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2. NOTATION.t 

The independent variables are denoted by x1; x2, xn ; the dependent 

variable is 1,c. The operator is written as D,. The equation of the 
axiL 

type we are considering may then be written 
7b 7b 71 I yi3yDADyu + 1PD,au + ru = O . (2.1) 
-1y =1 /3 =1 

t It is, of course, possible to adopt in this work the Summation Convention of the 
Tensor Calculus, that when a Greek letter occurs twice in a term, once as index and once 
as suffix, then the terns obtained by giving all possible values to this Greek letter are to be 
summed. For the sake of clearness and simplicity this bas, however, not been done. 



and the Calculus of Variations. 127 

Here p'3 , qß, and r denote functions of the independent variables only, and 
pm' = p7P ; the functions pßy, qß, and r have no common factor. 

Later we discuss systems of equations involving m dependent variables, 
ul, u2, . . . um. In order that such a system may be derivable from a 
problem in the Calculus of Variations it is necessary (but not sufficient) 
that the system consists of m linearly independent equations. We write 
this system in the form 

m n n an n m 

pß'DpD.rua -I- qß Dßua+ I rsaua= O . . (2.2) 
a =1ß =1 y =1 

Sa a =1/3 =1 Sa 
a =1 

where the suffix â takes the values 1, 2, . . . r2. Here the coefficients 

p2, qs , rsa are functions of the independent variables x', x2, . . . xn only. 
We also use a symbolism * for denoting the symmetrical and anti - 

symmetrical parts of any quantity with regard to a pair of suffixes. We 
write 

and 
?(Sa) _ (r Sa + as) 

r[sa] - ¡frail - raS) 

These are the symmetrical and antisymmetrical parts respectively. 

3. THE SELF- ADJOINT PROPERTY AND ITS GENERALISATION. 

In order to obtain an equation of the type (2.1) it is necessary to 
consider the problem of annulling the variation of the integral 

fV . expc . dx1 dx2 . . . dxn . (3 1) 

where 0 is a function of the independent variables only, whilst V is a 
quadratic homogeneous expression in u and its first derivatives, i.e. 

n n n 

V = ußyDPu . Dzc -{- 2 / bßu . Dßu -{- cu2 . .. (3.2) 
/3=1 y=1 /3=1 

where aßy, bß, e are functions of x1, x2, . . . xn only, and aßy = ayß. 

The first variation of (3.1) has the form 

r ab n 91 9L 

-2 
J 

8u . exp { aßyDßD2G + (aßyDy(f) + Dyar3y)1)ßu 
¡3=1 y=1 ß=1 y=1 

-} 

n 
bPD dæ' . . . dx, ([Dbß+ ß - ) } n 

where 8u denotes the variation of u. We have integrated by parts and 
omitted terms which can be made to vanish by suitably assigning the 
boundary conditions. Equating to zero the coefficient of du in the 

* See Schouten, Der Ricci -Kalkül, p. 25. 
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integrand, we have as the condition for a stationary value of the integral 
(3.1) the equation 

expO . I aRyDRDyu + (aRYDAß -f- DyccPr)DRu 
/3=,1 y=1 R=1 y=1 

+ ( [DRbß+ bßD,3ck] - c)u Ì = 
R=1 

. (3.31) 

The common factor expo is not zero, and may be cancelled out. The 
resulting equation is 

n ï n 77, 

aß7DßDyu+ I(aßyDyO+Dyaßy)Dou+( [DAP +bßDR0] - c)u) = 0 . (3.32) 
/3=1 y=1 /3=1 y=1 R=1 

The equation (3.31) is self -adjoint, whilst (3.32) is not identical with its 
adjoint equation.* 

It follows then that an equation of the form (2.1) which is obtained 
by annulling the variation of an integral (3.1) must either be self -adjoint 
or be rendered self -adjoint after multiplication by a suitable function of 
the independent variables. 

In order that the equation (2.1) may be derivable from a Calculus of 
Variations problem, it is necessary and sufficient that aßy, bR, c, and 95 can 
be determined so that 

n n 

+ ru = 
13=1 y=1 R=1 

n n n n I aßyDRDyu -I- I (aßyD7sb + Dyaßy) DR9h + (±[Dßbß+ bRDßsi)] - c)71 . 

ß=1 y=1 R=1 y=1 R=1 

On account of the symmetry of IA' and aßy this condition reduces to the 
three sets of equations 

pßy=aß7 
9t 

qR = 11(a yD7.960 + Dyaßy) 
y= 1 

r= 1(Dp,P-}-bPDP0)-c 
P=1 

. (3.41) 

. (3.42) 

. (3.43) 

to determine aßy, bR, c , and 0 in terms of pßy, qß, and r. 
Since equation (3.43) alone involves the quantities bP and e, it is 

comparatively unimportant. After the quantities bR are arbitrarily 
assigned, and after aßy and 0 are determined from (3.41) and (3.42) the 
relation (3.43) gives the appropriate value of c. 

* See Goursat, Cours d'Analyse (third edition) (1923), 3, p. 147, on adjoint equations. 



and the Calculus of Variations. 129 

The function must satisfy the system of equations 
n n 

qß _ DYpßY= IpßyDy4 . (3.5) 
y =1 y =1 

where (3 takes the values 1, 2, ... n. This system must determine / 
uniquely, and so must form " a complete system."* As the equations are 
not in the usual form, we make an obvious transformation. Let us suppose 
$ is determined by a relation of the form 

f(x1, x2, . . . xn, 0) = O. 

If we write Do for ó , the system (3.5) may be written 
n n 

Zpß7Dyf + (qß __ ZD7pßy)Do f = 0 (3.51) 
y =1 y =1 

Now let the determinant of the coefficients pßy be P, and let the co- factor 
of pßy in P be Pßy. The system of equations (3.51) can be solved for Daf 
(provided P is not zero) ; we find that 

Daf-F pl Paß(gß- Dypß7)Do f = 0 . . (3.52) 
ß =1 \ y =1 

If the system of equations (3.52) forms " a complete Jacobian system," then 

0 is uniquely determined. The condition for the existence of a unique 
function ç is then that the relations 

Da[ZPßy(gy 
ZDepve)! P] Dß[ZPay(q 1Dep7')/ 

P1 . (3.6) 
y 1 e =1 y -1 t J 

hold for all pairs of values of a and ¡3 from 1 to n. 
This may be transformed into 

n n n 7t 

IpAaDX(qß - D, pi ) -Z pÀßDa qa - Dµpµa) 
ñ =1 µ =1 4 =1 

( 
J. =1 

= p 1 Pv(gv - D,rpv7r)(pìaDÀpµß _ pAPDÀpIL.) (3.7) 
a =1 =1 v =1 n =1 / 

for all pairs of values of a and /3. 

This system of relations (3.7) can be satisfied in various ways, of which 
the following are particular cases : 

(i) Dypaß = 0, Dygß = 0 . (3.71) 

This case, which has already been discussed elsewhere,t is that in which 
the coefficients of the first and second derivatives are mere constants. It 

* Goursat, Cours d'Analyse, (third edition), (1918), 2, p. 620, et seq. 

t E. T. Copson, Proc. Edin. Math. Soc., 43, (1924 -25), pp. 35 -38. 
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can be shown easily that, in this case, 0 is linear in the independent 
variables x', x2, xn. 

(ii) qv = Dpv. . (3.72) 
1 

in which case the equation (2.1) is self-adjoint ; the function 
mere constant. 

n n 
(111) LpñaDpµ/i = L pa/jD,pµa 

=1 x=1 

is now a 

. (3.731) 

n n 
pXaDagP = L pÀPDxga 

. (3.732) 
a =1 =1 

In this case the equations of the system (3.5) are complete identically and 
not in virtue of the equations of the system. 

It should be noticed that self -adjoint equations are merely a particular 
subclass of the much wider class of equations whose coefficients satisfy the 
relations (3.6). 

4. THE PARABOLIC CASE. 

We have now to consider the equation 
n n n 

pß7DpDyu+ eppu +ru =0 . (2.1) 
ß =1y =1 P =1 

when the determinant P of the coefficients pßy vanishes identically ; in this 
case, which was omitted in § 3, the equation is of parabolic type. 

Here the system of equations (3.5) is not a linearly independent system. 
Let us suppose * that the co- factors of the elements pin, p2n, pnn of the 
vanishing determinant 
to a consistent 
determinant 

P do not all vanish. The system (3.5) 
linearly independent system of (n -1) equations 

p1,1 p2,1 
> 

pn,1 
> 

pl, 2 p2, 2 ,..., pn. 2 

pl, n-1 p2, n-1 pn, n-1 

q1- Dyply, q2 -, D2y, , q'Z - Dypn, 
y =1 7 =1 y =1 

will reduce 
if the 

. (4.1) 

vanishes. We have then to investigate the meaning of the vanishing of 
this determinant and of P. It is convenient to do this by performing a 
change of independent variable. 

* There is no loss in generality in this supposition, except in the case when all the first 
minors of the vanishing determinant P vanish. This case is of no very great interest, 
however. 
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Let us introduce a new system of independent variables y1, y2, yn 

which are functions, as yet arbitrary, of the valuables x1, x2, . . . xn. Let 

the operator rya be written as A.. Then it is easily seen that 

Do= E DPye . feu. 
e =1 

If J -1 denote the determinant of the quantities Dpye, then J is the Jacobian 
of the variables xa with respect to the yß. 

The equation (2.1) is then derivable by annulling the variation of the 
integral f VJ expcp.dyldy2 dyn . (4.21) 

n n 

V= aPyDpu.Dy21 +2bß-u.Dpu+cu2 . (3.2) 
p =1y =1 P =1 

From the vanishing of P and the relation (3.41) it follows that the 
determinant of am' vanishes. 

In terms of the new co- ordinates, we have 

where 

n n n n 
V = apyDpye . Dyyn . Deu . 0,2u + I bpuDpye . Deu -}- eu2 . (4.22) 

p=17=1e=1n=1 p=1e=1 

We now try to determine the function yn so that the equations 

I aPVD pyn = 0 
p=1 

may hold for y = 1, 2, . . n. Since the determinant of am' vanishes 
whilst the co- factors of a1, n, a2, n, 

the system of (n- 1) equations 
. an, n are not all zero, we can take 

apyDyn= O (y = 1, 2, . . ., n -1) . 

p=1 
. (4.31) 

which are linearly independent, to define the function yn. 

The system of equations (4.31) determines yn uniquely if the system is 

a complete system. The condition for this is that 

FaDpFn - FpDaFn = Fn(DpFa - DaFP) . . (4.32) 

for all pairs of values of a and ,(3 from 1 to n-1, where Fa is defined by 
the relation* 

Pap = FaFp. 

* That Pap has this form follows from Bellavitis' Theorem on vanishing determinants. 
See Mem. Istituto, Venezia, 7 (1857). 
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If the conditions (4.32) are satisfied, then we may write 

n1-ln-1 
f 

n 
VJ ex pcß = I pYGß2G . u -}- 2 I gpOßu -{- hu2 

p=1 y=1 P=1 

where the coefficients" gß, and h are functions of y1, y2, yn. The 
equation obtained by annulling the variation of the integral (4.21) is 

n-1n-1 n-in-1 n 

fPY0ß6YU -{- DYff'Y . Oßu -I- ( °P9P - lz)u = 0. 
p=1 y=1 p=1 y=1 ß=1 

But this is not a partial differential equation of parabolic type in n 
independent variables ; it is a partial differential equation in (n - 1) 

variables, whilst yn is a mere parameter. 
We have then the result :- 
If the equation (2.1) is such that the determinant P and the deter- 

minant (4.1) both vanish and such that the condition (4.32) holds, then 
the equation (2.1) involves fewer than n independent variables. 

In the case of two independent variables, the condition (4.32) always 
holds. We can then deduce, by a method of descent from s variables 
to s -1 variables, that * 

No differential equation 
n n n I pPYDPD ,u + gPDßu + ru = O 

P =1 =1 P =1 

of parabolic type can be derived from a Calculus o f Variations Problem. 
In other words 

There is no self- adjoint equation of parabolic type. 

§ 5. SYSTEMS OF EQUATIONS. 

We are now going to determine the conditions under which the system 
of m equations 

m n n m n 971, 

pSaDPDYlta+ gSaDßua+ rSaG" = O 

a=1(3=1Y=1 a=1ß=1 a=1 
. (2.2) 

* Cf. Courant u. filbert, Methoden der Mathematischen Physilc, i, p. 205, where we 
find the statement : "Wir erkennen also, dass elliptische Differentialgleichungen aus 
einem definiten, hyperbolische aus einem indefiniten und parabolische aus einem semi - 
definiten Integranden durch Variation entspringen." 

This statement is true only as regards the elliptic and hyperbolic cases and follows 
frone the relation aPY =pPY. The semidefinite integrand leads to an equation apparently in 
n variables, but actually in fewer than n. 
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where 6 takes the values 1, 2, . . . m, may be derived from annulling the 
variation of an integral 

fexpO .Vclxldx2 . ,dxn (5.11) 

where is a function of the independent variables only, and where 

In 7IL n n yn 1n n m m 

V = aaSD /j2Ga. Dyus+21 baSUaDpuS+ LCasuauS 

a=1d=1p=17=1 a=1S=1p=1 a=18=1 

There is obviously no loss in generality in supposing that 

PY Yp 

pSa =Pas 
apY aYp 

aS Sa 

Cacj = CSa 

(5.12) 

(5.21) 

(5 22) 

(5.23) 

for any antisymmetrical parts would go out on performing the summations 
involved in (2.2) and (5.12). 

It is easily shown that, after we integrate by parts and neglect a 
hypersurface integral which may be made to vanish by a suitable choice 
of boundary conditions, the first variation of (5.11) is of the form 

m Ïu{± n 

j(±D7a+ - 2 f exp[ aáÉDpD7ua+ aáÉD70+bae- b 4)Dpua 
a=1 e=1 . p=1 7=1 'p=1 7=1 7=1 / 

( 
9L 9L 

+ \ Dpbae + bab:434) - Cae) uaJ }1 J dx' . . . d xn 
p_1 p=1 

where Bue denotes the variation of ut. 
By annulling the variation of the integral (5.11) we obtain the system 

of equations 

m n n rn n n z I L L aas DpD7ua ( Dyaás + aásD7 + V.8 bSa)Dpua a=1p=1y=1 a=1p=1 y=1 y=1 

+ 

(±9L 

Dh&+ baSDpta - CaS)ua = O 

p=1 p=1 
. (5.3) 

where c takes the values 1, 2, . . . m. 
In order that the systems (5.3) and (2.2) may be identical, it is first of 

all necessary that the system (2.2) may be reducible, by multiplying by 
suitable factors, to a form in which 

pSa =.páá . (5.31) 

Remembering the notation introduced in § 2 and using the relation 



1'3 

134 E. T. Copson, Partial Differential Equations 

(5.22), we find that the quantities asá, bas, ca, and c/, are to be determined 
by the relations 

psá =afá0 . (5.32) 

11 ( qsa = D7aas {- %csD7q5) -I- 2bß . (5.33) 
Y =1 

= (I) 
bas +basDpc¢) - cas . . (5.34) 

P -1 

We have these three systems of equations (5.32), (5.33), and (5.34) to 
determine the quantities aas, bas, cas, and in terms of páá, qsa, rsa. 

Eliminating aas between (5.32) and (5.33) gives the equations 
n n 

q(Sa) - /1 )77)Sa - IpSaDY° 
Y=1 7=1 

It can further be shown that 

. (5.41) 

n n 
2218ü] - Dpg sa] = g[8«]DP0 . (5.42) 

P=1 P=1 

The two sets of relations (5.41) and (5.42) must determine uniquely. 
Now the number of equations is ¡m(mn -{- m +72,- 1) ; these must only 
involve n linearly independent relations. In order that this may be the 
case, it is necessary that every determinant which can be formed out of 
the array 

Pi 1 
Ps. , qs«] 

p2 2 
Ps. g[Sa] 

. (5.5) 

pr , ,i[Sa] 
n n 

. g(S) D7psá, , 2rEsa]-Lg[Sa], 
7=1 7=1 

must vanish. 
If, however, the condition (5.5) does not hold, the equations (5.41) and 

(5.42) to determine / are inconsistent ; the system (2.2) of partial differential 
equations cannot then be derived from a Calculus of Variations problem. 

If the condition (5.5) holds, we can choose out of the systems (5.41) and 
(5.42) n linearly independent equations to determine O. In order that qs 

may be uniquely determined it is necessary and sufficient that these n 
equations may form a complete system. 

The conditions for completeness can be obtained in a manner similar to 
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that adopted in § 3. If, for example, the determinant P11 of the coefficients 

pú does not vanish, we may take the linearly independent system 
n n 

qil - 1D011 = pi11)795 
y=1 y=1 

to determine 0. This system is complete if 
n n \ / 

pii D4( gi1- Dµpii 1 pliDal qll -, Dµ pii 1 
\ µ=1 / X=1 \ µ=1 / 

(ß =1, 2,.. 

= - ± Ï Irbil, p.v(gv 
7.l(p4«DX pµR 

11 / 11 11 
11,ß =1 µ =1 v =1 i 1 

holds for all pairs of values of a and ß ; here P11, µv denotes the co- factor of 

pii in P11. 

A 11 
FiD a ` 

- p pµ ll J 

6. PARTICULAR CASES OF § 5. 

If P11 does not vanish, the conditions for " completeness " may be 

satisfied by supposing that 

qß1- DµpiR = 0 
µ=1 

. (6.1) 

But in this case 0 is a constant. Hence we have from (5.41) and (5.42) 

n 

Dypôa = 
y=1 

2rsa - MDaqrs«i 
P=1 

(6.11) 

(6.12) 

In this case we say that the system (2.2) of partial differential equations 
forms a self -adjoint system. 

In the more general cases it seems to be preferable not to attempt a 

detailed classification of systems of equations, but to treat each system, as 

it arises in practical problems, on its own merits by an application of the 
methods of § 5. 

(Issued separately April 6, 1926.) 
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Instead of this solution, we take the solution which has 
B = a., = 0, as singular line, and then intend to examine what 
happens as a. tends to zero. The solution is 

7--'(2, (coszc) 

cos a = cos O cos a. + sin O sin a. cos 4. 

Using the addition theorem for Legendre functions,* we have 
r1 Q, (cos LT) 

where 

CO 

= r-1/),(cos 0) Q0(cos a.) + 2 r1/3p 'n(cos 0) cos ni4 Qom (cos x)... 41) m =1 

In this way, we have expressed our solution as an infinite series of 
terms which are expressible in the form (12). But this repre- 
sentation is only valid in a region for which 

0 < 7r/2, 

i.e. inside a circular cone with Oz as axis and the singular line 
0 = a., (f. = 0 as generator. 

t J' //tatt. au G,t ,e. P g.:., . rn,a , . ( i ) , 01,25- ,2 6) #. 
*See WxrrrAKER and WA'rsox : Modern. Analysis (3rd Edi' .) 329. We 

are using HOBSON's definition (Phil. Trans. A 187 (1896) ) of the associated 
functions, 



 

Now Hobson * has shewn that 

'27r mu cos m du 27rP m (cos 0) ( 1)f1 cos mg = m 
J o cos 0 + i sin B cos (u ) . . . 

( 2) 

Hence, if z > 0, and if O < a. 7/2, we have 

277.-1 Q0(cos 773-) = QQ (cos a.) 
du 

o z+ ix cos o f iy sin u 
( -1)n1 ('2 cos mec du + E 

m 
Qom (cos a) 

J =1 m! o z +ixcosu +jysinu -4.3). 

Before we invert the order of integration and summation, it is 
necessary to examine the uniformity of convergence of the series 

Qo (cos a.) + 2 E ( 1)771 
a.) cos mu ... (4.4) m =1 m . 

It follows from some recent work- on the asymptotic expansions 
of the Hypergeometric Function that 

( 1 )771 7)1 rti a. 
2 Qo (cos a.) - [cot"' ( 1)771 tan" 2 + O (i-)] 

for large values of m. The coefficients of the trigonometric series 
(4.4) are then not bounded as m--> c1-, , unless a. = it /2. If a. = 71-12, 

the series 44) converges uniformly in the interval (0, 2v) except 
at u = 7r/2 and u 37r/2, where it has finite discontinuities. 

Tt is then legitimate to invert the order of integration and 
summation in (4.3), only if a. = r/2. We have then 

2>r f (u) du 
Qo (sin 0 cos 0) 

o z + ix cos u + iy sin u 

where f (u) is the sum of the series 

Qo (0) + 2 ( 1 Qom (0) cos mu, 
m =1 na . 

provided only that z > O. 
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On Electrostatics in a Gravitational Field. 

By E. T. COPSON, M.A., Lecturer in Mathematics in the University of Edinburgh. 

(Conl.niunicat-ed. by E. T. Whittaker, 1+'.R.S.-Received December 1, 1927.) 

§1. Introduction. 

In a recent paper, Prof. Whittaker* has discussed the effect, according to the 
general theory of relativity, of gravitation on electromagnetic phenomena. In 
particular, he has discussed electrostatics in gravitational fields of two kinds, 
namely (i) the field due to a single gravitating mass, in which case space -time 
has the metric discovered by Sob.wa,rzschild, and (ii) a limiting case of this, 
called a quasi- uniform field, in which the gravitational force is, in the neighbour- 
hood of the origin, uniform. 

Whittaker's general method, so far as electrostatical problems were con- 
cerned, was to solve the partial differential equation satisfied by the electro- 
static potential in terms of generalised harmonic functions, and then, from these, 
to build up other solutions. In this way, he succeeded in finding an algebraic 
expression which represents the potential of a single electron in the quasi- uniform 
field ; he did not, however, obtain a corresponding algebraic expression for the 
potential of an electron in the Schwarzschild field. 

The chief result of the present paper is the solution of the problem which is 

thus presented, namely, to determine the potential of an electron in the Schwarz - 
schild field in an algebraic form. In order to obtain it, I have departed alto- 
gether from Whittaker's method of investigation and have relied instead on 

Hadamard's theory of " elementary solutions " of partial differential equations. 
I show first, in § 2, how the solution obtained by Whittaker for the quasi- uniform 
field may be obtained by the aid of Hadamard's theory, and then show, in § 3, 

that the same methods yield the solution in an algebraic form (3.6) for the 
Schwartzschild field. In the last section, the new solution is expanded in terms 
of generalised harmonic functions ; some of the relations obtained in this section 
are believed to be new properties of the Legendre functions. 

The following brief résumé of Hadamard's theory of elementary solutions is 

given to make the rest of the paper intelligible. 
The solution [(x - a)2 (i - b)2 -{-- (z - c)2] -` of Laplace's equation in 

three dimensions is distinguished from all other solutions by the following 

properties :- 
* ` Roy. Soc. Proc.,' A, vol. 116, p. 720 (1927). 
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(i) it is continuous and differentiable as often as we please in any finite 
region of space, except in the neighbourhood of the singular point 
(a, b, c) ; 

(ii) it becomes infinite, to as low an order as possible,* at the singular point 
and on all the isotropic lines through it. 

But the isotropic lines are the " bicharacteristics "fi of Laplace's equation. 
This suggests at once the appropriate generalisation. 

Let g o, h ", k be holomorphic functions in a certain domain of real values 
of the variables (x1, x2, ... xm). Then Hadamard$ has shown that the 
partial differential equation 

,E g 
"ß 

x"2óxß 
+ E h" 

ku = 0, a,s =1 a =1 

possesses, when m is odd, a unique solution which is continuous and differ- 

entiable as often as we please in the domain where gaP, ha, k are 

holomorphic, except in the neighbourhood of one singular point 
(a1, a2, ... am) and the bicharacteristics through it ; in the neighbour- 

hood of the singular point, this, solution becomes infinite to as low an 
order as possible, and may be expanded in the form 

m -2 
1, 72-, (U0 + U111 + U2P2 --f- ...). 

P here denotes the square of the geodesic distance from the singular 

point to (xl, x2, ... en) in the space whose metric is 

ds2 = E gap de dxß ; 
qq 

the functions U0, U,, U2, ... are holomorphic in the given domain. 

This solution is called the " elementary solution " ; 

{(x - a)2 -I- (y - b)2+ (z - c)2] 
-1 

is obviously the elementary solution of Laplace's equation. Accordingly 

we shall assume that the potential of an .electron in a gravitational field 

is the elementary solution of the partial differential equation of electrostatic 

potential. 

* It is this property which distinguishes [(x - a)2 -{- (y - L)2 -i-- (z - c)2] -1 from the 
solution (x - a) [(x - a)2 -{-- (y - b)' (z - 

j' On " bicharacteristics," see Hadamard, " Lectures on Cauchy's Problem in Linear 
Partial Differential Equations " (Yale University Press, 1923), p. 75, et seq. 

$ Loc. cit., Book II, chap. 3. We make use here of the tensor notation. Thus gap and 
ga0 are corresponding elements in reciprocal determinants. We shall later write g (x) 

for the value of the determinant gas at (xi. x'.... , x "i). 
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In the course of his proof of the existence of the elementary solution, Hada- 
mard shows how to construct it ; thus the equation 

U= 1 a exp. aß a 2 P s a r- 
2m 

ds 
0 9 () p [- 

J o a ß g axa axß 
+ ü 

axa 4s 

determines Uo. Here integration is along the geodesic from the singu- 

larity to (xi-, x2, ..., e) , with respect to the arc s of the geodesic. The 
other functions Un are given by recurrence relations. 

§ 2. Electrostatics in the Quasi- Uniform Gravitational Field. 

The electrostatic potential in the quasi -uniform gravitational field satisfies 

the equation* 

1 + 2 x) áx - á2 2 -}- áz - O. 
y 

If we apply the transformation 

1+- 0- 2x= (1 +5)2: 9y qz - 
C 2 ' 

this equation becomes 
a2u a2u 

-r a2u I au Q. a2 a,2 a2 1+1 a 

In terms of these co- ordinates, the metric of space time is 

(2.1) 

(2.2) 

(2.3) 

ds2 = (1 + E)2 dt2 - 
92 

(dE2 -I- d12 + d2), 

so that , , represent actual distance. 
It is a consequence of Hadamard's theory, that the elementary solution is, if 

1 + E is positive, 

where 
P-1 [Uo + UiP + U2112 + ...] 

P = (E - a)2 + (71 - P)2 + (b - Y)2. 

The formula for Uo:;: is 

U ex p r fa 
a2P a2r a2r 1 aP 6 dÿ 

° - p L- { J 4. ( - a)J 

fe 
d 

J. 2 g + 1) 

(1 
+ 

1 + a/ 
.k Whittaker, loc. cit., p. 723 (13). 

t This equation would also occur, in classical electrostatics, as the equation of potential 
when the specific inductive capacity is (1 + E) -1. 

$ Hadamard, loc. cit., p. 94 (41). 

= exp. 
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The recurrence relations, from which the functions Ui, U2, 

determined, are* 

Uo 5 (a- a)"x-1 a2Un -1 a2U "x -1 a2U U "`- 2 (2n-1) -oc)" Uo [ a 2 8 2 a2 

where integration is along the straight line from (a, p, y) to 

easily find that 

and, generally, that 

w 

Ui = Wo (1 + E)-1(1 + a)-1 

U2 = - ihUo (1 + (1 + a)-2 

. are to be 

E+1 aE 

, 71, ) We 

U,, = 1c,,U0 (1 -I- E)-, (1 + (x) -" 
here 

k7, (2n+1)(2n -3) 
kn_1 4.2n (2n - 1) 

The constants k,x are therefore the coefficients in the expansion of 

(1 +2x)(1+ 
Hence the elementary solution, having singularity at (a., (3, y), is equal to 

2 

I °[1 
-kl(1+E)(1+a)+k2(1+)r(1+a)2 

°(1+9(1+(1+ 1+ a)¡( 4 ( 1-E), ( 1-}-a¡! 

[(E -0)2+ ß)2+ g-y)2 +2 (1+0 (1 +0)7 
[(S -0)2+ (11- ß)2+ g-y)2 +4 (1+ ) (1 +0)]' [(E -0)2+ (71- ß)2+ g- -y)2]ß (1+004. 

If (a, b, c) is the point in the original co- ordinate system corresponding to 
(oc, p, y) the elementary solution becomes, in terms of x, y, z, 

[2 +29 (x+a) +c4 {(y- b)2 +(z- 02 }J 

[2 2 g (x a) 9 b 2 (z c 2 

2 4 (1 9x I (1 
2ga 

l 
1_ 

+ c2( + )+C4{(y- ) + )}1 - + c2 /` + c2 / 
l + (x + a.) + 

2c. 
{(y f b)2 -f- (z - c)2 

2ga 
C2 

_ 

4%/i + 2ga [(x-_a)2+(y_b)2+ (z -c)2 +9 (x +a) {(y- b)2+(z -c)2} + g 4 {(y_b)2+(z -c)2 }2 

C2 c2 c2 4c 

* Ibid., p. 95 (44'). 

T It will be observed that this has a singularity at the image point of (a, ß, y) in E _ - 1. 

This is not of importance, since the region E - 1 is inaccessible in the relativity case. 
It is of interest when the P.D.E. is regarded as the classical potential equation with. 

K = (1+E) -1; K becomes infinite for E = - 1. 
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This is precisely the formula given by Whittaker* for the potential of an electron 
in the quasi -uniform gravitational field. 

§ 3. Electrostatics in the Field due to a Single Gravitating Centre. 

The metric of space -time about a single gravitating centre is specified by 
Schwartzschild's formula 

2 

ds2 = (i - j-) dt2 - c dR 
a 

-I- W d02 -- R2 sine 0 d2 . 

2 

R 

in this field, the equation of electrostatic potentialt is 

- a ' a ('2 au 1 a 0áu` 1 a2u 
O. {3.1 R:) sin 0 0 

(sin 
a 0 sin2 0 2 

(3.1) 

If we transform to the isotropic co- ordinates specified by 

2R 2 -aR, 
a 

the partial differential :equation becomes 

a2u a2u a2u 2 - 4r ( au au au) 
ax2 a 2 az2 r2 r2 1) \x x a + y + z -0z 0 - 

(3.3) 
y { 

where 

(3.2) 

x= rsinr0 cos 9, y =rsin O sin 51), z = r cos O. 

In terms of the isotropic co- ordinates, the metric of space -time is 

ds2 = 
r -I- 1 / 

dí2 - 
1ÓC2 '\1 + ! 4 (dx2 + dy2 + dz2) 

the transform* ransformation conformally represents the spatial part (It > cc) of Schwartz - 
schild's metric on to the part (r > 1) of Euclidean space. In these co- ordinates, 
r = 1 is an inaccessible boundary. 

The potential of an electron at (0, 0, a), being the elementary solution of 

equation (3.3), must have the form 

P- [Uo -}- U1P U2P2 ...] (3.4) 

where F = x2 -j- y2 + (z - a)2 and where Uo, U1, U2, ... are holoinorphic for 

r > 1. 

* Loc. cit., p. 727 (19). 

1 Ibid., p. 729 (25). 
$ This equation would occur in classical electrostatics if the specific inductive capacity 

were assumed to be (r -{- 1)3/72 (r - 1). 
§ Cf. de Sitter, ` Amsterdam Akad. Verslagen,' vol. 25, p. 232 (1916), or Eddington, 

" Mathematical Theory of Relativity," p. 93 (1924). 

b2 
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The Hadamard formula for U0 is 

U ex 
r2 

(1 - 2r) ¡¡r2 - az 
ds - o - p - 

(.2 1) l ) 

where integration is along the straight line specified by 

x =ssin ß cos y, y = s sin (3 sin y, z = a+scos 
where ß and y are constants. But evidently we have 

(r2 - az) 
ds , (s + a cos ß) ds = r dr ; 
s 

hence 

ex fr 2r - 1 r (r - 1)1/2 (a + 1)3/2 
U0 p 

J a r (r2 -1) a (a - 1)1/2 (r 1)3/2 

Instead of using Hadamard's recurrence relations connecting Uo, U1, U2, 

..., we may apply the process by which they were obtained, that is, we may 
substitute (3.4) in equation (3.3), regarding U1, U2, ... as holomorphic functions 
of r (> 1). If we do this, we obtain 

3 Uo 
tj1=2(7.2_-1)(a2-1)' 

5 U0 
U2 = 8 0...2 - 1)2 (a2 - 1)2 

and so on. Hence the 

C L 

elementary solution is of the form 

r (a + l)2 (r - 1) 
2 

]ß r1 + 3 P 5 F2 

a (r 1)2 (a2-1)P 2(r2_1)(a2-1) 8(r2--1)2(a2-1)2+.. 

The form of the first three terms in the elementary solution suggests that, 
instead of determining successively the remaining Un, we should substitute, 
in the equation (3.3), 

where 

u = r 
F (Y) (r -f- 1)2 

Y = 11/(r2- 1). 

If we do this, we find that F (y) is a solution of 

2 

2{y2 + (a2 -1) y} F+3 {2y+a2- 1}dF 
Y 

- O, 

and hence that 

F(Y) = A+B 
{Y2 i- Y 

(a2 _ 1))j.4 

1 

where A and B are arbitrary constants. 
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The elementary solution of equation (3.3) with singularity at r = a, O = 0, 

is thus seen to be a constant multiple of 

[2P + (a2 - 1) (r2 - 1)] [T2 + F (a2 1) (1.2 1)] 
-1* (3.5) 

(r 1)2 

r -I- 1 - 2ar cos 011 ( l r2 + a2 - Zar cos 0 1 
3.6 

(r + 1)2 

[(a2r2 
\ 72 -F- a2 - 2ar cas 0 I `,a2r2 -f- 1 - 2ar cos Ol 

When we transform back to the co- ordinates (R, 0, ç ), this expression for 
the potential becomes rather complicated. In any practical application it seems 
preferable to use the isotropic co- ordinate system. The figure below shows 
the equipotential surfaces due to an electron E at R = 1.56a, O = 0, corre- 
sponding to a = 4. With the exception of the two surfaces nearest to the 
electron, the difference of potential between consecutive surfaces is constant. 
It will be observed that R = a is always an equipotential surface. 

* A comparison of this formula with (2.4) shows that (2.4) is the limiting form of (3.5) 

when the Schwartzschild metric degenerates into the quasi - uniform metric. This is, of 

course, what one would expect. 

t This shows that there is a singularity at r = a, 6 = 0, and at its image point in the sphere 
r -1. In the relativity case, this latter singularity does not concern us ; but when we 

regard (3.3) as the classical electrostatic potential equation with K = (r -}- 1)3 /r2(r - 1) 

it is of some interest, C, f. footnote t, p. 187. 
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If we put a = 1 in the potential (3.6), we find that_it reduces to a constant 
multiple of R -' ; in other words, the potential of an electron on the boundary 
sphere R = a. is independent of its position on the sphere, a rather curious 
result. 

§ 4. The Expansion of the Potential in Terms of Generalised Harmonic Functions. 

It has been shown* that the equation (3.1) possesses the particular solution 

2 . ((2n)1) ! 
n ! an -1 (R - a) 1 (p) P"' (cos 0) sin mck (4.1) 

if n = 1, 2, 3, ..., where pa = 2R -a ; this solution reduces to 

RnP "' (cos 0) s °i mqt, 

when a tends to zero. When n = 0, the expression (4.1) is meaningless and 
should be replaced by 1. It may be shown in a similar way that, if n = 0, 

1, 2, ..., then 

4 . (2n + 1.)! a.-n-2(R-á) . Qñ (P) . Pn` (cos 0) sin m¢ (4.2) n!(n-}-1). 
is the particular solution of the second kind, which reduces to 

R-n-1 Pnm (cos 0) 
Sln 

MO, 

as a tends to zero ; for n = 0, the second solution actually is R -1. These 
functions (4.1) and (4.2) may be called generalised harmonic functions. Any 
solution, algebraic in cos 0, of the partial differential equation (3.1) must 
possess expansions in terms of them, which are valid for certain ranges of values 
of R. We now propose to investigate the expansion of the elementary solution 
in terms of these functions ; incidentally this will show us whether Whittaker's 
infinite series of generalised harmonic functionst is or is not the elementary 
solution. 

Consider then the elementary solution with singularity at R = B, O = 0, 

corresponding to r = b. If we choose the constant multiplier so that the 
potential is symmetrical in r and b, it has the form 

9 br r( r2___ 2br"cos O + b211 (b2r2_ 2br cos U -{ -111 
(h + 1)2 ( --- 1)2 L\h2r2 - 2br cos 0 -}- lí ,r2 - 2br cos O -{- b21 J (I 3) 

* Whittaker, loc. cit., p. 730 (31). 
t Ibid., p. 730 (33). 
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If r > b > 1., the value of this potential on 0 = 0 is 

= 
4br 

C 

r- b b7 -1 
Vo a (b -}- 1)2 (r -C 1)2 br - 1 + r - b 

2(R-a.) r 
[bl 

bl¡ 11-1+ 11( 
aB1/p2--1 r2-1 1 rj`1-brf b 1-brl 

1 

2 (R 
) \ 1.-- - ( (b2 

aB V 2 

a 1 C }- - ... CCb -}- 1 -2 -} 
7 p / 

2 (R oc) 11 1 (b2 3 

aB( 2 -)1 Cb + b/ r + 2 b2) 
r2 + (b + b3, 7a P 

-- 
Now Schläf.i* has shown that 

b 4 
1 1 -2-}-b4 .4+.. 

f 2- a = G° 2m+7?-2 r(m-2)r(ryn+n-)¡ te P 1}- 
n 

m= 0 27r m! (m -- n) ! 
`w2mi n-1(P) 

Term -by -term differentiation may be easily shown to be valid here ; it gives 

{p .+ V p2 -1 }-n 

Vp2 1- Vp2 -1 
Fi (2m + n - 2) r (m - 2) r (m + n -) 

2m +x -1 (P)' 
m =0 27C m! (m+n)! 

If we substitute this series for the various inverse powers of r in the expansion 
of V0, we have 

__ 2(R-a) oo.( 
2m-f-1 1 2p+2m-i-2 r(p-2)r(2m-Cp+z) 

° Ba. C,o po\b + b2m+1j 2TC ! (2m---p+1) ! 
2p+2m (P) 

p + (b2m+2 2 f 1 2p+2m+' r (1 2)r(2m+p+) Q,2p-I-2m-I-1 Pm-0 

p=0 bZm-f-2 2TC p ! (2m }-p-}-1) ! 

2( 
Ba n)Cno t ofb2(n-t+1)- 

2-I-b2(nt+1)I 2n+4 
27c r(tt 

! 2nr ( t-{- 2) ! ,) Q2n+1 (P) 
( 

/ + fb2(n-t)+1 + 1 } 2n + 2 r (t 2) r (2n - t + 2) 
Q,2n 

n=1 t=o b2(nt)+1 
2TC t ! (2n - t 1) ! 

1`l 1\` 
2:.1 

b + ( , (P ; )J 

Now by the use of the expansion 

(1 - yzb) -3/2 (1 - hb- 1) -3/2 tenpi 
\2 

(b + 
b 

)) 

* See Whittaker and Watson, ` Modern Analysis ' (1920), p. 334, ex. 31. 
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we can easily show that 

(b2 -2+b 
\b 2) (b 1)) 

212, (2n + 1) {b2 (n +1 1 l. I' (t - 2) P (2n - t 
= o 

+ b2 (nt) +1 t (2n - t + 1) ! 

( b2 -2 -Eli) P 2n +1( 1 (b + b)) 

= - (2n + 1) (2n + 2) É b2 en t - 2 - 1 1 r (t - 2) P (2n - t -I- 

rc t_o b2 (nt+10 t! 2n -t - ( I 
- 2 ) ! 

If we use these expansions and write (3 for (6, + b), we find that 

Vo = - (R 
Ba 

a) [(b -I- b ) R'0 (p) -f- 2 ZE (2n n + 1) b -- 2 -{- b 'n ( 2 )13'n c ß) Q (P)] 

2(R-a) Q'0 (P) 
By. 

Lx--42 

(R - a) Q'0 (P) 

+á 
nÉ1n2(n+1))(B-a)P'(t')(R`a) `'n(P), 

/ 

2BR + nil 0 
En 

(13' O) , Fn (R' 
O), 

where 

(4.4) 

En 
(R, 0) 

2 (n 
(2n 1) 

n ! an -1 (R - a) P'n (P) Pn (cos 0), 

F (R, 0) _ z'! 
(2n + 11)! a -n -2 (R - a) 

Q',1. (P) y,,, (cos 0). 

Now V, which is given by (4.3), is a solution of the partial differential equation 

(3.1), is algebraic in cos 0, and does not involve q. Accordingly, for a certain 

range of values of R, it is expansible in the form 

an En (R, 0) + bn Fn (R, 0), 
n =0 n =0 

where a,t, bn do not involve R and O. But, on O = 0, V takes the value given 

by (4.4), if R > B > a. Hence, if R > B > a, 

V 
2BR 

= - a 
+i= (B, (R, 

O). 
(4.5) 

n o 

Similarly, if R < B, we can show that 

V = - v. + ± Fn (B, 0) E (R; 0). (4.6) 
2BR n = O 
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We have thus shown that 
The electric potential at the point (R, 0, 0) due to a unit point -charge at rest at the 
point (R = B, O = 0) in the gravitational field due to a mass at the origin is 

4br 
LA 

- 2br cos 0 + b21 é (b2r2 - 2br cos 0 + 1y1 1 

a (b 1)2(r -{-1)2 L b2r2 - 2br cos 0 + 1f r2 - 2br cos 0 -1- b2 J ' 

where 
4R = (r +1)2 4B (b + 1)2 

OG r a b 

This potential may be expanded in the form 

2BR a2''' a) Qó 
\2a 

-1) 

n!1 
:.ii (B -a) . 

\ 
2B 

(R -a.) . Qn(2R 

ifR>B>cc. 
When a tends to zero, the series (4.5) and (4.6) reduce to the classical formule 

BnR -n -1Pn 
(cos 0), S.': B- n- 

1R'tPn (cos 0), 
n =o n =o 

T' (cos 0 ) 

which hold when the mass of the gravitating centre vanishes. Whittaker's 
infinite series is similar to the series (4.6), and both have the same limit when 
a. tends to zero ; they differ in that the constant coefficients are not the same 
and in the presence of the term -a /2BR. It seems unlikely that Whittaker's 
series can be expressed in terms of algebraic functions. 

In conclusion I should like to thank Prof. Whittaker for his kind interest and 
encouragement during the progress of this work, and for his advice during its 
preparation for publication. 

HARRISON AND SONS, Ltd., Printers in Ordinary to His Majesty, St. Martin's Lane. 
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NOTE ON SERIES OF POSITIVE TERMS 

E. T. COPSON *. 

[Extracted front the Journal of the London Mathematical Society, Vol. 2, Part 1.] 

Prof. E. B. Elliott l has recently given a very simple proof of a 
theorem, due to Hardy, concerning series of positive terms. His method 
is here applied to prove certain other similar theorems. 

1. THEOREM A:. Suppose that 

K > 1, A,,, > 0, a,,,. > 0 (n = 1, 2, . . .), 

that Au = Al a.i -}- A.'2 a. z -}- + A,L a,L, An = A 1+N2+ . 

and that EA,La;;L converges. Then 

1 
K A K- L (L j .AnllL11i C (KlY iCL'n. 

If further K > > ] then K`(K-1)-s, a'`(A / )K is an increasing- 
function. 

.ti , .:., i L 9L 9L sa 

o, f' ,ti. 

For simplicity, write u,L = A,,, A,z i; then we have 

K-L. K K -1 
ArrlL(iL = (X)1- LLr. iL lzL-1(tL-1«L K-1 K-1 lî 

/ 1 A_, K 1 K \ (À1_A 7L K-1 /Ci9LK-1 nn-luz-1 

1 

K-1 (l,.n-14-1-An4) 

this holds for n = 1 if we write Ao = O. By adding the inequalities 
for n = 1, 2, 3, ..., N, we find.that 

. , 
K x 1 A7La9La7L-1 <- 1 ANa < 0. 

1 

Now, by the inequality of Hölder, we know that 

}N 
K1 

1 ,+, A9t. al"L UYL 1 f < (E 7L a'9L (+ X4, 
1 / 1 /// 

and so, for all integral values of N, 

K 

An u,L < ,L (t ((, < (K1iY E An K-1 . 1 

Received and read 10 June, 1926. 

t Journal London Math. Soc., 1 (1926), 93 -96. 
* Hardy, Messenger of Math., 54 (1925), 150 -156, Theorem B. 
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N N 
Since the sequences E A,zCI- ¿ E A,La,aa,L -1 are positive ascending, and the 

1 1 

series EA,aai converges, it follows that ` A,za and EA,Za,La ` converge 
also, in such a way that 

K 
K K l K-1 K 

Az ce,`, < .-f7 An az an < . A,,. cz,z. 
K-1 K-1 

This is the first result of Theorem A ; it is known that the constants in 
these inequalities are the best possible. 

By a further application of Hölder's inequality, we can show that 
K 

A,L a,, cz _S converges when K > s > O. Let us write cs for 

'From a theorem cule 

any real constant, is 
have 

K- 
K' (/C -1)., A9Laz a9L S. 

1I(S -.1I) 

to Jensen*, it follows that (L) 
C 

, where so is 
cs 

monotonic non -diminishing for s > so. Hence we 

( 

) 

1 Aft-P) 1I(ß-Y) 

ca 
(1) 

if a ß > y, and therefore 

1 /(a -ß) 
r c 'I(ß -]) 

Cca) <Cc1/1 < <1, 
ß 1 

i.e. co cß, if a > ß 1; this proves the second part of Theorem A. 
The behaviour of c, in the interval (0, 1) of values of s depends on 

the particular choice of X,,. and a,a. For example, if a,t = 1, we find that 

C8 = K8(K- 1)- SVA22,, 

so that cK is monotonic increasing. But if A,L = 1, a.= 1 /n!, K = 2, c.s 

possesses a minimum in the interval (0,1) and is not monotonic .f.. 

2. THEOREM B. Suppose that 

K > 1, A,L > 0, a,,> O (az = 1, 2, 3, 

that Aan XV, +1 = A1+A2+ .. +X92,, Au = + ., 

* J. L. W. V. Jensen, Acta Matta., 30 (1906), 184. 
t It follows from (1) that c, is convex for s > 0, and so has no maximum and at most one 

minimum. As-we have seen, both cases may occur. It may also be shown that equality 
between two values of c, occurs only in the case in which the graph of c,, renders such equality 
intuitive. I am indebted to Mr. A. Oppenheim for these remarks. 

I The particular case when ,c = 2, ?t = 1, was stated in a slightly different notation by 
Hardy, Messenger of Math., 48 (1919), 107 -112 (111). 
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and that E\,ta;t converges ; then 

EantA;t < KEa,ta,tA;t 1< KKEX,ta ,`, 

the constants being the best possible. If further 
K8EXnn4A7,,' is an increasing function of s. 

K > s > 1, then 

We .obviously have from Hölder's inequality 

A < (/\ aK + -K/(K-1)+/` 11-K/(K-1)+...)K-1 - nt ntau nt+1 t+1 n n n+1 nL+1 

Also 

K/(K-1) K/ \nt11;t +ant+t t+1 (K- 
. . . < 

J. n-I 
9t-K/(K-1)dn - (K-1)i1yt11(K--1) 

provided that n > 1. Hence, if n > 1, we have 

A;`K-1 1 
,, < (K-1) R,t_11,t-1, 

-where R,t_1 denotes the remainder after n -1 terres of the series EantaK. 

We have 'also 

XntAlLKXntanAnt 1 = (XnK11n,) A ;et +K`1ntAnt 1Ant+1 

(l`nt- KAn)A9t +(K- 1)d,t4+11nAn +1 `- 119íA9 +1- 11ní -17t, 

when n >1; this relation also holds for n = 1 if we write A0 = O. By 
writing down the inequalities for n = 1, 2, ..., N, and adding, we see that 

N N 

E A9t2619t-K E ana,tA i-1 < ANA7V+1 < (K-1)K-1RN. 
1 

Hence we have 
N 

f (X.;?alA'+e\r 
/ 

E XnA7t < K ) , 

wher e EN tends to zero when N Go, because of the convergence of 
This inequality, together with 

gives us 

C} !¡ 

K / N 1 K-1 

E 
XntantA7,-1 < E n?C'!t 

(E 
XntÍnt 

1 1 1 

1V V Y 

/ 

K-1 
K-1 K-1 ` K (i+T/ 1 

a n at rl < K xnan , nt CG?t A 
1 

But the series EX,ta,tA 1 is a series of positive terms, and hence either 
converges or tends to + co ; in either case we have 

.\' V 
XnantA n-1 < KK-1 E X,ta t(1 +f71V), 

1 1 
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K -1 

where 'l_ = (i+ Iv -1 
K 

E a,LanAn 
-I 

tends to zero. Hence we see that 
N A' .\" 

IanA, < K.- E AnanA;`,-I+Kew < KK.+/,LCI¿--Kex+Khl.', 
I I 1 

from which the first part of Theorem B follows immediately, whilst the 
third part may be proved in a manner similar to that employed in 
Theorem A. 

We have now to show that the constant KK is the best possible eon-. 
stant. To do this, we consider the particular case when 

An = 1, A. = 7Z, an = 9L-µ-E (,(4 _ K-1 e> 0). 
Then we have 

9L 1 - E -(1+µ+e) > L-(1+µ+E) ddi/ - ^' 

aL 7L µ+E 
and hence 

Xn../ n > (IU +e)-Krn- (1 +KE) = (1/,LC[7. +Ke\K 

It follows, since e is arbitrarily small, that KK is the best possible- 
constant. 

3. Prof. Hardy* has proved part of Theorem A as a deduction from 
a similar integral theorem. Theorem C (enunciated below) bears the same 
relation to Hardy's integral theorem as Theorem B does to Theorem A ;. 

in fact, Theorem B may be deduced from Theorem C. 

THEOREM Ct. Suppose that f (x) > 0, K > 1, and that f(.t); K is r dt. integrable (in the sense of Lebesgue). over (0, co ). Then. 
J 

f(t) t 
converges if x > 0, and defines a function 0(x) such that 

Ch(x) Î K dx < KK f (iii) 
1,1 

the constant being the best possible. 

This theorem may be proved in a manner similar to that employed 
by Hardy for the integral equivalent of Theorem A, in §§ 1, 3 of the 
paper quoted. 

* Messenger of Math., 54 (1925), 150 -156. 
t The particular case of Theorem C when ic = 2 was given by Hardy, l.c. (f.n. ), 107. 

Printed by C. F. Hodgson & Son, Ltd., Newton St., London, W.C.2. 



II NOTE ON SERIES OF POSITIVE TERMS 

E. T. CoPSON*. 

[Extracted from the Journal of the London Mathematical Society, Vol. 3, Part 1.] 

THE theorems of which an account is here given are extensions of 
two convergence theorems recently discussed by Hardy and Littlewoodt, 
and also of two more elementary theorems which I considered in a 
previous note T. 

1. NOTATION. Suppose that 

Xm > 0, an > 0 (n = 1, 2, . . . 

)ll, that An= ñ1 a1 -i- a2 a2 -i- . . . -}- a., = \1-}- \2 -}- 

and that EXnan is divergent. 

THEOREM 1 . 1. If K > C > 1, then / ]L y1n A,L 
I/ < I K 1\1 ¡ /\,L 11,L a4G 

THEOREM 1 . 2. If c > K > 1, XYL/an+1 < U, 11,L/An+1 1VI(K-1)I0-1), 

then. 

X7 AcAñ < (GIY EX A" 'a". 

THEOREM 1.3. If c > 1 > K > 0, 0 < L < /\,L /an +1, then 

X,LA, -'aK < (C_l)KXA;CA 
,L. 

2. NOTATION. Suppose that 

x9L > 0, a,,, > 0 (a= 1, 2, ...), 

that EAnan is convergent, and that 

An = %finan +!fin +ian +1 +, An = X1 +X2 ++,n 
THEOREM 2. 1. If K > 1 > c > 0, then 

K 

EX A.77' An (1 
C) 

Zíniin can 

THEOREM 2. 2. If K > 1> 0> C, Xn/Xn-{-1 < U, An/An+1 >111110-0, 

then 
anli.`A < ((i_KUC)m_r EXn n-Ca;L_ 

* Received and read 10 November, 1927. 
t Journal far Math., 157 (1927), 141 -158, in particular 143 -145. 
$ Journal London Math Soc., 2 (1927), 9 -12. 
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THEOREM 2. 3. If 1 > K > 0, c < 1, then 

An/11,1,-c n can < (-1\-T-) K úx1L°Ane 

where N = 1 or 1- c according as c> 0 or c < O. 

3. In each of the six theorems, the series occurring on the right -hand 
side of the inequality is supposed convergent. 

Theorems 1.1, 1. 2 may be simply deduced from Theorem A of my 
previous note. For instance, if, in Theorem A, which may be written in 
the form 

K 

Eµ.7tNI,LKBL C K ,a,Lb, 

where µn > 0, Z,,, > 0, 

Bn = µl b1 +µ2b2+ . . . --µ7L bn., Mn = µ,+ -}--µ7,,, 

we substitute = X ..AcK -c)1(1 -K) 
b a µ7L n 7L , Ian n - - n 7L, 

the result of Theorem 1 .1 follows immediately. 
Similarly Theorems 2.1 and 2.2 may be deduced from Theorem B 

of my previous note. 

4. Proof of Theorem 1 . 3. We have 

KX 1-cAK-1a KA;,-cAK-K111-eAK-lA 7L n n n n n 7L n n-1 

< KAn eA7t-(K-1) An-cAñ-Al-cAñ-1* 

= liñ eAñ-lLñ-eAñ-1 
so that 

c-1 
A 1C 

AK 111C AK ` 1,1-cAK 11- n -K 11'-eAK-1 7L 7L-1 7L+1 9L \ 4L n I n 7L n n 
n+1 J 

< (c- 1)L- 1XnAne2-17,,- KXAVeA Irlant. 

This inequality holds for n = 1, 2, 3, ..., N, if we write A0 = 0; addition 
of these inequalities gives 

N N 
-.AN+1AN < (c-1) L-1 Z X7,.An c A,i-K )1n1,7L-eA7z-lan.. 

1 l' 

* By the inequality Ka.-1,3 > (x-1)."+ s , valid if 0 < x < 1. 

f We have here used the inequality 
A c-1 

A" 1- " < (c -1)L -1 
N 

which may easily be proved. 
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By a further use of the inequality given in the last foot -note, we see that 
GO 

N 
XnA.ncAn > 

ANÑ 
XnAnc > L(c-1)-lAÑÑ(An-c-Añ+l) 

= L(c- 1) -1ANcA > L(c- 1)- 1A1N -,ei 
Since the series E X A, -z cA.L is convergent, it follows that AÑ +1 0 as 
N -ao. 

We have therefore proved that 
N r 

(c-1)L-1 E ñ.LAneA 71,+EN > K E ñnA.i-cAn-ian 
1 1 

K(N 

(K -1) /K N I/K 
E XTA.ncAn) (E AnAñ `an), 
l 1 

where EN tends to zero as N-> co . This leads at once to the required 
result. 

The proof of Theorem 2. 3 follows exactly similar lines. 

5. It is known that, when an = 1, the constants in 1.1, 1. 3, 2.1, 
2.3 (c < 0) are the best possible, whilst those in 1.2, 2.2, 2.3 (c > 0) 
are not. A referee has pointed out that the constant in 1 .1 is the best 
possible for any particular set of X, such that 

An= íßi-...- Fñn -> o0 

and X/A -> 0, 

e.g. if Xn = 1/n (the most interesting case after An = 1). 

i By Nölder's inequality, with 0 < K < 1. 

Primed by C. F. Hodgson & Son, Ltd., Newton St., London, W.C.2. 
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III. -On Fourier Constants. By E. T. Copson. 

(MS. received October 17, 1927. Read November 7, 19:27.) 

1. Notation.- Suppose that ao , a1 , a2 , . . . are real constants, such that, 
for some fixed p ( 1), the series I an I 

1 +1, is convergent. It is a con- 
sequence of the generalised Riesz- Fischer Theorem* that there exists a 
function f(t), L1 +D over ( -1, 1), of which 

2 a0 + an cos nrt 
7. 

is the Fourier Series. 
If 0 < /,.<1, we shall write t 

Then we have in (- 1, l) 

whilst in (0, l) 

2f t f(t) cos 
nrtdt, l Z 

b(í) = J01Je(t) sin Li tdt. 

.f(t),,,iao(l) + Lan(1) cos 
tt 

1 

f(t)evi bn(l) sin 7t. . 

1 

2. In the case p =1, the convergence of ,¡ao2+ ±ant implies the 

convergence of ¿a 2(l) -f- an2(l) and of bn2(l) ; for, by Parseval's 
1 1 

Theorem,+ we have 
¡l zaa2(l) + ` an2(l) - bnZ(l) 

llo {f (t)}2r1t 
1 1 

J'{fl}2dt t) 
o 

= 1L2a02+ lan2]. 

In this note an attempt is made to generalise this result ; it is, in fact, 

Hobson, Functions of a Real Variable (2nd ed.), 2, 599, Theorem II. 
j- That an(l) and bn(l) exist follows from the use of Hölder's inequality for integrals, and 

the fact that f(t) is L'-}-P over (0, 1) and therefore over (0, l). 

+ Hobson, loc. cit., 575. 
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shown that in certain cases the convergence of E I an 11+; (p>1) does imply 

the convergence of E 
I 
an(l) 

I 

1 
+i, and of E 

I 

bn(l) I 1+31'5. 

The generalisations of the Parseval and Riesz -Fischer Theorems * do 
not provide the required result, but merely demonstrate the convergence of 

E an(l) I 
1 +1'. For they give 

ao(l) 

,j2 

00 

an(i) I1+ll p I If(t)I1+1dt} 

p l 
< 2 

I I f (t) I 
1+pdt 

92) 1 

< i f I f(t) I 1+pdt 
0 

vy-1 c 
l 

ao 1+Ì,+. co 

I 

anI1+Ïpi 

similarly for bn(l) 1 +1e. Further generalisations of the Parseval and 

Riesz -Fischer Theorems have recently been obtained by Hardy and 
Littlewood,1- but these also do not yield the required result. 

We shall make use of the following theorem, due to Titchmarsh4 
00 

If 1 an P is convergent (p >1), and if 

13m 

Sin 7rñ. an 
7r m+n+X n= - oo 

00 

where X is real and not an integer, then 
I Nn I 

p is convergent. 

§ 3. Theorem I. -The convergence of ao 

,s/2 

1+ 1 00 1 p 
-I -1 1 

an 1+ p, where p 1, 

implies the convergence of , bn I 1 +p and conversely. 

We are using the notation of § 1, with the exception of bn for bn(1). 

Then 

f'.f(t) lln= 2 J si nnrtdt, 
o 

where f(t) is Ll+P over (0, 1) and has the cosine Fourier Series 

ßa0 +Lan cos Hirt. 

* Hobson, ¿oc. cit., 599. j- Math. Ann., 97 (1926), 159 -209. 

+ Math. Zeit., 25 (1926), 321 -347. 
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By Parseval's Theorem for the product of two functions * we can sub- 
stitute, in the integral for bn , this Fourier Series and integrate term -by- 
term. We thus obtain 

and therefore 

where 

b.= a, 1- 
o 1 

- ( - 1)" - 2r ar(9t + ')(n)n r) . ir 

1 as 
liZz = - r_con+s+ 

1 GO as' v2n+1= 
s} ÿ' 

as=C[s-I-1(s>0), as=a'-2s-1(S<0), as =a_s =a2s(S. 0) . 

It is a consequence of the data of the Theorem that both of the series 

1 

I 

I 1+,, and 1, I 1 +p converge. Hence, by the particular case X= 

of Titchmarsh's Theorem, both of the series I b2,1 I 
i +, and / I b2n +1 I 

Hi' 

converge ; this leads at once to the required result. 

§ 4. Theorem II. -The convergence of 

ao(l) 1 +1 co 

implies the convergence of ,2 + I an(l) 
I 

1 +p and , 
I 

bn(l) 
I 

1 +p , if l 
is a positive rational number less than unity. 

In virtue of Theorem I, it suffices to prove the convergence of 

ao 

^/2 

1+1 +2, I 
an I 

1.+,, where p 1, 

ao(l) 
1/2 

+1 co 

1+ , I an(l) 
I i 

+1,. In the formula 

ra 
an(l) 

l Jo 
f(t) cos n¿tdt 

it is permissible, as before, to substitute the Fourier Series for f(t) and 
integrate term-by-term. In this way we obtain 

an(l) ( 7r )n ar n + rl 

where ar = a_r defines ar for negative values of r ; further, we define an(l) 
by this relation when n is negative, so that an(l) = a_n(l). By the use of 

* Hobson, loc. cit., 614 (§ 399). 
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Hölder's inequality it is obvious that the series for an(l) is absolutely 
convergent, and may therefore be deranged without altering its sum. 

Since l is rational, it is equal to s/q where s and q are positive integers 
(s< q). When r is positive, rl = m d-1c /q where fm is an integer and le is one 
of the numbers 0, 1, 2, . . . q -1; in this case we write 

ar =Am,k, a- r= A -m,k 

When m and k are integers such that m +-- k/q is not an integral 
multiple of 1, A ±m, k is defined to be zero. We have then 

g -1 
an(sl q) = 

where 

1 - - 1 m+n Yn.7,:= ) 
m= - oo 

117n, k, 
k= 

Am,k sin k 
4 

na+n+k 
q 

k=1, 2, . . . q-1) 

Yn.o -An.o; 

obviously An o vanishes except where n is an integral multiple of s, when 
we have Ats o = atg. Titchmarsh's Theorem shows that 

I yn,kll +i,<K(klq) 
I Am, kI1 +, (k =1, 2, . . . q-1), 

%b= - oa m=-o0 

where K(klq) denotes a constant depending only on k/q and p. This last 
inequality also holds for k = 0, if we take K(0) =1. 

We now have 

00` 
1 P 

Ç 

m g - 1 \1 
P 

( 
I a(s/q) I J + + 

n= - .o n= - oo k=0 / J 

g-1 00 
1+1 p # 

I Yn,k l 
)+z 

k=0 n= - oo 

/ 

1+7' 

1 P 

C {K(klg)1+P1 )1+i' 
1\ L n, k 

k=0 n= - o0 

< {L il(k/q)p l 1+P 
An k I 

1+1 

k=0 Jj k_0 n- - oo 

1 

-{K(kIq) 11+P I I 
an 1+1> 

k=0 JI lln=-ao 
which proves the theorem. 

* By Minkowski's inequality. 
t By Hölder's inequality. 
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§ 5. The restriction that l be rational was introduced in order that 
Titchmarsh's Theorem might be applied ; it seems likely that Theorem II 
is true without this restriction. 

It might be thought that the restriction could be removed by regard- 
ing an irrational l as the limit of a sequence of rational numbers, sml qma , 

where sm and qm tend to infinity with m. The proof would be complete 
if we could show that 

q -1 
K(lr /q)p finite limit as ; 

k =o 

but this would imply that 

1 
4 
-1 - K(/1107' - 0 as q->oo , 

q k =o 
and therefore that 

1 

K(x)Ddx = 0, 
0 

i.e. that K(x) is almost everywhere zero, and this is certainly not the case. 
The restriction cannot be removed by this means ; if it is unnecessary, 

some entirely different type of proof is required. 

(Issued separately March 24, 1928.) 
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Extracted from the Proceedings of the Edinburgh Mathematical Society. 
Series 2 -Vol. I.-Part 2. 1928. 

On Hardy's Theory of rn- Functions. 

By E. T. COPSON. 

(Received 16th October 1927. Read 4th November 1927.) 

§ 1. The Cardinal Function of Interpolation Theoryl is the 
function 

C¡x an 
sin 7r(x-n) 

l )=-co 7T(x-n) 

which takes the values an at the points x = n. Ferrare has recently 
proved 

CO 

Theorem 1 . If E lanlog n / and E a_,, log n /n are convergent, 

C (x) is an m function3 for m> 
This means that C (x) is a solution of the integral equation 

1 fa) sin m (x - t) (t) dt (1) 

Ferrar's proof deals with functions of a real variable and involves 
some rather difficult double limit considerations. In § 2 of the 
present paper is given a complex variable treatment, which provides 
a much more direct proof of the property in question. 

In the concluding sections,4 we show that this m- function pro - 
perty of the Cardinal Function is closely allied to the fact that it can 
be represented, under . certain circumstances, by an integral of 
the form 

C (x) = 
J 

[0 (t) cos 7rxt + (t) sin rrxt] dt. 
o 

1 This function was introduced by Prof. Whittaker, Proc. Roy. Soc. Edin., 35 
(1915), 181 -194. 

2 ibid., 46 (1926), 323 -333 ; in particular 330 -333. 

3 The theory of m- functions is due to Prof. Hardy, Proc. Lond. Math. Soc. (2), 7 
(1909), 445 -472. 

4 §§ 3, 4 have been rewritten in accordance with the valuable suggestions of 
Mr W. L. Ferrar, who kindly read the paper in manuscript. 
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§ 2. Proof of Theorem 1. 

Under the conditions of Theorem 1, the Cardinal Function Series 
is uniformly and absolutely convergent in any finite part of the 
.z- plane, and represents an integral function. Consider now 

¡' eim (z - x) 
C (z) dz J z-x 

where P is the contour formed of the segment of the real axis from 
-R to R, indented at x, and the semicircle in the upper half plane 
on this segment as diameter ; we suppose that R = N + b, where N is 
an integer, and 0 < 8 < 1. This contour integral vanishes, since the 
integrand is analytic inside and on the contour. The evaluation of 
the contour integral gives at once 

PR eima (t - x) 
C (t) dt = 7ri C (x) -I (R) 

R t-x 
where the integral on the left -hand -side is a Cauchy principal value, 
and where I (R) is the integral round the semicircle. 

Now we easily see that, if 0 < O < Tr, IC (Reef) is less than 

1 erRsiuBrlaol+ anl 
I 7r R 1 {R2 + n2 - 2Rn cos B} 1 {R2 -}- n2 + 2Rn cos M 

the series on the right- hand -side being uniformly convergent with 
respect to O. Since 

r eim (R cos 6 x) rid? sin B I (R) _ C (ReBi) iReei d6, 
o Reei -x 

Tr (R - l x l) l I(R) I/ R is less than 

Laol a 
co e(mr)R sinB 

R 1 {R2 + n2 - 2Rn cos OP 1 {R2 + n2 -+- 2Rn cos B} 

Jr 
[l 

ao 

l an l 
I 
a--7,1 

o R 1 {R2 + n2 - 2Rn cos 8}t 1 {R2 + n2 + 2Rn cos 8}1 
d9 

llaol+ 2 Ian l-I-la-nl Kr2A/Rn]Ì 
R 1 R-f-n 

where K (k) denotes the complete elliptic integral of the first kind, 
modulus k. We have here used the condition that 7n > 77-, and have 
integrated term -by -term, which is obviously valid in this case. 



131 

This inequality may be written in the form 

-I 
xIII(R)I < I 

ad+ 
2 (É]- I lla [a_nI Kr2VRn I 

R R 1 N 1 R + n 

where R = N + 8. We shall shew from this that I (R) tends to zero 
as N tends to infinity, 8 being fixed. 

Now when n > N + 1, we have 

21/Rn 21/ (N + 8) (N ]- 1) Cx 
R -}- n 2N -}- 1 -}- 8 < 1 - N2 

where C1 is a positive constant depending only on 8; since K (k) is a 
monotone increasing function of K, if 0 < k <1, we see that 

Kr21/Rni,,, lanl-I-la-nl K[1- C21 
N+1 R+8 R+n N--1 N-f-B-}-n N _ 

Now it can be easily shewnl that 

K [1 - Ñ2] /log N 

is positive and finite for all N ( > 1 ) and tends to unity as N co . 

Consequently 

E IanI +Ia -nI Kr21/Rn] IanI+Ia -nI logN 
N +1 R +n LR +n N +1 N+B-{-n 

<C2 E Ianl +Ia -nl 
logn 

N +1 fl 

-k0 as N - , 

since the two series E I a,t log n I / n and E a _ ,t log n 
I 

/ n are 
convergent. 

It is a consequence of Tannery's Theorem2 that 

IaoI 2 
N 

I and +I a -nI K 2V Rn _0 as N- co + 
7r 

E R CR +n] 

1 It is an elementary consequence of the result (given in Whittaker and Watson, 
Modern Analysis (1920), § 22.737), lira {8' - log (4 /k) } =0. 

k->0 

2 See Bromwich, Infinite Series (1926). § 49. 



132 

if we can shew that 

K 21Rn 
M CR+n] n 

where Mn is independent of R, and E M,L is convergent. But, as 
above, we may shew that 

a7zl KC21/Rn] 
R]-n 1-}-n C3 

+I a-nI log n, n 

which is sufficient for our purpose. 

We have thus shewn that, under the conditions of Theorem 1, 

I (R) 0 as N - oc , and hence that 

7 t = 
_co t- x C (t) LG 7ri Ci (x) 

where the integral on the left -hand -side is a principal value, both at 
í = x, and t = . Equating imaginary parts, we have at once, 
if m > 7r, 

r sinm(t - x) 
_ C (t) dt = r C (x); 

t -x 
the principal value sign has been omitted because t =x is a removable 
singularity, and because C (t) is an integral function finite on the 
real axis and 

Jsmn±t x -x ) 
dt 

x 

exis ts. This completes the proof of Theorem 1. 

It may be pointed out that the proof that I (R) -> 0 may be con - 
siderably shortened in the case m > 7r, by the use of the inequality 

C(Re°) 
I < R sin OR / log R 

if 0 < O <7T. But the proof by the use of this inequality fails in 
the case m = rr. 

§ 3. We have just seen that the fact that the Cardinal Function 
is a solution of the equation (1) depends chiefly upon the result that 
I (R) 0 as R -* oo the other parts of the proof being straight- 
forward deductions from Cauchy's Integral Theorem. 
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+ 1 
Ferrari has recently shown that, if E I aid P is convergent 

(p > 1), then the Cardinal Function has the definite integral 
representation 

C (x) = fo [0 (t) cos 7rxt -F- t/1 (t) sin 77-xt] dt, 

where 0 and & are each Li +ì over (0, 1). From this result we are 
able to prove, with very little trouble, that I (R) 0 as R oo , and 
thus to bring out the connection between the two properties of the 
Cardinal Function which we have noted in § 1. 

For, considered as a function of the complex variable z, C (z) is 
an integral function which remains finite as z tends to infinity in 
either direction along the real axis. In the upper half plane, we have 

z = re" 
cos 
sin Trzt 

(0 <0 <rr) 

err sin 6 . t (t > 0). 

Hence, by the use of Hölder's inequality for integrals, we have 

IC(re")I JI0I 
I 

cos wreeztldt-}-JoI0I 
I 

sin 7rreeztldt 
o 

<1 1 1,r(1-i--)rsine.t l p \ 1 ff 0 I1 
, p 1+p 

I 

0 
I1 +p dt)1+p e 

p dt rl-rp 
CJo O o l 

< Ke r sin - e (1. sin 0) 1 +p 

where K is a finite constant, since 0 and Vf are each L1 +» over (0, 1). 

We now have 

P 

II () <, RK f e-(rz-r)RsineRl+p sin 1p+p-0d0 R-IxtJo 
2RK e-2(m-7)R0/7 (2R61-1+1; d8 R 

I IJo J 

--->0, as R--> oo, if m>r. 

1 Proc. Roy. Soc. Edin., 47 (1927), 230 -242. The particular case p =1 was 

previously discussed by J. M. Whittaker, Proc. Ellin. Math. Soc. (2), 1 (1927), 41 -46. 
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We can now easily complete the proof, exactly as in § 2, of the 
following theorem: - 

i 

Theorem 1.* I f E an I + P (p> 1) is convergent, then C (x) possesses 

the definite integral representation 

C (x) = j (t) cos 7rxt + & (t) sin axt] dt 
o 

where 0 and 0 are each Li +P over (0, 1), and is an m- function for m> 7r. 

Theorem 1* is, of course, included in Theorem 1; for, by 
i 

Holder's inequality, the . convergence of E I 

t 
P i 1) implies 

_,c 
0 

the convergence of E I an log n 
I 
/ n and E 

I 
a_n log n I / n, but not 

1 1 

conversely. 

§ 4. Finally, the use of functions of class LP enables us to prove, 
by the same direct method, Theorems' 2 and 3 below. 
Theorem 2. The integrals 

f (x) = f (w) cos 
wx dw 

J a sin 

represent m functions, if -m <a < A <m, provided only that 0 (w) is 
Lv (p > 1) over (a, A). 

Theorem 3. The integral 

f (x) f : sin µ (w - x) 
(w) dw 

J 00 w -x 
represents an m function, if m> µ > 0, provided only that q (w) is 
Lv (p > 1) over (- oo , oc ) . 

1 Compare the rather similar theorems given by Hardy, loc. cit., 457, 459. 


