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PART I . 1-115-roRicAL liv-rozocriow 

g at deal of ;,tierJi_r has been directeO ir 

recert years to consioeration of he metrical cheracter 

of the Space-Time contiruum as a whole, apart fron the 

local distcrtions which, in aocordrce wiih Cenerai 

Pel,tiAity, are assoiated witù the presence of matter 

ir cordeJsatior !tich .stars and neoulae. he problea . 

which we ;ay call the Cosmolo,4ioal prohim of Pelatity, 

is to fino possiol forms foi the fundamertal +ersor 

specifyin the metric ds = E96/ ' al:plicaole to 

Srace-alme t lary.=. and :,greein with or accourtirp' for 

the facts of astronomy. Ir more popular larvae, if 

we rearc the Epace- manilold as four-cm nensiomA 

h::7.ersurface irlifl71-Sf7 in Hatt (:oeudo-Zuclicean) space 

dimesions, toe i_roci is to investiate the 

cimeTsiors cf thi.,: .1.1rface. 

".licrdin to the Geeral of 

the metrical :Jare:.:tef (curvature) of the four-dimersional 



ccntirutu is oefinec ,t e,ery point oy the 

matte]. at tha .oin ara lne state of 1tat 

qtereloie, on account of Ìe lack of uniformity ir the 

distribution. of matter,. the metrical structure of this 

continuum must necessarily be extremely com;Pcat-r:d. 

Fut if we are conerred with the structure orl OT a 

are scale, we may repzesent matter to ourse,T-es as 

beine, rifoxír1 clistri.UT.ec o\'er enormous spaces, s, that 

its density of distrioutidn is a a.ria:le function whin 

extremely slowly. 7hus our procedure will somewhat 

resemole that of the :.eoclesists who, cy means cf an 

ellipsoid, approximate to ihe sLaT...- of tte cart's 

(d 

surface, wtict on a snall sci.le is extremely cor-plicated." 

The prole has ceen tackied.froc: two I tàií 

1,:oirts of view. 

(i) Mathematicians hae set themseles tc irpesti.,Datt 

the theoretioail possible cosm(21o,ies and to deuce their 

Ihysioal.L ooserie consc,ueT. 

(ii) Pelevent astronomiai cal6. nic, e o. m oc:liected 

arc comT-&reo ;:itt firdirs, thus oroidin 

1 (i17) 
tv..sIJ4 4 12.1..../-:,4," 9 
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(f) 

In The older of Space ano 

wa s. regi: roe - e 5 11 oirectjc-r- 

4 

u ec 

Doth spatiallY i-no.,Ìemv.'r:?.i::; The fusion ci 

oic rot 

Ocrerai Fei t liv son.r nc ci fiC:1 5 r was rcc 

(2) 
r ùceror ccc ci c, s he di f f assi 

spatial infir ìt fcr the fui camel tCL ter hout 

either destroyin:= the reiatiit of irertja or 

cisieardirq. the obsecc cuiinren 01 in 

s: stem ( i , the lace that all ire s tci ot icr 

(3) (4) 
e.EO escaped f roc, us to infirity Li: stein ir, 117 

to abandor the older 

He proposed U regard the Univ erse as "closed'' 

1. Called "Sícheri.cai' o some writers. 
Pe...,):ardin? the g,, as the relativistic ravi sat ional 

po*evtial, and the field equa.tiors of .;Javitat ion as 
to PoiSson s eL,uati on sr+. 477rp these are 

ana lo'..ct,s to the boundary oorciticrs which are 
in ior to PO iSSCT1' s eouat cn.. to make CT:A:emirate 
ii the oic:irary Newtoniar Pc.)tertia.1 tneor.1. 
3. he predoz,ir rec-shifts whicb since beer 
obserN ed in the spectra of distant r:-bula.e (irteroreted 
as er6iL:ous elociti es cf recsion) would seen at first 
sight to indica.ze that trese objeots are in fact esca.pin, 
to inilnit',; at. prodigious speeds. he alidit.:; of this 
deduction from the observations will be -di sou-Jsed later 
In 1917 the knor facts poirtec t the corilusion that relatie cotiors were ni tLe v,tcle S;Tici 
Oirec.te.o at rardou. 
4. 6. cit. 



is sial ial dimensions. In such a world, 

Space Delnb fiiate thd stars woulc he nc crarce of 

esopin to irfirity; ard, there beir ro bourdary, the 

,uestion cf poundary corcitHct-s.dces not atis. 

This necer,sjAated mocjfiction of Firste,p'7 )C)6 

law cf :ravitat;on, his field-ecuaticH 

4 z _ (Tp. ry 

L.;C, ìn, re pi ace o 

CT txv - TtAv - 11, 

where the 

61-101:.n not lo upset the e.EtanidsLu 1--!»ent Ji 

o 

observation. (K is cohsant depsicW OF the :[cite. ci 

urits.) 

Witt, ttA6 law, Einstein showe._: ti-:at a sp'iallv 

closed universe .1_,-)ss]:Ae:. his solution ,oth presEr\ed 
-; 

the xeiati jt of inertia ii eïmiiEc stri]ar ecuiJJnrut 

Assu in at, ide;:. 11 ut Horn, t i l r u iç O, c:f r ex 

the sEatial sections will be ci 

araloot,s lc ihe circOar se.ctions df a cylinder ?jsr.r1 
. 

_ 

1. i.e., tne fact that 6) .,:,CCUT1S ous-,T.):e0 

cEY,iations cf planetary m:,t1-; 



ti 
5 

RLs1;,...2 R(d9'4- e.dc 

ds~ = de- ay-, 

(aod 
it of the 

= Ry 

1[4.4=N-yw,.s the only rcr-zero 

r:aterial Ereroy-tersor 

where ro = the pro!_er' density of srace _ 
kR~ 

lJuation ars th,.: -i he :::att r in the world 

supt.oseo to at rest; or in other 4i'olCis tat tre. 

Lresstire, wxiicr. (disrez;arcin piessure of raoiation) is 

Z 
3 of Ihe total kinetic rr:e.r-E,y of th:. mattF,x. vanishes; 



and z.s. 1 he Yoc.ro ) at :s . mat s ri 

p r cles. (fo lowinscdssic 
) can 

jIfliiLtLj at re.:.t at ac:. 01 sace ( on7fC2,Hjf 

I. de , iC.t hat tL oIL.t cf 

t- tar rs sì1 corrç with if at of 15 k'h: shryws 

ChO".;.CE r..)e ra20=O OS h- 

E or- e . such ç].tIci rest rsi at 

si Cli ar 

7 

thE. 

uat ¡oil 0 I: rcvi oes a tr.A.4._ e fo the st a i radius 

In (:02-12ect:LT, Huoule's esta Wsi 
t s ossi cf 

srace ma:. us ,Luct.:,d. Zrom a stat suo. cf 40C of 

JAe n, arsr e.J..:a-gal c ic ou1 whi ch re fourd to he 

cist riy fo f.m1 ,;t.a.:e, ,?stir: ?.ted. rhe 

. -31 
ean v as 1.6 x 1C 

- eTtf:A ,e(1,1.ACF 

R = 8.E c 10-`cscr,. = 2,7 x 101.- - 8.6 1C IC 

as the er.r. rof riate radius of Einsteill s ver-.. Thr . 

oorf,spondi of tire dcsmoal cchsta01 is 

= 1.4 x 10-5-cm. 

1. Astrophysical Journal 64 (1926) 36r. This est imal e 
gil es t he dens ity of . space in our e i .1locurhod t a 

distance of 108 1 i0it-years, ano may be exp,-:,tec to CE 
correct to within a facto 10C. 
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i) 
1 1 1 toe s a lll e ;._ 1' (1917), . 

él. t t eil t i o ï 

.1T,,..-rrati e ccs,:cic (tr.e. ":., Sit-er , c;Jc') 

al;,. solurion oí -toe :c; ii-c liF ,;.,uati"c:rsO. In 

,his. the. , ime ç,rectio: ._. cur,.-- 1i.1,ï= the =pa-i ìa.l 

o. l'eCtiGns, ,iì.a0i-1c.'t,'" iI @ °" ilO._.G:?'"li.S with 'r'e 

sp:tial d M.e n s i;_h._. The t,x:c i e c c;.ti:u unf is cf 

c,rstä.nr cunature, a cus te tne s, rfacr ol e s,ne.i:. 

d]ú:ensi.Oi'lÑ; Gf these Ala 

_:ì.:iel:sìons is i..;ä.lrtcly, :ec.ticr.s ?'lcl', ìr 1'ea.l time are 

lyp.ïroae irste¿.a cf _ ;.rcles. 

I t can c e t G; i:: -r e ti e II t b Ù ud O- S __ h. e !S (1-i 
_ . 

7. .. 

+ 
ti 

ì; -i- { 
.1 

1 1 

fi e -c i:. e.: siore1 Eu . ceer s ce with the 

o r 1"; - d <I 
4- 

K _ [ )C t q )c3 
xo Xo 0 Xo i Xo 

s t` au- _dnc'. at`_ eQz` (u_ au. - xd.x.»° -z e,z 
tk. + x, 

-t- 
w' 

I. eraz Amsfe.ctru-, . 

. . 
TAL hre_fc.}c r 

(I t- x + -1., )1- 

'Lo ((kn¡ 1-50 ; M Ndt«, R.Q.S. 7S' ((qv)) 3 
¡ to F(, e.xFra " " fo f-!.a I.yte,rbo(« 

ckcw.9es Cii{x. fle r, (c{ 4t ti wod to e:st',,:.y':F Fü.'s ÿ.à+..n..t r.d.5 e., a 
sharr, adM.sJ twc,wtd "R" . 



x 4eGt. ("-a, cip 

4<.4. 

/ = /lea, 

cts'" co-5"1. otti- - 

3 
- RI" 

g-oo Celt; . 

interval dz, oí 7..c:-!7:er 

110'4 dAP'") 

when jt is re',7 ai CA, 0,0) 

9 

615, 

S " ai rest at thE 

This youid ap,eer 7;:s rec-l-shift of 

sectrai Ailes of dj.si.nt 07 rJeLuli,e, 

ilterpreto as cue t a itie racfl 

de Eitter re.aicec uT nOV,E..1 as e ciLtanoe-,7,:flt, 

diet irc,,t ffom 1.Îe Dopler F3.1.f.ect cue t relat]ve motj 

betwEe t'ne sire of ijOit u t:e ssrei, sine the 

atos in the aietapt siaf ,i:Drele ore 



Ika,. corresto+v14-1 n.fe+.s ru obsw'vus 

test- 5or 

(I) 

Tlk"s b 1,4ALiztd 

a ályVow.0 3 7( I o' + 10-,N4c`íJ 

/o 

[11ÌSi.ilteZp2'etc.,ti. 301.. `l'lie fG.._ c:ÿ ú,ñ.& 

LaIIvG:cìti 
Ìn 

v Cl'v s, Q't eQ i.at (in The C11,0 Gd any oTi1: .- 

ro,lci) ca>>rot ce a 're::-s, c.itii:ance- 

ilk) ru ; ñ.: , ir a.r;' eí f:-ct cue to -t,lie 

iloticzs cf the star anc, oLsen 3t. st aï_ eá lrit tt ì. 

G-t.,. cz (S). it Is rai' i; e,r .üi. ac b 

I, Hkbbit and Nv.r.ase,, AsFreplws. 74 (1y11 

2. Zuk. p1yS. 17 (IQt3) It . 

3. PQ.$e,3 

t{ 3 . 
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m. U 

Not vex.: mu,Jh at -entioT was pa of 

s, Fnc ZeUITS were rtiscov eb er t17 

Jemaltre i 1G27. 1ctin thb sond of the accv-e 

umptions, anb ocrsecuertly i aii rtc 'ne 

0.ess:yrt in toe 1.1Live.css ( p = 2/6 of to Hineti-) Eery 

cue tu mcti(, + 1..,rese of 1.acia'Llom. ), Lemaltre 

aT a ; i reïotios 001! E 

etrZ 

t fi 

where o 10 axe cor,5t?ns- 

the ires;,uie ) 

For comf.,afisn wit as T 7 

(ir his o-iigral per) 050 

fi 

(p,o) 

as being in ,,,ry case Eno fuvtnel, I: the ase-, 

of otnei, irfortior aboul Cne aiLs ci .airstei 

constant A to e. tnat 04 . The - . 

coscio;-fy ("Lemettre's a.ndio Uriverse") is of the 

seoc,nd of Fris:cDa.s th es tyes, an: the assumption is 

éttivaiellt to '.-.ostul at ha-1. 

srì.l 4. 0 H.-; i I ')S 
" 

f. rkiA,dRs 6. (A got. S'e-Z er,,KAieS 47.4 (fq2,7 ) 4 q 

Not,w3 R.A.S. 11 6459 . 

cre.iition rauii 412: 
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n, al rra. 
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G) 

t_Rofi $'x ± R. 15 3 + C 
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R= I. fr3),10" cM, 
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_ G x log 

_ 27 x io° 

d1 
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to oat flOM expandiT= c 

co): fïe s 21. iL us cf cciis t.r.f. 

S 

tiffe c.;17:Tot che ir n t.c ary cher 

COSMy. In s. 1-.ba, a i_lerr-Je e_q)Fnted fIcia 

rtei ccffurati7 , we 1-a] t...kat. a. frusrlAr ri tLe 

univers oetweep tv,o satiai scris cst ooh 

ias froL Lrinsep 

cAit.thai Lereaftez t.e satai ectis Lae oen 

The fact i-.hat if a ctii uner5e of 

constant ..:,ur\aILie Ï o L d J1-,:,,eif for a i "in 

Lirstefn worl as :r..e.:,ar CODAay of is 

iadiuS cur n weie frnn 6, 

they it wo.,-.1d have s 'hendercy-tc, Of 'eitier 

expardil. or 7..ontlaotdr,-- ihus :.rene~:ate a Li. 

uriverse. Or at ¡east one of FriEar-,ar's 

COStiO ciF:s.) This what we ;111Ly. 

ano t. s .,cipposec that tris 

fflay se the a:.»:ud..1 history of o Univrse. 
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de Sit t S w e 
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pf(0- THE0KETttPL PRiwcipLE5 

With this enera, introauction to -relativistic 

oloy a historical point cif view, I now proceao 

to discuss cert,,in loica1 points which seew to we to 

of iwportance. In roJflS so, I hope to clear up so,,,e 

misuncerstandin,s which have been re.,ponsi:_le for many of 

inoonsistent conclusions which have been published, 

pecia11: in conhoction with the de SittP.r world. 
COSMIC TIME% 

It was ori,inally ured a'6ainst Einstein's world that 

by the introduction of 'cosmic it restored t_e 

absol-_teness oz Spaci ano Ti which ,Cen4F,fa-i i(e1ativity 

na..; s ucei a;..roll-,heb. The saille oojection aplies to 

tne Universe, in which there is a naturei 

ceflhition ofiat rest'. There is noae7er ho real cenfiict 

with Relativity. The existence ol a unie separation of 

Spaoe Tf-e- i ue to the artificial conditions we 

haie 1:4posed, iii. the coaiplete ho:i,o-iLeh,ity of the pressure 

ano oensity* Any iacx of hoorere1ty in t'.e 7niver3q 

ri36 tfl art uncertainty in this spacetime 

se. ticn, soewhat analoous to the uncertainties of 
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the Quantum Theory. 

la tne rei Universe, t,ero is reason to believe 

that relative stellar velocities are all small compared 

with that of light. That Is, their world-lines form a 

bundle of fibres which are all more or less parallel. 

The individual fibres may vary little ( or even a lot ) 

but even if(with the expansion of the Universe) they 

diverge considerably, there is still not much doubt ci 

tho direction of the whole bundle. This directich we 

te as the direction of cosmic time. 

Thus, een If the real Universe is not perfectly 

homogeneous as regards pressure an density, nevertheless 

the approximate stillness of the stellar sL.stem defines, 

within certain sall limits of uncertainty, a unique 

space-time separatIon, A perfect cosmoloical theory 

would tak.e this uncertainty into account/ and it is 

recogalsod that in trying to fit an ideal Expanding 

Univereo to the re.vl Universe, we are -itèglectin just 

this uncertainty in the direction of cosmic time. 
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it should be re;e._,áered that from a mathematical 

point of view, material particles are to be rearded as 

I1IAt., not as points. The same applies to o sorv-ers. 

They are in fact geodesics in space-time. Now, in the 

real world, we now that there are local gravitational 

fields superposed on the cos tiical background. In the 

neighbourhood of such a distortion a particle is deflected 

as if oy a iie d of force. The stars ano nebulae are t* 

lea apart to feel each other's individuai Gravitational 

fields, but an observer on toe earth is ca.rrittd in 

ellipses round toe bun, so that his world -i ine is nothing 

like a eodesic in the ; ..panding Universe of Lemaitre. 

Nevertheless he is careful o correct hl astrolomica.l 

ooser t ions : y taking this motion Into account, t.;:us 

replacing himself oy an ideal observer whose motion i; 

a geodesic in the cosmical back round. He goes further 

and makes corrections for the solar motion, t :us adopting 

a.particular cosmic time ( determined oy the motion of our 

own Galaxy ) quite differe:,t from his own personal 



direction in Space-Time. Future oüservers ma's even 

loo.rn to rake corrections for the pecul$ár ,motion of our 

own Galaxy arnon__, the nebulae; out in view of the 

inevita.ole uncertainty which exists in any choice of 

cosmic tl,le, it is doaotful if this would ..:a.lte uch 

diffelince. 

If we are goinc, to reward the oserver and the 

nebulae as rJetil _ spatially at rest, we must take care 

to use coon inotes in which this is possiAe. Let us 

find the ;enera.á condition t'b; t a coordinate sistem Hay 

satisfy this re`;uiremertt , , 

rxsider the enerai metric 

ds' a 1 ;dxidxj ( :,j - 0J02 3;! 

where x° iw the time coordinate and xl, x r ,are spa.tiA, 

coordinates. We wish to find the condition ion the t the i ins; 

x - co:aest., x2 s c;rät.,, 13 = oonst., 

tl) 

rosy 00 a. F,eodesic orthogonal to the spatial section 

j{° = c í) n S t . . 

To be a ;geodesic, tiffe line must satisfy 

I. Tka 4 fwa q O oi = a°s = o , (s 2gfva.Qrw(' Co 

raSíOi ,,t c ti: ,a c1\ F° höi IaQ wPoz 7VtI C.'fh.k sr1.CC 

64.a2,kt 



dk` 5 4; 
dx'k_o 

-ATT` -t k) S 

Hence 
0 14 0 
1_ o 

Hence p 0,0g 

Further, trie d.iáaction (cìx°,U,U,U) of tj.ie line must ::e 

ortáAotaatri to every apatia.l direction (0,d1,dx2,3x3). 

;jence t? gad m 

D 
ot = 1, 2, 3. 

; j-a . %-!9-T:1 
_! vó _ O 

Compa,r in, , we see that the required conditions 

are that goa= G and that goo should. be a function of x0 

araly. I3y a change of the time-coordinate, viz. putting 

d t + we can arran ;e for 
goo 

to be unity. This 

simply íl! e ZL n i. that Gi. i 'd making V u r coordinate 4 i id{ V 

coinciae with the L)Koie, time of particles which are 

spatially at rest, so t a t there I s a natural reason 

for identifying it situ :c2sAç. t i.;e. The metric 

now oeoc;ite:p da 2 = dt2 - céT 
2 

1, 

where do-2 is a. spatial metric ; a.ry<:; we see that this 

is the necessary form of the metric in any space-time 

separation defining a cosmic time, subject to, the 

correctness of our or°iginal assumption that material 

o 

1. 14bn- static: i.e. its coefficients can be functions 
el th '. time. 



objects can roYiiain spatially :t rest. 

Such coorc.ina.tes, ef fect ir.k; a natural separation 

of space and time a.n" dE3f inin, uniJeasa.i simultaneity, 

miht be calle :.: 'cosmic ouorr.:izaatcs'(11 

To completc the lojcal development, it may be 

observed tha.ta 

(i) the further a.ssumptior>, of an Ideally uniform 

distriution of matter means tit. t space is homogeneous 

and: isotropic, so that e16'~' is the metric of a s=ia.ce of 

constant curvature; this leads to the general cosmology 

12 , ecuiiralent to that prol:osed oy Rooertson3 

(it) the further assumption th. ,,t space- time satisfies 

the `ravitatiunal a ;uatiolrs 0 leads to Friedmnan's 

cos;,loloL,ies. 

(iii) the further assumption that space is e pardin, 

from an Initial Einstein conf iÈ,ura.t.Ion leads to Lemait re' s 

.`:,C)CRni7i ?rg Universe), 

(iv) the further assumption t h..=t the spatial radius Is 

constant leads to Einstein's Cylin:z i.cai World. 

I. q.. Ni , ((A24) IS 

Rcbiortsati, PrR. I,r (14s4) 522 . 

(6i A. 16 (143o) 32.0 . 
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The assu+ni.'s ißnU)ol the constant curvature of si::a.ce 

is interpreted differently by Eddingtonl0 He re-asc:s 

it as a necessity philosophically inherent in the nature 

of thinGs, Independent of the CiistX'i.CJt1#ioIi of matter. 

For the radius of space provides in any locality a 

natural unit of length; in the aüsenoe of any oE:'ner 

standa.rct,he Sup:..O:.i.s that the ultimate constituents of 

matter ha v e to just themselves au t o,?:t a t i t. a l l y so that 

their dim1ensio!i:ï3 in terms of this natural :7tanda.rd9 

are everywhere the sam,e$ our own units of length (oms., 

parsecs, oto.) naturally follow the electrons in this 

adjustment; su that when we come to measure the radius 

of space in terms of these units, of course we siiao it 

is constant. 

I confess I do not see the force of this argument. 

It seems to tre that if electrons are ;,oin to respond 

to space-curvature at a11, they would find it much 

easier to appreciate the stron curvatures of local 

1. Mi,tk.teu.e Tl..... 4 t2Gk;,( C.u.v. y30, ¢ 66. 
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,Ijavitational fields, which mask the barely noticaDie 

curvature of the cosmological background. So that it 

seems more liely that the dimensions of electrons are 

prescri:)ed in terms of soi,,e cosmical standard ien0h 

such as thi would be related to the mean curvature 

of si/ace; out tne votual curatuie would be 6reatest in 

those regions of space in hion most matter happens to 

be congreated, and constant only in so far as piatter 

may be rec,arced as unifor:AU: cistributed. 



fIld THE DE 

It will ee ooserved that all the cosmoloOes 

which we nave 0* 4100 been considering have been of the 

,eneral form , with the exoetion of the de Sitter 

world By a transformation of coordinates, however, 

the de Sitter world also can es 1,ut in this form. Thus, 

il in plaue of 6D, we pt 
A- .7: (-A", XI 5,. X-. CoN'l 
3 7- t-0.44. )( 3 

Z cei 

we obtain from 0 Lanozos's 0) for, di the de Sitter world: 

ds2 = dt - 6520 

, 

where do- d - 0. 4 

This shows that the de Sitter world can be regarueu 

as Jne of Friedman's cosmologies, ariSing when the density 

is ot ejlal to zero.. For if in 0 we put 0 and 

integratef we obtddin 

ccryt. 

thus, sihue bye Va6 the value4P , 

[s-ee Ct) 

- - - - - - - - - - 

I. 2,2.4.Z. pi-.1s. (1(0-9 168 - 

reduces to 

50 



Zp being of the ,eneral form material particles 

can remain at rest at any point of space and we can 

re _,ard the coordinates a ; hav ins physical significance, 

this space -time separation correspondin to that 

determined by the a proximate stillness of the stellar 

system. Other coordinates can of course be used for 

purposes of calculation; but for purposes of physical 

1 1terpretation which depend on the distinction between 

space en . :< time, we must evidently rely on a "cosmic 

rspresení:s,t i.on such as The weird phenomena w: i ch 

de Sitter lounu in his wo fro::: -a study of the wetric 

.e associated with the "mass horizon" of 

T 
sin;_u1,1rities = y, where time stands still, cxo not 

arise at all in these cooruinates. Further, there is 

no red-shift occurring; as a uistance effect; this is 

true of any metric of the form For, since 

we nave ds = dt for any particle at rest; thus atomic 

clocks recording equal intervals ds will also recor 

1. This only Means that their coordinates remain fixed. 
Their mutual distances will increaso wit the spatial 
expansion of ti:e universe. 

31 
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e ua1 times dt v,'reen at rest it= any part of tt,e 

u1 n i v e :C' s E ì 3 in other t 4 o r U a . s , s i m i l a r atoms ëa i i ! vi- rate 

everywhere 7Jit '. the same f3'e,iur.noy. (iOrl:ì,eq',1en41yg any 

observed red-shift in astell-;+; spectrum must be 

in".eri.;rote6 as a. Doppler effect due to the motions of 

star ano observer. 

At the s'.r,,e time care Is ne,:.ded in interpreting 

Yr>f;.Jer effects, in iriterpretin for Instance a positive 

Doppler effect as being necessarily proportional to a 

positive radial vpelocityy, ano a predominance of positive 

Doppler effects as 44444 necessarily in.uicatine expansion 

of the universe. The fact is that ttrerF is ambiguity in 

the usage of such words as distance ari, :: velocity, and It 

if necessary to see olor y in what sense wo are usint._; 

them before we an safely interpret the Doppler effects. 

In view of the importance of such iTitgrfiretP7,.tiC)?7 when 

fitt4Ti, ct)sitlolrJical theories to h:T;troomical. data, I 

.opose to discuss the matter at consider.,..le ler,_th. 
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"Distance" in ordinary geometry, analo.,ous to 

"interval" in space -time, is an iz:variaiit relating to 

two l;Qau.s 1 have previously emphasized the fact that 

in Relativity ooservers and particles are not Eoints, 

but llues. "Distaince "in Relativity relates primarily 

to two lins, out since it is understood to refer to a 

particular instant and way vary with the time, this 

invariant will have relevance to a paáticu ar point of 

time, and so to a particular point on one of the world- 

lines, say the obsorveis. If we are _oi n_ to re,a.rd 

distance as an invariant relating to two world- Ectints, 

it will be necessary to specify a definite point on tike 

other world -line -we will cal i it t::e "star "s -to go 

with the first. It is in this correlation of points on 

the two world -lines that the awoiuity ari. eta. There 

are two possibilities for the correlation, and several 

possible definitions of distance. 

(i) We may correlate those points on the two 

scone 
world -lines which lie on the spatial section t m oonst., 
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and define the distance 6 g thef e eodsic distance IAM 

,r r4ci 

or i, Jds between the two world- points. This may be 

appropriately oi ied "spatial distance", being simply 

the ordinary (Riemannian) distance in the space whose 

metric is dr'. The definitfior assumes the existence 

of +:,osmic time (and aocording1y a metric of the form 

18 ). It depends only on tete two aorl_;- poirits: i.e. 

it is not concerned with the motion of trie star ana the 

observer as indicated :;y the inclination of their 

world -lines to the titre axis. And itt is symmetrical: 

it does not matter which is the star and which is the 

observer. 

Corresponding spatial radial velocity may be 

defined by the rate of increase of spatial distance 

with respect to cosy. is t ia,a,, and appears as a divergence 

of the two world- ìines. On account of the fact that tae 

s:.atial aetric is in general non -static, so that the 

sk.a.tial distance involves the ti e. this divergence can 

app' ar oetween two paIticles which are both spatially 
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at rest. A general diver once of all world-lines 

ze; r3sen.ti.P3t_; particles at east Is imtlied by expansion 

cf the universe,. Between a particular pair of particloe 

not at rest, the divergence due ts expansion ea.y be 

masked if their peculiar motions are eL enough:. :;ut the 

divergence would a-4::4e$ar 3tatisticilly if the peculiar 

:;,at tons were not too w iki; anc. ,s-re directed at random. 

In the universes Sitter, Lemaitre and Friedman, 

s:..t ial distance oi,*:eásr is íi e er: (á . ûmq» Dy 

..1 . ti 6' R ( / d+t,L-t st;. ñ, d+r,.' + sw.x,.sh. x,..dx3~ 

intera.tE: äewweee the two worl,;-point;:. Th-U6 the 

residual di .,r.:-,ertce is R 6' 
at (Z 

which {for a f i::eri it) Increases proportionally , <l)ei 

spatial distance oetween the two points, and at suffic- 

iently great distances may ce expected to be comparable 

with the divergence due to the i:ecuIier motions. 

If we were to assume that 6 and Se - Ir to a 

first approximation witn astronomical distance and 

Doppler velocity, we could identify this formula 



oft rE the correlation :.;uo4ed on pase AO p this would 

z, i 4 e = x 10 "2 3 e m -i. .;':ut we have t o 

investigate the corrections to be applied to the astro- 

nomical measurements before accepting this result. 

(!,i) Al:.crne.tkvely$ we ni.;nt correlate ti-ose i,.. 

on the two world-linos which lie on the same n«1 i.--geodesic;:, 

It is of coufse to such correlation that a.stt.ancaa.1c,..i 

measurements of distance rci:crD for aotrcnoir:ica.l 

obse r.,afi ior,s ase nrcesarilS' made by rays of lir,t F ie G' . 

along null-geodesics in space-time. The ,f::odeoxc 

distance between the two points ! then zero, but 4;,are 

are other ways i.n which the distance can be defined. 

i,jnláZe s.atial distance, It aili in any case oe urisir,.- 

iî!ietT'ice<+.i.D for the iàL:11-geodesic ,.,tlot o(i such ^.s to 

rcpr.es :,;t light L: ,1..g ±'r%p, the star to the observer and 

not v z. c e versa. 

(a) We could defino distance as ti4e l&:,i;s.e of 

cua1Ac time oetween the to worici.-points, k.e, the time 

taken cy light from the star to reach the otiserver. 



('P1,1e of (.:ourse is to we eultil:;liod. 4y o , the velocity 

of Light, if in the units used o is eot unity,) This 

may be a propriately called "temporal distance". Like 

spatial ciistance; it assumes the existence of cosmic( time 

and does not depend on the :Notions of the star and the 

oe er°rer. 

(b) Although it would seam] that temr,poral distance 

is the thin; that is really contemplated by astronoers, 

that they aim at measuring, it does not follow that it is 

the ...Luantity that they actually measure. With the nearer 

stars the coereeti.cns to be applied would proba'. ;ly be 

negligible in any case, but we are mainly concerned with 

the very distant extragalactic nebulae. Since it is 

these "astronomical cistances" which are correlated rith 

Doppler effects, it is important (for cosmolo;ical 

investigations) that we should in_ow how they are to ee 

represented mathematically-. The question has been 



cons6:dered oy several writers already, out not no far 

as i am awpa.re, completely satisfactorily, except Pith 

reference to one or two :articular ;::etri.cs. I propose 

to discuss it in considerable detail, ana to do so 

primarily with refl:rence :c a. perfectly ;eneral 

Riemannian Spaafíme. l have two reasons for considering 

a ¿encral Space41,4 ralher than (say) Leï:ai.tre's 

così;;olo;y. Firstly, it is not yet established definitely 

that the un.iv. rse is of Leaitre's form; secondly, it 

may be cosirauie in future investigations to taue into 

account the effect of the ravitat ionai i ielos of the 

star and the observer on the estimation of distance, and 

a general metric provides for this. 
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0 THE, DEFI141T1014 OF DISTAoE 114 AccvaAl4uL."ilu 

Ua 

The methods y hich astrono,exs co Ate the 

distances of the cAra,alactic nebuiaeepond ultimately 

on a comparisop o the absolute and a),parent crie,htness 

of some oojeot, on the assumption tat orihtness 

decreases with the square of the distance. The object 

observed ay be a nebula itself, or so:e involved star 

of reco,nisa, le type. If the star is a Cepheid variale, 

the acsolute bri.,hthoss can ,e inferred with consideraole 

accuracy from the period of its variatio,ls. Less accurate 

methods Of estimatin aosolute brightness involve conclu- 

sions frmm sloctral te, o tho rels01 assumptions 

(supported by such evidence as is availa1e) thet similar 

neoulae, or the brightest stars to ce found in similar 

ne.,ulae, are of a out tha sa e ordar of a..:;solute brightnmlf." 

(2) 
In a recent paper , Whittaier su osted that this 

principle-- the comparison of aosolute an(. apparrit 

1. v,ffubble. Astrophys.Journ. 61 (16) 321. 
2. Pro°. E.S., 144 (1',./61) 96. 



iarLhtnnsv on t,: e as:.ul_tdon that 1;ri htness decreases 

with ti:fl s.,ua.re of the ;,starYco---trarislwted into tne 

lanFv,ua6.: of C1.íffer:f3tiel ,`:,eo::]etrÿ', .ssi:olsla be adopten 

r.. s a C: t; ;: i I? it o n of distance in general i3 á e? iil ä. nn .i sa. n space-. 

ti! e; and applied this definition to the de S! tter 

world. Previously. Tol!.'a. n Irl irvYest: i;_a.terd this 11d i.st<dd,ce" 

for its i1r, e.uiva.lent to I t would seem, 

40 

however, that n-:it:,er Whit tater nor Tolman correctly trans- 

lated tie astronomical d.:,rooP.cdurC' e 

In 6:.os,o.r.iaï,ce >it;, tnis definition, the distance 

oet.w e era the world-point A (the star at the instant 

when light a. s e i t t. e d) and the WO r 10 _!> o f*; t )3 (t i.l e 

ohsesr ,er at the instant when jie recel 
. ryo ) will 

only oe defined when the :Interval Aí3. is zero, i.e. 

when A and B are points on the sae nu1 ì.-geodesigm 

so that a ray of lieht can go from A L 

further, when a def9.tite world-direction, specifYin,:: 

the ooser tier's ,,;potion, is associated witht ttie point B jh 

(1z-430) 611. 
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for observers moving differently would in general make 

different observations of a,-parent bri.,l,trxesse 

Whittarcer expresses the definition as follows: 

"We ovnsd.fer a thin panel' of nult-geoafsics (rays of 

1ioht) whictz issue froc:; A and pass near B . This pencil. 

inte.rM;:ot.s the ohserver'B's '.e instantaneous 3vdi., sraional 

apace', givin;., a 2-dimensional cross-section; the 

°d.ista.race AB' 3.; then- defined to oe proportional to the 

sc.;uare root of this cross-section." The factor of 

proportionality is to be in:el,:ncent of th-; actual 

position of B on the null-geodesic, and is to be suco 

that when A anu 3 are close together, "93" shall reduce 

to distance as measured in B's looallt$pací0".6) 

Now there í.:> a cP rt,r.in z.muii:;uity involved in this 

fautor of proportionality. We recall that "absolute 

ori'htness" is defined ast rono:; ical ly as the bri:;htn«os 

of toe .star it would appear to an oàserver at soue 

standard distance from it. The standard distance is 

usually taken as 10 parsecs, the nebular distances to 

I `yr.k2i' irs(a,.,raotis 3-+.se. f Ghace" 
{} 

(uca s¢ace'' o,( a.. obu.rrt,r ;s Ik,% /Whim 

`f 3 - diw.ti..e:.....( sr..c.e artf.oJe,.ú Ì'o FR. o s QCre cpf- iks worÍd (ú..o. kA'ci. 

(Atii adío ruifi.(oN.%aey( 



be measured being mil l ion:. of parsecs. Thur, when we 

talk of the absolute brightness of a star, we are really 

eostelating, a lifititious ousorrer° at a world point Al on 

the. sags null ,eooesic AB ( o that he observes the same 

onc i l of light), out in the neighbourhood of the star; 

and .,e are ifaginine the estimate of nri fitness to oe 

made-by Il i Tn p If Q and g are t ri E? areas Lz f the Q f° i) s s.a 

sections of the Aatne thin pencil as observed at B and Alp 

and if S is the distance AA1 as measured in the lara.al 

space of the Aotit.i.:us observer, then the -,istanctjA 

is Oven y ay= . Thus the fa.ct..:a of 

proportionality is - 
r 

This aepends not only on tee 

position of. A and the direction AAA, eut also on the 

unspecified worlddirection a.vsoclated with Al, ;,.e., on 

the motion of the fictitious ooservery How are we to 

consider him to .e moving? 

We might tar.e the worldline of our fictitious 

oeserv::r tu be "parallel" to the worldline of the 

ori,.,ina.l observer, in tt,e sense of inLerFascting it In an 



arbitrarily chosen "point at it fitit3 jC. `i'he two worlc,_ 

Hnes will then coincide when B coinciceg with A1, giving 

e,0 ; so that A reduces, as it shoulr, to O 

1'liis is in fact what Whittaker does. In applyin;_; 

his definition to the do Sitter world, he Uses the 

coordinates 0, in which the ,eojosics ha a liner 
equations; the observer's orid -ii a is taken "parallel 

to the axis of u "g and the factor of proportionality 

is evaluat d ry considerin the star and the observer 

to úe close together, th2 2. sarY=nr' e walla-lint eing; 

sti l i rá; I e1 14 tilt tiL4 QL. _u 

rr 
le restricted invariance of this parallelism 

emphasio« by Whittaker. Thus, his final f ula 

expresses the distance in terms of tw quantities 9 

and he ;iakes it 2. r that the ' . are invariants only 

E 

for suca transformatio .s preserve parallelism to the 

axis of u -- i.e . for su transformations as preserve 

the same po .i <_, infinity K on tie observer's world -e 

line It should however be pointed that K is an 



His final foic.+ula for distance i3 4s follas: 

The distance cetween a star whose world_000r::isiaztev 

arc (tYyz) and an observer whose v>orld..liïa+ is the 

o0desic x=3:0, y=yo, 2sZos where XC9 yo, zo, are 

4 P 

crs (0--+P ) 

Cod 

)-i-,+'hzT X . 4.Z)'` 
dZit+ 

Svr. 6 
ti iz q Tc/ ( I f N ' 

the radicals beln6 ta,,e;; positively. 

The quantities p and 6-are invarients only for such 

transfor,nations as pcoserve i,ara.!leiis;,, th the axis 

uffi u -i.e. for such t:rrnsforanati.oss as preserve the 

constants, is 

where 

sae ,:oint at infinity K on the observer's world-11 ) 

it should however be pointed out that K is as 



arbitrary point on the observer's worlr.:_} ine. For, 

a suitcle tr-ansiorr:ation of the tycos 

,. x, j Z 

* Co( )' x' ' u s4-4- 
Y t c,,.ó 

(which does , -;ot affect the form of the ,.utiic), any 

point u = -.cothy on a given geode ic can ae trans - 

foruwd into Fïie point at infirtit y. 

It is clear that when c,e specify the world -line of 

the fictitious observer i =j this way, our definition of 

díst nce gill depend not only on the position:, and motions 

of the star nd the observer, cut also on tAe 

arbitrarily chosen point at infin tj K on i. >e observer's 

world-line. In .act, w<hftaier's "in;rariant" 6' is 

actually arc tan (cos ) involving the arbitrary 

geo esic distance AK. 

For an efiectiwe definition of distance, we should 

have to s;a:e sor.,e special choice of K, o,> which the 

otherwise arbitrary "e.Csoiute brightness" oepends. 

4s 
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he such choiee however will yield a definition of 

distance which accurately tia_nsiates the astronomical 

procedure. For ee reca.1 that the factor of proportion- 

ality A p which is the eriehtnesS et unit eistence, is 

intended to ee an intrinsic property of the star. If we 

taeoe the world-line of the fictitious Deserver to deeend 

In any way on the eosition or motion of the crieinal 

oeserver, then it is clear that ee are really deaiing 

in absolute brightness at aii. Tne only alternative 

to suppose that the fictitious observer is ovin witr, 

the star. This will be justified if astronomical 

"aesolute brigatnese" can e identified with the 1Droper 

brightness" of the star--that 13 to say, if there are 

no corrections (depenoing on the oserver) which ought 

to he .-lied to the astronomer* estimele of absolute 

brightness, bn ;4a tee° Relativity oonsiderations into 

account. 

Now, lo the ease of a Cepheid variable, as already 

pointed out, the "absolute brigntnese" is calculated Dy 



47 

a we 1-known relation fro e the operved period of varietion. 

On account of relative motion eetween the star end the 

observer, this Q.:served period is not the "proper" pari 

of the star's variations; out the appropriate Doppler 

correction is reveaieu by- spectreeeopic analysis. In 

eractice the correction is not ef4lied) this is not from 

neglect of Relativity coesiderations, Out simply because 

(in view of the wide margin of rr r preeet in any case) 

It is too small to affect the final result. No suppose 

this correction to ee aeplied, and neOleot errors 

observation, tnen toere is no douet that tne astronomical 

absolute brightness ie the proper brightness of the star. 

Tee same conclusion would aeply to other caethcis of 

estimating absolute briehtnees (in which hewever the 

margin of error is much larger). 

Therefore we must give our fictitious oJser'er the 

motion of the star. 

It is imeortant to remark thet when the star and 

tree (oriji) oeseriter are close together, the "distance" 

as we nave now defined it does npet reuuce to oistanee as 



measured in the cl.;server's localNpace". I shall in 

fact show that it reuces to distance as measurec in the 

local sp4c9 of the star, and further that in space-time 

oÍ ochataltt curvatnAre (the de Sitter world), even 

the star is remote from the oserver, the ilbsepor's 

motion is not involwed, But In the most g,eneral 

our definitlin of distande involves the motion or 

'world-direction_ of both star and observer. 

Tolman (kdoodito) follows a different procedure from 

ours. Instead of coparing the apparent Eirightness of 

the star with a similar observation made by a fictitious 

9.bstLIAL_ in the nelhbourhood cf the star., he ()empires 

it with a shailar observation mao.o on 6 fiutitiods ¡LAI, 

in the neLhbourhood of the iMiavag. Here again, my 

criticism is that the coparison briL;htness is not an 

intrinsic property of the star; for it depnds on the 

shape of sl_zoe-time in the neLhbourhood of the observek 

at the instant wh,:n he recolvs the _iht. Thus, in 

Tol,ian's Calculations, it involves tie funotin ot) 



Of the cosmic time whict figures in his metric tialulttd 

tt tam la414,41 QL gg.Q4DLL:441 ;,1L 1.141 obserteE. 

In the same paeor, Tolmae coneiders an alternatve 

deftion of distance, based OD a conearisort of the 

absoluta and apparent dieeneioee of a distant star or 

nebula, ie this case we have te consider rays of ii,ht 

lesulee from eiffei.ent points of the star A, and 

arrivine simultaneouely at the observer Bw-i.e a thin 

eencil of euli-eeeelesies passine near A and eonverieine 

at B. :ere aeain, Tolman oeeleeis for comparison 

observations made on a fictitieus star in the neiehbour- 

hood of the observer. But let us, as before, emploe 

for eomearison observatioes mace on the star itself by 

an observer movine with it, so that "aesoluto size" 

will be an intrinsic property of the ster. If the 

aeparent dimensions are measured ey the solid angle 

suotended by the star at B, i.e. by the area inter- 

sected ey the pencil on a small sehere round B of 

radius S , and if this is compared with the actu?1 area 



under oservatich, as measurecJ Dy so:fleone moving wit, 

the str-...then our original definition is exactly 

reversed, and the formAa. for this distance 41 will be 

given by ibterchanging the roles of ;itar and observer 

In the lo.mula we o_tain ior 

I now proceed to aAely these considerations to 

a emeral Riemannian spica-ti7ne, obta4ninL, a ,ene rai 

formula for distance as measured astronomically. 
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Take the world-point A (the star at the instant 

when a. ligáat- ulse is emitted) for o _ in, and choose 

a system of coordinates such that 

(i) the null -geodesics of the pencil we -re considering 

(rassiag through A and close to B) have linear e.uations; 

(fi) if the metric (for time-lie f:ii <rva1 ) is 

ds'c 

t he ri 
.)-)cg 

dxadxJ,á @ @ ;@ 
(i, j=0,1,2,5) 

- o in the neighbourhood of the origin A. 6) 

Such a choice of coordinates is always Üossile; can 

for instance t- ils "geodetic"cocrdinates; the conditions 

(i) and (ii) .iii then be .satisfied, and ,we .,.all have 

further ,- 

(iii) aJ,j geodesics throu, h the origin 1-ave linear 

equations; 

(iv) xJX = O at every point. 

Z'ut the conditions (i) and (ii) :.iii .,e sufficient for 

our pur__ ' o : r-)S e 



Let the null-geodesic AB be, 

where S are four contants satisfyint!i): e= 0 3 

an let the "fittitious observer" A1 be at the point of 

p a eter Lot It be the unit vector in the 

dir..6.0tion of his world-line, which we are taking to ;:es 

the ,J-,/:1-directio,, ol the star, 30 that hie local space 

15: vid0 te . 

L,.,=.t is, difilAacnt d)(4'Ito e reocnised by him as 

saatjal must stisfy(E) 

We wish to lino the linoar element, and hence the 

element of area, ict the wava-front of the licht fro') the 

star as observed at Ar--(:Rjbe two-dimensional cross-section 

of the sp,oe by the cone of null-geodesics from A. 

Tie 1:,z, we wish to find the distance between 111(x1) and 

A 1+ x 
A/ 

v.hen ni p besides oein g in the hyorpiane 

ap is ta,.en to be on s Oull.epoesio adjacent t_ 

For the ray AA (which is a null-geddunic ajacont to 

AB), we have, by differentiating and 4.nd remomberin6 

1-1,4 is",k rectiv. Lm-A4d stew:4.R. 4ACA elphcitio tk2, 

, 0 

)1.5 vsL,LA 4.t- 5 1..,z,ct L clu.dt4 (3ei)13 



5 (,(x.' ou>, t d , 

kA.....c. Cj 

K d W: _. o . 
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1 Ls áN . 5,11.41 
' 

de_ ) ($L 'IS ct 
£) ) 0 

/1u-. S 
` o K ) t+j °` 

1.---Q . ' a.uwtñ-- ` i . V a . 
(SL-tr-is_z_.5/ )4r 3z Sh,t,, . : - A, R; 

1- ge. (é - e ) d . 

-)t k 

°á t,y. _ `rt i,,,, 
.« u-w e ) d P d S 1`' 

iie Nr.u.à...w, (".,.,..0 ?163 ;Y.( V+ i" j' as e d f a,. r+....,1` I. 2 6 . 

So far ,e have only spec if iec, the rat ios of the 

constants To fir their ztosJ1utC vai ens y :et ac _ 

,;e ....wt a.d` O 

',ï h e r s al ?. áaa 'C..+ tour G U á 1 & t ...i.n t s . 

ti 3 
Rm,.:x' t s 7 ) in the wave-front , such th !t 

nd a (d 2, 3) 
I 
_ 

ti 3 
Ultimately we 3i-,a1 i take ))1-= % - f; for the-s 

;oresent are any eik`ht constants. 

Then x c(774' _ a di" (d - 2,3) 
i Solv.in- the îu3 e:;u.<<.: ions 9 CO 3S ,, d , we t,et 

d5`= A d7)d, ( 

At 
_,,, 

d r 
(,.e..:. 4.fe4..,_t 

l 
)o f, ) J î 

Qo Cl, Q... Q s 
a z ` 

C(e 4 a. a, 
4¡ 4¡ 431. û y 

33 



Su3st i tot in.b ln we eet for the linear ele.;ent 

n 1 
ir. the wave-front: - )4, A., _ }dY d,d d% , 

,heres y.,,, i (y-, i fM+V S,c )4d 47 
ic 

Now, froia t.,-)e definition of i 

, 

fe Ad 
_ O 

this bei; 
_. 

4 uai to a deter;.,inant with two rows the same. 

Thus, ell the ter: s le which involve v vanish, and 

yfi =a1 qv44:A; 
So the element of area B rÿ1 j' _ h 7) I. `t .d, 3, 

is indepeneent of the motion v cf the fictitteus 

Goaerver. 

Of course, it does not folïoe that() , referrin` 

to the ori6inal o:; server at i, ie independent of his motion 

motion; for when we de.l wit an observer remote from 

the ,tar, the f? 

H e and tute determinant -- 

and 
= (e)a(. 

° I iZAl, 
while the in 

so that 

no longer holds. Consider however toe case when the 

star at A and the observer at B are close to ;ether, so 

th,..t we can take t:Ae fictitious observer also to Le at B. 

Thee e reduces to 8 ., eeinie now indepe, dent of the 

oeserder's a+ot i.;nj and the distan,,e d reduces 



to ò 9 r,nich is distance in the local space of an 

observer moving with the Star, as asserted nove (page49). 

From and we haves 

9- a"[1i;AtiA.yk,A,A3-y;4z`43.Yxt A1A3( T- 

61121. Q 3 j`y 

c i 
Nhex_ 

/ k - f l A , 3 > 0 
Remembering trat ai arbitrary contants, let us 

ti 
1 0 / ,c take: CGi _ a,o,lo a. - ,o , 

lii - L _ 3 d - drd 
yy 

uS , 
tC 

y(' }¡ 

f , 3 

Then: 'O Jl J ' 
au ar (i. a, C ry 

at; = o o O K p - a / 

O p 0 / 

Hence, writi_Lg a,: yaj fi .17,/46 , we ;aa':es 

A 
/Ar 

o 
2 

3 0 O 
AN 

> ' 1 L A _ 
4,o Alo 

A° 
A3r 

,o fl 

A S 
-- 

r^t 3 i v 1 3- 
S rioi 

ii.kl fi g.l.gkl.A 3 Lar, now }e trittens 
2Ala` 

where Aij.kl as the second minor of A fj,Akl in the skew- 

symmetric deterwinaát A(ii 

0. AIo , A.,_ 
,io 

t AAo, 

A , v Alf iT l2 /1 ,3 

,q2_0 ,4 ., A7. A -i 
As. As, AL 4,3 

I content myself with verifying only one pair of tens 

in showing; that they agree Ath and asserting 



01-fw, %,W.., '1%,a,u 4C. s,&A,5 Ve-t`lig4c. 

Crntii: cif"- truP R^"^ ), K f= Ú 0, /, l 
3 

1, I)0,0 

9-K (:) 

voo j'/r A Ag (A° A3 -A 43°).1- /43 (4,/ A; _A° 1-1sl 

z 00 g - (Ay, A0 - A0,, A3/) 
A,o 

[((tyff - a, f) (ac, Y3_ ai , (Q01,(Q°1L-aZr. 

_ le (a0çfQ/3 i. l 0a3 7/l,, A,ó 

Q3 fy 1 --Q/ 

A 
Da // //. O o 

y.. g, A . w 

CeA4J41,e1tsy f 
o ;. a.:., ° ` 4'4'e/ 

C4"41.""2-4- 

2 A, o 
s I 



From 

e;fho .,. e 

and © f 
1 d3 

,o 

E 
j.k-e 

1 A y 

= distance of star as ilieasured ih tt,e local space of 

the f iotit àous observer 

= the projection of AA, on tFienis tie-axis 

(for, since Aaa?.d Ai are on .he sa.,e null-geodesic, 

their space-separation = their ti.e.-sep,arSY.ïon) 

iiix = o 

To find a formula for Q , it only to 

fina O. Remer.:heri.rg that the four quantities ai (kke 

which occur in the definitio R)f Ai, ana nence in 

are r ; . t our d i:; p os a i , let u.ÿ t a e G k1 E: iit to be the covariant 

co,i;ponents of the unit-vector in the direction of the 

observer's world-line. We proceed to apply to Q the 

:ethod used to evaluate 9 9 Using 

in place of QJ 

in place of 

in place of 

in place o 

in piace of 

we ha ; e now: 

. dA=O 

4x _ /1 df ̀ 
/ 4 B 

- ßß" /12 )ß d f 

-ßß = rdy Q)Id 
a 

r75 ./r(0,54,;11/5; 

1, L d, ̀  d7' Lf 9 

A'° 
. ke 

W = z (;)ß (ß A 



f8 

,, 

The "distance }( is ,_ivun 

frVIJL F7 ® .e we navei 

( 
Hence, 

Now 
^S - %( 

thd coordinates of S; 

a,ld hence /Vi - X t , where :31 = -1 v`'. 

We shAl i evidently t;et the sa,.e result if ve replace 

á,}.k1 
by quantities proportior,il to them, so we , ay 

as well say that 

AL) - 
in ple`à.:ie o 

we iâ..! now express as follows our final foxula 

for distance estimated by a oor;parison of absolute 

and apparent uri htness s-- 



We are considering world-points A,B o-\ a null- 

geodesic represent in a ra. y of light fro 1; to B. Choose 

coordinates as un page Si Ath origin A ; and let v, a, 

be the vectors speoifyin the motions of the star and 

the oserver (i.e. unit vectors directed along their 

respective world -Lints). Furo the quantities X1 = (giA4X3. 

Fror: tr'ese, for the si :ew- symmetric determinant of the 

çuant it les Ai j = aiXj - a jXi, and let Ai j.k1 denote the 

second minor of ¡Hp AA,(. Evaluate the expression 

= h°igf,1Ai at aot)z the points A,B. 

Tr :en the" lstance A3" is if X¿ TA 

It Ail the shown in the next section that 

V X = ( 1 + 
A 

).a'Xi , where L). the fractional 

red -shift found ay the o.)servor in the star's speotru;.. 

^ 
Thus uan be written: A 

C 
+ 4á d 

i 

)' O ,52 

in whiuli form the motion of the star is not invol.edr 

except in so far as it produces the Doppler ..ffect. 

s9 

r<- . be written in the e4Uivalent form: 

1 
Sáj' :lAi 3ï11 re gij.kl = trie seaan, olnor of whee 

gf;j'g;sl in the deter:::inant I gi JI. The full expression 

for 
1 

is ,, iven on the next prie. 
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\f' /132" - y /~ fA3/y(/oo,titi1oz fl/:6J0A3¡ o3) 

,J ) - 9 3 y ) f r o 

. Z 
fi 10 3 

v 

(Y/1-: A+ 

y 

Q Q 47-2, Q 
.1 A,ti /1/ (yoo,- (/otaaT/tAs3/!v (goo 3)t2/'y,43 Qe 

. 

2 Ao L Ao } (_ ,- g, g.)2/O34O1, 

] Q g g),- 2A + 2 173 AO, p/a0a y 93 Ov 4,-A, 4/){ 2 434 (2;,7 

f2Ayr A0, (,ti 4,.00f2Ai, í46Z jzsTZ AA, (L- aZ z) 
L A/ti ,4, q 9 If G A, /1 4o1.: l vOi>* /t 
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We he thus arrived at two equivalent forriiula 

for distance as ,,easured astrono:Dically ,:.:, comparison 

of absolute and a-:,pa2ent brightnss. With reference to 

, it ma;e' be poLnted out that neclact of the factor 

(R- S3-.) 
would mae nu alLpreciable difference to most 

estlates of nebular distances. in th, -ist distant neoulae 

A nebulae, however, -,--- has been observed of the order of 
..6...4- 

manttode of i ; and since it is reasonaAo t..t suppose 
sics 

that ouch greater Doppler shifts will be found when 

c,ore, istarJ neulae are examined, it is clear that this 

fact q:ijit bae to be taken into account in the near 

future. 

The disadvantage cf these formulae is that they are 

not expressed in tensor form, so that they am not at 

once applicable to any jven metric. I hope to reedy this 

this in a future investigation, and to apply the for:,iuiae 

to Lemaitre's Expanding Universe. Meanwhile, since as we 

have sson there is reason to believe that the Universe 

is veri nearly of de Sitter's form, it will bit) interesting 

to see how these forulae work out when applied to that 

world. This I shall dis,.us in 16 



§15 GENERAL FORMULA FOR THE DOPPLER EFEECT I N 

RIEIAN:NIAN SPACE -TIPPE. 

k.Cl) 

With the coordinates and nctati ©n of the last sectio;3 

consider a. li,JAt pulse eAttc: 

AI from A during an interval c(-1-.ARI 

A 

8 (X`> 

of the star's proper -ti sand 

suppose that its arrival at B 

occupies an interval .47,;= ßß' 

of the observer's proper_tiltìe. 

The the Doppler shift as observe- at B is Oven by: 

N+ S>i ciT. 

T - dT*. 

A _ is th: cixE. x` v`dTs g' l._. the point ` C:T. 
Tese points are on a null.-c,eGGeic .;hose equation is 

kpproxi:ratalJ linear, so that v.e have api:roximately: 

q`, () `+ cc dr. - v `dT)(x'+ a'dra --v jdT) ¡ o ; 

;: f' g to t h e f i Y s t order, ` d% -i¡ C µ> O 
1 > 

where ac before Xi 
m£ -i1 (the gi : be 11 . E3..,1 dtoC; ì A) 

Therefore . 
v X: " at X 

e 

Therefore 
. 

/I+ 
4a 

1 

J as ' 

ás was as i, cly_ 5-g. 



Thi5 fon:ula for the Dopler effeot th 6onera1 

space-time is ek¡uivalent to Lanozos's formula (I) 

_ Ccri 
A - 

y, 

yl 
are the (imaginary) anles which the star's where 

and observer's world-lines make with the null-geodelo 

v`i i- AB connecting them. For 
7-- 

-_-_ 
co, 

, 

a' x, a' ;¡ caly. 
But the above proof is muth shorter than that given by 

Lenozcs. 

wmftelkatexWM02490., 

1 . Lanozos, ZeLt.Phys. 17 (1925) 177, equation P;J2). 



8a'PI.I C.iAT IOli TO THE DE SI7.'TER WORLD. 

We tal e the i:.etric of the de Sitter world in the 

fora: (cf. Q) 

dsl- duL _clx:=d2. °d11- + ¡Ou-.xdx -YrjY-f ti D . 
) 

The cri:vin of these coordinates is arbitrary, so we can 

t:.._., it to be the point A, i.e. the star at the instant 

when the light pulse is emitted; it may be shown that all 

geodesics have linear equations; and the functions Do-. 

ax" 
Thus the two conditions (i) - (ii) vanish at the origin.. 

4 

on pager' are s a t. i s f i e c. , a d w e c an i: r o c, ee a to t!,;: 

formulae for astronomical distance A. 

ñ>efore doing this ). snail find the formula in these 

coordinates for an invariant which is of importance in 

the de Silty viz, the Anirnum geodesic distance 

of a Oven avorid--púir,t from a given woridol3;;e. It wH 1 e e 

be recalled that in WiYittalrer's discussion of the de 

Sitter w:,aldg tsvo invariant!, P,cr westeintro:uced. The 

extra invariant arises when a particular ..oint on the 

worlr.--l.iFYe3 is .specialised as tile point at infinity; ,.Jut 

ot_eza;ise there is only ón@ invariatrt of this configuration. 



65- 

t..onsioer the y ,ir{t (uoi 3T z1 ), :R:.d he :vorl_._1 ine 
x= aur}- a' , y wu + 1a4 , z cu + o+ 

T'oe met río .,an :.e integra.ted9 that if s Is the 

(sr>ace-like) interval between (L:1xiyizi ) and. (uxyz), 

i.ee L. integrated aloz1; the .:od©sic joä,zía6 the!nPtite": 

CO - _ 
f I + xx, +1y, fizz, _u,,., 
R, 

, 

lI t X-t Ó+-Z.^.,/ (i-+-x,'-r,{z,._ u`c 
If (uxyz) i<s a point on SG fi 

CrSS Eu tF 
L= CALA-1-7.6.4.04...G4. 

:1e re A= &-4-I = +/.1, t Cz, - tt, 
ß= G( 0.': 44'-1 Ce F= a' Ni -t 6', + c'z, A- I 

C 
= 4.11'4 '~ c' tl , G = I+, .11-4 j,`.Z,t iA.,z 

Di ,fe rent la ti' 
1 s ds (bE - A-F) LA. + C g- SF 

-it s4,.. 
Tz. 

. ia - 
, 

(A(4.'-.4-246" 
3/, ,. 

1'iu5 s i5 a l+.íni+num when = ßF-ce 
ßE'- AF 

Laoncating the tsiniinum value by D, öres: 

co--3 
- p _- AF`+zßE F- CE'` 

tRa 03---Ac) 
This is the for:nuia for the invariant D in these 

s7 

,re 

coordinates. It will :je useful to obtain th corrnspondin 

ir, other s;stea.s of coordinates . as well. 

The :.. e t rit : d 5- Co4 
ti 

dk 1_ aL- s. AB ~f s ye ' 
is der', , ed frein S5 Tay Put t 

h=4et,4 ca, lá» sw. B 

y. iedic A.: 0 
z = ezci B 
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I now proceed to apply the formulae 

metric 

doo g 
ti 

to 

We have taken the oriEin at A, so tat at A: 

^ 1 
cjn - a,. - 933 = -- /4yV 

67 

( 0 ' / )c ,)()'z) )G 9G 
J7L 

other components of bi ; 
= 0 

, 

Without loss of k,Lneraiity we can take the axis of u 

for tr_e world-line of toe star, so t:lat: vi 0,0,0 
1 

and further ;e can take B to tie t,e 1?oi.n .: Yr=(u0sxp,U,U 

Since í3 is on a null-geodesic through the ori._ ins 

i gixxü30; i.e. 1.1-x2=0, V2 -x=O. 

Therefore xo= +uU. 

Ta.:.ir3, Xo=u(), we haves Xi-UÜguO'OsU )® 
v 3 

Ii= uUs-(1 ta,04. 

Also: viX,=iiuG. 
/ n 

/ U (:O 
o ' lQOt4/6[ !o ) 

.r Q,.L/1 L(p 
> 

3 

, 

rQ/fcip) Uo O c1,,u. Q3"'u0 / ti ai X, - a) X = a,, V\V1íp _ a,, eau o 0 

F 

a3Cu -a3Deúa U o 

L 1 O L 

q 
//1 A 

ti 
+ 

t 
//J1 

nC 

/lp /a1 r Z / y3 3 -1,- V uO 
A ° 

1 7 
8 .,r 

_ Í(ao+a,, 

Q ..1 L ,L - R , L ._ L~ t J u v 

/ y p t 
( Qo - a, ) I/r o 

N- 8 : Juo = r(r + (AD') 

63 

Z 

f í(p ) tiz l R Q u - ALZ 033 
co..frhg, it) J ® 

ti 
0 t 

p C% Q Q 9 Q = /ISI 1100 R//,, 1, f iL 900 A33 + Ab/ -f- Oj, /, JJ -f 03 90s.. 

4-2 , 31 r101 g ya. 20, _ 2 / 1/,. n oVt //3V 3 / o/ (/p 
5 / O V V ti t J (/ U a 

= C(Q;~+Qv )l_1'u% aotQ,2,t(O.`.hQi`)(l..Uo %-t- Z.( J -t lt-i. (o 

s 
/ 67 (ap Lz, )2- u p 



From o 6 Rao 

lt All co observed that --,16 , so that e like e is e 
independent of any world-direction (cf. page 1') 

Consequently In the world-direction a of the oL:server 

is not involveo. We can thereforOxressiX in terms of 
tKg, k,,va.AA.1" Do of 

the A):1d-i:o1nt or the oc:sorver and the world-line of the 

star; result inc. formula, bein a relation between 

invariants, will oe true ,snerally and applicable to ny 

s.jstem ci coordinates. 

Putting =u,,j, y1=i1=a=b=o=a'..c'=1.) 

we find: Pi=. H=C; )1=-1.1, r=i j. 
; : 

n pc) 

ilence, comparing o 4(Zsis, 
A 

and. 

On the other hc,nd, intròducin, tne 'oppler effect and 

aPplying we can express ZX in terms of the invariant 

D of tho worid-Loint of the star and the world-llae of 

the observer.. As before, we take A te ori, in, .no B 

at (110,u0,0,0); but now we take the oziclie of the 

obtentl, at B parallel to the axis of u that of the 

star ceing unspecified. Lkivatiom., Ej) 00 remain true, 
and we have to evaluate aiXt. The oscrvor's world-line 



b 

is: x =u 0,y =z =0. Thus al=a2 =a6=0, while a °is given 

by the condition that a be a unit vector, namely 

( boo )*)2 =1; this gives c:°_-: -, 
Hence a-' )(,; , a °X° _ Óßu, 

(I -F U vL 

s ) Ran 
Therefore, by s2 and 6 y , 4 

----z 

l + á (/-411.,)1/1- 

Now for the point (0,0,0,0) and the world-line x =uo,y =z =0, 

(,o reduces to: 

Thus: 

l c a :.,....... 
2 1+uo z 

^ (f)Rs 
SA a s,;, DoQ 1rri,i d _ / 72 
A »44 

We have thus two equivalent general formulae for the 

dist{nceA of a star from an observer in thy, de Sittea 

world, when estimated by brightness. 

(i) gives din terms of the worl -point of the observa 

alvj the world-line of the star; while 

(ii) / gives ZN in terras of the world -point of the star, 

the world -line of the observer, and the Doppler shift 

in tie star's. spectrum. 

In the coordinates (uxyz) for which the metric is 

(1) the distance of a star describing, the world-line 

x =au +a' , y=bu+o', z =ctt +c' from an observer at 

(u ix,yi zl ) is ,.ivan gay bu 9- 7d 



/b 

(ii) the distance of a star at (ulxlyt zi )flap. a., o6sarvaW 

desc rinin tile world-line xmau+r-a.' , y=t.,u+b' ,.,=cu+c' y 

is Oven Oy Op 4- 7i 

In the polar coordinates (A,d,O,f) for which the metric 

i5 

{ ) if tì;e star is at rest at the spat al origin, and 

the o; server's first coordinate is ro, then Q R5,4:, ; 73 

(ii) if the observer i.:: at rest at the spatial oriL,in, 

and the star's first coordinate is r, then: 

In the cos: io coordinates (X, x x3t) for which the 

:metric 

(i) if the star is at re* at the p 1Gì .eri-,in x1 =0, 

and the onserveV 15 a x, x .21, G- t1ies t Q _ lR Cosh trt x, 

(ïi) if the observer is át rest at. the spatial 

is (x t , x, F) I%e+,.: /1= (/f 2 ),R crg and the stat 

In the above formulae it is of course understood 

that the observer and the star are on the sae null- 

geodesic representing light froc: the star to the observer; 

thus, when the actual position of one is defined, the 

position of the other on itA world -line is fixed. 
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Thus, in the co:, ic coob inu tes (:0W ) in the 

second of the two cases just consicu/ered, if the observer's 

time-coordinate is to, then tha two points (000í0), (x;y,jt ) 

lie or, a null-geodesic. The conoitior, for this Qarbe 

found uy transforming to the coordinates (uxyz) and express- 

ing the fact tha.+ the interval as ,- iven s zero. 

The conúitiva is: 

/ - ta--4 
/ , ,-/ .44 4cc ). 

Solving fur t we í indl 

to C x, f .i'41 
Ce24 t l- Co7- 

ru 

:.rust take L'd'.E3 earlier of t.r.e tau v_,tu.es of t given 

by tais, th later ore corresponding to the instant when 

the light refieDteá fr.:u the observer rea,A:es the star 

again. now oeoomes: 

t sa/ X X d= /4_ g_ x, 
a ÓQ / - ,, x 

; 

This gives /3 in terms of the distance coordinate x, of the 

star and :-he tie- cooìdinat.e to of the obseror at rest 

at the spatial orlbin, when he observes the star. 

It wiil áe observed that x cannot be taken as an 

approximation to 4N. On toe other hand, as iz seen 

from 73 and & , iai trepolar coordinates (necke) the 
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distane coo:cisate r is a éood approximation to ,d , 

whether w,:: take the observer or the star to be at rest 

at the origin, provided that R and. 
i) 

are small. 

In accordance with the considerations. on paes 494S0 

the other distance 41 defined by comparison of absolute 

a:to appareLt. extension, Is Oven fro;.: ty 

No see that a/ is ircct por1dent of the motion of the star. 

Co :p W. i. .i -, , le^: F; r ,. ::' 

Q = ll / ) 
Now for spherical oojeuts of the sa:irEa absolute 

size and oritnuss, placed at different distances from 

the observer, the apparent oriiLhtness varies as d/ 
, 

and the apparent area as 11.. Thus by the ratio >f 

the apparent bri_htness to the apparent area is ï.ñden.sc.(y 

proportional to (4 q; or, the ratio of thy: :,uare 

root of the apparent brLhtniss to the apparent diameter 

is^,. r .1 jrt iDna1 to ffi This result. was found by 

'T'olmad) foi any non -stationary cosri:olo6y of Robertson's 

r.erwl Ecun (My criticism of his pr'ceaure in defining, 

distance does not affect the validity of this result 

t. Pr.c. N,.k. 4" fu'* (I47o) .3"iq c4. 5-43. 



of his.) he su6_,ested that a. correlat i ..n of this form 

;:,etwoera apparent ori6htness, aiameter and Doppler ellect 

should t)( 1aoa.ec foi: in tine extraL.alactìc nevuLae, as a 

ne ,ative result would indicate that th,, univerge IS not evar 

of Roáertsco's fors:, . Cara is needed in establish - 

in_ such a correlation in view of the e ',ects of orienta- 

tion on apparent sizes for most of the ne': ülae appear as 

elliper,:sg and probably most of those which appear sp.h,1ricdI 

ar: really ellipsoids viewed sideways. 

I thi.ruì however thug the su,t,ested test might ue 

usefully usen to test a hypothesis which is suested oy íp 

Hubble's researci;es l The correlation .which rias actually 

peen found between apparent orihtness aril) size (after 

taiiing into account the statistical effects of* random 

orientation) indicates that the square root of the 

apparent bri;h}ness is nearly proportional to the minor 

diameter; there is reason to believe that the nebulae 

differ very little irt absolute brightness; it has therefle 

been inferred that their (aLs.ilube) minor diameters 

differ very little. But their major diameters differ a 

ï- -aÁsFmy_ , G}:. 3,aá._ 
mega 

73 
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great deal. This and other considerations Su`,_est that tue 

whole collection of elliptical nebulae arranged in order 

of increasing elliptioity represents the vürious configura- 

tions of ori.,.,inally gObtilar mass axpandinE equa.torially 

viewed at random distances and with random orient: taons, 

1A id minor diameters romainin ,aka a;scslite br h.$ness and to diameters 

.t during the exp6nsion . The correlation however 

is not very oodj if the hypotheses are correct, It ought 

to Le improved ay ting into iiccount tie Doppler effect 

in the fray suggested a, ove. In this case, instead of dealiA9 

with all the ner.uiaa at once in seeí -:inL the correil;ation, 

they would ce divided i.Ao a numoer of groups accordin 

r.,radations ul 
SA 

a ia ea,.h group a lin6ar correlation 

would ,e sou_ht . ;etween ( the square root of the a;.solute 

arightness] 

the factor 

in s l t ;.e 

and lthe minor diameter 
l 

of proportionality should 

"róuÑS. 

4-1-44.1e.-1-4-e-7" 

out- 
turnt,to be 

c-, 

the 

t *.- ; 

sam,.. 



7$- 

`1WE SIZE t :' THE UNIVASE. 

Having, arrived at accurate formulae 7o and O fo 

distance and the Doppler effect in the deSitter world, 

a.2;reeirrg with astronomical procedure, we are ia. a position 

to investiate the ,,orrelatiorr which i:; to ee exprütect 

between the distance and the Doppler ef.ect, and to make 

comparison with the <::.strono ioaily deter::,inaci eierrei atien 

already quoted (pa.se 10), for the purpose of estimatin,., t6itt 

radius R. 1 du not su,., est that my investi`ation super- 

sedes those alreed2i made, for the prole;,: has been 

extensively studied; and until more accurate obaery tienai 

data are esta Aisiled, ey" distance" corrections will remain 

mere theoretical niceties. However, the use of the 

coordinates (uxyz) makes ey approach to the subject simpler 

than those of Tolman and Silverstein, who se so ,ewhat 

cumurous ca.louletions are necessitated by the use of 

polar eoordina.tes. 

In this incestLation, it I. of course necessary to 

Bake sou. assukupt ion aecut tee d.is t rieut ioo and motions 

ut the nebulae. On tee ohservaticnal si.::e, it is known 

that the nettula.s appear .!nitor:,:iy distrieuted tPrrcuL,ho_.t 
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5tat.o as .ar es we can see. It will tie as well for us to 

see what assumptions, on the theoretical sire, ha. a been 

mace oe :he. various writers on the subject. 

Siloersteit'_'s°procedere may be descrieed as folloes: 

He uses the polar coordinates , tarcin,,, the 

observer to be at rest at the o, i:..in; and considers a 

star aescri.ine a,n arbitrary eeouesic. He identifies tee 

coorek?sete r with the distance. (he seen fron, Gp 

ti JA 

that r is a t,c>oc1 approximation to .LL , since k and 1- 

are sula.Ai. ) i:e finds an eeuation(2) rGlatin;_,ti,e radial 

veiocity of a parte íe to Its distance in terms of two 

"e ta.r-coil.: tdïlts" vo , rc These are reepcct i ; ely the 

velocity and distance oz the star wren, it''sat "perihelion" 

i.e. at the r.oareet point to the oeser.or in its .thole 

bistoryì These star -constants are for individ.:al stars 

cuite inexl.loraole; but for . tatistica l purposes 

S.ileerstf.in assumes that (I) ve is cistri uted at 

random au:onö the stars (i.e. its distri: utior, follows 

the nor..a.l errer iew; (0 all values of La oetseen 0 and 1 

are e1uaily prooaole,reeardless of the value of r 

itself. Tee value ootained fora is 3.6 x 107 parsecs 

(= 1.2 x 106 light -xe.i rs :1) 

I. fie S;1 4 f *- (O.U.P. ri So) 
z. 16i4. (o) {. ,34. 

3 . í K cwla. ii:V1 I..., {e,.s 14-146.. (44-4_ 
V 
ç I-/r Á..( w. w r 0 t.e avK a. s - ï- 



I have two criticisms to a:.e of ttiese assumrt i ons a 

( i) ine def initor uf vo-.-the velocity With. which the star 

passes tnroueh periliolion--cìepenc:s on the space-time 

separation deterAried h, the etric he have seen, 

the coseic separation is the one w=ith has physical 

sienifictanee, ana the velocity will Le differently defined 

in these coordinates, I *enture to tuess that the velocity 

in the coordinetes will always be treater than in the 

ee,mic Goorciiile<tes® In any case the ciscreparacy irc,reüaes 

consistently eith ix:creasiï" caistasice froc,; the ori in. 

r'roe tiae curas ide r.: t ions of ¢ y, it is natural to suppose 

th:- t vo in the cosmic coordinates is subject to ra.ncsom 

cistrii.e}iciri, in wt;icià cese it ;.ili not oe sueject to 

random distri.c=ation i.: the polar coordinates, but will ..e 

correlated with tee distance. 

(ii ) Sileerstoin apparergt.lyWintei^ns hts seeond assumption 

to eeprss,tne fact that (for stars at a given distance r) 

the perlhelUa are uniformly distributed over the si:ace 

within a se here of radius r rounc. tee ori`ine If so, he 

is iiiistaiíen; for with such a d. strla.:tic,n it is the lar+e 

values of rc (ana hence of .p) e::ich would eredoeina.tem 

I. y. t6et 
. fese- 13 8'. 

7) 
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TiJe uniform oi:Ar1LA..tion of ru for , r is only 

possiL,le if a preponderanoe of ierinelia are cl.,stered 

near the origin, e. if a majority of the stars are a ion 

way past perihelion, Le0 if there is an average motion 

of recession. In tne absence oi any physical explanation 

tc, account for the i.articuiar distri.L.ution of perihelia 

ssary 
ckstrct....re it- uniformly, the assumpt ion seetl,s to m.e 

daoeru u.. 1 1i.o an ¡Id t9.0 not very Oausi,-le assuptira. 

Tol_ants investigation is based on the metric 

6(5.1.= ( 42' ) cL - ".-Ota% 4 A.' St"' °ICI' I 
I - t' 

- A 
This Lecome6 0 on s:...,:_stituth, q,54, -1--z for r. On invgsti. at- 

ini measurement of distances from an ooserer at tte xi in, 

Toimin deides (.hat íe coordinate r .a,rees exactly with 

astronomical distance as -easured 0, coilarison of absolute 

and apparent extension; and agrees wit. that :,easured oy 

comparison of :-r4ntness subject to correct ins "not at 

present within the rane of ooservation" 
6 

I"? This 12 .3crne 

out by our equations and where Tdiman's r (our 

es Ai 
) rees with L) and differs tkbia A oy the faitor(i#19) 

Toiman,four alternati -a hypotheses about the nebular 

distributions. The iirst, "the hypothesis of centinual 

entry", is as follows: 

I. Astroeir. 69' ("121)2 4%47 
L. fte .1+-1-e-- '1'f415 "4":d- A - IOC 

11 .ey kasich", b., 
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"The uniform concentration of nebulae within our 

range of oeservation is procuceü and maintained by the 

continuous arrival of clew nebulae,apptoachins. perihelion, 

to maire good the deficiency caused by those w rich have 

passed perihelion and are leavine the ran e of oeservatiun 

never again to return." 

`i'oimen finds th et tels h pot aesis (though he reea.rds 

it as inherently the most probe le) is net sufficient to 

account for the ceßerved correlation of a;..ù:.rent radial 

velocity and eist nce, without some l._:rt -her restrictions 

on ti-:e motions of the nebulae; t.vt it leads to the 

irfornation that fa cannot be less than fg 2 x 108 light- 

's ( =6.5 : 107 -X rs a,; s) . 

T'olman's alternative hypotheses are all r_etner 

;Nains three different ways of acoountine foe the view that 

tae motions of the neoulae ire aep ?oxiinately radial; teat 

is, that their world -lines ail r.ntergected, or cane very 

close to, the world-line of our own galaxy in the remote 

past, sep that their perihelia areal]. ¿Oro or very small. 

TAi,s ' leads to the required correlation with dR _ 2 x 109 

ìi. ht..yeais (= 6.5 x 108 L,arsecs) 

'. ii.. cdeet, ívß., wst- - Y.ft. w. A 7Ye i.l..,.w.e -.H e-e- a/ 

M , h ¢yam (L, .,,,l.,q 4.Jc,cw.ti .a.nk A- ,.L4 . 

yea 



t:uwever, for reasons whic;! I do not clearly 

understand, Tolman dismisses these three hopeful 

hypotheses as being "inherently improbable" or "involvin;_, 

td_tagc_ assumptions ", and decides finally that 

"the de Sitter line- ;Aem:ent fo: the universe .es 

not appear to afford U. simple and unmistakably evident 

=xl:lanatìon of -aur present knowledge of the cistrioutíon, 

distances, rJ_au Doppler effects for the extr&galactic 

nebulae," áithuugh "by the introduction of ád hoc 

assumptions" we could ,et any desired relation between 

Lo :plei effect and distance. 

but the suga_esticrs of a common origin of_ t . . , ) nebulae 

and our own galaxy in the remote past is a very attractive 

hypothesis in my opinion;, It accounts simultaneously for 

the great distances of the nebulae, th, i r oonsistcnt 

recession from us, ano their approximate stillness (i.e. 

the fact that their velocities of recession are all 

smR11 co:_pa2eu th that of light). For if the nebulae 

parted company with ()Li- galaxy at a remote epoch, their 

distances ;,ust be e.,i,ectac to be immense by now; they would 

all appear to lee, receding; and only those which nave been 
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illovi.riiL í1FJxVYOx1.,:ï.it.e1y"parrlll(i1" to our nWn will now be 

The hypothe..,is was studied by.Castelr+uovo(11, who drew 

attention to the íntìch ,reater siir.plicit, of ralr.t;ì.. tiara 

afforded h,, the coordinat:-s 55 :;e expressed his conclusion 

as follows: 

"íf in the de Sitt ;r ,o1 }d of radius R. a 2 x 109 

li; h t- years, the lßilr4 Way anca the e..traóalact is ne,ula: 

were scattered at an exceedin.,ly remote epoch (tbeoretlua.11y 

t = -00.) by an immense central nebula, thus acquiring a 

free :;:otiose through space, we should receive fro;c tne.ir 

movements precisely the impression which is revealed by 

spectrum analysis." 

The numerical result agrees with Tolman's, cloth 

:aJing ar.proximateu. Logically, however, Castelnuovo's 

work is s oilt ;.y the fact that his "distance" doe:_ not agree 

wit. astronomical distance; t ,teeei I_t- . tEe =gft=4a. 

it is what I have called "s.fat iA distaJoe" (page 34. ), 

being measured in a s atL-.l socti'n of the universe ana 

not 6.1on a null- geoaeic. 

I shall therefore examine the question afresh, 

. M Mrttcee R.A.S. 91 (030 82q 
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C/d take the negati../e solutions GL, 

et4/ 

D and Do can be caleuited from e. finds 

40 1 - dl* 
Coe - 

cal - 
A 

1 

A -Ud -Ud U dY/-u') - - 
dv."----77- -4./ 

ud I d 
6(4- -I el Ye6-0 

' 

We see tnat to a iirst a,prokimation lecting 1-U2) 

I 46 0 
Comparing the oseried correlation (see pa6e 10), namely, 

(cf e 7/) 

SI Sys k../Igec A , 
= Ime 44k4t fra/1442.44 

and taking U=-1, we finds 

R. = 6.4 x 106 parsecs so 1.7 x 104 li,ht-years. 

To the order of approximatio,1 which Tolman used, this 

agrees with his result, a slight discre;,ancy arising only 

from the sli,htly different data which we have used, n,t 

from the corrected definition of distilnce. 

By eliminating d frcm e and oT before eandi.D 15 

powers of (1-U1), we obtain in plac ol 

SA A 1 1.--U 41 
appro.> Litett i 0 ill ' - -4.- 

A u 6-k u 

De closer 

Tiere is reason to hope tbat a more accurate cortelation 

than involviD,, a small term in 41 g will ultimately 

ri 



be established. If the universe were exactly of de Sitter °!3 

form, would then give, on the hypothesis we x.aae adoptai 

U as well as and hence we ._hould ano.: the "a..e of 

ureat.Eon11 , arc tarih U. 

The hypothesis which we have been consicierin t (that 

the w4arlri-lines of a.i x the nebulae radiate approxi:.:at.eiy 

from w o z 1 d-p o i n t in the r, e m o te past) seems a t first 

el ht vary similar to assumption of §q that tì:e nebulee 

are on the k:holF, stationary in a'bosraic"system of coordi- 

nates. That the two assumptions are not equivalent is 

seen from eivatlons l7) , in hicn, if x ,x,Y3 are constad 

x,arQz are also constant and not funct;c;;,; of u a:. in 7n!, 

Let us consider this second hypothesis, anc! see .A:tat 

information It leads to a:: to the size of the universe. 

In view of Eddington's remaras quoted on ;.;,.ge 2D, it Is 

evident that a hypothesis like this, having no reference 

to re,.;ote past, is to be preferred. 

he have then to consQfder world-lines of the form 

a, bp ..o r c 9 

where a,b,c,are o ut a nts. As oefore we snail take the 

observer's world-line to oe xay=z=0, :a4hat in the eos:rtic 



coordinates e is at rest at the spatial on in. Let 

the star at (00,u1) and the observer at WA0,114) at the 

itn:.,ta::t so of emission and reception of (6;e cannot 

take the observer to oe at (UOÜO)p oeca.use now his 

u-coordinate is ,;iven by uo=ta.^h -r in terms of be cosmic 
csaorAr.atru t v,_:ic;: csccurti, in dotfl.rninin 6 how far the 

expansion the universe bas pr'Qtee.:ed.) 

For the :Aar to sUe3?. by the ot_;s0rver, ui ;tUSt be 

the s;.:aller .olubiu.. of. 

1-- u;)(l-td L"/% -z u. u d ,` ̀ . /- u J _ a f fC 

io«m u, = u -d ji-uoti 
(4-.4 

-3- -3- s ti a, 
- (41q)(uti u. I 

`r`.' ta' o ba 

d'f / / - u° ) it' 

d1 
(pfi/ )(t-Ueti ) 

Sc;, `D _ /-u,` d` di" 
R - - 11-11.--(4,' -- / z , 

/- c!'-U,~ u, d -,» uo L ) a Sa: Z. 
Ts " ?- -I = 

u° d f,ti/i-"'- 
Uo d f / - i 

Sk, 
d`-r/ !_[,` I 

- U. I 
CI_ (I G( O 

1/ Q,ti 

n 

U. á - 1d) -t , î ,. 

- fa e - Q' t ̀4tR 
÷....... 

^ 
R i- d 

lhusgiCalirstaeproäiiìJtion ,Si 5 p:xoptlTtional to ,A; 

ut we should rec;uizs t, know the ìra, .,nituue of tl,e second 



term (ins) in the correlation Gefore we could 

effectiely compare the two results. We should then 

ee aole to determine: 

(i) the 4-dimensional radius R, 

(it) the oeserver's cooreinete t eeterminos how 

ir tbe spatial expansion of the universe has proceeded; 

(iii) the seatiil radius of curvature Re R.,444t g 
dte 12) jS,L 

j 

elQw,o.Q.L. 

I have applied my formulae for astronomical distance 

to the de Sitter world to show how they work. In view of 

the probeeility (see page II) that the real universe 

aeproximatee to the de Sitter world ae.reearde tee future 

and tree reeont past, eut not as reeards trie reeete east, 

the numerical results on page 83 are not reliaole. eut 

the formulae ehould eive a reliaele aeproxietIon 

when the more acGure.to form o is estab,ieleo. So far 

as I am aware, the formula 15"10ha s net eeen ,tven 

As I ha-e already indicated, I hepe ie ck 

ineeetieatioe: to eeply fl: y formulae for distance to t e 

Expandine Universe, and see whether any corrections are 

needed on the numerical results which have been esteelis Jed. 
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