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Abstract

This thesis is concerned with the well-posedness of the one-dimensional derivative non-
linear Schrodinger equation (DNLS). In particular, we study the initial-value problem
associated to DNLS with low-regularity initial data in two settings: (i) on the torus
(namely with the periodic boundary condition) and (ii) on the real line.

Our first main goal is to study the global-in-time behaviour of solutions to DNLS in
the periodic setting, where global well-posedness is known to hold under a small mass
assumption. In Chapter 2, we relax the smallness assumption on the mass and establish
global well-posedness of DNLS for smooth initial data. In Chapter 3, we then extend
this result for rougher initial data. In particular, we employ the I-method introduced
by Colliander, Keel, Staffilani, Takaoka, and Tao and show the global well-posedness of
the periodic DNLS at the end-point regularity. In the implementation of the /-method,
we apply normal form reductions to construct higher order modified energy functionals.

In Chapter 4, we turn our attention to the uniqueness of solutions to DNLS on the
real line. By using an infinite iteration of normal form reductions introduced by Guo,
Kwon, and Oh in the context of one-dimensional cubic NLS on the torus, we construct
solutions to DNLS without using any auxiliary function space. As a result, we prove the
unconditional uniqueness of solutions to DNLS on the real line in an almost end-point

regularity.
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Lay summary

Nonlinear Schrédinger equations arise naturally as models describing wave phenomena
in various branches of physics. They belong to the class of nonlinear dispersive partial
differential equations, which are broadly characterized by the property that solutions
tend to spread out spatially (disperse) as time evolves.

Among the important problems in mathematical analysis, but also of interest in
other fields (such as applied mathematics and theoretical physics) are the local well-
posedness of these equations. Roughly speaking, by local well-posedness we mean that
for given initial data, there exists a unique solution solving the equation which satisfies
the initial condition, and moreover we have stability under perturbations of initial data
(that is, a small change in the initial data incurs a small change in the solution). Once
these desired properties are known to hold, we can begin to deepen our understanding
of the behavior of solutions to such equations. For example, one might very much be
interested to rule out the possibility that some solutions develop pathological behavior
in finite time (and thus establish global-in-time well-posedness), or as it is the case when
using numerical simulations, one might want to guarantee the uniqueness of solutions
among the largest possible class of solutions (that is the unconditional well-posedness).
Furthermore, for Schrédinger-type equations, such properties of solutions might depend
non-intuitively on the underlying domain of the physical variables.

In this work, we study the one-dimensional derivative nonlinear Schrédinger equa-
tion (DNLS) which is used as a model equation in plasma physics. In particular, we
focus on showing: (i) the global-in-time well-posedness of DNLS on the circle with
relaxed conditions both on the size (Chapter 2) and on the regularity of initial data
(Chapter 3), and (ii) the unconditional well-posedness of DNLS on the real line (Chap-
ter 4).
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Notation

R: the set of real numbers

Z: the set of integer numbers

T:=R/27Z

Ty :=R/27\Z (A > 0)

Zy = %Z (A>0)

#A: the number of elements of the finite set A
d+#: the counting measure on Z

[x]: the largest integer smaller than x

(o) i= T+

Re(z)/Im(z): the real/imaginary part of z € C

]{r[-]dx: L [ de 0> 0)

=5 -
F or F;: the Fourier transform operator in the spatial variable

Fi2: the Fourier transform operator in both the temporal and spatial variables
S(R): the class of Schwartz functions on R

S(Ty): the class of 2w A-periodic C*°-functions on T

Jor F(IZNE) = (&) F(f)(€)

Dy F(DLf)(E) = [E°F(F)(€)

A= 0(B) (litle-0): lim, o0 5 = 0

A = O(B) (big-0): there exist C' > 0 and xg such that |A(x)| < CB(x) for all © > xg

7. compactly supported C*°-function
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Chapter 1

Introduction

This thesis studies some of the well-posedness properties of the initial-value problem

for the one-dimensional derivative nonlinear Schrédinger equation (DNLS):

i0pu + 02u = i0, (|u?u) , (t,z) € R x M, (1)

Ulp=0 = ug .

Throughout this work, the initial data ug is assumed to belong to the Sobolev space

H*(M). Here, we are concerned with the following two settings:

(i) M = T := R/27nZ, i.e. DNLS on the torus (namely (1.1)) with the periodic

boundary condition), and

(i) M =R, i.e. DNLS on the real line.

The index s denotes “the number of derivatives” required from the initial data. We aim
to work with the smallest possible value for s, or in other words, with low-regularity
initial data. This desideratum does not only allow one to work within a larger class of
initial data, but oftentimes the analysis in low-regularity spaces also uncovers qualita-
tive properties of solutions to problems such as that are not present for smooth
solutions.

Generally speaking, a well-posedness theory establishes that for given initial data
up, there exists a unique solution u = u(t, z) to the initial-value problem and that the
solution depends continuously on the initial data. This thesis is focused on two of the
properties that go beyond the bare-minimum requirements of well-posedness. More

specifically, we provide answers to the following questions:

1. Can the solutions be extended for all times?

2. Is the uniqueness of solutions guaranteed among the largest possible class of

solutions?

We recall that DNLS arises as a model equation in plasma physics [42] 33| [34], [50]

when describing the propagation of Alfvén waves in magnetized plasma with constant



magnetic field. We refer to the monograph [43] for a more recent derivation of this
equation.
One of the important features of DNLS is that it conserves the following quantities

(referred to as the mass, momentum, and energy of a solution u to DNLS):

M (u) := /M lu|?dz (1.2)
P(u) := /Mhn (ud,u) + %\u|4da:, (1.3)
E(u) := /M |Opul? + g|u|2 Im(ud,w) + é|u|6 dx . (1.4)

More precisely, if u satisfies ([L.1]) and has enough regularity, then E(u(t)) = E(ug) for
all existence times t of u (and similarly for the other two quantities).
In the Euclidean setting, i.e. M = R, the family of solutions to DNLS is invariant

under the following scaling transformation:
1 t
u(t,x) — /\—%u <)\2, )\> = uMt, ). (1.5)

We have that ||u(]\HL3 = |luol[z2, where ud(z) = u*(0,2). Thus, s. = 0 is the scaling
critical Sobolev index. In the periodic setting, i.e. M = T, the above transformation
changes the underlying domain and thus the scaling transformation is no longer a sym-
metry of the equation on T. Nevertheless, in both settings, reasonable well-posedness

theory is to be expected for s > s., and possibly for s = s..

1.1 DNLS in the periodic setting

In [21], Herr showed that the initial-value problem (1.1 is locally well-posed in H*(T),
for any s > % Moreover, also in [21], the author pointed out that the H'-solutions

extend globally in time, provided initial data with mass less than %

In Chapter [2| we relax the smallness assumption on the mass and establish global
well-posedness of the periodic DNLS for smooth initial data. More precisely, we show

the following:

Theorem 1.1. Let A > 0. Then, the initial-value problem (1.1)) on Ty is globally

well-posed in H*(T)), provided initial data with mass less than 4.

Note: Section presents a proof by contradiction which is based on joint work with
Tadahiro Oh published in

[36] R. MosiNcAT AND T. OH, A remark on global well-posedness of the derivative
nonlinear Schrédinger equation on the circle, C.R. Acad. Sci. Paris, Ser. I 353 (2015),
pp. 837841,



Alternatively, in Section [2.4] we give a direct proof based on an inequality established
in Section 3 of the following article:

[35] R. MOSINCAT, Global well-posedness of the derivative nonlinear Schrodinger
equation with periodic boundary condition in H%, J. Differential Equations 263 (2017),
4658-4722.

Theorem improves the known mass threshold in [2I] for global well-posedness
in H'(T). Moreover, we note that the mass threshold 47 is independent of the period
L = 2x . It is worthwhile to mention that on compact intervals, as well as on the half
line Ry = [0,00), under the Dirichlet boundary condition, possesses finite time
blowup solutions above the mass threshold 27 (provided E(u) < 0 and some additional
conditions). See [47, [54].

Chapter 3 is devoted to extending Theorem to rougher initial data. More

precisely, we establish:

Theorem 1.2. The derivative nonlinear Schrodinger equation with periodic boundary
condition (L.1)) is globally well-posed in o for initial data ug with M [ug] < 4.

Note: Theorem is the main result of the following article:

[35] R. MOSINCAT, Global well-posedness of the derivative nonlinear Schridinger
equation with periodic boundary condition in H %, J. Differential Equations 263 (2017),
4658-4722.

The main tool for proving Theorem is the “I-method” introduced by Colliander,
1

Keel, Staffilani, Takaoka, and Tao [9]. In order to reach the end-point regularity s = 5
we use a refinement of this method by employing a third generation modified energy,
which we briefly describe in what follows.

In the first instance, the I-method aims to prove that £l(u(t)) := E(Iu(t)) is
“almost conserved”, i.e. that it changes slowly in time, for solutionsﬂ u of DNLS.
Here, the operator [ is the identity operator for functions supported on small frequen-
cies and “smooths out” high frequency components. This method provides a robust
scheme which can be refined, for example by iteratively taking £7(u) := &/~1(u) +
“correction terms”, where the small correction terms are chosen such that £/ changes

yet even slower than £/~! in time. For the proof of Theorem we use:
E3(u) == ENu) + Ag(oa;u) + Ag(o6; u) + M (u)Ag(07;1).

We have to resort to this third generation modified energy since the second generation

modified energy £2(u) := £'(u) + A4(04;u) is not “nice enough” for reaching s = & in

2
the I-method scheme. The correction multipliers have the form o) = %—:, where My,

is chosen such that we eliminate a badly behaved term and «y is determined by the

'First, one shows the almost conservation property for smooth solutions, and then by a standard
approximation argument infers the property for H®-solutions.



structure of the equation. If M) vanishes on the zero set of 4, then we can still define
the correction multiplier oy, (by setting it zero whenever ay, = 0). This is indeed the case
for o4 and o;. However, for the sixth order correction multiplier og, ag = 0 does not
imply Mg = 0. In this case, we use the resonant decomposition idea appeared first in [12]
for the cubic NLS on R?. Roughly, the idea is to split Mg = él) —|—M(§2) corresponding
to |ag| < R (resonant contribution) and |ag| > R (nonresonant contribution). Due

to the restriction |ag| < R, the multiplier Mél) has a better pointwise estimate than
M
ag

Mpg. The multiplier Mﬁ(Q) is used to define the correction multiplier og, i.e. g =
Finally, we optimize the choice of the threshold R. This resonant decomposition step
is equivalent to applying normal form reductions to the evolution equation satisfied by
E%(u(t)). The core part of the argument proving Theorem is estimating (time
averages of) the nonlinear terms of %57 (u(t)) for which we use Fourier restriction
norms. Compared to the global well-posedness of DNLS in H %(R), result obtained
by Miao, Wu, and Xu in [32] also using the third generation modified energy, in the
periodic setting, the difficulty in proving nonlinear estimates stems from fewer linear
estimates available: we only have the L-Strichartz estimate due to Bourgain [5] and
its bilinear refinement due to De Silva, Pavlovié¢, Staffilani, and Tzirakis [13] for the

interaction of two frequency-separated linear evolutions.

1.2 DNLS in the Euclidean setting

Let us review some of the well-posedness results for DNLS in the Euclidean setting.
Kaup and Newell [24] showed that DNLS is completely integrable, in the sense that
it is the compatibility condition for a certain pair of linear differential equations. In
particular, it possesses an infinite family of conservation laws, as well as a two-parameter
family of solitons. Throughout this work, we do not employ the complete integrability
structure of DNLS. For a certain class of Schwartz initial data, by using the inverse
scattering method, Lee [30, [31] obtained local and global solvability.

In low-regularity spaces, Takaoka [44] used the Fourier restriction norm spaces in-

troduced by Bourgain [5] and proved

H’U28];5||Xs,b—1(RXR) 5 ||v‘|§(5’b(R><R)’ (16)

for % <s<1land % <b< %, in a fashion similar to the estimate for the KdV equation
[25]. On the other hand, Takaoka in [44] noted that for estimates of the form

102000 o1 ey S 0l sy (L.7)

“the Fourier restriction norm method seems inapplicable.” However, the transforma-



tiorﬂ v = G1(u) removes the nonlinearity |u|?0,u from (1.1, i.e. v solves
: 2 P S
10w + Ov = —iw 0,0 — §|v\ v. (1.8)

Therefore, Takaoka established the local well-posedness of down to H %(R) and
also showed that the above estimate does not hold if s < %, for any b € R.
Moreover, for 0 < s < 3, the solution map uy € H*(R) — u(t) € H*(R) fails to be C3,
for any t # 0. Another mild ill-posedness result for DNLS in H*(R) (0 < s < 1) was
given by Biagioni and Linares in [4]. They used the solitary waves of DNLS [24], [50]
and showed that the local uniform continuity of the same solution map does not hold.
Hence, the fixed point argument for the gauge equivalent equation is no longer
the tool to construct H*(R)-solutions for DNLS in the range 0 < s < 3.

In Chapter 4, we establish the unconditional (local) well-posedness of DNLS in
H*(R), for any s > % Unconditional well-posedness is a notion of well-posedness
which does not depend on how solutions are constructed. If well-posedness is obtained
by employing an auxiliary function space, then the uniqueness of solutions holds condi-
tionally. If, instead, uniqueness holds in the entire class of continuous-in-time H*®-valued
functions, we say that the initial-value problem is unconditionally (locally) well-posed

in HS.

Theorem 1.3. Let s > 3. Then, DNLS is unconditionally (locally) well-posed in
H*(R). More precisely, for any ug € H*(R) and interval I containing t = 0, if
ui,uz € C(I; H¥(R)) are solutions to with u1|i=0 = u2|t=0 = wo, then ui(t) =
ua(t) for allt € I.

Note: Theorem |1.3|is based on joint work with Haewon Yoon:
B7] R. MosINCAT AND H. YOON, Unconditional uniqueness for the derivative

nonlinear Schrédinger equation on the real line, preprint, 2018.

Theorem |1.3|removes the auxiliary function spaces used by Takaoka [44] when prov-
ing the local well-posedness of DNLS in H*(R), s > % Previously, Yin Yin Su Win
[52] showed the unconditional well-posedness of DNLS in the energy space H'(R). In
Subsection we point out why this strategy does not work below the energy space.

The proof of Theorem [I.3]is based on the recent normal form approach to uncon-
ditional well-posedness of Kwon, Oh, and Yoon [2§] and on ideas due to Kishimoto
[27, 26] to use certain trilinear forms and the H*~!(R)-norm to show convergence to
zero (in the sense of distributions) of a remainder term (see subsections and re-
spectively). In [26], Kishimoto proved the unconditional well-posedness of the periodic
DNLS in H*(T), for s > % In the periodic case, the normal form approach exploits

in a non-trivial manner the discrete structure of the spatial frequency space. In the

2This reduction of DNLS to (1.8) was also employed by Lee [31], to which he attached a certain
spectral problem.



Fuclidean case, however, number theoretic tools such as the divisor counting argument
are no longer available.

In [28], the authors developed an infinite iteration scheme of normal form reductions
in an abstract form for nonlinear dispersive PDEs on the real line. We recall that in the
context of dispersive PDEs, the normal form method has been introduced by Babin,
Ilyin, and Titi [2] for the unconditional well-posedness of KdV on the torus. For the
cubic NLS on T, however, Guo, Kwon, and Oh [I7] needed to perform normal form
reductions infinitely many times (whereas in [2], two iterations sufficed). In particular,
they introduced the notion of “ordered trees” to handle the resulting multilinear terms.

We also make use of this bookkeeping tool as well as related notions, see Appendix [A]



Chapter 2

Mass threshold improvement for

global well-posedness in H'(T)

When proving that local H?®-solutions u can be extended globally in time, one seeks to
have control on the growth of ||u(t)| s in time. If there is a functional well-defined for
H?-functions, invariant under the flow of the equation, and which has a good coercivity
property (i.e. controls the blow-up norm), then global well-posedness follows routinely
by iterating the local well-posedness result. For global well-posedness in H!(T) under
the mass condition M (up) < 27, one needs only the energy conservation law. How-
ever, to obtain Theorem with the improved mass condition M (ug) < 47, we use a

combination of the energy and momentum functionals.

2.1 Gagliardo-Nirenberg inequalities on T)

In this subsection, we prove inequalities of the form

1llzor) < (5.9, @) + &) ALt 1Dz + Kl F 1L | £ 1z ys &> 0,

where the positive constant K, blows up as ¢ N\, 0 (here, D3 := (—92)2). On R,
Gagliardo-Nirenberg inequalities (i.e. ¢ = 0, K. = 0) are known to hold with sharp,
explicit constants (s, p, q) (see for example the article of Bellazzini, Frank, and Visciglia
[3]), but on T constant functions provide counterexamples.

We recall that on the real line, we have the sharp Gagliardo-Nirenberg inequalities

1 1 2
||f||L6(]R) < (%) ’ ||8xf|’z2(R)||f||22(R)a (2'1)
1 8
”f”LG(R) < CGN|’afoz2(R)Hszzi(R)v (2-2)
where Cgn = 3%(277)_%. For (2.1)) we refer to [51], whereas for , see [1].

On bounded domains, inequalities of the above form cannot hold, simply for the

fact that constant functions provide counterexamples. However, the situation is similar



to the Poincaré inequality, and in fact, using elementary arguments, E| it was shown in

[21, Appendix C] the following inequality:

(1P = 1)l pogry < 10 fll2em 12y (2.3)

for any 27-periodic function f, where

1
— f 7@)Pde = 317 g (2.4)

Although can be used to study the coercivity of E (see Lemmabelow), we use
here the following result (see e.g. Lebowitz, Rose and Speer [29, Lemma 4.1]) since it
yields the same mass threshold M (up) < 27 as in the Euclidean setting.

We first establish the following version of the Gagliardo-Nirenberg inequality on T
which incorporates the sharp constant from . The proof is based on an argument
from [29].

Lemma 2.1. Let A\, > 0. Then, for any f € H'(T)), we have

[N

V2

HfuLeméCeN(H) (102£122(z, erHm D E My @5)

5TA
%
s < Cow (1+ 555)" (10010 + Wm0
4
1180t < ( 25+ ) 10a B ey + Kl Iy 27)

for some constant K. > 0 (independent of \).

Proof. Let f € H'(T,) c C(Ty). By periodicity, we assume that

1£(0)] = |F(L)] < L5\ f || smy (2.8)

without loss of generality, where L := 27\. Let F' be an extension of f on [0, L] to R
such that (i) supp F' C [, L + 6] and (ii) F linearly interpolates 0 and f(0) on [—d, 0]
and f(L) and 0 on [L, L + 6]. Then, by a direct calculation, we have

170 oy < NSz 2.9
26 26
HF”%‘l(R) < Hf”%él(m) + g’f(o)“ < (1 + >HfHL4(’]I‘>\ (2.10)
2
100 F 3aqmy < 1051 3agr, + 220 (5)' <10 facry + g I ey (21D

Then, the estimate ) follows from ) with . -, and -

! The inequality (2.3) is also true on Ty and this can be easily checked by scaling considerations.
The same result can be obtained by using the pointwise Poincaré inequality followed by an application
of the Holder inequality.




The inequalities (2.6) and (2.7]) follow via analogous arguments.

2.2 Gauge trasformations on T)

The adaptation of the gauge transformation is due to Herr [2I] where he proved the
local well-posedness of (|1.1)) in H*(T) for s > % For 8 € R, we consider

Gp: LI(TH) = LUTy) , Gs(f)(@) = e T E f(a) (2.12)

where J(f) is the mean-zero antiderivative of | f|> — u(f), i.e.

2T
IO =g [ [ WP =ty dyas. (213)

where

W)= 4 1@l = 5, (214)

Remark 2.2. Consider g = Gg(f). Then |g| = |f| and thus ||g||z» = | f|/z» for any p;
in particular 1(Ggf) = pu(f). We also note that Gg is inverted by G_g.

Moreover, we have
0 f = WD (0,9 + (g ~ 1l9))g)-
By using (22.3)), it follows that

10:f 1122 = 11929122 + B2(I(19]* — 1(9))gl2 — 2ﬁ/(lg|2 — u(9)) Im(g9,g) dx

< (1+Blgltz + 218119122 ) 19:911-.

By interpolating with the trivial estimate || f||;2 = ||g|| 12, we get that for any 0 < s <1,

||DSfHL2 T)\ NM Hng||L2 TA)

Clearly, if we apply the above lines of argument for G_g instead of Gg we in fact get
that

1Dz fllz2(ryy ~ I1Dz9llL2(ry) (2.15)
with implicit constants depending on s, 3, and M(f) = M(g).

By setting w(t,z) = Gg(u(t))(z), the derivative nonlinear Schrédinger equation



(1.1) becomes
iOpw + 92w — 2iBp[w] pw =2i(1 — B)|w|*dpw + i(1 — 28)w?0, W + Bu(w)|w|?w

+ (8- )l — vy,

5
(2.16)
where 5 5
P - O 4 2 2
P(w) = 27 I, (2 Im(wwy) + (2 20w ) dx + B p(w)”. (2.17)
Correspondingly, the momentum and energy functionals are
PGp(w) = [ (tmfwm,) + G - Bl do+ Sufuldtlu] = Pa(w), (219
3 3 1
BG-pw) = [ (sl + G = 29l (i) + (2 = 50+ lul”) do
+ ()l + 28w)Pa(w) — Bu(w)?M(w) =: By(w). (2.19)

We point out that in the periodic setting, the terms coupled with p(w) and ¥ (w)
are new terms when comparing (2.16) to the corresponding equation in the Euclidean
setting.

We can eliminate the auxiliary linear term on the left hand side of by the

translation transformation
w(t,z) — v(t,x + 268p(w(t))t). (2.20)
Correspondingly, we introduce the gauge transformation of spacetime functions
GP CPLE(J x Ty) — CPL2(J x Ty) , GP(u)(t, x) == Ga(u(t))(x — 2Bu(u(t)t). (2.21)

For the local well-posedness theory, it is necessary to use the gauge parameter § = 1
so that the “bad” nonlinear term |w|?0,w in ([2.16)) is eliminated. Hence, in the sequel,

we consider the equation on T) corresponding to this gauge choice, namely

10w + 020 = —iv?0,T — %\0\40 + p(v)v]2v — P (v)v, (2.22)

where we recall that u(v) = ﬁHvH%Q(TA) and

(o) = —

1
= 21 ,7) — =|v|* 2, 2.2
ooy [ (200.) = 5l ) s+ ) (223)

The following lemma provides the continuity properties of the gauge transformation.

We note that in order to have the Lipschitz continuity of G# (rather than of Gg) one

needs to fix the L2-norm of the functions at all times .

10



Lemma 2.3. [21, Lemma 2.3] Let s,r,pug > 0, T > 0. There exists ¢ = ¢(r,s,\) > 0
such that:

1. If f,g € By :=A{f € H(T»\) : [ flls(ry) S 7} then
1G5(f) = Ga(@)lms(ry) < ellf = gllmsry)- (2.24)
2. If u,v € B"M0 where
B = {u € C([-T,T]; H*(Ty)) : ullzeers < 7, p(u(t)) = po for all t € [-T,T]},

then
1GP (w)(t) — G° (0) ()l rs(ry) < cllult) — vt sy (2.25)

forallt € [-T,T].

2.3 Proof by contradiction for Theorem [1.1

In this subsection, we prove by contradiction that ||u(t)||g1(t,) stays bounded on any
finite time interval. Let A,§ > 0 and note that the conclusion of Theorem follows
once we prove the global well-posedness of DNLS in H'(T,) provided initial data with
mass less than 4 (1 + %)_2. The proof below follows ideas of Wu [55].

By time reversibility, we restrict our attention to positive times. First, we recall
that the local well-posedness result due to Herr [21] yields a simple blowup alternative:
either (i) the solution u to exists globally or (ii) there exists a finite time T such
that limgpp,

u(t)|| ;= oo.
Fix §, A > 0. Suppose that there exists a solution u to (|1.1)) such that

M(u) < 4 (1 + %)’2

and

lim (015, = 00

for some finite time 7, > 0. Let v =G %(u) and consider the functional

£(v) ;:/T (]8$v|2 - %W + g,u(v)]v|4> dx (2.26)
= By(v) = Ju(0)Py(0) + ({0 M (0).

where for the second expression we used (2.19). We have E% (v) = E(u), P% (v) = P(u),
M(v) = M(u) and therefore £(v) is conserved. Since the gauge transformation is
continuous on C([-T,T] : H'(T,)), our assumption and (2.15) imply that there exists

11



a sequence {t, }neny C Ry such that

Jim {[o(tn)[| g1, ) = o0

while M(v) = M(u) < 47 (1+ %)_2. Then, it follows from the conservation of &(v)
that

Tim_ [[o(ta) ¢z, = . (2.27)
As in [55], we define { fy, }nen by

P O reN
O

Then, we have the following lemma.

Lemma 2.4. Let 6, > 0. There exists e, = €,,(\,0) = 0 as n — oo such that

—1
2CGN(1+55)\> ten < fu < M(v)3. (2.28)

In particular, |[v(tn)| paer,) — 00 as n — oo.

Proof. The upper bound in follows from Holder’s inequality.

In what follows, for notational simplicity, we suppress the domain of integration Ty
with the understanding that all the norms are taken over T).

From the upper bound in together with it follows that

(2B [
= (o — SOt ) e — o (229

as n — 0o. By Lemma [2.1] we have

@

9 25\ ~ 1 3
oz 0t (14 2) (10wt + pletale) el
1
4

g 26\ E(v)
_2C2< ) <—|—6 + 167 ) , (2.30)
5L lo(tn)lI7s
where in the last step we simply used the definitions of £(v) (see (2.26])) and of ~,, (see

(2.29))). Then, the lower bound in (2.28) follows from (2.27), (2.29)), and (2.30) with

the conservation of £(v).
The claim that ||v(t,)[/za(r,) — 00 as n — oo follows from and (2.28).

12



In the following, we use the conservation of the functional
_ 1 4
P(v) :=Im [ vvyde— - |v|*dz (2.31)
Ty 4 Jp,
= Py(v) ~ Sp(v)M(v).

We consider modulated functions ¢, (x,t) = e**"%v(z,t) for some non-zero a,, € Zy (to

be chosen later). On the one hand, we have

T S L R
73(11)—+—4/TA |v[*dz = Im . VU dr = 2an5(¢n)—|— 5 M(v) + 20%5(1)). (2.32)

On the other hand, by Lemma with (2.29)), we have

g((¢n(tn)) > —(nn + ’Yn)Hv(tn)H([;,G (2.33)
where 7, is defined by
1 26\ 7" —18 p—4

Case 1: 1, + v, < 0 for infinitely many n.
In this case, we simply set a,, = % Then, for those values of n with 7, + v, <0, it
follows from ([2.32) and ([2.33]) with (2.29) that

S < S0+ m)lo)lfs — P(e) + 5-M() + 5E)
< ~P(0) + 57 M(v) + SE()

Then, from the conservation of M, P, and &, we conclude that ||v(t,)| 2 = O(1). This

is a contradiction to Lemma 2.4

Case 2: 1, + v, > 0 for all sufficiently large n.

In this case, we choose

L

Qp 1= % [% (M(v)_l(nn + ’Yn))

ol

1
lotn)lige] + 5 € Za.

where 7, and 7, are as in (2.29) and (2.34). Here, [x] denotes the integer part of x.
Then, from (2.32)) and (2.33)), we have

1

el < (M) +90) ot e = P0) + 5 M) + 5 €.

Then, by Lemma (2.27)), (2.29), and (2.34]) along with the conservation of M, P,

13



and &, we obtain

—4
fS<M)ft—16 <1 + ;j.i) Cort M (v) + o(1) (2.35)

as n — oo. Arguing as in [55], we see that (2.35]) is impossible if

M(u) = M(v) < 4r (1 + 5%) -

This completes the proof by contradiction for Theorem

2.4 Direct proof for Theorem [1.1

We begin this section by revisiting the energy functional corresponding to the gauge
equivalent DNLS equation (2.22)) on T, namely

Ei(v) := /11‘ <|096v|2 - é]v|2 Im(v0,v) + ;u(v)]v|4> dz 4+ 2u(v) Py (v) — p(v)?M(v).

(2.36)

Compared to the real line case, due to the particularity of the gauge transformation
in the periodic setting, the terms coupled with p(v) are new. The last two terms are

conserved, by discarding them we still have a conservation law. However, the term

%u(v)HvH‘lel(TA) is not conserved by the flow of ([2.22)).

Remark 2.5. If v is a smooth solution of (2.22), ||v||z4(r,) is not necessarily conserved.

Indeed, using integration by parts, we find

1
8,5HU||i4m )= 4Re/ M%(z‘&ﬁu —i(— 20,0 — < |v[*v + p(v)|v]*o — w(v)v)) dx
A T 2

=4Im [ 0,(v0?)dpvdr —4Tm w(v)HvH%AL(TA) + h.o.t.
Ta

=4Im [ 7%(9,v)*dz +ho.t.,
Ta

where we used the fact that 1(v) is R-valued; see (2.23). In general, the higher order

terms (h.o.t.) cannot cancel the fourth order term 4Im [ 2(0,v)? da.

Nevertheless, by Sobolev embedding and interpolation of H*-norms, we have

3 1
lollzacmsy S 1ol o,y < Tl ol

and therefore, for any € > 0,

1 1
5#(”)”””%41(15) S lolzepllvlar,y S 5"8wv|’%2(’]1‘,\)+€HU”%2(’H‘A)+E”’UH}L%(TA)' (2.37)

14



Therefore, we consider the essential part of the energy functional in (2.36)), namely

E(v) = /% (]8330\2 - ;]v\2lm(vv$)> da. (2.38)

This is the same expression as the energy corresponding to ([1.8) on the real line (see
[9]). In view of (2.37) and the conservation of mass, when controlling the H'-norm of
a solution v to (2.22)), the above £(v) is just as good as the conservation law Ej(v).

|2

Applying the same strategy to the mixed term |v|* Im(vv,) and by using the Gagliardo-

Nirenberg inequality , we get
E(w) +1 Zs @) (4n°(1—e = 8)d — M(v)?) [0 2(r,

for any €, > 0, where the constant 1 in the left-hand side above hides a polynomial
in M (v). Since sup, 559(1 — — )6 = %, this would yield the mass threshold condition
M(v) < .

However, as was noticed by Hayashi and Ozawa [19, 20] in the Euclidean case, the
choice g = % for the gauge transformation yields a neat expression for the corresponding
energy functional and a better mass threshold condition, namely M (v) < 27. By using
the adaptation of a Gagliardo-Nirenberg inequality (see Section , we show that this
threshold also carries over to the periodic setting.

In the proofs below all the norms are taken over T).

Lemma 2.6. Let A > 1. For any f € HY(T)) with M[f] = HfH%Q(TA) < 2w, we have:

102 f1172¢r,y S E(F) + 1. (2.39)
The implicit constant depends only on M|f]and blows up as M[f] /' 2x.

Proof. Consider g = gfi (f) and we note that

1 1 1 - 1
E(f) = [10xg32 — EHgH%e + 16 (1(9)* = 20(9)) llgllZ2 = 5(9) /Im(g@cg)dm + gu(g)Hg\V@
1 1

;wgnmn%z—/wgy/inmgaﬂndw

1
> 10591132 — 15 llglls - 5 ;

and note that for any € > 0 and any A > 1,

1

'QM(Q)/Im(anQ)dUC < |1gl13211029l 2 < €l|0zgl%2 + C=lg]|S,

for some C. ~ 7!, We choose € > 0 such that || f||7.(522 + 15) < 1 — ¢, and by (2.7) E|

2By using (2.3) at this point, the coercivity of £[-] 4 1 would be obtained under M [uo] < 2v/2.
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we then get

1,4 1
(=5 +)llzgl72llgll 72 — EKEIIQII(E2

E(f) = (1=)0agl> — 15

1
- gu(9)||9||i2 — Cellgl%2

and thus

)+ MU 2 (1= 9) = (o + 1IAIE: ) ool (2.40)

By combining (2.15)) and ([2.40), we deduce (2.39) and the proof is complete.

O]

Inspired by the paper of Guo and Wu [I8], we can improve the mass threshold
below which we can control the H'-norm of f by using both the energy & (f) and the

momentum

PU) = [ n(f2, 7)o = 515, (2.41)

associated to (2.22)), where we dropped the conserved term from (2.18)). The key ob-
servation is to notice that by modulating f, the change in kinetic energy incurred

resembles the main part of the momentum P(f).
Lemma 2.7. Let A > 1. For any f € HY(T)) with M(f) = HfH%Q(TA) < 4w, we have:
102 f 17201,y S 1EHI+P(f)* + 1. (2.42)

The implicit constant depends only on M(f) and blows up as M(f) / 4w.

Proof. As in the proof of Lemma above, let us consider ¢ = G_1(f) for which,
4
according to (2.15)), we have

10z fllL2(Ty) ~ 1029l L2(Ty)-
The main part is showing that

1029122m,) < 1E2(9)] + Py (9)> + 1. (2.43)

3
4

Indeed, this suffices to get (2.42)) as we have

1Ps(9)| =[P1(N)] < PO+ u(FIM(F),
[Es (9)] =|Ev(HI S 1E]+ %M(f)Hinzx + (P + p(f)?M(F),

and we can use ([2.37).
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From ([2.18])-(2.19)), we recall that

4

|

Ps3(g) = /T Im(g0.g)dx — ngHizx + éu(g)M(g),

9

1 3 3
(9) = 10291172 = J6ll9lzs + S(@)lgl7e + S(9) P2 (9) = 1:1(9)* M (g).

Es
4
In order to get (2.43)), we consider the modulated function g,(z) := €*g(x) with
a € Zy and a > 0 to be chosen later. We have

1020022 = 029122 + 029122 — 2a / Im(g0,)dz (2.44)

Ta

and therefore

By (92) ~ B3(9) = a®M(g) ~ 20 [ (gd,g)de + Su(o)(Py(00) — Py(9). (249

Ta

Since

Im(gaaxgioc) = Im(gaxg) - O‘|g’27

we also have

Ps(ga) — P3(9) = —aM(g). (2.46)

Therefore

%Eg (9a) — iEg (9) = %M(g) - /TA Im(g9,g)dx — gu(g)M(g)

and thus we find that

E E

(90) ~ 5. F1(9) = SM(9) + {lgllts = P (o). (247)

1 1
20 1 20" 1
We now use the Gagliardo-Nirenberg inequality (2.6|) to give a lower bound to the

first term in (2.47)); we drop the positive term 2pu[ga]||gal|].. Also, we use (2.46), and
taking into account that the Lebesgue norms of g, and g coincide, we have

ooty oo (omis (1o 0 ) ez 1 Lo
(00) ZlglSs | Cah (1+ 525 “16) "1

lgl3%
3 9 )
+ Sulg) (Ps(9) — ad(g)) = 1n(9)*M(g)
By (2.47)), we then get
3 1 a 1 gl
P Su(g)M(g) >=lgllts — =M (g) — — L 8
1Py () + Gu(@)M () 23Nl — 5M0) - goe(renlsl

- 5 (14 @)1+ Ju@IPy )]+ S5(0PM1(0) + M),
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where

1 18 5\,
o(z) = E_CE’N <1+57T)\) x| x

and for which we have

1 1
max p(z) > max (16 G§8x2> T=

>0 >0

We now balance the terms $M(g) and by choosing

12§mH9H%4

gl
8vrlgles

However, in order to correctly define g, as a periodic function on Ty, we take

= %( ] + 1) (2.48)

(here, by [z] we denote the integer part of x). Then

« o 1 1
__ _ 8 ~ _T* _ 8 _ _—
5 M(9) IQSWQHQHM >~ Mlg) 128m gl 74 2/\M(g)
= —a,M(g) — —QAM( 9)

and taking into account that A > 1, we deduce

1
[Pa(9)] + M(9)* + M(g) >7llgll1s — = M(g)
1
2004

(1E3(9)] + M(9)|Ps (9)] + M(g)* + 7 M(g))
(2.49)

We consider the following positive reals

o= (1= zloliz )

b= 4vlgll ez (B3 (0)] + M(9)| Py (g) + M(9)* + 671 M(9))
¢i= P3(g)| + M(9)* + M(g).

Thus, the inequality (2.49) provides the following

b
¢>allgllzs — =
gl
It follows that

c+ V2 +4ab

4 1
lollbe < S0 2 S b
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and so we obtain
lgllzs < ¢+ < 1Es(9) + P3(g)* + 1. (2.50)

Therefore, by using again ([2.6)),

9
10291172 + S1(9)

§u(g)Pa (9) + )

3 4
SH@lgllze =5 s 6~

- (9)*M(9) + 21(s)

1 6
= F3(g) + 7 lgll % -

1
2 3 16
SIBy @+ 1Py + 1+ (1001 + 5000)) ol

3
1

where the implicit constant can be taken to depend only on M(g). Then either

2
1029172 + 5409) S |Eg(9) + [P (9)] +1

3
4

or

2 2 3 < 1?6
029|172 + gu(g) S gl s

and we use (2.50)). In both cases, (2.43) holds and the proof is completed.
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Chapter 3

Global well-posedness below the

energy space

Let us outline here the content of this chapter. In Section we introduce function
spaces and review linear estimates (including a revised bilinear L*-Strichartz estimate).
After applying the gauge transformation augmented with a translation operator, The-
orem is reduced to Proposition concerning the global solutions of the periodic
gauge equivalent equation . Then, we build up the I-method apparatus. We
recall that in Section we showed the coercivity property of the energy functional
in the periodic setting. In particular, by incorporating the momentum functional, we
have H'-norm control under the improved mass threshold M[ug] < 4.

In Section [3.2] we provide a modified local well-posedness result based on existing
local multi-linear estimates and an interpolation lemma for the I-operator. In this
instantiation of the I-method scheme, we construct a third generation modified energy
functional in Section [3.3]after revisiting the first and second generation energies, as well
as discussing the frequency regions that previously did not allow reaching the regularity
s = % In the same section, we also revisit the crafting of the resonant set from the
real line setting and we provide pointwise bounds on multipliers which are used in the
following two sections.

In Section we analyze the growth of the third generation modified energy and
conclude with its almost conservation property, whereas in Section we show that
it stays close to the first generation modified energy. The almost conservation of the
modified momentum follows similarly to the Euclidean case and is also established in
Section 3.5

In Section we modify the usual I-method argument to include the almost con-
served momentum and we finish the proof of Proposition
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3.1 Preliminaries

In this subsection we review the basic properties in the Fourier restriction norm method
that are by now well-known — see e.g. [49, Subsection 2.6].

The convention we use for the Fourier transform of a 2w A-periodic function is

2T\
k) = /O ek (VA | k€ Ty

which is inverted by

1 ikx
)= 2 € alk) . we(0,2mA]
kEZ)

Q¢
—~~
8

The convolution products on Ty and Z) are given by

27T

[xg(r) = 0 flz —y)g(y) dy,

ax bk 2MZ a(k — h)b
hEeZy

respectively. We have E(k) = f* g(k), and by endowing Zy with the scaled counting
measure (dk)y := 5ixd#, the inner products on L*(T,) and L?(Z,) are

2T 7
<f>9>L2(1rA)= o f(z)g(r)dx

@Dy = gy 2 albB) = [ albFE,

kEZ) Zx

respectively. Then, the Parseval and Plancherel identities are written as

~

(fs@)r2(ry) = (fra) 12z,

~

[flle2(ry) = [1f1l 22

The Sobolev space H*(T)), respectively the Fourier Lebesgue space FL*"(T)) are the

completion of the 2w A-periodic C'°° functions with respect to the norms

~

1 lers () = IR F(R) 22z (3.1)
1 ll7zercmy = 1GR) FR) |z, (3.2)

where (k) := (1 + |k|2)%, k € Zy, for any s > 0, r > 1. We also use the homogeneous

Sobolev norm:

1l oy = 1R F O 22z,
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Remark 3.1. Notice that for any k # 0, uniformly in A > 1, we have
[kl < (k) < Alk|- (3.3)

Also, we have

Sk €Ly : (k) ~ 1} = O(N).

By S\ we denote the class of functions u* : R x Ty — C which are Schwartz in
t, 2w A-periodic and C* in x. With a slight abuse of notation, the time-space Fourier

transform and its inverse are
u(r, k) = / / e*i(THk“)u(t,x) dedt , T€eR k€ Zy,
RJT,
U(t,x) = / / kD) (1 k) dr (dk)y . te R,z e Ty,
Zy JR
Nonlinear interactions take on the Fourier side the form

1
T, ) = T2 ) = 5y 3 /Ra(ﬁ, k)(r — 0,k — ky) drt
k1€Z)

:/ / (7, k1)0(72, ko) dry (dk1)y.
k1+ko=k JT1+120=T

The unitary group on L?(T)) determined by the linear Schrédinger equation on T,

is given by

_ 1 ikztitk?
(UA() f)(x) = Gy Z e f(k). (3.4)
kEZy
For s,b € R (spatial and temporal regularity indices), we define the X*?(R x T}) space

as the completion of Sy under the norm

[ull xsomxry) = (k) (T + k*)*at, k)l 2212 (Rxz,)- (3.5)

It is well known that the (continuous) embedding X**(R x Ty) C CyHZ(R x T}) holds
if and only if b > %

From the work of Herr [21], we know that the trilinear estimate needed for the local
well-posedness theory (see Lemma below) holds only with b = % since the local
smoothing and maximal function estimates for the linear Schrédinger propagator are
no longer available — one has to rely merely on the L*-Strichartz estimate of Bourgain

[5] and on Sobolev inequalities. We introduce the spaces Y** and Z* via the norms

lully sy = Ik)* (T + K2)°a(t, K| 2 L1 (2, <R (3.6)

75ty = 0l g g,y + Illysogecrsy) (37)

RXT/\
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and the companion space zs by
[l 70y = 10§ g+ llyems ey (3.8)

We have Y*O(R x T,) C C,H:(R x T)) and therefore Z° = X%z N Y0 C C,H?.
For a given time interval J, the time-localized versions of the Fourier restriction

norms are defined via

[ullxsb(rxmy) = mE{{|v]l xso@mxry) : 017 = u}, (3.9)

and similarly for Y$0(J x Ty), Z5(J x Ty), and Z5(J x Ty).

By the Riemann-Lebesgue lemma and Hélder inequality, we have

HUHLOO (RXTy) = H [l 1 )HLi(ZA)
1 1
1 NI ENTPN 2 2
< (50 7)) (25 X 0l B
kEZ) keZy

< H<I<:>%+Hﬂ||L1(R)’ L3(Zy)

and thus

ullzee, @xry) S llully 14, O(RXTy)’ (3.10)

Similarly, by Minkowski’s integral inequality, Riemann-Lebesgue lemma and Plancherel’s
identity, one obtains

[ull oo s RxTy) S llullyso@xry)s (3.11)
for any s € R.

Additionally, we have the following linear estimates. Here and throughout this

thesis, 7(t) denotes a smooth compactly supported cut-off in time.

Lemma 3.2. [2], Lemma 3.6] Let s € R. There exists ¢ > 0 such that

IO UAE) fll zs@xry) < cllflas Ty (3.12)
H / Ur(t = 7)F(r,-)dr < el Fll o) (3.13)
Z5(RXTy)
for all f € H® and all F € S).
Lemma 3.3. Let 2 < p,q < oo, b>f—%,52%—%,)\21. For u € Sy, we have
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1. Sobolev estimates:

HUHL,{’H;(RXTA) S Hu\lxs,b(Rm), (3.14)
HuHLtOOHg(]RXT,\) N ||UHXS,%+(RWA)a (3.15)
HuHLfL%(RX’JI‘A) S HUHXva(RxTA)v (3.16)

(3.17)

lull e pgexma) S Wull 4434 g p

2. Strichartz estimates:

HUHL;{I(RXTA) S Hu”XO’%(Rx’ﬂ‘/\)’ (3.18)
0
el ety S A Nl gor g g, (3.19)
with implicit constants independent of X > 1.
One can prove the first part by using the interaction representation
[ull xso@xry) = IUN(=0)ult, @) | s o, xm)» (3.20)

the classical Sobolev inequalities, Minkowski’s integral inequality and the fact that
the operators Uy (t) are unitary on HZ(T,). For the second part, we recall that the
L*4(T)- and L5(T)-Strichartz estimates on finite length intervals are due to Bourgain
[5]; however, the global-in-time versions also hold — see e.g. [22, Proposition 2.2.4],
[49, Proposition 2.13]. The corresponding estimates on the scaled torus (i.e. (3.18)
and ) can be justified by going over the Stichartz estimates due to Bourgain
[0] and revisiting the counting arguments, but now accounting for Fourier modes in
Zy rather than Z (e.g. there are O(AM) elements k in Zy satisfying |k| < M, there
is a normalizing factor in the measure placed on Zj, etc.). It turns out that the
L*(Ty)-Strichartz estimate has an implicit constant independent of \, while the L5(T})-
Strichartz estimate has a logarithmic loss in A (in addition to the loss in derivative).
By interpolating the Strichartz estimate (3.19)) with the Sobolev inequality
(for p = ¢ = 6), we also have
(3.21)

HU’HL?J(RXT,\) S )\O+Hu||X0+’%7(RXTA)‘

We note that the estimates (3.14))-(3.21]) also hold for Fourier restriction norms on a
time interval J rather than on the entire real line.
We record the following scaling properties of the space-time norms introduced above
when using ([1.5) and a parameter A > 1:
2,1 1
= Ar "4 2 lullppg (mu)s

2
=\

A
[|u HLng(Rx’]I‘A)

A
[u HLfH;(RXT)\) H“HLin(RXT)’
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and

st 2 2
A7 ”HUHLfH;(RxT) S HUAHLfH;(RXTA) S )‘pHuHLng(RxT)'
For s,b > 0, we have

1+s+2b HU

—1p,,A - A
A 1||U HXSJ’(RXTA) S HUHXSJ’(RX’]I‘) SA HXS»b(RX’JT)\)a

while for s > 0, b < 0, we record

_ bir A — A
A2 [|w HXS’b(RXTA) S HUHXS’b(Rx’I[‘) SA 1+SHU HXS»b(RX’]I‘/\)'

We also use the following lemma when dealing with sharp time-cutoff functions:

Lemma 3.4. Let sc R and 0 <V <b< % Suppose that ¢ € HP(R). Then,

ot sy S 10l o -
Proof. By (B:20),
||¢u||Xs,b/(RxT>\) = H@b(t)UA(_t)u(tax)HHgHE’(TAXR)

and let J; := (0;). Then, via the fractional Leibniz rule, we have

[o)UN(=)u() ]| < 177 0 2z NUA(=0)u(®)]l g+ 1l

JY (U(—t)u(t)) HL . (3.22)
t

where % + % = % We take p > 2 so that we have the continuous Sobolev embed-

ding H*""(R) c LP(R). By also using the Sobolev embedding H’(R) C L(R), the

conclusion follows from ([3.22)) and the triangle inequality for the H(R)-norm.

O

3.1.1 A bilinear L*-Strichartz estimate

The following result is a key ingredient in the analysis of the almost conservation esti-
mates as it is a refinement of the L*-Strichartz estimate that provides a decaying factor
in \. Such an estimate is similar to the bilinear L*-estimate in the non-periodic setting
[9, Lemma 7.1], and we point out that for A — oo, we recover the same decay rate.
For Schrédinger evolutions on the one-dimensional torus, this estimate (but without

pointing out the alternative (ii)) was first proved in [13]. See also [3§].

Lemma 3.5. Let A > 1, Ny, Ny € 2% and suppose ¢1,do are smooth functions on Ty
with supp(tbAj) C{k€Zy: |kl ~ N;}, j=1,2. Assume that either

(1) N1 > Ny, or

(ii) N1~ Ny and kiko <0 for all ky € supp(q/b:), ko € supp(q/b;).
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Then

| (n@®)Ux(E) 1) (n(t)U(t)d2) HL?,m(RxTA) S CND)dallzzeeplio2llzzery,y  (3:23)

where
) Zle S 1

CANY=¢ T .
(xt77)2  ifNi>1

(3.24)
Moreover, suppose that ui,us are Fourier supported in {|k1| ~ N1} and {|k2| ~ Na},
respectively, for all times t. Then, under the same assumption on the two frequency

supports, we have

In(t)us - n(t)uzll Lz @,y Se COL N~ luall 3.25)

x%*S(RXTA)HU2HXO,%7E(RXT>\)7 (
for any € > 0 sufficiently small.

Remark 3.6. In [53], Proposition 2.1], there seems to be a mistake in the case N1 ~ Nj:
the two Fourier supports should be localized on opposite sides of the origin on the real
line in order for to be true. The estimate with this additional assumption was
used in proving Cases (2) and (3) of [53, Lemma 7.5]. Although with similar ideas as
in the proof of [13| Proposition 3.7], we present its proof here so that this observation

becomes clear.

Proof. By Plancherel’s identity, the left hand side of (3.23)) becomes

We denote ¢ := 7, and without loss of generality, we can assume that v is R-valued

/ / A1+ BD)(7a + k)61 (1) da (ko) (k) adry
T1+12=T7 J k1+ko=k

L2132

and non-negative. E| Then
/ N(m + kDA — 11+ k3)dr = (1 + ki +k3) > 0
R

and we denote )
3
M = (sup/ O(r + k] + k%)(dkl)A>

k1+ko=k

k,T

In general, we can write ¢ = 9y — ¢_ + pT — b~ with the four components satisfying the
non-negativity assumption, from where we can carry on analogous arguments for each of these terms.
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By Holder’s inequality and Fubini’s theorem, we have

/ Y7+ K2+ K21 (k1) (k) (dbr )
ki1+ko=k

L2r2

</ zp(r+k%+k§)(dkm>2
k1+ko=k

([ o R E PG )
k1+ko=k

<

1

L212

=M ( /Z /Z /]R Y(r + k3 + k3) o1 (k) 22 (ka) 2 dr (dkl)A(dk)/\)

1
2

1
< Ml g 912y 62l 2ry -

Thus, in order to obtain (3.23), it remains to show that M < C(\, Ny).

Since 1 is a Schwartz function, it is rapidly decaying, and so we can split R into
disjoint intervals I; (j € Z) such that for all j we have |Ij| ~ 1 and [[¢)7, [z < 2~ il
Given k € Zy, T € R, and j € Z, we consider the set

Skrj=1k1 €Zy: k1 € Supp(a)y k—k € Supp@;), Tk + (k—k)? € I}

and we estimate

D=

1 A
M < | su —48, |2l
~ h?%%(k# hm)

where #5S}, ;- ; denotes the cardinality of Sy ;.
If Ny <1, then clearly

1
#Skmj < # {k‘l S XZ: “ﬁ’ g 1} ,S A

and thus M < 1.
Now let us assume Ny > 1. To estimate the cardinality of a nonempty set Sy ; ;,

we denote
for(kr) =7+ K+ (k—k1)%

Notice that
| frr (k)| = 2|k1 — (k = k1)| ~ Ny, (3.26)

and that this property holds not only when N; > Ny but also when k; and k — k; have
opposite signs, and this is ensured by assumption (ii). From (3.26|) and the mean value

theorem, we get that

A
#Skri S 14*361,

2If 4 were compactly supported, it would be enough to consider only one such interval, namely a
finite-length interval which includes the support of .
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uniformly in j (if A < N; there might be only one element in Sj - ;).
For the last part, by the transference principle for X*® spaces (see for example [49
Lemma 2.9]), the estimate (3.23]) implies

In(@)ur - n(t)uallrz ®xry) S CO Ni)ua (3.27)

XO §+ RXT H 2H){O 7+(RXT )

On the other hand, by Hélder inequality and the L*-Strichartz estimate, we have
In(tyen 00zl 2 @ery S Nl gog gn J2lgog ep, (3:29)

By interpolating (3.27)) and (3.28]), we obtain (3.25) for € > 0 sufficiently small.
L]

Remark 3.7. We point out that the implicit constant in depends on . Hence, we
cannot disregard the logarithmic loss in the constant C'(A, N1). This loss is essentially
the reason for which we need to introduce the second correction term in in the
third iteration of the I-method (see also Remark .

Remark 3.8. Notice that, under assumption (i) of the above lemma, the estimate

(3.25)) holds if we replace one of the functions on the left hand side with its conjugate.

We use the above bilinear estimate essentially in the regime 1 < A < Ny, and thus,
in our estimates, C'(A, N1) ~ A2,

We recall that the local well-posedness theory for via a fixed point argument
in the space Z! was developed in [21], 22] (see the estimates in Lemma below).
Therefore, in order to get Theorem we aim to prove that the H®-solutions of

exist globally in time in the following sense:

Proposition 3.9. Let 1 < s < 1 and vy € H*(T) with M(vy) < 4w. Then for any
e > 0, there exists ¢ = c(||vol| grs(1), M (v0),€) < 0o such that for all T > 0, the solution

v of (2.22)) with v(0) = vy satisfies

sup ||,U(t)HH75:(']1‘) < C(l + T)2—25+5'
0<t<T

Since the equation ([2.22) has the time reversibility symmetry v (¢, x) — v(—t, —x)
and the L2-norm is conserved along the evolution, the above result implies that the

HZ-norm of any solution v of (2.22]) does not blow up in finite time.
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3.1.2 The [-operator

Following the papers by Colliander,Keel, Staffilani, Takaoka, and Tao [9, 10], for 0 <
s < 1land N > 1 a fixed dyadic number, we define the Fourier multiplication operat01E|

~

I:H5(Ty) —» HY(T)) , If(k) = m(k)F(k) , k € Z, (3.29)

where m : R — (0,1] is an even, smooth, non-increasing function on [0, c0), chosen
such that

o 1 if €| < N
m = 1-s
(%) Jif [¢] > 2N

and a smooth interpolant for N < || < 2N. Furthermore, for any s > 1 , the Fourier

multiplier m(-) can be chosen such that it satisfies the monotonicity property
& m(&)ﬁ% is non-decreasing on [0, 00). (3.30)
One easily checks that, for any 0 < 6 < 1 and any 6 < s < 1, we have

N0 if |kl > N
(k) (k)10 > I (3:31)
1 RSN

with implicit constants independent of .
We note that I behaves like the identity operator on frequencies smaller than N

and integrates of order 1 — s on frequencies much bigger than N. Indeed,

25 2< 2< 2(1—s) @ S 2s 2|~ 2
Y RFak)P < (k) u(k)"S N > (W (k)= m (k)" [u(k)]

k<N k<N k<N

and

2—2s
S 0 e DR § 3 Pm P s 3 0 () .

E>N k>N k>N (k)
Therefore, we have
ullzrsryy S IHullgeryy S N5 ullgsry), (3.32)
as well as
lall g my < Ml gryy S NNl e, (3.33)

3 The operator I depends on the regularity index s and the parameters N and X, but we choose to
omit them as indices of I whenever possible. However, in Lemma [3.15] it becomes necessary to point
them out explicitly.
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3.1.3 Multilinear forms
As in [9, 10, 13, 32], we use the shorthand notations kia , := ki + k2 + ... + kn,
ki—o := k1 — ko, etc., as well as m; := m(k;), m;n := m(k;p), etc. Also, we set
Fn(’]r/\) = {k = (kla . ’kn) € (ZA)n cki2.m = O},
ChR) :={(r1,...,7) ER": 1+ ...+ 71, =0}

and we endow them with the measure induced from the scaled counting measure

Wd# and, respectively, from the Lebesgue measure dr ...d7,—1, by pushing

forward under the map (z1,...,2Zp—1) — (T1,...,Tp_1,—T1 — ... — Tp_1).
For n even integer, we define the n-linear form of fi,..., f, : Ty — C associated to
the multiplier M,, : R* — C by

An(Mn;f17°"af71) ::/1" (’]I‘ )Mn(k]-?k?”kn)HE(kJ)

j=1

and the shorthand A, (M,; f) := A (My; f, f, ..., f, ). For example, we have

/ 02|z = — Ao (kiko; v),
Tx

1
Im |’U|2U17xdﬂf = ——Ay(k13-24;0).
Ty 4

Remark 3.10. We note that

~

A(My; f) = / My (ky, ko, - k) F(— k) F(=k2) -+ F(=Fne1) F (k)
'y (Ty)
and thus, if the multiplier M, is such that
My (—ke, =k, ..., —kn, —kn_1) = oMy (k1, k2, ..., kn—1, kn),

then we have that A, (M,; f) is R-valued (iR-valued), provided that o = +1 (o = —1).

If n, ¢ are even integers and 1 < j < n, the elongation at index j with ¢ positions
of the multiplier M, is defined by

XE(M) (ky, ko, - Kne) == My(k, oo k1, kg + k1 + o Ky, Kjerts - Kne)-

By comparing the differentiation rule below with the similar rule in the Euclidean

setting (see [10, Proposition 3.5]), we note that the additional term (i.e. the one coupled
with p(v)) is due to the particularity of the gauge transformation (2.12)-([2.13)).

Proposition 3.11. Let v be a smooth solution of (2.22)), n > 1, and M,, : R" — C.
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Then,

O\ (Myp;0(t)) =il Z Jk‘2

n

— ilAny2 ZX Vkjr;v(t) | —ip(v)Ango ZX?<Mn)3U(t)
j=1

n

i 1 4
+ 5 Ansa > (1)K (My); u(t)

7j=1
(3.34)

Proof. This follows by direct computation and the definitions introduced above. Indeed,
on the Fourier side, the equation (2.22)) is written as

oK) = —ik*D(k) — i /k k() 0)0(0k) — (o) /k  B)Tk2)()
b [ BB )Rk) kD) + ()R
ki2345=Fk

Also, by first taking the complex conjugate in (2.22)), we have as well

d0(k) = +ik*o(k) — i /k . ko (k1)0 (ko) (k3) — ip(v) /k 0(k1)0(ko)D(ks3)

123=k
g L )RRk h) — w05

Since 1) is R-valued, the terms corresponding to the ¥ (v)v term in (2.22)) cancel each
other.
O

We introduce the following notation for the factor corresponding to the term §%v

in the equation ([2.22):
(k) = —i(k? — k3 + ...+ k2, — Kk2). (3.35)

Note that ag = 0 on I'y(T)y). A key property for the analysis of the second and third

generation modified energies is the factorization of ay on I'4(T)):
044(1{) = —1 ((kl — kg)klg + (kg — k4)k34) = —2ik‘12k’14. (336)
Furthermore, we introduce the modulations:

wj =T + k? , for j odd,

e 2 ;
wj=T1; —kj , forj even,
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for all (71,...,7,) € I';(R), and we note that

w1 + w2 + w3 + wy =7'1234+/€% —k%-l—k% —kz
= 2k12k14

which iIIlplieS
> 7
121&2{ ]w]| |k312k¢14| (33 )

3.2 Local well-posedness for the /-system

Given v (sufficiently smooth) solution of (2.22)), since Iv does not solve the gauge
equivalent equation (2.22)), P;(Iv) and E;(Iv) are not conservation laws. Instead, v

satisfies the following I-system

i0y(Iv) + 02(Iv) = —il(v20,v) — %I(|v|4v) + pu()I(|Jv]?v) —¢Y(v)Iv) , z €T
(I’U)|t:0 = IUQ.
(3.38)
We modify the local well-posedness proof for (2.22) to obtain the following result for
(13.38)).

Proposition 3.12. Let B > 0. There exist 6 ~ B~Y (for some @ > 0) and D > 0 (both
independent of N and \) such that if vo € H*(Ty) is such that ||Ivol| g1,y < B, then

[ 1] 21([0,51xT) < D- (3.39)

In order to prove this result, we use the estimates of the local well-posedness theory
for (2.22)) due to Herr [21I] and an interpolation lemma of Colliander, Keel, Staffilani,

Takaoka, and Tao [11, Lemma 12.1] for translation invariant multi-linear operators.

Lemma 3.13. [21], Section 4] Let 6 € (0,1) and X\ > 1. There exist c,e > 0 such that

lur(Gew2)usll 7y g ) < €07 H||Ua|| X33 ®xT,)’ (3.40)

lwaustzus)l ;o céEH 1l 3.8 gy (3.41)
3

lurtizusl 5y o g ) < €07 1_I1 sl 3.3 o,y (3.42)
J

for all uj € Sy with supp(u;) € {(t,x) e R x Ty :|t]| <6}, 1 <5 <5,

Remark 3.14. One can check that the pointwise weights bounds provided by [21],
Lemma 4.1, Lemma 4.3] hold uniformly in A > 1 (although, in view of Remark

further sub-cases have to be addressed). Then, the multi-linear estimates above use
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only the L%-Strichartz and Sobolev inequalities of Lemma above, which are all

scaling invariant.

In order to state the interpolation lemma, let I5; denote the I-operator introduced in
(3.29). Also, following [11]], we let S, to denote the shift operator Syu(t,y) = u(t,y—=x).
A Banach space X of functions u : J x Ty — C (where J C R is some time interval)

is translation invariant if ||Syu|lx = ||Jul|x for all w € X and all z. We use the spaces
X = Xl’%(J x Ty) and Z = Z'(J x T,) which clearly satisfy this requirement. An
n-linear operator T : X x ... x X — Z is translation invariant if ST (u1,...,u,) =

T(Spur,...,Spuy) for all u; € X.

Lemma 3.15. Letsg >0, n>1andletT : X x...x X — Z be a translation invariant

n-linear operator. Suppose

n
1T (s - - un) |z < C T Tyl (3.43)
j=1

for all so < s <1 and all u; € X, for some C' > 0. Then, we also have

n
IR T (us, .- un) |z < DC T ITRvusllx (3.44)
j=1

forall so < s <1 and all u; € X, for some D > 0 independent of N and .

To convince the reader that the proof of [I1, Lemma 12.1] yields the constant D
independent of the parameter A\ (as well as N), we provide the following remark that

uses the “periodization” procedure also encountered in the Poisson summation formula.

Remark 3.16. We know that the Littlewood-Paley projection operators P<yf :=
¢n * [ are uniformly bounded in N, where ¢n := N¢(N-) and g/b\ is a symmetric
function on Zj equal to one on {|k| < 1} and vanishes outside {|k| < 2}. However,
the bound |[|¢[[z1(r,) depends on A\. We modify slightly this usual definition in order
to ensure uniform boundedness in the scaling parameter A as well. Thus, let ¢ be a
Schwartz function on R such that 12 is a symmetric bump function compactly supported
in {{£ € R: [§| <2} and identically one for |{| < 1. Define ¢ := Nt (N-) and for any
x € Ty we set

on(z) = ZwN(m + 27 k).

kEZ

Note that oy (k) = '(Z]\V(k) for any k € Z,, and thus the operator P<y f = N * f acts

~

as the identity operator when supp(f) C {k € Z) : |k| < N} (this is compatible with

the region where the operators I3, also behave like the identity operator). Also,

H‘PNHLl(’]I‘A) = WNHLl(R) = WHLl(R)
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and therefore

| P<nllx—x;|P<nllz—z S 1,

uniformly in N and A. Finally, by arguing as in [I1] that IfIJQV_S and N°~' I I3 are
bounded (uniformly in N and ), by splitting u; = P<yu; + Ps yu; for each j, and by
estimating each contribution separately, we obtain ((3.44]).

We apply the above interpolation lemma to the trilinear and quintilinear terms
corresponding to the right hand side of (2.22]), namely

N(w) = —iv20,0 — 3|v|*v + p(v)v[*v — Y (v)v (3.45)
=: N1(v) + N2 (v) + p(v)N3(v) — 9 (v)v. (3.46)

Note that the estimates of Lemma give (3.43)) for sg = % Since I}, = 1d for any
N, we obtain the estimate (3.43) for s = 1 via the Leibniz rule and Lemma For

example,
1 _ 1 _ 1
[ur(B2u2)usl 710 S [(02)2 ur (Oxuiz)us| oy + [[u1(02(0x) > T2)usl| -3 + [lua (0x12) ((Or) 2us)|| -3

72
3 ) 3
<TI0 2l gy~ T llusll oy
i=1 j=1

One argues analogously for the other multi-linear estimates of Lemma [3.13] Hence, by

applying Lemma [3.15] we obtain

1 (wn@a@)us )17 S 0TIy IMusll oy (3.47)
11 (wntzuszus )z S 0 T1y sl 1y (3.48)
1 (w5 S 0 Ty 7w 1y (3.49)

We also need the following Lipschitz continuity properties for the coupling coefficients
p(v) and ¥ (v). We easily have

1
ln(f) — n(g)] < X (11 cz2ery) + Ngllzeryy) 1F = gllzery) (3.50)
as well as
[(f) —(g)l
< [ [ T o 7 PO 1 1f=all 1 m
~ 2w H?2(T)) H?2(Ty) H?Z (Ty) H2(Ty) H2(T))

Indeed, by following [21, Lemma 2.5] for (3.51)), we use (2.17) (the definition of ),

(3.51)

34



Holder’s inequality, Parseval’s identity, and the L%-Sobolev inequality:

w(0) - vo) <2| { 2.7~ 90,3 +;\f A1 = 1g| + 0()? ~ (9)?]

(D2(f—g),Df),2+ (D2, DE(f — 9)) o]

S

1
27\
+

‘ -

(Hf”LtS(?rA + H9HL6 (T») )Hf 9llz2ry)

l\')
»—t>/

7 ey + lolEaco)) [11acey) = ol

BCINE
1

j(HfH P [V RO
+

1 3 3
7)\(”]0”1{%(15) + Hg”H%(TA))Hf = 9llz2ery)
1

+ (272 (||f”?i2(1m + HQH?E(TA))HJC = 3llz2(Ty)

S g (e 090 + I o+ 605 Y = 0l

We can now proceed with the proof of Proposition by using the fixed point
argument in a closed ball of the space W = {v : ns(t)[v(t,z) € Z(R x Ty)} with norm

[vllw = ||775IUHZ1(]R><11‘,\)’

with 6 € (0,1) and D > 0 to be chosen later, and ns(t) := n(%). By denoting A/(v) the
right-hand side of (2.22]) and by the Duhamel formula, solutions of (3.38) are those v
that satisfy

Tv(t) = Ux(t) vy — z’/ot Ux(t — ) IN (v(t"))at’ (3.52)

in the C([0,T]; HY(T))) topology, for some T" > 0. Consider the mapping v + I'(v)
given by

t
P(v) = n(t)Ua(t)vo — in(?) /0 Us(t — )N (ns(t'Yo(t'))dt.
By — and —, we have

IT@w < U Ioo] 1 + Hw) | onte = DNt )ar

< c1 (1ol rieryy + 1IN (nsv) 1 7:)

Zl
(3.53)

< B+ e (Inslol, y + lnsTol, y + InsTollz ) -
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Also,

IE) =Tl = 6) [ O = ) (N or ) = I e () |

S (Ni(nsv1) — Ni(nsv2)) [l 0 + 11T (Na(nsvr) — Na(nsv2)) [ 5
+ [T (N3(msv1) — Na(nsv2)) |71 + ([ (nsv1 — msva) [ -

We write
Ni(ur) — Ni(ug) = u1(9,01) (u1 — ug) + u10,(u1 — ug)ug + (u1 — uz)(0,Uz)usg
and by using (3.47)), we obtain

17 (Ni(m5v1) = Ni(nsv2)) |70 < 8 (lnsTvillZe + lnsTvzllZa)llnsI (vi — v2)] 21

By using (3.48]), (3.49), (3.50)), (3.51)), together with

HUHCtH%(]RX’]I‘)\) S Hvlle a@xry) S vl 21 @®xy)
(which follows from (3.32))), we obtain

17 (Na(nsv1) — Na(n5v2)) || 71 S 6% (lnsTorllzn + [InsTv2l| ) [l (01 — v2) | 21
11 (N5 (ns501) — N3 (n5v2)) || 71 S 0% (InsLorllZ + lnsLozl|Z) s (vr — v2)| 21

It follows that
IT(v1) = T(v2)llw < 6° (loalife + ozl + lorlliy + llo2llw) lor = vallw. (3.54)
By taking D = 2¢1B + 1 and 6 such that 6°D° ~ 1, from and , we get
@)l <D and V(1) = Do)l < 3o = vallw,

for all v,v1,v9 € {w € W : ||w||w < D}. Hence, by Banach’s fixed point theorem, there
exists a unique v with ||v||w < D such that v = I'(v) in W. Thus,

1]l 21 (j0,61xTy) < 510l 21 mxTyy < D

and it follows that (3.52]) holds on [0, d]. The proof of Proposition is completed.
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3.3 Modified energy functionals via the [-operator and
correction terms

In view of the discussion in Section [2.4] we consider the essential part of the energy
functional associated to (2.22), namely

1
Ev) = / <|8gcv|2 - |v|2Im(vvz)) dx. (3.55)
Ty, 2
The first modified energy is defined to be the R-valued functional
1
51(2)) = E(IU) = —Ag(klkgmlmg; ’U) -+ ZA4(k13m1m2m3m4; ’U) (356)

and for v sufficiently smooth solution of (2.22)), one can compute its time increment
from the fundamental theorem of calculus
to+0 d

El(u(to +6)) — EX(v(ty)) = /t ZE (v(t)) dt. (3.57)

Using (3.34), we have

D61 0(1)) =Aa(ME;0) + Bo(Ms0) + As(Mv) — () (Aa(K ) + Aol ),

dt
(3.58)
with the multipliers Mj, Mg, M{ given by [9, Proposition 4.1], e.g.

1 7
M41 (k) = —§m1m2m3m4k12k13k14 — §(m%k3%k3 + m%kglu + mgkgkl =+ mikikz)

(3.59)

Here, it is not particularly important to have the precise expression of the multipliers
M¢, Mg. The multipliers K}, K} are new to the periodic setting (due to a different

expression of the gauge transformation) and are given by

> (—1Ymik] (3.60)

1
2
1 2
K (k) := 3 Z MaMEMeMdef — MMM fMape - (3.61)
{a’c’e}:{173’5}
{b.d,f}={2,4,6}
Note that by Remark Ay(K};v) and Ag(K¢,v) are purely imaginary, and that
Ay(M};v), Ag(Mg;v) and Ag(Mg;v) are R-valued.
The rule of thumb when one tries to prove estimates on the various terms of (3.57)
is that “different pieces of A,, appearing in the right hand side of 9;£!(v) are easier for

n larger” [I0, p. 72]. This motivates the following procedure when one tries to refine
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the I-method.
A second instantiation of the I-method modifies further the expression of the energy

functional by taking
E2(v) == EY (W) + Ay(o4;v) (3.62)

where the “correction” multiplier o4 is chosen so that in the expression of %52 (v), no
fourth order term A4(-;v) appears. For the sake of keeping the equations compact,
we choose to drop the reference to v from A, (M,;v), and the frequency arguments
k = (k1,..., k) when the formulae get too long.

By the differentiation rule , we have

4 .
d ) i
7A4((T4) :A4(J4O[4) — ZA6 ZX?(O’4)I€3‘+1 + EAS

¥ (~1) "% (o)

1

4
7j=1 Jj=

(3.63)

4
—iu(v)Ag Z X?(@)
j=1

Note that if ay(k) = 0, then either k12 = 0 or k14 = 0, and both imply that ]\Z(k) =0.
We define the first correction o4 = o4(k) for k € I'4(T») by setting
M} 1

Oy 1= ——— = —— <m1m2m3m4k‘13 +
(6 7] 4

m%k‘%kg + m%k%lm + mgk%kl + mikikg
k12k14

(3.64)
when a4 # 0, and o4 = 0 when a4 = 0. Thus, in the second iteration of the I-method
there are no resonances for the correction term as we have |M} (k)| < |as(k)| for all
k € T'4(Ty).

Therefore, by , and , the second generation modified energy is
given by

£2(0) = ~Aa(kkamams) + 5 Aa(My), (3.65)
where we set
m3kiks + m3ksks + m3k3ky + mikiko
2k12k14

when the denominator does not vanish. Note that since kj2k14 = 0 in I'y(T)) implies
mikiks + m3k3ks + m3kiki + mikiks = 0, we can set in this cases My := 0.

Hence from (3.58)) and (3.63)), we get

My = — (3.66)

%s%(t» —No(MF) + As(MZ) = ip(v) (Aa(K) + Ag(KQ) + Ao(KD) ), (3.67)
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where M2 and M} are the multipliers given by

(—1)/m3k; (3.68)

S| =

~J <.
[\D‘N. ; Mo’
e e L

Z <M4(kabc, ka, ke, kg)ky + Ma(ka, Kpeds ke, kf)ke

a,c,e}={1,3,5}
b,d,f}={2,4,6}

o+ Ma(ka, ks Fode, Ky )Fa + Ma(Fas Ko, ke, Kaep ke )

Mg :=Cy Z (M4(kabcdev kg kg, kn) — My(ka, Kocdefs kg, kn) (3.69)

{a,c,e,}={1,3,5,7}
{b,d,f,h}={2,4,6,8}

+ My(ka, by, kcdefgs kn) — Ma(ka, kb, ke, kdefgh))

(as in [10, Proposition 3.7] or [32, p. 2173]). Also,
4
K§ =Y X3(04). (3.70)
j=1

We note that when proving the estimates on Mg (see Lemma, cancelations between
the large terms coming from the first term in and the large terms coming from
the sum of My’s are exploited, and thus the coefficients of the two pieces of Mg are
critical, whereas the constant C's = —ﬁ is irrelevant in our analysis.

Remark 3.17 (small frequencies remark). Notice that if |k;| < N for all j, we
have m(k;) = 1 and thus

kikakiz + koka(—ki3) _ kg

Myk) = for all k € I'4(T)). 71

One can similarly check that if |kj| < N for all j, all the multipliers M, K, (n = 4,6, 8,
g = 1,2) vanish.

On I'),(T)), the largest two frequencies must have comparable sizes and thus, with-

out loss of generality, we may assume that
ke Y,(Ty) :={(ki,...,kn) € Z : |k]| ~ |k5| = N}, (3.72)

where N is the frequency size threshold of the I-operator as defined in Subsection [3.1.2

and (kj,...,k}) denotes a rearrangement of (kq,...,ky) such that

k] > k3] > > [k

We'll also adopt the notation N; = [k7|.
Due to Remark when proving the necessary estimates, it is enough to consider
k € T,,(T)), i.e. only the region N3 ~ Ny 2 N.
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Remark 3.18 (Symmetry Remark). We point out that the multipliers MJ’s that
appear throughout this chapter, and consequently the associated multilinear forms
Ap (M5 01,09, ..., v,) are invariant under permutations of the even or of the odd k; (or
v;) indices. Also, the same is true (up to sign) if one swaps the set of all odd k;’s (or
v;’s) with the set of all even k;’s (respectively v;’s).

Hence, in addition to (3.72), without loss of generality we may assume that
k1| > [ks| > ..o > |kn—a| 5 kel = [ka] > .00 2> [kl

and
k1] > |kal.

If all these are in place, we have k] = k1, but either k5 = ko or k3 = k3.

3.3.1 Pointwise bounds on the multipliers

We provide here the multiplier estimates that are relevant in our analysis, namely for
the almost conservation estimates of the modified energy functional in Section [3.4] and
in the estimates of the correction terms in Section B.5l We recall that we work under
the symmetry assumptions on the multipliers My, K7 mentioned in Remark [3.18] Also,
since we rely on , the assumption s > % is needed for all of the results below.

Although the multiplier My is not involved directly in , the refined bounds
(ii) and (iii) below are crucial for Mg and M¢.

Lemma 3.19. [10, Lemma 4.1, 4.2] For My defined by (3.66) and k € T'4(T)), we

have:
(i) [Ma(k)| < m(N1)*Ni;
(ii) if |k1| ~ |k3| = N > N3, then |My(k)| < m(N1)?Ns;
(i) if [ln| ~ [ks| 2 N > Ny, then Ma(k) = "5 1 O(Ng).

By using the estimate (i) above, one can immediately obtain a crude bound for
the symbol MZ (see (i) below). We recall that in [L0], the refined estimate (ii) below,
as well as using Bourgain’s trick to provide additional denominators, make possible to
prove the global well-posedness of DNLS on the real line for s > %, but not at the end-
point s = % It is worth mentioning that for (ii), in the case N3 < N and the largest
two frequencies have same parity, it was exploited the cancellation “between the large

2

terms coming from (g and the large terms of the sum of the M,.” Hence the almost

conservation estimate of £2 owes to the specific nonlinear structure —iv29,v — %|U\4U
of the gauged DNLS equation (2.22)) in the Euclidean case.

Lemma 3.20. [10, Lemma 6.2] For M defined by (3.68) and k € T'4(T)), we have:

(1) [ME(K)| S m(N1)?NE;
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(i) if N3 < N, then |[M2(k)| < Ny Ns.

Lemma 3.21. For o4 defined by (3.64) and k € T'y(T)), we have:
loa(k)| S m(N1)? Ny

Proof. For o4, one easily notes that Ji = —im1m2m3m4]€13 is bounded by m(N1)2N1
and for 0% := 04 — o}, we have Lemma which gives |02| ~ |My| < m(N1)2Ny.
O

Another immediate consequence of Lemma [3.19]is the following:
Lemma 3.22. For M82 defined by and k € T's, we have:
(i) [MZ (k)| < m(N1)?N;
(ii) if N3 < N, then |[MZ(k)| < Ns.
Lemma 3.23. For K} defined by and k € T'y(T)y), we have
(i) |K; (k)| < m(N1)>NE;
(i) if [k1] ~ k2| 2 N > N3, then |K{(k)| < m(N1)?NiN3.

Proof. The first statement is immediate as & — m(£)2¢? is increasing. For the second
statement, |m/(€)| ~ m(&)|¢|~! when |¢| > N, and by the mean value theorem

[m(k1)?kY — m(k2) k3| ~ m®(0)|0]/k1 — (—k2)]

for some 6 between k; and —ks; hence |0 ~ Ny and m(0)? ~ m(Ny)2. Since we also
have |ki2| = |ksa| < N3, we get |m(k1)?k? — m(ke)?k3| < m(N1)2N1N3. Then, the

crude bound
Im(ks)?k3 — m(ka)?k5| < m(ks)*k3 + m(ks)*k] < m(N3)>Nj

together with m(N3)2N3 < m(N7)2N1, concludes the proof.
O

Lemma 3.24. For K}, K2 defined by (3.61), (3.70) respectively, and k € T4(T)), we

have
(i) [K5(k)| S 1
(i) |K§(X)| < m(N1)*Ny.

Proof. The first statement is immediate from 0 < m(-) < 1, while the second follows
from Lemma [B3.21]
O
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3.3.2 Necessity of the third iteration of the /-method

To make the matters clear why we need to implement a third generation I-method,
we prove here the decay estimate for [ Ag(MZ)dt. This part serves two purposes:
first, to see how one applies the bilinear estimate in order to recover the result of [53,
Lemma 7.5], and second to uncover the worst case scenarios and hence motivate the

non-resonant subregions of Subsection [3.3.4

Proposition 3.25. For s > % and M§ defined by (3.68)), we have the estimate

é
[ Aa0 o) ] € NN o, (3.73)

Proof. We write v =3, , v;, with supp(0;) C {(7,k) € R X Zy : |k| ~ Nj} for each

N; dyadic number. Thus, it is enough to estimate

/A6(M62;’U1,’U2,...,Uﬁ) dt (374)
R

where without loss of generality we can assume, in addition to the frequency localiza-
tion, that each v; is real valued and non-negative. This step, as well as why it is enough
to consider the time integral on R rather than on [0,0] can be justified by standard
arguments as in Section

Case 1. N; ~ Ny > N > N3. By Lemma (ii) we have |MZ| < NiN3. Notice

that for s > % and € > 0 small enough, one obtains

Ny

m(N1)2N1 — N2—23N123—1 — Nl—a <N

2s—1—¢
) N> NNt (3.75)

In this case, m(NN;) =1 for j > 3 and therefore by (3.25) and (3.10), we get

Jolv;
- /[k*mN12N1H]4 H d

<N T / / (JoTv1) (JaTvs) (o Tv) (o Tvs) (Tvs) (Tvg ) dadt
Ta
N— 1+
N NOF [(JeTor) (Jalvs) 2 [1(JoTva)(Julva)llrz [Hvs] e, [ vel| e,

N1+)\ 1+ 4

i HHIUJHXN IT 7ol 50

7j=5,6

_N- 14+)-1+ O
s g il (3.76)

where [, and [ stand for integration on I's(R) and on I's(T)), respectively (see Sec-

42



tion [3.1.3)). The operator J, denotes the Bessel potential operator, i.e.

Remark 3.26. For s = 1, we only have m(N1)2N; 2 N as we cannot afford to borrow
an N factor as in (3.75) above. Notice that since there are no other tools to obtain
additional decaying factors, to make up for the logarithmic loss in A, as well as to

ensure summability, one would need to obtain a better estimate, for example
2 1-60 71406
|Mg| < Ny TONGHY (3.77)

which gives the following factor in (3.76]):

1)\ 1N3 )\O-l- N_l)\_l_

Ny~ NJT

(recall that since s > we have 1 < A < N). We note that the decaying factor

1
2
1

N=1A\71~ would allow us to obtain the global well-posedness result at s = 5 (see

Section . Although the bound (3.77)) is not conceivable on the entire I'g(T) ), such
an estimate can be established on a carefully chosen subset (see Section [3.3.4]).

Case 2. N3 2 N > N,. By Lemma (i) we have |MZ| < m(N1)2N2, and for
s >0, m(N3)N3 > N~ NIt We then have

Jplv;
- /*/**TTLNgNgHJ 4 H J

S NO+ // JIvlJ IUQJ [1)3]1)4[?)5[1)6

At this point we have to discuss the frequency separation of the first three factors.
Subcase 2.1 If N3 ~ Ny, then since N3 > Ny, two out of the three frequencies
k1, ko, k3 must have opposite signs, say k1 and ko. Thus J,Iv; and J,Iv2 are separated

in frequency, and so are J,Ivs and J,Ivy. We have

LN / (L) (T 2) (e Ts) (oo (Tes) (L)

—1+
< N

I(Je o) (Jelva)l 2 [1(JeTvs)(Julva)llpz [Hvs| Lge, [Hvel e,

_N- 1+)\ 1+ 6
S i VLCTES

Subcase 2.2 If N3 <« Ni, then as in Case 1, we can clearly apply the bilinear
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estimate (3.25)) to the L7 -norms of both (J,Jv1)(J.Ivs) and (J,Iva)(JzIvs) and obtain

N7
BT < —F—

6
S —or Ml g liTvall g T 17vllz:-
3

Jj=3

Notice that in this sub case the factor 1 /N??Jr does not allow direct summation over the
dyadic numbers N; ~ N,. However, exploiting the L?-based norm of the space X L3 of

the first two factors, one can recover the claim (see Section [3.4) without any setback.

Remark 3.27. Notice that although in Case 2 we have three large frequencies (N3 2>
N > Ny), the bound on the weight Mg is worse than in Case 1, and overall we obtain
the same (insufficient) decaying factor of N=1* A=, Therefore we also need to correct

for this case.

Case 3. Ny = N. By Lemma (i) we have |[MZ| < m(N1)?N%, and for s > 0,
m(Nj)N; 2 NTIENDY, i = 3,4. Tt follows that

6
1 .
ems /[ 770,
% o ok m(N3)N3m(N4)N4 Hj:576<kj> ]1;[1 ’

N2+ e
< AT // JolvyJplvgJpIvsJTvglvsIvg.
3 * k%

Although when A ~ N, the decaying factor obtained above is just as good as that in
the previous cases, we can gain here another decaying factor A3t by separating the

analysis into subcases N3 ~ N and N3 < N1, as we did in Case 2. We obtain

N_2+)\,%+ 6
B.74) < THIWHXL% 2]l 1,3 T 170511
3 j=3

and since we choose the parameters so that 1 < A < N, we have in this case a better

decaying factor.
O

The other sixth order term in (3.67) is w(v)A4(K};v). The coefficient u(v) =
ﬁHvH%Q(TX) already provides a decaying factor of A='. In the remark below, we

investigate the worst case scenario corresponding to this term.

Remark 3.28. The pointwise bound |K}(k)| < m(N1)?N? is optimal in the case

N3 < N and the largest two frequencies have the same parity (as we have, for example,
|K}(N1,0,—N1,0)| = m(N1)2N?). In this case, the best estimate that can be obtained
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is

4

A(K}v1, ..., 0 /
/R 4( 4 sk k3 k4 H

J0+Iv Jelvo)(Tvy)dzdt
S o [, G0 ) (et 1)
< AT 0+
S Nl UeTo) (2 Lol | e v) Tun)le,
<A b
S N H 1701 (3.78)

Hence, we have the estimate’]

/ Ag (K50 dt‘ SAT 2+HI”HZI [0,6]xTx)"

This decay rate is insufficient to reach the regularity index s = % Since the bound of
K} is optimal and the available tools cannot yield a better estimate, we have to provide

a second correction term that removes (at least) this case.

3.3.3 The third generation modified energy

We refine further the choice of modified energy for the I-method as a refinement of £2
of the form
E3(v) := EX(v) + Ag(o6;v) +ip(v)Aa(Ta; ). (3.79)

In the same manner as above, we are lead to define the “correction” term og by imposing
Mg + ogag = 0. In contrast to the situation of ay discussed above, the set on which ag
vanishes is not small, in particular ag = 0 does not imply Mg = 0. The idea around this
is to define a region  in the hyperplane I'¢(T)) referred to as the non-resonant set of og
where ag clearly does not vanish, but also with the property that on Q¢ :=I's(Ty) \ ©

we have satisfactory pointwise estimates on Mg. We can then take

o = —— - 1g, (3.80)

where 1o denotes the characteristic function of the set 2 which is defined in Subsec-
tion [3.3.4
For the second correction term in (3.79), the situation is simpler (since ay = 0
implies K} = 0) and we can define
. Kj

= —= 3.81
1= (3.81)

“In the reglon Where we have the refined estimate | K} (k)| < m(N1)2N1 N3, one obtains the pre-factor

N1t in ‘
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when ay # 0, and o4 := 0 when ay = 0.

Using (3.34]), we find that

%53@@)) —A(MZ - Tae) + As(M2) + Ag(ME) + Aro(Mih)

— in(v) (Aa(K3) + Mo (K8) + Ao(KZ) + Ao(K) + As(KE) + As(KD))

+ (v)?Ag ()
(3.82)

where the additional terms (i.e. the ones corresponding to the two correction terms og

and o) are given by

6
Mg = =i X3 (o6)kj1, (3.83)
j=1
6
K3 =) X3(00), (3.84)
j=1
i '
Miy = 5 > _(=1)7"'Xj(06), (3.85)
j=1
N 4
K} =) X3(aa)kjp, (3.86)
j=1
N 4
K=Y X3(o), (3.87)
j=1
K3 = 3 > (1Y X (o2). (3.88)
j=1

3.3.4 A non-resonant set for ag

We now turn to describing the set €2, as it was introduced in [32]. With the simplifying

assumptions of Remark [3.1§ in place, let us analyze the expression
i = k¥ — k3 + k3 — k3 + k2 — k2.

If precisely two frequencies have sizes above the threshold N, we distinguish the
following two cases.
Case 1. If the largest two frequencies have the same parity, then clearly |ag| = N12.

The corresponding non-resonant region is defined to be
= {k S TG(TA) : ‘kl‘ ~ ’kg’ z N > Ng}. (389)

This definition is just slightly different from the analogous one in [32, Section 3] and it

does not affect the estimates.
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Case 2. If the largest two frequencies have opposite parity, say ki and ko, then on
I'6(T)y) it must be that k; = —ka + O(N3) and

z'ozg = klg(kl - kig) + O(N32)

While k1 — ko = O(Ny), it is possible to have kj2 = 0 and ag = 0. Even if the latter

does not happen, a too weak lower bound on ag renders an insufficiently good upper
2

bound on Mg (one of the multipliers that involve og = _J\(%’ see (3.83))). As in [32],

we consider the following subregion

1

Qy = {k € To(Ty) : [k1] ~ k2| = N > N3 and ko] > (%‘I’) : Ng}. (3.90)
Remark 3.29. Notice that in the case |k1| ~ |k2| = N > N3, we have |k12| = |ksas6] S
N3. On the other hand, by looking to ensure ag # 0, the natural bound to impose
is |k12| 2 ]]\\;—31? However, while the latter gives a better bound on the remaining part
M31ge of %83, it does not allow for a satisfactory bound on the correction multiplier
o6 (which appears, for example, in Mg). At the other extreme, correcting only in the
region |k12| ~ N3 does not produce a small enough bound on MZ1ge. We would like
to point out that (here, as well as in the Euclidean setting [32]), the choice of § in the

exponent is not essential, as any lower bound of the form

N 9
k12| 2 <Nj> N3

(for some 0 < 6 < 1) produces the extra N~% decay factor needed to reach s = %

Case 3. Finally, since the decay factors in the estimate of Ag(MgZ)-term were also
critical in the case N3 2 N > Ny (see Case 2 in the proof of Proposition, we need
to correct for it in this region as well. When three frequency sizes are much larger than
the remaining frequency sizes, ag does not vanish as we have |ag| > N2. Therefore, we
define

Q3 :={k € T4(Ty) : N3 > Ny} (3.91)

We point out that the correction is deliberately intended for the larger region N3 > Ny
(i.e. Q3) rather than N3 2 N > Ny, since on {23 we have

1
N 2
Kt + k5| = |k + kb + kX + ki ~ N3 > (Ni’) Ns. (3.92)

Correcting for Mg in these three subregions of T¢(T)) is enough for our goal, hence
we consider € := 7 U Q9 U )3 to be the non-resonant set of ag, and in what follows

we denote Q¢ := Tg(Ty) \ Q.
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3.3.5 Pointwise bounds on the multipliers (continued)

In this section we first recall the pointwise estimates obtained by Miao, Wu, and Xu
[32], and then we establish the bounds needed to handle the second correction term in
(13.79)).

Lemma 3.30. [32, Corollary 4.1] For M defined by and k € T'g, we have:
(1) if N3 < N, then |MZ(k)| < Ni|kt + k3| + N2;
(i) if N3 < N and k € Q°, then |M2(k)| < N2Nz.

Lemma 3.31. [32, Lemma 4.9] For o¢ defined by and k € T'¢(T»), we have:
() [o6()] < 1;
(i) if k € Q1 N {N3 < N}, then |os(k)| S 52

Lemma 3.32. [32, Proposition 4.3] For M3 defined by and k € T's, we have:
() (M| S N
(i) if N3 < N, then |M3(k)| < NZNZ.

Also, as direct consequences of the above Lemma [3.31] we have the same bounds
for K3 and M3, (see (3.84) and (3.87) ) as for 0. Finally, we provide the pointwise

estimates corresponding to the second correction term in (3.79).
Lemma 3.33. For o4 defined by and k € T'y(Ty), we have:
(i) loa(k)| S m(N1)* Ny
(i) if N3 < N, then |o1(k)| < m(Ny)2.

Proof. Let (4 denote the numerator in . We have the crude estimate
|B4] < m(N1)?NE, and note that either ay = 0 (in which case o3 = 0) or |ay| > 2N7.
Depending on the parity of the largest two frequencies, we distinguish two cases.

If k¥ = ky and k3 = k3, then |ay| ~ |k12||k14] ~ NZ and |B4] ~ m(N1)?NZ.

If k¥ = k1 and k3 = ko, then |oy| ~ Ni|kss|, k1 and ko have opposite signs and by

the mean value theorem, we have

|Ba] <Im(k1)?k} — m(—k2)*(—ka2)?| + |ksa| - ks — kal
<|kia| - [(m(€)*€?)'| + |ksa| - |ks — ka],

where €| ~ N7 and thus

—=(m(&)%€)| ~ [m(&)*¢| ~ m(N1)* N1

d
i
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Since
ks — k4| < Ny < N < m(N)?Ny,

we get
1B S m(N1)? Ny ks

and the conclusion follows.

O]

Consequently, by simply referring to their definitions in (3.87)) and (3.88]), we also
have the same bounds for Ké and Kg’, respectively, as for oz, In the same manner, we

have the following lemma.
Lemma 3.34. For I}E’ defined by (3.86) and k € I's(T)), we have:
(i) |KG(X)| < m(N1)>NE;

(ii) if N3 < N, then |[K2(k)| < m(Np)2Ny.

3.4 Almost conservation estimates for the third genera-

tion modified energy

The scope of this section is to show that for a smooth solution v of (2.22)), the pos-
sible increase of £3(v(-)) can be made arbitrary small by appropriately choosing the

parameters N and A, i.e. that we have an estimate of the form
|E3(v(8)) — E2(v(0))| S NTIATF (3.93)

for some v,k > 0. E| On the right hand side we use (powers of) the Z!'-norm of Iv who,
we recall, lives on the scaled spatial domain T) and whose energy on frequencies > N
is damped by the operator I.

We decompose the solution v using the Littlewood-Paley projectors in spatial fre-

quencies:

v=3 Pyv , Pyv(r,k)=1;(n)o(r,k),
7=0

where I :={k € Zy : |k| <1} and I; := {k € Z) : 2771 < |k| < 29} for j > 1. By the
fundamental theorem of calculus, the proof of (3.93]) reduces to estimating expressions

of the form

/6 A (My;o(t)) dt
0

5The powers 7, & are responsible for the level of regularity at which the global existence via the I-

method is obtained. Subsequent iterations of the I-method aim at finding a functional that can provide
good enough decay rates in order to reach s = % Eventually, one approximates an H°(T)-solution v

of (2.22) by a sequence of smooth solutions (vy). and then (3.93) is derived for v.
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corresponding to the multipliers M,, that appear in (3.82). It is enoughﬁ to obtain

estimates for
[ toa O8O iva (o). om0 at, (3.94)
R

where each v; has Fourier support in the band {(7,k) : |k| ~ N;}, with N; ~ |[;]|. If
N; < N for all j, the multiplier M,, vanishes, hence we assume N; ~ Ny 2 N (see
Remark . Due to Remark we can also assume that Ny > No > ... > N,,.

Regarding the sharp time-cutoff, we note that in each case, we are able to place at
least a few factors in the X2 ~-norm (rather than in the Z!'-norm) and since we know
that

1 110,65 () <o0F

)

3
Ht

by Lemma we have
Moo lvll 1o S 50+||IU||X1,%. (3.95)

Therefore, in proving the results of this section, we are concerned with estimates of the
form
n
[ 8Otion(0), o)t SN Ml zny. (399
j=1

where v; = Py, v; for all j.

Before starting to prove estimates of the form for each term that appears in
, we make some further reductions common to all of them.

Remark 3.35. Since the norms on the right hand side of (3.96) depend on |0}, for

the sake of simplified writing, we assume that all ;’s are real valued and non-negative.

Remark 3.36. To ensure summability over all dyadics Ny > Ny > ... > N,,, we can

most of the times obtain a factor of 1 /NfJr on the right hand side above since then

n

1 & 1
NO+ H HIPN]-U]'HZWRXTA) S H NOF H[Ujugl(]l{xﬂ‘,\) ’
1 =1 j=1""J

and the summation (first over N, lastly over Ny) is straightforward. However, having
Lik-based norms on the largest two frequency factors Iv; and Ivy allows one to relax
the summability factor to 1 /Ng+ in the region N1 ~ Ns. This essentially follows from

an application of Cauchy-Schwarz inequality. Indeed, suppose that we have
“C(PNl’Ul’ PszQ)’ < AHIPN1U1||X1,% HIPN2U2||X1,%

for the bilinear functional £ defined by fixing vs, ..., v, in the left hand side of ([3.96)).

6 Indeed, one can take the functions v; such that the time restrictions Vjjp,5) = Fjv and
lvill zrexty) < N1P5vllz1(o,5)x1y) + € for odd j’s, and similarly with P;T for even j’s. Eventually
one takes ¢ — 0 to obtain the estimate.
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Let Ny = 271 and Ny = 292, Summing over the pair of dyadic numbers (N7, N2) in the
region N1 ~ Ny amounts to summing over the pair of integers (ji, j2) with |j1—ja| < 4.|Z|
Therefore, by taking w; (7, k) = m(k){k)(r + k2>%’[)}'(7', k), we obtain

Z |L(Pnyv1, Pryv2)| < Z |L(Pyjyv1, Paipva)|

N1~N2 (91,92):171—72]<4
L\ Y
<a( S irpul ) (X 1rmy )
J1EL ’ N/ ’

< Allwllgz_Jlwallz, -

Remark 3.37. When applying the bilinear estimate (3.25)), we argue as follows. For
two vy, vy : [0,0] x T\ — C, taking into account , we consider extensions vy p, V2 :
R x Tx — C (i.e. vjnlos = vj, j = 1,2) such that [[vjnllzs@xty) = 105l 25(0,6)xTy)
as n — oo, j = 1,2. Also, we consider a time cut-off n such that n(¢) = 1 for all
t € [-K, K] for some K > max{d,1}. Then,

loro2llz2 (0.a1xmy) < 0B v1n - n®)v2nllrz mxry)

S [orall N

1 1
X027 (RxTy X%27¢(RxT))

and after taking n — oo, we get

||U1U2||L$Yz([0,(ﬂ><'ﬂ‘)\) SJ ”/Ul||X0’%_E([0,6]XTA)HUQHXO’%_E([O#S}XT)\) ° (3'97)

With these reduction remarks at hand, we can proceed to the proof of almost
conservation estimates. We denote by J, the Bessel potential operator in the space
variable, i.e. j;f(k:) = <k:>f(k‘) For simplicity, [,

['s(R) and on T'g(T)), respectively (see Section [3.1.3)).

Lemma 3.38. Let s > % and § > 0. For Mg defined by (3.68), and Q¢ as in Subsection
[5-34], we have the estimate

and [, stand for integration on

1)
/ Ag(M21ge;v(t)) dt 5N_%+)\_1+50+||Iv||%1([0’5]xTA). (3.98)
0

Proof. We distinguish several subregions of ¢, but first note that for all k € T¢(Ty)\ 23
we have N3 ~ Ny.
Case 1: N; ~ Ny 2 N > N3. Note that m(N;) =1 for j > 3, and m(N1)2Ny > N.

"For n < 10, on I'n(Tx) we have %Nz < N1 < 9N3, so there is a universal upper bound on [ji — j2|-.
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13
By Lemma [3.30, we have |[MZ1gc| < N2 N7 and by using (3.30), we get

1 —
/Aﬁ(Mglgs;Ul,...7U6)dt§// 31 HJJ;IU]'
R * o xx m Nl 2N2N2 H‘756<k' .

7j=1
N_E
s N0+ // k5 HJIUJ

N**Jr
< Toi / (JoTv1)(Jo Tv3) (JoTv9) (JoTva) (Ivs) (Tvg)dadt
Ty
N2t
S —yor 1elv) (avs)l g [ (JaTv2) (JaTva)llz, |
1 7=5,6

By (3.25) and (3.10]), we thus get

[ a0 1000y 5 M Hufv]||xllr5[6||fvj||yz+o
J

The case N3 2 N > Ny is vacuous on ¢ and thus the next case we have to consider
is the one in which precisely four of the frequencies have sizes larger than the threshold
N.

Case 2: Ny 2 N > N;5. We also have N; ~ N, N3 ~ Ny and for j = 3,4,

N

m(N;)N; = N~ < ~

.
) N}t 2 N'NDT (3.99)

By using the crude estimate |MZ| < m(N1)2N? of Lemma we estimate

1 —
Ag(M21ge;vq,. .. dt</ I
A 6( 6 1Qec; V1, , U i} *mN3)2N2<]{35> kﬁ r_[l x U]
= (3.100)
N—2+ o
< [ g T
3 ]:1

We now discuss two subcases.

Subcase 2.1. If N3 ~ Nj, since N5 < N4, two out of the four frequencies
ki, ko, k3, k4 must have opposite signs, say ki and ko. Therefore v; and vy are sep-
arated in frequency and we use the bilinear estimate , and together with the
L*-Strichartz estimate , we obtain

N2+
/RA6(M621§20§U17---7U6)dt§ WHUJM)(JJW)H% IT WWetolizs, TT Iosles
=34 §=5,6
N=2+\2F
S THHJ 1ol oy TT 170505400
7=1 7=5,6
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Subcase 2.2. If N3 < Nj, then we apply the bilinear estimate (3.25) twice and
get

/ Aﬁ(MngC;'U17'U2, N ,1}6) dt
R

N2+

N N 1(TeTor)(Jadvs)llze N (Jelva)(JuTva)lgz . TT IHvjllees,
j=5.6
2+)\ 1+
N T HHJ 1ol oy TT 170505400

7=5,6

Case 3: N5 > N. We use (3.99) for j = 3,4,5, m(k6)<k‘6>% > 1, and N5 > Ng to

deduce

/A6(M621QC;U1,...,U6)dt
R
6 /\
Uj
/* *% HJ 3m 1;[
N 34+ )\O+ o 1 o
< o // DA 1v2H< ]>0+Jx1vj> <<k6>é+Jxlv6>

—3+4 0+
<A
N3

- 1_
IT I1aTvjllzs, H 17: " Tojllpg IIJ& Tvel|Lgs, -
j=1.2 j=3
The factors A°T above appear due to the application of (3.3). By using the Strichartz
estimates (3.18]) and (3.21)), as well as the embedding (3.10)), we have

/ AG(M62].QC; Viy...,06)dt
R

< N” 3+ )\0+ 1
S N0+ 1_1[2 (| 2 IUJ”XO H HJl I”JHX0+ L[| J7 IUGHY%Jr,o
J

3+)\0+
S Hufvju 4 vsllyo.

Since in Section we choose A\, N such that 1 <X < N (for s > %), in the second
and third cases we have faster decaying factors than in Case 1.
O

Lemma 3.39. Let s > % and § > 0. For M3 defined by (3.83)), we have the estimate

5 f
/ As(Mg;0(t)) dt‘ S N7%+)\71+50+va”gzl([o,a]xm)- (3.101)
0

The same estimate holds if Mg’ 1s replaced by Mg.
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Proof. By Lemma we have |M3(k)| < Ny for all k € I's(T,), and if N3 < N,
then [ME(K)| < N2 N2

We distinguish three cases and in all of them we use that m(N;)2N; > N, and
when N3 2> N, m(N3)N3 2> Nl’N??"' as in .

Case 1: Ny ~ Ny =2 N > N3. We have

1
/Ag(Mg’;vl,..., dt<// HJ Tv;
R *ok m Nl 2N2N2 Hg 4

N_,
N N02+ // (T Tv1 T Tv3) (T vaTplvs) HIUJ

S N0+ [(JaLvr)(Jedvs)l 2 [[(Jalv2)(Jadva)lpz HHIU]HL
1 j=5

34
N 5t
< N0+ HHIUJH 13 H||IU]HY2+0

Case 2: N3 2 N > N,4. Here, we get

1
Ag(MZ;vy,. .. vg dt<// Jelv;
/R ( s **le)lem(Ng)Ngl_[] 4 H J

< N0+ // (ToTv1 T Tvs) (T Tva) (Tl vs) HIUJ

—2+
< LH
~ N0+

(Jelv))(Jalva)ll gz N Jelvallps 1 Jalvsllps HHI’UJHL

x

1
P
| | 05l 1.3 | | 105ll5, 3 4.0

Case 3: Ny 2 N. In this case, we additionally have that m(Ny)Nys 2 N. For
5 < j <8, since m(l@)(kzﬁé 2> 1, by taking into account (3.3), we have

N|=

Ny Tm(ky) (k) 2 A% (k)2 (3.102)
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Thus, we obtain

/RAS(Mg;vl,..., < N0+ // HJIUJH JIUJ

N 3+)\0+ 1_
S AN HHJxIUjHL;{mHHJa? Tl g,

N 3+)\0+
S NO+ HHJ Twj| 03H”J2 I”JH

N 3+ )\0+
S Ipmww memm

We recall that for the multiplier MZ we have better bounds than for Mg (see
Lemma and Lemma , hence it is enough to consider only the latter.
O

Lemma 3.40. Let s > % and § > 0. For M3}, defined by (3.85), we have the estimate

9
| MolMsv(®) dt| € NN 10l B e, (3.103)
0

Proof. By and Lemma we have |M3(k)| < 1 and thus we gain the factor
N—2% from m(N;)N; 2 N1*N£+, j = 1,2. For additional decaying factors, it is enough
to discuss two cases.

Case 1: Ny 2 N > N3. We have

N2+

3.
/Alo(Mlo,Ul,...,Ulo N
R

// (ToTv1 T2 Tv3) (JoTva e T0s) Hlvj

N2+ 10
S —yor 1elvn)(Jalvs)ll g [1(Jelva) (Jelva) | g, [T 17villce,
1 j=5

N2)\1
o Hnmwlﬂwmmm

Case 2: N3 2 N. In this case, we additionally have m(N3)N3 2 N. Also, we use
m(kq)(ks) 2 1, and m(kj)</<:]>% 2 1 for 5 < j <10. By using 1/N§ < H}ig) 1/]\7;/67 we
get

N3+ A 0,
/RAlo(Mf)o;Ulv---,Ulo)dtSWHHJxIUjHngHHJzQ IUJ‘HL;’f;

S N0+ H\vagllxl 8 HHIUJIIY10
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Note that in Case 2 (by discussing various subregions), we could provide at least an
additional A2 T factor, but since N='* < A7t and the decaying factor in Case 1 is

optimal, we limit ourselves to the above estimate.
O

For the remaining terms that appear in (3.82)) (i.e. the ones due to the gauge
transformation in the periodic setting), we have a decaying factor A~! thanks to the
coupling coefficient p(v). Indeed, by (3.11) and by using 1 < m(k)(k), we have

1 _ _
p(v) = ﬁllv\\%mg SAT N aIvlro0 < A0 70

Lemma 3.41. Let s >0 and 6 > 0. For K} as defined by (3.60), we have the estimate

/ Ag(K 5 0( dt‘ SN 1+50+HI1)H4 A (0dIxTs)’ (3.104)
Proof. By Lemma|3.23|we have |K} (k)| < m(N1)2N? for all k € T4(Ty), and if N3 < N
then |K} (k)| < m(N1)2N1N3. We need to discuss three cases.

Case 1: N; ~ Ny 2 N > N3. Due to the refined estimate, we have

4
Ag(K i, vg)dt S
/]R 4( 4501, » U /; » Nl k‘4 1;[
N1+
S oo // (Jpdv1)(Jplvg)(Jplve)(Jplvy)dadt
Ny T
N~
S WII(JxIvl)(Jszs)HLg@II(JxIvz)(JxIm)HLgx
N1+ —1+

ST H 701l

Case 2: N3 > N > Ny4. By using (3.99), we obtain

4

/R 1(Hiiun \ **mNs)NsmM ) (Fea) g g

S N0+ //11‘ (JoIvy)(JpTve)(JpTvs)(vg)dxdt.

Subcase 2.1. If N3 ~ Ni, then since N3 > N4, two out of the three frequencies

k1, ko, k3 must have opposite signs, say k1 and ko. Thus J,Iv; and J,[vo are separated

56



in frequency, and so are JyIvs and JyIvs. By also using m(k4)(ks) 2 1, we have

N1+
/MWMNMMﬁsNwmwmwwm%wmwwwm%
R ) ;

N 1+ y-1+ 4
—o H||Ivj||X1 . (3.105)
3

Subcase 2.2. If N3 <« Nj, then as in Case 1, we can clearly apply the bilinear
estimate (3.25]) to the L?@—norms of both (J,ITvy)(JIvs) and (JIve)(J,Ivs) and obtain

the same bound as in ([3.105|).
Case 3: Ny 2 N. We have m(N;)N; 2 N™'F N for j = 3,4 and thus

4
1 ———
Ay(K}v,.. .0 dt</ G
[tz VS ). N 1L

N2+
<N / / (JoTv1) (o Tvs) (T Tos) (o Tvg)dadt
N; R JTy

N— 24+ 4
S N()+ H H'] IU]||L4
p =1

-2+ 4
N ().,. HHIU.]||X13
N Jj=

O

Lemma 3.42. Let s > 3 and § > 0. For K| defined by (3.61), we have the estimate

< 2+ 0+
/AGKG, dt’ NIy s (3.106)

Proof. By Lemma we have | K¢ (k)| < 1 for all k € T'4(T)). By using (3-31)), (3.16))
and (3.18)), we estimate

6
1, -~
/I%AG(KG?UM"'? dt<// N1 N1 H 1;['1)

7

< N°+ / 11 JI’UJHJzI'Udedt

T j=1,2 33

N2
sNMIUumwlﬂhmm
]12 7=3

N 24
N N0+ H||Ivj||X1,%'
=1
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Lemma 3.43. Let s > § and § > 0. For K¢ defined by (3.70)), we have the estimate

/ A6 (K35 0( dt‘ S N XTI 10]| G o gy ) (3.107)

Proof. By Lemma we have |KZ| < m(N1)2Ny.
Case 1: Ny 2 N > N3. By using 1 S m(k;)(k;) for j = 3,4, and

N0+ S
m(kj)</€j>%_ for j = 5,6, we estimate

/Aﬁ(Kg;'Ul,...,Uﬁ)dt
R
/ |+ 10 mjnvj

j 1,2
< 0+ / HJIUJ 11 Jz " Iv; dxdt
M Tx j=1 =56
N~ 1+ 1_
S WH(JEIUI)(JQHIUZS)HLiIH(JIIU2)(JJUIU4)HL§J [T 1172 Tojlez,
j=5,6
N 1+ )\ 1+
S TN HHIUJH e 1T 1vsllyre.
7=5,6
Case 2: N3 > N. We make use of m(N3)N3 2 N and thus we get
N-2+
2.
/RAg(KG,vl,...,v) < NO+ //11‘AHJ IUJHUJdCL‘dt
N 2+

< N0+ HHJ IUJ||L4 1_[||UJ||L12

S N% HHIUJHXNHHUJH 5t

O]

For the next lemma, we make the following remark. The proof follows identically
in Case 1, but we only have |K3| < m(N1)2N? in Case 2. By splitting the discussion
into the subcases N3 ~ N7 and N3 < N7 as in Case 2 of the proof of Lemma [3.38] we

can provide at least an additional A3+ factor. Hence, we have:

Lemma 3.44. Let s > 5 and § > 0. For Ifgg’ defined by (3.70), we have the estimate

/ As(K3:0( dt’ <SNHAT z+50+\\1v\|21 (0.6]xT>)" (3.108)

The estimates for fo(s Ag (I}%)dt and f05 Ag(l}g’)dt follow identically to that of Lemma/|3.43
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above, since we have the same upper bound (see Lemma and the subsequent com-

ment).

Lemma 3.45. Let s > % and § > 0. For K3 defined by (3.84), we have the estimate

T (3.109)

/ As(K3;v( dt‘ <N~ 2+50+||IU||X1

Proof. By Lemma we have |K3(k)| < 1 for all k € I's(T,). Hence, similarly to
the proof of Lemma we get

N 2+
3.
/RAg(Kg,vl,...,vg) < NOF //T || JIUJ|| 2 Tvj dxdt

Aj=1,2

< N0+ H 1T Tvjll HHJ?IUJHLH
7j=1,2

N 24+
N N0+ ]1|’IUJ||X1,%'

We put all the results of this section together in the following;:

Proposition 3.46. Let s > % and 6 > 0. Suppose v is a solution to (2.22]) on [0, d].
For & defined by (3.79), we have

1E3(u(8)) — E3(u(0))] < N=3EA46 P(|Tv] 110 gymy))- (3.110)
for some polynomial P with non-negative coefficients.

3.5 Control of the almost conserved energy and of the

almost conserved momentum

In this section we show that &(Iv(t)) stays close to £3(v(t)) (which is very slowly
varying in time) and that P(Iv(t)) stays close to P(v(t)) = P(vg), at any time ¢t. For
the sake of efficiency, we adopt in the proofs below the reduction remarks from the

previous section.

Lemma 3.47. Let s > % For o4 defined by (3.64), we have
[Aa(ows H)I S NTFILF Il ey - (3.111)

Proof. By Lemma we have |o4(k)| < m(N1)2N; for all k € Ty(Ty). Then, by
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< m(k])(kj>%_ for j = 3,4, we have

Holder and Sobolev inequalities, and using NO + S

As(oi fr,- o fa) S H - HJ If;
1 1 1
S 3 L AR 1) Ty

Nfl
S Nﬂ+HJIfﬂu2WTImeHJ¢ LﬁHUwWh I fallrge

N 1+ 4
S g sl

O]

The estimate for A4(og; f) follows similarly since, by Lemma [3.33] (i), we have the
same pointwise bound, that is [o2(k)| < m(N1)2Ny.

Lemma 3.48. Let s > 1. For o defined by (3.80), we have
A6 (065 /)] S N2FNfll5nr, - (3.112)

Proof. By Lemma we have |og(k)| < 1 for all k& € I'g(T)). Similarly to the proof
of Lemma we have

6 1

24
RTINSOy (NOATATUR Y | (E AL
1

T e

N2+ 6

S —5 [T Fill -
NYT

Hence, we proved that all the correction terms are small, and thus we obtain:

Proposition 3.49. Let s > % For £ and €3 defined by (3.55) and (3.79), we have

€)= D) S N7F (I Mgzryy + 1Sz, ) - (3.113)
for all f € HX(T)).
Next, we turn to the analysis of P[I(+)] for which, as in [I8], we prove:

Proposition 3.50. Let s % For P defined by (2.41)), we have

P =PUIS N (1L + 1 ey ) (3.114)

for all f € H(T).
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Proof. We have

PlLS - P < 'Im [ (@rou(an) - so.1) as (3.115)

w5\ [ trst i) ae

A

and we can estimate the two terms separately.

First, using integration by parts, we write

Ifo, (If — f)de+1Im | O, f (If — f)dx

Im (Ifax(ﬁ) — f@rf) dr = Im
T T Tx
=Im If@m(ﬁ—f)dx—i—lm f@x(lf—f)dac
T Ta
=Im [ (If+ f)0, (If - f)da.
Tx

Notice that I —Id = P;(I — Id), where Id is the identity operator and we take Py; :=
P>p. Thus, by commuting Fourier multiplier operators, using the self-adjointness of

Littlewood-Paley operators and duality properties of Sobolev norms, we have

< [(Pu(Lf + f), (I = 1d)0uf) 21|

'Im/ (If+ )0, (If = f)dx
Ta
< Pl + DIy IRl — 10071,

2
< (1P lpy +1Pif )

Since 1 < N_%<k>% , 1S N_%m(k:)<k>% for all |k| 2 N, we have

1
1Pl fll yy S N2l (3.116)

H2 ™~
1
1Pafll ) S N EIIf]me (3.117)

Thus the first term in the right hand side of (3.115) is bounded by N[ f||%,..
For the second term in the right hand side of (3.115)), we write

TFIY = 1fI* = [TFPIFTF = f) + \LfPAf = HF +TFIf = HIFP+ L f = HFIf)P

and we treat, for example, the second term (modulo complex conjugation, it has all

three possible factors involved); the others can be argued for analogously. By Hélder’s

inequality,
/T LFPT Pl — 1d)f de| < (T — 1) f, PuC|2F12F)) 1o
< I =10 fllo IR 5.
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Then, by Sobolev embedding,
1= 10)flls S I1BulI = 1)fI|y < Bl 3 + 1Pl (3.118)

and we can use the estimates (3.116))-(3.117)) to gain a factor of N~3. Another decaying
factor is obtained via a Bernstein estimate, and then by Leibniz and Holder inequalities,

we get
1, 2
< N HE RN
_1 1 1
<N 2(\IJa?IfHL2HIf||L6||f||L6+HJa?meHIfII%e) (3.119)
<N-

1
2L N3,

1Pu(ZF2)], o

where in the last step we used the Sobolev embedding as in and ||If HH S
Ilf ||H 3 S [ f]lm- Notice that if we do not drop the frequency restriction when passing
to , at least one factor (in both terms) has to be supported on frequencies 2 N,
hence by arguing as for , we could get another factor of N -3, Therefore, we
obtain that the second term of is bounded by N-3 11 f]13:

O]

3.6 Proof of Proposition via the /-method

In order to prove that blowup of the H 3-norm of a solution v of does not occur
in finite time, we adapt the I-method of [9] [I0] (therein also referred to as “the almost
conserved energy method”) to also incorporate the almost conservation of P(Iv).

For initial data vog € H*(T) := {f € H*(T) : M[f] < 4w}, s < 1, its energy
E(vg) might not even be defined. However, the functionals £(Iv(t)) and P(Iv(t)) are
well-defined and via Lemma

[To(t)]1% S 1ETv()] + P(Tv(t))? + 1, (3.120)

where the smoothing operator [ is defined by in Section and v is a (local)
solution of with v(0) = vg. This control allows us to iterate the local well-
posedness theory for any initial data in H*(T) and prove that the solution v exists for
arbitrarily large times.

Since allows for ||Tvgl| 7 ~ N'~%, which would give a time of existence 6 | 0
as N 1 0o, we use the scaling transformation and we note that

w11,y S N7 A voll oy - (3.121)

We choose the scaling parameter
1—s

A=N"s

(3.122)
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to ensure that § 2 1 uniformly in N and A. We then have 1 < A < N in the regularity
range + < s < 1, (in particular, A = N for s = 3). We also record that ||U3||Hs(’]1‘)\),
P(Iv}), E(Iv}) are bounded by constants depending only on [[vo| g ()-

A slightly modified iteration argument concludes the proof of Proposition In-
deed, consider B > 0 such that

B2 ~ oo By + |ETw0)] + P(Tug)?* + 1
and suppose that at step j, we have
1102 (j6) | gy < B.
Then, by Proposition [3.12
110 21 s jors)xmy) < D
and according to Proposition [3.46]
12 (vA(j6 + 6))| < |E2(vA(j6))| + 8" NTIAFC1(D)

with v = %—, k = 1—. Assuming that we run this iteration J times so that we cover

the scaled time interval [0, AT, i.e. assuming that we choose J such that
J > \°T, (3.123)

we have

1E3((J6))] < |E3(0(0))] + T8O N~YA~"Cy (D).

Notice that |£3(v*(t))| stays bounded (e.g. |E3(v ()| < 2|€3(v*(0))|) over the entire
[0, \2T] if we further impose that N is chosen such that

J < NTXE, (3.124)

At each iteration step, due to Proposition and Proposition [3.50, we have in par-
ticular that

€T+ 1O < 2(€3(WH0))] + N~ Ca(D), (3.125)
[PIA(G +1)8)| < [P (0)] + N~'C5(D), (3.126)

where we used a version of (3.11)) restricted to the time interval [j9, (j + 1)d]. We get
110G + 1D0) | a2 (ry) S D

We choose N large enough so that in (3.125)) and (3.126)) the second terms are dominated
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by the first terms. By Lemma we then deduce
110 ((j + 1)) grry) < B

and thus we get to perform the iteration again.

Note that (3.123)), (3.124) and s > 3 yield

T < NV (R=2)+1(k=2) < Ny HR—2

In our case, vy + K —2 = %—; hence, given any large T, we can choose a frequency
threshold N = N(T') > 1 for the I-operator.

Notice that for all ¢ € [0, \2T] C [0,J6], we have E(Iv (t)) < £(Iv}) < 1 and
P(Iv (t) < P(Iv)) < 1, thus ||Iv>‘(t)||H1(TA) < 1. Also, we recall that we still need to
undo the scaling:

o)y S A N0 V0] sy S NI 1y S N5
for all ¢t € [0, T], where we used (3.32)) and (3.122)). The above numerology allows us to
take N ~ 72T and thus
sup [[o(t)lgs(ry S T?7>°F

t€[0,T]

forany%§s<1.

3.7 Comments and remarks

In view of the local well-posedness result in the scale of Fourier-Lebesgue spaces by
Griinrock and Herr [16], it would be interesting to investigate via the I-method the
global dynamics of the DNLS flow in ]-'L%’T(']I‘), for the appropriate range in r, to
complement the almost sure global well-posedness result of Nahmod, Oh, Rey-Bellet,
and Staffilani [39]. This is also to be studied in the Euclidean case, where the local
well-posedness was established by Griinrock in [I5]. In the same direction of thought,
we mention that Takaoka [46] proved the existence of local H*(T)-solutions with small
(unquantified) mass in the range % <s < % by establishing a priori estimates for the
gauge equivalent equation .

Above the mass threshold 47, the question of whether all solutions to DNLS extend
globally in time is not settled for low-regularity initial data. By relying on the inverse
scattering method, Jenkins, Liu, Perry, and Sulem [23] proved that all solutions started
with initial data in the weighted Sobolev space H*2(R) exist for all times. For H!(R)-
initial data, by using variational analysis of soliton solutions, Fukaya, Hayashi, and
Inui [14] gave a sufficient condition for the global well-posedness of DNLS covering the
result of Wu [55]. Also, the work of Takaoka [45] on the energy exchange behavior for
a variant of might provide further insight on the DNLS dynamics.
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Chapter 4

Unconditional uniqueness of

solutions in the Euclidean setting

In this chapter, we use a method to prove well-posedness of nonlinear dispersive equa-
tions which avoids a heavy machinery from harmonic analysis. We implement an infinite
iteration of normal form reductions (namely, integration by parts in time) and refor-
mulate the equation in terms of an infinite series of multilinear terms. This allows us
to prove Theorem i.e. the unconditional well-posedness of solutions to in an

almost end-point space.

4.1 The normal form equation

In this section, we formally derive a normal form equation for a gauged DNLS equation
on R. First, we use a gauge transformation to remove the nonlinear term 2i|u|?d,u from
at the expense of introducing a (pure power) quintic nonlinear term — see
below. Then, we apply an infinite iteration of normal form reductions to transform the
gauged DNLS into a new equation involving infinite series of nonlinearities of arbitrarily
high degrees. To this end, we employ the normal form method developed in [2§].
We use the following gauge transformation

x

u(t, ) — w(t,z) == exp <—1/

—00

|u(t7y)|2dy> u(t, x). (4.1)

Notice that this an autonomous transformation, i.e. it does not depend explicitly on
the time variable. Thus, DNLS is transformed into the gauged DNLS"

1
10w + 02w = —iw? 0, W — §|w\4w. (4.2)

This nonlinear transformation (4.1)) goes back to the works of Hayashi [19] and Hayashi
and Ozawa [20]. See also [3I]. It is well known by now (see [44]) that the cubic

nonlinearity with the derivative falling on the complex-conjugate factor can be handled
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using the Fourier restriction norm method, whereas the cubic term |u|20,u fails to have
a useful estimate. It turns out that this is also the case when employing the normal
form approach, namely we have to remove the bad nonlinearity before renormalizing the
equation. Nevertheless, we can transfer a well-posedness result on the gauged DNLS

equation back to the original DNLS equation with the following:

Lemma 4.1 ([I0]). Let s > 0. The mapping u — w defined by (4.1)) is bi-Lipschitz on
H*(R).

Next, we denote S(t) := €% and we use the change of variable v(t) = S(—t)w(t)
(the interaction representation variable). Then, equation (4.2]) becomes

Ov = Q(v) + T (v), (4.3)

where we denoted the quintic and the cubic nonlinear terms respectively by:

Qv) == —%yS(t)v(t)ﬁsu)u(t), (4.4)
T(v) := —i(S()o(t)) 0.5 (E)v(t). (4.5)

In what follows we will exploit the oscillatory nature of the Fourier transform of 7.
With a slight abuse of notationEL let us introduce the trilinear operator 7 defined
by

FlT o o) .6 = [ O () BE)H(E) dde,  (46)
§=61—62+¢E3

where the phase is given by

OE) = -+ & - & (4.7)

Notice that on the convolution hyperplane £ = & — & + €3, we have

D) =2( —&)(E—E&3) = 2(&2 — &1)(§2 — &3). (4.8)

Since it is determined by the linear part of the equation, the function ®(&) is the same
as the modulation function for the cubic NLS equation in [28], but the trilinear operator

is different due to the presence of the derivative in the cubic nonlinearity.

Since for s > 3, H%(R) is a Banach algebra, the quintic term can be estimated
easily:
QW) s (m) S HUHE}-IS(]R)' (4.9)

Due to the derivative loss in the cubic term, 7 does not have a similar estimate in

H*(R), even though s > % Therefore we proceed to renormalize this nonlinearity by

!Note that when all the entries of the trilinear operator are the same, we write 7 (v) instead of

T (v,v,v).
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means of normal form reductions (NFR).

4.1.1 The first step of NFR

The idea is to exploit the oscillatory factor of the convolution integral in (4.6]), and so
we apply integration by parts on a domain of integration where |®(£)| > N, for some

threshold IV to be chosen later. We first decompose
T(v) = Ti(v) + T2(v), (4.10)

where 7'2(1)(11) is defined as T (v) (see (4.6) above), but the integration is further re-

stricted to the domain

Co = Col8) = { (€1,€2) € R? 1 |@(,61, 60,6 — & + )| > N} (4.11)

and T1(v) := T(v) — T2(v). Thanks to the modulation restriction, the term 7i(v)
enjoys a sufficiently good H?*(R)-estimate — see Lemma below. For the remainder
term T3(v), we apply differentiation by partsE| in order to renormalize it. To ease
the writing, we drop the complex conjugate, the Fourier transform notation, and the

complex constants of modulus one in front of the nonlinearities. We have:

LB
Ta(v)(t,€) = [é f—trtés D7) —=—&u(t, &1)v(t, §2)v(t, §3)dErdEr

|(&)|>N
e1®(6)t
é G1-6tbs P(€) ——=60; (v(t, &1)v(t, E2)v(t, &3)) dérdéa
|®(&)[>N

= 0 [TY (9] + TP ) (¢,9).

Let us start employing the ordered tree notation from Appendix [A] At this stage, we
can express everything in terms of 77, the sole ternary tree of first generation. With
p1 = ®(€), the nonlinearities ’76(2) (v), T®(v) can be written as follows:

7. ettt o

W= _ e T vtes (1.12)
7@ et ( )

W= 104 L) (4.13)

2Here, “differentiation by parts” means usual integration by parts (with respect to the time variable)
in the Duhamel formulation of (4.3), without writing explicitly the time integration. In other words,

Ta()(t) = &[T ), &)] + TP W)(t,€)

/75 (t',€)d [‘”(vt& /T“‘” (t',6)d

stands for
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By using the product rule and supposing v is a smooth solution of (4.3)), we get
TOw) = 75 () + T (v). (4.14)

On the right side above, TQ(Q)(U) is the sum of three septic terms, corresponding to
replacing dqv(t, &) by Q(v)(t, &), b € TT°. Similarly, T7(—2) (v) is the sum of three quintic
terms, corresponding to replacing dv(t, &) by T (v)(t,&), b € TT°. More precisely, we
have

TOW© =Y /@(Tl)lcc “”52 o) [ v (4.15)

beTy® acT>\{b}

e = 3 /ée:g(Tl)lcc ””52 Tw&) [[ v (4.16)

beTe aceT>\{b}

Thus, if v is a smooth solution of (4.3)), then it is also a solution of
O = Q(v) + AT (v) + T () + T (0) + T2 (v), (4.17)

where we set 7?;11) (v) := Ti(v) for the sake of consistency with subsequent NFR steps.
It turns out that we can establish sufficiently good estimates for all of the nonlinear

terms of (4.17)), except for those in T7(—2) (v). Therefore, we proceed to renormalize them.

4.1.2 The second step of NFR

For the sake of clarity, let us write ’7:;2) (v) defined in (4.16)) first without appealing
to the terminology of Appendix [A] and then in the compact writing facilitated by the

ordered trees notation:

TT@)(U)(&):/ —ti-eres SO ) <ei¢@t£12)“(5“)”(512)”(513)“(52)”(53)
&1=611—&12+813
i®(&)t
+/£=£1£2+£3 1036(1)( 52( () t§22)” v(§21)v(822)v(€23)v(E€3)

Ea=E£21—E22+823

ch) (1 52 i D
¢ — ? (£3t
+/£=£1£2+§3 100 6 ( 532)” v(&31)v(€32)v(€33)
€3=631—E32+E€33
ei;,ut )
= Z /,_ 106:762<61/—’«2t§§2)> U(ga), (418)
Tez(2) ' €€5(T) K1 weTo

where ®(&;) = ®(&5,&1,&52,&53) for 1 < j < 3. Notice that, in (£.18), the phase is
p1 + pa2, where pq is the same as in the first step of NFR, i.e. pp = ®(£), and

po = 0(E@) = 2(ef) — ) (el? — ),
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for £ € Z¢(T"). We now decompose
2 2 2
T (0) = T W) + T ),

i.e. each term of the sum in (4.18)) is split into two parts corresponding to further

restricting the domain of integration to

C1=Ci(&T) = {& € Ee(T) : | + p2| < Balpal}

and its complement, respectively, where 81 > 2 is to be chosen later. By Lemma [4.10]
below, we have H*®(R)-estimates for the terms in T7£21) (v). For the remainder 7’7(/22) (v),
we apply differentiation by parts for all of its three terms. Thus by working with the

ordered trees notation, we haveﬂ

i(n1tpe)t
T"/('?Q)(U)(tvg):at[ /_ 100005%551)552) H U(fa)]
Tex(2) £€=¢(T) H1ilf1 +— K2 weTo
i(p1+pe)t
- Z / 100m0567§§1) 52)3t< H U(£a)>
Tex(2)  §€%(T) pa(pn + p2) aeT™

= o T ). 6)| + TOW)(.€).

By using the product rule and the assumption that v is a smooth solution of (4.3)), we
get
TOw) =75 0) + T (),

and the equation for v becomes

3 3
0w = Q) + > TP + Y T@ + Y T8 w) + T

Jj=2 Jj=1 Jj=2

The last term ’7:;3)(1)) is passed to the next step in the iterative procedure. As we
believe the iterative procedure became clear, let us present the general step of normal

form reductions.

4.1.3 The Jth step of NFR

We now write down the terms that appear in the Jth step of normal form reductions.

We decompose Tfﬁ‘])(v) = T7(—:]1) (v) + ’7:;‘]2) (v), corresponding to further restricting the

3Given an ordered tree Th with T denoting its first generation tree, for A; C Z(T1), A2 C =2(T3),
we define by a slight abuse of notation, A1 N Az := {€ € Az : €|y, € A1}. Inductively, this definition
is generalized to higher generation ordered trees as follows: if T;41 is an ordered tree with chronicle
{T;}/2) and A; C E(Ty), j = 1,2,...,J + 1, then Ay N A N...N A1 == {{ € E(Tyqa) : €|, €
A1ﬂA2ﬁ...ﬂAJ}.
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domain of integration of T7(—J)(v) to
Cr1=0C1(§T) = {5 € Ee(T) : |fig—1 + pg| < /8J71|/7J71’}

and its complement, respectively, where 57_1 > 2 is to be chosen later (See 4.9). After
differentiation by parts and by using the equation (4.3), we are led to

T =0 [T V)] + T8V + T w)e,  @19)

where the terms on the right-hand side are given by the following formulae:

T () _ / ( 1 m;féj)> (ael;[oov(ﬁa)> (4.20)

Tex(s)” 85T
z',ujt(g(j)

FAROIGEID DS ( IS )(ewie IT ve) @z

Tex(J)beT Y §€5¢(T a€T>
aFb
’iujt (4) )
o= Y | ( [T ) emmted D) ( vien)
Tex(s+1) Y §€5(T 1 M aeT™
(4.22)
where we have sets F7 := Cp and F;:=CoNCiN...NCY_; for J > 2.
The equation (4.3]) becomes
J+1 ‘ J+1 J '
o =0(0) + > T W) + STV ) + 3" T (0) + T (). (4.23)
j=2 j=2 j=1

We record the formula for the term Tfﬁ‘flﬂ)(v) appeared in the next step of NFR:

J o ipte(d) '
1FJQCJ<H€H~t,§2J) (elﬂJ-&-ltééJ-ﬁ-l))( H "U(fa)>7

j=1 Hj a€T>®

e = 3 /

Tex(J+1) 7 €€5(T
(4.24)

where F; is defined above, and
Cy = Col&T) i= {€ € Ze(T) : [jiy + | < Byliial} (4.25)

with 85 > 2 to be determined later.
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4.1.4 The limit equation
By iterating the normal form reduction step indefinitely, we formally derive the follow-
ing limit equation:

B = Q(v) + at( TOU')(U)) + 3 70 + 3 T W), (4.26)

j=2 j=2 j=1
where TQ(j ) and 7‘7(—]3 are (27 + 1)-multilinear term, and ’760 ) is (25 — 1)-multilinear
term. These multilinear terms TQ(j ), 7'7(—] i, and 76(j ) appear as a result of (j — 1)-many

iterations of normal form reductions.

4.2 The strong estimates

We consider the trilinear operator Tg defined by

Hrwwweo= [ S aE@R@REEd, @)

where ®(&) is given by ([.7). We can prove the H?®(R)-estimates for all higher order
terms that appear in (4.26)) once we establish the following lemma:

Lemma 4.2 (Basic trilinear estimate in the H*(R)-norm). Let s > . Then there

2
exists a finite constant C' = C(s) > 0 such that

3
1 Te (v1,v2,08) | sy < C T Ivsllars ey -
7j=1

Proof. By duality, the desired estimate follows once we prove that
B 4
/ m@)5(€)5 ()5 ()R derdeads < C [ Iosliz@y  (428)
§=61—E21+€3 j=1
for any v1,...,vs € L*(R) with 9; > 0 (1 < j < 4), where the multiplier is given by

(@(€)2 (6 (&) (&)

Case 1: min(|& — &1, 162 — &3]) < 1.
Without loss of generality, let us assume that |&; — &1| < 1. Since (£1) ~ (&) and

(&3) ~ (&), we have m(&) < 1. Denote ¢ := & — & = & — € and thus by using Holder’s
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inequality, we get that

LHS of (128) < /|< . [ aitenae + Odes /ﬁ B (€Tl — O)dEs dC

< H / B(E)B(E + O)dey

4
< [T ol e
j=1

/5 F(E3)TaEs — O)dés

LOO

L ¢

For all of the remaining cases we assume that |{o — &1 > 1 and |2 — &3] > 1. Also,
we note that the largest two frequencies necessarily have comparable sizes and that the
multiplier m is symmetric in &7, &3.

We are using the following known fact:

1
L o—grep e = )

for any a,b > 0 such that a + b > 1, with implicit constant independent of n € R.

Indeed, this follows immediately from Young’s convolution inequality:
1™ O 0| ey < IO~z 1) 2wy

with p = aT'H’ and ¢ = GTH’ (if a or b is zero, then (4.30)) is trivially true).
By Cauchy-Schwarz inequality, for (4.28)), it is enough to show that

M; = sup/ m(€)?dépde < C? (4.31)
§GER JE=61—E2+€3

for some mutually distinct 1 < j, k,l < 4 (with the convention that {4 = &). Indeed,
by the Cauchy-Schwarz inequality with respect to d§,d¢; (with the index r such that

{j’ k7l7,r} = {1727 374})7

s of @29 < [ ([ mi@rasda)” ([ s e rads) i

<} [ae) ([ e rads) i

1
2

< MGl ([ [ a@rae o6 adads

where in the last step we used the Cauchy-Schwarz inequality with respect to d¢;
and then follows from by possibly changing the order of integration on the
right-hand side above (and taking into account the linear dependence {4 = & — &2 +&3).

Next, we discuss several cases based on the frequency size of the derivative factor

0z 03.
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Case 2: [&] ~ &1 > [€5],]€] (symmetric to [€o| ~ |€3] > [&1], |€]). Then

(B(E)) ~ |B(E)] ~ |2 — &1| - [&2] ~ (&2 — &) (&)
and therefore

m(f) -~ ‘52‘%:8<€>S < 11 . 1 ‘
(€2 — &) (E)5(Ea)s T (G — &) () (&)°

By using (4.30), it follows that

1 1
< . __ <
Ma S ;i%/R G-ty /R Gt~

Case 3: |&| ~ €] > |€1], |€3]. Then |®(€)| ~ €2 and therefore

which is square integrable on (R?, d¢,d&3).
Case 4: &1 ~ |&] > &), ]€]- Then |®(€)| ~ &2 and therefore

m(g) ~ ‘52‘<€>S < 1
(E)1H2(62)" ™ (&1)5(83)"

which is square integrable on (R?, d¢,d&3).
Case 5: [{1] ~ [§] > [&2], €3] (symmetric to [§5] ~ [£] > |€1], |€2]). Then

(@(&)) ~ (&)(62 — &)

and therefore

() ~ €2 ' 1 < 1 '
© (€2)° 2 (€3)

[NIES
N[

(€2l —&)7 (%6 7 (6 — &)
By using , it follows that

1 1
< <
ML Zlé%/ﬂa e </R 6= 53><52>2s-1d§2) “a St

Case 6: [&1]| ~ |&| ~ €3] > |€|. Then |®(€)| ~ &2 and therefore

e I
")~ T la Gy ~ @) e

which is square integrable on (R?, d¢,d&s3).
Case T7: [&1] ~ [&f ~ [§] > |€s] (symmetric to [€3] ~ [&2f ~ [§] > [&]). Then
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|®(€)| ~ €3 and therefore

_ 1
&)~ Ty

which is square integrable on (R?, d&;d&s).
Case 8: [&1| ~ &3] ~ €] > |&| Then |®(€)| ~ &2 and therefore

A (1 1 1
MO~ @@ < ) G

which is square integrable on (R?, d&;d&s).

Case 9: || ~ [&2| ~ |&3] ~ |€]. With (®(£)) ~ (&2 — &1) (&2 — &3), we get

_ 1 1
e (62— )3E)* (€2~ &a)F(E)

and thus by applying (4.30) twice, My < 1.

O]

Remark 4.3. By comparing the estimate of Lemma [4.2] with the similar estimate for

the cubic NLS on R (see [28, Lemma 2.3]), we note that whenever m(§) < 1 (e.g.
when min(|& — &1, &2 — &3]) < 1 or when [&1]| ~ 2| ~ [€3]), our operator T acts
as the operator N2,, from [28] (with displacement parameter o = 0 and localization
size M ~ 1), and Ehus we can appeal to the arguments used therein. For the sake of
completeness we have also included the argument for Case 1 in the proof of Lemma

above.

Remark 4.4. Notice that in the above proof, the case when |&| ~ €] > |&], &3]
in Case 3 informs us why the derivative falling on the conjugate factor in the cubic
nonlinearity v20,7 can be handled: in the worst case scenario of the low xhighxlow
— high frequency interaction, we can use the %—power of the modulation to cancel the

factor & in the numerator. This motivates the need to use the gauge transformation
([4.1) to eliminate the nonlinearity 2|v|20,v from the right-hand side of (1.1]).

Remark 4.5. At the end-point regularity s = %, with minor changes in the proof, we
can also obtain an estimate as in Lemma but for Tg defined by
& =

F|To (w1 v009) | (1,6) = /g e ey T BRGNS, (13

where € > 0 can be taken arbitrarily small. However, in this case C' = C(e) / oo as

e \( 0. This remark also applies to Corollaries and Lemmata, and
but not to Lemma [4.10)

In the proofs of the following lemmata, we freely use the Fourier lattice property of
H*(R), i.e.
H]'Ll(|f(v)’)“Hs(R) = |lvll s (wy 5
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and thus we drop the modulus notation on factors such as v(§) (which henceforth we

assume to be non-negative).

Corollary 4.6. Let s > % Then for T, Tl = Ti(v) given by (4.10 -, we have

1T ) sy S N2 0l ey -

Proof. We have

‘ [7}(1% ‘—é €1—E2+E3 %N_%‘@W(t,&) (t, &) (t, £3)dE dEy
[®(§)I<N
> [$1 R
< N2 — 525 A, L &)derd
- e=t1-62+65 (B(€))2 u(t, £)u(t, £2)U(t, £3)dE1d8
= N[ F[Ta)]) )]

and therefore the estimate follows from Lemma [4.2]
O

For estimating the remaining nonlinear terms of (4.26]), it is convenient to introduce
the mapping &(T; -) associated to an ordered tree T, say of generation .J, which
essentially applies the operator 7Tg iteratively taking into account the structure of 7.

We define these mappings by the following bottom-up algorithmic procedure.

Definition 4.7. Let J > 1 and T' € T(J). We define the (2J + 1)-linear map &(T; -)
on space-time functions v; € C(I; H*(R)) (1 < j < 2J +1 = |T*°|) by the following

rules.

(i) Replace the jth terminal node of T' by vj;, for all j € {1,...,2J + 1},

(ii) For j = J,J —1,...,1, replace the jth root node () by the trilinear operator Tg

whose arguments are given by the functions associated with its three children.

For such mappings, we have the following corollary which is a consequence of
Lemma (4.2

Corollary 4.8. Let s > %, J>1and T € T(J). Then

2J+1

|6(Tsv1,...,v2511 HHs(R <c’ H v ||z (R)
7=1

where C'is the constant given by Lemma [{.3

Proof. 1t follows immediately by successively applying Lemma Namely, we start
with the root node r(!) of T" and we move top-down on 7. Since T is a tree of generation
J, it has J many root nodes and thus we pick up the constant C".

O
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Next, for simplicity we set Sy := 1 and for any J > 1 we put
J—1
by= ][5 (4.33)
§j=0

Remark 4.9. For each s > %, we choose the constants 3;’s such that we ensure

J+1
aup £24187(100)" (27 + 6)

] 0 S 17
J>1 bl"'bJ—l

where cj41 =135+ (2J + 1) (see (A))) and 6 = 6(s) := min{2s — 1, 3}. For
instance, we may take

Bj=(2j+3)7, j>1.

Then, one can observe that the factorial decay of denominator 52/2.72/=4.....(27—1)*.
(2J 4+ 1)? is enough to compensate the factorial growth term c;. 1 and the exponential
growth term (10C)”7.

We are now ready to prove the estimates for all nonlinear terms of (4.26]), which

we treat in decreasing order of difficulty.

Lemma 4.10. Let s > 2 and J > 1. Then, for T7—1 given by (4.24) we have

TP ) lapmy S N2V Dol 383 (4.34)

J 1 J 1
I @) = T @)l rgmy $ N7ED (JolZ52) + el %2 ) lv = wllas) -
(4.35)

Proof. With ’T JH (T; v) simply denoting the summand in (4.24)), we have

7-J+1( ): Z J+1 7 )

TeX(J+1)
and thus
1755 @l < e s (TR ) (4.36)
(S

Now fix T' € T(J + 1). We recall that the frequency support of 7'7(-‘7]1“) (T;v) is
ConCin---NC5_1NCy.
Hence, we have
| > N, | > Bj—alpj—a| for j=2,....J, and |ay41] < Bylagl.
In particular, |g;| > b;N for j =1,...,J. Note that 5;_; > 2 for j =2,...,J. Then,
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from |p;| < |73;| + 1| < 3lAy] and [7;] < gl + [Fj—1] < |yl + 5l7;], we deduce
| ~ |pgl, for j = 2,...,J. Also, since [py1] < |@y1]| + s < (B + D)|f], we get
lwg+1] < 2B5|ps|. Thus we have

7—J+1( 7v)§/

£EE(T)

con () (1)

a€T>

</ (J 1 |£21 | > 1 ’5 |1 1
T Jeezam) \ i (ij)5<M> (285) 2 (pr)2 (1) 2

1 1
<83 [[b, 2N "=2VY &(T;0)

Therefore, by Corollary and (4.36)), we get

1

cj+18;C

ey S L — N3
bf"'b3—1

J+1 (J— 2J+43
17757 @) Dol

H5(R) *

For the difference estimate , a similar argument applies. Namely, one writes
the difference using a telescopic sum and employs the multilinear version of the oper-
ator &(T, ) with precisely one entry being v — w and the others being either v or w.
Compared to , we note that for we pick up an extra factor of 2J + 4 since

we have the bound

2J+3
@27+ — 527 43] < < > Jar rb|j‘1> la— bl < (27 +4)(|a2 2 + o[+ ) ja - b].

Hence,

J J CJ 15 CJ+ (2J+4)
1T (0) =T ()| ey S 22 (N l2) 1wl 2 o=l 3o gy

b2o.b2

By taking into account Remark 4.9 - we deduce and ( -
O

Next, we consider the nonlinear terms coming as boundary terms when applying

integration by parts with respect to the temporal variable in Section

Lemma 4.11. Let s > 2 and J > 1. Then, for ’76 gwen by (4.20) we have

J _1
1T @)l sy S N7 ol (4.37)

J J _1y
1770 ) = T @)l sy S N3 (1ol R)+Hw||Hs(R)Hv—w||Hs(R>. (4.38)
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Proof. With 76(J+1)(T ;v) simply denoting the summand in (4.20)), we have

J+1 Z 76J+1 T:v). (4.39)
TeX(J)
and thus
T @) s < ey sup [T (T )]s - (4.40)
TeX(J)

Now fix T' € ¥(J). We recall that the frequency support of 76‘”1 (T;v) is Fy =
ConC{n---NCG_y. Hence, we have |pu1| > N, || > Bj—1|pj—1| for j=2,...,J. As
in the proof of Lemma we have |p;| ~ || > bj—1N for j =2,...,J. Thus we

have

N[

/ <ﬁ<bN'§’1‘>>( I1 )

aeT>

Therefore, by Corollary and (4.40), we get

J
J+1 c;C _lJ 2J+1
177 @)y S N2 ol -
2 2
bi b5
For the difference estimate (4.38]), an observation analogous to that in the proof of
Lemma applies and thus we obtain

J+1 J+1 CJC 2J+2) 1
I D@ -T P @l & LN (el ol ) ol
Lo

O

In the proofs of the following lemma, we skip the argument for the difference esti-

mate altogether as the same ideas apply as for the difference estimate of Lemma

Lemma 4.12. Let s > 2 and J > 1. Then, for TQ gwen by (4.21)) we have

(J+1) iJ 2J+5
Hs( .
17 gy S N 727 |lvll, (4.41)
J+1 J+1
178"V @) = T8 @)llymy S N2 <|yu\\§js+§)+y\w|y”+4)uv wllgs@  (4.42)
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Proof. The proof is similar to the proof of Lemma We have

7 W)y < ea(27 +1 78T 0 0)| 443
1707 @l < cs@T+1) sup sup |[T57 (T biv)l (4.43)

where TéJ+1) (T, b;v) denotes the (inner-most) summand in (4.21). Fix T € T(J) and
b € T*. Then we have

78T, biw) < /

£€EL(T)

e (
£EE(T) j

J-1
S (H b}?)N—%J S(Tiv)
j=1

1F<f[ '55”') (Qw)(sb) 11 v(fa)>

j=1 1441 a€T™
a#b

€5
o1, 1 Q v € v fa
1(ij)2<Mj>2>< ) b)a%m ( ))

]~

where if b is the jth terminal node of T', we put

vy = (v,...,v, Q) ,v,...,v).
~——
jth spot

Therefore, by Corollary (4.9), and (4.43)),

J
HTQ(J-H < CJC (2J+ 1) N—%JHUH2J+5

)(U>HH;(R) A T Hs(R)
byby ---b5_,

For the difference estimate , an observation analogous to that in the proof of

Lemma m (see also the proof of Lemma applies and we take into account

Remark (4.9

O

4.3 The estimates in a weak norm

Here, we prove the estimates necessary to rigorously justify the normal form equation
(4.26) for rough H*(R)-solutions of (4.3), which is done explicitly in Section For
this purpose, we have to be able to estimate dv, for v € C(I; H*(R)) solution to (4.3)).

It is clear that due to the derivative in the cubic nonlinearity, the estimate

HUQ&EHH;(R) N HngHi(R)

fails. However, if we weaken the norm in the left-hand side above, then we might be
able to obtain an estimate satisfactory to our aims in Section [£.4] Hence, with the

following lemma, we identify a family of Sobolev norms weaker than the H*(R)-norm
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which can serve as a weak topology used to justify the normal form equation (4.26|).

Lemma 4.13. Let s > % and o < s — 1. Then, we have the trilinear estimate

3
[01(8272) 3| g gy H 15| £ ()

Proof. By duality, the desired estimate follows once we show:

4

/g e ma(€)v1(&1)v2(&2)vs(Ea)va(§)dérdéads S T lukll 2Ry » (4.44)

k=1

for any vi,...,v4 € L*(R) with 9; > 0 (1 < j < 4), with the multiplier

el
ma) = e @

We study the boundedness of this multiplier, distinguishing which two of the four

(4.45)

frequencies are the largest. On the convolution hyperplane, it must be that the largest
two frequencies are comparable. Also, by the symmetry of my4 with respect to &1, &3,
we may assume without loss of generality that |£1| > [£3].

Case 1: [{| ~ [&] 2 (1], [€5]-
In this case, since 0 + 1 — s < 0, we have

1 < 1
(€1)5(&3)% — (&1)(&3)%

ma(€) < ()7

Case 2: [¢] ~ [&1] 2 (&2, [&3]-
Since o0 +1 — s < 0, we have

)t 1

m - o+1l—s .
OO Gy < mrEr

Case 3: |&2] ~ |€1] 2 €], €3]
Since s + 0 < 25 — 1, we have(£)*17 < ()*7! < (&)* ! for s > 3, and

] (€)° =
mal&) S oy S ey

Case 4: |§1] ~ [&3] 2 [€], |&2]-
Since 5 + 0 < 25— 1, we have {E)(€)"7 < (6) (€)1 < (61)2 for s > }, and

(€)' . 1
(€)% Y {%(&)*

ma(§) S
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In each of the four cases, there exist k1, ko € {1,2,3,4} , k1 # ko such that

- 1
ma(§) S —— 17
()2 (Era) 2™
(with the convention that {4 = &) and let j denote the third index . Then, by Cauchy-
Schwarz inequality, the Sobolev embedding H® < L%, and the fact that H*(R) is a

Fourier lattice, we have

N|=

4

LHS of < 1T K0 F lunlll] oo sl g luall e < TT lunllce

kE{k‘l,kQ} k=1

and the proof is completed.

As a consequence of Lemma and (4.9), we have the following:
Corollary 4.14. Let s > & and v € C(I; H*(R)) be a solution to (4.3). Then, uni-

formly int € I, we have

1001y S 10y + ol (4.46)
Next, for M > 1, we consider the trilinear operator ﬁgb s defined by

Fl Tl n )] 0 = [, e, oot @BE@IRE MG, (447

[®(&)[>M

where ®(€) is given by (4.7).
Lemma 4.15 (The estimate of 7"§£’|>M in the H"}(R)-norm). Let s > 3 and 6 =
0(s) := min{2s — 1,1}. Then, there exists a finite constant C = C(s) > 0 such that

T ar (V15 02, 03) o1 ) < OM |l o gy lon L s o vt | 1o )

for any j, k, ¢ such that {j, k,1} = {1,2,3} and for any M > 1.

Proof. We denote v := 2s —1 > 0. Similarly to the proof of Lemma 4.2} it suffices to
prove that

4
A_&_fﬁ_& m](é)@(ﬁl)@(&?)@(&i)@(&) d§1d§2d€ < CM_% H HUJ'HLg 3 (4'48)

|®(&)[>M j=1

for any vy, ...,v4 € L*(R) with 0; > 0 (1 < j < 4). Also, by Cauchy-Schwarz inequality,
it suffices to check that

D=

M= sup <£=£1—52+53 mj(§)2d§zld§ez> <CM3, (4.49)

|®(&)[>M
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for some 1 < k < 4, where the multiplier is given by

PP 1< R () S (3) B
™= Gy O er @ - el (4:50)

with {j, k, ¢} = {1,2,3} and m(£) given by (4.29).
Let us first prove the lemma for j = 1.
Case 1: min(|& — &1, 162 — &3]) < 1. Since my is not symmetric in &, &3 we treat the

following two subcases.
Subcase 1.1: [§& — &;| < 1. Then (&) ~ (&2) and also (&3) ~ (£). We have

m1(§) N _ |€2| < ‘52’2i25 )
(D(€))(Es)(€)> 1 ™ (2(8))

Assume for now that [£] > (£3). Then (®(€)) ~ (£2(&2 — &1)) and thus

B &2(& — &) M
< _ < .
) 2 GO - ) TG -G~ G G

Similarly to Case 1 in the proof of Lemma [£.2] we denote ¢ := & — &1 = &3 — £ and by
using Holder’s inequality, we get that

LHS of (9 S /|< . i [ AEaE e [ s - s

M=vd¢
= (/|<§1 [t >

/ B (€15 + O)dey

1

X

/5 F(E3)TaEs — O)dés

LOO

LE ¢

4

<M ] lole
j=1

If |&2] < (&3), then my(€) < M ™! and in the argument above we use fIC\<1 d¢ < 1.
Subcase 1.2: [{&, — &3] < 1. Then (&) ~ (&3) and also (£1) ~ (§). We have

(@) ~ e <

(®(E))(€2)> ™

and we argue as in Subcase 1.1 above.

In all the cases below, we assume that [§&2 — & > 1 and [ — &3] > 1.
Case 2: |&| ~ [&1] > &3], [€|- Then

(D)) ~ 2(&)] ~ [&] - €2 — &uf ~ (€x)(€ — &)
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and N (g) N ‘51 ’2—23 N 1 . 1
' (@E)E)Is(&)s (@) (€ — &) ()1 -5(&)*

Note that by directly using (4.30) to study the square integrability of mi, we have

N

1 1
L<pr— < M7
MisM (@@Wé&w@*%ﬁﬂﬂﬂg S M

provided s < %. However, we can cover the entire range of s € (%, 1) if we discuss two
separate subcases.
Subcase 2.1: If (&3) = (£), then by using (4.30) we have

1 1 1 3
1S M ) d€ d < M
e </R <€3>1+€/R<£>28—1—5 FERIEEGEE 53) R

provided that we choose € > 0 such that 4 —4s —¢ > 0.
Subcase 2.2: If (£3) < (£), then we have ({ — &3) ~ (€) and

1
(&1 — €)°2(6)372(&3)e

m1(§) S M~

[N]S]

which is square integrable provided on (R?, dé3d¢).
Case 3: [&] ~ [&5] > [&1], €], Then (D(€)) ~ (&2)(& — &) and

my(€) ~ LI ()t
(D)) (E)(E — &)225(¢)1—5

Subcase 3.1: If (§1) < (£), then

MY
(€a) 2+ (E3) 775 (6 — £5)27 28

which is square integrable (via (4.30))) provided that we choose 0 < & < 2 — 2s.
Subcase 3.2: If (£1) > (€), then (®(£)) ~ (£&)(¢1) and

mi(€) <

¥ -
M < M1

(Ea)(€)17(E)17 ™ (gy)3te(g) a2 ()22

mi(€) <

which is square integrable on (R?, d¢2d€) once we choose 0 < € < 2 — 2s.
Case 4: [&] ~ [¢] > [&1], €3], Then (D(€)) ~ (&2)* and thus

1

= 1 ) . M
(@(£)z (L&) ™~ (&)%(&)"

which is square integrable on (R?, d¢yd€s) since s > %
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Case 5: |&1| ~ [&3] > [&, [¢]. Then (®(€)) ~ (&1)? and

ml(g)’\“ |§2‘ . <€1>1_S < ‘52’ . 1 < 1 . 1 < Mﬁ%
(€)% ()15 (&a)*(E3)® ™ (E)1H® (&2)*(E3)* ™ (®(€))2 (£2)%(&3)° ™ (&2)%(&3)°

which is square integrable on (R?, d¢yd€s3) since s > %

Case 6: [&1] ~ [¢] > &2, [€3]- Then (D(£)) ~ (§1)(€ — &1) and

my (f_) ~ |£2| . 51 - 5 <§2>1_S - 5 - 1 -
(E1)(€ — &) (£2)%(&3) (§1)(€ — &1)(&3) (§1)5(€ — &1)(&3)
1 1 1

~ . - 1

«m&—a»“*<ﬁﬁﬁ&%ﬁ%%&P5M (ENIs (€ — )22 ()

By using (4.30)), it follows that

- d dés : B
L S M <MY
Mis i P </]R (€1)2725(€ = &)t /R <§3>2s> SMT,

provided that s < % However, with

m(€) < ! ~ ! <M

T e E—a)TE (€)RE - &)E )
and , we get

1 . 1
E)zE—g)is (&)°

w2

i

(N3

Mis M2,
for any s € (3,1)
Case T: [€3] ~ [¢] > [€1],[€2]. Then (®(€)) ~ (§)(§ — &3) and thus

T ) S - () LR

M)~ Ee el ~ - &)~ O &)
1

_ 1 PR 1

— . M 1 . 1
() — &)™ (EUE=G)2 T ()3t (gy)3 (¢ — &5)2 2

Therefore, via (4.30)), we obtain

1 1 :
L pr=— < M~
M“”I2%(4@%%4@&4%—@%M@%>~M-'

provided that we choose 0 < £ < 4 — 4s.
Case 8: [¢1] ~ |&2] ~ [€3] > [¢]. Then (®(€)) ~ (&1)* and

i (E) ~ 1 ) N 1 I 1 1
FYTHE) O T @R T et (g — oo (&)
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By (4.30)), it follows that

1 1 1 1
L< ppa—s de d < Mi—$
M Zi%(/ﬂx & J G gEe fl) S

provided that s € (3, 1).
Case 9: [&1] ~ [&2f ~ [€] > |€3]. Then (B(€)) ~ (£1)* and

— 1 1 1 1
~ . <M 2z2—
)~ ey e M ey

which is square integrable on (R2, d¢;d&3) since s > %

Case 10: [&1| ~ &3] ~ €] > |&]. Then (®(€)) ~ (£1)? and

¢ ~ ’€2| < <£2>1—s < 1 ~ 1 . 1 < M~ % 1
O~ g S T S G T e ey ~ M @)

which is square integrable on (R?, d¢;d&3) since s > %

Case 11: [&| ~ |& ~ [€] > |&1]. Then (®(£)) ~ (&2)* and

o ‘51’175 < 1 N 1 ‘ 1 < M- I 1
R R A R C R R R

which is square integrable on (R?, d¢yd€s3) since s > %
Case 12: || ~ |&a] ~ |&3] ~ [£]. We have

7\ & 1 1
™)~ @y @E @@ @
1 1 1

(@) (g2 — 1) 2(6)™ (62— &)225(gy)" 3
and by using , we deduce

1 1 2
2 S M < M7
MR </R (€2 - €1>4—45<£1>28—1d§1/R (&~ 53>4—48<§3>28—1d€3> =

provided that % <s<1.

Thus, this finishes the proof for j = 1. Notice that the case j = 3 is symmetric to
the case j = 1. It remains to discuss the case j = 2. In this case, by the symmetry
of mg with respect to &1, &3, we may assume without loss of generality that |£1] > |€3].
If (&) < (€1), then it is easy to check that ma(€) < my(€) and thus for j =2

follows from ((4.48]) for j = 1.
Now, let us assume that j = 2 and that (&) > (£;). In fact, in this case, we have
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(&) ~ (&2) > (&1) > (&3) which implies (®(£)) ~ (£2)* and

1

i 1 1 M
ma(§) ~ @@ 6 (6 S (€1)°(&3)°

which is square integrable on (R?, d¢yd€3) since s < 1. This concludes the proof of
Lemma for all three possible values of j.
O

Lemma 4.16 (The estimate of ﬁng in the H*(R)-norm). Let s > &. Then, there
exists a finite constant C' = C(s) > 0 such that

3
1
1T %> 0r (V1 v2,v3) | s () < CM ™2 H [vjll s (r) »
i=1

for any M > 1.

Proof. Tt is an immediate consequence of Lemma [4.2] taking into account that the mul-
tiplier of the operator 7T¥|> o has an additional 2-power of (®(£)) in the denominator
as compared to the multiplier of 73 and that in the domain of integration we have

()] > M.
This finishes the proof for j = 1. Notice that the case j = 3 is symmetric to the

case j = 1. It remains to discuss the case j = 2. In this case, by the symmetry of
mg with respect to &;,&3, we may assume without loss of generality that |&;| > |3
If (&) < (&), then it is easy to check that mo(€) < mq(€) and thus for j =2
follows from for j = 1.

Now, let us assume that j = 2 and that (£2) > (£1). In fact, in this case, we have
(&) ~ (&2) > (&) > (&) which implies (P(€)) ~ (£2)* and

1

_ 1 1 M~z
MO~ ST GG S @

which is square integrable on (R? d¢dés) for s > % This concludes the proof of
Lemma for all three possible values of j.
O

Lemma 4.17 (The estimate of Tig|>ar in the H*(R)-norm). Let s > 5. Then, there
exists a finite constant C = C(s) > 0 such that

3
_1
T 00 (01, 02, 08) sy < CM 72 [ vjll sy »
j=1

for any M > 1.
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Proof. Tt is an immediate consequence of Lemma [4.2] taking into account that the mul-
tiplier of the operator 7 3. ), has an additional 1-power of (®(£)) in the denominator
as compared to the multiplier of 73 and that in the domain of integration we have

@) > M.
O

Definition 4.18. Let J > 1 and T' € T(J). We define the (2J+1)-linear map &% (T -)
on space-time functions v; € C(I; H*(R)) (1 < j < 2J 4+ 1 = |T*°|) by the following

rules.

(i) Replace the jth terminal node of T' by vj;, for all j € {1,...,2J + 1},

(ii) For j = J,J —1,...,1, replace the jth root node r9) by the trilinear operator
ﬁg|>bj N2 whose arguments are given by the functions associated with its three
children.

We have the following immediate consequence of Lemmata [£.15] and [£.17]

Corollary 4.19. Let s > 3, 6 = 0(s) = min{2s — 1,1}, J > 1, and T € T(J). Then,
forany 1 < j <2J 41 we have

(290)J o 2J41

& Tion, sy < g Wil 11 el
1v2 J—1 k=1
ki

where C' is the mazimum between the two constants given by Lemmata [{.15 and [{.17

Proof. We apply iteratively Lemmaor Lemma Let a; denote the jth terminal
node of T'. Since T is a tree of generation .J, it has J many root nodes r @ )
where rU) € mj(T), 1 < j < J. Let 1 <k < J such that the root node rk) e e (T) is
the parent of the jth terminal node a;. We recall (see Remark that there exists
the shortest path P(r(), 7(®)) = y(k1) p(k2) (k) of root nodes from r(V) =: #(*k1) to
rk) = pB) 1 =k <ky<...<ky=k.

We prove the desired estimate by moving top-down on T with a chronicle {T]}j:1
Starting with j = 1, if a; is a child of (), then we just apply Lemma Otherwise,
T; has one child (and only one) that belongs to P(r(M), #(*)) which is 7*2) € 1, (T), 1 <
ko < k. So we use Lemma placing the subtree with root node #(*2) in the H*~1(R)-
norm and the other two subtrees (possibly, it can be just one node) in the H*(R)-norm.
In a similar manner, we continue to move down the path r*2) ... rke=1) () and each
time we apply Lemma analogously. For any subtree of T' whose root node does
not belong to {r(M) rk2)  plke-1) ()1 e use Lemma in chronological order.
Notice that (modulo the constant C'), the coefficient provided by the latter lemma is
smaller than the one provided by the former. In the worst cases scenario (i.e. the

tree is “linear” so that k = J, and P(r(V) r®)) =+ +@)  +()) we only apply
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Lemma to pick up the coefficient

J—1 —0 J—1
J M _ (00mJ -9 —0J
C(H<JQ> )—(20)<Hbj >N ,

J=1

with b; given by (4.33).

4.3.1 Convergence to zero of the remainder term

Here, we argue that for fixed NV > 1, the remainder term 7, (JH ) of (4.23]) converges
to zero in the H*~!(R)-norm as J — oc.

Lemma 4.20. Let s > 5 and 6 = 0(s) = min{2s — 1, 3}. Then, for T, (JH)( ) given by
(4.22)), we have
J+1
1TV )iy S N7 [0l (4.51)

Proof. The formula (4.22)) for ’TT(JH)(U) was obtained by replacing d;v with 7 (v) in
T(JH)(U). On the other hand, the same formula (4.22]) can also obtained by replacing

one v in 76(‘]) with 7 (v). More precisely, we can write

2J+1 einsteld)
T(JJrl) Z Z < ~£2> <T(U)(§ak) H v(fa)>
E_g(T 7=1

Tex(J Hj acT™>®
aFak (4.52)
2J+1

Z Z (J+1 T ag; Vk) )

Tex(J

where a; denotes the kth terminal node of 7', and for simplicity, we put

v = (v,...,v, T(v) ,0,...,0).
~—~—
kth spot

We then have

T @) g1y < cs(27+1) sup  sup [T (T ag vl . (4.53)
TeX(J) 1<k<2J+1

Proceeding as in the proof of Lemma we have 3 |fi;| < |u]| < 2|[ZJ| for j =1,...,J

(due to the of integration being restricted to F) and |u;| > 3|1i;
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we have

TN, a5 v5) < / 1FJ<
€E2¢(T)

5 =i i
()
<2’ 1J< > |><T o a)
< /@m v H o) (T >ang<5>
aFay,

< (2v2)76"(T5vr)

With Corollary and 6 = min{2s — 1, %}, we get

J -0
J+1 _
T axivi)l sy < (10 (T ) 8217 sl (450
i=1

for each T'€ T(J) and 1 < j < 2J + 1. Then, by (4.53) and Lemma we get

J+1 CJ(ZJ + 1)(4C)J _
1T @)y < =N el
1 J—1
The desired estimate (4.51)) follows by taking into account Remark
O

4.4 Justification of the normal form reductions for rough

solutions

In each step of the infinite iteration in Section [4.1] we performed normal form reductions
(NFR) which relied on two formal operations which obviously hold if v is assumed to be
a smooth solution to . Namely, (i) we applied the product rule when distributing
the time derivative over products of several factors of v (see e.g. below), and
(ii) we switched the time derivative with integrals in spatial frequencies (see e.g.
below). In this section, we justify these operations for a rough solution v to (4.3]).

Let s > 1, 0 = 0(s) = min{2s — 1,1}, and let I be an interval containing ¢ = 0.
Suppose that v € C(I; H*(R)) is a solution to (4.3]), namely it satisfies (in the sense of

distributions) the Duhamel formula
t t
v(t) :uo+/ Q(v)(t')dt'+/ T (v)(t")dt', (4.55)
0 0

with Q, T asin (4.4)), (4.5), respectively. By Lemma we have v € C} (I; Hj*I(R)).
With p, ¢ € (1,00) such that % + % =1 and % — % < s — 1, by Hoélder inequality and
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Sobolev embedding, we also have that

[o1(D2v2)v3 1wy < 01l Ln ) 10202 ]| g () 03] L2 )

S vl as ) lv2ll s )|Vl s (m)
Note that the condltlon 5— = < s is automatically satisfied. Therefore, we have
1T sy + 1T @)y S N0l ry

Note that all of the above estimates hold uniformly in ¢ € I. For the quintic term in

(4.55)), we immediatelly have
Q) ) + 12 i @) S N0l s )

Moreover, by the Riemann-Lebesgue lemma, it follows that

—

Q(v), T(v) € Cy(I; Ce(R))
with

||T(U)||Lg°(R) S ||U”§{;(R),

||®”Lg°(l[§) S ol ) -
By taking the Fourier transform of , by Fubini’s theorem, we get
o(t, &) = vo(€ /Q NGNS dt+/T ), €)dt.
and by taking time derivative for fixed £ € R, we have
0(t,€) = Q) (t,€) + T(v)(t.6),
for each (¢,€) € I x R. It follows that
v € CH(I; Ce(R)). (4.56)

4.4.1 Justification of the first step of NFR

Here, we carefully justify that v is also a solution to (4.17)), namely that the Duhamel

formula

_v0+/Q )(t)dt + /Tm )t + T2 @) (1) - T2 (0)(0)

+/ T (W) (#)dt' + /TT t")dt'
0
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is satisfied in the sense of distributions. Due to (4.56), it is immediate that the appli-

cation of the product rule

0 (91,100 (1 €2)0(t, &) ) = (9D(E, €1)) Do (k. £2)0(t, &)
+0(t,€0) (000(t, &) (¢, &3) (4.57)
+ (1 €0)9:0(t,62) (0:0(1,€5))

is justified for all t € I and all &1,&9,&3 € R.
Next, we would like to justify the following:

5t[/ f(ta€’§1a€2)d§1d§2] 2/ Oif(t,&,61,82)dE1dSs (4.58)
R2 R2

where the function f : I x R3 — C is given by

1@ (&)t

F(1:6:61: ) = Loy g T )00 (L LJT(EE — 6+ &),

i.e. the integrand for 76(2) (v) — see (4.12)). We have that

Buf (,€,1,6) = 1, O (1, €1)D,0(t, £2)0(L, € — & + &)

1 e 8,5 (t, €1))Dro(t, £2)0(t

+ Co@( 0(t,£1))0z0(t, £2)0(E, € — &1 + &2)
1 ei(}@tﬂ 8,0, 0(t, £)) (¢

+ @mv( ,61)(810,0(t, £2))0(t, & — &1 + &)
Lo, e 4, €080, ) (B4

+ Comv( ,€1)0p0(t, &) (8¢0(t, € — &1 + &2))

= gl(t7§7€17§2) + 92(t7§7€17§2) + g3(t7§7€17§2) + g4(t7§7€17§2)

By omitting any complex constants of modulus one, we can write

[ 1teg 6 @dades = FITO 0] 0
[ & 6edads = FTw] 0.0

gZ(ta 67 éla 62)d§1d£2 = ]:[76(2) (at’l}, v, U)] (t’ 6)

2

93(t, &, 61, &2)dE1dEs = ]:[76(2) (v, 8w, v)] (¢, €)

2

94(t7 §7 gla §2)d€1d§2 = ‘F[,]E)(Q) (’U, v, (915?})] (tv €> ;

2

T~
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where 76(2) (v), T2(v) are given by (4.12]), respectively. Furthermore, we set

F =T (),
Gy = Ta(v), Go =T (0w, v,0), Gs:= T (v,00,v), Gy =T (v,v,00),
g:=g1+92+ 93+ g4, and G := G1 + G2 + G3 + G4. Thus (4.58)) follows once we show

that 0;F = G holds in the sense of distributions.
By Lemma we deduceﬁ that F € C(I; H*~Y(R)) with

IE @)l g1 S N°lollg - (4.59)

Similarly, we have that G € C(I; H*~}(R)) since by Lemma and Lemma we
have
1G] gz < HTQ(U)HM—1 + Hﬁng(atU’U’v)HH;—l + H7“(‘£,">N(v,8tv,v)HH;_1
+ | Tosn (0,0, 000) || ;o1
. H \<I>|;N HHZ (4.60)
S Iollzrs + 10wl - [lol 7
S ollrg + llolize + ol
where in the last step we applied Lemma [4.14!
Now fix t € I and let ¢ € S(R). By the Plancherel formula, we have

/ﬂmwmwz/ﬂM@@W@%%%,
R R3
/G(t,xﬁﬂ(x)dﬂC:/ 9(t,€,61,82)P(€)dE1dExdE
R R3

By appealing to the Fourier lattice property of the Sobolev spaces H*~, H'* to the
Riemann-Lebesgue lemma and by using (4.60)), we have

N

~ SRR yevi L .
l9(t,€,61,€)P(E)] S NGl grs— [F T IBI ]| -1 BN Sipolierysrs ey [P
and thus the dominated convergence theorem implies:
8t/F(t,x)go(:c)dx:/G(t,x)go(x)dq:.
R R

4.4.2 Justification of the Jth step of NFR

In justifying the first step of NFR, the main ingredientsﬂ are the estimates (4.59)) and
(4.60). For a generic step J, we briefly show how to derive the corresponding estimates.

4For the continuity in time of F, one uses the multilinear version of the estimate provided by
Lemma
SWhenever we apply the product rule, we appeal to (4.56).
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To this end, fix 7' € ¥(J) and note that for (4.19), we have used the following:

) _ 5 |
t[/gezgmf(t,&ﬁ)] /&E{(T) i f(t,€,8), (4.61)

where the function f: I x Z(T) — C is given by

P66 =1p, (f[ ewit?g)) (I vte).

j=1 K a€eT>

i.e. the integrand for T (J+1 ) — see - Note that

/ F(h.€.8) = FIT (T 0)] (1, €) = FIF](1.6),
€eE¢(T)

2J+1

/g o of(t,6,8) = J—"[TT(:]Q)(T; v+ > T NT, ks ) | (1, €) = FG)(t,6),
€8¢

k=1

where 76 (T ax; Vi) in the summation above is defined by replacing vy in - 4.52)) by

vi = (v,...,0, Ow ,vu,...,v),
—

kth spot
and ay, is the kth terminal node of T' € T(J).
Similarly to (4.54) in the proof of Lemma with Corollaries we have
J+1
1767 T3 0) gz gy S N llits,
1787 (T, s Vil gz gy S N7 0l (U4 ol qey) » b=1,0..,20 +1.

Also, similarly to the proof of Lemma [£.10, with Corollary and Lemma [£.13] we
get

J
HT7(’2) T U)HHS 1 < N— 0(J-1) HU||2J+1
It follows that F, G € C(I; H*~1(R)) with

1 5751y S o1y (4.62)

1G I 51y S ol + vl Fstey + 101G, - (4.63)

Similarly to the previous subsection, by appealing to the dominated convergence theo-

rem and (4.62), (4.63)) one justifies (4.61)).

Together with Lemma[4.4.2] we conclude that the Duhamel formula of the equation
(4.26]) is satisfied in the sense of distributions, provided that v € C(I; H(R)) is a

solution to (4.3]).
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4.5 Proof of Theorem 1.3

First, we summarilly go over the fixed point argument for (4.26) with prescribed initial
data v(0) = vg € H*(R), s > % Integrating the limit equation (4.26)) in time, we obtain

the folllowing Duhamel formulation:

t

o(t) =vo+ [ Q) + 3 (T )(t) - T ()(0)) + > /O 78 ()(¢)dt!
=2 =2

0

(4.64)

Let us denote the right-hand side of by I'(v), and for simplicity we write CrH?®
instead of C([-T,T]; H*(R)).

Having the estimates of Section [4.2] one can show that I' is a contraction on the
ball By := {v € CrH?* : ||v||c,ms < 2||vol|ms}, provided that T > 0 and N > 1 are
appropriately chosen. Indeed, we set R := 2||vg| g+, and thus by Lemmata
and we get

1 0 , } 5 | |
IP@)llerns < GR+TR +c) N"3U-DRAGDH 4 o3 NT3USD RIS
j:2 j=2

+cly N—30—2) p2(i—1)+3
j=1

N-ZR3 N-2R7
1 1
1— N"3R? 1— N"3R?

IN

1
5R+TR5+C

+¢TN2R? + (TR® + T —F
1-N"2R?

1
<R+ (1+ ¢)TR® +2c(1+ 2TRY)N 2 R® + cT Nz R%.

for some ¢ = c(s) > 0, when N > 4R* so that (1 — N*%RQ)_1 < 2. First, we choose
Ty = T1(R) > 0 such that (1+¢)T3R* < ¢, then we choose N = N(R) > 1+ 4R* such
that 2¢(1 4 273 R2)N "2 R < &, and finally we choose T' = min {77, 1 (¢N2 R2)~'}.

By possibly choosing smaller T and bigger N and by using the difference estimates
of Lemmata [£.17], [£.12] -2 and [£.10] the contraction property of I follows analogously.
Therefore, by the contraction mapping principle, for given vy € H*(R), there exists a
unique v € CrH* satisfying ([1.64). Moreover, ||v||cpms < |Jvol as-

Now let us consider two solutions uq, us € CpH?® of DNLS. By Lemma wy, Wy €
CrH? and

lur — vallepms S llwi —wallopms = |lv1 — v2llopms

where v;(t) = S(—t)w;(t), t € [-T,T], are solutions to (4.3). Then, by the argu-
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ments of Section v1, v9 are solutions of the normal form equation (4.26) derived in
Section Similarly to the above lines of reasoning, we deduce

[o1 = vallopms = [IT(v1) = T(v2)lleras S v1(0) — v2(0)|[ s = [[u1(0) — u2(0)] s

and thus any two solutions ui,us € CpH?® started from the same initial data must
coincide on the time interval [—T,T]. By appealing to the time translation symmetry
of DNLS, we conclude that any initial data ug € H*(R) determines a unique solution

to DNLS which is continuous in time with values in H*(R).

4.6 Comments and remarks

For DNLS on the real line, Yin Yin Su Win [52] established its unconditional well-
posedness in the energy space, i.e., for s = 1. Indeed, by modifying the X **-multilinear
estimates in [44], the author of [52] showed the uniqueness of solutions to DNLS in
X%% (here, X;’b simply denotes a local in time version of X** — see (3.9)). Now,
uniqueness of solutions in XT%% implies unconditional uniqueness of solutions to DNLS
in H'(R). Indeed, this follows from arguing by interpolation (of X*?-spaces): first,
if u e C([~T,T); H(R)), then clearly u € X;° = L*([~T,T]; H'(R)); second, by
the algebra property of C([-T,T]; H'(R)) we have 0, (|u|?>v) € C([-T,T]; L*(R)) C
L2([~T,T); L*(R)) and thus u = (i + 92) " (id,(|ul?v)) € Xp'; third, by interpola-
tion, any solution u € C([-T,T]; H'(R)) to is contained in X;Q% and thus it must
be unique. This strategy does not work for s < 1 because the key trilinear estimate is
known to fail in X*° with s < 3, for any b € R (see [44, Proposition 3.3]).

Lastly, regarding the global well-posedness of DNLS on the real line, we have the
following corollary to Theorem

Corollary 4.21. Let s > &, ug € H*(R) with M(ug) < 2m. Then, DNLS is uncondi-
tionally globally well-posed in H*(R).

This is an immediate consequence of Theorem [I.3] together with the main result
of Colliander, Keel, Staffilani, Takaoka, and Tao [10], i.e. the (conditional) global
well-posedness of DNLS in H*(R), s > 3, provided that M (ug) < 2.
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Appendix A

Ordered ternary trees and

associated multilinear operators

We include here the notation and terminology used in [28, Section 3.1] regarding the

cubic NLS equation on the real line.

Definition A.1. Given a partially ordered set T' with partial order <, we say that
beT withb <aandb+# aisachildofacT,if b<c< aimplies either ¢ = a or
c = b. If the latter condition holds, we also say that a is the parent of b.

As in [7], 40], the trees refer to a particular subclass of ternary trees.

Definition A.2. A ternary tree T is a finite partially ordered set satisfying the follow-

ing properties:

Let a1, as, ag, ag € T. If ag < ag < a1 and a4 < az < a1, then we have as < ag

or az < as.

A node a € T is called terminal, if it has no child. A non-terminal node a € T is

a node with exactly three children denoted by a1, as and agEl

There exists a maximal element r € T' (called the root node) such that a < r for

all @ € T. We assume that the root node is non-terminal.

T consists of the disjoint union of 70 and 7%, where T° and T°° denote the

collection of parental (non-terminal) nodes and terminal nodes, respectively.

Note that the number |T'| of nodes in a tree T is 3j 4+ 1 for some j € N, where
|T°| = j and |T*°| = 25 + 1. Next, we recall the notion of ordered trees introduced in

[17]. Roughly speaking, an ordered tree “remembers how it grew”.

Definition A.3. We say that a sequence {Tj }3]:1 is a chronicle of J generations, if

!Note that the order of children plays an important role in our discussion. We refer to a; as the jth
child of a non-terminal node a € T. In terms of the planar graphical representation of a tree, we set
the jth node from the left as the jth child a; of a € T
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T; has j parental nodes for each j =1,...,J,

T;41 is obtained by changing one of the terminal nodes in T}, denoted by p@),

into a non-terminal node (with three children), j =1,...,J — 1.

Given a chronicle {T]}j:1 of J generations, we refer to Ty as an ordered tree of the
Jth generation. We use T(J) to denote the collection of the ordered trees of the Jth

generation.

Note that the cardinality of T(J) is given by
T(J)|=1-3-5-----(2J—1)=:¢y (A.1)

Remark A.4. Given two ordered trees Ty and f] of the Jth generation, it may happen
that Ty = f] as trees (namely as graphs) while Ty # T '7 as ordered trees according to
Definition Henceforth, when we refer to an ordered tree Ty of the Jth generation,

it is understood that there is an underlying chronicle {T]}j:1

Definition A.5. (i) Given an ordered tree Ty € T(J) with a chronicle {Tj}}']:p we

define a “projection” mj;, j = 1,...,J, from T} to subtrees in 77y of one generation by

setting
m(Ty) = Th,

7j(Ty) to be the tree formed by the three terminal nodes in 75\7;j_; and its parent,
Jj=2,...,J. Intuitively speaking, m;(7T’s) is the tree added in transforming 7;_;
into Tj.

We use ) to denote the root node of mj(Ty) and refer to it as the jth root node. By

definition, we have
r) — p(j—l). (A.2)

Note that p/=1 is not necessarily a node in m;_1(T}).

(ii) Given j € {1,...,J — 1}, p\9) appears as a terminal node of 7 (T) for exactly one
ke {1,2...,5 —1}. In particular, p{) is the fth child of the kth root note r*) for
some ¢ € {1,2,3}. We define the order of p), denoted by #p\9), to be this number
0e{1,2,3}.

(iii) We define the essential terminal nodes 3°(Ty) of the jth generation by setting
75 (Ty) =7 (T7)* N T35 = (T \ Tj—1) NTj°.

By definition, 72°(7y) may be empty. Note that {73°(T) 3»7:1 forms a partition of T'°.

We record the following simple observation.
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Remark A.6. Let T' € T(J) be an ordered tree. Then, for each fixed j = 2,...,J,
there exists a pathﬁ a1,a9,...,0K, starting at the root node r = r(!) and ending at the
jth root node 1) such that aj # r® for any k =1,..., K and £ > j + 1. Namely, we
can move from (M) to r(9) without hitting a root node of a higher generation.

More concretely, given r7), we know that it appears as a terminal node of 75, (T')
for exactly one j; € {1,2...,5 — 1}. Similarly, r(1) appears as a terminal node of
7, (T') for exactly one jo € {1,2...,71 — 1}. We can iterate this process, which must
terminate in a finite number of steps with jp, = 1. This generates the shortest path
rlk) pGe-1) ) 2@ from () to #U) and we denote it by P(r(l),r(j)). Similarly,
given a € T\ {r(M}, one can easily construct the shortest path from (! to a since a is

a terminal node of 7 (T') for some k. We denote this shortest path by P(r(1), a).

Given an ordered tree, we need to consider all possible frequency assignments to

nodes that are “consistent”.

Definition A.7. Given an ordered tree T' € T(.J), we define an index function§ : T —
R such that

Sa = §a1 - 5(12 + €a3 (A?’)

for a € T°, where a1, as, and az denote the children of a. Here, we identified £ : T — R
with {€,}aer € RT. We use Z(T) C R7 to denote the collection of such index functions
&. Also, the collection of index functions & € Z(7") with fixed frequency & € R at the
root node of T" is denoted by =¢(T)

Remark A.8. If we associate functions v, = v,4(&,) to each node a € T, then the
relation (A.3|) implies that v, = v, * Tgy * Vgs-

Given an ordered tree Ty € ¥(J) with a chronicle {Tj}jz1 and associated index
functions & € Z(7T), we use superscripts to keep track of “generations” of frequencies.

Consider T of the first generation. We define the first generation of frequencies by

(5(1) §1 >§2 75(1)) (57“757‘1)57‘2)67’3)

where r; denotes the three children of the root node 7.
In general, the ordered tree T of the jth generation is obtained from 7}_; by
changing one of its terminal nodes a € 77, into a non-terminal node. Then, we define

the jth generation of frequencies by

(§ (]) 52 ) 3 ):: <£a7§a17£a27€a3>7

where a; denotes the three children of the node a € T;’fl. Note that the parent node a
is nothing but the jth root node r¥) defined in Definition

2A path is a sequence of nodes a1, as,...,ax such that a; and ary1 are adjacent.
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Our main analytical tool is the localized modulation estimate of Lemmal[4.2l Hence,
it is important to keep track of the modulation for frequencies in each generation.
We use p; to denote the corresponding modulation function introduced at the jth

generation. Namely, we set
s = (9,606, 6) 1= (€9)" — ()" + (&))" - ()"
=2 &) - &) =260 - ) (€ - &),

where the last two equalities hold in view of ((A.3)). We also use the following short-hand

notation: ‘
J
fij = k.
k=1
Given £ € R and T € T(J), we use a short-hand notation for iterated integrals of the

Lot [ [ 1) aMa,
£ (T) Rz JRr2

J times

form
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Appendix B

Mild ill-posedness below H(T)

In the periodic setting, the Lipschitz continuity of the solution map of DNLS on
bounded subsets of H*(T) is further restricted to subsets with prescribed L?-norm
due to the use of a translation operator when reversing the gauge transformation of
DNLS (see Lemma . In fact, the local uniform continuity of the solution map of the
periodic DNLS fails without fixing the mass on bounded subsets of H*(T), at any reg-
ularity level (see [22, Theorem 3.1.1.(ii)]). However, for the gauge equivalent equation
, one does not face the local uniform continuity bottleneck due to the transla-
tion operator and it was for this equation that the contraction mapping argument was
applied in [21].

We provide here the following mild ill-posedness result. The mild sense refers to the
fact that the result shows that the contraction mapping argument cannot be applied for
the gauge equivalent equation . The proof uses ideas similar to those in [6] 8], to
construct smooth solutions that show the failure of uniform continuity of the solution
map of on bounded subsets of H*(T), for 0 < s < 1.

Proposition B.1. Let 0 < s < % and T > 0. For any 0 < § < € < 1, there exist

smooth initial data vy, Vg such that

|voll & (1), [P0l s (my S &, (B.1)
lvo — Vol s (1) S 9, (B.2)

and for which the corresponding solutions v,v to (2.22)) have the property
v =0l Lee (-1 17:H5(T)) 2 E- (B.3)

In particular, if it exists, the solution map vo € H*(T) — v € C([-T,T]; H*(T)) of
(2.22) can not be uniformly continuous on bounded subsets of H*(T).

Proof. Let a € C and N € Z, N > 1 (to be chosen later) and consider functions
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supported on a single frequency of the form

UNa(ta x) _ aei(N:c+9(N)t)

)

for some R-valued 6(-). We have

powa) = laf? . Y(oxa) = ~2al’N + laf
and thus we compute the corresponding nonlinearity of :
N(vna) = |af2aNeOa+00),
Then, by taking §(N) = —N? — |a|?N, the function

vNa(t,x) _ aei(NfoQtf\aPNt) (B4)

is a solution of ([2.22]) with
lvn.a(t 2) L2y ~ lal , HUN,a(t733)HH;(T) ~ |a|N*

and since s > 0, we also have
low,a(t, )l s ery ~ la|N®.

Now let @ = bN™ and @ = bN ™ with b, b € C such that |b| ~ [b| ~ ¢ and |b— b| < 6.
We find
[on,a(0,2) = vna (0, @) || g (my = b= BIN ™| gz (m) S 6.

On the other hand, by setting (N, b) := |bN"%|2N to simplify the writing, we obtain
ot ) = vt ) scey = [be™ PP G| N5
> || ’e—wuv,b)t _ efw(N,Bﬁ’ b -l

Ze

(N D) —p(N)t _ 1‘ 5

Note that
@(N,b) — p(N,b) = N*72(|p — [b]?) (B.5)

and that at ¢ = ¢, where
T

~ o(N,b) — (N, B)’

the two solutions have opposite phases, and thus

tn

[ona(tn, @) —vnaltn, 2)|aym 2 & —0 ~ e
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Indeed, since the power of N in (B.5) is positive, we can choose an integer N = N(g,T)
(independent of §) such that |ty| < T'/2, or equivalently

|90(N7 b) - QD(N’ 5)| Z T_l'

O

We note that the same is true for any equation obtained from DNLS through a
gauge transformation (2.12]) with any other parameter 3.

Remark B.2. One can easily adapt the argument in the proof of Proposition to
any other gauge equivalent equation, including DNLS itself. Indeed, it is enough to
take

3 1
03(N) = O(N) — (5 = 58+ lal".
Correspondingly, we take
2 3 Lo aar—ds
25(N,b) = (N, b) = (8 = S5+ 5)bl'N

and note that for N > 1, the difference in phase is essentially as above, i.e.

30,3(N’ b) - 905(]\7’ B) ~ @(Nv b) - SO(Nv b)
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