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Synopsis

This thesis is an investigation into aziomatic categorical domain theory as needed for the

denotational semantics of deterministic programming languages.

To provide a direct semantic treatment of non-terminating computations, we make
partiality the core of our theory. Thus, we focus on categories of partial maps. We study
representability of partial maps and show its equivalence with classifiability. We observe
that, once partiality is taken as primitive, a notion of approximation may be derived. In
fact, two notions of approximation, contextual approximation and specialisation, based
on testing and observing partial maps are considered and shown to coincide. Further we
characterise when the approximation relation between partial maps is domain-theoretic

in the (technical) sense that the category of partial maps Cpo-enriches with respect to it.

Concerning the semantics of type constructors in categories of partial maps, we present
a characterisation of colimits of diagrams of total maps; study order-enriched partial
cartesian closure; and provide conditions to guarantee the existence of the limits needed
to solve recursive type equations. Concerning the semantics of recursive types, we mo-
tivate the study of enriched algebraic compactness and make it the central concept when
interpreting recursive types. We establish the fundamental property of algebraically com-
pact categories, namely that recursive types on them admit canonical interpretations, and
show that in algebraically compact categories recursive types reduce to inductive types.
Special attention is paid to Cpo-algebraic compactness, leading to the identification of

a 2-category of kinds with very strong closure properties.

As an application of the theory developed, enriched categorical models of the metalan-
guage FPC (a type theory with sums, products, exponentials and recursive types) are
defined and two abstract examples of models, including domain-theoretic models, are
axiomatised. Further, FPC is considered as a programming language with a call-by-value
operational semantics and a denotational semantics defined on top of a categorical model.
Operational and denotational semantics are related via a computational soundness result.
The interpretation of FPC expressions in domain-theoretic Poset-models is observed to
be representation-independent. And, to culminate, a computational adequacy result for

an axiomatisation of absolute non-trivial domain-theoretic models is proved.
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“Another word about Category Theory: I actually feel that it is particularly
significant and important for the theory and for the whole area of semantics.
But it must be approached with great caution, for the sheer number of defin-
itions and axioms can try the most patient reader. It seems to me to be
especially necessary in discussing applications of abstract mathematical ideas
to keep the motivation strongly in mind. This is often hard to do if the cat-
egories get too thick, but of course it all depends on the writer. Category
Theory is especially useful in stating general properties of structures and in
characterizing constructions uniquely; however, there often is a problem ac-
tually justifying the existence of certain constructions, and a direct approach
can be quicker than quoting lots of theorems. But, man cannot live by con-
struction alone: theorems have to be proved in order to get the proper value
out of the work. Domain Theory must also be convenient for demonstrat-
ing the soundness of various proof rules for properties of recursively defined
objects and recursively defined domains, and I think that Category Theory
can be helpful here. A step in the right direction has been made in the LCF
system (see [GMWT79]), which, however, does not take advantage of general
Category Theory; but the whole area needs much more development in my

opinion.”

Dana Scott!

"Tn [Sco82].



1 Introduction

The denotational semantics approach to the semantics of programming languages under-
stands the language constructions by assigning elements of mathematical structures to
them. The structures form so-called categories of domains and the study of their closure

properties is the subject of domain theory [Sco70,5co82,Plo83a,GS90,AJ94].

Typically, categories of domains consist of suitably complete partially ordered sets
together with continuous maps. But, what is a category of domains? Our aim in this
thesis is to answer this question by axiomatising the categorical structure needed on a
category so that it can be considered a category of domains. Criteria required from

categories of domains can be of the most varied sort. For example, we could ask them to
e have fixed-point operators for endomorphisms and endofunctors;

e have a rich collection of type constructors: coproducts, products, exponentials,

powerdomains, dependent types, polymorphic types, etc;
e have a Stone dual providing a logic of observable properties [Abr87,Vic89,Zha9d1];
e have only computable maps [Sco76,5my77,McC84,R0s86,Pho90a].

The criteria adopted here will be quite modest but rich enough for the denotational
semantics of deterministic programming languages. For us a category of domains will be
a category with the structure necessary to support the interpretation of the metalanguage
FPC (a type theory with sums, products, exponentials and recursive types). And our
axiomatic approach will aim not only at clarifying the categorical structure needed on
a category for doing domain theory but also at relating such mathematical criteria with

computational criteria.
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1.1 Background

This section discusses the topics in domain theory that serve as a basis for our work. The
aim 1s to present the line of research which we explore in this thesis and to outline our
approach (a more detailed account is deferred to Sections 1.2 and 1.3). Other abstract

approaches to domain theory are also mentioned briefly.

1.1.1 Undefinedness in Domain Theory

In domain theory, the traditional treatment of undefinedness (arising from the possibility
of non-termination in computation) is to postulate a fictitious element, undefined, and
code partial functions as total ones. This has been the approach right from the beginning;

we quote from [Sco69]:

“We do not wish to reject a program if the function defined is partial —
because as everyone knows it is not possible to predict which programs will

‘loop” and which will define total functions.

The solution to this problem of total vs. partial functions is to make a ‘math-
ematical model” for the theory of partial functions using ordinary total func-

tions.”

This approach has been extremely successful but it is not entirely satisfactory. For
example, the description of types by universal properties is not always possible (e.g.,
cartesian closure and fixed-point operators are inconsistent with coproducts —see [HP90]);
also, the way of expressing termination of a program p is indirect, =(p = L), and intu-

itionistically incorrect (see [Sco79,CS93]).

These considerations lead Gordon Plotkin to reformulate domain theory in terms of
partial functions [Plo85]. Technically, this was achieved by eliminating the least element
from the domains. Conceptually, the result was the incorporation of partiality, to the
notion of approximation, in the foundations of domain theory. As a by-product, the direct
treatment of non-termination provided a setting which is computationally more natural;
fitting in better with standard formulations of recursion theory. Also, types could be

described categorically (via partial cartesian closure [LM84] with coproducts).
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1.1.2 Metalanguages for Denotational Semantics

Denotational semantics is always based, generally implicitly, but sometimes explicitly (as
in [Sto77] and [Plo85]), on a typed functional metalanguage. Examples of metalanguages
can be found in [Sto77,Plo83b,Plo85,Abr87,Zha91,CM93]; they typically contain a rich
type theory consisting of basic type constructors together with an operator for defining

types by recursion.

Metalanguages may themselves be considered as programming languages with an op-
erational and a denotational (or mathematical) semantics. The denotational approach to
the semantics of programming languages is then to translate the programming language
in consideration into the metalanguage; thus, deriving operational and denotational se-

mantics for the programming language in consideration.

Another aspect of metalanguages is to provide the term language of a logic (precurs-
ors of such logics are LCF [Sco69] and PPA [GMWT79]). Then, from the translation of
a programming language into the metalanguage, a logic for reasoning about the pro-
gramming language is derived. In this activity it is important that the operational and
denotational semantics of the metalanguage be in harmony (see Subsection 1.1.3) since
this will guarantee the harmony between provability (in the logic) and walidity (in the

model) of operational properties of the programming language.

The metalanguage that will concern us in this thesis is called FPC [Plo85,Gun92] (see
Section 8.1). FPC is a typed functional language with sums, products, exponentials and

recursive types.

1.1.3 Relating Operational and Denotational Semantics

The investigation of the relation between operational and denotational semantics started
with a question of Dana Scott. In [Sco69], he introduced LCF together with its stand-
ard semantics and suggested investigating the relation between the model and syntactic
reduction. Gordon Plotkin took up Scott’s suggestion. In [Plo77], he introduced PCF
and proved the soundness and adequacy of the standard semantics for a call-by-name
evaluator. He further showed that due to the presence of parallel functions the stand-
ard semantics fails to be fully abstract. In [Mil77], Milner constructed a syntactic fully

abstract model for PCF and left open the problem of its semantical characterisation.
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Recently, in [AMR94] and [HO94], intensionally fully abstract semantic models (yielding

fully abstract models by extensional collapse) have been constructed.

A computational soundness and adequacy result is a correspondence theorem between
operational termination and denotational existence; it generally states that a program
terminates according to the operational semantics if and only if its denotational semantics

denotes a value.

In [Plo85], the metalanguage FPC was considered as a programming language, with a
call-by-value operational semantics and a denotational semantics in pCpo (the category
of cpos and partial continuous functions —see page 7). Moreover, the two semantics

were related by a computational soundness and adequacy result (inspired by the work

of [ML83] —see also [Abr87,Abr90]).

Related results can be found in [MC88]. There, FPC is interpreted in Cppo, the cat-
egory of cppos —small complete pointed partial orders (posets with least element closed
under lubs of w-chains)— and continuous functions. The existence of sound and adequate
evaluators for this interpretation is investigated. Two evaluators are proposed: one which
is adequate with respect to observed types (these are the types with no exponentials);
and another one which is adequate for the language without sums. No adequate evaluator

for the full language is given.

1.1.4 Recursive Types

The solution of recursive type equations in categories of domains was first treated
abstractly, in the sense that no commitment to a particular category of domains was
required, in [Wan79]. Subsequently this approach was developed in [SP82] and then,
further, in [Fre90,Fre92]. The idea is to work with various kinds of order-enriched cat-
egories (these are categories equipped with an order structure on each hom and such that

composition interacts well with it).

The approach was very much appreciated as a unification of the techniques for solving
recursive type equations in categories of domains, but its ariomatic character remained
overlooked. For instance, it lead Lehmann and Smyth [LS81] to outline the first abstract
setting for specifying both algebraic (in the ADJ jargon) and recursive types, but these

ideas were not pursued further.
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Recently, a more abstract approach for solving recursive type equations which does not
only apply to order-enriched categories was proposed by [Fre9l] (see Subsection 1.2.4).

This has been a first important step towards an axiomatic theory of recursive types.

1.1.5 Abstract Approaches to Domain Theory
Synthetic Domain Theory

Synthetic domain theory [Ros86,Pho90b,Hyl91,Tay91] was proposed by Dana Scott in
1980, with the motivating slogan: domains are sets (more exactly, “domains are cer-
tain kinds of constructive sets”). The aim is to axiomatise effectivity in a categorical
framework suitable for domain theory. The idea of the approach is to assume a category
of sets (generally a topos; the effective topos being the leading example) and identify
the domains within this category by means of properties of a classifier of semidecidable

properties.

The application of synthetic domain theory to denotational semantics is the subject

of current research (see [Pho93]).

Type Theory and Recursion

In the approach of Plotkin [Plo93a,Plo93b], rather than considering directly possible
categorical structure, the idea is to work in a second-order intuitionistic linear type theory
whose primitive type constructors are linear and intuitionistic exponentials, and second
order quantification. Then, in the presence of a modified form of Reynold’s parametricity
the operators of linear logic are derived. Further, initial algebras and final coalgebras
for definable endofunctors over the category of linear maps are obtained. One can then
consistently add a fixed-point operator for endomorphisms which guarantees algebraic

compactness (see Subsection 8.5.2).

In this setting, the connection with operational notions is still unclear.

This Thesis

This thesis is an investigation into aziomatic categorical domain theory as needed for the

denotational semantics of deterministic programming languages. Our first motivation for
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this development is to understand the general principles underlying categories of domains.
Of course, as a by-product, theorems will be established for wide classes of categories of
domains yielding a second reason for developing the theory. On more speculative grounds
(see Chapter 10), it is also hoped that axiomatisations of categories of domains will
suggest new (hopefully non-order-theoretic) models or will provide the basis for setting

up a representation theory.

Our approach is:
1. axiomatic, because we axiomatise certain categories of domains;

2. categorical, because our concern is the categorical structure needed on a category

to be considered a category of domains; and,

3. for denotational semantics, because we particularly consider models of the metalan-

guage FPC.

The approach is obtained by merging two independent developments (see the chapter
dependency on page 20). One of these, the first one in the exposition, deals with categories
of partial maps, their order-enrichment, and the categorical description of data types in
them. The other one is that of an axiomatic theory of recursive types with emphasis in
the solution of recursive type equations in order-enriched categories. The result of their
combination provides the mathematical concepts for defining categorical models of FPC

in which the notion of undefinedness is treated directly.

Consequently, FPC can be considered as a programming language with a call-by-value
operational semantics and a denotational semantics defined on top of a categorical model.
It happens that the denotational semantics of FPC in any model is computationally
sound for the operational semantics. It is even possible to give an aziomatisation of
domain-theoretic models for which it is also computationally adequate; this constitutes

the culmination of this thesis.

Our axiomatic approach and the synthetic approach are different but certainly not
incompatible (e.g., as we argue in Section 10.4, from our axiomatic viewpoint we might
recover the view of domains as sets advocated by synthetic domain theory). Interaction
between the two subjects is bound to be fruitful. For example, the axiomatic approach

can influence the synthetic approach by requiring that models of synthetic domain theory
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comply with axiomatic domain theory. From another perspective, it is conceivable that
effectiveness could be incorporated in our framework by doing axiomatic domain theory

within synthetic domain theory.

1.2 Owur Approach

We discuss our approach to categorical axiomatic domain theory in the light of the
paradigmatical example which we will axiomatise, pCpo, the category of cpos —small
complete partial orders (posets, possibly without least element, closed under lubs of
w-chains)— and partial continuous functions. These are partial functions v : P — )

such that

1. Monotonicity: For every z,z' € P,
if # Cp 2’ then u(x) !;Q u(x')

where, for two mathematical expressions e and €', we write e EQ ¢’ to mean that if

e denotes some y in () then €' denotes some y' in @ and y Cg y'; and

2. Continuity: For every w-chain x in P,

k k

where the expression on the left is intended to be undefined if every u(xy) is; or,
otherwise, denote | |5z, u(xx) where ko is any index for which u(xy, ) is defined, and

for two mathematical expressions e and €', e ~ ¢’ stands for e ¢’ and ¢’ T e.

1.2.1 Partiality

In [Plo85] a revitalised approach to domain theory was initiated by replacing Cppo
with pCpo. Following the main motivation of the reformulation, i.e. to provide a direct
treatment of non-termination in the semantics of computation, we postulate categories
of partial maps as the primitive universes in which to interpret possibly non-terminating

programs.
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Our standpoint is to assume a category of values (in our case total maps) and con-
sider the notion of computation we wish to model (in our case non-termination) as extra
structure on the category of values. The paradigmatical example, pCpo, is obtained by
taking the category of total maps to be Cpo the category of cpos and (total) continuous
functions. Partiality (the semantical counterpart of non-termination) arises simply by
specifying potential domains of definitions for partial functions which will be continuous
where defined. Technically, we introduce the subcategory of admissible monos ¥ con-
sisting of all those full monos in Cpo whose induced subobject is Scott-open, and define
p(Cpo, X) to be the category of cpos and partial functions described by spans consisting
of an admissible mono and a total map. It follows that p(Cpo, ¥) = pCpo.

More generally, we have a category K of total maps (values) together with a sub-
category D of admissible monos (possible domains of definition for partial maps) which
induce the category of partial maps (computations) p(K, D) —see Chapter 3. The basic
computational scenario is then given by the faithful inclusion functor J : K — p(K, D)

which allows us to regard total maps as partial maps.

Partial continuous functions are representable by total continuous ones, in that for

every P € | Cpo | and Q € | pCpo |,

pCpo(P,Q) = Cpo(F, Q) (1.1)

where () is the cppo obtained from ) by adding a least element. The above bijection
is natural in P and (), and thus establishes that J : Cpo — pCpo has a right adjoint:
the lifting functor. Requiring this adjunction in the abstract setting, our computational

scenario expands to the following

IC]L
1
J
T T
K (K,D) - p

-+ P

(K,D)L

\_/ U
L
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where Kr,, K" and p(K, D)y, are respectively the Kleisli category, the category of Eilenberg-
Moore algebras and the (co)Kleisli category of the (co)monad induced by J 4 L. When
(K,D) = (Cpo, X) we have Cpoy, = p(Cpo, X) = pCpo, Cpo” = Cppo, (the category
of cppos and strict continuous functions), and p(Cpo, X)1, = Cppo.

In this thesis we will mainly focus on the adjunction J - L : p(K, D) — K, though we
also exploit the isomorphism p(K, D) =2 Ky. The import of the adjunction is that allows
the transfer of properties, constructions, etc. between the category of total maps and the

category of partial maps —e.g., it follows that coproducts in K become coproducts in

p(K, D).

Remark. Axiomatising p(K, D)r, and K is the spirit of [Plo93a,Plo93b].

1.2.2 The Approximation Order

Once partiality is treated directly, the notion of approximation may be derived. For
v,v" 1 Q — P in pCpo we may state that v approximates v" and write v !;Q,P o' (usually
omitting the subscripts) if every computable test that the execution of v with some input
passes is also passed by the execution of v" with the same input. Formally, we consider
partial maps P — 1 in pCpo as computable tests on P and define v C o' : Q — P if and

only if for every input x € () and computable test u : P — 1,
u(ve) | = u(v'z)|. (1.2)

Note that it would have been equivalent to quantify over more general inputs Q' —
and computable tests P — P’. In fact, this will be the approach taken in the abstract

setting when defining contextual approrimation.

An alternative description of approximation is possible. Observe that when () = 1
in (1.1) we have

pCpo(P,1) = Cpo(P,X) = X(P)

where ¥ = 1, and 3(P) is the set of Scott-open subsets of P; and hence, X(P) corres-
ponds to the semidecidable properties on P. (In the abstract setting this correspondence
will suggest the consideration of subobjects of admissible monos as semidecidable prop-

erties). Then, (1.2) can be re-stated as v T v’ : @ — P if and only if for every input
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x € ) and every semidecidable property U € 3(P),

v(z) e U = v'(z) € U.

The restriction of I to total maps is denoted by . When ) = 1, C is the special-
isation order on the Ty-space (| P, E(P)), given on a cpo by the Scott topology. Hence,

identifying elements with total maps out of the singleton, we have that
rCypa’:1— Pifand only if  Cp 2
and it also follows that
fCop [':Q — P if and only if for every z € @, f(z) Cp f'(x).

The technical appropriateness of the above notions of approximation is that they
are domain-theoretic in the sense that (Cpo(P,Q),Cpg) and (pCpo(P,Q), E’P,Q ) are

cpos, and the composition of maps is a continuous operation (i.e., C and L provide

~

Cpo-enrichments for Cpo and pCpo respectively).

We stress that [ is not primitive but derived, as

vCv P —Q <= dom(v) Cdom(v') A v]dom(v)Cv' | dom(v)

— VzePo(x)]= (v/(:zj) L ANo(z) C v/(:zj)). (1.3)

Remark.  Note that the equivalence (1.3) renders the notation of this discussion in

harmony with that of page 7.

The above observations support the view that partiality is a primitive notion from
which the notion of approximation is derived; and that, moreover, the notion of approx-
imation for total maps is more primitive than the notion of approximation for partial

maps.

Thus we will study when the notions of approximation for total and partial maps
as derived from partiality are domain-theoretic (see Section 4.4). But, for the sake of
generality, in our axiomatisation of domain-theoretic models of FPC we will take both
partiality and C as primitive, and L as derived. Then the main question, addressed in

~

Chapter 4, is when L is domain-theoretic (as happens in pCpo) provided that so is C

~

(as happens in Cpo).



1. Introduction 11

1.2.3 Type Constructors

The type constructors we will be concerned with are sums, products and exponentials

(see Chapter 5).

As it is well known, in categories of partial maps cartesian closure does not provide
adequate notions of products and exponentials (e.g., consider Pfn, the category of small
sets and partial functions). Moreover, in general, categories of partial maps are not
cartesian closed. This is due to the inconsistency of cartesian closure with zero objects
(objects which are both initial and terminal): in a cartesian closed category C with
zero object 0, for every A € |[C |, 0 =2 0 x A (as 0 is initial) and 0 x A = A (as 0 is
terminal), thus C is equivalent to the terminal category 1. (For more on inconsistencies
consult [HP90]). The appropriate categorical structure for interpreting products and

exponentials in categories of partial maps is partial cartesian closure [LM84].

A category of partial maps is partial cartesian if its category of total maps is cartesian.
In this case the product functor on total maps extends to a partial-product functor
on partial maps. We consider the example of pCpo, whose category of total maps,
Cpo, is cartesian (in fact, cartesian closed but never mind). The product functor
_ X = : Cpo x Cpo — Cpo, associating a pair of cpos with the cpo whose un-
derlying set is their cartesian product with the pointwise order, extends to a functor
_®~: pCpo x pCpo — pCpo sending a pair of partial maps (u,u') : (P, P") — (Q,Q")
to the partial map

(u(:z;),u’(:z;/)) ,ifu(x) | and /(2" |.

undefined , otherwise.

u@u :PxP —QxQ: (v,2") — {

This construction carries over to the abstract setting.

As usual for higher types, exponentiation arises as right adjoint to multiplication. A
partial cartesian category of partial maps p(K, D) is partial cartesian closed if, for every
Ae|K], 2@ A: K — p(K,D) has right adjoint A=_: p(K,D) — K. The category
pCpo is partial cartesian closed and P=() is the cppo of partial continuous functions

from P to () with the approximation order L .

~

Observe that when the category of total maps has terminal object 1, the lifting func-

tor arises from partial cartesian closure because _ @1 = J : K — p(K,D) and hence

l=_2L:pK,D) — K.
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Sums will be interpreted as coproducts in p(K, D), which in the presence of partial
cartesian closure will be given as in K. In pCpo coproducts are given by disjoint unions
and coproduct injections are admissible monos. These properties will be shown to hold

in the abstract setting as well.

1.2.4 Recursive Types

The traditional way to solve recursive type equations was first established by Scott [Sco72].
It was subsequently developed in the context of Cpo-categories by Wand [Wan79], and
then by Smyth and Plotkin [SP82]. The method is based on Lambek’s Lemma [Lam68|
(Lemma 6.1.2), the Basic Lemma [SP82] (Lemma 6.6.4) and the Limit/Colimit Coin-
cidence Theorem [SP82] (Theorem 5.4.5). The idea is to transform Cpo-bifunctors
F : C? x C — C into Cpo-endofunctors F : Cg — Cg (where Cg is the category of
embeddings in C) such that a fixed-point of Fg is a fixed-point of F. To find a fixed-
point for g, Cg is required to have initial object, 0, and colimits of w-chains so that by the
Limit/Colimit Coincidence Theorem the colimit of the w-chain (Fg"(0), Fg"(0 — Fg0))
is preserved by Fg and, by the Basic Lemma, is an initial algebra which, by Lambek’s

Lemma, is an isomorphism.

The ideas behind this method are still the standard way to find fixed-points for bi-
functors in categories of domains. However, the approach has some deficiencies: it only
applies to Cpo-categories and the fixed-points are only canonical in a subcategory of the

category of interest.

Recently, Freyd [Fre90,Fre91] has proposed another approach for solving recursive type
equations which we develop further (in Chapter 6). He introduced categories appropriate
for interpreting inductive types. These he called algebraically complete [Fre91]; they are
those categories such that every endofunctor on them has an initial algebra. The real
novelty was his refinement of this notion to algebraic compactness [Fre91] by further
imposing the axiom that initial algebras are free in the sense that their inverses are final
coalgebras. In these categories, not only inductive types but also recursive types have

canonical and minimal interpretations.

The category pCpo is Cpo-algebraically compact in that every Cpo-endofunctor on

it has a free algebra. This follows because pCpo has the following structure:
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1. ep-zero (a zero object such that every morphism with it as source is an embedding

and hence every morphism with it as target is a projection); and
2. colimits of w-chains of embeddings.

Thus, for every Cpo-endofunctor F' on pCpo, by the Basic Lemma, the Limit/Colimit
Coincidence Theorem and their dual statements, it follows that the colimit of the w-chain

of embeddings (F"0, F"(0 — F0)) is both an initial algebra and a final coalgebra.

As the above argument applies to any Cpo-category with the properties (1) and (2),
it is natural to consider the (2-)category of all such small categories. This (2-)category,
called Kind, besides consisting of Cpo-algebraically compact categories will be shown

to have very strong closure properties (see Chapter 7).

Finally observe that to solve recursive type equations with this technique in domain-
theoretic categories of partial maps, type constructors are required to be Cpo-functors.

Such considerations are addressed in Chapter 5.

1.2.5 Fixed-point Operators

It is frequently claimed that categories of domains should have fixed-point operators for
endomorphisms. But this assertion is just a myth and such an extreme position is not
necessary for interpreting recursive programs. To illustrate this point we discuss the

interpretation of recursive programs in pCpo.

Consider a (call-by-value) language where recursive programs are restricted to higher

types with the following syntax:

If:n=nx:mke:n

I'tFrec £fin Ax.e:m—=ny

and operational rule:

rec f in Ax.e ~» Ax.¢[f — rec f in Ax.el.

Then, an adequate interpretation of a recursive program is the total map

[Frec fin Ax.e:m=n]:1— [n]=]r]
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defined as
pfix op)\(p)\([[f T =Ty, x:7 Fe: 7'2]]))

where, pA : pCpo(Q @ P1, P») = Cpo(Q, P,=P,) is the natural isomorphism given by
the adjunction _®@ P, 4 Po=_; and
" if u is total.
plix - (P=P)=(P=P)) — (pleQ):UH{ |;ne|w|u (0) ,if wis tota

, otherwise.

is the least total extension of

fix : ((Plﬁpz) = (P1iP2)) — (P11P2) cfe= |_| fn(Q))v

n € |w|
the least fized-point operator in Cppo.

However, pfix is not a fixed-point operator as, in general, u(pfixu) % pfixu. It only
happens that
u(pfixu) | = u(pfixu) = pfixu,

but pfix is still appropriate for our purposes because u (pfix u) x ~ (pfix u) x for every x.

In the sequel recursion at the level of programs is not considered primitive, instead
our viewpoint is that it arises from recursion at the level of types. In fact, the version of
FPC adopted in this thesis is not equipped with a fixed-point operator for programs be-
cause in the presence of exponentials and recursive types the paradoxical combinators are
definable. In particular the call-by-value fized-point operator (see page 175) corresponds
to pfix.

1.2.6 Models of the Metalanguage FPC

We have exhibited pCpo as a

(parameterised) Cpo-algebraically compact partial cartesian closed category

with binary coproducts

and, from this perspective, pCpo is the prototypical model of type theories with sums,

products, exponentials and recursive types (as the metalanguage FPC).
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In the abstract setting, models such as pCpo will be axiomatised, a denotational
semantics defined on top of a categorical model will be given, and soundness and adequacy

results will be shown to follow from the categorical structure provided by the models (see

Chapters 8 and 9).

1.3 Layout of the Thesis and Summary of Results

Chapter 2 contains the categorical notions outside the scope of [Mac71] used throughout
the thesis. The emphasis is on 2-categories (Section 2.1) and order-enriched categories
(Section 2.2), though a basic introduction to the general theory of enriched categor-

ies [Kel82] (Section 2.3) is also included.

Order-enriched categories play a central role in our approach. Informally an order-
enriched category is a category whose homs come equipped with an order (partial order
in the case of Poset-enrichment, ¢po in the case of Cpo-enrichment) and such that com-
position is a morphism of ordered sets (monotone in the case of Poset-enrichment, con-
tinuous in the case of Cpo-enrichment). Order-enriched functors between order-enriched
categories are functors which are locally morphisms of ordered sets (locally monotone in
the case of Poset-enrichment, locally continuous in the case of Cpo-enrichment). These
mathematical structures and their theory are fundamental for abstractly discussing the
notion of approximation, permitting a study of domain theory without committing to

particular categories of domains.

2-categories [KS74] are superficially used when discussing categories of kinds (Sec-

tion 7.3).

Chapter 3 introduces categories of partial maps [RR88] (Definition 3.1.2). These are
categorical structures in which maps have explicit domains of definition so that it is pos-
sible to account for partiality. Total maps are then partial maps whose domain of defini-
tion coincides with its source. Rather than considering an abstract notion of category of
partial maps, for us categories of partial maps will arise from domain structures [Ros86,
Mog86] (Definition 3.1.1); these consist of a category, the total maps, together with a

suitably closed subcategory of admissible monos, the possible domains of definition.
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The representability of partial maps as total maps, which amounts to asking for a right
adjoint (the lifting functor) to the inclusion functor from the category of total maps to the
category of partial maps, is studied. It is shown that partial maps can be represented as
total ones if and only if they are classifiable, in the sense that every partial map determines
a unique characteristic total map from which the partial map can be recovered by pulling
back the classifier (see Definition 3.2.1). This characterisation (Theorem 3.2.6) will be
used later, in Sections 4.5 and 5.3, to transfer both order-enrichment and certain colimits

from the category of total maps to the category of partial maps.

The direct treatment of non-termination induces notions of approvimation between
partial maps (Section 3.3). Two such notions are introduced, contextual approzimation
(Definition 3.3.1) and specialisation (Definition 3.3.3), and shown to coincide (Proposi-
tion 3.3.5). The contextual approach is based on testing for the totality of partial maps
in different contexts; more precisely, a partial map is said to contextually approximate
another one if the latter passes the test for all contexts in which the former does. Special-
isation is based on observing partial maps. Intuitively, a partial map is said to specialise
another one if for every observable property on the outputs, whenever the execution of
the former with some input satisfies the property then so does the execution of the latter

with the same input.

Since the approximation between partial maps can be characterised in terms of the
approximation of total maps and test for totality (Proposition 3.3.2), in Chapter 4 we
consider the approximation of total maps as the primitive notion and treat the approx-
imation of partial maps as derived (see Definition 4.1.1). Thus, we address the ques-
tion of when the approximation of partial maps is domain-theoretic (in the technical
sense that the category of partial maps Cpo-enriches with respect to it) provided that
so is the approximation of total maps. This study is undertaken in two steps. First,
we provide a characterisation of Poset-categories of partial maps induced by domain
structures with a Poset-category of total maps (Theorem 4.2.4). Second, to deal with
Cpo-enrichment, we introduce uniform domain structures (Definition 4.3.5) and charac-
terise those Cpo-categories of partial maps induced by uniform domain structures with
a Cpo-category of total maps (Theorem 4.3.9). Intuitively, a domain structure is uni-
form if lubs of w-chains of admissible subobjects behave like unions. (The import of this

characterisation is discussed in Section 10.4).

In most examples, the categories of total and partial maps are Poset-enriched, the
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inclusion functor from the category of total maps to the category of partial maps is
Poset-enriched and it has a Poset-enriched right adjoint (i.e., the bijective correspond-
ence determined by the adjunction is an isomorphism of posets). This situation is studied
in the abstract setting where it is observed that if in addition the category of total maps

is Cpo-enriched then the category of partial maps Cpo-enriches (Corollary 4.5.3).

The above results for transferring order-enrichment from total to partial maps are
applied yielding conditions under which the category of partial maps Cpo-enriches with
respect to specialisation (Proposition 4.4.2 and Theorem 4.5.8).

Chapter 5 is devoted to the study of the categorical structure allowing the interpret-

ation of types in categories of partial maps.

First, partial cartesian closure [LM84] (Definition 5.2.3) in the order-enriched setting
is discussed. It is shown that the product Poset-functor on total maps extends to a
partial-product Poset-functor on partial maps (Proposition 5.1.2) and conditions under
which this extension holds for Cpo-enrichment are provided (Proposition 5.1.3). It is
also shown that, when the partial-product functor is Cpo-enriched, the Poset-partial-

exponential functor Cpo-enriches (Proposition 5.2.1).

Second, we focus on colimits in categories of partial maps. We present a character-
isation of colimits of diagrams of total maps due to Gordon Plotkin (Theorem 5.3.9)
from which it follows that, under mild assumptions, coproducts in categories of partial
maps are disjoint and coproduct injections are admissible monos. (This result is relev-
ant to provide a logical notion of representation (Definition 8.6.1), a formalisation of the
notion of implementation, for sum types —see Lemma 8.6.3 (3)) Moreover, assuming
the category of total maps has a terminal object and the existence of the lifting functor
we provide a method for computing colimits of diagrams of total maps in categories of
partial maps provided that the lifted diagram has a colimit in the category of total maps
(Theorem 5.3.14).

Finally, we present conditions under which the existence of the colimits needed to
solve recursive type equations in Cpo-categories of total maps guarantees the existence

of such colimits in Cpo-categories of partial maps (Theorem 5.4.11).

In Chapter 6 we develop an aziomatic theory of recursive types. Following Peter
Freyd, we start by introducing categories which are appropriate for interpreting induct-

ive types. These he called algebraically complete [Fre91] and are those categories such
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that every endofunctor on them has an initial algebra. Algebraic completeness (Defini-
tion 6.1.4) and a parameterised version of the concept (Definition 6.1.7) are considered in
the enriched setting. (Parameterisation is needed for interpreting types defined by mu-
tual recursion). The basic properties of (parameterised) algebraically complete categories
are established: in particular, from the observation that Beki¢’s Lemma (Lemma 6.1.13)
holds for them we conclude the Product Theorem for Parameterised Algebraically Com-
plete Categories (viz., that parameterised algebraically complete categories are closed
under finite products —Theorem 6.1.14) and the dinaturality of the functor delivering
initial algebras (Proposition 6.1.15). Again following Peter Freyd, with the intention of
interpreting general recursive types, algebraically complete categories are refined to algeb-
raically compact categories [Fre91] by further imposing the axiom that initial algebras are
free in the sense that their inverses are final coalgebras. After motivating the compactness
axiom, we introduce the concept together with its parameterised version in the enriched
setting (Definition 6.2.2). Beki¢’s Lemma together with its corollaries are observed to
hold. More importantly, the Fundamental Property of Algebraically Compact Categor-
ies (viz., that every endofunctor on an algebraically compact category has a canonical
and minimal fixed-point —Theorem 6.4.1) is established and extended to parameterised
algebraic compactness (Theorem 6.4.4). Further evidence for the suitability of the com-
pactness axiom is provided by showing that in algebraically compact categories recursive
types reduce to inductive types (Corollary 6.5.2 and Proposition 6.5.3). Finally, super-
completeness and supercompactness axioms, guaranteeing closure under exponentiation

are discussed briefly (Section 6.6).

Cpo-algebraic completeness and compactness is the topic of Chapter 7. The
Cpo-enriched setting is particularly well behaved as Cpo-algebraic completeness and
compactness coincide with their parameterised versions (Theorem 7.1.12). Exploiting
the Limit/Colimit Coincidence in Cpo-categories [SP82] (Theorem 5.4.5), we identify a
2-category, Kind (Definition 7.3.11), of parameterised Cpo-algebraically compact cat-
egories with very strong closure properties: we show that it is 2-cartesian-closed, closed
under taking opposite categories, closed under the formation of categories of algebras and
coalgebras with laz-homomorphisms (Definition 7.1.8), and has a unique wuniform (up
to isomorphism) fixed-point operator —viz., the functor delivering free algebras (The-

orem 7.3.12). Thus, Kind is appropriate for interpreting type systems with kinds built
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by recursion from products, exponentials, algebras and coalgebras; but neither such a

system nor its interpretation is discussed here.

The theory is applied in Chapters 8 and 9. The metalanguage FPC is considered
as a programming language with a call-by-value operational semantics (Section 8.2).
Categorical models of FPC are defined to be parameterised enriched algebraically com-
pact partial cartesian closed categories with binary coproducts (Definition 8.3.1) and a
denotational semantics defined on top of a categorical model is given (Section 8.4). Two
axtomatic classes of models, for which pCpo is the paradigmatical example, are presen-

ted: domain-theoretic models (Subsection 8.5.1) and K.-models (Subsection 8.5.2).

Domain-theoretic models are Cpo-models arising from domain structures with a
Cpo-category of partial maps in which Cpo-algebraic compactness is obtained from
the Limit/Colimit Coincidence (see Corollary 7.2.4). K.-models are enriched over K.
(intuitively, the full subcategory of the category of total maps consisting of all those
objects with a least element (see Definitions 8.5.4 and 8.5.6)), and algebraic compactness
is obtained by postulating special fixed-points for endofunctors on the category of partial

maps together with a parameterised uniform fixed-point operator in K.

A first study of the denotational semantics of FPC is carried out in Section 8.6 where
it is shown that Poset-models arising from domain structures with a Poset-category of
total maps are parametric with respect to representations [Rey74] (see Definition 8.6.1 and
Theorem 8.6.6). Secondly, operational and denotational semantics are related. It is shown
that the interpretation of FPC expressions is computationally sound (Theorem 9.1.4). We
culminate by proving that non-trivial domain-theoretic models satistying an absoluteness
axiom (which holds in pCpo) are computationally adequate (Theorem 9.2.19). It fol-
lows that the domain-theoretic model specified by (Cpo, ¥) —as well as many similar
classical models specified by a category of predomains and the Scott-open subsets— is
computationally adequate. Other examples are functor categories over Cpo (see Corol-

lary 9.2.20).
In Chapter 10 we discuss further directions of research.

The chapter dependency is as follows:
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2 Categorical Preliminaries

The category-theoretic notions outside the scope of [Mac71] but used throughout the
thesis are reviewed. Section 2.1 is a summary of [KS74] and introduces 2-categories
and cartesian closure for them. Section 2.2 introduces order-enriched categories and
the elementary notions needed to define order-enriched adjunctions and order-enriched
colimits. Both Sections 2.1 and 2.2 are examples of the theory of enriched categories

(introduced in Section 2.3 which condenses the first three chapters of [Kel82]).

Familiarity with Sections 2.1 and 2.2 is essential for reading Chapters 4 and 5 whilst
familiarity with Section 2.3 is required in Chapters 6-9.

2.1 2-Category Theory

A 2-category C has objects or 0-cells A, B, ...; arrows or morphisms or I-cells f : A — B,
..;and 2-cells

The objects and the arrows form a category Cy, called the underlying category of C, with

identities Id4 : A — A. When unambiguous, we sometimes write C for Cp.

For fixed A and B, the arrows A — B and the 2-cells between them form a category

C(A, B) under the operation known as vertical composition

21
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7 e
PRI

f//

A

B

The vertical composite f = f” above is denoted by o' o a; its identities are denoted by

T N
A Ué B B Uﬁ C
U U

we get a 2-cell

T N T S TN
A ué B Uﬁ ¢ = A Uﬁ*ac
~ U o~ U ~_ U -

Under this operation 2-cells form a category, with identities

Id4
LT
UQMAA
U
Id4

A
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We require finally that, in the situation

/ g
f// g//

the composites (3 «a') o (Bxa) and (8" 0 B)x(a’ 0 @) coincide; and that in the situation

J g

we have id, xid; = id ..

As a convention, in the situation

we write g o ao f or simply gaf for id;xaxidf:goho f=goh'of: A — B

For examples of 2-categories, the paradigmatic ones are Cat and CAT. The objects
are small categories and locally small categories respectively, the arrows are functors, and

the 2-cells are natural transformations. Cat is locally small (has small hom-categories)

whilst CAT is not.

A 2-functor F : A — B sends objects of A to objects of B, arrows of A to arrows of
B, and 2-cells of A to 2-cells of B, preserving domains and codomains and all types of

identity and composition.

A trivial example is the “constantly 1”7 2-functor K1 from any 2-category to CAT.



2. Categorical Preliminaries 24

A 2-natural transformation n : F' — G : A — B assigns to each object A of A an
arrow 4 @ FFA — GA in B, which is not only natural in the ordinary sense that, for
f:A— B, we have ngo F'f = GGf o n4, but also 2-natural in the sense that, for each
2-cella: f = f': A— Bin A, we have

Ff Gf
T T "5 na T
FA UF@ FB GB = FA GA UGQ GB
U U
Py Gf'

The dual, C?, of a 2-category C has CP(A, B) = C(B, A), so that 1-cells are reversed
but not 2-cells.

For 2-categories A and B we have a product 2-category A x B, with set of objects
|AxB| = | A|x|B|, and with (A x B)((A,B),(A,B")) = A(A,A") x B(B, B).

Identities and composition are given pointwise.

Every 2-category C induces a hom 2-functor C(_,-) : C°? x C — CAT, sending an
object (A, B) to the category C(A, B), an arrow (f,g): (A, B) — (A’, B') to the functor
go_of:C(A,B) — C(A, B, and a 2-cell (o, 8): (f,9) = ([',d) : (A, B) — (A", B)
to the natural transformation axid_xf:g0 _o f =g o_o f': C(A,B) — C(A", B').

A 2-category C, is 2-cartesian-closed if it has terminal object, binary 2-products and

2-exponentials in the following sense:
e An object 1 of C is terminal if there is a 2-natural isomorphism C(_,1) = K'1.

o The 2-product of two objects A and B of C is specified by an object A x B of C
together with a 2-natural isomorphism C(_, A x B) =2 C(_, A) x C(_, B).

o The 2-exponential [A, B] of two objects A and B of C is specified by an object of
C together with a 2-natural isomorphism C(_ x A, B) = C(_, [A, B]) which is also

natural in B.
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2.2 Order-enriched Category Theory

Throughout this section let V denote either Poset (the category of small partially ordered

sets and monotone functions) or Cpo.

A Poset-category (Cpo-category) is a locally small category whose hom-sets come
equipped with a partial order (complete partial order) respect to which composition of

morphisms is a monotone (continuous) operation.

The immediate examples of Poset-categories are Poset and Cpo where each hom-set
is ordered pointwise; even more, Cpo is a Cpo-category. More examples are obtained
from the observation that every category K freely induces a V-category Ky by discretely

ordering each hom-set.

For V-categories K and L, a V-tunctor F': K — L is a functorial mapping such that
for every A, B € | K | the assignment Fu 5 : K(A, B) — L(F A, F'B) is a morphism in V.

Convention.  To ease the notation we generally contravene some conventions of the
enriched-category theorist. Particularly, we write X both for a V-category as well as for
its underlying category Xy where the order structure has been forgotten. This is in the
vein of the usual convention of using the same notation for a poset or cpo as well as for

its underlying set. A similar convention is adopted for V-functors.

V-Cat is the 2-category of small V-categories, V-functors, and natural transforma-

tions. It is 2-cartesian-closed, and the structure can be described as follows:

o The terminal V-category 1 has a singleton set of objects while the only hom is the

terminal object in V.

e The product, K x L, of the V-categories K and L, is the V-category with set of
objects | K x L | =|K | x| L], and homs defined as

(K x £)((A,X),(B,Y)) = K(A,B)x L(X,Y)

where the operation on the right hand side is the product in V.
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o For V-categories K and L the functor category [K, L] is the V-category with the
V-functors K — L as the set of objects, and where the hom [K, L](F,G) is the
poset with underlying set Nat(F, ) of natural transformations F' = G ordered

pointwise.

For a V-category K its dual, K, is the V-category with the same objects as K, but
with K?(A, B) = K(B, A). (Notice that the order in each hom remains unchanged.)

A V-adjunction y : FF 4 U : K — L is given by V-categories K and L, V-functors
F:L—Kand U:K — £, and a natural isomorphism

NK(F o) 2L US): LXK = V.
For a category G and a V-category K, a diagram I' in K of type G is a V-functor

Gy — K. We have a “constant diagram” V-functor K : K — [Gy, K] defined as the

composite

K =1,k %Y 6,, K]

where U is the unique V-functor Gy — 1.

A V-colimit of a diagram I' is given by an object €' of K and a natural transformation

v:1T' KC : Gy — K such that for every A € | K |,
[gv,IC](’}/,ld) 0 [X’QA . IC(C, A) — [gv,IC](F,[(A)

is an isomorphism in V.

Remark. The treatment of V-colimits offered above is far from been complete and just

concerns a restricted class of conical colimits [Kel82].

Proposition 2.2.1 Let G be a category, K be a Cpo-category, and I' be a diagram in
K of type G. Then, the following are equivalent:

L. (C,~) is a Cpo-colimit of T
2. (C,v) is a Poset-colimit of I'.

3. (C,v) is a colimit of I" and for every f,g:C — A, if foy <go~ythen f<g. O
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For V-functors F, G : K — L, a lax natural transformation n: F' =G : K — L is an
| K |-indexed family of components 4 : A — GA in £ such that for every f: A — B
in K,

pA—H GA
Ff < Gf
B GB
nB

2.3 Basic Concepts of Enriched Category Theory

Subsection 2.3.1 begins by introducing symmetric monoidal closed categories V., examin-
ing their elementary properties, and defining the 2-category V-CAT of V-categories,
V-functors, and V-natural transformations, together with the forgetful 2-functor
()o : V-CAT — CAT. Next the basic structure of V-CAT —the dual of a V-category,
V itself as a V-category, representable V-functors, and the Yoneda lemma— is developed.

With this done, adjunctions in V-CAT are discussed.

Subsection 2.3.2 develops more of the basic structure of V-CAT —tensor products
of V-categories and extraordinary V-natural transformations— in order to present the

closed structure of V-CAT, given by V-functor categories.

Subsection 2.3.3 considers limits for V-categories in the case of cartesian closed V.

(The treatment offered here is far from been complete.)

2.3.1 The Elementary Notions

A monoidal category ¥V = (Vo, @, I, [, r, a) consists of a category Vy, a functor
@ @ Vo X Vo — Vo, an object I € |V, |, and natural isomorphisms Ix : I @ X — X,
ry : X@I =X, axyz: (X@Y)®7Z — X @ (Y ®Z) subject to two coherence axioms:
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(WeoX)eY)oZz WeX)e (Yo Wo(XeY®Z)

a ®id id @ a

Weo((XeY)eZ Wo(XeY)e 2)

and

(Xeolov Xo(laY)

r®id id @

XQY

A special kind of example is given by taking for Vo any cartesian category (i.e., a
category with finite products), for @ and [ the product x and the terminal object 1, and
for a, [, r the canonical isomorphisms. Important cases of this are the categories Set, Cat,
Gpd, Poset, Cpo, Top of small sets, categories, groupoids, posets, cpos and topological
spaces; here “small” refers to a chosen universe, which we suppose given once for all.
Other cartesian examples are obtained by taking for Vy a poset with finite meets, such
as the ordinal 2 = (0 — 1). All these examples are symmetric in the sense of page 32,

and all the named ones except Top are closed in the sense of page 33.

A collection of non-cartesian (symmetric, closed) examples is given by the categories
Ab, R-Mod, of small abelian groups, R-modules for a commutative ring R, each with
its usual tensor product as ®@; the ordered set R, of non-negative reals with +oo, with
the reverse of the usual order, and with 4 as ©@; and the category Cppo, with the smash
product for ®.

A non-symmetric example is the category of endofunctors of a small category, with

composition as @; here a,l,r are identities, so the monoidal category is called strict.

In general we call @ the tensor product and I the unit object.
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We suppose henceforth given a monoidal V such that Vg is locally small (has small
hom-sets). We then have the representable functor Vo(I,-) : Vo — Set, denoted by V. In
such cases as Set, Poset, Cpo, Top, it is the ordinary “underlying-set” functor; in these
cases V is faithful, while in Set it is even conservative (i.e., isomorphism-reflecting). Yet

V' is not faithful in general; in the cases Cat and Gpd, VA is the set of objects of X.

In spite of the failure of V' to be faithful in general, it is convenient to call an element

fot VX, ie,amap f: 1 — X in V,, an element f of X.

A V-category A consists of a set | A | of objects, a hom-object A(A, B) € |V, | for
each pair of objects of A, a composition M4 pc : A(B,C)2 A(A, B) — A(A, C) for each
triple of objects, and an identity element j4 : [ — A(A, A) for each object; subject to

the associativity and unit axioms expressed by

(A(C, D) 2 A(B,C)) @ A(A, B) A(C, D)@ (A(B,C) @ A(A, B))

M @ id id@ M

A(B,D) @ A(A, B) A(C, D) @ A(A, C)

M M

and

A(B,B) @ A(A, B) A(A, B) A(A, B) 2 A(A, A)
J@id id® 5
{ r
I®A(A,B) A(A,B)@ [

Taking V = Set, Cat, 2, R, we re-find the classical notions of locally small ordinary

category, 2-category, preorder and generalised metric spaces. For a general reference on
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2-categories, see [KST4]; and for the generalised metric spaces, see [Law73]. We call the
V-category A small if | A | is small.

For V-categories A and B, a V-functor F : A — B consists of a function F': | A| — | B |
together with, for each pair A, B € | A| a map Fap: A(A,B) — B(FA, F'B), subject

to the preservation of composition and identities:

A(B,C)® A(A, B) M A(A,O)

FeF F

B(FB,FC)® B(FA,FB) B(FA,FC)

and

. A(A, A)
/
I F
x B(FA, FA)

In the four examples above we re-find the classical notions of functor, 2-functor, increasing

function, and contracting map.

For V-functors F,G : A — B, a V-natural transformation « : F' = G : A — B is
an | A |-indexed family of components oy : [ — B(F A, GA) satisfying the V-naturality
condition expressed by

ap & F
IT®AA,B) — = B(FB,GB)® B(FA, FB)
[t M

A(A, B) B(FA,GB)

r_\ M

B(GA,GB) @ B(FA,GA)

G@OéA
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The “vertical composite” foaofa: ¥ -5 G: A— Band f:G - H : A— B has

the component (3 0 a)4 given by
12101755 B(GA, HA) @ B(FA,GA) 2L B(FA, HA).
The composite of o above with U/ : B — C has for its component (/a)4 the composite
124 B(FA,GA) -5 C(UF A, UGA)
while the composite of o with 7' : C — A has for its component (a7')¢ simply arc.

It is easy to verify that V-categories, V-functors, and V-natural transformations con-
stitute a 2-category V-CAT; which may not be locally small unless some restriction is
placed on the size, as in the 2-category V-Cat of small V-categories. When V = Set,
V-CAT reduces to the 2-category CAT of locally small ordinary categories.

Convention.  Since a V-category A has no “morphisms”, we harmlessly call a map

A — B in Ay, which is an element of A(A, B), “a map A — B in A”.

To speak of a V-functor I : A — B carries the implication that A and B are
V-categories. Similarly, to speak of a V-natural transformation « : F' = (G presupposes

that /' and GG are V-functors.

Denoting by Z the unit V-category with one object 0 and with Z(0,0) = I, we write
(_)o : V-CAT — CAT for the representable 2-functor V-CAT(/,_); which we now

describe in more elementary terms.

A V-functor A : T — A may be identified with an object A of the V-category A;
and a V-natural f: A - B:7 — A consists of a single component f : I — A(A, B).
Thus the ordinary category Ag, which is called the underlying category of A, has the
same objects as A, while a map f: A — B in Ag is just an element f: [ — A(A, B) of
A(A, B). Otherwise put, Ag(A, B) = VA(A, B). The composite g o f in Ag is given by
the composite

1210125 AB,C)o A(A,B) 25 A(A,0)
in Vo, whilst the identity in Ag(A, A) is ja.

How much information about A is retained by Ay depends upon how faithful V is.
When V = Cat, V is not faithful; A is a 2-category, and A is the category obtained by



2. Categorical Preliminaries 32

discarding the 2-cells. When ¥V = Cpo, V is faithful, and Ay has lost only the order on
the hom-objects of A.

The ordinary functor £y : Ag — By induced by (or underlying) the V-functor F': A — B
sends A: 7 — Ato FAandsends f: A5 B:7 — Ato F'f.

The ordinary natural transformation ag : Fy — Gy : A9 — By induced by the
V-natural o : FF - G : A — B has for its A-component agy € Bo(FA,GA) the
A-component oy : [ — B(FA,GA) of a; so that it is not necessary to distinguish «
from ag. The V-naturality condition for « : /' = G becomes the usual naturality con-
dition for o : F' = (G when V is applied to it. Hence the naturality of o : Fy = Gy,
while weaker in general than the V-naturality of o : F' = (5, is equivalent to it when V

is faithful.

A symmetryfor a monoidal category V is a natural isomorphismexy : X@Y — Y@ X

satisfying the coherence axioms

XY YoX
c
id
X®Y
and
a
(XoY)0Z X @ (Y®Z) YoZ)oX
c®id a
YoX)0Z Yo ((XoZ) — Y @ (Z@X)
a id® ¢

A monoidal category V together with a symmetry is called a symmetric monoidal

category. We now suppose V to be such.
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To each V-category A we can associate a dual, or opposite, V-category A with the

same objects as A, but with A”(A, B) = A(B, A). The composition
M : A%(B,C)® A%(A,B) = A”(A,C)
is just the composite
A(C,B) @ A(B, A) == A(B, A) @ A(C, B) 2L A(C, A)

whilst the unit element I — A (A, A) is that of A. A functor A — B may be called
a contravariant functor from A to B. From a : FF = G : A — B we get, with evident
definitions, a : F" = G : A" — B; note that (_) reverses 2-cells but not 1-cells.

Of course (_)" is an involution: (") = Id.

The monoidal category V (symmetric or not) is closed (cartesian closed, when V is
cartesian) if each functor @ Y : Vo — Vy has a right adjoint [Y] _]; so that we have an

adjunction
A V(X QY. Z) =2 Vo(X, [V, Z]) (2.1)
with counit (called evaluation)
eV, Z]0Y - Z

Putting X = I in (2.1), using the isomorphism [ : I @ Y =2 Y, and recalling that

V =Vo(l,-) : Vo — Set, we get a natural isomorphism
VoY, Z) =2 VIV, Z]. (2.2)
Since [Y, Z] is thus exhibited as a lifting through V' of the hom-set Vo(Y, Z), it is called
the internal hom of Y and 7.
From now on we suppose that our given V is symmetric monoidal closed, with V,
locally small.

The internal-hom of ¥V “makes V itself into a V-category”. There is a V-category,

which we call V, whose objects are those of Vy, and whose hom-object V(X,Y) is [ X, Y].
Its composition M : [V, Z] @ [X,Y] — [X, Z] corresponds under the adjunction (2.1) to

the composite

(IV,Z]0 [X,Y) o X S [V.Z]o(X,Y]o X) S [V, 2oy - Z
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and its identity element jx : [ — [X, X] corresponds under (2.1) to [ : I @ X — X. It is
easily verified that (2.2) gives an isomorphism between V, and the underlying ordinary
category of the V-category V; we henceforth identify these two ordinary categories by

this isomorphism thus rendering the notation Vg consistent with the notation A,.

Next we observe that, for each V-category A and each object A € | A |, we have the
representable V-functor A(A,_): A — V,sending B € | A|to A(A, B) € | V|, and with

A(A, D)o A(B,C) — [A(A, B), A(A, C)]

corresponding under the adjunction (2.1) to M : A(B,C)® A(A,C) — A(A,C). Repla-
cing A by A gives the contravariant representable V-functor A(_, B) : A" — V.

The form of the Yoneda Lemma we give here is a weak one, in that it asserts a bijection

of sets rather than an isomorphism of objects of V.

Consider a V-functor F': A — V and an object A of A. To each V-natural trans-
formation « : A(A,_) = F we can assign the element a : [ — F A of F'A given by the

composite

122 A(AA) 24 FA.

The Yoneda Lemma asserts that this gives a bijection between the set V-Nat(A(A, ), F)
of V-natural transformations and the set Vo(I, F'A) (= VFA) of elements of F'A; the

component ay being given in terms of a as the composite

AA,X) 22 ra, rx) M r ) Y Fx (2.3)

It is worth noting an alternative way of writing (2.3) when F' has the form B(B,U_) for
a V-functor U : A — B, so that a : [ — B(B,UA) is then a map a : B — UA in By (in
fact, the image of id4 under Vs : Ag(A, A) — Bo(B, UA)). Then ay is the composite

A(A,X) 22 oA, Ux) " B(B,UX). (2.4)

In particular, every V-natural o : A(A, ) — A(X, ) is A(f,—) for a unique f: X — A;

and clearly f is an isomorphism if and only if « is.

As in any 2-category (see [KS74]) an adjunction n,e : F¥ 4 U : A — B in V-CAT
between U : A — B (the right adjoint) and F' : B — A (the left adjoint) consists of
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n:1d = UF (the unit) and ¢ : FFU = 1d (the counit) satisfying the triangular equations
UeconlU =id and ¢F o F'p = id. By the Yoneda Lemma, such adjunctions in V-CAT are

in bijection with V-natural isomorphisms
x: A(FB,A) = B(B,UA)

for by (2.4) a V-natural map x : A(F'B, A) — B(B,UA) has the form y = B(n,id)U for a
unique 7, while a V-natural map ' : B(B,UA) — A(F B, A) has the form \' = A(id, &) F
for a unique ¢, and the equations y' o y = id and y o Y’ = id reduce by Yoneda to the
triangular equations. The 2-functor (_)o : V-CAT — CAT carries such an adjunction
into an ordinary adjunction n,e : Fo 4 Uy : Ay — By in CAT. The corresponding

isomorphism of hom-sets is

Vx: Ao(FB,A) = Bo(B,UA).
The unit and counit of this ordinary adjunction are the same n and ¢, now seen as natural
rather than V-natural.

2.3.2 Functor Categories

Suppose that V is symmetric monoidal closed and that the underlying ordinary category
Vo is locally small. Then to each pair A, B of V-categories we can associate a tensor

product A @ B, with object-set | A | x | B |, and with
(A@ B)((A, B),(A,B)) = AA,A)aB(B,B).

The composition is given by

(AA, A"y @ B(B', B")) @ (A(A, A') @ B(B, B’))L A(A, A"y @ B(B, B")
m M M

(A(A", A") @ A(A,A) @ (B(B', B") @ B(B, B))
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where m : (W@ X)@ (Y@ Z) 2 (WeY)® (X @ 7Z) is the middle-four interchange
defined by any suitable composite of instances of @ and ¢. The identity element is the
composite

12101725 A(A A) @ B(B,B).

12

With the obvious definitions of F@ G : AQB - A @B andof a@B: FoG — F' 9,
we have a 2-functor @ : V-CAT x V-CAT — V-CAT; and we have coherent 2-natural
isomorphisms (A@B)C 2 AR (BRC), I AZA=Z AT, and AB=B® A
(where 7 is the unit V-category). Thus V-CAT is a symmetric monoidal 2-category.

A functor T : A® B — C may be thought of as a functor of two variables. Such a T
gives rise to functors T(A,_) : B — C for each A € | A | and T(_,B) : A — C for each
B €| B|. Here T(A,_) is the composite

B=ToB*™ AeB ¢
from which can be read off the value T'(A, _)p p.

By (extraordinary) V-naturality for an | A |-indexed family of mapse4 : 7 — T(A, A)
in By, where Z € | B|and T : A" @ A — B, we mean the commutativity of each diagram

(A, )

A(A, B) B(T(A, A), T(A, B))

T(_,B) B(za,id) (2.5)

Blenid) B(Z,T(A,B))

Henceforth we add the further assumption that Vg, is complete, in the sense that it

admits all small limits.

Consider a V-functor T : A”? @ A — V. If there exists a universal V-natural family
ea: /4 — T(A,A), in the sense that every V-natural v4 : € — T(A, A) is given by
v4 = €40 h for aunique h : C' — 7, we call (Z,¢) the end of T; clearly, when it exists,
it is unique up to isomorphism. We write [y 1A T(X,X) for the object Z, and by the
usual abuse of language also call this object the end of T: then the universal V-natural

ea: [x T(X,X)— T(A, A) may be called the counit of this end.
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The V-naturality condition (2.5), in the case B =V, transforms under the adjunction

VoW, [X,Y]) = Vo(W @ X,Y) = Vo(X, [W, Y]) into

€4

Z T(A, A)
T(B, B) ; [A(A, B),T(A, B)]

where a4 g and 34 p are the transforms of T(A, )45 and T(_, B)g 4. When A is small,
the end [4c| 4| T(A, A) exists, and is given as the equaliser

fAe | A| T(AvA) HAE | A T(AvA) HA,BE | A | [A(AvB)vT(AvB)]

For V-functors F, G : A — B we introduce the notation
[A,B](F,G) = /A B(FA,GA)
for the end on the right, whenever it exists; and we write the counit as
ea=ch: [ABI(F,G) — B(FAGA).

We write [A, Blo(F, ) for the set V[A, B](F, ) of elements o : I — [A, B](F,G) of this

end. These correspond to V-natural families
ag=cq0a: I — B(FAGA)
which are precisely the V-natural transformations o : ¥ = G : A — B.

When [A, B](F,G) exists for all F,G @ A — B, as it does if A is small, it is the
hom-object of a V-category [A, B] with all the F': A — B as objects. The composition
of [A, B] is uniquely determined by the commutativity of
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[A.B](G,H)® [A,B|(F,G) [A,B)(F, H)
EaReEQ EA
B(GA,HA)© B(FA,GA) B(FA,HA)

and its identity elements are similarly determined by €4 0 jp = jpa.

We call [A, B], when it exists, the functor category; its underlying category [A, Blg is
the ordinary category of all V-functors A — B and all V-natural transformations between

them —that is,

[A, By = V-CAT(A, B).

There is a V-functor £ : [A, B]@ A — B, called evaluation, sending (F, A) to F'A and

with B c.m) as the composite
[A,B](F,G) @ A(A, B) 22 B(FB,GB) @ B(FA, FB) 2L B(FA, GA);
which induces, for each V-category C, an ordinary functor
V-CAT(C,[A,B]) — V-CAT(C @ A,B) (2.6)
sending I : C — [A, B] to the composite
CoA™N A BloAS B
and sending a : F' = G : C — [A,B] to the composite E(a @ id). The map (2.6) is

2-natural in C; and in fact ts an isomorphism of categories.

We have called the V-functors A(A,_) : A — V representable. More generally, a
V-functor F': A — V is called representable if there is some A € | A | and an isomorphism
a: A(A,_) = F. Then the pair (A, «) is a representation of F; it is essentially unique
if it exists, in the sense that any other representation 3 : A(B,_) — F has the form
B =aoA(f,_) for a unique isomorphism f: A — B. The corresponding a : [ — F'A is
called the unit of the representation. (We call @ the counit when we are representing a
contravariant F': A — V in the form A(_, A))
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Now let F' : B @ A — V be such that each F(B,_) : A — V admits a rep-
resentation ap : A(RB,_) = F(B,_). Then there is exactly one way of defining a
map Rpc: B(B,C)— A(RB, RC) that makes R a V-functor for which the isomorphism
apy t A(RB,A) — F(B,A) is V-natural in B as well as A.

It follows that, if it exists, [A, B] is uniquely 2-functorial in A and B in such a way
that (2.6) is 2-natural in every variable. For F': A" — A and G : B — B’', the V-functor
[F,G]: [A,B] — [A",B] sends T to GTF and is determined on hom-objects by

[F, Gty
[A,B|(T,U) A B|(GTF,GUF)
ErA 514
B(TFA,UFA) B(GTFA,GUFA)
GTFA,UFA

while the V-natural transformation [«, 3] : [F, G] = [F', ('] is given by

[, Blr = BT : GTF — G'TF'.

The 2-natural isomorphism (2.6) exhibits [A, B], when it exists, as a representing
object for the 2-functor V-CAT(_ @ A, B). It is conversely true that, if this 2-functor is
representable by some D, then [A, B] exists and is isomorphic to D —at least if Vg has
an initial object 0. For taking C to be 7 in (2.6), with [A, B] replaced by D, we identify
the objects of D with the V-functors A — B; while taking C to be the V-category with
two objects 0 and 1, with C(0,0) = C(1,1) = I, with C(1,0) = 0, and with C(0,1) an
arbitrary object X of V, we easily see that D(F,G) = [, B(FA,GA).

The 2-functor ~®@ A : V-CAT — V-CAT has a right adjoint [A, _] when [A, B] exists
for all B; and by the above, only then, if Vy has an initial object. This right adjoint
exists when A is small. In this sense the symmetric monoidal 2-category V-Cat of small

V-categories is closed.

2.3.3 Limits

Suppose that V is cartesian closed and that Vy is locally small, complete and cocomplete.
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Then, the ordinary functor V- = Vyo(I,_) : Vo — Set has a left adjoint (_) - I, sending
the set A to the coproduct A - I of A copies of I in V. This functor sends the cartesian

product in Set to the tensor product in Vg, in that we have

(AxB)-I = (A-D)o(B-I), 1-1=1 (2.7)

The 2-functor (_)g : V-CAT — CAT now has a left adjoint (_)y. The free V-category
Gy on the ordinary locally-small category G has the same objects as G, and has hom-objects
Gv(X,Y) = G(X,Y) - I; its composition and its identities are induced from those of G

using the isomorphisms (2.7).

It also happens that I =1 in Vy, so that the V-categories 7 and 1 coincide; then, for
every pair of V-categories A and B, there is, for any A € | A |, a “constant V-functor”
KA:B—1— A with this value.

For any ordinary category G, we may think of a V-functor I' : Gy — A as a diagram
in A of type G. For each A € | A|, we can consider the existence in V of the object
[Gy, A|(K A, T'). If this exists for all A —as it does when G is small— it is the value of a

V-functor A" — V. If this V-functor not only exists but admits a representation
A(A Iim ') =[Gy, A|(KA,T)

with counit

7a:1l— A(lim[,T'A)

we call the representation (lim ', ) the limit of I'.



3 Partiality

Categorical structures suitable for describing partial maps, viz. domain structures, are

introduced and their induced categories of partial maps are defined.

The representation of partial maps as total ones is addressed. In particular, the
representability (in the categorical sense) and the classifiability (in the sense of topos

theory) of partial maps are shown to be equivalent (Theorem 3.2.6).

Finally, two notions of approximation, contextual approximation and specialisation,
based on testing and observing partial maps are considered and shown to coincide. It
is observed that the approximation of partial maps is definable from testing for totality
and the approximation of total maps; providing evidence for taking the approximation

of total maps as primitive.

3.1 Categories of Partial Maps

To motivate the definition of a partial map, observe that a partial function v : A — B is
determined by its domain of definition dom(u) C A and the total function dom(u) — B
induced by the mapping a — wu(a). Thus, every partial function A — B can be described
by a pair consisting of an injection D — A and a total function D — B with the same
source. These descriptions are not unique, for (m, f) and (n, g) describe the same partial

function if and only if
m =mnot and f = g o1, for some isomorphism 1. (3.1)
Following the above reformulation, given a category whose morphisms are to be
thought of as total maps, a pair (m : D — A, f : D — B) will be a description of

a partial map [m, f]: A — B; and conversely, every partial map A — B will be described
by some pair (D »— A, D — B). Formally, the descriptions (m, f) and (n, g) are regarded

41
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as equivalent whenever (3.1) holds; and a partial map is defined to be an equivalence class

of descriptions.

When working with partial maps it is usual just to deal with their descriptions and
observe that the arguments or constructions involved are independent of the chosen de-
scriptions. For example, in a category with enough pullbacks, the composition of the
partial map v = [n, g] : B — C with the partial map u = [m, f]: A — B is defined to be
the partial map vou = [mo f~'(n),go (n*f)]: A — C where

is a pullback.

The suspicious reader should check that the above definition is independent of any
choice of descriptions for the partial maps, as well as for the required pullback. It is also
easy to see that composition is associative, and that the partial map [id,id] is a unit for
it. Before defining categories of partial maps it will be necessary to refine the notion of

partial map as the following examples show.

Let pPoset be the category whose objects are small posets and whose morphisms

u: P — (@ are partial monotone functions, in the sense that, for every z, 2’ € P,
if 2 C 2’ then u(z) § u(a”) (3.3)

where, for two mathematical expressions e and €', we write e C ¢’ to mean that if e
denotes some y in ) then ¢’ denotes some 3" in  and y C y'. We further write e ~ ¢’
whenever both e T ¢’ and ¢ I e. Further let pCpo be the subcategory of pPoset whose
objects are cpos and whose morphisms u : P — () are partial continuous functions, in
the sense that, for every w-chain x in P,

| w(@e) = ul || ) (3.4)

k€ |wl| k€ |w]

where the expression on the left is intended to be undefined if every u(xy) is; or, otherwise,

denote [ 5k, u(xy) where ko is any index for which u(xy,) is defined. In these two
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categories, the domain of definition of a morphism P — () cannot be any subobject of P:
in pPoset, by (3.3), the only possible domains of definitions are the upper-closed subsets
of P, whilst in pCpo, by (3.4), they are the Scott-open subsets of P.

To include such a possibility, descriptions of partial maps are to be pairs (m, f) where
m is confined to a class of admissible monos. The category of total maps together with

such a class constitute a domain structure.

Definition 3.1.1 ([Ros86,Mog86]) A domain structure is a pair (K, D) consisting of a
well-powered category D and a category K, such that D is a full-on-objects subcategory
of K all of whose morphisms are monos in K, with the following closure property: every

diagram L with f € K and n € D has a pullback in K and whenever

) n

is a pullback then f~'(n) € D. O

Convention. K is called the category of total maps and D is called the category of
admissible monos. For every A € | D |, we write D(A) for the representative small set of

subobjects of A in D guaranteed by well-powerness.

Categories of admissible monos are closed under isomorphisms, for every isomorphism

 appears in the pullback

id
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For monos m and n, we write [m] C; [n] (m C; n) and say that ¢ realises the inequality
[m] C [n] (m € n) whenever m = n 0. Realisers of inequalities between admissible

subobjects are admissible, for consider the equivalence:

S

Convention. For a category X and a set O C | X' |, the full subcategory of X' with set
of objects O is denoted as X' [ O.

It is time for some examples. Every well-powered category K appears in two domain
structures: a minimal one, (K, Isosx) where Isosk is the category of all isomorphisms in
K; and a maximal one, (K, Monosg ) where Monosy is the category of all monomorph-

isms in K.

To obtain further examples, we show how to construct new domain structures from
old ones. Let (K,D) be a domain structure and let £ be a full subcategory of K whose
objects are closed under taking the source of admissible monos (i.e., for every X € | £ |
and D € |D|,if D — X in D then D € |L]). Then (L,D | | L]) is a domain
structure. In particular, every domain structure (K,D) and set O C | K | induce the

domain structure (K | O',D | O') where O' = Uyeo{D | D — A in D}.

A more tangible example of domain structure is (Top, Open) where Open consists
of all those monos m : (X,0X) — (Y,0Y) in Top such that (m(X),P(mX)NOY) is a
topological space isomorphic to (X, OX). The above construction applied to X = Top,
D = Open, and £ = Poset (resp. Cpo), viewed as the full subcategory of Top whose
objects are posets (resp. cpos) with the Alexandrov (resp. Scott) topology, yields the
domain structure (Poset,Open) (resp. (Cpo,Open) = (Cpo,E)).

Definition 3.1.2 The category of partial maps p(K,D) induced by a domain structure
(K, D) has the same objects as K, a morphism is an equivalence class of descriptions in

D x K, and composition and identities are given as detailed above. O
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Convention. Whenever we write p(K, D) it is assumed that (K, D) is a domain structure;

when D is clear from the context we simply write pK.

To distinguish total maps (i.e., morphisms in K) from partial maps (i.e., morphisms

in pK) we denote the former with — and the latter with —.

The categories of partial maps induced by some of our examples of domain struc-
tures are: p(K,Isosx) = K, p(Set,Monos) = Pfn, p(Poset, Open) = pPoset, and
p(Cpo,X) = pCpo. A non-standard example is W41 = p(w + 1, Monos), which is
isomorphic to the category with object-set w + 1, hom-sets Hom(k,!) = min(k,[) + 1,
(s,

identities idj, = k, and composition (j —— k —= [) =

The category of total maps can be viewed as a full-on-objects subcategory of the
category of partial maps by identifying K with its image under the faithful inclusion
functor J : K — pK which acts as the identity on objects and sends a total map f to
the partial map [id, f]. It should then be clear what is meant by a total partial map and
by the composition of a total map with a partial map. To indicate that a partial map
u 1s total we write v |. Totality and composition interact in the desirable way: e.g., for

partial maps v and v,
(vou)|l = wul.

When the category of total maps has a terminal object, we say that totality is extensional

ifforall u: A — B,
vl <= (uox)| foreveryaz:1— A.
There is a partial-inclusion functor (_)R : D — pK which acts as the identity on

objects and sends m : D » A in D to m" = [m,id] : A — D. Partial inclusions have

nice equational properties, in particular

m*=n" < [m]=]n],
mfom = id, (3.5)
m. f] = fom. (3.6)

While (3.5) justifies the terminology, (3.6) shows that every partial map can be factored
as a partial inclusion followed by a total map. In fact, as observed by John Power,
this determines a factorisation system [FK72]. Partial inclusions also provide a simple

equational characterisation for the pullbacks we are interested in, as
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m n = nRof:gomR.

The adopted description of partial maps allows the definition of the inverse image,
u~'[n], of an admissible subobject [n] € D(B) along a partial map u = [m, f]: A — B,
simply as the admissible subobject [m o f~'(n)] € D(A). In fact, we have an inverse-
image functor D : pK”” — Poset sending A € |pK | to D(A) and u: A — B to
u () : D(B) — D(A). Its restriction to total maps is Do J? : K” — Poset. As a
convention, for u : A — B and [m: D » B] € D we write u”'(m) : u (D) »— A for
a representative of u~'[m] € D(A). Notice that, for f : A — B, the convention agrees
with the already adopted notation, f~'(m), for any mono obtained by pulling back m
along f. Also, extending the n™f notation of diagram (3.2) to partial maps, so that

n*[m, f] =n"f, we have:

Proposition 3.1.3 The commuting square

is a pullback for total maps. That is, for every A J o 2D satisfying uo f =moyg
there exists a unique b : C — u™ (D) such that f =u""(m)oh and g = (m*u)oh. O

From the inverse image of a partial map we can obtain its domain of definition by

setting
dom g(_) = (1) 7'[id4a] : pK(A, B) — D(A)



3. Partiality 47

for every A, B € | pK |. 1t follows then that a partial map is total if and only if its domain

of definition is the maximal subobject.

3.2 Representing and Classifying Partial Maps

Partial maps are frequently represented as total maps. This section studies this kind of
representability. The purpose is not to reduce partial maps to total ones, but to deepen
the understanding of their relationship; we aim at establishing a connection which will

allow the transfer of properties, constructions, etc. between total and partial maps.

The intuition of the representation is simple: a partial map A — B is represented
by a total map A — LB where LB (read as “B lifted”) arises from B by adjoining
undefinedness to it. For sets and partial functions, LB is B with a new element, usually
written L, symbolising undefinedness. Here, a partial function v : A — B is represented

by the total function

x(u): A — LB
W {u(a) ,if @ € dom(u)

s , otherwise

In this way, y determines a bijection, natural in A, between Pfn(A, B) and Set(A, LB).

This kind of representability is categorical. Recall that a representation of a functor
F: K7 — Set is a pair (R, p) consisting of a representing object R € | K | and a natural
isomorphism p : K(_, R) = F': K — Set. The counit of the representation is determ-
ined by the Yoneda bijection T : Nat(K(_, R), F') — FR as T(p) = p(idr) € F'R. In the
above example LB is a representing object of Pfn(_, B) : Set”” — Set, with counit the
partial inclusion (B » LB)®: LB — B only undefined for L.

Representations of partial functions can be characterised equationally. As the reader
should check, for a partial function v : A — B, its representation y(u): A — LB is the

unique total function satistying
Y(u) " (B) = dom(u), and Vaz € dom(u). y(u)(z)= u(z). (3.7)

In topos theoretic terms (3.7) says that u is classified by B »— LB:
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Definition 3.2.1 (c.f. [Joh77]) Let (K, D) be a domain structure. A classifier of partial
maps with target B is a mono n : B »— LB in D such that for every partial map
[m, f] : A — B, there exists a unique total map X,z : A — LB, called the characteristic
map of [m, f], making

D — B
m n
A LB
X[m.,f]
a pullback. O

Convention. An | pK |-indexed collection 7 is called a partial map classifier if for every

B €| pK | the component 5p is a classifier of partial maps with target B.

When K has a terminal object, the classifier of partial maps with target 1 classifies

admissible monos and so is called a D-classifier.

The representing object of pPoset(_, Q) : Poset” — Set, usually denoted @,
is the poset () with a new least element. Not surprisingly, the representations are as
defined for sets and partial functions. And thus (3.7) also characterises representations of
partial monotone functions. Similarly this characterisation extends to partial continuous

functions; and in fact, it holds for any category of partial maps:

Theorem 3.2.2 For B € | pK |, the functor pK(_, B) : K — Set is representable if
and only if there is a classifier of partial maps with target B. O

If K has a terminal object we have that D(_) = pK(_,1) : K7 — Set, hence:

Corollary 3.2.3 When K has a terminal object, the functor D(_) : K — Set is

representable if and only if there is a D-classifier. O

Theorem 3.2.2 is a consequence of the following two propositions which correspond to

each direction of the theorem.
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Proposition 3.2.4 If p: K(_,LB) = pK(_, B) : x then

1. x(idg) : B — LB is admissible,

2. the counit p(idzp): LB — B is X(idB)R,

3. x(idp) classifies partial maps with target B, and

4. x[m, f] is the characteristic map of [m, f].

ProOOF: To prove that the counit of the representation p is a partial inclusion we show
that if p(idzz) = [1,g] then g is an isomorphism; so that p(idpg) = (n o ¢~ ")".
As p and y are inverses to each other,

for every object A € | K | and every partial map [m, f] € pK(A, B),

the total map x[m, f] € K(A, LB) is the unique such that (3.8)

[m, J1 = p(xIm, [1) = p(idee) o x[m, [].

Recalling that p(idpg) = [n, g], the above equation states that

for some Ay, 7.

In particular, for every A € | K | and f € K(A, B) there exists hy € K(A, F) such that
f = gohs. Moreover, it is unique because as for every h : A — E, [n,glonoh =goh
then, if g o h = f it follows that n o hy = y;y = n o h and hence hy = h. Therefore,
go_:K(LFE)—= K(,B): K — Set is a natural isomorphism and, by the Yoneda

Lemma, ¢ is an isomorphism.
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The equality
(nog ") ox(ids) = plides)ox(ids) = p(x(ids)) = idp
stands for

id
Bi

id nog!

B

X(ldB)

and implies both that y(idg) is admissible and

p(idzg) = x(idg)"™. (3.9)

Finally, (3.8) and (3.9) establish that x(idg) classifies partial maps with target B,
and that y[m, f] is the characteristic map of [m, f]. O

Proposition 3.2.5 If n : B — LB classifies partial maps with target B, then
T (™) =nfo_: K(_, LB) = pK(_, B) represents pK(_, B) : K — Set.

PROOF: Since n classifies partial maps with target B, it follows that for every A € | K |
and every [m, f] € pK(A, B) there exists a unique x5 € K(A, LB) such that
[m7 f] = nR © X[m,f]

= T (") (\fms)-

Hence T7'(n") is an isomorphism. O

As is well-known, if for every B € | K | there is a representing object LB € | pK | of
pK(_, B): K? — Set then L can be extended to a functor L : pK — K, called the lifting
functor, which is right adjoint to the inclusion functor J : K — pK. This adjunction can

be characterised from the previous analysis.
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Theorem 3.2.6 1,c:J 4 L : pK — K if and only if 5 is a partial map classifier, e = 5’
and, for every [m, f] : A — B, L[m, f] is the characteristic map of [n4 o m, f]. O

Remark. The action of the lifting functor on partial maps can be described as a
characteristic map because, as follows from Proposition 3.2.4 (4), the natural isomorphism
X pK(o, o) = K(o, Lo) : K x pK — Set induced by the adjunction provides the

characteristic map of a partial map; and for every [m, f]: A — B,

Lim,f] = x([m,floea) , by a well-known formula

= X[naom,f] , using €4 = 77AR-

(Another possible explanation is by naturality of ¢ : JL = Id : pK — pK).

Succinctly, to have a lifting functor is equivalent to have a partial map classifier. It
should be stressed that this alternative viewpoint is essential when transferring struc-

ture like enrichment and colimits from total to partial maps (see Section 4.5 and The-

orem 5.3.14).

Among all classifiers, when K has a terminal object, the D-classifier plays a central
role as it can encode all the others. This allows an axiomatisation of the lifting in terms

of the classification of admissible monos; which is the approach taken in synthetic domain

theory [Ros86,Pho90b,Hyl91, Tay91].

Proposition 3.2.7 Assume K has terminal object and let ¢ : 1 ~— ¥ be admissible. If
the right adjoint II; of " : K /¥ — K exists then it is full and faithful.

PrOOF: We show that the counit ¢ of the adjunction ¢* 4 I, is an isomorphism.

By the universal property of ¢ we have that for every a : A — ¥ in | K/X | and every
f:t*a — B in K there exists a unique f : a — I[;B in K /¥ such that
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we have that eg o (#*f) is an isomorphism; and hence e is split epi.

Finally, we show that ep is mono. For every z : A — t*(II;B), writing f for the
canonical isomorphism (A — 1 - ¥) = A and np for t*(II,B) — LB we have that

cgoxrof = npoux

because

F(IL,B) — 2= LB

N/
Ny

A

IL,B



3. Partiality 53

and

(A =10 %)

A t*(HtB)T LB
B
so that egot™(ngox)=egoxo f.
Hence, for z,y : A — t"(ILB), if eg o x = eg o y then
npox = egoxof = egoyof = ngoy
and, as ng is mono, r = ¥. O

Theorem 3.2.8 Assume K has terminal object. Then ¢ : 1 ~— X is a D-classifier and
t* . K/¥ — K has a right adjoint if and only if J : K — pK has a right adjoint and,

writing n for the unit of the adjunction, n; =t in L.

ProOF:

(=) Let I, : K — K/X be right adjoint to t*. For every B € | K | define ng to be the
composite B =2 t*(I[;B) »— LB where eg : t"(II;B) = B is the counit of the adjunction
t* 411, (see Proposition 3.2.7) and where

F(ILB) T 1

LB

!

IL,B

Then we have that



3. Partiality 54

nB l

LB b

IL,B

and that np classifies partial maps with target B as we now show.

For [m, f]: A — B we have

A X[m,D—1]

Then, D = "X}, p—1], and the transpose of the map t"x[,.p—y) = D . B gives a
unique ¢ : X[m,p—1] — B such that eg o (t7¢) = (" Xm,p—1] = D J, B) and

= t*X[m,D—&] T = t*(HtB) =

D
ml/ 773
A

— A LB — LB

Sy

Thus ¢ is the characteristic map of [m, f].

(<) Ast = 9y in K77 we have both that  is a D-classifier and that ¢* = 5;*. Therefore
we only need show that n;™ has right adjoint.

Let L be the lifting functor. For B € | K |, L(B — 1) € | K/L1 | is the cofree object
on B with counit eg : ;™ (L(B — 1)) = B defined as the mediating morphism between
the following two pullbacks
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m

L(B—1)

Recall that the square is a pullback because L(B — 1) is the characteristic map of
[nB, B — 1] (see Theorem 3.2.6 and the remark after it).

We now check the universal property of the counit. Let B € | K|, ¢ € | K/L1 | and
h:g— L(B—1)in K/L1l. We have,

o) Yy 2 B
g (m) L(B—1)"(m) B
A \ LB 4 LB
and therefore, for every f: m™(g) — B in K,
h=xlg"(m).f] <= [=eson’(h) (3.10)

Finally, observe that (3.10 (:>)) establishes the existence condition of the universal prop-
erty of the counit, whilst (3.10 (<:)) establishes uniqueness. O

The rest of the section is devoted to discussing the consequences of having the lifting
functor. We first observe that the category of partial maps is the Kleisli category of the
monad induced by the adjunction. This simply happens because the inclusion functor is

bijective on objects.
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Proposition 3.2.9 (Kleisli) If n,e : FF 4 U : L — K and F is bijective (essentially
surjective) on objects then L is isomorphic (equivalent) to K, the Kleisli category of the

monad T= (UF,UckF,n): K — K.

PrROOF: Recall that there is an adjunction Frp - Ur : Kt — K such that there exists a
unique comparison functor Kt — £ acting as F' on objects and sending f € Kr(A, B)
to p(f) € L(FA, FB), where p: K(_,U-) = L(F_,2) : K x L — Set is the natural
isomorphism induced by the adjunction £ 4 U. The comparison functor is full and
faithful, and when F' is bijective (essentially surjective) on objects, it is an isomorphism

(equivalence) of categories. O

Corollary 3.2.10 If n,e : J 4 L : pK — K then pK is (isomorphic to) the Kleisli
category of L = (LJ, LeJ,n) : K — K. O

Further miscellaneous consequences are:

Proposition 3.2.11 If n,e: J 4 L : pK — K then

1. nis a cartesian natural transformation (i.e., the commuting square defining natur-

ality is a pullback).

2. Every admissible mono is regular. In particular, n4 is the equaliser of the pair

L77A777LA LA — LQA
3. L is faithful.

4. L reflects isomorphisms.

ProOF:

(1) By naturality of eJ : JLJ = J: K — pK.

(2) Every admissible mono m : D »— B is the equaliser of x[m,m],ng: B — LB. In
particular, x[na,na] = Lna.

3) Because € is epi, as €4 o n4 = id for every A € | pK |.
PL, n y p
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(4) Assume L[m, f] is an isomorphism.

First we show that f is an isomorphism: if L[m, f] has inverse h, then defining ¢ as

the mediating morphism in the diagram

it follows that f o g = id. Moreover, ¢ o f = id, because the following rectangle is a
pullback,

p 1 5 9 D
nAom UB 77A om
LA LB LA
Lm. /] h

id

Second we show that m is an isomorphism (for which we need only check that
mom® =1id): L[m, f] = L(f) o L(m®™) and since L[m, f] and Lf are both isomorph-
isms it follows that so is L(m™). Moreover, L(m™) o L(m) = L(m" o m) = id and hence

(Lm)™" = L(m™). Thus, L(m om™) =1id and, as L is faithful, m o m* = id. O
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3.3 Testing and Observing Partial Maps

The capability of observing that an input/output program terminates serves as the basis
for discriminating between programs. For example, in the contextual approach, a program
e is said to approximate a program e’ (written e ¢ ¢') if, in every program in which e
occurs, e can be safely replaced by ¢’ in the sense that new non-terminating behaviour

will not happen.

The explicit distinction between partial and total maps induces an approximation
relation in which contexts are used to discriminate between maps based on their termin-
ating behaviour. Following the informal description of a context as a “program with a
hole”; in a category of partial maps, a context is described as a “partial map with a hole”.
Formally, contexts are incomplete composites u o _o v where v and v are partial maps.

The contextual approximation relation for partial maps is defined as follows,

Definition 3.3.1 (Plotkin) For every u,v: A — B,

u 5° v if and only if Clu] | = C[v] | for every context C[_]. O

Remark. Observe that because of the adopted description of partial maps it is enough
to consider contexts of the form m® o _o f for m an admissible mono and f a total map.
But the definition is independent of the description of the category of partial maps, and

thus, makes sense in any axiomatisation of such categories.

The restriction of T to total maps gives a contextual approximation relation on
total maps which we denote C°. Both C° and L° are preorders and, in general, they are

not partial orders.

Justifying our computational intuition, in the examples of interest the contextual
approximation relation turns out to be a partial order which, further, coincides with the
usual notion of approximation. In Poset and Cpo, C° is the pointwise order C; whilst in

pPoset and pCpo, L° is the appropriate generalisation of the pointwise order, namely
for u,v: P — @,

u v if and only if u(z) | = (v(:z;) LA u(e)C v(:z;)) for every x € P. (3.11)
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Instead of checking these facts, which follow from general considerations (see the remark
after Proposition 3.3.5), we exemplify the use of contexts to discriminate maps. Let
fyg9: P — @ in Poset be such that there exists v € P for which fv C gv, and let C[_] be
the context in pPoset, Ufo_ov, wherev:1 — P:x—»vand U=Q\{y € Q |y C fv}.
Then, with respect to termination, C'[_] distinguishes f and ¢, as C[f] T and C|[g] |.

In pPoset (pCpo), (3.11) reduces the order on partial monotone (continuous) func-
tions to the test for definedness and the order on elements. As the next proposition
shows this is a general phenomenon and sustains a claim that testing for totality and the
approximation of total maps are primitive concepts, whilst the approximation of partial

maps is a derived one.

Proposition 3.3.2 For every u,v: A — B,
u B vifand onlyifuox | = (voa | A uox C voux) for every . : X — A.

Moreover, when the category of total maps has terminal object and totality is extensional

(in the sense of page 45) the above can be strengthened to

ulvifand only ifuoa | = (vox | A uox E°voux) for every x : 1 — A. O

~

Remark. In the proposition, it would make no difference to allow x to range over partial

maps, as u o x | = x |. Moreover, this property is central to the (omitted) proof.

Further evidence for the suitability of contextual approximation is that it interacts
well with composition: the contextual approximation relation is a preorder with respect

to which composition is a monotone operation.

The description of partial maps based on domain structures provides another com-
putationally natural notion of approximation. For this purpose, admissible monos are

regarded as predicates describing observable properties.

A program e is said to specialise a program €' (written e 5° €') if the observable
properties of the outputs of e are also satisfied by the outputs of ¢’. Put it in another way,
for any observable property U, the weakest precondition ensuring that every execution
of e satisfies U is a precondition ensuring that every execution of ¢’ satisfies /. Thus, an

observer content with the input/output behaviour of e should also be content with the
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input /output behaviour of ¢’. The specialisation relation for partial maps is defined as

follows,

Definition 3.3.3 « 5° v: A — B in pK if and only if v™'(_) C v~ '(_) : D(B) — D(A)
in Poset. g

The specialisation relation generalises the one from topology. Recall that for a

To-space (X, (’)(X)), its specialisation order < C X x X is defined as
r<yifand only if x € U = y € U for every U € O(X).

Then, by identifying elements with functions out of the singleton, the above definition

can be put in a form resembling Definition 3.3.3:
x <y if and only if 2 (U) C y~"(U) for every U € O(X).

Pleasantly enough, the notions of approximation obtained by testing and by observing

partial maps coincide.

Lemma 3.3.4 For f € K(X,A), u € pK(A, B) and m € D(D, B),

mfouof| <= [ factors through u”(m).

PRrOOF:
(=) For every n € D(E,Y)and g € K(X,Y), nog|= g=nonffog.

Thus, assuming m”™ o w o f | we have that wo f = m o (mR owuo f), and since
~(m)

A u” (D) ™% Disa pullbackof A = B < D for total maps (see Proposition 3.1.3)

we are done.
(<) Assume f = u~'(m)og. Then, g is total and

mfouof = mfouou™(m)oyg
*

mfomo (m*u)og

= (m*u)og. O
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Proposition 3.3.5 Contextual approximation and specialisation coincide.

ProOF:

(C° C L) Letul®v: A— B. Then,

~

ulLv = V[m]eDB).
(mfouou™(m) | = mfovou(m)])
— VY[m]eDB).mlovou(m)|
cas mTouou (m)=m"u |
— V[m] € D(B).u " (m) factors through v~*(m)
, by Lemma 3.3.4

— ul’o.

(C° C C°) Let ul®v: A— B. Then,

Y [m] € D(B). u'(m) C v (m)

¥ [m] € D(B). u~"(m) factors through v~ (m)

L1

VfeK(X,A).V[m] e D(B).
(f factors through w™'(m) = f factors through v™'(m))
— VfeK(X,A).V[m] € D(B).
(mfouof|= mfovof]) , by Lemma 3.3.4
— ul . O

Remark. In Poset (resp. Cpo), the contextual approximation relation, the specialisation

relation, and the pointwise order are equal, by Proposition 3.3.5 and the well-known fact

that, for f,g: P — (@),
f E gifand only if f71(U) C ¢~ (U) for every upper-closed (resp. Scott-open) U C Q.

Moreover, the equality extends to pPoset and pCpo, by Propositions 3.3.2 and 3.3.5.



4 Order-Enriched Categories of Partial Maps

Motivated by the discussion in Section 3.3, the approximation order between total maps
(C) is adopted as primitive and is used to derive the notion of approximation between
partial maps ( & ). Afterwards, the main goal is to understand when L is domain
theoretic, in the technical sense that the category of partial maps Cpo-enriches with
respect to it. For simplicity we undertake this study in two steps: first, we characterise
Poset-categories of partial maps induced by domain structures with a Poset-category
of total maps; second, we restrict our attention to uniform domain structures (Defin-
ition 4.3.5) with a Cpo-category of total maps, and provide necessary and sufficient

conditions so that the induced category of partial maps Cpo-enriches. As an example,

these characterisations are used when the approximation order is specialisation.

Finally, the transference of Cpo-enrichment from the category of total maps to the
category of partial maps is revisited in the light of representability and, again, the example

when the approximation order is specialisation is discussed.

Convention. For V = Poset or Cpo, a domain structure with a V-category of total

maps is called a V-domain-structure and the order on total maps is denoted L.

4.1 Ordering Partial Maps

A Poset-domain-structure induces an order on partial maps (denoted L ) whose defini-

tion is motivated by Proposition 3.3.2.

Definition 4.1.1 Given a Poset-domain-structure, for every u,v: A — B,

u 5 vif and only if for every z : X — A,uozx | = (vox | Auox Cvoux). O

62
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Remark. The relation L is clearly reflexive and transitive. That it is antisymmetric

~

follows from Proposition 4.1.2 below.

The intuition behind the definition is that a possibly non-terminating input/output
program ¢ approximates another one ¢’ provided that under all possible inputs, the out-
puts of e approximate the outputs of ¢’. Thus, in particular, whenever e outputs, so does

¢’. In symbols,
dom(e) C dom(e’) A e | dom(e) C € | dom(e).

This intuition is technically correct:

Proposition 4.1.2 Given a Poset-domain-structure, for every [m, f],[n,¢] : A — B,
m, f1E [n,9g] < mC;n A fCgoiforaunique ¢.

(In diagram form:

7N

oy < T <
>

||_|/
< -

ProOF:

(=) Assume [m, f] 5 [n,g]. Since [m, flom = f is total then so is [n,g] o m and

~

therefore there exists a unique ¢ for which

p S

id n and f = 1Im,flom C [n,gJom = gou.
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(<) Let m C;nand f C goi for some i. For #: X — A, if [m, floa | then

[id] = dom([m, f]ox)

= ]
C 2]
— dom({n,g]o2)
and therefore [n,g] oz |.
Moreover, we have
- om'z
/
id ?
-
n*x
g
id n
T
and hence, [m, flox = fo(m™z) C goio(m*z) = [n,g]ox. O

Convention. We introduce the notation [m, f] T, [n, g] to indicate that ¢ realises the in-

~

equality between the representatives (i.e., m C; n and f C got). Clearly, if [m, f] £ [n, 9]
and m C; n then [m, f] 5. [n, g].

~

An example of the order induced by a Poset-domain-structure is a generalisation of
the graph inclusion order; denoted C, and defined to be the order induced by (Kposet, D)
where (K, D) is a domain structure. Explicitly,

[m, f] Ci [n,¢] if and only if m C; n and f=gou.
Justifying the terminology, when (K, D) = (Set, Monos),

u C v if and only if graph(u) C graph(v),
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and when (K,D) = (w + 1,M0nos),
[m>— k,m — ] C[n>> kn—l]if and only if m C n.

The characterisation of L, provided by Proposition 4.1.2, is more convenient to

~

work with than its definition and thus, from now on, the definition will be forgotten. For

example, using this characterisation the following is straightforward:

Proposition 4.1.3 Let (K, D) be a Poset-domain-structure. Then, for A, B € | K |,
1. (pK(A, B), &) is a poset.

2. Jap: (K(A,B),C) — (pK(A, B), T ) is a full functor. Therefore, fC g: A — B
ifandonly it Jf L Jg: A — B.

3. K(A, B)is upper-closed in (pK(A, B), & );i.e., forevery f: A— Bandu: A — B,
if f L uthen u].

4. Ja,p preserves lubs.

5. domap: (pK(A, B), &) — (D(A),C) is monotone. O

Remark. From (2) and (3) above, it follows that J4 g is a full and upper-closed morphism
in Poset, in the sense that, for every f: A — B and u: A — B, if Jf L u then there
exists a unique g : A — B such that f C ¢ and Jg = u. And this property together with

monotonicity imply (4).

Full and upper-closed morphisms play a central role in the next section.
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4.2 Poset-Categories of Partial Maps

We have seen that the category of partial maps induced by a Poset-domain-structure
has hom-posets with respect to the induced order. Thus, it would be Poset-enriched if
composition (or equivalently, composition on the right and composition on the left) was

monotone.

Checking for monotonicity, and also continuity (as will be seen in the next section), of

composition on the right is easier than for composition on the left due to the asymmetry

/Q

expressing the inequality between two partial maps. When the order on partial maps is

in the diagram

the graph inclusion order, the situation in (4.1) is symmetric (as both triangles commute)

and potentially more manageable.

Monotonicity of composition on the right is immediate:

Lemma 4.2.1 For a Poset-domain-structure, pX(_, A) is a functor pK? — Poset for

every A € | pK |.

PROOF: Let [m, f]: X — Y. Assume [n',¢'| C. [n,9] : Y — A, then the diagram

/Wn/\

m f g
nog
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states that j realises the inequality [, ¢'] o [m, f] & [n,¢] o [m, f]. O

Aiming at characterising monotonicity of composition on the left, some domain-

theoretic concepts in the context of Poset-categories, due to Barry Jay, are introduced.

Definition 4.2.2 (Jay) In a Poset-category C, a morphism m : A — B is said to be

L. full if for every C' € | C |, the monotone map mo _:C(C, A) — C(C, B) is full as a
functor (i.e., for every z,y: C — A, moxz <moy = z <y).

2. upper-closed if for every x : ¢ — A and y : ' — B, whenever m oz < y there
exists a z : ' — A such that mo z = y. O

In Poset, a morphism m : P — () is full if and only if establishes an isomorphism
between P and m(P) ordered as in ). Further, if f : P — @ is upper-closed then f(P) is
an upper-closed subset of (). The converse need not hold, but whenever m : P — () is full
and such that m(P) is an upper-closed subset of () then m is an upper-closed morphism.
Therefore, the full and upper-closed subobjects of a poset are exactly its upper-closed

subsets with the induced order.

Full and upper-closed morphisms can be characterised along the lines of the remark

after Proposition 4.1.3.

Proposition 4.2.3 In a Poset-category, a morphism m : A — B is full and upper-closed
if and only if it 1s a mono and for every v : €' — A and y : C — B, it mox < y then

there exists a (necessarily unique) z : €' — A such that @ <z and moz =y. g

In pPoset every admissible mono is full and upper-closed. This is not accidental:

Theorem 4.2.4 Given a Poset-domain-structure (K, D), the following are equivalent:

~

1. p(K,D) Poset-enriches with respect to L .

2. pK(A,_) is a functor pK — Poset for every A € | pK |.
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3. Forevery A€ | K |and m: D — B in D, the map
mfo_: K(A,B) — pK(A,D)
is monotone.

4. Every admissible mono is full and upper-closed.

Proor:
(1) = (2) Vacuously.
(2) = (1) By Lemma 4.2.1.
(2)=-(3) Obvious.

(3)=-(4) Let m € D, and assume that m oz C y. Then,

R R
x = m omox I m oy.

|-
y~(m) )
Al &
y\ /

In diagram form,

id

for some 1.
Therefore,  C (m™y) o¢ and mo (m*y)oi =y.

(4) = (2) Let [n,g]: X — Y. Assume [m', f'] 5. [m, f] : A — X, then

~g

no(m'f) = flof 7 (n) T foiof T (n).

Since n is full and upper-closed, it follows that there exists a unique z such that
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fHn)

And finally, it follows that j realises the inequality [n,g] o [m', f] T [n, ¢] o [m, f]. O

Corollary 4.2.5 p(K, D) Poset-enriches with respect to C. O

4.3 Cpo-Categories of Partial Maps

We start the investigation on Cpo-categories of partial maps focusing on the properties
enforced by the enrichment. In this respect, two important points are: the fact that the
class of admissible subobjects of a Cpo-domain-structure inducing a Cpo-category of
partial maps ought to be locally a cpo, and a trick which reduces lubs of arbitrary partial
maps to lubs of graph included partial maps (Subsection 4.3.1). Afterwards, with the pur-

pose of obtaining lubs of admissible subobjects and lubs of partial maps in a canonical
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way, uniform domain structures are introduced and their properties studied (Subsec-
tion 4.3.2). This, together with the given characterisation of Poset-categories of partial
maps, will provide a characterisation of Cpo-categories of partial maps induced by uni-
form Cpo-domain-structures (Subsection 4.3.3). Finally, as an application, a recipe for

computing lubs of w-chains of partial maps in these categories is given (Subsection 4.3.4).

Convention. ~ Whenever we say that a category of partial maps is Cpo-enriched we

assume that so is the domain structure that induces it and that the order is L .

~

4.3.1 Properties of Cpo-Categories of Partial Maps

Convention.  We regard lubs (of subobjects and partial maps) as colimits. Thus we

sometimes write | |{[mg] C [mgy1]) = ([mi] € [m]) to mean that {[my] C [my41]) is an

w-chain with lub [m]. (An analogous notation is used for partial maps.)

Proposition 4.3.1 Let (K,D) be a Cpo-domain-structure. If p(K,D) has hom-cpos
then D is locally a cpo (i.e., for every A € | D |, (D(A),C) is a cpo).

PrOOF: 1If ([mg] C [my41]) is an w-chain in D(A) then ([my, my] C [Mpq1, mit1]) is an
w-chain in pK(A, A). And, if | [mg, mi] = [m, f], it follows that [|[ms] = [m]. O

The local completeness of the class of admissible subobjects has interesting con-

sequences:

Proposition 4.3.2 Given a domain structure, if D is locally a cpo then

L If ([me] S, [mig1]) is an w-chain in D(A) with lub ([m] C,, [m : D »— A]) then
([pr] S, [pr1]) 1s an w-chain in D(D) with lub [idp].

2. For every n: D »— A in D, the mapping [no _] : D(D) — D(A) is continuous.

3. dom preserves lubs of w-chains.
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ProOF:

(1) Clearly ([px] Ci, [pth41]) is an w-chain in D(D), and | |[x] = [idp] because for
every [n] € D(D),

Ve |w| mCn <— Vke|lw|. mp=mopu,Cmon
<~ mCmon

— [n] = [idp).
(2) First, observe that for every [m] € D(D) and [n'] € D(A),
nomCn' <= mCn'(n). (4.2)
Now, let {[my] C [mit1]) be an w-chain in D(D) with lub [m]. Then, for every [n] € D(A),
Vikc|wlnomyCn' <= Vkc|wl|l myCn'(n) ,by(42)

<~ mCn(n)

& nomCn/ , by (4.2).

(3) Let {[mi. fi] & i, fin]) be an w-chain. 1 Ufme, fi] = {[me ] 5, ', 1)

and | |[my] = ([mi] C,, [m]) then we are required to prove that [m] = [m].

The admissible subobject [m'] is an upper bound of the w-chain ([my] C [my41]) and

then [m] C; [m']. For every k € |w |, since [my] C,, [m] C; [m'] and [my] C, [m]],
it follows that puj, = i o up. Therefore, [m, f o 7] is an upper bound of the w-chain
<[mk7fk] E/ [mk+17fk+1]>7 and thenv [m/] C [m] O

Convention. Let (i : Dy — Dgy1) be an w-chain, then

1. we write (my) : (1) = A to indicate that (my : Dy — A) is a cone for (ix) (that is,

my = Myt 0 ¢ for all k € | w |);

2. we write (fx) : (1x) = B to indicate that (f; : Dy — B) is a lax cone for (i;) (that
is, fr C fr41 01 for all k € | w |); and,

3. for cones (ui) : (ig) = D and (my) : (ix) = A, we write m : (ur) — (my) to
indicate that m : D — A is a morphism of cones (that is, m o up = my for all

kelwl).
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’E’ik [mk-l-lv fk+1]>

be an w-chain in pK(A, B). Then we have that (i4) is an w-chain in D, (my) : (ix) = A,
and (fx) : (ix) = B. In diagram form,

We now analyse w-chains of partial maps and their lubs. Let ([my, fi]

Dk_|_1J

Mgt =\ it

/R

The Cpo-enrichment of K allows us to replace lax cones by cones. In fact, the laz

(kelwl)

cone (fi) : (tx) —=> B induces a cone () : (i) — B such that —as we see below— the
lub of the w-chain of graph inclusions ([my, Fr] C;, [mr+1, Frt1]) equals the lub of the

original w-chain ([my, fi] ,I;k [Mkt1s frr1])-

Intuitively, Fj improves fr by taking into account the information of the f;’s, for
[ > k, restricted to Dy. Formally, define £} = Lli> e fi o2,y where we write ¢y, for the

composite 1;_1 0 ... 0. Then, (Fy) : (i) = B because, for every k € | w |,

F = || fioir

I>k+1

= || (fioirpra04x)

I>k+1

= (|| fiodrin)oix

I>k+1

= Frp101p

Technically, F may not be f restricted to Dy, as Fj, C f o uy (see Proposition 4.3.3 (1))
but the equality need not hold (in Subsection 4.3.2 this oddity is removed by imposing a

uniformity condition on the domain structure).

With the above notation we have:
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Proposition 4.3.3 1. |[my, fix] exists if and only if so does | |[myg, Fi] and they are

equal.

2. For [n,g] : X — A, U([mu, fr]o[n,g]) exists if and only if so does || ([my, Fi]o[n, g])
and they are equal.

ProOF:

(1) Observe that for every k € | w |,

[y, fi] ,E,M [m, f] for every [ > k = [my, Fy] ,I;L

[m, /] (4.3)

k
because assuming the antecedent, f; C f o y; and then, fiot; & fouwoig = fopug
for [ > k, yielding Fj, C f o u.

Moreover, since for every k € | w |, [my, fi] 5,y [ma, F}] it follows that

[k, fx] = [m, flforall k€ |w]| < [mp, F] S [m,f]forall ke |w|

ik
and we are done.

(2) By Proposition 4.3.3 (1), LI ([ms, fr] o [n,g]) = U [nog™" (ms), fro (mi*g)] exists if
and only if so does | |[nog™" (m4), Hy] and they are equal, where Hy = Uisk fro(mi™g)ogra

and [n o g_l(mk),fk o (my"g)] ,E,],k [n o g_l(mk_l_l),fk_l_l o (m+17¢)] as indicated in the

following diagram

I mg ¢

/n% (4.4)
=
mp, Jr

AN

To conclude the proof it is enough to show that Hy = Fj o (my"g) because then
[0 g™ (), He] = [no g7 (ma), Fi o (mi”g)] = [n, g] o [my, Fi].

But from (4.4), by induction, it follows that (m;"¢)ojx; = ix 0(my"g) for every [ > k
and hence Hy = sy fio (mi*g) o jrs = Uk fiotrio(mi’g) = Fio(my'g). O
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As mentioned at the beginning of Section 4.2, checking for continuity of composition
on the left is more difficult than checking for continuity of composition on the right.
This is reflected in the fact that the technique used to prove Proposition 4.3.3 does not
extend to prove that [|([n,g] o [mg, fr]) = U([n,g] o [m, Fi]) for every [n,g] : B — Y.
For instance, a straight reduction of this equality to Proposition 4.3.3 (1) —as done for
proving Proposition 4.3.3 (2)— is not possible because, for a start, there is no reason for

which dom([n, g]o[mg, fr]) = [mro fr ™" (n)] equals dom([n, g]o[my, Fi]) = [mzro Fy " (n)].

4.3.2 Uniform Domain Structures

There are Cpo-categories of partial maps in which lubs do not behave as expected, the
worst case being that the lub of an w-chain of partial identities need not be a partial
identity (i.e., for every A € | K |, the partial-identity mapping [—, _] : D(A) — pK(A, A)

need not be continuous). For an example, consider the Cpo-category K pictured as

0 1 k

0 1 ek (kelw))

where L T w, and hence forced to be idempotent. Then Monosxy = K \ {L} and
p(K,Monos) Cpo-enriches. The only infinite chain is ([k, k] C [k+ 1,k 4+ 1]) in pK(w,w)
and, contradicting all expectations, | |[k, k] = [w, 1] C [w,w].

The problem is that for an w-chain ([m:] Ci.p,—pyy, [Mk41]) in D(A) with Iub
([mi] Cup:pp—p [m]) the universal property of lubs is not enough to capture the intuition
that D = J Dy. Pursuing this intuition, given an | w |-indexed family (f; : Dy — B) such
that fry1 extends fi (i.e., fx = frt1 [ Di) there ought to be a unique uniform extension
f:D — Bofthe fi’s (i.e., fo = f | D).

In categorical terms, we are asking for the following property to hold:

It L{[me] S [magal) = (] Cupe—p [m]) then

4.5
(pg) = (1) = D is colimiting in K. (4:5)
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A colimit as in (4.5) can be used to obtain lubs of w-chains of admissible subobjects:

Lemma 4.3.4 Let ([my] C;, [mg41]) be an w-chain in D(A), and let (ui) be a colimit
in K for (i). If the unique mediating morphism m : (ur) — (my) is admissible, then

LI [rmi] = [m].

PrROOF: The cone (px) : (ix : mp — mpy1) — m is colimiting in D/A because the
forgetful functor Uy : D/A — K reflects colimits. O

When (4.5) holds for all w-chains of admissible subobjects, the domain structure is

said to be uniform.

Definition 4.3.5 A domain structure (K, D) is said to be uniform if the forgetful functor
U:XY4epD/A — K preserves colimits of w-chains. O

The following should help in understanding uniformity:

Lemma 4.3.6 The domain structure (X, D) is uniform and D is locally a cpo if and only

if p(Kposet, D) has hom-cpos.

=) Ullme, il © [megrs fenl) = [m f] where Ulmi] = ([me] Sy, [m]) and

(=)
Fo{pe) — (fi)-
(<)

<) By Proposition 4.3.1, D is locally a cpo. Let ([my] C [mg41]) be an w-chain
in D(A) with lub ([my] C,, [m]), and let (fi) : (ux) — B in K. Then the w-chain
([mi, fr] € [mit1, fer1]) in pK(A, B) has lub ([mg, fi] C,, [m, f]) for some f (because if
U [mk, f&] = [n,¢] then [m] = [U[my] = [n]). Clearly f: (ur) — (fi). To see that it is the
unique such, let ¢ : (ux) — (fx) then [my, fi] C [m,g] for every k € | w | and therefore

[m, f] € [m,g]. Thus, f =g. 0

It follows from the lemma that (Set,Monos), (Poset,Open), and (Cpo,X) are

uniform. A non-example was given at the beginning of the subsection.

The next proposition exhibits the appropriateness of uniformity by showing that, for
uniform domain structures, the partial-identity mapping is continuous. Various other

consequences are also presented.
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Proposition 4.3.7 Let (K, D) be a uniform Poset-domain-structure. If pK has hom-
cpos, then for every A € | K |, the partial-identity mapping [, ] : D(A) — pK(A, A) is

continuous.

PROOF: Monotonicity is clear. For preservation of lubs, let ([my] C [mg41]) be an
w-chain in D(A).

Assume that [|[mg, mr] = ([mg,mi] & " [m, f]).  Then, by Proposition 4.3.1,
Ll [mg] = [m] and therefore we just need to check that f = m.

Since, [m,m] is an upper bound of the w-chain ([my, my] C [mgy1, meya]) it fol-

lows that [m, f] & [m,m] and therefore f = m. Thus, fo urx T m o p; and since

mo ur = my T fopg, we get mo pup = f o pg; invoking uniformity the proof is fin-
ished. O

Proposition 4.3.8 Let (K, D) be a uniform Cpo-domain-structure. If p Cpo-enriches,
then

1. D(_) is a Cpo-functor £ — Cpo.

2. If ([mi] C [my41]) is an w-chain in D(A) with lub [m], then for every f,¢g: A — B,
fomg E gomy for every k € | w | if and only if fom C g om.

3. Cis a subcpo of L.

ProOF:

(1) By Proposition 4.3.1, D is locally a cpo. And D(_)(=) is a composition of con-
tinuous maps, namely, dom([=, =] o _) —by Propositions 4.3.2 (3) and 4.3.7.

(2) (=) For every k € | w |, fomy C gomy implies fo[mg, my] & go[my, mg]. Then,

fo[lm,m] = U fo[mg,mi] & U go[mg,mi] = go[m,m]and therefore fom C gom.

(<) For every k € |w |, let [mg] C,, [m]. Then,

fomp = fomopu, C gomou, = gomy.
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(3) For every A, B € | pK |, by Propositions 4.3.1 and 4.3.6, (pK(A, B),C) is a cpo.

As C is a subposet of L, we only need to show that for every w-chain

<[mk7fk] g [mk+17fk+1]> with lub <[mk7fk] gﬂk [m7f]> in (pIC(A7B)7g)
s, fi 5, gl for every k€ [w| = [m, 15 [n.g]

Assuming the antecedent, [my] C,, [n] for every k € | w | and, because | |[mi] = [m],
we have that [m] C; [n]. Finally, to show that f T ¢ o observe that [my] C,, [n] and
[mi] €, [m] S [n] imply v =20 pg. Then, four = fr Egovy =gotop, and since,
by Proposition 4.3.2 (1), || [xx] = [id], using Proposition 4.3.8 (2) we are done. O

4.3.3 Characterisation of Cpo-Categories of Partial Maps in-

duced by Uniform Domain Structures

Theorem 4.3.9 Let (K, D) be a uniform Cpo-domain-structure. Then,
p(K, D) Cpo-enriches with respect to L
if and only if
1. p(K,D) Poset-enriches with respect to L,
2. D(_) is a Cpo-functor K’ — Cpo, and

3. the colimits of w-chains preserved by the forgetful functor U : ¥ 4¢|p 'P/A — K are

Poset-colimits. O

That the three conditions above are necessary follows from Propositions 4.3.8 (1),

4.3.8 (2), 4.3.2 (1) and 2.2.1. We show that they are sufficient in a series of steps.

Remark. The idea behind the proof is simple though one has to go through a series of

long calculations.

e For showing that every hom-poset is a cpo, by Proposition 4.3.3 (1), we reduce the
general case to finding lubs of chains of graph inclusions. Intuitively, the lub of a

chain of graph inclusions is the partial map with domain of definition the union of
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the domains of definition of the partial maps in the chain, and with total component
the unique uniform extension of the total components of the partial maps in the

chain. (Recall that such extensions exist by the uniformity of the domain structure.)

e For showing that composition on the right is continuous, by Proposition 4.3.3 (2),
the general case is reduced to the graph inclusion case which, in turn, is proved by

calculating the relevant lub with the above recipe.

e For showing that composition on the lett is continuous the problem is broken down in
more subcases. We show that composition on the left with total maps is continuous,
and that composition on the left with partial inclusions is continuous for total maps.
This allows us to reduce the general case to the graph inclusion case. Then, after
proving that composition on the left is continuos for chains of graph inclusions the

general case is established.

Until the end of this subsection, let (K, D) be a uniform Cpo-domain-structure.

Hom-posets are cpos

Lemma 4.3.10 (The graph inclusion case) Let D be locally a cpo, and let K be
Poset-enriched. Assume that U/ maps colimits of w-chains to Poset-colimits. For an

w-chain ([my, fx] C [mes1, frt1]),

L b, fi] = {[m, il S, [ms ) = [ [ma] = ([ma] S, [m]) and f 2 ) — (fe)-

ProOF:

(=) Ulmi] = ([mx] C,,. [m]) because dom preserves lubs of w-chains —see Pro-
position 4.3.2 (3). Since U preserves colimits of w-chains, it follows that (uz) is a
colimiting cone. Let ¢ : (ur) — (fx), then [m,g] is an upper bound of the w-chain
([mi, fr] € [mit1, fer1]) and therefore f T g. Thus, fopur C go up = fi, and since
frx T f o py, it follows that f: (ux) — (fr).

(<) By construction, [m, f] is an upper-bound of ([my, fr] C [mit1, fr1]). 1t is also
the least, for assuming that [my, fi] <, [n,g], it follows that [m] C,, [n], and therefore
[m] C; [n]. Thus, v, =0 u, and then foup C goiopuy for every k € | w |. Finally, since

(pg) is a Poset-colimit, we conclude that f C go . O
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Proposition 4.3.11 (Hom-posets are cpos) Let D be locally a cpo, and let K be
Cpo-enriched. It U maps colimits of w-chains to Poset-colimits, then every hom-poset

in pK is a cpo.

PRrROOF: Follows from Lemma 4.3.10 and Proposition 4.3.3 (1). O

Composition on the right is continuous

Proposition 4.3.12 Let K be Cpo-enriched. Assume that U/ maps colimits of w-chains
to Poset-colimits, and that D(_) is a functor K — Cpo. Then,

1. (Composition on the right is continuous for w-chains of graph inclusions)

for every w-chain ([my, fx] C [mis1, fera]) in pK(B, C), and every [n,g] : A — B,

(e, fil) o [n.g] = [ (I fi] o [, g])-

2. (Composition on the right is continuous) pK(_, A) is a functor pK” — Cpo
for every A € | pK |.

ProOF:

(1) Let U [mu, fr] = ([mu, fr] = [m, f]). By Lemma 4.3.10, ||[my] = ([m&] €., [m])

and f: {pr) — (fx)-

By Corollary 4.2.5, ([my, fi] o [n, 9] C [Mmit1, fr+1] 0 [n,¢]) is an w-chain. To prove

k

LI lnog™ (ma), fio (mi™g)] = [nog™ (m), fo(mg)]
we will, again, use Lemma 4.3.10.

First,

Llnog™ (my)] = [nog™ (m)]
by Proposition 4.3.2 (2) and the continuity of D(g).

Second, assume that n o ¢~'(my) C,, nog '(m). Since f : (ur) — (fr), it follows
that
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mi*g
7 \(
Vi [t
R
m”g

and therefore f o (m”g): (vp) — (fr o (mi"g)).

(2) For every w-chain ([myg, fi] & [Mkt1, frt1]) in pK(C, A) and [n,¢] : B — C, by
Lemma 4.2.1, {[mg, fe] o [n, 9] © [mr41, fes1] © [, ¢]) is an w-chain in p(B, A). And, we

have

Ulme, fil)oln gl = (Ulme By olng] by Proposition 4.3.3 (1
= U([mk, Fr]o[n,g]) , by Proposition 4.3.12 (1)

= U([m&, fx] o [n,9]) , by Proposition 4.3.3 (2). O

Composition on the left is continuous

Proposition 4.3.13 Let D be locally a cpo, let K be Cpo-enriched, and let pK be

Poset-enriched. Assume that U maps colimits of w-chains to Poset-colimits. Then,

1. (Composition on the left with total maps is continuous) pK(A4,_) is a

functor K — Cpo for every A € | pK |.

2. (Composition on the left with partial inclusions is continuous for total
maps) For A € | K | and m € D(D, B), if the mapping D(_)[m] : K(A, B) — D(A)
is continuous, then so is the mapping m™ o _: K(A, B) — pK(A, D).

3. (Reduction to the graph inclusion case) If D(_) is a Cpo-functor K — Cpo,
then for every w-chain ([mg, fi] ,I;k [Mg41, feq1]) in pK(A, B) and [n,g¢]: B — C,

LI (gl o [ fi]) = | ([n. g] o [mx, Fi])

where Fj, = Lli>s frotg,.
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ProOF:

(1) Let ([m, fi] 5,
By Proposition 4.3.3 (1) and Lemma 4.3.10, we have that | |[mg, fr] = [m, f] where
U Tme] = ([ms] S, [m]) and [ () = (Uisk Jro k).

Then, g o f : (ur) — (Usk(g 0 fi) 0 2x1) and, again by Proposition 4.3.3 (1) and
Lemma 4.3.10, [mg, g 0 fr] = [m, g0 f].

[Mg+41, fet1]) be an w-chain in pK(A, B).

k

(2) m*™ o _ is monotone because pK is Poset-enriched.

For the preservation of lubs, if (fi) is an w-chain in K(A, B), writing f for || fx, we

must prove
I_I [fk_l(m)v m*fk] = [f_l(m)v m*f]

The w-chain ([fe™(m), m fi] € s~ (), m" o]} in pK(A, D) has [/ (),
as an upper bound because the composition of partial maps is monotone. To see that it
is the least, assume [fi ™" (m), m* fi] E’uk [~ (m), m™ f] and [fi ™ (m), m™ fx] Eyk [n,g].

First, [fz "' (m)] C,, [n] and therefore, [f~'(m)] C; [n], by the continuity of D(_)[m].
Second, we will show that m*f C ¢ o 1.

The inequalities [f, " (m)] C,., [~ (m)] C; [n] and [f " (m)] C,, [n], imply vx =i 0 uy.

So we have

b

Thus, fronoiou, T mogoiopu for every k € | w |, and since (py) is a Poset-colimit,

we conclude that m o g o ¢ is an upper bound of the w-chain (fx o n o). On the other

hand, ||(fronoi)= fonoi= fof '(m)=mo(m*f).
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Then, mo (m*f) C mogot, and since m is full we are done.

(3) We proceed via two calculations:

First,
Liso(n™ o [mu, Fi]) = Uiso(n™ o (Uisk fr 0 dni) 0 my™)
= Lo ((|_|le nfo fio ki) O mkR) , by Proposition 4.3.13 (2)
= Urso Ule(nR o fiou o0 mkR) , by Proposition 4.3.12 (2)
= Ukzo(nR o fr o my)
= Lso(n™ o [my, fi]).
Second,

LI([n, g o [ma, fi]) = U(gon™ o [my, fi]
= gol(n o [ms, fi]
= goll(n" o[my, Fy]
= Ulgono[my, Fi

= (n, gl o [mu, Fi]). O

)
), by Proposition 4.3.13 (1)
), by the previous calculation
)

, by Proposition 4.3.13 (1)

Proposition 4.3.14 (Composition on the left is continuous for w-chains of
graph inclusions) Let K be Cpo-enriched. Assume that U/ maps colimits of w-chains

to Poset-colimits, and that D(_) is a functor K — Cpo. Then, for every w-chain
<[mk7fk] =i [mk+17fk+1]> in pIC(AvB) and [nvg] : B — Ca

U([nvg]o[mkvfk]) = [nvg]ol_l[mkvfk]'

PROOF:  Let Ll [my, fr] = ([mx, fi] &, [m, f]).

By Corollary 4.2.5, ([n, ¢] o [mg, fi] C [n,¢g] 0 [Mit+1, fr+1]) is an w-chain. To prove
LIlmio fim ' (n),go (0" fi)] = [mo [T (n),g0(n"[)]
we will use Lemma 4.3.10.

If [my o fr " (n)] Cj, [Mmag1 0 frpr ()] then to show [|[my o fi ' (n)] = [mo f(n)],
by Lemma 4.3.4, it is enough to find a colimiting cone for (j;), say (vx), such that

mo f7H(n): (n) — (mro fi ' (n)).
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We have

Jk

and so

Jk

fi ' (n) fraH(n)

127

Moreover, by Lemma 4.3.10, f : (ux) — (fx), and therefore for every k € | w | we have
n*fk

Vi n

I (n) /7 (n) n (4.6)

W

i

for some unique v;.

The complete picture is as follows
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frp1 M (n)

mp Mey1

Thus, (v;) is a cone for (j;) and m o f_l(n) :{vg) — (my o fk_l(n)>

Finally, recall that by Lemma 4.3.10, || [ms] = ([mi] €, [m]) and so, by Proposi-
tion 4.3.2 (1), L[ux] = [id]. Since, by construction, v4 is obtained by pulling back
along f~'(n), and D(f_l(n)) is continuous, it follows that [|[rx] = [id]. Hence, since U

preserves colimits of w-chains, (vy) is a colimit for (j).

To complete the proof, by Lemma 4.3.10, we need only check whether
go(n™f): (vg) — (go(n™fr)). This follows because (n*f)ov, = n™ fy —see diagram (4.6).
O

Proposition 4.3.15 (Composition on the left is continuous) Let K be
Cpo-enriched and let pK be Poset-enriched. Assume that U maps colimits of w-chains
to Poset-colimits and that D(_) is a Cpo-functor K — Cpo. Then, pK(A,_) is a
functor pX' — Cpo for every A € | pK |.

PROOF: Because for every w-chain {([mg, fi] © [mrt+1, frs1]) in pK(A, B), and every
[n,g] : B — C, we have

[n,g)oU[mg, fr] = [n,g]oU[mk, Fi] by Proposition 4.3.3 (1)
= U([n,g] o [mk, Fx]) , by Proposition 4.3.14

= U([n,¢]o[mk, fr]) , by Proposition 4.3.13 (3). O
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4.3.4 Computing Lubs of w-Chains of Partial Maps

A by-product of the above characterisation is a recipe for computing lubs of w-chains
of partial maps in Cpo-categories of partial maps induced by uniform Cpo-domain-

structures:

Proposition 4.3.16 Let (K,D) be a uniform Cpo-domain-structure such that pK

Cpo-enriches. For every w-chain ([mg, f] ,I;k [Mkt1s frr1])s

U[mkvfk] = <[mk7fk] ’E’MkkaHD [mvf]>
if and only if

(pg) = (ig) = D is colimiting in K, m : {ug) — (my) and f : (ur) — (Fk)

where Fj, = Lli>s frotg,.

PRrROOF: Follows from Proposition 4.3.3 (1) and Lemma 4.3.10. O

4.4 Enrichment with respect to Specialisation

In this section the characterisation theorem of Cpo-categories of partial maps (The-
orem 4.3.9) is applied when the order is specialisation. As will be shown, Poset-
enrichment is immediate, whilst Cpo-enrichment requires that the operation of pulling

back admissible monos along arbitrary maps be continuous.

Proposition 4.4.1 Let (K, D) be a domain structure. Then, K and pK Preorder-enrich

~

with respect C° and L° respectively.
Thus, if £° is antisymmetric, K and pK Poset-enrich with respect C° and L° re-

spectively.

PROOF: It is enough to see that pX' Preorder-enriches with respect to L7 .

~

w: B —Y, we have that

This follows because T’ is a preorder and, for u : X — A, v C°v' : A — B and
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v BP0 < D(v) CD()
— D(wowvou)=D(u)oDw)oD(w)C D(u)oD(v'") oD(w)

!
<— wovoulPwov ou. O

Proposition 4.4.2 Let (K,D) be a uniform domain structure. If D is locally a cpo,
K has hom-cpos with respect to C° and for every A,B € |K |, the mapping
D(_)(=) : K(A,B) x D(B) — D(A) is continuous, then K and pK Cpo-enrich with
respect to £ and L° respectively.

~

ProoF: By Proposition 4.4.1, K Poset-enriches. By hypothesis every hom in K is a
cpo. Moreover, using the fact that D(_) : K(A, B) — Cpo(D(B),D(A)) is injective, we
have that

e since for every m : D »— B in D, the mapping D(_)[m] : K(A, B) — D(A) is

continuous, then so is composition on the left in K; and,

e since, in addition, for every f : A — B, the mapping D(f) : D(B) — D(A) is
continuous, it follows that so is composition on the right in K.
Therefore, K Cpo-enriches.
By Proposition 4.4.1, pK' Poset-enriches.

Finally, for every w-chain ([my] C [my41]) for which [my] C,,.p,—p LI[mi] we show

that for f, f': D — B,
four T° flopg forevery k€ |w| = fC°f. (4.7)
This will establish item (3) of Theorem 4.3.9 and, by invoking this theorem, conclude the
proof of the proposition.
For [m] € D(B), let D(f)[m] = [n] and let D(f")[m] = [n]. Assuming the antecedent
of (4.7), it follows that D(ux)[n] = D(f o ux)[m] S D(f o ux)[m] = D(ux)[n’] and
therefore [n o n™" (y1)] = [ 0 px ™' (n)] C [px 0 px ™" (n')] = [n" o '~ ()] Then,

D(f)im] = Ulnon "(ux)] , because [no _] and D(n) are continuous,
U px] = [id] and n~'[id] = [id].
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4.5 Cpo-Categories of Partial Maps Revisited

Cpo-categories of partial maps are revisited in the light of representability. The idea
is to regard pK as a subcategory of K via the lifting functor and see whether the

Cpo-enrichment of K restricts to this subcategory.

We know, by Proposition 4.1.3 (4), that J : K — pK locally preserves lubs of w-chains
but, what about its right adjoint?

Proposition 4.5.1 If y : J 4 L : pK — K is a Poset-adjunction, then L locally

preserves lubs.

PrROOF: By Theorem 3.2.6, ¢4 = n4™. So for every A, B € | pK |,
_oeq 1 _ons:pK(LA,B) — pK(A, B)

and thus _oe4 preserves lubs. Since also x4 p preserves lubs (as it is an isomorphism in

Poset), and L4 p(—) = xa5(—0¢c4) we are done. O

Now let v :J 4 L : pK — K be a Poset-adjunction. Then,

e hom-posets are cpos, as: for every w-chain (uy) in pK(A, B),

IT|CUk = ¢po (|E|X(uk));

e composition on the left is continuous, as: for every w-chain (uy) in pK(A, B)
andv: B —Y,

Lx(voup) = eyo (|_|,C x(vo uk)) = &y o (|_|,C(Lv) o X(Uk))
= ey o(Llv)o (U vur) = voepo (g xur)
= v 0 (Lx ur)-

e composition on the right is continuous, as: for every w-chain (uy) in pK(A, B)

and v: X — A,
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Ux(ugov) = epo (|_|/c X(Ukov))
= epo (g L(ug) o xv)
= 5Bo(|_|,CL(uk))on
= epoL(yxur)oyw , because L locally preserves lubs
= (U uk)oca 0 xv

= (|_|p,c ug) o v.

As the next proposition shows, all these calculations can be avoided.

Proposition 4.5.2 Let ' 4 U : L — K be a Poset-adjunction with F' bijective on
objects. If K is Cpo-enriched and U F' is a Cpo-functor, then £ Cpo-enriches.

Proor: Let T be the monad induced by F' 4 U. By a Poset-enriched version of
Proposition 3.2.9, we have that £ = Kt in Poset-CAT. Since UF' is a Cpo-functor, it
follows that Kt is Cpo-enriched and therefore so is L. g

Corollary 4.5.3 It J 4 L : pK — K is a Poset-adjunction and K is Cpo-enriched then
pK Cpo-enriches. O

Unfortunately, not every adjunction J 4 L : pK — K in CAT enriches to one in
Poset-CAT. For example, x : J 4 L : Pfn — Set is not a Poset-adjunction because
X 4,5 is not a monotone function (Pfn(A, B),C) — (Set(A, LB),=). In fact, this is all
that can fail:

Proposition 4.5.4 Let K and pK be Poset-enriched and let y : J 4 L : pK — K, then
J 4 L is a Poset-adjunction if and only if for every A, B € | K |, the bijection x4 5 is

monotone.

ProOOF:
(=) Obvious.

(<) Because for every A, B € | K|, xap ' = ego_: K(A,LB) — pK(A, B) is

monotone. O
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Again we pay particular attention to enrichment with respect to specialisation. For

this purpose we consider maximal partial map classifiers.

Definition 4.5.5 Let 5, :J 4 L : pK — K. Then, 7 is said to be mazimal if for every
A €K |, na is maximal among all proper (i.e., non-maximal) admissible monos of LA.

4

With the purpose of characterising maximal units we introduce some notation: for a
poset P, let PT denote the poset resulting from adjoining a new top element to P; and,
for every poset with top element () and every monotone f : P — @Q, let f# : PT — Q

denote the unique top-preserving monotone extension of f.

Proposition 4.5.6 Let n,c: J 4 L : p(K,D) — K. Then, n is maximal if and only if
for every A € | K |, either [4] = [idpa] or [pa0 _]* : D(A)T — D(LA) is an isomorphism

in Poset.
PROOF:
(=) Let A€ | K|
If [n4] = [idp4] we are done.

Assume n4 C idp 4. By maximality, for all proper m € D/LA there exists a unique
i € D/A such that 54 o¢ = m and therefore [n4 0 _] : D(A) — D(LA)\ { [idpa] } is a

bijection. It is monotone and so is its inverse because, for every i, j € D/A,
Zg] p— nAoignAoj.
Hence, [n4 0 _J* : D(A)" — D(LA) is an isomorphism in Poset.

(<) For every A € | K|, either [n4] = [idpa] and therefore 54 is maximal, or the
isomorphism [54 0 _]* restricts to a bijection from D(A) to D(LA)\ {[idz4] }, establishing
the maximality of 74. O

It follows then, that the unit of J 4 L : Pfn — Set is not maximal, and that the
units of J 4 L : pPoset — Poset and J 4 L : pCpo — Cpo are.

Observe that the condition [n4] = [idz4] in the characterisation is not vacuous since,

for example, J 4 L : p(K,Isosx) 2 K has a maximal unit n 2 id. The other condition,



4. Order-Enriched Categories of Partial Maps 90

(40 ] : D(A)T = D(LA), is appealing as it states that the observable properties of
LA are the observable properties of A together with a new observable property, [idy 4],
providing no information. This yields an appropriate computational interpretation of
lifting; internalising the operation on locales corresponding to lifting of cpos (viz., to add
a new top element —see [Rob87]). (For a discussion on how this approach might extend

to powerdomains see Section 10.6.)

The main property of maximal units follows:

Proposition 4.5.7 Let y : J 4 L : pK — K. If the unit of this adjunction is maximal,

then for every A, B € | K |, the bijection x4 g preserves the specialisation preorder.

PrOOF: Let ul’v : A — B. We need show that D(yu)[m] C D(yv)[m] for every
[m] € D(LB).

The case [m] = [id] is vacuously satisfied. Assume m is a proper mono and let

m C; ng. Then, as pK is Preorder-enriched with respect to C° (see Proposition 4.4.1)

~

we have that
R ‘R R ‘R s R R
mtoyu = i opg oxu = i ou 1 ov = m oxv

and the result follows. O
Finally, we have:

Theorem 4.5.8 Let K be Cpo-enriched with respect to C°. If n,e : J 4 L : pK — K

and 7 is maximal, then pX' Cpo-enriches with respect to L°.

Proo¥F: Follows from Proposition 4.5.7, Proposition 4.5.4, and Corollary 4.5.3. g



5 Data Types

In this chapter we study the categorical constructions for interpreting data types. We
start by observing that the notion of pairing in a category of partial maps (with a min-
imum of structure) cannot be the categorical product. The appropriate interpretation for
product types (partial products) is the categorical product in the category of total maps
endowed with a pairing operation on partial maps extending the pairing of total maps.
Once the notion of product is established, partial exponentials are defined as usual, and
some properties of Poset-partial-exponentials are presented. Next colimits are studied.
The situation is completely different from that of limits. For example, an object is initial
in the category of total maps if and only if it is so in the category of partial maps. A
characterisation of certain colimits (including coproducts) in a category of partial maps,
due to Gordon Plotkin, is given. We further relate colimits in the category of total maps
and colimits in the category of partial maps by means of the lifting functor. Finally, we
provide conditions on a Cpo-category of partial maps under which w-chains of embed-
dings have colimits. This is done in the presence of the lifting functor, and for arbitrary

categories of partial maps.

5.1 Partial Binary Products

The data type for pairing in pK cannot be the categorical product because, under reason-
able assumptions, this would lead to inconsistency. For example, if pK has a zero object
(which we think of modelling the recursive data type uT.T) and is cartesian closed, then

for every A € | pK |,

A = 0x A | because 0 is terminal and X is the categorical product

12

0 , because 0 is initial and _ x A preserves colimits.

91
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Then, pK ~ 1. (In particular, as every algebraically compact category has a zero ob-
ject (see Definition 6.2.2 (1) and Proposition 6.2.4), it follows that cartesian closure is

inconsistent with algebraic compactness.)

Writing A; @ A, for the data type representing pairs of elements of A; and A,, we
expect that to give a pair of generalised elements, (X — A1, X — Aj), of A; and A
corresponds precisely to give a generalised element, X — A; @ A,, of Ay ® A,. That is,
Ay ® A, is the categorical product in the category of total maps. But, this is meaningful

because there is a pairing operation for partial maps: in the situation

AL @ Ay
7” {2 (5.1)
Ay w B A, 7
the partial pairing of w = [m, f] and v = [n, ¢] is the partial map
o) = O, (f o m™ (), g o™ (m))]: B — Ay © A, (52)

where (_, _) is the pairing of total maps and =; (¢ = 1,2) are the corresponding projec-

tions. Intuitively,

(u(:z;),v(:z;)) , if @ € dom(u) N dom(v).

undefined , otherwise.

{(u, v () = {

so that the pairing is strict.

By definition, the partial pairing extends the pairing of total maps as, for f : B — Ay
and ¢ : B — As, it follows that (f,¢) = (f,¢))-

Combining (5.1) and (5.2) into one diagram we obtain
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showing that

w0 {(fm, S ngl) = [mnn,fom™(n)), (5.3)

w0 (. fLIngl) = [mnn.gon™(m). (5.4)

Convention.  For the sake of readability we will write [D — B, D — A] for a partial
map B — A whenever the maps D »— B and D — A are clear from the context. Thus,

for example, with this notation the above two equations become
710 ([Dy = B, Dy — Ai],[Dy = B, Dy — Au])) = [D1y0 Dy B, Dy 0 Dy Dy — Ay,

720 {([D1 = B, Dy — Ay],[Da > B, Dy — Ag))) = [D1 N Dy B, Dy N Dy — Dy — Ay).
The following properties of the partial pairing are folklore:
Proposition 5.1.1 Let u;: B — A;, v; : A; — Al (i =1,2), and v: B — B. Then,
L. 7y o {(ug, uz)) = w20 {(ug, ug)).
2. mio((ug,ua)) Cuy (0=1,2).
3. dom(uy) C dom(us) <= w1 0 {(ug,uz)) = uy.

4oui:B—=A (1=1,2) < (u,u2)): B— A; @ As.
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5. {{u1,uz) ov = {{ug 0 v,ug 0 V).
6. <<v1 o w1 0 (U1, uz)), vg 0 73 0 {(uq, u2>>>> = ((v1 0 ug,v9 0 U)).

7. The product functor _x —: K x K — K extends to a functor _®@ — : pK x pk — pK
sending a pair of objects (A, B) to A x B and a pair of partial maps (u,v) to

(v om,vom)). Moreover, [m, f] @ [n,g] = [m X n, f X g].

PRrOOF:
(1)=(3) Follow from (5.3) and (5.4).
(4) (=) Clear as the partial pairing extends the pairing of total maps.

(<) By Proposition 5.1.1 (2), 7; o {u1, u2)) C u;, and since 7; o ((uy, us)) is total,

then so is wu;.
(5) Let u; = [D; — B, D; — A;] (i=1,2) and v = [E — B, E — B.

From the diagram

B/
E E
/ \ 2
\r !
E, E
B Dy

Ay AL @ Ay

it follows that ((u1,us)) ov = [E' »» E » B E' — Dy N Dy — Ay @ Ajy] and that, for

i = 1,2, there exists a unique I’ »— [; for which
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D1 ﬂDQHDz

is a pullback.

Thus, in the following cube

E, /
D, / Dy N Dg/

W=

every face, except for the top one, is known to be a pullback. But then the top face is a

pullback as well, and therefore so is

E——= F,

\g
y

E,o—=—FE —=B

Moreover, as

D1 D1 N D2 D2

A=A QA=A
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we conclude that {(u; ov,ugov)) =[E' »— B E'— DN Dy — A; @ Ay].

(6) The proof is essentially given by the following diagram

Al @ Al

fiTHE) N f7H(E)

0 Uy Uz U2

As it implies that
o ;o {{uy,uy)) = [Dy N Dy>— B, Dy N Dy— D; — A (1 =1,2).
o vyom o {{up,u)) =[fi " (Fy)NDy— B, /i (E)N Dy fi ' (Ey) — Ey — A
o vy0my0 ((ur,us)) = [Dy N f,7(Ey) — B, Dy 0 f,7 () — fo () — Ey — Al
And therefore,

<<”1 071 0 ((ur, ua)),va 01 0 <<u17u2>>>>
= [A7HE)N LTH(E:) — B, ATH(ED)N f7H () — Al @ A))

= {(v1 o ug, vy 0 uz)).

(7) The operation @ extends X, because ((_, _)) extends (_, ), and therefore preserves

identities. It preserves composition by Proposition 5.1.1 (5) and (6).

Finally, let [m, f]: A — X and [n,¢] : B — Y. From the following diagram,
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X xY
\
Y >y
D x
D
K\ DxB jf////
%

k

Y

[

A mxid

\AXB

it follows that

[m, flom =mo[mxmn,fxg], and [n,glomy =7m0[m xn,[f X g].
Thus,

[m, fl@ [n,g] = {([m, flomi[n,g]om))
= <<7r10 [m x n, f X g], on[mxnang]»
= (w1, 7)) o [m xn, f x g , by Proposition 5.1.1 (5)

= [mxn,fxgd] O

As the order-enriched case is the one that concern us, from now on we consider K and

pK to be Poset-enriched w.r.t. C and L respectively, and assume that K has binary

~

Poset-products.

Proposition 5.1.2 Let A; (¢ = 1,2), B € | pK |. Then, the partial pairing operation
(=, =) : pK(B, A1) x pK(B, Ay) — pK(B, A1 @ Az) is monotone.

And hence, _® —: pK x pK — pK is a Poset-functor.

PrROOF: Let u=[m,f]C[m/, f]=u":B — A and v =[n,g] : B — A,.
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Then we have the following situation,

AL @ Ag

(5.5)

A1

So that
<<u U>> [DlﬁD2>—>B DlmD2—>A1®A2]

and

{u',v)) = [D)N Dy B, D\ N Dy — Ay @ Ayl
Since (Dy N Dy — B) = (Dy N Dy »— D N Dy — B), to show that {(u,v)) & (v, v)
we just need to establish that

(Dl N D2 — Al ® AQ) E (Dl N D2 — D; N D2 — Al ® AQ) (56)

Chasing the diagram (5.5), it follows that
(DyN Dy — Ay @Ay — A)C (DN Dy— DyN Dy — Ay @ Ay — Ay)
and
(DyN Dy — AL @ Ay — Ay) = (D1 N Dy DN Dy — Ay @ Ay — Ay).
Thus, since products in K are Poset-enriched, (5.6) holds.

The monotonicity of the partial pairing in the second argument follows, because

(v, u)) = (r2ml) o (u,v) B (moy i) o (' 0)) = (v, ). U
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Proposition 5.1.3 Let (K,D) be a uniform Cpo-domain-structure such that pK
Cpo-enriches. If _ x _: K x K — K is a Cpo-product functor such that, for every
A € | K|, the functor — x A : K — K preserves colimits of w-chains in D then the
partial-product functor _— @ —: pK x pK' — pK Cpo-enriches.

ProoF: By Proposition 5.1.2 we need only show that
_®: pIC(Bl, Al) X pIC(BQ, Az) — pIC(Bl X BQ, Al & AQ)
s continuous.

First we show that _ ® _ preserves lubs of w-chains of graph included partial maps.
Consider w-chains ([mg, fi] S, [Mit1, frr1]) and {[ng, gx] i [Pkt1, 9k+1]) such that
Ulme, fi] = {[mx, il £, Im, f1) and Ulne, gi] = ([ne ] S, [2,91)-

By Proposition 4.3.16,

|| [me X g, fr x o] = [mxn, fxg] = [m,f]@[n,g]
because
colimy (i X jo) & colim, colimy (ix x 1) & colim; ((colim  ix) X ji)
~ colim g (i) x colimy (i) 2 () x (m1)
=k X M),
m X (pe X g) — (me X ng) and f X gz (e < ne) = (fe X gx)-

Second, for arbitrary w-chains ([my, fi] ,I;k [Mkt1s frev1]) and ([ng, gx] ,E,],k [Mkt1s Grt1])
by Proposition 4.3.3 (1), we have that

| I, o] @ || e, g6) = || I F] @ | ] [k, Gl = ] [ X me, B X Gl

where Fy, = |5, fi 0 txg and Gy = s 91 0 Jrg. Also, by Proposition 4.3.3 (1),

L Tmi, il @ [nes gl = [l X n, fi < ge] = [ [mx x ng, Hy]
where
Hy = Uise(fi X g1) 0 (igg X Jry) = Usr(fioirs) X (g0 jri)

= Upsr(fiowrg) X Usklgiogry) = Frx Gy,

And the result follows. O



5. Data Types 100

The terminal object in K (when it exists) becomes a partial terminal object in pk,
in the sense that, for every A € | pK | there exists a unique A — 1 which is maximal

among all A — 1. Notice that this maximality condition can be imposed by requiring

(A= B—1)C(A—1)forevery A — B,sincethen(A - 1)=(A—=1—-1)C(A—=1).

Definition 5.1.4 A category of partial maps is partial cartesian if its subcategory of

total maps is cartesian. O

Remark. A definition based on partial maps would ask for the category of partial maps

to have finite partial products. What this may mean is under investigation (see [Jay91]).
A miscellaneous result concerning partial cartesian structure and lifting:

Proposition 5.1.5 Let pK be partial cartesian. If y : J 4 L : pK — K, then the monad
L= (LJ,n,LeJ): K — K has a tensorial strength [Koc70]

tA7B:X(idA®€B)2AXLB—>L(AXB). ]

We close the section indicating the kind of algebraic structure induced by a partial

cartesian structure on a category of partial maps.

Definition 5.1.6 ([Car86]) A bicategory of partial maps is a symmetric monoidal struc-

ture on a Poset-category B such that
1. the tensor product is a Poset-functor,

2. there is a unique cocommutative comonoid structure tg: B — I, Ap: B — B® B

on each B € | B |, and

3.t:Id—éﬂ:B—>BandA:Id—'>_®_:B—>B. O

Proposition 5.1.7 If K is Poset-cartesian and pK is Poset-enriched then the canonical
symmetric monoidal structure on K extends to a symmetric monoidal structure on pk’,

with the partial product as the tensor product, making it a bicategory of partial maps.OJ
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5.2 Partial Exponentials

Throughout this section let K and pKX be Poset-enriched w.r.t. C and L respectively,

~

and let K have binary Poset-products.

As usual for higher types, exponentiation arises as a right adjoint to multiplication.

In our case, for every A € | K |, we set
_®@AdA=_:pK — K in Poset-CAT. (5.7)

This corresponds to our intuitions, for if K is cartesian then the global elements of A=FB
are the partial maps A — B (because pK(A,B) = pK(1 ® A, B) = K(1, AﬁB)). Thus,
A=B internalises the partial maps A — B.

Convention. We write ¢ and pA respectively for the counit (A=_) @ A — Id and the
natural isomorphism pK(— @ A, 2) = K(_, A=_) determined by the adjunction (5.7).

Proposition 5.2.1 Poset-partial-exponentials extend to a Poset-functor
_=_ : pK? x pK — pK sending pairs of objects (A, B) to A=B and pairs of
partial maps (u,v) to p)\(v oco(id® u))

Moreover, if K and pK are Cpo-enriched and _® _ : pK x pK — pK is a Cpo-functor

then = is a Cpo-functor.

ProOOF: That = preserves identities is clear; that preserves composition is proved as

usual, namely by the diagram

5
(u'ﬁv') ® id v
id®@ 15
i) i =) @id

id @ (uou) £
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The functor = is Poset-enriched because it is locally defined as a composition of mono-

tone operations.

Moreover, if K and pK are Cpo-enriched then pA is continuous (as it is an isomorphism
in Poset between cpos); so, if in addition @ is a Cpo-functor, it follows that = is

Cpo-enriched because it is locally defined as a composition of continuous operations. [

Some properties of Poset-partial-exponentials that will be used later (especially Pro-
position 5.2.2 (3)) are:

Proposition 5.2.2 In a category of partial maps with partial exponentials the following

hold:

1. For u =[m, f]: C — A=B, we have that f = p)\(e o(u® id)) o m, and therefore
u C p)\(e o(u® id)).

2. Whenever v* 4 v (i.e.,id S v o v™ and v¥ o v T id),

(A=B)oA B

(vLﬁu) Qv C U

(A/jB/)(@A/éB/

3
3. Whenever v 4 v,
A
I A, PN
vy Qv L Uy = vy L =,
Al A\ ——— A4, A A=Al

ul 1 p)\(u/) 2
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ProOF:

(1) Since f = wom is total, it follows that f = p)\(e o(u®id)o(m® id)), and using
the naturality of pA, we conclude that f = p)\(e o(u® id)) om.

(2) Because

9
(id=u) ©id
id
dov| ¢ u
(h=idyeia| et e
9

(3)(=) As the following diagram shows, o (((vﬁid) op)\(u’) o vl) ®id) —uo (v1@0)

€
=id) @ id /
(v=id) @i id®wv
p)\(u') ® id u’
pA(u) @ id
(%] & id
v1 Qv

and therefore

p)\(u' o (vy @ v)) , by Proposition 5.2.2 (1)
pA(v2 0 u) , by hypothesis since pA is monotone
(id=wvy) o pA(u).

(v=id) o pA(u') o vy

AT 1IN
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Now, post-composing both sides of the inequality with v“=id, we are done:
pAu)ovy T (vLﬁid) o (v=id) o pA(u') 0o vy
C (vLﬁid) o (id=v3) o pA(u)

= (vLﬁvz) o pA(u).
(<) Because

Vo OU

pA(u) @ id (id=wy) ®1id €

N

(vLﬁid) Qv C

~

id® v

pA(u) @ id (vLﬁvz) & 1d

L
mN pA(u) @ id u'

Definition 5.2.3 ([LM84]) A partial cartesian category of partial maps is partial

cartesian closed if it has all partial exponentials. O

We close the section with some comments on the relations between lifting, partial

exponentials and exponentials.

1. Lifting is a partial exponential: if K is cartesian then _® 1 =2 J : K — pK and
therefore 1=_: pK — K is the lifting functor.

2. If K is cartesian closed and J 4 L : pK' — K then pK is partial cartesian closed,

because
_®A

_x A J
s Y
K 1 K 1L K
N~~~

A= _ L
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3. The existence of lifting and partial exponentials does not imply the existence of

exponentials.

Let wAlgCpo and pwAlgCpo denote, respectively, the full subcategories of Cpo
and pCpo of w-algebraic cpos. Then, J 4 L : pwAlgCpo — wAlgCpo and
_@NAN=_:pwAlgCpo — wAlgCpo but _x N: wAlgCpo — wAlgCpo does

not have a right adjoint.

4. Despite pK being partial cartesian closed, K need not be cartesian closed.

Let Dom and pDom denote, respectively, the full subcategories of Cpo and pCpo
of consistently complete w-algebraic cpos. Then, Dom is not cartesian closed whilst

pDom is partial cartesian closed.

5. If K has equalisers and pK is partial cartesian closed then K is cartesian closed

(see [Rom89]).

6. Proposition 5.2.4 If K has a terminal object then the inclusion functor

J K — pK: (a) reflects, and (b) creates colimits.

ProOOF: Let A be a diagram in K.

(a) We need show that if v : A = (' is colimiting in pK then it is also colimiting
in K. Equivalently, assuming ~ is colimiting in pK we show that for every cone

X : A 5 X the unique mediating partial map v — v is total.

Note that (X — 1) o (y — y) = C — 1 because both maps mediate between v and
A = 1. Thus, (X — 1) o (y — ) is total and therefore so is v — y.

(b) We need show that if v : A = (' is colimiting in pK then 7 is both pointwise-

total and colimiting in K.

By Proposition 5.2.4 (a) it is enough to show that v is pointwise-total. This follows
because there exists a unique ¢' — 1 such that A = ' — 1 equals the unique

pointwise-total cone A = 1 so that A = (' — 1 is pointwise-total and therefore so

s A=(C. O

Corollary 5.2.5 If pK is partial cartesian closed then, for every A € | K |, the

functor _ x A : K — K preserves colimits.
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PRrOOF: Follows form Proposition 5.2.4 (a) because for every A € | K | the functor

_® A: K — pK preserves colimits as it has right adjoint. g

Hence, by The Freyd Adjoint Functor Theorem, if K is cocomplete and pK is partial
cartesian closed then K is cartesian closed if and only if every _ x A satisfies the

solution set condition.

5.3 Colimits

We begin by showing some properties of an initial object in a category of partial maps.
The aim is to illustrate the difference from limits and to analyse the interaction with

partial cartesian closure.
Proposition 5.3.1 An object is initial in K if and only if it is so in pK..

PRrOOF:
(=) Every D »— 01in D is an isomorphism because it is split epi as (0 — D »— 0) = id.
(<) Let w = [m, f] : 0 — A. Then, m is an isomorphism with inverse m® and
therefore u is total. O

Partial cartesian closure constrains initial objects:

Proposition 5.3.2 Let K have binary products and pK have partial exponentials. If 0
is initial in pK then

1. 0 is strict in K (i.e., for every A € | K |, K(A4,0) #0 = A =0), and
2. for every A € | K |, 0=A is terminal in K.

ProOF:

(1) Since initial objects in K and pK coincide and, for every A € | K |, the functor
_® A preserves colimits it follows that 0 and 0 @ A are initial in K.

Then every f: A — 0 is split mono because
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0

f %
0@ A

% id)) M

A - A
id

(2) K(X,0=4) = pK(X ©0,4) = pK(0,4) = 1. O

Proposition 5.3.3 If 0 is strict initial in K then 0 is a zero object in pK if and only if

0 — A is admissible.

PROOF: For every [m, f]: A — 0, by strictness, f is an isomorphism. Therefore,
(=) (A—=0)=mo f' eD.

(<) [m. f1= (00— A" 0

Corollary 5.3.4 Let K have binary products and pK have partial exponentials. Then,
0 is a zero object in pK if and only if 0 is initial in K and 0 — A is admissible. g

From now on we will be concern with colimits of diagrams of total maps in categories
of partial maps. The restriction to this kind of diagram is not severe as we include the one
we need to consider, viz. coproducts and w-chains of embeddings. The first thing to ask is
whether colimiting cones for this kind of diagram ought to be pointwise-total. In general,

this will not be the case. Consider the following simple but artificial counterexample: let

K be

)
a
o

o
™

and let D consist of the specified monos. Then, pK is
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D I
A B

O O

and, A — C — B is a coproduct in pK. Notice that K has no terminal object (C is

terminal in pK but not in K). In fact, for the property to fail it cannot have one because
if K has terminal object then the inclusion functor J : K — pK creates colimits —see

Proposition 5.2.4 (b).

In functor categories pullbacks can be computed pointwise and therefore the category

of diagrams in K of type G comes equipped with a plenitude of pullbacks:

Proposition 5.3.5 Let (K, D) be a domain structure. Let C be the full-on-objects sub-
category of K9 of all cartesian and pointwise-admissible natural transformations. Then,

(K9,C) is a domain structure and p(K9,C) = p(K,D)Y | | K9 |.

ProoF: Clearly, every morphism in C is a mono in KX9. Moreover, K9 has pullbacks
of morphisms in C along arbitrary maps because pullbacks of admissible monos along
arbitrary maps exist; and thus, for every ¢ : = = T'in KY and p : A »> T in C, the

diagram

is a pullback in K9 if and only if , for every A € | G |, the diagram
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B (1"¢)a
e (A)A AA
-1
©  (1)a [ia
=A TA
PA

is a pullback in K and, for every f : A — B in G, the map » ' (A)f is the unique

mediating morphism (given by the universal property of pullbacks) making the diagram

commute. Thus, »~'(1) is pointwise-admissible; it is also cartesian because the right-

hand face of the above diagram is a pullback and therefore so is the left-hand face. Hence,

v~ (n) el

One half of the isomorphism p(KY,C) = p(K,D)? | | KY | is given by the mapping
@) : 2 =T = {lua,pa) i ZA=TA}, 2T

which is shown to be well defined using that g is cartesian and that ¢ is natural. The
other half, assigns to a natural transformation {[AA - ZAANAY FA]}AE|Q| =2 =T
the partial map [ : A »— =, : A = T'] where A : § — K is the functor mapping an
object A to AA and a morphism f: A — B to the unique A f —guaranteed to exist by
the naturality of {[u4, pa]}— making the diagram
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. —
HA Af Nf
= AB I'B

¥B

—_—
—
—

commute. Observe that, by construction, g and ¢ are natural transformations, and that

@ is cartesian and pointwise-admissible. O

Justified by the above proposition, cartesian and pointwise-admissible natural trans-
formations will be called admissible. Note that, via the isomorphism of the above pro-
position, every admissible z : A »» T' : § — K induces a partial inclusion natural

transformation pf : I' =~ A : G — pK given by 'y = pun™ for every N € | G |.

The next two lemmas provide the basis for characterising colimits of diagrams of total
maps in categories of partial maps. The first one states that colimits are stable under
pullbacks along admissible monos. The second one states that admissibility is preserved

under colimits.

Lemma 5.3.6 Let v: ' = €' : G — K be colimiting in pK. Then, for every admissible
m : D » C, the cone m*y:y7' (D) = D : G — K is colimiting in pK and in K.

ProOOF: For every 8:+4 ' (D) = B:G — pK we have that u : m*y — 8 if and only if
u = v o m where v is the unique mediating morphism v — o y_l(m)R because
(=) uom®:y — B oy (m)" and therefore u = uom™ om =vom.
(=)
vomo(m™y) = wvoxyoy '(m)
= Boy 7 (m) oy (m)
— 3

Therefore, m*y : v~1(D) -+ D is colimiting in pK.
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We now show that whenever 3 is pointwise-total, u is total. Let v = [n,g], then

) implies the existence of a unique n™y such that

//

vH(m) = mT
124

viy— oy (m

commutes. But then, n*y : y7'(D) = E is colimiting in pK and therefore there is an

isomorphism 7 : m™y = n™y. Moreover, since no¢ : m*y »— mo (

. R .
m =n ot and therefore u =vom=gon"om=gou.

As a corollary we improve Proposition 5.2.4 (a):

Corollary 5.3.7 The inclusion functor J : K — pK reflects colimits.

Lemma 5.3.8 Let

L

!

—~

m™y) it follows that

4

commute, where 6 : A 5 D : ¢ — Kand v: ' 5 C : G — K are colimiting in pk,

p: A>T :G — K is admissible, and v is the unique mediating morphism 6 — ~ o p.

Then, v is admissible and (5.8) is a pullback.
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PROOF: Let u = [m, f]: 7 — 6 o u*'. Then, we have the situation

(5.9)

for a unique m*y : A 5 K which, by Lemma 5.3.6, is colimiting in pK. Since é : A = D
is also colimiting in pK and f : m*y — 6 it follows that f is an isomorphism and we are
done, because v = mo f7' : § = ~ o is admissible and the diagram (5.9) gives the

required pullback. O

Theorem 5.3.9 (Plotkin) pK has colimits of diagrams in K of type G with pointwise-

total colimiting cones if and only if
1. K has colimits of diagrams in K of type G.

2. Whenever v : I' = (' : G — K is colimiting in K and m : D »— (' is admissible then
m*y 4y (D) = D :G — K is colimiting in K.

3. Whenever 6 : A - D :¢g - Kand~y:I' 5 C: G — K are colimiting in K,
p:As>=T:G — K is admissible, and m : § — v o g then m is admissible and

o
A —

D

Q

PRrOOF:
(=) (1) Follows from Corollary 5.3.7.

(2)—(3) Follow from Lemmas 5.3.6 and 5.3.8 observing that if I' : § — K has

colimit in pK and I' = (' is colimiting in K, then it is also colimiting in pK..
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(<) We show that if v : I' 5 €' : § — K is colimiting in K then it is also colimiting
in pk.

Given [u, ] : I' = A, consider the diagram

A
? [
o
A D
,u m
r C
v

where 6 : A = D is colimiting in K, and f: 6 — ¢ and m : 6 — ~ o p are mediating
morphisms. (By (3), m is admissible and makes the square a pullback). Then, we have
that [m, f] : v — [p,p]. To see that it is the unique such, suppose [n,g] : v — [, ¢].

Then there exists a unique n*y such that

A

commutes. But, by (2), n*y is colimiting in K and therefore there is an isomorphism

i:6 — n’y. Moreover, sinceno¢: 6 — moédand goi: 6 — fod we conclude that

[, 9] = [m, f]. O
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Corollary 5.3.10 If K has colimits of type G then J : K — pK preserves them if and
only if (2) and (3) of Theorem 5.3.9 hold. O

It is time for applications. Assume that pK has binary coproducts and that K has

terminal object (so that the coproduct injections are total).

Then, for [m, f] : A — C and [n,g] : B — C, by Theorem 5.3.9, the unique mediating
morphism [[m,f], [n,g]] equals [m + n, [f,g]] : A+ B — C. And it follows that, for
[m, f]: A— X and [n,g]: B—Y,

Moreover, putting statements (2) and (3) in Theorem 5.3.9 together, we have that
to give an admissible subobject [C'— A 4 B] corresponds to give a pair of admissible
subobjects ([D — A],[E — B]) for which D 4+ E = C'. Thus, the notion of admissibility
of A+ B is determined disjointly by the notion of admissibility for A and for B.

Proposition 5.3.11 If £ has terminal object and pK has finite coproducts then D is

extensive (following [Law90]) in the sense that

D/0 ~ 1,
D/A+B ~ D/AxD/B. O

2

It came as a nice surprise that under the mild assumption that maps 0 — A are

admissible, coproduct injections are to be admissible and coproducts are to be disjoint:

Proposition 5.3.12 If X has terminal object, pK has finite coproducts, and for every
A € | pK | the map 0 — A is admissible then for every A; (¢ = 1,2) € | pK |, the
coproduct injections II; : A; — Ay + Az (¢ = 1,2) are admissible and II; NI, = 0.

ProoOF: A, Jd, A «— 0and 0 — A, AL A, are coproducts and since

id id
Ay Ay 0 0 A, A,y

.

Ay

I I, I I, ;
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by Lemma 5.3.8, we conclude that IT; : A; — A; + Ay (¢ = 1,2) are admissible and that

the above squares are pullbacks. In particular,

AN

Ay + Ay ' O

As a final application we show that, for order-enriched categories, the coproduct

functor automatically enriches.

Proposition 5.3.13  Assume K has terminal object. Let pK be Poset-enriched
(Cpo-enriched). If K has binary Poset-coproducts then binary coproducts in pK are
Poset-coproducts (Cpo-coproducts).
PrOOF: Consider the case when pK is Poset-enriched.
Let [m, f] S [m/, f]: A— C and [n,g] : B — C. Then, since
m4+n = (m/oi)—l—n = (m/—l—n)o(i—l—id)

and

[f,9] T [foi,g]l = [f,glo0(i+id)
we conclude the monotonicity of [, _] in the first argument:
[l 1,10, 91] = [m+n, Uf.9]] B [0 40,0 01] = L, ][0 g1
The monotonicity of [_, _]1 in the second argument follows, because

Llm, 1, [n, 911 o [IL, 11,1

L[, g], [m. £1] ,
[[mlv f/]v [nag]] o [Hz, Hl:l

a1l

[
-
=
2,
3.
=

Moreover, by Proposition 2.2.1, when pK is Cpo-enriched then so are the coproducts.
O
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When pK is partial cartesian closed all diagrams having colimit in K have colimit
in pK simply because J : K — pK has right adjoint and therefore preserves colimits.
Thus, for example, if K has binary coproducts then so does pK. Further, by arguments
analogous to those in cartesian closed categories, they interact with partial cartesian

closure as expected; there are canonical natural isomorphisms,

(A+B)@C = (AO)+ (B (C),
(A+ B)=C = (A=C)® (B=0).

We present another approach for calculating colimits that will allow us to infer the
existence of the colimits needed for solving recursive type equations in pK from the exist-
ence of such colimits in K (see Proposition 5.4.4). The idea is to formalise the following
argument: given a diagram, make it into a diagram in K by adjoining undefinedness,
calculate its colimit in X, and finally, remove undefinedness to obtain a colimit in pk.
Curiously, the last step cannot be formalised as it is and has to be reformulated as ‘extract
the defined part’. Constructively, the process of removing undefinedness and the process
of extracting definedness seem not to be the same, and proceeding in the second way

forces us to restrict the analysis to diagrams in K.

Theorem 5.3.14 Let K have terminal object and let J 4 L : pK — K. For every
I': G — K, if LT has colimit in K then I' has colimit in pK.

ProoOF: As I is a diagram in K, we have a unique pointwise-total cone I' = 1 which

lifts to a cone L(I' = 1) : LT' = L1.

Now let 4/ : LT = C' be colimiting in K, and let (¢ — L1) : v/ — L(I' = 1).
Pulling back 7, along €' — L1, we end up in the situation

(5.10)
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where v : I' = (' is the unique cone given by the universal property of pullbacks. (By
the way, observe that (C'»— ') o~ =~ o ™).

As J : K — pK preserves colimits, to show that ~ is colimiting in pK it is enough to
show that it is so in K.

For a cone av: I' = A, the diagram (5.10) expands to

~ 5.11
% \ 4 /Ll ( )

where (C' — LA) : v/ — La and where ¢ — A is the unique mediating morphism
between the two specified pullbacks. Chasing diagram (5.11), we see that
nao(C — A)o~y = n4g o« and therefore (C — A) : v — a. It is the unique such,
because for any ¢' — A : vy — a, chasing diagram (5.11) while keeping in mind that
(C — C"Yon' = yonr™ and that aonr™ = 4™ o La, the partial maps [C' »— C,C — A]
and ns™o (C" — LA) are seen to mediate between " and na’o La and, since ~' is colim-
iting in pK, they are equal; making ¢ — A be the unique map that appears in the
pullback

na

Cl

Remark. A couple of comments on the proof:

1. The proof technique does not extend to diagrams I' in pK’, as in general we only

have a lax cone I' —=1.
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2. The proof does not show that L creates colimits, as we do not know whether the
cones 7 and L~ are isomorphic. In the next section, when considering w-chains

of embeddings in a Cpo-enriched setting this will turn out to be the case (see

Theorem 5.4.7).

5.4 Colimits of w-Chains of Embeddings

In this section we study the colimits needed to solve recursive type equations. In par-
ticular, we establish conditions under which the category of partial maps has colimits of
w-chains of embeddings provided that so does the category of total maps. First, we do it
in the presence of the lifting functor as an application of Theorem 5.3.14; afterwards we

do it for arbitrary categories of partial maps.

We recall the basic definitions:

Definition 5.4.1 In a Poset-category, f 4 ¢ is an adjoint pair ifid < go f and fog < id.
Further, whenever g o f = id the pair is called an embedding-projection pair (or simply,

ep-pair). O

Following tradition, in an adjoint pair the first component is called the left adjoint
whilst the second component is called the right adjoint. Since each of the adjoints
uniquely determines the other one, the notations f7, for the right adjoint of a left ad-
joint f, and ¢%, for the left adjoint of a right adjoint ¢, are justified. In fact, for a
Poset-category C, defining Cy, (Cr) to be the subcategory of C of all left (right) adjoints,
we have a duality of categories (_)R : CrP =2 Cp - (_)L. Further useful definitions are:
Ca for the subcategory of C” x C of all adjoint pairs, and Cg (Cp) for the subcategory
of Cr, (Cr) of all embeddings (projections). Clearly, the previous duality cuts down to a
duality Cg”* = Cp.

Ep-pairs in a Poset-category of partial maps are such that an object A partially

embeds into another one B if and only if A totally embeds into an admissible subobject

of B.
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Proposition 5.4.2 Let pK be Poset-enriched. For every A, B € | pK |,
o pKp(A,B)={nof|feKg(A, D) AN neDD,B)for some D €| K |},

o pKp(B,A)=A{[n,g]|neDD,B) AN g€ Kp(D,A) for some D € | K |}.

Proor¥:  We show that [m, f] - [n,¢] is an ep-pair if and only if ¢ € Kp and
[m, f]=nog".

(=) The equality [n, g] o [m, f] = id implies that m is an isomorphism and that there

is a unique f’ such that

id — =

Then, g o f' = id and [m, f] = n o f'. Moreover, pre-composing with n at both sides of
the inequality (n o f') o (g o n™)

have that f' o ¢ C id

L id it follows that n o f' 0 ¢ C n, and since n is full we

(<) Check the definition of ep-pair. O
Similarly we can prove:

Proposition 5.4.3 Let pK be Poset-enriched. For every A, B € | pK |,
o pKi(A,B)={nof|feKr(A, D) A neDD,B) for some D € | K |},

o pKr(B,A)={[n,g]|n e DD,B) N g€ Kr(D,A) for some D € | K |}. O

As a corollary to Theorem 5.3.14 we obtain:
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Proposition 5.4.4 Let K have terminal object and let J 4 L : pK — K in Poset-CAT.
If K has colimits of w-chains of embeddings then so does pk.. 4

Remark. The lifting functor is required to be Poset-enriched so that ep-pairs are

preserved (as they are adjoint pairs).

In the Cpo-enriched case, exploiting the limit/colimit coincidence, we strengthen the

result by showing that the lifting functor creates colimits of w-chains of embeddings.

We recall the order-theoretic characterisation of colimits of w-chains of embeddings

in Cpo-categories from which the limit/colimit coincidence follows:

Theorem 5.4.5 (Limit/Colimit Coincidence Theorem [SP82]) In a Cpo-category

C, for I' : w — Cg the following are equivalent:
l.v:I' =% C:w— Cis colimiting in C.
2.7: ' 5 C:w—Cg and \/fyno(fyn)R:idc.
3. v:I' 5 C:w— C is Cpo-colimiting in C.
4. v:T 5 C:w—Cpand v : C =T : 0w — Cp is limiting in C.
5. 4:T = C:w—Cqand y":C 5T w— Cpis Cpo-limiting in C. O

The theorem below is essentially proved using Theorem 5.3.14, and the facts that
colimits happen to be limits and that these are preserved by the lifting functor.

Definition 5.4.6 A functor F': A — B pseudo-creates colimits for a diagram A in A if
whenever F'A has colimit in B then A has colimit in A and F preserves it. O

Theorem 5.4.7 Let K have terminal object. If J 4 L : pK — K in Cpo-CAT then L

pseudo-creates colimits of w-chains of embeddings.

PrOOF: GivenI :w — pKpg,ify : LT - (' is colimiting in K then, by Theorem 5.3.14,
we can construct v : I' = C colimiting in pK. Now, by the Limit/Colimit Coincidence

Theorem, we have that v : I' = C : w — pKp and that 47 : ¢ = ' is limiting in pK.
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Then, since L is a right adjoint, it preserves limits and therefore L(y®) : LC = L(I'F)
is limiting in K. Moreover, as L is a Poset-functor, it preserves ep-pairs and hence
L(v") = (L))" and L(I'") = (LT)®. Thus, by the Limit/Colimit Coincidence Theorem,
L~ : LI' = LC is colimiting in K. 4

In the general case (i.e., when the lifting functor is not assumed to exist), it is more
convenient to work with limits of w”-chains of projections. The following two propositions

will be essential when considering such limits.

Proposition 5.4.8 Let pK be Poset-enriched.
1. Projections in K are preserved by pulling-back along admissible monos.
2. For g e Kp(B,A) and n € D(D, A),
g (n)o(ng) o(n’g) = g"ogogTi(n).
PRrOOF:

(1) Let ¢ € Kp. Then [g7'(n),n"g] = n' 0 ¢ is a projection in pK (with embedding

gL on) and, by Proposition 5.4.2, n*¢ is an projection in K.
(2) We calculate:
g7 (n)o(n*g) o (n*g) = ((n"g)og™"(n)™)"o(ng)
= (n"og)to(n"g)

g“ono(ng)
= g"ogog(n). O

Proposition 5.4.9 Let (K,D) be a domain structure. Let 7 : P 5 ' : w? — K
be a cone and let p : ' »5 T' : w?” — K be admissible. Then, there exists a cone

7P ST w? = K and an admissible m : P’ ~— P such that
I’ P
N /
r
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is a pullback in K“”. And thus, ' is limiting whenever = is.

ProoF: Let
P
A
7T0 m
rg P
Iy

and for k € | w | define inductively 7’441 to be the unique morphism for which

Corollary 5.4.10 Let (K, D) be a domain structure. For an admissible natural trans-
formation p : IV > T :w? - K, if 7 : P —» ' and 7’ : P’ — I' are limiting then the

unique m : g o7 — « is admissible and for every k € | w |,

l
Tk m

e |
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Theorem 5.4.11 Let pK be Cpo-enriched, and assume that X has limits of w”-chains
of projections. If D has colimits of w-chains and the inclusion functor D — K preserves

them, then pK has limits of w”-chains of projections.

PROOF: Let ([ng,gx]) be an w”-chain of projections in pK. For j € | w |, define
G i ifk=0 2 n; ifk=0
il gl itk > () ) ik 21

so that we are in the following situation

\ .

(0) (0) o
Yz "2
N\ e
(0)
M n{)
/

Let succ : w — w : k — k + 1. Then, by construction, nt) (g(j) suce) — g(

J+1)
is admissible. And, since every g is a projection, by Proposition 5.4.8 (1), for every

J € | w | the w”™-chain ¢\ consists of projections.

For every j € | w |, let 7U) be a limit in K for g @) and let m; be the unique mediating
morphism n¥) o (ﬂ'( )succ) — U+ Then, by Corollary 5.4.10, (m;) is an w-chain in D

and

(5.12)

Letting p be a colimit of (m;) in D we will show that ([u, ﬂ'(()k)]> is a limit of ([n, gx])

in pk.
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Since F(()k) € Kp and py € D it follows that [,uk,ﬂ'(()k)] € pKp. Moreover, it is a cone

because

Finally, by the Limit/Colimit Coincidence Theorem, we need only check that
U ps. w5 1% 0 [po ) = i,

For ¢ = pi o (wé’“))L o F(()k) we have that [,uk,ﬂ'(()k)]L o [,uk,ﬂ'(()k)] = [ug, ¢x] and since

tk Cm, k1, the inequality [pr, ¢x] 5 [ftht1, @ry1] is realised by my. Then, by Proposi-
tion 4.3.3 (1), U [,uk,ﬂ'(()k)]L o [,uk,ﬂ'(()k)] = [ [pr, @] where @ = | ;55 ¢; 0 my ;. But,

¢, = LljZk Hj © (W((Jj))L 0Ty O Mg,y
= Ujsk s 0my ;0 (F](_)k)L o F](]_k , using Proposition 5.4.8 (2) for diagram (5.12)

= [0 |_|j20(7r](4k))L 0 F;k)

and therefore, |_|[,uk,7r(()k)]L 0 [,uk,ﬂ'(()k)] = U [px, x]. Now, using Lemma 4.3.4 and the
argument in the proot of Proposition 4.3.7, we are done. g

Corollary 5.4.12 Let (K,D) be a uniform Cpo-domain-structure such that pk
Cpo-enriches. If K has limits of w”-chains of projections and D has colimits of w-chains

then pK has limits of w”-chains of projections. O



6 Recursive Types

We thoroughly study the semantics of inductive and recursive types. Our point of view is
that types constitute the objects of a category and that type constructors are bifunctors
on the category of types. By a bifunctor on a category we mean a functor on two variables

from the category to itself, contravariant in the first, covariant in the second.

First, following Peter Freyd, the stress is on the study of algebraically complete cat-
egories, i.e. those categories admitting all inductive types (in the sense that every en-
dofunctor on them has an initial algebra —this is understood in a setting in which
the phrase “every endofunctor” refers to a class of enriched endofunctors— see Defin-
ition 6.1.4). After observing that algebraic completeness guarantees the existence of
parameterised initial algebras, we identify, under the name of parameterised algebraic-
ally complete categories, all those categories which are algebraically complete and such
that every parameterised inductive type constructor gives rise to a parameterised induct-
ive type (see Definition 6.1.7). Type constructors on several variables are dealt with by
Bekié’s Lemma, tfrom which follow both the Product Theorem for Parameterised Algebra-
ically Complete Categories (Theorem 6.1.14) and also the dinaturality of Fix (the functor

delivering initial algebras).

Second, again following Peter Freyd, algebraic completeness is refined to algebraic
compactness by imposing the axiom that, for every endofunctor, the inverse of an initial
algebra is a final coalgebra. The compactness axiom is motivated with a simple argument
showing that every bifunctor on an algebraically compact category admits a fixed-point.
Further preliminary evidence for the suitability of algebraic compactness is that Bekic’s
Lemma (together with its corollaries) hold. More definite evidence is provided by the
fundamental property of algebraically compact categories, viz. that every bifunctor on an
algebraically compact category has a canonical and minimal fixed-point (Theorem 6.4.1),

and by the fact that recursive types reduce to inductive types (see Section 6.5).

125
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6.1 Algebraic Completeness

The category-theoretic solution of recursive type equations is based on the following, by

now standard, assumptions:
1. Types constitute the objects of a category.
2. Type constructors are bifunctors on the category of types.

With this viewpoint, given a bifunctor, F', on a category, the recursive type Fix (F') is a

canonical type which is a fized-point of F'; that is,
F(Fix F,Fix ') = FixF.

Intuitively, the isomorphism allows the folding and unfolding of the recursive type.

The concern of this section is the particular case in which the bifunctor reduces to an

endofunctor yielding inductive types, Fix (F) = pX. F' X, satisfying
FpX.FX) = uX.FX

and whose canonicity is due to a clear notion of least fizred-point, viz., an initial algebra.

This is justified by the next lemma.

Definition 6.1.1 For a functor F' : A — A, the category of F-algebras, I'-Alg, has
objects (A, ) where A€ | A|and a: FA — Ain A, and morphisms h : (A, a) — (B, )
where h : A — B in A is such that

Fh
FA

FrB

Composition and identities are as in A. O
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Lemma 6.1.2 (Lambek’s Lemma [Lam68]) Initial algebras are fixed-points. O

Implicit in the proof of Lambek’s Lemma there is:

Lemma 6.1.3 ([Fre91]) Endofunctors preserve their initial algebras. O

Categories admitting all inductive types are important and thus we proceed to study
them. In [Fre91], Peter Freyd defined an algebraically complete category as one for which
every endofunctor on it has an initial algebra. As he emphasised [Fre92], this should
be understood in a 2-categorical setting, that is, a setting in which the phrase “every
endofunctor” refers to an understood class of endofunctors. For us, such a 2-categorical

setting will be determined by enrichment. Hence the following:

Definition 6.1.4 (c.f. [Fre9l]) A V-category A is V-algebraically complete if for every
V-endofunctor F' on A, the underlying endofunctor Fy on Ag has an initial algebra. O

Remark.  Another possible definition (more in the spirit of enriched category theory)
would assume that V has equalisers and terminal object so that for every V-functor
F: A— Aone can construct the V-category F-Alg and require that this has a V-initial
object. We have not proceeded this way because the above definition suits our purposes
without imposing any conditions on V and, further, because under some mild conditions

(e.g., that A has cotensors with a strong generator in Vy) both approaches are equivalent.
A non-trivial example of algebraic completeness is Set,,, the category of countable
sets and functions (see [AT90,Fre92]). Other examples are given in Section 6.6, whilst

more familiar examples can be found among posets:

Proposition 6.1.5 ([Mar76]) A poset is algebraically complete if and only if it is chain-
complete. O

A first basic property of algebraic completeness:

Proposition 6.1.6 ([Fredl]) If A is V-algebraically complete then Ay has an initial
object. O
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An important consequence of algebraic completeness is that it guarantees the existence
of parameterised initial algebras. Since, for a type constructor on B parameterised on A,
i.e. a functor F' : A x B — B, if B is algebraically complete then, for every A € | A |,
there is an inductive type pX.F(A, X) satisfying

F(A, uX.F(A, X)) = uX.F(AX).

Moreover, parameterised inductive types can be extended to a type on B parameterised
on A (i.e., a functor A — B), mapping A to uX.F(A, X) and denoted F', which we now

describe formally.

Let V be cartesian, and let A4 and B be V-categories. Assume that B is V-algebraically
complete and let F': A x B — B be a V-functor. As for every A € | A| we have that
F(A,_): B — B is a V-functor, we can set (Fy' A, /?) to be an initial algebra for the
endofunctor I'(A, )y = Io(A,_). To extend the action of I4' to morphisms, for every
f:X =Y in Ay, let Fo'f: Fo'X — Fy'Y be the unique morphism for which

F(X,F'X) X
F(X,Ftf) Fo' f
F(X,FY) F(Y,F'Y) Ry
F(f, FY) 5
or, equivalently,
o
tx
F(X, F,TX) Fo'X
F(f, F'f) R'f (6.1)
F(Y, oY) Fo'Y
o
ly

By the universal property of initial algebras, Fy' is a functor Ay — By. Unfortunately it
need not V-enrich. To see this let Z be the Poset-category induced by the ordered monoid
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7 = (Z,<,0,4) and consider the Poset-functor F' : Z x Z — Z : (m,n) — m + 2n.
Every ¢ € Z is an initial algebra for the functor Fo(Z,_) : Zo — Zy : n +— 2n and since,

for every m € Z,

F(Z,Fy'7) Fo'Z
2(Fptm) = F(0, Fy'm) F'm = Fl'm=-m
F(Z, F,'Z F(Z,F'Z Fy'z
(2, 1v'2) F(m,0)=m (2, 1v'2) i 0

it follows that Fy': Z — Z does not Poset-enrich.

Thus the following definition is natural.

Definition 6.1.7 Let V be cartesian. A V-category B is parameterised V-algebraically
complete if it is V-algebraically complete and for every V-functor F: A x B — B and
every indexed family {0 : F(A, FolA) — FyTA} 4 ¢ | 4 of initial F(A, _)-algebras, the

induced functor F,' : Ag — Bo V-enriches.

A parameterisation on a parameterised V-algebraically complete category B is a map-
ping associating every V-functor F' : A x B — B with a pair consisting of a V-functor
FT: A — B and an indexed family «/* = {i : F(A, FTA) — FTA} ¢ |4/ of initial
Fo(A, _)-algebras such that Fiy = Fyl. O

Convention. From now on, in the situation of the above definition, the indexed family
of initial algebras determining Fy' will be left implicit. To avoid the axiom of choice we
will assume that either our V has enough points (so that there is a unique V-enrichment
of FOT) or that our parameterised V-algebraically complete category comes equipped
with a parameterisation. Moreover, when constructing new parameterised V-algebraically
complete categories from old ones we will be careful so that our constructions also apply

to parameterisations.

Remark. 1t is possible to give a stronger definition of V-algebraic completeness that

implies the parameterised version; such a possibility will not be discussed here.
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The fact that «/° is a natural transformation I o (Idu,, Fo!) = 4T, as (6.1) shows,

motivates the following definition:

Definition 6.1.8 For a functor F': AxB — B, the category of parameterised F-algebras
is Fo (Id, _)-Alg where F'o (Ida, ) : CAT(A,B) — CAT(A,B). O

Remark. As expected, when A = 1 in the above definition, algebras and parameterised

algebras coincide.

Proposition 6.1.9 Let V be cartesian and let [': A x B — B be a V-functor. If B is
V-algebraically complete then (FOT, LFO) is an initial parameterised Fy-algebra. O

As an application of this characterisation we have:

Proposition 6.1.10 Let V be cartesian, and let A, B and C be V-categories. Assume
that C is V-algebraically complete. Then, for V-functors F': BxC — C and G: A — B,
there is a canonical natural isomorphism (F o (G x Idl))OJr ~ [y o Go.

PROOF: Because (FOTGO, o () is an initial parameterised Fy o (Gy x Id)-algebra. O

The operation (_O)T can be extended to act on natural transformations:

For cartesian V, let F, G : Ax B — B be V-functors. Assume that B is V-algebraically
complete. For every n: F' = G : Ax B — B, the components of the natural transforma-

tion nT - ol = Gol s Ay — By are defined as the unique morphisms such that

LZO
F(A, FofA) Fo'A
T
F(Av 77,4) 77:[4
F(A, Gy A) G(A, Gyt A) Gt A
N(A,Got A) Lio

Then, by construction, we have the following usetul property:

Proposition 6.1.11 The operation (_)Jr preserves natural isomorphisms. In fact, if 5 is

a natural isomorphism then (p")™' = (™)' O
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Proposition 6.1.12 Let V be a cartesian category with enough points. If B is paramet-
erised V-algebraically complete then, for every V-category A, the operation (_)3 i
is a functor V-CAT(A x B,B) — V-CAT (A, B).

Moreover, whenever V-Cat is 2-cartesian-closed, for a small V-category B, it the
functor Fix(_o) : [B,B]o — By V-enriches then, for every small V-category A, so does
the functor (L)} : [A x B, Blo — [A, Bo (since it is the underlying functor of the unique
V-functor (_)' satisfying

E

[A,B] x A B
(7> 1d Fix (6.2)
[Ax&mxA.AXM>L&WﬁHxA 1B, B]
where Fixg = FiX(_o).) O

Defining (_)Jr as in (6.2) we have that Hy' = Fix (—0)oA(H )o and that the homogeneity

of the definition makes possible to strengthen Proposition 6.1.10 to an equality, since

(Fo(GxId)), =TFix(_o)oA(Fo (G xId)), = Fix(_o) 0 A(F)oo Go = Fy' 0 Gh. (6.3)

Inductive types on several variables can be computed by a two step process as follows:
WXV )L(F(X,Y), GOX,Y))
>~ (A,G'A) where A = uX.F(X,G'X) and G'X = puV.G(X,Y).
The idea is that the system of equations
{X:HXY) (1)
Y =G(X,Y) (2)
can be reduced to the system
{X:NXGW)
Y =G"X
and thus it can be solved by solving equation (1) with ¥ replaced by the parameterised

solution of equation (2), and then calculating the solution of equation (2) with X replaced

by the previously obtained inductive type.

The following can be found in [LS81] and [Fre92]:
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Lemma 6.1.13 (Bekié¢’s Lemma for Algebraically Complete Categories) Let V
be cartesian, and let 4 and B be V-categories. Assume that B is V-algebraically complete.
For a functor Fy: Ag X By — Ap and a V-functor G : A x B — B, if (A, «) is an initial
Fo(—, Gé_)—algebra then ((A, G;SA), (o, Lio)) is an initial (Fp, Go)-algebra. O

As a corollary we obtain the Product Theorem for Parameterised Algebraically

Complete Categories:

Theorem 6.1.14 Let V be cartesian, and let A and B be V-categories. If A and B are

parameterised V-algebraically complete then so is A x B.

ProOF: Let C be a V-category and let F':Cx AXxB — Aand G:Cx Ax B — B be

V-functors.

For C' € |Cy |, since GI(C,_) is a parameterised initial Go(C, _, =)-algebra (as for
every A € | A/, GO(C,A, GB(C, A)) &~ GB(C, A) is an initial Go(C, A, _)-algebra) we
have that

Go(C,— )" = G(C.);

moreover (Fo(C,_, ), Go(C,—, 2)) = (F,G)o(C, _, 2) and, by Beki¢’s Lemma, it follows
that if (A, «) is an initial Fo(C, _, Gg(C, _))-algebra then ((A, Gg(C, A)), (o, L(GCOA))) is an
initial (F, G)o(C, _, =)-algebra. Thus, (F,G)" is the V-functor

(H', G o (Id, H")) : C — Ax B
where H = F o (Id,7) : C x A — A. O

A surprising consequence of Beki¢’s Lemma is dinaturality (cf. [Fre91]):

Proposition 6.1.15 Let V be cartesian and such that V-Cat is 2-cartesian-closed. If A
and B are V-algebraically complete then, for every V-functor F': 4 — B,

Fix (—o)

["47 “4]0
_o0 V
[67“4]0

Fo\

[676]0% Bo

Ao

12
=
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PrOOF: Define I/ = Foll,: Ax B — B.
For a V-functor G : B — A, let G' = Goll, : A x B — A. By Beki¢’s Lemma, we
have the canonical isomorphisms:
1(X,Y).(GoY, FoX)
>~ (A, FTA) where A = pX.Gi(X, FiTX) = Fix (Goo Fu1,

~ (GTB,B) where B = uY.F/(G)Y,Y) = Fix (Fy 0 GAT).

which induce the canonical isomorphisms:

F(FixGoFy) = F(;TA , because F(;T ~ I
~ B
Fix (FoGo) , because GBT = (.

12

Forn: G = H : B — A we have to show that

F(FIX GoFo) = Fix (F()Go)

P(Fix(nl)) Fix (Fon) (6.4)

F(FIXH()F()) & Fix (F()Ho)

Recall that Fix (Fon) is the unique such that

FoGlo
FG(Fix FoGlo) ' Fix (FyGo)
FG(Fix (Fyr)) Fix (Fop)  (6.5)
FG(FIXF()H()) FH(FIXF()H()) Fix (F()Ho)

NFix (FyHo) (Foto
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and that Fix (nfpy) is the unique such that

GoFp
GF(Fix Go Fy) ' Fix (GoFp)
GF(Fix(nfy)) Fix (nFp) (6.6)
GF(FIX H()Fo) HF(FIXH()F()) Fix (H()Fo)
NF(Fix HoFp) Hoto
Applying Fo to (6.6) and using the naturality of n we have
0 Go
FG(FIX F()Go) Fix (F()Go)
FG(g) = =g
FGF(FIX GoFo) I3 Go Fo F(FIX GoFo)
t
FGF(Fix (b)) F(Fix (nFy))
FGF(Fix HoFp) FHF(Fix HyFy) F(Fix Ho Fp)
NF(Fix HoFp) J HoFo
FG(h) | X FH(Rh) | = ~ | h
FG(FIXF()H()) . FH(FIXF()H()) Fo Ho Fix (H()Fo)
nFlX (F()Ho) 12
and, by the universal property of /9% and (6.5), it follows that (6.4) is satisfied. O

Yet another corollary of Beki¢’s Lemma:

Corollary 6.1.16 Let V be cartesian. For parameterised V-algebraically complete cat-
egories A and B, and V-functors F': AxB — Aand G: Ax B — B, if ((A,B), (oz,ﬂ)) is
an initial (F, G)o-algebra then (A, «) is an initial Fy(_, B)-algebra and (B, ) is an initial
Glo( A, _)-algebra.



6. Recursive T'ypes 135

PROOF: Let (X, x) be an initial Fy(_, Gg_)—algebra.

By Beki¢’s Lemma, there exists an isomorphism (u,v) such that

Go
tx
F(X,GTX) X G(X,GTX) GTX
F(u,v) u G(u,v) v
F(A,B) A G(A, B) B
o B
Then, vo GT(u™") is a Go(A, _)-algebra isomorphism (GTA,5°) — (B, ). O

6.2 Algebraic Compactness: Motivation

Given a bifunctor, F', on a category, A, we seek a canonical type Fix (F') satisfying
F(Fix F Fix F) >~ Fix (F). We have already seen how to interpret such a recursive type
when the bifunctor reduces to an endofunctor. Now, for a moment, suppose that it is
known how to interpret recursive types when the bifunctor reduces to a contravariant
endofunctor. That is, assume that for every contravariant endofunctor, G, on A there is
a canonical Fix () satisfying

G(FixG) =2 Fix(G). (6.7)
Then, there is a candidate for Fix (F), viz., Fix (F'") because

P(Fix P, Fix FTy = p(Fix FT, FI(Fix F1)

FY(Fix FT)
Fix (F1).

12

12

Motivated by the above discussion we start the study of fixed-points for contravariant
endofunctors. Observe that (6.7) implies G*(Fix ) = G(FixG) 2 Fix(G). Then, a
natural choice for Fix (G) is Fix (G?) and, in fact, this interpretation will turn out to be
possible provided that A is sufficiently rich. To see this we first provide the analogue of

Lemma 6.1.3 for contravariant endofunctors.
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Lemma 6.2.1 Let (G be a contravariant endofunctor. If G* has an initial algebra and
a final coalgebra then (i transforms initial G*-algebras to final G*-coalgebras and vice

versa.

PROOF: Let (A, a) be an initial G*-algebra and (Z, () be a final G*-coalgebra. By their

universal properties the following two diagrams commute for unique f and g¢:

o Go

G2A A GA GA(GA)
G*f f g Gy
G*(GZ) GZ Z G*Z

G¢ ¢

Applying GG to the diagram on the right and gluing the resulting diagram with the one

on the left, and proceeding dually, we get the following commuting diagrams:

G2
A= 4 ¢z )
G*f / Gf GH(G)
G
GHGZ) Gz GA =G GA)
G(
G*(Gyg) Clg g Gy
G* (G A) G*A VA G*7Z
G*a ¢

Then, by Lemma 6.1.3, Gg o f and ¢ o Gf are both isomorphisms, and therefore so are
GfoG?g and G*foGyg. Thus, G'f and Gg have both right and left inverses and then so
do f and g (as Gg o f and g o G'f are isomorphisms).

Notice, in passing, that since a is a G*-algebra morphism (G*A, G?a) — (A, a) it
follows that ™' = Gg o f. Similarly, (' = g o G'f. g
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By Lemma 6.2.1, for every contravariant endofunctor, G, on an algebraically bicom-

plete category it follows that
GpX.G*X) = vX.G’X and GX.G*X) = uX.G*X.
So, if in addition, we have that
pX.GPX =2 v X.G°X (6.8)
then GG has a fixed-point as required.

The need for (6.8) motivates the following:

Definition 6.2.2 1. (c.f. [Fre91]) A V-category is said to be V-algebraically compact
if it is V-algebraically complete and the initial algebra of the underlying endofunctor

of every V-endofunctor on it is free, in the sense that its inverse is a final coalgebra.

2. For cartesian V, a V-category is parameterised V-algebraically compact if it is

V-algebraically compact and parameterised V-algebraically complete. O
Remark. In algebraically compact categories, initial algebras and final coalgebras are
canonically isomorphic, in the sense that the unique algebra morphism from an initial
algebra to the inverse of a final coalgebra is an isomorphism.

So far we have seen:

Proposition 6.2.3 Let V be cartesian. For every V-bifunctor F' on a parameterised

V-algebraically compact category, the bifunctor Fj has a fixed-point, viz., Fix (FT(Q)). O
The basic properties of algebraic completeness extend to compactness:
Proposition 6.2.4 ([Fre9l]) If Ais V-algebraically compact then 4y has zero object. O

Hence there are no non-trivial examples of algebraically compact posets.
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Lemma 6.2.5 (Bekié¢’s Lemma for Alg. Compact Categories [Fre92]) Let V be
cartesian, and let A and B be V-categories. Assume that B is V-algebraically compact.
For a functor Fy : Ay x By — Ay and a V-functor G : A x B — B, if (A, «) is a free
Fo(, Gé_)—algebra then ((A, GBA), (o, Lio)) is a free (Fy, Go)-algebra. O

Again, as a corollary, we obtain the Product Theorem for Parameterised

Algebraically Compact Categories:

Theorem 6.2.6 Let V be cartesian, and let A and B be V-categories. If A and B are
parameterised V-algebraically compact then so is A x B. g

Algebraic compactness is a self-dual property. Hence:

Corollary 6.2.7 Let V be cartesian.
1. If A is (parameterised) V-algebraically compact then so is A.

2. If A is parameterised V-algebraically compact then so is A% x A. O

Although the above analysis motivates the introduction of algebraically compact cat-

egories by showing that they admit recursive types it neglects the issue of their canonicity.

This is addressed below.

6.3 The Doubling Trick

The universal property of recursive types is better understood in the light of another
approach to their interpretation. The idea is to wuniversally reduce recursive types to
inductive types. For this purpose, following a suggestion of John Power, we work with
involutory categories (viz., those categories which are self-dual via an involution), and
use the duality to transform bifunctors into endofunctors in a universal way. Then, the
inductive type determined by the endofunctor should provide the required recursive type

(see Section 6.4).

An abstraction of the category of involutory categories is given in the definition below.

(For intuition think of C as being CAT and (-)° as (-).)
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Definition 6.3.1 Let C be a category and let (_)° : C — C be an involution (that is,
(2)?0(-)° =1Ide). The category Inv(C,(-)°) of involutory objects of C is defined to be
the full subcategory of (_)°-Alg with (_)°-algebras (A, a) for which a 0 a® = id4. O

Convention. In a category with binary products, if f is a morphism X — A; x A, then,

for 1 = 1,2, we write f; for the composite ;0 f : X — A;.

Examples of involutory categories abound as for every locally small category A, we
have that (A" x A, (Il5, 1)) is an object of Inv(CAT, (_)°"). In this case, morphisms
F (A7 x A, (Il 1)) — (B? x B, (I, 111)) are functors F': A x A — B x B such
that for every f' € A% and f € A, the equality Fi(f', f) = Fx(f, f') holds. Motivated
by this property, morphisms in Inv(C, (_)°) are called symmetric.

Are there cofree involutory categories? Yes, as implied by

Proposition 6.3.2 It C has binary products then the forgetful functor
U:Inv(C,(-)°) — C is comonadic.

PrOOF: We have that U 4 H : C — Inv(C,(-)°) : A (A° x A, (73°,71°)) with counit
ea=7m2: A° X A — A, because for every (B,b) € | Inv(C,(-)°) | and f: B — AinC,

T2

(A° x A, (12°,71%)) A° x A A

H!f:<f0050,f> such that f /

(B,b) B

Let H: C — C be the comonad determined by U + H. The comparison functor from
Inv(C, (_)°) to the category of Eilenberg-Moore coalgebras C* sends (A, a) to (A, (a®,id));
its inverse maps (A, ) to (A, a1°). O

With the notation of the above proposition we have:

Proposition 6.3.3 If C is cartesian closed then so are the coKleisli category Cy and
Inv(C,(-)°). Moreover, the comparison functor Cy — Inv(C, (_)°) preserves the cartesian

closed structure.
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PrOOF: Cg is cartesian closed because the coKleisli category of a cartesian closed

category is cartesian closed.

The cartesian closed structure of Inv(C, (-)°) is as follows:
e Terminal object: (1,1° — 1).
e Binary products: (A,a) X (B,b) = (AXx B,(Ax B)* = A° x B° ELLay B).

e Exponentials: (A,a)(B’b) = (AP (AP)° = (AO)BO AN AP). O

Convention. We will write A and ()% for A° x A and (7,°,7,°) respectively. In

addition, for every involutory object (B,b) and every f : B — A, we will write f for

(f°00° f): (B.b) — (A, (0)°).

The adjunction U -+ H of Proposition 6.3.2 provides a universal way to transform

bifunctors into covariant endofunctors via the bijective correspondence:

o F
A A
v F v
symmetric

v

The operation (_) can be extended to contravariant endofunctors: for GG : A" — A, we

define (& to be (Go Hl)v: A= A

For simplicity, and because it suits our purposes, when defining Inv(CAT, (_)") the
2-categorical structure of CAT was ignored. Nevertheless, pseudo-symmetric functors
(i.e., symmetric up to isomorphism) will appear naturally (see Lemma 6.4.3) and hence
it is necessary to relate them with symmetric functors. In particular, it happens that every
pseudo-symmetric morphism into a cofree involutory object is isomorphic to a symmetric

morphism.

Proposition 6.3.4 Let C be a 2-category with binary 2-products and let (_)° be an
involution on Cy. For every (B,b) € | Inv(Co, (-)°) | and A € | Cy |, if
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B
b = (-)°
B A
f
then f 2 f,: (B,b) — (A, ()%).
PROOF: Since
B f° (4° x A)°
b o (7%, 7m1°)
B A’ x A

it follows that f,0b 2 fi,° and so f = (f1, fo) = ((f200)°, f2)

141

6.4 Algebraic Compactness: Fundamental Property

As bifunctors F : B — B correspond to symmetric endofunctors F:B - [;’, it 1s

v

reasonable to expect to find Fix (F') from Fix (F'). In this section we show that, provided

that B is algebraically compact, this is possible. First, we outline why:

By Corollary 6.2.7 (2), B is algebraically compact and therefore F has a free algebra
(Fix F, Lﬁ). The coalgebra ((Fix F)§, (Lﬁ)§) is also free and the canonical isomorphism

p: ((Fix ), (Lﬁ)§) =~ (Fix I, (Lﬁ)_l) induces a free F-algebra

F(Fix F,Fix F) ¢ Fix(F)
F(Fix F,Fix F) % TFix

(6.9)
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where

Fix (F) = (Fix I'),
and

(f7f)

v

F(Fix F,Fix F) (Fix F, Fix F)
F(pg,ld) (p2_171d)
F(Fix F) - Fix (F)

s

The freeness of (6.9) implies that it is canonical in that for every
(' :B'— F(B,B),3: F(B,B)— B)
there exists a unique (v’ : B" — Fix (F),u : Fix (F') — B) such that

-1

F(Fix F, Fix F) Fix (F) F(Fix F, Fix F) Fix (F)
Flu,u) u F(u',u) u
F(B, B B F(B', B) B

6/

Moreover, Fix (F') is minimal in the sense that it is a retract of every fixed-point: for every
p: F(B,B) = B there exists a unique F-algebra morphism (u'su): (f7' ) — (B71,8)

and, since

(u,u’) (u',u)

(Wouuou)= (T f) = (78— =)

it follows that v’ o u = id. That is, Fix (F') is a retract of B (with section u and retrac-
tion u'). Thus we conclude the Fundamental Property of Algebraically Compact
Categories (slightly extending a previous result of Peter Freyd):
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Theorem 6.4.1 Let V be cartesian. For every V-bifunctor F' on a parameterised
V-algebraically compact category, the bifunctor Fy has a canonical and minimal fixed-

point, viz., (Fix Fg)z. O

The rest of the section justifies and generalises the above outline.
Convention. The duality associated to a involutory category X will be denoted (_)”,
except when X is of the form A where, following a previous convention, we use (_)§
In addition, for cartesian V, whenever a V-functor F' : A — B is said to be symmet-
ric it is assumed that the V-categories A and B are V-involutory (i.e., self-dual via a

V-involution).

Moreover, a morphism f in X such that f = f* is called symmetric. We also call an
object X € | X' | symmetric if idx is too. For example, in A the symmetric morphisms

have the form (f, f) for some endomorphism f in A whilst the symmetric objects are

those (A, A) for A in A.

For symmetric endofunctors on an involutory category, the duality transforms initial

algebras to final coalgebras. More generally,

Lemma 6.4.2 For a symmetric functor F': Ax B — B, if 3: F(A, B) — B is an initial
F(A, _)-algebra then 5" : B* — F(A", B") is a final (A", _)-coalgebra.

(B’ 3°) if and only if
(X", X"). 0

—
—

PROOF: Because x is an F(A", _)-coalgebra morphism (X, x)
& = u” where u is the unique F(A, _)-algebra morphism (B, 3)

Lemma 6.4.3 Let V be cartesian, and let A and B be V-categories. Assume that B is
V-algebraically compact. For a symmetric V-functor F' : A x B — B, if (I, %) is an

initial parameterised Fy-algebra then there exists a canonical natural isomorphism
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such that p4 is symmetric whenever A is.

PROOF: By Lemma 6.4.2, (:}?)" is a final Fy(A®, _)-coalgebra and therefore the unique

p4 N

(Fo'A) g (F(A, R A)) = F(A", (Rt A))
pa (A", pa) (6.10)
FyT(A%) F(A", Fy(AY))

is an isomorphism.

To see that p is natural, let f : X — A in Ag. Then, using the definitions we have
that

L pa

Fid, p3") = (F(id, pa)) i

F( (R 1Y) = (F(L R (Fo'f)"
Pid,pa) ((5)") .

and hence Fyt(f*) = px o (Fo'f)" o p3*.

Now assume A is symmetric, then applying () to (6.10) it follows that
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F F
Ly = Lge

pa’ F(A,ps") = F(A", ps")

((5)™) = (K™

and therefore p4° satisfies the same universal property as p4. O

The Fundamental Property of Parameterised Algebraically Compact

Categories:

Theorem 6.4.4 Let V be cartesian, and let 4 and B be V-categories. Assume that B is
parameterised V-algebraically compact. For a symmetric V-functor F': A x B— [;’, every
initial parameterised Fp-algebra (FJ,LFO) canonically induces an initial parameterised
Fo-algebra (Fg,c,oFO) such that F* is a symmetric V-functor and ¢,° = @' for every

symmetric A.

ProoF: Following Proposition 6.3.4, define F* = (Il 0 FT)V. And let 45 be defined by

o
YA

F*A

F(A,F*A)
F(A, ((pa)s,id)) ((pa);",id)

FtA

F(A, FTA)
LZO

By construction, F* is a symmetric V-functor. The parameterised Fy-algebra (Fg, c,oFO)

is initial because ((pa),id) : ' = 0.

Now assume A symmetric. Then, by Lemma 6.4.3, p4 is symmetric. Say pa = (r4,74).
By (6.10) we have that F(A, (ra, rA)) o () = () o (ra,r4), and therefore
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pab = F(A(id,ra)) o ()0 o (id,r7")
= F(A,(r3"id)) o (¢§)7" 0 (raid)
= SOA_I. |:|

The (_0)1 operation allow us to refine Proposition 6.1.10:

Proposition 6.4.5 Let V be cartesian, and let A, B and C be V-categories. Assume that
C is parameterised V-algebraically compact. For symmetric V-functors F' : B x C—>¢C
and (¢ : A — B, the canonical natural isomorphism ) : (Fo (G x Id))é ~ Ft o satisfies

;/;?4 = 17" for every symmetric A.

PROOF: Let A be symmetric and write H for F'o (G x Id). By definition, ¢4 is the

unique in

Hyp
YA

HYA

F(GA, H*A)

F(GA ) a4 (6.11)

F(GA, F*GA) - =FGA
©cia

Applying (_)% and (_)7" to (6.11) we obtain

()% = (¢f°) ™! (i)™
F(GA, YY) v and  F(GAY) e
(02%)® = (0fy) ™ (pe2a)™

and therefore ;/)?4 = O
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Proposition 6.4.6 Let V be cartesian, and let A and B be V-categories. Assume that B
is parameterised V-algebraically compact. Let F, G : Ax B — B be symmetric V-functors

and let n : F' = . Then,
L () = (p®Y for every symmetric A.

2. If n is an isomorphism such that 77(§A B) = 77(_14173) for every symmetric (A, B) then

(77,1:1)§ = (77114)_1 for every symmetric A.

PrROOF: Let A € | Ay | be symmetric. Recall that by definition,

o
YA

(6.12)

T+

F(A ) "

N(A,GH A) o5

(1) Applying (_)° to (6.12) and using the naturality of 5° we have

(©59)° = (95

§
Wm)
DY (m2)’

and thus (n})° = ()%,

(2) Applying (_)7" to (6.12) and using the naturality of ™' we have
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and thus (ni)_l = (77§):t4 = (77351)? -

6.5 Recursive Types Reduce to Inductive Types

When V is cartesian, Propositions 6.2.3 and 6.4.1 provide two fixed-points for the un-
derlying bifunctor of a V-bifunctor F' on a parameterised V-algebraically compact cat-
egory, viz., Fix (FT?J) and (Fix Fg)z. The former was introduced for being a simple in-
ductive type, the later for being canonical and minimal. In this section we show that
one can be obtained from the other and vice versa. Thus reducing the recursive type
Fix (Fp) = (Fix Fg)z to the inductive type Fix (FT(Q)). We regard this result as a con-
firmation of the appropriateness of algebraically compact categories as a universe for
interpreting recursive types. Moreover, because the reduction of recursive types to in-
ductive types makes different approaches for finding fixed-points of bifunctors fit together
and guarantees recursive types in the presence of inductive types, we henceforth propose

that this be an indispensable requirement of a universe for interpreting recursive types.

To see that recursive types reduce to inductive types we proceed in two steps.

1. The case in which the bifunctor reduces to a contravariant endofunctor: we show

that, for every contravariant endofunctor GG,
Fix (G) = (Fix(), = Fix(G?).

That is, endofunctors suffice.
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2. The general case: we show that, for every bifunctor F,
Fix (F) = (Fix F); = Fix(F").
That is, one variable suffices.

Proposition 6.5.1 For G : A” — A, the symmetric ¢ : A — A has an initial algebra
if and only if G* : A — A has an initial algebra and a final coalgebra.

ProOOF:
(:>) We show that

if ((Z, A), (Z,a)) is an initial é—algebra then (A,a 0 Gz) is an

(6.13)
initial GG*-algebra.
That G* has a final coalgebra follows by dualising (6.13) and by Lemma 6.4.2.

Let (X,z) be a G*-algebra. Then ((GX, X), (idgx, :1;)) is a G-algebra and, by initial-

ity, the following diagrams commute

GA 7 G7 A
Gf g Gy f
GX G*X X
X

for unique ¢ and f.

Applying G to the triangle and pasting we get

5 Gz a
G° A G7Z A
G*f Gg /
€204 X
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That is, f is a G*-algebra morphism (A, a0 Gz) — (X, z).

It is unique because for any other such, say u, we have that (™" oGu,u)is a é—algebra
morphism ((Z, A), (=, a)) — ((GX,X), (idgx, :1;))
(<) Let (A, @) be an initial G*-algebra and let (Z,() be a final G*-coalgebra.

By Lemma 6.2.1, (GZ,G() is an initial G*-algebra, (GA,Ga) is a final G*-coalgebra
and for a : (GZ,G() = (A,a) and z : (Z,() = (GA, Ga) the equalities & = ¢ o Gz and
¢ = (Ga) o z hold.

We show that ((Z, A), (=, a)) is an initial G-algebra.

Let (g,f) be a é—algebra morphism ((Z,A),(z,a)) — ((Y,X),(y,:z;)). Then, f
is a G*-algebra morphism (A,a) — (X,x o Gy) and ¢ is a G*-coalgebra morphism
(Y, (Gx) oy) — (Z,(). Thus uniqueness follows.

For existence note that by the universal properties of (A, «) and (7, () the following

diagrams commute for unique f and g¢

(%
sz y — Y oy G ey
G? G?
f P f g q g
?X GY X 7 GA G*7

where p = Gy o (G*f) o Gz" and ¢ = Ga™" o (G?g) o Gx.

On one hand, applying GG to each of the above diagrams we get that (G¢ is the unique
(*-algebra morphism (GZ, G¢) — (GY, GyoG*x) and that G f is the unique G*-coalgebra
morphism (GX, G%y o Gz) — (GA, Ga).

On the other hand, applying G? to the right square in the left diagram and appending

the left square, and proceeding dually we have,
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G(
m G G
GHGZ) " =PA =Gz Gx =ty — = ax)
G*p G*f p q Gy G*q
GHGY)——; G*X GY GA G*7 ——; G*(GA)

Therefore, p = Gg and ¢ = G f. Thus implying that (g, f) is a é—algebra morphism
((Z,A),(Z,a)) — ((Y,X),(y,:z;)). O

Corollary 6.5.2 (Endofunctors Suffice) Let V be cartesian and let A be paramet-
erised V-algebraically compact. For every contravariant V-endofunctor G on A, G¢ has

free algebra and if (A, ) is a free G7-algebra then, writing a for the unique G-coalgebra
morphism (GA, Gg) & (A, "), the éo—algebra ((A,A), (a_l,a)) is free. O

Proposition 6.5.3 (One Variable Suffices) Let V be cartesian and let A be para-
meterised V-algebraically compact. For every V-bifunctor F' on A, FT(Q) has free algebra
and if (A, ) is a free FT(Q)—algebra then, writing a for the unique FT(Q)—coalgebra morphism
(FTA, Flo) 2 (A, o) and o for a o o F(A,a™"), the Fg—algebra ((A, A), (a7, a)) is

{ree.

PRrOOF: Let ((Z, 7Z), (C_I,C)) be a free Fg—algebra.

If (u,v)is the unique Fy-algebra morphism ((Z, Z), (¢, C)) — ((A, A), (a7, a)) then
(vowv,uow)isan Fg—algebra endomorphism on ((Z, 7Z), (¢, C)) and thus vov = idy.

If z is the unique Fy(Z, _)-algebra morphism (Z,¢) — (F'Z, %) which, by Corol-

lary 6.1.16, is an isomorphism then the following diagrams commute
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F(A, F1A) = F (A, A) = F(Z,7) : F(Z,F'7)
% o ¢
FTA A 7 - F'z

a u z

F(Z,F'7) =F(Z,7) = (A, A) : F(A, F1A)
Lgo ¢ Q@ LZO
F'z 7 A - FTA

z v a

and it follows that FTo = 2 ' ouoa and Flu = a ' o v o z. Then, (vow,vou)is an
ﬁTo—algebra endomorphism on ((A,A), (oz_l,oz)) which, by Corollary 6.5.2, is free and
thus vou = idy4. O]

Conversely:

Proposition 6.5.4 Let V be cartesian and let A be parameterised V-algebraically com-
pact. For every V-bifunctor F on A, Fj has free algebra and if ((A, A), (a7, a)) is a free
Fg—algebra then, writing a for the unique Fy( A, _)-algebra morphism (FTA, /0) 2 (A, a),
the FT(Q)—algebra (A, (Fla)oa™) is free.

PROOF: Recall that @ is an isomorphism because, by Corollary 6.1.16, (A, «) is a free
Fo(A, _)-algebra.

By Proposition 6.5.1 (=) —see (6.13)— it is enough to show that ((A,A), (a_l,a))

is a free ﬁTo—algebra.
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Let ((Z, 7Z), (7, Z)) be a free ﬁTo—algebra.

If (u,v) is the unique ﬁTo—algebra morphism ((Z, Z),(z_l,z)) — ((A,A),(a_l,a))

then wov = idy because (vov,uov)is an ﬁTo—algebra endomorphism on ((Z, 7Z), (7, Z))

For ( = z 04y o F(Z,27"), the following two cubes commute

lz

/F(Z, F17) F'Z /F(A, FTA) FTA
F(v, Fv) F(Z,z) F(u, Flu) F(A,a)
Fly Fly
F(A, FTA) | “ FTA/ : F(Z,F17) | 7 FTZ/ ¢
F(A,a™Y) (2, 2) ‘ez F(Z,27Y F(A, A) A
%v,u) “ %u,v) S
F(A, A) A F(Z,7) Z

o ¢

and therefore (v o u,vou) is an Fy-algebra endomorphism on ((A, A), (a7, a)). Thus,

vou =1idy. O]

6.6 Algebraic w-Completeness and w-Compactness

Various examples of algebraically complete categories satisfy the stronger property that
the initial algebra of an endofunctor can be computed by a limit process from iterations

of the endofunctor over the initial object. Hence the following definitions:

Definition 6.6.1 For an endofunctor F' on a category with an initial object 0 we define
its standard w-chain Ap to be (F*(0), F*(0 — F0))4e |w| and say that F'is initially

w-convergent if Ap has colimit and F' preserves it. O

Definition 6.6.2 (c.f. [Ada93]) A V-category A is said to be V-algebraically w-complete
if Ag has initial object and the underlying endofunctor of every V-endofunctor on A is

initially w-convergent. O
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A general result from [Ada93] yields that the following are algebraically w-complete:
Pfn, (the category of countable sets and partial functions), Rel,, (the category of count-
able sets and relations), F-Vec, (the category of countably dimensional vector spaces,
for a countable field F', and linear functions) and Well,, (the category of countable well-

ordered sets and join-preserving functions). Examples among posets are characterised

by:

Proposition 6.6.3 ([Ada93]) A poset is algebraically w-complete if and only if it has

least element and every infinite chain has a unique upper bound. O

That V-algebraic w-completeness entails V-algebraic completeness follows from the

Basic Lemma.

Lemma 6.6.4 (Basic Lemma [SP82]) For an initially w-convergent endofunctor F', if
6 : Ap = A is colimiting then, writing « for the unique F'6 = (ésucc) : Apsuce = FA
(where succ : w — w : k — k + 1), the F-algebra (A, «) is initial. O

Corollary 6.6.5 V-algebraic w-completeness implies V-algebraic completeness. O

The import of w-completeness is that it provides most of the examples of algebraically
complete categories. Unfortunately the concept is not useful for classifying categories for
interpreting inductive types. For example, algebraically w-complete posets are not even
closed under binary products as w+ 1 and 2 are algebraically w-complete but (w+1) x 2

is not, since the chain ((k,0))zec || has two upper bounds, viz., (w,0) and (w, 1).

Definition 6.6.6 (c.f. [Add93]) A V-category A is said to be V-algebraically w-compact
if Ap has a zero object and the underlying endofunctor of every V-endofunctor on A
is w-convergent, in the sense that it is initially and finally w-convergent and the initial
algebra induced by the colimit of its standard w-chain is canonically isomorphic to the

final coalgebra induced by the limit of its standard w-chain. O

The paradigmatic example of w-compactness is pCpo which, as will be shown, is
Cpo-algebraically w-compact (see Section 7.2). Two other examples are Pin,, (the cat-
egory of countable sets and partial injections) and Hil, (the category of countably di-
mensional Hilbert spaces and linear maps of norm at most 1) which, as shown in [Bar92],

are algebraically w-compact.
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6.7 Algebraic Supercompleteness and Supercompact-

ness

We conjecture that algebraic completeness and compactness are not closed under expo-
nentiation and thus proceed to impose a super closure property on top of them which will
guarantee closure under exponentiation while maintaining closure under finite products.

In the compact case we further maintain closure under taking opposite categories.

Definition 6.7.1 Let V be cartesian and such that V-Cat is 2-cartesian-closed. A
V-category A is said to be (parameterised) V-algebraically (w-)supercomplete (resp.
(w-)supercompact) if for every V-category B, the functor category [B,A] is (paramet-
erised) V-algebraically (w-)complete (resp. (w-)compact). O

Examples do exist: pCpo is parameterised Cpo-algebraically w-supercompact. The

reasons being quite general and studied in Section 7.2 —see Theorem 7.3.12 (1).

The closure under binary products, exponentials and opposites is essentially due to

the isomorphisms
[C,AxB] = [C,A] x[C,B],
[C, (B, A B xC,A], and
[C, A™] = [C7, A"

12

Proposition 6.7.2 Let V be cartesian and such that V-Cat is 2-cartesian-closed.
1. 1 is parameterised V-algebraically supercompact.

2. If A and B are parameterised V-algebraically supercomplete (resp. supercompact)

then so is A x B.

3. If Ais (parameterised) V-algebraically supercomplete (resp. supercompact) and B is
V-algebraically supercomplete (resp. supercompact) then [B, A] is (parameterised)

V-algebraically supercomplete (resp. supercompact).

4. If Ais (parameterised) V-algebraically supercompact then so is A™. O



7 Recursive Types in Cpo-Categories

We investigate Cpo-algebraic completeness and compactness. This is a particularly well
behaved setting. For example, we show that Cpo-algebraic completeness and paramet-
erised Cpo-algebraic completeness coincide; whilst, for Cppo-categories, we further
show the coincidence of Cpo-algebraic completeness and parameterised Cpo-algebraic
compactness. As a by-product, we identify a 2-category of kinds, called Kind, all of whose
objects are parameterised Cpo-algebraically w-compact categories. Kind is 2-cartesian-
closed, op-closed, closed under the formation of categories of algebras and coalgebras with
lax homomorphisms, and has a unique (up to isomorphism) uniform fized-point operator.
Thus, Kind is appropriate for interpreting type systems with kinds built by recursion
from products, exponentials, algebras and coalgebras; but neither such a system nor its

interpretation will be discussed here.

7.1 Cpo-Algebraic Completeness

Cpo-algebraic completeness is studied. First, we focus on those Cpo-categories for which
the initial object embeds in every object of the category. The reason being that in this case
the presence of colimits of w-chains of embeddings guarantees algebraic w-completeness
which turns out to coincide with algebraic completeness. Further, an equational charac-
terisation of initial algebras becomes available. Second, we explore categories of algebras
and lax homomorphisms to finally show that algebraic completeness and parameterised

algebraic completeness coincide.

Definition 7.1.1 In a Poset-category, an e-initial object is an initial object such that
every morphism with it as source is an embedding. The dual notion is called a p-terminal

object. An object which is both e-initial and p-terminal is called an ep-zero. O

156
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In Pposet (the full subcategory of Poset of all pointed posets) the terminal object is
p-terminal whilst in Pposet | (the subcategory of Pposet of strict monotone functions)

it 1s an ep-zero.

Lemma 7.1.2 In a Poset-category with initial object the following are equivalent:
1. The initial object is e-initial.
2. Every hom-poset has a least element and composition is right strict.

3. For every object X there exists X — 0 such that for every object Y, the composite
X — 0 — Y is the least among all X — Y.

4. For every object X there exists X — 0 such that (X — 0 — X) <idy. O

Theorem 7.1.3 A Cpo-category with e-initial object and colimits of w-chains of em-

beddings is Cpo-algebraically w-complete.

ProOF: Let F' be a Cpo-endofunctor on a Cpo-category with e-initial object and

colimits of w-chains of embeddings.

Since the initial object is e-initial and F' preserves ep-pairs, the standard w-chain
Apr consists of embeddings and hence it has a colimit, say v : Ar = (. By the
Limit /Colimit Coincidence Theorem, « is a cone of embeddings and \/ v, o (fyn)R = id¢.
Thus, Fv: FArp = F(C is a cone of embeddings and since

it follows, by the Limit/Colimit Coincidence Theorem, that F'y is colimiting. Hence, I

is initially w-convergent. O

Example 7.1.4 Cppo has p-terminal object and limits of w”-chains of projections.
Hence, it is Cpo-algebraically w-cocomplete but it is not Cpo-algebraically compact (as

it has no initial object). O

In the presence of an e-initial object, Cpo-algebraic completeness and Cpo-algebraic

w-completeness coincide:
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Theorem 7.1.5 A Cpo-algebraically complete category with an e-initial object is
Cpo-algebraically w-complete.

PrOOF: It is enough to show that the standard w-chain of every Cpo-endofunctor has
a colimit. This will be preserved, using the Limit/Colimit Coincidence Theorem, because

Cpo-functors preserve embeddings and lubs of w-chains.

Let F' be a Cpo-endofunctor and let (A, «) be an initial F-algebra. The commuting

diagram

F(0 — F0)

0 FO F?0
F(0— A) F?(0 — A)
A FA F?A
a Fa

induces a cone of embeddings 6 : Ap — A defined by 6o = (0 — A) and, for k € |w |,
by éxy1 = a o Féi. To see that it is colimiting we invoke the Limit/Colimit Coincidence

Theorem and show that \/ 6 o (6;)" is an F-algebra endomorphism on (A, a):
(\/ e (5k)R) oo = \/ Ory1 O (5k+1)R oo
= \/ozoF((Sk)oF((Sk)R
= ozoF(\/(Sko (5k)R).

In passing notice that o : F'6 = (6 succ) where succ: w —w: k — k+ 1. O

In the presence of an e-initial object, initial algebras of Cpo-endofunctors are char-

acterised as those fixed-points whose least endomorphism is the identity.

Definition 7.1.6 ([Fre90]) Let ' : A — A be a Cpo-functor. An special F-invariant
object is a fixed-point o : FFA = A such that id 4 is the least F-algebra endomorphism on
(A, «a). O

Theorem 7.1.7 ([Fre90]) In a Cppo-category with right-strict composition, special in-

variant objects of Cpo-endofunctors are initial algebras.
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PRrROOF: Let F' be a Cpo-endofunctor on a Cpo-category A with e-initial object.

If (A,«) is an special F-invariant object then, writing fix for the least fixed-point
operator in Cppo, we have that fix (Az. o o (Fz)o o™ ") = idy. Moreover, for every
F-algebra (B, 3), by the fixed-point property, fix (Az. Bo (Fx)oa™"): (A,a) — (B, ).
Finally, if & : (A, a) — (B, ) then

Ax. o (Fu) oa ™t

A(A, A) A(z‘é, A)
ho_ ho_
A(A, B) A(A, B)

and, by the uniformity of fix,
fix(Ax. Bo (Fa)oa™) = hofix(A\z.ao (Faz)oa™") = h. O

Aiming at establishing the equivalence between Cpo-algebraic completeness and para-
meterised Cpo-algebraic completeness we now start an excursion into categories of al-

gebras and lax homomorphisms.

Definition 7.1.8 For a Poset-functor (Cpo-functor) F' : A — A, the Poset-category
(Cpo-category) of F-algebras and lax algebra morphisms, F-Alg<, has objects (A, «)
where A € [ A] and  : FA — A in A, and morphisms & : (A,a) = (B, 3) where
h:A— Bin A is such that

Fh
FA FB
a < 3
A B
h

The hom-order, composition and identities are as in A.
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For a monad T : A — A in Poset-CAT (Cpo-CAT), the Poset-category
(Cpo-category) AE is the full subcategory of T-Alg< of Eilenberg-Moore algebras. [

Remark. In the Cpo-enriched case F'-Alg< and AE have hom-cpos because for every

w-chain (fi : (A, ) = (B, 8)),

(Ve |w| fioa<BoFfi) = (\fi)oa < 8o\ F(fi) = BoF(\/fr).

Definition 7.1.9 An algebra of a Poset-endofunctor is maximally initial if it is initial
and the unique algebra morphism to any other algebra is maximal among all lax algebra

morphisms. O

Maximal initiality is relevant for it guarantees the monotonicity of the mapping which
to an algebra associates the unique algebra morphism from the maximally-initial algebra

into it.
Proposition 7.1.10 Initial algebras of Cpo-endofunctors are maximally initial.

PrOOF: Let F': A — A be a Cpo-endofunctor. For an initial F-algebra (A, a) and
a lax ['-algebra morphism h : (A, a) = (B, ) define & : A(A, B) — A(A, B) as the

continuous mapping & — B o (Fz)oa™. Then, (®*(h)) is an w-chain and
\/ o (h) = \/BoF(®h)oa™
= fo F(\/CI)k(h)) oa .

So \V ®*(h) is an F-algebra morphism (A, a) — (B, 3) and also h <\ ®"(h). O

Corollary 7.1.11 Let F': A — A be a Cpo-functor. If (A, «) is an initial F-algebra
then, for every B € | A |, the mapping A(F B, B) — A(A, B) sending /3 to the unique
(A, a) — (B, ) is continuous.

Proor: Let u : A(FB,B) — A(A, B) be the described mapping. If 3 < ' then
u(B) : (A,a) = (B, ') and since, by Proposition 7.1.10, (A, a) is maximally initial it
follows that u(3) < u(3).

For an w-chain (f) in A(F B, B), it follows that \/ u(8) : (A,a) — (B,V k) and we

are done. O
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Theorem 7.1.12 Cpo-algebraic completeness (resp. compactness) implies parameterised

Cpo-algebraic completeness (resp. compactness).

PrOOF: Let F': Ax B — B be a Cpo-functor. Assuming that B is Cpo-algebraically
complete (compact) we show that F'': A — B is a Cpo-functor.

F'is a Cpo-functor because F)TQY - A(X,Y) = B(F'X, F'Y) is the composition of
the continuous mappings A(X,Y) — B(F(X, F'Y), F'Y) sending f to i-o F'(f, F'Y) and
B(F(X,FY), FTY) — B(F'X, FTY) sending h to the unique I'(X, _)-algebra morphism
(F'X,/5%) = (F'Y,h) —see Corollary 7.1.11. O

7.2 Cpo-Algebraic Compactness

In the vein of the previous section we study Cpo-algebraically compact categories with
ep-zero. The result is that for Cppo, -categories, completeness and compactness in their

parameterised and w forms all coincide (see Corollary 7.2.5).

Remark.  When considering Cppo-enrichment (Pposet -enrichment), we take the
monoidal structure on Cppo, (Pposet ) to be the smash product for the tensor and the
Sierpirisky space for the unit. Hence, to give a Cppo -enrichment (Pposet, -enrichment)
on a category is to give a Cppo-enrichment (Pposet-enrichment) in which composition

is strict.
Frequently, explicit mention of ep-zeros is avoided because,

Proposition 7.2.1 A Poset-category has ep-zero if and only if it is Pposet  -enriched

and has an initial object. O
By Theorem 7.1.7 and its dual:

Theorem 7.2.2 ([Fre90]) In a Cppo_-category, special invariant objects are free algeb-

ras. O

Moreover, because of the Limit/Colimit Coincidence Theorem, the above can be

strengthened to:
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Theorem 7.2.3 For a Cppo,-category, Cpo-algebraic completeness implies

Cpo-algebraic w-compactness.

PrOOF: Let A be a Cppo -category and let F' be a Cpo-endofunctor on it.

By Theorem 7.1.5, if (A,«) is an initial F-algebra then the standard w-chain
has a colimiting cone of embeddings 6 : Ap = A for which a : Fé = (6succ) where
succ:w — w: k— k+1. Thus, o' (6 succ)R = F(5R) and since Ap™ is the standard
w?-chain and, by the Limit/Colimit Coincidence Theorem, the cone St A = Apfis
limiting it follows, by the (dual of the) Basic Lemma, that (A, ") is a final F-coalgebra.

O

Corollary 7.2.4 A Cpo-category with ep-zero and colimits of w-chains of embeddings

is parameterised Cpo-algebraically w-compact.
ProoFr: By Theorems 7.1.3, 7.1.12 and 7.2.3. g

Corollary 7.2.5 For a Cppo -category,

Cpo-alg. Cpo-alg.
w-completeness w-compactness
N 4
Cpo-alg. completeness = Cpo-alg. compactness
. Y N :
parameterised parameterised
Cpo-alg. completeness Cpo-alg. compactness]

7.3 Categories of Kinds

We introduce a 2-category of Cpo-algebraically compact categories, Kind, defined to
contain categories in which the existence, preservation and coincidence of all colimits of

standard w-chains and limits of standard w®-chains is guaranteed.

Afterwards the closure properties of Kind are studied. In particular we show that it is

2-cartesian-closed and has a fixed-point operator characterised by a uniformity property,

but much more holds (see Theorem 7.3.12).
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7.3.1 PKind

For the sake of simplicity and generality we first concentrate on Cpo-algebraic cocom-
pleteness. To guarantee the existence and preservation of limits of all standard w®’-chains,
we wish to group all those small Cpo-categories with p-terminal object and limits of

w’-chains of projections in a 2-category (see Theorem 7.1.3).

Definition 7.3.1 PKind is the 2-category of small Cpo-categories with p-terminal
object and limits of w-chains of projections, Cpo-functors and natural transformations.

4

Corollary 7.3.2 1. Every category in PKind is parameterised Cpo-algebraically

w-cocomplete.

2. PKind is 2-cartesian.

PRrOOF:
(1) By Theorems 7.1.3 and 7.1.12.

(2) Because 1 is in PKind and, for A, B in PKind, A x B has a p-terminal object

and limits of w”-chains of projections given pointwise. O

PKind does not have exponentials, the reason being exclusively that the property of
having a p-terminal object is not closed under exponentiation. For example, Cppo has
a p-terminal object but Cppo™ does not. For, if the terminal object 1 — 1 were to be

p-terminal then, for every Ag — A; € | Cppo™ | it should happen that

A
S

1

L
Ay

which is not always the case. Instead we have the weaker property
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<
1

Ao,

1

which we interpret as lax naturality (see page 27). Thus the following:

Definition 7.3.3 For small Cpo-categories A and B, [A, B]< is the Cpo-category with
the Cpo-functors A — B as the set of objects, and where the hom [A, B]<(F, () is the
cpo with underlying set Nat<(F,G) of lax natural transformations F' —=> G ordered

pointwise. O

For A in Cpo-Cat and B in PKind, it is easily verified that [A, B]< has p-terminal
object, whilst —as we will see— the basic reason for which it has limits of w”-chains of

projections is that projections are natural and that limits can be computed pointwise.

Lemma 7.3.4 Let A and B be Cpo-categories. Then, n € [A, B]<(F, () is a projection
if and only if  : I = G and for every A € | A|, the component n4 : FA — GA is a
projection in B. g

Lemma 7.3.5 Let A and B be Cpo-categories and let I' : G — [A,B]. If for every
X € | A| the diagram I'x : ¢ — B : ¢ — (I'e)x has a Cpo-limit then so does the
diagram I' : ¢ — [A, B] — [A, B]<

PrOOF: Briefly, I' : G — [A,B] has a Cpo-limit as it does pointwise, and the claim
follows because they are preserved by [A, B] — [A, B)<.

In detail, for X € | A let %) : PX = I'y be Cpo-limiting. For every f: X — YV
in A define I'y : 'y = I'y by (I'y)y = (I'N)f for N € |G| and let Pf be the unique
mediating morphism (I's o ﬂ'(X)) — 7). This process defines a Cpo-functor P : A — B,
as each 7 is Cpo-limiting, and a cone 7 : P = T : G — [ A, B] where (7y)x = 71'](\?() for
N € |G |. We show that 7 is limiting in [A,B]<. Let v: Q@ =1 : G — [A, B]< and for
X €| Al define v : QX = I'y by ’y](VX) = (yn)x for N € |G |. If p: v —= 7 then for
every X € | A| it follows that py : v (X)

need only verify that {pux : A F(X)} : ) = P. Forevery f: X — Y in A since

— 7"/, showing uniqueness. For existence, we
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PX I'xX
X0
Qv ’Y(Y)
s P Ff
PY 'Y
)

it follows that 7@ o (V(Y) — F(Y)) o Qf < 7Wo (Pf)o (7(X) — F(X)) and, as ) is
Cpo-limiting, we have (V(Y) — F(Y)) oQf < (Pf)o (7(X) — F(X)) as desired. Finally,
to conclude that 7 is Cpo-limiting, by Proposition 2.2.1, we need show that for every

a,ﬂ:Q?Pin [A, Bl<,
toa<rmof = a</p. (7.1)

Assuming the antecedent of (7.1) we have that for every N € | G | and every X € | A |,

71'](\?() oay = (rn)xoayxy < (wan)xofx = 71'](\?() o Bx;
and hence, that for every X € | 4 |, rXMoay < W(X)oﬂX. Thus, as ) is Cpo-limiting,
it follows that ay < fx for every X € | A | and so o < 3. d

Proposition 7.3.6 If Ais in Cpo-Cat and B is in PKind then [A, B]< is in PKind.

PrOOF: The p-terminal object in [A, B]< is the constantly 1 Cpo-functor and [A, B]<
has limits of w”-chains of projections by Lemma 7.3.5 using Lemma 7.3.4 and the

Limit/Colimit Coincidence Theorem. O

Perhaps surprisingly, PKind is closed under the formation of categories of algebras
and lax homomorphisms. Once again, for an endofunctor in PKind, it is easily verified
that the category of algebras and lax homomorphisms has a p-terminal object; that it has
limits of w-chains of projections basically follows because projections are homomorph-

isms and the functor forgetting the algebra structure creates limits.
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Lemma 7.3.7 Let F' be a Poset-endofunctor on A. Then % : (A,a) = (B,5) is a
projection in F-Alg< if and only if h : (A, ) — (B, ) and h: A — B is a projection in
A. O

Lemma 7.3.8 For a Poset-functor F': A — A, the forgetful functor U : F-Alg, — A

creates Poset-limits of diagrams in F'-Alg.

Proor: Briefly because the forgetful functor F-Alg — A creates Poset-limits and
these are preserved by the inclusion functor F-Alg — F-Alg..

In detail, let ' : G — F-Alg and let # : A = UI' : G — A be a Poset-limit. The
object mapping of I' gives rise to a natural transformation | I' | : FUT' = UT and thus
there exists a unique o : | I' | o F'r — #. The cone 7 : (A, ) = I' is Poset-limiting in
F-Alg< as should be clear after verifying that for p : (B, #) =1 the unique h: p — 7
is a lax [-algebra morphism (B, ) == (A, o). This holds because chasing the diagram

FB p
p
_ I
pl = FA - FUT
Vs
B"\a IT |
\ \
A UT
Vs

we have that Toho 8 < 7w oao Fh from which we conclude that ho f < ao Fh. g

Corollary 7.3.9 For amonad T: A — A in Poset-CAT, the forgetful functor AE — A

creates Poset-limits of diagrams in A"

PROOF: Because the forgetful functors AT — A and T-Alg. — A create limits of
diagrams in A", and AE is a full subcategory of T-Alg.. O

Proposition 7.3.10 1. If F: A — Ais in PKind then so is F-Alg<.

2. HT: A— Ais a monad in PKind then AE is in PKind.
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ProOF:

(1) The p-terminal object is /'l — 1 and F-Alg< has limits of w”-chains of projec-

tions by Lemma 7.3.8 using Lemma 7.3.7 and the Limit/Colimit Coincidence Theorem.

(2) The p-terminal object, Tl — 1, is an Eilenberg-Moore algebra and AE has limits
of w?-chains of projections by Corollary 7.3.9 using Lemma 7.3.7 and the Limit/Colimit

Coincidence Theorem. O

7.3.2 Kind

Kind is obtained by simply self dualising the property defining categories in PKind.

Definition 7.3.11 Kind is the 2-category of small Cpo-categories with ep-zero and

colimits of w-chains of embeddings, Cpo-functors and natural transformations. O

Remark. In [Bar92] it is observed that a non-empty Pposet -category with colimits
of w-chains has ep-zero, viz., the colimit of X 4 X 5 X — ... for any object
X. Unfortunately when restricting the w-chains to embeddings, this does not hold. For
example, the Pposet -category induced by the ordered monoid ({1, T},F, T,A) has

colimits of w-chains of embeddings but does not have ep-zero.

Examples of categories in Kind are: W1 (see page 45), Pfn, Rel (the category of
sets and relations) and pCpo.

In virtue of the results of the previous subsection we conclude (1)—(5) below:

Theorem 7.3.12 1. Every category in Kind is parameterised Cpo-algebraically

w-supercompact.
2. Kind is 2-cartesian-closed.
3. If Aisin Kind then so is A™.
4. If I': A — Ais in Kind then so are F-Alg< and F-CoAlg, (= (I""-Alg )”).

5. If T: A— Ais a(co)monad in Kind then AE (Ag) is in Kind.
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6. Fix is the unique (up to isomorphism) uniform fixed-point operator in Kind. That

is, it is characterised by the uniformity property that for every zero-preserving

functor V : Bo— Y in Kind,

I
B B , B
Fﬁi//
Vv ~ vo= 1 L
¥ ¥ FiX& y
G

where 4 : % — (VLF) 0 OFix F-

PrOOF: (6) Fix is uniform because

V(5 F(Fix F) — Fix F)
= V(F(colim Ap) — colim Ap) , Fix I' 2 colim Ap
= VF(colim Ar) — V(colim Ap)

12

GV (colim Ap) — V(colim Ap) ,VF =GV

12

G(colim VAp) — colim (VAp) , V preserves colimits of w-chains of embeddings

12

G/(colim Ag) — colim Ag VAR = Ag
~ O G(Fix () — Fix G.

To see that it is the unique such we start with the universal property which gives

W-+1 its name:

Let J : w4+ 1 — W+H1 be the Cpo-functor sending k& — [ to k : k& — [. Then,
every Cpo-functor A : w+ 1 — C for which A Jw = (w = w+1 2, C) is an w-chain
of embeddings and (A(n — w))ue|w| : A [ w = A(w) is colimiting has strict Kan
extension along J in Cpo-Gpd. That is, there exists a Cpo-functor Kan A : W41 — C
such that A = (Kan A)o J and
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w+1

W+1

. D = Kan A.

The crucial fact making the property hold is that W+1 is obtained from w + 1 by freely

turning all its morphisms into embeddings.

Now, for F': A — A in Kind let A}? :w+ 1 — A be the diagram

0 FO
Fix F F(Fix F)

constructed in the proof of Theorem 7.1.5. Then we have that

w+1 wW-+1 w+1 wW-+1
succ Kan A% succ SUCC = Kan (Jsucc)
Af
w+l o~ A w41 W1
A% F A% Kan A}?
A A

where succ:w+ 1 — w4+ 1sends k € |w | to k+ 1 and w to itself. Therefore
SUCC

W+1 W+1
Kan A% ~ Kan A% (7.2)

A A
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And finally, if Y is a uniform fixed-point operator:

YF = (Kan A%)(Y SUCC) , applying the uniformity property to (7.2)
= (Kan A¥)(w) , Y SUCC = w
= Af(w)
— Fix F. O

Remark. For A in Kind, the extension of Fix to [A, A]< — A is a locally continuous
mapping, but in general it is not a functor as it only satisfies Fix (nopu) < (Fixn)o(Fix u).

Recalling that (_)" = Fix o A(_) we have:

Corollary 7.3.13 If A and B are in Kind then so is (_)": [A x B, B] — [A, B.

Moreover, it is uniform in the sense that

FT
AxB B A B
UxV ; Vv e U g 4
X x)Y Yy X Y
GT
where (4 : LgA — (Vbi) O Q4 FtA)- -

As the following proposition shows, sometimes the parameterised fixed-point operator
can be constructed so as to satisfy a stronger strict uniformity property. (This will be

needed in Section 9.2.)
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Proposition 7.3.14 Let

Ax B B
UxV Vv
X x)y %

in Kind.

It V creates colimits of w-chains of embeddings then for every initial parameterised

G-algebra (G, 1) there exists a unique initial parameterised F-algebra (FT, /) such that

PROOF: For A € | A|, by Theorem 7.1.5, GIUA = colim Agwa,_) and since
VApu,_) = Agwa,_) it follows that there exists a unique FTA = colim Ap(4,_) such
that VFTA = GTUA. Also, for f: A — A" in A, F'f mediates between FTA and FTA’
so that VFTf mediates between GTUA and GTUA’ and thus equals GTUf.

Moreover, ¢/, mediates between F(A, FTA) and F'A so that Vi mediates between
G(UA,GTUA) and G'UA and thus equals «f ,. That is, V" = 5. O



8 FPC

We present the metalanguage FPC [Plo85,Gun92] and study it as a programming lan-
guage. First, a call-by-value operational semantics is provided. Second, enriched categor-
ical models of FPC are defined and, on top of them, a denotational semantics is given.
Finally, it is shown that Poset-models of FPC arising from Poset-domain-structures are
parametric with respect to representations [Rey74,Rey83] and that, categorically, this

corresponds to the lax naturality of the interpretation.

8.1 The Language

The metalanguage FPC is a type theory with sums, products, exponentials and recurs-
ive types based on the propositions-as-types paradigm [CF58 How80]. The grammar of
FPC requires two syntax classes of variables: one called TypeVars for type variables

and another called Vars for expression variables. The syntax of the language is given as

follows:
T € TypeVars
7€ Types 1= T|nm+n|nxn|n=n|ulr
x € Vars
e € Expressions = x|inl, .,(€)|inr, ,,(€)|case e of inl(xy).e; or inr(xs).es |

(e1,€2) | £st(e) | snd(e) | Ax : 7.e | e1(e2) | intro,r.-(€) | elim(e).

As usual expressions are identified up to a-equivalence; uT.7 binds Tin 7, Ax : T.e
binds x in e, and case e of inl(x;).e; or inr(xs).ey binds x; in e; and x3 in ez. The

ordinary definitions of free variables, bound variables and substitution apply.

Remark. Despite that the tags on the expressions are essential for proving a unique type
lemma (Lemma 8.1.1) we will usually drop them when they are clear from the context or

unimportant.

172
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The definition of the expressions is such that every type comes equipped with operators

for constructing and for destroying expressions; these are, respectively,

inl(_)/inr(_), (-, ) , Ax._, intro(_) ,
and

case _of inl(xy)._ or inr(xz).—, fst(_)/snd(_), _(-) , elim(_) .

This dichotomy corresponds, under the propositions-as-types paradigm, to the logical

introduction and elimination rules (see the rules defining well-formed expressions on
page 174).

The ability to define types recursively is a powerful tool. For example, it automatically
provides a large supply of basic types. These are closed types (i.e., those with no free

variables) specified by the grammar:
o = T|og+oy|01 X0oy| o1=07
f € BasicTypes = o | uT.f.
The simplest basic type is 0 = pyT.T. From 0 we can construct 1 = 0=-0 and even more

exciting types: Nat = pyT.1 4+ T, NatList = yT.1 4 (Nat X T), Lambda = uT.Nat 4 (T=T),
etc. (see [Plo85,Gun92]).

A well-formed type consists of a list of distinct type variables and a type whose free
type variables appear in the given list. Formally, we introduce type contexts and well-

formed type contexts by the following grammar and rules:
O € Type Contexts == ()] (0,T)

L -0
F{) FO,T

T¢ O

and define well-formed types to be those judgements O k- 7 derivable by the rules:

-0
OF 0,

1<i<|0O]

®|_T1 ®|_T2
®|_T1*T2

where * € {+, x, =}

O.TFr

OF uT.T
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Remark. If © F 7 is derivable then so is - ©.

Although the type system of FPC does not have polymorphic types, the judgements
O F 7 allow parameterisation. For instance, one may think of A+ uT.1 + (A X T) as the
type of lists on A.

Well-formed expression contexts are finite mappings assigning well-formed types to

expression variables; they are defined by the following grammar and rules:

I' € Expression Contexts == ()| (I',x:7)
FO OFr
OF () OFDx:7 =gl

Remark. It ©F T'is derivable then, for every 7 in I', so is © F 7.

Well-formed expressions are defined to be those judgements ©,1' - e : 7 derivable by

the following rules

OFT
_— <7 <
var OrFT 1<
T @,Fl—.e:ﬁ OF T @,Fl—.e:Tz OFn
O,I'Finl, (e): 7 + 7 O,I'F inr, (e): 7 + 7

O.'Fe:m+7 O,(I'xy:m) e 7 O,z :m)Feg:m

O, case e of inl(xy).e; or inr(xz).ep: 7T

O.I'Fe:m O.I'Fe:n
O,I'F (e1,e2) i1 74 X 7y

O.I'Fe:m X7y <L O.I'Fe:m xny
2

E
akal O,I'F fst(e):n O,I' - snd(e) : 7

O,(I'x:m)Fe:n
O.I'FXx:m.e:m=n
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O.'Fe:m=mn O,.I'Fe:m
O, e(er):m

O,'Fe:7[T— uT.7]
I T
O,I'F intro,r,(e) : uT.7 €0

O,I'Fe:ulT.r
|
O,I'F elim(e) : T[T +— uT.7]
Remark. It ©,T'F e: 7 is derivable then so are © - I' and O F 7.

The operators intro(_) and elim(_) can be used to implement self application, and
thus allow the coding of the paradoxical combinators. For example, the call-by-value

fixed-point operator corresponds to the expression

ZCT,T

Af @ (o=71)=0=7.V, (intro V, ) : ((O'ﬁT)ﬁo'ﬁr)ﬁng

Vorr = Xx:ipT.T=0=r1.)y:0.f (elinxx)y: (uT.T=o=7)=0=r1.
(For the operational behaviour of Z see page 177.)

The typing discipline guarantees the following properties:

Lemma 8.1.1 (Unique Type) If O, F ¢ : 7 and ©,T ¢ : 7" are derivable then
7. 0

T

Lemma 8.1.2 (Substitution) If the judgements ©,(I',x: 7Y Fe:7and ©,T F € : 7’

are derivable then so is O, I e[x — €] : 7.
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8.2 Operational Semantics

As it is now common practice after [Plo81], the operational semantics of expressions is
given by a binary evaluation relation on expressions (~») defined by induction on the

structure of expressions. The rules for call-by-value evaluation are:

X ~»X

e ~> v —|_Ir e ~> v

inl(e) ~» inl(v) inr(e) ~» inr(v)

e ~» inl(v) e1[xy = v] v

+El

case e of inl(xy).e; or inr(xy).es ~> v’

e ~ inr(v) eoxg > v] ~ v

+Fr

case e of inl(xy).e; or inr(xz).es ~> v’

€1~ 0 €y ~* Uy

{e1,€2) ~ (v1,v2)

v e ~ (v1,vz) < e ~ (v1,g)

fst(e) ~ vy snd(e) ~> vq

S
a intro(e) ~» intro(v)

e w intro(v)
elim(e) ~» v
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The expressions v such that v ~» v, called values, are characterised by the grammar,

v € Values == x|inl, ., (v)]|inr, (v)|{v1,02) | Ax: 7. €| intro,r,(v).
The notion of program:
Definition 8.2.1 A program pis an expression such that = p: 7 for some type 7. O

Program values are important for understanding the nature of types. For example, 0
and 1 are not exciting types but for different reasons: 0 has no program values, whilst 1

has, for example, the program value Ax.x.

An interesting program is the call-by-value fixed-point operator 7 (see page 175); it

evaluates as follows:
1. 7~ Z.

2. For every value v,

Zv ~» Ay.v (elim(introV[f + v]) (introV[f s v])) 7.

3. For every value v, the following rule is derivable:

Z(xx.e) ~ X e[x = X]v ~ 0
Z(Ax.e) v~ 0!

Some properties of the evaluation relation are:

Proposition 8.2.2 ~» is a partial computable function from Expressions to Values. O

Convention. We write O,1' - e ~» v : 7 to indicate that ©,' - e : 7 and that e ~ v.

We also write ©,I' - ev : 7 when ©,' - e ~» v : 7 for some value v.

Proposition 8.2.3 (Subject Reduction) I[f O, ' ¢ ~» v : 7 then O,I'F v : 7. O
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8.3 Categorical Models

Essentially, the categorical structure needed to interpret FPC is a parameterised algeb-

raically compact partial cartesian closed category with coproducts.

Definition 8.3.1 For cartesian V., a V-model of FPC is specified by
e a domain structure (K, D),
e a V-category L,
o V-functors +,@ : LX L — L and = : L x L — L, and

e mappings (_)" and /(2 associating every V-functor F : Ax £ — £ with a V-functor
F': A — £ and a natural transformation (/* : F (Id, FJ> RNy

such that
o p(K,D) = Ly,

e the underlying functors +, @ : pK x pK — pK and = : pK? xpK — pK of +,® and
= are, respectively, coproduct, partial product and partial exponential functors,

and

o L[ is parameterised V-algebraically compact with parameterisation ((_)T, L(_)O). O

Remark. pK has zero object 0 (viz., a free Id,c-algebra), K has terminal object 1 = 0=0
(see Proposition 5.3.2 (2)) and J = _®1:K — pK has right adjoint.
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8.4 Denotational Semantics

The interpretation of FPC in a categorical model is provided. Roughly speaking, well-
formed types, © F 7, are interpreted as symmetric functors [@ F 7] : p7C e p7C
whilst well-formed expressions, ©,' - e : 7, are interpreted as indexed families of partial
maps

{[0,TFe:7]a:[0F T]y(A) — [0 F 7]2(A)}

where A € |p7C | s is symmetric (that is, A = ((Xl,Xl),...,(X|@|,X|@|)) for some
Xe|pk|'® ).

Throughout this section, we let V be cartesian and work with a fixed V-model of FPC.

Interpretation of Types

Let us recall some notation and introduce more. We write £ for £% x £ and for a

V-functor F : £ x £ — £ we write F for the symmetric V-functor
(Fo(L)\FY:LxL—L

where (_)§ is the V-functor (Ilz, I1y) x (12, 114) : LxL — (/j X /j)Op (for details see
Section 6.3).

Further, for a V-functor F': L x L — L (resp. F : L7 x L — L), the symmetric

V-functor (F o (I x HQ))V: LxL =L (resp. (F o (IIy x HQ))V: LxL — /j) is denoted

w

I

Definition 8.4.1 (Interpretation of Well-Formed Types) [0 F r]: £!1°] — L.

e [OF 0] =11 (1<e<|0O).
+ Lifx=+
o [OF ] =[x]o([O0F n],[0F r]) where [x[ =¢ @ ,ifx=x
Jifx ==

o [OF uT.r] =[O, TF 7] O
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Remark. The parameterisation (_)* on £ is the one induced, by Corollary 6.2.7 (2) and

Theorem 6.4.4, from the given parameterisation on L.
By construction and because of Theorem 6.4.4:
Proposition 8.4.2 [O F 7] is a symmetric V-functor. O

Convention.  Given a V-functor I’ : X — A; X Ay, for 1 = 1,2, we write F; for the
composite [I; 0 ' : X — A;. And givenn: F' - G : X — Ay x Ay, for i = 1,2, we write
n; for l;n: F; 5 G : X — A,

For F : L x L — L, the equality IT; o F = F o (II; x II;) holds for 7 = 1,2 and for
F: LP%xL — L, so do the equalities [0 F' = Fo(Ilyx1I;) and ol = Fo(Ily x1IIy).

Hence:

Proposition 8.4.3 For i =1,2,

[O0.TFrxn] = [[*]]o([[@,Fl—Tl]]i,[[@,Fl—7'2]]Z,> where « € {+, x }.

Also,

[0.TFn=mn] = =o([0,lFn],.[0,IFn],)

[[Q,Fl—TlﬁTz]]z = 30<[[®7F|_7—1]]1’[[®’F|_T2]]2>' .

Convention. To ease the notation, we will write [© F 7] for the composite

s [OF 7]

Pk

v 1o
gﬁo

0

Zo = pIVCO

The interpretation of types respects a substitution lemma (Lemma 8.4.4) establishing
that the interpretation of the substitution of a type 7, for a variable T in a type 7 is
coherent with the evaluation of the interpretation of the type 7 parameterised in T at the
interpretation of the type . That is, evaluation is the semantic counterpart of syntactic

substitution.
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The substitution lemma is needed to interpret expressions. For example, we want
[Felim(e): T[T uT.7]]: 1 — [F 7[T — pT.7]]2 (8.1)

to be obtained from [ e : uT.7] : 1 — [ uT.7]y by unfolding the recursive type uT.T;
that is, by composing with the isomorphism [ uT.7]2 =2 [T F 7]2([F #T.7]). But then,
to satisfy (8.1) we further need

IF 7T uT.7]]e = [Tk 7]2([F pT.7]).
Lemma 8.4.4 (Substitution Lemma) There exists a canonical natural isomorphism
B [0FnTen]] & [0,TFn]o(Id[0F )

such that ﬂi = 33" for every symmetric A.
PROOF: By induction on the derivation of 7 (see Appendix A). O

Remark. If (_)5 is homogeneous (in the sense that for every symmetric V-functors
F:Lm o Land G LY — L7, (F o (G x Id))g = Fl o Gy —c.f. (6.3) on page 131—

. + . . .
then so is (_){; moreover, in this case, # = id.

Interpretation of Expression Contexts

The interpretation of types is extended to expression contexts by taking the partial
product of the interpretation of the types constituting the context. In particular, the

empty context is interpreted as the terminal object in the category of total maps.

Definition 8.4.5 (Interpretation of Well-Formed Expression Contexts)
[[@FF]]:Z'G” — L.
e [OF ()] = K(1,1).

e [OFT,x:7] =2 o ([OFTT,[OF 7]). O

The basic properties of the interpretation of types extend to the interpretation of

expression contexts:
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Proposition 8.4.6 1. [O F I'] is a symmetric V-functor.

2. Let '=xy:7,...,%, : 7. Then, for:=1,2,

[OF (] = K1,

K3

[OFT,x:7]. = @o([@FT] . [OF7]). O

Interpretation of Expressions

The interpretation of expressions is defined in the standard way. Roughly speaking,
variables correspond to projections, inl/inr to coproducts injections, case to coproduct
selection, (_,_) to partial pairing, fst/snd to projections, Ax._ to currying, _(_) to
evaluation and intro/elim to folding/unfolding a recursive type. This is formalised in

the definition below which should be understood in conjunction with Proposition 8.4.8.

Definition 8.4.7 (Interpretation of Well-Formed Expressions)
[0.TFe:7r] = {[06,TFe:7]a]Ac | pK | o1 i symmetric}

is defined as follows:

¢ [0.TFT]=r (1<i<|T|).

[O,T'F inl(e):m + ] =1 0[0,I'F e:m].

[O,T'F inr(e) :m + ] =00,k e: ).

[O,I'F case e of inl(xy).e; or inr(xsz).es: 7]
= [[[G), (Tyxy i) Fep 7], [O, (T, %2 : 72) Feg: T]]] 0dbo0 <<id, [O0.TFe:m + 7'2]]>>
where ¢ is the canonical natural isomorphism

[0F T]@2([0F n]e+[0F =]2) 2 ([0 F T'@[0 F 1i]s)+ ([0 F TT.0[0 F n]2).

[O©,TF (e1,e2) : 1 X 7] = <<[[®,F Fep:m],[O,TF e 7'2]]>>.

[O,.TF fst(e): ] =mo[O,'Fe:n X ).

[O©,T'F snd(e): ] =mo[@,'Fe:n X ).
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o [O,TF dxie:m=mn] =pAN[O,(I,x:7)Fe:n]).
o [O,TFe(er):m]=co <<[[®,F Fe:m=n],[0,'F ¢ : 7'1]]>>.
o [O.TF intro(e): uT.7] =T 0[O, T F e: 7[T— puT.7]] where I = (o970 3),.

o [O.TF elin(e): 7[T — uT.7]] = Eo[O,TF e: uT.7]  where E = (©[® T 16 3),.
0

Remark. By Theorem 6.4.4 and Lemma 8.4.4, [ and E above are mutual inverses.
The interpretation of expressions is well-defined:

.- , v, le
Proposition 8.4.8 For every symmetric A € | pK | el )

[O.TFe:r]a:[OFT](A) = [OF 7]2(A).
ProoOF: By induction on the derivation of ©,' e : 7.

e O.I'FT; where'=x%xy:7,...,%, : 7, and 1 <17 < n.

[0 TETJa=m:[0F n)a(A)@...@[0F m]s(A) = [0 F n]a(A)

Since

[I:@'_F]]QZ [[(9'_7'1]]2®®[[®|_Tn]]2
we are done.

e O, ' inl(e) : 7 + 7.

By induction,
[O0,TFe:m]a:[OF T]y(A) — [OF m]a(A).

Since

IT, : [0 F 1]2(A) = [0 F 7 ]2(A) + [0 F »]a(A)

and

[[G) l_ Al —|— T2]]2 = [[G) l_ 7—1]]2 —|— [[G) l_ T2]]2

we are done.
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e O, 't inr(e) : 71 + 7. Analogous to the previous case.

o O,TF case e of inl(x).e; or inr(xs).es: 7.
By induction,
[O0.TF c:m+ma:[0F [la(A) — [OF 71 + m]a(A)
and, for i = 1,2,
[0, (T.xi:7) b er:m]a: [OF i : m]a(A) — [O F 7]a(A).

Since

[OFrn+n]=[0FT]:+[0F ]2

and

[OFT],@[0Fr].=[0F )% : 7]

we are done.

e O 't fst(e): 7.
By induction,
[O.TFe:r Xn]a:[OFT](A) = [OF 71 X 72]2(A).

Since

[[G) H 71 X T2]]2 = [[G) H 7—1]]2 X [[G) H T2]]2

and

71 [OF 7]2(A) @ [OF r]a(A) — [0 F 7]2(A)
we are done.
o O.TF snd(e) : 7. Analogous to the previous case.
e O, 'k (e1,e3) 1 74 X 7o
By induction, for i = 1,2,
[0, TF e :n]a:[OFT]2(A) — [OF 7]2(A).

Since

[[G) H 7—1]]2 X [[G) H T2]]2 = [[G) H 71 X T2]]2

we are done.
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e O I'F Ax.e: my=my.
By induction,
[0, (I,x;m)Fe:n]a:[OF T x:n]a(A) — [OF m]2(A).

Since

[OFTI,@[0F n].=[0F I, x: 7]
it follows that
MO, (T, x ) b e mla): [OF TTa(A) = [0 F mi]2(A)=[O F m]s(A).
Finally
[0 F 7]a(A)=[0 F n]2(A) = [0 F n]i(A) =[O F 1]2(A) = [0 F i=15]2(A)
and we are done.
o O.T'F efer) : 7o
By induction,

[O.TFe:m=n]a:[0FT](A) =[O F n=n]2(A)

and
[0, TF e :m]a:[OF Ia(A) — [OF m]a(A).
Since
[[G) l_ leTQ]]Q - [[G) l_ Tl]]lj[[e) l_ TQ]]Q
and

[[G) l_ Tl]]Q(A) = [[G) l_ Tl]]l(A)
we are done.
e O, 't intro(e) : uT.7.
By induction,

[0.TFe:r[Tr ,uT.T]]]A ([OF T]2(A) — [0 F 7[T — IMT.T]]]Q(A).
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Since

(Ba)2: [OF 7[T 0 pT.7)],(A) 2 [0, TF 7]2(A, [0 F uT.7]A)

and

(99[[497 ' '_T]])2 : [[®7T H T]]?(Av [[®7T k- T]]iA) = [[®7T - T]];(A)
we are done.
e O, 't elim(e): 7[T — uT.7].
By induction,

[O.TFe:uTr]a:[OF I']2(A) — [OF uT.7]2(A).

Since
[0 F uT.7]5(A) = [0, TF 7]H(A),
(P T 0, TH 7 JHA) 2 [0, TF 7]u(A, [0, TF r]FA),
(Ba): [0, TF T(A, [0 F pT.7]A) =2 [0 F 7[T > uT.7]],(A)
and
[O0F 7T uT.7]],(A) = [0 F 7T pT.7]],(A)
we are done. O

8.5 Two Axiomatisations of Models

We impose axioms on domain structures so that their induced categories of partial maps

are models of FPC. We will be concerned with two classes of models:

1. Domain-theoretic models (Subsection 8.5.1), corresponding to Cpo-domain-structures
whose induced category of partial maps is a Cpo-model with respect to the
approximation order and where algebraic compactness arises from the limit /colimit

coincidence.

2. Aziomatic K.-models (Subsection 8.5.2), meaning models enriched over the full
subcategory of the category of total maps of all those objects embodying undefined-
ness. (The approach taken here has been guided by the (more abstract) approach
of [Sim92]).
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8.5.1 Domain-Theoretic Models

Definition 8.5.1 A domain-theoretic model of FPC' is specified by a uniform domain
structure (K, D) and a Cpo-enrichment C for K satisfying:

AxioM 1. (K,C) has chosen binary Poset-coproducts.
AXIOM 2. (K,C) has chosen binary Poset-products.

AxioMm 3. (pK, T ) is a Poset-category with chosen Poset-partial-exponentials.

~

AXIOM 4. pK has a chosen zero object.

AXIOM 5. K has chosen colimits of w-chains of embeddings. O

Theorem 8.5.2 If (K,D,C) is a domain-theoretic model of FPC then (p(K,D), L) is
a Cpo-model of FPC.

PROOF: Since, by Proposition 5.3.1 and Proposition 5.3.2 (2), K has terminal object it
follows, by Axiom 3, that J 4 L : pK — K is a Poset-adjunction.

Then, as K is Cpo-enriched, by Corollary 4.5.3, so is pK.

Moreover, by Propositions 5.3.2 (1) and 5.3.3 the zero is an ep-zero and by Proposi-
tion 5.4.4 and Axiom 5, pK has colimits of w-chains of embeddings. Hence, by Axiom 4
and Corollary 7.2.4, pK is parameterised Cpo-algebraically compact.

Finally, by Proposition 5.3.13, the binary coproduct functor is Cpo-enriched. By
Proposition 5.1.3, using Corollary 5.2.5, the partial-product functor Cpo-enriches. And,
since Poset-adjunctions between Cpo-categories are Cpo-adjunctions, it follows that

the partial-exponential functor is Cpo-enriched. O

Example 8.5.3 For W a small Cpo-category, let ([W, Cpol,C) be the Cpo-functor-
category of Cpo-functors W — Cpo and natural transformations ordered pointwise, and
let XCpy cpo) be the subcategory of [W, Cpo] of all pointwise-admissible and cartesian

natural transformations. Then, (W, Cpol, XCpy cpo), =) specifies a domain-theoretic
model. O
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8.5.2 Axiomatic K,.-Models

Let (K, D) be a domain structure.

The first two axioms equip pK with the type constructors. In particular, we postulate

the existence of a zero object which explicitly introduces undefinedness.

AXIOM 1. K has chosen binary coproducts (+) and chosen binary products (x).

AXIOM 2. pK has a chosen zero object (0) and chosen partial exponentials (= ).

Consequently, K has initial object (viz., 0), terminal object (viz., 1 = 0=-0) and
representation of partial maps (via n,e:J 4 L: pK — K).

To state the rest of the axioms, those objects embodying undefinedness need to be
identified. These have the characteristic feature that every partial map into them can be

completed to a total map.

Definition 8.5.4 ([Ers73]) An object A € | K| is said to be complete if for every
u: X — A there exists f: X — A such that u C f. g

In the presence of lifting, complete objects are exactly those objects that are retracts of
their lifting; the retraction being the way in which undefinedness is built-in the complete

object.

Proposition 8.5.5 (c.f. [Mog88]) For A, B € | K |,
1. The following are equivalent:

a) A is complete.

(
(b
(c

(d) €4 C a for some total map a : LA — A.

A is a retract of LA in K.

na: Ar— LA is asection in K.

)
)
)
)

2. 1, LA and A= B are complete.

3. If Aand B are complete then so is A x B. O
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Definition 8.5.6 Let K, be the full subcategory of K of all complete objects. O

Remark.  The above notation is adopted because complete objects have a point that

internalises undefinedness (see Definition 8.5.9).
The previous proposition implies:
Corollary 8.5.7 K, is cartesian. O

The third axiom states that, in a complete object, undefinedness is built-in in a unique

way:
AXIOM 3. If A is a retract of LA in K via (94, f) and (n4,¢) then f = g.

Remark. Axiom 3 has been postulated on intuitive grounds and not for technical
reasons. In fact, we could dispose of it provided that we endow complete objects with
additional structure indicating the way in which undefinedness arises (i.e., considering

Eilenberg-Moore algebras for the lifting monad).

Convention. For a complete object A, we will write p4 for the unique total map making

A a retract of LA with section 4.

Proposition 8.5.8 1. For A€ |K |, ppa = Lea.

2. For A,B €| K |, pa — B is the transpose of

LA=B) x A2 (A=B) x A = B.

3. For complete objects A and B,

paxp = (L(Ax B) "B LA x LB287 A x B). O

Definition 8.5.9 The least element of a complete object A, is defined to be the total
map (1 L4, A)=(1 — LA %5 A) where | — LA represents the zero map 1 — 0 — A,
O
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Definition 8.5.10 A map between complete objects is strict if it preserves the least
element. That is, Ao— B if (1 LA B)=(1 N B). O

Examples of strict maps are: id4, A — 1 and py4 for every complete object A, Lu for
every partial map v and the projections m; : Ay X Ay — A; for + = 1,2. Moreover, strict

maps are closed under composition and pairing.

We write K | for the subcategory of K, of all complete objects and strict maps. From

the above remarks, K, | is cartesian.

Let £ be the K,-category with object-set | K |, hom-objects L(A, B) = A=B, iden-

tities j4 : 1 — A=A obtained as the transpose of
Ix A2 AL 4
and composition My g : (B=C) x (A=B) — A=C( obtained as the transpose of
((B=C)x (A=B)) x A= (B=C) x ((A=B) x A) " (B=C) x B = (..

Then, £y = pk.
Remark. Despite M being strict, £ is not a K, | -category because j4 fails to be strict.

The type constructors are K,-functors:

l. Let + : £ x L — L be the K.-functor sending (A, B) to A + B and where
HaB)xy) (A=X) x (B=Y) = (A+ B)=(X 4Y) is the transpose of

(A=X)x (B=Y))x (A+B)—— X +VY

e+te

12

((A=X) x A) + ((B=Y) x B)

Ty + T

(((A=X) x A) x (B=Y)) + ((A=X) x ((B=Y) x B))

Then, +, = + : pK x pK — pK.
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2. Let @ : L x L — L be the K.-functor sending (A, B) to A x B and where
Dap)xy) P (A=X) x (B=Y) = (A x B)=(X x Y) is the transpose of

(A=X)x (B=Y)) x (Ax B)= ((A=X) x A) x ((B=Y) x B) ™ X x Y.
Then, @, = @ : pK x pK — pK.

3. Let = : L x L — L be the K.-functor sending (A, B) to A=PB and where

= (B (XY - (X=A)x (B=Y) - (A=B)=(X=Y) is the transpose of

(X=A) x (B=Y)) x (A=B) X=Y

~

M

(B=Y) x ((A=DB) x (X=A4)) (B=Y) x (X=RB)

idx M

Then, =, = = : pK” x pK — pkK.

Finally, AXioM 4 postulates the existence of a suitable fixed-point operator in K.

which together with AX1IOM 5 will guarantee the existence of all recursive types.

AXIOM 4. K. has a uniform parameterised fixed-point operator.

That is, for every f: A x B — B in K, there exists fT: A — B such that
folid ffy = f'

and

fT
Ax B B A B
U X v v — u v
X xY Y X Y
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Let us pause to show an application of uniformity which will be needed later: for

fii Aix By — B; (i =1,2) in K., the commutativity of

~ Ji X fa
(Al X AQ) X (Bl X BQ) = (Al X Bl) X (A2 X BQ)%Bl X B2
T X T; Uy
Ji

yields, by uniformity, 7; o ((fl X f)o = )T = f"ox;. Thus,

((fl X fa)o = )T = flJr X sz- (8.2)

Convention.

1. Weset ():pK = Lo:().

2. Given a K,-functor F: A x L — L we write I for the composite
Ao X pK 22 Ag X Lo 25 Lo = pK.

Moreover, given an F'(A,_)-algebra (B, ) and an F(A’, _)-coalgebra (C,~), we
write Bo F(_,2) oy : A(A, A) x (C=B) — (=R for the composite

A(A', A) x (C=B) C=B
gl TM
1 x ((AA,A) x C=B) x 1) (F(A,B)=B) x (C=F(A, B))

Bx (£ x7y) %XM

(F(A,B)=B) x (F(A,C)=F(A, B) x C=F(A",(C))

AXIOM 5. Every K.-endofunctor on £ has a chosen special invariant object.

That is, every K.-functor ' : L — L comes equipped with an F-invariant object

o: FA= Asuch that (a0 F(L)oa™ ) =j,:1 - A=A,
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L admits recursive types:

1. £ is K,-algebraically complete:
Let F: L — L be a K.-functor and let (A, ) be an special F-invariant object.

For an F-algebra (B, 3),if u = (B o I'(_) o a™*)" it follows that u : (A,a) — (B, )

is an F-algebra morphism because

BoF(uyoa™ = BoF()oa'ou

= u , by the fixed-point property.

Moreover, if v : (A, ) — (B, ) is an F-algebra morphism then, writing vo _ for

the composite A=A = 1 x (A=A) uxid (A=B) x (A=A) M, A=B, we have
that
aoF()oa™
A=A A=A
vo_ vo _
C=A C=A
BoF()oa™

and therefore

VO _094

S
Il

= vo__o(ozoF(_)ooz_l)Jr

= (BoF()oa™) , by uniformity.

2. L is K,-algebraically compact:
Let F: L — L be a K.-functor and let (A, ) be an initial F-algebra.

For an F-coalgebra (C,7),ifu = (a0 F(_) o y)! it follows that u : (C,v) — (A, a™")

is an F'-coalgebra morphism because

aoF(u)oy = aokF(_)ovyou

= u , by the fixed-point property.
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Moreover, if v : (C,7) — (A,a™") is an F-coalgebra morphism then, writing _o v

for the composite A=A = (A=A) x 1 dxy (A=A) x (C=A) M, (C=A), we
have that
aoF()oa™
A=A A=A
=0U —0ouv
C=A C=A
aoF(_)oy

and therefore

S
|
|
o
<
o
~.
S

= (aoF(_)on)t , by uniformity.

3. L is parameterised K ,-algebraically compact:
Let F: A x £ — L be a K,-functor.

For A,B € | A|, define

Oap = (goF(,_)o(d) ™" AA B)x (FIA=F'B) - FTA=F'B.

Then, for every f:1 — A(A, B),

o F(f,®To No(f)™" = do(f,0'of) = d'of: 1 FlA=F'B

and therefore
o F(f,®tofo()™ = ofof: F'A— F'B.

Thus, ®fo f = FTf.

In particular, ®T o j4 = F'(j4) = idpi, and therefore ®' 0 j4 = idpty = Jpia.
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Moreover,

(A(B,C) x A(A,B)) x (FTB=F'C) x (FTA=F'B))— (FIB=F'C) x (FTA=F"B)

d®xP
M x M (A(B,C)x (FTB=F'C)) x (A(A, B) x (FTA=F'B)) M
A(A,C) x (FTA=FTC) FtA=F1C
)
and, using (8.2), we have
ot x ot
A(B,C) x A(A, B) (F1B=F'C) x (FTA=F'B)
M M
A(A,C) : F'A=F'C
)

Hence, F' : A — £ defined as ®' on hom-objects is a K,-functor such that
Fly= Ft: Ay — pk.

Thus, we have proved:

Theorem 8.5.11 Let (K,D) be a domain structure satisfying AX1oms 1-5. Then,
(K,D), £, +,®, = and (1)’ )" specify a K,-model of FPC. O

Example 8.5.12 (Cpo, X) satisfies AXToMS 1-5. O
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8.6 Poset-Models and Parametricity

Throughout this section, we consider a domain structure (K,D) together with a
Poset-enrichment C for K such that (pK, &) is a Poset-model of FPC and invest-
igate the behaviour of expressions in it. We show that expressions are parametric with
respect to representations (Definition 8.6.1) and that, categorically, this corresponds to

the lax naturality of the interpretation.

Representations were introduced in [Rey74] as an initial formalisation of the notion of
implementation. Here we generalise Reynolds’ definition in two obvious ways: we state
it in an arbitrary Poset-category (rather than in a category of domains) and we consider

representations between morphisms (rather than between elements).

Definition 8.6.1 A representation between A and B is an indexed family of relations

{([v])Z C pK(Z, A) x pIC(ZvB)}Ze | pK |

where v € pKr(A, B) and foreverya: Z — Aand b: Z — B, a (v))zb < bL voa.
0

The motivation for parametricity (i.e., the property that the interpretation of an
expression maps related environments to related values) is to guarantee representation
independence. In our setting, this abstraction property is captured by lax naturality

(Proposition 8.6.5). The following lemma suggests why.

Lemma 8.6.2 For v; € pKr(A:;, B;) (¢ = 1,2), a : Ay — Az and b : By — By, the

following statements are equivalent:
1. Forevery Z € | pK |, 2 : Z — Ay, y: Z — Ay,

¢ (v)z y = aoa [z boy.

2. For every x : Ay — Ay, y: Ay — A,

© (i), y = aox (va])a, boy.
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a
Al— 4,
3 U1 g U2

B—— B

b 4

A neat aspect of our treatment is that the notion of representation on compound
types is not imposed by definition but derived. This is done by characterising the rep-
resentations of a compound type in terms of the representations of its constituent types.

Pleasantly enough, representations of compound types turn out to be logical [Mit90].
Proposition 8.6.3 For i = 1,2, let v; € pKr(A;, B;).

1. Let a: Ay — Ay and b: By — B,. Then,

pA(a) vy =vz) pA(b)

VZe|pK|l,x:Z —Ay:7Z — Ay x (1)) y = aox (vg)) boy.

2. Leta:Z — Ay ® Ay and b: Z — By @ By. Then,

a (v @va)) b <— (7r1 oa ([v1)) 7m0 b) A (71'2 oa ([vz)) mg 0 b).

3. Fore=1,2,ita: Z — A;and b: Z — B, then

Oyoa (v +vs)) Liob < a (v b.

PRrOOF:
(1) By Proposition 5.2.2 (3) and Lemma 8.6.2.
(2) (=) By Proposition 5.1.1 (2).
(<) By monotonicity of {(—, =)) and Proposition 5.1.1 (5).

(3) (=) Because II; is full (see Definition 4.2.2 (1)) as follows from the fact that II;
is an admissible mono (see Proposition 5.3.12) and that admissible monos are full (see

Theorem 4.2.4).

(<) By monotonicity of II, o _. O
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Before stating the correspondence between parametricity and lax naturality some

definitions restricting the interpretation of types to representations are needed.
Definition 8.6.4 1. [OF 7]z pICAG)| — pK is defined by
[OF 7la(v) = [OF 7h((v), 1), -, (V) vje)))-
2. [O0F 7]p: (pIC]|%®| ) — pK is defined by

[OF 7]p(v,v) = [OF T]]Q((U{,Ul), ce (v|’®|,v|@|)). a

.....

Proposition 8.6.5 The following statements are equivalent:
1. For every v € pKA°! (A, B),
Vae pKl®l(Z, A),be pKl®(Z, B).
a([OF M) b=[0,TFe:r]ao0a([OF rJr(v)) [0,TF e:7]50b.
2. [0.TFe:r]:[OF I [0 F r]r: pki® — pk.
3.[0TFe:r]:[0FT]p = [0F 7lp: (pKi®1) — pk. That is, for every

vepka®l(A, B),

[O,TFe:7]a
[OFTp(A, A) [OF 7]p(A, A)

[OF F]]D(v,id)/ NG) = 7lp(id, v)

[©FT]n(B,A) [©F 7]p(A, B)

[OF F]]D(id,l\ %@) F r]p(v,id)

[0k TIo(B, B) g 15 ¢ 7, [0F Tlo(B. B)

i
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Finally,

Theorem 8.6.6 (Poset-Models are Parametric w.r.t. Representations)

[0,TFe:7]:[0FT]r =[O F r]r: pkt — pK.

PROOF: By induction on the derivation of ©,1' - e : 7 (see Appendix B). g



9 Computational Soundness and Adequacy

The relationship between the operational notion of termination and the denotational no-
tion of totality is examined. It is shown that in any model of FPC the interpretation of
expressions is computationally sound (meaning that expressions whose evaluation termin-
ates have total interpretations). Furthermore, for a wide class of domain-theoretic models
this is strengthened by showing that they are also computationally adequate (in the sense

that, the evaluation of a program terminates whenever its interpretation is total).

9.1 Soundness

The strategy for proving soundness is as usual: observe that values have total inter-
pretations (Lemma 9.1.2) and that the interpretation of expressions is preserved under
evaluation (Lemma 9.1.3). Both lemmas are proved by induction. The first one follows
straightforwardly; the second one requires a substitution lemma for expressions (which
is particularly interesting as it only holds when substituting expressions with total inter-

pretation) and its proof is deferred to Appendix C.

Definition 9.1.1 A model of FPC is computationally sound if, for every - p: 7,
Fpv :7implies [Fp: 7] . O
Lemma 9.1.2 In any model of FPC, [@,I'F v : 7] | for every value v.

ProoOF: By induction on the structure of v. O

200
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Lemma 9.1.3 In any model of FPC,
ifO,I'Fe~v:7then [O,Fe:7]=[0,Fv:7].
PROOF: By induction on the derivation of e ~» v (see Appendix C). O
From the two previous lemmas:

Theorem 9.1.4 (Computational Soundness) In any model of FPC,

ifO,I'Fev :7then [O,'Fe:7]|. O

9.2 Adequacy

A model of FPC is computationally adequate when the operational notion of termination

and the denotational notion of totality coincide. Formally,

Definition 9.2.1 A model of FPC is computationally adequate if, for every - p : 7,
[Fp:7] | impliest pv : 7. O

The main mathematical effort of this section is to establish the computational

adequacy of a wide class of domain-theoretic models (see Subsection 8.5.1).

Fix a V-model of FPC. The first impulse to try to prove [F p: 7] | = F pv : 7 is
to proceed by induction on the structure of p. But this does not work. To see what goes
wrong consider the case p = py(py). If e o <<[[|— poo=7],[F ps: U]]>> = [F pi(p2) : 7] is
total then so are [F p; : o=7] and [ p; : o] and , by induction, there exist Ax.e and
v such that p; ~» Ax.e and py ~» v. But, there is no reason for which we can conclude
that e¢[x — v]v". The solution is to strengthen the induction hypothesis, roughly, to

something like
[Fp:7]l = Jopwo AfFp:7]=v (9.1)

where { <, C K(1,[F 7]2) x {v € Values | F v : 7}} is a family of formal-approzimation
relations with enough closure properties to overcome the above and similar problems.

The nature of the closure properties alluded is best illustrated with a couple of examples.



9. Computational Soundness and Adequacy 202

1. Consider the case p = pi(p2). If [F p1 : o=7] and [F p2 : o] are total, by
induction, there exist Ax. e and v such that p; ~ Ax.e A [F p1:o=7] <,—; A\x.¢
and py ~» v A [F ps : 0] =, v. Thus, if we could built <,~, and =<, with the
property that whenever f <, Ax.e and * <, v we have that

so{(f,x) | = Fv'.exrmv] w0 Aco{(f,x) 20 (9.2)

then, using that
e[x > v] ~ v’

pr(pa) ~> v’

and putting f = [F p1 : o=7] and & = [F p2 : 0] in (9.2), we could conclude that

[Fpi(p2) 7] L = 30 pi(pa) ~ 0" A [Fpilpe) i 7] 250

2. Consider the case p = elim(p’). If Eo [t p': uT.7'] = [F elim(p’) : 7'[T + uT.7"]]
is total then so is [F p’ : uT.7'] and, by induction, there exists intro(v) such that

p' ~ intro(v) A [Fp': uT.7'] =1, intro(v). Thus, if we could built < 1 .+ and

uT. 1 LT

=1 — 1.7 With the property that

r =R, . intro(v) = Foux = v (9.3)

uT. T T uT. 7]
then, using that

p' ~ intro(v)

elim(p’) ~ v
and putting x = [F p' : uT. 7] in (9.3), we could conclude that

lim(p') ~
[F elin(p) : 7' [T puT.7] L = Fv. A eLin(y’) / ’ / /
[F elin(p’) : 7'[T = pT.7']] =5pr e pr. -1 -

The reader is advised to consider the remaining cases and find out the other closure

properties or to look at them in Corollary 9.2.17.

Remark. The actual induction hypothesis needed to carry out the proof is a suitable gen-
eralisation of (9.1) —see Lemma 9.2.18— to include expression contexts and expressions

(as required, for example, to treat the case p = Ax.e).
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Establishing the existence of the formal-approximation relations is a major task on
which we now embark. Essentially the difficulty arises because they are defined recursively
and one should guarantee that such a definition makes sense. But this is better discussed

in the light of the following definitions:

For F 7, we define

Values(7) = {v & Values| Fuv:7},

Programs(r) = {p € Expressions | Fp: 71}
and, generalising from the formal-approximation relations, we set
|R(T)| = {(AAX)]A€|K|A 2C K(1,A) x Values(7)}.

Given = C K(1,A) x Values(7), we define its extension to partial maps and programs,

= CpK(1,A) x Programs(7), by u I p < (v | = Jv.p~»>0v A u=v)—ct (9.1).

Now, in order to provide an equational description of the closure properties of <,
(for x € {4, x,=1}) and to clarify the closure property of <,r., the type constructors
are logically extended to relations following Corollary 9.2.17.

Definition 9.2.2 For I o and - 7,

1. Define +,, : | R(o)| x | R(7)| — |R(c+7)| to be the function mapping
((A, =), (B, ﬁB)) to (A+ B, =4+ =p) where

(24 + =p)inl(v) <<= (Fa'z=MOyo0a2" A2’ 24 v)
and

(244 <p) inr(v) < (3 dox=Ih0a" Ao’ <p v).

2. Define @,, : |R(o) | x | R(1)| — |R(oc x7)]| to be the function mapping
((A,=4),(B,=p)) to (A® B, =<4 @ <5) where

(24 @ =2p)(v,02) <= (mox=4v) A (mox =puvy).

3. Define =, : | R(o)| x | R(7)| — | R(e=7) ]| to be the function mapping
((A,=4),(B,=5)) to (A=B, <4 = <) where

f(24==B) Xxe < (=40 = co{f,z) Zpe[x— v]). O
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Then, (1)—(3) in Corollary 9.2.17 below can be expressed as

+ Lifx=+
Sowr = 2o 4] 25 where [x] = § @ ,ifx=x

To see what happens with recursive types we look at an example. Recall that
Nat = uT.1 4+ T where 1 = 0=0 and 0 = uT.T. Then, for © € K(1,[Nat]) and
v € Values(1 + Nat),

T Zjyat intro(v) <= Fox <yiga v

— For (=i + Zpat)v

where E : [Nat] 2 [1+Nat]. Now, if for < C (1, [7[T +— puT.7]]) x Values(7[T — uT.7]),
we define [ 2 C K(1,[7[T — uT.7]]) x Values(uT. 1) by

z (I=) intro(v/) = ' =;
we have that
T Syay intro(v) <= FEox [(=; + =pas) intro(v). (9.4)
That is, intuitively,
E: <pae = (=4 + <pa)- (9.5)

And this is exactly where the difficulty in constructing <, ; resides as we have to solve
a recursive equation for relations! In the sequel, this will be done using the techniques of

Section 7.3.

First we need to make | R(7) | into a category. But, what should a morphism

(A, =4) — (B, =p) be? The answer is suggested by (9.4) and (9.5):

Definition 9.2.3 Given F 7, the category R(7) has objects | R(7) | and morphisms
u (A, 24) — (B,=<p) where u : A — B is such that + <4 v = woux =Zp v.

Composition and identities are as in pk. g
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We list some basic properties of the R(7)’s:
1. For u: (A, =4) — (B,=p), v 2ap = uvou Zpp.
2. R(0) = pK.

3. R(7) has an initial object, viz. (0,0), and the forgetful functor U, : R(r) — pK

preserves it.
4. Ly : R(7[T— uT.7]) 2 R(pT.7) : Eyr.» where

Lr,: (A, =X) — (AI=X) witha (I=)intro(v) < v
and
Exg-:(A,2) —» (AE=) witha(E=X)v < z =< intro(v).

Proposition 9.2.4 For every - 7, (0,0) is a zero object in R(7) if and only if pK is

non-trivial.

ProOF:

(=) If (0,0) is a zero object in R(1) then the unique 1 — 0 is a morphism
(1,{(idy, Ax : 0.x)}) — (0,0) in R(1). Therefore we have that

(1—0)] = ((1 40),)\X:O.X) €
or equivalently, that
L=l
Hence, 1 2 0.

(<) For F 7, let (A,=) € |R(r)|. The unique 0 — A in pK is a morphism
(0,0) — (A, =) and thus (0,0) is initial in R(7). Moreover, if pK is non-trivial then
the unique 1 — 0 in pK in not total and so the unique A — 0 in pK is a morphism

(A, =) — (0,0); thus (0,0) is terminal in R(7). O
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Proposition 9.2.5 The functions +, ., @, and =, . extend to functors satisfying

*O’T qu—

R(o) I R(7) R(o*T) R(U)Oplx R(t)——=R(oc=1)
pK X pK pK pK%? x pK — pK
(x € {+.@})

PROOF: We need to show that, for u : (4, <4) — (B, =<p)and v’ : (A", 24) — (B, Zp),

u*u’:(A*A/,jA*jA/)A(B*B/,jB*jB/) (*E{—I—,@})
and

u=u': (B=A 2p = Su) — (A=DB',24 = =p).
We consider each case:

+: Assume that = (=4 + =4) v and that (u +u') o2z |. We have to show that

(u+u')ox (g + =<p:) v. There are two cases:

— v = inl(vy): We need to find y such that (u+u')oxz =1l oy and y <p v;.
By the first assumption, there exists @’ such that x = II; o 2’ and 2’ <4 v;.
Then, u oz’ 2p vy, but since [l ouoa’ = (u+u)ollj oz’ = (u+u')oxis

total then so is u o 2" and hence v o 2’ < v;. Finally, take y = v o z'.

— v = inr(ve): analogous to the previous case.

@: Assume that © (=4 ® =24/) (v1,v2). Writing =< for <p @ </ we have to show that
(u@u')ox = (v, v9).
By assumption, 7y o 2 <4 vy and my 0 x =4 ve. Then, uom ox =g vy and

u' omyox 2pi vy and hence (u @ u')ox = uom oz, uomyoa)) = (v, v9).

S

= Assume that f (Xp = =as) Ax.e. We have to show that (u=wu")o f | and @ <4 v

imply ¢ o (((u=u") o f,2)) Zp e[x > v].

Assume that (u=wu') o f | and that @ <4 v. Then, uox <p v and, using the first

assumption, it follows that £ o ((f,u o x)) Zas e[x — v]. Hence,

co{{(u=u)o fiz)) =vu oco{f,uoz) Jp e[x+— v]. O



9. Computational Soundness and Adequacy 207

The type constructors on pK have been extended to the R(7)’s but there are far too
many relations in the R(7)’s to be able to find recursive types for them. The way out is

to find subcategories pK(7) of R(7) in which this is possible.

Precisely, we now assume that our fixed model of FPC is a Cpo-model and intend to

construct the pK(7) with the following properties:
Al. U, : pK(7) — pK is a Cpo-functor.
A2. pK(7) is parameterised Cpo-algebraically compact.

A3. For x = +,®@ (resp. =), the functor %,, cuts down to a Cpo-functor
pK (o) x pK(7) — pK(o*T) (resp. pK (o) x pK(7) — pIC(UﬁT)).

A4, Lr » cuts down to pK(7[T — uT.7]) = pK(uT. 7).

Ab. [Strict Uniformity] For every pair of symmetric Cpo-functors £ and G, if

pK(o1) x ... x pK(oy) x pK(0) pK (o)
(9.6)
pK x ... x pK x pK e

G

then for every initial parameterised G-algebra (GT, LG) there exists an initial para-

meterised F-algebra (£, /) such that

F(1d, £
K(or] kol L Sk
pK (o) X ... X pK(o, o pK (o
\ET/
G(Id, G
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Before going into the construction of the pC(7)’s we remark that the Strict Uniformity

Property is stronger than it seems:

Proposition 9.2.6 Assume the Strict Uniformity Property. In the situation (9.6), for

every initial parameterised G-algebra (GT,LG) there exists an initial parameterised

F-algebra (F1, /") such that

pK(o1) X ... X pK(om) o~ pK (o)

Proor: Write W for (U,,”" x U,,) X ... x (U, x U,, ) and V for U," x U,.
On the one hand,
ILVFY = UILFY = UILF' = ILGTW = ILG'W
and therefore V F* = G*W.

On the other hand, recall from pages 145 and 144 that

o= ((pR)"id) o o F(X((p%)2.id)) (9.7)
where
(%)
(F1X)8 F(X5 (FTX)%)
P F(X5, pk)
FI(X?) F(X% FYXY))

(ths) ™"
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Then, applying V to the above diagram it follows that

LIC/;VX ’
(GTW X)* (iex) G((WX)5, (GTWX)P)
fo( G((WX)§7VP§()
G W X)S e G((WX),GHWX)P)
Lwx)s

and therefore p“W = V. In particular,
ILp"W = I,V = Ullyp”. (9.8)

And, applying V to (9.7) and using (9.8), the equality Vo' = “W is easily verified. O

Further consequences of the Strict Uniformity Property, which will be used later, are

given in Appendix D.

Returning to the definition of the pK(7)’s we now show how it is shaped by Prop-
erty (Al): if U, is a Cpo-functor then, for every w-chain (uy : (A, <4) — (B, =<p)) in
pK(7), it should happen that | |,cur = Ly ur @ (A, 2a) — (B, =p). How this could

be guaranteed is shown by the following chain of implications: if + <4 v then

| | ueon |
= JL.Vk> 1l upox | ,assuming that
K(1,A) is inaccessible by lubs of w-chains in pK(1, A) (9.9)
= FL.Vk >l urox Zg v, because uy, : (A, =<4) — (B, =p)
= | | uk 0oz <p v, assuming that
=<5~ '(v) is closed under lubs of w-chains in pK(1, B). (9.10)

How to cut down the relations in the R(7)’s is then dictated by (9.10):

Definition 9.2.7 Let pK(7) be the full subcategory of R(7) consisting of all those objects
(A, =) such that for every v € Values(t), <7' (v) is closed under lubs of w-chains in
pK(1, A). O
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Proposition 9.2.8 For every F 7, (0,0) is a zero object in pK(7) if and only if pK is

non-trivial.
PrOOF: As in Proposition 9.2.4. g
We identify those Cpo-models satisfying (9.9):

Definition 9.2.9 A Cpo-model of FPC is absolute if for every A € | K |, K(1, A) is
inaccessible by lubs of w-chains in pK(1, A). O

Proposition 9.2.10 In an absolute Cpo-model of FPC, for every (A, =) € | pK(7) |

Y~

and p € Programs(r), <7' (p) is closed under lubs of w-chains in pk(1, A).

PROOF: Let (ug) be an w-chain in pK(1, A) such that u; = p. If ] uy | there exists
such that u; |. Then, for every & > [, uy | and thus there exists vy such that p ~» vy and

ur = vg. Since ~» is functional, there exists v such that p ~» v and u; < v. But then

L ux = v and thus || ug = p. O

In domain-theoretic models of FPC (see Definition 8.5.1) absoluteness has a simple

characterisation:

Proposition 9.2.11 A domain-theoretic model of FPC is absolute if and only if [idy] is
inaccessible by lubs of w-chains in D(1). O

Remark. Fquivalently, the above could have been stated as: the D-classifier ¢t : 1 — X
is inaccessible by lubs of w-chains in K(1,%). (This motivates the terminology as, in
absolute domain-theoretic models of FPC, computable truth is absolute in that the only

way to approximate it is to have it.)

Example 9.2.12 For a small Cpo-category W, the domain-theoretic model
([W,Cpol, XCpy,cpo)) is absolute if and only if W has a finite number of connected

components. 0

From now on, and till the end of the section, let our fixed Cpo-model of FPC be an
absolute non-trivial domain-theoretic one. Then, as follows from the previous analysis,
pK(7) with the order inherited from pK is Cpo-enriched and U, is a Cpo-functor, but

even better:
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Proposition 9.2.13 Properties (A1)-(Ab) hold.

PROOF: Property (Al) holds by construction of pK(7).

Property (A2) holds, as follows from Corollary 7.2.4, because pK(7) has ep-zero,
(Viz. (0, @)), pK has colimits of w-chains of embeddings; and

U. : pK(7) — pK creates colimits of w-chains of embeddings (9.11)

as we now show. Given an w-chain of embeddings ((Ag, =), fr) in pK(7) and a colimit

¢ : (Ak, fr) = A in pK, by the Limit/Colimit Coincidence Theorem, it is enough to
endow A with a relation = C K(1, A) x Values(7) such that

(A, =) € | pK(r) |, (9.12)
okt (Ap, =) — (A4,2), and (9.13)
& (A=) = (Ap, =) (9.14)

In fact (9.12)(9.14) determine < as, by (9.14), we should have that 2 < v = ¢, oz < v;
whilst

gka ox Zpv
= grogrior I by (9.13)
= z=|¢rods oz <v ,by (9.12) using Proposition 9.2.10
and the Limit/Colimit Coincidence Theorem

= x 3o

Thus, we define
= Vk6|w|.q§kRoxjkv

and check that (9.12)-(9.14) are satisfied. First, for every w-chain (z;) in X(1, A) such
that 2; < v we have that gka ox; Zp v and therefore gka o]z =L qka ox; Zp v. That
is, || #; = v and thus (A, =) € | pK(7) |. Second, ¢y : (Ax, =) — (A, =) if and only if
r=pv = VIieEe|wl. gblRo ¢r o x Zpv. And assuming that « < v, for [ < k we have
that ¢, o gpox = kaR ox (using ot = kaR o gka) and since kaR DAk, 2k) — (AL =)
it follows that kaR oz = v; whilst, for [ > k we have that qblR 0 ¢pox = fr;o0x (using
dr = ¢1 0 fry) and since fi; : (Ar, 2k) — (A, =) it follows that fr; 02 = v. Third,
IR (A, =) — (Ag, 2k) by definition.
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Property (A3) holds because for every (A, =<4) € | pK(o) | and (B, =<p) € | pK(7) |,
(Ax B, 2a*=2p) €| pKox7)|  (xe{+®,=})

We consider each case:

+: Let (xx) be an w-chain in K(1, A + B) such that z; (X4 + <) v. There are two

cases:

— v = inl(vy): Then, for k € | w |, there exists z} such that z;, = II; o 2, and
2y, =4 vy. As II; is full (by Proposition 5.3.12 and Theorem 4.2.4), () is an
w-chain in K(1,A). Moreover, || 2y = II; o || #} and || 2}, <4 v;. That is,
L 2% (%4 + <B) inl(vy).

— v = inr(ve): analogous to the previous case.

@: Let (xx) be an w-chain in K(1,A @ B) such that x; (X4 ® <) (v1,vs). Then, for
k€|wl moxy =4 vy and 790 ap =p vy. Thus 7 o[ ap = 71 0 25 <4 v and

T o) ok = m2 0 xp Xp vy. That is, || (ﬁA @ ﬁB) <01702>-

= Let (f%) be an w-chain in K(1, A= B) such that f; (X4 = =<p) Ax.e. Assuming that
x40, for k€ |wl,eo{(fr,x) 3B e[x — v] and therefore, by Proposition 9.2.10,
co (U fe,z) = U o {(fx,v) 2B e[x— v]. That is, || fx (Z4 = =p) Ax.c.

Property (A4) holds because

(I j)_l(intro(v)) — <! (v) and (E j)_l(v) — <! (intro(v)).

Finally, the Strict Uniformity Property holds by Proposition 7.3.14 (Which is ap-

plicable because U,* x U, preserves the zero object and creates colimits of w-chains of

embeddings as so does U, —see (9.11)). O

Now that Properties (A1)-(A5) are known to hold, the formal-approximation rela-
tions are constructed by providing a non-standard interpretation of types in the pK(7)’s
(Proposition 9.2.14) which extends the interpretation of types (Definition 8.4.1) respect-
ing the folding/unfolding of recursive types (Corollary 9.2.15) and the substitution of
types (Lemma 9.2.16).
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Convention. Given © =Tq,..., T, and F o; (1 < i < m) we write & for oq,...,0,, and

(O — d] for [Ty — o1,..., Ty = 0.

Proposition 9.2.14 There exists an interpretation

v v v

(©F7)(F) : pK(o1) x ... x pK(0oj0]) — pK(7[O — 7]).

such that (© F 7)}(5) is a symmetric Cpo-functor and

. . {0k 7)) .
pK(o1) x ... x pK(0oje)) pK (1[0 — &])

[0F 7]

ProOOF: By induction on the derivation of 7.

Write m for | © |.
e 7 =0, (1 <i<m): Define (O F 0,)(5) =11,.

o 7 =7 %7 where x € {4, x,=}:
Define (O F mxm)(d) = {xnemsnio-al © ([0 F n(F). (O F n)(7))

+,r Hilx=+
where (,;) = @,, ,ifx=x
=, ,ifx==

By induction, {© F 7;)(5) (¢ = 1,2) are symmetric Cpo-functors and therefore so
is (O F 7 x 1) (5).
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Moreover,
. . {0k n)@), (8 F n)(3) . .
pK(o1) X ... X pK(om) pK (1[0 — 7)) X pK(72[0 — J])
pK X ... x pK K x pk

([0 F 7], [0F ])

and since it follows from Proposition 9.2.5 and Property (A3) that

]  Fnfoedne—a) .
pK(11[0 — &]) X pK(73[0 — &]) pK(71[0 — 5] * 1[0 — 7))

(9.15)

a(

pK x pK > p

[*]
we are done.
o 7= uT. 7"

By induction, {©,TF 7')(&, uT. 7'[® — &]) is a symmetric Cpo-functor and, writ-
ing 7 for 7'[@ = &, T s pT.7'[0 > 5] = 7/[T = uT.7][O ~ 5], we have that

§ ) _({e,Tk )&, puT. 7'[0 — F])
pK(o1) X ... x pK(0,) X pK(uT. 70 — 7)) pK(7")

K x ... x pK x pK K
PR X PRX P [0, T+ 7] P

commutes.
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Therefore, also

. . . F .
pK(o1) X ... x pK(0,) X pK(uT. 70 — 7)) pK(uT. 70 — 7))

(0, Tk 7')(&, uT. 7O — 7)) %H

pIC(T//)

v v

K x ... x pK x pK
PR X PR D [0,T+ ]

commutes (where F' is a symmetric Cpo-functor) and, by the Strict Uniformity

Property and Proposition 9.2.6, there exists ' such that

pK(o1) X ... x pK(o,) pK(uT.7'[0 — &])
Kox ... x pk ; K
PR PR g T = [0 F T ] L
Defining [O F uT.7'](5) = F* we are done. O

Inspecting the last case in the above proof and using Proposition 9.2.6 we have:
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Corollary 9.2.15 For F' = (I’ x I) o (O, T F 7))(7, uT. 7[O > 7)),

F(1d, (O F puT.7)(5))
v V/F\
pK(o1) X ... X pIC(U|@|)\—%/

(6 F ut.7)(5)

pK(uT.7[0 — 7])

[0, TF 7]{(1d, [© + uT.7])

pK X ... x pK

|

[©F uT. 7] : O

Lemma 9.2.16 (Substitution Lemma) There exists a canonical natural isomorphism
(oFnrenl)(@) = (6,TFn)(F, 70 &])o (Id, {6 F n]())

satisfying
(O F 7T = n])(9)

) v/_///\ )
pK(o1) X ... X pK(U|@|)\2//// pK (1)

(0, T+ n])(F, [0 — 7)o (Id, (O I m])(5))

[O©F 7[T — 7]

v v ///I\ v

pK X ... x pK g pK
w
[0, TF ] o (Id, [0 F 7])
where 7 = 1[0 = 7T = 1[0 — §]] = 1T — ][0 — F] and S is given by

Lemma 8.4.4.

PROOF: By induction on the derivation of 7y (along the lines of the proof of Lemma 8.4.4
—see Appendix A— suitably generalising the permutation and contraction lemmas) us-

ing (9.15), and Propositions 9.2.6, D.0.1 and D.0.2.

The details are left to the reader. O
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From the non-standard interpretation of types, the formal-approximation relations

are easily extracted:

Corollary 9.2.17 There exists a family of relations {<, C K(1,[F 7]2) x Values(7)}
such that

1. e v <,p,inl(v) < Fa a =102’ A 2’ =, v.

o v <, inr(v) < Fa' a =02 A 2’ =<, v.
2. & Zoxr (V1,02) <= (mrox =2, v1) A (02 =, vg).
3. [ R Axie = (2 2,0 = co{(f,x) 3 e[x—v]).

4. x 2,1, intro(v) < Fox = 1 1. .

PRrROOF: By Proposition 9.2.14, (- 7])2 is of the form ([ 7]z, =-).

The family {<,} has the above properties because

1. (Fo+7)a=(F o)zt [+ 7D2

2. (Foxr)={oh® ()

3. (Fo=7)2 = (- o)i=(F 7Dz and (- o1 = {F o]..

4. (F pT.7) =2 (TP x DT F 7){F pT.7)) = (I x (- 7[T = uT.7]) so that, by
Corollary 9.2.15 and Lemma 9.2.16,

E:A(lFpT7]s Zr) = {FuT.7)s
=~ I(F [T+ pT.7])2
= ([F7[T— pTr)]o I 2 i) L
and hence
& R,1., intro(v)
= Fox (I=;1— ur.-) intro(v)
= Fox 2 e 1 v
= Fox (I=;1- ur.-) intro(v)

= a=1[1oFox =<, intro(v). O
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The main lemma, where the induction hinted at the beginning of the subsection takes

place, follows:

Lemma 9.2.18 For ' =%y : 74,..., %X, : Ty,

ifo; <., v, (1 <i<n)then [I'Fe:7]o{ar,...,2,) Jr€[x1 = v1,...,%, — v,].
ProOOF: By induction on the structure of e.

Write @ for {(z1,...,2,) and [ — 7] for [x1 — v1,..., %, — v,].

e c=x (1 <i<n):

[TFx:r]or=mor=a; =, v; and x[Xr— U] =uv;~ v

e ¢=inl(e):
Assume that [['F inl(e') : 7'+ 7] o |.

Then, since [I' F inl(e’) : 7'+ 7"Joa = I o [T F € : 7'] o 2 it follows that
[T F e :7']oa | and, by induction, there exists v’ such that €[ — ¢] ~» v’ and

[TEe 7o <0
Therefore,

inl(e')[X > 9] = inl(e'[X > 7)) ~ inl(v')
and

Mio[l'ke:7]ox =pminl(v).

e ¢ = inr(e”): analogous to the previous case.

e ¢ =case ¢ of inl(y,).e; or inr(y,).es:
Assume that [[' F case ey of inl(y,).eq or inr(y,).ex:7]oz |.
Then, since

[I'F case ey of inl(y,).e; or inr(y,).es: 7)o

= [[[F,yl T ey T]],[[F,yziT”'_ €9 : T]]] odo{(a,[I'teq: T/—I-T”]]Ol'»
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it follows that [I'F ey : 7/ + 7] o | and, by induction, there exists v’ such that

co[r= 0] v and [T'Feq: 7 +7"]ox < ppm o

There are two subcases:

— o' = inl(v)):
Then, eg[X +— ¥] ~» inl(v)) and [['F e : 7 + 7" o @ <40 inl(v}). Thus
there exists y such that [T'F eg: 7"+ 7"]ox =1, 0y and y <, v].

Then, since

[I'F case ey of inl(y,).e; or inr(y,).es:7]ox
= [[[F,yl T e T [y, i T ey T]]] 06 o {(x,II; oy)
= [[F7Y1 :Tll_eliT]]O«l',y»

it follows that [[',y, : 7' F ey : 7] o {,y)) | and, by induction, there exists v”

"

such that e[ — 0,y, — v]] ~ 0" and [y, : 7' F ey : 7] o (@, y)) =<, 0"
Therefore,

e[Z — 7] ~ 0"
and
[TFe:r]ox =, 0"

— v’ = inr(v}): analogous to the previous subcase.

o ¢ = fst(e):
Assume that [['F £st(e'): 7o |.

Then, since [I' F fst(e') : 7Joax = mo ' F € : 7 x o] oz it follows that
[l + ¢ : 7 x 0]oa | and, by induction, there exists (v},v5) such that
e'[€ — 0] ~ (v}, vy) and [T'F € : 7 X o] 0oz =,o (v],05).

Therefore,

fst(e)[X > 0] = £st(e[F = V]) ~ v)

and

mo[lke 7 xa]ox =, vy

e ¢ = snd(¢'): analogous to the previous case.
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o c = (e1,e):
Assume that [['F (eq,e3) 1 09 X o2] 0o a |.

Then, since [I' F (e1,€e3) : 01 X 03] o & = <<[[F Fep:iooa,[I'Fey:o3]0 :1:>>, for
i = 1,2, it follows that [T ¢; : 0;] o # | and, by induction, there exists v. such

that ;[ — 0] ~ v; and 7; 0 [T F {eg,e3) : oy X a3] o = [T F e; : 0;] o =<, vl

Therefore
(er, 2} % ] = {e1[3 o 0, a8 o ) = (0], 00)
and
[Tk (e1,e2) : 01 X 02] 0 & =4y %0, <v1,v;>.
o c=)\y.¢"
Then,
Ay. N)[E = 0] = Ay €'[F = 0] ~ Ay. '[X — 7]
and

[CFAy.e:oy=03] 0 x =5, =0, \y. €'[E — 7]
because if y <,, v’ then

€0 <<[[F FAy. e op=0;] 0 :z:,y>>
= co(pM[l,y:o1F e o)) @id)o {x,y)
= [Iy:oibe:os]o{a,y)

= C[X U,y 0] by induction.

o c=eq(ey):
Assume that [['F eq(eq) : 7] o2 |.

Since [I'F eies) : Tjox =co ([T Feg : o=7]oa,[I'F es: a]ox)) it follows
that [['F ey :o=7]ox | and [I' F ey : o] ox |. Thus, by induction, there exist
Ay. ¢ and v’ such that e;[¥ — 0] ~ A\y.¢/ A [T'F e :o=7]ox <,—, A\y.¢ and

e[ 0] v ATk ey:o]ox =<, 0.
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Then,

[Tt ei(ez) :7]ox
= co(([TFe:o=r]oz,[I'Fer:o]ox)

Sroely =]

~T

Therefore, as [I'F e1(ez) : 7] o @ |, there exists v” such that €'[y — v'] ~» v and
[Tt ei(ez) : 7]oa = v

Also,

e1(e2)[X = 7] = e1[% = T](ea]X = 0]) ~ 0.

e ¢ = intro(e'):
Assume that [['F intro(e’) : uT. 7] o |.

Then, since [I' b intro(e') : uT.7Jox =Io[I'F € : 7'[T — uT.7]] o it follows
that [I' b € : 7'[T — uT.7']] o | and, by induction, there exists v’ such that

X0 v and [I'F e [T pT. 7 ox = yr o v

Therefore,

intro(e')[X + ¥] = intro(e[% > ¥]) ~» intro(v')

and

Io[lk e :7[Tr uT. 7] oz < 1. intro(v').

e ¢ =elin(e'):
Assume that [['F elim(e') : 7/[T +— uT.7']Jox |.

Then, since [I' F elim(e’) : 7'[T — uT.7'[Jox = Fo[['F € : uT.7'] o z it follows
that [I' F ¢ : uT.7'] o | and, by induction, there exists intro(v’) such that

¢'[® — ¥] ~ intro(v’) and [['F €' : puT.7'Jox <1 intro(v').
Therefore,

elim(e')[X > 0] = elim(e'[X > 7)) ~ v
and

Eo[lke :pT.7ox = re o0 O
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Finally:

Theorem 9.2.19 (Computational Adequacy) Every absolute non-trivial domain-
theoretic model of FPC is computationally adequate.

PROOF: Because, by Lemma 9.2.18, [F p: 7] =, p. O

Remark.  Properties (A1)—(Ab), which play a fundamental organisational role in our
proof of computational adequacy, provide sufficient conditions for establishing such a

result for arbitrary V-models. In fact, it is implicit in our analysis that:

A V-model of FPC for which there are V-categories L(7), such that
L(T)o = pK(7), satisfying Properties (Al)—(A5) where ‘Cpo’ is replaced
by ‘V’ and ‘Cpo-functor’ by ‘functor that V-enriches’, is computationally

adequate.

Remark. Using (A3), domain structures with a Cpo-category of total maps satisfying
the axioms (DTM1)-(DTM4) and absoluteness, and equipped with structure for inter-
preting natural numbers and booleans can be shown to be computationally adequate for

call-by-value PCF with sums and products (c.f. [BCL85]).

Corollary 9.2.20 For every non-empty small Cpo-category W, the domain-theoretic
model specified by ([W, Cpol, XCw cpo]) is computationally adequate. O

Remark. Thus there are computationally-adequate non-absolute domain-theoretic

models.



10 Summary and Further Research

We have initiated an abstract approach to domain theory as needed for the denotational
semantics of deterministic programming languages. To provide an explicit semantic treat-
ment of non-termination, we decided to make partiality the core of our theory. Thus, we
focussed on categories of partial maps. We have studied the representability of partial
maps and shown its equivalence with classifiability. We have observed that, once partial-
ity is taken as primitive, a notion of approximation may be derived. In fact, two notions
of approximations based on testing and observing partial maps have been considered
and shown to coincide. Further we have characterised when the approximation relation
between partial maps is domain-theoretic in the (technical) sense that the category of

partial maps Cpo-enriches with respect to it.

Concerning the semantics of type constructors in categories of partial maps we have:
presented a characterisation of colimits of diagrams of total maps due to Gordon Plotkin;
studied order-enriched partial cartesian closure; and provided conditions to guarantee the
existence of the limits needed to solve recursive type equations. Concerning the semantics
of recursive types we have: made Peter Freyd’s notion of algebraic compactness the
central concept; motivated the compactness axiom; established the fundamental property
of parameterised algebraically compact categories (slightly extending a previous result of
Peter Freyd); and shown that in algebraically compact categories recursive types reduce to
inductive types. Special attention has been paid to Cpo-algebraic compactness, leading

to the identification of a 2-category of kinds with very strong closure properties.

As an application of the theory developed, enriched categorical models of the metalan-
guage FPC have been defined and two abstract classes of models, including domain-
theoretic models, have been axiomatised. Further, the metalanguage FPC was con-
sidered as a programming language with a call-by-value operational semantics and a
denotational semantics (defined on top of a categorical model). It was observed that the
interpretation of FPC expressions in Poset-models arising from Poset-domain-structures

is representation-independent. The denotational semantics was shown to be computation-

223
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ally sound for the operational semantics and, more strikingly, a computational adequacy

result for an axiomatisation of absolute non-trivial domain-theoretic models was proved.

The main conclusion drawn from our investigation is, thus, that axiomatic domain
theory is not a dream but a possibility. But much work remains to be done as we now

indicate.

10.1 Towards Axiomatic Domain Theory

We have not tried to axiomatise categories of partial maps and partial products. We plan

to do it in a way for which there is a representation theorem along the following lines:

Every axiomatised Cpo-category of partial maps C is equivalent to one of the

form (p(C:, D), ) where C; is the subcategory of total maps in C.

so that our current approach will transfer to the new one. We wonder whether such a
representation theorem is available for bicategories of partial maps (see Definition 5.1.6
and Proposition 5.1.7) but, if not, we hope that the thorough study of categories of partial

maps done will lead us to a natural axiomatisation.

Concerning recursive types we have obtained algebraic compactness (from the
Limit/Colimit Coincidence Theorem) by stating closure under ep-zero objects and colim-
its of w-chains of embeddings as axioms. Recently, in [Wag94], the category of complete
internal preorders (cipos) in a sheaf topos over a suitable Heyting algebra has been shown
to be closed under colimits of w-chains of retractions. This result unifies previously known
ones as, depending on the choice of the complete Heyting algebra, the cipos externally
appear as cpos or generalised metric spaces. We would like to see whether our approach
based on Cpo-enrichment generalises to cipo-enrichment. If so, this might suggest new
(hopefully non-order-theoretic) examples. But even if not, we might hope to approach
the old question of representability of categories of domains from this viewpoint. It might
well happen that the structure required of cipo-models of FPC (or some appealing notion
of cipo-categories of domains) forces the complete Heyting algebra over which the cipos
are taken to be such that, externally, the cipos are some kind of complete partial order;

thus making order-enrichment the only alternative.
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10.2 Algebraic Completeness and Compactness

There are some (we believe, interesting and hard) questions which remain open:

1. We have exhibited a Poset-functor with a parameterised initial algebra which does

not enrich. However a counterexample for
V-algebraic completeness implies parameterised V-algebraic completeness (10.1)

is still missing. In fact, we conjecture that (10.1) does not hold in general and plan

to investigate conditions under which it does.

2. We conjecture that algebraically complete categories are not closed under exponen-

tiation.

3. We wonder which closure properties (apart from closure under initial object) are
forced on a category by algebraic completeness. In particular, are Cpo-algebraically

complete categories with e-initial object closed under colimits of w-chains of em-

beddings?

For the sake of generality and to encompass more applications (e.g., the extensional
pers of [FMRS92] where algebraic compactness holds for all realisable functors) we would
like to investigate completeness and compactness in a 2-categorical setting. As it turns
out the basic definitions can be easily stated. First, in a 2-cartesian-category C, the
category of algebras for an arrow F': A — A is defined as the inserter [Kel89] of the pair
(F,1d4). That is, a datum

p
F-Alg A
o
P — Id4
A A
F

with the universal property that for every other datum
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there exists a unique u : X — F-Alg such that

uop=¢q: X > A and wo=7:Fog=q:X — A

Then, initial F-algebras are defined as initial objects in C(1, F'-Alg). And thus, the

notions of algebraic completeness and compactness can be introduced.

10.3 Computational Adequacy
We conjecture that the computational adequacy result of Chapter 9 could also be proved
assuming Properties (A1)—(A4) on page 207 and replacing the Strict Uniformity Property

by the following (categorically more appealing) Uniformity Property:

A5'. [Uniformity] For every pair of symmetric Cpo-functors F' and G, if

pK(o1) x ... x pK(oy) x pK (o) pK (o)
WxV 2 1%
p7C><...><p7C><p7C 2 p7C

then
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. . .
pK(o1) X ... X pK(op) pK (o)
W 2 v

pK X ... x pk Pk

GT

! G F
where oy : iy — (Vi) o a(x pix)-

In fact, as we now show, we can go a long way towards a proof. First, we define the

non-standard interpretation of types:

Definition 10.3.1 For Fo; (1 <:< |0 ),
(O F 7)(&) : pK(01) X ... x pK(oje|) — pK(7[0 — &]).
o (OF O)(F) =11, (1<i<|O].

o For x € {+,x,=},

(0 F 1% ) () = {xnoraimioal o ({0 F n)(@), (O F n)(#)).
¢ (OF uT.7)(&) = (L ror 7 X L o)) 0 (O,TF 7)(&,4T.7[0 — 5]))". O

Second, we observe that, by construction, the non-standard interpretation of types

has the following properties:

Proposition 10.3.2 (O F 7))(¢) is a symmetric Cpo-functor. O

Lemma 10.3.3 (Substitution Lemma) There exists a canonical natural isomorphism
B (OFn[Te (@) = (0,TFn)(E nl0— 7)o (Id, (O F n)(5))

such that ﬂ% = 35" for every symmetric X. O

Then, writing (F 7)2 = ({{7]),<:), it follows that the family of relations
{<; € K1, {{7])) x Values(r)} satisfies:
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Loor = Ko For) <0 (FE{+, x,=})
and
E:<inr & 1< 100
where F is the unfolding induced by the non-standard interpretation.

Third, we relate the non-standard and standard interpretations of types and try to

define the formal-approximation relations by transferring the above properties.

Proposition 10.3.4 There exists a canonical natural isomorphism

. . (OF 1)) B}
pK(o1) X ... X pK(om) pK(7[0 — 7))
KZ;"T
pK X ... x pK pk
[OF 7]
such that /<;§X = kY for every symmetric X. O

Definition 10.3.5 For F 7, define <, C K(1,[F 7]2) x Values(7) by
r 2,0 &&= Koox K, 0. ]

It follows that <,.; = =, (*or) =+ (x € {+, X, =1}) but, unfortunately,
b jMT.T = 1 jT[TH uT.7] (102)
is not easy to establish. To appreciate the problem observe that

r 21 intro(v) <= kKo L1, intro(v) <= Kok 01 L 1 o] ¥
and

Eorx 2iryrqv < frolor < re 10 0.

Thus, to satisfy (10.2) we need
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{FpT.7] {FpT.7]
/F\ . /F\ .
1 pK(uT. 1) 1\—5/}7/@#?7’)
; (I°? x T) (- 7[T > uT. 7])
[F uT. 7] =

[F 7[T +— uT.7]] [F 7[T — uT.7]]

We can even go further and note that, by the construction of &, the above equality is

implied by the following

(F T[T uT.7])

@

1
v
(T F 7 (uT. 7)) pT.7) (T F 7 (uT. 7)) pT.7)

R uT.r @ KT 1 (103)

Kb 7[T — pT. 7] —

~

[F 7[T +— pT.7]] [F 7[T +— pT.7]]

1//\

@

[TF 7][F pT.7]

where k1., ® K1 7 1s the composite

FuT.r TF7MuT. 7
' (F pT.7) KT { D(uT.7) P
I urs] r [TF 7] Pk

At this point, we generalise (10.3) obtaining:
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Conjecture 10.3.6

(O F [T = m])(9)

|

(O, TF 1), ][0 — &]) o (Id, (0 F ](5))

K@ |_7'1[Tl—>7'2]

~

[OF 7[T — 7]

//\

where (idw, korr,) ® Ko,1+ -, 18 the composite

230

-_ -

(O, TF 7 )(7, [0 — &7]) o (Id, (O F 7] (5))

(idw, Korr) ® Ko, T
[[G) l_ Al [T — TQ]]]

|

[0, TF r]o(Id, [OF 72])

(idw, ketr, )

~

K@,T"Tl

Attempting to prove the conjecture by induction on the derivation of 71 is the natural

step. It is possible to re-establish the induction hypothesis in the cases 71 = 0, and

1 =7 %7" (x € {+,x,=1}). The last case, 73 = uT'.7, involves such an unbearable

number of canonical isomorphisms that we feel that a new technique is necessary.

The above problem is more general than it seems and concerns the relation between

interpretations of FPC. A slightly simplified version of the general question behind it is:

Given a model of FPC and two interpretations Z[_] and J[_] on it, there

exists a canonical natural isomorphism ¢ : Z[O F 7] =2 J[O F 7] : j, but are

the interpretations of expressions essentially the same, in the sense that the

equality

i0Z[O,I'Fe: 7]

holds?

J[O.T'Fe: 7)oy (10.4)
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In the absence of recursive types (10.4) can be established with no difficulty, but the

general case seems a delicate coherence problem.

Of course, another question that we expect to consider is the adequacy of K,-models
of FPC (see Subsection 8.5.2). To this end, we plan to extend the relational properties
of domains of [Pit93a] to K.-models and prove the existence of the formal approximation

relations using the technique proposed therein.

10.4 Towards a Topos for Domain Theory

Our investigation has been mainly concerned with the identification of the categorical
structure present in categories of domains. Of course, as we were aiming at axiomatic
domain theory, we have favoured abstraction over concreteness. And, having done so, we
have (perhaps surprisingly) gained insight into how to recover the naive view of domains
as sets as intended in synthetic domain theory. Our main motivation for such a develop-
ment is to find a systematic way tailored to the domains under consideration to obtain
constructive set theories in which we can reason about types (domains) and programs
(partial maps between domains). As a by-product, we expect that this model-theoretic
approach will help in formalising program logics (e.g., in the spirit of LCF [Sco69] with
partial elements [ScoT9] and reasoning principles for recursive types [Pit93a]) that account

for the computational phenomenon being modelled by the domains under consideration.

An investigation of the kind proposed here was advocated by Dana Scott in [Sco80]:

“The functor category is just a very first stage of the investigation: in topos
theory the categories of sheaves result from putting a kind of modal operator
into the logic, and making a reinterpretation of the logical connectives and
quantifiers. The passage from 8¢ is one of finding c.c.c. as cartesian closed
subcategories of the functor category. There are many of them and many still
contain C as a cartesian closed subcategory. So, there is much to look for,

and — [ am sure — much left to be discovered of definite logical interest.”

After we proved Theorem 4.3.9, Gordon Plotkin envisaged the possibility of embedding
a small category K (of a given Cpo-domain-structure (K, D) for which p' Cpo-enriches
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with respect to 5 ) in a sheaf topos. The idea is to exploit the fact that D is locally a

cpo to specify chain-open covers:

Definition 10.4.1 (Plotkin) Let (K, D) be a domain structure. For every D € | K |, let
K chain-open( D) be the set of all those countable chains {my : Dy »— D in D} such that
LI [mk] in D(D) exists and equals [idp]. O

Our terminology on sheaves is as in Sections I11.2 and III.4 of [LM92] except for the

following:

Definition 10.4.2 A basis for a (Grothendieck) topology on a category C is a function
K which assigns to each object C' a collection K (C') consisting of families of morphisms

with codomain €' such that
1. if f:C" — C is an isomorphism then {f : C' — C} € K(O);

2.1 {fi: C; = C i€ I} € K(C) then, for every g : Z — C in C and ¢ € I, the
diagram 7 -4 C g C; has pullback and {¢"fi = Z |i € I} € K(Z);

3.if{fi: Ci = C|iel} e K(C)and, foreveryi € I,{g;;: Z;; — C; | j € I} € K(C))

We would like K chain-open t0 be a basis for a subcanonical topology on K. The next two
propositions determine when this is possible. In particular, Proposition 10.4.4 exhibits

the essence of uniform domain structures.

Proposition 10.4.3 K hainopen is @ basis for a topology on K if and only if pulling-back

admissible monos along total maps is a continuous operation. O

Proposition 10.4.4 Assume that Kgainopen 15 @ basis for a topology on K, and let
Jehain-open D€ the topology generated by Kchain-open- Then, the following statements are

equivalent
1. Jchain-open 18 subcanonical.
2. (K, D) is uniform (Definition 4.3.5).

3. The representable presheaves pK¥ — Set satisfy the sheaf condition with respect

to every cover in K chain-open- O
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Then, when (K, D) is a uniform Cpo-domain-structure such that pK Cpo-enriches
with respect to I we have that K hain-open 18 @ basis for a subcanonical topology. Thus,
every small K embeds, by Yoneda, into the (Grothendieck) topos Sh(K, Jehain-open). For
one example, take K to be SFP (the category of bifinite domains and continuous func-

tions) and D(D) to be the collection of Scott-open subsets of D.

One can even imagine to tighten the above toposes so that the structure of domain-
theoretic models of FPC is preserved by the Yoneda embedding. The preservation of
partial cartesian closure is immediate whilst to preserve binary coproducts we plan to
consider the sheaf topos whose topology is determined by both chain-open and binary-

coproduct covers (Definition 10.4.5).

Definition 10.4.5 Let (K, D) be a domain structure. For every object D € | K |, let
Ki(D)={f,9ekX |AL>DLBisacoproduct in pK}. O

The appropriateness of these toposes as a constructive set theory for domain theory

is under investigation; results in this direction will be reported elsewhere.

10.5 Reasoning about Recursive Types

In a series of papers, Pitts [Pit92,Pit93b,Pit93a] has studied proof principles for reasoning
about recursively defined domains derived from the initiality /finality property given by
the compactness axiom. In particular, [Pit93a] establishes a mixed induction/coinduction
property of abstract relations on recursive domains in Cppo,, shows how it specialises
to well-known principles, and presents various applications. This work is carried over in
Cppo. (= pCpo) but we believe it generalises to the axiomatic K.-models of Section 8.5.

Such an investigation is left as future work.

A coinduction principle available for our domain-theoretic models can be found
in [Fio93a] (see also [RT93,Rut93]). There, ordered categorical bisimulations are defined,
and from a strong-extensionality theorem stating that the inequality relation on the final
coalgebra of a Cpo-endofunctor is maximal among all bisimulations, the following proof

principle is derived:
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For a Cpo-endofunctor, if R is an ordered categorical bisimulation on the
final coalgebra U, and u and u’ are elements of U for which v R u', then

!
u <u.

The relation between the above two approaches is still unclear.

10.6 Non-determinism

In our study of partiality, the lifting monad arose when discussing the representability
of partial maps. Non-determinism seems to arise in the same way (intuitively because
partiality is a restricted form of non-determinism —viz., when at most one output is
possible). We plan to study whether this can be stated precisely and, if so, we will try to
transfer our approach to that setting. We expect that there will be things to adjust but
hope that our abstract categorical setting is modular enough to allow the reusability of

part of the theory developed.

Another possible way to incorporate non-determinism in our abstract setting is by
emphasising the view of admissible monos as observable properties (in the vein of [Abr87]

and [Rob87]). For example, consider domain structures (K, D) for which
1. K has binary products, and

2. the mapping D determines a binary-product preserving functor K — Loc where

Loc is the category of locales.

Generalising from the characterisation of maximal units for the lifting monad (see Defin-
ition 4.5.5, Proposition 4.5.6 and the discussion after it), we could describe the power-
domain of an object by modal operators (see [Rob87]) on its locale of admissible monos.
Then, an abstract powerdomain construction, internalising the powerdomain construction

on locales, might be given by the data:
PD 1. a monad (P,n,u) : K — K,
PD 2. a natural transformation U : X o (P, P) 5 P making P a semilattice, and

PD 3. natural transformations O, O : DP = DP
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subject to the conditions:
PC 1. that, for every A € | K |, (D(PA),T%, 0%) is a powerlocale,

PC 2. that, writing (V L, DE, OE) for the free powerlocale on a locale L, the unique
natural transformation ¢ : (VD(A),Op 4, Ops) — (D(PA), 0%, 04) making the

following diagram commute

oo A

VD

DP

is an isomorphism,

PC 3. that Du = (DPP = VVD s VD =~ DP), and

PC 4. that DU = (D(P x P) 2 DP x DP = VD x VD — VD = DP).

Remark. Note that, by (PD 3) and (PC 1), the mapping A — (D(PA), 0%, 0%) determ-

ines a functor K — PowerLoc where PowerLoc denotes the category of powerlocales.

This approach might provide connections with axiomatic semantics and program lo-
gics [Abr87,Rob87,Zhad1] and open the possibility of establishing adequacy results by
means of methods based on formal neighbourhoods [ML83,Abr90].

10.7 Polymorphism

We have not treated polymorphic languages. It would be interesting to axiomatise
domain-theoretic models of polymorphism [CGW89] and see whether the representation-
independence and adequacy results (Theorems 8.6.6 and 9.2.19) can be extended to that
setting.



A Lemma 8.4.4

A substitution lemma for types in FPC is proved. As usual, permutation and contraction

lemmas are needed and thus these are also proved.

Remark. The proofs do intensive and implicit use of Theorem 6.4.4 and Proposi-

tions 6.4.5 and 6.4.6.

Lemma A.0.1 (Permutation Lemma) Let | © | = m and | ©' | = m/. There exists a

canonical natural isomorphism
g [[@,T,T/, @l F T]] = [[@,T/,T, @l F T]] o] <H1, e ,Hm, Hm+2, Hm+1, Hm+3, ceey Hm—|—m’-|—2>

such that o = o' for every A = A5,

ProOOF: By induction on the derivation of 7.

Write 11 for <H1, ceey Hm, Hm+2, Hm+1, Hm+3, ceey Hm—|—m’-|—2>-

e 7=0,;(1<i<m):

[[®7T7T/7®/|_ 62]] :H’L :HZOH: [[@,T/7T7®/|_ 62]]01_[

[0,T,7°,0"F 0,] = 141 = 420 1 = [O,T',T,0" F 0;] o 11.

[0,T,7°,0"F 0,] = 142 = 41 0 11 = [O,T',T,0" F 6;] o 11.
e 7=0! (1 <i<m'):
[0,T,7,0"F 0,] = Miymys = Migmez 0 T =[0,T",T,0"F ;] o II.

236
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e T =7 x7y where x € {4, x,=}:
[0,T, T, 0 Fr+m] = [« o([0,T,T,0F~],[0,T,T,0F n])
= [4] 0 {[0,T,T,0 F 1] oIL,[0,T',T, 0" ] o II)
= [ o([O6,T,T,0'F 1],[0,T".T,0" F n]) oIl
= [0, T T,0'F 1 xn]oll

e T = ,uT".T’:

[0,T,T,0Fut"7] = [O0,T,T,0, 17"
~ ([0,T',T,0, T"F ] o (Il x Id))’
~ [0,7. 1,0, T"F 7] o1l
= [0,T,T,0"F uT".7"] o IL. O
Lemma A.0.2 (Contraction Lemma) Let | © | = m and | ©' | = m/. There exists a

canonical natural isomorphism
vi [0,T,0'F 7] = [0,0'F r]o(Ily,..., L, i, Mpmrsn)
such that ’yi = ~;" for every A = A5,

ProOOF: By induction on the derivation of 7.

Write I for (Ily, ..., W, Wpgas - ooy Mg )

e 7=0,;(1<i<m):

[0,T,0'F0,]=1L =101l =[0,0 - 0;] o Il.

[0,T,0" F 0] = Mipmit = Hipm o 11 = [0,0'F 0] o I1.

o 7 =7 %7 where x € {4, x,=}:

[0,T.0'F rixm] = [ o([0,T,0'Fn],[0,T,0F n])
[x] 0 ([6,0'F 7] oL, [0,0 F ] o II)
= [0 ([0,0'F n].[0,0'F n]) ol
= [0,0'F rxn]oll

12
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o 7=puT .7

[0,T,0'F uT'.7 [0,T1,0 1"+ 7]
(10,0, 1"+ 7o (I x 1d))*
~ [0,0, T+ ol

= [0,0"F uT 7o 1l O

12

Lemma 8.4.4 (Substitution Lemma) There exists a canonical natural isomorphism
B [0FnTen]] & [0,TFn]o(Id[0F )

such that ﬂi = (33" for every A = AS.

ProOOF: By induction on the derivation of 7.

Write m for | © |.

e =0, (1<i<m):

[[@I—@i[THTQ]]] = [OFO6;,] =1, = 1,0 Il,...,I1,,[0F m])
= [0,TF 0,]0(Id, [0 F 7).

e T=T:

[oFTr—n]=[0F n] =10 (1d.[0F n]) = [6.TF T]o (Id.[0F n]).

o 7, =7%7 where x € {+,x,=}:

[0F (57T n]]
= [0F 7T m]*7[T— 7]
— o ([oF Tl [0F 7T~ n])
> [« o ([0,TF r]o (Id,[0,F »]),[0,TF 7] o {14, [O,F 7.]))
= o ([0, TF 7],[0,TF 7]) o (Id,[O,F m])
= [0, TF 7% 70 (Id,[0,F n]).
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o 7 = uT'.7:
[[@l—(,uT/.T)[THTQ]]] = [[@l—,uT TTI—>T2]]

= [[G) T’ |—7'[T'—>7'2]]]1
([O,T",TF 7]o (1d,[0,T"F 7))’

12

[0,T, T+ r]o (Id,[0,T' F 7])
=~ [0,T,T'F 7)o (Ili,..., M, go, g ) 0 (Id, [0, T F 7])
= [0,T,T'F 7] o (Id,[0,T" F 7], I, 41)
~ [O,T,T'F 7)o (Id,[O F ] o (ITy, ..., Iy}, My
= [0,T,T'F 7] o ({Id,[O F r]) x Id)

[O0F (uT' )T n]] =2 [0,T,T F o (ld, [0 F 7))
= [0,TF uT’.7]o (Id, [0 F 7). O
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Theorem 8.6.6 (Poset-Models are Parametric w.r.t. Representations)

[0, TFe:7]:[OF g ?[[@"T]]RipICAG)' — pk.

ProoOF: By induction on the derivation of ©,' e : 7.

e O I'FT; where ' =xy:7,...,%, : Tu:

I 0[O F I'gr(v)
= Il o ([[G) Frjrv)@...@[0F Tn]]R(v))
C [OFn]r(v)oll , by Proposition 5.1.1 (2).
e O, ' inl(e): 7 + 7o

By induction,

[O,TFe:n]a
[©Fr(A) [©F 7]r(A)
[0 F I]x(v) C [©F 7i]&(v)
[©FTr(B) [O.TF ¢l [©F m]r(B)

240
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Also,

I

[©F 7]r(A) [OF n]r(A)+[OF R]r(A)=[0F 7 + r]r(A)

[OF r]r(v)+[O©F m2]r(v)

[©F m]r(v) =[O0 F 7 + ]r(v)

[©F m]r(B) [OF n]r(B)+[©F ]r(B)=[0F 1 + n]r(B) .

1

Then, gluing the above two diagrams it follows that [©,T'F inl(e) : 7y 4+ 2] satisfies
the corresponding diagram.

e O, 't inr(e) : 7 + 7: analogous to the previous case.

e O,I't case e of inl(xy).e; or inr(xg).ep: 7:
Let G =[OF T, T =[0F 7]g, and TW =[O F 7]r (i = 1,2).

By induction,

a=[0,'Fe:m +mr]a

G(A) TW(A) +TE(A)
Gi(v) 5 T () + T (v)
G(B TW(B) +T¥(B)

b=[0,I'Fe:m+7m]B

and, for 1 = 1,2,

a; = [[@,Fl_eiiTi]]A

G(A) +TW(A) T(A)
Gv) +T(v) - T'(v)
G(B) + TY(B) T(B)

bi = [[@,Fl_ c; . Ti]]B
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Then,
G(v)
{id, a)) ~ ({id, b))
Gv) @ (TV(w) + T(v))
04| = = 4B
(G(v) @ TW(w)) + (G(v) @ T®(v))
Cay, as] - [b1, bs]
T(v)
because
{(id, b)) o Gi(v)
= {(G(v),bo G(v)) , by Proposition 5.1.1 (5)
L {(G(v), (T(l)(v) + T(z)(v)) o a) , as {(_, =) is monotone
= (G @ (TD©) + T (0))) o (id, )
and
[b1, 21 o ((G(0) © TO(w)) + (G(v) TP ()
= [ o (G(o)+TW(0)),by0 (Gv) + T (v))]
C [T(v)oay, T(v)oas] ,as [ _,— ] is monotone

T(v) 0] [Cll, GQ] .
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e O 't fst(e): m:

By induction,

[O.TFe:m X 7)a
[©Fr(A) [OF 7 x n]r(A)

[©F I)r(v)

i

[©F 7 X 1] r(v)

[©FTr(B) [OF r x n]r(B)
[O0,TFe:m X )B

Also,
[OF 7 x mo]p(A) — [0 F n]r(A)
[©F 7 X 1] r(v) C [©F r]r(v)
[©0F 7 x »]r(B) . [0+ 7]r(B)
because

m o [OF 1 X 7a]r(v)
= m o ([0F nr(v) @ [0 F n]r(v))
C [©F n]r(v)om , by Proposition 5.1.1 (2).

Gluing the above two diagrams it follows that [@,1' F fst(e) : 7] satisfies the

corresponding diagram.

e O, 't snd(e) : 75 analogous to the previous case.
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e O, I'F (er,e) 1 7y X 7o

By induction, for : =1, 2,

a; = [[@,F l_ c; . Ti]]A
[©F T]r(A) [0 F n]r(A)

[©F I)r(v)

i

[[G) l_ TZ']]R(U)

[6F Tr(B) [©F ~]r(B)
bi == [[@,F F [S7 Ti]]B

Then,

[0,TF (e, e3) : 71 x 7] 0 [ F T](v)

= (b1, b2)) o [O F I'Jr(v)

{(br 0[O F I'r(v), b2 0 [0 F [r(v))

([0 F n]r(v) o a1, [©F m]r(v) o as)) , as ((_, =) is monotone
(I8 F m]r(v) © [O F 7]a(v)) o (a1, as))

= [OF 7 X n]r(v)o[O,T'F (e1,€2) : 71 X T2] 4.

qT

e O.I'F Axe:m — 7o
Let G =[OF g, T =[0F n=mn],and TV =[O F =] (i = 1,2).

By induction,

a=[0,{Tx:m)Fe:n)a

G(A) @ TH(A) T (A)
G(v) @ T (v) - T (v)
G(B) o T3)(B) T(B)

b=[0,('x:m)Fe:n]s
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Then, by Proposition 5.2.2 (3), and the calculation

(T3 (0)"

= TM((or,08), . (0, vh))
= Tl(l)((vl ,01), .,(vﬁb, vm)) , because T s symmetric
= 1" (v)
it follows that
pA(a)
G(A) T(A)=T7(A)
G(v) = (1) =T () = T (0) =T (v) = Ta(v)
G(B) T(B)=T1{(B)
pA(D)
e O, 't e(er): 7
Let G =[OF T, T =[0F rn=m]g, and T =[O F 7;]r (i = 1,2).
By induction,
a=[0,'Fe:m=mn]a
G(A) T(A)
G(v) C T(v) = (T(l)(v))LﬁT(z)(v)
G(B) T(B)

and

b=[0,I'Fe:mm=n]s
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a1 = [[@,Fl_el]]A

2

=
=

N
-

=t

=

bl = [[@,F l_ 61]]3

Then, by Proposition 5.1.1 (5) and the monotonicity of {(_, =),

G(A) fa. ) (T(l)(A)jT(z)(A)) @ T(l)(A)
G(v) L C L ((T(l)(v))LjT(z)(v)) @ T(l)(v)
G(B) TO(B)y=1T(B)) & 7" (B)
(6, b))

Finally, by Proposition 5.2.2 (2), [©,1 I e(ey) : 7] satisfies the corresponding

diagram.

e O, 't intro(e) : uT.7:

By induction,

[O.TFe:7[T+ uT.7|]a

[©FT]r(A) [0F 7[T — uT.7]]r(A)
[©F Ig(v) L [OF 7T+ pT.7]]r(v)
[©FT'r(B) [0F 7[T — uT.7||r(B)

[O,.Fe:7[Tw— uT.7]|]B
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And since, by naturality,

T

[OF 7T+ uT.7]]r(A) [©F uT.7]r(A)

~

[OF 7T+ pT.7]]r(v) [©F uT.7]r(v)

~

[OF 7T+ pT.7]]r(B) [©F uT.7]r(B)

it follows that [@,I' - intro(e) : uT.7] satisfies the corresponding diagram.

e O, 't elim(e): 7[T — uT.7]: analogous to the previous case. O



C Lemma 9.1.3

We prove that the interpretation of expressions is preserved under evaluation. To do this,
a substitution lemma (together with permutation and contraction lemmas) for expressions

is needed and thus these are also proved.

Lemma C.0.1 (Permutation Lemma) In any model of FPC,

[0, x:7x : 7, TV Fe:7"]

= [0, 7 x: 7T Fe: "o (T, o\ Tns Tntas Tndls Tndss - - s Trgnita)

where |T' | =n and | T' | =n'".

ProOOF: By induction on the structure of e.

Write 7 for (71, ..., Tny Tnt2y Frdls Tntds -« s Frdn/+2))-

[0,(Ix:7x : 7, IVFx:7] = m = morx

= [0, : 7 ,x: 7, TV Fx;: 7] or.

o c=x
[0,(Ix:7x : 7, IV Fx:7] = 71 = Tpoo07
= [0, :7,x: 7, Y Fx:7]onm.
o c=x"
[0,(Ix:7x 7 TV Fx':7] = 742 = mop107m

= [0, :x: 7, Y Fx' :7]or.
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[0,(Nx:7,x : 7, TV b xi:7]] = Tppize = Tnpigz 0T

= [0, <F,X/ crlxT, F/> + X;» : TZ»/]] oT.

e ¢ =inl(eq):

[0, x:7,x" : 7, T") F inl(es) : 71 + 7]
= ILo[O,(T,x:7,x : 7, IV F e : ]
= ILolO(Ix 7 x:7,YFe :m]or
= [6,(I,x : 7 x: 7, TV F inl(e)) : 7y + ] o 7.

e ¢ = inr(ey): analogous to the previous case.

e ¢ =case ¢ of inl(xy).e; or inr(xy).es:

[©,(x:7,x" :7/,1') F case ey of inl(x;).e; or inr(xy).c: 7"

[[[@, (I'x:7, 7T % ) e 7'"]], [0,(I'x:T, 7 T %y ) Foeg: T"]]]
oéo((id,[O,(I';x: T, x: T/,F/> Feo:m + )
= [u1 o(m @idp,y),uz 0 (7 ® id[[v]])] 06 o ((id, ug o 7))

, writing ug for [O (T, x" : 7/ x : 7.T") b eg : 71 + 7] and
wi (i =1,2) for [@,(0,x : 7, x: 7,1 % :m) Fei: 7"
= [u,uod o ((7 @idp,p) + (7 @ idp,y)) 0 & 0 (id, ug o 7))
= [uy,us] 0680 (7 @ idpjapmg) © (id, w0 7))
, by naturality of
= [uy,us] 080 {{m, upor)
= [ug,uz] 080 {{id,ug)) ox

= [0,(I,x : 7 x: 7,T') I case ¢y of inl(x;).e; or inr(xy).e5:7 ] o 7.
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o c = (e1,e):

[O,(Ix:7mx : 7, T") F <€1, €3) 1 T1 X T3]
= <<[[G) <F X:T, x Fe:n], [0, (I,x:7,x 37'/7F/> Foes: 7'2]]>>
= (([e,(r.x

= ([0l : 7 x: 7, 1) Fer:m], [0, % : 7 ,x: 7, Y Feg:m])or

)T
I')
X T x Trwel mnlom [0,(I,x 7 x: 7, ") Fey: ] o)
)
= [0,(I% 7, x:7,T) F

(e1,€2) 1 74 X ;] o.

®c= fst(e’):

[0,(F,x:7.x : 7, 1) F £st(e) : 7]
= mo[O,(I,x:7x 7 TV ke :m xn]
= molO,(Ix 7 x:7,YFe :mxn]or

= [6,(I,x : 7 x: 7, IV F £st(e') : ] o .

e ¢ = snd(¢'): analogous to the previous case.

[0, (T, x:7,x" : 7 T F X" ¢/ : m=my]

= ([[G) Cox:rx 7 T %" m) b 6/37'2]])
= p)\([[ Lz, Vi) R e in]o(r@ id))
= p)\([[ R BN N R S DN o 7'2]]) oT , because 7 |

= [0, <F,X’ crlxor, IV E X e n=n]on.
o c=eq(ey):

[0, (D, x:7m.% : 7" ") F eq(eq) : 7]
= co(([0,(Nx:7x : 7' TV F ey s mo=r"], [0, (T, x: 7% 7/, 1) ey ])
— ¢o
(o, (r,x" : " x: TV F ey i p=1"Tom [0,([,x : 7/ x: 7, T") F ey : ] o 7))
= co(([0,(Ix : 7 x: 7, IV F ey i mp=r"], [0,(I,x s 7 x: ) b ey ] or
= [0,I,% 7 x: 7, I} Feifey) : "] o 7.
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e ¢ = intro(e'):
[0,(T,x:7,x : 7, T') F intro(e’) : uT. 7]
= ToO,(I,x:7mx :7 IV F e :n[T— uT.7]]
= To[O0,(Ix 7 x:7, Ve :n[T— uT.1]]or
= [0,(I% :7,x:7,I") F intro(e’) : uT. 7] o 7.
e ¢ =elim(e'):

[0,(T,x:7,x": 7/, T') F elim(e’) : 74T+ uT.7]]
= EoO,(T,x:7,x :7 TV ke puT.n]
= EoO, (I, : 7 x:7,T)Fe:puT.r]or
= [0,(T,x: 7 x:7,I") F elim(e') : 7y [T — pT.7]] o 7. O

Lemma C.0.2 (Contraction Lemma) In any model of FPC,

[0,T,x: 7" T Fe:r] = [O,(T,TYFe:r]o {1y T Tngas- s Tngnie1)
where |T' | =n and | T' | =n'".
ProOOF: By induction on the structure of e.

Write 7 for (F1, ..., Tny Tnt2s - oy Tntnit1))-

e c=x (1 <i<n):

[0,(T,x: 7' Ik x:7] = m = mor = [O0,([, 1Y Fx;:]or.

[0, (T,x: 7, IV Fx\: 7] = mppiyr = Fpgion = [0, (0,T)VF % :r]or.

[0,(T,x: 7" T Finl(ey) :m 4+ 7] = o0, (T, x:7 T ke :n]
= ILo[O(I''\TYF e :m]or
= [O0,(I,T"Y Finl(e;) : 7y + ] o 7.
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e ¢ = inr(ey): analogous to the previous case.
e ¢ =case ¢ of inl(xy).e; or inr(xy).es:

[0,(I',x: 7/,T") I case ¢ of inl(x).c; or inr(xs).ez: 7]
= [[0,C,x:7 .z :m)Fer: 7], [0, (D,x: 7/, T %0 i ) b g 7]
o0 ((id, [0, (T, x: 7 . TV F eo: 71 + 72]))
= [uio(r @idpy),uz 0 (x @idp,y)] 060 (i, up o 7))
, writing ug for [0, (I',T") F eq : 71 + 2] and
w (1= 1,2) for [O, (T, T, % : 1) b e; 2 7]
= [u,usl 060 {{id,u) o

= [0,(I',T") I case ¢y of inl(x;).e; or inr(xy).eq: 7] o 7.

<€1,€2> 71 X TQ]]

l_
F,X 'Y Fe i n], [0, <FX T T ey )

o ¢ = fst(e):
[0,(T,x: 7" T Ffst(e): 7] = mo[O,(,x:7 TV e :7mxmn]

= mo[0,(I'TYFe:7xn]or
= [0,(I,T) F fst(c) : 7] o 7.

e ¢ = snd(¢’): analogous to the previous case.

o c=)x.¢:
[0,(T,x: 7 IV F X ¢ :m=n] = pA[O,(I,x: 7, 1", : 1) F e 7))

= p)\([[@, (0,12 i) ke im]o(r® id))
= [6,({I\TYF X ¢ : m=n]or.
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o c=eq(ey):

[0,(,x: 7, T") F ei(eq) : 7]

= ¢o <<[[G) Tyx: 7, T ke m"=1], [0, (T, x: 7, ") F ey :

= <<[[® I, F ey T//jT]] o7, [[67 <F7F/> Fea: TH]] © 7T>>

= [T >|—61(62):T]]o7r.

®c= intro(e/):

[©,(,x: 7, I") F intro(e) : uT.7"]
= To[O,(I,x:7 IV : 7T

= To[O,(I\TYF e : 7" [T+ uT. 7

puT. "]

//]]] o

= [0,(I, T F intro(e') : uT.7"] o 7.

®c= elim(e’):

Lemma C.0.3 (Substitution Lemma) In any model of FPC, if [O,'F e

[0,(T,x: 7", ") F elim(e') : 7"[T +— uT.7"]]

= Eo[O,(T,x:7 "y Fe :uT.7"]

= EoO,(I,IYFe :uT.7"]or

= [0,{I,I") - eLin(e') : /[T = pT.7"]] o

[O0,TFex—e]:r]=[0,T,x: 7V Fe:r]o{id,[O,TF¢e :

ProOOF: By induction on the structure of e.

ec=x (1< |T):

[0, F x[x— e/] : 7i]

m = mo{id,[0,TF ¢ :
{id,[©,T F ¢ :

[0,(Ix:7)Fx:7]o

[0, TF¢ 7]
[0,(Ix:7)Fx:7o

.

)

1)

{id,[©,T F ¢ :

253

1)

4

": 7] | then

).

).



C. Lemma 9.1.3 254

e ¢ =inl(eq):

[0.T F inl(en)[x i €] : mi + 7]
= [0, F inl(eix > €]): 7 + 7]
= ILo[O,I'F e[z €] : 7]
= o0, (Nx:7)Fe:m]o((id, [0,TF € : )
= [0,(T,x:7)F inl(e)) : 7 + ] o (id, [0, F ¢ : 7']).

e ¢ = inr(ey): analogous to the previous case.
e case ¢y of inl(xy).e; or inr(xy).es:

[O,TF (case ey of inl(x;).e; or inr(xy).e2)[x = €]: 7]
= [O,I'F case eo[x — €] of inl(x;).e1[x — €] or inr(xy).eq[x > €] : 7]
= [[[G), T,z ) Fefx ] 7], [0,(0, %2 m) F egfx = €] : T]]]
o0do <<id, [O,TF elx— €] :m + 7'2]]>>
= [uo (id, [0, (Tx; 7)) F e 7], v2 0 (id, [O, (T, %z : 7o) F € T/]]»]
050 ({id,ugo (id, [0, F ¢ : 7)) (C.1)
, writing ug for [O,(T,x: 7') F €9 : 71 + 2] and
v; (i =1,2) for [O,(T,%; : 7, x: 7Y Feo 7]
By the permutation lemma, for uv; = [0, (I, x: 7/ %, : 1) Fe; i 7] (1 = 1,2),
v = U0 (1, Ty Tnga, Tng1)
and, by the contraction lemma,
[0,(I,%; :)Fe 7] = [0,k :7]o{(m,....m).
Hence, for 2 =1, 2,
v; O <<id, [©,(,x;: ) e T/]]>>
Ui © ((T1y ooy Ty Tnga, Tt ) O <<id, [0, TF ¢ : 7o {m,... ,7rn>>>>
= wio{(mi,. .., 7m0, [O,0F e 7o {(m,. ., mn)), Tagt)
= u; 0 («id, [6,TF ¢ : T/]]>> ® id[[ﬂ.]]). (C.2)
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Finally, from (C.1) and (C.2),
[0,T F (case ¢y of inl(xy).; or inr(xs).c;)[x — ¢]: 7]
= Luw o ({id,[0,TF ¢ : 7]) @ idpng),uz 0 ({id, [0, T F €' : 7)) @ idpmy)]
060 ({id,ugo (id, [0, ¢': 1))
= [u,u2d 0§ o ((id, up)) o ((id, [O,T'F ¢ : 7))
— [0,(I,x:7') F case ¢ of inl(x;).c; or inr(xy).cs: 7]

o <<id, [6,TF ¢ : T/]]>>.

o ¢ = (e, e):
[0.TF (er, ex)[x = €] : 71 X 73]
= [0.TF (e1]x — €], eafx = €]) 1 1 X 7]
= ([0,TF ei[x = €] :n], [0, F egfx v €] m])
= {([0,(T,x:7) Fer:m]o ((id, [O0,TF ¢ : 7]),
[0,(I,x: 7) F ey 7] o (id, [0, F ¢ : 7))
— ([0,(lyx: ) Fex: ], [0, (T x: 7Y Fes: m])) o ((id, [O,T F ¢ : 7'])
= [O,(T,x: )k {er,e0) i 71 x ] o (id, [O,T F ¢ = 7).

o c = fst(e):
[0,TF fst(e))[x — € : 7]
= [O,TF fst(ei[x > €]): 7]
= mo[0,I'Fefx—€]:mxn]
= mo[0,(I,x:7)Fer:7xnfo(id[0,TF ¢ : )
= [0,{I,x: ') Ffst(er) : 7] o ((id, [0, F ¢ = 7).

e ¢ = snd(ey): analogous to the previous case.

o ¢ = )\x. ey
[0, TF (M. e))[x — €] : m=m]
= [0, TF X . ei[x = €] mi=m7]
= p)\([[@, <F,X/ cTy) b oegx— S 7'2]])
= p)\([[@, T, :m,x: 7Y Fe i) o <<id, [0,(,x :m) ke T/]]>>) (C.3)
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Since, by the permutation lemma,

[0,(,x :7,x: 7)) F ey i 7

= [0, x:7 2 7y ke m]olm,. .., Tn Tutas Tng1)

and, by the contraction lemma,

[0, x :m)Fe: 7] = [0,TFe 7o {r,...,7)

it follows that

[0,(1,% :m,x: 7V F ey m]o (id, [0, (0, % : 7)) F e 7))
= [0,@,x: 75 :n)Fe ]
0 {(T1s vy Ty Ty g1 )) © ((id, [0, T F € 7] 0 (1, ., ma) )
= [0,,x: 7, x:n)Fe:n]o({(id,[0,0F e FI)@idp).  (C4)

Finally, from (C.3) and (C.4),

[0,TF (M. e1)[x — €] : =]
= pM[0,(I,x: 7% :m) ke n]o((id, [0, F ¢ 7]) @idpg))
= pM[0,(I,x: 7% :m) ke n]) o (id,[O,TF ¢ = ')
= [0,([,x:7)F A ey m=n]o (id,[0,T F ¢ : 7]).

[0.TF er(es)[x — €] : 7]
= [0.TF ei]x — €(eafx — €]) : 7]
= co(([0,TF ey[x = €] 7"=7], [0, F ex[x = €] : 7]
(10,1 x: 7Y F ey 7"=r] 0 (id, [0, T F ¢ : 7],
[0,(D,x: 7Y F ey : 7" 0 ((id, [O,T F ¢ : 1))
= [O,(Ix: ) Fei(es): 7] o (id, [O,T F ¢ = 7).
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e ¢ = intro(e):

[0, F intro(e;)[x — €] : uT. 7]
= [O,TF intro(e[x — €]): uT. 7]
= 10O, TF ez €]: [T uT.7]]
= 1o[0,(I'x: ) F e [T pT.m)]o {(id,[O,TF ¢ : 7'])
= [0,(I,x: ) F intro(es) : uT. 7] o ((id, [O,T F ¢ : 7).

[
[
o c=elim(ey):

[0,TF elim(ey)[x — €] : 7 [T — pT. 7]
= [O,TF elim(es[x — €']) : 7 [T — uT. 7]
= Fo[O, Tt ex— €]:uT.m]
= Fo[O,(T,x:7)F e :uT.m]o <<id, [0, T+ ¢ : T/]]>>
[0,(T,x: ') F elim(ey) : [T — pT. 7] o <<id, [O0,TF ¢ : T/]]>>. O

Lemma 9.1.3 In any model of FPC,

ifO,I'Fe~v:7then [O,Fe:7]=[0,Fv:7].

ProOOF: By induction on the derivation of ¢ ~» v.

Assume that O,'F e~ v : 7.

e c=x; (1 <i<|T): vacuous.

e ¢ =inl(eq):
Then, v = inl(v;) where ©,I' F €1 ~» vy : 77 and
[O.TFe:rn+n] = o0, Fe:n] = o0, 'F v 7]

= [0, 'Fv:7m+ ).

e ¢ = inr(ey): analogous to the previous case.
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e ¢ =case ¢ of inl(xy).e; or inr(xy).es:

— 0,I'F ep ~ inl(vy) : 71 + 72

Then, ©,T F ey[x; +— v4] ~» v : 7 and

[0.TFe:r] = [[O0,(D,x:m)F er:7],[0,(T,xa:m) b oey:r]]
06 o{(id,[O,T'F eg: 71 + 7))
= [[0,,x:m)Fer: 7], [0, (T, %2 : ) b eq: 7] ]
06 o{(id, 11, o [O,T' F vy : 7]))
= [[0,,x:m)Fer: 7], [0, (T, %2 : ) b eq: 7] ]
o IT; o((id, [O,I'F vy : 1 ]))
= [0, :m) ke 7)o {(id,[0,T F v : 7))
= [O,TF eifxs —vi]:7] by the substitution lemma
= [O,TFv:1].

— 0,I'F g ~» inr(vy) : 74 + 72 analogous to the previous case.
o c = (e1,e):
Then, v = (vy,vy) where ©,I'F ¢; ~ v; 1 7; (1 =1,2) and

[O.TFe:m xn] = <<[|:®7F|_61:Tl]],[l:@,rl_eQ:TQ]]>>
= <<[[®,F|—v1 :Tl]],[[G,FI—UQ:TQ]]»
= [0, 'Fv:m x 7.

o ¢ = fst(e):
Then, ©,T F ¢’ ~ (v,0") : 7 x 7" and

[6.TFe:7] = mo[O,IFe:7x7]
= mo{([0,I'Fv:7],[0,TF v :7T])
= [0, Fv:7] , because [O,TF o' : 7] |.

e ¢ = snd(¢'): analogous to the previous case.
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— 7
e ¢ = M\x.¢': vacuous.

o c=eq(ey):
Then,

— 0. 'k e ~ Axe i1 7/=7
— O, ke~ 7

Y

— O, Tk x=v]~ov:T
and
[0, TFe:r] = co(([0,TF e :7=7],[0,TF ey:7])
= co{([0,I'F Ax. €' : 7'=7], [0, F v : 7]
= co((pM[O,(I,x: 7Y e 2 7]),[0,T F o : 7))
= [0, x:7)Fe:r]o{(id,[0,T F v : 7'])

, because [O,T F v’ : 7] |
= [0,TF [x—v]:7] , by the substitution lemma
= [0,I'+v:7].

e ¢ = intro(e'):
Then, v = intro(v') where ©,I' k€' ~» v : 7'[T +— uT.7'] and
[0, TFe:uT.7] = 10[0,TF e 7 [T uT. 7]
= Jo[O,TF v : 7 [T+ uT. 7]
= [0,I'Fv:uT.7].
e ¢ =elim(e'):
Then, e’ ~ intro(v) and
[0,TF ¢: 7 [T uT. 7]
= Eo[0,T'Fe:uT.7]
= Eo[0,I'F intro(v) : uT.7']
= Eolo[0,TFv: 7T puT.7]

= [0,TFv:7 [T+ uT.7']] , because F o [ =id. O



D Propositions D.0.1 and D.0.2

Proposition D.0.1 In the situation (9.6) of page 207, for symmetric Cpo-functors F”’
and ' such that

y . y y
pK(o1) X ... X pK(om)

pK X ... X pK

if

and, for S = F(F' x 1d) and T' = G(G' x 1d),
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pK(o}) x ... x pIC(U;n,)vkg/ pK (o)
G
G(G', T

pK X ... X pK

then

PRrOOF: Recall from page 146 that

SHX

F(F'X, S*X)

FOF'X, % it

F(F'X, F*F'X) FrEX

Yrex

Then, writing W for (U,,”" x Uy,) X ... x (U, ”* x U,, ), V for U, x U, and W' for
(Ut x Usr) X .. X (Uyr P x Uy ), and applying V' to the above diagram it follows that



D. Propositions D.0.1 and D.0.2

s T
Vo = pwix

GG'W' X, T'W'X) T*W’'X
GIG'W'X, V' Vit
GG'W'X, G*G'W'X) GFG'W'X

F G G
Veorpx = Pwrx = Powix
and therefore V;/)F’F/ = ;/)G’G/ w'.

Proposition D.0.2 For symmetric Cpo-functors F;, G; (¢ = 1,2) such that

I3

pK(o1) X ... X plC(am X pK(o \—771/

G

Fy

T
g

Gy ;

pK X ... x pK x pK

if, for H = F, G,

then
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pK(o1) X ... X p/C(Um)v\y pK(o)
Gy
I35
v ~ /.'.\ ~
pK X x pK N2’ pK
\/
Got
PRrOOF: Recall from page 130 that
+ 99? +
Fi(X, Fi*X) Fi* X
Fl(Xv 77&) 77&
Fi(X, G X) G1(X, G X) Gyt X
N(x,Gi+x) Yy

Then, writing W for (U,, " x Uy, ) X ... X (U,,, " xU,, ) and V for U,? x U,, and applying
V to the above diagram it follows that

F F.
Viex = ewx

FBR(WX, ' WX) WX
(WX, Vi) Viny
(WX, G W X) Go(WX, Gy W X) G WX
vV G G

[
M wx,ctwx)

and therefore Vit = 5t W, 4
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representation, 196
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computational —, 200
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symmetry, 32
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total maps
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type
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Unique Type Lemma, 175
unit
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— object, 28
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values, 177
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