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Abstract

This thesis is about Fano varieties and their properties. We will determine the
K-stability of certain singular del Pezzo surfaces and smooth Fano 3-folds, the
existence of cylinders in singular del Pezzo surfaces, and also classify higher di-
mensional Fano varieties with certain properties. In dimension 2, many new
examples of K-stable polarized singular del Pezzo surfaces with du Val singular
points have been introduced and the existence of polarized cylinders in many
of these surfaces has been determined. We also completely solve the K- sta-
bility problem for singular del Pezzo surfaces that are index 2 hypersurfaces in
weighted projective space. In dimension 3, all deformation families of smooth
three-dimensional Fano varieties that contain K-polystable elements have been
described. In higher dimensions, a complete classification of smooth Fano va-
rieties of large index that have positive second and third Chern characters has
been given, and all rational homogeneous spaces of Picard rank 1 having posi-
tive second Chern character have been described. In particular, we prove that
the only rational homogeneous spaces of Picard rank 1 with positive second and
third Chern characters are projective spaces and quadric hypersurfaces. This
thesis also contains few auxiliary results, which are closely related to K- stability
of Fano varieties. For instance, for a reduced plane curve of degree d, the sixth
worst log canonical threshold that it can have, has been determined.
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Chapter 1

Introduction

Fano varieties are varieties with ample anticanonical class. These have been
intensively studied in the last few decades. In this thesis, we will study some
properties of Fano varieties, in detail. The thesis is split into chapters based on
the dimension of the variety that we study.

Throughout this thesis, the base field we work over is the complex numbers
C.

1.1 Curves

We begin by looking at plane curves of degree d in P2 in Chapter 3. The main
motivation behind this chapter is to study singularities of such curves and to
explicitly have a way of measuring how singular a given curve is. This sets the
groundwork for understanding singularities of varieties in higher dimensions.

The main aim is to address the following question:

Question. Given a curve Cd of fixed degree d, what is the worst singularity that
the curve can have at the point P on Cd?

We can use various parameters to measure the singularity at the point P , such
as multiplicity of the curve at the point P , multP pCdq, Milnor number, µpP q and
log canonical threshold of the curve at the point P , lctP pP2, Cdq.

All three parameters mentioned earlier give the same answer to the above
question, since multP pCdq ď d and µpP q ď pd ´ 1q2 with multP pCdq “ d and
µpP q “ pd´ 1q2 if and only if Cd is a union of d lines. The following theorem
proves that computing the log canonical threshold of the curve at P also gives
the same answer to the above question.

Theorem 1.1. ([C01, Theorem 4.1]) One has lctP pP2, Cdq ě
2
d

and lctP pP2, Cdq “
2
d

if and only if Cd is a union of d lines passing through P .

We can then ask the following question:

Question. What is the second worst singularity at the point P?
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To present this answer, we introduce certain types of singularities in Section
3.1 and we call these types of singularities Kn,Tn, rKn, rTn,Mn, rMn, pMn, where
n “ multP pCdq.

In [C17], the following result was obtained.

Theorem 1.2. Suppose d ě 5 and 2
d
ă lctP pP2, Cdq ď

2d´3
dpd´2q

. Then the curve Cd

has singularity of type Td´1, Kd´1, rTd´1, rKd´1 at the point P and the values of
their log canonical thresholds at the point P are 2d´3

pd´1q2
ă 2d´1

dpd´1q
ă 2d´5

d2´3d`1
ă 2d´3

dpd´2q

respectively.

This result and Theorem 1.1 give the five worst singularities of the curve Cd.
In Section 3.2, we will determine the sixth worst singularity that a curve can have
at the point P . That is, in Section 3.2, we prove the following.

Main Result 1. Suppose d ě 6 and 2d´3
dpd´2q

ă lctP pP2, Cdq ď
2d´7

d2´4d`1
. Then

the curve Cd has singularity of type Md´1, rMd´1 or pMd´1 at the point P with
lctP pP2, Cdq “

2d´7
d2´4d`1

.

1.2 Surfaces

In Chapter 4, Section 4.1 and Section 4.2, we study the notion of K-stability
of Fano varieties of dimension 2, which are also called del Pezzo surfaces. In
particular, we are interested in the K-stability of del Pezzo surfaces with du Val
singular points (Section 4.1) and that of hypersurfaces in weighted projective
space (Section 4.2). In Section 4.3, we also explicitly construct H-polar cylinders
for any ample divisor H, on singular del Pezzo surfaces.

1.2.1 K-stability of del Pezzo surfaces

The notion of K-stability was introduced to algebraic geometers very recently and
there has been enormous progress in this field of study since the development of
the minimal model program. Since concepts and techniques from minimal model
program were found to be closely related to the study of K-stability of Fano
varieties, there has been significant progress in the study of the same. Since then,
there have been numerous equivalent definitions of K-stability of Fano varieties
by Fujita, Li and many others. We study few such notions in Section 2.2.

One of the main motivations behind studying the notion of K-stability of Fano
varieties is the following conjecture:

Conjecture. (Yau-Tian-Donaldson) Let X be a smooth variety and let L be an
ample line bundle on X. Then X admits a constant scalar curvature Káhler
(cscK) metric in c1pLq if and only of the pair pX,Lq is K-polystable.

This gave an algebro-geometric method of establishing the existence of con-
stant scalar curvature metrics on varieties X.

In the case of smooth del pezzo surfaces, a lot is known about their K-stability.
For instance, the above conjecture is proven for smooth Fano varieties polarised
by anticanonical line bundles by Chen, Donaldson and Sun in [CDS15] and [T15].
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Smooth del Pezzo surfaces are Káhler-Einstein and therefore K-stable for the
anticanonical polarization ([T90]). But determining if a given del Pezzo surface
is K-stable for any polarisation other that the anti-canonical is challenging. In
this regard, the Dervan’s criterion (Theorem 1.3) comes in handy.

1.2.1.1 Applicability of Dervan’s criterion

The criterion stated below was established by Dervan and gives a condition for
the K-stability of a polarised variety.

Theorem 1.3. [D15, Theorem 1.1] Let X be a Fano variety of dimension n, and

let L be an ample Q-divisor on it. Let νpLq “ ´KX .L
n´1

Ln
. Then pX,Lq is K-stable

if

1. the Q-divisor ´KX ´
n
n`1

νpLqL is nef,

2. and αpX,Lq ą n
n`1

νpLq.

Note that νpLq in Theorem 1.3 is referred to as the slope and the quantity
αpX,Lq is as defined in Section 2.2.2.

In Section 4.1.2, we study the applicability of the above theorem to singular
del Pezzo surfaces, S.

Main Result 2. Let S be a del Pezzo surface of degree 1 with A1, A2 or A3

singularities. Let L be any ample divisor and νpLq “ ´KS .L
L2 on S. If the Q-

divisor ´KS ´
2
3
νpLqL is nef, then pS, Lq is K-stable.

1.2.1.2 K-stability of singular hypersurfaces

The main objects that we are interested in, in Section 4.2, are quasismooth and
well-formed hypersurfaces Sd in Ppa0, a1, a2, a3q of degree d with index I=2.

Recall that the index of a Fano variety X is the largest integer that divides
´KX in PicpXq. In the case of hypersurfaces Sd, index of Sd is given by I “
a0 ` a1 ` a2 ` a3 ´ d.

These surfaces Sd are given by a quasihomogenoeus polynomial equation of
degree d

fpx, y, z, tq “ 0 Ă Ppa0, a1, a2, a3q – ProjpCrx, y, z, tsq,

where wtpxq “ a0, wtpyq “ a1, wtpzq “ a2 and wtptq “ a3. Sd is said to be
quasismooth if the only singular point is at the origin in C4, which implies that
Sd has at most cyclic quotient singularities. It is well-formed if

gcdpa0, a2, a3q “ gcdpa0, a1, a2q “ gcdpa0, a1, a3q “ gcdpa1, a2, a3q “ 1.

Note that being well-formed implies that

´KSd „Q OPpa0,a1,a2,a3qpa0 ` a1 ` a2 ` a3 ´ dq.

So suppose I is positive, then Sd is a del Pezzo surface.
All possible quintuples pa0, a1, a2, a3, d, Iq, such that a quasismooth and well-

formed hyersurface Sd in Ppa0, a1, a2, a3q, of degree d and index I, exist, have
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been described in [JK01, Theorem 8] for I “ 1, [CS13, Corollary 1.13] for I “ 2
and a complete classification is given in [P18].

The main problem that we are interested in, is the following:

Problem. Calabi Problem: Describe all K-polystable, quasismooth and well-
formed hypersurfaces Sd in Ppa0, a1, a2, a3q of degree d and index I.

When I “ 1, this is solved in [JK01, Theorem 8], [A02, Theorem 4.1], [CPS10,
Theorem 1.10] and [CPS21, Theorem 1.7]. In the case of I “ 2, this has been
studied in [BGN03], [CPS10], [CS13], [CPS21] and [KW21, Theorem 1.2]. In
Section 4.2, we will solve the Calabi Problem for the remaining quasismooth,
well-formed hypersurfaces of index I “ 2, thus giving a complete answer in the
case of Index 2. This is a joint work with Joonyeong Won and In-Kyun Kim. 1

Main Result 3. Let Sd be a quasismooth, well-formed hypersurface with I “ 2.
The following hypersurfaces Sd in Ppa0, a1, a2, a3q of degree d, are K-polystable.

No. pa0, a1, a2, a3q d
1 p1, 1, n, nq, n ě 2 2n
2 p1, 2, n` 2, n` 3q, n ě 0 2pn` 3q
3 p1, 3, 4, 6q 12
4 p1, 4, 5, 7q 15
5 p1, 4, 5, 8q 16
6 p1, 4, 6, 9q 18
7 p1, 5, 7, 11q 22
8 p1, 6, 10, 15q 30
9 p1, 7, 12, 18q 36

10 p1, 8, 13, 20q 40

1.2.2 Existence of Cylinders

In Section 4.3, we study the geometric property of the existence of H-polar cylin-
ders in Sd for any ample divisor H. This is joint work with Grigory Belousov.2

Definition 1. [CPW16, Definition 1.3] Let M be an Q-divisor on a projective
normal variety X. An M-polar cylinder in X is an open subset

U “ XzSupppDq

defined by an effective Q-divisor D in the Q-linear equivalence class of M such
that U is isomorphic to Z ˆ A1 for some affine variety Z.

When H “ ´KSd , these have been studied in [CPW16].

1In this joint work, I independently proved Theorem 3 for the hypersurfaces in Pp1, 1, n, nq
when n ě 2 and hypersurfaces in Pp1, 2, n ` 2, n ` 3q. The remaining cases were a joint work
with my collaborators.

2In this work, I explicitly described all possible ample divisors for the surfaces with differ-
ent singularities and jointly, with the help and guidance of Dr. Grigory Belousov, explicitly
constructed cylinders for them, also having drawn figures to represent the same.
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Theorem 1.4. [CPW16, Theorem 1.5] Let Sd be a del Pezzo surface of degree
d with at most du Val singularities.

I. The surface Sd does not admit a p´KSdq-polar cylinder when

1. d “ 1 and the surface Sd allows only singular points of types A1, A2,
A3, D4 if any;

2. d “ 2 and Sd allows only singular points of type A1 if any;

3. d “ 3 and Sd allows no singular point.

II. The surface Sd has a p´KSdq-polar cylinder if it is not one of the del Pezzo
surfaces listed in I.

In Section 4.3, we prove the following.

Main Result 4. Let S be a del Pezzo surface with at least 1 singular point of
type E6, E7, E8, D4, D5, D6, D7 or A7. Then S has a H-polar cylinder for
any ample divisor H ı ´KS on S.

1.3 3-folds

Smooth Fano 3-folds have been classified in [Is77, Is78, MoMu83, MoMu03] into
105 families, which are labeled as №1.1, №1.2, №1.3, . . ., №9.1, №10.1, which is
the numeration followed in [IP99].

The main objective of this work is to answer the following question.

Calabi Problem. Find all K-polystable smooth Fano threefolds in each family.

This problem has already been solved for many families, and partial results
are known in many cases. (See [ACCFKGSSV] for the list of works that have
contributed to this problem.)

In particular, it has been proved in [F16] that all smooth threefolds in the 26
families

№2.23, №2.28, №2.30, №2.31, №2.33, №2.35, №2.36, №3.14,
№3.16, №3.18, №3.21, №3.22, №3.23, №3.24, №3.26, №3.28, №3.29,

№3.30, №3.31, №4.5, №4.8, №4.9, №4.10, №4.11, №4.12, №5.2

are divisorially unstable (see Definition 8), which implies that none of them are
K-polystable.

In [ACCFKGSSV], we show that all smooth Fano threefolds in the Family
№2.26 are not K-polystable, and therefore proving the following. This is a joint
work with Carolina Araujo, Ana-Maria Castravet, Ivan Cheltsov, Kento Fujita,
Anne-Sophie Kaloghiros, Jesus Martinez-Garcia, Constantin Shramov and Hen-
drik Süss.3

3My contribution to this project was to explicitly compute the δ-invariant using the Abban-
Zhuang Theory in few cases.

12



Main Result 5. Let X be a general Fano threefold in the family №N . Then

X is K-polystable ðñ N R

$

’

’

’

&

’

’

’

%

2.23, 2.26, 2.28, 2.30, 2.31, 2.33, 2.35,

2.36, 3.14, 3.16, 3.18, 3.21, 3.22, 3.23,

3.24, 3.26, 3.28, 3.29, 3.30, 3.31, 4.5,

4.8, 4.9, 4.10, 4.11, 4.12, 5.2.

,

/

/

/

.

/

/

/

-

As a consequence, we have

Corollary. Let X be a general Fano threefold in the family №N ‰ 2.26. Then

X is K-polystable ðñ X is divisorially semistable ðñ X is K-semistable.

In Section 2.2, we will introduce the notions of K-stability and the various
results that we will need in order to prove the K-polystability of the 3-folds
belonging to Families №2.16, №2.24, №3.10, №4.13, №4.3, №5.1. Each case is
dealt in detail in Chapter 5. This gives a rough idea of the proofs involved in
the remaining cases. For further details and proofs of remaining cases, refer to
[ACCFKGSSV].

1.4 Higher dimensions

The objective of Chapter 6 is to extend positivity conditions from that of Fano
manifolds to higher dimensions. Recall that Fano manifolds are complex pro-
jective manifolds with positive first Chern class c1pTXq (See Section 2.3 for the
definition). Examples include Projective Spaces, Grassmanians and other homo-
geneous spaces.

In [Mor79], Mori showed that any Fano manifold is covered by rational curves.
Later, in [KMM92] and [Cam92], a much stronger property was proven for Fano
manifolds, which is that any Fano manifold X is rationally connected, i.e. there
are rational curves connecting any two points of X. It is expected that such
interesting properties hold in Higher Fano manifolds too and thus, in recent years,
there has been a lot of work done in defining suitable higher analogues of the Fano
condition. Thus, this problem can be stated as follows:

Problem. Find natural geometric conditions Rr on a manifold X such that if a
complex projective manifold satisfies Rr, then X is covered by rational varieties
of dimension r.

For r “ 1, this is the condition that X is rationally connected, or more
restrictively, that X is a Fano manifold.

In [dJS06a], De Jong and Starr introduced the notion of 2-Fano manifolds as a
candidate for the condition R2. A projective manifold X is said to be 2-Fano if it
is Fano and the second Chern character ch2pTXq “

1
2
c1pTXq

2´ c2pTXq is positive,
i.e., ch2pTXq ¨ S ą 0 for every surface S in X, where TX is the tangent bundle of
the manifold X. They also present some notions of rational simple connectedness.

In [dJS07], it is shown that 2-Fano manifolds satisfying some mild assumptions
are covered by rational surfaces. In [AC12], Araujo and Castravet introduced
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a new approach to study 2-Fano manifolds, via polarized minimal families of
rational curves pHx, Lxq. (See Section 2.4 for details.) In [AC12], many new
examples of 2-Fano manifolds have been described and this was followed by the
classification of 2-Fano manifolds with large index in [AC13].

In my joint work with Araujo, Beheshti, Castravet, Jabbusch, Makarova, Maz-
zon and Taylor, we suggest the following definition as a candidate for the condition
Rr.

4

Definition 2. We say that a Fano manifold X satisfies the condition Fr if its
Chern characters chipXq are positive for all 1 ď i ď r. This positivity condition
means that chipTXq ¨ Z ą 0 for every effective i-cycle Z in X.

As an encouraging step forward, in [Suz20] and [Nag19], it has been shown that
with further assumptions, Fano manifolds satisfying Fr are covered by rational
r-folds. Given a Fano manifold X, with a polarized minimal family of rational
curves pHx, Lxq that satisfies the condition Fr, one can also ask if Hx satisfies
condition Fr´1.

With these motivating questions and observations, in Chapter 6, we study
examples of Fano manifolds that satisfy F2 and F3.

Main Result 6. The following is the complete list of rational homogeneous spaces
of Picard rank 1 satisfying the condition F2:

- An{P
k, for k “ 1, n and for n “ 2k ´ 1, 2k when 2 ď k ď n`1

2
;

- Bn{P
k, for k “ 1, n and for 2n “ 3k ` 1 when 2 ď k ď n´ 1;

- Cn{P
k, for k “ 1, n and for 2n “ 3k ´ 2 when 2 ď k ď n´ 1;

- Dn{P
k, for k “ 1, n´ 1, n and for 2n “ 3k ` 2 when 2 ď k ă n´ 1;

- En{P
k, for n “ 6, 7, 8 and k “ 1, 2, n;

- F4{P
4;

- G2{P
k, for k “ 1, 2.

The notations used above to denote the various rational homogeneous spaces
of Picard rank 1 are as explained in Section 2.6.

However, we get no new examples of Fano manifolds satisfying F3.

Main Result 7. The only rational homogeneous spaces of Picard rank 1 satis-
fying F3, are projective spaces Pn, n ě 3, and quadric hypersurfaces Qn Ă Pn`1,
n ě 7.

We also go through the list of 2-Fano manifolds with large index in [AC13]
and check the F3 condition for those. We obtain the following classification.

4In this project, I primarily contributed to computing the bounds for the dimension n in
Main Result 8 and to also write up the results along with my collaborators.
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Main Result 8. Let X be a Fano manifold of dimension n ě 3 and index
iX ě n´ 2. If X satisfies F3, then X is isomorphic to one of the following.

• Pn.

• Complete intersections in projective spaces:

- Quadric hypersurfaces Qn Ă Pn`1 with n ą 6;

- Complete intersections of quadrics X2¨2 Ă Pn`2 with n ą 13;

- Cubic hypersurfaces X3 Ă Pn`1 with n ą 25;

- Quartic hypersurfaces in Pn`1 with n ą 62;

- Complete intersections X2¨3 Ă Pn`2 with n ą 32;

- Complete intersections X2¨2¨2 Ă Pn`3 with n ą 20.

• Complete intersections in weighted projective spaces:

- Degree 4 hypersurfaces in Pp2, 1, . . . , 1q with n ą 55;

- Degree 6 hypersurfaces in Pp3, 2, 1, . . . , 1q with n ą 181;

- Degree 6 hypersurfaces in Pp3, 1, . . . , 1q with n ą 188;

- Complete intersections of two quadrics in Pp2, 1, . . . , 1q with n ą 6.

Note that here Xd1,d2,...,ds denotes the smooth complete intersection of hyper-
surfaces of degree di.
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Chapter 2

Preliminaries

In this chapter, we will go through all the basic results that we will need in this
thesis, to prove the main results. Note that throughout this thesis, the base field
that we work with is the set of complex numbers.

2.1 Singularities of Pairs

Let X be a normal variety such that KX is a Q-Cartier divisor, let π : pX Ñ X be
its resolution of singularities. Denote the π-exceptional divisors by E1, . . . , Em.
Then

K
pX `

m
ÿ

i“1

eiEi “ π˚
`

KX

˘

(2.1)

for some rational numbers e1, . . . , em. For each i P t1, . . . ,mu, we let AXpEiq “
1´ ei and say that AXpEiq is the log discrepancy of the divisor Ei. We say that

• X has terminal singularities if each ei ă 0,

• X has canonical singularities if each ei ď 0,

• X has Kawamata log terminal singularities if each ei ă 1,

• X has log canonical singularities if each ei ď 1.

One can show that these definitions do not depend on the choice of the morphism
π.

If X is smooth, then its singularities are terminal. Moreover, if X is a surface,
then X is smooth if and only if it has terminal singularities. Similarly, if X
is a surface, then it has canonical singularities if and only if X has Du Val
singularities. Likewise, if X is a surface, then it follows from [K97, Theorem 3.6]
that X has Kawamata log terminal singularities if and only if X has quotient
singularities. In all dimensions, Kawamata log terminal singularities are rational
by [K97, Theorem 11.1]. Starting from now, we assume that the variety X has
Kawamata log terminal singularities.
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Let BX be an effective Q-divisor on X. Then

BX “

r
ÿ

i“1

aiBi, (2.2)

where each Bi is a prime Weil divisor on X, and each ai is a non-negative rational
number. We say that pX,BXq is a log pair, BX is its boundary, and KX `BX is
its log canonical divisor. Let us define singularity classes for the log pair pX,BXq

following [K97, KM98].

Let pB1, . . . , pBr be the proper transforms on pX of the divisors B1, . . . , Br,
respectively. Let us also replace (if necessary) the resolution of singularities

π : pX Ñ X by a slightly better one such that the divisor

r
ÿ

i“1

pBi `

m
ÿ

i“1

Ei

has simple normal crossing singularities. Such resolution of singularities exists
[H64, K07], and it is often called a log resolution of the log pair pX,BXq. Suppose,
in addition, that the divisor BX is a Q-Cartier divisor. Then there are rational
numbers d1, . . . , dm such that

K
pX `

r
ÿ

i“1

ai pBi `

m
ÿ

i“1

diEi “ π˚
`

KX `BX

˘

. (2.3)

Using this, we define the log pull back of the pair pX,BXq as follows:

´

pX,
r
ÿ

i“1

ai pBi `

m
ÿ

i“1

diEi

¯

This new log pair is often denoted as p pX,B
pXq.

Definition 3. We say that

• pX,BXq has Kawamata log terminal singularities if each ai ă 1 and each
dj ă 1,

• pX,BXq has log canonical singularities if each ai ď 1 and each dj ď 1.

Both these definitions do not depend on the choice of the log resolution
π : pX Ñ X. Note that B

pX is not always effective. Nevertheless, our definition
still works in this case.

Remark 2.1. Moreover, it is easy to check (using the definition) that pX,BXq

has log canonical singularities if and only if p pX,B
pXq has log canonical singu-

larities. Similarly, one can show that the log pair pX,BXq has Kawamata log

terminal singularities if and only if the log pair p pX,B
pXq has Kawamata log ter-

minal singularities.

Let P be a point in X. Then we can localize our definitions of singularities
at this point.
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Definition 4. We say that the pair pX,BXq has log canonical singularities at P
if the following two conditions are satisfied:

• for every pBi in (2.3) such that P P Bi, one has ai ď 1,

• for every Ei in (2.3) such that P P πpEiq, one has di ď 1.

Likewise, we say that the log pair pX,BXq has Kawamata log terminal singulari-
ties at the point P if the following two conditions are satisfied:

• for every pBi in (2.3) such that P P Bi, one has ai ă 1,

• for every Ei in (2.3) such that P P πpEiq, one has di ă 1.

Lemma 2.2. Suppose that X is smooth at P . Then the following assertions hold:

(i) if multP pBXq ď 1, then pX,BXq is log canonical at P ;

(ii) if multP pBXq ă 1, then pX,BXq is Kawamata log terminal at P ;

(iii) if multP pBXq ą dimpXq, then pX,BXq is not log canonical at P ;

(iv) if multP pBXq ě dimpXq, then pX,BXq is not Kawamata log terminal at P .

Proof. This is [K97, Lemma 8.10] and [CKS03, Exercise 6.18].

To measure how far the log pair pX,BXq is from being log canonical, we can
use the following number, which is called log canonical threshold:

lctpX,BXq “ sup
!

λ P Qą0

ˇ

ˇ pX,λBXq has log canonical singularities
)

.

We can localize it at point P P X as follows:

lctP pX,BXq “ sup
!

λ P Qą0

ˇ

ˇ pX,λBXq has log canonical singularities at P
)

.

Similarly, if Z is an irreducible subvariety of the variety X, we let

lctZpX,BXq “ sup
!

λ P Qą0

ˇ

ˇ pX,λBXq is log canonical at every point in Z
)

.

Now, let us denote by NkltpX,BXq the subset in X consisting of all points
where the singularities of the pair pX,BXq are not Kawamata log terminal. To
be precise, let

Nklt
`

X,BX

˘

“

˜

ď

aiě1

Bi

¸

ď

˜

ď

diě1

π
`

Ei
˘

¸

Ĺ X.

This locus has been introduced in [S93, Definition 3.14] as the locus of log canon-
ical singularities of the log pair pX,BXq. Because of this, it is often denoted by
LCSpX,BXq. Observe that NkltpX,BXq “ ∅ ðñ pX,BXq has Kawamata log
terminal singularities.

Let X be a normal projective variety that has Kawamata log terminal sin-
gularities, and let BX be an effective Q-divisor on the variety X that is given
by (2.2). The following result is commonly known as the inversion of adjunction.
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Theorem 2.3 ([KM98, Theorem 5.50]). Suppose that a1 “ 1, B1 is a Cartier
divisor, and B1 has Kawamata log terminal singularities. The following assertions
are equivalent:

• pX,BXq is log canonical at every point of the divisor B1;

• the singularities of the log pair pB1,
řr
i“2 aiBi|B1q are log canonical.

Let Z be a proper irreducible subvariety of the variety X. Following [K97,
Definition 1.3], we say that Z is a center of log canonical singularities or a log
canonical center of the log pair pX,BXq if one of the following conditions is
satisfied:

• Z “ Bi for pBi in (2.3) such that ai ě 1,

• Z “ πpEiq for some Ei in (2.3) such that di ě 1,

for some choice of the log resolution π : pX Ñ X. If Z is a log canonical center of
the log pair pX,BXq, then Z Ď NkltpX,BXq.

Lemma 2.4 ([K97, Proposition 1.5]). Let Z 1 be a proper irreducible subvariety in
X. Suppose that Z and Z 1 are centers of log canonical singularities of the log pair
pX,BXq. Then every irreducible component of the intersection Z X Z 1 is a center
of log canonical singularities of the log pair pX,BXq.

If Z is a log canonical center of the log pair pX,BXq, we say that it is a minimal
log canonical center if Z does not contain a proper irreducible subvariety that is
also a center of log canonical singularities of the log pair pX,BXq.

Theorem 2.5 ([K98, Theorem 1]). Suppose that Z is a minimal center of log
canonical singularities of the log pair pX,BXq. Then Z is normal and has rational
singularities. Let H be an ample Q-Cartier Q-divisor on X. Then pKX ` BX `

Hq|Z „Q KZ ` BZ for an effective Q-divisor BZ on Z such that pZ,BZq has
Kawamata log terminal singularities.

This result is Kawamata’s subadjunction theorem or Kawamata’s subadjunc-
tion.

Corollary 2.6. Suppose that ´KX is ample, BX „ λp´KXq for a rational num-
ber λ, and Z is a minimal log canonical center of pX,BXq, and Z is a curve.
Then Z is smooth. Moreover, if λ ă 1, then ´KX ¨ Z ď

2
1´λ

and Z is rational.

If λ ą 1, then ´KX ¨ Z ě
2g´2
λ´1

, where g is the genus of the curve Z.

Proof. By Theorem 2.5, the curve Z is smooth. Let g be its genus. Choose
small rational number ε ą 0. Set H “ εp´KXq. Then pλ ´ 1 ` εqp´KX ¨ Zq “
pKX `BX `Hq ¨Z ě 2g´ 2 by Theorem 2.5. Since ε can be arbitrary small, we
get pλ´ 1qp´KX ¨ Zq ě 2g ´ 2, which implies all required assertions.
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Results for surfaces

Let X be a surface that is smooth at P and BX be an effective divisor on X. As
a consequence of Lemma 2.2, we have

Corollary 2.7. Suppose pX,BXq is not log canonical at some point P P B1, and
the curve B1 is smooth at this point. If a1 ď 1, then

´

r
ÿ

i“2

aiBi

¯

¨B1 ě multP

˜

´

r
ÿ

i“2

aiBi

¯

¨B1

¸

ą 1.

The following result is very useful in the Sections that follow.

Lemma 2.8. Suppose pX,BXq is not log canonical at P . Let π : X̃ Ñ X be the
blow up at the point P with E1 as the exceptional divisor of the blow up. Suppose
multP pBXq ď 2. Then there exists a unique point in E1 such that pX̃, BX̃q is not
log canonical at it. Similarly, if pX,BXq is not Kawamata log terminal at P , and

multP pBXq ă 2, then there exists a unique point in E1 such that pX̃, BX̃q is not
Kawamata log terminal at it.

Proof. Suppose pX,BXq is not log canonical at P and multP pBXq ď 2 and suppose

there exist 2 distinct points P1 and P2 in E1 at which pX̃, BS̃q is not log canonical.
Then,

2 ě multP pBXq “ BX̃
¨ E1 ě multP1pB

X̃
¨ E1q `multP2pB

X̃
¨ E1q ą 2

by Corollary 2.7. Thus, Remark 2.1 proves the first assertion. Similarly we can
prove the second assertion.

Theorem 2.9. ([C14, Theorem 13]) Suppose X is as described above. Let ∆1

and ∆2 be two irreducible curves on X that are both smooth at P and intersect
transversally at P with a1 and a2, rational numbers. Let Ω be an effective Q-
divisor on the surface S whose support does not contain the curves ∆1 and ∆2.
Thus, the boundary BX “ a1∆1 ` a2∆2 ` Ω. Suppose that the log pair pX,BX)
is not log canonical at P . Put m “ multP pΩq. Suppose that m ď 1. Then
multP pΩ.∆1q ą 2p1´ a2q or multP pΩ.∆2q ą 2p1´ a1q.

Suppose that X is a surface with cyclic quotient singularity at point P of
type 1

n
pa, bq where a and b are coprime integers that are also coprime to n. Then

there is an orbifold chart π : rU Ñ U for some open set P P U on X such that rU
is smooth and π is a cyclic cover of degree n branched over P . Let rP P rU be a
point such that πp rP q “ P . Also let BX,U “ BX |U and BX,rU “ π´1pBX,Uq.

Lemma 2.10 ([K97]). The log pair pU,BX,Uq is log canonical at the point P if

and only if the log pair prU,BX,rUq is log canonical at the point rP .

Let Z be a Q-Cartier divisor of X. If any component of Z is not contained in
the support of BX then we write

multP pBX ¨ Zq “ mult
rP pBX,rU ¨ ZrUq

where ZU “ Z|U and Z
rU “ π´1pZUq.
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Lemma 2.11. Suppose that no component of Z is contained in the support of
BX . Then the inequality

Z ¨BX ě
multP pZqmultP pDXq

n

holds.

Proof. It immediately follows from Z ¨BX “
ř

QPX
multQpZ¨BXq

nQ
, where the singular

type of Q is 1
nQ
paQ, bQq.

Let C be a reduced irreducible curve on the surface X. Suppose the point
P is a smooth point of the curve C and the boundary of X is given by BX “

aC `∆, where a P Q such that a ě 0 and ∆ is an effective Q-divisor such that
C Ć Suppp∆q.

Lemma 2.12. Suppose that a ď 1 and suppose that pX,BXq is not log canonical
at P . Then we have

1

n
ă C ¨∆.

Proof. See the proof of [CPS10, Lemma 2.5].

2.2 K-stability

Let X be a Fano variety of dimension n ě 2 that has Kawamata log terminal
singularities and set L “ ´KX . A (normal) test configuration of the (polarized)
pair pX;Lq consists of

• a normal variety X with a Gm action,

• a flat Gm-equivariant morphism p : X Ñ P1, where Gm acts naturally on
P1 by

`

t, rx : ys
˘

ÞÑ rtx : ys,

• a Gm-invariant p-ample Q-line bundle L Ñ X and a Gm-equivariant iso-
morphism

´

X zp´1
p0q,L

ˇ

ˇ

X zp´1p0q

¯

–

´

X ˆ
`

P1
zt0u

˘

, pr˚1pLq
¯

.

where pr1 is the projection to the first factor, and 0 “ r0 : 1s.

For such test configuration, we let

DF
`

X ;L
˘

“
1

Ln

´

Ln ¨KX {P1 `
n

n` 1
Ln`1

¯

. (2.4)

This number is called Donaldson–Futaki invariant of the test configuration pX ,Lq.
Denote the central fibre p´1p0q by X0, and denote the fibre at infinity p´1p8q

by X8, where 8 “ r1 : 0s. The test configuration pX ,Lq is said to be
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• trivial if there is a Gm-equivariant isomorphism
´

X zX8,L
ˇ

ˇ

X zX8

¯

–

´

X ˆ
`

P1
z8

˘

, pr˚1pLq
¯

,

• product-type if we have an isomorphism X zX8 – X ˆ pP1z8q,

• special if the fiber X0 is irreducible, reduced, and pX ,X0q has purely log
terminal singularities, so that X0 is a Fano variety with Kawamata log
terminal singularities.

Definition 5. The Fano variety X is said to be K-semistable if for every test
configuration pX ,Lq one has DFpX ;Lq ě 0. Similarly, the Fano variety X
is said to be K-stable if for every non-trivial test configuration pX ,Lq one has
DFpX ;Lq ą 0. Finally, the Fano variety X is said to be K-polystable if it is
K-semistable and

DFpX ;Lq “ 0 ðñ pX ,Lq is of the product type.

Thus, we have the following implications:

X is K-stable ùñ X is K-polystable ùñ X is K-semistable.

If X is not K-semistable, we say that X is K-unstable. Similarly, if X is K-
semistable, but the Fano variety X is not K-polystable, we say that X is strictly
K-semistable.

The following results come in very handy, when determining the K-stability
of a Fano variety X.

Theorem 2.13 ([ABLX19, M57]). If X is K-polystable, then AutpXq is reductive.

Theorem 2.14 ([BX19, Corollary 1.3]). If X is K-stable, then AutpXq is finite.

Corollary 2.15. If AutpXq is finite, then X is K-stable if and only if it is K-
polystable.

A longstanding conjecture is that a complex Fano variety with a compact
group G Ă AutpXq acting on it is K-semistable if and only if it is equivariantly
K-semistable. This was initially confirmed in the case of smooth Fano varieties
with the additional condition that the group is reductive ([DS16]), but has been
later proven for non-reductive group actions too ([Z21]).

On the other hand, the K-polytability of a Fano variety X is implied by the
G-equivariant K-polstability of X, only when G is reductive.

So let G be a reductive subgroup in AutpXq. A given test configuration pX ,Lq
is said to be G-equivariant if the product GˆGm acts on pX ,Lq such that

• t1u ˆGm acting on (X ,Lq is the original Gm-action,

• the Gm-equivariant isomorphism
´

X zp´1
p0q,L

ˇ

ˇ

X zp´1p0q

¯

–

´

X ˆ
`

P1
zt0u

˘

, pr˚1pLq
¯

.

is GˆGm-equivariant.
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Definition 6. The Fano variety X is said to be G-equivariantly K-polystable if
for every G-equivariant test configuration pX ,Lq one has DFpX ;Lq ě 0, and
DFpX ;Lq “ 0 if and only if pX ,Lq is of the product type.

Remark 2.16. It has been proved in [LX14, G19] that it is enough to consider
only special test configurations in Definitions 5 and 6.

If X is K-polystable, then X is G-equivariantly K-polystable. Surprisingly,
we have

Theorem 2.17 ([DS16, LWX, LZ20, Z21]). Suppose that X is G-equivariantly
K-polystable. Then X is K-polystable.

The notions of K-stability of Fano variety X can also be defined in terms
of various invariants that are now introduced in Section 2.2.1, Section 2.2.2 and
Section 2.2.3.

2.2.1 Valuative criterion

Let X be a Fano variety with Kawamata log terminal singularities, let G be
a reductive subgroup in AutpXq, let f : rX Ñ X be a G-equivariant birational

morphism, let E be a G-invariant prime divisor in rX, and let n “ dimpXq.

Definition 7. We say that E is a G-invariant prime divisor over the Fano variety
X. If E is f -exceptional, we say that E is an exceptional G-invariant prime
divisor over X. We will denote the subvariety fpEq by CXpEq. We say that E
is dreamy if the algebra

à

m,jPZě0

H0
´

rX,O
rX

`

f˚p´mKXq ´ jE
˘

¯

is a finitely generated C-algebra.

Let

SXpEq “
1

p´KXq
n

ż τ

0

volpf˚p´KXq ´ xEqdx,

where τ “ τpEq is the pseudo-effective threshold of E with respect to ´KX , i.e.
we have

τpEq “ sup
!

x P Qą0

ˇ

ˇ f˚p´KXq ´ xE is big
)

.

In some cases, it is not easy to compute SXpEq, but one can estimate it using
basic properties of the volumes. That is, for a P p0, τpEqq we have

ż τpEq

0

volpf˚p´KXq´xEqdx ď

ż a

0

volpf˚p´KXq´xEqdx`pτpEq´aqvolpf˚p´KXq´aEq

because volpf˚p´KXq ´ xEq is a decreasing function on x. This observation
is very handy, since the volume function volpf˚p´KXq ´ xEq is often difficult
to compute for large x P p0, τpEqq. Using log concavity of the volumes and
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the restricted volumes [LM09, ELMNP09], we can improve the latter inequality.
Namely, arguing as in the proof of [Fu19:2, Proposition 2.1], we get

ż τpEq

0

volpf˚p´KXq ´ xEqdx ď

ż a

0

volpf˚p´KXq ´ xEqdx (2.5)

`
n

n` 1
pτpEq ´ aqvolpf˚p´KXq ´ aEq. (2.6)

Let βpEq “ AXpEq´SXpEq, where AXpEq is the log discrepancy of the divisor
E, defined as AXpEq “ 1` ordEpKX̃ ´ f

˚pKXqq.

Theorem 2.18 ([Fu19:1, L17, BX19]). The following assertions hold:

• X is K-stable ðñ βpF q ą 0 for every prime divisor F over X;

• X is K-semistable ðñ βpF q ě 0 for every prime divisor F over X.

This criterion leads to the notion of divisorial stability, which is weaker than
K-stability, since it depends only on the value of βpEq for all prime divisors E in
X. That is,

Definition 8 ([F16, Definition 1.1]). The Fano variety X is said to be diviso-
rially stable (respectively, semistable) if βpF q ą 0 (respectively, βpF q ě 0) for
every prime divisor F in X. We say that X is divisorially unstable if it is not
divisorially semistable.

To prove K-polystability, we can use the following handy criterion:

Theorem 2.19 ([Z21, Corollary 4.14]). Suppose that βpF q ą 0 for every G-
invariant dreamy prime divisor F over X. Then X is K-polystable.

2.2.2 Tian’s criterion

Let X be a Fano variety with at most Kawamata log terminal singularities of
dimension n ě 2. Let G be a reductive subgroup in AutpXq. Then

αGpXq “ sup

$

&

%

ε P Q

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

the log pair
´

X,
ε

m
D
¯

is log canonical for any m P Zą0

and every G-invariant linear system D Ă
ˇ

ˇ´mKX

ˇ

ˇ

,

.

-

.

This number, also known as the global log canonical threshold (see [CS11, Def-
inition 3.1]) was defined by Tian ([T87],[T08, Appendix 2]). By [CS08, Theo-
rem A.3], both definitions coincide.

If the group G is a trivial group, then αpXq “ αGpXq and so

αpXq “ sup

#

ε P Q

ˇ

ˇ

ˇ

ˇ

ˇ

the log pair pX, εDq is log canonical for any effective

Q´ divisor D „Q ´KX

+

.

This can also be extended to give the definition of αpX,Lq for any ample divisor
L on X.

αpX,Lq “ sup

#

ε P Q

ˇ

ˇ

ˇ

ˇ

ˇ

the log pairpX, εDq is log canonical for any effective

Q´ divisor D „Q L

+

.
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Lemma 2.20. Suppose that G “ Gr
m ¸B for some finite group B. Then

αGpXq “ sup

#

ε P Q

ˇ

ˇ

ˇ

ˇ

ˇ

the log pair pX, εDq is log canonical for every

G-invariant effective Q-divisor D „Q ´KX

+

.

Proof. See [ACCFKGSSV, Lemma 1.4.1].

Observe that the invariant αpXq has a global nature. It measures the sin-
gularities of effective Q-divisors on X that are Q-linearly equivalent to the anti-
canonical divisor ´KX . We can also localize αpXq as follows. Let Z be a proper
irreducible subvariety in X. Let

αZpXq “ sup

$

’

&

’

%

λ P Q

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

the log pair pX,λDq is log canonical at general point

of Z for every effective Q-divisor D on X

such that D „Q ´KX

,

/

.

/

-

.

Clearly, we have
αpXq “ inf

PPX
αP pXq,

where the infimum is taken by all (closed) points in X. If the subvariety Z is
G-invariant, we can also define the number αG,ZpXq as follows:

αG,ZpXq “ sup

$

’

&

’

%

λ P Q

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

the pair pX,λDq is log canonical at general point

of Z for any effective G-invariant Q-divisor D on X

such that D „Q ´KX

,

/

.

/

-

.

Then αGpXq ď αG,ZpXq.

Remark 2.21 ([F21, Lemma 2.5]). Let f : rX Ñ X be an arbitrary G-equivariant

birational morphism, let F be a G-invariant prime divisor in rX such that Z Ď

fpF q, and let

τpF q “ sup
!

x P Qą0

ˇ

ˇ f˚p´KXq ´ xF is big
)

.

Then AXpF q
τpF q

ě αG,ZpXq.

Lemma 2.22. With the notations and assumptions of Remark 2.21, suppose in
addition that X is smooth and dimpZq ě 1. Then

AXpF q

SXpF q
ą
n` 1

n
αG,ZpXq.

The α-invariants are important because of the following results, that help one
determine the K-stability of Fano variety X:

Theorem 2.23 ([DS16, LZ20, Z21, T87]). The Fano variety X is K-semistable
if

αG
`

X
˘

ě
n

n` 1

Moreover, if αGpXq ą
n
n`1

, then X is K-polystable.

Theorem 2.24. If X is smooth and αGpXq ě
n
n`1

, then X is K-polystable.
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2.2.3 Stability Threshold

Let X be a normal projective variety of dimension n, let ∆ be an effective Q-
divisor on it such that the log pair pX,∆q has at most Kawamata log terminal
singularities, and let L be an ample Q-divisor on X. Let f : Y Ñ X be a projec-
tive birational morphism with normal variety Y , and let E be a (not necessarily
f -exceptional) prime divisor in Y . Then E is a divisor over X. Let

AX,∆pEq “ 1` ordE

´

KY ´ f
˚
`

KX `∆
˘

¯

,

and we let

SLpEq “
1

Ln

ż 8

0

volpL´ xEqdx.

If pX,∆q is a log Fano variety and L “ ´pKX `∆q, we set SX,∆pEq “ SLpEq for
simplicity. Note that this (infinite) integral is actually finite, since volpL´xEq “ 0
for x ą τLpEq, where τLpEq is the pseudo-effective threshold:

τLpEq “ sup
!

λ P Rą0

ˇ

ˇ volpL´ λEq ą 0
)

.

Then the δ-invariant is defined as

δpX,∆;Lq “ inf
E{X

AX,∆pEq

SLpEq
,

where the infimum is taken over all prime divisors over X. The number δpX,∆q
is also known as the stability threshold, because of the following result (cf. Theo-
rem 2.18).

Theorem 2.25 ([FO18, Fu19:1, L17, B20, CP, LXZ21]). If pX,∆q is a log Fano
variety, then

• δpX,∆q ą 1 ðñ pX,∆q is K-stable;

• δpX,∆q ě 1 ðñ pX,∆q is K-semistable.

We will now describe the local analogues of the Stability threshold, which
along with the Abban-Zhuang Theory in Section 2.2.3.2 is extremely handy in
computing δpX,∆q.

2.2.3.1 Local Analogues of the Stability Threshold

We will now define the local analogues of the δ-invariant as follows,

δP pX,∆;Lq “ inf
E{X

PPCXpEq

AX,∆pEq

SLpEq
.

We can also give an alternative definition to the δ-invariant using log canonical
thresholds. In order to do this, we need the following definition.
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Definition 9. For effective Q-divisor D such that D „Q L, we say that D is cool
if the inequality ordEpDq ď SLpEq holds for every prime Weil divisor E over X.

Using this, we can now formulate an alternative definition of the δ-invariant.

Proposition 2.26. Let P be a point in X. Then

δP pX,∆;Lq “ sup

#

λ P Q

ˇ

ˇ

ˇ

ˇ

ˇ

the log pair
`

X,∆` λD
˘

is log canonical at P

for any effective cool Q-divisor D „Q ´KX

+

.

Then, we have

Corollary 2.27.

δpX,∆;Lq “ inf
!

lct
`

X,∆;D
˘
ˇ

ˇ D is cool effective Q-divisor such that D „Q L
)

.

Note that this notion has been mentioned previously in [CPS21], under the
assumption that the divisor D is a k-basis type divisor (see [FO18] for definition).

Recently, there has been a lot of progress in understanding the applications
of δ-invariant. In this regard, we will briefly describe the theory developed by
Abban (Ahmadinezhad) and Zhuang in [AZ20].

2.2.3.2 General Abban-Zhuang Theory

Let X be a normal variety of dimension n that has at most Kawamata log terminal
singularities, let Z Ď X be an irreducible subvariety, let L be some big line bundle
on X, and let MpLq be the set consisting of all positive integers m such that
h0pX,OXpmLqq ‰ 0. The δ-invariant δZpX;Lq along Z is defined by

δZpX;Lq “ inf
E{X

ZĎCXpEq

AXpEq

SLpEq
,

where the infimum runs over all prime divisors E over the variety X such that
Z Ď CXpEq. In the case when X is a Fano variety and L “ ´KX , we let

δZpXq “ δZ
`

X;L
˘

.

In this section, we explain how to estimate δZpX;Lq using the technique developed
in [AZ20].

Let Y be a prime Cartier divisor in X such that Z Ă Y , and Y is not
contained in the supports of the negative part of the σ-decomposition of L,
see [N04, Definition III.1.12]. The latter condition always holds if L is nef. Then
[AZ20, Theorem 3.3] implies the following

Theorem 2.28. Let δZpY ;W Y
‚,‚q be the number defined by

δZ
`

Y ;W Y
‚,‚

˘

“ inf
F {Y,

ZĎCY pF q

AY pF q

SpW Y
‚,‚;F q

, (2.7)

where the infimum is taken over prime divisors F over the variety Y with Z Ď
CY pF q. Then

δZpX,Lq ě min

#

1

SLpY q
, δZ

`

Y ;W Y
‚,‚

˘

+

.
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We will now define the number SpW Y
‚,‚;F q and elaborate this computation in

the case of surfaces and 3-folds. For a more general description of the theory,
refer to [AZ20] and [ACCFKGSSV, Section 1.7].

2.2.3.3 Abban-Zhuang Theory for surfaces

Let S be a del Pezzo surface that has at most Kawamata log terminal singularities,
let p P S be a point. In this section, we will explicitly describe how to estimate
δppSq, using the technique developed in [AZ20].

Let Y be an irreducible curve in S such that p P Y . Assume that Y is
such that it is either Cartier on S or pS, Y q is purely log terminal. Then [AZ20,
Theorem 3.3] implies the following

Theorem 2.29. [ACCFKGSSV, Theorem 1.7.1], [AZ20, Lemma 2.21], [AZ20,
Corollary 2.22] Let S

`

W Y
‚,‚; p

˘

be the number defined in Theorem 2.31. Then

δppSq ě min

"

1

SSpY q
,

AY ppq

SpW Y
‚,‚; pq

*

.

Remark 2.30. [KMM87, Lemma 5.1.9] [K91, Proposition 16.6], [S93, Proposi-
tion 3.9] Recall that we have the following adjunction formula

pKS ` Y q|Y “ KY `∆

where ∆ is called the different. Then,

AY ppq “ 1´ coeffp∆|pq.

Since KS ` Y is purely log terminal at p,

• coeffp∆|pq “ 0 when p is a smooth point of S,

• coeffp∆|pq “
m´1
m

when p is a singular point of S and is of type C2zZm, for
m ‰ 1.

The number SpW Y
‚,‚; pq is defined in detail in [AZ20]. The following assertion

helps in computing it.

Theorem 2.31. [ACCFKGSSV, Theorem 1.7.13],[Fu, Theorem 3.16] For every
point p over Y , let

hpuq “
`

P puq ¨ Y
˘

¨ ordp

´

Npuq
ˇ

ˇ

Y

¯

`

ż 8

0

vol
`

P puq
ˇ

ˇ

Y
´ vp

˘

dv,

where P puq and Npuq are the positive and negative parts respectively of the Zariski
Decomposition of the divisor ´KS ´ uY . Then one has

S
`

W Y
‚,‚; p

˘

“
2

p´KSq
2

ż τ

0

hpuq du.
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2.2.3.4 Abban-Zhuang theory for 3-folds

In the case of 3-folds, we have the following result, that makes the computa-
tions easy. Refer to [AZ20, Theorem 3.3] and [ACCFKGSSV, Corollary 1.7.25,
Corollary 1.7.26].

Corollary 2.32. Let X be a smooth Fano threefold, let Y be an irreducible normal
surface in the threefold X, let Z be an irreducible curve in Y , and let E be a prime
divisor over the threefold X such that CXpEq “ Z. Then

AXpEq

SXpEq
ě min

#

1

SXpY q
,

1

S
`

W Y
‚,‚;Z

˘

+

(2.8)

and

S
`

W Y
‚,‚;Z

˘

“
3

p´KXq
3

ż τ

0

`

P puq2 ¨ Y
˘

¨ ordZ

´

Npuq
ˇ

ˇ

Y

¯

du

`
3

p´KXq
3

ż τ

0

ż 8

0

vol
`

P puq
ˇ

ˇ

Y
´ vZ

˘

dvdu,

where P puq is the positive part of the Zariski decomposition of the divisor ´KX´

uY , and Npuq is its negative part. Moreover, if the equality holds in (2.8), then

AXpEq

SXpEq
“

1

SXpY q
.

Next, we will look at the various notions that we require to study Fano vari-
eties in higher dimensions, as in Chapter 6.

2.3 Chern classes and Chern characters

Determining the intersection between subvarieties of a given variety, is vital in
completely understanding the variety. The basic step towards this is Bezout’s
theorem which states that two curves of degree d and d1 intersect in d ¨ d1 points,
when counted with multiplicities. In this regard, one defines a ring ApXq, called
the Chow ring of a variety X, in which the intersection product between elements
of the Chow ring, generalises Bezout’s theorem to higher dimensions. (See [EH16]
for detailed descriptions.)

Let X be a smooth projective variety of dimension n. The group of cycles
on X, given by ZpXq, is a free abelian group generated by the set of subvari-
eties of X. That is, ZpXq is graded by dimension k of the subvariety, where
every component of the group, denoted by ZkpXq, is given by a formal linear
combination of subvarieties of dimension k (these are called k-cycles) and thus,
ZpXq “

À

k ZkpXq.

Definition 10. [EH16, Definition 1.3] Let ZpXq be defined as above. Two cy-
cles are rationally equivalent if there is a rationally parametrized family of cycles
interpolating between them. The Chow group of X is the quotient

ApXq “ ZpXq{RatpXq,

which is the group of rational equivalence classes of cycles on X.
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The Chow group when given a ring structure (See [EH16, Definition 1.5] for
details) is called the Chow ring of X, denoted by A˚pXq. The Chow ring is graded
by codimension c, that is

A˚pXq “ ‘
dimpXq
c“0 AcpXq,

where AcpXq is the group AdimpXq´c where Ak is the group of rational equivalence
classes of k-cycles.

The most interesting classes in a Chow group are those of vector bundles, for
which one can define what are called Chern classes.

Recall that the first Chern class of a line bundle L is defined as follows:

Definition 11. [EH16, Section 1.4] Let L be any line bundle on X. Then the
first Chern class

c1pLq P An´1pXq

is the rational equivalence class of the divisor σ, for any nonzero rational section
σ of L.

We then define the Chern classes of any rank r vector bundle ε.

Definition 12. [EH16, Section 5.2] Let ε be a rank r vector bundle, with global
sections τ0, ..., τr´1. Consider the bundle

Źr ε, which is of rank 1. Then

c1pεq “ c1p
ľr

εq P An´1pXq,

is the class of the vanishing locus of the section τ0^ ...^ τr´1 P
Źr ε. In general,

for any i,
cipεq “ rDs P An´ipXq,

where rDs is the class of the vanishing locus of τ0 ^ ...^ τr´i P
Źr´i`1 ε.

A certain power series in the Chern classes is called the Chern character. For a
detailed description of Chern characters of vector bundles, refer to [EH16, Section
14.2].

The following is the list of k-th Chern characters, chkpXq, of varieties X,
([AC13, Section 3]), that we will be using in the computations in Sections that
follow. Note that chkpXq “ chkpTXq where TX is the tangent bundle of X.

• Projective Space: Set h :“ c1pOPnp1qq. Then

chpPnq “ n`
n
ÿ

k“1

n` 1

k!
hk. (2.9)

• Weighted Projective Space: Let P “ Ppa0, a1, ..., anq be weighted pro-
jective space with gcdpa0, a1, ..., anq “ 1 and let H be the effective generator
of the class group ClpPq – Z. From the Euler sequence, on the smooth locus
of P, we have

chpPq “ n`
n
ÿ

k“1

ak0 ` . . .` a
k
n

k!
c1pHq

k. (2.10)
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• Complete intersections:

If Y is a smooth variety and X is a smooth complete intersection of divisors
D1, . . . , Dc in Y , then

chkpXq “

˜

chkpY q ´
1

k!

c
ÿ

i“1

Dk
i

¸

|X

. (2.11)

In particular, we have the following:

– Complete intersections in Pn: If X is a complete intersection of
hypersurfaces of degree d1, . . . , dc in Pn, then

chkpXq “
1

k!

`

pn` 1q ´
ÿ

dki
˘

hk|X , (2.12)

where h :“ OPnp1q.

– Complete intersections in weighted projective spaces: Let P “
Ppa0, a1, ..., anq be weighted projective space with gcdpa0, a1, ..., anq “ 1
and let X be a smooth complete intersection of hypersurfaces with
classes d1H, . . . , dcH in P. Assume X is smooth, and contained in the
smooth locus of P. Then the Chern character of X is given by

chpXq “ pn´ cq `
n
ÿ

k“1

ak0 ` . . .` a
k
n ´

ř

dki
k!

c1pH|Xq
k. (2.13)

Let σa1,a2...,ak denote the usual Schubert cycles on Grpk, nq (See Section 2.5 for
the definition) and let σ1 be the class of the hyperplane via the Plucker embedding
that generates PicpGrpk, nqq.

• Grassmanians: Grassmanian Grpk, nq parametrize k-dimensional sub-
spaces of an n-dimensional vector space V . Recall from [AC13, Section
3.4] the following formula for the Chern character of Grpk, nq.

chpGrpk, nqq “ kpn´ kq ` nσ1 `
`n` 2´ 2k

2
σ2 ´

n´ 2´ 2k

2
σ1,1

˘

`
n´ 2k

6

`

σ3 ´ σ2,1 ` σ1,1,1

˘

` . . . . (2.14)

• Orthogonal Grassmanians: Let OGpk, nq be the subvariety of the Grass-
manian Grpk, nq parametrizing linear subspaces that are isotropic with re-
spect to a nondegenerate symmetric bilinear form on an n-dimensional vec-
tor space V .

If n “ 2k, OGpk, 2kq has two connected components: denoted byOG`pk, 2kq
and OG´pk, 2kq. The two components are disjoint and isomorphic.
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For any component X of OGpk, nq, we have the following description of the
Chern character of OGpk, nq [AC13, Section 6.2].

chpXq “
kp2n´ 3k ´ 1q

2
` pn´ k ´ 1qσ1

`
`n´ 3k ´ 1

2
σ2 ´

n´ 3k ´ 3

2
σ1,1

˘

`
`n´ 3k ´ 7

6
σ3 ´

n´ 3k ´ 4

6
σ2,1 `

n´ 3k ´ 1

6
σ1,1,1

˘

` . . . .

(2.15)

• Symplectic Grassmanians: Let SGpk, nq be the subvariety of the Grass-
manian Grpk, nq parametrizing linear subspaces that are isotropic with re-
spect to a nondegenerate anti-symmetric bilinear form on an n-dimensional
vector space V , with n even.

From [AC13, Section 6.3], we have the following description of the Chern
character of SGpk, nq.

chpSGpk, nqq “
kp2n´ 3k ` 1q

2
` pn´ k ` 1qσ1

`
`n´ 3k ` 3

2
σ2 ´

n´ 3k ` 1

2
σ1,1

˘

`
`n´ 3k ` 1

6
σ3 ´

n´ 3k ` 4

6
σ2,1 `

n´ 3k ` 7

6
σ1,1,1

˘

` . . . .

(2.16)

2.4 Polarised family of minimal rational curves

In this subsection, we will study the family of minimal rational curves on a smooth
projective variety X.

Let X be a Fano manifold and x P X be a general point. Then we can
construct a scheme RatCurvesnpX, xq, which is a scheme of rational curves on X
through x. (See [Kol96, II.2.11] for a detailed description of this construction.)

Let Hx be a proper irreducible component of RatCurvesnpX, xq. We can take
it to be an irreducible component of RatCurvesnpX, xq parametrizing rational
curves through x and having minimal degree with respect to ´KX . Using the
universal properties of A˚pXq, we get the following universal family diagram:

Ux X,

Hx

ev

π

where π is a P1-bundle.

The variety Hx comes with a natural finite morphism τx : Hx Ñ PpTxX˚q

sending a curve that is smooth at x to its tangent direction at x (see [Keb02,
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Theorems 3.3 and 3.4]). The morphism τx is also birational by [HM04]. There-
fore, Hx has a natural polarization Lx :“ τ˚xOp1q. The pair pHx, Lxq is called a
polarized minimal family of rational curves through x.

In [AC12], Araujo and Castravet computed all the Chern characters of Hx in
terms of the Chern characters of X and c1pLxq. In order to state the result, first
we describe the relation between the Chow ring of X, A˚pXq and Hx.

Recall the definition of the Chow ring as described in Section 2.3. Let NkpXq
be the quotient of AkpXq by numerical equivalence, where AkpXq is the k-th
graded piece of the Chow ring A˚pXq. Then, for any k ě 1, we have

T :“ π˚ev
˚ : Nk

pXqR Ñ Nk´1
pHxqR.

By [AC12, Proposition 1.3], we have

chkpHxq “

k
ÿ

j“0

Ajc1pLxq
j
¨ T pchk`1´jpXqq ´

1

k!
c1pLxq

k (2.17)

where Aj “
p´1qjBj

j!
and the Bj’s are the Bernoulli numbers.

Set d :“ dimpHxq and η :“ T pch2pXqq ´
Lx
2

. Then, for 1 ď k ď 3, (2.17)
becomes:

c1pHxq “ T pch2pXqq `
d

2
c1pLxq (2.18)

ch2pHxq “ T pch3pXqq `
1

2

ˆ

c1pHxq ´
d

2
c1pLxq

˙

Lx `
d´ 4

12
L2
x (2.19)

ch3pHxq “ T pch4pXqq `
1

2
T pch3pXqq ¨ Lx `

1

12
T pch2pXqq ¨ L

2
x ´

1

6
L3
x

“ T pch4pXqq `
1

2
T pch3pXqq ¨ Lx `

L2
x

12

ˆ

η ´
3

2
Lx

˙

,
(2.20)

The following theorem provides few necessary conditions for X, in terms of
Hx on X for x P X, to satisfy F2, F3 and F4 conditions.

Theorem 2.33. Let X be a Fano manifold, and pHx, Lxq a polarized minimal
family of rational curves through a general point x P X.

1. ([AC12, Theorem 1.4 (2)]) If X satisfies F2 and d ě 1, then Hx satisfies
F1 (i.e., it is a Fano manifold).

2. ([AC12, Theorem 1.4 (3)]) If X satisfies F3 and d ě 2, then Hx satisfies
F2 and ρpHxq “ 1.

3. If X satisfies F4, d ě 3 and η ě 3
2
Lx, then Hx satisfies F3 and ρpHxq “ 1.

Here ρpHxq denotes the Picard rank of Hx.

Proof of (3). Suppose that the Fano manifold X satisfies F4, d ě 3 and η ě 3
2
Lx.

We know from (2) that Hx is a Fano manifold satisfying F2 and ρpHxq “ 1.
Using the fact that the map T : NkpXqR Ñ Nk´1pHxqR preserves positivity for
k ´ 1 ď d, it follows from (2.20) that ch3pHxq ą 0, and thus Hx satisfies F3.
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A more precise description of the polarised family of minimal rational curves
pHx, Lxq when X is a Fano manifold satisfying F2, can be given with the help of
the following theorem.

Theorem 2.34 ([AC12, Theorem 1.4 (2)]). Let X be a Fano manifold, pHx, Lxq
a polarized minimal family of rational curves through a general point x P X, and
set d “ dimHx.

1. If X is 2-Fano, then Hx is a Fano manifold with PicpHxq “ Z ¨ rLxs, except
if pHx, Lxq is isomorphic to one of the following

(a)
´

Pm ˆ Pm, p˚
1
Op1q b p˚

2
Op1q

¯

, with d “ 2m,

(b)
´

Pm`1 ˆ Pm , p˚
1
Op1q b p˚

2
Op1q

¯

, with d “ 2m` 1,

(c)
´

PPm`1

´

Op2q ‘Op1q‘m
¯

, OPp1q
¯

, with d “ 2m` 1,

(d)
´

Pm ˆQm`1 , p˚
1
Op1q b p˚

2
Op1q

¯

, with d “ 2m` 1

(e)
´

PPm`1

`

TPm`1

˘

, OPp1q
¯

, with d “ 2m` 1.

(f)
´

Pd,Op2q
¯

, or

(g)
´

P1,Op3q
¯

.

2. Let bipXq be the i-th Betti number of X. Suppose b4pXq “ 1. Then X is
2-Fano if and only if ´2KHx ´ dLx is ample.

2.5 Schubert Calculus

In this subsection, we recall the necessary background on Schubert calculus that
we will need, in order to study Grassmanians [C20, EH16, Ful97].

Let Grpk, nq denote the Grassmanian that parametrizes k-dimensional linear
subspaces of a fixed n-dimensional vector space V . This can also be considered
as the parameter space of k´1 dimensional projective linear spaces in Pn´1. This
is a kpn ´ kq dimensional complex manifold. The cohomology ring of Grpk, nq
can be explicitly described using Schubert cycles. In order to define these, fix a
‘flag’ of subspaces in the vector space V , that is a nested sequence of subspcaes,

F‚ : 0 “ F0 Ă F1 Ă ... Ă Fn “ V

where Fi are vector subspaces such that dimpFiq “ i. Let λ “ pλ1, λ2, ..., λkq be
a partition satisfying

n´ k ě λ1 ě λ2 ě .... ě λk ě 0.

For a given partition λ, we can define a Schubert Cycle, Σλ1,λ2,...,λkpF‚q, to be
the closed subset

Σλ1,λ2,...,λkpF‚q :“ trΩs P Grpk, nq : dimpΩX Fn´k`i´λiq ě iu.
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Note that dimpΣλ1,λ2,...,λkpF‚qq “ kpn´ kq ´
ř

i λi.

Since any two flags in a vector space V differ by the action of GLn, the class
|Σλ1,λ2,...,λkpF‚q| P A˚pGrpk, nqq does not depend on the choice of the flag F‚
([EH16, Theorem 1.7]). These classes,

σλ1,λ2,...,λk :“ |Σλ1,λ2,...,λkpF‚q| P A
˚
pGrpk, nqq,

are called Schubert classes and have codimension
ř

i λi . These form the basis of
the Chow ring A˚pGrpk, nqq ([EH16, Corollary 4.7]). Note that when denoting
the Schubert cycles, any λi that is 0 is omitted.

Any Schubert cycle σλ1,λ2,...,λk can be represented by a Young diagram, which
is a collection of boxes placed from left to right, in rows, with the i-th row of
length λi. That is, for example, σ4,3,2,1,1 can be represented as

The condition on the partitions λi means that the Young diagram fits into a box
with k rows and n ´ k columns and the rows of the diagram are non-increasing
in length from top to bottom.

Since Schubert cycles generate the cohomology ring of Grpk, nq, the inter-
section of two Schubert cycles represents the intersection of elements in the co-
homology ring and can in turn be written as a linear combination of Schubert
cycles. See [EH16, Chapter 4] for more details on computing the intersections of
Schubert cycles.

Here, we will recall a simple rule that can be used to find the intersection
of any Schubert cycle with a special Schubert cycle, which is a Schubert cycle
corresponding to a partition of the form λ “ pλ1, 0, 0, ..0q. We will use this rule
frequently in our computations. This is called Pieri’s rule and is stated as follows:

Theorem 2.35. [EH16, Proposition 4.9] Let σλ be a special Schubert cycle. Sup-
pose σµ is any Schubert cycle with parts µ1, µ2, ..., µk. Then,

σλ ¨ σµ “
ÿ

µiďνiďµi´1
ř

νi“λ`
ř

µi

σν .

Pieri’s rule can be described with the help of Young diagrams. The Young
diagram of the product σλ ¨ σµ is obtained from that of σµ, by adding λ boxes,
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such that no two boxes appear in the same column. For example,

σ2,1 ¨ σ3 “ ¨ “ `

` `

“ σ3,2,1 ` σ4,2 ` σ4,1,1 ` σ5,1.

In fact, this gives a complete algorithm for computing the product of any two
Schubert cycles, since any Schubert cycle can be expressed as a linear combination
of products of special Schubert cycles ([Ful97, Section 9.4], [EH16, Proposition
4.16]).

In the next subsection, we will recall the basic theory on Rational Homoge-
neous Varieties.

2.6 Rational Homogeneous Varieties

An algebraic variety is called homogeneous if there is an algebraic group acting
transitively on it. The classical theorem by Borel and Rummert [Ak95, page
101] states that any projective homogeneous variety can be decomposed into a
product of an abelian variety and a rational homogeneous space. That is, given
X, a projective homogeneous variety, we have

X – AbˆX 1,

where Ab is an abelian variety and X 1, a rational homogeneous space, described as
the quotient G{P of a semi-simple algebraic group G by P , a parabolic subgroup.
X 1 can be further decomposed into the following product,

X 1
„ G1{P1 ˆG2{P2 ˆ ...ˆGl{Pl

where Gi are simple algebraic groups and Pi are parabolic subgroups. So it is
enough if we consider G, simple algebraic groups and P , parabolic subgroups, in
order to understand the complete classification of rational homogeneous varieties.
The most known examples of rational homogeneous varieties are projective spaces,
grassmanians and smooth quadric hypersurfaces.

The homogeneous space that is given by G will only depend on its Lie algebra.
Refer to [Bou68, FH91, Hum75, Mil13, Spr98] for more details on the theory of Lie
algebras and their classification. This classification can be described pictorially,
with the help of Dynkin diagrams.
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That is, the list of simple Lie algebras can be classified into Classical and
Exceptional. The Classical Lie algebras are given by:

An Bn Cn Dn

1 2 n 1 2 n 1 2 n 1 2

n´ 1

n

If the diagram has a symmetry, we can fold it along the symmetry and denote
this by drawing an arrow pointing away from the hinge.

The Exceptional Lie algebras are given as follows:

E6 E7 E8 F4 G2

1

2

3 4 5 6 1

2

3 4 5 6 7 1

2

3 4 5 6 7 8 1 2 3 4 12

Note that Bn is a fold of Dn`1, Cn is a fold of A2n´1, F4 is a fold of E6 and
G2 is a fold of D4 (It is a double fold , i.e. it is B3 folded again!).

Let the nodes of the Dynkin diagram be labelled t1, 2, ..., lu. Choose a set of
labels I Ă t1, 2, ..., lu such that the labels in t1, 2, ..., luzI correspond to marked
nodes in the Dynkin diagram. To a fixed set of nodes of the Dynkin diagram,
corresponding to the labels in I, we can assign a Parabolic subgroup. (see [?,
Section 3.2] for more details.) For example, if I “ H, then PI “ B, the Borel
subgroup (a maximal closed and connected solvable algebraic subgroup) and if
I “ t1, 2, ..lu, then PI “ G. If t1, 2, ..luzI “ tku, then we denote PI “ P k, which
is the maximal parabolic subgroup. Thus, from the Dynkin diagram of a particular
Lie algebra, the corresponding homogeneous variety can be described and hence,
the classification of Lie algebras in turn give us an explicit classification of all
possible homogeneous spaces.

When G is simple, the quotients by maximal parabolic subgroups X “ G{P k

are Fano varieties of Picard rank one. The following result comes in very handy
when studying rational homogeneous varieties of Picard rank one.

Lemma 2.36. When G is simple and P “ P k, we have b2pG{P
kq “ 1 and

b4pG{P
kq equals the number of simple roots adjacent to αk, where bipG{P

kq is the
i-th Betti number of G{P k.

Proof. See [?, Lemma 3.1].

For G simple and a parabolic subgroup P “ P k corresponding to a non-short
root αk, i.e., a root such that no arrows in the diagram point in the direction of
the corresponding node in the Dynkin diagram, Landsberg and Manivel describe
the minimal family of rational curves Hx through a point of X “ G{P k:

Theorem 2.37 ([LM03, Theorem 4.8], see also [LM04, Theorem 2.5] and the
subsequent paragraph). Let X “ G{P k be a rational homogeneous variety such
that αk is not short. Then Hx is homogeneous and the associated marked diagram
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is determined as follows: remove the node corresponding to k and mark the nodes
adjacent to k. Moreover, the embedding of Hx in PpTxXq is minimal if and only
if the Dynkin diagram of G is simply laced, i.e., without multiple edges.

Example 1.

X “ E8{P
6 Hx “ SegpOG`p5, 10q ˆ P2q

1

2

3 4 5 6 7 8 1 23

4

5 1 2

In Section 6.1 we study Classical rational homogeneous varieties of Picard
rank one and check if they satisfy the F3 condition and in Section 6.2, we study
the Exceptional rational homogeneous varieties of Picard rank one, and check
which ones satisfy F2 and F3 conditions.
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Chapter 3

Curves

Let Cd Ă P2 be a reduced plane curve of degree d over C and P be a point on
Cd. In this chapter, we study the singularities of such curves by computing the
log canonical threshold of the curve Cd at a point P P Cd.
Recall that

lctP pP2, Cdq=suptλ P Q| the log pair pP2, λCdq is log canonical at P}.

By [KSC04, Exercise 6.18] and [KSC04, Lemma 6.35], we have

1
multP pCdq

ď lctP pP2, Cdq ď
2

multP pCdq
.

This implies that the smaller the value of lctP pP2, Cdq, the worse the singularity
of the curve Cd at P .

The values of log canonical threshold of a given reduced curve Cd of degree
d ď 4 at a point P on Cd have been computed.

Example 2. If d “ 1 or d “ 2, then lctP pP2, Cdq “ 1.

Example 3. If d “ 3, then the log canonical threshold of curves C3 of degree
3 at P , lctP pP2, C3q is one of t1, 5

6
, 3

4
, 2

3
u. The worst singularity corresponds to

lctP pP2, C3q “
2
3

and in this case, Cd is a union of 3 lines intersecting at P
(example of such a curve Cd is xypx´yq “ 0). Examples of curves with the given
values of log canonical threshold (2

3
, 3

4
, 5

6
, 1 resp.) are illustrated below:

P

P

P
P

Figure 3.1: (i)C3 : xypx ´ yq “ 0; (ii)C3 : ypx2 ´ yq “ 0; (iii)C3 : x2 ´ y3 “ 0;
(iv)C3 : xypx´ 1q “ 0

Example 4 (Erik Paemurru). Let C4 be a quartic curve. The log canonical
threshold of C4 at the point P , lctP pP2, C4q is one of t1, 5

6
, 3

4
, 7

10
, 9

14
, 5

8
, 2

3
, 3

5
, 7

12
, 5

9
, 1

2
u.

The worst singularity occurs when lctP pP2, C4q “
1
2

and in this case C4 is a
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union of 4 lines passing through the point P (example of such a curve C4 is
xypx´ yqpx` yq “ 0) as illustrated below.

P

Figure 3.2: C4 : xypx2 ´ y2q “ 0

For curves Cd with d ď 3, lctP pP2, Cdq correspond uniquely to a type of
singularity of Cd at the point P . When d “ 4, this is not the case. For example,
both the curves illustrated below have lctP pP2, C4q “

5
8

but have very different
singularities at the point P .

P
P

Figure 3.3: (i)C4 : ypx2 ´ y3q “ 0 (ii)C4 : px` x2 ` y2qpx` y2q “ 0

In Section 3.1, we will study different types of singularities that a given curve
Cd of degree d can have. Then in Section 3.2, we will prove

Theorem 3.1. (Also Main Result 1) Suppose d ě 6 and 2d´3
dpd´2q

ă lctP pP2, Cdq ď
2d´7

d2´4d`1
. Then the curve Cd has singularity of type Md´1, rMd´1 or pMd´1 at the

point P with lctP pP2, Cdq “
2d´7

d2´4d`1
.

3.1 Singularities of curves

Let C be a reduced curve on a smooth surface S and P be a point on C. We try
to understand the singularities of the curve C at the point P . In this section, we
introduce various types of singularities that we denote by Tn, Kn, rTn, rKn, Mn,
rMn and pMn, where n “ multP pCq. We aim to describe the geometric properties
of the curve C having one of these types of singularities at P .

Let f1 : S1 Ñ S be the blow-up of S at the point P . Let C1 be the proper
transform in S1 of the curve C and E1 be the exceptional divisor of the blow-up.
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3.1.1 Singularities of type Kn (cusps)

Curve C having singularity of type Kn can be defined with the help of its geo-
metric properties as given below. These singularities are also called cusps.

1. multP pCq=n ě 2,

2. C1 X E1 “ P1,

3. C1 intersects E1 tangentially at P1 and is smooth at this point.

C

P

f1

E1 C1

P1

Figure 3.4: C with Kn singularity at P and its blow-up at P

Recall from [K99, Theorem 1.1], the log canonical threshold of a cuspidal
curve is

lctP pS,Cq “
1

n
`

1

n` 1
.

Remark 3.2. Suppose S “ P2. Let C be a curve of degree d ě 3 having Kn

singularity at the point P . Then n ď d ´ 1. If n “ d ´ 1, then the curve C is
irreducible. Such curves do exist. For example, the curve C given by zxd´1`yd “
0 has singularity of type Kd´1 at the point P “ r0 : 0 : 1s.

3.1.2 Singularities of type Tn
Curve C having singularity of type Tn at P can be defined using the following
geometric properties.

1. multP pCq “ n ě 3,

2. C1 X E1 “ P1,

3. The point P1 is an ordinary double point of C1.

C

P

E1

P1f1

C1

Figure 3.5: C with Tn singularity at P and its blow-up at P
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Remark 3.3. Suppose S “ P2 and C is a curve of degree d. Let L be a line in
P2 passing through the point P , whose proper transform L1 in S1 passes through
the point P1. If the curve C has singularity of type Tn, then C “ L ` Z, where
Z is a reduced curve of degree d ´ 1 that does not contain L as an irreducible
component. Since if not, then

d ě L.C “ d´ 1` 2 “ d` 1

which is absurd. Thus, C “ L ` Z and L X Z “ P where Z has singularity of
type Kd´2 at the point P .

3.1.3 Singularities of type rTn
We will define curve C having singularity of type rTn at P using the following
geometric properties.

1. multPC “ n ě 4,

2. C1 X E1 “ tP1, Q1u,

3. The point P1 is an ordinary double point of C1,

4. C1 intersects E1 transversally at Q1 and is smooth at this point.

C

P

E1

P1f1

C1

Q1

Figure 3.6: C with rTn singularity at P and its blow-up at P

Remark 3.4. Suppose S “ P2 and C is a curve of degree d. Let L be a line in
P2 passing through the point P, whose proper transform L1 in S1 passes through
the point P1. Similar computations as the one in Remark 3.3 imply C “ Z ` L
such that L X Z “ P , where Z is a reduced curve of degree d ´ 1 that does not
contain L as an irreducible component and Z has singularity of type rKd´2 at the
point P , which is introduced in the following subsection.

3.1.4 Singularities of type rKn

Curve C with rKn singularity can be defined using its geometric properties as
given below:

1. multP pCq “ n ě 3,
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2. C1 X E1 “ tP1, Q1u,

3. C1 intersects E1 tangentially at the point P1 and is smooth at this point,

4. C1 is smooth at Q1 and intersects E1 transversally at this point.

C

P
f1

E1

P1
C1

Q1

Figure 3.7: C with rKn singularity at P and its blow-up at P

Remark 3.5. Suppose S “ P2 and C be a curve of degree d. Then C with
rKd´1 singularity at the point P exists. Such a C can be reducible, for example
ypxd´2´ yd´1q “ 0 or can be irreducible, for example xd´2y` yd`xd “ 0. If C is
reducible, then C “ L`Z where Z is curve of degree d´1 which does not contain
L as an irreducible component and has singularity of type Kd´2 at the point P .

3.1.5 Singularities of type Mn

Curve C that has singularity of type Mn at P can be defined using the following
geometric properties:

1. multP pCq “ n ě 5,

2. C1 X E1={P1, Q1, R1},

3. C1 is smooth at the points Q1 and R1 where it intersects transversally with
E1,

4. The point P1 is an ordinary double point of C1.

C

P f1

C1

P1

Q1

R1

E1

Figure 3.8: C with Mn singularity at P and its blow-up at P
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Remark 3.6. Suppose S “ P2 and C is a curve of degree d. C having singularity
of type Md´1 at the point P exists, for example, xpx2 ´ y2qpxd´4 ´ yd´3q. It is
reducible and thus C “ Z ` L where L is a line in S that contains the point P
such that its proper transform L1 in S1 contains the point P1 and Z is a reduced
curve of degree d´ 1 which does not contain L as an irreducible component.

3.1.6 Singularities of type rMn

Curve C that has singularity of type rMn at the point P can be defined using its
geometric properties.

1. multP pCq “ n ě 5,

2. C1 X E1={P1, Q1},

3. P1 is an ordinary double point of C1 with pC1.E1qP1 “ n´ 2,

4. C1 intersects E1 tangentially at the point Q1 with pC1.E1qQ1 “ 2 and is
smooth at this point.

C

P

f1

P1

C1

Q1

E1

Figure 3.9: C with rMn singularity at P and its blow-up at P

Remark 3.7. Suppose S “ P2 and C be a curve of degree d. Then n “ d´ 1 is
possible and curve C with rMd´1 exists, for example, ypzx2`y3qpzyd´4`xd´3q “ 0

has rMd´1 singularity at the point P “ r0 : 0 : 1s. In this case, C is reducible
and thus, C “ L` Z where L is the line in S containing P such that it’s proper
transform L1 passes through the point P1 in S1 and Z is a d ´ 1 degree reduced
curve that does not contain L as an irreducible component.

3.1.7 Singularities of type M̂n

Curve C having singularity of type M̂n at the point P can be defined using the
following geometric properties.

1. multP pCq “ n ě 5,

2. C1 X E1={P1, Q1},
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3. P1 is an ordinary double point of C1 with pC1.E1qP1 “ n´ 2,

4. Q1 is an ordinary double point of C1 with pC1.E1qQ1 “ 2.

C

P

f1
P1

C1
E1

Q1

Figure 3.10: C with M̂n singularity at P and its blow-up at P

Remark 3.8. Suppose S “ P2 and C be a curve of degree d having pMn singularity
at the point P . Then n “ d ´ 1 is possible, for example C given by xpzxd´4 `

yd´3qpz2y2 ` x4q “ 0 has pMd´1 singularity at the point P “ r0 : 0 : 1s. That is,
C “ L ` Z where L is a line in S that passes through the point P whose proper
transform contains the point P1 and Z is a reduced curve in S of degree d ´ 1
which does not contain L as an irreducible component.

3.1.8 Defining equations

In this subsection, we describe curve C having any of the above types of singu-
larities using local equations. But these descriptions are indeed not essential to
prove Theorem 3.1. Upto analytic change of coordinates, the equation of curve
C with the respective singularities are given below:

1. Kn: xn ` yn`1 `
n`1
ř

i“1

aix
iyn`1´i ` H.O.T. “ 0

2. Tn: xpxn´1 ´ yn `
n`1
ř

i“2

aix
i´1yn`1´i ` H.O.Tq “ 0

3. rTn: xpypyn´1 ´ xn´2q `
n`1
ř

i“2

aix
i´1yn`1´i ` H.O.Tq “ 0

4. rKn: ypxn´1 ´ ynq `
n`1
ř

i“1

aix
i´1iyn`1´i ` H.O.T “ 0

5. Mn:xppx2 ´ y2qpxn´3 ´ yn´2q `
n
ř

i“2
i‰3

aix
iyn`1´i ` H.O.Tq “ 0

6. rMn: yppx2` y3qpyn´3`xn´2q`
n
ř

i“1
i‰n

aix
iyn´i`

n`1
ř

i“0
i‰n´2

bix
iyn`1´i`H.O.Tq “ 0
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7. M̂n : xppxn´3 ` yn´2qpy2 ` x4q `
n
ř

i“0
i‰1

aix
i´1yn`1´i `

n
ř

i“0

bix
i´1yn`2´i

`
n`2
ř

i“0
i‰5

cix
i´1yn`3´i ` H.O.Tq “ 0

The above set of equations comprise an exhaustive list of curves C of a given
degree with the various types of singularities, upto analytic change of coordinates
and include the curves missing from the list in [C17, Definition 1.9].

3.2 Proof of Main Result 1

Let Cd be a reduced curve of degree d ě 6 on a smooth surface S such that P P Cd
and let m0 “ multP pCdq. Suppose 2d´3

dpd´2q
ă lctP pS,Cdq ă

2d´7
d2´4d`1

. This means

that there exists a λ ă 2d´7
d2´4d`1

such that pS, λCdq is not Kawamata log terminal
at a point P . Let us also assume that m0 ‰ d and thus Cd is not a union of d-lines.
We need to show that the curve Cd has singularity of type Md´1, rMd´1 or pMd´1

at the point P . It is important to notice that the arguments presented below are
very similar to the arguments in rC17s. Also, these are local arguments i.e. it is
not necessary for the curve Cd to be smooth everywhere outside of P . We assume
that the respective divisors on the surface S at various levels is Kawamata log
terminal (or log canonical) at a punctured neighbourhood of P .

Lemma 3.9. The following inequalities are used in the proof of the main result:

1. λ ă 2
d´1

2. λ ă 2k`1
kd

, for k P Zą0 such that k ď d´ 3

3. λ ă 2k`1
kd`1

for k P Zą0 such that k ď d´ 5

4. λ ă 3
d

5. λ ă 2
d´2

6. λ ă 6
3d´4

7. λ ă 5
2d

Proof. Straightforward.

We will now introduce the notations used in the proof of the main theorem.
Let S “ S0 “ P2 and D “ pP2, λCdq. Consider a sequence of blow-ups fi : Si Ñ
Si´1 such that f1 is the blow-up of P0 “ P , f2 is the blow-up of the point P1 and
so on, i.e. fi is the blow-up of the point Pi´1 P Si´1. We have,

....Sk`1

fk`1 // Sk....
f4 // S3

f3 // S2
f2 // S1

f1 // S0 (3.1)

Also, let f : Sk`1 Ñ S be the composition of the blow ups i.e. f “ f1 ˝

f2 ˝ .... ˝ fk`1. The fi-exceptional divisors during each blow up is denoted by Ei.
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The proper transform of the exceptional divisors Ej in Si are denoted by Ei
j for

all j ă i. Also, after the fi blow-up, the curve Cd is denoted by Ci
d in Si. The

divisors comprising of the curve and the exceptional curves on every floor Si is
together denoted by DSi . We will explicitly describe how each of these points of
blow-up are chosen.

Since pS, λCd) is not Kawamata log terminal at the point P P Cd, by Re-
mark 2.1 one has that pS1, λC

1
d ` pλm0 ´ 1qE1q is not Kawamata log terminal at

some point in E1. Let this point be P1 and let m1 “ multP1pC
1
d .E1q.

Lemma 3.10. λm0 ă 2

Proof. Since m0 ď d ´ 1, we have λm0 ď λpd ´ 1q. Using Lemma 3.9(1), we get
λm0 ă 2.

From Lemma 2.8 this implies that the point P1 is a unique point on E1 at
which pS1, D

S1q, that is, pS1, λC
1
d ` pλm0 ´ 1qE1q is not Kawamata log terminal.

Let L be the line in P2 whose proper transform, L1 in S1, contains the point
P1.

Lemma 3.11. Suppose m0 “ d ´ 1. Then L is an irreducible component of the
curve Cd.

Proof. Observe that

C1
d „Q f

˚
1 pCdq ´m0E1

If L is not an irreducible component of the curve Cd, then we have

m1 ď C1
d .L

1
“ Cd.L´m0E1.L

1
“ d´m0. (3.2)

Thus we have m0 `m1 ď d. P1 P C
1
d , since if not then pS1, pλm0 ´ 1qE1q is

not log canonical at the point P1, which is not possible since λm0 ´ 1 ă 1 from
Lemma 3.10. Since m0 “ d´ 1, m1 “ 1. Therefore, C1

d is smooth at P1.

Let k=multP1pC
1
d .E1q. We claim that k ą d ´ 3. Indeed, suppose k ď d ´ 3.

Since pS1, D
S1q is not Kawamata log terminal at the point P1 P E1, by Defini-

tion 4, we have pS2, D
S2q not Kawamata log terminal at some point in E2, where

DS2 “ λC2
d ` pλpd´ 1q ´ 1qE2

1 ` pλd´ 2qE2.

Let this point be P2. Note that all the coefficients of the curves in DS2 are
less than 1. In particular, we have

λd´ 2 ă
d´ 2

d2 ´ 4d` 1
ă 1.

Thus, by Definition 4, pS3, D
S3q is not Kawamata log terminal at some point

in E3. Let this point be P3. Note that P3 P C
3
d XE

3
1 XE3. Thus, f2 is a blow up

of P1 P C
1
d XE1, f3 is the blow up of P2 P C

2
d XE

2
1 XE2 and so on. One then has

the sequence as mentioned in Eq. (3.1).
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We require k`1 blow-ups to ensure simple normal crossing of the elements of
the divisor over the point P . Here the points of blow up are such that Pi “ CiXEi
and using the notations described earlier, we have

KSk`1
` λCk`1

d ` pλpd´ 1q ´ 1qEk`1
1 ` pλd´ 2qEk`1

2 ` ...` pλkd´ 2kqEk`1

„Q f
˚
pKS ` λCdq. (3.3)

Let the coefficients of Ek`1
i in (3.3) be denoted by bi. Then since

λCk`1
d `

k
ÿ

i“1

biE
k`1
i ` bk`1Ek`1,

is a divisor with simple normal crossings over P , at least one of the bi ą 1 or
bk`1 ą 1. But the coefficients bi are such that bj ă bi for all j ă i and we have

bk`1 “ λkd´ 2k ď
d2 ´ 5d` 6

d2 ´ 4d` 1
ă 1,

from Lemma 3.9(2). That is, in particular bj ă bk`1 ă 1 for all j ă k ` 1.
This contradiction implies that k ą d´ 3. We also know that,

k “ multP1pC
1
d .E1q ď pC

1
d .E1q “ m0 “ d´ 1.

Therefore, these inequalities imply

k “ d´ 1 or d´ 2

Thus, when

• k “ d´ 1, then Cd has singularity Kd´1 at P (See Section 3.1.1).

• k “ d´ 2, then Cd has singularity K̃d´1 at the point P (See Section 3.1.4).

If the curve Cd has either of the above singularities at the point P , then
lctP pP2, Cdq=

2d´1
dpd´1q

or lctP pP2, Cdq “
2d´3
dpd´2q

respectively.

Since we assume lctP pP2, Cdq ą
2d´3
dpd´2q

neither of these values for k are possible.
Therefore, this contradiction implies that L is an irreducible component of the
curve Cd.

Lemma 3.12. Suppose m0 “ d ´ 1. Then Cd has singularity Md´1, rMd´1 or
pMd´1 at the point P.

Proof. From Lemma 3.11 we know that L is an irreducible component of the curve
Cd i.e. we have Cd “ Cd´1 ` L where Cd´1 is a reduced curve of degree d ´ 1
which does not contain L as an irreducible component. Let n0 “ multP pCd´1q.
Since m0 “ multP pCdq “ d´ 1, we have n0 “ m0 ´ 1 “ d´ 2 .

Let f1 : S1 Ñ S be the blow-up at the point P and n1 “ multP1pC
1
d´1q.

We have, n1 “ m1 ´ 1. We also have P1 P C1
d´1 since if not it would mean

that pS1, λL
1 ` pλpd ´ 1q ´ 1qE1q is not log canonical at the point P1 which is

a contradiction since λ ă 1 and λpd ´ 1q ´ 1 ă 1 and L1, E1 are simple normal
crossing divisors over P1. Thus, n1 ě 1.
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Consider
n1 ď L1.C1

d´1 “ d´ 1´ n0,

that is, n0 ` n1 ď d ´ 1 and since n0 “ d ´ 2, we have n1 “ 1. Thus the curve
C1
d´1 is smooth at P1.

Let k “ multP1pC
1
d´1.E1q. We claim k ą d ´ 5. Instead, suppose k ď d ´ 5,

then using similar computations as in Lemma 3.11, after k ` 1 blow-ups, we get

KSk`1
` λCk`1

d´1 ` λL
k`1

` pλpd´ 1q ´ 1qEk`1
1 ` ...` pλpkd` 1q ´ 2kqEk`1

„Q f
˚
pKS ` λCdq

where pSk`1, D
Sk`1q is not Kawamata log terminal at some point in Ek`1, which

we take to be Pk`1. Here again, f is a composition of the k ` 1 blow ups and bi
are the coefficients of Ek`1

i in the above equation.
Since the curves in the divisor

λCk`1
d´1 ` λL

k`1
`

k
ÿ

i“1

biE
k`1
i ` bk`1Ek`1

intersect at simple normal crossing at the point P after the k ` 1 blow ups, one
of these coefficients should be such that bi ą 1 or bk`1 ą 1 but we have

bk`1 “ λpkd` 1q ´ 2k “
pk ` 2qd´ 2k ´ 7

d2 ´ 4d` 1
ă 1,

from Lemma 3.9(3) and the coefficients are such that bj ă bi for all j ă i. In
particular, bj ă bk`1 ă 1 for all j ă k ` 1. This contradiction implies k ą d´ 5.
We also know,

k “ multP1pC
1
d´1.E1q ď pC

1
d´1.E1q “ multP pCd´1q “ n0 “ d´ 2.

These inequalities imply that

k “ d´ 2 or d´ 3 or d´ 4.

Thus, when

• k “ d´ 2, Cd has the singularity of type Td´1 at P (see Section 3.1.2),

• k “ d´ 3, Cd has the singularity of type T̃d´1 at P (see Section 3.1.3).

If Cd has either one of the above singularities at the point P , then lctP pP2, Cdq “
2d´3
pd´1q2

or lctP pP2, Cdq “
2d´5

d2´3d`1
respectively. Since we assume that lctP pP2, Cdq ą

2d´3
dpd´2q

, these values of k are not possible. Thus k “ d ´ 4, i.e. Cd has the

singularity of type Md´1, rMd´1 or M̂d´1 at P .

Observe that Lemma 3.11 and Lemma 3.12 complete the proof of the main
result if m0 “ d ´ 1. In the remaining part of the section, we will prove that
m0 ď d´ 2 is not possible. In particular, we prove the following proposition.

Proposition 3.13. If m0 ď d´ 2, then lctP pS,Cdq ě
2
d´1

.
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This in turn proves that for our choice of λ and the assumption that pS, λCdq
is not Kawamata log terminal at a point P , m0 ď d ´ 2 is not possible, since
λ ă 2

d´1
. Let us prove this proposition by the method of contradiction.

Proof. Suppose m0 ď d´ 2 and lctpS,Cdq ă
2
d´1

. Let µ “ 2
d´1

. Then pS, µCd) is
not log canonical, in particular, is not Kawamata log terminal at a point, say P .

Let us now obtain the necessary contradiction.

Lemma 3.14. The line L is not an irreducible component of the curve Cd.

Proof. We shall prove this by contradiction. Suppose L is an irreducible com-
ponent of the curve Cd. Then Cd “ L ` Cd´1, where Cd´1 is a reduced curve
of degree d ´ 1 in P2 and does not contain L as an irreducible component. Let
f1 : S1 Ñ S be the blow-up at the point P in Cd. Let n0 “ multP pCd´1q.

Since pS, µCd´1 ` µLq is not log canonical at P , we have that pS1, µC
1
d´1 `

µL1 ` pµpn0 ` 1q ´ 1qE1q is not log canonical at some point in E1. We choose
this point to be P1. Let n1 “ multP1pC

1
d´1q.

Consider

d´ 1´ n0 “ C1
d´1.L

1 ě n1

which implies that n0`n1 ď d´1. But n0 “ m0´1 ď d´3, using our assumption.
Also, 2n1 ď n0 ` n1 which implies 2n1 ď d ´ 1. We can then conclude that

µn1 ď 1. We also have L1 and E1 smooth at P1 and intersecting transversally at
P1. Thus applying Theorem 2.9, we get

µpd´ 1´ n0q “ µC1
d´1.L

1
ą 2p2´ µpn0 ` 1qq (3.4)

which implies that µpd´ 1q ą 2 or

µn0 “ µC1
d´1.E1 ą 2p1´ µq (3.5)

which implies that µpn0 ` 2q ą 2.
These two inequalities imply that µpd ´ 1q ą 2 which is absurd. Thus, L is

not an irreducible component of Cd.

Since L is not an irreducible component of the curve Cd, from the computa-
tions in (3.2) we can also assume

m0 `m1 ď d.

Since pS, µCdq is not log canonical at the point P and since µ ă 1, we have
that pS1, µC

1
d ` pµm0 ´ 1qE1q is not log canonical at some point in E1, say P1.

We also have that,

µm0 ´ 1 ď µpd´ 2q ´ 1 “ 2
d´1
pd´ 2q ´ 1 “ d´3

d´1
ă 1,

for d ě 5. Thus, from Lemma 2.8 there exists a unique point in E2, say P2 such
that pS2, µC

2
d ` pµm0 ´ 1qE2

1 ` pµpm0 `m1q ´ 2qE2q is not log canonical at P2.
We know P2 P C

2
d since, if not, it would imply pS2, pµm0 ´ 1qE2

1 ` pµpm0 `

m1q ´ 2qE2q is not log canonical at the point P2. This is not possible since
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µm0 ´ 1 ă 1,
µpm0 `m1q ´ 2 ď µd´ 2 ă 1,

and E2
1 , E2 are simple normal crossing divisors at P2.

Lemma 3.15. P2 R E
2
1

Proof. Suppose P2 P E
2
1 .

Observe that
C2
d „ f˚2 pC

1
dq ´m1E2

so that

C2
d .E

2
1 “ C1

d .E1 ´m1E2.E
2
1 “ m0 ´m1

Also, since P2 P C
2
d X E

2
1 X E2 we have

m2 “ multP2pC
2
dq ď pC

2
d .E

2
1q

Therefore, m2 ď m0 ´m1. Since m2 ď m1, we have

2m2 ď m1 `m2 ď m0

which implies

m2 ď
m0

2

From Lemma 3.9(5), we have

µm2 ď µm0

2
ď µd´2

2
ă 1

We also know that E2
1 and E2 are smooth at P2 and intersect transversally at

P2.
Since pS2, µC

2
d ` pµm0 ´ 1qE2

1 ` pµpm0 `m1q ´ 2qE2q is not log canonical at
the point P2, Theorem 2.9 implies,

µpm0 ´m1q “ µC2
d .E

2
1 ą 2p3´ µpm0 `m1qq

or

λm1 “ λC2
d .E2 ą 2p2´ λm0q

That is,

µp3m0 `m1q ą 6 or µp2m0 `m1q ą 4

We have

3m0 `m1 “ 2m0 `m0 `m1 ď 2pd´ 2q ` d “ 3d´ 4, (3.6)

2m0 `m1 ď d´ 2` d “ 2d´ 2 (3.7)

Since the above mentioned inequalities obtained from using Theorem 2.9 result
in contradiction, it proves our claim that P2 R E

2
1 .

Lemma 3.16. P2 R L
2

Proof. Suppose P2 P L
2. Since L is not an irreducible component of Cd, we have
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d´m0 ´m1 “ L2.E2 ě m2

and this implies that m0 `m1 `m2 ď d. Also, applying Lemma 2.2 we get,

µd ě µpm0 `m1 `m2q ą 3

which results in a contradiction since µd ă 3. Thus P2 ‰ L2 X E2.

Thus, we have

pS2, µC
2
d ` pµpm0 `m1q ´ 2qE2q

not log canonical at the point P2. Then from Remark 2.1,

pS3, µC
3
d ` pµpm0 `m1q ´ 2qE3

2 ` pµpm0 `m1 `m2q ´ 3qE3q

is not log canonical at some point in E3, say P3.
We have

2m1 ď m0 `m1 ď d,

and

µpm0 `m1 `m2q ď µpm0 ` 2m1q ď µpd´ 2` dq “ 4. (3.8)

Therefore

µpm0 `m1 `m2q ´ 3 ď 1.

P3 P C
3
d since if not, then this would imply that

(S3, pµpm0 `m1q ´ 2qE3
2 ` pµpm0 `m1 `m2q ´ 3qE3q

is not log canonical at the point P3. But since the coefficients of the Ei ď 1 and
E3

2 , E3 are simple normal crossing divisors over the point P3, this is not possible.

Lemma 3.17. P3 R E
3
2

Proof. Suppose P3 P E
3
2 . Observe that

C3
d „Q f

˚
3 pC

2
dq ´m2E3

We thus have

C3
d .E

3
2 “ f˚3 pC

2
d .E2q ´m2pE3.E

3
2q “ m1 ´m2

Therefore Theorem 2.3 implies

µpm1´m2q`pµpm0`m1`m2q´3q “ pµC3
d `pµpm0`m1`m2q´3qE3q.E

3
2 ą 1,

which implies
µpm0 ` 2m1q ą 4.

From (3.8) we know that µpm0 ` 2m1q ď 4. Thus this contradiction proves
our claim.

Therefore, the log pair
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pS3, µC
3
d ` pµpm0 `m1 `m2q ´ 3qE3q

is not log canonical, at the point P3. Thus from Remark 2.1,

pS4, µC
4
d ` pµpm0 `m1 `m2q ´ 3qE4

3 ` pµpm0 `m1 `m2 `m3q ´ 4qE4q

is not log canonical at a point P4 P E4, where m3 “ multP3pC
3
dq. We have

m2 `m3 ď 2m2 ď m0 `m1 ď d.

Thus,

µpm0 `m1 `m2 `m3q ď µp2pm0 `m1qq ď
2

d´ 1
2d ă 5. (3.9)

Lemma 3.18. P4 R E
4
3

Proof. Suppose P4 P E
4
3 . From the inequality (3.9), we know m0`m1`2m2 ă

5
µ
.

Also, observe that

C4
d „Q f

˚
4 pC

3
dq ´m3E4

so that
C4
d .E

4
3 “ m2 ´m3.

Then from Theorem 2.3 we have

pµC4
d ` pµpm0 `m1 `m2 `m3q ´ 4qE4q.E

4
3 ą 1,

which implies

m0 `m1 ` 2m2 ą
5

µ
.

This contradicts the inequality in (3.9). Thus P4 R E
4
3 .

Thus, (S4, µC
4
d ` pµpm0 `m1 `m2 `m3q ´ 4qE4q is not log canonical at the

point P4. From Theorem 2.3, we have

µmultP4pC
4
dq ` pµpm0 `m1 `m2 `m3q ´ 4q ą 1

which implies

multQ4pC
4
dq `m0 `m1 `m2 `m3 ą

5

µ
. (3.10)

Now using (3.10) and a geometric construction of a special curve in S4 we
will try to arrive at a contradiction. We may assume that the line L is given by
x “ 0, P “ r0 : 0 : 1s. Let C be the conic in P2 that is given by

xz ` Axy `By2
“ 0,

where A,B P C and B ‰ 0. Then C is smooth and is tangent to the line L. Denote
the proper transform of C in Si by Ci. It follows from Lemma 3.15, Lemma 3.16,
Lemma 3.17, Lemma 3.18, that there exists A and B ‰ 0 such that Ci on Si
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contains Pi for i “ 1, 2, 3. So we can assume that A,B are chosen this way. Then
we have

C4
„ 2L4

` E4
1 ` 2E4

2 ` E
4
3 .

Thus this pencil |C4| does not have base points.
Also, let L be a pencil of conics in P2 given by the following

sx2
` tpxz ` Axy `By2

q “ 0,

where s, t P C. This is generated by 2L and C.
Let φ|C4| : S4 Ñ P1 be the morphism defined by the pencil |C4|. Similarly, let

φL : P2 99K P1 be the rational map defined by the pencil L.
These make the following diagram commutative.

P2 S1 S2 S3 S4

P1

φL

f1 f2 f3 f4

φ
|C4|

Choose a curve Z4 in |C4| that passes through the point P4. Then Z4 is a
smooth irreducible curve. Let the proper transform of Z4 in P2 be denoted by
Z. Thus Z is a smooth conic in the pencil L. Suppose Z is not an irreducible
component of the curve Cd, then we have

2d´ pm0 `m1 `m2 `m3q “ C4
d .Z

4
ě multP4pC

4
dq (3.11)

(3.10) and (3.11) result in a contradiction since µ ă 5
2d

.
Thus, Cd “ Z`Cd´2 where Cd´2 is an irreducible curve of degree d´ 2 which

does not contain the conic Z as an irreducible component.
Let C1

d´2, C2
d´2, C3

d´2, C4
d´2 be the proper transform of the curve Cd´2 on the

surfaces S1, S2, S3 and S4 respectively.
Denote by n0 “ multP pCd´2q; n1 “ multP1pC

1
d´2q; n2 “ multP2pC

2
d´2q; n3 “

multP3pC
3
d´2q and n4 “ multP4pC

4
d´2q. Thus we have,

pS4, µC
4
d´2 ` µZ

4 ` ppµpn0 ` n1 ` n2 ` n3 ` 4q ´ 4qE4)

is not log canonical at P4.
Thus, applying Theorem 2.3 to the above gives us

µp2pd´ 2q ´ n0 ´ n1 ´ n2 ´ n3q ` µpn0 ` n1 ` n2 ` n3 ` 4q ´ 4 ą 1

which implies

µ ą
5

2d
.

But µ ă 5
2d

and thus this contradiction proves the proposition.

This in turn proves that m0 ď d´ 2 is not possible for the chosen value of λ,
hence completing the proof of Theorem 3.1.
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Chapter 4

Surfaces

In this chapter, the main objects of study are del pezzo surfaces Sd, of degree
d with at most du Val singular points. Recall that del Pezzo surfaces are Fano
varieties of dimension 2, that is, these are varieties of dimension 2 whose anti-
canonical divisor is ample. We are interested in determining the K-stability of
these surfaces and also, in constructing H-polar cylinders for any ample divisor
H. For a brief introduction about both these notions, see Section 1.2.1 and 1.2.2.

4.1 Applicability of Dervan’s criterion

4.1.1 Foundations

The applicability of Dervan’s criterion (Section 1.2.1.1) for smooth del Pezzo
surfaces, has been studied by Cheltsov and Martinez-Garcia in [CM20]. We
briefly recall the results.

Theorem 4.1. [CM20, Theorem 1.1] Let S be a smooth del Pezzo surface such
that K2

S ď 2, and let L be an ample Q-divisor on S. If ´KS ´
2
3
´KS ¨L
L2 L is nef,

then pS, Lq is K-stable.

The following negative result is also proven in [CM20].

Theorem 4.2. [CM20, Theorem 1.5] Let S be a smooth del Pezzo surface such
that K2

S ě 4, and let L be an ample Q-divisor on S. Then αpS, Lq ď 2
3
´KS ¨L
L2 .

Moreover, the equality holds if and only if K2
S “ 4 and L P Qą0r´KSs.

The following is a partial result for smooth cubic surfaces from [CM20].

Theorem 4.3. [CM20, Theorem 1.6] Let S be a smooth cubic surface in P3,
and let E1, E2, E3, E4, E5, E6 be disjoint lines on the surface S. Let L “

´KS ` x
ř6
i“1Ei, where x is a non-negative rational number such that x ă 1.

Then L is ample. Furthermore, if 0 ă x ď 1
10

, then pS, Lq is K-stable.

Theorem 4.1, Theorem 4.2 and Theorem 4.3, have been proven using the
Dervan’s criterion, which we recall here (also Theorem 1.3).
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Theorem 4.4. [D15, Theorem 1.1] Let X be a Fano variety of dimension n, and

let L be an ample Q-divisor on it. Let νpLq “ ´KX .L
n´1

Ln
. Then pX,Lq is K-stable

if

1. the Q-divisor ´KX ´
n
n`1

νpLqL is nef,

2. and αpX,Lq ą n
n`1

νpLq.

Note that if νpLq “ 0, that is, ´KX ¨L
n´1 “ 0, then the first condition requires

that ´KX is nef. But from [D15, Remark 11], we know that ´KX cannot be nef
and not be numerically zero: in other words, X has to be numerically either a
Calabi-Yau or Fano.

In Section 4.1.2, we establish the applicability of the above criterion to singular
del Pezzo surface of degree 1. In particular, we prove

Theorem 4.5. (Also Main Result 2) Let S be a del Pezzo surface of degree 1
with A1, A2 or A3 singularities. Let L be any ample divisor and νpLq “ ´KS .L

L2 .
If the Q-divisor ´KS ´

2
3
νpLqL is nef, then pS, Lq is K-stable.

4.1.2 Proof of Main Result 2

In this section, we prove Theorem 4.5.
Let S be a del Pezzo surface of degree 1 with singular points of type A1, A2

or A3. Let L be an ample divisor on S such that ´KS ´
2
3
νpLqL is nef, where

νpLq “ ´KS .L
L2 is the slope of L.

Let us now scale L by 2
3
´KS .L
L2 L. Scaling L will result in the slope, νpLq being

scaled accordingly, that is, after scaling, νpLq “ ´KS .L
L2 “ 3

2
.

This can be written as

pL´
2

3
p´KSqq.L “ 0 (4.1)

Let B ” ´KS ´ L and ε “ ´KS.B. Since B Q 0, we have ε ą 0. We now need
to prove that αpS, Lq ą 1.

We will briefly describe the method used to prove this. First, for the various
singular del Pezzo surfaces S, we choose a δ ą 1 and prove that αpS, Lq ě δ ą 1 by
contradiction. That is, suppose αpS, Lq ă δ. Then Dλ ă δ and D „Q L such that
pS, λDq is not log canonical at some point P P S. Then we get a contradiction
to this implication, which would in turn imply that αpS, Lq ě δ ą 1.

Let

δ “

#

3
3´ε

; if ε ă 1
11
10

; if ε ě 1.
(4.2)

Let D “ aC ` ∆, where a is a non-negative rational number, C is a curve
in the pencil | ´ KS| that passes through the point P . Let ∆ “

ř

j cjCj be an
effective Q-divisor whose support does not contain the curve C. Thus we have
that (S, λaC+λ∆q is not log canonical at P P C.

Lemma 4.6. L Q
2
3
p´KSq
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Proof. If L „Q
2
3
p´KSq, then consider

αpS, Lq “ αpS,
2

3
p´KSqq “

3

2
αpS,´KSq ě

3

2
.
3

4
“

9

8

([CK14, Example 1.27]) and this is a contradiction since αpS, Lq ă δ ď 11
10
ă 9

8

from our assumption.

Lemma 4.7. a ă 2{3

Proof. Suppose a ě 2
3
, then

0 “ L ¨ pL´ 2
3
p´KSqq ” L ¨ pD ´ 2

3
p´KSqq “ L ¨ ppa´ 2

3
qC `∆q ě pa´ 2

3
qL ¨ C

Since L.C ą 0, a “ 2
3

since if otherwise it contradicts the above inequality and
since L is ample, L.∆ ě 0 and this implies that ∆ “ 0. This contradicts Lemma
4.6.

4.1.2.1 Smooth point of surface

Suppose this point P on C is not a point of singularity of the surface. Then the
curve C can either be smooth at P or singular at P .

Let us consider each one of these cases.
C smooth at P : Since C is smooth at P and λa ă 9

8
2
3
ă 1, Corollary 2.7

gives

1
λ
ă C.∆ “ C.pD ´ aCq “ 1´B.C ´ a ă 1´B.C “ 1´ ε.

This implies that δ ą λ ą 1
1´ε

ą 3
3´ε

which is a contradiction to our initial
assumption and (4.2). Therefore this is not possible.

C singular at P : Suppose C is singular at P . Since C P | ´ KS|, this
implies that C is either a cuspidal cubic or a nodal cubic curve and therefore,
multP C “ 2. Let f : S1 ÝÑ S be the blowup at P and E1 be the exceptional
divisor. Let C1 and ∆1 be the proper transforms of C and ∆ respectively in S1.
Let m “ multP p∆q.

Also,

C1
“ f˚pCq ´ 2E1

∆1
“ f˚p∆q ´mE1

´KS1 “ f˚p´KSq ´ E1.

We can estimate a bound for the value of m using these equations, as given below.

0 ď ∆1.C1
“ ∆.C ´ 2m “ 1´ ε´ a´ 2m (4.3)

Since (S, λaC ` λ∆) is not log canonical at P , pS1, λaC1 ` λ∆1 ` pλp2a `
mq ´ 1qE1q is not log canonical at some point P1 P E1, by Remark 2.1.

Lemma 4.8. λp2a`mq ´ 1 ă 1
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Proof. Since a ă 2
3
, and a ` 2m ă 1 from (4.3), 2a ` m ă 3

2
and therefore,

λp2a`mq ´ 1 ă 1.

• P1 P C
1. Suppose P1 R C

1. Since E1 is smooth at P1, and λp2a`mq ´ 1 ă 1, by
Corollary 2.7 we have,

1

2
ě

1´ a

2
ě m “ p∆1.E1q ą

1

λ
ą

8

9

from (4.3) and (4.2). This contradiction proves the claim.

This implies that P1 P C
1 X E1 is the only possibility.

Remark 4.9. (1) λ ă 9
8

and a ă 2
3

which implies λa ă 1. (2) C1 is smooth at
P and C1.E1 “ 2.

• P1 R C
1 X E1. Suppose P1 P C

1 X E1. Then Corollary 2.7 implies,

1 ă C1.pλ∆1
` λp2a`mq ´ 1qE1q “ λp∆.C ´ 2mq ` 2λp2a`mq ´ 2

“ λp1´ ε´ a´ 2m` 4a` 2mq ´ 2

“ λp1´ ε` 3aq ´ 2

Since ε ą 0 and a ă 2
3
, 3 ă λp1`3a´ εq ă λp3´ εq ă 3 which is absurd, therefore

proving our claim.

This contradiction proves that such a curve C is not possible, when P is a smooth
point of the surface.

We will now look at the different singular points.

4.1.2.2 A1 singularity

Suppose S has at least 1 singular point of type A1 and P is the point of A1

singularity of S. Suppose C is singular at the point P . Then C could be one of
the following.

1. C is a nodal curve with node at P .

2. C is a cuspidal curve with cusp at P .

We will now look at both these cases and prove that neither is possible.
Let C be any one of the above curves and let f : S1 ÝÑ S, be the blow up of

the point P which is a point of singularity of type A1 of S, and is the singular
point of the curve C in | ´KS|. Since it is of A1 type, we have

KS1 “ f˚pKSq, (4.4)

C1
“ f˚pCq ´ E1, (4.5)

∆1
“ f˚p∆q ´m1E1, (4.6)

where m1 P Qě0. From the above we can estimate m1,

58



0 ď ∆1.C1
“ ∆.C ´ 2m1,

6 m1 ď
∆.C

2
“

1´ a´ ε

2
. (4.7)

Note that the log pullback is given by

KS1 ` λaC1
` λ∆1

` λpa`m1qE1 “ f˚pKS ` λaC ` λ∆q.

Since (S, λaC+λ∆) is not log canonical at P , (S1, λaC1+λ∆1+λpa`m1qE1)
is not log canonical at some point P1 P E1, by Remark 2.1.

Lemma 4.10. λpa`m1q ă 1

Proof. Using (4.7) and (4.2), we have

λpa`m1q ă λ

ˆ

a`
1´ a

2

˙

“ λ

ˆ

1` a

2

˙

ă λ

ˆ

5

6

˙

ă 1.

• P1 P C
1. Suppose P1 P E1 but P1 R C

1. Since E1 is smooth at P1 and λpa`m1q ă

1, from Corollary 2.7 we have,

1´ ε ą 2m1 “ ∆1.E1 ą
1

λ
.

We get 3
3´ε

ă 1
1´ε

ă λ which is a contradiction by (4.2). Therefore, P1 P C
1.

• P1 R C
1 X E1. We will consider the different possibilities of the curve C.

Case 1: Suppose C is the nodal curve with node at P . We have shown above
that if the point P1 exists, then it is such that P1 P C

1 X E1. We will now prove
that this is not possible.

Suppose P1 P C
1 X E1. Since E1 is smooth at P1 and λpa `m1q ă 1, applying

Corollary 2.7, we get,

((aC1 `∆1q.E1qP1 ą
1
λ

But,

1
λ
ă ppaC1 `∆1q.E1qP1 “ a` 2m1 ď a` 1´ a´ ε “ 1´ ε

since ε ą 0. This again contradicts (4.2), thus proving our claim.

This contradiction proves that such a P1 does not exist, which contradicts our
assumption that pS, λaC ` λ∆q is not log canonical at the point P . Therefore C
cannot be a nodal curve with node at P .

Case 2. Suppose C is the cuspidal curve C in | ´KX | and P1 P C
1 X E1.
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Let f2 : S2 ÝÑ S1 be the blow up of S1 at the point P1. We get that

C2
“ π˚pCq ´ E2

1 ´ 2E2, (4.8)

∆2
“ π˚p∆q ´m1E

2
1 ´ pm1 `m2qE2, (4.9)

´KS2 “ π˚pKSq ´ E2, (4.10)

where π “ f1 ˝ f2, m1,m2 P Qě0.

Now we have that the log pair,

(S2, λaC2 ` λ∆2 ` λpa`m1qE
2
1 ` pλp2a`m1 `m2q ´ 1qE2q,

is not log canonical at some point P2 P E2, by Remark 2.1.

Note that we have λa ă 1, λpa`m1q ă 1 and

0 ď ∆2.E2
1 “ 2m1 ´m2,

0 ď ∆2.C2
“ 1´ ε´ a´ 2m1 ´m2.

We will use these inequalities in the results that follow.

Lemma 4.11. λp2a`m1 `m2q ´ 1 ă 1

Proof.

λp2a`m1 `m2q ď λp2a` 1´ a´ ε´m1q ă λp1` a´ ε
˘

q ă λ
`5´ 3ε

3

˘

ă 2.

Now we will look at the various possible positions of the point P2.

– P2 P E2 X E
2
1 X C

2. Suppose P2 R E
2
1 Y C2. Since E2

1 and C2 intersect E2 at the

same point, this would then imply that P2 R E
2
1 and P2 R C

2. Then, since E2 is
smooth at P2 and λp2a`m1 `m2 ´ 1q ă 1, Corollary 2.7 gives the following:

1
λ
ă ∆2.E2 “ m2 ď 2m1 ď 1´ ε´ a´m2 ă 1´ ε.

This contradicts (4.2) since the above argument gives λ ą 1
1´ε

ą 3
3´ε

. Thus
P2 P E

2
1 X E2 X C

2.

Let f3 : S3 ÝÑ S2 be the blow up of S2 at the point P2. We have

C3
“ ψ˚pCq ´ E3

1 ´ 2E3
2 ´ 4E3,

∆3
“ ψ˚p∆q ´m1E

3
1 ´ pm1 `m2qE

3
2 ´ p2m1 `m2 `m3qE3,

´KS3 “ ψ˚p´KSq ´ E
3
2 ´ 2E3,

where ψ “ f1 ˝ f2 ˝ f3, m1,m2,m3 P Qě0.
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Then

pS3, λaC3
` λ∆3

` λpa`m1qE
3
1 ` pλp2a`m1 `m2q ´ 1qE3

2

` pλp4a` 2m1 `m2 `m3q ´ 2qE3q

is not log canonical at some point P3 P E3.

Note that we have the following inequalities

0 ď ∆3.C3
“ 1´ a´ ε´ 2m1 ´m2 ´m3,

0 ď ∆3.E3
1 “ 2m1 ´m2 ´m3,

0 ď ∆3.E3
2 “ m2 ´m3,

0 ď ∆3.E3 “ m3. (4.11)

Lemma 4.12. λp4a` 2m1 `m2 `m3q ´ 2 ă 1

Proof. Using (4.11) we get,

λp4a` 2m1 `m2 `m3q ď λp1` 3a´ εq ă λp3´ εq ă 3.

We now work through all the various possibilities for the position of the point P3.

– P3 P E
3
1 Y E

3
2 Y C

3. Suppose P3 P E3 and P3 R E
3
1 YE

3
2 YC

3. Since E3 is smooth
at P3 and λp4a` 2m1 `m2 `m3q ´ 2 ă 1, using Corollary 2.7, we have

1

λ
ă ∆3.E3 “ m3 ď 1´ a´ ε´ 2m1 ´m2 ă 1´ ε

This implies 3
3´ε

ă 1
1´ε

ă λ. This contradicts (4.2). This proves that P3 P

E3
1 Y E

3
2 Y C

3.

– P3 R E
3
2 . Suppose P3 P E

3
2 X E3.

1 ă E3.
`

pλp2a`m1 `m2q ´ 1qE3
2 ` λ∆3

q “ λp2a`m1 `m2 `m3q ´ 1

ď λp1` a´ ε´m1q ´ 1

ă λp
5´ ε

3
q ´ 1.

This implies that 3
3´ε

ă 6
5´3ε

ă λ, which contradicts (4.2).

– P3 R E
3
1 . Suppose P3 P E3

1 X E3. We have that pS3, λ∆3 ` λpa ` m1qE
3
1 `

pλp4a ` 2m1 `m2 `m3q ´ 2qE3q is not log canonical at a point P3 P E3. Since
λp4a` 2m1 `m2 `m3q ´ 2 ă 1, Corollary 2.7 gives

1

λ
ă E3.ppa`m1qE

3
1 `∆3

q “ a`m1 `m3 ă 1´ ε´m1 ´m2 ă 1´ ε.

This implies that 3
3´ε

ă 1
1´ε

ă λ, which contradicts (4.2).
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– P3 R C
3. Suppose P3 P C

3 X E3. We then have

(S3, λaC3 ` λ∆3 ` pλp4a` 2m1 `m2 `m3q ´ 2qE3q

not log canonical at P3. Again since λp4a`2m1`m2`m3q´2 ă 1, Corollary 2.7
implies that,

1

λ
ă E3.paC

3
`∆3

q ď pa`m3q ď 1´ ε´ 2m1 ´m2 ă 1´ ε.

This contradicts (4.2) since the above inequality implies that 3
3´ε

ă 1
1´ε

ă λ.
This proves that P3 R C

3.

From the above claims, we can now conclude that a point such as P3 does not
exist. This contradicts our initial assumption that pS, λaC ` λ∆q is not log
canonical at the point P and hence C cannot be this curve either.

Thus, in this subsection we have proved that if the surface S has A1 singularity,
then the point P at which the log pair pS, λDq is not log canonical is not the
singular point of type A1. Hence, if the surface S has only singular points of type
A1, then this completes the proof by contradiction. Thus, in this case, we have
now proven that αpS,Dq ą δ ą 1.

4.1.2.3 A2 singularity

Suppose S has at least 1 singular point of type A2 and P is the singular point of
type A2. Then C can be one of the following.

1. C is a nodal curve with node at P ,

2. C is a cuspidal curve with cusp at P .

We have that pS, λD) is not log canonical at the point P . Recall that D “

aC `∆ where C P | ´KS|. So if C is a cuspidal curve with cusp at P , then

αpS,Dq ď αpS,´KSq “
2

3
,

by [P03, Theorem 3.4]. Therefore, in this case, Dervan’s criterion is no longer
applicable. Hence we only look at C which is a nodal curve with node at P .

Let f1 : S1 Ñ S be the blow-up of S at the point P . From Remark 2.1, we
have that

pS1, λaC1
` λ∆1

` λpa`m1qE1 ` λpa`m2qE2q

is not log canonical at some point P1 P E1 Y E2. Here, m1 and m2 are given by
the following:

C1
“ f˚1 pCq ´ E1 ´ E2,

∆1
“ f˚1 p∆q ´m1E1 ´m2E2 (4.12)

where m1,m2 P Qě0. Thus, we have

0 ď ∆1.C1
“ ∆.C ´m1 ´m2 “ 1´ a´ ε´m1 ´m2,

0 ď ∆1.E1 “ 2m1 ´m2,

0 ď ∆1.E2 “ 2m2 ´m1. (4.13)
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Lemma 4.13. λpa`m1q ă 1

Proof. λpa `m1q ď λp1 ´ ε ´m2q ă λp1 ´ εq ă 3
3´ε
p1 ´ εq ă 1 from (4.13) and

(4.2).

Similar argument proves the following.

Lemma 4.14. λpa`m2q ă 1

We will now look at the various possibilities for the position of P1.

• P1 P C
1 Y E2. Suppose not, i.e. suppose P1 P E1 and P1 R C

1 and P1 R E2. Then,
we have that (S1, λ∆1` λpa`m1qE1q is not log canonical at the point P1. Since
E1 is smooth at P1 and λpa `m1q ă 1 from Lemma 4.13, Corollary 2.7 implies
that

1

λ
ă ∆1.E1 “ 2m1 ´m2 ď m1 `m2 ď 1´ a´ ε ă 1´ ε

from (4.13). This implies that 3
3´ε

ă 1
1´ε

ă λ and this contradicts (4.2). Thus,
this proves our claim that P1 P C

1 Y E2.

• P1 P C
1 Y E1. Suppose P1 P E2 and P1 R C

1 and P1 R E1. Similar argument as
above leads to a contradiction.

But we also know that P1 P E1 Y E2. The following now proves that P1 R

E1 X E2.

• P1 P C
1. Suppose P1 R C

1. This would imply that P1 P E1 X E2 and therefore

pS1, λ∆1
` λpa`m1qE1 ` λpa`m2qE2q

is not log canonical at the point P1, by Remark 2.1. Let f2 : S2 Ñ S1 be the
blow up of the point P1, with the exceptional divisor given by E3. We then have

C2
“ π˚pCq ´ E2

1 ´ E
2
2 ´ 2E3,

∆2
“ π˚p∆q ´m1E

2
1 ´m2E

2
2 ´ pm1 `m2 `m3qE3,

´KS2 “ π˚p´KSq ´ E3, (4.14)

where π :“ f1 ˝ f2, m1,m2,m3 P Qě0. With this, we have the following inequali-
ties.

0 ď ∆2.C2
“ 1´ a´ ε´m1 ´m2,

0 ď ∆2.E2
1 “ 2m1 ´m2 ´m3,

0 ď ∆2.E3
2 “ 2m2 ´m1 ´m3. (4.15)

This implies that

pS2, λaC2
` λ∆2

` λpa`m1qE
2
1 ` λpa`m2qE

2
2 ` pλp2a`m1`m2`m3q ´ 1qE3q

is not log canonical at some point P2 P E3, by Remark 2.1.
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Lemma 4.15. λp2a`m1 `m2 `m3q ´ 1 ă 1

Proof. λp2a`m1 `m2 `m3q ď λp2a` 3´ 3a´ 3ε´ 3m1q ă 3λp1´ εq ă 2.

We will look at different positions of P2.

– P2 R E
2
1 Suppose not. That is, suppose P2 P E

2
1 X E3. Since λpa ` m1q ă 1,

Corollary 2.7 gives

1 ă E2
1 .pλ∆2

` pλp2a`m1 `m2 `m3q ´ 1qE3q ă λp3m1 ` 2aq ´ 1 ă 3λp1´ εq ´ 1.

This implies that 3
3´ε

ă 2
3p1´εq

ă λ, which contradicts (4.2).

– P2 R E
2
2 : Similar argument as above shows this.

– P2 R E3zE
2
1 Y E

2
2 : Suppose P2 P E3zE

2
1 Y E

2
2 . Then, pS2, λ∆2`pλp2a`m1`m2`

m3q ´ 1qE3q is not log canonical at P2. Using Corollary 2.7, we get

1

λ
ă E3.∆

2
“ m3 ď 2m2 ´m1 ď m2 `m1 ´m3 ď 1´ a´ ε´m3 ă 1´ ε.

This implies that 3
3´ε

ă 1
1´ε

ă λ which is a contradiction.

• P1 R C
1 X E2 : Suppose P1 P C

1XE2. Then pS1, λC1`λ∆1`λpa`m2qE2q is not
log canonical at P1. Let f2 : S2 Ñ S1 be the blow up of P1 with the exceptional
divisor given by E3. Then we have

C2
“ π˚pCq ´ E2

1 ´ E
2
2 ´ 2E3,

∆2
“ π˚p∆q ´m1E

2
1 ´m2E

2
2 ´ pm2 `m3qE3,

´KS2 “ π˚p´KSq ´ E3, (4.16)

where π :“ f1 ˝ f2, m1,m2,m3 P Qě0. Using this, we have the following inequali-
ties.

0 ď ∆2.C2
“ 1´ a´ ε´m1 ´m2 ´m3,

0 ď ∆2.E2
1 “ 2m1 ´m2,

0 ď ∆2.E2
2 “ 2m2 ´m1 ´m3,

0 ď ∆2.E3 “ m3. (4.17)

Thus,

pS2, λaC2
` λ∆2

` λpa`m1qE
2
1 ` λpa`m2qE

2
2 ` pλp2a`m2 `m3q ´ 1qE3q

is not log canonical at some point P2 P E3, by Remark 2.1.

Lemma 4.16. λp2a`m2 `m3q ´ 1 ă 1.

Proof. λp2a`m2 `m3q ă λp1` a´ ε´m1q ă
λp5´3εq

3
ă 2.
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We will now look at different positions of the point P2.

– P2 R E
2
2 . Suppose P2 P E3 X E

2
2 . Using Corollary 2.7, we get

1

λ
ă E3.ppa`m2qE

2
2 `∆2

q “ a`m2 `m3 ă 1´ ε´m1 ă 1´ ε.

This implies that 3
3´ε

ă 1
1´ε

ă λ which is a contradiction.

– P2 R C
2 : Suppose P2 P E3 X C

2. Using Corollary 2.7 gives

1

λ
ă E3.paC

2
`∆2

q “ a`m3 ă 1´ ε´m1 ´m2 ă 1´ ε.

This implies that 3
3´ε

ă 1
1´ε

ă λ which is a contradiction.

– P2 R E3zpE
2
2 Y C2q. Suppose P3 P E3zpE

2
2 Y C2q. Again, using Corollary 2.7, we

have
1

λ
ă E3.∆

2
“ m3 ă 1´ a´ ε´m1 ´m2 ă 1´ ε.

This implies that 3
3´ε

ă 1
1´ε

ă λ which is a contradiction.

We can thus conclude that such a point P1 does not exist. But this contradicts
our initial assumption that pS, λaC ` λ∆q is not log canonical at the point P .
Therefore the point P at which the log pair pS, λDq is not log canonical cannot
be the singular point of type A2. Thus, if the surface has only A2 singular points,
of if S has singular points which are of type A1 and A2 only, then Section 4.1.2.2
and Section 4.1.2.3 proves our claim that αpS,Dq ą δ ą 1.

4.1.2.4 A3 singularity

Suppose S has at least 1 singular point of type A3 and P is the singular point
of type A3. Then, the curve C can only be a nodal curve with the node at the
point P .

Recall that we have pS, λaC ` λ∆q not log canonical at the point P . Let
f1 : S1 Ñ S be the minimal resolution of S at the point P . This implies that

pS1, λaC1
` λ∆1

` λpa`m1qE1 ` λpa`m2qE2 ` λpa`m3qE3q

is not log canonical at a point P1 P E1YE2YE3 by Remark 2.1, wherem1,m2,m3 P

Qě0. It satisfies the following equivalences.

C1
“ f˚1 pCq ´ E1 ´ E2 ´ E3,

∆1
“ f˚1 p∆q ´m1E1 ´m2E2 ´m3E3. (4.18)

Thus we have,

0 ď ∆1.C1
“ 1´ a´ ε´m1 ´m2,

0 ď ∆1.E1 “ 2m1 ´m3,

0 ď ∆1.E2 “ 2m2 ´m3,

0 ď ∆1.E3 “ 2m3 ´m1 ´m2. (4.19)
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Lemma 4.17. λpa`m1q ă 1

Proof. From (4.19) and (4.2), λpa`m1q ď λp1´ ε´m2q ă λp1´ εq ă 1.

Similar argument proves the following.

Lemma 4.18. λpa`m2q ă 1

Lemma 4.19. λpa`m3q ă 1

Proof. Using the inequalities in (4.19), we can prove the claim in the 2 possible
cases.

• If m1 ď m2, λpa `m3q ď λpa ` 2m1q ď λpa `m1 `m2q ď λpa ` 1 ´ a ´ εq “
λp1´ εq ă 1.

• If m2 ď m1, λpa`m3q ď λpa` 2m2q ă λpa` 1´ a´ εq “ λp1´ εq ă 1.

We will now look at the various possible positions of the point P1.

• P1 R E3zE1 Y E2. Suppose P1 P E3zE1YE2, the have that pS1, λ∆1`λpa`m3qE3q

is not log canonical at the point P1. Since λpa`m3q ă 1, applying Corollary 2.7
we get that

1

λ
ă p∆1.E3qP1 ď ∆1.E3 “ 2m3 ´m1 ´m2 ď m1 `m2 ă 1´ ε.

Thus we have 3
3´ε

ă 1
1´ε

ă 1 which contradicts (4.2).

• P1 R E3 X E2. Suppose P1 P E3 X E2. Then we have that

pS1, λpa`m2qE2 ` λpa`m3qE3 ` λ∆1
q

is not log canonical at the point P1.

– If m1 ď m2 consider

multP1pλ∆1
q “ λmultP1∆

1
ď λm3 ď 2λm1 ď λpm1 `m2q ă λp1´ εq ă 1.

– If m2 ď m1, consider

multP1pλ∆1
q “ λmultP1∆

1
ď λm3 ď 2λm2 ď λpm1 `m2q ă λp1´ εq ă 1.

Similarly, we can show that P1 R E3 X E1. From Theorem 2.9 we have that

multP1pλ∆1.E3q ą 2p1´ λpa`m2qq

which can be simplified as follows, If m1 ď m2, using inequalities in (4.19) we
have
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2

λ
ă 2m3 ´m1 ´m2 ` 2a` 2m2 ď 3m1 `m2 ` 2a ď 1` a´ ε` 2m1 ď 2´ 2ε.

Thus this implies 1
λ
ă 1´ ε which contradicts (4.2).

If m2 ď m1, using inequalities in (4.19) we have

2

λ
ă 2m3 ´m1 ´m2 ` 2a` 2m2 ď 1` a´ ε` 2m2 ď 2´ 2ε.

Thus this implies 1
λ
ă 1´ ε which contradicts (4.2).

Or
multP1pλ∆1.E2q ą 2p1´ λpa`m3qq

which when simplified using (4.19) gives

2

λ
ă 2m2 ´m3 ` 2a` 2m3 “ 2m2 ` 2a`m3 ď 2m2 ` 2a` 2m1

ď 2p1´ a´ ε` aq “ 2p1´ εq.

Thus this implies 1
λ
ă 1 ´ ε which contradicts (4.2). Since both the inequalities

are not possible, this contradicts Theorem 2.9, thus proving our claim.

• P1 R E2zE3 Y C
1. Suppose P1 P E2zE3 Y C1. Then we have pS1, λ∆1 ` λpa `

m2qE2q is not log canonical at the point P1. Since λpa `m2q ă 1, from Corol-
lary 2.7 we have

1

λ
ă p∆1.E2qP ď ∆1.E1

2 “ 2m2 ´m3 ď m3 `m2 ´m1 ď 2m1 `m2 ´m1

ď 1´ a´ ε ă 1´ ε.

This contradicts (4.2).

• P1 R C
1. Suppose P1 P C

1XE2. Then pS1, λaC1`λ∆1`λpa`m2qE2q is not log
canonical at the point P1. Applying Corollary 2.7, we get that

1

λ
ă E2.paC

1
`∆1

q “ a`2m2´m3 ď a`m2`m3´m1 ď 1´ε´2m1`m3 ď 1´ε.

This implies that 3
3´ε

ă 1
1´ε

ă λ which contradicts (4.2). Similarly, we can prove
that P1 R C

1 X E1.

We can thus conclude that such a point P1 does not exist. But this contradicts
our initial assumption that pS, λaC ` λ∆q is not log canonical at the point P .

Therefore the point P at which the log pair pS, λDq is not log canonical
cannot be the singular point of type A3. Thus, if the surface has only A3 sin-
gular points, of if S has singular points which are of type A1, A2 and A3 only,
then Section 4.1.2.2, Section 4.1.2.3 and Section 4.1.2.4 proves our claim that
αpS,Dq ą δ ą 1. This completes the proof of Theorem 4.5 (also Main Result 2).
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4.2 K-stability of hypersurfaces

In this section, we will determine the K-stability of quasismooth, well-formed
hypersurfaces Sd, of degree d, in weighted projective Space Ppa0, a1, a2, a3q, which
are of Index I “ 2. To recall the main result that we will be proving in this section,

Theorem 4.20. (Also Main Result 3) Let Sd be a quasismooth, well-formed hy-
persurface with I “ 2. The following hypersurfaces Sd in Ppa0, a1, a2, a3q of degree
d, are K-polystable.

No. pa0, a1, a2, a3q d
1 p1, 1, n, nq, n ě 2 2n
2 p1, 2, n` 2, n` 3q, n ě 0 2pn` 3q
3 p1, 3, 4, 6q 12
4 p1, 4, 5, 7q 15
5 p1, 4, 5, 8q 16
6 p1, 4, 6, 9q 18
7 p1, 5, 7, 11q 22
8 p1, 6, 10, 15q 30
9 p1, 7, 12, 18q 36

10 p1, 8, 13, 20q 40

The method we adopt is to compute βpSq for Family No. 1 in Table 4.20 using
the Valuative criterion (Section 2.2.1) and for Family No. 2, we use the Abban-
Zhuang theory (Section 2.2.3.2) to compute δpSq. For Families No.3-No.10, we
estimate δpSq using the method adopted in [CPS21]. Let us briefly describe this
method. Here, we study log pairs pSd, Dq, where Sd are hypersurfaces of degree
d in weighted projective space and D is a k-basis type divisor for k " 1 (see
[FO18] for definition) such that D „Q ´KSd . We then use Theorem 4.22 and
Corollary 4.23 to get bounds on the multiplicities of D along certain curves on
Sd. This then enables us to estimate δpSq.

4.2.1 Foundations

In this subsection, we will present the notions and results that we will need, in
addition to results described in Section 2.1 and Section 2.2, in order to prove
Theorem 4.20.

Since Sd is quasi-smooth, it can have at most cyclic quotient singularities.
Therefore, let Sd have a cyclic quotient singularity of type 1

n
pa, bq at the point p

and let the weighted coordinates around this point p be x and y. Let D be an
effective Q-divisor on Sd.

Let φ : ĂSd Ñ Sd be the weighted blow-up at p of Sd with weights wtpxq “ a
and wtpyq “ b. Then we have the following:

K
ĂSd
„Q φ

˚
pKSdq `

ˆ

´1`
a

n
`
b

n

˙

E

where E is the exceptional divisor of φ and

E2
“ ´

n

ab
.
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Let C be a curve on Sd that is locally given by x “ 0 near p. Then we have

rC „Q φ
˚
pCq ´

a

n
E

where rC is the strict transform of C.
Let rD be the proper transform of D on rSd. We have

rD „Q φ
˚
pDq ´mE,

for some non-negative rational number m.
If C is not contained in the support of the divisor D, we can bound m using

0 ď rD ¨ rC “ pφ˚pDq ´mEq ¨ rC “ D ¨ C ´mE ¨ rC.

The log pullback is given by

K
rSd
` rD `

ˆ

m´
a` b´ n

n

˙

E „ f˚pKSd `Dq.

This implies that

Proposition 4.21. The log pair pSd, Dq is log canonical at P if and only if the
log pair

ˆ

rSd, rD `

ˆ

m´
a` b´ n

n

˙

E

˙

is log canonical along the curve E.

If C is in the support of the divisor D, write D “ aC `∆ where a is a non-
negative rational number and is such that C Ć Suppp∆q. Then we can use the
following results to bound the value of a.

Theorem 4.22 ([CPS21, Theorem 2.9]). Suppose that D is a big Q-divisor of
k-basis type for k " 1. Then

a ď
1

D2

ż τpCq

0

volpD ´ uCq du` εk

where εk is a small constant depending on k such that εk Ñ 0 as k Ñ 8.

The above theorem implies the following.

Corollary 4.23 ([CPS21, Corollary 2.10]). Suppose that D is a big Q-divisor of
k-basis type for k " 1, and

C „Q µD

for some positive rational number µ. Then

a ď
1

3µ
` εk,

where εk is a small constant depending on k such that εk Ñ 0 as k Ñ 8.
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From the above results, it is evident that for a k-basis type divisor D “

aC`∆, one can bound a by computing the volume of the pseudoeffective divisor
D ´ uC. Here, we recall how the volpDq of an R divisor D is calculated. If
D is not pseudoeffective, then volpDq “ 0 ([L04, Definition 2.2.31]). If D is
pseudoeffective, then there exists a nef R divisor P on the surface S such that

D „R P `
r
ÿ

i“1

aiCi,

where each Ci is an irreducible curve on S with P ¨ Ci “ 0, each ai is a non-
negative real number and the intersection form of the curves C1, C2, ..., Cr is
negative definite ([L04, Theorem 2.3.19]). Such a decomposition is unique and
volpDq “ volpP q “ P 2.

In the next subsection, we will detail the proof of the K-polystability of the
hypersurfaces Sd enumerated in Theorem 4.20.

4.2.2 Proof of Main Result 3

4.2.2.1 S2n in Pp1, 1, n, nq

In this section, we consider a quasismooth, well-formed hypersurface, S2n of de-
gree 2n in Pp1, 1, n, nq. After suitable changes of coordinates, we can assume that
the surface S2n is given by

zt` f2npx, yq “ 0,

where f2npx, yq is a polynomial of degree 2n in x and y. Since S is quasismooth,
f2npx, yq does not have multiple roots. We are going to prove that S2n is K-
polystable for n ą 1, using Theorem 2.19.

In our case, we can explicitly describe the action of the group G “ C˚ ˆ µ2

on S2n as follows

λ ¨ rx : y : z : ts ÞÝÑ rx : y : λz : λ´1ts, for λ P C˚

µ2 ¨ rx : y : z : ts ÞÝÑ rx : y : t : zs.

Here r0 : 0 : 1 : 0s and r0 : 0 : 0 : 1s are the two singular points of the surface
S2n. Let P be the pencil of G-invariant curves in S2n generated by the curves Cx
and Cy. Then ´KS2n „ 2Cx and C2

x “
2
n
.

From the definition of the β-invariant of a prime divisor E over S2n, we have
that

βpEq “ ApEq ´
1

p´KSq
2

ż 8

0

volp´KS ´ uEq du,

where ApEq is the log discrepancy of the divisor E.
So, we need to check βpEq for all E that are G-invariant prime divisors in S2n

and all G-invariant prime divisors over S2n.
All G-invariant irreducible prime divisors in S2n are irreducible curves in the

pencil P . Let C be one such curve in S2n, in the pencil P , that is, C : ax`by “ 0
for some ra : bs P P1. Consider the divisor ´KS ´ xC. Then we have that
τpCq “ 2 and σpCq “ 2.
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Then

βpCq “ 1´
1

4

ż 2

0

p2´ uq2 du “
1

3
.

We now need to consider only the G-invariant prime divisors over S2n. These
divisors will be mapped to G-fixed points on S2n. These G-fixed points are the
singular points of the reducible curves in P . Let us now understand what these
G-fixed points are.

Observe that the reducible curves in P are cut out on S2n by the linear factors
of the polynomial f2npx, yq. Since there are 2n such linear factors of the poly-
nomial f2npx, yq, we have 2n reducible curves in P . After a suitable change of
coordinates, we may assume that one such linear factor is the curve Cx that is
cut out by x “ 0, so that f2n “ xg2n´1 for some polynomial g2n´1px, yq of degree
2n´ 1.

This implies that the equation of S looks like

zt` xg2n´1px, yq “ 0.

Substituting for x “ 0, we see that we get reducible components z “ x “ 0; t “
x “ 0. So the singular point of the curve Cx : x “ 0, is r0 : 1 : 0 : 0s. Similarly,
for each of the linear factors hpx, yq of the polynomial g2n´1px, yq, we get the
reducible components of the curve in P to be z “ hpx, yq “ 0 and t “ hpx, yq “ 0
and we can then compute the singular points in each case. In total, we get 2n
singular points. These 2n points are all the G-invariant points on S2n.

Consider one such reducible curve and let the irreducible components of it be
given by C1 and C2. The point of intersection of C1 and C2 is r0 : 1 : 0 : 0s. We

will call this point p. Let π : rS2n Ñ S2n be the blow up of p with the exceptional
divisor of the blow up denoted by F. Observe that the action of G lifts to rS2n and
thus the the morphism π is G-equivariant. Also observe that G doesn’t fix any
point on F . Thus, the exceptional divisors upon blow up of the singular points of
the reducible curves in the pencil P , are the only irreducible G-invariant prime
divisors over S2n, and in this case, this is F .

Consider the divisor

D “ π˚p´KS2nq ´ uF “ 2p rC1 ` rC2q ` p4´ uqF,

where rC1 and rC2 are the proper transforms of C1 and C2 on rS and the pseu-
doeffective threshold, τpDq “ 4. Let us now compute the Seshadri constant,
σpDq,

D ¨ rC1 “ 2

ˆ

1´ 2n

n

˙

` p4´ uq ě 0.

This implies that σpDq “ 2
n
. For u P r0, 2

n
s, we have the following

volpDq “ volpπ˚p´KS2nq ´ uF q “
8

n
´ u2.
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For u P r 2
n
, 4s, the Zariski decomposition is given by

D “

ˆ

D ´

ˆ

2´ nu

1´ 2n

˙

´

rC1 ` rC2

¯

˙

`

ˆ

2´ nu

1´ 2n

˙

´

rC1 ` rC2

¯

.

Therefore,

volpDq “ volpπ˚p´KS2nq ´ uF q “ p4´ uq
2

ˆ

1

2n´ 1

˙

.

Thus,

βpF q “ 2´
1

4C2
x

˜

ż 2
n

0

ˆ

8

n
´ u2

˙

du`

ż 4

2
n

p4´ uq2
1

2n´ 1
du

¸

“
2n´ 2

3n
.

Therefore, by Theorem 2.19, for all n ą 1, this proves that all quasismooth
hypersurfaces S2n of degree 2n in Pp1, 1, n, nq are K-polystable.

4.2.2.2 S2n`6 in Pp1, 2, n` 2, n` 3q

Let S2n`6 be a quasismooth, well-formed hypersurface of degree 2n`6 in Pp1, 2, n`
2, n ` 3q. In this subsection, we will denote S2n`6 with S. We may assume that
the surface S is given by

t2 ` z2y ` f2n`6px, yq “ 0,

where f2n`6px, yq is a polynomial of degree 2n ` 6 in x and y. When n is even,
the surface S is singular at the points pz :“ r0 : 0 : 1 : 0s of type 1

n`2
p1, 1q and

Q1 :“ r0 : 1 : α : 0s; Q2 :“ r0 : 1 : β : 0s of type 1
2
p1, 1q, where α and β are

distinct real numbers and is smooth away from these points. Note that when
n “ 0,the points pz, Q1 and Q2 are of type 1

2
p1, 1q.

When n is odd, the surface is singular at the points pt : r0 : 0 : 0 : 1s of type
1

n`2
p1, 1q and the points Q1 :“ r0 : 1 : 0 : αs; Q2 :“ r0 : 1 : 0 : βs of type 1

2
p1, 1q,

where α and β are distinct real numbers and is smooth away from these points.
Note that all the singular points lie on the curve Cx. We also have

´K2
S “

4

n` 2
; C2

x “
1

n` 2
.

We use the stability threshold from Theorem 2.25 to conclude that the surface is
K-stable for all n ě 0.

In order to prove the above claim, we will estimate the value of δppSq using
Theorem 2.29 for different positions of the point p P S.

Lemma 4.24. If p P Cx, then δppSq ě
3
2
.

Proof. Since p P Cx we will take Y “ Cx according to the notations of Theorem
2.29. Note that ASpCxq “ 1. We will now compute S´KSpCxq. Consider the
divisor ´KS ´ uCx “ p2 ´ uqCx. With the help of intersection numbers of the
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divisor with Cx, we can conclude that τpCxq “ 2 and that the divisor ´KS´uCx
is nef when u P r0, 2s. We then have that

S´KSpCxq “
1

p´KSq
2

ż 8

0

volp´KS ´ uCxq du,

“
n` 2

4

ż 2

0

p2´ uq2 du,

“
2

3
.

Therefore, for any point p on Cx,
ASpCxq
S´KS pCxq

“ 3
2
. We will now use Theorem 2.31

to compute S
`

W Y
‚,‚; p

˘

for different points p on Cx.
Case 1: Suppose the point p “ pz on Cx. Recall that pz and pt are the

singular points of type 1
n`2
p1, 1q when n is even and odd respectively. Since both

pz and pt lie on Cx, the proof below works for both. So without loss of generality,
let us take p “ pz. Note that ACxppq “

1
n`2

. Therefore, using Theorem 2.31, we
get that

S
`

WCx
‚,‚ ; p

˘

“
2

p´KSq
2

ż τpCxq

0

hpuq du,

where

hpuq “
`

P puq ¨ Cx
˘

¨ ordp

´

Npuq
ˇ

ˇ

Cx

¯

`

ż 8

0

vol
`

P puq
ˇ

ˇ

Cx
´ vp

˘

dv.

Since the divisor ´Ks ´ uCx “ p2 ´ uqCx is nef when u P r0, τpCxq “ 2s,
P puq “ p2´ uqCx and Npuq “ 0. Therefore,

S
`

WCx
‚,‚ ; p

˘

“
n` 2

2

ż 2

0

ż 2´u
n`2

0

ˆ

2´ u

n` 2
´ v

˙

dv du “
2

3pn` 2q
.

This implies that

ACxppq

SpWCx
‚,‚ ; pq

“

1
n`2

2
3pn`2q

“
3

2
.

From Theorem 2.29, we then get that for p “ pz,

δP pSq ě
3

2
.

Case 2: Suppose the point p “ Q1. Since Q1 and Q2 are singular points of
type 1

2
p1, 1q, the proof below works for both points. So without loss of generality,

let us take p “ Q1. Note that ACxppq “
1
2
. Similar to Case 1, we get that

S
`

WCx
‚,‚ ; p

˘

“ 2
3pn`2q

. This implies that

ACxppq

SpWCx
‚,‚ ; pq

“

1
2
2

3pn`2q

“
3pn` 2q

4
.
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From Theorem 2.29, we then get that for p “ Q1 and p “ Q2,

δppSq ě
3

2
.

Case 3: Suppose the point p P Cxztpz, Q1, Q2u. This implies that the point
p is a smooth point. Then ACxppq “ 1. Again, similar to Case 1, we get that
S
`

WCx
‚,‚ ; p

˘

“ 2
3pn`2q

. This implies that

ACxppq

SpWCx
‚,‚ ; pq

“
1
2

3pn`2q

“
3pn` 2q

2
.

From Theorem 2.29, we then get that for p P Cxztpz, Q1, Q2u,

δppSq ě
3

2
.

This completes proof of the claim.

Lemma 4.25. If p P SzCx, then δppSq ą 1.

Proof. Since p R Cx, the point p is a smooth point of the surface. Note that there
is a curve from the pencil Cµ : y “ µx2 for some µ P R that passes through the
point p.

Case 1: Suppose the curve Cµ that passes through p is irreducible. Note that
ASpCµq “ 1. Consider the divisor ´KS ´ uCµ “ p1 ´ uqCµ. This implies that
τpCµq “ 1 and that the divisor ´KS ´ uCµ is nef when u P r0, 1s. We then have
that

S´KSpCµq “
1

p´KSq
2

ż 8

0

volp´KS ´ uCµq du

“

ż 1

0

p1´ uq2 du “
1

3
.

Therefore, for any point p P Cµ, ASpCµq

S´KS pCµq
“ 3.

Let us now try to bound δppSq using Theorem 2.29. According to the notations
of Theorem 2.29, Y “ Cµ. Note that AppCµq “ 1 since p is a smooth point.
When u P r0, τpCµq “ 1s, P puq “ p1 ´ uqCµ and Npuq “ 0 since the divisor
´KS ´ uCµ “ p1´ uqCµ is nef. Therefore,

S
`

WCµ
‚,‚ ; p

˘

“
n` 2

2

ż 1

0

ż
4p1´uq
n`2

0

ˆ

4p1´ uq

n` 2
´ v

˙

dv du “
4

3pn` 2q
.

This implies that
ACµppq

SpW
Cµ
‚,‚ ; pq

“
1
4

3pn`2q

“
3pn` 2q

4
.

From Theorem 2.29, we then get that for p P CµzCx where Cµ is irreducible,

δppSq ě min

"

3,
3pn` 2q

4

*

ą 1,
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for all n ě 0.
Case 2: Suppose the curve Cµ is reducible with Cµ “ Z1 ` Z2 where Z1 and

Z2 are the irreducible components of the curve Cµ.
Note that ASpZ1q “ 1. Consider the divisor ´KS ´ uZ1 “ p1 ´ uqZ1 ` Z2.

Since Z2
1 “ Z2

2 “
´pn`1q
n`2

, we can conclude that τpZ1q “ 1. From intersections
of the divisor with Z1 and Z2 we get that the divisor ´KS ´ uZ1 is nef when
u P r0, 2

n`3
s. When u P r 2

n`3
, 1s, the Zariski decomposition is given by

´KS ´ uZ1 “

ˆ

p1´ uqZ1 `
p1´ uqpn` 3q

n` 1
Z2

˙

`
upn` 3q ´ 2

n` 1
Z2.

Therefore,

volp´KS ´ uZ1q “

$

’

’

&

’

’

%

4p1´ uq ´ pn` 1qu2

n` 2
if u P

„

0,
2

n` 3



,

4pu´ 1q2

n` 1
if u P

„

2

n` 3
, 1



.

Using this, we get that

S´KSpZ1q “
1

p´KSq
2

ż 8

0

volp´KS ´ uZ1q du

“
n` 2

4

˜

ż 2
n`3

0

4p1´ uq ´ pn` 1qu2

n` 2
du`

ż 1

2
n`3

4pu´ 1q2

n` 1
du

¸

“
n` 4

3pn` 3q
.

Therefore, for any point p P Z1, ASpZ1q

S´KS pZ1q
“

3pn`3q
n`4

.

Case 2a: Suppose the point p is on one of the components. Without loss of
generality, let us assume that p P Z1zZ2.

We will now bound δppSq using Theorem 2.29. In this case, we will take
Y “ Z1. Note that AZ1ppq “ 1. Recall that we have

´KS ´ uZ1 “ P puq `Npuq

where

P puq “

$

’

’

&

’

’

%

p1´ uqZ1 ` Z2 if u P

„

0,
2

n` 3



,

p1´ uqZ1 `
p1´ uqpn` 3q

n` 1
Z2 if u P

„

2

n` 3
, 1



and

Npuq “

$

’

’

&

’

’

%

0 if u P

„

0,
2

n` 3



,

upn` 3q ´ 2

n` 1
Z2 if u P

„

2

n` 3
, 1



.
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Therefore,

S
`

WZ1
‚,‚ ; p

˘

“
n` 2

2

«

ż 2
n`3

0

ż
2`upn`1q
n`2

0

ˆ

2` upn` 1q

n` 2
´ v

˙

dv du

`

ż 1

2
n`3

ż
4p1´uq
n`1

0

ˆ

4p1´ uq

n` 1
´ v

˙

dv du

ff

“
2p2n` 5q

3pn` 2qpn` 3q
.

This implies that

AZ1ppq

SpWZ1
‚,‚ ; pq

“
1

2p2n`5q
3pn`2qpn`3q

“
3pn` 2qpn` 3q

2p2n` 5q
.

From Theorem 2.29, we then get that for p P pZ1 Y Z2qzCx where Z1, Z2 are
irreducible components of the curve Cµ,

δppSq ě min

"

3pn` 3q

n` 4
,
3pn` 2qpn` 3q

2p2n` 5q

*

“
3pn` 2qpn` 3q

2p2n` 5q
ą 1,

for all n ě 0.
Case 2b: Suppose the point p is on both components of the curve Cµ, i.e.

p P Z1 X Z2.
Let us consider the divisor ´KS´uZ1. From the computations in Case 2a, we

see that ASpZ1q

S´KS pZ1q
“

3pn`3q
n`4

. We will now bound δppSq using Theorem 2.29. In order

to use this theorem, let Y “ Z1 by the notations of Theorem 2.29. Note that
AZ1ppq “ 1. From the Zariski decompositions calculated earlier for the divisor
´KS ´ uZ1, we can compute the following.

S
`

WZ1
‚,‚ ; p

˘

“
n` 2

2

«

ż 2
n`3

0

ż
2`upn`1q
n`2

0

ˆ

2` upn` 1q

n` 2
´ v

˙

dv du

`

ż 1

2
n`3

ˆ

4p1´ uqpupn` 3q ´ 2qpn` 3q

pn` 1q2pn` 2q

˙

du

`

ż 1

2
n`3

ż
4p1´uq
n`1

0

ˆ

4p1´ uq

n` 1
´ v

˙

dv du

ff

“
n` 4

3pn` 2q
.

This implies that
AZ1ppq

SpWZ1
‚,‚ ; pq

“
1
n`4

3pn`2q

“
3pn` 2q

n` 4
.

From Theorem 2.29, we then get that for p P pZ1 X Z2qzCx where Z1, Z2 are
irreducible components of the curve Cµ,

δppSq ě min

"

3pn` 3q

n` 4
,
3pn` 2q

n` 4

*

“
3pn` 2q

n` 4
ą 1,

for all n ě 0. This completes the proof of the claim.
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Proof of Main Theorem. From Lemma 4.24 and Lemma 4.25, we can conclude
that

δpSq “ inf
pPS

δppSq ą 1.

Therefore, Theorem 2.25 implies that S is K-stable for all n ě 0.

4.2.2.3 S12 in Pp1, 3, 4, 6q

Let S12 be a quasismooth, well-formed hypersurface of degree 12 in Pp1, 3, 4, 6q.
By a suitable coordinate change we can assume that S12 can be given by a quasi-
homogeneous polynomial

t2 ` z3
` y4

` xfpx, y, zq “ 0

where fpx, y, zq is a quasihomogeneous polynomial in x, y, z of degree 11.

In order to determine the singular points of the surface, we will take the
equation of the surface, obtained using coordinate change, to be

tpt` y2
q ` z3

` xfpx, y, zq “ 0.

Therefore the points r0 : i : 0 : 1s and r0 : ´i : 0 : 1s are singular points of type
1
3
p1, 1q and the point Q1 :“ r0 : 0 : ´1 : 1s is of type 1

2
p1, 1q. Without loss of

generality take Q2 :“ r0 : i : 0 : 1s.

Note that all singular points lie on the curve Cx which is isomorphic to the
variety given by

t2 ` z3
` y4

“ 0

in Pp3, 4, 6q. From this, we can see that Cx is irreducible and smooth at these
singular points of the surface S12.

Proposition 4.26. Let D be a Q effective divisor on S12 such that D „Q ´KS12

and D “ aCx`∆ where a is non-negative number and ∆ is an effective Q-divisor
such that Cx Ć Suppp∆q. Let λ “ 6

5
and suppose also that a ď 3

4
. Then pS12, λDq

is log canonical.

Corollary 4.27. δpS12q ě
6
5
.

Proof. Let D be a Q-divisor of k-basis type on S12 with k ąą 0. We write
D “ aCx ` ∆ where a is non-negative number and ∆ is an effective Q-divisor
such that Cx Ć Suppp∆q. By Corollary 4.23, a ď 3

4
for k ąą 0. It implies that the

log pair pS12,
6
5
Dq is log canonical by Proposition 4.26. Since δpS12q ě

3
2
αpS12q,

in particular, we have that δpS12q ě
6
5
.

We will now prove Proposition 4.26.

Lemma 4.28. The log pair pS12, λDq is log canonical along S12zCx.
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Proof. Suppose that the log pair pS12, λDq is not log canonical at some point
p P S12zCx. This implies that p is a smooth point of the surface S12. Since
p R Cx, p is in the chart given by x ‰ 0 and by a suitable coordinate change we
can assume that p :“ px.

For the purposes of this lemma, we consider the equation of the surface S12

in the patch x ‰ 0, as given by

Gp1, y, z, tq ` a1y ` a2z ` a3t “ 0,

where a1, a2, a3 are complex constants, Gp1, y, z, tq is a quasihomogeneous poly-
nomial in y, z, t.

We will consider different curves through the point px depending on the linear
terms in the equation of the surface S12.

Suppose a1 ‰ 0 and a2 “ a3 “ 0. Then consider the curve Cy which is
isomorphic to the variety given by

t2 ` z3
“ 0

in Pp1, 4, 6q. Since the coefficient of the monomial t2 is nonzero, multppCyq “ 2.
We can see that Cy is irreducible. Write

D “ bCy ` Ω

where b is nonnegative constant and Ω is an effective Q-divisor such that Cy Ć
SupppΩq. By Corollary 4.23 we have b ď 2

9
` εk. By Lemma 2.11 we have

2

ˆ

1

λ
´ 2b

˙

ă multppCyqmultppD ´ bCyq ď Cy ¨ pD ´ bCyq “ 1´
3

2
b.

It implies that 4
15
ă b. This is impossible. Thus the linear term in the equation

of the surface in the chart x “ 1 cannot be y.
Suppose a2 ‰ 0 and a3 “ 0. Consider the curve Cz which is isomorphic to the

variety given by
t2 ` y4

“ 0.

Since the coefficient of the monomial t2 is nonzero, multppCzq “ 2.
We first consider the case when Cz is irreducible. Write

D “ cCz `Ψ

where c is a non-negative constant and Ψ is effective Q-divisor such that Cz Ć
SupppΨq. By Corollary 4.23 we have c ď 1

6
` εk.

By Lemma 2.11 we have

2

ˆ

1

λ
´ 2c

˙

ă multppCzqmultppD ´ cCzq ď Cz ¨ pD ´ cCyq “
4

3
´

8

3
c.

It implies that 1
4
ă c. This is impossible. This implies that Cz is reducible. Let

us rewrite the equation of the surface S12 in such a way that it is given by

zgpx, y, z, tq ` pt` a1y
2
qpt` a2y

2
` a3x

6
q “ 0
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where a1, a2 and a3 are constants and gpx, y, z, tq is a quasihomogeneous polyno-
mial of degree 8. Then, the curve Cz “: M is given by

M “ L`R

where L is the curve that is given by z “ t` a1y
2 “ 0 in Pp1, 3, 4, 6q and R is the

curve that is given by z “ t ` a2y
2 ` a3x

6 “ 0 in Pp1, 3, 4, 6q. We then have the
following intersection numbers.

L ¨R “ 2, L2
“ R2

“ ´
2

3
, ´KS12 ¨ L “ ´KS12 ¨R “

2

3
.

Since p P Cz, w.l.o.g, we can assume that p P L and we write

D “ dL` Λ

where d is non-negative constant and Λ is an effective Q-divisor such that L Ć
SupppΛq. This gives us that pS12, λdL` λΛq is not log canonical at p.

We now bound d, using Theorem 4.22. Consider the following divisor,

´KS12 ´ uL „Q

ˆ

1

2
´ u

˙

L`
1

2
R.

This divisor is pseudoeffective for u ă 1
2

and when u ě 1
2
, volp´KS12 ´ uLq “ 0,

since the divisor ´KS12 ´ uL is no longer big. Thus τpLq “ 1
2
.

Using the above intersection numbers we have that ´KS12 ´ xL is nef for
x ď 1

3
. Therefore, when x P r1

3
, 1

2
s, the Zariski decomposition of the divisor is

given as

´KS12 ´ uL “

ˆˆ

1

2
´ u

˙

pL` 3Rq

˙

` p3u´ 1qR.

Thus we have

volp´KS12 ´ uLq “

$

’

’

&

’

’

%

2

3
´

4

3
u´

2

3
u2 for u ď

1

3
,

16

3

ˆ

1

2
´ u

˙2

for
1

3
ď u ď

1

2
.

From this we have

d ď
3

2

ż 1
2

0

volp´KS12 ´ uLq du` εk

“
3

2

˜

ż 1
3

0

2

3
´

4

3
u´

2

3
u2 du`

ż 1
2

1
3

16

3

ˆ

1

2
´ u

˙2

du

¸

` εk

“
2

9
` εk.

This implies that λd ď 1. Applying Corollary 2.7 to L, we have

1

λ
ă multppΛ ¨ Lq ď Λ ¨ L “ pD ´ dLq ¨ L “

2

3
`

2

3
d.
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Thus we have d ą 1
4

and this is impossible. Thus, the only remaining case is
when a3 ‰ 0. Consider the linear system of curves cut by M :“ αxy ` βz “ 0
where rα : βs P P1. Any curve M PM passes through the point px.

Let φ : sS12 Ñ S12 be a blow-up at px. Then we have

sD „Q φ
˚
pDq ´ ηE

where sD is the strict transform of D, η is a constant and E is the exceptional
divisor of φ. Since φ is a blow up of a smooth point of the surface S12, the log
pullback is given by

K
sS12
` λ sD ` pλη ´ 1qE „Q φ

˚
pKX ` λDq.

Then the log pair psS12, λ sD`pλη´ 1qEq is not log canonical at some point q P E.
Let ĎM be the strict transform of M in sS12 and be such that it passes through the
point q.

Suppose that M is irreducible. We write

D “ mM `∆

where m is non-negative constant and ∆ is an effective Q-divisor such that M Ć

Suppp∆q. By Corollary 4.23 we have λm ď 1. Thus the log pair psS12, λmĎM `

λs∆ ` pλη ´ 1qEq is not log canonical at q. We have the following intersection
numbers.

s∆ ¨ ĎM “ p sD ´ aĎMq ¨ ĎM “
4

3
´ η ´

5

3
m, E ¨ ĎM “ 1.

By Lemma 2.2 and Corollary 2.7, we have

1 ă multqpλs∆` pλη ´ 1qEq ¨ ĎM ď pλs∆` pλη ´ 1qEq ¨ ĎM “ λ

ˆ

4

3
´

5

3
m

˙

´ 1

This implies that ´1
5
ą m and this is impossible. If the curve M is reducible,

then the same argument as given for the curve Cz, when reducible, works, thus
completing the proof of our claim.

Lemma 4.29. The log pair pS12, λDq is log canonical along Cxz SingpS12q.

Proof. Suppose the log pair pS12, λDq is not log canonical at some point p P
Cxz SingpS12q. Note that this is a smooth point of the surface S12.

Since λa ă 1, applying Corollary 2.7 to Cx, we get

1

λ
ă multppCx ¨∆q ď Cx ¨∆ “

1

3
´

1

6
a.

This implies that a ă 0 and therefore this is impossible.

Lemma 4.30. The log pair pS12, λDq is log canonical at Q1 P SingpS12q.
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Proof. Let Q1 be a singular point of S12 with type 1
2
p1, 1q. Suppose that pS12, λDq

is not log canonical at Q1. Since λa ă 1 and Cx is smooth at Q1, using Lemma
2.12, we have

1

2λ
ă multppCx ¨∆q ď pCx ¨∆q “

1

3
´

1

6
a.

This implies that a ă 0 which is impossible, thus proving our claim.

Lemma 4.31. The log pair pS12, λDq is log canonical at Q2 P SingpS12q.

Proof. Let Q2 be a singular point of S12 with type 1
3
p1, 1q. Suppose that pS12, λDq

is not log canonical at Q2.

Let π1 : rS12 Ñ S12 be the weighted blow-up at p with weight p1, 1q “ px, zq.
Then we have

K
rS12
„Q π

˚
1 pKS12q ´

1

3
E, rD „Q π

˚
1 pDq ´mE,

rCx „Q π
˚
1 pCxq ´

1

3
E,

where E is the exceptional divisor of π and m is a non-negative constant, and rCx
and r∆ denote the strict transforms of Cx and ∆ on rS12, respectively. Note that
we denote rD “ a rCx ` r∆.

The log pullback is given by

K
rS12
` λa rCx ` λr∆`

ˆ

λm`
1

3

˙

E „Q π
˚
1 pKS12 ` λDq.

Thus, we have that prS12, λa rCx`λr∆`
`

λm` 1
3

˘

Eq is not log canonical at a point
q P E. Let us bound the value of m.

Consider

π˚1 p´KS12q ´ uE „Q π
˚
1 p2Cxq ´ uE „Q 2 rCx `

ˆ

2

3
´ u

˙

E.

Since rC2
x “ ´1

6
ă 0, τpEq “ 2

3
. This divisor is nef when u P r0, 1

3
s. When

u P r1
3
, 2

3
s, we have the following Zariski decomposition

π˚1 p´KS12q ´ uE “

ˆ

p4´ 6xq rCx `

ˆ

2

3
´ u

˙

E

˙

` p6u´ 2q rCx.

Therefore,

volpπ˚1 p´KS12q ´ uEq “

$

’

’

&

’

’

%

pπ˚1 p´KS12q ´ uEq
2 “

2

3
´ 3u2 for 0 ď u ď

1

3
ˆ

2

3
´ u

˙2

p6 rCx ` Eq
2 “ 3

ˆ

2

3
´ u

˙2

for
1

3
ď u ď

2

3
.
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Then, by Theorem 4.22,

m ď
1

p´KS12q
2

ż 2
3

0

volpπ˚1 p´KS12q ´ uEq du` εk

“
3

2

˜

ż 1
3

0

2

3
´ 3u2 du`

ż 2
3

1
3

3

ˆ

2

3
´ u

˙2

du

¸

` εk

“
1

3
` εk.

This implies that λm` 1
3
ă 1. We will now look at various possible positions of

the point q. Suppose that q P rCx. Since λa ă 1, by Corollary 2.7 we have

1 ă

ˆ

λr∆`

ˆ

λm`
1

3

˙

E

˙

¨ rCx “ λ

ˆ

1

3
`
a

6

˙

`
1

3
.

It implies that λpa`2q ą 4 and this is a contradiction. Thus q R rCx. This implies
that the log pair

ˆ

rS12, λr∆`

ˆ

λm`
1

3

˙

E

˙

is not log canonical at q P Ez rCx.

Let π2 : pS12 Ñ rS12 be the blow-up at q with exceptional divisor F . Let p∆ and
pE denote the strict transforms of ∆ and E, in pS12 respectively. Then we have

K
pS12
„Q π

˚
pKS12q ´

1

3
pE `

2

3
F, pD „Q π

˚
pDq ´m pE ´ pm` nqF,

pCx „Q π
˚
pCxq ´

1

3
pE ´

1

3
F,

where n “ multqp rDq and π “ π1 ˝ π2.
Since

0 ď p∆ ¨ pE “ 3m´ n´ a,

we have that λpm` nq ´ 2
3
“ λp4m´ aq ´ 2

3
ă 1. Therefore, the log pair

ˆ

pS12, λa pCx ` λp∆`

ˆ

λm`
1

3

˙

pE `

ˆ

λpm` nq ´
2

3

˙

F

˙

is not log canonical at some point t P F . We will now look at different positions
of the point t. If t P pE X F then applying Corollary 2.7 to pE, we get

1 ă

ˆ

λp∆`

ˆ

λpm` nq ´
2

3

˙

F

˙

¨ pE “ λp4m´ aq ´
2

3
.

This implies that m ą 5
12λ
` a

4
. This is a contradiction and thus t P F z pE. Then

the log pair
ˆ

pS12, λp∆`

ˆ

λpm` nq ´
2

3

˙

F

˙
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is not log canonical at t. Since
`

λpm` nq ´ 2
3

˘

ă 1, using Corollary 2.7, we get

1

λ
ă p∆ ¨ F “ n.

Consider the linear system L :“ αpζ1x
3y ` ζ2x

2z ` tq ` βx6 “ 0 where rα :
βs P P1. Since the base locus of L is a finite set, there is a member M P L such
that M Ć SupppDq. Let D “ νM `∆ where ∆ is an effective divisor such that
M Ć Suppp∆q and ν is a non-negative constant. Note that Q2 P M and we can

choose M such that ĂM P rS12 passes through the point q P Ez rCx and xM P pS12

passes through the point t P F z pE.
Let U be an open neighborhood at Q2. Then the local equation of S is given

by
t` t2 ` z3

` a1z
2x` a2zx

2
` a3x

3
` gpx, zq “ 0

where gpx, zq is a polynomial with degpgpx, yqq ą 3. Since M is given by t “
´ζ1x

3 ´ ζ2x
2z ` bx6 on U the local equation of M is

z3
` a1z

2x` pa2 ´ ζ2qx
2z ` pa3 ´ ζ1qx

3
` hpx, zq “ 0

where hpx, zq is a polynomial with degphpx, zqq ą 3. Thus we have multQ2pMq “
3. It implies that

π˚1 pMq „Q ĂM `
3

3
E “ ĂM ` E

Note that M is a special member of M since M has to satisfy multqpĂMq “ 2 and
ĂM ¨ rCx “ 0.

For the above local equation a1, a2 and a3 are fixed and ζ1 and ζ2 are free to
be chosen. This shows that we can choose M such that the above conditions are
satisfied.

Thus we have

π˚pMq „Q xM ` pE ` p2` 1qF “ xM ` pE ` 3F.

and we have the following intersection numbers,

xM2
“ ĂM2

` p2F q2 “M2
` E2

` p2F q2 “
6 ¨ 6 ¨ 12

1 ¨ 3 ¨ 4 ¨ 6
´ 3´ 4 “ ´1,

xM ¨ pE “ ĂM ¨ E ` 2 ¨ 1F 2
“ 3´ 2 “ 1,

xM ¨ F “ 2.

Using this, we then obtain

0 ď p∆ ¨ xM “ r∆ ¨ ĂM ´ 2n “ p rD ´ rCxq ¨ ĂM ´ 2n “ 2´ 3m´ 2n.

This implies that 2 ą 2
λ
` 3m. However we have m ą 1

3λ
. It is impossible.

This completes the proof of Proposition 4.26 and thus by Theorem 2.25, sur-
face S12 is K-polystable.
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4.2.2.4 S15 in Pp1, 4, 5, 7q

Let S15 be a quasismooth, well-formed hypersurface in Pp1, 4, 5, 7q. By suitable
change of coordinates, S15 can be given by a quasihomogeneous polynomial

t2x` ty2
` z3

` xfpx, y, zq “ 0

of degree 15 where fpx, y, zq is quasihomogeneous polynomial of degree 14. The
surface S15 is singular at py :“ r0 : 1 : 0 : 0s of type 1

4
p1, 1q and at pt :“ r0 : 0 : 0 :

1s of type 1
7
p4, 5q. Observe that both singular points lie on the curve Cx. Note

that Cx is isomorphic to the variety given by

ty2
` z3

“ 0

in Pp4, 5, 7q. This shows that the curve Cx is only singular at pt and is smooth
at py.

Proposition 4.32. Let D be an effective Q-Cartier divisor of S15 such that D „Q
´KS15. We can write that

D “ aCx `∆

where a is non-negative rational number and ∆ is an effective Q-divisor such
that Cx Ć Suppp∆q. Let λ “ 11

10
and a ď 3

4
. Then the log pair pS15, λDq is log

canonical.

Corollary 4.33. δpS15q ě
11
10

.

Let us now prove Proposition 4.32.

Lemma 4.34. The log pair pS15, λDq is log canonical along S15zCx.

Proof. Suppose the log pair pS15, λDq is not log canonical at some point p P
S15zCx. Then this point p is a smooth point of the surface S15. There is a divisor
M P |OS15p4q| passing through p PM . Then M is given by the hyperplane section
of y ´ ζx4 “ 0 in S15 where ζ is a constant. It is isomorphic to the variety given
by

t2x` tpζx4
q
2
` z3

` xfpx, ζx4, zq “ 0

in Pp1, 5, 7q. Note that the above quasihomogeneous polynomial is irreducible.
Thus M is irreducible. Since M has the monomial t2x, we have multppMq ď 2.
Let

D “ bM ` Ω

where b is nonnegative number and Ω is an effective divisor such that M Ć

SupppΩq. Note that b ď 1
4

from Corollary 4.23.
If M is smooth at p then we have

1

λ
ă pΩ ¨Mqp ď pD ´ bMq ¨M “

6

7
´

12

7
b.

This implies that b ă 0 and therefore, this is impossible. Thus multppMq “ 2.
Then we have

ˆ

1

λ
´ 2b

˙

¨ 2 ă multp pD ´ bMqmultppMq ď pD ´ bMq ¨M “
6

7
´

12

7
b.
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It implies that b ą 7
8λ
´ 3

8
. This is impossible. Therefore the log pair pS15, λDq is

log canonical along S15zCx.

Lemma 4.35. The log pair pS15, λDq is log canonical along Cxz SingpS15q.

Proof. Suppose that the log pair pS15, λDq is not log canonical at some point
p P S15z SingpS15q. Since λa ă 1, using Corollary 2.7, we get

1

λ
ă multpp∆ ¨ Cxq ď ∆ ¨ Cx “ pD ´ aCxq ¨ Cx “

3

14
´

3

28
a. (4.20)

It implies that a ă 0 which is impossible. Thus the log pair pS15, λDq is log
canonical along p P S15z SingpS15q.

We will now show that the log pair pS15, λDq is log canonical at the singular
points py and pt.

Lemma 4.36. The log pair pS15, λDq is log canonical at py.

Proof. Suppose not, i.e. suppose that the log pair pS15, λDq is not log canonical
at py. Since py P Cx with Cx smooth at py and λa ă 1, by Lemma 2.12 we have

1

4λ
ă multpp∆ ¨ Cxq ď ∆ ¨ Cx “ pD ´ aCxq ¨ Cx “

3

14
´

3

28
a.

It implies that a ă 0. It is impossible.

Lemma 4.37. The log pair pS15, λDq is log canonical at pt.

Proof. Let π : rS15 Ñ S15 be the weighted blow-up at pt with weights wtpyq “ 3
and wtpzq “ 2. Then we have the following.

K
rS15
„Q π

˚
pKS15q ´

2

7
E, rD „Q π

˚
pDq ´mE, rCx „Q π

˚
pCxq ´

6

7
E,

where E is the exceptional divisor and m is some non-negative number. Using
the above equivalences, we have

0 ď r∆ ¨ rCx “ p rD ´ a rCxq ¨ rCx “
3

14
´m`

3

4
a. (4.21)

From the above equations we have

K
rS15
` λ rD `

ˆ

λm`
2

7

˙

E “ π˚pKS15 ` λDq.

Thus the log pair
´

rS15, λ rD `
`

λm` 2
7

˘

E
¯

is not log canonical at some point

q P E.
We will now bound m by computing the volume of the pseudoeffective divisor

π˚p´KS15q ´ uE. Consider

π˚p´KS15q ´ uE “ π˚p2Cxq ´ uE “ 2 rCx `

ˆ

12

7
´ u

˙

E.

85



Note that if 0 ď u ď 3
14

then π˚p2Cxq ´ uE is nef. Moreover if 3
14
ď u ď 12

7
then

the Zariski Decomposition is given by

π˚p´KS15q´uE “ π˚p2Cxq´uE “

ˆˆ

16

7
´

4

3
u

˙

rCx`

ˆ

12

7
´ u

˙

E

˙

`

ˆ

4x

3
´

2

7

˙

rCx.

We then have the following.

volpπ˚p´KS15q ´ uEq “

$

’

’

&

’

’

%

3

7
´

7

6
u2 for 0 ď u ď

3

14
,

u2

6
´

4u

7
`

24

49
for

3

14
ď u ď

12

7
.

Therefore,

m ď
1

p´KS15q
2

ż 12
7

0

volpπ˚p´KS15q ´ uEq du` εk

“
7

3

˜

ż 3
14

0

3

7
´

7

6
u2 du`

ż 12
7

3
14

u2

6
´

4u

7
`

24

49
du

¸

` εk,

“
9

14
` εk

It implies that λm` 2
7
ă 1. Now we will consider different positions of the point

q.

Suppose q P Ez rCx. Then the point q is of type 1
r
pa, bq for r ď 3. We have

that the log pair
ˆ

rS15, λr∆`

ˆ

λm`
2

7

˙

E

˙

is not log canonical at q. Since λm` 2
7
ă 1, using Lemma 2.12, we have

1

3λ
ă multq

´

r∆ ¨ E
¯

ď pr∆ ¨ Eq “ p rD ´ a rCxq ¨ E “
7

6
m´ a.

Using (4.21) and that m ď 9
14
` εk, we get a contradiction. Hence q P E X rCx.

This implies that q is a smooth point of rS15. Then we have

1

λ
ă multqp rD ¨ Eq “

7

6
m ď

7

6

ˆ

3

14
`

3a

4

˙

“
1

4
`

7a

8
.

Note that we have used the bound for m from (4.21).

This implies that a ą 8
7λ
´ 2

7
, but a ď 3

4
by assumption. Thus, this gives a

contradiction, hence proving our claim.

This completes the proof of Proposition 4.32 and thus by Theorem 2.25, sur-
face S15 is K-polystable.
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4.2.2.5 S16 in Pp1, 4, 5, 8q

Let S16 Ă Pp1, 4, 5, 8q be a quasismooth, well-formed hypersurface of degree 16.
By a suitable coordinate change we can assume that S16 is given by a quasiho-
mogeneous polynomial

t2 ´ y4
` xz3

` x2f14px, y, zq “ 0

where f14px, y, zq is a quasihomogeneous polynomial of degree 14. The surface
S16 is singular at pz :“ r0 : 0 : 1 : 0s of type 1

5
p4, 3q and at Q1 :“ r0 : 1 : 0 : ´1s

and Q2 :“ r0 : 1 : 0 : 1s of type 1
4
p1, 1q. Note that both these singular points lie on

the curve Cx which is isomorphic to the variety given by pt` a1y
2qpt` a2y

2q “ 0
in Pp4, 5, 8q, where a1, a2 are distinct non-zero complex numbers. Thus we have

Cx “ L1 ` L2

where Li is given by x “ t ` aiy
2 “ 0 in Pp4, 5, 8q. In particular, Cx is smooth

at the points Q1, Q2 and is singular at pz. We have the following intersection
numbers

L1 ¨ L2 “
2

5
, L2

i “ ´
7

20
, Cx ¨ Li “

1

20
, C2

x “
1

10
.

Proposition 4.38. Let D be an effective Q-divisor on S such that

D „Q ´KS16 .

Let D “ αL1 ` βL2 `∆, where α and β are non-negative constants and ∆ is an
effective Q divisor on the surface S whose support does not contain the curves L1

and L2. Let λ “ 40
39

. Then the log pair pS16, λDq is log canonical.

Since L2 Ć Suppp∆q, we have

2

5
α “ αL1 ¨ L2 ď pD ´ βL2q ¨ L2 “

1

10
`

7

20
β.

It implies that

α ď
1

4
`

7

8
β. (4.22)

This will come in handy for computations later.
We will now bound the values of α and β. Consider

2Cx ´ uL2 “ 2L1 ` p2´ uqL2.

Note that since L2
2 ă 0, in order for the divisor 2Cx´ uL2 to be pseudo-effective,

we have u ď 2. By multiplying the above equation by L1, we have

p2Cx ´ uL2q ¨ L1 “
1

10
´

2

5
u.

Thus 1
4
ě u implies that 2Cx ´ uL2 is nef. For the case that 2 ě u ě 1

4
, we have

2Cx ´ uL2 “ p2´ uq

ˆ

8

7
L1 ` L2

˙

`
8u´ 2

7
L1.
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Thus

volp2Cx ´ uL2q “

$

’

&

’

%

´
7

20
u2 ´

1

5
u`

2

5
for 0 ď u ď

1

4
,

3

28
p2´ uq2 for

1

4
ď u ď 2.

We have

β ď
1

p´KXq
2

ż 2

0

volp2L1 ` p2´ uqL2q du` εk

“
5

2

ˆ
ż 1

4

0

´
7

20
u2
´

1

5
u`

2

5
du`

ż 2

1
4

3

28
p2´ uq2 du

˙

` εk,

“
5

2

ˆ

353

3840
`

49

256

˙

` εk “
17

24
` εk.

Similar computations show that α ď 17
24
` εk. This implies that λα ă 1 and

λβ ă 1.
Let us now prove Proposition 4.38.

Lemma 4.39. The log pair pS16, λDq is log canonical along S16zCx.

Proof. Suppose the log pair pS16, λDq is not log canonical at a point p P S16zCx.
This implies that p is a smooth point of the surface S16. Note that Cy is isomorphic
to the variety given by

t2 ` xz3
` x2f14px, 0, zq “ 0 (4.23)

in Pp1, 5, 8q. Since the quasihomogeneous polynomial (4.23) has the monomial
term xz3, it is irreducible. It implies that Cy is irreducible. Write

D “ bCy ` Ω

where b is a nonnegative real number and Ω is an effective Q-divisor such that
Cy Ć SupppΩq. From Corollary 4.23, we see that b ď 1

5
and this implies that

λb ă 1.
We know that multppCyq ď 2. Suppose that Cy is smooth at p, that is

multppCyq “ 1. Then we have

1

λ
ă Ω ¨ Cy “ pD ´ bCyq ¨ Cy “

4

5
´

8

5
b.

This implies that b ă 0 and this is a contradiction. Thus we have multppCyq “ 2.
Since p is a smooth point of S16, we have that

1

λ
ă multppDq “ multppbCy ` Ωq “ 2b`multppΩq

.
Using this we have,

ˆ

1

λ
´ 2b

˙

2 ă multppΩqmultppCyq ď Ω ¨ Cy “
4

5
´

8

5
b.

88



This implies that
ˆ

2

λ
´

4

5

˙

ă b ď
1

5
.

From this we have 25
16
ă λ “ 5

4
, which is absurd.

Lemma 4.40. The log pair pS16, λDq is log canonical along Cxz SingpS16q.

Proof. We consider the case that p P Cxz SingpS16q. Without loss of generality
we can assume that p P L1. Then the log pair

pS16, λαL1 ` λ∆q

is not log canonical at p. Since λα ă 1, using Corollary 2.7 we get that

1

λ
ă ∆ ¨ L1 “ pD ´ αL1 ´ βL2q ¨ L1 ă

1

10
`

7α

20

Thus we have 20
7
p 1
λ
´ 1

10
q ă α ď 1

5
. This is a contradiction.

Now we will prove that the log pair pS16, λDq is log canonical at the singular
points of S16.

Lemma 4.41. The log pair pS16, λDq is log canonical at Q1 and Q2.

Proof. Observe that Q1 and Q2 lie on one of the components of Cx. Since Q1 and
Q2 are both of type 1

4
p1, 1q, the following proof works for both singular points.

Without loss of generality, we may assume that Q1 P L1. Suppose that the log
pair pS16, λαL1 ` λ∆q is not log canonical at Q1.

Since αL1 ă 1, using Lemma 2.12 and the inequality (4.22), we get that

1

4λ
ă p∆ ¨ L1qQ ď ∆ ¨ L1 “ pD ´ αL1 ´ βL2q ¨ L1

“

ˆ

1

10
`

7

20
α ´

2

5
β

˙

ď

ˆ

1

10
`

7

20

ˆ

1

4
`

7β

20

˙

´
2

5
β

˙

“
3

16

ˆ

1´
β

2

˙

.

This implies that β ă 0, which is absurd.

Lemma 4.42. The log pair pS16, λDq is log canonical at the point pz .

Proof. Suppose that the log pair pS16, λDq is not log canonical at the point pz.
Since pz P L1 X L2, L1, L2 are smooth at pz and λα ă 1, λβ ă 1, using Lemma
2.12, we have

1

5λ
ă pD ´ αL1q ¨ L1 “ pβL2 `∆q ¨ L1 “

7α

20
`

1

10
, (4.24)

1

5λ
ă pD ´ βL2q ¨ L2 “ pαL1 `∆q ¨ L2 “

7β

20
`

1

10
. (4.25)
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These inequalities will come in handy in the computations that follow.
Let π : rS16 Ñ S16 be the weighted blow-up at pz with weights wtpyq “ 4 and

wtptq “ 3. Then we have

K
rS16
„Q π

˚pKS16q `
2

5
E, rD „Q π

˚pDq ´mE,

rL1 „Q π
˚pL1q ´

3

5
E, rL2 „Q π

˚pL2q ´
3

5
E,

where E is the exceptional divisor of π. The log pair

ˆ

rS16, λ rD `

ˆ

λm´
2

5

˙

E

˙

is not log canonical at some point q P E.
In order to bound the value of m, we will compute the volume of the pseudo-

effective divisor π˚p´KS16q ´ uE. This is given by

π˚p2Cxq ´ uE „Q 2rL1 ` 2rL2 `

ˆ

12

5
´ u

˙

E.

Since rL1 and rL2 are negative definite τpEq “ 12
5

. This divisor is nef when u P r0, 2
5
s

and the Zariski Decomposition of the divisor when u P r2
5
, 12

5
s is given by

2rL1 ` 2rL2 `

ˆ

12

5
´ u

˙

E “
´

rL1 ` rL2 ` E
¯

ˆ

12

5
´ u

˙

`

ˆ

u´
2

5

˙

´

rL1 ` rL2

¯

.

Using this we then have

volpπ˚p´KS16q´uEq “

$

’

’

&

’

’

%

pπ˚p´KS16q ´ uEq
2 “

2

5
´

5

12
u2 for 0 ď u ď

2

5
,

´

rL1 ` rL2 ` E
¯2

ˆ

12

5
´ u

˙2

“
1

60

ˆ

12

5
´ u

˙2

for
2

5
ď u ď

12

5
.

Then

m ď
1

p´KS16q
2

ż τpEq

0

volp´KS16 ´ uEq du` εk “
14

15
` εk.

It implies that λm´ 2
5
ă 1. The point q P E is of type 1

r
pa, bq where r ď 4. Since

rLi ¨ E “
1
4
, rLi X E is the point with type 1

4
p1, 1q.

Suppose q P EzprL1Y rL2q. Then q is either a smooth point or a singular point
of type 1

3
p1, 1q.

Since we have that the log pair prS16, λr∆` pλm´
2
5
qEq is not log canonical at

q and
`

λm´ 2
5

˘

ă 1, using Lemma 2.12, we get

1

3λ
ă

1

rλ
ă r∆ ¨ E “

5m

12
´
α

4
´
β

4
.
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From (4.24), this gives a contradiction, thus showing that q P rL1 X rL2 XE. Note

that E X rL1 “ E X rL2 and hence this is the only remaining position of the point
q.

Then we have that the log pair prS16, λαrL1 ` βrL2 ` λr∆ ` pλm ´ 2
5
qEq is not

log canonical at q. Since λα ă 1, we can use Lemma 2.12 on rL1, and we get that

1

4
ă

ˆ

λβrL2 ` λr∆` pλm´
2

5
qE

˙

¨ rL1 “ λ

ˆ

1

10
`
α

2

˙

´
1

10
. (4.26)

This implies that α ą 7
10λ
´ 1

5
. Similarly, using Lemma 2.12, we get that β ą

7
10λ
´ 1

5
.

Again using Lemma 2.12, we get that

1

4λ
ă

´

αrL1 ` βrL2 ` r∆
¯

¨ E “
5m

12
.

Note that we don’t get a contradiction in this case and thus we will consider a
weighted blow-up π2 : pS16 Ñ S16 at pz with different weights, that is, let wtpyq “ 1
and wtpzq “ 2. From this we have

K
pS16
„Q π

˚
2 pKS16q ´

2

5
F, pD „Q π

˚
2 pDq ´ nF,

pL1 „Q π
˚
2 pL1q ´

2

5
F, pL2 „Q π

˚
2 pL2q ´

2

5
F,

where F is the exceptional divisor of π2. The log pair
ˆ

pS16, λ
´

αpL1 ` βpL2 ` p∆
¯

`

ˆ

λn`
2

5

˙

F

˙

is not log canonical at some point q P F .
We will now bound n using Corollary 4.23 for the divisor π˚2 p´KpS16

q ´ uF .

π˚2 p´KpS16
q ´ uF „Q 2pL1 ` 2pL2 `

ˆ

8

5
´ u

˙

F.

Since pL1 and pL2 are negative definite we have τpF q “ 8
5
. This divisor is nef when

u P r0, 1
10
s. Therefore, the Zariski decomposition of the divisor when u P r 1

10
, 8

5
s

is given by

π˚2 p´KpS16
q´uF “

ˆ

32

15
´

4u

3

˙

´

pL1 ` pL2

¯

`

ˆ

8

5
´ u

˙

F`

ˆ

4u

3
´

2

15

˙

´

pL1 ` pL2

¯

.

We also have

volp´KS16´uF q “

$

’

’

’

&

’

’

’

%

p´KS16 ´ uF q
2 “

2

5
´

5

2
u2 for 0 ď u ď

1

10
ˆ

4

3
pL1 `

4

3
pL2 ` F

˙2 ˆ8

5
´ u

˙2

“
1

30

ˆ

8

5
´ u

˙2

for
1

10
ď u ď

8

5
.

Then

n ď
1

p´KS16q
2

ż τpF q

0

volp´KS16 ´ uF q du` εk “
17

30
` εk.
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It implies that λn` 2
5
ă 1.

If q P F z
´

pL1 Y pL2

¯

, then we have that the log pair
´

pS16, λp∆`
`

λn` 2
5

˘

F
¯

is not log canonical at the point q. Using Lemma 2.12, we get

1

2λ
ă p∆ ¨ F “

5n

2
´ α ´ β

This, along with (4.26) and (4.22) give a contradiction.

Therefore, F P pL1 Y pL2. Without loss of generality, let us assume that q P

F Y pL1. Then the log pair
´

pS16, λ
´

αpL1 ` p∆
¯

`
`

λn` 2
5

˘

F
¯

is not log canonical

at q. Using Lemma 2.12, we get

1

λ
ă

´

αpL1 ` p∆
¯

¨ F “
5n

2
´ β

Again, this using the inequalities in (4.26) and (4.22) give a contradiction. This
completes the proof of our claim.

This completes the proof of Proposition 4.38 and thus by Theorem 2.25, sur-
face S16 is K-polystable.

4.2.2.6 S18 in Pp1, 4, 6, 9q

Let S18 be a quasismooth weighted hypersurface of degree 18 in Pp1, 4, 6, 9q. By
a suitable coordinate change S18 is given by a quasihomogeneous polynomial

t2 ` z3
` y3z ` xfpx, y, zq “ 0

where fpx, y, zq is a quasihomogeneous polynomial of degree 17. The singular
points of the surface are py, r0 : ´1 : 1 : 0s, r0 : 0 : ´1 : 1s, of types 1

4
p1, 1q,

1
2
p1, 1q and 1

3
p1, 1q respectively. Note that all the singular points lie on Cx which

is isomorphic to the variety given by the quasihomogeneous polynomial

t2 ` z3
` y3z “ 0

in Pp4, 6, 9q. From this we can check that Cx is quasismooth.

Proposition 4.43. Let D be an effective Q-Cartier divisor of S18 such that D „Q
´KS18. We can write that

D “ aCx `∆

where a is non-negative rational number and ∆ is an effective Q-divisor such
that Cx Ć Suppp∆q. Let λ “ 4

3
and a ď 3

4
. Then the log pair pS18, λDq is log

canonical.

Corollary 4.44. δpS18q ě
4
3
.

Let us now prove Proposition 4.43.

Lemma 4.45. The log pair pS18, λDq is log canonical along S18zCx.
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Proof. Suppose that the log pair pS18, λDq is not log canonical at some point
p P S18zCx. This implies that the point p is a smooth point of the surface.
By a suitable coordinate change we can assume that p “ px. Note that Cy is
isomorphic to the variety given by the equation

t2 ` a1x
9t` z3

` a2x
6z2
` a3x

12z “ 0

in Pp1, 6, 9q where a1, a2 and a3 are constants. It is irreducible and multppCyq ď 2.
Write

D “ bCy ` Ω

where b is non-negative constant and Ω is an effective Q-divisor such that Cy Ć
SupppΩq. From Corollary 4.23, we have that b ď 1

5
.

If multppCyq “ 1 then, by Corollary 2.7 we have

1 ă λΩ ¨ Cy “ λ pD ´ bCyq ¨ Cy “
8

9
´

16

9
b.

This implies that b ă 0.
Thus multppCyq “ 2. Then we have

8

3
´

16

3
b ă multppλΩqmultppCyq ď λΩ ¨ Cy “

8

9
´

16

9
b.

It implies that 1
2
ă b. By Corollary 4.23, it is impossible. Therefore the log pair

pS18, λDq is log canonical along S18zCx.

Lemma 4.46. The log pair pS18, λDq is log canonical along Cx.

Proof. Suppose that the log pair pS18, λDq is not log canonical at some point
p P Cx. Then the singular point p is of type 1

r
pa, bq where r ď 4. Since λa ď 1,

by Lemma 2.12, we have

1

4λ
ď

1

rλ
ă ∆ ¨ Cx “ pD ´ aCxq ¨ Cx “

1

6
´

a

12
.

This implies that a ă 0 which is absurd. Thus the log pair pS, λDq is log canonical
along Cx.

This completes the proof of Proposition 4.43 and thus by Theorem 2.25, sur-
face S18 is K-polystable.

4.2.2.7 S22 in Pp1, 5, 7, 11q

Let S22 be a quasismooth weighted hypersurface in Pp1, 5, 7, 11q of degree 22. By
a suitable coordinate change S22 is given by a quasihomogeneous polynomial

t2 ` y3z ` xfpx, y, zq “ 0

where fpx, y, zq is a quasihomogeneous polynomial of degree 21. The surface
S22 is singular at points py and pz, with singularities of type 1

5
p1, 1q and 1

7
p5, 4q,

respectively. Note that both points lie on Cx which is isomorphic to the variety
given by the quasihomogeneous polynomial

t2 ` y3z “ 0

in Pp5, 7, 11q. From this we can check that Cx is irreducible and is singular at pz.
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Proposition 4.47. Let D be an effective Q-Cartier divisor of S22 such that D „Q
´KS22. We can write that

D “ aCx `∆

where a is non-negative rational number and ∆ is an effective Q-divisor such that
Cx Ć Suppp∆q. Suppose that a ď 353

504
and let λ “ 18

17
. Then the log pair pS22, λDq

is log canonical.

Corollary 4.48. δpS22q ě
18
17

.

Let us now prove Proposition 4.47.

Lemma 4.49. The log pair pS22, λDq is log canonical along S22zCx.

Proof. Suppose that the log pair pS22, λDq is not log canonical at some point
p P S22zCx. This implies that the point p is a smooth point of the surface. By a
suitable coordinate change we can assume that p “ px. Let L be the linear system
that is given by αx2y` βz “ 0 with rα : βs P P1. Since the base locus of L is the
finite points set, there is an effective divisor M P L such that M Ć SupppDq. We
have the inequality

1 ă λD ¨M “
72

85
.

It is impossible. Therefore the log pair pS22, λDq is log canonical along S22zCx.

Lemma 4.50. The log pair pS22, λDq is log canonical along Cxztpzu.

Proof. Suppose that the log pair pS22, λDq is not log canonical at some point
p P Cxztpzu. Then the point p is of type 1

r
pa, bq where r ď 5. Since λa ă 1, by

Corollary 2.7, we have

1

5
ď

1

r
ă λ∆ ¨ Cx “ λpD ´ aCxq ¨ Cx “

72

595
´

36

595
a.

It implies that a ă 0 which is impossible. Thus the log pair pS, λDq is log
canonical along Cxztpzu.

Lemma 4.51. The log pair pS22, λDq is log canonical at pz.

Proof. Let π : rS22 Ñ S22 be the weighted blow-up at pz with weights wtpyq “ 2
and wtptq “ 3. Then we have

K
rS22
„Q π

˚
pKS22q ´

2

7
E, rD „Q π

˚
pDq ´mE, rCx „Q π

˚
pCxq ´

6

7
E

where E is the exceptional divisor of π. From the above equations we obtain

K
rS22
` λD̄ `

ˆ

λm`
2

7

˙

E „Q π
˚
pKS22 ` λDq .

Then the log pair
´

rS22, λ rD `
`

λm` 2
7

˘

E
¯

is not log canonical at some point

q P E.
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We have the following intersection numbers:

E2
“ ´

7

6
, rC2

x “ ´
4

5
, rD ¨ rCx “

4

35
´m, rD ¨ E “

7

6
m.

Meanwhile, the inequality

0 ď r∆ ¨ rCx “ p rD ´ a rCxq ¨ rCx “
4

35
´m`

4

5
a

implies that

m ď
4

35
`

4

5
a. (4.27)

If q P rCx then, by Corollary 2.7 we have the following inequality.

1 ă

ˆ

λr∆`
`

λm`
2

7

˘

E

˙

¨ rCx “ λ

ˆ

4

35
`

4

5
a

˙

`
2

7
ď 1,

which is absurd. Thus q R rCx.
The point q P Ez rCx is of type 1

r
pa, bq with r ď 3. Since λm ` 2

7
ď 1, by

Corollary 2.7 and the inequality (4.27) we have the following:

1

3λ
ď

1

rλ
ă r∆ ¨ E “

7

6
m´ a ď

2

15
´

a

15
.

This implies that a ă 0, which is absurd. Thus the log pair pS22, λDq is log
canonical at pz.

This completes the proof of Proposition 4.47 and thus by Theorem 2.25, sur-
face S22 is K-polystable.

4.2.2.8 S30 in Pp1, 6, 10, 15q

Let S30 be a quasismooth weighted hypersurface in Pp1, 6, 10, 15q of degree 30.
By a suitable coordinate change S30 is given by a quasihomogeneous polynomial

t2 ` z3
` y5

` xfpx, y, zq “ 0

where fpx, y, zq is a quasihomogeneous polynomial of degree 29. The surface is
singular at points r0 : ´1 : 1 : 0s (of type 1

2
p1, 1q), r0 : ´1 : 0 : 1s (of type 1

3
p1, 1q),

r0 : 0 : ´1 : 1s (of type 1
5
p1, 1qq. Observe that all the singular points lie on

the curve Cx which is isomorphic to the variety given by the quasihomogeneous
polynomial

t2 ` z3
` y5

“ 0

in Pp6, 10, 15q. From this equation of Cx, we can check that Cx is quasismooth.

Proposition 4.52. Let D be an effective Q-Cartier divisor of S30 such that D „Q
´KS30. We can write that

D “ aCx `∆

where a is non-negative rational number and ∆ is an effective Q-divisor such that
Cx Ć Suppp∆q. Suppose a ď 3

4
and let λ “ 4

3
. Then the log pair pS30, λDq is log

canonical.
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Corollary 4.53. δpS30q ě
4
3
.

Let us now prove Proposition 4.52.

Lemma 4.54. The log pair pS30, λDq is log canonical along S30zCx.

Proof. Suppose that the log pair pS30, λDq is not log canonical at some point
p P S30zCx. This implies that the point p is a smooth point of the surface. By a
suitable coordinate change we can assume that p “ px. Let L be the linear system
that is given by αx4y` βz “ 0 with rα : βs P P1. Since the base locus of L is the
finite points set, there is an effective divisor M P L such that M Ć SupppDq. We
have the inequality

1 ă λD ¨M “
8

9
.

It is impossible. Therefore the log pair pS30, λDq is log canonical along S30zCx.

Lemma 4.55. The log pair pS30, λDq is log canonical along Cx.

Proof. Suppose that the log pair pS30, λDq is not log canonical at some point
p P Cx. Then the point p is of type 1

r
pa, bq where r ď 5. Since λa ď 1, by

Lemma 2.12, we have the inequality

1

5λ
ď

1

rλ
ă ∆ ¨ Cx “ pD ´ aCxq ¨ Cx “

ˆ

1

15
´

1

30
a

˙

.

It implies that a ă 0. It is impossible. Thus the log pair pS, λDq is log canonical
along Cx.

This completes the proof of Proposition 4.52 and thus by Theorem 2.25, sur-
face S30 is K-polystable. .

4.2.2.9 S36 in Pp1, 7, 12, 18q

Let S36 be a quasismooth weighted hypersurface in Pp1, 7, 12, 18q of degree 36.
By a suitable coordinate change S36 is given by a quasihomogeneous polynomial

t2 ` z3
` xfpx, y, zq “ 0

where fpx, y, zq is a quasihomogeneous polynomial of degree 35. The surface S36

is singular at points py and r0 : 0 : ´1 : 1s, of type 1
7
p2, 3q and 1

6
p1, 1q respectively.

Observe that both points lie on the curve Cx, which is isomorphic to the variety
given by the quasihomogeneous polynomial

t2 ` z3
“ 0

in Pp7, 12, 18q. From this we can check that Cx is irreducible and singular at py.

Proposition 4.56. Let D be an effective Q-Cartier divisor of S36 such that D „Q
´KS36. We can write that

D “ aCx `∆

where a is non-negative rational number and ∆ is an effective Q-divisor such
that Cx Ć Suppp∆q. Suppose also that a ď 11

16
and let λ “ 8

7
. Then the log pair

pS36, λDq is log canonical.
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Corollary 4.57. One has δpSq ě 8
7
.

Let us now prove Proposition 4.56.

Lemma 4.58. The log pair pS36, λDq is log canonical along S36zCx.

Proof. Suppose that the log pair pS36, λDq is not log canonical at some point
p P S36zCx. This implies that the point p is a smooth point of the surface. By a
suitable coordinate change we can assume that p “ px. Let L be the linear system
that is given by αx5y` βz “ 0 with rα : βs P P1. Since the base locus of L is the
finite points set, there is an effective divisor M P L such that M Ć SupppDq. We
have the inequality

1 ă λD ¨M “
32

49
.

It is impossible. Therefore the log pair pS36, λDq is log canonical along S36zCx.

Lemma 4.59. The log pair pS36, λDq is log canonical along Cxztpyu.

Proof. Suppose that the log pair pS36, λDq is not log canonical at some point
p P Cxztpyu. Then the point p is of type 1

r
pa, bq where r ď 6. Since λa ď 1, by

Corollary 2.7, we have the inequality

1

6
ď

1

r
ă λ∆ ¨ Cx “ λpD ´ aCxq ¨ Cx “ λ

ˆ

1

21
´

1

42
a

˙

.

It implies that a ă 0. It is impossible. Thus the log pair pS, λDq is log canonical
along Cxztpyu.

Lemma 4.60. The log pair pS36, λDq is log canonical at py.

Proof. Let π : rS36 Ñ S36 be the weighted blow-up at py with weights wtpzq “ 2
and wtptq “ 3. Then we have

K
rS36
„Q π

˚
pKS36q ´

2

7
E, rD „Q π

˚
pDq ´mE, rCx „Q π

˚
pCxq ´

6

7
E

where E is the exceptional divisor of π. From above equations we obtain

K
rS36
` λ rD `

ˆ

λm`
2

7

˙

E „Q π
˚
pKS36 ` λDq .

Then the log pair
´

rS36, λ rD `
`

λm` 2
7

˘

E
¯

is not log canonical at a point q P E.

We have the following intersection numbers:

E2
“ ´

7

6
, rC2

x “ ´
5

6
, rD ¨ rCx “

1

21
´m, rD ¨ E “

7

6
m.

Meanwhile, the inequality

p rD ´ a rCxq ¨ rCx “
1

21
´m`

5

6
a ě 0
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implies that
1

21
`

5

6
a ě m. (4.28)

If q P rCx then, by Corollary 2.7 we have the following inequality.

1 ă rCx ¨

ˆ

λr∆`
`

λm`
2

7
E
˘

˙

“ λ

ˆ

1

21
`

5

6
a

˙

`
2

7
ď

195

196
,

which is absurd. Thus q R rCx.
Since q P Ez rCx, we have that the log pair prS36, λr∆ ` pλm ` 2

7
Eqq is not log

canonical at q. The point q is a point of type 1
r
pa, bq with r ď 3. Since λm` 2

7
ď 1,

by Corollary 2.7 and the inequality (4.28) we have the following:

1

3λ
ď

1

rλ
ă r∆ ¨ E “

`

rD ´ a rCx
˘

¨ E “
7

6
m´ a ď

1

18
´

a

36
,

which implies that a ă 0. Thus the log pair pS36,
8
7
Dq is log canonical at py.

This completes the proof of Proposition 4.56 and thus by Theorem 2.25, sur-
face S36 is K-polystable. .

4.2.2.10 S40 in Pp1, 8, 13, 20q

Let S40 be a quasismooth weighted hypersurface in Pp1, 8, 13, 20q of degree 40.
By a suitable coordinate change S40 is given by a quasihomogeneous polynomial

t2 ` y5
` xfpx, y, zq “ 0

where fpx, y, zq is a quasihomogeneous polynomial of degree 39. The surface S40

is singular at points pz of type 1
13
p2, 5q and at Q :“ r0 : ´1 : 0 : 1s of type 1

4
p1, 1q.

Note that the hyperplane section Cx that is cut out by the equation x “ 0 in S,
is isomorphic to the variety given by the quasihomogeneous polynomial

t2 ` y5
“ 0

in Pp8, 13, 20q, and contains both the singular points of the surface S40. From the
equation of Cx we can also check that Cx is irreducible and singular at pz.

Proposition 4.61. Let D be an effective Q-Cartier divisor of S40 such that D „Q
´KS40. We can write that

D “ aCx `∆

where a is non-negative rational number and ∆ is an effective Q-divisor such that
Cx Ć Suppp∆q. Suppose that a ď 11

16
and λ “ 79

78
. Then the log pair pS, λDq is log

canonical.

Corollary 4.62. δpS40q ě
79
78

.

Let us now prove Proposition 4.61.

Lemma 4.63. The log pair pS40, λDq is log canonical along S40zCx.
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Proof. Suppose that the log pair pS40, λDq is not log canonical at some point
p P S40zCx. This implies that p is a smooth point of the surface. By a suitable
coordinate change we can assume that p “ px. Let L be the linear system that is
given by αx5y ` βz “ 0 with rα : βs P P1. Since the base locus of L is the finite
points set, there is an effective divisor M P L such that M Ć SupppDq. We have
the inequality

1 ă λD ¨M “
79

156
.

It is impossible. Therefore the log pair pS40, λDq is log canonical along S40zCx.

Lemma 4.64. The log pair pS40, λDq is log canonical along Cxztpzu.

Proof. Suppose that the log pair pS40, λDq is not log canonical at some point
p P Cxztpzu. Then the point p is of type 1

r
pa, bq where r ď 4. Since λa ď 1, by

Corollary 2.7, we have the inequality

1

4
ď

1

r
ă λ∆ ¨ Cx “ λpD ´ aCxq ¨ Cx “ λ

ˆ

1

26
´

a

52

˙

.

It implies that a ă 0. It is impossible. Thus the log pair pS, λDq is log canonical
along Cxztpzu.

Lemma 4.65. The log pair pS40, λDq is log canonical at pz.

Proof. Let π : rS40 Ñ S40 be the weighted blow-up at pz with weights wtpyq “ 2
and wtptq “ 5. Then

K
rS40
„Q π

˚
pKS40q ´

6

13
E, rD „Q π

˚
pDq ´mE, rCx „Q π

˚
pCxq ´

10

13
E.

where m is a non-negative constant and E is the exceptional divisor of π.
From the above equations, we have

K
rS40
` λ rD `

ˆ

λm`
6

13

˙

E „Q π
˚
pKS40 ` λDq .

Then the log pair
´

rS40, λ rD `
`

λm` 6
13

˘

E
¯

is not log canonical at some q P E.

We have the following intersection numbers:

E2
“ ´

13

10
, C̃2

x “ ´
3

4
, D̃ ¨ C̃x “

1

26
´m, D̃ ¨ E “

13

10
m.

By Corollary 4.23 we have a ď 3
4

for k " 1. To find a bound of the constant
m we compute the volume of the pseudoeffective divisor π˚p´KS40q ´ uE where
u is a non-negative real number. Consider

π˚p´KS40q ´ uE „Q 2 rCx `

ˆ

20

13
´ u

˙

E.

Since rC2
x ă 0, we have τpEq “ 20

13
, and volpπ˚p´KS40q ´ uEq “ 0 for u ą τpEq.

Since
ˆ

2 rCx `

ˆ

20

13
´ u

˙

E

˙

¨ rCx “
1

26
´ u,
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π˚p´KS40q ´ uE is nef for 0 ď u ď 1
26

. Thus we have

volpπ˚p´KS40q ´ uEq “ pπ
˚
p´KS40q ´ uEq

2
“

1

13
´

13

10
u2

for 0 ď u ď 1
26

. We consider the case when 1
26
ď u ď τpEq. Since

ˆ

20

13
´ u

˙ˆ

4

3
C̃x ` E

˙

¨ C̃x “ 0,

the Zariski decomposition of π˚p´KS40q ´ uE, in this interval, is
ˆ

20

13
´ u

˙ˆ

4

3
C̃x ` E

˙

`

ˆ

´
2

39
`

4

3
u

˙

C̃x.

From this we have

volpπ˚p´KS40q ´ uEq “

ˆ

20

13
´ u

˙2 ˆ
4

3
C̃x ` E

˙2

“

ˆ

20

13
´ u

˙2
1

30
.

Consequently, we have

m ď
1

p´KS40q
2

ż 20
13

0

volpπ˚p´KS40q ´ uEq du` εk

“ 13

˜

ż 1
26

0

1

13
´

13

10
u2 du`

ż τpEq

1
26

ˆ

20

13
´ u

˙2
1

30
du

¸

` εk “
41

78
` εk

where εk is a small constant depending on k such that εk Ñ 0 as k Ñ 8. For
k " 1 we can assume that

m ď
42

79
.

It implies that λm` 6
13
ď 1.

Meanwhile, the inequality

p rD ´ a rCxq ¨ rCx “
1

26
´m`

3

4
a ě 0

implies that
1

26
`

3

4
a ě m.

If q P rCx then Corollary 2.7 we have

1

λ
ă rD ¨ E “

13

10
ď

13

10

ˆ

1

26
`

3

4
a

˙

.

This contradicts 0 ď a ď 11
16

. Thus q R C̃x. Thus the log pair
´

rS40, λr∆`
`

λm` 6
13

˘

E
¯

is not log canonical at the point q P EzC̃x.
Since the point q is of type 1

r
pa, bq with r ď 5, by Corollary 2.7 and the above

inequality, we have

1

5λ
ď

1

rλ
ă r∆ ¨ E “

13

10
m´ a ď

1

20
´

a

40
.

It is impossible. Therefore the log pair pS40, λDq is log canonical at pz.

This completes the proof of Proposition 4.61 and thus by Theorem 2.25, sur-
face S40 is K-polystable.
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4.3 Existence of polar cylinders

In Section 4.3, we explicitly construct H-polar cylinders for any ample divisor H
on a del Pezzo surface S with du Val singular points.

Recall from Theorem 1.4, that we have a complete description of the existence
of p´KSq-polar cylinders on del Pezzo surfaces with du Val singularities. We
consider the surfaces on which p´KSq-polar cylinders exist and in this Section,
we prove

Theorem 4.66. (Also Main Result 4) Let S be a del Pezzo surface with at least
1 singular point of type E6, E7, E8, D4, D5, D6, D7 or A7. Then S has a
H-polar cylinder for any ample divisor H ı ´KS on S.

4.3.1 Foundations

4.3.1.1 Ample divisors on surface S

Suppose S is a del Pezzo surface with du Val singular points and H is an ample
divisor on S.

Let us denote the type of singularity on S by Type(S). Take φ : S̃ Ñ S to be
the minimal resolution of the surface and let #pSq be the number of p´1q-curves
on the surface S.

Then, observe that the surface S is completely determined by the Type(S)
and #pSq, which are in fact finite.

Adopting the required terminology from [CP21], consider the following.

Definition 13. An irreducible curve L Ă S is a line if L “ φprLq for a p´1q-curve
rL Ă rS.

We now recall some of the useful results that will help us in describing the
ample divisors on S.

Lemma 4.67. [CP21, Lemma 2.8] Suppose that the degree of S is d ď 7. For
any singular point of S there is a line passing through it.

Lemma 4.68. [CP21, Lemma 2.9] Suppose that d ď 7, where d is the degree of
the surface S. Then the following assertions hold.

1. The group ClpSq is generated by the classes of lines in S.

2. If ρpSq “ 1 and S contains two distinct lines L and L
1

, then L  L
1

and
L „Q L

1

.

3. Every extremal ray of the Mori cone NEpSq is generated by the class of
a line.

4. For every effective divisor D P ClpSq, there are a0, a1, . . . , ar P Zě0 such
that

D „ a0p´KSq `

r
ÿ

i“1

aiLi

where L1, . . . , Lr are lines in S, r “ #pSq, and a0 “ 0 if d ‰ 1.
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Corollary 4.69. [CP21, Corollary 2.10] One has #pSq ě ρpSq. Moreover, if
#pSq “ ρpSq, then ClpSq is torsion free, and every line in S generates an extremal
ray of the Mori cone NEpSq.

Observe that a line L on the surface S generates an extremal ray of NEpSq
ðñ L2 ď 0.

Lemma 4.70 ([M85, Proposition 1.2],[P01, § 7.1]). Let S be a surface that has
Du Val singularities, and let ψ : S Ñ Y be an extremal Mori contraction. Then
one of the following holds:

1. either ψ is a weighted blow up of a smooth point in Y with weights p1, nq,
the exceptional curve E is smooth and rational, one has E2 “ ´ 1

n
, and

E X SingpSq consists of one point which is of type An´1 on S;

2. or ψ is a conic bundle, one has ´KS ¨ F “ 2 and Fred – P1 for any its
scheme fiber F , and if F is not reduced, then one of the following three
cases holds:

• F X SingpSq consists of two singular points of type A1;

• F X SingpSq consists of one singular point of type A3;

• F X SingpSq consists of one singular point of type Dn, where n ě 4.

In the case 1, we say that ψ is a p1, nq-contraction.

Applying this lemma to our du Val del Pezzo surface S, we get

Corollary 4.71. [CP21, Corollary 2.13] Let E be an irreducible curve on S
such that E2 ă 0. Then E is a line on S, and E is an exceptional divisor of
a p1, nq-contraction for some n ě 1.

Corollary 4.72. [CP21, Corollary 2.14] Suppose there exists a birational mor-
phism ψ : S Ñ Y that is a p1, nq-contraction, and let E be the exceptional curve
of the morphism ψ. Then

• the point ψpEq is a smooth point of the surface Y ;

• Y is a Du Val del Pezzo surface, K2
Y “ d` n and ρpY q “ ρpSq ´ 1;

• the point ψpEq is not contained in a line in Y .

Corollary 4.73. [CP21, Corollary 2.15] Let ψ : S Ñ Y be a contraction of
a proper face of the cone NEpSq. Then

• either the morphism ψ is birational, Y is a Du Val del Pezzo surface, and
ψ contracts a disjoint union of lines on the surface S,

• or the morphism ψ is a conic bundle and Y – P1.
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Notations: If ψ is a birational contraction of a proper face of the cone NEpSq
that is generated by lines Li on S for i “ 1, .., pρpSq ´ 1q, then ample divisor H,
upto scaling, is given by

H ” ´KS `

ρpSq´1
ÿ

i“1

aiLi,

where ai are non-negative constants. These curves Li are mutually disjoint and
their intersection numbers are negative definite.

Note: Not all ai “ 0.
If the morphism ψ is a conic bundle, then, upto scaling,

H ” ´KS ` bC `

ρpSq´2
ÿ

i“1

aiLi,

where ai are non-negative constants, b is a positive constant, C is a generic fibre of
|C|; Li are mutually disjoint irreducible components of fibres of the conic bundle
given by |C| such that Li ¨ C “ 0.

Note: At least one of ai or b is non-zero.
In Subsection 4.3.2, given a surface S of Type(S), we will explicitly give

all possible descriptions of ample divisors H on S depending on the geometry
of S which in turn determines the existence of the lines Li on S. Using these
descriptions for H, we will then construct an example of a H-polar cylinder for
every case.

4.3.1.2 Constructing the cylinder

We will now describe the method used to construct a H-polar cylinder on a del
Pezzo surface S with at most du Val singular points where H is any ample divisor
on S such that H Ć R`r´KSs.

Step 1: Consider either F1 or F2 and take curves M, F1, , ... Fr where M is
the unique negative section on Fn, F1, ..., Fr are fibres of Fn, with r ď 4. Note
that we have

Fnz pM ` F1 ` ...` Frq – A1
ˆ pA˚qr´1 .

This is the cylinder that we are going to work with. Observe that this is a
cylinder on Fn. So we next birationally modify this cylinder, to give us the
required cylinder on the surface S.

Step 2: The birational modification of the curves can be described as below:

Si “ S̄
πi // Si´1 πi´1 // ...

π2 // S1 π1 // Fn “ S0

and where we denote π “ πi ˝ πi´1 ˝ ... ˝ π1.
Here, πj : Sj Ñ Sj´1 for 1 ď j ď r are the blow ups of points on fibres

F1, ... Fr of Fn and for r ` 1 ď j ď i, are the blow ups on the proper transforms
of these fibres F1, ... Fr.

To be explicit, we first blow up points on the fibres of Fn and then on the
proper transforms of these fibres, until we get the configuration of curves on S̄
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and we do this in such a way that we do not destroy the cylinder from Step 1.
This is achieved by performing these blow ups away from the negative section M .

Step 3: Now, observe that we can choose non-negative rational constants
α, β, γ, δ such that α ` β ` γ ` δ “ 3 (and α ` β ` γ ` δ “ 4) if n “ 1 (n “ 2
respectively) and thus have

´KFn ” 2M ` αF1 ` βF2 ` γF3 ` δF4.

After the birational modifications performed in Step 2, we then take the log
pullback of DFn . That is, we now have

´KS̄ ” π˚p´KFnq `

i
ÿ

k“1

bkCk

where bk are non-zero constants and Ck are p´1q or p´2q curves in the boundary/
complement of the cylinder in Step 1.

Step 4: Let Γ : S̄ Ñ S̃ be the blow down of curves Ck P S̄ such that we get
the configuration on S̃, which is the minimal resolution of S. For simplicity, we
will order the curves Ck such that Γ contracts Ck for 1 ď k ď m. This implies
that we have

´KS̃ ” Γ˚ pπ
˚
p´KFnqq `

i
ÿ

k“m`1

bkC̃k,

where C̃k are the proper transforms of Ck on S̃. A priori, the divisor ´KS̃ may
not be effective.

Remark 4.74. Note that Γ : S̄ Ñ S̃ could be identity.

Step 5: Since any ample divisor H on S is given by

H ” ´KS `

ρpSq´1
ÿ

l“1

Ll,

we choose the proper transforms of L̃l on S̃ to be boundary curves. That is,
for every 1 ď l ď ρpSq ´ 1 one can write L̃l „

ři
k“m`1 ck,lCk where ck,l are

non-negative constants, due to equivalence of fibres. Also, since S̃ is the minimal
resolution of S, we have

L̃l „ φ˚pLlq ´
i
ÿ

k“m`1

dk,lCk,

where dk,l are non-negative constants.
This then implies that we have

´KS̃ `

ρpSq´1
ÿ

l“1

alφ
˚
pLlq ” Γ˚ pπ

˚
p´KFnqq `

ρpSq´1
ÿ

l“1

˜

i
ÿ

k“m`1

pbk ` alpck,l ` dk,lqqC̃k

¸

.

This is done such that the divisor φ˚pHq “ ´KS̃ `
řρpSq´1
l“1 alφ

˚pLlq is effective.
Step 6: Next, let φ : S̃ Ñ S be the contraction of -2 curves among the curves

C̃k for m`1 ď k ď i. Since these curves are in the boundary of the cylinder from
Step 1, this then gives a H-polar cylinder on S.
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Remark 4.75. The cylinder that we obtain at the end of this process in Step 6,
is the same cylinder that we started with on Fn, in Step 1! This is because the
birational modifications from Step 2 to Step 5 are done carefully using curves in
the boundary of this cylinder, so that in the end this cylinder remains untouched.

This process is represented in the following diagram.

pS̄, DS̄q

π

��

Γ

%%

pS̃, DS̃q

φ

��
pFn, DFnq pS,DSq

where φ is the minimal resolution of the surface S, π is the blow up of the fibres
of Fn for n “ 0, 1 which results in S̄, and Γ are contractions of curves from S̄
to give S̃. Existence of such birational morphisms Γ and π shows that the given
surface S admits a H-polar cylinder since

A1
ˆ pA˚qpr´1q

“ FnzSuppp´KFnq – S̄zSuppppφ ˝ Γq˚pHqq – S̃zSupppφ˚pHqq

– SzSupppHq.

Reversability of construction: A subtle detail in the above construction,
is that the construction of curves on S̃ using pπ ˝ Γ˚q : S̃ Ñ Fn, is an example of
a construction of curves such that we get a H-polar cylinder for a given ample
divisor H on S. Therefore, we need to prove that given a surface S of a given
Type, we can always construct a cylinder as shown in each construction!

This is done, by taking the given surface S, its minimal resolution S̃, and
the exceptional curves of φ : S̃ Ñ S, and proving the existence of the remaining
curves on S̃, that form a part of the construction of the cylinder in each example.
That is, we prove that the construction obtained to get an example of a H-polar
cylinder in each case, is in fact reversable!

To illustrate the procedure described above, we will explicitly explain the steps
involved in constructing an example of H-polar cylinder when the surface has En
singular point and also prove that such an example can always be constructed,
given a surface S of Type En. These are in Section 4.3.2.1 and Section 4.3.2.2.

4.3.2 Proof of Main Result 4

In this section, we will give a detailed proof of Main Result 4 by explicitly con-
structing the cylinder on the surface, as described in Section 4.3.1.

For the remainder of this section, fix S to be a del Pezzo surface with at most
du Val singularities and let H be any ample divisor on S such that H ı ´KS.

How to read the Figures? The figures in this section describe the config-
uration of curves on S̃ or on S̄ (as mentioned under each figure.)
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• The proper transforms of the section M and fibres F1, F2, F3, F4 of Fn on S̃
(on S̄) are denoted by M̃, F̃1, F̃2, F̃3, F̃4 respectively (M̄, F̄1, F̄2, F̄3, F̄4

respectively).

• The proper transform of curves L, Li, C on S̃ are given by L̃, L̃i, C̃ and L̄, L̄i, C̄
on S̄, respectively .

• The exceptional curves of the blow up π : S̄ Ñ Fn (Step 2 described above) and
the subsequent blow down Γ : S̄ Ñ S̃ (Step 4 described above), are denoted by
E¬, E­, ...., Eµ on S̃ in the order of blow ups.

• The solid and dashed curves without superscripts are p´2q and p´1q curves re-
spectively; the solid curves with the circled numbers as superscripts have self
intersection given by p´circled numberq. That is, for example F̄ ¹

1 denotes the
curve F̄1 which is a p´4q-curve.

Note: Non-exceptional curves drawn in the Figures could intersect more curves
than as drawn in the corresponding configurations. The intersections that are
shown in the Figures are the ones required to prove that the example is indeed
H-polar. The rest of the intersections are not drawn in order to maintain clarity
of configurations.

4.3.2.1 E7 singular point

Suppose S has exactly one singular point and it is of type E7. Since we want S
such that ρpSq ě 2, the only possible surface is of degree 1. Using Lemma 4.70,
we can conclude that ψ is a (1,1) contraction of the birational type. Therefore,
any ample divisor H on S is given by

H ” ´KS ` aL

where L is a p´1q curve that does not pass through the singular point and 0 ă
a ă 1.

Take F2 with the (´2)-section given by M and 2 fibres F1 and F2. So the
cylinder that we consider on F2 is

F2z pM ` F1 ` F2q – A1
ˆ A˚.

We will now birationally modify this cylinder, such that this remains a cylinder
on the surface S. This birational modification can be described as follows:

S7 “ S̄ “ S̃
π7 // S6 π6 // ...

π2 // S1 π1 // F2 “ S0

Here, π1 : S1 Ñ F2 and π2 : S2 Ñ S1 are blow ups of points on the fibres F1

and F2, of F2 respectively. The morphisms πi for 3 ď i ď 7, are blow ups of points
on the proper transforms of F1 on Si´1. This gives the following configuration on
S̃.
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F̃1

E­ “ L̃

M̃

E¬ E®

F̃2

E¯

E°

E±

E²

Figure 4.1: S̃

Note that here the configuration on S̄ is the same as on S̃ and hence Γ : S̄ Ñ S̃
is an isomorphism.

We now prove that this cylinder is in fact a H-polar cylinder. Choose non-
negative constants α, β, such that

´KF2 ” 2M ` αF1 ` βF2,

where α ` β “ 4. After the blow ups described above, we get

´KS̃ ” 2M̃ ` βF̃2 ` αF̃1 ` pα ´ 1qE­ ` pβ ´ 1qE¬ ` p2β ´ 2qE®

` p2β ´ 3qE¯ ` p2β ´ 4qE° ` p2β ´ 5qE± ` p2β ´ 6qE².

We can now choose L̃ “ E­, where L̃ is the proper transform of L on S̃, since L
on S is a p´1q curve that does not pass through the singular point. That is, on
S, we choose L “ φpE­q. This then implies that we have,

φ˚pHq ” 2M̃ ` βF̃2 ` αF̃1 ` pα ´ 1` aqL̃` pβ ´ 1qE¬ ` p2β ´ 2qE®

` p2β ´ 3qE¯ ` p2β ´ 4qE° ` p2β ´ 5qE± ` p2β ´ 6qE².

Since a ą 0, this divisor is effective and hence the cylinder that we have con-
structed is an example of a H-polar cylinder, for any ample divisor H on S.

We will now prove that this cylinder can be obtained on any such given surface
S of Type E7.

That is, suppose S is a del Pezzo surface of degree 1 of Type E7 and H, an
ample divisor on S. Then as explained above, H ” ´KS`aL, for L a p´1q curve
on S that does not pass through the singular point and 0 ă a ă 1.

Then on S̃, the minimal resolution of S, we have the curves M̃, F̃2, E¬, E®, E¯,
E°, E±, as these are the exceptional curves of the blow up φ : S̃ Ñ S. We also
have the curve E­ as in the configuration above, as this is L̃ “ φ˚pLq, the proper
transform of L on S̃.

So, in order to get the complete configuration in Fig. 4.1, we need to prove
the existence of the curves F̃1 and E², as in the configuration.
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Observe that F̃1 is the proper transform of the anticanonical curve C P |´KS|

that intersects M̃ as in Fig. 4.1. Also, since L̃ ¨´KS̃ “ 1, we have that F̃1 ¨ L̃ “ 1.
In order to prove the existence of E², contract F̃1, M̃ , F̃2, E®, E¯, E°, in

order. Then we have a smooth del Pezzo surface of degree 7, which has 3 p´1q
curves. This implies the existence of E² as in the configuration in Fig. 4.1.

This shows that the given example of a H-polar cylinder, can always be con-
structed on any given del Pezzo surface S of degree 1 of Type E7.

4.3.2.2 E6 singular point

Suppose S has at least 1 singular point of type E6. We will now consider all
possible singularities that S can have, in addition to the E6 singular point and
construct H-polar cylinders for every case.

1. E6: Suppose S has exactly 1 singular point and it is of type E6. This implies
that ρpSq ď 3, that is the surface S is of degree 1 with ρpSq “ 3 or S is of degree
2 with ρpSq “ 2.

Using Lemma 4.70, we can conclude that any ample divisor H on S is given by

(a) H ” ´KS ` a1L1 ` a2L2 with ρpSq “ 3, 0 ă a1, a2 ă 1,

(b) H ” ´KS ` a1L1 with ρpSq “ 3, 0 ă a1 ă 1,

(c) H ” ´KS ` a1L1 with ρpSq “ 2, 0 ă a1 ă 1,

where L1 and L2 are p´1q curves on S that do not pass through the singular
point. One can understand the above construction of surfaces by considering del
Pezzo of degree 1 of Type E6 to be the blow up of del Pezzo surface of degree 2
of Type E6, at a general point.

[I] Suppose the ample divisor H on S is given by

H ” ´KS ` a1L1 ` a2L2

where 0 ď a1, a2 ă 1, L1, L2 are p´1q-curves that do not pass through any
singular point.
Without loss of generality, let us assume a1 ď a2. Take F2 with the p´2q-section
M and fibres F1 and F2. The cylinder that we consider on F2 is given by

F2z pM ` F1 ` F2q – A1
ˆ A˚.

We will now birationally modify this cylinder on F2 to then give us a H-polar
cylinder on the surface S.
This birational modification can be described as follows,

S7 “ S̄
π7 // S6 π6 // ...

π2 // S1 π1 // F2 “ S0

Here, π1 : S1 Ñ F2 and π3 : S3 Ñ S2 are blow ups of points on F2 and π2 : S2 Ñ

S1 is a blow up of a point on F1. The morphisms πi for 4 ď i ď 7, are blow
ups of points on the proper transforms of F2 on Si´1. This gives the following
configuration on S̄.

108



L̃1E­ “ L̃2

E° Ẽ

F̃1
M̃

F̃2

E¯

E®

E¬

E±

E²

Figure 4.2: S̃

In order to prove the existence of the curve Ẽ and L̃1 on S̃, contract E², E±, E¬, F̃2,
in order, which gives a del Pezzo surface of degree 5 of Type A1. Using [CT88,
Proposition 8.5], we can show the existence of the curves Ẽ and L̃1.
Note that here the configuration on S̄ is the same as on S̃ and hence Γ : S̄ Ñ S̃
is an isomorphism.
Consider the following non-negative constants, α, β such that

´KF2 ” 2M ` αF1 ` βF2,

with α ` β “ 4. This then implies that

´KS̃ ” 2M̃ ` αF̃1 ` pα ´ 1qE­ ` βF̃2 ` pβ ´ 1qE® ` pβ ´ 2qE¯ ` pβ ´ 3qE°

` pβ ´ 1qE¬ ` pβ ´ 2qE± ` pβ ´ 3qE².

Let us now prove that this is in fact a H-polar cylinder.
Let the curves L̃1, L̃2 on S̃ be the proper transforms of L1, L2 on S̃. In order
to show that this is a H-polar cylinder, we can take E­ “ L̃2, since L2 on S is a
p´1q curve that does not pass through the singular point.
Consider the linear system |L̃1`E°|. Since the curves in the divisor 2E²`2E±`

2E¬ ` 2F̃2 ` E® ` M̃ do not intersect the curves in the divisor L̃1 ` E°, and

´

2E² ` 2E± ` 2E¬ ` 2F̃2 ` E® ` M̃
¯2

“ 0,
´

2E² ` 2E± ` 2E¬ ` 2F̃2 ` E® ` M̃
¯

¨ C “ 0, for C P tE², E±, E¬, F̃2, E®, M̃u,

we can conclude that 2E² ` 2E± ` 2E¬ ` 2F̃2 ` E® ` M̃ is a (0)-curve and is a
fibre of the conic bundle |L̃1`E°|. Therefore, we have the following equivalence,

L̃1 ` E° „ 2E² ` 2E± ` 2E¬ ` 2F̃2 ` E® ` M̃.

Therefore,

φ˚pHq ” p2` a1qM̃ ` αF̃1 ` pα ´ 1` a2qL̃2 ` pβ ` 2a1qF̃2

` pβ ´ 1` a1qE® ` pβ ´ 2qE¯ ` pβ ´ 3´ a1qE° ` pβ ´ 1` 2a1qE¬

` pβ ´ 2` 2a1qE± ` pβ ´ 3` 2a1qE².
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If a1 ă a2, then the above divisor is effective. This shows that

A1
ˆ pA˚q “ F2zSuppp´KF2q – S̃zSupppφ˚pHqq – SzSupppHq.

If a1 “ a2 “ a, then using the conic bundle given by the linear system |F̃2` M̃ `

F̃1 ` E¬ ` E± ` E²|, we have

E° ` E¯ ` Ẽ „ F̃2 ` M̃ ` F̃1 ` E¬ ` E± ` E².

Therefore,

φ˚pHq ” p2` εqM̃ ` pα ´ aqF̃1 ` pa´ εqL̃2 ` p3` 2ε` aqF̃2 ` p2` ε` aqE®

` p1` aqE¯ ` p2` 2ε` aqE¬ ` p1` 2ε` aqE± ` p2ε` aqE²

` pa´ εqẼ.

In this case, the divisor φ˚pHq is effective and this proves that the same cylinder
is again a H-polar cylinder in this case too!
We will now show that the example that we have constructed, can be obtained
on any surface S of Type E6 and H, ample divisor given as in Case 1(a).
Consider S and S̃, the minimal resolution of S. The curves M̃, F̃2, E®, E¯, E¬, E±

are the exceptional curves of φ : S̃ Ñ S and thus exist on S̃ for any S of Type
E6. For the given H, we also have the curves L̃1 and E² “ L̃2 as given in the
above configuration.
Therefore, we only need to prove the existence of the curves E°, Ẽ, E­ and F̃1.
Observe that F̃1 is the proper transform of the anticanonical curve C P | ´KS|,
that passes through the singular point on S. In order to prove the existence of
the remaining curves, Ẽ, E­ and E° , contract E², E±, E¬, F̃2 in order. This
gives a del Pezzo surface of degree 5 of Type A1. Using [CT88, Proposition 8.5],
we can prove the existence of the curves Ẽ, E­ and E°, as in the configuration
above.
Thus, this proves that given any surface S of Type E6, we can always obtain the
configuration of curves as in Fig. 4.2 and thus, can obtain a H-polar cylinder for
H given as in Case 1(a).

Remark 4.76. Note that the same construction above works for Case 1(c). Take
the configuration on S̃ as in Fig. 4.2. Contract the curve E­ on S̃. Now this is
a configuration of curves on S̃ which is the minimal resolution of S of degree 2
and the same arguments as above prove that the constructed example is a H-polar
cylinder, for H as described in Case 1(c).

[II] Suppose that the ample divisor H on S is given by

H ” ´KS ` a1L1,

where 0 ă a1 ă 1, ρpSq “ 3, L1 is a p´1q curve that does not pass through the
singular point. Let us now construct an example of a H-polar cylinder.
Here, we again take the same cylinder on F2 as in Case 1(a) and birationally
modify it as follows:

S7 “ S̄
π7 // S6 π6 // ...

π2 // S1 π1 // F2 “ S0
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Here, the morphisms πi : Si Ñ Si´1, for 1 ď i ď 3 are blow ups of points on F1

and F2 and πi : Si Ñ Si´1, for 3 ď i ď 7, are blow ups of points on the proper
transforms of the fibre F2 on Si´1. This gives the following configuration on S̄.

E­ “ L̃1

F̃1 M̃

E° E²

E¯ E±

E¬ E®

F̃2

Figure 4.3: S̃

Since the configuration on S̄ is the same as on S̃, Γ : S̄ Ñ S̃ is an isomorphism.
Consider non-negative constants, α, β such that

´KF2 ” 2M ` αF1 ` βF2,

with α ` β “ 4. This then implies that

´KS̃ ” 2M̃ ` βF̃2 ` αF̃1 ` pβ ´ 1qE¬ ` pβ ´ 2qE¯ ` pβ ´ 3qE° ` pβ ´ 1qE®

` pβ ´ 2qE± ` pβ ´ 3qE² ` pα ´ 1qE­.

In order to prove that this is in fact a H-polar cylinder, for any ample divisor H
on S, we can take the curve L̃1 “ E­, where L̃1 is the proper transform of L1 on
S̃, since L on S is a p´1q curve that does not pass through the singular point.
Note that φ˚pL1q „ L̃1. Therefore, we get

φ˚pHq ” 2M̃ ` βF̃2 ` αF̃1 ` pβ ´ 1qE¬ ` pβ ´ 2qE¯ ` pβ ´ 3qE° ` pβ ´ 1qE®

` pβ ´ 2qE± ` pβ ´ 3qE² ` pα ´ 1` a1qL̃1,

which is effective if we choose ε ă a. This shows that

A1
ˆ pA˚q “ F2zSuppp´KF2q – S̃zSupppφ˚pHqq – SzSupppHq

and therefore, the cylinder constructed above is a H-polar cylinder, for any ample
divisor H on S.
We will now prove that the cylinder constructed above, can be obtained on any
given surface S of degree 1 of Type E6 and ample divisor H on S given by Case
1(b).
Consider surface S and S̃, its minimal resolution. The curves E¯, E¬, F̃2, M̃ , E®,
E±, are the exceptional curves of the minimal resolution φ : S̃ Ñ S. Since H
is given as in Case 1(b), the curve L̃1 exists as in the configuration Fig. 4.3.
Therefore, we only need to prove the existence of the curves E°, E² and F̃1.
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Observe that F̃1 is the proper transform of the anticanonical curve C P | ´KS|

and thus exists as in Fig. 4.3. In order to prove the existence of the curves E°

and E², contract F̃1, M̃ , F̃2 in order. This gives a del Pezzo surface of degree 4
of Type 2A1. Using [CT88, Proposition 6.1], we can prove the existence of the
curves E° and E², as in the configuration in Fig. 4.3.
This proves that we can always get the configuration of curves as in Fig. 4.3 on
any surface S of degree 1 of Type E6 and thus construct a H-polar cylinder for
any ample divisor H on S, as given in Case 1(b).

2. E6 ` A1: Consider surface S of degree 1 that contains E6 ` A1 singularity. This
implies that ρpSq ď 2.

Using Lemma 4.70 and the known result that there does not exist a degree 2 del
Pezzo surface of Type E6 ` A1, we can conclude that any ample divisor H on S
is given by

H ” ´KS ` aL,

where L is a (´1
2

)-curve on S that passes through the A1 singular point and
0 ă a ă 2.

Let us now construct an example of a H-polar cylinder on S. Take F2 with the
p´2q section M and fibres F1 and F2. Taking the same cylinder on F2 as in Case
1(a), we can birationally modify the cylinder as follows,

S7 “ S̄
π7 // S6 π6 // ...

π2 // S1 π1 // F2 “ S0

Here, the morphisms πi : Si Ñ Si´1, for 1 ď i ď 2 are blow ups of points on F1

and F2 and πi : Si Ñ Si´1, for 3 ď i ď 7, are blow ups of points on the proper
transforms of the fibre F2 on Si´1.

This gives the following configuration on S̄.

L̃

E¬

E­

E°

E²

F̃1

M̃ F̃2

E®

E¯

E±

Figure 4.4: S̃

Contracting E², E±, E¯, F̃2 gives a del Pezzo surface of degree 5 of Type 2A1.
Using [CT88, Proposition 8.5], we can prove the existence of the curve L̃ as in
the configuration above.
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Taking |L̃` E°|, we see that E® and E¬ are sections, and thus we have

L̃` E° „ E­ ` F̃1 ` M̃ ` F̃2 ` E¯ ` E± ` E². (4.29)

Similarly, taking |L̃`E­ `E¬|, the sections are given by E° and F̃1, and we get

L̃` E¬ ` E­ „ E® ` M̃ ` 2F̃2 ` 2E¯ ` 2E± ` 2E². (4.30)

Then, using (4.29) and (4.30), we get

L̃ „ 3E­ ´ 2E° ` E¬ ` 2F̃1 ` M̃ ´ E®. (4.31)

Using the conic bundle given by the linear system |E°`E®` F̃2`E¯`E±`E²|,
we get

E¬ ` 2E­ ` F̃1 „ E° ` E® ` F̃2 ` E¯ ` E± ` E². (4.32)

Note that we have L̃ „Q φ˚pLq ´ 1
2
E¬. Using this and (4.29), (4.30), (4.32), we

get

φ˚pLq ”
1

2

«

F̃1 ´ E° ` 2M̃ ` E® ` 3F̃2 ` 3E¯ ` 3E± ` 3E²

ff

.

Therefore, we have

φ˚pHq “ ´KS̃ ` aφ
˚
pLq ” p2` aqM̃ ` pα `

a

2
qF̃1 ` pα ´ 1qE¬ ` p2α ´ 2qE­

` pβ `
3a

2
qF̃2 ` pβ ´ 1`

a

2
qE® ` pβ ´ 1`

3a

2
qE¯

` pβ ´ 2`
3a

2
qE± ` pβ ´ 3`

3a

2
qE² ` pβ ´ 2´

a

2
qE°.

This is an effective divisor.

We now prove that the above example of H-polar cylinder, for H given by H ”

´KS ` aL, where L a (´1
2

)-curve that passes through the A1 singular point, can
always be constructed on a given degree 1 del Pezzo surface S with any ample
divisor H.

Consider S and its minimal resolution S̃. Then the curves M̃, F̃2, E®, E¬, E¯, E±,
F̃1 exist on S̃, since these are the exceptional curves of the minimal resolution
φ : S̃ Ñ S. Also the curve L̃ “ L̃ exists as in Fig. 4.4, since L on S passes
through the A1 singular point.

Therefore, we only need to prove the existence of E², E° and E­, as in the
configuration. E² is the proper transform of the unique curve C P | ´ KS|. In
order to prove the existence of E° and E­, contract E², E±, E¯, F̃2 in order and
this gives a del Pezzo surface of degree 5 of Type 2A1. Using [CT88, Proposition
8.5], we can prove the existence of the curves E° and E­ as in the configuration
in Fig. 4.4. This completes the proof.
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4.3.2.3 D7 singular point

Suppose the surface S has at least 1 singular point of type D7. Then ρpSq ď 2.
Consider del Pezzo surface S of degree 1 of Type D7. Then ρpSq “ 2.

Using Lemma 4.70 and the known result that there does not exist a degree 2
del Pezzo surface of Type D7, we can conclude that any ample divisor H on S is
given by

H ” ´KS ` bC,

where C is a fibre of the conic bundle given by |C| and b ą 0.
Blowing up fibres of F2,we get the following configuration on S̃.

E² E±

E°

E¯

F̃1

M̃

F̃2

E­

E®

E¬

Figure 4.5: S̃

Note that we can choose C such that

C̃ “ 2E® ` 2E­ ` 2F̃2 ` 2M̃ ` 2F̃1 ` 2E° ` E± ` E¯,

where C̃ is the proper transform of C in S̃ and φ˚pCq “ C̃. Here, we use the conic
bundle given by the linear system |2E®`2E­`2F̃2`2M̃ `2F̃1`2E°`E±`E¯|.

Therefore, we have

φ˚pHq ” p2` 2bqM̃ ` pα ` 2bqF̃1 ` pα ´ 1` bqE¯ ` p2α ´ 2` 2bqE°

` p2α ´ 3` bqE± ` p2α ´ 4qE² ` pβ ` 2bqF̃2 ` pβ ´ 1qE¬ ` pβ ´ 1` 2bqE­

` pβ ´ 2` 2bqE®

The above divisor is effective and hence proves that the above construction
gives an example of a H-polar cylinder for H as described above.

4.3.2.4 D6 singular point

Suppose the surface S has at least 1 singular point of type D6. Then ρpSq ď 3.

1. D6 singularity: If the surface S has exactly 1 singular point and it is of type
D6, then ρpSq ď 3. The surface S can be either of degree 1, with ρpSq “ 3 or
of degree 2, with ρpSq “ 2.

Since there does not exist a cubic del Pezzo surface S of Type D6, using
Lemma 4.70, we can conclude that any ample divisor H on S is given by
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(a) H ” ´KS ` aL` bC with ρpSq “ 3, b ą 0, 0 ă a ă 1,

(b) H ” ´KS ` aL with ρpSq “ 3, 0 ă a ă 1,

(c) H ” ´KS ` bC with ρpSq “ 3, b ą 0,

(d) H ” ´KS ` bC with ρpSq “ 2, b ą 0,

where L is a p´1q-curve that does not pass through the singular point and C
is a (0)-curve.

[I] Consider

H ” ´KS ` aL` bC,

with ρpSq “ 3, where 0 ă a ă 1 and b ě 0.
Constructing S̃ from F2, we get the following configuration.

E± E°

E¯

E®

F̃1

M̃

F̃2

E¬ E­

F̃3

E² “ L̃

Figure 4.6: S̃

Note that we can choose C on S such that

C̃ „ 2E¬ ` 2F̃2 ` 2M̃ ` 2F̃1 ` 2E¯ ` E° ` E®,

where C̃ is the proper transform of C in S̃ and φ˚pCq “ C̃. Here, we use the
conic bundle given by the linear system |2E¬`2F̃2`2M̃`2F̃1`2E¯`E°`E®|.
Therefore, we have

φ˚pHq ” p2` bqM̃ ` pα ` 2bqF̃1 ` pα ´ 1` bqE® ` p2α ´ 2` 2bqE¯

` p2α ´ 3` bqE° ` p2α ´ 4qE± ` pβ ` 2bqF̃2 ` pβ ´ 1` 2bqE¬

` pβ ´ 1qE­ ` γF̃3 ` pγ ´ 1` aqE².

Since a ą 0, this divisor is effective.

Remark 4.77. Note that contracting L̃ in the above configuration, gives an
example of a H-polar cylinder, when H ” ´KS ` bC for a del Pezzo surface
of degree 2 of Type D6, as in Case 1(d), described above.

[II] Suppose the ample divisor H ” ´KS ` bC, where S is a degree 1 del Pezzo
surface of Type D6, with ρpSq “ 3.
In this case, constructing S̃ from F2, we get the following configuration.
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E² E±

F̃1

E¯

M̃

F̃2

E­

E®

E¬

E°

Figure 4.7: S̃

Using the conic bundle given by the linear system |E¯ ` E± ` 2F̃1 ` 2M̃ `

2F̃2 ` 2E­ ` 2E®|, we can choose C on S such that

φ˚pCq „ E¯ ` E± ` 2F̃1 ` 2M̃ ` 2F̃2 ` 2E­ ` 2E®.

Therefore, we get the following:

φ˚pHq ” p2` 2bqM̃ ` pα ` 2bqF̃1 ` pα ´ 1` bqE¯ ` pα ´ 2qE° ` pα ´ 1` bqE±

` pα ´ 2qE² ` pβ ` 2bqF̃2 ` pβ ´ 1` 2bqE­ ` pβ ´ 1qE¬

` pβ ´ 2` 2bqE®.

This divisor is effective and hence the above construction is an example of a
H-polar cylinder for H as described above.

2. D6`A1 singularity: Consider del Pezzo surfaces of degree 1 of Type D6`A1.
Then ρpSq “ 2.

Using Lemma 4.70 and the result that there does not exist cubic del Pezzo
surface of Type D6, we can conclude that any ample divisor H on S is given
by

H ” ´KS ` aL

with 0 ă a ă 1, where L is a p´1q-curve on S that does not pass through any
singular point.

Constructing S̃ from F2 by blowing up the fibres of F2 appropriately, we get
the following configuration,

E± E°

E¯

E®

F̃1

M̃

F̃2

E­

E¬

F̃3

E² “ L̃

Figure 4.8: S̃
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Note that φ˚pLq „ L̃ and therefore, we get

φ˚pHq ” 2M̃ ` αF̃1 ` pα ´ 1qE® ` p2α ´ 2qE¯ ` p2α ´ 3qE°

` p2α ´ 4qE± ` βF̃2 ` pβ ´ 1qE¬ ` p2β ´ 2qE­ ` γF̃3 ` pγ ´ 1` aqL̃.

This is an effective divisor.

4.3.2.5 D5 singular point

Suppose the surface S has at least 1 singular point of type D5. This implies that
ρpSq ď 4.

1. D5 singularity: Suppose S has at most 1 singular point and this is of type
D5. Then ρpSq ď 4. The surface S can be of degree 1 (ρpSq “ 4), of degree 2
(ρpSq “ 3) or of degree 3 (ρpSq “ 2).

Using Lemma 4.70, we get that any ample divisor H on S can be given by

(a) H ” ´KS ` a1L1 ` a2L2 ` a3L3, with ρpSq “ 4, 0 ď a1, a2, a3 ă 1,

(b) H ” ´KS ` bC ` a1L1 ` a2L2, with ρpSq “ 4, 0 ď a1, a2 ă 1, L1, L2 are
irreducible components of |C| such that L1 ¨ C “ L2 ¨ C “ L1 ¨ L2 “ 0,

(c) H ” ´KS ` a1L1 ` a2L2, with ρpSq “ 3, 0 ă a1 ă 1, 0 ď a2 ă 1,

(d) H ” ´KS`bC`a1L1, with ρpSq “ 3, 0 ď a1 ă 1, L1 is an irreducible component
of a fibre of the conic bundle given by |C| such that L1 ¨ C “ 0,

(e) H ” ´KS ` aL, with ρpSq “ 2, 0 ď a ă 1,

(f) H ” ´KS ` bC, with ρpSq “ 2, 0 ă b,

where L1, L2, L3 are p´1q-curves on S that do not pass through the singular
point, C is a fibre of the conic bundle given by |C|.

• Let ρpSq “ 4. That is, the surface S is of degree 1.

[I] Suppose ample divisor H on S is given by

H ” ´KS ` aL,

where ρpSq “ 4, L is a p´1q-curve on S that does not pass through the singular
point and 0 ă a ă 1.
We blow up fibres of F2 to get the following configuration.

E¯ E®

F̃1

E¬

M̃

F̃3

E°

E² “ L̃

F̃2

E­

E±

Figure 4.9: S̃
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Therefore, we get

φ˚pHq ” 2M̃ ` αF̃1 ` pα ´ 1qE¬ ` pα ´ 1qE® ` pα ´ 2qE¯ ` pα ´ 2qE­ ` γF̃3

` pγ ´ 1qE° ` pγ ´ 1qE± ` βF̃2 ` pβ ´ 1` aqL̃.

This is an effective divisor for a sufficiently small ε.

[II] Suppose ample divisor H on S is given by

H ” ´KS ` a1L1 ` a2L2 ` bC,

with ρpSq “ 4, b ą 0 and 0 ă a1 ď a2 ă 1. Blowing up the fibres of F2

accordingly, we get the following configuration on S̃,

M̃
E¬

E­

E®

F̃1

E°

E¯

F̃2

F̃3

E²

E±

Figure 4.10: S̃

In order to understand how the curve L̃1 is, in the above configuration, consider
the linear system |E² ` F̃3 ` M̃ ` F̃2 `E¯ `E°|. Note that this linear system is
such that

´

E² ` F̃3 ` M̃ ` F̃2 ` E¯ ` E°

¯2

“ 0,
´

E² ` F̃3 ` M̃ ` F̃2 ` E¯ ` E°

¯

¨ C “ 0, for C P tE², F̃3, M̃ , F̃2, E¯, E°u.

This implies that this linear system gives a conic bundle morphism from S̃ Ñ P1.

Observe that E¬ ¨

´

E² ` F̃3 ` M̃ ` F̃2 ` E¯ ` E°

¯

“ 0 and this implies that E¬

is an irreducible component of a fibre of conic bundle given by |E² ` F̃3 ` M̃ `

F̃2 ` E¯ ` E°|. Since E2
¬
“ ´1, there exists a p´1q-curve, which is also an

irreducible component of the fibre, that intersects E¬, say L̃1 and is such that

L̃1 ¨

´

E² ` F̃3 ` M̃ ` F̃2 ` E¯ ` E°

¯

“ 0. This implies that we have

E¬ ` L̃1 „ M̃ ` F̃2 ` F̃3 ` E² ` E¯ ` E°.

Similarly, using |E° `E¯ ` F̃2 ` M̃ ` F̃1 `E¬|, we can prove the existence of the
curve L̃2 in the above configuration, wherein L̃2 intersects E² and is such that

E² ` L̃2 „ E° ` E¯ ` F̃2 ` M̃ ` F̃1 ` E¬.
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With this, we have

a1L̃1 ` a2L̃2 ” pa1 ´ a2qE² ` a1pM̃ ` F̃2 ` F̃3 ` E¯q ` pa1 ` a2qE°

` pa2 ´ a1qE¬ ` a2pM̃ ` F̃2 ` F̃1 ` E¯q.

Note that φ˚pL1q „ L̃1 and φ˚pL2q „ L̃2. Therefore, we get

φ˚pHq ” p2` a1 ` a2qM̃ ` pα ` b` a1qF̃1 ` pα ´ 1qE­ ` pα ´ 1` a2 ´ a1qE¬

` pγ ` b` a1qF̃3 ` pγ ´ 1` a1 ´ a2qE² ` pγ ´ 1qE± ` pβ ` 2b` a1 ` a2qF̃2

` pβ ´ 1qE® ` pβ ´ 1` 2b` a1 ` a2qE¯ ` pβ ´ 2` a1 ` a2qE°.

This divisor is effective.

[III] Suppose a1 “ a2 “ 0 and H ” ´KS`bC. Consider the configuration in Fig. 4.10.
Using the conic bundle morphism that is given by the linear system |2E°`2E¯`

2F̃2 ` 2M̃ ` F̃3 ` F̃1|, we can take C on S such that

φ˚pCq „Q F̃1 ` F̃3 ` 2M̃ ` 2F̃2 ` 2E¯ ` 2E°.

Therefore, we get,

φ˚pHq ” 2M̃ ` pα ` bqF̃1 ` pα ´ 1qE­ ` pα ´ 1qE¬ ` pγ ` bqF̃3 ` pγ ´ 1qE²

` pγ ´ 1qE± ` pβ ` 2bqF̃2 ` pβ ´ 1qE® ` pβ ´ 1` 2bqE¯

` pβ ´ 2` 2bqE°.

This divisor is effective and this shows that the constructions above gives an
example of a H-polar cylinder, for H as described in 1(b).

[IV] Suppose H is given by

H ” ´KS ` a1L1 ` a2L2 ` a3L3

where ρpSq “ 4, L1, L2, L3 are p´1q-curves that do not pass through the singular
point and 0 ă a3 ď a2 ď a1 ă 1.
Blowing up the fibres of F1 suitably, we get the following configuration on S̄,

F̃ ¸

1 F̃ ¸

2 E±

E°

E¯

E¬

E­

E®

M̃

E³

E²

Figure 4.11: S̄

Contracting M̃ , we get the following configuration on S̃.
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F̃1 F̃2

E°

E¯

E±

E²

E¬ E­ E®

L̃1 L̃2 L̃3

E³

Figure 4.12: S̃

In order to prove the existence of the curves L̃1, L̃2, L̃3, contract E², E±, E° in
order. This gives a del Pezzo surface of degree 4 with A1 singularity. Therefore,
from [CT88, Proposition 6.1], we can show that curves L̃1, L̃2, L̃3 exist as in the
above configuration.
Consider the conic bundle given by the linear system |2E²`2E±`2E°`E¯` F̃2|,
we have

L̃1 ` E¬ „ L̃2 ` E­ „ L̃3 ` E® „ 2E² ` 2E± ` 2E° ` E¯ ` F̃2.

Therefore, on S̃, we have

φ˚pHq ” αF̃1 ` pα ´ 1´ a1qE¬ ` pα ´ 1´ a2qE­ ` pα ´ 1´ a3qE®

` pβ ` a1 ` a2 ` a3qF̃2 ` pβ ´ 1qE³ ` pβ ´ 1` a1 ` a2 ` a3qE¯

` p2β ´ 2` 2a1 ` 2a2 ` 2a3qE° ` p2β ´ 3` 2a1 ` 2a2 ` 2a3qE±

` p2β ´ 4` 2a1 ` 2a2 ` 2a3qE²

This divisor is effective.

• Let ρpSq “ 3. That is, the surface S is of degree 2.

[I] Suppose ample divisor H on S is given by

H ” ´KS ` aL` bC

where ρpSq “ 3, 0 ď a ă 1 and b ě 0, and L is a p´1q-curve on S that does not
pass through the singular point.
Consider the configuration in Fig. 4.15. Blowing up a point on the fibre F̃1 on S̃
in Fig. 4.15, gives the following configuration for S̃, for Case 1(d).
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F̃1

L̃

E­ E¬

F̃2

M̃

E®

E¯

E°

Figure 4.13: S̃

Then, since φ˚pLq „ L̃, just as in Case 1(f), we get

φ˚pHq ” p2` bqM̃ ` pβ ` 2bqF̃2 ` αF̃1 ` pα ´ 1` aqL̃` pβ ´ 1` bqE¬ ` pβ ´ 2qE­

` pβ ´ 1` 2bqE® ` pβ ´ 2` 2bqE¯ ` pβ ´ 3` 2bqE°.

This divisor is effective and is therefore an example of a H-polar cylinder on S
for H as described in 1(d).

[II] Suppose ample divisor H on S is given by

H ” ´KS ` a1L1 ` a2L2

where ρpSq “ 3, L1 and L2 are p´1q-curves that do not pass through the singular
point and without loss of generality 0 ď a1 ă 1, 0 ď a2 ă 1.
Blowing up fibres of F2 appropriately, we get the following configuration

M̃ F̃3

E­

E¬

E®

E¯

F̃1 F̃2

E° “ L̃1 E± “ L̃2

Figure 4.14: S̃

Therefore, on S̃, we get

φ˚pHq ” 2M̃ ` αF̃1 ` pα ´ 1` a1qL̃1 ` βF̃2 ` pβ ´ 1` a2qL̃2 ` γF̃3 ` pγ ´ 1qE¬

` p2γ ´ 2qE­ ` p2γ ´ 3qE® ` p2γ ´ 4qE¯.

This divisor is effective.

• Let ρpSq “ 2. That is, the surface S is of degree 3.
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[I] Suppose ample divisor H on S is given by

H ” ´KS ` bC

where ρpSq “ 2, b ą 0, and C is a (0)-curve. We can blow up fibres of F2 to get
the following configuration.

E­ E¬

F̃2

M̃

E®

E¯

E°

Figure 4.15: S̃

Note that F̃1 on S̃ is the (0)-curve which is the proper transform of F1 on S̃.
Therefore, using the conic bundle given by the linear system |F̃2`E¬`E­`E®`

E¯ ` E°|, we can write

F̃1 „ F̃2 ` E¬ ` E­ ` E® ` E¯ ` E°.

We can choose C on S such that, on S̃, we have

φ˚pCq ” E¬ ` M̃ ` 2F̃2 ` 2E® ` 2E¯ ` 2E°, .

where we use the conic bundle given by the linear system |E¬` M̃ ` 2F̃2` 2E®`

2E¯ ` 2E°|.
Therefore, we get

φ˚pHq ” p2` bqM̃ ` pα ` 2bqF̃2 ` βF̃1 ` pα ´ 1` bqE¬ ` pα ´ 2qE­

` pα ´ 1` 2bqE® ` pα ´ 2` 2bqE¯ ` pα ´ 3` 2bqE°.

This divisor is effective.

[II] Suppose the ample divisor H on S is given by

H ” ´KS ` aL

where 0 ă a ă 1 and L is a p´1q-curve that does not pass through the singular
point.
Using the configuration of curves on S̃ in Fig. 4.15, we can prove the existence
of the curve L̃ such that L̃ ¨ E° “ 1 and does not intersect any other curve on
S̃. Contracting E­ gives a del Pezzo surface of degree 4 of Type A4 and using
[CT88, Proposition 6.1], we can conclude that a curve such as L̃ exists on S̃.
Then, using the conic bundle given by |L̃` E°|, we have

L̃` E° „ 2E­ ` 2E¬ ` 2F̃2 ` M̃ ` E®.
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Therefore, on S̃, we have

φ˚pHq ” p2` aqM̃ ` pα ` 2aqF̃2 ` βF̃1 ` pα ´ 1` 2aqE¬ ` pα ´ 2` 2aqE­

` pα ´ 1qE® ` pα ´ 2qE¯ ` pα ´ 3´ aqE°.

Since a ă 1, this is effective and hence proves that the construction in Fig. 4.15
is an example of a H-polar cylinder for H as described above.

2. D5 ` A1 singularity: Suppose the surface S has singularity of type D5 ` A1.
This implies that ρpSq ď 3. The surface S is either of degree 1 (ρpSq “ 3) or of
degree 2 (ρpSq “ 2).

Using Lemma 4.70 and the result that there are no cubic del Pezzo surfaces of
type D5 ` A1, from [BW79], we can conclude that any ample divisor H on S is
given by one of the following,

(a) H ” ´KS ` a1L1 ` a2L2 with ρpSq “ 3, 0 ď a1 ă 2, 0 ď a2 ă 1,

(b) H ” ´KS ` bC ` aL with ρpSq “ 3, 0 ď a ă 2, b ą 0,

(c) H ” ´KS ` aL with ρpSq “ 2, 0 ă a ă 2, where L, L1 are p´1
2
q-curves that

pass through the singular point of type A1, L2 is a p´1q-curve on S that does
not pass through any singular point, C is a fibre of |C| and for Case 2(b), L is
an irreducible component of a fibre of the conic bundle given by |C| such that
L ¨ C “ 0.

[I] Suppose the ample divisor H on S is given by

H ” ´KS ` aL` bC

where ρpSq “ 3, 0 ď a ă 2, b ą 0, L is a (´1
2

)-curve that passes through singular
point of type A1 and C is a (0)-curve.
We get the following configuration on S̃ by blowing up the fibres of F2.

E²
Ẽ

E¬

L̃

F̃3

F̃1

M̃

F̃2

E¯

E°E­

E®

E±

Figure 4.16: S̃

Contracting the curves E°, E¯, F̃2, M̃ gives a del Pezzo surface of degree 5 of
Type A1. Using [CT88, Proposition 8.5], we can prove the existence of curves Ẽ
and L̃. Note that this also gives us that E± ¨ L̃ “ 1.
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Consider the conic bundle given by |L̃`E¬` Ẽ|. Since the curves in the divisor,
F̃3`F̃1`2M̃`2F̃2`2E¯`2E° do not intersect the curves in the divisor L̃`E¬`Ẽ,
and

´

F̃3 ` F̃1 ` 2M̃ ` 2F̃2 ` 2E¯ ` 2E°

¯2

“ 0,
´

F̃3 ` F̃1 ` 2M̃ ` 2F̃2 ` 2E¯ ` 2E°

¯

¨ C “ 0, for C P tF̃3, F̃1, M̃ , F̃2, E¯, E°u,

we can conclude that F̃3 ` F̃1 ` 2M̃ ` 2F̃2 ` 2E¯ ` 2E° is a (0)-curve and a fibre
of the conic bundle given by |L̃ ` E¬ ` Ẽ| and therefore, we can choose C on S
such that

φ˚pCq „Q F̃3 ` F̃1 ` 2M̃ ` 2F̃2 ` 2E¯ ` 2E°.

Similarly, using the conic bundle that is given by |E­ ` E¬ ` L̃|, we have

L̃` E¬ ` E­ „Q E² ` F̃3 ` M̃ ` F̃2 ` E¯ ` E°.

Note that we have φ˚pLq „ L̃` 1
2
E¬. Therefore, we choose L on S such that

φ˚pLq „ ´E­ ´
1

2
E¬ ` E² ` F̃3 ` M̃ ` F̃2 ` E¯ ` E°.

Note that L is an irreducible component of a fibre of the conic bundle given by
|F̃3 ` F̃1 ` 2M̃ ` 2F̃2 ` 2E¯ ` 2E°| and therefore L ¨ C “ 0.
Once we choose L and C as decribed above, we now prove that the example of
the cylinder that is constructed in the above configuration, is indeed a H-polar
cylinder. From the above construction, we have

φ˚pHq “ ´KS̃ ` aφ
˚
pLq ` bφ˚pCq ” p2` a` 2bqM̃ ` pα ` bqF̃1 ` pγ ` a` bqF̃3

` pβ ` a` 2bqF̃2 ` pα ´ 1´
a

2
qE¬ ` p2α ´ 2´ aqE­

` pγ ´ 1` aqE² ` pγ ´ 1qE± ` pβ ´ 1qE®

` pβ ´ 1` a` 2bqE¯ ` pβ ´ 2` 2bqE°

This divisor is effective.
Let us now prove that the example of the H-polar cylinder that we have con-
structed above, can always be constructed on any surface S of degree 1 of Type
D5 ` A1 with the ample divisor H on S, as described in this case.
Consider the minimal resolution of S, S̃. The curves on S̃ that we know exist
are E¯, F̃2, M̃ , F̃1, F̃3, E¬, since these are the exceptional curves of φ : S̃ Ñ S.
Since we choose the conic bundle given by |L̃`E¬ ` Ẽ|, we also have the curves
L̃ and Ẽ. The curve E® is the pullback of C P |´KS| and therefore intersects F̃2

as in the figure.
Since the curves F̃3, M̃ , F̃1, F̃2, E¯ intersect each other, they form a part of the
same fibre of the conic bundle given by |L̃ ` E¬ ` Ẽ|. Therefore, there exists a
curve E° as in the figure, so that F̃3 ` F̃1 ` 2M̃ ` 2F̃2 ` 2E¯ ` 2E° forms a fibre
of the conic bundle.
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In order to prove the existence of the remaining curves, E­, E², E±, in the Figure
Fig. 4.17, contract E°, E¯, F̃2 in order. This gives a del Pezzo surface of degree
4 of Type 3A1. Using [CT88, Proposition 6.1], we can prove the existence of the
curves E­, E², E± as in the Fig. 4.17, with E± ¨ L̃ “ 1.
Thus, this proves our claim that we can always construct the configuration on S̃
as in Fig. 4.17 and hence obtain the above example of a cylinder on S.

[II] Suppose the ample divisor H on S is given by

H ” ´KS ` a1L1 ` a2L2

where ρpSq “ 3, L1 is a curve that passes through the singular point of type A1,
L2 is a curve that does not pass through any singular point and 0 ď a1 ă 2, 0 ď
a2 ă 1.
Blowing up the fibres of F1 appropriately to get the configuration on S̄ and then
blowing down the p´1q section, M̃ on S̄, we get the following configuration on S̃,

F̃1

E­

E¬

L̃1

F̃2

E¯

E°

E±

E²

L̃2

E®

E³

Ẽ

Figure 4.17: S̃

Contracting E², E±, E° gives a del Pezzo surface of degree 4 of Type 2A1. The
existence of the curve E­ shows that this surface is unique and using [CT88,
Proposition 6.1], we can prove the existence of the curves L̃1, L̃2 and Ẽ.
Using the conic bundle given by |L̃1 ` E¬ ` E­|, we have

L̃1 ` E¬ ` E­ „ L̃2 ` E® „ F̃2 ` E¯ ` 2E° ` 2E± ` 2E².

Note that φ˚pL1q „ L̃1 `
1
2
E¬ and φ˚pL2q „ L̃2. Therefore

φ˚pL1q „Q ´E­ ´
1

2
E¬ ` F̃2 ` E¯ ` 2E° ` 2E± ` 2E²,

φ˚pL2q „Q ´E® ` F̃2 ` E¯ ` 2E° ` 2E± ` 2E².

Therefore,

φ˚pHq ” pα ´ 1´
a1

2
qE¬ ` αF̃1 ` pβ ` a1 ` a2qF̃2 ` p2β ´ 2` 2a1 ` 2a2qE°

` pβ ´ 1` a1 ` a2qE¯ ` p2β ´ 3` 2a1 ` 2a2qE± ` p2α ´ 2´ a1qE­

` pα ´ 1´ a2qE® ` p2β ´ 4` 2a1 ` 2a2qE² ` pβ ´ 1qE³

This divisor is effective.
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[III] Suppose the ample divisor H on S is given by

H ” ´KS ` aL

where ρpSq “ 2, L is a (´1
2

)-curve that passes through the singular point of type
A1 and 0 ă a ă 2.
We can get the following configuration on S̃ by blowing up fibres on F2,

F̃2
E±

E°

L̃

E­

M̃

E¬

F̃1

E®

E¯

Figure 4.18: S̃

Contracting E¯, E®, F̃1 in order, gives a del Pezzo surface of degree 4 of Type
2A1 (of degree 5 if ρpSq “ 2). Using [CT88, Proposition 6.1] ([CT88, Proposition
8.5]), we can prove the existence of the curve L̃ in the above configuration.
From the conic bundle given by |E± ` L̃` E°|, we have

L̃` E° ` E± „ M̃ ` E¬ ` 2F̃1 ` 2E® ` 2E¯.

Since φ˚pLq ” L̃` 1
2
E°, we have,

φ˚pLq ” ´E± ´
1

2
E° ` M̃ ` E¬ ` 2F̃1 ` 2E® ` 2E¯,

and therefore

φ˚pHq ” p2` aqM̃ ` βF̃2 ` pα ` 2aqF̃1 ` pβ ´ 1´
a

2
qE° ` p2β ´ 2´ aqE±

` pα ´ 1` aqE¬ ` pα ´ 1` 2aqE® ` pα ´ 2qE­ ` pα ´ 2` 2aqE¯.

This divisor is effective.

3. D5 ` 2A1 singularity This implies that ρpSq ď 2. Consider surface S of degree
1 with D5 ` 2A1. Then ρpSq “ 2.

Using Lemma 4.70 and the result that there are no cubic del Pezzo surfaces of
Type D5 ` A1, from [BW79], we can conclude that every ample divisor H on S
is given by

H ” ´KX ` bC

where C is a (0)-curve and b ą 0. Note that Lemma 4.70 implies that there exists
an irreducible fibre C 1 „ C that passes through both singular points of type A1.
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Blowing up the fibres of F2, we get the following configuration.

E²
E±

C̃

E¬

E­

F̃3

F̃1

M̃

F̃2

E¯

E°

E®

Figure 4.19: S̃

Here C̃ is the proper transform of C 1 on S̃.

In order to prove the existence of C̃ on S̃, from the construction from F2, as
shown above, contract E°, E¯, F̃2, M̃ , in order, we get a del Pezzo surface of
degree 5 of Type 2A1. Then [CT88, Proposition 8.5] implies the existence of the
curve C̃ as in the configuration in Fig. 4.19.

Now, consider the conic bundle given by |E±` C̃ `E¬|. This implies that we can
choose C on S such that

φ˚pCq „ F̃3 ` F̃1 ` 2M̃ ` 2F̃2 ` 2E¯ ` 2E°.

Since C̃ “ φ˚pCq ´ 1
2
E± ´

1
2
E¬, we get

φ˚pHq “ 2M̃ ` pα ` bqF̃1 ` pα ´ 1qE¬ ` p2α ´ 2qE­ ` pγ ` bqF̃3 ` pγ ´ 1qE±

` p2γ ´ 2qE² ` pβ ` 2bqF̃2 ` pβ ´ 1qE® ` pβ ´ 1` 2bqE¯

` pβ ´ 2` 2bqE°.

Thus, the divisor is effective, thus proving that this construction is an example
of a H-polar cylinder, for any ample divisor H on S.

4. D5`A2 singularity: Suppose a surface S has singularity of type D5`A2. Then
ρpSq ď 2. So consider surface S of degree 1 with D5 ` A2. Then ρpSq “ 2.

Lemma 4.70 implies that any ample divisor H on S is given by

H ” ´KS ` aL

such that 0 ă a ă 3 and L is a (´1
3

)-curve that passes through the singular point
of A2-type.

Consider the following configuration of S̄ obtained by blowing up the fibres of F1

suitably.
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M̃

E­

E®

E¬

L̄

F̃ ¸

2

E°

E¯

E±

E²

F̃ ¸

1

E³

Figure 4.20: S̄

Contract M̃ to get the following configuration on S̃.

F̃1

E¬

E­

L̃

F̃2

E°

E¯

E±

E²

E®

E³

Figure 4.21: S̃

In order to prove the existence of the curve L̃ as in the above configuration on
S̃, contract E², E±, E°, in order. This gives a del Pezzo surface of degree 4 of
Type A2`A1. Using [CT88, Proposition 6.1], we can conclude that such a curve
exists. Note that this also shows that L̃ ¨ E³ “ 1.

Using the conic bundle given by the linear system |L̃ ` E¬ ` E­ ` F̃1|, we can
conclude that

L̃` E¬ ` E­ ` F̃1 „ 2E² ` 2E± ` 2E° ` E¯ ` F̃2.

Note that L̃ „ φ˚pLq ´ 2
3
E¬ ´

1
3
E­. This then gives us that

φ˚pLq “ ´E® ´
2

3
E¬ ´

1

3
E­ ` 2E² ` 2E± ` E¯ ` 2E° ` F̃2.

On S̃, we get

φ˚pHq “ αF̃1 ` pα ´ 1´
2a

3
qE¬ ` p2α ´ 2´

a

3
qE­ ` p3α ´ 3´ aqE® ` pβ ` aqF̃2

` pβ ´ 1qE³ ` p2β ´ 2` 2aqE° ` pβ ´ 1` aqE¯ ` p2β ´ 3` 2aqE±

` p2β ´ 4` 2aqE².
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The divisor is effective and hence proves that the construction done above is an
example of a H-polar cylinder for H as described above.

4.3.2.6 D4 singular point

Suppose the surface S has at least 1 singular point of type D4.

1. D4 singularity: Suppose the surface S has exactly one singular point, and this
is of type D4. Then ρpSq ď 5. The surface S can be of degree 1 (ρpSq “ 5), of
degree 2 (ρpSq “ 4), of degree 3 (ρpSq “ 3) or of degree 4 (ρpSq “ 2).

Using Lemma 4.70 and the result that there are no del Pezzo surfaces of degree
5 of Type D4, from [CT88], we can conclude that any ample divisor H on S is
given by one of the following:

(a) H ” ´KS ` bC ` a1L1 ` a2L2 ` a3L3 with ρpSq “ 5, 0 ď a1, a2, a3 ă 1,
b ě 0,

(b) H ” ´KS ` bC ` a1L1 ` a2L2 with ρpSq “ 4, 0 ď a1, a2 ă 1, b ě 0,

(c) H ” ´KS ` bC ` aL with ρpSq “ 3, 0 ă a ă 1, b ą 0,

(d) H ” ´KS ` aL, with ρpSq “ 3, 0 ă a ă 1,

(e) H ” ´KS ` bC, with ρpSq “ 3, b ą 0,

(f) H ” ´KS ` bC with ρpSq “ 2, b ą 0,

where C is a fibre of |C| that gives a conic bundle extremal contraction,
L1, L2, L3, L are p´1q-curves that do not pass through the singular point,
and are each mutually disjoint irreducible components of fibres of |C| chosen
such that L1 ¨ C “ L2 ¨ C “ L3 ¨ C “ L ¨ C “ 0.

• Let ρpSq “ 5, that is consider S of degree 1. Recall that in this case, S does
not have a p´KSq-polar cylinder. Here, for any H ı ´KS, we construct a
H-polar cylinder.

[I] Suppose the ample divisor is given by

H ” ´KS ` aL

where L is a p´1q-curve in S which does not pass through the singular point
and 0 ă a ă 1.
Blowing up the fibres of F2 suitably, we get the following configuration on
S̃,
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M̃

F̃1 F̃2 F̃3

E¬

E­

E®

E¯

E°

E± F̃4
E² “ L̃

Figure 4.22: S̃

Note that φ˚pLq “ L̃. Taking non-negative constants α, β, γ, δ, we get

φ˚pHq ” 2M̃ ` αF̃1 ` pα ´ 1qE¬ ` pα ´ 1qE­ ` βF̃2 ` pβ ´ 1qE® ` pβ ´ 1qE¯

` γF̃3 ` pγ ´ 1qE° ` pγ ´ 1qE± ` δF̃4 ` pδ ´ 1` aqL̃.

This divisor is effective.

[II] Suppose the ample divisor H on S is given by

H ” ´KS ` bC

where 0 ă b and C is a (0)-curve.
Blowing up the fibres of F1 and then contracting the unique p´1q section,
we get the following configuration on S̃,

M̃

F̃ ¹

1

E¬

E­

E®

E¯

F̃2 E² E° E³

E¸

±

E´

Figure 4.23: S̄

Contracting M̃ and F̃2 in order, we get the configuration on S̃ (Figure 4.24).
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F̃1

E¬ E­ E® E¯

E±

E°

E³

E²

E´

Figure 4.24: S̃

Consider the conic bundle given by the linear system |F̃1`E°`2E±`2E³`

2E´|. Using this, we can choose C on S such that

C̃ „ F̃1 ` E° ` 2E± ` 2E³ ` 2E´.

Using this, we then get that

φ˚pHq ” pα ` bqF̃1 ` pα ´ 1qpE¬ ` E­ ` E® ` E¯q ` p2β ´ 2` 2bqE±

` pβ ´ 1` bqE° ` p2β ´ 3` 2bqE³ ` p2β ´ 4` 2bqE´ ` p2β ´ 3qE²,

and this divisor is effective.

[III] Suppose the ample divisor H on S is given by

H ” ´KX ` aL` bC

where 0 ă a ă 1 and b ą 0, and the curves L and C are p´1q and (0)-curves
respectively, that do not pass through the singular point.
Blowing up fibres of F2 suitably, we get the configuration on S̃ as in Figure
4.22. Consider the conic bundle given by |F̃2` F̃3`2M̃ `2F̃1`2E­|. Then,
we can choose C on S such that

C̃ „ F̃2 ` F̃3 ` 2M̃ ` 2F̃1 ` 2E­.

Since SupppC̃q Ă ´KS̃`aL̃ as computed in Case [I] above, the same H-polar
cylinder as in Case 1(a), works here too.

[IV] Suppose the ample divisor is given by

H “ ´KS ` a1L1 ` a2L2 ` a3L3

where L1, L2, L3 are p´1q-curves on S that do not pass through the singular
point and 0 ď a1 ă 1, a1 ď a2 ď a3 ă 1.
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Blowing up fibres of F1 suitably to get S̄ and then contracting the unique
p´1q section M̃ , we get the following configuration on S̃ (Fig. 4.25),

F̃1

E¬ E­ E®

L̃1 L̃2 L̃3

F̃2

E±

E¯

E²

E°

Figure 4.25: S̃

In order to prove the existence of the curves L̃2, L̃3 as in the configuration
above, contract E¬, E°, E¯, in order. This gives a del Pezzo surface of degree
4 of Type A1. Using [CT88, Proposition 6.1], we can show the exsitence of
the curves L̃2, L̃3 as in Fig. 4.25. Similarly, instead of contracting E¬,
contract E­ and the same argument proves the existence of the curve L̃1 as
in Fig. 4.25.
Using the conic bundle given by |L̃1 ` E¬|, we get

E¬ ` L̃1 „ E­ ` L̃2 „ E® ` L̃3 „ F̃2 ` E¯ ` E± ` E° ` E².

Using this and φ˚pLiq “ L̃i, we have

φ˚pHq ” αF̃1 ` pα ´ 1´ a1qE¬ ` pα ´ 1´ a2qE­ ` pα ´ 1´ a3qE® ` pβ ` aqF̃2

` pβ ´ 1` aqE¯ ` pβ ´ 1` aqE± ` pβ ´ 2` aqE² ` pβ ´ 2` aqE°,

where a “ a1 ` a2 ` a3. This divisor is effective and shows that the con-
struction done above gives an example of a H-polar cylinder on S.

[V] Suppose the ample divisors are given by

H ” ´KS ` a1L1 ` a2L2 ` a3L2 ` bC,

where Li for 1 ď i ď 3 and C are p´1q and (0)-curves, respectively, that do
not pass through the singular point.
Blowing up fibres of F1 suitably we get the configuration as in Fig. 4.25.
Consider the conic bundle given by the linear system |F̃1`E¯`2F̃2`2E±`

2E²|. Then you can choose C on S such that

C̃ „ F̃1 ` E¯ ` 2F̃2 ` 2E± ` 2E².

Since SupppC̃q Ă ´KS̃`a1L̃1`a2L̃2`a3L̃3 as computed in Case [IV] above,
the same H polar cylinder as in Case [IV], works here too.

132



• Let ρpSq “ 4, that is, consider S to be of degree 2.

[I] Suppose the ample divisor H on S is given by

H ” ´KS ` bC ` a1L1 ` a2L2

where 0 ă a1 ă 1, 0 ď a2 ă 1, b ě 0, C is a fibre of |C| that gives
a conic bundle extremal contraction, and L1, L2 are p´1q-curves that
do not pass through the singular point, and are each mutually disjoint
irreducible components of fibres of |C| chosen such that L1 ¨C “ L2 ¨C “
0.
Blowing up fibres of F2 suitable, we get the following configuration on
S̃.

M̃

F̃1 F̃2

E¬ “ L̃1 E­ “ L̃2

F̃3

E¯

E®

E±

E°

Figure 4.26: S̃

By the conic bundle given by the linear system |M̃`E¯`2F̃3`2E®`2E°|,
we have that

φ˚pCq „ M̃ ` E¯ ` 2F̃3 ` 2E® ` 2E°.

Therefore, on S̃, we have

φ˚pHq ” p2` bqM̃ ` αF̃1 ` pα ´ 1` a1qL̃1 ` βF̃2 ` pβ ´ 1` a2qL̃2

` pγ ` 2bqF̃3 ` pγ ´ 1` bqE¯ ` pγ ´ 1` 2bqE® ` pγ ´ 2` 2bqE°

` pγ ´ 2qE±.

Since this divisor is effective, it proves that the above constructed ex-
ample is a H-polar cylinder for H as described above.

[II] Suppose a1 “ a2 “ 0. Then any ample divisor H on S is given by

H ” ´KS ` bC

where b ą 0, C is a fibre of the conic bundle given by the linear system
|C|.
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Blowing up the fibres of F2 suitably, gives the following configuration on
S̃.

M̃

F̃1 F̃2 F̃3

E¬

E­

E®

E¯

E°

E±

Figure 4.27: S̃

Using the conic bundle given by the linear system |F̃2` F̃3`2M̃`2F̃1`

2E¬|, we can take C on S such that

φ˚pCq „ F̃2 ` F̃3 ` 2M̃ ` 2F̃1 ` 2E¬.

Therefore, on S̃, we get

φ˚pCq „ p2` 2bqM̃ ` pα ` 2bqF̃1 ` pα ´ 1` 2bqE¬ ` pα ´ 1qE­ ` pβ ` bqF̃2

` pβ ´ 1qE® ` pβ ´ 1qE¯ ` pγ ` bqF̃3 ` pγ ´ 1qE° ` pγ ´ 1qE±.

Since this divisor is effective, it proves that the above constructed ex-
ample is a H-polar cylinder for H as described above.

• Let ρpSq “ 3. That is, consider S to be of degree 3.
Suppose ample divisor H on S is given by

H ” ´KS ` bC ` aL,

where 0 ď a ă 1, 0 ď b, C is a fibre of the conic bundle given by the linear
system |C|, L is a p´1q-curve not passing through any singular point and is
an irreducible component of a fibre of |C| such that L ¨ C “ 0.
Blowing up fibres of F2, we get the following configuration on S̃.
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M̃

F̃1

E¬ “ L̃

F̃2

E®

E­

E°

E¯

Figure 4.28: S̃

Using the conic bundle given by the linear system |M̃`E®`2F̃2`2E­`2E¯|,
we can choose C on S such that

φ˚pCq „ M̃ ` E® ` 2F̃2 ` 2E­ ` 2E¯.

Therefore, on S̃, we have

φ˚pCq ” p2` bqM̃ ` αF̃1 ` pα ´ 1` aqE¬ ` pβ ` 2bqF̃2 ` pβ ´ 1` bqE®

` pβ ´ 1` 2bqE­ ` pβ ´ 2` 2bqE¯ ` pβ ´ 2qE°.

Since this divisor is effective, it proves that the above constructed example
is a H-polar cylinder for H as described above.

• Let ρpSq “ 2. That is, suppose S is of degree 4.
Then any ample divsior H on S is given by

H ” ´KS ` bC

where b ą 0, C is a fibre of the conic bundle given by |C|.
Blowing up fibres of F2 suitably, we get the following configuration on S̃.

F̃1

E­ E¬ M̃
E®

F̃2

E¯

Figure 4.29: S̃

Using the conic bundle given by the linear system |M̃`E¬`2F̃1`2E­`2E®|,
we can choose C on S such that

φ˚pCq „ M̃ ` E¬ ` 2F̃1 ` 2E­ ` 2E®.
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Therefore, on S̃, we have

φ˚pHq ” p2` bqM̃ ` pα ` 2bqF̃1 ` pα ´ 1` bqE¬ ` pα ´ 1` 2bqE­

` pα ´ 2` 2bqE® ` βF̃2 ` pβ ´ 1qE¯.

Since this divisor is effective, it proves that the above constructed example
is a H-polar cylinder for H as described above.

2. D4 ` A1 singularity: Suppose the surface S has singularity of type D4 ` A1.
Then ρpSq ď 4. The surface S can be of degree 1 (ρpSq “ 4) or of degree 2
(ρpSq “ 3).

Since the following surfaces

• del Pezzo surface of degree 5 of Type D4,

• del Pezzo surface of degree 4 of Type D4 ` A1,

• cubic del Pezzo surface of Type D4 ` A1.

do not exist, from [BW79] and [CT88], using Lemma 4.70, we can conclude that
any ample divisor H on S can be given by

(a) H ” ´KS ` bC ` a1L1` a2L2 with ρpSq “ 4, b ě 0, 0 ď a1 ă 2, 0 ď a2 ă 1,

(b) H ” ´KS ` bC ` aL with ρpSq “ 3, 0 ď a ă 2, b ě 0,

where C is a fibre of |C| which gives the conic bundle extremal contraction
from S; L, L1 are p´1

2
q curves that pass through the A1 singular point; L2 is

a p´1q-curve on S that does not pass through any singular point and these
curves are such that they are mutually disjoint.

For Cases 2(a) and 2(b), L1, L2, L are irreducible components of fibres of
|C| such that L1 ¨ C “ L2 ¨ C “ L ¨ C “ 0.

• Let ρpSq “ 4, that is the surface we now consider is S of degree 1.

[I] Suppose ample divisor on S is given by

H ” ´KS ` aL

where L is a p´1q-curve that does not pass through the singular point and
0 ă a ă 1.
Blowing up the fibres of F2 accordingly, we get the following configuration
on S̃,
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M̃

F̃1 F̃2 F̃3

E­

E¬

E®

E¯

E°

E± F̃4
E² “ L̃

Figure 4.30: S̃

Since φ˚pLq „ L̃, we get

φ˚pHq ” 2M̃ ` αF̃1 ` pα ´ 1qE¬ ` p2α ´ 2qE­ ` βF̃2 ` pβ ´ 1qE® ` pβ ´ 1qE¯

` γF̃3 ` pγ ´ 1qE° ` pγ ´ 1qE± ` δF̃4 ` pδ ´ 1` aqL̃,

and the divisor is effective.

[II] Suppose ample divisor on S is given by

H ” ´KS ` bC

where b ą 0 and C is a (0)-curve.
Blowing up the fibres of F1 suitably to get S̄, we get the following configu-
ration.

M̃

F̃ ¹

1 E¬

E¯

E®

E­

F̃2 E² E° E³

E¸

±

E´

Figure 4.31: S̄

Contract M̃, F̃2 in order, to get the following configuration on S̃.
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F̃1

E¯E® E­

E¬

E±

E°

E³

E²

E´

Figure 4.32: S̃

Consider the conic bundle given by the linear system |F̃1`E°`2E±`2E³`

2E´|. Then, we can choose C on S such that

C̃ „ F̃1 ` E° ` 2E± ` 2E³ ` 2E´.

Therefore, we have

φ˚pHq “ pα ` bqF̃1 ` pα ´ 1qE¯ ` pα ´ 1qE® ` pα ´ 1qE¬ ` p2α ´ 2qE­

` pβ ´ 1` bqE° ` p2β ´ 2` 2bqE± ` p2β ´ 3` 2bqE³ ` p2β ´ 4` 2bqE´

` p2β ´ 3qE²,

where α ` β “ 3.
This divisor is effective and this shows that the above constructed example
is a H-polar cylinder for H as described above.

[III] Suppose ample divisor H is given by

H ” ´KS ` a1L1 ` a2L2

where L1 is a p´1q-curve that does not pass through any singular point, L2

is a negative curve that passes through the singular point of type A1 and
0 ď a1 ă 1 and 0 ď a2 ă 2.
Blowing up the fibres of F1 suitably, we get the following configuration on
S̃,
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M̃

F̃ ¸

1 E¬

E®

E­

F̃ ¸

2

E¯

E°

E±

E²

E³

Figure 4.33: S̄

Contracting M̃ , we get the following configuration on S̃.

F̃1

E® E­

L̃1 E¬

F̃2

E°

E¯

E²

E±L̃2

E³

Figure 4.34: S̃

Consider the conic bundle that is given by the linear system |E®` L̃1|. Then
we have

E® ` L̃1 „ E­ ` E¬ ` L̃2 „ F̃2 ` E¯ ` E° ` E± ` E².

Using the above, we get

a1L̃1 „ a1p´E® ` F̃2 ` E¯ ` E° ` E± ` E²q,

a2L̃2 `
a2

2
E¬ „ a2p´E­ ´

1

2
E¬ ` F̃2 ` E¯ ` E° ` E± ` E²q.

Since L̃1 „ φ˚pL1q and L̃2 „ φ˚pL2q ´
1
2
E¬, we get

φ˚pHq ” αF̃1 ` pα ´ 1´ a1qE® ` pα ´ 1´
a1

2
qE¬ ` p2α ´ 2´ a2qE­

` pβ ` a1 ` a2qF̃2 ` pβ ´ 1` a1 ` a2qE¯ ` pβ ´ 1` a1 ` a2qE°

` pβ ´ 1qE³ ` pβ ´ 2` a1 ` a2qE± ` pβ ´ 2` a1 ` a2qE².
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This divisor is effective and therefore, this construction is an example of a
H-polar cylinder for H as described above.

[IV] Suppose the ample divisors on S is given by

H ” ´KS ` aL` bC

where C is a (0)-curve that does not pass through the singular point, L is
a p´1q-curve that does not pass through any singular point and 0 ă a ď 1,
b ą 0. Note that φ˚pCq “ C̃. Consider π : S̄ Ñ F1, the blow up of the
fibres of F1 and let ψ : S̄ Ñ S̃ be the blow down of the -1 section, to get the
same configuration as in Figure 4.30. On S̃, consider the conic bundle given
by the linear system |F̃2 ` F̃3 ` 2M̃ ` 2F̃1 ` 2E­|. Then using this, we can
choose C on S such that

C̃ „ F̃2 ` F̃3 ` 2M̃ ` 2F̃1 ` 2E­.

Since SupppC̃q Ă ´KS̃ ` aL̃ as computed in Case 2(a) above, the same H
polar cylinder as in Case 2(a), works here too.

[V] Suppose the ample divisor H on S is given by

H ” ´KS ` a1L1 ` a2L2 ` bC

where L1 is a p´1q-curve that does not pass through the singular point, L2

is a (´1
2

)-curve on X that passes through the singular point of type A1, C
is a (0)-curve not passing through any singular point and 0 ď a1 ă 1, 0 ď
a2 ă 2, b ą 0.
Consider the configuration obtained in Fig. 4.34. Using the conic bundle
given by the linear system |M̃ ` E¯ ` 2F̃3 ` 2E° ` 2E²|, we can choose C
on S such that

C̃ „ M̃ ` E¯ ` 2F̃3 ` 2E° ` 2E².

where C̃ is the proper transform of C in S̃. This shows that Supppφ˚pCqq Ă
Suppp´KS̃ ` a1φ

˚pL1q ` a2φ
˚pL2qq. This implies that the same H-polar

cylinder from Case [III] done above, will work for the ample divisor described
here.

• Let ρpSq “ 3. That is consider surface S of degree 2.

[I] Suppose the ample divisor H on S is given by

H ” ´KS ` aL` bC

where C is a (0)-curve that does not pass through the singular point, L is a
(´1

2
)-curve that passes through the A1, singular point and 0 ď a ă 2, 0 ď b.

We blow up the fibres of F1 appropriately to get the following configuration.
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E±
Ẽ

E¬

L̃

F̃3

F̃1

M̃

F̃2

E®
E­

E¯

E°

Figure 4.35: S̃

Contracting E®, F̃2, M̃ , we get a del Pezzo surface of degree 5 of Type A1.
Using [CT88, Proposition 8.5], we can prove the existence of the curves L̃
and Ẽ. Note that this also implies that L̃ ¨ E° “ 1.
From the conic bundle given by the linear system |L̃` E¬ ` E­|, we have

L̃` E¬ ` E­ „ E± ` F̃3 ` M̃ ` F̃2 ` E®.

This implies that

φ˚pLq ” ´
1

2
E¬ ´ E­ ` E± ` F̃3 ` M̃ ` F̃2 ` E®.

Using the conic bundle given by |F̃3` F̃1` 2M̃ ` 2F̃2` 2E®|, we can choose
C on S such that, on S̃

C̃ „ F̃3 ` F̃1 ` 2M̃ ` 2F̃2 ` 2E®.

Since L̃ „ φ˚pLq ` 1
2
E¬, we have

φ˚pHq ” p2` a` 2bqM̃ ` pβ ` a` 2bqF̃2 ` pβ ´ 1qE¯ ` pβ ´ 1` a` 2bqE®

` pγ ` a` bqF̃3 ` pγ ´ 1` aqE± ` pγ ´ 1qE° ` pα ` bqF̃1

` pα ´ 1´
a

2
qE¬ ` p2α ´ 2´ aqE­.

This divisor is effective and this shows that the above construction is an
example of a H-polar cylinder for H as described above.

3. D4 ` 2A1 singularity: Suppose the surface S has singularity of type D4 ` 2A1.
Then ρpSq ď 3. The surface S can be of degree 1 (ρpSq “ 3) or of degree 2
(ρpSq “ 2).

Using Lemma 4.70 and the following we can explicitly describe all ample divisors
H on S. From [BW79] and [CT88], the following surfaces do not exist:

• del Pezzo surface of degree 4 of Type D4 ` A1,

• del Pezzo surface of degree 3 of Type D4 ` 2A1,
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• del Pezzo surface of degree 5 of Type D4.

This then implies that every ample divisor H on S can be given by one of the
following:

(a) H ” ´KS ` bC ` aL with ρpSq “ 3, 0 ď a ă 1, b ě 0, L not through any
singular point,

(b) H ” ´KS ` bC with ρpSq “ 2, b ą 0, where C is a fibre of |C| that gives a
conic bundle extremal contraction, and in Cases 3(b)&(c), L is an irreducible
component of a fibre of |C| such that L ¨ C “ 0.

[I] Suppose the ample divisor is given by

H ” ´KS ` aL

where ρpSq “ 3, 0 ă a ă 1, L is a p´1q-curve that does not pass through
the singular point. This implies that φ˚pLq “ L̃. Blowing up fibres of F2

suitably, we get the following configuration S̃, (Figure 4.36).

M̃

F̃1 F̃2 F̃3

E­

E¬

E®

E¯

E°

E± F̃4
E² “ L̃

Figure 4.36: S̃

Therefore, on S̃, we get that

φ˚pHq ” 2M̃ ` αF̃1 ` pα ´ 1qE¬ ` p2α ´ 2qE­ ` βF̃2 ` pβ ´ 1qE®

` p2β ´ 2qE¯ ` γF̃3 ` pγ ´ 1qE° ` pγ ´ 1qE± ` δF̃4 ` pδ ´ 1` aqL̃.

This is an effective divisor.

[II] Suppose the ample divisor H on S is given by

H ” ´KS ` bC,

where ρpSq “ 3, C is a (0)-curve that does not pass through the singular
point and 0 ă b.
Blowing up fibres of F1 suitably, we get the following configuration on S̄.
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M̃

F̃ ¹

1 E¬

E¯

E­

F̃2 E² E° E³

E¸

±

E´

E®

Figure 4.37: S̄

Contracting M̃, F̃2 in order, we get the following configuration on S̃.

F̃1

E­ E¯

E¬ E®

E±

E³

E°

E´

E²

Figure 4.38: S̃

Consider the linear system |2E´ ` 2E³ ` 2E± `E° ` F̃1|. Since this gives a
conic bundle, we can choose C on S such that

C̃ „ E° ` F̃1 ` 2E± ` 2E³ ` 2E´.

Therefore, on S̃,

φ˚pHq ” pα ` bqF̃1 ` pα ´ 1qE¬ ` pα ´ 1qE® ` p2α ´ 2qE¯ ` p2α ´ 2qE­

` pβ ´ 1` bqE° ` p2β ´ 2` 2bqE± ` p2β ´ 3` 2bqE³ ` p2β ´ 4` 2bqE´

` p2β ´ 3qE²,

where α ` β “ 3.
This is an effective divisor and thus proves that the above constructed ex-
ample is a H-polar cylinder, for H as described above.

[III] Suppose the ample divisor on S is given by

H ” ´KS ` aL` bC
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where ρpSq “ 3, L is a p´1q-curve that does not pass through the singular
point, C is a (0)-curve, 0 ă a ă 1 and 0 ă b.
Blowing up fibres of F2 suitably, we get the same configuration as Figure
4.36.
Consider the conic bundle given by the linear system |F̃3` F̃2` 2M̃ ` 2F̃1`

2E­|. Then we have that

C̃ „ F̃3 ` F̃2 ` 2M̃ ` 2F̃1 ` 2E­.

This implies that Supppφ˚pCqq “ SupppC̃q Ă Suppp´KS̃ ` aL̃q and there-
fore, the same H-polar cylinder that exists in Case 3(a), works for this ample
divisor H.

[IV] Suppose the ample divisor H on S is given by

H ” ´KS ` bC

where ρpSq “ 2, C is a (0)-curve that does not pass through the singular
point and b ą 0. We blow up the fibres of F1 accordingly to get the following
configuration,

M̃F̃1

E­

E¬

F̃2

E®

E¯

E°

E±

Figure 4.39: S̃

Using the conic bundle given by the linear system |F̃1 ` E¬ ` 2E­|, we can
choose C on S such that

C̃ ” F̃2 ` E® ` 2E¯ ` 2E° ` 2E±.

Note that this is because the divisor F̃2 ` E® ` 2E¯ ` 2E° ` 2E± is a fibre
of the conic bundle given by |F̃1 ` E¬ ` 2E­|.
Then, we get

φ˚pHq ” 2M̃ ` αF̃1 ` pα ´ 1qE¬ ` p2α ´ 2qE­ ` pβ ` bqF̃2 ` pβ ´ 1` bqE®

` p2β ´ 2` 2bqE¯ ` p2β ´ 3` 2bqE° ` p2β ´ 4` 2bqE±.

This divisor is effective.
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4. D4 ` 3A1 singularity: Suppose the surface S has singularity of type D4 ` 3A1.
Then ρpSq ď 2. Consider the surface S of degree 1, and ρpSq “ 2.

Using Lemma 4.70 and the result that there does not exist a cubic del Pezzo
surface of Type D4` 2A1, from [BW79], we can conclude that any ample divisor
H on S is given by

H ” ´KS ` aL

where L is a p´1q-curve on S that does not pass through any singular point and
0 ă a ă 1.

Blowing up fibres of F2 suitably, we get the following configuration.

M̃

F̃1 F̃2 F̃3

E­

E¬

E® E°

E¯

E± F̃4
E² “ L̃

Figure 4.40: S̃

Then, we get

φ˚p´KS ` aLq ” 2M̃ ` αF̃1 ` pα ´ 1qE¬ ` p2α ´ 2qE­ ` βF̃2 ` pβ ´ 1qE®

` p2β ´ 2qE¯ ` γF̃3 ` pγ ´ 1qE° ` p2γ ´ 2qE± ` δF̃4

` pδ ´ 1` aqL̃.

This divisor is effective.

5. D4 ` A2 singularity: Suppose the surface S has a singular point of type A2 in
addition to the D4 singular point. Then, ρpSq ď 3. The surface S can only be
of degree 1 (ρpSq “ 3q) since using Lemma 4.70 and the following results, we can
conclude that there is no surface of degree 2 of Type D4 ` A2.

From [BW79] and [CT88], the following surfaces do not exist.

• del Pezzo surface of degree 3 of Type D4 ` A2,

• del Pezzo surface of degree 5 of Type D4.

Therefore, any ample divisor H on S can be given by

H ” ´KS ` bC ` aL
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where 0 ď a ă 3, b ě 0, C is a fibre of |C| that gives the conic bundle extremal
contraction from S, L is a (´1

3
)-curve that passes through the A2 singular point

and is an irreducible component of a fibre of |C| such that L ¨ C “ 0.

[I] Suppose the ample divisor is given by

H ” ´KS ` aL

where L is a p´1
3
q-curve that passes through the point of type A2 and 0 ă a ă 3.

Blowing up the fibres of F1 suitably to get the configuration on S̄ and then blowing
down the unique p´1q section M̃ , we get the following configuration (Fig. 4.41)
on S̃,

F̃1

E®

E­
E¬

F̃2

E±

E¯

E³

E²

E°

L̃

Figure 4.41: S̃

In the above configuration (Fig. 4.41), contracting E², E¯, E³, gives a del Pezzo
surface of degree 4, of Type A2`A1. Using [CT88, Proposition 6.1], we can prove
the existence of the curve L̃ as in the configuration Fig. 4.41. Note that we also
have L̃ ¨ E° “ 1, from this!
Using the conic bundle given by |E® ` E­ ` E¬ ` L̃|, we can write

E® ` E­ ` E¬ ` L̃ „ F̃2 ` E¯ ` E± ` E² ` E³.

Note that L̃ „ φ˚pLq ´ 2
3
E¬ ´

1
3
E­ and using the above equivalences, we have

apL̃`
2

3
E¬ `

1

3
E­q „ ap´

2

3
E­ ´

1

3
E¬ ´ E® ` F̃2 ` E¯ ` E± ` E² ` E³q

Therefore,

φ˚pHq “ αF̃1 ` pα ´ 1´
a

3
qE¬ ` p2α ´ 2´

2a

3
qE­ ` p3α ´ 3´ aqE® ` pβ ` aqF̃2

` pβ ´ 1` aqE¯ ` pβ ´ 1` aqE± ` pβ ´ 1qE° ` pβ ´ 2` aqE²

` pβ ´ 2` aqE³.

This is an effective divisor and the above construction gives an example of a
H-polar cylinder, for H as described above.
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[II] Suppose the ample divisor H on S is given by

H ” ´KS ` bC

where C is a (0)-curve that does not pass through the singular point and b ą 0.
Blowing up the fibres of F1 suitably, we get the following configuration on S̄,

M̃

F̃ ¹

1 E­

E¯

E®

F̃2 E² E° E³

E¸

±

E´

E¬

Figure 4.42: S̄

Contracting M̃, F̃2 in order, we get following configuration on S̃,

F̃1

E¯ E®

E­

E¬ E±

E³

E°

E´

E²

Figure 4.43: S̃

Using the conic bundle that is given by the linear system |F̃1`E°` 2E±` 2E³`

2E´|, we get that
C̃ „ F̃1 ` E° ` 2E± ` 2E³ ` 2E´.

Therefore, on S̃ we have that

φ˚pHq ” pα ` bqF̃1 ` pα ´ 1qE¯ ` pα ´ 1qE¬ ` p2α ´ 2qE­ ` p3α ´ 3qE®

` pβ ´ 1` bqE° ` p2β ´ 2` 2bqE± ` p2β ´ 3` 2bqE³

` p2β ´ 4` 2bqE´ ` p2β ´ 3qE².

This is an effective divisor and this shows that the above constructed example is
indeed a H-polar cylinder.
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[III] Suppose the ample divisor is given by

H ” ´KX ` aC ` bL

where C is a (0)-curve on S and L is a (´1
3

)-curve that passes through the A2

singular point.
Blowing up fibres of F2 just as in Case 5(a), we get the exact configuration as in
Figure 4.41.
Using the conic bundle that is given by |F̃1 ` E¯ ` 2F̃2 ` 2E± ` 2E³|, we can
choose C on S such that

C̃ „ F̃1 ` E¯ ` 2F̃2 ` 2E± ` 2E³.

Since SupppC̃q “ Supppφ˚pCqq Ă Suppp´KS̃ ` aL̃q, the same H-polar cylinder
as in Case 5(a) works here too.

4.3.2.7 A7 singular point

Suppose the surface has at least one singular point of type A7. Then ρpSq ď 2.
Consider del Pezzo surfaces of degree 1 with exactly one singular point and which
is of A7 singularity type. Then ρpSq “ 2.

Using Lemma 4.70, we can conclude that any ample divisor H on S is given by
one of the following,

(a) H “ ´KS ` aL, 0 ă a ă 1, L not through the singular point,

(b) H “ ´KS ` aL, 0 ă a ă 8, L through singular point.

[I] Suppose the ample divisor H on S is given by

H ” ´KS ` aL

where 0 ă a ă 1, L is a p´1q curve on S that does not pass through the singular
point.
Blowing up the fibres of F2 suitably, we get the following configuration on S̃,

M̃

E¬

E­

F̃1
E® E°

E±

E²F̃3F̃2

E¯ “ L̃

Figure 4.44: S̃
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Since φ˚pLq “ L̃, we get

φ˚pHq “ ´KS̃ ` aφ
˚
pLq ” 2M̃ ` αF̃1 ` pα ´ 1qE¬ ` p2α ´ 2qE­ ` p2α ´ 3qE®

` γF̃3 ` pγ ´ 1qE° ` p2γ ´ 2qE± ` p2γ ´ 3qE² ` βF̃2

` pβ ´ 1` aqL̃.

This is an effective divisor and therefore shows that this is indeed a H-polar
cylinder on S for any ample divisor H, as described above.

[II] Suppose the ample divisor is given by

H ” ´KS ` aL

where L is a (´1
8

)-curve on S that passes through the singular point and 0 ă a ă 8.

Blowing up the fibres of F2 suitably, we get the following configuration on S̃,

M̃

E¬

E­

F̃1
E® E±

E¯

F̃2E°

E² “ L̃

Figure 4.45: S̃

Note that

L̃ „ φ˚pLq ´
1

8
E¬ ´

1

4
E­ ´

3

8
F̃1 ´

1

2
M̃ ´

5

8
F̃2 ´

3

4
E¯ ´

7

8
E±.

Taking γ “ 0, δ “ 0 we get that

φ˚pHq ” ´KS̃ ` aφ
˚
pLq “ p2`

1

2
aqM̃ ` pα `

3

8
aqF̃1 ` pα ´ 1`

1

8
aqE¬

` p2α ´ 2`
1

4
aqE­ ` p2α ´ 3qE® ` pβ `

5

8
aqF̃2 ` pβ ´ 1qE°

` pβ ´ 1`
3

4
aqE¯ ` pβ ´ 2`

7

8
aqE± ` pβ ´ 3` aqL̃.

The above divisor is effective when β ą 3´a and α ą 3
2

which implies that when
a ą 1

2
, the above construction gives the H-polar cylinder on the surface.

When a ď 1
2
, consider the following configuration on S̃ which is obtained by first

blowing up fibres of F1 to get the configuration on S̄ and then contracting the
unique p´1q section, M̃ to get the following on S̃.
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F̃2

E¬

E­

F̃1
E® E°

E±

E²E³

E¯

L̃

Figure 4.46: S̃

In order to show the existence of the curve L̃ as in the configuration above,
contract E®, E­, E³ in order. This gives a del Pezzo surface of degree 4 of Type
A2 ` A1. Using [CT88, Proposition 6.1], we can conclude that a curve L̃ as in
the configuration exists. We also get that L̃ ¨ E¯ “ 1.
Using the conic bundle given by the linear system |L̃ ` E° ` E± ` E² ` E³|, we
have

L̃` E° ` E± ` E² ` E³ „Q E¬ ` F̃1 ` 2E­ ` 2E®.

This implies that

φ˚pLq „Q
9

8
E¬ `

9

4
E­ `

11

8
F̃1 `

1

2
F̃2 ´

3

8
E² ´

1

4
E± ´

1

8
E° ` 2E® ´ E³.

Therefore,

φ˚pHq “ pα `
11a

8
qF̃1 ` pα ´ 1`

9a

8
qE¬ ` p2α ´ 2`

9a

4
qE­ ` p2α ´ 3` 2aqE®

` pα ´ 1qE¯ ` pβ `
a

2
qF̃2 ` pβ ´ 1´

a

8
qE° ` p2β ´ 2´

a

4
qE±

` p3β ´ 3´
3a

8
qE² ` p3β ´ 4´ aqE³.

This divisor is effective and therefore proves that the above constructed example
is a H-polar cylinder for H as described above.

Proof of Main Result 4: Consider all possible del Pezzo surfaces X such that
ρpXq ą 1 and X has at least one du Val singular point of type En, Dn or
A7. In this section, we have then explicitly described all possible ample divisors
H on X and for each such ample divisor, we have constructed a H-polar cylinder
on X, thus proving Main Result 4.
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Chapter 5

3-Folds

The main objects of study in this chapter are Fano 3-folds. Recall Main Result 5,
that is

Theorem 5.1. [ACCFKGSSV] Let X be a general Fano threefold in the family
№N . Then

X is K-polystable ðñ N R

$

’

’

’

&

’

’

’

%

2.23, 2.26, 2.28, 2.30, 2.31, 2.33, 2.35,

2.36, 3.14, 3.16, 3.18, 3.21, 3.22, 3.23,

3.24, 3.26, 3.28, 3.29, 3.30, 3.31, 4.5,

4.8, 4.9, 4.10, 4.11, 4.12, 5.2.

,

/

/

/

.

/

/

/

-

In this Chapter, we prove the K-polystability of smooth Fano 3-folds belonging
to Families №2.16, №2.24, №3.10, №4.13, №4.3, №5.1. For detailed proofs of
remaining cases, and thus Main Result 5, refer to [ACCFKGSSV].

5.1 Foundations

Let X be a Fano variety of dimension n ě 2 that has Kawamata log terminal
singularities. In most of cases we consider, the variety X will be smooth. Set
L “ ´KX . Let (X ,L) (normal) test configuration of the (polarized) pair pX;Lq.
In addition to the results mentioned in Section 2.2, the following results are used
in proving the K-polystability of the aforementioned families.

First, let us explore how K-stability behaves in Families.

Theorem 5.2 ([O13, D15, BL, BLX19, LXZ21]). Let η : X Ñ Z be projective
surjective morphism such that X is Q-Gorenstein, Z is a normal, and all fibers
of η are Fano varieties with at most Kawamata log terminal singularities. For
every closed point P P Z, let XP be the fiber of the morphism η over P . Then
the set

!

P P Z
ˇ

ˇXP is K-stable
)

is a Zariski open subset of the variety Z. Similarly, the set

!

P P Z
ˇ

ˇXP is K-semistable
)
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is a Zariski open subset of the variety Z. Furthermore, the set

!

P P Z
ˇ

ˇXP is K-polystable
)

is a constructible subset of the variety Z.

Thus, if X is a K-polystable smooth Fano threefold such that the group
AutpXq is finite, then X is K-stable by Corollary 2.15, so that general Fano
threefolds in the deformation family of X are K-stable. We will use this obser-
vation often in the proof of Main Result 5 to prove that a general member of
a given family is K-stable. Vice versa, to prove that a given Fano threefold is not
K-polystable, we will use the following result (cf. [C09, O13]).

Theorem 5.3 ([BX19, Theorem 1.1]). Let η : X Ñ Z and η1 : X 1 Ñ Z be pro-
jective surjective morphisms such that both X and X 1 are Q-Gorenstein, Z is
a smooth curve, and all fiber of η and η1 are Fano varieties with at most Kawa-
mata log terminal singularities. Let P be a point in Z, and let XP and X 1

P be
the fibers of the morphism η and η1 over P , respectively. Suppose that there is
an isomorphism X zXP – X 1zX 1

P that fits the following commutative diagram:

X zXP

η

ˇ

ˇ

X zXP ��

– // X 1zX 1
P

η1
ˇ

ˇ

X 1zX1
P��

ZzP ZzP

If both XP and X 1
P are K-polystable, then they are isomorphic.

Together with Theorem 5.2, this result gives

Corollary 5.4. Let p : X Ñ P1 be a test configuration for the Fano variety X
such that the fiber p´1p0q is a K-polystable Fano variety with at most Kawamata
log terminal singularities that is not isomorphic to X. Then X is strictly K-
semistable.

In order to determine the K-stability of Fano threefolds using the α-invariant
of Tian, that was introduced in Section 2.2.2, we will use the following result,
which is a refinement of [N90, Theorem 0.1] for threefolds.

Theorem 5.5. Let X be a Fano threefold that has canonical Gorenstein singu-
larities, let G be a reductive subgroup of AutpXq, and let µ be a positive number
such that µ ď 1. Suppose that αGpXq ă µ. Then one of the following assertions
holds:

(1) There exists a G-invariant irreducible normal surface S on X such that

´KX „Q λS `∆,

where ∆ is effective Q-divisor, and λ P Q such that λ ą 1
µ

.

(2) There exists a G-invariant point P P X. Moreover, the following holds:

152



(2.1) if there is a del Pezzo fibration π : X Ñ P1, and F is its scheme fiber
that contains the point P , then

αpF q ď αΓpF q ă µ,

where Γ is the image in AutpF q of the stabilizer of the fiber F in
the group G, and we assume that αΓpF q “ 0 in the case when F is not
a del Pezzo surface with Du Val singularities.

(3) There exists a smooth rational G-invariant curve C Ă X such that

´KX ¨ C ď
p´KXq

3

2
` 2.

Moreover, in this case, the following additional assertions hold:

(3.1) if µ ă 1, then ´KX ¨ C ă
2

1´µ
, e.g. if µ “ 3

4
, then ´KX ¨ C ă 8;

(3.2) if there is a del Pezzo fibration π : X Ñ P1, then F ¨ C P t0, 1u and

αpF q ď αΓpF q ă µ,

where F is any fiber of the fibration π that intersects (or contains)
the curve C, and Γ is the image in AutpF q of the stabilizer of F in
the group G;

(3.3) if in p3.2q we have F ¨ C “ 1, then

α
`

Fπ
˘

ď αΓ

`

Fπ
˘

ă µ,

where Fπ is the (scheme) generic fiber of the fibration π, which is
a del Pezzo surface with Du Val singularities defined over the function
field of the line P1, and Γ is the image in AutpFπq of the stabilizer of
the fiber Fπ in the group G.

Proof. See [ACCFKGSSV, Theorem 1.4.11].

Throughout the proofs of K-polystability in various cases, we use the valuative
criterion and the stability threshold, introduced in Section 2.2.1 and Section 2.2.3,
in addition to the Tian’s criterion (Section 2.2.2). In this regard, the following
result regarding divisorially stable Fano threefolds, is very frequently used in the
proofs in Chapter 5. Recall the definition of divisorial stability from Definition 8.

Theorem 5.6 ([F16, Theorem 10.1]). Let X be any smooth Fano threefold that
is not contained in the following 41 deformation families:

№1.17, №2.23, №2.26, №2.28, №2.30, №2.31, №2.33, №2.34, №2.35, №2.36,
№3.9, №3.14, №3.16, №3.18, №3.19, №3.21, №3.22, №3.23, №3.24, №3.25,

№3.26, №3.28, №3.29, №3.30, №3.31, №4.2, №4.4, №4.5, №4.7, №4.8, №4.9,
№4.10, №4.11, №4.12, №5.2, №5.3, №6.1, №7.1, №8.1, №9.1, №10.1.

Then SXpEq ă 1 for every prime Weil divisor E Ă X, i.e. X is divisorially
stable.
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Notations For a divisor D on P “ Pn1 ˆ Pn2 ˆ ¨ ¨ ¨ ˆ Pnk , we say that D has
degree pa1, a2, . . . , akq if

D „

k
ÿ

i“1

pr˚i
`

OPni paiq
˘

,

where pri : PÑ Pni is the projection to the ith factor. For a curve C Ă P, we say
that C has degree pa1, a2, . . . , akq if pr˚i pOPni p1qq ¨C “ ai for every i P t1, . . . , ku.

We denote by µn the cyclic group of order n. Similarly, we denote by Sn and
An the symmetric group and its alternating subgroup, respectively.

5.2 Proof of Main Result 5

5.2.1 Family №2.16

Let Q1 and Q2 be two quadrics in P5, given by the following equations.

Q1 : “ tx0x3 ` x1x4 ` x2x5 “ 0u,

Q2 : “ tx2
0 ` ωx

2
1 ` ω

2x2
2 ` x

2
3 ` ωx

2
4 ` ω

2x2
5 ` x0x3 ` ωx1x4 ` ω

2x2x5 “ 0u,

where ω is a primitive cubic root of unity, and x0, x1, x2, x3, x4, x5 are coordinates
on P5. Let V4 “ Q1 XQ2. Then V4 is smooth.

Let G – µ2
2¸µ3 be the subgroup in AutpP5q generated by α, β and γ defined

as follows:

α :
“

x0 : x1 : x2 : x3 : x4 : x5

‰

ÞÑ
“

´ x0 : x1 : ´x2 : ´x3 : x4 : ´x5

‰

,

β :
“

x0 : x1 : x2 : x3 : x4 : x5

‰

ÞÑ
“

´ x0 : ´x1 : x2 : ´x3 : ´x4 : x5

‰

,

γ : rx0 : x1 : x2 : x3 : x4 : x5s ÞÑ rx1 : x2 : x0 : x4 : x5 : x3s.

Then G – A4. Note that Q1 and Q2 are G-invariant, so that V4 is also
G-invariant. Thus, we may identify G with a subgroup in AutpV4q.

Note that P5 contains neither G-fixed points nor G-invariant lines, and every
G-invariant plane in P5 is the plane tλx0`µx3 “ λx1`µx4 “ λx2`µx5 “ 0u for
some pλ, µq ‰ p0, 0q. Using this, we see that V4 contains four G-invariant conics:
C1 “ V4 X tx0 “ x1 “ x2 “ 0u, C2 “ V4 X tx3 “ x4 “ x5 “ 0u, C3 “ V4 X tx0 “

ωx3, x1 “ ωx4, x2 “ ωx5u, and C4 “ V4 X tx3 “ ωx0, x4 “ ωx1, x5 “ ωx2u. The
conics C1, C2, C3, C4 are pairwise disjoint.

Let π : X Ñ V4 be the blow up of the conic C1, and let E be the π-exceptional
surface. Then X is a smooth Fano threefold №2.16, and the G-action lifts to
X, so that we also consider G as a subgroup in AutpXq. Then there exists
a G-equivariant diagram

X
π

~~

η

  
V4 ψ

// P2

Here, ψ is the linear projection from the plane tx0 “ x1 “ x2 “ 0u, and η is
a conic bundle that is given by the net |π˚pHq ´ E|, where H is a hyperplane
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section of the threefold V4. Note that the discriminant curve of η is a smooth
quartic curve.

Lemma 5.7. One has E – P1 ˆ P1.

Proof. We have E – Fn for some non-negative integer n, and ´E|E „ s` af for
some integer a, where s is a section of the projection E Ñ C with s2 “ ´n, and
f is a fiber of this projection. Then ´2 “ E3 “ ps ` afq2 “ ´n ` 2a. Thus, we
see that a “ n´2

2
. But pπ˚pHq ´ Eq|E „ s ` n`2

2
f . Thus, since |π˚pHq ´ E| is

base point free, we get n P t0, 2u. Since

pπ˚pHq ´ Eq|E ¨ s “ ´n`
n` 2

2
“

2´ n

2
,

if n “ 2, s is contracted by η to a point. This point has to be G-invariant in P2,
since s is a ´2 curve in E – F2, which is unique and is hence G-invariant. But
this is impossible, since G does not have fixed points in P2. Hence, we see that
n “ 0, so that E – P1 ˆ P1.

We will use the results from Section 2.2.3.2 to prove that X is K-polystable.
Since AutpXq is finite, this would imply that X is K-stable, by Corollary 2.15,
so that any general member of the family №2.16 is K-stable.

Lemma 5.8. Let C be a G-invariant irreducible curve in E. Then SpWE
‚,‚;Cq ă

1.

Proof. Let u be any non-negative real number. Then

´KX ´ uE „R π
˚
p2Hq ´ p1` uqE,

so that ´KX ´ uE is pseudo-effective ðñ ´KX ´ uE is nef ðñ u ď 1.
It follows from Lemma 5.7 that E – P1ˆP1. Now, using notations introduced

in the proof of this lemma, we see that p´KX ´ uEq|E „R p1` uqs` p3´ uqf .
Observe that |C ´ s| ‰ ∅, since C  f as the conic C1 does not have G-fixed

points. Thus, using Corollary 2.32, we get

S
`

WE
‚,‚;C

˘

“
3

22

ż 1

0

ż 8

0
vol

`

p´KX ´ uEq|E ´ vC
˘

dvdu

ď
3

22

ż 1

0

ż 8

0
vol

`

p´KX´uEq|E´vs
˘

dvdu “
3

22

ż 1

0

ż 8

0
vol

`

p1`u´vqs`p3´uqf
˘

dvdu

“
3

22

ż 1

0

ż 1`u

0
2p1` u´ vqp3´ uqdvdu “

67

88
ă 1

as required.

Lemma 5.9. Let C be any G-invariant irreducible smooth rational curve in X
such that C Ć E and ´KX ¨ C ă 8. Then πpCq is one of the conics C2, C3, C4.

Proof. Let C “ πpCq. Suppose that C is not one of the conics C2, C3, C4. Then

π˚pHq ¨ C “ H ¨ C ě 3,
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since V4 contains no G-invariant lines, and C1, C2, C3, C4 are all G-invariant
conics in V4. Note also that ηpCq is a curve, because G does not have fixed
points in P2. Similarly, we see that ηpCq is not a line. Hence, we conclude that
pπ˚pHq ´ Eq ¨ C ě 2. On the other hand, the number E ¨ C is even since C has
no G-orbits of odd length. Moreover, we have

7 ě ´KX ¨ C “ π˚pHq ¨ C ` pπ˚pHq ´ Eq ¨ C ě 5,

so that ´KX ¨ C “ 6, π˚pHq ¨ C “ 3 and pπ˚pHq ´ Eq ¨ C “ 3, which gives
E ¨ C “ 0. Hence, we conclude that C is a smooth rational cubic curve. Then
ηpCq is a singular cubic curve. This is impossible, since G does not have fixed
points in P2.

Let C̃2, C̃3, C̃4 be the proper transforms on X of the conics C2, C3, C4,
respectively.

Lemma 5.10. Let C be one of the curves rC2, rC3, rC4, let S be a general hyperplane
section of the threefold V4 that contains πpCq, and let S be its proper transform
on X. Then SpW S

‚,‚;Cq ă 1.

Proof. Note that the surface S is smooth, and it intersects C1 transversally in two
points, so that the surface S is also smooth. Observe also that ´KS „ pπ

˚pHq ´
Eq|S and K2

S “ 2, so that S is a weak del Pezzo surface. Then η|S : S Ñ P2 is
the anticanonical map.

Note that |H|S ´ πpCq| is a base point free pencil. Let C 1 be the proper
transform on the surface S of a general conic in this pencil. On S, we have
pC 1q2 “ 0 and C ¨ C 1 “ 2. Moreover, we have π˚pHq|S „ C ` C 1.

Let u be a non-negative real number. Then ´KX ´uS „R p2´uqπ
˚pHq´E,

which implies that ´KX ´ uS is pseudo-effective ðñ ´KX ´ uS is nef ðñ
u ď 1.

Suppose that u P r0, 1s. Let v be a non-negative real number. Then

p´KX ´ uSq|S ´ vC „R ´KS ` p1´ u´ vqC ` p1´ uqC
1,

which implies that p´KX ´ uSq|S ´ vC is nef for v ď 1´ u. On the other hand,
we have
´

p´KX´uSq|S´vC
¯

¨C 1 “
´

´KS`p1´u´vqC`p1´uqC
1
¯

¨C 1 “ 4´2u´2v,

so that p´KX ´ uSq|S ´ vC is not pseudo-effective for v ą 2 ´ u. Moreover, we
have

vol
`

p´KX ´ uSq
ˇ

ˇ

S
´ p1´ uqC

˘

“
`

p´KX ´ uSq
ˇ

ˇ

S
´ p1´ uqCq2 “ 6´ 4u,

Thus, using Corollary 2.32 and (2.5), we get

S
`

W S
‚,‚;C

˘

“
3

22

ż 1

0

ż 2´u

0

vol
`

p´KX ´ uSq
ˇ

ˇ

S
´ vC

˘

dvdu ď

ď
3

22

ż 1

0

ż 1´u

0

`

p´KX ´ uSq
ˇ

ˇ

S
´ vC

˘2
dvdu`

3

22

ż 1

0

2

3
p6´ 4uqdvdu “

“
3

22

ż 1

0

ż 1´u

0

p14´ 16u´ 8v ` 4u2
` 4uvqdvdu`

4

11
“

37

44
ă 1.
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Now, we are ready to show that X is K-polystable. Suppose that it is not
K-polystable. By Theorem 2.19, there exists a G-invariant prime divisor F over
X such that βpF q ď 0. Let Z “ CXpF q. Then Z is not a surface by Theorem 5.6,
so that Z is a G-invariant irreducible curve, because X does not contain G-fixed
points.

Using Lemma 2.22, we conclude that αG,ZpXq ă
3
4
. Therefore, by Lemma 2.20,

there exists a G-invariant effective Q-divisor D on the threefold X such that
D „Q ´KX and the curve Z is contained in NkltpX,λDq for some positive ratio-
nal number λ ă 3

4
.

Since |π˚pHq| does not contain G-invariant surfaces, we see that NkltpX,λDq
does not contain surfaces. Now, using [ACCFKGSSV, Corollary A.4.9] and 2.6,
we conclude that Z is a smooth rational curve such that ´KX ¨ Z ă 8.

By Corollary 2.32 and Lemma 5.8, Z Ć E, since SXpEq ă 1 by Theorem 5.6.

Then Z is one of the curves rC2, rC3, rC4 by Lemma 5.9. Let S be a general
surface in the linear system |π˚pHq| that contains the curve C. Then SXpSq ă 1
by Theorem 5.6, so that SpW S

‚,‚;Cq ě 1 by Corollary 2.32. This contradicts
Lemma 5.10.

5.2.2 Family №2.24

Let X be a smooth Fano threefold belonging to Family №2.24. Then X is a divisor
in P2ˆP2 of degree p1, 2q. Let pr1 : X Ñ P2 and pr2 : X Ñ P2 be the projections
to the first and the second factors, respectively. The morphism pr1 is a conic
bundle, and pr2 is a P1-bundle. Let C be the discriminant curve of the conic
bundle pr1. Then C is a reduced cubic curve. Moreover, since X is smooth,
the curve C is either smooth or nodal.

By [ACCFKGSSV, Lemma A.7.10], we can choose coordinates prx : y : zs, ru :
v : wsq on P2 ˆ P2 such that one of the following three cases hold:

• The threefold X is given by
`

µvw ` u2
˘

x`
`

µuw ` v2
˘

y `
`

µuv ` w2
˘

z “ 0 (5.1)

for some µ P C such that µ3 ‰ ´1. In this case, the curve C is given by

µ2
`

x3
` y3

` z3
˘

“
`

µ3
` 4

˘

xyz.

It is singular ðñ µ P t0, 2,´1˘
?

3iu ðñ C is a union of three lines.

• The threefold X is given by
`

vw ` u2
˘

x`
`

uw ` v2
˘

y ` w2z “ 0. (5.2)

In this case, the curve C is given by x3 ` y3 ´ 4xyz “ 0. It is singular.

• The threefold X is given by
`

vw ` u2
˘

x` v2y ` w2z “ 0. (5.3)

In this case, the curve C is given by xpx2 ´ 4yzq “ 0. It is reducible.
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In the remaining part of this section, we will show that X is K-polystable in
the first case, and X is strictly K-semistable in the other two cases.

Lemma 5.11. The group AutpXq is finite except the following cases:

1. X is given by (5.1) with µ P t0, 2,´1˘
?

3iu,

2. X is given by (5.3).

In the first case, one has Aut0
pXq – G2

m. In the second case, one has Aut0
pXq –

Gm.

Proof. The assertion follows from the proof of [CSP19, Lemma 10.2].

The four threefolds given by (5.1) with µ P t0, 2,´1˘
?

3iu are all isomorphic
to each other. These are known to be K-polystable [Su13]. The three singular
Fano threefolds given by pµvw ` u2qx ` pµuw ` v2qy ` pµuv ` w2qz “ 0 with
µ3 “ ´1 are isomorphic to the threefold given by xvw ` yuw ` zuv “ 0, see
[Wa77]. This threefold has three isolated ordinary double points, and it is not
Q-factorial.

Lemma 5.12. Let Y be a divisor in P2 ˆ P2 that is contained in the pencil

λ
`

xu2
` yv2

` zw2
q ` µ

`

xvw ` yuw ` zuv
˘

“ 0,

where rλ : µs P P1. Then Y is a K-polystable Fano threefold.

Proof. Let G be the subgroup in AutpP2 ˆ P2q generated by α, β and γ defined
as follows:

α :
`

rx : y : zs, ru : v : ws
˘

ÞÑ
`

ry : x : zs, rv : u : wq
‰

,

β :
`

rx : y : zs, ru : v : ws
˘

ÞÑ
`

ry : z : xs, rv : w : uq
‰

,

γ :
“

px : y : zs, ru : v : ws
˘

ÞÑ
`

rεx : ε2y : zs, rεu : ε2v : ws
˘

,

where ε is a primitive cube root of unity. Then G – µ3¸S3, it preserves Y , and
it acts on the threefold Y faithfully, so that we can identify the group G with
a subgroup in AutpY q.

Let π1 : Y Ñ P2 and π2 : Y Ñ P2 be the projections to the first and the second
factors, respectively. Then both π1 and π2 are G-equivariant, and the induced
G-actions on both factors of P2 ˆ P2 are faithful (cf. [DI09, Theorem 4.7]).

We claim that αGpY q ě 1. To prove this claim, let us apply Theorem 5.5
with µ “ 1. First, we observe that Y has no G-fixed points, because P2 has no
G-fixed points.

Suppose that Y contains a G-invariant irreducible rational curve C. Then
π1pCq is not a point and is not a line, since P2 does not have G-fixed points and
G-invariant lines. Then π1pCq is an irreducible G-invariant rational curve of degree
at least 2, so that G acts faithfully on its normalization, which is isomorphic to
P1. But AutpP1q does not contain a subgroup that is isomorphic to µ3¸S3. This
shows that Y does not contain G-invariant irreducible rational curves.
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To prove that αGpY q ě 1 it is enough to show that Theorem 5.5(1) does not
hold. Suppose it does. Then Y contains a G-irreducible surface S such that
´KY „Q aS `∆, where a P Q such that a ą 1, and ∆ is an effective Q-divisor
on Y . If Y is smooth, then there are non-negative integers r and s such that

1

a
π˚1

`

OP2p2q
˘

`
1

a
π˚2

`

OP2p1q
˘

´
1

a
∆ „Q

1

a

`

´KY

˘

´
1

a
∆ „Q S „ π˚1

`

OP2prq
˘

`π˚2
`

OP2psq
˘

,

which gives r “ 1 and s “ 0, since a ą 1. But |π˚1 pOP2p1qq| does not contain
G-invariant divisors. Thus, this proves the claim for smooth 3-folds Y . Thus, we
may assume that Y is given by xvw ` yuw ` zuv “ 0, whose discriminant curve
is given by xyz “ 0. This implies that the hyperplane sections x “ 0, y “ 0 and
z “ 0, of Y , are reducible surfaces, which are the reducible fibres of the conic
bundle pr1. Let us consider these surfaces.

Let Su,x, Sv,y, Sw,z be the surfaces tu “ x “ 0u, tv “ y “ 0u, tw “ z “ 0u,
respectively, let S 1u,x, S

1
v,y, S

1
w,z be the surfaces tx “ yw`zv “ 0u, ty “ xw`zu “

0u, tz “ xv ` yu “ 0u, respectively. Then Su,x – Sv,y – Sw,z – P1 ˆ P1,
S 1u,x – S 1v,y – S 1w,z – F1, and these six surfaces are contained in Y . But S is not
one of them, since they are not G-invariant.

Let ` be a general ruling of the surface Su,x – P1 ˆ P1 that is contracted by
π1 to a point. Then ` X SingpY q “ ∅ and 1 “ ´KY ¨ ` “ aS ¨ ` `∆ ¨ ` ą S ¨ `,
so that S ¨ ` “ 0, which implies that ` and S are disjoint. Similarly, let `1 be
a general ruling of the surface S 1u,x – F1. Then `1 and S must also be disjoint.
Thus, if C is a general fiber of the conic bundle π1, then S ¨ C “ S ¨ p` ` `1q “ 0,
so that S is contracted by π1.

Since π1 does not contract surfaces to points, we see that π1pSq is an irre-
ducible curve. Then π1pSq ‰ C, since C is reducible in this case. This implies
that S „ π˚1 pOP2ptqq for some t P Zą0. Arguing as above, we conclude that t “ 1,
which is impossible, because the linear system |π˚1 pOP2p1qq| does not contain G-
invariant surfaces.

Thus, we conclude that αGpY q ě 1, so that Y is K-polystable by Theorem 2.23.

Corollary 5.13. If X is given by (5.2) or (5.3), then X is strictly K-semistable.

Proof. Suppose that X is given by (5.2). Let Xs be the divisor in P2 ˆ P2 given
by

`

svw ` u2
˘

x`
`

suw ` v2
˘

y ` w2z “ 0.

where s P C. Then Xs is smooth for all s. Moreover, scaling coordinates x, y, z,
u, v, w, we see that Xs – X for every s ‰ 0. This gives us a test configuration for
X, whose special fiber is the threefold X0, which is a K-polystable smooth Fano
threefold by Lemma 5.12. Then X is strictly K-semistable by Corollary 5.4.

Similarly, we see that the threefold given by (5.3) is also strictly K-semistable.

A general threefold in the family №2.24 has finite automorphisms group by
Lemma 5.11, so that it is K-stable by Theorem 5.2.
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5.2.3 Family №3.10

Now, we solve Calabi Problem for all smooth Fano threefolds in the family №3.10
similar to what we did for the family №2.24.

Let Q be a smooth quadric threefold in P4, let C1 and C2 be two disjoint
smooth irreducible conics in Q, and let X be the blow up of the quadric Q in
these two conics. Then X is a smooth Fano threefold №3.10, and every smooth
threefold in this family can be obtained in this way. Moreover, we may assume
that

C1 “ tw
2
` zt “ x “ y “ 0u,

C2 “ tw
2
` xy “ z “ t “ 0u,

where x, y, z, t, w are coordinates on P4. Then, using an appropriate coordinate
change, we may assume that the quadric Q is given by one of the following three
equations:

piq w2 ` xy ` zt ` apxt ` yzq ` bpxz ` ytq “ 0, where a P C Q b such that
a˘ b˘ 1 ‰ 0;

pגq w2 ` xy ` zt` apxt` yzq ` xz “ 0, where a P C such that a ‰ ˘1;

pkq w2 ` xy ` zt` xt` xz “ 0.

The goal of this section is to prove the following result:

Proposition 5.14. The threefold X is K-polystable ðñ Q is given by piq.

In all three cases, we have the following commutative diagram:

Xα1

xx

γ1

vv

η
��

α2

&&

γ2

((
Y1

β1 //

π1 //

P1 P1 ˆ P1pr1oo pr2 // P1 Y2
β2oo

π2ooQ
δ1

gg

δ2

77

ω

OO

(5.4)

where δ1 is a rational map given by rx : y : z : t : ws ÞÑ rx : ys, the map δ2 is
a rational map given by rx : y : z : t : ws ÞÑ rz : ts, the map ω is a rational map

rx : y : z : t : ws ÞÑ
`

rx : ys, rz : ts
˘

,

the maps π1 and π2 are blow ups of the quadric Q at the conics C1 and C2,
respectively, the maps α1 and α2 are blow ups of the proper transforms of the
conics C2 and C1, respectively, both β1 and β2 are fibrations into quadric surfaces,
both γ1 and γ2 are fibrations into sextic del Pezzo surfaces, η is a conic bundle,
and pr1 and pr2 are natural projections. Occasionally, we will consider rx : ys
and rz : ts as coordinates on P1 ˆ P1.
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Let C be the discriminant curve in P1 ˆ P1 of the conic bundle η. Then C
has at most nodal singularities, and its degree is p2, 2q. If Q is given by piq, then
C is given by

a2
`

x2t2`y2z2
˘

`2ab
`

xyz2
`xyt2`ztx2

`zty2
˘

`b2
`

x2z2
`y2t2

˘

`2
`

a2
`b2

´2
˘

yzxt “ 0.

If ab ‰ 0, the curve C is irreducible and smooth, which also implies that
AutpXq is finite. If a “ 0 or b “ 0 (but not both), the curve C is reducible:
it splits as a union of two smooth curves of degree p1, 1q, which meet at two
points. In this case, we have Aut0

pXq – Gm. Similarly, if a “ 0 and b “ 0, then
Aut0

pXq – G2
m and the curve C is given by xyzt “ 0, so that X is the unique

smooth Fano threefold №3.10 that admits an effective G2
m-action.

If the quadric Q is given by pגq, then C is given by the following equation:

a2t2x2
` p2a2

´ 4qxyzt` 2atzx2
` a2y2z2

` 2ayz2x` z2x2
“ 0.

If a ‰ 0, this curve is irreducible and has one node, which implies that AutpXq
is finite. On the other hand, if a “ 0, then the defining equation simplifies as
zxpzx ´ 4ytq “ 0, so that the curve C splits as a union of 3 smooth curves of
degree p0, 1q, p1, 0q and p1, 1q, which meet transversally at 3 distinct points. In
this subcase, we have Aut0

pXq – Gm.
Finally, if Q is given by pkq, then the curve C is given by 2xpt2x ` 2txz ´

4tyz ` xz2q “ 0, so that C is a union of a curve of degree p1, 0q and a smooth
curve of degree p1, 2q, which implies that AutpXq is also finite in this case.

Let H be the pull back on X of a general hyperplane section of the quadric
threefold Q, let E1 be the α1-exceptional surface, and let E2 be the α2-exceptional
surface. Then

EffpXq “ Rě0

“

E1

‰

`Rě0

“

E1

‰

`Rě0

“

H´E1

‰

`Rě0

“

H´E2

‰

`Rě0

“

2H´E1´E2

‰

,

the del Pezzo fibration γ1 is given by |H´E1|, the fibration γ2 is given by |H´E2|,
and the conic bundle η is given by the linear system |2H ´ E1 ´ E2|.

Let us show that X is K-polystable in the case when Q is given by piq.

Lemma 5.15 ([Su13, Theorem 1.1]). Suppose that Q is given by piq and a “
b “ 0. Then X is K-polystable.

Proof. Let G be the subgroup in AutpP4q generated by the following transforma-
tions:

rx : y : z : t : ws ÞÑ rz : t : x : y : ws,

rx : y : z : t : ws ÞÑ ry : x : z : t : ws,

rx : y : z : t : ws ÞÑ rx : y : t : z : ws,

rx : y : z : t : ws ÞÑ rx : y : rz : t{r : ws,

rx : y : z : t : ws ÞÑ rsx : y{s : z : t : ws,

where r P C˚ and s P C˚. Then G – G2
m¸pµ

2
2¸µ2q, the quadric Q is G-invariant,

and the locus C1 Y C2 is G-invariant, so that the action of the group G lifts to
the threefold X.
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Therefore, we may identify G with a subgroup in AutpXq. Now, applying
Theorem 5.5, we obtain αGpXq ě 1, so that X is K-polystable by Theorem 2.23.

Lemma 5.16. Suppose that Q is given by piq and ab “ 0. Then X is K-
polystable.

Proof. By Lemma 5.15, we may assume that a ‰ 0 or b ‰ 0. Without loss of
generality, we may assume that a ‰ 0. Then b “ 0. Let G be the subgroup in
AutpP4q generated by

rx : y : z : t : ws ÞÑ ry : x : t : z : ws,

rx : y : z : t : ws ÞÑ rz : t : x : y : ws,

rx : y : z : t : ws ÞÑ rx{s : ys : z{s : ts : ws,

where s is any non-zero complex number. Then Q is G-invariant, and G –

pGm¸µ2qˆµ2. Moreover, the locus C1YC2 is G-invariant, so that the G-action
lifts to the threefold X. Therefore, we may identify G with a subgroup in AutpXq.
Note that αGpXq ď

2
3
.

Observe that X does not have G-fixed points, because Q does not have G-
fixed points. The conic bundle η in (5.4) is G-equivariant, and G acts on P1ˆP1

such that P1 ˆ P1 does not contain G-fixed points, P1 ˆ P1 does not contain
G-invariant curves of degree p1, 0q or p0, 1q, and the only G-invariant curves in
P1 ˆ P1 of degree p1, 1q are the curves given by xt` yz “ 0 and xt´ yz “ 0.

SupposeX is not K-polystable. By Theorem 2.19, there exists aG-equivariant
birational morphism f : rX Ñ X such that βpF q “ AXpF q ´ SXpF q ď 0 for

some G-invariant dreamy prime divisor F Ă rX. Let Z “ fpF q. Then Z is not
a surface by Theorem 5.6. Thus, since X does not contain G-fixed points, Z is
a G-invariant irreducible curve.

Using Lemma 2.22, we conclude that αG,ZpXq ă
3
4
. Thus, by Lemma 2.20,

there is a G-invariant effective Q-divisor D on the threefold X such that D „Q
´KX and Z is contained in NkltpX,λDq for some positive rational number λ ă 3

4
.

By [ACCFKGSSV, Corollary A.1.7], the locus NkltpX,λDq is connected.
Moreover, since D „Q 3H ´ E1 ´ E2, either the locus NkltpX,λDq is one-

dimensional, or it contains one G-invariant surface, which is contained in |2H ´

E1 ´ E2|. In the former case, the G-invariant surface in NkltpX,λDq is mapped
by the conic bundle η to a G-invariant curve in P1 ˆ P1 of degree p1, 1q.

If Z is not contained in a two-dimensional component of the locus NkltpX,λDq,
then applying [ACCFKGSSV, Corollary A.1.15] to pX,λDq, we get pH´E1q¨Z ď
1 and pH´E2q¨Z ď 1, so that either ηpZq is a point, or ηpZq is a G-invariant irre-
ducible curve of degree p1, 1q. If Z is contained in a two-dimensional G-irreducible
component of the locus NkltpX,λDq, then this component is mapped by η to a G-
invariant curve of degree p1, 1q in P1 ˆ P1. Hence, either ηpZq is a G-invariant
point, or ηpZq is a G-invariant curve of degree p1, 1q. Since P1 ˆ P1 contains no
G-fixed points, we see that ηpZq is a curve given by xt˘ yz “ 0.

Let S be the unique surface in |2H ´ E1 ´ E2| that contains Z, let S be its
image in Q. Then S “ tw2 ` xy ` zt ` apxt ` yzq “ xt ˘ yz “ 0u, so that S is
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a singular quartic del Pezzo surface, whose singular locus consist of 4 points. If
ηpZq is given by xt` yz “ 0, these points are r1 : 0 : ´1 : 0 : 0s, r1 : 0 : 1 : 0 : 0s,
r0 : 1 : 0 : ´1 : 0s, r0 : 1 : 0 : 1 : 0s. Similarly, if ηpZq is given by xt´yz “ 0, then
the surface S is singular at the following points: r´a˘

?
a2 ´ 1 : 0 : 1 : 0 : 0s and

r0 : ´a ˘
?
a2 ´ 1 : 0 : 0 : 1s. In both cases, the surface S contains C1 and C2,

and SingpSq is disjoint from these conics, so that S – S.
Let H “ H|S, C1 “ E1|S, C2 “ E2|S. Then |C1| and |H´C1| are base point free

pencils, and the surface S contains two curves ` and `1 such that C1 „ C2 „ 2`

and H ´ C1 „ 2`1 . Then `2 “
`

`1
˘2
“ 0 and ` ¨ `1 “ 1

2
. One has H „ 2` ` 2`1.

Moreover, there are non-negative integers n and m such that Z „Q n` `m`1. If
n “ 0, then p2H ´E1 ´E2q ¨Z “ 0, so that ηpZq is a point, which is impossible.
Then n ě 1, so that Z ´ ` is pseudo-effective.

Let us apply results of Section 2.2.3.2 to S and Z using notations introduced
in this section. First, we note that SXpSq ă 1 by Theorem 5.6. Hence, using
Corollary 2.32, we conclude that SpW S

‚,‚;Zq ě 1. Let us show that this is not
the case.

Let u P Rě0, let v P Rě0, let P puq “ P p´KX´uSq and let Npuq “ Np´KX´

uSq. Then ´KX ´ uS is not pseudoeffective for u ą 3
2
, since ´KX ´ uS „R

p3
2
´uqS` 1

2
pE1`E2q. Moreover, if 0 ď u ď 1, then P puq|S´vZ „R p2´nvq``p6´

4u´mvq`1 on the surface S, because Npuq “ 0 and P puq “ ´KX´uS in this case.
Similarly, if 1 ď u ď 3

2
, then we have P puq|S´vZ „R p6´4u´nvq``p6´4u´mvq`1,

because Npuq “ pu ´ 1qpE1 ` E2q and P puq “ p3 ´ 2uqH in this case. Thus, if
Z “ C1 or Z “ C2, then

S
`

W S
‚,‚;Z

˘

“
3

26

ż 3
2

1

p6´4uq2pu´1qdu`
3

26

ż 1

0

ż 8

0

vol
´

p2´2vq``p6´4uq`1
¯

dvdu`

`
3

26

ż 3
2

1

ż 8

0

vol
´

p6´ 4u´ 2vq`` p6´ 4uq`1
¯

dvdu “

“
1

104
`

3

26

ż 1

0

ż 1

0

p2´2vqp6´4uqdvdu`
3

26

ż 3
2

1

ż 3´2u

0

p6´4u´2vqp6´4uqdvdu “
1

2
.

Likewise, if Z ‰ C1 and Z ‰ C2, then SpW S
‚,‚;Zq ď SpW S

‚,‚; `q “
51
52

. Thus, in every
case we have SpW S

‚,‚;Zq ă 1, which is a contradiction, since we proved earlier
that SpW S

‚,‚;Zq ě 1. The obtained contradiction shows that X is K-polystable.

Lemma 5.17. Suppose that Q is given by piq and a “ b. Then X is K-polystable.

Proof. By Lemma 5.15, we may assume that a “ b ‰ 0. Then the curve C is
smooth, and the group AutpXq is finite. Let G be the finite subgroup in AutpP4q

generated by

rx : y : z : t : ws ÞÑ ry : x : z : t : ws,

rx : y : z : t : ws ÞÑ rx : y : t : z : ws,

rx : y : z : t : ws ÞÑ rz : t : x : y : ws,

rx : y : z : t : ws ÞÑ rx : y : z : t : ´ws.
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Then G – µ2ˆpµ
2
2¸µ2q, the quadric Q is G-invariant, and C1YC2 is G-invariant.

The action of the group G lifts to X, and we may identify G with a subgroup
in AutpXq. Then X contains no G-fixed points, η is G-equivariant, and G acts
on P1 ˆ P1 such that the only G-fixed points in P1 ˆ P1 are pr1 : 1s, r1 : 1sq and
pr1 : ´1s, r1 : ´1sq, P1 ˆ P1 does not contain G-invariant curves of degree p1, 0q
or p0, 1q, and the only G-invariant curves of degree p1, 1q in P1ˆP1 are reducible
curves px´ yqpz ´ tq “ 0 and px` yqpz ` tq “ 0.

Suppose X is not K-polystable. By Theorem 2.19, there is a G-invariant
prime divisor F over X such that βpF q “ AXpF q ´ SXpF q ď 0. Let Z “ CXpF q.
Then Z is not a surface by Theorem 5.6, so that Z is a G-invariant curve, since
X has no G-fixed points.

Arguing as in the proof of Lemma 5.16, we see that either ηpZq is a G-invariant
point, or ηpZq is an irreducible G-invariant curve of degree p1, 1q. But P1ˆP1 does
not contain irreducible G-invariant curves of degree p1, 1q. Thus, we conclude that
ηpZq is a point. Then either ηpZq “ pr1 : 1s, r1 : 1sq or ηpZq “ pr1 : ´1s, r1 : ´1sq,
so that ηpZq R C , which implies that Z is a smooth fiber of the conic bundle η.

Let S be the unique surface in the linear system |H ´ E1| that contains
the curve Z, and let S be its image in Q. Then S is a smooth quadric surface,
C1 Ă S, and S intersects the conic C2 transversally in two points, so that S is
a smooth sextic del Pezzo surface, and π1 ˝ α1 “ π2 ˝ α2 induces a birational
morphism ϕ : S Ñ S that is a blow up of the intersection points SXC2. We have
E2|S “ e1 ` e2, where e1 and e2 are p´1q-curves in S contracted by ϕ. We also
have E1|S „ H

ˇ

ˇ

S
„ `1 ` `2 ` e1 ` e2, where `1 and `2 are p´1q-curves in S such

that ϕp`1q and ϕp`2q are intersecting lines that pass through the points ϕpe1q and
ϕpe2q, respectively. Then Z „ `1 ` `2.

As in the proof of Lemma 5.16, we are going to apply results of Section 2.2.3.2
to S and Z. By Theorem 5.6, we have SXpSq ă 1, so that SpW S

‚,‚;Zq ě 1 by
Corollary 2.32.

Let P puq “ P p´KX ´ uSq and Npuq “ Np´KX ´ uSq, where u is a non-
negative real number. Observe that ´KX ´ uS „R p2´ uqS ` pH ´E2q `E1 „R
p3´uqH´p1´uqE1´E2. Then ´KX´uS is nef ðñ u P r0, 1s, and ´KX´uS
is pseudo-effective ðñ u P r0, 2s. Moreover, we have

P puq “

#

p3´ uqH ´ p1´ uqE1 ´ E2 if 0 ď u ď 1,

p3´ 2uqH if 1 ď u ď 2,

and Npuq “ pu ´ 1qE1 if 1 ď u ď 2. Let v be a non-negative real number. If
u P r0, 1s, then P puq|S ´ vZ „R p2 ´ vqp`1 ` `2q ` e1 ` e2, so that P puq|S ´ vZ
is not pseudo-effective for every v ą 2. In this case, if v P r0, 1s, then the divisor
P puq|S ´ vZ is nef. Furthermore, if v P r1, 2s, then its Zariski decomposition is

P puq
ˇ

ˇ

S
´ vZ „R p2´ vq

`

`1 ` `2 ` e1 ` e2

˘

looooooooooooooomooooooooooooooon

positive part

`pv ´ 1qpe1 ` e2q
loooooooomoooooooon

negative part

.

Similarly, if u P r1, 2s, then P puq|S´ vZ „R p3´u´ vqp`1` `2q` p2´uqpe1`e2q,
so that the divisor P puq|S ´ vZ is not pseudo-effective for v ą 3 ´ u. Moreover,
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if v P r0, 1s, then this divisor is nef. Finally, if 1 ď v ď 3 ´ u, then its Zariski
decomposition is

P puq
ˇ

ˇ

S
´ vZ „R p3´ u´ vq

`

`1 ` `2 ` e1 ` e2

˘

loooooooooooooooooomoooooooooooooooooon

positive part

`pv ´ 1qpe1 ` e2q
loooooooomoooooooon

negative part

.

Thus, we have

S
`

W S
‚,‚;Z

˘

“
3

26

ż 1

0

ż 1

0

´

p2´ vq
`

`1 ` `2

˘

` e1 ` e2

¯2

dvdu`

`
3

26

ż 1

0

ż 2

1

´

p2´ vq
`

`1 ` `2 ` e1 ` e2

˘

¯2

dvdu`

`
3

26

ż 2

1

ż 1

0

´

p3´ u´ vq
`

`1 ` `2

˘

` p2´ uq
`

e1 ` e2

˘

¯2

dvdu`

`
3

26

ż 2

1

ż 3´u

1

´

p3´ u´ vq
`

`1 ` `2 ` e1 ` e2

˘

¯2

dvdu “

“
3

26

ż 1

0

ż 1

0

p6´ 4vqdvdu`
3

26

ż 1

0

ż 2

1

p2´ vq2dvdu`

`
3

26

ż 2

1

ż 1

0

2p2´ uqp4´ u´ 2vqdvdu`
3

26

ż 2

1

ż 3´u

1

2p3´ u´ vq2dvdu “
3

4
.

The obtained contradiction completes the proof of the lemma.

Now, combining the proofs of Lemma 5.16 and 5.17 together, we obtain

Lemma 5.18. Suppose that Q is given by piq. Then X is K-polystable.

Proof. By Lemma 5.15, we may assume that a ‰ 0 and b ‰ 0. Then C is smooth,
and the group AutpXq is finite. Let G be the finite subgroup in AutpP4q generated
by

rx : y : z : t : ws ÞÑ ry : x : t : z : ws,

rx : y : z : t : ws ÞÑ rz : t : x : y : ws,

rx : y : z : t : ws ÞÑ rx : y : z : t : ´ws.

Then G – µ3
2, the quadric Q is G-invariant, and the locus C1YC2 is G-invariant,

which implies that the G-action lifts to X, so that we may identify G with a sub-
group in AutpXq. Observe that X does not have G-fixed points, because Q does
not have G-fixed points.

Recall that the conic bundle η in (5.4) is G-equivariant, and G acts on P1ˆP1

such that pr1 : 1s, r1 : 1sq and pr1 : ´1s, r1 : ´1sq are the only G-fixed points
in P1 ˆ P1, and P1 ˆ P1 contains no G-invariant curves of degree p1, 0q or p0, 1q.
Moreover, the G-invariant curves of degree p1, 1q in P1 ˆ P1 can be described as
follows: txt “ yzu, txt “ yzu, and all curves in the pencil P that is given by
rpxt` yzq “ spxz ` ytq, where rr : ss P P1. Note that the pencil P contains two
reducible curves: tpx´ yqpz´ tq “ 0u and tpx` yqpz` tq “ 0u, which correspond
to rr : ss “ r1 : 1s and rr : ss “ r1 : ´1s, respectively.
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Suppose X is not K-polystable. By Theorem 2.19, there exists a G-invariant
prime divisor F over X with βpF q ď 0. Let Z “ CXpF q. Then dimpZq ď 1 by
Theorem 5.6, so that Z is a G-invariant irreducible curve, because X does not
have G-fixed points.

Arguing as in the proof of Lemma 5.16, we see that either ηpZq is a G-invariant
point, or ηpZq is an irreducible G-invariant curve of degree p1, 1q. Furthermore,
if ηpZq is a point, then ηpZq R C , so that Z is a smooth fiber of the conic
bundle η. In this case, for all admissible a and b, the unique surface in |H ´ E1|

that contains the curve Z is a smooth sextic del Pezzo surface, so that we are
exactly in the situation of the proof of Lemma 5.17 and, therefore, we can obtain
a contradiction arguing exactly as in this proof. This shows that ηpZq is a curve
of degree p1, 1q.

Let S be the surface in |2H ´ E1 ´ E2| that contains Z, and let S be its
image in Q. Then S is a quartic del Pezzo surface that contains C1 and C2. Since
a ‰ 0 and b ‰ 0, either the surface S is smooth, or S has exactly two isolated
ordinary double points. Furthermore, if S is singular, its singular locus is disjoint
from the conics C1 and C2. We will provide explicit computations in the end
of the proof. In particular, one has S – S. Now, we can proceed as we did in
the proof of Lemma 5.16.

Namely, let us apply results of Section 2.2.3.4 to S and Z using notations
introduced in this section. By Theorem 5.6, we have SpV‚;Sq ă 1. Hence, using
Corollary 2.32, we conclude that SpW S

‚,‚;Zq ě 1. Let us show that this is not
the case.

Let H “ H|S, C1 “ E1|S and C2|S. Then C1 „ C2, both |C1| and |H ´ C1|

are base point free pencils. Let C 1 be a general curve in |H ´ C1|. Then C2
1 “ 0,

pC 1q2 “ 0 and C1 ¨ C 1 “ 2.
Suppose that Z „Q

n
2
C1`

m
2
C 1 for some non-negative integers n and m. Then

n ě 1, since otherwise ηpZq would be a point, which is not the case. Thus, if
Z ‰ C1 and Z ‰ C2, then to estimate SpW S

‚,‚;Zq from above we may assume that
n “ 1 and m “ 0. In this case, arguing as in the proof of Lemma 5.16, we see
that

S
`

W S
‚,‚;Z

˘

“
3

26

ż 1

0

ż 8

0

vol

˜

´

1´
1

2
v
¯

C1 ` p3´ 2uqC 1
¸

dvdu`

`
3

26

ż 3
2

1

ż 8

0

vol

˜

´

3´ 2u´
1

2
v
¯

C1 ` p3´ 2uqC 1
¸

dvdu “

“
3

26

ż 1

0

ż 2

0

4
´

1´
1

2
v
¯

p3´2uqdvdu`
3

26

ż 3
2

1

ż 6´4u

0

4
´

3´2u´
1

2
v
¯

p3´4uqdvdu “
51

52
,

Similarly, if Z “ C1 or Z “ C2, then arguing as in the end of the proof of
Lemma 5.16, we obtain SpW S

‚,‚;Zq “
1
2
. Thus, we see that SpW S

‚,‚;Zq ă 1, so
that X is K-polystable.

To complete the proof of the lemma, it is enough to show that every G-
invariant curve on the surface S is Q-rationally equivalent to 1

2
pnC1 ` mC 1q for

some n P Zě0 and m P Zě0. Since S – S, we identify S “ S, so that now S is
a quartic del Pezzo surface in P4.
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Suppose that ηpZq is given by xt “ yz. Then S “ QX txt “ yzu. Therefore,
the projection rx : y : z : t : ws ÞÑ rx : y : z : ts induces a G-equivariant
double cover ϕ : S Ñ Y such that Y is the smooth quadric surface in P3 that is
given by xt “ yz, and the ramification divisor of the double cover ϕ is the curve
Y Xtxy`zt`apxt`yzq`bpxz`ytq “ 0u, where we consider x, y, z, t as coordinates
on P3. Explicit computations shows that R is smooth, since a˘ b ‰ 1, a˘ b ‰ ´1
and b ‰ 0. Then S is also smooth. Since the involution of the double cover ϕ is
contained in G, every G-invariant curve in S is rationally equivalent to φ˚pDq for
some D P PicpY q, which implies the required assertion.

Similarly, we see that the required assertion holds when ηpZq is given by
xt “ yz. Therefore, we can proceed to the case when ηpZq is an irreducible
curve in the pencil P . In this case, we have S “ Q X trpxt ` yzq “ spxz ` ytqu,
where r and s are some numbers such that pr, sq ‰ p0, 0q, rr : ss ‰ r1 : 1s,
rr : ss ‰ r1 : ´1s. As in the previous case, there exists a G-equivariant double
cover ϕ : S Ñ Y such that Y is the quadric in P3 given by

rpxt` yzq “ spxz ` ytq,

and the ramification divisor of ϕ is the curve R “ Y X txy ` zt ` apxt ` yzq `
bpxz ` ytq “ 0u. Since rr : ss ‰ r1 : 1s and rr : ss ‰ r1 : ´1s, one can check that
the quadric Y is smooth. Thus, if the curve R is smooth, we obtain the required
assertion as in the previous case. Therefore, we may assume that the curve R is
singular.

Since R is singular, explicit computations show that br ` pa ˘ 1qs “ 0 or
pb ˘ 1qr ` as “ 0. In the former case, we have R “ Y X tpx ˘ zqpt ˘ yq “ 0u.
Similarly, if pb ˘ 1qr ` as “ 0, then R “ Y X tpy ˘ zqpt ˘ xq “ 0u. In each
case, the curve R splits as a union of two smooth conics R1 and R2 that intersect
transversally at two points, so that S has two isolated ordinary double points,
which are disjoint from C1 Y C2. As in the previous case, we see that every
G-invariant Cartier divisor on S is rationally equivalent to φ˚pDq for some D P

PicpY q. Since any Weil divisor on S becomes Cartier once it is multiplied by 2,
the assertion follows. This completes the proof of the lemma.

Corollary 5.19. If Q is given by pגq or pkq, then X is strictly K-semistable.

Proof. We only consider the case when Q is given by pגq, because the other case is
similar. Suppose that Q is given by pגq. Let Qs “ tw

2`xy`zt`apxt`yzq`sxz “
0u Ă P4, where s P C. Then the quadric Qs is smooth, and Q contains both
conics C1 and C2. Let Xs Ñ Qs be the blow up of the conics C1 and C2. Scaling
coordinates x, y, z, t, w, we see that Xs – X for every s ‰ 0. This gives us
a test configuration for X, whose special fiber is X0, which is a K-polystable
smooth Fano threefold №3.10 by Lemma 5.18. Then X is strictly K-semistable
by Corollary 5.4.

Thus, Proposition 5.14 is completely proved.
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5.2.4 Family №3.13

Let X be a smooth Fano threefold in the family №3.13. As it was observed in
[CCGK16, § 66], the threefold X is a complete intersection in P2 ˆ P2 ˆ P2 of 3
divisors of degrees p1, 1, 0q, p0, 1, 1q, p1, 0, 1q, respectively. Thus, the threefold X
can be given by the following system of equations:

$

’

&

’

%

fpx0, x1, x2; y0, y1, y2q “ 0,

gpy0, y1, y2; z0, z1, z2q “ 0,

hpx0, x1, x2; z0, z1, z2q “ 0,

where f , g, h are bilinear forms, and rx0 : x1 : x2s, ry0 : y1 : y2s, rz0 : z1 : z2s

are coordinates on the first, the second and the third factor of P2 ˆ P2 ˆ P2,
respectively. Observe that

f “
“

x0 x1 x2

‰

Mx,y

»

–

y0

y1

y2

fi

fl ,

g “
“

y0 y1 y2

‰

My,z

»

–

z0

z1

z2

fi

fl ,

h “
“

x0 x1 x2

‰

Mx,z

»

–

z0

z1

z2

fi

fl

for some 3ˆ 3 matrices Mx,y, My,z, Mx,z.

Lemma 5.20. One has detpMx,yq ‰ 0, detpMy,zq ‰ 0 and detpMx,zq ‰ 0.

Proof. See [ACCFKGSSV, Lemma 5.19.1].

Let Wx,y, Wy,z, Wx,z be the threefolds in P2 ˆ P2 that are given by f “ 0,
g “ 0, h “ 0, respectively. Then Wx,y, Wy,z, Wx,z are smooth by Lemma 5.20.
Moreover, we have the following commutative diagram:

P2

Wx,y

prx,yx

��

prx,yy

44

Wy,z

pry,zy

jj

pry,zz

��

X
ηx

ss

ηz

++

ηy

OO

πx,z

��

πx,y

kk
πy,z

33

P2 P2

Wx,z

prx,zz

jj

prx,zz

44

(5.5)
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where all morphisms are given by natural projections, e.g. the morphism πx,y is
given by

´

“

x0 : x1 : x2

‰

,
“

y0 : y1 : y2

‰

,
“

z0 : z1 : z2

‰

¯

ÞÑ

´

“

x0 : x1 : x2

‰

,
“

y0 : y1 : y2

‰

¯

,

the morphism ηz is given by prx0 : x1 : x2s, ry0 : y1 : y2s, rz0 : z1 : z2sq ÞÑ rz0 : z1 :
z2s, and the projection pry,zy is given by pry0 : y1 : y2s, rz0 : z1 : z2sq ÞÑ ry0 : y1 : y2s.

Note that the morphisms πx,y, πy,z, πx,z are birational — they blow up smooth
rational curves of degree p2, 2q. Let Ex,y, Ey,z, Ex,z be their exceptional surfaces,
respectively. Then ´KX „ Ex,y`Ey,z`Ex,z. Observe also that ηx, ηy and ηz are
(non-standard) conics bundles and ´KX „ η˚xpOP2p1qq`η˚y pOP2p1qq`η˚z pOP2p1qq.

Let ∆x, ∆y, ∆z be the discriminant curves of the conic bundles ηx, ηy, ηz,
respectively. Then the defining equations of the curves ∆x, ∆y, ∆z are

“

x0 x1 x2

‰

Dx

»

–

x0

x1

x2

fi

fl “ 0,
“

y0 y1 y2

‰

Dy

»

–

y0

y1

y2

fi

fl “ 0,

“

z0 z1 z2

‰

Dz

»

–

z0

z1

z2

fi

fl “ 0

for some 3ˆ 3 matrices Dx, Dy and Dz.

Lemma 5.21. One has

Dx “Mx,z

`

My,z

˘´1
MT

x,y,

Dy “My,z

`

Mx,z

˘´1
Mx,y,

Dz “MT
y,z

`

Mx,y

˘´1
Mx,z.

Proof. See [ACCFKGSSV, Lemma 5.19.3].

In particular, we see that the conics ∆x, ∆y, ∆z are smooth.
Linearly changing the coordinates prx0 : x1 : x2s, ry0 : y1 : y2s, rz0 : z1 : z2sq,

we can simplify the shapes of the polynomials f , g and h. To be precise, we have
the following:

Lemma 5.22 (cf. [M63, S14]). One can choose coordinates on P2ˆP2ˆP2 such
that one of the following two cases holds:

(‹) the threefold X is given by

$

’

&

’

%

x0y0 ` x1y1 ` x2y2 “ 0,

y0z0 ` y1z1 ` y2z2 “ 0,

p1` sqx0z1 ` p1´ sqx1z0 ´ 2x2z2 “ 0,

where s P C such that s ‰ ˘1.
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(�) the threefold X is given by

$

’

&

’

%

x0y0 ` x1y1 ` x2y2 “ 0,

y0z0 ` y1z1 ` y2z2 “ 0,

x0z1 ` x1z0 ` x1z2 ´ x2z1 ´ 2x2z2 “ 0.

Proof. See [ACCFKGSSV, Lemma 5.19.7].

If X is given by (‹) with s “ 0, then X is isomorphic to the threefold given
by

$

’

&

’

%

x0y0 ` x1y1 ` x2y2 “ 0,

y0z0 ` y1z1 ` y2z2 “ 0,

x0z0 ` x1z1 ` x2z2 “ 0,

which is the unique smooth Fano threefold №3.13 that admits an effective PGL2pCq-
action. In this case, the Fano threefold X is K-polystable by [ACCFKGSSV,
Example 1.6.17] and [ACCFKGSSV, Lemma 4.2.5].

On the other hand, if X is given by (�), then X is not K-polystable by

Lemma 5.23. Suppose that X is given by the equation p�q. Then AutpXq –
Ga ¸S3. Moreover, the threefold X is strictly K-semistable.

Proof. Suppose that the threefold X is given by (�). For every a P C, let us
consider the automorphism φa P AutpP2 ˆ P2 ˆ P2q given by the following linear
transformations:

»

–

x0

x1

x2

fi

fl ÞÑ A

»

–

x0

x1

x2

fi

fl ,

»

–

y0

y1

y2

fi

fl ÞÑ
`

A´1
˘T

»

–

y0

y1

y2

fi

fl ,

»

–

z0

z1

z2

fi

fl ÞÑ A

»

–

z0

z1

z2

fi

fl ,

where

A “

¨

˝

1 a2 2a
0 1 0
0 a 1

˛

‚.

Each such transformation φa leaves X invariant, so that we can assume that
φa P AutpXq. One can check that these transformations form a subgroup in
AutpXq isomorphic to Ga. Moreover, the group AutpXq also contains involutions
τx,z, τx,y, τy,z defined as

τx,z :
´

rx0 : x1 : x2s, ry0 : y1 : y2s, rz0 : z1 : z2s

¯

ÞÑ

ÞÑ

´

rz0 : z1 : ´z2s, ry0 : y1 : ´y2s, rx0 : x1 : ´x2s

¯

,

τx,y :
´

rx0 : x1 : x2s, ry0 : y1 : y2s, rz0 : z1 : z2s

¯

ÞÑ

ÞÑ

´

ry0 ` 2y1 ` y2 : 2y0 : y0 ` y2s, rx1 : x0 ´ x2 : 2x2 ´ x1s, rz0 : z1 : ´z2s

¯

,
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τy,z :
´

rx0 : x1 : x2s, ry0 : y1 : y2s, rz0 : z1 : z2s

¯

ÞÑ

ÞÑ

´

rx0 : x1 : ´x2s, rz1 : z0 ` z2 : z1 ` 2z2s, ry0 ` 2y1 ´ y2 : 2y0 : y2 ´ y0s

¯

.

One can check that the involution τx,z, τx,y, τy,z together with transformations φa
generate the group AutpXq. Using this, we conclude that AutpXq – Ga ¸ S3.
(For more details, check [ACCFKGSSV]).

By Theorem 2.13, the threefold X is not K-polystable. To show that X is
K-semistable, observe that X is isomorphic to the threefold given by

$

’

&

’

%

x0y0 ` x1y1 ` x2y2 “ 0,

y0z0 ` y1z1 ` y2z2 “ 0,

x0z1 ` x1z0 ´ 2x2z2 ` εpx1z2 ´ x2z1q “ 0,

where ε is any non-zero number. As we already mentioned, if ε “ 0, then these
equations define the K-polystable smooth Fano threefold that admits an effective
PGL2pCq-action. Now, arguing as in the proof of Corollaries 5.13 and 5.19, we
can construct a test configuration for the threefold X, whose special fiber is a K-
polystable Fano threefold, so that X is strictly K-semistable by Corollary 5.4.

In the remaining part of this section, we will prove the following result:

Proposition 5.24. If X is given by p‹q, then X is K-polystable.

To prove this result, we suppose that X is given by p‹q. Then ∆x is given by
x0x1 “ x2

2, the curve ∆y is given by z0z1 “ z2
2 , and ∆z is given by y0y1 “

1´s2

4
y2

2.
Now, let us describe some automorphisms of the threefold X.

For every λ P C˚, the group AutpXq contains the automorphism ϕλ : X Ñ X
that is given by

´

rx0 : x1 : x2s, ry0 : y1 : y2s, rz0 : z1 : z2s

¯

ÞÑ

˜

”

λx0 :
x1

λ
: x2

ı

,
”y0

λ
: λy1 : y2

ı

,

”

λz0 :
z1

λ
: z2

ı

¸

.

These automorphisms form a proper subgroup Γ Ĺ AutpXq, which is isomorphic
to Gm. The full automorphism group AutpXq also contains the involution τx,z
that is given by

τx,z :
´

rx0 : x1 : x2s, ry0 : y1 : y2s, rz0 : z1 : z2s
¯

ÞÑ

´

rz1 : z0 : z2s, ry1 : y0 : y2s, rx1 : x0 : x2s
¯

,

the group AutpXq also contains the involution τx,y given by

τx,y :
´

rx0 : x1 : x2s, ry0 : y1 : y2s, rz0 : z1 : z2s

¯

ÞÑ

ÞÑ

˜

”

y0 :
y1

1´ s2
: ´

y2

2

ı

,
”

x0 : p1´ s2
qx1 : ´2x2

ı

,
”

ps` 1qz1 :
z0

s` 1
: z2

ı

¸

,
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and it contains the involution τx,y which is given by

τy,z :
´

rx0 : x1 : x2s, ry0 : y1 : y2s, rz0 : z1 : z2s

¯

ÞÑ

ÞÑ

˜

”

x1 : x0 : ´x2

ı

,
”

p1´ sqz0 : ps` 1qz1 : 2z2

ı

,
” y0

1´ s
:

y1

s` 1
:
y2

2

ı

¸

.

Let G be the subgroup in AutpXq generated by Γ – Gm and the involutions
τx,y, τx,z, τy,z. Then Γ is a normal subgroup in G. Note that G{Γ – S3, so that
we have G – Gm.S3. Using the theory of splitting of extensions of groups, we
get that G – Gm ¸S3.

Remark 5.25. If s “ 0, then we have AutpXq – PGL2pCq ˆS3. Moreover, if
s ‰ 0, then one can show that AutpXq “ G. But we do not need this.

To prove the K-polystability of the threefold X, we need to prove one technical
lemma. To state it, we find it useful to replace the parameter s P Czt1,´1u as
s “ r3´1

r3`1
for a non-zero number r such that r3 ‰ ´1. Then p1´s2qp1`sq “ 8r6

pr3`1q3
,

so that

3
a

p1´ s2qp1` sq “

#

2r2

r3 ` 1
,

2ωr2

r3 ` 1
,

2ω2r2

r3 ` 1

+

,

where ω is a primitive cube root of unity.

Lemma 5.26. The following assertions holds:

(i) one has PicGpXq “ Zr´KXs;

(ii) the threefold X does not have G-fixed points;

(iii) the threefold X contains exactly three distinct G-invariant irreducible curves,
which can be parametrically described as follows:
´

“

u2 : rpr2
´ r ` 1qv2 : ruv

‰

,
“

rpr2
´ r ` 1qv2 : ru2 : ´pr3

` 1quv
‰

,
“

ru2 : pr2
´ r ` 1qv2 : ruv

‰

¯

, (5.6)

´

“

ru2 : ω2
pr ` 1qpr ` ω2

qv2 : ruv
‰

,
“

ωpr ` 1qpr ` ω2
qv2 : ωr2u2 : ´pr3

` 1quv
‰

,
“

ω2r3u2 : pr ` 1qpr ` ω2
qv2 : r2uv

‰

¯

, (5.7)

´

“

ru2 : ωpr ` 1qpr ` ωqv2 : ruv
‰

,
“

ω2
pr ` 1qpr ` ωqv2 : ω2r2u2 : ´pr3

` 1quv
‰

,
“

ωr3u2 : pr ` 1qpr ` ωqv2 : r2uv
‰

¯

, (5.8)

where ru : vs P P1. All these three curves are smooth and rational.
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Proof. See [ACCFKGSSV, Lemma 5.19.11].

Now, we are ready to prove

Lemma 5.27. If s ‰ 0, then αGpXq “ 1. If s “ 0, then αGpXq “
2
3
.

Proof. First, let us recall that s “ r3´1
r3`1

, where r is a non-zero number such that
r3 ‰ ´1. If s “ 0, we assume that r “ 1 to avoid repeating computations.

Since ´KX „ Ex,y ` Ey,z ` Ex,z, we can conclude that αGpXq ď 1. More-
over, if s “ 0, then Ex,y, Ey,z and Ex,z meet along the curve (5.6), which gives
αGpXq ď

2
3
. Set

µ “

$

&

%

1 if s ‰ 0,

2

3
if s “ 0.

We see that αGpXq ď µ. Suppose that αGpXq ă µ. Let us seek for a contradic-
tion.

Recall that PicGpXq “ Zr´KXs and X has no G-fixed points by Lemma 5.26.
Arguing as in the proof of Theorem 5.5 and using Lemma 2.20, we see that
there exist an irreducible G-invariant curve C Ă X and a G-invariant effective
Q-divisor D on the threefold X such that D „Q ´KX , the log pair pX,λDq is
strictly log canonical for some rational number λ ă µ, and C is its unique log
canonical center. Then C is one of the curves (5.6), (5.7), (5.8) by Lemma 5.26.

Since λ ă 1 and C Ď NkltpX,λDq, we see that multCpDq ě
1
λ
ą 1

µ
ě 1.

Now, let us use assumptions and notations introduced in the proof of Lemma 5.26.
Let Sx, Sy, Sz be the surfaces in X that are cut out by x0x1 “ qxx

2
2, y0y1 “ qyy

2
2,

z0z1 “ qzz
2
2 , respectively. Then C Ă Sx X Sy X Sz, the divisor Sx ` Sy ` Sz is

G-invariant and ´KX „Q
1
2
pSx`Sy `Szq. Moreover, if s “ 0 and C is the curve

(5.6), then we have C “ Ex,y X Ey,z X Ex,z and we have Sx “ Ex,y ` Ex,z,
Sy “ Ex,y ` Ey,z, Sz “ Ex,z ` Ey,z. In all other cases, the surfaces Sx, Sy, Sz
are smooth at general point of the curve C, and they meet each other pairwise
transversally at general point of the curve C.

Indeed, to prove this claim, it is enough to check both assertions for Sx and
Sy, because the group G acts two-transitively on tSx, Sy, Szu. Let us show that Sx
and Sy are smooth at general point of the curve C, and they meet transversally
at general point of the curve C. This can be explicitly checked at the point
P P C that corresponds to ru : vs “ r1 : 1s in the parametrizations (5.6), (5.7)
and (5.8). Thus, we can do this in the affine chart x2 “ y2 “ z2 “ 1. In this
chart, the threefold X is given by

$

’

&

’

%

x0y0 ` x1y1 ` 1 “ 0,

y0z0 ` y1z1 ` 1 “ 0,

p1` sqx0z1 ` p1´ sqx1z0 ´ 2 “ 0,

the surface Sx is given by x0x1 “ qx, and the surface Sy is given by y0y1 “ qy,
where we consider now x0, x1, y0, y1, z0, z1 as coordinates on A6. If C is the curve
(5.6), then

P “

˜

1

r
, r2

´ r ` 1,´
r

r ` 1
,´

r

r3 ` 1
, 1,

r2 ´ r ` 1

r

¸

,
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so that the Zariski tangent space to the intersection Sx X Sy at the point P is
given by

¨

˚

˚

˚

˚

˝

´ r
r`1 ´ r

r3`1
1
r r2 ´ r ` 1 0 0

0 0 1 r2´r`1
r ´ r

r`1 ´ r
r3`1

r2pr2 ´ r ` 1q 1 0 0 r2 ´ r ` 1 r2

r2 ´ r ` 1 1
r 0 0 0 0

0 0 ´ r
r3`1 ´ r

r`1 0 0

˛

‹

‹

‹

‹

‚

¨

˚

˚

˚

˚

˚

˚

˝

x0 ´
1
r

x1 ´ r
2 ` r ´ 1

y0 `
r

r`1

y1 `
r

r3`1

z0 ´ 1

z1 ´
r2´r`1

r

˛

‹

‹

‹

‹

‹

‹

‚

“ 0.

The determinant of the matrix formed by the first 5 columns of this matrix is
pr2´r`1qpr´1q2

r`1
,and this vanishes if r “ 1, since r2´ r` 1 “ 0 implies that r3 “ ´1

and we assumed that this was not the case. So therefore, if this determinant
vanishes, then s “ 0.

Thus, if s ‰ 0 and C is the curve (5.6), then the Zariski tangent space to
the intersection Sx X Sy at the point P is one-dimensional, so that both surfaces
Sx and Sy are smooth at P , and intersect transversally at this point. This proves
our claim in the case when C is the curve (5.6).

Similarly, if C is the curve (5.7), then

P “

˜

1,
ω2pr ` 1qpr ` ω2q

r
,´

ω

r ` ω
,´

ωr2

r3 ` 1
, ω2r,

pr ` 1qpr ` ω2q

r2

¸

,

and the dimension of the Zariski tangent space to the intersection SxXSy at this
point equals the nullity of the following 5ˆ 6 matrix:

¨

˚

˚

˚

˚

˚

˚

˝

´ ω
r`ω

´ ωr2

r3`1
1 ω2pr`1qpr`ω2q

r
0 0

0 0 w2r pr`1qpr`w2q

r2
´ ω
r`ω

´ ω
r3`1

rpr ` 1qpr ` ω2q w2r 0 0 ω2pr`1qpr`ω2q

r
r3

ω2pr`1qpr`ω2q

r
1 0 0 0 0

0 0 ´ ωr2

r3`1
´ ω
r`ω

0 0

˛

‹

‹

‹

‹

‹

‹

‚

.

The determinant of its submatrix formed by the first 5 columns is ωpr`1qpr´ωq2pr`ω2q

r`w
,

so that it never vanishes, because r3 ‰ ´1 and r ‰ ω. Therefore, the Zariski tan-
gent space to SxX Sy at the point P is always one-dimensional, so that both our
surfaces Sx and Sy are smooth at P , and intersect transversally at P . This proves
our claim in the case when C is the curve (5.7). Now, swapping ω with ω2, we
also obtain the proof of our claim in the case when C is the curve (5.8).

Thus, unless s “ 0 and C is the curve (5.6), the surfaces Sx, Sy, Sz are smooth
at general point of the curve C, and they meet each other pairwise transversally
at general point of the curve C. In particular, we see that C Ę NkltpX, µ

2
pSx `

Sy ` Szqq. Thus, using [ACCFKGSSV, Lemma A.4.12], we may assume that Sx,
Sy, Sz are not contained in SupppDq.

If s “ 0 and C is the curve (5.6), then 1 “ D ¨ ` ě multCpDq, where ` is
a general fiber of the projection Ex,y Ñ πx,ypEx,yq. But multCpDq ą 1. Therefore,
we see that s ‰ 0 or C is not the curve (5.6). Then ηxpCq ‰ ∆x, ηypCq ‰ ∆y and
ηzpCq ‰ ∆z.
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Let ` be a general fiber of the morphism ηx|Sx : Sx Ñ ηxpCq. Then ` is not
contained in the support of the divisor D, since Sx is not contained in its support.
On the other hand, the curve ` meets the curve C, so that 2 “ D ¨ ` ě multCpDq,
which gives multCpDq ď 2.

Let η : pX Ñ X be the blow up of the curve C, and let F be the η-exceptional
surface. Then the G-action lifts to pX, and it follows from [ACCFKGSSV, Lemma
A.4.3] that F contains a smooth irreducible G-invariant curve C such that C is
a section of the natural projection F Ñ C. Let us show that such curve does not
exist.

Let pSx, pSy, pSz be the proper transforms on pX of the surfaces Sx, Sy, Sz,

respectively. Then each intersection among pSx X F , pSy X F , pSz X F contains
a unique component that is a section of the projection F Ñ C. Denote these
sections by Cx, Cy, Cz, respectively. Then

• Cx, Cy, Cz are distinct curves,

• Cx, Cy, Cz are Γ-invariant, and Γ acts faithfully on each of these curves,

• the whole group G permutes the curves Cx, Cy, Cz two-transitively.

Thus, using [ACCFKGSSV, Corollary A.6.9], we conclude that F “ P1 ˆ P1.
Then, using [ACCFKGSSV, Lemma A.6.6], we conclude that the G-action on F
is given by [ACCFKGSSV, Equation A.6.7] for some integers a ą 0 and b, which
implies that F does not contain G-invariant sections of the projection F Ñ C,
which contradicts the existence of the curve C .

Now, Proposition 5.24 follows from Theorem 2.24 and [ACCFKGSSV, Lemma
4.2.5].

5.2.5 Family №3.15

Let Q be the quadric tx2
0`2x1x2`2x1x4`2x2x3 “ 0u Ă P4, where x0, x1, x2, x3, x4

are homogeneous coordinates on P4. Then the quadric Q is smooth. Let L be
the line tx0 “ x1 “ x2 “ 0u, let Π be the plane tx3 “ x4 “ 0u, and let C “ QXΠ.
Then L Ă Q, LXΠ “ ∅, and C is a smooth conic. Let π : X Ñ Q be the blow up
along the union LYC. Then X is a smooth Fano threefold from the deformation
family № 3.15. By [CSP19, Lemma 5.10], the threefold X is the unique smooth
member of this family.

Proposition 5.28. The threefold X is K-polystable.

Let G the subgroup in AutpQq generated by the involution ι given by
“

x0 : x1 : x2 : x3 : x4

‰

ÞÑ
“

x0 : x2 : x1 : x4 : x3

‰

and the transformations rx0 : x1 : x2 : x3 : x4s ÞÑ rλx0 : λ2x1 : x2 : λ2x3 : x4s

for λ P C˚. Then G – C˚ ¸ µ2. Since L and C are G-invariant, the action of
the group G lifts to X. To prove Proposition 5.28, we will apply Theorem 2.19
to X equipped with G-action. But first, let us describe G-equivariant geometry
of the threefold X.
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Let R be the surface tx2x3`x1x4 “ 0uXQ, and let R be its proper transform
on X. Then the surface R is irreducible, it is singular along L, and it contains
both L and C, but R is smooth, and there is a G-equivariant birational morphism
η : X Ñ P1 ˆ P2 that contracts R to a curve. Thus, we have the following G-
equivariant commutative diagram:

P1 ˆ P2

pr1

vv

pr2

((P1 P2

X
φ

((

θ

vv

η

OO

π

��

Y

ϕ
((

υ

OO

V

ϑ
vv

ν

OO

Q

where ϑ is the blow up of the line L, ϕ is the blow up of the conic C, υ is a fibration
into quadric surfaces, ν is a P1-bundle, pr1 and pr2 are projections to the first
and the second factors, respectively, θ and φ are blow ups of the preimages of L
and C, respectively.

Let EL and EC be the exceptional surfaces of the morphisms θ and φ, re-
spectively. let HQ “ π˚pOP4p1q|Qq, let H1 “ ppr1 ˝ ηq

˚pOP1p1qq and let H2 “

ppr2 ˝ ηq
˚pOP2p1qq. Then

PicpXq “ ZrHQs ‘ ZrELs ‘ ZrECs,
NefpXq “ Rě0rHQs ` Rě0rH1s ` Rě0rH2s,

EffpXq “ Rě0rELs ` Rě0rECs ` Rě0rRs ` Rě0rH1s.

Note that H2 „ HQ ´ EL, H1 „ HQ ´ EC , R „ 2HQ ´ 2EL ´ EC , and

´KX „ 3HQ ´ EL ´ EC „ HQ `H1 `H2 „Q 2EL `
1

2
EC `

3

2
R, (5.9)

so that αGpXq “
1
2

by [CS08, Lemma 8.15]. One can show that AutpXq “ G.
Let L1 be the line tx0 “ x1 ` 2x3 “ x2 ` 2x4 “ 0u Ă Q. Then the line L1

is G-invariant. Similarly, for every non-zero t P C, let Ct “ tp1 ´ tqx1 ´ 2tx3 “

p1´ tqx2 ´ 2tx4 “ 0u XQ. Then Ct is an irreducible G-invariant conic for every
non-zero t P C. Note that C “ C1. Note also that L X L1 “ ∅, L X Ct “ ∅ and
L1XCt “ ∅ for every t ‰ 0. Finally, observe that the conics Ct1 and Ct2 are also
disjoint for t1 ‰ t2.

Lemma 5.29. Let Z be an irreducible G-invariant curve in the quadric hyper-
surface Q. Then either Z “ L, or Z “ L1, or Z “ Ct for some non-zero t P C.

Proof. Observe that the curve Z is rational, so that it contains a ι-fixed point P
such that the curve Z is the closure of the Gm-orbit of this point. Thus, looking

176



at the ι-fixed points in Q, we conclude that either P “ r0 : 0 : 0 : 1 : ´1s, or
P “ r0 : 2 : ´2 : ´1 : 1s, or

P “ r4s : 4s2 : 4s2 : ´2s2
´ 1 : ´2s2

´ 1s

for some non-zero s P C. Then either Z “ L, or Z “ L1, or Z “ Ct for
t “ ´2s2.

In what follows, we will apply results from Section 2.2.3.2 to prove Propo-
sition 5.28. We will use notations of this section. Let Z be an irreducible G-
invariant curve in X.

Lemma 5.30. Suppose that Z Ă EC. Then SpWEC
‚,‚ ;Zq ď 51

64
.

Proof. One has EC – P1 ˆ P1. Let s a section of the projection EC Ñ C such
that s2 “ 0, and let f a fiber of this projection. Take u P Rě0. Then

´KX ´ uEC „R 2H1 `
1

2
R `

´3

2
´ u

¯

EC ,

so that ´KX ´ uEC is pseudo-effective if and only if u ď 3
2
. Moreover, if u ď 3

2
,

then

P
`

´KX ´ uEC
˘

“

$

&

%

´KX ´ uEC if 0 ď u ď 1,

2H1 ` p3´ 2uqH2 if 1 ď u ď
3

2
,

and we have

N
`

´KX ´ uEC
˘

“

$

&

%

0 if 0 ď u ď 1,

pu´ 1qR if 1 ď u ď
3

2
.

If u ď 1, then we have P p´KX ´ uECq|EC „ p1 ` uqs ` p4 ´ 2uqf . Similarly, if
1 ď u ď 3

2
, then P p´KX´uECq|EC „ 2s`p6´4uqf . Note that R|EC is a smooth

curve in |s` 2f |. Thus, if Z “ R|EC , then Corollary 2.32 gives

S
`

WEC
‚,‚ ;Z

˘

“
3

32

ż 1

0

ż 8

0

vol
`

p1` u´ vqs` p4´ 2u´ 2vqf
˘

dvdu

`
3

32

ż 3
2

1

4pu´ 1qp6´ 4uqdu`
3

32

ż 3
2

1

ż 8

0

vol
`

p2´ vqf ` p6´ 4u´ 2vqs
˘

dvdu

“
3

32

ż 1
2

0

ż 1`u

0

2p4´2u´2vqp1`u´vqdvdu`
3

32

ż 1

1
2

ż 2´u

0

2p4´2u´2vqp1`u´vqdvdu

`
3

32

ż 3
2

1

4pu´1qp6´4uqdu`
3

32

ż 3
2

1

ż 3´2u

0

2p6´4u´2vqp2´vqdvdu “
15

32
ă

51

64
.

If Z ‰ R|EC , then we have SpWEC
‚,‚ ;Zq ď SpWEC

‚,‚ ; sq, because |Z ´ s| ‰ ∅, since
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Z  f as the conic C does not have G-fixed points. Therefore, if Z ‰ R|EC , then

S
`

WEC
‚,‚ ;Z

˘

ď S
`

WEC
‚,‚ ; s

˘

“
3

32

ż 1

0

ż 8

0

vol
`

p1` u´ vqs` p4´ 2uqfqdvdu

`
3

32

ż 3
2

1

ż 8

0

vol
`

p2´vqf `p6´4uqs
˘

dvdu “
3

32

ż 1

0

ż 1`u

0

2p4´2uqp1`u´vqdvdu

`
3

32

ż 3
2

1

ż 2

0

2p6´ 4uqp2´ vqdvdu “
51

64

by Corollary 2.32.

Lemma 5.31. Suppose that Z Ă EL. Then SpWEL
‚,‚ ;Zq ď 29

32
.

Proof. First, we observe that EL – F1. Let f be a fiber of the natural projection
EL Ñ L, and let s the p´1q-curve in EL. Then R|EL is a smooth curve in |2s`2f |.

Take u P Rě0. Using (5.9), we see that ´KX ´ uEL is pseudo-effective ðñ

u ď 2. Moreover, if u ď 2, then

P
`

´KX ´ uEL
˘

“

#

´KX ´ uEL if 0 ď u ď 1,

p2´ uqH1 ` p3´ uqH2 if 1 ď u ď 2,

and we have

N
`

´KX ´ uEL
˘

“

#

0 if 0 ď u ď 1,

pu´ 1qR if 1 ď u ď 2.

If u ď 1, then we have P p´KX´uELq|EL „ p1`uqs`3f . Similarly, if 1 ď u ď 2,
then we have P p´KX ´uELq|EL „ p3´uqs`p5´ 2uqf . Thus, if Z “ R|EL , then

S
`

WEL
‚,‚ ;Z

˘

“
3

32

ż 1

0

ż 8

0

vol
`

p1` u´ 2vqs` p3´ 2vqf
˘

dvdu

`
3

32

ż 2

1

pu´1qp3´uqp7´3uqdu`
3

32

ż 2

1

ż 8

0

vol
`

p3´u´2vqs`p5´2u´2vqf
˘

dvdu

“
3

32

ż 1

0

ż 1`u
2

0

pu`1´2vqp5´u´2vqdvdu`
17

128
`

3

32

ż 2

1

ż 3´u
2

0

p3´u´2vqp7´3u`2vqdvdu

by Corollary 2.32, so that SpWEL
‚,‚ ;Zq “ 15

32
ă 29

32
.

If Z ‰ R|EL , then SpWEL
‚,‚ ;Zq ď SpWEL

‚,‚ ; sq, because |Z ´ s| ‰ ∅, since
Z  f as the line L does not have G-fixed points. Hence, if Z ‰ R|EL , then
Corollary 2.32 gives

S
`

WEL
‚,‚ ;Z

˘

ď S
`

WEL
‚,‚ ; s

˘

“
3

32

ż 1

0

ż 8

0

vol
`

p1` u´ vqs` 3f
˘

dvdu

`
3

32

ż 2

1

ż 8

0

vol
`

p3´u´vqs`p5´2uqf
˘

dvdu “
3

32

ż 1

0

ż 1`u

0

p1`u´vqp5´u`vqdvdu

`
3

32

ż 2

1

ż 3´u

0

p3´ u´ vqp7´ 3u` vqdvdu “
29

32

as required.
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Let S be the surface QXtx1x4 “ x2x3u. Then S is a del Pezzo surface of degree
4 that has four ordinary nodes. It is well-known that S is toric, and it contains
four lines [CT88, CP21]. Two of them are the lines L and L1 described above,
and the remaining two lines in S are the disjoint lines ` “ tx0 “ x1 “ x3 “ 0u
and `1 “ tx0 “ x2 “ x4 “ 0u. Then

LX ` “ r0 : 0 : 0 : 0 : 1s,

L1 X ` “ r0 : 0 : 2 : 0 : ´1s

LX `1 “ r0 : 0 : 0 : 1 : 0s,

L1 X `1 “ r0 : 2 : 0 : ´1 : 0s.

These are the singular points of S. By [CP21, Lemma 2.9], the lines L, L1, `, `1

generate ClpSq, which has rank 2. On the surface S, we have 2L „ 2L1, 2` „ 2`1

and
´KS „ L` L1 ` `` `1 „ 2pL` `q.

The surface S also contains all conics Ct for t P C˚ including the conic C “ C1,
each conic Ct is contained in the smooth locus of the surface S, and Ct „ 2L for
every t P C˚.

Lemma 5.32. Suppose that πpZq “ Ct for t P Czt0, 1u. Then SpW S
‚,‚;Zq “

79
128

.

Proof. Take u P Rě0. Observe that

´KX ´ uS „R

´3

2
´ u

¯

S `
1

2
EL `

1

3
EL,

which implies that ´KX´uS is pseudo-effective ðñ u ď 3
2
. Moreover, if u ď 3

2
,

then

P
`

´KX ´ uS
˘

“

$

&

%

´KX ´ uS if 0 ď u ď 1,

p3´ 2uqHQ if 1 ď u ď
3

2
,

and

N
`

´KX ´ uS
˘

“

$

&

%

0 if 0 ď u ď 1,

pu´ 1qpEL ` ECq if 1 ď u ď
3

2
.

In particular, we see that Z is not contained in the supports of the divisor
Np´KX ´ uSq|S. Therefore, using Corollary 2.32, we obtain

S
`

W S
‚,‚;Z

˘

“
3

32

ż 1

0

ż 8

0

vol
`

p´KX ´ uSq|S ´ vZ
˘

dudv`

`
3

32

ż 3
2

1

ż 8

0

vol
`

p3´ 2uqHQ|S ´ vZ
˘

dudv.

To compute these integrals, let us say few words about geometry of the surface
S.

The morphism π induces a birational morphism $ : S Ñ S, which is the min-
imal resolution of the two singular points r0 : 0 : 0 : 1 : 0s and r0 : 0 : 0 : 0 : 1s of
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the surface S. In particular, the surface S has exactly two singular points, and
they are ordinary nodes. Denote the proper transforms on S of the curves L, L1,
`, `1 and Ct by the same symbols, and denote by e and e1 the two $-exceptional
curves such that e X ` ‰ ∅ and e1 X `1 ‰ ∅. Note that the Mori cone NEpSq is
generated by the curves L, `, `1, e, e1.

On the surface S, we have Ct „ 2L1, 2L` e` e1 „ 2L1 and 2`` e „ 2`1 ` e1,
and the intersections of the curves L, L1, `, `1, e and e1 are given in the following
table:

L L1 ` `1 e e1

L ´1 0 0 0 1 1

L1 0 0 1
2

1
2

0 0

` 0 1
2
´1

2
0 1 0

`1 0 1
2

0 ´1
2

0 1

e 1 0 1 0 ´2 0

e1 1 0 0 1 0 ´2

Let v be a non-negative real number. If u ď 1, then

P p´KX ´ uSq|S ´ vZ „R

´3´ u

2
´ v

¯

Z ` p3´ 2uqp`` `1q `
2´ u

2

`

e` e1
˘

,

so that the divisor P p´KX´uSq|S´vZ is pseudo-effective if and only if v ď 3´u
2

.
Moreover, if u ď 1 and v ď 3´u

2
, its Zariski decomposition can be described as

follows:

• if 0 ď v ď 1, then P p´KX ´ uSq|S ´ vZ is nef,

• if 1 ď v ď 3´u
2

, then the positive part of the Zariski decomposition is
´3´ u

2
´ v

¯

Z ` p5´ 2u´ 2vqp`` `1q `
2´ u

2

`

e` e1
˘

,

and the negative part is 2pv ´ 1qp`` `1q.

Similarly, if 1 ď u ď 3
2
, then

P p´KX ´ uSq|S ´ vZ „R p3´ 2u´ vqZ ` p3´ 2uqp`` `1q `
´3

2
´ u

¯

`

e` e1
˘

.

so that this divisor is pseudo-effective ðñ it is nef ðñ v ď 3 ´ 2u. Hence,
we obtain

S
`

W S
‚,‚;Z

˘

“
3

32

ż 1

0

ż 1

0

`

3u2
` 8uv ´ 16u´ 12v ` 17

˘

dudv

`
3

32

ż 1

0

ż 3´u
2

1

p3´u´2vqp7´3u´2vqdudv`
3

32

ż 3
2

1

ż 3´2u

0

4p3´2u´vqp3´2uqdudv

“
79

128
.

as claimed.
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Now, let H be the hyperplane section of the quadric threefold Q given by
x0 “ 0, and let H be its proper transform on the threefold X. Then H is
a smooth quadric surface that contains the lines L and L1, and H is a smooth del
Pezzo surface of degree six.

Lemma 5.33. Suppose that πpZq “ L1. Then SpWH
‚,‚;Zq “

49
64

.

Proof. Take u P Rě0. Note that ´KX ´ uH „R p2 ´ uqH ` H1 ` EL, which
implies that the divisor ´KX ´ uH is pseudo-effective ðñ u ď 2. Moreover, if
u ď 2, then

P
`

´KX ´ uS
˘

“

#

´KX ´ uH if 0 ď u ď 1,

H1 ` p2´ uqHQ if 1 ď u ď 2,

and Np´KX´uSq “ pu´1qEL for u P r1, 2s. Then Z Ć SupppNp´KX´uHq|Hq,
so that

S
`

WH
‚,‚;Z

˘

“
3

32

ż 1

0

ż 8

0

vol
`

p´KX ´ uHq|H ´ vZ
˘

dudv`

`
3

32

ż 3
2

1

ż 8

0

vol
`

pH1 ` p2´ uqHQq|H ´ vZ
˘

dudv

by Corollary 2.32.
The conic C intersects H transversally at P1 “ r0 : 1 : 0 : 0 : 0s and P2 “ r0 :

0 : 1 : 0 : 0s, which are not contained in the lines L and L1. Thus, the morphism π
induces a birational morphism $ : H Ñ H that blows up P1 and P2. Let e1 and
e2 be the $-exceptional curves that are contracted to P1 and P2, respectively,
let s1 and f1 be the proper transform on the surface H of the two rulings of
the surface H – P1 ˆ P1 that pass through the point P1, and let s2 and f2 be
the proper transform on H of the two rulings that pass through P2. We may
assume that Z „ s1` e1 „ s2` e2, so that f1` e1 „ f2` e2 and f1` s2 „ f2` s1.
Observe that e1, e2, s1, s2, f1, f2 are all p´1q-curves in H.

Note that EL|H „ s1 ` e1, HQ|H „ f1 ` s1 ` 2e1, H1|H „ f1 ` s2 and H|H „
f1 ` e1.

Let v be a non-negative real number. If u ď 1, then

P p´KX ´ uHq|H ´ vZ „R p2´ uqf1 ` f2 ` p2´ vqs1 ` p3´ u´ vqe1

so that this divisor is pseudo-effective if and only if v ď 2. Moreover, it is nef for
v P r0, 1s, and its Zariski decomposition for v P r1, 2s is

p3´ u´ vq
`

f1 ` e1

˘

` p2´ vq
`

s1 ` f2

˘

loooooooooooooooooooooooomoooooooooooooooooooooooon

positive part

`pv ´ 1qpf1 ` f2q
loooooooomoooooooon

negative part

,

Similarly, if 1 ď u ď 2, then

P p´KX ´ uHq|H ´ vZ „R p2´ uqf1 ` f2 ` p3´ u´ vqs1 ` p4´ 2u´ vqe1
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so that this divisor is pseudo-effective if and only if v ď 4´ 2u´ v. Moreover, it
is nef for v ď 2´ u, and its Zariski decomposition for v ě 2´ u is

p4´ 2u´ vq
`

f1 ` e1

˘

` p3´ u´ vq
`

s1 ` f2

˘

loooooooooooooooooooooooooooomoooooooooooooooooooooooooooon

positive part

`pv ´ 2` uqpf1 ` f2q
looooooooooomooooooooooon

negative part

.

Hence, using Corollary 2.32, we obtain

SpWH
‚,‚;Z

˘

“
3

32

ż 1

0

ż 1

0

p2uv´4u´6v`10qdvdu`
3

32

ż 1

0

ż 2

1

2p2´vqp3´u´vqdvdu

`
3

32

ż 2

1

ż 2´u

0

p2u2
`2uv´12u´6v`16qdvdu`

3

32

ż 2

1

ż 4´2u

2´u

2p3´u´vqp4´2u´vqdvdu

“
49

64

as required.

Now, we are ready to prove that X is K-polystable. Suppose that X is not
K-polystable. Then, by Theorem 2.19, there is a G-invariant prime divisor F over
X such that βpF q ď 0. Let Z “ CXpF q. Then Z is not a surface by Theorem 5.6,
so that Z and πpZq are curves, since Q has no G-fixed points. Now, applying
Lemmas 5.29, 5.30, 5.31, 5.32, 5.33, we get a contradiction with Corollary 2.32,
since SXpECq ă 1, SXpELq ă 1, SXpSq ă 1 and SXpHq ă 1 by Theorem 5.6.
Therefore, the threefold № 3.15 is K-polystable.

5.2.6 Family №4.13

Let X be a smooth Fano threefold №4.13. Then there is a birational morphism
π : X Ñ P1 ˆ P1 ˆ P1 that is a blow up of a smooth curve C of degree p1, 1, 3q.
Moreover, one can choose coordinates prx0 : x1s, ry0 : y1s, rz0 : z1sq on P1ˆP1ˆP1

such that the curve C is given by one of the following two equations:

x0y1 ´ x1y0 “ x3
0z0 ` x

3
1z1 ` λ

`

x0x
2
1z0 ` x

2
0x1z1

˘

“ 0 (5.10)

for some λ P Czt˘1,˘3u, or

x0y1 ´ x1y0 “ x3
0z0 ` x

3
1z1 ` x0x

2
1z0 “ 0. (5.11)

Note that for any λ P Czt0,˘1,˘3u, Xλ obtained as a blow up of C given by
(5.10), are isomorphic. When λ “ 0, the 3-fold X0, obtained by blowing up C
given by (5.11), is non-isomorphic to Xλ for λ P Czt0,˘1,˘3u. Therefore, we
will prove that X is K-polystable if C is given by (5.10) and this would in turn
imply

Corollary 5.34. Suppose that C is given by (5.11). Then X is strictly K-
semistable.
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Proof. Arguing as in the proof of Corollary 5.13, we construct a test configuration
for X, whose special fiber is the threefold X0, which is the Fano threefold №4.13
that is a blow up of P1ˆP1ˆP1 at the smooth curve given by (5.10) with λ “ 0.
Assuming that X0 is K-polystable, we see that X is strictly K-semistable by
Corollary 5.4.

From now on, we suppose that the curve C is given by (5.10). Let R P

P1 ˆ P1 ˆ P1 be the surface given by the equation x0y1 ´ x1y0 “ 0 and let
pr3 : P1ˆP1ˆP1 Ñ P1 be the projection to the third factor. Then R – P1ˆP1, the
surface R contains the curve C and the curve C is of degree p3, 1q on the surface
R. Moreover, the projection pr3 induces a triple cover C Ñ P1. If λ “ 0, this
triple cover is ramified at exactly 2 points, which implies that Aut0

pXq – Gm

by [CSP19, Corollary 2.7], so that X is the unique smooth Fano threefold in
the famly №4.13 that has an infinite automorphism group [CSP19]. On the other
hand, if λ ‰ 0, then the triple cover is ramified at 4 distinct points. Now, arguing
as in the proof of [CSP19, Corollary 8.12], we see that AutpXq is a finite group
provided that λ ‰ 0.

Observe that the group AutpXq is actually not trivial for every λ P Czt˘1,˘3u.
Namely, let A1, A2 and A3 be the automorphisms of P1ˆP1ˆP1 defined as follows:

A1 :
`

rx0 : x1s, ry0 : y1s, rz0 : z1s
˘

ÞÑ
`

rx0 : ´x1s, ry0 : ´y1s, rz0 : ´z1s
˘

,

A2 :
`

rx0 : x1s, ry0 : y1s, rz0 : z1s
˘

ÞÑ
`

rx1 : x0s, ry1 : y0s, rz1 : z0s
˘

,

A3 :
`

rx0 : x1s, ry0 : y1s, rz0 : z1s
˘

ÞÑ
`

ry0 : y1s, rx0 : x1s, rz0 : z1s
˘

.

Let G be the subgroup of AutpP1 ˆ P1 ˆ P1q generated by A1, A2 and A3. Then
|G| “ 8, and the curve C is G-invariant, so that the action of the group G lifts to
the threefold X. Thus, we can identify G with a subgroup of the group AutpXq.

Let us show that X is K-polystable, so that X is K-stable for λ ‰ 0 by
Corollary 2.15.

Lemma 5.35. The following assertions hold:

1. P1 ˆ P1 ˆ P1 does not contain G-fixed points.

2. P1 ˆ P1 ˆ P1 does not contain G-invariant irreducible curves of degree
pd1, d2, d3q such that one of the non-negative integers d1, d2 or d3 is zero.

3. P1ˆP1ˆP1 contains sixteen G-invariant irreducible curves of degree p1, 1, 1q.
Four of them lie on R, and the remaining curves intersect R in 2 points.

4. Let Γ be an irreducible curve of degree p1, 1, 1q in P1 ˆ P1 ˆ P1 such that
Γ Ć R. Then either ΓX C “ H or ΓX C “ ΓXR.

Proof. Assertions (1) and (2) are obvious. To prove (3) and (4), let x “ x1
x0

,

y “ y1
y0

, z “ z1
z0

be the non-homogeneous coordinates on each factor of P1ˆP1ˆP1.

There are precisely four irreducible curves of degree p1, 1q on P1
x ˆ Py, which are

invariant under the induced action of the group xA1, A2y. These are the curves
given by y “ ˘x˘1. Similarly, there are also 4 irreducible curves of degree p1, 1q
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on P1
x ˆ Pz invariant under the induced action of the group xA1, A3y. These are

the curves that are given by z “ ˘x˘1. This gives us 16 possibilities for a G-
invariant curve in P1ˆP1ˆP1 of degree p1, 1, 1q. These are the curves l˘x˘1,˘x˘1

that are given by py, zq “ p˘x˘1,˘x˘1q, respectively. Four of these curves are
contained in the surface R, which is given by y “ x. On the other hand, each
of the remaining twelve curves meets R in precisely 2 points. The assertion on
the intersection with C is immediate to check.

Now, let us recall from [F16] the descriptions of the Mori cone NEpXq, the nef
cone and the cone of effective divisors of the Fano threefold X. Let l1, l2, l3
be the proper transforms of curves of degree p1, 0, 0q, p0, 1, 0q and p0, 0, 1q in
P1ˆP1ˆP1 that meet C. Denote by l4 the proper transform of a curve of degree
p1, 1, 0q that is contained in R, and denote by l5 a curve that contracted by π to
a point. Then the cone NEpXq is generated by the curves l1, l2, l3, l4 and l5. Let
H1, H2 and H3 be general fibers of the del Pezzo fibrations pr1 ˝ π, pr2 ˝ π and
pr3 ˝ π, where pr1 and pr2 are projections to the first and the second factors of
P1 ˆ P1 ˆ P1, respectively. Denote by E1, E2 and E3 the exceptional divisors of
the contractions of the extremal rays generated by l1, l2 and l3, respectively. Let R
be the proper transform of R̄ in X. Then E1 „ 3H2`H3´E, E2 „ 3H1`H3´E,
R “ E3 „ H1 `H2 ´ E,

NefpXq “ Rě0rH1s ` Rě0rH2s ` Rě0rH3s`

` Rě0r2H1 `H2 `H3 ´ Es ` Rě0rH1 ` 2H2 `H3 ´ Es

and

EffpXq “ Rě0rH1s ` Rě0rH2s ` Rě0rH3s ` Rě0rH1 `H2 ´ Es`

` Rě0r3H1 `H3 ´ Es ` Rě0r3H2 `H3 ´ Es ` Rě0rEs.

Lemma 5.36. Let D ‰ 0 be an effective G-invariant Z-divisor on the threefold
X. Suppose that ´KX ´D is big. Then D “ R.

Proof. Since ´KX „ 2R ` E ` 2H3, the divisor D must be linearly equivalent
to one of the following divisors: H1, H2, H3, H1 `H3, H2 `H3, H1 `H2 ´E or
H1`H2`H3´E. But the linear systems |H1|, |H2|, |H3|, |H1`H3|, |H2`H3|,
|H1 ` H2 ` H3 ´ E| do not contains G-invariant divisors. Thus, we see that
D „ H1 `H2 ´ E, so that D “ R.

In the following result and its proof, we use the notations introduced in Sec-
tion 2.2.3.2.

Lemma 5.37. Let Z be a G-invariant irreducible curve in R. Then SpWR
‚,‚;Zq ď

27
52

.

Proof. Fix x P Rě0. Then the divisor ´KX ´ xR is pseudo-effective if and only
if x ď 2. Let P pxq “ P p´KX ´ xRq and Npxq “ Np´KX ´ xRq. Then

P pxq “

#

´KX ´ xR if 0 ď x ď 1,

p2´ xqpH1 `H2q ` 2H3 if 1 ď x ď 2,
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and Npxq “ px´ 1qE if 1 ď x ď 2.
Recall that R – P1 ˆ P1. Let `1 and `2 be the rulings of the surface R

such that both pr1 ˝ π and pr2 ˝ π contracts `1, and pr3 ˝ π contracts `2. Then
´KX |R „ ´R|R „ `1` `2. Let C “ RXE. Then C „ 3`1` `2. If 0 ď x ď 1, then
P pxq|R „ p1` xqp`1 ` `2q. Likewise, if 1 ď x ď 2, then P pxq|R „ p4´ 2xq`1 ` 2`2

and Npxq|R “ px´ 1qC. Thus, if Z “ C, then

SpWR
‚,‚;Zq “

3

26

ż 1

0

ż 8

0

vol
`

p1` x´ 3yq`1 ` p1` x´ yq`2

˘

dydx`

`
3

26

ż 2

1

´

px´1q
`

p4´2xq`1`2`2q
2
`

ż 8

0

vol
`

p4´2x´3yq`1`p2´yq`2

˘

dy
¯

dx “
44

117
ă

27

52

by Corollary 2.32. Thus, to complete the proof, we may assume that Z ‰ C.
Since linear systems |`1| and |`2| do not containG-invariant curves by Lemma 5.35,

we have Z „ b1`1 ` b2`2 for some positive integers b1 and b2. By Corollary 2.32,
we get

SpWR
‚,‚;Zq “

3

26

ż 1

0

ż 8

0

vol
`

p1` x´ b1yq`1 ` p1` x´ b2yq`2

˘

dydx

`
3

26

ż 2

1

ż 8

0

vol
`

p4´ 2x´ b1yq`1 ` p2´ b2yq`2

˘

dydx

ď
3

26

ż 1

0

ż 8

0

vol
`

p1`x´yqp`1``2q
˘

dydx`
3

26

ż 2

1

ż 8

0

vol
`

p4´2x´yq`1`p2´yq`2

˘

dydx

“
3

26

ż 1

0

ż 1`x

0

2p1` x´ yq2dydx`
3

26

ż 2

1

ż 4´2x

0

2p4´ 2x´ yqp2´ yqdydx “
27

52
,

which is exactly what we want.

Now we are ready to prove

Theorem 5.38. The threefold X is K-polystable.

Proof. Suppose that X is not K-polystable. By Theorem 2.19, there is G-
invariant prime divisor F over X such that βpF q ď 0. Let Z “ CXpF q. Then
Z is not a surface by Theorem 5.6. Thus, since X does not have G-fixed points
by Lemma 5.35. we see that Z is a G-invariant irreducible curve. Now, using
Lemma 2.22, we get αG,ZpXq ă

3
4
. By Lemma 2.20, there is a G-invariant ef-

fective Q-divisor D on the threefold X and a positive rational number λ ă 3
4

such that D „Q ´KX , Z Ď NkltpX,λDq, and pX,λDq is strictly log canonical
at general point of the curve Z. Then NkltpX,λDq contains no surfaces except
possibly the surface R by Lemma 5.36.

Using Corollary 2.32, Lemma 5.37 and Theorem 5.6, we see that Z Ć R.
Hence, using Lemma 5.35 and applying [ACCFKGSSV, Corollary A.1.15] to
pX,λDq and the morphisms pr1 ˝ π, pr2 ˝ π and pr3 ˝ π, we see that πpZq is
a curve of degree p1, 1, 1q. Then πpZq is one of the twelve G-invariant curves
described in Lemma 5.35.

Let ϕ : X Ñ X 1 be a birational morphism that contracts R to an ordinary
double point, let D1 be the proper transform of the divisor D on the threefold
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X 1, and let Z 1 “ ϕpZq. Then X 1 is a Fano threefold with terminal Gorenstein
singularities, and D1 „Q ´KX 1 . Moreover, the log pair pX 1, λD1q is strictly log
canonical at general point of the curve Z 1, and the locus NkltpX 1, λD1q is one-
dimensional. Then Z 1 is smooth by [ACCFKGSSV, Corollary A.1.17]. Thus,
using Lemma 5.35, we deduce that πpZq X C consists of two points.

Let Y be the unique surface in |H1`H2| that contains Z, let Y be its proper
transform on P1ˆP1ˆP1, and let ϕ : Y Ñ Y be the birational morphism that is
induced by π. Then ϕ is the blow up of the intersection C X Y , which consists of
two points that are not contained in one ruling of the surface Y – P1ˆP1. Then
Y is a sextic del Pezzo surface.

Let us apply results proved in Section 2.2.3.2 to Y and Z to derive a contra-
diction.

Fix a non-negative number x. Let P pxq “ P p´KX ´ xY q and Npxq “
Np´KX ´ xY q. Then ´KX ´ xY is nef ðñ x ď 1

2
, and ´KX ´ xY is

pseudo-effective ðñ x ď 2. Using the description of the effective and nef cones
above, we have

P pxq “

$

’

&

’

%

p2´ xqpH1 `H2q ` 2H3 ´ E if 0 ď x ď
1

2
,

p3´ xqpH1 `H2q ` 2H3 ` p2x´ 2qE if
1

2
ď x ď 1,

and Npxq “ p2x´1qR if 1
2
ď x ď 1. Using Corollary 2.32, we get SpW Y

‚,‚;Zq ě 1,
since we have SXpY q ă 1 by Theorem 5.6. Let us compute SpW Y

‚,‚;Zq.
Let e1 and e2 are exceptional curves of the morphism ϕ, let f1 and f2 be

the proper transform on Y of the rulings of the surface Y that are contracted by
pr1 and pr2 and pass through the points ϕpe1q and ϕpe2q, respectively. Then, on
the surface Y , we have E|Y “ e1 ` e2, R|Y “ f1 ` f2, H1|Y „ H2|Y „ f1 ` e1 „

f2` e2. Let h1 and h2 be the proper transform on Y of the rulings of the surface
Y that are contracted by the projection pr3 and pass through ϕpe1q and ϕpe2q,
respectively. Then H3|Y „ h1`e1 „ h2`e2 and Z „ f1`h2 „ f2`h1. Therefore,
if 0 ď x ď 1

2
, then we have P pxq|Y „R p2 ´ 2xqf1 ` 2f2 ` p3 ´ 2xqe1 ` e2 ` 2h1.

Similarly, if 1
2
ď x ď 1, then P pxq|Y „R p3´4xqf1`p3´2xqf2`p3´2xqe1`e2`2h1

and Npxq|Y “ p2x´ 1qpf1 ` f2q. Take y P Rě0. Then Corollary 2.32 gives

SpW Y
‚,‚;Bq “

3

26

ż 1
2

0

ż 8

0

vol
`

p2´ 2xqf1` 2f2` p3´ 2xqe1` e2` 2h1´ yZ
˘

dydx

`
3

26

ż 1

1
2

ż 8

0

vol
`

p3´ 4xqf1 ` p3´ 2xqf2 ` p3´ 2xqe1 ` e2 ` 2h1 ´ yZ
˘

dydx,

where e1, e2, f1, f2, h1, h2 are p´1q-curves on the surface Y , and Z „ f1 ` h2 „

f2 ` h1. If x ď 1
2

and y ď 1, then p2´ 2xqf1 ` 2f2 ` p3´ 2xqe1 ` e2 ` 2h1 ´ yZ
is nef, so that

vol
`

p2´ 2xqf1 ` 2f2 ` p3´ 2xqe1 ` e2 ` 2h1 ´ yZ
˘

“ 4xy ´ 8x´ 8y ` 14.

If x ď 1
2

and 1 ď y ď 2, then the Zariski decompositions of this divisor is

p4´ 2x´ yq
`

f1 ` e1

˘

` p2´ yq
`

h1 ` e1

˘

loooooooooooooooooooooooooomoooooooooooooooooooooooooon

positive part

`py ´ 1q
`

e1 ` e2

˘

loooooooomoooooooon

negative part

,
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so that its volume is 2p4´ 2x´ yqp2´ yq. For y ą 2, this divisor is not pseudo-
effective. Similarly, if 1

2
ď x ď 1 and 0 ď y ď 2´ 2x, then

vol
`

p3´ 4xqf1 ` p3´ 2xqf2 ` p3´ 2xqe1 ` e2 ` 2h1

˘

“ 4xy ´ 8x2
´ 8x´ 8y ` 16.

If 2 ´ 2x ď y ď mint2, 6 ´ 6xu, then the volume of this divisor is 2p6 ´ 6x ´
yqp2´ yq. For y ą mint2, 6´ 6xu, this divisor is not pseudoeffective. Now, using
Corollary 2.32 and integrating, we get SpW Y

‚,‚;Zq “
257
312
ă 1. This shows that X

is K-polystable.

Therefore, if λ ‰ 0, then X is K-stable by Corollary 2.15.

5.2.7 Family №4.3

Let C be the curve in P1 ˆ P1 ˆ P1 of degree p1, 1, 2q given by

#

x0y1 ´ x1y0 “ 0,

x0z
2
1 ` x1z

2
0 “ 0,

where rx0 : x1s, ry0 : y1s and rz0 : z1s are coordinates on the first, the second
and the third factors of P1 ˆ P1 ˆ P1, respectively. Observe that the curve C is
smooth and irreducible. Let π : X Ñ P1 ˆ P1 ˆ P1 be the blow up of C. Then X
is the smooth Fano threefold № 4.3.

Let G be the subgroup of AutpP1ˆP1ˆP1q generated by the following trans-
formations:

α :
`

rx0 : x1s, ry0 : y1s, rz0 : z1s
˘

ÞÑ
`

rx1 : x0s, ry1 : y0s, rz1 : z0s
˘

,

β :
`

rx0 : x1s, ry0 : y1s, rz0 : z1s
˘

ÞÑ
`

ry0 : y1s, rx0 : x1s, rz0 : z1s
˘

,

γλ :
`

rx0 : x1s, ry0 : y1s, rz0 : z1s
˘

ÞÑ
`

rx0 : ε2x1s, ry0 : ε2y1s, rz0 : εz1s
˘

,

where ε P C˚. Then G – pGm ¸ µ2q ˆ µ2, and C is G-invariant, so that the G-
action lifts to the threefold X.

Let RC be the G-invariant surface tx0y1´ x1y0 “ 0u Ă P1ˆP1ˆP1, let R be
its proper transform via π on the threefold X, let E be the π-exceptional surface,
and let Hi “ ppri˝πq

˚pOP1p1qq, where pri : P1ˆP1ˆP1 Ñ P1 is the ith-projection.
Then

´KX „ 2H1 ` 2H2 ` 2H3 ´ E,

and R „ H1 `H2 ´ E, because C Ă RC . Moreover, we have

Lemma 5.39. The following assertions hold:

1. both P1 ˆ P1 ˆ P1 and X do not contain G-fixed points,

2. if Z is a G-invariant curve in X, then Hi ¨ Z ě 2 for every i P t1, 2, 3u,

3. the linear system |H1 `H2 `H3| contains no G-invariant surfaces,

4. if D is a non-zero effective G-invariant Z-divisor on X such that ´KX´D
is big, then D “ R.
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Proof. The first three assertions follow from the study of the G-action on P1 ˆ

P1 ˆ P1. The remaining assertion immediately follows from the description of
the cone of effective divisors of X, which is given in [F16].

In the remaining part of the section, we will prove that X is K-polystable
using results from Section 2.2.3.2. As usual, we will use notations introduced in
this section. We start with

Lemma 5.40. Let Z be a G-invariant irreducible curve in R. Then SpWR
‚,‚;Zq ă

1.

Proof. Let us determine the (divisorial) Zariski decomposition of the divisor
´KX ´ xR, where x P Rě0 using the description of the NefpXq and EffpXq
given in [F16]. Consider the divisor

´KX ´ xR „R p2´ xqH1 ` p2´ xqH2 ` 2H3 ` px´ 1qE.

If 0 ď x ď 1, then ´KX´xR is nef. For x ą 2, ´KX´xR is not pseudoeffective.
Finally, if 1 ď x ď 2, then

P p´KX ´ xRq “ p2´ xqH1 ` p2´ xqH2 ` 2H3; Np´KX ´ xRq “ px´ 1qE;

where we use notations introduced in Section 2.2.3.2.
Let `1 and `2 be the rulings of the surface R – P1ˆP1 such that `2 is contracted

by pr3 ˝ π, and `1 is contracted by both pr1 ˝ π and pr2 ˝ π. Then

p´KX ´ xRq|R „R 2`1 ` px` 1q`2.

Let C “ R X E. Then C „ 2`1 ` `2. If 1 ď x ď 2, then

P p´KX ´ xRq|R „R p4´ 2xq`1 ` 2`2; Np´KX ´ xRq|R “ px´ 1qC.
Thus, if Z “ C, then Corollary 2.32 gives

S
`

WR
‚,‚;Zq “

1

10

ż 2

1

`

p4´ 2xq`1 ` 2`2q
2
px´ 1qdx`

1

10

ż 1

0

ż 8

0

vol
`

2`1`px`1q`2´yZ
˘

dydx`
1

10

ż 2

1

ż 8

0

vol
`

p4´2xq`1`2`2´yZ
˘

dydx “

“
1

10

ż 2

1

4p4´ 2xqpx´ 1qdx`
1

10

ż 1

0

ż 1

0

2p2´ 2yqpx` 1´ yqdydx`

`
1

10

ż 2

1

ż 2´x

0

2p4´ 2x´ 2yqp2´ yqdydx “
29

60
ă 1.

Therefore, to complete the proof, we may assume that Z ‰ C. Then

S
`

WR
‚,‚;Zq “

1

10

ż 1

0

ż 8

0

vol
`

2`1 ` px` 1q`2 ´ yZ
˘

dydx

`
1

10

ż 2

1

ż 8

0

vol
`

p4´2xq`1`2`2´yZ
˘

dydx ď
1

10

ż 1

0

ż 8

0

vol
`

2`1`px`1q`2´yp`1``2q
˘

dydx

`
1

10

ż 2

1

ż 8

0

vol
`

p4´ 2xq`1 ` 2`2 ´ yp`1 ` `2q
˘

dydx

“
1

10

ż 1

0

ż x`1

0

2p2´yqpx`1´yqdydx`

ż 2

1

ż 4´2x

0

2p4´2x´yqp2´yqdydx “
13

24
ă 1
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by Corollary 2.32.

Now, we are ready to prove that X is K-polystable. Suppose that X is
not K-polystable. Then, by Theorem 2.19, there is a G-equivariant birational
morphism f : rX Ñ X and a G-invariant prime divisor F Ă rX such that βpF q “
AXpF q´SXpF q ď 0. Let Z “ fpF q. Then Z is not a surface by Theorem 5.6, so
that Z is a G-invariant irreducible curve, because X does not have G-invariant
points by Lemma 5.39. Now, using Corollary 2.32 and Lemma 5.40, we see that
Z Ă R, because SXpRq ă 1 by Theorem 5.6.

Using Lemma 2.22, we get αG,ZpXq ă
3
4
. By Lemma 2.20, there exists a G-

invariant effective Q-divisor D on the threefold X such that D „Q ´KX and
Z Ă NkltpX,λDq for a positive rational number λ ă 3

4
. By Lemma 5.39, the only

possible two-dimensional component of NkltpX,λDq is R. Since Z Ć R, we
conclude that Z is an irreducible component of the locus NkltpX,λDq. Applying
[ACCFKGSSV, Corollary A.1.15] to pr1 ˝ π, pr2 ˝ π, pr3 ˝ π, we get H1 ¨ Z ď 1,
H2 ¨ Z ď 1, H3 ¨ Z ď 1. But this is impossible by Lemma 5.39. The obtained
contradiction shows that X is K-polystable.

5.2.8 Family №5.1

This family contains unique smooth threefold. It is K-polystable. To prove this,
we have to describe this threefold explicitly and compute its automorphism group.
To start with, let Q be a smooth quadric tx1x2`x2x3`x3x1`yz “ 0u Ă P4, where
x1, x2, x3, y and z are homogeneous coordinates on P4. Let C be the smooth
conic in the quadric Q that is cut out by y “ z “ 0, and let P1 “ r1 : 0 : 0 : 0 : 0s,
P2 “ r0 : 1 : 0 : 0 : 0s, P3 “ r0 : 0 : 1 : 0 : 0s. Then C contains the points P1,
P2, P3. Let θ : Y Ñ Q be the blow up of the points P1, P2, P3, let C be the strict
transform on Y of the conic C, and let η : X Ñ Y be the blow up of the curve C.
Then X is the unique smooth Fano threefold №5.1.

Now, let us describe AutpXq. Let G be a subsgroup in AutpQq that is de-
scribed as

G “
!

g P AutpQq
ˇ

ˇ gpCq “ C and g
`

tP1, P2, P3u
˘

“ tP1, P2, P3u

)

.

Observe that the action of the group G lifts faithfully on the Fano threefold X,
so that we can identify G with a subgroup of the automorphism group AutpXq.
Moreover, using the description of the Mori cone NEpXq given in [F16], we con-
clude that AutpXq “ G. Furthermore, we have G – S3 ˆ pGm ¸µ2q and G acts
on Q as follows:

• if σ P S3, then σ acts by rx1 : x2 : x3 : y : zs ÞÑ rxσp1q : xσp2q : xσp3q : y : zs,

• if λ P Gm, then λ acts by rx1 : x2 : x3 : y : zs ÞÑ rλx1 : λx2 : λx3 : λ2y : zs,

• if ι P µ2, then ι acts by rx1 : x2 : x3 : y : zs ÞÑ rx1 : x2 : x3 : z : ys.

Then Q does not contain G-invariant points. Let Z be the smooth conic in Q
that is cut out by x1 ´ x3 “ x2 ´ x3 “ 0. Then C X Z “ ∅.
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Lemma 5.41. The curves C and Z are the only irreducible G-invariant curves
in Q.

Proof. Let C be a G-invariant irreducible curve in Q that is different from C. Let
us show that C “ Z. Since C ‰ C, it contains a point P “ rx1 : x2 : x3 : y : 1s
with y ‰ 0, which implies that C “ Gm.P . In particular, for every σ P S3, there
is λ P C˚ such that

“

xσp1q : xσp2q : xσp3q : y : 1
‰

“

”

x1 : x2 : x3 : λy :
1

λ

ı

“
“

λx1 : λx2 : λx3 : λ2y : 1
‰

,

so that λ2 “ 1. Now, using σ “ p1, 2q and σ “ p2, 3q, we see that x1 “ x2 “ x3 ‰

0, so that C “ Z.

Let φC : YC Ñ Q and φZ : YZ Ñ Q be the blow up of the conics C and Z,
respectively. Denote by FC and FZ the exceptional surfaces of the blow ups φC
and φZ , respectively. Observe that the action of the group G on the quadric Q
lifts to its actions on YC and YZ , and the surfaces FC and FZ are exceptional
G-invariant prime divisors over Q.

Lemma 5.42. The only exceptional G-invariant prime divisors over Q are FC
and FZ.

Proof. Recall that the center on Q of a G-invariant prime divisor over Q is a G-
invariant irreducible subvariety in Q. Therefore, by Lemma 5.41, it is enough to
show that the surfaces FC and FZ do not contain proper G-invariant irreducible
subvarieties.

We start with FC . Let ψC : UC Ñ P4 be the blow up of the linear span of
the conic C, i.e. the blow up of the plane y “ z “ 0. We have the following
G-equivariant diagram:

YC
� � //

φC
��

UC

ψS
��

Q �
� // P4

Let us describe the G-action on UC . The fourfold UC can be covered by two
charts. The first one is given in P4 ˆ A1

y1 by y “ y1z, and the second is given
P4ˆA1

z1 by z “ z1y. Using these charts, the action of the group G can be described
as follows:

• if σ P S3, then σ acts by prx1 : x2 : x3 : y : zs, y1q ÞÑ prxσp1q : xσp2q : xσp3q :
y : zs, y1q;

• if λ P Gm, then λ acts by
´

“

x1 : x2 : x3 : y : z
‰

, y1
¯

ÞÑ

´”

x1 : x2 : x3 : λy :
z

λ

ı

, λ2y1
¯

;

• if ι P µ2, then ι acts by

´

“

x1 : x2 : x3 : y : z
‰

, y1
¯

ÞÑ

´

“

x1 : x2 : x3 : z : y
‰

,
1

y1

¯

.
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Let EC be the ψC-exceptional divisor. Then EC can be identified with P2
x1,x2,x3

ˆ

P1
y,z, and FC can be identified with its subvariety that is given by x1x2 ` x2x3 `

x3x1 “ 0. Moreover, the action of the group G on the threefold EC can be
described as follows:

• if σ P S3, then σ acts by
´

“

x1 : x2 : x3

‰

,
“

y : z
‰

¯

ÞÑ

´

“

xσp1q : xσp2q : xσp3q
‰

,
“

y : z
‰

¯

;

• if λ P Gm, then λ acts by
´

“

x1 : x2 : x3

‰

,
“

y : z
‰

¯

ÞÑ

´”

x1 : x2 : x3

‰

,
“

λy :
z

λ

ı¯

;

• if ι P µ2, then ι acts by
´

“

x1 : x2 : x3

‰

,
“

y : z
‰

¯

ÞÑ

´

“

x1 : x2 : x3

‰

,
“

z : y
‰

¯

.

This easily implies that the surface FC does not contain irreducible G-invariant
curves, because C does not have S3-invariant points. Since FC does not contain
G-invariant points, we see that FC does not contain proper G-invariant irreducible
subvarieties.

Similarly, we see that FZ does not contain proper G-invariant subvarieties.

Now we are ready to prove

Theorem 5.43. The threefold X is K-polystable.

Proof. Let F be a G-invariant prime divisor over X. By Theorem 2.19, it is
enough to prove that βpF q ą 0. If F is a prime divisor on X, then βpF q ą 0 by
Theorem 5.6. Therefore, we may assume that F is exceptional over X. Let Z be
the proper transform on X of the curve Z, and let σ : rX Ñ X be the blow-up of
the curve Z. Then F is the σ-exceptional surface by Lemma 5.42.

We claim that σ˚p´KXq ´ 2F is not big. To prove this fact, observe that
there exits the following commutative diagram:

rX σ //

rϑ
��

X

ϑ

��

η // Y

θ

��
rYC

ς // YC
φC // Q

where ϑ is the blow up of the fibers of the projection FC Ñ C over the points P1,
P2, P3, i.e. the blow up of the preimages of these points via φC , ς is the blow up of
the proper transform of the curve Z, and rϑ is the blow up of the preimages of P1,
P2, P3 via φC ˝ς. Thus, if σ˚p´KXq´2F is big, then ς˚p´KYC q´2 rF is big, where
rF is the ς-exceptional surface. But the pseudoeffective cone of the threefold rYC
is described in [F16, Section 10]. Note that rYC is a smooth Fano threefold №3.10.

Now, using [F16, Section 10], we conclude that ς˚p´KYC q´2 rF is not big, so that
σ˚p´KXq ´ 2F is not big either.

We see that the pseudo-effective threshold τpF q ď 2 (see Section 2.2.1). Thus,
it follows from [Fu19:2, Lemma 2.1] that SXpF q ď

3
4
τpF q ď 3

2
ă 2 “ AXpF q, so

that βpF q ą 0. Hence, the threefold X is K-polystable.
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Chapter 6

Higher dimensions

In this chapter, we first study rational homogeneous spaces, whose polarised
minimal families of rational curves have been studied in [LM03] and this in turn
helps us provide new examples of 2-Fano manifolds. This is joint work with
Carolina Araujo, Roya Beheshti, Ana-Maria Castravet, Kelly Jabbusch, Svetlana
Makarova, Enrica Mazzon and Libby Taylor (See [?]).

We get the following classification of rational homogeneous spaces of Picard
rank 1 that satisfy the F2 condition.

Theorem 6.1. (Also Main Result 6) The following is the complete list of rational
homogeneous spaces of Picard rank 1 satisfying the condition F2:

- An{P
k, for k “ 1, n and for n “ 2k ´ 1, 2k when 2 ď k ď n`1

2
;

- Bn{P
k, for k “ 1, n and for 2n “ 3k ` 1 when 2 ď k ď n´ 1;

- Cn{P
k, for k “ 1, n and for 2n “ 3k ´ 2 when 2 ď k ď n´ 1;

- Dn{P
k, for k “ 1, n´ 1, n and for 2n “ 3k ` 2 when 2 ď k ă n´ 1;

- En{P
k, for n “ 6, 7, 8 and k “ 1, 2, n;

- F4{P
4;

- G2{P
k, for k “ 1, 2.

However, we get no new examples of Fano manifolds satisfying F3.

Theorem 6.2. (Also Main Result 7) The only rational homogeneous spaces of
Picard rank 1 satisfying F3, are projective spaces Pn, n ě 3, and quadric hyper-
surfaces Qn Ă Pn`1, n ě 7.

We also go through the list of 2-Fano manifolds with large index in [AC13]
and check the F3 condition for those. We obtain the following classification.

Theorem 6.3. (Also Main Result 8) Let X be a Fano manifold of dimension
n ě 3 and index iX ě n ´ 2. If X satisfies F3, then X is isomorphic to one of
the following.
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• Pn.

• Complete intersections in projective spaces:

- Quadric hypersurfaces Qn Ă Pn`1 with n ą 6;

- Complete intersections of quadrics X2¨2 Ă Pn`2 with n ą 13;

- Cubic hypersurfaces X3 Ă Pn`1 with n ą 25;

- Quartic hypersurfaces in Pn`1 with n ą 62;

- Complete intersections X2¨3 Ă Pn`2 with n ą 32;

- Complete intersections X2¨2¨2 Ă Pn`3 with n ą 20.

• Complete intersections in weighted projective spaces:

- Degree 4 hypersurfaces in Pp2, 1, . . . , 1q with n ą 55;

- Degree 6 hypersurfaces in Pp3, 2, 1, . . . , 1q with n ą 181;

- Degree 6 hypersurfaces in Pp3, 1, . . . , 1q with n ą 188;

- Complete intersections of two quadrics in Pp2, 1, . . . , 1q with n ą 6.

In Section 2, we provide the necessary background on Chern class compu-
tations (Section 2.3), polarised family of minimal rational curves (Section 2.4),
Schubert Calculus (Section 2.5), and rational homogeneous spaces (Section 2.6).
The proofs of Theorem 6.1 and Theorem 6.2 are given by the various results in
Sections 6.1 and 6.2 and the proof of Theorem 6.3 is given in Section ??.

6.1 Rational Homogeneous Variety of Classical

Type

In this section we consider rational homogeneous spaces constructed from Dynkin
diagrams of type A,B,C and D as quotients by a maximal parabolic subgroup
P k. These give rise to the following varieties, see [Man20, §1.1] for a reference:

An
1 2 n

An{P
k “ Grpk, n` 1q

Bn
1 2 n

for k ă n: Bn{P
k “ OGpk, 2n` 1q

for k “ n: Bn{P
n “ OG`pn` 1, 2pn` 1qq

Cn
1 2 n

Cn{P
k “ SGpk, 2nq

Dn
1 2

n´ 1

n
for k ă n´ 1: Dn{P

k “ OGpk, 2nq

for k P tn´ 1, nu: Dn{P
n´1 – Dn{P

n “ OG`pn, 2nq

We recall in a table, results from [AC12, §5] and [AC13, §6.2] on the condition
F2 for homogeneous spaces of classical type. Note that we have Grp1, nq – Pn´1,
SGp1, nq – Pn´1 (n even) and OGp1, nq “ Qn´2.
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dim F2 is satisfied ðñ

for 2 ď k ď n
2

Grpk, nq kpn´ kq n P t2k, 2k ` 1u

for 2 ď k ă n
2
´ 1 OGpk, nq kp2n´3k´1q

2
n “ 3k ` 2

OG`pk, 2kq
kpk´1q

2
@k

for 2 ď k ď n
2

SGpk, nq kp2n´3k`1q
2

n “ 3k ´ 2

SGpk, 2kq kpk`1q
2

@k

We continue the previous table, collecting the results on pHx, Lxq from [AC12,
§5] and Theorem 2.37:

pHx, Lxq

for 2 ď k ď n
2

Grpk, nq
´

Pk´1 ˆ Pn´k´1, p˚
1
Op1q b p˚

2
Op1q

¯

for 2 ď k ă n
2
´ 1 OGpk, nq

´

Pk´1 ˆQn´2k´2 , p˚
1
Op1q b p˚

2
Op1q

¯

OG`pk, 2kq pGrp2, kq, Hq

for 2 ď k ď n
2

SGpk, nq
´

PPk´1

´

Op2q ‘Op1qn´2k
¯

, OPp1q
¯

SGpk, 2kq pPk´1,Op2qq

6.1.1 Type A: Grassmannians

Proposition 6.4. For 2 ď k ď n´ 2, Grpk, nq does not satisfy the condition F3.

Proof. Let X “ Grpk, nq. As Hx – Pk´1ˆPn´k´1 is a product, by [dJS06a, §3.3]
it does not satisfy F2. By Theorem 2.33 it follows that X does not satisfy F3.

6.1.2 Types B and D: orthogonal Grassmannians

Proposition 6.5. For 2 ď k ă n
2
´ 1, OGpk, nq does not satisfy the condition

F3.

Proof. Let X “ OGpk, nq. As Hx is a product, by [dJS06a, §3.3] it does not
satisfy F2. By Theorem 2.33 it follows that X does not satisfy F3.

Now we consider OG`pk, 2kq, whose family of minimal rational curves through
a general point is Hx – Grp2, kq, by Theorem 2.37. We have that Grp2, kq
satisfies F2 if and only if 4 ď k ď 5 by [AC12, §5.2]. Thus, by Theorem 2.33
the condition k P t4, 5u is necessary for OG`pk, 2kq to satisfy the condition F3.
However, we show that OG`pk, 2kq does not satisfy F3 by considering a 3-cycle
whose intersection with ch3pOG`pk, 2kqq is non-positive. To this end, we start by
recalling a result by Coskun about restriction of the Schubert cycles from Grpk, nq
to OG`pk, nq.

Proposition 6.6 ([Cos11, Proposition 6.2]). Let j : OGpk, nq ãÑ Grpk, nq be the
natural inclusion, and σλ1,...,λk a Schubert cycle in Grpk, nq. Then

(1) j˚σλ1,...,λk “ 0 unless n´ k ´ i ě λi for all i with 1 ď i ď k.
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(2) Suppose that n ´ k ´ i ą λi for all 1 ď i ď k. Then j˚σλ1,...,λk is effective
and nonzero.

(3) Suppose that n “ 2k and k ´ i “ λi for all 1 ď i ď k. Then j˚σλ1,...,λk is
2k´1 times the Poincaré dual of a point.

From (2.15), we have the following expression for the third Chern character
in terms of restrictions of Schubert cycles from Grpk, 2kq:

ch3pOG`pk, 2kqq “ ´
k ` 7

6
j˚σ3 `

k ` 4

6
j˚σ2,1 ´

k ` 1

6
j˚σ1,1,1.

Lemma 6.7. For X “ OG`pk, 2kq with k ě 3, we have j˚σ3 “ j˚σ1,1,1 and

ch3pXq “
k ` 4

2

ˆ

1

6
j˚σ3

1 ´ j
˚σ3

˙

.

Proof. By [AC13, Claim 33] the equality j˚σ2 “ j˚σ1,1 “
1
2
j˚σ2

1 holds on X.
Applying Pieri’s formula we have

1

2
j˚σ3

1 “ j˚pσ1 ¨ σ2q
Pieri
“ j˚σ2,1 ` j

˚σ3

1

2
j˚σ3

1 “ j˚pσ1 ¨ σ1,1q
Pieri
“ j˚σ2,1 ` j

˚σ1,1,1.

This implies that j˚σ3 “ j˚σ1,1,1 and

ch3pXq “ ´
k ` 7

6
j˚σ3`

k ` 4

6

ˆ

1

2
j˚σ3

1´j
˚σ3

˙

´
k ` 1

6
j˚σ3 “

k ` 4

2

ˆ

1

6
j˚σ3

1´j
˚σ3

˙

.

Proposition 6.8. For k “ 4 or 5, OG`pk, 2kq does not satisfy the condition F3.

Proof. Consider the codimension 3 Schubert cycle σ2,1 on Grp4, 8q, and respec-
tively the codimension 7 Schubert cycle σ3,2,1,1 on Grp5, 10q. We have

6

8
ch3pOG`p4, 8qq ¨ j

˚σ2,1
Lemma 6.7
“ j˚

ˆ

1

2
σ3

1 ¨ σ2,1 ´ 3σ3 ¨ σ2,1

˙

Pieri `
Proposition 6.6

“ j˚
ˆ

1

2
6σ3,2,1 ´ 3σ3,2,1

˙

“ 0

6

9
ch3pOG`p5, 10qq ¨ j˚σ3,2,1,1

Lemma 6.7
“ j˚

ˆ

1

2
σ3

1 ¨ σ3,2,1,1 ´ 3σ3 ¨ σ3,2,1,1

˙

Pieri `
Proposition 6.6

“ j˚
ˆ

1

2
6σ4,3,2,1 ´ 3σ4,3,2,1

˙

“ 0.

By Proposition 6.6, j˚σ2,1 and j˚σ3,2,1,1 are nonzero effective 3-cycles which in-
tersect non-positively with ch3, giving that OG`pk, 2kq does not satisfy F3 for
k “ 4, 5.
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6.1.3 Linear Sections in Orthogonal Grassmanians:

We consider a linear section X of OG`pk, 2kq of codimension c, i.e.

X “ OG`pk, 2kq XH1 X . . .XHc,

whereHi „
σ1
2

is a hyperplane section of the half-spinor embedding of OG`pk, 2kq.
By [AC13, Proposition 34], X satisfies F2 if and only if c ă 4. By Theorem 2.37
the family of minimal rational curves on OG`pk, 2kq is Grp2, kq. Since these
minimal rational curves are lines under the half-spinor embedding, the family of
minimal rational curves on X is

Hx “ Grp2, kq X Lc

where L is a hyperplane section under the Plücker embedding.

Proposition 6.9. For k “ 5 and c ă 4, OG`p5, 10q X Hc does not satisfy the
condition F3.

Proof. This follows from Theorem 2.33 as Hx “ Grp2, 5q XLc does not satisfy F2

by [AC13, Proposition 32 (iv)].

6.1.4 Type C: Symplectic Grassmanians

Proposition 6.10. For 2 ď k ă n
2
, SGpk, nq does not satisfy the condition F3.

Proof. Let X “ SGpk, nq. By Theorem 2.33 X does not satisfy F3, as ρpHxq ą

1.

Now we consider SGpk, 2kq and show that in fact this does not satisfy the
condition F3 as well. First, we consider the following result by Coskun.

Proposition 6.11 ([Cos13, Corollary 3.38]). Let i : SGpk, 2kq ãÑ Grpk, 2kq be the
natural inclusion, and σλ1,...,λj a Schubert cycle in Grpk, 2kq. Then i˚σλ1,...,λj “ 0
unless k ` 1´ j ě λj for all j with 1 ď j ď k.

Corollary 6.12. i˚σk,k´1,...,2,1 ‰ 0.

Proof. By Proposition 6.11, the condition on a Schubert cycle to be nonzero
on SGpk, 2kq is that k ě λ1, k ´ 1 ě λ2, . . . , 2 ě λk´1, 1 ě λk. Therefore

the only codimension kpk`1q
2

Schubert cycle whose restriction could be nonzero
is σk,k´1,...,2,1. By non-degeneracy of the intersection pairing in cohomology on
Grpk, 2kq, we have necessarily that i˚σk,k´1,...,2,1 ‰ 0.

From (2.16), we have the following expression for the 3-rd Chern character in
terms of restrictions of Schubert cycles from Grpk, 2kq:

ch3pSGpk, 2kqq “
´k ` 1

6
i˚σ3 ´

´k ` 4

6
i˚σ2,1 `

´k ` 7

6
i˚σ1,1,1.

Lemma 6.13. For X “ SGpk, 2kq with k ě 3, we have i˚σ3 “ i˚σ1,1,1 and

ch3pXq “
´k ` 4

2
i˚
ˆ

σ3 ´
1

6
σ3

1

˙

.
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Proof. By [AC13, Claim 35] the equality i˚σ2 “ i˚σ1,1 “ i˚ 1
2
σ2

1 holds on X.
Applying Pieri’s formula we have

1

2
i˚σ3

1 “ i˚pσ1 ¨ σ2q
Pieri
“ i˚σ2,1 ` i

˚σ3

1

2
i˚σ3

1 “ i˚pσ1 ¨ σ1,1q
Pieri
“ i˚σ2,1 ` i

˚σ1,1,1.

This implies that i˚σ3 “ i˚σ1,1,1 and

ch3pXq “
´k ` 1

6
i˚σ3´

´k ` 4

6
i˚
ˆ

1

2
σ3

1´σ3

˙

`
´k ` 7

6
i˚σ3 “

´k ` 4

2
i˚
ˆ

σ3´
1

6
σ3

1

˙

.

Proposition 6.14. SGpk, 2kq does not satisfy the condition F3.

Proof. We consider the cycle ρ :“ σk´1,k´2,k´3,k´3,k´4,...,2,1 on Grpk, 2kq: it has

codimension kpk`1q
2

´ 3 and its restriction i˚ρ to SGpk, 2kq is effective as non-
negative linear combination of effective cycles on SGpk, 2kq by [Pra00, §1]. By
the Pieri rule and Proposition 6.11 we have

i˚pσ3 ¨ ρq “ i˚σk,k´1,...,2,1, i˚pσ3
1 ¨ ρq “ 6 ¨ i˚σk,k´1,...,2,1.

It follows that i˚ρ ‰ 0 as i˚σk,k´1,...,2,1 ‰ 0 by Corollary 6.12, and

ch3pSGpk, 2kqq ¨ i˚ρ
Lemma 6.13
“

´k ` 4

2

ˆ

σ3 ´
1

6
σ3

1

˙

¨ i˚ρ

“
´k ` 4

2
i˚
ˆ

σk,k´1,...,2,1 ´
1

6
6 ¨ σk,k´1,...,2,1

˙

“ 0.

Therefore SGpk, 2kq does not satisfy F3.

6.2 Rational homogeneous varieties of exceptional

type

In this section, we show that none of the exceptional groups, when quotiented by
a maximal parabolic subgroup, satisfies the condition F3, and we study when the
condition F2 is satisfied. We recall the Dynkin diagrams of exceptional type and
mark in black the short roots, i.e. the roots such that there is an arrow in the
diagram pointing in its direction.

E6 E7 E8 F4 G2

1

2

3 4 5 6 1

2

3 4 5 6 7 1

2

3 4 5 6 7 8 1 2 3 4 12

Proposition 6.15. En{P
α with α ‰ 1, 2, n and F4{P

2 do not satisfy F2.

197



Proof. Let X be one of the homogeneous spaces in the statement. By Theo-
rem 2.37, Hx is a product and thus has Picard rank ą 1. To show that X does
not satisfy F2, we check that the polarized variety pHx, Lxq is not isomorphic to
any of the exceptional pairs paq ´ peq from the list in Theorem 2.34:

- For X “ En{P
α and α “ 3, 5, we have Hx – Grp2, kq ˆ Pl, for some

k “ 5, 6, 7 and l “ 1, 2, 3.

- For X “ En{P
4, we have Hx – P2 ˆ P1 ˆ Pn´4.

- For X “ En{P
6, n “ 7, 8, we have Hx – D5{P

5ˆPn´6 – OG`p5, 10qˆPn´6.

- For X “ E8{P
7, we have Hx – E6{P

6 ˆ P1.

- For X “ F4{P
2, we have Hx – P1 ˆ P2. By Theorem 2.37, the embedding

of Hx in PpTxXq is not minimal, and thus Lx ‰ Op1, 1q.

Thus, X does not satisfy F2.

6.2.1 Type E

1. Parabolic groups P 1, P 2:

Proposition 6.16. En{P
1 satisfies the condition F2 but not F3 for n “

6, 7, 8.

Proof. Let X “ En{P
1. By Theorem 2.37 we have Hx “ Dn´1{P

n´1 “

OG`pn ´ 1, 2pn ´ 1qq and Lx is a generator of PicpHxq. Write k “ n ´ 1.

We have d “ dimpHxq “
kpk´1q

2
and σ1

2
„ Lx, as PicpHxq “ Zrσ1

2
s, where

we denote by the same symbol the Schubert cycle σ1 in Grpk, 2kq and its
restriction to OG`pk, 2kq.

As b4pXq “ 1 by Lemma 2.36, we apply Theorem 2.34 and conclude that
X satisfies F2 as

´2KHx ´ dLx “ 2 ¨ 2pk ´ 1qLx ´
kpk ´ 1q

2
Lx “

pk ´ 1qp8´ kq

2
Lx

is ample. We compute

T pch3pXqq
(2.19)
“ ch2pHxq ´

1

2

ˆ

c1pHxq ´
d

2
c1pLxq

˙

Lx ´
d´ 4

12
L2
x

“ 2L2
x ´

1

2

ˆ

2pk ´ 1q ´
kpk ´ 1q

4

˙

L2
x ´

kpk ´ 1q ´ 8

24
L2
x

“
pk ´ 5qpk ´ 8q

12
L2
x.

which implies that ch3pXq is not positive, hence X does not satisfy F3.

Remark 6.17. As E6{P
6 – E6{P

1, Proposition 6.16 holds for E6{P
6 as

well.
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Proposition 6.18. En{P
2 satisfies the condition F2 but not F3 for n “

6, 7, 8.

Proof. Let X “ En{P
2. By Theorem 2.37 we have Hx “ An´1{P

3 “

Grp3, nq and Lx is a generator of PicpHxq, therefore d “ dimpHxq “ 3pn´3q
and σ1 „ Lx. As b4pXq “ 1 by Lemma 2.36, we apply Theorem 2.34 and
conclude thatX satisfies F2 as´2KHx´dLx “ 2nLx´3pn´3qLx “ p9´nqLx
is ample.

For n “ 8, Hx does not satisfy F2, hence X does not satisfy F3 by Theo-
rem 2.33. From now on we assume that n “ 6, 7. We have

T pch3pXqq
(2.19)
“ ch2pHxq ´

1

2

ˆ

c1pHxq ´
d

2
c1pLxq

˙

Lx ´
d´ 4

12
L2
x

“
n´ 4

2
σ2 ´

n´ 8

2
σ1,1 ´

1

2

ˆ

n´
3pn´ 3q

2

˙

σ2
1 ´

3n´ 13

12
σ2

1

Pieri
“

ˆ

n´ 4

2
´
n

2
`

3pn´ 3q

4
´

3n´ 13

12

˙

σ2
1 ´

ˆ

n´ 8

2
`
n´ 4

2

˙

σ1,1

“
´19` 3n

6
σ2

1 ´ pn´ 6qσ1,1.

If n “ 6 we have T pch3pXqq ă 0, and if n “ 7 we have T pch3pXqq ¨ σ4,3,3 “

´2
3
ă 0. In both cases, this implies that ch3pXq is not positive, hence X

does not satisfy F3.

2. Freudenthal variety :

The homogeneous variety E7{P
7 is also known as the Freudenthal variety

GpO3,O6q; it has dimension 27 and index 18. We refer for instance to
[CMP08, §2.1, §2.3] for more details on the geometry of E7{P

7.

Proposition 6.19. E7{P
7 satisfies the condition F2 but not F3.

Proof. Let X “ E7{P
7. By Theorem 2.37 we have Hx “ E6{P

6 and Lx is
a generator of PicpHxq, therefore d “ dimpHxq “ 16 and Lx „ H, as the
hyperplane section H in Hx is a generator of PicpHxq by [IM05, Proposition
5.1]. By Lemma 2.36, b4pXq “ 1, hence we apply Theorem 2.34 and obtain
that X satisfies F2 as

2T pch2pHxqq “ ´2KHx ´ dLx “ 24H ´ 16H “ 8H

is ample. We apply Eq. (2.17) to compute:

T pch3pXqq
(2.19)
“ ch2pHxq ´

1

2

ˆ

c1pHxq ´
d

2
c1pLxq

˙

¨ Lx ´
d´ 4

12
L2
x

Lemma 6.20
“ 3H2

´
1

2
4H2

´H2
“ 0.

We conclude that X does not satisfy F3.
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Lemma 6.20. ch2pE6{P
6q “ 3H3 and ch3pE6{P

6q “ 0.

Proof. Let X “ E6{P
1 “ E6{P

6; as described for instance in [IM05], X
admits an embedding in P26. Denote by N the normal bundle of X in
PV – P26; by [IM05, Proposition 7.1] we have c1pN q “ 15H, c2pN q “
102H2, and c3pN q “ 414H3, where H denotes a hyperplane section. Then
we obtain

ch2pXq “ ch2pP26
q|X ´ ch2pN q “ 3H2,

ch3pXq “ ch3pP26
q|X ´ ch3pN q “ 0.

Proposition 6.21. E8{P
8 satisfies the condition F2 but not F3.

Proof. Let X “ E8{P
8. By Theorem 2.37 we have H1 :“ Hx “ E7{P

7

the Freundenthal variety, whose corresponding minimal family of ratio-
nal curves through a general point is H2 “ E6{P

6. Thus, we have d “
dimpH1q “ 27, c1pH1q “ 18L1 and by [CMP08, §2.3] PicpHiq “ Zrhis where
hi denote a hyperplane class on Hi; by Theorem 2.37 hi „ Li.

We have b4pXq “ 1 by Lemma 2.36, hence we apply Theorem 2.34 and
obtain that X satisfies F2 as ´2KH1 ´ dL1 “ 36L1 ´ 27L1 “ 9L1 is ample.
We compute

T pch3pXqq
(2.19)
“ ch2pH1q ´

1

2

ˆ

c1pH1q ´
d

2
c1pL1q

˙

L1 ´
d´ 4

12
L2

1

“ ch2pH1q ´
9

4
L2

1 ´
23

12
L2

1 “ ch2pH1q ´
25

6
L2

1

T ˝ T pch3pXqq “ T pch2pH1qq ´
25

6
T pL2

1q
Prop (6.19)
“ 4L2 ´

25

6
T pL2

1q

ď 4L2 ´
25

6
L2 “ ´

1

6
L2

where the last inequality holds by [AC12, Lemma 2.7 (1)]. We conclude
that X does not satisfy F3.

6.2.2 Type F

Proposition 6.22. F4{P
1 does not satisfy the condition F2.

Proof. Let X “ F4{P
1. By Theorem 2.37 we have Hx “ C3{P

3 “ SGp3, 6q,
and the embedding of Hx in PpTxXq is not minimal. Therefore PicpHxq is not
generated by rLxs. Since this pair pHx, Lxq is not in the exceptional list of Theo-
rem 2.34, we conclude that X does not satisfy F2.

Proposition 6.23. F4{P
3 does not satisfy the condition F2.
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Proof. Let X “ F4{P
3. By [LM03, Proposition 6.9] Hx is a nontrivial Q4-bundle

over P1, in particular ρpHxq ‰ 1. Note that none of the exceptional pairs pHx, Lxq
in Theorem 2.34 admit a nontrivial Q4-fibration. We conclude that X does not
satisfy F2.

Proposition 6.24. F4{P
4 satisfies the condition F2 but not F3.

Proof. By [LM03, proof of Proposition 6.5] F4{P
4 is the generic hyperplane

section of E6{P
6. We write X “ E6{P

6 X H, Y “ E6{P
6 and recall that

PicpXq “ ZrHs. From Lemma 6.20 and (2.11), we obtain

ch2pXq “

ˆ

ch2pY q ´
1

2
H2

˙

|Y

“

ˆ

3H2
´

1

2
H2

˙

|Y

“
5

2
H2
|x

ch3pXq “

ˆ

ch3pY q ´
1

6
H3

˙

|Y

“ ´
1

6
H3
|X .

This implies that X “ F4{P
4 satisfies F2 but not F3.

6.2.3 Type G

Proposition 6.25. G2{P
1 satisfies the condition F2 but not F3.

Proof. By [LM03, §6.1], we have that G2{P
1 “ Q5 Ă P6. Applying ?? and

Eq. (2.11), we conclude that G2{P
1 satisfies F2 but not F3.

Proposition 6.26. G2{P
2 satisfies the condition F2 but not F3.

Proof. Let X “ G2{P
2. Then X satisfies F2 by ??. Moreover, we have

6 ¨ ch3pXq ¨ c
2
1 “ pc

3
1 ´ 3 c1 c2 ` 3 c3q ¨ c

2
1 “ c5

1 ´ 3 c3
1 c2 ` 3 c3 c

2
1

“ 4374´ 3 ¨ 2106` 3 ¨ 594 “ ´162

where the Chern numbers are computed in [KT20, Table 1]. As
c21
27

is an integral

class by [KT20, §2], we obtain ch3pXq¨
c21
27
“ ´1, so that X does not satisfy F3.

6.3 Higher Fano Manifolds with High Index

In this section, we will prove Theorem 6.3, which gives the complete classification
of 2-Fano manifolds of high index that satisfy the F3 condition.

Proof of Theorem 6.3: In order to obtain the list in Theorem 6.3, we go through
the list in [AC13, Theorem 3] and we check the F3 condition for each, one by
one, using the formulas for the third Chern character given in Section 2.3. These
give the various bounds on the dimension n of X, as in the list. The remaining
homogeneous varieties do not satisfy the condition F3 by Propositions 6.4, 6.8,
6.9, 6.14 and 6.26.
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Chapter 7

Conclusion

The work detailed in this thesis began with the quest to simply understand sin-
gular curves and singular del Pezzo surfaces. This led to the work on Curves
(Chapter 3), which was built on the work of Prof. Ivan Cheltsov in [C17].

Having done this, the most reasonable varieties to study in order to understand
the notion of K-stability of Fano varieties are del Pezzo surfaces, since a lot
has been done to determine K-stability of these surfaces. We have looked at
understanding these objects using different techniques, namely, determining the
applicability of Dervan’s criterion, using the Valuative criterion and the stability
threshold.

Building upon the work of Cheltsov and Martinez-Garcia in [CM20] on the
applicability of Dervan’s criterion for smooth del Pezzo surfaces, we have deter-
mined the same for del Pezzo surfaces with du Val singular points (Section 4.1.2).
This is still work in progress. Just as in [CM20, Theorem 1.6], wherein partial
results in the case of smooth cubic surfaces in P3 were possible, there is still hope
that more examples of K-stable singular del Pezzo surfaces with any given ample
divisor, can be given.

On the other hand, in my joint work with Won and Kim, we have answered the
Calabi problem (Section 1.2.1.2) for all quasi-smooth, well-formed hypersurfaces
of index 2, using the techniques explained in Section 2.2. This problem is still
open for such hypersurfaces of higher index and with the recent development
of powerful methods, for instance [AZ20], I am certain that one can completely
determine the K-stability of such hypersurfaces.

In order to further understand the geometry of these del Pezzo surfaces, we
considered the problem of the existence of H-polar cylinders for any ample divisor
H on a du Val del Pezzo surface, in my joint work with Belousov. In Section 4.3,
we have explicitly constructed such cylinders for del Pezzo surfaces with at least
one singular point of type En, for n “ 6, 7 and Dn, for n “ 4, 5, 6, 7. In fact, we
think that we can prove a much stronger result:

Conjecture. Let S be a del Pezzo surface with du Val singularities. Suppose S
has a p´KSq polar cylinder. Then S has a H-polar cylinder for any ample divisor
H on S.

In the case of smooth Fano 3-folds, in my joint work with Araujo, Castravet,
Cheltsov, Fujita, Kaloghiros, Martinez-Garcia, Shramov and Süss, the Calabi
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problem is completely solved for 71 of the 105 deformation families. That is, we
know which smooth Fano 3-folds are K-polystable and which are not, for 71 of
the deformation families. For the remaining 34 families, Main Result 5 tells us
that the general member is K-polystable. We conjecture that for 27 of the 34
remaining families, all members are K-stable.

Conjecture. All smooth Fano threefolds in the deformation families

№1.9, №2.1, №2.2, №2.3, №2.4, №2.5, №2.6, №2.7, №2.8,
№2.9, №2.10, №2.11, №2.12, №2.13, №2.14, №2.15, №2.16, №2.17,

№2.18, №2.19, №3.2, №3.3, №3.4, №3.6, №3.7, №3.11, №4.1

are K-stable and, in particular, they are K-polystable.

All remaining seven families №1.10, №2.20, №2.21, №2.22, №3.5, №3.8, №3.12
contain non-K-polystable smooth Fano threefolds, but their general members are
K-polystable. Conjectural characterizations of their K-polystable members are
in [ACCFKGSSV]. It would be very interesting to prove these conjectures and
hence completely determine the K-stability of all members of all 105 deformation
families.

In higher dimensions, there has been great effort in recent times to define a
suitable higher analogue to the Fano condition. As described in Chapter 6, in my
joint work with Araujo, Beheshti, Castravet, Jabbusch, Makarova, Mazzon and
Taylor, we suggest a possible candidate for such an analogue (Definition 2). This
is motivated by the definition of 2-Fano manifolds that was introduced by de-
Jong and Starr in [dJS06a]. But this is known to impose very severe restrictions
on the polarized minimal family of rational curves pHx, Lxq (See Section 2.4). In
our work (See Chapter 6), we have described many new examples of higher Fano
manifolds, including rational homogeneous spaces and have also given a complete
classification of 2-Fano rational homogeneous spaces of Picard rank 1 (See Main
Result 6). We also get no new examples of rational homogeneous spaces of Picard
rank 1 satisfying F3, other than Projective spaces and quadric hypersurfaces (See
Main Result 7). In Main Result 8, we have also given a complete classification
of Fano manifolds of large index that satisfy F3. It would be interesting to next
determine which rational homogeneous spaces of Picard rank bigger than 1 satisfy
F2 and F3 condition.

Also, in our joint work, we propose the following problem.

Problem. For fixed n, find the smallest integer k “ kpnq such that the following
holds. If X is an n-dimensional Fano manifold satisfying condition Fk, then X
is a complete intersection in a weighted projective space. Can this integer k be
chosen independently of n?

This is motivated by the following problem.

Problem. Find examples of Fano manifolds satisfying condition F3 other than
complete intersections in weighted projective spaces.

These questions show that indeed studying such possible ‘analogues’ to the
Fano condition in higher dimension, could provide interesting characterisations
of projective spaces and complete intersections in terms of positivity of Chern
characters.
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