
This thesis has been submitted in fulfilment of the requirements for a

postgraduate degree (e. g. PhD, MPhil, DClinPsychol) at the University of

Edinburgh. Please note the following terms and conditions of use:

This work is protected by copyright and other intellectual property rights,

which are retained by the thesis author, unless otherwise stated.

A copy can be downloaded for personal non-commercial research or

study, without prior permission or charge.

This thesis cannot be reproduced or quoted extensively from without

first obtaining permission in writing from the author.

The content must not be changed in any way or sold commercially in

any format or medium without the formal permission of the author.

When referring to this work, full bibliographic details including the

author, title, awarding institution and date of the thesis must be given.



Approximation Methods for

Stochastic Systems Biology

Augustinas Sukys

Doctor of Philosophy

The University of Edinburgh

2024



Dedicated to my family



Abstract

Biochemical reactions involved in complex cellular mechanisms are driven by inherently

stochastic molecular interactions. Although the intrinsic noise is often negligible in the

macroscopic world, it has been established experimentally that intracellular processes

can be subject to substantial stochasticity due to a low number of molecules present.

Therefore, modelling the dynamics of such biological systems necessitates the use of

stochastic rather than deterministic methods.

The Chemical Master Equation (CME) gives an accurate mathematical description

of stochastic chemical reaction kinetics in well-mixed conditions. However, analytical

solutions to the CME are available only for a handful of biologically relevant systems

and its exact stochastic simulation with Monte Carlo methods can be prohibitively

computationally expensive. This in turn motivates the development of approximation

methods that provide more efficient ways of investigating the system behaviour. The

study and the development of novel analytical and computational approximations to

the CME is the focus of this thesis.

First, we develop an approximate time-dependent closed-form solution to the CME de-

scribing the Michaelis-Menten reaction mechanism of enzyme catalysis. The derivation

is based on a time scale separation technique called averaging, allowing us to treat the

Markovian dynamics on the slower time scale as a one-dimensional master equation

that can be solved exactly in time using methods from linear algebra and complex

analysis.

Second, we introduce MomentClosure.jl, a Julia package for automated derivation of the

moment equations applicable to any biochemical system. As the moment expansion of

the CME can lead to an infinite hierarchy of coupled moment equations, MomentClosure

implements a wide array of moment closure methods that truncate the moment hier-

archy and provide a closed set of equations describing approximate moment dynamics.

The package integrates seamlessly with other Julia libraries and makes moment closure

approximations more accessible to the broader scientific community.

Lastly, we propose a surrogate modelling framework that allows us to approximate the

solution of the CME by training neural networks on stochastic simulation data. We

showcase our approach on several models of gene expression, finding that relatively

simple neural networks can learn to approximate highly complex distributions of mo-

lecule numbers over time and parameter space, and hence greatly accelerate otherwise

computationally expensive parameter exploration and inference studies.
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Lay Summary

In the intricate world of cells, all kinds of tiny molecules work together to produce

energy, proteins and other essential materials needed for the cells to survive and function

properly. These countless tasks and activities that take place inside living cells are

known as cellular processes. They involve many interactions between the molecules

which constantly move around, collide, combine, or change shape to carry out their

assigned tasks. Sometimes, things might not go exactly as planned because of molecules

randomly bumping into each other and lead to chemical reactions that might happen

unpredictably, resulting in variations in how cellular processes occur.

Scientists are interested in this variability because understanding it helps to better grasp

how cells work and how they respond to changes in their environment. To describe such

unpredictable cellular processes, scientists need to model them using specialised meth-

ods from mathematics and statistics. However, there is a catch: getting exact answers

with these methods is challenging for many important biological situations. Although

it can be done using computer simulations, it can take a very long time and require a

lot of computing power. Because of that, scientists are looking for shortcuts or clever

methods that would be more efficient and still provide a good enough answer which

gives insight into the functioning of cells. This thesis contributes to the development of

such methods.

First, we studied how the complex molecules known as enzymes can speed up certain

reactions in cells. We found a close-to-exact way of solving a specific reaction process

called the Michaelis-Menten reaction mechanism, a fundamental model of enzyme activ-

ity. To achieve that, we used a technique called “averaging”, which helps us to focus on

the parts of the process that happen much more slowly and separately from the faster

parts. By focusing on these slow parts, we can obtain a much simpler equation which

can then be solved, allowing us to analyse the enzyme reaction in detail.

Second, we developed MomentClosure.jl, a software tool that can automatically write

down a simplified description of any biological process using a specific toolset of math-

ematical methods. This simplified description, known as the moment equations, gives

a statistical summary of how the molecules interact and change over time, focusing on

the more general information about the system and ignoring the less important details.

This software can be easily used by other scientists to study various models involving

randomness.
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Lastly, we introduced a novel technique of how neural networks, computer algorithms

that are able to learn from examples to perform certain tasks, can be used to speed up

the modelling of cellular processes. A neural network can be taught how molecules react

in different cases from examples constructed using standard computer simulations. This

way, the neural network builds up an understanding of the biological system and can

predict how it will behave in unseen cases. We can use these networks to quickly explore

various scenarios and make sense of the underlying molecular interactions without

spending excessive time and resources on computations.
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Chapter 1

Introduction

1.1 Motivation and overview

Cellular processes are governed by complex networks of inherently stochastic molecular

interactions [4]. The random nature of biochemical reactions and its effect on the

macroscopic properties of a system can be disregarded in the limit of a large molecule

number N because the relative fluctuations are typically of order N−1/2 and hence

become negligible—a rule of thumb rooted in statistical mechanics [5–7]. The behaviour

of such biochemical systems is usually modelled with the reaction rate equations, a

set of ordinary differential equations that describe the time evolution of the average

concentrations of all chemical species in the system [8, 9].

However, a deterministic approach can be insufficient to accurately represent micro-

scopic systems such as cells and their environment, considering that biological molecules

within cells are usually present in low numbers [10]. For example, experimental studies

[11–13] have revealed that in E. coli the copy numbers of each protein can vary from

zero to ten thousand per cell, and the mRNA abundance ranges from zero to a hundred

molecules. Coupled with the fact that there are usually only one or two gene copies per

cell, these observations point out that random fluctuations can have a significant effect

on cellular function. Therefore, stochastic modelling of chemical reaction networks has

become a key element of systems biology [14, 15].

The importance of stochastic effects is particularly well established in gene expression,

with many studies reporting a large amount of heterogeneity in mRNA and protein

numbers in genetically identical cell populations [16–21]. A seminal contribution to the

field was made by Elowitz et al. [16, 17], who demonstrated that both the probabilistic

nature of the biochemical process of gene expression itself (intrinsic noise) and the influ-

ence of external fluctuations and other cell-specific factors (extrinsic noise) contribute

substantially to the observed cell-to-cell variability in expression levels.

1



1.1. Motivation and overview 2

While most early stochastic gene expression experiments quantified the steady-state

distributions of gene products (corresponding to a population snapshot measurement),

a number of studies focused on visualising the production of mRNA molecules in

real-time in individual cells [22–24]. Importantly, it was observed that genes tend to

transiently switch between a relatively brief high transcriptional activity state and a

longer-lived low activity state [25, 26]. Such transcriptional bursts can be modelled

using the stochastic two-state (telegraph) model of gene expression [27], where a gene

can randomly switch between an active and an inactive state, and the mRNA is

produced with a certain probability only when the gene is active (the subsequent

degradation of mRNA does not depend on the gene state). Although the telegraph

model is phenomenological and greatly simplifies the complex chain of biochemical

reactions underlying transcription, it could effectively capture many experimentally

observed gene expression profiles [22, 23, 28, 29].

These findings, together with the advances in single-molecule imaging [30, 31] and

single-cell sequencing [32, 33] technologies, have paved way for an increasingly large

body of work focused on modelling stochastic gene expression [26, 34–53]. Some of

these studies continue to use the two-state telegraph model to characterise the experi-

mentally observed transcriptional bursting kinetics [26, 35–38], while others are focused

on extending the telegraph model to incorporate the cell-cycle and cell-size effects

or otherwise take into account the extrinsic noise [39–45] or consider more detailed

models that capture genetic regulation [46–48], complex multi-state promoter switching

mechanisms [49, 50] and polymerase dynamics [51–53].

Stochasticity is also important in other intracellular processes, for instance, enzyme

catalysis. Enzymatic reactions are commonly characterised using the famous Michaelis-

Menten reaction mechanism of enzyme action [54–56], where an enzyme can (reversibly)

bind a substrate molecule to form an enzyme-substrate complex, which can then (irre-

versibly) yield a product molecule, leaving the enzyme free to catalyse another reaction.

Using a similar argument as before, we expect to see significant noise in such enzymatic

activity because single-cell proteomics show that, as for any other protein, enzyme

abundance can span several orders of magnitude [11, 12]. Furthermore, modern single-

molecule enzymatic turnover experiments report large fluctuations in the time-course

measurements, which are otherwise masked in the conventional ensemble-averaged data

[57–61]. As a consequence, theoretical research in enzyme kinetics has largely shifted

to stochastic methods [62–70].

In addition, molecular noise can play a vital role in driving phenotypic diversification

by inducing transitions between the metastable phenotypic states of a biochemical

system [71–75]. This can be experimentally observed in the lactose uptake network (lac

operon) in E. coli [76, 77]. In a deterministic framework the network is bistable (the
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expression of lactose permease is either repressed or induced) due to the presence of a

positive feedback loop in the system: as the extracellular concentration of an inducer

is increased, the increased synthesis of the lactose permease facilitates further uptake

of the inducer and hence the network remains in a high expression state, committing

to lactose growth. However, at intermediate inducer concentration levels the noise-

induced transitions between the two equilibria give rise to a bimodal distribution, where

a fraction of the cell population is either in a low or high expression state. In fact,

the switch in phenotype can be induced by a rare random event of the lac repressor

completely disassociating from the promoter region, which can lead to a large burst of

expression and trigger the positive feedback mechanism in the network [72, 78].

Furthermore, stochastic phenotype switching has been suggested as a possible explan-

ation of bacterial persistence in E. coli [79, 80]: bacterial cells appear to spontaneously

switch in and out of an antibiotic-tolerant state characterised by reduced growth, and

the small bacterial subpopulation found in this state has a much higher chance to survive

exposure to antibiotic treatment. Maintaining non-genetic population heterogeneity

can be evolutionarily beneficial in facing unpredictable environmental changes [71, 81,

82], and similar bet-hedging strategies have been considered in a variety of biological

contexts using a stochastic framework, including studies on sporulation decision in

B. subtilis [83, 84], and drug resistance modelling in cancer cell populations [85, 86].

Deterministic models based on the reaction rate equations capture only the mean system

behaviour and hence are fundamentally unable to describe the variability observed in

gene expression or enzymatic turnover data. On the other hand, a stochastic model that

accounts for intrinsic (and possibly extrinsic) noise can be readily simulated to generate

stochastic realisations of a system that much better represent the experimental reality

[14]. Therefore, theoretical understanding of the mechanisms governing cellular function

cannot be complete without accounting for stochastic effects.

Although in a more practical setting one may be inclined to believe that population

level measurements would average out the inherent fluctuations and hence stick to a

deterministic modelling framework to explain the mean abundances of experimental

observables, such approach may lead to misleading conclusions about the underlying

kinetics. That is because a deterministic model and its stochastic equivalent may exhibit

quantitatively as well as qualitatively different behaviour, which can become especially

apparent in low molecule number regimes [87, 88].

It can be shown that for a chemical reaction network involving bimolecular or higher-

order reactions the mean will depend on the size of intrinsic fluctuations and differ

from the mean obtained using the deterministic reaction rate equations [15, 89, 90].

This theoretical discrepancy is well illustrated in [66] for the Michaelis-Menten reaction

mechanism with substrate inflow, showing how the deterministic model can dramat-
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ically underestimate the true mean substrate concentration. Such deviance in system

behaviour can be expected as the steady-state distribution of the substrate is heavy-

tailed, and the mean predicted by the rate equations is closer to the mode of the

distribution rather than its average (see [91] for a more general discussion).

Another quantity that can be significantly affected by intrinsic noise is the mean first

passage time, i.e., the average time a system takes to reach a given state. Such differences

between stochastic and deterministic regimes are studied in detail by Ham et al. [92]

for a number of simple biochemical systems. For instance, they find that the mean

first passage time can be substantially reduced or lengthened in the telegraph model

depending on the parameters controlling the gene state switching and the mRNA

production. In addition, the authors demonstrate for the Michaelis-Menten enzyme

kinetic model (with substrate production) that the expected waiting time is always

reduced in the stochastic regime, and this discrepancy tends to increase with the

decreasing system size as the intrinsic noise becomes more pronounced.

Qualitative changes in system dynamics due to stochastic effects are also observed

in biochemical oscillators that underlie circadian rhythms or glycolytic oscillations.

Namely, it has been shown both analytically and via stochastic simulations that noise

can induce sustained oscillations in systems which approach the steady state via damped

oscillations in the deterministic regime (systems with a stable focus) [93–97], and even

in some models which do not exhibit deterministic damped oscillations (systems with

a stable node) [98].

Noise-induced oscillations (quasi-cycles) can also serve as a potential explanation for

experimentally observed single-cell power spectra. This is illustrated in [97], where

the authors derive approximate analytical expressions for the power spectrum of noise-

induced oscillations in a gene regulatory network motif and demonstrate that the theory

accurately matches the protein luminescence data of a circadian rhythm in fibroblast

cells [96]. While it can be difficult to distinguish whether such experimental data is

best explained by a deterministically self-sustained or damped oscillator mechanism

(as adding noise in both cases can result in sustained oscillations) [95, 97], such studies

contribute to our theoretical understanding of how biological oscillators can exploit

noise to their advantage in maintaining oscillations [93, 96] and synchronising circadian

clocks [99].

Furthermore, stochastic effects can substantially alter the behaviour of multistable

systems. A deterministically multistable system will evolve towards a stable fixed point

determined by the initial conditions [100], but in a stochastic framework the random

fluctuations can drive the system to reach either of its steady states [71, 74]. Although

in the thermodynamic limit the steady states of a deterministic multistable model

tend to match the modes of the stationary probability distribution of an equivalent
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stochastic model, this correspondence can break down for low molecule numbers [90].

For instance, noise can lead to bimodal distributions not only in the parameter ranges

with deterministic bistability, but also in some parameter regimes where only a single

deterministic steady state is predicted [101, 102]. This is evident in the behaviour

of the genetic toggle switch—a synthetic, bistable gene regulatory network comprised

of two mutually repressive genes [103]. While the deterministic equations predict a

bifurcation between monostability and bistability at a certain inductor concentration,

the exact location of this transition becomes blurred due to random fluctuations in gene

expression, leading to an experimentally observable bimodal population distribution in

the vicinity of the bifurcation point [103, 104].

In addition, noise-induced bimodality (and multimodality) can emerge even in models

that are deterministically monostable throughout their entire parameter space [102,

105–112]. Samoilov et al. [105] have analysed this in enzymatic futile cycles, a common

component of various biochemical pathways: while the deterministic system can have

only one steady state, a bimodal system response can be induced by the addition of

external noise on the enzyme concentration. Moreover, under certain network conditions

bimodality can be present in deterministically monostable autoregulatory genetic feed-

back loops [48, 107, 108, 112]. One experimental verification of such system behaviour

is provided by To and Mahesri [107], who constructed a minimal positive feedback loop

with multiple transcription factor binding sites in budding yeast, and demonstrated

that highly bursty expression of short-lived transcription factors can lead to a bimodal

population distribution without cooperative binding.

The discrepancies between deterministic and stochastic models in their quantitative pre-

dictions and qualitative system behaviour suggest that performing parameter inference

and model selection from experimental biological data using a deterministic modelling

framework can be unreliable and insufficient [14]. This is particularly apparent in

single-cell data, often characterised by highly non-Gaussian mRNA or protein count

distributions which can be highly skewed or bimodal [113]. As discussed earlier, the

average abundances predicted by deterministic and stochastic models can be very

different in such cases [34], and hence model calibration on the mean level can lead

to large discrepancies in the inferred model parameters. Furthermore, estimating the

unique set of parameters using the reaction rate equations is often impossible due to

identifiability constraints, and that can be resolved by switching to a stochastic model

that captures more information about the system dynamics [14, 114–117]. Nevertheless,

statistical inference for stochastic models is a challenging problem—its results can

strongly depend on the choice of inference method and the quality of data [14, 116–120],

and eliminating any bias in parameter estimates requires a careful consideration of the

extrinsic and technical sources of noise [121, 122].
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The main stochastic modelling framework for chemical kinetics is provided by the

Chemical Master Equation (CME) [123–125], otherwise known as the forward Kolmogorov

equation [14]. More specifically, a chemical reaction network is treated as a continuous-

time Markov chain where the state of the system is defined by the copy numbers

of all chemical species in the network, and the CME describes the time evolution

of the probability distribution over all possible states. The physical validity of the

CME formalism can be rigorously established under well-mixed and dilute conditions

[124, 126]. Moreover, it can be shown that the CME reduces to the deterministic reaction

rate equations in the thermodynamic limit [127].

Solving the CME analytically can be a daunting task [125]. An exact time-dependent

solution can be found for mono-molecular systems (comprised of reactions that involve

at most one reactant and one product molecule) with arbitrary initial conditions [128]

and for one-dimensional one-step systems [129]. Deriving the stationary (steady-state)

distribution is usually significantly easier. It is possible to obtain the steady-state

solution for systems that satisfy detailed balance [130], and, more generally, for weakly

reversible chemical reaction networks with deficiency zero [131]. For most biological

systems that do not fall into these subcategories time-dependent or steady-state solu-

tions are not known in general. Despite that, an exact solution can be found for certain

specific systems—some notable examples include [29, 43, 49, 132–136]. This is most

often achieved by means of the generating function method that transforms the CME

into a system of partial differential equations, which can then be tackled using a variety

of mathematical techniques.

The problem becomes more analytically tractable if we do not require the whole prob-

ability distribution defined by the CME and are only interested in its first few statistical

moments, such as means and (co)variances. In this case, a set of ordinary differential

equations (ODEs) that describe the temporal evolution of the moments can be derived

from the CME [125, 126]. If a given chemical reaction network contains only zero- and

first-order reactions, the obtained moment equations will constitute a finite linear sys-

tem of ODEs, which can be defined up to arbitrary order and solved exactly. However,

if a system contains bimolecular or higher-order reactions, each moment equation will

depend on the higher-order moments and hence lead to an infinite hierarchy of coupled

ODEs that cannot be directly solved.

Solving the CME numerically is also challenging as it usually represents an infinite-

dimensional system of ODEs. This issue can in principle be tackled by the Finite State

Projection (FSP), a method that truncates the infinite state space of the system and

makes it possible to find a numerical solution on a finite subset of states [137]. It

also comes with an accuracy guarantee: the error on the computed solution can be

systematically reduced by expanding the finite state space. A variety of algorithmic
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improvements to the FSP have been devised, which enable a more efficient selection of

the state space [138–141] or reduce the computational cost by using more sophisticated

numerical approaches, for example, based on Krylov subspace methods [142, 143] or

tensor decompositions [144–150]. However, the FSP remains limited in its practical

applications to simple biochemical systems. Due to the combinatorial explosion of the

size of the state space required for the FSP to obtain a reliable solution, it does not scale

well to more complex networks and becomes prohibitively computationally expensive

[125, 141, 149].

Alternatively, the stochastic process defined by the CME can be simulated using the

Stochastic Simulation Algorithm (SSA), a Monte Carlo method popularised by Gillespie

[151–153]. The SSA allows one to generate exact stochastic realisations of a system

by simulating each and every reaction event explicitly in a chronological order. By

repeatedly sampling the system using the SSA, the molecule number distribution and its

moments can be accurately reconstructed. A variety of reformulations of the SSA can be

found in the literature, which attempt to optimise the Monte Carlo step that underlies

the simulation [127, 153–160], leading to a notable performance improvement for large

biochemical networks involving many reactions. Despite that, the sequential simulation

of each reaction event makes the SSA inevitably slow, especially for systems that

contain large numbers of molecules or involve many fast reactions. Moreover, obtaining

sufficiently accurate statistics of interest may require averaging over an extremely large

number of SSA realisations.

The complexities of solving the CME have motivated the development of numerous

approximation techniques which can considerably simplify the analysis of stochastic bio-

chemical systems and lead to deeper mechanistic and biological understanding of their

underlying dynamics [125, 161]. The vast literature on the approximations of the CME

includes, but is not limited to: diffusion approximations such as the chemical Langevin

equation [125, 130, 162–168]; the system size expansion [5, 88, 169] and in particular

its leading-order truncation, the linear noise approximation [170–173]; moment closure

approximations [126, 174–181]; linear mapping approximation [182]; model reduction

techniques based on time scale separation [62, 125, 183–189]; accelerated simulation

algorithms such as tau leaping [153, 190–192]; and hybrid modelling approaches [193–

197].
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Approximation schemes by definition trade some of the exactness of the CME for analyt-

ical tractability and computational efficiency, and therefore it is important to establish

their accuracy and validity conditions [125, 165, 166, 198]. However, in many cases

systematic analysis and comparison of different approximations and their limitations is

challenging and remains an open problem, which in turn drives the search for novel and

more versatile approaches. The study and the development of approximation methods

for the CME is the central theme of this thesis.

First, we consider the stochastic Michaelis-Menten (MM) reaction mechanism of enzyme

catalysis [54, 55]. This famous model has been studied extensively in the deterministic

setting [54, 199, 200] and, as previously mentioned, its stochastic formulation has

received increasing attention [62–70]. However, an exact transient solution to the CME

of the MM reaction mechanism is only known for the case of a single enzyme [132].

We systematically derive an approximate closed-form time-dependent solution to the

CME in the general case of multiple enzymes using a time scale separation technique

known as averaging [189]. Averaging can be interpreted as the stochastic equivalent

of the commonly used quasi-equilibrium approximation [185, 201]: we can identify the

slow and fast reactions in the system and aggregate the rapidly equilibrating states

together into groups that undergo effective Markovian dynamics on a slower time scale.

This makes the problem much simpler as we can find the steady-state solution for the

dynamics in each group and obtain the transient solution to the CME describing the

transitions between the groups using an exact method proposed in [129]. We analyse

the accuracy of the obtained closed-form solution over the parameter space and explore

the temporal dynamics of the system, focusing in particular on the occurrence of

transient bimodality. We also extend the approximation procedure to more complex

multi-substrate mechanisms.

Second, we introduce MomentClosure.jl, a Julia package that provides automated gen-

eration of moment equations for any given chemical reaction network. As discussed

before, the moment expansion of the CME generally leads to an infinite hierarchy

of coupled equations that is not amenable to exact analytical treatment. A common

approach in this situation is to truncate the moment hierarchy at a certain order by

expressing the higher order moments as functions of the lower order moments, resulting

in a finite set of approximate moment equations that are effectively closed and can be

solved. This can be done using a myriad of different moment closure approximations

(MAs) [125, 180, 181, 202]. However, the process of deriving the moment equations and

applying the MAs manually can be laborious and prone to mistakes, limiting the use

of this class of methods in practice. This lead us to develop MomentClosure, a tool

to automatically derive and approximate the moment equations using a wide range of
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MAs, which can then be solved using any high-performance ODE solver from Differ-

entialEquations.jl [203]. Overall, MomentClosure enhances the biochemical modelling

capabilities of Julia [204, 205] and can facilitate novel applications, comparative studies

and the development of MAs.

Lastly, we explore the potential applications of artificial neural networks for stochastic

modelling of chemical kinetics. Neural networks have become highly successful in the

past decade due to the advancements in efficient learning algorithms, growing comput-

ing power and data availability [206, 207]. Although they have been applied to a wide

range of problems in the physical and biological sciences [208–213], relatively few studies

have considered their use for CME-based models specifically [214–219]. We develop a

novel framework to approximate the solutions of the CME using neural networks, which

we name Neural Estimation of Stochastic Simulations for Inference and Exploration

(Nessie). The main idea is to train simple neural networks on stochastic simulation

data to predict the marginal distributions over time and parameter space for a given

system, where we represent the target distributions as mixtures of negative binomials.

We demonstrate on multiple biologically relevant models of gene expression that Nessie

can learn to accurately capture complex system dynamics across parameter space: it

becomes an effective surrogate model for the CME [220] and can be particularly useful

in accelerating parameter exploration and inference studies.

1.2 Thesis structure

This thesis is organised as follows. In Chapter 2, we briefly review the CME formalism

and the SSA, both of which are fundamental to the modelling of stochastic chemical

kinetics and hence the research conducted in this thesis. We also discuss the FSP—an

important numerical method that can be a viable alternative to the SSA.

In Chapter 3, we provide an approximate closed-form transient solution to the CME

governing the dynamics of the Michaelis-Menten reaction system. We begin by sum-

marising the main deterministic time scale separation approaches to enzyme kinetics.

We then introduce our stochastic approximation procedure based on averaging: we use

the method to solve the reaction system with a single enzyme and subsequently extend

the solution to the general case of multiple enzymes. We use the obtained solution to

investigate where the transient bimodality is manifest over the parameter space, and

compare our approach to the commonly used stochastic Michaelis-Menten approxima-

tion. Finally, we demonstrate how our method can be applied to more complex reaction

mechanisms such as ternary complex formation.
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In Chapter 4, we present MomentClosure.jl, a software tool for automated derivation of

moment equations and moment closure approximations. We provide a comprehensive

review of the theory behind the method of moment expansion and a variety of moment

closure methods implemented in the package. We then describe how MomentClosure is

implemented and integrated with the broader Julia package ecosystem, and showcase its

mains features by applying MomentClosure to an example model. Finally, we highlight

some potential future extensions to the package, and touch upon the general drawbacks

of moment closure methods.

In Chapter 5, we introduce the Nessie framework. We start with an overview of the

basics of artificial neural networks and then describe the general workflow of using

Nessie to approximate the marginal distributions over time and parameter space, dis-

cussing our technical implementation and the neural network training specifics. We then

apply Nessie to several models of gene expression—an autoregulatory feedback loop, a

genetic toggle switch, a model of mRNA turnover and a model of mitogen-activated

protein kinase pathway—demonstrating Nessie’s performance in capturing complex

system dynamics and discussing its potential applications for parameter exploration

and inference studies.

In Chapter 6, we conclude the thesis and discuss some of the possible avenues for future

research.



Chapter 2

Preliminaries

In this chapter, we briefly outline the formalism of chemical reaction networks and

the CME that is widely applied to model stochastic biochemical systems and used

throughout this thesis. We also summarise the main theory behind the two important

computer modelling tools: the Gillespie’s Stochastic Simulation Algorithm (SSA) and

the Finite State Projection (FSP). We refer to [125] for a more comprehensive treatment

of the theory. Other more specific approximation methods and computational tools used

in this thesis are discussed in their relevant context throughout the main text of the

following chapters.

2.1 Chemical Master Equation

A chemical reaction network in a closed compartment with volume Ω consists of N

different molecular species Xi (i = 1, . . . , N) and R chemical reactions of the form

N∑
i=1

airXi
kr−→

N∑
i=1

birXr, for r ∈ {1, . . . , R}, (2.1)

where air and bir respectively denote the integer numbers of reactant and product

molecules of species i in the chemical reaction r with the associated reaction rate

constant kr. The state of the system is determined by the state vector n = (n1, . . . , nN ),
where ni is the number of molecules of species Xi present in the system.

Consider the probability P (n, t |n0, t0) that the system is in state n at time t con-

ditional on being in state n0 at time t0. Note that throughout the text we use the

shorthand notation P (n, t |n0, t0) = P (n, t). The time evolution of the probability

distribution over the states n is then described by the CME [5, 124, 130]:

dP (n, t)
dt

=
R∑

r=1

[
ar(n− Sr)P (n− Sr, t)− ar(n)P (n, t)

]
, (2.2)

11
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where ar(n, t) is the propensity function of the rth reaction and Sr is the rth column

of the stoichiometric matrix S, the elements of which are defined as Sir = bir − air

(the net change in the number of molecules of species Xi when the rth reaction occurs).

The propensity ar(n) is the rate at which reaction r occurs when the system is in

state n; more formally, ar(n)dt is the probability that reaction r will take place in the

infinitesimally short time interval [t, t+dt) [127]. While the states have a lower bound of

ni = 0 as negative molecule numbers are unphysical, they have no upper limit (except

when the networks dynamics are constrained by its underlying structure) and hence

the CME generally forms an infinite system of coupled ordinary differential equations.

The CME can be derived from the Chapman-Kolmogorov equation [5, 130] and the

propensity functions associated with different types of reactions can be formulated using

phenomenological arguments based on chemical kinetics [14, 123]. Alternatively, a more

fundamental derivation of the CME follows from a statistical mechanical argument

comprehensively described by Gillespie [124]. Namely, a chemical system of reacting

molecules in a compartment with volume Ω is treated as a dilute and well-mixed gas.

This assumption implies that the total volume of all molecules is negligible compared to

Ω, and elastic (non-reactive) collisions are much more frequent than reactive collisions,

leading to a spatially homogeneous and thermally equilibrated system—the molecules

are uniformly distributed throughout the compartment and have a Maxwell-Boltzmann

velocity distribution. Under these assumptions the system becomes a continuous-time

Markov chain with the state fully determined by the state vector n, and the form

of the propensities for unimolecular and bimolecular reactions can be obtained from

the kinetic theory. The molecular physics-based derivation of the CME has also been

extended to well-mixed dilute solutions that are more representative of a typical cellular

system, and which reduces to the dilute gas treatment discussed above in the limit of

fast diffusion (when diffusion is very fast compared to the rates of reactive collisions)

[126, 221, 222].

It follows from combinatorial considerations and the arguments above that in the

general form the mass action kinetics type propensity functions can be defined as [125]:

ar(n) = krΩ
N∏

i=1

ni!
(ni − air)!Ωair

. (2.3)

Moreover, one can define chemical reactions that do not follow mass action kinetics and

have arbitrary associated propensity functions that are not necessarily polynomials in n.

Examples of such propensities include Michaelis-Menten kinetics or Hill kinetics, which

arise as effective rate laws in reduced models under certain approximations [125, 223].
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2.2 Stochastic Simulation Algorithm

The Stochastic Simulation Algorithm (SSA) is a Monte Carlo method which can be

used to sample exact paths of the stochastic process defined by the CME [151, 152].

The SSA is routinely used for biochemical system simulation and serves as a benchmark

for other simulation and approximation methods [125].

To generate stochastic trajectories of a system using the SSA, we consider the probab-

ility density function p(τ, r |n, t): given the system is in state n at time t, p(τ, r |n, t)dτ

defines the probability that the next reaction event will take place in the infinitesimal

time interval [t + τ, t + τ + dτ) and it will be a reaction r. The derivation of an exact

formula for p(τ, r |n, t)dτ is based on the fundamental premise that ar(n)dt is the

probability that one reaction r will occur in the next differential time interval dt [151].

As discussed in Section 2.1, this formulation of the propensity function can be physically

justified under certain assumptions. It can then be shown that p(τ, r |n, t) is defined

by [151]:

p(τ, r |n, t) = ar(n) exp (−a0(n)τ) ,

where a0(n) =
∑R

i=1 ar(n) is the sum of all reaction propensities for state n and the

term exp (−a0(n)τ) can be interpreted as the probability at time t that no reaction

events will take place in the time interval (t, t+ τ). By conditioning p(τ, r |n, t), we can

also express the following:

p(τ |n, t) = a0(n) exp (−a0(n)τ) ,

p(r |n, t) = ar(n)
a0(n)

.

One can draw samples from the probability distributions defined above using the inverse

transform sampling [15, 151]:

u1, u2 ∼ U(0, 1),

τ = − log(u1)
a0(n)

, (2.4)

r = the smallest integer satisfying
r∑

i=1
ar(n) > u2a0(n), (2.5)

where U(0, 1) denotes the uniform distribution on the interval [0, 1]. This mathematical

formulation underlies the Monte Carlo step of Gillespie’s direct method [151]. Finally,

the entire SSA algorithm can be summarised as follows:

0. Initialisation step. Set the time t = t0 and the state of the system n = n0. Specify

the simulation end time tend.
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1. Compute the reaction propensities a1(n), . . . , aR(n) and their total a0(n).
2. Draw two random numbers from the uniform distribution U(0, 1).
3. Compute τ and r using Eqs. (2.4) and (2.5).

4. Execute the reaction by replacing t← t + τ and n← n + Sr. Note that Sr is the

rth column of the stoichiometric matrix S defined in Section 2.1.

5. Record the simulation state (n, t). End the simulation if t ≥ tend; otherwise return

to step 1.

A variety of exact SSA modifications have been proposed in the literature that try to

refine the Monte Carlo step in the simulation to make it more computationally efficient,

which can yield notable performance and scalability improvements, especially for large

and complex chemical reaction networks [153–160]. However, the SSA is inherently slow

due to the explicit simulation of each reaction event, and reconstructing a sufficiently

precise probability distribution or other statistics using the SSA may require a very

large number of repeated simulations, making it impractical [127, 137].

2.3 Finite State Projection

The Finite State Projection (FSP) method truncates the discrete state space of the

system defined by the CME and hence can provide a direct numerical solution [137].

It is particularly effective for small scale chemical reaction networks and can be much

more efficient than the SSA. In this section, we briefly outline the basic methodology

behind the FSP.

We begin by reformulating the CME given by Eq. (2.2) in a more compact form. First,

we select a particular (arbitrary) enumeration of the entire state space of the system

and express it as a set N = {n1, n2, . . . , }. Note that ni denotes a specific configuration

of the state vector n, and not the ith element of n. We can then define the complete

probability state vector P (N , t) = (p(n1, t), p(n2, t), . . . )> and introduce the transition

rate matrix A [137]:

Aij =


−
∑R

r=1 ar(ni), for i = j

ar(nj), for all j that satisfy ni = nj + Sr

0, otherwise

 . (2.6)

This allows us to express the CME as

d

dt
P (N , t) = AP (N , t). (2.7)
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The formal solution to this equation with an initial condition P (N , 0) is given by

P (N , t) = etAP (N , 0). (2.8)

For simple chemical reaction networks with a finite state space the matrix exponential in

Eq. (2.8) can be readily computed (alternatively, Eq. (2.7) can be solved using standard

ODE methods). However, most systems of interest have an infinite state space, in which

case the solution cannot be found directly. The FSP method attempts to resolve this

issue by truncating the state space. Namely, we choose a finite subset of the state

space {n1, . . . , nk} of length k, and define Ak as the corresponding k × k submatrix

of A. Finding the matrix exponential of Ak then gives us an approximate solution:

P (N , t) ≈ etAkP (N , 0). It can be shown that the probability “leakage” out of the

truncated space is the error bound on the approximation

ϵ = 1− 1>etAkP (N , 0), (2.9)

where 1 is a column vector of all ones so that 1>etAkP (N , 0) is the sum over all states

in the truncated domain. Moreover, ϵ decreases monotonically with the increasing state

space size k, so the error on the numerical solution can be made arbitrarily small by sys-

tematically increasing the projection space [137]. The original FSP algorithm involves

solving Eq. (2.7) for some finite domain of the system and tracking the approximation

error ϵ: if it is lower than the chosen error tolerance, the algorithm can be terminated;

otherwise, one can add more states to the projection and repeat the process until

sufficient accuracy is reached.

The initial choice of the truncation can be made by a heuristic understanding of the

underlying system dynamics so that it includes most states that notably contribute

to the probability mass, and a number of strategies to optimally expand the state

space have been proposed in the literature [138–141]. Furthermore, the computational

cost of the FSP algorithm can be significantly reduced by utilising advanced numerical

techniques based on Krylov subspace methods [142, 143] or low-rank tensor formats

[144–150]. However, the FSP is limited in practice because it suffers from the curse of

dimensionality: as the number of chemical species in the system is increased, the finite

subspace required for an accurate solution can grow exponentially in size, making the

algorithm computationally intractable.



Chapter 3

Stochastic time-dependent enzyme

kinetics: closed-form solution and

transient bimodality

This chapter has been published as [1] entitled Stochastic time-dependent enzyme kin-

etics: closed-form solution and transient bimodality in the Journal of Chemical Physics.

Minor modifications have been made for its inclusion in this thesis.

3.1 Abstract

We derive an approximate closed-form solution to the chemical master equation de-

scribing the Michaelis-Menten reaction mechanism of enzyme action. In particular,

assuming that the probability of a complex dissociating into enzyme and substrate

is significantly larger than the probability of a product formation event, we obtain

expressions for the time-dependent marginal probability distributions of the number

of substrate and enzyme molecules. For delta function initial conditions, we show that

the substrate distribution is either unimodal at all times or else becomes bimodal at

intermediate times. This transient bimodality, which has no deterministic counterpart,

manifests when the initial number of substrate molecules is much larger than the total

number of enzyme molecules and if the frequency of enzyme-substrate binding events is

large enough. Furthermore, we show that our closed-form solution is different from the

solution of the chemical master equation reduced by means of the widely used discrete

stochastic Michaelis-Menten approximation, where the propensity for substrate decay

has a hyperbolic dependence on the number of substrate molecules. The differences

arise because the latter does not take into account enzyme number fluctuations while

our approach includes them. We confirm by means of stochastic simulation of all the

elementary reaction steps in the Michaelis-Menten mechanism that our closed-form

solution is accurate over a larger region of parameter space than that obtained using

the discrete stochastic Michaelis-Menten approximation.

16
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3.2 Introduction

The mechanistic basis of the simplest single-enzyme, single-substrate reaction consists

of a reversible step between an enzyme and a substrate, yielding the enzymesubstrate

complex, which subsequently forms the product. This reaction is commonly called the

Michaelis-Menten (MM) reaction [54, 56].

For over a century, the dynamics of this reaction have been extensively studied using

deterministic rate equations. Because these equations do not admit an exact closed-form

solution, various approximations have been devised to obtain insight into the underlying

dynamics. Use of the quasi-equilibrium or quasi steady-state approximations lead to

the famous Michaelis-Menten equation, an ordinary differential equation relating the

rate of product formation and the substrate concentration (see [55] for a discussion

of these approximations and their range of validity). This equation provides a simple

means to extract the relevant kinetic parameters (the Michaelis-Menten constant and

the maximum velocity) from experimental data. The Michaelis-Menten equation has

also been solved exactly leading to explicit expressions for the time-evolution of the

substrate (and product) concentration [200].

The stochastic formulation of enzyme kinetics, while not as much studied as its determ-

inistic counterpart, has received increasing attention since the 1960s when the chemical

master equation (CME) for the MM reaction mechanism was first derived and studied

by Anthony F. Bartholomay [224]. The CME is a probabilistic discrete description of

chemical reaction kinetics that is valid in well-mixed environments for point reacting

particles [127, 130]. Its relevance lies in its ability to describe kinetics when the molecule

numbers are low, conditions typical in intracellular environments, e.g., the median copy

number per cell of most enzymes in E. coli is below a thousand [11]. Research efforts

concerning the MM mechanism in the area of stochastic chemical kinetics can be,

broadly speaking, categorised into three types: (i) The search for a solution of the CME

for the MM reaction and its various extensions, i.e., obtaining a closed-form solution for

the time-dependent or steady-state probability distribution of the molecule numbers of

each species in the reaction system [65, 132, 225]. (ii) The reduction of the CME and

the construction of the stochastic equivalent of deterministic approximations (such as

the fast equilibrium, quasi steady-state and total quasi steady-state approximations)

and understanding their regime of validity [62, 64, 70, 125, 185, 186, 188, 226–232].

(iii) The derivation of exact or approximate expressions for the mean of the stochastic

rate of product formation and an investigation of the differences or similarities from the

predictions of the deterministic Michaelis-Menten equation [61, 63, 69, 233–236]. The

majority of the literature has focused on (ii) and (iii). There are very few studies that

focus on (i) principally because the CME is notoriously difficult to solve analytically

[125]. In this chapter, we are interested in deriving new solutions of the CME for
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enzyme kinetic systems and hence next we briefly review the known solutions (see

also [66] for a lengthier discussion). Arányi and Tóth [132] were the first to exactly

solve the CME introduced by Bartholomay for the special case in which there is only

one enzyme molecule with several substrate molecules in a closed compartment; in

particular, they obtained an exact expression for the joint distribution of the number

of substrate and enzyme molecules as a function of time (since the original paper is

rather difficult to find, in Appendix A.1 we have reproduced the derivation in a concise

manner). Another exact solution is reported in [225] by Schnoerr et al. who derive the

exact steady-state solution for the CME describing the MM reaction system with one

enzyme molecule and augmented with a substrate production reaction step (to model

for example the production of substrate via translation). To our knowledge, there are

no known exact solutions for the time-dependent probability distribution of the CME

of the MM reaction system with multiple enzyme molecules. However, an approximate

closed-form solution was derived by Dóka and Lente [65], using a so-called stochastic

equivalent of the quasi steady-state approximation. Namely, they make an ansatz that

the joint distribution of the number of substrate and enzyme molecules takes the form

of a product of a time-dependent function and a constant value which characterises

the state occupied by the system. Using this assumption and a number of heuristic

arguments, the authors reduce the problem to a one-variable master equation which

they then solve iteratively. However, one could argue that the derivation outlined in

[65] lacks a certain degree of rigour and the analysis of the accuracy of the solution over

time and parameter space is rather limited, which raises questions about the validity

of the approximation.

In this chapter, our aims are to: (a) Derive an expression for the approximate time-

dependent solution of the CME of the MM reaction system with multiple enzyme

molecules under quasi-equilibrium conditions using an approach that is more rigorous

and systematic than in previously published works. (b) Compare and contrast this

solution with the solution of an often used reduced CME for the MM reaction in the

literature. (c) Use the closed-form solution to identify interesting dynamical phenomena.

We verify our approximate analytic results against the benchmark stochastic simulation

algorithm (SSA) [127]. This chapter is divided as follows. In Section 3.3, we briefly

review the main results known for deterministic enzyme kinetics, focusing in particular

on the quasi-equilibrium approximation. In Sections 3.4.1 and 3.4.2, we introduce

our method by first applying it to the MM reaction with a single enzyme molecule

and subsequently to the case of multiple enzyme molecules. The method consists of

three steps: (1) using a time scale separation method called averaging [189] to define

groups of rapidly equilibrating states which then allows the derivation of a master

equation describing the Markovian dynamics of these groups on the slower time scale;

(2) solving the resultant time-dependent, single variable master equation for the group
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dynamics using the method developed in [129] which has the advantage of bypassing

the calculation of the eigenvectors of the transition matrix and hence considerably

simplifies the analytical computations; (3) using the time-dependent solution describing

the group dynamics to construct the marginal time-dependent distributions for both

the numbers of substrate and enzyme molecules. We use the closed-form solution to

find the regions of parameter space where transient bimodality of the distribution of

substrate molecules occur. In Section 3.5, we show that our solution is accurate over a

wider region of parameter space than the solution of a commonly used reduced master

equation with a propensity that has the same hyperbolic dependence on the number

of substrate molecules as the deterministic Michaelis-Menten equation (an approach

popularised by Rao and Arkin [62]). In Section 3.6, we show that the same three-

step method used in Sections 3.4.1 and 3.4.2, can be used to derive time-dependent

distributions for multi-substrate enzyme reactions. We finish by discussing our results

in Section 3.7.

3.3 Deterministic enzyme kinetics

Before progressing to stochastic enzyme kinetics we first briefly outline some of the

main results known for deterministic enzyme kinetics. We consider the chemical reaction

system:

S + E
k0−⇀↽−
k1

C
k2−→ E + P, (3.1)

where S denotes the substrate species, E denotes the enzyme species, C denotes the

enzyme-substrate complex and P denotes the product. This system can be thought of

as a reduction of the more biologically realistic set of reactions:

S + E −⇀↽− ES −→ EP −→ E + P, (3.2)

where the unbinding of the product from the enzyme is very fast. For simplicity, we

assume the initial condition for this system is that all enzymes are unbound to the

substrate. There are two conservation laws for this system: [E] + [C] = [E]0 and [S] +
[C] + [P ] = [S]0, where [i] denotes the concentration of species i and [i]0 the initial

concentration of species i. Assuming well-mixed conditions and the law of mass action,

the deterministic dynamics of the reaction system in Eq. (3.1) are described by a set of

coupled ordinary differential equations (commonly called the rate equations) describing
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the time-evolution of the substrate and complex concentrations:

d[S(t)]
dt

=− k0[S(t)]([E]0 − [C(t)]) + k1[C(t)],

d[C(t)]
dt

=− (k1 + k2)[C(t)] + k0[S(t)]([E]0 − [C(t)]).
(3.3)

Note that the time-dependent concentrations of E and P can be straightforwardly

obtained from the time-dependent solutions of C and S by means of the conservation

laws previously stated. Although seemingly simple, the rate equations given by Eq.

(3.3) are not easy to solve analytically for the time-dependent analytic solution, and

as such one is limited to finding approximate solutions. Two of the most common

approximations used in the literature are the (i) quasi steady-state assumption (QSSA)

and (ii) the quasi-equilibrium approximation (QEA), also called the rapid equilibrium

approximation or the reverse quasi steady-state assumption. The QSSA, derived by

Briggs and Haldane [199], assumes that after a short transient, the concentration of

the complex (and enzyme) is in a quasi steady-state (with regard to the substrate

and product); thus under the QSSA, it is assumed that d[C(t)]/dt ≈ 0. See [237]

for a detailed discussion of this approximation and for its range of validity. On the

other hand, the QEA assumes that substrate binding and dissociation occur much

more rapidly than product formation such that the substrate, enzyme and complex are

approximately in equilibrium. Thus under the QEA, it is assumed that d[S(t)]/dt ≈ 0;

this approximation, popularised by Michaelis and Menten [54], is commonly used in the

analysis of various biochemical models [201].

Enforcing either the QSSA or QEA leads to the following effective rate equation de-

scribing the time-evolution of the substrate concentration:

d[S(t)]
dt

= −Vmax[S(t)]
k + [S(t)]

, (3.4)

where Vmax = k2[E]0, k = (k1 + k2)/k0 if the QSSA is used, k = k1/k0 if the QEA

is used, and where the conservation law [S] + [P ] = [S]0 holds. Note that a necessary

limitation of Eq. (3.4) is that we have assumed that [S]+ [C] ≈ [S], which is true in the

limit [S]0/[E]0 � 1. Eq. (3.4) has been solved perturbatively in a number of studies,

all of which also assessed the validity of the QSSA [237, 238]. An exact solution was

reported in [200] which is given by:

〈n(t)〉a = Ω[S(t)] = Ωk W

( [S]0
k

exp
(−Vmaxt + [S]0

k

))
, (3.5)
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where 〈n(t)〉a gives the (deterministic) number of bound and unbound substrate mo-

lecules obtained in the limit [S]0/[E]0 � 1 at time t, Ω is the volume of the system,

and W (·) is the principal branch of the Lambert W function (also known as the Omega

function). Note that within van Kampen’s system size expansion [5] for monostable

systems, the rate equations are obtained as the macroscopic limit of the stochastic

description of a well mixed chemical system; within this formalism, the concentration

of a species i multiplied by the volume is the same as the mean number of molecules

of species i. Hence in our case 〈n(t)〉a can also be interpreted as the mean number of

substrate molecules in the macroscopic limit. In the rest of this chapter, we study the

stochastic equivalent of the QEA and thus we shall use k = k1/k0.

3.4 Stochastic QEA analysis

3.4.1 Single enzyme

For simplicity, we first illustrate the method by solving the enzyme system described in

Eq. (3.1) for the case of one enzyme molecule with initially N substrate molecules. Since

there are no birth-death processes coupled to any species, the conservation equations

nE + nC = 1 and n + nC + nP = N hold, where n denotes the number of substrate

molecules and all other ni denote the number of species i.

We label the microstate of the reaction network in Eq. (3.1) as (n, nE), which fully

specifies the state of the system due to the conservation laws stated previously. The

possible transitions between all of the discrete microstates of this system are illustrated

in Fig. 3.1(i): the system starts from the state (N, 1) and eventually ends up in the

state (0, 1). Our goal now will be to find the marginal probability distribution P (n; t),
i.e., the probability of observing n substrate molecules at a time t.

Assuming Markovian dynamics [125], it follows that the time-evolution of P (n, nE ; t)
(the probability of observing n substrate molecules and nE enzyme molecules at a time

t) is given by the CME:

∂P (n, nE ; t)
∂t

= k0(n + 1)(nE + 1)P (n + 1, nE + 1; t) (3.6)

+ (2− nE) (k1P (n− 1, nE − 1; t) + k2P (n, nE − 1; t))

− (k0 n nE + (1− nE)(k1 + k2)) P (n, nE ; t).

Note that this CME is valid only for a single enzyme system, i.e., nE ∈ {0, 1}. Fur-

thermore note that the bimolecular propensity is inversely proportional to the volume

Ω but for simplicity we set Ω = 1 (a convention throughout the chapter). The stand-

ard approach involves introducing the time-dependent marginal generating functions
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GnE (z; t) =
∑

n znP (n, nE ; t) and attempting to solve the generating function partial

differential equations, e.g., using eigenfunction methods [5, 130]. However, this stand-

ard method quickly leads one to mathematical difficulty. An analytic solution only

presents itself in a non-cumbersome form where one assumes the initial state contains

a single substrate molecule [132]. In Appendix A.1 we summarise the single enzyme

solution provided by [132], and its complexity even in the single substrate molecule

case motivates the analysis we present below.

We take a different approach. We first simplify the problem through the use of averaging

[189, 239, 240]. Specifically the procedure lumps together microstates equilibrating on a

fast timescale in groups which then allows one to write a master equation describing the

dynamics of the groups on the slow timescale. We shall assume that the slow timescale

is that associated with product formation, i.e., k2 is sufficiently small (we will be more

precise what this really means later) and hence the averaging procedure is in the same

spirit as the QEA discussed in Section 3.3.

Figure 3.1: Illustration of the enzymatic system described by a single enzyme and N initial substrate
molecules. (i) Markovian dynamics of the enzyme kinetic system described by a single enzyme. The
initial condition for the system is (N, 1), and as t → ∞ the microstate of the system is guaranteed to
be that of the absorbing state (0, 1), with no remaining substrate and one free enzyme. (ii) Markovian
dynamics in the reduced model, where processes occurring in a group are assumed to be much faster than
the interactions between the groups themselves. The label ‘group m’ denotes the set of microstates that
exist when m product molecules have been formed, given that there are no product molecules initially;
hence, it is easily seen that there are N + 1 groups in total with labels m = {0, 1, 2, ..., N − 1, N}.

Since k2 is small, it follows that we can group all microstates that are in rapid equilib-

rium with each other (due to the fast processes of binding and unbinding of substrate

from the enzyme) as shown in Fig. 3.1(ii); group m is then the set of microstates of the

system accessible when m product molecules have been produced. We define pg
m(t) as

the probability to be in group m at a time t, and pqe
i,m as the probability of having i free

enzymes for the reduced system given by considering only reactions among microstates

in group m. Once these probabilities are found, we can construct P (n; t), based on the
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fact that there are two microstates that contain n substrate molecules: (n, 0) and (n, 1)
associated with groups N − (n + 1) and N −n respectively. This means that under the

stochastic QEA:

P (n; t) = pg
N−n(t)pqe

1,N−n + pg
N−(n+1)(t)p

qe
0,N−(n+1). (3.7)

In the case of the single enzyme system studied in this section, the quasi-equilibrium

probabilities are trivial (since there are only two microstates in each group) and are

given by:

pqe
1,N−n = k1

k1 + k0n
and pqe

0,N−(n+1) = k0(n + 1)
k1 + k0(n + 1)

. (3.8)

All that remains is the task of finding pg
m(t). To do this we first write the master

equation for the transitions between groups. Rescaling time as t′ = k2t and making use

of the previous definition, k = k1/k0, the master equation for the groups is:

∂t′pg
m(t′) = ampg

m−1(t′)− am+1pg
m(t′), (3.9)

where:

am = N − (m− 1)
k + N − (m− 1)

, 1 ≤ m ≤ N + 1, (3.10)

and ai≤0 = 0. Note that am is the probability of the jump from group m− 1 to group

m in a unit interval of rescaled time. From Fig. 3.1 the probability of the jump from

group m− 1 to group m in a unit interval of normal time is equal to k2 multiplied by

the probability of being in the microstate (N−m, 0) which under the rapid equilibrium

assumption is k0(N −m + 1)/(k1 + k0(N − (m− 1))). Due to time rescaling, the factor

of k2 disappears and hence follows Eq. ((3.10)).

Since there are N +1 groups in total, Eq. (3.9) corresponds to a system of N +1 ODEs

which can be concisely written as the matrix equation:

∂t′pg(t′) = Q · pg(t′), (3.11)
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where pg(t′) is a N+1 element column vector defined by pg(t′) = (pg
0(t′), pg

1(t′), ..., pg
N (t′))

and Q is a (N + 1)× (N + 1) lower-bidiagonal square matrix defined by:

Q =



−a1

a1 −a2

a2 −a3

. . .
. . .

aN −aN+1


. (3.12)

As we will describe below, we solve the set of ODEs given by Eq. (3.11) using the method

described in [129] which provides an exact time-dependent solution for any one-variable

one-step master equation with finite number of microstates as long as one can find the

eigenvalues of the transition rate matrix exactly. In our case, the eigenvalues of Q are

trivial, since Q is lower-bidiagonal, and they are given by the diagonal elements. Hence

the eigenvalues of Q are given by λi = −ai, 1 ≤ i ≤ N + 1. Note that λN+1 = 0 and is

the largest eigenvalue, with all λ1≤i≤N < 0.

We now proceed to use these eigenvalues to find the time-dependent solution to Eq.

(3.11). The solution to this set of ODEs is formally given by:

pg(t′) = exp
(
Qt′) · pg(0), (3.13)

where exp(Qt′) is defined as a matrix exponential. For a general master equation, this

matrix exponential is typically difficult to deal with, however in our case Q is lower-

bidiagonal and hence we can proceed via the method of [129]. We first consider Cauchy’s

integral formula for matrices, explicitly given by [241]:

f(Q) = 1
2πi

∮
C

(zI −Q)−1 · f(z)dz, (3.14)

where C is a closed contour in the complex plane that encloses all the eigenvalues of Q
and I is the identity matrix. Taking f(z) = ezt′

pg(0) we then arrive at:

pg(t′) = 1
2πi

∮
C

(zI −Q)−1 · pg(0)ezt′
dz. (3.15)
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A typical initial condition is pg
m(0) = δm,0, meaning that we always start in group 0

which contains the microstates (N, 1) and (N − 1, 0), as is shown in Fig. 3.1(i). Note

that δi,j is the Kronecker delta. Using this initial condition, Eq. (3.15) becomes:

pg
m(t′) = 1

2πi

∮
C

(zI −Q)−1
m+1,1ezt′

dz. (3.16)

We show at the end of this section how to extend the time-dependent solution for a

general initial distribution. Since it is bidiagonal, the inverse of zI − Q can easily be

found via Cramer’s rule [242]:

(zI −Q)−1
ij =


0, i < j,

1
ai+z , i = j,

1
aj+z

∏i
k=j+1

ak−1
ak+z , i > j.

(3.17)

Substituting this into Eq. (3.16) then gives us:

pg
m(t′) =


0, m < 0,

1
2πi

∮
C

ezt′

z−λ1
dz, m = 0,

1
2πi {(−1)m∏m

k=1 λk} ×
{∮

C
ezt′∏m+1

k=1 (z−λk)
dz

}
, m > 0,

(3.18)

where we have utilised the relation λi = −ai. These integrals can then be evaluated

using Cauchy’s residue theorem [243], explicitly stated as:∮
C

f(z)dz = 2πi
∑

k

Res(f(z), zk), (3.19)

where the values z = zk are poles of f(z) within C and the residues are Res(f(z), zk) =
limz→zk

(z−zk)f(z) for the simple poles in Eq. (3.18). Note that the poles of the complex

integrals in Eq. (3.18) are the eigenvalues of Q. Therefore, from Eq. (3.18) we finally

get an expression for pg
m(t′) as:

pg
m(t′) =


0, m < 0,

eλ1t′
, m = 0,

{(−1)m∏m
k=1 λk} ×

{∑m+1
k=1

eλkt′∏m+1
j=1,j 6=k

(λk−λj)

}
, m > 0.

(3.20)

Hence the time-dependent probability distribution P (n; t) is given by Eq. (3.7) together

with Eqs. (3.8) and (3.20). The extension to a more general initial distribution is then

relatively simple. Consider some initial distribution pg(0) = q, where q is an N + 1
element vector; the time-dependent group probability pg

m|q(t′) is then given by the
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weighted sum:

pg
m|q(t′) =

N∑
j=0

pm|qj
(t′)qj . (3.21)

This initial condition could be useful to model variation in the initial number of

substrate molecules due to uncertainty introduced by experimental error or else due

to the intrinsic noise in the reaction mechanism generating the substrate. Note that if

qm = δm,0, one clearly recovers the analysis shown above. For the rest of this chapter

we only consider the initial condition pg
m(0) = δm,0, specifically where all enzymes are

initially unbound to the substrate and where there are initially zero product molecules,

but note that the analysis that follows can be easily extended for more general initial

distributions.

In the beginning of this derivation, we stated that the main assumption is that k2

is sufficiently small. This statement can be made more precise as follows. From Fig.

3.1(ii) it is clear that the exit from group m can only occur when the enzyme is bound

to substrate, i.e., from state (N−m−1, 0). Now given that we are in this state, it follows

that only two reactions can occur: either a reaction which causes a group change, i.e.,

(N−m−1, 0)→ (N−m−1, 1) which occurs with rate k2 or a reaction that leads to no

group change, i.e., (N −m− 1, 0)→ (N −m, 1) which occurs with rate k1. Hence the

probability of leaving the group is k2/(k1 +k2), from which follows that the microstates

in each group will achieve quasi-equilibrium if k2 � k1. Therefore, this is the condition

under which our method provides a good approximation to the distribution of substrate

molecules at all times.

We test the distributions predicted by Eq. (3.7) against the SSA in Fig. 3.2A(i-iii) and

Fig. 3.2B(i-iii). In Fig. 3.2A(i-iii) we show that the solution is accurate for small N = 8,

over a time range from t′ = 1 near the initial condition, to t′ = 12 close to the absorbing

state, where the validity criterion k1 � k2 holds. In Fig. 3.2B(i-iii) we observe that our

solution agrees similarly well to the SSA for larger values of N . For a more general

comparison of the exact solution to SSA through time, we can compute the mean and

standard deviation from Eq. (3.7):

〈n(t′)〉 =
N∑

n=0
nP (n; t′), (3.22)

σ(t′) =

√√√√( N∑
n=0

n2P (n; t′)
)
− 〈n(t′)〉2. (3.23)
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Figure 3.2: Comparison of the analytic time-dependent probability distribution of substrate molecules
for the enzyme reaction in (3.1) with one enzyme molecule, i.e., M = 1, and N initial substrate molecules
to the distribution obtained from the SSA [127]. Note that the analytic solution is given by Eq. (3.7)
together with Eqs. (3.8) and (3.20). In all cases we enforce k1/k2 � 1 such that the quasi-equilibrium
assumption behind the QEA is justified. We show the time-evolution of the distribution for substrate
numbers, from near the initial condition to near the absorbing state, in two cases: A(i-iii) is for N = 8,
k0 = k1 = 103, k2 = 1, meaning that k = k1/k0 = 1. B(i-iii) is for N = 50, and all rate parameters
as in the previous case. Note that the analytical solution (green lines) matches the SSA (black dots)
for all times, for both a small and large initial number of substrate molecules. In A(iv) and B(iv) we
show the corresponding plots of the time-evolution of the mean 〈n〉 and of the standard deviation σ of
the distributions of substrate molecules, as predicted by our theory; these are compared with the mean
calculated from the SSA and the mean 〈n〉d obtained from the numerical solution of the deterministic
rate equations given by Eq. (3.3). Note that the deterministic mean is a better approximation to the
stochastic mean for larger N . As shown in B(iii), and mildly in A(ii), the distribution can be bimodal
at intermediate times. Each SSA probability distribution is constructed from 105 individual reaction
trajectories.
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The stochastic mean number of substrate 〈n〉 can then be compared to the deterministic

mean number 〈n〉d obtained from the rate equations. That is, we numerically solve Eq.

(3.3) for [S(t)] with k2 = 1, noting that 〈n〉d = [S(t)] as we have previously set Ω = 1.

In Figs. 3.2A(iv) and 3.2B(iv) we plot the evolution of the stochastic and deterministic

mean substrate numbers in time, and compare them to the SSA for parameters sets N =
8, k = 1 and N = 50, k = 1 respectively. We also show the standard deviation about the

mean, i.e., 〈n〉±σ, where we have dropped the time-dependence for brevity, given in the

blue envelope. Clearly, 〈n〉 from Eq. (3.22) matches the mean predicted by the SSA for

most times, aside from the initial condition at t′ = 0, where a step-like drop is observed

in the mean predicted by the SSA to the value predicted by the quasi-equilibrium

analysis. This step-like drop to the quasi-equilibrium value of the mean is known as

the initial transient, and is seen in more detail in Appendix A.2. The explanation of

the initial transient follows by considering the system after quasi-equilibrium has been

reached between the two microstates in group 0, (N, 1) and (N − 1, 0), after a time

t′
c ≈ 1/min{k0N, k1} which is small under the rapid equilibrium assumption. Because

of the discreteness of the substrate molecules, 〈n〉 after a time t′
c � 1 becomes an

average over n = N and n = N − 1 weighted by the quasi steady-state probabilities

pqe
1,0 and pqe

0,0 respectively, hence the step-like drop in the mean predicted by the SSA

at t′ = t′
c. The method of averaging in the stochastic QEA assumes the immediate

occurrence of the equilibrium in group 0 at t′ = 0, hence the dispatch of 〈n(t′ = 0)〉
from the exact initial condition. This also explains why the standard deviation predicted

by the stochastic QEA (notably in Fig. 3.2A(iv)) appears to be non-zero at t′ = 0: since

the system is modelled to be in quasi-equilibrium at initiation, equilibrium fluctuations

are present even at t′ = 0. However, so long as the SSA parameters are chosen such

that k1/k2 � 1 the stochastic QEA provides a very good approximation even for

small times so long as t′ > t′
c. Additionally, we compare 〈n〉 to the deterministic mean

number of free substrate, 〈n〉d, predicted the numerical solution of Eq. (3.3). Overall,

the deterministic solution is found to be in good agreement with the mean predicted by

the SSA and the stochastic QEA, however there does exist a small disagreement where

the mean number of substrate molecules is small (seen more explicitly in Fig. 3.2B(iv)).

This disagreement occurs since molecular discreteness is very important where 〈n〉 is

very small, and properly accounting for it leads to differing dynamics for 〈n〉 in this

region, whereas the behaviour of 〈n〉d does not change compared to 〈n〉d ⪆ 1, since

the deterministic analysis considers molecule number to be continuous. As we shall see

later, increasing the number of enzyme molecules removes this discrepancy between

the stochastic and deterministic means, highlighting that the discrepancy seen here

is because we do not consider enzyme molecules to be discrete in the deterministic

analysis.
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From Fig. 3.2B(iii) we observe that the distribution of substrate molecule numbers

can be bimodal at intermediate times (there are two peaks at n = 0 and n = 6 at

t′ = 45). This bimodality, though less conspicuous, can in fact be also observed in Fig.

3.2A(ii) with peaks at n = 0 and n = 2. From Fig. 3.2A(iv) and B(iv), we can see

that in both cases the bimodality occurs at a time t′ when 〈n〉 − σ ≈ 0, i.e., when the

fluctuations are large enough to cause frequent transitions to the absorbing state. This

type of dynamical phase transition (which we shall refer to as transient bimodality),

from a unimodal distribution to a bimodal one and then back to a unimodal one, as

time progresses, has also been recently observed in genetic feedback loops [239] and

is known in non-biological systems [244, 245]. We will discuss this phenomenon more

extensively in later sections.

3.4.2 Multiple enzymes

We now extend the solution to the enzyme system (3.1) to the case where initially

there are N free substrate molecules and M free enzyme molecules with the constraint

of substrate abundance, i.e., N ≥M . Note that the solution to the system with M ≥ N

follows as a special case of the N ≥M system, discussed at the end of this section.

We proceed in solving this system as we did in the single enzyme case: assuming k2 is

sufficiently small, we group the microstates governed by the fast processes together to

form N + 1 groups between which the transitions are significantly slower than those

between the fast internal states of an individual group. The Markov chain describing the

system split into groups is shown in Fig. 3.3. Our task is then to find (i) the equilibrium

probabilities pqe
i,m of being in each fast internal state i (considering only the reactions

between the internal states in group m) and (ii) to find the time-dependent probability

pg
m(t) of being in group m. Knowledge of both (i) and (ii) will allow us to approximate

the distribution of interest, P (n; t).

We begin by finding the probabilities pqe
i,m and redefine it for the case of multiple enzyme:

pqe
i,m is the equilibrium probability of having M− i free enzymes in the case of a reduced

system involving only the reactions among the fast internal states contained in group

m. Now, finding pqe
i,m for any group 0 ≤ m < (N − 1) is more complicated than was

the case for a single enzyme system, since there we had only two fast internal states

in each group. To proceed we consider the following Markovian dynamics of a system

with L + 1 possible microstates:

0
k0,1−−⇀↽−−
k1,0

1
k1,2−−⇀↽−−
k2,1

...
kL−1,L−−−−⇀↽−−−−
kL,L−1

L. (3.24)
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Figure 3.3: Illustration showing the transitions between the discrete microstates of the enzyme system
(3.1) with initially M enzymes and N substrate molecules where N ≥ M . Microstates that are in
rapid equilibrium with each other are aggregated together, with each set of such fast internal states
corresponding to a group. Namely, the label ‘group m’ denotes the set of microstates that exist when
there are m product molecules, given that there are no product molecules initially. Groups 0 ≤ m ≤
N − M have M + 1 fast internal states, whereas groups N − M < m ≤ N have N − m + 1 fast internal
states. Note that as t → ∞ we are guaranteed to be in the absorbing state (0, M).

One can then write the master equation for this dynamical system in matrix form:

∂tP t =M · P t, (3.25)

where P t = (Pt(0), Pt(1), ..., Pt(L)), Pt(i) is the probability of being in microstate i at

time t and

M =



−k0,1 k1,0

k0,1 −(k1,0 + k1,2) k2,1

k1,2 −(k2,1 + k2,3) k3,2

. . .
. . .

. . .

kL−1,L −kL,L−1


. (3.26)
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Enforcing the quasi-equilibrium condition, ∂t(·) = 0, converts the system of L+1 ODEs

in Eq. (3.25) into a system of L+1 simultaneous equations in the equilibrium microstate

probabilities P (i), given byM·P = 0. One can explicitly solve this set of simultaneous

equations under the constraint
∑

i P (i) = 1, yielding the probabilities:

P (i) =

(∏i
j=1 kj−1,j

)
×
(∏L

j=i+1 kj,j−1
)

∑L
i=0

[(∏i
j=1 kj−1,j

)
×
(∏L

j=i+1 kj,j−1
)] . (3.27)

Note that due to the definition of the empty product being equal to 1, when we have

either i = 1 or i = L the numerator of Eq. (3.27) is equal to 1. Further note that one

could also utilise the King-Altman method [246, 247] to arrive at Eq. (3.27). Using

this result we can find the quasi-equilibrium probabilities for each group shown in Fig.

3.3. First, we consider the groups 0 ≤ m ≤ N −M , each with M + 1 fast internal

states as these groups contain more (or the same number) free substrate molecules

than enzymes. Taking the specific example of group m = 0, we see that we have a

total of M + 1 microstates, i.e., L = M , kj−1,j = k0(N − (j − 1))(M − (j − 1)) and

kj,j−1 = jk1, with 1 ≤ j ≤M . Identifying pqe
i,0 with P (i) in Eq. (3.27), we find that:

pqe
i,0 =

ki
0kM−i

1

{∏i
j=1(N − (j − 1))(M − (j − 1))

}
×
{∏M

j=i+1 j
}

∑M
i=0

[
ki

0kM−i
1

{∏i
j=1(N − (j − 1))(M − (j − 1))

}
×
{∏M

j=i+1 j
}] . (3.28)

The result can be easily generalised for groups 0 ≤ m ≤ N −M and 0 ≤ i ≤M :

pqe
i,m =

k−i
{∏i

j=1((N −m)− (j − 1))(M − (j − 1))
}
×
{∏M

j=i+1 j
}

∑M
i=0

[
k−i

{∏i
j=1((N −m)− (j − 1))(M − (j − 1))

}
×
{∏M

j=i+1 j
}] , (3.29)

where we have re-introduced k = k1/k0. The dynamics of groups N −M < m ≤ N are

slightly different as they contain fewer substrate molecules than enzymes. These groups

correspondingly have N −m + 1 fast internal states, i.e., 0 ≤ i ≤ N −m. This leads to

quasi-equilibrium probabilities of the form:

pqe
i,m =

k−i
{∏i

j=1((N −m)− (j − 1))(M − (j − 1))
}
×
{∏N−m

j=i+1 j
}

∑N−m
i=0

[
k−i

{∏i
j=1((N −m)− (j − 1))(M − (j − 1))

}
×
{∏N−m

j=i+1 j
}] , (3.30)

Finally, by defining

g(m) = Θ(m− (N −M))× (m− (N −M)) , (3.31)
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where Θ(m − (N − M)) is the Heaviside step function, we can write down a joint

expression for all groups 0 ≤ m ≤ N and 0 ≤ i ≤M − g(m):

pqe
i,m = zi,m

Zm
, (3.32)

with

zi,m = k−i


i∏

j=1
((N −m)− (j − 1))(M − (j − 1))

×


M−g(m)∏
j=i+1

j

 , (3.33)

Zm =
M−g(m)∑

i=0
zi,m. (3.34)

We now proceed to calculate pg
m(t). From Fig. 3.3, we observe that the transitions

between the groups are described by the master equation identical in form to Eq. (3.9).

However, the transition rates am in this case are different, as the group m can be

reached from any of the M − g(m− 1) microstates in the group m− 1 (excluding only

the microstate with M free enzymes) and we must also take into account the quasi-

equilibrium probabilities of being in the corresponding microstate. It follows that the

transition rates can be defined as:

am =
M−g(m−1)∑

n=1
npqe

n,m−1 = −k∂k(ln(Zm−1)), 1 ≤ m ≤ N + 1, (3.35)

=

−M ×
(

k 1F1(1−M,−m−M+N+3;−k)
(−m−M+N+2) 1F1(−M,−m−M+N+2;−k) − 1

)
, m ≤ N −M + 1,

−(N −m + 1)×
(

k 1F1(m−N,m+M−N+1;−k)
(m+M−N) 1F1(m−N−1,m+M−N ;−k) − 1

)
, m > N −M + 1,

where 1F1(a, b; c) is the confluent hypergeometric function, a result which we prove in

Appendix A.3. As the dynamics between the groups are identical to the single enzyme

case, pg
m(t′) has exactly the same form as Eq. (3.20) but with the eigenvalues of Q being

given by λi = −ai, where the ai are now defined in Eq. (3.35).

We can now obtain the probability distribution P (n; t), which requires us to find all

microstates in the system containing n free substrate molecules. From Fig. 3.3 we see

that for substrate numbers n, where 0 ≤ n ≤ N −M , there are M + 1 corresponding

microstates given by (n, 0), (n, 1), ..., (n, M) which respectively belong to groups (N −
M)− n, (N −M)− n + 1, ..., N − n. Therefore, the distribution has the form:

P (n; t′) =
M∑

j=0
pqe

j,N−(n+j) pg
N−(n+j)(t

′) , where 0 ≤ n ≤ N −M. (3.36)
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In the case of N−M < n ≤ N , there are N−(n−1) microstates containing n substrate

molecules, explicitly defined as (n, M − (N − n)), (n, M − (N − n) + 1), ..., (n, M) and

associated with groups 0, 1, ..., N − n respectively. Hence we have:

P (n; t′) =
N−n∑
j=0

pqe
j,N−(n+j) pg

N−(n+j)(t
′) , where N −M < n ≤ N. (3.37)

Finally, using the function g(m) previously defined in Eq. (3.31), we obtain:

P (n; t′) =
M−g(n)∑

j=0
pqe

j,N−(n+j) pg
N−(n+j)(t

′) , where 0 ≤ n ≤ N, (3.38)

which fully describes the time-dependent solution for the multiple enzyme system N ≥
M with the initial condition pg

m(0) = δm,0. Note that the solution can also be extended

to a more general initial distribution in the same way as was done for the single enzyme

system in Section 3.4.1. The equations for mean number of substrate, 〈n(t′)〉, and

standard deviation, σ(t′), at rescaled time t′ are the same as in Eqs. (3.22)–(3.23), but

where P (n; t′) is now given by Eq. (3.38).

Figure 3.4: Illustration showing the transitions between the discrete microstates of the enzyme system
(3.1) with initially M enzymes and N substrate molecules where M ≥ N . As before, fast internal states
are aggregated together into groups. The dynamics of the groups 0 to N can be mapped onto the
dynamics of groups N −M to N in the system with N ≥ M (shown in Fig. 3.3). See text for discussion.

Now consider a multiple enzyme system which initially contains fewer free substrate

molecules than enzymes, i.e., M ≥ N . The Markov chain describing the transitions

between the microstates of this system, shown in Fig. 3.4, has similarities to that for

the system with N ≥ M . Specifically, if we replace N by M in groups 0 to N in the
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M ≥ N case of Fig. 3.4 then we exactly recover groups N −M to N in the N ≥ M

case of Fig. 3.3. This mapping implies that the dynamics of the system with M ≥ N

are correctly described by Eq. (3.38) due to the utility of g(m). Therefore, Eq. (3.38)

is a valid solution for any positive integer values of N and M .

As for the single enzyme case, we can make the initial statement that k2 must be

sufficiently small for the derivation to hold, more precise. Suppose we are in the mi-

crostate (n, ne). There are then 3 possible reactions which can occur: (i) (n, ne) →
(n, ne + 1) with rate k2(M − ne), (ii) (n, ne) → (n + 1, ne + 1) with rate k1(M − ne)
and (iii) (n, ne) → (n − 1, ne − 1) with rate k0 n ne. Only the first reaction leads to

a transition out of the current group of microstates (since its associated with the

product formation step) and hence the probability of exiting the current group is

k2(M−ne)/((k1+k2)(M−ne)+k0 n ne). It is easy to prove that the latter is always less

than k2/(k1+k2). Hence quasi-equilibrium of microstates in each group is possible when

k2/(k1 +k2)� 1. In other words, generally the closed-form solution for the distribution

of substrate numbers will be accurate for all times provided k1 � k2.

In Fig. 3.5A(i-iii) and 3.5B(i-iii) we show agreement between P (n; t′) from Eq. (3.38)

and the SSA where k1 � k2 is enforced, over times ranging between the initial time,

when the number of substrate is n = N and the absorbing state at n = 0 for large

times, for cases M ≥ N and N ≥ M respectively. In Fig. 3.5A(iv) and 3.5B(iv)

we plot the mean and standard deviation of our analytical distribution (〈n〉, σ), the

deterministic mean 〈n〉d and the mean predicted by the SSA for M ≥ N and N ≥ M

respectively. The SSA prediction of the mean is shown to be in exact correspondence

with 〈n〉 when the QEA holds. The discrepancy previously seen in Fig. 3.2B(iv) between

〈n〉 and 〈n〉d at low molecule number is no longer observed in Fig. 3.5A(iv) where

M = O(N), highlighting that the discrepancy seen in Fig. 3.2B(iv) originates from

the molecular discreteness of the enzyme species. We additionally note the presence of

transient bimodality in Fig. 3.5B(ii) similar to that seen in the single enzyme case from

Section 3.4.1; note that the parameter set chosen for Figs. 3.5A(i-iii) does not exhibit

transient bimodality. The parameter space of transient bimodality is explored later in

more detail in Section 3.4.2. In Fig. 3.6 we demonstrate using stochastic simulations

that, as predicted by our theory, the requirement for the stochastic QEA to be a good

approximation relies only on satisfying the condition k1 � k2, and does not require any

additional constraint on the value of k0.
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Figure 3.5: Comparison of the closed-form time-dependent probability distribution of substrate
molecules, for the enzyme reaction (3.1) with multiple enzyme molecules M , and initial substrate
molecules N , to the distribution obtained from the SSA. Note that the closed-form solution is given by
Eq. (3.38). In A(i)–(iii), N = 15, M = 20, k = 102 and we simulate the SSA using k0 = 1, k1 = 102 and
k2 = 1; the theory (green lines) agrees with the SSA since the quasi-equilibrium assumption is justified,
i.e., k1/k2 � 1. In B(i)–(iii), N = 60, M = 10, k = 10−1 and we simulate the SSA using k0 = 103,
k1 = 102 and k2 = 1; again the theory is in agreement with the SSA since quasi-equilibrium is justified.
Note that these results show that the theory accurately describes both the N ≥ M and the M ≥ N
cases. In A(iv) and B(iv) we show the corresponding plots of the time-evolution of the mean 〈n〉 and
of the standard deviation σ of the distributions of substrate molecules, as predicted by our theory;
these are compared with the mean calculated from the SSA and the corresponding mean 〈n〉d obtained
from the numerical solution of the deterministic rate equations given by Eq. (3.3). The parameter set
in B is shown to be transiently bimodal in B(ii), whereas for the parameter set describing A transient
bimodality is not observed. Each SSA probability distribution here is constructed from 105 individual
reaction trajectories.
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Figure 3.6: Testing the conditions necessary for the accuracy of the stochastic QEA. The three panels
(i)–(iii) show how the accuracy of the closed-form time-dependent solution changes with time as we
vary k0/k2 and k1/k2 whilst keeping k = k1/k0 fixed to 102 for the initial substrate number N = 102

and the total number of enzyme molecules equal to M = 25. The green line denotes the stochastic QEA
solution from Eq. (3.38); SSA 1 (black dots) denotes the SSA prediction with parameters k0/k2 = 1,
k1/k2 = 102 calculated over 104 trajectories; SSA 2 (blocked red region) denotes the SSA prediction
with parameters k0/k2 = 10−2, k1/k2 = 1 calculated over 105 trajectories; SSA 3 (blocked blue region)
denotes the SSA prediction with parameters k0/k2 = 10, k1/k2 = 103 calculated over 103 trajectories.
It is clear that SSA 2 is poorly predicted by P (n; t), which is expected as k1 = O(k2). Since P (n; t) is
in equally good agreement with SSA 1 and SSA 3 it can be seen that the only requirement is k1 � k2,
without requiring additional constraints on k0.
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Figure 3.7: Comparison of the closed-form time-dependent probability distribution of enzyme-substrate
complexes, for the enzyme reaction (3.1) with multiple enzyme molecules M , and initial substrate
molecules N , to the distribution obtained from the SSA. Note that the closed-form solution is given by
Eq. (3.40). In A(i)–(iii), N = 15, M = 20, k = 102 and we simulate the SSA using k0 = 1, k1 = 102 and
k2 = 1; In B(i)–(iii), N = 60, M = 10, k = 10−1 and we simulate the SSA using k0 = 103, k1 = 102 and
k2 = 1 (parameters are the same as in Fig. 3.5). In both cases, the theory (green lines) agrees with the
SSA since the quasi-equilibrium assumption is justified, i.e., k1/k2 � 1. In A(iv) and B(iv) we show
the corresponding plots of the time-evolution of the mean 〈nC〉 and of the standard deviation σC of
the distributions of enzyme-substrate complex, as predicted by our theory; these are compared with
the mean calculated from the SSA and the mean 〈nC〉d obtained from the numerical solution of the
deterministic rate equations given by Eq. (3.3). Each SSA probability distribution here is constructed
from 105 individual reaction trajectories.
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Time-dependent solution for the probability distribution of enzyme molecules

Having solved the master equation for the group dynamics, it is relatively straight-

forward to extract the time-dependent probability distribution for the number of free

enzyme molecules, P (nE ; t′), and hence the distribution for the number of enzyme-

substrate complexes, P (nC ; t′). As previously, we begin by considering the N ≥ M

system depicted in Fig. 3.3. We observe that the groups 0 ≤ m ≤ N −M all contain

a microstate with nE free enzyme molecules, where 0 ≤ nE ≤ M , as enzymes are

saturated with substrate. However, for groups N −M < m ≤ N , free enzymes become

more abundant than free substrate molecules, so that microstates containing 0 < nE ≤
M enzymes are found only in groups N −M < m ≤ N − (M − nE). Note that the

quasi-equilibrium probability of having nE free enzymes in group m is pqe
M−nE ,m, given

by Eq. (3.32), and the group probabilities pg
m(t′) are identical to the ones defined for

the distribution of substrate number in Eq. (3.38). Therefore, the distribution of free

enzymes takes the form:

P (nE ; t′) =
N−(M−nE)∑

j=0
pqe

M−nE ,j pg
j (t′) , 0 ≤ nE ≤M. (3.39)

This expression is valid for any positive integer values of N and M , again due to the

mapping between the Markov chains of N ≥M and M ≥ N systems, described above.

Moreover, for the N ≤M system, the definition of an empty sum as zero ensures that

non-physical values of nE are not allowed, i.e., the number of bound enzymes cannot be

larger than N given the chosen initial conditions, so that P (nE ; t′) = 0 for nE < M−N .

Finally, as nC = M −nE , the probability distribution of the enzyme-substrate complex

follows trivially:

P (nC ; t′) =
N−nC∑

j=0
pqe

nC ,j pg
j (t′) , 0 ≤ nC ≤M. (3.40)

In Fig. 3.7A(i-iii) and 3.7B(i-iii) we confirm that P (nC ; t′) from Eq. (3.40) and the SSA

are in good agreement for enzyme systems with M ≥ N and N ≥M respectively over

the whole time-range from near the initial condition to the absorbing state, where again

k1 � k2 is enforced (using the same parameters as in Fig. 3.5). Note that the transient

bimodality is seemingly not manifest in P (nC ; t′) at the points in the parameter space

where it is observed for the distribution of substrate number (c.f. Fig. 3.5B(ii) and

3.7B(ii)). In Fig. 3.7A(iv) and Fig. 3.7B(iv) we plot the mean and standard deviation

of our analytical distribution for the enzyme-substrate complexes (〈nC〉 and σC), the
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mean predicted by the SSA and the mean number of complex molecules 〈nC〉d obtained

from the numerical solution of the deterministic rate equations given by Eq. (3.3) for

M ≥ N and N ≥ M respectively. The SSA prediction of the mean matches 〈nC〉 for

all times further validating our solution, given that the QEA condition holds.

Figure 3.8: Heatmaps elucidating the regions of parameter space where transient bimodality is observed
using the stochastic QEA solution (A(i)–(iii)) from Eq. (3.38) and the discrete stochastic MM
approximation (B(i)–(iii)) given by Eq. (3.46). Note that κ0 is a measure of how bimodal is the
distribution of substrate molecules across the timecourse of the reaction (see text for details). Three
parameter regimes are considered: N vs M with k = 1 (left), N vs k with M = 5 (middle) and M vs
k with N = 30 (right). The plots C(i)–(iii) show the closed-form distributions of the stochastic QEA,
P (n; t′), and the discrete stochastic MM approximation, P (n; t′)(M), at the times when the stochastic
QEA exhibits maximum bimodality, for cases with k = 1, N = 80 and (i) M = 1, (ii) M = 5 and (iii)
M = 15 (highlighted on the heatmap A(i) as the points a, b and c respectively). The corresponding
SSA predictions with k0/k2 = 102 and k1/k2 = 102 are also included (constructed from 105 individual
reaction trajectories). Note that the two distributions (discrete stochastic MM approximation and
stochastic QEA) are almost identical in C(i), but the difference becomes more pronounced in C(ii) and
C(iii) with increasing M .
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Bimodality

In Fig. 3.8A(i)–(iii) we explore further the transient bimodality observed in Figs.

3.2A(ii), 3.2B(iii) and 3.5B(ii). Namely, we investigate how the strength of the bimodal-

ity varies with the parameters N , M and k using the stochastic QEA solution from Eq.

(3.38). Each point on the heatmap in Fig. 3.8A(i)–(iii) shows, for a particular parameter

set, the maximum of the strength of bimodality calculated over the entire time course

from t′ = 0 to a time near the absorbing state of n = 0. We utilise the measure of

bimodality strength introduced in [239], which is explicitly given by:

κ = Hlow −Hvalley

Hhigh
, (3.41)

where Hlow and Hhigh are the heights of the smallest and largest magnitude modes

respectively, and Hvalley is the height of the valley between the modes. For bimodal

distributions κ has a value between 0 (no bimodality) and 1 (maximum bimodality), and

for monomodal distributions is defined as zero. This definition of bimodality strength

considers the ‘most bimodal’ distributions to have modes of equal height with a deep

valley between them. In order to produce each heatmap we devised a simple algorithm,

as follows. For each parameter set {N, M, k}:

1. Calculate the estimated time to reach the absorbing state which provides us with

the time range, Ta, over which the transient bimodality search will be conducted.

In order to avoid additional computational burdens of finding the absorption

time using stochastic simulations, we use a much simpler but reasonably accurate

estimate obtained from the deterministic QEA mean instead, given by solving

Eq. (3.5) for t′ = k2t:

Ta = N

M
− k

M
log

〈n〉ae
〈n〉a

k

N

 , (3.42)

where we set 〈n〉a = 10−2, which was chosen small enough such that transient

bimodality for all parameter sets was accounted for.

2. Choose the number of iterations, I, over which to check if the distribution is

bimodal. In our case we chose I = 400. This gives the set of times over which we

check for bimodality as ti = iTa/I for 1 ≤ i ≤ I.

3. Define a variable denoting the maximum bimodality measure κ0 which is initially

set to zero. For each ti find the number of peaks in the distribution given by

Eq. (3.38) for the stochastic QEA, and if two peaks are detected, calculate the

bimodality strength κ from Eq. (3.41). If κ > κ0 then set κ0 = κ. Do for all tn.
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4. Once all iterations of this process are complete, the value of κ0 will denote the

largest value of the transient bimodality measure for all probability distributions

at t ∈ ti. We take κ0 as the largest value of transient bimodality encountered on

the time course.

The results obtained using this algorithm are summarised by the three heatmaps in

Fig. 3.8A(i)–(iii). The distribution of substrate molecules corresponding to the time at

which the maximal bimodality strength κ0 occurs for points a, b, c in Fig. 3.8A(i) are

shown by the solid blue lines in 3.8C(i)–(iii), respectively. Note that the bimodality is

most pronounced in C(i), less in C(ii) and least in C(iii), in accordance with the value

of κ0 in Fig. 3.8A(i); this validates the use of Eq. (3.41) as an accurate measure of

the strength of bimodality. From Fig. 3.8A(i)–(iii), it is clear that bimodality is most

pronounced when the initial number of substrate molecules N is significantly larger

than the total enzyme number M and also when k is small, i.e., when the frequency of

enzyme-substrate binding is much larger than the frequency of complex dissociation into

enzyme and substrate. Note that generally the frequency of enzyme-substrate binding is

inversely proportional to the volume of the compartment [127] in which the bimolecular

reaction occurs and hence the transient bimodality is likely observable inside cells.

3.5 The discrete stochastic Michaelis-Menten approximation

We next consider how the analytical solution that we obtained for the reaction system

(3.1) using a combination of averaging and linear algebra techniques in Section 3.4.2

compares with the solution of a commonly used reduced CME for enzyme kinetics.

The reduced CME for single substrate enzyme kinetics can be heuristically justified as

follows (for a derivation see [62]). Under the QEA approximation, from the deterministic

analysis in Section 3.3, it follows that the rate equation describing the time-evolution

of the substrate concentration is given by:

d[S(t)]
dt

= −Vmax[S(t)]
k + [S(t)]

. (3.43)

Note that Vmax = k2M , where M is the total number of enzyme molecules. Hence,

species S can be seen as changing into P by means of an effective first-order decay

reaction with rate given by the right hand side of Eq. (3.43). One common way to

approximately describe the enzyme reaction stochastically consists of writing down an

effective propensity describing the decay of substrate, i.e., we postulate that if there

are m substrate molecules at time t then the probability that a reaction S → P occurs

somewhere in a unit volume in the time interval [t, t + dt) is approximately given by

amdt where am = Vmaxm/(k + m). This is the discrete stochastic Michaelis-Menten
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(MM) approximation. Hence if we choose an initial condition of N substrate molecules,

it follows that a corresponding effective CME is given by:

∂tPN−m(t) = am+1PN−(m+1)(t)− amPN−m(t), (3.44)

where PN−m(t) is the probability that there are m substrate molecules at time t (0 ≤
m ≤ N). This CME can be conveniently written as:

∂tP (t) = Q · P (t) (3.45)

where P (t) = (P0(t), P1(t), ..., PN (t)) and Q is a (N + 1) × (N + 1) lower bidiagonal

matrix whose only non-zero elements are Qi,i = −aN−(i−1) = − (N−(i−1))Vmax

k+(N−(i−1)) for 1 ≤
i ≤ N + 1, and Qi+1,i = aN−(i−1) = (N−(i−1))Vmax

k+(N−(i−1)) for 1 ≤ i ≤ N . Using the method in

[129] that was used to solve the master equation for the group dynamics for the single

enzyme, the solution is found to be given by Eq. (3.20), modified to take into account

the fact that PN−n is equivalent to the probability of being in the group N − n:

PN−n(t′)(M) =


0, n > N,

eλ
(M)
1 t′

, n = N,{
(−1)N−n

∏N−n
k=1 λ

(M)
k

}
×
{∑N−n+1

k=1
e

λ
(M)
k

t′∏N−n+1
j=1,j 6=k

(λ
(M)
k

−λ
(M)
j

)

}
, 0 ≤ n < N.

(3.46)

Note the superscript (M) specifying that the solution is for the CME (3.45) resulting from

the discrete stochastic MM approximation. Here, we have again rescaled the time t′ = k2t, and

λ
(M)
m are the eigenvalues of Q, which are simply given by the diagonal elements:

λ(M)
m = −M(N − (m− 1))

k + N − (m− 1)
, 1 ≤ m ≤ N + 1. (3.47)

We shall denote the time-dependent mean and standard deviation of the distribution Eq. (3.46)

by 〈n(t′)〉(M) and σ(t′)(M), respectively. Note that the distributions for the number of free

enzymes/enzyme-substrate complexes cannot be obtained under the discrete stochastic MM

approximation as the enzyme number fluctuations are not taken into account, in contrast to the

Stochastic QEA from which enzyme/enzyme-substrate complex distributions can be obtained

(see Section 3.4.2).
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3.5.1 Comparison with the stochastic QEA

We used the algorithm described in Section 3.4.2 (with the difference that in step 3 we use

Eq. (3.46) instead of Eq. (3.38)) to explore the regions of parameter space where the discrete

stochastic MM approximation predicts the distribution of substrate molecules to be bimodal.

The results are summarised by the three heatmaps in Fig. 3.8B(i)–(iii). By comparison to

the heatmaps generated using the stochastic QEA in Fig. 3.8A(i)–(iii), it is clear that the

discrete stochastic MM approximation tends to predict bimodality where in reality there is none.

Notably, the bimodality predicted by the discrete stochastic MM approximation is independent

of M (see Figs. 3.8B(i) and B(iii)) since M only acts to scale the eigenvalues representing the

system’s relaxation timescales in Eq. (3.47); in contrast, the stochastic QEA predicts bimodality

which is strongly dependent on M (see Figs. 3.8A(i) and A(iii)). These issues with the discrete

stochastic MM approximation are also clearly discernible in 3.8C(i)–(iii), where we compare the

distribution of substrate molecule numbers predicted by this approximation (green line) with

that predicted by the SSA (dots) and the stochastic QEA (blue line).

A different way to contrast the discrete stochastic MM approximation and the stochastic QEA

involves comparing the eigenvalues of the transition matrix. In the single enzyme case where

M = 1, one observes that the eigenvalues predicted by Eq. (3.47) exactly match the eigenvalues

predicted by averaging for the group dynamics in the single enzyme case from Eq. (3.10).

However, note that the group dynamics is not precisely the same as the substrate dynamics

which is determined by two microstates in different groups. For example the averaging technique

implies that there are two microstates that contain n substrate molecules: (n, 0) and (n, 1)
associated with groups N−(n+1) and N−n respectively. However, this subtlety is not important

if N � 1 and hence the CME resulting from the discrete stochastic MM approximation will

practically lead to the same results as averaging for most cases of interest.

The comparison is more complicated in the case of multiple enzymes (M > 1) and abundant

substrate N � 1, which we explore in Fig. 3.9 (for N = 100 and k = 1), showing how the

discrete stochastic MM approximate solution differs to that from averaging as the ratio M/N

is increased. We first consider the case where M/N = 1/20, and we see that 〈n〉(M) in Fig.

3.9A(i) is a good approximation of 〈n〉 for the time range of interest, i.e., from the initial state

at N = 100 to a time t′ = 30 where both 〈n〉(M) and 〈n〉 are small quantities. Note that the

error in the standard deviation for this parameter set, shown in 3.9A(ii), is also small. The slight

difference in the relaxation dynamics is corroborated by small differences in the eigenspectra of

λm (given in Eq. (3.35) again noting that λi = −ai) and λ
(M)
m (given by Eq. (3.47)) which can

be appreciated in Fig. (3.9)A(iii). We additionally plot the deterministic mean as predicted by

Eq. (3.5) which clearly shows the relaxation dynamics of 〈n〉a accurately approximates 〈n〉 for

short times only.

In Figs. 3.9B(i) and C(i) we see that as M/N increases to 1/5 and 1/2 respectively, 〈n〉(M)

becomes a worse approximation of 〈n〉, with 〈n〉(M) tending more to 〈n〉a than 〈n〉. The

corresponding error in the standard deviation, as shown in 3.9B(ii) and C(ii), also follows

that of the mean, increasing with M/N . There are two main reasons for this disagreement:
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Figure 3.9: Comparison of the discrete stochastic MM approximation and the exact result from averaging
in the quasi-equilibrium limit. A(i), B(i) and C(i) show log-scale plots of 〈n〉, 〈n〉(M) and 〈n〉a (from
Eq. (3.5)) for N = 100, k = 1 and M = 5 (i.e, M/N = 1/20), M = 20 (i.e, M/N = 1/5) and M = 50
(i.e, M/N = 1/2) respectively. The corresponding SSA results with k0/k2 = 102 and k1/k2 = 102

are also included (constructed from 105 individual reaction trajectories). A(ii), B(ii) and C(ii) are the
corresponding plots of the standard deviations σ(t′), σ(t′)(M) and that of SSA. A(iii), B(iii) and C(iii)
show the eigenspectra for each differing M/N ; each symbol corresponds to an individual eigenvalue
(since the spectra are discrete) and the dashed lines are only present to aid the reader.
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1. If M is comparable to N then initially there will be large fluctuations in the number of

enzyme molecules, which are taken into account by the averaging solution (since it allows

for switching between microstates in each group) but not by the CME resulting from the

discrete stochastic MM approximation (since the total number of enzymes only appears

as a constant through Vmax). This is most clearly seen in Fig. 3.9C(i) where we observe

a large discrepancy between 〈n〉 and 〈n〉(M) at t′ = t′
c � 1 (where t′

c is the time over

which the initial transient occurs and is indistinguishable from t′ = 0 in the figure).

2. Where M/N ≈ O(1), the eigenspectra λm and λ
(M)
m show a large disagreement (see

Figs. 3.9B(iii) and C(iii)). This leads to the misprediction of the relaxation dynamics of

〈n〉(M), which better represents the dynamics predicted by 〈n〉a rather than of 〈n〉, for

both small and large times. This is due to the fact that the effective Michaelis-Menten

propensity in the reduced CME Eq. (3.45) is of the same form as the effective rate from

the deterministic rate equation given by Eq. (3.43).

In summary, the solution of the CME obtained by the discrete stochastic MM approximation

is a good approximation to the solution of the CME derived by averaging provided N � 1 and

N/M � 1.

3.6 Multi-substrate mechanisms

Thus far we have considered the simple enzyme mechanism shown in (3.1) where an enzyme can

catalyze a single type of substrate. However, in nature it is common for one enzyme species to be

able to catalyze multiple substrates [223]. Multi-substrate reactions follow various mechanisms

that describe how substrates bind and in what sequence. One such common mechanism is that

of ternary complex formation, whereby two substrates bind sequentially to an enzyme to form a

complex with three molecules. An example is the following mechanism involving two substrate

species A and B and two corresponding reaction products, P and Q [223]:

E + A −⇀↽− EA, EA + B −⇀↽− EAB, EAB −→ EPQ, (3.48)

EPQ −→ EQ + P, EQ −→ E + Q.

Note that here we have assumed an ordered binding mechanism, in the sense that binding of A

must precede that of B. An alternative is a random binding mechanism, wherein either A or B

could first bind the enzyme. We assume that both enzyme-substrate binding reactions and the

steps subsequent to complex formation are fast such that we can consider the simpler reaction

scheme:

E + A + B
k0−⇀↽−
k1

C
k2−→ E + P + Q. (3.49)

Note that ordered or random binding mechanisms cannot be distinguished within this reaction

scheme. We assume that there are initially NA molecules of substrate A, NB molecules of

substrate B, where NA ≥ NB , and M free enzymes. There exists a relation between the number

of species A and B, denoted nA and nB respectively, which we can write as nA − nB = NA −
NB ≡ ∆AB . Hence each microstate of the system is fully specified by (nB , nE). Again the
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group dynamics where k1 � k2 are given by Eq. (3.20) but the eigenvalues λm specific to this

mechanism are given by:

λm = −
M−g(m−1)∑

n=1
npqe

n,m−1 = k∂k(ln(Zm−1)), 1 ≤ m ≤ NB + 1, (3.50)

where we have now defined

pqe
i,m = zi,m

Zm
, (3.51)

g(m) = Θ(m− (NB −M))× (m− (NB −M)), (3.52)

zi,m = k−i


i∏

j=1
((NA −m)− (j − 1))((NB −m)− (j − 1))(M − (j − 1))


×


M−g(m)∏

j=i+1
j

 , (3.53)

Zm =
M−g(m)∑

i=0
zi,m. (3.54)

Using the results for the group dynamics and quasi-equilibrium probabilities, we can then find

the probability distribution for the substrate molecules:

P (nA, nB ; t′) = δnA−∆AB ,nB
×

M−g(nB)∑
j=0

pqe
j,NB−(nB+j)p

g
NB−(nB+j)(t

′)

 , (3.55)

where δi,j is the Kronecker delta symbol. This allows us to find the marginal distributions:

P (nB ; t′) =
∑
nA

P (nA, nB ; t′) =
M−g(nB)∑

j=0
pqe

j,NB−(nB+j)p
g
NB−(nB+j)(t

′), (3.56)

P (nA; t′) = P (nB + ∆AB ; t′). (3.57)

In Fig. 3.10 we compare the analytic marginal distributions against the SSA and as expected we

find very good agreement when the rate parameters are consistent with the QEA. As previously

for the single substrate mechanism, the distributions of A and B molecules display bimodality

at intermediate times.
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Figure 3.10: Comparison of the analytic distribution of two types of substrate species A and B, involved
in the reaction mechanism (3.49), against the distributions obtained using the SSA. Note that SSA A
and SSA B denote the SSA predictions for species A (red dots) and species B (green dots), respectively.
In the panels (i)–(iv) we plot the probability distributions P (nA; t′) (red line; from Eq. (3.57)) and
P (nB ; t′) (green line; from Eq. (3.56)) for four different time points from near the initial condition (i)
to near the absorbing state (iv) (time is non-dimensional as in previous figures). The initial number of
substrate molecules are NA = 60, NB = 40 and the number of enzyme molecules is M = 5; the rates are
k0/k2 = k1/k2 = 103 which enforce the QEA. The analytic distributions are in good agreement with the
respective SSA distributions. Note that the absorbing point of A is nA = 20 while that of B is nB = 0;
this is dictated by the difference between the initial number of substrate molecules NA − NB = 20.
Each SSA probability distribution is constructed from 105 individual reaction trajectories.
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3.7 Discussion

In summary, we have shown using averaging that in the limit of quasi-equilibrium between

substrate and the enzyme, it is possible to reduce the two variable stochastic description

of the MM reaction to that of an effective one variable master equation describing the slow

transitions between groups of microstates. This master equation is subsequently solved exactly,

using methods from linear algebra and complex analysis, to obtain closed-form solutions for

the time-dependent marginal distributions of substrate and enzyme numbers. We have shown

theoretically, and verified by means of stochastic simulations, that the solutions for the time-

dependent marginal distributions are accurate for all times, provided the probability of complex

decay into substrate and enzyme is much larger than the probability of complex decay into

product and enzyme. To our knowledge, this is the first systematically derived approximate

closed-form solution for the MM reaction for an arbitrary initial number of substrate and

enzyme molecules; previous work treated a similar problem but using a heuristic approach

[65] or derived closed-form solutions for the case of a single enzyme molecule [132, 225] or

else considered reactions with multiple enzyme molecules focusing on deriving expressions for

the turnover rate [69, 189, 233]. We have also shown how the same procedure can be used to

obtain the solution of more complex enzyme mechanisms such as those involving the catalysis

of multiple types of substrate by the same enzyme species.

For the MM reaction, we have compared our closed-form solution with that obtained by the

solution of the CME reduced by means of the widely used discrete stochastic MM approximation

[62], where the propensity for substrate decay has a hyperbolic dependence on the number of

substrate molecules. If the initial substrate number N is not much larger than the total enzyme

number M , but the rate constants satisfy the inequality k1 � k2, then the enzyme numbers

fluctuations can be large, even though the rapid equilibrium approximation is valid. In this

case, we show that the distribution predicted by the CME reduced using the discrete stochastic

MM approximation is significantly different than the one obtained from stochastic simulations,

whereas the solution provided by our theory accurately matches the simulations.

Using the closed-form solution for the time-dependent marginal probability distribution for

substrate number, we have found that unexpectedly for a delta function (unimodal) initial

condition, the distribution of substrate numbers can be bimodal at intermediate times, if the

initial number of substrate molecules is significantly larger than the total number of enzyme

molecules and provided the rate of complex decay into substrate and enzyme is much less than

the rate of substrate and enzyme binding. We note that the latter rate in the CME formulation

is inversely proportional to the compartment volume (since the encounter rate of two molecules

decreases with increasing volume [127]), and hence our results imply that in the limit of small

volumes (taken at constant initial number of substrate and enzyme molecules), bimodality of

the distribution of substrate molecules is observable. This result is of particular relevance to

understanding enzyme dynamics inside cells where the volume is very small. Our system with

the initial conditions used, can then be interpreted as modelling the enzyme-mediated decay

of substrate molecules, following the production (via translation) of a short burst of substrate

molecules N at time t = 0, provided there is not another burst of substrate expression before the
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substrate decays; these conditions are common for many cells where protein production occurs

sporadically in bursts of short duration [248, 249]. We emphasise that the presence of transient

bimodality in the MM reaction system is particularly interesting since it has no deterministic

counterpart.



Chapter 4

MomentClosure.jl: automated

moment closure approximations in

Julia

The contents of this chapter are adapted from the application note [2] entitled MomentClos-

ure.jl: automated moment closure approximations in Julia (published in Bioinformatics) and its

documentation accessible online on GitHub, which includes a comprehensive review of moment

closure approximations and tutorials on using the software package.

4.1 Abstract

MomentClosure.jl is a Julia package providing automated derivation of the time-evolution

equations of the moments of molecule numbers for virtually any chemical reaction network

using a wide range of moment closure approximations. It extends the capabilities of modelling

stochastic biochemical systems in Julia and can be particularly useful when exact analytic

solutions of the chemical master equation are unavailable and when Monte Carlo simulations are

computationally expensive. MomentClosure.jl is freely accessible under the MIT license. Source

code and documentation are available at https://github.com/augustinas1/MomentClosure.jl.

50

https://github.com/augustinas1/MomentClosure.jl
https://github.com/augustinas1/MomentClosure.jl
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4.2 Introduction

The stochastic dynamics of biochemical systems under well-mixed conditions are governed by

the chemical master equation (CME). The CME cannot be solved analytically except for simple

systems and its exact stochastic simulation [152] can be computationally expensive, in turn

motivating the development of more efficient approximation methods [125].

One approach is to approximate the whole probability distribution solution of the CME in terms

of its first few moments: starting from the CME, we can derive a set of ordinary differential

equations (ODEs) describing the time-evolution of moments for the molecule numbers of each

species in a system, e.g., means and (co)variances. However, if a chemical reaction network

is non-linear, we end up with an infinite hierarchy of coupled moment equations that cannot

be solved directly as each moment will depend on higher order moments. Nevertheless, this

problem can be tackled using one of many moment closure approximations (MAs) that express

all moments above a certain order in terms of lower order moments using various (usually

distributional) assumptions, effectively closing the hierarchy and enabling a numerical solution

[180, 181, 250].

Deriving the moment equations and applying MAs manually can be a cumbersome and error

prone process, especially when large systems and high-order MAs are considered. For this reason,

a number of software tools have been developed over the years, allowing automatic derivation of

the closed moment equations for a specified chemical reaction network [180, 251–255]. However,

these packages are either outdated and unmaintained, offer limited functionality (implementing

only few types of MAs and restricted to mass action reactions) or require proprietary expensive

software, limiting the potential user base.

We present MomentClosure.jl, the first Julia [204] package to automatically derive the closed

time-evolution equations of moments up to an arbitrary order for any chemical reaction network

supporting both non-polynomial and time-dependent propensity functions, and implementing

a variety of MAs commonly used in stochastic biochemical kinetics. Julia’s high performance,

flexibility and ease of use make it an attractive programming language for biologists [205], hence

we believe that MomentClosure.jl is a timely addition to Julia’s package ecosystem that further

extends its capabilities of modelling and analysing chemical reaction networks.

The structure of this chapter is as follows. In Section 4.3 we overview the relevant background

theory, namely: (1) the method of moment expansion and its generalisation applicable to

chemical reaction networks with non-polynomial propensity functions; (2) a variety of moment

closure schemes commonly used in literature and implemented in MomentClosure; (3) the

novel methodology behind the linear mapping approximation [182] that is also supported in

the package. In Section 4.4 we describe the implementation details of MomentClosure and its

integration within the Julia modelling ecosystem. In Section 4.5 we present a simple example

demonstrating the usage of MomentClosure, where we construct and solve the moment equations

for the Brusselator. We conclude the chapter in Section 4.6, touching upon the limitations of

moment closure approximations in general and discussing some of the potential future additions

to the package.
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4.3 Background

4.3.1 Moment expansion

In this section, we present a derivation of the raw moment equations starting from the general-

form CME given by Eq. (2.2) for any chemical reaction network with polynomial propensity

functions. Next, we discuss a more general method applicable to models with non-polynomial

propensities, based on Taylor-expanding the CME in terms of its central moments about the

mean. In both cases, we arrive at computationally convenient expressions for the moment

expansion up to arbitrary order, which are implemented in MomentClosure. We note that

MomentClosure also supports moment expansion for continuous-state models described by

stochastic differential equations (SDEs). Although our focus here is the moment expansion

for discrete CME-based models, the moment equations for systems of SDEs can be derived

starting from Itô’s lemma, as described in [256] and [257] (more details can be found in the

online documentation).

Raw moment equations

From the CME given by Eq. (2.2) we can obtain a system of ODEs governing the time-

evolution of the raw moments of the system up to specified moment expansion order m, given

by µi = µi1,...,iN
= 〈ni1

1 · · ·n
iN

N 〉, where the indices i = (i1, . . . , iN ) are restricted such that

|i| =
∑N

j=1 ij ≤ m. Note that the first order (|i| = 1) raw moments are simply the means.

For example, when N = 3, the mean molecule number of second species in the system is given

by µ2 = µ0,1,0 = 〈n2〉. We choose to relax the notation throughout so that the means can be

indicated by a single index of the molecular species (used in this section) or by the corresponding

one-hot vector (as implemented in the source code).

To find the first moment equations, we multiply the CME by ni and sum over all possible states:

∑
n

ni
dP (n, t)

dt
=

∞∑
n1

∞∑
n2

· · ·
∞∑
nN

ni
dP (n, t)

dt

=
∑

r

∑
n

niar(n− Sr)P (n− Sr, t)− niar(n)P (n, t) .

Applying a transformation n− Sr → n on the first term in the sum leads to

dµi

dt
=
∑

r

∑
n

(ni + Sir)ar(n)P (n, t)− niar(n)P (n, t)

=
∑

r

∑
n

Sirar(n)P (n, t) (4.1)

=
∑

r

Sir〈ar(n)〉 .

https://augustinas1.github.io/MomentClosure.jl/dev/theory/moment_expansion_SDE/
https://augustinas1.github.io/MomentClosure.jl/dev/theory/moment_expansion_SDE/
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The derivation can be extended to the multivariate case of higher order moments µi with

|i| ≤ m:

dµi

dt
=
∑

n

ni1
1 · · ·n

iN

N

dP (n, t)
dt

=
∑

r

∑
n

[
(n1 + S1r)i1 · · · (nN + S2r)iN − ni1

1 · · ·n
iN

N

]
ar(n)P (n, t)

=
∑

r

∑
n

 i1∑
j1=0

(
i1

j1

)
nj1

1 S i1−j1
1r · · ·

iN∑
jN =0

(
iN

jN

)
njN

N S iN −jN

Nr − ni1
1 · · ·n

iN

N

 ar(n)P (n, t)

(4.2)

=
∑

r

∑
n

|i|−1∑
|j|=0

(
i1

j1

)
· · ·
(

iN

jN

)
S i1−j1

1r · · ·S iN −jN

Nr nj1
1 · · ·n

jN

N ar(n)P (n, t)

=
∑

r

|i|−1∑
|j|=0

(
i

j

)
S i−j

r 〈njar(n)〉 ,

where we have introduced multi-index notation:

|i| =
N∑

j=1
ij , (4.3)

|i|−1∑
|j|=0

=
∑

0≤j1≤i1, ..., 0≤jN ≤iN

0≤j1+···+jN ≤|i|−1

(4.4)

(
i

j

)
=
(

i1

j1

)
· · ·
(

iN

jN

)
(4.5)

nj = nj1
1 · · ·n

jN

N , (4.6)

S i−j
r = S i1−j1

1r · · ·S iN −jN

Nr . (4.7)

We stress three key aspects:

• Throughout all derivations presented in this section we assume that the components of

the net stoichiometry matrix S are constant values. However, in certain cases the reaction

product may itself be a stochastic variable so that the corresponding expectation values,

〈S i−j
r 〉, must be taken into account. For example, models of this type are encountered

in the context of gene expression, where, under the assumption of fast mRNA decay, an

autoregulatory genetic feedback loop produces proteins in bursts that follow a geometric

burst size distribution [116, 250]. Support for such biochemical systems where the com-

ponents of S can be independent geometrically distributed variables is implemented in

MomentClosure.jl—a tutorial detailing this software functionality is provided online.

• Generation of raw moment equations is only possible if the kinetics of the system at

hand are governed by the law of mass action where all propensity functions are poly-

nomials in n, otherwise the expectation value terms 〈ar(n)〉 and 〈nj1
i1
· · ·njN

iN
ar(n)〉 are

ill-defined. This key issue can be overcome by the general central moment expansion

method presented below.

https://augustinas1.github.io/MomentClosure.jl/dev/tutorials/geometric_reactions+conditional_closures/
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• The order of the polynomials ar(n) determines the order of moments encountered in

the generated system of ODEs. If the system is linear (contains only zeroth and first

order reactions), the mth order moments will depend only on the moments of order m or

lower, hence constituting a finite hierarchy of moment ODEs that can be readily solved

numerically or otherwise without any approximations. However, if the system is non-linear

(involves second or higher order reactions), moment equations will depend on higher

order moments. For example, if the reaction network contains bimolecular reactions, the

corresponding propensity functions will be second order polynomials and hence mth order

moment equations will now depend on (m+1)th order moments. This leads to an infinite

hierarchy of coupled moment equations where each moment will depend on higher order

moments—it cannot be solved directly and needs to be truncated. This can be achieved

using one of many moment closure approximations that express (m+1)th order moments

in terms of mth and lower order moments using different distributional assumptions,

effectively closing the hierarchy and enabling one to solve the moment equations up to

mth order [125].Details of all closure methods currently implemented within the published

package MomentClosure.jl can be found in Section 4.3.2.

Central moment equations

As noted in the previous section, the moment equations of P (n, t) can be obtained in a

straightforward manner if the kinetics of the system are governed by the law of mass action

where all propensity functions are polynomials in n [125]. Similarly, given all propensities are

rational functions, a polynomial form can also be recovered [258]. However, problems arise

when the propensities are more complicated non-polynomial functions. This can nevertheless

be overcome by considering a more general method of moment expansion that enables us to

obtain mean and central moment equations up to arbitrary order for virtually any chemical

reaction network with any type of smooth (infinitely differentiable) propensity functions. Such

framework was first independently formulated by Lee [259] and Ale et al. [179]—the derivation

provided below closely follows these works.

We start by Taylor-expanding the propensity functions around the mean µ = 〈n〉 = (µ1, . . . , µN ).
This allows us to consider any general propensity function under the assumption that it is

infinitely differentiable. The expansion leads to

ar(n) = ar(µ) +
N∑
j1

∂ar(µ)
∂nj1

(nj1 − µj1)

+ 1
2!
∑
j1,j2

∂2ar(µ)
∂nj1∂nj2

(nj1 − µj1)(nj2 − µj2) + · · ·

+ 1
q!

∑
j1,j2,...,jq

∂qar(µ)
∂nj1∂nj2 · · · ∂njq

(nj1 − µj1)(nj2 − µj2) · · · (njq
− µjq

) + · · ·

=
q∑

|j|=0

1
j!

Djar(µ)(n− µ)j + · · · ,
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where q controls the expansion order and we have simplified the expression by using Eqs. (4.3-

4.7) together with:

j! = j1! · · · jN !,

D jf = ∂|j|

∂nj1
1 · · · ∂njN

N

f .

We can now obtain the equations governing the time-evolution of the means µi and the central

moments Mi = Mi1,...,iN
= 〈(n1−µ1)i1 · · · (nN−µN )iN 〉, where again |i| ≤ m. We first consider

the equations for the means by immediately starting from Eq. (4.1):

dµi

dt
=
∑

r

Sir〈ar(n)〉

=
∑

r

Sir

( q∑
|j|=0

1
j!

D jar(µ)〈(n− µ)j〉+ · · ·
)

=
∑

r

Sir

( q∑
|j|=0

1
j!

D jar(µ)Mj + · · ·
)

.

We continue to derive the equations for central moments by taking the time derivative of Mi

and using the CME as formulated in Eq. (2.2):

dMi

dt
=
∑

n

(n1 − µ1)i1 · · · (nN − µN )iN
dP (n, t)

dt

−
∑

n

N∑
j=1

ij
dµj

dt
(n1 − µ1)i1 · · · (nj − µj)ij−1 · · · (nN − µN )iN P (n, t)

=
∑

r

∑
n

[
(n1 − µ1 + S1r)i1 · · · (nN − µN + SNr)iN

− (n1 − µ1)i1 · · · (nN − µN )iN

]
ar(n)P (n, t)−

∑
j

ij
dµj

dt
Mi1,...,ij−1,...,iN

=
∑

r

∑
n

[ |i|−1∑
|j|=0

(
i1

j1

)
· · ·
(

iN

jN

)
S i1−j1

1r · · ·S iN −jN

Nr (n1 − µ1)j1 · · · (nN − µN )jN

]

×

[
q∑

|j|=0

1
j!

Djar(µ)(n− µ)j + · · ·

]
−
∑

j

ij
dµj

dt
Mij−

=
∑

r

|i|−1∑
|j|=0

[(
i1

j1

)
· · ·
(

iN

jN

)
S i1−j1

1r · · ·S iN −jN

Nr

q−|j|∑
|k|=0

1
k!

Dkar(µ)Mj+k + · · ·

]

−
∑

j

ij
dµj

dt
Mij−

=
∑

r

|i|−1∑
|j|=0

[(
i

j

)
Si−j

r

q−|j|∑
|k|=0

1
k!

Dkar(µ)Mj+k + · · ·

]
−
∑

j

ij
dµj

dt
Mij− ,
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where we have also defined

Mij− = Mi1,...,ij−1,...,iN
,

Mj+k = Mj1+k1,...,jN +kN
.

Although raw moment equations for non-linear mass-action systems already require approx-

imate treatment using moment closure, here we have an additional complication: if a system

contains non-polynomial propensity functions, the equations for both means and central mo-

ments will in principle depend on an infinite number of higher order central moments. Hence

the Taylor expansion order q is of utmost importance as it controls the degree of approximation:

the propensity functions are expanded up to qth order so that mth-order central moment

equations will depend on central moments of order q > m and lower. Finally, moment closure

approximations can be applied similarly as in the case of raw moment equations.

4.3.2 Moment closure approximations

In Section 4.3.1, we have shown that for a non-linear system an infinite hierarchy of coupled

moment equations is obtained that cannot be solved directly and, therefore, needs to be

truncated in an approximate way. This can be achieved using moment closure approximations

(MAs), in which all moments above a certain order m are expressed in terms of mth and lower

order moments using various (usually distributional) assumptions [125]. Doing so enables us

to effectively close the moment hierarchy, leading to a finite set of ODEs which can then

be solved numerically. In this section, we present some the commonly used MA methods

that are implemented in MomentClosure. A simple application of MAs using the software is

provided in Section 4.5 and more tutorials showcasing different MAs can be found in the online

documentation.

Zero closure

The simplest MA is the “central-moment-neglect” MA (CMN-MA) [180], also referred to as

“zero-closure” [181] or “low dispersion moment closure” [177], where CMN-MA at mth order

means that the moment equations are truncated by setting all central moments above order m

to zero. For example, in the simple case of 2nd order truncation, the moment equations for the

means µi and covariances Cij become:

dµi

dt
=
∑

r

Sir

(
ar(µ) + 1

2
∑
i1,i2

∂2ar(µ)
∂ni1∂ni2

Mi1,i2

)
,

dCij

dt
=

dM0i+,j+

dt

= d〈(ni − µi)(nj − µj)〉
dt

=

=
∑

r

[
Sir

∑
k

∂ar(µ)
∂nk

Cjk + Sjr

∑
k

∂ar(µ)
∂nk

Cik

+ SirSjr

(
ar(µ) + 1

2
∑
k,l

∂2ar(µ)
∂nk∂nl

Ckl

)]
.

https://augustinas1.github.io/MomentClosure.jl/dev/
https://augustinas1.github.io/MomentClosure.jl/dev/
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Normal closure

Another popular MA is the“normal moment-closure”, pioneered by Goodman [174] and Whittle

[175], where all cumulants κi above order m are set to zero, approximating the probability

distribution of the system with the normal distribution [180]:

κi = 0, for |i| > m.

In order to truncate the higher order central or raw moments Mi using normal closure, we

can express them in terms of cumulants κi using the multivariate moment and cumulant

relationships formalised by Balakrishnan et al. [260]. We use the normal MA in Section 4.5

to close the moment equations of the Brusselator model, where we demonstrate the basic

functionality of MomentClosure.

Note that a different implementation of normal closure can be found in literature [181], where

the higher order central moments are expressed in terms of a sum of product of covariances

using Isserlis’ theorem [261]. However, one could argue that such formulation is not advisable

as it assumes stronger “Gaussianity” of the underlying distribution than setting the higher

order cumulants to zero which is less of an approximation on the form of the distribution and

hence can be considered to be preferable in the development of MAs. For example, in case we

are truncating the moment equations at the 4th order, the truncation-order central moments

would be expressed only in terms of covariances whereas our formulation using cumulants would

explicitly include information about the computed values of third central moments, which is

expected to improve numerical stability and lead to more accurate moment estimates.

Poisson closure

Although the Poisson distribution lacks a general formulation for multiple variables [181],

“Poisson MA” has been formulated [176, 180] assuming that the joint multivariate distribution

is a product of univariate Poisson distributions, i.e., ni ∼ Poisson(µi). The cumulants of a

univariate Poisson distribution are equal to the mean, hence in Poisson closure we set all the

higher order diagonal cumulants to the corresponding mean values and the mixed cumulants to

zero [180], which in our notation can be expressed as:

κi = µj , if ij > m and ij 6=k = 0 for some j, k ∈ {1, . . . , N},

κi = 0, if |i| > m and ij 6= ik (where ij 6= 0, ik 6= 0) for some j, k ∈ {1, . . . , N}

Similarly to normal closure, the higher order central or raw moments can be expressed in terms

of cumulants as described in [260].
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Log-normal closure

“Log-normal” MA, first applied by Keeling [262], allows one to truncate the moment equations

under the assumption that the distribution of the underlying stochastic process is log-normal. A

positive multi-dimensional random variable n follows a log-normal distribution if its logarithm

is normally distributed, so that y = ln n, and y ∼ N (ν, Σ), where ν and Σ denote the vector of

means and the covariance matrix respectively. By considering the moment generating function

of the normal distribution, N (ν, Σ), one can show that the raw moments are given by [181, 263]:

µi = exp
(

i>ν + 1
2

i>Σi

)
.

It follows that

νi = ln µi −
1
2

Σii,

Σij = ln

(
1 + 〈(ni − µi)(nj − µj)〉

exp
(
νi + νj + 1

2 (Σii + Σjj)
))

= ln

(
1 + Cij

exp
(
νi + νj + 1

2 (Σii + Σjj)
)) ,

Σii = ln
(

1 + Cii

µ2
i

)
.

Note that central moments can be obtained from raw moments by utilising their general

multivariate relationship [264].

Gamma closure

The method of “gamma closure” was originally implemented by Lakatos et al. [181], where

the authors acknowledged the ambiguity arising in defining multivariate gamma distributions,

and, building upon previous definitions in the literature (e.g. [265] and [266]), proposed a new

formulation of a multivariate gamma distribution. Here we reproduce the definition by closely

following the description in [181] and elucidating some of the derivation steps.

We denote a random variable drawn from gamma distribution with shape α and scale β as

n ∼ Gamma(α, β). The probability density function of the univariate gamma distribution with

the corresponding shape-scale parameterisation is

f(n; α, β) = 1
Γ(α)βα

nα−1e− n
β ,

where Γ is the gamma function. The ith raw moment of n is given by

µi = Γ(α + i)βi

Γ(α)
= (α)iβ

i, (4.8)

where (α)i = α(α + 1) · · · (α + i− 1). Note that the moment generating function of X is

Gn(k) = 〈ekn〉 = (1− βk)−α
.
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In order to construct a multivariate gamma distribution, we start by considering independent

gamma variables Ykl, k, l = 1, . . . , N , with shape and scale parameters αkl and βkl respectively.

Here we define Ykl to be symmetric in indices, i.e., Ykl = Ylk. Now consider an N -dimensional

random vector n = (n1, n2, . . . , nN ), where ni is a linear combination of independent gamma

variables:

ni =
N∑

j=1

βii

βij
Yij .

The ith marginal moment generating function of the joint distribution of n is given by:

Gni
(ki) =

〈
e

ki

∑N

j=1
βii
βij

〉
= GYi1

(
ki

βii

βi1

)
GYi2

(
ki

βii

βi2

)
· · ·GYiN

(
ki

βii

βiN

)
= (1− βiiki)

∑N

j=1
αij ,

so that ni ∼ Gamma(αi, βi), where αi =
∑N

j=1 αij and βi = βii. Therefore, we have obtained an

N -variate gamma distribution, which can be denoted as n ∼ MG(α, β), where the vectors of

shape and scale parameters are given by α = (α1, . . . , αN ) and β = (β1, β2, . . . , βN ) respectively.

We can now readily obtain the raw mth order moment of ni:

〈nm
i 〉 =

〈 N∑
j=1

βii

βij
Yij

m〉

=

〈 ∑
k1+k2+···+kN =m

m!
k1!k2! · · · kN !

N∏
j=1

(
βii

βij
Yij

)kj
〉

=
∑

|k|=m

m!
k!

N∏
j=1

〈(
βii

βij
Yij

)kj
〉

= βm
i

∑
|k|=m

m!
k!

 N∏
j=1

(αij)kj

 .
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Note that we have used Eq. (4.8) to get to the last line. The mixed raw moments are computed

in a similar fashion:

µi =

〈 N∑
j=1

β11

β1j
Y1j

i1

· · ·

 N∑
j=1

βNN

βNj
YNj

iN〉

= βi

〈 ∑
|k1|=i1

· · ·
∑

|kN |=iN

i!
k1! · · ·kN !

N∏
j=1

(
Y1j

β1j

)k1j

· · ·
N∏

j=1

(
YNj

βNj

)kN j

〉

= βi

〈 ∑
|k1|=i1

· · ·
∑

|kN |=iN

i!
k1! · · ·kN !

N∏
q=1

(
Yqq

βqq

)kqq
N∏

r=q+1

(
Yqr

βqr

)kqr+krq

〉

= βi
∑

|k1|=i1

· · ·
∑

|kN |=iN

i!
k1! · · ·kN !

N∏
q=1

(αqq)kqq

N∏
r=q+1

(αqr)kqr+krq
,

where we have taken into account the symmetry in the indices and defined each ki as an N -

dimensional vector ki = (ki1 , . . . , kiN
) and βi = βi1

1 · · ·β
iN

N . Note that the mean and variance

of ni can be obtained from:

µi =
N∑

j=1
αijβi, (4.9)

Cii = (αi)2β2
i − α2

i β2
i

=
N∑

j=1
αijβ2

i .

Similarly, from Eq. (4.8) it follows that

〈ninj〉 = βiβj

 N∑
k,l

(k,l)6=(j,i)

αikαjl + (αij)2

 ,

which together with Eq. (4.9) allows us to express the covariance as:

Cij = 〈ninj〉 − βiβj

∑
k,l

αikαjl


= αijβiβj .

Finally, from the equations above we can obtain all shape and scale parameters:

βi = Cii

µi
,

αij = Cij

βiβj
,

αii = µi

βi
−
∑

k
k 6=i

αik.
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Derivative matching

The derivative matching MA [267, 268] is based on expressing the moments above order m

in terms of the lower order moments in such a way that their time derivatives match those

of the exact moments at some initial time with the given initial conditions. We outline the

approach below, closely following the complete exposition found in the original papers of Singh

and Hespanha [267, 268].

The raw moment equations up to order m for any mass-action reaction network containing at

most bimolecular (second order) reactions can be written down concisely in the matrix form:

dµ

dt
= â + Aµ + Bµ̄ ,

where µ is a vector containing all raw moments of the system up to order m and µ̄ consists of

all (m + 1)th order raw moments which the equations depend on. The constant vector â and

constant matrices A and B are chosen appropriately for the system at hand. In this case, an

MA can be defined as a procedure where each moment in µ̄, µ̄i, is approximated by a moment

closure function φi(µ) of moments up to order m. Then the moment equations can be rewritten

as

dν

dt
= â + Aν + Bϕ̄(ν) ,

where the state of the system is now denoted by ν instead of µ, stressing the fact that we are

considering the approximation of the true moment dynamics, and ϕ̄(ν) is the corresponding

vector of moment closure functions.

The idea behind derivative matching is to determine a map ϕ̄ so that the time derivatives

between the exact moments, µ(t), and the approximate moments, ν(t), would match at some

initial time t0 under the initial condition µ(t0) = ν(t0):

diµ

dt

∣∣∣∣
t=t0

= diν

dt

∣∣∣∣
t=t0

If these conditions hold, one can expect, based on a Taylor series approximation argument,

that µ(t) and ν(t) will stay close at least locally in time and hence the MA will be sufficiently

accurate.

In order to move forward with the derivation, Singh and Hespanha present what can be

understood as essentially an ansatz. Firstly, moment closure functions for each i, where |i| > m,

are chosen to have a separable form given by

ϕi(µ) =
∏

1≤j1+···+jN ≤m

(µj)γj =
m∏

|j|=1

(µj)γj ,
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where γj are constants (unique for each vector i) that can be determined by solving the following

linear equation system:

Ci
j =

m∑
|k|=1

γkCk
j , for each j where |j| ≤ m ,

where we have introduced multi-index scalars

Cu
v = Cu1

v1
Cu2

v2
· · ·CuN

vN
,

with each element defined as

Ca
b =

 a!
(a−b)!b! , a ≥ b

0, a < b
.

Using the specific construction of ϕ̄ described above, it can be shown [268] that for every

deterministic initial condition, i.e., n(t0) = n0 with probability one, we will have

µ(t0) = ν(t0) =⇒ dµ

dt

∣∣∣∣
t=t0

= dν

dt

∣∣∣∣
t=t0

=⇒ d2µ

dt2

∣∣∣∣
t=t0

= d2ν

dt2

∣∣∣∣
t=t0

+ ϵ(n0) ,

where all elements of ϵ(n0) are zero except the ones corresponding to mth order raw moments—

these elements are second order polynomials in n0. Note, however, that these results hold only

for mass-action systems containing no higher than second order chemical reactions. While the

derivative matching MA can be applied in the same way to systems containing higher order

polynomial and non-polynomial propensity functions, it has not been rigorously analysed in

such scenarios, where, naturally, we may expect significantly larger approximation errors.

Conditional closures

As the standard MAs often fail to provide sufficiently accurate approximations of chemical

reaction networks involving both high- and low-abundance species, some novel approaches

suggest using the moments conditioned on the low-copy number species, which can result in

a more effective description of the system dynamics [1, 16]. Here we discuss the conditional

moment closure proposed by Soltani et al. [250], applicable to networks containing molecular

species which copy number can be either zero or one, i.e., a binary/Bernoulli random variable.

Such conditional MA can be very useful in the study of gene networks where two-state gene

systems are often considered [182, 250]—the gene state itself can be treated as a distinct species

which molecule number is a Bernoulli variable.
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To illustrate the conditional MAs, consider a fragment of a simple two-state gene regulatory

network where the gene promoter switches between the two states G and G∗ upon binding/un-

binding a protein molecule P in a nonlinear reversible reaction [182]:

G + P
σb−−⇀↽−−
σu

G∗. (4.10)

An example two-state gene circuit with such promoter switching dynamics is a negative auto-

regulative genetic feedback loop that takes into account the transcription of mRNA M and

its subsequent translation into protein P , where the negative feedback is implemented via

protein binding to the gene promoter, as fully described by the following set of reactions (also

incorporating the degradation of both mRNA and protein):

G + P
σb−−⇀↽−−
σu

G∗, G
km−−→M, M

kp−→ P, M
dm−−→ ∅, P

dp−→ ∅ .

The schematic of the gene regulatory network is shown in Fig. 4.1, where we also use it as an

example chemical reaction network for applying different MAs and comparing their accuracy.

Furthermore, some other models of gene expression are described in detail in Chapter 5 (in a

different context of neural network-based approximations), such as a a genetic toggle switch in

Section 5.5.2 or a model of mRNA turnover in Secion 5.5.3. Note that the discussion in this

section is only concerned with the nonlinear gene-switching reaction upon protein binding given

by Eq. (4.10) and otherwise does not depend on any model specifics.

Considering Eq. (4.10), we denote the protein number (high-abundance species) in the two-

state gene circuit by p and the binary gene state by g so that the unbound promoter state

G corresponds to g = 1 and the bound state G to g = 0. The conditional MA is based on

conditioning the higher order moments of high-abundance species on the binary species being

in state 1 (instead of 0) and then applying standard MAs on the conditional moments. Firstly,

note that g is a Bernoulli variable and hence the following identities hold

〈gjp〉 = 〈g〉, j ∈ 2, 3, . . .,

〈gjpk〉 = 〈gpk〉, j, k ∈ 1, 2, 3, . . .

Therefore, we only need to concern ourselves with moments of the form 〈pk〉 and 〈gpk〉. The

former can be approximated using the standard MAs (no conditioning needed), whereas the

latter can be written down as:

〈gpj〉 = 〈pj | g = 1〉〈g〉, j ∈ {1, 2, . . . }.

Now the conditional moment 〈pj | g = 1〉 can be expressed in terms of lower order conditional

moments using one of the standard MAs, e.g., normal closure or derivative matchingthe two

methods (including the conditioning step) are respectively known as the conditional gaussian

and conditional derivative matching MAs. In the following, for completeness, we show how the

two methods are applied to approximate a specific higher order moment

〈gp3〉 = 〈p3 | g = 1〉〈g〉.
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Conditional Gaussian closure

Under the conditional Gaussian MA, we assume that the number of protein molecules con-

ditioned on the gene being active, p | g = 1, follows a Gaussian distribution. In other words,

we apply normal MA on the conditional moment 〈pj | g = 1〉. Hence we obtain (following the

example above):

〈p3 | g = 1〉 = 3〈p2 | g = 1〉〈p | g = 1〉 − 2〈p | g = 1〉3.

Using 〈gpj〉 = 〈pj | g = 1〉〈g〉, we can rewrite the equation as:

〈p3 | g = 1〉 = 3 〈gp2〉〈gp〉
〈g〉2

− 2 〈gp〉3

〈g〉3
.

Plugging this into the previous expression of the higher-order moment 〈gp3〉 we finally obtain:

〈gp3〉 = 3 〈gp2〉〈gp〉
〈g〉

− 2 〈gp〉3

〈g〉2
.

Conditional derivative matching

The conditional derivative matching boils down to approximating the higher order conditional

moments in terms of lower order conditional moments using the standard derivative matching

(described above):

〈p3 | g = 1〉 = 〈p
2 | g = 1〉3

〈p | g = 1〉3
.

Using 〈gpj〉 = 〈pj | g = 1〉〈g〉 again, we find:

〈gp3〉 = 〈gp2〉3〈g〉
〈gp〉3

.

Note that conditional moment closure is fully applicable to systems containing multiple binary

species, such as a repressor-activator circuit model described in [250] or a genetic toggle switch

discussed in Section 5.5.2. For example, given two two-state genes, g1 and g2, the same Bernoulli

variable properties hold and the higher-order moments can be expressed as:

〈g1g2pj〉 = 〈pj | g1 = g2 = 1〉〈g1g2〉, j ∈ {1, 2, . . . }.

Such higher order conditional moments can again be closed using normal closure or derivative

matching.

We emphasise that the description here follows [250] and we encourage the reader to see the

paper for more details. Tutorial examples of applying conditional MAs on genetic feedback loops

(reproducing some of the published results) can be found in the online documentation.

https://augustinas1.github.io/MomentClosure.jl/dev/tutorials/geometric_reactions+conditional_closures/
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4.3.3 Linear Mapping Approximation

The Linear Mapping Approximation (LMA) provides a novel way of approximating the solution

of the CME and has been shown to be accurate for a variety of models of gene regulatory

networks (GRNs) [182]. It is based on mapping a nonlinear GRN onto an equivalent linear GRN

so that the exact solution of the linear system gives an approximate solution of the nonlinear

system. For example, the gene-protein binding reaction is replaced by an effective first-order

reaction by approximating the protein number by its mean conditional on the gene state—the

reaction propensity resulting from such mean-field approximation can be seen as optimal in the

sense of minimising the Kullback-Leibler divergence between the full (nonlinear) model and the

reduced (linear) model [269]. Below we provide a short overview of the LMA procedure and

urge the reader to see the original paper [182] for a more comprehensive description.

We begin by considering a simple example of a two-state GRN exactly as described in Section

4.3.2 for conditional MAs, assuming that there is a single nonlinear reversible reaction in the

network given by

G + P
σb−−⇀↽−−
σu

G∗,

where P is the protein and the promoter can be either in state G (g = 0) or G∗ (g = 1). Our

aim is to find an approximate time-dependent probability distribution of protein numbers p at

time t. The steps of applying the LMA can then be described as follows:

1. Find the linear network by replacing any reversible nonlinear reaction in the nonlinear

network by a reversible pseudo first-order reaction between the binary species’ states. In

our example, we replace the reaction above with G
σ̄b⇌
σu

G∗, noting that the rate parameter

is changed from σb to σ̄b. Moreover, this approach is just as applicable in the case of

cooperativity, e.g., G+nP ⇌ G∗ would be similarly replaced with G ⇌ G∗, where where

n is an integer indicating the cooperative order. The LMA is restricted in its applicability

to chemical reaction networks where only one of the substrates in each nonlinear reaction

is a molecular species which copy number can be either zero or one (a Bernoulli random

variable). While a chemical reaction network is allowed to have an arbitrary number of

such species, more than one of them cannot be involved in any nonlinear reaction.

2. Approximate the changed rate parameters of the linearised reactions by their expectation

values. As noted in [182], the first-order reaction G
σ̄b→ G∗ maps onto the second-order

reaction G + P
σb→ G∗ if we choose σ̄b = σb (p | g = 1), where p | g = 1 indicates the

instantaneous protein number given the gene is in the state G. In LMA, we use the

mean-field approximation taking the expectation value of the rate so that

σ̄b = σb 〈p | g = 1〉 = σb
〈pg〉
〈g〉

.

The same procedure can be extended to the general nonlinear reaction where n proteins

bind cooperatively. The effective parameter is then given by

σ̄b = σb

〈∏n−1
i=0 (p− i) g

〉
〈g〉

.
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3. Write down the moment equations for the linear network using the approximated stochastic

rates. Note that the moment equations must be generated up to the order given by the

highest order nonlinear reaction in the network. If the only nonlinear reaction is the

second-order reaction G + P
σb→ G∗, we need to consider only moments up to the second

order (as hinted by the functional form of σ̄b above). However, as the moment hierarchy

is otherwise closed, no additional moment closure approximations need to be performed

and therefore we can solve the moment equations in a straightforward manner.

4. Solve the moment ODEs numerically up to the time t and plug in the resulting moment

values into the equations for the effective parameters. Then proceed to calculate the

time-average of these parameters over the time-interval [0, t].
In our example, plugging the solved-for moment values into the equation for σ̄b allows us

to interpret the effective parameter as a time-dependent function σ̄b(t). However, as the

time-dependent probability distribution solution of the CME for a nonlinear network with

a general time-dependent σ̄b is most likely intractable, we transform σ̄b(t) into a time-

independent constant by taking its time-average σ̄∗
b =

∫ t

0 σ̄b(t′)dt′/t. The validity of this

approach is justified in [182] by considering the Magnus expansion of the time-dependent

solution of the master equation.

5. Obtain the time-dependent probability distribution solution of the CME of the linear net-

work assuming that the rate parameters of the linearised reactions are time-independent

constants. Note that this step is the major limitation of the LMA as closed-form solutions

are available only for a handful of systems [182].

6. Finally, construct the approximate probability distribution of the nonlinear network at

time t by replacing the respective rate parameters with their time-averaged equivalents

obtained in step 4.

In MomentClosure.jl we provide automated generation of the closed moment equations using

LMA given a nonlinear chemical reaction network and its linear equivalent. This encapsulates

the first three steps of the LMA procedure outlined above which are general and can be seen as

an original moment closure approximation. Nevertheless, in the online documentation we outline

how the subsequent LMA steps can be manually performed in Julia to compute the approximate

time-dependent probability distribution of a given nonlinear network on a case-by-case basis.

4.4 Implementation

In what follows, we discuss the main implementation details of MomentClosure.jl and its

integration within the broader Julia package ecosystem, enabling a streamlined moment-based

modelling workflow in which we can easily define a biochemical system, generate the corres-

ponding moment equations using MAs and solve the resulting system of ODEs numerically. In

Fig. 4.1, we summarise the workflow and compare the accuracy of different MAs applied to a

simple stochastic model of an auto-regulatory genetic feedback loop.

https://augustinas1.github.io/MomentClosure.jl/dev/tutorials/LMA_example/


4.4. Implementation 67

4.4.1 Model definition

Modelling of chemical reaction networks in Julia is made easy by Catalyst.jl [270] that leverages

a powerful symbolic-numeric modelling framework provided by ModelingToolkit.jl [271] and

Symbolics.jl [272]. Namely, using Catalyst a chemical reaction network can be constructed by

simply specifying the reaction stoichiometry and the corresponding reaction propensities—the

model is stored in a symbolic intermediate representation as implemented by ModelingToolkit,

which is based on the Symbolics computer algebraic system (more details can be found in

the paper presenting the current iteration of Catalyst software [270]). MomentClosure is fully

compatible with models defined through Catalyst and ModelingToolkit, allowing chemical

reaction networks containing any number of molecular species and reactions with any type

of smooth propensity functions. The only assumption made is that reactions occur in a single

compartment of fixed volume. We note that systems involving multiple dynamically interacting

compartments can be considered using Compartor [273], albeit the software is restricted to

reactions with polynomial rate laws and supports only mean-field and gamma MAs.

4.4.2 Moment equations

Using MomentClosure, we can automatically obtain a system of ODEs describing the time

evolution of moments up to any order. Internally, the raw moment equations are derived in

a straightforward manner from the CME when the kinetics of a system are governed by the

law of mass action. The derivation becomes more involved if the propensity functions take a

non-polynomial form: here we adopt a general moment expansion framework based on Taylor-

expanding the propensities around the mean, allowing us to obtain equations for the means and

higher order central moments, as first formulated by [259] and [179]. The theory behind the

method of moment expansion is described in Section 4.3.1.

The moment equations generated up to the specified order m can then be decoupled from all the

higher order moments they depend on using one of the implemented MAs, i.e, expressing the

moments above order m in terms of mth and lower order moments using MA-specific assump-

tions. MomentClosure currently supports zero, normal, Poisson, log-normal, gamma, derivative

matching, conditional Gaussian and conditional derivative matching closures [180, 181, 250].

We note that conditional MAs are available in only one other package (Cerena, see [255]) and

have been found to be particularly effective in modelling gene networks with promoter switching

dynamics [116, 250]. The details of all the MAs implemented in the package are discussed in

Section 4.3.2. Furthermore, since the original publication of MomentClosure in Bioinformatics

[2], we have implemented the Linear Mapping Approximation (LMA) [182] within the package.

The LMA is a powerful technique developed in the context of gene regulatory networks, based

on mapping a gene network with nonlinear protein-gene interactions onto an approximately

equivalent linear model with no binding reactions, as described in more detail in Section 4.3.3.

While the LMA provides closed moment equations for the given system and hence it can be

considered as a novel moment closure method, we note that it is not strictly an MA in the usual

sense as it additionally provides approximate time-dependent probability distributions for an

array of different gene regulatory networks (given the corresponding linear model has a known

analytical solution to the CME) [182].

https://github.com/SciML/Catalyst.jl
https://github.com/SciML/ModelingToolkit.jl
https://github.com/SciML/Symbolics.jl
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a

b

c

Figure 4.1: (a) The general workflow of moment-based modelling in Julia using MomentClosure and
related packages. (b) Model of a negative auto-regulative genetic feedback loop. If a gene is active (G),
an mRNA molecule (M) is produced with rate km which can be subsequently translated into proteins
(P ) with rate kp (both degrade with rates dm and dp respectively). The negative feedback is introduced
via protein binding to the gene with rate σb, switching the promoter OFF (G∗) and preventing the
transcription (in contrast, switching ON occurs with rate σu). (c) Fano factor of the steady-state protein
number as a function of σb where we have truncated the moment hierarchy at the second order using
normal, gamma and conditional derivative matching (CDM) MAs, and compared the results to the
true values predicted by the stochastic simulation algorithm [152] (averaged over 100k realisations).
The initial condition is zero protein and mRNA molecules (set to 0.001 for MAs to ensure numerical
stability) in state G, and the parameters are fixed as σu = 10, km = 3, kp = 50, dm = 10 and dp = 1.
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Finally, the closed moment equations can be solved numerically using any ODE solver im-

plemented in DifferentialEquations.jl [203], which offers some of the most flexible and fastest

implementations of a wide range of state-of-the-art numerical solvers. In addition, Differen-

tialEquations can be used in tandem with other Julia numerical analysis tools, enabling even

further study of the resulting system of moment equations. For example, one can perform a

bifurcation analysis using BifurcationKit.jl [274] or do model calibration/parameter estimation

together with a sensitivity analysis using SciMLSensitivity.jl [275].

4.5 Example application

In this section, we demonstrate how to use MomentClosure together with other Julia packages

to define a chemical reaction network, generate the corresponding moment equations, apply

moment closure approximations and finally solve the resulting system of ODEs. This section is

adapted from an online tutorial example available on GitHub and is included in this chapter

for completeness.

We consider a special case of an oscillatory chemical system known as the Brusselator [276],

characterised by the reactions

2X + Y
c1−→ 3X,

X
c2−→ Y, (4.11)

∅ c3−⇀↽−
c4

X.

We have chosen this particular model as it has been studied using different moment closure

methods before in [180] and thus serves as a useful reference point. In this simple example, our

goal is to obtain the closed second-order moment equations for the Brusselator using normal

MA and solve them in order to visualise the system dynamics (trajectories of the means) in

time.

Model Initialisation

Catalyst.jl [270] provides a comprehensive interface for modelling chemical reaction networks in

Julia and can be used to construct models fully compatible with MomentClosure. More details

on how to do so can be found in the official Catalyst’s documentation. This way, the Brusselator

can be defined as:

rn = @reaction_network begin

# also include system size parameter

@parameters c c c c

(c/^2), 2X + Y 3X

(c), X Y

(c*, c), 0 X

end

https://github.com/SciML/DifferentialEquations.jl
https://augustinas1.github.io/MomentClosure.jl/dev/tutorials/using_momentclosure
https://github.com/SciML/Catalyst.jl
https://catalyst.sciml.ai/stable/tutorials/using_catalyst/
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The returned rn is an instance of Catalyst.ReactionSystem. Note that we explicitly incor-

porate the system size Ω into the reaction rate parameters. The net stoichiometry matrix and

an array of the corresponding propensities, if needed, can be extracted directly from the model

using Catalyst.netstoichmat and MomentClosure.propensities functions respectively.

Moment Equations

The Brusselator model follows the law of mass action, i.e., all propensity functions are poly-

nomials in molecule numbers X(t) and Y (t), and hence we can obtain either raw or central

moment equations (as described in Section 4.3.1). We start by generating the raw moment

equations up to the second order (m = 2):

using MomentClosure

raw_eqs = generate_raw_moment_eqs(rn, 2, combinatoric_ratelaws=false)

Note that we set combinatoric_ratelaws=false to ignore the combinatorial scaling factors in

the mass-action reaction propensities which Catalyst otherwise includes (these are made implicit

following the convention in [125]). The function generate_raw_moment_eqs returns an instance

of RawMomentEquations that contains a ModelingToolkit.ODESystem object composed of all

the moment equations (accessible as raw_eqs.odes).

We can use Latexify.jl to print out the generated moment equations in LaTeX format:

using Latexify

latexify(raw_eqs)

The code above results in the following system of ODEs:

dµ10

dt
=c3Ω + c1Ω−2µ21 − c2µ10 − c4µ10 − c1Ω−2µ11

dµ01

dt
=c2µ10 + c1Ω−2µ11 − c1Ω−2µ21

dµ20

dt
=c2µ10 + c3Ω + c4µ10 + 2c3Ωµ10 + 2c1Ω−2µ31 − 2c2µ20 − 2c4µ20 − c1Ω−2µ11 − c1Ω−2µ21

dµ11

dt
=c2µ20 + c3Ωµ01 + c1Ω−2µ11 + c1Ω−2µ22 − c2µ10 − c2µ11 − c4µ11 − c1Ω−2µ12 − c1Ω−2µ31

dµ02

dt
=c2µ10 + 2c2µ11 + c1Ω−2µ21 + 2c1Ω−2µ12 − c1Ω−2µ11 − 2c1Ω−2µ22 .

The raw moments are defined as

µij(t) = 〈X(t)iY (t)j〉

where the angle brackets 〈〉 denote the expectation value and we have explicitly included the

time-dependence for completeness (made implicit in the formatted moment equations). Note

that the ordering of species (X first and Y second) is consistent with the order these variables

appear within the Catalyst.@reaction_network macro which we used to define the model

initially.

The corresponding central moment equations can also be easily generated:

central_eqs = generate_central_moment_eqs(rn, 2,

combinatoric_ratelaws=false)

https://docs.sciml.ai/Catalyst/stable/api/catalyst_api/#Catalyst.ReactionSystem
https://docs.sciml.ai/Catalyst/stable/api/catalyst_api/#Catalyst.netstoichmat
https://augustinas1.github.io/MomentClosure.jl/dev/api/momentclosure_api/#MomentClosure.propensities
https://augustinas1.github.io/MomentClosure.jl/dev/api/momentclosure_api/#MomentClosure.RawMomentEquations
https://docs.sciml.ai/ModelingToolkit/stable/systems/ODESystem/
https://github.com/korsbo/Latexify.jl)
https://docs.sciml.ai/Catalyst/stable/api/catalyst_api/#Catalyst.@reaction_network
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Note that if any reactions in a chemical network are associated with non-polynomial propensity

functions, the Taylor expansion order q (defined in Section 4.3.1) must be specified. However,

the Brusselator contains only mass-action reactions and hence q is automatically determined

by the highest order (polynomial) propensity. The function generate_central_moment_eqs

returns an instance of CentralMomentEquations. We do not print out the resulting central

moment ODEs for conciseness, noting that in this case they are functionally identical to the

raw moment equations.

Coming back to the raw moment equations generated above, we observe that they depend on

the higher-order moments. For example, the ODE for µ02 depends on third order moments 12

and 21 and the fourth order moment µ22. Consider the general case of raw moment equations as

described in Section 4.3.1: if a chemical reaction network involves reactions that are polynomials

(in molecule numbers) of at most order k, then its mth order moment equations will depend on

moments up to order m+k−1. Hence the relationship seen above is expected as the Brusselator

involves a tri-molecular reaction whose corresponding propensity is a third order polynomial in

X(t) and Y (t). The number denoting the highest order of moments encountered in the generated

RawMomentEquations can also be accessed as raw_eqs.q_order (returning a value of 4 in this

case).

Applying Moment Closure

As observed above, the moment equations of the Brusselator are coupled and depend on the

higher order moments—we have an infinite hierarchy of ODEs which cannot be solved directly

and hence requires an approximate treatment. One way of approaching the problem is to

apply moment closure approximations (MAs), in which higher order moments are expressed

as functions of lower order moments, thus effectively truncating the hierarchy and enabling a

numerical solution. A variety of MAs have been proposed in literature and are implemented in

MomentClosure.jl, see Section 4.3.2 for more details.

We apply normal closure to the raw moment equations (generated above as raw_eqs) using

moment_closure function:

closed_raw_eqs = moment_closure(raw_eqs, "normal")

The function returns ClosedMomentEquations that consists of both the ODESystem containing

all closed moment equations as well as the specific closure functions for each higher order raw

moments. Similarly, we close the central moment equations using

closed_central_eqs = moment_closure(central_eqs, "normal")

We can use Latexify again to print the closed ODEs, as well as the specific closure functions, in

LaTeX format. For example, the moment functions used to close the central moment equations

(expressions for the third and fourth order moments under the normal MA) can be displayed

by calling latexify function with an additional :closure argument as follows:

latexify(closed_central_eqs, :closure)

https://augustinas1.github.io/MomentClosure.jl/dev/api/momentclosure_api/#MomentClosure.generate_central_moment_eqs
https://augustinas1.github.io/MomentClosure.jl/dev/api/momentclosure_api/#MomentClosure.CentralMomentEquations
https://augustinas1.github.io/MomentClosure.jl/dev/api/momentclosure_api/#MomentClosure.ClosedMomentEquations
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Using the above we generate the following set of equations:

M30 = 0

M21 = 0

M12 = 0

M31 = 3M11M20

M22 = M02M20 + 2M11
2 .

As discussed in Section 4.3.2, all the higher-order cumulants are set to zero under the normal

MA, and hence the higher-order central moments expressed in terms of the corresponding

cumulants and the lower-order central moments take a rather simple mathematical form.

Solving Moment Equations

The closed moment equations can be solved numerically using DifferentialEquations.jl, an

extensive Julia library that provides a variety of highly-efficient numerical solvers and analysis

tools. In order to do so, first we need to specify the values of all system parameters, the initial

condition and the timespan to solve over. Then the ModelingToolkit.ODESystem corresponding

to the moment equations can be directly converted into an ModelingToolkit.ODEProblem

which can finally be solved. We go through the procedure step-by-step for the closed raw

moment equations (closed_raw_eqs) obtained previously.

We start by creating a vector of reaction rate parameter values (note that the parameters are

ordered as they appear in the @reaction_network macro):

# parameters [c, c, c, c, ]

p = [0.9, 2, 1, 1, 100]

Next, we specify the initial condition. Usually in the case of moment equations we consider

deterministic initial conditions so that the molecule numbers at the initial time t = 0 take

the specified integer values, X(t = 0) = X0 and Y (t = 0) = Y0, with probability one. This

implies that initially the means will be equal to the molecule numbers, i.e., 10(t = 0) = X0 and

01(t = 0) = Y0, whereas all the higher order raw moments will be products of the corresponding

powers of the means, e.g., 21 = X2
0 Y0. Note that all central moments would be set to zero in this

case. In MomentClosure, we can use the function deterministic_IC, which, given the initial

molecule numbers, automatically constructs the variable mapping under deterministic initial

conditions:

# initial molecule numbers [X, Y]

u = [1, 1]

umap = deterministic_IC(u, closed_raw_eqs)

Finally, the time interval to solve on can be specified simply as:

tspan = (0., 100.)

Now we are able to create the corresponding ODEProblem and solve the raw moment equations

using any ODE solver implemented within DifferentialEquations.jl:

https://github.com/SciML/DifferentialEquations.jl
https://mtk.sciml.ai/stable/systems/ODESystem/
https://docs.sciml.ai/DiffEqDocs/dev/solvers/ode_solve/
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using DifferentialEquations

oprob = ODEProblem(closed_raw_eqs, umap, tspan, p)

# using the default Tsit5 ODE solver

sol = solve(oprob, Tsit5(), saveat=0.1)

In order to clearly establish how well the second order moment expansion using normal MA

performs for the Brusselator with the given set of parameters, we can compare the resulting

first-order moment trajectories to the true moment estimates obtained using the SSA. The

Brusselator reaction network defined via Catalyst can be simulated using JumpProcesses.jl

(a component package of DifferentialEquations.jl). In the following code snippet, we build a

JumpProblem to simulate the system and compute the mean values of molecule numbers for

both species X and Y averaged over 104 SSA realisations:

# convert ReactionSystem into JumpSystem

jsys = convert(JumpSystem, rn, combinatoric_ratelaws=false)

# encode that the molecule numbers are integer-valued

dprob = DiscreteProblem(jsys, u, tspan, p)

# create a JumpProblem; use Gillespie's Direct Method (SSA) as the solver

jprob = JumpProblem(jsys, dprob, Direct(), save_positions=(false, false))

# define an EnsembleProblem to simulate multiple trajectories

ensembleprob = EnsembleProblem(jprob)

# simulate 10k SSA trajectories

sol_SSA = solve(ensembleprob, SSAStepper(), saveat=0.1,

trajectories=10000)

# compute the averages over all SSA trajectories

using DiffEqBase.EnsembleAnalysis

means_SSA = timeseries_steps_mean(sol_SSA)

The resulting moment trajectories in time are displayed in Fig. 4.2. The moment dynamics show

damped oscillations which is the expected averaged behaviour of the Brusselator in a vast swathe

of parameter space [166], as the individual oscillating trajectories become dephased over time

due to random fluctuations. The comparison to the SSA reveals that the second-order moment

expansion using normal closure captures the correct qualitative behaviour of the Brusselator

and provides reasonably accurate moment estimates given this particular parameter set.

4.6 Discussion

MomentClosure.jl provides automated moment equation generation and closure approximations

up to any desired expansion order. It is easily applicable to chemical reaction networks of any size

containing reactions with smooth linear and nonlinear propensity functions. Moreover, utilising

the popular Catalyst, ModelingToolkit and DifferentialEquations packages, MomentClosure

makes the stochastic modelling of biochemical reaction kinetics using MAs efficient and ac-

cessible for Julia newcomers and experts alike.

https://github.com/SciML/JumpProcesses.jl
https://docs.sciml.ai/JumpProcesses/stable/jump_types/#jump_problem_type
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Figure 4.2: The temporal dynamics of the mean molecule numbers of X (µ10, in blue) and Y (µ01, in
red) chemical species of the Brusselator model given Eq. (4.11), obtained by numerically solving the
moment equations expanded to the second order using the normal MA. The reaction rate parameters
are c1 = 0.9, c2 = 2, c3 = 1, c4 = 1, and the system size is set as Ω = 100. The moment estimates are
compared to the corresponding SSA values obtained by averaging over 10k simulation trajectories.

Modelling using moment equations is highly scalable and computationally efficient, making it

commonly used in practice, especially for inference studies [116, 277–281]. However, the per-

formance of moment-based inference can be inferior compared to more sophisticated approaches

which consider full empirical distributions [116, 119, 120]. Moreover, MAs are based on ad hoc

assumptions and no rigorous predictions can be made on whether the recovered moments will

be accurate or even physically meaningful. In fact, moment equations truncated using MAs are

prone to numerical instabilities and can lead to unphysical moment dynamics, such as divergent

trajectories and non-physical oscillations or multi-stability [166, 180, 181]. Despite the potential

drawbacks of moment-based approaches, this class of methods remains an important stochastic

modelling tool. We hope that the unifying moment-based modelling framework provided by

MomentClosure and other Julia packages will streamline the use of MAs in different scientific

contexts and facilitate the development of new and performant moment closure methods.

MomentClosure is actively maintained and we plan to extend its functionality in the future.

This includes the method of conditional moments (available in CERENA [255]), based on

constructing a differential-algebraic system of equations where the low-copy number species

are described in terms of their marginal probabilities, whereas the high abundance species are

modelled in terms of their moments conditioned on the state of the low-copy number species

[282, 283]. Similarly, the selected-node stochastic simulation algorithm—a hybrid approach that

combines the conditional moment equations with the exact simulation of the selected chemical

species—could also be implemented [284, 285]. In addition, we plan to add other automated

moment expansion methodologies that are based, for example, on the binomial moments [286]

or the so-called convergent moments [287], as well as the support for computing the stationary

moment bounds [288].
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A different type of feature we hope to integrate is the automated reconstruction of the prob-

ability distribution from the corresponding moments based on the maximum entropy principle

[125, 198, 289]. While conceptually simple, the maximum entropy moment problem in mul-

tiple dimensions with high-order moment constraints requires careful numerical implementation

[289, 290]. This functionality would also allow us to incorporate the zero-information closure

[291, 292], based on reconstructing the joint distribution at each timestep, and its more efficient

variants [293]. Novel closure approaches based on systematic polynomial approximation methods

could also be considered [294, 295], as well as compartmentalised modelling [273].



Chapter 5

Approximating solutions of the

Chemical Master Equation using

neural networks

This chapter has been published as [3] entitled Approximating solutions of the Chemical Master

Equation using neural networks in iScience. The text has been slightly edited and restructured

for its inclusion in this thesis.

5.1 Abstract

The Chemical Master Equation (CME) provides an accurate description of stochastic biochem-

ical reaction networks in well-mixed conditions, but it cannot be solved analytically for most

systems of practical interest. While Monte Carlo methods provide a principled means to probe

system dynamics, the large number of simulations typically required can render the estimation

of molecule number distributions and other quantities infeasible. In this chapter, we aim to

leverage the representational power of neural networks to approximate the solutions of the

CME and propose a framework for Neural Estimation of Stochastic Simulations for Inference

and Exploration (Nessie). Our approach is based on training neural networks to learn the

distributions predicted by the CME from relatively few stochastic simulations. We show on

biologically relevant examples that simple neural networks with one hidden layer can capture

highly complex distributions across parameter space, thereby accelerating computationally

intensive tasks such as parameter exploration and inference.

76
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5.2 Introduction

The past decades have seen great progress in our understanding of the complex dynamics

that underlie noisy cellular processes, both from an experimental and a theoretical perspective.

Modern experimental techniques have shown that mRNA and protein levels can vary enormously

at the single-cell level, but building detailed quantitative models that take into account the

stochasticity of biochemical systems remains a daunting task. Due to the numerous challenges

involved in describing the stochastic dynamics of these systems, modelling frequently relies

on deterministic and small noise approximations which do not paint an accurate picture in

many situations. Such simplified descriptions are often insufficient to describe how biochemical

networks function in the presence of molecular noise [296, 297] and do not capture intricate

noise-driven phenomena involved in cell fate decision [16, 78] and phenotypic regulation [298].

The most commonly used formalism for modelling biochemical reaction networks in a fully

stochastic framework is the Chemical Master Equation (CME) [125], which describes how the

probability distribution over states evolves with time. The CME cannot be solved analytically

for most biologically relevant cases, and since the state space is typically infinite, numerical

solutions of the CME often involve state space truncation methods such as the Finite State

Projection (FSP) [137]. However, due to the combinatorial explosion of the state space in the

number of species, using the FSP to solve the CME quickly becomes too computationally

intensive for most non-trivial systems [144, 145, 149]. A wide variety of other approximation

methods exist for the CME (see [125] for an overview), but these often trade computational

efficiency for accuracy and are generally difficult to apply to complex systems involving many

species and interactions.

While solving the CME remains challenging, sampling realisations of a system is possible

thanks to the Stochastic Simulation Algorithm (SSA) [151]. Many physical quantities such

as moments of molecule number distributions can be computed to arbitrary accuracy by re-

peatedly simulating samples from the system. Nevertheless, the SSA can be prohibitively

computationally expensive when many repeated simulations are needed for accurate estimation

of these quantities. Since simulations have to be performed anew for all parameters of interest,

investigating system properties over time and parameter space with this approach can quickly

become intractable. Furthermore, likelihoods are hard to estimate reliably using Monte Carlo

methods, rendering likelihood-based inference particularly difficult [14].

Given the difficulties inherent in solving the CME exactly, it is natural to explore whether

we could tackle this problem using neural networks, which in recent years have found diverse

applications in the physical and biological sciences [209–212]. Their ability to detect patterns

and learn complex representations given enough data is particularly useful when combined with

simulator-based modelling, where such data can often be generated aplenty. In the context of

systems biology, neural network-based approaches have been used to perform parameter infer-

ence on deterministic models, accelerate parameter exploration for models described by partial

and stochastic differential equations [299], and even learn Markovian approximations to non-

Markov models, translating them into the CME framework [300], amongst other applications.
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Moreover, some recent studies have investigated the use of neural networks to learn various

properties of stochastic biochemical reaction networks modelled using the CME [214–218].

In [214] the authors presented DeepCME, an approach that uses reinforcement learning to

estimate summary statistics such as means and variances from stochastic simulations. The model

abstraction procedure introduced in [215] employs Mixture Density Networks [301] to learn

the transition kernel of the CME, and has been further extended into a framework providing

automated neural network architecture search [216]. In the same vein, mixture density networks

have been used to directly predict the probability distributions characterising the dynamics of

an SIR-type model [217]. Finally, in [218] the authors demonstrate how Generative Adversarial

Networks can be trained to generate full trajectories resembling the output of the SSA.

In this chapter we introduce Nessie, a framework for Neural Emulation of Stochastic Simulations

for Inference and Exploration, based on using neural networks to learn solutions of the CME

from stochastic simulations. Using only a moderate number of simulations of the specified

reaction system at different parameter values, we train a neural network to learn the marginal

probability distributions predicted by the CME over the whole parameter region of interest.

We approximate the target distributions using mixtures of negative binomials, a flexible class

of distributions particularly well-suited for this task [40, 302]. Once trained, Nessie becomes a

surrogate for the CME that can efficiently and accurately predict the solution of the CME at

different times for a wide range of parameters, bypassing the need to use further simulations or

expensive approximation techniques to analyse the reaction network in question.

Our work differs from related approaches [214–218] in several regards. Unlike [215, 216] or

[218], we do not aim to learn the transition kernels or the distributions of trajectories, i.e. the

dynamics of the chemical system in question, but to capture the marginal distributions directly.

In this sense Nessie is also different from DeepCME [214], which focuses on the task of learning

summary statistics such as moments of molecule numbers. The relevant expectation values

can be computed directly from the distributions predicted by Nessie, and we verify in our

examples that Nessie can predict means and variances to a high degree of accuracy. Although

our neural network is a variant of mixture density networks, in contrast to [215, 216] we do

not use continuum approximations based on mixtures of Gaussians, thereby avoiding training

and numerical stability issues that can arise in this context [207, 215, 216, 303]. As our

approach directly targets experimentally observable distributions, it can also be used to perform

parameter estimation based on comparing the neural network output with experimental data.

The chapter is organised as follows. In Section 5.3 we summarise the basics of artificial neural

networks. In Section 5.4 we describe Nessie, providing an overview of the technical details of our

neural network implementation and the workflow we use to predict the marginal probability

distributions for a given system. In Section 5.5 we test our approach on several biologically

relevant examples: an autoregulatory feedback loop, a genetic toggle switch involving mRNA and

protein dynamics for two genes, a detailed model of mRNA turnover and a model of the mitogen-

activated protein kinase (MAPK) pathway in S. Cerevisiae. The results indicate that Nessie can

learn the dynamics of biochemical reaction networks for a wide range of parameters, allowing

us to investigate physical properties of a given system such as multimodality and parameter

identifiability. Furthermore, we demonstrate how Nessie enables us to build upon [302] and
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perform efficient parameter inference from population snapshot data, a challenging problem for

CME-based models. Further details on the neural network training and hyperparameter tuning

specifics are given in Section 5.6. We conclude the chapter by discussing the results and the

limitations of our study in Section 5.7.

5.3 Neural networks

Input layer Hidden layer Output layer

Component 1

Component 2
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Figure 5.1: Architecture of Nessie, a simple feedforward neural network with one hidden layer. The input
layer takes in the time t and the model parameters θ, and the output layer returns the corresponding
negative binomial mixture components. Activation functions are indicated at the bottom.

A neural network learns a mapping f between inputs x and outputs y = f(x) via a parametric

approximation fϕ such that fϕ(x) ≈ y. The basic building block of a neural network is a single

neuron, which performs the mapping x 7→ g(x · w + b) for a weight vector w, a bias b and

a nonlinear activation function g. Several neurons arranged in parallel form a layer, and their

outputs can be treated as inputs to another layer of neurons. By combining several layers in a

row one gets a standard feedforward neural network, illustrated in Fig. 5.1. Here the first layer

is called the input layer, the last layer is the output layer and the layers in between are hidden

layers. For a comprehensive introduction to neural networks and deep learning we refer to [207].

Using activation functions with each neuron enables neural networks to learn complicated

nonlinear mappings. Commonly used activation functions in the Machine Learning community

are sigmoid functions, Rectified Linear Units (ReLUs) [304] and variants thereof [207]. For these

activation functions one can show that a feedforward neural network with a single hidden layer

and a sufficient number of neurons acts as a universal approximator, i.e. it is able to represent any

sufficiently smooth function [305] to arbitrary accuracy. In theory, a better approximation could

be achieved using a deep neural network with multiple hidden layers, which can compose simpler

functions into increasingly more complex ones. Such “deep” neural networks, often combining a
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variety of architectures more complex than a simple feedforward neural network, can outperform

their shallow counterparts on difficult tasks such as Natural Language Processing, Computer

Vision and others [207], which has led to a surge of interest in Deep Learning in recent years

[208–212]. As we will see, however, a single hidden layer is enough for our purposes.

The network parameters ϕ (weights and biases for each neuron) that minimise the discrepancy

between the mapping fϕ represented by the neural network and the true mapping f , are not

known and have to be learned from data. This is commonly achieved by constructing a labelled

set of training data D containing N � 1 different input-output pairs, and minimising a loss

function L(ϕ;D) that measures the deviation between the neural mapping fϕ and the target:

L(ϕ;D) = 1
N

N∑
i=1
L(ϕ; x(i), y(i)), (5.1)

where (x(i), y(i)) denotes the ith example pair in the training dataset. The most appropriate

loss function depends on the type of data and the task the neural network is trying to perform:

common examples are L2 distances for regression, cross-entropy for classification and negative

log-likelihoods for inference problems [207].

As the loss function is often highly nonlinear and nonconvex, minimising it with respect to

the network parameters ϕ is a difficult task, most often performed using iterative gradient-

based optimizers [306]. This requires the loss function to be differentiable with respect to the

weights. Computing the gradients of the loss function is usually done using the backpropagation

algorithm [207], which is implemented in most common deep learning frameworks such as Flux

[307] or PyTorch [308]. Once the gradients have been computed one can use an optimization

algorithm such as stochastic gradient descent or Adam [309] to minimise the loss. Note that the

training set is generated once and reused for every gradient descent iteration.

In practice the behaviour of a neural network and its training procedure are determined by

a number of hyperparameters, such as the number and size of hidden layers, the activation

functions applied on each layer, the choice of the optimiser (as well as its associated parameters)

and the convergence criterion. There is no universal formula for determining the best hyper-

parameter choices for each task, and hence one has to resort to heuristics and hyperparameter

tuning to find the best setup, which can be one of the most time-consuming aspects of training

complicated neural networks. We discuss these practical considerations in connection to our

approach below in Section 5.6.

Note that minimising the loss function over the training data does not guarantee that the

neural network will be able to generalise, i.e. accurately learn the mapping for previously

unobserved inputs. For this reason, the network’s generalisation ability is usually evaluated on a

separate validation dataset made up of examples that are not included in the training data [207].

Comparison of the loss on the training and validation datasets during the training procedure

allows us to perform effective hyperparameter tuning. Finally the predictive performance of the

trained network can be accurately measured on a separate test dataset consisting of yet another

set of input examples.
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Figure 5.2: Workflow for training Nessie. Given model parameters θ, the reaction network is simulated
repeatedly using the SSA to obtain empirical distributions at training time points t1, t2, . . .. These
are then compared with the output of the neural network and the total loss L is computed. In order
to decrease the loss, the neural weights ϕ are updated iteratively via gradient descent until the loss
has converged. In the figure η denotes the learning rate (see Section 5.6.1) and DKL(p ‖ qϕ) the KL
divergence between the true distribution p and the neural network prediction qϕ.

5.4 Nessie

Our goal in this work is to learn marginal distributions predicted by the CME for different

parameters and measurement times. As such the inputs to our neural network will consist of

the chemical reaction network parameters θ and the time t; as these can span several orders of

magnitude we log-transform them first. Although we work with fixed initial conditions for each

reaction system, this constraint could be relaxed by adding the molecule numbers at time t = 0
as extra inputs to the neural network.

We approximate the marginal distribution of interest by a mixture of negative binomials, a

flexible parametric class of distributions that has been shown to be very accurate for a large

class of reaction networks [40, 302]. Indeed, it is known that single-time marginal distributions

predicted by the CME for many different reaction networks can be modelled as a mixture of

negative binomials in the presence of timescale separation [34, 40, 41, 310, 311]. Experimental

measurements of mRNA and protein distributions in bacterial, yeast and mammalian cells

show that these are often fit well by such mixtures, even when timescale separation is not

applicable [12, 312–314]. We remark that a mixture of negative binomials always has a Fano

factor (variance over mean) greater than 1, and systems whose Fano factor is significantly less

than 1 (see e.g. [51]) would benefit from a different parametric approximation which we shall

not consider here.
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A mixture of negative binomials can be parameterised as

qϕ(n) =
K∑

i=1
wi ·NB(n; ri, pi), (5.2)

where K is the number of mixture components, wi is the weight of the i-th component and

NB(ri, pi) is a negative binomial distribution with parameters (ri, pi). The number of compon-

ents is fixed a priori and the weights are subject to the normalization constraint w1 + . . .+wK =
1. Our task is therefore to learn a mapping (t, θ) 7→ (wi, ri, pi)K

i=1 from the input parameters

to those of the output distribution.

Each parameter characterising the output distribution is represented by a single neuron in the

output layer. To respect the constraints on the weights wi we apply the softmax activation

function to the corresponding neurons: the outputs are exponentiated, then normalised to sum

to 1. For the neurons corresponding to the count parameters ri we choose exponential activation

functions, and for the probabilities pi we use sigmoid activation functions. The architecture of

our neural network is shown in Fig. 5.1.

The number of hidden layers and the number of neurons per hidden layer can have a large

impact on the representational power of a neural network (see Section 5.3). The networks

we build throughout this chapter contain only a single hidden layer as we have found such

architecture in our case to be easier to train and provide better predictive performance than

“deeper” networks (see Section 5.6.2), an observation corroborated in [300]. We choose the

number of neurons in the hidden layer depending on the complexity of the chemical reaction

network at hand and use the ReLU activation function as it enables efficient training [304].

In our setup a single training point consists of an input point x = (t, θ) and a reference

distribution p of target molecules at time t for the specified reaction network with parameters

θ, obtained by averaging over a number of SSA trajectories (or by using the FSP). We build

the training set by sampling parameter sets θ in the parameter region of interest and running

simulations at each θ; this can be done in parallel for all parameters. We then use the simulation

results at fixed times as training inputs to Nessie, using its ability to interpolate between these

times to learn general time-dependent distributions. In order to ensure that the training data

evenly cover the entire parameter region we use Sobol sequences [315], which generally provide

more uniform coverage than random sampling.

A common method to match distributions in the statistics literature is to minimise the Kullback-

Leibler (KL) divergence DKL(p ‖ qϕ), where p is the target distribution and qϕ the prediction;

this procedure is mathematically equivalent to maximising the average log-likelihood under qϕ

of a sample drawn from p [207]. Hence we use the KL divergence as our loss function for each

point in the training set:

L(ϕ; x(i), p(i)) = DKL(p(i) ‖ qϕ(x(i))) . (5.3)

This is equivalent to the cross-entropy, up to the addition of a constant that does not depend

on the network weights ϕ. Computing the mixture of negative binomials qϕ for a given input

point is straightforward using Eq. 5.2. The complete workflow for training Nessie is shown in

Fig. 5.2.
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We note that maximising the average log-likelihood for a mixture of Gaussians, as is commonly

done with Mixture Density Networks (MDNs) [301], can lead to stability issues for more than one

component. For example, the neural network can learn to place a Gaussian component at zero

with arbitrarily low variance, which will give an arbitrarily high likelihood if 0 occurs anywhere

in the training dataset, irrespectively of the overall quality of fit—an example of overfitting (see

Section 5.6.1). This is because in the continuous case one deals with probability densities, which

can become arbitrarily large in contrast to probabilities. We believe that this phenomenon is

responsible for some common numerical issues observed e.g. in [207, 216, 303]. One can attempt

to remedy this issue by integrating the density over a finite interval (say, [−0.5, 0.5]), or by

regularising the precision of each component (thereby adding hyperparameters to the training

procedure). In contrast, mixtures of negative binomials were not prone to overfitting in our

experiments and did not require any form of regularisation.

In what follows, we quantify the relative accuracy of the trained neural networks by computing

the Hellinger distance between the predicted and test distributions. Although the KL divergence

is more suited as a loss function [207] to train the neural network for its computational efficiency,

the Hellinger distance is a bounded metric and a more interpretable measure of the model’s

predictive performance.

We used Julia [204] with Flux.jl [307] to implement neural networks. Gradients of the loss

function were computed directly by Flux using the built-in Zygote.jl automatic differentiation

system [316]. The training datasets were constructed by defining chemical reaction networks

via Catalyst.jl [270] and simulating them using DifferentialEquations.jl [203] (SSA)

and FiniteStateProjection.jl (FSP). Minimisation of the Hellinger distance in the MAPK

inference example was performed using BlackBoxOptim.jl. All numerical experiments were

performed on a Intel Xeon Silver 4114 CPU (2.2 GHz) using 16 threads.

5.5 Results

5.5.1 Autoregulatory feedback loop

We first consider a simple autoregulatory feedback loop illustrated schematically in Fig. 5.3A,

consisting of the following reactions:

Gu + P
σb−−⇀↽−−
σu

Gb, Gu
ρu−→ P, Gb

ρb−→ P, P
1−→ ∅ .

This system contains a single gene with two promoter states Gu and Gb, each associated with

different protein P production rates ρu and ρb (mRNA dynamics are not modelled explicitly).

The feedback is introduced via reversible binding of a protein molecule to the promoter region

with binding rate σb and unbinding rate σu, which causes switching between the two promoter

states. Finally, protein degradation is modelled by an effective first-order reaction. This system

is a rudimentary example of stochastic self-regulation in a gene: the model functions as a positive

feedback loop if ρb > ρu, and a negative feedback loop if ρb < ρu.
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Figure 5.3: Nessie applied to an autoregulatory genetic feedback loop. (A) Schematic of the reaction
network. We assume mass action kinetics for all reactions. (B) Protein distributions for three different
test parameter values (indicated in Table B.1). The ground truth distributions were computed using
the FSP. (C) Comparison of true and predicted means and variances of protein numbers at time t = 100
for the test set containing 500 parameter values. True means and variances were again computed using
the FSP. (D) Exact and predicted bimodality coefficients as a function of ρb and σb, where we set
σu = ρu = 1 and t = 100. Here the bimodality coefficients predicted by Nessie closely agree with their
ground truth values.

Although the CME of the autoregulatory feedback loop has only been solved analytically in the

steady-state [109] (although a complete semi-analytical solution has been recently proposed in

[136]), in this specific case an efficient time-dependent numerical solution can be obtained with

the FSP as the model contains few molecular species and chemical reactions. Estimating the

probability distributions for the autoregulatory feedback loop via the FSP is much faster than

using the SSA. This makes the autoregulatory feedback loop an ideal toy model for our initial

experiments as we can relatively quickly build arbitrarily large training datasets with the FSP,

calibrate the neural network, and probe the performance of Nessie in capturing the marginal

distributions of protein numbers.

We use a training set of size 1k, a validation set of size 100 and a test set of size 500, sampled

using a Sobol sequence in the parameter region indicated in Table B.1. For each datapoint we

take four snapshots at times t = {5, 10, 25, 100} and construct the corresponding histograms

using the FSP. Our neural network consists of a single hidden layer with 128 neurons and

outputs 4 negative binomial mixture components; we use a batch size of 64 for training. More

details on the training procedure and the hyperparameter choices are given in Section 5.6.

In Fig. 5.3B we show the protein distributions for three test parameters sets, comparing the

predicted distribution with the FSP results. Our approach provides highly accurate fits for

the different distribution shapes obtained at these points in the parameter space, showcasing

the flexibility of negative binomial mixtures in approximating the CME of the autoregulatory

feedback loop.
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Figure 5.4: Training Nessie using the SSA. (A) Mean Hellinger distance computed over the validation
dataset versus the number of SSA trajectories used to construct the histogram of each training
datapoint. Here the validation dataset consists of 100 different parameter values at 4 time snapshots,
constructed with the corresponding number of SSA trajectories. The error bars are obtained by
averaging over 10 independent Nessie training runs, where for each run we resample the training and
validation datasets and train a new model, as done for the manual tuning of other hyperparameters
discussed in Section 5.6.2 and shown in Figure 5.9. The red dashed line indicates the accuracy of Nessie
trained on the FSP data. (B) Example distributions constructed with 100, 1k and 10k SSA samples
(indicated in red at the top) compared to the neural network predictions. We retrain Nessie for each
plot using the respective number of trajectories per training point. Parameter values and ranges are
given in Table B.1.

Having learned the output distributions for this chemical system we can compute various

quantities of interest from these. In Fig. 5.3C, we compare the means and variances of the protein

number predicted by Nessie to the true values computed using the FSP for all points in the test

dataset. Furthermore, in Fig. 5.3D we analyse the bimodality coefficient as defined by [317]. The

bimodality coefficient of a distribution is defined as 1/(κ− γ2), where κ and γ are the skewness

and kurtosis respectively, and is a measure of bimodality with higher values corresponding

to strongly bimodal distributions. We see that Nessie provides a good approximation to this

quantity and closely matches the FSP results.

Numerically estimating the bimodality coefficient for many different parameters is a computa-

tionally intensive task, whereas predicting it using the neural network, once trained on its 1k

datapoints, is very quick: using Nessie we can produce the plotted heatmap in 0.03 s, in contrast

to the FSP which takes 240s. This example illustrates how we can apply the neural network

to rapidly and efficiently analyse large swathes of parameter space and, in turn, to determine

the regions of bimodality in the system. Note that in evaluating the model performance we did

not take into account the time required to generate the initial training data and to train the

neural network, which are given in Table B.5. Although this does incur a notable overhead, it

becomes largely insignificant in comparison to the computational gains provided by the trained

neural network in large parameter exploration studies. Similarly, our approach scales to more

complicated chemical reaction networks that are not amenable to study using the FSP, allowing

us for example to perform global sensitivity analysis for the genetic toggle switch presented in

the next section.

Finally, in Fig. 5.4 we consider using the SSA as an alternative to the FSP for constructing

the training dataset. As each training histogram is built from a number of SSA samples, we

investigate how many samples per training point are required to accurately train the network.

Note that the numerical FSP solution is virtually indistinguishable from the exact CME solution

as its approximation error can be systematically reduced by increasing the size of the truncated



5.5. Results 86

state space [137], and hence it is effectively equivalent to an infinite number of SSA trajectories.

We see in Fig. 5.4A that for the autoregulatory feedback loop using as few as 100 trajectories

per training point enables Nessie to produce good approximations of the true distributions.

In contrast, obtaining similar quality fits using the SSA alone would require two orders of

magnitude more samples per parameter, as demonstrated in Fig. 5.4B where we compare the

histograms obtained using 100, 1k and 10k SSA trajectories. One may expect this effect to be

amplified for larger system sizes and more widely spread out distributions, where many more

simulations are typically needed to obtain smooth histograms.

5.5.2 Genetic toggle switch

For our next experiment we consider a stochastic model of the genetic toggle switch, one of the

first synthetic biological circuits [103]. The reaction network, introduced in [110], is composed of

two mutually interacting genes (which we label A and B) and takes into account transcription,

translation and the subsequent degradation of the produced mRNA and proteins (see Fig. 5.5A),

consisting altogether of the following reactions:

GA
u + P B

σA
b−−⇀↽−−

σA
u

GA
b , GB

u + P A
σB

b−−⇀↽−−
σB

u

GB
b ,

GA
u

ρA
u−−→ GA

u + MA, GA
b

ρA
b−−→ GA

b + MA, MA γA

−−→MA + P A, MA δA
m−−→ ∅, P A δp−→ ∅,

GB
u

ρB
u−−→ GB

u + MB , GB
b

ρB
b−−→ GB

b + MB , MB γB

−−→MB + P B , MB δB
m−−→ ∅, P B 1−→ ∅,

MB + P A
σM

b−−⇀↽−−
σM

u

MBP A δpm−−→ ∅ .

The translated protein A can bind to the promoter region of the gene that produces protein

B, and vice versa with protein B binding to the gene promoter of protein A. This results in

effective transcriptional regulation: depending on the mRNA production rate associated with

each promoter state, the process can either lead to repression or activation of transcription

for each species. In addition, the system contains post-transcriptional regulation mediated by

protein A binding to the mRNA of species B and modulating its translation accordingly [318].

The toggle switch is noticeably more intricate than the autoregulatory feedback loop considered

previously. It exhibits rich dynamics highlighted by diverse protein distributions that can be

highly multimodal [110]. Due to the considerable number of reaction parameters, the frequent

occurrence of high copy numbers (> 1000) and the complexity of the observed distributions,

studying this system poses significant problems both analytically and computationally. This

makes it a good challenge for Nessie.

Our aim is to predict the probability distributions of the target protein B in the genetic toggle

switch. Note that we could similarly consider the distribution of protein A or, alternatively, the

neural network architecture itself could be extended to predict both marginal distributions for

the two proteins in parallel. If however joint distributions are required, the univariate mixture of

negative binomials we use needs to be replaced by a multivariate equivalent; we briefly mention

possible approaches in the Discussion.
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Figure 5.5: Nessie applied to a genetic toggle switch with post-transcriptional regulation. (A) Schematic
of the reaction network (assuming mass action kinetics for all reactions). (B) Comparison of true and
predicted means and variances of the protein B numbers for the test set consisting of 1k different
parameter values at time t = 100 constructed using 100k SSA trajectories. (C) Protein B distributions
for four different test parameter values (specified in Table B.2). The SSA distributions were computed
by averaging over 100k trajectories. (D) Sensitivity of the Fano factor of protein B to parameter
perturbation at time t = 100, where the pie charts show the most and least sensitive parameters. The
results are obtained by using Nessie to compute the logarithmic sensitivity of the Fano factor to the 16
model parameters for 100k parameter values drawn from a Sobol sequence covering the training range
given in Table B.2). We observe that only a few reaction parameters can be identified as typically the
most/least sensitive (indicated in bold).

We draw 40k, 100 and 1k parameters for the training, validation and test datasets respectively

using a Sobol sequence in the parameter region indicated in Table B.2). For each parameter

set we take 8 snapshots at times t = {2, 4, 10, 16, 32, 50, 74, 100}. The complexity of the system

prevents us from using the FSP to construct the reference histograms and hence we resort to

the SSA. As discussed previously, a relatively small number of SSA samples can be used to

successfully train the neural network. For this reason, we use 1k simulations for each training

datapoint and 100k simulations for the validation and test data (in order to ensure a more

accurate comparison to the true distributions). In this case, we use a neural network with a

single hidden layer of 1024 neurons and 6 output mixture components, and fix the batch size to

1k for the training procedure (see Section 5.6.1 for more details). The remainder of our setup

is the same as in the previous example. The data generation and neural network training times

are given in Table B.5.
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Figure 5.6: Using Nessie to interpolate and predict protein B dynamics in time. Bottom: Mean Hellinger
distance computed over the test dataset made up of 1k different parameter values (constructed using
100k SSA trajectories) evaluated at times t = {1, 2, . . . , 100}. The vertical gray dashed lines indicate the
time snapshots used for training the neural network, showing that the predictive error does not notably
increase in between the training points. Top: Time evolution of the protein distribution predicted by
Nessie and the SSA (averaged over 100k trajectories) for an example parameter set, demonstrating
Nessie’s ability to accurately capture the time evolution of the protein B distribution.

In Fig. 5.5B we verify that the moments (means and variances) of the protein B numbers

predicted by Nessie closely match those computed using the SSA for all test datapoints. Fur-

thermore, in Fig. 5.5C, we compare the predicted protein distributions to the true distributions

constructed by averaging over 100k SSA realisations. Notably, the trained neural network

is able to reconstruct the complex distributions and provides a good approximation to the

CME solution of the genetic toggle switch. The promising performance of Nessie highlights the

usefulness of neural emulators for dealing with stochastic chemical reaction networks that go

beyond the more tractable examples that are typically studied in the literature; we demonstrate

this further by applying Nessie to a detailed model of mRNA turnover in the next section.

Next we explore the sensitivity of the genetic toggle switch to noise. The Fano factor, which

is defined as the ratio of the variance of molecule numbers to the mean molecule number,

is a commonly used measure of deviations from Poisson noise and the extent of transcrip-

tional/translational bursting. We investigate how the Fano factor of the protein B number

changes upon parameter perturbation. Using the trained neural network we have computed the

logarithmic sensitivity [319] of the Fano factor of protein B to all reaction parameters over a wide

parameter range and identified the most and least sensitive parameters on average, as shown in

the pie charts in Fig. 5.5D. In particular, we can identify a few parameters that are the most

or least sensitive to noise in the majority of cases. For example, for over 60% of the parameter

space, the mRNA production rates ρB
u and ρB

b are the most sensitive, and hence tweaking these

parameters is usually the optimal way to control the fluctuations in the protein B number.

Note that performing such global sensitivity analysis is highly computationally expensive using

the SSA, whereas with Nessie it can be approximated within minutes, making it possible to

significantly accelerate further parameter exploration studies.
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Although we trained Nessie with distribution snapshots only at a few fixed time points, an

obvious question of interest is whether the neural network can capture the temporal dynamics

of the chemical system over its whole trajectory. In Fig. 5.6 we plot the Hellinger distance

between the predicted and true (SSA) distributions at times t = {1, 2, . . . , 100} averaged over

the 1k test parameter sets. Remarkably, the predictive accuracy is largely similar throughout the

whole time range, indicating that the neural network is able to effectively interpolate between

the time points it has seen during training. Note that the worse performance at t < 2 is expected

as we do not train on the initial transient during which the dynamics rapidly evolve from the

initial condition.

5.5.3 Model of mRNA turnover

In this section we consider a detailed model of eukaryotic mRNA turnover, first proposed in

[320] and consisting of the following reactions:

GON
σb−−⇀↽−−
σu

GOF F , GON
1−→ A, A

k2−→ B,

B
r1−→ BC1, BC1

r2−→ BC2, BC2
r3−→ BC3, BC3

r4−→ BC4, BC4
r5−→ BC5, BC5

r6−→ C,

C
r7−→ E, C

k3−→ D, E
k8−→ G, E

k9−→ F, D
r7−→ F, D

k4−→ L,

G
k10−−→M, G

k11−−→ ∅, F
k8−→M, F

k4−→ I1, L
r8−→ I2,

M
k11−−→ ∅, M

k4−→ ∅, I1
k5−→ ∅, I2

k5−→ ∅.

This reaction network contains a single gene with two states GON and GOFF, which in the

active state GON produces nuclear mRNA molecules A that are then degraded in a complex

downstream pathway. The nuclear mRNA A is transported to the cytoplasm where it undergoes

deadenylation followed by decapping and exonucleolytic degradation either in 3′ → 5′ or 5′ → 3′

direction [320], modelled as a complex sequence of first-order reactions (see Fig. 5.7A). Note

that although in the original model mRNA production is described as occurring constitutively,

we have extended it to include gene state switching in order to account for transcriptional

bursting [321].

The mRNA degradation model contains even more species and reaction parameters than the

genetic toggle switch presented in the Main Text, and approximating it using our framework is

a further example of how Nessie can be applied to study large reaction networks. Our focus here

is predicting the probability distributions of the total number of full-length mRNA segments

(FL) that have not yet been exposed to exonucleolytic degradation, given by the sum A + B +
BC1 + . . . + BC5 + C + D + E + F .

We draw 100k, 100 and 1k parameters for the training, validation and test datasets respectively

using a logarithmic Sobol sequence in the parameter region indicated in Table B.3. For each

parameter set we take 8 snapshots at times t = {100, 230, 360, 500, 620, 750, 880, 1000}. We

generate 1k SSA trajectories for each training datapoint and 100k simulations for the validation

and test data. The number of hidden neurons is 1024 neurons, and we used 4 output mixture

components, using a batch size of 1k for the training procedure. The times required to generate

the data and train the neural network are given in Table B.5.



5.5. Results 90

A

B C

P
ro

b
ab

ili
ty

i ii
Nessie
SSA

Nessie

S
S

A

Mean Variance

FL mRNA number

Figure 5.7: Nessie applied to a detailed model of mRNA turnover. (A) Schematic of the reaction
network (assuming mass action kinetics for all reactions). We are interested in modelling the sum of
full-length mRNA segments (the FL mRNA number), highlighted in red. Note that the mRNA fragment
G is not related to the gene states GON and GOFF (the notation is kept consistent with the original
model [320]). (B) FL mRNA number distributions for two different test parameter values. The SSA
distributions were computed by averaging over 1M trajectories. (C) Comparison of true and predicted
means and variances of the FL mRNA numbers for the test set consisting of 1k different parameter
values at time t = 500 constructed using 100k SSA trajectories. Parameter values and ranges are given
in Table B.3.

In Fig. 5.7B we show that the predicted FL mRNA distributions closely match the true

distributions constructed using 1M SSA realisations. Furthermore, in Fig. 5.7C, the means

and variances of the FL mRNA numbers predicted by Nessie accurately compare with those

computed using the SSA thus demonstrating that Nessie can perform well even in larger-scale

applications.

5.5.4 MAPK pathway

We finally apply Nessie to a biological model of the MAPK pathway in S. Cerevisiae with the

aim of inferring system parameters using experimental data from [277]. The reaction network

can be seen in Fig. 5.8A and is modified from [277], removing extrinsic noise contributions. It

consists of the following reactions:

G∗∗ ηb(t)−−−⇀↽−−−
ηu

G∗, G∗ + CR
σb−−⇀↽−−
σu

G, G
ρm−−→ G + M, M

ρp−→M + P, M
δm−−→ ∅, P

δp−→ ∅.

where ηb(t) depends on the current Hog1 concentration, which was measured experimentally,

via the formula

ηb(t) = Vmax(hog1(t) + b)h

Kh
m + (hog1(t) + b)h

The number of ribosomes and chromatin remodellers in [277] were treated as constant and

absorbed into the reaction rates ρp.
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Figure 5.8: Nessie applied to a model of the MAPK pathway. (A) Schematic of the reaction network (see
main text for details). The hog1 concentration over time is taken from [277]. (B) True and predicted
means and variances of the protein distribution for the test set consisting of 100 different parameter
values at time t = 27 constructed using 100k SSA trajectories. (C) Comparison of the experimental
distribution (black) with those predicted by the CME for the parameters inferred using Nessie (blue).
To probe parameter uncertainty we performed 10 independent estimation rounds. SSA distributions
were computed by averaging over 1M trajectories. Parameter values and ranges are given in Table B.4.

This reaction network describes the pSTL1 gene and includes activation due to a time-varying

hog1 signal, chromatin remodelling, transcription and translation. When yeast is subjected

to external osmotic pressure, activation of the MAPK signalling cascade results in doubly

phosphorylated hog1 molecules entering the nucleus. These bind to the pSTL1 promoter, which

is initially in an inactive state (G∗∗). Upon binding of hog1 to the gene, subject to chromatin

structure remodelling via the chromatin remodelling complex (CR), starts transcribing mRNA,

which after translocation into the cytosol is translated into protein. In [277] the authors used

flow cytometry to measure protein number distributions for the MAPK pathway, for which they

proposed the above model. Protein distributions predicted by this model tend to be bimodal

with a sharp peak at 0, as depending on the parameters a sizeable fraction of cells never starts

transcribing mRNA before the hog1 signal decays.

The data measured in [277] consists of intensity measurements (in arbitrary units, AU) at

times t = {3, 9, 15, 21, 27, 33, 39, 45} (in minutes) after salt was added to the solution to induce

osmotic shock in the cells, which triggers the MAPK pathway. Since the fluorescence intensity

per protein (I/P ) was not measured in these experiments we assumed a value of 1AU per

protein and rounded the estimated protein number to the nearest integer (in [277] it was noted

that identifying all parameters is not possible from these experiments).

Observing that the experimental distributions at most times had a peak near 0 whose width

was consistent across time points, we binned all observations less than 100AU, the approximate

width of the peaks. The observed peaks are best explained by measurement noise that does not

allow us to identify the exact protein numbers in the low copy number regime. Binning in this
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case, while potentially losing some information, renders the procedure more reliable than the

alternative of discarding observations below the threshold [121, 322]. Since measurements at

time t = 3 were almost entirely below the threshold we discarded that time point for inference

purposes.

Our goal is to find parameters consistent with the data by minimising the discrepancy between

the experimentally observed distributions and the model output as predicted by Nessie. The

training, validation and test sets consist of 15k, 250 and 100 points, respectively, which were

generated from a logarithmic Sobol sequence in the parameter region indicated in Table B.4,

chosen around the maximum a posteriori estimates reported in [277]. We use 1k simulations for

each training datapoint and 100k simulations for the validation and test data. The size of the

hidden layer was set to 2048 and the number of mixture components was 5. Since a significant

fraction of the simulated trajectories had 0 proteins we added a sixth component that was set

to be a Dirac delta at 0; this was performed by adding a single output neuron predicting the

weight of this peak. To speed up training we split the procedure into two rounds, first training

with 10% of the training data for 100 rounds and then with the entire training set for 400. We

used a batch size of 1k throughout. Fig. 5.8B shows that the means and variances predicted by

the resulting neural network are close to those obtained using the SSA.

Once Nessie is trained we estimate the model parameters by minimising the sum of Hellinger

distances between the experimental distributions and Nessie’s predictions, treating all obser-

vations below 100 AU as lying in one bin as discussed above. Since the outputs of the neural

network are fully differentiable with respect to its inputs, including the model parameters,

we can perform minimisation using any standard gradient-based algorithm. This is similar to

the training procedure discussed in Section 2, except that we fix the neural weights and vary

the model parameters instead. To evaluate the accuracy of the estimation scheme we ran the

SSA at the predicted parameters, verifying that the results match the experimentally observed

distribution (see Fig. 5.8C for the results using 10 estimated parameter sets). As can be seen

in the figure our results do not reproduce the peak near 0 found in the experimental input,

and an extensive parameter search did not lead to any parameters which exactly reproduce

the experimental data. We therefore suspect that the model we used does not fully describe

the dynamics of hog1 -mediated gene expression and that obtaining better results will require a

more detailed model than the one we are using.

While neural networks could be used to perform maximum likelihood estimation or Bayesian

inference [323], we did not pursue likelihood-based approaches in this chapter. Due to the large

number of datapoints (over 100k), any small approximation error in the distributions predicted

by Nessie will get amplified by several orders of magnitude: as the likelihoods for each datapoint

add up to form the total likelihood of the data, the errors in the likelihood will, too. This leads

to highly fluctuating likelihood values for similar parameters that are an artefact of the neural

approximation and not present in the true model. This results in the predicted posterior being

concentrated tightly around one parameter set where these fluctuations result in a marginally

higher likelihood for the experimental data than the others, and the resulting uncertainty estim-
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ates reflect the approximation error incurred by Nessie instead of true parameter uncertainty.

Such concentration of the estimated posterior due to randomness is a common problem in using

MCMC with “tall data” [324], where estimating likelihoods for large datasets becomes very

difficult.

Since fitting parameters using Hellinger distances does not directly provide uncertainty inform-

ation, we estimated uncertainty by repeatedly fitting parameters to the experimental data;

Table B.4 shows the results of 10 fits. As can be seen in Fig. 5.8B, these results produce similar

distributions under the CME, yet some parameters such as σb and δp are spread over an order

of magnitude. Such parameter unidentifiability is common with the type of experimental data

measured in biological experiments and should be taken into account when interpreting results.

In particular the Hill coefficient, which was allowed to range from 1 to 10, could not be narrowed

down within this range.

Once the network is trained, globally optimising the Hellinger distance within the targeted

parameter region takes a few minutes. Our approach should therefore be particularly suited for

scenarios where distribution data is available for many copies of one network, e.g. when using

a single gene expression model to analyse many different genes in an organism.

5.6 Methods

5.6.1 Training neural networks

We train our neural networks using the Adam optimiser [309], one of the most popular op-

timisation algorithms for this purpose. The gradients of the loss function with respect to the

network parameters ϕ are calculated over minibatches of m training points, which are then

used to update ϕ using the optimiser [207]. One training epoch is completed by iterating over

all minibatches in the training dataset and hence performing many gradient steps (which can

lead to faster convergence). Before training we initialise the network weights using the Glorot

Uniform method [325].

The batch size and the learning rate are two optimiser hyperparameters that may significantly

affect the results of the training procedure. We adjust these hyperparameters and define our

stopping criterion using heuristic arguments outlined below.

Batch Size: It has been noted that large batch size m may reduce the model’s ability to

generalise, whereas small m can lead to more reliable results [326]. In our experiments we

observed that very small batch sizes did little to improve results while significantly increasing

training time. To balance these observations, we usually choose m to be 2-10% the size of the

training dataset, which consistently gave good performance.

Learning Rate: The learning rate η of the optimiser controls the step size of each gradient

update and should be chosen appropriately: too low a choice can lead to slow convergence,

whereas a large learning rate can overshoot the target minimum. In our experiments we usually

initialise η = 0.01 and decrease it as training progresses. Namely, we periodically monitor the

loss function over the validation dataset and halve η if the loss has improved by less than 0.5%
over the last 25 epochs on average.
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Stopping Criterion: The training procedure is terminated after η has been decreased 5 times,

which usually indicates that optimization has stalled. We found this stopping criterion to work

well for our examples as training beyond this point did not often lead to significant improvements

in accuracy.

The learning rate decay described above is similar to early stopping [327], a regularisation

technique that helps to prevent overfitting of the training dataset. Overfitting occurs when

the neural network learns, or “memorises”, particular features of the training dataset that are

not representative of the model as a whole, and loses its ability to generalise to unseen data.

This can often be detected by an increase in the validation loss together with a monotonically

decreasing training loss. While a number of popular regularisation strategies can be used to

prevent this, such as L2 regularisation or dropout [207], we did not find overfitting to be an

issue in our experiments. We conjecture that this is due to the rigid nature of the negative

binomial distribution which, unlike a Gaussian, cannot overfit single datapoints away from 0.

5.6.2 Hyperparameter tuning

As noted above, training a neural network effectively requires finding a good architecture and

hyperparameters. Beyond manual tuning this is classically done using black-box optimization

methods such as grid search, random search or Bayesian Optimisation [328]; the related work

in [216] uses a more recent differentiable architecture search. For deep neural networks such ap-

proaches can be very computationally expensive depending on the number of hyperparameters.

In contrast, our approach based on a single hidden layer can feasibly be tuned manually, and

using the autoregulatory feedback loop as a testbed we can obtain intuition about the effect of

each hyperparameter for our problem.

Hidden Layers: The number and structure of the hidden layers in a neural network greatly affect

its capacity, i.e. its ability to represent sufficiently complex functions. In Fig. 5.9A we plot the

Hellinger distance between the true and predicted distributions for a single hidden layer with

different numbers of neurons. We observe that the network’s capacity quickly grows with the

number of neurons, reaching peak accuracy at about 128 neurons. Increasing the number further

does not have a measurable effect on our model’s performance beyond increasing training time.

Network Depth: In Fig. 5.9B we compare the predictive performance for neural networks

with multiple hidden layers of different sizes. The results suggest that shallow neural networks

consisting of a single hidden layer are as effective as deeper ones for our purposes, while being

easier to set up and train. Our experiments with the other systems (not shown) corroborated

this observation.

Number of Components: Another important hyperparameter is the number of negative binomial

components in the output mixture. In Fig. 5.9C we see that at least 4 components are needed

to obtain good approximations for the autoregulatory feedback loop. This is not unexpected

as the protein distributions of the autoregulatory feedback loop can be distinctly bimodal in

certain parameter regimes, as shown in Fig. 5.3. The maximum number of modes in models of

gene networks (that we focus in this study) is usually given by the number of gene states times
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Figure 5.9: Results of manual hyperparameter tuning for the autoregulatory feedback loop. Each
point in the figure is the mean Hellinger distance for the validation dataset (consisting of 100 different
parameter values at 4 time snapshots constructed with the FSP), computed over 10 independent training
runs with a differently initialised neural network. For each run, we reinitialise the network, construct
new training and validation datasets by drawing new parameters from a fixed Sobol sequence and train
the network again. Note that the validation dataset used to produce the figure is distinct from the
validation data used during training.

the total number of gene copies [110], and this acts as an effective lower bound for choosing the

number of mixture components. However, increasing the number of mixture components beyond

this lower bound may be required to improve the accuracy of the neural network further, as is

the case for the autoregulatory feedback loop.

Although adding extra components does not lead to overfitting, as observed by [302] it increases

the training time and can also make the network more prone to mistakenly predicting too many

modes in the solution for certain parameter regimes, which can be regarded as an unphysical

artefact. A viable option to find the optimal number of mixture components would be to

initialise the neural network with a relatively high number of components and implement L1

regularisation [207] in order to sparsify the output mixture during training.

Dataset Size: Having enough training samples is essential to train a neural network in a way

that allows it to learn to generalise. In Fig. 5.9D we show how increasing the size of the

training dataset improves the performance of our network. Although relatively small datasets

are sufficient for achieving good accuracy, in this case we have only five neural network inputs.

Therefore, due to the curse of dimensionality, significantly larger datasets may be needed for

effective training on chemical systems involving more reaction parameters. Adding more training

points when the validation loss is significantly higher than the training loss is an effective way

to determine the appropriate size.
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Number of Simulations: The number of simulations at each training point also affects the

accuracy of the fit. In general we suggest considering more SSA samples if the neural network

does not provide a good fit on the training data. As fitting negative binomial mixtures to samples

has a strong regularising effect, the number of simulations per training point is generally much

less than what is required to get an accurate histogram from samples (see Fig. 5.4).

5.7 Discussion

In this chapter we presented Nessie, a framework that allows us to train neural networks on

simulation data to accurately estimate the solution of the CME for various biological systems.

Our approach is scalable to complex nonlinear reaction networks with over a dozen parameters

that exhibit diverse, multimodal dynamics across parameter space. We illustrated the perform-

ance of Nessie on four examples: a well-studied autoregulatory feedback loop, a complex genetic

toggle switch, a detailed model of mRNA turnover and the MAPK pathway in S. Cerevisiae.

The latter models pose significant challenges both analytically and computationally due to the

number of species and reactions involved, yet Nessie allows us to efficiently emulate them and

analyse their properties, with applications for parameter exploration and estimation. While

the models we have tested in this work were all Markovian, the simulator-based nature of our

approach makes it suitable for non-Markovian models including delays, see e.g. [329, 330].

Nessie can be particularly useful in rapidly exploring large swathes of parameter space, for

example to perform a local or global sensitivity analysis. This has many uses, e.g. to guide

the tuning of parameters to find a desired phenotype [331], for the design of optimal experi-

ments [332], to provide insights into the robustness and fragility tradeoff in genetic regulatory

mechanisms [333] and to find those parameters which most influence the size of transcriptional

noise [334]. We note that performing any such analysis using the standard stochastic simulation

methods like the SSA can be prohibitively computationally expensive [335].

Following methodology similar to that proposed by [323], Nessie can be used to fit models

to data by matching experimentally observed distributions to those predicted by the neural

network, as demonstrated in the case of the MAPK pathway model where we recovered model

parameters that are mostly consistent with experimental observations. We remark, however,

that this approach has to be used with care in the context of likelihood-based inference due to

small approximation errors in the likelihood being amplified in the presence of many datapoints.

In order to be reliable any such approach, including Bayesian inference, must take into account

the bias introduced by the choice of approximation. This could be done e.g. by placing a prior

over network weights and treating them as unobserved variables, sampling from the resulting

Bayesian neural network using Hamiltonian Monte Carlo methods [336].

As discussed in Section 5.2, our approach differs from other studies that use neural networks

to predict the dynamics of stochastic biochemical systems [214–218]. As all of these approaches

try to learn different things, comparing them directly is not straightforward and is further

complicated by the sensitivity of neural networks to architecture and hyperparameter choices

[207]. An advantage of Nessie is that it requires relatively little setup in terms of hyperparameter

optimisation. Due to its architectural simplicity a very limited amount of tuning is needed,
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without requiring automated neural architecture search techniques [216], and we provide a

detailed discussion of the relevant hyperparameter and training considerations in Section 5.6.

We hope that this will enable the interested reader to quickly deploy and apply Nessie to their

favourite reaction network.

5.7.1 Limitations of the study

Although Nessie can relatively accurately interpolate in time between the training snapshots

for such models like the genetic toggle switch, its performance may be inadequate when applied

on systems with complex oscillatory behaviour. This is a general limitation of our approach,

which uses a simple feedforward network and therefore may not be able to efficiently represent

oscillating functions [337]. To remedy this, besides the recently proposed generative adversarial

network-based approach in [218] one could consider more sophisticated neural network archi-

tectures such as recurrent neural networks [207] and universal differential equations [203]. This

would allow us to extract temporal features such as power spectra and first passage times, which,

while difficult to measure experimentally, have been shown to provide a wealth of information

about the system and significantly aid in model discrimination [338–340].

While in this chapter we have focused on the task of learning one-dimensional marginal dis-

tributions predicted by the CME, Nessie can also be extended to capture joint distributions.

One way to implement this could be replacing the mixture of univariate negative binomials by

a mixture of independent negative multinomials or alternative multivariate distributions. Such

generalisation only requires updating the output layer to correctly represent the parameters

of the new mixture. However, we expect the computational cost of training such a network to

greatly increase as the state space (and hence the number of required gradient computations)

grows exponentially. The construction of training datasets may also become significantly more

expensive, as generating sufficiently smooth multi-dimensional histograms with the SSA may

require many more trajectories than in the one-dimensional case. Another way to learn mul-

tivariate distributions was recently proposed by [219] and consists of learning the distribution

of one species conditioned on the number of another species, whose marginal distribution is

known beforehand (or can be learned). Exploring this and other possible ways to efficiently

approximate joint distributions using Nessie remains an interesting avenue for future research.

5.8 Data availability statement

All original code has been deposited at https://github.com/augustinas1/Nessie and is

publicly available since the original publication [3]. The neural network training data can be

generated using the original code, or it can be shared upon request. The MAPK Pathway

inference example uses data from [277] which can be obtained from the authors.

https://github.com/augustinas1/Nessie


Chapter 6

Conclusions and Outlook

In this thesis, we have derived an approximate closed-form time-dependent solution for the

Michaelis-Menten enzyme kinetic mechanism, built a software tool for automated moment

closure approximations and proposed a neural network-based approach for surrogate modelling

of chemical reaction networks. With the present research, we aimed to contribute to the study

and development of analytical and computational approximations for the Chemical Master

Equation, which can help to better understand stochastic reaction kinetics inside cells. In

what follows, we reiterate the main results, highlight some of the key differences between

the approximation methods considered in this thesis, and point out several future research

directions.

We have demonstrated in Chapter 3 how the CME for the MM reaction system can be sys-

tematically reduced upon the rapid equilibrium approximation using averaging [189], and how

the resulting single-variable one-step master equation can then be solved exactly using a linear

algebraic method [129], allowing us to obtain the time-dependent marginal distributions of

substrate and enzyme numbers. We further established the timescale separation conditions

under which the solution is valid: the rate of complex dissociation (complex decay into substrate

and enzyme) must be much greater than the rate of product formation (complex decay into

product and enzyme). Similarly, we have shown that our approximation is accurate over a

wider region of parameter space than the commonly used discrete stochastic MM approximation

(based on the deterministic quasi-equilibrium assumption). Furthermore, we note that the exact

solution for the MM reaction mechanism is only known in the case of a single enzyme [132, 225].

Although an approximate closed-form solution for a system with multiple enzymes has been

reported previously in [65], the derivation is based on seemingly heuristic arguments and the

solution’s validity conditions do not appear to have been rigorously explored. Finally, analysis of

the model’s transient behaviour revealed the presence of transient bimodality—a phenomenon

that has also been reported in other systems, albeit rarely [239, 244, 341–343], and a quantitative

explanation for its appearance in terms of system dynamics remains to be found.

In Chapter 4, we have presented MomentClosure.jl, a software tool for automatic generation

of moment equations and the application of MA methods. Although a number of conceptually

similar tools exist [180, 251–255], neither of them are actively maintained and provide only

limited functionality or require proprietary software. MomentClosure can be applied to any

chemical reaction network with arbitrary propensity functions to derive the time-evolution

equations for the moments up to any desired order, and provides the most comprehensive

selection of MA methods to date. Although MomentClosure does not currently support the

98
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method of conditional moments [282] which is available in CERENA [255], we plan to add

this functionality in the future. Nevertheless, the conditional Gaussian and derivative matching

methods can be seen as special cases of the method of conditional moments when the low copy

number species are binary variables, e.g. in two-state models of expression. We also note that

the linear mapping approximation is not available in any other tools and can accurately capture

the dynamics of gene networks [182]. In addition, the generation of moment equations could

be extended to biochemical systems with multiple interacting compartments [344], otherwise

available in Compartor [273]. Finally, MomentClosure is the first such package to be imple-

mented in Julia, a highly-performant and versatile language that offers a growing number of

state-of-the-art modelling tools [205], which together with MomentClosure provide a unifying

moment-based modelling framework that is readily accessible to other researchers in systems

biology.

Compared to the timescale separation techniques considered for enzyme kinetics, which require

a thorough analysis and identification of the fast and slow timescales in the system, moment

closure-based methods are much easier to implement and can be applied in any context.

However, this comes at a cost, as most MAs are based on either distributional assumptions

[180, 181], matching of the time derivatives of the approximate and exact moments at some

initial point [267, 268], or conditioning on the state of the low copy number species [250]—these

are ad hoc approximations and their physical validity or even numerical convergence cannot be

generally guaranteed [166, 180, 181]. Nevertheless, MomentClosure could be used to build on

the previous work [166, 180, 181] and streamline the numerical studies to extensively establish

the accuracy of different MAs and their dependence on the moment truncation order for more

complex reaction networks.

Moment closure methodology is commonly compared to the system size expansion (SSE) [5],

as both types of approximations are computationally efficient and can be used to obtain a

system of closed moment equations [125]. The advantage of the SSE is that it is not based

on heuristic assumptions and can be derived systematically by expanding the CME around

its deterministic rate equations in powers of the compartment volume [5, 125]. Therefore,

the SSE can be expected to be accurate for large enough systems (implying large enough

molecule numbers) and also provide good approximations for smaller systems if the higher-

order expansion terms are included. Moreover, the lowest-order truncation of the SSE, known

as the linear noise approximation, yields an expression for the probability distribution, which

can also be improved by including the higher-order corrections using an expansion developed

in [169] (only applicable for systems involving a single species).

However, because the SSE is an expansion around the deterministic mean, its applicability is

limited to deterministically monostable systems, although the conditional system size expansion

proposed in [110] could be used to capture the multimodal dynamics under timescale separation.

Moment closures, on the other hand, do not have such conditions imposed and could in prin-

ciple accurately predict the dynamics even for deterministically multistable systems with low

abundance species. Moreover, it is possible to reconstruct the probability distributions from the

obtained moments using the principle of maximum entropy [198, 289, 290]. While the SSA and

MA methods have been compared in the literature [125, 178, 198, 279, 345], previous studies

have considered only a few simple systems at a low truncation order with a limited set of MAs.
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Therefore, it would be interesting to rigorously extend the numerical comparisons between the

two approaches. This could be done by developing a Julia package to automate the SSE up to

an arbitrary order, in the same spirit as MomentClosure, making such numerical analysis easy

to perform for any chemical reaction network. We note that a computational implementation

of the SSE is currently provided (to a limited order) only by the Intrinsic Noise Analyzer [346]

and CERENA [255].

In Chapter 5, we have introduced Nessie, a novel approach to approximate the solutions to the

CME using neural networks. We have trained Nessie on several biochemical systems and demon-

strated that a relatively simple neural network can accurately learn one-dimensional marginal

probability distributions predicted by the CME and hence capture complex, multimodal system

dynamics over the parameter space. As discussed in Section 5.2, the use of neural networks

for the CME-based modelling has been explored previously, but mostly focusing on different

learning tasks [214–219].

In contrast to the time-scale separation techniques and moment closure schemes, Nessie does

not make any assumptions about the system, except for what is built directly into the neural

network architecture. Namely, we expect the specified number of negative binomial mixture

components to adequately represent the system dynamics over the parameter space (a different

parametric approximation may be required for systems with sub-Poissonian distributions [51,

347]). Although Nessie does not have an accuracy guarantee, it can be iteratively improved: if the

prediction error is high in a specific subdomain of the parameter space (including time), it can

be reduced by sampling more training points in the problematic region and training the model

further. Depending on the model’s capacity, its predictive power can also be increased by adding

more neurons or mixture components—our proposed neural network architecture is simple and

requires relatively little hyperparameter tuning. Although the data generation and the neural

network training incurs an overhead, once trained Nessie becomes an effective surrogate model

of the CME that can greatly outperform exact simulations [220]. This way, Nessie can be utilised

to significantly speed up computationally demanding tasks such as parameter exploration and

inference.

One potential application of Nessie could be to emulate the approximate closed-form solution of

the CME for the MM reaction mechanism obtained in Section 3. Although we have successfully

used the derived solution to explore the system dynamics and detect the parameter regimes

where transient bimodality is present, its complicated mathematical form can become difficult to

evaluate numerically for large initial substrate and enzyme numbers, whereas its approximation

using Nessie could prove much less computationally expensive. We note that this particular

issue has also been observed by Lente [348] while studying their own approximate solution of

the MM reaction system [65], who suggested a heuristic approximation to the full solution based

on constructing a mixture of binomial distributions.

Moreover, the numerical evaluation of the analytical closed-form solutions can be particularly

problematic in the development and inference of mechanistic models of gene expression. For

example, the exact transient mRNA distribution can be derived for an extended telegraph

model that explicitly incorporates the cell cycle dynamics [43]. However, its generating func-

tion solution takes a rather complicated form that also needs to be converted back into a

probability distribution—its evaluation can be resource intensive and potentially numerically
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unstable, depending on the molecule numbers and the specific parameter values. This can make

parameter inference for the model intractable as the procedure typically requires many function

evaluations, which gets compounded further in the case of transcriptome-wide studies where

the model parameters may need to be estimated for thousands of genes. This general issue in

the context of single-cell genomics is elucidated by Gorin et al. [219, 349] who advocate for the

use of neural approximations, variants of which have been practically applied in [45, 350]. We

also emphasise that analytical solutions for many detailed mechanistic models are not known,

making likelihood-free inference even more important [351]. Therefore, using Nessie to model

experimental gene expression data is a particularly promising future research direction.

Since the original publication of Nessie [3], several studies have further explored deep learning

applications for the CME. In [352], the authors have shown how a Nessie-like approach can be

used to efficiently estimate the Fisher Information matrix and perform fast policy search. In

[353], a recurrent neural network (based on the previous work on approximating SDEs [299])

was used to learn the probability distribution of a simple gene network, however, it remains

unclear whether the suggested approach can be easily applied to more complex systems. In

[354], the authors used Generative Adversarial Networks to generate full stochastic trajectories

of a system, further advancing their previous work on model abstraction [218]. Variational

Autoregressive Networks were used in [355] to emulate the joint probability distribution of

a chemical reaction network, but it appears that the model has to be retrained for each

parameter set, limiting its applicability. Another study has utilised a transformer-based language

model to learn the joint probability distributions of the CME and demonstrated promising

predictive performance [356]. However, the suggested approaches have varying modelling aims

and implement very different neural network architectures, making their comparison to Nessie

and earlier studies far from straightforward. The field could benefit from a systematic benchmark

study to clearly establish the most effective neural network methodologies for different stochastic

modelling tasks.

Another possible research direction is to use neural networks to approximately close the moment

equations. More specifically, the higher order moments of a chemical reaction network could

be represented by a neural network which takes as its input the lower-order moments, hence

effectively encoding a moment closure scheme that can be implemented in MomentClosure.jl. A

system of moment ODEs with such neural network terms can be modelled using the formalism

of universal differential equations [275], where the neural network can be trained on stochastic

simulation data, as in the case of Nessie. Alternatively, the closure functions could be constructed

in a more interpretable way using SINDy [357], a machine learning algorithm that models the

target function as a sparse linear combination of the provided function terms (lower-order

moments). However, one cannot guarantee the numerical stability of the resulting moment

equations [358] and it remains to be seen how viable such approximations would be for stochastic

chemical kinetics. We note that a few similar approaches have been studied in the literature: in

[359, 360] the authors approximated the higher-order moments using the SSA trajectories and

Kalman filtering, whereas neural network-based moment closures were considered in [361, 362],

albeit in a different context of the lattice Lotka-Volterra model.
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Finally, the approximation methods developed in this thesis are not limited to biochemical

kinetics and could be applied in other fields where master equations are commonly employed.

One prominent example can be found in computational neuroscience: the stochastic equivalent

of the canonical Wilson-Cowan neural mass model [363, 364] describes the random spiking

activity of inter-connected populations of neurons, each of which is modelled as a two-state

Markov process, and the system dynamics are governed by a master equation analogous in

form to the CME [365–368]. As its exact solution remains infeasible due to the highly non-

linear propensity functions that characterise the neural firing rates, a number of studies have

explored the parallels to the CME using the system size expansion (usually restricted to the

linear noise approximation) [367–374], but the applicability of other methods such as moment

closure approximations has received less attention [375–379]. The stochastic neural mass model

exhibits a rich variety of dynamical regimes which makes it a useful testing ground for different

approximations, and it would be interesting to investigate how the accuracy of different moment

closures compares to the system size expansion across the parameter space, or similarly explore

the performance of Nessie.



Appendix A

Chapter 3 appendices

A.1 Exact time-dependent solution of single enzyme system

The master equation for a single enzyme molecule (given by Eq. (3.6)) was first solved by Arányi

and Tóth [132]. As the original paper is rather difficult to find, we present the solution here.

The authors used marginal probability generating functions

GnE
(z, t) =

N−1+nE∑
n=0

znP (n, nE , t) (nE = 0, 1; t ≥ 0) (A.1)

to transform Eq. (3.6) into the following first-order partial differential equations:
∂G0(z, t)

∂t
= −(k1 + k2)G0(z, t) + k0

∂G1(z, t)
∂z

,

∂G1(z, t)
∂t

= −k0z
∂G1(z, t)

∂z
+ k1zG0(z, t) + k2G0(z, t) .

(A.2)

By a simple substitution one can prove that the solutions have the form:

G0(z, t) = Γe− k1
k0

(z−1)e−k2t + Γ k1 + k2

k1z + k2
e−(k0+k2)t (A.3)

+
2∑

i=1

∞∑
m=0

Γ(m)
i

[
k2 − (k2 + λ

(m)
i )z

−λ
(m)
i

]qm

eλ
(m)
i

t ,

G1(z, t) = Γ(−1) − Γe− k1
k0

(z−1)e−k2t − Γe−(k1+k2)t (A.4)

−
2∑

i=1

∞∑
m=0

Γ(m)
i

[
k2 − (k2 + λ

(m)
i )z

−λ
(m)
i

]qm+1

eλ
(m)
i

t ,

where

λ
(m)
i 6= −k2 , qm = − (λ(m)

i )2 + (k1 + k0 + k2)λ(m)
i + k0k2

k0(k2 + λ
(m)
i )

, i = 1, 2 . (A.5)

Since G0 and G1 are generating functions of a system with a finite state space, i.e., the number of

substrate and enzyme are bounded quantities (n ∈ [0, N ], nE ∈ [0, 1]), they must be polynomials

of a finite degree in z. Hence, the summations in Eqs. (A.3) and (A.4) must contain a finite

number of terms only, meaning that Γ = Γ = 0 (if k1 6= 0). By the same reasoning the qm must

be positive integers, i.e., 0 ≤ qm ≤ N − 1, (qm = m), then the λ(m) are the roots of a quadratic
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equation:

(λ(m))2 + [k1 + k0(m + 1) + k2] λ(m) + k0k2(m + 1) = 0, (m = 0, 1, ..., N − 1). (A.6)

The constants Γ can be determined from the initial conditions:

G0(1, t) + G1(1, t) = 1 ,

G0(z, 0) = 0 ,

G1(z, 0) = zN .

(A.7)

The first constraint implies that Γ(−1) = 1, while the remaining two lead to a linear algebraic

system for Γ(m)
i by enforcing the constraints explicitly on each coefficient of the polynomials

G0 and G1 for each power of z. However, solving for Γ(m)
i becomes computationally expensive

for larger values of N .

To summarise, the solution has the form:

G0(z, t) =
2∑

i=1

N−1∑
m=0

Γ(m)
i

[
k2 − (k2 + λ

(m)
i )z

−λ
(m)
i

]m

eλ
(m)
i

t ;

G1(z, t) = 1−
2∑

i=1

N−1∑
m=0

Γ(m)
i

[
k2 − (k2 + λ

(m)
i )z

−λ
(m)
i

]m+1

eλ
(m)
i

t ,

(A.8)

where

λ
(m)
1 = −k0(m + 1) + k1 + k2

2
+

√
[k0(m + 1) + k1 + k2]2 − 4k0k2(m + 1)

2
;

λ
(m)
2 = −k0(m + 1) + k1 + k2

2
−

√
[k0(m + 1) + k1 + k2]2 − 4k0k2(m + 1)

2
.

(A.9)

Finally, the probabilities can be calculated from the generating functions according to

P (n, nE , t) = 1
n!

∂nGnE
(z, t)

∂zn

∣∣∣∣
z=0

. (A.10)
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A.2 Figure showing the initial transient

Figure A.1: Exhibition of the initial transient seen explicitly from the SSA. (i) Comparison of two
differing SSA means for the same value of k = 0.1 against 〈n〉 from Eq. (3.22). SSA 1 was simulated
with parameters N = 5, M = 1, k0 = 103 and k1 = 102, and SSA 2 N = 5, M = 1, k0 = 102 and
k1 = 10. For most of the time course the SSA means agree with the mean predicted analytically from
Eq. (3.22), aside from the initial transient very close to t′ = 0. (ii) Zoomed in area around the initial
transient. There exists some critical time t′

c for both SSA 1 and 2, denoted by t′1
c and t′2

c respectively,
over which the mean predicted by the SSA relaxes to the mean value predicted by Eq. (3.22). In SSA 1,
where k0 and k1 are a magnitude of 10 larger than the same parameters in SSA 2, one observes that the
initial transient occurs over a much shorter time. This relaxation of the SSA means to the mean predicted
by the quasi-equilibrium analysis is known as the initial transient. Dots of differing colour, seen in the
legend, show the means of the stochastic QEA and SSAs at t′ = 0 (IC in the legend refers to initial
conditions). The mean predicted by the stochastic QEA in Eq. (3.22) reaches the quasi-equilibrium
instantaneously at t′ = 0, unlike that seen in the SSA. In both cases the SSA means were determined
as an average over 105 individual reaction trajectories.

A.3 Derivation of Eq. (3.35)

In this appendix we prove the resulted stated in Eq. (3.35) of the main text. First consider the

sum that defines Zm−1 explicitly:

Zm−1 =
M−g(m−1)∑

i=0
zi,m−1 (A.11)

=
M−g(m−1)∑

i=0
k−i

 i∏
j=1

((N −m + 1)−−(j − 1))(M − (j − 1))

M−g(m−1)∏
j=i+1

j

 .

We now relabel g(m−1) = Q for brevity and consider later the individual cases where g(m−1) =
0 for m ≤ N −M + 1 and g(m − 1) = (m − 1) − −(N −M) for m > N −M + 1. Using the

definition of the Pochhammer function, (x)n =
∏n−1

j=0 (x + j), one can re-write Eq. (A.11) to

give

Zm−1 =
M−Q∑

i=0
k−i(m−N − 1)i(−M)i(i + 1)M−Q−i. (A.12)
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We now utilise the relation between the Pochhammer function and the Gamma function, namely

(x)n = Γ(x + n)/Γ(x), which allows us to tactically write Eq. (A.12) as:

Zm−1 = k−(M−Q)Γ(−Q)Γ(m + M −N −Q− 1)
Γ(−M)Γ(m−N − 1)

× S, (A.13)

where S is defined by the sum,

S =
M−Q∑

i=0
kM−Q−i Γ(m−N − 1 + i)Γ(i−M)

Γ(m + M −N −Q− 1)Γ(−Q)
(i + 1)M−Q−i. (A.14)

Our task is now to find an analytic function that is equal to the sum S. Motivated by the

Pochhammer and Gamma functions contained within the sum, we look to match this sum to

the definition of a generalised hypergeometric function pFq({α1, α2, ..., αL1}, {β1, β2, ..., βL2}, z)
defined by:

pFq({α1, α2, ..., αL1}, {β1, β2, ..., βL2}; z) =
∞∑

n=0

(∏L1
l=1(αl)n∏L2
l=1(βl)n

× zn

n!

)
. (A.15)

We begin by relabelling the summation index in Eq. (A.14) by j = M−Q−i and again utilising

the definition of the Pochhammer function in terms of Gamma functions, giving us

S =
M−Q∑
j=0

kj(M −Q + 1− j)j(m−N − 1 + M −Q)−j(−Q)−j . (A.16)

Consider now the latter two Pochhammer functions in the summand of Eq. (A.16). Using the

relation (b)−n = (−1)n/(1− b)n we find that:

(m−N − 1 + M −Q)−j × (−Q)−j = 1
(Q + 1)j(Q + N + 2−m−M)j

. (A.17)

Now consider the first Pochhammer function in the summand of Eq. (A.16). One can re-write

this as:

(M −Q + 1− j)j = (−1)j(Q−M)j . (A.18)

Note that (Q −M)j has the property (Q −M)j>M−Q = 0, which is found trivially from the

definition of the Pochhammer function. Using Eqs. (A.17) and (A.18), and the relation j! = (1)j ,

one can then show that:

S =
∞∑

j=0

(
(1)j(Q−M)j

(Q + 1)j(Q + N + 2−m−M)j
× (−k)j

j!

)
, (A.19)

= 2F2({1, Q−M}, {Q + 1, Q + N + 2−m−M};−k),

using the definition of the generalised hypergeometric function in Eq. (A.15). Note, one is able to

extend the upper limit of the sum defining S to infinity due to the property (Q−M)j>M−Q = 0.

One finds that Zm−1 is now fully specified by Eqs. (A.13) and (A.19), and we can now return

to our original problem of finding the group transition rates am in Eq. (3.35).
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In order to find am we must now compute am = −k∂k(ln(Zm−1)), which using the chain rule

and the differentiation rules for generalised hypergeometric functions gives:

am =(M −Q) (A.20)

− k(Q−M) 2F2({2, Q−M + 1}, {Q + 2, Q + N + 3−m−M};−k)
(Q + 1)(Q + N + 2−m−M) 2F2({1, Q−M}, {Q + 1, Q + N + 2−m−M};−k)

.

Where m ≤ N −M + 1, Q = 0, and Eq. (A.20) becomes:

am = −M ×
(

k 1F1(1−M,−m−M + N + 3;−k)
(−m−M + N + 2) 1F1(−M,−m−M + N + 2;−k)

− 1
)

, (A.21)

noting that for Q = 0 the 2F2(...) general hypergeometric function reduces to the 1F1(...)
confluent hypergeometric function. And finally, where m > N−M +1, Q = (m−1)−−(N−M),
and Eq. (A.20) becomes:

am = −(N −m + 1)×
(

k 1F1(m−N, m + M −N + 1;−k)
(m + M −N) 1F1(m−N − 1, m + M −N ;−k)

− 1
)

, (A.22)

where again the 2F2(...) general hypergeometric function reduces to the 1F1(...) confluent

hypergeometric function. This completes the derivation of Eq. (3.35) from the main text.



Appendix B

Chapter 5 appendices

Model parameters

Parameter t σu σb ρu ρb

Range - 0-2 0-0.1 0-10 0-100

Fig. 3B-(i) 10 0.94 0.01 8.40 28.1

Fig. 3B-(ii) 25 0.69 0.07 7.20 40.6

Fig. 3B-(iii) 100 0.44 0.08 0.94 53.1

Fig. 3B 10 1.17 0.05 6.90 47.9

Table B.1: Parameters and parameter ranges for the autoregulatory feedback loop, related to Figure 5.3.
The initial conditions are zero proteins with the gene in the unbound state Gu.
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Parameter t σB
b σB

u σA
b σA

u ρA
u ρA

b γA δA
m δp ρB

u ρB
b γB δB

m σM
u σM

b δpm

Range - 0–5× 10−4 0–0.1 0–5× 10−4 0–0.1 0–500 0–500 0–12 1–20 0–2 0–500 0–500 0–12 1–20 0–2 0–0.5 0–100

Fig. 5B-(i) 35 5× 10−4 0.070 1.6× 10−4 0.0680 367 119.9 5.3 14.36 1.35 413 472.3 11.9 1.74 0.98 0.43 65.6

Fig. 5B-(ii) 16 2× 10−4 0.060 4.8× 10−4 0.0095 328 190.2 11.1 15.84 1.01 467 11.3 8.7 13.91 1.14 0.17 92.2

Fig. 5B-(iii) 70 3× 10−4 0.018 0.2× 10−4 0.0200 222 474.9 4.0 6.96 0.68 360 82.1 4.2 7.13 0.10 0.41 68.4

Fig. 5B-(iv) 100 2× 10−4 0.005 3.5× 10−4 0.0460 371 69.1 7.1 13.90 0.87 128 452.7 8.4 11.98 1.10 0.20 72.6

Fig. 6 - 4× 10−4 0.060 2.2× 10−4 0.0034 270 61.3 8.0 9.46 1.78 308 351.2 10.1 12.27 0.09 0.38 85.6

Table B.2: Parameters and parameter ranges for the genetic toggle switch, related to Figure 5.5. The initial conditions are zero proteins/mRNAs with the genes in the unbound states GA
u

and GB
u respectively.
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Parameter t σu σb k2 k3 k4 k5 k8 k9 k10

Range - 0.0001–0.1 0.0001–0.1 0.1–2.0 0.001–0.02 0.5–4.0 0.0001–0.01 0.001–0.02 0.001–0.02 0.01–0.2

Fig. 7B-(i) 750 0.009 0.056 1.22 0.015 0.81 0.006 0.009 0.003 0.78

Fig. 7B-(ii) 500 0.016 0.0214 0.603 0.0021 2.338 0.00037 0.00191 0.0163 0.0128

Parameter k11 r1 r2 r3 r4 r5 r6 r7 r8

Range 0.001–0.01 0.01–0.1 0.01–0.1 0.01–0.1 0.01–0.1 0.01–0.1 0.01–0.05 0.001–0.01 0.001–0.01

Fig. 7B-(i) 0.001 0.057 0.036 0.017 0.039 0.069 0.03 0.003 0.007

Fig. 7B-(ii) 0.003 0.0169 0.0286 0.0151 0.062 0.0333 0.0461 0.0013 0.0015

Table B.3: Parameters and parameter ranges for the mRNA degradation model, related to Figure 5.7. The initial conditions are zero mRNA fragments with the gene in the active state GON.
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Parameter b h Km Vmax ηu σb σu ρm ρp δm δp

Range 0.001–0.1 1–10 0.01–1 0.1–10 0.1–10 10−4–10−2 0.001–0.1 0.1–1 0.001–0.01 10−4–10−3 10−5–10−3

Fig. 8B

0.0070 7.3 0.196 3.16 3.12 28.19× 10−4 0.054 0.555 0.00661 4.31× 10−4 45.4× 10−4

0.0186 3.7 0.184 0.95 2.92 8.17× 10−4 0.027 0.353 0.00906 7.68× 10−4 28.7× 10−4

0.0101 1.5 0.078 0.71 2.09 2.29× 10−4 0.008 0.456 0.00518 9.73× 10−4 4.97× 10−4

0.0182 3.1 0.227 1.16 1.21 5.87× 10−4 0.036 0.334 0.00982 3.88× 10−4 2.01× 10−4

0.0315 8.7 0.190 1.63 0.31 3.81× 10−4 0.025 0.368 0.00757 8.48× 10−4 45.3× 10−4

0.0056 1.5 0.072 0.86 2.20 2.18× 10−4 0.010 0.394 0.00605 6.73× 10−4 5.22× 10−4

0.0177 7.5 0.175 0.41 2.24 56.15× 10−4 0.047 0.507 0.00634 2.62× 10−4 2.19× 10−4

0.0252 5.8 0.232 0.68 0.27 8.06× 10−4 0.031 0.459 0.00632 2.66× 10−4 4.70× 10−4

0.0108 1.9 0.075 0.55 1.47 2.06× 10−4 0.008 0.381 0.00584 7.54× 10−4 5.22× 10−4

0.0278 3.6 0.300 3.56 3.40 12.88× 10−4 0.055 0.453 0.00982 4.09× 10−4 1.45× 10−4

Table B.4: Search ranges and 10 estimated parameter sets for the MAPK pathway, related to Figure 5.8. The initial conditions were zero mRNA and proteins, 225 CR molecules with the
gene in the deactivated state G∗∗.
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Runtime performance comparison

Model Feedback Loop (FSP) Feedback Loop (SSA) Toggle Switch Model of mRNA Turnover MAPK Pathway

Training data 38 s 153 s 31 h 5 h 3 h

Validation data 4 s 135 s 7.3 h 0.4 h 1.8 h

Test data 19 s 727 s 83.3 h 4 h 0.7 h

Training 126 s 126 s 6 h 23.7 h 8 h

Table B.5: Execution times required to generate the training, validation and test datasets and train the neural network for each chemical reaction network presented in the paper: the
autoregulatory feedback loop (Section 5.5.1), the genetic toggle switch (Section 5.5.2), the MAPK pathway (Section 5.5.4) and the model of mRNA turnover (Section 5.5.3). The details on
the dataset size, the number of SSA trajectories used and the neural network architecture are provided for each model in the corresponding text sections. Note that for the autoregulatory
feedback loop we show the results for both when the datasets are constructed using the FSP and the SSA (using 103 trajectories for the training and 104 trajectories for the validation and
test datasets).
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Deterministic Solution of the Chemical Master Equation. Multiscale Modeling & Simulation, October

2012.

[195] Andrew Duncan, Radek Erban, and Konstantinos Zygalakis. Hybrid framework for the simulation of

stochastic chemical kinetics. Journal of Computational Physics, 326:398–419, December 2016.
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Vogt-Maranto, and Lenka Zdeborová. Machine learning and the physical sciences. Reviews of Modern

Physics, 91(4):045002, December 2019.

[212] Pankaj Mehta, Marin Bukov, Ching-Hao Wang, Alexandre G.R. Day, Clint Richardson, Charles K.

Fisher, and David J. Schwab. A high-bias, low-variance introduction to Machine Learning for physicists.

Physics Reports, 810:1–124, May 2019.



BIBLIOGRAPHY 126

[213] Joe G. Greener, Shaun M. Kandathil, Lewis Moffat, and David T. Jones. A guide to machine learning

for biologists. Nature Reviews Molecular Cell Biology, 23:40–55, January 2022.

[214] Ankit Gupta, Christoph Schwab, and Mustafa Khammash. DeepCME: A deep learning framework for

computing solution statistics of the Chemical Master Equation. PLOS Comp. Bio., 17(12):e1009623,

2021.

[215] Luca Bortolussi and Luca Palmieri. Deep abstractions of chemical reaction networks. In Computational

Methods in Systems Biology, volume 11095, pages 21–38. Springer International Publishing, Cham,

2018.

[216] Denis Repin and Tatjana Petrov. Automated deep abstractions for stochastic chemical reaction

networks. Inf. Comput., 281:104788, December 2021.

[217] Christopher N. Davis, T. Deirdre Hollingsworth, Quentin Caudron, and Michael A. Irvine. The use of

mixture density networks in the emulation of complex epidemiological individual-based models. PLOS

Computational Biology, 16(3):e1006869, March 2020. Publisher: Public Library of Science.

[218] Francesca Cairoli, Ginevra Carbone, and Luca Bortolussi. Abstraction of Markov population dynamics

via Generative Adversarial Nets. In International Conference on Computational Methods in Systems

Biology, volume 1, pages 19–35. Springer, 2021.

[219] Gennady Gorin, Maria Carilli, Tara Chari, and Lior Pachter. Spectral neural approximations for

models of transcriptional dynamics. bioRxiv, 2022.

[220] Ioana M. Gherman, Zahraa S. Abdallah, Wei Pang, Thomas E. Gorochowski, Claire S. Grierson,

and Lucia Marucci. Bridging the gap between mechanistic biological models and machine learning

surrogates. PLOS Computational Biology, 19(4):e1010988, April 2023.

[221] Daniel T. Gillespie, Linda R. Petzold, and Effrosyni Seitaridou. Validity conditions for stochastic

chemical kinetics in diffusion-limited systems. The Journal of Chemical Physics, 140(5), February

2014.

[222] Stephen Smith and Ramon Grima. Spatial stochastic intracellular kinetics: A review of modelling

approaches. Bulletin of mathematical biology, 81(8):2960–3009, 2019.

[223] Athel Cornish-Bowden. Fundamentals of enzyme kinetics. John Wiley & Sons, 2013.

[224] Anthony F Bartholomay. A stochastic approach to statistical kinetics with application to enzyme

kinetics. Biochemistry, 1(2):223–230, 1962.

[225] David Schnoerr, Guido Sanguinetti, and Ramon Grima. The complex chemical Langevin equation.

The Journal of Chemical Physics, 141:024103, 2014.

[226] Eric L Haseltine and James B Rawlings. Approximate simulation of coupled fast and slow reactions

for stochastic chemical kinetics. The Journal of Chemical Physics, 117(15):6959–6969, 2002.

[227] Marc R Roussel and Rui Zhu. Reducing a chemical master equation by invariant manifold methods.

The Journal of Chemical Physics, 121(18):8716–8730, 2004.

[228] Philipp Thomas, Arthur V Straube, and Ramon Grima. Communication: limitations of the stochastic

quasi-steady-state approximation in open biochemical reaction networks. The Journal of chemical

physics, 135(18):181103, 2011.



BIBLIOGRAPHY 127
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