such that

~ ~ ~ 2
(E®+F3+M+F2+E@+E@> —0,
<E®+F3+M+F2+E@+E@> .C=0, forCe{E,, F3, M, Fy, E,, Es}.

This implies that this linear system gives a conic bundle morphism from S — P'.
Observe that E, - <EO C R+ M+ Bt B+ EO) — 0 and this implies that Ej

is an irreducible component of a fibre of conic bundle given by |Ey + Fy+ M +
Fy + E; + E;|. Since E? = —1, there exists a (—=1)-curve, which is also an
irreducible component of the fibre, that intersects E,, say L; and is such that

INq . <E® + Fg + M + Fg + Ey + E@> = 0. This implies that we have

E.+Li~M+F,+F;+E,+ E, + E,.

Similarly, using |Es + Ey + Fy+ M+ F +E, |, we can prove the existence of the
curve Ly in the above configuration, wherein L, intersects E, and is such that

E 4+ Ly~FE,+E,+F,+ M+ F, + E,.

118



[111]

[1V]

With this, we have

01L~1 + CLQEQ = (a1 — CLQ)E® + Cll(M + ﬁg + Fg + E@) + (Cll + &Q)E@
+ (ay — a1)Ey + ax(M + Fy + Fy + E,).

Note that ¢*(Ly) ~ Ly and ¢*(Ly) ~ Lo. Therefore, we get

O*(H)= 2+ a1+ a)M + (a+b+a)Fi + (a —1D)Ey + (0 — 1 4+ a3 — a)) Es
+(y+b+a)Fs+(y—1+a—a)Ex+ (y—1)Es + (B +2b+ ay + as)Fy
+(B—1E;+ (B—1+2b+a1+as)Ey+ (8 —2+ a1 + az)Es.

This divisor is effective.

Suppose a; = a; = 0 and H = —Kg+bC'. Consider the configuration in Fig. 4.10,
Using the conic bundle morphism that is given by the linear system |2E, 4+ 2FE, +
2F, + 2M + F3 + Fi|, we can take C' on S such that

¢*(C) ~g Fy + F5 + 2M + 2F, + 2E, + 2E;.
Therefore, we get,
¢*(H)=2M + (a + D)Fy + (e = 1)Ey + (a — 1)Ey + (Y + b)Fs + (v — 1)E,,

+(y=1)Es+ (B+20)Fy + (B—1)Es + (B — 1+ 2b)E,
+(B—2+2b)E,.

This divisor is effective and this shows that the constructions above gives an
example of a H-polar cylinder, for H as described in 1(b).

Suppose H is given by
= —KS + CllLl + GQLQ + CL3L3

where p(S) =4, Ly, Lo, Ls are (—1)-curves that do not pass through the singular
point and 0 < a3z < as < a; < 1. B
Blowing up the fibres of F; suitably, we get the following configuration on S,

Fe E® E, ‘E@
Es
e E@
e E@ E
S E, R S -
oo E@
o ,,,M

Figure 4.11: S
Contracting M, we get the following configuration on S.
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Figure 4.12: S

In order to prove the existence of the curves Ly, Lo, Ls, contract Ey,, Fe, Es in
order. This gives a del Pezzo surface of degree 4 with A; singularity. Therefore,
from |[CT88|, Proposition 6.1], we can show that curves il, Z~L2, L exist as in the
above configuration.

Consider the conic bundle given by the linear system |2F, +2FEq +2FE; + F, + F, |,
we have

zl—i_E@NEQ—i_E@Nz3+E®N2E®+2E@+2E®+E@+FQ
Therefore, on S, we have

¢*(H)=aF, +(a—1—a)Ey+ (=1 —ay)Fy + (a — 1 — a3)E,
+(B+ar+as+a3))Fo+(B—1DEy+ (B—1+4a; +as +as)E,
+ (26 — 2 + 2a1 + 2as + 2a3)Es + (28 — 3 + 2a1 + 2ay + 2a3) Ey
+ (26 — 4 + 2a; + 2as + 2a3) E,

This divisor is effective.
e Let p(S) = 3. That is, the surface S is of degree 2.
[I] Suppose ample divisor H on S is given by

=—Kg+al + bC

where p(S) =3,0<a<1land b>0, and L is a (—1)-curve on S that does not
pass through the singular point.

Consider the configuration in Fig. m Blowing up a point on the fibre F; on S
in Fig. |4.15] gives the following configuration for S, for Case 1(d).
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Figure 4.13: S

Then, since ¢*(L) ~ L, just as in Case 1(f), we get

¢*(H)=(2+b)M + (B+20)Fy +aFy + (a—1+a)L+ (B—1+b)Ey + (B —2)E,
+(B—1+2b)Es + (8—2+2b)Ey + (8 — 3+ 2b)E,.

This divisor is effective and is therefore an example of a H-polar cylinder on S
for H as described in 1(d).

[IT] Suppose ample divisor H on S is given by
= _KS + CL1L1 + CL2L2

where p(S) = 3, Ly and Ls are (—1)-curves that do not pass through the singular
point and without loss of generality 0 < a; < 1,0 < as < 1.
Blowing up fibres of Fy appropriately, we get the following configuration

E@ = Z~—Jl,’ E@ = EQ,’

Figure 4.14: S

Therefore, on S , we get

¢*(H)=2M + oFy, + (a — 1+ a)) Ly + BFy + (B — 1+ ag)Ly + vFs + (y — 1) B,
+(2y—=2)Ey + (2y —3)Ey + (27 — 4)E,.

This divisor is effective.
e Let p(S) = 2. That is, the surface S is of degree 3.
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(1]

Suppose ample divisor H on S is given by
=-—Kg+bC

where p(S) =2, b> 0, and C is a (0)-curve. We can blow up fibres of Fy to get
the following configuration.

Figure 4.15: S

Note that F} on S is the (0)-curve which is the proper transform of Fy on S.
Therefore, using the conic bundle given by the linear system |Fy + Ey + Ey + Ey +
E, + Es|, we can write

F~1]_ NFQ‘I’E@“I’E@“‘E@“‘E@“‘E@.
We can choose C' on S such that, on S, we have
¢*(C) = Ey + M + 2F, + 2E, + 2E, + 2E;, .

where we use the conic bundle given by the linear system |E; + M+ 2]% +2E, +
2F, + 2E,)|.
Therefore, we get

¢*(H) = (2+b)M + (a + 20)Fy + BE, + (0 — 1 + b)Ey + (o — 2) E,
+(a@—1+2b)Ey + (. — 2+ 20)Ey + (. — 3 + 2b) E.

This divisor is effective.
Suppose the ample divisor H on S is given by

=—Kgs+al

where 0 < a < 1 and L is a (—1)-curve that does not pass through the singular
point.

Using the configuration of curves on S in Fig. we can prove the existence
of the curve L such that L - E; = 1 and does not intersect any other curve on
S. Contracting E, gives a del Pezzo surface of degree 4 of Type A, and using
[C'T8R, Proposition 6.1], we can conclude that a curve such as L exists on S.
Then, using the conic bundle given by |I~/ + FEs|, we have

L+ Ey,~2FE, +2E, + 2F, + M + E,.
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Therefore, on S, we have

¢*(H) = (2+ a)M + (a + 2a)Fy + BE, + (o — 1+ 2a)Ey + (o — 2 + 2a)E,
+(a—1)Ey+ (a—2)Ey + (a« — 3 —a)Es.

Since a < 1, this is effective and hence proves that the construction in Fig. 4.15
is an example of a H-polar cylinder for H as described above.

2. D5 + A, singularity: Suppose the surface S has singularity of type D5 + A;.
This implies that p(S) < 3. The surface S is either of degree 1 (p(S) = 3) or of
degree 2 (p(S) = 2).

Using Lemma [4.70] and the result that there are no cubic del Pezzo surfaces of
type Ds + Aj, from [BWT9], we can conclude that any ample divisor H on S is
given by one of the following,

(a) H=—Kg+ a1Li + asLy with p(S) =3,0<a; <2,0<ay <1,
(b) H=—Kg+bC + aL with p(S) =3,0<a<2,b>0,

(¢) H= —Kg+ aL with p(S) = 2, 0 < a < 2, where L, Ly are (%)—curves that
pass through the singular point of type A;, Lo is a (—1)-curve on S that does
not pass through any singular point, C' is a fibre of |C| and for Case 2(b), L is
an irreducible component of a fibre of the conic bundle given by |C| such that

L-C=0.
[I] Suppose the ample divisor H on S is given by

= —Kg+al +0bC

where p(S) =3,0<a<2,b0>0,Lisa (%)—curve that passes through singular
point of type A; and C' is a (0)-curve.

We get the following configuration on S by blowing up the fibres of Fs.

Figure 4.16: S

Contracting the curves E,, Eo, Fy, M gives a del Pezzo surface of degree 5 of
Type A;. Using [CTS88|, Proposition 8.5], we can prove the existence of curves F
and L. Note that this also gives us that Fe - L = 1.
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Consider the conic bundle given by |L + E, + E|. Since the curves in the divisor,
Fy+ By 4+2M +2F,+2E, +2E, do not intersect the curves in the divisor L+ F,+F,
and

- ~ - - 2
(F3 4By 4+ 2M + 2F, + 2, + 2E®> —0,

<F3 4 Fy +2M + 2F, + 2B, + 2E@> C=0, for Ce {Fy, Fy, M, Fy, Es, Es),

we can conclude that F3 + F} + IM + 2?12 + 2E, 4+ 2E, is a (0)-curve and a fibre
of the conic bundle given by |L + E, + E| and therefore, we can choose C' on S
such that

¢*(C) ~g Fs + Fy + 2M + 2F, + 2E, + 2FE,.
Similarly, using the conic bundle that is given by |E, + E, + f/\, we have
L+ Ey+ Ey~gEo+ Fs+ M+ Fy + Eg + Es.

Note that we have ¢*(L) ~ L + %E@) Therefore, we choose L on S such that
1 . -
¢* (L) ~ —E®—§E®+E®+F3+M+F2+E@+E®.

Note that L is an irreducible component of a fibre of the conic bundle given by
|}~73 + Fy +2M + 2F, + 2E, + 2FE,| and therefore L - C' = 0.

Once we choose L and C' as decribed above, we now prove that the example of
the cylinder that is constructed in the above configuration, is indeed a H-polar
cylinder. From the above construction, we have

O*(H) = —Kg + a¢*(L) + bp*(C) = (24 a + 2b)M + (o + b)Fy + (v + a + b) Fy
B+ a+2b)F, + (a—l—g)E®+(2a—2—a)E®

+(
+(y—1+a)E+ (y - DEs + (8- 1)E;
+(B—1+a+2b)E,+ (8—2+ 2b)E,

This divisor is effective.

Let us now prove that the example of the H-polar cylinder that we have con-
structed above, can always be constructed on any surface S of degree 1 of Type
D5 + A; with the ample divisor H on S, as described in this case.

Consider the minimal resolution of S, S. The curves on S that we know exist
are E,, Iy, M, Fy, I3, E,, since these are the exceptional curves of ¢ : S—S.
Since we choose the conic bundle given by |Z~L +E,+E |, we also have the curves
L and E. The curve FE, is the pullback of C € | — K| and therefore intersects F
as in the figure.

Since the curves Iy, M, Fi, Fy, E, intersect each other, they form a part of the
same fibre of the conic bundle given by |L + E, + E|. Therefore, there exists a
curve Ey as in the figure, so that F3 + Fy +2M + 2F, + 2F, + 2E, forms a fibre
of the conic bundle.
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In order to prove the existence of the remaining curves, E,, E,, Eg, in the Figure
Fig. , contract E,, E,, I, in order. This gives a del Pezzo surface of degree
4 of Type 3A;. Using [CT88, Proposition 6.1], we can prove the existence of the
curves E,, E,, Fy as in the Fig. with Eg - L=1.

Thus, this proves our claim that we can always construct the configuration on S
as in Fig. and hence obtain the above example of a cylinder on S.

Suppose the ample divisor H on S is given by
H= —KS + a1L1 + G/QLQ

where p(S) = 3, L; is a curve that passes through the singular point of type A,
L, is a curve that does not pass through any singular point and 0 < a; < 2, 0 <
Ao < 1.

Blowing up the fibres of F; appropriately to get the configuration on S and then
blowing down the (—1) section, M on S, we get the following configuration on S,

Figure 4.17: S

Contracting F,, Ee, FEs gives a del Pezzo surface of degree 4 of Type 2A;. The
existence of the curve F, shows that this surface is unique and using [CTS8S|
Proposition 6.1], we can prove the existence of the curves Ly, Ly and E.

Using the conic bundle given by |L; + E, 4+ E.|, we have

Ly +E,+Ey~Ly+ Ey~Fy+ Ey + 2E, + 2E + 2F,.
Note that ¢*(Ly) ~ Ly + %E@) and ¢*(Lg) ~ L. Therefore

¢*(Ly) ~q —Es — %E® + Fy+ Ey + 2B, + 2F, + 2E,,
¢*(La) ~g —Fs + Fy + By + 2B, + 2B, + 2F,.
Therefore,
O (H) = (a—1— %)E® +aF) + (B+ar+ an)Fy + (28 — 2+ 241 + 2a2)Es

+(B—1+a1+a)Es+ (28 —3+2a; +2a2)Ey + 2a—2 —ay)E,
+(a—1—a))Ey + (28 —4 4 2a1 + 2a2)E, + (5 — 1)E;

This divisor is effective.
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[ITT] Suppose the ample divisor H on S is given by
=—Kgs+al

where p(S) = 2, L is a (5)-curve that passes through the singular point of type
A and 0 <a < 2. )
We can get the following configuration on S by blowing up fibres on Fy,

Figure 4.18: S

Contracting E,, Es, Fy in order, gives a del Pezzo surface of degree 4 of Type
2A; (of degree 5 if p(S) = 2). Using [CTS88, Proposition 6.1] ([CT88, Proposition
8.5]), we can prove the existence of the curve L in the above configuration.
From the conic bundle given by |Ey + L + Ej|, we have

Since ¢*(L) = L + %E(@, we have,
1 N .
¢*(L) = —FEg — §E@ + M+ Ey +2F, + 2E, + 2F,,

and therefore
¢*(H) = (2+ a)M + BFy + (a +20)Fy + (B— 1 — g)E@ +(28—2—a)E,
+(a—14+a)Ey+ (a—=1+2a)Ey + (a« — 2)Ey + (. — 2 + 20a) E,.
This divisor is effective.

3. D5 + 2A; singularity This implies that p(S) < 2. Consider surface S of degree
1 with D5 + 2A;. Then p(5) = 2.
Using Lemma [4.70] and the result that there are no cubic del Pezzo surfaces of
Type D5 + Ay, from [BW79], we can conclude that every ample divisor H on S
is given by

H=-Kx +bC

where C'is a (0)-curve and b > 0. Note that Lemma implies that there exists
an irreducible fibre C" ~ C' that passes through both singular points of type A;.
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Blowing up the fibres of 5, we get the following configuration.

Figure 4.19: S

Here C is the proper transform of ¢’ on S.

In order to prove the existence of C' on S, from the construction from Fy, as
shown above, contract Fy, FE,, FQ, M in order, we get a del Pezzo surface of
degree 5 of Type 2A;. Then [CT8S, Proo ition 8.5] implies the existence of the
curve C as in the configuration in Fig. 4

Now, consider the conic bundle given by |E@ +C + E,|. This implies that we can
choose C' on S such that
¢*(C) ~ Fy + Fy + 2M + 2F, + 2E, + 2F;.

Since C' = ¢*(C) — tE, — 3 E,, we get

¢*(H) = 2M + (a + b)Fy + (e = 1)Ey + (20 — 2)Ey + (v + D) EF3 + (v — 1) E,
+ (27— 2)E, + (B+20)Fy + (B—1)Ey + (B — 1 + 2b)E,
+(8—2+2b)E,.

Thus, the divisor is effective, thus proving that this construction is an example
of a H-polar cylinder, for any ample divisor H on S.

. D5+ A, singularity: Suppose a surface S has singularity of type D5+ A;. Then
p(S) < 2. So consider surface S of degree 1 with D5 + Ay. Then p(S) = 2.

Lemma implies that any ample divisor H on S is given by
H=-Kq¢+alL

such that 0 <a <3 and L is a (%)—curve that passes through the singular point
of As-type.

Consider the following configuration of S obtained by blowing up the fibres of I,
suitably.
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Figure 4.20: S

Contract M to get the following configuration on S.

Figure 4.21: S

In order to prove the existence of the curve L as in the above configuration on
S, contract E,, E,, E,, in order. This gives a del Pezzo surface of degree 4 of
Type Ay + A;. Using [CT88|, Proposition 6.1], we can conclude that such a curve
exists. Note that this also shows that L - Ey = 1.

Using the conic bundle given by the linear system |f1 + LB, + By + F1|, we can
conclude that

Note that L ~ ¢*(L) — 2E, — 3 E.. This then gives us that
2 1 ~
On S, we get

o* (H) :ocF1+(oz—1—%a)E@+(2oz—2—%)E®+(3a—3—a)E@+(ﬁ+a)F2

+(B-1)Es+ (26 —-24+2a)E; + (8 -1+ a)Es + (28 — 3+ 2a)Es
+ (26 —4 + 2a)E,.
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The divisor is effective and hence proves that the construction done above is an
example of a H-polar cylinder for H as described above.

4.3.2.6 D, singular point

Suppose the surface S has at least 1 singular point of type Dj.

. D, singularity: Suppose the surface S has exactly one singular point, and this
is of type Dy. Then p(S) < 5. The surface S can be of degree 1 (p(S) = 5), of
degree 2 (p(S) = 4), of degree 3 (p(S) = 3) or of degree 4 (p(S) = 2).

Using Lemma [4.70] and the result that there are no del Pezzo surfaces of degree

5 of Type Dy, from [CT88], we can conclude that any ample divisor H on S is
given by one of the following:

(a) H=—Kg+bC + a1Ly + asLs + azLs with p(S) =5, 0 < ay,a2,a3 < 1,

b= 0,
(b) H=—Kg+ bC + a1Ly + as Ly with p(S) =4, 0 < aj,as <1,b>0,
(¢) H=—-Kg+bC + aL with p(S)=3,0<a<1,b>0,
(d) H=—-Kg+ aL, with p(S)=3,0<a <1,
(e) H=—Kg+ bC, with p(S) =3,b>0,
(f) H=—Kg+ bC with p(S) =2, b> 0,

where C' is a fibre of |C| that gives a conic bundle extremal contraction,
Ly, Ly, L3, L are (—1)-curves that do not pass through the singular point,
and are each mutually disjoint irreducible components of fibres of |C| chosen
such that Ly - C =Ly-C=L3-C=L-C=0.

e Let p(S) = 5, that is consider S of degree 1. Recall that in this case, S does
not have a (—Kjg)-polar cylinder. Here, for any H # —Kg, we construct a
H-polar cylinder.

[I] Suppose the ample divisor is given by
H=-Kg+alL

where L is a (—1)-curve in S which does not pass through the singular point
and 0 < a < 1.

Blowing up the fibres of Fy suitably, we get the following configuration on
S,
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Ez) E@ F’4 ~
R e o B,=1L
E@ :
B, |
— M

Figure 4.22: S

Note that ¢*(L) = L. Taking non-negative constants o, 3, v, d, we get

¢*(H) =2M + oF, + (0 = 1)Ey + (a — 1)Ey + BFy + (B — 1)Ey + (8 — 1)E,
+yFs+ (y=1)Es+ (y—1)Esy +0F, + (6 — 1 + a)L.

This divisor is effective.

[IT] Suppose the ample divisor H on S is given by
H=-Kqs+bC

where 0 < b and C' is a (0)-curve.
Blowing up the fibres of IF; and then contracting the unique (—1) section,
we get the following configuration on S,

Fe £ E, E, E,
{neeeees E, | B2
B E, |
S E, 3 o
S E, !

s

Figure 4.23: S

Contracting M and F in order, we get the configuration on S (Figure |4.24)).
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R RRREEEEEN E,

E, E, E, E, Es

Figure 4.24: S

Consider the conic bundle given by the linear system |ﬁ’ 1+ Es+2E,+2FE, +
2F,|. Using this, we can choose C' on S such that

C ~F +Ey+2E, + 2E, + 2F,.
Using this, we then get that

¢*(H) = (a+b)F, + (a — 1)(Ey + Eo + Es + Ey) + (268 — 2 + 2b)E,
+(B—1+b)Es;+ (26 —3+2b)Ey + (28 —4 + 20)Ey + (26 — 3) Ea,

and this divisor is effective.
Suppose the ample divisor H on S is given by

E—Kx+aL+bC

where 0 < a < 1 and b > 0, and the curves L and C are (—1) and (0)-curves
respectively, that do not pass through the singular point. .
Blowing up fibres of Fy suitably, we get the configuration on S as in Figure

Consider the conic bundle given by |Fy + F3 + 2M + 2F, + 2E,|. Then,

we can choose C' on S such that
C ~ Fy+ By +2M + 2F, + 2E,.

Since Supp(é’) c-K g—l—af} as computed in Case [I] above, the same H-polar
cylinder as in Case 1(a), works here too.

Suppose the ample divisor is given by
H=—-Kg+a1Li+asls+ aszls

where Ly, Ly, L3 are (—1)-curves on S that do not pass through the singular
point and 0 < ay <1, a; <ay <az <1.
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Blowing up fibres of F; suitably to get S and then contracting the unique
(—1) section M, we get the following configuration on S (Fig.

Fy =
E@ E@ E@ E@ :
3 Ly 3 Ly 3 Ls |
3 3 3 E, |

l % % BB

Figure 4.25: S

In order to prove the existence of the curves Lo, Ls as in the configuration
above, contract F,, Fy, E,, in order. This gives a del Pezzo surface of degree
4 of Type A,. Using [CTSS, Proosmon 6.1], we can show the exsitence of
the curves Lo, L as in Fig. 4 Similarly, instead of contracting Eg,
contract F, and the same argument proves the existence of the curve L; as
in Fig. [4.25]

Using the conic bundle given by |L; + E,|,

we get
Ey+ Ly ~Ey+Ly~FEy+ Ly~ Fy + Ey + By + Eg + Es.
Using this and ¢*(L;) = L;, we have
¢*(H) =l + (@ —1—a)Ey+ (0 —1—ay)Es + (@ — 1 —asg)Ey + (B + a)Fy
+(f—1+a)Es+(B—14+a)Es+ (B—24+a)Es + (B —2+ a)Es,

where @ = a1 + ay + az. This divisor is effective and shows that the con-
struction done above gives an example of a H-polar cylinder on S.

Suppose the ample divisors are given by
H = _KS + a1L1 + a2L2 + ang + bC,

where L; for 1 <i < 3 and C are (—1) and (0)-curves, respectively, that do
not pass through the singular point.

Blowing up fibres of F; suitably we get the configuration as in Fig.
Consider the conic bundle given by the linear system ]Fl + E,+2F,+ 2E +
2E,|. Then you can choose C' on S such that

C~F + Ey+2F, +2E, + 2F,.

Since Supp(é’) c —Kg—i-al[:l +a2[:2 +a3[:3 as computed in Case [IV] above,
the same H polar cylinder as in Case [IV], works here too.
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o Let p(S) = 4, that is, consider S to be of degree 2.
[I] Suppose the ample divisor H on S is given by

[11]

= —KS +bC + (IlLl + a2L2

where 0 < a1 < 1,0 < ay < 1, b = 0, C is a fibre of |C| that gives
a conic bundle extremal contraction, and L;, Lo are (—1)-curves that
do not pass through the singular point, and are each mutually disjoint
irreducible components of fibres of |C| chosen such that L,-C' = Ly-C =

0.

Blowing up fibres of Fy suitable, we get the following configuration on

S.

A Ex
Fl F2 E@ i
3 3 B,

1 1 Mo B

Figure 4.26: S

By the conic bundle given by the linear system |M +E@+2F3+2E@+2E®|,

we have that

¢*(C) ~ M + Ey + 2F5 + 2E, + 2E,.

Therefore, on S, we have

¢*(H)= (24 b)M + aF, + (o — 14 a1)Ly + BFy + (B — 1 + ay) Ly
(Y2 + (Y= 1+ D)Ey + (y =1+ 20)Ey + (7 — 2+ 20) B,

+ (v —2)Fs.

Since this divisor is effective, it proves that the above constructed ex-
ample is a H-polar cylinder for H as described above.

Suppose a; = as = 0. Then any ample divisor H on S is given by

= —Kg+bC

where b > 0, C is a fibre of the conic bundle given by the linear system

1.
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Blowing up the fibres of Fy suitably, gives the following configuration on

S.

2 2 £y
I B B
,,,,,,,,, By
B B B
,,,,,,,,, Es
M

Figure 4.27: S

Using the conic bundle given by the linear system |F2 + [+ 2M +2F, +
2F,|, we can take C' on S such that

¢*(C) ~ Fy + F5 + 2M + 2F| + 2FE,.
Therefore, on S, we get

¢*(C) ~ (24 20)M + (o + 20)Fy + (v — 1+ 2b)Ey + (a — 1) Ey + (B + b)Fy
+ (8= 1D)Ea + (=1 Ea+ (v +b)Fs + (v = ) Es + (v — 1) Ex.

Since this divisor is effective, it proves that the above constructed ex-
ample is a H-polar cylinder for H as described above.

e Let p(S) = 3. That is, consider S to be of degree 3.
Suppose ample divisor H on S is given by

=—-Kg+bC +alL,

where 0 < a <1, 0 < b, C is a fibre of the conic bundle given by the linear
system |C|, L is a (—1)-curve not passing through any singular point and is
an irreducible component of a fibre of |C| such that L-C = 0.

Blowing up fibres of Fy, we get the following configuration on S.
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Figure 4.28: S

Using the conic bundle given by the linear system |M +E,+2F,+2E, +2F,|,
we can choose C' on S such that

¢*(C) ~ M + Ey + 2F, + 2E, + 2E,.
Therefore, on S, we have
¢*(C)=(2+b)M +aF, + (a —1+a)Ey + (B8 +20)F + (8 — 1+ b)E,
+(B—=1+20)E, + (8 —2+2b)Ey + (8 — 2)Es.

Since this divisor is effective, it proves that the above constructed example
is a H-polar cylinder for H as described above.

e Let p(S) = 2. That is, suppose S is of degree 4.
Then any ample divsior H on S is given by

= —Kgqg+ bC

where b > 0, C is a fibre of the conic bundle given by |C/. .
Blowing up fibres of Fy suitably, we get the following configuration on S.

fffffffffffffff i

Eq

Figure 4.29: S

Using the conic bundle given by the linear system \M +E,+2F +2E, +2F,|,
we can choose C' on S such that

¢*(C) ~ M + Ey + 2F, + 2E, + 2E,.
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Therefore, on S, we have

¢*(H) = (2+b)M + (a + 20)Fy + (a — 1+ D)Ey + (a — 1 + 2b) B,
+(a—2+20)E, + BFy + (B — 1)E,.

Since this divisor is effective, it proves that the above constructed example
is a H-polar cylinder for H as described above.

2. Dy + A, singularity: Suppose the surface S has singularity of type Dy + A;.
Then p(S) < 4. The surface S can be of degree 1 (p(S) = 4) or of degree 2

(p(S) = 3).

Since the following surfaces

e del Pezzo surface of degree 5 of Type Dy,

e del Pezzo surface of degree 4 of Type Dy + Ay,

e cubic del Pezzo surface of Type Dy + A;.

do not exist, from [BW79] and [CT8S|, using Lemma |4.70, we can conclude that
any ample divisor H on S can be given by

(a)
(b)

E—Ks+bC+G1L1+a2L2 Wlthp(S) 24,b>O,O<CL1 <2,O<a2 < 1,

H=—-Kg+bC +alL with p(S)=3,0<a<2,b>0,

where C'is a fibre of |C'| which gives the conic bundle extremal contraction
from S; L, Ly are (’71) curves that pass through the A; singular point; L, is
a (—1)-curve on S that does not pass through any singular point and these
curves are such that they are mutually disjoint.

For Cases 2(a) and 2(b), Ly, Lo, L are irreducible components of fibres of
|C| such that Ly - C = Ly-C =L-C =0.
Let p(S) = 4, that is the surface we now consider is S of degree 1.

Suppose ample divisor on S is given by
=—Kg+al

where L is a (—1)-curve that does not pass through the singular point and
O<a<l.

Blowing up the fibres of Fy accordingly, we get the following configuration
on S,
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Figure 4.30: S

Since ¢*(L) ~ L, we get

¢*(H) =2M + oFy + (0 — 1)Ey + 200 — 2)Ey + BF, + (B — 1)Ey + (B — 1)E,
B+ (Y= D)Es+ (Y= D)Ey + 6F, + (6 — 1 + a)L,

and the divisor is effective.

Suppose ample divisor on S is given by
= —Kg+ bC

where b > 0 and C' is a (0)-curve. B
Blowing up the fibres of [, suitably to get S, we get the following configu-
ration.

Flﬁ E@ FQ E@ E@ E
I IR 5, |
e E@ 3 E®
e E@ :
M

Figure 4.31: S

Contract M, F, in order, to get the following configuration on S.
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Esy E, Es Es

Es

Figure 4.32: S

Consider the conic bundle given by the linear system |F’ 1+ FEs+2FEs+2E, +
2F,|. Then, we can choose C' on S such that

C~ F + Ey + 2B, + 2E, + 2E,.
Therefore, we have

¢*(H) = (a+b)Fy + (a — 1)Ey + (a = 1)Ey + (0 — 1) Ey + (200 — 2) E,
+(B—1+b)E;+ (28 —-2+2b)Es + (28 —3+2b)Ey + (28 — 4+ 2b)E,
+ (28 - 3)E.,

where a + = 3.
This divisor is effective and this shows that the above constructed example
is a H-polar cylinder for H as described above.

[IIT] Suppose ample divisor H is given by
= —KS + CLlLl + a2L2

where L; is a (—1)-curve that does not pass through any singular point, Lo
is a negative curve that passes through the singular point of type A; and
0<a;<land 0<ay < 2.

Blowing up the fibres of [F; suitably, we get the following configuration on
S,
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Fp E, F3 E,

Figure 4.33: S

Contracting M, we get the following configuration on S.

i A, B
3 L B, | .
R : ; S R s
i i | Es |
; ; BB

Figure 4.34: S

Consider the conic bundle that is given by the linear system |Ey + El|. Then
we have

Ey+Li~Ey+Ey+Ly~Fy+ Ey+ Ey+ Eg + E,.
Using the above, we get
a1 Ly ~ a1(—Ey + Fy + Ey + Ey + Eg + E),
as Ly + %E@) ~ ay(—E, — %E® + Fy+ Ey+ Ey+ Eo + Es).

Since L, ~ ¢»*(Ly1) and Ly ~ ¢* (L) — %E@), we get

O (H)=aF, +(a—1—a))Es+ (a—1— %)E® + (20— 2 — ay)E,

+(B+ar+a)Fa+(B—14a14+a)Es+ (6—1+ay +a3)Es
+(B—1)Es+ (B—24+a1+a2)Esg+ (B—2+ay + as)E,.
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This divisor is effective and therefore, this construction is an example of a
H-polar cylinder for H as described above.

Suppose the ample divisors on S is given by
= —Kg+aL + bC

where C'is a (0)-curve that does not pass through the singular point, L is
a (—1)-curve that does not pass through any singular point and 0 < a < 1,
b > 0. Note that ¢*(C) = C. Consider w : S — Fy, the blow up of the
fibres of Fy and let ¢ : S — S be the blow down of the -1 section, to get the
same configuration as in Figure . On S, consider the conic bundle given
by the linear system ]Fg + Fy + 2M + 2F, + 2F,|. Then using this, we can
choose C' on S such that

C ~ Fy+ Fy +2M + 2F, + 2E,.

Since Supp(C) = —Kg + al as computed in Case 2(a) above, the same H
polar cylinder as in Case 2(a), works here too.

Suppose the ample divisor H on S is given by
=-—Kg+a1 L1+ ayly + bC

where L; is a (—1)-curve that does not pass through the singular point, L
is a (%)—curve on X that passes through the singular point of type A, C
is a (0)-curve not passing through any singular point and 0 < a; < 1, 0 <
as <2, b>0.

Consider the configuration obtained in Fig. [4.34, Using the conic bundle
given by the linear system |M + E, + 2F; + 2E, + 2F,|, we can choose C
on S such that

C ~ M+ E, + 2F; + 2E, + 2F,.
where C is the proper transform of C'in S. This shows that Supp(¢*(C))
Supp(—Kg + a1¢0*(L1) + a20*(Ls)). This implies that the same H-polar

cylinder from Case [I1I] done above, will work for the ample divisor described
here.

Let p(S) = 3. That is consider surface S of degree 2.
Suppose the ample divisor H on S is given by

H=—Kg+al +bC

where C'is a (0)-curve that does not pass through the singular point, L is a
(%)-curve that passes through the A;, singular point and 0 < a < 2,0 < b.
We blow up the fibres of IF; appropriately to get the following configuration.
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Figure 4.35: S

Contracting E,, Fy, M, we get a del Pezzo surface of degree 5 of Type Ay
Using [CT88, Proposition 8.5], we can prove the existence of the curves L
and E. Note that this also implies that L - Ey = 1.

From the conic bundle given by the linear system |I~/ + Ey + E,|, we have

L+E,+Ey~Ey+F3+ M+ + E,.

This implies that
1 ~ - -
gb*(L)E—§E®—E@+E@+F3+M+F2+E®.

Using the conic bundle given by |5 + Fy 4 2M + 2F, + 2E,|, we can choose
C on S such that, on S

C ~ Fy+ Fy + 2M + 2F, + 2E,.
Since L ~ ¢*(L) + %E@ we have

O*(H)=2+a+20)M+ (B+a+20)F, + (B —1)Es+ (B—1+a+ 2b)E,
+(y+a+b)Fs+(y—1+a)By+ (y—1)Es + (a +b)F}
+

(a—1- g)E®+ (20 — 2 — a)E,.

This divisor is effective and this shows that the above construction is an
example of a H-polar cylinder for H as described above.

3. D4+ 2A; singularity: Suppose the surface S has singularity of type Dy + 2A;.
Then p(S) < 3. The surface S can be of degree 1 (p(S) = 3) or of degree 2

(p(S) = 2).
Using Lemma and the following we can explicitly describe all ample divisors
H on S. From [BWT79] and [CT88|, the following surfaces do not exist:

e del Pezzo surface of degree 4 of Type Dy + Ay,
e del Pezzo surface of degree 3 of Type Dy + 241,
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e del Pezzo surface of degree 5 of Type Dj,.

This then implies that every ample divisor H on S can be given by one of the
following:

(a) H=—Kg+bC + alL with p(S) =3,0<a<1,b >0, L not through any
singular point,

(b) H=—Kg+ bC with p(S) =2, b > 0, where C is a fibre of |C| that gives a
conic bundle extremal contraction, and in Cases 3(b)&(c), L is an irreducible
component of a fibre of |C| such that L - C = 0.

[I] Suppose the ample divisor is given by
H=-Ks+alL
where p(S) = 3,0 <a < 1, L is a (—1)-curve that does not pass through

the singular point. This implies that ¢*(L) = L. Blowing up fibres of F,
suitably, we get the following configuration S, (Figure )

Figure 4.36: S

Therefore, on S, we get that

¢*(H) =2M + oF, + (0 — 1)Ey + 200 — 2)Ey + BF, + (B — 1)E,
+(28-2)Es+vFs+ (y—1)Es + (y = 1)Es + 6F, + (0 — 1 + a) L.

This is an effective divisor.

[ITI] Suppose the ample divisor H on S is given by
=—Kg+ bC,
where p(S) = 3, C' is a (0)-curve that does not pass through the singular

point and 0 < b. B
Blowing up fibres of Iy suitably, we get the following configuration on S.
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E@

®

Figure 4.37: S

Contracting M, F, in order, we get the following configuration on S.

Eq

Figure 4.38: S

Consider the linear system [2E, + 2FE; + 2Eq + Ey + Fl\. Since this gives a
conic bundle, we can choose C' on S such that

C ~ FE,+ F, +2F, + 2E, + 2F,.
Therefore, on S,

¢*(H) = (a+b)F, + (a —1)Ey + (« — D)Ey + (20 — 2)Ey + (20 — 2)E,
+(B—1+bE;+ (286 —2+2b)Ey+ (28 —3+2b)Ey + (28 — 4+ 2b)E,
+ (26 — 3)E,,

where o + 3 = 3.

This is an effective divisor and thus proves that the above constructed ex-
ample is a H-polar cylinder, for H as described above.

[III] Suppose the ample divisor on S is given by

H=-Ks+aL +bC
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where p(S) = 3, L is a (—1)-curve that does not pass through the singular
point, C'is a (0)-curve, 0 <a <1 and 0 < b.

Blowing up fibres of Fy suitably, we get the same configuration as Figure
4,50l

Consider the conic bundle given by the linear system |ﬁ’3 + Fy 4+ 2M 42, +
2F,|. Then we have that

C ~ Fy+ Fy +2M + 2F, + 2E,.

This implies that Supp(¢*(C')) = Supp(C) < Supp(—Kg + aL) and there-
fore, the same H-polar cylinder that exists in Case 3(a), works for this ample
divisor H.

Suppose the ample divisor H on S is given by
H=-Kqs+bC

where p(S) = 2, C' is a (0)-curve that does not pass through the singular
point and b > 0. We blow up the fibres of I, accordingly to get the following
configuration,

Figure 4.39: S

Using the conic bundle given by the linear system |F1 + E, + 2E,|, we can
choose C' on S such that

C=Fy+ Ey +2FE, + 2E, + 2E,.
Note that this is because the divisor Fy+ E, + 2E, + 2E, + 2E, is a fibre
of the conic bundle given by |F} + Ey + 2E,|.
Then, we get

¢*(H) =2M + oF, + (0 — 1)Ey + 20— 2)Ey + (B + D) Fy + (B — 1+ b)E,
+(28—-2+2b)Ey + (28 — 3+ 20)Ey + (26 — 4 + 2b) .

This divisor is effective.
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4. D4+ 3A; singularity: Suppose the surface S has singularity of type Dy + 3A;.
Then p(S) < 2. Consider the surface S of degree 1, and p(S5) = 2.

Using Lemma [4.70] and the result that there does not exist a cubic del Pezzo
surface of Type D4+ 2A;, from [BWTY|, we can conclude that any ample divisor
H on S is given by

H=-Kg+alL

where L is a (—1)-curve on S that does not pass through any singular point and
0<a<l.

Blowing up fibres of Fy suitably, we get the following configuration.

Fl F2 E@ E@ FS

E, Es F,

Figure 4.40: S

Then, we get

¢*(—Kg +al) = 2M + oF) + (o — 1)Ey + (200 — 2)Ey + 5 + (B — 1)E,
+(28—2)Es +vFs+ (v — 1)Es + (2y — 2)E,s + 0F}

+(0—1+a)L.
This divisor is effective.

5. D4+ As singularity: Suppose the surface S has a singular point of type As in
addition to the Dy singular point. Then, p(S) < 3. The surface S can only be
of degree 1 (p(S) = 3)) since using Lemma [4.70| and the following results, we can
conclude that there is no surface of degree 2 of Type Dy + A,.

From [BW79] and |[CT8S], the following surfaces do not exist.

e del Pezzo surface of degree 3 of Type Dy + As,
e del Pezzo surface of degree 5 of Type Dj,.

Therefore, any ample divisor H on S can be given by
=—Kg+bC + aL
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where 0 < a < 3,b >0, C is a fibre of |C] that gives the conic bundle extremal
contraction from S, L is a (5 L)_curve that passes through the A, singular point
and is an irreducible component of a fibre of |C| such that L-C = 0.

Suppose the ample divisor is given by
=—Kg+al

where L is a (5 L)-curve that passes through the point of type A; and 0 < a < 3
Blowing up the ﬁbres of Iy suitably to get the configuration on S and then blowing
down the unique (—1) section M, we get the following configuration (Fig. {4 41

on S,

2}  Eo
B, L E,
| E |
l E ®
— e R E,
3 Es |
% B E

Figure 4.41: S

In the above configuration (Fig. [4.41] - ), contracting F,, F,, Es, gives a del Pezzo
surface of degree 4, of Type Ay + A;. Using [CT88], Proposition 6.1], we can prove
the existence of the curve L as in the configuration Fig. [4.41 - Note that we also
have L - E, = 1, from this!

Using the conic bundle given by |Ey + Ey + Ej, + L[, we can write

Note that L ~ ¢*(L) — 2E, — $E, and using the above equivalences, we have

~ 2 1 2 1 -
a(L + §E® + §E®) ~ a(—§E® — §E® —Ey+F,+ Ey+ Eg+ Ey + Ey)

Therefore,

. 9 .
o* (H) =aF1+(a—1—§)E®+(2a—2—g)E@+(3a—3—a)E@+(ﬁ+a)Fg

+(B—-1+a)Ey+(B—14+a)Es+ (F—1)Es+ (B—2+a)E,
+ (8 =2+ a)FEs.

This is an effective divisor and the above construction gives an example of a
H-polar cylinder, for H as described above.
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[IT] Suppose the ample divisor H on S is given by
= —Kg+ bC

where C'is a (0)-curve that does not pass through the singular point and b > 0.
Blowing up the fibres of [F; suitably, we get the following configuration on S,

Fe E. £ E, E. E,

EG)

I S o |

Figure 4.42: S

Contracting M, F, in order, we get following configuration on S,

E, E,
E, E, E,
3 3 E, .
| : | 0 R e
3 3 Es |
- FoOE

Figure 4.43: S

Using the conic bundle that is given by the linear system ]F |+ By +2Ey + 2E, +
2F,|, we get that o
C~F +FE,+2F, +2E, + 2F,.

Therefore, on S we have that
¢*(H) = (a+b)F, + (a—1)Ey + (a — 1)Ey + (20 — 2)Es + (32 — 3)E,
+(B—=1+b)Es+ (26 —2+2b)Ey + (28 — 3+ 2b)E,
+ (28 —4+2b)E, + (28 — 3)E,.

This is an effective divisor and this shows that the above constructed example is
indeed a H-polar cylinder.

147



[I11]

Suppose the ample divisor is given by
=—Kx +aC +bL

where C'is a (0)-curve on S and L is a (5)-curve that passes through the A,
singular point.
Blowing up fibres of Fy just as in Case 5(a), we get the exact configuration as in

Figure [£.41] ) )
Using the conic bundle that is given by |F} + Ey + 2Fy + 2E, + 2E,|, we can
choose C' on S such that

C ~ F,+ Ey + 2F, + 2E, + 2F,.

Since Supp(C') = Supp(¢*(C)) < Supp(—Kg + al), the same H-polar cylinder
as in Case 5(a) works here too.

4.3.2.7 A; singular point

Suppose the surface has at least one singular point of type A7;. Then p(S) < 2.
Consider del Pezzo surfaces of degree 1 with exactly one singular point and which
is of A7 singularity type. Then p(S) = 2.

Using Lemma [4.70, we can conclude that any ample divisor H on S is given by
one of the following,

H=—-Ks+alL,0<a<1, L not through the singular point,
H=—-Ks+alL,0 < a<38, L through singular point.

Suppose the ample divisor H on S is given by

H=—-Kg+alL

where 0 < a < 1, Lis a (—1) curve on S that does not pass through the singular
point. -
Blowing up the fibres of Fy suitably, we get the following configuration on S,

~

E@ E@ Fl Sl F3 ® ®

[\

I
I
4
I
I
|
|
I
I
I
I
I
I

Figure 4.44: S

148



11

Since ¢*(L) = L, we get
¢*(H) = —Kg + a¢*(L) = 2M + aF, + (a — 1)Ey + (20 — 2)E, + (2a — 3)E,
+ By 4 (v = 1) Es + (29 = 2)Bo + (27 = 3) By + BF%

+(8—1+a)L.

This is an effective divisor and therefore shows that this is indeed a H-polar
cylinder on S for any ample divisor H, as described above.

Suppose the ample divisor is given by

H=—-Kg+alL

=1
8 .
Blowing up the fibres of IF, suitably, we get the following configuration on S,

where L is a (%)-curve on S that passes through the singular point and 0 < a < 8.

————————— E, =1L
" -
E, E, Eo E@”f”{@ Ee
M
Figure 4.45: S
Note that
L~ ¢*(L)— %E ;LE - g — %M - g y — %E - gE

Taking v =0, § = 0 we get that

¢o*(H) = —Kz+ agp*(L) = (2 + %a)M + (o + ga)ﬁl +(a—1+ éa)E®

F(2a-2+ %la)E(@ L (20— 3)B, + (B + ga)ﬁg (8- 1)E,

H(E -1 S0 E (24 LB+ (534 a)L.

The above divisor is effective when § > 3 —a and o > % which implies that when
a > %, the above construction gives the H-polar cylinder on the surface.

When a < %, consider the following configuration on S which is obtained by first
blowing up fibres of 'y to get the configuration on S and then contracting the
unique (—1) section, M to get the following on S.
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Figure 4.46: S

In order to show the existence of the curve L as in the configuration above,
contract Fy, F,, Fs in order. This gives a del Pezzo surface of degree 4 of Type
Ay + A;. Using [CTS88, Proposition 6.1], we can conclude that a curve L as in
the configuration exists. We also get that L - E, = 1.
Using the conic bundle given by the linear system |L + E; + Ey + Eo + Es|, we
have

L+ Ey+ Eg+ Ey + Ey ~g Eo + Fy + 2E, + 2E,.

This implies that

¢*(L) ~g §E® + §E® + %1131 + %FQ — §E® — iE@ — éEo +2E, — E,.
Therefore,
¢*(H) = (o + %)E +(a—1+ %)E@ + (20— 2+ E%‘L)E@ + (20 — 3+ 2a)E,
+(a—1)E@+(6+g)FQ+(6—1—g)E®+(2B—2—%)E©
+(33—-3— %“)Ew (38 —4 —a)Es.

This divisor is effective and therefore proves that the above constructed example
is a H-polar cylinder for H as described above.

Proof of Main Result[}: Consider all possible del Pezzo surfaces X such that
p(X) > 1 and X has at least one du Val singular point of type FE,, D, or
Az. In this section, we have then explicitly described all possible ample divisors
H on X and for each such ample divisor, we have constructed a H-polar cylinder
on X, thus proving Main Result [4]

O
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Chapter 5

3-Folds

The main objects of study in this chapter are Fano 3-folds. Recall Main Result [5]
that is

Theorem 5.1. [ACCFKGSSV] Let X be a general Fano threefold in the family
Ny . Then

2.23,2.26,2.28, 2.30, 2.31, 2.33,2.35,
2.36,3.14, 3.16, 3.18, 3.21, 3.22, 3.23,
3.24,3.26,3.28, 3.29, 3.30, 3.31, 4.5,
4.8,4.9,4.10,4.11,4.12,5.2.

X is K-polystable <= N ¢

In this Chapter, we prove the K-polystability of smooth Fano 3-folds belonging
to Families Ne2.16, Ne2.24 Ne3.10, Ne4.13, Ne4.3, Ne5.1. For detailed proofs of
remaining cases, and thus Main Result [f refer to [ACCEKGSSV].

5.1 Foundations

Let X be a Fano variety of dimension n > 2 that has Kawamata log terminal
singularities. In most of cases we consider, the variety X will be smooth. Set
L = —Kx. Let (X, L) (normal) test configuration of the (polarized) pair (X; L).
In addition to the results mentioned in Section [2.2] the following results are used
in proving the K-polystability of the aforementioned families.

First, let us explore how K-stability behaves in Families.

Theorem 5.2 ([O13, D15, BL, BLX19, LXZ21]). Let n: X — Z be projective
surjective morphism such that X is Q-Gorenstein, Z is a normal, and all fibers
of n are Fano varieties with at most Kawamata log terminal singularities. For
every closed point P € Z, let Xp be the fiber of the morphism n over P. Then
the set

{P ez ‘ Xp is K—stable}

s a Zariski open subset of the variety Z. Similarly, the set
{P ez | Xp is K—semistable}
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18 a Zariski open subset of the variety Z. Furthermore, the set
{P e/ ‘ Xp is K—polystable}

15 a constructible subset of the variety Z.

Thus, if X is a K-polystable smooth Fano threefold such that the group
Aut(X) is finite, then X is K-stable by Corollary , so that general Fano
threefolds in the deformation family of X are K-stable. We will use this obser-
vation often in the proof of Main Result [5| to prove that a general member of
a given family is K-stable. Vice versa, to prove that a given Fano threefold is not
K-polystable, we will use the following result (cf. [C09L [O13]).

Theorem 5.3 ([BX19, Theorem 1.1]). Let n: X — Z and n': X' — Z be pro-
jective surjective morphisms such that both X and X' are Q-Gorenstein, Z is
a smooth curve, and all fiber of n and 1’ are Fano varieties with at most Kawa-
mata log terminal singularities. Let P be a point in Z, and let Xp and Xp be
the fibers of the morphism n and n' over P, respectively. Suppose that there is
an isomorphism X\Xp = X'\ X}, that fits the following commutative diagram:

X\Xp = XN\XG
n‘X\XPl Ln/ xN\X"

If both Xp and X} are K-polystable, then they are isomorphic.
Together with Theorem this result gives

Corollary 5.4. Let p: X — P! be a test configuration for the Fano variety X
such that the fiber p=1(0) is a K-polystable Fano variety with at most Kawamata
log terminal singularities that is not isomorphic to X. Then X s strictly K-
semistable.

In order to determine the K-stability of Fano threefolds using the a-invariant
of Tian, that was introduced in Section [2.2.2, we will use the following result,
which is a refinement of [N90, Theorem 0.1] for threefolds.

Theorem 5.5. Let X be a Fano threefold that has canonical Gorenstein singu-
larities, let G be a reductive subgroup of Aut(X), and let p be a positive number

such that u < 1. Suppose that ag(X) < p. Then one of the following assertions
holds:

(1) There exists a G-invariant irreducible normal surface S on X such that
—Kx ~g NS + A,
where A is effective Q-divisor, and A € Q such that A > %

(2) There exists a G-invariant point P € X. Moreover, the following holds:
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(2.1) if there is a del Pezzo fibration 7: X — P!, and F is its scheme fiber
that contains the point P, then

a(F) < ap(F) < p,

where T' is the image in Aut(F') of the stabilizer of the fiber F in
the group G, and we assume that ar(F') = 0 in the case when F' is not
a del Pezzo surface with Du Val singularities.

(3) There exists a smooth rational G-invariant curve C' < X such that

(—Kx)®

-Kx-C< 5

+ 2.

Moreover, in this case, the following additional assertions hold:

(3.1) if u <1, then —Kyx -C < ﬁ, e.g. if p= %, then —Kx - C < §;
(3.2) if there is a del Pezzo fibration 7: X — P!, then F - C € {0,1} and

a(F) <ar(F) < p,

where F' is any fiber of the fibration m that intersects (or contains)
the curve C, and T' is the image in Aut(F') of the stabilizer of F' in
the group G;

(3.3) if in (3.2) we have F'- C =1, then
a(Fr) < ar(Fr) < p,

where Fy is the (scheme) generic fiber of the fibration w, which is
a del Pezzo surface with Du Val singularities defined over the function
field of the line P', and T is the image in Aut(Fy) of the stabilizer of
the fiber F in the group G.

Proof. See [ACCFKGSSV, Theorem 1.4.11]. O

Throughout the proofs of K-polystability in various cases, we use the valuative
criterion and the stability threshold, introduced in Section [2.2.1|and Section [2.2.3]
in addition to the Tian’s criterion (Section . In this regard, the following
result regarding divisorially stable Fano threefolds, is very frequently used in the
proofs in Chapter [ Recall the definition of divisorial stability from Definition [§]

Theorem 5.6 ([F'16, Theorem 10.1}). Let X be any smooth Fano threefold that
18 not contained in the following 41 deformation families:

Ne1.17, Ne2.23, Ne2.26, Ne2.28, Ne2.30, Ne2.51, Ne2.33, Ne2.34, Ne2.35, Ne2.36,

Ne3.9, Ne3.1/, Ne3.16, Ne3.18, NeS.19, Ne3.21, Ne3.22, Ne3.23, Nes.2], Ne3.25,

Ne3.26, Ne3.28, Ne3.29, Ne3.30, NeS.31, Nef.2, Nef.f, Nef.5, Nef.77, Nef.8, Nef.9,
Nef.10, Nef.11, Nef.12, Ne5.2, Ne5.3, Ne6.1, Ne7.1, NeS.1, Ne9. 1, Ne10.1.

Then Sx(FE) < 1 for every prime Weil divisor E < X, i.e. X is divisorially
stable.
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Notations For a divisor D on P = P" x P" x --. x P"  we say that D has

degree (a1, as, ..., a) if
k

D ~ Zprf(OPni (ai)),

i=1

where pr;: P — P is the projection to the ith factor. For a curve C' < P, we say

that C has degree (a1, aq, ..., ax) if prf(Opni (1)) - C = a; for every i € {1,..., k}.
We denote by p,, the cyclic group of order n. Similarly, we denote by &,, and

2, the symmetric group and its alternating subgroup, respectively.

5.2 Proof of Main Result [5l

5.2.1 Family Ne2.16

Let Q; and Q5 be two quadrics in P, given by the following equations.

Q1 : = {xox3 + 124 + 2275 = 0},

2 2 2,.2 2 2 2,2 2
Q2 1 = {xf + way + wxs + 5 + wry + WwT; + ToTs + wriTy + wTexs = 0},

where w is a primitive cubic root of unity, and xq, x1, 22, 3, T4, T5 are coordinates
on P°. Let V; = Q1 n Q,. Then Vj is smooth.

Let G =~ p2 x p; be the subgroup in Aut(P5) generated by a, 8 and ~ defined
as follows:

Oéi[1’02I1I$22I32$41$5]'—>[—I02$11—1’22—$31$42—I5],
52[$02I1:$22I32$411’5]'—>[—Ioi—I12$22—I31—l’42I5],
v

[zo: @y @9 w3y x5] > (21029 Tty x5 T3],

Then G =~ 4. Note that (); and )2 are G-invariant, so that Vj is also
G-invariant. Thus, we may identify G with a subgroup in Aut(V}).

Note that P5 contains neither G-fixed points nor G-invariant lines, and every
G-invariant plane in P is the plane {\zg + px3 = Axy + pzy = A\xy + prs = 0} for
some (A, p) # (0,0). Using this, we see that Vj contains four G-invariant conics:
Cl=V4m{m0=x1=x2=0},C'2=V4r\{x3=x4=x5=0}, ng‘/;lﬂ{l'():
Wrs3, T1 = WTy, To = wrs}, and Cy = Vy N {r3 = wrg, r4 = wry, x5 = wre}. The
conics C1, Cy, C3, Cy are pairwise disjoint.

Let w: X — V} be the blow up of the conic C7, and let E' be the m-exceptional
surface. Then X is a smooth Fano threefold Ne2.16, and the G-action lifts to
X, so that we also consider G as a subgroup in Aut(X). Then there exists
a G-equivariant diagram

Here, 1 is the linear projection from the plane {xy = 21 = x5 = 0}, and 7 is
a conic bundle that is given by the net |7*(H) — E|, where H is a hyperplane
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section of the threefold V,. Note that the discriminant curve of 7 is a smooth
quartic curve.

Lemma 5.7. One has E ~ P! x P!,

Proof. We have E ~ T, for some non-negative integer n, and —F|g ~ s + af for
some integer a, where s is a section of the projection £ — C with s?> = —n, and
f is a fiber of this projection. Then —2 = E3 = (s + af)? = —n + 2a. Thus, we
see that @ = 252, But (7*(H) — E)|g ~ s + 22 f. Thus, since |7*(H) — E| is
base point free, we get n € {0,2}. Since

n—|—2_2—n

(r*(H) — E)|g-s=—-n+ 5 5

if n = 2, s is contracted by 7 to a point. This point has to be G-invariant in P2,
since s is a —2 curve in F =~ [y, which is unique and is hence G-invariant. But
this is impossible, since G does not have fixed points in P?. Hence, we see that
n =0, so that £ =~ P! x P!, O

We will use the results from Section [2.2.3.2| to prove that X is K-polystable.
Since Aut(X) is finite, this would imply that X is K-stable, by Corollary [2.15]
so that any general member of the family Ne2.16 is K-stable.

Lemma 5.8. Let C be a G-invariant irreducible curve in E. Then S(WF,;C) <
1.

Proof. Let u be any non-negative real number. Then
_KX —ukl ~R 7T*<2H) — (1 + U)E,

so that —Kx — uF is pseudo-effective — —Kx —uF isnef < u < 1.
It follows from Lemmal[5.7that E =~ P! x P'. Now, using notations introduced
in the proof of this lemma, we see that (—Kx — uE)|g ~g (1 +u)s + (3 —u)f.
Observe that |C' — s| # &, since C' % f as the conic C; does not have G-fixed
points. Thus, using Corollary [2.32], we get

1 poo
S(Wfd C) = 232f J vol((—=Kx — uE)|g — vC)dvdu
0 JoO

3 1 poo 3 1 poo
< f f vol((—Kx —uFE)|g—vs)dvdu = f f vol((1+u—v)s+(3—u)f)dvdu
22 Jo Jo 22 Jo Jo
3 1 rl+u 67
:mLL 2(1+u—v)(3—u)dvdu=%<1
as required. O

Lemma 5.9. Let C' be any G-invariant irreducible smooth rational curve in X
such that C & E and —Kx - C < 8. Then w(C) is one of the conics Cy, Cs, Cy.

Proof. Let C = 7(C). Suppose that C' is not one of the conics Cy, C3, Cy. Then

™(H)-C=H-C=>3,
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since Vj contains no G-invariant lines, and C4, Cy, C5, C4 are all G-invariant
conics in V. Note also that n(C) is a curve, because G does not have fixed
points in P2. Similarly, we see that n(C') is not a line. Hence, we conclude that
(7*(H) — E) - C = 2. On the other hand, the number F - C is even since C has
no G-orbits of odd length. Moreover, we have

7> Ky -C=a"(H)-C+ (r*(H) - E)-C>5,

so that —Kx - C = 6, 7*(H) - C = 3 and (7*(H) — E) - C = 3, which gives
E - C = 0. Hence, we conclude that C' is a smooth rational cubic curve. Then
n(C) is a singular cubic curve. This is impossible, since G does not have fixed
points in P2. O

Let Cy, Cs, C4 be the proper transforms on X of the conics Cy, C3, CYy,
respectively.

Lemma 5.10. Let C' be one of the curves 5’2, 5'3, C~'4, let S be a general hyperplane
section of the threefold Vy that contains w(C'), and let S be its proper transform
on X. Then S(W2,;C) < 1.

Proof. Note that the surface S is smooth, and it intersects C; transversally in two
points, so that the surface S is also smooth. Observe also that —Kg ~ (7*(H) —
E)|s and K2 = 2, so that S is a weak del Pezzo surface. Then n|s: S — P? is
the anticanonical map.

Note that |H|g — n(C)| is a base point free pencil. Let C’ be the proper
transform on the surface S of a general conic in this pencil. On S, we have
(C")? =0 and C - C’" = 2. Moreover, we have 7*(H)|s ~ C' + C".

Let u be a non-negative real number. Then —Kx —uS ~g (2—u)n*(H) — E,
which implies that —Kx — uS' is pseudo-effective <— —Kx — uS is nef <
u < 1.

Suppose that u € [0,1]. Let v be a non-negative real number. Then

(—KX —US)|5—UC ~r —Kg+ (1 —U—U)C+ (1 —U)Cl

which implies that (—Kx — uS)|s — vC is nef for v < 1 —u. On the other hand,
we have

<(—KX—uS)|s—vC> ' = (—K5+(1—u—v)C+(1—u)C’> O = 4—2u—20,
so that (—Kx — uS)|s — vC' is not pseudo-effective for v > 2 — u. Moreover, we
have

vol((—Kx — uS) ‘S (1-w)0C) = ((-Kx — uS)!S — (1 —u)C)? = 6 — 4u,
Thus, using Corollary n and ( ﬁ we get

2—u
S( e C QQJJ vol(( X—uS)} —vC)dvdu <
<EJJ ((—Kx — uS9)|, —v0) dudu + > 12(6—4u)d1}du:
22 J, J; s 22 J, 3
—J fl u(14—16u—8v+4u2—|—4uv)dvdu+i23—7<1
11 44
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Now, we are ready to show that X is K-polystable. Suppose that it is not
K-polystable. By Theorem 2.19] there exists a G-invariant prime divisor F over
X such that B(F) < 0. Let Z = Cx(F). Then Z is not a surface by Theorem [5.6]
so that Z is a G-invariant irreducible curve, because X does not contain G-fixed

points.

Using Lemma , we conclude that ag z(X) < %. Therefore, by Lemma ,
there exists a G-invariant effective Q-divisor D on the threefold X such that
D ~g —Kx and the curve Z is contained in Nklt(X, AD) for some positive ratio-
nal number \ < %.

Since |7*(H)| does not contain G-invariant surfaces, we see that Nklt(X, AD)
does not contain surfaces. Now, using [ACCFKGSSV], Corollary A.4.9] and [2.6]
we conclude that Z is a smooth rational curve such that —Kx - Z < 8.

By Corollary and Lemma , Z & E, since Sx(E) < 1 by Theorem .
Then Z is one of the curves 6’2, Cs, o by Lemma Let S be a general
surface in the linear system |7*(H)| that contains the curve C. Then Sx(S) < 1
by Theorem , so that S(W2,;C) = 1 by Corollary m This contradicts
Lemma [5.101

5.2.2 Family Ne2.24

Let X be a smooth Fano threefold belonging to Family Ne2.24. Then X is a divisor
in P2 x P? of degree (1,2). Let pr;: X — P? and pr,: X — P? be the projections
to the first and the second factors, respectively. The morphism pr; is a conic
bundle, and pr, is a P-bundle. Let C be the discriminant curve of the conic
bundle pr;. Then C' is a reduced cubic curve. Moreover, since X is smooth,
the curve C' is either smooth or nodal.

By [ACCEFKGSSV], Lemma A.7.10], we can choose coordinates ([x : y : 2], [u :
v :w]) on P? x P? such that one of the following three cases hold:

e The threefold X is given by
(pow + u?)z + (puw + 0*)y + (pww + w?)z =0 (5.1)
for some p € C such that 3 # —1. In this case, the curve C is given by
2 (x3 + 7+ 23) = (,u3 + 4)xyz.
It is singular <= € {0,2,—1 ++/3i} <= C is a union of three lines.
e The threefold X is given by
(vw + u?)z + (uw + v*)y + w’z = 0. (5.2)
In this case, the curve C' is given by 23 + y® — 4zyz = 0. It is singular.
e The threefold X is given by
(vw + u?)x + v’y + w2 = 0. (5.3)

In this case, the curve C'is given by x(z? — 4yz) = 0. It is reducible.
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In the remaining part of this section, we will show that X is K-polystable in
the first case, and X is strictly K-semistable in the other two cases.

Lemma 5.11. The group Aut(X) is finite except the following cases:
1. X is given by (5.1)) with pe {0,2,—1 + 1/34},

2. X is given by (5.3).

In the first case, one has Aut’(X) = G2,. In the second case, one has Aut®(X) =
Gm.

Proof. The assertion follows from the proof of [CSP19, Lemma 10.2]. O

The four threefolds given by with p € {0,2, —14+/3i} are all isomorphic
to each other. These are known to be K-polystable [Sul3]. The three singular
Fano threefolds given by (pvw + u?)z + (puw + v*)y + (puv + w?)z = 0 with
p? = —1 are isomorphic to the threefold given by zvw + yuw + zuv = 0, see
[Wa77]. This threefold has three isolated ordinary double points, and it is not

Q-factorial.

Lemma 5.12. Let Y be a divisor in P? x P? that is contained in the pencil
Azu? + yo* + 2w?) + p(zvw + yuw + zuv) =0,
where [X: u] € Pr. Then'Y is a K-polystable Fano threefold.

Proof. Let G be the subgroup in Aut(P? x P?) generated by «, 8 and ~y defined
as follows:

a: ([z:y:z] uiviw]) = (y:ro: 2] [v:iu:w)],
B:([z:y:zuiviw]) = (y:z: 2], [v:w:w)],
~

@ryz] [uiviw]) > ([ex: €y 2], [eu: €v:w]),

where € is a primitive cube root of unity. Then G =~ p; x Gs, it preserves Y, and
it acts on the threefold Y faithfully, so that we can identify the group G with
a subgroup in Aut(Y).

Let m: Y — P? and my: Y — P? be the projections to the first and the second
factors, respectively. Then both m; and 7y are G-equivariant, and the induced
G-actions on both factors of P? x P? are faithful (cf. [DI09, Theorem 4.7]).

We claim that ag(Y) = 1. To prove this claim, let us apply Theorem
with = 1. First, we observe that Y has no G-fixed points, because P? has no
G-fixed points.

Suppose that Y contains a G-invariant irreducible rational curve C'. Then
m1(C') is not a point and is not a line, since P? does not have G-fixed points and
G-invariant lines. Then 71 (C') is an irreducible G-invariant rational curve of degree
at least 2, so that G acts faithfully on its normalization, which is isomorphic to
P!. But Aut(P!) does not contain a subgroup that is isomorphic to g5 x 3. This
shows that Y does not contain G-invariant irreducible rational curves.
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To prove that ag(Y) = 1 it is enough to show that Theorem [5.5(1) does not
hold. Suppose it does. Then Y contains a G-irreducible surface S such that
—Ky ~g aS + A, where a € Q such that a > 1, and A is an effective Q-divisor
on Y. If Y is smooth, then there are non-negative integers r and s such that

2#1‘ (Opz(Z))Jr%w;(OPz(l))—%A ~ %(—Ky)—%A ~0 5 ~ 7 (O (1)) 175 (Opa (5)).

which gives r = 1 and s = 0, since @ > 1. But |75 (Op2(1))| does not contain
G-invariant divisors. Thus, this proves the claim for smooth 3-folds Y. Thus, we
may assume that Y is given by xvw + yuw + zuv = 0, whose discriminant curve
is given by zyz = 0. This implies that the hyperplane sections z = 0, y = 0 and
z = 0, of Y, are reducible surfaces, which are the reducible fibres of the conic
bundle pr;. Let us consider these surfaces.

Let Suz, Svy, Sw» be the surfaces {u = 2 = 0}, {v =y = 0}, {w = z = 0},
respectively, let S;, ., S, ,, S, . be the surfaces {z = yw+2v = 0}, {y = rw+2u =
0}, {z = zv + yu = 0}, respectively. Then S,, = S,, = S,. = P! x P,
Sue=S,, =8, =T, and these six surfaces are contained in Y. But S is not
one of them, since they are not G-invariant.

Let ¢ be a general ruling of the surface S, , =~ P' x P! that is contracted by
m to a point. Then ¢ n Sing(Y) =@ and 1 = —Ky - =aS - L+A-{ >S5,
so that S - ¢ = 0, which implies that ¢ and S are disjoint. Similarly, let ¢’ be
a general ruling of the surface S; , = ;. Then ¢ and S must also be disjoint.
Thus, if C is a general fiber of the conic bundle 7y, then S-C =S - (¢ + ¢') = 0,
so that S is contracted by 7.

Since m; does not contract surfaces to points, we see that m;(S) is an irre-
ducible curve. Then m(S) # C, since C is reducible in this case. This implies
that S ~ 7§ (Op2(t)) for some t € Z~(. Arguing as above, we conclude that ¢ = 1,
which is impossible, because the linear system |75 (Opz(1))| does not contain G-
invariant surfaces.

Thus, we conclude that ag(Y) = 1, so that Y is K-polystable by Theorem m

O
Corollary 5.13. If X is given by (5.2)) or (5.3)), then X is strictly K-semistable.

Proof. Suppose that X is given by (5.2). Let X, be the divisor in P? x P? given
by
(svw + u2)a: + (suw + v2)y +w?z = 0.

where s € C. Then X, is smooth for all s. Moreover, scaling coordinates x, y, z,

u, v, w, we see that X; = X for every s # 0. This gives us a test configuration for

X, whose special fiber is the threefold X, which is a K-polystable smooth Fano
threefold by Lemma Then X is strictly K-semistable by Corollary [5.4}

Similarly, we see that the threefold given by is also strictly K-semistable.

O

A general threefold in the family Ne2.24 has finite automorphisms group by
Lemma [5.11], so that it is K-stable by Theorem
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5.2.3 Family N23.10

Now, we solve Calabi Problem for all smooth Fano threefolds in the family Ne3.10
similar to what we did for the family Ne2.24.

Let Q be a smooth quadric threefold in P4, let ) and C, be two disjoint
smooth irreducible conics in @), and let X be the blow up of the quadric @) in
these two conics. Then X is a smooth Fano threefold Ne3.10, and every smooth
threefold in this family can be obtained in this way. Moreover, we may assume
that

C,={w?+z2t =2=y=0},
={w*+zy=2=1t=0},

where z, y, z, t, w are coordinates on P*. Then, using an appropriate coordinate
change, we may assume that the quadric @) is given by one of the following three
equations:

(3) w? + xy + 2t + a(zt + yz) + b(zz + yt) = 0, where a € C > b such that
atbt1+#0;

(A) w? 4+ zy + 2t + a(at + yz) + xz = 0, where a € C such that a # +1;
() w?+ a2y + 2t + 2t + 22 = 0.

The goal of this section is to prove the following result:

Proposition 5.14. The threefold X is K-polystable <= @ is given by (3).

In all three cases, we have the following commutative diagram:

/

X]Pl
\I ///52
1 \Q/ T

where §; is a rational map given by [z : y : z : ¢t : w] — [z : y], the map 0y is
a rational map given by [x :y: z:¢:w]+— [z :t], the map w is a rational map

[z:y:z:t:w]— ([z:y],[2:t]),

the maps 7 and my are blow ups of the quadric ) at the conics C7 and (S,
respectively, the maps a; and as are blow ups of the proper transforms of the
conics Cy and C1, respectively, both £ and 3, are fibrations into quadric surfaces,
both v, and v, are fibrations into sextic del Pezzo surfaces, 7 is a conic bundle,
and pr; and pr, are natural projections. Occasionally, we will consider [z : y]
and [z : t] as coordinates on P! x P,

\
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Let ¢ be the discriminant curve in P' x P! of the conic bundle . Then ¥
has at most nodal singularities, and its degree is (2,2). If @ is given by (3), then
% is given by

a’ (:v2t2+y222) +2ab (xyz2+a:yt2+zt$2+zty2) +b? ($222+y2t2) +2 (a2+b2—2) yzat = 0.

If ab # 0, the curve ¥ is irreducible and smooth, which also implies that
Aut(X) is finite. If @ = 0 or b = 0 (but not both), the curve % is reducible:
it splits as a union of two smooth curves of degree (1,1), which meet at two
points. In this case, we have Aut’(X) = G,,. Similarly, if a = 0 and b = 0, then
Aut’(X) = G2, and the curve € is given by xyzt = 0, so that X is the unique
smooth Fano threefold Ne3.10 that admits an effective G2 -action.

If the quadric @ is given by (J), then % is given by the following equation:

a’t?z® + (2a* — 4)zyzt + 2atza® + a*y*2* + 2ay2’x + 222? = 0.

If a # 0, this curve is irreducible and has one node, which implies that Aut(X)
is finite. On the other hand, if a = 0, then the defining equation simplifies as
zx(zx — 4yt) = 0, so that the curve € splits as a union of 3 smooth curves of
degree (0,1), (1,0) and (1, 1), which meet transversally at 3 distinct points. In
this subcase, we have Aut’(X) = G,,.

Finally, if @ is given by (7), then the curve € is given by 2z(t?z + 2tzz —
4tyz + x2%) = 0, so that € is a union of a curve of degree (1,0) and a smooth
curve of degree (1,2), which implies that Aut(X) is also finite in this case.

Let H be the pull back on X of a general hyperplane section of the quadric
threefold @, let E; be the a;-exceptional surface, and let E5 be the as-exceptional
surface. Then

Eff(X) = Roo| B1| +Rxo| Er |+ Roo[H — Er |+ Roo| H — E» |+ Rxo[2H — By — By,

the del Pezzo fibration v, is given by |H — E}|, the fibration v, is given by |H — E»|,
and the conic bundle 7 is given by the linear system [2H — E; — Es|.
Let us show that X is K-polystable in the case when @ is given by (3).

Lemma 5.15 ([Sul3, Theorem 1.1]). Suppose that Q is given by (3) and a =
b=0. Then X is K-polystable.

Proof. Let G be the subgroup in Aut(P*) generated by the following transforma-
tions:

zitix iy wl,

8

y:x:z:t:wl,

8

8

[
[
[
[

rry:rz:t/rwl,

[
[
[z:y:t:z:w],
[
[

8
S SRS
S N
EEEEE
11l 1l

[ : sr:iy/s:z:t:w],

where r € C* and s € C*. Then G =~ G2, x (u3 x u,), the quadric Q is G-invariant,
and the locus € u U5 is G-invariant, so that the action of the group G lifts to
the threefold X.
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Therefore, we may identify G with a subgroup in Aut(X). Now, applying
Theorem [5.5, we obtain ag(X) = 1, so that X is K-polystable by Theorem [2.23)|
O

Lemma 5.16. Suppose that Q is given by (3) and ab = 0. Then X is K-
polystable.

Proof. By Lemma [5.15] we may assume that a # 0 or b # 0. Without loss of
generality, we may assume that a # 0. Then b = 0. Let G be the subgroup in
Aut(P*) generated by

[z:y:z:t:w]—|y:z:t:2:w],
[z:y:z:t:w]—[z:t:2:y:w],
[z:y:z:t:w]—|x/s:ys:z/s:ts:w],

where s is any non-zero complex number. Then ) is G-invariant, and G =~
(G % py) X pry. Moreover, the locus C U Cy is G-invariant, so that the G-action
lifts to the threefold X. Therefore, we may identify G with a subgroup in Aut(X).
Note that ag(X) < 2.

Observe that X does not have G-fixed points, because () does not have G-
fixed points. The conic bundle 7 in (5.4]) is G-equivariant, and G acts on P! x P!
such that P! x P! does not contain G-fixed points, P* x P! does not contain
G-invariant curves of degree (1,0) or (0,1), and the only G-invariant curves in
P! x P! of degree (1,1) are the curves given by xt + yz = 0 and zt — yz = 0.

Suppose X is not K-polystable. By Theorem 2,19, there exists a G-equivariant
birational morphism f: X — X such that 8(F) = Ax(F) — Sx(F) < 0 for
some G-invariant dreamy prime divisor ' = X. Let Z = f(F). Then Z is not
a surface by Theorem [5.6] Thus, since X does not contain G-fixed points, Z is
a G-invariant irreducible curve.

Using Lemma , we conclude that ag z(X) < 3. Thus, by Lemma ,
there is a G-invariant effective Q-divisor D on the threefold X such that D ~q
—Kx and Z is contained in NkIt(X, AD) for some positive rational number A < 3.
By J[ACCFKGSSV], Corollary A.1.7], the locus Nklt(X, AD) is connected.

Moreover, since D ~g 3H — Ey — E,, either the locus Nklt(X, AD) is one-
dimensional, or it contains one G-invariant surface, which is contained in [2H —
Ey — E5|. In the former case, the G-invariant surface in Nklt(X, AD) is mapped
by the conic bundle 7 to a G-invariant curve in P! x P! of degree (1,1).

If Z is not contained in a two-dimensional component of the locus Nklt (X, AD),
then applying [ACCFKGSSV] Corollary A.1.15] to (X, AD), we get (H—E})-Z <
1 and (H — E3)-Z < 1, so that either n(Z) is a point, or (Z) is a G-invariant irre-
ducible curve of degree (1, 1). If Z is contained in a two-dimensional G-irreducible
component of the locus Nklt(X, AD), then this component is mapped by 7 to a G-
invariant curve of degree (1,1) in P! x P'. Hence, either n(Z) is a G-invariant
point, or n(Z) is a G-invariant curve of degree (1,1). Since P! x P! contains no
G-fixed points, we see that n(Z) is a curve given by zt + yz = 0.

Let S be the unique surface in |[2H — E; — F,| that contains Z, let S be its
image in Q. Then S = {w? + xy + 2t + a(xt + yz) = vt + yz = 0}, so that S is
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a singular quartic del Pezzo surface, whose singular locus consist of 4 points. If
n(Z) is given by zt + yz = 0, these points are [1 : 0: —1:0:0],[1:0:1:0:0],
[0:1:0:—=1:0],[0:1:0:1:0]. Similarly, if n(Z) is given by 2t —yz = 0, then
the surface S is singular at the following points: [~a++/a2 —1:0:1:0: 0] and
[0: —a++/a2—1:0:0:1]. In both cases, the surface S contains C; and Cj,
and Sing(S) is disjoint from these conics, so that S =~ S.

Let H = H|s, C1 = E\|g, Co = Es|s. Then |C;| and |H —C,| are base point free
pencils, and the surface S contains two curves ¢ and ¢ such that C; ~ Cy ~ 2/
and H —C; ~ 20 . Then > = () =0 and £- ¢ = 1. One has H ~ 20 + 20",
Moreover, there are non-negative integers n and m such that Z ~g nf + mt'. If
n =0, then (2H — Ey, — Ey) - Z = 0, so that n(Z) is a point, which is impossible.
Then n > 1, so that Z — ¢ is pseudo-effective.

Let us apply results of Section 2.2.3.2]to S and Z using notations introduced
in this section. First, we note that S X(S) < 1 by Theorem [5.6] Hence, using
Corollary n we conclude that S(WS,;Z) = 1. Let us show that this is not
the case.

Let u € Rxp, let v € Ry, let P(u) = P(—Kx —uS) and let N(u) = N(—Kx —
uS). Then —Kx — uS is not pseudoeffective for u > %, since —Kx — uS ~p
(3—u)S+1(E\+E,). Moreover, if 0 < u < 1, then P(u)|s—vZ ~g (2—nv)l+(6—
4u—muw)l on the surface S, because N(u) = 0 and P(u) = —Kx —uS in this case.
Similarly, if 1 < u < 2, then we have P(u)|s—vZ ~g (6—4u—nv)l+(6—4u—mv)l/,
because N(u) = (u — 1)(Ey + Ey) and P(u) = (3 — 2u)H in this case. Thus, if
Z = C1 or Z = CQ, then

3

S .
SWi,2) = %

..7

J 3(6 du)? (u— 1du+—J J vol ( (2-20)¢+(6~du)’ ) dvdu-+
—J JOO vol (6 — 4 — 20} + (6 — 4u)£’> dvdu —

3—2u 1
(2—2v) 4 — 4u—2 4 =
mETY! %J f v)(6— u)dvdu+ f J (6—4u—2v)(6—4u)dvdu = 7

Likewise, if Z # Cy and Z # Cy, then S(W2,; Z) < S(WE,;¢) = 2. Thus, in every
case we have S (W,S,, Z) < 1, which is a contradiction, since We proved earlier
that S (W,S_, Z) = 1. The obtained contradiction shows that X is K-polystable.

O
Lemma 5.17. Suppose that Q) is given by (3) and a = b. Then X is K-polystable.

Proof. By Lemma [5.15] we may assume that a = b # 0. Then the curve & is
smooth, and the group Aut(X) is finite. Let G be the finite subgroup in Aut(P*)
generated by

[z:y:z:t:w]—|y:x:z:t:w],
[t:y:z:t:w]—[z:y:t:z:w],
[z:y:z:t:w]—[z:t:2:y:w],
[z:y:z:t:w]—[z:y:z:t:—w].
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Then G = py % (3 ¥ p,), the quadric @ is G-invariant, and C; U Cy is G-invariant.
The action of the group G lifts to X, and we may identify G with a subgroup
in Aut(X). Then X contains no G-fixed points, 7 is G-equivariant, and G acts
on P! x P! such that the only G-fixed points in P! x P! are ([1: 1],[1 : 1]) and
([1: =1],[1: —1]), P! x P! does not contain G-invariant curves of degree (1,0)
or (0,1), and the only G-invariant curves of degree (1,1) in P! x P! are reducible
curves (z —y)(z —t) =0 and (z +y)(z+t) =0.

Suppose X is not K-polystable. By Theorem 2.19, there is a G-invariant
prime divisor F over X such that 5(F) = Ax(F) — Sx(F) < 0. Let Z = Cx(F).
Then Z is not a surface by Theorem [5.6] so that Z is a G-invariant curve, since
X has no G-fixed points.

Arguing as in the proof of Lemmal[5.16] we see that either n(Z) is a G-invariant
point, or n(Z) is an irreducible G-invariant curve of degree (1, 1). But P* x P! does
not contain irreducible G-invariant curves of degree (1, 1). Thus, we conclude that
n(Z) is a point. Then either n(Z) = ([1: 1],[1:1]) or n(Z) = ([1 : —1],[1 : —1]),
so that n(Z) ¢ €, which implies that Z is a smooth fiber of the conic bundle 7.

Let S be the unique surface in the linear system |H — FEj| that contains
the curve Z, and let S be its image in ). Then S is a smooth quadric surface,
C, S, and S intersects the conic C, transversally in two points, so that S is
a smooth sextic del Pezzo surface, and m o a; = 7 o g induces a birational
morphism ¢: S — S that is a blow up of the intersection points S n Cy. We have
Es|s = e1 + e, where e; and ey are (—1)-curves in S contracted by ¢. We also
have Ei|s ~ H‘s ~ {1 + Uy + e; + ey, where ¢; and ¢y are (—1)-curves in S such
that ¢(¢1) and p(¢3) are intersecting lines that pass through the points ¢(e;) and
©(eq), respectively. Then Z ~ {1 + (5.

As in the proof of Lemma [5.16] we are going to apply results of Section [2.2.3.2
to S and Z. By Theorem , we have Sx(S) < 1, so that S(W?,;Z) = 1 by
Corollary

Let P(u) = P(—Kx —uS) and N(u) = N(—Kx — uS), where u is a non-
negative real number. Observe that —Kx —uS ~g (2—u)S + (H — E») + E1 ~g
(3—u)H —(1—u)Ey — Ey. Then —Kx —uS isnef < w e [0,1], and —Kx —uS
is pseudo-effective <= w € [0, 2]. Moreover, we have

{(S—U)H—(l—u)El—Eg if0<u<l,
P(u) = .
B—2u)H if 1l <u<2,
and N(u) = (u — 1)F; if 1 < u < 2. Let v be a non-negative real number. If
u e [0,1], then P(u)|s —vZ ~r (2 —0v)({1 + {3) + €1 + eq, so that P(u)|s —vZ
is not pseudo-effective for every v > 2. In this case, if v € [0, 1], then the divisor
P(u)|s — vZ is nef. Furthermore, if v € [1,2], then its Zariski decomposition is

P(u)‘ —vZ ~R (2—U>(f1 +£2 + e +62) +(U— 1)(61 +822.

N
~ N~ - A

positive part negative part

S

Similarly, if u € [1,2], then P(u)|s —vZ ~g (3—u—v)(l1+ly) + (2—u)(e; +e3),
so that the divisor P(u)|s — vZ is not pseudo-effective for v > 3 — u. Moreover,
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if v € [0,1], then this divisor is nef. Finally, if 1 < v < 3 — u, then its Zariski
decomposition is

P(U)‘S —vZ ~r (3—U—U)(f1 + 0y + e +eg) +(v—1)(e1 + e2).
positi:/(e part negati:e part
Thus, we have
3 (! 2
S(Wf.; Z) = 2_6f f <(2 - U) (61 + 52) +e; + eg) dvdu+
3 1 g ° 9
+ — ((2 — U) (61 + 62 +e; + e2)> dvdu+

26 Jo J1

+ 2_36 Jj fol ((3 —u — v)(ﬁl + 62) +(2—u) (e1 + e2)>2dvdu+

3 2 r3-u )
+2_6£L <(3_“_“)(€1+€2+81+ez)> dvdu =

3 1 p1 3 1 A9
= — —4 a 9 _ 9 d
26LL(6 U)dvdu+26L£( v)*dvdu+
3 2 ! 3 2 r3—-u 3
—l-%ﬁL2(2—U)(4—u—2v)dvdu+2—6J1£ 2<3—U—U)2dvdu:1

The obtained contradiction completes the proof of the lemma. O
Now, combining the proofs of Lemma [5.16] and together, we obtain
Lemma 5.18. Suppose that Q is given by (3). Then X is K-polystable.

Proof. By Lemma [5.15, we may assume that a # 0 and b # 0. Then % is smooth,
and the group Aut(X) is finite. Let G be the finite subgroup in Aut(P*) generated
by

[z:y:z:t:w]—[y:x:t:z:w],
[t:y:z:t:w]—[z:t:z:y:w],

[z:y:z:t:w]—[z:y:z:t:—w].

Then G =~ p3, the quadric @ is G-invariant, and the locus C} U Cy is G-invariant,
which implies that the G-action lifts to X, so that we may identify G with a sub-
group in Aut(X). Observe that X does not have G-fixed points, because ) does
not have G-fixed points.

Recall that the conic bundle 5 in (5.4)) is G-equivariant, and G acts on P! x P!
such that ([1 : 1],[1 : 1]) and ([1 : —1],[1 : —1]) are the only G-fixed points
in P! x P! and P! x P! contains no G-invariant curves of degree (1,0) or (0, 1).
Moreover, the G-invariant curves of degree (1,1) in P! x P! can be described as
follows: {xt = yz}, {at = yz}, and all curves in the pencil P that is given by
r(zt + yz) = s(xz + yt), where [r : s] € P'. Note that the pencil P contains two
reducible curves: {(z —y)(z —t) = 0} and {(z + y)(z + ¢) = 0}, which correspond
to[r:s]=[1:1] and [r:s] = [1: —1], respectively.
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Suppose X is not K-polystable. By Theorem 2.19] there exists a G-invariant
prime divisor F' over X with S(F) < 0. Let Z = Cx(F'). Then dim(Z) < 1 by
Theorem [5.6] so that Z is a G-invariant irreducible curve, because X does not
have G-fixed points.

Arguing as in the proof of Lemmal[5.16] we see that either n(Z) is a G-invariant
point, or n(Z) is an irreducible G-invariant curve of degree (1,1). Furthermore,
if n(Z) is a point, then n(Z) ¢ €, so that Z is a smooth fiber of the conic
bundle 7. In this case, for all admissible a and b, the unique surface in |H — E|
that contains the curve Z is a smooth sextic del Pezzo surface, so that we are
exactly in the situation of the proof of Lemma and, therefore, we can obtain
a contradiction arguing exactly as in this proof. This shows that n(Z) is a curve
of degree (1,1).

Let S be the surface in |2H — E; — E,| that contains Z, and let S be its
image in Q. Then S is a quartic del Pezzo surface that contains C; and C,. Since
a # 0 and b # 0, either the surface S is smooth, or S has exactly two isolated
ordinary double points. Furthermore, if S is singular, its singular locus is disjoint
from the conics C; and Cy. We will provide explicit computations in the end
of the proof. In particular, one has S =~ S. Now, we can proceed as we did in
the proof of Lemma [5.16|

Namely, let us apply results of Section to S and Z using notations
introduced in this section. By Theorem [5.6) -, we have S(V4;S) < 1. Hence, using
Corollary , we conclude that S (W,S,, Z) = 1. Let us show that this is not
the case.

Let H = H|S, Cl = E1|S and CQ|5. Then Cl ~ CQ, both |Cl| and |H - Cl|
are base point free pencils. Let C’ be a general curve in |H — C;|. Then C? = 0,
(C)Y?=0and C, -C' = 2.

Suppose that Z ~q 5C, + 5 C' for some non-negative integers n and m. Then

> 1, since otherwise 1(Z) would be a point, which is not the case. Thus, if
Z ;ﬁ Cl and Z # Co, then to estimate S(W; ., ; Z) from above we may assume that
n =1 and m = 0. In this case, arguing as in the proof of Lemma [5.16, we see
that

S(WS Z) =EJ1JOOVOI (1—1?)>C1+(3—2U)C, dvdu+
>e 26 Jo Jo 2

2 o
%J f vol<(3 —2u — %v)Cl + (3 — 2u)C'> dvdu =

6— 4u 1 1
f f 1——v>(3 2u)dvdu+—f J 3 2u—§v>(3 4u)dvdu = 22

Similarly, 1f Z = Cy or Z = Cy, then arguing as in the end of the proof of
Lemma we obtain S(W,S,, Z) = % Thus, we see that S(W,S,, Z) <1, so0
that X is K- polystable

To complete the proof of the lemma, it is enough to show that every G-
invariant curve on the surface S is Q-rationally equivalent to 1(nC; + mC') for
some n € Zso and m € Zs,. Since S =~ S, we identify S = S, so that now S is

a quartic del Pezzo surface in P4,
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Suppose that n(Z) is given by xt = yz. Then S = Q n {zt = yz}. Therefore,
the projection [z : y : z : t : w|] — [z : y : z : t] induces a G-equivariant
double cover p: S — Y such that Y is the smooth quadric surface in P that is
given by zt = yz, and the ramification divisor of the double cover ¢ is the curve
Y n{zy+zt+a(zt+yz)+b(xz+yt) = 0}, where we consider x, y, z, t as coordinates
on P2, Explicit computations shows that R is smooth, sincea+b # 1, a+b # —1
and b # 0. Then S is also smooth. Since the involution of the double cover ¢ is
contained in GG, every G-invariant curve in S is rationally equivalent to ¢*(D) for
some D € Pic(Y'), which implies the required assertion.

Similarly, we see that the required assertion holds when n(Z) is given by

= yz. Therefore, we can proceed to the case when 7n(Z) is an irreducible
curve in the pencil P. In this case, we have S = Q n {r(zt + yz) = s(xz + yt)},
where r and s are some numbers such that (r,s) # (0,0), [r : s] # [1 : 1],
[r:s] # [1:—1]. As in the previous case, there exists a G-equivariant double
cover ¢: S — Y such that Y is the quadric in P? given by

r(zt +yz) = s(xz + yt),

and the ramification divisor of ¢ is the curve R =Y n {xy + 2t + a(xt + yz) +
b(xz +yt) = 0}. Since [r:s] # [1:1] and [r: s] # [1 : —1], one can check that
the quadric Y is smooth. Thus, if the curve R is smooth, we obtain the required
assertion as in the previous case. Therefore, we may assume that the curve R is
singular.

Since R is singular, explicit computations show that br + (a + 1)s = 0 or
(b £+ 1)r + as = 0. In the former case, we have R =Y n {(z £+ 2)(t £ y) = 0}.
Similarly, if (b + 1)r + as = 0, then R = Y n {(y £ 2)(t £ ) = 0}. In each
case, the curve R splits as a union of two smooth conics R and R, that intersect
transversally at two points, so that S has two isolated ordinary double points,
which are disjoint from C; u C5. As in the previous case, we see that every
G-invariant Cartier divisor on S is rationally equivalent to ¢*(D) for some D €
Pic(Y). Since any Weil divisor on S becomes Cartier once it is multiplied by 2,
the assertion follows. This completes the proof of the lemma.

]
Corollary 5.19. If Q is given by (3) or (7), then X is strictly K-semistable.

Proof. We only consider the case when @ is given by (J), because the other case is
similar. Suppose that @ is given by (J). Let Qs = {w?+xy+zt+a(at+yz)+srz =
0} = P*, where s € C. Then the quadric Q, is smooth, and @Q contains both
conics C and Cs. Let Xy — Qs be the blow up of the conics C; and Cs. Scaling
coordinates z, y, z, t, w, we see that X, =~ X for every s # 0. This gives us
a test configuration for X, whose special fiber is Xy, which is a K-polystable
smooth Fano threefold Ne3.10 by Lemma [5.18, Then X is strictly K-semistable
by Corollary [5.4] O

Thus, Proposition is completely proved.
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5.2.4 Family Ne3.13

Let X be a smooth Fano threefold in the family Ne3.13. As it was observed in
[CCGKIE, § 66], the threefold X is a complete intersection in P? x P? x P? of 3
divisors of degrees (1,1,0), (0,1,1), (1,0, 1), respectively. Thus, the threefold X
can be given by the following system of equations:

f($0>$1,372;y0791;?/2) =0,
g(y0>y17y2§ 20721722) =0,
h(x07x17$2;'20a21a22) = 07

where f, g, h are bilinear forms, and [z¢ : z1 : x2], [yo : ¥1 : ¥2l, [20 : 21 : 22]

are coordinates on the first, the second and the third factor of P? x P? x P2,
respectively. Observe that

fZ[Io T 1’2]Mx,y v,

g=1ww wn v |M.| = |,

hZ[ZL‘O T l’Q]MLZ 21

M,

for some 3 x 3 matrices M. .2

T,y

M, ..
Lemma 5.20. One has det(M,,) # 0, det(M, .) # 0 and det(M,.) # 0.
Proof. See [ACCFKGSSV], Lemma 5.19.1]. O

Let W,,, W,., W, be the threefolds in P? x P? that are given by f = 0,
g = 0, h = 0, respectively. Then W, ,, W, ., W, . are smooth by Lemma [5.20

Moreover, we have the following commutative diagram:

2
P (5.5)
Wiy My Wy -
Ta,y Ty, z
praY X pry”®
PQ TTx,z ]P)Q

T,z T,z
\X /



where all morphisms are given by natural projections, e.g. the morphism m, , is
given by

([330 ran i xo)s [y v ) (20 2 Zz]) — ([mo sy wa)s [yo s yz]>,

the morphism 7, is given by ([zo : 1 : 2], [yo : y1 : y2], [20 : 21 1 22]) — [20 ¢ 21 :
2], and the projection pry~* is given by ([yo : y1 : 2], [20 : 21 22]) = [¥0 : v1 : ¥2]-
Note that the morphisms 7, ,, 7, ., 7, . are birational — they blow up smooth
rational curves of degree (2,2). Let E,,, E, ., E, . be their exceptional surfaces,
respectively. Then —Kx ~ E, , + E, .+ F, .. Observe also that 7,, n, and 7, are
(non-standard) conics bundles and —Kx ~ 73 (Op2(1)) + 7 (Op2(1)) + 0% (Op2(1)).
Let A, Ay, A, be the discriminant curves of the conic bundles 7,, 1, 7.,
respectively. Then the defining equations of the curves A,, A,, A, are

Zo Yo
[$0 L1 IQ]Dx 1 =0,[y0 Y1 yz]Dy un | =0,
| T2 | Y2
C ]
[Z() 21 ZQ]DZ 21 =0
_22_

for some 3 x 3 matrices D,, D, and D,.

Lemma 5.21. One has

Proof. See [ACCFKGSSV, Lemma 5.19.3]. O

In particular, we see that the conics A,, A,, A, are smooth.

Linearly changing the coordinates ([xo : 1 : @2],[yo : ¥1 : o], [20 : 21 : 22]),
we can simplify the shapes of the polynomials f, g and h. To be precise, we have
the following:

Lemma 5.22 (cf. [M63,[S14]). One can choose coordinates on P? x P? x P? such
that one of the following two cases holds:

(%) the threefold X is given by

ToYo + T1y1 + T2y2 = 0,
Yo <o + Y121 + Yozog = 0,
(14 s)xoz1 + (1 — s)x120 — 22929 = 0,

where s € C such that s # +1.
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(#) the threefold X is given by

ToYo + T1Y1 -+ T2l = 0,
Yozo + Y121 + Yoo = 0,
Toz1 + X120 + T129 — Tozy — 22929 = 0.

Proof. See [ACCFKGSSV), Lemma 5.19.7]. O

If X is given by (%) with s = 0, then X is isomorphic to the threefold given
by
ToYo + T1y1 + 22y = 0,
Yozo + Y121 + Yozo = 0,
To2o + T121 + Xoz9 = 0,

which is the unique smooth Fano threefold Ne3.13 that admits an effective PGLy(C)-
action. In this case, the Fano threefold X is K-polystable by [ACCFKGSSV,
Example 1.6.17] and [ACCFKGSSV] Lemma 4.2.5].

On the other hand, if X is given by (#), then X is not K-polystable by

Lemma 5.23. Suppose that X is given by the equation (¢). Then Aut(X) =
Gy % G3. Moreover, the threefold X is strictly K-semistable.

Proof. Suppose that the threefold X is given by (#). For every a € C, let us
consider the automorphism ¢, € Aut(P? x P? x P?) given by the following linear
transformations:

Lo To Yo Yo 20 20
vy | = Al o |, | n H(A_1>T vi |, o | Al 2|,
T2 ) Y2 Y2 22 %)
where
1 a® 2a
A= 0 1 O
0 a 1

Each such transformation ¢, leaves X invariant, so that we can assume that
¢q € Aut(X). One can check that these transformations form a subgroup in
Aut(X) isomorphic to G,. Moreover, the group Aut(X) also contains involutions
Tez, Tay, Ty, defined as

(P <[ZL‘0 cxy o), [Yo s yr s yel, [20 0 2 ZQ]) —

— ([Zo A —2’2]7 [yo Y1 —yQ], [iEo S xy —5172]>7

Ty ([:co cx1 o), (Yot yr t yal, [20 0 2 ,22]> —

— ([yo +2y1 + Y2 1 2Y0 : Yo + Yo, [®1 1 w0 — 2wy — a1], [20 1 21 : —2’2])7
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Ty ([:L'O cx1c Zoly [Yo tyr t yal, [20 0 2 z2]> —
= ([xo ray—m) [z 20 +2a 21+ 222] [Yo + 201 — Y2 290 1 Y2 — yo]>‘

One can check that the involution 7, ., 7, ,, 7, . together with transformations ¢,
generate the group Aut(X). Using this, we conclude that Aut(X) = G, x Gs.
(For more details, check [ACCFKGSSV]).

By Theorem [2.13] the threefold X is not K-polystable. To show that X is
K-semistable, observe that X is isomorphic to the threefold given by

ToYo + r1Y1 + TolYa = 0,
Yozo + Y121 + Yazo = 0,

To2z1 + 120 — 2x929 + €(x129 — X921) = 0,

where € is any non-zero number. As we already mentioned, if € = 0, then these
equations define the K-polystable smooth Fano threefold that admits an effective
PGLy(C)-action. Now, arguing as in the proof of Corollaries and , we
can construct a test configuration for the threefold X, whose special fiber is a K-
polystable Fano threefold, so that X is strictly K-semistable by Corollary[5.4l [

In the remaining part of this section, we will prove the following result:
Proposition 5.24. If X is given by (%), then X is K-polystable.

To prove this result, we suppose that X is given by (% ). Then A, is given by
zox1 = x3, the curve A, is given by zoz; = 23, and A, is given by yoy; = 1’4‘92 3.
Now, let us describe some automorphisms of the threefold X.

For every A € C*, the group Aut(X) contains the automorphism ¢,: X — X

that is given by

([950 cxy )y (Yot v w2l [20 0 2 Zz]) '—’<[>\$0 : % : 1’2], [% DAY yz];

-]

These automorphisms form a proper subgroup I' € Aut(X), which is isomorphic
to G,,. The full automorphism group Aut(X) also contains the involution 7, .
that is given by

Te,z+ ([930 T IIQL [yo ‘Y 3y2]7 [Zo 21t 22]) — ([21 120 - 22], [yl Yo - y2], [5171 S Zo - Iz]),

the group Aut(X) also contains the involution 7., given by

Toy: <[x0 cx1 o)y [Yo s yn s yel, [20 0 2 22]) —
— ([yo : % : —%], [ZL‘O (1 — 8%y —QxQ], [(S—l— 1)z : s?l : zd),
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and it contains the involution 7,, which is given by

Ty ([xo cx1 )y [Yo s yn t yal, [20 0 2 22]> —

— ([xl DT —xg], [(1—3)20 : (S+1)21:222], [1%)3 ; syill : %})

Let G be the subgroup in Aut(X) generated by I' = G,, and the involutions
Toys Tuzs Ty LThen I' is a normal subgroup in G. Note that G/I" = &3, so that
we have G = (,,.6G3. Using the theory of splitting of extensions of groups, we
get that G ~ G,,, x© Gs.

Remark 5.25. If s = 0, then we have Aut(X) = PGLy(C) x &3. Moreover, if
s # 0, then one can show that Aut(X) = G. But we do not need this.

To prove the K-polystability of the threefold X, we need to prove one technical
lemma. To state it, we find it useful to replace the parameter s € C\{1, —1} as

s zhzzj for a non-zero number r such that r® # —1. Then (1—s?)(1+s) = %,
so that

P41+ 171

A=)+ s) = {

where w is a primitive cube root of unity.

2r2  2wr? 2w?r? }

Lemma 5.26. The following assertions holds:
(i) one has Pic®(X) = Z[-Kx];
(ii) the threefold X does not have G-fized points;

(iii) the threefold X contains exactly three distinct G-invariant irreducible curves,
which can be parametrically described as follows:

([u2 cr(r? =+ 1o rw],
[r(r? =7+ 1)v*  re® : —(r® + L)uo],
[ru?: (r® —r + 1)0*: ruv]), (5.6)

([ru2 W (r 4+ 1)(r + w?)o” : run],
[w(r +1)(r + w*)v® s wre® : —(r® + Luv],

[wru?: (r+ 1) (r + w?)ov* r2uv]), (5.7)

([ru2 tw(r + 1) (r + w)v® : ruv),
[w?(r + 1) (r + w)v® : W*r?u® 1 —(r® + Do),
[wrtu? s (r+ 1)(r + w)v? : rquD, (5.8)

where [u : v] € PL. All these three curves are smooth and rational.
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Proof. See [ACCFKGSSV] Lemma 5.19.11]. O

Now, we are ready to prove

Lemma 5.27. If s # 0, then ag(X) = 1. If s = 0, then ag(X) = 2.

Proof. First, let us recall that s = :jjri, where r is a non-zero number such that

r3 # —1. If s = 0, we assume that » = 1 to avoid repeating computations.

Since —-Kxy ~ E,, + E,, + E, ., we can conclude that ag(X) < 1. More-
over, if s = 0, then E,,, E,, and E, , meet along the curve (5.6, which gives
ac(X) < 2. Set

1if s # 0,
=42

We see that ag(X) < p. Suppose that ag(X) < u. Let us seek for a contradic-
tion.

Recall that Pic®(X) = Z[-Kx] and X has no G-fixed points by Lemma m
Arguing as in the proof of Theorem [5.5] and using Lemma [2.20] we see that
there exist an irreducible G-invariant curve C' € X and a G-invariant effective
Q-divisor D on the threefold X such that D ~p —Kx, the log pair (X, AD) is
strictly log canonical for some rational number A < p, and C' is its unique log

canonical center. Then C is one of the curves (5.6), (5.7), (5.8) by Lemma [5.26]
Since A < 1 and C' < Nklt(X, AD), we see that multq(D) > + > l% > 1.

Now, let us use assumptions and notations introduced in the pr)\oof of Lemmal5.26
Let Sy, Sy, S, be the surfaces in X that are cut out by zox1 = ¢.23, yoy1 = q,y3,
2021 = (.23, respectively. Then C' < S, n S, n S, the divisor S, + S, + S, is
G-invariant and —Kx ~q %(Sx + S, +S.). Moreover, if s = 0 and C' is the curve
, then we have C = E,, n E,, n E,, and we have S, = E,, + £, .,
Sy =FE,y+E,., S. =FE,.+ E,.. In all other cases, the surfaces S;, Sy, S.
are smooth at general point of the curve C, and they meet each other pairwise
transversally at general point of the curve C.

Indeed, to prove this claim, it is enough to check both assertions for S, and
Sy, because the group G acts two-transitively on {S;, S,, S.}. Let us show that S,
and S, are smooth at general point of the curve C, and they meet transversally
at general point of the curve C'. This can be explicitly checked at the point
P e C that corresponds to [u : v] = [1 : 1] in the parametrizations (5.6), (5.7)
and . Thus, we can do this in the affine chart zo = yo = 2o = 1. In this
chart, the threefold X is given by

ZToyo + w1y1 + 1 =0,
Yozo + 121 +1 =0,
(14 s)xoz1 + (1 — s)x120 — 2 =0,

the surface S, is given by xox; = ¢, and the surface S, is given by yoy1 = ¢y,
where we consider now xg, 1, Yo, Y1, 20, 21 as coordinates on A. If C'is the curve

5.0). then
1 2r+1
P = _7T2_T+17_ - y L 717r - y
r r+1 r+1 r
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so that the Zariski tangent space to the intersection S, n S, at the point P is
given by

1

r r 1 2 To —
— 7 — = re—r+1 0 0 o B
6 7‘0 1 r2—r41 __r __r ! AT 1
r r+1 ro4+1 Yo + Tjr—l
r2(r? —r+1) 1 0 0 r?—r+1 r? i + =0.
r2—r+1 L 0 0 0 0 w1
0 0 _T3T+1 _ri1 0 0 2 — riortl
r

The determinant of the matrix formed by the first 5 columns of this matrix is
%,and this vanishes if » = 1, since 7> —r + 1 = 0 implies that r3 = —1
and we assumed that this was not the case. So therefore, if this determinant
vanishes, then s = 0.

Thus, if s # 0 and C' is the curve , then the Zariski tangent space to
the intersection S, N S, at the point P is one-dimensional, so that both surfaces
Sy and S, are smooth at P, and intersect transversally at this point. This proves
our claim in the case when C'is the curve .

Similarly, if C' is the curve (5.7]), then

)

— w
r r+w’ r+1’ ’ r?

P <17w2(r+1)(7‘+w2) W wr? (7“—#1)(7“—#@2))7

and the dimension of the Zariski tangent space to the intersection S, n .S, at this
point equals the nullity of the following 5 x 6 matrix:

ST = B 0

0 0w (D e e
rir+1)(r+w?) w?r 0 0 w2(T+12(T+w2) 3
w2 (rt1)(rte?) 1 0 0 0 0
0 0 _ro;fl _r:-uw 0 0

The determinant of its submatrix formed by the first 5 columns is £ . +‘”) (rtw?)

so that it never vanishes, because 3 # —1 and r # w. Therefore, the Zariski tan-
gent space to S; NS, at the point P is always one-dimensional, so that both our
surfaces S, and S, are smooth at P, and intersect transversally at P. This proves
our claim in the case when C' is the curve . Now, swapping w with w?, we
also obtain the proof of our claim in the case when C' is the curve .

Thus, unless s = 0 and C'is the curve , the surfaces S, Sy, S, are smooth
at general point of the curve C, and they meet each other pairwise transversally
at general point of the curve C. In particular, we see that C' & NKkIt(X, (S, +
Sy +5.)). Thus, using [ACCFKGSSV| Lemma A.4.12], we may assume that S,
Sy, S, are not contained in Supp(D).

If s = 0 and C is the curve (5.6), then 1 = D - ¢ > multc(D), where £ is
a general fiber of the projection E, , — 7, ,(E,,). But multc(D) > 1. Therefore,
we see that s # 0 or C is not the curve (5.6). Then n,(C) # A,, n,(C) # A, and
n.(C) # A..
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Let ¢ be a general fiber of the morphism 7,|g,: Sz — 7,(C). Then ¢ is not
contained in the support of the divisor D, since S, is not contained in its support.
On the other hand, the curve ¢ meets the curve C, so that 2 = D - ¢ = multe(D),
which gives multo (D) < 2.

Let n: X — X be the blow up of the curve C, and let F' be the n-exceptional
surface. Then the G-action lifts to X, and it follows from [ACCFKGSSV], Lemma
A.4.3] that F' contains a smooth irreducible G-invariant curve & such that € is
a section of the natural projection ' — C. Let us show that such curve does not
exist. R

Let S;, Sy, S. be the proper transforms on X of the surfaces S, Sy, S,
respectively. Then each intersection among §z N F, §y N F, §z N F' contains
a unique component that is a section of the projection ¥ — . Denote these
sections by C,, Cy, C;, respectively. Then

e C,, Cy, C, are distinct curves,
e C,, Cy, C, are I'-invariant, and I' acts faithfully on each of these curves,

e the whole group G permutes the curves C,, C,, C, two-transitively.

Thus, using [ACCFKGSSV], Corollary A.6.9], we conclude that F = P! x PL.
Then, using [ACCFKGSSV], Lemma A.6.6], we conclude that the G-action on F’
is given by [ACCFKGSSV, Equation A.6.7] for some integers a > 0 and b, which
implies that F' does not contain G-invariant sections of the projection F' — C,
which contradicts the existence of the curve % . m

Now, Proposition follows from Theorem and [ACCFKGSSV] Lemma
4.2.5).

5.2.5 Family Ne3.15

Let @ be the quadric {z2+ 2179 +21174+ 27913 = 0} = P*, where g, 71, T2, T3, 4
are homogeneous coordinates on P*. Then the quadric Q is smooth. Let L be
the line {z¢ = x; = x5 = 0}, let II be the plane {z3 = x4 = 0}, and let C' = Q@ 1L
Then L € Q, LnIl = @, and C'is a smooth conic. Let m: X — () be the blow up
along the union L u C'. Then X is a smooth Fano threefold from the deformation
family Ne 3.15. By [CSP19, Lemma 5.10], the threefold X is the unique smooth
member of this family.

Proposition 5.28. The threefold X is K-polystable.
Let G the subgroup in Aut(Q)) generated by the involution ¢ given by
[$02$13I22$32I4]'—>[%02562237111342%3]

and the transformations [zg : 1 : Ty @ 3 : @] — [Axo @ N2y @ 19 0 AN2x3 @ 14]
for A € C*. Then G = C* x p,. Since L and C are G-invariant, the action of
the group G lifts to X. To prove Proposition [5.28] we will apply Theorem [2.19
to X equipped with G-action. But first, let us describe G-equivariant geometry
of the threefold X.
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Let R be the surface {zo25 + 2124 = 0} 0 Q, and let R be its proper transform
on X. Then the surface R is irreducible, it is singular along L, and it contains
both L and C', but R is smooth, and there is a G-equivariant birational morphism
n: X — P! x P? that contracts R to a curve. Thus, we have the following G-
equivariant commutative diagram:

P! x P?
pry pro

P! U P2
v X v

/ \
Y ™ V

\ /

Q

where ¢ is the blow up of the line L, ¢ is the blow up of the conic C', v is a fibration
into quadric surfaces, v is a P'-bundle, pr, and pr, are projections to the first
and the second factors, respectively, § and ¢ are blow ups of the preimages of L
and C, respectively.

Let Er, and Eo be the exceptional surfaces of the morphisms 6 and ¢, re-
spectively. let Hg = 7*(Ops(1)|g), let Hy = (pry o n)*(Op:(1)) and let Hy =
(pry 0 1)*(Op2(1)). Then

Pic(X) = Z[Hp| ® Z|EL) ® Z[ Ec],
Nef(X) = Rso[Hg] + Rao[H1] + Rxo[Ha],
Eff(X) = Rxo[EL] + Rxo[Ec] + Rxo[R] + Reo Hi .

Note that H2 ~ HQ — EL, H1 ~ HQ — EC, R~ 2HQ — 2EL — Ec, and

—KX~3HQ—EL—EC~HQ+H1+H2~Q2EL+%EC+§R, (5.9)
so that ag(X) = 1 by [CS08, Lemma 8.15]. One can show that Aut(X) = G.
Let L' be the line {xg = x1 + 223 = x5 + 224 = 0} < Q. Then the line L'
is G-invariant. Similarly, for every non-zero t € C, let Cy = {(1 — t)z; — 2txs =
(1 —t)xy — 2txy = 0} N Q. Then C} is an irreducible G-invariant conic for every
non-zero t € C. Note that C' = C;. Note also that L n L' = @, L n C; = & and
L' n Cy = @ for every t # 0. Finally, observe that the conics C;, and C}, are also
disjoint for t; # to.

Lemma 5.29. Let Z be an irreducible G-invariant curve in the quadric hyper-
surface Q. Then either Z = L, or Z = L', or Z = C; for some non-zero t € C.

Proof. Observe that the curve Z is rational, so that it contains a ¢-fixed point P
such that the curve Z is the closure of the G,,-orbit of this point. Thus, looking
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at the -fixed points in @), we conclude that either P = [0:0:0:1: —1], or
P=[0:2:-2:—-1:1], or

P =[4s:45% :4s* 1 —25* — 1: —2s* — 1]

for some non-zero s € C. Then either Z = L, or Z = L', or Z = C; for
t=—2s% 0

In what follows, we will apply results from Section [2.2.3.2] to prove Propo-
sition [£.28. We will use notations of this section. Let Z be an irreducible G-
invariant curve in X.

Lemma 5.30. Suppose that Z < E¢. Then S(W[¢; Z) <

Proof. One has Eo =~ P! x P!. Let s a section of the projection Ex — C' such
that s> = 0, and let f a fiber of this projection. Take u € Ry. Then

1 3
—KX —uEC ~R 2H1 + §R+ (5 —U>Ec,

N

so that —Kx — uFE¢ is pseudo-effective if and only if u < % Moreover, if u <
then
— Ky —uFcif 0 <u <1,

P(— Kx —uE¢) =
(= Kx —uEc) 2H1+(3—2U)H21f1<u<g,

and we have
0if0<u<l,

N(— Kx —uEg) =
( x —uk) (u—1Rif 1< g

If u<1l, then we have P(—Kx —uEc¢)|g, ~ (1 +u)s + (4 — 2u) f. Similarly, if
1 <u< 3, then P(—Kx —uFEc)|p. ~ 25+ (6—4u)f. Note that R|g, is a smooth
curve in |s + 2f|. Thus, if Z = R|g,, then Corollary gives

SWhe;z) = SQJJ vol((1+u—v)s + (4 — 2u— 2v) f)dvdu

—|—i 4(u—1)(6 4u)du+—f J vol 2—v)f+(6 du — 2v)s )dvdu

W

f J 2(4—2u—2v)(14+u— v)dvdqu—f JQ ' 2(4—2u—2v)(1+u—v)dvdu

B2 15 51
4(u 1)(6 —4u) du+— 2(6—4u—2v)(2—v)dvdu = — < —
1

32 32 64

If Z # R|g,, then we have S(WF¢; Z) < S(W[¢;s), because |Z — s| # @, since

.0 ) o0 )
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Z # f as the conic C does not have G-fixed points. Therefore, if Z # R|g,, then
3 1 o0
SWhe;z) < s(Wress) = 3—2J J vol((1 4w —v)s + (4 — 2u) f)dvdu
3 (2 (”°
+3—2f J vol((2—v)f+ (6 —4u)s d’udu——f f 2(4—2u)(14+u—v)dvdu
1 Jo

3 (2 o1
= 26 — 4u)(2 — -
+ 32£ L (6 — 4u)(2 — v)dvdu ol

by Corollary [2.32] O]
Lemma 5.31. Suppose that Z < Ey. Then S(Wt; Z) <

e 0 )

Proof. First, we observe that £, =~ F,. Let f be a fiber of the natural projection
Ep — L, and let s the (—1)—Curve in Ep. Then R|g, is a smooth curve in [2s+2f].
Take u € R5y. Using (5.9 , we see that —Ky — uFE, is pseudo-effective <=

< 2. Moreover, if u < 2, then

—KX—uEL1f0<u<1,

P(— Ky —uEy) =
( X uL) {(Q_U)H1+(3—u)Hgif1<u<2,

and we have

0if0<u<l,
(u—1Rif1<u<2.

If u < 1, then we have P(—Kx —uFEL)|g, ~ (1+u)s+3f. Similarly, if 1 < u < 2,
then we have P(—Kx —uFEp)|g, ~ (3—u)s+ (5—2u)f. Thus, if Z = R|g,, then

N(—KX—UEJZ{

S(Wre; z) = 32~[ J‘ vol((1+u —2v)s + (3 — 20) f)dvdu
2

+3% (u—1)(3—u)(7—3u)du+3—2J1 f Vol (3—u—2v)s+(5—2u—2v)f)dvdu

1w
— 1—2v) 2u)dvdu+—+— 2 2v)dvd
L fo (u+1—2v)(5—u—2v)dv u+128+32f J (3—u—2v)(7—3u+2v)dvdu

by Corollary [2.32} so that S(WFEF; Z) = 2 < 2.
If Z # Rlg,, then S(WFE; Z) < S(WFE;s), because |Z — s| # &, since

e 0 ) e 0 )

Z +# f as the line L does not have G-fixed points. Hence, if Z # R|g,, then
Corollary gives

1 poo
SWEZ) < S(WFkis) = B%J J vol((1 4w —v)s + 3f)dvdu
0 Jo

o0 ) .0 )

+§%J;vad(@—u—vp+«5—mnfyh@u__—-f f (1+u—v)(5—u+v)dvdu

3—u 2
—i—%ﬁj{) (3—u—v)(7—3u+v)dvdu=3—g

as required. O
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Let S be the surface Qn{x1x4 = Tows}. Then S is a del Pezzo surface of degree
4 that has four ordinary nodes. It is well-known that S is toric, and it contains
four lines [CTS88| [CP21]. Two of them are the lines L and L’ described above,
and the remaining two lines in S are the disjoint lines ¢ = {xg = 7, = 13 = 0}
and ¢ = {xg = 9 = x4 = 0}. Then

Ln¢=[0:0:0:0:1],
L'nl=[0:0:2:0:—1]
Ll =[0:0:0:1:0],
L'nl'=[0:2:0:—-1:0].

These are the singular points of S. By [CP21, Lemma 2.9], the lines L, L', ¢, ¢/
generate Cl(S), which has rank 2. On the surface S, we have 2L ~ 2L/, 20 ~ 20’

and
—Kg~L+L+0+0~2(L+1).

The surface S also contains all conics C; for t € C* including the conic C' = (1,
each conic C} is contained in the smooth locus of the surface S, and C; ~ 2L for
every t € C*.

Lemma 5.32. Suppose that w(Z) = Cy for t € C\{0,1}. Then S(W2,;Z) = 2

128"

Proof. Take u € R-y. Observe that

3 1 1
—Kx —uS ~R (5 — U)S + §EL + gEL,
which implies that — K x —uS is pseudo-effective <= u < % Moreover, if u < %,

then
—Ky—uSif0<u<l,

3
27

P(—Kx —uS) =
(= Kx —us) (3—2u)Hp if 1 <u<

and
0if 0 <u <1,
N(—Kx —uS) = 3
( * ) (u—l)(EL+Ec)if1<u<§.

In particular, we see that Z is not contained in the supports of the divisor

N(—Kx —uS)|s. Therefore, using Corollary we obtain
3 1 poo
S (Wf.; Z) = 3—2f f vol((—Kx — uS)|s — vZ)dudv+
0 Jo

3 (2 [~
+ == f f vol((3 — 2u)Hg|s — vZ)dudv.

To compute these integrals, let us say few words about geometry of the surface
S.

The morphism 7 induces a birational morphism w: S — S, which is the min-
imal resolution of the two singular points [0:0:0:1:0] and [0:0:0:0: 1] of
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the surface S. In particular, the surface S has exactly two singular points, and
they are ordinary nodes. Denote the proper transforms on S of the curves L, L/,
¢, ¢ and C; by the same symbols, and denote by e and € the two w-exceptional
curves such that e n £ # & and € n ¢’ # @. Note that the Mori cone NE(S) is
generated by the curves L, ¢, V', e, €.

On the surface S, we have C; ~ 2L/, 2L + e+ € ~ 2L and 2( + e ~ 20 + €/,
and the intersections of the curves L, L, £, /', e and €’ are given in the following
table:

L\|\L'} ¢V |e]|¢é€
Li-1{0o]0|0|1]1
rjiojojtjitolo
cffojij-2ro0of1}o0
vlofiiof-ijo1
el 1|01 |0]|-2]0
el 1|00 |1]0]|-2

Let v be a non-negative real number. If u < 1, then

P(—Kx —uS)|s —vZ ~g (3% —U)Z+ (3—2u)(l+ 1)+

_u(e+e'),

so that the divisor P(—Ky —uS)|s—vZ is pseudo-effective if and only if v < 35%.

Moreover, if v < 1 and v < 35%, its Zariski decomposition can be described as

2
follows:
e if 0 <v <1, then P(—Kx —uS)|s — vZ is nef,

e ifl<v< 37 then the positive part of the Zariski decomposition is

(3 )Z+(5—2u—2@)(€+€/)+ _u(e+e’),

2
and the negative part is 2(v — 1)(¢ + ¢').

Similarly, if 1 < u < %, then

P(—Kx —uS)|s —vZ ~g 3—2u—0v)Z + (3 —2u)({ + ') + (g —u> (e +¢€).

so that this divisor is pseudo-effective <= it is nef <= v < 3 — 2u. Hence,
we obtain

1 ol
S(WS Z) =3%J J (3u2—|—8uv—16u—12v+17)dudv
0

0.0

1 p3zu
—i—%f f : (3—u—2v)(7—3u—2v) dudv+—f J 4(3—2u—v)(3—2u)dudv
0o J1
o
128
as claimed. n

180



Now, let H be the hyperplane section of the quadric threefold Q given by
xo = 0, and let H be its proper transform on the threefold X. Then H is
a smooth quadric surface that contains the lines L and L', and H is a smooth del
Pezzo surface of degree six.

Lemma 5.33. Suppose that ©(Z) = L'. Then SWE: Z) = 23

e 0) 64"

Proof. Take u € Rsg. Note that —Kx — uH ~gr (2 —u)H + H; + Er, which
implies that the divisor —Kx — uH is pseudo-effective <= u < 2. Moreover, if
u < 2, then

P( Ky - uS) = Ky —uHif0<u<l,
XTI Tl 2 - wHyifl<u<2,

and N(—Ky—uS) = (u—1)Ey foru € [1,2]. Then Z ¢ Supp(N(—Kx —uH)|y),
so that

1 poo
S (Wf.;Z) = S%J J vol((—Kx — uH)|g — vZ)dudv+
0 Jo ; % .
+3—2J J VOl((Hl+(2—U)HQ)‘H—UZ)dudU
1 0

by Corollary [2.32]
The conic C intersects H transversally at P, =[0:1:0:0:0] and P, = [0 :

0:1:0:0], which are not contained in the lines L and L’. Thus, the morphism 7
induces a birational morphism w: H — H that blows up P; and P,. Let e; and
e; be the w-exceptional curves that are contracted to P, and P,, respectively,
let s; and f; be the proper transform on the surface H of the two rulings of
the surface H =~ P! x P! that pass through the point P, and let s, and f, be
the proper transform on H of the two rulings that pass through P,. We may
assume that Z ~ s; +e; ~ sy + ey, so that f; +e; ~ f; + ey and f; +s9 ~ f5 +51.
Observe that ey, ey, s1, So, f1, f3 are all (—1)-curves in H.

Note that EL|H ~ S1 + ey, HQ|H ~f] +s + 2eq, H1|H ~ f; + 89 and H|H ~
fi + e;.

Let v be a non-negative real number. If u < 1, then

P(—Kx—uH)|H—UZ ~R (2—u)f1—i—f2+(2—v)sl+(3—u—v)e1

so that this divisor is pseudo-effective if and only if v < 2. Moreover, it is nef for
v e [0,1], and its Zariski decomposition for v € [1,2] is

E?)—U—U)(fl +e1) + (2 —U)(Sl +f2)/+£1) — 1)(f1 +f22,

positive part negative part

Similarly, if 1 < u < 2, then
P(—KX —UH)|H—UZ ~R (2—U)f1 +f2 + (3—U—U)S1 + (4—2u—v)el
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so that this divisor is pseudo-effective if and only if v < 4 — 2u — v. Moreover, it
is nef for v < 2 — u, and its Zariski decomposition for v > 2 — u is

< _ ~

(4—2u—v)(f1+el)+(3—U—U)(Sl+fg)+(U—2+u)(f1+f22.

~
positive part negative part

Hence, using Corollary we obtain

1 1 2
SWE;Z) = %J f (2uv—4u—6v+10)dvdu+%f f 2(2—v)(3—u—v)dvdu
0 Jo o1

3 2 r2—u 3 2 rd—2u
+—f J (2u2+2uv—12u—60+16)dvdu—|——f J 2(3—u—v)(4—2u—v)dvdu
321 Jo 321 Jou

49
64

as required.
O

Now, we are ready to prove that X is K-polystable. Suppose that X is not
K-polystable. Then, by Theorem [2.19] there is a G-invariant prime divisor F over
X such that 8(F) < 0. Let Z = Cx(F). Then Z is not a surface by Theorem [5.6)
so that Z and 7(Z) are curves, since () has no G-fixed points. Now, applying
Lemmas [5.29] [5.30] .31}, .32} [5.33] we get a contradiction with Corollary [2.32]
since Sx(Fe) < 1, Sx(FL) < 1, Sx(5) < 1 and Sx(H) < 1 by Theorem 5.6}
Therefore, the threefold Ne 3.15 is K-polystable.

5.2.6 Family Ne4.13

Let X be a smooth Fano threefold Ne4.13. Then there is a birational morphism
m: X — P! x P! x P! that is a blow up of a smooth curve C of degree (1,1, 3).
Moreover, one can choose coordinates ([xg : z1], [0 : ¥1], [20 : 21]) on Pt x P! x P!
such that the curve C' is given by one of the following two equations:

ToY1 — T1Yo = Tpzo + Thz + )\(JJOI%ZO + x%xlzl) =0 (5.10)
for some A € C\{+1, +3}, or
Toy1 — T1Yo = Tpzo + Thz + 22320 = 0. (5.11)

Note that for any A € C\{0, £1,+3}, X, obtained as a blow up of C' given by
, are isomorphic. When A\ = 0, the 3-fold Xg, obtained by blowing up C'
given by (5.11)), is non-isomorphic to X, for A € C\{0, +1, +3}. Therefore, we
will prove that X is K-polystable if C' is given by and this would in turn

imply

Corollary 5.34. Suppose that C is given by (5.11). Then X is strictly K-
semustable.
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Proof. Arguing as in the proof of Corollary [5.13] we construct a test configuration
for X, whose special fiber is the threefold X, which is the Fano threefold Ne4.13
that is a blow up of P! x P! x P! at the smooth curve given by with A = 0.
Assuming that X is K-polystable, we see that X is strictly K-semistable by

Corollary [5.4] O

From now on, we suppose that the curve C' is given by . Let R €
P! x P! x P! be the surface given by the equation zoy; — x1y9 = 0 and let
pry : P! xP!xP! — P! be the projection to the third factor. Then R =~ P'xP!, the
surface R contains the curve C' and the curve C is of degree (3,1) on the surface
R. Moreover, the projection pry induces a triple cover C — PL. If A\ = 0, this
triple cover is ramified at exactly 2 points, which implies that Aut®(X) = G,,
by [CSP19, Corollary 2.7], so that X is the unique smooth Fano threefold in
the famly Ne4.13 that has an infinite automorphism group [CSP19]. On the other
hand, if A # 0, then the triple cover is ramified at 4 distinct points. Now, arguing
as in the proof of [CSP19, Corollary 8.12], we see that Aut(X) is a finite group
provided that A # 0.

Observe that the group Aut(X) is actually not trivial for every A € C\{+£1, £3}.
Namely, let A;, Ay and A3 be the automorphisms of P! x P! x P! defined as follows:

Ay ([SUO sz, [yo 1, [0 21]) — ([l'o s =], [yo : =], [20 —Zl]),
Ay: ([900 sz, [yo sy, [0 21]) — ([1'1 s 2o, [y 2 wol, [21 Zo])7
As: ([xo cx1]s [yo vl [20 zl]) — ([yo syl [xo @], [20 ¢ zl]).

Let G be the subgroup of Aut(P* x P! x P!) generated by A;, A; and Az. Then
|G| = 8, and the curve C'is G-invariant, so that the action of the group G lifts to
the threefold X. Thus, we can identify G with a subgroup of the group Aut(X).

Let us show that X is K-polystable, so that X is K-stable for A\ # 0 by

Corollary [2.15]

Lemma 5.35. The following assertions hold:
1. P! x P! x P! does not contain G-fixed points.

2. P x P! x P! does not contain G-invariant irreducible curves of degree
(dy,ds,ds) such that one of the non-negative integers dy, dy or ds is zero.

3. PLxP!xP! contains sizteen G-invariant irreducible curves of degree (1,1,1).
Four of them lie on R, and the remaining curves intersect R in 2 points.

4. Let T be an irreducible curve of degree (1,1,1) in P! x P! x P! such that
I'¢ R. Then either'nC =g orT'nC =1 n R.

Proof. Assertions (1) and (2) are obvious. To prove (3) and (4), let z = 2,
y =, 2z = 2 be the non-homogeneous coordinates on each factor of P! x P! x P!,
There are precisely four irreducible curves of degree (1,1) on PL x P,, which are
invariant under the induced action of the group (A;, As). These are the curves

given by y = +a*!. Similarly, there are also 4 irreducible curves of degree (1, 1)
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on P! x P, invariant under the induced action of the group (A;, A3). These are
the curves that are given by z = +a*!. This gives us 16 possibilities for a G-
invariant curve in P! x P! x P! of degree (1,1,1). These are the curves l4 +1 4,41
that are given by (y,2) = (fz*!, 2%, respectively. Four of these curves are
contained in the surface R, which is given by y = x. On the other hand, each
of the remaining twelve curves meets R in precisely 2 points. The assertion on
the intersection with C' is immediate to check. O]

Now, let us recall from [F16] the descriptions of the Mori cone NE(X), the nef
cone and the cone of effective divisors of the Fano threefold X. Let [y, Iy, I3
be the proper transforms of curves of degree (1,0,0), (0,1,0) and (0,0,1) in
P! x P! x P! that meet C. Denote by I; the proper transform of a curve of degree
(1,1,0) that is contained in R, and denote by I5 a curve that contracted by 7 to
a point. Then the cone NE(X) is generated by the curves [y, ls, I3, I and [5. Let
Hy, Hy, and Hj be general fibers of the del Pezzo fibrations pr; o 7, pry o m and
prg o, where pr; and pr, are projections to the first and the second factors of
P! x P! x P!, respectively. Denote by E;, Ey and E3 the exceptional divisors of
the contractions of the extremal rays generated by [, 5 and I3, respectively. Let R
be the proper transform of R in X. Then Ey ~ 3Hy+Hs—E, By ~ 3H,+ H;—E,
R=F;~H +Hy,— F,

Nef(X) = R)O[Hl] + R)O[HQ] + R;O[Hg]‘i‘
+ Roo[2H, + Hy + Hy — E] + Rso[Hy + 2H, + H3 — E]

and

Eff(X) - R;O[Hl] + R)O[HQ] + R)O[HQJ,] + R)O[Hl + HQ - E]+
+ Roo[3H, + H3 — E] + Ryo[3Hs + Hy — E] + Roo[ E].

Lemma 5.36. Let D # 0 be an effective G-invariant Z-divisor on the threefold
X. Suppose that —Kx — D is big. Then D = R.

Proof. Since —Kx ~ 2R + E + 2Hj, the divisor D must be linearly equivalent
to one of the following divisors: H,y, Hy, H3, H| + Hs, Ho + H3, H + Hy — FE or
H, + Hy + H3 — E. But the linear systems |H,|, |Ha|, |Hs|, |H1 + Hs|, |H2 + Hs],
|Hy + Hy + H3 — E| do not contains G-invariant divisors. Thus, we see that
D~ H,+ Hy — E,sothat D = R. ]

In the following result and its proof, we use the notations introduced in Sec-
tion [2.2.3.2]

Lemma 5.37. Let Z be a G-invariant irreducible curve in R. Then S(Wf,; 7) <
27
52

Proof. Fix x € R5g. Then the divisor —Kx — xR is pseudo-effective if and only
if v <2. Let P(z) = P(—Kx —2zR) and N(z) = N(—Kx — xR). Then

Plz) = —Ky—2zRif0<x<1,
VTV @ o) (H - Hy) +2H if <1 <2,
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and N(z) = (z - 1)EFifl <z <2

Recall that R =~ P! x P!. Let ¢; and ¢, be the rulings of the surface R
such that both pr,; o m and pry, o 7™ contracts ¢;, and pry o ™ contracts ¢5. Then
“Kx|g~ —R|g ~ i +0s. Let C= RAE. Then C ~ 36, + 5. If0 < x < 1, then
P(z)|g ~ (1 4+ x)(¢; + l3). Likewise, if 1 <z < 2, then P(z)|g ~ (4 —22)l; + 2(,
and N(z)|gr = (x — 1)C. Thus, if Z = C, then

1 poo
S(W,R,, 7Z) = %f J Vol((l +z -3yl + (1 +x— y)&)dydx—i—
0 Jo

2

+% 1 ((:B—l)((4—293)€1+2€2)2+J

44 2
vol((4—2x—3y)l1+(2— y)fﬂdy)d:r— ’
0

117 52
by Corollary [2.32. Thus, to complete the proof, we may assume that Z # C.

Since linear systems |¢1] and || do not contain G-invariant curves by Lemmal.35]
we have Z ~ bil1 + byl for some positive integers by and by. By Corollary [2.32),
we get

1 po
SWE;Z) = 2_36f J vol((1 + z — biy)li + (1 + & — boy)lo) dyda
3 ’ 20 0
% J J vol((4 — 2z — biy)ly + (2 — boy)lo) dyda
1 Jo

3 Lo 3 2 oo
< 2—] f Vol((1+$—y)(€1+€2))dydx+—f J VOl((4—2$—y)€1+(2—y)€2)dyda:
1+z 4—2x 7
f J 2(1 +x —y)’dyde + — f J 2(4- 20~ y)(2 — y)dyde = =,

which is exactly what we want. O
Now we are ready to prove
Theorem 5.38. The threefold X s K-polystable.

Proof. Suppose that X is not K-polystable. By Theorem [2.19] there is G-
invariant prime divisor F' over X such that 8(F) < 0. Let Z = Cx(F). Then
Z is not a surface by Theorem Thus, since X does not have G-fixed points
by Lemma we see that Z is a G-invariant irreducible curve. Now, using

Lemma , we get agz(X) < 2. By Lemma there is a G-invariant ef-
fective Q-divisor D on the threefold X and a positive rational number A\ < %
such that D ~g —Kx, Z < Nklt(X,AD), and (X, D) is strictly log canonical
at general point of the curve Z. Then Nklt(X, AD) contains no surfaces except
possibly the surface R by Lemma [5. 36

Using Corollary [2.32] Lemma [5.37] and Theorem [5.6] we see that Z & R.
Hence, using Lemma and applymg [ACCFKGSSV, Corollary A.1.15] to
(X, )\D) and the morphisms pr, o m, pry o m and pry o m, we see that 7(Z) is
a curve of degree (1,1,1). Then 7(Z) is one of the twelve G-invariant curves
described in Lemma [5.35

Let ¢: X — X' be a birational morphism that contracts R to an ordinary
double point, let D’ be the proper transform of the divisor D on the threefold
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X', and let Z/ = ¢(Z). Then X' is a Fano threefold with terminal Gorenstein
singularities, and D" ~g —Kxs. Moreover, the log pair (X', AD’) is strictly log
canonical at general point of the curve Z’, and the locus Nklt(X’, AD’) is one-
dimensional. Then Z’ is smooth by [ACCFKGSSV] Corollary A.1.17]. Thus,
using Lemma [5.35 we deduce that m(Z) n C' consists of two points.

Let Y be the unique surface in |H, + Hs| that contains Z, let Y be its proper
transform on P! x P! x P!, and let ¢: Y — Y be the birational morphism that is
induced by 7. Then ¢ is the blow up of the intersection C'nY’, which consists of
two points that are not contained in one ruling of the surface Y =~ P! x P'. Then
Y is a sextic del Pezzo surface.

Let us apply results proved in Section to Y and Z to derive a contra-
diction.

Fix a non-negative number z. Let P(x) = P(—Kx — zY) and N(x) =
N(—=Kx —zY). Then —Kx — zY is nef <= 1z < %, and —Kyx — zY is
pseudo-effective <= x < 2. Using the description of the effective and nef cones
above, we have

1

(2-[L‘)(H1+H2)+2H3-E1f0<$<—,

_ 2
P([E)— 1

and N(z) = (2e—1)Rif ; < x < 1. Using Corollary [2.32 we get S(W},; Z) > 1,

.’.7

since we have Sx(Y) < 1 by Theorem . Let us compute S(W),; Z).

Let e; and ey are exceptional curves of the morphism ¢, let f; and fo be
the proper transform on Y of the rulings of the surface Y that are contracted by
pr; and pry, and pass through the points ¢(e1) and ¢(es), respectively. Then, on
the surface Y, we have E|y = e; + €3, Rly = fi1 + fo, Hily ~ Haly ~ fi + €1 ~
fo +es. Let hy and hy be the proper transform on Y of the rulings of the surface
Y that are contracted by the projection pry and pass through ¢(e;) and ¢(es),
respectively. Then Hsly ~ hi4e1 ~ ha+esand Z ~ f1+hy ~ fo+hy. Therefore,
ifo<z< %, then we have P(x)|y ~r (2 —2x)f1 + 2fo + (3 — 2x)e; + es + 2hy.
Similarly, if § < 2 < 1, then P(2)|y ~r (3—42) f1+(3—2z) fo+(3—2z)e1 +ea+2hy
and N(z)|y = (2z — 1)(f1 + f2). Take y € Rxg. Then Corollary [2.32] gives

3 [z [~
S(W}:; B) = % Jz J vol((2 —2x)f1+2fo+ (3—2x)e; +ex + 2l —yZ)dydx
o Jo

3 1 poo
+ % J J Vol((3 —4x)fi + (3—2x)fo + (3 —2x)es + ex + 2hy — yZ)dyd:U,
1 Jo

where ey, e, f1, fa, h1, he are (—1)-curves on the surface Y, and Z ~ f; + hy ~
fo+hy Ifx < % and y < 1, then (2 — 2z)f1 + 2fs + (3 —2x)e; + ex + 2hy — yZ
is nef, so that

vol((2 — 2z) fi + 2fo + (3 — 2x)es + €2 + 2hy — yZ) = 4oy — 8z — 8y + 14.
If x < % and 1 <y < 2, then the Zariski decompositions of this divisor is

A=2z—y)(fi+e) +2—y)(hi+e)+(y—1)(er +e2),

. J/ . ~
N~ v

positive part negative part
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so that its volume is ( — 2z —y)(2 —y). For y > 2, this divisor is not pseudo-
effective. Similarly, if ;<r<land0<y<2-2z then

vol((3 —4x) fi + (3 —22) fo + (3 — 2x)ey + ex + 2hy) = 4wy — 82° — 8z — 8y + 16.

If 2 -2z < y < min{2,6 — 62}, then the volume of this divisor is 2(6 — 6z —
y)(2 —y). For y > min{2,6 — 6z}, this divisor is not pseudoeffective. Now, using
Corollary and integrating, we get S (WY Z) = 27 < 1. This shows that X

e.0) 312
is K-polystable. O

Therefore, if A # 0, then X is K-stable by Corollary

5.2.7 Family Ne4.3
Let C be the curve in P! x P! x P! of degree (1, 1,2) given by

Toy1 — T13o = 0,
2 2
Toz] + 1125 = 0,

where [zg : x1], [yo : y1] and [zp : 2] are coordinates on the first, the second
and the third factors of P! x P! x P!, respectively. Observe that the curve C' is
smooth and irreducible. Let 7: X — P! x P! x P! be the blow up of C. Then X
is the smooth Fano threefold Ne 4.3.

Let G be the subgroup of Aut(P! x P! x P!) generated by the following trans-
formations:

o ([Io : 301]7 [?Jo yl],[ Zl]) — ([ Ty ,[y1 y0]7 [Z1 Zo])7
B ([0 1], [yo - 1], [20 = 21]) = ([wo yl]a[xoixl]a[zo L 21]),

Ir: ([Io 2], [yo 2yl [20 Zl]) — ([ 62551]> [vo : 621/1]7 [20 : 621])7
where € € C*. Then G = (G, x py) X po, and C' is G-invariant, so that the G-
action lifts to the threefold X.

Let R¢ be the G-invariant surface {zoy; — 7199 = 0} < P! x P! x P!, let R be
its proper transform via 7 on the threefold X, let £ be the m-exceptional surface,
and let H; = (pr;om)*(Op1(1)), where pr;: P! x P! x P! — P! is the ith-projection.
Then

—Kx ~2H,+2Hy +2H; — E,

and R ~ H; + Hy — FE, because C' = Rc. Moreover, we have
Lemma 5.39. The following assertions hold:
1. both P! x P! x P! and X do not contain G-fized points,
if Z is a G-invariant curve in X, then H; - Z = 2 for every i € {1,2,3},

the linear system |Hy + Hy + H3| contains no G-invariant surfaces,

if D is a non-zero effective G-invariant Z-divisor on X such that —Kx — D
1s big, then D = R.
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Proof. The first three assertions follow from the study of the G-action on P! x
P! x P!. The remaining assertion immediately follows from the description of
the cone of effective divisors of X, which is given in [F'16]. O

In the remaining part of the section, we will prove that X is K-polystable
using results from Section [2.2.3.2] As usual, we will use notations introduced in
this section. We start with

Lemma 5.40. Let Z be a G-invariant irreducible curve in R. Then S(VV,R,7 7)<
1.

Proof. Let us determine the (divisorial) Zariski decomposition of the divisor
—Kx — xR, where x € Ry, using the description of the Nef(X) and Eff(X)
given in [F'16]. Consider the divisor

—Kx—2R~r 2—2)H1+ (2—2)Hy +2H3+ (x — 1) E.

If 0 <x <1, then —Kx —xRis nef. For x > 2, —Kx — xR is not pseudoeffective.
Finally, if 1 < x < 2, then

P(—Kx —a2R)=(2—2)H,+ (2—x)Hy +2H3; N(—Kx —zR) = (x—1)E;

where we use notations introduced in Section 2.2.3.2
Let ¢; and /5 be the rulings of the surface R =~ P! x P! such that ¢, is contracted
by prs o, and ¢; is contracted by both pr; o7 and pr, o m. Then

(*KX — $R)|R ~gr 201 + (IL’ + 1)52
Let C=Rn E. Then C ~ 201 + 05. If 1 < x <2, then
P(—KX — Q?R)’R ~R (4 — 21’)£1 + 262, N(—KX — Z'R)’R = (.CL' — 1)0
Thus, if Z = C, then Corollary gives
1 (2
S(Wi; 7) = Tof (4 20)0, + 20)%(x — Ddat
1
J J Vol(2€1+ :U+1)€2—yZ)dydx—|— J J Vol (4— 23:)€1+2€2—yZ)dydx =
1

=10 1 4(4—2m)(x—1)dw+—f J (2—2y)(z+1—y)dydz+

lJ J2x2(4—2x—2)(2— Vyde = 22 < 1
0J Jy YIRETYAar =55 = &

Therefore, to complete the proof, we may assume that Z # C. Then
1 1 00
S(Wf”,; 7Z) = 1_0J J vol(20, + (z + 1)y — yZ)dydx
1 2 oo 0 1 1 poo
+—Of J vol((4—2x) 01420~y Z) dydz < 1—01 f vol (2014 (z+1)le—y(l1+0s) ) dydz
1 Jo g 0o Jo
— f J vol((4 — 22)l; + 20, — y(6y + (o)) dyda

1
J f 2(2—y)(z+1—y dyd:m—f J 2(4—2x—y)(2—y)dydr = 2—2 <1
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by Corollary [2.32] O

Now, we are ready to prove that X is K-polystable. Suppose that X is
not K-polystable. Then, by Theorem there is a G-equivariant birational
morphism f: X — X and a G-invariant prime divisor F' < X such that g(F) =
Ax(F)—Sx(F) <0. Let Z = f(F). Then Z is not a surface by Theorem [5.6] so
that Z is a G-invariant irreducible curve, because X does not have G-invariant
points by Lemma [5.39] Now, using Corollary and Lemma [5.40] we see that
Z < R, because Sy (R) < 1 by Theorem [5.6]

Using Lemma @, we get o z(X) < 3. By Lemma , there exists a G-
invariant effective Q-divisor D on the threefold X such that D ~p —Kx and
Z < Nklt(X, AD) for a positive rational number \ < %. By Lemma W, the only
possible two-dimensional component of Nklt(X,AD) is R. Since Z & R, we
conclude that Z is an irreducible component of the locus Nklt(X, AD). Applying
[ACCEFKGSSV], Corollary A.1.15] to pry om, pryom, pryom, we get Hy - Z < 1,
Hy, - Z <1, Hy- Z < 1. But this is impossible by Lemma [5.39, The obtained
contradiction shows that X is K-polystable.

5.2.8 Family Ne5.1

This family contains unique smooth threefold. It is K-polystable. To prove this,
we have to describe this threefold explicitly and compute its automorphism group.
To start with, let Q be a smooth quadric {z129+Tsx3+ 2321 +y2z = 0} = P* where
T1, T9, T3, y and z are homogeneous coordinates on P*. Let C be the smooth
conic in the quadric @ that is cut out by y = 2 =0, and let P, =[1:0:0:0: 0],
P,=[0:1:0:0:0], =[0:0:1:0:0]. Then C contains the points Py,
Py, P3. Let 0:' Y — (@ be the blow up of the points P, P, Ps, let C be the strict
transform on Y of the conic C', and let n: X — Y be the blow up of the curve C.
Then X is the unique smooth Fano threefold Ne5.1.

Now, let us describe Aut(X). Let G be a subsgroup in Aut(Q) that is de-
scribed as

G ={ge Aut(Q) | 9(C) = C and g({Py, Py, Bs}) = {P1, Py, Pu} }.

Observe that the action of the group G lifts faithfully on the Fano threefold X,
so that we can identify G with a subgroup of the automorphism group Aut(X).
Moreover, using the description of the Mori cone NE(X) given in [F16], we con-
clude that Aut(X) = G. Furthermore, we have G =~ &3 x (G,, x pu,) and G acts
on () as follows:

o if 0 € &3, then o acts by [x1: 22 1251y : 2] = [Zo0)  To2) : Tog) 1 Y : 2],
o if \e G,,, then X acts by [y : zo i @31y : 2] — [Aog: Ao 2 Az 2 N2y - 2],
e if L€ py, then cacts by [x1 1 wo 23y 2] (21 i 20 230 21 y].

Then ) does not contain G-invariant points. Let Z be the smooth conic in )
that is cut out by 1 — 23 =29 — 23 =0. Then Cn Z = .
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Lemma 5.41. The curves C' and Z are the only irreducible G-invariant curves
mn Q.

Proof. Let € be a G-invariant irreducible curve in () that is different from C'. Let
us show that € = Z. Since € # C, it contains a point P = [z7 : 25 : x5 : y : 1]
with y # 0, which implies that ¢ = G,,,.P. In particular, for every o € G5, there
is A € C* such that

1
[%(1) D Te(2) P To(3) L Y 1] = [[L’l D9 T3 AY X] = [)\xl ST s AT Ny 1],
so that A? = 1. Now, using ¢ = (1,2) and o = (2, 3), we see that 1 = 15 = x5 #
0, so that ¢ = 7. n

Let ¢c: Yo — Q and ¢z: Yy — @) be the blow up of the conics C' and Z,
respectively. Denote by Fr and F; the exceptional surfaces of the blow ups ¢¢
and ¢z, respectively. Observe that the action of the group G on the quadric @
lifts to its actions on Yo and Yy, and the surfaces Fo and Fy are exceptional
G-invariant prime divisors over Q).

Lemma 5.42. The only exceptional G-invariant prime divisors over ) are F¢
and Fy.

Proof. Recall that the center on () of a G-invariant prime divisor over () is a G-
invariant irreducible subvariety in (). Therefore, by Lemma [5.41] it is enough to
show that the surfaces Fz and Fz do not contain proper G-invariant irreducible
subvarieties.

We start with Fo. Let 1o: Us — P* be the blow up of the linear span of
the conic C, i.e. the blow up of the plane y = z = 0. We have the following
G-equivariant diagram:

YC% U C

N s

Q————P

Let us describe the G-action on Ugs. The fourfold Us can be covered by two
charts. The first one is given in P* x A}, by y = 32, and the second is given
P*x Al, by z = 2’y. Using these charts, the action of the group G can be described
as follows:

o if 0 € &3, then o acts by ([z1: 21 231y : 2],¥) = ([To) : To(2) © Toz)
y:2y);

e if A€ G,,, then ) acts by
([ w2 sy s 2]y) o (fon s ae e ds S)0%));

e if L € p,, then ¢ acts by
([e1: 22 as iy 2]y) > ([or s gz y] ).
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Let E¢ be the ¢¢-exceptional divisor. Then Eq can be identified with P2 X

Z1,T2,L3

IP’;Z, and F can be identified with its subvariety that is given by xi129 + xox3 +
x3x; = 0. Moreover, the action of the group G on the threefold Eo can be

described as follows:

e if 0 € &, then o acts by
([ 22 5] [y :2]) = ([0 : oot 700 [ 2]):
o if A€ G, then X acts by
([931 L@y, [y Z]) — <[a:1 L myxs], [ Ay §]>,
o if 1€ 1y, then ¢ acts by
([r: w25 [y 2]) = ([0 w2 s ). [2:9]).

This easily implies that the surface Fv does not contain irreducible G-invariant
curves, because C' does not have Gs-invariant points. Since F» does not contain
G-invariant points, we see that = does not contain proper G-invariant irreducible
subvarieties.

Similarly, we see that F; does not contain proper G-invariant subvarieties. [

Now we are ready to prove
Theorem 5.43. The threefold X s K-polystable.

Proof. Let F' be a G-invariant prime divisor over X. By Theorem [2.19] it is
enough to prove that §(F) > 0. If F' is a prime divisor on X, then 5(F) > 0 by
Theorem [5.6] Therefore, we may assume that F' is exceptional over X. Let Z be
the proper transform on X of the curve Z, and let o: X — X be the blow-up of
the curve Z. Then F is the o-exceptional surface by Lemma [5.42]

We claim that o*(—Kx) — 2F is not big. To prove this fact, observe that
there exits the following commutative diagram:

g X ! Y

I

where ¥ is the blow up of the fibers of the projection Fo — C' over the points P,
Py, Ps, i.e. the blow up of the preimages of these points via ¢, < is the blow up of
the proper transform of the curve Z, and ¢ is the blow up of the preimages of P,
Py, P;via ¢gcog. Thus, if 0*(—Kx)—2F is big, then ¢*(— Ky, ) —2F is big, where
F is the s-exceptional surface. But the pseudoeffective cone of the threefold EN/C
is described in [E'16l Section 10]. Note that Y¢ is a smooth Fano threefold Ne3.10.
Now, using [E'16l Section 10], we conclude that ¢*(— Ky, ) — 2F is not big, so that
o*(—Kx) — 2F is not big either.

We see that the pseudo-effective threshold 7(F) < 2 (see Section[2.2.1)). Thus,
it follows from [Ful9:2, Lemma 2.1] that Sx(F) < 37(F) < 3 <2 = Ax(F), so

2
that B(F) > 0. Hence, the threefold X is K-polystable. O
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Chapter 6

Higher dimensions

In this chapter, we first study rational homogeneous spaces, whose polarised
minimal families of rational curves have been studied in [LMO03] and this in turn
helps us provide new examples of 2-Fano manifolds. This is joint work with
Carolina Araujo, Roya Beheshti, Ana-Maria Castravet, Kelly Jabbusch, Svetlana
Makarova, Enrica Mazzon and Libby Taylor (See [?]).

We get the following classification of rational homogeneous spaces of Picard
rank 1 that satisfy the §5 condition.

Theorem 6.1. (Also Main Result@ The following is the complete list of rational
homogeneous spaces of Picard rank 1 satisfying the condition §o:

- A,/P¥, for k =1,n and for n = 2k — 1,2k when 2 < k < ”T“;

B,/P%, for k =1,n and for 2n =3k +1 when 2 < k <n —1;

C,/P¥, for k = 1,n and for 2n = 3k —2 when 2 < k <n —1;

D,/P*, for k =1,n—1,n and for 2n = 3k + 2 when 2 < k <n — 1;

E,/P%, forn=6,7,8 and k = 1,2,n;

_ F4 / P4,'
- Gy/P*, fork=1,2.
However, we get no new examples of Fano manifolds satisfying §s.

Theorem 6.2. (Also Main Result E)l) The only rational homogeneous spaces of
Picard rank 1 satisfying §3, are projective spaces P*, n = 3, and quadric hyper-
surfaces Q™ < P" n > 7.

We also go through the list of 2-Fano manifolds with large index in [ACI3]
and check the §3 condition for those. We obtain the following classification.

Theorem 6.3. (Also Main Result @) Let X be a Fano manifold of dimension
n = 3 and index ix = n — 2. If X satisfies §3, then X s isomorphic to one of
the following.
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o P

o Complete intersections in projective spaces:

Quadric hypersurfaces Q™ < P with n > 6;

Complete intersections of quadrics Xo.o < P2 with n > 13;

Cubic hypersurfaces X5 < P with n > 25;

Quartic hypersurfaces in P*1 with n > 62;

Complete intersections Xo.53 < P2 with n > 32;

Complete intersections Xo.0.0 < P32 with n > 20.

e Complete intersections in weighted projective spaces:

Degree 4 hypersurfaces in P(2,1,...,1) with n > 55;
Degree 6 hypersurfaces in P(3,2,1,...,1) with n > 181;
Degree 6 hypersurfaces in P(3,1,...,1) with n > 188;

Complete intersections of two quadrics in P(2,1,...,1) with n > 6.

In Section [2| we provide the necessary background on Chern class compu-
tations (Section , polarised family of minimal rational curves (Section ,
Schubert Calculus (Section [2.5)), and rational homogeneous spaces (Section [2.6)).
The proofs of Theorem and Theorem [6.2] are given by the various results in
Sections [6.1] and [6.2] and the proof of Theorem [6.3]is given in Section ?7.

6.1 Rational Homogeneous Variety of Classical
Type

In this section we consider rational homogeneous spaces constructed from Dynkin
diagrams of type A, B,C and D as quotients by a maximal parabolic subgroup
P*. These give rise to the following varieties, see [Man20, §1.1] for a reference:

A, o000 A,/P" = Gr(k,n+1)
B, o—p=mo—ox0 for k < n: B,/P* = OG(k,2n + 1)
for k = n: B, /P" = 0G4(n+1,2(n+ 1))
C, e C,/P* = SG(k,2n)
D, o :_1 fork<n—1:  Dn/P* = OG(k,2n)
for ke {n—1,n}: D,/P"'>~D,/P"=0G,(n,2n)

We recall in a table, results from [ACI12, §5] and [ACI3| §6.2] on the condition
3§ for homogeneous spaces of classical type. Note that we have Gr(1,n) =~ P!,

SG(1,n) = P*1 (n even) and OG(1,n) = Q"2
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dim &9 1s satisfied <—
for2<k <3 Gr(k,n) k(n—k) | ne {2k, 2k +1}
for2<k<2—1 OG(k,n) |=22D 1y =3k 42

OG (k, 2k) | MU vk
for2<k<?2 SG(k,n) Hen3ktD) | gy = 3k — 2
SG(k,2k) | HEU Vk

We continue the previous table, collecting the results on (H,, L,) from [ACI2,
§5] and Theorem [2.37

(Hz, L)
for2<k<? Gr(k,n) <]P”“* x Pk prO(1 )®p;0(1)>
for2<k<2-1 OG(kn) (Pk—l x QU2 prO(1 )®p;0(1))
OG. (k,2k) | (Gr(2,k), )
for2<k<m® SG(k, n) Ppi ( 0(1)”*“) , opu))
SG(k,2k) | (P, 0(2))

6.1.1 Type A: Grassmannians
Proposition 6.4. For2 < k <n—2, Gr(k,n) does not satisfy the condition §s.

Proof. Let X = Gr(k,n). As H, = P*! x P"*~1is a product, by [dJS06al §3.3]
it does not satisfy §2. By Theorem it follows that X does not satisfy §3. [

6.1.2 Types B and D: orthogonal Grassmannians

Proposition 6.5. For 2 < k < § — 1, OG(k,n) does not satisfy the condition
§3-

Proof. Let X = OG(k,n). As H, is a product, by [dJS06a), §3.3] it does not
satisfy §>. By Theorem it follows that X does not satisfy §s. n

Now we consider OG  (k, 2k), whose family of minimal rational curves through
a general point is H, =~ Gr(2,k), by Theorem [2.377 We have that Gr(2, k)
satisfies § if and only if 4 < k < 5 by [ACI2, §5.2]. Thus, by Theorem [2.33]
the condition k € {4,5} is necessary for OG, (k,2k) to satisfy the condition §s.
However, we show that OG (k,2k) does not satisfy §3 by considering a 3-cycle
whose intersection with ch3(OG (k, 2k)) is non-positive. To this end, we start by
recalling a result by Coskun about restriction of the Schubert cycles from Gr(k, n)

to OG, (k,n).

Proposition 6.6 ([Cosll Proposition 6.2]). Let j : OG(k,n) — Gr(k,n) be the

natural inclusion, and oy, .., a Schubert cycle in Gr(k,n). Then

(1) 7*0xn,..2, =0 unlessn —k —i>= X\ for all i with 1 <i <k.

-----
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(2) Suppose that n —k —i > \; for all 1 <i < k. Then j*oy, ., is effective

and nonzero.

-----

3) Suppose that n = 2k and k — 1 = \; for all1 < i < k. Then j*c 18
(3) Supp i [ T,
21 times the Poincaré dual of a point.

From ([2.15]), we have the following expression for the third Chern character
in terms of restrictions of Schubert cycles from Gr(k, 2k):

E+7 ., E+4 E+1 .,
ch3(OG, (k, 2k)) = —Tj o3 + T] 021 — Tj O1,1,1-

Lemma 6.7. For X = OG, (k,2k) with k = 3, we have j*o3 = j*0111 and

kvd/l, .
Ch3(X)=T(6] O'i’—] 03).

Proof. By [ACI3, Claim 33] the equality j*o» = j*o1; = 1j*of holds on X.
Applying Pieri’s formula we have

1. . Pieri . .

5]*0% = j"(01 - 03) :erlj*O'g’l + j%03

1. ‘ Pieri . .
53*03 = j*(o1-01,1) grlj*ffz,l + 750111

This implies that j*o3 = j%01,1,1 and

k+7 ., k+4(1., , . k+1, k+4(1, , .
chy(X) = — j*os+ (—J or—j 03)——9 o3 = —<—J or—j 03)-

6 6 2 6 2 6
[l

Proposition 6.8. For k =4 or 5, OG,(k,2k) does not satisfy the condition §s.

Proof. Consider the codimension 3 Schubert cycle 027 on Gr(4,8), and respec-
tively the codimension 7 Schubert cycle 03411 on Gr(5,10). We have

6 emma [0.7] . 1
© (06, (4.8) 4o =B (Lot ons 80y

2
P Pigrti. + @ 1
rr= J* (56 0321 — 303,2,1) =0
6 o Lemma [6.7 % 1 3
9 ch3(OG4(5,10)) - 703211 = 77\ 501 T3211 — 30303211

Pieri + @ 1
Proposition e
= J (56 04321 — 304,3,2,1) = 0.

By Proposition [6.6, j*021 and j*o3211 are nonzero effective 3-cycles which in-
tersect non-positively with chg, giving that OG, (k,2k) does not satisfy §3 for
k=4,5. [
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6.1.3 Linear Sections in Orthogonal Grassmanians:
We consider a linear section X of OG, (k, 2k) of codimension ¢, i.e.
X =0G, (k,2k)nHyn...n H,,

where H; ~ % is a hyperplane section of the half-spinor embedding of OG_ (&, 2k).
By [AC13, Proposition 34], X satisfies §» if and only if ¢ < 4. By Theorem m
the family of minimal rational curves on OG,(k,2k) is Gr(2,k). Since these
minimal rational curves are lines under the half-spinor embedding, the family of
minimal rational curves on X is

H, = Gr(2,k)n L°
where L is a hyperplane section under the Pliicker embedding.

Proposition 6.9. For k =5 and ¢ < 4, OG,(5,10) n H® does not satisfy the
condition §s.

Proof. This follows from Theorem as H, = Gr(2,5) n L® does not satisfy §»
by [AC13|, Proposition 32 (iv)]. O

6.1.4 Type C: Symplectic Grassmanians
Proposition 6.10. For 2 < k < %, SG(k,n) does not satisfy the condition Fs.

Proof. Let X = SG(k,n). By Theorem X does not satisfy §s, as p(H,) >
1. [

Now we consider SG(k,2k) and show that in fact this does not satisfy the
condition §3 as well. First, we consider the following result by Coskun.

Proposition 6.11 ([Cos13, Corollary 3.38]). Leti : SG(k,2k) — Gr(k, 2k) be the
natural inclusion, and oy, ... x; a Schubert cycle in Gr(k,2k). Then i*oy, .x, =0
unless k+1—73 = \; for all j with 1 < j <k.

Corollary 6.12. t*0y, ;1

Proof. By Proposition [6.11], the condition on a Schubert cycle to be nonzero
on SG(k,2k) is that £k > A,k —1 = Xo,...,2 = N_1,1 = Ap. Therefore
the only codimension @ Schubert cycle whose restriction could be nonzero
iS Ok k—1,.21. By non-degeneracy of the intersection pairing in cohomology on

Gr(k, 2k), we have necessarily that i*og g1, 21 # 0. O

From ({2.16)), we have the following expression for the 3-rd Chern character in
terms of restrictions of Schubert cycles from Gr(k, 2k):

—k:+1_* —k:+4,* —k:+7,*
1 03 — 6 170921 + G 101,11

Lemma 6.13. For X = SG(k,2k) with k > 3, we have i*05 = i*01 11 and

k4, 1
ch3(X) = 5 <03—60?).

chy (SG(k, 2k)) =
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Proof. By [ACI3, Claim 35] the equality i*o, = i*01; = i*30} holds on X.
Applying Pieri’s formula we have

% 3 % Pieri .4 x
—i*0y} =i"(01 - 02) = %091 + 103
% 3 = Pieri .y %
5@ oy =1 (01-011) = *091 + %011,

This implies that i*o3 = %0111 and

—k+1 —k+4 1 —k+7 —k+4 1
ch3(X) = 6+ ¥ o3— 6+ i*<—0%—03)+ - 1"o3 = - i*(ag——af).

Proposition 6.14. SG(k, 2k) does not satisfy the condition §s.

Proof. We consider the cycle p == 01 k-2k-3k—3k4,..21 on Gr(k,2k): it has
codimension @ — 3 and its restriction i*p to SG(k,2k) is effective as non-

negative linear combination of effective cycles on SG(k,2k) by [Pra00, §1]. By
the Pieri rule and Proposition we have

i*(03-p) = i"Okk-1,.21, i*(07-p) =610 k-1, 21

It follows that i*p # 0 as i*op —1,.. 21 # 0 by Corollary [6.12, and

emma _k 4 ]_ .
chs(SG(k, 2k)) - i*p " naETH ZH T (03 — —af) ~i%p

2 6
k44, 1
= (Uk,k—l,...,2,1 — 66 . Uk,k—l,.‘.,2,1> = 0.
Therefore SG(k, 2k) does not satisfy §s. O

6.2 Rational homogeneous varieties of exceptional
type

In this section, we show that none of the exceptional groups, when quotiented by
a maximal parabolic subgroup, satisfies the condition §3, and we study when the
condition §, is satisfied. We recall the Dynkin diagrams of exceptional type and
mark in black the short roots, i.e. the roots such that there is an arrow in the
diagram pointing in its direction.

Eg Er Es Fy G

roboo  oobooo oolooeo ooes o

13456 134567 1345678 1234 21
Proposition 6.15. E,/P® with o # 1,2,n and Fy/P? do not satisfy Fo.
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Proof. Let X be one of the homogeneous spaces in the statement. By Theo-
rem [2.37} H, is a product and thus has Picard rank > 1. To show that X does
not satisfy §o, we check that the polarized variety (H,, L,) is not isomorphic to
any of the exceptional pairs (a) — (e) from the list in Theorem [2.34}

For X = E,/P* and o = 3,5, we have H, =~ Gr(2,k) x P!, for some
k=5,6,7and [ =1,2,3.

For X = E,/P*, we have H, =~ P? x P! x P*,
For X = E,/P5 n =17,8, we have H, =~ D5/P°>xP" % ~ OG, (5,10) x P"~5.
For X = Eg/P", we have H, ~ Eg/P% x PL.

For X = F;/P? we have H, ~ P! x P2. By Theorem [2.37, the embedding
of H, in P(T,X) is not minimal, and thus L, # O(1,1).

Thus, X does not satisfy §s. O

6.2.1 Type E

1.

Parabolic groups P!, P%

Proposition 6.16. E, /P! satisfies the condition Fo but not Fz for n =
6,7,8.

Proof. Let X = E,/P'. By Theorem we have H, = D,_;/P""! =
OG4(n —1,2(n — 1)) and L, is a generator of Pic(H,). Write k = n — 1.
We have d = dim(H,) = *&2 and ¢ ~ L,, as Pic(H,) = Z[%], where
we denote by the same symbol the Schubert cycle o7 in Gr(k,2k) and its
restriction to OG, (k, 2k).

As by(X) = 1 by Lemma [2.36] we apply Theorem and conclude that
X satisfies §» as

k(k—1 E—1)(8 —k
9Ky, —dL, = 2 2(k — 1)L, — %Lx _ #Lm
is ample. We compute
1 d d—4
1 k(k—1) k(k—1)—8

_ o2 L L , k(k-1)-8 ,

=212 - (2(/<; - >L$ -8 g

_ (k—5)(k — 8)Li~

12
which implies that ch3(X) is not positive, hence X does not satisfy §3. O

Remark 6.17. As Es/P® ~ FEg/P', Proposition holds for Eg/P° as
well.
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Proposition 6.18. E,/P? satisfies the condition §o but not Fz for n =
6,7,8.

Proof. Let X = E,/P% By Theorem we have H, = A, 1/P? =
Gr(3,n) and L, is a generator of Pic(H,), therefore d = dim(H,) = 3(n—3)
and o1 ~ L,. As by(X) = 1 by Lemma [2.36] we apply Theorem and
conclude that X satisfies §2 as —2Kpy, —dL, = 2nL,—3(n—3)L, = (9—n)L,
is ample.

For n = 8, H, does not satisfy §2, hence X does not satisfy §3 by Theo-
rem [2.33] From now on we assume that n = 6,7. We have

1 d—4

Ty (X)) B et (1) - | (q(Hz) - gclwm))Lx S

n—4 n—38 1( 3(n—3)) s, 3n—13 ,
—— o

B L A R

Pieri (10— 4 n+3(nf3) 3n—13\ , n*8+n*4
2 2 4 12 )7 2 o )7L

—19+ 3n
= TU% - (n — 6)0’171.

If n = 6 we have T'(ch3(X)) < 0, and if n = 7 we have T'(ch3(X)) - 0433 =
—% < 0. In both cases, this implies that ch3(X) is not positive, hence X

does not satisfy §s. O

. Freudenthal variety :

The homogeneous variety E;/P7 is also known as the Freudenthal variety
G(03,0°%); it has dimension 27 and index 18. We refer for instance to
[CMP08, §2.1, §2.3] for more details on the geometry of E;/P7.

Proposition 6.19. E;/P7 satisfies the condition F» but not §s.

Proof. Let X = E;/P". By Theorem we have H, = Eg/P% and L, is
a generator of Pic(H,), therefore d = dim(H,) = 16 and L, ~ H, as the
hyperplane section H in H, is a generator of Pic(H,) by [IM05, Proposition
5.1]. By Lemma , bi(X) = 1, hence we apply Theorem and obtain
that X satisfies §9 as

2T (chy(H,)) = —2Ky, — dL, = 24H — 16H = 8H

is ample. We apply Eq. (2.17) to compute:

: 1 d d— 4
T (chy(X)) B cho(H,) — <c1<Hx> - 501@)) PR
emma [0 1
v BB 2 A~ 12 = 0.
We conclude that X does not satisfy §3. 0
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Lemma 6.20. ChQ(EG/P6) = 3H3 and Ch3(E6/P6) = 0.

Proof. Let X = Eg/P' = Eg/PS; as described for instance in [IM05], X
admits an embedding in P?. Denote by AN the normal bundle of X in
PV =~ P?%; by [IM05, Proposition 7.1] we have ¢;(N) = 15H, co(N) =
102H?, and c3(N') = 414H3, where H denotes a hyperplane section. Then
we obtain

Proposition 6.21. Eg/P? satisfies the condition §o but not Fs.

Proof. Let X = Eg/P®. By Theorem we have Hy = H, = E;/P"
the Freundenthal variety, whose corresponding minimal family of ratio-
nal curves through a general point is Hy = Fg/P°®. Thus, we have d =
dim(H,) = 27, ¢;(Hy) = 18L; and by [CMPO0S8|, §2.3] Pic(H;) = Z[h;] where
h; denote a hyperplane class on H;; by Theorem hi ~ L;.

We have by(X) = 1 by Lemma [2.36] hence we apply Theorem and
obtain that X satisfies §y as —2Kpy, — dL; = 36L, — 27L; = 9L, is ample.
We compute

T(chs(X)) chy(Hy) — 1<01(H1) - EiCl(Ll))Ll - u[z%

2 2 12
9 23 25
= chy(H,) — ZL{ — ﬁLf = chy(H;) — EL%
25 Prop (6.19) 25
T o T(chs(X)) = T(cho(Hy)) — TT(L]) "2 4Ly — TT(LY)
25 1
<4Ly— =L, =—-L
2 6 2 6 2

where the last inequality holds by [ACI2, Lemma 2.7 (1)]. We conclude
that X does not satisfy §s. m

6.2.2 Type F
Proposition 6.22. F,/P' does not satisfy the condition Fo.

Proof. Let X = F,/P'. By Theorem we have H, = C3/P® = SG(3,6),
and the embedding of H, in P(7T,X) is not minimal. Therefore Pic(H,) is not
generated by [L.]. Since this pair (H,, L,) is not in the exceptional list of Theo-
rem [2.34] we conclude that X does not satisfy §s. O

Proposition 6.23. F,/P? does not satisfy the condition Fo.
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Proof. Let X = F,;/P3. By [LM03], Proposition 6.9] H, is a nontrivial Q*-bundle
over P!, in particular p(H,) # 1. Note that none of the exceptional pairs (H,, L,)
in Theorem admit a nontrivial Q*-fibration. We conclude that X does not
satisfy §s. O

Proposition 6.24. F4/P4 satisfies the condition §o but not §3.

Proof. By [LMO03|, proof of Proposition 6.5] Fy/P?* is the generic hyperplane
section of Eg/P%. We write X = Fg/P%n H, Y = Eg/P% and recall that
Pic(X) = Z[H]. From Lemma [6.20] and (2.11)), we obtain

chy(X) = <ch2(Y) — %H2) — (3}[2 _ 1H2> _ §le$

v 2 Jy 2
g |
chy(X) = (chy(Y) = ZH?) = —=HY.
6 )y 6
This implies that X = F,/P* satisfies §» but not Js. O

6.2.3 Type G
Proposition 6.25. Go/P! satisfies the condition §y but not Fs.

Proof. By [LMO03, §6.1], we have that Go/P' = Q% < P°. Applying ?? and
Eq. (2.11)), we conclude that G5/P?! satisfies §o but not Fs. O

Proposition 6.26. Gy/P? satisfies the condition Fo but not Fs.

Proof. Let X = Gy/P?% Then X satisfies §o by ??7. Moreover, we have

6-chy(X)-c? = (c} —3cico+3c3)-cl=c)—3ccy+3c3c
= 4374 — 3 - 2106 + 3 - 594 = —162

where the Chern numbers are computed in [KT20), Table 1]. As g—i is an integral

class by [KT20, §2], we obtain chs(X)- ;—%7 = —1, so that X does not satisfy §3. O

6.3 Higher Fano Manifolds with High Index

In this section, we will prove Theorem [6.3] which gives the complete classification
of 2-Fano manifolds of high index that satisfy the §3 condition.

Proof of Theorem[0.3: In order to obtain the list in Theorem [6.3], we go through
the list in [ACI3, Theorem 3] and we check the §3 condition for each, one by
one, using the formulas for the third Chern character given in Section [2.3] These
give the various bounds on the dimension n of X, as in the list. The remaining
homogeneous varieties do not satisfy the condition §3 by Propositions [6.4] [6.8]

[6-9, [6.1) andl 520}
UJ
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Chapter 7

Conclusion

The work detailed in this thesis began with the quest to simply understand sin-
gular curves and singular del Pezzo surfaces. This led to the work on Curves
(Chapter 3]), which was built on the work of Prof. Ivan Cheltsov in [C17].

Having done this, the most reasonable varieties to study in order to understand
the notion of K-stability of Fano varieties are del Pezzo surfaces, since a lot
has been done to determine K-stability of these surfaces. We have looked at
understanding these objects using different techniques, namely, determining the
applicability of Dervan’s criterion, using the Valuative criterion and the stability
threshold.

Building upon the work of Cheltsov and Martinez-Garcia in [CM20] on the
applicability of Dervan’s criterion for smooth del Pezzo surfaces, we have deter-
mined the same for del Pezzo surfaces with du Val singular points (Section .
This is still work in progress. Just as in [CM20, Theorem 1.6}, wherein partial
results in the case of smooth cubic surfaces in P? were possible, there is still hope
that more examples of K-stable singular del Pezzo surfaces with any given ample
divisor, can be given.

On the other hand, in my joint work with Won and Kim, we have answered the
Calabi problem (Section for all quasi-smooth, well-formed hypersurfaces
of index 2, using the techniques explained in Section [2.2] This problem is still
open for such hypersurfaces of higher index and with the recent development
of powerful methods, for instance [AZ2(], T am certain that one can completely
determine the K-stability of such hypersurfaces.

In order to further understand the geometry of these del Pezzo surfaces, we
considered the problem of the existence of H-polar cylinders for any ample divisor
H on a du Val del Pezzo surface, in my joint work with Belousov. In Section [4.3]
we have explicitly constructed such cylinders for del Pezzo surfaces with at least
one singular point of type E,, for n = 6,7 and D,,, for n = 4,5,6,7. In fact, we
think that we can prove a much stronger result:

Conjecture. Let S be a del Pezzo surface with du Val singularities. Suppose S
has a (—Kg) polar cylinder. Then S has a H-polar cylinder for any ample divisor
H on S.

In the case of smooth Fano 3-folds, in my joint work with Araujo, Castravet,
Cheltsov, Fujita, Kaloghiros, Martinez-Garcia, Shramov and Siiss, the Calabi
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problem is completely solved for 71 of the 105 deformation families. That is, we
know which smooth Fano 3-folds are K-polystable and which are not, for 71 of
the deformation families. For the remaining 34 families, Main Result [5| tells us
that the general member is K-polystable. We conjecture that for 27 of the 34
remaining families, all members are K-stable.

Conjecture. All smooth Fano threefolds in the deformation families

Ne1.9, Ne2.1, Ne2.2, Ne2.3, Ne2.[, Ne2.5, Ne2.6, Ne2.7, Ne2.S,
Ne2.9, Ne2.10, Ne2.11, Ne2.12, Ne2.13, Ne2.14, Ne2.15, Ne2.16, Ne2.17,
Ne2.18, Ne2.19, Ne3.2, Ne3.3, Me3.4, Ne3.6, Nes.7, Nes.11, Nef.1

are K-stable and, in particular, they are K-polystable.

All remaining seven families Ne1.10, Ne2.20, Ne2.21, Ne2.22, Ne3.5, Ne3.8, Ne3.12
contain non-K-polystable smooth Fano threefolds, but their general members are
K-polystable. Conjectural characterizations of their K-polystable members are
in [ACCEFKGSSV]. It would be very interesting to prove these conjectures and
hence completely determine the K-stability of all members of all 105 deformation
families.

In higher dimensions, there has been great effort in recent times to define a
suitable higher analogue to the Fano condition. As described in Chapter [6] in my
joint work with Araujo, Beheshti, Castravet, Jabbusch, Makarova, Mazzon and
Taylor, we suggest a possible candidate for such an analogue (Definition . This
is motivated by the definition of 2-Fano manifolds that was introduced by de-
Jong and Starr in [dJS06a]. But this is known to impose very severe restrictions
on the polarized minimal family of rational curves (H,, L,) (See Section [2.4). In
our work (See Chapter @, we have described many new examples of higher Fano
manifolds, including rational homogeneous spaces and have also given a complete
classification of 2-Fano rational homogeneous spaces of Picard rank 1 (See Main
Result @ We also get no new examples of rational homogeneous spaces of Picard
rank 1 satisfying §3, other than Projective spaces and quadric hypersurfaces (See
Main Result . In Main Result , we have also given a complete classification
of Fano manifolds of large index that satisfy §3. It would be interesting to next
determine which rational homogeneous spaces of Picard rank bigger than 1 satisfy
52 and §3 condition.

Also, in our joint work, we propose the following problem.

Problem. For fized n, find the smallest integer k = k(n) such that the following
holds. If X is an n-dimensional Fano manifold satisfying condition §y, then X
1s a complete intersection in a weighted projective space. Can this integer k be
chosen independently of n?

This is motivated by the following problem.

Problem. Find examples of Fano manifolds satisfying condition §3 other than
complete intersections in weighted projective spaces.

These questions show that indeed studying such possible ‘analogues’ to the
Fano condition in higher dimension, could provide interesting characterisations
of projective spaces and complete intersections in terms of positivity of Chern
characters.
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