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§ 2. NoTaTION.

The independent variables are denoted by «'; 22, . . . 2"; the dependent

variable is 2. The operator 9%* is written as D,. The equation of the

type we are considering may then be written

Z ipﬁ\’DgT) %4 ZQFD s+ ru=10 : . « {21)

+ It is, of course, possible to adopt in this work the Summation Convention of the
Tensor Caleulus, that when a Greek letter occurs twice in a term, once as index and onee
as suffix, then the terms obtained by giving all possible values to this Greek letter are to be

summed. For the sake of clearness and simplicity this has, however, not heen done.
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Here p#, ¢#, and 7 denote functions of the independent variables only, and
pPr=p¥¥; the functions p?, ¢¢, and » have no common factor.

Later we discuss systems of equations involving m dependent variables,
wh w? ... w™  In order that such a system may be derivable from a
problem in the Caleulus of Variations it is necessary (but not sufficient)
that the system consists of m linearly independent equations. We write
this system in the form

n n m n m
Zzz;:ﬁ?DﬁDmhi- ZZQJG Dgun+ Z?alu“— ; . (2.2)
a=18=1y= a=14=1 a=1
where the suffix § takes the values 1, 2, ... m. Here the coefficients
PsY, qf, 75, are functions of the independent variables «, 22 . . . 2" only.

We also use a symbolism * for denoting the symmetrical and anti-
symmetrical parts of any quantity with regard to a pair of suffixes. We

write

PGa) = %(i"a,l + ?‘aa} ‘ “ ] 7 i (2. 3)
and

T(sa] = 3(1'6a — 7'a8) ; . ) h . (24)

These are the symmetrical and antisymmetrical parts respectively.

§ 8. THE SELF-ADJOINT PROPERTY AND ITS (GENERALISATION.

In order to obtain an equation of the type (2.1) it is necessary to
consider the problem of annulling the variation of the integral

S V.expd.da'dat . . . dan . " SRR 16 1)

where ¢ is a function of the independent variables only, whilst V is a
quadratic homogeneous expression in « and its first derivatives, ..

T Tn
V= Z ZuﬂTDﬁu D ?5+°Zbﬁu Dau+eu® | 5 o (3:8)
A=1y=1 =1
where agv, b?, ¢ are functions of a1, 22, . . . 2® only, and @fr=a>’.

The first variation of (3.1) has the form

a s

- ..,f&a expd { Z Za!“fD,;D,u+ Z Z(w”‘rD#"i-D @) u

A=1y=1 =1 y=1
+ (Z [Dgbf+b2Dsp] - c)z; } de’ . . . da?
A=1

where ¢u denotes the variation of w. We have integrated by parts and
omitted terms which can be made to vanish by suitably assigning the
boundary conditions. Equating to zero the coefficient of du in the

* See Schouten, Der Rieci-Kalkiil, p. 25.




128 E. T. Copson, Partial Differential Equations

integrand, we have as the condition for a stationary value of the integral

(3.1) the equation ;
" n 1 I
expeh. { Z Zm‘"‘fl) 3D+ Z Z (@#YDyp+ Dy )D g
=ly=1 B=1 y=1
+(Z[Dﬁb@+b*’]—)ﬁ§b]—c)ﬂ} = . (3.31)
=1

The common factor exp¢ is not zero, and may be cancelled out. The
resulting equation is

n n I n n

>\ ek DﬂD?u-%ZZ(ftﬁ\']),,t;f)+D?wﬁY)Dﬁﬂ+(2[Df-;b-ﬁ-}-bi;Dﬁcﬁ]—c)u} =0 . (3.32)
A=ly=1 A=ly= =
The equation (3.31) is self-adjoint, whilst (3.32) is not identieal with its
adjoint equation.®
It follows then that an equation of the form (2.1) which is obtained
by annulling the variation of an integral (3.1) must either be self-adjoint
or be rendered self-adjoint after multiplication by a suitable function of
the independent variables.
In order that the equation (2.1) may be derivable from a Calculus of
Variations problem, it is necessary and sufficient that a, b7, ¢, and ¢ can
be determined so that '

n n

Z ZQ;WDJD i+ Z(}BD At ru=

A=1

" T 1S n

Z Zasm;m + > 2 (@D, +Dyat)D s+ (Z [Ds07+ b Dpp] — )

A=1ly=1 A=1

On account of the symmetry of p* and P this condition reduces to the
three sets of equations

pR=d. - o wm w T - ¥ 5y
m

¢?= 2 (a YD,$+ Dyat) o e« . (349)
y=1

r= > (Daf+bDgp)—c . . . . (3.43)
a=1

to determine af, b% ¢, and ¢ in terms of p, ¢, and 7.

Since equation (3.43) alone involves the quantities b and e, it is
comparatively unimportant. After the quantities b® are arbitrarily
assigned, and after «® and ¢ arve determined from (3.41) and (3.42) the
relation (3.48) gives the appropriate value of c.

# See Goursat, Cours &' Analyse (third edition) (1923), 3, p. 147, on adjoint equations.
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The function ¢ must satisfy the system of equations

T T
@8 - ED?1331‘= ZPmDv‘f’ ? ; : . (3.5)
r=1 y=1
where 3 takes the values 1, 2,...n. This system must determine ¢

uniquely, and so must form “a complete system.”* As the equations are
not in the usual form, we make an obvious transformation. Let us suppose
¢ is determined by a relation of the form

ot o a0 P)y=0;
If we write D, for a%, the system (3.5) may be written

SoPD (- DD pMD=0 . . . (351)
y=1

y=1
Now let the determinant of the coeflicients p#* be P, and let the co-factor
of p#in P be Ps,. The system of equations (3.51) can be solved for D.f
(provided P is not zero); we find that

1 W ; K
Duf+ 52 Pus( @~ S D )Def=0 . . . (352)
=1 y=1

If the system of equations (8.52) forms “a complete Jacobian system,” then
¢ is uniquely determined. The condition for the existence of a unique

function ¢ is then that the relations

D'=[§Pﬁr(‘l"" éDspve)/P] - Dﬁ[éP,w(@*— éldew)/ PJ . (3.6)

hold for all pairs of values of « and 8 from 1 to n.
This may be transformed into

n

p=1 A=1 p=1

A=1

mn n n

33 3 S eule- S 007) (oD -pedim) . @)
A =1

=1 p=1r=1

for all pairs of values of o and (3.
This system of relations (3.7) can be satisfied in various ways, of which

the following are particular cases:

(i) Dp#=0, Dygf=0 . . . . (371
This case, which has already been discussed elsewhere,t is that in which
the coefficients of the first and second derivatives are mere constants. It

% Ctoursat, Cours d’Analyse, (third edition), (1918), 2, p. 620, ¢t seq.
+ E. T. Copson, Proc. fidin. Math. Soc., 43, (1924-25), pp. 35-38,
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can be shown easily that, in this case, ¢ is linear in the independent
variables 2!, a2, . . . a™

(ii) q“=2n,D,.v= HE SR S o g
=1

in which case the equation (2.1) is self-adjoint; the function ¢ is now a
mere constant,

7 n

(iii) 2})"“D3p#ﬂ= ZPMDAPM i . ; . (3.731)
A=1 A=1
D Dygf= D ¥ . . . . (3.789)
A=1 A=1

In this case the equations of the system (3.5) are complete identically and
not in virtue of the equations of the system.
It should be noticed that self-adjoint equations are merely a particular

subclass of the much wider class of equations whose coefficients satisfy the
relations (3.6). '

§ 4. TaE ParABoLiCc CASE.

We have now to consider the equation

n i n

> 2P DD+ D Dau+ru=0 . . . (21)

A=1y=1 B=1
when the determinant P of the coefficients p# vanishes identically; in this
case, which was omitted in § 8, the equation is of parabolic type.

Here the system of equations (8.5) is not a linearly independent system.
Let us suppose * that the co-factors of the elements p'», p**, . . . p™ of the
vanishing determinant P do not all vanish. The system (3.5) will reduce

to a consistent linearly independent system of (n—1) equations if the
determinant

p‘l.l ,PE,I PO Tty EJH,I

pI,Z 1?)2'2 P -1?)"'2

Z.)l,ﬂ—l ”,!;2, n—1 o ,1;,11. n=1 (4.1)
n n n

¢ = D Dyp™, ¢*= DDyp%, . . ., g%~ D Dy
y=1 =1 y=1

vanishes. We have then to investigate the meaning of the vanishing of
this determinant and of P. It is convenient to do this by performing a
change of independent variable.

* There is no loss in generality in this supposition, except in the case when all the first

minors of the vanishing determinant P vanish. This case is of no very greab interest,
however.
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Let us introduce a new system of independent variables %, % . . . y*,
which are functions, as yet arbitrary, of the valuables o', @? . .. z" Let

the operator 85“ be written as A, Then it is easily seen that

n
Dyu= ZDﬂy‘ LA,
e=1

If J=! denote the determinant of the quantities Dgy¢, then J is the Jacobian
of the variables @+ with respect to the y~.

The equation (2.1) is then derivable by annulling the variation of the
integral

fVJ exp  dytdy®. . . . ¢ dim ’ - . (4.21)
where
n "
V= ZZ“MD»&“ D u+2Zb#u Dgue+eu® | . . (3.2)
A=ly=

TFrom the vanishing of P and the rela,tlon (3.41) it follows that the

determinant of «#* vanishes.
In terms of the new co-ordinates, we have

n =n n 7 n [

ZZZZaﬁYqu Dy . A A“u+2ZZbﬁE¢D,¢J‘ Auten® . (4.22)

p=ly=le=1n= p=le=

We now try to determine the function y* so that the equations

n
Zaﬁﬂ)ﬂy“ =0
p=1

may hold for y=1, 2, ... n. Since the determinant of a# vanishes

whilst the co-factors of a®® a%™ . .. a®" are not all zero, we can take
the system of (n—1) equations

i
2@Dgr=0  (y=1,2,..,2-1) . . . (43])
=1

which are linearly independent, to define the function ™
The system of equations (4.31) determines y” uniquely if the system is
a complete system. The condition for this is that

F,D,Fy - FeD,Fp = Fp(DpFa—DaFy) . . . (4.32)

for all pairs of values of « and 8 from 1 to n—1, where F, is defined by

the relation *
P,,I,g =F uFﬂ.

* That Pag has this form follows from Bellavitis’ Theorem on vanishing determinants,
See Mem. Istituto, Venezia, T (1857).
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If the conditions (4.32) are satisfied, then we may write

m-1n-1
VI expd = 22 SrraAgu. A-,u-i-?zfgﬂﬁpﬂ-{—?m?
A=ly=
where the coefficients /7, ¢4, and /. are functions of %%, 4 .. . y" The

equation obtained by annulling the variation of the integral (4.21) is

n-1n-1 n-1in-1

> Z oA+ > ZA,cﬁﬂv Aﬂu+(z Bpgh— h)u,—

f=1 y= A=1 y=
But this is not a partial differential equation of parabolic type in =
independent variables; it is a partial differential equation in (n—1)
variables, whilst " is a mere parameter.

We have then the result :—

If the equation (2.1) 1s such that the determimant P and the deter-
manant (4.1) both vawish and such that the condition (4.32) holds, then
the equation (2.1) involves fewer than n independent variables.

In the case of two independent variables, the condition (4.32) always
holds. We can then deduce, by a method of descent from s variables
to s—1 variables, that *

No differential equation

n n

ZZpPYD Dyu+ ZQPDﬂu-i-ru 0

A=ly=1
of parabolic type can be derived fe-om a Caleulus of Variations Problem.
In other words
There is no self-adjoint equation of parabolic type.

§ 5. SYSTEMS OF EQUATIONS.

We are now going to determine the conditions under which the system
of m equations

Kl T T e " m

z 2 ZpﬁﬂD,@D Uan Z Z Tsa Dguc+- Z’o‘a“?r“ =0 . . (22)

a=1pg=1ly=1 a=1lf=

# (f. Courant u. Hilbert, Methoden der Mathematischen Physik, 1, p. 205, where we
find the statement: “Wir erkennen also, dass elliptische Differentialgleichungen aus
einem definiten, hyperbolische aus einem indefiniten und parabolische aus einem semi.
definiten Integranden durch Variation entspringen.”

This statement is true only as regards the elliptic and hyperbolic cases and follows
from the relation afy=psv. The semidefinite integrand leads to an equation apparently in
n variables, but actually in fewer than n.
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where ¢ takes the values 1,2, . . . m, may be derived from annulling the
variation of an integral

/sa‘.pqﬁ.Vdu:‘d::_:"’- o o T ) . . . {6.11)

where ¢ is a funetion of the independent variables only, and where
m e m e n mn n
Vo= 2 2 Z’ Z a,‘%"[)‘,,u“ 117ﬂ5+2z Z Z P u“D,;u‘-I— 2 Zcﬁu‘uﬁ . (5.12)

a=1d=1g=ly= a=lé=1pg= a=1§=1

There is obviously no loss in generality in supposing that

3::;“1“35 x 4 . g : . (b.21)
all=a . : . . 1 . (522)
Caz=0Cta = : ; ; ; . (523)

for any antisymmetrical parts would go out on performing the summations
involved in (2.2) and (5.12).

It is easily shown that, after we integrate by parts and neglect a
hypersurface integral which may be made to vanish by a suitable choice
of boundary conditions, the first variation of (5.11) is of the form

n m n

_2fe,,p¢[zzsu lZZaﬂ"D D u“-l-Z(ZD a’“+2a‘3 LA

a=1le=1 f=1y=1
+<ZD,H(J:‘+ 2 b Dyp— ca,)u“}:ld:t:' . & 5l
B=1 p=1

where dus denotes the variation of we,
By annulling the variation of the integral (5.11) we obtain the system
of equations

mooon T He n

ZZZQ""U,;L) ' +ZZ(ZD aﬁ7+2aﬂ"D ¢+b"? )Dﬁu“

a=1f=1y= a=1pg=1"y=1

(ZD,,J,5+ZbﬁI)ﬁ¢-c.a)s‘ b e S

where § takes the values 1, 2,. . . m.

In order that the systems (5.3) and (2.2) may be identical, it is first of
all necessary that the system (2.2) may be reducible, by multiplying by
suitable factors, to a form in which

z;g;::p‘::; : . . : ’ . (b.31)

Remembering the notation introduced in § 2 and using the relation
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(5.22), we find that the quantities a’, b’ c.s, and ¢ are to be determined

@ T

by the relations

gl e e e e e e e Y

O3 = 21(1)"“{1;"“ “ﬂ“-a‘f-")‘*‘%f’“a] : ' - (D.33)
=
L

m:Z(nﬁb{js.pa-fjsnﬁ(p)-c“a s S e
A=1

We have these three systems of equations (5.32), (5.33), and (5.34) to
determine the quantities a’¥, %, ¢.; and ¢ in terms of pfY, g5 , 7.

Eliminating «f between (5.32) and (5.33) gives the equations

Yo O P D v A
= =
It can further be shown that

n n

p= =

The two sets of relations (5.41) and (5.42) must determine ¢ uniquely.
Now the number of equations is jm(mn+m-+n—1); these must only
involve n linearly independent relations. In order that this may be the
case, it is necessary that every determinant which can be formed out of
the array

1 1
™ ?){;“ ] rflguj ]
2
SR ?)fu T ‘?%&u] 1
| (5.5)
|
¥ » e g ) |
n T |
R y&u)—ZDﬂng, Fatsi 2?'[5(11—-21)1@5“], S|
p=1 =1

mast vanish.

If, however, the condition (5.5) does not hold, the equations (5.41) and
(5.42) to determine ¢ are inconsistent ; the system (2.2) of partial differential
equations cannot then be derived from a Calculus of Variations problem.

If the condition (5.5) holds, we can choose out of the systems (5.41) and
(5.42) m linearly independent equations to determine ¢. In order that ¢
may be uniquely determined it is necessary and sufficient that these n
equations may form a complete system.

The conditions for completeness can be obtained in a manner similar to
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that adopted in § 8. 1If, for example, the determinant P,; of the coefficients
P} does not, vanish, we may take the linearly independent system

n
= Z;D-r 21’11 P (B=1, run B)
=

to determine ¢. This system is complete if

2 2 DJ\( 1~ ZDFPLI) ZPMDA( Gy~ Z D, P,f;l)
7 1 n

—_ZZZP” *"’(qu ZD"P )( GD"‘P’ﬁB PuD'\pl;)

Ih\ =lp=1»=1
holds for all pairs of values of « and 3; here Py, ,, denotes the co-factor of
Py in P
§ 6. Parricunar Casgs oF § 5.

If P,, does not vanish, the conditions for “completeness” may be
satisfied by supposing that

qu ZDM)H ; : 3 : = (8:1)

But in this case ¢ is a constant. Hence we have from (5.41) and (5.42)

1
T — Z{Dyz=§1= 0y L .o BTN
-
k8
Ipa— 2 Def5,=0 . . . . . (612)
g=1

In this case we say that the system (2.2) of partial differential equations
forms a self-adjoint system.

In the more general cases it seems to be preferable not to attempt a
detailed classification of systems of equations, but to treat each system, as
it arises in practical problems, on its own merits by an application of the
methods of § 5.

(Issued separately April 6, 1926.)
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Instead of this solution, we take the solution which has
0 = @, ¢ = 0, as singular line, and then intend to examine what
happens as « tends to zero. The solution is

1@, (cos @)

ke @ (conl) odenedes
e
b- 0.

where

€os @ = cos @ cose + sin € sin e« cos ¢.
Using the addition theorem for Legendre functions,* we have :
71, (cos ) !

=77 Py(cos 0) Qy(cos ) + 2 93 1P o "(cos 0) cos me Qg (cosex)...@:1)

m=1

In this way, we have expressed our solution as an infinite series of
terms which are expressible in the form (13). But this repre-
sentation is only valid in a region for which

0 < a=mx/2,

2.e. inside a eirvcular cone with Oz as axis and the singular line
0 = a, ¢ =0 as generator.

t ¥ deve obindy fublids Mo siatinee § M sclin
g wite | Mo Edi. Matl doc. (,) bt (1925-26), ff. 22-25

*See Warrraker and Warson: Modern Analysis (Srd Edv.) 329.  We
are using Honson's delinition (Phil. Trans. A 187 (1896) ) of the associated
functjons,



Now Hobson * has shewn that

1 [ cos mu du
2w Py (cos 0) (— 1) cosmd = —j — ..42)
m ! Jy cost 4 1 sinf cos (u — ¢)
Hence, if z > 0, and if § < « =7/2, we have
o du
2w Qy(cos W) = ), (cos u.).[ . —
0 %+ 12 cosu + 1y sinw
g s ) i o cos mae du
+23 U om oo u)I :  ..43).
m=1 m! 0 %+ wrcosw + 1y sinw

Before we invert the order of integration and summation, it is
neeessary to examine the uniformity of convergence of the series
2 (<1p
Qofcosa) + 2 = —2- Q" (cosc) COSMU oovvvvnnrnn.. @-4)
m=1 e !
It follows from some recent workt on the asymptotic expansions
of the Hypergeometric Tunction that

y =

( = ])’" i o o 1
g A\ o e ey Iz it m
T Q" (cos ) | cot 5 " (—1)y" tan 5 + 0(—-) |

for large values of m. The coeflicients of the trigonometric series
(44) are then not bounded as m —> w0, unless & = 7/2. If o« = 7/2,
the series (@4) converges uniformly in the interval (0, 27) except
at u = 7/2 and w == 3%/2, where it has finite discontinuities.

Tt is then legitimate fo invert the order of integration and
summation in (§-3), only if « = 7/2.  We have then

2zr @y (sin 0 cos ) = r' L @-)*du -
0

z + 1w cosu + iy sinw

where f(u) is the sum of the series
e
2 (-1
@@0)+22 (—I ) Qy (0) cos mu,
m=1 M

provided only that z > 0.
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[Reprinted from the ProcErpIiNGgs oF THR Rovan Soctery, A, Vol 118,

On Electrostatics i a Gravitational Field.
By E. T. Copson, M.A., Lecturer in Mathematics in the University of Edinburgh.

(Communicated by B. 1. Whittaker, F.R.S,—Received December 1, 1927.)

§ 1. Imtroduction.

In a recent paper, Prof. Whittaker* has discussed the effect, according to the
general theory of relativity, of gravitation on electromagnetic phenomena. In
particular, he has discussed electrostatics in gravitational fields of two kinds,
namely (i) the field due to a single gravitating mass, in which case space-time
has the metric discovered by Schwarzschild, and (ii) a limiting case of this,
called a quasi-uniform field, in which the gravitational foree is, in the neighbour-
hood of the origin, uniform. ‘

Whittaker’s general method, so far as electrostatical problems were con-
cerned, was to solve the partial differential equation satisfied by the electro-
static potential in terms of generalised harmonic functions, and then, from these,
to build up other solutions. TIn this way, he succeeded in finding an algebraic
expression which represents the potential of a single electron in the quasi-uniform
field ; he did not, however, obtain a corresponding algebraic expression for the
potential of an electron in the Schwarzschild field.

The chief result of the present paper is the solution of the problem which is
thus presented, namely, to determine the potential of an electron in the Schwarz-
schild field in an algebraic form. In order to obtain it, I have departed alto-
gether from Whittaker’s method of investigation and have relied instead on
Hadamard’s theory of *“ elementary solutions  of partial differential equations.
I show first, in § 2, how the solution obtained by Whittaker for the quasi-uniform
field may be obtained by the aid of Hadamard’s theory, and then show, in § 3,
that the same methods yield the solution in an algebraic form (3.6) for the
Schwartzschild field. In the last section, the new solution is expanded in terms
of generalised harmonic functions ; some of the relations obtained in this section
 are believed to be new properties of the Legendre functions.

The following brief résumé of Hadamard’s theory of elementary solutions is
given to make the rest of the paper intelligible.

The solution [(z — a)? 4 (y — b)2 + (z — ¢)*]™* of Laplace’s equation in
three dimensions is distinguished from all other solutions by the following
properties :—

* ¢ Roy. Soc. Proe.,” A, vol. 116, p. 720 (1927).
b
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(i) it is continuous and differentiable as often as we please in any finite

region of space, except in the neighbourhood of the singular point
(@, b,0);

(ii) it becomes infinite, to as low an order as possible,* at the singular point

and on all the isotropic lines through it.

But the isotropic lines are the * bicharacteristies ”f of Laplace’s equation.

This suggests at once the appropriate generalisation.

Let ¢**, b, k be holomorphic functions in a certain domain of real values

of the variables (2!, 2% ... 2"). Then Hadamard} has shown that the

partial differential equation

n 22 " o

y 0% 0 w

R o k“a—“—l—ku:{),
apf=1 CL” ow a=1 &

possesses, when m is odd, a unique solution which is continuous and differ-

cntiable as often as we please in the domain where ¢*, A", L are
holomorphie, except in the neighbourhood of one singular point
(a', @ ... @™) and the bicharacteristics through it; in the neighbour-
hood of the singular point, this solution becomes infinite to as low an
order as possible, and may be expanded in the form
e
' 2 (U, +4 U T4 T,I2 + ).
I’ here denotes the square of the geodesic distance from the singular
point to (2!, @2 ... 2™) in the space whose metric is
ds* = % ¢,pda da
u,p

the functions Uy, U, U,, ... are holomorphic in the given domain.
This solution is called the * elementary solution * ;

[z —a) + (y — b + (z — o]*
is obviously the elementary solution of Laplace’s equation. Accordingly
we shall assume that the potential of an electron in a gravitational field
1s the elementary solution of the partial differential equation of electrostatic
potential.

* It is this property which distinguishes [(z — a)* -+ (y — b)® + (z — ¢)?]~% from the
solution (z — ) [(z — a)® + (y — b)* + (z — ¢)*] 0.

+ On “ bicharacteristics,” see Hadamard, “ Lectures on Cauchy’s Problem in Linear
Partial Differential Equations * (Yale University Press, 1923), p. 75, el seq.

1 Loc. eit., Book II, chap. 3. We make use here of the tensor notation. Thus g,g and
g® are corresponding elements in reciprocal determinants. We shall later write g ()
for the value of the determinant | g,s| at (2% 2 ..., ™)
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In the course of his proof of the existence of the elementary solution, Hada-
mavd shows how to construct it ; thus the equation

Lt o or ds
== 5P [t oA
: Ju<«.z:fi Y ’}'L' ’]wﬁ + k '}:5“ e ) 4s A

determines U,. Here integration is along the geodesic from the singu-
larity to (2!, o2 ..., «"), with respect to the arc s of the geodesic. The
other functions U, are given by recurrence relations.

Uy = Vg (a) exp.

§ 2. Blectrostatics in the Quasi-Uniform Gravitational Field.

The electrostatic potential in the quasi-uniform gravitational field satisties
the equation®

1+9q:c)8u L, O, QPu

— +5==0. 2.1
_ oz | 0 ' 022 @4
If we apply the transformation
2
F=a+or U=y L£=¢ 22)

this equation becomes
0 o Ou e %u_ 1 du_
082 " on  J? 14+1E0E

In terms of these co-ordinates, the metric of space time is

(2.3)

a6 = (1 0P @ =S8 bt 4 22,

so that &, n, { represent actual distance.
It is a consequence of Hadamard’s theory, that the clementary solution is, if
1 - £ is positive,
U, + U4 UpI® 4 ...]
where
=€ —o+(n—BP+E—v~

The formula for Uyl is

o [_(ffer @r T 1 dr_ ) dE
Uu_exp._ L -La—az’ onf i"gc: E-10¢ Gl (5 —ua)
= exp. gi
«2(&8+1)
_ (L4Ey
_(H_a\.

* Whittaker, loc. cit., p. 723 (13).

T This equation would also oceur, in classieal electrostatics, as the equation of pofential
when the specific inductive capacity is (1 + &) .

i Hadamard, los. cit., p. 94 (41).
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The recurrence relations, from which the functions U,, U,,

Uy, « .. are to be
determined, are®
U — U, { E—a)"'[@Ups | BUpa | Uy 1L Uiy
" 2@ (E—w)'). U, L o& an? o E+1 o I
where integration is along the straight line from (e, B, y) to (&, 4, ©). We
easily find that

U =§U0,(14+8T(14a)™?

Up=— 83U, (1 + 2 (1 + )72
and, generally, that
U, = kqu {14 E)_" (1 +ig) "
where
ke (2n4-1)(2n—3)
ku—l T l

4.2n (2n —1)
The constants &, are therefore the coefficients in the expansion of
(1 + =) (1 4 22) %

Hence the elementary solution, having singularity at («, B, v), is equal to

Uo T ) T2 o I
mll g arg e arrars T

_:EB 1 I 1 i By =1 L: s
ol Trarnar )J( +4-{1+E)(1+o{)) (24

[

|

[(E—a)*+ (n—B)*+ (E—7)*+-2(14-8) (1)) g

~ [E—aPt (0= BP+ =P+ () (L) F[E—a)+ (1— B+ G (e J

If (@, b, ¢) is the point in the original co-ordinate system corresponding to
(, B, y) the elementary solution becomes, in terms of z, ¥, z,

[2+2%0+0) + &l — b0+ e —of
{24286+ + 8 —br oy —o(1422) (14 20 /1 4 2
+ Ll —0r o

LA/ 14+ 20 Pt 5P+ e (ool + Lol 0+ oY
* Ibid., p. 95 (44').

1+&@+a)

1 It will be observed that this has a singularity at the image point of (e, 8, y)in £ = — 1.
This is not of importance, since the region & = — 1 is inaccessible in the relativity case

It is of interest when the P.D.E. is regarded as the classical potential equation with
K = (14+£&)~'; K becomes infinite for § = — 1.
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This is precisely the formula given by Whittalker® for the potential of an electron
in the quasi-uniform gravitational field.

§ 3. Electrostatics in the Field due to a Single Gravitating Centre.
The metric of space-time about a single gravitating centre is specified by
Schwartzschild’s formula

d=(1— &) de — ci( AR | Re o 4 Rsin? 0 d&);

o
L—g

in this field, the equation of electrostatic potentialf is

(1 — 20 (gedu), 1 dw , 1
(1 R)MJREE)'mmag@new)+gﬁﬁap—o' (3.1)

If we transform to the isotropic co-ordinates specified by
gt gy B xﬂv—al (3.2)
o

the partial djﬁerentialjequation becomes

u , %, 0% — 4 O ou AT
mrste s (fz 1)( Stvptes) =0 (3
where

x=rsinOcosp, y=rsinOsing, z=r7cosb.

In terms of the isotropic co-ordinates, the metric of space-time is§

2_““'_1'2 2 __ _* . 2 [-2) -
ds (+Jﬂ mh4 HM+@+¢L

the transformation conformally represents the spatial part (R > «) of Schwartz-
schild’s metric on to the part (» > 1) of Euclidean space. In these co-ordinates,
7 =1 is an inaccessible boundary.

The potential of an electron at (0, 0, @), being the elementary solution of
equation (3.3), must have the form

V[0 T U ] (3.4)

where I' = 2% 4 * 4 (z — a)? and where Uy, Uy, U,, . . . are holomorphic for
gl

* Loc. cif., p. 727 (19).
t Ibid., p. 729 (25).
I This equation would oceur in classical electrostatics if the specific inductive capacity
were assumed to be (r 4 1)3/7* (r — 1).
§ Cf. de Sitter, ¢ Amsterdam Akad. Verslagen,” vol. 25, p. 232 (1916), or Eddington,
‘ Mathematical Theory of Relativity,” p. 93 (1924).
- b2
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The Hadamard formula for U, is

g [ [ e g
U‘,_L.l[ Juﬂ( i a,,)s]

where integration is along the straight line specified by
z=gss8infecosy, y=ssinfsiny, 2z=a- scosp,
where [ and y are constants. But evidently we have
(1 — az) da._ (s + @ cos ) ds = 1 dr;
§

hence

L | r(r — DV (a 4+ 1)
P [ —— iy | = 375 -
k. °W[wv%4fﬂ a@ — 1 (r + 1P
Instead of using Hadamard’s recurrence relations connecting U,, U,, U,,
.., we may apply the process by which they were obtained, that is, we may
substitute (3.4) in equation (3.3), regarding Uy, Uy, . . . as holomorphic functions
of (> 1). If we do this, we obtain

3 U

Jromm S Al Beoegh BT R
By 2(2—1)(a®—1)"
U= Uy

2T TR (P — 12 (e — 1’
and so on. Hence the elementa-ry solution is of the form
ra@4+12r (2—1) II 3 r _5 I s )

a(r+12|(@—1)T "( 2—1)(a2—1) 8@2—12(@—12 I

The form of the first three terms in the elementary solution suggests that,
instead of determining successively the remaining U,, we should substitute,
in the equation (3.3),

v
"=y

where
y =T/ —1).

If we do this, we find that I (v) is a solution of

_ 2
2@ -3+ —nE—o

and hence that

a 2y + (a2 —1)
F(y) =A+BX
) 2+ v (@ — 1)}

where A and B are arbitrary constants,
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The elementary solution of equation (3.3) with singularity at r = a, 6 =0,
is thus seen to be a constant multiple of

r o7 o o . - ] i Rty
ml'—” + (@@ —1) (r* — D] [T? 4 I' (@@ — 1) (r* — 1)]* (3.5)
o, (@41 —2ar cos 0} | /24 a® — 2ar cos 0 \}
(r-F 121\ 02 a2 — 2arcas 0 / r'r.re-rg +4- 1 — 2ar cos 0) JT &)

When we transform back to the co-ordinates (R, 0, ¢), this expression for
the potential becomes rather complicated. In any practical application it seems
preferable to use the isotropic co-ordinate system. The figure below shows
the equipotential surfaces due to an electron 1§ at R = 1:56a, 6 = 0, corre-
sponding to @ = 4. With the exception of the two surfaces nearest to the
electron, the difterence of potential between consecutive surfaces is constant.
It will be observed that R = o is always an equipotential surface.

* A comparison of this formula with (2.4) shows that (2.4) is the limiting form of (3.5)
when the Schwartzschild metric degenerates into the quasi-uniform metric. This is, of
course, what one would expect.

+ This shows that there is a singularity at » = @, # = 0, and at its image pointin the sphere
r=1. In the relativity case, this latter singularity does not concern us; but when we
regard (3.3) as the classical electrostatic potential equation with K = (r - 1)*/r*(r — 1)
it is of some interest, Cf. footnote {, p. 187.
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If we put @ =1 in the potential (3.6), we find that it reduces to a constant
multiple of R~': in other words, the potential of an electron on the boundary
_sphere R =« is independent of its position on the sphere, a rather curious
result.

§ 4. T'he Expansion of the Potential in Terms of Generalised Harmonic Functions.
It has been shown™ that the equation (3.1) possesses the particular solution

2.(n—1)!n!

G " LR —a) P,/ (p) P," (cos 0) ;;‘f m (4.1)

ifn=1,23,... where po. = 2R — ; this solution reduces to
cos
R"P," (cos 0) i M,

when o« tends to zero. When n = 0, the expression (4.1) is meaningless and
should be replaced by 1. It may be shown in a similar way that, if n =0,
1,2, .., then
- 4: . (2'?1' + 1} ! a—n—g
n!(n 4 1)!

is the particular solution of the second kind, which reduces to

(R—a). Q) (¢). P (cos 0) GPmep  (42)

ol cos
R™™1P,™ (cos ) sin M

as o tends to zero; for m = 0, the second solution actually is R™%. These
functions (4.1) and (4.2) may be called generalised harmonic functions. Any
solution, algebraic in cos 0, of the partial differential equation (3.1) must
possess expansions in terms of them, which are valid for certain ranges of values
of R. 'We now propose to investigate the expansion of the elementary solution
in terms of these functions ; incidentally this will show us whether Whittaker’s
infinite series of generalised harmonic functionsy is or is not the elementary
solution.

Consider then the elementary solution with singularity at R =B, 0 =0,
corresponding to » =b. If we choose the constant multiplier so that the
potential is symmetrical in » and b, it has the form

12 4br [(’ 12— 2br cos O 4 b2\ ( %2 — 2br cos 04- 1‘\‘3] (13)
T a(b+1)2 (r 4 1)2L\6%2 —2br cos 0 - 1, 42 — 2brcos 0 4-82/ I "

v

* Whittaker, loc. cit., p. 730 (31).
T Ibid., p. 730 (33).
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If » > b > 1, the value of this potential on 0 = 0 is
V. — 4br ['r—'-'b L =17
O w12 +12Lr—1 " r—0

- oc%:[j;—a—)l ',,.zj:, 1 I% (1 _g)(l _%) 3 b(l - %)(1 _?-)—1]

i I NN [ R

ot oo )

+(b*—2+$);ﬂ+...].

a G:'B'\/pz—- 1 _k +'f_}

Now Schlafli* has shown that

2 2mtn—5Dm—3T (m+n—1%)

o+ sz =}t =—mn ,HED on m! (m - n)! Qzntn—1(p)-

Term-by-term differentiation may be easily shown to be valid here; it gives

1 {et+VE—T
V-1 vVeE—1

e O @mt+n—3H T(m—H T (m+n—3) Q

m=0 2r m ! (m 4+ n)!

2m+n—1 (P)'

If we substitute this series for the various inverse powers of # in the expansion
of V,, we have

9(R—a)

B _,E(, ”?u{:.h:‘.m HE bﬂi+1) i = »]";3:5 t : L (};!_g :: i;ji%T b Q2ps2m (p)
+ 8 Sy o) bk DeyPontatily,,,,, . )]
= 32:_(;, + ?1;) Q' (9)] ;

Now by the use of the expansion
(1 —&b)™2 (1 — #b™)~2 = 5 P, K% ( b+ l{j) ’
0 /

* See Whittaker and Watson, ¢ Modern Analysis® (1920), p. 334, ex. 31,
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we can easily show that
1 : o l \d
(=24 5)Puld{o-+3)

et Y) 2 (e, L \TC—HTEr—t+3)
T :;‘ao{b{ N _l_b‘“ o+l t(2n—t--1)! ’

= _;_;-2) P'm-l( ( )

_(2n+ 1)( 4= 8) {bzm—: l—:l.) 2+{,’t 1 \Te¢—HIrEEn—i+

L U i Gn— 2
If we use these expansions and write p for § (b + ], we find that

¥ L ACTLATY

— 2R oe) [ R —a)Qy(p)

Vo — B (04 5 ) o +4 £

@n+1) y '
,.}_:'m(n-}-n(B_ @) P (B)(R—a) Q' (P)J
=—ggt 2, E(B0.F.®0) (4.4)

where

B, (R, 0) = ?;%uff”‘iw' (R — 2) P/, (p) P, (cos 0),

4. (2 R0 ]
F, (R, 0) = —%ﬁ_—:;l?—, a "7 (R—a) Q,(p) P,(cos D).

Now V, which is given by (4.3), is a solution of the partial differential equation
(.1), is algebraic in cos 6, and does not involve ¢. Accordingly, for a certain
range of values of R, it is expansible in the form

za,,E (R, B)+>]b F, (R, 6),

n=0 n=10

where a,, b, do not involve R and 0. But, on 0 = 0, V takes the value given
by (4.4), if R> B> « Hence, if R> B> ¢,

Y QBR I E (B, O) F, (R, 0). (4.5)
Similarly, if R < B, we can show that
v —_—— + 2 [' m.E R i 6
ZBR = » (1 ) i ( = 0) (4 b}
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We have thus shown that
The electric potential at the poini (R, 0, ¢) due to a unit point-charge at rest at the
point (R = B, 0 = 0) in the gravitational field due to a mass at the origin is
4br [{ 72 — 2br cos 0 4 b2 )5 (bf"'r” — 2br cos O 1)*‘]
o (b - 1)2(r 4 1)2 L\b*2 — 2br cos 0+ 1 12— 2br cos 002/ )’

where

R _(r12 4B _ (b+1p
r ] “—“‘““b—.

o o

This potential may be expanded in the form

: 2R
o

4 v
~5BR —mz(Rﬁot)Qof

1)
8 2 (2n+1) , (2B .\ , /2R
S e B P -1).R—a). au (2 —-1).]?,,(003 0)

ifR> B> a.

When o tends to zero, the series (4.5) and (4.6) reduce to the classical formula

¥ B'R™"'P, (cos 6), 3 B"'R"P, (cos 0),
n=0 we=10

which hold when the mass of the gravitating centre vanishes. Whittaker’s
infinite series is similar to the series (4.6), and both have the same limit when
o tends to zero ; they differ in that the constant coeflicients are not the same

and in the presence of the term — «/2BR. It seems unlikely that Whittaker’s
series can be expressed in terms of algebraic functions.

In conclusion I should like to thank Prof. Whittaker for his kind interest and
encouragement during the progress of this worl, and for his advice during its
preparation for publication,

HareSoN AND Sons, Ltd., Printers in Ovdinary to His Majesty, St. Martin's Lane.
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T NOTE ON SERIES OF POSITIVE TERMS
i T Copsox™,
[Hxtracted from the Jowrnal of the London Mathematical Society, Vol. 2, Purt 1.]

Prof. 15, B. Iilliottt has recently given a very simple proof of a

A

theorem, due to Hardy, concerning series ol positive terms. His method
is here applied to prove certain other similar theorems.
1. Treoren AL, Suppose that
£>1, >0, @a.>0 =12, ..)
that Ao =N +Natat .. F Mty Ay = NFNF ...,

and that X\, a;, converges. Then

da o A\ (£
w i N Y e x
-AH( \ ) -...,_\ e 1 .-h;:.a;;(‘_&u} -..{_‘ - l) ;ﬂn

If further x> s cthen k=D EN an(Aaf NS C s an increasing
function of s.
For simplicity, write «, = 4,A;"; then we have
K sy [ &) K =1
Au“:_ = Aitﬂn“:‘f = (-‘\u_ '\N __;_) “:‘-I_‘— AH--I“H—-il ”-:i
r—1 e r—1

L3
Ap_reyy

f K " ” 1
‘g. [\.\,,—‘\" }: ) Uy + I\u—'l “u+ P |

1 ¥ «
= so—il (-\-Jx—-lf"-ax—l_i\ii"st) H

this holds for n=1 il we write Aj=0. By adding the inequalities
forn=1,2, 3, ..., N, we find that

~ y 1
o -1

2 Nitiy— 5 1 Shady < — 1 Apay < 0.
! s =

Now, by the inequality of Holder, we know that

N l‘ 3 N N k=1
\ k= \ x 3
(L Au o tty ) -Q_ (L *\ie “u) (E Asi (-"-1&) ’
1 1

1

and so, lor all integral values of N,

¥ X L oyk N
. -1 K ) :
= Nty < 3= Z Nttty & ( ) Z N

I l 1 K— 1 1

Received and read 10 June, 1946,
Jowrnal London Math, Soc., 1 (1926), 95-196.
Hardy, Messenger of Math., 54 (1925), 150-156, Theorem b,

e
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N N
Since the sequences =\, af, SApanas' are positive ascending, and the
1 1

series S\, a) converges, it follows that X\, and Shiayay”' converge
also, in such a way that

I > K
by k—1 A < '3
Z Nty ay < L ) bty ) i

\1\ ® K
Aty L ——
Rop— k—1

1
This 1s the first result of Theorem A ; it is known that the constants in
these inequalities are the best possible.

By a further application of Holder's inequality, we can show that
INaay " converges when x > s > 0. Let us write e, for

He—1D 2N a .
Ca

]."("'_“n}
From a theorem due to Jensen®, it follows that (-—) , where s, is

0

any real constant, is monotoniec non-diminishing for s > s,. Hence we

have
rg\ Mee=P) cy)u(s—ﬂ ’
B = i
if @ > 8 > v, and therefore

oa\ Wia=F) e\ UE-D
e I e 3

i.e. ¢, > cg if «> B > 1; this proves the second part of Theorem A.
The behaviour of ¢, in the interval (0, 1) of values of s depends on
the particular choiee of A, and «,. For example, if @, = 1, we find that
e = *(k—1)"*Z Ay,
so that ¢, is monotonic increasing. Bubt if \u=1, a,=1/n!, c =2, ¢,
possesses a minimum in the interval (0, 1) and is not monotonic |.

2. THEOREM Bi. Suppose that

£ >1; N0 @G>0 =1 2% & w0

that g = H AR b, My DO ety
An ‘f\'ﬁ-{-l

® J. L. W. V. Jensen, Acta Math., 30 (1906), 184.

T It follows from (1) that e, is convex for s=0, and so has no maximuin and it most one
minimum. As we have seen. both cases may oceur. It may also be shown that equality
hetween two values of ¢, oceurs only in the case in which the graph of ¢, renders such equality
intuitive. T am indebted to Mr. A. Oppenheim for these remarks.

. 1 The particular case when x =2, A, =1, was stated in a slightly different notation by
Havdy, Messenger of Math., 48 (1919), 107-112 (111).
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and that EN,al, converges; then
4 S -1
h30 W [ L kIt dy < K" ENnan,

the constants being the best possible. If further x> s> 1, then
XN, AT s an inereasing funetion of s.

‘We obviously have from Halder’s inequality

- - - -1
8 adh FNasi it . O AV ALy

Also

& -]
A\ M‘“x_”+ku 414 \;fi(x_”‘l'--- < 5 Dy = (K_]-)A;-Hh*”

An-1

provided that n >1. Hence, if n>1, we have
51;, < (f\'_ 1)‘_1 ]fv;p_.] 1\-;11,

where I7,_, denotes the remainder after n—1 terms of the series I\, a’.
We have also

;\)H‘Ifa'_k‘)\uffwfifs_l — [hu—xi\u}ﬂ[;‘;'i'ﬁf}\uf :a_lfln-l-l
< {A}J._KAfi)fI;+(K_I)ANA?l+1\MA:l+1 = A-ﬂ/i:i-l_i\-ll—-ln'l:i,

when n > 1; this relation also holds for n =1 if we write Ay=0. By
writing down the inequalities for n =1, 2, ..., N, and adding, we see that

N N
.—r‘)\u‘lu—'(—-:\uau—"lu A.r\' [\+1 < (k—1)*" 1R\
1 I
N
Hence we have Dhed i < x( Ana A 1+€\)
I

where ey tends to zero when N -, because of the convergence of
SN, ay. This inequality, together with

k=1

N =7 K N ) e N
(l Aﬂ Ly s fr ) g\ >—-‘ Rs: ﬂ'.-; (l An—'f-::-) ]
1 1 1

r

N N v %=1
. N = =1 5 =
gives us Shpaudy” <& ZNuan (14-6,\-'/3 Aty A5, ) ;
1 1

But the series S\, an 57" is a series of positive terms, and hence either
converges or tends to 4o ; in either case we have

X N
% =1 -1\ K
) iy -'Ij:c < P2 Nan(l "I"“.TN]';
p L
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= k=1
where ny= [ 14+ rL- —1
Shaapds
1

tends to zero. Hence we see that

N N : x

o K oY = N

L AM 4'{ H < K : An iy “I i +N€‘\‘ = IS ..\".- a\”ﬂz"‘l‘h‘e‘_\'—l_ KKJ.J_\‘,

1 1 1
from which the first part of Theorem B follows immediately, whilst the
third part may be proved in a manner similar to that employed in
Theorem A.

We have now to show that the constant «* is the best possible con-

stant. To do this. we consider the particular case when

A=y A=y g =prlr (w= .'\‘_1, e > 0).
Then we have

S g ; nH-
Ay = Xy Lipie 2= j p(tpte) g, —
y ':: i ﬂ-“‘!’"f,
and hence
; o o s =
Zhpdy > (ute) = Zp—Ate) = m Zhudss

It follows, since e is arbitrarily small, that x* is the best possible
constant.

3. Prof. Hardy* has proved part of Theorem A as a deduction from
a similar integral theorem. T'heorem C (enunciated below) bears the same
relation to Hardy’s integral theorem as Theorem B does to Theorem A ;
in fact, Theorem B may be deduced from Theorem (.

Tuworem Ct.  Suppose that f(x) =0, «>1, and that | f())* is
! ; T londi
mtegrable (in the sense of Lebesgue) over (0, =).  Then j yits i}—
converges if © >0, and defines a function ¢(x) such that

o

j Tpla) " de L K 5 1fGe) } *dx,

o
the constant being the best possible.

This theorem may be proved in a manner similar to that employed
by Hardy lor the integral equivalent of Theorem A, in §§ 1, 8 of the
paper quoted.

¥ Messenger of Math., 54 (1925), 150-156.
1 The particular case of Theorem C when x = 2 was given by Hardy, le. (f.n, 1), 107.

_Fri(1lenJ -lr_\' C. F. Hodgson & Son, Lid,, Newton St., London, W.C.Z
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——

I, T. Copson*.
[Bxtracted from the Journal of the London Mathematical Society, Vol. 3, Part 1.]

Tue theorems of which an account is here given are extensions of
two convergence theorems recently discussed by Hardy and Littlewoodt,
and also of two more elementary theorems which I considered in a
previous notel.

1. NorarioN. Suppose that

: A>0, @a>0 (n=1,2 ..),
that Ay =May;FNa+ . FAan Ay =ANF+Nt A
and that =\, a, is divergent.

Taeorem 1.1. If « ¢ > 1, then
=2 4= K 3 K=C K
EA‘MAH f:{ﬂ. "--.<‘ (0—1) .—-Aui [
Taeorem 1.2. If ¢> x> 1, MfAna1 < U, Apf/Ayy > MEDIE-D,

then

—c 4K KU * k=0 _x
SA.A; Aﬂg((—c_nM) A, ALk

Taeorem 1.8. If ¢>1>«> 0, 0 < L < ANufAny1, then

A AT as < (GT}}) SheA;0AL.

2. NorarroN. Suppose that
M>0, @a>0 n=12..)
that =\, a, is convergent, and that
Ao =Mt Ms1@niat ..., A= NN+ N
Tarorem 2.1, If k> 1>¢> 0, then

I AT AL < (1) ShAT
TaeoreM 2.2. If x>1>0>¢, M/ < U, Au/Apa > MUE9,

then kU \* s i
Ehu A—n Ly ((l —¢) III) An A e

# Received and read 10 Novcmhca, 1927,
t+ Jowrnal filr Math., 157 (1927), 141-158, in particular 143-145.
+ Jowrnal London Math Sec., 2 (1927), 9-12.
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TeeoreM 2.8. If 1>k>0, ¢ <1, then
ShAsas < () DA AL

where N =1 or 1—e¢ according as ¢ >0 or ¢ <0,

3. In each of the six theorems, the series oceurring on the right-hand
side of the inequality is supposed convergent.

Theorems 1.1, 1.2 may be simply deduced from Theorem A of my
previous note. For instance, if, in Theorem A, which may be written in
the form :

S M B < () S,

where B 0, D=0,
Bn. = My b1+#3b'_’.+ LA +fu:r bm }U‘u = M +#Q+ fen +1“vrs
we substitute I P\ ol T T A

the result of Theorem 1.1 follows immediately.
Similarly Theorems 2.1 and 2.2 may be deduced from Theorem B

of my previous note.
4. Proof of Theorem 1.3. We have
KA!LA-}!,_!:«(:{:_I Uy = KA::CA-:_‘KA::_‘?A[:-_IA-ﬂ-—l
£ /A A~ D) AT AR AT AL

— A:;-—c A:m = A-ala._ﬂ A-:—-b
so that

- (4 - [ - (4 A‘T gl = k=
A:t vl—l_i‘!\':H-lAu '-“-.<..__ i&'}a CA-:» {1_ (K_I> j' —KA“A-]‘ f-’-'n lan
w41

<(e—DL7'N A A—iN Ay A5 a t

This inequality holds for n =1, 2, 8, ..., N, if we write 4, = 0; addition
of these inequalities gives

N

N

<
—AVHAY < (-1 L7 § AndntAs—« f M A

* By the inequality a8 = (x—1)a*+ 8%, valid if 0 <« < 1.
 We have here used the inequality
] 11—( i )r-l} < (e=1)L-,

PO I v
which may easily be proved.
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By a further use of the inequality given in the last foot-note, we see that

ZNAAL > A3 ENAD > Le—1) Ay S (Ao — ALt
N N N
= Le—1)TA¥°4% > Lc—1)1A¥H 4%

Since the series T\, A, A4} is convergent, it follows that AN A% —0 as
N—wo,

‘We have therefore proved that

N N
(DL D A AT ey S BN A A Y e
1 1

N 3 (e=1)fx /N 1fx
>x(§>\um. 5] (?MA;"”@;) *,

where ey tends to zero as N-—>ow. This leads at once to the required
result.

The proof of Theorem 2.3 follows exactly similar lines.

5. It is known that, when A, = 1, the constants in 1.1, 1.3, 2.1,
2.8 (¢ << 0) are the best possible, whilst those in 1.2, 2.2, 2.3 (¢ > 0)
are not. A rveferee has pointed out that the constant in 1.1 is the best
possible for any particular set of A, such that

Ay = Mt A, =@
and Ao/ A, — 0,

e.g. if A, = 1/n (the most interesting case after A, = 1).

# By Holder's inequality, with 0 < x < 1.

Printed by C. F. Hodgson & Son, Ltd., Newton St., London, w.cC.2.
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II.—On Fourier Constants. By E. T. Copson.
(M. received October 17, 1927, Read November 7, 1927.)

§ 1. Notation.—Suppose that a,, @, , a,, . . . are real constants, such that,
for some fixed p (>1), the series X|a,,| t, is convergent. It is a con-
sequence of the generalised Riesz-Fischer Theorem * that there exists a
funetion f(t), L'*? over (—1, 1), of which
»
fag+ Z (ty, COS Nt
1

is the Fourier Series.
If 0<i<1, we shall writet

a2l ‘
an(l)= %f f(t) cos R;r_rdt,
0

2 . nat
b ()== L s s
(L) tl}f(t) sin 7 dt.
Then we have in (=1, 1)

A~ + Danlycos™,
1

whilst in (0, 1)

nwt

f(t)n.finn(x) sin 7
§ 2. In the case p=1, the convergence of }ug*+ ianz implies the
1
convergence of La ()4 iaﬁ(l) and of Zbﬂ'-’(ﬂ_); for, by Parseval’s
1 1

Theorem,; we have

e ;, gt
Yag(l) + Dant(l)= D\ ba(l) =7 L (F ()12t
L 1
<3 (noyar

=—1|:§“02 + anﬂz] ’
l 1
In this note an attempt is made to generalise this result; it is, in fact,

# Hobson, Functions of @ Real Variable (2nd ed.), 2, 599, Theorem 1.

+ That ,(l) and b,(I) exist follows from the use of Hdlder's inequality for integrals, and
the fact that f(t) is L'+ over (0, 1) and therefore over (0, I).

T Hobson, loc. eit., 575.
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shown that in certain cases the convergence of X|a,| 1+, (p=>1) does imply
the convergence of X |a,(l)| 1+, and of 3 | ba(l) | 5.

The generalisations of the Parseval and Riesz-Fischer Theorems* do
not provide the required result, but merely demonstrate the convergence of
Z|ay(l)|**?. For they give

‘ELE_)
J2

1-+p o

+ S lal) 1+ < ([ +ia)

<2 [0 #nae
ap 1
<7, @1t

p—l
n+ziaﬂ|1+_’.] :

(3]

<

:‘-I

]
U s
similarly for i [ bu(l)| 2. Further generalisations of the Parseval and

1

Riesz-Fischer Theorems have recently been obtained by Hardy and
Littlewood,t but these also do not yield the required result.
We shall make use of the following theorem, due to Titchmarsh.}

If 2 | ay|? is convergent (p>1), and if
sinwA & oy
Bn= T “;mm+ﬂ+)t

o0
where \ is real and not an integer, then D, | B,|? is convergent.

-0

4l @
P4 D | an| s, where p>1,
1

§ 3. Theorem I.—The convergence of |—'-

implies the convergence of Zl, | 4] 1"%, and converselsy.

We are using the notation of § 1, with the exception of b, for b,(1).
Then ’
b = 2[ S (t) sin nart dt,
0

where f(t) is L*? over (0, 1) and has the cosine Fourier Series

o0
lag+ Zaﬂ cos nrt.
1

* Hobson, loc. cit., 599. T Muath. Ann., 97 (1926), 159-209.
1 Math. Zeit., 25 (1926), 321-347.
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By Parseval's Theorem for the product of two functions* we can sub-
stibute, in the integral for b,, this Fourier Series and integrate term-by-
term. We thus obtain

L- (-1 5

bn= a'"-__ - 22 (u+1)(u—-r) .

and therefore
e a
J”J = - —3.
" :-rzn +s+4
-
‘,r I = {.I.;
Fan, e —
i ‘?‘I‘g nts+i

where
g = {t-25+1(3 ;;0) s OQg=(_95- 1(6‘{ 0) 5 a._; =._ g’ = 623(830) .

It is a consequence of the data of the Theorem that both of the series

o =]

1 . 1 f
> | ag |+ and N la, | +5 converge. Hence, by the particular case \=
-0 -

o0 oo

3 , . 1 1

of Titchmarsh’s Theorem, both of the series 2, | by | 5 and Z [ bopsr | T2
—-wm -m

converge; this leads at once to the required result.

;,_'_Z | @, |15, where p>1,

§ 4. Theorem I1.—The convergence of

a, (l) .;‘, o i @ i .
Jz +lelaﬂ(£)|1+ﬁ and 2|60, i L

is @ positive rational number less than wnity.
In \rirtue of Theorem I, it suffices to prove the convergence of

agD)|*
J2

vmplies the convergence of

+Zg an(l) . In the formula

1
a,,,(x)=§ fo £(t) cos™at

it is permissible, as before, to substitute the Fourier Series for f(t) and
integrate term-by-term. In this way we obtain

T Y !

au(l) = = l}“ia sin 7l

where a,=a_, defines «, for negative values of »; further, we define «,(l)
by this relation when = is negative, so that ,(l)=a_,(l). By the use of

* Hobson, loc. cit., 614 (§ 399).
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Holder’s inequality it is obvious that the series for a,(l) is absolutely
convergent, and may therefore be deranged without altering its sum.

Since [ is rational, it is equal to s/g where s and ¢ are positive integers
(s<gq). When 7 is positive, rl=m-k/q where m is an integer and % is one

of the numbers 0, 1, 2, . . . ¢—1; in this case we write
= ‘i\m‘k. A_p= A—'m.k .

When m and & are integers such that m-4k/g is
multiple of 7, A,  is defined to be zero. We have then
q-1

an(s/q) = kZ‘}'ﬂ. s

where

. km
A ksin =

s k,,_ > (-pmn ——L oy,

Tm=-w m4+n4 -
4

Yn.o=4n.0}

not an integral

g-1)

obviously A, , vanishes except where n is an integral multiple of s, when

we have Ay =d, Titchmarsh’s Theorem shows that

o0

n=-w m=-m

2 ymelH<KEg) 2 [Auelts  (k=1,2, ...

Q_Us

where K(&/q) denotes a constant depending only on k/q and p. This last

inequality also holds for k=0, if we take K(0)=1.
We now have

(3 i < & v}
o d

ql
L:u,;_

éqzl{x(kxq)"“( pIRTI ")

k= N= =g

=0 n=-w

==

which proves the theorem.

* By Minkowski’s inequality.
T By Holder’s inequality.

i }
(Sl 5

iy 2T
r+

s
J

(S} 3, lonl "),
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§ 5. The restriction that [/ be rational was introduced in order that
Titchmarsh’s Theorem might be applied: it seems likely that Theorem 11
is true without this restriction.

[t might be thought that the restriction could be removed by regard-
ing an irrational [ as the limit of a sequence of rational numbers, s, /q,, .
where s, and q,, tend to infinity with m. The proof would be complete
if we could show that

q=1
Z K(k/q)? — finite limit as g—-c0 ;
k=0

but this would imply that
1 9-1
D K(klg)" = 0 as g—>w0,
g k=0
and therefore that

1
| K(eyrda=o0,
1

=)

w.e. that K(x) is almost everywhere zero, and this is certainly not the case.
The restriction eannot be removed by this means; if it is unnecessary,
some entirely different, type of proof is required.

(Issued separately March 24, 1928.)






129

Extracted from the Proceedings of the Edinburgh Mathematical Society.
Series 2—Vol. T.—Part 2, 1928,

On Hardy’'s Theory of m-Functions.
By E. T. Corsox.
(Received 16th October 1927. Read 4th November 1927.)

§1. The Cardinal Tunction of Interpolation Theory' is the
function

- sin 7 (@ — m)
O(a')__zml a’ﬂ ﬁ(w—?&)

which takes the values a, at the points = n. Ferrar? has recently
proved

Theorem 1. If X |aplogn|/n and Z |a_,log n|/n are convergent,
1 1

C (z) is an m-function® for m > .
This means that C (x) is a solution of the integral equation

j'(x)_——%ra MRAG Dl Lo otessli)

e r—t
Ferrar’s proof deals with functions of a real variable and involves
some rather difficult double limit considerations. In §2 of the

present paper is given a complex variable treatment, which provides
a much more direct proof of the property in question.

In the concluding sections,® we show that this m-function pro-
perty of the Cardinal Function is closely allied to the fact that it can
be represented, under certain circumstances, by an integral of
the form

C(x) = j: [¢ (1) cos mat + i (£) sin wat] dt.

LThis function was introduced by Prof. Whittaker, Proc. Roy. Soc. Edin., 35
(1915), 181-194.

2 ibid., 46 (1926), 323-333 ; in particular 330-333.

3The theory of m-functions is due to Prof. Hardy, Proc. Lond. Math. Sec. (2), 7
(1909), 445-472.

4§§3,4 have been rewritten in accordance with the valuable suggestions of
Mr W. L. Ferrar, who kindly read the paper in manuscript.
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§2. Proof of Theorem 1.

Under the conditions of Theorem 1, the Cardinal Funection Series
is uniformly and absolutely convergent in any finite part of the
z-plane, and represents an integral function. Consider now

esm (z-

T Z“"

where I' is the contour formed of the segment of the real axis from
— R to R, indented at a, and the semicircle in the upper half plane
on this segment as diameter; we suppose that R = N -+ §, where NV is
an integer, and 0 <8 <1. This contour integral vanishes, since the
integrand is analytic inside and on the contour. The evaluation of
the contour integral gives at once

PJR S it it = i O (2 — TR
i C0U=mC@ —1®)

where the integral on the left-hand-side is a Cauchy principal value,
and where I (R) is the integral round the semicirele.

Now we easily see that, if 0 <0 <=, | C(Re?) | is less than

ol 1] || 8 LY
mk sin 0
emR sin I: = E{Ra T n?— 2Rn cos 01 + 2 1 {R2% 4+ n? 4 2Rn cos O} ]

~the series on the right-hand-side being uniformly convergent with
respect to 6. Since

I(R) — ™ gim (R cos§—x)—mR sin g O (Re%) i Re% db
( )_-[U Re&g_‘x ( € )?’ € 3
7 (R —|z|)|I(R)]|/R is less than
3 swwyzene [ 1ol 3 | @ | 3 |@-n]
ju iy A [ + Z‘R2+?1.2 2Rn 0058}5_!— {R? 4 n? 4 2Rn cos 0} ]dﬁ'
" T4 | @ |@- ]
<L [R +E R+ n* — 2Rn cos O +2 * [R* - n* + 2Rn cos O3 ]dﬂ
,l']a0| ]a.nf+|a e 2V Rn
<7 + 1 R4+n [R—|—n:|

where K (k) denotes the complete elliptic integral of the first kind,
modulus . We have here used the condition thatm > =, and have
integrated term-by-term, which is obviously valid in this case.
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This inequality may be written in the form
j laol . 2 (% 2\laal+]aon] o [2VER
R |I(R)|<-?+;(?+N§l) R+n R—i—nj

where R =N 4 8. We shall shew from this that I (R) tends to zero
as N tends to infinity, 8 being fixed.

Now when n > N + 1, we have

2«/121@< 2V (N + 8) (N + 1)
R+n 9N +1+0 = N

where C, is a positive constant depending only on §; since K (k) is a
monotone increasing function of K, if 0 < k<1, we see that

o ia”|+|g,_n| 2V Rn |an| + |a—n] C;
El R+3 R—{-n:’< yp1 N+8+n K[l_ﬁ-l

Now it can be eagily shewn! that

K|1- ] /log N

is positive and finite for all N(>1) and tends to unity as N = .
Consequently

|@n|+|@—n| 2\/Rn
K
z\El R+n :’

SO R il las |“'”;-|- log N

o0 o
since the two series X |a, logn|/n and Z|a_,logn|/n are
convergent.

It is a consequence of Tannery’s Theorem? that

f+?? R+n RB+n

N v/ Bn
|aa| 2 !anl"}’iaf—n] K 2\/3?3]-_>‘0 " N-—bw,

11t is an elementary consequence of the result (given in Whittaker and Watson,
Modern Analysis (1920), §22. 737),Alim {K’ -log (4/k) }=0.
:—>0

2 See Bromwich, Infinite Series (1926). §49.
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if we can shew that

| an| + |@-n] 2V Rn
R+4+mn - K[R—i—n]<M“

where M, is independent of R, and X M, is convergent. But, as
above, we may shew that

|@n| + | @-n| K[?,\/Rn
R+ n Ri4-n

<o Lol tlenl

which is sufficient for our purpose.

We have thus shewn that, under the conditions of Theorem 1,
I(R)—>0 as N— », and hence that

£ gim(t-x)
Pj - O (t) dt = mi C ()

=l

where the integral on the left-hand-side is a principal value, both at
t=uw, and t= . KEquating imaginary parts, we have at once,
if m >,
= o t—
j —-—m?‘_(x 2 0= )

the principal value sign has been omitted because {==z is a removable
singularity, and because C (f) is an integral function finite on the
real axis and
© o -
j' inm(t — x) i
- i—ux

exists, This completes the proof of Theorem 1.

It may be pointed out that the proof that I (R)—> 0 may be con-
siderably shortened in the case m > m, by the use of the inequality

| O (Ref%) | < KerRsind R [log R

if 0<8<w. But the proof by the use of this inequality fails in
the case m = .

§3. We have just seen that the fact that the Cardinal Function
is a solution of the equation (1) depends chiefly upon the result that
I(R)=>0 as R->», the other parts of the proof being straight-
forward deductions from Cauchy’s Integral Theorem.
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1
e Lo
Ferrar' has recently shown that, if £ |a,| 7 is convergent

-

(p >1), then the Cardinal Function has the definite integral
representation

C(x) = I: [¢ (?) cos mat + i (1) sin wat] dt,

where ¢ and i are each L*+» over (0, 1). Trom this result we are
able to prove, with very little trouble, that 7 (R)—>0 as R—> =, and
thus to bring out the connection between the two properties of the
Cardinal Function which we have noted in § 1.

For, considered as a function of the complex variable z, C(z) is
an integral function which remains finite as z tends to infinity in
either direction along the real axis. In the upper half plane, we have

z = ref (0L w)

cos
sin

Tzt ‘ .<\ emrsing. (g > 0)
|

Hence, by the use of Hilder’s inequality for integrals, we have

1
|O{?'é”“7][§I1|¢] | cos m‘e“t|dt+L]5&i | sin zrref ¢ | di
]

<{([18r )i + ([ rart 5 g1)es), (e e e

=
< Kemsind (psin ) ~ L+o
where K is a finite constant, since ¢ and i are each L**7 over (0, 1).
We now have
T . A A
|1 (R)| fg—-RK j ¢~ M MRS o XT4p gin ~ 140.940
R — I X 1 0

2RK F" —a(m-mro/= (2RO\-15
S R—|z|J, i ( ™ ) 4

—=>0,a8 R—> w0, if m >

1 Proe. Roy. Soe. Bdin., 47 (1927), 230-242. The particular case p=1 was
previously discussed by J. M. Whittaker, Proc. Edin. Math. Soc. (2), 1 (1927), 41-46.



134

We can now easily complete the proof, exactly as in §2, of the
following theorem:—
& e
Theorem 1.¥ If X |a,| ? (p>1) is convergent, then C (x) possesses
-

the definite integral representation
1
C(x) = j [ (¢) cos mat + ¢ () sin mat] dt
0

where ¢ and i are each L1 +» over (0, 1), and is an m-function for m > .
Theorem 1* is, of course, included in Theorem 1; for, by

: 1
i - B s
Hélder’s inequality, the convergence of X |a,| » (p_>1) implies

o o0
the convergence of X |a, logn|/n and X [a_, logn|/n, but not
1 1
conversely.
§ 4. Finally, the use of functions of class L? enables us to prove,

by the same direct method, Theorems! 2 and 3 below.
Theorem 2. The integrals

4 cos
= ad
1@ =" ¢ & wedw
represent m-functions, if —m < a < A <_m, provided only that ¢ (w) is
Ly (p>1) over (a, 4).
Theorem 3. The integral

represents an m-function, if m > p >0, provided only that ¢ (w) is
Lr (p>1) over (—w, ). :

1 Compare the rather similar theorems given by Hardy, loc. cit., 457, 459.




