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QN THE STRENGTH DISTRIBUTION OF BUNDLES OF THHREADS ,
AND IS ASYMPTOTIC APPROXIMATION,

H.E. DANIELS, Wool Industries Research Association,

INTRODUCTION,

The following paper is concerned with the distribution which arises in the
theoxy of breaking strength of what we shall term bundles of threads., A bundle is
defined to be a group of threads of equal length Dlar'ea side by side with their
corresponding ends clamped together so that vd*el extension is applied to the bundle,
all iys constituent threads extend at an egual rate, It is required to velabte the
statiatical distribution of breaking strength of bundies heving a given number of
threads of a given length to the lmowm distribution of breaking strength of single
threads of a standaxd length,
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The vwider significance of the problem 1
noints out that any study of the strengih properties of maberials must involve
considerations funda mentally sinilar to thoze arl y i the theory of bundles
(called by him "conposite gpecimens' ) gince .:':.c,u element of the material may be
thouvght of as made up of submelenents srranged in L‘.‘Ouh s;ﬁ“im and. parallel o]mw
a given direction of mlress A recens nobtable :11' vy W. Welbull, 1939 (2 )
devel op a sbatistical “‘hccm of Strength of et pears to us o fadl in its
assumption thet when one sub=element breaks the inevitebly Follow suit;
it seems more likely that the vemaining sub-e 3{3;_'- nts wonld have o definite proba
of bearing the redistributed stresses, The benaviour s, of 5 00"";.311'03'1:@:
the mutval support afforded by the cantaot of the sub=elemenis,
must necesgarily involve a more sophisticated wepresentcation of

e algo emphasised by Peirce, He

The pregent work is a study of the natv
strength distribution,: Apart fxom its practical

e of congiderable inherent interest and ; %
assvention from mathemavicians, In pax 'c. nain ob jCl‘" Lof ub” work hi

ha
to study the asymptotic form assumed by U ihution whern the number of "ch:?
is large, as is most commonly the cage in uh prc,c‘bical applications.

Scope of the paper,

A prel:rmna?y digcussion is given of the physical principles involved, and
results are staved which apply in general fo very 19:(‘{,‘, bundlies whose cons 'J.'Uj.""D‘l
s dndistin -"u=shable from the population of sgingle thresds, The work in this specticn
overlaps that of Peirce %o & lexge extent, eand many of the results guoted were also

given by him,
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The distxibution of bundle strength is then obtained, and subsequently
attention iz concentrated on the case mhev'o the lead CLJ.,_;L:I‘J.buEeS itself equally
between the threads., TIwo peculiar forms of the single thread strength distribueicn
are considered in detall,

The second main section of the paper is devobed to a study of the
asymntotic behaviour of the bundle streagth distzibution for large numbers of
threads, and a method is developed which reduces the problem to its gimplest terns
and provides a preliminary solution in the practically importent case.
In the final seetion, the method of gteepest descents independently
confires some of the results already obtained, and provides a means of studying the
asymptotic behaviour in move debvail,

PHYSICAL BACKGROUND,

In most threads the breaking streugths of small lengths taken contiguously
along the thread are to some exbent corzelated, and it is convenient to take ag
fundaniental a standaxd length £ of thread such that centviguovs lsngths ore

negligibly correlated in brealing streng uh, P'Ll""uh.("’ we shall assune that
of the bundle is an exact multmlc of the #at: ; '
then divides into two parts, muael,r (a) to ve

th distyibution of

single threads with the fundeamental single f b 1'J11'L‘.J.01l J-m () to discovew
haw the strength digtribubtion oi a bundle of L i o the streng
distribution of single threads of the same lengih.

(8) The first guestion is a velatively simple one,

Let b)Y be the chance that a thread of lemgth L doss not exceed & in
strength, Then if a thread of Jength «{ ia not to exceed & in styength, neither
must any of the n sections of length A , amd the chance of such a thread occurpis
i thewefore blS) provided ils strength properties sve distribhuted in a ravdom wa
aleng the length of the thread. The special case where the Tundemental diptrituti o.

i Ehat - S ooy
s nearly enough Novmal, that is bis) = [ =7 7=

. -l
by Peirce (1) and loter in much prester detvall by 1926 (3) who was interesi.
ed in the analogous statlistical problem, and tahle distribution and its
constancs ave available for -1 up o .L_,,OOO, has also shovm
that the mean M and gtendard deviation @ of bhi uL,-_..‘|:n:-_"f,iorl gatisty the
| "!'L"O‘C.LJ""m? relation M = SpetZ o with good --'ﬂue*; of " .
anore, Pisher gond T 1927 f':;) cona

for n-'u_i.-,‘r*a'-'g" b(s) when w i g lavge. and conclude o)
the only possible Zi niting ferms which b r:,\ can agsvme are
4 the gonstants being deternined by
for small values of § . The second expressi
irst which holds witen bIlsy does nob bacom\. il
of a <0 have no meaning in the present physical application, ©
relevawt, -except as an spproximation,

It may be concluded that the effect of length of specimen
surerigL:}_ distribution is well understood, snd we need not further concern ourdelves
with iu.

(b) We now fturn o the distridution of bundle strength in velstion to the
corres sponding distribution for single threads of the same length, and for this case
it is necessary to consider inmore detail ﬁho load-extension propercies of the
thread,

Vo The 1}'{"\3,3.0'1 1;"01: B
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Whatever the assumptions made sbout these properties, the ssguenoce of
events when the load is applied is as follows, Suppose the 1load is increased
graduelly from zero to its final value, A% fivst it is distributed in some way
between all » threads and equilibrium may be reached without any thresd giving
Way s I7 the load is great emough, however, one of the threads breaks at some
stags, and the losd i3 redistributed among the remzining ~-1 threads, sech Leaxn
g rather larger share than before and making it more likely that eothers will giw
way, In similay fashlon, & number of threads probably break successively, the
situation finally resolving itaelf in one of two ways; either o point is reached |
where the remaining threads have sufficient strength to maintain between them the |
final load, or no such point is reached and all the threads finally give way, in |
which case, of cgourse, the bundle is broken, '

8

et~ |

3.3
&

A test of bresking strength could no doubt be performed in this way,
weighta being added to the bundle ian discrete units until all the threads go, and
in fact the hank test is often thus cariied out in mills, The more wsual method, |
however, is %o apply a continuoualy verying load in such a wey that the rate of |
extension of the bundle is approximately constant. The recorded load then increases
to a maximum and falls agein, and at the mawimum point, the values are vaken as
breakibg load and breaking extension, |

Mathematicel formuletion,

Te formulate the problem move precisely it is necessery to kuow how the
leoad distributes itself between the constituent threads of the bundle, end this
depends on what assumptions are made regarding the elastic propertiess of the thread,

l. Inextensible threads. We abseive firvst that if the threads ave assumed o be
inextensible, the problem has no definite solubion. A moye faniliasy exemple of the
same state of affalrs is that of a rigld beam supported horxizontally at move then two
reoints, in which case the pressures on the supports cadnol be deduced. The: thicads
mast therefore be capable of extension,

2, lLarge bundles, Gemeral case, Denoting load by § and extension by & , the
loadwextension veletion for a given thread can be writhen

oy = fj-":.\l_jai.‘}

where + represents, wilthout real loss of generality, one pavameter defining the
curve and taking a valve specific to esach thread., The value of < for a pariicular
thread will be in the gensral case corvelated with the bresking load o , or the
breaking extension e for that thread, where ¢ = & (e;%) 30 we write P(=,endslde
for the joint distribution of =4 and € over the population of single thrzads, znd

Wierv de = 4e g"’q, (=, e) k=t for the distzibution of breaking extension
for all threads. 2

Consider, therefore, a sample containing a large enough number n of
threads not to be distinguishable in constituviion from the population, Let a load
S be applied to the bundle censtrucved from this semple snd let the corresponding
exvension be = , If the bundle does not break, a gtate of equilibrium is selt up
at which there are v surviving threads, eand v must salisfy the relation

=D e =0
2 = eydd = (a (st e ) o 8

At extension = the lcad on a given thread ig Lo, and. when eguilibrium is
reached the toftal load is distributsd over the surviving threads go as to make

f
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Hence from (1) and {2) the load-extension velation for the bundle is

S = N de “gﬁa,ﬂ (%,e) d=
e ¢ 3)

The breaking extension for the bundle is abtained when £ hag its greatest possibic
value g in which gase

o

el = (1)

It is worth noting from (3) that for large bundles the load for a given extension is
directly proportionsl to the number of constituent threads, the load-extension curve
being similar for all large bundles,

3. Special forms of (&)

(1) Tn the present study we will confine ourgelves to threads whose extension, |
up to the moment of breakege, is proportional to the lead; setting {(e,«) = wo
in equation (3), we then have

(=ya]

5 = e, S;Qd'igdxdﬁtg;e\do{
o (2]

-

3
and So.-,gq:(»t_,r;‘}i:t = o) YiE)

where ©(€) ig the mean value of « over all threads having breaking exbension squal
to ¢ , and w(e) as defined above is the digtwibubion of brealing extension, Thus

S hmg;ﬂv{ﬂ Ple) de (5)

of cases the loadeextension ratio is uncorwvelated with the breaking eitension for
any streand (and hence, it is easy to show, with the breaking load alr;;o) X Mauation
(5) then takes the simpler form

(2) It is found experimentally (of, Peivce lec., oit,) that in a large nuvmber ‘

§ =naef Yo de (6)

and for breaking extension of the bundle,

=0
2 (ol weryae =
b % e % S O (?)
(3) Finglly, it mey be that the dispersion of K ig negligibly small compared

with that of breaking sirength o *. 'That this is a rveasonable assumption is evident
if we consider a thread composged of a large number N of independent consecutive

elements, such as, for example, a long chain, the % element having «==. o=«

3 EYANGY
4 o i, . .
Under a load S , each element sxtends -+« = 2%, » and if fhe total extension is
~ *
wom & T e # then the load~extension relation for the whole thread iz &= Ag whers
™=

1 I L |
A Ff:l f‘f_:.l =
, l
From this it is clear that as the number M of elements is incressed, the
dispersion of & decreases as JN ., On the other hand, the dispersion of brealking
strength in general decreases at a slower rate than [N with increasing N .

Hil

This is found to be the case with hard twisted woollen yamms,
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It is in faet possible to give a physical interpretaticn to the region
between w, and w, . When the lead S is applied to the bundle, bilrcaa.s breal
untll a fraction ac(w,) have given way, at which point ec:mltbruun is established.
If now edditional threads are cut, equilibrium is gtill madntained wnatil the tobtal
fraction vemoved 1s otwy) 3 beyond this point, the cutbing of an extyve thisad
causes the whole bundle to collapse, The region bebween w, and w. Thus indicstes
all possible states of equilibrium when & load S is applied to the bundle, Perhaps
the argument is more clearly seen if i% is moted thab the ordinste of fhe Jlins TQ
gives the fraotion of threads actually broken when the lead on esoh threed iz Yw |
while the oxdinate of the curve represents the fraction which must break under this
load, BEquilibriuvm is only possible when the fommesr exceeds the latter,

The condition (9!') to be setisfied at breaking load is made o hold when
P3 is tangent to the curve at we . hen FQ ip s acnpar than this, so that it does
npt intersect the curve al any point other than at w =0, there are no values of
w for which equilibriuvn can be sstablished,

The form of the curve for olw) can vary withln wide liwmits, subject anly
to the sonditions o (o) = | , adsay = 0 o adw ) € a(w’) WHen  w oyt

Small bundlss,

S0 far we have only considered the behaviour of bundles which eontein such
a large number w of threads that the constitution of each bundle is faken to be the
sape ag that of the parent ponulm‘mn. When »~ ds small and the sampling variatlon
of the constituent threads is taken into account, the distribubion of bundle slrength
becomes of interest,

A semple of w threads may itself be congidered as a finite populstion in
its own right, end the x:’a-,..,uilts Just proved for large samples hold no less for amsll
values of w . uuppose the strengths of the yn threads are arvranged in descending
order of magnitude 7,,7x - I~ Then the eondition for equilibrium with »
survivers under a load O is 2

S" & v
and the strength of the bundle is given by

ba?. = mast (o)

This rather curious rule may be illustreted by an example, Suppose that & threads
when vested singly snapped at loads given in the first line of table 1,

I 1 j
Load 3‘6 5...2 i i'.-t-|— } Bu t 601 54?

™ 1 e e o 2
Order 6 b { I 3

o B R A Y e Y
Product | 21,6 | 20.8 | 2:;0“[ 8.2 { 12.2 | 17.1

Their descending order is written out in the second line, and finally the
product of ovder x locad is given, Then it follows thet if all u:L}r. threads bas been
tested as a hundle, its strength would have been given by the greatest of these
products, that is, by Eeno;

The graphical representation is also of intevest for small samples, the
curve for’ al(w) being replaced by the survivor curve of wa for the sample (fig, 2)
which has a step~like form, the height of each step be'mgv) Note that the upper
velue is 0 be taken on each discontinuity, i
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THE DISTRIBUTION OF BUNDLE STRENGTH.

An expresslcn for the chance that & bundle has strength less than S
will now be derived.”™ It is evident ¢n considering the breakage of successive
threads that if the bundle bresks under lpad S the coanditions to be satisfied are

Qs 5, <2 )
Ll 4
e ot

k“v\»“:. S ;i
L3 Tt | I
w L Eay II;

5 i {

& Sy < = (10)

|

where Sn ,S.- ;8,., " are the strengths of threads brealing in ordexr
B S s TS the distribution of sging. *zad strength is G oo
the chance of the even‘t (10) occurring iz seen to be
,. & = g
B = o s [ O UL
e = [b \dg‘ Y e(bh ,J.L,l-‘n-\ i j - .j_ e(i;} <3 E‘; il cztst‘) ey
5 54 N
N 5
e factor . allewing for all possible ways of arrancing the threads. Setting
the fac A alleowing for all possible waj ronging the thread Setting
Sr'm (e S
Mo = SQ 8 (58 . and b & 5039 where blsy = 4 & ¢ sy oly
ad defined above, the formula iz more simply wwritten
b i £ B
B = Al S- elstio g C‘.t.ji“‘_ﬁ_ i :.{.::,3 o (ll)
&/ [v] iy Y 3y
The digtribution may be expressed in a vawiety of obher ways, some of which are now
given,
vregsion as determinant, Consider the slightly more genersl funetion
I,
. bh By, ] ( 1
o - 1
'B (x) = ! q (= S AN { g, ek gy )
o S J‘ i disp

Tt satisfies the eguation

2Bl = B (o A ey <
g h-l{ WAL ‘I-"O‘" o =
and has the property that B_ (b, y= O , conseguently a Taylor expension lesds o
: N = s S o
Gz Bl w2V, Qe gl R I S MY CRES

==

= The distribution for the mors general case where the dispersion of the
logd~extension ratio o is mot negligible is given in Appendix B,
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and solving the set of squatioms obtained on
we derive the result that

y B -4
i L y N \}, ey ¥
Bty = nt ]G =) Loy (Qad (b oy (B —te)
2 = 7! L= o |
% S =1
I (Bra) es®Y v o (b, o™ (8 o0
o L 7=y (=)
n-‘i W= z
O | U_.,nq._ ) {.‘Jn_)‘ -k}l (hhq..;..\“\ N (13)
Lom=33 fe=ay!
0] &) ®) . | by, =3
Adtematively the Tgylor expansien
By = B,—nxB.. + BRSSO R
(23 o ]
(5] = Bn - b“ Bn—.—! - V\_Ll_\__-l‘a b: Bn-). =
i T,
- ! =
Q = = Bh-l i3 Gty B aiShe =
(L)
(:3 = B\r\—)— . }
i) o
lead to the equivalent fomm
I ELS st}‘ xl‘\vl xﬂ
'P‘?mt:"('1 = i 1’ :'—-‘:.{ I:_L;‘F-—r) i_ |
L ney ([ a
{ b, ba b s 38
at (=t o |
-y sy | fd o
g ik R (35)
= =} Wi
' (S Ve,
= > : | !:;
< o [ g wr
(o) O (2] t >,
In either form, the special case which concerns us is whea = o
for' B, 1s then

o
P‘Ij‘a

v

J
i
-

RSP

replaging » By v, n-

, end the formuls

(e {_‘)h
Din Ty,
.L‘t:\--usl wo |
Ve v\
bﬁ.*_‘..—_\. 1_,:\,:‘
(_“‘“1'\‘: { 5'\-1)1_
Y=g (A §
j-’,«..-_; E::‘)— (.’,6)
(~=3)!  nay! £
b
Bl ‘ET
s 5
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Series expansions, Theve ore twe intevesting weys in which B
in series, '
(1) The first is most simply arrived at from first prineiples, Consider ths

whoie range of strength from O 40 == to be divided vp into intervals bounded by
c=v baw , 88 in fig. 4,

’3 Il{.-')

1 L 4. + S |
a2 5§ 5 5 S
20 IS T 3 =5
) - . ’ ' 1 S - 5 = k=
The chanoe of a2 thread baving strength between 2 and ¥ 38 Oen —De

Lf a bundie of v threads breaeks under a load § , it must of least satisgly the
eondition that none of its threads exceeds S in strength, otherwise the last
survivor wauld not break. The chence that the bundle comtaias p threads between

S andsS , & Dbetween S amd S . Liveeo, p between S and S, snd b
= 2 2 i = e A P Y
Leas than S whey Botbos .o kb, =0 P

I’ - p"l
vl (b.‘b:\pi {f"‘l---l"‘z\.’ﬂu e b;‘.

SO IR SN

But the hundle must have Ffurther restrictioms if it is to breal under load S |, Ho
conilibrium never to be pussible , the number of threads in the bundle witich are leps
than $. in strength must be at least equal to » , in which case ¥he B have 1o
satdefy conditions (17a) or their equivalent form (17b), viz,

bo %1 } b % J
{\

P.,*“F =1 ?/ 2= Tb
M Lot ) (1) o i e o {17e)
P\n + bi—- -1 'i' P cogRie ‘ bl .l-?)'l- :--.;g S5
|
5 !
Brck bra #otdby Boas |
i

lh"\ o Ph-u R Y I’A - i‘ll b |

The ohance of the bundle bresking vnder load S is therefore given by

B = Z 0 {' U’f 'hl-\PI Ch 367 bj\!%— s ‘["y\ 2 (I b'ﬂ\]ﬁ“‘ bv'\.!)“

| 18)
“ : (

2 BB !

where the Vs are summed over all velues consistent with {17a) or (17b). The
caorresponding formula for B (x) is obtained on welting b, - for b, ,

(ii) The second serdies expansiocn is obtaivned from the multiple Tayloxr expension
of the determinant in powers of the b . We have
Q‘ 38 \ f b"ﬁi .
= bl b, ey
D = (Bﬂ\a & Zv- b e TR g TS LSE ks 1

& e

2l 85
where ( ), means that b. is replaced by O in the finel expression, Iawy of the
temns of this expansion vanish cn account of two rows of the debexminant becoming

| ddentioal after difflerentiation when the b.'s azre made zero, and in fact the only
non-vanishing terms are obtained as follows, INumbering the rows from the bothom

Upwards, first the % row is differentiated v btimes, then' the (X" TOW
times, the ([mevsr)® row Y3 btimes and so om, till finally the ~* (top)

| Pow dig differentiated «, times where fwvit. . wr, =n 5 1% being essential fo
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differventlate the n™ . row a2t least once, I# the resulting detemminent is then
rearvanged with the % row at the bobtom, the

(6 €N row in place of the n*
the (r+meen™ row In place of the (¢ , and so on, the sign of the
deberminant is changed by (- - %7

= | e and its wvalue

becomes 1, The expension is therefors
L i :
0 L'es A=t .'"ﬂ
B ﬁ_ z— (_}“""‘V“ '\‘ b"‘ b\".—k""‘: brl'd‘ca'*"b"—v\"“' b': LY
) . =y T i { ("SJ
e i et e : A

summed over all values of the +v's such that o 3 '\ and © a0+ w0 =

xplicit fermuloe,

The recurrence formulae (1)) provide the simplest way of
obtaining explicit formvlae for B, , and for the first few values of » , we find

By =1 , By=b , By = 2byb ~bi J

B, = 6 bbb = 3 by = BihbY = t\: h

B, = 24 b b, by by =12 b byby = 1n b boby - 12 b ba by = 4 bi by,
6 BB = Lbbe —bE

With highexr values of w these fomulae repidly become umianagesble. Bub it 1s
precisely for large w that fomulae sre most requirved for the dlstribution of
bundle strength, so That imporiance atbaches to the possibility of cbtaining some
form of agymptotic expression for B, .

we first of all Surn our abtentio
simplifying features,

n ot

Before counsidering that question, however,
two special forms for b (s) which present certai

(i) Dicholtomous distribution.
values Of w

A form of B, which is gpecielly simple F
, although not a common ong in prectice, is that in which
threads have only twe possible strengths « and ps , that is

CIE

b{s) =0 0SS
bs) = b =% S Ve
by = ! UARSER

We observe first that b.= 5

range of &

into the intervals
we have when S

5

Lheat

b2)

is in the

and hence B _=o , whenever S <n»nd

W,

S <ivan v
v dnterval

N et
i 5 Lea I

Divide up the
. Then for values of

This holds for all intervels having v > I :
c=[35] in which s > wa

Consider now the series expamnsion (18). Sz nxk and § iz i
™ interval, the only non-vanishing terms are those inm which p.=0 except f
and w= Y\ e

bo = n—p , conditions (17b) imply that b= e
expression for €, becomes, with this special Fform for bis)

Writing b .=p ,

L

(bt BT
Pl (n-p)!

ZRE

whén
p=o

]

evsk g § < (v v

and also for that part of the interval

hen h

(4]

i
M
and the
3 BH —=ao WAen S < v ¢

>

= i3

i

g:} il
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The frequency diatribution is thus a pertially collspsed binomial distxibution; the
frequencies at points 5=z rwo 2 eyl

are

provided ¥ ?[5‘] $
8 e )
but the remainder of the binomial tewms at points where v <151 ere grouped
together at S=na o The spproximate form of 8, when v is large is in this
case tasily deduoned from the normal epproximation to the binomiel, Par very large
» theve are two dlstinot limiting stabes according to whether the collapsed part

egontains the greater or lesser half of the binomial distribution, the eppropriste

conditions being v(1-bt) < | or >\ respectively., In the first case all values

sonsentrate ak S = wnaA 3 in the second they concentrate at Sz avi(i-b) -
£\

These ultimate limiting states ave immediately obvious from the disgran (figes 5 )
on applying the formuls alreedy given for very lavge bundles,

i N

ol e \
A ity 2 1! i) i i
veh o Ve K oL
V—B3g Pli-bY > 1
o fio =
g 4 i )
(ii) Exponential form, A distribution which appears to hold a central place in
the prezsent theory is
-
b(s) = & S

It will be noticed that it 4is a special case of Migher and Tippetths limibtir

di.atvibution for long threads,  1Ius :i.mpo.'-."t:azme lies in the fact that the correspond
ing B,, c¢en be linked up with the coefficients of a relatively simple generating
function, On swbstitubing b, = o THS in (14‘5 the second of the two secies
expansions for B, bhecomes
~ = . f oo "E“ I e s vde B8 0w +0, Mg imiziaps WL 07 W:h]
Pl e P A e o
n
bt S L ol = 5
h ! Vim—1 W
where
R T GO = = N
" B\ x
—kf © 5 Tl gmas et e nl]
. B =k R
& vl = i o f
b Cial e 1 -(‘M |

But the expression
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Fl ke Co
is the coefficient of L" in the expension of ( b= %,e+ 3;%! el ¥ J
5-—'-
from which it follows that Bu= wlie 35 C, wnere
is the coefficient of t dn L. v , ™M(&) being defined by
-2k 3 ¥k
- % = S E FERERAR
Mie)y = b B2 35 +‘l'.i‘.4' 28 _.,,3_1‘&.’5'3 (20)

The same result may also be obfeined by memipulating the determinent in

(16) when it is found thet o~ %% een be removed as a factor and the resuléing _

determinant is in the well-known form which occurs in the expansion of the reciproczl
of a seried.

An extension of this vesult holds for B lso when his)= & ¢

The Tayler expansion of B . was

2 A TR

By = 2 &

| i =
t= 0 V'tt,“'"r)'

and substituting the expression juat obtained,

2 \ T e 5 i
BuaE A Eiiea  Say - (©
e .

"
el - ¥
3
N S i VQ_%'\)rr“‘f{i{ <
= wl o 5 (._;\‘ X S SN
showing thel
t‘\li‘_i

Bﬂ{)m = b 28 O (xy
LA
o W\{tl:.c_j:i)/’
where C.(*) ig the coefficient of £ in r(e) and DMUE) is ded
o ¢

(20), This is not a ftrue generating Pfunction, however, since it conta
explicitly,

(]
o)
lJo
o
32
%7
P
=

It will be shown in a later seotion how these formulse may
information on the asymptotic behaviour of B, for general forms of
method of steepest descents,

ASYMETOTIC BFHAVIOUR OF B, FOR LARGE n .

It bas been proved that as n becomes very large the bundle st
concentsrates round a value S. given by Sq = nvnax S~ bls)] 80 that
to the form

B,=0 S

Vi

T

=~
Bﬂ‘:l 5 S 23

*'C

No indication has so far been given, however, except in one special case, of the
form assumed by B, prior to this ultimate limiting form, and the remainder of the
work is now devoted to a study of the asymptotic behaviour of [, for general Porms
of the parent distribution bls) . Compared with the corrvesponding work of Figher
and Tippett as applied To the limiting strength distribution of long threads, the
problem iz not an easy one. The following mode of attack, however, reduces ‘the

Problem to its simplest terms and gives the dominant terms of the asym_c'totic
expansion,
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An importent identity, It &5 first of sll necessacy to dewive an identity of
great value for the present purpese, We had

-1 i
B - vy ! bm -!;‘: bi bv\ [ v
2 2 T gayt W)
. e o A=t |
I ’3“‘ &y hk = ‘f)"\-—l bh ~4
— s s
21 {20 Lm_\)] iy
p o 1\-s=:. 5‘.-U}
R R S Box Tnen
- (-t (A
e S e & e
o o o By 2a
Rt
c oS 22 1 (=8
Let vs introduce the notation
'D.-\. . TR !:"p',-_-l—{
(n,wy = g ehBE Gz g ek }( A
O >£v\-t ““"t--‘.ﬂ{-l
= =tta=i A=y
= bv, 5”_-_" TR Bl : D in (21)
L, ((\__-y.-\-ﬂ k {_\-\.-n\‘)‘_
’u\-.n\-'g ity |
i .!:: S 21 =l
=1 Y
(_n —wr =) qu i)
(6] 145 ! bh\ﬂ
e e o _ ) o = .
so thal, for example, B, = 2! (%,;0) Now in the deteminent (v, 0) .
myltiply the (n<y)th

eolunn by ~x , the (n-23 ¢olum by x>

p U EE AN pyaE
¥ =1 (o |
20

the 1st colum by

W A { TN
=, and 2@d them to the »° colwm, thug
L vy =y
obltaining
e oy I W e (b - ¥y O
(h)oh} o b b Dix S Byl een i
ol =N == N o it
o . ks (
5 {1} =
b by Zen o by by 0 !
il Cn=ay | (=t |
w3 | S
o t =y b,\ o C i::.:..l__:f‘
Ea=ayt wesn
O o ] { b! — 2 J
p L] 3 s L - i\.ﬂ
The expansion of the deteyminant in tesmms of the lsst colum may then be jammﬁged
to give
¥\
n s i
i—‘ = 20 G, ey Gr—1ly
Yo -

S - for all X (22)

Differentiating v times and veplacing

£ nevr 5 m-ow By »  om gives the more
general identity
{a%
™ b, R
3 — é___“ L a = By fl ..].-.r-\] : M= A 3 o8
o =0 T (22a)

o all & Ja:ad_ Yo .,
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A physigal dnterpretation of (2, The chance of complete rupture of a bundle
under a load S was BLieia Y U503 ., Cc-ns;j.c,.-r-,x- new the chance thet uvnder load S

m threads out of the - wvemzin wibzoke The conditions to be sabisfied for the
first w threads to give way are

. C o e v < <= 3 A v 9y - 1 e
0% SAS % S5, % '?'-\‘11 3 Vst SORNEN S, ks S ety =
where Sn 38k ; Sn-a suaves &t the strengths of threads brealing in oedex
1, 2, 3 vewsse For the remoining threads not to breal we must have 3 <S. 1= vg

x S el ; A i
L we write as before x . .= go“'@ (S5 S the chance of w. threads surviviag

is therefore given by
b . b ¥

b = : Pk ; .
=2 = o Cimily cre e e ) S" 3o 3 ANyan © g oz DR U bn—\\)
f\JVV'\ O 3{}'\—! ”f“,‘_bl

e

B o “_1._1_ (V‘ ;"V\‘) ( s b “,.\‘j

Ir'!,m

{
N
)
Lo
Sete

e b

Substituting for (N, in {22) leads %o

“ 2 N
Tt S (”"’*‘T" } fopr all X
) Myl P Sy
w
1 - L5 1= 5 5
Por example, when % = {, the result | = ?.:-f_ 5 .H.at_-‘J s Simply expresses the fact

that values of wa from O 50 w cover all possible contingencies.

Quasiwbinomisl fora, The idenvities 1 (22s) are not in the fowrds most
convenient for the present purpose, Wzl 'L:"m ) w= 4, equation (22} becores
n | 3 7 =¥ Ly o
| = 2 nl Cosmy X kb, all A
R ""\" 2

and by analogy with the binomial distribubtion, we gre led to gonsider the funciion

(\"\»-Lm.‘)_‘ ( v'\ u’ﬁ.\]

LN i "“"‘E"ﬁi‘::\
L

which satisfies, and is in fact un

juely decermined by

W -

Q i i

z—. “"’- {_}\ br.’\\) {_Em— .r“'\ b,\:\. 51
n; U’ % ' D ) 5
=0 e | [ emiaa I'.

$
v |

; {2u)

£

or the more general identity

i wh Onb D i Jom s

[ s e e ! { ") . ) |

,@

i1

v =D 3

all A = (242)

Note that Q.67 B, A physical interpretetion of Q  for values of w ather
than gero is discussed in Appendix A,



Behaviour for larpe v , By wsans of {2L) we ere shle o link vp the behaviour
o for large « with that of
ah e skl e

ml G- na) !

iy Vi

which we now consider, The imporkant renge of A is OS Mg | , inwhich T,
is always 2o .

"

‘. Pn—-wu (1—]3)"“

! CH-—M)!

>

In the case of the ordinary binomisl distribution

there are two digiinct Iimiting forms for largew , When neither p nor (—p 18
small, the binomial is appraximated to by a continuous nowmmal distribution having
the same first and second moments »P and wpq vespectively. On the other hand
when t is small the appropriate limiting foxm is the discrete Polsson distyibution
with parsmeter np , and gimilarly for small t-p ,

In the present moxe genexal cage it is unei‘ul to preserve the distinetion,

and we first diseuss the limiting fovm gorresp ﬂc::z.ng the normal approximabion,

By Stirling's formula, assuning w = 0(") hut neither X nor - =

b
small, we have
\"\'I-’E_ Ua T , I tam L,
e A b { ¥ =A I \} | ]
T = » A DL = L i+ 00
4 g mﬂ\-l"}‘;_ Lvse M\u e

The function o\wd defined by alw = & (%) = Hs) iz most convernient o work with,
and in the following worlk we confine our attention to the case where olw) i8 a
cantinuous function ef w , Writing -2, L - 42

L ; S I
the approximation is . 2 > el e

A =2 nz

© Aazi) g [ 1=Ao{z4)

: ne
Tled Fum e Sl e | NS = ]LH% (25)

Glearly the imporkent regions of T _(2) are near the mawims of

- halz f“\‘(“_i\ T e h ol #EY &
Fisy = E e 1,_ T ]

at which the values of = must gabisfy
p=E = --J?.ma -f{eral -2 o-z)ad _ zAe

(1 -11 s =z "f;"'cL T 1=

- -!?&e\ L= —:_:"_7-.:..?} “+ .ﬁuﬂ D 7% 51_—?.;M\3'{ A o' (1~z-Aa)

o 2 T ot —aa)
The equation is ev:.dentl,r satisfied at least when
b= 2 =X a2/t = 0O (26}

and at the corresponding points =2z =2, we find that F(=.) = | . This sugpests
writing F(2) in the fomm

(-2}
FE = [ Y (:--'z,-)\“-\:l [ |4 [1-—'2-—):&‘3]2
o

(r—2y

B e ) AU L LT
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from which we chiain

5 Geroe i et

£ 0z =Lt + higher powers of (1-=2 - %a)
F AT S o =
s L )
e (r_ )1 = e 4-’\_%"\,
= = S ¥ Geyms contaiming (1-2 Aol
ey
and 80 at 2 =B~
i e A &'tz 3 {5
= s =i Cl 4= i S] ::8)
Xy =i _?‘r\ S -) 2
It follows that the points 7. satisfying (26) sre all matima of F(z) .,

-

Moreover ab all other points in O< z< | we must necessarily have Fizy<
Foxr considesr

Ko V=2 L—hay & Q St h) A o b Y
o= (T:-:-:?J '—__Z_'“) ot AL as & YuNelion o A

Tuening points sceuy when G -o , where
~

o~ =2 oy % - o (Ve — N \.I A
ST e S e S
P = Pale® ['_! TAGL ) 3 Ci-?_'\, fi-—;\d\\ (_.Ci\"-

and for given =z there is only one value of » sabisfying ( ul = o 4 hnamely that
making ez SNa T o 4 Purthermore .,

C.-‘_ = o !‘ I'_'_!‘Z-’.‘ia s 3._—{

s X0 forall 2 snd A lying between O and 1, Hence & has a
i

h-'a point K = 1=z , and consegusatly so has = for the same A .
cL

velue F=! thers, and decreases pbeadily on either side of i%,

' etwen O ¢ nd. 1 can therefore be found at which =3 and yes
r» if such values existed, then at X» ='zF we should als

¢ which would imply 9,, > o at some poing in the rauge,

.|

Congidering F once more as & fumction of % for fixed A , we conclude
that when n is large, FO is negligible except near the woots T=2. of Fz-xa(zd=¢

at which it eppror’imevi;eu "c F~¢ s and conseguently T, (=) conslsts of a sewies of
igolated peaks sliupted at these zoois.

Grephical vepresentation of the xoots, The pozitions of the roois a:
examined by means of a diagra 2. 6)
gimilar to that alrsady iused in the previous

;;’ d.r soussion, A ujprr_c al curve Tor olw) id
! shown, A line Joining the peimt % on
1;;5 & the vertical axis to the point JS‘” on_’sb',e:-

bt horizontal axis m’ce.rrlzep_m the curve, in
i the case shown, at points %,z ,%sg %
,' - . end from the geometiy af "'he f:l.gu.c'e 11; is
| NiTmesian L L evident that 2, , z, , 22 so found a

Q

the only poszible roots of
| — 2 —Ac(z/)

7
S

With odw) curves of the form shown, a maximum of 3 distimect roots is
ible with suitable values of ¢ and A , and in geneval the maximun number of
ible roots is odd, :

5
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Behaviour of |.(2) near a simple real root, TLet us first consider F(z) nesr
the point z.. Since ;

w2 = nalze) = - [+ ) ] (2-20) + O(2-2]

X
<
the appropriate expansion of (27) is

G ) :
['"P%&’Czc’sﬂ (i N7 2 Qi (a2 B g

Ze (=20

—

F(z) = exp {‘""ﬁ

and T (2) may be written

) [F-F‘S-‘S-'lf("":/gﬂ H(z-;:w__")g' :

e ke (\ "‘{"t.—:‘.,-\l? .'J '_'?{.‘Lv-':.
Azl "?vr\3 ' "—- )( ‘

e = jg;_ A2 5 A
L ’——_?-.,..(l_—zf"] M{D

3 ; LY
&npremabTe values of the exponential factor dccur only when Of alz-2 A} =oeh

80 we need only comd'!aer the renge in which z<z, = &) i The fozmule is Chvis
RrE Rl

(R = -
Tof R = ——

A ol = i %\3% an-- C“*{ \-’1 (""“?‘"\1 EL]+O(“'“\] (5_8‘,

ym DY QL) when v is large, ihen when 2. arve digiinet, snd neitk
ig & ..u_l} the identity (2l) takes the approximate fomm

~2 %
e J ral( e P )
‘} \ CQ {'-2") ..-.,-—-—- .ﬂd?—’) = f?l["* < (. 53] C'& "'\P"'
= :}Q AT .-3 IZ -2 T i o =

|
i
:
T
\.o.-ff
u":‘}\
St
A
%)
Lis)

sammed over all wreal roots z

1% is necessary to point cut that the funciion Q {;:,') ig ot naw vodauely

defined by (29)., UFor exsmple, the funcfion Q (31 =1+ f":)_.?_’,::.{.) gatintties
e A
(29) over the whole renge of z , and yet is obvioualy not relevent o enr pro

ag 1t stands, since i% takes a vegative asign at every altemate =z, .

Case of Z, @gmall, We turn now to a case analogous Lo the Poisson limiting
When z, is small, the approximation {28) is not valid, and we require to know Ghe

chaviour of

&)
T, - = e (A b,

2 bl oy !

£ e iy

Wy
( f==iX I-':';-A\)
for gmall =N , when vz is large but m = o) « HNear =0 we have

tll

| alzlg) = (w205 4 alls) 22 4 o(ad)
¢ N .

By = L Sowmn . orfO) > O(ha)
S v 13’2’ -.»'-."' N

1]
(L3

The possibility of an expansion in nonwintegral powers of Z neay 2

zealised ), sush an expansion is in fact Tikely in many cases in view of
| Pisgher and Tippett's approximation for long threads. The more general
| ig not egsentially different, however, and Ffor simplicilty integral powers only are

| considered,
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(n =y ‘Qﬂg(‘;‘bm\} = {0 =») E-——- f\i‘.;
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where 2,

is the intsrcept on the

harizontal axis of the tangent ©o alw

at the origin (fig,

7). It is

convenient to take t-n =Q(&) »

g0 put X == i
Then
- g_g, 2 4 06 ]

where = 0N

s (‘II.L-I’M%) “‘i'O(:L!:\\

wﬂto .
fee  (ABNTT = Pl =Y Dk OERY)
and iv)\bh\ Lt nl;\ ( o hﬁ"é—a\ ~= O{J\:\t\}
el ™ -!';._
on Mptel kb = LT ) L1+ 0 )]
Mm
Hence
W —Gaw %) -
Il i \ﬁm s (fu“"l‘ HQE& ) £ I V- Oy (‘"1;\\)}
vy s s
% wn b fn..w\{"""""’-‘-' w"
andl
e — i~z o
Gemy L = Lol

so that the sppropriste iimiting form when !—h = &) and wa= OO0 is
: T i nSo)
G e
e = T V‘-—-_;\-p teg P el el 1 »
= (07 Lo+ 008)] (50
et ]
When $ >T, . U .. after a gertain valve of »» decreases steadily %o zero like
% ~ - > A ;
o 5%3; e i ‘.,f}jw‘ Before v is a8 large ag O(n) .,
o H’ﬁ i e

A simplifiscation is imbroduced if (o= 0O .

: i This ocgurs in the majerity
of distributions encowntered in practiees, for it implies that the ehange of bresidng
strength exceeding & tends to zere more rapidly than ‘IS a3 5 increases. The

form of Y, ., degenerates in that case to the Poisson approximation
% :
s =iy '

e T e ot

i

o
e

;Uv

and when =0 we have simply 1, o = | 4+ 0

hen c.-ff;_‘]‘; =0
and x =1\

- it )
3 \.‘\ S o S l:){('u\\ 5 W s l,""‘;' e a

the identity (2L) thewrefore takes the approximate form
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A

1

Q
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and if the real roots 2, of (-2 -/ =0 . abher than Z,=0 , 675 distinet
and such that néither 2 nor (-2, are small, (31 ) may bhe written
o L 2
- } — wilda (—\;z;f} (22
+ 5§ Qlaae [2 e Tt T 100 (51e)
Q"\,o o n y ).':Tz,.(w'z.r‘\ Lzl 1= ey
—g d
The asympbotic form of B, = Qn,o 18 thus relsted o the kehaviour of
Q. () near the routs Ze OF {=2Z - oy =@ ‘ ey S'Ludy Qh(z) further for
all values of z a more gensral form of (29) is now develeped from (24a) on similar
lines,
Approgxinate form of ceneralised identity. Bouatitn (23;,3,) is equivalent Go

N L O ata TN

z_. Q n Y  — \ it
= (m-‘f‘1' L mima))
Let
tan =N
o v (n=r)T, Ckbw\)tww\ ¢ ""'Ah,.}
AL (n =) ! (i)
Provided neither ™=" nox | 2 is gmall, Stirling's approximation may be ussd as
kafore to give
s o LM
o = (r‘\-—-‘“la = {.:\;J nA.\.' ' (1« !—"hn\n ;" ; {:}(-L—)l
R e s R e R P
T Jz_'l, [W_‘_-r.'}' TIE‘ l:(\"'r\‘\“]“_m %
With the previous matation, and pubtting in eddition ¥ =wx this becomes
AL =1 : ~
sl A L >l - v {z-w
o Cewy = R0 bz (4 -5e) i }‘C\(%q] Bl 2 U SR /L
2 IR zx) ~2 ) L= et L A00R
and we May write
(=)
St D e
E""‘»\ }\Ck{-z ‘:'] { R D..f--/t'}“}
Flz,e) = (13 as | |
- = - R ot
which it is convenlendt to arvrange in the fom
A\
o fre=my (= =5y
g b sByRec T ) { oy i
Sl = (I 1 ) { g EnscGnhas
Cr—z) y ( U~y
Puteing K =b-x3x , this begones
o C o b i - e (ol o O e il b
Flzan = Ml:' {71 i }( 2= u\ e Wil K“\} (L A (ol e
; 3 ) 3 §

argument is followed through presisely as

place of K

The
writing N in

ey

\ iy 0
< (;e 2) A7 fommmmm A =
( j ‘\{_LT"X\LJ d—«.:\ \ Hi'?"{ 3. Srios)
g il g

—D

4 § %
“o -MQ e (eY) (22

before end we obtain finally,
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the reots Ze
roots lying be
not small.

distinet, and the mation being taksn only

The: approiimation holds only when 1-=z |, z -x , 808

The range within which To w,« 20 for ¥ ™S 0 yay, with the previous
N, ©=<X% L and substitubing 6-dX for A we now have o ¢ % ¢ A, =
the approximation failing near the ends of the range.

Behaviour of Qﬂ)@! at non~eritical points,

]

¢ Suppose for simplicity that «lwd ig the

A type of cvrve shown in fig, 8, such thet

4 g'\ﬂ g the eguation (~72 ~ho Ly = o l;zas a
mazimom of 3 reots. Let us consider what

' hsppens as » changes from 1 to 0O,

(1) 2<% : Denoting by hc the valus
of X fopr which rogis =2, snd = <0lngide
abt 2. , then when x yz. there ig only on
el routs, z3 , falling in the range xg = g\

S

and (32) reduces %o

&

= T
= el VL (L
(@ ue s oy S e RE S S BT N (33)
o — ¥ ""‘"“':-"""‘ m—— e = \
ek iy U-?.n(zg-uk’.l--j} 2L 2y~ __3_"-2 t_\/h

This integral equation is satisfied hy

@ =y = D) o (%) S LT
vy g L\—CE/E-\] [ \]

wirich we may therefors teke to hold for z.<wm< | €xcept néar = ==z .

(id) 2 <% < 2 1 Avoiding for the mpment the

range zg <<z, whewre 2z, i the value of =z, when z.=-z
value of x in the vange is ', (fig. 8), Vhen L > »  there is, as beforz, one

A g e e Pl S 7ot .
z Gg i3 o end uhtla idenbity (35) holds. By making » =, , however, we gaoin
information about @ (xy but the approximabion (32) no longer holds near ==s,
1 o5 Sy fhity 2 ph= 5 - o L L 3= 2 o =
The llg‘ehaumu.-. Qf T« Dear »u=v when A= i, may, névertheless, be investigated
cractly as in the snalogous less general cese slready discupsed {to which this

o
- . - o ] - - . {f
degenerates when v-o ). PUBEIAg X Sl = where = o) end ¥= — 20%)
L =Nt Yy
it is found that ;

{he =¥}

Y- : 2 i '}'— .
A - Co =1 Vj[!‘*“'}g[m—‘-‘}l iy {s TR ;( 3]

ALERLDE { =iy [‘-‘.O{j‘:‘)] (55>

when wm—»= o1y, and it is suffigient for our purpose to note that when Asng
end m =, = 1+pofky + Inplage of (33) we now have

h,d‘,v

The uniqueness of this solution has not so far been proved, but in ‘a lstezr
5ection the seme result is derived umiquely by an independent method,
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i o = e ( oz A
s N Ly L" =30 =237 2L s =3y L _,?_.ﬂ e ) i
end hence, substituting (34},
e ]
1 ) < ST e
Q ny = i Myt ‘_P Lj’\ R T:ﬂ P 3 = O{‘_U =y
i vl i -"-' 1 i T a9 Y =9 = "
Hach of these terms must thersfore be D(J—- and in pa lar since b .«
we muest havs
| -
- ('Y = iy hes 7.y e Mt & 2
@ = 0 Y =0 when 2, ¢
S , 9=

(1id) ©O<se ¢ 2zt ¢ Winglly when
cnly one woet, this time =z,

lies in the vamge &< %< Zy
, and by the same argunept as before we deduce that

- = i e = o I
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Lt is nog
Tor when x.=o
Dut when w =
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= 2 g A D
in place of an equation of type (33), If Q&) ~ b ‘,_.‘f:l b8

Drpsa pAR were

there is again

nesnr

32) redvees to {’.9) ané the app TOK..L*E&E...D.*.L: Padl mear sy

T

Sl
held wight up to =0 we should exmpect that when w = Q) i z = olk =
Riyon ™ |~ 58 for all w» 1o the order considered, and Wwe ¢an show that this is in

Part congistent with (37), [For

) w B =3 aenlo
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where the contour € the w plsne encloses

=t o,
- =
L8 1, 2 i clows B T o
- l'ﬁ'f:, bl B 3 3
el

The integrand has a &imple pole at w=o , which C mugh necessa
xpension fo be valid, and at which the residue is '/ (i-%)
is thus

rd

The gwm of the ser
.z o\ , which is consistent with the assertion that Q
i

S R
e e
41 ) Ny § Lj

rily enclose for Ths

A

L j 3
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Our sonclusions can therefore ve summarised as follows, Let the form of
o(wi be such that 3 dishinct roots of 1-z = Aal(z/g) =0 are the maximum possible,
and let & Te chosen so that when =z, and 2, are made to coalesce at z. for
guitable , the smallest weot =z, has a value z,>0 , Then the gpproximate

A
form of Q (2) 18
i

! 3
o T e e Ci-2) & (215) Ak When Zecs <4t LN
Q.. 1 2 [J‘j—?\\ c
Z NG (ﬂ-l;\-a\ when 2. <z <2 (.'I") { (38)
= |-+ (an?-}ox..{_(if_':{\] -I--O(ip‘-“—) when oz < zcac‘l‘l‘)
{ O (2/;\ & .

By varying { the range 2 <% < ¢ may be made to vanish, or to include
2=0 , but in all cases Q (=) = O (%) throughout any part of this range, and
L
. |=z)ev2s ; 2 z s e ;
Qulzy = b+ ; )‘ga?”é)ﬂ 0 (::T;\\ otherwise™, The avgument mey evidently
be extended to cases where the number of roots is greater than 3.

™

Application te Q. ,in non-critical regions,

?'Cﬁ. Lq 10

o |

T3 L T S o ; :

'g Se Sa < € §“ §‘ -E

(-]
Consider a curve of the ferm shown in £ig.9, with 5,3+ O; keep A = |

30 that the lowest root is always =,=0 . znd allow { bto vary., VWhen X< (-,
the remaining roots =z, and = 3 are real and disitinet; when ¢ >»8+ they are
imgginayy, Since odo) = | , ofloy = =L, , it may be stated immediately from the

breceding discussion, on putting z= o , that

B,

f
o
3
3
i

Q=Y when ¢« -

.
- 1_%‘5 + O(&) when g =5

provided IS-3:1> o) , end the curve has simple contact with its tangdt at 55

This is an advance an the informatbion previously gained from physical considerations

that B,~o when 3<<¢. and B.~' when ¢»>8. . It is now seen that when ¢ 4 ¢
B, tends to 1 slowly when 2 s (. but falls off shavply to Ol&) when r<¢c °

1‘.3'1 the commonest case where t,=0o , the trensition fram 0 to 1 occurs abruptly

within & range of § which is O (4} . When zg=o0 ,&, ond {, coincide, as ir

£1g.10, and the result is & . 2\ for T <1, aovd B, o= ,__-%, "4'0(15%\)

for ¢ ><, prov-idedg-gub O“L"‘"‘J ‘[

A

H

A ?."l_m:.lar, but cruder, conglusion is vesched by a physiecal discussion in
Appendix A,



Fupther infeymatiorn on the form of B, = Glw. nust be
of QA \2) in the critiocsl rsgicns where it changes repidly, and
these regions in dekzil.

Behaviour of T.(2) neat a double roct which is not small,

1t was shown thalt F/2y could be sypressed in the fom

< b \1 ) v
=y = p_,;_'l};. s 'L'}.f' -2~ RN |{\-:-’:":'__ i -'2‘) - _,:L? {1-2 = }.::\.\_,3 (E‘:;]x o .,_._:-:) L iz e }
so that F(2)=! whan t—z-rolz) = o »  Suppose now bhalt the two largest
TOCTEE 2. and 2z are such that e = fza~2at is small, The rocots may be real or
nomplex provided thelr differenas ig anall, Writing £(=) = 1- = ~Aatzg) |

=
let = be that value of = nea

=
H

+=3 which makeB <(/(zy) =o« Then since

>

LN = Ny + L (22 eNEy Lo

and f{2,\= f(z)=0 , 1t follows, 1f (%) is not small, that
Z = 15_(19-1-.3} - C){&g')
and :
G . —FHE s ale)
+ =

- el
- g - - . &)l i . I
Put § = § (Fa-%) , which will be positive oxr nepative according as fthe roots
are real or complex, Then when - -2 = oy

,%(-s;.‘-, o L.J % ”( E\J' {_.{:’:‘.—!?:-]l- 2 } =+ O(&"’\)

A {eapog] + 0 (€Y

2o
s a
}\ {z.,.f,."} ,o = % ;
1t may also be written {(z) = = "'Cj ‘q:.s (m-zalYz-2) 4 O(e3)
Cx-i‘si_cal points, Two critical values of = may be definsd as Pollawsi-

L. Keep U fixed snd change % wntil the roots
coincide at z. , A them being )\ _ .

2. Reep A fixed and change ¢ wnbil the roots
coingide a% z. , ¥ theh being ¢_

t 13 almost obvious that both z. zpd =..
rom Z only by Ofe>)

Lo o |

differ

lde

1 in the & case

<

Sus Sif

*

ABY = ZE = s e Ne 4§ emdTAL + Oleenl?
Mzoy = Mz = X g Memo N o= -'-x}‘;_?\_t
i which is in geﬁeml not small,
and g0 as before, Ze = 5 LEaRELY - Ofe™)
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I
2 s y (s ). | =5 }\‘—'_E- v
ik ' - A, - — - = L e ey i e 8 o TYY Y I LT T
wiere Ay o e S 2 y 21 general nwé smell, B0 thab
= W :
' @3
o N f 2 e

ta ths gale oidsr. azd

S EE o e e OFed) = 2o (882 -+ Oe®)
= = # = 30/ ] =t -——};-——Iln

Henve Z, and = arve inberchangesble, sg sre also the two foms of ¥ given in
termg of A-». end -tz . The latber is the more useful for ouwr purpose, 50 A
the vicinity of o double root = . , F(z\ takes the fomm,

4 1 _,”.. - Zpi B N S o el o i, 2
=) = ',fill E} S _I"_‘_—'T"‘_'; . ———-‘t:: {‘1’.*?--1\1 = e—{:" L8 =T ] = Qe §

where #-Z¢ = 0l8)  hut 2 Is nobt swall, and when z-2; = O(hk) the spprozimate walue
of T (z) near z. is ©

=, S o § Rl imogt o 2 ek

e R S S - e ol
\.{ 2l ‘E.(,\‘

provided 2o ig jbmelf not small, An snslosous result cen be gimilarly derived for

e

the move genewal Function T (BN

- o ¥ N 3
Mpplication b0 O e when C~Tx g smell,

The above expression with =) Moes e oo S ROW Substituted inbto
f % i ‘! % i
equation (31) to give

~ oA
= ; T T
S R e
v il iy I:“ Hr e N “'.1 - s i 2 =R S i i ¥ i " g
g T = 1rolkd) @

As we already know thet in the nomweritical regions,

o i !
D () s b CEENelHSY g sl L 25
("5\ nkﬁ ; o= f-gﬂ : (J‘R\ : s

= O“j'-’:\\ y 2 i

it is netural to introduce fthe function (4] defined by

elzfeY
Q sy = [|+ f-t*ﬁ‘lg aé;;? _l AR

Bothat el J 95005 Gy » Yk<D 5 TakingiAstwe find Shat

| =D ally ‘3';,‘. +-'9[}':£$il’l the important venge of the invegrond, and ()~ satisfies
NG e bl : 32
g e P =

At

i_
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Cigl. AT
o getiing ok
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More gensrally, when g + © we have evidently o replace C_Q ‘my
=3 . w'\ro,ﬂ..

— { V‘\-'\f”\l

T (BN = and it fellows by reasoning similar to that used to derive
mE0 - ¥

38 iii) near z =0 that the above ewxpression for L., hes to be multiplied
thrdugheut by 1—%2 t The si'tuatic-‘n is more complicated in the exceptional case
wen g‘,. #ga = Of J-rq as thers are uhen we apitical :cg; ons, but the e‘;ﬁen,slon of the
APgUIment 'L"esem,s 0o new féature, TFurthey infoxmabtion on glyy ig cobbzined as fpllows,

Jehaviour of '.C(z.x) near a double roob 2. when X-Zc is small,

Lt has been shown that when zZ.<Xx and x-Zc = (1), the root =z, is
isolated, and it is possible to writs &

m..oq\] s lmzedad ] B b? 1“3”’1] (z-23)*
L2 Cemytz) - - B2y - Np { ,
£ ' =2 2 3 : e O (2-—‘13‘;"\_
gnd tQ asswrie Z-23 = Q{j:,-ﬁ‘) over the important range of the integrand. Eeeping C

fixed, as A is made to approsch A\, , =z, comes into the vioinity of the double root
z. and it was than shown that

¥ Pz = AG(R/T) = "%‘-ﬁ (zez2i¥2-23) 4 Ofes)

vwhere ai’: = ol Zef e ) € =5 Z3-Za = 3(%s -22)

1k to the same order, In the previous

““_“\ discugsion, the rocts ceased to be isolated

N . when € = ol:é) . But ss we ave now

‘(a“lm‘ considering the case where z. <% we must alsg
have zz-x < Ole) ., which has the effect of

R preventing the roots from "overlepping® wuntil

AR their difference € is of smaller order then

©(4+%). The roots msy be said to "overlap”

if T.iz,x) is not nepligibly small at =z

and the sppropriate condition is that the

exponent shall be QU at= =z, i,e.

5 e wed =ghor & = D( =%y . We are, however, |

Wik
3
[

s interested in the bebaviour of @ () over a
range of z-2c = O(R%) , which will depend
en the behaviour of TA €2 when Za~2.= o R%). Consequently we expect to find
that the root Z; may sgein be caonsidered 1ao_Latea and thet the previous approximate
form of G ,.(z) holds over the range z-z.= O(=i) but o a lower order of acourscy:
substitutior. of qbw=!,3%0 ; w4 =o ,4<o in (40) should thus give a first

approximation to the fomm of Q =B for large » .
iy
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Suppese then that € = z3-z, = Qfks) and let us choose x so that

Z3-x=OQlkxy also, but not smaller, Since 2-x < O 1-!;,1“) for the values of =
that matter, we have abt most 1.z =i1-x+ 0 (an”\ , and s0
7=

- =
=0 x x
—nABe (z-22) (2-23)

{"-
—r:\ (z;%) = @ Ui g (FZ ey . *}E;i;m') ‘ l‘i i O(';l,'\-lr;]j

(42)

2 2
The range in which T is apprecisble occurs when alrJa Vi =N
=y

and since ==z, » x-2, =0 (.L,\ 4y it follows that =2y = -’j{f:‘ 3} » Hence

n(z-2) (220" | ez ezt [ 0054 ]

{23ty ( Zz=-x3
. = ('L‘ e A l -
= EMCeE et [ 00 R ]
7 g sy
and "
o —n ALt (2 29 (224 TR r [0
Lol « =l R Ty ./?‘.1:;’:’;;:::_} P OUASE J

P -
!/' ity {";'.3-?-::3 { ?._"'z_g}
¥ - =T I
} R Ancde _.3{:__- S 0, S ([Ze 0 = O L;\ﬁé?'\
- AT (T
—) =
which i3 gatisfied if
A e {7 = L
Q 2y = 2efe 2= - Li+Q(hy) |
Apnlication ©o ‘3\ 5O,
(o i . i 4 o Ly @iy o b : et
Reverting to the notatlon of {40) and {L1), we pub
§:—.- Sn s Zo= 2e ¢ Ve =1 in ‘the above expression fovr Q. (&)
-

L .
Alyy = :~o seyfor values of 4 >o which ere { =4 buk qot
exbension of the argunent in the mange Z. 1-; 2 < 7z, Can be
- z i - A e
gty = OlhENfory<o , iul = OhH .

pipate Lo
&1l C?\ () ";
,'_'E) we then

Tt is seen that Q (2 is O (K&
the moment the wvesult hac WHEN =
sc that we may write Q (9 & ¢
infer that

o8 = & A
G e (BB O s R 4 0(hs)
e, o

SLZa =) qrz.u 4 {2y

i

Where the remeinder term R has the fomm

2
e —0e . Piand e TR (gary
Ay sy 2t [ 5e * R

s
i
QD
o

e . o i v y . o n ] i
L being O . The most serious errors occur neaxy ¢ = §,. , for which wvalue

Rz &y g Ty IH“_ L |t Otw'ﬂl [H» C)h-{"'ﬂ

L N T tn»?.;\,



and « may be chosen to be small provided mn is made larpge enough, If this ig done
it may be said that

. B dv
Lzgli-eg) Tzl

Y
)

- b
€ ,,\z.»-?\'

e Bz Qu. o~ | < S [im_ ¢ (%)

) s N oan ez

for sufflciently lavge veluss ofwv That is, for an odw) curve satisfying the
conditions stated, & tends for large values of vv To be distribuiaed aecovding %o
a Normal error law about the meean value - vith standard deviation Il fu—z.; =

LJ"’![I—

It is possible that in practice the feormula may be useful for lower values
of' v than the ebove argument suggests for the errors are most serious for valuss of
{ near{. which have little influence on the higher moments of the distribubion,
The fact remains, hewever, that the bexm O(5%) erese from assuming T,.(z,») o be
of Nevmal fowm when z-z, = Of474), thus ignoring bthe appreciable skewness luntrcduce
by the fagtor =-> din the dnnmn'tna tor of the exponent, To taks agoount of this it
is necessary to keep T (z,x) in the form (A%), and an integral equation is then
cbuained for (;;Q,_\Lz‘l which is not of a fawmiliar type "uo the L.w.uim‘r’} The weakness
of the present approach dis that it depends on snsh _=lnegfal equations, which we have
80 far 1 manage d to solve somewhat intuibively, and for that reasenm the method of the
supceeding seetion has been develcped to nr-ou:uie a more direct atback en the
hebavicur of Q. (= in the critical regien,

The integral equation, however, is worth considering in a little more
it may be writien in che f‘o“r: 3 ‘
o = Wz 2y 3)
z it N S e e
20 (220 BS’F Qa2 =3 ] i O ( {:5)

the approximation holding tao Q{_-‘r\é} in the region where thc roobs overlap mcl
z-2_ = O(%%) but not smaller, A Fourier 'sz‘eﬁm;f’ona with respect to $he paraneter
& cagbts it into the fomm
% - 2 Wi 2
'Lfl (Q cele-zg) = a8z x) b CS‘[E- )
{ e o ar - !3‘ - h /__!— §
\ (ddz. £ MAE oty = Sl @ e
Nt =T L 3)
.
. 1 ; . P S 204z € ;
with the usual meaning for ét( 2 Dividing out the Tachior 0 == Tk
R =

bescones
m
L&(?--‘z.c\ = 12{"(1»/.-_1 ES

}\a” jg(z)alz_.e. __"“'.7{1* ol " 5{1: o) -f-Q(_ {;)

and, 50, diffeventiabing X , Q () = O(s) when x-z .= Olkx)

]
e
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THE GENERATING FUNCTION APPROACH,

o1

The line of attack hitherteo adopted ?"m enabled us to obtain first
ﬁ

approximations to the asymptotic form of B the two gharacteristic cases where
the value of w maximising '=2i&) is, __-;"_ is not, zero, liore generally, we have
redused the asymptotic problem for any olw) %o a “consideration of the behaviour of

Q=) when z is the p'*ea.'test rooh of | <z —~ ANafzfx)= 0O This restricted proble
may now be attacked by a more poweuul method which independently reaffirms the
result obtained in non-critical regions and yields the required infomnation on Q =
for critical valuves of = .,

The new method is baved on the "3"’05)6'?"!;}3' of (B % when b(sy has the special

form -2.—% that G?;n: nl T4 =s Ca where . is the chc' l:.cxcnu of £ in Ym(x) , an
Ve 2 3K
Mty = {=pa"3% £ 235 —5 & 55 =+ (20)
%) 3.
. -,A}'\ 7 % NS 0 o
and more gene'r"al'l.y, that ® = n!e 35 C LY where C,00 is the coefficient of

It

€7 in M (exa”§ )/m(t\«

Let Z; =w;il Dbe the greatess rdot of 1=z =ANo(zg)=0 and let us express
olw) near wj in the formm
’
O () A 3 i G IR (=5 )S
s ] ! S
where K==y e G __{o_ ) 6 = (eey)
i ol b Ty
o J Q'J
From the preceding worlk it is clear that (U A2 remaing -unaltered to the
order of approximation considered, when the fomm of arwy is varxded at willl in fhoze
regions where ¢ w is noi, to the ___,mﬂc oxder, near o root of 1~z —Ae=0 provided that
in so doing no new roots are introduced, and as the valug of Q. (= depends by
definition only on otw) in which wv 2 _§ , Ehis need only apply o roots which are
not less than z , We are therefore jushtified in rej;larﬁ_:m W) BY A+ @ o )

in examining Qn(za near 2j .

We may write Q)
I\J T

in the form

b Das B an
=) f r Be i 3 : (\ -E;
: S i i
Q nyw {‘ jg L :ja\ -1 g ﬂv\-‘:. J C{"iv
B,a\-l ':]"fﬂ-:
and if wao wnz , YTxnz . Ghen
bres o HiEs Bl )
e 5 sl e A R
I s BlNAL
- cul '-’/E\-' S
Consequently Q..‘J\. is the same as that @n“__, 3 o vhich is constructed from the
= gy - Ee kY
parent distribution
T 2 oy e
n ] =y
S e IEE IR T
Q'[WG) ‘_’Lj ‘-"‘f‘) o :x.;f
L @ =gy ' e
o ot c ;0 w b e l Seay v i p
T o R A — (=2 ) T r=xy R
CI.; (Lj Lzl
where ~a&l. y o that is, in the previcus notatbion,

R Y‘\U".?.

(1— 235, g, )

r\(:—-zS

(4 4a)
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A study of the asymptotic form of G oo(when bl = 273 will thus provid:
the rvaguired information about Q (=) when Z is the greatest root of /—z -da(*V =0

By virtue of The "gemerating funciion" properfy, we have
-kt At [ (e £75F)
G, N~ Ghie RS e hs —
: AT . ™ (k)
s

the contour C encloming t=0 but no other singularity of the integrend, and the
behaviour of O3, for largs » ocan be investigated by the method of steepest
descents {sse, for example, Jeffreys (6) ) ;the funetion Mley is, however, an
uneommon one, snd we proceed first of all to discuss ibs relevant properties,

Integral representation of M),

The identity.

~ Y5 4oy ~4x”
\1:1..— $ 2, K ;.{.l:j =5 S
T
e
makes it posaible te condense M) into the form
od : i
e '—ti.“u“' e ng
= 2 T
Mo = [ | g
—c0
or, mors genersllys, s
b T
< . LS y 0 ey
Pley = [ d 5wt B

L

where L. is Bromwich's gontonr extending frem ¢ -138 %0 ¢4 tey , ¢ andc’ having

7

any Pinite real wvalues,

g

The Asympbwiic foxm of MUE) for large t and§ ,

A regemblence is et once noted between the intsgral
contcur integrals ayising in the theory of Bessel L.u.r"‘{‘ultjns (se ‘.‘-Ia’tsq:ﬂ_ { 1 Je
term 2* gppearing in plase of = in the exponent of the integr i
is %te be expected therefore that the behaviour of |~!‘(t-1 when both € ‘,1_‘:1 -5 are larvge
will be revealed by a study of conbtours analogous to the type used by Delbye for Besse
functions of large order and arvgument, Weibting K =¥ , ¢ _. % where v , © arve
00 . we have S :

e < L -
B e e o ¢ =)
S o T
R [ ] (4 xny i
L- .
F'ollowing Debye, we choouse L. to be a curve of steepest deacent passing through one
of the saddle points of the integrand, which are given by the turning valuss of
74
¢, (2) = 2F L
) o
These occur at the roots z=z. of
#3
CP,(Z) = z-¥T82 =0
2
oy z o Y (4'6 \

It seems naftural to use the symbol Z to denote the complex variable a}thougn
the netetion conflicts with a previous use of = , Confusion is net liksly
%o arise in practice between the *wo motations,
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Real © , We first discuss the form of the steepest descent curves whesn = is real.
Inspection of fig. 13shows that equation (4 @)has no real roots when vt > e~ , and
two real roots z, = 2z, ;22 whenyt <o

such that 2, <1< z,. It will transpive
that only the latier case need concern us.
The steepest descent curves are

il Jeer = Jeen =

ne X *w
\ ey Y ...p-',_wgmuj-:o

bt 3C s 5 3 o :
o o YT QUan el 3 ]

o
—Fuﬂ \3

There is a branch through (=,,e) crogsing the real axis normally and
oscillating with diminishing emplitude sbout x=o , passing through the points( o tvii)
fsee fig.t4), Since P2y = 1-25 , the root =, is a minimm of ¢(z) for real
values of = and so is a maxinum of <p(z) on the branch just described where & (z)
algo takes real values, We choose this branch for cur contpur ..,

) <2

o~

—4%

Fuo 14

The remainder of the curve consists of a semi~infinite loop between 4= -1
and 9. = passing through =.=o . and a scries of se*n'i. Gnfinite loops iying in
b HICERE ieh o  La B A T . It is easy %o shaw that there is no other saddle
point besides =z, lying on L , consequently ¢ (= G.E(:reaaeg sheadily on either side

af {z,,0)

Wonworitical case when 1—2 = Ofi) ,

Near z, 6, $(?) takes the form

b)) = 3z, @ 02y O (am2Y
2 A

Provided 1~z = Ol , the curvature of L= is negligible over Tthe range in
which & %%™® is apprecisble, and equation . )become.s

(S

M= » 5a T [ g T gy O]
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Complex T . HMext we consider complex saddle points 2 . As vefore, zg ~VTRF=0
where ¢ is nowsomplex, end near T '

2
by = #lzg) ¢ Gae)nmeY 2staeza
s

In non-nritical cases where l—zg 1s not =m
Z-2Zc¢ T RN = ?.e_q
the form

a_Ll Q(z-—-_g‘,' may be ignored, ILet
s Ze =xcaiYs = Lhe s'mepest descent ourve near 2z takes

L) —dlzey] = FNU-) -4 (82n?)y, =0

to this order, which represents twa };e:l'peﬁlc]irzular straight lines thyough z, , and If
P = oaices ™ PR S m—wb{w the imolinati nw‘ of the Hwo bx‘.*:jlul_lgﬁ savisfy
@Mc'\\y*o«) Tolete W —*“-3" on 5;14-.'53 0§ On the branch ¥ = g & 1% is found thad

R Cplz)= dlzl= _.J(, , 80 That the integrand passes through a *.J:mhj.rm:rl at Zg.,
Thig iz, therefore, the correct b.ral h to take, and dz= < "‘l’d{» = Lo X deg alopg it,
o

ok
The n:cnur:‘.ou.:,lon ta M from the saddle point 2. is conseduently

&

4 =0 g Y obd oy v a b o > e e.;
A % < 2y [ —m»n HE‘» Lot b 2 FL ) 4 ‘-; )P L 2 - =5 )
- = 2 < A e R AT
L Lamy gt o ==
P Ve J(_—-z-g

y 18 positive when 2 is real,
op 1t is true for any saddle peint,
but we shall be intewe sbccl in ca?.eu where argT 18 small and vlTl< o™ , when it
may be shawn that we have Lo integrate along e ctntour of Bromwich's type passing
through 2. and conmbaining no other saddle point, Then ™M is given entirvely by

afz LR

M o= 2Pt E T Loy

SIS .

¥ =g

Behaviour of M (f) in eritical region.

5
When -2 = Q ('——*') it is no longer permissible to dgnore Of z-z)” in the
e@az&smp of dp(z) , thus,

i

£y l':I.—
Cl) (2) = (25) C1-28) (22 Lozg 2oz (2725
T | =Y g . iy % .?"7' %
waere o {?5) = =0T A -] Fa BN R (”};’{}:S} = N R

1

It is convenieant Ho introduce the new varxiables
s %
R T e Ci-Zg )
i h'a.s} (S
80 that
L
P (2) — P (=) o' 2(3-2) 4 D(z-2s)
m A A, 3 - - '\U‘“J- .
o0 the required order, 1'10'(*61’0..“: ; %) R ﬁ3~%')
el o - - s v
M= i[5 22 700 > "
28 Zg
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This invelves an integrel of Adrey's 4ype. which we preceed to evaluate in
the manner suggested by Watson | 7 ) in his study of Nichclson's approximation to

ti’i.;, _Ded-_,n,]_ funetion 3

= % . 5 - _l"""..l"' s S s s - " B S
The steepest descent curve is such that ¢ 2 '5~%) is rsal and negative
on it, teking the walue 0 where the curve crosses the real 2= , end

dﬂr'rcablr,.r indefinitely on either side, The curve is the given by

O 4+ Vo e oM (=% ) e (-—- Yt }T‘—
J 2
e % L;Ln'-_"l fE_ e i k-""ﬂ ( = -3 ) = ax i =4

Since points cn the exact steepest dessent curve which are not in the
vicinity of the saddle point make expementially small contributions to the integral,
it is considered legitimate to replace the exact curve by its approximate fomm for
indefinitely large walues of }=) ., When )=\ is large, arg= = 2rg-¢ and the
relevant brauches are evidently those on which arg z. ~ *¥=¢ *The contour is
next defermed inte twe streight lines through = =1 inolinsd at ® T=7 to the real
axis, that is, into = =, 4+ w x‘——“’—‘-‘;‘ﬁ' and the evaluation of the intégral is carried
cut as indicated by WNatson. Thus,

( T2 2332 r
3 = g 5= j
. : _
Y LJ':}-_T‘}‘
whers X240 _ (7 ad)i (- n‘r (TR L 2 3
g = ) & j Q..- a:,i- LA
[}
o
_— O v AN s YR
F =) i el = Lol S VS
e’ T Lo fany) TR -F ean
== 3 Z =) 1
o G
: oo .
- b g s " RN Y l'jLu
,_V\HQJI- ( )~r TR LG.‘) 2l (e
ey 6 2. 3 2
> L eV = 3 = : < pEN
2 4 = 5 .2 Fru
and {1 is the same with -Ti written for i .
" : £ ;
Using 1 '( o \ | e 1”"‘} o e e d = g- reduces o
. N | A, [0 N 1 S
: AN -
an X%\G &0 b = 1‘ "‘ih’ a\.fr\ el
g‘ "E | AL o ¥ R iR e ( 3
T e g B o “T“(““')
an YT Lo T
2T > i an¥ o — el )
= T -4 %

ags may be seen on writing out the series ailcl_ collecting terms, Hence in the critica.

region where 1-2, = o(.a;\;i) , ™M takes the form,

" -t
G cm N TAE
W - S

M o= o 37 Ew oY R ow) - i+ 0(4)]

Ji=zs i 3 -

where W = "(1-25)3 _ O » and K (@) is the second solution of Bessel's eguation

3w 22 e

with imeginary argument, defined by R (2} = g‘f' (2 ~T (2 . Note that

‘;_na.w..'f'u

— - e , A
= 1-roll) ; R = T (D)8 o=%)



L)

L
1

for large and small =7 respectively,

The function ™M does not hecome infinite ak =z =1 , instead, whenz =\ ,

=2 L 3 ~ o
S ”(ifﬂ"‘-————r;;@ L oitts) )

'),
Gase of vTl>e |

This case will not be considered in detadl, but it may be —“rienbionecl that the
steepest descents curves are of guite a different character, Vhen T is regl, ths
relevent saddle points are complex conjugates = =% and in tche non-cri*i:ical
region it is found that '

i L%E} =) I 7\ L1+ 0]

S=F

a similar result being obtained for complex < ,

: — %
Application to @ﬁ aﬂd& (x) | (_when his) =& &
The approximate e:s:pfnssmns For ™ Ju ._-er'L ensble us G0 study the

behaviour of B, and B0 Por all Y&y . Althougt 5 ,9.-1 dng @b, ig the
special case of @, (¢ whens=o . and s0 :'r.ss inecluder lf‘ lattexn .I.'i: wags hnoucht
best to present the discussion first in terms of 03, 2o asg not to oc::r?-u:«."e the maiy
argument with irrelevant detail,

1, Asyuptotic form of -"ﬁﬂ
i SOy
Yoo O i v ! i
= i’ - N
® el e, A o eeE  t _mﬁL 54
i~ 2T =k ML vy
=] 5 e
wiere 4 L} _}___ {'- Ot T
F = . § e
= Lol SO B et
: ra ™

: ; i 3 i S y ) ? ) =
the contour C eneclosing the ovigin, but no other singularity of —‘r\;‘

(1) No onwcritical valu 3 vat cons 1c10"en1 The
agympeocic form of M suggests the tremsiomiays ; . Whea witl=ia

the conbour © bre into a curve (fig, 15) consisting of e closed loop T’
through 2, surzx z = ¢ ¢ and an infinite branch through =, , =, aud &, being
the zeal Toacs o L where -, is the value assumed by -« on the positive
real axmis,

Al
4fc)
A

3 F4
/f i : ’ 5 \\F‘ . > /é(
/ i \ /
;‘r ! } * } } ]
\ }"‘-’a ‘5;-__‘Il N / =i L :Z.t:\
3 N ' :
\\‘7‘“---"'/ ey
i o Pg e Z bloyeo \

From the forn of M Ffor larse n we are led %o take as the contour for =

the closed loop 7' which is described once ag © deserites ¢! once din the same senss,
Then, since 4T - da (.4 _1) , the integral hecomes

Y A
n _ T ZbiEeY = 2 e
I= g_.-a dz (& —1) iz .= o L n-gl --‘LH- O(;T:ﬂ



The steepest descents ftechnigue is once mors spplied to this integral, The peddls
i : Wiz -1 Zedy - BT : :
points are at the turming velues of & s =T W , thaet is, vwhen

Wiy = —L& o+ (14+4) = =10 oo (= YZ =Y) =0

24

o
s

The root z =V makes the integrend a minimum along the real a.{_u, and the sontour
is therefore chogen Yo pass through it; and bto spprozimate in ibs vieinity €o
curve of steepest descent. Vear z =y , we have

&

Wiz = wiy) — f{_%)‘ilﬂﬂ“‘ 0 (2P

g A - 3 a2 j ) y . - .
go when |~V = Q1) we ignore O{z-V) ang tale I %o be a straight line crossing
the real axis nommeliy at =z =v ; uhen

> 1
Z . wnd ——\'3 ‘~'
T = = € Q,n{“ 2) c ) ST
= X Ty 5 % o= fi= (*"\l
i

’ ‘nc'_})’\
= “:ﬁ g TRl A o ULF*\)T&

Jasiin

and using Stirling's spproyimation to w. we arrive at the resuld

] e

r—-—h

in our previous notabtlcn.

(ii) [he ecritical region where 1-M ig smell is wow discussed, Substibubing
the appropriate fomwle for M , we obtain

r LN e =S o
- W 1 Siesl Em| s "_L'} o -J a2
J g | i (e ooy ozl 257 e S e
255 S e —— =
e R )
b 505 \ﬁ AN (2] 2 T
¥ R i AT
— 3= 43N s
D€ g ]__1 _Ii'.‘.u ‘L ‘1-‘\]
2 L { m iy = 5
A AP | ot . W= B b (5 i T
where A = "'"‘-%——3‘ =00 5y 8ad 27 FE @ g
DIz

The saddle pdim’:q of the intesrand are noh now ezactly at the wools of

S ) =0 when o = = [ \ But are displaced by an amovnt O wader the
influence of the Pactor "N’/ES' t“ﬂ Hor velasively lawvpe |t w2y , howsver, the
teepest descent curves are arprox'!ﬂ-.“be 1y the same ag would be obtained if the Pactow
in W were ebsent, Iet us thevefore cogsider the latter cuxves in detall, The
. g : Wi ol e e B .
saddle points of = e are still givea by W ) = L _,,};H.,_, @ sach che
branch through z =V is chosen as before, HExpanding \M(z) as far ez (z-=Y) )3
we Find

— 3 f"”—ﬂjl' : _
=Y =Py = (1—¥i= e L LZ_::) - (= (3~ = Dy
S W e o -

and the steepest descent curve through == » di8

1swr.‘ (z=v) +arn (3=v -2z2) = ey
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which for large Z tekes the fomm Jamz ™~ Avi | the appropriaste branches being
argz = &R Employing Watson's device once more, we adopt for the contour M

2L

the two straight 1lines 2 =i+ uw ¥ | 3o , upon which

. * L= :}L’-"‘jaT & \
\‘P(‘I‘E M"'\"‘(w} o li\**\)\“s—i— 3(1—'\})1& 2. 3 WS _l*__ D(-—b\v&}

b v3
> N w (V) N
Also W = "‘g'"i’\‘: "-‘-3-5-;’ -i»O(;_’;%)s and since o, = v 2 ye finally
vz
obtein, using Stirling's approximation to wi,

% =3 a2 'I-E K L

v Ly I “ 1_..1,}"}5 ( ~ mL,-\l)LL'-E. = "’% (“‘"&z)"’l—:‘g\\
B —— & &L =y o “icowﬂ £ R B s ~ e
& " S o R T G(:{g‘ll
2 L e g

2 3V

By vetaining V in the denominators in spite of the fact that ¥ =+ O(R4%) , a
transitionsl approximate form for §3,. bas been arrived st which holds at worst to
OS5 %) for all values of V from:—v =o¢ to o) , and tends to the simpler form
in the non-critical region (although the trensiticn is not obvious from the form of
the integral as it stands), If we confine ourselves 0 [y = Q(L;‘%j , however, the
rormula simplifies to L

Y B 2 =
gm ! - &L-ul e’z o P l:_‘._}_}b e Ll
. RS =

; mLi—Lﬁ}z e = .
Usﬂ = J% o6 j : T i k & [{4— Q(-i;ﬁ)]

3 =d - 3
w (=) nUV M A 2. i YR o 2
B e 4 7 3 S iy =y ) LA™ = e 508 ¥ s
= R e el : J L"‘L'O@Z‘-i’}l
7 7 A L ;
o EWJ_S 5 .-:g-) -t

The seme formula holds over the wxange -V = Of -t;ﬂil.\] , but to the lower order

| Q ?\"1""‘).
2. Asymptotic form of 63,\(*1&
The more gemneral expression for ‘533“&.4_) Was
e s (e s
Blo = wteF L (25, Bt 2ol OF gy
where I 4T MM (T o)
Thn s & [ Son —my

(1) As before, the nom-critical region is first discussed. For it to be possible
to substitute the ap}aroxima‘l;e form of M din both numerator and denominatoxr, we require
vitl <e™! gnd witixne’< o',  The implications of these restrictions ave discussed
below; accepting them, the femmulae are

4% {?;.-'z,) w PR 7z
M@= L0 P L4 0EY) aee M) = 2¥ LR ]&w#aﬂ
Ji—=z feca e
where YT =z e S Vi e’ = J,_Z
vel oo & 2o
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Trensforming toc z as before, we obhtain

[ = 2 gdz(a)j‘—i S e ofaN)

A S
T et z[l-‘-’\—’i i v ok 1
where o¥ = Z & R TY S ginge 4% & S
the saddle points satisfy
: 4 ” (‘ oo z ) A n."ZJ (1 ...‘;;‘\’ (_Z e “'!3\
U e B AN S O = e
S = e Lt = & ER v 2V

'

that given by =.—Z,=» which makes & = <=z,

i
[
(0)]

and ‘the appropriate saddle poin

and so Fo o A L e

. =g 0 &= T
Ultimately we are going %o gubstitute for st , s , v the expressions implled

in equation (L4), and in particule®r » ig to be replaced by - %% which is slways

el

= L) (A 1) . s ' - L] o u] )

.es8 than wnity for the lkind of olwd curves we ave considering, 50 wherever z <\

there must alse be 7, <t ., and in the wviginity of =z, <+he approximate expressioms for

M in mumerator and denominator of the integwend ave simulbaneocusly valid, The

restrictions on \t| imposed above are thus interpreved and Justified,

Proceeding , we find that
e = "1 -y
fie —Z} . a ff(‘z‘-\} S W] —

T o ik . L
z) = T —e——— ==l S
\"J_’I ( - ST ”‘Z) 2 S L

(1 -4—?5:}

iy

and (= o=
_‘,{/-Lf) o

In the non-critical cesse, thereforve,

A e ;
% Y I R e N
[l = L 2, 0 S bman b % SR l b= O |
L) Rt 2, G-y > o |

S Vi
\f,?:?i vy
i s K
= ’ ~ ey T ey
and 80 @ oy = =y v 2y e ENER)
v

£ a 0 i . . = Jaity e Tt et AT e . Ay
(i) Turping next to the vegion where '-—2, iy small, we gubstibtute the appropriate
a N
=8 o

pproximation for M{E) in the denomingtor of the integrand while that for M {Fuwe's)
remains unchanged, and so obtain

W — o \:'%i
1 Sy = ,.‘.)_.. vt 9. =
' AL T e

%
1 (=21 ; e i
where W = °---3 52> and ‘the other symbols ave as defined sbove, Ag with @h . A
transitional foxm can be arrived at by expending (=) mnear =z, = 2. as far as the

Hai T
3

cubic texm, and integrating aleng the contour 2 = ja-u 2 s SRR The third

derivative of \IE (z) is found to be .

3
T e Al oy P =l l("*-“"za‘} ?..\

Dlten s e S
\i_ (d") '2_3 v ‘-"‘_:{l-—z.)a' oz (_l‘-‘I.ZI)?



However, as we shall be concerned only with values of z, which are
Y=t QLM-} it is sufficient to take the simpler approximation, accurate To O(
obtained on replacing =, by 1 except where it oCCuUrs as wz, « Then, ignoring tmr.,)‘*
H
j:

t

o 3 by - u* ‘:’IJT — Q_.u\.’a 3
Y~ Plzy = ti=20 o z(-:l x\: - 5 TN 2 ;‘t;k. =
= o

and the final formula reduces VO

- T 3
" w2y ¢ [ nahw e e ad )
B = ot v S ([T T dioal (v2)
A G

o ﬁ" V\ s \

to the desgired order.

The agymptovic form of B.. ror general _aﬁm\

et

We are now in a position to obtain a complele picture of the asymptotic
behaviour of B, Tor general foxms of H;.] . (,Crvm:l.uf‘:‘lnd, firest the aonecritical

region, we revert to eguation (L44) and set = | —ajal i b == c.«.é_ v o and write
B2t "
i e oy
wl=2i) forn , g0 that Y = ~G-23ey and® 7 o ¥ _ O . It then follows
Sa.r t Py =8 s ¢

from (14 thab :

(;\) S P O{ﬁ\} con i ’::gﬁgd 4 OGF—;\\}

Ll a

which independently yeafifivms the "Peuult previously obbtained for ron-critical velues
of ¢ ., Taking zyz=o , we deduce as before that Bwn= Q. .=t~ 3% + 0% where

an= ~Yo is the gradient of elwlat w=zp , and ¢ is greater then, bubt 1ot in the
viainit "*r of , the critical value ¢..

% -_ e - - - fae) R
fhen § - 5w = ol¥% , & distinction is drawn between the cases whexe . =1,
and X »>%¥, . (i) In the first case, the expressions for x aud 2z,
S g 6% and 2w lo s while w remeins n . From (448 and (JB) We
E T il :
]

0 phtain

4

= i ER ] S -
5 B is seen to he ( Lm‘;}aﬂa 50 dogs not exceed that order when §

o

(1) wWhen C¢ 3% and ¢ ~T,= O() ; consider for simplicily the cese when {,
i3]

tle ¥eifer to eqvation (3 ) of a.he previous dection end ingert the appropriste f‘omula
/

for Qa(2e+4), It was shown that 1~z , = |+ f-t-'b;)f‘-‘ and for values of { near{,

such that -t = O("‘" this becomes |-z, .-_-%. Y[ _| O"i' W] where Ye z-z2c = O(hs)

also =2t = “'f’""" A LinLMH] and v hag -.,a e veplaced by N (1= 2j) = "l~zq ‘}\I'PO(:’;T&'}]

(These velations follow on making use of the facts that t -z ~acz0 and | "i_;c =8
3
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I apolopgise for the clashing & notations,




With tThe above substitutions, eguations J;J.:?} and (ba) Jesd to
e I = T
eyt (1 I:f.:) q ) L Ij U":L t”\‘:'t' 2'-"*\ E'L IJE 4 l L h r"‘ )
(:,“‘} o Gz e ! = J2 5 {3::3%. | S by e 'é"";_?’i't (,J.- = H ‘h.)i ,L;\,.
b}

Since Q&) is at mest O (J' )
'-I.e

s g wi) for Z<z. we imsert this formula in (' 39)
and azrrvive al the fimal result Ghatb
(0501 3
o) W L g S . b e SE =
~anSe W nad’te e _n et 2o )|
B = | o 2a% [T daw b 3% 4 Legute) = 2y St N
= e A LB ngedeam j dy [
W insE N » 3 e T e
B N e

= s
This rather complicated expression is the digtribution of T

mament-generating fuenction is probably simpler

Tespeat to ¢ econverts the 4 integration iunto semething which could be put into

Airey's form and so expressed in Serms of %X , , in which case the expression would
reduce to a single integral,

reauired,

e
-

When Soko , the whole exp 'ﬂes ion has to be multiplied by |- o ft es
mentioned on p.25. The case where . —§, is small presumably leads to a gtill
mere involved formula for B, , bud will ocouy relatively infrequently in practice
and is uct worth considezring.

, however, as & Fourier transfozn Wit

Yere
il

Lt



FPhysical interpretation of O ..

By definition

b bl‘\-\ b V‘\“I
. | \ :
f_} = (A syl LA 5 v} ] (¥ =vayl S e [ & % e ( A ”
e joe v bv\-m Sy W=7 y Ve ke ) L
A i |
wnich by a simple transformation can be written
. b bn B
e K l T;:n E:;‘ {" JCAT
— = 3] LA d\
G\v\ o (=) Ay, . Ay e J ¥
2 o A
B |

Now bu,=b(3:) is the fraction of the population of threads which will break wnder
& 'imd Sfm . and Ye.g . is the fraction of the above fraction which will brealk under
load % . whers g w . It is therefore possible to give the following somehwat
axrtificial interpretation of Uy,

=§

: . = S 4
Given S . 1. Seleot from the population all threads not exceeding ¥ in strength.

2, Take random sample af v of these,
3. Replace v~ threads of the smzmple at random by wn unbreskeble
threads,

Then '33“ A 18 the chance that when a Jload & is spplied te the resulting bundle all
e w-wy bDreaksble threads give way.

The populstion obtainsd by rejecting all threads gbtronger than S
gtribution

f%:

) (S ) 11&5‘. when O - &

B R
L{S " Lo
o
=\ rhen D ‘%_,‘

- . v ¥ o s . . N
Buppose that wmder a load o the hundie comes to equilibrium when

v of thegse being of course the unbreakeble thresads,
devermined as the largest voot of

he
-

vhres
Then » is very la:

M S L}(‘L‘S—;f\i

and., as before,

s R
iz e g S = Al alwy = '-"[vwl

ct

oy I
The equilibrium condition becomes Lig = % [-“f._.r_} that is

L

N

=T . AL W ) when = 2=
Vor & Al %= g
(A1)
o { 'W'hIEn_ i-r_; < “?'_ 1
A Ze S




Consider now fig, 1A, The line
joining [ 2 yel %) ] and TF ,0)
cuts the vertical axis in & where
t—z «halzig) =0 . Define the
curve <{~) to be

-
dw) = alzls) W< %
o -
= alw) w % %
ey : . : - = Then it is evident fiom the geumeciy
. = 3 T €T i » % S
fr%, b ~§- ¢ Zﬁ % T of the figure that the line joiuing
[os%]) and [ 507 '16318 'G:.'.khw‘.
W in points %  such tha end. <

&
satisfy the condition (Al).

As the figure is drawn, z dig the maximum root, of 1=z —hal/E)=0

23
When % >=% , the number of survivors is wT which ig r"- zater than w= , showing
there still to be breakable threads which have not given way, The chance of all
breakable threads giving way under ].oad mZ »n% ig thus sero, to this order, When
4 % , we have t=2 Pfor allo s ¥ <+ %! as shown in fig, 1A) and

thus he chance of all breaksble mread.u e
however, the chance is indeterminate and go no inform
wheu?.-.-_13 ‘

s now unity, When g-% ,
ation ig given about & w2

A L But the cage of 2z, ig differens
\ (fig, 2A) for as x opprooches$
T DECOIes 2y 22, and o the chence

Bl

of all breskable threads giving wey
under load v is Zexo to this orde:
Le€s Q (2,)~vOo < Samid Tawly

When all the wootse sre digtinet
thevefore, we couclude that & (=
Gl ,\Lx_ N O and &2, (.a-.. bl x4
indeterminate, T."fhen there is only
S S one real root,=z; , then @ (z)
S = ig indeterminate.

bt
i
et N
i
(G

¢

Keeping { fixed and varying s
we are thus able to deduce that
S B (2)~0 when z. <2 <Zq
L where =L and z. are the single
: and double roots at the tangent
(o 2D position corresponding to N, ((g3A)
Outside this range of = we get no
information about & .= by the
St present argument.
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APPENDIX B.

Distribution of Bundle Strenpth when the load-exbension ratiocs are not equal,

Suppose the load-extension ratio is distributed, independently of brealing
strength and extension, eccording to the law Pyl Let the watios foxr the w
individual threads of a bundle be hn s a4y s e, where the threads breaslk in
the orgder W, o=ty s « Under a load § , suppose {:ha't Whm v threads remain, bhe
ez:'tension is & 2 so that the load cn the wa™ thread is S, =, & -« Then

S =;\E.1Sm =& Xl.dsm . For the whole bundle to give way under load S , the

bresking extensions must satiafy the relations

o< e, « S

a{| i ‘{\‘_\:—‘; Ly :;\V\
= = = f“'
S eh-] = R i
F:{.|+€r5.\._5 ¥ ‘-{)\..‘
s
E:L S By e _b..‘.,_
Ay
and thus for given «, saka e ol ,, ths chance of {the bundle giving way is
T
“ N N
LTI — f_
L (“"1:“‘13 “3OhiR) = Sﬁi .-m?ﬁlﬁ de {“"a"f'"“'-'“'im-\ (:;:s
W2 (BN ¢ o -
4 [ i J b (}.‘: h_"‘} nkt‘-‘v\ o J L!J ("!\l e E:_z
S =8
wdy
\-L(“:f :w\ —“MT:. I;- ( hess w
= el { !
=\ o e ‘
A ] g et & C}‘:}ko
) Cty — J{_’
% )
where Ef{e) = ED Wle)d e is the chanee of single-thwead brealing extension being
less then € AVC‘)I‘ELEZ:-..TE’.{;_ over all oh , the dlsbtribution of breaking strengith for any
bundle is found to be
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