
 
 

 

 

 

This thesis has been submitted in fulfilment of the requirements for a 

postgraduate degree (e. g. PhD, MPhil, DClinPsychol) at the University of 

Edinburgh. Please note the following terms and conditions of use: 

• This work is protected by copyright and other intellectual property rights, 

which are retained by the thesis author, unless otherwise stated. 

• A copy can be downloaded for personal non-commercial research or 

study, without prior permission or charge. 

• This thesis cannot be reproduced or quoted extensively from without 

first obtaining permission in writing from the author. 

• The content must not be changed in any way or sold commercially in 

any format or medium without the formal permission of the author. 

• When referring to this work, full bibliographic details including the 

author, title, awarding institution and date of the thesis must be given.



Application of Optical Flow for High-Resolution Velocity
Measurements in Wall-bounded Turbulence

Alexander Nicolas

A thesis submitted for the degree of
Doctor of Philosophy

The University of Edinburgh
2023



Abstract

This thesis assesses the performance of an advanced wavelet-based optical flow
(wOF) algorithm in extracting high accuracy and high-resolution velocity vector
fields from tracer particle images in wall-bounded turbulent flows. wOF is first
evaluated using synthetic particle images generated from a channel flow DNS of a
turbulent boundary layer. The sensitivity of wOF to the regularization parameter
(λ) is quantified and results are compared to state-of-the-art cross-correlation-based
PIV. Results on synthetic particle images indicated different sensitivity to under-
regularization or over-regularization depending on which region of the boundary
layer is being analysed. Nonetheless, tests on synthetic data revealed that wOF
can modestly outperform PIV in vector accuracy across a broad λ range. wOF
showed clear advantages over PIV in resolving the viscous sublayer and obtaining
highly accurate estimates of the wall shear stress and thus normalising boundary
layer variables.

Following the validation of the wOF algorithm using synthetic PIV images ren-
dered from the DNS simulation, wOF is subsequently applied to an experimental
data acquired in a well-established flow facility referred to as a side-wall quenching
burner (SWQ) facility. This experimental facility is designed for reacting flows, but
wOF is first applied to data acquired under non-reacting flow conditions, where a jet
flow impinges onto a parallel wall, creating a developing turbulent boundary layer.
Overall, wOF revealed good agreement with results from both PIV and a combined
PIV + PTV (particle tracking velocimetry) method. However, wOF was able to
successfully resolve the wall shear stress and correctly normalise the boundary layer
streamwise velocity to wall units where PIV and PIV + PTV showed larger de-
viations. The enhanced vector resolution of wOF enabled improved estimation of
instantaneous derivative quantities and intricate flow structure both closer to the
wall and more accurately than the other velocimetry methods.

In the final investigation of the thesis, both wOF and PIV are applied to ex-
perimental PIV images from the same SWQ facility, now operated under reacting
conditions to investigate the coupling between flame-wall interaction (FWI) and
wall-turbulence. Characteristic vortex types were identified and a conditional anal-
ysis is performed to characterise the vortex dynamics and hydrodynamic influences
affecting flame quenching. The action of a dominant vortex, known as a Type 3
vortex, is predominantly to push the flame deeper into the shear layer at the wall,
leading to increased strains and heat loss which result in quenching. A flame vortex
interaction mechanism, which has only been postulated previously in the litera-
ture, is revealed explicitly for the first time. The turbulent flow field facilitating the
transport process due to this flame vortex interaction is analysed through a quadrant
analysis of the turbulent fluctuations, explicitly revealing the role of the T3 vortex in
entraining burnt gases into the reactants leading to unique thermochemical states.
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Lay abstract

In this thesis, a method of determining motion from images, known as optical flow,
is used to investigate flow physics in flows that are constrained by physical bound-
aries. The motivation is to overcome limitations from traditional methods used in
the engineering community that uses techniques known as cross-correlation-based
particle image velocimetry (PIV). A specific implementation of optical flow, known
as wavelet-based optical flow (wOF), is used to achieve high resolution and high ac-
curacy measurements that outperform traditional cross-correlation methods. wOF is
benchmarked on wall-bounded scenarios using both computer simulated and real ex-
perimental data. The final part of this thesis uses wOF to study novel flow physics
in a wall-bounded flow featuring combustion and investigates practically relevant
flame wall interactions. Phenomena that have been previously hypothesised in lit-
erature are explicitly revealed for the first time and investigated at a level of detail
never possible previously with traditional PIV correlation-based methods.
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Chapter 1

Introduction

Few physical phenomena in the world are as complex, intricate and technologically-
relevant as the turbulent motion of fluids. The fascinating character of turbulence
is matched with formidable difficulties in achieving a thorough understanding, such
that three dimensional turbulence remains one of the most complex known and
poorly understood problems in classical physics. By elucidating the intrinsic dynam-
ics of turbulent flows, researchers unlock profound insights into phenomena present
in both natural and engineered systems. The advancement of such knowledge fur-
thers design optimisation and control systems in a myriad of practical applications.
The complexity attracts a multifaceted scientific approach involving the intersec-
tion of theoretical, computational and experimental paradigms, each with their own
strengths and limitations.

The interaction between turbulent fluid flow and physical boundaries is of par-
ticular importance in a variety of engineering applications. Detailed knowledge of
the momentum transport processes in these wall-bounded turbulent flows underpins
the success of many industrial, aerodynamic and medical designs and their relevant
applications. In particular, the dynamics of the ‘boundary layer’ region in close
proximity to the wall are of major interest and have been the subject of exten-
sive research since the fundamental work of (Prandtl, 1905). Obtaining accurate
velocity measurements across the extent of the boundary layer flow is key to devel-
oping a sound understanding of the complex multi-scale mass and energy transport
phenomena present in wall-bounded turbulence.

Particle image velocimetry (PIV) is a well-known diagnostic tool used for ob-
taining velocity measurements in fluid flows and is applicable across a broad range
of flow experiments (Raffel et al., 2018). The operative principle behind calculating
velocity from PIV images involves cross-correlating image subregions between an im-
age pair to determine a statistically averaged velocity of tracer particles advected by
the flow within the subregion. Many advancements to this cross-correlation-based
approach have been incorporated, making PIV a reliable, well-established tool for
laser diagnostics in fluid dynamics (Raffel et al., 2018).

A well-known and fundamental limitation exists in PIV, however, being that the
velocity vector field is of a significantly lower resolution than the image itself. This
low-resolution limitation of PIV is fundamentally a by-product of using a window-
based cross-correlation approach for estimating the image plane motion. This draw-
back has detrimental consequences for velocity measurements in wall-bounded tur-
bulent flows, where strong velocity gradients induced by physical boundaries often

13



1

lead to inaccuracies from PIV when estimating derivative quantities and small-scale
turbulent fluctuations which are key in characterising the structure of the boundary
layer and the turbulence dynamics.

In order, to compensate for the low-resolution restriction of PIV, experimental
images have to be taken at a higher magnification which compromises the field of
view. This is particularly undesirable for boundary layer studies where resolving
velocity in close proximity of the wall is important, as well as larger scale motion
occurring in the outer boundary layer regions that is key in the organisation of wall-
turbulence (Adrian, Meinhart, & Tomkins, 2000) as well as energy and mass transfer
processes in boundary layers. It is possible to use multiple camera setups simulta-
neously at different magnifications (Jainski et al., 2013), but this complicates the
experimental setup and subsequent data processing. Other approaches attempting
to overcome the spatial resolution limitations of PIV have been proposed, such as
particle tracking velocimetry (PTV) (Stitou & Riethmuller, 2001) and single-pixel
ensemble correlation (Westerweel et al., 2004). These methods come with their own
distinct disadvantages and are discussed in detail in Chapter 2 of this thesis.

The goal of determining velocity from the image plane has been the motivation
of multiple research efforts across different communities and is part of a fundamental
overarching task known more generally as motion estimation. Despite a confluence of
interests, there has been relatively little interaction between the fields of engineering
and computer vision, where an alternative method known as optical flow (OF) was
originally proposed in the seminal work of (Horn & Schunck, 1981) for application
in machine vision. OF presents an alternative approach to extracting velocity from
the image plane as opposed to cross-correlation analysis used in PIV. The basis of
OF methods is to solve the transport equation for the image intensity brightness
patterns. The OF motion field estimates the transformation that leads one image
to evolve into the subsequent in order to conserve the total image intensity. It can
be proven that the image transformation represented by this optical flow velocity
vector field is physically related to the projected two-dimensional transport equation
of a passive scalar (T. Liu & Shen, 2008).

The resulting velocity field from OF is dense, i.e., has one vector per pixel.
Therefore, application of OF for fluid flow velocimetry has the potential to surpass
the resolution limitations of traditional cross-correlation methods used in PIV. In-
deed, previous studies using OF have previously demonstrated increased accuracy
and resolution over conventional correlation-based PIV methods (S. Cai et al., 2018;
Corpetti et al., 2006; Dérian et al., 2013; Héas et al., 2012; Yuan et al., 2007), to
name a few. Interestingly, the very earliest application of OF velocimetry can be
traced back to (Fitzpatrick & Pederson, 1988). The impressive spatial resolution
and accuracy available from OF make it an attractive tool to resolve velocity in
wall-turbulence, including key quantities such as the wall shear stress τw which is
fundamental in accurate normalisation and evaluation of boundary layer quantities.
At the same time, OF can improve estimation of small-scale turbulent fluctuations
in proximity of the wall, as well as computation of derivative quantities which yield
insight on near-wall vortical structures that are believed to play an important role
in the organisation of turbulence and mixing processes within the boundary layer
(Adrian, 2007; Herpin et al., 2010; Robinson, 1991). High fidelity near-wall velocity
measurements are particularly important in studying phenomena occurring in prac-
tical combustion systems such as engines (Drake & Haworth, 2007; L JONES, 1997)
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1.1. FLAME-WALL INTERACTION 1

and gas turbines (Huang & Yang, 2004; Stopper et al., 2013), where flames interact
with a turbulent boundary layer as part of flame-wall interaction (FWI).

1.1 Flame-wall interaction
The interaction between the wall, flame and turbulence as part of FWI features
complex and mutually coupled processes involving chemical and hydrodynamic pro-
cesses. Flames in proximity to a wall come into contact with the hydrodynamic
boundary layer from the wall. This affects flame characteristics including the prop-
agation speed and combustion reaction rate. A turbulent flow field wrinkles the
flame surface while the flame modifies the turbulence dynamics with effects of ther-
mal expansion and density changes. The wall modifies turbulent length scales and
experiences high heat fluxes from the flame, which result in strong thermal stresses
and affects material durability.

Excessive heat loss from the flame to the wall, which acts as a heat sink, can lead
to flame quenching if the reaction rate falls below the limit needed sustain the com-
bustion process. Understanding the influences leading to flame quenching is key in
improving energy efficiency by reducing unburnt fuel that is wasted when the flame
is quenched. Additional concerns from incomplete combustion including the forma-
tion of carbon monoxide (CO), nitrogen oxides (NOx) and unburnt hydrocarbons
(depending on the fuel) which cause severe environmental and health consequences
(Luo & Liu, 2018). In fuel-rich environments, the deposition of soot resulting from
incomplete combustion can coat surfaces, altering surface morphology and promot-
ing mechanical abrasion (Hasse et al., 2000). In the case of laminar wall-bounded
flames, the quenching distance has been reported as being in range of 0.17 - 0.43mm
depending on thermochemical conditions (Kosaka et al., 2018a).

Improved understanding of FWI is key in the successful development of high
efficiency engines that are downsized (Sroka, 2012) where the surface-to-volume
ratio is increased such that effects of FWI become increasingly prominent. There is
a need to study FWI to minimise environmental damage and design cleaner engine
systems and next generation powertrains that operate under new strategies such as
dilute combustion, higher power densities to produce improved emissions profiles
(Huang & Yang, 2004; Stopper et al., 2013).

Predictive modelling of combustion phenomena remains difficult due to the com-
plex interaction between combustion chemistry and turbulence dynamics. The full
solution of the generalised Navier-Stokes equations including variable density and
viscosity through direct numerical simulation (DNS) are often limited to simpli-
fied cases (Baritaud et al., 1996; T. Poinsot, 1996). Therefore, large eddy simula-
tion (LES) and Reynolds Averaged Navier-Stokes (RANS) modelling approaches are
used, a thorough description of which is too vast to summarise here, but is available
in (T. Poinsot & Veynante, 2005).

Approaching FWI using experimental laser diagnostics such as PIV is challeng-
ing due to the range of time and lengthscales involved, requiring the need for high
resolution measurements close to the wall surface. The practical complexity of the
experimental setup becomes increasingly difficult for high fidelity multiparameter
measurements. Given the complexity of practical combustion devices, experimental
studies typically use simplified geometries to study isolated features of FWI phe-
nomena in a side-wall quenching (SWQ) or head-on quenching (HOQ) configuration.
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(a) (b)

Figure 1.1: a) Head-on quenching (HOQ) of a flame propagating normal to a wall.
b) Side-wall quenching (SWQ) where a flame, stabilised by a flame holder, is prop-
agating parallel to the wall and impinges at an angle.

These simplifications also enable greater optical access in experiments and improved
investigation of relevant boundary conditions that can be used in numerical stud-
ies. The two configurations are shown in Figure 1.1. HOQ is the case when the
flame front propagates normal towards the wall. SWQ is the case of a flame front
propagating at an angle parallel to a wall.

In both SWQ and HOQ scenarios, as the flame approaches the wall it interacts
with a hydrodynamic boundary layer which is typically turbulent in practical com-
bustion systems. The unique flame flow interaction will modify the mass and energy
transfer transfer processes in wall-turbulence, as well as have implications on flame
behaviour. Thus, resolving the underlying turbulent flow dynamics is a fundamental
component in developing understanding of the very complex set of physical processes
involved in FWI. The following literature review summarises both experimental and
numerical studies considering flow dynamics in reacting turbulent boundary layers,
followed by a summary of the open questions in this area. Studies that are not
directly related to flow dynamics and focus predominantly on chemical kinetics or
heat transfer are not included in the following. Relevant literature on these aspects
can be found in references of the FWI review articles of (Dreizler & Böhm, 2015;
Luo & Liu, 2018).

1.2 Literature review of flow dynamics in flame-
wall interaction

Among the first FWI investigations can be traced back to the work of (Cheng et al.,
1981). The experimental setup involved a premixed hydrogen air that was ignited
in a channel flow using heating strips. Rayleigh scattering was used for density
measurements combined with velocity measurements from laser doppler velocime-
try (LDV). Even from these early experiments, the influence of combustion on the
velocity was notable as a significant decrease in the intensity of velocity fluctuations
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observed in the presence of the flame front. This was attributed to the decreased
density of the burnt gas and thus a lower effective Reynolds number.

A similar reacting channel flow setup was investigated in (Ng et al., 1982) using
LDV and high-speed schlieren photography. Results indicated that the presence
of combustion greatly reduced the magnitude of the Reynolds stresses and kinetic
energy production. The authors noted however that both density fluctuations and
other terms in the turbulent kinetic energy (TKE) transport equation that were
not measurable in the study are likely to play a role. An additional contribution
of (Ng et al., 1982) was the visualisation of the large scale flame structures in the
boundary layer from schlieren imaging. These large scale structures were observed to
be linked to the combustion process with reaction zones occurring in the structures
themselves.

The DNS study of (T. J. Poinsot et al., 1993) accounted for variable density and
viscosity but was limited to 2D. This work investigated FWI using both laminar
and turbulent simulations, with the turbulent test case using a ‘shear-free’ boundary
layer. This is equivalent a frame of reference that is moving with the mean flow.
Concentrated regions of positive vorticity were observed to attract regions of the
flame closer to the wall, while negative vorticity would repel the flame away from
the wall.

Fully three dimensional evidence of the importance of these interactions between
the flame and the flow dynamics became available in the 3D DNS of (Bruneaux et
al., 1996), which assumed constant density and variable viscosity. Large-scale horse-
shoe vortices, which are characteristic feature in non-reacting boundary layers, were
identified through the local pressure field topology and observed to push the flame
closer to the wall, increasing the local heat flux. On the opposite side of the vortex
the fresh gases were lifted up into protruding ‘tongue’ or ‘finger’ like structures.
similar structures have been observed in experiments of (Richard & Escudie, 1999).
Interestingly, the existence of these protrusions showed a high indication that a
local quenching event is present nearby. Downstream of the quenching point, the
burnt gases feature higher viscosity that damps turbulence to the extent that a new
laminar boundary layer forms.

The interaction between the flow dynamics and flame front was investigated more
directly in the DNS study of (T. Alshaalan & Rutland, 2002) with variable density
and constant viscosity. Downward fluctuation of the flame front towards the wall
would either cause a low speed velocity streak or moderate a high speed streak in the
flow. Low speed velocity streaks decrease flame stretch and increase the wall heat
flux, while high speed streaks would create the opposite effect. Sufficiently strong
vortices, with strength defined as the vortex circulation, were able to push the flame
towards the wall, while weak vortices were found to have little effect. Using an
indirect measure of vortex presence based on the fluctuation of the vertical velocity
component, this study found that vortices were key in modifying the heat flux to
the wall through the action of pushing the flame.

The study of (T. Alshaalan & Rutland, 2002) also reported that the flame had
a significant effect on the Reynolds stresses. Using the quadrant analysis scheme
of (Wallace et al., 1972), the flame was found to have a strong influence of the
directional distribution of the velocity fluctuation, and therefore the sign of the
Reynolds stress term. It was found that the probability for Q1 and Q3 events
(where both fluctuating velocity components have the same sign, either positive or
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negative) increased significantly in the reaction zone. Conversely, the probability
of Q2 and Q4 events decreased in the reaction zone but were more likely closer
to the wall in the unburnt gases. Quadrant analysis will be described in detail in
Chapter 2. However, the change from Q2 and Q4 processes, which are dominant
in a non-reacting boundary layer (Spalart, 1988), to Q1 and Q3 is indicative of a
very different set of momentum transfer processes occurring in the reacting case.
The increased probability of Q1 and Q3 events makes the production term P from
the TKE transport equation become negative. This change results in TKE being
removed, thus heat release from the flame was suppressing turbulence.

The detailed work of (Gruber et al., 2010) used a much larger domain and
more detailed chemical kinetics to more accurately model flame quenching distances
and local wall heat flux. Variable density and viscosity are assumed. The larger
domain enabled a more comprehensive characterisation of the flame, vortex and
heat transfer interactions. Using a method of vortex detection known as the Q
criterion (Hunt et al., 1988), a variety of vortical structures were identified both in
the burnt and unburnt gas regions. The effect of the flame was to cause an increase
in the characteristic lengthscale of these vortical structures in the burnt gas region.
The length and timescales were observed to decrease with decreasing distance from
the wall, confirming prior observations from (T. M. Alshaalan & Rutland, 1998;
Bruneaux et al., 1997). The fluctuations in heat flux at the wall were also discovered
to be highly correlated with the action of these vortical structures which push the
flame either toward or away from the wall inducing large gradients in heat flux.

The experimental investigation of (Jainski et al., 2018) was a pivotal experimen-
tal work in FWI flow research. A key contribution was the application of quadrant
analysis at different downstream locations of a side-wall quenching (SWQ) burner
setup. The flame front was found to cause a significant increase of the Reynolds
stresses in Q1 and Q3 quadrants. This trend is in agreement with the analysis of
quadrant probability (T. Alshaalan & Rutland, 2002), where the influence of the
flame causes a change from Q2/Q4 quadrants to Q1/Q3 quadrants indicating that
a typical source term in non-reacting turbulent boundary layers becomes a sink of
turbulent kinetic energy in the reacting case.

Experimental studies investigating vortex dynamics in FWI first appeared in a
recent experimental work from (Zentgraf et al., 2021). By identifying vortical struc-
tures using the 2D form of the Q criterion, this work was the first experimental study
to observe the presence of vortical structures interacting with the flame producing
changes in flame topology. Vortical structures were observed to induce a change in
flame topology from HOQ to SWQ states prior to quenching. The flame was found
to exist approximately 50% of the time in either an HOQ or SWQ state, alternately
quickly between the two.

Based on measurements using dual-pump coherent anti-stoke raman spectroscopy
(DP-CARS), an interesting conclusion was the existence of unique thermochemical
states involving burnt gas products (CO2) at low temperatures (<450 K) existing
near the wall. This state is not present under laminar conditions (Zentgraf et al.,
2022). The authors of (Zentgraf et al., 2021) postulated that a flame-vortex inter-
action mechanism, illustrated in Figure 1.2, is responsible for this effect. A vortex
is hypothesised to transport burnt gas, initially downstream of the flame quenching
point, through gap between the flame tip and the wall. During this passage, the
burnt gas fluid would cool due to heat loss at the wall and would mix with fresh
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reactant gases upstream of the quenching location.

Figure 1.2: Schematic of the transport phenomenon proposed by (Zentgraf et al.,
2021).

This flame-vortex interaction mechanism was investigated in a recent simulation
study from (Steinhausen et al., 2023). A vortical structure, identified from elevated
regions of the Q criterion, was found to be present downstream of the flame tip.
This vortical structure was seen to move with the flame downstream in close prox-
imity of the flame tip. This was observed very frequently (>80% of the time) and
results from the numerical study support an entrainment mechanism of the hot ex-
haust gases to the colder unburnt gas region upstream of the flame tip. Based on
this mechanism, an extension to previous Quenching Flamelet-Generated manifolds
(QFM) (Efimov et al., 2020; Steinhausen et al., 2021) was proposed to include this
mixing effect, termed QFM with exhaust gas recirculation (QFM-EGR). A priori
validation of this improved manifold showed significant improvements in the pre-
diction of thermochemical states near the wall over previous models, demonstrating
the importance of resolving the flow dynamics that facilitate the transport processes
occurring in FWI.

1.2.1 Open questions
It is evident in the existing literature that there is a general deficiency of detailed
experimental investigation of the turbulent flow dynamics involved in FWI beyond
the works of (Jainski et al., 2018; Zentgraf et al., 2021). Several open scientific
questions of immediate relevance are:

• Vortex dynamics The existence of vortices involved in FWI is based on ele-
vated regions of Q criterion. While this criterion can indicate vortical motion
in the flow, the actual vortex vector field of the flame-vortex interaction pos-
tulated by (Zentgraf et al., 2021) has never actually been proven or explicitly
revealed. Directly analysing the vortical flow field by adopting a Lagrangian-
like perspective moving with the flow is key in furthering understanding of
flame-wall-vortex interactions. Analysis of the explicit vortex flow field itself
is needed to investigate whether the vortical flow topology is indeed capable
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of facilitating transport of the burnt gases to the unburnt gas region. Gen-
eral properties of the hypothesised flame-tip vortex such as its strength, or
time-history remain completely unknown.

• Quenching phenomena The contribution of possible mechanisms leading
to flame quenching in FWI is unknown. Hydrodynamic strain in particular
has been known to quench flames (T. Poinsot et al., 1991) by stretching the
flame front beyond the limits needed sustain combustion. While species and
heat flux measurements are beyond the scope of this work, understanding the
transport process involving expected species such as CO and uncombusted hy-
drocarbons (dimethyl ether in the present case) will aid future investigations
focusing on thermochemical aspects. The proximity of the flame front in the
high shear region close to wall may support straining the flame sufficiently
to support quenching. Investigating the potential of the vortex to push the
flame towards the wall, leading quenching through excessive heat loss is ad-
ditionally important in developing understanding of the complex multiphysics
phenomena present in FWI. The action of vortices pushing the flame has been
qualitatively reported in the studies discussed in the literature review, however
a direct assessment of this correlation in experimental data is missing.

Satisfactorily answering these questions in their entirety is a formidable chal-
lenge that will take the collaboration of several research efforts beyond the scope
of the current work. Highly resolved velocity measurements of the hydrodynamic
phenomena occurring close to the wall during FWI can be achieved using OF. De-
spite its capabilities, only a few applications of OF for velocimetry in wall-bounded
flows exist in the literature (S. Cai et al., 2019; Gevelber et al., 2022; Kähler et al.,
2016; Kapulla et al., 2011; Ruhnau & Schnörr, 2006; Stanislas et al., 2005; Stark,
2013). Such studies primarily use wall-bounded environments as test cases for other
aspects of the specific OF algorithms and limit investigations to velocity profiles. A
thorough evaluation of OF to resolve a turbulent boundary layer is missing. Further-
more, analysis of derived quantities such as the wall shear stress as well as evaluation
of the accuracy and effect on resolution of the inner-scaled turbulent boundary layer
quantities in a canonical non-reacting boundary layer is absent in the literature.

Variational OF techniques involve selection of a scalar regularization parameter
that is typically determined empirically. Regularization imparts a degree of spatial
regularity to the estimated flow field that suppresses non-physical noise and provides
closure to the optical flow problem. Correct selection of the regularization parameter
λ is key in obtaining accurate velocity fields that accurately resolve fine-scale motion
without excessive damping or smoothing of velocity gradients. This is especially
important in measuring gradient quantities near the wall, where the discontinuity in
motion at the wall can be particularly susceptible to the smoothing effect inherent
in regularization (Aubert et al., 1999; Black & Anandan, 1996; Kalmoun, 2018;
Weickert & Schnörr, 2001). To the best of the authors’ knowledge, other works
exploring or discussing this parameter in the context of fluid velocimetry are limited
to those of (S. Cai et al., 2018; Corpetti et al., 2002; Heas et al., 2013; Kapulla et al.,
2011; B. E. Schmidt & Sutton, 2020; Stark, 2013). None of these, however, have
investigated the sensitivity of λ specifically in relation to near-wall measurements in
wall-bounded flows. Thus, validation of the applicability of OF for velocimetry in
traditional wall-turbulence is a necessary prerequisite to its application in a reacting
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turbulent boundary layer.

1.3 Objectives of current work
The aim of this thesis is to advance the measurement of velocities in turbulent
wall-bounded flows using optical flow and use its unique attributes to shed light
on some of open questions in FWI phenomena described in the previous section.
A description of the relevant theory behind turbulent boundary layers, PIV and
generic optical flow is presented in Chapter 2. Chapter 3 describes the specifics of
an advanced wavelet-based optical flow (wOF) method dedicated to highly accurate
measurements in turbulent flows.

The results of the thesis are then organised into two main themes, starting with
validation in Chapter 4. The performance of wOF in obtaining highly resolved and
accurate measurements of velocity and derived quantities such as the wall shear
stress in turbulent wall-bounded flows is compared with industry state-of-the-art
PIV cross-correlation algorithms. wOF is first evaluated using synthetic particle
images generated from a channel flow DNS of a turbulent boundary layer. The
influence of regularization on velocity results and normalised boundary layer quan-
tities is investigated to understand the effect of this parameter. wOF is subsequently
applied to experimental data acquired in the well-established SWQ burner flow fa-
cility that was used in the experimental work of (Jainski et al., 2018; Zentgraf et al.,
2021). This experimental facility is designed for reacting flows, but wOF is first
applied to data acquired under non-reacting flow conditions, where a jet flow im-
pinges onto a parallel wall, creating a developing turbulent boundary layer. Results
are compared to correlation-based PIV processing to validate the use of wOF as an
alternative technique in the study of turbulent wall-bounded flows.

Following validation, both cross-correlation PIV and wOF are applied to ex-
perimental PIV images from the same SWQ facility, now operated under reacting
conditions to investigate the described research questions in FWI. The role of vor-
tices in mechanisms of flame-quenching is investigated, together with contributing
effects from hydrodynamic strain that is present due to the shear layer from the
wall. Quadrant analysis of the velocity fluctuations is applied to investigate the
dominant momentum transport processes associated with the hypothesised tip vor-
tex transport mechanism postulated by (Zentgraf et al., 2021) and supported by
(Steinhausen et al., 2023). Conclusions of the thesis are presented in Chapter 6.
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Chapter 2

Theory

2.1 Wall-bounded turbulent flow
The canonical case of a turbulent boundary layer developing across an infinite flat
plate is shown in Figure 2.1. An initially laminar flow travelling at U∞ in the
x1 direction impinges on the leading edge of a flat plate at (x1, x2) = (0, 0). A
boundary layer region forms where large viscous shearing forces act on the flow due
strong velocity gradient created by the no-slip condition U = (U1, U2, U3)T = 0
at the wall. The boundary layer thickness η(x1) grows in the x1 direction. An
average boundary layer thickness for a given streamwise location is often defined
using the mean streamwise velocity ⟨U1⟩ based on the wall-normal location (x2)
where ⟨U1⟩ = 0.99U∞. This gives a common metric known as the δ99 boundary
layer thickness. Other integral measures based on the boundary layer displacement
or momentum thickness are also similarly common. As such, different Reynolds
numbers in wall-bounded flows can be defined depending on the choice of length
and velocity scales. One possible option is:

Rex1 = U∞x1

ν
(2.1)

where ν is the kinematic viscosity and x1 is the downstream distance from the
leading edge.

Figure 2.1: Schematic of a turbulent boundary layer over a flat plate.

Immediately downstream from the leading edge the boundary layer flow field is

22



2.1. WALL-BOUNDED TURBULENT FLOW 2

laminar. The boundary layer continues to develop downstream of the leading edge,
eventually beginning a transition to turbulence at a critical Reynolds number Rec.
The exact value of Rec is highly dependent on the degree of flow disturbances in
the free stream (Schlichting & Gersten, 2016) but is in the range of Rec ≈ 106

(Pope, 2000). Beyond the transitional stage Rex1 >> Rec the boundary layer
reaches its fully developed turbulent state. In experimental investigations, various
methods such as wires placed across the flow can be used to trip the initially laminar
boundary layer and promote transition to turbulence sooner than in a naturally
developing boundary layer (Arnal & Michel, 2012; Kachanov, 1994). Alternatively,
the incoming flow field U∞ over the wall can already be prior made turbulent using a
turbulence grid (Jainski et al., 2018; Zentgraf et al., 2021). The turbulent boundary
layer edge η defines a spatiotemporally evolving intermittent interface between the
turbulence contained within the boundary layer and the outside region where the
flow travelling at U∞ is laminar. Outside the boundary layer region delineated by
η, the influence of viscosity near the wall can be largely neglected and thus inviscid
flow theory approximations are suitable.

Assuming a constant density ρ and kinematic viscosity ν with negligible body
forces, the instantaneous momentum transport equation of a flow is given by the
following form of the Navier-Stokes equations:

∂Ui

∂t
+ Uj

∂Ui

∂xj

= −1
ρ

∂p

∂xi

+ ν
∂Ui

∂xj∂xj

(2.2)

where Ui, i = 1, 2, 3 is the instantaneous velocity component associated to spatial
direction xi. Turbulent flows are frequently modelled using the Reynolds decompo-
sition:

Ui = ⟨Ui⟩ + ui (2.3)
where ⟨·⟩ represents the ensemble averaging operator. This decomposition sepa-

rates an instantaneous velocity Ui into an averaged mean ⟨Ui⟩ component, which is
time-constant if the flow is steady, together with the fluctuating velocity ui, where
⟨ui⟩ = 0 necessarily. Substituting equation 2.3 into 2.2 produces the well-known
Reynolds-Averaged Navier-Stokes (RANS) equation:

∂⟨Ui⟩
∂t

+ ⟨Uj⟩
∂⟨Ui⟩
∂xj

= −1
ρ

∂p

∂xi

+ ν
∂⟨Ui⟩
∂xj∂xj

− ∂⟨uiuj⟩
∂xj

(2.4)

The additional term ⟨uiuj⟩ requires closure or modelling to solve the above.
Equation 2.4 can be alternatively arranged to produce this term in the form −ρ⟨uiuj⟩,
which is interpretable as a stress, hence the name Reynolds stresses.

Assuming the flow is statistically two-dimensional and bounded by quiescent
flow (∂p/∂xi = 0), together with the assumptions in equation 2.2, the streamwise
momentum transport equation is given by (Pope, 2000):

⟨U1⟩
∂⟨U1⟩
∂x1

+ ⟨U2⟩
∂⟨U1⟩
∂x2

= ν
∂2⟨U1⟩
∂x2

2
− ∂⟨u1u2⟩

∂x2
(2.5)

This is coupled with the no-slip condition at the wall U = 0 at x2 = 0. In the
present work, indices i = 1, 2, 3 will always denote the in-plane streamwise (i = 1),
wall-normal (i = 2) and out-of-plane (i = 3) directions. The properties of the
mean boundary layer flow field ⟨Ui⟩ are next presented, followed by the structure of
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the turbulent velocity fluctuations (ui) and the dynamics of the coherent structures
present in wall-bounded turbulence.

2.1.1 Properties of the mean flow field
The structure of the turbulent boundary layer is commonly delineated based on
regions primarily dominated by either viscous stresses (the viscous sublayer) due
to the influence of the wall, turbulent Reynolds stresses (the logarithmic region)
or influenced by both (the buffer layer). To evaluate and facilitate comparison of
these different regions between theoretical, numerical and experimental results, the
boundary layer mean streamwise velocity ⟨U1⟩ and wall-normal distance coordinate
x2 are typically normalised to the so-called wall units:

u+ = ⟨U1⟩
uτ

(2.6)

y+ = x2
uτ

ν
(2.7)

The key variable involved in the nondimensionalisation is the friction velocity
uτ , defined as:

uτ =
√
τw

ρ
(2.8)

where τw is the mean wall shear stress:

τw = µ
∂⟨U1⟩
∂x2

|x2=0 = µγ (2.9)

where µ is the dynamic viscosity (µ = νρ). Normalising ⟨U1⟩ velocity profiles to
wall units collapses trends from different wall-turbulence datasets onto a common
curve depicted in Figure 2.2 where the abscissa is plotted in semilog scale. The
distinct regions of the curve are discussed below.
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Figure 2.2: Depiction of u+, y+ in a canonical turbulent boundary layer.

The viscous sublayer (y+ < 5) is the flow region in closest proximity to the wall
where the influence of fluid viscosity dominates over the Reynolds stresses. The
variation of u+ with y+ in this region can be shown to be linear (u+ = y+) to first
order, until y+ = 5. This result, dating back to (Prandtl, 1925), is part of the result
referred to as the law of the wall in literature (Pope, 2000; Schlichting & Gersten,
2016) and is generally believed to be universal for wall-bounded flows with constant
physical properties. Beyond y+ = 5, higher order terms in the full expansion of the
law of the wall begin to have influence (Townsend, 1976).

The buffer layer is a region involving competitive balance of both the viscous
shear caused by the strong velocity gradient near the wall, against the Reynolds
stresses. Unlike the viscous sublayer and logarithmic law region, there is no known
explicit expression for the buffer layer region. Its extent is typically defined from
5 ≤ y+ < 30 (Pope, 2000). The buffer layer features the highest turbulence in-
tensity together with coherent flow structures affecting momentum transport and
redistributing turbulent kinetic energy (TKE) in the boundary layer.

Beyond y+ ≥ 30, the Reynolds stresses dominate over the viscous shear stresses.
This logarithmic law (log-law) region is typically described with the relation u+ =
ln (y+)+β using constants κ = 0.41 and β = 5.2 (Pope, 2000). The upper bound y+

extent of the logarithmic law region is Reynolds number dependent, with a greater
range of the log-law existing at higher Reynolds numbers. The log-law region is
generally assumed to be universal in turbulent boundary layer, although the κ and
β parameters become modified in the presence of surface roughness effects, pressure
gradients and other flow specific features (Smits et al., 2011). Some controversy
about the log-law remains in the turbulence community, and arguments have been
advanced that the log-law does have a Reynolds number dependence and therefore
lacks the previously assumed universality (Barenblatt & Monin, 1979; George &
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Castillo, 1997; Long & Chen, 1981). It is generally agreed1 however that the log-
law is still a good description of this boundary layer region for a broad range of
wall-bounded flows (George, 2006, 2007).

The combined extent of the viscous sublayer, buffer layer and logarithmic region
is part of the inner layer of the boundary layer. The extent of the inner layer is
Reynolds number dependent but is commonly quoted as x2/δ ≈ 0.1 (Pope, 2000).
The outer boundary layer is the region between y+ > 50 and the edge of the bound-
ary layer δ+ = δuτ/ν where effects of viscosity on the mean velocity ⟨U1⟩ can be
neglected.

The outer layer overlaps with the inner layer in the log-law region. Similarly to
how normalisation to u+, y+ wall units used uτ as an inner velocity scale, a different
outer scale based on U∞ for can be used as part of the velocity defect law (Coles,
1956). This collapses streamwise profile curves onto a common curve for the outer
layer valid for part of the logarithmic region up until the edge of the mean boundary
layer thickness δ99. The overlap between the log-law region and the defect law region
is sometimes termed the overlap region (Millikan & Laboratory, 1938).

2.1.2 Turbulent flow structure
Embedded within the streamwise momentum of the mean boundary layer flow, var-
ious distinct persistent flow patterns exist within wall-turbulence. These organised
turbulent flow motions or turbulent coherent structures (Kline & Robinson, 1990) are
central to momentum transport and energy production and dissipation processes in
boundary layers. A great deal of research over the last half century has been devoted
to studying the organisation of turbulence within boundary layer. Different models
attempt to describe phenomena in wall turbulence in terms of more elementary in-
teractions between individual coherent structures. The structural characteristics of
these flow features have been detailed in the extensive review articles of (Cantwell,
1981; Kline & Robinson, 1990; Robinson, 1991). These include flow features such
as:

• Ejections of low-speed streaks of fluids upwards and against the mean flow
direction. An unstable lifting and subsequent breakdown of the low-speed
ejection region itself can also take place in a process termed bursting (Kline
et al., 1967). Ejections (known as Q2 events) tend to occur in groups.

• Sweeps of high-speed fluid downward towards the wall in the mean flow di-
rection. This can include inrush of fluid from the outer boundary layer region.
These sweeps are also known as Q4 events and frequently occur after a Q2
event although have a lower velocity than the Q2 event (Adrian, 2007).

• Vortical structures of various types. The swirling axes of the vortical
structures can be oriented in the streamwise direction (i.e., parallel to the
mean flow) creating a counter-rotating vortex pair or roll (Bakewell Jr &
Lumley, 1967; Blackwelder & Haritonidis, 1983). Other vortices have their
axes in their spanwise direction (normal to the x1-x2 plane).

1A thorough review of the controversy between proponents of the log-law versus a proposed
power law can be found in the appendix of (Örlü et al., 2010).
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• Shear layers: Inclined shear layers near the wall. These are sometimes formed
from the intersection of a Q4 event above a Q2 event (Adrian, 2007). The shear
layers can also roll-up to form vortices.

• Large scale motions on the order of the boundary layer thickness δ. These
are also referred to as turbulent bulges (Falco, 1977).

Coherent vortices are of particular importance due to their ability to transport
momentum in the boundary layer. Any vortex with its axis not directly perpendic-
ular to the wall will induce transport across the mean streamwise velocity gradient
(Robinson, 1991). It will be presented how the induced turbulent flow field from
these vortical motions is a major mechanism behind the production of turbulent
kinetic energy (TKE) production in the boundary layer.

Although the strict and universally accepted definition of a vortex can be a
debatable topic in turbulence research, a commonly adopted definition in boundary
layer research was provided by (Robinson et al., 1989): “A vortex exists when
instantaneous streamlines mapped onto a plane normal to the vortex core exhibit a
roughly circular or spiral pattern, when viewed from a reference frame moving with
the centre of the vortex core”. Although other definitions are possible (Blackwelder
& Swearingen, 1990; Lugt, 1979), this definition is particularly relevant for boundary
layers since vortices and other coherent structures are convected by the streamwise
momentum of the boundary layer. Therefore, to a stationary observer, the vortices
embedded in the flow appear as velocity gradients, while assuming a Lagrangian
reference frame of the convecting vortex reveals the full vortex circulation. This
aspect is detailed in an example with 2D velocity measurements using Particle Image
Velocimetry (PIV) in a non-reacting turbulent boundary layer shown below.

2.1.2.1 Vortices

Figure 2.3 below shows experimental planar velocity measurements from PIV in a
non-reacting turbulent boundary layer experiment presented in detail later in this
thesis. Briefly, the turbulent boundary layer flow is in the upward direction and
the wall is at the left side at x2 = 0mm and the FOV is of size: (∆x1,∆x2) =
(10.9,10.6)mm. The FOV begins at x1 =42.4mm from the leading edge of a flat
plate which is placed at the outlet of a turbulent jet. The figure shows the velocity
field magnitude |U| =

√
U2

1 + U2
2 with streamlines of the instantaneous velocity field

U = (U1, U2)T.
A low velocity region is expectedly present in the vicinity of the wall. Some

velocity gradients separate this region from the freestream at ≈3m/s. Above x2 >
8mm, there is a slight wake region from a ceramic rod used as a flame holder in the
reacting operation experiment. The flow field represents that viewed in a stationary
reference frame, such as the camera or laboratory reference frame. Velocity gradients
are present but no vortical pattern is apparent in the streamlines.
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Figure 2.3: Instantaneous flow field magnitude |U| from a non-reacting turbulent
boundary layer.

An observer linearly translating in the streamwise direction with the flow at a
speed U1,g would observe a different velocity field given by UG = (U1 − U1,G, U2).
Subtraction of the constant velocity value U1,G changes the reference frame from one
of stationary observer to a Lagrangian point of reference moving with the flow. This
is exampled in Figure 2.4 where different streamwise values of U1,G = [1.5, 2, 3]m/s
are subtracted from the flow field in Figure 2.3.
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Figure 2.4: Vortices visualised by Galilean decomposition using different convection
velocities U1,G. Colour scale denotes the respective velocity magnitude |U|.

Subtraction of U1,G in Figure 2.4 (left) produces a distorted vortical pattern
in proximity of the wall. This structure has partially closed streamlines and does
not resemble a full vortex circulation. Subtraction of the correct vortex convection
velocity at U1,G = 2m/s, i.e., the velocity at or near the vortex core centre, produces
the closed-streamline flow field in Figure 2.4 (middle) confirming a vortex as per the
definition of (Kline & Robinson, 1990). The vortex in Figure 2.4 left and Figure 2.4
middle is actually the same dynamic phenomenon, however, it is observed differently
depending on the frame of reference. The closed-streamline pattern of Figure 2.4
middle confirms that U1,G is at or at least very near the convection velocity of
the vortex core. This results in the vanishing velocity magnitude UG ≈ 0 at the
vortex centre. Increasing U1,G further to 2.5m/s in Figure 2.4 (right) reveals several
different vortices further away from the wall. The region of the FOV where a vortex
was visualised with U1,G = 1.5, 2m/s has disappeared.

This method of subtracting a constant flow field value is termed Galilean decom-
position (Adrian, Christensen, & Liu, 2000) and is commonly exampled in boundary
layer studies to verify if a true vortex is present (Adrian, Meinhart, & Tomkins, 2000;
Jodai & Elsinga, 2016; Natrajan et al., 2007; Y. Wu & Christensen, 2006). Since
one convection velocity U1,G is selected, only vortices advecting at or sufficiently
near that convection velocity are revealed. Therefore, to reveal every vortex present
a range of convection velocities must be tested and the resulting vortical flow fields
detected cannot all simultaneously observed in a common frame of reference. The
Navier-Stokes equations are Galilean invariant (Pope, 2000) therefore there is no
immediate advantage of preferring one reference frame over another.

Decomposition methods in general seek to separate the flow field into the com-
ponent including the vortex itself, and a background component that is advecting
the vortex. The superposition of the two fields; the vortical flow, together with
the underlying convective flow recovers the full instantaneous flow field viewed by
a stationary observer. Other decomposition methods to subtract the background
component include frequency filtering schemes (Clark & Kook, 2018), proper or-
thogonal decomposition (POD) or its variations such as spectral POD, and Large
Eddy Simulation filtering schemes (Adrian et al., 2000) for example. The classical
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Reynolds decomposition is another method of revealing the flow field as observed
in a reference frame moving with the mean flow. This has been shown to reveal a
broad range of vortices in non-reacting boundary layers (Adrian, Christensen, & Liu,
2000), since many vortices have a convection velocity broadly similar to the local
mean (Elsinga et al., 2012). The resulting fluctuating field ui also has the advantage
of producing directly interpretable turbulence quantities such as the Reynolds stress
−ρ⟨uiuj⟩.

2.1.2.2 Galilean invariant vortex detection

Rather than relying on the vector field topology, kinematic flow quantities can be
used to identify local regions of vortical motions embedded within the flow. The use
of vorticity Ω = ∂U1/∂x2 − ∂U2/∂x1 has been widely used to detect vortex cores in
free shear flows (Bisset et al., 1990; Metcalfe et al., 1987). However, in the case of
many wall-bounded flows, the background shear due to the wall (∂U1/∂x2) can be
comparable to the vorticity magnitude in the vortex, resulting in it being masked
(Jeong & Hussain, 1995). Thus, the vortex core, may not always be sufficiently
detectable from the instantaneous vorticity Ω alone. The relationship between strong
vorticity and actual vortices convected by the boundary layer flow has therefore been
described as being rather weak, particularly in the near-wall region (Robinson et al.,
1989). Vorticity can also assume increased values and not indicate a vortex. This
effect is clearly evident in solutions of the so-called ‘blasius’ laminar boundary layer
(Blasius, 1907), where the wall-normal Ω distribution peaks at the wall but no
coherent structure or vortex is ever present.

Galilean invariant vortex identification methods, such as the well-known Q crite-
rion (Hunt et al., 1988), λ2 criterion (Jeong & Hussain, 1995), ∆ criterion (Cucitore
et al., 1999) and swirling strength (λci criterion) (Zhou et al., 1999), are therefore
preferred to detect vortical structures being advected by the flow. These techniques
detect regions of vortical motion in a manner which, in principle, is independent of
the reference frame the method is used in. With the exception of the λ2 criterion,
the other criteria can in fact all be expressed in terms of the components available
from the swirling strength λci (P. Chakraborty et al., 2005) which has been used
extensively in pioneering wall turbulence studies including (Adrian, Meinhart, &
Tomkins, 2000; Christensen & Adrian, 2001; Gao et al., 2011; Natrajan et al., 2007;
Y. Wu & Christensen, 2006; Zhou et al., 1999).

The swirling strength is derived from the eigenvalue decomposition of the velocity
gradient tensor ∇U:

∇U =



∂U1

∂x1

∂U1

∂x2

∂U1

∂x3

∂U2

∂x1

∂U2

∂x2

∂U2

∂x3

∂U3

∂x1

∂U3

∂x2

∂U3

∂x3


(2.10)

If the flow contains a locally spiralling motion, this corresponds to the charac-
teristic equation of the velocity gradient tensor ∇U having a real eigenvalue λr and
complex conjugate pair λcr + iλci, where i is the imaginary number. The imaginary
component of the complex conjugate pair is the swirling strength λci with λci > 0,
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representing the strength of local swirling motion inside the vortex. The orbital
period of one revolution following a streamline around the vortex is given by 2π/λci.
Therefore, the higher the value of λci, the faster a massless tracer completes a revo-
lution around the vortex axis and the stronger the vortex. This has the advantage of
giving the swirling strength a clear kinematic interpretation. Additionally, it is pos-
sible to optionally determine further properties of the vortex from the ratio λcr/λci

termed the inverse spiralling compactness (P. Chakraborty et al., 2005) which is a
measure of the radial distance traversed by a massless tracer during one revolution
around the vortex. A visual interpretation of these quantities is available in (P.
Chakraborty et al., 2005; Haimes & Kenwright, 1999). In full 3D measurements
where ∇U is a 3 × 3 matrix, it is possible to determine the swirling axis of the
vortex from the eigenvector vr associated to the real eigenvalue λr. In 2D planar
data, only a 2×2 matrix subset of ∇U is available therefore determining the true
orientation of the vortex swirling axis in 3D space is not possible.

In 2D, some minor differences between the Q, ∆ and λci criteria result due to
slightly different weightings of divergence (∂Ui/∂xi) terms when the 2D form of
each is derived. In general, very similar results are obtained in 2D from any of
the mentioned derivative-based vortex detection methods because of the similarity
of their respective 2D equations as discussed in (Q. Chen et al., 2015). Generally,
swirling strength can be considered the most lenient in 2D, i.e., accepts more vortices
while the Q criterion is the strictest and rejects weaker vortices.

The swirling strength λci, calculated from the instantaneous velocity field U, is
shown for the example from Figure 2.4. The 3 vortices revealed in the two previ-
ous Galilean decompositions (U1,G = 2, 2.5 m/s) are overlaid. The vortex centres
(regions of vanishing velocity magnitude) closely coincide with local maxima of the
swirling strength field. As demonstrated in Figure 2.4, varying the the translation ve-
locity U1,G changes the observed vortex position slightly. If U1,G was selected based
on the pointwise instantaneous velocity at local maxima of the swirling strength
field, the overlap of the vortex cores with swirlings strength patches would be in
direct alignment, as also exampled in studies such as (Adrian, Christensen, & Liu,
2000; Adrian, Meinhart, & Tomkins, 2000). Note however, that only 2 of the 3
vortices can be visualised in the same frame of reference but all three are overlaid
simultaneously in Figure 2.4.
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Figure 2.5: The swirling strength λci calculated for the previous velocity field in
Figure 2.4). A local Galilean decomposition is visualised around three regions of
λci.

Aside from the vortex core itself, the surrounding flow motions organised around
and induced by a vortex are key in the energy transport processes in the bound-
ary layer. Several conceptual models of elementary vortex structures such as the
attached eddy hypothesis (Townsend, 1976) and hairpin or horsehoe vortex model
(Adrian, 2007; Adrian, Meinhart, & Tomkins, 2000). A thorough review of these
models is presented in (Robinson et al., 1989) and (Robinson, 1991). The hairpin
vortex model, originally attributable to (Theodorsen, 1952), gained traction due to
its ability to potentially explain a wide variety of flow statistics (Perry & Chong,
1982; Perry et al., 1986) and also transient observations (Bandyopadhyay, 1980;
Head & Bandyopadhyay, 1981). It should be considered however, that although
the existence of low and high speed streaks and quadrant events throughout the
turbulent boundary layer is now commonly accepted, some controversy remains in
models of vortical structures (Wang et al., 2019).

A depiction of the hairpin vortex model is shown in Figure 2.6. The legs of the
hairpin structure are vortices oriented in the streamwise direction. These legs rotate
(in either sense), tilting upwards in the streamwise direction and connecting to form
an arch at the vortex head. The hairpin vortex induces secondary flow motions such
as ejection (Q2) and sweep (Q4) events in the local vicinity of the hairpin. The
depiction in Figure 2.6 is highly idealised and the hairpin is rarely, symmetrical or
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isolated from the influence of surrounding hairpins. Many observations of hairpins
feature incomplete arches, existing in a tilted ‘tornado-like’ form (Robinson et al.,
1989). A hairpin vortex can lead to a complex nonlinear process of autogeneration
leading to the creation of new packets of hairpin vortices (Goudar et al., 2016;
Jodai & Elsinga, 2016; Zhou et al., 1999) in streamwise succession. These hairpin
packets can work cooperatively to increase the Reynolds stress (Adrian, Meinhart,
& Tomkins, 2000; Dennis & Nickels, 2011; Ganapathisubramani et al., 2003). In the
following section, the in-plane projection of the turbulent flow field containing the
induced sweep (Q4) and ejection (Q2) motions will be analysed and their relationship
to energy transport will be presented.

Figure 2.6: Depiction of the hairpin vortex model from (Adrian, 2007; Theodorsen,
1952). Frame of reference is moving with the flow.

2.1.3 Quadrant analysis
The fluctuating velocity field ui is important in energy and momentum transport,
as energy is extracted from the mean flow and converted into the turbulent fluc-
tuations from large to small length scales through an energy cascade, eventually
dissipating as thermal energy (Tennekes & Lumley, 1972). The near-wall region
in boundary layers is where most of the turbulence activity is located, with the
majority of the TKE production occurring in the viscous sublayer and buffer layer
(Klebanoff, 1955). The role of the fluctuating velocity field is key in the mixing dy-
namics of wall-bounded turbulent flows. In particular, the quasi-periodic presence
of strong coherent motions such as ejection (Q2) and sweep (Q4) events which are
a mechanism of turbulence production, simultaneously transport momentum across
the boundary layer (Robinson, 1991).
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Quadrant analysis is a methodology originally introduced by (Wallace et al.,
1972) to characterise coherent flow motions from the landmark visualisation studies
of (Corino & Brodkey, 1969) and (Kline et al., 1967). The principle is to partition the
velocity fluctuations based on their location in the Reynolds stress plane u1u2 shown
in Figure 2.7 below. The relevant quadrant assignment (Q1 - Q4) of a velocity vector
is based on the sign of the streamwise u1 and wall-normal u2 fluctuating velocity.
These quadrant events are termed outward (Q1: u1 = +, u2 = +) interaction,
ejection (Q2: u1 = −, u2 = +), inward interaction (Q3: u1 = −, u2 = −) and sweep
(Q4: u1 = +, u2 = −).

Figure 2.7: The quadrant splitting scheme of (Wallace et al., 1972).

A fluctuating velocity field from PIV demonstrating an ejection event and other
features of the structure of wall-bounded turbulence is shown in Figure 2.8. The
colour indicates the Reynolds stress u1u2. Blue is therefore associated to any regions
of Q1 and Q3 while Q2 and Q4 are red. The large dark red region is associated
to a strong Q2 event in the buffer layer. A vortex is present above the Q2 region.
This is likely the planar projection through a hairpin vortex as shown in Figure 2.6
since, together with shear layer at an angle of ≈45o, it satisfies the hairpin signature
described in (Adrian, 2007). Regions further from the wall (>8mm) show strong
Reynolds stresses. These are from the wake region behind the flame holder and are
not boundary layer sweep or ejection events in the canonical sense.
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Figure 2.8: Reynolds stress u1u2 in a non-reacting boundary layer. The sweep and
ejection regions are labelled. Vector field is shown downsampled ×6.

The energetic significance of quadrant events is apparent when considering the
transport of turbulent kinetic energy (TKE) equation which features the TKE pro-
duction term:

P = −⟨u1u2⟩
∂⟨U1⟩
∂x2

(2.11)

Q2 and Q4 events, which produce a negative u1u2 product, will result in positive
TKE production P . Conversely, Q1 and Q3 events producing a positive u1u2 product
result in P acting as a sink term. It should be remembered that other terms including
viscous dissipation, turbulent diffusion, and dissipation transport are also present in
the TKE transport equation (Schlichting & Gersten, 2016). P is a dominant source
of streamwise velocity fluctuations ⟨u2

1⟩ across the boundary layer, with the action of
pressure redistribute energy from this component to the others ⟨u2

2⟩ and ⟨u2
3⟩ (Pope,

2000; Spalart, 1988). Thus, accurately resolving the transient dynamics within the
turbulent fluctuations ui is key in the energy transport, as well as in mechanisms of
mixing and entrainment.

The quadrant distribution of u1u2 is shown in Figure 2.9 below. This is also
partitioned into the different quadrants. This resembles the well-known canonical
case (Wallace, 2016) where the presence of Q2 and Q4 events in the buffer layer
peaks the turbulence activity in that region. Conversely, the presence of Q1 and Q3
is minimal.
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Figure 2.9: Quadrant distribution in a non-reacting boundary layer measured using
PIV.

2.2 Particle image velocimetry

Figure 2.10: A generic PIV setup.

Particle image velocimetry (PIV) has become an established method of obtaining ve-
locity measurements in fluid dynamics (Raffel et al., 2018). A fluid flow is entrained
with particles with properties such as size and density selected so as to faithfully
follow the flow. A high-intensity laser fires to illuminate a 2D sheet segment within
the flow being investigated. The laser pulse frequency is synchronised with a camera
shutter to obtain successive pairs of images of particle motion within the laser sheet.
A prototypical PIV setup is shown in Figure 2.10.
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To determine the velocity in the image plane, each PIV image is subdivided into
interrogation windows (IWs), which are cross-correlated between two image frames
I0 and I1 according to:

R(∆x1,∆x2) =
n∑

i=−n

m∑
j=−m

I0(i, j) · I1(i+ ∆x1, j + ∆x2) (2.12)

where n and m are typically half the IW size and ∆xi is the sample shift of an
IW from I0 in the respective x1 and x2 directions. Equation 2.12 is typically nor-
malised by the intensity variance of each IW and computed via fast fourier transform
(FFT) to accelerate computation. For each sample shift ∆xi, the respective correla-
tion value R(∆x1,∆x2) between the IWs is calculated. This calculation is repeated
across the full image region where the peak value of each correlation map R indi-
cates the statistically averaged velocity of the particles in a given IW. Numerous
improvements to the basic method described have been proposed over the years,
including overlapping interrogation windows, image deformation, Gaussian fitting
of the correlation function, multiple pass correlation and others described in (Raffel
et al., 2018). Cross-correlation-based PIV has become a mature diagnostic tech-
nique that is robust, efficient and well-understood in terms of its sources of error
and theoretical underpinnings.

However, a fundamental limitation still exists in that the spatial resolution of
PIV is directly related to the smallest size of the IW (Kähler et al., 2012a). Since
the velocity vector represents a spatially averaged velocity of particles within each
IW, the estimated velocity is a low-pass filtered version of the true fluid flow, which
is problematic if turbulent fluctuations and velocity gradients are present within
the IW itself. Particularly in the case of wall-bounded flows, which always feature
strong velocity gradients near the wall, obtaining accurate and reliable velocity
measurements in the vicinity of the wall can present challenges for cross-correlation-
based PIV. The low-pass filtering effect increases uncertainty in regions of high
velocity gradients due to an increased spread and biasing of the correlation peak
(Kähler et al., 2012a, 2012b; Raffel et al., 2018; Scarano & Riethmuller, 2000).

Particle tracking velocimetry (PTV) is a method which attempts to detect and
subsequently match individual tracer particles between frames to determine their
velocity. In contrast to PIV, PTV typically requires lower seeding densities to min-
imise ambiguities in matching the same particle across frames. PTV is sometimes
used as a subsequent step following an initial PIV result in hybrid PIV + PTV
algorithms (Keane et al., 1995; Stitou & Riethmuller, 2001). Use of PIV + PTV
can significantly improve the achievable spatial resolution over PIV alone (Kähler
et al., 2012a), without requiring low seeding densities and has been employed to
study boundary layer flows previously (Ding et al., 2019; Kähler et al., 2012b; Re-
naud et al., 2018). However, PTV vector fields often contain higher noise levels in
the signal, and sufficient filtering or direct spatial averaging is required to mitigate
this noise. Additionally, PTV produces an unstructured grid arrangement of the
vector field, requiring interpolation to a structured mesh before calculating derived
quantities, such as the wall shear stress γ.

Another velocimetry technique, known as single-pixel ensemble-correlation, is
able to extract mean velocity fields with both increased accuracy over cross-correlation-
based PIV (Westerweel et al., 2004), and significantly improved spatial resolution
that is limited by the particle image size (Kähler et al., 2012a). The image sequence
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is first divided into two sets separating the first and second frames of the acquired
image pairs. The principle is to correlate the intensity time-history of each pixel
from the first image frame with its neighbours in the second frame. The correlation
peak can then be used to determine the ensemble averaged mean velocity. This
technique requires a sufficiently large number of images, typically thousands, for
the correlation peak to become sufficiently distinguishable from background noise.
This method, however, is limited to extraction of the ensemble average velocities
only, so transient phenomena cannot be recovered and the method’s applicability is
restricted to periodic and quasi-stationary flows.

An alternative method of determining motion in the image plane, avoiding the
limitations of traditional correlation or PTV-based approaches, is to approach the
fundamental problem of motion estimation in the image plane from an alternative
perspective and directly consider the relationship of the imaged motion to the spatial
variations in pixel intensity. Such a method, originating from the field of computer
vision, is known as optical flow.

2.3 Optical flow principles
Optical flow is the apparent velocity field associated with the motion of brightness
intensity patterns in an image sequence (Horn & Schunck, 1981). Fundamentally,
optical flow can be understood as the motion field that leads an image at time
t to advance to its state at t + δt under the constraint that image intensity is
conserved. This assumption of photometric invariance states that pixel intensity
is neither created or destroyed, but simply transported between successive images.
Expressing this as the total derivative:

DI(x, t)
Dt

= 0 (2.13)

Taking the first-order Taylor expansion of equation 2.13 leads to the Optical Flow
Constraint Equation (OFCE):

∂I(x, t)
∂t

+ U(x, t) · ∇I(x, t) = 0 (2.14)

where I(x, t) is the brightness intensity at pixel locations x = (x1, x2)T in the
image domain Ω and U(x, t) = (U1(x, t), U2(x, t))T is the two-dimensional image-
plane displacement. Equation 2.14 is recognisable as the transport equation of a
passive scalar in a divergence-free flow (T. Liu & Shen, 2008).

The geometric interpretation of equation 2.14 is easily visible by rearranging it
in the straight line form U2 = −(∂x1U1 +∂tI)/∂x2I shown in Figure 2.11. Separating
the optical flow vector into normal and tangential components U = UN + UT , the
displacement in the direction of the brightness gradient vector ∇I can be calculated
by:

UN = ∂tI√
(∂x1I)2 + (∂x2I)2

(2.15)

The result of of this expression is that motion across contours of image brightness
(i.e. along the brightness gradient vector) can be calculated. It is therefore known
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Figure 2.11: The optical flow constraint line. The displacement of a pixel must lie
at some point along this line at t+ δt.

that the motion of every pixel in the image lies at some point along their respective
OFCE lines, but there is no further information available from the image data
alone that can be used to resolve the tangential motion component (UT ) - making
equation 2.14 under-constrained. This ambiguity in motion along contours of image
brightness is known as aperture problem (Beauchemin & Barron, 1995; Ullman,
1979), illustrated below in Figure 2.12. The aperture problem is a fundamental
problem initially facing any endeavour to recover motion from 2D images, even in
the context of the human visual system (Kane et al., 2011) 2.

Figure 2.12: Depiction of the aperture problem. Viewed in a finite-sized image or
‘aperture’, only one motion component in the direction of the brightness gradient
vector ∇I of the translating line can be determined. Motion across the brightness
gradient vector (i.e., along the pattern line) is ambiguous since it does not result in
spatial variation of the local brightness intensity.

The fundamental goal of all motion estimation in general is to overcome this ill-
posedness and thus estimate the second tangential component with certainty. For
closure of the motion ambiguity created by the aperture, some additional information

2The well-known spinning ‘barber pole’ optical illusion is based on this very principle.
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or constraint on the motion U is needed. Different such methods exist including
region-based, frequency-based and phase-based matching techniques (Barron et al.,
1994). Cross-correlation of intensity patterns contained in subregions (IWs) as done
in PIV can be shown to have an equivalence to the minimisation of equation 2.16 to
be presented within individual IWs (Heitz et al., 2010). This reduces the number of
variables (i.e., number of velocity vectors) to solve for, reducing spatial resolution
but circumventing the aperture problem since there are now more pixels available in
the image then velocity vectors. This is essentially a reduction of the dimensionality
of the problem, and is also used in local OF approaches using window-based methods
such as the famous Lukas-Kanade OF algorithm (Lucas & Kanade, 1981). Another
family of OF methods achieve a dense (i.e. 1 vector per pixel) motion field and are
known as global or variational OF. The seminal work of (Horn & Schunck, 1981)
originally proposed such an approach to cast the optical flow problem as a coupled
minimisation involving two terms; (1) the data term, which relates the brightness
intensity I(x, t) to the image-plane motion U(x, t), and (2) a regularization term
that enforces an assumed spatial coherence or a priori smoothness to the velocity
field.

2.3.1 Data term
The data term establishes the relationship between a measurement in the image
plane, being the brightness intensity I(x, t), and the pixel displacements in the
image plane U via the OFCE. The differential form of the OFCE in equation 2.14
is only valid for small pixel displacements and smooth image gradients, making it
inappropriate for large displacements between images. Assuming a constant velocity
between an image pair I0, I1 and integrating the OFCE over a unit time interval
yields the full, non-linear representation of the optical flow problem known as the
displaced frame difference (DFD):

I0(x) − I1(x + U(x)) = 0 (2.16)
The term I1(x+U(x)) is known as the motion-compensated image, also referred

to as the warped image. It can be understood that the motion field U(x) that warps
the second image (I1) to the first image (I0) to conserve image intensity describes
the positional change of every pixel between the two images. The data term is
incorporated into a quadratic penalty function for minimisation:

JD = 1
2

∫
Ω

[I0(x) − I1(x + U(x))]2 dx (2.17)

The assumption of photometric invariance is not strictly valid in the presence
of image noise, out-of-plane motion, illumination change, or in regions at the edges
of the image or in occluded parts. By formulating the solution of the DFD via
a minimisation as above, it is possible to solve for the velocity field U(x) that
best conforms to the conservation of intensity. While the original formulation from
(Horn & Schunck, 1981) used the OFCE as the data term and is common in computer
vision, use of the DFD is valid for all magnitudes of displacement and is preferable in
fluid velocimetry (Corpetti et al., 2002). The DFD alone is also similarly ill-posed as
the OFCE and requires some additional information on the motion for the resulting
minimisation of equation 2.17 to be convex. Unlike the linear OFCE, the DFD is
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highly non-linear in U and therefore requires a robust optimisation strategy to avoid
becoming trapped in local minima and achieving poor solutions. The advantages of
the wavelet multiresolution framework for this aspect will be discussed in Chapter
3.

2.3.2 Regularization term
In order to close the ill-posedness of the optical flow problem, an additional regu-
larization term is necessary to impose a constraint on the estimated velocity field.
The ultimate purpose of regularization is to provide additional information about
the velocity field to compensate for image regions where the data term alone can-
not recover motion, such as tangentially along image contours, as well regions of
constant, uniform image features where spatiotemporal image gradients vanish. In
these regions, regularization acts as a type of filtering or diffusion process where
information in regions where motion can be determined is diffused to regions of
ambiguous motion to assist estimation (Horn & Schunck, 1981). Using a quadratic
penalty function (JR = | · |2) for the regularization term results in this diffusion
process being isotropic (Weickert & Schnörr, 2001). It is also possible to make this
diffusion process anisotropic using image-driven (Enkelmann & Nagel, 1986) or flow-
driven regularization schemes (Zach et al., 2007) Regularization also functions as a
type of outlier rejection process during the minimisation process (Heitz et al., 2010)
and reduces the susceptibility of the estimated vector field to noise and imaging
imperfections.

The regularization term depends solely on the velocity field and introduces a con-
straint on the spatial continuity of the velocity field. Intuitively, this is understood
as the visually perceived ‘smoothness’ of the flow field and therefore is related to the
spatial derivatives of the velocity. The smoothness of a function is a property that
can be defined by the number of derivatives it has that are continuous (Seroussi &
Barsky, 1991). By incorporating particular velocity derivatives in the regularization
term, an a priori assumption is made about the degree of spatial continuity in the
velocity field. The original optical flow formulation by Horn and Schunck used a
regularization term involving the first-order derivatives of the velocity field:

JR =
∫

Ω
|∇U1|2 + |∇U2|2dx

=
∫

Ω

(
∂U1

∂x1

)2

+
(
∂U1

∂x2

)2

+
(
∂U2

∂x1

)2

+
(
∂U2

∂x2

)2

dx
(2.18)

This regularization term penalises the first-order derivatives of the velocity field
and therefore encourages the velocity field to have weak spatial gradients with groups
of pixels all primarily moving in the same direction. This is usually sufficient in OF
applications in computer vision, where rigid-body motion primarily features linear
translation and therefore mild spatial gradients. In the more complex dynamics of
fluid flow, the attenuation of velocity gradients leads to a non-physical smoothing of
flow features and underestimates of derived quantities such as vorticity and diver-
gence (Corpetti et al., 2002). This regularization has been successfully used in fluid
velocimetry in a few past studies (Khalid et al., 2017; T. Liu & Shen, 2008; T. Liu
et al., 2015) primarily due to its simplicity. Significant improvements in accuracy
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can be achieved by incorporating higher order derivatives in the regularization term
JR (Heitz et al., 2010). In the literature, multiple different high-order regularization
terms have been proposed, such as the second-order regularization (Kadri-Harouna
et al., 2013), second-order divergence and curl regularization (Suter, 1994), diver-
gence regularization (X. Chen et al., 2015) and Laplacian regularization, which was
in fact proposed in the original work of (Horn & Schunck, 1981) together with equa-
tion 2.18. These terms using higher-order derivative are typically evaluated with
finite difference schemes which can lead to more complex discretisation methods to
avoid numerical instabilities (Corpetti et al., 2006; Yuan et al., 2007). In Chapter 3,
efficient evaluation of such schemes by computing velocity derivatives in the wavelet
domain will be presented.

2.3.3 Minimisation
The regularization term is added to equation 2.17 with an empirical weighting pa-
rameter λ and cast as a minimisation problem to form the full objective function:

Û = arg min
U

JD(I0, I1,U) + λJR(U) (2.19)

The resulting minimisation is performed via an optimisation algorithm that seeks
a per-pixel vector field transformation Û that maps one image onto the subsequent
to best: (1) conserve pixel brightness intensity and (2) enforce the velocity field
regularity defined by JR. Unlike in traditional cross-correlation PIV, there are no
separate ad-hoc smoothing or outlier detection or vector replacement postprocessing
steps in dense OF methods. The final per-pixel OF velocity field is all calculated
in one coherent single process. The weighting parameter λ in equation 2.19 estab-
lishes the relative importance of JD versus JR during the minimisation process and
determines the extent to which JR can deviate the estimated velocity field Û from
the constraint of brightness conservation in JD. Lower λ values place a stronger em-
phasis on reducing JD during minimisation, thus attempting to better match pixel
intensities between I0 and I1 to reduce the DFD even if the intensity variations do
not correspond to the true physical motion. The result is non-physical velocity fluc-
tuations at fine scales visible as noise in Û. Increasing λ dampens the small-scale
motion. However, an overly high λ weighting can lead to excessive smoothing of the
velocity field.

Sensitivity analysis of this parameter is a key aspect in understanding the appli-
cability of optical flow methods as an alternative diagnostic technique to studying
fluid flows. The canonical form of equation 2.19, involving a data term and a regular-
ization term, is exceedingly common in the resolution of inverse ill-posed problems
studied in the image processing community such as for image denoising (Rudin et
al., 1992), image inpainting (Xiao, 2017) and tomography reconstruction (Hansen
& Jørgensen, 2011) to name a few. For these applications, techniques for automatic
parameter selection such as generalised cross-validation (GCV) (Golub et al., 1979)
and Stein’s unbiased risk estimator (SURE) (Stein, 1981) have been proposed. These
however, require an estimate of the noise in the considered data term and therefore
their success depends on the noise estimate and also whether this noise is correlated
(Hansen, 1992). Parameter selection methods not requiring a noise estimate such as
the L-curve (Hansen, 1999) or its variations (Krawczyk-Stańdo & Rudnicki, 2007)
and the quasi-optimality criterion (Bauer & Kindermann, 2008) have demonstrated
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success in practical problems (Correia et al., 2009). These have also been shown to
be provide incorrect estimates and also risk being problem specific (Reichel & Ro-
driguez, 2013). Furthermore, it can be proven that without knowledge of the true
noise level in the data term, it is impossible for any such method to always guarantee
an optimal regularization weighting, an infamous mathematical result known as the
Bakushinskii veto (Bakushinskii, 1984).

Specifically in the context of OF, empirical attempts at automatic parame-
ter selection include those based on discrepancy between the initial and motion-
compensated image in the DFD (Tu et al., 2012), or heuristic methods (Stark, 2013;
Zimmer et al., 2011). There has been success when formulating the optical flow
problem in a Bayesian setting (Heas et al., 2013) or from dimensional analysis of
the optical flow problem considered in a stochastic transport framework (S. Cai et
al., 2018). These, however, are highly specific to the exact OF algorithm considered
and do not generalise to other methods. Successful selection of the regularization pa-
rameter λ has been demonstrated by considering the turbulent kinetic energy (TKE)
power spectrum (B. E. Schmidt & Sutton, 2019; B. E. Schmidt et al., 2021) which is
directly affected by λ selection, somewhat similarly to effect of IW size in PIV results
(J M Foucaut et al., 2004). This method of a posteriori justification of suitable λ
selection based on physically correct spectrum behaviour of the fluctuating velocity
field ui show promise and is motivated by physical principles of the turbulent energy
cascade (Richard & Escudie, 1999). The influence of this parameter on estimating
velocity and boundary layer quantities, as well as physically-motivated selection in
the context of wall-bounded flows, is a key contribution of the current work to be
presented as part of validation in Chapter 4.

2.3.4 Multiresolution schemes
To extend the dynamic range of measurable displacements that can be captured
by optical flow, the minimisation of equation 2.19 is often embedded in pyrami-
dal schemes (Heitz et al., 2010), shown in Figure 2.13 below. The multiresolution
scheme is created from a series of downsampled and Gaussian filtered forms of the
original image pair. The optical flow problem in equation 2.19 is solved for the
coarsest resolution image pair first to obtain a per-pixel vector field for the low
resolution images. The optimisation process is then repeated for the next finer res-
olution image pair, using an upsampled form of the coarse resolution velocity field
as the initial condition to begin the minimisation. This process repeats until the
full resolution image pair is reached. In this manner, the largest scale (and lowest
resolution) motion in the image plane is estimated first, before being used to guide
the optimisation process and assist determining the progressively smaller magnitude
fluid velocity captured in the finer resolution images. These ‘classical’ multiresolu-
tion schemes have some drawbacks, however. Namely, because the estimation of
velocity proceeds in a one way manner towards the finest resolution image pair,
there is no way of correcting spurious vectors originating from previous coarser scale
estimates. Therefore, errors from previous estimates at coarser images propagate
down towards the final resolution result with no possibility of posterior correction,
an effect known as ‘freezing’. Additionally, since the OF problem defined by equation
2.19 is calculated for each different resolution image pair independently, technically
a slightly different optimisation problem is being solved each time, with the image
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pairs being related only by empirical combinations of downsampling and Gaussian
filtering. Although it is possible to formulate a theoretical relationship for the OF
between the different image resolutions (Brox et al., 2004), a much more natural
multiresolution scheme based on the wavelet decomposition will be described in the
context of wavelet-based optical flow in Chapter 3.

Figure 2.13: Example of classical multiresolution schemes in OF. A ‘pyramid’ of
successfully filtered and downsampled images is first presented. The velocity is first
estimated at the lowest resolution or coarsest scale image pair, before upsampling
and successively refining this estimate for each higher resolution image until the full
resolution or finest scale is reached.
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Chapter 3

Wavelet-based Optical Flow

The first use of wavelet basis functions to represent the optical flow field was by
(Y. T. Wu et al., 2000) for computer vision applications. This was then furthered
by (L. F. Chen et al., 2002) who incorporated wavelets in the computation of the
regularization term. The general form of wavelet-based optical flow algorithm for
application in fluid velocimetry was initially proposed by (Dérian et al., 2013), sig-
nificantly improving upon the high computational requirements of the previous ap-
proaches and generalising compatibility to more common wavelet families.

Since the introduction of wavelet-based optical flow for fluid velocimetry (Dérian,
2012), advancements such as improved boundary conditions (B. E. Schmidt & Sut-
ton, 2020) and efficient implementation of high-order and physically sound regu-
larization terms (Kadri-Harouna et al., 2013; B. E. Schmidt & Sutton, 2021) have
furthered the robustness and accuracy of this technique. Previous studies demon-
strated the wavelet-based implementation to be among some of the most accu-
rate existing methods methods at the time, see (S. Cai et al., 2018; Dérian et al.,
2013; Kadri-Harouna et al., 2013; B. E. Schmidt & Sutton, 2019). Wavelet analy-
sis is an extensive subject, both in the fields of mathematics and signal processing
(Daubechies, 1992; Mallat, 2009). The chapter begins with an introduction of the
relevant theoretical framework of wavelet analysis in the orthogonal setting. This
is followed by practical computation of wavelet transforms. Considerations for the
more general biorthogonal setting (Cohen et al., 1993) are next presented and the
implementation of the wavelet-based optical flow velocimetry (wOF) algorithm is
described.

3.1 Wavelets framework
Time-frequency analysis is the study of a signal in two domains; the physical spatial
or temporal domain, and the spectral domain where the signal is represented as fre-
quency components. The motivation for this is to access or manipulate information
that is poorly represented or unavailable in the signals’ original form. One technique
of such analysis, that allows simultaneous access to information in both spatial and
frequency domains, is through the use of functions called wavelets.

Broadly speaking, a wavelet representation of a function or signal splits it into
a low-pass filtered form represented by wavelet approximation coefficients, together
with a set of detail coefficients representing a high-pass filtered form. This decom-
position can be repeated on the approximation coefficients, further decomposing the
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signal and separating its spatial information into different levels of detail or scales
that depend on the frequency content. It is this inherent multiresolution scheme
available using wavelet expansion that is a central feature of wavelet-based optical
flow.

3.1.1 Basic principles
Considering a generic 1D signal f(x), time-frequency analysis studies the various
frequencies present. A well-known such representation in the frequency domain is
the Fourier expansion:

f(x) =
∞∑

k=−∞
cke

i2πkx x ∈ R (3.1)

where i =
√

−1 in this equation, ck are the Fourier coefficients, associated to the
kth frequency represented by complex exponentials ei2πkx or sine waves. The Fourier
coefficients ck can be calculated by the following inner product:

ck =
∫
R
f(x)e−i2πkxdx =

〈
f(x) ; e−i2πkx

〉
(3.2)

The Fourier coefficients ck represent the average of the frequency content of f ,
for a given frequency k. The analysing functions ei2πkx differ only in their frequency
but all cover an infinite domain from x ∈ [−∞; ∞]. The consequence of this is that
while Fourier expansion reveals the harmonic content of the signal, it cannot reveal
where the individual frequencies are located in f(x) because the sinusoidal basis
functions lack localisation in x, i.e., they lack a property known as compact support
(Mallat, 2009).

Instead of sinusoids, wavelet expansion decomposes a signal across two different
types of basis functions called scaling functions ϕ and wavelet functions ψ. These
are also respectively referred to as the father wavelet (ϕ) and mother wavelet (ψ).
The wavelet expansion can be expressed:

f(x) =
2C−1∑
k=0

aC,kϕC,k(x) +
F −1∑
j=C

2j−1∑
k=0

dj,kψj,k(x) x ∈ R, C ≤ j < F (3.3)

where j is a scale parameter and k is a shift or translation parameter. The
parameter j scales the support (width) of the basis functions and k defines the
translation of this support interval within a given scale j. The constant C with
C ≥ 0 and F with F > C are non-negative integers indicating the coarsest and finest
scale respectively. These will be discussed further in the context of multiresolution
analysis (MRA). The coefficients aC,k, associated to scaling functions ϕ are known
as the approximation coefficients and dj,k associated to wavelet functions ψ are
the detail coefficients. The approximation coefficients aC,k represent an averaged
or low-pass filtered form of the signal f(x). Conversely, the detail coefficients dj,k

represent a high-pass filtered form, containing the information lost between the low-
pass filtered form in aC,k and the original function f(x). Analogously to the Fourier
expansion, these coefficients are given by the following inner products:

aC,k =
∫
R
f(x)ϕC,k(x)dx =

〈
f(x) ; ϕC,k(x)

〉
(3.4)
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dj,k =
∫
R
f(x)ψj,k(x)dx =

〈
f(x) ; ψj,k(x)

〉
(3.5)

Note, that an explicit expression for the functions ϕ, ψ is not given, unlike in the
Fourier expansion where the basis functions are sinusoids. Although the function
values of ϕ, ψ, are computable, most wavelets do not have an explicit geometric
formula. They instead are expressed as scaled and translated forms of themselves
between a pair of scales from j to j + 1 via the following refinement relations:

ϕj,k′(x) =
∞∑

k=−∞
h(k)ϕj+1,k =

√
2

∞∑
k=−∞

h(k)ϕ(2j+1x− k) (3.6)

ψj,k′(x) =
∞∑

k=−∞
g(k)ϕj+1,k =

√
2

∞∑
k=−∞

g(k)ϕ(2j+1x− k) (3.7)

Equations 3.6 - 3.7 are also referred to as the dilation equations or the two-
scales relations in wavelet literature (Cohen et al., 1993; Daubechies, 1992; Mallat,
2009). They express how a wavelet or scaling function at a given scale j and given
location k′ is related to translated forms of other scaling functions along k at the
next higher resolution or finer scale j + 1. The coefficient sets h(k) and g(k) govern
the shape of the associated scaling and wavelet functions and act as conjugate mirror
filters used in the practical computation of the wavelet transform itself. The wavelet
family, comprised of ϕ (scaling function or father wavelet) and ψ (wavelet function
or mother wavelet) is entirely defined by the values of the two filters h(k), g(k).

The values of these filters are possible roots to imposed constraints on the prop-
erties of the wavelet family. This could include specific forms of orthogonality (e.g.
orthonormality, biorthogonality, double-shift orthogonality), normality (e.g. degrees
of normalisation such as square normalisation), and the smoothness of the wavelet
(e.g. conditions on the number of vanishing moments). It is the choice of these con-
straints that ultimately designs the wavelet family and its characteristics. There are
an infinite number of possible wavelet families. Not any function can be a wavelet, a
wavelet must satisfy the admissibility condition (Daubechies, 1992) formally stating
that the Fourier transform of the wavelet ψ must vanish at zero frequency in the
Fourier domain. Therefore, the mean value of the wavelet function must be zero, and
as a consequence, the wavelet has to exhibit oscillatory behaviour. These properties
are visible in the the orthogonal Daubechies-7 family shown in Figure 3.1. Note the
oscillatory nature of the wavelet function and that it has zero mean.
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(a) (b)

Figure 3.1: The Daubechies-7 (db7) wavelet family. a) Scaling function ϕ b) Wavelet
function ψ

3.1.2 Multiresolution analysis
The full possible range of functions that can be represented by the basis functions
of the wavelet family is known as the span of the basis. The span of ϕ at a given
scale level j is the approximation space Vj = span{ϕj,k} with ϕj,k = 2j/2ϕ(2jx −
k). Similarly, the span of ψ covers the detail space Wj = span{ψj,k} with ψj,k =
2j/2ψ(2jx − k) which is complementary to the space Vj. Multiresolution analysis
(MRA) is a framework for decomposing a function f(x) across various levels of
detail that are contained within an approximation space Vj. The following axioms
are necessary for MRA:

f(x) ∈ Vj iff f(2x) ∈ Vj+1 - Self similarity in time (3.8)

Vj ⊂ Vj+1 ∀ ∈ Z - Self similarity in scale (3.9)

∪∞
j=−∞Vj(R) is dense in L2(R) - Completeness (3.10)

∩∞
j=−∞Vj = {0} = ∅ - Uniqueness (3.11)

∃ϕ0,k ∈ V0 such that ϕ0,k = ϕ(x− k) - forms an orthogonal basis (3.12)

The first property in 3.8 is a statement that any function in a given space can be
represented using the bases of the next finer resolution space. The second property
in 3.9 describes that the approximation spaces are sequentially nested within each
other .. ⊂ V−1 ⊂ V0 ⊂ V1 ⊂ .... The third property in 3.10 states that the collection
of all spaces Vj entirely defines the Lebesgue space L2(R). Therefore, any function
belonging to the space of square, integrable functions L2(R) can also be represented
fully in the approximation space Vj. Property 3.11 states that these spaces are
not redundant or that only the zero vector can be shared in all spaces, therefore
information about a function in one space is unique to any other. The final property
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in 3.12 formally introduces the existence of ϕ as the scaling function as the basis
spanning Vj.

Fundamentally, the MRA framework formally allows a space Vj+1 to be decom-
posed into two complimentary spaces:

Vj+1 = Vj ⊕Wj (3.13)
where Wj is the detail space that is complementary to the approximation space Vj.
The direct sum of these two recovers the approximation space at the next finer scale
Vj+1. This single step decomposition defined by equation 3.13 is in fact the action of
the wavelet transform. For a function f(x) in a given finest scale (j = F ) subspace
f(x) ∈ VF , this decomposition can be applied recursively on VF down to a coarsest
scale subspace VC :

f(x) ∈ VF = VC ⊕WC ⊕WC+1 ⊕ ...⊕WF −2 ⊕WF −1

= VC ⊕

F −1⊕
j=C

Wj

 (3.14)

Therefore, a function f(x) present in the finest scale approximation space VF

can be fully described by the direct sum of its representations in Vj<F which are
the nested subspaces. In a purely theoretical setting, the coarse scale C and fine
scale F with F > C can take any integer value from [−∞; ∞]. In practise, the
finest scale F is determined by the number of samples in the signal and is not a
selectable parameter in wavelet analysis. A signal consisting of 23 = 8 samples will
have F = log2(23) = 3 as its finest scale. The coarsest scale decomposed to, is
indicated by C, with 0 ≤ C < F in a discrete setting. Unlike F , this parameter is
selectable in wavelet transforms and is discussed in the computation of the discrete
wavelet transform in the following section. The decomposition structure of the MRA
in equation 3.14 for a discretised function or signal f(x) with 23 samples is shown
below in Figure 3.2.

Figure 3.2: Conceptual representation of wavelet MRA on a function f(x).

3.1.3 Discrete wavelet transform
The introduction of the wavelet framework so far has introduced the prerequisite
theory, it is now necessary to describe the practical computation of the discrete
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wavelet transform (DWT) algorithm which computes the projection of a discrete
function associated to VF onto the multiscale wavelet basis spanning the nested
subspaces within VF .

The action of the DWT is equivalent to a filterbank in signal processing (Mallat,
2009) using the h(k) and g(k) coefficients from in the refinement relations (equations
3.6 and 3.7). This is represented in Figure 3.3. The forward DWT consists of
convolution of the input signal f(x) with h̄(k) as a low-pass filter and ḡ(k) as a
high-pass filter. The ·̄ indicates the time-reverse operator, i.e. h̄(k) = h(−k). This
then followed by a downsampling of the separate filter outputs by a factor of 2
to yield the approximation coefficients aj,k and detail coefficients dj,k. The input
signal f(x) can be reconstructed with no loss of information via the inverse DWT
by upsampling of the two coefficient sets by a factor 2 followed by convolution with
the original reconstruction filters h(k), g(k) and summation of these products.

(a) (b)

Figure 3.3: Computation of the a) forward DWT and b) inverse DWT.

The DWT described produces the wavelet decomposition across a single scale.
The full multiscale decomposition defined by equation 3.14 is performed by recursive
application of the DWT onto only the approximation coefficients aj,k. The DWT
halves the number of approximation coefficients at each stage as a result of the
downsampling. The DWT can be repeated until only 1 approximation coefficient
remains, therefore further downsampling and application and application of the
DWT is not possible. Therefore, the coarsest possible scale C = 0 and 0 ≤ C <
F in discrete data. This yields the full scale or full depth decomposition. The
combined set of aC,k and dj,k is the wavelet representation of f(x) in the subspace
VF . Multiscale reconstruction proceeds with application of the inverse DWT at
coarsest scale j = C, before iterating the procedure up to the finest scale j = F .

The approximation subspace VC and each detail subspace Wj contain 2j respec-
tive coefficients in the classical case. Depending on the boundary condition used
in the wavelet transform, it is possible to produce > 2j coefficients per subspace if
the boundary condition is expansive and therefore produces more coefficients than
actual input samples in order to have a reversible wavelet transform. This aspect is
discussed further in the forthcoming section but it should be noted that for optical
flow purposes only non-expansive boundary conditions are used, therefore there are
always 2j coefficients per subspace.

A wavelet decomposition of an example one dimensional signal from (Mallat,
2009) is shown in Figure 3.4. The signal has 210 = 1024 samples, making the finest
scale F = log2(210) = 10. The coarse scale is set at C = 6 in this example. The
signal is therefore decomposed across 5 spaces; 4 detail spaces W6≤j≤9, along with
the approximation space V6. Note the resemblance of the approximation coefficients
to the original signal, and how the location of peaks in the detail coefficients coincide
directly with the sharp gradients present in the signal. Due of the compact support of
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the wavelet basis functions, discontinuities and rapid variations of a signal are easily
represented in the wavelet coefficients. This property has made wavelet analysis an
attractive tool in applications such as denoising (Abramovich et al., 2006; T. T. Cai,
2002; Donoho & Johnstone, 1995) and edge detection (Mallat & Zhong, 1992).

(a) Original signal f(x) (b) j = C = 6 approximation coefficients

(c) j = C = 6 detail coefficientss (d) j = 7 detail coefficients

(e) j = 8 detail coefficients (f) j = 9 detail coefficients

Figure 3.4: Example decomposition of a 1D signal.

3.1.3.1 Boundary conditions

Formally, wavelets are defined in an infinite domain. In the practical computation of
the DWT, certain boundary conditions must be considered in the convolution due to
the finite extent of discrete signals. A common method of imposing boundary condi-
tions is by extrapolating the signal assuming periodic repetition as shown in Figure
3.5 below. Periodic boundary conditions were first used in the original wavelet-based
optical flow implementation of (Dérian et al., 2013) due to their simplicity and the
ability to use circular convolution via the fast Fourier transform (FFT) to accelerate
computation.

If the signal is not truly periodic, as is the case for most real datasets, the dis-
continuity present at the edges of the signal will result in large magnitude wavelet
coefficients. These artefacts are not a property of the signal itself nor the wavelet
basis but a side effect of how the DWT is computed in practise. Border effects
have a greater effect on shorter signals, where the local regions around boundaries
contribute to a greater proportion of full signal length. In the case of Fourier anal-
ysis, this motivates the use of zero-padding of the signal or premultiplication with
windowing functions to mitigate edge effects caused by the non-periodicity (J M
Foucaut et al., 2004).
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Figure 3.5: Example of period boundary conditions.

An alternative to periodic repetition is to reflect the signal at its borders, shown
in Figure 3.6 below. This method creates local continuity between the signal and
its extrapolated component, thus greatly minimising the distortions occuring in
the periodic case. Symmetric boundary conditions that are non-expansive, i.e., do
not produce more coefficients than input samples, require that the wavelet family
itself be symmetric. As a property of their construction, and with the exception of
the Haar wavelet, orthogonal wavelets cannot be (truly) symmetric by definition.
Therefore, proper implementation of symmetric boundary conditions requires the
use of biorthogonal wavelets which can be symmetric. The relevant considerations
with respect to the biorthogonal wavelet setting will be discussed in an upcoming
section.

Figure 3.6: Example of symmetric boundary conditions.

More elaborate boundary conditions in wavelet transform do exist such as the
boundary wavelet algorithm of (Cohen et al., 1993) and wavelet extrapolation method
of (Amaratunga & Williams, 1997). The former is significantly more involved and
often requires an extra preconditioning step in the wavelet transform to ensure it is
stable. The latter boundary condition is expansive and thus produces additional co-
efficients (> 2j coefficients per subspace) in the DWT output, distorting the dyadic
structure of the decomposition. This is computationally undesirable for algorithm
performance in optical flow and complicates efficient implementation. Symmetric
boundary conditions are an effective, well-known method of dealing with border ef-
fects also used in the wavelet transforms intrinsic in the famous JPEG-2000 image
compression standard (Taubman & Marcellin, 2002).
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3.1.3.2 Extension to two dimensions

The discussion thus far has considered wavelet transforms in a one dimensional
setting. The final step before introducing the wavelet-based optical flow algorithm
is to extend the one dimensional results to two dimensions in order to operate on
matrices of size 2F × 2F . This is achieved by tensor product of the 1D wavelet
bases to form the approximation space Vj = Vj ⊗ Vj = span{ϕj,k1 ⊗ ϕj,k2} and the
complementary detail space formed from Wj = Wj ⊗ Wj = span{ψj1,k1 ⊗ ψj2,k2}.
The basis function tensor products are defined as:

ϕj,k1 ⊗ ϕj,k2(x) := ϕj,k1(x1)ϕj,k2(x2) (3.15)
ψj1,k1 ⊗ ψj2,k2(x) := ψj1,k1(x1)ψj2,k2(x2) (3.16)

The 2D wavelet basis now has parameters j = (j1, j2) and k = (k1, k2) to repre-
sent the scaling and translation parameters associated to each dimension, while the
2D scaling function basis still has a single scale parameter j. Analogously to the 1D
case, the decomposition of a 2D function f(x) ∈ L2(R2) is expressed as:

f(x) =
2C−1∑
k=0

aC,kϕC,k1(x1)ϕC,k2(x2) +
F −1∑
j=C

2j−1∑
k=0

dj,kψj1,k1(x1)ψj2,k2(x2) (3.17)

The 2D approximation and detail coefficients are similarly calculated as in the 1D
case, using the inner product of f(x) of with the respective 2D basis. The decom-
position structure of the subspaces in the two dimensional setting can be derived by
inserting equation 3.13 into Vj1 ⊗ Vj2

1:

Vj1 ⊗ Vj2 = (V0 ⊕ V0 ⊕W1 ⊕W2 ⊕ ...WF −1) ⊗ (V0 ⊕ V0 ⊕W1 ⊕W2 ⊕ ...WF −1)

= (V0 ⊗ V0) ⊕
F −1⊕
j1=0

(V0 ⊗Wj2) ⊕
F −1⊕
j2=0

(Wj1 ⊗ V0) ⊕
F −1⊕

j1,j2=0
(Wj1 ⊗Wj2)

(3.18)
The decomposition structure in equation 3.18 is computed by applying the 1D

DWT to each row of the given discretised function or matrix until the desired coarse
scale C is reached, then repeating the 1D decomposition for each column.

Similarly to (Dérian, 2012), in order to simplify notation for upcoming deriva-
tions in the following sections, the 2D DWT of a velocity field Ui will be expressed
by:

Θi = Φ−1(x)Ui(x) (3.19)
where Θi is the vector containing the full set of both approximation aC,k and

detail coefficients dj,k and Φ−1(x) is the vector formed from the scaling and wavelet
basis functions. The inverse transform is written:

Ui(x) = Φ(x)Θi (3.20)
where Φ(x) is the operator enacting reconstruction of the wavelet coefficients.

1There are two different ways to introduce the detail spaces into a 2D MRA, leading to either the
isotropic or anisotropic form of the 2D DWT. Only the anisotropic DWT is used in wOF. Taxonomy
in wavelet literature varies and the anisotropic wavelet transform is equivalently referred to as the
tensor product, tensorial, fully separable, hyperbolic or rectangular DWT.
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3.1.3.3 Biorthogonal wavelets

Before introducing the wOF algorithm, it is important to discuss some distinctions
when using biorthogonal wavelets. The conceptual framework of multiresolution
analysis and decomposition structure described holds true for the biorthogonal set-
ting. However, the formalism becomes more complex (Cohen et al., 1992). Or-
thogonality is a relatively stringent condition in wavelet analysis, and relaxing this
constraint allows for more flexible design of wavelet families that allows for features
such as symmetry which is advantageous for symmetric boundary conditions. In the
orthogonal case, the wavelet basis functions ψ are orthogonal to translated or scaled
forms of eachother:

⟨ψm,n ; ψk,l⟩ = δmnδkl (3.21)
where δ is the dirac delta. The biorthogonal setting however requires the following
relations:

⟨ϕj,p ; ϕ̃j,q⟩ = δpq (3.22)

⟨ψi,p ; ψ̃j,q⟩ = δijδpq (3.23)

⟨ϕj,p ; ψ̃j,q⟩ = 0 (3.24)

⟨ϕ̃j,p ; ψj,q⟩ = 0 ∀i, j, p, q ∈ Z (3.25)
where ϕ̃, ψ̃ are known as the dual scaling and wavelet functions respectively.

Functions ϕ, ψ excluding the tilde (˜) are known as the primal scaling and wavelet
functions. The biorthogonal case therefore has two wavelet functions and two scaling
functions. The refinement relations for these is given similarly to the orthogonal case
(equations 3.6 and 3.7), with the dual scaling and wavelet function associated to the
dual filter h̃(k) and g̃(k). A biorthogonal wavelet family is defined by combination
of both the dual filters h̃(k), g̃(k) and the primal filters h(k), g(k). However, they
are related by:

g(k) = (−1)1−kh̃(1 − k) (3.26)
g̃(k) = (−1)1−kh̃(1 − k) (3.27)

Either the primal or dual basis can be used to compute a valid forward DWT.
If the dual basis is used, the primal basis must be used for reconstruction, and vice
versa. The primal and dual basis functions can have different properties which can
be useful for applications where separate features are advantageous to the decompo-
sition or reconstruction filters. In image compression for example, it is useful to have
a high number of vanishing moments on the reconstruction filters so as to reduce
artefacts and improve perceived visual quality in the compressed image (Mallat,
2009; Villasenor et al., 1995). Typically, the dual basis is used for decomposition.
Use of the primal filters is sometimes referred to as the reverse biorthogonal de-
composition (B. E. Schmidt & Sutton, 2020). In the orthogonal case, the primal
and dual functions are identical ψ̃ = ψ, ϕ̃ = ϕ and a distinction between the two
is irrelevant. In the orthogonal case, the norm of the wavelet coefficients equals
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the norm of the input signal ∑ |Θ|2 = ∑ |U |2, satisfying Parseval’s theorem. In
the biorthogonal setting this no longer holds (∑ |Θ|2 ̸= ∑ |U |2). For purposes in
wOF, this lack conservation of energy between a signal and its wavelet representa-
tion is not detrimental since the inverse (biorthogonal) DWT still results in perfect
reconstruction.

3.2 Implementation
The principle of wavelet-based optical flow is to perform the minimisation of the ob-
jective function in Equation 2.19 not over the physical velocity field U = (U1, U2)T ,
but over the coefficients Θ = (Θ1,Θ2)T resulting from the wavelet transform of the
velocity field as per equation 3.19. This results in the following modified objective
function:

Θ̂ = arg min
Θ

JD(I0, I1,Θ) + λJR(Θ) (3.28)

The stages through the algorithm are shown in Figure 3.7. The algorithm begins
at the coarsest scale C from an initial condition x0 which is initially set to U = Θ =
0. For a given scale j, x0 has 2 × 2j × 2j elements. The minimisation process for
the coarse scale converges to produce the optimised wavelet coefficients Θ̂C . These
optimised coefficients are then included in the new initial condition x0 to begin the
minimisation for the subsequent finer scale C + 1. This process is repeated, using
the optimised wavelet coefficients Θ̂ from a previously completed scale j as the
initial condition to begin the minimisation for the next subsequent scale j + 1. In
this manner, the wavelet coefficients Θ are optimised sequentially starting from the
chosen coarsest scale (j = C), repeatedly for increasingly detailed scales C ≤ j ≤ F
until the finest scale (j = F ) representing the image resolution is reached. At a given
scale j, wavelet coefficients from all coarser scales are being included and optimised
together. With this strategy, previous velocity estimates are continually updated as
finer scale motion is determined while the algorithm proceeds to estimate velocity
up to the pixel scale F . At the end of the optimisation process, the physical velocity
field Û is recovered via application of the inverse 2D DWT from equation 3.20.

Computationally, performing the multiscale estimation through the wavelet mul-
tiscale framework overcomes the drawback of ‘freezing’ in classical optical flow meth-
ods by allowing the velocity field to self-correct itself during optimisation as finer
scales of motion are determined. Traditional non-wavelet pyramidal multiresolution
schemes do not relate the motion between different scales and velocity estimates at
each scale are unchanged as motion in higher resolution scales is determined. The
effect of ‘freezing’ previous velocity estimates at lower resolutions make them un-
correctable at later points of optimisation process, allowing this error to propagate
through the multiresolution scheme. The wavelet expansion of the optical flow field
provides a natural multiresolution scheme well-suited to represent the multi-scale
nature of turbulence (Deriaz & Perrier, 2009; Farge et al., 1996) with the multiscale
wavelet coefficients representing different velocity scales within the imaged motion.
Velocity field estimates from coarser scales represent the larger scale fluid motion,
while finer scale coefficients are associated with smaller scale motion. The nested
coarse-to-fine optimisation of the velocity field is also advantageous in the minimisa-
tion of the DFD in the data term, which as stated previously is a highly non-linear
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function of the velocity, making poor solutions from local minima a greater risk
when using traditional multiscale schemes.

3.2.1 Minimisation
The minimisation of equation 3.28 is an unconstrained optimisation using the limited-
memory Broyden-Fletcher-Goldfarb-Shanno (l-BFGS) algorithm (D. C. Liu & No-
cedal, 1989). This quasi-Newton gradient-descent algorithm is well-suited for op-
timisation problems featuring a high degree of non-linearity and involving a large
number of variables. Given the density of the velocity vector field, considerations
for computational performance are important, particularly for large image sizes
(> 1024 × 1024). As inputs, l-BFGS only requires the data and regularization
terms JD, JR and their gradients ∇JD, ∇JR with respect to the wavelet basis which
are derived in the forthcoming sections. Classical optical flow algorithms use optimi-
sation schemes (Brox et al., 2004; Horn & Schunck, 1981; Zimmer et al., 2011) that
require derivation of the full Euler-Lagrange PDE equations of the objective func-
tion which the solution must satisfy. Depending on data and regularization terms
used, this can result in a complex set of coupled equations requiring for advanced
discretisation schemes for stable minimisation (Corpetti et al., 2002)
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Figure 3.7: Flow chart of the wavelet-based optical flow algorithm

3.2.1.1 Algorithm parameters

The user selectable parameters in wavelet-based optical flow are the regularization
weighting parameter λ and those related to the wavelet decomposition, namely the
choice of wavelet basis and the coarsest scale C decomposed to. The current im-
plementation uses the odd length biorthogonal nearly Coiflet wavelet basis (BNC
17/11) introduced by (Winger & Venetsanopoulos, 2001). This basis has a nearly
maximum number of vanishing moments possible for a given biorthogonal wavelet
filter size. Maximising the number of vanishing moments increases velocity estima-
tion accuracy up to a degree (Dérian et al., 2013). This wavelet family is notable for
the improved retention of fine details in its wavelet transform partial reconstructions
which are implicit in the multiscale estimation process. The coarsest scale decom-
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posed to (C) is typically set to zero, resulting in the full depth decomposition. The
influence of this parameter has been investigated previously in (Dérian et al., 2013)
where it was confirmed that maximising the number of scales decomposed to im-
proves the dynamic range. It is also possible to set C > 0 as long as the solution Û
is unchanged compared to C = 0. This improves the computation time and can be
useful when performing repeated processing of a dataset with different values of λ.

3.2.2 Data term
The current implementation uses the DFD in a quadratic penalty as in equation
2.16. Inserting the wavelet representation of the velocity field (equation 3.20) into
the data term defined in 2.16:

JD = 1
2

∫
Ω

[I0(x) − I1(x + Φ(x)Θ)]2 dx (3.29)

The gradient of JD with respect to the wavelet coefficients can be derived using
the chain rule:

∂JD

∂Θ
=
∫

Ω
− [I0(x) − I1(x + Φ(x)Θ)] ∂I1(x + Φ(x)Θ)

∂x

∂(x + Φ(x)Θ)
∂Θ

dx

=
∫

Ω
− [I0(x) − I1(x + Φ(x)Θ)] ∂I1(x + Φ(x)T Θ)

∂x
Φ(x) dx

=
〈

− [I0(x) − I1(x + Φ(x)Θ)] ∂I1(x + Φ(x)Θ)
∂x

; Φ(x)
〉 (3.30)

It can be observed that the calculation of ∇JD is therefore the wavelet transform
of the product of the DFD with spatial gradient of the motion-compensated image
∇I1(x + U). The motion-compensated image I1(x + U) is calculated using highly
accurate 5th order splines (Thevenaz et al., 2000). The spatial gradients of ∇I1(x +
U ) are computed using the 6th order differencing scheme from (Bruhn et al., 2005).

3.2.3 Regularization term
The accuracy of different regularization terms was compared in prior studies (Cor-
petti et al., 2002; Dérian, 2012; B. E. Schmidt & Sutton, 2021) where the advantages
of high-order regularization were repeatedly demonstrated. The Laplacian regular-
ization can be informally proven to impart onto the velocity field in an analogous
manner to fluid viscosity in a two-dimensional divergence free flow (B. E. Schmidt
& Sutton, 2021). This physically-sound regularization was shown to be among the
most accurate in (B. E. Schmidt & Sutton, 2021) where a slightly more general
viscosity-based regularization term was proposed to account for apparent diver-
gence or compressibility resulting from out-of-plane motion in the images. Both the
authors’ own tests on synthetic data and results from (B. E. Schmidt & Sutton,
2021) however conclude that the improvement brought by this viscosity-based regu-
larization term is extremely marginal over the Laplacian regularization (≈ 3%), but
significantly increase the computation time due to having more terms to compute.
The current work therefore uses the Laplacian regularization:
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JR = 1
2

∫
Ω

|∇2U1|2 + |∇2U2|2dx

= 1
2

∫
Ω

(
∂2U1

∂x2
1

)2

+
(
∂2U1

∂x2
2

)2

+ 2
(
∂2U1

∂x2
1

)(
∂2U1

∂x2
2

)

+
(
∂2U2

∂x2
1

)2

+
(
∂2U2

∂x2
2

)2

+ 2
(
∂2U2

∂x2
1

)(
∂2U2

∂x2
2

)
dx

(3.31)

The wavelet framework allows for stable implementation of high-order regular-
ization schemes by transferring the velocity derivatives computation to the wavelet
basis functions using results originally derived by (Beylkin, 1992). Computation of
the regularization using wavelet calculus is referred to as the operator continuous
approximation method in (Kadri-Harouna et al., 2013) and is also known as the
wavelet Galerkin method (Amaratunga & Williams, 1997). The process involves
the construction of matrices N (·) which act as derivative operators on wavelet co-
efficients Θi via triple matrix products of the form N (·)ΘiN

(·)T . The superscript (·)

indicates the derivation order with the respect to the wavelet basis and is not an
exponent. The detailed derivation of these operators is included in Appendix A. In
the wavelet domain, equation 3.31 is expressed as:

JR = 1
2Θi :

(
N (4)ΘiN

(0)T +N (0)ΘiN
(4)T + 2N (2)ΘiN

(2)T
)

(3.32)

where : denotes the Frobenius product (element-wise product and sum) between
Θi and the triple matrix products. The gradient of equation 3.32 with respect to
the wavelet coefficients is given by:

∂JR

∂Θi

= N (4)ΘiN
(0)T +N (0)ΘiN

(4)T + 2N (2)ΘiN
(2)T (3.33)
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Chapter 4

Validation on Non-reacting Flow

The present chapter assesses the performance of the wavelet-based optical flow
(wOF) method in obtaining highly resolved and accurate measurements of veloc-
ity and derived quantities such as the wall shear stress in turbulent wall-bounded
flows. The influence of regularization on velocity results and normalised boundary
layer quantities is investigated using synthetic particle images generated from DNS
of a turbulent channel flow to understand the effect of this parameter. Results are
compared to industry standard cross-correlation-based PIV. The final part of this
chapter applies wOF to an experimental PIV dataset featuring a developing tur-
bulent boundary layer. Results are compared to correlation-based PIV processing
to demonstrate the advantages of wOF as an alternative technique in the study of
turbulent wall-bounded flows.

4.1 Description of synthetic test case
In order to quantitatively assess wOF performance and λ parameter sensitivity in
wall-bounded flows, it is first necessary to compare estimated velocity fields from
wOF to a known ground truth velocity available from synthetic data. Synthetic data
provide a useful test platform where parameters can be easily and independently
controlled in an idealised image environment. In this work, the synthetic data are
derived from direct numerical simulation (DNS) of a turbulent channel flow (Graham
et al., 2016) hosted online at John Hopkins Turbulence Database (JHTDB) (Li et
al., 2008). Details of the synthetic data are described below.

4.1.1 DNS dataset
Table 4.1 describes the simulation parameters of the JHTDB, which are stored in a
nondimensional form based on the half-channel height h. One hundred temporally
correlated velocity fields are extracted with a time separation of 2.5 δt (stored)
DNS database timesteps from a subset of the DNS domain that includes the no-
slip velocity grid point of the lower wall. The fields are of nondimensional size
0.17h× 0.17h× (5 × 10−4)h and sampled from the database at a grid resolution of
1024 × 1024 × 3 using fourth-order Lagrange polynomial interpolation (Berrut &
Trefethen, 2004).
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Bulk velocity Ub 0.99994
Centreline velocity Uc 1.1312
Friction velocity uτ 0.0499
Kinematic viscosity ν 5 × 10−3

Bulk velocity Reynolds number Reb = 2Ubh/ν 3.9998 × 104

Centreline velocity Reynolds number Rec = Uch/ν 2.2625 × 104

Friction velocity Reynolds number Reτ = uτh/ν 999.35
DNS database timestep δt 0.0065
Full domain size 8πh× 2h× 3πh
Full grid resolution 2048 × 512 × 1536

Table 4.1: Simulation parameters (nondimensionalised) of the JHTDB channel flow
DNS.

4.1.2 Particle image generation
Once the velocity fields from the DNS are extracted, it is necessary to determine
tracer particle displacements between frames of each image pair as they are ad-
vected by the DNS velocity. For the initial frame of each image pair, synthetic
particle tracer locations are initialised from a random distribution for each of the
extracted DNS velocity fields. The velocity field is assumed to be constant between
consecutive images and the tracers assumed to be spherical and massless. The
displacement of each particle in each second frame is computed numerically using
an explicit Runge–Kutta scheme (Dormand & Prince, 1980) and a modified Akima
spline interpolation for the velocities at particle locations (Akima, 1974). The veloc-
ity fields and particle displacements are then scaled from the nondimensional DNS
units to pixel displacements per unity inter-frame time interval (dt = 1) such that
the maximum image plane velocity magnitude corresponds to ≈ 3.5 px/dt, and the
maximum out-of-plane displacement is ≈ 0.8 px/dt.

The particle image pixel intensities are determined using classical methods of
synthetic particle image generation (Raffel et al., 2018). The maximum particle
intensity is governed by its diameter dp and out-of-plane position x3,p within a
Gaussian profile synthetic laser sheet:

Ip = d2
p exp

(
−8(x3,LS − x3,p)2

2σ2
LS

)
(4.1)

The laser sheet position x3,LS is centred in the middle of the extracted DNS
domain. The standard deviation of the laser sheet profile is set to σLS = 2 such
that the 1/e2 profile thickness is equal to the out-of-plane x3 thickness of the DNS
volume subsection. In this way, the out-of-plane particle displacement is less than
1/4 of the laser sheet thickness as recommended by (Adrian & Westerweel, 2011).
Each particle is randomly assigned a diameter that is drawn from a log-normal
distribution of values:

PDF = 1
xσ

√
2π

exp
(

−(log x− µ)2

2σ2

)
(4.2)

with parameters µ = 0.90 px and σ = 0.76 px for the mean and standard
deviation, respectively. The particle seeding density is 0.03 particles per pixel2
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(PPP), representative of that estimated from the experimental data presented in
Section 4.3. The in-plane pixel intensity is computed from the integral form of
the Gaussian function solved analytically using error functions as in (Raffel et al.,
2018). Assuming a Gaussian intensity distribution with standard deviation σp for
each particle, the total intensity for a given pixel at location (x1,px, x2,px) is expressed
by:

I(x1,px, x2,px) ∝ Ip

∫ x1,px+0.5

x1,px−0.5
exp

(
−(x1,px − x1,p)2

2σ2
p

)
dx1

∫ x2,px+0.5

x2,px−0.5
exp

(
−(x2,px − x2,p)2

2σ2
p

)
dx2

I(x1,px, x2,px) = QIp

[
erf
(√

8(x1,px + 0.5 − x1,p)
dp

)
− erf

(√
8(x1,px − 0.5 − x1,p)

dp

)]
[
erf
(√

8(x2,px + 0.5 − x2,p)
dp

)
− erf

(√
8(x2,px − 0.5 − x2,p)

dp

)]
(4.3)

where Q is a proportionality constant, set to 0.05 in the current work. Equation
4.3 represents the transfer function of an ideal camera sensor with a fill factor of 1.
This is a more representative method of how a camera integrates the light intensity
over individual pixels compared to simply using the analytical Gaussian expression.
Finally, after the pixel intensities have been determined, the values are scaled to
the dynamic range of an 8-bit camera sensor and rounded to integers to mimic
discretisation.

Once the particle images are rendered, the images are vertically shifted upwards
by 160 pixels to create a masked wall region of zero intensity. This vertical shift
avoids having the flow region near the bottom of the image where boundary condi-
tions in the wavelet transforms of wOF can affect the near-wall velocity estimates.
Moreover, this shift of the flow region from the image boundary is consistent with
experimental images presented in section 4.3. As this masked region in the images
has 0 intensity, it does not contribute to the DFD and is effectively ignored in the
minimisation (B. E. Schmidt & Woike, 2021). An example of a rendered particle
field image is shown in Figure 4.1.
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Figure 4.1: Example rendered particle field image from the channel flow DNS.

4.2 wOF assessment using synthetic data
In this section, wOF performance is assessed using the ground truth DNS data for
comparison. In particular, the sensitivity of the wOF results to the regularization
weighting λ is evaluated to understand how λ selection affects estimation of the tur-
bulent boundary layer motion. wOF findings are reported for 6 values of λ = [2, 40,
100, 180, 520, 1000]. wOF for was initialised starting from a coarse initial scale of
C = 4, rather than a full depth decomposition (C = 0) to accelerate computation.
This range of λ covers velocity estimates ranging from under-regularized (visibly
noise-dominated) to over-regularized (over-smoothed). The wOF error throughout
the λ range is determined to identify suitable λ values where the wOF error outper-
forms PIV. In Section 4.2.1, characteristic velocity estimates for each λ are presented
together with the error over the entire image domain. Section 4.2.2 evaluates the ef-
fect of λ on the calculation of wall units and the effect this has on the interpretation
of the mean velocity within each region of the boundary layer.

PIV is also applied to the synthetic data, providing a benchmark to compare wOF
with the current state of the art. A commercial cross-correlation-based PIV soft-
ware (DaVis 10.0.05, LaVision) was used for PIV processing. The cross-correlation
algorithm used 2 and 3 passes for the initial and final Gaussian-weighted IWs of
size 64 × 64 down to 16 × 16 with 75% overlap. The anisotropic denoising filter in
DaVis was applied to the PIV vector fields. The filter strength was selected for the
most accurate results for the given IW size. Thus, it should be strongly emphasised
that the PIV results presented are optimised. A geometric mask was placed 1 pixel
below the no-slip grid point to capture the entire particle image region. This results
in the first PIV velocity vector being 11 pixels above the no-slip pixel (x2 = 0). For
both PIV and wOF, the particle images were preprocessed using a min–max filter
(Adrian & Westerweel, 2011) to account for changes in particle intensity resulting
from out-of-plane motion within the synthetic laser sheet.

A notable feature of wOF is its ability to provide dense velocity estimates with
per-pixel vector spacing. Although this impressive vector spacing is achievable, the
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true spatial resolution of wOF is a subject not often discussed and requires thorough
analysis which is beyond the scope of this work. The average spacing between
particles can be considered to be a conservative estimate of wOF spatial resolution,
since this is the average maximum distance between image features containing a
genuine intensity signal. In the synthetic data, the average spacing between particles
is 5.8 pixels. This value is considered as an upper bound for wOF’s spatial resolution,
as this estimate only considers the average distance between particle centers and does
not take into account each particles’ local intensity distribution for which additional
valid vectors are associated. Additionally, because an explicit regularization scheme
is used, the vectors in regions without particles will contain physically sound flow
field information from regions containing genuine signals (B. E. Schmidt & Sutton,
2021). Such features would improve the true spatial resolution, but this requires
further analysis. Thus, we report 5.8 pixels as the spatial resolution for wOF, while
vectors are resolved per pixel. The PIV spatial resolution is reported as the final
IW size (i.e., 16 pixels), while the vector spacing is 4 pixels.

4.2.1 λ sensitivity based on entire image domain
4.2.1.1 Single image analysis

The influence of λ is first described by evaluating features of the wOF velocity field
within the entire image domain. Vector accuracy over the entire image domain is
assessed by the normalised root-mean-square error:

εu =
√√√√ 1
nv

∑ (U1 − U1,DNS)2 + (U2 − U2,DNS)2

U2
1,DNS + U2

2,DNS

(4.4)

In equation 4.4, nv is the total number of vectors and Ui is the individual velocity
value in the streamwise and normal direction denoted by subscripts i = 1, 2 respec-
tively. Normalisation by the DNS velocity magnitude ensures that errors in regions
of very low velocities near the wall are properly accounted for and not dominated
by errors from large velocity magnitudes (McCane et al., 2001). Vectors from wOF
outside the PIV masked boundary are ignored in the error calculation of wOF for
equivalent comparison. For comparison with PIV, the DNS ground truth velocity is
subsampled to a lower resolution grid using spline interpolation.

Figure 4.2 shows the instantaneous velocity field magnitude from a subset of
four selected λ values. For comparison, the true velocity field from DNS and the
corresponding velocity field from PIV are also shown. The associated εu value for
each result is reported above each sub-figure. For wOF with λ = 2, the velocity
estimate is under-regularized, leading to fine-scale noise visible as a speckle-like
pattern within the velocity field and yields the highest εu of the results shown. As λ
increases to 40, the regularity of the estimated flow field is increased and the noise
becomes noticeably suppressed. At λ = 180, the noise is effectively removed from
the velocity field and achieves the lowest εu, thus providing the closest agreement
with the DNS. This λ value producing the minimum εu will be referred to as λ∗. Far
beyond λ∗ at λ = 1000, the flow field is considered over-regularized; the noise has
been eliminated entirely at the expense of over-smoothing the flow and therefore
deviating from the DNS with εu nearly doubling. PIV produces a high-quality
velocity estimate with εu as low as the λ = 40 wOF result. With λ∗, a modest
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improvement of ≈ 23% in εu is achieved over PIV, demonstrating wOF’s improved
accuracy over the state of the art.

Figure 4.2: Instantaneous velocity magnitude for the DNS, PIV and wOF (λ =
[2,40,180,1000]) results. The grey dashed line marks the location of the velocity
profiles shown in Figure 4.3

.

Further assessment of how λ influences the estimated wOF velocity field is shown
by evaluating local velocity profiles. Figure 4.3 shows the instantaneous streamwise
velocity U1 profiles extracted normal to the wall at pixel location x1 = 400 marked
by the grey dashed line in Figure 4.2. This x1 location was chosen arbitrarily but
reveals trends consistent across all x1 locations. The characteristic noise present for
the under-regularized λ = 2 is clearly seen as spurious small-scale velocity oscilla-
tions. These fluctuations are reduced significantly as λ is increased to λ∗, leading to
overall better agreement with the DNS. In regions that contain high velocity gradi-
ents as shown near the inflection point at x2 = 240 in Figure 4.3b), it is shown that
λ = 40 follows the DNS better than λ∗ = 180. Thus, even though λ∗ is on average
optimal for the entire imaged motion, localised regions of sharp velocity gradients
may prefer a slightly lower λ to avoid washing out small-scale flow features. This
is discussed later when considering the regional λ sensitivity. As λ exceeds λ∗, the
over-smoothing effect is seen as a deviation from the DNS with velocity gradients
becoming increasingly underestimated as clearly visible in Figure 4.3b). As a bench-
mark, PIV processing achieves good agreement with the DNS, but with the reduced
vector spacing (1 vector per 4 pixels) as visible in Figure 4.3b).
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(a) (b)

Figure 4.3: a) Velocity profile along grey line location in Figure 4.3. b) Zoomed view
of high velocity gradient region within velocity profile (extracted region marked by
the square in a)).

The wOF εu sensitivity to λ is further evaluated for a broader range of λ com-
puted across 118 values shown in Figure 4.4. Increments of δλ = 1 are used for the
first 20 values to resolve the initial rapid εu variation, starting from λ = 0.001 to λ =
20, before changing to a coarser spacing of δλ = 10 for the remaining values. While
this λ sensitivity is shown for a single image pair, trends are consistent for all image
pairs within the 100 image sequence. The selected λ = [2, 40, 100, 180, 520, 1000]
values discussed throughout this work are shown in Figure 4.4. For clarity, these
chosen λ values correspond to under-regularized (λ = 2), slightly under-regularized
with εu equivalent to PIV (λ = 40), near minimum εu (λ = 100), minimum εu (λ∗

= 180), slightly over-regularized with εu equivalent to PIV (λ = 520), and over-
regularized (λ = 1000). The corresponding PIV error for the same image pair is
marked by the red line for comparison.

As shown in Figure 4.4, wOF results for λ < 40 give unacceptable ϵu values
significantly greater than PIV. The large ϵu is a result of the noise introduced into
the under-regularized flow field. As λ increases above 40, ϵu values decrease less
rapidly to the minimum ϵu at λ∗ = 180. A gradual, linear increase in ϵu past λ∗

ensues as the estimated velocity field becomes increasingly over-regularized. For the
flow field in Figure 4.2, λ values in the range λ = 40 - 520 provide modestly more
accurate velocity fields than PIV, at best reaching ≈ 23% improvement in ϵu at λ∗.
The exact range of λ yielding improvements over PIV varies slightly from image
to image. However, it is positive to see a broad range of λ yield acceptable error
values beyond the current state of the art and shows the strength of the current
wOF approach.
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Figure 4.4: Sensitivity of wOF ϵu as a function of λ for the velocity field in Figure
4.2.

4.2.1.2 Image sequence analysis

The findings in the previous section consider a single image pair from the synthetic
dataset. The influence of λ for the complete 100 image sequence, which involves a
temporally varying wall-bounded flow, will be now considered. Figure 4.5a) shows
the εu values for wOF at selected λ values, as well as for PIV across the image
sequence. The 100 image average ⟨εu⟩ values are shown by the bar chart in Figure
4.5b).

For all results presented, the εu for a given image pair can be seen to vary
slightly across the image sequence. This variation is dependent on the complexity
of the instantaneous flow dynamics for a given image pair as coherent structures
and streaks propagate across the image. Despite varying εu values across the image
sequence, the trends remain consistent with those presented for the single image
pair. In particular, εu values are exceptionally large for the under-regularized λ = 2
value, but ε decreases substantially as λ increases. εu values are lowest for λ∗ = 180,
but wOF findings with λ = 100 yield similarly low εu values, which is consistent
with the broad local minimum curve feature shown in Figure 4.4. wOF findings with
λ = 40, 520 yield comparable εu values as PIV. As λ increases beyond 180 values,
εu gradually increases but remains lower than λ = 2.

Overall, the error analysis reveals that wOF can surpass PIV accuracy for a
relatively broad range of λ values consistent with Figure 4.4. wOF can provide
improvements in accuracy up to 24% compared to PIV. In addition, the gradual
increase in εu for over-regularized λ values compared to the sharp rise in εu for
under-regularized λ values suggests that in the absence of a ground truth reference, it
may be preferable to select over-regularized as opposed to under-regularized velocity
estimates. However, it should be emphasized that εu represents a spatially averaged
value across the entire image domain. It is unlikely that a single λ value is optimal
for all locations of the velocity field. This is already seen in Figure 4.3b), where it
was shown that λ values closer toward the under-regularized side of λ∗ were able to
resolve sharp velocity gradients compared to λ∗. This finding is discussed further in
the following section.

67



4.2. WOF ASSESSMENT USING SYNTHETIC DATA 4

(a) (b)

Figure 4.5: a) wOF and PIV εu across the 100 image sequence. b) 100 image average
value.

4.2.1.3 Regional λ sensitivity

A single λ value weighting applied to an entire image can lead to a non-optimal
velocity estimation in various regions of an image. It is thus important to understand
the local distribution of error across the individual boundary layer regions. In this
section, the error from the ground truth is evaluated within each boundary layer
region contained within the synthetic images. This analysis reveals the trend of λ
to optimise wOF accuracy in each boundary layer region. For clarity, Figure 4.6a)
shows the physical domain of the viscous sublayer (y+ < 5), buffer layer (5 < y+

< 30) and logarithmic region which covers the remainder of the image field of view
(30 < y+ < 138) in this dataset. In addition, the full viscous sublayer resolvable by
wOF is considered in this analysis, as opposed to only considering the equivalent
PIV region as performed for εu.

The unnormalised root-mean-square error (RMSE) is calculated to quantify the
absolute error within each boundary layer region:

RMSE =
√

1
nv

∑
(U1 − U1,DNS)2 + (U2 − U2,DNS)2 (4.5)

In contrast to ϵu, the absence of normalisation by the DNS magnitude in the
RMSE avoids an exaggeration of errors closest to the wall where the velocity mag-
nitude approaches zero. The 100 image average RMSE in each region is shown in
Figure 4.6b-d) for the various λ values and for PIV.

In Figure 4.6, it can be seen that the RMSE trend as a function of λ is regionally
dependent. In the logarithmic region, wOF performs exceptionally well for the
previously acclaimed over-regularized λ = 520, 1000, but suffers from high RMSE
as the velocity field becomes more under-regularized. In the buffer layer, wOF is
sensitive to both under- and over-regularization; while the under-regularized λ = 2
still yields the highest RMSE, the RMSE for the over-regularized λ = 520, 1000 more
than doubles compared to the logarithmic region and the optimal λ decreases from
λ = 520 to λ = 100. In the viscous sub- layer, wOF now becomes more sensitive
to over-regularization, as λ = 1000 now has the highest RMSE, while the RMSE
for λ = 2 decreases substantially and the optimal λ decreases to 40. PIV performs
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consistently well in each boundary layer region, however, wOF at its optimised λ
values achieves RMSE improvements of 21%, 11% and 29% in accuracy over PIV in
the viscous sublayer, buffer layer and logarithmic region, respectively.

This trend of wOF preferring lower λ values and becoming more sensitive to
higher λ values as the wall is approached can be explained by considering the par-
ticular flow dynamics in these regions. In the logarithmic region, velocity gradients
are weaker compared to closer to the wall. Therefore, effects of over-smoothing
in the logarithmic region will have less of a detrimental effect on accuracy as the
motion is predominantly uniform. As the wall is approached in the buffer layer,
stronger velocity gradients exist requiring a slightly lower λ to resolve them without
over-smoothing. In the viscous sublayer, where the lowest velocities are present,
even lower λ values are preferred to resolve the sub-pixel particle displacements and
consistently large velocity gradients, which are both significantly more sensitive to
over-smoothing than noise compared to the regions away from the wall.

These findings demonstrate that a single λ value can slightly compromise the
wOF accuracy within the various regions of the boundary layer. While spatially
adaptive regularization schemes have been proposed in the literature (Lu et al.,
2021; Ouyang et al., 2021; Stark, 2013; Zhang et al., 2020) implementation of these
schemes is non-trivial and is beyond the scope of this work. Although wOF cannot
be fully optimised using a single λ value, these findings positively demonstrate that
values between λ = 100-180, including the optimal on average λ∗, provide well-
balanced solutions in each region with wOF offering up to 23% improved accuracy
over PIV.

4.2.2 λ sensitivity in the near-wall region
This section evaluates wOF’s ability to estimate the mean velocity behaviour within
the boundary layer by analysing the normalised velocity profiles depicted by u+, y+.
The effect of lambda on wOF to accurately calculate ⟨U1⟩ and the near-wall velocity
gradient γ is first assessed, since these variables are necessary to calculate u+ and y+.
Subsequently, the fidelity of wOF to resolve the various turbulent boundary layer
regions is evaluated. The ensemble mean velocity field presented in this section is
composed from 100 velocity images and is evaluated separately for each λ, as well
as for PIV.

4.2.2.1 Viscous sublayer mean velocity

The ensemble average streamwise velocity ⟨U1⟩ within the viscous sublayer (y+ <
5) is shown in Figure 4.7a and a zoomed view closest to the wall is shown in Figure
4.7b. The ⟨U1⟩ profiles shown are extracted from the x1 = 400 location marked by
the dashed line in Figure 4.2. Immediately obvious in Figure 4.7 is the finer vector
resolution for wOF compared to PIV; wOF provides vectors per pixel all to way to
the wall, while PIV has one-fourth the vector spacing and resolves approximately
half of the viscous sublayer region.

The effect of increasing λ on wOF is evident in Figure 4.7b). As λ increases, the
streamwise velocity approaching the wall is elevated and increasingly deviates from
the no-slip condition at the wall as the vector field becomes over-smoothed. For λ ≤
180, the deviation from the DNS is significantly less with low velocities of ⟨U1⟩ =
0.003 to 0.01 at the wall. wOF with λ = 2, 40 provides the best agreement with
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(a) (b)

(c) (d)

Figure 4.6: a) DNS velocity field with marked regions. Variation of average RMSE
across image sequence as a function of λ for the b) Logarithmic region, c) Buffer
layer and d) Viscous sublayer.

DNS, which is consistent with the analysis of the regional error distribution, showing
slightly under-regularized wOF results produce the most accurate vector estimates
in the viscous sublayer. However, the differences between λ = 2, 40 and λ∗ = 180
are small (< 3%). This smoothing effect of the regularization term JR becomes
particularly more apparent for λ > 180. This tendency for the regularization term
to dominate and oversmooth at motion and image intensity discontinuities is well
known in optical flow literature and is also influenced by using a quadratic penalty
in JR (Zach et al., 2007). Compared to the DNS and wOF results, PIV estimates
a slightly lower velocity within the resolved PIV region down to x2 = 14. Although
relatively minor, this systematic error occurring in the vicinity of the wall is absent
in all of the wOF results.
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(a) (b)

Figure 4.7: a) DNS velocity field with marked regions. Variation of average RMSE
across image sequence as a function of λ for the b) Logarithmic region, c) Buffer
layer and d) Viscous sublayer.

4.2.2.2 Near-wall gradient

Having established how λ affects estimates of ⟨U1⟩ in the vicinity of the wall, it
is necessary to understand how these effects propagate into deriving the near-wall
gradient γ and therefore the friction velocity uτ needed for the normalisation of
boundary layer quantities. Accurate and direct estimation of γ can be challenging
for several reasons. In particular, there is the need to resolve reliable velocity vectors
as close to the wall as possible and maximise the spatial resolution. The sharp
velocity gradient also needs to be resolved reliably in the presence of the image
discontinuity (i.e., the masked wall region). The calculation of γ is performed by
using a linear regression routine. For PIV, linear regression is performed from y+ =
4.8 to the final vector at y+ = 2.2 as illustrated by the dashed line in Figure 4.7.
For wOF, linear regression is applied at y+ = 4.8 and extends to y+ = 0.32 to avoid
the no-slip pixel at x2 = 0. The regression calculation includes five vectors for PIV
and twenty eight vectors for wOF. A normalised percentage error in γ is calculated
by:

εγ = |γ − γDNS|
γDNS

× 100 (4.6)

The true γDNS is calculated using a linear regression across the same respective
regions for each technique. The near-wall gradient error εγ is calculated at each
valid pixel position for wOF away from the image edges and a subsampled γDNS is
used for comparison with the lower resolution PIV grid. The mean average of the
normalised near-wall gradient error εγ across the available x1 distance is shown in
Figure 4.8.
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Figure 4.8: Average ϵγ error across the x1 distance.

Figure 4.8 shows that the under-regularized λ values are more conducive to
reduced error in εγ, with λ = 40 achieving the minimum ⟨εγ⟩ This trend is similar
to the RMSE within the viscous sublayer (Figure 4.6d); however, now the under-
regularized λ = 2 outperforms λ = 100, 180. wOF with λ = 2 performs better
for εγ than for the RMSE because the noise present in each image at low λ is
mostly washed out when calculating the ensemble mean velocity ⟨U1⟩. Despite the
preference toward under-regularization, it must be emphasised that wOF results for
λ = 2 to λ∗ = 180 all provide higher accuracy than PIV. The εγ values for this λ
range remain less than 1% and are a 45%–83% improvement over PIV. In contrast,
the over-regularized λ = 520 and 1000 cases have serious and unacceptable levels
of error, which are 147%–425% greater than PIV. These unacceptable errors are a
result of over-smoothing the velocity field at the wall as shown in Figure 4.7. Clearly
over-regularization should be avoided when evaluating velocity quantities closest to
the wall.

4.2.2.3 Normalised mean velocity profile

The normalised u+ velocity profiles are analysed to understand the effect of λ on
wOF’s ability to interpret the mean streamwise velocity in each region of the bound-
ary layer. The inner-scaled profiles are presented in Figure 4.9, taken at the location
marked by the dashed line in 4.2.

The relations for the linear u+ = y+ viscous sublayer and logarithmic region =
u+ = 1/κ + ln(y+) + β with the constants κ = 0.41 and β = 5.2 (Pope, 2000) are
indicated by the dashed lines. For the results in Figure 4.9, each profile is normalised
using its respective uτ calculated from γ.

When considering the results in Figure 4.9, it is first important to discuss the ef-
fect of γ on the velocity profiles. Recal that over-regularized λ = 520, 1000 yields an
underestimation of γ due to over-smoothing the velocity field. According to Equa-
tions 2.6 and 2.7 an underestimated uτ will decrease y+ and increase u+, creating a
slight vertical and leftward shift in the normalised velocity profiles for λ = 520, 1000.
In the viscous sublayer (y+ < 5), this shift, as well as general over-smoothing of ⟨U1⟩,
creates a deviation from DNS and the established linear u+ = y+ relationship. This
shift also causes a mild deviation from the DNS throughout the buffer layer (y+ ≈
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5 - 30) followed by a more noticeable deviation in the logarithmic region (y+ ≈ 30
- 200). wOF findings from λ = 2 to λ∗ = 180, which are not over-regularized, show
excellent agreement with DNS throughout each region of the boundary layer. As
shown in Figure 4.9, the noise associated with the under-regularized λ = 2 result is
mostly washed out when considering the ensemble average velocity ⟨U1⟩. Although
minor fluctuations due to under-regularization can be seen in the logarithmic region
for λ = 2 (see Figure 4.9c), these fluctuations are smaller than the deviations present
for over-regularized wOF results.

Figure 4.9 shows that PIV is broadly in good agreement with the DNS. A slight
discrepancy in the logarithmic region exists for PIV, but not to the extent of λ =
520, 1000. PIV resolves down to a minimum y+ = 2.21 in the viscous sub- layer.
Excluding the over-regularized λ = 520, 1000, wOF resolves 2 decades in wall units
further than PIV, down to y+ = 0.15 while maintaining agreement with the DNS
with an error less than 0.05 δu+ for the final vector at the wall. Assuming a suitable
λ is selected, these results show highly encouraging performance characteristics of
wOF in terms of improved accuracy and increased vector density, which enables
better interpretation of the viscous sublayer.

(a) (b) (c)

Figure 4.9: a) Inner-scaled mean velocity profiles. Zomed regions of the b) Viscous
sublayer and c) Logarithmic region. Theoretical relations for the viscous sublayer
and logarithmic region are shown in the dashed lines.

4.3 Application to experimental data
While synthetic data are key for quantifying and understanding error characteristics
of wOF, it is essential to further evaluate the performance of the method on a real
experimental dataset which departs from the simplicity of synthetic data. In Section
4.2, while it was shown that wOF provides improvements in accuracy over PIV,
PIV performed exceptionally well for the synthetic data, which is absent of noise
and other imaging artifacts. It should again also be emphasised that the degree of
smoothing in the PIV results was optimised for maximum accuracy. This was only
possible since the DNS ground truth velocity was available for comparison. True
experimental data, on the other hand, do not have such a reference and often suffer
from inherent camera noise, laser pulse variation and non-uniform illumination from
reflections near the wall, which can present additional difficulties to obtain accurate
velocity measurements. While image pre-processing methods can alleviate some
of these effects, in practice, it is not possible to avoid them entirely. Applying
the knowledge gained from the synthetic data, in this section, wOF is applied to
experimental particle images of a developing turbulent boundary layer. wOF results
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from a selection of λ values are compared to PIV, as well as a PIV + PTV approach,
which provides higher spatial resolution than PIV. This comparison demonstrates
the advantages of wOF over PIV and PTV to resolve the turbulent boundary layer
flow features with improved vector resolution and accuracy.

4.3.1 Experimental setup

Figure 4.10: Schematic of a) Flow facility (SWQ-burner) b) Applied laser diagnos-
tics in a side and top view. Numbers without units indicate spatial dimensions in
millimeters.

Experiments are conducted in a flow facility in which a jet flow impinges onto a
parallel wall, creating a developing turbulent boundary layer. The flow facility was
originally designed to study flame-wall interactions in a side-wall quenching (SWQ)
configuration (Jainski et al., 2018; Kosaka et al., 2018b, 2020; Zentgraf et al., 2021).
For the purposes of this study, the flow facility operates under non-reacting, cold-flow
conditions (i.e., no combustion). This experimental setup was recently presented in
(Zentgraf et al., 2022) for characterising the nozzle exit velocity profiles of the SWQ-
burner. A schematic of the facility is shown in Figure 4.10a). The central main flow
(fully premixed CH4/air at ϕ = 1.00; not ignited) was homogenised by meshes as
well as a honeycomb structure and subsequently guided through a converging nozzle.
At the square nozzle exit (≈ 40×40 mm2) the Reynolds number was maintained at
5900 and the inflow conditioning yielded a streamwise (x1) velocity profile with a
nearly top-hat shape (Zentgraf et al., 2022). For turbulent conditions at the nozzle
exit, a turbulence grid was used, providing a turbulence intensity of 6-7 % (Jainski
et al., 2018). The outlet flow impinged the sharp leading edge of a stainless-steel
wall. The wall’s surface has a mild curvature for improved optical access (radius:
300 mm, see top view in Figure 4.10 10b). The central main flow was shielded
from the lab environment by a concentric square air co-flow. All flows operated at
ambient temperature, which was in agreement with the wall temperature.
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A low-speed (10 Hz) PIV setup was used as shown in Figure 4.10b. This setup
was used previously to characterise the velocity profiles at the nozzle exit as bound-
ary conditions (Zentgraf et al., 2022) and its optical arrangement closely matched
the high-resolution, high-speed realisation in (Zentgraf et al., 2021). The main flow
was seeded with Al2O3 particles (Zentgraf et al., 2021) which were illuminated using
a dual-cavity Nd:YAG PIV laser (New Wave Research, Gemini PIV, G200, 10 Hz,
532 nm). Laser pulses were separated by △t = 40µs. The laser sheets were guided
vertically downward to the wall to minimise reflections at the wall. Measurements
were taken in the x1 x2-symmetry plane of the facility, at the wall’s centreline (x3
= 0 mm). The origin of the coordinate system is defined at the leading edge of the
wall along its centreline. Optics exposed to seeding were continuously purged by
nitrogen during operation.

The resulting Mie-scattering was detected by a sCMOS camera (LaVision GmbH,
Imager sCMOS) with an exposure time of 15 µs each frame. The camera was
equipped with a 180-mm objective lens (Sigma, APO Macro DG HSM D, f/8) and a
bandpass filter (Edmund Optics Inc., #65-216, central wavelength 532 nm, FWHM
10 nm) to suppress ambient light. The field of view (FOV) comprises (△x1, △x2 )
≈ (40 mm,47.5 mm). For velocimetry, the images are cropped to (△x1, △x2 ) ≈
(38 mm,38 mm), comprised of 2048 × 2048 pixels with the FOV beginning at the
wall’s leading edge. At the downstream edge of the FOV, the Reynolds numbers
based on the momentum thickness and friction velocity are Reθ = 100, Reτ = 70.

4.3.2 Vector field calculation
For the experimental dataset, wOF is benchmarked against PIV, as well as PIV +
PTV, the latter of which is often used in experiments to improve vector resolution
over PIV. It is emphasised that experiments were originally optimised for PIV/PTV.
The seeding density was optimised to provide 6–8 particles per final interrogation
window and particle displacement was within 1/4 of the final interrogation window
size in the near-wall region of investigation. Velocity vector fields achieved average
cross-correlation values of 0.77. It is therefore emphasized that the PIV quality is
not intentionally compromised to exaggerate the advantages of wOF.

The wOF and PIV velocity fields were processed similarly to that of the synthetic
data in Section 4.2. Mie scattering images were first pre-processed with subtraction
of the ensemble minimum image followed by a min–max intensity normalisation
(Adrian & Westerweel, 2011). PIV vector processing was performed using a multi-
pass correlation with an initial IW size of 64 × 64 down to 16 × 16 with 75%
overlap. The same anisotropic denoising filter used to optimise the PIV results on
the synthetic data was applied to the experimental PIV vector fields. PIV + PTV
processing was initialised from PIV. PTV was calculated for a particle size range
from 1 to 8 pixels and with a correlation window size of 8 pixels. PTV vectors were
converted to a structured 4 × 4 pixels2 grid, as performed in previous boundary
layer studies (Ding et al., 2019; M. Schmidt et al., 2021). This step was performed
in DaVis using a “simple averaging / strong filter” scheme in DaVis, which provided
the most reliable PTV results. A 3 × 3 Gaussian smoothing filter was applied to
remove noise in the PTV vector fields. wOF was performed as described in Section
4.2.

Each velocimetry method provides a different vector spacing and spatial resolu-
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tion. For PIV, the spatial resolution is 298 µm, as defined by the final IW size of
16 × 16, while 75% overlap provides a vector spacing of 74.3 µm (every 4 pixels).
The converted 4 × 4 pixels2 grid used for PIV + PTV provides a vector spacing of
4 pixels or 74.3 µm, which is equivalent to PIV. Since PTV assigns a vector to the
centroid of each detected particle, an approximate PIV + PTV spatial resolution is
reported as the average particle distance of 5.8 pixels or 107.8 µm. wOF provides
a per-pixel vector spacing of 18.6 µm. A conservative estimate of wOF’s spatial
resolution is reported as the average particle spacing of 107.8 µm. As mentioned in
Section 4.2, wOF’s true spatial resolution is likely to be smaller than the average
particle spacing since each particle pixel contains a valid vector, which likely makes
the particle centroid spacing an upper limit.

The first vectors from the wall are located 279 µmm, 204 µmm and 149 µmm for
PIV, PIV + PTV and wOF, respectively. These distances are based on geometric
masks used to calculate vector fields that are offset from the wall location to avoid
light reflections and reduce the frequency of spurious vectors at the wall for both
methods. The wall location is approximated using the maximum intensity of the
reflection present at the wall. This is then refined using the no-slip pixel position
estimate from PIV and wOF λ = 0.1 ⟨U1⟩ profiles averaged over the downstream
distance.

It should be emphasised that the experimental dataset is appreciably different
from the synthetic dataset in Section 4.1, and this influences the optimisation of
wOF. For example, the near-wall velocity gradient γ is larger and the viscous sub-
layer is much thinner for the experimental data than the synthetic data. In addition,
the image size is 2048 × 2048 px compared to 1024 × 1024 px in the synthetic data.
Therefore, not only is the absolute pixel-wise length halved, but the viscous sublayer
comprises a smaller and less significant proportion of the full image FOV. Lastly,
while the synthetic data have an average freestream particle displacement of 3 pix-
els, the experimental freestream flow field has a more substantial displacement of 6
pixels. All of these aspects, in addition to different image characteristics, will influ-
ence the regularization weighting for wOF, such that a suitable range of λ values
will be significantly different between the experimental and synthetic datasets. This
aspect is common within optical flow literature (Kadri-Harouna et al., 2013). In
fact, the experimental data are significantly stricter and less forgiving compared to
the synthetic data regarding selection of an acceptable λ. The absence of ground
truth data means determining the true optimal λ is not possible. For the experi-
mental data, wOF results from three values of λ = 0.1, 1, 20 are presented and the
most appropriate λ is justified a posteriori based on physical principles as well as
general comparison to PIV.

4.3.3 Instantaneous velocity fields
Assessment of wOF first considers the instantaneous velocity field in comparison
with PIV and PIV + PTV. Figure 11 shows an instantaneous velocity magnitude
field for PIV, PIV+PTV, and the three wOF results. An insert is shown for each
image, which highlights details of a low- speed streak emerging from the wall.

PIV does well in resolving the overall velocity field. However, PIV can often
struggle to resolve the velocity near the wall as shown by the pockets of unresolved
velocity regions near the wall. PIV + PTV resolves closer to the wall than PIV but
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resembles a noisier velocity field with similarity to the noise seen in λ = 0.1. It is
noted that converting PTV to a larger grid size of 8 × 8 pixels2 did not reduce the
noise level in the PIV + PTV.

All three wOF results resolve similar general features as PIV, but the qual-
ity of the velocity field is determined by the choice of λ wOF with λ = 0.1 ex-
hibits the high-frequency, speckle-like noise commonly associated with highly under-
regularized findings. While λ = 0.1 resolves much of the same larger scale features
as PIV and PIV + PTV, several artefacts of locally higher and lower velocities exist
throughout the image. For wOF with λ = 1, the high-frequency noise is removed
and the velocity field has strong agreement with PIV and PIV + PTV. The primary
differences between λ = 1 and PIV are that wOF does not have spurious or missing
vectors near the wall and wOF resolves velocities closer to the wall. In addition,
λ = 1 does not contain the speckle-like noise presented in PIV + PTV. For λ =
20, the larger flow features are well captured, but the finer-scale features present in
PIV, PIV + PTV, and λ = 1 are mostly removed, likely due to over-smoothing.

The fact that noticeable changes in the velocity field occur over a significantly
smaller λ range confirms the challenge in selecting the appropriate λ for the exper-
imental dataset. While it is not possible to determine a λ value that provides the
highest accuracy, it would appear that λ = 0.1 is too under-regularized and λ = 20 is
likely over-regularized. Further analysis of the findings within the turbulent bound-
ary layer is performed to evaluate these aspects and to determine the suitability of
λ = 1.
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Figure 4.11: Instantaneous velocity magnitude fields. The insert shows a low-speed
velocity streak emanating from the wall. The grey dashed line denotes the location
where velocity profiles are extracted analysed in Figure 4.12.

4.3.4 Mean velocity profiles
The near-wall velocity profiles are shown in Figure 4.12a), with the normalised
profiles shown in Figure 4.12b). The ⟨U1⟩ values are produced from a 100 image
mean and the profiles are spatially averaged over a 2 mm streamwise x1 distance
centred at the location marked by the grey dashed line in Figure 4.11. The near-wall
gradient γ is calculated from the ensemble average streamwise velocity fields using
a linear regression in a similar manner to that described for the synthetic data. In
the viscous sublayer (y+ < 5), there are 15 velocity vectors for wOF compared to
3 velocity vectors for PIV and 4 for PIV + PTV. The linear regression for wOF
and PIV + PTV uses each of the available vectors, while for PIV, only 2 out of
the 3 available vectors are used since the final PIV vector nearest to the wall is
frequently spurious. As described in Chapter 1, the estimation of γ has a direct
effect on normalised wall units through u+. The γ values calculated are γP IV =
1919, γP T V = 2402, γλ=0.1=0.1 = 2469, γλ=1 = 2288, γλ=20 = 1701 1/s, which
provide the corresponding uτ values uτ,P IV , PIV = 0.1697, uτ,P T V = 0.1898 uτ,λ=0.1
= 0.1924, uτ,λ=1 = 0.1853, uτ,λ=20 = 0.1597. Incorrect estimates of γ can result in a
strong offset from the exact u+ = y+ formulation shown by the green dotted line in
Figure 4.12b). Comparison with this linear relation will be used as an approximate
measure to judge the quality of the near-wall vectors in the absence of a ground
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truth velocity.
In Figure 4.12a), the profiles above 1 mm from the wall are in excellent agree-

ment. For x2 < 1 mm, the λ = 20 profile shows increasing deviation from all other
profiles as the wall is approached. In particular, velocity gradients are weaker lead-
ing to a flatter curve and significantly higher velocities at the wall. These features
clearly indicate that λ = 20 is over-regularized; the excessive smoothing washes out
the velocity gradient at the wall, creating an underestimate of uτ . The resulting nor-
malisation creates a strong deviation from u+ = y+ as shown in Figure 4.12b) and
demonstrates that λ = 20 is not appropriate since the γ estimation is compromised.

In Figure 4.12a, good agreement is shown between λ = 0.1, 1, PIV, and PIV
+ PTV until x2 < 0.4 mm, where PIV shows a milder gradient for 0.3 ≤ x2 ≤ 0.4
mm followed by a sharper velocity gradient at the last PIV data point. As will be
shown, the last PIV data point is often erroneous, which biases the interpreted flow
behaviour. In Figure 4.12b), PIV is offset from the u+ = y+, with an abnormal
deviation in the curve for the last data point. PTV stays in closer agreement with λ
= 0.1, 1 and is able to resolve closer to the wall than PIV although not to the same
extent as wOF. The resulting normalisation to inner variables results in significantly
closer alignment with u+ = y+ for PIV+PTV, although a slight offset remains.
The λ = 1 result, on the other hand, shows perfect alignment with the u+ = y+

relation and remains in good agreement with a discrepancy of 0.04 δu+ at the final
vector. This suggests that λ = 1 provides accurate velocity estimates near the
wall, as well as an accurate γ estimate. This also indicates that PIV, and to a
lesser extent PTV, struggles to correctly estimate γ causing a slight shift in the
normalised velocity profile, but not to the same extreme as λ = 20. The λ = 0.1
result exhibits the highest γ at the wall, creating a down- and rightward shift in the
normalised velocity profile. This shift was not seen for the under-regularized values
in the synthetic dataset, which further emphasises the higher sensitivity of λ for the
more challenging experimental dataset compared to the synthetic data.

(a) (b)

Figure 4.12: a) Mean streamwise velocity profiles, b) Inner-scaled mean profiles.
Profiles are spatially averaged over across a 2mm streamwise x1 distance at the
location marked by the gray dashed line Figure 4.11.
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4.3.5 Normalised velocity fluctuation
The streamwise turbulent velocity fluctuations u1 = U1 − ⟨U1⟩ are analysed to fur-
ther evaluate the capabilities of the velocimetry techniques. Velocity fluctuations
provide an assessment of the data quality beyond the ensemble mean and are equally
important to evaluate turbulent quantities in the boundary layer. Figure 4.13 shows
the profile of the normalised streamwise velocity fluctuations ⟨u1u1⟩+. The fluctua-
tions and wall-normal coordinate in Figure 4.13 are normalised by the uτ estimated
from λ = 1 since this uτ value provided the strongest agreement with u+ = y+.
Normalising each case by uτ , λ=1 removes the biased curve shifts as shown in Fig-
ure 4.12. Similar to ⟨U1⟩, the fluctuation profiles are spatially averaged across the
2 mm streamwise distance with the extent of a single standard deviation of these
fluctuations illustrated by the shaded area in Figure 4.13. The standard deviation
of the fluctuations within this 2 mm distance can be considered indicative of the
reliability of the velocity estimate and its susceptibility to error.

In Figure 4.13, each curve follows a relatively similar trend from y+ = 200 to
y+ = 10; ⟨u1u1⟩+ values increase from the freestream region and exhibit a local
maximum in the buffer layer at y+ ≈ 10 as seen in other boundary layer studies (e.g.,
(Spalart, 1988)). From y+ = 10 toward the wall, each curve exhibits different trends.
For PIV, <u1u1>

+ values continue to increase quite substantially into the viscous
sublayer. This trend is non-physical as the turbulent fluctuations are expected to
decrease in the viscous sublayer as the wall is approached. PIV also exhibits a
very large standard deviation below y+ = 10, which is primarily caused by spurious
vectors within the last 2–3 PIV vectors. This feature illustrates the challenges of
PIV to accurately resolve small-scale fluctuations in the presence of strong velocity
gradients. Reliable PIV measurements are often challenging directly near surfaces.
While ensemble average PIV quantities can be represented with sufficient accuracy,
higher-order velocity statistics and instantaneous velocity fields more clearly reveal
challenges with PIV. PIV + PTV shows improvement from PIV; PTV resolves a
greater extent of the buffer layer peak and initially shows the expected decrease
in ⟨u1u1⟩+ toward the wall. However, PIV + PTV still shows the non- physical
increase in ⟨u1u1⟩+ within the final 2–3 vectors at the wall and contains a large
standard deviation. Although these artefacts are less severe compared to PIV, they
demonstrate that PIV + PTV can still struggle to accurately resolve the flow nearest
the wall

wOF findings, on the other hand, do not exhibit such large deviations in ⟨u1u2⟩+,
indicating that wOF is less susceptible to the same errors as PIV and PIV + PTV
near the wall. Indeed, ⟨u1u2⟩+ values are large for λ = 0.1 due to the results being
under-regularized; however, ⟨u1u2⟩+ values and their deviation are significantly lower
than those for PIV or PIV + PTV near the wall. Below y+ = 10, all wOF findings
show the expected decrease in ⟨u1u2⟩+. The λ = 20 profile shows a milder peak
near y+ = 10 and a milder decrease near the wall compared to other wOF results.
The λ = 20 velocity is over-regularized for which excessive smoothing reduces the
variation between peak and trough in the curve from y+ = 10 to y+ = 1. ⟨u1u2⟩+

values for λ = 1 show the greatest decrease as the wall is approached, which follows
the expected trend of turbulent fluctuations being suppressed within the viscous
sublayer in close proximity to the wall. In addition, the extent of the shaded region
for wOF remains constant near the wall suggesting that velocity errors are not being
influenced by the proximity of the wall. Overall, wOF with λ = 1 shows the most
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promising findings in terms of ensemble average values, as well as behaviour of the
velocity fluctuations.

Figure 4.13: Streamwise turbulent fluctuations normalised by uτ,λ=1. The shaded
regions indicate one standard deviation of the ⟨u1u1⟩+ values within the 2mm region
centred by the grey dashed line shown in Figure 4.11

4.3.6 Vorticity and turbulent flow structure
An example is presented which highlights the advantages of wOF in resolving tur-
bulent flow phenomena within a boundary layer. This example is demonstrated for
an instantaneous velocity field comparing the optimised wOF with λ = 1, PIV and
PIV+PTV.

One of the added benefits of wOF over PIV or PIV + PTV is the improved
vector spacing together with physically sound smoothing, and with that, the ability
to better resolve velocity gradient quantities. Figure 4.14 shows the instantaneous
vorticity field Ω for PIV, PIV + PTV, and wOF. The vorticity is calculated using
the 8-point circulation approach described in (Raffel et al., 2018). Individual turbu-
lent structures with relatively high vorticity magnitude are generated near the wall’s
leading edge and are advected downstream within the developing boundary layer.
The inlays shown in Figure 4.14 highlight a region that captures a prograde vortex
that was generated from the wall’s leading edge. This is a particularly challenging
region because of the vortex’ proximity to the wall, where small pixel displacements
coupled with the spatially varying sharp velocity gradients present difficulties for
velocimetry techniques. Indeed, PIV has been used to resolve small-scale vortex
structures near walls, but this is often accomplished by using high image magnifi-
cations yielding FOVs smaller than 5 × 5 mm2 (Jainski et al., 2013), rather than a
large FOV that is present in the current work.

The overall vorticity fields calculated from the velocimetry techniques are in
good agreement; all methods show similar overall features such as the high vorticity
regions extending from the wall’s leading edge. PIV + PTV shows higher fluctu-
ations in the vorticity field than PIV and wOF. This attribute is no doubt due to
the higher degree of speckle-like noise present for PTV as shown in Figure 4.11.
The inserts in Figure 4.14 highlight the capabilities of resolving the finer vorticity
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structures near the wall for each method. Overall, the same spatial distribution
of positive/negative vorticity structures is captured by each method, however, the
effect of greater vector resolution is immediately seen; in particular, PIV and PIV
+ PTV images are substantially more pixelated compared to wOF. PIV can exhibit
larger discontinuities in the vorticity field (i.e., larger changes from pixel-to-pixel),
which are absent in the PIV + PTV and wOF results, with wOF achieving a highly
resolved and more continuous vorticity field. The PIV + PTV vorticity field devi-
ates more substantially from PIV and wOF with several strands of high vorticity
extending from the larger vorticity structures. These elevated vorticity strands are
likely due to elevated noise levels present in PIV + PTV as discussed in Figures 4.11
and 4.13. wOF is able to resolve the vorticity much closer to the wall and without
troublesome unresolved regions from erroneous vector calculation as in the PIV and
PIV + PTV fields. wOF faithfully preserves the features shown in both the PIV
and PIV + PTV results, but achieves a much finer-detailed vorticity field.

Figure 4.14: Instantaneous vorticity calculated for PIV (left), PIV + PTV (middle)
and wOF (right). Inlays show a 0.8 × 0.8 mm2 zoomed view of a vortex. The green
rectangle indicates the location of the velocity vector field shown in Figure 4.15.

Figure 4.15 shows the corresponding vector field within the green rectangle shown
in Figure 4.14. The vector field shows all available vectors for PIV, PIV + PTV
and wOF shown in red, blue and black, respectively. wOF is capable of resolv-
ing the prograde vortex in much more detail than the other methods. While the
vortex is visible in PIV and PIV + PTV, the vortex structure is more difficult to
interpret due to sparser vector spacing and the presence of quasi-erroneous vectors
that deviate from a vortical flow pattern. In Figure 4.15, all vector fields show good
agreement above x2 = 0.6 mm; most vectors are in alignment and are of the same
magnitude. However, closer to the wall, there are larger disagreements between
wOF and PIV. In many locations, PIV vectors are aligned orthogonally to wOF
vectors. Some PIV vectors are clearly erroneous as they differ significantly from
their neighbouring PIV vectors. Additionally, PIV vectors are absent in the upper
left corner where spurious vectors are detected and removed during post-processing.
Closest to the wall, PIV vectors point inwards toward the wall with a relatively
large velocity magnitude, which strongly disagree with the wOF vectors directed
parallel or outward from wall with a velocity magnitude more consistent with the
neighbouring vectors. PIV + PTV improves on PIV in this regard with suitable
quality vectors at the wall and calculates vectors in all regions. However, PIV +
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PTV exhibits select vectors that disagree with PIV and wOF. In addition, PIV
+ PTV vectors near its vortex core centre are misaligned with its circulation and
struggle to resemble a coherent vortex core. It is likely that PIV + PTV struggles
to successfully resolve the strong gradients present in this region. The velocity field
features shown in Figure 4.15 reveal some challenges cross-correlation-based PIV and
combined PIV + PTV experience in resolving small-scale intricate flow dynamics
with high velocity gradients in the vicinity of physical boundaries. Assuming a
suitable λ is selected, these findings positively indicate that wOF is better suited to
resolve these turbulent flow structures in the boundary layer region.

Figure 4.15: Vector field for PIV (red), PIV + PTV (blue) and wOF (black) within
the green rectangle shown in Figure 4.14. Vector fields are shown at their original
sampling resolutions.

4.3.7 Turbulent energy spectra
Lastly, to assess the potential of resolving fine-scale turbulent velocity fluctuations
using wOF, the normalised streamwise turbulent kinetic energy spectrum (E∗

11 (κ1))
is analysed. This is calculated using the Fourier transform of the streamwise velocity
fluctuations (u1) across the entire field of view. Samples are filtered using a Hanning
window to account for lack of periodicity in u1 before computing the transform. The
1D turbulent kinetic energy spectrum, normalised by its peak value, is presented in
Figure 4.16 for PIV, PIV + PTV and the optimised wOF with λ = 1. Due to
the moderately low turbulence level, there is insufficient separation of scales to
produce a significant inertial subrange (−5/3 region). The spectra reveal a high-
frequency noise present for PIV at increasing wavenumbers. The PIV spectra do not
show the classical energy decay at increasing wavenumbers, indicating the velocity
measurement noise floor and spectral resolution limit have already been reached.
The PIV + PTV spectra do not show the high-frequency noise present in the PIV
profile. However, PIV + PTV spectra show elevated energy at all wavenumbers

83



4.4. CONCLUSIONS 4

compared to PIV together with a non-physical modulation after κ1 > 2×104. wOF is
in close agreement with PIV and PIV + PTV at the low wavenumbers, but shows an
energy decay at higher wavenumbers and resolves a significantly greater proportion
of the energy spectrum without obvious indications that the measurement is being
corrupted by noise or accuracy issues at high wavenumbers.

Figure 4.16: Normalised streamwise turbulent kinetic energy spectrum for PIV, PIV
+ PTV and wOF.

4.4 Conclusions
The performance of a wavelet-based optical flow (wOF) method was assessed in
detail on synthetic and experimental particle images of turbulent wall-bounded flows.
The ability to extract high-resolution estimates of instantaneous, mean and derived
flow properties was evaluated in the vicinity of the wall. This was analysed in
regards to selection of the regularization parameter λ, an aspect largely not discussed
in other optical flow velocimetry works, and compared to results from correlation-
based PIV.

Using synthetic PIV data generated from DNS of a turbulent boundary layer
channel flow, a λ sensitivity analysis was performed over the entire field of view to
establish a range of under-regularized, over-regularized and optimal wOF results. A
regional λ sensitivity was investigated to understand the localised error behaviour
and considerations necessary to optimise wOF within each region of the bound-
ary layer. Away from the wall in the logarithmic layer, wOF is more sensitive to
under-regularization, which introduces non-physical noise into the otherwise uni-
form velocity field. This noise causes significant deviation from the ground truth,
leading to unacceptable errors nearly three times greater than PIV. The logarithmic
region is less sensitive to over-regularization, since over-smoothing imposed by over-
regularization removes noise and produces little deviation to the uniform velocity
field. In the buffer layer, wOF is sensitive to both under- and over-regularization.
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Over- regularization becomes problematic because over-smoothing washes out ve-
locity gradients present in the buffer layer. In the viscous sublayer, wOF performs
optimally when slightly under-regularized, which better resolves the velocity gradi-
ents at the wall in addition to sub-pixel particle displacements. In contrast, over-
regularization yields the highest errors as it underestimates the near-wall velocity
gradient (γ). This latter aspect is important when evaluating wall units (u+, y+)
since an underestimated λ directly yields an over-estimated u+ and underestimated
y+. Although wOF vectors at all locations cannot be optimal using a single λ value,
results confirm a suitable range of λ values exist that outperform PIV in each bound-
ary layer region with wOF also achieving significant improvement in resolving the
viscous sublayer more effectively.

The accuracy and resolution improvement is more pronounced when wOF is
applied to experimental images. Physically motivated selection of λ based on the
expected linear relationship in the viscous sublayer allowed for wOF to better resolve
the mean velocity closer to the wall and stay in excellent agreement with u+ = y+

down to the final vector. wOF further provided impressive vector resolution offering
15 vectors in the viscous sublayer, as opposed to PIV and PIV + PTV which, re-
spectively, offered 3 and 4 vectors in the viscous sublayer with the last vector often
being erroneous for PIV. Although PIV performed acceptably when resolving the
mean velocity near the wall, evaluation of higher-order velocity statistics and instan-
taneous flow fields revealed the lower reliability of PIV near walls. In particular,
estimates of the turbulent velocity fluctuations from PIV featured a non-physical
increase near the wall with unreasonably high standard deviation for the last three
vectors closest to the wall. PIV + PTV improved upon such errors, but still exhib-
ited the non-physical increase in turbulent velocity fluctuations and large standard
deviation near the wall. wOF did not exhibit these artefacts. Instantaneous velocity
fields further demonstrate the spurious velocity estimations at the wall with PIV.
While PIV + PTV exhibited less spurious velocity estimations, noise levels were
comparable to the under-regularized wOF findings, which made it more difficult for
PIV + PTV to provide reliable vorticity fields. wOF does not yield such erroneous
velocity estimates, which, together with the improved spatial resolution, allowed for
more accurate estimates of derivative quantities detailing complex flow structure in
the vicinity of the wall. These findings positively indicate that wOF is well suited
to estimate the flow dynamics in the presence of physical boundaries.
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Chapter 5

Application to Reacting Flow

5.1 Introduction
With the relevant validation study on non-reacting wall-bounded flows complete,
next wOF is applied to the same SWQ burner experimental setup now run under
reacting conditions. This is a significantly more challenging dataset in multiple as-
pects; the flow dynamics are significantly altered by the combustion process which
increases the image plane particle displacements and decreases the image signal-to-
noise ratio (SNR) particularly in regions near the wall compared to the non-reacting
case. Additionally, effects of thermal expansion across the flame front result in tran-
sient local regions of decreased particle seeding density when the flame is in close
proximity to the wall. Higher seeding densities are in general preferable for PIV
(Raffel et al., 2018) and more so for wOF (B. E. Schmidt & Sutton, 2019). The risk
of spurious vectors near the wall for both velocimetry methods is therefore increased.
Previously, wOF has previously been applied to a highly turbulent (Reynolds num-
ber = 58000) reacting jet flow (B. E. Schmidt & Sutton, 2020; B. E. Schmidt et al.,
2021), demonstrating the ability to resolve the dissipation range of the turbulent
energy cascade. To the best of the authors’ knowledge, application of an optical
flow technique to a wall-bounded turbulent reacting flow, with the aim of studying
the novel flow phenomena, as opposed to being part of a comparison study with
PIV, has never been done before.

Previous studies of (Steinhausen et al., 2023; Zentgraf et al., 2021) have sug-
gested that the turbulent flow field plays a key role in FWI behaviour, including
flame topology and flame quenching behaviour. Thus, investigating the intrinsically
coupled dynamics of the flame and turbulent flow is necessary to understand these
phenomena. Of particular interest is a flame vortex interaction, shown previously in
Chapter 1 which is hypothesised by (Zentgraf et al., 2021) to be a transport mech-
anism responsible for presence of cold burnt gas products in the unburnt gases in
the vicinity of the flame quenching point. This unique thermochemical state of low
temperature (<450K) and high concentration CO2 near the wall does not occur in
the laminar case and therefore resolving the turbulent flow field is key in understand-
ing this process. The DNS study of (Steinhausen et al., 2023) provided supporting
evidence of the entrainment of the burnt gases into the unburnt reactants in the
vicinity of the flame tip at the quenching location. Although the vortex responsible
for this transport process has been inferred from elevated regions of Q-criterion in
these studies, the actual flow field associated with the vortex and facilitating the
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transport process, has never actually been explicitly revealed. This chapter adopts
a Lagrangian reference frame to reveal the vortical flow field combined with vortex
tracking and conditional analysis to study the influence of this unique flame vortex
interaction on local flame quenching behaviour. Quadrant analysis of the velocity
fluctuations is used to investigate dominant coherent flow motions facilitating mass
transport processes in the boundary layer. Previous studies have reported that the
quadrant distribution of the turbulent flow is significantly altered in the presence
of a flame front, as compared to the canonical non-reacting case (T. Alshaalan &
Rutland, 2002; Jainski et al., 2018).

The advantage of improved resolution from wOF is used to resolve a greater
range of lengthscales present in the turbulent flow field as well as achieve a generally
higher fidelity representation of the flow phenomena under investigation together
with increased statistics. The wOF results are supplemented with the robust but
also lower resolution measurements from PIV. Findings from the two methods are
in agreement with each other. This chapter only presents wOF findings. Example
comparisons of figures with the supporting PIV results are available in Appendix B.

5.1.1 Experimental setup

(a) (b)

Figure 5.1: a) Schematic of experimental setup. b) Measurement region.

A schematic of the SWQ experimental setup for the reacting case is shown in
Figure 5.1 a). This setup has been extensively studied for FWI investigations (Jain-
ski et al., 2018; Zentgraf et al., 2021, 2022) and is an established experimental
facility. The pertinent details specific to the reacting operating conditions are sum-
marised below. Other experimental parameters are as described in Chapter 4. The
flow through the burner is a premixed mixture of dimethyl ether (DME)-air with
an equivalence ratio of ΦEQ = 0.83. The main flow is ignited and the V-shaped
flame stabilised on a 1mm diameter ceramic rod acting as the flame holder. One

87



5.1. INTRODUCTION 5

branch of the flame impinges on a stainless steel wall which is actively water cooled
to maintain a surface temperature of 330K.

Additional characteristics of the experimental setup are summarised in Table
5.1. The Reynolds number of Re = 5900 is calculated based on the hydraulic nozzle
diameter (D = 41.7mm) and the average bulk flow velocity (UB = 2.2m/s) from the
volume flow rate. The velocity profile at the nozzle exit is as shown in Figure 4.10
in Chapter 4 previously.

Non-dimensional parameters relevant to this experiment include the Damkohler
number Da, characterising the ratio of the turbulent flow time scale to the chemical
reaction time scale. Assuming the laminar flame thickness and Kolmogorov length
scales in the calculation of Da leads to the Karlovitz number Ka. Based on these
numbers, the Borghi-Peters regime diagram classifies the turbulent flame structure.
The flame in the present experiment is reported as being in the wrinkled flamelet
regime (Zentgraf et al., 2021), therefore the flame front is mildly stretched and
wrinkled by turbulent fluctuations that are below the laminar flame speed. The
Peclet number Pe is the ratio of the quenching distance (height from the wall where
the reaction extinguishes) to the laminar flame thickness. This is frequently used to
characterise near-wall quenching phenomena, with typical values reported as being
Pe ≈ 7 and Pe ≈ 3 for side-wall quenching (SWQ) and head-on quenching (HOQ)
respectively (T. Poinsot & Veynante, 2005).

Flame characteristics
Laminar flame thickness lf (Zentgraf, n.d.) 400µm
Laminar flame speed Uf (Qin & Ju, 2005) 0.35 - 0.39m/s
Adiabatic flame temperature (Kosaka et al., 2018b) 2190K

Nozzle exit velocity characteristics
Re (Zentgraf et al., 2021) 5900
ui,RMS 0.18 m/s
Turbulence intensity 7.2%

Table 5.1: Experimental parameters.

The laser diagnostics used in this investigation are simultaneous high-speed PIV
and planar laser-induced fluorescence (LIF) imaging of the OH radical. The experi-
ments were performed by Florian Zentgraf at the Technical University of Darmstadt
and are described in full detail in (Zentgraf et al., 2022). A frequency-doubled Nd-
YAG laser operating at 532nm and a repetition rate of 4kHz was used for PIV.
The laser provided two laser pulses separated by △t = 10µs, which describes the
time-pulse separation between the Mie scattering images. Alumina particles (Al2O3)
with a nominal diameter of 300nm were used as the tracer. These particles were
introduced into the air stream prior to the air mixing with fuel by a customised
vibrational seeder. Mie scattering images were recorded by a high-speed CMOS
camera (Phantom v2640 by Vision Research Inc.) operating in double frame mode.
The camera was equipped with a 180mm objective lense and extension tubes equally
180mm in length to provide a high image magnification of 2.25.

For OH-LIF, a frequency-doubled high-speed dye laser pumped by a frequency-
doubled Nd-YAG laser was used to provide a laser pulse at 283.1nm to excite the
Q1(6) transition of OH. The OH-LIF laser operated at 4kHz repetition rate and the
OH-LIF laser pulse was synchronised in between the two PIV pulses. The OH-LIF
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images were acquired by a scientific high-speed CMOS camera (Fastcam SA-X2 by
Photron) coupled to a high-speed image intensifier (HS-IRO by LaVision). The HS-
IRO was equipped with a 150mm UV lense and bandpass filters to detect the OH
signal from 300-320nm. The LIF field of view is (∆x1,∆x2) = 23.6 × 23.1mm2 and
is centred around the PIV field of view of (∆x1,∆x2) = 10.6 × 10.9mm2 as shown
in Figure 5.1b). Both field of views are coincident in the out-of-plane (x3) direction
at the wall centreline.

5.1.2 LIF image processing
In order to analyse and quantitatively correlate the flame front position with the
velocity field dynamics, it is necessary to extract the flame front contour from the
LIF images. The sequence of processing steps is shown in Figure 5.2. All LIF
images are initially cropped to the PIV field of view, reducing the final LIF image
size from 1052 × 1039 pixels2 to 494 × 475 pixels2. Firstly to remove noise, the
raw image is filtered with a non-local means filter (Buades et al., 2005). Unlike
classical Gaussian filtering schemes, this filtering operation is both edge preserving
and adept at reducing visible noise. Two subsequent operations are then performed
separately on the filtered image: (1) the filtered image is binarised using an adaptive
thresholding technique (Bradley & Roth, 2007) and (2) edge detection is performed
using a derivative of Gaussian filter followed by calculation of the quadratic gradient
magnitude |∇I|2 = (∂I/∂x1)2 + (∂I/∂x2)2. The contour of the binarised region,
shown in red in Figure 5.2c-d),f) is extracted and used to extract the gradient
magnitude values travelling along the contour. The values of the trace are then
normalised between 0 and 1. The quenching point is next detected in a similar
manner to (Jainski et al., 2018; Zentgraf et al., 2021) as the point where the gradient
magnitude values first exceed a threshold TQP when travelling along the flame front
in the upstream direction. Below this value, the LIF signal is too diffuse and does
not feature the signature sharp OH gradient representative of a reacting flame front.
The contour and binarised image downstream of this point are then set to 0. Not all
LIF images involve flame quenching and can have a continuous unquenched flame
within the cropped PIV field of view. Therefore, to avoid artificially detecting a
false quenching point, a minimum (unnormalised) gradient (|∇I|2) must exist. All
parameters involved in the above operations are summarised in Table 5.2.
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Non-local Means Filter
Degree of Smoothing 100
Search Window Size 41
Comparison Window Size 21

Adaptive Threshold
Threshold sensitivity 0.55
Neighbourhood size 71
Statistics Gaussian

Derivative of Gaussian filter
Sigma 3

Quenching Point Detection
Minimum |∇I|2 1 × 10-4

TQP 0.08

Table 5.2: Parameters in the image processing routine.

The described LIF image processing methodology produces similar results to
the methods used in (Jainski et al., 2018; Zentgraf et al., 2021). However, the
current method is also adapted to accurate detection of flame front regions of high
curvature, as well as producing more continuous flame fronts without use of edge-
linking or region-growing algorithms following edge detection. These benefits are
advantageous when sampling flow quantities normal to the flame surface as will be
done in a forthcoming section for the strain-rate.
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(a) Raw LIF image. (b) Non-local means filtered.

(c) Binarised image. (d) Quadratic gradient magnitude |∇I|2.

(e) Trace of |∇I|2 along binarised contour. (f) Final flame contour and quenching point

Figure 5.2: Image preprocessing and flame front detection routine.
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A flame probability map or averaged progress variable can be calculated from
the ensemble mean average of the binarised LIF images Figure 5.2c) and is shown
in Figure 5.3. A mean flame front is defined as the 0.5 isocontour of the flame
probability map in this work, marked as the dotted line in Figure 5.3.

Figure 5.3: Flame probability map. The dotted line indicates the 0.5 isocontour.

5.1.3 Vector field processing
Tracer particle images are preprocessed similarly to the experimental data in Chap-
ter 4. This involves the subtraction of the ensemble minimum image from each
individual particle image, followed by min-max normalisation filter of length 9 pix-
els. Lastly, a 3×3 Gaussian smoothing filter was applied 1.

PIV processing used multipass cross-correlation beginning with 2 passes starting
with IWs of size 64 × 64 pixels2 and 50% overlap down to a final size of 32 × 32
pixels2 using 3 passes and 75% overlap. An intermediate setting of 4/7 was used for
the anisotropic denoising filter. Vectors with correlation values < 0.9 and groups
with less than 5 vectors are removed. A single pass median filter with universal
outlier detection (filter region 11 x 11) is used to detect erroneous vectors. The
reported PIV spatial resolution is 188µm here based on the final IW size. From the
IW overlap, the final PIV vector spacing is 1 vector every 8 pixels (1 vector every
47 µm).

As described previously, an appropriate λ value must be set for wOF. A similar
approach to Chapter 4 is used to motivate appropriate selection where the smooth-
ing effect in regularization is understood through its impact on the near-wall velocity
gradient γ. Resolving the wall shear stress τw is not the aim of the present inves-
tigation, and the u+ = y+ relation used to validate selection in Chapter 4 is not

1The image preprocessing parameters for the PIV images were jointly optimised by the author
together with Dr Florian Zentgraf whose valuable assistance is kindly acknowledged here. The
particle image preprocessing sequence was intended to optimise correlation values in the PIV
results. While the final processed particle images were suitable for wOF, it should be noted that
they are not necessarily optimal for wOF but do allow for direct comparison with the robust PIV
results here, as well as those in related publications such as (Zentgraf et al., 2021).
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a priori known to be valid in a reacting turbulent boundary layer. The near-wall
velocity can still be used to guide approximate λ selection by revealing when the
smoothing effect inherent in regularization becomes excessive and non-physical.

The streamwise mean velocity ⟨U1⟩ for wOF, λ = 10 is shown in Figure 5.4a)
below. In Figure 5.4b), the velocity profiles from additional results from λ = 1, 5, 20
averaged over the dashed x2 region in Figure 5.4a). The inlay shows the characteris-
tic effect of increasing λ creating a progressive deviation from the no-slip condition
as presented previously. This example already demonstrates some of the challenges
of near-wall measurements in the reacting case since the PIV vector nearest to the
wall is seen to be erroneous. It is reassuring that wOF results at any λ do not show
the same non-physical high magnitude velocity.

Of the 4 λ values processed, λ = 10 is the final selection for this study as it
closely resemble the PIV profile down to x2 ≈ 0.2 before the wOF profiles start
deviating more substantially. While this does show a slightly elevated velocity from
the λ =5 result, a higher λ is preferable here for increased robustness against noise
given the decreased particle image SNR. The elevated λ is also analogous to using
the larger IW size of 32 × 32 (compared to 16 × 16 in the non-reacting case) for the
PIV processing. It should be noted that the conclusions of the investigation are not
influenced by the λ setting. The wOF per pixel vector spacing results in 1 vector
every 5.88 µs which is 8× the density of the PIV vectors.

A geometric mask is applied for PIV images, resulting in the first PIV vector
being x2 =0.1734mm from the wall. Images for wOF are masked slightly closer
to the wall with the first vectors beginning at x2 =0.1087mm. The wall position
is estimated from the no-slip condition using the ⟨U1⟩ profiles averaged across the
streamwise extent in a complementary non-reacting PIV dataset. Since the LIF
and PIV images are spatially referenced, the same wall position for particle images
applies to the LIF images.

Note that 2 imaging artefacts are present in the upstream and downstream re-
gions of the FOV at x2 ≈ 3. This artefact is also described in the thesis of (Zentgraf,
n.d.). These intensity range of these artefacts varies throughout the image sequence
and intermittently contributes to non-physical high magnitude velocities for both
PIV and wOF. These regions are masked out during postprocessing for both ve-
locimetry methods. The total number of PIV image pairs processed is 1000. The
processing time for PIV is approximately ≈ 3-4 hours, while for wOF it is consider-
ably longer at ≈48 hours with the image sequence distributed among 3 workstations
running in parallel. This is largely due to the fact that the wOF vector field is 64×
more dense than the PIV. It should also be noted that the wOF code is written
in MatLab and further optimisation is possible, as done using GPU acceleration in
(Dérian et al., 2015) for example.
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(a) (b)

Figure 5.4: a) Mean streamwise velocity ⟨U1⟩ from λ = 10. b) Mean ⟨U1⟩ profile
from the dashed region.

5.2 Transient FWI dynamics
In FWI environments, the turbulent flow field strongly influences the transient flame
dynamics. Characteristic features of the flame front topology evolution resulting
from the turbulence is described in this section. An example LIF image sequence is
shown in Figure 5.5 with the detected flame front overlaid. Images are shown every
1ms corresponding to every 4th image.

The flame is seen to approach the wall in a flapping motion, alternating between
side wall quenching-like (SWQ) and head on quenching-like (HOQ) topologies. At
t = 0ms, the flame features a curved shape with a large spatially-extended region
oriented parallel to the wall. At t = 1ms, this wall parallel region has propagated
closer in the normal direction nearer to the wall at x2 = 0mm. This characteris-
tic flame topology was referred as head on quenching-like (‘HOQ’) in the work of
(Zentgraf et al., 2021). A pocket of fresh gases extends from the wall, creating a
large concave flame shape present in the upstream field of view at t = 1ms. This
local flame feature has also been referred to as a ‘tongue’ (T. Poinsot & Veynante,
2005). The flame quenches between t = 2 − 3ms and the flame topology transitions
from ‘HOQ’ to ‘SWQ’ where the flame front contacts the wall at a shallow angle.
The flame quenching point is identified from the end of the flame contour. The
quenching point travels in the downstream direction with the flame front between
t = 2 − 3ms as the flame front assumes a configuration parallel to the wall that
resembles an HOQ topology. From t = 3 − 4ms, the parallel-oriented flame front
propagates towards the wall, eventually quenching and producing the SWQ state
again at t = 5ms.

This characteristic event sequences repeats itself in a quasi-periodic manner, with
the flame continuously alternating between the dominant HOQ and SWQ topologies.
Intermittent periods of only burnt gas from downstream of the quenching point, or
a continuous unquenched flame front are also occasionally observed between periods
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occupied by the flame in the dominant HOQ/SWQ states. As will be described in a
later section, vortices embedded within the streamwise flow evolve relative to these
unique flame geometries.

Figure 5.5: Example of a transient flame quenching sequence. Images are shown
every 1 ms (every every 4 images). The contour indicates the detected flame front.

5.2.1 Instantaneous quantities
To investigate the action of the turbulent flow field on FWI, previous studies of
(Steinhausen et al., 2023; Zentgraf et al., 2021) used the Q criterion (Hunt et al.,
1988) to identify regions of vortical motion embedded within the turbulent flow.
Regions of elevated Q, believed to be associated to vortices, would influence the
shape of the shape flame front, seemingly pushing the flame closer to the wall and
inducing the transition from HOQ to SWQ as the flame quenches. Larger scale
flame wrinkles and unburnt gas ‘tongue’ described above were also altered by the
presence of vortical motion/vortices suggested by the Q criterion. Previous DNS
studies of (T. Alshaalan & Rutland, 2002; Gruber et al., 2010) also highlighted the
importance of vortical structures in pushing the flame front reaction zone closer
to the wall. Thus, resolving the instantaneous flow field and the vortices being
convected by it is key in understanding FWI behaviour.

As described in Chapter 1, the derivative-based galilean invariant vortex de-
tection criteria, such as the Q criterion and others (e.g. ∆, λ2, λci criteria), can
be shown to be equivalent in 3D when the appropriate threshold is considered (P.
Chakraborty et al., 2005). The projected 2D form of the criteria results in some
minor differences due to slightly different weightings of terms associated with diver-
gence (∂Ui/∂xi). In practise, very similar results are obtainable from any of these
well-known methods and this can also be inferred from the similarity of their respec-
tive 2D equations as discussed in (Q. Chen et al., 2015). The current work proposes
the use of the swirling strength (λci) criterion (Zhou et al., 1999). The analytical
2D form of λci can be derived as:
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λci = Re
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where Re represents the real component of the argument. In the calculation of
equation 5.1, values not associated with swirling motion, and therefore associated
with shearing motion are set to 0 as in both (Jainski et al., 2014) and the commercial
PIV software DaVis.

The swirling strength (λci) is a scalar field with units of s−1 and describes the
orbital period of a revolution around the vortex rotational axis through 2π/λci. This
gives λci an immediate kinematic interpretation. Similarly to the other derivative-
based vortex detection methods, λci does not discriminate between clockwise (CW)
and counter clockwise (CCW) rotational motion. Therefore, it is common to asso-
ciate a sign to the swirling strength based on the vorticity of the fluctuating velocity
field ω = ∂u1/∂x2 − ∂u2/∂x1 (Natrajan et al., 2007; Tomkins & Adrian, 2003; Y.
Wu & Christensen, 2006) through:

Λci = λci
ω

||ω||
(5.2)

where positive and negative values indicate CCW and CW rotating motion respec-
tively. Swirling strength hereinafter will always refer to the signed form (Λci) in
Equation 5.2. As discussed in Chapter 1, a minimum lower bound threshold TΛci

is
typically set on Λci to isolate the stronger swirling regions |Λci| > TΛci

. The thresh-
old in the current work is calculated similarly to the work of (Zentgraf et al., 2021)
for the Q criterion as the median of all absolute swirl values TΛci

= (|Λci|) =153.4s−1.
Isolated Λci regions satisfying this threshold represent the stronger half of possible
vortical regions.

The instantaneous velocity magnitude U and swirling strength Λci are shown in
columns of Figure 5.6. The figure shows the full temporally-resolved sequence (every
image, 250µs in between) beginning at t = 4ms from Figure 5.5. Streamlines from
the instantaneous velocity field are superimposed on U. The thresholded swirling
strength is overlaid on the LIF images in the third column of Figure 5.6. This region
is also highlighted by the white contour in the second column representing the full
Λci field in Figure 5.6. For visualisation purposes an additional constraint is also
added that |Λci| > TΛci

regions must have an area >0.5mm2. Figure 5.6 shows the
evolution of the flow field as the flame transitions from its HOQ state until it reaches
the SWQ topology at t = 5ms.

The flame is initially in a HOQ topology at t = 4ms. Close to the wall, the
unburnt gases bounded by the flame front have significantly lower velocities to the
flow in the burnt gas region as visible in the first column of Figure 5.6. The stream-
lines, which are approximately parallel in the unburnt gases, show the flow field
expanding through the flame front and being diverted away from the wall. The low
velocity region in U grows from t =4 - 4.75ms and is attributable to cold unburnt
gases initially escaping the flame quenching passage and separating the wall from
the hot burnt gases according to (Jainski et al., 2018). As the flame fully transitions
to a SWQ topology at t =5 ms, this region becomes associated with the growth of
a new boundary layer downstream of the quenching point.
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Considering the swirling strength in Figure 5.6, an expansive cloud-like region
of high Λci is present directly above the flame front at t =4ms. From t =4 - 4.75ms,
the flame moves closer to the wall, possibly under the influence of the vortical region
identified through Λci as postulated by (Zentgraf et al., 2021). This large vortical
region persists during this period and an accumulation of small, albeit strong, regions
of Λci form near the flame location closest to the wall where quenching imminently
occurs. At t =5ms, the cloud-like region previously present directly above the flame
has become more fragmented and features reduced Λci generally. Regions of high Λci

remain in the vicinity of the flame tip following quenching. Although not shown in
Figure 5.6, these regions of Λci remain closely associated with the flame tip beyond
t =5ms and move together with the flame tip in the downstream direction. It is
these elevated Λci (or Q criterion) regions that are hypothesised by (Steinhausen
et al., 2023; Zentgraf et al., 2021) to be responsible for the flame vortex interaction
that transports burnt gases into the fresh gas mixture in the vicinity of the flame
tip as depicted previously in Figure 1.2.

Evidently, vortex structures identifiable from Λci are closely associated with the
flame dynamics and quenching phenomena. While local regions of high Λci are
a scalar indicator of rotational motion present within the flow, it is the vortical
flow field itself which facilitates the transport process and this flow field remains
completely unknown in the literature. Analysis of the instantaneous flow fields in
Figure 5.6 does not reveal closed or spiralling streamlines indicating vortical motion
or flow circulation. To study these flame vortex interactions and their associated
transport phenomena in detail, it is therefore necessary adopt a Lagrangian reference
frame moving with the flow to study the dynamical phenomena.
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Figure 5.6: 1st column: Velocity magnitude |U|. 2nd column: Swirling strength Λci.
3rd column: Thresholded Λci overlaid on the raw LIF image. Timing between images
is 250µs.
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5.2.2 Reynolds decomposition
As discussed in Chapter 1, the organisation of wall-turbulence features vortices
that are embedded in and convected by the bulk streamwise flow. A vortex is
defined as per (Kline & Robinson, 1990) as a closed set of streamlines viewed in
a reference frame travelling with the vortex core. Therefore, in order to reveal
vortices embedded in the boundary layer flow, it is necessary to subtract, from
the instantaneous velocity, some background velocity component representing the
underlying flow that is advecting the vortices.

By subtracting this background component, the reference frame is changed from
the instantaneous flow field as seen by a stationary observer, to one of moving
with the flow, resulting in a Lagrangian point of reference. A classical example
of this is Galilean decomposition, involving the subtraction of a single constant
streamwise velocity from the full instantaneous velocity field and is common in
boundary layer research (Adrian, Meinhart, & Tomkins, 2000; Jodai & Elsinga,
2016; Natrajan et al., 2007; Y. Wu & Christensen, 2006). Other techniques include,
the classical Reynolds decomposition, frequency filtering schemes, proper orthogonal
decomposition (POD) and Large Eddy Simulation (LES) filtering schemes, among
possible others (Adrian, Christensen, & Liu, 2000).

In the present work, it is proposed to use the Reynolds decomposition ui =
Ui − ⟨Ui⟩. There are several advantages to this; firstly, Reynolds decomposition
is known to reveal a broad range of vortices, at least in non-reacting boundary
layers (Adrian, Christensen, & Liu, 2000), since most vortices have a convection
velocity broadly similar to the mean (Elsinga et al., 2012). Conversely, Galilean
decomposition cannot simultaneously reveal multiple vortices which have different
convection velocities, as exampled in Figure 2.4 of Chapter 2. Secondly, Reynolds
decomposition produces directly interpretable turbulence quantities in terms of tur-
bulent velocity fluctuations which are analysed in this chapter. Thirdly, it is simple
and computationally efficient which is advantageous when dealing with large mem-
ory datasets such as the wOF results which contain over 3 billion vectors for the
1000 image sequence. This can make using methods such as POD computationally
prohibitive or at least extremely costly on standard computing hardware. Lastly,
Reynolds decomposition does not require any parameter setting as would be the
case if using POD (number of modes to reconstruct) or a frequency filtering scheme
(cut-off frequency). Although not presented in this chapter, tests on the PIV vector
fields with a Fourier frequency filtering scheme or POD produce similar results and
conclusions for the present analysis, albeit with substantially more effort.

An example Reynolds decomposition is shown in Figure 5.7 below. The instan-
taneous flow field in Figure 5.7a) exhibits a uniform flow field in the streamwise
direction. Similarly to the flow fields presented in Figure 5.6, no vortical flow struc-
tures are observed within the instantaneous flow field. Subtraction of the ensemble
mean shown in Figure 5.7 b) for this particular velocity field instants reveals the ex-
istence of three distinct vortex types that are prominent in this dataset. These types
are referred to as Type 1-3 and are labelled in Figure 5.7c) accordingly. These three
vortex types are frequently observed in the burnt gas region and have a persistent
correlation with distinct flame behaviour in turbulent FWI.
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Figure 5.7: a) Instantaneous velocity field. |U | b) Mean velocity magnitude. |⟨U⟩|
c) Fluctuating velocity field |u|.

To visualise the vortices from Figure 5.7 in more detail, Figure 5.8 shows a 2
× 2mm2 highlight of the vector field for each respective vortex. Every 32nd vector
is shown. The full circulation of the vector is clearly apparent for the Type 1 and
3 vortices in 5.7a) and c). The Type 2 shows a less coherent swirling flow for this
specific time instant where all three vortex types are present. However, this vortex
showed a more prominent circulation in an earlier time instant and this is discussed
further in the forthcoming section.

Figure 5.8: Highlights of the a) Type 1 b) Type 2 c) Type 3 vortex from Figure 5.7.
Every 32nd vector is shown. Colour scale is identical to Figure 5.7c).

The canonical sequence of interactions for these vortex types with the flame front
is depicted in Figure 5.9. At t0, a flame hook-shaped geometry is present, with the
flame front in an HOQ state featuring the spatially extended flame front near the
wall. The flame hook features two vortices in close proximity: a CCW rotating
vortex Type 1 vortex upstream, and CW rotating Type 2 vortex downstream of the
flame hook. A Type 3 vortex, also CCW rotating, is present further downstream of
the Type 2 vortex, above the flame front nearest to the wall. At t1, the flame hook
has been pushed forward in the downstream direction by the Type 1 and Type 2
counter-rotating vortex pair. The Type 2 vortex also moves further away from the
wall. During this time, the Type 3 vortex descends towards the flame, pushing the
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flame front closer to the wall. At t3, the flame has transitioned from HOQ to SWQ
as it quenches. The Type 1 vortex remains and continues to move in the downstream
direction with a slight movement away from the wall. The Type 3 vortex, following
impact with the flame front, travels together with the quenched flame front in the
downstream direction, always remaining in close proximity of the flame tip.

Figure 5.9: Illustration of a canonical quenching event.

It should be explicitly pointed out that these vortex types and their interactions
are not present in the non-reacting case, which features the classical horseshoe vor-
tices well-known in non-reacting wall-turbulence (Robinson, 1991). It is unknown
exactly what is the origin or exact cause of these unique vortex types in the re-
acting case. Since they are always observed in proximity to and interacting with
the flame, it is possible that the vortex formation results from the presence of the
flame front itself. A potential source contributing to their formation may result
from flame-generated vorticity, which has been observed in experimental (Mueller
et al., 1996; Steinberg et al., 2008) and numerical studies (Louch & Bray, 2001; Pan
et al., 2002) of turbulent reacting flows. The cause of flame generated vorticity can
be understood by considering the transport of vorticity equation:

DΩ
Dt

= (Ω · ∇)U + ν∇2Ω + 1
ρ2 (∇ρ× ∇P ) − Ω (∇ · U) + ξ (5.3)

In equation 5.3 the first term represents tilting or stretching of vorticity due
to velocity gradients. The second term is the viscous diffusion of vorticity. The
fourth term is the stretching of vorticity due to dilatation effects and the final
term ξ represents effects of viscosity gradients. The mechanism of flame-generated
vorticity has been attributed to the third term (Mueller et al., 1996), which is the
the baroclinic torque. This is caused by a misalignment between between the density
and pressure gradients. The density gradient is normal to the flame front, therefore
a pressure gradient tangential to the flame front is required to produce baroclinic
torque. Knowledge of the pressure field would be needed to further investigate this
as a causal mechanism of the three characteristic vortices in the present experiment,
however. The unique attributes of the vortices and effect on the flame are exampled
in further detail in the forthcoming sections.
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5.2.2.1 Type 1 vortex

A Type 1 vortex is a CCW rotating vortex that always remains upstream of a
protruding flame hook geometry. Examples of Type 1 vortices, together with inlays
of the actual vector field, are shown in Figures 5.10. The vector field is downsampled
to display every 16th vector. All examples depict entirely separate quenching events
that feature the characteristic flame hook geometry. The nature of this vortex is
similar to streamwise vortices reported previously by (T. Alshaalan & Rutland, 2002;
Gruber et al., 2010; Zentgraf et al., 2021) which appear to push the flame.
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Figure 5.10: Examples of Type 1 vortices (left column) and highlightx of the respec-
tive vortex region (right column). Vectors are downsampled ×8.
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5.2.2.2 Type 2 vortex

The Type 2 vortex is a CW rotating vortex. Three examples of Type 2 vortices
are shown in Figures 5.11. The presence of the Type 2 vortex is always observed to
be downstream of a flame hook. While some images reveal the presence of a flame
hook without the presence of Type 2 vortex (not shown), a Type 2 vortex is never
observed without the presence of a flame hook or high positive curvature. As the
flame transitions from HOQ to SWQ topologies, the Type 2 vortex is seen to travel
in the North-eastern direction out of the FOV. In general, compared to a Type 1
vortex, a Type 2 vortex is also seen to dissipate within the FOV, eventually resulting
in a less coherent circulation as shown previously in Figure 5.8.
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Figure 5.11: Examples of Type 2 vortices (left column) and a highlight of the re-
spective vortex region (right column). Vectors are downsampled ×8.
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5.2.2.3 Type 3 vortex

The Type 3 vortex is a CCW rotating vortex frequently observed in the burnt
gas region above the flame in an HOQ orientation. An example quenching event
depicting the full temporal evolution (every image, 250µs between images) of a Type
3 vortex is shown in Figure 5.12. The corresponding highlights of the vortex vector
fields are shown in the bottom rows with every 16th vector shown.

The sequence depicts the descent of a Type 3 vortex, coinciding with the flame
quenching as the vortex impacts the wall. The Type 3 vortex is observed to impact
the wall location where the flame is closest to the wall and has strong negative
curvature. This is typically the wall location where the flame front transitions from
its wall-parallel orientation as part of the HOQ topology to the flame tip in the
SWQ state. The Type 3 vortex is unique in that once formed it travels quickly
downwards towards the wall, appearing to impact the wall and coincide with flame
quenching. In most cases this process typically occurs in the order of 0.5 - 1ms (2
- 4 images). The continuation of Figure 5.12 is shown in Figure 5.13. Following
impact with the wall and flame quenching, the Type 3 vortex is observed to travel
in the downstream (x1) direction along the wall, remaining in close proximity with
the quenching point.

The lifespan of the Type 3 vortex therefore appears to have two stages. The first
stage termed the ‘vortex descent’ includes the progress to impacting the wall and is
coincident with the flame transition from HOQ to SWQ. The second stage following
quenching is the ‘vortex travel’ where the vortex now travels in the downstream
direction along the wall while remaining directly ahead of the flame tip. The presence
of a vortex at this location is synonymous with the transport mechanism postulated
by (Steinhausen et al., 2023; Zentgraf et al., 2021) which has never previously been
explicitly revealed. The subset of Type 3 (T3) vortices associated with the descent
stage will be referred to as Type 3A (T3A) vortices while the remaining ‘travel’
subset will be termed Type 3B (T3B) vortices in the subsequent analysis.

106



5.2. TRANSIENT FWI DYNAMICS 5

Figure 5.12: Sequence depicting a Type 3A vortex descent. The colour scale displays
the fluctuating velocity magnitude |u|. The lower sequence shows the corresponding
vortex vector fields from the red marked squares. Every 16th vector is shown.
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Figure 5.13: Sequence depicting a Type 3B vortex travel. The colour scale displays
the fluctuating velocity magnitude |u|. The lower sequence shows the corresponding
vortex vector fields from the red marked squares. Every 16th vector is shown.
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5.2.2.4 Relationship between T3 vortex and Λci.

The presence of high local Λci regions in the flow field has now been demonstrated,
together with the presence of unique vortex types visible in the vector fields of
the velocity fluctuations u. This section discusses the relationship between the
two to evaluate how and whether the regions of elevated Λci are in fact related
to the vortices revealed in the Reynolds decomposition. This evaluation will assist
understanding whether the vortical motion in the fluctuating flow field u is physical,
or is potentially an artefact. Additionally, this comparison provides a connection
from the vortex vector fields to the transport mechanism proposed by (Zentgraf
et al., 2021). Figure 5.14 shows the swirling strength (Λci) calculated for the image
sequence shown previously in Figure 5.12 depicting the T3A vortex descent. As
before, the white contour indicates the thresholded Λci region marked in the LIF
image. The streamlines of the fluctuating velocity field (u) are shown, with the
identified Type 3 vortex centre marked by a green plus sign (+).

Similarly to the Λci sequence shown earlier in Figure 5.6, the sequence in Figure
5.14 reveals a large region of high Λci located above the flame front which is in an
HOQ configuration. At t = 0µs, the Type 3 vortex is located near the centre of
this expansive Λci region. From t = 250 − 500µs, the Type 3 vortex is observed
to move vertically downwards within the region of elevated Λci. As this area of
increased Λci fragments into smaller regions, the location of the Type 3 vortex is
always associated with a region of high magnitude Λci throughout the descent of
the vortex. At each point in the sequence, the location of the T3 vortex identified
from the Reynolds decomposition is always seen to coincide with a region of high
magnitude Λci throughout the descent of the vortex, even though this region is not
always be the largest size in the thresholded Λci images. Both the vortex and regions
of high Λci progress towards the wall, impacting at t = 1000µs where the flame is seen
to locally quench and transition from an HOQ to an SWQ topology. The sequence
following this transition is shown in Figure 5.15. The vortex centre remains closely
associated with the elevated Λci regions as it travels in the downstream direction
with the quenching point.

In comparison to the streamline representation, the field of Λci is in general
noisier. This is also seen in the Q criterion results from (Zentgraf et al., 2021) where
a relatively large PIV IW size (48 × 48 pixels2) was also used. The noise or ‘patchy’
appearance is most likely due to Λci being calculated from only planar velocity data.
The contribution of the terms in the velocity gradient tensor ∇U associated to the
out-of-plane (x3) direction is missing. All Galilean invariant vortex detection criteria
(Q, λci, ∆, λ2) require full 3D data for their full calculation, which explains why
the 3D DNS study of (Steinhausen et al., 2023) resolves a visually more continuous
field of Q criterion associated to the flame vortex interaction.

Figures 5.14 and 5.15 clearly demonstrate how the Type 3 vortex visualised in the
Reynolds decomposition is closely associated to the vortical structure indicated by
Λci (or Q criterion in previous works (Steinhausen et al., 2023; Zentgraf et al., 2021)).
In other words, the Type 3 vortex identified from the Reynolds decomposition is the
vortical structure from Λci as observed relative to the mean flow. This aspect can be
simply confirmed by performing a Galilean decomposition where the point instanta-
neous velocity at the vortex centre identified in the Reynolds decomposition (green
cross) is subtracted from the instantaneous field to create a Galilean decomposition.
If a vortex exists in the Galilean, as well as in the Reynolds decomposition, it is
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confirmed that the fluctuating vector field u is an adequate representation as per
the definition of (Kline & Robinson, 1990).
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Figure 5.14: The top sequence shows the swirling strength Λci for the Type 3 vortex
sequence from Figure 5.12. The Type 3 vortex centre is marked by the green +.
Bottom sequence shows the thresholded Λci contour overlaid on the raw LIF images.
Streamlines depict the fluctuating flow field u.
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Figure 5.15: The top sequence shows the swirling strength Λci for the Type 3 vortex
sequence from Figure 5.13. The T3 vortex centre is marked by the green +. Bot-
tom sequence shows the thresholded Λci contour overlaid on the raw LIF images.
Streamlines depict the fluctuating flow field u.112
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The following section describes a conditional analysis used to study the Type 3
vortex further. There are several reasons for motivating particular interest in the
Type 3 vortices specifically. Firstly, the Type 3 vortices persist longer in the FOV
than either Type 1 or Type 2 vortices. The Type 1 and 2 vortices either leave
the FOV as described or appear to dissipate. This may also be caused by out-of-
plane motion of the vortices eventually leaving the laser sheet. It is also possible
that the convection velocity of the Type 1 and Type 2 vortex departs sufficiently
from the mean flow through its trajectory such that the Reynolds decomposition no
longer provides a suitable frame of reference for identifying it. Other decomposition
methods may be preferable for studying these vortex types individually and this
is a potential avenue for future investigations. A final motivation for focusing the
subsequent analysis on specifically Type 3 vortices is because they seem to be directly
correlated with the quenching process and gas transport mechanism hypothesised
by (Zentgraf et al., 2021). This is not to say that other vortices, both Type 1-2 and
undiscovered vortices, do not play any role in FWI, but the current results suggest
this could be more of a supportive role rather than the dominant one.

Out of the 1000 images processed, there are 35 local quenching events, with ev-
idence of an associated Type 3 vortex featured in all of them. In several quenching
sequences, the Type 3 vortex is not as clearly seen through the entirety of its de-
scent (3A) and travel (3B) phase, despite the fluctuating flow field having similar
features to the examples shown. Although this occurs significantly less than for
the other vortex types, this is again possibly due to out-of-plane motion or tem-
porary inadequacy of the mean flow representing the underlying vortex convection.
In cases where the vortex is in proximity to both the wall and flame, transient de-
creases in seeding density together with decreased image SNR can also promote risk
of erroneous vectors for both wOF and PIV which will contribute to this.

5.3 Conditional analysis
A conditional analysis is used to achieve an averaged representation of the dy-
namical sequence of events describing a descending T3A vortex being involved in
flame quenching before evolving to the T3B travel vortex involved in the gas trans-
port mechanism postulated by (Zentgraf et al., 2021). The methodology to be
described conditions vortices relative by their centres, similarly to the fundamental
wall-bounded turbulence study of (Carlier & Stanislas, 2005). This approach has
the advantage of revealing the dominant flow features and approximate lengthscales
involved.

5.3.1 Vortex centre identification
For this conditioning procedure, it is first necessary to accurately identify vortex
centres. An effective methodology of vortex centre identification known as the Γ1
criterion was proposed in (Graftieaux et al., 2001). The discretised form of this
criterion is expressed by:

Γ1 = 1
N

∑
S

(−−→
PM ×

−→
UM

)
||
−−→
PM || · ||

−→
UM ||

(5.4)
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The Γ1 criterion is calculated from the local flow field topology, considering the
normalised cross product of a vector −−→

PM from a reference location P to a scanned
location M , and the direction of the velocity vector −→

UM at point M . The average
of these values over a given scan domain area S is averaged to give the value of |Γ1|
at a point in the flow field. This is shown schematically in Figure 5.16. Values of
the angle θM between vectors −−→

PM and −→
UM closer to 90o indicate a more circular

vortex and maximises the value of |Γ1|. Γ1 values range from -1 (CW rotation) to
+1 (CCW rotation). Values around 0 indicate little to no rotational motion within
the scan domain S. Local maxima value in the |Γ1| indicate the location of vortex
centre. Only 1 parameter L, known as the filter length, is required as user input.
The selection of L sets the size of domain S = L × L and has the role of a spatial
filter. A filter length of 0.48mm in physical space is used for both wOF and PIV
results, corresponding to 81 vectors for wOF and 9 vectors for PIV. The location of
a given vortex centre is not sensitive to this parameter as explored in (Graftieaux
et al., 2001).

Figure 5.16: Schematic of the calculation of the Γ1 criterion.

The Γ1 criterion is calculated for each fluctuating velocity field u = (u1, u2)T

in the image sequence. Computation of |Γ1| can be performed efficiently using the
convolution-based implementation presented in (Zigunov et al., 2020). Type 3 vortex
centres can then be identified from local maxima in the vortex region. In order to
establish an objective quality measure of the detected vortices, a threshold of Γ1 >
0.5 is selected. Identification of Type 3 vortices satisfying this quality constraint
is performed for the full the 1000 image pair sequence through a manual sorting
procedure. Automatic point tracking algorithms, such as those based on a simple
nearest neighbour search (Jainski et al., 2014) or more advanced methods based
solutions to the linear assignment problem are also possible (Stevens & Sciacchitano,
2021) but a manual method was found to be simper and more robust for this dataset.
After a vortex completes its downward decent and impacts the wall, the vortex is
classified as a T3B vortex from the subsequent frame onwards. The total number
of images featuring a detected T3 vortex is 381, 149 of which are T3A (39.1%) and
232 are T3B (60.9%).

Example of accepted vortices satisfying the Γ1 > 0.5 threshold and rejected
vortices failing it are shown in Figures 5.17 and 5.18. The zoomed-in FOV is centred
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around each vortex centre and respective Γ1 values associated to each respective
vortex are quoted. The bottom right vortex in both Figures 5.17 and 5.18 is a Type
3B (travelling) vortex, while all others shown are Type 3A. The use of a Γ1 threshold
enables rejection of low quality results dominated by noise or erroneous vectors as
visible in the bottom left 5.18. While some visually adequate seeming vortices (e.g.
5.18 top left) are rejected, it was preferred in the current study to maximise selections
of quality T3 vortices, rather than attempt to arbitrarily maximise statistics by
including all potential T3 vortex-like regions. The use of the selected Γ1 threshold
as a quality constraint therefore results in a more conservative selection of the full
possible set of visually observable T3 vortices.

Figure 5.17: Examples of accepted vortices. Γ1 values corresponding to each re-
spective vortex centre are: 0.54 (top left), 0.81 (top right), 0.67 (bottom left), 0.85
(bottom right).
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Figure 5.18: Examples of rejected vortices. Γ1 values corresponding to each re-
spective vortex centre are: 0.48 (top left), 0.44 (top right), 0.48 (bottom left), 0.48
(bottom right).

Of the 35 quenching events, the Γ1 = 0.5 criterion successfully identified 20
sequences which include the full transient sequence of the vortex impacting the
wall together with flame quenching (T3A), followed by a vortex travel event (T3B).
The trajectories of these 20 events is shown in Figure 5.19. Note that this figure
shows only the subset of transient T3 vortex sequences featuring a mostly continuous
transition from a descent state (T3A) to a travel (T3B) state. This does not include
the total number of detected vortices where resolving the full transition from T3A to
T3B was unavailable. This is sometimes due to the flame quenching upstream of the
image field of view, therefore only the travelling T3B vortex is seen as it enters the
image. Alternatively, while visual semblance of a Type 3 vortex is always observed
during quenching it may not meet the Γ1 = 0.5 quality threshold to be included in
the statistics.

The vortex trajectories can be seen to be spatially distributed across the FOV in
Figure 5.19 a). Dashed lines (–) indicate where a vortex was not detected between
frames, leading to a brief gap in the recorded trajectory. The red squares mark
locations where a descending T3A vortex, shown by black lines, becomes classed
as a travelling T3B, after which its trajectory is indicated by red lines. The dis-
tributed spatial arrangement of the trajectories demonstrates how the T3 vortices
can potentially exist at any x1 location in the FOV. This is unlikely to be the case
if, for example, the T3 vortices are a non-physical artefact of the Reynolds decom-
position which would restrict them occurring at only one specific location due to
the alignment between the instantaneous (Ui) and mean (⟨Ui⟩) velocity fields. The
association of high Λci with vortex centres described previously further supports
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that the T3 vortices are a legitimate phenomenon.
Figure 5.19b) shows the trajectories aligned to a common centre that indicates

the start of the T3B vortex state. This aligned coordinate system is labelled by
the x′

1, x
′
2 axes. A commonality between T3A descent patterns and subsequent T3B

travel is immediately apparent from this representation, with the vortices descending
to hte wall in an arc-like trajectory. The vortex identification strategy using the Γ1
criterion is therefore able to successfully delineate the T3 vortex from its T3A states
and T3B states. This detection allows for a conditional sampling of the vortex
location to investigate the influence of the T3A vortex in flame quenching, together
with potential gas transport mechanisms related to the T3B state. These aspects
are explored through the remainder of this chapter.

(a) (b)

Figure 5.19: a) Trajectories across full FOV. b) Trajectories aligned relative to a
common T3B transition point.

5.3.2 Type 3 conditioning procedure
The motivation behind the conditioning procedure is to produce an averaged spa-
tiotemporal representation of the T3 vortex during its descent and subsequent travel
phase. In this respect, it is possible to characterise and investigate the average flow
features and phenomena with respect to the flame quenching and gas transport
dynamics.

The proposed conditioning strategy therefore initially consists of separating all
T3 vortices into whether they are a T3A or T3B vortex. This is followed by a con-
ditioning of only the T3A vortex subset depending on the wall-normal (x2) distance
from the wall. The conditioning procedure is shown schematically in Figure 5.20.
The minimum and maximum wall-normal x2 extent spanned by all detected T3A
vortices is divided into different bins. Flow quantities (e.g. velocity, vorticity fields)
are then shifted based on the distance of the vortex locations xv = (x1,v, x2,v) from
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the bin centre. This methodology results in conditioned quantities in a common coor-
dinate system designated (x∗

1, x
∗
2) where the original vortex locations xv = (x1,v, x2,v)

are now aligned along a common axis passing through (x∗
1, x

∗
2) = (0, 0). This sets

the reference frame as being relative to the vortex as it is advected by the mean
flow. Flow quantities (e.g. u) in this conditioned coordinate system will be denoted
by an asterisk (u∗).

Figure 5.20: Schematic of the T3A vortex conditioning process.

There is a trade-off between the resolution of the T3A vortex descent and number
of samples, i.e., a higher number of T3A bins results in potentially more stages of
the descent being resolved but with less vortices in each (thinner) bin. From the full
image sequence, it is observed that most T3A vortex descents are rapid and exist
for between 2 - 4 images (500µs to 1000µs). Therefore, using 3 bins of equal width
(1.32mm) in the current study was selected for a balanced representation.

Bin 3 includes T3 vortices within 2.98-4.30mm from the wall, which is typically
when the T3A vortex is first identified and represents the earliest state of a descend
event. Bin 2 includes vortex locations from 1.67-2.98mm which represents the inter-
mediate stage of the descent sequence. Bin 1 considers T3A vortices closest to the
wall (0.35 - 1.67mm) when the vortex is about to impact the wall, prior to or during
flame quenching. Following impact with the wall, the T3A vortex is then classified
as a T3B vortex representing the travel state. The T3B vortices are conditionally
sampled accordingly and are not subject to the bin separation by x2 distance as for
the T3A subset. The spatial distribution of the T3 vortices associated to each bin
and histograms of the x2 distribution are shown in Figure 5.21 below. Conditioned
T3A vortices will subsequently be denoted T3A - Bin 1, 2, 3 respectively. The total
number of vortex samples (i.e., images with a vortex) is 24, 48, 77 for Bins 3, 2, 1
respectively and 232 for T3B.
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(a) (b)

Figure 5.21: a) Locations of all detected T3 vortices. Colours correspond to either a
T3B vortex or the respective bin for T3A vortices. b) Histogram of sample number
conditioned bin.

5.3.3 Conditioned flame and vortex contours
Previously, the dynamics of the T3 vortex have been demonstrated for single quench-
ing events. This section presents the statistical similarity between all quenching
events involving a T3 vortex to demonstrate that the T3 vortices are not isolated
phenomena and feature a strong correlation with the flame dynamics.

After accepted (Γ1 > 0.5) T3 vortices are obtained, each individual vortex has a
contour associated with it defined by the Γ1 = 0.4 isoline. This region bounded by
the vortex contour is not used directly for sampling statistics but is presented here
as an approximate representation of the vortex shape. The conditioned vortex and
flame front contours is shown in Figure 5.22. Note that the colour scale range for
the T3A and T3B vortex contours differs. 1 × 1mm2 highlights of the conditioned
vortex centres are shown in Figure 5.22. Since the results are conditioned relative to
the vortex centre, the wall position is shifted for each image. Therefore, the grey line
for each conditioned bin in Figures 5.22 represents the most probable wall position.
This is calculated from the probability density function (PDF) of the wall positions
from the vortex centres for each set of conditioned results.

Figure 5.22 admirably portrays the evolution of the T3 vortex with respect to
the flame and the wall. In T3A Bin 3, the vortex is furthest from the wall, while the
flame fronts neighbouring are in a wall parallel HOQ configuration below the vortex.
T3A Bin 2 portrays the intermediate stage of the descent. Several flame hook-like
geometries, protruding out from the wall are seen to enter the FOV. In T3A Bin
1, the vortex is in the process of impacting the wall and quenching the flame. The
vortex location is coincident with the flame region closest to the wall, where the flame
transitions from an HOQ to an SWQ topology. Higher flame curvatures upstream
of the vortex are apparent. The T3B conditioned results depict the conditioned
T3B vortex in its travel state which is slightly downstream of the flame fronts which
are quenched at this stage. Note that approximately 4 flame fronts have not been
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detected as quenched by the image processing routine and are seen to extend beyond
the conditioned T3B vortex. Given that the set of T3B vortices includes >200
individual samples, these misclassified flame fronts represent a minute proportion.

The conditionally averaged progression of the vortex with respect to the flame
and wall shown in Figure 5.22 reveals the statistical prominence of a unique flame
vortex interaction phenomenon under the turbulent operating conditions explored
in this thesis. Namely, the T3 vortex originating in the burnt gas region impacts
the wall, coinciding with flame quenching and a transition from HOQ to SWQ flame
topology. Following flame quenching, the vortex persists downstream of the flame
tip until the flame exists the field of view. Evidently, the Type 3 vortex apparently
has a significant influence on flame quenching and its persistence after quenching
is likely to influence mass transport in the vicinity of the flame quenching point.
These aspects are evaluated in greater detail in the remainder of the chapter.

Figure 5.22: Conditioned vortex and flame contours.

5.3.4 Conditioned sample number
Prior to analysing conditioned flow quantities, it is important to report the num-
ber of individual samples present at each spatial location in the conditioned results.
Recalling that the flow field quantities are conditioned relative to the T3 vortex cen-
tres, the local number of statistical samples that constitute the conditioned average
will vary at different spatial locations.

The number of samples is shown in Figure 5.23 with the conditioned fluctuating
velocity field overlaid. Each colour scale ranges from 0 to the maximum of number
of samples for each conditioned state (each T3A bin and T3B). The black plus (+)
marks the location of the conditioned vortex centre and the dashed line (–) marks
the most probable wall location as previously. A mean flame front, shown in black,
is represented by the 0.5 isocontour of the conditioned binarised LIF images and is
used to represent an average flame location for the respective conditioned state.
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The number of samples is highest in the vicinity of the vortex and decreases away
from the vortex centre. In T3A Bin 3, immediately upstream and downstream of the
vortex there is a slight reduction in sample number due to the vortices being in close
proximity to the imaging artefact described earlier in Section 5.1.3. In proximity of
the wall the sample number decreases for T3A, particularly T3A Bins 3 and 2, and
therefore results in this region must be interpreted with caution.

Figure 5.23: Conditioned number of samples. Note that each conditioned result has
its own colour scale.

5.4 Quenching phenomena
Having conditioned the T3 vortices to achieve an averaged spatiotemporal repre-
sentation of the T3 vortex evolution during the quenching process, this section
will investigate hydrodynamic effects of the T3 vortex that can contribute to flame
quenching. Local flame quenching can be caused by factors that sufficiently de-
crease the reaction rate of the combustion process to a negligible value (Meneveau
& Poinsot, 1991). A PDF of the full flame front x2 positions is shown in Figure
5.24a) with a PDF of only the quenching distances in Figure 5.24b). The modal
value of the quenching distances in Figure 5.24b) is x2 = 0.72mm with a minimum
value of x2 = 0.24mm. Compared to values of ≈0.25mm in the laminar case from
the work of (Kosaka et al., 2018a), quenching distances are increased in the present
turbulent case. Hydrodynamic effects due to turbulence are therefore highly influ-
ential in the flame dynamics and quenching process, with intense turbulence capable
of causing flame extinction (Böhm et al., 2009). Two relevant kinematic properties
of the T3 vortex, which have differing effects on flame behaviour, are investigated;
the strain-rate and the vorticity.
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Figure 5.24: PDFs of wall-normal x2 positions for a) all flame front and b) quenching
point position.

Hydrodynamic strain of the flow field is involved in generating flame surface area
through stretching of the flame front (Candel & Poinsot, 1990). Excessive strain on
a flame is known to quench flames (T. Poinsot et al., 1991) by sufficiently stretching
the flame surface to an extent that the combustion process is suppressed. The local
strain field induced by the T3 vortex during its descent to impact the wall could
be a determining factor in imparting sufficient strain to the quench flame. The
shear imparted by the strong velocity gradient ∂U1/∂x2 due to the wall will also
contribute to straining the flame depending on the flame x2 location. Decoupling
and isolating the separate strain influences of the wall and the turbulent flow field
involving the T3 vortex is important in assessing the influence of this kinematic
property in quenching the flame through effects of flame stretch.

While strain is involved in generating flame surface area through stretching of the
flame front, vorticity is associated with wrinkling and redistribution of the existing
flame surface (Steinberg & Driscoll, 2009). Thus, the T3 vortex can be involved
in a unique interaction of affecting flame geometry and pushing the flame against
the wall during its descent, promoting sufficient heat loss to the wall to quench
the flame. The spatial correlation of the descent of the T3 vortex with the flame
front moving closer to the wall is assessed to investigate this possible quenching
mechanism. The action of vortices within FWI pushing the flame front to the wall
was reported qualitatively in the FWI numerical studies of (Bruneaux et al., 1996;
Gruber et al., 2010). Isolated test cases from the DNS of (T. Alshaalan & Rutland,
2002) discovered that strong vortices were able push the flame to the wall to promote
heat flux, while weak vortices had little effect. Thus, characterising the strength of
the T3 vortex during its evolution to impact the flame is important in assessing the
likely potential of the vortex to affect the flame geometry.

Heat loss is a significant factor affecting flame quenching (Meneveau & Poinsot,
1991) but unfortunately cannot be investigated in this work as measurements of heat
flux are not available for this dataset. Given the complexity of the multiphysics phe-
nomena present in turbulent combustion and flame quenching, naturally there are
limitations to the conclusions that can be drawn from strictly 2D velocity data with-
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out simultaneous coupled measurements of other variables. The following therefore
presents the first attempt at a detailed characterisation of the flow dynamics and
dominant kinematic effects of the T3 vortex during the quenching process. It is
anticipated that results from this section can be used to guide further experimental
and numerical investigations to study heat transfer and three-dimensional flow field
attributes in greater detail.

5.4.1 Influence of strain
Assuming the flamelet regime, flame stretch κ describes the change in flame surface
area (Candel & Poinsot, 1990):

κ = (−−→n · (−→n · ∇) U + ∇ · U) + sl∇ · −→n

= (δij − ninj)
∂ui

∂xj

+ sl
∂ni

∂xi

= at + κc

(5.5)

where sl is the laminar flame speed and −→n is the unit normal vector oriented
towards the reactants from the flame surface. The term at is the component of
the hydrodynamic strain rate acting normal to the flame surface by the flow. This
includes two terms; the component of the strain-rate tensor acting normal to the
flame (−−→n · (−→n · ∇) U), and the effect of dilatation (∇ · U) due to volumetric
expansion of the fluid. The second term κc represents stretching of the flame front
due to propagation of a curved surface in the normal direction.

The hydrodynamic strain-rate therefore acts through at to stretch the flame and
generate surface area. This section investigates the influence of the resolvable in-
plane strain S = ∂U1/∂x2 + ∂U2/∂x1 in quenching the flame. Compared to the
out-of-plane strain components (∂U1/∂x3 + ∂U3/∂x1 and ∂U2/∂x3 + ∂U3/∂x2), the
in-plane component typically dominates the strain contribution in non-reacting wall-
bounded flows as a result of the no-slip condition inducing strong gradients in the
wall-normal x2 direction, but not in the streamwise x1 or in the out-of-plane x3
directions. The in-plane strain S is therefore assumed to be the major component
of the strain-rate tensor in the present experiment.

There exist two unique sources of strain capable of producing flame quenching
through effects of stretch. Firstly, the strong shear imparted by the wall will be
experienced by the flame front depending on its wall-normal position x2 and thus
location in the shear layer. This contribution from the wall is present even if the
flow was laminar. The second source of strain is due to the turbulent flow field. This
includes the strain field induced by the T3 vortex during its descent and interaction
with the flame.

5.4.1.1 Strain sampling methodology

The methodology used to characterise the strain experienced by the flame front is
first described. The hydrodynamic strain S is sampled at each discrete point on
the flame front in the normal direction oriented towards the reactants as shown in a
highlighted strain field in Figure 5.25. The flame unit normal vector for each point
on the flame contour is initially calculated from the LIF image grid where the flame
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front is detected, before being upsampled to the higher density grid spacing of the
wOF grid, or downsampled for the PIV grid.

The presence of the flame front can induce thermophoretic effects in the tracer
particles which will manifest as errors in velocity measurements and subsequently
derived quantities. An initial distance of 0.15mm from the flame front is therefore
initially excluded to mitigate some error that may result from thermophoresis of
the PIV tracer particles. Following the 0.15mm exclusion distance, strain values are
sampled 0.25mm normal to the flame in the unburnt gas region. These sampled
values are averaged to produce a strain value for a given discrete point along the
flame front. A sensitivity study using sampling distances of 0.15, 0.5 had a mild
affect on absolute values of strain, due to including differing amounts of the elevated
strain regions in the sample averages, as visible by the sampling extent in Figure
5.25. This does not affect the main conclusions of the present analysis however.

The strain sampled on the flame using the described methodology will be termed
the flame strain in the following analysis. However, it is should be pointed out that
technically this is not exactly the strain imparted on the flame in −−→n · (−→n · ∇) U as
part of the flame stretch in equation 5.5. Only the component of the hydrodynamic
strain acting normal to the flame is actually responsible for the flame stretch, and
this can be calculated from the eigenvalues of the strain-rate tensor (N. Chakraborty
& Swaminathan, 2007) or from an unstructured grid arrangement for derivative cal-
culation (Steinberg et al., 2009). Knowledge of the orientation of both the flamelet
normal and the principal strain-rate axes in 3D space is required for the full cal-
culation of −−→n · (−→n · ∇) U in equation 5.5. The hydrodynamic strain still acts as
a suitable quantity for assessing spatiotemporal variations in the flame stretching
process (Steinberg & Driscoll, 2009), however.

Figure 5.25: Highlight of an instantaneous strain field S with the strain sampling
region.
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5.4.1.2 Instantaneous strain example

The prominent strain distributions and their presence relative to the flame is first
exampled. An instantaneous strain field is shown in Figure 5.26a), together with
strain trace in the unburnt gas region in Figure 5.26b). The flame front contour
is coloured by its length l in Figure 5.26a) and the same colour reference is shown
in the trace to aid visual interpretation. The figure shows an unquenched flame,
with regions close to and extending further away from the wall. In the downstream
region of the FOV (x1 > 50mm), the flame resembles the HOQ configuration. At
this current time instant, the flame is not detected as quenching, but is observed to
quench 1ms (4 image instants) later at the edge of the FOV.

Within the individual images, three important features can be seen. First, the
fluid region near the wall experiences high positive (extensive) strain as expected
in boundary layers due to the contribution of the strong streamwise velocity gra-
dient ∂U1/∂x2 to the strain-rate S. This positive strain distribution extends ap-
proximately 1mm from the wall and continues across the entire downstream (x1)
distance in the FOV, regardless of the flame proximity to the wall. Secondly, the
flame portion far from the wall (4 < l < 8mm) is shown to experience high strains
over 3000s-1. Although the flame experiences these elevated strain regions, the flame
at this location away from the wall does not quench or show signs of a weakening
flame.

The third notable features is that the flame region beyond x1 = 50mm/l = 8mm
close to the wall continues to experience high strain due to its proximity to the wall
shear layer. The strain magnitude near the wall in this region of x1 > 50mm is
consistent with the strain magnitude downstream of this position when the flame is
away from the wall. The cross (x) marked on the flame in Figure 5.26 marks the
start of a defined influence region due to the wall that is analysed subsequently.

It is not until 1ms (4 image frames) after this image, when the HOQ region of
the flame is observed to move closer to the wall and quench. Thus, it is clear that
the flame can experience strain rates due to the wall in excess of 3000s-1 for an
appreciable amount of time before the flame is quenched. It is not clear yet whether
this strain magnitude is attributable to flame quenching, or whether the proximity
of the flame to the wall or the presence of the T3 vortex is a contributing factor
yet. However, the image sequence shows the flame does not appear to immediately
quench when the flame experiences high strain values up to 4000s-1.
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Figure 5.26: a) Instantaneous strain field S. b) Strain trace along flame front.
Colour corresponds to the distance l travelling along the flame.

5.4.1.3 Strain due to wall shear

The instantaneous strain during quenching is next assessed using the conditioned
strain field S∗ shown in Figure 5.27 with the conditioned instantaneous flow field
U∗ overlaid. As discussed previously in Figure 5.23, it is important to recall that
the conditioning procedure results in the highest number of samples in the vicinity
of the T3 vortex, and that the sample number decreases considerably near the wall
for T3A Bin 3 and Bin 2 such that the results in this region should be interpreted
with some caution for these two bins. The strain acting on the flamefrom the wall
will be analysed in more detail subsequently. The conditioned strain S∗ however
provides a representation of the overall evolution of the instantaneous strain during
the quenching process as the T3 vortex proceeds to impact the wall.

In T3A Bin 3, higher strains are apparent between the wall and the mean flame
front shown by the black line. The strain near below the flame near the wall is
≈2000 - 2500s-1. Several regions of increased strain up to ≈3000s-1 appear in T3A
Bin 2 and slightly elevated strains extend slightly further out from the wall. T3A
Bin 1 represents the samples prior to and during quenching. The strain values near
the wall are comparable in magnitude to those of T3A Bins 3, 2 and become weaker
beyond the T3 vortex centre at (x∗

1, x
∗
2) = (0, 0) in the downstream direction. The

conditioned strain field in T3B, representing the already quenched flames and the
travelling vortex, features significantly higher strains upstream region of the vortex
centre (x∗

2 < 0) primarily in the unburnt gases, compared with the burnt gases
downstream where the S∗ becomes weaker primarily due to a decrease in U1 and
therefore ∂U1/∂x2. The conditioned field S∗ in Figure 5.27 reveals that elevated
strains are always present at the wall and the flame position varies in its proximity
to this region.
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Figure 5.27: Conditioned instantaneous strain S∗.

The strain acting on the flame during quenching is analysed in more detail by
considering a subset of region of the flame influenced by the wall. For each flame
front in the T3A bins, the location of the flame closest to the wall is detected. This
minimum flame x2 location is marked by the cross (x) in Figure 5.26. Beyond this
minimum x2 point, flame fronts are spatially extended in the downstream direction,
characteristic of the HOQ topology. The minimum flame x2 location nearest to the
wall is where quenching is seen to occur in the image sequence. The flame front
region past the minimum x2 point in the downstream direction is defined as the
region of influence due to shear from the wall. By considering the statistics of the
flame strain specific to this region, the progression of strain from the wall acting on
this local flame region during quenching can be evaluated. The results are shown
in Figure 5.28 and are separated according to the flame fronts associated to each
T3A bin to reveal an average temporal progression represented by unquenched flame
fronts in T3A Bin 3 - 2 to Bin 1 which is the state during quenching.

The PDFs reveal that the flame strains due to the wall are predominantly positive
with similar modal values of 2000s-1 for T3A Bins 3, 2 which is in agreement with
the conditioned strain S∗. The distribution of T3A Bin 1 shifts to a modal value
of a slightly higher strains and a broader distribution as the flame is quenching
in T3A Bin 1. The PDF of T3A Bin 1, features a heavier tail with some values
extending upwards of 6000s-1. These more extreme values, associated with a very
minor probability, are due to occasional erroneous vectors close to the wall and is not
a physical effect. Figure 5.28 does indicate that an increase in strain is experienced
by the flame during its progression to quenching.
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Figure 5.28: PDFs of flame strain S due to the wall.

However, spatial information about the flame front position within the wall shear
layer is not captured by the statistics shown in Figure 5.28 alone. This aspect is next
analysed from the PDFs of the flame wall-normal x2 positions for wall-influenced
flame front regions, shown in Figure 5.29. The PDFs of the flame position reveal
that the flame positions do change as the flame proceeds to quench. The modal
values of the PDF decrease between T3A Bin 3 to T3A Bins 2, 1, indicating that
the flame front moves closer to the wall during quenching. The tails of the PDFs
become restricted to smaller x2 values, therefore the flame is increasingly likely to
be close to the wall during its progression to quenching at Bin 1, compared to its
HOQ topology in Bins 2, 3.

Therefore, the flame strain does increase through the conditioned quenching se-
quence and this increase is associated with the flame extending closer to the wall
and deeper into the shear layer, thus experiencing higher magnitude strains. This
change in flame front position is more attributable to a wrinkling effect due to vor-
ticity rather than strain-rate (Steinberg & Driscoll, 2009) and is analysed separately
in a forthcoming section.
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Figure 5.29: PDF of x2 flame positions.

The shear layer of the wall therefore does contribute to the strain experienced
by the flame during quenching. This effect is also seen in the instantaneous strain
example of Figure 5.26, where high strains acting on the flame front away from the
wall are continue as the flame moves in proximity of the wall.

As a final assessment of the influence of strain due to the wall, the flame strain
statistics for all flame fronts are analysed. This includes all regions across the flame
front and is not restricted to the influence region considered previously for Figures
5.28 and 5.29. The results are shown in Figure 5.30. The solid lines (-) denote the
flame strain and the dashed lines (- -) indicate the overall unburnt strain statistics
which includes those of the flame strain. The PDFs are calculated across 1mm x2
intervals up to 4mm to separate the PDF distributions as a function of the wall-
normal x2 distance to investigate the influence of the proximity of the wall.

The flame strain PDFs together with the overall strain PDFs shift towards higher
positive values as the wall is approached, reflecting the general influence of the shear
layer on the overall strain distribution present in the flow field. Strain flame PDFs for
x2 > 2 show similar peak values to the unburnt strain however features heavier tails
compared to the unburnt strain, indicating that the strongest strains up to ≈3800s-1

in the unburnt flow field are experienced by the flame within this wall-normal region.
For x2 = 1-2mm, the modal value of the flame strain (red solid line) is increased

compared to the total unburnt strain (red dashed line). The flame strain in this re-
gion also features a heavier tail, with a similar maximum positive extent of ≈3800s-1

as for x2 >2mm indicating the flame strain occupies the upper proportion of the
total unburnt strain.

The highest extensive strains are experienced for 0 - 1mm in closest proximity
of the wall. The distribution of strain on the flame (blue solid line) at 0 - 1mm
closely aligns with the modal value and extent of the general strain inthe reactants
(- -) within this x2 distance. It is therefore evident that the flame strain experienced
in this region is significantly imparted by the wall. In addition to the wall shear,
the strain field induced by the vortex may further contribute to the strain necessary
to quench the flame as the vortex descends to impact the wall. This aspect is
investigated in the following.
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Figure 5.30: PDF distribution for (-) flame strain and (- -) total strain in unburnt
region.

5.4.1.4 Strain due to T3 vortex

Vortices inducing sufficient strain in their local vicinity have been shown to quench
flames (T. Poinsot et al., 1991). The T3 vortex is revealed in the fluctuating velocity
u via the Reynolds decomposition which is equivalent to a reference frame moving
with the mean flow. The strain imparted by the vortical flow field is thus calculated
from u, i.e., the strain of the velocity fluctuations, which is commonly termed the
fluctuating strain (Honkan & Andreopoulos, 1997) and is denoted s. An additional
motivating factor for investigating the fluctuating strain is that the Reynolds de-
composition effectively removes a significant contribution of the shear induced by
the wall (Elsas & Moriconi, 2017), since a significant proportion is contained in the
streamwise mean flow gradient ∂⟨U1⟩/∂x2.

The fluctuating strain field s is exampled in Figure 5.31 for the same image
shown previously for S in Figure 5.26. The region x2 < 1mm that was previously
dominated by strong extensive strain from the wall in the Figure 5.26 now features
features significantly reduced strain magnitude with both positive and negative re-
gions present in s. Previous variations in strain at the wall in Figure 5.26 were
challenging to identify because they were masked by the shear from the wall.

An important feature apparent in Figure 5.31 is that the increased strain region
present along the flame front away from the wall in (4 < l < 8) has been largely
preserved and features slightly reduced but comparable magnitudes to the instan-
taneous trace. Thus, the masking effect of the mean shear at the wall is removed
when considering the fluctuating strain, while significant strain variations present
on the flame are retained.
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Figure 5.31: a) Fluctuating strain field s. b) Strain trace along flame front. Colour
corresponds to the length along the flame.

The influence of the fluctuating strain from the T3A vortex is first assessed from
the conditioned fluctuating strain s∗ shown in Figure 5.32. Unlike in the conditioned
instantaneous strain S∗ where only positive (extensive) strain is observed, regions of
both positive (extensive) and negative (compressive) fluctuating strain are present
as also visible in the above example.

In T3A Bin 3, a region of negative strain is present at the wall, while weak
positive strains exist away from the wall and in the vicinity of the T3A Bin 3
vortex as visible in the highlight. The positive strain distribution remains similar
in T3A Bin 2 and the negative strain region from the wall decreases and is replaced
with positive strains in the upstream region of the conditioned FOV at x∗

2= -4mm.
For T3A Bin 1, the positive strain region surrounding the vortex has been moved
closer to the wall and a slight strain increase in the vicinity of the vortex becomes
apparent. The increase is mild however and contained within a small radius of the
T3A vortex centre. A more substantial increase follows in T3B when the flame is
already quenched and the vortex is in its travel state. From the sequence in T3A
Bins 3 - 1, it is apparent that there are some weak extensive strains induced by the
vortex, with the strongest magnitudes forming in the local vicinity of the vortex
core in T3A Bin 1.

The vortex does alter the fluctuating strain distribution through its descent,
bringing mildly increased extensive fluctuating strains in proximity of the flame in
T3A Bin 1. Although the magnitude of a fluctuating quantity, such as s, is expected
to be lower than its corresponding instantaneous quantity (S), the progression in
fluctuating strain in T3A Bins is observed to be mild in the conditioned sequence
and only becomes apparent in T3A Bin 1 and following flame quenching in T3B as
visible in the highlighted 1×1mm2 regions.
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Figure 5.32: Conditioned fluctuating strain s∗.

The strength of the strain fields induced by all the detected T3 vortices is next
assessed statistically to evaluate a potential contribution to the quenching process
compared the mean shear. Both the instantaneous strain S and the fluctuating
strain s in the local vicinity of the T3 vortices are evaluated for a comprehensive
characterisation of their strain influence. Analysis of the instantaneous strain S of
the T3 vortices is important in order to compare the strain of the T3 vortices relative
to the strain present across the boundary layer due to the wall. Investigation of the
fluctuating strain s is also needed as this represents the strain due to the vortical flow
field that is visible in the fluctuating velocity u from the Reynolds decomposition.
The two are related, as a sufficiently strong fluctuating strain s would also manifest
itself as locally increased instantaneous strain S.

The strength of the strain field of each individual T3 vortex is characterised by
averaging strain values over a circular area of 0.25mm radius centred around each
individual T3 vortex centre that was included in the conditioning methodology. Us-
ing larger sized sampling regions does not alter the trends presented in the following
statistics, but decreases absolute values since the strain field is strongest in the local
vicinity of the vortex core, as visible in s∗ shown previously. Therefore, including
strain values beyond the elevated strain around the vortex centre has the effect of
diluting the final strain value of each vortex because weaker strain values become
included in the average.

The results are shown in Figure 5.33a) for the instantaneous strain S and Figure
5.33b) for the fluctuating strain s. The datapoints are coloured by the respective
conditioned bin of each T3A vortex. The mean value of the datapoints in each bin
is shown by the respectively coloured bold markers. A trendline using the sum of
two exponentials aebx2 + cedx2 is fitted using each of the individual vortex points
shown to statistically characterise the general distribution. The mean wall-normal
strain distribution ⟨S⟩, averaged temporally and in the streamwise x1 direction, is
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plotted in Figure 5.33 to compare the instantaneous strain of the T3 vortices with
the mean shear contribution due to the wall.

Figure 5.33a) shows that the instantaneous strain contained within the T3 vor-
tices increases as the wall is approached. The increase is initially gradual between
T3A Bin 3 and Bin 2, before rising for T3A Bin 1 where the vortex is in closest
proximity of the flame. This increase is in agreement with the conditioned results
shown in Figure 5.27 where S∗ showed little variation between T3A Bin 2 and Bin
3, before rising for Bin 1. While T3B is associated to the travel state of the vortex
and not quenching, it is still included in the statistics of Figure 5.33 for complete-
ness. The general trend as indicated by the fitted curve very closely resembles the
ensemble average strain of the flow ⟨S⟩ and is only mildly increased in comparison.
This shows that the instantaneous strain of the T3 vortices is comparable to the
mean strain generally present in the boundary layer, i.e., the strain field of the vor-
tices is not very significant as the shear due to the wall dominates the strain in the
boundary layer.

Figure 5.33b) shows that the fluctuating strain induced by the vortices between
T3A Bin 3 and T3A Bin 2 is effectively the same and a marginal increase follows for
T3A Bin 1. The average of the strain values within each bins remains considerably
low across all bins for T3A Bins 3, 2, 1 respectively which is in agreement with
the trends visible in the conditioned representation s∗. At lower x2 values, the
scatter of the datapoints increases, with some vortices also capable of inducing a
compressive (negative) strain field as opposed to an extensive strain. The fact that
the strain contribution from the T3 vortex does not feature a consistently signed and
significantly elevated strain, even in T3A Bin 1, supports the result that the strain
field due to the vortex is unlikely to be the causal factor in flame quenching. The
location of the flame within the shear layer due to the wall is therefore determined to
be the more significant contributor to straining the flame compared to the induced
strain of the vortex. The change in flame x2 position leading up to quenching may
suggest that the flame is being pushed to the wall by the vortex, rather than being
strained by it. This is investigated in the following section.

Figure 5.33: a) Instantaneous (S) and b) fluctuating (s) strain of the T3 vortices.
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5.4.2 Influence of vorticity
The following section analyses the influence of the rotational, rather than shear-
ing properties of the flow field and T3 vortex on flame quenching. As described
previously, vorticity is involved in wrinkling the flame front and thus modifying
the topological distribution of existing flame surface (Steinberg & Driscoll, 2009).
While analysis the previous section concluded that the strain due to the T3 vortex
is unlikely to be a leading factor in flame quenching, the vortex is may be capable
of pushing the flame closer to the wall and deeper into the shear layer, thus leading
to quenching through a combined effect of experiencing higher shear from the wall
and increased heat loss.

The angular velocity or strength of the vortex rotational motion is first assessed
to determine if the vortex is likely to influence the flame. Unlike in (T. Alshaalan
& Rutland, 2002), where the vortex strength (set by the vortex’ circulation) was
a priori defined in simulation test cases, assessment of the vortex strength in the
present experimental data is complicated by the presence of strong vorticity at the
wall, since the streamwise velocity gradient ∂U1/∂x2 is a component of both the
instantaneous vorticity Ω and of the strain S. Ω can therefore be a misleading
quantity since both rotational motion about an axis and regions of shear are both
described by elevated vorticity values. This effect is particularly prominent in a
wall-bounded flows as also described in Chapter 2, and has also been observed in
turbulent reacting free shear flows (Gamba et al., 2012). Therefore, it is necessary to
isolate the vortical motion intrinsic to the vortex. Analysis of both the fluctuating
vorticity ω, and the swirling strength Λci will be used for a robust assessment of
the vortex strength and thus the potential of the vortex to influence the flame.
Following analysis of this kinematic attribute of the vortex, the correlation between
the descending T3A vortex to movement of the flame towards the wall is investigated.

5.4.2.1 T3 vortex fluctuating vorticity (ω)

Similarly to the fluctuating strain s, the fluctuating vorticity ω is directly associ-
ated to the vortex flow field as observed in the fluctuating velocity field u from the
Reynolds decomposition. The vortex strength is first analysed through the condi-
tioned fluctuating vorticity ω∗ sequence shown in Figure 5.34. Both positive (CCW)
and negative vorticity (CW) are shown and the conditioned fluctuating velocity field
u∗ is overlaid.

In T3A Bin 3, the vortex is far from the flame and is in a region of weak, spatially
distributed positive ω that extends across the conditioned streamwise distance x∗

1
and is above the mean flame front indicated by the black line. A region of negative
vorticity is present nearer to the wall. In T3A Bin 2, the positive ω∗ region around
the vortex follows a minor increase visible in the highlights. A local ω peak is difficult
to discern from the ω∗ fields of T3A Bin 3 - 2 from among the general spatial positive
ω distribution. At T3A Bin 1, the ω∗ field becomes concentrated around the T3
vortex centre, with a well localised and clearly discernible peak directly coincident
with the T3 vortex centre. In T3B, when the vortex is in its travel state following
quenching, ω∗ is further increased compared to Bin 1. A weaker distribution of ω∗

follows downstream of the vortex centre for these two bins.
The T3 vortex is always associated to the region of positive ω∗ throughout the

conditioned sequence. Between T3A Bin 3 to Bin 1, the magnitude of ω∗ in the local
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vicinity of the vortex increases considerably and coalesces around the T3A vortex
centre. This suggests that the vortex, as observed in the fluctuating velocity field,
actually grows in strength as it descends closer to the wall and interacts with the
flame in T3A Bin 1.

Figure 5.34: Conditioned instantaneous vorticity ω∗

The indication of the vortex growing stronger during its descent is suggestive
of the potential of the vortex to influence the flame. This is analysed further by
sampling the local fluctuating vorticity ω of each individual T3 vortex in a similar
manner as performed with the strain in Figure 5.25 using the same 0.25mm sampling
radius. The fluctuating vorticity ω of the T3 vortex cores is presented in Figure 5.35.

Figure 5.35: ω distribution of each T3 vortex.
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A general trend of ω increasing as the T3 vortex approaches the wall is apparent
in Figure 5.35. The increase is initially gradual between T3A Bin 3 and T3A Bin 2
as visible by the change in average values. The mean ω of the T3 vortex cores then
increases substantially from T3A Bin 2 to T3A Bin 1 where the vortex interacts
with the flame. A slight further increase in ω is present as the vortex is in its T3B
travel state although the T3B state is following quenching. The trend evidenced by
the vortex core statistics is in agreement with the conditioned sequence in Figure
5.34, where there is a minor change in ω∗ between those T3A Bin 3, 2, followed by
a considerable increase to T3A Bin 1.

The trendline from the fluctuating strain s shown previously in Figure 5.25 is
overlaid in Figure 5.35. Comparison of the variation in ω with that of the fluctuating
strain s is important to discern the relative importance of these two kinematic
properties of the vortex during the quenching process. Across the entire wall-normal
x2 distance, the trend and distribution of ω values is significantly higher than the
trend of fluctuating strain s. While the trend in s increases slightly after T3A Bin
2, the evolution in ω is still higher at these bins where the vortex is further from the
wall. Even when s increases slightly between T3A Bin 2 to T3A Bin 1, the trend
in ω features a sharper increase resulting in the difference between ω and s of the
vortex cores being particularly significant in Bin 1 which is associated to quenching.

It can therefore be concluded that effects of the fluctuating vorticity of the T3
vortex are predominant over local strain effects induced due to the vortical flow field.
This is indicative that the T3 vortex is therefore more likely influence the flame
through wrinkling and pushing, rather than effects of stretch due to the vortex.
It is important to consider that ω is calculated from the fluctuating velocity field
u and therefore represents vorticity of the T3 vortex in a reference frame moving
relative to the mean flow. This is not the only possible reference frame to view
the vortex, therefore there may be potential for trends in ω to vary if a different
decomposition method (e.g. frequency filtering) is used to extract the T3 vortex flow
field. Thus, confirmation of the strength of the vortex is needed through assessment
of the galilean invariant swirling strength of the vortices.

5.4.2.2 T3 vortex swirling strength (Λci)

As described in Chapter 2, Λci is independent of the reference frame and unlike
the instantaneous vorticity Ω, is advantageous in decoupling shearing and rotating
motions, resulting in this criterion having been extensively used in turbulent bound-
ary layer studies (Adrian, Meinhart, & Tomkins, 2000; Christensen & Adrian, 2001;
Natrajan et al., 2007; Y. Wu & Christensen, 2006; Zhou et al., 1999). Analysis of
Λci will provide a robust characterisation of the vortex strength, without the in-
fluence of shearing effects which can contribute to vorticity calculations due to the
wall. Indeed, it was the Q criterion, which is of the same family of vortex detection
methods as Λci (P. Chakraborty et al., 2005) as described in Chapter 2, that was
used to identify vortical structures pushing the flame in the DNS study of (Gruber
et al., 2010). The evolution of Λci during quenching is first investigated using the
averaged spatiotemporal representation in the conditioned Λ∗

ci sequence shown in
Figure 5.36, before considering the statistics of Λci contained within the T3 vortex
cores. The swirling strength Λci is calculated from the instantaneous velocity fields
U. In Figure 5.36 however, the conditioned fluctuating velocity field is overlaid for
reference to relate Λci to the vortical flow field in u∗. Although Λ∗

ci can assume both
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positive (CCW) and negative (CW) values, there is almost no negative swirl in Λ∗
ci

so only the positive colour scale range is shown.
In Figure 5.36, T3A Bin 3 show a cloud-like, expansive region of elevated Λ∗

ci

away from the flame which is in agreement with the Λci features discussed previously
in the transient sequence shown earlier in Figure 5.14. This broad region of Λci has
increased magnitude compared with the surrounding regions and the peak Λci is
directly centred on the T3A Bin 3 vortex centre as visible in the inlay. The Λ∗

ci

region below the flame front in close proximity to the wall is relatively noisey. As
described previously, a lower sample number near the wall in Bin 3 contributes to
this effect. In the present analysis using Λci this does become accentuated by the
fact that, unlike for ω (or Ω), the calculation of Λci involves the square of derivatives
in equation 5.1 which has a slight noise enhancing effect.

In T3A Bin 2 as the vortex moves closer to both the flame and the wall, the
cloud-like Λci region is observed to concentrate around the T3A Bin 2 vortex centre,
while the peak values around the vortex centre stay reasonably constant. At T3A
Bin 1, representing the T3 vortex prior to and during flame quenching, a clearer and
more coherent region of strong Λci forms. Following quenching in T3A Bin 1, the
strength of the vortex increases further with the large magnitude of Λci from T3A
Bin 1 growing around the vortex centre in T3B. Some regions of elevated Λ∗

ci near
the wall and upstream in the unburnt gas region (x∗

2 < 0) are also present in T3B
but are of a significantly lower Λci magnitude compared to the T3B vortex centre.

The trends described in the conditioned representation of Λ∗
ci are therefore in

agreement with the fluctuating vorticity ω∗. As the T3 vortex grows in strength
during its descent, it becomes more distinct in the localised fluctuating vorticity ω∗

peak shown previously in T3A Bin 1 of Figure 5.34, but is difficult to distinguish
earlier in T3A Bin 3 and Bin 2. In the representation of Λ∗

ci however, the peak
value Λ∗

ci is spatially coincident with the T3 vortex centre across all stages (T3A
Bins 3, 2, 1 and T3B) of the conditioned sequence which demonstrates the ability of
the Λci to isolate the intrinsic vortical motion and provide a robust characterisation
of the strength attributes of the T3 vortex. The fact that the peak values of the
Galilean invariant Λci, which is calculated independently from instantaneous velocity
U, aligns with the vortex centres obtained using the Γ1 criterion applied to the
fluctuating velocity u also confirms the suitability of the Reynolds decomposition
to reveal the T3 vortical flow field. Should that not have been the case, the peaks
of Λci fields would not be so closely aligned with the conditionally averaged vortex
centres marked by the plus symbol in Figure 5.36.

137



5.4. QUENCHING PHENOMENA 5

Figure 5.36: Conditioned swirling strength (Λci).

The evolution of strength of all T3 vortex cores as a function of wall-normal
distance x2 is shown in Figure 5.37, similarly as for Figure 5.35. The average Λci

within each vortex core is calculated by averaging all non-zero Λci values, therefore
associated with swirl, within a 0.25mm radius from each T3 vortex centre. This is
compared to the ensemble average swirling strength ⟨Λci⟩ present in the flow field
to characterise the relative strength of the T3 vortices compared to swirling motion
in the overall flow statistics. ⟨Λci⟩ is calculated by averaging in time and in the x1
direction, to represent the average swirling strength as a function of wall-normal
distance x2. The ⟨Λci⟩ distribution shown by the black line in 5.37 shows a generally
flat distribution until ≤ 1mm from the wall where ⟨Λci⟩ rises and peaks close to the
wall, followed by a slight decrease.

A similar trend of increasing vortex strength shown previously in Figure 5.35
is apparent from Figure 5.37. The Λci contained within the T3 vortex cores stays
approximately constant between Bin 3 and Bin 2 which rises significantly from Bin
2 to Bin 1. A further slight increase is observed from T3A Bin 1 to T3B. In all cases,
the Λci within the T3 vortex cores is significantly higher than the average ⟨Λci⟩ at
all x2 locations.

138



5.4. QUENCHING PHENOMENA 5

Figure 5.37: Mean Λci for each T3 vortex.

Therefore, assessment of the T3 vortex strength from the vorticity of its flow
field in u, together with the galilean invariant swirling strength Λci calculated from
U corroborate the trend of the vortex increasing in strength during its evolution to
impact the wall. This increase is highest between T3A Bin 2, representing the T3
vortex in the intermediate stage of its descent, and T3A Bin 1 representing the vortex
during flame quenching instances. At all stages during the descent, the rotational
motion of the vortex is a significantly stronger kinematic effect than the strain field
induced by the vortex. This concludes that effects of the vortex due to wrinkling
or pushing of the flame front are highly likely to be significant, compared to the
contribution of strain from the T3 vortex which is comparatively minor compared
to the existing shear from the wall. A correlation of the descending vortex position
with the flame moving closer to the wall is next investigated.

5.4.3 Vortex pushing flame
Having established the kinematic potential of the vortex to influence the flame pri-
marily by virtue of its rotational, rather than shearing effects, this section inves-
tigates the possible mechanism of the T3A vortex pushing the flame to the wall,
leading to quenching due to both excessive heat loss and also forcing the flame
deeper into the shear layer leading increased strains experienced from the wall. A
correlation between the position of the T3A vortex with respect to the change in
flame front position during quenching events is assessed in this section.

The methodology employed is depicted in Figure 5.38. A flame front in an HOQ
topology is visible with a T3A vortex in mid-descent. In the T3 vortex trajectories
shown previously in Figure 5.19b), the T3A vortices were shown to have a common-
ality in descent patterns with the T3A vortices approaching the wall in a diagonal or
arc-like trajectory impacting the flame at the location nearest the wall. This flame
location nearest to the wall is marked by the red circle in Figure 5.38. The region of
the flame pushed by the descending vortex is defined as the flame coordinates be-
yond this minimum flame x2 location, similarly to the definition of the flame region
influenced by wall shear in the previous section and is marked in red in the Figure
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5.38.
The x2 coordinates of the flame front in the influence region are averaged to

indicate the average flame front position DF for every image involving a T3A vortex.
Next, the distance DV of the T3A vortex centre to the minimum flame x2 location is
calculated. As the vortex descends towards its eventual impact point, the action of
pushing the influenced region of the flame front closer to the wall would be observable
as a positive correlation of the two variables DF and DV .

Figure 5.38: Schematic of the distance metrics used to assess the vortex pushing the
flame.

The results are shown in Figure 5.39. The points associated with the T3A vor-
tices are coloured according to their respective T3A bin. T3B vortices are excluded
from this analysis since the flame is already quenched in those instances. A trendline
using an exponential function DF = 0.3038e0.1449DV is fitted through all the points
shown. In the methodology, described, any images where a vortex is present and
there is no flame, i.e., the entire FOV features burnt gas, are excluded from the
statistics. The final number of images included is 103 out of the 136 available T3A
vortex images.

Figure 5.39 does reveal a correlation with the closer the vortex is to impacting
the wall, the closer the influenced flame front region is to the wall. The trendline
shown by the dashed line features a shallower gradient for vortices nearer to the
impact location which suggests that the vortex proximity may be having slightly
less influence on affecting the flame, potentially due to less distance being available
for the flame to move closer to the wall.

An additional factor that can affect the flame response to the vortex is a potential
time dependency. Indeed, time delays between hydrodynamic effects such as vortices
and flame response have been reported in turbulent premixed flames (Mueller et al.,
1996) which complicates accurate prediction of the flame front distance from the wall
based on the vortex position. As mentioned previously, the T3A vortex features a
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rapid descent before quenching the flame, usually lasting between 2 - 4 images
(500µs - 1000µs). Thus, investigating the temporal dependency of the flame front
with the existence of the vortex would benefit from increased temporal resolution of
the velocity data to accurately investigate this effect. However, The R2 of the fitted
curve is a moderate value of R2= 0.69 which is supportive of a relationship that the
vortex is indeed pushing the flame.

The conclusion of the investigation in quenching phenomena can be summarised
as follows. A shear layer due to the wall is present within the flow field. Following
formation of the T3 vortex, it rapidly descends towards the wall and its angular
velocity increases in the process. During its descent, the flame front is pushed closer
to the wall under the influence of the vortex. As the flame moves closer to the
wall, it experiences increasing shear from the wall which contributes to straining
the flame. At the same time, the increasing proximity of the flame to the wall
during this process results in increased heat flux. The relative importance of the
flame strain compared to heat loss cannot be discerned in the current experiment.
However, the combination of these two mechanisms is believed to be the causal
mechanism of quenching based on the available data. The T3 vortex is highly
influential in the quenching process by virtue of its rotational motion which pushes
the flame, as opposed to the shear induced in vicinity of the vortex core which is
largely insignificant compared to the strains experienced by the flame due to the
strong shear layer present at the wall.

Figure 5.39: Comparison of vortex x2 distance to DF .

5.5 Transport phenomena
Following quenching, the T3 vortex travels downstream with the flame in vicinity
of the flame quenching point. This section investigates the role of the T3 vortex
in facilitating the gas transport mechanism hypothesised in (Zentgraf et al., 2021)
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where burnt gases downstream of the quenching transport are transported back into
the reactants, leading to unique thermochemical states of cold product gases mixed
with the reactants that is not present under laminar conditions.

The transport properties of the T3 vortex are analysed using the quadrant anal-
ysis scheme of (Wallace et al., 1972) which partitions the fluctuating velocity field u
into four possible quadrants depending on the sign of the respective u1, u2 velocity
fluctuations. By assessing the quadrant distribution within the turbulent flow field,
the characteristics of the dominant coherent motions facilitating mass transport can
be assessed. Indeed, the original motivation and first application of quadrant anal-
ysis (according to (Wallace, 2016)) was by (Wallace et al., 1972) to quantify the
observations in the landmark visualisation studies of (Brodkey et al., 1974)2.

The quadrant splitting scheme is summarised in Table 5.3. The characteristic
quadrant events in the non-reacting case of the SWQ experiment are first briefly
described. An example quenching sequence in the reacting case is next presented,
before considering the ensemble probabilities of the quadrant distribution during
the conditioned quenching sequence. Finally, the local flow topology and angular
distribution of the quadrant flows around each conditioned vortex centre is analysed.

Quadrant Name u1 u2
1 Outward interaction + +
2 Ejection − +
3 Inward interaction − −
4 Sweep + −

Table 5.3: Summary of the quadrant splitting scheme.

5.5.1 Quadrant distribution in non-reacting case
In a non-reacting wall-bounded turbulent flow, Q2 (ejection) and Q4 (sweep) mo-
tions manifest as strong organised events that dominate turbulence activity in the
viscous sublayer and buffer layer. Canonical examples of these types of events are
shown in Figures 5.40 and 5.41 where the Reynolds stress u1u2 is shown together
with the fluctuating velocity field u. These examples are from wOF measurements
of the SWQ experiment run under non-reacting conditions, similarly to Chapter 4
but with the FOV equivalent to the reacting case.

The turbulence activity of the region x2 >8mm in the examples is due to vortex
shedding from the flame holder in the experiment. It is important to note that the
coherent motions in this region at the edge of imaged FOV are not boundary layer
quadrant events in the canonical sense. The influence of this wake region is not
present in the reacting case (Zentgraf et al., 2021, 2022).

These coherent flow motions are key in facilitating mass transport across the
boundary layer. Q2 motions (ejection: u1 = −, u2 = +) transport slow moving flow
away from the wall and against the mean flow. The influence of vortices is closely
associated with modifying the spatial distribution of the quadrants as can be seen
by the vortex inducing the strong Q2 event in Figure 5.40b). Q4 events (sweep:

2Some footage from the original visualisation study of (Corino & Brodkey, 1969) can be found:
https://www.youtube.com/watch?v= LSrtOaE8KM.
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u1 = +, u2 = −) transport fluid from regions further out in the boundary layer
down to the wall.

(a) (b)

Figure 5.40: Examples of canonical Q2 (ejection) events in a non-reacting turbulent
boundary layer.

(a) (b)

Figure 5.41: Examples of canonical Q4 (sweep) events in a non-reacting turbulent
boundary layer.

The repeating presence of these characteristics events manifests in the statistical
distribution of quadrants as shown in Figure 5.42. The x2 axis is limited to ex-
clude the wake region. The sum of the Reynolds stresses partitioned into the four
quadrants produces the ensemble Reynolds stress u1u2 shown by the black line.

The dominance of Q2 and Q4 events in the near wall region is evident in the
wall-normal distribution shown in Figure 5.42, with strong peaks in the buffer layer.
Q1 and Q3 events have a minimal influence in comparison. Characteristic, quasi-
repeating structures of Q1 and Q3 also do not occur in a non-reacting boundary

143



5.5. TRANSPORT PHENOMENA 5

layer, unlike Q2 and Q4, exampled in Figures 5.40 and 5.41 which feature promi-
nent and identifiable flow patterns. The result shown in Figure 5.42 represents the
classical distribution that is well-known for non-reacting turbulent boundary layers
(Wallace, 2016).

Figure 5.42: Quadrant distribution in a non-reacting turbulent boundary layer.

5.5.2 Quadrant analysis of reacting case
As discussed in the literature review in Chapter 1, the FWI studies of (T. Alshaalan
& Rutland, 2002) and (Jainski et al., 2018) demonstrated that the reacting turbu-
lent boundary layer case features both an increased probability of Q1/Q3 events
in the vicinity of the flame front and these events are stronger are stronger than
Q2/Q4. An example of the quadrant distribution in the reacting case is shown in
Figure 5.43b) with the downstream location of the sampled profile indicated by the
white dashed line shown on the flame probability map in Figure 5.43a). Compared
to the canonical non-reacting case in Figure 5.42, the strength of Q1/Q3 events
is significantly increased in the presence of the flame front, which also suppresses
Q2/Q4 events in its local vicinity in agreement with previous studies (T. Alshaalan
& Rutland, 2002; Jainski et al., 2018). The magnitude of the Q1/Q3 events is sub-
stantially higher than any quadrant events present in the non-reacting case. These
important differences are suggestive of a considerably different set of coherent flow
events and transport processes present.
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(a) (b)

Figure 5.43: a) Flame probability map with location of quadrant profile (white line)
and b) quadrant distribution in a reacting turbulent boundary layer.

The actual phenomenological processes in the turbulent flow field that produce
the increased Q1/Q3 are unknown however. Vortices in the fluctuating velocity
field u are intrinsically linked to quadrant events due to their ability to modify the
surrounding quadrant distribution as part of the vortical flow field. Therefore, T3
vortices are expected to be key in facilitating the transport processes postulated in
the mechanism of (Zentgraf et al., 2021) through their influence on quadrant events.
The effect of the T3 vortex modifying the quadrant distribution is first exampled
on a quenching event sequence, before considering the quadrant evolution in the
conditioned sequences and the local transport properties of the T3 vortical flow
fields.

5.5.2.1 Individual realisation

The quadrant distribution during a quenching event is shown in Figure 5.44. The
fluctuating velocity field u is overlaid on the LIF image sequence and is respectively
coloured depending on the quadrant associated to each vector. The T3A vortex
centre is marked by the plus symbol.

The flame is in an HOQ configuration at t = 0µs with the dominant quadrant
being a Q2 (ejection) flow emanating outwards from the flame front and a Q1 (out-
ward) in the upstream region of the FOV. A minor presence of Q4 (sweep) is visible
in the downstream region in the unburnt gases. Between t = 250 − 500µs, a Q3
(inward) grows in the region downstream of the vortex and begins to occupy the
area of the Q2 (ejection). As the T3 vortex descends towards the wall and quenches
the flame between t = 750 − 1250µs, the area occupied by the near-wall Q2 region
is completely removed and instead replaced by a strong growth of Q3 flow. This Q3
inward flow occupies a large portion of the region above and downstream of the T3
vortex.
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Figure 5.44: Distribution of quadrants during an example flame quenching sequence.

Following flame quenching, 3 subsequent time instances (every second image,
500µs between images) when the vortex is in a travel state are shown in 5.44 after
t = 1250. The flow features a similar distribution to t = 1250µs and the inward
flow continues to be prominent above the vortex and near the passage between the
wall and flame tip. A large Q4 (sweep) is present above the vortex and evolves into
the Q3 (inward) event as part of the vortex circulation. This inward event strongly
emulates the mechanism hypothesised in (Zentgraf et al., 2021) where burnt gases
are transported through the quenching passage between the flame and the wall into
the reactants.
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Figure 5.45: Distribution of quadrants following quenching, during T3B vortex
travel.

5.5.2.2 Conditioned quadrant probability

The previous section exampled the significance of the T3 vortex in modifying the
spatial distribution of quadrants for a single quenching event. The vortex was shown
to modify the directional distribution of u during its descent, bringing the a strong
inward interaction from the burnt gas region to the wall and flame tip, which is then
sustained as the vortex is in its travel state. A similar progression of the quadrant
spatial distribution due to the T3 vortex is observable in all quenching events within
the dataset.

The commonality between the quadrant evolution from separate quenching events
will be analysed statistically using the probability map of the quadrant distribution
in the vortex-centred conditioned results sequence. This will assess the similarity in
the quadrant flows between all individual quenching sequences, thus revealing the
dominant flow motions facilitating transport processes within the quenching process.
The probability distribution will also establish the consistency of the prominent flow
patterns relative to the T3 vortex evolution. Of particular significance to transport
phenomena are events corresponding to a negative u1 component such as Q2 or Q3
(ejection or inward) events since these indicate fluid regions moving slower than the
mean flow (u1 < 0) and therefore are supportive of the entrainment of burnt gases
downstream of the vortex into the unburnt gases downstream of flame quenching
point.

The probability maps are calculated by segmenting each u velocity field matrix
into separate binary regions associated with each of the four possible quadrants,
where a value of 1 indicates the presence of a given quadrant flow and 0 other-
wise. Applying the vortex-centred conditioning procedure described previously in
this chapter to the binarised quadrant indicator fields then produces the probability
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distribution of a given quadrant event during the conditioned sequence. The proba-
bility evolution during the conditioned vortex descent from T3A Bin 3 - 1 followed
by vortex travel in T3B for each quadrant is shown in Figure 5.46. The conditioned
fluctuating velocity field u∗ is overlaid on each. The colour scale indicates the quad-
rant event probability, ranging from from 0, indicating that the fluctuating velocity
field is never in this quadrant at the conditioned location, to a maximum value of 1
indicating that the quadrant event is always present.

The conditioned probability of Q1 (outward interaction) is shown in the first row
of Figure 5.46. The Q1 probability is particularly strong in the initial phases of the
slam (T3A bin 3) with a broad spatial extent that expands beyond the analysable
FOV away from the wall. As the vortex descends from Bin 3 to Bin 1, the probabil-
ity of the Q1 event and its spatial extent are seen to decrease, reaching the smallest
extent and probability when the vortex is in its travel state in T3B and the elevated
probability of Q1 is more distributed along the mean flame front, upstream of the
vortex centre. The strong probability Q1 in the vicinity of mean flame front, par-
ticularly after T3A Bin 3, is in agreement with trends reported in (T. Alshaalan &
Rutland, 2002) where increased Q1 is observed in the vicinity of the flame front.

The Q2 (ejection) probability is shown in the second row of Figure 5.46. When
the vortex is far from the wall, a near certain likelihood (> 0.9) exists of a very large
ejection ejection region between the vortex and the wall. This region decreases in size
and probability as the vortex is generally closer to the wall in Bin 2, although remains
significant. In Bin 1, which represents vortices prior to and during quenching, the
ejection probability has decayed rapidly. This is due to the vortex proximity to
the wall, which limits the available fluid region for a strong Q2 flow. Between Bin
1 and T3B, this region shrinks slightly as the vortex transitions to its final state
which is closer to the wall. As the vortex travels in T3B, the presence of the wall,
together with the Q1 region emanating from the flame front limits the size of the
ejection however it is present with a non-negligible probability as part of the vortex
circulation.

The Q3 (inward) flow probability is shown in the third row of Figure 5.46. The
Q3 event is initially relatively mild in T3A Bin 3, with a moderate regional ex-
tent continuing downstream of the vortex (x∗

2 > 0). The probability of this region
downstream of the vortex increases considerably in Bin 2 as the vortex is in the in-
termediate stages of its descent and the spatial extent of the Q3 region broadens, as
visible by the expansion of the red high probability region. In Bin 1, the probability
remains moderately high during Bin 1. Therefore, at instances during the quenching
process itself where the flame front is being quenched, a moderate Q3 probability is
indeed present and therefore suggestive that an entrainment of the burnt gases may
already start occurring even prior the vortex has completed its descent. The prob-
ability remains moderate as the vortex is travelling with the quenched flame. The
spatial extent of the Q3 region remains reaches beyond the vortex centre at x∗

2 = 0
into the burnt gas and the probability increases mildly. From Bin 1 to T3B, it seems
that part of Q3 region is also inhibited by the wall, similarly to the Q2 for T3B. The
increased presence of Q3 in the vicinity of the flame front in T3A Bin 1 and T3B
is supportive of a high likelihood of an inward flow that can support entrainment of
burnt gases that are initially downstream of the vortex (x∗

1 > 0), towards and past
the vortex core itself at x∗

1 = 0 leading to an accumulation and mixing of burnt gas
upstream of the vortex in the unburnt gases. The strong probabilites revealed in the
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conditioned sequence is suggestive of this effect being significant for all T3 vortices.
The Q4 (sweep) event probability is shown in the final row of Figure 5.46. The

Q4 region starts of particularly small, of comparable size to the Q2 probability in
Bin 1. A considerable growth in probability is observable as the vortex is in Bin
2. In Bin 1, the probability remains similar and the spatial extent of the Q4 region
is seen to extent in a triangle-like pattern on the right of he vortex. This large
spatial extent indicates that a large region of the vortex is likely to be occupied by
Q4 vectors. When the vortex is travelling in T3B, the large sweep region increases
in probability, indicating a near certainty of sweep above the vortex when it is
travelling. Considering the counter clockwise flow motion around the vortex core
in T3B, the sweep region is the quadrant prior to the flow field changing angle
significantly enough for u1 to switch from u1 = + to u1 = − and therefore is part
of the circulation flow pattern that supplies the Q3 event with burnt gases.

The combination of Q3 and Q2 strongly supports the potential transport mech-
anism leading to the unique thermochemical states postulated by (Zentgraf et al.,
2022) and supported by DNS results of (Steinhausen et al., 2023). Without the
inward (Q3) component, it would not be possible to entrain burnt gas upstream
relative to the mean flow to mix with the reactants. A detailed analysis of the local
vortical flow field around each vortex centre is performed in the following section to
assess whether the local vortical flow field topology can facilitate transport.
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Figure 5.46: Quadrant probabilities during the conditioned vortex sequence.
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5.5.3 Vortex transport mechanism
The evolution of the probability distribution provides valuable information into the
dominant flow features and their spatial extents. To more accurately characterise
whether the flow topology associated to the T3 vortex is indeed responsible of the
transport of burnt gases into the unburnt region, a further characterisation of the
local velocity surrounding each vortex is performed.

The conditioned fluctuating velocity field is studied as a function of angle around
each vortex centre. A 1mm radius circular sampling region is used and vectors are
spatially averaged within 30o segments to give an indication of the average strength
of the velocity vectors as a function of the azimuthal position around the vortex
centre at (x∗

1, x
∗
2) = (0, 0). A schematic of this sampling scheme is shown in Figure

5.47. The colour coding in Figure 5.47 represents the angular segment starting with
0o and proceeding counterclockwise from the x∗

2 axis.

Figure 5.47: Schematic of the vector circular sampling scheme for a generic vortex.
The discrete colour labels each angular segment that vectors are averaged in. The
sampling region is centred around each conditioned vortex centre at (x∗

1, x
∗
2) = (0, 0)

.

The results of the circular sampling scheme is shown in Figure 5.48. The left
column shows the fluctuating velocity magnitude |u∗| from T3A Bin 3 to T3B.
The extent of the sampling region is indicated and the discrete angle segments are
coloured as per Figure 5.47. Any sampling regions that extend below the most prob-
able wall position (T3A Bin 1 and T3B) in the conditioned vortex are excluded. The
right column shows the associated results of the vector sampling scheme. The points
are plotted in the u1, u2 quadrant plane to associate each angular segment with a
respective quadrant and thus characterise the local vortex vector field topology in
terms of its quadrant distribution (which establishes the transport properties). The
starting angle segment (0 - 30o) in the CCW direction is marked with a square in
the right column. The colour of each marker point corresponds to the coloured angle
segment around the 1mm region.

A variety of information is available from the representation in Figure 5.48. For
a given marker point, its colour represents its azimuthal position with respect to
the conditioned vortex centre (x∗

1, x
∗
2) = (0, 0). The radial extent of the point from

the origin at (u1, u2) = (0, 0) denotes the magnitude of the velocity for the given
angular segment. The respective quadrant a point is located in indicates the sign
of the fluctuating component and thus the directionality of the flow in that local
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region.
The first main trend apparent in Figure 5.48 is that the area bounded by the

polygon progressively grows through the conditioned vortex sequence, particularly
from T3A Bin 3 to Bin 1 prior to the vortex assuming its travel state in T3B. The
perimeter of the polygon bounded by the marker points extends further outward
from the axes origin at (u2, u1) = (0, 0). This increased perimeter extent indicates
the overall fluctuating velocity magnitude contained within the 1mm diameter sam-
pling region is increasing. This effect is visible in fluctuating velocity magnitude
in the left column of Figure 5.48, where vectors in the local vicinity of the vortex
core grow/increase. This further supports that the vortex is indeed getting stronger,
which is in agreement with the trends in metrics of vortex strength discussed previ-
ously.

Figure 5.48 reveals that the occupancy of each quadrant changes throughout the
conditioned vortex sequence. Beginning at T3A Bin 3, the majority of points are
associated to the Q1 (outward) and Q2 (ejection), with little to no Q3 (inward) or
Q4 (sweep). These dominant Q1 and Q2 regions are visible in the slightly elevated
magnitudes going CCW around the T3A Bin 3 vortex magnitude plot from 120 - 2100

for Q2 and 2700 - 300 for Q1. The bounded polygon of T3A is an approximately
elliptical shape that is oriented vertically. The vertical orientation indicates the
directional distribution of vortex flow, as indicated in the quadrant distribution,
varies faster around 00 and 1800, compared to the perpendicular directions at 900

and 2700

At T3A Bin 2, the vortex in the intermediate stage of its descent. A more
circular flow topology is visible in u∗. This is reflected in the T3A Bin 2 scatter
plot where the distribution of points has changed from T3A Bin 1 to a more even
distribution where a similar number (3-4) of points occupy each quadrant. The
quadrant featuring the strongest velocity is still the Q2 (ejection) that is at 180o

to the vortex. This strong ejection is the signature of the large ejection between
the vortex and wall discussed in Figure 5.46 previously. A significant growth of Q4
(sweep) and Q3 (inward) compared to T3A Bin 3 is visible. The change in quadrant
distribution indicates the vortex flow topology is evolving, which is also visible by
the fact that more circular, rather than elliptical, vortical flow field is visible in the
magnitude image

At T3A Bin 1, the quadrant distribution has evolved further. Firstly, the ejection
has been largely suppressed due to the presence of the wall. The angular extent of
the Q2 (ejection) flow, represented by the number of points in the Q2 region, has
been distributed to the Q1 (outward) and Q3 (inward) flow. The Q4 (sweep) remains
of comparable magnitude to the previous T3A Bin 2. The dominant flow patterns
are now the Q1 and Q3 flow, as evidenced by the extents of the major axis of
the bounded polygon being in the Q1 and Q3 quadrants, therefore indicating the
magnitude of the vortical flow is strongest when it occupies these quadrants. Q1
dominates the flow on the side of the vortex away from the wall between angles
240-360o. Q3 on the otherhand, dominates a similar angular extent from 60 and
180o which is the key region oriented downstream and toward the wall. At the same
time, the magnitude of the flow in these quadrants has increased in comparison to
T3A - Bin 2. Therefore, more of the vortical flow in the T3 vortex is now associated
to inward flow that can transport burnt gas into the vicinity of the quenching point.

The distribution of the flow topology in T3B is similar to that T3A Bin 1, with
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the primary difference visible as a slight offset of the bounded polygon toward Q4. A
minor decrease in the maximum Q3 velocity results, likely due to the wall similarly
inhibiting the available region for Q3, similarly to Q2. The majority of the points
are associated to Q3, which indicates that the majority of the flow within 1mm
across 60 to 210o degrees of the vortex is indeed associated entraining fluid that is
downstream of the vortex into the vortex and vicinity of the flame quenching point.
A strong Q1 and Q4 flow is present across 240- 360o degrees which is part of the
circulation of the burnt gases. Going CCW around the vortex, the Q4 flow rapidly
transitions into the Q3 which is of comparable strength. The ejection is minimal
in the T3B vortex, which may suggest a progressive accumulation of the burnt gas
following transport by the Q3 flow.

The angular extent of the Q3 region strongly indicates the potential for the
T3B vortex to entrain burnt gases. While the extent of the Q3 flow alone might
not suffice, coupling it with the considerable Q3 velocity magnitude reinforces the
likelihood of the T3B vortex’ capacity to entrain burnt gases.
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Figure 5.48: Angular distribution of quadrants around a 1mm circular region around
each conditioned vortex.
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5.6 Conclusions
wOF was applied to experimental PIV data of a reacting turbulent boundary layer
in a SWQ burner setup to investigate hydrodynamic effects in flame quenching and
vortex transport phenomena in flame wall interaction (FWI) previously hypothesised
by (Zentgraf et al., 2021). The Reynolds decomposition was used to analyse the flow
dynamics through a Lagrangian reference frame moving with the mean flow. The
vortical flow fields revealed through this decomposition showed a strong correlation
with flame behaviour. The main conclusions investigating can be summarised as
follows:

• The Reynolds decomposition revealed 3 dominant vortex types with charac-
teristic behaviours. The Type 1 vortex is CCW rotating vortex that pushes
protrusions or hooks of the flame in the downstream direction. the Type 2
vortex is a CW rotating vortex, closely associated with the Type 1 vortex as
a counter rotating vortex pair. A CCW rotating Type 3 (T3) vortex showed
a direct involvement with flame quenching and transport phenomena. The
T3 vortex, once formed, descends rapidly from the burnt gas to strike the
flame front and the wall. Following flame quenching, the T3 vortex travels
downstream in close proximity with the quenching point.

• Investigation into flame quenching phenomena revealed that the shear layer
due to the no-slip condition of the wall plays a significant role in imparting
the strain experienced by the flame. The strain contribution induced by the
T3 vortex flow field is minor in comparison. The strain acting on the flame
increases during the quenching process and is correlated with the flame front
moving deeper into the shear layer where stronger strains are then experienced.

• While the strain field induced by the vortex was found to be mild when com-
pared to the shear layer of the wall, the vorticity of the vortex was confirmed to
increase during its descent. The strength of the vortex increasing is indicative
of this effect to influence the flame topology.

• The T3 vortex was confirmed to have a pushing effect on the flame. In addition
to the flame experiencing increased strains due to proximity to the wall, in-
creased heat loss to the wall will contribute to quenching. The result of the T3
vortex pushing the flame to the wall is the first experimental validation of this
phenomenon reported in the numerical studies of (T. Alshaalan & Rutland,
2002; Bruneaux et al., 1996; Gruber et al., 2010).

• The T3 vortex is intrinsic to the modification of the quadrant distribution of
the fluctuating flow field. The T3 vortex brings a significant increase of inward
(Q3) flow processes which entrain burnt gases products, against the mean flow
past and through the quenching passage upstream into the reactants. This
confirms the transport mechanism that was first hypothesised by (Zentgraf
et al., 2021) and later supported by results in the DNS of (Steinhausen et al.,
2023).
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Conclusion

This dissertation has implemented and assessed the performance of a wavelet-based
optical flow (wOF) algorithm in extracting high fidelity velocity measurements from
PIV images of wall-bounded turbulence with superior accuracy and resolution over
state-of-the-art cross-correlation techniques. The research focused on two main
themes: (1) validation and sensitivity analysis of the wOF algorithm on a non-
reacting turbulent flow, (2) application to a reacting turbulent boundary layer to
investigate quenching and transport phenomena in flame-wall interaction (FWI).

wOF was first evaluated using synthetic particle images generated from a channel
flow DNS of a turbulent boundary layer. The sensitivity of wOF to the regularization
parameter (λ) was quantified and results are compared to cross-correlation-based
PIV. Results on synthetic particle images indicated different sensitivity to under-
regularization or over-regularization depending on which region of the boundary
layer is being analysed. Nonetheless, tests on synthetic data revealed that wOF
can modestly outperform PIV in vector accuracy across a broad λ range. wOF
showed clear advantages over PIV in resolving the viscous sublayer and obtaining
highly accurate estimates of the wall shear stress and thus normalising boundary
layer variables.

wOF was applied to experimental data of a developing turbulent boundary
layer in side-wall quenching (SWQ) burner setup run under non-reacting condi-
tions. Overall, wOF revealed good agreement with both PIV and a combined PIV
+ PTV method. wOF was able to successfully resolve the wall shear stress and
correctly normalise the boundary layer streamwise velocity to wall units where PIV
and PIV + PTV showed larger deviations. Analysis of the turbulent velocity fluc-
tuations revealed spurious results for PIV in close proximity to the wall, leading
to significantly exaggerated and non-physical turbulence intensity in the viscous
sublayer region. PIV + PTV showed only a minor improvement in this aspect.
wOF did not exhibit this same effect, revealing that it is more accurate in capturing
small-scale turbulent motion in the vicinity of boundaries. The enhanced vector res-
olution of wOF enabled improved estimation of instantaneous derivative quantities
and intricate flow structure both closer to the wall and more accurately than the
other velocimetry methods. These aspects show that, within a reasonable λ range
that can be verified using physical principles in non-reacting boundary layers, wOF
can provide improvements in diagnostics capability in resolving turbulent motion
occurring in the vicinity of physical boundaries.

Following validation of the wOF algorithm on non-reacting wall-bounded tur-
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bulence, wOF was next applied to the SWQ experiment operated under reacting
conditions to study flow phenomena in FWI. A Reynolds decomposition was used
to analyse the flow dynamics from a Lagrangian perspective in a frame of reference
moving with the mean flow. This decomposition revealed three prominent types
of vortices which showed strong correlation with the flame dynamics. Counter-
clockwise rotating (CCW) Type 1 vortices were found to push protruding hook-
shaped flame regions forward. Clockwise rotating (CW) Type 2 vortices were found
downstream of the flame hooks and were frequently associated with a Type 1 vor-
tex as a counter-rotating vortex pair. A CCW rotating Type 3 (T3) vortex was
discovered to form in the burnt gas region, before rapidly descending and impact-
ing the wall and quenching the flame in the process. The Type 3 vortex showed a
strong correlation with flame quenching behaviour and was associated to each of the
35 quenching events detected. Following flame quenching, the T3 vortex travelled
downstream with the quenched flame while remaining in close proximity of the flame
quenching point.

A vortex-centred conditional analysis was used to achieve a spatiotemporal rep-
resentation of the T3 vortex evolution during its impact (T3A phase) and subsequent
travel (T3B phase). Hydrodynamic effects influencing flame quenching phenomena
were investigated with the aid of the conditioned representation of flow quantities.
The strain acting on the flame due to shear from the wall was found to increase dur-
ing the quenching process. This was closely associated with the positional change of
the flame fronts moving deeper into the shear layer and thus experiencing increased
strains. The strain field induced from the T3 vortex during its descent was found to
be minor in comparison, such the wall shear likely dominates effects of flame stretch
that contribute to quenching.

Analysis of the vorticity revealed that the vortex increases its strength during
its descent, making it highly likely to influence the flame dynamics. The increase in
strength was confirmed using the swirling strength as galilean invariant measure of
the vortex angular velocity. A correlation between the descending vortex position
and the flame being pushed against the wall was discovered, confirming observations
from the DNS studies of (T. Alshaalan & Rutland, 2002; Bruneaux et al., 1996; Gru-
ber et al., 2010) for the first time. This action of pushing the flame against the wall
leads to increased heat losses, and also results in increased strains acting on the flame
due to stronger shear being experienced closer to the wall. Although the relative
importance of these two factors cannot be decoupled with velocity measurements
alone, the combined action of these effects is expected to be the causal mechanism
of flame quenching in the present experiment.

To investigate transport phenomena, the local flow distribution of the T3 vortex
during its descent and subsequent travel with the flame tip was investigated based on
the quadrant distribution of the fluctuating velocity field. The T3 vortex was found
to be key in modifying the flow quadrant present during quenching, diminishing a
strong Q2 (ejection) event present at the wall while bringing a strong Q3 (inward) to
the wall during the vortex descent. This Q3 flow is sustained during the vortex travel
and features both a strong velocity magnitude and a wide angular extent around
the vortex core. These two features are strongly supportive of the vortex ability to
transport burnt gases through the flame quenching passage and mix with unburnt
gases, leading to the unique thermochemical states of cold burnt gases mixed with
reactants reported in (Zentgraf et al., 2021). The vortical flow field facilitating this
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flame vortex interaction has been explicitly revealed and confirmed for the first time.
wOF measurements were found to be good in agreement with robust but lower

resolution results from cross-correlation-based PIV. Compared to PIV, wOF mea-
surements afforded an improved number of statistics due to the increased vector
density and achieved a higher fidelity representation of the FWI phenomena inves-
tigated. To the best of the authors’ knowledge, this is the first application of any
optical flow method for velocity measurements in a scenario as challenging as a wall-
bounded turbulent reacting flow. The author would also like to point out that this
experiment was not specifically designed for wOF. Indeed, a higher seeding density
and a lower maximum freestream particle displacement would actually have been
preferable for wOF, and optical flow methods in general (T. Liu & Shen, 2008; B. E.
Schmidt & Sutton, 2019). This result is important from a diagnostics perspective,
as optical flow techniques are typically assumed to be unsuitable for more challeng-
ing experimental measurements. It is anticipated that the results of this thesis can
motivate future use of optical flow methods as part of diagnostics within the fluid
mechanics community.
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Böhm, B., Heeger, C., Boxx, I., Meier, W., & Dreizler, A. (2009). Time-resolved
conditional flow field statistics in extinguishing turbulent opposed jet flames
using simultaneous highspeed PIV/OH-PLIF. Proceedings of the Combustion
Institute, 32 (2), 1647–1654.

Bradley, D., & Roth, G. (2007). Adaptive thresholding using the integral image.
Journal of graphics tools, 12 (2), 13–21.

Brodkey, R. S., Wallace, J. M., & Eckelmann, H. (1974). Some properties of trun-
cated turbulence signals in bounded shear flows. Journal of Fluid Mechanics,
63 (2), 209–224.

Brox, T., Bruhn, A., Papenberg, N., & Weickert, J. (2004). High Accuracy Optical
Flow Estimation Based on a Theory for Warping BT - Computer Vision -
ECCV 2004. In T. Pajdla & J. Matas (Eds.). Springer Berlin Heidelberg.
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Ruhnau, P., & Schnörr, C. (2006). Optical Stokes flow estimation: an imaging-based
control approach. Experiments in Fluids, 42 (1). https://doi.org/10.1007/
s00348-006-0220-z

Scarano, F., & Riethmuller, M. L. (2000). Advances in iterative multigrid PIV image
processing. Experiments in fluids, 29 (Suppl 1), S051–S060.

Schlichting, H., & Gersten, K. (2016). Boundary-Layer Theory. https://doi.org/10.
1007/978-3-662-52919-5

Schmidt, B. E., Skiba, A. W., Hammack, S. D., Carter, C. D., & Sutton, J. A. (2021).
High-resolution velocity measurements in turbulent premixed flames using

168



BIBLIOGRAPHY 6

wavelet-based optical flow velocimetry (wOFV). Proceedings of the Combus-
tion Institute, 38 (1). https://doi.org/10.1016/j.proci.2020.07.028

Schmidt, B. E., & Sutton, J. A. (2019). High-resolution velocimetry from tracer
particle fields using a wavelet-based optical flow method. Experiments in
Fluids, 60 (3). https://doi.org/10.1007/s00348-019-2685-6

Schmidt, B. E., & Sutton, J. A. (2020). Improvements in the accuracy of wavelet-
based optical flow velocimetry (wOFV) using an efficient and physically based
implementation of velocity regularization. Experiments in Fluids, 61 (2). https:
//doi.org/10.1007/s00348-019-2869-0

Schmidt, B. E., & Sutton, J. A. (2021). A physical interpretation of regularization
for optical flow methods in fluids. Experiments in Fluids, 62 (2). https://doi.
org/10.1007/s00348-021-03147-1

Schmidt, B. E., & Woike, M. R. (2021). Wavelet-based optical flow analysis for
background-oriented schlieren image processing. AIAA Journal, 59 (8). https:
//doi.org/10.2514/1.J060218

Schmidt, M., Ding, C.-P., Peterson, B., Dreizler, A., & Böhm, B. (2021). Near-
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Appendix A

Derivation of wavelet derivative
operators

The following sections derive the results necessary for constructing the derivative
operators used in the computation of the regularization term. The necessary prelim-
inary results from wavelet calculus are first introduced, before presenting these in the
context of derivatives of the velocity field. For notational simplicity, the following
results are initially derived for the orthogonal case, with this appendix conclud-
ing with relevant considerations for constructing the derivatives in the biorthogonal
case used in the algorithm. The derivation closely follows those presented in (Dérian,
2012; Nielsen, 1998; B. E. Schmidt & Sutton, 2020).

A.1 Connection Coefficients
First, it is necessary to derive the expression for the derivative of a scaling function
ϕ. This will be used to introduce the following theoretical result for wavelet connec-
tion coefficients which later arise in the later derivation of the regularization term.
Applying the derivative operator to the refinement relation 3.6 with j = 0:

∂ϕ(y)
∂y

=
√

2∂ϕ
∂y

(2y − k) × 2 (A.1)

Recursive application of differentiation to the above equation produces the result:

∂nϕ(y)
∂yn

= 2n
√

2∂
nϕ

∂yn
(2y − k) = 2nϕ(n) (A.2)

where n, with n ≥ 0 being the derivative order. The connection coefficients are
defined by the inner product of the product of a scaling function ϕ and its nth order
derivative at a single scale:

I
(n)
ϕ = 2n

∫
R
ϕ(y)ϕ(n)(y − x)dy (A.3)

The connection coefficients are dependent on the derivative order n and the
chosen wavelet family which defines the (primal) filter h. Inserting the refinement
relation in equation A.3:
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A.1. CONNECTION COEFFICIENTS A

I
(n)
ϕ = 2n

∫
R
ϕ(y)ϕ(n)(y − x) dy

= 2n
∫
R

√
2
∑
m∈Z

h(m)ϕ(2y −m)
√

2
∑
n∈Z

h(n)ϕ(n)(2(y − x) − n)


= 2n
∑
m∈Z

∑
n∈Z

2h(m)h(n)
∫
R
ϕ(2y −m)ϕ(n)(2(y − x) − n) dy

(A.4)

Inserting the change of variable n = m− k into equation A.4:

I
(n)
ϕ = 2n

∑
m∈Z

∑
n∈Z

2h(m)h(n)
∫
R
ϕ(2y −m)ϕ(n)(2(y − x) − n) dy

= 2n
∑
m∈Z

∑
k∈Z

2h(m)h(m− k)
∫
R
ϕ(2y −m)ϕ(n)(2(y − x) −m+ k) dy

= 2n
∑
m∈Z

∑
k∈Z

2h(m)h(m− k)
∫
R
ϕ(2y −m)ϕ(n)(2y −m− (2x− k)) dy

(A.5)

Applying the refinement relations from 3.6 to A.5:

I
(n)
ϕ = 2n

∑
m∈Z

∑
k∈Z

2h(m)h(m− k)
∫
R
ϕ(2y −m)ϕ(n)(2y −m− (2x− k)) dy

= 2n
∑
m∈Z

∑
k∈Z

h(m)h(m− k)
∫
R
ϕ(y)ϕ(n)(y − (2x− k)) dy

= 2n
∑
m∈Z

∑
k∈Z

h(m)h(m− k)
∫
R
ϕ(y)ϕ(n)(y − (2x− k)) dy

= 2n
∑
k∈Z

i(k)I(n)
ϕ (2x− k)

(A.6)

where i(k) = ∑
m∈Z h(m)h(m − k). Equation A.6 can be written as the linear

system:

HI
(n)
ϕ = 1

2n
I

(n)
ϕ (A.7)

where H is a diagonal matrix assembled with the elements of i(k). Values of
connection coefficients I(n)

ϕ are then computed via the solution of an eigenvalue
problem, with the connection coefficients being the eigenvector of H associated to
eigenvalue 1/2n (Beylkin, 1992). The connection coefficients are then normalised
according to (Kwon, n.d.):

I
(n)
ϕ =

I
(n)
ϕ n!(−1)n∑

k knΓ(n)
ϕ(k)

(A.8)

The connection coefficients are then assembled into the operator matrix M (n)

which enacts differentiation on the approximation coefficients from the scaling func-
tion basis ϕ. The same boundary conditions assumed in the wavelet transforms
(periodic or symmetric) must also be considered in the assembly of M (n) (B. E.
Schmidt & Sutton, 2020).
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A.2. SINGLE SCALE DERIVATIVE OPERATOR A

A.2 Single scale derivative operator
With the theoretical results for computing connection coefficients now complete, the
example derivation of the first term:

Jeg = 1
2

∫
R2

(
∂U2

1
∂x2

1

)2

dx (A.9)

in Equation 3.32 is now presented. The derivation of all other terms in equation
3.31 follow similarly. Inserting the wavelet representation of the velocity field at the
finest scale U1 = ∑

k aF,kϕF,k1(x1)ϕF,k2(x2) into equation A.9:

Jeg = 1
2

∫
R2

(
∂U2

1
∂x2

1

)2

dx

= 1
2

∫
R2

[∑
k

aF,k
∂

∂x2
1

(ϕF,k1(x1)ϕF,k2(x2))
]2

dx

= 1
2
∑

k

a2
F,k

∫
R

∂ϕF,k1(x1)
∂x2

1

∂ϕF,k1(x1)
∂x2

1
dx1

∫
R
ϕF,k2(x2)ϕF,k2(x2) dx2

= 1
2
∑

k

a2
F,k⟨ϕF,k1(x1)(2);ϕF,k1(x1)(2)⟩⟨ϕF,k1(x1);ϕF,k1(x1)⟩

(A.10)

The term ⟨ϕF,k1(x1)(2);ϕF,k1(x1)(2)⟩ can be shown to be equivalent to −⟨ϕF,k1(x1);ϕF,k1(x1)(4)⟩
using integration by parts (Kadri-Harouna et al., 2013) which puts this term into
the form of equation A.3. Equation A.10 is then represented using the matrix form:

Jeg = 1
2aF :

(
M (4)aFM

(0)T
)

(A.11)

where : denotes the element-wise product and sum, also known as the Frobenius
product. The gradient of equation A.11 is then given by:

∂Jeg

∂aF

= M (4)aFM
(0)T (A.12)

A.3 Multiscale derivative operator
The above derivation demonstrates the computation of the single scale derivative
operator. The full multiscale representation, including both approximation and
detail coefficients, is used in the wOF algorithm. The multiscale form of M (·) can
be recovered by applying the 2D DWT to the matrix M :

N (·) = WM (·)W T (A.13)
where W is the wavelet transform operator represented in matrix form (B. E.
Schmidt & Sutton, 2020). The reason for this simple change to the multiscale
form results from the wavelet function also satisfying the refinement relation used
in the derivation of the connection coefficients from the scaling function. In the
biorthogonal case, the decomposition in A.13 is done via:

N (·) = W ∗M (·)W#T (A.14)
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A.3. MULTISCALE DERIVATIVE OPERATOR A

The wavelet transform matrix W ∗ is assembled from the primal filters h, g, which
are typically the reconstruction filters. The matrix W# = W−1 is the inverse of W
being the wavelet transform operator assembled from the dual filters h̃, g̃ (B. E.
Schmidt & Sutton, 2020). In the orthogonal case W ∗ = W# = W . The relevant
operators N (0), N (2), N (4) for Laplacian regularization are precomputed and stored
in memory before the beginning the minimisation process.
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Appendix B

Comparison of PIV & OF results

This appendix examples several results of Chapter 5 comparing wOF (λ = 10)
and PIV (32 × 32) px2. The results are presented here for reference and are not
discussed further. To compare wOF quantities to the PIV result, the wOF fields are
subsampled to the PIV grid spacing using cubic interpolation. These are labelled
as the ‘wOF Downsampled‘. The discrepancy between the wOF and PIV fields is
represented by the absolute difference.
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B.1. INSTANTANEOUS EXAMPLE B

B.1 Instantaneous example

B.1.1 Velocity magnitude |U|

Figure B.1
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B.2. CONDITIONED FIELDS B

B.1.2 Swirling strength Λci

Figure B.2

B.2 Conditioned fields
Results of the 1×1mm2 highlight are shown.
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B.2. CONDITIONED FIELDS B

B.2.1 Instantaneous strain S∗

Figure B.3
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B.2. CONDITIONED FIELDS B

B.2.2 Fluctuating strain s∗

Figure B.4
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B.2. CONDITIONED FIELDS B

B.2.3 Fluctuating vorticity ω∗

Figure B.5
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B.2. CONDITIONED FIELDS B

B.2.4 Swirling strength Λ∗
ci

Figure B.6
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B.3. STATISTICS OF VORTEX KINEMATIC PROPERTIES B

B.3 Statistics of vortex kinematic properties

B.3.1 Instantaneous strain of vortices

(a) wOF from Chapter 5. (b) PIV

Figure B.7

B.3.2 Fluctuating strain of vortices

(a) wOF from Chapter 5. (b) PIV

Figure B.8
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B.3. STATISTICS OF VORTEX KINEMATIC PROPERTIES B

B.3.3 Fluctuating vorticity of vortices

(a) wOF from Chapter 5 (b) PIV

Figure B.9

B.3.4 Swirling strength of vortices

(a) wOF from Chapter 5 (b) PIV

Figure B.10
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B.4. VORTEX TRANSPORT MECHANISM B

B.4 Vortex transport mechanism

Figure B.11186
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