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of the Space-Time continuum as a whole, zpart from 1he

local distortions whieh, in accordance with Ceperal

Eelativity, are associeted with the presence of matiter
in cordersatjons such as stars and nebulze. The problem,

wnich we iay czll the Cosmelogzical problem of Belaztivitv.

is to find possinle forms for the [unddmertal ftensor g;

specifyins the met2ic ds® = gq:xld&’ agplicapl

0
-+
o

Srace-Time at larss and zgreeing with or accountire for

the: facts of astronemy. In more popular larnguvage. if

7
&
e
=
= |
ny
oy

we regara the Space-ling manifold as @z four-ditnensi

i

hy;ersurface immersed in flat (pseudo-Zuclioeszan) space
of nhigher alQensiuus, tne proolem is to investigate the
general shape znd cimensions of this surfadge.

"aAcuording to the General Theory of Belativity.,

the metrical charecter (curvature) of the four-dimersional



Lpave-Time centirnuvn is defineg =t
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matter at that poeint ana the state ofi that mattier.
Trerefore, on accourt of the lack of upniformity ir the
distribution of matter, the metrical structure of this
cont invum must necessarily be extremely com:licated,
BUt- &b we are.uonv»rfed with the strueture only or a

larze scale, we may represent matter to ourss|-

o

5 a

n

being vniformly districutea over enormous spaces, so that
its density of distribution is a Varizocle function wnich
Varies thremelj‘slowly. Thus ‘euvr procedure will scomewhat
resemble thaf of the zecaésists who, oy means of an
ellipscid, epproximate to the shape of the earth's ]
surface, which on 2 swmall scazle is e;tremely coaplicated.ﬂm

preblem has Been tackled.fron twe complerentary

0

poirts of view.
(i) Mathematicians have set themselves to intestjgate
the theotetically possible cosmclogies and to deduce their

physically observeile conssguences.

(1) Belevani astronomical data have begen ceollected

and ccemparec with tne theoretical firdings, thus providing
1. A.Eipstein: Sitz.Preuss.Akan. Wiss. (1917) 150
Evansiabed s "The Promcple of Rk iy (Melliens 933) §sy.




practical tests for the suggested cosnmolegies, and

int roducing numerical wagpitudes intfo the discussions. |
In the first part of #y Thesis I shall review .
briefly. the developments of tLis subject. in the last
sixteen years. This is not interaecu, to be a mathematical
|
d
gresentation of the subgyect, put a historical infroduction

to the. discussions that fellow.

b ]
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EINSTEIN'S CYLINDHIGAL WOKLD.
In the older viecws of Space and Time, ths Cospos

was regardes zs infinite ir all diréctiors ana urcurvyed

coth spatially and. temporally; the Space-Tine fusion of

L dg]

pecial Relativity did not afieect ihis wiew, but in

Gereral FRelativity some modific-tion was necessarvs

The difficulty of assigning boundary {O!Cifiorscgaj

=

spatial infinity fer the furdamertal tersor Bys without

either destroying the relativity of inertia or

e

disregarding the observed sauiliorium of the stellar
system {i.s., the fact that all the stars bave not long

e (3 (%)
te infinity ) lec Eirstein {nl98717

220 escaped from us
to abandon 1The oclder view.

He proposed tu regara the Universe as "“closed"

1. Lalled "Sphericall by same writers. e

2 Rezardinz the g, as the relativistic grawitational
potential, ard the field equatiors of sravitation as |
analogous t¢ Poisson's eluzticn Véa &mp , these are {

in zdoitior to Poissen's eguation. 1o make ¢ determinated:
ir the orcirary Newitoniarn FPotertial thesory.

3+ The predowiratirz rec-shifts which have since besrn
opserved in the spectra of digtant nebulae (interpreted
as enocimous velocities of receszsion) would seen at first
sight to indicate ithat tnese vbjects are in fact escaping

Q

nalog

nalogous to the beundary corcitiors which are ragiireq
n

r

to infinity at prodigious speecs. The ivalidity of this |
deduction from the observatiocns will be discussed later:
In 121% the known facts pointed to the conclusien that
the relatite motiors were on tugs whole ver: sma 1 and
dirested ot randol. =

b loc. cit.

)




with respect 10 118 spaiial dimensions. In such & world,

o
ey
w
o
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Speace peing finite, the stars woulc heve no chand

escaping to infirity; ard, there beirg ro bourdary, the

yuestion of beoundary corngitiors does not ariss,
This necessitated & modification of Binstein's 19186
law of ravi one his field-scuations

being replaced by

0]

observation. (K is a consiant dependirg or the choice of
units.)
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With this law, Einstein

CLUS‘-"U. LIT’:i‘E‘]‘S’: W reseryed

1]

possiols: his seluytien oetn

i

','f]
the relatiivity of inertia and permitted stellar equilio rzum
Assuming an idezll uriform distribution of maiter,

the spatial sectiens will be ©of constant curvature,

anzlozous tc the cerLiar sections of a cylinder van al

1« i.@ the fact that (D attourts for the obsarved ‘S‘
eviations e¢f planetary motipr [ron Newtoniar precictior s.

Lot
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and the fact thai, in the cuordjiafuscg. material
particles (following geodesic world-lines) can ramain
perwarently at rest at any pni;% 0f space, (confarming
witih the ooservec fact that the relative velonities of

the stars are small coapared with that of light) shows
that tpis cheice can be regardsd zs havinz physical
sjznificence, such particles beiny at rest relative to the

steliar sysiems

Ecuation c,'pruvioes a g@ﬂte fer the spatial radius.

HH

: , D]
In thi conrnectiurn, Hubble's estinate of the density of
space may be quoted. From a statistical study of 400 of
the nsarer extra-gaiectic nabulze, which he found to be

districuted roughly uniformly in spates hs sstimated the

3 =
o =%1 - _ ;
mean density as 1.5 x 107" gm.sm.™, and deduced

oF ( )
B = 808w J0%em = 2.7 % IOILparsvcs = 8.8 x ltl‘
light-yearns
2s the appropriate radius of Einstein’s universe. The
corresponding value of the cosmical coﬁstant ie
A= i.4.3 10-%8en,

1. Astrophysical Journal ©4.(19¢6) 36§. This estimate
gives the density of space in our neignbourhood tu a
distarnce of 108 light-years, and may be expected fo be
gerrect to within a factor 100.

Yoy
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peintir: out 1hat.thers. is not ihe same

ate Ejsienlci) as we

Einstein world. Material
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physical significance to. the cocrdi

m

found for the syzten () in th
objects cannol remalr zt yresgt in the spatial cooTrdinates
of (except at the prizin) . cecause oy such motieon

ihey would not’ te describing geodesices in

™
ol
L
L]
1
=

Thus deSitter's caltulation cf.the red-shift is '-:'jf‘a*.'-'-ci".
of red-shitt and cisbamce

Nevertheless, ihe correlation can be es«plained or

and utilisea to
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the bypothesis oi d
gstimats the appropriate radius. Numeilous writers have
discussed this and reached ciscordant conclusions. It
gsecms to me thal a zgreat deal that bas been writiten or <t

is open to criticism. . I deal with the question in detail

srrrze— 4 § 1,



CONPARISUN OF _ THE EJRSTEIN AND DE_SITTEE_ WOELDS:
The Einstein avd de Sitier worlds differ in t

inportant respects (among cthers)

It has alrezaay osen shown from @ uatior(5] th

the matter ir the Eirstein world must be regarded
at resto. Conseiuently Eirstein's world is only

applicaple to the real worid in so far as we zapgres
neglect the individual motiens of stars and z1ioms.

On the other: Land, ecuatior shews that de

92

wo

a2t

25 bedng..

=+
[

Sitter's

world is empty. . It must be regarded only as an idesalicsed

Backpround for the universe, which would be modifiec

~~perhaps in the directior of Elnstein’s sclution— oy

|

gravitational distoriions superposed on it oy the cvtesencer|

of matter. We may of course imsgine maisrizl part

moving asgut din, thne de Sitter woirla, out they must

icles

ce

supprsed deveoid of mass. As we have s=seen, such particles

cannot resair at rest in the spatial coordinates of . Ser

excert at the origin .

We way express these points of conirasi by savinz that




A3

(i) ir Einstein's world there. is matier buf no
motion;

:r's world.there. is motion but ne
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o
et
e
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matters.
The two cesmolozgies ars thus iqﬁ&i lormws, znd it is

natural .Co -guggest that the real worid is sonehow

shall

theme We ge later. that there

ch
=
=

u

internediates ceitwe

a

Sce 2na in faof that the

(4]
bt
a

is reason io suppuse that thi
Universe is eXpanding [rom a form resenbling Einstein's

worlo in the past tc a fcrm vesenbling de Sitter's worid

in the future.
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; ds*= de* ~do™
whie= det = R .(dz.‘i— Son X, da, 4 Sk, Sontxs d“‘)}» ®,

L Zek. Phys. 10 (!;m—_) 385
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to depart from eguilibrium and start eitlher expanding o:
cortraciin: alter Lemaltre's model. It mugt of sourse bs
understood that the Einstein wdrld is a compleste space-

timeccosmologys, anc canrot charge in time irto ary other

cosmologys In saying that a uriverse has expznded from

the Einsteln coenfipuraiicr, we mear that a irustruﬁ of the
universs between two spatial ssciions al sorme past spoch
was indistinzuishaple from =« frustrug of the Einsiein
worla, cut that thersaliter tue spatial secticns have peen
expandirze. The facf is that 4if a spatial universe of
constant curvature found itself for a time ”inheﬂuili;:jum“
like: the Einstein worla as regards the constancy of iis
radius, ana. il i1 were di;fuibad from soull Ibrium in-any
way s ther it would have & tendency: to go on sither
expardirg or contracting, ard thus to generate a Lemaltre
universe. J{ Or at lsast one of Friedman's mole sensial ¢
gostologiss.) This ix what we wean by saying that

Binstein's porld is unstable, and it 13 supposec tnat this

may ove the actual history of our Univarse. Eddington |
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nitiaie the formations of cal
as ipn nebulae this possibility ha
. . t) e
invest atio by McCrez znd MeVit
tco early -for we to give zny {inal

he: many otner- points of view from
Uriverse has been considered. inde
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possipzle the present stats of the i
gartain provisesg 1t appears Lh

HYehe

o

Xxpansion of
rYedual transition fr

worla. T he

»
el

that the de SEitter mede

1]

o

w

ui
IS
on
hi

(=]

this

LEE

ivisz

07

the

S50

avuroximat ion;

of cur estimate. tnat the aetual mean
Universe iz mucn less than 10"4°€w

1. M

fax

out

Neia, RAS. 94 (439) 12§,
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Prm ,TL- THEe oRETICAL PR!NC:PLE-S.

With tnis _enera. introduction to relativistic
cosmolo,y [row 2 historical point of view, | now proceed
to discuss certzin logical points which seewm to me to Le
of importance. In doing so, | hope to clear up soums
misuncerstandings which have been responsicsle for many of
ths inconsistent conclusions waich have been published,
espscially In connsction with the de Sitter world.

fZ-;;;fB;iuInally urgzed agaimst Einstein's world that
oy the introduction o['aosmio time', it restorsd the
abscluteness oi Space and Tiue, which é;;;:;; Relativity
hac sc nicely acolished. The same objection applies to
the Expandin_. Universe, in whica tnere.ia a natural
definition of '2t rest'. There Is nhowever no real conflict
with Relativity. The existence of a unigue separation of
Space anc Tiwe' iz due to the artiflclal conditions we
have laposed, viz. the complete homogensity of the pressure
and density. Any lack of howogeneity in t.e Universs

vould sive rise to an uncertainty in this space-tine

separation, somewnat analogous o tne uncertainties of




the Guantum Theory.

In the real Universs,

there

is reason to believe

that zelative stellar velocitles are all small compared

with that of light. That is,
pundie of fibres which are all
The individual fibres may vary

but even 1f(with the expansion

diverge consideraoly, there is

the digsction of the whole bundle.

their world-lines form a
more or less parallel,

2 little ( or even a lot )
of the Universe) they
still not much doubt of

This direoction we

&

take as the directition of cosmic tiue.

Thus, sven if the real Universe 1s not perfectly

homogeneous as regards pressure ana density, nevertheless

the approximate stillness of the stellar system defines,

within certain small limits of

space-time separatidon.

would take thils uncertainty into accounts

uncertainty, a2 unique

A perfect cosmological theory

and it is

vecognised that In trying to fit an ideal Expanding

Univeress to the real Universe,

we are neglecting Jjust

this uncertainty in the direction ol cosumic time.
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'GQSK Ly _GOORLLNATES

It should be reunecupered that from a mathematical
point of view, material particles éra to be regarded as
lipess not as points. The same applies to olservers.,
They are 1ln fact geodesics in space-time. HNow, In the
real world, we xnow that there are local gravitational
fields superpossed on the ccsmical backg round. 1In the
nelghbourhood of such a distortion a particle ls deflected
as if by a fieid of iorcg. The stars ano nebulae are tee
faw apart to feel each other's iIndividual gravitational
fields, but an observer on tbe earth {s carrigd in
ellipses round tue sun, so that his worldweiine is nothing
like a geodssic in the Expanding Universe of Lemaitre.
Nevertheless he is careful to correct his astronomical
observations oy taking this motion Into account, thus
replacing himséif by an ideal observer whose motion jig
a peodesic In the cosmical background. He goes further :
and make® corrections for the soldr motion, thus adopting

a particular coswic time ( deterwined oy the motion of vur

own Galaxy ) quite different from his own personal



directiun in Space-Time. Future observers may even
learn to maks corrections for tne peculdar motion of our
own Galaxy amon. the nebulae; vut in view of the
inevitacle uncerteinty which exists in any cholce of
cosmic tiwe, it is doubtful if this would make wuch
diffekénce.

If{ we are goin, to rezard the observer and the
nebulae as being spatlally at rest, wé must taks care
to use coordinates in which this Bs possiivle. Let us
find the .eneral condition that a coordinate system nay
satisfy this reguirement..

vonsider tnhe general metric

ds® = E—,-deidxi ; ( 1sd = ©5142,8)
where x© iz the time coordinate and xl, xg, xs.are spatial
coordinates. We wish to find the condition that the line

Xl = 001’18‘-, 1{2 = GUDSt., xs = Oonst-,

(1) '
may be a geodesic orthogonal to the spatial section

0

XY = const..

To be a geodesic, tie line must satisfiy

r ?L\_.st"_ (. ’MW ,t (9 ?ol = go\ = 39; = > s Qﬂ;ﬂ.ﬂ:«(_ﬁ’ e
pnrwuﬁmq Pt ¢ f»tia rjtj ot porbidakily Rt da x..-..ﬂn..,{j 4 ghk ehnath

"4- iy e O d’h{f\ﬂ-ﬂ dinaclisns,



* ; . ﬂb‘j hk ;
Gx 4 T T O
Hence {0“011 =0 Ao & = oo 3.
Hence [OO,:&]: Qi | 1¢ 3_53_:%? ___lz‘ a—;l:%.—:o : @

Further, tne cgirection (de,0.0,0) of the line must use
orthogonal to every #patial direction (0,dx!,dx?,dx5).
Hence goa“ 0 . (:)
(;omparin&,@ and @ » we ses that the required conditions
are that g, = O and that g  should be a function of x0
only. By a change of the tiwme-coordinate, viz. putting

dt = dxo, we ocan arrange for €00 to be unity. This

€00
coincide with tne proper time of particles which are
spatially at rest, so that there is 2 natural reason

for ldentifying it a;ltn cosulg time. The metric

noew becomes ds? = dt2 - do‘g,
where de? is a spatial metriow; and we see that this

is the necessary fors of the metric iIn any' space~time

separation defining a cosmic time, sub ject to the

correctness of our original assuaption that material

1. Non-statlcs i.e. its coefflicients can be functions
oi the time. '



ob jects ocan remain spatially 2t rest.
Such coordinates, effecting a natural ssparation
of space and tiwme anu delinling universal simultaneity,
] |
might be called 'cosmio covordinates'.
To complete the logical development, it may be
observed thats

(ﬁ) the further assuuptdon of an ideally uniforw

districution of matter means that space is homogeneous
and 1éotr0p10, so that de* is the metric of a space of
constant curvature; this leads to the general cesmology
(:), eguivalent to that proposed by Robertsonp

(ii) the further assuuption thet space-tiune satisfdes
the . ravitational equafions (:) isads to Frisdman's
cosmologles.

(iti) the further assuaption that space is expanding
from an initial Einstein configuration leads to Lemaftre's
Expanding Universep

(iv) the further assumption that the spatial radius 1is

constant leads to Einstein's Cylindrical World.

L 4. Hilbert , Math. Am.q2 (1a26) 15,
Robertson | Prex. Mok Acad-Je'. 15 (1420) 522
Tolwmaw | (bed, 16 (1430) 320 .
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The assumptien(lo! the constant curvature of space
is interpreted differently by Eddington? He regaeds
it as a necessity philosophically inherent in the nature
of things, Independent of the distribution of matter.
For the radius of space provides in any locality a
natural unit of length; in the absence of any other
standardpyhe supposes that the ultimate constituents of
matter have to adjust themselves automatically so that
thelr dimensions, in terms of this natural standard,
are everywhere the samej; our own undts of length (cms.,
parsecs, eto.) naturally follow the electrons in this
adjustment; so that when we come to measure the raajus
of space in terms of thess units, of course we i(ind it
is constant.

1 confess | do not see the force of tﬁis argumnent.,
It seeus to me that 1f electrons are goin: to respond

to space-curvature at all, they would fin¢ it much

easier to appreciate the strong curvatures of local

- ----_—5-\-—-—a—-\---—-——-—'—-------b—--nn-—-#-—--——-—-an e e —

MMM‘ TL-'\? qud“ C.u.p. ‘T-"w, §6£



29

sravitational filelds, which mask the barely noticeanle
curvature of the cosinoclogical background. So that it
sesns more liuely that the dimensidns of electrons are

prescrined in terus of souwe cosmical standard length

such asjﬂg this woulo be related to the msan curvature

H
of spacey but the actual curvature would pe _reatest dn
those regilons of space in vhich most matter happens to

he congregated, and constant enly in so far as nmatter

may be regarded as uniforuly distributed,



§il .

Lk

1=

l'{."

_DE_SITTER BOULL_LN_"COSKLIC" GUURLLNATES.

It wili ve ovserved that all the cosmologlies
which we have =e e been considerin, have been of the
ceneral [orm @, with the exception of the de Sitter
world@ « By a transformation of coordinates, however,

the de Sitter world also can e put in this form. Thus,

if in place 01., we put

= a2 Sl Xa o Aa '
= baroxy S o S o

boiia My Ced N

— tMJ«%!cc."tl

{]
we obtain from ( Lanczos's )form of the de Sitter worlds

)

p
d
z

(%

ds® = dt% - de?,
whare dd" = M‘é (ﬂn..‘.gswl-"x, Ao £ S A, ST a!x;)_
This shows that tne de Sitter werld can be regarued
as one of Friedman's cosumologies, ariSin, when the density
is put egual to zero.. For if in @ we putd= O and
integrate, we obtain
JE ok 2t

thus, since b}f@ R'{]&;‘Ld the v'al;.-e,j)g‘ » @reducas to@ .
[sw nite (2) | poge £] .

l. Zut PL.75 17 (1?1-’5) Iégf
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@ being of the _.eneral form s material particles
can remain at rest at aany point of spaca“ﬁ and we can
regcard the cooidinates as having physical slgnitficance,
this space-timne separation corresponding to that
deteruined by the a proximate stillness of the stellar
system. lother coordinates can of course be used for
purposes of calculationy but for purposes of physical
interpretation which depend on the distinction batween
space and times, we must evidently rely on a "cosmic"
rapregentalion such as QE). The welrd phenomena which
de Sitter founa im his world from a study of the metric
() to be assocdated with the "mass horizon" of
singularities j%= %, where time stands still, do not
arise at all iIn these cooruinates. Further, there is

no red-shift occurring as a cistance efifecty; this 1is

true of any metric of the x‘orm « For, since ”_—.l
we have ds = dt for any particle at rest; thus atomic

clocks recerding equal intervals ds will also recerd

e g e e e e o e e e D e S S D e ﬁ--ﬁ-&----- e e . S S e B Ve G e e @ e e e e e e e S e e s R
T-

This only means that thelr coocrdinates remain f[ixed.

Thelr mutual distances will increase with tie spatial
expansion of the universe.



3

equal times dt when at rest ia any part of tne
universe) in cther words, similar atoms will vicrate
everywhere with the same freyuency. Consequently, any
observed redeshift in a stellar spectrum must be
interpreted as 2 Doppler eifect due to the motions of
star and observer.

At the same time care is nesded in interpreting
Doppler effects, In Interpreting for instance a positive
Doppler effect as pelng necessarily proportional to a
positive radial velocity, ana a predominance of positive
Doppler effects as #edng necessarily indicating expansion
of the universe. The faot is that there is ambiguity in

the usage of such words as distange anc velocity, and it

- - - e Al

is nec¢essary tb seo clearly in what sense we are using
them before we can safely interpret the Doﬁpler ef fects.,
In view of the importance of sueh interxrpretation when
fitting cosmological theories to astronomiocal data, |

propose to discuss the matter at considerzcle length.
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§r1. DEEIMITIONS OF_DISTANCE.

"Distance" in ordinary geometry, analo.ous to
"Interval" in space-time, is an 1nvérlaht relating to
two polptse I have previously euphasized the fact that
in Relativity observers and particles are not points
but lipes. "Distance"in Relativity relates primarily
to two lines; put since it iz understood to refer to a
particular instant and may vary with the time, this
inveriant will have relevance to a particular point of
time, and so to a particﬁlar point on one of thse world-
lines, say the observers. If we are going to regard
distance as an invariant relating to two world-peints,
it will be necessary to specify a definite point on the
other world-line—we will call 1t tre "star"'s—to go
with the first. It is in this correlation of polints on
the two world=lines that the ambi uity arises. There
are two possivilities for the corralation,'and several
possiple definitions of distance.

(1) We may correiate those polints on the two

Same
world-lines which lie on the,spatial section t e const.,



and define the distance 6 38 the geodesic distanoce [&r
‘m('ejrtl'f-e‘*

or Lde :between the two world-points. This may be
sappropriately called "spatial distance™, being simply
the ordinary (Rlemannian) distance in the space whose
metric is d¢ . The definitbon assumes the existence
of cosmic tiwe {(and accerdingly a metric of the form
)o It depends only on the two worla-points: 1.e.
it is not concermed with the motion of the star ana the
onserver as Indicated vy trre inclination of their
world-lines to the time axis. And it4 is symmetrical;

it does not matter which is the star and whioh is the

observer.

Corresponding spatlial radial velocity may be
defined By the rate of increase of spatial distance
wlfh respect to cosmic time, and appears as a divergence
of the two world-lines. On account of the fact that the
spatial metric is in pgeneral nonestatic, Qo that the
spatial distance involves the tiue, this divergence can

appear between two particles which are both spatiazlly
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at rest. A general divergences of all world-lines
representisg particles at rest i1s implied by expansion
of the universe. Detween a particular pair of particles
not at rest, the divergence due t® expansion may be
masked 1f thelr pecullar wmotions are olg enoughs but the
divergence would appear statistically if the peculiar
motions were not too clg and were directed at random.

In the universes of de Sitter, Lemzitre and Friedman,

spatial distance edsbenes is given {from} oy

0 = Ra') ; j]h;"-!- Stn'x, da 4 I, 5 A

ints;raied between the two worlu-points, Thus the

e R'
residual divergence lis o P G%D
b 5 at R &

which (for a fixzed € ) increases proportionaliy to the
spatial distance vetween the two points, and at suffice
iently ggeat distances may be expected to be comparable
with the divergence due to the pecullar motions.

If we were to assumne that 0 and é{ coincida to a
first approxlmatlon with astronomical distaence and

Doppler velocity, we could identify this formula



with the correlation guoted on page [0 ¢ this would .-iusw

give = 0.2 X lo‘zscm'l. Hut we have to

jau o’

investigate the corrections to be applied to the astrow

nomical measurements vefore accepting this result,

(i) Altsernatively, we might correlate those points
on the two world-lines which lie on the same null-geodesits.
It Is of course to such correlation that astronomical
measurements of distance refer; for astronomical
observations are neoazsgrily made by rays of light, i.o0.
along null-geodesics in space-time. The geodesic
distance between the two points 1s then zero, but there
are other ways 1In which the distance can be defined.
Unlike spatial distance, 1t will In any case be unsym-
mnetricaly; for the null-geodesic wust be such as to
represent light golng from the star to the observer and
not vics varsa; )

(a) We oould define distance as the iapse of
cosmic time Letween the two world-polnts, l.8. the time

taken by light from the star to reach the observer.



(This oi course is to be wultiplied by o , the velocity
of light, if in the units used © 1is not unity.) This
may be appropriately called "tewmporal distance". Like
spatiazl distancey it assuumes the existence of cosmic tiune
and does not depend on the uwotions of the star and ths
OLs2TVErs
{p) Although it would seem that temporal distance

is the thing that is raaily contemplated by astrononers,
that they aiw at measurgng, it does not follow that it is
the quantity that they actually measure. With the nearer
stars the corrections to be applied would probably be
negligible in any case, but we are mainly concerned with
the very distant extragalactic nebuiae. Since it is
these "astronomical cistances® which are correlated with
Doppler effects, it is jmportant (for coswological

investli ations) thet we should know how they are to se

represented wathematically. The guestlon has oeen
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consfdered by severa. writers already, but not so far

as | am aware, completely satisfactorily, except with
reference to one or two ;articular'metrics. I propose
to discuss 1t in consideraple dstail, and te do so
primarily with reference to a periectly peneral
Riemannian Sﬁﬂst-ﬁ'm?-. | have two reasons for Donsldering‘
a general Spacz-fh'n& rather than (say) Lemaltre's
cosmology. Firstly, it is not yet established definitely
that the universe is of_Lemaltre's formy secondly, it
nay be desiraclie in future investigations to take into
acocount the effect of the gravitational ilelds of the
star and the observer on the sstimation of distance, and

a gensral metric provides for this.
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2

AoloQUQUICAl UL LEQLS .

The methods vy which astronomers ceupute the
distances of the extragcalactic nebulaeuhepend ultimately
on a comparison of the absolute and apparent brightness
of some owject, on the assumption that brightness
decreases with the sqguare of the distance. The object
observed way be a nebula itself, or soue invelved star
of recognisavle type. Ii the star ls a Cepheid varianvle,
the apsolute brightness éan pe inferred with considerabnle
accuracy from the period of its variations. Less accurate
methods of estimating aosolute brightness involve conclu-
sions from gpectral type, ov the reugh assumptlons
(supported by such evidence as is available) that similar
neoulae, or the brightest stars to vce found In similar
nebulae, are of a.out the saue ordsr of absoclute hrightnﬁl;

In 2 recent papaﬁ%{ Whittaker su gested that this

principle~~ the comparison of apsolute anc apparent

-

IS TBEBGTa) lationigs . doute. o4 Cioze) Bo1:

8. Frogce. RoS-, é._ L§§ (ludl) 9&.
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prichtness on toe assusption that brightness déoreasas
with the square of the u stance~—~translated into the
language of differential &eometry,-suoulu be adopted

as a definiton of distance in general Riemannian space-:

tine; and applied this definition tec the de Sitter

worlde Previously Tolman[”

investizated this "distance"
for g%% line-elenent eyuivalent to C:). It would sesm,
however, that neltner Whittaker nor Tolwman correctly trans-
iated the astronowical procedure.

In accordance witin this definition, the asistance
between the worldepolnt A (the stazr at the instant
when light was ewitted) and the worlc-point B (the
obserser at the instant when the lightis recel.ed) will
only ce defined when the interval AB 1is zero, l.e.
wheéen A and B are points on the same null-gecdesiqe
so that a ray QI light can go from A to .B p 2and,

further, when a dafimite worldedirection, specifying

the otserver's wmotion, is associated witht the point B »

ls Proc.Hat.lctd.Scl.lQ (1230) Bll.



for observers moving differently weuld in general make
different observations of ap.parent bri_htness.

Whittaker expresses the definition as followss
"We consdler a thin penéil of nulb-geoaPsics (rays of
1i.bt) whicn 1ssue from A and pass near B . This pencil,
intersects the observer'B's "instantansous 3-dimensional
apace?, givin, a 2-dimensional cross-sectiony; the
‘“istance AB' is then defined to be proportional to the
sguare root of this cross-section.” The factor of
proportionality is to bé incepsndent of the actual
position of B on the null-geodesic, and is to be such
that whem A and 3 are close together, "AB" shall reduce
to distznce as measured in B's local"spaow‘J”

Now there iz a certain ampipguity involved In this
factor of proportionality. We recall that "apsolute
orightness" is defined astronomically as the brightness
of the star as it would appear to am observer at soume
standard distance from it. The standard distance ls

usually taken as 10 parsecs, the nebular distances to

4 The' instanbaracns 3-dinecnsinel Shace” o~ " (aesd zpace” 01( i ehsereas 5 ek M&u
d‘g the 3 dimensinad  shoce wft.ajm\c.«f to Ko PP—-‘%- dire i .;f« his rworld (s el b



be measured being millions of parsecs. Thus, when we
talk of the absolute brightness of a star, we are really
postulatiag a f{idtitious ovserver ﬁt a worldepoint Al on
the saue null-geodesic AB (so that he observes the saue
pencil of li.ht), out in the nelghbournocod of the star;
and we are imagining the estimate of brightness to e
nade by hims If © and 8 are the areas of the cross-
sectioné of the Aame thin pencil as observed at B z2nd 41,
and 1f & iz the distance A4; as measured in the loeal
space of the ilctiticus observer, then the 'distance A
is given by A= Qg—é . Thus the factor of
proportionality is J%" This aepends not only on the
positéon of A and the directlon A4y, out also on the
unspecified worldadirection aosocdated with 4;3 1.0. on
the motion of the fictitious onservers How are we to
considar him to ve moving?

We might taxe the world-line of our fictitious
cuserver to be "parallel" to the world=line of the

ori inal ouserver, In the sense of Interescting it in an

&1
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arbitrarily chosen "point at Imf{dhity” K. The two worlad-
lines will then coincide when B coincides with Ays gliving
©=-0; so that A reduces, as it shoull, to 5 .

This is in fact what Whittaker does. In applying
his definition to the de Sitter world, hs uses th?
coordinatas(:), in which the _eodesics bhave linecar
egquatiuns; the observer's world-lins is taken "parallel
to the axis of u "y and the factor of proportionaldty
1s evaluated Dy considering the star and the observer
to be close together, the obssrver's world-ling 2elng

still pavallel to the axis of .u -

=

e restricied invariance of this parallelism

and he makes it ¢

A
N\ transformations as preserve

e —




His final formula for distance is as follows:
The distance -etween a star whose world-coordinates
are (8xyz) and an observer whose worldelins is the

geodesloc x=xg, y=yos Z=23, where X3, yo, zgs are

Sin
constants, is [l = ﬂ e (:::)

o3 (0+¢)
where wip = | + lxo+‘é:;‘r-+ Zzo___.:____‘___.:_‘ , (o spsn)
(L+x‘+3‘+1?)“(f+xo‘41. *1-)
o Som & = w } (-Z<p s7)

(l-l“x"-f\a"'-q-?."') =

the radicals pelny taken positively.

The guantities P and Q'ara invariants only for such
transformations as pweserve parallelism «ith the axis
ofi U —131.9. fOr such transformatioms as preserve the
same point at infinity K on the observer's world-line.

It should however be pointed out that K is amn
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arbitrary point on the observer's world-iine. For, by

a suitable transiormation of the types
! w by — sihy
w SQL‘r+ a#~¥

x, 4,z
unLLr i CWLJ/ )

(vhich does not affect the form of the uestric), any

/ ! /-
)"’912' =

point u = 1eathy on 2 given geodesic can be trans-
formed into itne point at imfimity.

It is clear that when we specily the worlo=line of
the [lcotitious observer in this way, our definition of

distance will depend not only on the positions and motions

et

of the star and the observer, but zlso on the culte

arbitrarily chosen point at infinity K on the observer's

world=-line. In fact, Whittaker's"invariant" & |is
actually arc tan (cosngg) » involving the arbitrary

geodesic distance AK.

For an efiective delinition o! distance, we should
have 40 make some special choice of K, on which the
otherwise aroitrary "zbsociute bri_htness" depends.

e

S e O W O B S e O G O S e S e O G S e e S S e e e R R e e S e e e e e -
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No such choice however will yield a definition of
distance which acocurately translates the astronomical
procedure. For we recal!l that the facter of proportion-
ality é., which is the brightness at unit distance, 1is

]
intended to be an intrinsic property of the star. If we
take the world«line of the fictitious observer to depend
in any way on the position or motlon of the original
ouserver, then it is clear that »e are not really dealing
in absolute brightnssa a; all. The only alternative is
to suppose that the fictitious observer s moving with
the star. This will be justified If astyonomical
Vapsolute brightnesa' can e identified with the 'proper
biightness" of the star—that i1s to say, if there are
no corrections (depencing on the observer) which ought
to be applied to the astronomers? estimade of absolute
brightness, when we take Relativity consideratlons into
account.

Nows in the case of a Cspheid variable, as already

pointed outy the "absolute brigntness" is calculated by
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a well=known relation from the obgerved period of variation.
On agscount of relative motion netween the star and the
observer, this ocserved peried is not the "proper" peri.d
of the star's varlations; obut the appropriate Doppler
oarraction is revealea by spectroscopic analysis. In
practice the correction is not applied; this is not from
neglect of Relativity considerations, but simply because
(in view of the wide margin of =2rrcr present in any case)
it is too small to affect the final result. [f we suppose
this correction to ve apﬁlied, and neglect errors
observation, then there is no douibt that tne astronomical
absolute prightness is the proper brightness of the star,
The same conclusion would ajply to other methods of
estimating absolute brightness (in whéoh however the
margin of error is much larger).

Theraforg we must glve our fiotitious ouserver the
motion of the siar.

It is important to remark that when the star and
the (ori.inal) obseryer are close together, the "distance"

as we have now defined it does net reduce to aistance as



measured In the ooserver's local ™space"™, [ shall in

fact show that it reduces to distance as measurec in the
losal space of the star, and further that in space<tiue
of constant curvature (the de Sitter world), sven whsn
the star Is remote from the observer, the gbgerver's
motion is not involwed. But in the most general case,
our definitién of distance involves the motion or
worldedirection: of both star and obssrver.

Tolman (locs.cite) follows a2 dlifferent procedure f{rom
purs. Instead of couwparing the apparent hArightness of
the star with a similar observation made by a fictitious
ghseryeg. in the neighbourhood of the star, he compares
it with a siuilar observation made orn a fictitieus gta:
in the nei hbourhood of the QBSRIYLLE. Here agaln, my
criticism ig that the couparison brightness is not an
intrinsic property of the gtar; for it depends on the
shape of space-time in the nei hbourhood of the obsegryel

at the instant when he receives the light. Thus, in

Tolman's éalculations, it involves tie functlon g[t)

us
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o2 the cosmic time whicn flgures in his metric evalyated
4t bbe ilpstanik ol zecepbion of light by the observer.

In the same paper, Tolman cons;ders an alternative
definition of distance, based on a ocom.arison of the
apsolute and apparent dimensions of a distant star or
nebulas In this case we have tu consider rays of 1i.ht
issuing from different points of the star A, and
arriving simultaneouoly at the observer Beel.e. a thin
pencil of null-geodesics passing near A and converging

at B. tilere again, Tolman enmploys for comparison

observations made on a fictitious star in the nelghbour.
hood of the observer. But let us, as before, suploy

for comparison ovservatlons wmade on the star itself by
an observer moving with it, so that "acsolute size"

will be an intrinsic property of the stear. 1If the
ayparent dimensions are measured by the solid angle
subtended by the star at B, 1i.e. by the area inter-
sected by the pencil on a small sphere round B of

racius § , and if this is compared with the actual avea



under ouservation, as measured by someone moving with
the star~—then our original definition is exactly
reversed, and the formula for thHis distance [y will be
given by ibterchanging the roles of star and observer

in the iormula we outain for A .

I now proceed to apply these considerations to

a2 general Riemannian space-time, obtadning a general

(s

formula for distance a8 measured astronomically.

So
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.FoﬂMuLAE AND APP.’_:CAT(ONS J

EMERAL FORMULA_FON _ 4STHONOKICAL "DLSTANCE" 1k
1

CEN
RIEMANNIAN STACE=LLI4E.

Take the worlde-point A (the Qtar at the instant
when a light-pulse is emitted) for ori_in, and cheose
a system of coordinates such that
(i) the null-geodesics of the pencil we =re comsidering

(ii) if the metric (for time-like intervals) is

ds? = g; jdxtaxJ, dE55s0505:e @
. (1’3-0'1'2’5}

then 3_3.-"-3 = 0 in the neighbourhood of the origin A. £4)

2"

Such a cholce of coordinates ls always possivle; ws can
for instance taka“geodetio“coordinatesu% the conditisns
(i) and (i1) wili then be satisfied, and we shall have
further -~

(11i) al]l seodesics through the origin have linear
aquations;

(iv) {j‘;(kxjxx: O at every point.

But the conditions (1) and (iil) will be suificlent for

OUr puUrpoSes.

i- T.Lﬂ.m aNe H~8 "R‘:WMI‘M'- Co- nirn S, i Jocnled . ﬁ 4 {‘3/;:‘:‘\“‘%:,
EimLME’J RN et Q“""‘"‘j(PMﬂ !'q'_‘) = ,'" J‘.f
5&;
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Let the null-geodesic AB be . e f“' X , @

where _fi are four constants satisfylng“): 9:; f‘fj-_— O ;
ij >

anc} let the "{idtitious oLserver"® A be at the point of
paraneter ) ° Let v be the_ unit vector in the
direction of hie world-line, which we are taking to ne
the world-direction of the star, so that his local space
i5: vydx! = 0 . éia
That is, a displacement dx'.')to ce recognised by him as
g.gg;ig_}h,must satis[y@e

We wish to find the linear element, an”d hence the
element of areas in the wave~front of the light from the
star as observed at A;—te.the two-dimensional cross-section
of the spaca@ bylthe cone of null-geodesics from A.

That is, we wish to find the distance between A;(x!) and
A'l {xi-l-dxi), when ﬂ,’, besides veing In the hyperplane

@p is tanen to be on a nullgeodesic adjacent to@._

For the ray AA: (which is a null-geddesic adjacent to

AB), we have, by difrerentiating@a.ndand remenbering 20):

—_— e = —-_ - —

1. Thamghock s sobian  undiss hinuize indicckid | g5 dndbio
Sk b ok tha ik B s vebes o B ikl be denked (gi5) .
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f, 45" =0 :

kﬁuﬁc §; zgcjgj,

Fm«@wk@, by v ik
Kcu+>ilf2d§£= ‘

TLA:WOLA. Sdﬂiwtfw
wxi-_-)(gr_triﬂ)
O mm@‘-*a"‘?":)““"‘v"ﬂ (‘fw‘ef
bbbty @ : —A A= Doa, (8- 25 )ust (8- % 45 @

=>u(°ar¢,.._\&i_-~_;&_f_)auf‘“, ®
L FL/ LS W TR amiohaiy o acenk o (5)

So far we have only specifieac the ratios of the

3(1)((:: ftoUA + A d‘gi)

@9

constants gh. To fix their absolute values, let @, {L.—_ ’
2

so that a,;,d§'; = .9 @

where aj are four constan”ts.

+* 3
Take coordinates 7 , ) in the wave-front, such that
v o i
"= af [ = 2)3)

- % x 3 3
Ultimately we shall take 7? = ; , 9= fjl--ui: for thaé

o >
present Q; are any eight constants.

Then: o(;" a” o(f‘. (2 =2, 3) @

= {

Solving the four eguatwns@ O @ #. df s We got:
dtt = As " &

‘J“"L. A"’Mnno#a; wz = be ffgdb(émmwf
. ] = 3
5 :-': . fvf,f\f'i
) @, a, a. 2z
¢t a; ai a;
&2 @2 4ia



Supstituting @y lncgg), we got for the linear sleient
in the wave-{ront: -A,A:m = }QF d‘)}dd'7(, b

“ { m
\f — 'y A YV
wheres )/‘/,.... ) (9’(»\" (/{ ; fl)Ad A/‘

Now, from the definition of /4; ? ]C A: = 0 )

SEGRG

this beinyg eyual to a determinant with two rows the same.
Thus, 211 the terms in which involve v wvanish, and
+ ¢ ;
/
hf = ) gf} Ad’ A/ e ;
| efie . 2 »]a ~ 4, 3
So the eleasnt of a;aa/ﬁ = (}/u )’n -)z”) 6(37 dy ; @
is independent of the motlion v of the fictitious
OLBEerVer.
Of course, it does not follow that() s referring
to the original ouserver at B, is Independent of his wotlon

motions for when we dezl with an cobserver remote from

the star, the ff in@ and@ = (?{M)BE‘: while the f‘. in
and the deterninant = = (ﬁ‘.}-)ﬁf‘j, so that @

no longer holds. Consider however the case when the

star at A and the observer at B are close togetlher, so
that we can take the fpctitious observer also to be at B.
Then @ reduces to@ » veing now indepe.dent of the

observer's motion; and the distance A-_—:— "FE J reduces



to S s which 1s distance in the local space of an

ooserver moving with the star, as assertad avove

From@and @u havegq 2 R
-3 35 AL AL G ASAS — 5 ACH] gu/f “p0 )" dya

¥ gty dy’ &)
vheres q): }c) F s A-:,Af /A: Af‘z’f/’_:) @

o
Remembering that (, are arbitrary consztants, let us

(pacLss8)e

now take: a; :0,0,/,0;' ;= 010/0,?/}'
+ v 3 4
ffiuj‘ § 7 = { i 7 = f3 ; d“)d= "f s
Then: L& b
2 o fBeeslc gl @
; o ¢ © {

Hence, writing a, {), - &; f‘. = A

2 y WO haves (:)
Hi /..:'.-’-" ,A:_—:A"’)A‘L:/ AJ:O

n

A‘m A;O I ¥ ? ¥ .
AO 1 /..4_‘-3-‘ AI - ;:13—-3-- ) 4 = - 0 /4; = ,
5 7 A : # Aor 5 . {1,k
i a‘ J‘
(:) can now be written: (P " gi"%ﬁli ’ @E)
“&in”
where 113'k1

= the seoond minor of Aj4,AK] In the skew-

Ase Ay HAouiilss

symmetric determinabt Ace An A Ak

HM Ay /411 AL")
Aso AH AH. /4)}

I content myself with verifylng only one palr of terms

in é;), showing that they agree »ith C:), and asserting
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fhat l’faof’fmhm’wwa&f"‘”‘."tws M"T&'&
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(= distance of star as measured in the local space of

the fictitious observer
= the projection of KA} on &e his tine-axis
(for, since & and A are on .the samne null-geodesioc,

their space-separation = their time-separation)
i £
Bvix *)‘r‘f 0 @

To find a formula rbr{ﬂ s 1t only remnains to
find @ o Remeuwbering that the four quantities ay (—T-u@)
which occur in the definitiué:%f Lii’ and hence in @ED,
are at our dispesal, let us take them to oe the covariant
coimponents of the unit-vector in the direction of the

observer's world-line. We proceed to apply to 69 the

nethod used to evaluate 9 ° Using@, we have nows
in place of @ : dA=0 ;
! ¢ s e B o~ ki
in place of (3! : &' = Adf . See N>t proscihes @ )

in place of @) : -BE’= A* (9:)s df‘df’ |

in place of @: -B8= lxp ty* dn e ke :/11@:‘;')5/4.;?7;,-

in piace of (%7 : @-.-/\‘1}/3{{2};:‘;‘{’ . }
s L L il A
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L
The "distanca'ﬁﬂ" 1s sliven by A: (3@):{. Hence,

from @ ; ;‘@ ve haves

Az ey (%)4_

Now /1gc: xc s the coordinates of B;

and hence A}'-‘ = X: , where ¥y = gijxj'

We shal. evidently get the same result if we replace
fj.kl
& by quantities proportional to them, so0 we nay

as well say that

Ac‘}' = . X_j = ﬁ}' X"
in place of @.

We can now express as follows our final formula
for distance estimated by a comparison of absolute -

and apparent brightness:-
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lie are considering two world-points A,B on a nulla
geodesic representing a ray of light from A to B. Choose
coordinates as on page 5[ , with origin A ; and let v, a,
be the vectors specifying the motions of the star and
the observer (l.e. unit vectors directed along their
respective world-lines)s Form the quantities L = (giélth'
From these, form the skew-symmetric determinant of the
guantities &13 = 3.1}{3 - aJXi, and let Lij'kl denote the
gsecond minor of Ay, Ay +» Evaluate the expression

\P = ”gifgkla at pboth the points A,B.

| /g (YR
¢
Tren the"iistance AB" is: A = \f Xg (_\P;) .

It w111 be shown iIn the next sectlion that

va£ - ( 1 + %% .alxi 2 where %? is the fractional

red-shift found by the observer in the star's spectrum.

) /
‘l‘hus@ can be written: A = (|+ ‘—S.—%) @ N (%)/t @

in which form the motion of the star is not involved,

except in so far as 1t produces the Doppler =ffeck.

W = ”gijgkltlj.kl can be written in the ejuivalent form:
?’. ”giJ-klglekl, where gldekl - tne secona minor of

€::92.7 in the determinant g e The full expression
ij28k1 1

for q/ is zlven on the next pzge.
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We have thus arrived at two equivalent formulae @@
}

for distance as uweasured asironemically oy comparison
of absclute and apparent brightacss. With reference to
@ s It may be pobknted out that neglect of the factor

)
0+ %-) would make nou apgpreciacle difference to most

6/

estimates of nepular distancves. In ths most distant nepulae

nebulae, however, 4% has been observed of the order of
alemd
nagnitude 0%@% s and since it is reasonaule to suppose

that much greater Doppler shifts will be found when
more distant nebulae are examined, it is clear that this

factor might Have to be taken indo account in the near

future.

The disadvantage of these formulae is that they are
not expressed in temsor form, so that Bhey are not at
once applicable to any glven meftrics [ hope to remedy this
this in a future investigation, and tc apply the formulae
to Lemaitre's Bxpanding Universe. Meanwhl}e, since as we
heve seen there is resason to belleve that the Universe
is very nearly of de Sitter's form, it will b® interesting

to see how these formulae work out when applied to that

world. This | shall discuss in 6 fb'l'
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With the coordinates and notation of the last

V)

section,

consider a light pulse emitted
from 4 during an interval dr=AA’
of the star's proper-tinejand
suppose that its arrival at B

occupies an interval dT, = BB’

iven by:

5():")
of the obsarver's proper=times.
Then the Doppler shift as observed at B 1s £
At SN _ dn
STl

! . ¢ <
A is the point A= v dT; 8 is the point x =X fa dT

These points are on a null-geodesic whose eguation is

approximately linear, so that we have approximately:

(% o i~ U‘.d*r)()(h gl de)

or, to the first order, X {qfdfg_.v-‘df) = 0

where as before X; = giJXJ (the i belng
Therefore : v X = %_17_:’..&" %
Therefore . (|+ s} ) U“x,_.
A — : ;
Q2K

QS RGeS afimmtd on I\ﬂ-&',t. 5q .

g

\

2

evaluated at A).

Q



This forwula for the Doppler effect in seneral

gpace-time is equivalent to Lanczos's Iormula(ﬂ
D
"‘f--i“::("jh_-,
Yo

where Y;,y; ars the (imaginary) angles which the star's

and observer's worldelines make with the null-gesodesio
ViR vg, cos b

- - ——

at X, at{; ws Yo
But the avove proof is mudh shorter than that given by

AB connecting them. For

Lanczcse.

- e B OB G 3 O 5 D G5 S G Co BN 5 (5 G € G €8 B W G5 Gl OG5 W9 G0 @ 2 6 M S M 0 S W N S S G S O e o G S e

1. Lanozos, Zelt.Phys. 17 (1928) 177, equation (22).



APPLICATION TC THE DE SITTER WORLD.

e L L L T

We take the wetric of the de Sitter world in the

form (cf. @)

ds” _ dulody”.dy”edz” , (udu.xdx.ydy-zdz)® @
R™ 1 x4y +z- <u> I+ 4y +z-au~ )=

The origin of these coordinates is arbitrary, so we can
tane it teo Le the point A, .8, the star at the instant
when the light pulse 18 emitted; it may be shown that all
geodesics have lincar equations; and the functions 32:L
x K

vanish at the origin. Thus the two conditiong (i) aax;d (ii1)
on page § are satisfled, and we can proceed to apply the
formulze for astronomical distance A.

before doing this I shall find the formula in these
coordinates for an invariant which is of importance in
the de Sitew wWorlck , viz, the ninimum geodesic distarce
of a given world-point from a given worldeline. It will Le B
be recalled that in Whittaker's discussion of the de
Sitter world, two invariants p,o we¥eintroduced. The
extra invarfant arises when a pariicular point on the

world-line is specialised as the point at infinlty; out

otherwise there is only one invariafit of this configuration.
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Consider the point (u,x,y, Z;)y and the world-line
X =av+a' , y=bu+ b, Z = cu + ¢! , @
Tone metryic (:Ej can ve integrated, s0 that if 8 1s the
(space-like) interval between (ulxly,z,) and (uxyz),

l.8. Lfds integrated along the geodesle Joining them, them:

IS | + xx, tyy, +27; — w, 4 @
R - (1+ > Ay _....) (!»Hr. Ay T~ Sy )
If (uxyz) is a point cm@

Eie & F Y.
S o 5
where 4 _ o~ pcaet o , E - a«,+(fy,+62.-“n
8- AVRMIAL | P = dx ablyecn ot (D)
C = ‘fq._*uw_*_t_l"*‘ 3 G
Dii’ferentiating,:
s ey (BE-AF)w + CC-BF

1]

42,4y, ez, w,t

1]

ﬁ R’ du T (AH"’-{-—Z’B“"‘ ()3/1. q {-"
Thus 8 is a winimum when W = BE=CE

BE-AF
benoting the uinimum value by D, glves

Cea™ B . ~AFLEEF o ce” .

R (8~-Ac) G
This is the formuia for the invariant D in thecse

coordinates. [t will be useful to obtain the corresponding

formulae in other systems of coordinates.as well,

The ;;.atr&.t@a dsto et St gt (dg‘.f-.rs.l"é W‘/
K 3

is derived from(35) by putting
X = 4:0‘.*; f‘m‘g so. B cn @

Tz /.’ecl({ f’a-.é‘ éb'-ﬂ}";ﬁ I

. E
“:(M("i
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Conslider the point (Aﬁ,gﬁ,(‘) and the-line 2£=0; i.8,.xmy=z=0,
which is the worideline of a particle at rest at the
spatial origin. The equatiouns 6@9\51?9 the coordinates

of $he peint in our original system ana we find from

@ and @Sg

As==l, B=0, Gz‘, Eu-tanh;:{, F=l, G= M‘£ m.-.‘-’-" e

A

wz

+» D
K —
Hence D= ol

: a 2§ b 2 Y - = 4
Ay 'd.in.’ the :u‘.trlu@ 3 ds = &1:-' RCM k (dﬂl.l‘f'f"“ J,d’,f-fh)}g“uz‘&3/

is derived frum by putting

x = lanx, SmAy Gx,

2 2z bGux, cwx.

¢
b ﬁdlﬁ Sec x,

Consider the polnt (X ,¥c,:X5eL) and the line x =0,
which again 12 X=y=z=0, and is the worlc-lline of a particle

at rest at the spatial origin. We find:-

E:-fa..‘..gkt)t, 5 2t
A=wly B=l, C=l, E== =5 Fel, Gssea'dxlzaechdﬁ.
e 3 e it
Hence? ’__*,_Ji__*_ TS el
c‘ﬂ ﬁ g x, /ch- g
J'.e.. SULL% - cod ﬂ—zsulxl

In what follows, I shall use D to denote the
minirum geodesic dlstance of the gtar's worldepoint from
the worldeline of the observer; and D, to denote the

minimum geodesic distance of the observer's worldepolnt
from the worlu-line of{ the star,



I ncw proceec to apply the [ormulaa@@ to the

metrlc@. We have taken the origin at A, so that at A
J :lRax ex g =g = RL (n 5" Xz @, X I)
o ) %" i te Ay (P = ’ X %, ‘J = %0
other @omponents of g3, = 0

Without loss of . enerality we can take the axis of u

for the worluwline of tne star, so toat: 'vi=%,0,0,0)3

and further ve can take B to re the point; Xl“PU’XO’O’?}

Since B 1s on a null-geodesic through the origin,

giJXUxu 03 s 00
Therefore Xg= Eug-

Taking Xg=Uys We haves X1=&JQ’UG’090) s } @

xigéiu()’ -R.I‘uc ,Ogo)v

1%, =Rug. )

Alsog v
< s -aﬂﬂ'
g, *(aofar)ﬁko, #d“ﬂ%) 2 ‘G
(ar‘fao)ﬁ"“a) OJ C?‘.fz(. . asﬁd,_,
A;;‘;—_&;Xj—d}-)(; = 2. Ruo ~a, £, g 0
asﬂuo} — a3fﬂqp) 0)

a s S LS 5 r
F’lﬂ""‘* @ 2 Lya = (Aor1'+A°1' o AOI '-'A'»';“"'"A'.‘-( _/q‘l'l') Rv W,
+ + RF =

:[(a“a,)"}-a,‘—fa;'_a, e ] U,

= (do +C3;)1PR€L‘-01 ;

At B : Goo = ﬂ‘(l + u,‘) i 4 ;&”(-—}4— u,j) guzcj”r—*ﬁ) j”:— 4"

pthe. Cﬂ-./n-x.‘/{,’/fj,;,'::o. @
l,lﬁ A ?o‘ ;z\- 1 Ar: jao ;33 = Aa!tg:,v 33—t /40: e ;JJ*A'”juﬂ\.

+2 /}31 /403 ?;1. ?o; =2 A;» A‘”’ jﬁiﬂf & 1
= [@rre)tw) +@era) 10 657) (us) + 2 (4571 427 4o i f

= [ao-ﬁ-a;)lﬂs.u-ot_




From @} , @ i L= K,

It will npe observed that %-:% s 80 that @ like 0 is
independent of any world-dlrection (¢f. pagelfsy) .
Conssquently inthe world-direction a of the oocserver
i® not involved. We can therefore@xpressZ} in terms of
Ko imvamand Do of :

the world-point of the ocserver and the world-line of the
stary the resulting formula, pein, a relation between
invariants, will be true _ enerally and applicable to any

system of{ coordinatss,

Putting u;=x;=u,, y1=zi=a-b=c=a'=b'=c'=0 1nand ’

we finds .ﬁ.=-l; B=O,C=1,E=-UO, FRI’GEII CDSQDO 'I-UO'fn

Hence, comparing , A = Rsii Do
R

On the other hand, introducin_ the loppler effect and
applying @, we can express /A in terms of the invariant
D of the world-point of the star and the world-ljne of
the opserver. As before, we take A at the origin, and B
at (UgslUgpe0,0); DLut now we take the world-1line of the
observer at B parallgel to the axis of u , that of the

star ceing unspecified. Equatlons @) , remain true,

and we have to evaluate aix{. The observer's world-line
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is:  x=u,,y=z=0. Thus al!=a®=a%=0, while a®is given

by the condition that a be a unit vector, namely

(Boo )i:ibufj2=1' this glves OL": W__!TA__")-Z )
+WUh, )

Hence AL R A = Ru,

l+ugs)>
Therefore, b}'@ and » ( il A:(I+ i?)(/f:u‘);,‘_

Now for the point (0,0,0,0) 2nd the world-line x=u,,¥=2=0,

@;ﬂ reduces Lto: cos® B= 1

R 1+U°‘I
Thus: A " (/+ ?)RSW k,a_ ? @
3ﬁmuQCJ¢@), %3 2 ?%%% el D)

We have thus two esguivalent general formulae for the
cistanceZSloI a2 star from an ooserver in the de Sitter
world, when estimatea by brightness.

(1) ca> gives A in terms of the world-point of the observel
anc the world-line of the star; while

(ii) GZ)&ives.A in terus of the world-point of the star,
the world-lins of tne observer, and the Doppler shiit

in the star's spectrum.

In the cocordinates (uxyz) for which the umetric is CZQF—
(§) the distance of a star describin. the world-line

X=au+a', y=butb', z=cd+c' from an observer at

(u x,y 2z ) is given by ) q.-@ ;
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(i1) the distance of a star at (uix‘y z,) {han an observar
|
descriving the world-line x=auta', y=vutb', z=cutc',

is given by @ 4—@

In the polar coorainates (2,4,4,0) for which the metric

is @ga,

&i) if the star Is ot rest at the spatial origin, and

the observer's first coordinate is r,, then /) :4Q5n;é% 3 (::)

(ii) if the observer is at rest at the spatial origin,

and the star's flrst coordinate is r, then: A :@c %}Jﬁﬁm%@
In the cosmic coordinates (x,x,x,t) for which the

metric is ;

(1) &f the star is at rest at the =patial origin X1=0,
and the observe® is of 6"; 2‘1?‘35') X thew - A?—ngf"ﬁka@

(ii) if the observer is &t rest at the spatial origin,

and the starts of (X.X‘Xx(") S thew - A:(/-f ‘.‘-;-'!)ﬂ Mﬁ-gﬁ)(,_ @

In the above formulae It is of course understood
that the observer and the sta® are on the saue null-

geodeaic representimg light from the star to the observery
thus, when the actual positlon of one is deafined, the

position of the other on its world-line is [lxed.
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Thus, in the cosuic coorvinates (ﬁﬁﬁf’ in the

second of the two cases just cons@;ered, i{ the observer's
time-ccordinate is Lo, then the twe points (OOOto},(ﬁﬁﬁt)
lie on 2 nullegeodesic. The comalition for this can-bs

founa oy transforaing to the coordinates (uxyz) and express-
ing the jact that the interval as given by(::)is ZETC .

The condition 13

i —(’a..{é—‘fa.lé Jéi Ry o ek 3 Ma&émaz,

Solving for ¢ , we [ind}
L ¢ o L Cox, o fh‘lgf“:"'
R = tnd >} s,

e must take the garlier of the two values of & glven

by tnis, the later one corresponding to the Insztant when
the 1i_ht refiscted from the observer reaches the star

againe (76) now vecomess

VS e
Ao (1B R el B AUERLREY oo
A fg /-—Cp{‘%’%xi

This gives A in terms of the distance coordinate x, of the
star and the tiues-coordinate ty of the obserrver at rest
at the spatial origin, when he observes the star.

It will be observed that X, cannot be taken as an
approximation to ‘'« On the other hand, as iz seen

from@ and@ s in thepolar coordinates Mgff’f') the



distance coo:cimate ¥ is a zood approximation to A ,

whether wo talke the ooserver or the star to be at rest

; ‘ . 8
at the origin, provided that % and %‘ are small.

In accordance witn the considerations on pages 49yso
:

; ) :
the other distance A definsd by comparison of absolute
and apparent extension, is glven frc.m@ by

A’ R,M.k?- @

He see that Af is Independent of the wotion of the star.

Conparinqﬁg) ¢ we f[ino:
/
{/+- : @

Now for spherical oojects of the sauwe absolute

n

s51ze and bri..tness, placed at different distances from

/
At

and the apparent area as jp. Thus by (78) the ratio of

the epserver, the apparent crightness varies as »

the apparent bri _ntness to the apparent area is l'.h\fmsdy
proportional to (/+ ‘SA) 3§ or, the ratio of the square
root of the apparent bri htness to the apparent diameter
thyens

1.: proportipnal to /4- o This result was found by
Tolmanm for any non-stationary cosmocloyy of Robertson’

general forwe. (My criticisu of his prucedure in deflinin;

=]

distance does not affect the validity of this result

—_—— e = = m e o —— e e - = =

I Proc. Nok. Acnd. fa. LL (fq:o) 519 4 593,

71



of his.) He sug.ested that a correlatiovn of this form
netween apparent orignhtness, alawmeter and Dogpler efisct
should be looxes for in the axtrahalactic nebuiae, as a
negaetive result wouia indlicate that the univer§e is not even
of Robertscn's form o+—=ai¥. Care is needed in establish-
in, such a corrsiation in view of the eifscts of oriénta-
tion on apparent size; for most of the nebulae appear as
ellipses, and probadbly most of thoss which appear sphericdl
are really eliipsoids viewea sideways.

I think however that the sug.ested test might ve
usefully usea to test a hypothesis which is suzgsested oy R
Hubcle's researches. THe correlatlon whicn nas actually
peen founa petween apparent vri_htness anb size (after
taking Into account the statistical effects of random
orientation) indicates that the sguare root of the

appatrent brightmess is nearly proportional toc the minor
diameter; there is reason to nelieve that the nebulae
dlffer very llttle iIn absolute brightnass; it has therefoe
been inferred that their (absoluke) minor diameters

differ very little. But thelr major diameters differ a

e -—-—-—-.—ﬁ- - . P M e e A A g

1s Asteophes. T, b4 (1426) 320 20 .

73
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great dowal. This and other considerations su, . est that the

wholsa cellection of elliptical nebulae arranged in crder

of Increasing ellipticity represents the various configura-

ome

tionsg ol 22 originally giooular mass expanding @quatorially‘

viewed at random distances and with random orientations,

¥he absolute brightness and g

¢offstant durin, the expsnsiocn . The correlation however

is not very good; Ii the hypotheses are correct, it ought

to e jmproved oy taning into dccount the Dogppler effect

in the ¥ay suggested acove. In this case, insteaa of dea1109

#ith all ihe newsulae at once in seeking the corredation,

they would ve divided into a numcer of groups according
EANASRRIR. o i Sl

to pracdations of 3 4 in @ach group a llnesar correlation

woulid .e sou.hi _etween (the sguare roat of the apsoluts

b}ightness) and [t;e winor diameter wu+bf§++e* by fos J

ul
the factor of proportionaiity should turnhto be the same

v

in sll the groups.
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- G - -

Havdng arrived at accurate formulaeci) and Q:) for
distance and the Doppler eifect in the deSitter world,
agreefn’g witn astronowical procedure, we are in a position
to investi ate the gorrelafiun which is to ve expected
bedween the distance and the Doppler e¢fiect, and to make
comparison with the astronowmdcaily deteruwined correlfatian
already quoted (page 10), for the purpose of estimatin, thdé
radius Rs [ do not su..est that my investigation super-
sedes those alreody made, for the problsu has been
extensively studied; and until more accurate oveervational
data are estaollisnhed, ny'distance" correctlions wiil remain
mere tineoretical niceties. MHowever, the use of the
coordinates (uxyz) makes my approach to the subject simpler
tnan those of Tolman and Silberstein, whose sosewhat
cumprous calculetdens are necessjtated Ly the use of
pelar coordinates.

In this investi_ etlon, it 1. of course necessary to
wake somegassuuption apvout tue distriputioﬁ and notions
of the nebulae. On the observatienal sice, it 18 known

that the nebulae appear unitoruiy distriouted throughout



76

S8jpaue as .ar as we can ses. It will be as well for us to
ses what assumptions, on the gheoretical sice, have besn
mace oy the various writers on the supect.

Q)

Silverstein's' procedure may te descrived as follows:

Be uses the polar coordinates @Z) s taking the
obgerver to be at rest at the oriuin; and considers a
star daescricing an arbitrary ,eouesice He identifies the
coorainate ¥ witin the distance. (ke have seen fmuncy

G5 A
that ¢ 4is a guod approxiuvation to A , since 5 and 3
arte swa.l.) 4e [inds «n eHuatiunu)relaLinathe radial
veiocity of = ;artzuie-to its distance in terws of two
"starecon-tants" vg,r;. These are respectively the
veloocity end distance oi the star wpen ityat "perihelion"
i.ge at the nearest point tc the cuseriver in its whols
history) These star-constants are for individual stars
guite inexploranle; bwt {or statistical purposes
Silecerstein assumes that: (1) vy is districutad at
rancdon amony the stars (l.e. 1its distri:ution follows
the norwal errcr law;ﬁg all values of %Q petween O and ]
are e ually probable regardless of the value of r

itself. The value ottained for R is .6 x 107 parsecs

(=_1s2 % _10° Llight-years)

[ Tle Siee of He Uniwrae .{O.U.P. Iq':‘.o) '

2z ILEA. (39) pager3¢. ' “
3. Tle ededohine wiy =adu L+J- -'&,b_ 2d 10 Wee a-n.;(m’-’c.—, ¥ s
ol o othan el G s ,
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I have two criticisus tu sawe of tnese assumptions.
(1) The definiton oI v, —=the veloctty with whioh the star
passes throu_h perihelion-——depends on the space~time
spparation deterulined by the netric @) « A3 w8 have seen,
the cosulic saparation is the cne whiéh has physical
significance, and the veloc¢ity will he differently definad
in these coordinates. I ¥venture to guess that the velocity
in the QOQrdiﬂthS(ED will always be _reater than in the
Cosmiy coordinetes. In any case the discrepancy increases
consistently with increasin, aistance frow the crigin.
From the considerc.tions ur‘§? s it i8 natural te suppose
that v, in the cosmic coordinates is subject to randeu
distrivotion, in which case it will pot De subtject to
random distripution in the polar ocovordinates, bmt will pe
correlated with tie distances
(il) Silverstein apparantlynhntenns hig second assumption
to expressthe fact that (for stars at a given distance 1)
the peribelia are uniformly distributed over the space
within a s here of radius ¢ rounc tne ori_in. [f so, he

is mistareny; for with such a distrioution it is thHe lar.e

values of ry (ana hence of #) wnich would yredomlnate.

Lov thid. pge 139
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Tie uniform aistricution of »y for - _lven r is only
possible il a prepoundsrance of gerihelia are clustered

near the origin, 6. if a majority of the stars are a long
way past perihelion, le. if there is an average motion

of recegsivne In the absence of amy physical explanation

to sccount for the particular distribution of psrihelia
;“;ii;?;b“h"i_ unfformly, the assumption seems to me
dancerously like an ad hog and net very plausible assumption.

Ul
Toluan's 1nvaat1gatiué iz bdsed on the metric

. . 1
i - A [0 i |

This uec:c;;.-as. on sucstituting ﬂsé% for z. On investi.at-

in, measurement of distances from an observer at the vri_in,
Tolmdn decides that the coordinate r azrees exactly with
astronomical distance as neasured oy comrarison of absolute
and apparent extension; and agrees witsn that measured by
comparison of orightness subject to corrections "not at

: W9 _
present withhn the range of ovservation"™ . This ls borne

ocut by our equations Gﬁ)and éi), where TORman's ¢ (our

K sa. ?—} a_rees with ﬂ'and differs #rbh A oy the Iaétor(k%a},

considers
Tolman . .four alternative hypotheses about the nepular

distrinutions. The {irast, "the hypothesis of cent inual

entry", is as [ollovws;

— e —— — —— ——

T e —— i —— e st

. A strophoys. Jomed. b2 il
l.ﬂlffb.h’m’mtu’.aibcﬂduuf&uhMMbmnMM-.:q/l‘hnalk L
Thty hadenms risee b sbmk 4, -
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"The uniform concentration of nebulae within our
range of ooservation is procuced and maintained cy the
continuous arrival of unew nebulae,zpproachin, perihelion,
to make good the deficienoy caused vy thoss w}ich have
passed perihsldion and are leavin. the ran e of ovservation
never agalin to return."

Tolmzn finds that this hypothesis (though he re;ards
it as inherently the most probacle) is not sufficient to
account for the ocoferved correlation of apparent radial
velocity and distance, without scme further restrictions

on the motions of the nsbulae; bt it leads to the

information that R cannct be less than gy 2 x IO8 light-

-
i

years (=6.b x 107 ;arsecs).
Tolman's alternative hypotheses are all ratrner sluilar,
being three different ways of accounting for the view that
tne motlons of the nebulae are avproximately racialsy trat
is, that their world-linea.ail intergected, or came very

close to, the world-line ol Sur own galaxy in the remote
past, so that their perihelia areall zero or very small,

Thls leads to the regquired correlation with R = 2 x 109

0}

1ight-years (= 6.6 x 109 parsegel 00 .. ..o ol

[ < S T el —— -

l. ﬂ\l M(AM“: e~ ['-\n."-l.‘ e Yl ?{b&mmmj bit-ec:«,d-/(: ,{_ He Dnu..ﬁh = A&;{:....q_g_
endakinn , bg{,\,_ He dofx o~ W (6 ez :..gam.n.% b AL A .



however, for reasons whici I do not clearly
understand, Tolmanh cismisses these thres hope ful
hypotheses as being "inberently improbable" or"involving
ad_hog assumptions", and decides finally that

"the de Sitter lincs-slement fo: the uniberse does
not appear to afford o siwple and unwistakably evident
‘explanation of our present knowledge of the cistripution,
alstances, anc Doppler eifects for the extragalaciic
nebulase," ailthou.b "by the introduction of ad hog
assunptions' wa could _et any cesired relation hetween
Doppler eilect and disiance.

BFut the sug.estion of a common origin of the nebulae
and our own galaxy in the remote past is é very akttractive
hypothesis In my opinlony It accounts simultansously for
the great distances of the nesbulae, iheir consistent
recession from us, anc thelr approzxinmate stiliness (i.e.
the fact that their velocities of recessicn are all
small cunpa:éa with-that of light). For If the nebulae
perted company with ou: valaxy at a remoie ezochy their
distances must e expected to be immense by now; they would

all appear to be receding; and only those which have Leen



moving approximatuly'@a}aliel" to cur own will now be
visitleo

The hypothesis was studied by-Castalnuovom, who drew
attentlon tc the wmfich _reater simplicity of calculation
afforded by the coordinates (:). be exupressed his oohcluaion
as follows:

"I1f in the de Sittur world of radius R = 2 x 10g
light.years, the Milky Way and the e.tragalactic nebuiae
were scattered at an exceedingly reumote epoch (theoretically
t = ~c0) by an lumense ceniral nebula, thus acquliring a
free wotion through space, we shauld receive from their
movements precisely the impression which is revealed by
spectrum analysis."

The pumerical result agrees with Tolman's, both
having approxiuated. Roglcalliy, however, Castelnuovo's
work is spollt by the fact that his "distance" does not agree

with astronomical distances $m=tbe=fizsi=cigzge=38=30

it 1s what I have called "spatial distance" (page i),
being measured in a spatlel section of the universe and
not along a null-geocaesicy

1 sBall therefore examine the guestion afresh,

e O e e e e e e B e e e S e e B S G- e G B B S e R e e e e e Y S G e e S e e S G e e e D

I mmm.} Notices R.A.S. 41 (1931) 629,



using the astroncmical distance 4.

In the coordinates (uxyz), [or whlich the metric 15652)
we can without loss of penerality take the otserver's
vorld-line to bk x= =2=0, and suppose him te be at &he
peint (00C0). From @E)we {ind that the ovserver's pruper
time ‘L measured from the polnt us=0, is given by w=zlnhs |

80 that t=seevorresponds to u=wl. Thus the gemeral eguation
¢f a worlid-line intersecting the observer's at time tewcois
§=E=§gu+1.
W
For greater generdlity, however, we consider the world«line
5”g"o=u €
jntersecting the ocvserver's at u=U, where U is probanly not

far from «l, and is anyhow negative.

Suppose that the light whioh redches the observer at
‘the origin loft the .5tai' 2t the pk (&(ﬂr‘-’),L(“-‘u),‘(“l’u).“;)_
Then the interval between this point and (vOCC) is zero.

The concition for this is clven Oy suCstitution in @

U-l“‘ (da"f) 7= ZGPU u, + d“u‘b =00, @
shere d'= [el ™
Hence s w vd .

T N e
d £

One value of u] must pe positive and one negative; we wust



£3

vd

take the negative solutions , - X&_ , (cfe page /)
a+/

D and Dy can e calculated fro:{s@. We finds

« Do Fo™ ~
aﬁ“":." ~D /-y +
g “Fonail | PR Tl L6

R 11 d™(u,-0) )
From @ a"‘:d :

S T R ) S @

R “Javdel e ;
5 == ol = dait d (det] {0 )i
A TEw) faTd l“‘?fﬁ.’;—f ! + L dlel) (m0)s

5) -ud
We see that to a [(lrst a_proxilsation (ne _lecvting l-Ug)

§)
Drie s ilien

A R

Comparing the observed correlation (see pa,e 10), namely:

& $5°8 ‘.’»/.Fﬂ:f‘ A

VT Tvelnid gkt 10 perecs
and taking U=-1, we finds

R = b4 x 10&s parsecs = l.7 X 10° light-years.

To !;Il':e order of approximation which Toluman used, this
agrees with his result, a slight discrepancy arising only
from the slightly different data which we have used, not
from the corrected definition of distancef

By eliminating d from @a and é;]bafore expanding in

powers of (I—-U"), we obtain in place ol the closer

L™
ST Lo g ol Y
approximations ,j =, 0& * 7 TR 2 E

There is reason to hgpse that a more accurate correlation

2-
t.nan(f’), involving a small term in A", will ultimately



be establishedes If{ the universe were exactly of de Sitterk

forms wuulu then give, on the hypothesis we have adoptesd

U as well as R; and hence we shou}ﬁ know the "a_ e of
creation” K arc tanh U.

The hypothesis whiclhh we have been considering (that
the world-lines of all the nebulae radiate approximately
from a worldepoint in the remote past) sesems at first
gl _bt very similar to the assumption o£§c;that thie nebulus
are on the whole stationary In a'tosmic"system of coordi-

natés. That the two assumptions are not equivalent is

seen f{rom e uations QE}, in which, 1f xr,xz,xg are constad

X,¥s2z are also constant and not functions of u as in (ia_
Let us consider this secvond hypothesis, and see what

information it leads to as to the size of the universs.

In view of Eddington's rsmarks quoted on page 20, it is

evident that a hypothesis like this, baving no reference

to the remotse past, is to be preferred.

We have then to consdder world-lines of the form

x.a’yr,sb,ZSﬂg
.whare a,b,c,are constants. As pbefore we shall take the

observer's world-line to ove X=y=2=0, sﬁthat in the cosuic



Fs

cocrdinates.<i) he is at rest at the spatlal origin. Let
the star .e at (abou)) and the cbserver at (Q00u,) at the
instants of emission and rejeptiu; of light. (ﬁe cannot
take the cbsexrver to pe at (0000), because now his
u-coordinate is given by u,=tanh t“n terms of hie cosmic
gcoordinate t which occurs in ., determining how far the
sl\ab'.\.’-
_expansion of the universe has proceessd.)
For the star to Le seen by the ouserver, u; nust be
ailer scolution of:

(’-—“:)(/‘fd!”“;‘}:(/— a.u,)t 5 cJu d-:./iza:‘-{-['-'f-clL
AL e T

. e = (451) us™ d"
4,-_.' = T = = /— = bl
R As)res) ~ @wi)(ras)
whence I i
P o (T
+ » ey
he LB S
R /+d“-u, t+d*-u~ (u, A +4/1-to “)
$) = ‘f‘";‘%—_’ U d 4+ f1-a,~ a /
x T -'-'/ = — = Uo & + = {
a7 Vayy r‘—“, 75 R Jd%:

= s % --,{(!ra.‘}.- cr
—.A" -g"—- a‘- ""{- RISEEE:
Thussto a iirst approximation, ﬁ is proportional to A ;

vut we should requlre t. know the magnitude of the second



term (in A“'J in the correlation . vefore we could
effectively compare tne two résuita. We should then

be avle to determine;

(1) the 4-dimensional radius ﬂ»;

(11) the ovserver's cooruinate ¢ which determines how

jar the spatial expansion of the universe has prodeaded;

(11i) the spatiall radius of curvature K= aamkf:
[S-u wefe (2) : I\Ay EJ

§15. CONCLUSIQU-

I have appiled my formulae for astronomical distance
to the de Sitter world io show how they work. In view of
the probability (see page IQJ that the real universe
approximates to the de Sitter world as regards the future
and the recent past, vut not as regards the remote past,
the numerical results on page $3 are not reliadble. But

the formulav.«' should _ive a reliapnle approximation
when the more accurate form of @@ is estabi igied. So far

as | am awvare, the formula(@i)has not been given before.

As 1 have already indicated, | houpe in g;fwhut
investig ation: to arply my formulae for distance to the

Bxpanding Universe, and see whether any corrections are

needed on the numerica! results which have been estatiisied.
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