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Abstract 
Straight-channel monoliths are a promising means to achieve process 

intensification of adsorption processes compared to conventional packed 

beds. Their main benefits are handling of high throughputs and good thermal 

management.  The efficiency of a straight-channel monolith can be assessed 

via the definition of its height equivalent to a theoretical plate (HETP) and 

pressure drop. This thesis aims at developing a systematic procedure for the 

derivation of HETP correlations for industrially relevant straight-channel 

monoliths and review the pressure drop correlations for monoliths available in 

the literature. The HETP correlations derived are validated against full 3D 

numerical simulations of the single representative channel of each straight-

channel monolith under analysis. The HETP correlations predict with great 

accuracy the HETP from numerical simulations. Moreover, simplified reduced 

order models are developed. The models are able to capture the overall 

dynamics of the 3D simulations for both isothermal and linear conditions, and 

non-isothermal and non-linear ones. The reduced order models are fully 

predictive, and strongly rely on accurate equilibrium and kinetic parameters. 

Given the relevance of reliable equilibrium and kinetic parameters for the 

simulation of monoliths, this thesis further investigates how to model 

multicomponent adsorption on heterogeneous solids, and how to extract 

kinetic parameters from experiments. 

The second part of this work presents the multisite rigid adsorbent lattice fluid 

(multi-RALF) model, a novel thermodynamic theory to model multicomponent 

adsorption on heterogeneous adsorbents. The parameterisation of multi-RALF 

is analysed in regard to the azeotropic adsorption of benzene and propene on 

silicalite and to the adsorption of CO2 on the flexible synthetic zeolite (Na,TEA)-

ZSM-25. The former study is carried out using molecular simulations, while the 

latter uses experimental data. The results of the molecular simulations show 

that the azeotrope is caused by steric hindrance of benzene in the adsorbent 

framework. Once correctly parametrised using single component isotherms, 

multi-RALF can predict the azeotrope of the system.  Multi-RALF has been 
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proven to be an effective model for the flexibility of (Na,TEA)-ZSM-25 upon 

CO2 adsorption, as well. Experimental isotherms of CO2 adsorption on 

(Na,TEA)-ZSM-25 always present an inflection at a constant adsorbed 

amount. This has been explained as a gate opening effect. The adsorbent is 

made of two sites, 𝛼 and 𝛽. The site 𝛽 becomes accessible only after a critical 

uptake of 0.6 mol/kg. At this uptake, the cations blocking the site 𝛽 interact 

with the adsorbate and move away from the windows of the 𝛽 site. This effect 

leads to the inflection in the isotherm and a relaxation of the solid framework 

with a small breathing effect. The breathing behaviour effect on the system 

kinetics is then investigated using the zero length column (ZLC) technique. 

The ZLC curves at different flowrates and temperatures always present a 

transition between an equilibrium controlled regime at high partial pressures of 

CO2, while becoming kinetically controlled in the limit of zero-loading. The 

transition between the two regimes is related to the cation movement, and it is 

carefully accounted for in a ZLC numerical model which successfully fits the 

experimental data.  

Finally, thermal frequency response (TFR) measurements for air separation 

on the zeolite LiLSX are presented. This is a fast diffusing system, difficult to 

study with commercial equipment. Hence, the purpose-built dual piston 

pressure swing adsorption apparatus is used for the experiments. Two models 

are developed to analyse both single- and multi-component measurements. 

From the single component model, a tortuosity of 3.3 is regressed, while the 

multicomponent data show a N2/O2 selectivity of 6. Both values are in 

accordance with the available literature. TFR has proven to be a powerful 

technique to handle challenging diffusing systems, able to effectively 

discriminate the relevant mass and heat transfer time constants as shown from 

experiments at conditions relevant to process application. The work here 

presented aimed at providing a reliable methodology for modelling of monoliths 

and derivation of the relevant equilibrium and kinetic parameters. In future, the 

combination of the monoliths’ models and multi-RALF could become a robust 

and reliable tool for the deployment of monoliths for process intensification.  
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Lay summary  
Gas separation processes account for up to 70% of total plant costs. To reduce 

the environmental impact as well as the costs of energy and chemical 

productions, greener and more efficient separation technologies are needed. 

In the past decades, the selective removal of gas compounds from streams 

using porous material, a process known as adsorption, has found widespread 

use in both trace impurity removal, as well as bulk gas separation processes. 

Conventionally, adsorption units consist of beads or pellets of porous 

adsorbent randomly packed in a column. This configuration has been proven 

to be efficient for moderate flowrates and discrete thermal management. 

Straight-channel monoliths provide significant improvement in terms of high 

throughput handling and thermal management. Straight-channel monoliths are 

made of parallel channels with a fixed cross-section, coated with adsorbent 

porous solid, i.e. the adsorbent. This thesis derives correlations to assess the 

performance of straight-channel monoliths for gas adsorption processes. 

Furthermore, a numerical model is proposed to model straight-channel 

monoliths in several operating conditions.  

Since the numerical model requires the knowledge of several parameters 

related to the affinity between the gas molecules and the porous adsorbent, a 

novel thermodynamic model is presented. The model describes the equilibrium 

between a multicomponent fluid phase and an adsorbent comprising different 

adsorbing sites. Moreover, two experimental studies are presented aimed at 

deriving kinetics information for adsorbents which present flexibility, and in 

systems in which the diffusion of the molecules in the solid is extremely fast. 

The equilibrium model and the kinetic experimental techniques provide a 

background for a reliable estimation for the parameters needed to model 

straight-channel monoliths. 

Future work could combine the model for straight-channel monoliths with the 

thermodynamic model, and implemented in a process simulator to present a 

powerful tool for the design and optimisation of adsorption processes. 
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Chapter 1 Introduction 

Gas separation by means of adsorption has gained increasing interest in the 

past decades as an alternative to conventional separation techniques1–3. Major 

applications of adsorption include carbon capture, air separation, hydrogen 

purification and VOC removal. In the last years, adsorption has found place in 

applications such as gas storage4 and biogas upgrading5, as well. 

An increasing number of studies have focused on the development of tailored 

porous adsorbents for targeted applications. Adsorbents such as metal-

organic frameworks (MOFs)6,7, synthetic zeolites8, zeolitic-imidazolate 

frameworks (ZIFs)9 and many others have shown considerable improvement 

over traditional zeolitic or carbonaceous materials in terms of uptake, 

selectivity for targeted applications, and faster kinetics. Furthermore, the 

advent of in-silico synthesis and screening of porous materials has unlocked a 

powerful tool in material design10–12.  The use of computational synthesis and 

screening of porous materials has helped in the ranking and optimisation of 

several classes of porous materials13–15.  

If the tuning of the adsorbent’s property to a specific separation is crucial for 

an efficient process, it should be noted that structural and equilibrium 

properties of the adsorbent are not enough to discriminate between an efficient 

adsorption process and an inefficient one. Swing adsorption processes, mainly 

pressure swing (PSA) and temperature swing adsorption (TSA), often require 

the knowledge of the system kinetics16,17, information on the fluid dynamics of 

the bed to determine pressure drop and thermal management18,19, and power 

consumption of the auxiliary parts to determine the efficiency of the 

process20,21. 

Conventionally, adsorption processes are run using packed beds of porous 

beads or pellets. Several studies have dealt with the optimisation of packed 

beds for adsorption purposes, and their relative process schedule22–24. Among 

the vast literature on the topic, it is worth to mention the work of Jain et al.25 

which provides a series of heuristic rules in the design of both the packed bed 
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and the process operating schedule, which can drive a preliminary design of 

an adsorption unit. Considerable effort has been put into the development of 

fast cycle processes, aimed to increase the overall productivity of the process 

for a given amount of adsorbent26–28. Both Ruthven2 and Sircar3 describe as 

paramount the deployment of fast cycle processes for process miniaturization 

and intensification.  Nevertheless, fast cycle processes come at a cost of high 

pressure drop if run in packed beds. The increase in pressure drop has a 

significant impact on the energy consumption of the process, making 

adsorption unfeasible for processes dealing with high throughput.  

Structured adsorbents have been recently promoted as an alternative to 

packed beds29–32. Structured adsorbents can achieve better performance in 

terms of handling high throughputs, thermal management and faster cycle 

times than packed bed adsorption columns2,29,30,32,33. Several types of 

structured adsorbents have been reported in the literature, such as foams34–

36, fibres37,38 laminates33,39–42, and straight-channel monoliths43,44 as potential 

candidates to overcome the limitations of packed beds. Ruthven and 

Thaeron33 were among the first to promote the use of structured adsorbents 

over packed beds. They analysed the use of a parallel passage contactor to 

improve the trade-off between mass transfer and pressure drop. A 

comprehensive overview of structured adsorbents is provided in the works of 

Rezaei and Webley29,30 which compared different structures in terms of 

volumetric working capacity, mass transfer and thermal management, and 

pressure drop. The work of Rezaei and Webley29,30 made use of empirical 

correlations to derive mass transfer parameters of the monolith and used the 

correlation derived by Taylor45 to calculate the axial dispersion in straight-

channel monoliths of arbitrary geometry. The work of Rezaei and Webley29,30 

concluded that structured adsorbents, in particular, straight-channel monoliths 

and laminates can offer better performance compared to packed beds if their 

properties such as cell density for monoliths, and sheet width and spacing for 

laminates are properly tuned. A small and uniform spacing between sheets 

was already postulated by Ruthven and Thaeron33 as a necessary condition 

to make the laminate structure more attractive than packed beds. Rezaei et 
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al.46 also investigated the effect of thickness and porosity of the coated 

adsorbent on straight-channel monoliths on the overall dynamics of an 

extruded monolith. They concluded that a trade-off between high uptake and 

mass transfer has to be optimised for a given monolith tuning its film thickness. 

Several progresses have also been made in the use of 3D printing to overcome 

the limitations of conventional manufacturing techniques. The use of 3D 

printing enabled unusual geometries (gyroids) to be investigated, as in the 

work of Dimartino and co-workers47–49, which showed superior fluid dynamics 

with very low pressure drop and high available surface area for adsorption. 

Denayer and co-workers50–52 also investigated the use of 3D printing for two 

main applications: self-standing ZSM-5 monoliths with high CO2/N2 and 

CO2/CH4 selectivity51, and ZIF-8 monolith for bio-butanol recovery50,53. 

Ritter et al.54 investigated the use of a Catacel monolith for carbon capture 

applications. The Catacel monolith consisted of corrugated metal foil wrapped 

around a central rod, with the adsorbent deposited on the metal foil. Amalraj 

et al.55 studied the thermal properties of the Catacel monolith proposed by 

Ritter et al.54 using computational fluid dynamics simulations, concluding that 

the main factor for a substantial improvement in thermal management of heat 

effects is an accurate choice of the metal support. Mohammadi56 reported both 

breakthrough and full-cycle experiments on the Catacel monolith, showing 

promising results for carbon capture applications. It is interesting to note that 

Mohammadi56 made use of two different mass transfer coefficients to match 

the breakthrough and the full-cycle experiments. Sharma et al.26 proved that 

the discrepancy between the two mass transfer coefficients was indeed flow 

maldistribution inside the channels of the monolith. Sharma et al.26 proposed 

a model which used a unique mass transfer constant, independent of the 

experiment run, and a flow maldistribution that was fitted to breakthrough data. 

The model of Sharma et al.26 was able to predict the full-cycle data of 

Mohammadi56, showing that the intrinsic equilibrium and kinetic properties of 

the adsorbent are not affected by the type of monolith used or experiment run.  



Introduction 

4   

It should be noted that the work of Ahn and Brandani57 already highlighted the 

importance of reliable estimates of the intrinsic properties of the adsorbent 

which constitutes the monolith. They made use of a carbon monolith for CO2 

adsorption. The equilibrium and kinetic properties of the monolith were studied 

with zero length column (ZLC) measurements using fragments of the monolith 

by Brandani et al.58. Once the properties of the adsorbent were established, 

breakthrough experiments on the whole monolith were performed. The 

breakthrough experiments performed by Ahn and Brandani57 showed the great 

impact of nonuniform channel shape in the spreading of the breakthrough 

profiles since the mass transfer constant from ZLC experiments was not able 

to capture the spreading of the breakthrough experiments. Hence, they 

modelled the monolith dynamics including distributions of both channel sizes 

and wall thicknesses which were known from an accurate analysis of the 

monolith’s cross-section. This approach allowed the match of adsorption and 

desorption breakthrough curves of the monolith without any fitting parameter. 

A similar approach was adopted by Crittenden59 to model a carbon monolith 

using only the channel’s size distribution. The model of Crittenden59 can be 

considered as a sub-class of the more general approach of Ahn and 

Brandani57. 

The brief literature reviewed highlights two main needs in the design of 

monoliths for adsorption processes: reliable correlations and numerical models 

to estimate the performance of extruded adsorbents in terms of efficiency and 

energy penalty, and the need for an accurate study of the equilibrium and 

kinetic properties of the adsorbent-adsorbate system.  

The aim of this thesis is to provide a comprehensive analysis of the 

performance of extruded adsorbents in terms of separation efficiency and 

energy penalty. More specifically, the behaviour of extruded adsorbents is 

studied to derive simple and reliable height equivalent to a theoretical plate 

(HETP) and pressure drop correlations. These two properties provide enough 

information for a given separation at a design stage to choose the most 

promising structure to be then optimised with the use of numerical simulations. 
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Since the HETP correlations for a given structure strongly depend on the 

equilibrium and kinetic properties of the adsorbent used, this thesis also 

presents how these properties can be separately estimated with the use of a 

novel thermodynamic framework, the multisite rigid adsorbent lattice fluid 

(multi-RALF) model, and with the use of ZLC and thermal frequency response 

(TFR) measurements. It should be noted that the study of equilibrium and 

kinetic properties of the system adsorbents-adsorbate are not dependent on 

the type of bed used for the separation. Therefore, what presented can be 

used to assess the properties of a structured adsorbent and a packed bed, as 

well. 

The present thesis is organised as follows: 

 Chapter 2 presents an analysis of the main extruded adsorbents of 

industrial relevance. The analysis aims at deriving HETP correlations 

and review pressure drop ones from literature which can be used at a 

design stage. Furthermore, numerical models are developed to validate 

the aforementioned correlations and reduced order models are 

discussed as viable means to optimise extruded adsorbents for 

industrial processes; 

 Chapter 3 presents the multi-RALF model for the analysis of 

multicomponent adsorption on heterogeneous adsorbents. The focus of 

the chapter is the parametrisation of multi-RALF from both molecular 

simulations and experimental data; 

 Chapter 4 presents the use of ZLC measurements to investigate the 

kinetics of CO2 in a flexible synthetic Rho-type zeolite. Furthermore, the 

development of TFR technique to measure the kinetics of a fast 

diffusing system, such as air separation using LiLSX zeolite, is 

discussed; 

 Chapter 5 will briefly summarise the main results of the previous 

chapters, and it will aim to draw some guidelines for future works on 

extruded adsorbents. 
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Chapter 2 Modelling of straight-channel 
monoliths 

2.1 Introduction 
Straight-channel monoliths are structured adsorbents consisting of straight 

parallel channels, whose cross-section is identical for all the channels and 

fixed to a given shape. Straight-channel monoliths have been used in several 

areas, ranging from adsorption29,60 to catalysis61, to microfluidic applications62. 

The main interest of this work is their application to gas adsorption processes. 

Straight-channel monoliths can either be made of a metallic frame then coated 

with a sorbent54, or they can be manufactured as extrudates of active material, 

usually a binder with adsorbent crystals dispersed in it63. 

The most used straight-channel monoliths are the ones whose free cross-

section is either a square/rectangle, a hexagon, or a corrugated channel. 

However, triangular, rhombic, and circular cross-section can also be of 

interest. A schematic diagram of the geometries can be found in Figure 2.1. 

 

Figure 2.1: Cross-section of common straight-channel monoliths. From left to right, 
from top to bottom: rectangular channel, triangular channel, hollow fibre, rhombic 

channel, corrugated channel, hex-cir channel, hex-hex channel with 𝜶𝒔𝒔 > 𝟎 and hex-
hex channel with 𝜶𝒍𝒔 > 𝟎. 
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As it can be noted from Figure 2.1, the representative channel of a straight-

channel monolith is constrained to geometries that can be the repeating unit 

cell of an infinite matrix. For instance, triangular channels will be limited to 

isosceles triangles, since the repeating of an irregular triangular channel would 

be inefficient and of not easy manufacture. This is the reason why the 

manufacturing of straight-channel monoliths is limited to a finite number of 

geometries. This limitation could potentially be overcome with additive 

manufacturing50,53, which however comes at a higher manufacturing cost. 

We can split into two main categories the cross-sections in Figure 2.1: flat and 

rounded geometries. The flat cross-sections are the ones where the diffusion 

of the solute in the solid can be approximated as the diffusion in a slab. By 

contrast, the rounded geometries are the ones where the diffusion in the solid 

can be approximated to the diffusion in a hollow cylinder.  

It can be noted from Figure 2.1 that two types of hexagonal channels are 

considered: the hexagonal channel with a hexagonal cross-section, and the 

one with a circular cross-section. The hexagonal channel with circular cross-

section, hereafter called the hex-cir channel, can be seen as representative of 

a honeycomb monolith on which the adsorbent is deposited. Only the hex-cir 

channel with a regular hexagon and circular cross-section can be analysed for 

any practical purpose since non-regular hexagons with a non-uniform coating 

would result in unusual shapes, that would find little application. Furthermore, 

irregular hex-cir channel would be difficult to analyse to derive general 

correlations for their use, as we aim in this work. Hence, their behaviour should 

be studied on a case-by-case analysis. On the other hand, the hexagonal 

channel with a hexagonal free cross-section (hex-hex channel) represents a 

monolith extruded using the adsorbent.  

The parameter needed to fully characterise the free cross-section of the 

geometries in Figure 2.1 is the aspect ratio, here defined as 𝛼 = 𝑖/ℎ, where 𝑖 

and ℎ are the characteristic dimensions of the geometry highlighted in Figure 

2.1. For the hex-hex channel, the aspect ratios needed are two: the aspect 
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ratio of the internal rectangle, 𝛼௥௘௖ =
௜ೝ೐೎

௛
, and the aspect ratio of the two 

triangles which can be attached on the short or long side of the rectangle. If 

the triangles are attached on the short sides, the second aspect ratio is defined 

as 𝛼௦௦ =
௜ೞೞ

௜ೝ೐೎
 . If the triangles are attached on the long sides, the aspect ratio is 

defined as 𝛼௟௦ =
௜೗ೞ

௛
. It will be assumed in the following that whenever 𝛼௦௦ > 0 

then 𝛼௟௦ = 0, and vice-versa. The values of the aspect ratios for a regular hex-

hex channel are: 𝛼௥௘௖ =
ଵ

√ଷ
 , 𝛼௟௦ =

ଵ

ଶ√ଷ
. 

The corrugated channel in Figure 2.1 is the representative channel of a spiral 

wound monolith, that consists of alternated flat and corrugated foils of 

adsorbent material, or metal foils which are then coated with an adsorbent. 

Once the geometries of interest are identified, a procedure to model straight-

channel monoliths needs to be outlined. The modelling of straight-channel 

monoliths can start from simple and effective design correlations of their height 

equivalent to a theoretical plate (HETP) and their pressure drop. The HETP 

and pressure drop correlation for each monolith can describe how efficient the 

monolith is and what can be its energy penalty.  

Generally, the HETP can be written as the sum of three main resistances as 

in eq.(2.1)64,65: the molecular diffusion in the axial direction (𝑅௔௫), the 

resistance given by the diffusion in the solid (𝑅ௌ), and the contribution from the 

velocity profile (𝑅௩). 

𝐻𝐸𝑇𝑃

𝐿
= 𝑅௔௫ + 𝑅ௌ + 𝑅௩ 2.1 

The first approach to the study of solute dispersion in a channel was carried 

out by Taylor45, who studied the dispersion of an arbitrary solute in a circular 

channel with no-adsorbing walls. Aris66,67 reviewed and broadened the work of 

Taylor to include an elliptical cross-section and also adsorbing walls around 

the free channels. Aris66 derived as limiting cases of an elliptical geometry both 

the circular cross-section and the parallel plate cross-section. 
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Golay65 made use of the analysis of moments to derive the HETP for a solute 

flowing in a rectangular channel. The rectangular channel gained particular 

attention after the work of Golay, given its widespread use in both gas and 

liquid adsorption57,64,68.  

The analysis of moments was also used by Dutta and Leighton69–71 to study 

the dispersion of a solute in an arbitrary cross-section for chromatographic 

purposes. Dutta and Leighton presented also a detailed analysis of the 

resistance given by the velocity profile, 𝑅௩, and how to break it down to three 

main constituents. The description of this analysis is given in section 2.2.1.  

Patton et al.72 provide the linear-driving-force (LDF) approximation for 

triangular and hex-hex geometry. In their work, each arbitrary channel is 

reduced to an equivalent hollow cylinder which keeps constant the surface of 

the free cross-section and the volume of solid. 

A further improvement to the HETP analysis of a rectangular channel was 

given by Ahn and Brandani73 who pointed out that the resistance given by the 

diffusion in the solid should consider not only the solid which surrounds the 

perimeter of the free cross-section, but also the corners of the rectangular 

channel. They redistributed the solid at the corners on the sides of the 

geometry, thus increasing the solid diffusion length. They defined a new 

“corrected thickness”57,73 which preserves the volume of solid around the free 

cross-section and considers the dispersion given by the corners, as well.  

The literature has also thoroughly investigated possible correlations for the 

pressure drop in an extruded monolith30,74,75. The main assumption of the 

available models is of laminar flow in the free channel. Given the laminar flow 

assumption, the velocity profile can be derived, either analytically73 or 

numerically76, and the pressure drop calculated from it77. Generally, for an 

arbitrary cross-section, the pressure drop can be expressed as in eq.(2.2): 

𝛥𝑃

𝐿
= 𝜂𝑣௔௩௘

𝑃𝑒𝑟𝑖𝑚

𝐴𝛴
 
𝑓𝑅𝑒ఀ

2
 2.2 



  Modelling of straight-channel monoliths 

  11 

where Δ𝑃 is the pressure drop, 𝐿 the length of the channel, 𝜂 the viscosity, 𝑣௔௩௘ 

the average velocity in the channel, 𝑃𝑒𝑟𝑖𝑚 the perimeter of the free cross-

section, 𝐴 the free area of the channel, 𝑓𝑅𝑒ஊ the Fanning-Reynolds product 

written with respect to Σ, the characteristic length of the channel. It is usually 

assumed that Σ is equal to the hydraulic diameter of the channel76. This 

approach leads to specific values of the 𝑓𝑅𝑒 for each geometry under analysis 

at specific aspect ratios of the geometry. Shah76 reported tabulated values of 

the 𝑓𝑅𝑒 for several cross-sections and different aspect ratios. 

Attempts to derive a more general correlation for the pressure drop can be 

found in the work of Yilmaz78. Although the work of Yilmaz leads to a more 

general description of the pressure drop in an arbitrary channel, his model 

requires several coefficients which can be somehow difficult to calculate. 

A more practical approach to the generalisation of the pressure drop 

correlation for an arbitrary cross-section has been proposed by Bahrami et 

al.77. They considered as characteristic length the square root of the free cross-

sectional area, √𝐴, to analyse the pressure drop in an elliptical channel. They 

also showed that this approach leads to a simple correlation that can be in 

principle applied to any arbitrary geometry. Muzychka and Yovanovich79,80 

chose √𝐴 to derive the equivalent rectangle model (ERM) for the calculation 

of the 𝑓𝑅𝑒√஺ in an arbitrary geometry. The ERM derives analytically the 

pressure drop correlation for a rectangular channel. The ERM can then be 

extended to any channel by the appropriate calculation of an “effective” aspect 

ratio, as it will be shown in section 2.3. The main advantage of the ERM is to 

be easy to implement, compared to the works of Bahrami et al.77 and Yilmaz78, 

and it can be easily extended to several cross-sections without the need of 

tabulated values as for the work of Shah76. 

In the following, both HETP and pressure drop correlations will be discussed 

for the geometries of interest. The analysis will make use of the analysis of 

moments presented by Dutta and Leighton70 to derive the resistance given by 

the velocity profile 𝑅௩. Then, the corrected thickness approach of Ahn and 
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Brandani73 for a rectangular channel will be extended to the geometries in 

Figure 2.1. The proposed correlations will be validated against 3D numerical 

simulations. The focus of this work is gas systems, for which the developed 

correlations are going to be tested. It is of course necessary validation of the 

following HETP correlations for liquid systems to prove their general 

applicability, as shown in the work of Ahn and Brandani73 for a rectangular 

channel. In addition, a simplified reduced order model will be presented. The 

reduced order model aims at providing quantitatively similar results to the 3D 

model with the main benefit of greatly reduced computational time. 

Since the corrugated channel finds widespread use in drying processes and 

involves a more convoluted analysis given its wavy shape, its analysis is 

presented separately in section 2.5. 

2.2 The Height Equivalent to a Theoretical Plate 
For a linear and isothermal system, and flat geometry the expression of the 

HETP can be written as64: 

𝐻𝐸𝑇𝑃 = 2
𝐷௠

𝑣௔௩௘
+

2𝑘

3(1 + 𝑘)ଶ

𝑤ଶ

𝐷௦
𝑣௔௩௘ + 𝐶ெ

ℎଶ

𝐷௠
𝑣௔௩௘ 2.3 

where 𝐷௠ is the molecular diffusivity, 𝑘 =
ଵିఢ

ఢ
𝐾 the retention factor with 𝜖 as 

channel void fraction and 𝐾 as Henry’s law constant, 𝑤 the thickness of the 

solid, 𝐷௦ the diffusivity in the solid and 𝐶ெ the Taylor-Aris coefficient. The 

Taylor-Aris coefficient can be written as in eq.(2.4)73. 

𝐶ெ =
1

6
൬

𝑘

1 + 𝑘
൰

ଶ

𝑔ଵ(𝛼) +
1

105
𝑔ଶ(𝛼) +

1

15
൬

𝑘

1 + 𝑘
൰ 𝑔ଷ(𝛼) 2.4 

where the function 𝑔ଵ(𝛼) quantifies the effect of wall retention with a uniform 

flow in the free cross-section, 𝑔ଶ(𝛼) accounts for the resistance given by the 

flow in the same channel with non-adsorbing walls, and 𝑔ଷ(𝛼) quantifies the 

interaction between the previous two functions. The equations to derive the 

𝑔௜(𝛼) functions are presented in the next section. 



  Modelling of straight-channel monoliths 

  13 

For a rounded geometry, Aris67 showed that the 𝑅ௌ term in eq.(2.1) has to take 

into account the curvature of the solid cross-section. Hence, for rounded 

geometry, eq.(2.5) has to be used to calculate the HETP81,82. 

𝐻𝐸𝑇𝑃 = 2
𝐷௠

𝑣௔௩௘
+

2𝑓𝑘

(1 + 𝑘)ଶ

(𝑑𝑤 + 𝑤ଶ)

𝐷௦
𝑣௔௩௘ + 𝐶ெ

𝑑ଶ

𝐷௠
𝑣௔௩௘  2.5 

where 𝑑 is the diameter of the circular cross-section. The term 𝑓 arises from 

the curvature of the solid, and its expression is: 

𝑓 =

2𝑝ସ 𝑙𝑛(𝑝ଶ)
𝑝ଶ − 1

− (3𝑝ଶ − 1)

8(𝑝ଶ − 1)
 2.6 

where 𝑝 =
ௗାଶ௪

ௗ
. The Taylor-Aris coefficient for a rounded geometry can be 

written as in eq.(2.7). 

𝐶ெ =
1 + 6𝑘 + 11𝑘ଶ

96(1 + 𝑘ଶ)
 2.7 

2.2.1 The velocity profile contribution 

To derive the contribution to the HETP from the velocity profile, we follow the 

analysis of the moments of a solute dispersing in a channel of arbitrary cross-

section presented by Dutta and Leighton70.  

For a channel of arbitrary cross-section as in Figure 2.2: 

 
Figure 2.2: Arbitrary cross-section 

we define 𝜕𝐷 as the boundary of the arbitrary free cross-section 𝐷ଵ, and ℎ as 

the characteristic dimension of the free cross-section. The dimensionless 

variables in eq.(2.8) can be defined. 
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𝑃∗ =
𝑃𝑒𝑟𝑖𝑚

ℎ
; 𝐴∗ =

𝐴

ℎଶ
; 𝜉 =

𝑥

ℎ
; 𝜙 =

𝑦

ℎ
; ∇∗=

∇

ℎ
 

2.8 

The following set of equations, eq.(2.9-2.11), has to be solved to derive the 

𝑔௜(𝛼) functions. 

𝜕ଶ𝑣(𝜉, 𝜙)

𝜕𝜉ଶ
+

𝜕ଶ𝑣(𝜉, 𝜙)

𝜕𝜙ଶ
= −1;       𝑣(𝜉, 𝜙)|డ஽ = 0 2.9 

𝜕ଶ𝑓ଵ

𝜕𝜉ଶ
+

𝜕ଶ𝑓ଵ

𝜕𝜙ଶ
= −

𝑃∗

𝐴∗
;           𝛻∗ሬሬሬሬ⃗  𝑓ଵ ∙ 𝑛ሬ⃗ డ஽ = −1 2.10 

𝜕ଶ𝑓ଶ

𝜕𝜉ଶ
+

𝜕ଶ𝑓ଶ

𝜕𝜙ଶ
= 1 −

𝑣(𝜉, 𝜙)

𝑣௔௩௘
∗

;           𝛻∗ሬሬሬሬ⃗  𝑓ଶ ∙ 𝑛ሬ⃗ డ஽ = 0 2.11 

where 𝑛ሬ⃗ డ஽ is the normal vector to the surface 𝜕𝐷, and 𝑣௔௩௘
∗ =

ଵ

஺∗ ∫ 𝑣(𝜉, 𝜙)𝑑𝜉𝑑𝜙
஽భ

. 

The variable 𝑓ଵ and 𝑓ଶ represent the contribution to dispersion given by the 

retention of the solute in the solid and the contribution to dispersion from the 

non-uniform velocity profile, respectively. The set of equations presented is 

underdetermined since eq.(2.10) and (2.11) need an additional boundary 

condition or constraint. Dutta and Leighton69 proposed eq.(2.12) as integral 

condition for eq.(2.10), and eq.(2.13) as condition for eq.(2.11): 

න 𝑓ଵ𝑑𝐴௠
∗ +

𝐾𝑤

ℎ
ර 𝑓ଵడ஽

డ஽

𝑑𝑙∗ = 0
஽భ

 2.12 

න 𝑓ଶ𝑑𝐴௠
∗ +

𝐾𝑤

ℎ
ර 𝑓ଶడ஽

డ஽

𝑑𝑙∗ = 0
஽భ

 2.13 

where 𝑙∗ is a coordinate that travels along the boundary of the free cross-

section. Once the set of equations eq.(2.9-2.13) is solved numerically, the 

𝑔௜(𝛼) functions can be calculated as: 

𝑔ଵ =
12

𝑃∗
න 𝑓ଵ𝑑𝐴௠

∗ −
12𝐴௠

∗

𝑃∗ଶ ර 𝑓ଵడ஽
డ஽

𝑑𝑙∗

஽భ

 2.14 
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𝑔ଶ =
210

𝐴௠
∗

න 𝑣(𝜉, 𝜙)𝑓ଶ𝑑𝐴௠
∗ −

210

𝐴௠
∗

න 𝑓ଶ𝑑𝐴௠
∗

஽భ஽భ

 2.15 

𝑔ଷ =
30

𝑃∗
න (𝑣(𝜉, 𝜙) − 1)𝑓ଵ𝑑𝐴௠

∗ +
30

𝐴௠
∗

න 𝑓ଶ𝑑𝐴௠
∗

஽భ

−
30

𝑃∗
ර 𝑓ଶడ஽

డ஽

𝑑𝑙∗

஽భ

 2.16 

The equations presented above have been implemented in COMSOL83 to 

generate numerical values of the 𝑔௜(𝛼) functions at different values of 𝛼 for the 

geometries of interest. The procedure has been validated with the analytical 

solution presented by Ahn and Brandani73 for a rectangular channel. The 

results are shown in Figure 2.3. The numerical results from COMSOL are in 

agreement with the analytical solution of Ahn and Brandani73. The limits of 

squared channel for 𝛼 = 1 and parallel passage for 𝛼 → ∞ are correctly 

predicted, as well.  

Figure 2.3: 𝒈𝒊(𝜶) functions for a rectangular channel. Squares are numerical solutions 
from analysis of moments as in Dutta and Leighton69; the solid black line refers to the 

analytical solutions of the 𝒈𝒊(𝜶)  functions from Ahn and Brandani73. 

The results for triangular and rhombic channel are presented in Figure 2.4. 

The results for the triangular channel are in agreement with what previously 

presented by Dutta and Leighton70. It is interesting to point out that the point 

of minimum dispersion for a triangular channel does not occur when the 

triangle is regular, but when its top angle is 44º.  

The trend of the rhombic channel starts from the dispersion of the squared 

channel for 𝛼 = 1, to then increase for lower aspect ratios. The increase can 

be attributed to the increased dispersion at the edges of the free cross-section. 
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Figure 2.4: 𝒈𝒊(𝜶) functions for the triangular (top) and rhombic channel (bottom). 

Squares are numerical results, and the solid line is the fitting correlation, eq.(2.17) for 
triangular and eq.(2.18) for rhombic channel. 

The numerical results are regressed with empirical functions to provide simple 

correlations for design purposes. For the triangular channel the correlation is: 

𝑔௜(𝛼) =
𝑗ଵ௜𝛼

ହ + 𝑗ଶ௜𝛼
ସ + 𝑗ଷ௜𝛼

ଷ + 𝑗ସ௜𝛼
ଶ + 𝑗ହ௜𝛼 + 𝑗଺௜

𝛼ଷ + 𝑠ଵ௜𝛼
ଶ + 𝑠ଶ௜𝛼 + 𝑠ଷ௜

 2.17 

while, for the rhombic channel the correlation is reported in eq.(2.18). 

𝑔௜(𝛼) = 𝑗ଵ௜𝛼
௝మ೔ + 𝑗ଷ௜𝛼

௝ర೔ + 𝑗ହ௜  2.18 

The regressed parameters 𝑗 and 𝑠 are reported in Table 2.1. 
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Table 2.1: Parameters used to correlate the 𝒈𝒊(𝜶) functions with eq.(2.17) for the 
triangular channel, and eq.(2.18) for the rhombic one. 

 Triangular  Rhombic  

 𝒈𝟏(𝜶) 𝒈𝟐(𝜶) 𝒈𝟑(𝜶) 𝒈𝟏(𝜶) 𝒈𝟐(𝜶) 𝒈𝟑(𝜶) 

𝒋𝟏𝒊 0.1247 1.072 –0.042 0.125 –2.272 0.1142 

𝒋𝟐𝒊 0.4665 9.463 33.54 –2 –0.8083 38.67 
𝒋𝟑𝒊 0.6002 −5.848 784.8 0.125 1.249 0.3498 
𝒋𝟒𝒊 1.79 33.32 756.2 0 –1.968 –2.022 
𝒋𝟓𝒊 –1.271 −33.58 –969.1 0 1.922 0 
𝒋𝟔𝒊 1.631 29.79 1589 - - - 
𝒔𝟏𝒊 3.675 7.998 57.73 - - - 
𝒔𝟐𝒊 3.378 9.502 2408 - - - 
𝒔𝟑𝒊 3.334 6.81 958.8 - - - 

  

The results for the hex-hex channel are shown in Figure 2.5. The regular 

hexagon provides the lowest dispersion compared to other hex-hex cross-

sections. The correlated functions for the hex-hex channel are reported in 

Appendix A. The functions used have been constructed such that they will be 

function of 𝛼௧ and a vector of fitted parameters at fixed 𝛼௥௘௖,i.e. 𝒑(𝛼௥௘௖). Hence, 

to derive 𝑔(𝛼௧, 𝒑(𝛼௥௘௖)), the values of 𝒑(𝛼௥௘௖) have to be calculated first. Then, 

once fixed the  𝒑(𝛼௥௘௖), the functions 𝑔(𝛼௧, 𝒑(𝛼௥௘௖)) can be calculated at a fixed 

𝛼௧. 
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Figure 2.5: 𝒈𝒊(𝜶) functions for the hex-hex channel. Solid lines are the fitted 
correlations while circles are the results from the numerical simulations: filled 

symbols for 𝜶𝒔𝒔 > 𝟎 and empty symbols for 𝜶𝒍𝒔 > 𝟎. On the y-axis 𝜶𝒕 = 𝜶𝒔𝒔 for 𝜶𝒔𝒔 > 𝟎 
(filled circles), while 𝜶𝒕 = 𝜶𝒍𝒔 for 𝜶𝒍𝒔 > 𝟎 (empty circles). 

 

2.2.2 The “corrected” thickness 

Ahn and Brandani73 have shown that, if the actual thickness of the solid is used 

to estimate the resistance given by the diffusion in the solid (𝑅ௌ in eq.(2.1)), 

the HETP for a rectangular channel is systematically underestimated. To 

correctly estimate the solid resistance, they introduced the concept of 

“corrected” thickness, which consists of a thicker solid dimension to be used 

to calculate the HETP compared to the physical thickness of the solid. To 

calculate 𝑤௖, the corrected thickness, Ahn and Brandani73 redistributed the 

solid around the rectangular free cross-section from the corners of the 

geometry to the free cross-section’s perimeter, as graphically shown in Figure 

2.6(top).  
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The corrected thickness introduced by Ahn and Brandani73 is here generalised 

for an arbitrary cross-section. An example of the redistribution for the hex-cir 

channel is shown in Figure 2.6(bottom). For both squared and hex-cir channel, 

the solute will firstly travel in the solid around the free cross-section (grey in 

Figure 2.6), and then in the corners of the geometry (black in Figure 2.6) in 

both horizontal and vertical direction. By redistributing the solid, the 2D 

diffusion in the solid is reduced to a 1D diffusion problem, while preserving the 

total amount of solid of the channel. 

 

Figure 2.6: Redistribution of the solid for a squared channel (top), and a hex-cir 
channel (bottom). In grey the solid around the perimeter of the free cross-section, in 

black the corners. 

The graphical redistribution presented for a squared and hex-cir channel can 

be held valid for all the geometries under analysis, since they always present 

corners which are not directly in contact with the free perimeter of the channel. 

For flat geometries, the mathematical representation of the redistribution can 

be written as: 

𝑤௖ =
𝐴ௌ

𝑃𝑒𝑟𝑖𝑚
 2.19 

where 𝐴ௌ is the solid area. For a rounded geometry, we can write the corrected 

thickness as in eq.(2.20). 
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𝑤௖ =

ට4𝐴ௌ

𝜋
+ 𝑑ଶ − 𝑑

2
 

2.20 

Analytical equations can be derived for several cross-sections. Table 2.2 

provides the equations to estimate accurately 𝑤௖ for the geometries under 

analysis.  

Table 2.2: Analytical expression of the corrected thickness for different channels 

Channel Analytical Expression 

Triangle 𝑤௖ = 𝑤 +
𝑤ଶ

2ℎ
൬1 +

1

𝑠𝑖𝑛(𝑎𝑟𝑐𝑡𝑎𝑛(𝛼/2))
൰ 

Rhombus 𝑤௖ =
൬1 + 2

𝑤/ℎ
𝑠𝑖𝑛(𝑎𝑡𝑎𝑛(𝛼))

൰ ൬𝛼 + 2
𝑤/ℎ

𝑠𝑖𝑛(𝑎𝑡𝑎𝑛(𝛼ିଵ))
൰ − 𝛼

4√1 + 𝛼ଶ
ℎ 

Hex-Cir 
𝑤௖ =

ට
4
𝜋

൤൫2√3 − 𝜋൯
𝑑ଶ

4
+ 2√3 𝑤(𝑑 + 𝑤)൨ + 𝑑ଶ − 𝑑

2
 

Rectangle* 𝑤௖ =
1 + 𝛼 + 2𝑤/ℎ

2(𝛼 + 1)
𝑤 

       *From Ahn and Brandani73 

For the hex-hex channel, a simple procedure is presented in Table 2.3 to 

estimate the corrected thickness. 

Having defined the corrected thickness, and derived the velocity resistance, 

the HETP can be now calculated for different geometries. To validate the 

correlations provided, full 3D numerical simulations can be used. The 

mathematical equations are presented in the next section. 
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Table 2.3: Procedure to calculate the corrected thickness of a hex-hex channel. 

Step Hex-Hex with 𝜶𝒍𝒔 > 𝟎 Hex-Hex with 𝜶𝒔𝒔 > 𝟎 

1 

Calculate 𝐴௜௡ = (𝛼௟௦ + 𝛼௥௘௖)ℎଶ and 

 𝑑 = ට
ସ஺೔೙

గ
 

Calculate 𝐴௜௡ = (1 + 𝛼௥௘௖𝛼௦௦)𝛼௥௘௖ℎଶ 

and 𝑑 = ට
ସ஺೔೙

గ
 

2 

Define 𝑏 =
ఈೝ೐೎௛

ଶ
− 2𝛼௟௦𝑤 ቈ1 −

ට1 + ቀ
ଵ

ଶఈ೗ೞ
ቁ

ଶ
቉ and  

 𝐵 =
ఈೝ೐೎௛

ଶ
+ 2𝛼௟௦ ቈ𝑤ට1 + ቀ

ଵ

ଶఈ೗ೞ
ቁ

ଶ
+

௛

ଶ
቉ 

Define 𝑏 = ℎ + 2𝑤ቂඥ1 + (2𝛼௦௦)ଶ −

2𝛼௦௦ቃ and  

 𝐵 = ℎ + 2ℎ ቂ𝛼௥௘௖𝛼௦௦ +

௪

௛
ඥ1 + (2𝛼௦௦)ଶቃ 

3 Calculate 𝐴௢௨௧ = 2(𝑏 + 𝐵) ቀ
௛

ଶ
+ 𝑤ቁ Calculate 𝐴௢௨௧ = (𝑏 + 𝐵) ቀ

ఈೝ೐೎௛

ଶ
+ 𝑤ቁ 

4 Calculate the corrected thickness as 𝑤௖ =
ට

ర(ಲ೚ೠ೟షಲ೔೙)

ഏ
ାௗమିௗ

ଶ
 

 

2.2.3 3D numerical simulations 

2.2.3.1 Mathematical model 

The main assumptions of the 3D model are as follows: 

 Isothermal conditions 

 Linear isotherm 

 Trace binary system with one adsorbing molecule in an inert carrier 

 Fully-developed laminar flow in the channel 

 Negligible axial (z-axis) diffusion in the solid 

 Equilibrium at the fluid-solid interface 

The differential mass balance of the adsorbing i-th component in the fluid 

phase is: 

𝜕𝑐௜

𝜕𝑡
− 𝐷௠𝛻ଶ𝑐௜ + 𝛻(𝑣𝑐௜) =  0 2.21 

where the axial dispersion term has been written in terms of fluid concentration 

𝑐 and not mole fraction 𝑦, since the pressure drop in straight channels is 
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negligible. The boundary conditions are of the Danckwert’s type, as in 

eq.(2.22) and (2.23). 

−𝐷௠𝛻𝑐௜ + 𝑣𝑐௜ = 𝑣௜௡𝑐௜௡,௜    @ 𝑧 = 0 2.22 

𝐷௠𝛻𝑐௜ = 0    @ 𝑧 = 𝐿 2.23 

where 𝑣௜௡ and 𝑐௜௡ are the inlet velocity and concentration, respectively. The 

mass balance in the solid can be written as: 

𝜕𝑞௜

𝜕𝑡
= 𝐷௦ ቆ

𝜕ଶ𝑞௜

𝜕𝑥ଶ
+

𝜕ଶ𝑞௜

𝜕𝑦ଶ
ቇ 2.24 

where 𝑞௜ is the amount adsorbed of the i-th component per unit volume. At the 

interface between the fluid and the solid: 

𝑞௜ = 𝐾𝑐௜  &  𝐷௠𝛻𝑐௜ = 𝐷௦𝛻𝑞௜ 2.25 

Finally, the initial conditions assume that the bed is filled with the non-

adsorbing carrier. 

The average outlet concentration in the fluid phase is calculated using eq. 

(2.26). 

𝑐௔௩௘|௭ୀ௅ =
∯ 𝑣𝑐௜|௭ୀ௅𝑑𝑥𝑑𝑦

∯ 𝑣 𝑑𝑥𝑑𝑦
 2.26 

The set of equations is converted in dimensionless form with the use of the 

following dimensionless variables: 

𝐶௜ =
𝑐௜

𝑐௜௡,௜
  ;  𝑄௜ =

𝑞௜

𝐾𝑐௜௡,௜
  ;  𝜏 =

𝑡

𝜇
    𝜉 =

𝑥

ℎ
  ;   𝜙 =

𝑦

ℎ
  ;   𝜁 =

𝑧

𝐿
  ;   𝑉 =

𝑣(௫,௬)

𝑣௔௩௘
 2.27 

where 𝜇 is the first moment, i.e. the mean residence time, of the breakthrough 

curve. The first moment of the breakthrough curve, 𝜇, can be directly estimated 

with the use of an integral mass balance on the channel, as in eq.(2.28). 
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𝜇 =
𝐿

𝑣௔௩௘
൤1 +

1 − 𝜖

𝜖
𝐾൨ 2.28 

The velocity profile is modelled using Navier-Stokes equations in viscous 

regime at steady-state. The boundary conditions are of fixed pressure of 100 

kPa at the outlet, and fully-developed laminar flow at the inlet with an average 

velocity 𝑣௔௩௘. The no-slip boundary condition is used at the interface between 

fluid and solid domains. 

The parameters of equilibrium and kinetics for the 3D simulations are reported 

in Table 2.4. They refer to the system CO2/N2 separation with an activated 

carbon monolith, already reported by Ahn and Brandani73. The data are fitted 

to zero-length-column experiments presented in Brandani et al58 on a 

commercial sample of activated carbon monolith. The diffusion in the solid has 

to be intended as effective diffusion of the system. 

Table 2.4: Parameters for the 3D simulations. 

Parameter Unit Value 

𝑲 [−] 40 

𝑫𝒎 [𝑚ଶ/𝑠] 1.7x10ିହ 

𝑫𝒔 [𝑚ଶ/𝑠] 7.4x10ିଵ଴ 

 

The dimensionless equations have been implemented in COMSOL. The 

integration limit of the simulation was set to twice the first moment of the 

system. A mesh-refinement study has been carried out to make sure that the 

results were independent of the mesh size and number of elements used.  

The first and second moment of the adsorbing component can be calculated 

as in eq.(2.29) and (2.30). 

1௦௧ 𝑀𝑜𝑚𝑒𝑛𝑡  𝜇 =  න
𝑐௜

𝑐௜௡,௜
𝑑𝑡

ஶ

଴

 2.29 
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2௡ௗ 𝑀𝑜𝑚𝑒𝑛𝑡  𝜗ଶ =  2 න
𝑐௜

𝑐௜௡,௜
𝑡 𝑑𝑡

ஶ

଴

− 𝜇ଶ 2.30 

Since the second moment can be strongly affected by numerical oscillations84, 

an exponential function of the form 𝑎𝑒ି௕௧, has been used to approximate the 

tail of the breakthrough curve. Hence, the second moment can be written as: 

𝜗ଶ =  2 න
𝑐௜

𝑐௜௡,௜
𝑡 𝑑𝑡

௧బ

଴

+ 2
𝑎

𝑏
𝑒ି௕௧బ ൬𝑡଴ +

1

𝑏
൰ − 𝜇ଶ 2.31 

where, 𝑡଴ is the starting time of the exponential decay. Finally, the HETP can 

be calculated as in eq.(2.32). 

𝐻𝐸𝑇𝑃

𝐿
=

𝜗ଶ

𝜇ଶ
 2.32 

To check the 3D simulations, as well as the procedure to calculate the HETP, 

a case study of a hollow fibre has been used. Indeed, eq.(2.5) is the analytical 

expression of the HETP for an hollow fibre. The results are presented in Figure 

2.7. The 3D model implemented in COMSOL provides reliable results for the 

hollow fibre case, hence it can be safely used to test the HETP correlations for 

the other geometries. 

 
Figure 2.7: Comparison between 3D simulations and HETP correlation for a hollow 

fibre. Squares are the 3D simulations and the solid line is eq.(2.5). The physical 
parameters are reported in Table 2.4, and the geometrical parameters are: 𝒘/𝒉=0.105, 

and 𝑳/𝒉=700. 
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2.2.3.2 Comparison between 3D simulations and HETP correlations 

The comparison between the 3D simulations for different straight-channel 

monoliths and their respective HETP correlation is presented in Figure 2.8. 

The proposed HETP correlation accurately match the dispersion given by the 

3D simulations. Furthermore, the simulations confirm what already stated by 

Ahn and Brandani73 for a rectangular channel: the diffusion in the solid is the 

main resistance responsible for the dispersion of the solute in the channel. As 

it can be seen from Figure 2.8, the sum of axial dispersion and velocity profile 

only provide a minor contribution to the overall HETP.  

Figure 2.8: HETP plot for different geometries. From top to bottom, from left to right: 
triangular channel, hex-cir channel, rhombic channel, and hex-hex channel.  Squares 

are 3D simulation results, the dotted line is the fluid resistance only, the dashed line is 
the HETP calculated using the model of Patton et al.72 (triangular and hex-hex 

geometries) and the solid line the HETP with corrected thickness. 

The transversal diffusion of the solute on the free cross-section balances the 

dispersion of the solute along the channel given by the velocity profile. This 

effect leads to a near plug flow in the free channel. For all the simulations, and 
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in general for gas separation processes, the dimensionless parameter 
௅஽೘

௩௛మ
 is 

higher than 1, which explains why the concentration of the solute at a given 

cross-section assumes a homogeneous profile. It is therefore important to 

focus on the resistance given by the solid when optimising and straight-

channel monoliths for gas adsorption applications. 

The model of Patton et al.72 is also compared to the 3D simulations. Indeed, 

Patton et al.72 provide a LDF approximation for triangular and hex-hex 

geometry. In their work, each cross-section is reduced to an hollow cylinder. 

As it can be seen in Figure 2.8, the LDF approximation of Patton et al.72 does 

not follow the trend of the 3D simulations. The reasons for the mismatch can 

be attributed firstly to the approximation of every channel to hollow cylinder, 

and then to the changed void fraction of the system. The former does not take 

into account that the diffusion process in a triangular channel can be quite 

different from the one of a hollow cylinder. As matter of fact, the diffusion 

process in a triangular channel can be represented as an equivalent 1D 

diffusion in a slab. The latter reason comes from the fact that the void fraction 

of the channel will not be kept constant if the volume of the free cross-section 

is not fixed also in the LDF approximation. This leads to a decrease in the 

triangular channel’s void fraction in Figure 2.8 by roughly 40%, which explains 

the sharp increase of the HETP compared to the 3D simulations. In the hex-

hex channel the LDF approximation from Patton et al. leads to a very thin layer 

of solid around the free cross-section, which explains the very low HETP 

compared to 3D simulations. 

It could be argued that the hex-hex channel should be modelled with the HETP 

of a flat geometry, eq.(2.3). Indeed, the expression of Aris for the HETP of a 

hollow fibre, eq.(2.5), reduces to the diffusion in a slab geometry for thin films 

of solid surrounding the free cross-section, as shown by Schisla and Carr82. 

Moreover, the hex-hex channel already approximates the limit of a polygon 

with a number of sites which tend to infinity, hence a circle. For any practical 

purpose, honeycomb monoliths will have either regular hexagons or slightly 

different from regular hexagons as free cross-section. Hence, the 
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approximation of hex-hex to rounded geometry holds for any practical design 

use. 

It can be noted a slight discrepancy between the HETP from 3D simulations of 

triangular and rhombic channel and the predicted HETP from correlations. This 

difference might be attributed to the local meshing of the corners of the 

geometries from both fluid and solid side. As default, an unstructured prismatic 

meshing is generated by COMSOL. However, local refinement of the mesh at 

the corners of the geometry might reduce the extra-dispersion present in the 

current simulations. Indeed, geometries which do not have sharp corners (i.e. 

hex-hex, hex-cir channel and circular channel) and geometries for which a 

structured mesh of hexahedral elements can be used (i.e. rectangular channel) 

provide excellent match between 3D simulations and the HETP correlation. 

Future works could study the effect of local mesh-refinement on the HETP that 

different meshing might show, especially for geometries which possess sharp 

corners. 

It is worth pointing out that the HETP correlation is valid in the limit of very long 

columns. As pointed out by Ahn and Brandani73, a quick way to establish if the 

system achieved the HETP in the limit of very long column is to check that the 

ratio between the first moment and, for a gas system, the time constant for 

diffusion in the solid is higher than 0.22. For all the simulations performed, the 

value of 
ఓ஽ೞ

௪೎
మ   ranged between 4 and 12. It has to be noted that, for liquid 

systems, the time constant to be used will be ℎଶ/𝐷௠, since the limiting kinetic 

process will be the diffusion in the liquid phase.  

2.2.4 Reduced order model 

2.2.4.1 Mathematical model 

The use of 3D simulations can be limited to HETP validation, since its 

computational time and resources are not feasible for any design or 

optimisation purpose. Since multiple simulations are needed to firstly design 

and then optimise the operating parameters of common adsorption processes, 

a simpler, faster and nevertheless accurate model is needed. In this section, a 
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reduced order model is proposed, which is able to capture the overall dynamics 

of the 3D simulations. The model will have one dimension along the channel’s 

axis for the fluid phase (z-axis), and one dimension for the diffusion of the 

solute in the solid (x-axis). The model makes use of the average velocity in the 

channel, which comes from the 3D simulations. Given the assumption of trace 

system, the average velocity will remain constant along the axis. 

The modelling assumptions are the same as in the 3D model. The mass 

balance for the fluid phase is: 

𝜕𝑐௜

𝜕𝑡
− 𝐷௔௫

𝜕ଶ𝑐௜

𝜕𝑧ଶ
+ 𝑣௔௩௘

𝜕𝑐௜

𝜕𝑧
+

1 − 𝜖

𝜖

𝑑𝑞పഥ

𝑑𝑡
= 0  2.33 

where 𝐷௔௫ , the axial dispersion, can be derived by the sum of molecular 

diffusion and velocity profile resistances in eq.(2.3) and (2.5), and 𝑞పഥ  is the 

average adsorbed amount of the i-th component.  The boundary conditions are 

of the Danckwert’s type: 

−𝐷௔௫

𝜕𝑐௜

𝜕𝑧
+ 𝑣௔௩௘𝑐௜ = 𝑣௔௩௘𝑐௜௡,௜;    @   𝑧 = 0 2.34 

𝐷௔௫

𝜕𝑐௜

𝜕𝑧
= 0;    @   𝑧 = 𝐿 2.35 

The mass balance in the solid can be written as: 

𝑑𝑞௜

𝑑𝑡
= 𝐷௦ ቆ

𝜕ଶ𝑞௜

𝜕𝑥ଶ
+

𝜃

𝑥

𝜕𝑞௜

𝜕𝑥
ቇ 2.36 

where for flat geometries 𝜃 = 0 and 𝜃 = 1 for rounded ones. The boundary 

conditions for eq.(2.36) are given below. 

𝑞௜ = 𝐾𝑐௜;    @ 𝑥 = ℎ 2.37 

𝐷௦

𝜕𝑞௜

𝜕𝑟
= 0;    @   𝑥 = ℎ + 𝑤௖ 2.38 

The average adsorbed amount has been calculated from eq.(2.39). 
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𝑞పഥ =
∫ 𝑞௜𝑥ఏ𝑑𝑥

௛ା௪೎

௛
 

∫ 𝑥ఏ𝑑𝑥
௛ା௪೎

௛

 2.39 

The reduced model has been solved in gPROMS using orthogonal collocation 

on finite elements to discretise both the fluid and solid domains. A mesh-

refinement has been carried out to assure results independent on the number 

of elements used.  

The parameters of the reduced model can be derived from the knowledge of 

physical and geometrical parameters of the system. The two main parameters 

that are different with respect to the 3D simulations are the effective axial 

dispersion, 𝐷௔௫, and the thickness of the solid. The axial dispersion of the 

reduced model is not going to be the molecular diffusion, as in the 3D 

simulations. Instead, the axial dispersion of the reduced model can be 

calculated as sum of the axial and velocity profile resistance of the HETP 

correlation85, as shown in eq.(2.40): 

𝐷௔௫ = 𝐷௠ ൬1 +
𝐶ெ

2
𝑃𝑒ଶ൰ = 𝐷௠ ቆ1 +

𝐶ெ

2
൬

𝑣௔௩௘ℎ

𝐷௠
൰

ଶ

ቇ 2.40 

where 𝑃𝑒 is the Peclet number of the system. The second relevant parameter 

is the thickness of the solid for the reduced simulation, which will be set to the 

corrected thickness of the channel.  

It should be noted that the reduced model does not make use of any adjustable 

parameters, and its derivation is solely based on the knowledge of the 

properties of the system under consideration. Moreover, the reduced model 

has the main benefit to be faster than the 3D model, since the different in 

computational time is of almost 3 orders of magnitude, which makes it 

particularly suitable for design and optimisation purposes. 

2.2.4.2 Comparison between 3D simulations and reduced model 

The comparison between 3D simulations and the reduced model is shown in 

Figure 2.9. The values of  
𝑣𝑎𝑣𝑒𝐿

𝐷𝑚
 for each simulation are reported in Table 2.5. 
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Table 2.5: Values of 
𝒗𝒂𝒗𝒆𝑳

𝑫𝒎
 [−] for the breakthrough simulations in Figure 2.9. The 

symbols in the first column refer to the symbols in Figure 2.9. 

 Triangular Rhombic Hex-Cir Hex-Hex 

Circles 294 294 882 1764 

Squares 882 2059 4412 8824 

Diamonds 2059 5882 8824 30884 

 

Figure 2.9: Comparison between 3D simulations and reduced order model. From top 
to bottom, from left to right: triangular channel, hex-cir channel, rhombic channel, and 

hex-hex channel. The geometrical parameters are the same as in Figure 2.8. The 

values of 
𝒗𝒂𝒗𝒆𝑳

𝑫𝒎
 for each simulation are reported in Table 2.5. Symbols are 3D 

simulations and solid line is the reduced order model. 

The agreement between 3D and reduced model is excellent. The reduced 

model correctly captures both first and second moment of the 3D simulations. 

The match of the second moment can be mainly attributed to the inclusion of 
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the dispersion given by the corrected thickness. The numerical problem’s size, 

and hence the computational time, is more than two order of magnitude smaller 

for the reduced order model. Therefore, the reduced order model can 

potentially act as an effective tool for fast screening of different straight-

channel monoliths for targeted applications, at a design stage. 

2.3 The pressure drop correlation 
Among the factors influencing the energy penalty of an adsorption process, 

pressure drop plays a crucial role. Indeed, the extremely low pressure drop of 

straight-channel monoliths make them a suitable alternative to conventional 

packed beds. Nevertheless, it is important to accurately estimate the pressure 

drop in straight-channel monoliths, especially at a design stage. In this work, 

the ERM of Muzychka and Yovanovich79 is employed, given its broad 

application to all the straight-channel monoliths under analysis.  

The general expression of the pressure drop in eq.(2.2) can be specialised for 

a given straight-channel monolith by means of the 𝑓𝑅𝑒ஊ  and the ratio 
௉௥

஺ஊ
 which 

will depend on the geometry of the free cross-section of the channel. Muzychka 

and Yovanovich79 showed that the analytical solution 𝑓𝑅𝑒ஊ for a rectangular 

channel, when Σ = √𝐴 , can be written as: 

𝑓𝑅𝑒√஺ =
12

√𝛾(1 + 𝛾) ቂ1 −
192𝛾

𝜋ହ 𝑡𝑎𝑛ℎ ቀ
𝜋

2𝛾
ቁቃ

 2.41 

 where 𝛾 is the effective aspect ratio of the rectangular channel. For the 

rectangular channel, the effective aspect ratio has the same value of the 

nominal aspect ratio of the geometry defined earlier in the chapter. The 

equations of the effective aspect ratios of the different channels, as presented 

by Duan and Yovanovich86 and developed in this work, are reported in Table 

2.6. 
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Table 2.6: Correlations for the effective aspect ratio of different channels 

Geometry Effective Aspect Ratio, 𝜸 

Regular Polygons with 
𝑛௦௜ௗ௘௦ 𝜖 [4; ∞]* 

1 

Triangle* [(2𝛼)଴.ହଷ + (2/𝛼)଴.ହଷ]ିଵ/଴.ହଷ 
Rhombus* [(2𝛼)଴.଺଼ + (2/𝛼)଴.଺଼]ିଵ/଴.଺଼ 

Hex-Hex with 𝛼௦௦ = 0** 

൥ቆ
√3

2(𝛼௥௘௖ + 𝛼௟௦)
ቇ

ଽ଴

+ ቆ
2(𝛼௥௘௖ + 𝛼௟௦)

√3
ቇ

ଽ଴

൩

ିଵ/ଽହ

 

Hex-Hex with 𝛼௟௦ = 0** 1

1/𝛼௥௘௖ + 𝛼௦௦

 

    *From Duan and Yovanovich86; **Developed in this work 

With the use of the correlations in Table 2.6, eq.(2.2) and (2.41) the pressure 

drop for a straight-channel monolith can be evaluated. 

The correlations for the hex-hex channel have been regressed on numerical 

simulations of fluid flow in hex-hex channels. The Navier-Stokes equations are 

solved in the free cross-section and the 𝑓𝑅𝑒√஺ is regressed from that. The 

results are presented in Figure 2.10. 

 

Figure 2.10: 𝒇𝑹𝒆√𝑨 correlation for hex-hex channel. Squares are hex-hex channel with 
𝜶𝒔𝒔 > 𝟎, circles are hex-hex channel with 𝜶𝒍𝒔 > 𝟎 and solid line eq.(2.41) with 𝜸 

calculated from the correlations in Table 2.6. 

The main advantage of the ERM is that the 𝑓𝑅𝑒√஺ is constant at 14.13 for the 

vast majority of industrially relevant straight-channel monoliths, i.e. regular 
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polygons and circular cross-section. Furthermore, only one equation is needed 

to calculate the 𝑓𝑅𝑒√஺ of different geometries when 𝛼 ≠ 1. The approach of 

using the hydraulic diameter as characteristic length would have led to different 

equations of 𝑓𝑅𝑒஽೓
 for each geometry, even for 𝛼 = 1.  

2.4 Comparison between straight-channel monoliths 
and packed bed for gas systems 

Once the HETP and pressure drop correlation for a straight-channel monolith 

are known, a comparison between them can be made based on the pressure 

drop per theoretical stage, i.e. 𝐻𝐸𝑇𝑃Δ𝑃/𝐿. Ruthven and Thaeron33 were the 

first to use the pressure drop per theoretical stage to compare a conventional 

packed bed with a parallel passage contactor. Their analysis showed that 

under all practical conditions, a parallel passage would perform better than a 

packed bed. This section aims to broaden their analysis to an arbitrary 

extruded monolith. The following analysis excludes the resistance given by the 

velocity profile in the HETP correlation, since this analysis is limited to gas 

systems, for which the HETP correlations have been validated. 

For a packed bed of porosity 𝜖௣௕ and bead radius 𝑅௣, the pressure drop can 

be described as the Ergun equation: 

𝛥𝑃௉௔௖௞௘ௗ

𝐿
= 37.5𝜂

𝜖௣௕𝑣

𝑅௣
ଶ

൫1 − 𝜖௣௕൯
ଶ

𝜖௣௕
ଷ  2.42 

where the turbulent term has been neglected in the assumption that the 

particles are big enough to avoid turbulent effects. 

In the assumption that 𝐾 ≫ 𝜖, the HETP for a packed bed can be written as33: 

𝐻𝐸𝑇𝑃௉௔௖௞௘ௗ

𝐿
=

2𝜖௣௕𝐷௔௫

𝜖௣௕𝑣
+

2

15

𝜖௣௕𝑣

൫1 − 𝜖௣௕൯𝐾

𝑅௣
ଶ

𝐷௦
 2.43 

where, under these conditions, the axial dispersion can be written as 𝐷௔௫ =

0.7𝐷௠
87. Now that HETP and Δ𝑃 correlation for a packed bed are given, we 

can define the ratio of pressure drop per theoretical stage of an arbitrary 
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straight-channel monolith with a packed bed, using eq.(2.2,2.3,2.42,2.43). It 

should be noted that, in the assumption of 𝐾 ≫ 𝜖, the solid resistance in 

eq.(2.3) can be simplified to 
ଶ௞

ଷ(ଵା௞)మ

௪మ

஽ೞ
𝑣௔௩௘ =

ଶ

ଷ(ଵିఢ)௄

௪మ

஽ೞ
𝑣௔௩௘. In addition, only 

the contribution from axial dispersion and solid diffusion will be considered for 

the HETP of the monolith. Under these conditions, we can write the ratio of the 

pressure drop per theoretical stage as in eq.(2.44) 

𝑅 =
(𝛥𝑃𝐻𝐸𝑇𝑃/𝐿)௉௔௖௞௘ௗ

(𝛥𝑃𝐻𝐸𝑇𝑃/𝐿)௠௢௡௢௟௜௧௛

= 75
൫1 − 𝜖௣௕൯

ଶ
𝜖 

𝜖௣௕
ଷ

𝐴√𝐴

𝑅௣
ଶ𝑃𝑒𝑟𝑖𝑚

1.4𝜖௣𝐷௠

𝜖௣𝑣
+

2
15

𝜖௣௕𝑣

൫1 − 𝜖௣௕൯𝐾

𝑅௣
ଶ

𝐷௦

2
𝐷௠

𝑣௔௩௘
+

2
3(1 − 𝜖)𝐾

𝑤ଶ

𝐷௦
𝑣௔௩௘

 

2.44 

to compare both packed bed and monolith at the same throughput, we need 

to set 𝑣௔௩௘ =
ఢ೛್

ఢ
 𝑣. To obtain a quantitative estimate of the ratio in eq.(2.44), 

we can fix 𝜖௣௕ = 0.35,𝜖 = 0.5, and 𝑅௣ = 𝑤. The ratio can then be written as: 

𝑅 =
(𝛥𝑃𝐻𝐸𝑇𝑃/𝐿)௉௔௖௞௘ௗ

(𝛥𝑃𝐻𝐸𝑇𝑃/𝐿)௠௢௡௢௟௜௧௛

= 369.5
𝐴√𝐴

𝑅௣
ଶ𝑃𝑒𝑟𝑖𝑚

⎣
⎢
⎢
⎢
⎡
1.4𝜖௣௕𝐷௠

𝜖௣௕𝑣
+

2
15

𝜖௣௕𝑣

൫1 − 𝜖௣௕൯𝐾

𝑅௣
ଶ

𝐷௦

2
𝜖𝐷௠

𝜖௣௕𝑣
+

2
3(1 − 𝜖)𝜖𝐾

𝑅௣
ଶ

𝐷௦
𝜖௣𝑣

⎦
⎥
⎥
⎥
⎤

 

2.45 

Finally, we can rearrange the ratio in brackets on the RHS of eq.(2.45) such 

that 𝑅  will be function of the dimensionless groups 
஽೘

ఢ೛௩ோ೛
 and 

஽೘

௄஽ೞ
: 
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𝑅 ቆ
𝐷௠

𝜖௣𝑣𝑅௣
,

𝐷௠

𝐾𝐷௦
ቇ

= 369.5
𝐴√𝐴

𝑅௣
ଶ𝑃𝑒𝑟𝑖𝑚

⎣
⎢
⎢
⎢
⎡1.4𝜖௣௕ ൬

𝐷௠
𝜖௣௕𝑣𝑅௣

൰ +
2

15൫1 − 𝜖௣௕൯
൬

𝜖௣௕𝑣𝑅௣

𝐷௠
൰

𝐷௠
𝐾𝐷௦

2𝜖 ൬
𝐷௠

𝜖௣௕𝑣𝑅௣
൰ +

2
3(1 − 𝜖)𝜖

൬
𝜖௣௕𝑣𝑅௣

𝐷௠
൰

𝐷௠
𝐾𝐷௦ ⎦

⎥
⎥
⎥
⎤

= 369.5
𝐴√𝐴

𝑅௣
ଶ𝑃𝑒𝑟𝑖𝑚

𝑅ுா்௉ 

2.46 

 the expression of  𝑅 ൬
஽೘

ఢ೛್௩ோ೛
,

஽೘

௄஽ೞ
൰ in eq.(2.46) represents the ratio of the 

pressure drop per theoretical stage  between packed bed and an arbitrary 

monolith with flat geometry as free cross-section. The higher the ratio, the 

better will be the monolith’s performance with respect to the packed bed. The 

plot of the ratio 𝑅 ൬
஽೘

ఢ೛್௩ோ೛
,

஽೘

௄஽ೞ
൰ for flat geometries is shown in Figure 2.11. 

Figure 2.11: Plot of the function 𝑹 ൬
𝑫𝒎

𝝐𝒑𝒗𝑹𝒑
,

𝑫𝒎

𝑲𝑫𝒔
൰, eq.(2.46), for triangular, rhombic, 

rectangular  and  eq.(2.47) for rounded channels. The values of porosities are: 𝝐𝒑 =

𝟎. 𝟑𝟓; 𝝐 = 𝟎. 𝟓, and 𝑹𝒑 = 𝒘. 
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The monoliths with flat cross-sections show better performance in terms of 

pressure drop per theoretical stage under all practical conditions. To further 

prove it, the limits of the function 𝑅 ൬
஽೘

ఢ೛್௩ோ೛
,

஽೘

௄஽ೞ
൰ with respect to its variables are 

presented in Table 2.7. 

Table 2.7: Limits of the function 𝑹 ൬
𝑫𝒎

𝝐𝒑𝒗𝑹𝒑
,

𝑫𝒎

𝑲𝑫𝒔
൰. 

 
𝒍𝒊𝒎

𝑫𝒎
𝑲𝑫𝒔

→𝟎శ
𝑹 ൬

𝑫𝒎

𝝐𝒑𝒗𝑹𝒑
,

𝑫𝒎

𝑲𝑫𝒔
൰* 𝒍𝒊𝒎

𝑫𝒎
𝑲𝑫𝒔

→ஶ
𝑹 ൬

𝑫𝒎

𝝐𝒑𝒗𝑹𝒑
,

𝑫𝒎

𝑲𝑫𝒔
൰* 

Triangular 601.28 94.39 
Rectangular 1055 165.55 

Rhombic 3341 524.6 
Rounded 936 720 

* lim
ವ೘
಼ವೞ

→଴శ
𝑅 ൬

஽೘

ఢ೛௩ோ೛
,

஽೘

௄஽ೞ
൰ = lim

ವ೘
ച೛ೡೃ೛

→ஶ
𝑅 ൬

஽೘

ఢ೛௩ோ೛
,

஽೘

௄஽ೞ
൰ and lim

ವ೘
಼ವೞ

→ஶ
𝑅 ൬

஽೘

ఢ೛௩ோ೛
,

஽೘

௄஽ೞ
൰ = lim

ವ೘
ച೛ೡೃ೛

→଴ା
𝑅 ൬

஽೘

ఢ೛௩ோ೛
,

஽೘

௄஽ೞ
൰. 

The discussion on flat geometries can be easily extended to rounded ones. 

The HETP for a rounded geometry can be written as in eq.(2.5). The ratio of 

pressure drop per theoretical stage can then be written as: 

𝑅
൬

஽೘
ఢ೛್௩ோ೛

,
஽೘
௄஽ೞ

൰

௥௢௨௡ௗ௘ௗ

= 369.5
𝐴√𝐴

𝑅௣
ଶ𝑃𝑒𝑟𝑖𝑚

⎣
⎢
⎢
⎢
⎡1.4𝜖௣௕ ൬

𝐷௠
𝜖௣௕𝑣𝑅௣

൰ +
2

15൫1 − 𝜖௣௕൯
൬

𝜖௣௕𝑣𝑅௣

𝐷௠
൰

𝐷௠
𝐾𝐷௦

2𝜖 ൬
𝐷௠

𝜖௣௕𝑣𝑅௣
൰ +

2𝑓ଵ

(1 − 𝜖)𝜖
൬

𝜖௣௕𝑣𝑅௣

𝐷௠
൰

𝐷௠
𝐾𝐷௦ ⎦

⎥
⎥
⎥
⎤
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where 𝑅௣ has been assumed equal to the corrected thickness of the solid. The 

results for a rounded geometry are shown together with flat geometries in 

Figure 2.11 and Table 2.7.  

It can be concluded from this brief discussion, that straight-channel monoliths 

offer better performance in terms pressure drop per theoretical stage 

compared to conventional packed beds. This comparison did not take into 

account several other factors such as manufacturing costs, installation costs 

and sizing of monoliths and packed beds. These factors will of course orient 

the choice at design stage for a given separation. However, the analysis 
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presented can help to assess the energy penalty that an adsorption process 

might have in comparison to conventional packed beds, especially when 

handling high throughputs. 

2.5 The corrugated monolith 
A particular type of straight-channel monolith is the corrugated monolith (CM). 

It finds wide application in air drying88,89, and recently its performance for 

carbon capture application have been investigated54–56. As with other straight-

channel monoliths, CMs can either be fully formed of adsorbent material89,90 

or consist of alternated flat and corrugated metal foils then coated with active 

adsorbent54. 

An example of CM is shown in Figure 2.12, together with the schematic 

drawing of its representative channel. The image of the CM is taken from the 

work or Amalraj et al55. The characteristic dimensions highlighted in Figure 

2.12 are: the height of the outer boundary ℎ௢, the base of the outer boundary 

𝑖௢, the height of the free cross-section ℎ, the base of the free cross-section 𝑖, 

and the thickness of the solid 𝑤. The aspect ratio of the outer boundary can be 

defined as 𝛼௢ = 𝑖௢/ℎ௢, the aspect ratio of the free cross-section as 𝛼 = 𝑖/ℎ and 

the dimensionless thickness as 𝛿 = 𝑤/ℎ௢. To fully describe the channel’s 

geometry, only two of the dimensionless parameters are needed. 

Figure 2.12: Example of the corrugated monolith (left), the schematic drawing of its 
single representative channel (centre), and the domain for modelling purposes (right). 
In light grey the area of solid surrounding the perimeter of the free cross-section and 

in dark grey the corners of the solid. The image of the CM is taken from Amalraj et al55. 

Several studies in literature can be found whose aim is the numerical modelling 

of CMs for the design and optimisation of adsorption applications63,91–99. Two 
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main categories can be distinguished: 1D63,89,92,93,95 and 2D88,99,100 models. 

Both types of models assume that the monolith is ideal, hence only a single 

representative channel of the CM can be studied. Besides, it is often assumed 

that axial mass and thermal dispersion are negligible and that the ideal channel 

is adiabatic. While the adiabatic assumption can represent the actual 

behaviour of a CM’s channel entirely made of adsorbent material, the 

assumption of negligible dispersion in the channel can have a strong impact 

on the numerical predictions of CM’s performance, as will be discussed later. 

The 1D models consider relevant only the variations of mass and energy 

variables in the axial direction of the ideal CM. The mass and energy transfer 

in the adsorbent is modelled with lumped 0D equations whose physical 

parameters are calculated from Sherwood, 𝑆ℎ, and Nusselt, 𝑁𝑢, number 

correlations. The correlations available in the literature rely mostly on the work 

of Shah76 who estimated 𝑁𝑢 number from numerical simulations of momentum 

and energy balances in several ducts of arbitrary cross-sections. The 𝑆ℎ is 

either assumed equal to the 𝑁𝑢 number, as in the work of De Antonellis et al.92, 

or calculated from the Chilton-Colburn analogy63, 𝑆ℎ = 𝑁𝑢𝐿𝑒ଵ/ଷ, where the 

Lewis number, 𝐿𝑒, is the ratio between thermal and molecular diffusivity of the 

gas flowing in the channel. 

The 2D model considers both the axial direction along the ideal CM and 1D for 

the diffusion and conduction in the solid. The 2D models generally study the 

water adsorption on desiccant wheels. They assume molecular, Knudsen and 

surface diffusion in the solid. The use of physical models to derive the 

parameters which do not rely on empirical correlations provides a higher 

degree of accuracy while keeping the computational time in the range of tens 

of seconds, which is still acceptable for optimisation purposes. 

To the best of the author’s knowledge, only the work of Cheng et al.101 reported 

the 3D modelling of an ideal CM for air drying application. They considered the 

complete set of mass and energy balance equations in the 3D CM’s channel. 

They firstly solved the Navier-Stokes equations to derive the flow profile in the 
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channel and, once the velocity profile was fixed, they solved the mass and 

energy balances. However, this can lead to inconsistencies if the temperature 

variation is substantial, given that the velocity profile will be affected by the 

temperature change101. They also report a simplified 1D model that is 

compared to the 3D model and experimental data. They conclude that 3D 

simulations better match the experimental data. Instead, the 1D model strongly 

relies on 𝑁𝑢 and 𝑆ℎ numbers, as can be expected. As matter of fact, available 

𝑁𝑢 correlations are derived from numerical simulations assuming either 

constant and uniform temperature on the wall of the free channel, or constant 

and uniform heat flux at the walls of the free channel. However, neither one or 

the other condition are completely true. Cheng et al.101 arrive at the conclusion 

that a 3D model should generally be used to predict mass and thermal profiles 

for ideal CMs, since an accurate reduced model cannot be produced. 

From the brief literature review outlined above, it is evident that the modelling 

of CM still remains an open problem. The use of empirical correlations to 

estimate mass and energy parameters can be of limited use. By contrast, full 

3D simulations appear prohibitive for design and optimisation purposes since 

they require a long time to run. Ideally, a trade-off between accuracy and fast 

computation has to be found. 

The aim of this section is to apply the methodology presented for the straight-

channel monoliths in Figure 2.1 to CM, as well. Furthermore, the CM can also 

offer the chance to include energy balances in the reduced model to broaden 

it to non-isothermal conditions, and to include non-linear isotherms. Moreover, 

the newly developed 3D model will assume macropore diffusion control and 

directly calculate the diffusivity of the molecules from available correlations, 

without the need of a diffusion time constant from experimental data. The 

following work will show the results from the analysis of a CM as done for the 

straight-channel monoliths, and the description of the non-isothermal and non-

linear reduced model. The results from non-isothermal conditions can provide 

a further point of discussion on the need of accurate correlations for the 

prediction of a monolith performance. 
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2.5.1 Drawing of a corrugated monolith channel 

In Figure 2.12(right) the channel representation used for modelling purposes 

is shown. To draw it, firstly the upper wall is drawn with a function of the form: 

𝑓௨௪(𝑥) =
௛೚

ଶ
ቈ1 − 𝑐𝑜𝑠 ቆ

ଶగ

௜೚
ቀ𝑥 +

௜೚

ଶ
ቁቇ቉  with 𝑥 ∈ ቂ0,

௜೚

ଶ
ቃ 2.48 

then, a constant thickness of solid has to be drawn from the upper wall. To do 

so, we can calculate the displacement in both 𝑥 and 𝑦 direction needed to 

achieve the constant thickness from the wall. The displacements are in 

eq.(2.49) and (2.50). 

𝛥𝑦 =
𝑤ଶ

1 + ൬
𝑑𝑓௨௪(𝑥)

𝑑𝑥
൰

ଶ 
2.49 

𝛥𝑥 =  ൬
𝑑𝑓௨௪(𝑥)

𝑑𝑥
൰

ଶ

𝛥𝑦 2.50 

Next, we define a new reference system in the 𝑥 direction: 

𝑥௖ =   𝑥 − √𝛥𝑥  2.51 

to then formulate the mathematical expression to draw the interface between 

free and solid domains: 

𝑦௖(𝑥௖(𝑥)) = 𝑦(𝑥௖(𝑥)) − ඥ𝛥𝑦(𝑥௖(𝑥)) 2.52 

such that the points 𝑃(௫೎,௬೎) represent the interface. The solid base can be 

simply drawn with straight lines intercepting the wavy interface and upper wall. 

2.5.2 HETP correlation 

Following the procedure outlined in Section 2.2 of this chapter, we can derive 

the HETP correlation for a corrugated channel based on the analysis of 

moments of Dutta and Leighton70, and the derivation of a corrected thickness. 
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To calculate the values of 𝑔௜(𝛼) for a corrugated channel, we can simplify the 

free cross-section as a wavy boundary and a straight line between the edges 

at the base. As done before (see section 2.2.1), the numerical values are 

correlated with an empirical function of the form: 

𝑔௜(𝛼) =
𝑗ଵ௜𝛼

ହ + 𝑗ଶ௜𝛼
ସ + 𝑗ଷ௜𝛼

ଷ + 𝑗ସ௜𝛼
ଶ + 𝑗ହ௜𝛼 + 𝑗଺௜

𝛼ହ + 𝑠ଵ௜𝛼
ସ + 𝑠ଶ௜𝛼

ଷ + 𝑠ଷ௜𝛼
ଶ + 𝑠ସ௜𝛼 + 𝑠ହ௜

 2.53 

where 𝑗 and 𝑠 are fitting parameters. The results are shown in Figure 2.13.  

Figure 2.13: 𝒈𝒊(𝜶) functions for the corrugated channel. Circles are numerical data, 
the solid line is eq.(2.53) with the parameters from Table 2.8. 

The regressed 𝑗 and 𝑠 are reported in Table 2.8. 

Table 2.8: Regressed parameters for the 𝒈𝒊(𝜶) functions, in eq.(2.53). 

 𝒈𝟏 𝒈𝟐 𝒈𝟑 

𝒋𝟏𝒊 4.438 1808 5.937 
𝒋𝟐𝒊 −21.06 7206 330.4 
𝒋𝟑𝒊 35.18 −8456 635 
𝒋𝟒𝒊 −18.14 8812 17.88 
𝒋𝟓𝒊 6.157 1434 −311.4 
𝒋𝟔𝒊 0.5466 3430 436.4 
𝒔𝟏𝒊 0 0 0 
𝒔𝟐𝒊 4.984 3919 0 
𝒔𝟑𝒊 −31.11 2245 1216 
𝒔𝟒𝒊 45.86 2093 275.7 
𝒔𝟓𝒊 0.5837 639.7 421.8 

 

Once the 𝑔௜(𝛼) functions have been obtained, only the corrected thickness for 

a corrugated channel must be derived to characterise the HETP of a CM. 
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The corrugated channel is a flat geometry, hence eq.(2.19) can be used to 

derive an expression of the corrected thickness. With reference to Figure 

2.12(right), the area of solid can be calculated as:  

𝐴ௌ = න 𝑓௨௪(𝑥)𝑑𝑥
௜೚/ଶ

଴

− න 𝑦௖൫𝑥௖(𝑥)൯𝑑𝑥௖

௫మ
∗

଴

 2.54 

while the perimeter: 

𝑃𝑒𝑟𝑖𝑚 = ර 𝑦௖൫𝑥௖(𝑥)൯𝑑𝑥
௫మ

∗

଴

+ [𝑥௖(𝑥ଶ
∗)] 2.55 

where 𝑥ଶ
∗ is the intercept between the wavy interface and the solid base of the 

channel. With the use of eq.(2.54) and (2.55) we can calculate the corrected 

thickness using eq.(2.19). However, a simple analytical solution cannot be 

derived. Therefore, a numerical solution has to be calculated using numerical 

integration. 

To provide a simple, yet reliable, correlation for the corrected thickness of a 

CM channel, several values of the dimensionless corrected thickness, 𝛿௖ =

𝑤௖/ℎ௢, have been generated using different values of 𝛿 and 𝛼௢. The correlation 

is reported in eq.(2.56).  

𝛿௖ = 𝑝ଵ(𝛼௢)𝛿ଶ  + 𝑝ଶ(𝛼௢)𝛿 + 𝑝ଷ(𝛼௢) 2.56 

The correlations for the parameters 𝑝௜(𝛼௢) are reported in eq.(2.57)-(2.59). 

𝑝ଵ(𝛼௢) = 0.9742𝛼௢
ଶ + 0.1956𝛼௢ − 0.3833 2.57 

𝑝ଶ(𝛼௢) = −0.4641𝛼௢
ଶ + 0.8098𝛼௢ + 0.7588 2.58 

𝑝ଷ(𝛼௢) = 0.0326𝛼௢
ସ − 0.137𝛼௢

ଷ + 0.2145𝛼௢
ଶ − 0.1446𝛼௢ + 0.0331 2.59 

The ranges with which this equation has been generated are: 𝛼௢ ∈ [0.5,2], and 

𝛿 ∈ [0.01,0.22].  The correlation in eq.(2.56) is shown in Figure 2.14. 



  Modelling of straight-channel monoliths 

  43 

 
Figure 2.14: Plot of the dimensionless corrected thickness against 𝜶𝒐 and 𝜹. Circles 
are numerical values from eq.(2.19) and solid line is the fitted correlation, eq.(2.56). 

Once the correlations to derive the HETP are known, the HETP expression, 

eq.(2.3), can be compared with the 3D simulations. In the following, the non-

isothermal 3D model is presented. 

2.5.3 Non-isothermal 3D model 

The following set of equations are used to validate the HETP correlation for 

the CM and to extend the reduced order model to non-isothermal and non-

linear conditions. 

The assumptions of the non-isothermal 3D model are: 

 Trace-component system 

 The feed consists of a target molecule and an inert carrier 

 Fully-developed laminar flow in the channel 

 Macropore diffusion control 

 Negligible energy accumulation of the gas phase in the pores and of 

the adsorbed phase 

 The gas phase follows the ideal behaviour 

The assumption of trace-component for a non-isothermal system is due to the 

inability to correctly implement the total mass balance in COMSOL, which 
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writes the total mass balance as a compressible Euler equation (see eq.2.67) 

without considering the adsorption term. Hence, the non-isothermal case study 

considered will simulate up to 5% mole fraction of adsorbate in the feed 

stream. For the purpose of 3D model comparison with a reduced order model, 

the trace-component assumption can be made valid for the case studies 

investigated in this work. However, it would be beneficial to develop a more 

sophisticated 3D model that accounts for non-trace systems, as well. A 

possible solution might be the use of self-defined equations in COMSOL, 

without the use of the available ones from the software. 

This model assumes macropore diffusion control and calculated Knudsen and 

molecular diffusion contributions from available correlations. Therefore, it can 

be seen an extension of the previous EM 3D model for which a fixed value of 

the diffusivity had to be provided manually. It is of course limited to the 

contributions aforementioned. If viscous flow, surface diffusion or micropore 

diffusion have to be included, the diffusion correlations and the mass balance 

on the solid have to be changed accordingly. 

The mass balance on the i-th component in the free channel is already 

reported in eq.(2.21) with boundary conditions in eq.(2.22) and (2.23). 

Then, given the assumption of macropore diffusion control, the mass balance 

in the solid can be written as: 

𝜖௣

𝜕𝑐௣,௜

𝜕𝑡
+ 𝜌௣

𝜕𝑞௜

𝜕𝑡
=  

𝜖௣

𝜏
𝛻 ∙ (𝐷௣,௜𝛻𝑐௣,௜) 2.60 

where the amount adsorbed 𝑞 is expressed per mass of solid and 𝜌௣ is the 

pellet density, 𝜖௣ the porosity of the adsorbent, 𝜏 the tortuosity, and 𝐷௣,௜ the 

pore diffusivity of the i-th component. The boundary conditions are: 

𝑐௣,௜ = 𝑐௜;    @   𝑖𝑛𝑡𝑒𝑟𝑓𝑎𝑐𝑒 2.61 

𝐷௠𝛻𝑐௜ =
ఢ೛

ఛ
𝐷௣,௜𝛻𝑐௣,௜     @    𝑖𝑛𝑡𝑒𝑟𝑓𝑎𝑐𝑒; 2.62 
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the pore diffusivity, 𝐷௣,௜, can be calculated as sum of molecular diffusivity, 𝐷௠, 

and Knudsen diffusivity, 𝐷௄,௜: 

1

𝐷௣,௜
=

1

𝐷௠
+

1

𝐷௄,௜
 2.63 

where 𝐷௠ and 𝐷௄,௜ are calculated as in eq.(2.64) and (2.65)102. 

𝐷௠ =
3

16

ට2𝜋൫𝑅௚𝑇௦൯
ଷ

ቀ
1

𝑀𝑤ଵ
+

1
𝑀𝑤ଶ

ቁ

𝑁௔𝑃𝜎ଵଶ
ଶ 𝛺ଵଶ

 
2.64 

𝐷௄,௜ =
9

13
቎
2

3
𝑟௣௢௥௘ඨ

8𝑅௚𝑇௦

𝜋𝑀𝑤௜
቏ 2.65 

where 𝑁௔ is the Avogadro’s number, 𝑅௚ is the ideal gas constant,  𝑀𝑤 is the 

molecular weight, Ωଵଶ the collision integral of the pair “molecule 1−molecule 

2”, 𝜎ଵଶ the average kinetic diameter of the pair, 𝑟௣௢௥௘ the pore radius of the 

adsorbent and 𝑇௦ is the solid temperature. The expression of 𝐷௄,௜ already 

considers the correction factor introduced by Levitz103, equal to 9/13. The 

isotherm is of Langmuir type: 

𝑞௜ = 𝑞௦

𝑏଴,௜𝑒
ି

௱ு೔
ோ೒ ೞ்𝑃௜

1 + 𝑏଴,௜𝑒
ି

௱ு೔
ோ೒ ೞ்𝑃௜

 2.66 

where 𝑞௦ is the saturation capacity, 𝑏଴,௜ the pre-exponential factor, Δ𝐻௜ the heat 

of adsorption, 𝑇௦ the solid temperature, and 𝑃௜ = 𝑐௣,௜𝑅௚𝑇௦ according to the ideal 

gas law. The average outlet concentration in the fluid phase is calculated as in 

eq.(2.26). 

The compressible Euler equation, eq.(2.67), is used to model the total mass 

balance in the free cross-section. 



Modelling of straight-channel monoliths 

46   

𝜕𝜌

𝜕𝑡
+ 𝛻 ∙ (𝑣𝜌) = 0 2.67 

where 𝜌 is the mass density of the fluid. The total mass balance should contain 

also a term taking into account the adsorption of the adsorbing component. 

However, given the assumption of a trace system, that term can be neglected.  

The velocity profile is found solving the compressible Navier-Stokes equations: 

𝜕𝜌

𝜕𝑡
+ 𝜌(𝑣 ∙ 𝛻)𝑣 = 𝛻 ∙ (−𝑃 ∙ 𝐼 + 𝜏௩௜௦) 2.68 

where 𝜏௩௜௦ = 𝜂(∇𝑣 + ∇𝑣்) −
ଶ

ଷ
𝜂(∇ ∙ 𝑣)𝐼, with 𝐼 as the identity matrix and 𝜂 as 

viscosity. The boundary conditions for the Navier-Stokes equations is of fully-

developed flow at the inlet of the free cross-section and atmospheric pressure 

at the outlet of the channel, 𝑃଴ = 101.325 𝑘𝑃𝑎. The viscosity of the gas phase 

is automatically calculated from COMSOL once the components of the mixture 

are specified. 

The differential energy balance in the free channel is: 

𝜌𝑐௣,௚

𝜕𝑇௚

𝜕𝑡
− 𝛻 ∙ ൫𝜅௚𝛻𝑇௚൯ + 𝜌𝑐௣,௚𝑣 ∙ 𝛻𝑇௚ = 0 2.69 

where 𝑇௚ is the gas temperature, 𝑐௣,௚ is the heat capacity of the gas, and 𝜅௚ its 

thermal conductivity. The boundary conditions are: 

−𝜅௚𝛻𝑇௚ + 𝑣𝜌𝑐௣,௚𝑇௚ = 𝑣௜௡𝜌𝑐௣,௚𝑇଴;   @   𝑧 = 0 2.70 

𝜅௚𝛻𝑇௚ = 0;    @   𝑧 = 𝐿 2.71 

instead, the differential energy balance on the sorbent can be written as: 

𝜌௣𝑐௣,௦

𝜕𝑇௦

𝜕𝑡
− (1 − 𝜖௣)𝜅௦𝛻ଶ𝑇௦ + 𝜌௣ ෍ 𝛥𝐻௜

𝜕𝑞௜

𝜕𝑡

ே಴

௜ୀଵ

= 0 2.72 
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where 𝑐௣,௦ is the heat capacity of the adsorbent, and 𝜅௦ its thermal conductivity. 

The boundary conditions are reported below. 

𝑇௚ = 𝑇௦;    @   𝑖𝑛𝑡𝑒𝑟𝑓𝑎𝑐𝑒 2.73 

𝜅௚𝛻𝑇௚ = ൫1 − 𝜖௣൯𝜅௦𝛻𝑇௦   @   𝑖𝑛𝑡𝑒𝑟𝑓𝑎𝑐𝑒 2.74 

The thermal conduction of the gas is calculated as in eq.(2.75)83. 

𝜅௚  = 3.6969𝑥10ିସ + 9.7435𝑥10ିହ𝑇௚ − 4.0758𝑥10ି଼𝑇௚
ଶ

+ 7.6845𝑥10ିହ𝑇௚
ଷ 

2.75 

The non-isothermal 3D model is solved in COMSOL. The initial condition of 

the channel is of fully developed flow of a pure inert stream at 𝑇଴. 

The set of equations is solved simultaneously, without decoupling momentum 

balances from mass and heat balances, as done in Cheng et al.101. The 

simulations are firstly initialised using a steady flow of inert in the channel, and 

then the feed is switched to the binary mixture. As done for the linear and 

isothermal model, a mesh-refinement study is carried out to assure mesh-

independent results. The HETP is calculated as in eq.(2.32). 

2.5.4 Non-isothermal reduced order 2D model 

From the HETP correlation, a reduced order model can be derived. The 

reduced model considers 1D along the axis of the channel, the 𝑧-direction, and 

1D for the diffusion in the solid. The thickness of the solid is set to the corrected 

thickness of the system, calculated with eq.(2.56). The modelling assumptions 

are the same as in the 3D model. The additional assumptions are that the 

pressure drop along the channel is negligible and that the solid temperature is 

uniform at a given cross-section. 

 

The mass balance for the fluid phase on the adsorbing component is: 

𝜕𝑐௜

𝜕𝑡
−

𝜕

𝜕𝑧
൬ 𝐷௔௫

𝜕𝑐௜

𝜕𝑧
− 𝑣𝑐௜൰ +

1 − 𝜖

𝜖

𝜕𝑄ప
ഥ

𝜕𝑡
= 0 2.76 
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where 𝑄ప
ഥ = 𝜖௣𝑐௣,పതതതത + 𝜌௣𝑞పഥ  . The boundary conditions are: 

−𝐷௔௫𝛻𝑐௜ + 𝑣𝑐௜ = 𝑣௔௩௘𝑐௜௡,௜   @ 𝑧 = 0; 2.77 

𝐷௔௫𝛻𝑐௜ = 0    @ 𝑧 = 𝐿; 2.78 

The differential mass balance in the adsorbent solid is: 

𝜖௣

𝜕𝑐௣,௜

𝜕𝑡
+ 𝜌௣

𝜕𝑞௜

𝜕𝑡
=  

𝜖௣

𝜏

𝜕

𝜕𝑥
ቆ𝐷௣,௜

𝜕𝑐௣,௜

𝜕𝑥
ቇ 2.79 

where the boundary conditions are: 

𝑐௣,௜ = 𝑐௜    @ 𝑥 = 𝑤௖; 2.80 

𝐷௣
డ௖೛,೔

డ௫
= 0     @ 𝑥 = 0; 2.81 

The isotherm is in eq.(2.66). The average total adsorbed amount can be 

calculated from: 

𝜕𝑄ప
ഥ

𝜕𝑡
= −

1

𝑤௖

𝜖௣

𝜏
𝐷௣,௜

𝜕𝑐௣,௜

𝜕𝑥
ฬ

௫ୀ௪೎

 2.82 

The total mass balance can be written as: 

𝜕𝑐௧௢௧

𝜕𝑡
+ 𝛻(𝑣𝑐௧௢௧) = 0 2.83 

where 𝑣 = 𝑣௔௩௘ at 𝑧 = 0. The molar density 𝑐௧௢௧ =
௉బ

ோ೒ ೒்
 is used as variable for 

the total mass balance in the reduced order model instead of the mass density. 

The energy balance for the gas phase is: 

𝑐௧௢௧𝑐௣,௚
ᇱ

𝜕𝑇௚

𝜕𝑡
−

𝜕

𝜕𝑧
ቆ𝜅௔௫

𝜕𝑇௚

𝜕𝑧
ቇ + 𝑐௧௢௧𝑐௣,௚

ᇱ 𝑣
𝜕𝑇௚

𝜕𝑧
= −

1 − 𝜖

𝜖
ℎ௚௦𝑎௦(𝑇௚ − 𝑇௦) 2.84 

where 𝑐௣,௚
ᇱ  is the heat capacity of the gas in mole units, 𝜅௔௫ the axial thermal 

conductivity, ℎ௚௦ is the heat transfer coefficient between the gas and solid 
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phase and 𝑎௦ the surface to volume ratio of the solid. The boundary conditions 

for eq.(2.84) are of the Danckwert’s type as eq.(2.70) and eq.(2.71). For the 

solid, the energy balance is: 

𝜌௣𝑐௣,௦

𝜕𝑇௦

𝜕𝑡
= ℎ௚௦𝑎௦൫𝑇௚ − 𝑇௦൯ − 𝜌௣ ෍ 𝛥𝐻௜

𝜕𝑞పഥ

𝜕𝑡

ே಴

௜ୀଵ

 2.85 

where 𝑞పഥ  is calculated as in eq.(2.86). 

𝑞పഥ =
1

𝑤௖
න 𝑞௜𝑑𝑥

௪೎

଴

 2.86 

The initial condition of the model assumes the channel filled with the inert 

carrier at a temperature of 𝑇଴. 

As for the isothermal reduced model presented in Section 2.2.4.1 of this 

chapter, the non-isothermal model is solved in gPROMS using the method of 

lines and orthogonal collocation to discretise both the axial dimension and the 

solid diffusion one. The mass and heat transfer parameters are calculated as 

in the 3D model. 

Two case studies are considered to test the reduced order model and the 

HETP correlation for a corrugated channel against 3D simulations: linear & 

isothermal, and non-linear & non-isothermal. The list of parameters used for 

both case studies is reported in Table 2.9 
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Table 2.9: List of parameters for the simulation of a corrugated channel. 

Parameter Units Linear & 
isothermal 

Non-linear & 
non-

isothermal 

𝐿 [𝑚] 0.1 0.15 
𝑣௔௩௘ [𝑚/𝑠] 0.005-0.5 0.5,1 
ℎ௢ [𝑚] 2.03e-3 
𝛿 [−] 0.074 0.098 

𝛼௢ [−] 1.3 1.155 
𝜖 [−] 0.636 0.506 

𝜖௣* [−] 0.269 

𝜏* [−] 2.62 
𝑇଴ [𝐾] 303 293 
𝑃଴ [𝑘𝑃𝑎] 101.325 

𝑞௦** [𝑚𝑜𝑙/𝑘𝑔] 5.22 
𝑏଴,஼ைଶ** [1/𝑃𝑎] 3.95e-10 

𝛥𝐻** [𝐽/𝑚𝑜𝑙] -32600 
𝜌௣** [𝑘𝑔/𝑚ଷ] 1200 

𝑐௣,௚ [𝐽/𝑘𝑔/𝐾] 29.2 

𝑐௣,௦** [𝐽/𝑘𝑔/𝐾] 920 

𝜅௦*** [𝑊/𝑚/𝐾] 0.15 
𝑦஼ைଶ,௜௡ [−] 0.0004 0.05 

                  * From Hu et al.102; ** From Oreggioni et al.104; *** From Amalraj et al.55 

2.5.4.1 Parameters of the reduced model 

The information from the 3D model can be effectively transposed in the 

reduced model with the use of three parameters: 𝐷௔௫, 𝜅௔௫ and ℎ௚௦. The axial 

dispersion has to be calculated as shown in eq.(2.40), so that it will take into 

account both the molecular diffusion in the free cross-section and the 

dispersion given by the velocity profile. It should be noted that in eq.(2.40) the 

𝑃𝑒 number has to take into account the local velocity 𝑣 and not the average 

velocity, since in a non-isothermal system the velocity will change along the 

main channel’s axis. 

Similarly, the axial conduction can be calculated as: 
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𝜅௔௫ = 𝜅௚ ൤1 +
𝐶ெ

2
𝑃𝑒்

ଶ൨ = 𝜅௚ ൥1 +
𝐶ெ

2
ቆ𝑣ℎ

𝑐௧௢௧𝑐௣,௚
ᇱ

𝜅௚
ቇ

ଶ

൩ 2.87 

such that the velocity profile contribution is taken into account thanks to the 

Taylor-Aris dispersion coefficient and the thermal Peclet number, 𝑃𝑒். 

The last parameter to calculate is the heat transfer coefficient between gas 

and solid, ℎ௚௦, which can be written as a linear driving force coefficient for a 

slab geometry, as shown in eq.(2.88). 

ℎ௚௦ =
3𝜅௦൫1 − 𝜖௣൯

𝑤௖
 2.88 

the remaining parameters of the 2D model are all fixed by the physics of the 

system investigated. The reduced model relies on the knowledge of the 

physics and geometry of the channel, without any use of empirical correlations, 

as done before for the other straight-channel monoliths. 

2.5.5 Case study 1: Linear and isothermal conditions 

Direct air capture with a corrugated monolith can be seen as an example of 

linear and isothermal separation105. The corrugated monolith is assumed to be 

a corrugated metal foil coated with 13X. The separation considers trace 

quantity of CO2 to be removed from a non-adsorbing carrier, i.e. dry air. The 

parameters of the simulations are reported in Table 2.9. 

The results from the comparison of the HETP correlation of a corrugated 

monolith, eq.(2.3), and the 3D simulations are shown in Figure 2.15.  
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Figure 2.15: Comparison between the 3D simulations and HETP for isothermal and 

linear case study. Squares are 3D simulations, solid line the HETP in eq.(2.3), dashed 
line is the solid resistance and dash-dotted line is the fluid resistance. 

It should be noted that the diffusivity used in eq.(2.3) is the effective diffusivity 

which takes into account the effect of equilibrium on the diffusion of CO2 in 

13X. The expression of the effective diffusivity, 𝐷௘௙௙, is reported in eq.(2.89). 

where 𝐾௖ is the Henry’s law constant derived from the isotherm. 

𝐷௘௙௙ =

𝜖௣

𝜏
𝐷௣

𝜖௣ + 𝜌௣ 𝐾௖
 2.89 

As for the straight-channel monoliths, the HETP correlation together with an 

accurate analysis of the velocity profile resistance and the use of the corrected 

thickness accurately captures the dispersion of the solute in a corrugated 

channel. It is interesting to point out that for this case study the resistance 

given by the velocity profile plays a considerable role in the overall HETP. 

However, still the diffusion in the solid remains the main cause of dispersion. 

The prediction of the reduced model are presented in Figure 2.16 together with 

the 3D simulations. The agreement is remarkable, and the computational cost 

is greatly reduced. The reduced order model heavily relies on the accurate 

experimental estimation of the transport parameters of the system. It highlights 

the relevance of reliable mass transport parameters in the solid, given its major 

contribution to dispersion. 
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Figure 2.16: Prediction of the reduced order model against 3D simulations at 𝒗𝒂𝒗𝒆 =
𝟎. 𝟏 𝒎/𝒔 (squares), 𝒗𝒂𝒗𝒆 = 𝟎. 𝟐𝟓 𝒎/𝒔 (diamonds), and 𝒗𝒂𝒗𝒆 = 𝟎. 𝟓 𝒎/𝒔 (triangles). The 

solid line is the reduced order model. 

To clarify why this case-study presents a major impact of the fluid resistance 

on the HETP, a comparison between the resistances of the sinusoidal HETP 

here considered and the triangular channel HETP considered in section 2.2 

are compared. The list of parameters used for the simulations of both channels 

are reported in Table 2.10. Moreover, the table reports both the solid and fluid 

diffusion time constants for both systems. 

Table 2.10: List of parameters used for the simulations of triangular and sinusoidal 
channels. The parameters are used to calculate the resistances shown in Fig. 2.17. 

 Triangular Sinusoidal 

𝐷௠ [𝑚ଶ/𝑠] 1.7 × 10ିହ 1.56 × 10ିହ 

𝐷௘௙௙[𝑚ଶ/𝑠] 7.4 × 10ିଵ଴ 4.74 × 10ିଵ଴ 

𝜖 [−] 0.561 0.636 

𝐾 [−] 40 2599 

𝑤௖  [𝑚] 2.33 × 10ିସ 1.70 × 10ିସ 

ℎ [𝑚] 1.8 × 10ିଷ 1.75 × 10ିଷ 

𝑣௔௩௘ [𝑚/𝑠] 1 1 

𝐶ெ  [−] 0.113 0.112 

𝑤௖
ଶ𝐷௘௙௙ [𝑠] 73.55 60.75 

ℎଶ/𝐷௠ [𝑠] 0.20 0.20 
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Figure 2.17: Relative weight of the HETP resistances for both sinusoidal and 
triangular channel. The parameters used for the calculation are the same as for the 3D 

simulations, and are reported in Table 2.10. 

The relative weight of each resistance of the HETP for both channels is shown 

in the Figure 2.17. 

The solid resistance for a triangular channel is higher than what shown from 

the sinusoidal one. This can be attributed to the higher solid diffusion time 

constant of the triangular channel, roughly 20% higher than the solid diffusion 

time constant of the sinusoidal channel. Furthermore, the solid resistance 

depends also on the retention factor, which is accounted for in the term 
ଶ௞

ଷ(ଵା௞)మ
. 

This value of 
ଶ௞

ଷ(ଵା௞)మ
 is 0.02 for the triangular channel, while for the sinusoidal 

channel is 4.47x10-4. Therefore, the lower weight of the solid resistance shown 

by the sinusoidal channel is caused by a combined effect of faster solid 

diffusion time constant and higher retention factor compared to the triangular 

channel. By contrast, the resistance given by the velocity profile is almost 

identical for both channels, given the very similar value of the Taylor-Aris 

coefficient, and the fluid diffusion time constant. 

2.5.6 Case Study 2: Non-linear and non-isothermal conditions 

The removal of CO2 from a nitrogen stream from a natural gas combined-cycle 

power station has been chosen as representative of non-linear and non-
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isothermal separation. The carbon dioxide content from this process is usually 

around 3-5%106. The parameters of the simulations are reported in Table 2.9. 

 
Figure 2.18: Comparison between reduced order model and 3D simulations for non-

linear and non-isothermal conditions at 𝒗𝒂𝒗𝒆 = 𝟎. 𝟓 𝒎/𝒔 (top) and 𝒗𝒂𝒗𝒆 = 𝟏 𝒎/𝒔 
(bottom). Black squares are the concentration profile from 3D simulations, red 

diamonds the temperature from 3D simulations, and the lines are the reduced order 
model. 

The comparison between 3D simulations and the reduced model is presented 

in Figure 2.18. The reduced model captures the overall dynamics of the 

system, for both the concentration and temperature profiles. The mass and 

thermal dispersion are correctly predicted with the use of eq.(2.40) and (2.87). 
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In Figure 2.19, the comparison between 3D and reduced model is made with 

the use of 𝐶ெ = 1/96. This is the common values generally used when 

modelling the dynamics of straight-channel monoliths29,30,42,44,107,108.  

 
Figure 2.19: Comparison between reduced order model and 3D simulations for non-

linear and non-isothermal conditions at 𝒗𝒂𝒗𝒆 = 𝟎. 𝟓 𝒎/𝒔 (top) and 𝒗𝒂𝒗𝒆 = 𝟏 𝒎/𝒔 
(bottom). Black squares are the concentration profile from 3D simulations, red 

diamonds the temperature from 3D simulations, and lines are the reduced model. 𝑪𝑴 
in eq.(2.40) and (2.87) is set at 1/96. 

As can be seen, in this case the mass and thermal dispersion are not correctly 

predicted, and the reduced model predicts broader thermal peaks. The 

breakthrough time is also overestimated. At a design stage, this would lead to 
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erroneous estimation of the separation efficiency of the monolith.  It is 

important to address the fact that the axial dispersion and the axial conductivity 

in the reduced order model do not take into account only the molecular 

diffusion of the molecules, but they also bring in the model the information of 

dispersion given by the velocity profile. In addition, the axial dispersions 

depend on their respective Peclet numbers, and the proportionality is the 

Taylor-Aris coefficient. Hence, it is important to correctly estimate the Taylor-

Aris coefficient.  

Another common practice when modelling corrugated monolith for drying 

purposes is neglecting the axial term. This would lead to an even more 

deleterious effect on the model results, which should be avoided since it would 

cancel out the contribution of the velocity profile to dispersion. 

2.5.7 Pressure drop correlation  

The pressure drop correlation for a corrugated channel has already been 

reported by Bahrami et al.77. The expression of the 𝑓𝑅𝑒√஺ is given in eq.(2.90). 

𝑓𝑅𝑒√஺ = 4√2𝜋ଶ ቈ
𝜋ଶ − 6

6𝜋ଶ𝛼
+

13α

96
቉

√𝛼

1 + 2𝐸(𝜋√−𝛼ଶ)/𝜋
 2.90 

 where 𝐸(×) is the complete elliptic integral of the second kind. The work of 

Bahrami et al.77 relies again on the definition of the square root of the cross-

sectional area as characteristic dimension, instead of the hydraulic diameter. 

The sinusoidal channel cannot be easily reduced to the ERM as for 

conventional monoliths. However, eq.(2.90) yields to accurate results as 

shown by Bahrami et al.77, and it is here reported to provide all the correlations 

needed to design corrugated monoliths. 

2.6 Conclusions 
This chapter aimed to develop simple and effective design correlations for 

industrially relevant straight-channel monoliths, namely the HETP and 

pressure drop correlation.  
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The HETP correlations of the different monoliths are derived from both the 

analysis of the moments of a solute dispersing in a channel coated with 

adsorbing walls described by Dutta and Leighton69, and from the idea of 

corrected thickness introduced by Ahn and Brandani73. The analysis of 

moments helped to quantify the effect of the flow profile on the overall HETP, 

while the corrected thickness described the effect of the mass transfer diffusion 

on the overall spreading of the solute. The HETP correlations for the monoliths 

studied have been validated against 3D numerical simulations. The overall 

dispersion of the solute in the channel is accurately described. The breakdown 

of the HETP in its constitutive resistances shows that for all the cases analysed 

the solid diffusion is the main cause of dispersion. This result points the 

attention towards the bottleneck on the minimisation of dispersion in an 

extruded monolith: the optimisation of the structure has to be guided by the 

aim of minimising the solid resistance, for instance with thinner walls of better-

engineered materials. The geometry optimisation of the free cross-section can 

lead to an improvement of the dispersion in the channel, however, it will be 

minor compared to the effect of solid resistance. 

From the HETP, a reduced order model can be derived which is used as a 

useful tool for simulation purposes. The reduced models presented in section 

2.2.4 and 2.5.4 consider both linear and isothermal conditions, or the most 

general case of non-linear and non-isothermal conditions. Thanks to the 

analogy between mass and heat transfer, the HETP correlation obtained for 

the isothermal case can be used to derive a thermal coefficient that effectively 

matches the thermal front in the non-isothermal simulations. This result 

contradicts what stated by Cheng et al.101 that a reduced model cannot be 

produced. Indeed, if mass and thermal dispersion in the fluid and porous phase 

are carefully accounted for, the match of 3D simulations with a reduced order 

model is indeed possible. 

The transposition of the information from the 3D domain to a simplified 2D 

model can be effectively done by means of four parameters, as discussed in 

section 2.5.4.1: the axial mass and thermal dispersion coefficient, and the heat 
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transfer coefficient between gas and solid, and the thickness of the solid 

domain. The size of the solid domain in the reduced model has to be set to the 

corrected thickness of the channel, and the axial coefficients have to be 

calculated by means of a combination of molecular diffusion and velocity 

profile contribution, as shown in eq.(2.40) and (2.87). The reduced model is 

able to capture the overall dynamics of the 3D simulations with the benefit of 

a reduced computational cost, suitable for optimisation purposes, where 

simulations need to run to cyclic steady state and be repeated for several 

process parameters. In section 2.5.6 the effect of an incorrect Taylor-Aris 

dispersion coefficient is shown. The conventional use of the Taylor-Aris 

coefficient of a hollow cylinder, 𝐶ெ = 1/96 can lead to an incorrect dispersion 

of both mass and thermal front, which leads to a wrong estimation of the 

breakthrough time and temperature peak.  

Pressure drop correlations for such channels were also reviewed. The 

correlation proposed by Muzychka and Yovanovich79 has been used, which 

offers the main advantage to be simple and easily extendable to novel cross-

sections. A novel correlation for the hex-hex channel is presented in section 

2.3 for the effective aspect ratio of such geometry. 

The combination of HETP and pressured drop correlations can be used to 

assess the performance of straight-channel monoliths in comparison to packed 

beds based on their pressure drop per theoretical stage. The comparison 

presented in section 2.4 shows that monoliths offer better performance under 

all conditions. It can be concluded that straight-channel monoliths can be a 

valid asset in the deployment of fast-cycle processes, which are generally 

limited by the energy penalty of the high pressure drop in a conventional 

packed bed. Straight-channel monoliths can also offer the benefit of high 

thermal mass if manufactured from a metallic frame coated with sorbent. This 

can help in the development of adsorption processes that suffer of high thermal 

gradients given the release of heat during adsorption. 
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Chapter 3 The Rigid Adsorbent Lattice Fluid 
Model 

3.1 Introduction 
The previous chapter mostly focussed on the exact match of the dispersion of 

an adsorbate inside a monolith. It was implicitly assumed that the equilibrium 

relationship between adsorbent and adsorbate was available. The correct 

interpretation of the affinity between adsorbent and adsorbate is crucial for 

correct match of the first moment of an adsorption column, either randomly 

packed or structured.  

The interpretation of thermodynamic adsorption data with reliable models has 

been an open question for almost a century109,110. The most popular approach 

is to consider the sorbent as a lattice made of adsorbing sites on which a 

molecule can adsorb111. 

The Langmuir isotherm is the simplest of the lattice models that can describe 

single component isotherms112,113. The Langmuir model assumes that the solid 

is made of equal sites randomly distributed on which a single molecule can 

adsorb, and the adsorbates cannot interact among them. The Langmuir 

equation of adsorption for a single component is reported in eq.(3.1): 

𝜃

1 − 𝜃
= 𝑏𝑃 3.1 

where 𝜃 = 𝑞/𝑞௦ is the surface coverage, i.e. the ratio between the number of 

adsorbed molecules and the number of sites available, and 𝑏 is an affinity 

parameter. It is clear from the assumptions of the Langmuir model that for 

thermodynamic consistency all molecules adsorbing on the same solid must 

have the same saturation capacities, since the number of free lattice sites is 

independent from the molecule13,114. For practical purposes, this constraint is 

often relaxed, especially when dealing with mixtures of components very 

different in size. Moreover, an empirical temperature dependency of the 

saturation capacity is sometimes used115,116. However, where possible, the 
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saturation capacity should be kept constant for all the molecules under 

investigation and should be temperature independent. 

In case the adsorbent is made of adsorbing sites of different nature, i.e. a 

heterogeneous solid, the Langmuir model can be extended to include different 

sites, i.e. the multisite Langmuir isotherm117–119. 

Nitta et al.120 derived an isotherm expression to take into account multisite 

occupancy of an adsorbate, thus removing one of the assumptions of the 

Langmuir model. The expression is reported in eq.(3.2): 

𝜃

(1 − 𝜃)௡
= 𝑛𝑏𝑃 3.2 

where 𝑛 is the number of sites occupied by the molecule. It can be seen how 

the model reduces to Langmuir for 𝑛 → 1. Nitta et al.120 also reported the 

equation for a Langmuir-like isotherm where also adsorbate-adsorbate 

interactions are considered: 

𝜃

(1 − 𝜃)௡
𝑒𝑥𝑝 ൬−

𝑛𝑢𝜃

𝑘஻𝑇
൰ = 𝑛𝑏𝑃 3.3 

as it can be seen, the exponential on the LHS deals with the interaction 

between the adsorbates, where 𝑢 is the interaction parameter, 𝑘஻ the 

Boltzmann constant and 𝑇 the temperature. It should be noted that in the limit 

of 𝑛 → 1 the Nitta isotherm in eq.(3.3) reduces to the so-called Fowler-

Guggenheim equation121,122.  

Generally, the single component isotherms are then used to predict 

multicomponent adsorption with the use of the Adsorbed Solution Theory 

(AST), originally developed assuming ideal behaviour of the adsorbed phase 

by Myers and Prausnitz123,124 (IAST). In its most general form, the AST 

describes the fluid−adsorbed phase equilibria equating the fugacities of the 

two phases for each molecule: 
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𝑓௜,ி = 𝑃௜
଴(𝜋௦)𝛾௜𝑥௜ 3.4 

where 𝑓௜ி is the fugacity of the fluid phase, 𝛾௜ the activity coefficient for the 

adsorbed phase, 𝑥௜ the mole fraction in the adsorbed phase, 𝑃௜
଴ is the surface 

pressure of the i-th molecule at the spreading pressure 𝜋௦. If activity coefficient 

models (Wilson, UNIQUAC,NRTL) are used to model the adsorbed phase we 

refer to real AST (RAST)125,126.  The spreading pressure for each component 

can be calculated from the single component data from eq.(3.5). 

𝜋𝐴

𝑘஻𝑇
= න 𝑞௜𝑑൫𝑙𝑛(𝑃௜)൯

௉೔
బ

଴

 3.5 

As it can be seen from eq.(3.5), the estimation of the spreading pressure 

heavily relies on accurate single component data. 

The main challenge in using the IAST is the accurate estimation of the 

spreading pressure from single component isotherms127–129. Indeed, the first 

step in the solution of AST calculations is the computation of the spreading 

pressure of the system which is common at all the adsorbing molecules at fixed 

system conditions. For strong adsorbing components, single component data 

at low pressures might be difficult to measure. On the contrary, given that the 

spreading pressure is common to all the molecules adsorbing on the solid, it 

would be difficult to calculate the spreading pressure for a very weakly 

adsorbing compound. Moreover, it should be noted that the use of RAST, while 

effective in the design of adsorption systems, does not provide any information 

on the physical behaviour of the adsorbed phase. Indeed, the activity 

coefficient models and their parameters are of empirical nature. It is worth 

pointing out that in the RAST the variation of the excess Gibbs energy with the 

spreading pressure has to be carefully accounted for. Talu and Zwiebel130 

have shown that neglecting this contribution can lead to an error on the total 

adsorbed amount of around 30%. 
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The inclusion of a distribution of sites in the solid is generally accounted in the 

heterogeneous IAST (HIAST) where the adsorption on each site is weighted 

upon the energy distribution of the solid’s sites131,132. 

One way to overcome the limitation of the spreading pressure calculation is 

the use of a vacancy solution model (VSM). Developed in the early ’80s by 

Suwanayuen and Danner133,134, The VSM describes both the fluid and 

adsorbed phase as vacant lattices. In their original work133, Suwanayuen and 

Danner made use of the Wilson activity coefficient model to take into account 

the non-idealities of the adsorbed phase. The general expression for the VSM 

is of the form in eq.(3.6): 

𝜃

1 − 𝜃
= 𝑏𝑃𝑔 3.6 

where 𝑔 is a function that depends on the Wilson activity coefficient 

parameters and 𝜃. The most popular form of the VSM actually considers the 

Flory-Huggins activity coefficient model (FH-VSM)135, which provides higher 

accuracy with fewer fitting parameters. Talu and Myers136 pointed out that the 

VSM fails to predict the behaviour of a multicomponent mixture in the low 

pressure region, hence leading to inconsistent results. Bhatia and Ding137 

reformulated the VSM in a thermodynamic consistent manner, which provides 

consistent results across the entire pressure domain. Bhatia and Ding137 

solved the inconsistency pointing out that the initial derivation of the VSM from 

Suwanayuen and Danner133 considered the behaviour of adsorbates and 

vacancies not related to each other. However, it is reasonable to assume that 

whenever one molecule adsorbs, a certain number ∅ of vacancies disappear, 

as shown in eq.(3.7): 

𝐴ி + ∅𝑉஺ → 𝐴஺ 3.7 

where 𝐴ி denotes the molecule in the fluid, 𝑉஺ the vacancy in the adsorbed 

lattice, and 𝐴஺ the adsorbed molecule. Hence, Bhatia and Ding137 re-derived 

the VSM providing a correlation between vacancies and adsorbed molecules. 

The calculation of multicomponent adsorption with a VSM does not require the 
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calculation of the common spreading pressure. For each molecule a general 

iso-fugacity correlation can be written by which the adsorbed amount is 

calculated. The main weakness of the VSM approach is the use of several 

parameters of empirical nature138. Moreover, the regression of temperature 

dependencies of some of the parameters can be difficult to obtain if accurate 

single component data are not available.  

So far, the models presented have been extensively used in literature 

providing satisfactory results, especially for conventional systems where the 

mixture in the fluid phase is made of molecules of similar size and not strong 

polarity. 

There is a need to address the challenges outlined in this brief literature 

overview, such as mixtures of very strong and weak adsorbing compounds, 

and non-ideal mixtures. Moreover, the development of a model which aims at 

a very close representation of the physical process happening at the 

microscale would be beneficial. Indeed, caution should be used when dealing 

with empirical models. 

In the following, the Rigid Adsorbent Lattice Fluid (RALF) model will be 

presented. The derivation of its equations will be discussed, both for a 

homogeneous solid and for a solid comprising multiple sites. 

3.2 The RALF model for a homogeneous solid 
The RALF model has been recently proposed by Brandani139. His work and 

derivation of this thermodynamic model bear many similarities to the non-

equilibrium lattice fluid (NELF) model developed by Sarti and co-workers140,141 

for the sorption of gases and solvents in glassy polymers. 

The RALF model aims at developing a thermodynamic framework which 

describes the causes of non-ideality such as adsorbate-adsorbate interaction 

and different molecular sizes. The RALF model represents both the fluid phase 

and the adsorbed phase as two lattices. The adsorbed phase lattice considers 

the adsorbates, the skeletal solid and the microporous void volume. Compared 
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to the models briefly discussed before, the RALF model includes the solid as 

a component of the adsorbed phase mixture. It should be noted that the 

fugacity of the fluid phase could be calculated with any model that might be 

found appropriate to describe the fluid phase. The assumption of lattice for the 

fluid phase is only made as general consistency between the two phases. 

The RALF model has been originally derived starting from the Sanchez-

Lacombe equation of state (SL-EoS)142,143, which is used as EoS to model the 

thermodynamics of gas sorption in polymers. Before describing RALF, it is 

useful to briefly introduce the SL-EoS. 

3.2.1 The Sanchez-Lacombe equation of state 

The SL-EoS is a lattice fluid model which represents a system as a lattice of 

elements called mers. For a pure substance 𝑖, each mer occupies a volume 

𝑣௜
∗. A molecule consists of more mers bonded together, such that a molecule 

occupies a volume 𝑟௜
଴𝑣௜

∗, where 𝑟௜
଴ is the number of bonded mers in a molecule. 

In addition to the volume occupied by the molecule, the SL-EoS takes into 

account also the mer-mer interaction. Therefore, a pure fluid can be fully 

characterised by the mer-mer interaction, 𝜖௜
∗, the average close-packed mer-

volume 𝑣௜
∗ and the number of mers needed to form the molecule in the fluid, 

𝑟௜
଴. These parameters can be combined to derive macroscopic characteristic 

parameters of an arbitrary i-th molecule, as in eq.(3.8): 

𝑇௜
∗ =

𝜖௜
∗

𝑘஻
; 𝑃௜

∗ =
𝜖௜

∗

𝑣௜
∗  𝑎𝑛𝑑 𝜌௜

∗ =
𝑀𝑤௜

𝑟௜
଴𝑣௜

∗ 3.8 

where 𝑇௜
∗ is the characteristic temperature, 𝑃௜

∗ the characteristic energy density 

and 𝜌௜
∗ the average characteristic close-packed density of the fluid. The SL-

EoS for a pure component is of the form: 

𝜌෤ଶ + 𝑃෨ + 𝑇෨ ቈ𝑙𝑛(1 − 𝜌෤) + ቆ1 −
1

𝑟௜
଴ቇ 𝜌෤቉ = 0 3.9 
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where 𝑃෨, 𝑇෨ and 𝜌෤ are the reduced pressure (or energy density), temperature 

and density, respectively. The reduced quantities can be defined as in 

eq.(3.10). 

𝑃෨ =
𝑃

𝑃௜
∗ ; 𝑇෨ =

𝑇

𝑇௜
∗ ; 𝜌෤ =

𝜌

𝜌௜
∗ ; 3.10 

Pure component equilibrium data can be used, together with the SL-EoS, to 

regress the characteristic parameters of a molecule. Sanchez and Lacombe143 

suggest to use vapour pressure data and the density at the normal boiling point 

to regress either 𝜖௜
∗, 𝑣௜

∗, 𝑟௜
଴ or 𝑃௜

∗, 𝑇௜
∗, 𝜌௜

∗ directly. Over the years many works 

addressed the need of accurate parameters over broad ranges of pressure 

and temperature144–148. Simultaneous fits of multiple datasets of vapour 

pressure and density have been attempted in order to accurately represent the 

pure component behaviour144. Nevertheless, the approach proposed by 

Sanchez and Lacombe remains a reliable method to quickly estimate the pure 

component parameters. 

For a mixture of 𝑁௖ components, Brandani139 showed how to account for the 

combinatorial term in the SL-EoS , as shown in eq.(3.11): 

𝜌෤ଶ + 𝑃෨ + 𝑇෨ ൤𝑙𝑛(1 − 𝜌෤) + ൬1 −
1

𝑟
൰ 𝜌෤൨ =

𝜌෤ଶ𝑇෨

𝑟
෍ 𝑦௜𝑙𝑛 ൬

𝜙௜

𝑦௜
൰

ே೎

௜ୀଵ
 3.11 

where 𝜙௜ =
௠೔/ఘ೔

∗

∑ ௠ೖ/ఘೖ
∗

ೖ
 and 𝑦௜ are the volumetric and molar fraction of the i-th 

component in the lattice, with 𝑚௜ as mass of the i-th component. It is evident 

from the SL-EoS that the average characteristic parameters of the mixture 

𝑃∗, 𝑇∗,𝜌∗ and 𝑟 need to be defined before deriving the scaled reduced 

variables. To define the average characteristic parameters, mixing rules need 

to be introduced.  

In the next section, the discussion will focus on what mixing rules can be used 

and how to derive the average parameters. Since RALF relies on the definition 

of the residual Gibbs energy from the SL-EoS, the definition of the mixing rules 
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and of the average characteristic parameters will focus on both a lattice for the 

fluid phase and a lattice for the adsorbed phase which includes the adsorbent, 

as well. 

3.2.2 Average characteristic parameters of the adsorbed 
phase 

Following Sanchez and Lacombe143, the first mixing rule to introduce is: 

𝑟௜𝑣
∗ = 𝑟௜

଴𝑣௜
∗ 3.12 

where 𝑟௜
଴ and 𝑣௜

∗ are the properties of the molecule 𝑖 if it was the only molecule 

present, while 𝑟௜ and 𝑣∗ are the number of mers occupied by the i-th molecule 

in the lattice and the average close-packed volume of mers in mixture, 

respectively. This mixing rule preserves the volume at close packing of each 

molecule. Both 𝑟௜ and 𝑣∗ are unknown and have to be calculated for the 

adsorbed phase. Once 𝑣∗ is fixed, the mers occupied by the i-th molecule in 

the adsorbed lattice can be calculated. 

For the adsorbed lattice, as Brandani139 pointed out, the volume occupied by 

a molecule in the adsorbed phase at close packing, 𝑣௜஺
∗ , will be larger than the 

volume occupied in a bulk phase, given confinement constraints. Hence, 

Brandani139 writes the volume of an arbitrary adsorbate at close packing as: 

𝑣௜஺
∗ = 𝑣௜

∗(1 + 𝜉௜) 3.13 

where 𝜉௜ is the confinement parameter, an adjustable parameter that takes into 

account the lower volume that an adsorbed molecule occupies compared to 

the volume occupied in a bulk fluid phase at close packing. The confinement 

parameter mainly acts on the saturation capacity of the molecule in the 

adsorbed lattice. The higher the confinement parameter, the higher is the 

volume occupied in the adsorbed lattice by a molecule. Hence, the lower it is 

going to be the saturation capacity of the molecule given a fixed volume for 

adsorption. Having defined 𝑣௜஺
∗ , we can now derive the average 𝑣∗ of the 

adsorbed phase as: 



  The Rigid Adsorbent Lattice Fluid Model 

  69 

𝑣∗ = ቆ෍
𝜙௝

𝑣௝஺
∗

௝
ቇ

ିଵ

 3.14 

where 𝜙௝ is the volume fraction of the j-th component in the adsorbed phase, 

previously defined as 𝜙௝ =
௠ೕ/ఘೕ

∗

∑ ௠ೖ/ఘೖ
∗

ೖ
. It should be noted that a different subscript, 

𝑗, has been introduced to define 𝑣∗ for the adsorbed lattice. As a reference, the 

subscript 𝑖 will denote the iterator over the adsorbates in the adsorbed phase 

excluding the solid (or the molecules in the bulk fluid mixture), while 𝑗  (and 𝑘) 

will indicate the iterator over all the components of the adsorbed phase, i.e. 

adsorbates and adsorbent. 

The average number of mers can now be calculated as: 

𝑟 = ൬෍
𝜙௜

𝑟௜௜
൰

ିଵ

 3.15 

where 𝑟௜ can be derived from eq.(3.12): 

𝑟௜ = 𝑟௜
଴ 𝑣௜஺

∗

𝑣∗
=

𝑀𝑤௜

𝑣∗𝜌௜஺
∗  3.16 

What said for 𝑣∗, can be readily extended to the average characteristic density 

of the adsorbed lattice at close packing, 𝜌∗, which can be written as: 

𝜌∗ = ቆ෍
𝑤௝

𝜌௝஺
∗

௝
ቇ

ିଵ

 3.17 

where 𝑤௝ =
௠ೕ

∑ ௠ೖೖ
 is the mass fraction of the j-th component, and 𝜌௝஺

∗  can be 

written as in eq.(3.18).  

𝜌௝஺
∗ =

𝜌௝
∗

1 + 𝜉௝
 3.18 

It should be noted that mass and volume fraction of an adsorbate 𝑖 in the 

adsorbed phase are related as in eq.(3.19). 
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𝜙௜

𝑤௜
=

𝜌∗

𝜌௜஺
∗  3.19 

The last average parameter to be defined before writing the residual Gibbs 

energy of the adsorbed phase is the characteristic energy density, 𝑃∗. 

Following the mixing rules proposed by Sanchez and Lacombe143, we can 

write: 

𝑃∗ =  ෍ ෍ 𝜙௝𝜙௞൫1 − 𝜅௝௞൯ට𝑃௝
∗𝑃௞

∗

௞௝
 3.20 

where 𝜅௝௝ = 0, and 𝜅௝௞ = 𝜅௞௝. The parameter 𝜅௜௝ is the interaction parameter, 

an adjustable parameter that is related to the adsorbate-adsorbent and 

adsorbate-adsorbate interactions. 

Once 𝑣∗ and 𝑃∗ are known, the average 𝑇∗ of the adsorbed phase is fixed by 

eq.(3.21). 

𝑃∗𝑣∗ = 𝑅௚𝑇∗ 3.21 

Having defined all the average properties of the adsorbed phase, the residual 

Gibbs energy, and the residual chemical potential of each adsorbate can be 

now derived. 

3.2.3 The residual chemical potential for the adsorbed phase 

As shown by Brandani139, the residual Gibbs energy can be written, as: 

𝐺஺
ோ

𝑅௚𝑇
= 𝑟𝑁 ቈ1 −

𝜌෤

𝑇෨
+

(1 − 𝜌෤)𝑙𝑛(1 − 𝜌෤)

𝜌෤
቉

+ 𝑁 ൤𝜌෤ − 𝜌෤௦ ൬1 + 𝑙𝑛
𝜌෤

𝜌෤௦
൰൨ ෍ 𝑥௜𝑙𝑛 ൬

𝜙௜

(1 − 𝜙௦)𝑥௜
൰

௜

+ 𝑁൫𝑧 − 1 − 𝑙𝑛(𝑧)൯ 

3.22 

where 𝐺஺
ோ is the residual Gibbs energy of the adsorbed phase, 𝑁 the total 

number of moles in the adsorbed lattice and 𝑧 = 𝑟
௉෨

ఘ෥ ෨்
 is the compressibility 
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factor. The reuced density of the solid is equal to 𝜌௦෥ =
ఘೞ

ఘೞ
∗, where 𝜌௦ is the 

density of the solid including the micropores, and 𝜌௦
∗ is the skeletal density of 

the solid. Compared to what presented in the original work of Brandani139, a 

slight adjustment to the term multiplying the combinatorial term is reported. 

This adjustment ensures that the combinatorial term goes to zero in the 

absence of adsorbed molecules. 

The residual chemical potential of the i-th component in the adsorbed phase, 

𝜇௜
ோ, can then be derived from eq.(3.22). Its expression is reported in eq.(3.23). 

𝜇௜
ோ

𝑅௚𝑇
=

1

𝑅௚𝑇
ቆ

𝜕𝐺஺
ோ

𝜕𝑁௞
ቇ

்,௉,ேೕಯೖ

= −
𝜌෤

𝑇෨
𝑟௜ ቆ2

∑ 𝜙௝𝑃௜௝
∗

௝

𝑃∗
− 1ቇ + ቈ

(1 − 𝜌෤) 𝑙𝑛(1 − 𝜌෤)

𝜌෤
+ 1቉ 𝑟௜

଴

+ ൬1 +
𝑟𝑁

𝑟௜𝜌௦

𝜕𝜌௦

𝜕𝑁௜
൰ 𝑟௜ ቆቈ−

𝜌෤

𝑇෨
−

𝑙𝑛(1 − 𝜌෤)

𝜌෤
− 1቉

+ (𝜌෤ − 𝜌෤௦) ෍ 𝑥௜ 𝑙𝑛
𝜙௜

𝑥௜(1 − 𝜙௦)
 

௜
ቇ − 𝑙𝑛(𝑧) −

𝑧 − 1

𝑟

𝑟𝑁

𝜌௦

𝜕𝜌௦

𝜕𝑁௜

+ (𝜌෤ − 𝜌෤௦) ൬𝑙𝑛
𝑟௜

𝑟(1 − 𝜙௦)
+ 1 −

𝑟௜

𝑟(1 − 𝜙௦)
൰  

3.23 

It can be noted that the density of the solid including the micropores, 𝜌௦, is 

allowed to change upon adsorption, since in eq.(3.23) the term 𝜕𝜌௦/𝜕𝑁௞ 

appears. Indeed, the density of the adsorbed phase can be written as: 

𝜌 =
𝑚௦(∑ 𝑞௜𝑀𝑤௜௜ + 1)

𝑉௦
=

∑ 𝑚௝௝

𝑉௦
=

𝑚்

𝑚௦
𝜌௦ 3.24 

where 𝑉௦ the volume of solid including the micropores. The value of 𝑉௦ can be 

constrained to a fixed value, as for a rigid adsorbent, or allowed to vary upon 

adsorption to model the thermodynamics of flexible adsorbents, as shown by 

Verbraeken and Brandani149. 
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The amount adsorbed for each molecule of the system can be calculated with 

the use of eq.(3.25), which represents the iso-fugacity condition between fluid 

and adsorbed phase. 

𝜇௜
ோ

𝑅௚𝑇
−

𝜇௜ி
ோ

𝑅௚𝑇
= 𝑙𝑛

𝑦௜

𝑥௜
 3.25 

where 𝜇୧ி
ோ  is the residual chemical potential of the fluid phase, 𝐹. The residual 

chemical potential in the fluid phase can be derived from an appropriate EoS 

for the fluid phase. Brandani139 presented the expression of 𝜇୧ி
ோ  in the 

assumption that the SL-EoS can be used for the fluid phase: 

𝜇௜ி
ோ

𝑅𝑇
= −

𝜌෤ி

𝑇෨ி

𝑟௜ி ቆ2
∑ 𝜙௞𝑃௞௜

∗
௞

𝑃ி
∗ − 1ቇ + ቈ

(1 − 𝜌෤ி) 𝑙𝑛(1 − 𝜌෤ி)

𝜌෤ி
+ 1቉ 𝑟௜ி

଴

+
𝑟௜

𝑟ி
ቆ𝑟ி

𝑃෨ி

𝜌෤ி𝑇෨ி

− 1ቇ − 𝑙𝑛 𝑧 + 𝜌෤ி ൬𝑙𝑛
𝑟௜

𝑟ி
+ 1 −

𝑟௜

𝑟ி
൰ 

3.26 

where 𝑘 = 1,2, … , 𝑁௖. The reduced fluid phase density can be directly 

calculated from eq.(3.11) which is the EoS for the fluid phase. The average 

properties of the fluid phase can be derived as the ones of the adsorbed lattice, 

assuming that there is no solid and hence there is neither a confinement 

adjustment for the molecules neither a molecule-solid interaction. 

To summarise, the set of nonlinear equations to solve for a system of 𝑁௖ 

components and a single adsorbate consists of 𝑁௖ iso-fugacity equations, 

eq.(3.25), and the EoS to calculate the density of the fluid phase, eq.(3.11), 

therefore, 𝑁௖ + 1 equations. 

3.2.4 Parametrisation of the solid 

So far, the parameters of the solid have been assumed to be known. 

Brandani139 discusses how to quickly derive the parameters of the solid.  

The density at close packing of the solid, 𝜌௦
∗, corresponds to the skeletal 

density of the adsorbate which can be experimentally obtained from helium 

pycnometry. The density 𝜌௦ includes the micropore volume in its definition. It 
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can be derived from experiments according to the methodology suggested by 

IUPAC150, or using mercury intrusion measurements151. 

The energy density of the solid 𝑃௦
∗ can be fitted to the energy of adsorption at 

zero loading of several molecules. Indeed, the adsorption energy at zero 

loading for an arbitrary molecule adsorbing on the adsorbent 𝑠 can be written 

as: 

𝛥𝑈଴,௜ = 𝛥𝐻଴,௜ + 𝑅௚𝑇 = −2𝜌௦෥ 𝑟௜
଴𝑣௜஺

∗ (1 − 𝜅௜௦)ඥ𝑃௜
∗𝑃௦

∗ 3.27 

where, as a first approximation, the parameters 𝜉௜  and 𝜅௜௦ can be set to 0. As 

can be seen from eq.(3.27), the only fitting parameter is 𝑃௦
∗. 

Finally, the characteristic temperature 𝑇௦
∗ can be obtained from the Henry’s law 

constant of several molecules. The expression that can be derived from the 

RALF model of the Henry’s law constant is: 

𝑙𝑛 𝐾௜ =
2𝜌௦෥ 𝑟௜

଴𝑣௜஺
∗ (1 − 𝜅௜௦)ඥ𝑃௜

∗𝑃௦
∗

𝑅௚𝑇
− ቈ

(1 − 𝜌෤௦) 𝑙𝑛(1 − 𝜌෤௦)

𝜌෤௦
+ 1቉ 𝑟௜

଴

− 𝑟௜
଴ 𝑣௜

∗

𝑣௦
∗

ቈ−
𝑙𝑛(1 − 𝜌෤௦)

𝜌෤௦
− 1቉ 

3.28 

where the adjustable parameters 𝜉௜ and 𝜅௜ௌ can be set to 0 and a first 

regression of 𝑇௦
∗ can be carried out. It should be noted that 𝑇௦

∗ can also be 

adjusted to match the Henry’s law region of full isotherms of different 

molecules where available. 

Once the parameters of the solid are regressed, and the molecules’ parameter 

known from literature or fitted on vapour pressure data, the only remaining 

parameters which can be fitted to single component isotherms are 𝜉௜ and 𝜅௜௦.  

3.3 Multi-RALF for a heterogeneous solid 
The equations introduced in section 3.2 assumed that the solid is made of 

equal adsorption sites. However, this is not the case for most of the adsorbents 
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which are made of different sites. Hence, the homogeneous RALF model has 

to be extended to include the heterogeneity of the adsorbent. 

The simplest physical representation of a multisite RALF (multi-RALF) is of a 

fluid in equilibrium with an arbitrary number of sites which are not related to 

each other. Ideally, each site will be characterised by its own set of 𝑃௦
∗, 𝑇௦

∗, 𝜌௦
∗, 

𝜌ௌ, and 𝜔 as the mass fraction of the site out of the total structure. This 

approach can work for adsorbents whose sites can be modelled as  

segregated from each other. By contrast, there are adsorbents in which the 

sites cannot be split and treated separately. Hence, the link between the sites 

has to be transposed in mathematical form to be used in multi-RALF. 

The theoretical treatment of both versions of multi-RALF is discussed in 

section 3.4 and 3.5. In section 3.4, the multi-RALF model with segregated sites 

is presented with reference to the adsorption of benzene and propene on 

silicalite. This system presents azeotropic adsorption, which can be a good 

case study for a thermodynamic model. The equations of multi-RALF which 

are going to be presented and the strategy to parametrise multi-RALF are 

generally valid for an arbitrary heterogeneous solid with no coupled sites. In 

section 3.5, the adsorption of CO2 in the flexible adsorbent (Na,TEA)-ZSM-

25152 will be discussed. This case study highlights an example where the solid 

is made of sites which cannot be de-coupled. Although the mathematical 

treatment of the site connection is specific to the case study presented, the 

parametrisation of multi-RALF and the inclusion of flexibility in the model can 

help in outlining some general conclusion in the use of multi-RALF for such 

cases.  

For both studies, the strategy to parametrise multi-RALF starts with the 

identification of the adsorbing sites. An educated guess can be made based 

on the knowledge of the solid framework and the interaction that an adsorbent 

can have within the solid. For instance, polar molecules will interact with 

cations, or big molecules like branched hydrocarbons will more likely prefer 

large cages rather than narrow channels. It is a preliminary assessment which 

can guide the choice on the number of sites present in a solid. Molecular 
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simulations can help to distinguish the main sites of a system if one looks at 

the preferential location of the adsorbate upon adsorption.  

Once the number of sites is established, the characteristic parameters of each 

site can be determined. At this point, the strategy follows two paths: 

parametrisation with molecular simulations and/or parametrisation with 

experimental data. It would be ideal to couple the two parametrisations to 

obtain a reliable description of the system’s thermodynamics. However, there 

are systems for which either experimental data are not available, e.g. in-silico 

synthetised MOF for a targeted separation, or molecular simulations are 

difficult if not impossible to run since the solid structure is not known, e.g. gas 

adsorption on activated carbons. The molecular simulations offer the great 

advantage of de-coupling the contribution of the different sites153. However, 

they are computationally expensive and heavily rely upon the force-field 

chosen154–156, which might not accurately describe the dynamics of the system. 

Experimental data cannot provide the de-coupled information on each site. By 

contrast, if run properly, they are reliable and can be used with confidence. 

In section 3.4, the parametrisation of multi-RALF via molecular simulations will 

be discussed for the case where the sites can be de-coupled. The 

parametrisation with multi-RALF using experimental data will be presented in 

section 3.5. Since the focus of the next sections is the equations for multi-

RALF and on how to parametrise it based on molecular simulations and 

experimental data, the details of molecular simulations and experimental 

techniques are only briefly discussed to keep focus on the parametrisation of 

multi-RALF. Nevertheless, references and essential information of simulations 

and experiments are provided.   

3.4 Parametrisation of multi-RALF via molecular 
simulations 

The mixture benzene-propene is of interest for the synthesis of cumene, an 

intermediate used in phenol and acetone production157,158. The synthesis of 

cumene is carried out on solid acid catalysts in an excess of benzene which 
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has to undergo a process of alkylation with the propene to produce cumene. 

The excess of benzene helps to suppress undesired side reactions. The 

production of cumene can be extensive with large units of reaction, separation 

and recycle of the benzene. One way to overcome these limits is to carry out 

the reaction on selective adsorbents where the excess of benzene is achieved 

at the adsorbing sites, with a ratio of benzene to propene feed around unity159. 

This would scale down the size of the reaction unit and lead to lower costs of 

production. 

Ban et al.158 analysed several zeolites for the task mentioned, and curiously 

reported that the adsorption of benzene and propene on ortho-MFI silicalite, 

hereafter called ortho-MFI, presents a reverse of the selectivity at 373 K and 

100 kPa, for 𝑦஼లுల
≈ 0.5. The aim of this section is to parametrise and use 

multi-RALF to study the azeotropic adsorption of benzene and propene on 

ortho-MFI. 

The strategy to parametrise multi-RALF is to firstly regress the solid’s 

parameters with the following steps: 

1. Identify the sites of the structure; 

2. Calculate the mass fractions of the sites; 

3. Derive the densities 𝜌௦ and 𝜌௦
∗ of the sites; 

4. Regress the 𝑃௦
∗ of each site with adsorption energy at zero loading of 

different molecules; 

5. Regress 𝑇௦
∗ with the Henry’s law constant of benzene and propene; 

which are similar to the procedure discussed in section 3.2.4, with the extra 

step of calculating the mass fractions of the sites. Next, the adjustable 

parameters 𝜉௜ and 𝜅௜ of benzene and propene will be fitted to the single 

component isotherms at 373 K. Finally, the predictive capability of multi-RALF 

with reference to the binary benzene-propene on ortho-MFI will be analysed. 
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The details and methodology of the Grand canonical Monte Carlo (GCMC) 

simulations carried out to produce the results in section 3.4.1 and 3.4.2 are 

reported in Appendix B.  

3.4.1 The adsorbent: ortho-MFI silicalite 

The structure of ortho-MFI is presented in Figure 3.1. The structure consists of 

interconnected straight and sinusoidal channels. Both channels’ openings 

consist of an elliptical ring of 10 Si atoms whose size is 5.3 Å x 5.6 Å for the 

straight channels, and 5.1 Å x 5.5 Å for the sinusoidal ones. The unit cell of 

the ortho-MFI is 20.022 Å x 19.899 Å x 13.383 Å160. The adsorbing sites are: 

straight channels, sinusoidal channels, and the intersection between the 

channels.  

 
Figure 3.1: Highlight of the accessible pore network of ortho-MFI. In yellow the 

accessible pore network, in black the solid framework, in dashed red the line passing 
through the sinusoidal channel, and in solid light blue line the straight channel. 

The intersection site is here defined as a sphere of 5 Å whose centre is the 

intersection of the straight and sinusoidal channel. A visual representation of 

the solid’s breakdown in different sites is shown in Figure 3.2, where also 

straight and sinusoidal channels are reported, as well as the inaccessible voids 

of the framework. 
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Figure 3.2: Breakdown of ortho-MFI in its sites. Blue circles are the intersections, light 
blue lines are straight channels, red dashed lines are sinusoidal channels, and orange 

squares are the inaccessible cages. 

The mass fraction of each site can be estimated by calculating the number of 

Si atoms for each site, and then dividing by the total number of Si atoms. The 

procedure to do so follows: 

1. Calculate the total amount of Si atoms, 𝑛ௌ௜,்; 

2. Calculate the amount of Si atoms at the intersections, 𝑛ௌ௜,௜௡௧; 

3. Calculate the number of Si atoms in the straight channels, 𝑛ௌ௜,௦௧௥; 

4. Derive the number of Si atoms in the sinusoidal channels, 𝑛ௌ௜,௦௜௡ =

𝑛ௌ௜,் − 𝑛ௌ௜,௜௡௧ − 𝑛ௌ௜,௦௧௥; 

5. Calculate the mass fractions as 𝜔௦௜௧௘ =
௡ೄ೔,ೞ೔೟೐

௡ೄ೔,೅
; 

The choice of the Si atoms is given by the fact that they represent the centres 

of the tetrahedral SiO4 which compose the structure of the solid. The mass 

fractions of the sites are reported in Table 3.1. It should be noted that, even for 

solids which cannot be split with the respective number of T-atoms of each 

site, a preliminary guess on the relative weight of the different sites can be 

made, and later adjusted if needed.  

Once the mass fractions of the sites are fixed, the densities of each site have 

to be assessed. It is reasonable to assume that the skeletal density of all the 

sites is constant to the average value of ortho-MFI, 𝜌ௌ
∗ = 2577 𝑘𝑔/𝑚ଷ160. To 

then derive 𝜌௦, the micropore volume of each site has to be calculated. This 

task can be easily achieved using available open-source software like 
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PoreBlazer10,161. Poreblazer consists of a series of Fortran codes for the 

characterisation of porous materials initially developed by Sarksiov and 

Harrison161. The specific micropore volume of each site, 𝑉௠௜௖,௦௜௧௘ , is defined as 

the volume enclosed in the accessible surface area (also known as Connoly 

surface) of the site per mass of adsorbent. The Connoly surface is constructed 

with reference to a molecule that “rolls” on the accessible framework of the 

solid. The surface drawn by the center of the reference molecule while “rolling” 

is defined as Connoly surface. For our purpose, the reference molecule has 

been chosen to be He. The results are presented in Figure 3.3.  

Figure 3.3: Pore volume characterisation of the full pore network (left), pore volume of 
straight and sinusoidal channels (centre) and straight channels only (right). In black 

the solid framework and in yellow the pore volumes. 

The strategy is to calculate first the specific micropore volume of the total 

structure, then the volume accessible in the channels blocking the 

intersections with hard spheres of 5 Å, and finally blocking the sinusoidal 

channels so that the volume of the straight channels can be derived. Once the 

micropore volume is known, the density 𝜌௦ of each site can be calculated from 

eq.(3.29), which is a volume balance on the site. The densities of each site are 

reported in Table 3.1. 

𝜔௦௜௧௘

𝜌௦,௦௜௧௘
= 𝑉௠௜௖,௦௜௧௘ +

𝜔௦௜௧௘

𝜌௦
∗

 3.29 

The procedure presented can be easily extended to any arbitrary solid, where 

the different sites can be isolated using inert hard spheres and separately 

analysed using PoreBlazer. 
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The two remaining solid parameters to regress are 𝑃௦
∗ and 𝑇௦

∗. As previously 

presented, the characteristic energy density can be parametrised with the use 

of the adsorption energy at zero loading of different molecules. To derive the 

energy of adsorption of specific sites we use the same approach adopted to 

characterise the pore volume. When molecular simulations can be run on the 

system, we can take advantage of the artificial blocking of specific portions of 

the pore volume and derive data on specific regions of the adsorbent. 

In this work, the Widom insertion method162 (see Appendix B) has been used 

to calculate the Henry’s law constant of light alkanes from methane to butane 

at 290 K, 300 K and 310 K. The strategy to calculate the Henry’s law constants 

of the different sites is similar to what presented for the pore volume 

characterisation. Firstly, the full solid is made available for adsorption. Then, 

the intersections are made inaccessible with hard spheres. The difference 

between the full structure results and intersection-blocked results provides the 

Henry’s law constant of the intersections. Next, the sinusoidal channels are 

made inaccessible with hard sphere, thus leading to information on the Henry’s 

law constant of the sinusoidal channel. The difference between the full Henry’s 

law constant and the one from intersections and sinusoidal channels gives the 

Henry’s law constant of the straight channels.   

The Henry’s law constants have been used to regress the heat of adsorption 

at zero loading and 300 K, using the Van’t Hoff equation eq.(3.30).  

𝐾 = 𝐾଴𝑒𝑥𝑝 ቆ−
𝛥𝐻଴

𝑅௚𝑇
ቇ 3.30 

where 𝐾଴ is a pre-exponential factor. The results for the three sites of ortho-

MFI are presented in Figure 3.4.  
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Figure 3.4: Heat of adsorption at zero loading for linear alkanes in ortho-MFI. 

Diamonds is the heat of adsorption at the intersection, circles at the sinusoidal 
channel, squares at the straight channel, and the solid line is multi-RALF. 

The intersections show lower adsorption energy given the bigger void space 

compared to the channels. Both channels show very similar values for the light 

alkanes investigated, since their pore volume is similar. It should be noted that 

alkanes of higher carbon number could not be used in this study because the 

constraint of such process is that the molecule remains smaller than the site 

investigated. The 𝑃௦
∗ for each site is reported in Table 3.1. 

Table 3.1: Values of the mass fraction, solid density, characteristic pressure and 
characteristic temperature for each site of ortho-MFI. 

 𝝎𝒔𝒊𝒕𝒆[−] 𝝆𝒔 [𝒌𝒈/𝒎𝟑] 𝑷𝒔
∗ [𝒌𝑷𝒂] 𝑻𝒔

∗ [𝑲] 

Intersection 0.4 1630 6x105 1200 

Straight 0.3 1844 6x105 1250 

Sinusoidal 0.3 1846 5.9x105 1300 

 

The last parameter to fit remains 𝑇௦
∗ which has been fitted to the single 

component isotherms of benzene and propene that are discussed in the next 

section. For completeness, the 𝑇௦
∗ values of each site are reported in Table 

3.1. 
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3.4.2 Isotherms of benzene and propene at 373 K 

As previously stated, both single component isotherms and binary adsorption 

data have been generated using GCMC simulations. The details of the GCMC 

are reported in Appendix B. 

The results for the single component isotherms from GCMC simulations are 

presented in Figure 3.5. In addition to the overall isotherm, the contribution of 

the sites is reported. It can be noted how the benzene preferentially adsorbs 

at the intersection of the channels, since the higher void space is able to better 

accommodate the benzene molecule. Only at higher pressures, the benzene 

is forced to move in the channels. 

Figure 3.5: Adsorption isotherms at 373 K of benzene (left) and propene (right) on 
ortho-MFI. Circles are the results of GCMC simulations, the dashes line is the amount 
adsorbed at the intersections, and the dashed-dotted line is the amount adsorbed in 

sinusoidal and straight channel. 

This behaviour can be easily visualised in Figure 3.6 which reports the 

snapshots of the GCMC simulations of benzene at three different pressures. 

Up to a pressure or roughly 3 kPa the benzene only adsorbs at the intersection, 

for a maximum of 4 molecules per unit cell (each unit cell has 4 intersections). 
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The snapshot at 100 kPa shows how the benzene is then forced into the 

channels with no real preference between the two. 

Figure 3.6: Snapshots from GCMC simulations of benzene adsorption on ortho-MFI at 
373 K and 0.1 kPa (left), 3 kPa (centre), 100 kPa (right). In black the solid framework of 

ortho-MFI and in red the molecules of benzene. 

By contrast, the propene homogeneously fills the whole void space of the 

framework without any particular preference, as shown in Figure 3.5 and from 

the snapshots of the GCMC simulations in Figure 3.7. This is given by the 

smaller size of the propene molecule. It should be noted that in Figure 3.5 the 

contribution of the two sites is summed given their very similar behaviour. 

However, if split, they would almost overlap with the isotherm of propene at 

the intersections. 

 
Figure 3.7: Snapshots from GCMC simulations of propene adsorption on ortho-MFI at 

373 K and 3 kPa (left) and 100 kPa (right). In black the solid framework of ortho-MFI 
and in blue the molecules of propene. 

The fitting of multi-RALF to the isotherms of benzene and propene at each site 

is presented in Figure 3.8. The fitted parameters are reported in Table 3.2, and 

the 𝑇௦
∗ in Table 3.1. Before commenting on the fitting procedure, it is useful to 

review the effect of the adjustable parameters on the isotherm shape. 
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As previously introduced, the confinement parameter 𝜉 can be used to lower 

the saturation capacity of an arbitrary molecule. Indeed, the higher 𝜉, the lower 

will be the volume occupied by the molecule at close packing (see eq.(3.13)), 

i.e. the saturation capacity. The interaction parameter 𝜅௜௦ describes how strong 

is the interaction between the adsorbate and the solid. Negative values of the 

interaction parameter will lead to higher affinity (see eq.(3.20)), hence higher 

Henry’s law constant. On the contrary, if 𝜅௜௦ is positive, the affinity will be lower, 

leading to a lower Henry’s law constant. 

It is interesting to point out from Figure 3.8 that with the only use of 𝑇௦
∗, the 

propene isotherms at the channel can be reasonably fitted, so that both 

confinement and interaction parameter can be left zero. The values of the 𝑇௦
∗ 

fitted is not far from what Brandani139 presented in his work on hydrocarbon 

adsorption on ortho-MFI, 𝑇௦
∗ = 1060 𝐾. The slightly higher values fitted in this 

work (see Table 3.1) can be attributed to the discrepancy between 

experimental data and molecular simulations. However, the difference 

between the values of the 𝑇௦
∗ from experimental data and the ones fitted to 

molecular simulations is not dramatic. 

As can be seen from Figure 3.8, the benzene in straight and sinusoidal 

channels exhibits linear behaviour. This trend can be matched by fitting only 

one of the two adjustable parameters, i.e. 𝜉 and 𝜅. Since the isotherms are 

linear, and we are far from saturation, it is reasonable to use only the 

adjustable parameter 𝜅௜௦, which mainly acts on the Henry’s law region of an 

isotherm. The interaction parameter fitted to both channels is positive, as 

shown in Table 3.2, meaning that the affinity between benzene and the solid 

is lower to what multi-RALF would predict. If compared with the interaction 

parameter fitted at the intersection for benzene, it is evident the preferential 

affinity of the benzene with the intersections, where the higher pore volume 

allows an easier fit of the molecule in the free space. It should be noted that 

the value of 𝑇௦
∗ for the channels is kept constant at that fitted for propene. 
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The fitting of benzene and propene at the intersection requires all the 

adjustable parameters. As good practice to limit the number of parameters to 

adjust, a first fit of the parameters can be done on the Henry’s law constants 

and the saturation capacities using only characteristic temperature and 

confinement parameter. Once a preliminary fitting is carried out, then the 

interaction parameter 𝜅௜௦ at the intersection for each molecule can be adjusted 

to match the isotherm.  
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Figure 3.8: Fitting of RALF to the single adsorption isotherms of benzene and propene 
at 373 K on ortho-MFI. Circles are results from GCMC simulations, solid line is RALF 

and dashed line is Langmuir isotherm, eq.(3.31). 
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The intermediate region between Henry’s law region and saturation of the 

benzene isotherm is not very well captured from multi-RALF. Indeed, RALF 

struggles to match almost rectangular isotherms. The reason might lie in the 

effect of the mixing rules on the isotherm shape. An analysis of a different set 

of mixing rules should be carried out in future works to overcome this limitation. 

Table 3.2: Fitted 𝝃𝒊 and 𝜿𝒊 at the single component isotherms in Figure 3.8, and 
Sanchez-Lacombe parameters for benzene142 and propene163. 

 Int. Sin. Str. 𝑷∗ [𝒌𝑷𝒂] 𝑻∗ [𝑲] 𝝆∗ [𝒌𝒈/𝒎𝟑] 

Benzene 𝜉 =0.4              
𝜅 =0.085 

𝜉 =0.0                  
𝜅 =0.43 

𝜉 =0.0               
𝜅 =0.5 

4.44x105 523 994 

Propene 𝜉 =0.6                
𝜅 =0.09 

𝜉 =0.0                  
𝜅 =0.0 

𝜉 =0.0                   
𝜅 =0.0 

3.79x105 356 755 

 

In Figure 3.8 the GCMC results have also been fitted with a Langmuir type 

isotherm of the form: 

𝑞௜ = 𝑞௦,௦௜௧௘

𝑏௜,௦௜௧௘𝑃௜

1 + 𝑏௜,௦௜௧௘𝑃௜
 3.31 

where the saturation capacity for each site has been kept constant among the 

two molecules. The fitted parameters for eq.(3.31) are  𝑞௦,௜௡௧ = 0.7 𝑚𝑜𝑙/𝑘𝑔,

𝑞௦,௦௜௡ = 𝑞௦,௦௧௥ = 0.62 𝑚𝑜𝑙/𝑘𝑔, and the 𝑏௜,௦௜௧௘ parameters are reported in Table 

3.3. 

Table 3.3: 𝒃𝒊,𝒔𝒊𝒕𝒆 parameter, eq.(3.31), for benzene and propene at each site. 

 𝒃𝒊,𝒊𝒏𝒕 [𝟏/𝑷𝒂] 𝒃𝒊,𝒔𝒊𝒏 [𝟏/𝑷𝒂] 𝒃𝒊𝒔𝒕𝒓 [𝟏/𝑷𝒂] 

Benzene 0.02714 2.632x10-6 6.576x10-7 

Propene 3.589x10-5 4.11x10-5 2.85x10-5 
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3.4.3 The binary benzene-propene on ortho-MFI  

The GCMC simulations for the binary benzene-propene adsorption on ortho-

MFI at 373 K and 100 kPa are presented in Figure 3.9. The binary shows a 

reverse of the selectivity around 𝑦஼లுల
≈ 0.5. At 𝑦஼లுల

≤ 0.5 the benzene 

occupies all the intersections of the unit cell, given the higher affinity at the 

intersections compared to propene. Propene can only fill the channels, which 

have lower pore volume if compared with the intersections. This behaviour, 

which can be observed from the snapshot in Figure 3.9, explains the 

preferential adsorption of benzene in the overall solid.  

 
Figure 3.9: xy-plot for the system benzene−propene adsorption on ortho-MFI at 373 K 

and 100 kPa. The circles are results from GCMC simulations. Two snapshots are 
shown for 𝒚𝒄𝟔𝑯𝟔

= 𝟎. 𝟏 and 𝟎. 𝟗. In black the solid framework, in red the benzene 
molecules, and in blue the propene molecules. 

By contrast, when 𝑦஼లுల
≥ 0.5, the benzene does not move in the channels 

given that its fugacity is not enough to push the benzene molecules in the 

tighter channels. Instead, the propene fills rapidly the channels leading to a 

reversal of the selectivity. The azeotrope presented can hence be attributed to 

a geometrical hindering of the benzene in the channels. Therefore, the 

azeotrope is not caused by the interaction between the adsorbates, but from 
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their packing at the sites. From the GCMC simulations, the energy of 

interaction between the adsorbates is quantified to less than 5% of the total 

energy of the system. This further proves that the azeotrope is mainly caused 

by entropic effects more than enthalpic ones. 

The results of the predictions of multi-RALF and the extended tri-site Langmuir 

model are presented in Figure 3.10. 

The equation used to calculate the amount adsorbed at each site with the 

extended Langmuir model is: 

𝑞௜ = 𝑞௦,௦௜௧௘

𝑏௜,௦௜௧௘𝑃௜

1 + ∑ 𝑏௞,௦௜௧௘𝑃௞
ே೎
௞ୀଵ

 3.32 

and then the total amount adsorbed in the solid is calculated as sum of the 

three sites. The approach of calculating the amount adsorbed with an 

extended Langmuir model at each site and then sum the contributions is 

equivalent to the use of HIAST. 

It should be noted that multi-RALF has an additional fitting parameter common 

to all the three sites: the interaction parameter between benzene and propene, 

i.e. 𝜅஼లுలି஼యுల
.This parameter has been fixed to 0 given that the energy of 

interaction from the GCMC simulations has been proved to be negligible. 

Ideally, one could fix this interaction parameter fitting vapour-liquid equilibria 

of the binary benzene-propene or leave it as a free adjustable parameter for 

the binary adsorption data. As can be seen from Figure 3.10, if multi-RALF is 

properly trained on the information from the molecular scale, it can 

successfully reproduce the binary data in a purely predictive form. It should be 

mentioned that also the extended Langmuir model provides reasonably good 

results. However, multi-RALF is better able to capture the trend of amount 

adsorbed of propene at low mole fraction of the benzene, which the extended 

Langmuir model tends to overestimate.  
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Figure 3.10: xy-plot (top) and absolute amount adsorbed for benzene and propene at 
different mole fraction of benzene (bottom) at 373 K and 100 kPa on ortho-MFI. Circles 

are GCMC results for benzene, squares for propene, solid line is multi-RALF and 
dashed line is the extended tri-site Langmuir model. 
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3.5 Parametrisation of multi-RALF via experimental 
data 

The capture of carbon dioxide from natural or biogas feeds, or from effluent 

streams in power plants can potentially lead to a reduction in the emission of 

greenhouse gases104,106,164. Among the promising materials under 

investigation for this application, zeolites offer great potential in terms of high 

CO2/CH4 selectivity165,166. In particular, Rho-type zeolites have been studied 

for their particular structure which offers high CO2 capacity167,168. The structure 

of a Rho zeolite is shown in Figure 3.11.  

 
Figure 3.11: Unit cell of Rho-type zeolite. In black the solid framework, in red the 

position of extra-framework cations. 

The structure comprises large cages connected by six double eight-membered 

rings which act as windows between cages. Extra framework cations are 

located at the windows between cages.  

The adsorbent of interest for the parametrisation of multi-RALF via 

experimental data is (Na,TEA)-ZSM-25152,169, which is part of the Rho-type 

zeolites family. The acronym TEA stands for tetraethylammonium cations, 

which remain trapped in the framework during the synthesis process. The 

structure of this adsorbent consists of interconnected cages as the one shown 

in Figure 3.11. (Na,TEA)-ZSM-25 has shown the peculiarity of expanding its 

volume upon adsorption and a peculiar adsoprtion behaviour towards CO2 170 
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that it will be investigated in the following. The flexibility of an adsorbent is 

generally observed upon adsorption in metal-organic frameworks (MOFs) such 

as Mil-53(Al)149. Nevertheless, the flexibility showed by zeolites, like (Na,TEA)-

ZSM-25, which are often assumed “rigid”, has gained interest recently171–173.  

Usually, the flexibility in MOFs such as MIL-53 is caused by a stress level 

induced by adsorption that lets the structure of the solid breath174. The flexibility 

of the solid is mainly related to the chemical nature of MOFs, where organic 

linkers are easily distorted by weak interactions with the adsorbates. This 

phenomenon shows an inflection at a critical stress level, and generally tends 

to show hysteresis in the isotherm of MOFs149. By contrast, the more rigid 

structure of zeolites can present flexibility that is caused mainly by Coulombic 

interactions175,176. The interaction of polar molecules with the framework 

cations of the solid causes the movement of the cations. If the cations are 

positioned at a window that links two pore volumes, the movement of the cation 

upon interaction with a polar molecule can lead to a “gating” effect. The 

movement of the cations can also lead to a relaxation of the solid framework, 

which might experience a “breathing” as the one shown in MOFs. 

Aim of this section is to understand the nature of the flexibility of (Na,TEA)-

ZSM-25, and parametrise multi-RALF based on experimental data of 

(Na,TEA)-ZSM-25. Given that the interest is to show the potential of multi-

RALF in the modelling of such complex systems, the experimental 

characterisation and the techniques will only briefly outlined.  

The material synthesis of (Na,TEA)-ZSM-25 is reported by Guo et al.167. The 

structural characterisation with the use of powder X-ray diffraction, scanning 

electron microscopy and thermogravimetry of the sorbent is presented in 

Verbraeken et al.152 and it will not be reported in this work. The results which 

are of interest for the parametrisation of multi-RALF are the isotherms of CO2 

at different temperatures on (Na,TEA)-ZSM-25 and the change of the volume 

of solid upon adsorption. 
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The volume change upon adsorption can be obtained with the use of Variable-

Pressure X-Ray Diffraction (VP-XRD) technique. The CO2 isotherms at 268 K, 

288 K, 308 K, and 328 K have been obtained with a volumetric system, the 

Autosorb iQ system (Quantachrome instruments). The sample mass used for 

the isotherm experiments was of 0.1041 g. Prior to the isotherm acquisition, 

the sample was regenerated overnight under vacuum at 473 K. Both 

adsorption and desorption experiments were carried out.    

The experimental data for the material characterisation have been generated 

by Prof. P.A. Wright and his co-workers at the University of St. Andrews, while 

the CO2 isotherm experiments have been carried out by Dr.Verbraeken, with 

whom the author of this work has developed the model of multi-RALF to 

describe CO2 adsorption on (Na,TEA)-ZSM-25. 

3.5.1 Flexibility of (Na,TEA)-ZSM-25 

The results from VP-XRD experiments, and the CO2 isotherms at different 

temperatures are shown in Figure 3.12. It should be noted that the 

experimental points presented in Figure 3.12 (left) are both from adsorption 

and desorption runs, and no appreciable hysteresis is detected. 

All the isotherms shown in Figure 3.12 (left) present an inflection at constant 

amount adsorbed, between 0.6 mol/kg and 2 mol/kg. This behaviour shows 

that the inflection does not occur at a given pressure of CO2, but rather at a 

constant amount adsorbed, between 0.6 mol/kg and 2 mol/kg, independent on 

the temperature of the system. From Figure 3.12 (right), it is interesting to point 

out that the solid experiences a sharp increase in its volume only after reaching 

almost 2 mol/kg. Hence, the increase in solid volume cannot explain the 

inflection seen in the isotherms around 1 mol/kg. Indeed, at roughly 2 mol/kg, 

none of the isotherms show any inflection. 
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Figure 3.12: Adsorption isotherms of CO2 on (Na,TEA)-ZSM-25 (left), and variation of 
the specific solid volume upon adsorption (right). The isotherms are at 268 K(cirlces), 

288 K (squares), 308 K (diamonds), and 328 K (triangles). 

The data presented tend to exclude a flexibility behaviour as explained for 

MOFs. Indeed, if the flexibility was caused by the adsorbate-adsorbent 

interaction at a given chemical potential of the fluid phase, the inflection would 

happen at the same point where the VP-XRD data show the change in volume. 

Moreover, the isotherm data do not show hysteresis, which is usually a clue of 

internal mechanical stresses of the adsorbent structure. 

An isotherm which shows an inflection can be ideally matched assuming the 

solid to be made of two sites. It should be noted that RALF has already proven 

its ability to predict stepped isotherms using only one site. This behaviour has 

been observed for adsorbents of large porosity and if the adsorbate-adsorbate 

interactions are much stronger than the adsorbate-adsorbent ones149. 

Nevertheless, in the CO2 adsorption on (Na,TEA)-ZSM-25 a strong interaction 

of the adsorbate with the cations is expected. Hence, only one site of RALF 

should not be able to match the isotherms in Figure 3.12. Since the structure 

of (Na,TEA)-ZSM-25 consists of highly interconnected cages, it would be 

impossible to segregate the sites and analyse them. Hence, a model with only 

2 sites is the simplest multisite model that can be used. It should be noted that 

a multi-RALF model consisting of 2 sites contains several degrees of freedom 

which can be tuned to a great variety of experimental data. It is, therefore, 

reasonable to say that a multi-RALF model with 2 sites can potentially cover 

several equilibria without the need of introducing further sites. Nevertheless, 
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the number of sites to fit has to be always decided on a case by case analysis 

and one should use the minimum number of sites that represents correctly all 

available data. 

It should be noted that attempts to model the adsorption dynamics of CO2 on 

(Na,TEA)-ZSM-25 using only one site have been made by Dr.Verbraeken 

without any successful outcome. The results are available in the work of 

Verbraeken et al.152 and will not be reported here. 

In the following, a multi-RALF model with two sites will be used. It will be 

assumed that the characteristic parameters of the solid for each site are the 

same since no molecular simulations can be run to split the different 

contributions. Instead, the confinement and interaction parameter of each 

molecule in the two sites will be allowed to be different. As a first 

approximation, the mass fraction of both sites can be assumed 𝜔ఈ = 𝜔ఉ = 0.5. 

Then, once the fitting of the solid parameter is carried out, this assumption can 

be relaxed for a better fit of the isotherms. 

To correctly capture the trend of the single component isotherms, both 

adsorbates parameters, i.e. 𝜅௜ௌ and 𝜉௜, and the volume change have to be 

simultaneously fitted to both VP-XRD and the isotherms data. In the following, 

the solid parameters 𝑃௦
∗, 𝜌௦

∗ and 𝜌௦ are regressed first. 𝑇௦
∗ is left as adjustable 

parameter for the isotherm data. The volume change will be modelled as 

shown in section 3.5.3. 

3.5.2 Parametrisation of the solid parameters 

The characteristic energy density, 𝑃௦
∗, can be fitted to the heat of adsorption at 

zero loading of CO2 on (Na,TEA)-ZSM-25 calculated using the Clausius-

Clapeyron equation: 

−𝛥𝐻଴ = 𝑅௚𝑇ଶ ൬
𝜕𝑙𝑛𝑃

𝜕𝑇
൰

௤಴ೀమ→଴
 3.33 

from which the enthalpy of adsorption at zero loading is |Δ𝐻଴| = 46.1𝑘𝐽/𝑚𝑜𝑙, 

and the fitted 𝑃௦
∗ = 1.25 × 10଺ 𝑘𝑃𝑎. 
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The skeletal density is derived from He pycnometry, 𝜌௦
∗ = 2640 𝑘𝑔/𝑚ଷ, and 

𝜌௦ = 2020 𝑘𝑔/𝑚ଷ is derived from the XRD measurements in-vacuo. 

The characteristic temperature, 𝑇௦
∗, is fitted in section 3.5.4 to the Henry’s law 

constant of the isotherms in Figure 3.12 (left), together with the interaction and 

confinement parameters. 

The summary of the regressed solid parameters is presented in Table 3.4. 

Table 3.4: Characteristic parameters for (Na,TEA)-ZSM-25 

Parameter Unit Site 𝛼 Site 𝛽 

𝑃ௌ
∗  [𝑘𝑃𝑎] 1.25x106 

𝜌௦
∗  [𝑘𝑔/𝑚ଷ] 2640 

𝜌௦  [𝑘𝑔/𝑚ଷ] 2020 

𝜔௦௜௧௘
(ଵ)

  [−] 0.5 0.5 

𝑇௦
∗  [𝐾] Fitted to single component 

isotherms (section 3.5.4) 

 (1)Starting guess 

3.5.3 Modelling the solid volume flexibility 

Once a preliminary fit of the solid parameters is obtained, two steps remain for 

the full parametrisation of multi-RALF: the modelling of the solid flexibility, and 

the final fit of the single component isotherms. 

The model proposed by Verbraeken et al.152 to explain the data presented in 

Figure 3.12 comprises two sites: site 𝛼 which is always available for 

adsorption, and site 𝛽 which becomes available only when the amount 

adsorbed in site 𝛼 reaches the critical value of 0.6 mol/kg. The site 𝛽 gradually 

opens up to roughly 2 mol/kg, when it becomes fully available. Once the 

cations are repositioned, at around 2 mol/kg, the solid framework relaxes, 

leading to an increase in the solid volume. At zero loading, only site 𝛼 can be 

accessed from the adsorbate since the cations are blocking the windows which 
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allow the adsorbate to move in site 𝛽.  Upon adsorption, the cations of the 

system are solvated with adsorbate molecules, allowing them to move and 

open the window between site 𝛼 and 𝛽. During the desorption, the 𝛽 site is 

emptied first, the cations come back to their original position at the window, 

and finally the adsorbate molecules leave site 𝛼. The mechanism here 

presented does not include internal stresses of the adsorbent since the 

experimental isotherm shows only one equilibrium condition between a 

fugacity in the fluid phase and the adsorbed amount.  

This mechanism is similar to what already observed in Na-Rho zeolites168, 

which also present a distortion of the lattice, and where cations move from 

cage opening to allow adsorption on different sites.  Synchrotron experiments 

carried out by Prof. Wright and co-workers have shown that at low partial 

pressure of CO2 the solid framework possesses a cubic distorted structure with 

small lattice parameters, and only upon adsorption the structure relaxes to a 

more regular one with larger lattice parameters. These observations tend to 

confirm that the volume change after the uptake at 2 mol/kg is caused by a 

relaxation of the solid framework upon cation movement, rather than 

interaction between CO2 and the solid framework. 

Multi-RALF is a model that is based on the volume occupancy of adsorbates 

in the void pore volume. To transpose the physical phenomena of site  

blocking, a strategy similar to what used in the characterisation of ortho-MFI 

can be used (see section 3.4.1): it can be assumed that the 𝛽-site is initially 

blocked from an inert rigid sphere that occupies its entire pore volume. 

However, the porosity of the site 𝛽 is function of the adsorbed amount of the 

site 𝛼, so that when the critical amount adsorbed is reached, site 𝛽 becomes 

available.  

The porosity of site 𝛽 will go from zero up to the value of the porosity of site 𝛼. 

The expression of the porosity of site 𝛽 is reported in eq.(3.34): 
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𝜖ఉ =
𝑉௦,ఉ − 1/𝜌ௌ

∗

𝑉௦,ఉ
 3.34 

where 𝑉௦,ఉ is the volume of the solid in site 𝛽 including the micropores. This 

volume goes from the skeletal volume only when the site is blocked with an 

inert rigid sphere, up to the volume of site 𝛼 when the site is unblocked thanks 

to adsorption. The expression for 𝑉௦,ఉ is: 

𝑉௦,ఉ =
൫1 − 𝑓(𝑞ത)൯

𝜌௦
∗

+ 𝑓(𝑞ത)𝑉௦,ఈ 3.35 

where 𝑓(𝑞ത) is a switching function as in eq.(3.36).  

𝑓(𝑞ത) =
1

2
ൣ𝑡𝑎𝑛ℎ൫𝑤(𝑞 − 𝑞௧௥௔௡௦

ᇱ )൯ + 1൧ 3.36 

where 𝑤 and 𝑞௧௥௔௡௦
ᇱ  are adjustable parameters. The volume of site 𝛼 is 

modelled with a quadratic function fitted to the VP-XRD data, as shown in 

Figure 3.13. The quadratic equation is reported in eq.(3.37), with 𝑎 and 𝑏 as 

fitting parameters. 

𝑉௦(𝑞ത) = 𝑎 ∙ (𝑞ത + 𝑏)ଶ +
1

𝜌௦
  3.37 
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Figure 3.13:Solid specific volume of (Na,TEA)-ZSM-25 as function of the amount 

adsorbed at 328 K from VP-XRD data. Circles are experimental data and solid line is 
eq.(3.37) 

The plot of the porosity of site 𝛽, together with the porosity of the other site, is 

reported in Figure 3.14. As it can be seen, site 𝛽 starts to open up around 0.6 

mol/kg to then arrive at the same porosity of site 𝛼 at around 2 mol/kg.  

 
Figure 3.14:Porosity of (Na,TEA)-ZSM-25 against average amount adsorbed of CO2. 

Cirlces are experimental data from VP-XRD at 328 K, solid line is the porosity of site 𝜶 
and dashed line is the porosity of site 𝜷. 

The fitted parameters of eq.(3.36) and (3.37) are reported in Table 3.5. 
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Table 3.5: Fitted parameters of eq.(3.36) and (3.37) to model the flexibility of (Na,TEA)-
ZSM-25 

Parameter Unit Value 

𝑤  [−] 2.75 

𝑞௧௥௔௡௦
ᇱ  [𝑚𝑜𝑙/𝑘𝑔] 1.62 

𝑎  [𝑚ଷ𝑘𝑔/𝑚𝑜𝑙ଶ] 2.77x10-6 

𝑏  [𝑚𝑜𝑙/𝑘𝑔] 0.3 

𝜌௦   [𝑘𝑔/𝑚ଷ] 2020 

 

The parameters 𝑎 and 𝑏 are fitted to the data in Figure 3.13, while 𝜌௦ is fixed 

by XRD experiments (see section 3.5.2). It should be noted that the 

parameters 𝑤 and 𝑞௧௥௔௡௦
ᇱ  have been fitted to the single component isotherms 

together with 𝑇௦
∗ and the molecule parameters at each site. However, the 

values of 𝑤 and 𝑞௧௥௔௡௦
ᇱ  have been constrained so that the porosity of site 𝛽 

would change in the range of amount adsorbed between 0.6 mol/kg to 2 

mol/kg, to represent the physical movement of the cations while the amount 

adsorbed is in that range. 

3.5.4 Fitting of the CO2 isotherms 

The results of multi-RALF in fitting the CO2 isotherms on (Na,TEA)-ZSM-25 are 

presented in Figure 3.15. The CO2 characteristic parameters are taken from 

De Angelis et al.141: 𝑃∗ = 6.3 × 10ହ 𝑘𝑃𝑎, 𝑇∗ = 300 𝐾 and 𝜌∗ = 1515 𝑘𝑔/𝑚ଷ. 

The fitting strategy, as previously discussed, firstly fixes the mass fractions to 

0.5. Then, the 𝑇௦
∗ is fitted to the Henry’s law region together with the volume 

changing parameter 𝑤 to approach the experimental data. Next, the interaction 

and confinement parameters are adjusted to match the experimental data. 

Finally, a gradual refinement process is carried out to allow for a better match 

adjusting all the parameters simultaneously from the estimate made in the 

previous steps.  
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Figure 3.15: CO2 isotherms on (Na,TEA)-ZSM-25 from experimental data. Circles are 
data at 268 K, squares at 288 K, diamonds at 308 K, triangles at 328 K and the solid 

line is multi-RALF. 

The final result of the fitting is quite satisfactory, since the inflection that starts 

at around 0.6 mol/kg (highlighted in Figure 3.15) is correctly described, 

together with the Henry’s law region.  

 
Figure 3.16: CO2 isotherm on (Na,TEA)-ZSM-25 at 308K. Diamonds are experimental 
data, solid line is multi-RALF; dashed line is the adsorption isotherm of site 𝜶 and 

dash dotted line is the isotherm of site 𝜷. 

10-2 100 102
0.07

0.1

1

5

0.6 mol/kg

10-2 100 102
0

1

2

3

4



The Rigid Adsorbent Lattice Fluid Model 

102   

The fitted interaction and confinement parameters to the isotherms are 

reported in Table 3.6. The final fitted 𝑇∗ = 2050 𝐾, and the mass fractions are 

slightly adjusted to 𝜔ఈ = 0.48 and 𝜔ఉ = 0.52. 

Table 3.6: Fitted interaction and confinement parameters for the CO2 isotherms in 
Figure 3.15 

 𝜿𝒊,𝜶 𝝃𝜶 𝜿𝒊,𝜶 𝝃𝜷 

CO2 -0.085 0.087 -0.14 0.0 

 

To show the behaviour of the two sites, the isotherm at 308 K is split in the 

contribution from both sites, in Figure 3.16. As it can be seen, the Henry’s law 

region is fully dominated by site 𝛼 which is the only site available for adsorption. 

Once the cations that block the windows are solvated by CO2, the adsorption 

in site 𝛽 takes place, which causes the inflection seen in the isotherms. 

The results presented for the thermodynamics of CO2 on (Na,TEA)-ZSM-25 

will be used in the next chapter to obtain information on the diffusion 

mechanism of the system. 

3.6 Conclusions  
Aim of this chapter was the derivation of a novel multisite version of the RALF 

model, multi-RALF, to model both the multicomponent adsorption on 

heterogeneous solids, and the adsorption of CO2 on (Na,TEA)-ZSM-25. 

The multi-RALF model, if one considers that the RALF model is a special case 

of multi-RALF, can handle a huge variety of systems making use of a single 

thermodynamic framework based on the assumption that the solid can be 

modelled as a lattice made of the adsorbent and the adsorbates, which occupy 

different volumes according to their nature. 

Multi-RALF relies on the definition of average properties of the adsorbed lattice 

which have been introduced in section 3.2.2 and the definition of a residual 

chemical potential for each adsorbate, as presented in section 3.2.3. It is 
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implicit in the definition of the residual chemical potential for an adsorbate that 

multi-RALF can handle non-ideal adsorbed lattices, without the need of 

empirical activity coefficients. The non-ideality taken into account in multi-

RALF relies on the modelling of the interaction of the adsorbed molecule with 

the adsorbent and the other adsorbates, and on the confinement volume that 

the molecule occupies in the lattice.  

A simple procedure to derive the characteristic parameters of the solid is 

presented, which uses He pycnometry and mercury intrusion to obtain the 

characteristic densities, and on heat of adsorption at zero loading and Henry’s 

law constant of different molecules for 𝑃௦
∗ and 𝑇௦

∗, respectively.  

The case study used to introduce the equations of multi-RALF in case the solid 

is composed of segregated sites is the azeotropic adsorption of benzene and 

propene on ortho-MFI silicalite at 373 K and 100 kPa. Both single and 

multicomponent data have been generated with GCMC simulations. The solid 

parameters are derived in section 3.4.1, together with a presentation of the 

solid structure of ortho-MFI silicalite. Then, the confinement and interaction 

parameters are fitted to the single component isotherms together with 𝑇௦
∗. Once 

the single component isotherms of benzene and propene on each site are 

fitted, the binary benzene-propene adsorption on ortho-MFI is correctly 

predicted. The molecular simulations show that the reverse in selectivity at 373 

K and 100 kPa is caused by the steric hindrance of benzene which adsorbs 

preferentially at the intersections between straight and sinusoidal channels. By 

contrast, the propene adsorbs uniformly in the solid framework without any 

preference.  

Multi-RALF is also used to model the adsorption of CO2 on (Na,TEA)-ZSM-25, 

a zeolite of the Rho family which shows flexibility upon adsorption. The model 

proposed for this adsorbent consists of two sites, site 𝛼 which is always 

available, and site 𝛽 which is blocked at low pressures from cations located at 

the windows between site 𝛼 and site 𝛽. Unlike MOF flexibility, the flexibility of 

this adsorbent is caused by solvation of the cations from CO2. The solvated 
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cations move away from their position, the windows between the sites, opening 

up the structure and leading to a higher uptake of the adsorbate. The model 

proposed reproduces the experimental data from CO2 adsorption at different 

temperatures, as well as the volume change of the solid upon adsorption. 

Despite the specificity of the equations to this case study, the inclusion of 

flexibility in the multi-RALF model shows the capability of such a general 

model. Indeed, multi-RALF has been proven to be a “flexible” model, able to 

adapt at both segregated sites and coupled sites with solid volume change. 

It is likely that soon adsorbents which present flexibility, and complex 

multicomponent mixtures adsorption on heterogeneous solids, will become 

increasingly relevant in the adsorption field. Therefore, it is paramount to have 

sophisticated macroscopic models which can be parametrised using 

microscopic information from the system under analysis. Multi-RALF can be 

considered a step towards the development of lattice fluid theories for 

adsorption thermodynamics which address this challenge. 
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Chapter 4 Kinetics in porous solids 

4.1 Introduction 
The work on the modelling of monoliths in the first chapter highlighted the 

importance of reliable kinetic parameters in order to correctly predict the 

performance of a certain structure. While this might seem a trivial conclusion, 

the process of acquisition of kinetic information on a system adsorbate-

adsorbent is far from being trivial.  

Measurement techniques of diffusion in porous materials can be divided in two 

main categories: microscopic and macroscopic techniques110,177. The 

microscopic techniques study the random movement of the molecules to then 

derive a diffusion coefficient from Einstein’s relation178,179. By contrast, 

macroscopic measurements study the diffusion of a fluid phase in a porous 

adsorbent to derive an average diffusion time constant of the system177. The 

focus of this chapter will be on macroscopic measurements. 

From the late 30s, transient uptake measurements were considered the means 

of measuring diffusion in porous solids, mainly zeolites and carbon materials. 

Transient uptake measurements can be divided in two categories: gravimetric 

and volumetric experiments177,180.  

Gravimetric experiments follow the change in the adsorbent’s mass upon 

contact with a gas phase that contains adsorbing molecules. The change in 

mass can be correlated to the moles of adsorbate that have adsorbed at a 

specific pressure and temperature181,182. This technique requires very accurate 

balances, correction for buoyancy effects183 and attention to produce a uniform 

gas phase in the chamber where the adsorbent is placed180. 

Volumetric experiments relate the amount of moles adsorbed to the expansion 

of a gas between a dosing cell and an uptake cell (where the adsorbent is 

placed)180,184,185, which are divided by a valve. The valve is closed when the 

gas is dosed in the dosing chamber, and at the start of the experiment is 
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opened. The shape of the dosing pressure profile in time can be related to the 

kinetics of the adsorbate-adsorbent system177,186. 

Until the early 70s, gravimetric and volumetric systems were the main 

techniques for kinetic measurements. It was only after the advent of PFG-NMR 

experiments (microscopic technique) pioneered by Kärger and co-workers179 

that the scientific community posed great attention to the development of novel 

measurement techniques177. This was mainly driven by the inconsistency 

between the results of macroscopic and microscopic measurements 

evidenced by PFG-NMR results177,187. The techniques developed after this 

‘event’ are numerous and all have advantages and disadvantages in the kinetic 

characterisation of porous materials. Nevertheless, it is worth to discuss 

chromatographic and frequency response techniques, which will be the focus 

of this chapter. 

Chromatography can be defined as a flow system, compared to transient 

uptake measurements which can be classified as batch systems. 

Chromatography makes use of an adsorbent packed bed to carry out 

measurements. Either a step or a pulse injection of adsorbent is used at the 

start of the experiment and the outlet profile of adsorbent concentration is 

monitored. From the shape of the outlet profile, so called breakthrough profile, 

information on kinetics (and equilibrium) can be derived110. Chromatographic 

measurements are extensively used to characterise single component 

equilibrium, as well as multicomponent mixture adsorption50,188–190. However, 

the analysis of the results can be somehow convoluted and lead to misleading 

conclusions if one does not take into account the heat generated upon 

adsorption, non-linearity of the system, and axial dispersion as additional 

resistance to the kinetics127,191–193. Indeed, a packed bed of adsorbent can 

generate considerable heat from very strong adsorbing compounds which 

might not be dissipated fast enough to consider the bed isothermal194. The 

main disadvantage is the study of the temperature and breakthrough profiles 

with both mass and energy balances, which introduce a consistent number of 

parameters that cannot be de-coupled from each other. Nevertheless, a recent 
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review from Wilkins et al.194 points out how different checks can be made in 

order to make sure that the system isothermality and linearity are achieved or 

at least assessed. Wilkins et al.194 show that chromatographic techniques can 

provide results as good as conventional transient uptake measurements if the 

experiments and analysis of the results are properly conducted. 

To overcome the limitations of the adsorbent packed bed, Eic and Ruthven195 

introduced in the late 80s the zero-length-column (ZLC) technique. The ZLC 

consists of a very small column filled with a monolayer of adsorbent material, 

generally placed between two sinter discs. The column is equilibrated with a 

feed at constant adsorbate concentration. At equilibrium, the column feed is 

switched to pure inert gas to purge the column and the desorption profile of 

the targeted adsorbate is monitored196. The arrangement in a small column 

with monolayers of solid aims at reducing bed-effects, such as the resistance 

given by axial dispersion. Moreover, the constant flow of fresh feed and the 

small adsorbent quantity reduce the non-isothermality of the system. Indeed, 

the improved gas-solid contact ensures high heat transfer, leading to 

isothermal conditions. It should be noted that models have been developed to 

take into account non-isothermal197, non-linear198 conditions, and crystal size 

distribution of the adsorbent199, as well. Its main advantage is the small 

quantity of adsorbent needed, usually in the order of milligrams102. Generally, 

the ZLC is used for both equilibrium and kinetic measurements. At low 

flowrates, the system approaches equilibrium and the outlet concentration 

profile can be directly related to the shape of the isotherm of the adsorbate. 

On the contrary, at fast flowrates, the systems tend to be controlled by the 

kinetics of diffusion. Hence, from high flowrates, kinetic information can be 

regressed. The ZLC will be the focus of section 4.2 where the kinetics of CO2 

in (Na,TEA)-ZSM-25 will be investigated. The ZLC has been chosen as 

technique for such a system given the small quantity of adsorbent needed and 

given its rapidity for adsorbent screening.  

The last technique to consider is frequency response (FR). This technique 

derives kinetic information from the response of a system upon a periodic input 
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perturbation. FR systems can be designed either in batch or flow mode. In 

batch FR, the sorbent is placed in a chamber and equilibrated with a known 

amount of gas at constant pressure and temperature, while small perturbations 

of the chamber volume are generated200–202. The perturbation is usually a 

sinusoidal wave in time, but also square wave input perturbation can be found 

in literature203,204. The frequency of the perturbation is varied to investigate a 

broad range of frequencies, so that different time constants can be detected. 

Naphtali and Polinski205 initially introduced batch FR to study hydrogen 

adsorption on nickel catalyst. It became then widely used by Yasuda and co-

workers206–209 who broadened it to study diffusion in zeolites. In the early 

development stage of FR measurement, isothermal conditions were assumed 

because of the small volume perturbation, which was usually between 1-2% of 

the total volume. Sun and co-workers 210,211 investigated the effect of non-

isothermal conditions on FR experiments. As a result, they developed the 

thermal frequency response (TFR) method201,210, where the adsorbent 

temperature is monitored. Furthermore, Sun et al.212 analysed the data 

presented by Yasuda et al.209 on the diffusion of paraffins in 5A zeolite and 

demonstrated that the assumption of isothermality led to an inaccurate 

description of the mass transfer mechanism of the system. Several studies 

have then developed further theoretical models for the study of FR 

experiments including bidispersed sorbents213, non-isothermal conditions214, 

multicomponent mixtures215,216, non-linear conditions200,217 and higher order 

frequencies200. The main advantage of TFR measurements is the accurate 

discrimination between mass and heat transfer time constants. The interest of 

this chapter is on TFR for the study of air separation with lithium-low-silica X-

type zeolite (LiLSX). Air separation using LiLSX is an equilibrium driven 

process, where the nitrogen is more strongly adsorbed thanks to the 

interaction between the Li ions and the quadrupole moment of nitrogen. 

Therefore, the kinetic time constants are very fast and difficult to detect with 

commercial uptake systems, which are generally designed for equilibrium 

measurements. Nevertheless, in the design of fast cycle units (cycle time of 

few seconds), the kinetics of nitrogen in LiLSX can become relevant. 
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Therefore, it is important to detect with accuracy the diffusion mechanism of 

air in LiLSX if fast cycle processes have to be designed184.The main benefit of 

TFR measurements is the effective decoupling and sensitivity to different time 

constants at different range of frequencies201. Both mass and heat transfer 

time constants can be detected, which makes this technique particularly 

attractive for preliminary parameter estimation to design adsorption processes.  

It is evident from the brief literature review that the choice of a measurement 

technique is mainly driven by the information on the system under analysis, if 

any information is available.  

What follows can be divided into two main parts: the study of CO2 diffusion in 

(Na,TEA)-ZSM-25 and the study of air separation on LiLSX with the use of 

TFR. These two particular systems highlight two challenges of macroscopic 

measurements: the flexibility of an adsorbent material and the detection of 

kinetics information of fast diffusing systems. The kinetics in flexible materials 

has gained particular attention given the separation potential of such materials. 

Air separation with LiLSX falls in the category of very fast diffusing systems, 

for which conventional transient uptake measurements would be unable to 

detect any kinetics at conditions relevant for process simulations.  

4.2 Diffusion of CO2 in (Na,TEA)-ZSM-25 
The system CO2−(Na,TEA)-ZSM-25 has been introduced in the previous 

chapter. This section aims at studying the kinetics of such system relaying on 

multi-RALF for the modelling of its thermodynamics (see section 3.5).  

Results from ZLC experiments at different conditions will be presented with the 

aim of relating their trends to the physical description of the system given 

during the equilibrium study: at zero loading only the 𝛼 site is available for 

adsorption while the 𝛽 site is blocked at its windows by the cations. Upon 

reaching a critical adsorbed phase concentration, the cations are solvated and 

move, so that the 𝛽 site becomes available for adsorption. 
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A brief overview of the experimental apparatus and the experimental 

procedure are presented in section 4.2.1 and 4.2.2. Then, the models used to 

fit the experimental data are discussed in section 4.2.3. It should be noted that 

the experimental work has been carried out by Dr.Verbraeken to which the 

author would like to express his gratitude for the help.  

4.2.1 The Zero-Length-Column apparatus 

Detailed description and analysis of a ZLC apparatus can be found in the 

recent review from Brandani and Mangano196. The main features of a ZLC 

apparatus are presented in Figure 4.1: the feeding lines are connected to mass 

flow controllers which are linked to either rotary or switching valves. The valves 

direct the flow to the ZLC placed inside an oven, and the outlet stream of the 

ZLC is then sent to a detector. As noted in Figure 4.1, a pre-heating coil in the 

oven allows the feeding gas to be equilibrated at the temperature of the oven. 

 

Figure 4.1: Schematic diagram of a ZLC apparatus 

The apparatus used for the kinetic study of CO2 on (Na,TEA)-ZSM-25 

consisted of a 1/8” stainless steel union (Swagelok, UK) as column where the 

powder of adsorbent is placed between two porous metal discs to hold it in 

place. The column and the pre-heating coil are placed in a Carbolite oven with 

thermostatic control (Eurotherm). For experiments which require the cooling of 
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the column, a cooling jacket is used, which is connected to a thermostatic bath 

(Julabo F-25). The feed lines are controlled with mass flow controllers (Brooks 

Instrument), which are connected to solenoid valves to direct either the pure 

helium stream or the CO2-He mixture in the column. The detector used for this 

study is a mass spectrometer (Dycor Residual Gas Analyzer, Ametek Process 

Instruments). The dry mass of adsorbent used for the ZLC experiments is 4 

mg. 

It should be noted that the apparatus used for this study is also equipped with 

four vessels of 1 L each used to prepare the CO2-He mixture mixtures for the 

experiments. The vessels are placed in a Carbolite oven with thermostatic 

control (Eurotherm) set at the temperature of the experiment. 

4.2.2 Experimental procedure 

Before each experiment, the ZLC is regenerated in-situ under vacuum 

overnight at 473 K. Meanwhile, a mixture of CO2 and He is prepared at the 

desired partial pressure of CO2 for the experiments. This mixture is prepared 

in advance to make sure that a homogeneous mixing is achieved. Once the 

mixture is ready and the ZLC is cooled at the temperature of the experiments, 

either 288 K or 308 K, the mass flow controllers are calibrated with a bubble 

flow meter. The flow is allowed to vary in a range of  0.9 Nml/min up to 20 

Nml/min. The actuation of the solenoid valves which link the dosing lines to the 

ZLC and the collection of the data from the mass spectrometer are carried out 

with a LabVIEW interface. 

To take into account the extra-column effect, a deconvolution of the raw signal 

from the mass spectrometer is carried out, as shown in Verbraeken et al.218. 

This procedure enables the isolation of the concentration profile of CO2 that 

comes out directly from the ZLC from the total raw signal. In essence, the 

deconvolution of the mass spectrometer signal considers each component of 

the ZLC apparatus as a unit having a characteristic transfer function. Assuming 

linearity, the signal from the mass spectrometer can be seen as sum of the 

single contributions from the different units of the system.  
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4.2.3 Model  

This section outlines the equations used to fit the experimental data from ZLC 

experiments, making use of the multi-RALF model presented in the previous 

chapter as equilibrium model. In addition, a brief introduction of the analytical 

solution of the isothermal and linear ZLC model originally developed by 

Brandani and Ruthven219 is reported. The analytical model will be used for a 

preliminary fit of the experimental data. 

4.2.3.1 Numerical ZLC model with multi-RALF 

The assumptions of the model are: 

 Isothermal and isobaric conditions; 

 The gas phase is ideal; 

 The column is saturated with an initial concentration 𝑐଴ of CO2 in inert 

He; 

 The feed consists of pure inert He; 

 The diffusion is controlled by the micropores with no surface barrier; 

 The adsorbent is (Na,TEA)-ZSM-25 and it is assumed rigid and 

spherical; 

Despite the breathing behaviour of the solid, the model assumes rigid 

adsorbent because the breathing does not lead to a dramatic change of the 

solid volume. Hence, the simplifying assumption of assuming it rigid suits the 

purpose of a simple model to derive kinetic properties from ZLC experiments.  

The mass balance on CO2 in the ZLC is: 

𝑚௦

𝑑𝑞ത஼ைమ

𝑑𝑡
+ 𝑉௙

𝑑𝑐஼ைమ

𝑑𝑡
= −𝐹𝑐஼ைమ

 4.1 

where 𝑚௦ is the mass of solid, 𝑞ത஼ைమ
 the average amount adsorbed in (Na,TEA)-

ZSM-25, 𝑉௙ the volume of fluid in the ZLC, 𝐹 the outlet flowrate, and 𝑐஼ைమ
 the 

concentration of CO2 in the fluid. 
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The outlet flowrate can be calculated from an overall mass balance on the 

system: 

𝐹 = 𝐹௜௡ −
𝑚ௌ

𝑐௧௢௧

𝑑𝑞ത஼ைమ

𝑑𝑡
 4.2 

where 𝐹௜௡ is the inlet flowrate of carrier gas, and 𝑐௧௢௧ is the total concentration 

of gas in the system. 

The differential mass balance on the adsorbent is: 

𝜕𝑞஼ைమ

𝜕𝑡
=

1

𝑟ଶ

𝜕

𝜕𝑟
(−𝑟ଶ𝐽) 4.3 

where 𝐽 is the molar flux, and 𝑟 is the radial coordinate. The flux can be written 

as: 

𝐽 = −𝐷൫𝑞஼ைమ
൯𝛤

𝜕𝑞஼ைమ

𝜕𝑟
 4.4 

where 𝐷൫𝑞஼ைమ
൯ is the corrected diffusivity, and Γ =

௤಴ೀమ

ோ೒்

డఓ಴ೀమ

డ௤಴ೀమ

 is the Darken 

correction factor, which can be obtained from the multi-RALF expression of the 

chemical potential, 𝜇஼ைమ
.  

The boundary conditions of the differential mass balance, eq.(4.3), are of zero-

flux at the centre of the sphere 

𝑑𝑞஼ைమ

𝑑𝑟
ቤ

௥ୀ଴

= 0 4.5 

and equilibrium at the surface: 

𝑞஼ைమ
ห

௥ୀோ೛
= 𝑞ோ஺௅ி(𝑐஼ைమ

) 4.6 

where 𝑞ோ஺௅ி(𝑐஼ைమ
) is the amount at equilibrium from multi-RALF and 𝑅௣ is the 

particle radius. This value can be calculated as presented in the previous 

chapter. 
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The average amount adsorbed can be calculated from an overall mass 

balance on the solid, as shown below: 

𝑑𝑞ത஼ைమ

𝑑𝑡
= −

3

𝑅௣
𝐽|௥ୀோ೛

 4.7 

Since the ZLC is fully saturated with a feed of CO2 and He, the initial condition 

or the desorption experiment is that 𝑐஼ைమ
= 𝑐଴ and that 𝑞஼ைమ

= 𝑞ோ஺௅ி(𝑐଴). 

The system of equations is solved with the method of lines in MATLAB with 

the function 𝑜𝑑𝑒15𝑠, where the radial coordinate is discretised using the 

orthogonal collocation of finite elements method. The equations of multi-RALF 

for the equilibrium properties are solved together to the differential equations, 

so that the system consists of a differential-algebraic system (DAE). The initial 

condition for multi-RALF at time 0 is provided solving multi-RALF for the 

concentration of CO2 at which the system is equilibrated. Then, the initial 

condition at arbitrary time 𝑡′ will be automatically provided by the previous time 

step 𝑡ᇱ − Δ𝑡. This procedure assures a fast convergence of the system to a 

solution within reasonable tolerances. 

It should be noted that multi-RALF could be solved as a sub-routine, which is 

called when needed. This would reduce the size of the DAE system and reduce 

it to a system of differential equations only. However, modern DAE solvers, as 

the routines developed in MATLAB or open-source libraries like SUNDIALS, 

use sophisticated techniques to interpolate the solution over the time steps 

taken, so to provide an initial condition for the time integration and a solution 

technique faster than conventional sub-routines which use root-finding 

methods. Hence, the solution of the whole DAE model should be preferred to 

the sub-routine approach. 

4.2.3.2 Standard ZLC model 

The model so far presented makes use of a non-linear isotherm (the multi-

RALF model) to characterise the thermodynamics of the system. Conventional 

ZLC experiments are generally run in linear regime, or slightly non-linear. In 
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the following, the analytical solution of a ZLC model in isothermal conditions 

will be used for a preliminary assessment of the diffusion behaviour of CO2 in 

(Na,TEA)-ZSM-25. The analytical model has been developed by Brandani and 

Ruthven219 assuming spherical adsorbent, Fickian diffusion, isothermal and 

linear conditions. The gas phase concentration can be written as: 

𝑐(𝑡)

𝑐଴
= ෍

2𝐿

𝛾𝛽௡
ଶ + 𝐿 − 1 + 𝛽௡

ଶ + (𝐿 − 1 − 𝛾𝛽௡
ଶ)ଶ

𝑒
ିఉ೙

మ ஽

ோ೛
మ௧

ஶ

௡ୀଵ

 4.8 

where the parameter 𝐿 and 𝛾 are defined as: 

𝐿 =
ி

ଷ௄௏ೞ

ோ೛
మ

஽
;   and   𝛾 =

௏೑

ଷ௄௏ೞ
 4.9 

the parameter 𝐿 can be seen as the ratio between the diffusion time constant 

of the system, 𝐷/𝑅௣
ଶ, and the wash-out of the solid phase. The parameter 𝛾 is 

the ratio of the accumulation in the fluid and solid phase, where 𝐾 is the 

equilibrium constant of the system. The higher the 𝐿 parameter, the more likely 

the system will be under kinetic control. Generally, 𝐿 > 10 should be sufficient 

to ensure kinetic control. However, it is always a good precaution to analyse 

the data on a case-by-case study. A graphical check to discriminate between 

equilibrium and controlled ZLC experiments is discussed in the next section. 

Finally, 𝛽௡ are the roots of eq.(4.10). 

𝛽௡𝑐𝑜𝑡(𝛽௡) − 1 − 𝛾𝛽௡
ଶ + 𝐿 = 0 4.10 

4.2.4 Results and discussion 

The results of ZLC experiments at 308 K,100 kPa and 20% CO2 in He at 

different flowrates are presented in Figure 4.2. The aim of running experiments 

at different flowrates is to move from an equilibrium controlled system to a 

kinetically controlled one. The higher the flowrate, the more the system will 

approach kinetic control. As it can be seen from Figure 4.2, all the curves show 

an inflection, which can be linked to the inflection in the isotherms (Figure 3.15) 

and the moving of the cations from the windows between sites. Conventional 
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rigid materials typically show an exponential decay as trend, with no inflection. 

By contrast, this type of signal is generally detected with flexible materials.  

 

Figure 4.2: Experimental data at 20% CO2 in He at 308 K and 100 kPa on (Na,TEA)-
ZSM-25 at 0.90 Nml/min (squares), 1.77 Nml/min (circles), 4.88 Nml/min (diamonds) 

and 10.64 Nml/min (triangles). 

To study the kinetics of CO2 in this material, it is crucial to prove that the system 

is under kinetic control. In order to discriminate between equilibrium and kinetic 

controlled curves, it is useful to plot the same data as 𝑐/𝑐଴ vs. 𝐹𝑡, as done in 

Figure 4.3. The area under the experimental curve in the so-called “𝐹𝑡-plot” 

yields to the uptake capacity at each experimental run. From the different 

flowrates, the total uptake at 308 K, 100 kPa and 20% CO2 is 𝑞௖௢మ
= 2.82 ±

0.05 𝑚𝑜𝑙/𝑘𝑔, which is consistent with the isotherm from volumetric 

experiments. The 𝐹𝑡-plot is also a quick visual tool to determine if an 

experimental run is in kinetic control regime220. Indeed, all the runs which are 

under equilibrium control will overlap in an 𝐹𝑡-plot. By contrast, kinetic 

controlled profiles will present a diverging trend initially, to then intercept each 

other. The results presented in Figure 4.3 are initially overlapping up to 𝑐/𝑐଴ =

0.15, and then they start diverging. This behaviour suggests equilibrium control 

between 𝑐/𝑐଴ = 1 and 𝑐/𝑐଴ = 0.15, and then a transition to a kinetically 

controlled regime at lower gas concentrations. Since the inflection around 

𝑐/𝑐଴ = 0.15 corresponds to 𝑞 = 0.6 𝑚𝑜𝑙/𝑘𝑔, it is reasonable to assume that the 
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inflection in the isotherms causes the transition in the ZLC regime. Indeed, at 

0.6 mol/kg the inflection in the isotherm starts. At this amount adsorbed, the 

site 𝛽 starts to become available for adsorption, as discussed in the previous 

chapter. Hence, when both 𝛼 and 𝛽 sites are available, the diffusion of CO2 in 

the adsorbent is so fast to lead to equilibrium control. On the contrary, once 

passed the inflection, the 𝛽 site starts to become inaccessible, with the cations 

moving back at the opening between 𝛼 and 𝛽 sites, and the system 

approaches kinetic control, as shown by the divergent curves in Figure 4.3. 

 
Figure 4.3: Ft-plot for the experimental data at 20% CO2 in He at 308 K and 100 kPa on 
(Na,TEA)-ZSM-25. Solid line is 0.90 Nml/min, dashed line is 1.77 Nml/min, dash-dotted 

line is 4.88 Nml/min, and dotted line is 10.64 Nml/min. 

Once it has been confirmed kinetic control at different flowrates, the value of 

diffusional time constant can be estimated from both the standard ZLC model 

and the numerical one. Since the diffusion model has to reflect the gate 

opening of site 𝛽 at a fixed loading, it would be somehow difficult to start fitting 

directly the numerical model to the full curves in Figure 4.2. Instead, the 

equilibrium part of the data can be “cut-out” so that the standard ZLC model 

can be used to preliminary assess the value of 𝐷/𝑅௣
ଶ for the kinetically 

controlled part of the experimental data. The results of fitting the standard ZLC 

model to the cut data is presented in Figure 4.4. It should be noted that the 

data have been re-normalised to start from 𝑐/𝑐଴ = 1. This cut and 

normalisation procedure can be safely applied to remove the equilibrium 
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controlled region since, for its all duration, the concentration profile of the 

adsorbate in the adsorbent is completely flat, i.e. at equilibrium with the fluid 

fugacity. 

 
Figure 4.4: Analysis of the "cut" experimental data using the standard ZLC model (see 

section 4.2.3.2). The diffusional time constant fitted is 
𝑫

𝑹𝒑
𝟐 = 𝟑. 𝟒 × 𝟏𝟎ି𝟒𝒔ି𝟏. Circles are 

data at 1.77 Nml/min, diamonds at 4.88 Nml/min, and triangles at 10.64 Nml/min. The 
solid line is the standard ZLC model. 

The fitting of the standard ZLC model provides satisfactory results, proving that 

the diffusion process at low concentrations follows a conventional desorption 

profile from a ZLC experiment where the system is linear. The fitted 

parameters are reported in Table 4.1. It should be noted that the 𝐿 parameters 

for the three flowrates are not independent from each other: the ratio between 

two 𝐿 parameters at two different flowrate is the same as the ratio of the 

flowrates. Hence, only one 𝐿 parameter has to be fitted (typically the highest 

flowrate), and then the other two predicted from it. 

Table 4.1: Fitted parameters of the standard ZLC model to the cut and renormalised 
experimental data for 20% CO2 in He at 308 K and 100 kPa. 

Flowrate (Nml/min) 𝑳 [−] 𝜸 [−] 𝑫/𝑹𝒑
𝟐 [s-1] 

1.77 9.5 0.18 3.4x10-4 

4.88 26 0.18 3.4x10-4 

10.64 57 0.18 3.4x10-4 
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The value of fitted diffusion time constant at zero loading is much higher than 

similar Na exchanged Rho zeolites, which exhibit a diffusion time constant of 

roughly  1 × 10ିହ𝑠ିଵ in similar conditions168. 

The preliminary results presented suggest that, when both 𝛼 and 𝛽 sites are 

available, the diffusion process is so fast to lead to equilibrium controlled 

curves. Then, once the adsorbent contracts its lattice due to the low amount 

adsorbed, the diffusivity decreases to a constant value which can be related to 

the diffusivity of the system 𝛼 site – CO2. It is worth to mention that synchrotron 

experiments showed that at low CO2 partial pressures the adsorbent 

possesses a cubic distorted structure with small lattice parameters. During 

adsorption, with the cations moving from the cage opening, the framework 

relaxes to a more regular structure with larger unit cell parameters. Although 

this modification in the framework structure is small compared to the breathing 

behaviour of MOF materials such as MIL-53, it can still have a considerable 

impact on the transport properties of the system CO2 – (Na,TEA)-ZSM-25. 

The model here proposed for the corrected diffusivity of CO2 in (Na,TEA)-ZSM-

25 aims to reflect the physical behaviour explained above: fast diffusion when 

the structure is fully available, and slow diffusion when the 𝛽 site is blocked, 

leading to kinetic control in the ZLC experiments. Using the adsorbed phase 

concentration as variable upon which the diffusivity depends, the model for the 

diffusivity of CO2 in the adsorbent can be written as: 

𝐷(𝑞஼ைమ
)/𝑅௣

ଶ = 𝐷଴/𝑅௣
ଶ + 𝐴𝑒஻(௤തି௤ത೟ೝೌ೙ೞ) 4.11 

where 𝐷଴ is the corrected diffusivity of CO2 at zero loading, 𝑞ത௧௥௔௡௦ is the critical 

adsorbed concentration at which the diffusivity starts increasing, and 𝐴 and 𝐵 

are fitting parameters. The second term of the right hand side of eq.(4.11) 

represents a Buckingham-like potential to model the increase of the diffusivity 

at increasing loading. It can be noted that in eq.(4.11) the value of 𝑞ത௧௥௔௡௦ can 

be fixed a priori at 0.6 mol/kg. Indeed, it is known that the adsorbent shows 

inflection in the isotherm at 𝑞ത௧௥௔௡௦ = 0.6 𝑚𝑜𝑙/𝑘𝑔, which is the critical adsorbed 

concentration at which also the 𝛽 site starts to become available for diffusion. 
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Moreover, the value of 𝐷଴/𝑅௣
ଶ is fixed by the fitting of the standard ZLC model 

to the kinetically controlled region of the experimental data (see Figure 4.4). 

Hence, only 𝐴 and 𝐵 remain to be fitted to experimental data. 

The fitting of the model in section 4.2.3.1, together with eq.(4.11), yields to a 

good fit of the experimental data, as presented in Figure 4.5. The lowest 

flowrate, 0.90 Nml/min, is completely equilibrium controlled. As it can be seen 

from Figure 4.5, the isotherm from the previous chapter leads to a correct 

prediction the ZLC curve. 

 
Figure 4.5: ZLC desorption of 20%CO2 in He at 308 K and 100 kPa on (Na,TEA)-ZSM-
25. Symbols are experimental data at 0.90 Nml/min (squares), 1.77 Nml/min (circles), 

4.88 Nml/min (diamonds) and 10.64 Nml/min (triangles). Solid line is the ZLC 
numerical model (see section 4.2.3.1) 

The model is able to capture the transition between equilibrium-controlled at 

high partial pressure of CO2 and kinetic controlled regime at low partial 

pressures of CO2. The fitted values for the free parameters are 𝐴 =

3.6 × 10ିସ 𝑠ିଵ and 𝐵 = 8.3 [𝑘𝑔/𝑚𝑜𝑙]. The trend of the diffusivity with respect 

to the adsorbed phase concentration can be seen in Figure 4.6. 

 



  Kinetics in porous solids 

  121 

 
Figure 4.6: Corrected diffusivity vs total amount adsorbed. The dashed line marks 𝒒 =

𝟎. 𝟔 𝒎𝒐𝒍/𝒌𝒈, the amount adsorbed at which the 𝜷 site becomes accessible. 

At low adsorbed amounts, the 𝛽 site is blocked and the diffusivity is constant 

at 
஽

ோ೛
మ = 3.4 × 10ିସ, as shown by the standard ZLC model. Once the cations are 

solvated by the adsorbate, the 𝛽 site becomes available, the framework 

relaxes, and the diffusivity starts to increase up to such fast values that the 

ZLC curves become equilibrium controlled. 

At this point, a comment should be made on the proposed model: the model 

for the diffusivity proposed in eq.(4.11) shows an asymptotic limit at low 

adsorbed concentration, while diverging upon adsorption. While 

mathematically the function in eq.(4.11)  would exponentially rise to infinity, the 

adsorbate will eventually reach a saturation loading and the diffusivity will 

reach a constant value as well. It should be possible, in principle, to detect the 

upper limit of the diffusivity when both sites are available, by running ZLC 

experiments at very fast flows. These experiments should reach a value of the 

flow by which also the full adsorbent becomes kinetically controlled and hence 

the value of diffusivity for the two sites can be assessed. Nevertheless, the 

flowrates required would be so high that the limit of detection of the system will 

be approached. Therefore, our model aims to describe what can be reliably 

said from the experimental data. For a more thorough investigation of the 

kinetics of the full adsorbent other experimental data, and possibly another 

experimental apparatus, would be required. 
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To validate the fitted parameters at 308 K, a second set of data at 288 K 100 

kPa and 10%CO2 in He has been used. With the knowledge of the adsorption 

isotherm, and the 𝐴, 𝐵 and 𝑞ത௧௥௔௡௦ parameters for the diffusivity, the only fitting 

parameter left is the limiting diffusion time constant 𝐷଴/𝑅௣
ଶ. The results of the 

fitting at 288 K can be seen in Figure 4.7. 

 
Figure 4.7: ZLC desorption of 10% CO2 in He at 288 K and 100 kPa on (Na,TEA)-ZSM-
25. Symbols are experimental data at 3 Nml/min (squares), 4.68 Nml/min (circles) and 

9.82 Nml/min (diamonds). Solid line is ZLC numerical model (see section 4.2.3.1) 

The fitted limiting diffusivity is 
஽బ

ோ೛
మ = 1.8 × 10ିସ𝑠ିଵ. From the two diffusivities at 

different temperatures an activation energy for diffusion can be estimated to 

be 24 kJ/mol. Ideally, at least another temperature should be used for a reliable 

estimate of the activation energy. 

The results presented so far tend to confirm that the inflection in the isotherm 

and the unusual kinetic behaviour are not directly correlated between them 

and strongly dependent on the cations movement between the cages. It is 

interesting to note that ZSM-25 zeolite fully exchanged with other ions, i.e. Li+ 

and K+, does not present inflection in the isotherm. Min et al.170 presented 

similar results, with the conclusion that the only ions presenting an inflection in 

the isotherm are Na+ and Cs+. This leads to the conclusion that the inflection 

in the isotherm and the unusual kinetics is caused by a delicate balance 

between ion exchanged zeolites and size of the ion.  
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4.3 Thermal frequency response 
This second part of the chapter deals with the study of air separation with 

LiLSX using TFR technique. LiLSX is one of the most commonly used 

adsorbents for the on-site production of oxygen184,221,222, which is crucial to 

many applications, e.g. cutting operations for the metal industry, mining 

industry, wastewater treatment.    

Commercial vacuum swing adsorption (VSA) processes are employed to 

produce oxygen with a purity higher than 95% from an air feed222. The 

separation is driven by the preferential adsorption of nitrogen over oxygen. The 

Li ions have high affinity to the strong quadrupole moment of the nitrogen, 

which leads to higher nitrogen adsorption, yielding high N2/O2 selectivity.  

VSA separation of N2 from air is equilibrium driven, but accurate mass transfer 

kinetics data remain crucial for the design of the separation unit. Although the 

air separation on LiLSX is driven by the thermodynamic selectivity of the 

adsorbent towards nitrogen, the design of fast cycle separation units will be 

affected by the kinetics of the system, e.g. the design of a medical oxygen 

concentrator221, as well. 

Numerous studies have investigated the thermodynamics of nitrogen and 

oxygen on LiLSX185,223–225, but few analyse the kinetics of this system. Bülow 

and Shen226,227 analysed the kinetics of nitrogen, oxygen and argon on beads 

of LiLSX containing rare earth metals. Bülow and Shen concluded that the 

system is macropore diffusion controlled, and provided further information on 

the activation energies for the diffusivity. Wu et al.228 analysed breakthrough 

experiments of pure nitrogen and oxygen on pelletised LiLSX with the use of 

an isothermal-isobaric model. They concluded that nitrogen mass transfer is 

mainly controlled by skin resistance at the surface of the pellet. In addition, 

Todd and Webley229,230 carried out experimental studies of N2 on pelletised 

LiLSX. Todd and Webley229,230 made use of two techniques, volumetric and 

breakthrough experiments, analysing the results with the dusty gas model, 

assuming macropore diffusion control. Todd and Webley229,230 reported two 
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different values of tortuosity for each transport mechanism, namely Knudsen 

diffusion, 3.7, and viscous flow, 5.1229. Volumetric experiments have also been 

carried out by Brandani et al.184 for the N2-LiLSX system. Brandani et al.184 

assumed macropore diffusion control, and derived a tortuosity of 3.13. Ju et 

al.231 also made use of a volumetric system to characterise equilibrium and 

kinetics of several gases on pelletised LiLSX. By changing the size of the pellet 

Ju et al.231 proved the system to be macropore diffusion controlled, in contrast 

to the findings of Wu et al.228, that reported skin resistance. Similarities 

between the works cited are the fast kinetics of nitrogen in LiLSX and the 

significant heat effects.  

Heat effects are considered in the models of Ju et al.231 and Todd and 

Webley229,230, while Brandani et al.184 assume an isothermal case. This 

assumption is justified by Brandani et al.184 as the sample is mixed with 

stainless steel beads to avoid temperature changes during the experiment. 

Moreover, Brandani et al.184 verified this assumption by carrying out 

experiments with different masses of adsorbent, which is a check sometimes 

neglected by other studies that assume isothermal conditions.   

Since the diffusion of N2 in LiLSX is a fast diffusing system, the analysis of 

kinetic data from commercial volumetric/gravimetric systems might lead to 

inaccuracies. Commercial systems are designed for equilibrium 

measurements and can be used only to study slow diffusing systems for which 

their acquisition rate and valve dynamics are not the controlling mechanism. 

Chromatographic experiments might be employed to study nitrogen diffusion 

in LiLSX. However, given the relatively high heat of adsorption, heat effects 

will have to be included in the analysis.  

TFR represents a valuable and flexible technique to study fast diffusive 

systems like nitrogen on LiLSX. TFR systems allow the measurement of 

kinetics as well as heat transfer characteristics, given their different time 

constants.  
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In the following, the dual piston pressure swing adsorption (DP-PSA) 

system232–234 is presented, and its use for TFR measurements is discussed. 

The DP-PSA was originally designed to assess the performance of an 

adsorbent under realistic process conditions of rapid cycling and flow reversal 

for a variety of experimental conditions. Here the DP-PSA is used for the first 

time as a frequency response apparatus for the characterisation of very fast 

mass and heat transfer parameters. Moreover, newly derived models for single 

and multicomponent experiment analysis are presented in the limit of 

macropore diffusion control. Main aim of this work is to study the air separation 

on commercial LiLSX beads in ranges of pressure and temperature relevant 

to industrial applications. This choice aims at proving that TFR can be used as 

a characterisation technique at conditions where commercial systems 

(volumetric and gravimetric ones) might struggle to provide meaningful data. 

Indeed, for time constants up to few seconds, volumetric and gravimetric 

system will not provide reliable data to be analysed. Indeed, the blank 

response time constant of this system is usually in the same order of 

magnitude, which would pose a serious obstacle to the decoupling of blank 

and system responses. 

The experimental part of this work has been performed in collaboration with 

Dr.Olkis and the MSc student Miss.Holtermann. 

4.3.1 The Dual Piston Pressure Swing Adsorption (DP-PSA) 
apparatus 

The DP-PSA consists of a column connected to two pistons which can 

cyclically move at frequencies up to 2 Hz. A picture of the system is reported 

in Figure 4.8.  
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Figure 4.8: The DP-PSA apparatus: 1) Column, 2) Piston, 3) Gas dosing cylinder, 4) 

Oven, 5) Pressure display, 6) acquisition and control system. 

The schematic diagram of the system is reported in Figure 4.9. A detailed 

description of the system can be found in the work of Dang et al.232. In the 

following, an overview of the system is presented. The main change to the 

experimental set-up compared to the work of Dang et al.232 is the use of thinner 

thermocouples, with a much shorter delay time constant, and use of vacuum 

coupling radiation (VCR)  fittings for an effective vacuum seal of the column. 

The details are provided below. 

The apparatus consists of two main parts: a dosing side and the column side. 

The two sides are connected by valve V8. During the dosing of the gas in the 

adsorption column (AC in Figure 4.9) V8 is open. During the experiments V8 

is closed, such that the column side acts as a closed system. 

The pistons, the column, and the dosing cylinders are mounted in a Sanyo 

MOV-112 oven, which can reach 533 K, to ensure that the parts of the system 

are all at the same temperature. 
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Figure 4.9: Schematic diagram of the DP-PSA apparatus. 

4.3.1.1 The dosing system 

The dosing system consists of drying columns (DC in Figure 4.9) connected to 

main gas lines of N2, CO2, and He (F in Figure 4.9). An additional line is 

connected to a cylinder of dry air. The DCs are connected via valve V3 to 4 

dosing cylinders of 1 L each, where mixtures can be prepared prior to 

experiments. For single component experiments, the gas is directly fed from 

the DCs to the adsorbing column via valve V1-V3-V8, closing the dosing 

cylinders with their respective valves (from V4 to V7). A vacuum pump is 

connected to the dosing system via valve V2 in order to evacuate the system 

both during experiments and during regeneration of the system. To measure 

the amount of gas dosed into the column side, a Druck PDCR 5010 pressure 
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transducer is mounted (P3 in Figure 4.9) with a working range of 0-350 kPa 

and accuracy of 0.35 kPa. 

4.3.1.2 The piston assembly 

The AC is directly connected to the pistons (P1 and P2 in Figure 4.9) which 

are moved by motors through a linear motion gearbox (Bosch Rexroth AG, 

R156030000). The motors are controlled through a compact RIO 9022 real-

time computer from National Instrument (RT in Figure 4.9)  connected to 

ACSM1 drives from ABB (D in Figure 4.9). Their movement is independent, 

hence, the two pistons can be moved both in- and out-of-phase. The ABB 

drives are interfaced with a LabVIEW code with which the user can set up the 

cycle time, the starting and ending position of the pistons, the starting phase 

angle of the pistons and the total experiment time. The sealing of the pistons 

is designed such that the working pressure can span from 0.1 kPa up to 2000 

kPa, and up to 533 K. 

4.3.1.3 The adsorption column 

The AC is placed between the pistons. The AC’s dimensions can be tuned to 

accommodate different sample masses, or to generate the desired 

compression ratio during experiments. Pictures of the column used in this work 

can be seen in Figure 4.10, where also the dimensions are reported.  

The AC column used in this work consists of VCR fittings with copper seals 

(Swagelok, UK) and inside it is equipped with four 0.25 mm type K 

thermocouples (TC, UK). The thermocouples are inserted in 1/16 in. pipes 

welded at the base of the column, and an epoxy resin is used to achieve a 

complete seal at the bottom of the AC. On top of each thermocouple an 

adsorbent bead is mounted. Hence, the thermocouple will read the 

temperature at which the solid is at each time. Only the thermocouple T1 (see 

Figure 4.10) is left without adsorbent bead to monitor the temperature of the 

column. The absolute pressure is monitored with a Druck PDCR 4701 

pressure transducer (PII in Figure 4.9), with a working range of 0-350 kPa and 

accuracy of 0.1 kPa. A Druck PDCR 4701 differential pressure transducer is 
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also connected to the column (PI in Figure 4.9) with a working range between 

-50 kPa to 50 kPa and a precision of 0.02 kPa.  

The pressure transducers and the thermocouples are connected to the 

Compact RIO 9022 which records the data. The piston position is also 

monitored during the experiments. 

Figure 4.10: a) Assembled column from commercial VCR fittings, b) Thermocouple 
support for the adsorbent beads, c) Schematic diagram of the column and the pistons 

4.3.2 Experimental procedure 

The adsorbent used is a commercial type of LiLSX beads (Zeochem), with a 

binder content between 10% and 18%. The 3 beads chosen to be mounted on 

the thermocouples had an average diameter of 1 mm, measured with a Spi 15-

997-0 digital calliper, with a resolution of 0.01 mm and an accuracy of 0.02 

mm. The characterisation of the adsorbent is presented in Brandani et al.184 

which used mercury porosimetry to derive the pore size distribution, the solid 

density, average pore radius and pellet porosity. A summary of their results 

will be presented in section 4.3.4. 

To characterise the equilibrium properties of nitrogen on LiLSX, four 

equilibrium isotherms at 258 K, 278 K, 293 K, and 303 K have been measured 

using a Quantachrome Autosorb iQ-2™. The equilibrium isotherms are 

needed in order to regress the equilibrium parameters that will be used in the 
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mathematical model later presented in section 4.3.3 to fit the TFR experiments. 

Prior to the equilibrium measurements, the sample is regenerated at 663 K for 

10 hours under vacuum. The dry sample mass used during the experiments 

was of 91.8 mg. 

For the TFR experiments, at the start of each experiment the column is firstly 

regenerated. The regeneration procedure consists of constant heating with 

heating tape of the adsorption column at 2 K/min from room temperature up to 

383 K. Next, the column is left at 383 K for 2 hours. After the 2 hours, the 

heating of the column starts again at a heating rate of 2 K/min up to 673 K, 

temperature at which is left overnight. Then, the heating tape is turned off and 

the column is allowed to cool at the temperature of the experiments. The whole 

regeneration procedure is carried out under vacuum. 

After regeneration, blank experiments with He (BOC, CP grade, 99.999% 

purity) are run in order to assess the blank response of the system and the 

eventual time-lag introduced by the thermocouples inserted in the beads of 

solid. Next, single component experiments with nitrogen (BOC, 99.998% 

purity) are run at different conditions to measure mass and heat transfer 

properties. Finally, experiments with dry air (BOC, Industrial Grade, 21%±0.5% 

oxygen, balance nitrogen) are run to assess the separation performance of the 

adsorbent. The experimental conditions analysed are given in Table 4.2. 

Table 4.2: Experimental conditions for blank, single and multicomponent experiments 

 Unit He N2 Air 

Cycle time [𝑠] 1-15 1-64 1-64 

Temperature [𝐾] 303, 328 303, 328 300 

Pressure [𝑘𝑃𝑎] 25, 50, 100 50, 75, 100 90 

Stroke amplitude [𝑚𝑚] ±10 ±2, ±3,±4, ±5 ±5 

 

For blank and nitrogen experiments, only one piston is moved with the second 

remaining static. For the binary both pistons were allowed to move in-phase. 
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It will be shown in the following that both approaches are suitable for TFR 

experiments with the DP-PSA. The average volume for blank and nitrogen 

experiments is 𝑉଴ = 1.05 × 10ିସ 𝑚ଷ, while for the air experiments the average 

volume is reduced to 𝑉଴ = 8.4 × 10ିହ𝑚ଷ, in order to increase the temperature 

swing.  

Each experiment is run until cyclic steady state (CSS) is achieved. Hence, the 

total time of each experiment is adjusted with the LabVIEW interface. Once 

each experiment is over, the raw data are visually checked to make sure the 

CSS is clearly visible, and the next experiment is run. 

The raw data from each experiment are processed using fast Fourier transform 

(FFT) to extract amplitude and phase lag of the signal, as shown in Figure 

4.11.  

Figure 4.11: FFT analysis used to extract amplitude and phase lag. The top left plot 
shows the raw data from thermocouple 4 from which the CSS is identified with the 
blue dashed-lined box. The top right plot shows the FFT analysis carried out on the 

CSS raw data, and the bottom plot presents the fitting from FFT. The data plotted refer 
to He experiment at 303 K, 100 kPa and cycle time of 3s. 
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Firstly, the CSS is identified, so that the raw data can be cut and analysed. 

The 𝑓𝑓𝑡 function of MATLAB is used to produce the top right plot in Figure 4.11 

from which the amplitude and phase lag at the fixed frequency of the 

experiment can be extracted. Finally, the amplitude and phase lag from the 

FFT analysis are used to plot the predicted temperature against the raw data 

to make sure the fit is correct. 

For the temperature, the thermocouple T4 always showed the highest 

amplitude for all the experiments. This can be explained by the complete 

isolation of the adsorbent on thermocouple T4 from the 1/16” metal guides 

where the thermocouples are inserted (see Figure 4.10(b)). Hence, the 

temperature from T4 is chosen as signal to analyse for all the experiments. 

4.3.3 Model for single component system 

The model for the single component TFR experiments consists of mass and 

energy balances on both the volume chamber and the solid. The assumptions 

are: 

 The gas is ideal; 

 Diffusion in the solid is macropore controlled; 

 Conduction in the solid is sufficiently fast to assume a uniform 
temperature distribution inside the adsorbent; 

 The temperature of the wall of the column is constant at 𝑇଴; 

 The specific internal energy change of the gas in the macropores is 
negligible; 

 The change of the specific internal energy of the adsorbed phase is 
embodied in an effective thermal capacity of the solid; 

 The thermocouple delay response is considered and assumed 
independent of the gas; 

 The pressure drops in the system are neglected; 

The overall mass balance can be written as sum of the moles in the volume 

chamber, the moles adsorbed, and the moles of gas in the macropores: 
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𝑉଴

𝑑𝑐௚

𝑑𝑡
+ 𝑐଴

𝑑𝑉௚

𝑑𝑡
 + 𝑉௦𝜖௣

𝑑𝑐௣ഥ

𝑑𝑡
+ 𝑉௦൫1 − 𝜖௣൯𝜌௦

𝑑𝑞ത

𝑑𝑡
= 0   4.12 

where 𝑐௚ is the concentration of the gas in the column, 𝑐௣ഥ  the average 

concentration in the macropores, 𝑞ത the average adsorbed concentration, 𝑉଴ 

the volume of the column, 𝑐଴ the average concentration of gas in the column, 

𝑉௦ the total volume of the solid, 𝑉௚ the column volume, 𝜖௣ the porosity of the 

adsorbent bead and 𝜌௦ the density of the solid including the micropores. 

The mass balance on the adsorbent is: 

𝜖௣

𝜕𝑐௣

𝜕𝑡
+ ൫1 − 𝜖௣൯𝜌௦

𝜕𝑞

𝜕𝑡
=

𝜖௣

𝜏
𝐷௣

𝑟ଶ

𝜕

𝜕𝑟
ቆ𝑟ଶ

𝜕𝑐௣

𝜕𝑟
ቇ  4.13 

where 𝑐௣ is the gas concentration in the macropores, 𝑞 the amount adsorbed, 

𝐷௣ is the macropores diffusivity, 𝜏 the tortuosity, and 𝑟 the radial coordinate in 

the bead. The initial condition for 𝑐௣ and 𝑞 is equal to their average value at a 

given pressure and temperature, 𝑐଴ and 𝑞଴ respectively.  

The boundary conditions for eq.(4.13) are: 

𝜕𝑐௣

𝜕𝑟
ฬ

௥ୀ଴
= 0 

𝑐௣ห
௥ୀோು

= 𝑐௚ 

4.14 

where 𝑅௣ is the radius of the bead. The average gas phase concentration in 

the macropores can be calculated from eq.(4.15). 

𝑐௣ഥ =
3

𝑅௉
ଷ න 𝑐௣𝑟ଶ𝑑𝑟

ோ೛

଴

 4.15 

Similarly, the average amount adsorbed is: 

𝑞ത =
3

𝑅௉
ଷ න 𝑞𝑟ଶ𝑑𝑟

ோ೛

଴

 4.16 
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where the amount adsorbed at each point in the adsorbent can be calculated 

from a dual site Langmuir isotherm of the form: 

𝑞 =
𝑞௦ଵ 𝑏ଵ଴𝑒

ି
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 4.17 

Where 𝑞௦ଵ and 𝑞௦ଶ are the saturation capacities, 𝑏ଵ଴ and 𝑏ଶ଴ the pre-

exponential factors, Δ𝐻ଵ and Δ𝐻ଶ is the heats of adsorption and 𝑇௥௘௙ the 

reference temperature. 

While eq.(4.17) is used to fit the isotherm data for nitrogen adsorption on 

LiLSX, a linearised form of the isotherm can be used to analytically solve the 

model for the TFR experiments. The linear isotherm can be written as: 

(𝑞 − 𝑞଴) = 𝐾௖ (𝑐௣ − 𝑐଴) + 𝐾்(𝑇௦ − 𝑇଴) 4.18 

where 𝑇௦ the temperature of the solid, 𝑇଴ the average temperature of the 

system, and 𝐾௖ and 𝐾் are the derivative of the isotherm with respect to 

concentration and temperature at given 𝑐଴ =
௉బ

ோ೒ బ்
 and 𝑇଴. 

The values of the derivatives can be written as: 

𝐾௖ = 𝐾௉𝑅௚𝑇଴ 

𝐾் =
𝛥𝐻(்,௉)

𝑅௚𝑇଴
ଶ 𝑐଴𝐾௖ 

4.19 

where 𝐾௣ is the derivative of the isotherm with respect to the pressure. The 

heat of adsorption at a given temperature and pressure is calculated by 

eq.(4.20). 

Δ𝐻(்,௉) =
Δ𝐻ଵ𝑞௦ଵ𝑏ଵ(்)൫1 + 𝑏ଶ(்)𝑃൯

ଶ
+ Δ𝐻ଶ𝑞௦ଶ𝑏ଶ(்)൫1 + 𝑏ଵ(்)𝑃൯

ଶ

𝑞௦ଵ𝑏ଵ(்)൫1 + 𝑏ଶ(்)𝑃൯
ଶ

+ 𝑞௦ଶ𝑏ଶ(்)൫1 + 𝑏ଵ(்)𝑃൯
ଶ  4.20 
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where 𝑏ଵ(்) = 𝑏ଵ଴𝑒
ି

౴ಹభ
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 and 𝑏ଶ(்) = 𝑏ଶ଴𝑒
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ି

భ

೅ೝ೐೑
ቇ
.  In what follows 

Δ𝐻 = Δ𝐻( బ்,௉బ). 

For the energy balance on the column, we need to account for the internal 

energy accumulation in the gas phase, 𝑈௚, the heat exchange between gas 

and walls, gas and solid, and the work of compression, as shown in eq.(4.21): 

𝑑𝑈௚

𝑑𝑡
+ 𝑃଴

𝑑𝑉௚

𝑑𝑡
+ ℎ௚௦𝐴௦൫𝑇௚ − 𝑇௦൯ + ℎ௪𝐴௪൫𝑇௚ − 𝑇଴൯ = 0 4.21 

where 𝑃଴ is the average pressure in the column, ℎ௚௦ the heat transfer 

coefficient between adsorbent and gas in the column, 𝐴௦ the surface area of 

the solid, 𝑇௚ the temperature of the gas in the column, ℎ௪ the heat transfer 

coefficient between gas in the column and wall, and 𝐴௪ the surface area of the 

wall. 

The internal energy can be written as: 

𝑑𝑈௚

𝑑𝑡
= 𝑛௚

𝑑𝑢௚

𝑑𝑡
+ 𝑢௚

𝑑𝑛௚

𝑑𝑡
≈ 𝑉௚𝑐௚𝑐௏௚

𝑑𝑇௚

𝑑𝑡
≈ 𝑉଴𝑐଴𝑐௏௚

𝑑𝑇௚

𝑑𝑡
 4.22 

where 𝑢௚ is the specific molar internal energy of the gas in the column, 𝑛௚ the 

moles of gas in the column and 𝑐௏௚ the heat capacity of the gas at constant 

volume. From eq.(4.22) the term 𝑢௚
ௗ௡೒

ௗ௧
 has been neglected since its 

contribution is small compared to 𝑛௚
ௗ௨೒

ௗ௧
. Including eq.(4.22) in the energy 

balance in eq.(4.21), the simplified energy balance in eq.(4.23) can be 

obtained. 

𝑉଴𝑐଴𝑐௏௚

𝑑𝑇௚

𝑑𝑡
+ 𝑃଴

𝑑𝑉௚

𝑑𝑡
+ ℎ௚௦𝐴௦൫𝑇௚ − 𝑇௦൯ + ℎ௪𝐴௪൫𝑇௚ − 𝑇଴൯ = 0 4.23 

For the adsorbent, the energy balance has to take into account the 

accumulation of internal energy of the solid, 𝑈௦, the heat exchange with the 

gas in the column, and the enthalpic flux coming from the gas in the column: 
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𝑑𝑈௦

𝑑𝑡
+ ℎ௚

𝑑𝑛௚

𝑑𝑡
− ℎ௚௦𝐴௦(𝑇௚ − 𝑇௦) = 0  4.24 

where ℎ௚ is the specific molar enthalpy of the gas in the column. The term 
ௗ௎ೞ

ௗ௧
 

can be written as: 

𝑑𝑈௦

𝑑𝑡
= 𝑚௦𝑐௣,௦

𝑑𝑇௦

𝑑𝑡
+ 𝑢ௌ௚

𝑑𝑛ത௣

𝑑𝑡
+ 𝑢஺

𝑑𝑛ത஺

𝑑𝑡

= 𝑚௦𝑐௣,௦

𝑑𝑇௦

𝑑𝑡
+ ൫ℎௌ௚ − 𝑅௚𝑇௦൯

𝑑𝑛ത௣

𝑑𝑡
+ (ℎௌ௚ + 𝛥𝐻)

𝑑𝑛ത஺

𝑑𝑡

≈ 𝑚௦𝑐௦

𝑑𝑇௦

𝑑𝑡
+ (ℎௌ௚ − 𝑅௚𝑇଴)

𝑑𝑛ത௣

𝑑𝑡
+ (ℎௌ௚ + 𝛥𝐻)

𝑑𝑛ത஺

𝑑𝑡
 

4.25 

where 𝑚௦ is the mass of the solid, 𝑐௣,௦ the heat capacity of the solid, 𝑢ௌ௚ the 

specific molar internal energy of the gas in the macropores, 𝑢஺ the specific 

molar internal energy of the adsorbed phase, and ℎௌ௚ the specific molar 

enthalpy of the gas in the macropores, 𝑛ത௣ the average moles of gas in the 

macropores and 𝑛ത஺ the average moles adsorbed. 

Combining eq.(4.12),(4.24) and (4.25): 

𝑚௦𝑐௣,௦

𝑑𝑇ௌ

𝑑𝑡
+ 𝛥𝐻𝑉௦൫1 − 𝜖௣൯𝜌௦

𝑑𝑞ത

𝑑𝑡
− ℎ௚௦𝐴௦൫𝑇௚ − 𝑇௦൯ − 𝑅௚𝑇଴𝑉௦𝜖௣

𝑑𝑐௣ഥ

𝑑𝑡
= 0  4.26 

where it has been assumed that ℎௌ௚ ≈ ℎ௚ given that the temperature 

fluctuations are very small during TFR experiments. 

The initial condition for the mass and energy variables assume that each 

variable 𝑋 is at equilibrium with the initial pressure 𝑃଴ and temperature 𝑇଴, 

hence 𝑋 = 𝑋଴. 

The linearised set of equations (LSE), eq.(4.12-4.16,4.18,4.23,4.26), can be 

rewritten in terms of dimensionless deviation variables. A dimensionless 

deviation variable can be defined as Δ𝑋 =
௑ି௑బ

௑బ
 where 𝑋 is an arbitrary variable. 

The initial condition for each dimensionless deviation variable will be Δ𝑋(௧ୀ଴) =

0. The dimensionless LSE is: 
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𝛿ଵ

𝑑𝛥𝑐௣ഥ

𝑑𝑡
+ 𝛿ଶ

𝑑𝛥𝑞ത

𝑑𝑡
+

𝑑𝛥𝑐௚

𝑑𝑡
+

𝑑𝛥𝑉௚

𝑑𝑡
= 0 4.27 

𝜖௣

𝜕𝛥𝑐௣

𝜕𝑡
+

൫1 − 𝜖௣൯𝜌௦ 𝑞଴

𝑐଴

𝜕Δ𝑞

𝜕𝑡
=

𝜏஽
ିଵ

𝜉ଶ

𝜕

𝜕𝜉
ቆ𝜉ଶ

𝜕𝛥𝑐௣

𝜕𝜉
ቇ 4.28 

డ௱௖೛

డక
ቚ

కୀ଴
= 0 ; 𝛥𝑐௣ห

కୀଵ
= 𝛥𝑐௚ 4.29 

𝛥𝑐௣ഥ = 3 න 𝛥𝑐௣𝜉ଶ𝑑𝜉
ଵ

଴

 4.30 

𝛥𝑞ത = 3 න 𝛥𝑞𝜉ଶ𝑑𝜉
ଵ

଴

 4.31 

𝛥𝑞 = 𝛾஼𝛥𝑐௣ − 𝛾்𝛥𝑇௦ 4.32 

𝑑𝛥𝑇௚

𝑑𝑡
+

𝑅௚

𝑐௏௚

𝑑𝛥𝑉௚

𝑑𝑡
+ 𝛼𝛽௦൫𝛥𝑇௚ − 𝛥𝑇௦൯ + 𝛼௪𝛥𝑇௚ = 0 4.33 

𝑑𝛥𝑇ௌ

𝑑𝑡
+ 𝛽௱ு

𝑑𝛥𝑞ത

𝑑𝑡
 − 𝛽௦൫𝛥𝑇௚ − 𝛥𝑇௦൯ −

𝑅௚𝑇଴𝜖௣

(1 − 𝜖௣)𝜌௦𝑐௣,௦

𝑑𝛥𝑐௣ഥ

𝑑𝑡
= 0 4.34 

where 𝜉 = 𝑟/𝑅௣. The dimensionless parameters appearing in the 

dimensionless LSE are reported in eq.(4.35), which are fixed by the system,: 

𝛿ଵ =
௏ೞఢ೛

௏బ
; 𝛿ଶ =

௏ೞ൫ଵିఢ೛൯ఘೞ௤బ

௏బ௖బ
; 𝛾஼ =

௄೎௖బ

௤బ
; 𝛾் =

௄೅ బ்

௤బ
; 

 𝛼 =
ఘೞ(ଵିఢ೛)௖೛,ೞ

௏బ௖బ௖ೇ೒
; 𝛽୼ு =

୼ு௤బ

௖೛,ೞ బ்
; 

4.35 

and the parameters in eq.(4.36) are the ones which are fitted to the 

experimental data. 

𝛼௪ =
௛ೢ௔ೢ

௖బ௖ೇ೒
; 𝜏஽ =

ோ೛
మ

ച೛

ഓ
஽೛

; 𝛽௦ =
௛೒ೞ௔ೞ

ఘೞ(ଵିఢ೛)௖೛,ೞ
 4.36 

The set of equations eq.(4.27-4.34) is transposed in the Laplace domain, 

where each equation is then divided by Δ𝑉 to obtain a new set of equations 

where the variables are the transfer functions with respect to the volume 
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perturbation. The transfer function is defined as 𝐺୼௑ =
୼௑෨

୼௏෩
, where the tilde 

indicates the variables in the Laplace domain. Hence, the new set of equations 

is: 

𝛿ଵ𝐺௱௖೛തതത + 𝛿ଶ𝐺௱௤ത + 𝐺௱௖೒
= −1 4.37 

𝜖௣𝑠𝐺௱௖೛
+

൫1 − 𝜖௣൯𝜌௦𝑞଴

𝑐଴
𝑠𝐺௱௤ =

𝜏஽
ିଵ

𝜉ଶ

𝜕

𝜕𝜉
ቆ𝜉ଶ

𝜕𝐺௱௖೛

𝜕𝜉
ቇ 4.38 

డீ೩೎೛

డక
ቚ

కୀ଴
= 0 ; 𝐺௱௖೛

ቚ
కୀଵ

= 𝐺௱௖೒
 4.39 

𝐺௱௖೛തതത = 3 න 𝐺௱௖೛
𝜉ଶ𝑑𝜉

ଵ

଴

 4.40 

𝐺௱௤ത = 3 න 𝐺௱௤𝜉ଶ𝑑𝜉
ଵ

଴

 4.41 

𝐺௱௤ = 𝛾஼𝐺௱௖೛
− 𝛾்𝐺௱ ೞ்

 4.42 

(𝑠 + 𝛼௪ + 𝛼𝛽ௌ)𝐺௱ ೒்
− 𝛼𝛽௦𝐺௱ ೞ்

= −
𝑅௚

𝑐௏௚
𝑠 4.43 

−𝛽௦𝐺௱ ೒்
+ (𝑠 + 𝛽௦)𝐺௱ ೞ்

−
𝑅௚𝑇଴𝜖௣

(1 − 𝜖௣)𝜌௦𝑐௣,௦
𝑠𝐺௱௖೛തതത + 𝑠𝛽௱ு𝐺௱௤ത = 0 4.44 

The variable 𝑠 is the Laplace variable, which is equal to 𝑠 = 2𝜋𝑖𝜔 at CSS, with 

𝜔 being the frequency of the experiment. The mass balance in eq.(4.38), 

together with its boundary conditions in eq.(4.39) can be analytically solved. 

The solution is: 

𝐺௱௖೛
= ൬𝐺௱௖೒

+
𝜃

𝜒
𝐺௱ ೞ்

൰
1

𝜉

𝑠𝑖𝑛ℎ(√𝜒𝜉)

𝑠𝑖𝑛ℎ(√𝜒)
−

𝜃

𝜒
𝐺௱ ೞ்

 4.45 

where 𝜃 = ൫1 − 𝜖௣൯𝑠𝜌௦
௤బ

௖బ
𝛾்𝜏஽ and 𝜒 = ቀ𝜖௣𝑠 + ൫1 − 𝜖௣൯𝑠𝜌௦

௤బ

௖బ
𝛾஼ቁ 𝜏஽. 

The average gas phase concentration in eq.(4.40) can be now computed: 
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𝐺௱௖೛തതത = 3
𝜃

𝜒
ቆ

𝑐𝑜𝑠ℎ(√𝜒)

√𝜒 𝑠𝑖𝑛ℎ(√𝜒)
−

1

3
−

1

𝜒
ቇ 𝐺௱ ೞ்

+ 3 ቆ
𝑐𝑜𝑠ℎ(√𝜒)

√𝜒 𝑠𝑖𝑛ℎ(√𝜒)
−

1

𝜒
ቇ 𝐺௱௖೒

 4.46 

and also the average adsorbed amount can now be written as: 

𝐺௱௤ = 𝛾஼𝐺௱௖೛തതത + 𝛾்𝐺௱ ೞ்
 4.47 

the linear set of eq.(4.37),(4.43-4.47) can be finally solved numerically. In this 

work, the function mldivide of MATLAB has been used to solve the linear set 

of eq.(4.37),(4.43-4.47) at each pressure, temperature, and frequency. Since 

the thermocouple response is the experimental signal that has to be analysed, 

the transfer function of the thermocouple signal with respect to the volume 

perturbation has to be computed from the solution in MATLAB. This can be 

done using eq.(4.48): 

𝐺௱்஼ =
𝐺௱ ೞ்

1 + 𝑠𝜏்஼
= 𝑅𝑒்஼ + 𝑖𝐼𝑚்஼ 4.48 

where 𝜏்஼ is the time constant of the thermocouple. From 𝐺୼்஼ the amplitude 

ratio and phase lag of the thermocouple signal with respect to the volume 

perturbation can be calculated as 𝐴𝑅 = |𝐺୼் | and 𝜑 = 𝑎𝑡𝑎𝑛2(𝐼𝑚்஼/𝑅𝑒்஼). 

The in- and out-of-phase values are then derived from amplitude ratio and 

phase lag as 𝛿௜௡ = |𝐺்஼|cos (𝜑) and 𝛿௢௨௧ = |𝐺்஼|sin (𝜑). In the following, the 

property of amplitude ratio, phase lag and in- and out-of-phase functions will 

refer to the thermocouple 4 signal since it is the targeted signal from 

experiments. 

4.3.4 Results of structural characterisation and N2 isotherms 
on LiLSX 

The results from the mercury porosimetry analysis from Brandani et al.184 are 

summarised in Table 4.3. 
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Table 4.3: Mercury porosimetry analysis from Brandani et al.184 

Parameter Unit Value 

𝝐𝒑  [−] 0.362 

𝝆𝒔 [𝑘𝑔/𝑚ଷ] 1537 

𝒓𝒑𝒐𝒓𝒆  [𝑚] 6.5x10–8 

 

The results from the nitrogen adsorption isotherms at 258 K, 278 K, 293 K and 

303 K are reported in Figure 4.12. The data have been fitted using eq.(4.17) 

using the “fitting procedure 3” discussed in Farmahini et al.13. The reference 

temperature 𝑇௥௘௙ = 258.15 𝐾. 

 
Figure 4.12: Nitrogen isotherms at 258 K (squares), 278 K (circles), 293 K (diamonds), 
and 303 K (triangles) on LiLSX. Solid line is eq.(4.17) with the parameters in Table 4.4. 

The fitted parameters are reported in Table 4.4. 
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Table 4.4: Dual site Langmuir isotherm parameters for nitrogen adsorption on LiLSX 

Parameter Unit N2 

𝑞௦ଵ [𝑚𝑜𝑙/𝑘𝑔] 1.698 

𝑞௦ଶ [𝑚𝑜𝑙/𝑘𝑔] 1.208 

𝑏ଵ଴ [1/𝑃𝑎] 7.213e–6 

𝑏ଶ଴ [1/𝑃𝑎] 5.012e–5 

𝛥𝐻ଵ [𝐽/𝑚𝑜𝑙] −21570 

𝛥𝐻ଶ [𝐽/𝑚𝑜𝑙] −28060 

𝑇௥௘௙ [𝐾] 258 

4.3.5 Results from blank experiments with He 

The parameters fixed by the system for the He TFR experiments are reported 

in Table 4.5. 

Table 4.5: Parameters of the experimental system for blank and nitrogen experiments. 

Parameter Unit Value 

𝑅௣ [𝑚] 5x10-4 

𝑉௦ [𝑚ଷ] 4𝜋𝑅௣
ଷ/3 

𝐴௦ [𝑚ଶ] 4𝜋𝑅௣
ଶ 

𝑎௦ [1/𝑚] 3/𝑅௣ 

𝑐௣,௦ [𝐽/𝑘𝑔/𝐾] 1000 

𝑉଴ [𝑚ଷ] 1.05x10–4 

𝐴௪ [𝑚ଶ] 0.022 

𝑎௪ [1/𝑚] 𝐴௪/𝑉଴ 

𝑐଴ [𝑚𝑜𝑙/𝑚ଷ] 𝑃଴/(𝑅𝑇଴) 

𝑐௏௚ [𝐽/𝑚𝑜𝑙/𝐾] NIST webbook235 
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The He experiments aim at assessing the time constant of the thermocouple, 

𝜏்஼, such that it can be fixed while fitting the heat and mass transfer 

parameters during nitrogen experiments. Indeed, it is reasonable to assume 

that the time response of the thermocouple will be independent from the gas 

chosen. 

The assumptions used to fit the He is of a non-adsorbing gas with very fast 

diffusion. These assumptions reduce the dimensionless parameters 

𝛿ଶ, 𝛾௖ , 𝛾் , 𝛽୼ு and 𝜏஽ to infinitesimal small values. A first estimate of the heat 

transfer coefficient of the solid can be made using the Nusselt number, 𝑁𝑢 =

2ℎ௚௦𝑅௣/𝜅ு௘ where 𝜅ு௘ is the thermal conductivity of the He. For a sphere in a 

stagnant fluid 𝑁𝑢 → 2. From this limit, the heat transfer coefficient of the solid 

can be estimated to be ℎ௚௦ ≈ 300 𝑊/(𝑚ଶ𝐾), using a value of 𝜅ு௘|ଵ଴ଵ௞௉௔,ଷ଴ଷ ௄ =

0.15 𝑊/(𝑚𝐾). 

Once a first estimate of ℎ௚௦ is given, the remaining parameters to fit are 

thermocouple time constant and the heat transfer between the gas in the 

column and the column’s walls. 

The single component model is fitted to the amplitude ratio for each set of data. 

The results are show in Figure 4.13. 

Figure 4.13: Amplitude ratio for He experiments at 303 K (left) and 328 K (right). 
Squares refer to 100 kPa, circles to 50 kPa and diamonds to 25 kPa. The solid line is 

the fitted single component model. 

The fitting parameters used are reported in Table 4.6. 
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Table 4.6: Fitted parameters for He blank experiments. 

𝑷  

[𝒌𝑷𝒂] 
𝑻 

 [𝑲] 

𝝉𝑻𝑪  

[𝒔] 

𝒉𝒈𝒔  

[𝑾/𝒎𝟐/𝑲] 

𝒉𝒘  

[𝑾/𝒎𝟐/𝑲] 

100 303 0.6 385 203 

50 303 0.6 367 173 

25 303 0.6 317 137 

100 328 0.6 412 204 

50 328 0.6 370 180 

25 328 0.6 342 140 

 

As it can be noted from the fitted values of ℎ௚௦ from Table 4.6, the initial 

estimate from the Nusselt number of ℎ௚௦ ≈ 300 𝑊/(𝑚ଶ𝐾) is a reliable initial 

estimate. Hence, the same procedure of estimating initially ℎ௚௦ from the 

Nusselt number can also be used for the nitrogen experiments. The heat 

transfer coefficient decreases with pressure given that the convective 

contribution to heat transfer decreases as well. By contrast, an increase in 

temperature causes an increase in the heat transfer coefficient. It should be 

noted that all the He experiments have been fitted using only one 

thermocouple time constant, as previously discussed. The effect of the 

thermocouple time constant can be seen in Figure 4.14 where the 

experimental data and the model are plotted together fixing 𝜏்஼ = 0. As it can 

be noted from Figure 4.14, the experimental data between 0.2 Hz and 1 Hz 

tend to decrease. However, this behaviour can be attributed to the system 

approaching the time constant of the thermocouple. Indeed, if 𝜏்஼ is set to 0, 

the model cannot match the experiments under any set of chosen heat transfer 

parameters. 
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Figure 4.14: He experiments at 303 K, and 100 kPa (squares), 50 kPa (circles) and 25 
kPa (diamonds). The solid line is the single component model where 𝒉𝒈𝒔 and 𝒉𝒘 are 

taken from Table 4.6 and 𝝉𝑻𝑪 = 𝟎. 

4.3.6 Results from nitrogen on LiLSX 

Before running TFR experiments with nitrogen, the system is tested under 

different stroke length displacements to check for linearity. The results are 

presented in Figure 4.15. 

Figure 4.15: Amplitude ratio (left) and phase lag (right) at 303 K and 100 kPa for 
different stroke length displacement: ±2 mm (squares), ±3 mm (circles), ±4 mm 

(diamonds), and ±5 mm (triangles). 

Both amplitude ratio and phase lag exhibit the same behaviour under different 

stroke displacements. This indicates that the linearity is confirmed under the 

conditions analysed. In the following, the highest stroke displacement will be 

used in order to produce the highest temperature swing in the solid’s 
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temperature, so that the signal to noise ratio of the raw data is of the best 

quality. 

Once the check for linearity is carried out, the nitrogen TFR experiments follow. 

The relevant mass and heat transfer properties are the diffusion time constant 

𝜏஽, the heat transfer gas to solid ℎ௚௦ and the heat transfer gas to column walls 

ℎ௪. The heat transfer parameter of the solid can be estimated from the Nusselt 

number, as done for He. Similar considerations to what presented for He lead 

to an initial estimate of the solid heat transfer of ℎ௚௦ ≈ 50 𝑊/(𝑚ଶ𝐾). The heat 

transfer parameter ℎ௪ and the diffusion time constant are left as free fitting 

parameter. Finally, the time constant of the thermocouple is kept constant at 

0.6 s. The amplitude ratio of the nitrogen experiments together with the fitted 

single component model are reported in Figure 4.16. 
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Figure 4.16: Amplitude ratio for nitrogen experiments. Squares are experimental data 

and sold line is the fitted model. 

The fitted parameters are reported in Table 4.7. 

1
0

-4
1

0
-2

1
0

0
1

0
2

0 2 4 6 8

1
0

-3

1
0

-4
1

0
-2

1
0

0
1

0
2

0 2 4 6
1

0
-3

1
0

-4
1

0
-2

1
0

0
1

0
2

0 2 4 6
1

0
-3

1
0

-4
1

0
-2

1
0

0
1

0
2

0 2 4 6 8
1

0
-3

1
0

-4
1

0
-2

1
0

0
1

0
2

0 1 2 3 4 5
1

0
-3



  Kinetics in porous solids 

  147 

Table 4.7: Heat and mass transfer parameters extracted from nitrogen experiments. 

Run 𝑷 
[𝒌𝑷𝒂 ] 

𝑻 

[𝑲] 
𝝉𝑫  
[𝒔] 

𝝉𝑫,𝒆𝒇𝒇  

[𝒔] 

𝒉𝒈𝒔 

[𝑾/𝒎𝟐/𝑲]  

𝒉𝒘 

[𝑾/𝒎𝟐/𝑲]  

1 100 303 0.1485 1.53 60.0 19 

2 75 303 0.1393 1.90 56.0 15.1 

3 50 303 0.1467 2.44 42.6 8.5 

4 100 328 0.1253 1.19 69.1 46.9 

5 75 328 0.1333 1.39 60.4 32.3 

6 50 328 0.1368 1.66 51.9 30.6 

 

In Table 4.7 also the effective diffusion time constant is included. This is the 

actual diffusion time constant of the system, which considers also the effect of 

adsorption on diffusion. It is defined as: 

𝜏஽,௘௙௙ = 𝜏஽ൣ𝜖௣ + ൫1 − 𝜖௣൯𝜌௦𝐾௖൧ =
𝑅௣

ଶ

 𝐷௘௙௙
 4.49 

As it can be noted from the value of 𝜏஽,௘௙௙, the diffusion of nitrogen in LiLSX is 

fast at the conditions analysed. This time constant would be difficult to detect 

with commercial systems where the effective time constant would be of the 

same order of the system’s time response and data acquisition. 

Once the amplitude ratio is fitted, the in- and out-of-phase functions can be 

derived. The predicted in- and out-of-phase diagrams from the model, together 

with the experimental data, are shown in Figure 4.17. 
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Figure 4.17: In- and out-of-phase functions for nitrogen experiments. Squares are 
experimental in-phase, diamonds are experimental out-of-phase, sold line is the 

model in-phase, and dashed line the model out-of-phase. 
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It can be noted from Figure 4.17 that the match of the low range of frequencies 

is very well captured from the model. The parameter that can modulate the in- 

and out-of-phase function in that region is the heat transfer coefficient between 

gas and column walls. The heat transfer coefficient between gas and solid 

influences the magnitude of the peak for the in-phase function (and of the 

amplitude ratio). The right branch of both amplitude ratio and in- and out-of-

phase functions is controlled by the diffusion of nitrogen in the solid. The 

reason why the amplitude ratio (Figure 4.16) can be effectively matched from 

the model while the in- and out-of-phase functions show only a qualitative 

agreement has to be attributed to the mismatch of the phase lag. While the 

FFT analysis can accurately capture the amplitude of the temperature signal 

at the fast frequencies, the phase lag is somewhat difficult to detect accurately, 

as it can be noted from Figure 4.18. 

 
Figure 4.18: FFT analysis for nitrogen experiment at 303 K, 100 kPa and 1.05 Hz. 

Compared to the FFT analysis presented in Figure 4.11, the amplitude 

spectrum in Figure 4.18 presents a clear peak at the frequency of the 

experiment, while also other peaks can be now noted at the noise frequencies. 

By contrast, the phase lag in Figure 4.18 has a less clear trend compared to 

the phase lag in Figure 4.11. The fitted raw data with amplitude and phase lag 

from the FFT analysis in Figure 4.18 can be seen in Figure 4.19. It is evident 
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that also visually it would be difficult to match a phase lag to the raw data. The 

amplitude might look higher if one had to fit the data manually. However, the 

amplitude detected by the FFT removes the background noise, acting as a sort 

of filter. Hence, the FFT can be trusted more than a manual fit. 

 
Figure 4.19: Signal of thermocouple 4 for nitrogen experiment at 303 K, 100 kPa and 

1.05 Hz. Black line is the experimental signal, red line is the extracted sinusoidal 
function from FFT analysis in Figure 4.18. 

Despite the only qualitative agreement between model and experimental data 

for the in- and out-of-phase functions, this way of plotting the experimental data 

can still provide useful information on the system under analysis. The crossing 

of the in-phase function at the maximum of the out-of-phase one indicates a 

surface barrier mechanism for the heat transfer, as assumed in the model. The 

minimum shown by the out-of-phase function happens at the effective diffusion 

time constant of the system. Hence, a preliminary plot of this functions prior to 

the fitting of the data can help in the initial estimate of the fitting parameters. It 

should be noted that the model, despite the quantitative difference, correctly 

reproduces the minimum of the out-of-phase function at the same frequencies 

shown by the experimental data at the different conditions (see Figure 4.17). 

The sensitivity of both amplitude ratio and in- and out-of-phase functions upon 

the diffusion time constant is presented in  Figure 4.20. 
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Figure 4.20: Effect of variation of the diffusion time constant for nitrogen at 303 K and 
75 kPa for amplitude ratio (top) and in- and out-of-phase functions (bottom). Solid line 

is the fitted time constant 𝝉𝑫, dashed line is 𝟏. 𝟐𝟓𝝉𝑫, and dotted line is 𝟎. 𝟕𝟓𝝉𝑫. 
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4.20 (bottom)) shows how the frequency at which the minimum of the out-of-

phase function changes when the diffusion time constant is changed. Despite 

the quantitative disagreement, the diffusion time constant can still be reliably 

estimated if the amplitude ratio is correctly matched, and then the out-of-phase 

function minimum is checked to be at the same frequency of the experiments. 

4.3.6.1 Estimation of tortuosity 

From the expression of the diffusion time constant, the tortuosity can be 

calculated from eq.(4.50).  

𝜏 =
𝜖௣𝐷௣

𝑅௣
ଶ

𝜏஽ 4.50 

The values of the regressed tortuosity for each run of experiments are shown 

in Figure 4.21. 

 
Figure 4.21: Fitted tortuosity to each experimental run. Circles are fitted tortuosity, 

solid black line is average value, red line is the value derived from Brandani et al.184, 
and the grey band is 10% uncertainty from the average value of this work. 

The average value from this work is 𝜏 = 3.3 ± 5%. The average value is in 

good agreement with what derived by Brandani et al.184 of 3.13 from volumetric 

experiments at 258 K. Since the measurements using TFR were carried out 

using a single bead, and given the slight difference of binder content and 

arrangement between beads, the tortuosity here derived and the one reported 
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by Brandani et al.184 can effectively be seen as the same result. It should be 

noted that Brandani et al.184 carried out experiments at 258 K to slow the 

diffusivity and manage to detect kinetics with a commercial volumetric system 

(Quantachrome Autosorb-iQ2™). The rate of data acquisition of this 

instrument is comparable to the diffusion time constants derived in this work at 

room temperature. Hence, Brandani et al.184  lowered the temperature so that 

the rate of data acquisition would allow a clear signal to be analysed. Instead, 

TFR experiments allowed the estimation of a similar tortuosity at process 

conditions. The pore diffusivity for a single component experiment can be 

calculated as sum of a Knudsen and viscous contribution, as in eq.(4.51). 

𝐷௣ = 𝐷௄ + 𝐷௩௜௦ 4.51 

The Knudsen diffusivity, as shown in chapter 1, can be calculated as: 

𝐷௄ =
9

13
 ቌ

2

3
𝑟௣௢௥௘ඨ

8𝑅௚𝑇

𝜋𝑀𝑤ேమ

ቍ 4.52 

The equation of the 𝐷௄ already considers the Derjaguin’s correction factor 

introduced by Levitz103, equal to 9/13. The viscous term can be written as in 

eq.(4.53). 

𝐷௩௜௦ =
𝑃𝑟௣௢௥௘

ଶ

8𝜂
 4.53 

The single contributions of Knudsen and viscous flow are reported in Table 

4.8.  
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Table 4.8:Values of viscous flow and Knudsen contribution for the different 
experimental conditions. 

Pressure [kPa] Viscous flow [m2/s] Knudsen diffusion [m2/s] 

  303 K 328 K 

50 1.47E-6  

1.44E-5 

 

1.50E-5 75 2.20E-6 

100 2.93E-6 

Assuming that the diffusion is an activated process, the effective diffusivity can 

be written as: 

𝐷௘௙௙ = 𝐷ᇱ𝑒𝑥𝑝 ൬−
𝐸௔

𝑅𝑇
൰ 4.54 

where 𝐷ᇱ is a pre-exponential factor and 𝐸௔ is the activation energy. The 

effective diffusivity from this work at 303 K and 328 K at 0.8 kPa are calculated 

and used with the value of effective diffusivity of Brandani et al. at 258 K and 

0.8 kPa, to estimate the activation energy of this system. The results are shown 

in Figure 4.22.  

 
Figure 4.22: Arrhenius’ plot for nitrogen on LiLSX. Triangles are effective diffusivities 

at 303 K and 328 K at 0.8 kPa calculated in this work, square is the value from 
Brandani et al.184 at 258 K, and diamonds are values reported by Bulow and Shan227. 

Solid line is eq.(4.54) with 𝑬𝒂 = 𝟐𝟔 𝒌𝑱/𝒎𝒐𝒍. 

2.8 3 3.2 3.4 3.6 3.8 4
10-9

10-8

10-7

10-6



  Kinetics in porous solids 

  155 

The fitted value of activation energy is 𝐸௔ = 26 𝑘𝐽/𝑚𝑜𝑙, which is close to what 

Bulow and Shen227 reported for a similar sample of LiLSX and nitrogen of 𝐸௔ =

26.38 𝑘𝐽/𝑚𝑜𝑙. 

4.3.7 Model for multicomponent system 

The main assumptions of the multicomponent model are the same as for the 

single component one. The mass transport between species is modelled using 

the Dusty-Gas model229,236,237. The multicomponent model is specialised for a 

binary mixture where nitrogen will be denoted as component 1 and oxygen as 

component 2. 

The overall mass balance for each i-th component is: 

𝑉௦൫1 − 𝜖௣൯𝜌௦

𝑑𝑞పഥ

𝑑𝑡
 + 𝑉௦𝜖௣

𝑑𝑐௣,పതതതത

𝑑𝑡
+ 𝑉଴

𝑑𝑐௚,௜

𝑑𝑡
+ 𝑐଴,௜

𝑑𝑉௚

𝑑𝑡
= 0  

4.55 

The differential mass balance, written in matrix form, is: 

𝜖௣

𝜕𝒄𝒑

𝜕𝑡
+ ൫1 − 𝜖௣൯𝜌௦

𝜕𝒒

𝜕𝑡
=

ൣ𝑫𝒑൧

𝑟ଶ

𝜕

𝜕𝑟
ቆ𝑟ଶ

𝜕𝒄𝒑

𝜕𝑟
ቇ  

4.56 

where the diffusion matrix [𝑫𝒑] can be derived from the Dusty-Gas 

model238,239. Its expression is reported in eq.(4.57). 

ൣ𝑫𝒑൧ =
𝜖௣

𝜏
[𝑨]ି𝟏[𝑩] =

𝜖௣

𝜏
൤
𝐷ଵଵ 𝐷ଵଶ

𝐷ଶଵ 𝐷ଶଶ
൨ 4.57 

The expressions for the matrices [𝑨] and [𝑩] are: 

[𝑨] =

⎣
⎢
⎢
⎢
⎡

1

𝐷௄,ଵ
+

𝑦ଶ

𝐷ଵଶ
−

𝑦ଵ

𝐷ଵଶ

−
𝑦ଶ

𝐷ଵଶ

1

𝐷௄,ଶ
+

𝑦ଵ

𝐷ଵଶ⎦
⎥
⎥
⎥
⎤

 4.58 
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[𝑩] =

⎣
⎢
⎢
⎢
⎡1 +

𝐷௩௜௦

𝐷௄,ଵ
𝑦ଵ

𝐷௩௜௦

𝐷௄,ଵ
𝑦ଵ

𝐷௩௜௦

𝐷௄,ଶ
𝑦ଶ 1 +

𝐷௩௜௦

𝐷௄,ଶ
𝑦ଶ

⎦
⎥
⎥
⎥
⎤

 4.59 

where 𝑦௜ is the mole fraction of the i-th component in the gas phase, and where 

𝐷ଵଶ is the molecular diffusivity calculated using the Chapman-Enskog 

equation, as shown in eq.(4.60). 

𝐷ଵଶ =
3

16

ට
2
𝜋

൫𝑅௚𝑇଴൯
ଷ

ቀ
1

𝑀𝑤ଵ
+

1
𝑀𝑤ଶ

ቁ

𝑁௔𝑃𝜎ଵଶ
ଶ 𝛺ଵଶ

 
4.60 

where 𝑁௔is the Avogadro’s number, 𝛺ଵଶ is the collision integral and 𝜎ଵଶ the 

average kinetic diameter.  

The boundary conditions, in vector of components form, for eq.(4.56) are: 

𝒄𝒑൫௥ୀோ೛൯
= 𝒄𝒈 

𝜕𝒄𝒑(௥ୀ଴)

𝜕𝑟
= 0 

4.61 

The linearised isotherm for the multicomponent is of the same form shown for 

single component: 

(𝒒 − 𝒒𝟎) = [𝑲𝒄](𝒄𝒑 − 𝒄𝟎) + [𝑲𝑻](𝑇௦ − 𝑇଴) 4.62 

where [𝑲𝒄] and [𝑲𝑻]  can be expressed as: 

[𝑲𝒄] = ൤
𝐾ଵଵ 𝐾ଵଶ

𝐾ଶଵ 𝐾ଶଶ
൨; [𝑲𝑻] = ൤

𝐾்ଵ

𝐾்ଶ
൨ 4.63 

where 𝐾௜௝ is the derivative of the isotherm of component 𝑖 with respect to the 

concentration of component 𝑗. Combining eq.(4.56) and (4.62): 



  Kinetics in porous solids 

  157 

𝜖௣

𝜕𝒄𝒑

𝜕𝑡
+ ൫1 − 𝜖௣൯𝜌௦[𝑲𝒄]

𝜕𝒄𝒑

𝜕𝑡
+ ൫1 − 𝜖௣൯𝜌௦[𝑲𝑻]

𝜕𝑇௦

𝜕𝑡
=

ൣ𝑫𝒑൧

𝑟ଶ

𝜕

𝜕𝑟
ቆ𝑟ଶ

𝜕𝒄𝒑

𝜕𝑟
ቇ  4.64 

which can be rearranged as 

𝜕𝒄𝒑

𝜕𝑡
+ (1 − 𝜖௣)[𝑲′𝑻]

𝜕𝑇௦

𝜕𝑡
=

[𝑫′]

𝑟ଶ

𝜕

𝜕𝑟
ቆ𝑟ଶ

𝜕𝒄𝒑

𝜕𝑟
ቇ  4.65 

where  [𝑲𝑻′] = 𝜌௦[𝑲ᇱ]ିଵ[𝑲𝑻] and [𝑫′] = [𝑲′]ିଵ[𝑫𝒑], with 

[𝑲′] = ቈ
𝜖௣ + (1 − 𝜖௣)𝜌௦𝐾ଵଵ (1 − 𝜖௣)𝜌௦𝐾ଵଶ

(1 − 𝜖௣)𝜌௦𝐾ଶଵ 𝜖௣ + (1 − 𝜖௣)𝜌௦𝐾ଶଶ
቉ 4.66 

The average quantities in the solid can be calculated as in eq.(4.15) and (4.16) 

for each component. 

The energy balance on the gas in the chamber is similar to what reported for 

the single component model, and it is reported below. 

𝑉଴𝑐଴,௧௢௧𝑐௏௚

𝑑𝑇௚

𝑑𝑡
+ 𝑃଴,௧௢௧

𝑑𝑉௚

𝑑𝑡
+ ℎ௚௦𝐴௦൫𝑇௚ − 𝑇௦൯ + ℎ௪𝐴௪൫𝑇௚ − 𝑇଴൯ = 0 4.67 

where 𝑐଴,௧௢௧ and 𝑃଴,௧௢௧ are the total concentration and pressure in the column, 

respectively. The energy balance on the solid is: 

𝑚௦𝑐௣,௦

𝑑𝑇௦

𝑑𝑡
+ ෍ 𝛥𝐻௜𝑉௦൫1 − 𝜖௣൯𝜌௦

𝑑𝑞పഥ

𝑑𝑡

ே೎

௜ୀଵ

− ℎ௚௦𝐴௦൫𝑇௚ − 𝑇௦൯ = 0 4.68 

it should be noted that in eq.(4.68) the accumulation of energy of the gas phase 

in the macropores (see eq.(4.26)) has been omitted since its contribution can 

be proved to be negligible compared to the other terms. 

4.3.7.1 Solution of the differential mass balance 

Upon rearranging eq.(4.65) with the dimensionless variable 𝜉 = 𝑟/𝑅௣ and the 

deviation variables, the mass balance in the solid in the Laplace domain can 

be written as: 
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𝑠𝜟ᇱ𝒄𝒑
෫  + ൫1 − 𝜖௣൯[𝑲′𝑻]𝑠𝛥ᇱ𝑇௦

෪ =
[𝑫′′]

𝜉ଶ

𝜕

𝜕𝜉
ቆ𝜉ଶ

𝜕𝜟ᇱ𝒄𝒑
෫

𝜕𝜉
ቇ  4.69 

it should be noted that the multicomponent model is written in terms of 

deviation variables Δ′𝑋 =  𝑋 − 𝑋଴. The matrix [𝑫ᇱᇱ] = [𝑫ᇱ]/𝑅௣
ଶ. The coupled 

system of mass balances can be solved with the use of the decoupling 

technique presented by Toor240. Making the change of variable 𝜟ᇱ𝒄𝒑
෫ = [𝚲]𝝓, 

and multiplying eq.(4.69) with [𝚲]ିଵ on both sides: 

𝑠𝝓 + ൫1 − 𝜖௣൯[𝑲𝑻
ᇱᇱ]𝑠𝛥ᇱ𝑇௦

෪ =
[𝜦]ି𝟏[𝑫′′][𝜦]

𝜉ଶ

𝜕

𝜕𝜉
൬𝜉ଶ

𝜕𝝓

𝜕𝜉
൰  =

[𝜞] 

𝜉ଶ

𝜕

𝜕𝜉
൬𝜉ଶ

𝜕𝝓

𝜕𝜉
൰ 4.70 

where [𝚪] is the diagonal matrix of the eigenvalues of [𝑫′′], and [𝑲𝑻
ᇱᇱ] =

[𝚲]ିଵ [𝑲𝑻′]. The matrix [𝚪] and the modal matrix [𝚲] have the form of: 

[𝚪]  = ൤
𝜆ଵ 0
0 𝜆ଶ

൨ ;  [𝚲] =

⎣
⎢
⎢
⎢
⎡ 1

𝜆ଶ − 𝐷ଶଶ
ᇱᇱ

𝐷ଶଵ
ᇱᇱ

𝜆ଵ − 𝐷ଵଵ
ᇱᇱ

𝐷ଵଶ
ᇱᇱ 1

⎦
⎥
⎥
⎥
⎤

 4.71 

where the eigenvalues are 

𝜆ଵ,ଶ =
𝐷′′ଵଵ + 𝐷′′ଶଶ ± ඥ(𝐷′′ଵଵ − 𝐷′′ଶଶ)ଶ + 4𝐷′′ଵଶ𝐷′′ଶଵ

2
 4.72 

The boundary conditions can also be rearranged as: 

𝝓(కୀଵ) = 𝝓∗ = [𝚲]ି𝟏𝚫ᇱ𝒄𝒈
෫ 

𝜕𝝓(కୀ଴)

𝜕𝜉
= 0 

4.73 

The solution for eq.(4.70), together with its boundary conditions, eq.(4.73), is: 

𝜙௜ = ቆ𝜙௜
∗ +

𝜃′௜

χ′௜
𝛥ᇱ𝑇௦
෪ ቇ

1

𝜉

𝑠𝑖𝑛ℎቀඥχ′௜𝜉ቁ

𝑠𝑖𝑛ℎቀඥχ′௜ቁ
−

𝜃′௜

χ′௜
𝛥ᇱ𝑇௦
෪  4.74 
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where 𝜃′௜ = 𝑠/𝜆௜ and 𝜒′௜ = ൫1 − 𝜖௣൯𝐾்,௜
ᇱᇱ 𝑠/𝜆௜. 

With the solution of the differential mass balance, the average gas phase in 

the solid and the amount adsorbed can be calculated for the i-th component: 

𝛥′𝑐௣,ప തതതതത෫ = 3 න 𝛥′𝑐௣,ప
෫ 𝜉ଶ𝑑𝜉

ଵ

଴

= 3 න (𝜙௜ + 𝛬௜௝𝜙௝) 𝜉ଶ𝑑𝜉
ଵ

଴

= 3
𝜃′௜

𝜒′௜
ቌ

𝑐𝑜𝑠ℎቀඥ𝜒′௜ቁ

ඥ𝜒′௜ 𝑠𝑖𝑛ℎቀඥ𝜒′௜ቁ
−

1

3
−

1

𝜒′௜
ቍ 𝛥ᇱ𝑇௦

෪

+ 3 ቆ
𝑐𝑜𝑠ℎ൫ඥ𝜒ᇱ

௜
൯

ඥ𝜒ᇱ
௜ 𝑠𝑖𝑛ℎ൫ඥ𝜒ᇱ

௜൯
−

1

𝜒′௜
ቇ 𝜙௜

∗

+ 3𝛬௜௝

𝜃′௝

𝜒′௝

⎝

⎛
𝑐𝑜𝑠ℎ ൬ට𝜒′௝൰

ට𝜒′௝ 𝑠𝑖𝑛ℎ ൬ට𝜒′௝൰

−
1

3
−

1

𝜒′௝

⎠

⎞ 𝛥ᇱ𝑇௦
෪

+ 3𝛬௜௝

⎝

⎛
𝑐𝑜𝑠ℎ ൬ට𝜒′௝൰

ට𝜒′௝ 𝑠𝑖𝑛ℎ ൬ට𝜒′௝൰

−
1

𝜒′௝

⎠

⎞ 𝜙௝
∗ 

4.75 

the average amount adsorbed for the i-th component is: 

𝛥′𝑞పഥ෪ = 𝐾௜௜𝛥′𝑐௣,ప തതതതത෫ + 𝐾௜௝𝛥′𝑐௣,ఫ തതതതത෫ + 𝐾்,௜𝛥
ᇱ𝑇௦
෪  4.76 

4.3.7.2 Linear system of equations 

As done for the single component model, a system of equations whose 

variables are the transfer function of the mass and heat variables with respect 

to the volume perturbation can be written. The system of equations is reported 

below. 

𝛿ଵ𝐺௱௖೛,ഢതതതതത + 𝛿′ଶ𝐺௱௤ഢഥ + 𝐺௱௖೒,೔
= −

𝑐଴,௜

𝑉଴
 4.77 
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𝐺௱ᇲ௖೛,ഢതതതതത =

⎣
⎢
⎢
⎡

3
𝜃′௜

𝜒′௜
ቌ

𝑐𝑜𝑠ℎቀඥ𝜒′௜ቁ

ඥ𝜒′௜ 𝑠𝑖𝑛ℎቀඥ𝜒′௜ቁ
−

1

3
−

1

𝜒′௜
ቍ

+ 3𝛬௜௝

𝜃′௝

𝜒′௝

⎝

⎛
𝑐𝑜𝑠ℎ ൬ට𝜒′௝൰

ට𝜒′௝ 𝑠𝑖𝑛ℎ ൬ට𝜒′௝൰

−
1

3
−

1

𝜒′௝

⎠

⎞

⎦
⎥
⎥
⎤

𝐺௱ᇲ
ೞ்

+

⎣
⎢
⎢
⎡

3𝛬௜௜
ିଵ ቆ

𝑐𝑜𝑠ℎ൫ඥ𝜒ᇱ
௜
൯

ඥ𝜒ᇱ
௜ 𝑠𝑖𝑛ℎ൫ඥ𝜒ᇱ

௜൯
−

1

𝜒′௜
ቇ

+ 3𝛬௜௝𝛬௝௜
ିଵ

⎝

⎛
𝑐𝑜𝑠ℎ ൬ට𝜒′௝൰

ට𝜒′௝ 𝑠𝑖𝑛ℎ ൬ට𝜒′௝൰

−
1

𝜒′௝

⎠

⎞

⎦
⎥
⎥
⎤

𝐺௱ᇲ௖೒,೔

+

⎣
⎢
⎢
⎡

3𝛬௜௝
ିଵ ቆ

𝑐𝑜𝑠ℎ൫ඥ𝜒ᇱ
௜
൯

ඥ𝜒ᇱ
௜ 𝑠𝑖𝑛ℎ൫ඥ𝜒ᇱ

௜൯
−

1

𝜒′௜
ቇ

+ 3𝛬௜௝𝛬௝௝
ିଵ

⎝

⎛
𝑐𝑜𝑠ℎ ൬ට𝜒′௝൰

ට𝜒′௝ 𝑠𝑖𝑛ℎ ൬ට𝜒′௝൰

−
1

𝜒′௝

⎠

⎞

⎦
⎥
⎥
⎤

𝐺௱ᇲ௖೒,ೕ
 

4.78 

𝐺௱ᇲ𝒒 = [𝑲𝒄]𝐺௱ᇱ𝒄𝒑തതത − [𝑲𝑻]𝐺௱ᇲ
ೞ்
 4.79 

𝑠𝐺௱ᇲ
ೞ்

+ ෍ 𝛽ᇱ
௱ு೔

ே௖

௜ୀଵ

𝑠𝐺௱ᇲ௤೔
− 𝛽௦ ቀ𝐺௱ᇲ

೒்
− 𝐺௱ᇲ

ೞ்
ቁ = 0 4.80 

(𝑠 + 𝛼௪ + 𝛼𝛽ௌ)𝐺௱ᇲ
೒்

− 𝛼𝛽௦𝐺௱ᇲ
ೞ்

= −
𝑅௚𝑇଴

𝑉଴𝑐௏௚
𝑠 4.81 

where 𝛿′ଶ =
௏ೞ൫ଵିఢ೛൯ఘೞ

௏బ
 and 𝛽′୼ு೔

=
୼ு೔

𝑐𝑝,𝑠
. The above system of equations is 

solved in MATLAB, and the transfer function of the thermocouple is calculated 

using eq.(4.48). The amplitude ratio is calculated as 𝐴𝑅 = |𝐺୼ᇲ்஼|𝑉଴/𝑇଴, where 

𝐺୼ᇲ்஼ is as in eq.(4.48). 
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4.3.7.3 Parameters for the air experiments 

To fit the multicomponent model to the air experiments several parameters are 

needed. However, some of them can be appropriately fixed in order to reduce 

the degrees of freedom of the model. 

The air mixture used for the experiments is a binary mixture of nitrogen and 

oxygen in the ratio of 79/21. The equilibrium of nitrogen on LiLSX has been 

already presented. Since at room temperature the nitrogen isotherm can be 

approximated to linear, and that the oxygen will exhibit a lower affinity with the 

LiLSX, we can reduce the matrix [𝑲𝒄] to: 

[𝑲𝒄] = ൤
𝐾௖,ேଶ 0

0 𝐾௖,ேଶ/𝑆ேమ/ைమ

൨ 4.82 

where 𝐾௖,ேమ
 is the derivative of the nitrogen isotherm with respect to nitrogen 

concentration, and 𝑆ேమ/ைమ
= 𝐾௖,ேమ

/𝐾௖,ைమ
 is the selectivity of LiLSX towards the 

binary nitrogen-oxygen. The selectivity has been expressed as ratio between 

the Henry’s law constants since the shape of the isotherm is almost linear. 

Hence, the derivative of the isotherm can be approximated to the Henry’s law 

constants of the two gases on LiLSX. In eq.(4.82) 𝐾௖,ேమ
 is known from the 

isotherm of nitrogen (see section 4.3.4), and the selectivity is left as fitting 

parameter. The additional thermodynamic parameter to be considered as 

unknown is the heat of adsorption of the oxygen on LiLSX. This parameter has 

been fixed at half of the nitrogen, since it provides a reasonable estimate from 

similar samples of LiLSX223,241. 

The multicomponent model considers three diffusion mechanisms: Knudsen, 

viscous, and molecular diffusion. The three terms are appropriately accounted 

in the expression of eq.(4.57-4.60). The tortuosity is not a free parameter but 

is now fixed at the value regressed from nitrogen experiments, 𝜏 = 3.3. 

The thermocouple time constant has been fixed with blank helium 

experiments, and it will be kept constant at 𝜏்஼ = 0.6𝑠. 
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The heat transfer parameter gas-to-solid and gas-to-column walls could be left 

as fitting parameters. However, given that the binary is mostly composed of 

nitrogen and that the conditions of the air experiments are similar to what 

investigated for the nitrogen ones (see Table 4.2), the heat transfer parameters 

will be kept constant to the ones used for nitrogen at 303 K and 100 kPa. 

Therefore, the only parameter left to fit is the selectivity 𝑆ேమ/ைమ
. The remaining 

constants of the system are reported in Table 4.9.  

Table 4.9: Parameters of the experimental system for air experiments. 

Parameter Unit Value 

𝑅௣ [𝑚] 5x10-4 

𝑉௦ [𝑚ଷ] 4𝜋𝑅௣
ଷ/3 

𝐴௦ [𝑚ଶ] 4𝜋𝑅௣
ଶ 

𝑎௦ [1/𝑚] 3/𝑅௣ 

𝑐௣,௦ [𝐽/𝑘𝑔/𝐾] 1000 

𝑉଴ [𝑚ଷ] 8.4x10-5 

𝐴௪ [𝑚ଶ] 0.020 

𝑎௪ [1/𝑚] 𝐴௪/𝑉଴ 

𝑐଴ [𝑚𝑜𝑙/𝑚ଷ] 𝑃଴/(𝑅𝑇଴) 

𝑐௏௚ [𝐽/𝑚𝑜𝑙/𝐾] NIST 
webbook235 

 

4.3.8 Results from air experiments 

The results from the fitting of the model to the experiments is shown in Figure 

4.23. The selectivity fitted to the data is 𝑆ேమ/ைమ
= 6 ± 1.  
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Figure 4.23: Air experiments at 300 K and 90 kPa. Circles are experimental data and 

line is the fitted multicomponent model. 

The effect of the selectivity on the model can be seen in Figure 4.24. The 

selectivity alters the peak of the amplitude ratio. The higher the selectivity, the 

lower will be the peak. This can be explained by the fact that a higher selectivity 

will leave out oxygen from adsorbing, generating less heat.  

 
Figure 4.24: Sensitivity of the amplitude ratio with respect to the selectivity. Circles 

are experimental data, dashed line is 𝑺𝑵𝟐/𝑶𝟐
= 𝟖, solid line is 𝑺𝑵𝟐/𝑶𝟐

= 𝟔, and dotted line 
is 𝑺𝑵𝟐/𝑶𝟐

= 𝟒. 

It should be noted that the sensitivity of the model upon the selectivity is 

appreciable. However, the error on fitting the sensitivity is relatively large 

compared to its value. Nevertheless, the TFR technique can be used to 

preliminarily assess the selectivity of the binary on LiLSX. 
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It is worth pointing out that independent measurements from AirLiquide 

laboratories have shown that the selectivity of this LiLSX is close to 6.1, not far 

from what can be estimated from the results presented. In addition, Wu et al.223 

also report a selectivity of roughly 6.5 in similar conditions. 

4.4 Conclusions 
This chapter aimed at discussing possible strategies for the kinetic study of 

flexible adsorbents and fast diffusing systems. 

Flexible materials can be finely tuned to increase the uptake performance of 

adsorbents towards certain adsorbates. The interest of the scientific 

community is mainly devoted to MOF materials, although even zeolites can 

exhibit such behaviour. It is the case for (Na,TEA)-ZSM-25, zeolite of the Na-

Rho family. The complex framework structure, the cation movement and the 

framework relaxation upon adsorption offer complex challenges to its 

modelling. The solid undergoes a structural change from a distorted structure 

at zero loading to a more regular and open structure at higher partial pressures 

of CO2. This behaviour leads to a transition between an equilibrium controlled 

to a kinetically controlled regime in the ZLC experimental data. To capture this 

behaviour in a mathematical model, a dependence of the diffusivity upon the 

amount adsorbed has been postulated. The dependence of the diffusivity upon 

adsorption is taken into account by two terms: the Darken correction factor and 

a corrected diffusivity which changes according to the adsorbent’s framework. 

The second term accounts for the different interaction between solid and 

adsorbate at changing unit cell parameters. The second term follows the 

experimental behaviour of faster kinetics at higher loadings. A possible 

explanation of such behaviour might be the increasing void space available for 

diffusion at opening of the solid framework. Nevertheless, this diffusion 

mechanism is not fully disclosed yet, and it might be interest for future works. 

The model captures the kinetics of such system and it is able to correctly 

predict the transition from equilibrium to kinetically controlled regime shown by 

the ZLC data. Although a complete understanding of the complex kinetic 

mechanism of CO2 diffusion in (Na,TEA)-ZSM-25 would require additional 
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work, a preliminary conclusion can be drawn on the system: compared to other 

ion exchanged Rho-zeolites, the studied (Na,TEA)-ZSM-25 has fast kinetics 

and similar uptakes to other ion exchanged Rho zeolites. It is also worth to 

mention that, at the best of the author knowledge, this is the first work to 

combine an equilibrium model that deals with both adsorption and flexibility of 

the adsorbent within a kinetic analysis. This highlights the great advantage of 

using multi-RALF for such complex systems. Its use could be further 

developed if included in process simulators. 

The other topic addressed in this chapter is the study of fast diffusing systems 

such as air separation with LiLSX. The capability of the TFR technique to 

discriminate between mass and heat transfer time constants makes it 

particularly suitable for this kind of application. Provided that the experimental 

apparatus can span over an adequate range of frequencies, the mass transfer 

mechanism can be detected properly. This work presented for the first time the 

use of the DP-PSA as apparatus for TFR experiments, for both single 

component experiments, i.e. N2-LiLSX, and then the binary N2/O2 on LiLSX. 

The results for single component measurements provide information on the 

tortuosity of the material which is in agreement with literature data. It should 

be noted that, while the TFR experiments have been carried out at room 

temperature and in a range of pressures of industrial interest for N2/O2 

separation, the results presented in literature have used properly tuned 

experimental conditions to slow down the kinetics of the nitrogen in LiLSX and 

detect with accuracy the tortuosity. The benefit of TFR experiments is the 

analysis of the diffusion mechanism in a range of conditions which is of interest 

for the air separation application and the direct measurement of binary kinetics. 

This work also presented mathematical models by which TFR experiments can 

be analysed in the assumption of macropore diffusion control. The model for a 

binary system allows for an estimate of the selectivity of LiLSX for the binary 

N2/O2. The value derived is in agreement with literature although a sensitivity 

analysis of the model reveals some uncertainty on its estimate. As this is an 

equilibrium property that can be measured independently, the DP-PSA as a 

TFR experiment can provide an important validation for binary kinetic models. 
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It is likely that in the near future conditions such as flexibility of the adsorbent 

and fast diffusing systems will become increasingly relevant in the adsorption 

field. Great effort is put in developing sophisticated apparatuses for the 

determination of the relevant parameters which can be used for process 

simulation and design. Techniques such as ZLC and TFR highlighted how 

these systems can be characterised macroscopically with the analysis of the 

data with novel models. It is worth pointing out that the kinetic study here 

presented can also be applied to monoliths. The monolith can be fitted in the 

DP-PSA column, and a thermocouple carefully inserted in the walls of the 

monolith. Future works could be carried out to analyse the use of TFR on 

monoliths compared to conventional chromatographic systems, for the 

detection of mass and heat transfer time constants.  
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Chapter 5 Conclusions and future works 

The aim of the thesis was the detailed analysis of straight-channel monoliths 

as an alternative to conventional packed beds for adsorption processes. More 

specifically, the analysis included both the definition of correlations to estimate 

the HETP and pressure drop for a given monolith, but also the derivation of 

numerical models to be used in the simulation of an adsorption column. 

Furthermore, given the importance of reliable equilibrium and kinetic 

parameters for the simulation of adsorption systems, the thesis has further 

analysed a novel thermodynamic model for multicomponent adsorption on 

heterogeneous solids, i.e. multi-RALF, and also two experimental techniques, 

ZLC and TFR, for the regression of mass transfer properties. 

The work in Chapter 2 presented simple design correlations for the HETP and 

pressure drop in several monoliths relevant to adsorption processes. 

Moreover, the procedure to derive such correlations was presented. The 

equations can be applied to any monolith and their use could hence be 

extended in future to monoliths not analysed in this work. The use of such 

correlations is still limited to gas systems, and validation of such correlations 

for liquid system would prove (or not) their general application to any 

adsorption system. It should be noted that the framework of equations 

presented highlights a strong connection between the physics of the system 

and the mathematical representation of it: few parameters accurately derived 

are able to predictively describe the full dynamics of a monolith. It comes 

natural to ask weather this methodology could be applied to structures which 

are not of extruded form. Indeed, structured adsorbents built with 3D printing 

could (and have already) unlocked a great potential in terms of geometry 

optimisation for adsorption monoliths. Although the mathematical description 

might become more convoluted, it would still be worth to adapt the procedure 

here presented to describe such structures in terms of HETP and pressure 

drop correlations. This process would allow fast screening of potential 

geometries for a given application, not limited to conventional monoliths. The 

numerical approach presented for the corrugated monolith might be the easier 



Conclusions and future works 

168   

route to pursue, given the modelling agility of commercial software to handle 

complex structures. 

If design correlations are an effective way to quickly assess the performance 

of a monolith, numerical models are fundamental for careful design of 

adsorption monoliths. The numerical reduced order models derived in the 

second chapter are of practical interest when it comes to the accurate 

simulation and design of an adsorption unit. They do not require any adjustable 

parameter, but only the knowledge of the physics and geometry of the system. 

The comparison between full 3D simulations and reduced order models shows 

excellent agreement between them, making the reduced order models a 

suitable candidate for process simulations. Ideally, once implemented in a 

process simulator, the user should only input the physical parameters and 

choose the cross-section of interest.  

The development of robust adsorption simulators cannot overlook the use of 

sub-routines for the calculation of the equilibrium between fluid phase and 

adsorbed phase. The equations presented for both RALF and multi-RALF 

could become in the near future an additional thermodynamic package which 

could be used as alternative to adsorbed solution theories. In particular, its 

handling of flexible solids makes it an important alternative to the empirical 

description of adsorbent breathing. The results presented for the CO2 

adsorption on (Na,TEA)-ZSM-25 highlight such feature, showing accurate 

description of both adsorption and solid flexibility using the least amount of 

fitting parameters embedding all available experimental information. The 

kinetic study of CO2 diffusion in (Na,TEA)-ZSM-25 has also presented how 

multi-RALF can help in the kinetic description of such complex system. 

Nevertheless, the implementation of multi-RALF in a process simulator has to 

overcome two main difficulties: the initialisation and the solution of the set of 

nonlinear equations constituting multi-RALF. The initialisation has to make 

sure that, regardless of the initial guess provided, the model will always 

converge to the correct solution. The solution of multi-RALF has been briefly 

discussed in section 4.2.3.1. It is highly recommended to solve the set of 
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nonlinear equations together with the DAE system describing the dynamics of 

an adsorption column. This would allow a better integration in time, and less 

chances of possible failure of the solver. 

If multi-RALF would surely benefit of its implementation in a process simulator, 

further development of its theory could possibly allow its use for challenging 

multicomponent systems. Multi-RALF has been proven to correctly predict the 

azeotrope benzene−propene−ortho-MFI without the need of additional 

mixture fitting parameters, which provides by itself a good test-case for an 

adsorption model. However, several additional mixtures still provide a fruitful 

challenge for thermodynamic theories. Mainly, adsorption of water, or mixtures 

where the molecules present large differences in polarity and size adsorbing 

in heterogeneous solids. Since multi-RALF relies on the definition of the 

residual Gibbs energy to derive the chemical potential in the adsorbed phase, 

one could use non-random hydrogen bonding theories, rather than the 

Sanchez-Lacombe EoS, to derive it. Non-random hydrogen bonding models 

have been successfully used to model hydrogen bonding in lattice fluid 

theories242 and systems where a non-random mixing might more realistically 

represent the physics of the system. Another interesting analysis could be 

carried out on mixing rules for multi-RALF, and on group-theories to describe 

the adsorption of a single molecule on multiple sites. The possibilities of 

improvement of multi-RALF are endless. This is the great advantage of such 

a “flexible” theory. 

The discussion on thermodynamics is closely followed by an equally relevant 

topic: adsorption kinetics. This work tried to outline possible strategies in the 

detection of mass transfer mechanisms in flexible adsorbents and fast diffusing 

systems. It is likely that this type of systems will increasingly appear as 

alternative to traditional zeolites or carbonaceous materials. Therefore, it is 

important to understand how to tackle the challenge of deriving correct mass 

transfer time constants to be used in process design. ZLC and TFR are quite 

established characterisation techniques in the adsorption field, and their 

adaptability to a wide variety of systems make them particularly suitable for the 
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screening and characterisation of novel adsorbents. It is of course challenging 

to design such systems to targeted materials, especially when specific 

properties want to be extracted. Nevertheless, the results presented in this 

thesis highlight how effective their use can be, especially if compared to 

commercial systems which are not meant to tackle complex kinetic processes, 

yet.  

To conclude, this work aimed at providing a framework of models and tools 

which could be a solid base in the deployment of monoliths for adsorption 

processes. This work has posed more questions than it actually answered, 

which is a good outcome for a PhD project. The further development of 

thermodynamic theories, experimental systems for kinetic measurements, and 

development of models for process simulations have been challenging topics 

in the adsorption field well before this work and they will be in the foreseeable 

future2.  
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Appendices 

Appendix A Correlations to calculate the 𝒈𝒊(𝜶) 
functions for an hex-hex channel 

A.1 Hex-hex channel with 𝜶𝒍𝒔 > 𝟎 

The function 𝑔ଵ(𝛼௟௦) is: 

𝑔ଵ(𝛼௟௦) = 𝑝ଵ(𝛼௥௘௖)𝛼௟௦
ଷ + 𝑝ଶ(𝛼௥௘௖)𝛼௟௦

ଶ + 𝑝ଷ(𝛼௥௘௖)𝛼௟௦ + 𝑝ସ(𝛼௥௘௖) A.1 

 where: 

𝑝ଵ(𝛼௥௘௖) = 0.0482𝛼௥௘௖
ିଵ.ଷହ − 0.05545  A.2 

𝑝ଶ(𝛼௥௘௖) = −0.7𝛼௥௘௖
ି଴.ହ − 0.9801𝛼௥௘௖

଴.଴ହ଻଺଻ + 0.3262 A.3 

𝑝ଷ(𝛼௥௘௖) = 0.6044𝛼௥௘௖
ଶ − 1.458𝛼௥௘௖ + 0.9418  A.4 

𝑝ସ(𝛼௥௘௖) = −0.08782𝛼௥௘௖
ଶ + 0.6716𝛼௥௘௖ − 0.08075 A.5 

The function 𝑔ଶ(𝑎௟௦) is: 

𝑔ଶ(𝛼௟௦) =
8𝑝ଵ(𝛼௥௘௖)𝛼௟௦

ଷ + 4𝑝ଶ(𝛼௥௘௖)𝛼௟௦
ଶ + 2𝑝ଷ(𝛼௥௘௖)𝛼௟௦ + 𝑝ସ(𝛼௥௘௖)

𝛼௟௦ + 𝑞ଵ(𝛼௥௘௖)
 A.6 

where: 

𝑝ଵ(𝛼௥௘௖) = 0.02639𝛼௥௘௖
ଷ − 0.02133𝛼௥௘௖

ଶ + 0.01868𝛼௥௘௖ + 1.256 A.7 

𝑝ଶ(𝛼௥௘௖) =
−0.45𝛼௥௘௖

ଶ + 0.3162𝛼௥௘௖ − 0.4356

𝛼௥௘௖ + 0.073
  A.8 

𝑝ଷ(𝛼௥௘௖) = −2.169𝛼௥௘௖
ଷ + 5.307𝛼௥௘௖

ଶ − 3.164𝛼௥௘௖ + 1.89  A.9 

𝑝ସ(𝛼௥௘௖) = 1.212𝛼௥௘௖
ଷ − 3.497𝛼௥௘௖

ଶ + 3.196𝛼௥௘௖ − 0.5109 A.10 

𝑞ଵ(𝛼௥௘௖) =
−0.5323𝛼௥௘௖

ଶ + 0.8912𝛼௥௘௖ − 0.1591

𝛼௥௘௖ − 0.1357
 A.11 

The fuction 𝑔ଷ(𝛼௟௦) is: 
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𝑔ଷ(𝛼௟௦) = 𝑝ଵ(𝛼௥௘௖)𝛼௟௦
ସ + 𝑝ଶ(𝛼௥௘௖)𝛼௟௦

ଷ + 𝑝ଷ(𝛼௥௘௖)𝛼௟௦
ଶ + 𝑝ସ(𝛼௥௘௖)𝛼௟௦

+ 𝑝ହ(𝛼௥௘௖) 
A.12 

where: 

𝑝ଵ(𝛼௥௘௖) = −526.9𝑒ିଶଷ.଴ହఈೝ೐೎ − 1.228𝑒ିଷ.ହ଼଺ఈೝ೐೎ A.13 

𝑝ଶ(𝛼௥௘௖) =
−0.6994𝛼௥௘௖

ଶ + 0.7064𝛼௥௘௖ + 0.09567

𝛼௥௘௖ − 0.2136
 A.14 

𝑝ଷ(𝛼௥௘௖) = 0.1561𝑒ଶ.ଷ଻଼ఈೝ೐೎ − 103.7𝑒ିଵଶ.ସଵఈೝ೐೎ A.15 

𝑝ସ(𝛼௥௘௖) =
−1.418𝛼௥௘௖

ଶ + 1.559𝛼௥௘௖ − 0.2615

𝛼௥௘௖ − 0.2284
 A.16 

𝑝ହ(𝛼௥௘௖) = −0.1187𝛼௥௘௖2 + 1.175𝛼௥௘௖ − 0.1184 A.17 

A.2 Hex-hex channel with 𝜶𝒔𝒔 > 𝟎 

The function 𝑔ଵ(𝛼௦௦) is: 

𝑔ଵ(𝛼௦௦) = 𝑝ଵ(𝛼௥௘௖)𝛼௦௦
ଶ + 𝑝ଶ(𝛼௥௘௖)𝛼௦௦ + 𝑝ଷ(𝛼௥௘௖) A.18 

 where: 

𝑝ଵ(𝛼௥௘௖) = −1.898𝛼௥௘௖
଴.ଵସଷଷ + 2.433              A.19 

𝑝ଶ(𝛼௥௘௖) = 1.021𝛼௥௘௖
଴.ସଵସହ − 0.8321 A.20 

𝑝ଷ(𝛼௥௘௖) = −16.66𝛼௥௘௖
଴.଴ଷଷ଺ଷ + 17.15 A.21 

The function 𝑔ଶ(𝑎௦௦) is: 

𝑔ଶ(𝛼௦௦) = 𝑝ଵ(𝛼௥௘௖)𝛼௦௦
ଶ + 𝑝ଶ(𝛼௥௘௖)𝛼௦௦ + 𝑝ଷ(𝛼௥௘௖) A.22 

where: 

𝑝ଵ(𝛼௥௘௖) = −4.505𝛼௥௘௖
ଷ + 8.463𝛼௥௘௖

ଶ − 6.129𝛼௥௘௖ + 6.938 A.23 
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𝑝ଶ(𝛼௥௘௖) = 10.65𝛼௥௘௖
ଷ − 22.59𝛼௥௘௖

ଶ + 16.87𝛼௥௘௖ − 5.944 A.24 

𝑝ଷ(𝛼௥௘௖) = 7.701𝛼௥௘௖
ଷ − 3.871𝛼௥௘௖

ଶ − 8.375𝛼௥௘௖ + 7.591 A.25 

The fuction 𝑔ଷ(𝛼௦௦) is: 

𝑔ଷ(𝛼௦௦) = 𝑝ଵ(𝛼௥௘௖)𝛼௦௦
ଶ + 𝑝ଶ(𝛼௥௘௖)𝛼௦௦ + 𝑝ଷ(𝛼௥௘௖) A.26 

where: 

𝑝ଵ(𝛼௥௘௖) = 0.6039𝛼௥௘௖
ଶ − 1.619𝛼௥௘௖ + 2.727 A.27 

𝑝ଶ(𝛼௥௘௖) = 1.021𝛼௥௘௖
ଶ + 0.4145𝛼௥௘௖ − 0.8321 A.28 

𝑝ଷ(𝛼௥௘௖) = 2.526𝛼௥௘௖
ଶ − 5.05𝛼௥௘௖ + 3.557 A.29 

Appendix B 

B.1 Adsorption energy from Widon insertion method 

To calculate the heat of adsorption at zero loading from molecular simulations, 

the method of Widom insertion162 has been used, selectively blocking sites 

with hard spheres to derive information on specific sites. The Widom insertion 

method can be qualitatively described as a fast technique to measure the 

energy of interaction between a probe molecule and the solid framework. The 

Widom method randomly inserts a probe molecule in the simulation cell of 

ortho-MFI and computes the interaction between molecule and solid, hence 

providing information on the Henry’s law constant of the molecule in the solid. 

Once the interaction energy between molecule and solid is calculated, the 

molecule is ejected from the simulation cell and the same molecule is inserted 

in another random position. The statistical average of the energies calculated 

gives the overall Henry’s law constant of the molecule in the solid. The Widom 

insertion is performed with RASPA243, an open-source code for molecular 

simulations. 

B.2 Grand Canonical Monte Carlo simulations 

The simulations to produce both the single component isotherms and the 

binary adsorption are carried out in RASPA243 via Grand Canonical Monte 
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Carlo simulations. This type of Monte Carlo simulations keeps the 

temperature, volume and chemical potential of the components constant while 

the system attempts trial moves such as insertion of a molecule, deletion of a 

molecule, rotation or translation of a molecule, and others.  

Each point of the isotherms and the binary data have been run as a separate 

simulation. The convergence of the results has been checked monitoring the 

number of molecules after each cycle of trial moves. Once the simulation 

convergences reaching a plateau in the number of molecules present in the 

system, the statistical average of the properties is computed. The number of 

cycles per simulation is changed accordingly to each simulation point for both 

single component isotherms and binary at 373 K and 100 kPa to make sure 

that the simulation reached a reliable statistical average. 

The rigid framework is modelled with chargeless Si atoms and charged oxygen 

atoms. The interaction between adosrbates and MFI framework is 

concentrated at the oxygen atoms of the MFI, leaving the Si atoms as inert 

atom sites. The inaccessible pockets of the MFI structure (see Figure 3.2) have 

been blocked with inert rigid spheres to avoid unnecesessary attempts of 

insertion, and improve the convergence performance. The force field used 

employs a united atom approach as the one presented by Ban et al158. The 

adsorbate-zeolite atoms interactions are modelled with a Lennard-Jones (L-J) 

potential. The cut-off length of the intermolecular interactions is set to 12 Å and 

the potential shifted. Jorgensen mixing rules are used for non-identical united 

atoms interactions. The Culombic interactions between the charged sites of 

the benzene and the oxygen atoms of the MFI are modelled by means of Ewald 

summation. The benzene is modelled with the 9-site model described by Wick 

et al.244. It considers the 6 CH chargeless sites of the benzene ring, and 3 extra 

charged sites, to correctly represent the 𝜋 bonding system.  The L-J 

parameters and the MFI size details are presented in Table B.2.1. 
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Table B.2.1: Lennard-Jones parameters and MFI framework used in this work. 

Molecule United-atom 𝝈 [Å] 𝜺/𝒌𝒃 [K] 

Propene CH3 3.76 108.0 

 CH2(sp2) 3.68 92.5 

 CH(sp2) 3.73 52.0 

Benzene CHbenzene 3.74 53.5 

Guest-Host  CH3-O 3.48 93.0 

interactions CH2(sp2)-O 3.50 82.6 

 CH(sp2)-O 3.43 69.0 

 CHbenzene-O 3.38 73.0 

Framework Unit cell size [Å]  Number of unit 
cells 

Space 
group 

Ortho-MFI 20.022x19.899x13.383 2x2x3 Pnma 
(ortho) 

 

To split the overall isotherm in the contribution from the sites, the number of 

carbon atoms per site is counted during post-processing. Once the number of 

carbon atoms for each site is obtained, it can be divided by 6 for the benzene, 

or by 3 for the propene to obtain the number of molecules per site at each 

simulation point.  
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